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Abstract

This thesis investigates the connection between the geometry of Schubert varieties and
Gelfand-Cetlin coordinates on flag manifolds. In particular, we discovered a connection
between Schubert calculus and combinatorics of the Gelfand-Cetlin polytope.

In [13] Guillemin and Sternberg constructed a set of action coordinates on a flag man-
ifold, which maps this flag manifold to the Gelfand-Cetlin polytope. We show that every
Schubert cycle is equivariantly cohomologous to a canonical linear combination of preimages
of faces of the Gelfand-Cetlin polytope.

These faces can be identified with RC-graphs, which play a crucial role in the theory
of Schubert polynomials. Using RC-graphs, we give a generalized Littlewood-Richardson
rule, which provides an algorithm for multiplying certain Schubert polynomials by Schur
polynomials.
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Chapter 1

Introduction

The main goal of this thesis is to understand the connection between the classical theory
of Schubert varieties and the less studied theory of Gelfand-Cetlin action coordinates. The
thesis contains two almost independent parts. The first part constructs new cycles for
Schubert varieties using faces of the Gelfand-Cetlin polytope and the second part describes
a generalized Littlewood-Richardson rule for multiplying Schur polynomials by Schubert
polynomials. This rule involves the theory of RC-graphs, which are generalizations of Young

tableaux and turn out to be closely related to the Gelfand-Cetlin polytope.

1.1 Schubert varieties and Gelfand-Cetlin theory

In [13] Guillemin and Sternberg defined a set of action coordinates on each flag manifold.

b

Given a weight A of SU(n), these coordinates give a "moment” map ® on the manifold
of complete flags FI,,, which takes Fl, onto the classical Gelfand-Cetlin polytope. (This
polytope was originally introduced in [10]. Lattice points inside the polytope give a canon-
ical basis of the irreducible representation of SU(n) with the highest weight A.) Roughly
speaking, the set of these action coordinates is a classical mechanic analogue of the Gelfand-
Cetlin basis in quantum mechanics. Since we can think of a set of action coordinates as a
solution to a classical mechanical system, it is natural to assume that we can learn a lot
about Fl, just by looking at these coordinates.

In the second chapter we try to show how most of the information about the Schubert

calculus can be extracted from the combinatorics of the Gelfand-Cetlin polytope.

Let us recall a few facts about Schubert varieties. For each permutation w € S, we



can define a subvariety X,, € Fl,, called a Schubert variety. The cohomology classes
[Xy] defined by Schubert varieties form a basis for the cohomology of Fl,. Moreover, if
we consider the standard n — 1 torus 7' action on Fl,, each Schubert variety defines an
equivariant cohomology class and they generate H}.(FI,) as a S(t*) module (S(t*) is the
algebra of the polynomials on the dual t* of the Lie algebra of T.)

In Section 2.2 we will define a set of reduced faces of the Gelfand-Cetlin polytope and
for each reduced face D define a permutation w(D). (These faces can be identified with an
already known combinatorial object called RC-graphs.) It turns out that all the information
about the equivariant cohomology classes of the Schubert varieties is contained in these
reduced faces. We will prove the following three theorems, which link the Schubert calculus
to the combinatorics of the Gelfand-Cetlin polytope.

The first theorem says which Schubert varieties map to faces of the Gelfand-Cetlin poly-
tope under the map @ and hence have a set of action coordinates themselves. Proposition
2.3.2 also shows that these Schubert varieties are actually Kempf varieties, which were

algebraically degenerated to toric variety by Gonciulea and Lakshmibai in [12].

Theorem 2.3.1 If, for a permutation w, there is a unique reduced face D with w(D) = w

then & 1(D) = X,.

The second theorem shows that each equivariant cohomology class defined by a Schubert
variety is given by an equivariant cycle, defined by taking preimages of certain prescribed

reduced faces of the Gelfand-Cetlin polytope.

Theorem 2.4.1 For a permutation w € Sy, let

W= | ] B

w(D)=w

Then W,, defines an equivariant cohomology class (W] € Hj.(Fl,) and
(Xw] = [Ww]-

The third theorem shows that double Schubert polynomials P, can be written explicitly

in terms of the combinatorial information about the reduced faces of the Gelfand-Cetlin
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polytope. We will define P, as well as polynomials Pp for each reduced face D in Section

2.5.

Theorem 2.5.1 For a permutation w, Py, 1s equal to the sum of Pp with w(D) = w, that is

The organization of the second chapter is the following. In section 2.1 we fix nota-
tions and recall basic definitions. Section 2.2 deals with combinatorics of the faces of the
Gelfand-Cetlin polytope. In particular, we define reduced faces and their corresponding
permutations. Section 2.3 proves Theorem 2.3.1, while Section 2.4 proves our main result:
Theorem 2.4.1. The proof of this theorem contains two major parts. The first part shows
that the equivariant cohomology class [W,,] is well defined using the technical Lemma 2.4.2.
The second part proves that [X,,| = [W,] using Kirwan injectivity theorem. In Section
2.5 we present Theorem 2.5.1 and show that it is essentially equivalent to a result proved
by Fomin and Kirillov in [7]. Section 2.6 gives another example of equivariant cohomology
classes, which can be realized using preimages of faces of the Gelfand-Cetlin polytope. Fi-
nally, in the Appendix, we define equivariant cohomology using currents and prove that this
definition coincides with the standard definition of equivariant cohomology. (We need this to
define equivariant cohomology classes given by preimages of the faces of the Gelfand-Cetlin

polytope.)

1.2 RC-graphs and Littlewood-Richardson rule

In the third chapter we provide a "Littlewood-Richardson” rule for multiplying certain
Schubert polynomials by Schur polynomials. It turns out that we can think of Young
tableaux as being special RC-graphs (which are also reduced faces of the Gelfand-Cetlin
polytope). This leads to a straightforward generalization of the Schensted algorithm (see
[1]). In the special case, considered by us in this thesis, this algorithm preserves some of
the key properties of the classical Schensted algorithm for Schur polynomials. (This allows
us to prove a more general Littlewood-Richardson rule than was previously known.)

We will denote by w a permutation, which permutes all integers, which are not greater

than n, such that there exists N with w(i) = ¢ for every i < —N. Moreover, we will always

11



assume that w possesses the following property:
w(i) >w(i—1) ifi <0.

Let p = (py,-., i) be a partition with g, > ... > p,. Then we can associate to each
partition a permutation w(u), which will be defined in Section 3.1. Let S, be the Schu-
bert polynomial of w and let S, = S,y be the Schur polynomial of x. Since Schubert

polynomials form a basis for the ring of all polynomials, we can write

U
SuSu= ) oS

u

where the sum is taken over all permutations u. The coefficients ¢y, , are known to be
positive and are called the generalized Littlewood-Richardson coefficients. Our goal is to
provide a rule for computing these coefficients.

An RC-graph R will be a collection of tuples {(7, k)]s, k < n}, which satisfy some addi-
tional properties. Graphically an RC-graph represents a planar history of the permutation
wg (again, we always assume wy satisfies the property that w(i) > w(i — 1) if i <0). Each
RC-graph can be thought of as a table of intersecting and nonintersecting strands, such

that no two strands intersect more than once. The details are provided in Section 3.1.

Define z® to be the product of all z;’s, with one z; for each (i,k) € R. Then we have

Moreover to each Young tableaux Y of shape p(Y) we can associate a unique RC-graph

R(Y'), which satisfies wgy) = w(u(Y)) and

Sy = gy = Z g ’Y)

w(Y)=p wY)=n
This shows that RC-graphs are generalizations of Young tableaux and suggests that we can
generalize a lot of properties of Young tableaux to RC-graphs.
In particular, Bergeron and Billey in [1] provided a generalization of the Schensted

insertion algorithm to the case of RC-graphs. We describe this algorithm for the special

Schubert polynomials considered here in Section 3.2. We denote by R « k the result of

12



the insertion of a number 1 < k < n into an RC-graph 12, and by R « Y, the result of the
insertion of a Young tableau Y into an RC-graph R.

The key fact, which makes the generalized Littlewood-Richardson rule possible to prove
is the following lemma, which generalizes the row bumping lemma (see [9]) in the case of the
classical Schensted algorithm. We will give precise definitions of the paths of insertions in
Section 3.3. Roughly speaking these paths are the parts of RC-graphs, which are changed
during the insertion algorithms. Let us emphasize the fact that the following lemma does
not hold for the general insertion algorithm of Billey and Bergeron, but works only in the

special case we consider.

Lemma 3.2.2 If z <y, then the path of x is weakly to the left of the path of y i R « zy.

If x > y then the path of x is weakly to the right of the path of y in R + zy.

This lemma plays a pivotal role in the proof of the following theorem which describes

the Littlewood-Richardson rule mentioned above.

Theorem 3.3.1 Let w be a permutation, which satisfies w(i) > w(i — 1) for each 1 < 0

and let p be any partition. Choose any RC-graph U and set wy = u. Then cj,

UL

15 equal to
the number of pairs (R,Y) of an RC-graph R and a Young tableau Y with w(R) = w and
p(Y) = p, such that R+ Y =U.

The proof of this theorem consists of three major steps. The first step is to prove the
theorem for the simplest partitions 14,,, which are just given by one number m. The second
step is to show that all other Schur polynomials can be expresses in terms of the simplest
Schur polynomials S, . And finally, the third step is to prove (R «+ Y)) < Y, = R +
(Y7 + Y5). The theorem follows easily from these facts.

The organization of the third chapter is as follows. In Section 3.1 we recall basic defini-
tions and properties of RC-graphs and Young tableaux. Section 3.2 describes the insertion
algorithm together with the proof of Lemma 3.2.2, and section 3.3 proves Theorem 3.3.1

using the three facts mentioned above. Finally Section 3.4 proves these three technical facts.
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Chapter 2

Equivariant Cohomology Classes of

Schubert Varieties and

Gelfand-Cetlin Action Coordinates

2.1 Preliminaries

2.1.1 Flag manifolds

Let G = SU(n) with a Cartan subtorus 7. Let g, t be their Lie algebras and let g*, t* be
the corresponding duals. We can identify g* with n x n traceless Hermitian matrices, while
t, which consists of diagonal matrices with (z,,...,z1) on the diagonal and with »_, z; = 0,
gets identified with R*~'. Choose a positive Weyl chamber t* inside t* such that simple
roots are given by z;11 —x; € t*. For A € int(t%) let Oy be the coadjoint orbit which passes
through A.

We will think of O, as the set of nxn traceless Hermitian matrices with fixed eigenvalues
given by A = (Aj,..,Ay) with M < ... € A, If A € O) and vy, ...,u, are the respective
eigenvectors of the matrix A then the vector spaces V; spanned by vy, .., v; form a complete
flag in C*. This identifies Oy with the flag manifold Fl,,.

The Weyl group of ¢ is generated by simple reflections s; given by sending «; 1 to x;
and z; to z; 1. It can be identified with the group S, of permutations of n elements. When
no confusion may arise we will also denote by s; a simple transposition, which permutes

elements ¢ and 7 + 1 when acted on a right of a permutation w, that is ws;(i) = w(i +



1) and ws;(i + 1) = w(i). S1,...,85_1 generate S;,. The composition w = s;,...5;, is a

Lk
reduced expression of w if there is no way of writing w as a product of less than £ simple

transpositions. The length of w is then equal to &k and is denoted by [(w). The longest
n{n—1)
2

permutation wy has length and satisfies wg (i) = n—1i+1. We say that a permutation
w is greater than w' with respect to the Bruhat order if there exist a reduced expression
w = 8;,...5;, such that by deleting some simple transpositions from it we get a reduced
expression for w'.

For a permutation w we define the Schubert variety X,, C Fl, as the set of all Hags
V = (Vi,..., V) in C* which satisfy dim(V; N F}) > #{k < ¢,w(k) > n — 3} for all 4,
((F1,..., Fy,) 1s the flag given by the diagonal matrix (A,, ..., A1).) A result of Chevalley (see
[5]) states that w < w' with respect to the Bruhat order if and only if X, C X,,.

The Cartan subgroup of GG, the n — 1 dimensional torus 7', acts on Fl,, in a Hamiltonian
fashion. Denote by ¢ : F L, — t* a moment map of this action. We can choose ¢ to be
just the composition of the inclusion Oy — g* and the projection g* — t*. More explicitly,
¢(A) is given by taking the diagonal elements of a Hermitian matrix A. The image of ¢ is
a convex polytope which is invariant with respect to the Weyl group W = S,, action.

The fixed point set of the T action on Fl, is given by the preimages of the vertices of
the polytope ¢(Fl,). These vertices form a Weyl group orbit W o (A, ..., A;). To a fixed
point p we associate a permutation wy, such that ¢(p) = wy(An, ..., A1) = (A, (n)y - )\w,;(lj)'
This identifies the set of the fixed points of the T action with the Weyl group 95,,.

Let us describe the weights of the T action on the tangent space T),Fl, for each fixed
point p. If w, is just the identity element of S,,, then this set of weights is just the set of
all negative roots A_ = {z; — z;|i < j}. For general p, the set of weights of the T" action

on T, F1,, is given by wyA_ = {.’I.‘,'U;ELU) - il.'wljl(j)"f: < ik

2.1.2 Gelfand-Cetlin action coordinates on flag manifolds

The Gelfand-Cetlin action coordinates on Fl,, which originally appeared in [13], are defined
as follows. For a Hermitian n x n matrix A with eigenvalues Ay, ..., \,,, consider a (n — k) x
(n — k) submatrix Ay consisting of the intersection of the first n — k rows and the first
n — k columns. Denote by Agi1x < ... < A,k the eigenvalues of Ay, where A\jp = A;. The
collection of all of these functions for all & forms a set of Gelfand-Cetlin coordinates on F'l,.

These functions satisfy the following inequalities which come from the classical minimax

16



principle:
Aik S Ait1k+1 S Aig ke

n(n—1)

These inequalities define the Gelfand-Cetlin polytope in R 2.

Moreover, if we denote by ® the map which takes Fi, to R , then ®(F1I,) is the
whole Gelfand-Cetlin polytope and ® provides a set of action coordinates on Fl,, (with
respect to the Kirillov-Kostant symplectic form on Oy). In other words, the functions
Aix form a set of commuting independent Hamiltonians, whose flows, where defined, are
periodic. Notice that the function A;; is not smooth if and only if A\jx = Ajy1x or Ajx =
Ai_1 k- So, if we define an open dense set U in Fl, to be the set of all Hermitian matrices
with A; x # A1k for every ¢, k, then @[y is a moment map of a '—'%ﬂ dimensional torus
action on U.

The action of the Cartan subtorus T on Fl, is a subaction of the @ dimensional

torus action on [ mentioned above. So that, if P is the natural projection from the Gelfand-

Cetlin polytope to t*, then ¢ = P o ®. This projection P is given by:

P(Ai,k) = (}\n.,nfl-. Z /\5.7172 = /\n,n*l ----- Z )\i,l == Z ’\z'.‘Z- Z )\'i.() = Z /\7.1)
? i 1 1 )

or, in other words, the coordinate z; of the moment map ¢ is given by . Aix—1 — >, Ai k.

For more details about Gelfand-Cetlin action coordinates see [13].

2.2 Combinatorics of the Gelfand-Cetlin polytope

It turns out that there is a strong connection between Schubert varieties and preimages
of the faces of the Gelfand-Cetlin polytope. We devote this section to talking about the
combinatorics of these faces.

2.2.1 Reduced Faces

It is easy to see that each face D of the Gelfand-Cetlin polytope is given by a set of equalities

of types A and B:

Aik = Xip1k+1  (Aig)

Aik = Aig+1  (Big)

17



Each face will be described by a triangular diagram (denoted by the same letter D) which
will consist of these equalities. To explain better what we mean by these diagrams we

provide the following examples.

® .\\. .//. ® .//. @
./ [ ] \\. .// L] ® ® .//

Figure 1: Examples of faces of the Gelfand-Cetlin polytope.

In Figure 1, n = 3, the first diagram is the face given by the equalities 4y o, B3 and B3 3
(in other words: Ay = Ap; and A3 = A31 = A32). The second face is defined by A, and
As1 (M = A2;1 = Az2). Finally, the last diagram is defined by Az and Asp (Ao = A3
and Ay = A31).

A word of warning is in place. Not all these equalities are independent. For example, if
the equalities A4; ; and B,; hold then they force both A; ;_, and B, ;_; to hold. So, we
will always assume that all the equalities for the given face are included in the triangular
diagrams. For example, in Figure 2 all diagrams define the same face, but we will only use

the third diagram when we talk about this face.

L] . ® .//.\\. .//.\\.
\/ \/

Figure 2: These diagrams define the same face in the Gelfand-Cetlin polytope.

We will be mainly interested in the faces given only by the equalities of type A; . For
each such face D we define a permutations w(D) in the following way. Each equality A; ;. will
produce a simple transposition s;. To define w(D) we compose these simple transpositions
by going from right to left in ecach row of the diagram D and by going from the bottom row
to the top one. We will be interested only in those faces for which the expressions for the
permutation w(D) given by our diagrams are reduced. We call these faces reduced.

For example, Figure 1 contains two diagrams with no B; ;'s in them. These are the sec-
ond and third diagrams. But only the second diagram is reduced, since w(third diagram) =
s982 =id, while w(second diagram) = s;s9 = (231).

The reduced faces of the Gelfand-Cetlin polytope have been studied before. They turn

18



out to be equivalent to the RC-graphs, which were introduced by Fomin and Kirillov in [7]
and were later studied by Bergeron and Billey in [1]. (Indeed, if we substitute each equality
A;r in D by intersecting strands, and all the equalities A; ¢ not in D by nonintersecting
strands and then connect the strands, we will get an RC-graph.)

We will not attempt to give here a detailed discussion of RC-graphs and postpone it
until Chapter 3, but will recall some basic facts about them and translate these facts into

the language of the Gelfand-Cetlin polytope.

e Let D be a reduced face, such that A; g, A; 1k and A;s11 ke are not in D for some
i,k and £, but all other A, withk <k <k+£fand 0 < (&' — k') — (i — k) <1 are in
D. Then we can substitute A; ;s by A; 1| x without changing w(D). (We also can
go backwards.) These operations are called ladder moves of size ¢ at the place (i, k).

Examples of ladder moves of sizes 1 and 2 are shown on Figure 3.

e For every permutation w there exist a unique reduced diagram D,, (which we will
call the Gelfand-Cetlin diagram of w), such that every other reduced diagram D
with w(D) = w can be constructed from D,, by a sequence of ladder moves, which

substitute A; ¢ x+¢ by A;41 x (but not the other way).

e Each Gelfand-Cetlin diagram D,, satisfies the following property. If an equality A,
is a part of it and © > k + 1, then A;_, is also a part of D,,. In other words, the

equalities A; ;. are concentrated strictly to the left in each row of D,,.

//. L ] B [ ] ]
® [ ] ® //
//. [ ] ® ®

J0 — 74
i

Figure 3: Examples of ladder moves of sizes 1 and 2.

We need to describe all the permutations w for which there is a unique face D with
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w(D) = w. It is easy to see that each Gelfand-Cetlin face D, produces a reduced expression

of w(D) of the form wy...up_; with ug = sj, 8, 41...k—15k-

Proposition 2.2.1 A permutalion w has a unique face D with w(D) = w if and only if

Ik + 1> jriq for every k.

Proof.  Look at the Gelfand-Cetlin diagram D,, of w. It is clear that it is impossible to
apply any ladder moves to it if and only if jz + 1 > ., for every k. Hence proposition

holds. O

2.2.2 Nondegenerate Vertices

Another type of face we are going to be interested in is a vertex (face of dimension zero)
of the Gelfand-Cetlin polytope for which A; i # Ay x for every 4, k. In other words, each
such vertex is an image of some fixed point p € FIL. The diagram D, which defines such a

vertex has the following property:

e Each row k of D contains exactly n — &k —1 equalities and A; ;’s are strictly to the left

of B,;f,,g-:S.

These vertices will be called nondegenerate vertices of the Gelfand-Cetlin polytope. (We
call them nondegenerate vertices, since these are exactly the simple vertices of the Gelfand-
Cetlin polytope, 1.e. vertices with precisely ”—(nz—_i) edges coming out of them.) For example,
the first diagram in Figure 1 is a nondegenerate vertex.

For each nondegenerate vertex p (which is denoted by the same letter p as the fixed point
of the 7" action it corresponds to) we define the diagram D, to contain all the equalities A, &
from the diagram which defines p but none B, ;’s. Clearly D, is a reduced face (moreover,
it is even a Gelfand-Cetlin face), so we set w, = w(D)). To check that the definition of wy
coincided with the geometric definition given in the previous section we will give another
combinatorial definition of w,.

Since p is a vertex, each A, has to be equal to one of A;’s. For each A; choose the
largest k with X;x = A; for some i and set wy(k + 1) = j. It is easy to see that w, is
well-defined and the two combinatorial definitions of w, are the same.

Let us now use the second combinatorial definition of w, to show that it coincides with

the geometric definition given in the previous section. We can think of the preimage ® *(p)

20



of a nondegenerate vertex p as of a diagonal matrix A given by by its diagonal elements

(A Ai; ). We need to prove that ix = w,(k). Recall that in the row k — 1 of the diagram

nl*"")
p. the unique eigenvalue which is not equal to any A;x is Ajp—) = Aw,(k)- But, since all
the eigenvalues of Ay, are the same as the eigenvalues of A;, except for the eigenvalue
Aik—1 = Ay, k), and A is diagonal, we can conclude that A;x—1 = A, ) = Ay, and hence

iy, = wy(k). This shows that the three definitions of w), are the same.

2.2.3 Edges coming out of the nondegenerate vertices

Let us describe all the edges, which come out of the nondegenerate vertices. The direction
of these edges will determine the weights of the ﬂ”;—” dimensional torus action on T}, Fl,,.
It is not difficult to explicitly describe these weight, but we will be only interested in the
projection of these edges onto t*. In other words, we will need to know the weight of the T
action on T, Fly,.

n(n—1
2

There are exactly ) edges coming out of each nondegenerate vertex, one edge for

each equality A;; or B; i in the diagram of p. If we remove one equality A; ; (or B; ) from
the diagram of p, we get an edge (a one-dimensional face of the Gelfand-Cetlin polytope)
coming out of p, which we denote by e; j.

Recall that the projection P, takes the Gelfand-Cetlin polytope to t* by

Plise)= (An.n—laz Ain—2— A1y Z P e Z Ai2, Z Ai0— Z Ai1)

Moreover, P o ® is the moment map ¢ of the 7" action on FI,, and takes FI,, to t*.

Fix a nondegenerate vertex p, set w = w,. We are interested in the projections of the
edges P(e; 1) for each A, i in the diagram of p. This projection will clearly be a ray coming
out of the vertex P(p) and pointing into the direction of the root Ti, 1 — Tk41 of G, where k

is the largest possible row of the diagram of p with the property that \; x = /\J i for some j.

Proposition 2.2.2 For each edge e, ;. defined by removing A; . from p, the root Tioy—Thk+l
satisfies

o k<k
o wk+1)>wk+1).

In particular, all of the above roots form the set A, NwA_.
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Proof. The fact that k < & is obvious. To prove the second property, find ¢; which satisfies
Xy = Ngp = )\j,i:' Then w(k + 1) = ¢,. Let ¢5 = w(k + 1) then there exists 7’ such
that Ay, = Ajs x, moreover, k is the largest possible with this property. This implies that
neither Aj ;. nor By, are in the diagram of p, but since A; is in the diagram of p we
conclude that j' > j. Hence Aj j > Ajk, which implies that A, > Ay, Hence ¢; > ¢; and
wik +1) > w(k + 1).

Finally, recall that w takes z; — z; into zy,-1(3 — ,-1(;). Hence the two properties of
Ty — Tkt show that each such root is indeed in A, NwA_. Since the number of roots
in Ay NwA_ and the number of equalities A; ;. in the diagram of p are the same and both
equal to £(w), we can easily conclude that A, NwA_ and the set of roots Thi1 — Tkl

defined by the edges with A; i removed are the same. |

2.2.4 Fl; inside Fl,

For each ladder move we are going to define an inclusion of Fl3 into Fl,. These inclusions
will be used in the proof of Lemma 2.4.2.

Given a ladder move at the place (m, k) of size £ set k) = k+ ¢+ 2, ks = k + 2 and
ks = k+1. Then we take all matrices A € Oy, which are diagonal outside the intersection of
the rows k1, ko, k3 and the columns k1, ks, k3 of A (the rows of A are numbered starting with
the bottom one, going to the top one, similarly the columns are numbered from right to left).
Moreover, we specify the diagonal entries of A as follows. Starting at the top left corner
and going to the bottom right corner of A, the diagonal entries should be Ay, ..., A, k1
then Aip49,..., An between the rows 1 and ky, then Aji¢11, ..., Ama3 between the rows k;
and ks and then A, g, ..., Ao between the rows k3 and n.

The set of all matrices A, which are described above form a three dimensional flag
manifold Fl;, which is embedded into Fl,. Moreover, the image of this Fl3 under the
map @ is given by the three-dimensional face F,, . ¢, which looks like the three dimensional
Gelfand-Cetlin polytope and whose diagram can be defined as follows. I, x, contains all
equalities of type A in each row above k; — 1. Below the row k3 — 1, each row k' contains
every A;p with ¢ < m + 1 and every B; with ¢ > m + 3. Between the rows k) — 1
and k3 — 1 each row k' contains every A; i with i — k' < m — k + 1 and every B,y with
i—k' > m—k+3. The row k; —1 contains all equalities A; 5,y with i <m+¢—1 and all

Bk, —1 with 4 > m + ¢ + 2. Finally, the row k3 — 1 contains every A;g,—1 with i <m —1
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and every B; p,—1 with ¢ > m + 3.

The reason we are interested in these faces of the Gelfand-Cetlin polytope is the fol-
lowing. Because of the very special choice of the embedding of Fl3 into Fi,, it is easy to
understand how ® behaves in the neighborhood of @‘1(}53,,1*;\.‘3) = Fl;. More details will be

given later, during the proof of Lemma 2.4.2.

2.3 Schubert varieties with action coordinates

The Gelfand-Cetlin action coordinates are defined on the flag manifold, so it is natural to
ask whether they also provide action coordinates when restricted to the Schubert varieties.
It turns out that it happens only for those Schubert varieties which map to faces of the

Gelfand-Cetlin polytope. They are described in the following theorem.

Theorem 2.3.1 If, for a permutation w, there is a unique reduced face D with w(D) = w

then @~ 1(D) = X,,.

Proof. First of all, recall that by Proposition 2.2.1, if for a permutation w there is a unique
face D with w(D) = w then w = uj...up—1 with ug = 5,85, +1---8k—15x and jx + 1 > jryq
for every k. Hence it is easy to see that X, is the Schubert variety which contains only

those flags (V1, ..., V,,) which satisfy

V_jk—-k+1 - F'n ~k - (21)

This can be shown by induction. Let w; = wuj...u;. We will prove X, is defined by the
inclusions (2.1) for & < i. Clearly, X,,, contains only those flags, which satisfy V;, C F,,_;.
Moreover from w;u;y] = w;y 1, we know that w; < w;y; and thus X € X Boy i (2.1)

Wi g
for k < holds for flags in X,,, it has to hold for flags in X, ,. Moreover, flags in X,
also have to satisfy Vj, ., _; C Fn_;_1, since if k < j;41 — 1 then w;1(k) > n — i — 1 because
of u;41. This proves that X, is defined by the inclusions (2.1).

To prove the theorem we have to apply the classical minimax principle. Recall that if
there is just one D with w(D) = D then D is actually the Gelfand-Cetlin diagram of w,
so that equalities in each row k are concentrated strictly on the left and there are exactly

jr — k + 1 of them. Let some Hermitian matrix A be in @ !'(D). The bottom row of

the diagram D implies that j; smallest eigenvalues of A and A; coincide (where A; is the
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(n —1) x (n — 1) submatrix of A). Using minimax principle we can show that not only
the smallest eigenvalues Aq,...,A; but the corresponding eigenvectors vy, ...,v;; of these
two matrices coincide as well. Hence we conclude that V; C F,_;, which is exactly the
condition (2.1) for £ = 1. Similarly, we know that the first jp — k + 1 eigenvectors of the
matrix Ay and Ag_; coincide, but using the fact that jr + 1 > j5.q for each k., we conclude
that the first 5, — & 4+ 1 eigenvectors of A and A are the same. So, we can conclude that
Vie—k+1 C Fp_i. Hence every element in the preimage of the face is indeed in X,,.
Conversely, suppose we are given a Hermitian matrix A whose corresponding flag satisties
(2.1). Then Vj, _g4+1 C F,—x implies that the smallest j, — k4 1 eigenvalues of the matrices
Ap and Ak coincide and again the minimax principle tells us that the corresponding
eigenvalues should be the same. This proves that ®(A4) € D and ®(X,,) C D, which

finishes the proof of the Theorem. O

The permutations which appear in the above theorem have been studied by Lakshmibai
in [18]. (This is the point of the next proposition. Since this proposition is not going to be

used later, the reader can skip it if he so desires.)

Proposition 2.3.2 If w is a permutation, which has a unique face D with w(D) = w, then

it 4s a Kempf permutation and consequently Xy, s o Kempf variety.

Proof. We start by recalling one of Lakshmibai’s definition of Kempf permutation given in
[18]. She proves that every permutation w' could be written uniquely in the form wou...uj,,
where wy is the longest permutation and each uj{ is of the form s;,...s554 18, for some i,

k < iy < n. Then v’ = wou)...u],

is Kempf if it satisfies u) < u s forevery 1 <k <nor
in other words 7; < 4. (Actually, the index conventions in [18] are different from ours,
so the definition of Kempf varieties in [18] looks different from the one above. We had to
adopt Lakshmibai’s definition to make conventions and notations fit.)

Recall that Proposition 2.2.1 shows that if w has a unique face D with w(D) = w, then
W= Uy...Up—1 With ug = s, 85, 41.-.Sk—15k and jx + 1 > jry for every k.

We will prove by induction on n that if we have two permutations w’ = wou}...u;, and
W= Uy...Uup_1 With ix + jx = n — k then w' = w. If w' is Kempf and i3 < 454 this will
imply that jr + 1 > jk, 1, which will prove the proposition.

For n = 2 the statement above is trivial. Let’s assume we have proved this statement

for n — 1 and we need to prove it for n.
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We will prove that (w')~tw =id that is

I
T

(ul) 7 (uh)  rwoug g = id. (2.2)

Actually, if wg is the longest permutation on the elements 2, .., n, we will just have to prove

that
(u’l)_lwgu] = 10g, (2.3)

and then apply the induction assumption to prove (2.2).

Using the fact that s;wg = wps,_; we have:

1y —1 o ——— etz ] e
(w1) " woUs = WoSn—1...8n—i; Sjy 51 = WpSn—1...81 = Wy.

This proves (2.3) and finishes the proof of the proposition. O

Remark 2.3.3 Gonciulea and Lakshmibai in [12] showed how to algebraically degenerate
each Kempf variety to a toric variety. Our approach produces a set of action coordinates
on each Kempf variety by Theorem 2.3.1. We believe this is consistent with Gonciulea
and Lakshmibai’s result in the sense that these action coordinates should come from the

moment map on the degenerated toric variety. But we do not have the precise proof of this.

2.4 Main theorem and its proof.

Unfortunately, most Schubert varieties do not map to faces of the Gelfand-Cetlin polytope.
It is not clear what the image ®(X,,) is in general, but we will show below that the equivari-
ant cohomology class associated with X,, can be defined by a cycle consisting of preimages
of faces of the Gelfand-Cetlin polytope.

The flag manifold Fi, is equipped with a classical action of an n — 1 torus (a Cartan
subtorus T of SU(n)). It is clear that every Schubert variety as well as every preimage
of a face of the Gelfand-Cetlin polytope is invariant under this action. Moreover, since
every Schubert variety has algebraic singularities of codimension at least 2, it defines an

equivariant cohomology class [X,,] € H}(Fly).
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Theorem 2.4.1 For a permutation w € S, let

we=30 | ] D
w(D)=w

Then Wy, defines an equivariant cohomology class (W, € H7.(Fl,) and
[Xuw] = [Wa.

The rest of this section is concerned with the proof of this theorem. The first part of the
proof will show that W, indeed defines an equivariant cohomology class, while the second
part will check that [X,,] = [Wy].

In the first part we have to use the definition of the equivariant cohomology, which uses
invariant currents. This definition is provided in the Appendix. If W, were just an invariant
smooth submanifold of F/,,, we could regard the equivariant cohomology class [W,,] as the
equivariant Thom class of W,,,. Unfortunately, W, is not smooth. But we can talk about
the current {W,,}, which is a sum of currents (one current for each face D with w(D) = w)
and has some nontrivial singularities. It turns out that all the codimension one singularities
of {W,} come in pairs with opposite orientations (two singularities for each ladder move.)
So that dr{W,} = 0 and [W},] can be indeed defined.

More precisely, fix w and let Dy, ..., D, be all the reduced faces with w(D;) = w. Let
C = (¢;,;) be an r x r matrix with each ¢; ; being either 1 or 0, (1 if there is a ladder move,
which changes D; to D; and 0 otherwise.) Clearly, the matrix C' is symmetric.

If ¢; ; = 1 then D; and D; differ by a single ladder move. Let’s assume this ladder move
is of size £ at the place (m, k). Let D; ; be the face whose triangular diagram contains all the
equalities of D; and D; plus equalities By g, with 0 <m' —m —1 = k' — k </ (examples

are shown on Figure 4). Notice that dim D; = dim D; = dim D; ; + 2.

Lemma 2.4.2

or{@~ (D))} = > {27 (Diy)}- (2.4)

¢ ;=1
Moreover, the orientations of @ '(D, ;) induced by ® *(D;) and @"'{Dj) are opposite.
Before proving the lemma, let us look at the two simplest examples, which will help to
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explain the main ideas in the proof of this lemma.

' / N,
// [ ] o \\.// ®
D, D, Dy
/ ) I\
i v N/

Figure 4: Ladder moves and faces which produce codimension one singularities.

Example 2.4.3 The first set of diagrams in Figure 4 corresponds to n = 3 and a ladder
move of size 1. Label the diagrams by Dy, Dy and Dy 5. It turns out that ®~'(D; o) is just
a three sphere S3, and it is the boundary of both ®~1(D;) and ®~!(D;). Moreover, they
induce different orientation on ®~!'(D; ). Hence, in this special case, Lemma 2.4.2 holds
and implies that ®~1(D; U D,) defines an honest cycle, which in turn defines an equivariant
cohomology class.

Let us give a more detailed description of the codimension one singularity at ® (D 3).
We will show later that all codimension one singularities of general ® look like the singu-
larities on F'l3 described below.

The Gelfand-Cetlin polytope ®(F'l3) in this case is shown on Figure 5. It has only one
vertex with four edges coming out of it. This vertex is given by the diagram D; 5 and it is

the only non-smooth value of ®.

Figure 5: The Gelfand-Cetlin polytope for Fls.

Let us investigate the neighborhood of the singular sphere 5% = ®~1(D;3) in Fi3 in
details. It turns out that S? is Lagrangian and hence its small neighborhood is symplecto-
morphic to the neighborhood of the zero section of T*S3.

Introduce the following coordinates: S3 = {(z1,20) € C?| |z1|? + |22|? = 1}. Let z; =
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T1 +izy and 29 = x3 + iz4. Then we can identify T*S® = {(¢,2) € R* x R} ¢ L x, |z| = 1}.
Moreover, we have a Hamiltonian action of a two dimensional torus on 7*S? and another
commuting Hamiltonian, which is not smooth on the zero section of T*S3. The two torus
acts by (01,02)(21,22) = (0121,0223), with (8,0) € S' x §' € CxC. The two Hamiltonians
for this action are g1 = 21&2 — 226, and g» = 2384 — z4€3. The third Hamiltonian is given
by f = & + ...+ &, Then, as expected, f is not smooth at ¢ = 0. (Notice that f? is
smooth, which coincides with the fact that Ay — Az is not smooth, while (Ay; — /\3,1)2 18
smooth on Flj.)

Moreover, we can choose the above coordinates so that f = Aoy — Az while g1 + g2 =

2/\21['] — )\2,| == }\33 and g1 —02 = 2)\3‘2 — )\2‘] — }\3:1. Then @_I(Dl) in the neighborhood of 53

is just the submanifold of 7*S® where f = g; + go, which is given by: {(z,£) € T*S?|z; =
Eo, w9 = =&y, 23 = &4, x4 = —&3, 21 > 0}. Clearly, this manifold has boundary, which is the

zero section of 7*S3. Similarly, the boundary of ®=!(Dy) is also S*, but the orientations

induced on §% by ®~'(D;) and ®~!(Dy) are going to be different. O

Example 2.4.4 In the second row of Figure 4, n = 4 and the ladder move is of size 2.
®~1(D; ») is of dimension 5, while both ®~1(D;) and ®~!(D,) are of dimension 6. Morcover
® !(Dy ) is a part of boundaries of ® *(D;) and ® (D). But the orientations induced
on ®~Y(D;5) by @ 1(D;) and ®~1(Ds) are different. At the same time, ® (D U D) does
not define a closed cycle, since there are other codimension one singularities in ® (D),
which come from ladder moves of size 1.

Let us carefully explain why p{®'(D3)} = {® (D 2)}. The following argument will
later be generalized in the proof of Lemma 2.5.

First of all let us rename the Gelfand-Cetlin coordinates for a 4 x 4 Hermitian matrix
as shown in Figure 6 below, this will simplify the notations in this example.

0
M1 pH2

vy Uy Vg

Al Ao Az Mg

Figure 6: The Gelfand-Cetlin coordinate on Fly.

Then the face Dy is given by vy = p; and Ay = 5 = p9, while Dy, is given by

v = vy = 1] = g = Ap = 7. Let us introduce the faces F, G and H as shown on Figure
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7. Face G is 4-dimensional (given by | = pq and vp = pp) and both Dy and D 5 sit in G,
so we will restrict our attention to ®~'(G). Clearly, F' is contained in G as well. Let us
also denote by G° the union of the interior of all subfaces F' of GG such that F' intersects

F nontrivially, then G° =G — H.

rS S, ol S, al U,
e e [ ] \\l ® L ] [ ] [ ] [ ] ® .// [ ]

Figure 7: Faces F,G and H.

Actually, if we use the notation introduced in Section 2.2, we can see that F' is equal
to Fooz2. In particular, @ 1(F) is an embedded copy of Fl3 in Fly and contains all the
Hermitian matrices with eigenvalues Ay, Ao, A3, Ay of the form shown below (x indicates that

any number can be places there given that other conditions are satisfied).

00 A O

Notice, that in the neighborhood of F', G is just a product of F and a one dimensional
ray. This ray is just given by letting 15 vary and leaving the other coordinates fixed. The
map, defined by the coordinate 5, is smooth in the neighborhood of ®~'(F) and is a
moment map of a circle action S! in this neighborhood.

By local canonical form theorem (see, for example the book of Guillemin and Sternberg
[15]) we know that we can choose a neighborhood Up € ®~1(G) of @~ 1(F) ¢ & 1(G),
which can be identified with a neighborhood of the zero section of some two dimensional
symplectic vector bundle V over Fiz = ®~!(F). Then the action of the circle S' mentioned
above is linear on the fibers and ® ' (F) is the fixed point set of this action. Moreover, the
Gelfand-Cetlin action coordinates on U are given by v3 together with vy, 19,7, which are
the pullbacks from (Il‘l(F ) = Fl3 of the Gelfand-Cetlin coordinates on Fls.

Set D, = Dy, N F and Dy, = D1p N F. Then by Example 2.4.3, we know that
0@~ 1(Dy) = @1(D] ;). Moreover, since vy, 14,7, are just the pullbacks from d~Y(F) = Flj
we can conclude that @~ (Dy ) NUp (or @ 1(D})) N Up) is locally a product of o-1(D} 2)
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(respectively @~1(Dsy)) and the fiber of V. Hence we proved
O(@~!(Dy) NUp) = &~ (D12) NUp

In other words, @ !(D; 5) is the boundary of ®'(D5) in the neighborhood of ®~!(F). Let
us prove that the same holds if in the formula above we substitute Up by ®~1(G°) (set
&~ Y(G°) = U and notice that 15 is smooth on U and hence defines S! action on it). This
will be enough to prove that dp{d = (Dy)} = {®~1(Dy2)}, since ®~1(G — G°) N &~ (Dy)
is of codimension at least 2 in ®~'(Dy) and hence cannot change the cohomology class.

To prove the above statement denote by Z, = {A € ﬁlVg(A} =a}. Then M, = Z,/S"
is the reduction at a with respect to the St action. (Recall, that the moment map of this
action is v3). We can also define action coordinates on M,. Indeed, restrict ® to Z,, then
®|z, is invariant with respect to S', hence we can define action coordinates ®, on M,.

It is easy to see from the canonical local form theorem, that if a is close to Ay, that
is Z, C Up, then M, is symplectomorphic to Fl3 and action coordinates on M, (denoted
by @,) are just the Gelfand-Cetlin action coordinates on Fl3. Since vz is smooth and has
no critical points on the preimage of the interior of the face G, the same holds for every
Az < a < Ag.

The neighborhood U, of each Z, can be identified with a neighborhood of the zero
section of Z, x R, where R is the dual of the the Lie algebra of S'. And the Gelfand-
Cetlin coordinates on this neighborhood are given by 3 and pullbacks of the coordinates
on Z,, while the coordinates on Z, are just the pullbacks of the coordinates on M,. So if
U, — M, is the natural fibration, then the action coordinates on U, are pullbacks of the
action coordinates on M,.

In particular, ®=1(Dy) N U, is a smooth fibration over @;1([){;), where D), is the corre-
sponding face in the three dimensional Gelfand-Cetlin polytope. The same holds for D o,
that is @~ '(D; ) N U, is a smooth fibration over QJI(D’M). But since by Example 2.4.3,

we have 9(®, ' (D,)) = @, ' (D} ,), we conclude:
AP N (D) NUy) =0 H(D1p) N,

This implies

(@ (D) NU) =@ (D12)NT
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since U can be covered by open sets U,. This finishes the proof that dr{® '(Ds)} =
{@ 1 (D12)}. O

Proof. (of Lemma 2.4.2) We start with showing that if D; is a reduced face then &1 (D;)NU
is a smooth integrable manifold (recall that U is the open dense subset of F'l,,, where the
Gelfand-Cetlin map is smooth). We know that ¢ is an honest moment map on U, and
since @~ 1(D;) N U is a connected component of the fixed point set of some subtorus of

R action, we can show that @ !(D;)NU is symplectic (hence orientable) submanifold
of dimension 2dim(D;). Moreover, it is clearly of finite volume and hence we can define
integration over it, which defines {®(D;)}.

Consider a ladder move at (m, k) of size ¢, which changes D; to Dj;, so that the corre-
sponding face D; ; produces a singularity of codimension 1. Let the face G,, x ¢ be given by
a diagram containing equalities A, p» withm —k <m'—k <m—k+land k <k’ <k+¢,
so that this face contains faces D;, D; and D; ;. (In Example 2.4.4 we have Gyp2 = G.)
Recall that F,  , was defined in section 2.2 and it is clear that F,, » y C G, ¢ ¢. Let us also
define an,k.# to be a subset of G, x ¢ which contains the interior of all faces F' in G, j ¢,
which intersect nontrivially with 9, s . (Again, in Example 2.4.4 G{,, = G°.)

Let U, ; be a subset of Fl,, which is open and dense in ® (G, x¢), such that most
of the Gelfand-Cetlin coordinates on U; ; are smooth (that is A; 5 # Aiy1x), but we allow
Am41k+1 = Ami2k+1. Hence all the singularities on U; ; come from the non-smoothness of
Am+41k+1 and A1 pro when Ay ki1 = A1 k2. We will prove fID_l(D,;!_.j) is an honest
boundary of ®~1(D;) on U;,; outside some set of codimension at least 2.

This will prove the Lemma, since all other singularities of ®~(D;) (those, which do not
come from the ladder moves) are of codimension greater than one, real algebraic and hence
do not change dp{®~'(D;)}. Actually, it is enough to prove this when D; is of codimension
2¢ — 1 in the Gelfand-Cetlin polytope, (in other words it has the largest possible dimension
given that the ladder move is of size £.) Indeed, for other faces we just have to intersect
D; of codimension 2¢ — 1 with another face given by some equalities A;k, so that both
&~1(D;) and (ITI(DI-J‘) are intersected transversely with the same manifold, which proves
that ®~'(D; ;) is still a boundary of ®~1(D;) in U; ;. So, we will assume from now on that

D; has codimension 2¢ — 1.

Starting from this point we will proceed along the lines of the argument presented in
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Example 2.4.4. Recall that the preimage of the face F,, x, is Fl3, which is embedded
smoothly into F,,. Moreover, U; ; in the neighborhood of (I)_I(Fm)k,g) is just the preimage
of the face G, 4 ¢. Analogously to the circle action from Example 2.4.4, there is a smooth
M —1—2¢ torus T action on a neighborhood Uy ¢ C U; ; of the &~ L(F,.x.¢), such that
@ (F,, 54) is the fixed point set of this action. (Notice Upn ke NU; ; was denoted by Up in
Example 2.4.4.) Moreover, the moment map ® for this action is given by composing ¢ with

’ N ﬂn—l] n(n—1) ’ B o N .
the projection of R~ 2 onto R~z /R, where R? are the three nontrivial directions of

Fyn ke In particular, it is clear that we can extend the action of T bty §1 (G“’mu)

Hence, by local normal form theorem Uy, ,,, s can be identified with a neighborhood of the
zero section of a symplectic vector bundle V' over Fl3. Then, analogously to Example 2.4.4,
we can conclude that locally, the singularities produced by @ 1(D, ;) in ®~1(D;) are just
the products of the corresponding singularities on Fls and the fiber of the vector bundle V.

In other words, we can prove that in some small neighborhood of Fl3 the preimage

®~'(D; ;) is going to be the boundary of both @' (D;) and ®~(D;), that is
(@71 (Di) N U k,e) = @1 (Di) N Uy (2.5)

Moreover, the orientations on ® '(D; ;) induced by ®~1(D;) and ® ' (D;) are opposite.

To finish the proof look at U,',j = (I’_I(G,f’n‘k’g) (here ff,,j corresponds to U in Example
2.4.4). Then U, ; is dense in U, ; and the difference ® 1(Dy) — (& 1(Dy) N T, ;) is at least
of codimension 2 in ®~'(D,). Hence it is enough to prove (2.5) with U, s ¢ substituted by
ﬁi, g+

Analogously to Example 2.4.4, denote by M, the symplectic reduction of U with respect
to the T action at a regular value a € @([}iw,). Then, since ® is smooth and has no critical
points on the interior of the face G, 4 ¢, M, can be identified with Fl3 and the neighborhood
[ of s = ‘b‘l(a) is a smooth fibration over M,.

So, similarly to Example 2.4.4 we can prove (2.5) with U,, ;¢ substituted by U, for
regular values of a. It is also very easy to see by local canonical form theorem, that we can
actually take any a € &)(UU) Since these U, cover Ui'j, (2.5) holds with fﬁ‘j instead of

Uy k.e. This finishes the proof of the lemma. 0
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This lemma leads to the proof of the first part of the Theorem. Indeed, set {W,} =
> {® '(D;)}, then
Or{Wa} =3 > {27 (Diy)} =0,

i cij=1
since C' is symmetric, and each <I>*1(Di‘_,-) is counted twice and with the opposite orienta-
tions. So, Op{W,} = 0 and the equivariant cohomology class [W,,] is well-defined.
For the second part of the theorem we need the following result of Kirwan (see [16])
about equivariant cohomology of Hamiltonian group actions, which is usually called the

injectivity theorem.

Theorem 2.4.5 Let M be a compact symplectic manifold with a Hamaltonian torus T
action. Leti: F' — M be the inclusion of the fized point set of the T' action. Then the map
i* : H (M) — H}(F) is an injection.

In other words to check that two equivariant cohomology classes on M are the same we
just have to check that their restrictions to the fixed points are the same. Actually, in the
case of flag manifold this result can be improved as follows.

Recall that we have identified the fixed point of the 7" action on FI,, with the permu-
tation group S,. So that to each fixed point p (or nondegenerate vertex p) we associate a
permutation w,. Denote the restriction of a cohomology class h to the fixed point p by hl,.

In the case of the flag manifold stronger version of the Kirwan injectivity theorem holds.
The following proposition was proved by Goldin in [11]. (Our statement of it differs slightly

from hers, since we had to adopt it to our notations and conventions.)

Proposition 2.4.6 If [W,]|, = [Xu]|, for every p, for which wy, is not strictly greater than
w (with respect to the Bruhat order), then (W] = [Xy]. Moreover, if wy, = w then

Kul= [I @

a€A L NWA

where Ay (or A_) is the set of all positive (respectively negative) roots of SU(n) and w

acts on each « as an element of the Weyl group.

Since [Xy,]lp = 0 if w, # w, all we have to prove to show that [W,] = [X,] is the

following two assertions:
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1. Wy, is supported outside of the fixed points p with w, # w and hence [W,][, =

[Xw]lp = 0 for the fixed points w, Z# w.

2. [Wullpo = [aea,nwa_ @ where wy, = w.

The first statement is easy. Indeed, if some nondegenerate vertex p is contained in some
reduced face D with w(D) = w, then the diagram of D sits inside the diagram of D, (D,
was defined in Section 3) and we can write a reduced word for w = w(D) which is a subword
of w, = w(D,), in other words w, > w. Hence W, is supported outside of all the points p
with wy, z w.

To prove the second statement we have to understand how to compute [Wy]|,, with
wy, = w. Clearly, W, is just an invariant smooth manifold in a neighborhood of py, since ©
is an honest moment map in the neighborhood of every fixed point and W, is a preimage of
the Gelfand-Cetlin face D,, in the neighborhood of py (D, is the only face with w(D) = w,
which contains pg). Let NW,, be the normal bundle of W,, in some small neighborhood of
po. Then

[VVU'”PO = eT(NWrw”po = e’["(j\’rufu'ba)

where ep denotes the equivariant Euler class. Since NW,|,, is just a vector space, the T'

action on it is given by some set of weights A. Moreover, it can be shown (see, for example,

(14]) that
CT(IVWw‘po) = H «

ach
So we just need to show that A = A, NwA_.

Notice that A can be described as follows. wA _ is the set of weights of the T" action
on the tangent space T, Fl,. This set can be identified with the directions of the projec-
tions P(e; ;) of all the edges e;; of the Gelfand-Cetlin polytope, which come out of the
nondegenerate vertex pg. A C wA_, since NWy|p, is a subspace of Ty, Fl,,. Moreover, A
contains only those weights which come from edges which are not contained in the Gelfand-
Cetlin face D,,. But these edges are exactly those which are constructed from the diagram
of p by removing the equalities 4;;. Thus we can apply Proposition 2.2.2 to show that
= A+ Rl A,

This finishes the proof of Theorem 2.4.1.



2.5 Formulas for double Schubert polynomials.

In this section we give formulas for computing Schubert and double Schubert polynomials in
terms of reduced faces of the Gelfand-Cetlin polytope. The classical Schubert polynomials
were introduced by Bernstein, Gelfand, Gelfand in [3] and by Lascoux, Schutzenberger in
[19]. An exposition of the theory of double Schubert polynomials can be found in a book
by Macdonald [20].

First of all we will recall some well known facts about the T equivariant cohomology

ring of Fl,. It is given by

C[J"l yers Ty Yy oeny Uﬂ}

HoPh)'= e ey 10 10, o,

where, morally speaking, the z;’s are the variables which come from the torus action (the

| L1 ,4.-3Tn

equivariant cohomology of a point is equal to , the z;’s can also be thought of as the
coordinates on the dual of the Lie algebra t*) and the y;’s are the variables which come from
the regular cohomology of Fl,,. We will denote the quotient map from Clz,y] — HJ}.(Fl,)
by f. It can be shown that f(z;)|p = =; and f(y;)|lp = Toy=1) for every p € FIT. More
details can be found in [11].

There is an iterative procedure which allows us to define double Schubert polynomi-
als P, (z,y) € Clz,y] such that these polynomials represent cohomology classes [X,,] €

H%(Fl,), that is f{P,(z,1)) = [Xy].

We define a divided difference operator d;, which acts on a polynomial P(z,y) by:

. P— 3P
d:'P: )
Titl1 — L4
where s; acts on P by interchanging z; with ;1. Then if w = s;,...5;, is a reduced

expression for w we define d,, = 9;,...0;,. It is easy to see that 9,, does not depend on a
reduced expression of w. Then we define Py, = [, ;<,(y; — z:), where wq is the longest

permutation, and

I)w = u;"lwopwo'

These are called double Schubert polynomials and they satisfy f(P,(z,y)) = [X,].
For every reduced face D let us define a polynomial Pp(z,y) as follows. We label each

equality A;x by the monomial y;_; — zxy; (see Figure 8 for n = 4). Then Pp is equal to
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the product of all the monomials which are contained in D). For example, for the second

diagram from picture 1 this polynomials is (y; — z1)(y1 — z2).

v
Y= I;//.uz./ﬁsl ./,;:s 5

Figure 8: Labeling the diagram by monomials

Now, we are ready to state the following theorem.

Theorem 2.5.1 For a permutation w, Py, is equal to the sum of Pp with w(D) = w, that is

P'm = Z P.[)-

w(D)=w

We will omit the proof of this theorem, since it was proved by Fomin and Kirillov in [7]
and several modifications of this result also appeared in [8], [4], [1]. We have yet another
combinatorial argument which proves this theorem, but this argument does not seem to
explain the theorem any hetter than already known proofs. At the same time it is clear
that there should be a purely geometric proof of this theorem, which is based on the new
cycles for Schubert polynomials constructed in Theorem 2.4.1 and the Kirwan injectivity
theorem. We were not able to find this geometric argument. But the proof of Theorem

2.6.1 in the next section suggests that such an argument should exist.

Remark 2.5.2 If we set the y;’s equal to zero we get regular Schubert polynomials, actually
b T— (—1}““’)}’“, (z,0) will be the classical Schubert polynomials. The above theorem
clearly provides a rule for computing Schubert polynomials and not only double Schubert

polynomials.

2.6 Other cohomology classes constructed using faces of the

Gelfand-Cetlin polytope.

Until this point we have been looking only at the very special faces of the Gelfand-Cetlin
polytope. It is interesting to see if other faces can be incorporated into a more general pic-

ture. In this section we provide one example of the construction of equivariant cohomology
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classes on Fl,,, which are different from the Schubert classes, using faces of the Gelfand-
Cetlin polytope. We will do this for the equivariant cohomology class given by 1; — xx with
i +k < n. This example suggests that it might be possible to construct a much wider set
of equivariant cohomology classes using the Gelfand-Cetlin polytope.

In this section we will work with only those faces which are given by a single equality
A; i or B; i, we will denote these faces by D;l and D1 . respectively.

For i,k with ¢ + k& < n, define two unions of faces

Fip =D :+A—1A LU ’R’D’k’

with ' <k—2andi —k'=7¢+1 and

m—UD'k'

IAI

with ¥’ <k —1and ¢ — &' =4. Then
Theorem 2.6.1 The current

Tix ={® "(Fip)} — {27 (Gix)}

s closed and defines an equivariant cohomology class on Fl,,. Moreover,
[Ti k] = f(yi — z).

Proof.  Using the same argument as in the proof of Theorem 2.4.1 we can prove that
Or(T; ) = 0. Again, the preimage of each face has codimension one singularities, but they
all cancel out at the end, since each singularity is counted twice and with the opposite signs.

To show that [T x| = f(y; — zx) we will prove that for each fixed point p of the T action

on Fl,,
[T::,k”p = flys — lk)|p
This will be enough to prove the theorem by the Kirwan injectivity Theorem 2.4.5.
We know that

f(ykiml”p—m (E) — T}

p
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We will prove by induction on n that
[Ta‘,k]‘p = Tuglay — Tk (2.6)

When n = 2 this is easy. Let’s assume we have proved it for n — 1 and we need to prove it
for n.

If Birgr (or Ay gr) is a part of the diagram for the nondegenerate vertex p, then the
equivariant cohomology class in a small neighborhood of the fixed point p of the restriction
{(P*l(Dﬁk,)}Lu (respectively {1 (D_{f“k,)Hp) is given by the root, which is pointing in the
direction of the projection P(ey 4) of the corresponding edge ey pr coming out p. If By pr
(or Ay g) is not a part of p then this restriction is 0.

This fact can be used as follows. Let the nondegenerate vertex p have j; equalities
A; o in the bottom row of its diagram. Then w, = ww;, where u = s;,...s7 and wj is the
permutation on the elements 2, ...,n, which is constructed by removing the bottom row of
the diagram of p and taking the permutation of the new diagram p. Then, by the induction

assumption, we can conclude:
[Tzk]lp =Ty 141) — Lk + oy +- @y (2.7)
ol

where o, ay are the weights which come from the restrictions of DF and DiLil,U to p
respectively (these weights might be equal to 0).

We will look at three cases:

1. §1 >4.

9. j=1i.

gL g

In the first case, p is not contained in Dfo and D;'B«,H.U so both ¢y and «g are zero.
Moreover, w=! (i) = ’wﬁ_l(-i + 1) (remember, that w; permutes 2,...,n), so inserting this

information in (2.7) we get (2.6).

In the second case, p € DfH,O,, but not in DfB—k.o- Soa; =0 and as = 1 — T o= (1)

Plugging this into (2.7) and using wﬁ_l (1+1) =w, (i +1) we get

[Tikllp = mwﬁ_}(ﬂl) — T+ T — Tyl (ip1) = T, — Tk
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which proves (2.6), since in this case w;;l(z') =
For the third case, p is contained in both Dfm and DEH,U so o) = —(x) — :L'm;x(i)) and
) =1 — T

oy et el o o
w41 Moreover w; (i + 1) = w, (i+1). So we have:

[T kllp = Ty=1(i41) ~ Th =~ (z1 — mw,j'(i)) + 81— Tyo1(540) = Tyot(y — Th

which is exactly (2.6).

There is only one situation left to check, that is when £ = 1. Then F;; is just one face
Dfoﬂ while G;; is also one face Dfo. Every nondegenerate vertex p is contained in exactly
one of the two faces. If p € D;?‘ , then P(e; o) produces the weight Tyt — 21 while if
pE Dfﬂ, then P(e; o) points in the direction of z; — Loy=1(i)» but we have to take ® (G )
with the minus sign. So (2.6) holds for any i when k = 1.

This finishes the induction and the proof of the Theorem. |
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Chapter 3

RC-graphs and
Littlewood-Richardson Rule

3.1 RC-graphs and Young Tableaux.

In this section we give a combinatorial description of RC-graphs, show that they can be
identified with reduced faces of the Gelfand-Cetlin polytope and explain how Young tableaux
can be thought of as RC-graphs of permutations constructed out of partitions.

We start with a definition of RC-graphs. (Our conventions are not standard and differ
from the conventions in [1] and [7], since we've chosen them to fit the standard notations
for Young tableaux.) Let R be a finite set of pairs of integers R = {(i,k): < n,k < n}
(both 7, k can be negative). We will think of R as a table of intersecting and nonintersecting
strands. Strands intersect for each (7, k) € R and do not intersect otherwise. The examples

are provi(led on Figure 9, where we have three tables of strands Ry, = {(2,1), (1,1),(—1,2)},

Ry = {(3, (1,2)} and Rs = {(3,2),(2,2), ( ,3)}.
-2 1
-1 0
Ri=0 Ry=1 Rg—ll
1 2
2T j
2 10 =1 =2 3 2 1.6 4

Figure 9: Examples of RC-graphs.
R is called an RC-graph if no two strands intersect twice. We can think of each RC-
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graph as a planar history of a permutation wg, which is defined as follows. If we label each
strand by the row where it starts from, then wg(i) is given by the column, where i*" strand
ends. Each wg permutes all the integers, which are less than or equal to n. There always
exists some negative N such that wg(:) =2 for ¢ < N.

It is also very simple to see that @ also provides a reduced expression for wpg, in other
words we can write wpg in terms of a minimal length product of simple transpositions. One
way to do it is to read each row of the RC-graph from right to left, from the bottom row
to the top one and multiply out simple transpositions s; ;1 for each (i, k) € R (each s;
interchanges j and j + 1 and j might be negative).

For example, for the RC-graphs from Figure 9, the corresponding permutations are given
by wg,(2,1,0,-1,-2) = (2,-2,1,0,—1) with wg, (i) = i for i < =2, wg,(3,2,1,0,-1) =
(3,1,-1,2,0) withwg, (i) = i forevery 1 < —1 and finally wg,(3,2,1,0,-1) = (3,-1,1,2,0)
with wg, (i) = ¢ for every i < —1.

Each reduced face D of the Gelfand-Cetlin polytope can be identified with an RC-graph.
Indeed, we can change each equality A;; in the diagram of D by an intersecting strand at
the place (n + k —i,n — k) and all other inequalities by nonintersecting strands and then
connect the strands. It is easy to see that this constructs an RC-graph for each reduced
face.

So, let us repeat some properties of RC-graphs, which have already been stated in the

language of reduced faces in Section 3:

e Let R be an RC-graph, such that (i,k), (i — 1,k) and (i — 1,k — £) are not in R for
some i,k and ¢, but all other (i',k') with k > k' > k+ ¢ and i > ¢ > i+ 1 are in
R. Then we can substitute (i, k — #) by (i — 1, k) without changing wg. (We also can
go backwards.) These operations are called ladder moves of size £ at the place (¢, k).

Examples of ladder moves of sizes 1 and 2 are shown on Figure 10

e For every permutation w there exist a unique RC-graph R,, (which we will call a top
RC-graph of w), such that every other RC-graph R with wgr = w could be constructed
from R, by a sequence of ladder moves, which change (7,k —¢) to (2 — 1. k) (but not

the other way).

e Each top RC-graph R,, has the property that if (i, k) € R, and i < n, then (1 +1,k) €

Ry. In other words, all intersecting strands of R,, are concentrated strictly to the left
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in each row of R,,.

it
= U U

Figure 10: Examples of ladder moves on RC-graphs of sizes 1 and 2.

From now on we will only work with those permutations w for which w(i) > w(z—1) for
each i < 0. Equivalently, every RC-graph R with wr = w can be defined by the following

property:
e R has no two nonpositive intersecting strands.

In particular, if R satisfies the above property it lies below the 0" row, that is if (i,k) € R
then £ > 1. This shows that the above property just says that we do not want to consider
any permutations w which have RC-graphs partially located above the zeroth row. Let us
emphasize that starting from this point every RC-graph mentioned in this text has to satisfy
the above property. In particular, the property is implicitly assumed in all the statements
of theorems and lemmas stated below.

Let us now define Young diagrams and tableaux. A Young diagram will be given by a
partition g = (g1,..., ftn), where p; > po > ... > up. Graphically it will be given by pu;

!

boxes in i"" row, as shown on the Figure 11, where Young diagrams correspond to partitions

u1 = (3), p=(2,1) and p3 = (3,1,1) respectively.

OEEY | [ ]

Figure 11: Examples of Young diagrams.

A Young tableaux Y is a filling of a Young diagram with numbers 1, ..., n which satisfies
the following properties. If a and b are two boxes of the Young diagram, which lie in the
same row, and a is to the left of b then the number in @ is not greater than the number in
b. If a and b are in the same column and «a is on top of b, then the number in a should be
strictly less than the number in 5. We denote by (YY) the partition, which corresponds to

the Young tableaux Y. Examples of Young tableaux are shown on Figure 12.
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Figure 12: Examples of Young tableux.

Given a partition g, we construct an RC-graph R(u) as follows. Let R(u) = {(i,k)|1 <
k<mnmn>i>n-—pu,+1}. Then, set w(p) = wge,y. R(p) is going to be the top RC-
graph of w(u). Every such permutation has a unique ascent at 0, that is w(1) < w(0) but
w(i) > w(i—1) ifi # 1 In particular every permutation w(p) satisfies w(z) > w(i—1) if i <0.
The following lemma shows why we can think about RC-graphs as about generalizations of

Young diagrams (similar results were obtained by Winkel in [24]).

Lemma 3.1.1 RC-graphs R with wp = w(u) are in one to one correspondence with Young

tableauz Y with pu(Y) = p.

Proof. Tt is easy to sce that we can apply only ladder moves of size 1 to any R with
wr = w(p). Start with the top RC-graph R(p) and the top Young diagram, which is given
by filling the i** row of the Young diagram with entries i. Associate to each ladder move
of size 1 an increase by 1 of the corresponding box in the Young tableaux. This obviously
constructs a one to one correspondence between RC-graphs with permutation w(p) and

Young tableaux with partition . O

Denote by R(Y) the RC-graph, which is constructed out of the Young tableau Y. As
an illustration to the above lemma let us mention that the first Young tableau Y; on Figure
12 correspond to the first RC-graph Ry on Figure 9. At the same time w(p(Y2)) = wg, but
R(Y3) # Rs.

Call any finite sequence of numbers 1, ...,n a word. For each Young tableau Y, associate
a word v(Y'), which is given by reading the entries of the tableau from left to right in each
row, starting from the bottom row and going to the top one. For example, the words of
Young diagrams from Figure 12 are v(Y)) = 112, v(Y3) = 313 and v(Y3) = 42122.

On the set of all words we define Knuth moves (originally they appeared in [17]). These

Knuth moves allow the following changes to a word:

AU R e W DR F
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and

e BZY... & 2zy... i TS Yy<2

We say that two words v; and vy are Knuth equivalent if we can go from one of them to
another by applying a sequence of Knuth moves.
The following theorem is the key fact in the Littlewood-Richardson rule for multiplying

Schur polynomials and will be extremely useful to us. The proof of it can be found in [9].

Theorem 3.1.2 If Y] and Ys are two distinct Young tableauz then v(Y)) and v(Y3) are not

Knuth equivalent. Moreover, each word v is Knuth equivalent to exactly one word v(Y').

At the end of this Section we recall the definitions of Schur and Schubert polynomials.
Each Young tableaux Y defines a monomial ¥, which is equal to the product of z;’s with

one z; for each entry 7 in the tableaux. Each partition pu defines a Schur polynomial

w(Y)=p

It is well known that Schur polynomials are symmetric polynomials and that they form a
basis for the space of symmetric polynomials in n variables.
Similarly, given an RC-graph R we define 2 to be the product of z;’s with one z;, for

each (i,k) € R. Then the Schubert polynomial for the permutation w is given by

Sw — Z .’L'H'.

WR=w

Polynomials S, form a basis for the space of all polynomials in n variables.

Since z%0Y) = z¥ Proposition 3.1.1 implies that Sw(u) = Sy, in other words we can

think of Schubert polynomials as generalizations of Schur polynomials.

3.2 Insertion Algorithm

The key tool in the classical Littlewood-Richardson rule for multiplying Schur polynomials
is the Schensted insertion algorithm. This algorithm was generalized to the case of RC-
graphs in [1] and used to prove Monk’s formula. We will show that in a special case, this

generalized algorithm can be used to provide the Littlewood-Richardson rule for multiplying



some Schubert polynomials by Schur polynomials. This section defines the algorithms and
discusses its basic properties.

Let R be an RC-graph. We would like to provide an algorithm for inserting a number
1<k <ninto R.

Let us call a pair (¢,7) an open space, if (i,7) ¢ R (two strands at position (i, 7) do not
intersect) and the top strand of the intersection is labeled by a nonpositive number, while

the bottom strand is labeled by a positive number. (See Figure 13.)

b

a,jL

Figure 13: An example of an open space: a > 0 > b.

Start at the row number k) = k and find the smallest 7, such that the space (i, k) is
open (sometimes we will write (i1 (k), k1 (k)) to indicate the dependence on k). Insert (i;. k)
into R, in other words change the corresponding nonintersecting strands to intersecting. If
a,b are the two labels of the strands going through the place (i), k1) we set aj(k) = a
and by(k) = b. If we constructed an RC-graph we stop, otherwise, it is easy to see that
the two stands which now intersect at the place (i1, k;) must also intersect at some other
place (£2, k) with ko > k. Then we remove (£3,ks) from R and find the smallest ip > £
such that (i2.k2) is open (we can find such i3, since the strand labeled by b; < 0 passes
through the row ko to the left of (¢3,k2) and the row ks also has a positive strand to the
left of the strand labeled by b;). We insert (i2, k2) into R (again, sometime we denote it by
(i2(k), ko(k))), set as(k) and bo(k) to be the labels of the strands passing through (io, ko)
and continue the process until it stops. For notational convenience set k; (k) = n + 1. if
the last intersection we inserted was (i;(k), k;(k)).

The resulting RC-graph will be denoted by R « k. Note, R < k and R have the same
number of crossings in each row, except for the row k, where R « k has an additional

crossing. This immediately leads to the following consequence
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If v is a word, we denote by R + v the RC-graph we get after inserting one by one the

letters of v. If Y is a Young tableau, we say R + Y = R < v(Y’). Obviously we have:

RgY = gBY,

The above algorithm is a generalization of the Schensted insertion algorithm, which
originally appeared in [23]. To prove this we just have to translate what this algorithm
means in the language of Young tableaux, in the case when R = R(Y') is constructed from
some young tableau Y as in Lemma 3.1.1. We omit the simple technical details of this proof,
but recall a very important fact about this algorithm (see [9]). For two Young tableaux Y;

and Y5 we have
v(Y7 « Y3) is Knuth equivalent to v(Y7)v(Y2). (3.1)

where v(Y7)v(Y2) is just the concatenation of the two words v(Y7) and v(Y53).

Let us introduce a few new notations, which will be used later. During the insertion
algorithm of k into R, each place (i;,k;) was connected to (£;41,kj41) by two pieces of
strands s; and s?. (Let us emphasize that s;j and s/ are just pieces of strands, which are
between rows k; and k;y, and their labels change during the insertion.) We say that the
left strand s; is a part of the left path £(k) of the insertion while the right strand s/ is a
part of the right path r(k) of the insertion. Both £(k) and r(k) are collections of pieces of
stands. The labeling of each piece s; in £(k) changes from being positive a; to nonpositive

bj, while the labeling of s’ in r(z) change from bj to a;.

Lemma 3.2.1 If no two nonpositive strands intersect in I, then no two nonpositive strands

intersect in R+ k.

Proof. During the insertion algorithm the only possibility for introducing new intersections
of nonpositive strands is when a strand s; from £(k) becomes nonpositive.

Let us show by contradiction that s; cannot intersect any nonpositive strand. Assume
that s; (labeled by b; < 0) in R + k is intersected by some nonpositive strand s in row
kj < k' < kji1. Look at the whole strand s’ in R < k, which is labeled by a. s’ starts
below zero, while s starts above zero, at the same time s is to the left of s’ in the row £,

hence these two strands must intersect in R < k above the row k’. The strand s’ above the
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row k' consists of two parts: one of them is s7, which was labeled by b in R, and the other
one is the rest of the strand above the row k;, which is labeled by a in both R and R < k.

s cannot intersect s/, since no two nonpositive strands intersect in R. At the same time
s cannot intersect the rest of s', since it already intersects the strand labeled by a in R once,
and cannot intersect it for the second time. So we found a contradiction and this lemma is

proved. |
The lemma immediately leads to the following property
e All strands passing between r(k) and £(k) are positive.

Indeed, each strand between r(k) and £(k) has to cross at least one strand from (k) or £(k),
but, since r(k) is nonpositive in 12 and £(k) is nonpositive in R < k, and no two nonpositive
strand can intersect, the above property holds.

Here is a very important lemma, which does not hold in the case of the more general

algorithm given in [1].

Lemma 3.2.2 If z <y, then the path of z is weakly to the left of the path of y in R + xy.

If x > y then the path of x is weakly to the right of the path of y in R + xy.

Remark 3.2.3 When we say that the path of x is to the left (right) of the path of y, we
imply that the right path of z is to the left of the left path of y (respectively, the left path
of x is to right of the right path of y). The word weakly stands for the fact that r(z) and

{(y) (respectively £(z) and r(y)) might have some common parts of some strands.

Proof. For the case < y the right path r(z) of z in R < z contains strands which are all
greater than zero after the insertion. Thus when we start inserting y into R < z each row
k > 2 should contain an open space to the right of the right path of = (since the right path
of x is positive). Hence the left path of y is going to stay strictly to the right of the right
path of z, until at some point it might happen that left path of y is the same as the right
path of x.

It can occur only when an open space (i,k) = (i;(y),k;j(y)) in R ¢ 2 contains strands
s;(y) and s (y), such that part of s;(y) is a part of (). In other words, s;(y) and s (z)
have some common parts. If the insertion algorithm stops at this point there is nothing

else to prove. Otherwise, there should be a place (i;4+1(y), kj+1(y)) where strands s;(y) and
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sf(y) intersect again. We would like to show that
kjv1(y) > Ky (). (3.2)

This will imply that the path of y at the row kj is strictly to the right of the path of z and
(3.2) will be enough to prove the first part of the lemma. Indeed if 7(z) and #(y) coincide
at some row k, they have to separate at the row kj41(z) by (3.2) and r(z) have to stay to
the left of £(y). If they coincide again at some lower row, we can repeat the argument and
show that they have to separate again.

s1'(z) was nonpositive in R, hence it cannot intersect s?, which was also nonpositive in
R. Thus if s;(y) and s7(y) intersect again, it should happen below the row where sl (z)
ends, in other words, below the row of intersection of s;(z) and 7' (z), but this row is
exactly kj41(z). Therefore (3.2) holds and the first part of the lemma is proved.

In the case x > y, the right path of y gets changed from being a set of nonpositive strands
to positive strands. The left path of z in R « x contains only nonpositive strands after the
insertion, so these two paths cannot intersect (but some parts of them can coincide), since
no two nonpositive strands can infersect.

Let’s now argue by contradiction that r(y) is weakly to the left of #(z) using the fact
that r(y) cannot intersect £(z). Pick the smallest k, such that the right path of y is to the
right of the left path of z. This could not happen because of an intersection of r(y) and £(x).
Thus in the row k the insertion of  into R had to remove some (¢;(z),k;(z)) = (¢(z), k)
from R and add some (i;(k), k) to R, moving #(z) to the left. But only nonpositive strands
pass in row k between £;(z) and i;(k) (otherwise, we would get an open space there, which is
impossible), hence r(y) cannot pass between /;(x) and ¢;(z) and it must coincide with £(z)
in the row £ —1). Moreover, the strand passing the row k directly to the left of (¢;(x), k) is
nonpositive in R < z. At the same time, the strands between right and left paths of y are
always positive, so the strand passing the row £ directly to the left of (£;(x), k) is positive.

We found a contradiction, which means that the second part of the lemma is proved. [J

This Lemma immediately proves that if 0 <z <y < z < n then

R+ yxz = R+ yzz (3.3)
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Indeed in R < yz we know that #(y) is weakly to the right of r(z), so r(y) is unchanged
when we insert z into R < y. At the same time when we insert z in R + y the left path
/(z) is weakly to the right of r(y). So, paths of z and z are separated by the path of y
and, in particular, do not have any common strands. Hence multiplication of R < y by =
commutes with multiplication by z, which proves (3.3).

Thus if v; and vy are two Knuth equivalent words, which can be gotten from one another

using only Knuth moves of the first type, we have
R+«—v =R+ v

Let us talk about how the permutation of R changes after insertion. Notice that after
each step of the algorithm the permutation wg does not change except for the last step. At

the end we make two nonintersecting stands labeled by ¢ and d intersect, which means that

WRe—z = ScdWR

where s, 4 is the transposition (with ¢ > 0 > d), which interchanges ¢ and d, when it acts

on a permutation from the right. Moreover,
!(Sc,dwR) — [(UJR) +1

Conversely, given an RC-graph R’ with wgp = s, qwg, such that I(s. qwgr) = l(wgr) + 1 and
¢ > 0 > d we can traverse the above algorithm backwards starting by finding the unique
intersection of strands labeled by ¢ and d, making them nonintersecting and then proceeding
in the opposite order. For more details about the inverse of the insertion algorithm see [1].

This immediately leads to a special case of the Monk’s formula (the more general case
of Monk's formula was proved using the more general algorithm in [1]). We postpone the
proof of the following theorem until the proof of the more general statement in Lemma

3:3.2.

Theorem 3.2.4
COS TR EE T

c>0>d

where the sum is taken over all pairs (c,d) with [(s.qw) = [(w) + 1.
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3.3 Littlewood-Richardson rule for multiplication Schubert

polynomials by Schur polynomials.

Given a Schur polynomial S, and a Schubert polynomials S, their product can be uniquely

written as a sum of Schubert polynomials:

aj u
S’mb” = E C;.u”u_S'u.a

u

where the sum is taken over all the permutations u. The coefficients ¢}, , are called

Littlewood-Richardson coefficients and are known to be positive. The following theorem

provides a rule for computing these coeflicients:

Theorem 3.3.1 Let w be a permulation, which satisfies w(i) > w(z — 1) for each + < 0
and let p be any partition. Choose any RC-graph U and set wy = u. Then cy, , is equal to

the number of pairs (R,Y) of an RC-graph R and a Young tableau Y with w(R) = w and
w(Y) =, such that R«Y =U.

The next three lemmas will lead to the proof of the above theorem. Let us define a
Young diagram v, to be just one row of m boxes, so that the corresponding partition is

given by one number m.
Lemma 3.3.2 Theorem 5.5.1 holds when p = vy,.

Remark 3.3.3 The above lemma is just a special case of the Pieri formula, which was
conjectured to hold for a more general insertion algorithm in [1] and was later proved by

other methods by Bergeron and Sotille in [2].

Lemma 3.3.4 The polynomials S, generate the ring of symmetric polynomials in n vari-

ables. That is each symmetric polynomial S can be written as

5 = Z SV’”] ”-S'/mk — Z S-Vm! SRR , {34)

(.. )EM 4 (mf,...,m})EM_

where M and M_ are two sets of sequences of positive numbers.



Lemma 3.3.5 Let R be an RC-graph then
Reyrz=R+yzx if 0<z<y<z<n

and

R gzy=R+zzy if 0z y<z€n

Corollary 3.3.6 If R is an RC-graph and Y7 and Yy are two Young tableauz then
R+ (Yl = Yz) = (R(— Yl) — Y5,

We postpone the proofs of the above three lemmas until the next Section. Let us just
note that Corollary 3.3.6 follows easily from Lemma 3.3.5 and Fact (3.1).
Let us show how Theorem 3.3.1 can be proved using the above three lemmas. We define

the sets R, and ), to be

R = U R and Y, = U Y.
wR=Ww n(Y)=pn
It

R=Ru Vo= | BR+Y
RERy, YEY,

we would like to show that

R”={JRu. (3.5)

U

This implies that each R, is taken cy, ,

times in the above union, since there is a unique
way of writing 5,5, as a sum of Schubert polynomials. Hence (3.5) will prove the theorem.

Use Lemma 3.3.4 to write

Snu = z : SV71r1 . 5f’rrz-k o E Sf/ml £ Sumk

(1, ) EM 4 (rmy ey JEM -

this immediately implies that

Vo= U Ve Vo= U Ve Vi, (3.6)

(m1,...,mp)EM 4 (ma,...,mp)EM_



where the minus stands for the set theoretic difference of the two sets and where V), - V,,, =
Ui y=pi uz)=ua 11 & Ya:

The reason why we can take the set theoretic difference in the above formula is the
following. By Lemma 3.3.2 both first and second sets in (3.6) could be broken up into
unions of Vs (since any insertion into a Young tableaux produces a Young tableaux). But
since S, cannot be written as a nontrivial linear expression of S,’s the set theoretical
difference above is well defined.

Thus we can conclude:

R = Rw ’ ( U yVm, "'yr',.”,) _Rw : ( U yvm.l "‘ywm,‘,)
(my,...mp )EM, (g e mp )EM_
Using Corollary 3.3.6 we can immediately see that the set theoretic difference is well-defined
in the above formula. On the other hand, this formula and Lemma 3.3.2 shows that R can
be written in the form (3.5), since by Lemma 3.3.2 each Ry - Wy, -+ Vo, 15 a union |J, Ry

This finishes the proof of the Theorem 3.3.1.

3.4 Technical details in the proof of Littlewood-Richardson

rule.

Proof. (of Lemma 3.3.2) The proof of this Lemma will just be a combination of Monk’s
rule and Lemma 3.2.2. We have already mentioned that a more general case of this Lemma
was conjectured in [1], but no proof was provided there, since Lemma 3.2.2 does not hold
for the general algorithm.

Let Y = (1 <a; <az < ... <am < n) be a filling of the Young diagram v,,. We can

easily see from the insertion algorithm that

WReY = WRt—ay...am = Sem,dm-Ser,diWR

where ¢; >0 > d;, d1 > dy > ... > dy, and (¢, 4 --Ser,dy WR) = l{wr) + m.

Conversely, assume we are given an RC-graph R' with wr = s., 4, .--8¢;.d, wr With

¢ >02>d; dy >dp > ... > dyy and I(se,, dpn--Sey,dyWR) = {(wg) + m. Then we can go

through the inverse insertion algorithm and delete one by one intersections of strands ¢;
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and d;. We will get m numbers a, ..., @y .
Moreover, by Lemma 3.2.2, a; < a;+; (otherwise we would not have d; < d;11). Thus

we have even proved a slightly better version of the Lemma:

SIU’S‘Um = : S5c‘m,ttm“"scl,(i1u’

where ¢; > 0> d;, dy > dy > ... > d;;, and f(.‘%("” ,(Em"'s(fl,dewR) =l(wg) + m. O

Proof. (of Lemma 3.3.4) Let us define a lexicographical ordering on Young diagrams. We
say that p = (p1,..., k) > @ = (fi1, ..., fig) if either k > kork =k, e = fik, ooy flig1 = fhit1s
but y; > ji; for some .

We will prove that every Schur polynomial S, can be written in the form (3.4) by
induction. As the base of the induction, we use the case k = 1, then p is just v, and there
is nothing to prove.

Let’s assume that we can prove (3.4) for every fi, which is smaller than p = (g1, ..., k).
Let p' = (p1, ..., pp—1) be the partition with the last row of p deleted. The product S,—,S,,M
can be written as a sum of Schur polynomials by Lemma 3.3.2 and since insertion into a
Young tableaux produces a Young tableaux. Moreover, each of those Schur polynomials
will correspond to a Young diagram, which is less than or equal to p. This can be easily
deduced by looking at how insertion algorithm works: an insertion into a Young tableau
adds exactly one box to the corresponding Young diagram. So

LINES T (3.7)
where every p’ is smaller than or equal to g with respect to the lexicographical ordering.

To finish the proof we will show that cﬂ_um_ = 1. If we fill the i*" row of ji with i+ 1, and
we fill v, with ones, then the result Y of the insertion will have the shape of 1. On the other
hand, this is a unique way of getting Young tableaux Y using this kind of insertion. So
i . = L. Hence using (3.7) we can express S, as a sum of products of Schur polynomials
Sy, such that each p' is smaller than p. Thus by induction assumption S, can be written

in the form (3.4). U

The rest of this Section will be concerned with the proof of Lemma 3.3.5.

Recall that the first part of Lemma 3.3.5 followed from Lemma 3.2.2. So, we just have
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to prove the second part of it:
R+ zzy=R+ zzy forany Rand0<z<y<z<n (3.8)

The path of z in R < z2z is weakly to the left of the path of z. If it is strictly to the left
of the path of z (in other words the right path r(z) of z has no common parts with the left
path £(z)), then clearly R +- zz = R + zz and (3.8) holds. An example for this situation
would be z =1, y =2, 2z = 3 and R = R3 (the third RC-graph from Figure 9).

Hence we just have to look at the case when right path of z partially coincides with
the left path of z. Let’s assume that the top row where this happens is k. Then by above
argument, R « xzy = R + zxy for all rows, which are above the row k.

Assume that during the insertion of  into R an intersection (z;(x), k;(z)) was inserted
into R, such that k;(z) < k but k;1(z) > k. Denote by s; and s, the two pieces of strands,
which connect (i;(z), k;(z)) with (£;41(z), kj41(z)). Set a = aj(z) > 0> b= bj(z). So that
during the insertion of z into R, the labeling of s; changed from a to b, while the labeling
of s» changed from b to a.

Assume that during the insertion of z into & < = we insert an intersection of strands
at the place (i,k) = (¢j:(2),k;7(2)). Then we know that one of the strands at (¢, k) is s.
Denote by s, the piece of this strand, which connects (i, k) with (£;:41(2), kj+1(2)). (s2 and
sh have a common piece between the rows &k and k;.(z).) Take the other strand coming out
of (7,k) and denote the piece of this strand, which connects (i, k) with (i;1(2), kjr41(2)),
by s3. Clearly, a;/(z) = a and we set by (z) = c.

Since the paths of y have to sit between the right path of z and the left path of 2
above row k, the strand s; has to become a part of the left path of the insertion of y into
R + zz. Assume it happened at some place (11,k1) = (i;0(y), kj»(y)). We claim that
(2,k) = (£j241(y), kjr1(y)). In other words, the strands, which pass through (i1,%;) in R
have to pass through (i,%) in R. If this claim does not hold, then the strand labeled by
¢ < 0 has to pass between the left and right paths of y, which is impossible. Denote by s
the right path, which connects (i1, k1) with (i, k), so that s and s3 are two pieces of the
same strand in K.

Thus during the insertion algorithm of y into R < zz we had to remove intersection

(¢,k) and find an open space to the left of it, call it (z,k) = (4041 (y), kjr11(y))-
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We have two cases:

Case 1. (i, k) is to the left of the strand s;.

Case 2. (i, k) is to the right of the strand s;.

Before going through the proofs for both cases, let us give two examples. Case 1 happens
when we take © = y = 2, 2 = 3 and R = R3 from Figure 9. For Case 2 take n = 2 and
R =1{(2,2)} then z =y =1 and z = 2 will produce Case 2.

Proof of Case 1. First of all let us note that (i,k) is to the left of s; if and only if
the stand s, passes exactly to the left of strand s; in the row k, that is there are no other
strands between s; and so in the row k. Indeed, if we had other strands between them they
had to be positive in R (since they lie between right and left paths of z), but then (¢ — 1, k)
would be an open space, so that ¢ = i — 1, which contradicts the fact that (i, k) is to the
left of the strand s,. This argument also proves that (4, k) is to the right of s; if and only
if i = ¢ — 1, which will be used in the proof of the second case.

Denote by pt the path of the insertion of z into R below the row k, by p} the path of
the insertion of z into R < x below the row & and by pY the path of the insertion of y into
R + zz below the row k. Notice that since (? k) is to the left of s; we can conclude that
pi is weakly to the right of pf, while p{ is weakly to the left of pf.

Let us think how R < zzy looks in this case. When we insert z into R, the open space
(ij:(2), kj(2)) in the row k is no longer (i, k), but it is now (i — 1, k). Indeed, s, is labeled
by a > 0 while s, is labeled by b < 0 in R, moreover, 5| passes through the space (1 —1,k)
and together with s, creates an open space. So we insert (¢ — 1, k) into R and denote by p3
the path of z in R below the row k. Notice that the paths p5 and p{ are identical. When
we insert z into R « z, at the row k£ we have to remove (i — 1,k) = ({j41(x), kj11(x)),
since s; and s intersect at (i — 1,k) in R < 2. So, we remove (i — 1,k) and insert
(¢,k) = (ij41(z), kj41(x)) into R < 2. Denote by pj the path of z in R « 2 below row &.
Notice that p¢ is identical with py. At the same time, the path pj of the insertion of y into
R « zz below the row k will be identical with pf.

To summarize, we have R < zzy = R + zzy above the row k. Below the row k we first
insert into R along the path p3 = py in both cases. Then we insert along pj and along pY
for R + zzy and along p% and along pj for R ¢ zzy. But since pf = py is weakly to the
right of p3 = p? while p§ = pY is weakly to the left of pj = p{, we can apply Lemma 3.2.2

to show that paths p? = p§ and p$ = pY are separated by pj = pi and hence it does not
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maftter along which path below the row k& we insert first. This proves @ + zzy = R + zxy
below the row & and finishes the proof of Case 1.

Proof of Case 2. The situation in case 2 is just slightly more difficult than in Case 1.

Denote by k the row where the path of the insertion of z into R < z moves to the left
of s (this has to happen below the row &, but above the row k;;). As in Case 1 in the
row k the strand s; has to pass directly to the left of so. And we can define paths »E,
and p; for i = 1,2, which lie below the row k, the same way we have done it in the first
case.

Then we can apply the same argument to these paths to show that R + zzy = R + zzy
below the row k and above the row k. It is just left to check that R « zzy = R « zzy
between the rows k and k. But for R ¢ zzy when we insert = or z no intersections are
inserted between the rows k and k, denote by p the path of the insertion of y between
the rows k and k. At the same time, nothing is inserted between the rows k and k for
= R + zry, when we insert z or y and the path for z between the rows k and k is identical

with p. This finishes the proof of Lemma 3.3.5 in the second case.
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Appendix A

Equivariant Cohomology and

Currents

Let G be a compact Lie group and M a compact oriented manifold equipped with a GG action.
Let Q(M) be the space of smooth forms on M and S(g*) be the space of polynomials on
the Lie algebra g. We define the differential d¢; on Qg (M) = (M) @ S(g*))¢ as follows. If

¢ € g and X is the infinitesimal vector field on M generated by £, then for a® f € Qg (M)

da(a® f)(§) = da® f(£) — i(Xe)a® f(§).

Qa(M) together with dg produces a chain complex, which defines the equivariant cohomol-
ogy Ha(M) (for detailed exposition of the subject see [14]).

Let £(M) denote the space of currents on M. We will recall a few facts about currents.
All the definitions and details can be found in [6]. A current T of degree k acts on forms
of degree dim M — k (sometimes we say that this current also has dimension dim M — k).
Moreover, we can define the boundary operation ¢ which decreases the dimension of a
current by one and satisfies

T (a) = (-1)%8TT(da)

for every form a € Qg (M).
0 is called the boundary operator, since it has the following important property. Let

N C M be a smooth oriented compact submanifold with possibly nontrivial boundary 0.N.



Integrations over N and N are then currents on M denoted by {N} and {JN} and
{N} ={ON}.

If N has no boundary, it defines a cohomology class denoted by [IV]. Moreover, if N has
singularities of codimension at least 2, they do not change d{N} or [N].

We can also define the contraction operation by a vector field X as
iW(X)T(a) = (-1)*BTT6E(X)a).

The equivariant cohomology M, (M) is defined using E(M) = (£(M) ® S(g*))“ and

the equivariant boundary operator dg; which is given by
(T @ f)(§) = 0T @ J(£) —i(X)T @ f(E)

for T® f € Eg(M).
Notice that if N C M is an invariant oriented compact submanifold then {N} = {N} ®
1€ (E(M)® S(g*))“. Moreover i(X¢){N} =0 for any £ € g. Hence

9c{N} = {ON}.

and if ON is empty, N defines an equivariant cohomology class denoted by [N] (again,
singularities of codimension at least 2 do not change anything).

If f: M — N is an invariant map between two G-manifolds. Then we can define the
pullback map f*: Qg(N) = Qg(M). It descends to the pullback map on the equivariant
cohomology f* : Hu(N) — Hg(M), moreover, it is a ring homomorphism. We can also
define by duality a pushforward map f. : E5(M) — Eéfdim"\"_dim M(N). This map defines
fot HL(M) — Higdm A ~dimM (1) which is a S(g*)-module homomorphism.

We will need one more definition. Let 7 : M — N be a smooth fibration with pos-
sibly noncompact fibers. Then we can define the pushforward map: m, : Q(M). —
Qutdim N=dim M A1y 1y integrating along the fibers (where ¢ stands compactly supported
forms). We can also define the pullback 7* : E*(N) — £*(M), by 7*T'(«r) = T'(7.(a)) for a

compactly supported form «.

60



Theorem A.0.1 Hi, (M) s isomorphic to H},(M).

Proof. We will construct a map p: £5(M) — QF (M) together with a homotopy operator

@ : 5:;+1(M} — QL (M), which satisfies
p=1d+ Qdg + dgQ.

This will be enough to prove the theorem.

It is well known that M can be invariantly embedded into R™ (see [20]), which is equipped
with a linear G action. Let i : M — R" be this embedding. Let U C R" be a small invariant
tubular neighborhood of i(M) with the projection 7 : U — M. Choose a small invariant
open ball B around the origin of R"| such that if z € (M) and b € B, then z +i(b) € U.

Let p; and ps be the projections of M x B onto M and B respectively, and let & :
M x B — U be the map s(xz,b) = i(z) —b. Let 7 € Q¢(B) be the compactly supported

Mathai-Quillen form, which satisfies:
per = 1 and dgr =0

for the map p : B —point. This form was explicitly constructed in [21] (for another
exposition see [14]).

For pp € Eg(M), define

p(p) = (p1)« (K7 (1) A p3(7))

(note that both x and 7 are fibrations, so k*n* is well-defined on currents.) Morally speak-
ing, p(i) is a convolution of p and 7. So, it is easy to conclude that p(p) is a smooth form
on M.

7k 1s equivariantly homotopic to p; via w(s¢(x,b)) = w(i(x) — tb). So we can find

Q: EXYY (M) = £X(M x B) with
K" —pl = Qdg + 96Q.

(p} is well-defined on currents, since it is also a smooth fibration.)
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Thus

p(p) = (p1)« (P A P3T) + (p1)<((QOGp) A p3T + (0cQu) A p5T)

=pu+ Qogu +dgQu

where Qu = (p1)+(Qu A p37). Notice that we have used both properties of Mathai-Quillen

form 7 in the above equation. il
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