Channel Comparison Methods and Statistical

Problems on Graphs
by
Yuzhou Gu

B.S., Massachusetts Institute of Technology (2017)
M.Eng., Massachusetts Institute of Technology (2018)

Submitted to the Department of Electrical Engineering and Computer
Science
in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2023

(©2023 Yuzhou Gu. All rights reserved.

The author hereby grants to MIT a nonexclusive, worldwide,
irrevocable, royalty-free license to exercise any and all rights under
copyright, including to reproduce, preserve, distribute and publicly

display copies of the thesis, or release the thesis under an open-access
license.

Authored by: Yuzhou Gu
Department of Electrical Engineering and Computer Science
May 18, 2023

Certified by:  Yury Polyanskiy
Professor of Electrical Engineering and Computer Science
Thesis Supervisor

Accepted by: Leslie A. Kolodziejski
Professor of Electrical Engineering and Computer Science
Chair, Department Committee on Graduate Students






Channel Comparison Methods and Statistical Problems on
Graphs
by
Yuzhou Gu

Submitted to the Department of Electrical Engineering and Computer Science
on May 18, 2023, in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Abstract

Initially driven by channel coding, information theory has developed a large collection
of tools for measuring and comparing effectiveness of information channels. These
tools have found applications in various fields such as statistics, probability, and
theoretical computer science. This thesis explores several applications of these tools
to statistical problems related to graphs.

Part I focuses on information channels and channel comparison methods, including
f-divergences, strong data processing inequalities, and preorders between channels.
While these theories have been well-established for binary memoryless symmetric
(BMS) channels, there remains much to discover for channels with larger input al-
phabets. We develop a theory of g-ary input-symmetric (FMS) channels, generalizing
the theory of BMS channels. We demonstrate that while FMS channels exhibit more
complex behavior than BMS channels, some properties of BMS channels can be ex-
tended to FMS channels. Furthermore, we perform tight analysis on contraction
properties of the Potts channels, the simplest examples of FMS channels.

In Part II, we apply the information theoretical methods established in Part I
to solve problems related to random graph models with community structures. The
random graph models include the stochastic block model (SBM) and its variants,
which hold significance in statistics, machine learning, and network science. Central
problems for these models ask about the feasibility and quality of recovering hidden
community structures from unlabeled graphs. By utilizing the relationship between
random graphs and random Galton-Watson trees, we demonstrate that many impor-
tant problems on these graphical models can be reduced to problems on trees. We
apply various channel comparison methods to solve these tree problems, demonstrat-
ing that different methods are effective for different problems and that selecting the
correct tool for a problem is crucial. Problems we study include (for SBMs) weak re-
covery, optimal recovery algorithms, mutual information formula, and (for broadcast-
ing on trees) reconstruction, robust reconstruction, uniqueness of belief propagation
fixed points, boundary irrelevance, computation of limit information, and so on.
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Title: Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

1.1 Channel comparison methods

The data processing inequality (DPI) is arguably the most fundamental inequality in
information theory. Intuitively, it says that processing a signal can never increase the
amount of information that was originally contained in the signal. The DPI appears
ubiquitously in information theory and its significance can be compared with that of
the second law of thermodynamics in statistical physics.

In its most common form, the DPI states that for any Markov chain U — X — Y|
we have

[(U;Y) < I(U; X), (1.1)

where I denotes mutual information. This tells us the channel Py x contracts infor-
mation. Hence, contraction is a fundamental ability of information channels.
Despite its endless applications, the DPI is a qualitative rather than a quantitative
result. In many scenarios, it is not enough to know that information contracts; we
also need to know the amount by which it contracts. The strong data processing
inequalities (SDPIs) are introduced in order to address this issue.
Consider the same Markov chain U — X — Y. One form of the SDPI states that

IU;Y) <nl(U; X), (1.2)

where 1 = 1(Py|x) is a constant that depends on the channel Py|x and is commonly
called the contraction coefficient of Pyx. The constant 7 is always at most one by
DPI, and in many cases, it is strictly smaller than one. The value of 7 represents the
ability of a channel to contract mutual information.

The mutual information is not the only quantity that satisfies DPI. There are
many other information-like quantities, called f-information, that behave similarly,
yet differently in subtle ways. For any f-information, there is a version of SDPI and
a corresponding contraction coefficient that captures different aspects of contraction
abilities of information channels.

Contraction coefficients are one set of tool for comparing channels. It is also possi-
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ble to compare channels more directly by using several preorders defined on the space
of information channels. One example is the degradation preorder, which captures
the simulation relationship between channels. If a channel P is more degraded than
another channel @), it is possible to simulate P by using () as a blackbox and then
processing its output. It is intuitive that more degraded channels have stronger con-
traction abilities. There are other important preorders, such as the less-noisy preorder
and the more-capable preorder.

1.2 Statistical problems on graphs

Channel comparison methods have found numerous applications, not only in infor-
mation theory, but also in statistics, probability, and theoretical computer science.
In this context, we focus on their applications in statistical problems on graphs.

Specifically, we study problems on the stochastic block model (SBM) and its
variants. The SBM is a random graph model with hidden community structure and
has significant applications in statistics, machine learning, and network science. In
its simplest version, the SBM is defined as follows: there are n vertices, divided
into several communities; for every pair of vertices, there is an edge between them
with a certain probability that depends on whether the two vertices are in the same
community or not. The central problem in the study of SBMs is to determine, given
the graph without community information, whether and how much we can recover
about the community structure.

It turns out that problems on SBMs can be reduced to problems on trees, which
are often easier to solve. Problems on trees essentially involve analyzing certain belief
propagation (BP) operators on the space of information channels. For example, the
weak recovery problem on SBMs can be reduced to the reconstruction problem on
trees, which is equivalent to asking whether the BP operator has a non-trivial fixed
point.

Analyzing BP operators is a challenging task. They are defined on an infinite-
dimensional space and are non-linear operators with complicated expressions. Never-
theless, from an information-theoretical perspective, BP operators can often be more
concisely described using composition and *-convolution of information channels.

Using this observation, channel comparison methods can be used to tackle prob-
lems about BP operators. For example, if a certain f-information behaves nicely
under composition and x-convolution, it may be possible to analyze the evolution of
this f-information under the BP operator and deduce properties of the operator. This
reduces the study of an infinite-dimensional dynamical system to a one-dimensional
one. Although the details may vary in actual problems, this description captures the
big picture.

1.3 Organization of the thesis

We have introduced the main theme of this thesis, and now we will provide a brief
overview of the contents of the different chapters in this thesis.

14



The thesis is divided into two parts. In Part I, we investigate methods for com-
paring contraction properties of information channels. In Part II, we study statistical
problems on graphs by reducing them to problems on trees, and then solving them
by applying information-theoretical methods.

In most of our results, we develop new methods for channel comparison and apply
them to graph problems. We include the channel comparison results in Part I when
they are of independent interest, even without the context of graphical problems.
We put them in Part II, along with the corresponding graph result, when it is more
relevant to do so.

Part I consists of Chapter [2] [3] [4]

In Chapter 2| we review the general theory of channel comparison methods. We
study f-divergences, the most important ones being Kullback-Leibler (KL) diver-
gence, x*-divergence, symmetric KL (SKL) divergence, and Hellinger distance. We
also study preorders between two channels, including degradation preorder, less-noisy
preorder, and more-capable preorder. We examine the general behavior of these chan-
nel comparison methods under channel transformations, including composition and
*-convolution. We also analyze the behavior of these methods on binary memory-
less symmetric (BMS) channels. Most results in this chapter are standard and have
appeared in previous works.

In Chapter [3| we generalize the theory of BMS channels to symmetric channels
with larger input alphabet, called g-ary fully memoryless symmetric (¢-FMS) chan-
nels. We demonstrate that FMS channels can be decomposed into a mixture of simple
channels, which enables us to view FMS channels as distributions on the probability
simplex. Using this interpretation, we establish several results on the degradation
of FMS channels. We also prove that although y?-information is generally not sub-
additive, it satisfies a form of local subadditivity for FMS channels. Results in this
chapter are based on [73] and unpublished notes.

In Chapter [4] we zoom in further and examine the contraction behavior of Potts
channels, which are the simplest examples of FMS channels. We establish non-linear
p-log-Sobolev inequalities for the semigroup of Potts channels and compute KL con-
traction coefficients of the Potts channels. Results in this chapter are based on [72].

Part II consists of Chapter [5 [6] [7], [} [} [LO] [L1]

In Chapter [f, we examine a general hypergraph stochastic model (HSBM), which
includes the stochastic block model and its variants that we study in this thesis
as special cases. We investigate three problems on the general HSBM. The first
problem is weak recovery, which asks whether it is possible to reconstruct a non-trivial
fraction of the community structure given the unlabeled hypergraph. The second
problem is optimal recovery, which asks what is the maximum fraction of community
structure that can be recovered given the unlabeled hypergraph and possibly some
noisy observations of the correct labels. The third problem is to compute the mutual
information between the labels and the hypergraph, a fundamental property of the
model. We demonstrate that all three problems can be reduced to problems on the
broadcasting on hypertrees (BOHT) model. Specifically, non-reconstruction for the
BOHT model implies the impossibility of weak recovery for the HSBM, uniqueness
of BP fixed point for the BOHT model implies optimal recovery algorithms for the
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HSBM, and the boundary irrelevance (BI) property for the BOHT model implies
a mutual information formula for the HSBM. The reduction for weak recovery is
folklore, and the reductions for optimal recovery algorithms and mutual information
formula are based on generalizations of [4] [73].

In Chapter [0, we use contraction of KL divergence to prove simple yet effective
non-reconstruction results for broadcasting on trees (BOT). This yields the current
best results for the Potts model at small degrees and can recover the reconstruc-
tion threshold of the coloring model to the first order, which was previously proved
using more complicated methods. In the assortative case, these results imply the cur-
rent best results on the impossibility of weak recovery for the corresponding SBMs.
Furthermore, we apply this method to a BOT model whose alphabet is continuous,
establishing the exact value of the reconstruction threshold. Results in this chapter
are based on [72].

In Chapter[7], we use contraction of SKL divergence and y2-divergence to establish
results on binary simple BOHT models. We prove that when the hyperedge size r is at
most four, the reconstruction threshold is at the so-called Kesten-Stigum threshold.
(Note that the case r = 4 relies on a numerically-verified inequality.) This determines
the exact value of the weak recovery threshold for the corresponding HSBMs, which
has been an open question for a decade. Moreover, we demonstrate that when r is
at least seven, the reconstruction threshold and the Kesten-Stigum threshold do not
match, suggesting that there is an information-computation gap for the corresponding
HSBMs. Results in this chapter are based on [74].

In Chapter [§, we generalize the local subadditivity result in Chapter [3]to general
channels, and using this result to establish the robust reconstruction threshold for
reversible BOT models. While previous work [82] has already determined the robust
reconstruction threshold for general BOT models, there are certain edges cases it
cannot handle, particularly including the coloring model. In addition, we prove that
BI does not hold for reversible BOT models between the reconstruction threshold
and the Kesten-Stigum threshold. Results in this chapter are based on [73] and
unpublished notes.

In Chapter [9, we use channel preorders to provide a method to compute limit
mutual information and limit probability of error in the Ising model on a tree. Our
method gives rigorous bounds as opposed to conventional methods like population
dynamics. By utilizing our method and analyzing experimental results, we were able
to make conjectures on the limit information of the Ising model near criticality, which
were later confirmed by [I36]. Results in this chapter are based on [75].

In Chapter we use the degradation preorder and Hellinger distance to prove
uniqueness of BP fixed point and the BI property for the Ising model on a tree.
These results were proven for signal-to-noise ratio (SNR) outside a small interval
(1,3.513). As a consequence, we establish an optimal recovery algorithm and a mutual
information formula for the corresponding SBMs, which were the best at the time.
Results in this chapter are based on [4].

In Chapter [11], we generalize the method developed in the previous chapter to
prove uniqueness of BP fixed point and the BI property for the Potts model. These
results were shown to asymptotically approach the Kesten-Stigum threshold when
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the number of communities ¢ goes to oo and a parameter A is o(1/logq). These
results imply an optimal recovery algorithm and a mutual information formula for
the corresponding SBMs, which are the current best results. Results in this chapter
are based on [74].

To end this introduction, we present Table [1.1 which summarizes the channel
comparison tools used in this thesis and their applications to statistical problems on
trees. We also include a few previous results using these methods to give the reader
more context. While the table is not intended to be an exhaustive list of previous
works on tree problems, we believe it includes the most relevant ones.

Tool Application Reference
KL divergence | Reconstruction, any BOT model [72], Ch.[6
Reconstruction, Potts model [126, 109
Reconstruction, coloring model [125]
Reconstruction, binary asymmetric BOT 127, [9T]
\2-divergence Reconstruction, hardcore model [19]
Reconstruction, BOHT model [74], Ch.[7]
Robust reconstruction, any BOT model 182]
Robust reconstruction, any BOT model Ch. @l
SKL divergence Reconstruction, any BOT model 87, 66]
Reconstruction, BOHT model [74], Ch.[7]
Less-noisy Reconstruction, certain tree models [116]
preorder Compuation of BOT limit, Ising model [75], Ch. 9]
Degradation Uniqueness of BP fixed point, Ising model | [4, [137], Ch.
preorder Uniqueness of BP fixed point, Potts model | [73], Ch. |1 1|

Table 1.1: Summary of channel comparison tools and applications to statistical prob-
lems on trees. When multiple tools are used in a result, we choose the one that is
considered to be the most important.
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Comparison Methods
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Chapter 2

Channel comparison methods

We review the general theory of information channels and comparison methods, which
have been studied extensively in literature under various contexts. The methods
include f-divergences and preorders between channels. We apply these theories to
binary memoryless symmetric channels which are the main examples in the chapter.
We focus on the behavior of these methods under channel transformations, including
composition, tensor product, and x-convolution. Overall, this chapter serves as a
foundation for the subsequent chapters in this thesis. The general theory is developed
in more depth for special classes of information channels in Chapter [3]and [, and are
eventually applied to statistical problems on graphs.

Chapter outline In Section we introduce several basic notions and definitions
on information channels that will be used throughout the thesis. In Section [2.2] we
introduce binary memoryless symmetric (BMS) channels. We explain the equiva-
lence between BMS channels and distributions on the interval [0, %], which provides
a useful conceptual simplification. In Section [2.3] we introduce f-divergences and
f-informations, and study the behavior of these quantities under x-convolution. We
focus on the Kullback-Leibler (KL) divergence, x2-divergence, symmetric KL (SKL)
divergence, and Hellinger distance. In Section [2.4] we examine strong data process-
ing inequalities (SDPIs) for f-divergences, which represent contraction abilities of
information channels under different f-divergences. In Section [2.5] we study several
preorders between two channels, including the degradation preorder, the less-noisy
preorder, and the more-capable preorder. We explore their behavior under channel
transformations.

2.1 Basic notations

In this section we recall some basic notations and definitions used throughout the
thesis. We refer the reader to [117] for an introduction to information theory.

For n € Z>, we use [n] to denote the set {1,...,n}.

Let X, )V be measurable spaces. We use P : X — ) to denote an information
channel (also known as channel, Markov kernel, probability kernel) P from X to
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Y. Here X is called the input alphabet (or the input space) and ) is called the
output alphabet (or the output space). On input z € X', we use P(-|x) to denote the
distribution of the output. For discrete ), we denote the transition probability from
reXtoye)by Plylx), P(x,y), or P,,.

For a measurable space X', we use P(X') to denote the space of probability distri-
butions on X'. For a distribution p € P(X) and a channel P : X — Y, we use pP and
P o i to denote the distribution of the output variable, when the input distribution
is p.

For a random variable X € X', we use Px € P(X) to denote the distribution of
X.

We use Id to denote the identity channel X — X. We use 0 to denote the trivial
channel when this does not cause confusion. For e € [0,1], we use EC, to denote
the erasure channel X — X U {*} with erasure probability e. Clearly EC; = 0 and
ECy = Id.

Let P: X — ) be a channel and p € P(X). If the support of puP is equal to ),
then we define the reverse channel P; (or P* when p is clear from context) by

p(@) Pe,y) = (uP)(y) Py, ©). (2.1)

If X =), pP =p, and P = P;, we say (m, P) is reversible (or P is reversible when
w is clear from context).

Let X be a discrete random variable. We use H(X) to denote the entropy of X.
In this thesis, we do not discuss differential entropy of continuous random variables.

Let X and Y be two possibly dependent random variables. We use I(X;Y') to
denote the (Shannon) mutual information between X and Y. Furthermore, for a
distrbution p € P(X) and a channel P : X — ), we define I(u, P) as the mutual
information I(X;Y’) where X is a random variable with distribution p and Y is the
output of P when given input X. When X is discrete, we have I(X; X) = I(Pyx,1d) =
H(X).

Let P: X — Y and ) : Y — Z be two channels where the output alphabet of P
is the input alphabet of ). We use P(@) and ) o P to denote the composition channel
X = Z.

Let P: X - Y and Q : X — Z be two channels with the same input alphabet.
We say P and () are equivalent if there exists R : ) — Z and R’ : Z — ) such that
(Q = Ro P and P = R o (. Equivalent channels behave similarly in many aspects,
in particular, I(u, P) = I(u, @) for any distribution p € P(X).

Let P: X - Y and QQ : X’ — )’ be two channels. We define the tensor product
channel P x Q : X x X’ — Y x V' by letting P and @ acting on the two inputs
independently. For n € Z>,, we use P*" : X" — Y" to denote the n-th tensor power
of P.

Let P: X - Y and ) : X — Z be two channels with the same input alphabet.
We define the x-product (also called *-convolution) Px @ : X — ) x Z by letting P
and () acting on the same input independently. For n € Z>(, we use P : X — "
to denote the n-th x-power of P.

Let P: X - Y and @ : X — Z be two channels with the same input alphabet.
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A mixture of P and @ is an channel R from X to Y U Z such that R(E|x) =
(1—p)P(ENY|z)+pQ(EN Z|z) for any measurable £ € Y Z, for some parameter
p € [0,1]. We denote this as R = (1 — p)P + p@. Similarly, if A is a collection of
information channels with the same input alphabet, and p is a distribution on A,
we write Ep_, P for the channel which maps input z to (P,Y), where P ~ p and
Y ~ P(:|x). This channel is called a mixture of A.

2.2 Binary memoryless symmetric channels

In this section we review the theory of BMS channels, arguably the most extensively
studied class of channels. We refer the reader to [120, Chapter 4] for a more complete
introduction to BMS channels.

Definition 2.1 (Binary memoryless symmetric (BMS) channels). A channel P :
{£1} — Y is called a binary memoryless symmetric channel if there exists a measur-
able involution ¢ : Y — Y such that P(c~!(E)|+) = P(E|-) for all measurable sets
EC).

Two most common examples of the BMS channels are the binary erasure channels
(BECs) and binary symmetric channels (BSCs). For € € [0, 1], BEC, : {£} — {£,*}
denotes the channel with transition probabilities

1—e ify=ux,
BEC.(y|z) =< 0, ifty=—ux, (2.2)
€, if y = .

For § € [0,1], BSCs : {£} — {%} denotes the channel with transition probabilities

1-946, ify=u,

e (23)

One can easily verify that BSCs and BSC;_s are equivalent for any § € [0, 1], and
that BSCy = Id. One may also observe that BEC, is equivalent to a mixture of BSCy
and BSC%. This is no coincidence and hints the following general structural result
on BMS channels: every BMS channel is equivalent to a mixture of BSCs.

Lemma 2.2 (Structure of BMS channels). Every BMS channel P is equivalent to
a BMS channel X — (A, Z), where on input X € {£} it outputs (A,Z) € [0,1] x
{£} such that A is independent of X and Pzax = BSCa(:|X). Furthermore, the
distribution of A is uniquely deteremined by P.

In the setting of the above lemma, we call A the A-component of P, and Px the A-
distribution of P. Lemma establishes an equivalence between a BMS channel and
a probability distribution on [0, %], which maps a BMS channel to its A-distribution.
In particular, the A-distribution is an invariant property of a BMS channel under
equivalence.
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In many cases, working with 6 = 1 — 2A is more convenient than working with A
itself. We call 8 the 6-component of P.

Using the mixture representation of BMS channels, when dealing with BMS chan-
nels, we can often reduce to the case of BSCs.

For a BMS channel P, the composition P o BSC; for 6 € [0, 1] has A-distribution
f«(Pa), where Px is the A-distrbution of P, f(z) = |1 — 2|z + min{d, 1 — ¢}, and f,
is the induced pushforward map.

For two BMS channels P and (), their x-convolution P x () has A-distribution

EANPA (A* (1 — A/))]l AA/ + (A*A,)HAQ,A/) R (24)

A/NQA Ax(1-AT) AxA7

where Pa (resp. Qa) is the A-distribution of P (resp. Q), xxy = x(1 —y) +y(1 —x),
and 1, denotes the point distribution on at .

One may observe an issue in the above expression: x = A(Al*_AA,,) may take value
in the whole interval [0,1], while the A-distribution lives on the interval [0, 3]. In
fact, the interval [0, %] can be viewed as the space [0,1]/Cy, where Cy is the group
of two elements, acting on [0, 1] by mapping x to 1 — x. Therefore in (2.4)) we have
omitted the step of taking the projection of x € [0, 1] onto [0, 1]/C5. Because BSCj is
equivalent to BSC;_g, in the view of equivalence, we usually do not need to distinguish

a point distribution at x and a point distrbution at 1 — x.

2.3 f-divergences

The Kullback-Leibler (KL) divergence and mutual information are the most impor-
tant quantities in information theory, and in some sense the most natural information
measures. However, in many scenarios, it is necessary to consider other types of infor-
mation measures that satisfy properties not shared by the KL divergence. A powerful
class of non-KL information measures is the f-divergences.

Definition 2.3 (f-divergence and f-information). Let f : (0,00) — R be a convex
function with f(1) = 0. For two distributions p and v on the same space, if p < v
(i.e., p is absolutely continuous with respect to v), we define the f-divergence as

D) = | ()] 25)

where f(0) := f(0+) (which is possibly co). This definition is extended to pu & v by
continuity (see [117, Definition 7.1] for more details).

For two possibly dependent random variables X and Y, we define the f-information
as

I1(X;Y) := Dy(Pxy | Px Py). (2.6)

Similar to the mutual information case, for a distrbution p € P(X) and a channel
P : X — Y, we define I;(p, P) := I;(X;Y) where X is a random variable with
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distribution p and Y is the output of P when given input X.
The following f-divergences are the most important ones in this thesis.

e Total variation (TV) distance: f(z) = 1|z — 1].

1 dp 1
TV (p,v) = §EV o 1‘ = 5/]d,u —dv|. (2.7)
e Kullback-Leibler (KL) divergence: f(z) = xlogzx.
B du du| du| du
D(ullv) =E, {du log du} =E, {log du} = /d,ulog T (2.8)

x>-divergence: f(r) = (z —1)?,

du 2 _ du _[ap?
(d—y—1) _EM{E}—l_/E—L (2.9)

Symmetric KL (SKL) divergence: f(x) = (x — 1)log,

D (1.) = Dlpll) + D) = [(dn = aw)log . (210)

Squared Hellinger distance: f(z) = (1 — /z)>.

H2(u,v) =, (1—\/3:5) :/<\/@—\/ﬁ)2. (2.11)

We list here a few nice properties of f-divergences and f-information under ten-
sorization and *-convolution. All of these results can be found in e.g., [117].

e KL divergence is additive under tensorization:

D JIPoI ] @x | =D D(PxllQx,). (2.12)

j€ln] j€n] Jj€n]

e 2-divergence is multiplicative under tensorization:

1 +X2 H PXjH H QXJ' = H (1 +X2(PX]'||QX]')) . (213)

i€ j€(n] j€ln]
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Hellinger distance is multiplicative under tensorization:

- %H2 TPl Tl ox ] =11 (1 - %HQ(PX].HQX].)). (2.14)

j€[n] J€[n] J€[n]

e Mutual information is subadditive under tensorization: if Pyn xn = Hj el Py, x;,
then
I(X™Y™) <) I(X:Y5). (2.15)
1€[n]

Mutual information is subadditive under x-convolution:

I(X:Y") <) I(X;Y)). (2.16)

J€[n]

e SKL information is additive under x-convolution ([87]):
Lok (X;Y") = ) Iskn(X (2.17)
S

For the rest of this section, we apply these f-informations to BMS channels. In the
following, let p be the uniform distribution on {£}, P be a BMS channel, A be the
A-component of P, and # = 1 — 2A be the -component of P. For an f-divergence,
we define C(P) := Iy(p, P) and call it the f-capacity of P. In particular, we make
use of the following information measures.

Definition 2.4.

P.(P) = EA, (probability of error)
C(P)=Ellog2— h(A)], (capacity)

where h(z) = —xlogx — (1 — x)log(1l — x),
Cy2(P) =E [(1—2A)%] = E¢?, (x*-capacity)
Cskn(P) =E [(% — A) log ! _AA} = E [# arctanh 6], (SKL capacity)
Z(P)=1- %HZ(P(-H), P(:]-)) (Bhattacharyya coefficient)

- [2 A(l— A)} —EV1- 0.
From general properties of f-information discussed above, for BMS channels P
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and (), we have

C(P*Q) < C(P)+C(Q), (2.18)
CSKL(P*Q) = CSKL(P) + CSKL(Q), (2.19)
Z2(P+Q) = Z(P)Z(Q). (2.20)

Furthermore, y2-capacity is subadditive under x-convolution for BMS channels, a
property not true for general channels.

Lemma 2.5 (Subadditivity of y*-capacity for BMS channels). For BMS channels P
and QQ, we have

C2(PxQ) < Ca(P) + Cra(Q). (2.21)

Proof. This is essentially proved in e.g., [3]. Here we give a direct proof. By BSC
mixture representation of BMS channels, it suffices to prove the case when P and ()
are both BSCs. Let P = BSC,, Q = BSC,. Then

r(1—y)—y(l—2))?  (zy—(1—2)(1—-y))

C,2(BSC, «BSC,) = (

Wy Tyi-n) ayr-ni-y P
C,2(BSC,) = (1 — 27)?, C,2(BSC,) = (1 —2y)*. (2.23)
Therefore
C\2(BSC,) + C\2(BSC,) — C,2(BSC, » BSC,) (2.24)
_ (=201 —2y)*(2(1 — @) +y(1 - y))
(z(1 —y) +y(1 —2)) (zy + (1 —2)(1 —y))
> 0.
This finishes the proof. O

2.4 Strong data processing inequalities

The strong data processing inequalities (SDPIs) are quantitative versions of the data
processing inequality (DPI). They state that a fixed channel contracts information
by a multiplicative factor, which is usually less than one. There are two versions of
the SDPIs, depending on whether we fix the input distrbution. We first introduce
the divergence form of the SDPIs.

Definition 2.6 (Strong data processing inequalities, divergence form). Fix an f-
divergence and a channel P : X — )). The input-unrestricted strong data processing
inequality states that

Dy(uPlvP) <np(P)Ds(ullv) Vu,v e P(X), (2.25)

where 7;(P) is the smallest constant making the inequality true.
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In addition to the above setting, let v be a distribution on X'. The input-restricted
strong data processing inequality states that

Dy(uP|lvP) < ns(v, PYDy(ullv) ¥ € P(X), (2.26)

where 7;(v, P) is the smallest constant making the inequality true.

In other words,

Dy (uP|vP)
ne(P) = sup _ 2.27
s(P) pwerxy  Dp(pllv) (2.27)
0<Dy(pllv)<oco

De(uPllvP
n(v, P) := sup —f(’u | )

pEP(X) Df(MHV)
0<D¢(pllv)<oo

(2.28)

The SDPIs also have an information form, which states that

e (input-unrestricted version) for any Markov chain U — X — Y, we have
L (U3Y) < ny(P)(U; X), (2.29)

e (input-restricted version) for any Markov chain U — X — Y such that Px = v,
we have

I{(UY) < (v, P)I; (U3 X). (2.30)

It is proved in e.g., [I17, Chapter 33| that the divergence form and the information
form of SDPIs are equivalent. Usually the divergence form is easier for computation
of the contraction coefficients, and the information form is easier for applications.

As an example, for BSCs, we have ([11])

nkr(Unif({£}), BSCs) = n,2(Unif({£}), BSCs)
= nkr,(BSCs) = 1,2(BSCs) = (1 — 26)?, (2.31)
This can be generalized to BMS channels. Let P be a BMS channel, A be its A-
component. Then
kL (Unif({£}), P) = nye(Unif({£}), P) = nie(P) = n,e(P) = E(1 - 2A)*, (2.33)
nrv(Unif ({£}), P) = nrv(P) = E|1 — 24, (2.34)

In the following, we briefly review previous works on SDPIs and contraction coef-
ficients. We refer the reader to [118] 115, 93] for more discussions.

General properties of contraction coefficients Let us start with a few general
properties of contraction coefficients.

26



e For any v and P, we have

0 <0y, P) < mp(P) < 1. (2.35)

e Both 7/(P) and ns(v, P) (for any v) are convex in the transition matrix P
[T, [118].

e Input-restricted contraction coefficients behave nicely under tensorization. [118|
Theorem I11.9] states that when f induces a subadditive and homogeneous f-

entropyE]

nr | 11w 11 B | = maxns(v, ). (2.36)

el e et

e Contraction coefficients are submultiplicative under composition. For a distri-
bution v € P(X) and channels P: X — Y, Q : Y — Z, we have

ns(w, Qo P) < ny(v, P)ns(vP, Q), (2.37)
nr(Q o P) < np(P)ns(Q). (2.38)

Computation of input-unrestricted contraction coefficients Let us discuss
computation of input-unrestricted contraction coefficients. The TV contraction coef-
ficient nrv(P) is called the Dobrushin’s coefficient and [52] showed that

nrv(P) = sup TV(P([x), P(-[2")). (2.39)

z,x’

It is known (e.g., [40, 118, 115]) that n,2(P) and nrv(P) are the extremal input-
unrestricted contraction coefficients. Specifically, for any f-divergence we have

nf(P) < nov(P), (2.40)

and for any f-divergence where f is twice differentiable on (0,00) and f”(1) > 0, we
have

me(P) < ny(P). (2.41)
[39] showed that for operator convex f, we have
2 (P) = ng(P). (2.42)

Examples of operator convex divergences include the KL divergence and the squared
Hellinger distance.

! f-entropy of a real-value random variable U with finite E[f(U)] is defined as Entf[U] :=
E[f(U)] - f(BU).
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[I11] proved that to compute n¢(P), it suffices to consider input distributions
with support size at most two. This essentially closes the problem of computation of
input-unrestricted contraction coefficients.

Computation of input-restricted contraction coefficients Now let us move
to the input-restricted contraction coefficients. It is known (e.g., [122, 118|) that
ny2(v, P) is the square of the maximal correlation coefficient S(v, P), where

S(v, P) = Sup Exy)mverf(X)g(Y)], (2.43)

where the supremum is over all f : X — R, g : Y — R such that E,[f] = 0,
E,[f?] =1, E,plg] =0, E,p[g°] = 1. Alternatively, n,2(v, P) can be described as the
largest eigenvalue of PP viewed as a linear operator from Ho (X, v), the space of zero-
mean functions (under v) on X, to itself, or the square of the largest singular value
of P} viewed as a linear operator fomr Ho(X,v) to Ho(Y,vP) [118]. Furthermore,

[TI8] observed that 1 — \/n,2(v, P) is equal to the spectral gap of (v, P), a quantity
with crucial importance in the study Markov chain mixing.

Eq. (2.41) can be strengthened (see e.g., [40, 118, 115]) to
e (v, P) < ny(v, P) (2.44)

for any f-divergence where f is twice differentiable on (0, 00) and f”(1) > 0.

We remark that [11] systematically studied nkr,, and proved Eq. (2.42)), (2.44)) for
the KL contraction coefficient.

[118, Theorem IIL.6] proved upper bounds on ns(u, P) for operator convex f,
stating that

5l P) < max { ol P, sup e, (P | (2.45)
0<B<1

where LCj is the Le-Cam divergence (see e.g., [132]), which is the f-divergence with
—2)?
f(z) = 81— B) 5
[94, Theorem 2.2] gave an upper bound on ns(u, P) of

F/(1) + £(0)
e P) S i mine v(0)

for f satisfying a series of technical conditions. These conditions are satisfied for the
KL divergence, and then Eq. (2.46)) gives [04, Corollary 2.1]

ne (v, P)
mingey v(z)

Ny (v, P) (2.46)

(v, P) < (2.47)
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Eq. (2.47) is further refined in [94, Theorem 2.3|, which states that

212 (v, P)
¢ (maxscy min{v(A),1 — v(A)}) mingex v(x)’

_—log% 0<p<i

nkL(v, P) <

(2.48)

We have discussed a few general bounds on input-restricted contraction coeffi-
cients. In general, given an input-channel pair (v, P), computing an upper bound
on the KL contraction coefficient nkr, (v, P) is a daunting task. (Computing a lower
bound is considerably easier: it suffices to choose one input distribution p and com-

pute %.) We list a few methods that can be used to compute upper bounds

on 7k (v, P).

e Compute from definition. This works for channels with very simple structures.
For example, contraction coefficients of BSCs can be computed in this way.
In Chapter [, we will compute contraction coefficients of the Potts channels
directly from definition.

e Compare with other contraction coefficients. The y?-contraction coefficient
ny2(v, P) is almost always easier to compute, and can be used to produce upper
bounds. This works when n,2(v, P) is close to nk,(v, P), or when a very good
bound is not needed.

e Use general properties such as tensorization or composition. This works when
the input-channel pair has nice structures.

e Compare with log-Sobolev inequalities. [100, 118] proved that nky(v, P) <
1 — p(PP*), where p(PP*) denotes the log-Sobolev constant of PP*, where
P~* is the reverse channel. The log-Sobolev constants are sometimes easier to
compute.

e Use an inductive structure of (u, P). [29] computed the KL contraction coeffi-
cients of several Markov kernels related to the random walks on graphs with nice
structures. This method, when it applies, gives better results than comparing
with log-Sobolev constants.

e Use spectral independence and related conditions. Spectral independence is a
condition introduced in [I4] in order to study mixing time of Glauber dynamics.
It has since then been successfully applied to various models, e.g., [33, [65], 32].
[34, 22] showed that spectral independence plus several technical conditions
imply bounds on the KL contraction coefficient of the Glauber dynamics.

SDPIs and contraction coefficients have found numerous applications, including
noisy computation [64], 115], distributed data-compression [46], statistical physics [53],
portfolio theory [62], differential privacy [55], and so on. Furthermore, contraction
properties of Markov kernels are also the central subject of study in Markov chain
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mixing. The importance of spectral gap (which is equivalent to the input-restricted
x>-contraction coefficient) is needless to say [88]. We mention that a lot of important
results are established using contraction of KL divergence [34] 22] I3]. In this thesis,
we focus on applications of SDPIs to statistical problems on graphs.

2.5 Preorders between two channels

In the previous section we discussed comparison of channels using contraction coeffi-
cients. It is also possible to compare channels directly, an idea dating back to [124].
Various preorders between channels have been studied, including channel inclusion
[124], input-output degradation [40], degradation [17,/47], the less-noisy preorder [86],
and the more-capable preorder [86]. In this section, we examine the properties of the
last three preorders, which are the most useful ones for our purpose.

Definition 2.7. Let P: X — Y and ) : X — Z be two channels with the same
input alphabet. We say

e P is a degradation of (), denoted P <g4¢ @, if there exists channel R : Z — Y
such that P = Ro Q;

e P is less noisy than @), denoted P >, @, if for every measurable space W,
distribution g € P(W), and channel R : W — X, we have I(u, P o R) >
I(p, Qo R);

e P is more capable than @), denoted P >, @, if for every u € P(X) we have
I(p, P) > I(p1, Q).

It is clear from the definition that
P Sdeg Q = P Sln Q = P Smc Q (249)

Let P, be two channels with the same input alphabet X. If P <4, @, then for
any i € P(X),

Iy(p, P) < Ir(p, Q). (2.50)
In particular, if P and ) are BMS channels with P <4¢, @), then we have

FP.(P)> FP.(Q), C(P)<C0(Q), Cp(P)<Cp(Q),
CskL(P) < Cski(Q), Z(P) > Z(Q). (2.51)

These preorders behave nicely under channel transformations. We summarize
these properties as follows.

Lemma 2.8. The following holds.

e (Composition) Let P,Q be two channels with the same input alphabet X. Let
R:W — X be a channel.
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— If P <4eg @, then Po R <ges Q) 0 R.
— If P <, Q, then PoR <j, Qo R.
o (Tensorization) Let Py and @y be two channels with the same input alphabet X,
and Py and Qo be two channels with the same input alphabet ).
— If Py <qeg Q1 and Py <geg Q2, then P1 X Q1 Sgeg P2 X Qo.
— ([131,[115)]) If Py <1 Q1 and Py <y, Qa2, then Pi X Q1 <1, Py X Q.
- (148/) [f Pl Smc Ql and P2 Smc QZ; then Pl X Ql Smc PQ X QZ-

e (x-convolution) Let Py, Ps, Q1, Q2 be four channels with the same input alphabet.

— If P <qeg @1 and Py <geg Q2, then Py x Qy <geg P2 x Q2.
— If P <1y Q1 and Py <y, Q2, then Py x Q1 <y P * Q.

Note that the results on x-convolution can be proved by combining the result on
composition and tensorization: P x @) is the same channel as (P x @) o T', where
T:X — X x X is the channel mapping X to (X, X).

[115] showed that for an arbitrary channel P, nky(P) < n if and only if P <y,
EC,_,. This relates the less-noisy preorder and KL contraction coefficients.

Degradation beween BMS channels can be characterized in terms of the A-component.

The following result is well-known and can be achieved by combining [120], Theorem
4.74] with the coupling characterization of second-order stochastic dominance.

Lemma 2.9 ([120]). Let P and Q be two BMS channels. Let Ap (resp. Ag) be the
A-component of P (resp. Q). Then P >4es Q if and only if there exists a coupling
between Ap and Ag so that

E[Ap|Ag] < Ag (2.52)

almost surely.

The following result determines the extremal BMS channels under different con-
straints.

Lemma 2.10 ([121, Lemma 2|). The following holds.

1. ([120]) Among all BMS channels with the same probability of error P.,(W) =§
the least degraded one is BEC and the most degraded one is BSC, i.e.

BSCs <deg W <deg BECas. (2.53)

2. ([123] for the BSC part) Among all BMS with the same capacity C the most
capable one is BEC and the least capable one s BSC, 1i.e.:

BSC)_p-1(¢) <me W <me BEC1 ¢, (2.54)

where h™' : [0,log2] — [0,1/2] is the inverse of the binary entropy function
h:[0,1/2] — [0,log?2].
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3. Among all BMS channels with the same x*-capacity C\2(W') = n the least noisy
one is BEC and the most noisy one 1s BSC, i.e.

BSC1 /2 ym/2 <in W <in BEC1_, . (2.55)
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Chapter 3

Non-binary input symmetric channels

We study the class of g-ary fully memoryless symmetric (¢-FMS) channels[] a gener-
alization of binary memoryless symmetric (BMS) channels to g-ary input alphabets.
As BMS channels are the “right” class of channels to work with when studying Ising
models, FMS channels are the “right” class for Potts models. We first establish the
structure of FMS channels as mixtures of simpler channels, generalizing the corre-
sponding well-known result for BMS channels, which greatly simplifies the study
of these channels. We study the relationship between FMS channels and degrada-
tion preorder and show that some but not all properties of BMS channels can be
generalized to FMS channels. Furthermore, we prove a local subadditivity result for
x2-capacity of FMS channels under x-convolution, generalizing the corresponding sub-
additivity result for BMS channels (Lemma . Results developed in this chapter
are used in Chapter [I1] to study problems regarding the Potts model. This chapter
is based on [73] and unpublished notes.

We remark that the local subadditivity result is further extended in Chapter [§| to
general channels with slightly worse parameters.

Definition 3.1 (Fully memoryless symmetric (FMS) channels). A g-ary fully mem-
oryless symmetric (¢-FMS) channel (or an FMS channel when ¢ is obvious from
context) is a channel P : X — ) with input alphabet X = [g] such that there exists
a group homomorphism ¢ : Aut(X’) — Aut()) such that for any measurable £ C ),
we have

P(E|z) = P(«(1)E|1(x)) (3.1)

for all x € X, 7 € Aut(X). Here Aut(X') denotes the symmetry group (also known
as the automorphism group) of X.

By definition, 2-FMS channels are exactly BMS channels.
We remark that ¢-FMS channels are a special case of input-symmetric channels
(see e.g., [I17, Chapter 19]|) whose group of symmetries is the whole Aut(X).

!Here “fully” modifies “symmetric”, and indicates that the symmetry group of the channel is the
full symmetric group Aut(X) as opposed to a subgroup.
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Chapter outline In Section [3.I we prove a structural result of FMS channels
(Prop. , which generalizes the BSC mixture representation of BMS channels. We
use this result to derive several helpful formulas for transformations of FMS channels.
In Section [3.2] we prove several properties of FMS channels related to the degradation
preorder, including an equivalence condition of degradation in terms of coupling of
the corresponding m-distributions, and extremal FMS channels under probability of
error constraints. In Section [3.3] we prove that y2-capacity of FMS channels is almost
subadditive when one of the channels is close to trivial.

3.1 Structure of FMS channels

The BSC mixture representation of BMS channels (Lemma has been useful in
proving results about BMS channels. Therefore it is desirable to generalize this theory
to FMS channels. We define fully symmetric channels (FSCs), which generalize BSCs,
and will serve as basic building blocks for FMS channels.

Definition 3.2. Let X = [¢|, Y = Aut(&X). For 7 € P(X)/ Aut(X), define channel
FSC,.: X — )Y as

1
FSCW(T|Z) = m'ﬂ}fl(i) Vi € X,T € Aut(X), (32)
where Aut(X) acts on ) by left multiplication.
We can verify that
: 1 1 ,
FSC(nt|n(i)) = Tr-1() = FSCr(7]0) (3.3)

— T )l (n(i)) = —————
(q—l)! (nm)=t(n(4)) (q—l)!

fori e X, n,7 € Aut(X). So FSCs are examples of FMS channels.

While the class of BSCs is a single-parameter family, the class of FSCs have ¢ — 1
parameters. Furthermore, the output alphabet of ¢-FSCs for ¢ > 3 is no longer the
same as the input alphabet.

The following result generalizes Lemma to FMS channels.

Proposition 3.3 (Structure of FMS channels). Every FMS channel is equivalent to a
mixture of FSCs, i.e., every FMS channel P : X — Y is equivalent to a channel X —
(m,Z) where m ~ P, € P(P(X)/Aut(X)) is independent of X, and Z ~ FSC,(-|X)

conditioned on m and X . Furthermore, P, is uniquely deteremined by P.

Proof. Existence: The proof strategy is to partition ) into Aut(X’)-orbits and show
that the channel P restricted to each orbit is equivalent to an FSC.

Step 1. We first prove that we can replace P with an equivalent FMS channel
whose Aut(X') action is free, so that in later steps each orbit is easier to handle. Define
channel P: X — Y x Y, where Y = Aut(X), sending X to (Y,Y) where Y ~ P(:|X)
and Y ~ Unif(Aut(X)) is independent of X. We give P an FMS structure where

34



Aut(X) acts on Y by left multiplication. It is easy to see that P is equivalent to P.
Therefore we can replace P with P and wlog assume that Aut(X) action is free.

Step 2. Let O = Y/ Aut(X) be the space of orbits of the Aut(X) action on
Y. For an orbit o € O, for any two elements y;,y> € o, the posterior distributions
T = Pxjy—y, and my = Pxy—,, (with uniform priors) differ by a permutation, by
the assumption that P is FMS. In particular, 71 and 7 map to the same element in
P(X)/ Aut(X). Therefore we can uniquely assign an element 7, € P(X)/ Aut(X') for
any o € O.

Note that by symmetry, the distribution of o does not depend on the input dis-
tribution. Let P, € P(O) be this distribution. Then P is equivalent to the channel
X — (o0,Z) where o ~ P, is independent of X, and Z ~ FSC, (-|X). (Because
Aut(X) action on ) is free, this equivalence is in fact just renaming the output
space.)

Step 3. Finally we prove that the FMS channel X — (o0,7) is equivalent to
X — (7, Z). One side is easy: given (o, Z), we can generate (m,, Z). For the other
side, given (7, Z), we can generate o ~ P, —.. Then (o', Z) has the same distribution
as (0, Z), conditioned on any input distribution. This finishes the existence proof.

Uniqueness: For any FMS channel X e, Y, we can associate it with a distribu-
tion @, on P(X)/Aut(X), defined as the distribution of the posterior distribution
Qx|y, where Y ~ Qy|x o Unif(X) is generated with uniform prior distribution. (By
definition @, is a distribution on P(X). However, by symmetry property of FMS, @,
is invariant under Aut(X’) action.) It is easy to see that @, distribution is preserved
under equivalence between FMS channels. Furthermore, for an FMS channel of form
X — (m,Z) as described in the proposition statement, this distribution of posterior
distribution is equal to P,. Therefore P, is uniquely deteremined by P. ]

In the setting of the above proposition, we call m the m-component of P, and P, the
m-distribution of P. We often use the convention that elements 7 € P(X')/ Aut(X)
satisty m > --- > m,. Prop. establishes an equivalence between an FMS channel
and a probability distribution on P(X)/ Aut(X'), which maps an FMS channel to its
m-distribution. In particular, the w-distribution is an invariant property of an FMS
channel under equivalence.

There are different ways to construct new FMS channels from given FMS channels.
Here we present formulas for composition with Potts channels and *-convolution.

Fix ¢ > 2. For \ € [—qfll, 1], define Potts channel Py : [¢] — [q] as

Pr(ylo) = Ao =y} + = (3.4
for x,y € [¢]. Then given any ¢-FMS channel P, P o P, is also a ¢-FMS channel.
Furthermore, the m-distribution P o Py is f.(Py), where P; is the m-distrbution of P,
f(m) = A+ %, and f, is the induced pushforward map.

For two ¢-FMS channels P and @, their x-convolution P % () has a natural ¢-
FMS structure. Let P, (resp. Q) be the m-distrbution of P (resp. @)). Then the
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m-distrbution of P % () is

Err | 3 ;).ZW;@ Loy (3.5)

7'(',/\/ - 1 .

G | rerma \ icla)
/

TiTr (i)

where 7, 7 = S
(Zje[q} T ()

) € P(lq])/ Aut([q]) (3.6)
i€[q]

and 1y € P(P([g])/ Aut([q])) denotes the point distribution at 6 € P([q])/ Aut([q]).

Given any ¢-FMS channel P, we can restrict the input alphabet to get a ¢’-FMS
for ¢ < ¢q. (Because of symmetry, the restricted channel is unique up to channel
equivalence no matter what size-¢’ subset we choose.) In this thesis we only use the
case ¢ = 2, i.e., restrict to a BMS channel. We use P® to denote the restricted BMS
channel &

Let g be the uniform distrbution on [q], P be a ¢-FMS channel, 7 be its 7-
component. For an f-divergence, we define C¢(P) := I¢(p, P) and call it the f-
capacity of P. In particular, we make use of the following information measures.

Definition 3.4.

P.(P) =Emin{l —m; : i € [¢]}, (probability of error)
1
C(P)=logq—E Z T log —, (capacity)
i€lq] ’
C2(P)=E |q Z 211, (x%-capacity)
| i€ld]
1
Cskr(P) =E Z (m — &) log(m;) | - (SKL capacity)
| 7€ld]

For two ¢-FMS channels P and @, if P <ge, @, then for any p € P(X),

Ii(p, P) < Ip (i, Q). (3.7)
In particular, if P and @) are ¢-FMS channels with P <4, @), then we have
P.P) 2 P.(Q). C(P)<C(Q). Cu(P)<Cpe(@). Csl(P) < Csan(@). (3.8)

From general properties of f-information discussed in Chapter [2] for ¢-FMS channels
P and @, we have

C(PxQ) <C(P)+C(Q), (3.9)
CSKL(P*Q) = CSKL(P) —+ CSKL(Q),. (310)

2Here “R” stands for “restriction”.
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3.2 FMS channels and degradation

As shown in Lemma [2.9 and 2.10], BMS channels behave nicely with the degradation
preorder (Deﬁnition. In this section, we generalize these results to FMS channels.

The following result is an equivalent condition of degradation in terms of 7-
components.

Proposition 3.5. Let P, ) be two FMS channels, and wp and mq be their m-components.
Then P <qeg @ if and only if there exists a coupling between wp and w¢g such that

7 <m E[mg|mp = 7] Ve P(X)/ Aut(X), (3.11)
where <,, denotes majorization (see e.g., [T7, 2.18]). We use the convention that
elements m € P(X)/ Aut(X') are non-increasing so that the expectation is well-defined.

Proof. Degradation = Coupling: Say P maps X to Y, and ) maps X to Z.
Let 7 € P(X) be the posterior distribution of input X given output Y, where
Y ~ Pyix o Unif(X) is generated with uniform prior distribution. Similarly define
7. Then 7p (resp. mg) is the orbit of 7} (resp. ) under permutation.

Degradation relationship P = R o () induces a coupling on the posterior distribu-
tions 7p and 7;,. One can check that this coupling is invariant under Aut(X’) action
and satisfies

7' = Elng|np = 7'] V' e P(X). (3.12)
For any 7' € P(X), let p(n') € P(X)/ Aut(X') denotes its projection. Then we have
P < Elp(ly) 1ty = . (3.13)

Taking expectation over the orbit, we get
T < E[mg|mp = 7 Ve P(X)/ Aut(X). (3.14)

Coupling = Degradation: Step 1. We prove that for =, 7’ € P(X)/ Aut(X),
if 7 <,,, 7', then FSC, <geg FSCr. Because m <,, 7', there exists a € P(Aut(X))
such that (see e.g., [77, 2.20])

T= Y M  VieX. (3.15)

oc€Aut(X)

For p € Aut(&X'), we have

. 1 1 .

FSCW(p‘Z) = 1 |7Tp—1(i) = Z aojﬂ'gqpq(i) = Z (0% FSCW/ (pO"Z).
(q ) oceAut(X) <q ) oc€Aut(X)

(3.16)

Therefore we can let R map po to p with probability a,, for all ¢ € Aut(X’). This
gives the desired degradation map R.
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Step 2. We use the FSC mixture representation (Prop. . Suppose P maps X
to (mp, Zp), and ) maps X to (mg, Zg). If

7 = E[ng|mp = 7] Vr € P(X)/ Aut(X), (3.17)

then we can construct R by mapping 7 to coupled 7p (randomly), and keeping the
Z component. B
Now define an FMS channel P whose m-component is f(7p), where

f(m) == E[ng|rp = 7. (3.18)
Then by Step 1, P <geg Pp. By Step 2, P <deg . Therefore P <40 Q. O

To state a generalization of Lemma [2.10] we need to make a few definitions.

Definition 3.6 (Error characteristics sequence). Let P be a ¢-FMS channel X — Y.

Its error characteristics sequence x(P) is a sequence (po, . ..,p,), where p; is defined
by
p;= min P[X ¢ X(Y)], (3.19)
X:y—=(7)

where the P is over X ~ Unif([g]), Y ~ P(:|X). In other words, p; is the minimum
probability of error over all estimators which output a subset of X of size i, where an
estimator succeeds if and only if the input element is contained in the output set.

Clearly, po = 1, p; = 0, and p is a non-increasing sequence. Also, for any ¢g-FMS
channel P, we have x(P); = P.(P). In fact, the error characteristics sequence of
a ¢-FMS channel can be computed explicitly using the FSC mixture representation
(Prop. . For FSC, with non-increasing sequence 7, we have

X(FSCq)i=1-) m;. (3.20)
J€li]

Therefore for an FMS channel P with m-component 7, we have

X(P)i=Eq [1-> m] . (3.21)

JEli]

From Eq. (3:21)), we see that the difference sequence (x(P)i—1 — X(P);)ielg is always
non-increasing.

In this section only, we say a sequence (po,...,p,) is a valid sequence if py =
1, p, = 0, p is non-increasing, and the difference sequence (pi—1 — p;)icjq is non-
increasing. We have shown that error characteristics sequences of FMS channels are
valid sequences. The converse is also true. For any valid sequence p, we have

X(FSC(pifl_pi)ie[q]> =D (3.22)
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So the set of error characteristics sequences of FMS channels is exactly the set of valid
sequences.
We define the following generalization of BECs.

Definition 3.7 (Generalized erasure channels). Fix ¢ € Z>, and an element b €
P([q]). We define the g-ary generalized erasure channel FEC, as

FEC, = ) b FSC(1,..10...0) (3.23)

i€(q]

where the summation notation denotes mixture of channels (i.e, the output alphabets
of different FSCs in the summation are disjoint).

One can compute that
X(FECy); = Y b (1 - —> (3.24)
1<j<q

Lemma 3.8. Fiz ¢ € Z>y. For any valid sequence p = (po, . ..,Dp,), there exists a
unique ™ € P([q])/ Aut([¢q]) and b € P([q]) such that

X(FSC;) = p, X(FECy) = p. (3.25)

Proof. FSC part. By Eq. (3.20)), the unique © € P([q])/ Aut([qg]) satisfying x(FSC,) =
p is defined by m; = p; 1 — p; for i € [q].
FEC part. By Eq. (3.24), any b satisfying x(FEC,) = p must satisfy

= b (1 — —> Vi € [q]. (3.26)
1<j<q
Taking differences we get

b

Pi-1 — Di = Z - Vi € [q]. (3.27)
1<j<q
Taking differences again, we get
bi = i(pi—1 — 2pi +piy1) Vi€ [q], (3.28)

where we assume p,41 = 0. This proves uniqueness. For existence, we need to prove
that b defined via Eq. (3.28)) satisfies b € P([¢q]). Because p is a valid sequence, we
have b; > 0 for all i € [¢]. Furthermore,

D bi=> (ilpir —pi) = ilpi — piv1) = >_(pin —pi) = po = 1. (3.29)

i€lq] i€lq] i€[q]

Therefore b € P([¢]) and we finish the proof. O
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Finally we can state the following generalization of Lemma [2.10]

Proposition 3.9. Fix q € Z>y. For any q-FMS channel P, we have
FSCr <geg P <deg FECy, (3.30)

where FSC, is the unique FSC with x(FSC,) = x(P), FEC,, is the unique FEC with
X(FEGy) = x(P).

Proof. FSC part. Let P be a ¢-FMS channel and 7wp be its m-component. Define
7= Enp. (3.31)

Then FSC, <4eg P by Prop. and x(FSC,) = x(P) by Eq. (3.20)), Eq. (3.21).
FEC part. Let P be a ¢-FMS channel and 7wp be its m-component. The class
of FECs is the class of mixtures of FSC(%,...,%,O,...,O) for i € [g]. So the class of FECs

is closed (up to channel equivalence) under taking mixtures. If we have proved the
result for all FSCs, then by taking the mixture P = EFSC,,, we also prove the result
for P. Therefore it suffices to prove the case P = FSC,, where m € P([q])/ Aut([q])
is non-increasing.

We define a sequence b as
bi = ’l(ﬂ'@ — 7T,L'+1> Vi € [Q], (332)

where we assume 7,41 = 0.

We prove that b € P([g]). Because 7 is non-increasing, b; > 0 for all i € [g].
Furthermore,

Y b= ilm - i)=Y m=1 (3.33)

i€[q] i€lq] J€ld]

Therefore b € P([q]), and FEC, is well-defined.
We have

1 1

By Prop. 3.5 this implies that FSC; <qeq FEC,,.
Finally, y(FSC,) = x(FEC,) by Eq. (3:20), Eq. (3:23). m

Corollary 3.10. Fiz q € Z>y. For any c € [0,1 — %], for any q-FMS channel P with
P.(P) = ¢, we have

FSCy <qeg P, (3.35)
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where

C C
=(1- . 3.36
= (1ee ) (3.36)

Proof. By Prop.[3.9and Eq. (8.20), it suffices to prove that for all 7’ € P([q])/ Aut([q])
with P,(FSC,/) = ¢, we have FSC, <4eq FSC,/, where 7 is as defined in Eq. (3.36]).

The result then follows from Prop. and the fact that 7 <,, 7 for all 7 €
P([Q])/AUt([q]) satisfying 71-1 =1—c. -

The following example shows that among FMS channels of the same probability
of error, there does not necessary exist a least degraded one.

Example 3.11. Take ¢ = 3 and ¢ = }1. We show that there does not exist a least
degraded FMS channel among all FMS channels of probability of error ¢. Assume for
the sake of contradiction that such a channel exists. By Prop. [3.9] such an channel
must be of form FEC, for some b € P([q]).

Let b = (%,%,0) and b’ = (%,0,%). Then we have y(FECy,) = (1,}1,0,
and x(FECy/) = (1,%,%,0). Because FECy <g4o FEC,, we have x(FEC,),

X(FECy)s = 0, thus b3 = 0. Because FECy» <4, FEC,, we have by > 0] =
Therefore by = b; < %. However, this means that P.(FEC,) = %bg + %bg < 1—36 <
This leads to contraction.

W00l | A =

3.3 Local subadditivity of y*-capacity

As shown in Lemmal2.5, y2-capacity of BMS channels is subadditive under x-convolution.
This property is no longer true for channels with larger input alphabets. Nevertheless,
we show that y2-capacity of FMS channels satisfies a local version of subadditivity.
This result is further extended in Theorem to general channels. The proof pre-
sented here is based on 73] and uses the FSC mixture representation of FMS channels.

Theorem 3.12 (Local subadditivity of x2-capacity for FMS channels). Fiz ¢ € Z>s.
For any € > 0 and q-FMS channels P, Q with C,2(P) < €, we have

C2(P* Q) < (14 04(¢°))(Cya(P) + Cy2(Q)), (3.37)
where Oy hides a constant depending on q.

The remaining of this section is devoted to the proof of Theorem [3.12 We first
prove the special case of FSCs.

Lemma 3.13. Fiz ¢ € Zss. For any ¢ > 0 and m, 7" € P([q])/ Aut([q]) with
C\2(FSCr) <€, we have

C2(FSCr % FSCrr) < (14 Oy (¢"))(C,2(FSC,) 4 Cy2(FSCr)). (3.38)
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Proof of Theorem gwen Lemma[3.15 Let wp (resp. mg) be the m-component of
P (resp. Q).

Because the constant does not depend on @), it suffices to prove the case where @)
is an FSC, i.e., mg is fixed.

If C\2(Q) < €/, then by Lemma we have

Oxz (P * Q) = EWPCX2 (FSCWP *FSCWQ)
< Erp [(1+ Og(€'))(Cr2(FSCrp) + Cr2(FSChrp))]
= (1+04(/")(Ce(P) + C2(Q)). (3.39)

In the following we assume that C\2(Q) > €2/5. By Markov’s inequality, we have
P [C2(FSCrp) > €/7] < 5. (3.40)
Write

Co2(PxQ) = E,,, [C2(FSCy, FSCry) ) 1{C,2(FSCyr,) < ¥/°}]
+Erp [C2(FSCrp % FSCry, ) 1{C,2(FSCyrp) > €2/5}]
=L+ R. (3.41)
For L, by Lemma [3.13] we have

L < (1+ Oy(e"®)Exr, [(Cy2(FSCryp) + Ch2(FSCry ) L{C,2(FSCy,.) < €/°}]

<
< (14 Oy (€%))(Cy2(P) + C2(Q)). (3.42)

For R, by Eq. (3.40) and the assumption that C\2(Q) > €*/®, we have

Er, [Cy2(FSCrp x FSCr, ) 1{Cy2(FSCrp) > €7} < Oy(¢¥%) < O,(e/7)C,2(Q).
(3.43)

Combining Eq. (3.42) and Eq. (3.43) we finish the proof. O

Proof of Lemma |3.15. Because the statement is monotone in €, we can wlog assume

that C,2(FSCr) = e.
Let 7} = %. Then
1
ZEi — 07 CXQ(FSCTI'/) = — 2612 = €. (344)

q

i i
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By Eq. (3.5),

1 T
@ _q

CXQ(FSCﬂ*FSCW’> =4 Z (q — 1)' . 2471"77/(-)

TES,
s 1 Emlten) (3.45)
TES, q' L+ ZZ Micr(@) | |

Recall the following basic equality.

1 3
=1- 2 _ . 3.46
1+z TET (3.46)

We apply (3.46) with z = Y, me ;). Because |z| = Oy(€'/?), we have

1’3

_ 3/2
| = 0u(e). (3.47)

So

Ei 7Ti2<1 + Er(i))2
L+ 30 mierG)

2 2 2 x?
— 2(1 4 €.y 1— _
;m( +€n(i)) ( Tt 1+:c>
2
< (Z (1 +eT(i))2) 1— Zmem) + <Z m&@) + 0,(%?)

2
< (Z 1+ Er(i>)2) L= mie) + (Z MT@)) +0,(?), (3.48)

where the last step is by

> w1+ e@)? = 0(1). (3.49)

i

43



Let us expand the first summand in ((3.48)).

2
(Z 72 (1 4+ ET(Z-))2> 1— ZﬂzET(i) + (Z 7T¢€T(¢)>

2
— (Z 7TZ-2 + 2 Z 7'('1-267(1') + Z 772-263(2-)> 1— Z Ti€r(s) <Z meT(i))

— (D+@+0)(1— @+ 06)
—D - DO+ DO + @ — 0@ + @6 + @ — @D + BF).

Note that we have the following loose bounds:

©=0,(1), (@ =0,4(e?), @< O4(e), @] <O (e?), ©®<Oye).

1

Let us study every term under ) __ S, 7"

For simplicity, write

1
14:§:w3:5(y+cﬁﬁwcgy

OD:

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)



(3.55)

(3.56)



@D:

Z e =" — (227%-2 Em‘)) <Z Mr(z‘))

TGSq TGSq
= Z Z — 27r Tj€r(i)Ex(5)
i,J TESq
— ZZQQ ZS q— ()WT(])
TE

oy ’ a(a—1) Zkﬂk<1_7rk) i # 7,

g 1 3 1 2
ZQZei -§Z7Tk+226i(—ei) : oY Zwk(l—ﬂk)

k

=2. —Z (Zﬂk——ZWk 1—7rk>

where the last step is by

T () ()= () =0 29)

@®: By (B51),

Z— @B®| = O, (¢*/?).

|
TES, i

Y hee sk (Sd,) Yty

TESy TES, i i

®@: By (351),

Z— @®| = O, (*/?).

TES,
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(3.58)

(3.59)

(3.60)

(3.61)



®®: By (351),

1
D =08 = 0,(). (3.62)
TESy Eh
Plugging (3.53) - (3.62)) into (3.50))(3.48))(3.45)), we get

A-1
1 +€A+Oq(63/2)> —1

Cy2(FSCr+xFSCr) < ¢ (A + €A - g
q—

A
=(gA—-1) (l—i-%ﬁLe) + e+ 0,(¥?)

= (1 qq%Al + e) C\2(FSCy) 4 (14 O,(€/%))C2 (FSCy)
= (1+ Oy4("/*))(C,2(FSC,) + C\2(FSC)), (3.63)

where the last step is by A < 1. m
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Chapter 4

Contraction properties of the Potts
semigroup

We perform a detailed analysis of contraction properties of the Potts channels, which
are the simplest examples of FMS channels (Definition . The ferromagnetic Potts
channels form the semigroup of random walk on a complete graph, which we call the
Potts semigroup. [51] computed the maximum ratio between relative entropy and the
Dirichlet form, obtaining the log-Sobolev constant «s in the log-Sobolev inequality
(LSI, or 2-LSI) for the semigroup. We obtain the best possible non-linear inequali-
ties, p-non-linear log-Sobolev inequalities (p-NLSIs, p > 1), relating entropy and the
Dirichlet form. As an example, we show that the 1-log-Sobolev constant (also known
as the modified log-Sobolev constant) satisfies a; = 1 + 1?;‘;(;).
1-NLSIs we obtain the tight non-linear strong data processing inequalities (SDPIs)
for the Potts channels, and derive formulas and bounds on the KL contraction coef-
ficients. These results are used in Chapter [6] to derive non-reconstruction results for
the Potts model on a tree and impossibility of weak recovery for the stochastic block
model with ¢ communities. This chapter is based on [72].

By integrating the

Chapter outline In Section we introduce the problem and our main results.
In Section we prove the sharpest p-NLSIs for the Potts semigroup (Theorem
, and compute the input-restricted KL divergence contraction coefficients of all
Potts channels (Theorem [4.3). In Section we discuss tensorization of p-NLSIs
for the Potts semigroup, and non-linear SDPI for Potts channels. In Section we
compute the input-restricted KL contraction coefficient for the coloring channel, a
special case of the Potts channels. In Section we compute the input-unrestricted
KL contraction coefficient for the Potts channels. In Section we prove upper
bounds on the input-restricted KL contraction coefficient for the Potts channels. In
Section we show that the Mrs. Gerber’s Lemma, a very useful result for BSCs, is
not true for non-binary Potts channels. In Section we prove a concavity property
of the log-Sobolev coefficients.
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4.1 Introduction

Log-Sobolev inequalities Log-Sobolev inequalities (LSIs) are a class of inequali-
ties bounding the rate of convergence of a Markov semigroup to its stationary distri-
bution. They upper bound certain relative entropy (KL divergence) functions via a
multiple of the Dirichlet form.

Let X be a finite alphabet and K : X — X be a Markov kernel. Let L = K—1. We
consider the semigroup (7});>0, where T; = exp(tL). Let 7 be a stationary measure
for the semigroup. For f,¢g: X — R, the Dirichlet form is defined by

E(f,9) = —E(Lfgl == > Lz, y)f(y)g(x)m(x). (4.1)

T,yeX

For non-zero f : X — R, the relative entropy is defined by

Bite()i= B | flog g2 = BL[71D( ) (4.2
where 1) is a distribution defined as 7/ (z) = %.

For p > 1, we say the semigroup (7}):>0 admits p-log-Sobolev inequality (p-LSI),
if for some constant «,, for all non-zero non-negative real functions f on X, we have

Bt (f) < —€ (17,3 (4.3)

P

For p =1, we define 1-LSI as

Ent,(f) < O%S(f, log f). (4.4)

The case p = 2 is the standard log-Sobolev inequality, originally studied in [71].
The case p = 1 is studied also under the name “modified log-Sobolev inequality”
(e.g. [70L 24]).

The relationship between 1-LSI and semigroup convergence can be seen from the
following identity

%\to Ent, (T.f) = —€(f.log f). (45)

Therefore
Ent. (T} f) < exp(—ait) Ent.(f) (4.6)

which corresponds to a property of T; to exponentially fast relax to equillibrium (in
the sense of relative entropy).

[114] introduced non-linear p-log-Sobolev inequalities (p-NLSI), a finer description
of the relationship between relative entropy and Dirichlet forms. For p > 1, we say
the semigroup satisfies p-LSI if for some non-negative functionE] @, : R>g — Ry, for

HIT4] requires the function ®, to be concave. We do not make this assumption initially, how-
ever to extend these inequalities to product semigroups the concavification will be necessary — see
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all non-zero f : X — R, we have

Ent,(f)
E-[f]

<o, (4.7)

1

where for p=1, £ (f%, fl_P> should be replaced with E(f,log f).

Non-linear p-log-Sobolev inequalities imply the ordinary p-log-Sobolev inequalities
for

, T
a, = :1Er>118 ()" (4.8)
When @, is concave, this can be further simplified to oy, = (®,,(0))~".
[106] proved that for reversible (7, K),
2 (o
-1
rr=1 o a<a (4.9)

WPy =

for 1 < p' <p < 2. We discuss some general facts about dependence of o, and ®, on
p in Section [4.8]

Potts semigroup We focus on the simplest Markov semigroup, corresponding to
the random walk on a complete graph. The Markov kernel is K(z,y) = q%lﬂ{x =+
y}, where ¢ = |X|. In the following, we always assume X = [¢]. We call it the
Potts semigroup, because every operator T; in the semigroup is a ferromagnetic Potts
channel. Its stationary distribution 7 is uniform on X and its Dirichlet form is rescaled
covariance:

q
E(f9) = 1 Covr(f. 9)- (4.10)
The Potts channel Py : [¢] — [g] for A € [—q%l, 1} is defined by
A1 if e =y,
— q
Py(z,y) = { 1), if 2 +y. (4.11)

We parametrize them by A, the second largest eigenvalue of P,. We say the channel
is ferromagnetic if A > 0; antiferromagnetic if A < 0. One can see that T} in the Potts
semigroup is exactly Pexp(—ﬁt)-

[51] computed the 2-log-Sobolev constant

qg—2
(q—1)log(qg —1)

ay = (4.12)

Section @
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ELS )2} is achieved at a two-valued

They observed that the infimum of the ratio Fate 7]
function f, i.e., f takes exactly two values. In fact, the infimum is achieved at a
function f where f(1) = ¢— 1 and f(i) = 1 for i # 1. For p # 2, it seems hard to

give a closed-form expression for a,. [70] proved that

q 4 q
1 <o < (1 4.13
q—l_al_( +10g(q—1)>q—1’ (4.13)

where the upper bound is by using a two-valued function f, where f(1) = ¢+ 1 and
f(@) =1 for i # 1. |24] also discussed bounds on a; and «g, proving that

q 2
(03] Z + .
g—1 +/qg—1
These computations lead to the guess that for all p, the best possible p-LSI constant c,
for the Potts semigroup is achieved at a two-valued function. In Section 4.2 we prove

that this is true, and in fact true for p-NLSIs for the Potts semigroup: For fixed E]gt’[;{ ) ,

the unique function (up to scalar multiplication) of the form f(1) > f(2) = --- :Wf(q)

e(r.g'
minimizes E—[f]
for all p > 1.

(4.14)

. As aresult we get the sharpest p-NLSIs for the Potts semigroup

We define a useful function ¢ : [0,1] — R as follows.

1—=z
g—1

Y(z) :=logq+ xlogx + (1 —x)log (4.15)

Note that ¢ (x) is the KL divergence between (x, é%"f, e ;’Tgf) and Unif([g]). Simple

computation shows that 1 is non-negative, convex, ¥ (%) = 0, strictly decreasing on

[0, %], strictly increasing on [%, 1], and takes value in [0, log q|.

We define the following useful functions. For p > 1, define &, : [0,1] — R as

§lz) = 5 (1—3 <xi+<q—1> (;:f)’j <x1—é+<q—1> (;:f)»

(4.16)

Define & : [0,1] — R as

&(x) = q—Ll (—loga:— (q — 1)10g;

_ 1—
_f +q<xlogm+(1—m)logq_f>> :
(4.17)
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For p > 1, define b, : [0,1logq] - R asﬂ
bp((2)) = &p(x) (4.18)
for x € [%, 1], where 1 is defined in (4.15)).

Theorem 4.1 (p-NLSI for Potts semigroup). Fixz p > 1. The Potts semigroup sat-
isfies p-NLSI with ®, = b;l, where b, is defined in . Furthermore, this is the
best possible p-NLSI.

In other words, for any ¢ € [0,logq|, among all functions f : [q] — Rso with
E.f =1, Ent(f) = ¢, there is a unique (up to permuting the alphabet) minimizer

of € (f%,fl_%) (E(f,log f) for p = 1), and it is of form <x,‘;%"f,--- ,‘q’%’f) with
x € [1,ql.
In particular, we have

inf (%) (4.19)

xe(%,l] w(ﬂﬁ)

a, =
As a corollary of our 1-NLSI, we derive the second order behavior of a; as ¢ goes
to oo.

Proposition 4.2. For q > 3, we have

q 1 q 1+ 0(1)
1 <o < —— (14—, 4.2
q—l( +10gQ)_a1_q—1( N log g (4.20)

Strong data processing inequalities For a review of the strong data processing
inequalities (SDPIs), see Section Here we introduce a non-linear version of SDPI.
That is, for all Markov chains U — X — Y with fixed channel Py |x, arbitrary U,
and fixed or arbitrary Px, we have

I(U;Y) < s(I(U; X)), (4.21)

for some non-linear function s depending on Py|x and potentially Px. See [118] for
more background on SDPIs and their relationship with LSIs.
From (4.6) and Prop. [4.2) we obtain

g—1 1+0(1)

kL (m, Py) < AT 4 = A s (4.22)

for A € [0,1] and o(1) — 0 as ¢ — oo. It turns out that 1-NLSI can be seen as an
infinitesimal version of the non-linear SDPIs (see [114, Theorem 2]). Thus, we can
prove the best possible non-linear SDPI for the Potts channels.

In the case ¢ = 2, b, differs from [114] by a constant factor due to a different parametrization
of the semigroup.
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Theorem 4.3 (Non-linear SDPI for Potts channel). Fiz A € [—q_%, 1]. Define

sx:10,logq] = R as
1—A
sx(¥(z)) = (Ax + T) ) (4.23)

forx € E, 1}, where 1 is defined in (4.15)). Let S\ be the concave envelope of sy. For

any Markov chain U — X — Y where X has uniform distribution and X — Y is the
Potts channel Py, we have

I(U;Y) < 5,(I(U; X)). (4.24)

In particular, we have

(0 (A:c + %)

nkL(m, Py) = sup ————*. (4.25)

xe(%,l] w(lC)

Furthermore, this is the best possible non-linear SDPI for Potts channels, in the

sense that for any ¢ € [0,logql, there exists a Markov chain U — X — Y where X

has uniform distribution, X — Y is the Potts channel Py, and I[(U;X) = ¢, such
that I(U;Y') = Sx(c).

To compare the input-restricted nkr, with input-unrestricted one, in Section
we compute the exact value of nk,(Py), and in Section we prove that

nkL(m, Pa) < nxn(P) (4.26)

for g > 3 and A € _—q%, 0) U (0,1). See Section {4.2.4| for discussion on the tightness

1
of the bound @

Let us briefly remark on the tensorization properties of the p-NLSIs and SDPIs.
In Section we extend p-NLSI and SDPIs to product spaces/channels. In these
results, the functions Zp (convexification of b,) and s, (concavification of s)) appear
naturally. When ¢ = 2, b, is already convex, and s, is concave, leading to many good
properties for the hypercube and for binary symmetric channels (e.g. Mrs. Gerber’s
Lemma [134]). However, as shown in Prop. , these properties do not hold anymore
for ¢ > 3, implying a different structure of extremal distributions that are the slowest
to relax to equillibrium as ¢ — oo in 7", see Section [4.3.2]

Applications One of the implications of NLSIs are improved hypercontractivity
inequalities for functions in [¢]" supported on subsets of cardinality ¢(!=9" — this was
established generally (for any semigroup) in [114]. Here, we show how NLSIs can be
used to close the gap (between functional-analytic proofs and explicit combinatorics
of [90]) in the edge-isoperimetric inequality for the [¢]" — see Section [4.3.3]
Similarly, SDPIs have numerous applications. Originally introduced to study cer-

54



tain multi-user data-compression questions in information theory, they have been
since adopted in many different scenarios. For example, [64] used SDPIs to investi-
gate fundamental limits of fault tolerant computing. [115] [I15] further developed the
idea and related the amount of information transmitted in a directed or undirected
graphical model in terms of the percolation probability (existence of an open path) on
the same network. Other notable applications include distributed estimation [135] 28]
and communication complexity [76].

In Chapter [0, we will apply SDPI and bounds on the input-restricted KL contrac-
tion coefficient to broadcasting on trees and stochastic block models.

4.2 Non-linear p-log-Sobolev inequalities for the Potts
semigroup

In this section, we prove p-NLSIs for the Potts semigroup for p > 1. Because the form

of the p-LSIs are slightly different for p # 1 and p = 1, we prove them separately.

Recall our setting. The alphabet is X' = [¢] for some positive integer ¢ > 2. The
Potts semigroup T; = exp(Lt) for generator

-1 ifx=y,
L<x,y>={ L gagy (4.27)

q—1’

The stationary distribution is 7 = Unif([¢]). The Dirichlet form is

£(f.0) = ~E(LN)g) = (Z f(:v)> (Zg<y>> + 3 @)

(4.28)

Relative entropy is

Ent, (f) = E, { flog } . (4.29)

[
Er[f]

The non-linear p-log-Sobolev inequality says

Ent,(f)

(4.30)

for some concave @, where for p = 1, RHS is replaced with ®, (g(éic[’?]f )). Because

both sides of the inequality are fixed under scalar multiplication, we can wlog restrict
f to be a distribution p. Then the relative entropy is

L (log g — H(u)). (4.31)

Ent, (1) = §D<u||7r> -
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4.2.1 Non-linear p-log-Sobolev inequality for p > 1

We prove Theorem for p > 1. Before proving the theorem we show the following.

Proposition 4.4. Fiz r € (0,1) and ¢ € [0,logq]. Among all distributions p =

(p1,...,pq) with H(u) = ¢, the distribution of form u = (x, ;’Tgf, . ﬁ) with x €

[%, 1] achieves maximum ), pi. Furthermore, up to permutation of the alphabet this

15 the unique mazimum-achieving distribution.

Proof. The result for ¢ € {0,logq} is obvious. In the following, assume that ¢ €
(0,log q). Write F(p) := >, pi. The set {u: H(p) = c} is compact, so the maximum
value of F'(u) is achieved at some point p = (p1,...,py)-

We prove in several steps. In Step 0, we prove that if p; = 0 for some 7, then there
can be at most two different values of p;’s. In Step 1, we prove that if p; > 0 for all
1, then there can be at most two different values of p;’s. In Step 2, we prove that one
of the two different values must have multiplicity one, thus finishing the proof of the
proposition.

Step 0.

Claim 4.5. Fiz a,b > 0 and r € (0,1). Among all solutions u,v,w € [0,1] with
u+v+w=a and —ulogu —vlogv —wlogw = b, the maximum of u" + v" + w" is
not achieved at a point where 0 =u < v < w.

Proof. Suppose the maximum is achieved at such a point (ug, vy, wy) where 0 = ug <
vo < wp. Extend it to a curve (u,v = v(u),w = w(u)) on u € [0,¢) for some € > 0,
such that v < v < w for all u, satisfying

u+v+w=a, (4.32)
—ulogu —vlogv — wlogw = b, (4.33)
and
v(0) = vy, w(0) = wy. (4.34)
We prove that
fu) =u"+0v" +w" (4.35)

decreases as u approaches 07, for small enough .

By taking derivative of (4.32)) and (4.33)), one can compute that

1 -1 1 -1
V()= 28U T8 ) = 2B T 08T (4.36)
logv — logw logv — logw
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Therefore

f/(u) —r (ur—l + Ur—lv/(u) + wr—lw/(u))
1 —1 1 —1
= r (ur—l 4 ,Ur—l ogw ogu + wr—l ogu OgU) ]

4.
logv — logw logv — logw (4.37)

Because 0 < vy < wp, the term u"~! dominates the sum, and f’(u) > 0 for small
enough u > 0. Therefore the maximum of f is not achieved at u = 0. [

By Claim [4.5] if p; = 0 for some i, then there can be at most two different values
of p;’s.
Step 1.

Claim 4.6. If u,v,w € (0,1) are all different, then

1 logu u'!
det | 1 logv o' | #0. (4.38)

1 logw w'!

Proof of Claim. Suppose det = 0. Then for some a,b € R, the equation z"~! +
alogz = b has at least three distinct solutions x € (0, 1). However

0

L+ alogz) = (r— 1224 2 4.39
ax(a: +alogz) = (r— 1)z +x (4.39)

is smooth on (0, 1), and takes zero at most once. So "' + alogz takes each value
at most once on (0,1). Contradiction. O

By Lagrange multipliers, the three vectors

VEW) = (i) e (4.40)

VH(p) = (=1 —logpi)ielq), (4.41)

v Zpi =1 (4.42)
i€[q]

should be linear dependent. By Step 0 and Claim [£.6, there can be at most two

different values of p;’s.

— — — _ _ _ 1l-mz
So we can assume that p; = -+ = pp, = T, ppy1 = -+ = pg = —= for some

q
meg—1],z € (é,%}
Step 2. For pu of the above form, we have

—H(p) = malogz + (1 —ma)log 1q__TZ;E, (4.43)
F(p) = ma” + (¢ — m) (161__”;:”) . (4.44)
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We smoothly continue both functions so that m can take any real value in [1,q — 1].

Claim 4.7. Form € (1,q— 1] and x € (é, %), we have

0
— - H() >0 (4.45)
and
0 0 3} 0
o T W g —F k) — 5 H(p) 5 F(u) > 0. (4.46)
Proof. We have
0 1 —mx
—%H(u) =m (log:r; —log T m > > 0, (4.47)
0 1 —qx 1—mx
_a_mH(u)_q_m—l—x(loga:—log q—m)’ (4.48)
0 B 1 1—ma\ "
£F(,u)—rm (m — <q—m> > : (4.49)
0 ; 1—qx 1—maz\"
Let a = %. Then
0 0 0 0
Gp) = o H(p) 5 —F(p) = 5 H(u) 5 Fn)

(4.51)
The result then follows from Claim 8 O
Claim 4.8. For allr € (0,1) and a > 0 we have
(r—1)(1—(a+1)")log(a+1) — T (1-(a+1)'") >0. (4.52)
Proof. Let
fla) = (r—1) (1 = (a+1)7") log(a + 1) - i (L= (a+ D)) (45
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Because lim, ,o+ f(a) = 0, it suffices to prove that f’(a) > 0.

flla)=(a+1)" 1 —=r—(a(l —7)+1) ((a + 1)t - 7“) — (1 =7r)rlog(a+1))
= (a+1)"""g(a). (4.54)

Because lim,_,o+ g(a) = 0, it suffices to prove that ¢'(a) > 0.

ar(l—7r)(1—(a+ 1)1
a+1

d(a) = > 0. (4.55)

O

Now let us return to the proof of Prop. 4.4, The set of (m, x) where m € [1,q— 1],
T € (é, %}, and H(u) = ¢ can be parametrized as a curve (m,z = x(m)) for m €

[1,m,] for some constant m.. Along the curve, F(u) is continuous, and by Claim
[1.7 is decreasing in m. Therefore F(p) is maximized at m = 1. This finishes the
proof. n

Proof of Theorem[{.1] for p > 1. For a distribution x = (p1,...,p,), we have

& <“%,M1*%> = ﬁ (1 —é <ZZ:pE’) (Zpl_;)> : (4.56)

By Prop. , for fixed value of Ent (x), the unique distribution of the form (x, }1:—”1”, e

1
with z € %, 1] minimizes £ (uE,ul_P>. Therefore for any non-zero non-negative f,

we have
1 1—1
b (Ent“(f)> L (#.7) (4.57)
"NEAS )T Bl '
So p-NLSI holds with &, = b, !, The statement about optimality is immediate from
the above discussions. ]

4.2.2 Non-linear 1-log-Sobolev inequality
We prove Theorem for p = 1. Before proving the theorem we show the following.

Proposition 4.9. Fiz 0 < ¢ < logq. Among all distributions p with H(u) = c,

) g—10 ) g—1
> logpi. Furthermore, up to permutation of the alphabet this is the unique minimum-
achieving distribution.

the distribution of form p = (m == . 1’—96> with © € [é,l] achieves mazximum

Proof. The result for ¢ € {0,logq} is obvious. In the following, assume that 0 < ¢ <
log q. Write F'(u) := ). logp;. The set {p: H(p) = c} is compact, so the maximum
value of F'(u) is achieved at some point p = (p1,...,py)-
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We prove in several steps. In Step 0, we prove that p; > 0 for all 7. In Step 1, we
prove that there can be at most two different values of p;’s. In Step 2, we prove that
one of the two different values must have multiplicity one, thus finishing the proof of
the proposition.

Step 0. If p; = 0 for some 7, then F'(u) = —o00. So min;ejg p; > 0.

Step 1.

Claim 4.10. Ifu,v,w € (0,1) are all different, then

1 logu %
det | 1 logv =+ | #0. (4.58)

1 logw %
Proof of Claim. Suppose det = 0. Then for some a,b € R, the equation %+a10gm =0
has at least three distinct solutions z € (0,1). However, a% (% + alog ;E) = —x% + 2
is smooth on (0,1), and takes zero at most once. So % + alog x takes each value at
most once on (0, 1). Contradiction. [l

By Lagrange multipliers, the three vectors

VF(u) = (p%)ie[q}, (4.59)

VH(u) = (=1 —logpi)iciq (4.60)
VY pi=1 (4.61)
i€lq]

should be linear dependent. By Claim 4.10} there can be at most two different values

of p;’s.

So we can assume that p; = -+ =Dy, = T, Ppg1 = -+ = pg = 1__—’""3” for some

q
melg—1],z € (%,%)
Step 2. For pu of the above form, we have

1—mx

—H(p) = malogx + (1 —ma)log p— (4.62)
1—
F(u) =mlogz + (¢ —m)log . _TZj. (4.63)

We smoothly continue both functions so that m can take any real value in [1,q — 1].

Claim 4.11. Form € (1,q— 1] and x € (é, #), we have

0

——H(p) >0 (4.64)
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and

()Pl - %H(u) 2 pw >0 (4.65)

Proof of Claim. Let f(x) = logz — log =22 Then we have
L H(p) = mf(x) >0, (4.66)
_a%H< )= ;:qﬂf +af(z), (4.67)
%F(u) _ % (4.68)
Dby = T ) (4.69)

So
G(p) = %H(u)%F(u) - %H(u)a%F(u)

= (s Sy~ 1) o

Let a = %. Then G(u) = m(Ha log (a—l—l)). Because a > 0, we have
G(p) > 0 by Lemma [4.12] O

The set of (m,x) where m € [l,q — 1], x € (%,%}, and H(u) = ¢ can be
parametrized as a curve (m,z = x(m)) for m € [1,m,] for some constant m.. Along

the curve, F'(u) is continuous, and by Claim is decreasing in m. Therefore F'(u)
is maximized at m = 1. This finishes the proof. ]

a

Lemma 4.12. For a € R._;, we have {%— > log®(a + 1). Equality holds only when
a=0.

Proof. We start from the well-known fact that a > log(a + 1) for a € R._; (and
equality holds only when a = 0). Let f(a) = a(a + 2) — (2a + 2) log(a + 1). We have
f(0) =0 and f'(a) = 2(a —log(a + 1)) > 0 for a € R._; (and equality holds only
when a = 0). So f is negative on (—1,1) and positive on (1, 00).

Let g(a) = {4 —log*(a + 1). Clearly g(0) = 0. Because ¢'(a) = (afﬁ))% g is
decreasing on (—1, 1] and increasing on [1,00). So g(a) > 0 for all « € R._;, and
equality holds only when a = 0. O

Proof of Theorem[{.1] for p = 1. For a distribution u = (p1,...,p,), we have

&, log ) = —sz og p; —

i€[q] zE[q]

(4.71)
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1—x
’_q—l" ..

By Prop. 4.9, for fixed value of Ent, (1), the unique distribution of the form (x

with z € %, 1} minimizes £(u,log ). Therefore for any non-zero non-negative f, we
have
E 1
Ex[f] Ex[f]

So 1-NLSI holds for ®; = b;'. The statement about optimality is immediate from
the above discussions. O

4.2.3 Input-restricted non-linear SDPI for Potts channels

In this section, we prove Theorem [4.3]

The subset of Potts channels corresponding to A > 0 (i.e. ferromagnetic Potts
channels) form a semigroup. For the semigroups, the optimal 1-NLSI is an “infinites-
imal version” of the input-restricted non-linear SDPI. Consequently, by integrating
the former we can get the latter (this is formalized in the first part of the proof be-
low). Surprisingly, the result also extends beyond the semigroup to all of the Potts
channels, namely we have the following.

Proposition 4.13. Let \ € [—q%l, 1]. Fiz 0 < ¢ < logq. Among all distributions
) q__17 ’ g—1

achieves minimum H(uPy). Furthermore, when X\ & {0,1}, up to permutation of the

alphabet this is the unique minimum-achieving distribution.

w with H(p) = ¢, the distribution of form p = <a: -z . 1‘—””) with x € [%,1]

Proof. The result for A € {0, 1} is obvious. In the following assume that A ¢ {0, 1}.
The result for ¢ € {0,1logq} is obvious. In the following assume that ¢ ¢ {0,logq}.
The set {p : H(u) = ¢} is compact, so the minimum value of H (P, ) is achieved at
some point g = (p1,...,Dy)-

We prove in several steps. In Step 0, we prove that if p; = 0 for some 7, then there
can be at most two different values of p;’s. In Step 1, we prove that if p; > 0 for all
1, then there can be at most two different values of p;’s. In Step 2, we prove that one
of the two different values must have multiplicity one, thus finishing the proof of the
proposition.

Step 0.

Claim 4.14. Fiz a,b,d > 0 and ¢ € R._4\{0}. Among all solutions u,v,w € [0,1]
with u +v +w = a and —ulogu —vlogv — wlogw = b, the maximum of

(cu + d)log(cu + d) + (cv + d) log(cv + d) + (cw + d) log(cw + d) (4.73)
1s not achieved at a point where 0 = u < v < w.

Proof. Suppose the maximum is achieved at such a point (ug, vy, wy) where 0 = uy <
vg < wp. Extend it to a curve (u,v = v(u),w = w(u)) on u € [0,¢) for some € > 0,
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such that v < v < w for all u, satisfying

u+v+w=a, (4.74)
—ulogu —vlogv — wlogw = b, (4.75)
and v(0) = vy, w(0) = wy.
We prove that
f(u) := (cu+ d)log(cu + d) + (cv + d)log(cv + d) + (cw + d) log(cw + d)  (4.76)

decreases as u approaches 0 for small enough .
By taking derivative of (4.74]) and (4.75)), one can compute that

_ logw —logu _ logu —logwv

(u) = '(u) = . 477
V(@) logv —logw’ wiu) logv — logw (4.77)
Therefore
f'(u) = c(log(cu + d) + log(cv + d)v'(u) + log(cw + d)w'(u))
1 —1 logu — 1
= ¢ (log(cu + d) + log(cv + d)—2 L~ 8" 4 100 (cw 4+ d) 2L "8

logv —logw logv — logw

(4.78)

Because 0 < vy < wy, terms involving log « dominates the sum. The dominating term
is

log(cv 4+ d) — log(cw + d)
u

—clog
logv — logw

> 0. (4.79)

Therefore the maximum of f is not achieved at u = 0. O

By Claim [4.14] if p; = 0 for some i, then there can be at most two different values
of p;’s.
Step 1.

Claim 4.15. If u,v,w € (0,1) are all different, then

1 logu log(Au + %)
det [ 1 logv log(hv+1=2) | #£0. (4.80)
1 logw log(Aw + %)

Proof of Claim. Suppose det = 0. Then for some a,b € R, the equation

1—
log (/\x + —)\) +alogz =b (4.81)
q
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has at least three distinct solutions x € (0,1). However,

0 1—A A a
— (! Ar + —— 1 =—+— 4.82
8x(0g(x+ . >+aoga:) )\x+%+x (4.82)

is smooth on (0, 1), and takes zero at most once. So
1—-A
log ()\x + —) +alogx (4.83)
q
takes each value at most twice on (0,1). Contradiction. O]
By Lagrange multipliers, the three vectors
1—A
VH(uP\) = —Alog | Api+ —— ) — A : (4.84)
¢ icla]

VH(p) = (=1 = log pi)iefq, (4.85)
VY p=1 (156)

should be linear dependent. By Claim [£.15] there can be at most two different values
of p;’s.

So we can assume that py = -+ =Dy, = &, D1 = -+ = pg = I[Ii—mnf for some
melg—1],z € (%,%}

Step 2. For i of the above form, we have

1—
—H(p) = malogx + (1 —mzx)log mm) (4.87)
qg—m
1\ 1-\
—H(uPy) =m ()\x + —) log ()\3: + —)
q q
1- 1) 1- 1)
+ (g —m) <)\ dica ) log (A i ) . (4.88)
q—m q qg—m q

We smoothly continue both functions so that m can take any real value in [1,q — 1].

Claim 4.16. Form € (1,q— 1] and x € (é, %), we have

-7%HW) 0 (4.89)
and
é%HW%?HUJ@—?gH();;HWPO>0- (4.90)



Proof of Claim. Let

f(z) =logx — log Lo e (4.91)
—m
Then
() = m() > 0 (1.92)
5l (1) =mf(z : :
0 1—gqx
—a—mH(M) = —m +xf(z), (4.93)
0 11—
—%H(MPA) = mf <)\x + T) : (4.94)
—iH( P) = aLoar ()\x + ﬂ) f ()\x + ﬂ) : (4.95)
om qg—m q q
and
0 0 0 0
Gp) =g —H(p) 5 H(uPy) = o H(p) 5 H(uP))
a4 <f ()\x+ ﬂ) — f(:c)) —mf(z)f ()\x+ ﬂ) 1=A
q—m q q q
(4.96)
0 G(u) 1 1—gqx it ()\x - %)
o N e . (4.97)
mAf(@)f (Ao +152) 9N amm (Ao +152)
Note that
1.
G (4.98)
mAf(@)f (Ao +122)
is continuous for \ € [—q_%, 1], and takes value 0 at A = 1;
2. mAf(@)f (Ae+22) 2 0 for A e [-L5,1).
So we only need to prove that
0 G <0, (4.99)

N f (o) f (Ao +122)
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ie.,

R 2, _
f ()\x + u) < M{% ()\x + u) . (4.100)
q g—m q

Let y = Ax + %. Then the above inequality can be rewritten as

o qN(qz—1) 0y Of(y) (qy —1)?
o) < g—m X dy  (¢—my(l—my) (4.101)

This is true by Lemma [4.12 applied to a = %. Equality holds only when y = %,

which cannot happen for A # 0. ]

The set of (m,z) where m € [1,q — 1], z € (é,%}, and H(u) = ¢ can be

parametrized as a curve (m,z = x(m)) for m € [1,m.| for some constant m.. Along
the curve, H(pPy) is continuous, and by Claim [4.16] is increasing in m. Therefore
H(uPy) is minimized at m = 1. This finishes the proof. O

Proof of Theorem[{.3. Consider a Markov chain U — X — Y where X has uniform
distribution, and the channel X — Y is P,. Because Px and Py are both uniform,
for any u, we have

D(Pxjy—u||Px) =logq — H(Pxju=u), (4.102)
D(Pyy=u||Py) =1logq — H(Pyjy=u). (4.103)
So by Prop. [1.13] we get
D(Pyjy—ul|Py) < sx(D(Pxju=ul|Px)). (4.104)
Therefore
I(U;Y) = D(Pyy||Py|Pr) < Sx(D(Pxjul|Px|Pr)) = sx(L(U; X)). (4.105)

Now we prove optimality. Let ¢ € [0,logg|. Choose a,b € [0,logq] and u € [0, 1]
such that ¢ = (1 — u)a + ub and 3)(c) = (1 — u)sy(a) + usx(b). Choose p, 7 € [0,1]
such that C(P,) = a and C(P;) = b. Define random variable U = (V, Z) such that
Z ~ Ber(u), and conditioned on Z = 0, V ~ P,(X), and conditioned on Z = 1,
V ~ P.(X). One can check that

IU; X)=(1—-u)a+ub=c, (4.106)
IU;Y) = (1—wu)sr(a) + usx(b) =5x(c). (4.107)
U

Let us discuss the relationship between Potts semigroup and ferromagnetic Potts
channels. As discussed in the Introduction, ferromagnetic Potts channels are exactly
the operators in the Potts semigroup, with T, = P, #)- Therefore 1-LSI for the

xp(— 77
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Potts semigroup can be seen as infinitesimal SDPI for ferromagnetic Potts channels,
and many results for the former can directly transfer to results for the latter.

We use Prop. to give an alternative proof for Prop. for ferromagnetic
Potts channels.

Alternative proof of Prop. for ferromagnetic Potts channels. Let p and v be two
11—z 11—z

’E""’E) fOI' some

distributions with H(u) = H(v) = ¢, where p is of form (:L‘
T E B, 1} , and v is not of this form (up to permuting the alphabet). Define p; = uT;

and v, = VT, where (1});>0 is the Potts semigroup.

We prove that H(u;) < H(w) for t € (0,00). Suppose this does not hold. Let
w = inf{t > 0 : H(u) > H(v)}. Then we have H(v,) = H(u,) by continuity of
semigroup. By Prop. £.9] we have

0 0

a’t:uH(Vt) = 5(Vu, log l/u) > S(MU, lOg ,uu) = ah:U‘H(Mt) (4108)
If u =0, then for some ¢ > 0, H(v,) > H(w) for t € (0,¢). If w > 0, then for
some € > 0, H(v;) < H(u;) for t € (u— €,u). Both cases lead to contradiction with
definition of u. So H(u:) < H(v) for t € (0,00). This completes the proof of the
result for A > 0. O

4.2.4 Behavior for ¢ — oo

. o 1+0(1)
case of ¢ — oo. First, we prove Prop. 4.2/ that a; =1 + g7 "

Proof of Prop.[4.3. Lower bound. By Theorem [£.I we need to show that for all

T € %,1 , we have

When should one use p-NLSI instead -LSI? To get some insights, we consider the

q 1 &i(z)
_1 . 4.109
(i) <565 (109
Noting that
1 _
o) = 1 (5 (<losr = ta- V1o =7 ) “loggtv@) ), (4110
it suffices to prove that
)= B (toga— (g - Dlog =T ) “loq - () 20, (@11)

We have f <%> = 0. So it suffices to prove that f'(z) > 0 for x € [%, 1].

f’(x):loﬂ (—l—i-u) - <logx—log1_$) . (4.112)

q G qg—1
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We smoothly continue this function to {(q,x) €ER?:¢>3,z¢ [%, 1}} and prove
that it is non-negative in this region.

1—1lo 1 —1 1 1 1
_d-logg (1 g1 logg 1
q? xr l—=x q 1l—z qg-—1
(q—1)logq+q(qge®> —x—1)+1
¢*(q — (1 — ) '
1

The numerator is a quadratic function in x, and for fixed ¢, it is minimized at x = ot
leading to

9
a_qf (z)

(4.113)

0 (q—1)logg—q+1 logqg—1

8_qf/(x) = Plg—Dz(l—xz)  ¢z(l—=x)

> 0. (4.114)

So we only need to prove f(z) > 0 for minimum g, i.e., ¢ = max{3,2}. When ¢ = 1,
on can verify that f’(z) = 0. So the only remaining case is ¢ = 3. For ¢ = 3, we
prove that f is convex in z, i.e., f’(z) > 0 for z € [0, 1].

gy osa (L gzl N (1 1
i) = q (:1:2+(1—:(;)2) <x+1—x>

_ logq((1 —2)* + (¢ — 1)2?) — gz(l — )

qr*(1 — )
_ (qlogq+q)w2—2(q+2logQ)x+logq‘ (4.115)
qr?(1 — x)?
The numerator is a quadratic function in x, and its discriminant is
(q+2logq)* —4(qlog g+ q)log g = ¢* — 4(q — 1) log* ¢. (4.116)

When ¢ = 3, the above value is < 0. So f”(z) > 0 for ¢ = 3 and = € [0,1]. This
finishes the proof of the lower bound.

Upper bound. For the upper bound, we need find z € (%, 1} such that 1]/2((2)) =

o(1). Because the upper bound to prove is asymptotic, we assume that ¢ is large

enough. Take z = —2—. Then we have
logq

=24 0(1) (4.117)
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and

_lggq 2 _102 2
f(x)—T<—1g@—(q—1)10g q_gq) log”q — ¢ ()
_loga, (1og<q—1> ~ log (1— @)) —log?q — 2+ o(1)

q
1 1 2 1
:10gq-(1+0(—))-<logq+0(—)+ +O< 5 ))
q q log g log” ¢

—log?q—2+o(1)
= o(1).

f=) _
So 5y = o(1). O
Numerical computation suggests % is minimized at a point z = 2;;_2((11)' This

guides our proof of the upper bound in Prop. [£.2] but we have not attempted to
prove this fact.

To understand the case p > 1, let us denote convexification of b, as Ep, Then NLSI
lower bound, assuming E[f] = 1, gives

£ (f%, fl—%) > b, (Ent(f)). (4.118)

We see that this improves upon «, - Ent(f) the more the larger the entropy. In
particular, the maximum improvement happens when Ent(f) = logq. That is we
have for p > 1

<

b 1
a, < p@) o L (4.119)
x log q
Together with (4.9) and (4.12), we get o, = © (10;1) as ¢ — 0o. Numerical compu-
tation suggests that o, = 1%((11).

At the same time, the improvement given by the 1-NLSI (over 1-LSI) is much
stronger, since b;(logq) = oco. To summarize, the p-NLSI should be preferred for
p = 1 or for cases where ¢ is small and entropy is large (i.e. functions are highly
spiky).

Next, we consider SDPIs and 7kp,. First, we show that for a fixed A > 0 we have

1
T]KL(W,P)\) =\—0 (logq) . (4120)
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Indeed, the upper bound is given by (4.22)). For the lower bound we have

v (A+122)
T, P > oY (U e —
mxL(m, Py) =1 e
A = A 1-(M+132)
_ log g + <A+ 1T> log <A+ 17) + (1 - <A+ %)) log —=
log q
o Alog A + (1 — X) log(1 —)\)—1-0(1). (4.121)
log q
On the other hand,
nki(m, Py) < nu(Py) < nov(Py) = A, (4.122)

where 71y is the contraction coefficient for the total variation distance.
Notice also that for 5, we have generally 7y, < 8*;:”) < nkr (P, 7). Therefore we
have shown that

lim 5x(#)
g—oo T

= lim nxr,(Py, 7) = lim nkr(Py) = nev(P) = A (4.123)
q—00 q—00

The estimates of information quantities using the more sophisticated tools get im-

provement over simplistic coupling of at most multiplicative order (1 + 0O <loéq)>'

Note, however, if A changes with ¢ (e.g. A = —ﬁ), then the improvement over
Nty can be as large as a multiplicative factor of (140(1)) log ¢, as shown in Prop. 4.23|

4.3 Product spaces

In this section we study extensions of p-NLSIs and SDPIs to the product semigroup
(T*™)¢>0 on the product space [¢]" (and product channels P{"). The general property
of tensorization of p-NLSI was established in [IT4, Theorem 1|, and thus we only need
to concavify functions @, in ([4.7). Similarly, we can show that (non-linear) strong
data processing inequalities tensorize if one concavifies function s(-) in (4.21)).

After showing these extensions to product spaces, we proceed to discussing impli-
cations of p-NLSI on speed of convergence to equillibrium in terms of Ent(v7;") and
on edge-isoperimetric inequalities.

4.3.1 Tensorization

Proposition 4.17. Fiz p > 1. Recall b, defined in (4.18). Let Zp be the convex
envelope of b,. Then p-LSI holds for the product semigroup (1" )i>o with

By () = 1y (%) . (4.124)
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Proof. By Theorem {.1} and [114, Theorem 1]. O

As we show below Zp # b, (Prop. 4.20).
For non-linear SDPI, we first prove a general tensorization result.

Proposition 4.18. Fiz a probability kernel Py|x : X — Y and a distribution Px on
X.

1. Suppose for some non-decreasing function s : R>o — R>q we have

D(Qy||Py) < s(D(Qx||Px)) (4.125)

for all distribution Qx on X with 0 < D(Qx||Px) < co. Then for all distribu-
tion Qxn on X™ with 0 < D(Qx=||Px") < 0o, we have

DIQyIIPE™) <15 (1D 175, (1126)

~ . XTL
where s is the concave envelope of s, and Qy» = PY‘X o Qxn.

2. Suppose for some non-decreasing concave function s : [0,log|X|] — Rso we

have
I(U;Y) <3s(I(U; X)) (4.127)

for all Markov chains U — X — Y where the distribution of X is Px. Then
for all Markov chains U — X™ — Y™ where the distribution of X is Pg", we
have

[(U;Y™) < n3 <%I(U; X”)) . (4.128)

We have separate statements for non-linear SDPI defined via KL divergence and
via mutual information, because they are not equivalent in general. It is not hard to
show that if KL divergence type non-linear SDPI (Inequality (4.125])) holds for some
function s, then mutual information type non-linear SDPI (Inequality ) holds
for 5. However, it is not clear what is the best possible KL divergence type non-linear
SDPI one can get starting from mutual information type non-linear SDPI. (Note the
domain of function s would become larger during the translation.)

Proof of Prop.[{.18 Proof of [1 Perform induction on n. The base case n = 1 is
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trivial. Now consider n > 2. We have

D(Qy=||Py™)
=D (QYnleP;(n_1)> + D(QYn|Yn71||PY|QYn71)

< D (QuaIPF ") + D(Qy x| Pr|Qcn)

<(n-1)3 <ﬁD(QXn—1HP§("1))) + 5 (D(Qx, x| Px| Qe 1))

(1 e 1

<18 (2 DQue 15 7) 4 1 D@ IPxIQe)
~ 1 n

~ s (L0175,

First step is by chain rule. Second step is because we have a Markov chain Y~ ! —
X" 1 —Y,, and conditioning on more information does not decrease conditioned
divergence. Third step is by induction hypothesis. Fourth step is by concavity. Fifth
step is by chain rule.

Proof of 2l Perform induction on n. The base case n = 1 is trivial. Now consider
n > 2. We have

HU;Y™) = [({U;Y" ) + [(U; Y, Y™ )
=1(U;Y" Y+ I(U,Y" 5 Y,)
<IU; Y™ Y+ (U, X" Y,)
= I(U;Y" ) + I(U; Y, | X"
1
<(n—1) (n L w, X”‘l)) 5 (10 X X))

< n3 (lI(U; X" + S (U, Xn|X”1)>
n n
(1
=ns (—I(U;X")) :

n

First step is by chain rule. Second step is by chain rule, and that Y,, is independent
with Y=, Third step is by data processing inequality. Fourth step is by chain rule,
and that Y, is independent with X™~!. Fifth step is by induction hypothesis. Sixth
step is by concavity. Seventh step is by chain rule. O]

Corollary 4.19. Recall function sy defined in Theorem[{.3. Let Qxn be a distribution
on [q]" and Qyr» = P{" 0 Qxn. Then we have

1 1
—H(Y") > logq— 5, (logq — —H(X")) . (4.129)
n n

Furthermore, for every ¢ € [0,logq|, there exist distributions X™ with H(X") =
(¢ +o(1))n such that tH(Y™) =logq —$x(logq — ¢) + o(1).
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Proof. Inequality (4.129)) follows from Prop. and that
D(Qx~||m™") = nlogq — H(Qxn). (4.130)

For the second part, choose a,b € [0,log ¢| and u € [0, 1] such that ¢ = (1—u)a+ub
and S)(logq —¢) = (1 —u)sy(log g — a) + usy(log ¢ — b). Such a, b, u exist because 5y
is the concave envelope of s,.

Let Q4 (resp. @p) be the unique distribution on [g] of form (:v, ;_T”f, . ﬁ)

with = € B, 1} and entropy a (resp. entropy b). Now let QQx» be the distribution

Qa X - XQaXQpX-+XQp, where Q4 appears |(1 —u)n| times and @) p appears
[un] times. It is easy to see that this distribution satisfies the required properties. [

4.3.2 Linear piece

In Prop. and Theorem [£.3] we make use of convexification of b, and concavifi-
cation of sy. When ¢ = 2, we have b, = b, and S\ = s, (the latter fact is known as
Mrs. Gerber’s Lemma [134]). However, for ¢ > 3, the situation is vastly different.

Proposition 4.20. Recall function b, : [0,logq] — R defined in Theorem and
sx 1 [0,log q] — R defined in Theorem[4.5

1. For allq >3 and p > 1, b, is not convex near 0.
2. Forallq>3, \ € [_quvo) U (0,1), sy not concave near 0.

The proof is deferred to Section [£.7. Prop. implies that there is a linear piece
near origin in the graph of b,, ®, and .

This implies a curious new property distinguishing Potts semigroup with ¢ > 3
from its binary cousin and from the Ornstein-Uhlenbeck semigroup. Both of the latter
have their p-NLSI and SDPI strictly non-linear, which translates into the following
fact: among all initial densities vy with a given entropy Ent(1) a simple product
distributions simultaneously maximizes Ent(v7;") for all t. Stated differently we
have (this is known as Mrs. Gerber’s Lemma) when ¢ = 2:

D(Py 0 Pyn||7*") < D(Py o Ber(p)*||x*™), (4.131)

where 7 is the uniform distribution on [g|", and Ber(p)*" is an i.i.d. distribution on
[q]™ with p € [0,1/2] solving D(Ber(p)||w) = D(Py o Pxx||m*™). That is, the slowest
to relax to equillibrium is the product distribution. For the Ornstein-Uhlenbeck a
similar statement holds with Ber(p) replaced by the N (0,0%I,).

This nice extremal property of product distributions is no longer true for ¢ > 3
Potts semigroups, because s, is not concave, and the value of 5, at a point may be
a mixture of two values of sy. More precisely, instead of , we have for every

S [—q%l, 1] and every ¢ € R, there exist two i.i.d distributions p, v on [¢]" and
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t € [0, 1] satisfying
(1 —t)D(p||7*") +tD(v||7™") = ¢, (4.132)
such that for every distribution Px» on [¢]" with D(Pxn||7*") = ¢, we have
D(Py o Peallr™™) < (1 — )D(uPy[|="") + DR |x*"). (113)

Note here p, v and t all depend on ¢ and A, and thus there is no universal distribution
that is the slowest to converge to equillibrium.

Let us discuss some general implications of non-convexity of b, and non-concavity
of sy near O.

Let K be a Markov kernel with stationary distribution 7. Consider the tightest
possible p-NLSI given by

- Lo
byle) = inf 8(f,f ) (4.134)

Erf=1,Ent.(f)=x

The p-log-Sobolev constant is

1 1—1
b ()
= inf 222 = —_. 4.135
= x f:X—R>0.Entr(f)>0  Ent.(f) ( )
We also define the spectral gap

: E(f. f)
A= f 4.136
f:XﬁlRZl?,Var(f)>0 Var(f)’ ( )

where Var(f) = E,(f — E.f)% For any p > 1, we have

P

<\ (4.137)

2p—1) "

The case p = 2 is proved in [51], and the general case is proved in [I06]. Their proof
in fact implies a stronger inequality.

Lemma 4.21.

2(p—1)

b
lim sup -2 (z) <
z—0T x p

A (4.138)
In particular, when b, is strictly concave near 0, we have

b 2(p—1
o, < limsup p(x) < (p 5 )
z—07F € p

A, (4.139)

and (4.137)) s strict.
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Proof. Take any g : X — R>( with Var(g) > 0. Define f = 1+ ¢€g. As e — 0, we
have

v o _621 1 o2
o) = el (1= 2 ) et +ole) (4.110)
Ent.(f.) = %62 Var(g) + o(€?). (4.141)

Because Ent,(f.) — 0 continuously as € — 0, we have

£ (fé’,fe ) _2(p—1)&(g.9)

bp()
li P <1 = . 4.142
ot @ e Bntg(f) P Var(g) 4142)
Lemma then follows because g is arbitrary. O]

Roughly speaking, existence of a “linear piece” near 0 in Zp implies that (4.137)) is
strict. For the Potts semigroup with ¢ > 3, b, is strictly concave near 0 by proof of
Prop. So (4.137) is strict for the Potts semigroup.

The story for non-linear SDPI is very similar. Let W be a channel and v be an
input distribution. Consider the tightest possible non-linear SDPI given by

s(x):= sup D(uW|lvW). (4.143)

piD(ullv)=z

The input-restricted KL divergence contraction coefficient is

s(x D(pWl|lvW
L R N
We also consider the input-restricted y2-divergence contraction coefficient
e (v, W) = sup w (4.145)
p0<x(ull) <o X>(1[|V)
It is known ([I1]) that
nkL(v, W) > ne2 (v, W). (4.146)

Similarly to the p-NLSI case, the proof of (4.146)) implies a stronger inequality.

Lemma 4.22.

lim inf s(@) > (v, W). (4.147)

z—0t X
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In particular, when s is strictly convex near 0, we have

77KL<V; W) > lim inf ﬁ > T2 (V, W) (4148)

z—0t x

and (4.146|) s strict.

Proof. Fix any distribution g with 0 < x*(u||v) < oo. Proof of [I15, Theorem 2]
constructs a sequence of distributions p. satisfying

D(pe|lv) = ex*(ullv) + ol€?), (4.149)
D(uW||[vW) = Ex2(uW ||[vW) + o(€?), (4.150)

and D(u.||v) — 0 continuously as € — 0. Therefore

s(z) D(uW W) x*(uW(lvW)

liminf —% > lim = ) 4.151
T E M DG ) sy
Lemma follows because y is arbitrary. O]

Roughly speaking, existence of a “linear piece” near 0 in s implies that (4.146)) is

strict. For Potts channels P, with A € |:_qT11,0> U (0,1) and ¢ > 3, s, is strictly

convex near 0 by proof of Prop. [4.20, So (4.146)) is strict for Potts channels.

4.3.3 Edge isoperimetric inequalities

As a toy application of the NLSIs for the product spaces, we derive an edge isoperi-
metric inequality for K, the graph whose vertex set is [¢]", and edges connect vertex
pairs with Hamming distance one. Given a graph G = (V, E), edge isoperimetric
inequalities solve the following combinatorial optimization problem:

Ve (N) = min{| B(S, 59| : |S| = N}, (4.152)

where |E(S, S°)| = #{e € E': |[en S| = 1}. For K, the edge isoperimetric problem
has been completely solved [78], [0, 18, [79]. Specifically, [90] showed that the optimal
S minimizing |E(S, S¢)| for a fixed |S| consists of largest elements in [¢]" under a
lexicographical order. In particular, we have

Vip(g™) = (n—m)(g — 1)q™. (4.153)

This was obtained by an explicit combinatorial argument (via a form of shifting/com-
pression). What estimates can be obtained via LSIs and NLSIs?
Let f = 1g be the indicator function of a set S. Then for any p > 1 we have
e(r ) 1 |E(S, 5 Ent(f)

E.[f]  ¢-1 [9] o B &g (4.154)
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If we relate these two ratios via the 2-LSI (note that from (4.9)), of all p > 1 the
= 2 gives the best result here) and by using the known value of s from (4.12)) we
get
log q
log(q — 1)’
Clearly the coefficient in front of (n —m)g¢™ here is not tight.
The p-NLSI allows us to perform a better comparison. First, again via we
get the best inequality for p = 2, which results in

Uip(g™) 2 ¢"(n—m)(qg—2) (4.155)

v (n—m
Urn(q™) > (g — 1)q"nby ( log q> . (4.156)

We know that the function by is continuous with by (log q) = ba(log q) = 1 (from (4.18)).
Thus, for any m = o(n) and n — oo we get that (4.156)) implies

Vip(g™) = (¢ —1)g™ (n —m)(1+o(1)), (4.157)

which is tight in this regime. (However, from (4.18) we can also find that 5/2(1) =
oo and thus, even when m = o(n) the right-hand side of the above inequality is
(¢ — 1)¢™(n — w(m)), implying the behavior in terms of m is not optimal.)

4.4 Input-restricted contraction coefficient of the col-
oring channel

In this section we compute the exact input-restrict KL contraction coefficient of the
coloring channel Col, := P_ 1
=

Proposition 4.23.

log ¢ — log(q — 1)

l,) = 4.1
(. Col) — E1 08 (4.158)
Proof. By (4.25) we have
log ¢ + ;=5 log = + T2 log (j_””f)?
nkL(m, Coly) = sup 1 ] . og 12
re(11] ogq+x ogaH—( —x) 0g o °f
logq — log(q — 1 + —Tlog(l — =z —1—‘7+$210gq+z2
. 4= 1) ) (4.159)
re(11] logq+xlogx+(1—x) log =2 1
Taking x = 1, we get
1 —1 -1
e, Col,) > 0gd=losla = 1) (4.160)

log q
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To prove the proposition, we only need to prove that for x € (%, 1} ,

i log(l— ) + 252 og 52 log g — log(g — 1)
1z -
zlogz + (1 —x)log =F log ¢

. (4.161)

(Note that both numerator and denominator in LHS are non-positive.) Define

g(x) = (logq —log(q — 1))z logx — éo_iql(l —x)log(l — x), (4.162)
h(z) = g(z) + (¢ — 1)g (;:T) (4.163)

Rearranging (4.161)), we only need to prove that h(x) > 0 for x € (%, 1]
We compute that

1
g'(x) = (logq —log(q — 1))(1 + log ) + qo_iql(l +log(1 — x)), (4.164)
1 logqg 1
"(2) = (log ¢ — log(q — 1))= — .
§'(x) = (log g~ loglg — 1)) — 2L (4.165)
1 1 1
g"(x) = —(logq —log(q—1))— — o8 q < 0. (4.166)

2 qg—1(1—x)?

Claim 4.24. h"'(z) <0 on (0,1).

Proof.

" — " (z) — 1 " l—x

h"(z) = 9" () (q—1)27 <q—1)
e e —To(g L Joga 1
= —(logg —log(q — 1)) — g—1(1—2)
R P 1 log ¢ 1
T gz | o~ losle 1>)<%>2+q—1(1—3f—f)2
e 1 1Y\ | logg 1 __ 1
—(lgq—1)<(1—x)2 x2)+q—1((q—2+$)2 (1_x)2)
LU (e @\ ([ Q=P dogg ((-xP
 (1—x)? (lg9—1>(1 2 )+q_1((q—2+x)2 1)>
N (1 _136)2 (s(z) +t(x))

We have

1. s(z) <0 for z < 3, s(x) > 0 for z > ;

2. t(x) <0 for z € (0,1);
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3. s(x) is increasing for x € (0,1);
4. t(x) is decreasing for x € (0,1).

So h"(z) < 0 for < 1. For z > 1, we have

1 q log q 1
tx)<s()+t|{=) =1 —1). 4.167
s(a) 4 o) < (1) 1 (5] =tog L+ B (2 (4.167)
It is not hard to verify that the last term is < 0 for ¢ > 3. O]

By Claim [4.24} h'(x) is strictly concave. Because h’ (%) =0,h (%) = h(1) =0,
we get that h(x) > 0 for € (1/q,1). This finishes the proof.

4.5 Input-unrestricted contraction coefficient of Potts
channels

Computation of (input-restricted or input-unrestricted) contraction coefficients is of-
ten a daunting task. Previously, [94] obtained lower and upper bounds of input-
unrestricted KL divergence contraction coefficients for Potts channels. In this section
we compute the exact value of these contraction coefficients.

We remark that after our work, [ITI] proved that the input-unrestricted contrac-
tion coefficients are achieved by input distributions of support size at most two, giving
an alternative (and simpler) proof for Prop. We include our original proof here
for completeness.

Proposition 4.25.

g\?

mL(P) = RTINS (4.168)

Proof. The result is obvious for A € {0,1}. In the following, assume that A ¢ {0,1}.
We use the following characterization of contraction coefficient using Rényi max-
imal correlation [119] (see e.g. [122]). For any channel M, we have

e (M) = (sgpsyfmfmgw) (4.169)

where p is a distribution on [q], X ~ p, Y ~ uM, f: X — R satisfies Ex[f] = 0 and
Ex[f?] =1, and g : Y — R satisfies Ey[g] = 0 and Ey[¢?] = 1.

Specialize to M = Py. Write = (p1,...,pq), f = (f1,..., fy) and g = (g1,- .., gq)-
Then

E[f(X)g(Y)] = Z fipigiPIY = jIX =] =\ fipigi. (4.170)
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When A > 0, we need to maximize Y fig;p;- When A < 0, we make the transform
fi <= —fi, and still maximize Y figip;. So we get the following optimization problem.

Lower bound.

(11,
/*’L_ 27277"'

where

Then

So

nkL(Py) > (Au)? =

maXZfigipi
Zfipi =0,
Zf-zpi =1,

o w13

q

Za(ne )

q

0,

1

Di = O,Zpi = 1.

¢
(q—2)A+2°

u =

Z figipi = u

g\?

b

70)7 f:(]-7_]-707---,0), g=(u,—u,0,...,0)

(q—2)A+2°

(4.171)
(4.172)

(4.173)

(4.174)

(4.175)

(4.176)

(4.177)

(4.178)

(4.179)

Upper bound. Let us fix 4 and maximize over f and g. Assume for the sake
of contrary that > f;g;p; > u. The set of possible g is bounded; some coordinates of
f may be unbounded, but their values do not affect the objective function. So the
maximum value of Y f;g;p; is achieved at some point f and g. Let us compute the
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derivatives.

Vi figivi = (9ipi)ieia; (4.180)
Vi i = (pi)ie (4.181)
Vi fipi= (2fm1 icla)> (4.182)

VoY figipi = (fipi)ielq: (4.183)

1—A 11—
Vy Zgi ()\pi + —) <>\pz + —) : (4.184)
q 9 /el
1—X 1—A
vg Zgzz ()‘pi + —) = <297; <)\pz + —)) . (4.185)
q q iclq)

By maximality in f, there exists some constants A and B such that
gipi = Api + Bfipi (4.186)

for all <. By maximality in g, there exists some constants C' and D such that

fipi=C <)\pi + %) + Dy; ()xpz + TA> (4.187)
for all i.
By (.186),
Z figipi = Z fi(Api + Bfipi;) = B. (4.188)
By ({.187),

1—A 1—A
Zfigipz‘ = Zgi (C (Apz' + T) + Dy; (/\pZ + T)) =D. (4.189)
So B=D >u>0.

For p; # 0, we have g; = A+ Bf; by (4.186).

If for some i, p; = 0, then

1 —
A ~——2(C+ Dg) =0. (4.190)

This means #{g; : p;, = 0} = 1. So we can choose f; for such i such that
= A+ Bf; (4.191)

for all 7.
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From (4.173)), we get

1— X\
oS (e =)
=A+B—=) f. (4.192)
From (4.174)), we get
1— A
o ()
2 2 r2 1_/\
= (A +2ABf; + B*f?) Api+ — =

1- A 1- )
:A2+2AB—q Zf,-+B2A+BQ—q >

(A e (LAY
=B <A+TZ]; ( - Zf)) (4.193)

The result then follows from Claim [£.26] because we have

B_ 1
PR (S -2 )
. 1
P (B - (S 0)
<1, (4.194)
PP

q

[]

Claim 4.26. For any distribution p and any f satisfying (4.171) and (4.172), we

have

d - q_% (Z fi>2 > 2, (4.195)

Proof. Let us first prove the result for f with support size two. WLOG assume that
fi>0, fo <0, fs =---= f; = 0. One can compute that

o D2 __ y41
hi= \/ Pl(pl +p2)’ k V p1<p1 +]92)' (4.196)



Then

i+ 13- (f1+f2)
2f1 +f2_<fl+f2

:plipz (pl (\/%_\/Z»

2
p1+ D2

> 2. (4.197)

Let us define
= {f : Zfipi =0, Zfigpi = 1} (4.198)
U =3 q—% » fz,)?_ (4.199)

Now suppose that for some p and f € S(u) we have U(f) < 2. The set S(p)/{£}
is continuous, and there exists f € S(u) with U(f) > 2 (e.g., f with support size
two), so for sufficiently small € > 0 there exists f € S(u) such that U(f) € (2 —¢,2).

Let A = — 5. Take e small enough so that )\+%(2—e) > 0 and choose f € S(u)
with U(f) € (2 —¢,2). Define

1
B = > u, (4.200)
A+ 22U(f)
1—A
A=-B—2N"f, 4.201
2y 201
= A+ BfVi. (4.202)
One can check that g satisfies (4.173)) and (4.174]), and
> figwi =B > . (4.203)
By (4.169) and (4.170]), this implies
1
P ) — 4.204
KL ( ~2 > q—1 ( )
However, we have
1
KL (P_L> < nrv (P_L> =——7 (4.205)
q—1 q—1 q —
Contradiction. O
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4.6 An upper bound for input-restricted contraction
coefficient for Potts channels

In this section we prove an upper bound for the input-restricted KL divergence con-
traction coefficient for ferromagnetic Potts channels.

Proposition 4.27. Fiz ¢ > 3. For all A € [0, 1], we have

/\2
P . 4.206
nkL(m, Py) < 1 A)Q(q,;();igz()q,l) ) ( )
For all \ € [—q_%,()], we have
(7, Px) ¥ (4.207)
nkL(T, Py) < 1) log(g— ° '
T U - VR
We first prove a lemma.
Lemma 4.28. % is concave in x € [0, 1].
Proof. Let f(x) = %.
oy 20(gr = 1) (gz —1)*)'(x)
fle) == S O (4.208)
() = 2¢>  4q(qz — 1) (@) _ (gz = D*"(x) | 2(gz = D*(Y)*(2)
() W2 (x) P2 (x) V3 ()
2 o2 (= D* ()

Therefore it suffices to prove that
g(x) = (2) f"(x) = 2(q¥(2) — (gz — DY'(2))* = (gz — 1)*(2)" () (4.210)

is non-positive for x € [0,1]. Note that g (é) = 0. So we only need to prove that
g'(z) > 0 for z € 0, é] and ¢'(z) <0 for x € [%, 1].

g'(x) = —A(gz — D" (z)(qyp(x) — (qz — 1)¢'(2)) — 2q(qz — 1) (2)9"(x)
= (gz = 1)/ (2)¢"(2) — (g — 1)* ()¢ (x)
= (gz — 1)(=6qy(x)¢"(x) + (gz — 1) (3¢ (2)¢" (z) — P(x)y"(x))).  (4.211)

Therefore we would like to prove that
u(gq, x) = —6qu(x)¢"(x) + (qz — 1) (3¢ (2)" (x) — (x)P" (x)) (4.212)
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is non-positive. We enlarge the domain of u and prove that u(q,z) < 0 for real ¢ > 1
and x € (0,1).

We fix z € (0,1) and consider u,(q) := u(g, z). We have u, (1) = 0. So it suffices
to prove that u, is concave in g. We have

, 1—x
Y'(z) = logx — log 1 (4.213)
() = i + 1 i o (4.214)
" o 1 . i
P(z) = T (4.215)
0 1 11—
a_qw(x) =TT (4.216)
J , 1
a_q¢ (x) Pt (4.217)
0 " o 0 " o
5ot @) = 5o @) =0, (4.218)
So
/ " 1 l—z " / " "
W) = — 00 (o) ~ 0 ( — 25 ) ¥710) + B34 (@) (0) ~ w00 (2)
+ae =) (3200 - (G- 15 ) o) (4.219)
) = —12 (5= 22T ) o) = o (-4 ) W)
1 " — 9 1_ -z (o
+6$ﬁ¢ (z) —2 (q q—1)¢ (x)

1 " . _l l—x e
+ e = 1) (‘3<q—1>2‘” (@) ( 2 <q—1>2>‘” ( ))
~(gz =121 =29+ (¢ —2)x)
= a7 <0. (4.220)

We are done. O

Proof of Prop.[{.27 For fixed z, we would like to lower bound

N(x)

fo(A) = m

(4.221)
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(Value of f,(0) is defined by continuity.) Because

po) (1) -1y
(g —1)? 0 ()\.73 + %)

fe(N) = (4.222)

1°?

by Lemma [4.28, f,(\) is concave for \ € [—q% 1].

Let us compute lower bounds of f,()\) for A = —q_%, 0,1.

By Prop. 4.23, we have

1 log q
h(_q—l)z(q—lV&%q—bﬁq—DY (4.223)

By L’Hopital’s rule,

2\
(0) = |
f2(0) mAlL%(x—%)gb’()\x—i—%)
2
= ¢(x) lim
A—0 (a: B %>2¢// ()\x+ 1—A)
_ 2(g—1)¢(x)
= (4.224)
By Lemma {4.28| g(z) := (qz(j))Z is concave in x. Also
: 1 29(q — 2) (¢ —2)*-2log(q — 1)
1) = _ ~0. 4.225
I ( Q) J(a—2)log(q— 1) (%(q—2)10g(q—1)>2 ( )
So
)
g(f)ésy(l q) = foe(q_ 1) (4.226)
T qe-2) '
It is easy to see that
fo(1) > 1. (4.228)

Because f,(\) is concave in A, Inequality (4.206|) follows from (4.227)) and (4.228]),
and Inequality (4.207) follows from (4.223) and (4.227)). O
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Proof of Prop. implies the first order limit behavior of nky, (7, Py) as A — 0.

i (T P2) q(q —2)
im = .
A—0 A2 2(q —1)log(q — 1)

For all ¢ > 3 and A € (0, 1], we have

)\2
nkL(m, Py) < T Ton(a—
(1— \)2=poslazl) 4 \
_ 2)
< A2(1— A alg A3
<A )2(61 —1)log(q — 1)
)
2 q(q—2)
2(q —1)log(q — 1)
—1
)\2 q
= 2loglg— 1)’

where the second step is by Cauchy inequality.

For comparison with input-unrestricted contraction coefficient

g\?

77KL(P/\) = ma

we note that —22
nKL(

is linear in A, and
L(Px)

1 - log g
q—1 " (¢—1)*(loggq —log(q — 1))’
2 _2¢—1)loglg—1)

q q(q —2)

So Prop. implies (4.26)).

4.7 Non-convexity of certain functions

In this section we prove Prop. Let us first prove a lemma.

(4.229)

(4.230)

(4.231)

(4.232)

(4.233)

Lemma 4.29. Let g be a strictly increasing smooth function from [xo,z1] to [yo, y1],
and f be a smooth function from [xg,x1] to R. Assume that ¢'(xo) = f'(z0) = 0 and
(" f" — f"g")(xo) > 0. Then the function h = fog~': [yo,y1] = R is not concave

near yo.
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Proof. Directives of h are

oy a7 2)

W) = Sy (4.234)
" o f_” . f/g” -1 T 1
v = (7 =) 00

~—

g
f// f/g// .
= (W ~ ) (97" (2)). (4.235)
So it suffices to study the sign of ¢’ f” — f'¢” for x near xy. Let u = ¢'f" — f'¢g". We
have u(xy) = 0. Let us compute the derivatives.

ul — g/f/// _ f/g///’ (4236)
u" = g/f(4) + g//f/// . f//g/// . g/g(4). (4.237>
So u/(xg) = 0 and u"(zo) = (¢"f" — f"g"")(x0) > 0. So w is positive near x. O

Proof of Prop.[{.20. We apply Lemma to g = ¢, v = %, r, =1, 40 = 0,

y1 = log q, and various f. We have

& G) _o, (4.238)
o G) _ qqzl, (4.239)
o <$> _ _%_ (4.240)

Part 1. For b, take

l1—=x

f(@) =—=(¢—1)&(z) =logz + (¢ — 1) log i q(¥(z) —logq). (4.241)
Then
/ 1 q— 1 /
flla)=——1— +a'(), (4.242)
" 1 q— 1 "
f(z) = T2 T —ap +qy" (), (4.243)
) = 5 - H o) (4.0



So

f G) —0, (4.245)
f” (é) = —ﬁgl, (4.246)
(-3
We have
e A28 ()
=2 (4.248)

So Lemma applies.

Part 2. For b,, p > 1, take

f(@) =q—(g—1)&(x) 1 1
- (Ii +(qg—1) (;:‘f)) <x1—é +(q—1) ((1]:‘:)1_> . (4.249)

For simplicity, write r = i and let u.(z) = 2" + (¢ — 1) <;_Tf> . Then f(z) =

Uy (x)uy_(x). Let us compute derivatives of w,.

W (z) =1 (xr—l _ (; - T)H> | (4.250)

u(2) = r(r = 1) <af—2 Lt (1 - x)H) , (4.251)

ur'(x) =r(r—1)(r—2) <$T_3 - 4 _1 1)2 ((1] : :1B>r ) : (4.252)




So

1 1—r
Uy (&) =q (4.253)
ul (%) =0, (4.254)
v (3) =1 G) o (4.255)
" 1 - Q(q_z) 1 e
u, (&) =r(r—1)(r—2) (g 17 (&) : (4.256)
Now we compute derivatives of f.
f(@) = w(@)ur—y () + up(2)ui_ (2), (4.257)
f(@) = wl(@)ua— (x) + 2up(@)uy () + ur(2)uy_, (2), (4.258)
[ (@) = w!(@)ua— () + 3w (2)uy . (2) + Bup ()i (2) + up(2)ui’,(x).  (4.259)
So
f G) =0, (4.260)
" 1 o q 1 T T q 1 - 1—r
Q)= () oruenengt (G)
= 2r(r — 1) (qq_ T (4.261)
" 1 Q(q B 2) 1 e r
() == =285 (0)
R = (O
= —3r(r— 1)q(q(q__1)22> (4.262)
So
" e "1 1 _ q2 r(r — q4(q_ 2)
W f¢)<q> q- (3( 1)(q—1)2)
o Pla=2)
2 - 0555 (-5
—r(1— >q(q(q_—1)23) > 0. (4.263)

So Lemma [4.29] applies.
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Part 3. For s,, take

fz) =1 <)\x + %) . (4.264)
Then
f'(x) =M/ <A:c + %) : (4.265)
f(x) = A" ()\x + %) : (4.266)
f"(z) = N3 ()\x + %) : (4.267)
So
I (1) =0 (4.268)
g) =0 .
//1:2//1:2q2
g <Q) H (Q) N1 (4.269)
" 1 — )3, 1 — 3q3(q_2>
d <q) A (q) M- (4270)
We have
et et 1 _ (]2 _ 3q3(q_2)> _\2 C]2 <_q3(q_2>>
Wi fw)(q) q—1< )\(q—l)Q M- (¢ —1)
5
- —q(q(q__l)? (A2 = \3) > 0. (4.271)
So Lemma [4.29] applies. O

4.8 Concavity of log-Sobolev coefficients

Let K be a Markov kernel with stationary distribution 7. Define Dirichlet form £(, )
and entropy form Ent(-) as in Section

For r € R, we consider the tightest %—log—SoboleV inequality, corresponding to

bi(z) : = f;xiilngm E(fr 1), (4.272)
Eﬁf:I,Entﬁ_(f,):z
1(y) = it Ent,(f). (4.273)

Exf=LE(f™f1"")=y
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The %—log—Sobolev constant is

S
—
8
~—
<

b
;= inf )
a% ;I>10 T y>0 CI)l(y)

(4.274)

When r = 0, the fraction l should be understood as a formal symbol. For r € (0, 1),
a1 is the same as a1 deﬁned in the Introduction. However, in general o/ is not equal

to a1. We use the superscrlpt to emphasize the difference.
Proposition 4.30. We have

1. For fized x, b%(x) s concave in 7.

2. For fized vy, CID%(y) is conver in r.

3. !y is concave in 1.

T

Furthermore, if (7, K) is reversible, then

1. For fized x, bi(x) is mazimized at r = %

2. For fired y, ®1(y) is minimized at r = .

8. oy is maximized at r = §

T

Proof. Because ®1 is the inverse function of b1, it suffices to prove statements about
b:. Because inf of concave functions is still concave, it suffices to prove that for any

fT: X = Rsg, E.f =1, E(f", f177) is concave in r.

L) :—ZEXI K)(w,y)f(y)" f () ()
_ Zg[:(yl—K)(SL‘,y)f(y)rf(l“)1 "7 (x)(log f(y) — log f())?
— wyzex —K(z,y)f(y)" f(z)'""w(z)(log f(y) —log f(x))?
Sgyéyex

When the Markov chain is reversible, we have £(f,g9) = E(g,f). So bi(z) =

b (z) and by concavity, b1 (z) is maximized at r = 1. O
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Part 11

Statistical Problems on Graphs
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Chapter 5

Graph problems and reduction to
trees

Starting from this chapter, we shift our focus to statistical problems on graphs. We
study a class of sparse random graphical models with hidden community structures,
known as the hypergraph stochastic block model (HSBM). The stochastic block model
(SBM) is the special case of the HSBM when hyperedges are of size two. Questions
concerning this model revolve around recovering community structures from the un-
labeled (hyper)graph. Physicists made predictions about these models using the
non-rigorous cavity method [49, [15], but the program of rigorously establishing these
predictions remains far from complete.

The local structure of these graphical models is closely related to a broadcast-
ing model on Galton-Watson random (hyper)trees, a phenomenon initially proved
in [I03] for the two-community symmetric SBM. We refer to this tree-like model as
broadcasting on hypertrees (BOHT) or, when hyperedges have size two, as broad-
casting on trees (BOT). Since then, it has been discovered that many problems on
the HSBM can be reduced to problems on the corresponding BOHT model. These
include weak recovery [103, 109, [74], optimal recovery algorithm [104. 73], and mutual
information formula [4, [73]. In this chapter we introduce the HSBM and establish
these connections.

This chapter serves as a bridge between problems on graphs and problems on trees,
which are tackled in later chapters using channel comparison methods established in
Part I.

Chapter outline In Section we introduce the hypergraph stochastic block
model (HSBM) and problems studied on these models. In Section we define
the corresponding broadcasting on hypertrees (BOHT) model, and discuss a cou-
pling between the HSBM and the BOHT model. In Section we show that non-
reconstruction on the BOHT model implies impossibility of weak recovery in the
corresponding HSBM. In Section , we prove the boundary irrelevance (BI) prop-
erty of the BOHT model implies a mutual information formula for the corresponding
HSBM. In Section [5.5, we demonstrate that a property of the BOHT model, unique-
ness of belief propagation (BP) fixed point, implies optimal recovery algorithms for
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the corresponding HSBM.

5.1 Hypergraph stochastic block models

We start by defining the hypergraph stochastic block model.

Definition 5.1 (Hypergraph stochastic block model [I5, 130]). Let n > 1 (number
of vertices), ¢ > 2 (number of communities), r > 2 (hyperedge size) be integers. Let
m € P([q]) be a distribution with full support. Let A € (quo)@ be a tensor satisfying

A, — aia(l) ..... o (r) (51)
for any i1,...,i, € [¢], 0 € Aut([r]). The hypergraph stochastic block model
HSBM(n, q,r, 7, A) is defined as follows: Let V' = [n] be the set of vertices. Generate
a random label X, for all vertices u € V i.i.d. ~ 7. Then for every S = {uy,...,u,} €

(‘:), add hyperedge S to the hypergraph with probability % The resulting
pair (X,G = (V, E)) is the output of the model. '

In the definition, the scaling —— keeps the average degree constant with high

probability as n — oo. This is caliecll the constant degree regime. While there have
been many works on SBMs and HSBMs with growing average degree (e.g., |30, 58,
20, [127), 451, 97, 21, [133), 2, 102}, 6] for SBM; [67, 68, 69, [35] [36], 89, 12} 85], 44], 139] for
HSBM), in this thesis, we focus on the constant degree regime.

In the HSBM, the expected degree (number of hyperedges containing a vertex) of
a vertex with label i € [q] is d; &+ o(1), where

d; = Z Qiiy,yensir—1 H T, (5.2)
11,00y ir—lE[q] jG[T‘—l]

If d; # d; for some 4, j € [q], we can distinguish community ¢ and j using a classifier
based on degree, which trivially solves the weak recovery problem (Definition .
Therefore, we make the following standard assumption in literature.

Condition 5.2. We say the model HSBM(n, ¢, 7, 7, A) is degree indistinguishable if
d; = d; for all i, j € [g], where d; is defined in Eq. (5.2)).

Under this assumption, We define a few useful derived parameters of the HSBM.

Definition 5.3 (Derived parameters for HSBM [130]). Consider a model HSBM(n, ¢, r, 7, A)
satisfying Condition [5.2]
We define the degree d as

d:= - Z Q49,01 H 7Tij (53)

for any i € [¢].
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We define the signal matrix ) € R?7*? as
Qij==7; Y Giji.irs || T (5.4)
U1 5eenir—2€[q] ker—2]

Because () is self-adjoint, its eigenvalues are all real. The largest eigenvalue of () is d.
We define signal strength A\ := \y(Q)/d, where A\2(Q) be the second-largest eigenvalue
(in absolute value) of ). We define the signal-to-noise ratio (SNR) as

SNR := (r — 1)d\>. (5.5)
The Kesten-Stigum (KS) threshold is at SNR = 1.
We define the following subclasses of HSBM.

Definition 5.4 (Special cases of HSBM). Consider a model HSBM(n, ¢, r, 7, A).

e (Stochastic block model) If r = 2, then we say the model is a stochastic block
model (SBM), denoted as SBM(n,q,7,A). In this case, the tensor A is a
symmetric matrix.

e (Symmetric HSBM) We say the model HSBM(n, ¢, 7, 7, A) is symmetric, if 7 =
Unif([¢]) and tensor A satisfies

@iy ,.ie = Qr(iy),...,m(ir) (5-6)
for any 71,...,i, € [q], T € Aut([q]).

e (Simple HSBM) If © = Unif([¢]) and for some a,b € Rx(, we have

iy z'r:{a’ o= =1, (5.7)

""" b, otherwise,

then we say the model is a simple HSBM, denoted as HSBM(n, q,r, a, b).
e We denote a model HSBM(n, q,r, a,b) with r = 2 as SBM(n, ¢, a, b).
e We denote a model HSBM(n, q,r, a,b) with ¢ = 2 as HSBM(n,r, a,b).

For HSBM(n, q,r, a,b) and its subclasses, we say the model is assortative if a > b,
and is disassortative if a < b.

For the SBM and the HSBM, the central question is to recover community struc-
ture given the unlabeled hypergraph. For (X,G) ~ HSBM(n,q,r, 7, A), we would
like an estimator X = X (G) such that the distance between X and X is small. In
the symmetric case, it is impossible to distinguish permutations of the community
labels. Therefore, the distance between the truth and the estimation is defined as

dy(X,Y):= min H{X; # oY)} (5.8)
TeAut([q]) py
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There are several different versions of the question of recovery.

Definition 5.5 (Recovery problems for HSBM). Let (X, G) ~ HSBM(n, q,r, 7, A).
We say the model admits

e exact recovery (strong consmtency) 1f it is possible to recover the labels exactly,
i.e., there exists an estimator X = X (G) such that

lim Pldy (X, X)=0] =1, (5.9)

n—0o0

e almost exact recovery (weak consmteney) 1f it is possible to recover almost all
labels, i.e., there exists an estimator X=X (G) such that

lim Pldy (X, X) = o(n)] =1, (5.10)

e partial recovery (max-detection), if it is possible to recover a non-trivial fraction

of the labels, i.e., there exists an estimator X=X (G) and some € > 0 such
that

lim Pldy (X, X) <1— maxm; — €+ o(1)] =1, (5.11)

n—oo

e weak recovery (detection), if there exists an estimator outputting a subset S C
V such that for some € > 0, with probability 1 —o(1), there exists 4, j € [¢] such
that

#{UES:X@:i}_#{vES:Xv:j}>
HloeV X, =i} #eV:X,=j} ¢

(5.12)

Different recovery questions are interesting in different regimes. For the constant
degree regime, the partial recovery and weak recovery problems are more relevant.

The definition of partial recovery and weak recovery are equivalent when 7 is
uniform, but have subtle differences when 7 is non-uniform, as shown in [9]. For
SBMs, [49] conjectured that partial recovery is always possible above the Kesten-
Stigum (KS) threshold (Definition. [5.3). [9] gave a counterexample to the conjecture,
and proved that the conjecture is true with partial recovery replaced by weak recovery.
Therefore, weak recovery captures the KS threshold better than partial recovery.

We refer the reader to [I] for a survey of results on the SBM (including all four
kinds of recovery problems in Definition . Here we briefly summarize works on
the weak recovery problem for the SBM and the HSBM.

Works on weak recovery for SBM. [42] gave a non-trivial algorithm for the
weak recovery problem. Based on the non-rigorous cavity method, [49] conjectured
that for SBM(n, ¢, 7, A), the algorithmic partial recovery threshold (see our previ-
ous discussion on the relationship between partial recovery and weak recovery) is
at the Kesten-Stigum threshold (Definition , and for SBM(n, q,a,b) there is an
information-computation gap for ¢ > 4. For SBM(n, 2, a,b), the positive part of the
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conjecture was proved in [96, [105] and the negative part was proved in [103], [105]. For
SBM(n, ¢, Unif([q]), A), [26] gave weak recovery algorithms above the KS threshold
for a general of A, but their method does not work for the SBM(n, ¢, a, b) model due
to technical reasons. This technicality was overcome in [I128], giving weak recovery
algorithms for any SBM(n, ¢, Unif([¢]), A) model above the KS threshold. For general
SBM(n, q,m, A), [8, 7, 9] gave algorithms for weak recovery above the KS threshold,
establishing the positive part of the conjecture in full generality. For SBM(n, g, a, b)
with ¢ = 3,4 and d large enough (Definition [5.3), [I09] established the negative part
of the conjecture, proving that weak recovery is impossible below the KS threshold.

Let us move to the information theoretical side. [7,[9] showed that for ¢ > 4, there
exist parameters a,b such that SBM(n, g, a,b) is below the KS threshold, but weak
recovery is information theoretically possible. This gives evidence for the existence
of an information-computation gap. [16] also crossed the KS threshold information
theoretically, for SBM(n, ¢, a, b) with ¢ > 5. For SBM(n, ¢, a,b) with a < b, the infor-
mation theoretical weak recovery threshold has been deteremined by [43]. However
their formula for the threshold is difficult to compute. In particular, it is not known
whether for ¢ = 3, the weak recovery threshold coincides with the KS threshold.
Our work [72] (Chapter , @ gave improved impossibility of weak recovery results for
SBM(n, q,a,b).

Works on weak recovery for HSBM. For the HSBM(n,r, a,b), [15] conjec-
tured that a phase transition occurs at the Kesten-Stigum threshold. [12] 56| gave
non-trivial weak recovery algorithms, but the KS threshold could not be achieved
using their method. We note that [56] allowed a non-uniform version of HSBM. For
HSBM(n,2,a,b), [112] proved the positive part of the conjecture, giving weak re-
covery algorithms above the KS threshold. For general HSBM(n, ¢, r, Unif([¢]), A)
[130] established the positive part of the conjecture. The only result (except for the
graph case) on the impossibility part is our work [74] (Chapter [7)), which proved that
weak recovery is impossible below the KS threshold for HSBM(n, r, a, b) with r = 3,4
(where the r = 4 case depends on a numerically verified inequality).

A very useful property of HSBMs is the vanishing of long range correlations. This
was first proved in [103, Lemma 4.7| for the simple binary SBM. Here we present a
version for general HSBMs. In the following, we use a.a.s. (asymptotically almost
surely) to denote that a event happens with probability 1 — o(1).

Proposition 5.6 (No long range correlations). Let (X,G = (V, E)) ~ HSBM(n, ¢, r, 7, A).
Let A= A(G),B = B(G),C =C(G) CV be a (random) partition of V such that B
separates A and C' in G (i.e., there exists no hyperedges S € E intersecting both A

and C). If |[AU B| = o(y/n) a.a.s., then

P(Xa|Xpuc, G) = (1 £0(1))P(Xa|Xp,G) a.a.s. (5.13)

Proof. Our proof is a generalization of [103, Lemma 4.7|. For S = {uy,...,u,} € (‘:),
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define

{ X(I)X if S ek,
vs(G,X) = "y Xar (5.14)
L Sy, iS¢ R
Then
P(G,X) :=PX)P(GIX) =P(X) ] vs(G. X). (5.15)
se(Y)

(
E; = {Se (‘:) :]SﬁA|21,|SDC|21,|SH(AUB)|22}, (5.16)
Ez::{SeCf):|SmA|:1,|SmC]21,|SmB|:0}, (5.17)
V
po={se (V) dsnci-n}. 513)
V
E4::{Se(r):|SmA|:0,|SmO|zl}. (5.19)

Then 1 U Ey U Es U By = (‘;) is a partition of (‘7{) Define

Qi = Qi(G, X) = [] vs(G.X) Viel4]. (5.20)
SEE;
Then
P(G, X) = P(X)Q1Q2Q3Q4. (5.21)

We prove that ()1 and () are approximately independent of Xpg ¢ a.a.s. Let
(an)n>0 be a deterministic sequence with a,, = w(y/n) and «,|A| = o(n) a.a.s. Define

Q:={Y elg" : IN;Y) —mn| < a,Vi € [q]}, (5.22)
QU = {Y eN: Yy = XU}, (523)
where N;(Y):=#{veV:Y, =i} (5.24)

By concentration of N;(X), we have X € Q a.a.s.

Note that £y NE = E; N E = (. Also,

|Ey| = O(|JAU B|>n" %) = o(n" ') a.a.s. (5.25)
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So

o)
Q= (1 — @) =1-0(1) a.as. (5.26)

For ()5, we have

Q=[] vrow(G X)
u€A
Te(,9)

- 11 (1 _ Koy er1>
ucA (rﬁl)

T={v1,..., vrfl}E(Ti)

=(1+o0(1)) H exp (—GXH’X”T’L”;XU’”1> a.a.s. (5.27)

u€A
T={v1,..., 'Ur—l}e('r(jl)

where the third step is because |A| = o(y/n) a.a.s. and

exp (_aXmX(my;Serl) _ (1 L0 (nQ(lfr))) (1 B aXu,X(vly;...ijT1> . (5.28)

For every u € A and X € Q, we have

H exp (‘aXu’le 77777 XUTl)
( g’l) (T‘ﬁl)

{v1,...,vr—1}€

AXy, Xy Xo, g
=exp | — E -

1 Xy Xy ooy Xo. _
=exp | — Z : —+0(n™)

— exp _(7"—11)! 3 “X(T [T (7in+O(a) + O™

i1yeyir—1€[q) r—1 jelr—1]

= exp — Z aXth---Jr—l H Wijj:O(oznn_l)
]

i1,..,ir—1€[q] jElr—1

= exp (—dx, £ O(a,n™")) a.as. (5.29)
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Combining Eq. (5.27) and Eq. ((5.29) we get

Q2 = (1+o0(1))exp <— deu + O(an\A]n1)>

u€A

= (1+0(1))exp (- > qu> = (1+0(1))K(G, X,) a.as. (5.30)

u€A

By Eq. (5.26) and Eq. (5.30), we have
P(G,X)=(1£0(1))P(X)K(G, X4)Q3Q4 a.a.s. (5.31)
Furthermore, for any U = U(G) C V' we have

P(G, Xy) = (1 %+ o(1))P(G, Xy, X € Q)

= (1£o(1)) Z P(Y)K(G,Y4)Q3(G,Y)Q4(G,Y) a.as. (5.32)
Therefore
P(Xal X5, G) = %
= (1+o0(1)) ZYGQ“UB POY)K(G, Ya)Qs(G Y)Qu(G ) a.a.s. (5.33)

ZYeQB P(Y)K(G’ YA)Q3(G> Y)Q4<G’ Y)

Note that Q3(G,Y) is a function of (G, Yaup) and Q4(G,Y) is a function of (G, Yruc).
So the numerator of Eq. (5.33) is a.a.s. equal to

P(X4)P(Xp)K(G, X4)Q5(G. X) Y P(Ye)Qu(G,Y) (5.34)

YeQaun

and the denominator of Eq. ((5.33) is a.a.s. equal to

P(Xp) ( > PYW)K(G,Ya)Qs(G, Y)) ( >, P(YC>Q4<G,Y>> . (5:35)
YeQpuo YeQaun
Combining Eq. , Eq. , Eq. , we get
P(XA)K(GvXA)QS(G7X)

P(X4|Xp,G)=(1+£ 0(1)>Zy PV K(GLY)05(CY) a.a.s. (5.36)

102



Similarly, we have

P(X, Q)
P(Xpuc, G)
P(X)K(G, X4)Q3(G, X)Q4(G, X)
> veape PY)K(G, Ya)Qs3(G,Y)Qu(G,Y)
P(X4)K(G, X4)Q3(G, X)

P(Xa|Xpuc, G) =

— (1£0(1))

= (1% 0(1)) a.a.s. (5.37)
ZYGQBUc P(YA>K(G7 YA)Q:’,(G, Y)
Comparing Eq. (5.36) and Eq. (5.37)) we finish the proof. ]

5.2 Broadcasting on hypertrees

For the model HSBM(n, ¢, r, 7, A), we define a hypertree model which captures the
local structure of the HSBM.

Definition 5.7 (Broadcasting on hypertrees). Let ¢ > 2 (number of communities),
r > 2 (hyperedge size) be integers. Let m € P([g]) be a distribution with full support.
Let M : [q] — [g]"! be a probability kernel, satisfying

Mi,(’h ..... ir_1) = Mi,(io(l) ..... ’LAU(,,‘,l)) (538>
for all ¢,41,...,i,—1 € [¢], 0 € Aut([r — 1]), and
Some Y Migeyowry=m Vi€lr—1],j€lqg. (5.39)
kelg]  xelg™ !
=]

Let T be a r-uniform linearfl] hypertree rooted at p. We define the broadcasting on
hypertrees (BOHT) model BOHT(T, g, r,m, M) as follows.

1. Generate o, ~ .

2. Suppose we have generated label o, for a vertex u. For each downward hyper-

edge {u,vy,...,v,_1}, we generate o,,,...,0, _, according to M(-|o,), i.e., for
i1, .., 0—1 € [q], we have
P[Jul = 2.1, Ce ,UUT_I = ir—l‘o_u = Z] = Ml’,(il 77777 ’ir—l)' (540)

The output of the BOHT model is (T, ).

Let D be a distribution on non-negative integers. If T"is a random r-uniform linear
hypertree, where every vertex independently have b ~ D downward edges, then we
denote the resulting model as BOHT(q,r,m, M, D). If D is a point distribution at
b € Z>y, we say T is a b-regular r-uniform linear hypertree, and denote the resulting

!Linear means that the intersection of two distinct hyperedges has size at most one.
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model as BOHT (¢, r, 7, M,b). If D = Pois(d) for some d € Rs,, we say T is a
Galton-Watson r-uniform linear hypertree with expected offspring d, and denote the
resulting model as BOHT (¢, r, 7, M, Pois(d)).

We define a few useful derived parameters for the BOHT model.

Definition 5.8 (Derived parameters for BOHT). For BOHT(q, r, 7, M, D), we define
the expected offspring as

d = Eypb. (5.41)
For BOHT(T, q,r,m, M), the corresponding parameter should be
d =br(T), (5.42)

where br denotes the branching number [92].
We define the signal matrix ) € R?*? as

Qij = Z M; (i, i) (5.43)

1,0 —2€[q]

and define the signal strength A as the second-largest eigenvalue (in absolute value)
of matrix (). We define the signal-to-noise ratio (SNR) as

SNR := (r — 1)d)\*. (5.44)

The Kesten-Stigum (KS) threshold is at SNR = 1.
We define the following subclasses of BOHT.

Definition 5.9 (Special cases of BOHT). Consider a model BOHT(T, g, r,m, M) or
BOHT(q,r,m, M, D).

e (Broadcasting on trees) If r = 2, then we call the model broadcasting on trees
(BOT), denoted as BOT(T, ¢, 7, M) or BOT(q,n, M, D).

e (Symmetric BOHT) We say the BOHT model is symmetric if 7 = Unif([¢g]) and
the kernel M satisfies

M ir,...iv—1) = Ma(i), (r(ir),.ir(in1)) (5.45)
for all iy,...,4, € [q], 7 € Aut([q]).

e (Simple BOHT) If # = Unif([¢]) and for some X € [—ﬁ, 1}, we have

)\—l-ql_T(l—)\), ifi:ilz"':ir,b

Mi,(i1 ..... ir—1) — { q1_7=<1 . )\)’ Oth@I‘WiSG, (546)

then we say the model is a simple BOHT model, denoted as BOHT(T, q,r, \)
or BOHT(q,r, A\, D).
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e (Ising, Potts, random coloring) Consider a model BOHT(T, ¢, r, \) or BOHT (g, r, A, D).
If » = 2, then we call the model the Potts model (when ¢ > 3) or the Ising
model (when ¢ = 2), and denote the model as BOT(T, ¢, A) or BOT(q, A\, D).

The case A\ = —q%l is called the random coloring model.

e We denote a model BOHT(T,q,r, \) (resp. BOHT(¢q,r, A\, D)) with ¢ = 2 as

BOHT(T,r, \) (resp. BOHT(r, A, D)).

For BOHT(T,q,r,\), BOHT(q,r, A\, D), and their subclasses, we say the model is
ferromagnetic if A > 0, and is antiferromagnetic if A < 0.

The following result establishes a relationship between HSBMs and BOHT models.
This relationship was first shown in [96] [103] in the case of two-community symmetric
SBMs, and later generalized to various settings [26], 3], 128, 129 72}, 37, [38, 109, 112,
130].

Theorem 5.10 (HSBM-BOHT coupling [130, Prop. 3|). Let (X, G) ~ HSBM(n, q,r, 7, A)
be a model satisfying Condition[5.3. Let v € V and k = clogn for some small enough
constant ¢ > 0 not depending on n. Let B(v, k) be the set of vertices with distance
<k tow.

Let (T,o) ~ BOHT (g, r, 7, M, Pois(d)) where d is defined in Definition and

1
Mi,(il ..... ir_1) — Eai,il,..‘,ir_l UFE (5-47)
JElr—1]

Let p be the root of T', and T}, be the set of vertices at distance < k to p.
Then (G|Bwk), XBwk)) can be coupled to (Ty, op,) with o(1) TV distance.

In the setting of Theorem [5.10, we say the model BOHT(q, r, 7, M, Pois(d)) is the
BOHT model corresponding to HSBM(n, g, r, 7, A). In the view of Theorem we
define the following natural condition on BOHT.

Condition 5.11. Consider the model BOHT(T), q,r, 7, M) or BOHT(q,r,m, M, D).
We say the model is reversible if

WiMiV(lev"'J’l‘*Q) = 71-J"]wja(i,il7---,%}72) (5'48>
for all 4, j,i1,...,4,—2 € [q].

One can easily verify that the BOHT model corresponding to an HSBM is always
reversible.

For the BOHT model corresponding to an HSBM, parameters d, A, SNR (Defini-
tion , all agree for both models. Degree d agree because

Ep~pois(a)b = d. (5.49)
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Signal strength A\ agrees because

@i,j = Z Mi,(j7i1,...,ir_2)

Ulyeeey ir72e[q]

1
= E g Qisdinseir 2T H]Wk

D] genes ’L'T_QE[Q] k’G[T*Z
1
= Qi (5.50)

SNR agrees because r, d, A all agree.
We use the following notations for BOHT models.

Definition 5.12 (Notations for BOHT models). Fix a BOHT model. Let T} be the
set of vertices at distance < k to p, and Ly be the set of vertices at distance k to p.
Let M), denote the channel o, — (T, 01, ).

We define the following belief propagation (BP) operator, which is very useful in
the study of the BOHT models.

Definition 5.13 (Belief propagation operator). Consider the model BOHT(q, r, 7, M, D).
Let B denote the channel from o, to oy,, ..., 0y,_, in Definition[5.1} The belief propa-
gation (BP) operator of the BOHT model is an operator from the space of information
channels to itself, defined as

BP(P) := Eyup (P o B)™. (5.51)
Note that the sequence (Mjy)g>o (Definition [5.12)) satisfies
BP (M) = My41. (5.52)

For a symmetric BOHT model, the BP operator sends the space of ¢-FMS channels
to itself.

5.3 Weak recovery and reconstruction

In this section we show that for an HSBM, if the corresponding BOHT model admits
non-reconstruction, then weak recovery for the HSBM is impossible.

Definition 5.14 (Reconstruction for BOHT model). We say the model BOHT(T', ¢, r, m, M)
or the model BOHT(q,r, 7, M, D) admits reconstruction if

lim I(o,; Ty, 0p,) > 0. (5.53)

k—o00

We say the model admits non-reconstruction if the limit is zero.

The reconstruction problem for the BOHT(q, r, w, M, D) model can be interpreted
using the BP operator: the model admits reconstruction if and only if the limit channel
BP>(Id) := lim_,o, BP*(Id) is not the trivial channel.
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Let us briefly discuss previous results on reconstruction for BOT and BOHT.
[84] showed that for BOT(q, 7, M, D), reconstruction is possible above the Kesten-
Stigum threshold. [23] proved that for the Ising model BOT(2, A, d) the reconstruction
threshold coincides with the KS threshold (see also [8I] for an alternative proof).
[80, 63] proved the same result for general trees BOT(T,2, A) and BOT(2, A\, D), and
[113] refined these results to criticality.

[101] proved that the reconstruction threshold does not match the KS threshold,
for certain asymmetric Ising model BOT(2, 7, M, d) and Potts model BOT(q, A, d).
[107] proved non-reconstruction results for the Potts model BOT(g, A, d). [98] studied
the reconstruction problem from a statistical physics point of view, and conjectured
that for the Potts model BOT(q, A, d), the KS threshold is tight when d is not too
large, ¢ < 4 (in the ferromagnetic regime A > 0) or ¢ < 3 (in the antiferromagnetic
regime A < 0). [126] proved that the KS threshold is tight for BOT(3, A, d) with
d large enough, and is not tight for BOT(g, A\, d) with ¢ > 5, partially proving the
conjectures of [98]. [109] proved that the KS threshold is tight for BOT(g, A, D) for
g < 4 and D satisfying mild assumptions (which allows both the regular case and the
Poisson case).

[27] showed that the KS threshold is tight for BOT(2, 7, M, d) when M is close
enough to a binary symmetric channel. [91] determined the exact set (up to uncer-
tainties on the boundary) of 7 for which the KS threshold is tight when degree d is
large enough. [I9] determined the reconstruction threshold for the hardcore model
to the first order. [20] determined the reconstruction threshold for the random color-
ing model BOT (g, _q+17 d) to the first order, and [125] determined the threshold for

BOT(q, ——,d) and BOT(q, —q%l,Pois(d)) to the third order. [59] determined the

q—1’
threshold for BOT(q, —q_%, D) for D satisfying mild conditions to the first order.

[87] gave non-reconstruction results for general BOT(q, 7, M, D) via contraction
of SKL information. Our work [72] (Chapter [6) gave non-reconstruction results for
BOT(T,q,n, M) and BOT(q, 7, M, D) via contraction of mutual information.

There are relatively fewer works on the reconstruction problems for BOHT. [112]
showed that BOHT(r, A, Pois(d)) admits reconstruction above the KS threshold. [130]
showed that reversible BOHT(q, r, M, Pois(d)) admits reconstruction above the KS
threshold. Both results are derived via relationship between weak recovery for HSBM
and reconstruction for BOHT (Theorem [5.15]). Our work [74] (Chapter 7)) proved that
the KS threshold is tight for BOHT(r, A, D) for r < 4 (the case r = 4 depends on a
numerically verified conjecture), and the KS threshold is not tight for BOHT(r, A, d)
and BOHT(r, A, Pois(d)) for » > 7 and d large enough.

The following result was first established by [103] in the case of two-community
symmetric SBMs, and later generalized to various settings [72, 109, [74]. Here we prove
a general version which works for any HSBM(n, ¢, r, 7, A) satisfying Condition [5.2]

Theorem 5.15 (Weak recovery for HSBM). Let HSBM(n, ¢, r, 7, A) be a model sat-
isfying Condition [5.9.  Let BOHT(q,r, m, M, Pois(d)) be the corresponding BOHT
model. If the BOHT model admits non-reconstruction, then weak recovery for the
HSBM is impossible.
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Proof. For constant k € Zso, by Theorem [5.10] for any fixed vertices u # v € V,
Plu € B(v, k)] = o(1). Therefore

1
= I(Xy; G, Xop(wr)) +o(1)
= 1(0,; Ty, 01,) + o(1), (5.54)

where the first step is by data processing inequality, the second step is by Prop. 5.6}
and the third step is by Theorem [5.10] Taking limit n — oo, then taking limit
k — oo, we get
lim I[(X,;G,X,) < lim I(0,; T}, 0p,). (5.55)
n—00 k—o00

RHS is zero by the assumption that the BOHT model admits non-reconstruction. By
Pinsker’s inequality, we have

: < ; = . .
Inv(X,; G, X,) < \/QIOgeI(Xm G, X,) = o(1) (5.56)
In other words, for every i, j € [¢], we have

P(X, = j|G, X, = i) = m; £ o(1). (5.57)

From this point we borrow an argument from [I09]. Assume for the sake of
contradiction that weak recovery is possible, i.e., there exists S = S(G) C V such
that for some e > 0, with probability 1—o(1), there exists i, j € [¢] such that Eq.
holds. For simplicity of notation, we define Q; := {u € V : X,, = i}. Then we can

write Eq. (5.12) as
SN [SNQy

(5.58)
€] 1€2;]
By concentration inequalities, we have
Q :
P { ||V‘| —m| < |V|7"Wi e [q]| =1—o0(1). (5.59)
By Eq. (5.59) and Eq. (5.58), we have
PlISI = exlV]] =1 = o(1) (5.60)
for some consant ¢; > 0. By Eq. (5.58]), Eq. (5.60) and
(SN || S|
i (5.61)
2 el VW]
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we see that for some €5 > 0, with probability 1 — o(1), there exists ¢ € [g] such that

AR T > €9. (562)

Then
E|Y SN —|sP

| 7€lq]

=E|> ' (15N Q] —m|S))
| 7€lq]

> (& —o(1))|V]*. (5.63)

Therefore

1 _
e —o(1) < W]E > o m SN’ —|SP

i€[q]

= 7E Y E|HuveSH [ ) m{X, =X, =i} -1

u,veV i€[q]

1 .
=77 Y E|{u,veSH) m 'E[H{X, =X, =i} —77|G]

u,veV i€[q]

which is contradiction. This finishes the proof. ]

5.4 Mutual information and boundary irrelevance

In this section we show that for an HSBM, if the corresponding BOHT model admits
a property called boundary irrelevance, then there is a formula for HSBM mutual
information in terms of tree recursions.

The HSBM mutual information is a very natural quantity showing the amount of
information about the community structure contained in the unlabeled hypergraph.

Definition 5.16 (HSBM mutual information). Let (X,G) ~ HSBM(n,q,r,m, A).
We define the HSBM mutual information as

lim L1(X:@). (5.64)

n—oo 1,

The HSBM mutual information problem is closely related to the boundary irrele-
vance property for BOHT.
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Definition 5.17 (Boundary irrelevance for BOHT). Consider the model BOHT(T', ¢, r, m, M)
or the model BOHT (g, r, 7, M, D). Let W be a channel with input alphabet [g] (called

the survey channel). Let w, ~ W(:|o,) independently for all vertices u € V(T'). We

say the BOHT model admits boundary irrelevance (BI) with respect to W if

klim I(o,; 01, | T, wr,) > 0. (5.65)
— 00

We say the BOHT model admits boundary irrelevance (BI) if it admits BI with respect
to all erasure channels EC, with € < 1, where € denotes erasure probability.

For the model BOHT (¢, r, m, M, D), boundary irrelevance can be interpreted using
the BP operator. For a fixed survey channel W, we define the BPy, operator as

BPyy (P) = BP(P) » W. (5.66)

Then the model admits BI with respect to W if and only if the BPy, operator has a
unique fixed point.

The SBM mutual information problem has been studied by several works. [43] gave
a mutual information formula for the disassortative simple SBM (SBM(n, ¢, a, b) with
a < b). [54] conjectured a formula for two-community symmetric SBM SBM(n, 2, a, b),
and proved that their formula matches the one of [43] when a < b, and is an
lower bound of the mutual information when a > b. Our work [4] (Chapter
gave a mutual information formula for SBM(n, 2, a,b) when SNR is outside a finite
interval [1,3.513]. [137| improved the result and gave a mutual information for-
mula for any SBM(n,2,a,b). It is open whether the formula conjectured in [54] is
equivalent to the one proved in [4, 137]. Our work [73] (Chapter generalized
the previous work and gave a mutual information formula for SBM(n, ¢, a,b) when
SNR > 1 + Cmax{\, ¢ '}logq or SNR < ¢~2. To our knowledge, there has been
no work studying the mutual information problem for models other than the simple
SBM (Definition [5.4).

Results of [4, 137, [73] are based on boundary irrelevance. Surprisingly, our work
[73] (Chapter[8) showed that boundary irrelevance for BOT(g, A, d) and BOT(g, A, Pois(d))
does not hold between the reconstruction threshold and the Kesten-Stigum threshold,
which is known to exist when ¢ > 4.

The following result was first established in our work [4] in the case of two-
community symmetric SBMs, and generalized in our work [73] to ¢g-community sym-
metric SBMs. Here we prove a general version which works for any HSBM(n, g, r, w, A)
satisfying Condition [5.2]

Theorem 5.18 (HSBM mutual information). Let (X,G) ~ HSBM(n,q,r,m, A) be
a model satisfying Condition[5.2 Let BOHT (g, r, 7, M, Pois(d)) be the corresponding
BOHT model. If the BOHT model admits boundary irrelevance, then

1 1
lim —I(X;G) = / lim 1(0,; w,\,|Th)de, (5.67)
0

n—oo N k—o0

where w® denotes observation through survey channel EC..
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Proof. Let Y,f ~ EC.(:|X,) for v € V and € € [0,1]. Let u € V be a fixed vertex. De-
fine f(e) :== 2I(X;G,Y*¢). Then f(0) = H(X,) and f(1) = £I(X;G). Furthermore,
calculation shows that

f'(e) = —H(X,|G, Yivu)- (5.68)

Let k € Z>, be a constant, B(u, k) be the set of vertices with distance < k to u, and

O0B(u, k) be the set of vertices at distance k to u. By the data processing inequality
and Prop. [5.6], we have

I(Xu: G, Y < 1(Xuw G Y,) < 1(Xu; G, Y e XoBuk)) +o(1).  (5.69)
By Theorem we have
I(op; Wi, Th) — o(1) < I(Xy; G, Yi,) < 1(0,;wh s 01, | Tk) + o(1). (5.70)
Taking limit n — oo, then taking limit £ — oo, we get
leIEO I(op;wi | Th) < nh_)Iglo I(Xy; G, Yy,) < klgrolo (0507, pr 0L Th)- (5.71)

The first and third terms are equal by the boundary irrelevance assumption. Therefore

nh_}r{}o I(Xy; G, Yi,) = kl_g)lo I(op; Wi, | Th) (5.72)
So
1 1
lim —/(X;G) = H(X,) —/ lim H(X,|G, Yy, )de (5.73)
n—oo N o n—oo

1
= / lim [(X,; G, Y, )de
0

n—o0

1
:/ lim I(0,; w, | Tk )de.
0

k—o0

5.5 Optimal recovery and uniqueness of BP fixed
point

In this section we consider the optimal recovery for HSBM, potentially with survey
observations. We show that properties of the corresponding BOHT models can lead
to optimal recovery algorithms for the HSBM.

Definition 5.19 (Optimal recovery for HSBM). Consider the model HSBM(n, ¢, 7, 7, A).
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The optimal recovery problem asks to determine the optimal recovery accuracy

1 -~
sup lim E [1 - —dH(X,X)] : (5.74)
n

)?:)?(G) n—oo

where X = X (G) goes over estimators with input G.

Let W be a channel with input alphabet [¢] (called the survey channel). Let
Y., ~ W(:|X,) independently for all vertices u € V(G). The optimal recovery with
survey problem asks to determine the optimal recovery accuracy

1
sup lim E [1 - Ed(X’X)} : (5.75)

X=X@Gy)" 7™

where d(X,Y) := >
G and Y.

wey HX; # Y} and X = )?(G) goes over estimators with input

In the optimal recovery with survey problem, we do not need to use dy distance
because the surveys break the symmetry between communities.

[49] conjectured that belief propagation (BP) with random initialization is op-
timal for any SBM(n,q, 7, A). This conjecture is still open, even in the case of
SBM(n, 2, a,b). Nevertheless, some progress has been made. [104] gave an algorithm
for SBM(n, 2, a,b) and proved its optimality when SNR is larger than a constant ([4]
estimated the constant to be at least 75). [4] proved that [L04]’s algorithm is optimal
when SNR is larger than 3.513. [137] proved that [104]’s algorithm is optimal for any
SBM(n, 2,a,b). All these proofs are based on the uniqueness of BP fixed point.

For the g-community simple SBM (SBM(n, ¢, a, b)), [37| proved optimal recovery
algorithms when SNR > C, for some constant C, depending only on ¢g. They did
not give an estimate for C; but from the proof, it is at least polynomial in g. They
used a local version of uniqueness of BP fixed point, stating that the BP recursion
converges to the same fixed point as long as the initial channel is close enough to
the Id channel. Our work [73] proved optimal recovery algorithms when SNR >
1 4+ C'max{\, ¢ '} logq for some absolute constant C'.

[38] generalized [37] and proved optimal recovery algorithms for certain SBM(n, g, m, A)
with SNR large enough. This is the only work on optimal recovery for non-symmetric
SBM. To our knowledge, there has been no work studying the optimal recovery prob-
lem for HSBM with » > 3.

[83] studied the weak recovery problem for SBM(n, ¢, a, b) with EC, survey. [110]
proved that the local belief propagation algorithm is optimal for SBM(n, 2, a, b) with
BEC or BSC survey, in the same parameter ranges as [104]. [4] and [I37] proved
optimality of the local BP algorithm for SBM(n,2,a,b) with survey in the same
parameter range as the results for SBM without survey.

We first prove the reduction for optimal recovery with survey. The reduction was
first established in [I10] in the case of two-community symmetric SBMs with BSC
or BEC survey, and generalized in our work [73] to g-community symmetric SBMs.
Here we prove a general version which works for any HSBM(n, ¢, r, 7, A) satisfying
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Condition (.2

Theorem 5.20 (Optimal recovery for HSBM with survey). Let (X, G) ~ HSBM(n, q,r, 7, A)
be a model satisfying Condition[5.9. Let W be a survey channel. Let BOHT(q,r, 7, M, Pois(d))
be the corresponding BOHT model. If the BOHT model admits boundary irrelevance

with respect to W, then for the HSBM with survey, the belief propagation (Algo-
rithm achieves optimal recovery accuracy of

1- kh—{{olo Pe(0p|Tka wTk)’ (576)

where w denotes observation through survey channel.

Algorithm 1 Belief propagation algorithm for HSBM with survey
1: Input: HSBM hypergraph G = (V, E), survey Y € YV
2. Output: X € [¢]V
(V, E) <+ underlying graph of G, i.e., (u,v) € E if and only if u # v and there
exists a hyperedge e € F containing both u and v
m{, < posterior distribution of X, conditioned on Y, V(u,v) € E
r <+ [log”?n]
fort=0—r—-1do
for (u,v) € £ do
mg;i) <+ posterior distribution of X, conditioned on Y, and mg)_m for all
(w,u) € B, w# v > Computation of the posterior distribution uses the
hypergraph structure
9: end for
10: end for
11: for u € V do _
12: m,, <— posterior distribution of X, conditioned on Y, and m,,_,, for (w,u) € E.
13: X, « arg max; ey M (1)
14: end for
15: return X

@

Proof. We run Algorithm I Let p € V be a fixed vertex. For k € Z>4, define B(p, k),

OB(p, k) as in Theorem . By Theorem and induction on ¢, we see that m!’,,
has the same distribution (up to o(1) TV distance) as the posterior distribution of o,
conditioned wy,. Therefore m{’,, has the same distribution (up to o(1) TV distance)
as the posterior distribution of o, conditioned wy,. So as n — oo, Algorithm

achieves accuracy

1 — lim P.(0,|T), wr,). (5.77)
k—o0
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On the other hand, we have

Pe(Xp|G, Y)> P.(X,|G,Y, X(‘)B(ch))
= Po(X,|G, Yb(pk), XoB(pk)) £ o(1)
> P€<0P|Tk7wTk’ 0Lk~) - 0(1)'
= P.(0,|Tk, wr,) — o(1). (5.78)

where the first step is by data processing inequality, the second step is by Prop. |5.6],
the third step is by Theorem [5.10, the fourth step is by boundary irrelevance with
respect to W. Taking limit n — oo, then k£ — 0o, we see that

F.(X,|G.Y) = lim P.(0,|Tk, wr,). (5.79)
—00

This shows that Algorithm [T is optimal. O

Definition 5.21 (Uniqueness of BP fixed point for BOHT). Consider a symmetric
BOHT model BOHT(q, r,m, M, D). We say the model admits uniqueness of BP fixed
point if the corresponding BP operator (Deﬁnition has only one non-trivial fixed
point in the space of ¢-FMS channels.

We say the model admits (global) stability of BP fixed point if it admits unique-
ness of BP fixed point, and starting from any non-trivial ¢-FMS channel P, the BP
recursion converges to the unique non-trivial fixed point.

For HSBM without survey, optimal recovery is more difficult. The reason is that
one needs a sufficiently good initial estimator to start the belief propagation. In
particular, an estimator as in the definition of weak recovery (Definition seems
insufficient for the purpose of optimal recovery.

The reduction was first established in [I04] in the case of two-community sym-
metric SBMs. [37] proved a version for g-community symmetric SBMs with strong
assumptions on the initial algorithm. Our work [73] proved the case of g-community
symmetric SBMs which strictly generalizes the one in [104]. Here we prove a general
version which works for symmetric HSBMs.

Theorem 5.22 (Optimal recovery for symmetric HSBM). Let (X, G) ~ HSBM(n, ¢, r,m =
Unif([q]), A) be a symmetric HSBM with non-zero signal strength (Definition [5.5).
Let BOHT (¢, r,m = Unif([q]), M, Pois(d)) be the corresponding BOHT model.

Suppose there is an algorithm A and a constant € > 0 (not depending on n) such
that with probability 1 — o(1), the empirical transition matriz F' € R™? defined as

_#HveV:iX, =i X, = j}
#{veV: X, =1} ’

Fij: X = A(G) (5.80)

satisfies
(1) |[F'L - 1l|os = o(1);

(2) owmin(F) > €, where oy, is the smallest singular value;
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(3) there exists a permutation 7 € Aut([q]) such that Fru,; > Fru,; + € for all
i#j€ld
(Note that we do not assume F stays the same for different calls to A.)

If the BOHT model admits stability of BP fixed point, then there is an algorithm
(Algom'thm@) achieving the optimal recovery accuracy of

1 — lim P.(0,|T),01,). (5.81)
k—o00

The theoretical guarantees of the initial recovery algorithm provided by previous
works (that achieve the KS threshold) [9, 128] do not seem to be enough for our
purpose. There are several different ways to formulate the initial point requirement.
The one we state here is weaker than [37] (which required the initial point to be
close enough to Id, which seems unlikely to hold near the KS threshold), and a
generalization of the requirement in the ¢ = 2 case used by [104]. Our initial point
requirement seems more likely to hold near the KS threshold. For example, it is
plausible that a balanced algorithm would achieve the empirical transition matrix F
to be close to Py for some |A| = Q(1).

We remark that for the case ¢ = 2, any algorithm that works for weak recovery
can be made into an algorithm that satisfies the conditions in Theorem [5.22] Recall
an algorithm for weak recovery outputs a subset S satisfying Eq. . Then for
some ¢ > 0 not depending on n, with high probability we have €'n < |S| < (1 — €)n.
If we randomly insert (if |S| < n/2) or delete (if |S| > n/2) elements of S, then in the
end we can get a set of size n/2. This gives an estimator which always outputs a set
S of size n/2, and satisfies Eq. with a possibility smaller, but still constant e.
Then the empirical transition matrix F' defined in Eq. is within o(1) distance
to a non-trivial BSC channel, thus satisfies all three conditions in Theorem [5.22]

Proof of Theorem[5.23 We run Algorithm [2] The proof is a variation of the proof in
[104).

We first note that because our HSBM is symmetric, the signal matrix @ is a
multiple of a Potts matrix P,. Therefore the signal matrix @ of the BOHT model is
a Potts channel. Note that (); ; denotes the expected number of neighbors with label
7 for a vertex with label 7.

Choice of ;. For every i € [q], the set {u € U : X,, = i} has size { & o(n).
Therefore with high probability, there exists u € U with X, = i that satisfies |(a)|
Furthermore, because Y is independent of U, we can equivalently first generate the
hypergraph G\U, then compute Y, then generate the edges adjacent to U. In this
way, we see that with high probability, for all u € U satisfying @, the empirical
distribution of {Y, : v € V,(u,v) € E} has o(1) total variation distance to P\F.
By assumption |(1){(3)|in Theorem , we have s(PyF); i) > S(PaF)iz) + | A€ for
i € [q], j € [q]\i. Therefore with high probability, for all u € U satisfying , we can
identify X, up to a permutation 7 € Aut([g]) by computing arg max;c, sNy (u, j).
Therefore with high probability we are able to choose the u;s in Line [I0]

Alignment of Y with Y". The above discussion still holds with Y replaced
by Y". One thing to note is that by Theorem , |B(v,r — 1)| = n°Y with high
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Algorithm 2 Belief propagation algorithm for symmetric HSBM

1:

Input: HSBM hypergraph G = (V, E), initial recovery algorithm A

2: Output: X e[q¥

@

10:

11:
12:

13:

14:

15:

16:
17:
18:
19:

(V, E) < underlying graph of G, i.e., (u,v) € E if and only if u # v and there
exists a hyperedge e € F containing both u and v
() < signal matrix of the model (Definition
s 1if Q1 > Qo s —1if Q11 < Q2
r <+ [log”?n]
U « random subset of V of size |\/n|
Y + A(G\U)
For i € [q], u € U, compute Ny (u,i) < #{Y, =i:v eV, (u,v) € E}
For i € [q], choose u; € U such that
(a) u; has at least /logn neighbors in V\U, and
(b) sNy (us,i) > sNy(u;, j) for j € [g]\i.
for v € V\U do
YV« A(G\B(v,r — 1)\U)
Relabel Y by performing a permutation 7 € Aut([g]), so that sNyw(u;, i) >
sNyw(u;, j) for i € [q], j € [¢]\i. Permute randomly if this cannot be achieved.
Define empirical transition matrix MV : [q] — [¢]"! as

Ny’u (UZ'7 (’il, e ,erfl))

My oy < - - ) (5.82)
7( 1yeeeslr 1) Z]l ..... jr71€[q} Nyv (Ui, (jl; R 7]7“71))
> Y, = JowVk € [r = 1]}
(u7w1A~~71(U[7"—11)D€E
o€Aut(|r—
where Ny (u, (j1,...,jr—1)) , - (5.83)
> Wk = JowVk € [r — 1]}
c€Aut([r—1])

Run belief propagation on B(v,r — 1) with boundary condition YyB(or) &S
suming the channel from 0B (v,r — 1) to 0B(v,r) is M
X » < maximum likelihood label according to belief propagation
end for
XU<—1£orallv€U
return X

probability. So removing B(v,r —1) from G has negligible influence to the the empir-
ical distribution of labels of neighbors of u;s. Therefore, with high probability, we are
able to permute the labels Y so that the empirical distributions align with that of Y.
(Note that we do not assume the empirical distributions for Y and Y are the same;
we only use that they both satisfy condition ) Furthermore, we can compute the
transition matrix

MY = (F°)*=D o M £ o(1). (5.84)
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Boundary condition of BP. Because YV is independent of edges between
0B(v,r—1) and 0B(v, ), we can equivalently first generate the hypergraph G\ B(v, r—
1)\U, then compute Y, then generate E(0B(v,r — 1),0B(v,r)). In this way, it is
clear that Y,y forone (u,wy,...,w,—1) € E(0B(v,r—1),0B(v,r)) is equivalent
to one observation of X, through channel M".

Property of M". Note that MY >4 Pr_o)F™ by splitting hyperedges into
individual edges. By Lemma and condition , we have F, >4es Py for some
constant A’ > 0 not depending on n. Therefore M" >4, Py» for some A\’ > 0 not
depending on n.

Convergence of BP recursion. Because \” > 0 is a constant, by the stability of
BP fixed point assumption, for any x > 0, there exists some integer kg not depending
on n such that

P.(BP*(M")) > P.(BP*(Py)) > lim P.(BP*(1d)) — k. (5.85)

—00
Because r = w(1), belief propagation in Line [15| converges to o(1) in TV distance to
the fixed point. Therefore we achieve desired probability of error in Line [16] O

Lemma 5.23. Fix q € Z>5 and € > 0. Then there exists A > 0 such that for any
probability kernel U : [q] — [q] with omin(U) > €, we have Py <geg U.

Proof. Because o, (U) > €, we have

max [ (U7Y), ] < U] < vage ™. (5.86)

i,j€[q]

Let J € R%%? be the all ones matrix. Because U is a stochastic matrix, we have
U~'J = J. Because the maximum (in absolute value) entry of U~! is bounded by an
constant, for some constant A\ > 0 the matrix U ! P, has non-negative entries. Note
that U7'P\1 = U'1 = 1. So U~!'P, is a stochastic matrix. Let R = U~'P,. Then
ROU:UR:P)”thUSP)\SdegU. ]
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Chapter 6

Reconstruction for broadcasting on
trees

We establish a simple method for proving non-reconstruction results for broadcast-
ing on trees (BOT). The method is via input-restricted KL contraction coefficients.
Combined with computations of input-restricted KL contraction coefficients for the
Potts channels (Chapter , this method gives very good non-reconstruction results in
the finite d regime. A special case of the Potts model is the problem of reconstructing
color of the root of a g-colored tree given knowledge of colors of all the leaves. We
show that to have a non-trivial reconstruction probability the branching number of
the tree should be at least

log q

logq — log(q — 1) = (1= o(1))gqlogq. (6.1)

This recovers previous results of [125, 20] in (slightly) more generality, but more
importantly avoids the need for any coloring-specific arguments. Combined with
the reduction established in Chapter [, we improve the state-of-the-art on the weak
recovery threshold for the g-community symmetric stochastic block model (¢-SBM),
for all ¢ > 3. To further show the power of our method, we prove optimal non-
reconstruction results for a broadcasting on trees model with Gaussian kernels, closing
a gap left open by [60]. This chapter is based on [72].

Chapter outline In Section[6.1], we present our method for proving non-reconstruction
results for the BOT model. In Section we apply our method to several examples
and compare with previous results. In Section [6.3] we derive impossibility of weak
recovery results for the g-SBM. In Section we apply our method to a BOT model
with continuous alphabet previously studied by [60], and establish the reconstruction
threshold for this model.
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6.1 Non-reconstruction for broadcasting on trees

In this section we prove a non-reconstruction result for a general class of BOT models,
using input-restricted KL contraction coefficients. We recall the definition of the BOT
model (Definition [5.9).

Fix an integer ¢ € Z>o, a distribution 7 € P([¢]) with full support, and a channel
M : [q] — [q] satisfying mM = 7 (recall Eq. (5.39)). Let T be a possibly infinite tree
with a marked root p. We generate a label o, € [g] for every vertex v € T as follows.

1. Generate o, ~ .

2. Suppose we have generated a label for a vertex u. For every child v of u, we
generate o, according to

P(O'v = ]|Uu = Z) == Mi,j- (62)

Let L, denote the set of vertices at distance k to p. We say the model admits
reconstruction (Definition [5.14]) if

lim I(o,;01,) >0, (6.3)

k—o0

and the model admits non-reconstructing if the limit is equal to zero. For any vertex
u, let ¢(u) denote the set of children of w.
We recall the definition of the branching number br(7") of a tree T'.

Definition 6.1 (Branching number [92]). Let T be a possibly infinite tree rooted at
p. Define a flow to be a function f : V(T') — R such that for every vertex u, we
have

fu: Z fv- (64)

vec(u)

Define br(7) to be the sup of all numbers A such that there exists a flow f with
f, >0, and f, < A~4%) for all vertices u, where d(u, p) is the distance between u
and p.

We are now ready to state the main theorem of this chapter.

Theorem 6.2 (Non-reconstruction for BOT). The model BOT(T, q,m, M) (Defini-
tion admits non-reconstruction if

nkr(m, M*) br(T) < 1, (6.5)

where br(T) is the branching number of T (Definition [6.1), M* denotes the reverse
channel of M with respect to w, and nk1, denotes the KL contraction coefficient (Def-

nition .
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Proof. For any vertex u, let L, denote the set of descendants of v at distance k to
p. Define

ay = H(m) g (m, M*)AP) lim I (oy; OLus)- (6.6)

k—o00

By DPI, I(oy;0L,,) is non-increasing for k& > d(u, p), so the limit exists.

For any v € ¢(u), consider the Markov chain

OL,, = O LA Oy (6.7)

Because 7 is an invariant distribution, the distributions of ¢, and o, are both 7. By
SDPI, we have

](Uu;ULU,k) < nkwL(T, M*)I(Uv;ULU,k)- (6.8)

Because (o, k)v@(u) are independent conditioned on o,, we have

I(owon,,) < Y I(ouow,,). (6.9)

vec(u)

Combine the two inequalities and let k — co. We get that

a, < Z y. (6.10)
)

vec(u

Clearly,
ay < m(m, M*)4er) (6.11)
for all vertices u. However, a is not quite a flow yet. We define a flow b from a. For
a vertex u, let ug = p, ..., uy = u be the shortest path from p to u. Define
b, = a, I N (6.12)

0<j<e—1 ZUEC(UJ') o

(If ZUEC(UJ_) a, = 0 for some j, then let b, = 0.) It is not hard to check that

b= Y_ by, (6.13)

vec(u)
and that

by < ay < ngp(m, M), (6.14)
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By definition of branching number, we must have b, = 0. This means

lim I(o,;01,) =0, (6.15)

k—o0
and non-reconstruction holds. O

In the definition of the weak recovery problem, it is not necessary to require o,
to have distribution 7. Let o} denote the leaf labels conditioned on ¢, = i. Then
Theorem [6.1| implies that when ngy, (7, M*) br(T") < 1, we have

lim TV(o}, 07 ) =0, (6.16)

k—o00

for i # j € [q].

Theorem directly implies non-reconstruction results for Galton-Watson trees.

Corollary 6.3. Consider the model BOT(q, A, D) (Definition with d = Eypb.
If

T]KL(T‘-v M*)d < 17 (617>
then the model admits non-reconstruction.

Proof. Let T be a Galton-Watson tree with offspring distrbution D. If T extincts,
then non-reconstruction obviously hold. Conditioned on non-extinction, we have
br(7T) = d almost surely by [92], thus Theorem applies. ]

[115] proved non-reconstruction results on arbitrary directed acyclic graphs (in
particular trees) by reducing to percolation problems on the same graph. In the case
of the BOT model, their result says that the model admits non-reconstruction if

For any channel M, we have

nkL(m, M) < nir(M), (6.19)

and the inequality is often strict. So for reversible channels (i.e., M = M*), Theorem
implies result . We do not know, however, how to extend Theorem to
general DAGs using input-restricted contraction coefficients.

[87] proved a non-reconstruction result very similar to Theorem [6.2] They consid-
ered the symmetrized KL divergence

Dskr(P[|Q) = D(P||Q) + D(Q[|P), (6.20)

which is f-divergence with f(x) = (x — 1) logz. They proved that non-reconstruction
holds for a Galton-Watson tree with expected offspring d if

nskr(m, M*)d < 1. (6.21)
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The key step is the proof is the additivity of SKL-information under *-convolution

(Eq. (2.17)). By slightly modifying the proof of Theorem their result can be
strengthened to that the model BOT(T), g, 7, M) admits non-reconstruction if

nskr(m, M*) br(T) < 1. (6.22)

In Section [6.2] we make some comparisons with their results, showing that in the
cases we consider, the KL contraction method gives better results than the SKL
contraction method. We remark that the input-unrestricted KL and SKL contraction
coefficients agree by Eq. and operator convexity of the relevant f-divergences,
thus differences occur only for the input-restricted contraction coefficients.

In general, if some f-information (Deﬁnition is subadditive under x-convolution

(e.g., Eq. (2.16]), Eq. (2.17))), then non-reconstruction holds for any tree T satisfying
ng(m, M*)br(T) < 1, (6.23)

by modifying the proof of Theorem [6.2] An interesting question is, given a pair
(m, M), what is the smallest n;(m, M*) over all f-information subadditive under -
convolution. Solving this question would give the best possible non-reconstruction
result that can be achieved by our method.

6.2 Examples
In this section we apply Theorem to several examples and demonstrate the power

of our method.

6.2.1 Ising model

Recall the Ising model (Definition [5.9), where 7 = Unif({+}) and M = BSC;. Be-
cause M is reversible, Eq. (2.31]) implies that

nke(m, M*) = (1 — 25)% (6.24)

Therefore Theorem [6.2] implies non-reconstruction for (1 —2§)?br(T) < 1, which was
shown in [23] (for regular trees) and [63] (for general trees). So for the Ising model
on trees our method can give the tight reconstruction threshold.

6.2.2 Potts model
Recall the Potts model (Definition[5.9)), where 7 = Unif([q]) and M = Py (Eq. (£.11))).

Because the Potts channels are reversible, Theorem [6.2 implies non-reconstruction for
nL(m, P\) br(T) < 1. (6.25)

Let us briefly discuss previous non-reconstruction results for the Potts channel.
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[107] proved non-reconstruction for

q\®

o<t (6.26)

By Prop. we see that Eq. (6.26]) exactly corresponds to using the input-unrestricted
KL contraction coefficient nky,(Py). Therefore, Theorem is strictly stronger than
[107]. [95] proved non-reconstruction for regular trees for

g\

d(l — E)m <

1 (6.27)

for some € = €(q,d, \) > 0.

[126] obtained very sharp results for regular trees, including that Kesten-Stigum
(KS) threshold is tight for ¢ = 3 and large enough d, and an expression for the
reconstruction threshold for larger ¢ and d — oo. [109] improved [126] and proved
that the KS threshold is tight for ¢ = 3,4 and large enough tree, for Galton-Watson
random trees with mild assumptions on the offspring distribution. It is unclear what
results can be achieved for small d using their method. It seems that Theorem [6.2] is
not able to give tightness of the KS threshold in these cases.

[66] gave non-reconstruction results very similar to ours by using the input-restricted
SKL contraction coefficients. Numerical computation suggests that Theorem [6.2] gives
better results than theirs in the case of Potts models. In Figure [6-1] we compare the

input-restricted SKL and KL contraction coefficients for Potts channels Py for ¢ =5

and \ € [—L 1] Because a simplified expression for nskr(m, Py) is not known,

q—1’
we use a lower bound 7k (7, Py), which is defined as the sup of %m over

distributions v € P([¢]) with v(2) = --- = v(q). Clearly Tk, (7, P\) < nskr(m, Py).
[66] conjectured that Tjgxy, (7, Py) = nski(m, Py) always holds.

nnd
L0 F
1 1 1

n o a7 0 q q 10
0.2 0.2 0.4 0.8 0.8 .0

Figure 6-1: Contraction coefficient comparison for Potts channel with ¢ = 5 and
varying \ € [—qul, 1] The figure shows 7y (7, Py) — nkr (7, Py) is non-negative.
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6.2.3 Random coloring model

The random coloring model is a special case of the Potts model where the contraction
coefficient nkr(m, Py) can be computed in closed form. It is the BOT model with
7 = Unif([q]) and broadcasting channel Col, := P__1 . This channel acts on input

—1
x € [q] by outputting y # z uniformly among all ¢ — 1 alternatives.
Theorem [6.2] and Prop. together imply non-reconstruction for

br(T) < log g = (1 - o(1))qlogg. (6.28)

log g —log(q — 1)

This result was previously established by [125] (regular trees and Galton-Watson trees
with Poisson offspring distribution), [20] (regular trees), and [59] (Galton-Watson
trees with mild assumptions on the offspring distribution). Our result does not assume
any conditions on the offspring distribution other than the expected offspring, and in
fact works for arbitrary trees.

We remark that previous methods based on information contraction do not give
the threshold (1 — o(1))glogq. The information-percolation method [64], 115] implies
non-reconstruction for

i (Coly) br(T) < 1. (6.29)

By Prop. [4.25] this gives non-reconstruction for d < ¢ — 1 which is far from tight.
The SKL information contraction method [66] gives non-reconstruction for

nsi (7, Coly) br(T) < 1. (6.30)

If we let v, := (1 —¢

<), then

_€
Y g—17 0 g—1

nskr(m, Coly) > lim Dsxr(ve Coly[|m) 1

= . 6.31
A > W i S (6.31)

Therefore this method cannot give non-reconstruction results better than for d < ¢—1.

6.2.4 Asymmetric Ising model

We consider an asymmetric version of the Ising model, which is the BOT model with

b a l—a a
— - M = ) .32
g (a—l—b’a—i—b)’ ( b 1—b) (6:32)

Note that M is reversible in this example.

[27] showed that the Kesten-Stigum threshold is tight when a,b are close to %
[91] determined the exact set (up to uncertainties on the boundary) of 7 for which
the KS threshold is tight when degree d is large enough. It seems that Theorem
is unable to give tightness of the KS threshold in these cases.

In Figure we compare nskr(m, M) and ngy, (7, M) for a = 0.3 and b € [0, 1].
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The plot shows that in these cases, the KL contraction method gives better results
than the SKL contraction method.

Figure 6-2: Contraction coefficient comparison for binary asymmetric channels with
a = 0.3 and varying b € [0,1]. The figure shows nskr,(m, M) — nkr(m, M) is non-
negative.

6.3 Stochastic block model

In this section we study the weak recovery problem (Definition for SBM(n, q, a, b)
(Definition , the stochastic block model with ¢ symmetric communities. In this
model, there are n vertices, each independently and uniformly randomly assigned one
of g labels. For two vertices, there is an edge between them with probability ¢ if they
have the same labels, and with probability % otherwise. The goal of weak recovery is
to recover a non-trivial fraction of the communities given the unlabeled graph.

We refer the reader to Chapter [5| for a review of previous works on the weak
recovery problem for SBM(n, q,a,b). Here we only mention that in the assortative
regime (a > b), the previous best impossibility result for general ¢ is by [16], which
says weak recovery is impossible whenever

(a—=b)* _2qlog(¢—1)
a+(¢g—1)b g—1

(6.33)

In the following, we show that non-reconstruction results based on input-restricted
KL contraction coefficients lead to improved impossibility of weak recovery results for
the SBM.

6.3.1 Impossibility of weak recovery via information percola-
tion
We first give an impossibility result via an information percolation method of [115].

Proposition 6.4 ([115, Prop. 8|). Weak recovery for the model SBM(n,q,a,b) is
impossible, if the following tree model has non-reconstruction:

Let d = (v/a—/b)?. Consider a Galton-Watson tree T with offspring distribution
Pois(d). For each vertex, we independently and uniformly randomly choose a label
€ q]. Say vertex v has spin o,. We observe w,, = 1{o, = 0,} for each edge (u,v).

126



Let p denote the root of T and Ly denote the set of vertices at distance k to p. Let
w denote the set of all observations. We say the model admits non-reconstruction if

lim I(o,;0p,|T,w) = 0. (6.34)

k—o00

q

[115] proved that the tree model has non-reconstruction when d < £

coupling argument. The following result makes an improvement.

using a

Proposition 6.5. The tree model in Prop. admits non-reconstruction when

log g — log(q — 1) g — 1 1)_1
d < + - =q—(140(1))q/loggq. 6.35
(Reeele= =2, (1+ o(1))a/ (6.35)

Proof. The tree model is equivalent to the following top-down process:
1. Generate o, uniformly randomly over [g].

2. Suppose we have generated a label for a vertex u. For every child v of u, we
randomly choose the transition matrix M, which is the identity channel Id with
probability é, and Col, with probability 1 — %. Then we generate v according

to ]PJ(O?U = j’O'u = Z) = M@j.

For any vertex u, let L, denote the set of descendants of u at distance k to p. Let
v be a child of u.

Note that 7 = Unif([¢]) is an invariant distribution for both Id and Col,, and the
two channels are both reversible. We have

E [I(ou;op, | T, w)|wuw = 1] < nxi(m,1d)1(04; 01, [T, w) = I(0y; 01, ,|T,w) (6.36)
and, by Prop. [£.23]

E [I(ou; 0L, | T, w)|wauw = 0] < n(m, Coly)(oy; 01, T, w)
_ logg—log(q—1)

Tog ¢ I(oy;01,,|T,w). (6.37)
Taking expectation, we get
logg —log(¢g—1)g—1 1
I(oy; T w) < — ) I(oy; T w). 6.38
(@i, 1) < (IS EOZDIZ0 L ) foi0y 1) (639)
Rest of the proof is the same as Theorem [6.2] ]

Prop. and Prop. together show that weak recovery is impossible for SBM(n, ¢, a, b)

when
<\f—\/13>2< (logq—log(q—l)q—1+l) , (6.39)

log q q q

As shown in Figure , for certain parameters, (6.39) leads to slight improvement
over [16].
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6.3.2 Impossibility of weak recovery via Potts model

We have shown that the information percolation method together with the input-
restricted KL contraction coefficients gives a simple yet strong impossibility result for
weak recovery of the stochastic block model. The information percolation method
can be understood as comparison with the erasure channel. However, the stochastic
block model is more closely related to the Potts channel. As shown in Prop. [5.15]
weak recovery for the model SBM(n, ¢, a,b) is impossible if the corresponding BOT
model BOT(q, A, Pois(d)) admits non-reconstruction, where

_otlg=Db\_ a=b (6.40)

d .
q a+ (¢g—1)b

Therefore, Theorem [6.2] implies the following result.

Theorem 6.6 (Impossibility of weak recovery for SBM). Weak recovery for the model
SBM(n, q, a,b) is impossible when

T]KL(T(',P)\)d < 1, (641)

where d and X\ are given in Eq. (6.40)).

Figure [6-3 shows a comparison between the impossibility results for ¢ = 5.

— Potts
! J 1 [BMNN16]

Info perc

Figure 6-3: Impossibility of weak recovery results for SBM for ¢ = 5. Horizontal axis
is a, and vertical axis is b. In the assortative regime, (6.39)) gives better results than
[16] for certain parameters, and Theorem gives the best results among the three.

Note that (6.33)) is equivalent to

N(g—1)

LT g<l. 6.42
2log(g— 1)~ (642)
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Comparing Theorem and Eq. (6.42)) using Eq. (4.230]), we see that Theorem

strictly improves over (6.33) in the assortative regime.

6.4 Non-reconstruction for broadcasting with a Gaus-
sian kernel

In this section, we prove optimal non-reconstruction results for a BOT model with
continuous alphabet considered in [60], using our method developed in Section

Definition 6.7 (Broadcasting on trees with a Gaussian kernel). In this model, we
are given a (possibly) infinite tree T with a marked root p. The state space X is the
unit circle S := R/27Z. Let m = Unif(S') be the uniform distribution. Let ¢ > 0 be
a parameter. The transfer kernel is M;, defined as Y = X + Z;, where Z; ~ N(0,1),
where X is the input and Y is the output.

Now for each vertex v € T', we generate a spin o, € X according to the following
process:

1. Generate o, ~ .

2. Suppose we have generated a label for vertex u. For every child v of u, we
generate v according to o, ~ M;(-|o,).

Let Lj denote the set of vertices at distance k to p. We say the model admits
non-reconstruction if and only if

lim I(o,;0r,) =0. (6.43)
k—o0

Let A(M;) denote the second largest eigenvalue of M,. [60] proved that for the
above BOT model on a regular tree with offspring d, reconstruction holds when
dA\(M;)? > 1, and non-reconstruction holds for dA\(M;) < 1. Note that there is a A\(M;)
factor gap between the reconstruction result and the non-reconstruction result. In
the following, we prove that non-reconstruction holds as long as d\(M;)? < 1, closing
the gap.

We remark that [I08] studied a different BOT model with Gaussian broadcast-
ing channels, and deteremined the reconstruction threshold for their model (which
happened to also coincide with the Kesten-Stigum threshold). While sharing some
similarities, their and our models do not seem to be directly comparable with each
other.

Theorem 6.8 (Non-reconstruction for Gaussian BOT model). Consider the BOT
model defined in Definition [6.7

If T is an infinite rooted tree with bounded maximum degree, then the BOT model
admits non-reconstruction when

br(T)A(M;)? < 1. (6.44)
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If T is a Galton- Watson tree with expected offspring d, then the BOT model admits
non-reconstruction when

dA\(M,)* < 1. (6.45)

The proof idea is to upper bound the input-restricted KL contraction coefficient
by A(M;)?, then use a tree recursion similar to that of Theorem . However, because
we are working in a continuous space, we must be careful about what we mean by
contraction coeflicients.

We would like an inequality of form
I(ow;01,,) < ku(m, Mi)I(ov;01L,,) (6.46)

where u € V(T'), v is child of u, L, is the set of descendants of v at distance k to p,
and 7k, (7, M;) is a continuous version of contraction coefficient nky (m, M;).

We have

I(oy; oLv,k) = EULUJCD(PMULM | Ps.,) (6.47)
=By, D(Mio By, I7). (6.48)

Let us consider the distribution Py, |5, . If k = d(v,p), then F,
sure. However, as long as k > d(u, p), pdf of P, |, . Is smooth on X' by an induction

is a point mea-

“‘ULu,k

using belief propagation equation. Therefore we make the following definition.

Definition 6.9 (Smooth contraction coefficient). We define

~ Entﬂ(Mtf)
M) = _ A4
77KL(7T> t) i}ég Entw(f) ) (6 9)
= {f: X = Rxo|f smooth, E.[f] = 1}. (6.50)
where Ent,(f) is defined in Eq. (4.2)).
Lemma 6.10.
nL(m, M) < exp(—t). (6.51)

Proof. Note that (M;)¢>o forms a semigroup. Therefore it suffices to prove that for
all f € C, we have

%]tzo Ent(f;) < —Ent(f) (6.52)
where f; = M,f.
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We have

d
E‘tzo Ent(f;)

=FE %hzo(ft log ft)]

d

= E |(1+log f)a\tzoftl

=E |(log f)%’tzoft}

- %E f"log f] (heat equation)
= — %]E {(ff)Q} (integration by parts)
< — Ent(f). (f611)
This finishes the proof. n

Now we are ready to prove Theorem [6.8]

Proof of Theorem[6.8. By Lemma [6.10] we have
nxe(m, M) < exp(—t) = M M,)?, (6.53)

where the value of A(M,) is proved in e.g., [60]. Therefore we only need to prove
that br(7T")nky(m, M;) < 1 implies non-reconstruction. Note that the channel M, is
reversible.

Bounded degree case: For u € V(T'), define

ry = lim I(oy;0L,,). (6.54)

k—o0

By data processing inequality, I(oy; 0z, ,) is non-increasing for k& > d(u, p), so the
limit always exists. Because 1" has bounded maximum degree, we have

ru < I(oy; ULu,d(u,p>+1)- (6.55)
So there exists a constant C' > 0 such that r, < C for all u € v(T).
Now define
ay = R\ (m, M) wP)r,. (6.56)
Let ¢(u) be the set of children of u. For any v € ¢(u), by Markov chain
OL,, = Ouv = Oy (6.57)
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and discussion before Lemma [6.10] we have
I(ow;or,,) < nxu(m, My)I(oy, 0L, ). (6.58)

Because (07, , Jvee(u) are independent conditioned on o, we have

I(oy;0L,,) < Z I(oy;0L,,) (6.59)

vec(u)

Combining the two inequalities and let £ — oo, we get

a, < Y a,. (6.60)

vEc(u)
Furthermore, we have a, < 7k, (7, M;)4{®P).

Now define a flow b as follows. For any u € V(T'), let ug = p,...,us = u be the
shortest path from p to u. Define

bo=an [| =—v— (6.61)

0<j<t—1 ZUEC(%‘) Qo

(If >~ ee(u;) @ = 0 for some j, then let b, = 0.) Then we have

bu= Y by, (6.62)

veEc(u)
and that
by < ay < ngy(m, Mt)d(u’p)~ (6.63)

By definition of branching number, we must have b, = 0. Therefore r, = 0 and
non-reconstruction holds.

Galton-Watson tree case: Let D be the offspring distribution. We have

I(Up; oL, |T> < IEc(p) Z I(Uﬂ; OLyk |T)

vEc(p)

< ]Ec(p) Z ﬁKL(ﬂ-v Mt)](o-ﬂ; OLyk |Tv)
vece(p)

= kL (m, M) ey Y I(0w;0,,|T)

vec(p)
= ko (m, My)Eyop [bI (0,500, ,|T)]
- ﬁKL(ﬂ-a Mt)d[(apa OL,_1 |T)

Here T, denotes the subtree rooted at v. Because I(o,; 0r,|T) < oo, when dnky,(m, M;) <
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1, we have

lim I(c,;0.,|T) = 0. (6.64)

k—o0

This finishes the proof. O
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Chapter 7

Reconstruction for broadcasting on
hypertrees

We study the problem of weak recovery for the two-community simple HSBM (Def-
inition . In this model, a random r-uniform hypergraph is generated by placing
hyperedges with higher density if all vertices of a hyperedge share the same binary
label. By analyzing contraction of symmetric KL information, we prove that for
r = 3,4, weak recovery is impossible below the Kesten-Stigum threshold, where the
r = 4 case relies on a numerically verified inequality. Prior work [112] established
that weak recovery in HSBM is always possible above the Kesten-Stigum threshold.
Consequently, there is no information-computation gap for these r, which partially
resolves a conjecture of [I5]. To our knowledge this is the first impossibility result for
HSBM weak recovery beyond celebrated results [96] [105] for the graph case.

As usual, we reduce the weak recovery problem for the HSBM to the study of
the corresponding broadcasting on hypertrees (BOHT) model. While we show that
BOHT’s reconstruction threshold coincides with Kesten-Stigum for r = 3, 4, surpris-
ingly, we demonstrate that for r > 7 reconstruction is possible also below the Kesten-
Stigum. This shows an interesting phase transition in the parameter r, and suggests
that for r > 7, there might be an information-computation gap for the HSBM. For
r = 5,6 and large degree we propose an approach for showing non-reconstruction
below Kesten-Stigum threshold, suggesting that r = 7 is the correct threshold for
onset of the new phase.

This chapter is based on [74].

Chapter outline In Section [7.I| we give a brief introduction to the problem and
our results. In Section [7.2] we write down an explicit formula for the belief propa-
gation operator. In Section we prove our results on BOHT with r» = 3,4 (Theo-
rem [7.][Dfi)). In Section [7.4) we prove our results on BOHT with » > 7 and large
enough d (Theorem [7.I[iv)]). In Section [7.5 we prove impossibility of weak recovery
results for the HSBM (Theorem[7.2)), and reconstruction for BOHT above the Kesten-
Stigum threshold (Theorem . In Section , we discuss a possible approach

to resolve the r = 5,6 case.

135



7.1 Introduction

Hypergraph stochastic block model Consider the model HSBM(n, r, a,b) de-
fined in Definition [5.4, where n € Z>; is the number of vertices, 7 € Zx, is the
hyperedge size, and a > b € R are two parameters. The model generates a random
hypergraph as follows: Let the vertex set be V' = [n]. Generate a random label X, for
all vertices u € V i.i.d. ~ Unif({&}). Then, for every S € ("), if all vertices in S have

a

the same label, add hyperedge S with probability ﬁ; otherwise add hyperedge S

n
r—1

n
r—1

For the weak recovery problem (Definition for this model, [15] conjectured
that a phase transition occurs at the Kesten-Stigum threshold. The positive part
of their conjecture has been proved by [112, I30] for more general HSBMs, giving
an efficient weak recovery algorithm based on above the Kesten-Stigum threshold.
Despite the progress on the positive part, there has been no progress for the negative
part (impossibility of weak recovery) for r > 3.

with probability ﬁ

For the r = 2 case, the positive part was proved by [96, 105] and the negative
part was established by [103] [105] via a reduction to the broadcasting on trees (BOT)
model. Therefore a natural idea is to study the reconstruction problem for correspond-
ing broadcasting on hypertrees (BOHT) model via Theorem [5.15 [I38] mentioned
that the difficulty in proving negative results lies in analyzing the broadcasting on hy-
pertrees (BOHT) model. We prove impossibility of weak recovery results by proving
non-reconstruction results for the BOHT model.

We define the following useful parameters. The values of d, A and SNR agree with
those defined in Definition 5.3

e For every vertex u, the expected number of hyperedges containing u is d £+ o(1),

where
P [’Q)T_*f”b. (7.1)
e Expected number of vertices adjacent to u is a + o(1), where
o= (r—1)d = (r— 1l D+ (7.2)

2r—1

e Expected number of neighbors in the same community minus the number of
neighbors in the other community is 5 £ o(1) where

a—b

2r—1

B=(r—1)——r0. (7.3)

e The strength of the broadcasting channel is characterized by A € [0, 1], defined
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as

I} a—2b
A a a—b+21b (7.4)
e Signal-to-noise ratio
—1)(a — b)?
SNR 1= ap? = — = Dla=b) (7.5)

27 1((a—b) +2r-1)
The Kesten-Stigum threshold for this model is at SNR = 1.

Broadcasting on hypertrees By Theorem [5.15, weak recovery for the HSBM can
be reduced to the study of the corresponding BOHT model. For HSBM(n, r, a, b), the
corresponding model is BOHT(r, A, Pois(d)) (Definition [5.9). The model has three
parameters: r € Zso, hyperedge edge; d, expected offspring; A € [0, 1], broadcasting
channel strength. Let T be a linear r-uniform hypertree where either (1) every ver-
tex has d downward hyperedges (thus d(r — 1) children), or (2) every vertex has b
downward hyperedges (thus b(r — 1) children), where b ~ Pois(d) is i.i.d. generated
from the Poisson distribution with expectation d. We call the first case the regular
hypertree, and the second case the Poisson hypertree. Given a hypertree T' with root
p, we generate a label o, € {£} for every vertex u via a downward process: (1)
o, ~ Unif({x}) (2) given o, for every downward hyperedge S = {u,vy,...,v,_1},

we generate o, ...,0,,, such that for any zy,...,z,_; € {+}",
A (=), ifoy=--=2,_,=0
IP) = e fry _ — 2" 1 ? . s Uy
o0 =21, Oy = a0 { (1= N), otherwise.

(7.6)

We denote the channel o, — (0,,,...,0, _,) as B= B,_;: {*} = {£}"!. Thisisa
binary memoryless symmetric (BMS) channel.

The reconstruction problem (Definition asks whether we can gain any non-
trivial information about the root given observation of far away vertices. In other
words, whether the limit

lim I(0,; Ty, 01,) (7.7)
k—o00
is non-zero, where L, is the set of vertices at distance k to the root p, and T
is the set of vertices at distance < k to p. When the limit is non-zero, we say
the BOHT model admits reconstruction; when the limit is zero, we say the model
admits non-reconstruction. Theorem [£.15] shows that non-reconstruction for the
BOHT(r, A\, Pois(d)) model implies impossibility of weak recovery for the HSBM(n, r, a, b)
model.
The reconstruction problem has been studied on various BOT models, e.g., [23,
63, 10T, 107, O, 27, 19l 125, 126, ’87, 01, [72, T09]. See Chapter |§| for more discus-
sions. Nevertheless, to our knowledge, there has been no previous work studying the
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reconstruction problem for BOHT.

Our results Our results on the reconstruction problem for BOHT is summarized
as follows.

Theorem 7.1 (Reconstruction threshold for BOHT). Consider the BOHT(r, A, d)
model or the BOHT (r, \, Pois(d)) model. We have the following non-reconstruction
results for the BOHT model.

i) Forr =3, the BOHT model admits non-reconstruction when (r — 1)d\2 < 1.
(i) ,

(i) Forr = 4, if Conjecture[7.¢is true, then the BOHT model admits non-reconstruction
when (r — 1)d\?* < 1.

We have the following reconstruction results for the BOHT model.
(iii) For r > 2, the BOHT model admits reconstruction when (r — 1)dA\* > 1.

(iv) Forr > 17, there exists a constant dy = do(r) such that for all d > dy, there exists
A € [0,1] such that (r — 1)d\* < 1 and the BOHT model admits reconstruction.

We note that Conjecture [7.6] is numerically verified.
Theorem [7.T]implies the following impossibility of weak recovery results for HSBM.

Theorem 7.2 (Weak recovery threshold for HSBM). Consider the model HSBM(n, r, a, b).
Recall d and SNR. defined in (|7.1))(7.5).

(i) Forr =3, weak recovery is impossible for the HSBM when SNR, < 1.

(i) For r =4, if Conjecture 15 true, weak recovery is impossible for the HSBM
when SNR < 1.

Our technique We prove Theorem [7.1f(i)(ii)| by considering contraction of SKL
capacity under belief propagation recursion. It is known that SKL capacity can be
used to prove non-reconstruction results since at least [87]. Information-theoretically,
SKL information is special due to its additivity (as opposed to subadditivity) under
*-convolution.

Interestingly, before our work, to the best of our knowledge, non-reconstruction
results proved via SKL capacity could always be also shown via other information
measures (x2-capacity [63], KL capacity [72], etc.). It appears, thus, that BOHT is
the first example where contraction via SKL capacity gives better results than other
information measures we have tried.

Theorem [7.1}(iii)|is an immediate consequence of the weak recovery results of [112].

Theorem [7.1(iv)| is proved using contraction of y?-capacity and Gaussian approx-
imation, which has proved successful in many different settings [125], 126, 91, 109].

Theorem [7.2)is an immediate consequence of Theorem [7.[D)[(ii)] via Theorem [5.15
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7.2 Belief propagation recursion

In this section we give an explicit formula for the belief propagation (BP) operator
(Definition . We take an information channel point of view, which interprets the
BP recursion as an operator from the space of BMS channels (equivalently, the space
of distributions on [0, 1], via Lemma [2.2) to itself.

Consider the model BOHT(r, A, D) (Definition [5.9)), where D is either the point
distribution at d (regular hypertree case) or Pois(d) (Poisson hypertree case). Then
the BP operator is defined as

BP(P) := E,.p(P*""Y o B)*, (7.8)

where B is the channel o, — (0, ...,0,,_,) for a single hyperedge, defined in ([7.6]).
The BP operator sends the space of BMS channels to itself. For the sequence (My)r>0
(Definition [5.12)), we have

M1 = BP(My). (7.9)
Our goal in this section is to derive a formula for P*"~Y o B in terms of the

f-component (recall that § =1 — 2A where A is the A-component).

By Lemma [2.2 we only need to describe (BSCa, x --- x BSCa, ,) 0 B. Let
0; :=1—2A, for i € [r —1]. For z € {+}"!, we have

((BSCAI X X BSCAT_I) o B)(l’l, RN ,Z’T,l’—i—) (710)
= Z B(yi, ..., yra|4) H BSCa, (wilyi)

ye{£}r—1 iE[r 1]
=\ J] BSCa,(zil+) + -A) ] D BSCa,(@iln)

i€[r—1] i€lr—1] y;e{£}

BTN

zer 1
9;@) TN

_)\H< o

i€[r—1]

So (BSCa, X -+ x BSCy,_,) o B is a mixture of 2"~ BSCs, indexed by the set

{z:xe{£} " o =+}, (7.11)
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where the BSC corresponding to x has weight (probability)

1 1 1 11 1
A H (5 + iezfl) + o1 (1 — )\) + | A H (5 - 591‘%1) + or—1 (1 o A)

i€lr—1]

1 1 1 1 1
and # parameter equal to the absolute value of

<>\ [Licp—1 (3 +30iwi) + 5= (1 - A)) <>‘ [Liepr—1 (3 — g0iwi) + 5= (1 — )‘)>
()\HZE’I‘ 1] ( + Qxl) + 27— 1(1 - A)) (AHZE[T 1] (%

A (Hze[T g (5 + 30mi) — igpy (5 — 30 xl))
A (Hze[r 3 (5 + 30w) + [icp_y (5 — 30 ﬂfz)> s=z(1—X)
A (Hie[r—l} (1 +0iz;) = [Ligpr—y (1 — Hm))
A (Hie[r_u (14 0,20) + [y (1 - eixi)) Fo1—A)

Although we need to take absolute value, information measures (except for P,) in
Definition are all even functions in 6. So we do not need to worry about the sign.

7.3 Reconstruction threshold for r = 3,4

In this section we prove Theorem [7.1j(i)|(ii)} Our method is via contraction of SKL
capacity. That is, we prove that

for all BMS P.
Applying additivity of SKL capacity under x-convolution (Eq. (2.19))), we get

CskL(BP(P)) = E.Csk,(P*" Y 0 B)*) = dCsxp,(P*"Y o B) (7.15)

where t is the offspring (¢ = d for regular hypertrees, ¢ ~ Pois(d) for Poisson hyper-
trees). Therefore it suffices to prove

CSKL(PX(T_D e} B) S (’I“ — 1))\QCSKL(P) (716)
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By Lemma we can reduce ([7.16]) to

CSKL ((BSCAl X X BSCATA) o B) < >\2 Z CSKL(BSCAZ) (717)

i€[r—1]

for all Ay,..., Ay €0, 3].

73.1 Caser=3
For r = 3, (7.17)) indeed holds.

Lemma 7.3. For any Ay, A; € [0,1], we have
OSKL((BSCAI X BSCA2) o B) < /\2(OSKL(BSCA1> + CSKL(BSCAQ)). (718)

Proof. We expand LHS of (7.18]) using the BP recursion formula established in Sec-
tion[7.2] Let 6; =1 —2A, for i = 1,2. Then

CSKL<(BSCA1 X BSCAQ) o B) (719)
1 )\((91.1'1 + (92.1'2)
= — (011 + O2x5) arctanh
x1=+%226{i} 2 AL+ br1052) + (1= A)
1 MO +6y) 1 A0 — 65)
=A|=(6.+0 tanh —— + —(6; — 0 tanh ———=
(2(1+ ») arctan 1+)\8192+2(1 ») arctan 0.0,

) (%(el FO)FA0,02) + 5 (01— ) Fr (61, —92>)

where

A6y + 62)

F = h——=.
\(01,6;) := arctan SV

(7.20)

Note that by definition, F)\(61,02) = —F\(—61, —02) and F\(01,02) = F)\(62,61).
We have

1 1
561+ 02)F\(61,62) + 5 (61 — 62)FA (61, —62) (7.21)

1 1
= 591(F>\(91, 0y) + F)\(01, —02)) + 592(F,\(91, 62) + F(—01,02))

< 601F5(01,0) 4+ 6,F)\(0, 6,)

= 0 arctanh(A\0;) + 6, arctanh(\6,)
< A(6, arctanh 61 + 6, arctanh 65)

= AMCskr(BSCa,) + Cskr.(BSCa,)),

where the second step follows from Lemma [7.4] and the fourth step follows convexity

of arctanh in [0, 1]. Combining (7.19))(7.21]) we finish the proof. ]
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Lemma 7.4. For \, 01,0, € [0, 1], we have

%(FA(91,92)+F)\(91,—92)) < FA(QlaO)' (722)

Proof. We use the formula

arctanh z + arctanh y = arctanh Ty (7.23)
142y
to expand both sides of (7.22)). LHS is
F)\(61,02) + Fx(01,—65) (7.24)
(01 + 09) A0y — 02)
= arctanh ———* tanh —————=
arctan L+ 7010, + arctan 1 — 010,
2001 (1 — \632)
= tanh .
WA (92 —02) 11— 20262
RHS is
200,
2F\(6,,0) = arctanh [per (7.25)

By comparing ((7.24))([7.25)) and using monotonicity of arctanh, it suffices to prove that

1 — \62 P
N0 — 02) + 1 — \20202 — 1+ \260%

(7.26)

We have
(A2(07 — 02) + 1 — N202603) — (1 — XO2)(1 + A20%) = M1 — \)(1 — X62)62 > 0. (7.27)

This finishes the proof. O

7.3.2 Caser =414

For r = 4, (7.17)) holds conditioned on a numerically-verified conjecture.

Lemma 7.5. If Conjecture is true, then for all Ay, Ay, Az € [0, 3], we have

Cskr((BSCa, X BSCa, x BSCa,) 0 B) < A ) Cskr(BSCa,). (7.28)

1€[3]
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Conjecture 7.6. For \,0;,05,03 € [0,1], the following inequality holds:

1
Z(G’\(el’ Os,03) + GA(01, —02,03) + G (01,02, —03) + GA(01, —05,—03))  (7.29)
< )\ZGZ- arctanh 6;,

1€[3]

where

G)\(el, 92, 93) = (91 + 92 + 93 + (919293)F)\(01, (92, (93), (730)
)\(91 + 92 + (93 + 916293)
L+ \(0105 + 0205 + 050,)°

F\(01,6,,03) := arctanh (7.31)

Proof of Lemma[7.5. We expand LHS of (7.28) using BP recursion formula estab-
lished in Section [7.2] Let §; =1 — 2A, for i € [3]. Then

CSKL((BSCAI X BSCA2 X BSCAS) 9] B) (732)
1
= Z ZA(91$1 + 0ax9 + O35 + 61020501 2913)

T1=+,x2,236{£}
NO121 + Oy9 + O35 4 01020531 2973)

arctanh 1+ /\(01[L‘1¢92$2 + 02%393%3 + 93[E3911‘1)
A
= Z(G)\(eb 02, 03) + G (01, —02,05) + GA(01, 02, —03) + GA(01, —02, —03))

where

G (61, 03,05) := (01 + O + O3 + 0,0203)F5(01, 62, 63), (7.33)
)\(01 + 02 + 03 + 910293)
14+ A(610 + 6205 + 636,)

F\(01,05,03) := arctanh (7.34)

If Conjecture [7.6] holds, then

1
Z(GA(QM 02,03) + G (61, —02,05) + GA(61, 02, —03) + GA(01, —02,—03))  (7.35)
< A 0;arctanh 6;

1€[3]
=A>  Ceki(BSCa,).

1€[3]

Combining (7.32))(7.35]) we finish the proof. O

We remark that for » > 5 we have found counterexamples to (7.16) and (7.17)).
Therefore the SKL contraction method does not seem to be able to give tight recon-

struction thresholds for » > 5.
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7.3.3 Proof of Theorem [7.1f(i)|(ii)
With Lemma 7.3 and [7.5] we can prove Theorem [7.1[i)[(ii)]

Proof of Theorem [7.4(i](ii}. Under the conditions in Theorem [7.1[Df(i)} (7.17) holds
by Lemma[7.3]and [7.5 By the above discussion, (7.14]) holds. We have Cgky,(M;) =

Cskr.(BP(Id)) < co. By ([7.14), we have

CSKL<Mk) = CSKL(BPk_l(Ml)) = ((T’ — 1)d/\2)k_1CSKL(M1). (736)
So
k—oo
Finally,
lim I(0,; Ty, 0r,) = lim C(M}) < lim Cgky,(M;) = 0. (7.38)
k—oco k—o0 k—oco
So the BOHT model admits non-reconstruction. O]

7.4 Reconstruction threshold for large degree

In this section we prove Theorem [7.1f(iv)] Our proof is an analysis of evolution of
x2-capacity (also called magnetization in literature) and Gaussian approximation for
large degree.

7.4.1 Behavior of y?-capacity

Proposition 7.7 (Large degree asymptotics). Fix r € Zss. For any ¢ > 0, there
exists dy = do(r,€) > 0 such that for any d > dy and X € [0,1] with (r — 1)d\? < 1,
for any BMS channel P we have

|Cy2(BP(P)) — grax(Cy2(P))] <, (7.39)

where
Grax(x) == Ez n,1) tanh (snd’,\(x) + Snd,,\(x)Z) , (7.40)
Spax(z) = d)\* - % (I+2) ' =1—2)"). (7.41)

The rest of this section is devoted to the proof of Prop. [7.7
We first describe BP(P) in terms of the #-component. Let P be a BMS channel
and Py be the #-component of P. Let ¢ be the offspring (¢t = d for regular hypertrees,

t ~ Pois(d) for Poisson hypertrees). Let (6;;)icj jelr—1) generated e Py, where 0;;
is the f-component of the j-th vertex in the i-th downward hyperedge. Let 6; be
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the f-component of i-th hyperedge P*("~1) o B. As discussed in Section [7.2] given
(0ij)jeir—11, i is equal to (the absolute value of)

A <Hj€[rfl] (1 + eijmij) - Hje[rq] (1 - eij$ij)>
A (Tjepyy (1 i) + Ty (1= Oigaig) ) +2(1 = )

(7.42)

with probability

1 1 1 1
A H (5 + 5013x13> + H (5 - 56”1'”) + 2277"(1 — )\) (743)
JE[r—1] jelr—1]
for (l'ij)je[rfl] € {:l:}ril, T = +.
Let 0 be the f-component of the full channel BP(P). Let F; denote the distribution
of §. Then given (6;);cpy, 0 is equal to (the absolute value of)

Hzet]<1+9xl) _Hzet]( — 0iz;)
Hie[t (14 bz;) + Hie[t (1 —0;z;)

(7.44)

with probability

1 1 1 1
i€[t] i€[t]
for (z1,...,2) € {£}!, 1 = +. In other words,

P§|91 ..... 0; (746)
=D 11 (1 + 19 :c Hzem (1 + 0iwi) — [Ligy(1 — i)
2 2 ze[t (14 bz;) + Hze[t]( — bz;)

(21, yme)E{E£}t \i€[t]

= Z H (% + %9;@) 1< |tanh Zarctanh(@xi)

(21, )E{E} \i€]t] i€[t]
Write §; = 0;2;. Then IP’[@Vz = s6;|0;] = % + %Gis for s € {£}. So 0, for i € [t] are iid

generated from the same distribution. Let us call this distribution D. Then

~ti.iN.Jd.D]]. tanh Zarctanh@- (7.47)

i€(t]
This allows us to use central limit theorems to control the behavior of Ziem arctanh 6;.
Lemma 7.8. There exists a constant dy = do(r) > 0 such that for any d > dy,
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A € [0,1] with (r — 1)d\* < 1, and any BMS channel P, we have
|C2(P*"Y 0 B) — 5,,(Cy2(P))] < O,(N), (7.48)

soa() = A2 % (142" — (1=, (7.49)

where O, hides a multiplicative factor depending only on r.

Proof. We have

C2(P*"V o B)
= E6?

- E ii.d. Z

Gitree Bisr 1 () ey e ()
Ti1=+

2
A? <Hje[r—1] (L + Oszi5) = [jepoyy (1 — 9ij$ij)>
A <Hje[r—1} (L4 Osij) + [Lepn (1 — eij%)> +2(1-X)

>

ii.d.
0i1, 0501~ Py (@) el 1 €{£} 1

Ti1=+

21—r .

2

2N [T (4052 — ] (1= 652) + 0. (N%).

jelr—1] jelr—1]

The inner summation satisfies

2
Z H (L + 0iji;) — H (1 —0;5z45)
(Iij)je[r—l]e{i}T71 JE€[r—1] JE[r—1]
Ti1=+
2
1
) > [T G+05ey) - [ (1—06uay)
(zi)jepr—ye{£} 1 \Jelr—1] jelr—1]
1
=5 2 [T (1+2050,+62)—2 [ (1-¢62)
(wij)jepr—1e{£}"~ \JElr—1] jelr—1]

+ H (1 — 2‘9ijxij + 49%)

Jjelr=1]
= I a+e3) - ] a-63)
Jjelr—1] Jjelr—1]
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Therefore

E iid. Z H (1 + 9ijwij) - H (1 o eijxij)

Oitr im0 (@) e _ny ()=t \delr—1] jelr=1]
Ti1=+
__ or—1 2 2
=2 E | Il a+ée) - I] a-6)
Oi15-bir—1"~"Fo \ je[r—1] jefr—1]

— 7 (L4 Ca(P) T = (1= Ca(P)) 7).

Combining everything we finish the proof. O

Lemma 7.9. There exists a constant dy = do(r) > 0 such that for any d > dy,
A € [0, 1] with (r —1)d\? < 1, and any BMS channel P, we have

(Earctanh@- - sm(sz(P))‘ — 0,(N), (7.50)
‘Var(arctanhej-) — s (O (P))] = 0,(1%). (7.51)

Proof. Note that §; = O,.(\) almost surely. When d is large enough, X is small enough,
and arctanh §; = 0; + O,(\®) almost surely by Taylor expansion. Then

E arctanh 6; = E[0; arctanh ;] = E6? 4+ O, (%), (7.52)
E(arctanh 6;)? = E(arctanh §;)2 = E6? + O,(\Y). (7.53)

By Lemma [7.8] we have
EO? = 5,1(C\2(P)) + O,(N?). (7.54)

This already implies the statement on E arctanh 6;. For the statement on Var(arctanh 52),
we note that

E arctanh 0; = s,.,(Cy2(P)) + O.(X*) = O,(A\?). (7.55)
So
- - \2
Var(arctanh 6;) = E(arctanh 6;)* — <E arctanh 8,») (7.56)
= 5,2(C2(P)) + O, (\%).
This finishes the proof. ]

Now we recall a normal approximation result from [109, Prop. 5.3|. We only need
the scalar version of it.

Lemma 7.10 ([109]). Let ¢ : R — R be a thrice differentiable and bounded function
with bounded derivatives up to third order. Let Vi, ..., V, € R be independent random
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real numbers. Suppose there exists deterministic numbers pu,o € R such that the
following holds: for some constant C > 0, almost surely

max ZEV] — ul, Z\/ar(‘/}) — o2y <Ct7V2 (7.57)
jelt] Jelt]
max {|ul, |o*l} <€ max|Vj| < G2 (7.58)
JE[

Then for any € > 0, there exists ty = to(€, ¢, C') such that if t > ty, then

Ep | > Vi | = Ewenuon@(W)| <e. (7.59)

JE|]

We now have everything we need for the proof of Prop. [7.7]

Proof of Prop.[7.]. Regular hypertree: Define 0 as P[g =50l = 1 +6s for s €
{£}. Then

C\2(BP(P)) = Ef =E. ... tanh Zarctanhgi : (7.60)

01,...,.0¢ ~ "D
i€[t]

In fact, the equality is true with tanh replaced by tanh?. We use the tanh form here
because it is slightly simpler.

Now we apply Lemma [7.10] with
¢(z) =tanhz, V;=arctanh@;, p =02 = ds,\(Ci2(P)) = srax(Cy2(P)). (7.61)

The conditions in Lemma are satisfied by Lemma [7.9| and because A = O(d~1/?).
This finishes the proof.

Poisson hypertree: Fix ¢ > 0. Let ¢t ~ Pois(d). By Poisson tail bounds, we
have P[|t — d| > d*°] < €/3 for large enough d (depending only on €). We apply
Lemma for every ¢ € [d — d*°,d + d°®], with p = 0% = 5,1 ,(C\2(P)) and error
tolerance €/3. Note that

[5raA(Cia(P)) = 56 (Cra(P))] = On(d™). (7.62)
So for d large enough (depending only on €, ), we have
19747 (Cy2(P)) = graa(Cye(P))| < €/3 (7.63)
by continuity of g, (Lemma .
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Therefore we have

|Cy2(BP(P)) — grax(Cy2(P))]
= [Eipois@Cx2 (P 0 B)*) — gran(Cy2(P))]
< Eipois(a) L{|t — d] < d”} |Cha(P*""Y 0 B)*) — grya(Cy2(P))]
+ Etopois(a) L{[t — d| < d°°}]gr10(Co2(P)) = grax(Cy2(P))]
+ Btpois(a) L{[t — d| > d*}|C2 (P*"7Y 0 B)™) = gr.aa(Cy2(P))]
<e€/3+€/3+¢/3=¢.

Note that C\2(P) € [0,1] for any BMS channel P, and g, qx(z) € [0,1] for all z €
[0, 1]. O

7.4.2 Properties of functions

In this section we state some few properties of important functions. For r > 2, we
define

gr(x) = Eznr0,1) tanh (sr(:c) + \/ST(LC)Z> : (7.64)

or(z) = 2(r1_ g (e ==y (7.65)

Lemma 7.11. For any r > 2, the function g, is strictly increasing and continuous
differentiable on [0, 1].

Proof. Note that s,(x) is continuous and increasing on [0, 1]. Therefore it suffices to
prove that

9(s) == Ezn01) tanh (s + v/s2) (7.66)

is continuous and increasing on R>(. This statement is in fact equivalent to the ¢ = 2
case in [126, Lemma 4.4], after a suitable change of variables. O

Lemma 7.12. For r > 7, there ezists x € [0,1] such that g.(z) > .

Proof. We can numerically verify that g;(0.8) > 0.8. Note that s,(0.8) is increasing
for r > 7. Therefore for r > 7, we have ¢,(0.8) > ¢;(0.8) > 0.8. O

7.4.3 Proof of Theorem (7.1)(iv)|
In this section we prove Theorem [7.1(iv)|

Proof of Theorem|7.4(iv). Choose = € [0,1] so that g,(z) > x via Lemma [7.12] By
continuity of g, (Lemma [7.11)), there exists ¢ > 0 such that g, 4x(x) > = + € for

(r —1)d\* = 1 — e. Note that g, 4. (z)’s dependence on d and A is only through dA*.
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Take dy = do(r,€) in Prop. [7.7 For any d > dy, choose A\ € [0,1] such that
(r —1)d\* =1 — e. By Prop. choice of €, and Lemma [7.11], for all BMS P with

C,2(P) > x we have

X
C\2(BP(P)) > ¢,,ax(Cy2(P)) — € > . (7.67)

Therefore
klggo La(oy; Ty, 01,) = klg{)lo Cy2(My) > . (7.68)

Finally
. . loge xloge

kh_{(r)lo I(0,; Ty, 01,) > k:h—>120 ——Lp2(0p; Tk, 01,) > 5 (7.69)
where the first step is because C'(P) > 1°§ECX2(P) for any BMS P. O

7.5 Weak recovery threshold for HSBM
In this section we prove Theorem [7.2| and Theorem [7.1f(iii)|

Proof of Theorem[7.4. By combining Theorem [7.1|(1)[(ii)] and Theorem [5.15] O

Proof of Theorem |7.4(ii). By [112], there is an algorithm for weak recovery above
the Kesten-Stigum threshold. Therefore, by Theorem [5.15] the BOHT model must
admit reconstruction above the Kesten-Stigum threshold. O]

Theorem [7.1J(iii)| can also be proved directly via a majority decider. We omit the
details.

7.6 Discussions

We have left the » = 5,6 case open in Theorem [7.1] Our preliminary computations
suggest that for » = 5,6, there exists an absolute constant dy € R>( such that the
BOHT model has non-reconstruction when d > dy and (r — 1)d)\2 < 1. We believe
that a generalization of Sly’s method [126], [109] can be used to prove this. In Sly’s
method, we compute the first few orders of the BP recursion formula. Combined with
Gaussian approximation this would imply contraction of y2-capacity. One technical
challenge is that in the BOHT case we need a two-step application of Sly’s method,
in contrast with previous works.
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Chapter 8

Robust reconstruction for
broadcasting on trees

We study the robust reconstruction problem on the broadcasting on trees (BOT)
model (Definition [5.9). Recall that the reconstruction problem (Definition con-
cerns the possibility of reconstructing the root label o, from the leaf labels o, . The
robust reconstruction problem concerns the possibility of reconstructing the root la-
bel from noisy observations of the leaf labels. Seminal work [82] closed the problem
for almost all BOT models on bounded degree trees, but left open the case where the
broadcasting matrix M contains zeros, and the survey channel is an erasure channel.
We present a method that resolves the problem for any reversible BOT model with
mild offspring distributions, which include regular trees and Poisson trees. Our proof
is based on local subadditivity of x2-information under x-convolution (Theorem ,
which generalizes our previous result for the FMS channel case (Theorem. Using
a similar method, we establish that boundary irrelevance (Definition does not
hold between the reconstruction threshold and the Kesten-Stigum threshold. This
may be surprising because BI always holds for the Ising model (¢ = 2) by [137].

Chapter outline In Section we introduce the problem and state our main
results on robust reconstruction and boundary irrelevance. In Section we prove
local subadditivity of x2-informally for general channels. In Section [8.3] we prove our
main results.

8.1 Introduction

We start with the definition of robust reconstruction for general broadcasting on
hypertrees (BOHT) models.

Definition 8.1 (Robust reconstruction for BOHT model). Consider the BOHT
model BOHT(T, q,r, 7, M) or BOHT(q,r, 7, M, D) (Definition [5.7). Let W be a
channel with input alphabet [q]. Let w, ~ W(:|o,) independently for all vertices
u € V(T). We say the BOHT model admits robust reconstruction with respect to W
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if

lim I(o,; Ty, wr,) > 0. (8.1)
k—o0
Let W be a collection of channels with input alphabet [¢]. We say the BOHT model
admits robust reconstruction with respect to W if it admits robust reconstruction for
every non-trivial channel W € W.

By definition, robust reconstruction with respect to the identity channel Id is
equivalent to reconstruction.

In general, robust reconstruction with respect to the collection of all weak enough
channels with input alphabet [¢] may have peculiarities. See the following example.

Example 8.2. We present a BOT model above the Kesten-Stigum threshold which
does not admit robust reconstruction with respect to some non-trivial survey channel.
Consider the model BOT(q, 7, M, d) where ¢ = 4, = = Unif([q]), d = 3, and

04 04 0.1 0.1
04 04 0.1 0.1
M= 0.1 0.1 04 04| (8:2)

0.1 0.1 04 04

Then A\y(M) = 0.6 and d\y(M)? = 1.08 > 1. So we are above the Kesten-Stigum
threshold. Now consider the survey channel W : [4] — [2] defined as W(1|1) =
W(1]3) = W(2]2) = W(2]|4) = 1, W(2|1) = W(2|3) = W(1]2) = W(1]4) = 0. The
BOT model does not admit robust reconstruction with respect to W, because W o M
is equivalent to the trivial channel.

Seminal work [82] almost closed the robust reconstruction problem on BOT mod-
els. Consider the model BOT(q, 7, M, d) (Definition [5.9)), where ¢ € Zs, 7 € P([q])
has full support, M : [q] — [q] satisfies 7M = 7, and d € Z>(. [82] studied three
collections of channels: Wy := {M* : k € Zso}, Wy := {Py : A € (0,1]}, and
Ws = {EC, : € € [0,1)}. Note that each of the three collections are naturally
ordered and contains arbitrarily weak channels. [82] showed that

e (JI07]) above the Kesten-Stigum threshold (dA* > 1), the BOT model admits
robust reconstruction with respect to each of the three collections;

e below the Kesten-Stigum threshold (d\? < 1), the BOT model does not admit
robust reconstruction with respect to Wy, Wh;

e below the Kesten-Stigum threshold (d\? < 1), the BOT model does not admit
robust reconstruction with respect to W, if M(x,y) > 0 for all z,y € [q].

The zero-free condition in the last result is because their proof used contraction of
an information quantity which takes infinity value when the posterior distribution
given some observation is not of full support. This condition does not seem to be
easily removable by modifications of their method. This is a little bit annoying, as the
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random coloring model is an important BOT model [125, 20} 59} [75]. In addition, in
the view of the boundary irrelevance problem (Definition , erasure observation
is an important class of survey channels, with applications to the mutual information
formula (Theorem [5.18)).

As discussed above, it is an interesting question to remove the zero-free condition
in the robust reconstruction results. Our first result shows that robust reconstruction
is impossible below the Kesten-Stigum threshold for reversible BOT models with mild
offspring distributions.

Condition 8.3. Let D be a distribution supported on Z>,. We say D is mild if

lim ('Pyp[b > 1]) = 0. (8.3)

Theorem 8.4 (Impossibility of robust reconstruction for reversible BOT). Consider
the model BOT (q, m, M, D) (Definition[5.9) where (m, M) is reversible and D satisfies
Condition [8.5. If d\* < 1, then there exists € > 0 such that for any channel W with
input alphabet [q] and L2(m, W) < €, we have

]}LI& I(0,; Ty, wr, ) = 0. (8.4)
Our second result is that boundary irrelevance does not hold between the recon-
struction threshold and the Kesten-Stigum threshold.

Theorem 8.5 (Failure of boundary irrelevance for reversible BOT). Consider the
model BOT (¢, 7, M, D) (Definition where (m, M) is reversible and D satisfies
Condition 8.5 If d)\?> < 1 and reconstruction is possible, then BI does not hold for
weak enough survey channel. That is, there exists € > 0 such that for any survey
channel W with input alphabet [q] and I,2(m, W) <€, we have

klim I(o,; 00, | T, wr,) > 0. (8.5)
— 00

Combined with results on the reconstruction threshold of the Potts model [126,
109], Theorem [8.5 implies that for ¢ > 4, there exists A, d such that BI does not hold
for BOT(q, A, d). This may be surprising, because [I37] proved that BI always holds
for symmetric Ising models.

8.2 Local subadditivity of y?-information

The key ingredient in the proofs of Theorem [8.4 and Theorem [8.5]is a local subaddi-
tivity result for y2-information. We prove that y2-information is almost subadditive

when one of the channels is close to trivial. This generalizes our previous result
(Theorem [3.12)) on FMS channels to general channels.

Theorem 8.6 (Local subadditivity of x2-information). Let m be a fived distribution
over a finite alphabet X with full support. For any € > 0, channel P : X — ),

153



Q: X = Z with I,2(7, P) < € we have

La(m, P Q) < (1+ Ox(e?)) (L2 (m, P) + L2 (7, Q)), (8.6)

where O, hides a constant depending on .

The rest of this section is devoted to the proof of Theorem

We view a pair (7, P) where 7 € P(X), P: X — Y as a distribution of posterior
distributions (i.e., the distribution of Pxy—, where y ~ Py). Let p be the posterior
distribution variable of (7, P) and P, be its distribution. Then we have

La(m, P) = Eyop, X* (ul|m). (8.7)

For two distributions u, v € P(X), we define p *, v as the distribution

gL
[xy v = LU . (8.8)
2 jex HiViT; iex

Let 4 be the posterior distribution variable of (7, P) (with distribution P,), and
v be the posterior distribution variable of (7, Q) (with distribution @),). Then the
posterior distribution variable £ of (7, P x Q) satisfies

P € &) =Euup, [(ZW] ) 1{pxv € 5}] : (8.9)

VNQV ]EX

for any measurable subset £ C P(X). Therefore, we have

(ZWJ ) (1t Hr v||w>]. (8.10)

JjEX

Lo (M, PxQ) = E,~p,
v~Qy

Lemma 8.7. Let 7 be a fixed distribution over a finite alphabet X with full support.
For any € > 0, channel P : X — Y and distribution v with x*(v||7) < € we have

N“’P 2

(Z VT ) (% VH7T)] < (1+ Ox("?) (L2 (m, P) + xP(v||7)) -

JEX

(8.11)

Proof. Write p = 7(1 + «), v = (1 + ), where @ € R" is a random variable, and
B € RY is fixed. We immediately have

wla] =0, x*(ulm) = 7o’ 7[5]20, X*(vlim) = (5%, (8.12)
lalloo = Ox (1), [1Blloc = Ox(e'?). (8.13)
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Note that because E[v] = 7, we have

E[a] = 0 € RY. (8.14)
We have
Z pivims =1+ wlaf], (8.15)
(14 a;)(1 + Bi)m;
wer= () L (510
T (R
Clurevm) = T 1 (317
Therefore

,UNP

(Zum m; > (14 v[|)

g [l s aPL 1 (1 riod)’

JEX 1 + W[aﬁ]
(8.18)
Note that
7[(14+ a)*(1 4 B)?] — (1 + wlap])? = Varg[(1 + a)(1 + B)] (8.19)
is non-negative. By Eq. , we have
[m[aB]| = Ox('/?). (8.20)
So
g [T+ a1+ 5)*] — (1 + 7[af])”
1 + wlaf]
< (14 0:(e) E [7[(1 + a)*(1 + B)?*] — (1 + w[aB))?] (8.21)

and to prove Eq. (8.11)), it suffices to prove that

E [7‘(‘[(1 +a)? (14 p)? - (1 + W[aﬁ])Q] < (1 + Oﬂ(el/Q)) (E [W[QQH + W[@Q]) . (8.22)

We have
E [7[(1+a)*(1+ 5)2] — (1 + m[aB])?]

=E [r[l + 20+ 28+ o® + 8> + 4af + 20°B + 208 + o*5%] — 1 — n[2a8] — (7[af])?]
=E [71’[(1/ + B2+ 2aB + 2026 + 2a8* + o 3% — (W[aﬁ])z]
= E [r[a® + 8° + 20°B + %] — (7[apB])?] . (8.23)

where the second step is by 7[a] = 7[3] = 0, and the third step is by E[a] = 0 € RY.
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Furthermore,
E [7[20°8 + o®B%] — (7[af))?] < E [7[2a%|8] + a®|B]] < O«(¢'*)E [r[a?]] . (8.24)
Combining Eq. (8.23) and Eq. (8.24) we finish the proof of Eq. (8.22)). ]

Lemma 8.8. Let 7 be a fixed distribution over a finite alphabet X with full support.
For any € > 0, channel P : X — Y and distribution v with I,2(m, P) < € we have

HNPM

(ZMM ) (b H VHW)] < (1+0x(e7%)) (Le(m, P) + X (v][m)) -

JjeEX

(8.25)

Proof. Following notations in proof of Lemma 8.7, write u = 7(1+ «), v = 7(1 + ),
where o € RY is a random variable, and 3 € R?" is fixed. Note that the bound on

|18l in Eq. (8.13]) no longer holds.
If X2<V [m) < e 9 then we can apply Lemma . In the following, assume that

(8% = XP(v||m) > 7. (8.26)
Because
E [r[a?]] = Ia(m, P) <, (8.27)

by Markov inequality, we have
P [r[o?] > 62/3} < €3, (8.28)

So

Epnr, (ij ) (1 %n urm]

jeX
=E,p, (Z VT ) (1 *r v||m)1 {7T | < 62/3}]
L \jeX
+E,p, (Z V5T ) (1 *r v|| )L {7[c®] > 62/3}]
JjeX
= L+ R. (8.29)

For R, we have

R<e? sup ((Zu) (1 %n u’||7r>)=0<1/3><o<1/9>7r[521,

w v eEP(X jex

(8.30)
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where the last step is by Eq. (8.26)).
For L, by the same computation as in proof of Lemma [8.7, we have

G ) I )

L=E,.p
“ L+ rlad]
< (14 O0x(e7)) Eppep, [(7[(1 4+ @)?(1 + 8)%] = (1 + 7[aB))?) 1 {m[a?] < /7}].
(8.31)
Note that 7[a?] < €/ implies that ||a||oe = O (¢'/3).
So it suffices to prove that
By, [(7(1+ )21+ 8] — (1 + 7af])?) 1 {xla?] < )]
< (14 0:('9) (E [r[a?] + #[8%]) - (8.32)
We have
E/wp [(w(L+a)* (1 + B)"] = (1 + 7)) 1 {nfa?] < €/°}]

[(W[a + % 4208 + 2026 + 2a8% 4+ o* %] — (7]a ) ) ]1{7r | < 62/3}}

E [r[a®]] + 7[8%] + E [(7[2a8 + 20%8 + 2a8* + o*%]) 1 {n]a?] < €¥/3}]

E [r[a?]] +7[8%) + Ox(e"?)

E [7[®]] + (1 + Ox (")) 7[57, (8.33)
where where the first step is because w[a] = 7[5] = 0, the third step is because
at]loo = Ox(€3), || Blloc = Ox(1), and the fourth step is by Eq. (8.26).

By Eq. and Eq. , we have
L < (1+ 0x(€9)) (E [7]a?]] + =[57]). (8.34)
Combining Eq. and Eq. we finish the proof. O
Proof of Theorem[8.6. By Eq. and Lemma . O]

8.3 Proofs of main results

In this section we prove Theorem [8.4] and Theorem [8.5] The proof uses contraction
and local subadditivity properties (Theorem [3.12)) of y?-information.

Lemma 8.9 (Contraction). Let m be a distribution on a finite alphabet X and M :
X — X be a channel with invariant distribution w. If (m, M) is reversible, then

77X2 (7Ta M) = )‘Qa (835)

where X is the second largest eigenvalue (in absolute value) of M. In particular, for
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any channel P with input alphabet X, we have
Le(m,PoM) < N1:(m, P). (8.36)

Proof. It is known (e.g., [122, [I18]) that n,2(m, M) is equal to the second largest
eigenvalue of MM*. Because M is reversible, M M* = M? and its eigenvalues are
squares of eigenvalues of M. This proves Eq. . Then Eq. follows from
reversibility of M and definition of contraction coefficient. ]

Proof of Theorem[8.4]. Let Cy > 0 be the constant in Theorem [8.6] i.e., for all € > 0,
channels P: X — ), Q : X — Z with L2(m, P) < ¢, we have

Le(m, P Q) < (1+Cie?) (Lo (m, P) + L2(7,Q)). (8.37)

Let C5 > 0 be such that I,2(m, P) < C, for all channels P with input alphabet [g].
Take ¢q, co > 0 such that

exp(c)d\? + ¢y < 1. (8.38)
Take by (via Condition such that for all ¢ > by, we have
t'Ppplb > t] < c2Cy (e CF 1. (8.39)
For € > 0, define
ble) :== ¢, C7 e 0, (8.40)

Take €y > 0 such that b(eg) > bo.
We prove that for any channel P with input alphabet [¢] and I,2(7, P) < €y, we
have

Le(m, BP(P)) < (exp(c1)dX\? + ¢3) L(m, P). (8.41)
Fix such a channel P. Let ¢ := I,2(m, P). By Lemma 8.9} we have
Le(m,PoM) < \e. (8.42)
We have

Le(m,BP(P)) = Byople(m, (P o M)*)
— Epep [Le(m, (P o M)™)1{b < b(e)}]
+ IEber |:Ix2 (77 (P o M)*b)ﬂ{b > b(E)H
= L+ R. (8.43)

For L, by induction on b we have

La(m, (P o M)®) < (1+ C1e/?) bl (m, P o M) < exp(Cye/b)bA%. (8.44)
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Therefore
L <Ey.p [exp(C’lel/gb)b)\QeIL{b < b(e)}]
<Ey.p [exp(C’lel/gb(e))b/\Qe]
< exp(C1e'?b(e))dN\%e
< exp(cy)d\%e. (8.45)

For R we have

R <E,.p [02 Oyt (chfl)g . b(e)*g} < ¢y€. (8.46)

Eq. (8.43), Eq. (8.45) and Eq. (8.46) together imply Eq. (8.41).

Let M be the channel o, — (T}, wr,). Then we have My, = BP(M;). By
Eq. (8.41), Eq. (8.38) and the fact that I,2(m, M) < oo, we finish the proof of the
theorem. []

Proof of Theorem [8.5]is based on the following variant of Theorem [8.4]

Proposition 8.10. In the setting of Theorem for all § > 0, there exists € > 0
such that for any channel W with input alphabet q] and L2 (7, W) < €, we have

lim I,2(0,; wp,|Tk) < 9. (8.47)

k—o00

Proof of Theorem giwen Prop.[8.10. In the reconstruction regime,

lim I(o,; 01, wr,|Tk) > klim I(o,; 001, |Tk) > 0. (8.48)
—00

k—00

Take 6 > 0 such that dlog2 < limy_.o I(0,;01,|Tk). Because I < I,2log2, and
by Prop. 8.10, for weak enough survey channel W we have

lim I(o,;wr,|Tk) < klim Le(o,wr,|Ti)log2 < dlog2 < klim oy oL, wn,|Tk).
—00 —00

k—o0
(8.49)
Therefore
kh—>r£lo I<0-P; OLy, |T/€’ wTk) = kh_{l;)(l<0-p; O Ly, W, |Tk) - ](UP; wry, |Tk)) (850)
= kh_}Iilo Loy 0n,, wn|Tk) — kh_)rgo I(o,;wr,|Tk) > 0.
m

Proof of Prop.[8:10, Take Ci,Ca,c1,c2,bo,b(e), € as in proof of Theorem [8.4] Take
€1 > 0 such that ¢; < min{eg, 0}. Take € > 0 such that € < ¢; and

(exp(c1)dA? + ca)e; + exp(er)e < €. (8.51)
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Let W (resp. P) be an arbitrary channel with input alphabet [¢] satisfying I,2(7, W) <
€ (resp. L2(m, P) < €). We have
Lea (7, BPw(P)) = Epuply2(m, (P o M)* « W)
= Epop [Le(m, (P o M)* « W)1{b < b(e1)}]
+ Epop [Le(m, (P o M)« W)L{b > b(e1)}]
= L+ R. (8.52)

For L, by induction on b we have

Le(m, (PoM)?xW) < (14 Cie)’(bLz2(m,Po M) +¢€) < (1+¢€)"(bN\%€, +e).

(8.53)
Then with a computation similar to Eq. we have
L < exp(c1)(dN\’e; +e). (8.54)
For R, with the same computation as Eq.
R < cyey. (8.55)
Combining Eq. , Eq. , Eq. we get
La(m,BPy (P)) < (exp(c1)dN\* + c2)er + exp(ci)e < €. (8.56)

Let M), be the channel o, — (T, wp,). Then My, = BPy (M;). By Eq. (8.56))
and € < ¢; we see that

]X2(7T, Mk) <€ <o (857)

for all k. This finishes the proof. ]
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Chapter 9

Computation of belief propagation
limit

We consider the problem of computing the limit information, and more generally, the
limit channel, in the symmetric Ising model. Computation of the belief propagation
limit in BOT models is a non-trivial task. Exact computation takes time doubly
exponential in depth, which is unacceptable in practice. The widely used population
dynamics, while running very fast (linear in sample size), does not have sufficient
correctness guarantees as depth goes large. We introduce a method for bounding the
limit information based on the less-noisy preorder, which, in its most basic form, is
able to recover the reconstruction threshold for the symmetric Ising model. We further
refine this method using local comparison of BMS channels via channel preorders,
which gives us rigorous and very good bounds on the limit information.
This chapter is based on [75].

Chapter outline In Section we introduce the problem and our method based
on channel comparison. In Section 0.2 we derive the reconstruction threshold for the
symmetric Ising model using (global) less-noisy comparison. In Section , we derive
bounds on the limit mutual information using global comparison. In Section [9.4], we
introduce the local comparison method and present a few numerical results.

9.1 Introduction

9.1.1 Broadcasting on trees

We consider the symmetric Ising model on a regular tree with offspring d € Zs
(denoted BOT(2, A, d) as in Definition[5.9). In this model, a binary signal propagates
from the root p downwards the tree through BSC; channels (where A = 1 — 24). Let
Ly, be the set of nodes at distance k£ to p and Mj, be the channel o, — o,. We would
like to compute the limit mutual information

I(9) := lim C(My) (9.1)

k—o0
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and the limit probability of error

P.(0) := lim P.(My), (9.2)
k—ro0
where C(+) and P,(-) are defined in Definition 2.4 The model admits reconstruction if
and only if I(6) > 0 (equivalently, P.(6) < 3). Foundational work [23, [63] established
that reconstruction is possible if and only if

_1 _g-1/2
6 <=5 (1-d?). (9.3)

We note that the positive part (i.e., P, < % when § < d.) follows from the Kesten-
Stigum threshold [84], which says that reconstruction can be achieved using a subop-
timal estimator which outputs the majority of labels in Lj.

The computation of limit information and limit probability of error is a non-trivial
task. Computing these quantities exactly takes time doubly exponential in depth k,
which is totally unacceptable. A method commonly used in practice is the population
dynamics [10, 99, 98]. In this method, one maintains a collection of samples from the
distribution of belief propagation messages, and approximates the true BP message
distribution using these samples. When the sample size is M, this method takes
O(kM) time and O(M) space to compute an approximation up to level k. While
the computation cost of the population dynamics is small (when the sample size is
not too large), theoretical guarantees of the approximation accuracy as k — oo are
limited. In this section, we propose a method based on local comparison of BMS
channels, which gives rigorous and quite good bounds on the limit information and
limit probability of error.

To show the power of our method, we apply it to the Ising model near criticality.
Various theories (starting from Ginzburg-Landau) in statistical physics predict the
behavior of various quantities in he vicinity of the phase transition (called critical
exponents). However, before our work [75], behavior of I(§) and P.(§) near the
critical point 0 = §. — 7 with 7 < 1 was not understood: the only known results were

at+o(r) < I(6. — 1) < cot + o(T), (9.4)
%—csx/ﬂo(ﬁ) < Pe(de—7) < % —ct+o(T). (9.5)

for some 0 < ¢; < ¢y and ¢3,¢4 > 0. Using the local comparison method, we were

able to provide rigorous bounds on I and P,, which allowed us to conjecture that on
binary trees (i.e., d = 2)

1
16, —7) = (42 +o0(1)7, P.(6,—7T)= 3 O(v/T1). (9.6)
Our conjectures were later proved in [136].
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9.1.2 Channel comparison method

The key idea of our method is very simple. Recall that the channels (My)g>o satisfies
the belief propagation recursion

M1 = BP(M,), BP(P):= (P oBSCs)*. (9.7)

By Lemma [2.8] the BP operator preserves degradation preorder and less-noisy pre-
order. Therefore, if we have quantization operators @Q,Q : {BMSs} — {BMSs}
satisfying

Q(P) Sdeg P Sdeg @(P) (98)

for all BMS channels P, then the quantized BP operators

BP:=QoBP, BP:=QoBP (9.9)

satisfy
BP(P) <aeg BP(P) <aeg BP(P) (9.10)
for all BMS channels P. By iterating, we have
BP*(P) <qe5 BP*(P) <aeg BP'(P) (9.11)

for all £ > 0.
The above discussions still hold if we replace all <gep by <jj.
Recall Lemma [2.10] which states that

1. among all BMS channels with y?-capacity c, the least noisy one is BEC;_. and
the most noisy one is BSC, 5_ /z/2;

2. among all BMS channels with probability of error p, the least degraded one is
BEC,, and the most degraded one is BSC,,.

Therefore, one natural idea is to let @ output the unique BEC with the same prob-
ability of error (resp. x2-capacity), and let Q@ output the unique BSC with the same
probability of error (resp. x*-capacity). These choices lead to the following results.

Proposition 9.1. Let @deg (resp. Qdeg) be the operator which maps a BMS channel P
to BECy, (resp. BSC,), where p = P.(P). Let BPgy,, := QdegoBP, BPgeg := @degoBP.
Then for any k > 0,

k
deg

BP%, (1) <geg BP¥(Id) <geg BPe,(1d). (9.12)

Proposition 9.2. Let Q, (resp. Q) be the operator which maps a BMS channel P
to BECi_. (resp. BSCyjy_ sz2), where ¢ = C\2(P). Let BP), := @, o BP, BPy, =

X 1
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Q, © BP. Then for any k > 0,
BP} (Id) <j, BPF(Id) <y, ﬁfn(ld). (9.13)

Proofs of Prop. and Prop. [9.2] are by combining Lemma [2.§] and Lemma [2.10]

We note that the BP operators in Prop. and Prop. 9.2 output BSC channels,
and the BP operators output BEC channels. Therefore computations of @k(ld) and

@k(ld) can be considered as evolutions of a single real number. This allows us the
analyze the evolutions analytically.

We call the above method the global comparison method because probability mass
of the A-distribution (recall Lemma is moved to a single point (BSCs) for the
lower bound, and moved to 0 and % (BECs) for the upper bound. In Section , we
will refine this method to the local comparison method, by replacing masses in small
subintervals of [0, %] separately. While the global comparison method is already powe-
ful and can recover the reconstruction threshold, we show that the local comparison
method can give almost tight bounds on the limit information and limit probability
of error.

9.2 The reconstruction threshold

In this section we prove the reconstruction threshold using the global less-noisy com-
parison method (Prop.(9.2)).

Proposition 9.3. Consider the model BOT(2,A\ = 1 — 24,d). If d\* > 1, then
reconstruction is possible.

Proof. By Prop. (9.2, it suffices to show that there exists € > 0 such that
CXQ (BP(BSCl/Qfe)) 2 CXQ (BSCl/Q,E). (914)

In fact, suppose that Eq. (9.14)) holds. Write BPF (Id) = BSC, /2-¢,- By induction on
k we have ¢, > e for all £ > 0. Therefore

BP*(1d) >, BP}, (Id) >1, BSCy o, (9.15)

for all £k > 0 and reconstruction holds.

In the following we prove Eq. (9.14). Note that BSC;/,_ 0 BSCs = BSC,; where
k=3 — (1 —20)e. Then we have

C2(BP(BSCy5_.)) = C\2(BSCY)
d K2 (1 — k)2d=0)
=2 Z (Z) ' lii(l — /{)d—i + ,{d—i(l _ I{)i - L (916)

0<i<d
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Using

K91 — k)P 4+ KP(1 — K)* = 2t7o7P (1 + ((g) + <g> - ab) 4(1 — 26)%® + 0(64)) ,

(9.17)

we can expand Eq. (9.16]) in terms of € and get

Co(BP(BSC1j ) = 3 <§l>2d (1 + ((221) 4 (Z(d; ”) — 4i(d — i)

0<€) —~ <d ; Z) +i(d — i)) 41— 25)262) +O(e) —
= 4d(1 — 20)%¢ + O(e"). (9.18)

Note that C\2(BSC/s_.) = 4¢*. Therefore when € > 0 is small enough, Eq. ( -
holds. This ﬁnlshes the proof.

Likewise, comparison with BECs leads to tight non-reconstruction result.

Proposition 9.4. Consider the model BOT(2,\ = 1—2§,d). If d\* <1 and (d,d) #

(1,0), then reconstruction is impossible.

Proof. By Prop. (9.2, it suffices to show that for all 0 < e < 1, we have
C\2(BP(BEC,_.)) < C\2(BEC;_). (9.19)

In fact, suppose that Eq. (9.19) holds. Write BP} (Id) = BEC,_,,. Define function
g:10, 1] [0,1] as

g(e) := C,2(BP(BEC,_,)). (9.20)
Then ¢y = 1, €441 = g(€x) for all k£ and Eq. (9.19)) implies that

lim €, =0, (9.21)

k—o0

which is equivalent to non-reconstruction.

Because
C,2(BEC,_. 0BSC;) = (1 — 26)?%, (9.22)
we have
BEC,_.0BSCs <1, BEC,_(1_25)2 (9.23)
Therefore

C\2(BP(BEC,_)) < C2(BEC}? (4 _p52) = 1 — (1 — (1 —=20)%¢)" = f(e). (9.24)
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Note that
f(0)=0, f'(e)=d(1—26)2(1—(1—25)%)"" (9.25)

So f'(€) < 1for e € [0, 1], and equality is achieved only when € = 0 and d(1—24)? = 1.
Therefore f has only one fixed point in [0, 1], which is 0. Because g(¢) < f(e) for all
e € 10,1], we have g(e) < e for all 0 < € < 1. This finishes the proof. O

In the proof of Prop. 0.3, we showed that when the input information is close to 0,
in the limit the information would contract to a non-zero value. Therefore our proof
in fact shows that robust reconstruction (a stronger condition than reconstruction)
on such trees is possible. By [82], for broadcasting on trees, the robust reconstruc-
tion threshold coincides with the Kesten-Stigum threshold. It is shown in [125] that
when the alphabet size is at least five, the Kesten-Stigum threshold is never tight
for the (non-robust) reconstruction problem. So for large alphabet size, the global
comparison method does not yield the tight reconstruction threshold.

9.3 Bounds on mutual information

In this section we refine the computations in Section and prove bounds on the
limit mutual information.

Proposition 9.5. Consider the model BOT(2,\ = 1 — 2§,d), where d € Zss and
= 0. — T, where 6. is defined in Eq. (9.3). Then

2dv/d 4(d +1)Vdlog 2
T

. < li <
17 +o(7) < kh_)rglo C(My) < 71 + o(7). (9.26)

Proof. The proof is by analyzing the recursions in the proof of Prop. and Prop.
more carefully.

Lower bound. In the setting of proof of Prop. expanding everything to the
order of €* and computing a binomial sum, we get

C2(BP(BSCy o)) = 4d(1 — 20)%¢* — 16d(d — 1)(1 — 26)*e* + O(€%)

=4 (1 +4Vdr + OT(T)> e — 16 (d%dl + 07(1)> et + O(e%).

(9.27)

The input information is 4€2. Solving the dynamics, we see that the largest fixed
point is at

. dvd
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This gives

lim C(M;) > lim C (BP},(1d))

k—o00 " k—oo
1 dvd
> _ - Ve
>log2 —h 5 d_l—l-o(l) VT
2dv d
= dT\/I T4 o(T), (9.29)

where h(x) = —xlogx — (1 — x)log(1 — x) is the binary entropy function.

Upper bound. Following the proof of Prop. [9.4, let us consider the function
fle) =1—(1—(1-26)%)% Note that function f(¢) is concave on [0, 1], and there is
a unique fixed point in (0,1). By expanding in terms of ¢, we have

fe) =d(1 —25)% — (Z) (1 —20)* + O(e?)
— (1 + 4Vdr + OT(T)> €— (dQ;dl + 07(1)> & +0(e). (9.30)

So the unique non-trivial fixed point of f is at

8dvd
e = Vd T+ o(T). (9.31)
d—1
This gives
— 8dv'dlog?2
lim C(M;) < lim C (Ban(Id)) o Bdvdlog2 o(7). (9.32)

In fact, knowing that the limit is linear in 7, we can improve this upper bound.
Instead of bounding the function f, let us bounding the function g (Eq. (9.20))
directly. We have

g(e) :== C\2(BP(BEC;_,))
_ dy ; i (1—0)%§209)
=2 ) (Z)e (1—¢) (]) T ra—w b (9.33)

0<j<i<d

Because g(e) < f(e) on [0, 1], the largest fixed point of g is upper bounded by the
unique non-trivial fixed point of f, which is of order ©(7). This justifies performing
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series expansion in €.

gle) = (1 — ) +2d ((1 = 6)% + 82) e(1 — €)?

+d(d—1) (%m + (1 - 5)5) E(1—e)24+0(8) -1
= d(1—20)%—d(d—-1)- % €+ 0()
— (1 +4¢ET+OT(7)> € — (% +0T(1)) e+ 0(e). (9.34)
We see that the largest fixed point of ¢ satisfies
€= M -7+ o(7). (9.35)

d—1

In this way we get

4(d + 1)V/dlog 2
d—1

lim C(M;) < lim C (ﬁfnad)) < 7+ o(7). (9.36)

k—o00 k—o00

]

We compare the above lower bound with (7) in [63][| We note that the lower
bound of [63] can in the limit be simplified into

1
I}l_}fgo Cy2(My) > m. (9.37)
d(1—28)2—1

Near the critical threshold, RHS behaves as %ﬁ - 7. So they obtained the the same
Y2-capacity capacity lower bound, thus the same mutual information lower bound, as
in Prop. 0.5

[63] did not state explicitly an upper bound on mutual information. Nonetheless,
their upper bound is by comparison with percolation, and that leads to an upper
bound of

lim C(My) < —8d\/c_llog2 T

Jim T 1 + o(7). (9.38)

In this case we see that channel comparison leads to a better upper bound.
In the case of binary trees, we perform a more refined analysis to improve the

upper bound.

Proposition 9.6. Consider the model BOT(2,\ = 1 — 26,d = 2) where § = 6. — 7

[63] contains an error stating that C' > C,2, which should be C' > 1C,2. This leads to lower
bounds on I (e.g., (4)(28) in [63]) to be off by a factor of 2. (7) in [63] is correct as stated.
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and 0. is defined in Eq. (9.3). Then

lim C(M,) < 8(V2 +1) (logZ —h (% - % _ %)) rho(r).  (9.39)

Proof. Suppose the input distribution is a mixture of BSCa for A supported at
{1/2 — a4, 1/2}. We iterate the quantized belief propagation while finding the best
(w.r.t the less-noisy order) channel within this family. This family contains all BECs
(corresponding to ov = 1/2), so this approach may lead to a better bound. Define

§:=1/2 - a(l —20). (9.40)

The output distribution has support {%, , 1/2}. Using Lemma [2.10, we re-

place BSC; with a mixture of BSC;/» and BSC ;2 , while preserving x*-capacity.

524+(1-3)2
Therefore
82
1/2—aqp 1 = ———. 9.41
BN o)
Solving this, we get that in the k — oo limit
1—46
e — 9.42
¢ T30 - ) (942)
For a = o, we have
C,2(BSCj) = (1 — 28)°C2(BSC 5 ). (9.43)

524(1-5)2

So when applying Lemma [2.10, every unit weight for the former becomes (1 — 24)?
weight for the latter.

Let € be the weight of BSC,, in iteration ¢. Then in the k¥ — oo limit € should
satisfy

1—e=(1—¢20" + (1=0)%) +2¢(1 — €)(1 — 20)2. (9.44)

Solving this we get € =1 — 8(v/2 + 1)7 + o(7).
So an upper bound for mutual information is

(1 —¢€")(log2 —h(1/2 —a"))

—8(va+1) <10g2—h (%_ %-%))wom. (9.45)

O
The same method can be applied to the lower bound, leading to a, = (v/3v/2 +
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0(1))y/7 and €, = 3 + o(1), giving

lim C(My) > 421 + o(T). (9.46)
Surprisingly, although we lower bound using a larger family, and the limiting distri-
bution is different, we get the same lower bound as Prop. [0.5]

We have shown that for the Ising model on a binary tree, I(d. — 7) = ¢ + o(7)
for some ¢ € [5.65,9.85]. The improvement over Prop. can be attributed to a
finer “quantization” since we try to work with less-noisy channels while staying closer
to the true output of BP. We shall explore this idea further in Section and show
(numerically) that the correct slope is ¢ ~ 5.65.

9.4 Improved bounds via local comparisons

One advantage of the comparison method is that it allows us to analyze BP, rather
than some suboptimal algorithm. On the other hand, we incur some loss in each step
of the analysis due to the crude approximations that are made to the input distribution
in order to simplify the analysis. In some cases these losses can be significant. For
instance, a naive application of the comparison method while matching probabilities
of error (i.e., using Prop. does not even recover the right threshold. One way
to avoid this issue is to do local comparisons. We first define the local quantization
operators.

Definition 9.7 (Local quantization operators). Let P be a BMS channel and P
be its A-distrbution. Let [0,1/2] = |J,c7I; be a partition of [0,1/2] into a finite
disjoint union of subintervals. Define the local (lower) quantization operator @ dog,loc
f;, AdPs

probability mass [ ; dPx (i.e., mapping P to the BMS channel whose A-distrbution is
the modified distribution). Likewise, define the local (upper) quantization operator
(Qaegloc Dy replacing the support of Pa along each I; with two quantization points
a; := inf I;, b; := sup I; with probabilities p,, = a;p;, pp, = (1 — ;)p;, where p; =

bi—[, APa/ [, dP — o
f 1, 4P and a; = Ji, 2P iy 4P Furthermore, define an,loc (resp. Q) 10c) similarly

bi—a;

by replacing the support of P along each I; with a single point at A; :=

by matching the y*-capacity along each interval while contracting (resp. spreading)
probability masses.

Using the local quantization operators we can improve Prop. and Prop. [9.2] as
follows.

Proposition 9.8. Consider the model BOT(2, A = 1 — 26,d) with d\* > 1. Choose
do < 1/2 such that

§o > lim P.(My). (9.47)
k—o0
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Define

Qdeg,loc = Qdeg,loc © BPa ﬁdeg&oc = @deg,loc © BP7 (948)
Eln,loc = an loc © BP7 ﬁln,loc = @111,10(: oBP. (949>

Then for any k > 0 we have

Pe (Q(Iieg,loc<BSC50>) 2 Pe((S) 2 Pe <@Seg,loc(1d)> ) (95())

€ (BPf, 10o(BSCs,)) < 1(0) < € (BP), (1)) (9.51)

In,loc

To choose the initial §y we may, for example, use a Kesten-Stigum upper bound

on P, (see e.g., [84] or Section [10.2.4)).

Proof. From the construction we see that for every BMS channel P,

Qdeg,loc(P) Sdeg P Sdeg @deg,loc<P)7 (952)
an,loc(P) <im P < @ln,loc<P)' (953>
Therefore for all £ > 0,
=k
ngeg,loc(P) Sdeg BPk(P> Sdeg BPdeg,loc(P)7 (954>
BPY, joc (P) Sin BP(P) <1y BP), e (P). (9.55)

For the upper bounds, we have

BP**(1d) <aeg BP*(Id) <qog BP ey 0c(1d), (9.56)
BP**(1d) <), BP*(Id) <), BP, .. (Id) (9.57)

for all k,1 > 0. This proves the upper bounds in Eq. (9.50) and (9.51)).
For the lower bounds, note that by Eq. (9.47)), there exists [y such that for all

[ > 1y we have

BSCs, <deg My (9.58)
and therefore
BSCs, <in Mj. (9.59)
So
BP*(Id) >geg BP¥(BSCs,) >deg BPhey 100 (BSCs, ), (9.60)
BP**!(Id) >, BP*(BSCs,) >1a BPf, 1, (BSCs, ) (9.61)

for all £ > 0 and [ > ly. This proves the lower bounds in Eq. (9.50) and (9.51). O
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—-2.01 ® BEC upper bound
—— BSC lower bound
——- linear approximation
-2.51

—-3.01

log(1/2 — Pe)

—3.51

—4.04
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log(7)

Figure 9-1: Bounds on probability of error using local comparisons for § = §. — 7.
The linear approximation has a slope of 1/2.

Using uniform quantization in the [0, 1/2] interval with 1024 points, we were able
to show that

I1(0, — ) = cT + o(7) (9.62)
with ¢ ~ 5.65. We thus conjectured that
1(6. —7) = (4V2 + o(1))T. (9.63)
Using a degradation argument (or Fano’s inequality), one can also show
1/2 =T+ 0o(\/T) < P.(6, —7) <1/2 —cT + o(T). (9.64)

It is natural to ask what is the correct exponent for P,.. Using the same approach we
were able to show (see Fig. 9-1))

log(1 — 2P,) > 0.504log T + c. (9.65)

We thus conjectured that 1/2 is the correct exponent.
We remark that both our conjectures were later proved (and strengthened) in

[136].
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Chapter 10

Uniqueness of BP fixed point: Ising
model

We prove stability of belief propagation fixed points (Definition and boundary
irrelevance (Definition for the Ising model BOT(2, 60, d) and BOT(2, 0, Pois(d)),
when signal-to-noise ratio (SNR, Definition is outside a finite interval [1,3.513].
Via reductions established in Chapter [5, we achieve a mutual information formula
and an optimal recovery algorithm for SBM(n,2,a,b). Before our work, a mutual
information formula was known for disassortative SBM(n, ¢, a,b) [43] and for dense
binary symmetric stochastic block model [50], but open for the sparse and assortative
regime. For the proof, we introduce the degradation method, which reduces the
problem of boundary irrelevance to contraction of certain potential functions under
BP recursion. We choose the potential function to be the Bhattacharyya coefficient
(Hellinger distance) of a BMS channel, and use its contraction properties to finish the
proof. This chapter is based on [4].

We remark that subsequent work [137] established stability of BP fixed points and
boundary irrelevance for any BOT(T, 2,60) and BOT(2, 60, D) model, thus giving a mu-
tual information formula and an optimal recovery algorithm for any SBM(n, 2, a,b).
Nevertheless, we believe our method is still interesting, as it can be generalized to the
Potts model and SBM(n, g, a, b) (Chapter [L1)). This chapter can be seen as a warmup
for Chapter [L1}

Chapter outline In Section we introduce our setting, and state our main re-
sults. In Section[10.2] we prove our main results, boundary irrelevance and uniqueness
of BP fixed points for SNR outside [1,3.513]. In Section [10.3| we discuss applications
of uniqueness of BP fixed points and boundary irrelevance.

10.1 Introduction

Stochastic block model We consider the simplest stochastic block model, the two-
community symmetric SBM, denoted SBM(n, 2, a, b) (Definition , where n € Z>1,
a,b € R>y. The model is defined as follows. First we assign a random label X, ~
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Unif({£}) i.i.d for u € V = [n]. Then a random graph G = (V, E) is generated,
where (u,v) € E with probability ¢ if X, = X, and with probablhty if X, # X,,
independently for all (u,v) € (}).

The weak recovery problem (Definition for SBM(n, 2, a, b) was settled by [96]
103, [105], showing that weak recovery is possible above the Kesten-Stigum threshold
(SNR > 1), and impossible below the KS threshold. When weak recovery is possible,

the natural follow-up question is to determine the optimal recovery accuracy

sup  lim E [1 — —dH(X X(G))} : (10.1)
X=X(G)" 7™
where dy(X,Y) Z ZIL{X # sYi}. (10.2)

se{x}i€[n]

[104] studied the problem of optimal recovery and proposed an algorithm, which they
proved to be optimal when SNR is larger than a constant. They did not compute the
constant, but a crude estimation shows it is at least 75 [4]. Their algorithm is con-
jectured to hold all the way down to the KS threshold. [I10] generalized the analysis
and proved the optimality of a local belief propagation algorithm for SBM(n, 2, a, b)
with survey, in the same parameter regime as [104].

A fundamental quantity for the SBM is the limit mutual information

.1
nh_)ngo ;I(X,G). (10.3)
Note that even the existence of the limit is non-trivial, and was proved in [5] for the
disassortative regime (a < b). Later, an expression for the disassortative case was
given by [43]. The problem of SBM mutual information for SBM(n,2,a,b) in the
assortative case remained open until our work [4] presented here.
We refer the reader to Chapter [5| for a review of previous results on weak recovery,
optimal recovery, and mutual information.

Broadcasting on trees In the SBM, the local neighborhood of a random vertex
converges to a Galton-Watson tree with Poisson offspring distribution. Furthermore,
the labels of the local neighborhood can be coupled with that of the tree model.
Therefore the SBM is closely related to the BOT model, a phenomenon initially proved
in [103] for SBM(n, 2, a,b). In this case, the relevant BOT model is BOT(2, 8, Pois(d)),
defined as follows. Let T be a Galton-Watson tree with Pois(d) offspring distribution.
We assign to every vertex v a label o, according to the following process.

1. Generate o, ~ Unif({£1}).

2. Suppose we have generated a label for a vertex u. For every child v of u, we
genreate o, according to BSCs(-|o,), where 6 =1 — 24.

We also consider the case where T is a regular tree (every vertex has d € Zs children),

denoted BOT(2,6,d).
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We refer the reader to Chapter 5| for a review of previous results on the BOT
model.

Boundary irrelevance Let us add side information (survey) to the BOT model.
Let W be a fixed BMS channel, and for each node u we observe w,, ~ W(:|o,). We
call this model broadcasting on trees with survey (BOTS). We will also denote by Ay,
the A-component of the BMS W (see Chapter [2| for background on BMS channels).
This setting includes the one in [I10], where W = BSC,, i.e., for each node u,
Plw, = 0,] = 1 -Plw, = —0,] = 1 —a; and the one in [83], where W = BEC,, i.e., for
each node the survey reveals the correct label with probability 1 — ¢ and an erasure
symbol otherwise. The latter is of particular interest to us because of its application
to the computation of the SBM mutual information.

We say the model admits boundary irrelevance with repsect to W if

khm [(Up;aLk‘TkawTk) = 0, (104)
—00

where Lj denotes the set of vertices at distance k to p, Tj denotes the set of vertices
at distance < k to p. We say the model admits boundary irrelevance if it admits
boundary irrelevance with repsect to all erasure channels BEC, with 0 < e < 1.

Our work [4] proved that boundary irrelevance implies a formula for SBM mutual
information. This is further generalized in our work [73] and in Theorem See
Chapter [5] for more discussions.

If the model admits boundary irrelevance, then we have

lim lim I(0,; Ty, w7, ) = lim I(0,; Tk, 01,), (10.5)

e—1— k—oo k—o0

where w® denotes survey observation with W = BEC,. Indeed, we have

lim lim I(0,; Ty, wy,) = lim lim I(o,; Ty, ws, ,0L,)
e—~1— k—oo e—~1~ k—oo

= inf I(o,; Ty, ws 0L
cc[0,1) ( 14 Ml %) k)
kEZZO

= lim I(0,; Tk, 01,), (10.6)
k—o00
where the first step is by boundary irrelevance, the second step is by data processing
inequality, and the third step is by because for every k € Zx, the value I(0,; w5, ,01,)
is continuous in € € [0, 1] including at the boundary. Property is known as the
condition for optimality of local algorithms [83, [1T0].

Uniqueness of BP fixed point Boundary irrelevance with respect to a channel
W can be interpreted using the belief propagation operator (Definition [5.13]). The
BP operator for our case is an operator from the space of BMS channels to itself,
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defined as
BP(M) := Ey(M o BSCs)*, (10.7)

where b = d for the regular tree case, and b ~ Pois(d) for the Poisson tree case. The
BP operator is relevant because if we let M, to denote the channel o, — o, , then

M1 = BP(My,). (10.8)
Given a survey BMS channel W, we consider the operator BPy,, defined as
BPy (M) := (Ey(M o BSCs)™)  W. (10.9)

Then boundary irrelevance with repsect to W is equivalent to that for any initial
channel M (possibly trivial), BP¥, (M) and BP%, (Id) goes to the same limit as k — co.
This can be understood as uniqueness of fixed point for the operator BPyy .

We can also consider uniqueness of fixed point for operator BP. We say the BOT
model admits uniqueness of BP fixed point if the operator BP has only one non-trivial
BMS fixed point. We sometimes need to use the stronger notion of stability of BP
fixed point, which says that for any non-trivial initial BMS channel M, BPY, (M)
and BP¥,(Id) goes to the same limit as k — co. As shown by [104], stability of BP
fixed point implies an optimal recovery algorithm for SBM. See Chapter [f for more
discussions.

Our results Our main result for this chapter is as follows.

Theorem 10.1. Consider the model BOT(2,60,d) or BOT(2,0, Pois(d)). Let W be a
non-trivial BMS channel. If

(d6? — 1),

df* exp (— 5 ) Z(W) < 1, (10.10)
where Z(W) is the Bhattacharyya coefficient (Definition[2.4), then the model admits
BI with respect to W.

In particular, BI holds whenever d9* < 1 or d§? > a*, where o =~ 3.513 is the

unique solution in R-q to the equation

1
exp (—a 5 ) a=1. (10.11)

We remark that ((10.10)) is a relaxation of a sharper bound in Prop. (e.g., for
BOT(2,6,2), Bl is proven for all cases except df? € (1,1.62)). The following corollary
lists a few direct consequences of Theorem [10.1}]

Corollary 10.2. In the setting of Theorem if any of the following is true, then
the model admits BI with repsect to W.

(i) Z(W) < L& ~ 0.824;

2
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(i) P.(W) <i—3Vi—e

Q
o
o

1 .
1 17;

(iii) W = BEC, and with ¢ < % ~ 0.824.

Proof. For|(i)| we use

sup (a exp (—O‘ > 1)) - % (10.12)

For |(ii)| we define p(A) = 24/A(1 — A) and notice that
Z(W) = E[p(Aw)] < p(EAw) = p(P(W)) (10.13)

because the function p is concave. So when P.(W) < % — }1\/4 — e, we have Z(W) <
Ve
o
follows from . O]
We demonstrate the region of uniqueness of BP fixed point from Corollary
on Figure [10-1, We note that taking the limit ¢ — 17, Theorem implies that

L . e sl

\ <

0.8 H 8 0.4H

0.0 . . I . 0.0

Figure 10-1: Left: Region of BP uniqueness for BEC survey from Corollary [10.2((iii).
Right: Region of BP uniqueness for BMS survey from Corollary [10.2[ii).

revealing an (arbitrarily) small fraction of vertex labels gives the same information
about the root bit, as revealing the whole boundary labels at large distance, even in
the reconstruction regime, cf. .

Our method for proving boundary irrelevance also works for uniqueness of BP
fixed point.

Theorem 10.3. Consider the model BOT(2,0,d) or BOT(2,0, Pois(d)). If

2 _
46 exp (—M) <1, (10.14)
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then the model admits stability of BP fixzed point.

Applications of Theorem [10.I] and Theorem [10.3] include a mutual information
formula and an optimal recovery algorithm. We discuss these applications in Sec-

tion [10.3l

Our method We believe that our proof technique offers the following improvements
compared to [104, 110]: (a) it is much shorter; (b) we do not need to consider large 0,
small d and small d large 6 cases separately; (c) it works simultaneously for d6? < 1
and df? > 3.513; (d) it works simultaneously with and without side information, and
the side information can be any BMS, rather than specifically the BEC or BSC; (e)
it closes the entire low-SNR case d#* < 11

Our main innovation is the information-theoretic point of view: we consider BOTS
with or without leaf observations as two binary input symmetric channels (BMSs)
which are related to each other by a property known as degradation. This implies
a certain inequality between the log-likelihood ratios (LLRs), cf. , which we
exploit in the application of the potential method. These key ideas are the content
of the Prop. [10.5] On the more technical side, another innovation is the choice of the
potential function as ¢(r) = e~ 2".

10.2 Uniqueness of BP fixed point

In this section we prove our main results, Theorem [10.1] and Theorem [10.3|
Recall the BOTS model defined in Section Let M}, denote the BMS channel
o, = (wr,,01,) and My denote the BMS channel 0, — wr,. Let Pa, (resp. Px )

be distribution of A-component of BMS M (resp. Mk) We prove the following
strengthening of Theorem [10.1]

Theorem 10.4. In the setting of Theoremm P, and Px,converge weakly to the
same distribution as k — oo. In particular,

lim P.(M) = lim P,(M,), (10.15)
k—o0 k—o0
lim C(M;) = lim C(M,). (10.16)
k—00 k—o00

Proof of Theorem [10.3is deferred to Section [10.2.5

10.2.1 Belief propagation recursion

The maximum a posteriori probability (MAP) decoder is the optimal decoder for
this reconstruction problem. It can be implemented using belief propagation (BP) as
follows.

!There are, however, two related low-SNR results. [I10, Theorem 4.2] shows uniqueness of fixed
point for df < 1 via a simple contractivity of Fyp function in the BP recursion (10.20)).[83, Theorem
3] shows ([10.5)) for df? < 1 as an application of information contraction from [63].
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For each node u, let Li(u) denote the set of nodes in subtree rooted at u that are
at distance k to u. Let Tj(u) denote the set of nodes in subtree rooted at u that are
at distance < k to u. Let R, € RU {£o0} denote the posterior log likelihood ratio
given wr, (u) U o7, (u):

Plow = +Hwrw) U 0L, w)]

Plow = —|wr, ) U 0L, ()]

R, = log . (10.17)

The initial value is
R,o =0, 0. (10.18)

Define a function Fy : RU {00} — R as

1
Fy(r) = 2arctanh <9 tanh <§r>) . (10.19)
By definition of R, ; and Bayes rule (see e.g. [I10]), we have

Rups1= Y Fp(Ruox) + W, (10.20)

vEL1(u)
where W, is the log likelihood ratio induced by observation, i.e.,
Ploy = +|w.)

Plo, = —|w.]

Using (10.18))(10.20) we are able to compute R, recursively.

For observation without leaves, let }N‘Zuk denote the posterior log likelihood ratio

given wr, (). Then Euk satisfies the same recursion ((10.20]), but with a different initial
value

W, = log (10.21)

Ry =0. (10.22)

Let Mj(u) denote the BMS channel 0, = (wr,(u), 0L, ())- Let M;(u) denote the
BMS channel o, — wr, (). Let A, and ﬁuk denote the corresponding A-components
(both are random variables supported on [0, 3]). They relate to log likelihood ratio
via the following expression:

|Ru| = log ——%%  |R,| = log z—’f

1
10.23
Au,k u,k ( )

There exists a canonical coupling between Mj,(u) and Mj,(u) via forgetting Tl (w)
(i.e., the channel (wr, (), OL,(w) = Wrp(w))- S0 My (u) is less degraded than M;(u).
Furthermore, by data processing inequality for total variation, under the canonical
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coupling, we have
E[AuslAui] < Ay (10.24)

As we will see, the core of our proof is the use of this degradation relationship.

Let uﬁ be the distribution of R, conditioned on o, = + (and for Galton-Watson
trees, without revealing structure of the subtree rooted at u), and 71 be the distri-

bution of ﬁuk conditioned on o, = +. These definitions do not depend on the choice
of u. Then pg is the point measure at +o0, fig is the point measure at 0.

Both distributions satisfy the same recursion. Consider the equation

Rii= Y ZJy(Rf,)+W, (10.25)

veL1(u)

where {Z,, Rik, Wy v € Li(u)} are independent, Z, are i.i.d. Bernoulli with P[Z, =
+1]=1-P[Z, = -1] =1-96, R}, ~ p, and W, distributes as log likelihood ratio
corresponding to the survey BMS. Then R k1 ™ i ke The same holds if we replace
Ry~ pif with RYy ~ i and RY o~ gy with R~ il

BP distributional fixed point A distribution x on RU{+00} is called a BP fixed
point of the BOTS model (0,d, W) if taking R i.i.d. ~ pu, i € [d], Z; and Ry as
above results in

= Y ZiFy(R])+ Rw (10.26)

1<i<d

having the same distribution p. In this work we restrict our attention to symmetric
distributions, i.e., distributions associated with BMS channels. We talk below about
the fixed point distribution P on [0, 5] that is related to y via transformation (10.23).
Namely, a distribution Pa is a fixed point iff the law p of random variable R is a
fixed point, where R™ is generated via sampling A ~ PA and then setting

log 152, w.p. 1 —A,
Rt = {—logAl_A wp. A (10.27)
X, wp. Al

Similarly, we define the BP fixed point for the BOTS model (6, Pois(d), W) where
in ((10.26]) d is replaced with b ~ Pois(d).

10.2.2 Contraction of potential function

The technical part of our proof is contraction of certain potential functions. The next
proposition shows the kind of contraction result we need.

Proposition 10.5. Let ¢ : RU{£oo} — R U {£o0} be a function such that the
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function g : [0, 3] = RU {£oo} defined as

— A) +A¢ <— log > _AA) (10.28)

1s decreasing and a-strongly convex for some o > 0. If

g(A) = (1 - A)s (1og !

lim E[¢(R},) — 6(R!,)] =0, (10.29)

k—o00

then under the canonical coupling,

lim E(A,x — A, )% =0. (10.30)

k—o0

Proof. Because g is a-strongly convex, we have

Q(Ap,k) - Q(Ap,k) > gl(Ap,k)(ApJf - Ap,k) + (Ach - Ap,k)Z' (10.31)
Then

E[¢(R},) — o(R},)] =

Ex, EIS(R) ) — (R)))| A4
Ex, Elg(A,x) = 9(8p0)|1A

Eﬁp,kE[Q/(&p,k)(Ap,k - A )
E
2

v

a ~ ~
E(Ap,k - Ap,k)2 |Ap,k]

+
~ a ~
Apk [ (A 0) (E[A,, k|Ap k] — A w)] =+ EE(AP,k - Ap,k>2

E(A,x — Ayx)?. (10.32)

v

The second step is because R+k and A, (also R+k and Ap r) relate via (10.27). By
(10.32)), we see that ( 1mphes (10.30)). O

Note that also shows that E[p(R};) — ng(}N%jk)] is non-negative as long as
g is decreasing and convex.

We choose the potential function to be qﬁ( ) = —exp (——7‘) This potential func-
tion is chosen so that the expectation of ¢(R." +ri1) has a nice decomposition (1 (10.41]).

In fact E [exp ( ;R*)] is equal to the Bhattacharyya coefficient of the BMS channel,
and (|10.41)) can be interpreted as multiplicativity of Bhattacharyya coefficients under
*-convolution.

The function ¢ is given by g(A) = —24/A(1 — A). One can check that g is de-

creasing and 4-strongly convex on [O, 3.

Proposition 10.6. Assume that we have a non-trivial survey channel. Let

Cy = Cy(0,d, W) = db? (1 — (dif_f)*) N Z(W). (10.33)
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For reqular trees, under the canonical coupling, for any € > 0, there exists k* such

that for all k > k*,
1, |
E |exp —§Rp’k+1 — exp 2Rp,k+1

< (14 CE {exp (—ﬁRjk) ~exp (—%R;k)] | (10.34)

In particular, if C; < 1, then (10.29)) holds.
For Galton-Watson trees with Poisson offspring distribution, the same holds with
C replaced by

Cy = Cy(0,d, W) = db* exp < d (1 - \/1 - %)) Z(W). (10.35)

Proof of Prop. [10.6]is deferred to Section [10.2.3]

Prop. and complete the proof of Theorem because for ¢ = 1,2, we
have

do* —1
Oy < d6? exp (—%) Z(W). (10.36)
10.2.3 Proof of Prop.
Let us first deal with the regular tree case. Let u be a vertex and vy, ...,v4 be its

children. Let R;rhk, e Rvdk be i.i.d. ~ u;, and R;“ FRRRe Rv  belid. ~ fF . Define
R}, and fijk +1 using (10.25)). Furthermore, for 0 <i < d, define R, , ., as

Rijpo = > ZiFs(RE )+ > ZiFy(RE )+ W (10.37)

1<5<4 i+1<5<d

That is, Ry = Ry g and Ry 0= Ry
For 1 < i < d and k large enough, let us prove that

1
E {exp ( 2RL k+1) — exp <—§RI¢—1J€+1)]

< +e)%E [exp( “R k) —exp< R k)] (10.38)

where (1 is defined in ((10.33]). We prove that (10.38]|) is true even if conditioned on
Ay, . For A € [0, 1], define

G(A) =K [exp ( Lpe, ,m) _a+ 6)%exp <—-R+ ) B s — A] (10.39)
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Define p(A) = —g(A) = 24/A(1 — A) so that we work with non-negative numbers.
So

1~ ~
E {exp (—§R;:k> |Ay, k= A} = p(A). (10.40)
Then
1 ~
E {exp (_éRIi,kH) |A,, k= A}
1 ~. 1 +
= [] E|exp —5ZiFo (R ) )| - I[ E|exp —5ZiFo(R )
1<5<i—1 i+1<j<d

‘E [exp (—%ZiFg(E:):,k)) Ay k= A} ‘E [exp <—%Wu)} . (10.41)

Let us examine E [exp (—%Z,Fg(ﬁjﬁ) |£U1k = A]. We can compute that

1 ~. | exp (—% log I_Afgﬁ) ., w.p. 1 —Ax),
P (_ﬁziFdR”“k)) o { exp (—l—% log 1;%;‘5) , w.p. Ax0, (10.42)

where we use notation d§; x ds = d1(1 — d2) + d2(1 — 7). So

E {exp <—%ZZ-F9(§;7,€)> - A] — Elp(A #8)]. (10.43)
Similarly,
E {exp <-%sz6)(§; k))} = E[p(Ay, x * )], (10.44)
E [exp <_%sz9(le]_ k))] = E[p(Ay % 0)]. (10.45)
Finally,
E {exp <—%Wu)} — E[p(Aw)] = Z(W). (10.46)

So from ((10.41)) we get

B oxp (~5 Al ) Buws = & = Eousx )] (o561 p(A <520V
(10.47)
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So

G(8) = Elp(B o 8) B (A D) Z(W) (A )
— 9 ) (10.48)
Let us bound each factor.
P(A%8) =2/ (Ax0)(1 — Axd) =+/1—62(1 —2A)2. (10.49)

So

Elp(Ro s % 8)] = E[\/1 - 02(1 — 2&,,,)7) < \/1— 02B(1 - 2&,,,02.  (10.50)

By Prop. [10.7], for any ¢ > 0, for k large enough, we have

E[(1 —2A,, )% > <<§0i—1>;2 - e’>+ . (10.51)
So
Ep(Ay, 4% 5)] < \/ L ((EZZQE—I); _ a) k (10.52)
Similarly,
E[p(Ay, 1 % 0)] < \/1 — 62 ((gei—z);z - e’) - (10.53)

Note that p is strictly concave on |0, %], and p/ (%) =0. So

2

TAaP(Ax6) = 6°p"(A). (10.54)

So (10.48)) gives

@)= (1-¢ (F=5m <) ) T ramon - 1 9%y

Note that

do? —1 =R @2 —1),.\ 7
] _ 2 - / = — —+
61/13%) (1 0 ((d “ e>+) (1 71 ) . (10.56)



So we can take ¢ > 0 small enough so that

(1—(92 ((Zei—z);—e’))%l <(1+¢) (1—@5%11)*)%1. (10.57)

So for k large enough, G”(A) < 0 for all A € [0,%] and G(A) is convex. Also,

2

el (%) = E[p(Ay, 1 % ) T E[p(Ay, i+ 6>}d‘iZ<W>d%IA—;p<A *9)

(1+6)%p/ <2)

~0. (10.58)
So G’ is non-positive, thus G is decreasing on [0, 5]. Because Mj(v;) (BMS corre-
sponding to R ;) is less degraded than Mj(v;) (BMS corresponding to ]:éjlk), we get

(10.39).

For Galton-Watson trees with Poisson offspring distribution, the proof is very
similar to, and slightly more involved than the regular case. Let u be a vertex. Let

Ry 4 Rj}; by - - be iid. ~ pf, and R;rl & Rj}; by - - be iid. ~ . Let b ~ Pois(d) and
V1, ..., be the children of u. For ¢ > 0, define
Rivo= >, ZiFy(RL )+ > ZiFy(RE )+ W (10.59)
1<j<min{i,b} i+1<5<b

For ¢« > 1, let us prove that

1
E {exp ( RL k+1) — exp (_ﬁRii—l,k+1):|

1~
< gE {exp (—§R;k> — exp (—§R;r1 k)] : (10.60)

where ¢; are constants to be chosen later. Define
1~ 1~ ~
Gi(A) =E |exp —§Ru7i7k+1 — ¢; exp —éthk |Ay = A (10.61)

Let us prove that G; is decreasing and convex on [0, %] Similarly to ((10.48]|), we have

2

G;‘,(A) = Eb[ﬂbZiE[p(zm,k * 5)]i_1E[p(Av1,k * 5)]b_iZ(W)d_

dAQp(A *x0)] — cip”(A).

(10.62)
Let us study each term in ((10.62)). By (10.49)) and Prop. , for any ¢ > 0, for k
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large enough, we have

~ 2 _
E[p(Ay, x * )] \/1 — ?2E(1 — 2AU1 k) < \/1 — 02 (deQQ 1_ 6/> . (10.63)
+

Similarly,

E[p(A,, x*6)] < \/1 — 62 (d&;@z L e') . (10.64)
+

(10.54)) still holds in the Poisson case. So ((10.62)) gives

b—1
de? — 1 2
]11,21' (1 — 92 ( - 6/) )
do? N
> -1 N\ \ 7
Tozs (1 - ( W >+>

so that GY(A) >0 for all i > 1 and A € [0, 1]. Also,

G/(A) > (Eb

0*Z(W) — ci> p"(A).  (10.65)

We can take

ci =Ey 0*Z(W) (10.66)

G (1) = B[ Lo=B[p(Ay, & 0) T E[p(Ay, 4 % 0))* 7 2 (mﬁugp(ﬁ *0)]

2
(1
()
=0. (10.67)

So G; is decreasing.

By summing up ((10.60)) for i > 1, we get
1~ I,
Elexp { =5 Ry | —exp (| =5k
2 " 2 "
1 ~+ 1 +
< Zci E |exp —§Rv1,k — exp _§R”1’k . (10.68)
i>1

By ((10.66)), we have
do? — T
Lp>i
e (o (T 2),)

ZCZ' = QQE(,
< df? exp ( ( \/1 — 62 dé;; ! 6’> )) Z(W). (10.70)

i>1
186

Z(W) (10.69)




We can take ¢ > 0 small enough so that

exp (—d (1— \/1—02 (dengl —6’> >>
< (146 exp (—d (1 - \/1 _ w» | (10.71)

This finishes the proof for the Poisson tree case.

10.2.4 y2-capacity of BOT channels

Proposition 10.7. Consider the model BOT(2,6,d) or BOT(2, 6, Pois(d)), with the
following observation models:

e M} :0,— v, where v, ~ BSC,(:|0,);

o M?:0,— (op,,wr,).

o M}:o,— op,;

o M}: o, — wr, with non-trivial survey channel W ;

o M} : 0, — wp, with non-trivial survey channel W.
For each of the above channels, we have

e for BOT(2,60,d) (reqular trees):

- (d6® — 1)+
2 > — .
dim Cha(My) 2 2(d—1) (10.72)
e for BOT(2,6,Pois(d)) (Poisson trees):
: (do* — 1),

Proof. The y?-capacity is always non-negative, so the df? < 1 case is automatic. In
the following we assume df? > 1.

First we observe that all M;’s are less degraded than M, for some suitable choice
of . This is obvious for i = 2,3. Clearly M} is less degraded than M. That
M <geg M} follows from [121, Lemma 2, 3|, where we can take n = P,(W). So by
Lemma , we only need to prove the result for M.

We prove the result by applying Lemma [10.8] To do this, we need to find a BMS
channel more degraded than M, which takes value in R. One natrual choice is the
majority decoder. We define

Sk=>_ 1. (10.74)

'UGLk
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Then the channel o, — Sy, is clearly more degraded than M. We apply Prop. [10.9
to conclude. [

Lemma 10.8 (Restatement of [63] Lemma 4.2(iii)|). Let P : X — Y be a BMS

channel with Y a real variable, and with involution Y — =Y. Then C\2(P) > (\I/E;z;)) .

Proof. Let X — (A, Z) be the equivalent standard form of P. By Cauchy-Schwarz,
we have

EX[(1—2A)E*[Y?) > (EF[(1 - 24)[Y])* = (ETY)*. (10.75)

This is equivalent to the desired result. O

Proposition 10.9. Assume d0* > 1. Consider the channel o, — Sy defined in

(10.74).
For BOT(2,0,d) (regular trees),

Vart S}, 1—6?
li = . 10.
koo (ESp)2  df? — 1 (1076)

For BOT(2,0, Pois(d)) (Poisson trees),

Var+ Sk 1
I = . 10.
koo (ESp)2  df? — 1 (1077)

Proof. The regular tree case is proved in [104, Lemma 3.4, 3.5|. (Note that the

expression for limy_, o (\]/Eaj S‘S;’; on top of [104] pg. 2224] is incorrect.)

Let us focus on the Poisson tree case. It is easy to see that
E*Se = (1 — 2n)(do)*. (10.78)
Let p be the root, and vy, ..., v, be its children. By variance decomposition, we have

Var™ Spkt1 = Var™ E[S, k+1/0] + Es Var+(E[Sp7k+1|b, Tuyy- -3 0y, [D)
+EVart (S, 541|0, 0v1s - - -, Ou,)- (10.79)

Let us compute each summand.
Vart E[S, 41]0] = Var® (b0(1 — 2n)(d0)*) = d6*(1 — 2n)*(do)**. (10.80)
Ey Var™ (E[S, k11|, 00y, - - -, 04,] D)
=E, Var" ZO“ —2n)(dO)*|b
i€[b]
= Ey[b(1 — °)(1 — 217)*(d6)*"]
=d(1 — 6%)(1 — 2n)*(do)**. (10.81)
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EVart (Sprs1lb, 0u,, .. 00,) = By[b > Var' Sy, 4] = dVar® S, (10.82)

i€[b]
Plugging (10.80))(10.81))(110.82)) into (10.79)), we get
Vart S, p1 = d(1 — 2n)*(d0)** + d Vart S, . (10.83)

Solving (|10.83) with initial value S, = 4n(1 —n), we get

Vart S, = 4n(1 — n)d* + Y d*d(1 — 2n)*(df)*
i€lk]
(do?)* —1
ez —1 -

Putting together ([10.78[)(10.84]), we get the desired result. O]

= dn(1 —n)d" + (1 — 2n)2d* (10.84)

10.2.5 Proof of Theorem [10.3

We prove the following strengthening of Theorem [10.3] (note that BPy, = BP when
W is trivial).

Theorem 10.10. Consider the model BOT(2,0,d). Let W be a (possibility trivial)
BMS channel. Then we have the following results on the fixed points of the operator
BPy,.

(i) If W is non-trivial and Cy < 1 (defined in Eq. (10.33)) ), there is exactly one BP
fized point. Furthermore, starting from any initial BMS channel M, BP*(M)
converges to the unique BP fixed point as k — oo.

(ii) If W is trivial and d6* < 1, there is exactly one BP fized point, which is trivial.
Furthermore, starting from any initial BMS channel, the BP recursion converges
to the unique BP fixed point.

(iii) If W is trivial, d0* > 1, and C, < 1, there are exactly two BP fized points,
one 1s trivial and the other is non-trivial. Furthermore, starting from any non-
trivial (resp. trivial) BMS channel, the BP recursion converges to the non-trivial
(resp. trivial) fized point.

The same results hold for BOT(2, 0, Pois(d)) with Cy replaced by Cy (defined in
Eq. (10.35)).

Proof. For any channel M we have 0 <geg M <geg Id. Therefore
BP];V(O) Sdeg BP];V(M) Sdeg BP];V(Id) (10'85)

for all £ > 0. By proof of Theorem the first and the third term converge to the
same non-trivial fixed point as k — oo. Therefore the middle term also converges to
that fixed point.
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If there is another fixed point P, then taking initial channel to be P, the BP
recursion would always stay at P. This is impossible because the choice of M in the
above discussion is arbitrary.

: If W is trivial and df? < 1, we are in the non-reconstruction regime and there
is a unique BP fixed point, which is trivial. Because BP*(M) <4ee BP*(Id) for any k
and initial channel M, BP recursion always converges to the trivial channel.

: There is one trivial fixed point.

Let M be a non-trivial BMS channel. Taking r = P.(M) < %, then BSC, <geg M.
Therefore

BP*(BSC,) <4eg BP*(M) <4o, BP¥(1d) (10.86)

for all kK > 0. By proof of Theorem the first and the third term converge to the
same non-trivial fixed point as k — co. Therefore the middle term also converges to
that fixed point.

If there is another non-trivial fixed point P, then taking initial channel to be P,
the BP recursion would always stay at P. This is impossible because the choice of
M in the above discussion is arbitrary. ]

10.3 Applications

Main applications of uniqueness of BP fixed point and boundary irrelevance include
a mutual information formula and an optimal recovery algorithm. In this section we
prove these results via reduction established in Chapter [5]

Theorem 10.11 (Mutual information formula). Let (X,G) ~ SBM(n,2,a,b). Let
(0,T) ~ BOT(2,0,Pois(d)) be the corresponding BOT model, where § = Zﬁlﬁ and
d = “TH’ Let w® denote the observation of o through BEC.. Let a* =~ 3.513 be the

unique solution in R<q to the equation exp (—07_1) a = 1. The following hold.

(i) For a,b such that d9*> <1 or df? > o* ~ 3.513

1 1
lim —I(X;G) = / lim I (0,; Wi\, Tk)de. (10.87)
0

n—oo N, k—o0

(ii) For any a,b such that d6? € (1,a*), i.e., inside the gap 0f

1 s :
h}gg}lf EI(X; G) = /0 kh_>no1o I(0p; Wi\ | Tk )de + &ing log 2, (10.88)
. 1 b i
hinﬁsoljp EI(X; G) = /0 klgrolo I(0p; Wi\ | Tk )de + Eeup log 2, (10.89)

where 0 < &ing, Egup < 1 — ‘/75 ~ 0.178.
Proof. hold directly by Theorem and Theorem [5.15]
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For we look into the proof of Theorem By Corollary [10.2)(iii), BI holds

for all e < ¢* = ‘/7@ Therefore

*

.1 c .
llﬁgf EHX; G) = /O kl1_>rr010 I(0p; w0\, Th) + Eint, (10.90)
where
1
for = / liminf 1(X,; G, Yg,) < (1 — €)H(X,). (10.91)
« N—00
The proof for lim sup is similar. O]

Theorem 10.12 (Optimal recovery for SBM with survey). Work under the same
setting as Theorem [10.1. Suppose that in addition to G, we observe survey Y, ~
W (-|X,) for all v € V, where W is some non-trivial FMS channel. If d§*> < 1 or
dO* > o* ~ 3.513, then belief propagation (Algom'thm achieves the optimal recovery
accuracy of

1 — lim P.(0,|T, wn,)- (10.92)
k—ro0
Proof. By Theorem and Theorem [5.20] O

Theorem 10.13 (Optimal recovery for SBM). Work under the same setting as The-
orem [10.1. If d6? > o* ~ 3.513, then there is an algorithm (Algom'thm@ achieving

the optimal recovery accuracy of
1- klim P.(0,|Tx, 01, ) (10.93)
—00

Proof. By Theorem [10.1] and Theorem [5.22] we only need an initial weak recovery
algorithm that satisfies the conditions in Theorem [5.22] By discussions before the
proof of Theorem [5.22] in the two-community symmetric case, any weak recovery
algorithm can be modified into one that satisfies the conditions. So we can use the
weak recovery algorithms in [96] or [103]. O
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Chapter 11

Uniqueness of BP fixed point: Potts
model

We generalize the degradation method introduced in Chapter to Potts models
BOT(q, A\, d) and BOT(q, A, Pois(d)). We prove that stability of BP fixed points
(Definition and boundary irrelevance (Definition hold when d\? > 1 +
C max{\, ¢!} log q for some absolute constant C' > 0 independent of ¢, \, d. For large
g and A = o(1/logq), this is asymptotically achieving the Kesten-Stigum threshold
d)\? = 1. These results imply mutual information formula and optimal recovery
algorithms for the g-community symmetric SBM in the corresponding ranges.

This chapter is based on [73].

Chapter outline In Section[I1.I we introduce the setting and main results in this
chapter. In Section[I1.2] we give some preliminaries on limits of information channels.
In Section [11.3] we prove Theorem [11.1] boundary irrelevance and uniqueness of BP
fixed point for a wide range of parameters. In Section[11.4] we discuss applications of
uniqueness of BP fixed points and boundary irrelevance. In Section we discuss
asymmetric fixed points of the BP operator.

11.1 Introduction

Stochastic block model We consider the model SBM(n, ¢,a,b) (Definition [5.4)),
defined as follows. The model has four parameters n € Z>1, ¢ € Z>2, a,b € Ry.
First, we assign a random label (community) X; ~ Unif([¢]) i.i.d for i € V = [n].
Then a random graph G = (V, E) is generated, where (7, j) € £ with probability £
if X; = Xj, and with probability % if X; # X, independently for all (i,j) € (‘2/)
When a > b, we say the model is assortative. When a < b, we say the model is

disassortative.
For the SBM, an important problem is weak recovery. We say the model admits
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weak recovery if there exists an estimator X (G) € [¢]" such that

1 s 1
lim —Edy (X, X(G)) <1— -, (11.1)
n—oo N q
where dy(X,Y):= min 1{X; #7(Y;)}. (11.2)
TeAut([q]) )

When weak recovery is possible, the natural follow-up question is to determine
the optimal recovery accuracy

sup lim E {1 - %dH(X,)A((G))} . (11.3)

)A(:)A((G) n—oo

A fundamental quantity of the stochastic block model is its (normalized) mutual
information

1
lim —I(X;G). 11.4
Jim —I(X;G) (11.4)
We refer the reader to Chapter [5| for a review of previous results on weak recovery,
optimal recovery, and mutual information.

Broadcasting on trees The stochastic block model has a close relationship with
the broadcasting on trees (BOT) model. The reason is that in SBM, the local neigh-
borhood of a random vertex converges (in the sense of local weak convergence) to
a Galton-Watson tree with Poisson offspring distribution. Therefore, properties of
BOT can often imply corresponding results on SBM.

For the model SBM(n, ¢, a,b) we consider, the corresponding model is the Potts
model BOT(q, A, Pois(d)), defined as follows. The model has three parameters ¢ €
Lso, \ € [—q_%, 1], d € R>y. Let T be a Galton-Watson tree with offspring distri-

bution Pois(d), rooted at p. We assign to every vertex v a label o, € [q] according to
the following process.

1. Generate o, ~ Unif([q]).

2. Suppose we have generated a label for a vertex u. For every child v of u, we
generate o, according to Py(-|o,,), where P, is the Potts channel defined as

Py(j]7) :A]l{i:j}#—%. (11.5)

We also consider the case where T is a regular tree (every vertex has d € Zs children),
denoted as BOT(q, A, d).

An important problem on BOT is the reconstruction problem, asking whether we
can gain any non-trivial information about the root given observation of far away
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vertices. We say the model admits reconstruction if

lim I(0,;0r,|Tk) > 0, (11.6)
k—o0
where L stands for the set of vertices at distance k& to the root p. We say the model
admits non-reconstruction if the limit is zero. It is known that non-reconstruction
results for the Potts model imply impossibility of weak recovery for the corresponding
SBM (Theorem , although the other side does not hold: in the case a = 0, there
is a gap of factor 2 (as ¢ — 00) between the BOT reconstruction threshold and the
SBM weak recovery threshold.
We refer the reader to Chapter [5|for a review of previous results on reconstruction
on trees.

Belief propagation Belief propagation is a powerful tool for studying the BOT
model. It is usually described as an algorithm for computing posterior distribution of
vertex labels given observation. Here we take an information-theoretic point of view
and describe BP in terms of communication channels.

We view the BOT model as an information channel from the root label to the
observation. Let M, denote the channel o, — o, . Then (M), satisfies the following
recursion, which we call belief propagation recursion:

Mk-Jrl = ]Eb(Mk o) P)\)*b (117)

where b following the branching number distribution (constant in the regular tree
case, Pois(d) in the Poisson tree case), and (-)** denotes x-convolution power. Let BP
be the operator

BP(M) := Ey(M o Py)** (11.8)

defined on the space of information channels with input alphabet [¢]. Due to symme-
try in labels, we can regard BP as an operator on the space of FMS channels (Chap-
ter . In terms of the BP operator, the reconstruction problem can be rephrased as
whether the limit channel BP*(Id) := limy_,., BP*(Id) is trivial or not. The prob-
lem of optimal recovery for SBM can be reduced to the following problem on trees:
whether the limit

nh_)rglo I(o,;wr, |Tk) (11.9)
where w is the observation of o through a non-trivial channel W, stays the same for
any non-trivial FMS W. Therefore, it is important to study the non-trivial fixed
points of the BP operator (the trivial channel is always a fixed point).

[104] proved uniqueness of BP fixed point for ¢ = 2 and large enough SNR. [4]
improved to ¢ = 2 and SNR ¢ [1,3.513]. [137] proved uniqueness of BP fixed point
for ¢ = 2 and any parameter d, A, closing the question for binary symmetric models.
For ¢ > 3, |37] proved that when the initial channel U is close enough to Id, and
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dX\* > C,, where C, is a constant depending on ¢, then BP*(U) = BP*(Id). They
did not give asymptotics for C,, but it seems like it is at least polynomial in ¢. [3§]
generalized [37] to asymmetric models.

Boundary irrelevance [4] reduced the SBM mutual information problem to the
boundary irrelevance problem, on a tree model called the broadcasting on trees with
survey (BOTS) model. In the BOTS model, we observe label of every vertex through
a noisy ¢-FMS channel W (called the survey). We say the model admits boundary
irrelevance with respect to W if

]}LI&[(UP;O'L,C‘T]C,WTIC) :0, (1110)
where T}, is the set of all vertices within distance at most k£ to the root, and w is
the observation of o through W. We say the model admits boundary irrelevance if
the model admits boundary irrelevance with respect to all erasure channels EC, with
0 < e < 1. Boundary irrelevance is equivalent to the condition that the operator

BPy (M) := (Ey(M o P\)*) W (11.11)

has a unique fixed point in the space of ¢-FMS channels. Because BP and BPy, have
very similar forms, the boundary irrelevance problem has a close relationship with the
problem of uniqueness of BP fixed point. Indeed, these two problems can be solved
using the same method.

Our main result Our main result is stability of BP fixed point and boundary irrele-
vance for a wide range of parameters. For a more precise statement, see Theorem [I1.5]

and Theorem [11.6]

Theorem 11.1 (Uniqueness of BP fixed point and boundary irrelevance). There
exists an absolute constant C > 0 such that the following statement holds. Consider
the model BOT(q, \,d) or BOT(q, A\, Pois(d)). If either d\*> < ¢~2 or d\* > 1+
Cmax{\, ¢ '}logq, then boundary irrelevance holds. That is, for any non-trivial
q-FMS survey channel W, we have

lim I(o,;01,|Tk, wr,) = 0. (11.12)

k—o00

Furthermore, under the same conditions, stability of BP fixed point holds, i.e., for
any non-trivial ¢-FMS channel P, BP*(P) and BP*(Id) converge weakly to the same
limit as k — oo.

See Section for applications to the g-community symmetric SBM.

Our technique We generalize the degradation method of [4] to g-ary symmetric
channels. In this method, we find suitable potential functions ® on the space of FMS
channels, such that for two channels M, M are related by degradation (M <gee M),
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we have (1) (M) — (IJ(M) contracts to 0 under iterations of BP (2) if ®(M) = @(M),
then M = M. This shows that the limit channels BP**(M) and BP*°(M) are equal.
To carry out this method, we make use of the theory of FMS channels developed in

Chapter

11.2 Limit of channels

In this section we build the foundation for discussing limits of information channels.
We view a channel P : X — ) as a distribution of posterior distributions under
uniform prior, i.e., the distribution of Pxy where Px = Unif(X), Y ~ P(-|X). Let
i denote the posterior distribution variable and P, € P(P(X)) be its distribution
(called P’s posterior distribution’s distrbution). Note that P, is invariant under
channel equivalence.

We often work with sequences (Py)g>o of channels with the same input alphabet X'.
Let P denote the distrbution of posterior distributions of P, under uniform prior.
Let P, be a channel with input alphabet X and posterior distribution’s distrbution
Pr . We say (Py)g>0 converges weakly to P if (Prj)r>0 converges weakly to Py o
as distributions on P(X).

In general, given such a sequence, a limit does not necessarily exist. Nevertheless,
when the channels are related to each other via degradation, a limit channel exists.

Lemma 11.2. Let (P, : X — Yi)i>0 be a sequence of channels with the same finite
input alphabet. If Py >4eg Pit1 for all k, then (Py)gp>o converges weakly to some
channel P.

Proof. By definition of degradation, there exists channel Ry : Vi — Vii1 such that
Py = Ry o P,. This gives rise to an infinite Markov chain

X-Yy-V1—-Y,—---. (11.13)
Let py denote the posterior distribution variable Py\y,. Then we have

Let Fj denote the o-algebra generated by (Y;);>x. Then (Fy)r>o is a reverse filtration
and (fu)k>0 1S a reverse martingale with respect to (F)r>0. By reverse martingale
convergence theorem (e.g., [57, Theorem 4.7.1]), limy_, ., 1 converges almost surely.
Define 1o := limy_ o pg. Let Py be a channel with input alphabet X whose posterior
distribution’s distribution is . Then (Py)r>o converges weakly to Ps.. O

Lemma 11.3. Let (P : X — Yi)i>0 be a sequence of channels with the same finite
input alphabet. If Py, <geg Pit1 for all k, then (Py)g>o converges weakly to some

channel P.

Proof. By definition of degradation, there exists channel Ry : )V — Yi._1 such that
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P._1 = Ry, o P,. This gives rise to an infinite Markov chain
X-Yy-YV -Y,—-. (11.15)
Let py, denote the posterior distribution variable Py|y,. Then we have

Elur1]Ye] = - (11.16)

Let Fj denote the o-algebra generated by (Y;)i<x. Then (Fi)r>o is a filtration and
(g )k>0 is a martingale with respect to (F)r>0. Note that the variables py, take values
in P(X), so are uniformly bounded. By martingale convergence theorem (e.g., [57,
Theorem 4.2.11]), limy_, o px converges almost surely. Define fio, := limg_,o0 ptg. Let
P, be a channel with input alphabet X whose posterior distribution’s distribution is
foo- Then (Py)g>o converges weakly to Ps. O

By symmetry, in Lemma and Lemma [11.3] if the sequence (P;)>o consists
of FMS channels, then the limit P, is an FMS channel.

11.3 Uniqueness and boundary irrelevance

In this section we prove uniqueness of BP fixed point and boundary irrelevance re-
sults for the Potts model for a wide range of parameters. We consider the model
BOT(g, A\, d) or BOT(q, A, Pois(d)) (Definition [5.9).

We state two results, one for the low SNR regime and one for the high SNR regime.
We define the following constants used in the results.

Definition 11.4. For q € Z>3, A € [ —, 1}, d > 0, we define

1
q—

fr ()\77 + %,v)

Ct(g,\) == sup , (11.17)
eP () fr(m,v)
velltCRY
1
where f(m,v) = <7T1 + —7T2,U2>, (11.18)
q
; 7 (A +122,0)
C%(q,\) ;== sup : (11.19)
7€P([q]) fH (777 U)
velltCRY
where f2(r,v) i= |42 |73 0|2 — (x4 7340 (11.20)
2 g—2 d2-1\"
H
Ad) = - . 11.21
Mand = (24122 052 (11.21)

We have the following bounds on these constants: C¥(q,\) < ¢* (Prop. [11.17)),
CH(g,\) < ¢? (Prop. |11.18)), ¢ (q, \,d) > 1 (obvious).
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Theorem 11.5 (Low SNR). If
dN*Ct (g, \) < 1, (11.22)

where C is defined in (11.17)), then boundary irrelevance and stability of BP fized
point hold.

Theorem 11.6 (High SNR). If d\? > 1 and

d\? —1

d\? exp (—cH(q,)\,d) : ) C(g,\) < 1, (11.23)

where ¢! is defined in (11.21]), C¥ is defined in (11.19)), then boundary irrelevance
and stability of BP fixed point hold.

Let W be a q-FMS channel. If d\* > 1 and
d\? —1

d\? exp (—CH(q, A d) - > CH(g, N Zz(WH) < 1, (11.24)
where WE denotes the restriction of W to a BMS channel (C’hapter@, and Z denotes

the Bhattacharyya coefficient (Definition . then boundary irrelevance holds with
repsect to W.

Proof of Theorem given Theorem and[11.6,. We prove the low SNR case and
the high SNR case separately.
Low SNR: By Prop. [11.17, C*(q,\) < ¢*. If d\? < ¢72, then (11.22)) holds and

Theorem applies.
High SNR: We prove that (11.23)) holds whenever dA? > 1+56 max{\, ¢ '} logq.

By Prop. [11.18, CH(q, \) < ¢°/2. For d\?> > 1, we have

2 — 2 -1 2 -1 1
(g, A\, d) > <— T max{\, O}) > (— + max{\, 0}) > 1 max{\, ¢},
q q q
(11.25)
Therefore
AN’ —1 d\? — 1
d)\2 _H Ad) - H 2\) < d>\2 A 5/2 _. d).
PPl A 2 )= o ( 8maX{/\,q_1}> ! 9a ()

(11.26)

Computing g; ,(d), we see that g,x(d) is monotone decreasing in d when d\* >
8 max{\, ¢~ '}. Therefore it suffices to prove g, »(dy) < 1 where dgA* = 1456 max{\, ¢~ '} log q.
We have

9ax(do) = (1 + 56 max{\, ¢~"}log ) exp(—Tlog q)¢”* < (1 + 56log q)g~*/*. (11.27)

The last expression is < 1 for all ¢ > 3. This finishes the proof. O
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11.3.1 The degradation method

Let (Mg)r>0 and (Mk)kzo be two sequences of ¢-FMS channels satisfying the belief
propagation recursion, i.e.,

M1 = BP(M,), M.y = BP(My), (11.28)
BP(M) := Ey[(Mj, 0 P\)** « W], (11.29)

where b follows the branching number distribution (constant if working with regular
trees), and W is the survey FMS channel (trivial if there is no survey).

For the boundary irrelevance problem, we take ]\A/[/o =0, My = Id. For stability of
BP fixed point, we take My = Id and M be a given non-trivial FMS channel. From
now on, we assume that M, = Id, and either (1) W is non-trivial and M, = 0, or
(2) W =0and M is non-trivial. Note that in both cases, the initial channels satisfy
My <geg My. Therefore Mk <deg M, for all k > 0 because the BP operator preserves
degradation preorder (Lemma . So the two channel sequences are naturally related
to each other by degradation.

Because My = Id, we have M}, >qgeg Mp4q for all k > 0. Therefore by Lemmal[11.2]
My = limy_,o M} exists. For the boundary irrelevance problem, we also have
M}, <geg My for all k > 0, and by Lemma @, M, = limy_, o, M}, exists. However,
for the stability of BP fixed point problem, it is a priori unclear whether the limit
limy,_, o, M) exists.

Let ¢ : P([g]) — R be a strongly convex function invariant under Aut([g]) action.
Extend it to a function ® : {FMS channels} — R as ®(P) = E¢(np). By degradation,
we have (M) > <I>(]\7k) for all £ > 0. The following proposition shows that it suffices
to prove contraction of potential function ®.

Proposition 11.7. Assume that ¢ : P([q]) — R is a-strongly convez for some a > 0,
and that

lim (®(M,,) — ®(Mj)) = 0. (11.30)

k—o0

Then under the canonical coupling, we have

lim E||7, — 7|3 = 0, (11.31)
k—o00

where Ty, (resp. Ty) is the w-component of My (resp. Mk) In particular, if My = 1d,
then both limits limy_.oo My and limy_.oo My, exist in the sense of weak convergence,
and the two limits are equal.
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Proof.
O (M) — O(My) = Ex, E[p(mi) — o(7i) 7] (11.32)
> Ex E[(VO(F), m — 7) + Fllme — T3/
> Er, (VO(R), Elmlfl = ) + SE|me - %l
> SE|m — 7l
where the second step is by a-strongly convexity, and the third step is because 7, <,,

E[mg|7] and ¢ is convex (thus Schur-convex). Taking the limit k& — oo, we see that

the Wasserstein W, distance between the 7-distributions of M), and Mk goes to 0.
Because limy_,o, M) converges weakly to a limit M, limg_ .o, M} also converges to
the same limit. O

Proposition 11.8. Assume that ¢ : P([q]) = R is a-strongly convex for some o > 0,
and that

lim (D(My) — ®(My)) = 0. (11.33)

k—o0

whenever My = 1d and (1) W is non-trivial and My =0, or (2) W =0 and My is
non-trivial. Then boundary irrelevance and stability of BP fixed point hold.

Proof. Boundary irrelevance: Let MO =0, My = 1d. By Prop. , we have

lim My = lim M. (11.34)
k—o0 k—o00
In particular,
lim C(Mj) = lim C(M,) (11.35)
k—o0 k—o0

where C' denote capacity (Definition [3.4). Note that

khm C(My) = hm I(Jp, L wr | Tk), (11.36)
—00
khm C(Mk) = hm [(ap,wTk|Tk) (11.37)
—00

So this proves boundary irrelevance.

Stability of BP fixed point: Suppose there is a non-trivial fixed point FMS
channel U. Let My = U, M, = 1d. By Prop. [L we have

lim My = lim M. (11.38)

k—o0 k—o00

Because U is a fixed point, LHS is equal to U. On the other hand, RHS does not
depend on U. Therefore there is a unique non-trivial FMS fixed point. O
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11.3.2 Low SNR

For the low SNR case, we use SKL-capacity as the potential function. We define

9 () = O (FSC,) = 3 (m - 1) log .

iclq) q

We state a few properties of the function ¢.

Proposition 11.9. ¢ is 1-strongly convex on P([q]).

Proof.

1
V2ol (n) = diag <7T_1 + a7r_2> = 1.

Lemma 11.10. ®(:) = Csk1(+) is additive under x-convolution.

(11.39)

(11.40)

Proof. This is a restatement of Eq. (3.10). For completeness, we give a direct proof

using Eq. (3.5)) here.

By FSC mixture decomposition (Prop. , it suffices to prove that

®L(FSC, xFSC,) = ®%(FSC,) + ®*(FSCyr).
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We have

®H(FSC, xFSCyr)
= Y | S | ot )
B (q— 1)l &= "0 T
reAut([q]) icldl
1 , o1 /
- (q—1)! Do mimy | Do ((@x ) - p log(7 *, m');
T€Aut([q]) i€[q) j€ldl
1 / ﬂ-jﬂ-;'(j) 1 7Tj7r’7(j)
B Z —1)! ZWTT(@') Z <—/ ——|log =——-—
reamtay \ V' i i \keld ™ Trwy 4 Lkel TR
7Tj7T;_( )
- log — =2 "W
Z _ [ Z 7TJ Z ™ g ;
ekt @7 Vi) RRE 2 kel T T
- Z q_1;Z Ty ZW@ 5 | log(m;m ())
TEAut(] j€ld] ze [d]
1 .1 )
Jj€ldl j€lql

= ®"(FSC,) + ®*(FSCy).

Condition (11.22]) implies the desired contraction.

Proposition 11.11. If (11.22) holds, then

lim (@L(Mk) - @L(Mk)> ~ 0. (11.42)

k—o0

Proof. Using BP equation and Lemma [11.10] we get
D" (Mjy1) = Ey [b0"(My, 0 Py) + 4 (W)] = d®" (M, 0 P) + @4(W),  (11.43)

and the same holds with M replaced with M.
To prove that

O (M) — O (Myp) < € (@L(Mk) . @L(Mk)> , (11.44)
for some ¢ < 1, it suffices to prove that

d®L(FSC, oPy) — c®X(FSC,) = do” (/\ﬂ + %) — cot(n) (11.45)
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1S concave 1n 7.

Let ¢ = d\*C*(q, \). Then for all v € 1+ € RY, we have

v V2 (d¢L (/\ﬂ + %) — c¢L(7r)) v=d\fL <)\7r +

,v) —cff(m,v) <0
(11.46)

where the first step is because v' V2¢L(7)v = fL(m,v) and the second step is by
definition of C'*. Therefore contraction holds. O

Proof of Theorem[11.5. By combining Prop. [I[1.11]} Prop.[11.9 and Prop.[11.§f O

11.3.3 High SNR

For the high SNR case, we use Bhattacharyya coefficient as the potential function.
We define

2
1

Hy_\ _ Ry _
o (7) = Z(FSCE) = ) dvm| -1, (11.47)
We state a few properties of the function ¢ .
Proposition 11.12. ¢ is a-strongly concave on P([q]) for some a > 0.

Proof. For any m € P([g]) we have

1 1 1
v2¢H<7T) = q——]_ 5 (7'('_1/2) (7'('_1/2)—r - 5 Z’Tfil/2 dlag (7T_3/2) . (1148)
i€[q]
So for any v € 1+ C RY,
1
v V2! (m)v = <7r_1/2, U>2 - Zwilp <7r_3/2, ) | . (11.49)
2(¢ - 1) &
i€[q]
Let us prove that
-1/2 ,\? 1
() <1-—. (11.50)
(Sieqm’?) (r22,02) ~ VA

Performing change of variable v = 7=%/%v, LHS of (I1.50) becomes
<7T1/47 u>2

1/2 )
(Ziei ™)

(11.51)
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We would like to maximize this expression over the hyperplane <7T3/ 4 u> = 0. By

geometric interpretation, maximum value is achieved at projection of 7

hyperplane, i.e.,

3/4

1/4 3/4 _ 1/4 T

1/4 _3/4
NG

=T 3742 32

at which (11.51)) achieves value

2
/2 1
(Zie[q} ; Zie[q] 71.;5/2)
1/2 1/2 1
<Zi€[q] T ) <Ei€[q] T~ et 7r1_3/‘2)

1/2 1
. T _—
B Zze[q] i et 71_%_3/2
o 1/2
Zie[q] 7%/
- 1/2 3/2
(Zie[q] 4y )(Zie[q] T )
1

<
IRYL

where the last step is because

Sal<yi Yat<r
i€[q]

i€[q]
This finishes the proof of (11.50]).
Therefore

1

UTVQQSH(W)U _ =T <7r_1/2, v>2 _ Zﬂil/g <7r_3/2, UQ>

i€[q]

IN

_ 1 1/2 -3/2 2
2(q_1)\/§ %{;}TFZ <7T 7U>

e
Ng—1)ya "

S_

onto the

(11.52)

(11.53)

(11.54)

(11.55)

where the second step is by ({11.50)), and the third step is because Zie[q] 7TZ-1/2 > 1 and

732 > 1.

Lemma 11.13. ®4(.) = Z(-) is multiplicative under x-convolution.

]

Proof. This is a restatement of Eq. (2.20)). For completeness, we give a direct proof

using Eq. (3.5)) here.
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By FSC mixture decomposition (Prop. [3.5)), it suffices to prove that

®H(FSC, «FSC,) = &7 (FSC,) + &7 (FSC,). (11.56)
We have
®H(FSC, «FSC,/)
- Z q—llzwZ ¢ (4, )
TeAut([q]) i€[q]
- S | = (| Z e
q—l' q—1
T€Aut([q]) i€lq] Jj€ld]
2
1 i)
_ — 1
Z _ ;Z Tl |
reamtay \ 4~V i ¢—1 & 2 kela) K
1 1
- Z (q—l) qg—1 Z TiTr () Zm
TEAut([q]) J€ldl i€[q]
- T Gt X e
T€Aut([q]) J?er[q
1
BRCEE DIRVILT I I DERVE A
j#kelq] J'#k'€lq]
= ®H(FSC,) @ (FSC,).
O

Condition (11.23) implies the desired contraction.

Proposition 11.14. If (11.23) or (11.24) holds, then

lim ((I)H(Mk) . @H(Mk)) ~0. (11.57)

k—o0

Proof. We treat the regular tree case and the Poisson tree case (almost) uniformly.
For simplicity, in this proof, we use the following notation. Let 1z be 1 if we are
working with regular trees, and 0 otherwise. Let 1p be 1 if we are working with
Poisson trees, and 0 otherwise.

Using BP equation and Lemma [11.13] we have

O (Myy1) = By | (7 (M 0 Py))" 07 (W)] (11.58)
and the same holds with M replaced with M.
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For ¢ > 0, define

o =K [] ((@H(Mk o PQ)MJSZ} (" (M 0 PA))MP"}) (W)l .  (11.59)
JEb]

Fix ¢« > 1. Let us prove that

O — By < ¢ (@(Mk) - @(Mk)> (11.60)
for some constant ¢; to be determined later.
Note that
O, — B,y = ( H(M, o0 Py) — O (M, 0 PA)) (11.61)

lﬂ{b > z} @H (M, o PQ)H (® (M 0 PA))IH} o ().

Note that f(m,v) = —2(q¢— 1)v"V2¢ (7)v. Therefore by definition of C*(q, \),
we have

V? (@7 (FSCyoPy) — X2CM (g, \)@" (FSC,)) = 0. (11.62)
So by degradation,
o1 (M, 0 Py) — O (M, 0 Py) < \2C (g, \) (@H(Mk) . @H(Mk)) . (11.63)

By Prop. and Lemma [11.15] for any € > 0, for k large enough, we have

(11.64)

A2 —1 1/2
d— 1z +e> .

O (My o PBy) < (1 — (g, \,d) -
+

Let

¢ = NP (W)CH (g, VE, | 140 > i} (1 g T e> ] (11.65)

d—1g

Combining (11.61))(11.63])(11.64))(11.65)), we get

O — B < e (@H(Mk) - @H(Mk)) . (11.66)

Let us compute sum of ¢;. In the regular tree case, we have

d—1

2 _ 2
o= vt (1- e G T e
i>1 N +
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For the Poisson tree case, we have

2 1/2
Zci = dN? 7 (W)OH (g, \) exp (—d (1 — (1 — (g, \,d) - dA y 1 + 6) )) .

i>1 +
(11.68)

Note that € > 0 can be chosen to be arbitrarily small. Therefore in both cases, for
any € > 0, for k large enough, we can choose ¢; such that ((11.66|) holds and

2 _
D e < dN®T(W)CH (g, \) exp (—cH(q, A d) - A 5 Ly e’> : (11.69)

i>1
Then

O (Myi1) — (M) (11.70)

< (Z ) (@7 (00 - @ (a1))

i>1

d\? —1

< AN (W)CH (g, \) exp <—CH(q, A, d) - + 6’) (@H(Mk) - @H(Mk)) .

Because (|11.23)) or (11.24) holds, we can choose € > 0 small enough so that

AN (W)CH (¢, \) exp (—CH(q, A d) - d)\22_ ! + e’) < 1. (11.71)

This leads to the desired contraction. ]
Lemma 11.15. For any BMS channel P, we have

Z(P) < /1= C\p(P). (11.72)

Proof. Let A be the A-component of P. Then

Z(P) =E2y/A(1 - A)] < /1-E[(1-2A)2] =4/1—C,(P). (11.73)
The inequality step is by concavity of /-. n
Proof of Theorem[11.6. Combine Prop. [11.14] [I1.12] and [I1.8 O

11.3.4 Majority decider

Proposition 11.16. Consider the Potts model BOT(q, A\,d) or BOT(q, A, Pois(d))
with leaf observations through a mon-trivial FMS channel U. Let MY denote the
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channel o, = v, where v, ~ U(:|0,). Assume that d\* > 1. Then

. A d) - =1 Regular tree case
lim Oy (MY 0 PYR) > 4 BN D25 ’ 11.74
hoo X (M0 P)T) > { c(g, A\, d) - %{1 Poisson tree case. ( )
where
2 g—2 d\*—1\"
Ad) = - . 11.75
N R (11.75)

Furthermore, c(q,\,d) > 1 for all A € [—q%l, 1} and d\? > 1.
Proof. Let U* be the reverse channel of U. Then the composition U* o U is a non-
trivial ferromagnetic Potts channel. So there exists n > 0 such that P, <4¢, U. By
replacing U with P, (and using Eq. ), we can wlog assume that U = P, for some
n > 0.

Fix any embedding {£} C [¢]. Let e € R? denote the vector with e, = 1,e_ =
—1,e; =0fori ¢ {£}. Let

Ske=> e, (11.76)

vELy

We view Sy as a channel [q] — Z. By variational characterization of y*-divergence,
we have

(E¥[S) 0 Py))?

U R

(11.77)

where ET denotes expectation conditioned on root label being +. Similarly, we use
E~ to denote expectation conditioned on root label being —, and use E° to denote
expectation conditioned on root label being any label not +. Same for Var™, Var~,
Var?.

For simplicity, in this proof, we use the following notation. Let 1r be 1 if we
are working with regular trees, and 0 otherwise. Let 1p be 1 if we are working with
Poisson trees, and 0 otherwise. Clearly 1p + 1z = 1.

It is easy to see that
E'Sy = en(d\)”. (11.78)
Using variance decomposition formula, we have

VaI'i<Sk+1> = Var’(E[Sk+1|b]) + Eb Vari(E[Sk+1|b, J1,... ,O'b]) (1179)
+ EVar'(Spy1|b, 01, ..., 03)

where o1, ..., 0, are labels of the children.
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Let us compute each summand.

Var' (E[Sky1]b]) = Var'(besn(d\)¥) = e2d\*n?(d\)*1p, (11.80)
Ey Var' (E[Sk11]b, 01, - . ., 0]) = dn® (dN)** Varjp, (1 (€5), (11.81)
EVari(Sk+1|b, O1y. .. ,O'b) = dEjNP/\(~\i) [Varj(Sk)] (1182)

We have Var™(Sy) = Var®(S;) and

Vart (Spy1) = dn?(d\)* (()\ + % : 2) - A2113> (11.83)
1— 1—
0 2 ok (1= A
Var”(Sk41) = dn”(d)) Y 2 (11.84)
—i—d(%-ZVar*(Sk)%—<)\+%-(q—2)\/ar Sk)

By computing linear combinations of , we get
Var® (Sy11) — Var’(Sgs1) = dA (Var™(Sy) — Var’(Sy)) (11.85)
+ dn?(dN)?F (X — N1 R).
Vart (Spy1) + % Var’(Sgy1) = d (Var+(Sk) + % VarO(SkH)) (11.86)
+ dn?(dN)? (1 — N1g).
Solving we get

Var™(S;) — Var®(S) (11.87)
= (Var®(Sp) — Var’(Sp)) (dN)* + D dn?(dN)*(dN)F (A = N1p)

1<i<k

= O ((d\)*) +d 2(d)\)’“1—(6i;:\) — !
— Mg ,

dr—1" LG

(A — M1pg)

= (Lt o(1)?
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and
+ q—2 0
Var™(Sg) + — Var”(S) (11.88)

-2 . )
= (Var+(so) + qTVarO(SO)> df+ > dp?(dN)PT2d (1 = N Lp)
1<i<k
_ k 2 7k (d)‘Q)k —1
= O (d*) +n’d v

1- N1g ,
S AR 202k,
oz 1@

Combining (|11.87])(11.88) we have

(1 —N1pg)

= (1+0(1))

2 /1—X1p 1-Ag q—2
+ — z . 2 2k
Var™(Sg) = (1 + 0(1))q < 1 T a1 5 ) n°(dA)=". (11.89)

Now we compute moments of Sy o Pj.

E*[Se o Py = An(d\)E. (11.90)
2 1= +rq2 1A 0rqg2
E*[S? o Py| = ()\ T 2) E*[SE] + Y (q — 2)E°[S7] (11.91)
= (A + % : 2) (Var*(Sy) + (E*Sk)?) + % - (g — 2) Var®(Sy)

2 (1—-XN1p 1-Mjpz ¢—2\ ,
1 1))= : d\)*
(o) (et + et L5 )

1- Mg ,
-tk d)\2k
Tz 1 (@A)

+
/N >
)

1—\ 2z L2

2 d\2— A\p g—2 dA— AR\ o o9

,d—1
= (L+o()e(q A, d) ™ 5= AP (dA)™.

Finally,

E*[Syo P])? d\? —1
E+[Sg o P)\] - (1 + 0<1))C(Q7)\7d) ’ d _ ]1R :

Cr2((MY o P)F) > (

X

(11.92)

]

11.3.5 Bounds on key constants
In this section we prove bounds on key constants used in Theorem and [11.6]

211



Proposition 11.17. For q € Zss, X € [—q% 1}, we have CL(q,\) < ¢*, where

1?
CL(q,\) is defined in (11.17)).

Proof. We have

<()\7r+%>_1 + 5 </\7r+%>_2,1)2>

(11.93)
<7r—1 i lﬂ—2w2>
q
-1 -2
<()\7T+%) ,112> <<)\7T+%) ,112>

<

- N N

< max{q,¢’} = ¢*.
where the second step is by Lemma [11.19] [

Proposition 11.18. For q € Zsy, A € [— L 1}, we have CH(q, \) < ¢°/%, where

E?
CH(q, \) is defined in (11.19).
Proof. By (11.50)),

f(m,v) > L Zwilﬂ <7r_3/2,v2> > L <7T_3/2,U2>. (11.94)

1 \icy

On the other hand,
1—
Fwr i) <
q
1\ 372
]
q

Combining ((11.94))(11.95)) we get

PPere)  (Oer) )

AN
7N
>
3
_|_
‘,_.
>~
N———
=
[\
T
N
>~
N
_|_
‘,_.
>~
N———
&
)
c
V)
\/
—
=
Ne)
=

5/2
fmwy =0 (=372, 42 <q (11.96)
where the last step is by Lemma [11.19] -

The following lemma is the crucial step in the proof of Prop. [11.17] and [T1.18]
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Lemma 11.19. For q € Z>y, a € R51, A € [—qfll, 1}, we have

<<)\7r + %)7(1 ,v2>
sup

reP(lq)) (=, v?)
vel+CR?

< ¢* (11.97)

Proof. We prove the ferromagnetic case (A € [0,1]) and antiferromagnetic case (A €
[ 1 O]) separately.

__q—l )

Ferromagnetic case (A € [0,1]). In this case, we have
(11.98)

for all € [0,1]. Therefore

<()\7r—|— %) a,v2> < <(§) a,v2> = ¢ (7 0?) . (11.99)

Note that we did not use the assumption that v € 1.

Antiferromagnetic case <)\ € [—q%l, 0] ) . We would like to prove that

1—=A

¢ (=, 0%) — <()\7r + —) h ,v2> =: (b,v?) (11.100)

q

is non-negative for all 7 € P([¢]), v € 1+, where

b= (g) o ()\71 + %)_a. (11.101)

Step 1. We fix 7 € P([q]) and determine the optimal v € 1+ to plug in (11.100)),
reducing the statement to one involving 7 only.

If \x + % < % for some = € [0, 1], then x > 117;/\’2 > qu > % So there exists
at most one 7 such that \m; + % < % (equivalently, b; < 0). We can wlog assume
that m > mg > --- > m,. Then we know Am; + % > % (equivalently, b; > 0) for all
2 <i<gq. Ifb; >0, then (b,v?) is non-negative for all v and we are done. Therefore,
it remains to consider the case b; < 0.

If v; = 0, then (b,v?) is non-negative. Therefore we can assume v; # 0. By
rescaling, we can assume that vy = 1. So vy +--- + v, = —1. Because by, ..., b, are
all positive, to minimize ) ,_,_ . biv? under linear constraint vy + - -+ + v, = —1, the
optimal choice is v; = —b; ' Z 7! for 2 < i < ¢ where Z := D a<i<q b; . For this choice
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of v, we have

(bv*) =bi+ Y b~ (=b'Z ) =b+ 27" (11.102)

2<i<q
Therefore, it remains to prove
7 < (=b))! (11.103)

where m > -+ > 7, by <0, and by, ..., b, > 0.

Step 2. We reduce to the case where m3 = --- = m, = 0. Note that
—a 1 A -1
T —
2= 5= Y ((_) - (e 222) ) | (11.104)
2<i<q 2<i<q ¢ 1

By Lemma [11.20} for fixed 7y, the optimal choice (for maximizing Z) of m, ..., 7, is
m3 == = 0.

Write m; = 1 — x, my = x where x € [O, i‘:—:\\g] Then

by = (1_x>a— (A(l—x)ntu)a, (11.105)

q q

. ((g)‘a (o _)) (11106

By rearranging terms in ((11.103)), we reduce to proving

()72 (5) s (o) e )

for qc Z227 Q€ RZla A€ [_qupo}’ S [07 i\:ig}

Step 3. Let gy 0.(N) == ()\a: + %) —l—()\(l —x)+ %) be the RHS of (11.107)).

Then
1\? 1—A\ @2
JgasN) = ala+1) (.73 — 5) ()xx + T)

roterd (1“”‘1)2 (A(l—xnu)“

q q
> 0.

S0 Gq.0,2 15 convex in A. Therefore it suffices to verify (11.107]) for A = 0 and A = —qfll.
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When A = 0, we have

Goaa(N) = G)_a - (é) < (g) T (1 ; x>_a. (11.108)

When A = —— we have

q—1’
1—a2\ “ r \ AN 1—2\ “
Jgoz(A) = ( ) + ( ) < (—) + ( ) . 11.109
e = (1) (7 : : (11,109
This finishes the proof. O

1?7

fla) = ((g) o ()\x + %) _a) ) . (11.110)

1-X
ik

Lemma 11.20. Forq € Z>9, « € R5q, A € [—q% O}, the function

is convex in x € |0,

Proof. Let g(z) = ﬁ Then

11.111
oy’ S
It suffices to prove that
2¢'(2)? — g(z)g"(z) >0 (11.112)
We have
T —a—1 _ )\ —a—1 2
2¢'(x)* — g(z)g" (z) = 2a° (q_l <—) —A ()\x + —) ) (11.113)
q q

Writeuzﬁ,v:)\x—k%,c:q)\. Then we have 0 < u < v <1 and —q%SCSO.
It suffices to prove

202 (u™t — ) —a(a+ D —v ) (w2 =) >0, (11.114)
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We have

203 (u™ "t — o) —ala+ D(u — v ) (w7 — Fo ) (11.115)
>ala+1)((u >t —co ) — (v —v ) (u = P ?))
=ala+Du v *(u !t —cvt)?
> 0.

This finishes the proof. O

11.4 Applications

Main applications of uniqueness of BP fixed point and boundary irrelevance include
a mutual information formula and an optimal recovery algorithm. In this section we
prove these results via reduction established in Chapter [}

Theorem 11.21 (Mutual information formula). Let (X,G) ~ SBM(n,q,a,b). Let
(T, o) ~ BOT(g, A, Pois(d)) be the corresponding Potts model (Theorem[5.1(), where
d = @ and A = #‘fl)b. Let p be the root of T', Ly be the set of vertices at
distance k to p, Ty, be the set of vertices at distance < k to p. If (q,\,d) satisfies

Eq. (11.22) or Eq. (11.23)), then we have

n—oo 1 k—o0

1 1
lim —I(X;G) = / lim 1(o,; wi, | Th)de, (11.116)
0

where w® denotes observation through survey channel EC..
Proof. By Theorem [11.5] Theorem [11.6| and Theorem 5.18| O

Theorem 11.22 (Optimal recovery for SBM with survey). Work under the same
setting as Theorem [11.21) Suppose that in addition to G, we observe survey Y, ~
W (| Xy) for all v € V, where W is some non-trivial FMS channel. If (¢, A, d, W)
satisfies Eq. or Fq. , then belief propagation (Algorithm achieves

the optimal recovery accuracy of

1 — lim P.(0,|T), wr,). (11.117)
k—o00
Proof. By Theorem [11.5] Theorem and Theorem [5.20} ]

Theorem 11.23 (Optimal recovery for SBM). Work under the same setting as The-
orem . Suppose d\? > 1 and (q, \,d) satisfies Eq. . Suppose there is an
algorithm A and a constant € > 0 (not depending on n) such that with probability
1 —o(1), the empirical transition matriz F' € R9*7 defined as

o #Hrev:iX,=iX,=j} 5
Fij = HveV X, =i} X = A(G) (11.118)

satisfies
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(1) IFT1 — 1o = o(1);
(2) Omin(F) > €, where oy, is the smallest singular value;

(3) th;re ex[is]ts a permutation 7 € Aut([q]) such that F.;; > Fru),; + € for all
1% J € q.

(Note that we do not asssume F' stays the same for different calls to A.)
Then there is an algorithm (Algorithm@) achieving the optimal recovery accuracy

of

1 — lim P.(0,|Tk,01,). (11.119)
k—o0
Proof. By Theorem and Theorem [5.22] O

11.5 Asymmetric fixed points

Up to now we have focused on symmetric fixed points of the BP operator. If we view
the BP operator as an operator from the space of g-ary input (possibly asymmetric)
channels, then a natural question to determine the (possibly asymmetric) fixed points.
In the case ¢ = 2, [137] showed that there is only one non-trivial fixed point, and the
fixed point is symmetric. For ¢ > 3, it is no longer the case.

Proposition 11.24. Work under the setting of Theorem|11.1. If ¢ > 3 and d)\* > 1,
then the BP operator (Eq. (11.8)) at least one non-trivial asymmetric fixed point.

Proof. Consider the channel U : [q] — {£}, which maps 1 to + and 2,...,q to —.
Because BP(U) <4e U, the sequence (BP*(U));o is non-increasing in degradation
preorder. Therefore a limit channel BP*™(U) exists by Lemma [11.2]

We would like to show that BP*(U) is a non-FMS non-trivial fixed point. When
dA\? > 1, count-reconstruction is possible (see e.g. [I0I]). So it is possible to gain
non-trivial information about whether the input is 1 by counting the number of +.
So BP*(U) is non-trivial.

On the other hand, BP**(U)(|¢) are the same for i = 2, ..., ¢. This cannot happen
for any non-trivial FMS channel. Therefore BP*(U) is not an FMS channel. [

Nevertheless, when the condition in Theorem holds, for an open set of initial
channels, it will converge to the unique FMS fixed point under BP iterations. We
make the following definition.

Definition 11.25. Let U : X — ) be a channel where X = [g]. We say U has full
rank if there exists a partition of ) into ¢ measurable subsets J = E; U---U E, such
that the ¢ x ¢ matrix

(U(E;j]i))ieiqjeta (11.120)

is invertible.
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Proposition 11.26. Work under the setting of Theorem |11.1. If (q,\,d) satisfies

Eq. (11.22) or Eq. (11.23), then for any q-ary input (possibly asymmetric) channel U
of full rank, we have

BP>(U) = BP®(Id). (11.121)

Proof. We prove that under the condition that U has full rank, there exists a channel
R such that Ro U is a non-trivial Potts channel.
Because U has full rank, there exists a partition J = F; U --- U E such that

(U(E57))iclq) jelq (11.122)

is invertible. Define @ : ) — [¢] by mapping y € E; to i for all i € [¢]. Then we can
replace U with @ o U and wlog assume that ) = [q].

By Lemma [5.23] there exists A > 0 such that Py <qe; U. Therefore P\ <geq
U <geg Id. Degradation of g-ary input (possibly asymmetric) channels is preserved
under BP operator. So by iterating the BP operator, we get

BP®(P,) <aeg BP®(U) <4ep BP®(Id). (11.123)

The first and third channels are equal by Theorem [11.1] Therefore BP®(U) =
BP*(1d). 0

For the boundary irrelevance operator BPy, (Eq. (11.11])), the situation is simpler:
when the survey FMS channel W is non-trivial, there is no asymmetric fixed point.

Proposition 11.27. Work under the setting of Theorem|11.1. If (¢, A\, d, W) satisfies
Eq. (11.22) or Eq. (11.24), then BPyw has only one fized point.

Proof. Suppose U is a fixed point of BPy,. We have
0 <geg U <geg Id. (11.124)

Degradation for g-ary input (possibly asymmetric) channels is preserved under BPy,
operator. So by iterating the BPy, operator, we get

BPOV[(}(O) Sdeg BP(I)/[.;(U) Sdeg BP%(Id) (11'125)

The first and third channels are equal by Theorem Therefore U = BPy,(U) =
BP{y(Id) is equal to the unique FMS fixed point. n
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