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Abstract

Probabilistic graphical models combine probability and graph theory into a powerful
multivariate statistical modeling approach. While there is an extraordinary range of
types of graphical models in the broader literature, we focus on Hidden Markov Model
(HMM) and Linear Dynamical System (LDS). These two models are ubiquitous in ap-
plications including Kalman filtering, and the decoding of LDPC codes which is what
all cellular wireless systems run on these days. Message passing algorithms exploit
the independence and factorization structure within these graphical models to develop
analytically tractable, computationally efficient, and exact inference algorithms. Pos-
terior inference using message-passing algorithm depends heavily on the information
exchange between the nodes of the graph and having unconstrained sized messages,
results in the exact inference of the posterior distribution. Despite its usefulness and
ubiquitous applications, the unconstrained information exchange message-passing al-
gorithm has numerous shortcomings, including prohibitive computational complexity,
and unaffordable communication complexity. These shortcomings can limit the effec-
tiveness and practicality of the algorithm in the era of big data.

This thesis presents a comprehensive analysis of a novel constrained information
exchange message-passing algorithm. A cornerstone of this algorithm is the modified
sum product algorithm, an innovative approach that identifies and prioritizes critical
information fragments for particular inference tasks.

The thesis further delves into the algorithm’s utility in various posterior inference
scenarios, encompassing index-specific and index-free posterior inferences. While the
former scrutinizes either singular or multiple posterior inferences at designated in-
dexes, the latter ensures that all nodes use identical compression matrices, catering
to both single and multi-step posterior inferences.

The algorithm elucidates the balance between algorithmic performance and re-
source utilization in data-driven applications. By reducing computational and com-
munication complexities, it proposes an efficient solution for high-dimensional data
handling, particularly when resources are constrained. In essence, the proposed al-
gorithm enhances the scalability, practicality, and efficiency of probabilistic graphical



models, propelling advancements in data-driven research and decision-making across
a multitude of domains.
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Chapter 1

Introduction

1.1 Navigating Uncertainty

To achieve their goals, intelligent agents, whether natural or artificial, must choose
from numerous possible courses of action. They must make decisions based on infor-
mation obtained from their environment, prior knowledge, and objectives. In many
cases, this information and knowledge may be incomplete or unreliable, necessitating
decision-making under uncertainty. For example, in an emergency, a medical doctor
must act quickly despite having limited information about the patient’s condition;
an autonomous vehicle detecting a potential obstacle must decide whether to turn or
stop without being certain of the obstacle’s distance, size, and speed.

A goal of artificial intelligence is to create systems capable of reasoning and making
decisions under uncertain conditions. Early intelligent systems faced challenges in
handling uncertainty, as traditional paradigms were ill-equipped to manage it.

Classical logic-based early artificial intelligence systems represented knowledge
as sets of logical clauses or rules. These systems exhibited two crucial properties
modularity and monotonicity which simplified knowledge acquisition and inference [1].

A system is considered modular if each piece of knowledge can independently lead
to conclusions. In other words, if the premises of any logical clause or rule are true, its
conclusion can be asserted without considering other elements in the knowledge base.

A system exhibits monotonicity if its knowledge consistently increases monotonically,
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meaning any deduced fact or conclusion is maintained even when new facts become
known to the system.

However, when uncertainty is involved, these properties generally do not hold
true. The absence of these properties makes reasoning more complex for a system. In
principle, the system must consider all available knowledge and facts when drawing a
conclusion and be prepared to revise its conclusions as new data emerges. To address
this challenge, modern artificial intelligence systems employ probabilistic reasoning,
machine learning algorithms, and other approaches to better manage uncertainty,

adapt to changing conditions, and make more informed decisions.

1.2 Probability Theory

Probability theory offers a well-established foundation for managing uncertainty, mak-
ing it a natural choice for reasoning under uncertain conditions. However, naively
applying probability to complex problems quickly results in overwhelming computa-
tional complexity.

Consider a collection of random variables x = (xi, ..., xy) and let the observations
about them be represented by random variables y = (yi,...,yn). Let each of these
random variables x; , 1 < i < N, take on a value in X (e.g., X = {0, 1} or R) and each
observation variable y; , 1 < ¢ < N take on a value in ). Given observation y, the
goal is to say something meaningful about possible realizations of x for x € X" . One
can consider there to be effectively two primary computation problems of interest, as
we now describe.

Calculating (Posterior) Beliefs and Marginalization. Here the goal is to

perform computations of the form

_ pX,)"(aj??g?) px,y(x?ag?) (1 1)

DPx (xnkgn) - ~n = n An
AT py(yl) le,-n,xne){p&y(l‘layl)

The denominator (i.e., normalization) is referred to as the partition function.

Evidently, calculating the partition function corresponds to executing marginal-
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ization, which can be excessively costly for larger alphabets, as commonly seen in

high-dimensional situations, unless there is a specific structure that can be utilized.

Assuming the objective is to marginalize M components out of the N elements of
x, producing a marginal of (N — M) dimensions, it is observed that each summation in
this process requires about |X'|* computations. Moreover, this has to be executed for
each of the | X'|(N=M) potential values of the remaining variables. The total complexity
hence amounts to approximately | X|", which is exponential in the number of variables

N. This typically becomes unmanageable for even moderately large values of N.

It’s worth noting that this outcome is not unexpected. In the absence of a structure
that can be leveraged, the joint distribution of a set of N variables, each over the
alphabet |X'|, would necessitate a table of |X|V. Hence, even merely accessing all the

values of the joint distribution would involve exponential complexity.

Calculating Most Probable Configurations (MPC). The goal is to perform

the following computation:

% € argmax pyy (27157) (12)
xc XN

X € argmax pyly(27]]97) = arg max ZM = argmax pxy (27, 1) (1.3)
xexN x€XN py(97) xexN

Without any additional structure, the above optimization problem obviously re-
quires searching over all XV entries in the table representing the joint distribution

Pxly(-|97), so has complexity that is exponential in N.

To overcome the computational complexity associated with probability-based rea-
soning, probabilistic graphical models have been introduced to exploit the structure
in joint distributions, reducing complexity. These models enable more efficient rep-
resentation and manipulation of probability distributions by utilizing graphs to il-
lustrate the conditional dependencies between variables, which simplifies calculations
and makes it possible to reason under uncertainty in a computationally feasible man-

ner.
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1.3 Probabilistic Graphical Models

Probabilistic Graphical Models (PGM) are robust statistical modeling techniques that
blend the principles of probability and graph theory. They offer a strategic frame-
work for handling uncertainty, grounded in probability theory, and enable efficient
computational processes [2]. The core concept involves recognizing and focusing on
the independence relations pertinent to a specific problem, integrating these into the
probabilistic model to curtail complexity, and thus minimizing memory needs and
computational time.

A PGM serves as a concise depiction of a joint probability distribution, from
which we can derive both marginal and conditional probabilities. Its power lies in
representing the dependencies and independencies among a group of variables using
graphs. In these graphs, variables exhibiting direct dependence are linked, while the
independence relations are subtly embedded within this dependency graph.

Essentially, PGMs efficiently capture and represent complex probabilistic relation-
ships, providing a simplified yet comprehensive view of the problem at hand. This
clarity and reduction in complexity make PGMs an extremely valuable tool for various
fields requiring probabilistic inference and decision-making under uncertainty.

To illustrate the dramatic impact structure can have, consider the following exam-
ple. Specifically, suppose now that the N random variables of interest are mutually

independent, so that

pXL"-,XN(xlv o 7wN) = Pxq (wl)pXQ (:132) o 'pXN(:L‘N> (14)

When computing posterior beliefs, the marginalization can be performed individ-
ually for each variable. Each of these computations has a complexity of |X|, leading
to a total complexity on the order of N|X|, which is linear in N. In a similar vein,
the most probable configurations can be determined by independently identifying the
assignment of each variable that maximizes its own probability. Given that there are

N variables, the overall computational complexity is also linear in N, i.e., of order

N|x|.
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Clearly, the presence of an independence structure can significantly reduce the
complexity of inference tasks. More broadly, more intricate forms of independence and
related structures in distributions can be leveraged to similarly reduce the complexity

of these foundational inference tasks, often to a surprisingly high degree.

1.4 Limitations of Probabilistic Graphical Models

Message-passing algorithm depends heavily on the information exchange between the
nodes of the graph and having unconstrained sized messages, results in the exact infer-
ence of the posterior distribution. Despite its usefulness and ubiquitous applications,
the unconstrained information exchange message-passing algorithm has numerous
shortcomings, including (1) prohibitive computational complexity, and (2) unafford-
able communication complexity. These shortcomings can limit the effectiveness and

practicality of the algorithm in modern applications:

o High-dimensional data: The random variable involved is no longer the out-
put of an individual sensor or a sample of a waveform but more often an image
or a sentence in natural language represented in a vector space with multiple

thousands of dimensions.

e Limited Communication Bandwidth: The sensors used to capture the data
in a wide range of applications such as smart cities 3], environment monitoring
[4], security and surveillance [5], industrial monitoring [6,/7], and many more

have limited communication capability.

In these problems, on top of the savings by the graphical models, we also need
additional savings by using the dependence between a single pair of random variables.
In this thesis, we address these new challenges with very high-dimensional data or
limited communication bandwidth by introducing and analyzing the constrained
information exchange message passing algorithm.

Constraints are placed on the messages one can pass along in the algorithm and

deliberately sets it to be less than what is needed to carry sufficient statistics. This
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formulation forces us to look for "insufficient statistics," which we expect to be the
key new concept in the era of big data as it will result in lower computational and
communication complexity. We will have to learn how to compromise by dropping
the less important parts of our information, which requires a better understanding of
quantitative metrics of how important fragments of information are and how much
they can be helpful with specific inference tasks.

The restrictive nature of the constraints, which limit the exchange of sufficient
statistics, inherently complicates the process of posterior inference. This complexity
arises from the unique dynamics of the process, where a distinct insufficient statistic is
forwarded as a message, depending on the specific scenario of the posterior inference.
Consequently, this intricate issue not only amplifies the complexity of the problem
but also necessitates the crafting of diverse messages tailored to each unique posterior
inference scenario. In order to address these challenges, it becomes crucial to develop
and rigorously analyze the algorithm under a broad range of scenarios. By doing so,
one can ensure the algorithm’s robustness and adaptability, allowing it to effectively
handle a multitude of posterior inference conditions, regardless of the constraints

imposed on the information exchange.

1.5 Outline of the Thesis

The purpose of this thesis is to propose and analyze constrained information exchange
message passing algorithm and this is where insufficient statistic messages are used
in the algorithm. This formulation will be of crucial importance to deal with the new

challenges introduced with the high-dimensional data.

Chapter 2 gives an overview of the hidden markov model and then discusses the
message passing algorithm for posterior inference. Then, a modified sum product al-
gorithm will be introduced in terms of the information vector and Divergence Transfer
Matrix (DTM). This modification allows for the determination of which fragments

of information are most important for specific inference tasks. By identifying these
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important pieces of information, informed decisions can be made about which parts

of the data to prioritize and which parts can be safely dropped or simplified.

Chapter 3 introduces the index-specific posterior inference using constrained in-
formation exchange message passing algorithm. This sub-category of posterior infer-
ence provides a critical examination of specific scenarios where the interest lies either
in a singular posterior inference at a specific index (referred to as single index-specific
posterior inference) or in multiple posterior inferences at specific indexes (referred to

as multiple index-specific posterior inference) as shown in Fig. [I-1

Single Index-Specific ' i '

®

Objective: Ex; iy, 4 (xsly2) g(0s173) 0ealys) [D @oegpyt C 1D Bt C 17D

Variables: Hy,H, H3, H, € R™™

@
Posterior Inference H ) H :
G1,G2,G3,G, € R™
F € Rmxm

Q (e (2
X1 X2 X3
Multiple Index-Specific ! \T/ \T/

Posterior Inference

[ ——— Unconstrained link ~ -------- Constrained link (Insufficient Statistics)J

@ Objectives: Ex,|y,) 402172 pxsls) [P @yt C 1T By 3 ¢ 17D)]

E y(11y1) (¥21¥2) X3[¥3) (Xa Y4) [D Py ( \)V’?JHIA’XS\}-:(- 7)1
Variables: Hy,H, Hs, H, € R™™

G1,G3,G3,G, € R™T

F e R™™

®-®

Figure 1-1: Index-Specific Posterior Inference Using Constrained Information FEx-
change Message-Passing Algorithm

Chapter 4 introduces the index-free posterior inference using constrained in-
formation exchange message passing algorithm. Unlike the index-specific approach,
where nodes may have different compression matrices, the index-free approach ensures
that all nodes employ identical compression matrices. This sub-category of posterior
inference provides a critical examination of specific scenarios where the interest lies
either in a single step posterior inference (referred to as single step index-free posterior

inference) or in multi-step posterior inferences (referred to as multi-step index-free

posterior inference) as shown in Fig. [1-2|
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E 4 (g ) [D Pacsly, C 17 Dueslys (- [Ya))]
Variables: H € R™™, G € R™", F € R"™*™

Posterior Inference

@ @ ObjeCtiveS:lEd)leyl)[D(pxﬂyl(-‘yl)”ﬁxz‘yf(*‘yl))]
Multi-Step Index-Free T

E j011y1) g02ly2) [P (Pacgyz |3V’12)||f7x3|y12(- 1FEN1
E 01 [¥1) (212) g X31¥5) [P P 3 C I B3 C 1579)]
E (3 1Y1)  (X21Y2) (031Y3) g Xala) [D @oegpy C 1T By C 1FD)]
Variables: H € R™™, G € R™*",F € R™™

Constrained link (Insufficient Statistics)J

Figure 1-2: Index-Free Posterior Inference Using Constrained Information Exchange
Message-Passing Algorithm

Chapter 5 concludes the presented work and outlines future directions.
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Chapter 2

Hidden Markov Model

2.1 Overview of HMM

Markov chains as shown in Fig. are a type of mathematical model used to
describe systems that transition between different states over time [8]. The key feature
of a Markov chain is that the probability of transitioning from one state to another
only depends on the current state of the system, and not on any previous states. This
property is known as the Markov property, and it allows us to model complex systems
in a simple and efficient way [§].

In a Markov chain, the transition probabilities between states are typically rep-
resented as a transition matrix. The transition matrix describes the probability of
transitioning from one state to another, given the current state of the system. These
probabilities are often estimated from data, or from expert knowledge about the sys-
tem being modeled.

One interesting application of Markov chains is in the field of latent variable
models, which are models that involve variables that are not directly observable.
Hidden Markov models (HMMs) as shown in Fig. are one example of a latent
variable model that is widely used in many different fields.

In an HMM, the system is modeled as a Markov chain, where the hidden state of
the system is represented by a set of states that are not directly observable [9]. Instead,

the system generates observations that are dependent on the current hidden state,
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according to a set of emission probabilities. These emission probabilities describe
the probability of observing a particular observation, given the current hidden state

of the system. The transition probability matrix will be defined as P and the

Xit1[%i
emission probability matrix will be defined as Py,

HMMs are a type of probabilistic model, meaning that they represent the uncer-
tainty inherent in many real-world systems. By modeling the system in this way,

HMMSs can be used to infer the underlying state of the system based on observed

data, and to predict future states.

Px3\x2 @ px4|x3 X4,

e py4|x4

@px2|xl@pxg|x2 @px4|x3 x4

(a) Markov Model (b) Hidden Markov Model

2.1.1 Applications
2.1.1.1 Automatic Speech Recognition

Hidden Markov Models (HMMSs) are extensively utilized in automatic speech recogni-
tion, a technology integral to numerous applications like digital assistants on smart-
phones, transcription services, and assistive technologies for the hearing impaired [10].
The process of automatic speech recognition involves breaking down the audio input
into time intervals, typically within a range of 10 to 30 milliseconds. Each of these
segments is analyzed to capture its unique acoustic features. HMMs excel in this task
due to their ability to model the temporal structure of speech sounds, thereby ac-
commodating for variations in pronunciation, intonation, rhythm, and other acoustic
nuances that characterize individual speech patterns [11].

In an automatic speech recognition system powered by HMMs, the audio wave-
form serves as the observed data, while the hidden states correspond to the phonemes,
which are the smallest units of sound that make up the words in the spoken lan-

guage [12]. The transition probabilities between these hidden states encapsulate the
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likelihood of one phoneme following another in the language, thereby reflecting lin-
guistic rules and common patterns of the language. On the other hand, the emission
probabilities depict the probability of observing a specific acoustic feature given a
particular phoneme [13].

This application of HMMs in automatic speech recognition underpins the trans-
formation of human-computer interaction, providing a more intuitive and accessible

way for users to engage with technology [14].

2.1.1.2 Natural Language Processing

Hidden Markov Models (HMMs) play an instrumental role in Natural Language Pro-
cessing (NLP), a subfield of artificial intelligence concerned with the interaction be-
tween computers and human language. Tasks like part-of-speech tagging, and named
entity recognition are areas where HMMs have been successfully deployed [15].

Part-of-Speech (POS) tagging is the process of assigning a grammatical category,
such as noun, verb, adjective, etc., to each word in a sentence. HMMs are often
used in POS tagging, where the hidden states represent the grammatical categories,
and the observed states represent the words. The transition probabilities between
the hidden states capture the grammatical rules of the language, while the emission
probabilities capture the likelihood of a word belonging to a particular grammatical
category [16-18].

Named Entity Recognition (NER) is another NLP task that involves identifying
and classifying named entities in a text into predefined categories such as person
names, organizations, locations, etc. HMMs have been used for NER by modeling
the dependencies between neighboring words and their corresponding entity labels.
In this case, the hidden states represent the entity labels, and the observed states

represent the words [19].

2.1.1.3 Genetics and Bioinformatics

Hidden Markov Models (HMMs) have emerged as a crucial tool in genetic sequence

analysis and bioinformatics, particularly in protein family characterization, gene pre-
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diction, and sequence alignment [20]. This relevance of HMMs is largely due to the
inherently sequential nature of genetic data, which bears a striking resemblance to
the temporal structure modeled by HMMs [21].

In the realm of bioinformatics, the observed data corresponds to the genetic se-
quence, typically represented as a string of nucleotides or amino acids. The hidden
states, on the other hand, represent biological structures or functional regions, such
as exons, introns, intergenic regions, or different structural motifs in proteins [22].
The transition probabilities in these HMMs signify the likelihood of moving from
one biological structure to another in the genome or protein, thereby embodying the
underlying biological processes and mechanisms [23].

Emission probabilities in this context denote the likelihood of observing a par-
ticular nucleotide or amino acid given a specific biological structure or functional
region [24]. Hence, these probabilities encompass the inherent variability within each
biological structure, enabling HMMs to model the biological complexity and variation
in genetic sequences effectively.

HMDMSs have been instrumental in transforming our understanding of genomics and
proteomics, fostering the development of algorithms and databases that enhance the
prediction and classification of genes and proteins [2526]. The application of HMMs
in bioinformatics also fosters the identification of potential therapeutic targets and the
development of personalized medicine, providing a more detailed and comprehensive

understanding of genetic mechanisms underlying disease [27].

2.1.1.4 Wireless Communication

Hidden Markov Models (HMMs) have found significant application in wireless com-
munication systems, playing a crucial role in tasks like channel equalization, and
signal decoding [28|. These applications leverage the temporal modelling capabilities
of HMMs, which excellently suit the dynamic and sequential nature of wireless signal
transmission.

In the context of wireless communication, the observed data typically corresponds

to the received signal, which is generally a noisy version of the transmitted signal.
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The hidden states can represent the transmitted data symbols or the different states
of the communication channel [29]. The transition probabilities between the hidden
states capture the dynamics of the channel or the correlation structure of the data
symbols. On the other hand, the emission probabilities encapsulate the statistical
relationship between the transmitted symbols and the received signals [30].

Channel equalization is one significant application of HMMs in wireless commu-
nication, where the goal is to mitigate the adverse effects of channel impairments
such as multipath fading and inter-symbol interference [31]. By modeling the com-
munication channel as a hidden Markov process, HMMs enable effective equalization
strategies that outperform traditional linear equalization techniques [32].

In signal decoding, HMMs are used to estimate the most likely sequence of trans-
mitted data symbols given the received signals, helping to recover the original data
in the presence of noise and channel errors |33]. This has been pivotal in enhancing
the reliability and robustness of wireless communication systems.

Through these applications, HMMs have proven to be instrumental in advanc-
ing wireless communication technology, fostering improvements in data transmission

quality, speed, and reliability.

2.1.1.5 Wireless Sensor Networks

Hidden Markov Models (HMMSs) are instrumental in optimizing the performance of
wireless sensor networks (WSNs), a technology critical to various applications such as
environmental monitoring, healthcare, smart homes, and industrial automation [34].
These networks consist of spatially distributed sensors that cooperatively monitor
physical or environmental conditions and communicate their data through the net-
work to a main location. The role of HMMs in this context includes but not limited
to tasks such as sensor data fusion, anomaly detection, prediction and network state
estimation [35H37].

In WSNs employing HMMs, the observed data can correspond to sensor readings
while the hidden states can represent the underlying physical phenomena or the status

of the network nodes. Transition probabilities between these hidden states capture the
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temporal dynamics of the environment or the state changes in the network, and the
emission probabilities capture the likelihood of obtaining a particular sensor reading
given the underlying state [3§].

Moreover, HMMs are utilized in WSNs for detecting anomalies or unusual events.
By learning the normal patterns of sensor readings and their transitions, HMMs can
identify deviations from these patterns as potential anomalies, thereby contributing

to the robustness and security of these networks [39].

2.2 Sum-Product Algorithm

The sum-product algorithm is a message passing algorithm that is used to compute
optimally the posterior probabilities of the hidden states in a hidden Markov model
(HMM). The sum-product algorithm works by computing and forwarding sufficient
statistics at each step as messages. These sufficient statistics are the transition and
emission probabilities, given the observations and the current estimates of the model
parameters.

The sum-product algorithm is optimal in the sense that it computes the exact
posterior probabilities of the hidden states, given the available observations and the
model parameters.

For a hidden markov model, we define the node potential and the edge potential
as

T (5) 2 P (2.1)

)
My, (i) = py, (y3) (22)
(

A pxi,xJ- Li, x])

S (0,77) P () () (23)
) A Py (T, Yi)
S B8 = ) 2

This setup works for HMM, in the sense that the normal definition of the joint
distribution over the HMM is consistent with the product of all potentials.
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Suppose with observation of yi,...,yp-1 = ¥1,...,¥n_1, and we would like to
predict the value of x,. The forward message from the observation node to the

hidden node my, ., (x;) is:

My, —x; (xl) = Zﬁyi (yi)€Xi7Y7j (xiv y1>1(y1 = ij) = Dy;|x; (gl|xl) (25)

Yi

The first forward message between the hidden nodes my, ., (x2) depends on my, ., (1),

77X1($1) ) and €X1,X2<xlax2)'

MMy —sxg (‘1'2) = Z Ty (wl)m}qﬁxl (x1>€x1,x2 ('rl? 1'2)
1

= Dxi (T1)Pyq |x Zj x
%: 1( 1) 1l 1( 1‘ 1)le<x1>pX2(x2

Dy o (T1, T2) .
e ) = Dy (U1]72) (2.6)

The general forward message My, ., (%iy1) depends on my, oy, (25) My, (T3),

Th; (x’)’ and €Xi7Xi+1 (xia $i+1)-

MM —sxi 41 ($i+1) = Z Tx; (xi)myz'ﬁxi (mi)mxwlﬁxi ($i)€xi7xi+1 (wiv xiJrl)

T
DPx; xi41 (xh $i+1)
Px; ('Ti)pxi+1 (xi+1>

= pri (xl)pyz|xz(gl|xl>py2f1|xl @17 <o 73?1'*1‘3:1')

= py’i|xi+1 ('gi |xi+1) (27)
Using these forward message we will infer the posterior:

pxn|y?71 (In|g711_1) X pxn,y’ffl(xna g?—l)

= Moy (Tn) T (T) (2.8)

The computational complexity of the forward messages (my, ., (i+1)), is O(|X]?),
where |X| is the size of the state space. Since we are calculating n — 1 forward mes-
sages to infer the posterior, then the computational complexity of the sum-product
algorithm is O(n|X|?). Therefore, the computational complexity of the sum-product

algorithm is proportional to the size of the state space and the number of time steps.
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In terms of communication complexity, the messages in the sum-product algo-
rithm consist of the sufficient statistics, which are either the emission or transition
probabilities. Therefore, the communication complexity is O(]X|) for each message.
However, an alternative approach can be used at the observation node by sending the
observation directly to the hidden node, instead of the emission probability. In this
case, the communication complexity for this message is O(|)|), where |)| is the size
of the observation space. Therefore, the communication complexity is proportional

to the size of the state or observation space, depending on the message format used.

As high-dimensional data becomes increasingly prevalent in modern applications,
the size of both observation and state spaces can become prohibitively large. This
can pose significant challenges for inference algorithms, leading to issues with both
computational and communication complexity that can limit their effectiveness and

efficiency.

To address these challenges, it is essential to develop a better understanding of
quantitative metrics that can help us determine which fragments of information are
most important for specific inference tasks. By identifying these important pieces of
information, we can make more informed decisions about which parts of the data to

prioritize, and which parts can be safely dropped or simplified.

This approach can help to reduce the computational and communication com-
plexity of inference algorithms, while still maintaining a high degree of accuracy and
effectiveness. By striking the right balance between information content and compu-
tational /communication cost, we can ensure that our models are both efficient and

effective, even in the face of high-dimensional data and complex inference tasks.

In the next section, we will introduce the Divergence Transfer Matrix (DTM) [40],
which characterizes the modal decomposition of the joint distribution of two discrete

random variables.
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2.3 Joint Distribution Modal Decomposition

DTM characterizes the modal decomposition of the joint distribution of two discrete
random variables. This decomposition can be used to identify the most relevant and
informative features of the data, allowing us to focus our attention on the parts of
the data that are most important for specific inference tasks. The DTM is defined

as:

é le,XQ(‘T17x2) (29)

VP (21) /Py (2)

where py, (1) > 0 and py,(x2) > 0 for all 21,25 € X. The By, », matrix can also be

BX1,X2 (xb 3:2)

expressed using matrix notation as:

-1

B, ., = [\/Pj]_IPXM [\/Pi} (2.10)

where [\/Py, | denotes a |X| x |X| diagonal matrix whose zth diagonal entry is
/P, (1), where [/Py, ]~ denotes a |X| x |X| diagonal matrix whose zth diagonal
entry is /pa, (2), and where P, ,, denotes a |X| x |X'| matrix whose (2, z1)th entry

1s Pxa x1 (x27 371)'

The Singular Value Decomposition (SVD) of the By, , takes the form:

|X|-1

BX1,X2 = Z 0i¢?2(¢)@‘(1>T (2'11)
=0

where o; denotes the ith singular values and where ¢ and 4" are the corresponding

left and right singular vectors. The singular values are ordered according to
09> 012> >0y (2.12)
The following proposition establishes that B is a contractive operator.
Proposition 2.1. For By, ., defined via we have

By o ll, =1 (2.13)
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where ||.||s denotes the spectral norm. Moreover, the left and right singular vectors

Pi? and Yyt associated with singular value oy = 1 have elements

5 (1) 2 /P (21) (2.14)
52 (2) 2 \/ P (2) (2.15)
Proof. A proof is provided in Appendix II-A in [40] O

Using the second part of Proposition , it follows immediately that By, «, is an
equivalent representation of Py, ,,. Indeed, given By, ,, we can compute the singular
vectors tﬁ()](l and 1#6(2, from which we obtain the marginal probabilities py, and py,.

In addition we can find the joint distribution:

V] e

The SVD of (2.11]) provides a key expansion of the joint distribution py, x, (21, z2)

I
F
F

N

",

&
F
X

as shown in the following result.

Proposition 2.2. Let X denotes a finite alphabet. Then for any joint distribution

Py, x,, there exist features ff : X - R and gf : X = R, fori=1,--- |X| —1, such
that
|X]—1
Pri oo (%1, %2) = Py (21)D2y (22) |1+ D 03 (21) g7 (22) (2.16)
i=1

where 0y, ,0\x)—1 are defined as in (2.11) and where

E[ff(X1)] =0, ie{l,---,|X] -1} (2.17a)
Elg; (X2)] =0, ie{l,---,[X| -1} (2.17D)
E[ff (X)) f;(X1)] = Liey, dj€ 1,---,|X] =1} (2.17¢)
Elg; (X2)gj(X2)] = Liy, 4,j € 1,--- [X| =1} (2.17d)
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Moreover, fF and g} are related to the singular vector in (2.11|) according to

filey) & P (2.18)
Px, (x1>

gi(zs) & YT (2.19)
Pxs (xQ)

Proof.

Pxq x2 (Ilv 1’2)

\/pxl xl \/pr
|X]|—-1
= \/pm1 (1) \/pg,;2 (z2) + Z o )it (1) (22)
|X|-1
- \/pml xl \/pzz 172 + Z Uz\/pml | f xl \/px1 xl) z(x2)

|X\ 1
\/pxl '/L‘I \/p.rg $2
|x|-1

1+ Z oifi(x1)g; (xg)]
1+ Z oifi(x1)g; xg)]

Bxl,x2 (.171, x2>

- px1,X2<x1ax2) px1<x1)p:z:2 1'2

]

Proposition demonstrates a method of decomposing the joint distribution of
two discrete random variables through the use of the singular values and singular
vectors of the By, «,. This decomposition provides a level of flexibility in determining
the amount of information we wish to capture about the joint distribution. The
ability to control the level of information can be particularly useful in scenarios where
computational and communication complexity is a concern. For instance, in cases
where the size of X is small, all of the singular values and their associated singular
vectors can be utilized. However, when X is large, fewer singular values and their
associated singular vectors will need to be employed to stay within computational
and communication limitations.

In addition to its usefulness in dealing with joint distributions, Proposition
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can also be extended to address conditional distributions. By applying the same

decomposition technique, the results can be extended to this case as well.

|1

Prafxe (21]22) :pm(xl) 1+ Z i f(21)g; (x2) (2.20)
|1 ]

pX2|X1<x2’xl) :p:cz(xQ) I+ Z Uz fEl gz ZEQ) (2.21)

The Canonical Dependence Matrix (CDM) is defined at the DTM matrix without
the zeroth mode. Therefore, the CDM is defined as

A Paxe (21, 2) — Py (T1) Py (72)

VP (20) /P (2)

The significance of the CDM lies in its characteristic of having the largest singular

By xo (21, 22) (2.22)

value (07 < 1), a feature that differs from the DTM, which consistently has the leading
singular value at 1. The benefits of this distinction become apparent as we delve into
the discussion of the computational complexity constrained information exchange

message passing algorithm in Chapter

In the upcoming section, we aim to introduce the KL divergence under the weakly
dependent regime. This measure can be utilized to assess the effect of either limiting
the exchange of information between nodes or in other words discarding a portion
of the available information. By leveraging the KL divergence, we can quantify the

degree of deviation that arises due to the constraints imposed on the system.

2.4 Kullback-Leibler (KL) Divergence under Weakly

Dependent Regime

Kullback-Leibler (KL) divergence, also known as relative entropy, is a fundamental

concept in information theory and statistics. It quantifies the difference between two
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probability distributions. The KL divergence is defined as [41]

D(plla) = >_ p(z)log (qu> (2.23)

zeX

where p, q are discrete probability distribution.

KL divergence is non-negative and asymmetric, meaning that D(p||q) # D(q||p)-
KL divergence finds various applications in fields such as machine learning, informa-
tion theory, and natural language processing. However, there no systematic approach
for finding the optimum solution in general. The main source of difficulty is that the
KL divergence is not a metric in the space of probability distributions [42]. In fact, the
collection of distributions in general, form a manifold, which invalidates interpreting
the KL divergence as a distance between distributions. A natural way to simplify this
general scenario is to restrict our attention to a local neighborhood of distributions,
in which the manifold behaves like a Euclidean space and the KL divergence behaves
like the Euclidean metric [42]. This lead us to define the weakly dependent random

variables.

Definition 2.3. Let x and y be defined over alphabet X and Y, respectively, and
distributed according to Py, € P¥*Y is the usual restriction of the simplex to distri-
bution with strictly positive marginals. Then x and y are e-dependent if there exists

an € > 0 such that

XY o , _ (Puy(,y) — px(ﬂf)py(y))Q ¢2
P,y € N7 (pepy) = {Da2(PxyllPxpy) ; PRCIN0) <€} (2.24)

where py and py are the marginal distributions. This definition also implies

px(x))’

Day (1) € A (o) = {Dis(pry (1) 1p2) = 32 L1 =

- S B

Another way to define the e-dependence is by defining the information vector

px\y(fﬂhﬁ - px(x) .

6\/]?)((1‘) 7
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Lemma 2.4. For a given px and € > 0, let py, p2 € N (py) be arbitrary, and let ¢,

and ¢, denote the corresponding information vectors, respectively. Then

2
Dpillps) 2 Y pil)los 2 = Cjig g5 o) (22)

TEX D2 (.I’)

Proof: A proof is provided in[A.]]

Leveraging the mathematical result presented in lemma [2.4] we can reduce the
computational complexity involved in calculating the KL divergence. Specifically, we
can simplify the computation to the evaluation of the Euclidean norm between two
information vectors. This simplification can be highly beneficial when optimizing
the KL divergence. This approximation is commonly employed in practical scenarios
where the output shows weak dependency on the input [43,/44]. This occurs in situa-
tions of weak supervised learning where the training data is assigned more generalized
labels instead of precise ones. The adoption of weak supervised learning is gaining
popularity due to the substantial costs tied to labeling large training datasets [45].
Fig. illustrates the e value as a function of the number of tags in penn treebank
dataset [46]. As it can seen in Fig. [2-2| as the number of tags decreases due to
grouping the different tags together the epsilon value gets smaller and this is because

the data and labels become weakly dependent.

0 5 10 15 20 25 30 35 40 45 50
Number of tags

Figure 2-2: € value as a function of the number of tags of the penn treebank dataset
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In the next section, we plan to explore the concept of weakly correlated variables
and the DTM/CDM matrix in the context of Hidden Markov Models (HMMs). By
incorporating these ideas, we aim to establish a relationship between the observation

and hidden nodes of an HMM.

2.5 Local Geometry of Attribute Variables in Hid-
den Markov Model

The development and analysis of the constrained information exchange message pass-
ing algorithm involve the integration of two important concepts: weakly correlated
variables and the DTM/CDM. These elements are instrumental in understanding the
underlying system’s dynamics and are crucial in designing and analyzing the algo-
rithm.

When designing the algorithm, it is essential to consider the local geometries
present among the attributes of the Hidden Markov Model (HMM). These local ge-
ometries reflect the relationships and dependencies between different attributes such
as observation variables and hidden states. By taking into account these local geome-
tries, the algorithm can effectively propagate and exchange information, constrained
by the structure of the HMM. This ensures that the algorithm accurately captures
the intricate dynamics and dependencies within the system.

Specifically, in the context of the algorithm, the variables x; and y; are considered

weakly correlated and this implies we will have the following information vector

0059 () = Pt (TilTe) — P0) (2.28)

€ \V DPx; (ZL“Z)

This will only characterize the relationship between x; and y; but lays the foun-

dation for the relationship between x;,; and y; as shown in the following lemma.

Lemma 2.5. For a given By, «,.,,Px;;Pxisy and € > 0, let py,p,,. (.|7:) € N (py,) and

i+1
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Paor i (10i) € N¥(Pi,y) e arbitrary, and let g™ (|g;) and ™+ (|5;) denote

the corresponding information vectors, respectively. Then

By 00 (i) = @0 (37) (2.29)

Proof.

Bxi,x¢+1 ¢(XZ|YZ)(‘?;7,)
o Z pXi,Xi+1 (Il7 I’L—f—l) pXi|yi (xl|g7z) - pXi (‘rl)

- *xi€X \/pxi (l’i)\/PxM (Tit1) €y/Dx, (i)

— 1 Z Px; xi41 (xiv xi+1)pxi|}’i<xi|gi) . DPx;xiv1 (xl'7 xi+1)pxi ($z)
6\/pxi+1 (xi—l-l) X, €EX Dx; (l’z) Xi (wl)
1 1
= Z Pxit1lx; (xi-i-l‘xi)pxﬂyz'(wiwi) I Z Pxi xiv1 (xiyxi—‘rl)
€/ P (Tig1) xex €4/ Dxir (Tig1) xiex

1

=~ Pxit1lyi ('IH-IWZ) = Px; (xi—&-l)
oo )

— ¢(Xi+1|)’i) (.|%)

By looking at lemma we can see that we can relate the local geometry of p,,,,

and pg, |y, using the DTM matrix. This result can be extended to the CDM as shown

in the following lemma.

Lemma 2.6. For a given By, .., ,Px;:Prisy and € > 0, let Py, ([0:) € N¥(py,) and
Paorys (10i) € N¥(Ds,y) e arbitrary, and let g™ (|g;) and ™+ (|5;) denote

the corresponding information vectors, respectively. Then

By @Y () = ¢TI (i) (2.30)
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Proof.

BXi,Xi-‘rl ¢(Xi|yi) (|gz)
. Z Px; xit1 (xi’ l‘i-}—l) — Dx; (l‘i)prl (mi-i—l) pxi|yi(xi|gi> — Dx; (ZL‘Z)

N x;€X \/pxi (xi)\/pxz'-u (mi-i—l) E\/ pxi(xi)

DPx; xiv1 (xia xi+1)pxi|Yi (l’, w%) . DPx; xiv1 (xh xi+1)pxi (LUZ)

WZ (1) ()

x;€X

Px;ily; xz|yz — DPx; (xl)

1

Z Prisal (Tir1 [20) Pty (ilTi) — ———= D Dxioxisa (Ti, Tit1)
(pxz+1|}’z x1+1|y2) pXH_l ('rl—‘rl))

= ¢(Xi+1|yi) (.|#)

]

This pave the way to for a more general lemma which relates different attribute

variables of the HMM.

Lemma 2.7. For a given By, ,, -+, By, xs1s Pxis " > Pxs and € >0, let py,,, (.|7;) €
NZX(py,) and let ¢ (|3;) be the corresponding information vector for j € {1,--- i}
then

7

PPV [) = D NP ([g;) + o(e) (2.31)

Jj=

Proof. A proof is provided in [A 2] O

By looking at Lemma we can see that the information vector ¢®ib1) is a
superposition of other information vectors with different observation. This result can
be extended to the case of the CDM matrix. This property will be used to modify
the sum-product algorithm in terms of the information vector and the DTM/CDM

matriz.

41



2.6 Sum-Product Algorithm under Weakly Depen-
dent Regime

The modified sum-product algorithm in terms of the information vector and the
DTM/CDM matriz is of great importance because it will give us the flexibility of
varying the computational and communication complexity of the inference algorithm
and striking the right balance between information content and computational cost,
we can ensure that our models are both efficient and effective, even in the face of

high-dimensional data and complex inference tasks.

2.6.1 Modified Sum Product Algorithm Using DTM

The modified sum-product algorithm forward message my, .y, (x;) is the information

vector associated with these two nodes:

The forward message my, x, (z2) is the message from my,_,,, multiplied by the DTM

matrix By, «, utilizing lemma

Xr1,T
le—)X2 372 Do X2( = 2) My —x (xl)
1 \/pxl 1)\/pr (332

PasalT102) gl g, 137,

\/px1 xl \/pr (x2

= 2 (zo]9y)

The forward message My, x,(x3) is the message from my, _x, (22) and my, ., (1) and

multiplied by the DTM matrix By, , utilizing lemma

.flf X
mx2—>x3 $3 Doy (T2, 3) m}’2—>X2 (xQ) + My —xo (x2))
= m (2) /P (3)

_ Paxs (T2, T3) (xaly1) v (x2ly2) Y
= gt ( + e
N SR )
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P88 T (4 )
T2 \/px2 x? \/pX3

= 9%zl

Therefore, the general forward message my, ., (€i41) is

pxl,xl+1 (:CZ? :U'L+1>

mxi—>xi+1 Z+1
Ti \/pr xz \/prH xz+1

X4 ,X Tiy T4 X; |y ~ x|y ~i—
b 45 H»l( +1) (¢ Z|yz(x’i|yi> +¢ Z|y1 1( ’ 1))

Ti \/pxZ xz \/ple xz+1

= ¢ (3,4 |37

(in—>Xi (‘rl) T+ My —5x (JI@))

Using these forward messages we will infer the posterior:

pxi+1|y§ (xi-i-l |gi) = DPxiq1 (xi-i-l) +e€ \/ Pxiy1 (xi+1)mxi—>xi+1 (‘ri-i-l)

2.6.2 Modified Sum Product Algorithm Using CDM

The modified sum-product algorithm forward message my,_,, (2;) is the information

vector associated with these two nodes:
My, (T7) = SO (2]3)

The forward message my, _,x, (72) is the message from my,_,,, multiplied by the CDM

matrix ]§X17X2 utilizing lemma

pX1,X2 X 7'1' _pX1 x pxz iy
le_»Q(xz) — Z ( 1 2) ( 1) ( Q)my1—>x1 (xl)
P @)y pa(2)
. Z pxl,x2 (‘r17x2) - pX1 (Il)pm (x2)¢(xl|yl)(l'1’gl)

N T1 \/px1($1)\/pxz($2)

= ¢t (2,|31)
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The forward message my,_x, (23) is the message from my, ., (r2) and my, ., (z1) and

multiplied by the CDM matrix wag utilizing lemma

Z Pxa x3 (5132, .T3) — DPx, (552)p><3 (333)

My s (T3) = (my2—>><2 (T2) 4 My sy (T2))
\/px2 ) \/pX3 T3

2

_ Z Pxa x3 (ZL‘?? ZL’3) — Pxo <x2)p><3 (x3) <¢(x2|y1)(x2|g1) + ¢(X2|y2)(x2|g2))

N T2 \/pXQ <$2)\/px3 (3:3)

_ Z Dxa,x3 ($27 ‘1'3) — Px, (xQ)pxs (3:3) (¢(xg|y%)($2|g%))

a T2 \/px2 (x2)\/p><3 (x3)

x3|y? ~
= oM (] )

Therefore, the general forward message my, .y, ., (iy1) is

Z Px; xiv1 (mza Tit1 Dx; (xi>pxl+1 (xiJrl) (

) —

T \/pr 1) px1+1 flfz+1
) —
)

M %11 (xiJrl) = My, —x; (l’1> + My, —x; ('Tl))

_y P ie1) — D (x’)p““(w’“%a%‘yl( ) + 6 (2l
z; \/pxZ xz \/pxl.u IH—l)

— ¢(Xi+1|y2i) (le ‘Zﬁ)

D)

Using these forward messages we will infer the posterior:

Dxialyt (ml\zﬁ) = Pugyr (Tig1) + Ex/me($i+1)mxz~axz»+1($z‘+1)

These forward messages in both cases are not constrained (sufficient statistics) and
in the next chapter we will discuss the case of a constrained information exchange

message passing algorithm in different posterior inference scenarios.
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Chapter 3

Index-Specific Posterior Inference

The sum product algorithm depends heavily on the information exchange between
the nodes of the graph and having unconstrained sized messages, resulting in the
exact inference of the posterior distribution. Despite its usefulness and ubiquitous
applications, high-dimensional data is becoming increasingly prevalent in modern
applications, where the size of both observation and state spaces can become pro-
hibitively large. This poses significant challenges for inference algorithms, leading to
issues with both computational and communication complexity that can limit their
effectiveness and efficiency.

To address these challenges, in the previous chapter, a modified sum product
algorithm was introduced in terms of the information vector and DTM/CDM matrix.
This modification allows for the determination of which fragments of information are
most important for specific inference tasks. By identifying these important pieces
of information, informed decisions can be made about which parts of the data to
prioritize and which parts can be safely dropped or simplified.

In this chapter, the constrained information exchange message passing algorithm
is introduced. The constrained information exchange message passing algorithm con-
strains the messages one can pass along in the algorithm and deliberately sets them
to be less than what is needed to carry sufficient statistics. This formulation forced
us to look for "insufficient statistics," which are expected to be the key new concept in

the era of big data as it will result in lower computational and communication com-
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plexity. This formulation allows for the study of the tradeoff between information
content and computational /communication cost, enabling the development of models
that are both efficient and effective, even in the face of high-dimensional data and
complex inference tasks.

The restrictive nature of the constraints, which limit the exchange of sufficient
statistics, inherently complicates the process of posterior inference. This complexity
arises from the unique dynamics of the process, where a distinct insufficient statistic is
forwarded as a message, depending on the specific scenario of the posterior inference.
Consequently, this intricate issue not only amplifies the complexity of the problem
but also necessitates the crafting of diverse messages tailored to each unique posterior
inference scenario. In order to address these challenges, it becomes crucial to develop
and rigorously analyze the algorithm under a broad range of scenarios. By doing so,
one can ensure the algorithm’s robustness and adaptability, allowing it to effectively
handle a multitude of posterior inference conditions, regardless of the constraints
imposed on the information exchange.

Posterior inference scenarios are broadly categorized into two types: index-specific
and index-free posteriors. This chapter will primarily focus on the introduction of
index-specific posterior inference. This sub-category of posterior inference provides
a critical examination of specific scenarios where the interest lies either in a singular
posterior inference at a specific index (referred to as single index-specific posterior
inference) or in multiple posterior inferences at specific indexes (referred to as multiple

index-specific posterior inference).

o Single Index-Specific Posterior Inference: In this particular scenario, character-
ized as one of the simplest scenarios due to the absence of a tradeoff between
different objectives, the primary emphasis lies in the posterior inference at a
specific index. The objective is to solve a single objective optimization prob-
lem, aimed at finding the optimal matrices at each specific node for effectively

compressing the messages.

o Multiple Index-Specific Posterior Inference: In this scenario, the primary em-
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phasis lies in performing posterior inference at multiple indexes, which unveils
the inherent tradeoff nature of the problem. The optimization plays a vital
role in achieving a delicate balance between the different posterior inference
objectives. Through careful optimization, the optimal compression matrices at
each specific node is obtained and effectively used to compress the messages.
This approach enables efficient handling of the tradeoff between the competing

objectives, leading to the optimal inference across multiple indexes.

In all these cases, the messages my,_,,, will be constrained. This constraint is
motivated by the fact that observation nodes typically possess low power and limited
communication bandwidth compared to the hidden nodes. Omne can envision the
observation nodes as sensor nodes in a wireless sensor network, while the hidden node
can be regarded as the central unit (server) responsible for receiving and processing
all the data. This discrepancy in power and communication capabilities necessitates
the imposition of constraints on the messages my, ;.

The KL divergence loss function is optimized to find the matrix compression that
results in a minimal error. However, the task of finding the optimal matrix compres-
sion for different observations or information vectors can be challenging, particularly
when the prediction task is unknown or when there are multiple tasks involved. To ad-
dress this challenge, the information vectors is defined as rotation-invariant ensemble
(RIE) assigning a uniform prior to unknown attributes. This enables the formulation
of the problem as a universal matrix selection problem, seeking to identify the opti-
mal compression matrix by minimizing the average KL divergence over the RIE in
a weakly dependent regime. This objective is equivalent to minimizing the average
mean squared error (MSE) over the RIE. The use of this universal optimal matrix en-
sures optimal performance on average, without prior knowledge of the prediction task
or in the case of multiple tasks. Before delving into discussions regarding different

posterior inference scenarios, it is important to define the following lemma:

47



Lemma 3.1. Let Z be a ki X ko spherically symmetric random matriz. Then if Ay

and Ay are any fixed matrices of compatible dimensions, then

1
T 2 _ 2 2 2
E [IATZAsIE] = 111l F 1Al {11217

Proof. The proof is provide in Appendix V-C in [40] O

3.1 Single Index-Specific Posterior Inference

This scenario involves estimating the posterior distribution at a specific index, where
a single objective optimization problem is solved to determine the most effective
matrices for compressing messages my, ., (as show in Fig. [3-1)). Two cases will be

studied in this scenario, varying and fixed DTM matrix.

X. X x o e N
[ 2 A 3 [ 4 Objective: E e, y;) y(xa1y2) p@alys) g (Xalya) [P Pagiys C IO Py IV
$ . . lrdl
ng ng 6. Variables: H;, H; H3 H, € R ’
. ‘ : G1,G,,G3,Gy € RIXDXT

Single Index-Specific i ' F € RIxIxlxl
Posterior Inference ! |

DOOC

Figure 3-1: Constrained Information Exchange Message-Passing Algorithm in Single
Index-Specific Posterior Inference

Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

3.1.1 Varying Divergence Transfer Matrix

In this section By, € RI¥IXI¥1 is known exactly and the messages are constrained

Xit+1

my, ., € R", where r < |X|.

« at nodey;, pick a matrix H; € R™I?l, to reduce the size of the message (my, )
to r-dimensional message (1My, 4, ) since there is a constrained link between y;

and x;.

~ - B elys
my, .x, = H,‘myi_m_ = Hi¢( ilyi)
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« at node x;, pick a matrix G; € RI**" and F € RI**I* to calculate the forward

message

mxi—>xi+1 == Gimyi—>xi + mei 1—X;4

— G,H, ¢><z|yz) +F¢( i)

&(Xi-‘rl lys) éS(XiH !

qAb Xz+1‘y1

o Optimization:

Hi, - ’Hglcl;rl{ ,G;,F E¢(X1‘y1 o pKilye) [D<pxi+1|y§ ( |§lll) | ’I/\)Xi+1|yli ( ’yzl))}

- 9 -
. € (xig1ly?) A (xit1lyi) .
= min E  « «lv) | = 1) Using lemma [2.7
Hy,- H; G, ,G;,F ¢>( 1‘“)7"' 7¢>( ily) 2 H¢ ¢ 9 ( g -’
2
. € (%51
— _ § I | 31Ys) i—J (xj1y4)
Hl,...,HIiI,lc}}Ill’...,G“F E¢>(X1‘y1)7"~7¢(xi‘yi) 9 ( By, Xk+1) E :F G H; d)
F

Using lemma [3.1] and assuming ¢*P) ... ™M) are independent and spherical symmetric

2

.

E¢(Xj|yj> {qu(leyﬂ

F

)

j=1

Hz,Gl, - ,G;,F ‘ Q‘X‘ H (kl;lj BXk7Xk+1 F G’]H])

Since each objective have a unique H; and G; matrix
i c : = 2 (xjly;)
= : . - _ =] X . e x|y
mFll’l = I‘III]'l,ICI-}lj 2|X| 1;[ BXk7Xk+1 F G]H] E¢( ) [H¢)

F

2
2
. 2
CYEZ 7

_ : - : PG . Ggilys)
o LA (EB ' G"H") Eo [Jo

=1

2
=«
2

To solve this optimization problem we will use the Eckart-Young-Mirsky theo-

rem
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Theorem 3.2. (Eckart-Young-Mirsky Theorem [{7]) Let B € RI*XI¥I pape
the SVD B = USVT and we define B™ = UMOSO(VINT g5 rank v of B
associated with the r largest singular values and their corresponding singular

vectors. B(") is the optimal solution to the following optimization problem:

min ||B — Bl

s.t. rank(B) <7

A

— B =B" =U0"s"(viT

By using theorem the optimal G;, H;, F matrices are

Bj = H BXk,Xk+1 = U]SJV;F = Gj - UY) ) Hj = Sg'r)(V('r))T , F=1

k=j

« at node x;,1, we will calculate the posterior distribution
Prisalyi (l‘i+1|yli) = Dyir (Tig1) + €/ Dyiyr (Tig1) ;x4 (Tig1)

Based on the optimal matrices, the error due to the constrain in the message is

i i 14X
Zl B, - Fi_jGjHa‘Hi = 2”21 st(B;)
= j=lt=r

In the case of having B; as rank r, the error associated with the constrained message

will be zero.

3.1.2 Fixed Divergence Transfer Matrix

In this section B € RI**I* is known exactly and is fixed. The messages are con-

strained my,_,,, € R", where r < |X|.

B =B; W

T Ti+1
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o at node y;, pick a matrix H; € R™I*! to reduce the size of the message (m,, .,,)

to r-dimensional message (1my, ) since there is a constrained link between vy;

and x;.

message

Optimization:
min

Hi, - H;,G1, ,G,F

Hy,

Hy,

min

min
H;, Gy,

H;i, Gy,

G, F

G4, F

My,

My, —xi 41

Eyeam...

Ejeam....

= Hm,, ,,, = Hid)(xib’i)

at node x;, pick a matrix G; € RI¥*" and F € RI¥IXI*1 o calculate the forward

= Gim}’i—>xi + mei—l—>xi

~ (xilyi™1
:GiHi¢(Xi|Yi)+F¢( i)

74)(*«;\%)

74)(*«;\%)

€

5 pO+iv) $(Xi+1IY’i)

2

€
2

Using lemma [3.1] and assuming ¢**P),

H,

H17G17 :

,G,F

j=1 [2|X|

|(B —FigH) | By {H(b(xﬂ'yf

(2) (xix1lyi) ()_Ab(xiﬂ\yi*l)

&(XZ-H lv$)

Ed)(xl‘)’l),... 7¢(Xi‘yi) [D<pxi+1|y’i ( |S//Z1) | |IA)xi+1|y§ ( |)vl?[)):|
[ .2

2
] (Using lemma
2

2
%

Z Bitl- ]¢ (x5ly;) _ zz: Fi—jGjde)(XjIYj)

j=1

F

,q’)(xi‘yi) are independent and spherical symmetric

)

Since each objective have a unique H; and G; matrix

= min
F

B ae?
- S

i
Z mln [
= H

S ——

2| x|
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By using theorem the optimal G;, H;, F matrices

B, =B"7=U;S;Vl = G;=U"; H;=s{ (V)T F=1

« at node x;41, we will calculate the posterior distribution
pAXi+1|yi ('ri-'rl |y1i) = pXi+1(x7;+1) + € \/ pXH_l (xi—l—l)mxi—mi_'_l (xz—&-l)

To derive a sharp upper bound of the error we will define the following theorem

Theorem 3.3. [/§]: Let A and C be m x n matrices with singular values {s;(A)}_,
and {s;(C)}L,, ¢ = min{m,n} and left singular vectors {u;(C)}, and right singular

vectors {v;(A)}r_,. If for somer and s, 0 <r,s <q—1,
dim((uy, -+ ,up) O (vg, -+ 05)) >k, k>0
then
Sivi—k-1(AC) < 5;(A)s;(C), r+1<i<gq, s+1<j<gq, i+j—k—-1<q

Since B is fixed, the first left singular vector u;(B) and first right singular vector
v1(B) are equal and so k = 1. Therefore, based on the optimal matrices the error due

to the constrain in the message is

i X

DB —FGH|E =) > si(By)
j=1 j=1t=r+1
i |X o
Sy )
J=1t=r+1
i |X (i
<> > 53 (B)s?(B) Using Theorem [3.3]
J=1t=r+1
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Since so(B) < 1, this means that the error associated with older observation will

decay at an exponential rate faster than s2(B).

3.1.3 Computation and Communication Complexity

The performance of the algorithm is expected to be sub-optimal due to the constrained
messages and the insufficient statistics. However, these constraints have the advantage
of reducing computational and communication complexity, which is particularly useful
in modern applications where high-dimensional data is prevalent.

Table provides a comparison of computational and communication complexity
for the constrained and unconstrained message passing algorithms. As shown in
the table, the computational complexity is reduced from O(|X|?) to O(r|X]), where
r < |X|. This reduction in complexity is significant, particularly for models with
large states, such as language or vision models.

In the preceding algorithm, the DTM is utilized within the context of single index-
specific posterior inference. As a defining characteristic of the DTM model, the
largest singular value is 1. This implies the necessity to incorporate all the previous
observations (n), yielding a total computational complexity of O(nr|X]).

Conversely, as described in the prior chapter, there exists an alternative approach
through the use of CDM. In the CDM, the largest singular value is less than or equal
to 1. This property substantiates the possibility of dismissing the observations from
earlier stages as the singular values associated with the CDM product matrix will
diminish towards an extremely small magnitude.

To elucidate further, in contrast to the DTM inherent requirement to consider all
preceding data points (as a direct result of its leading singular value of 1), the CDM
leading singular value being less than or equal to 1 implies that it does not attribute
significant weight to the older observations. This particular attribute of the CDM

can be of substantial advantage in scenarios where computational efficiency is crucial.

ni
IB™ 7 ~ 05 1] Baoxa 7 2 0

i=1
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Furthermore, the communication complexity for my, . is reduced from O(|X])
to O(r), which is particularly useful in the case of observation nodes with limited
communication capabilities. These advantages come at the cost of a sub-optimal
algorithm performance when compared to the case of unconstrained messages.

Despite the sub-optimality of the algorithm, it remains a practical and useful
solution for high-dimensional data problems, particularly when computational and
communication resources are limited. This scenario highlights the importance of

considering the trade-off between algorithm performance and resource utilization in

modern data-driven applications.

Constrained Unconstrained
Message Passing | Message Passing
Computational | my, ., , O (r| X)) O (|X)?)
Complexity Total O (nyr| X)) O (n|X|?)
Communication | my,_,,, O (r) O (|Xx])
Complexity | my, ., O (|X]) O (|X])

Table 3.1: Computational and communication complexity comparison between the
constrained and unconstrained message passing algorithm in single index-specific pos-
terior inference. n is the number of observation used for the posterior predication and
ne = min{n, ny }
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3.1.4 Numerical Results

This section aims to explore the performance of the constrained information exchange
message passing algorithm in single index-specific posterior inference, using synthetic

dataset. The focus will be on the case D(py,y2||Dy,)y2) as illustrated in Fig. .

X R NONTPN «
2 Objective: ]Ed,(xl\yl)'(ﬁ(xg y2) [D @y p2 (- ) Doy 2 (- BZz9)]!
Gf Variables: H,,H, € R™l
2

G, G, € RIXIXr

Single Index-Specific ' F e Rlxxlxl

i
Posterior Inference !

[ —— Unconstrained link ~ -------- Constrained link (Insufficient Statistics)J

Figure 3-2: Constrained Information Exchange Message-Passing Algorithm in Single
Index-Specific Posterior Inference

3.1.4.1 Synthetic dataset

The synthetic dataset is strategically designed to possess a large state space (|X| =
200) and observation space (|| = 20k), underscoring the critical role of the con-
strained information exchange message passing algorithm in managing high dimen-
sional datasets. The hidden node x; and the observation node y; in this synthetic

dataset is weakly correlated.

Dependency of Error on Link Size: Fig. [3-3|illustrates the dependency between
the error and the link size. As observed, there is a consistent decrease in error with an
increase in the link size. This trend is attributed to the larger amount of information
exchanged as the link size expands. Ultimately, the error drops to zero when the link

size equals the rank of the DTM matrix.
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D(pra\yf | |f)l‘s\y‘

0 1 1 1 1 1 1 1 1 e
20 40 60 80 100 120 140 160 180 200

Link Size (r)

Figure 3-3: Single Index-Specific Posterior Inference error as a function of link size

Determining Link Sizes: Guided by a Predetermined Error Threshold:
Fig. [3-4] examines a scenario in which the objective is to limit the error below a
preset threshold. This situation calls for a strategic choice of link size that aligns
with this error constraint. As illustrated in Figure [3-4] maintaining the error below
the 5 threshold demands a minimum link size of 151 (r > 151). Therefore, while
maintaining the error threshold the reduction in the size of the link is by almost
25%. This emphasizes the significance of constrained information message passing

algorithm to deal with high-dimensional data.

Link Size Selection: Shaped by Error Threshold and Size Constraints: Fig.
3-o|illustrates the scenarios where the task is to maintain the error below a particular
threshold, whilst staying within specific link size constraints. Such circumstances call
for an intricate balance between these two defining parameters. As depicted in Fig.
3-5|, if the target is to cap the error at less than 5, with the link size not surpassing
155, the suitable range for link size (151 < r < 155). This underscores the significance
of precise link size selection, which is shaped by both the desired error threshold and

the maximum size limitations.
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Figure 3-4: Link Sizes Selection Based on Desired Error Threshold in the Single
Index-Specific Posterior Inference
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Figure 3-5: Link Size Selection Based on Desired Error Threshold and Maximum Size
Constraint in the Single Index-Specific Posterior Inference



Error Threshold Impact on Minimum Link Size: Fig. [3-6|illustrate the trade-
off between the error threshold and the corresponding minimum link size. As ob-
served, there is a consistent decrease in the minimum link size with an increase in
the associated error. This trend is attributed to the smaller amount of information
exchanged as the link size decreases. Fig. [3-06 emphasizes the balance between opti-
mizing resource utilization and achieving the necessary precision. As the size of the
link decreases, the system becomes more efficient in terms of resource usage. However,
it also necessitates a higher error, potentially affecting the overall performance and
accuracy of the system. The figure presents a valuable perspective on system design
considerations in the constrained information exchange message passing algorithm in

high dimensional data.

200
180
160
140
120
100

80

Minimum link size

60

40

20

0 10 20 30 40 50 60
D(ng\yf ‘ ‘f)lg‘jl/f)

Figure 3-6: Error Threshold Impact on Minimum Link Size
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3.2 Multiple Index-Specific Posterior Inference

This scenario involves estimating the posterior distribution at a multiple specific in-
dices, where a multi-objective optimization problem is solved to determine the optimal
matrices for compressing messages my, ,, (as show in Fig. [3-7). This scenario un-
veils the inherent tradeoff nature of the problem arising from the inability to transmit

sufficient statistics. Two cases will be studied in this scenario:
« Two index-specific posterior inference with varying DTM matrix.

o Multiple index-specific posterior inference with fixed DTM matrix

Objectives: Ex, yy) 4(1y2) g(Xa1ya) [D @y C1FD Py C179))]
E y(011Y1) (X2 ¥2) ¢ X3lY3) Xala) [P Prgpyt C 1T 1By C 1F))]

Variables: Hy, H, Hs, H, € R™X
Multiple Index- Specmc '

lxIxr
Posterior Inference G1,G,,G3,G, ER

“@ I .

Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

Figure 3-7: Constrained Information Exchange Message-Passing Algorithm in Two
Index-Specific Posterior Inference

3.2.1 Two Index-Specific Posterior Inference with Varying
DTM Matrix

In this section B, € RI**I* is known exactly and the messages are constrained

Xi41

my, ,,, € R", where r < |X|.

« at nodey;, pick a matrix H; € R™I?l, to reduce the size of the message (my, )
to r-dimensional message (1My, 4, ) since there is a constrained link between y;
and x;.

~ - B elys
my, .x, = Himyi_m_ = Hi¢( ilyi)
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« at node x;, pick a matrix G; € RI**" and F € RI**I* to calculate the forward

message

My —xip1 = Gim}’i_»(i + meifl_)Xi

Xi i—1

&(Xiﬂ lys) + dA)(XH—l vi )
{b(xiﬂ lv})

o First objective optimization:

v

HleéIllGF E o1l ... goxilv) {D(pxi+1|y’i('|§/i)||f)xi+1|y’i('|yll))}

2 12
. € i A (Xit1ly1) .

= min E .« i) | — [|@pXeily) — Using lemma [2.7

H17.‘. 7Hin17"‘ ,Gi,F (»b( 1‘)/1)7,“ 7¢< 7,‘)/7) 2 qb ¢ 9 ( g
I (T (lys) _ N pieg (x5 )2

= min E  « vy | — B Xjly5) _ FIG.H, Vs

H,, - H;G1,,G;,F R 2 Z XXk ¢ Z J J¢

J=1 \k=j J=1 ba

Using lemma [3.1] and assuming ¢**P) ... ¢*i¥) are independent and spherical symmetric

i 2 i 2
. € o (x51y;) 2
— i B, ~ FOGH, || By [0
Hy, H;,G1, G, F = 2|X| 1:[ FoZkA L 7= @ IvI 2
Jj=1 k=j F
ae? i i o 2
= — min B, .. —F7GH,
2|X| Hy, H;,G1, G )F Z 1:[ koL I
J=1 k=j F

» Second objective optimization

H1,~~~,Hi_?,l(i§rr1l,~~,Gi_1,F ]Ed)(xl\)’l),...7¢(Xi—l‘yi—l) {D(pxi|y§_1('|yi_1)||ﬁxi|y§_1('|yi_1))}

[ 2 ) i—1y12
. € yil o (Xi|yl ) .
= min E 1 lys E ol ilyi ) Using lemma |2.
Hy, H;_{,G1,,Gi_1,F Pl . pCi-1lvi—1) 2 H¢ ¢ ) ( g
62 i—1 [i—1 (oly) 1—1 (oly) 2
_ : X;i|yj 1—1—7 Xji|y;j
- min ]E¢(X1\Y1) e pi—1lvie1) | E | I Bxk,ka ¢ T — E F Gjde) 7197
Hy, - H;1,G1,,G;i-1,F " 2 i \is =
- - - F
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Using lemma and assuming ¢ M) ... i) are independent and spherical symmetric

. i 2
i—1 i—1 9
_ : i—1—j (%;51y5)
= min B —FUIGH, || E e, |[@09
Hy, - H;1,G1,--,G;—1,F £ H e Xk+1 I pP7) ¢ 2
J=1 k=j F
0462 i—1 — 2
] 1
= min B - F77GH;
2|X| Hi, Hi1,G1,,Gi—1,F 1:[ Kkt I
J=1 k=j F

o There are several way to solve this multiobjective optimization. We will write
these objective functions as a weighted sum and then we will solve the weighted
sum for different values of 7 [49)].

. Vim1N (1A Vi1
o cn Bt g [ Dy LB (7))

(Xl ly1) ye 7¢(Xi|yi) |:D(pxi+1 |y’1 ( |>V/Zl) | |f)Xi+1 \yﬁ ( |S/I21)):|

_ o i B FIG,H; 2
a 2’)(‘ Hl,"-,Hif?,lérll,"',GFl,F H XXkl P
_ i 2
Z || (H Bxk,XkJrl - FijG]'HJ')
j=1 k=j P
X X - GZH’L ;
2|x| “ i 73 Xe+1 ||F
2
_ e’ min § ﬁ( (Hi;lj BXk,Xk+1 —Fr GjHj))
2’)(‘ o B, G, Gio B J=1 \V (1 - 7) (H;c=j BXk7Xk+1 - FiijGjHj>
2
o min [|By ., — GHLJ

X3
T o A P

The following optimization have two parts, the minimization with G; and H;
can be solved using theorem [3.2 The other minimization is bit more complex

and can be solved using the following theorem
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Theorem 3.4. Let B, ..., € R¥XYF ¢ RY*IY.G; € RV and H; €
R™IX where j € {1,--- ,i}. The SVD of

. 2 Uji g
ﬁ(( Z;jBxk,Xlﬁq)) . | X|x|X| G |/\?ﬁ|:\’| VT
— i o . — x J
V=) (Hk=j BWHI) P Uiz aapia 0)x x| e
|X]x| X

Therefore, the optimal matrices for

2
H;c ljBxk Xk+1 _Fl ! jG H; ))
1_

Hk: = B — FZ_JGjHj)
are
H, — gﬁr)VEr)T
G; = \;’_Y( ;i,lxwl)i_l_jUj’l i 0|:j:w |
- \/17(BXiin+1)j+1_in’1 I 0|:_X:xr i
F = By«

where §§T) is v X r matriz with v largest singular values, Vg-r) is |X| x r matriz

with the corresponding right singular vectors.

Proof. The eigenvalue decomposition of each of the concatenated matrices

i—1 i—1
ﬁ H Bwk,xk+1 - ﬁ H QkAngl
k=j k=j

v 1 - v H Bxk@kﬂ =V 1- Y H QkAkQ];I
k=j k=j
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The singular value decomposition of these two concatenated matrices

i—1

NGl H B, = UjaS; V)

k=j

VI=71I Bapars, = Uj2S; V)
k=

We will write the left singular vector in terms of the eigenvalue decomposition,
S;, and VT

70 J

7—1
U1 = 7 [] QeAQ;'V;S; !

k=j

U,o = VT —7 [ QuAQ; 'S,
k=j
UoU ) =22 0qaq ! = /2208
7,2 ],1) - v Ql lQi - ~ X Xi 41

Therefore, we realize that the left singular vectors are related in terms of a
scaling factor ,/1_77 and the matrix By, 4,,,. Since, the difference between the
two concatenated matrices is just an F, then

F=B

XiyXi+1

The singular value decomposition we showed above of the concatenated matrices
is the optimal low rank approximation. The only issue is that the F might have
an effect and so we will incorporate the inverse of the F in the G; matrix as

the following

1 1 |
7(Bx1‘,xi+1 )]+1_1Uj71
\/’_}/ 0|X|—r><7’
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]

In this scenario, a proof is presented that utilizes concepts from singular value
decomposition and eigenvalue decomposition to establish a relationship between
them in the case of a concatenated matrix. The relationship between these two
concepts is fundamental in understanding the underlying structure of matrices,

which has a significant impact on low rank approximation of matrices.

3.2.2 Multiple Index-Specific Posterior Inference with Fixed
DTM

In this section B € RI**I*1 is known exactly and is fixed. The messages are con-

strained my,_,,, € R", where r < |X|.

« at nodey;, pick a matrix H; € R™I?! to reduce the size of the message (my, ;)
to r-dimensional message (1my,_,) since there is a constrained link between vy;
and x;.

A < lvs
my, ., = Hm,, ,, = Hid)( ilys)

« at node x;, pick a matrix G; € R*¥*" and F € R¥*I¥ to calculate the forward

message

My, ;01 = Gim}’i—>xi + FmXi—1—>Xi

xily; ")

_ GiHi¢(Xi|Yi) + F(Aﬁ(

_ (%(XiJrl‘Yi) _'_()fb(xiﬂ\ylfl)
_ &(Xi-‘rl‘yi)
« Optimization objectives
HleéIllGF E oty ... goxilv) [D(pxi+1|y’i('|§/21)||I/\)xi+1\y’i(‘|yll))}
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e P Byt g (DO s (5B (1557

i Byt [ D(Drolys (130) Bty (131))

+ Using lemma [2.7/and [3.1], and assuming that the information vectors are spher-

ical symmetric and independent

min ZHB’ 1 FIG,H, H
Hi, - Hi,G1,- G F 2m

min ZHBZ I FITIGH; H
Hy, - H;—1,G1,,G;i-1,F 2m

2
. Qe 2
 IB-GH
guin - o | 1Hu ||

o We will write these objective functions as a weighted sum and then we will solve

the weighted sum

Oé€2

i i—1
.. L. 2 L. L. 2
. —7+1 ] 11— ’L*]fl
el min }jHBZ i+ GHH + }jHB —F GHH

|| B = G1H1||§1

e The summation will be rearranged so that objectives with the same matrices

G; and H; will be grouped together.

1
Oz€2 i i—j+

— min SN w HBZ R A e & H

2m Hi, H;,Gy,,G;,F =1 k=1

« The objectives with the same matrices G; and H; will be concatenated together.
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Without loss of generality, the concatenated matrix will be shown for j =1, 2,4

2

ﬁ(Bl — Fi71G1H1>
ﬁ(Bi_l _ Fz’—QGlHl)

(3.1)
Vi(B-GH) |
ﬁ(Bifl - F172G2H2) 2

VBT - FTGH,) (3.2)
VIci(B - GoHy) ||

| vam-cn) | 3.3)

where the size of the concatenated matrix depends on the value of j. More

precisely, the size of the matrix is (i + 1 — j)|X| x |X].

The optimization problem can be solved using the following theorem which is

very similar to theorem [3.4]

Theorem 3.5. Let B € RIYXIX F ¢ R G, € R and H; € R
where j € {1,--- ,i}. Without loss of generality, the SVD of the concatenated

matriz at j =1

U1,1

2 SN—~—

/7B ETEY

. U S

VBT — — .
= | 1 G ||x| x| Vi
: . ;I/XIXI ~
20l O(i—1) x| | 1112

ﬁB F Ulz
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where Uy and V7 are the left and right singular vectors, and Sy are the singular

values. The optimal matrices for

V(B —FGH))
V(B — F2GH;)

V(B — G H))

are

=(r r 1 Irr
H, =5"Vv"T; G = —-U,; : ; F=B

)

ﬁ O\X|—r><r

where §§’“) is v X r matriv with r largest singular values, and Vﬁ”) is |X| xr
matrix with the corresponding right singular vectors. The same will be done for
the other concatenated matrices for different j values and the optimal matrices
are

1 Lo

a1
H. =S,V ; G-ZiU‘7i_'+1
’ ’ ! ’ Timjl " 0|X\—r><r

Theorem is a powerful theorem where it shows how to solve a multiobjec-
tive low rank approximation problem which is of crucial importance for our

constrained information exchange problem.

Proof. Without loss of generality, we will use the case where 57 = 1. The eigen-

value decomposition of the concatenated matrices in 77

VB! = A1 QeARQE s j e {1, i}
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The singular value decomposition based on the concatenated matrices

vnB' =U;S, V]

VB =U;S, V]
Then we will write the left singular vectors in terms of the B, S, and V7.

Ul,l = ﬁBlvlgl_l

U, = /7BVS;’

Uy 1(Uyy) ™ = \/Vf'y_.lelsl_l
J

Therefore, we realize that the left singular vectors are related in terms of a

scaling factor and the B matrix. Therefore,
F=B

The G1,H; will be equal to the low rank approximation of the concatenated

matrix since it is the optimal approximation.

H, =S{v{T

1 Losr
U, :

Vi O\X|fr><r

G1:

Using the same singular value decomposition of the concatenated matrix for

different j values, G;, and H; will be derived. n
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3.2.3 Computational and Communication Complexity

The performance of the multiple index-specific posterior inference algorithm is ex-
pected to be sub-optimal due to the constrained messages and the insufficient statis-
tics. However, these constraints have the advantage of reducing communication com-
plexity, which is particularly useful in modern applications where high-dimensional

data is prevalent.

Table provides a comparison of computational and communication complexity
for the constrained and unconstrained message passing algorithms. As shown in the

table, the computational complexity of the messages O(|X|?).

In the preceding algorithm, the DTM is utilized within the context of multiple
index-specific posterior inference. As a defining characteristic of the DTM model, the
largest singular value is 1. This implies the necessity to incorporate all the previous

observations (n), yielding a total computational complexity of O(n|X|?).

Conversely, there exists an alternative approach through the use of CDM. In the
CDM, the largest singular value is less than or equal to 1. This property substantiates
the possibility of dismissing the observations from earlier stages as the singular values
associated with the CDM product matrix will diminish towards an extremely small
magnitude. The theorems, namely Theorem [3.4] and [3.5] cannot be applied due
to the singularity of the CDM matrix. To utilize these theorems, it is necessary to
perturb the matrix so that it becomes non-singular. Additional details are provided
in Appendix

Therefore, to find the total computational complexity a set (S) is constructed that
includes the observation nodes utilized in each objective, taking into consideration
that older observations might be dismissed due to the extremely small magnitude of

the singular values. The cardinality of the set is (|S| = n3).

The communication complexity for m,,_,,, is reduced from |X| to r, which is
particularly useful in the case of observation nodes with limited communication ca-
pabilities or in the case of high-dimensional data. These advantages come at the cost

of a sub-optimal algorithm performance when compared to the case of unconstrained
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messages.

Despite the sub-optimality of the algorithm, it remains a practical and useful
solution for high-dimensional data problems, particularly when communication re-
sources are limited. This scenario highlights the importance of considering the trade-

off between algorithm performance and resource utilization in modern data-driven

applications.
Constrained Unconstrained
Message Passing | Message Passing
Computational | my, ;. , O(|X?) O(|X)?)
Complexity Total O(no| X ?) O(n|X?)
Communication | my, ., O(r) o(|x))
Complexity | my, .y, o(|Xx]) O(|Xx])

Table 3.2: Computational and communication complexity comparison between the
constrained and unconstrained message passing algorithm in multiple index-specific
posterior inference. n is the number of observation used for the posterior predication
and ny = min{n, ns}
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3.2.4 Numerical Results

This section aims to explore the performance of the constrained information exchange
message passing algorithm in multiple index-specific posterior inference, using syn-
thetic dataset. The focus will be on the case D(Pyyjy2||Dyyy2z) and D(py,jys[Dy,y2) as
illustrated in Fig. [3-§|

Objectives: ]E¢(X1 )ﬁ),q,ixz Y2) [D (pkgl,vf (- lylz)”ﬁh\y;? (- |5’f))]
E @0y 171) p2172) (Xa1y3) [D@ag1y3 C DBy C 1))
62 Gg Variables: Hy, H, H; € R"™XI

Multiple Index-! Specmc G,,G,, Gs € RlxIxr
Posterior Inference :
I I F e RIxIxIxl
Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

Figure 3-8: Constrained Information Exchange Message-Passing Algorithm in Multi-
ple Index-Specific Posterior Inference

3.2.4.1 Synthetic Dataset

Multiobjective Optimization Tradeoff: Fig. [3-9 exhibits the intrinsic trade-
off encountered in multiple index-specific posterior inference due to the challenge of
transmitting sufficient statistics. The fundamental issue at hand is that the optimal
solution for one objective does not invariably equate to the optimal solution for the
weighted sum. The optimal solution for the combined objectives aligns with the first
objective when the weighting coefficient, v, is assigned a value of 1, thereby fully
prioritizing the first objective. In contrast, a v value of 0 ensures that the optimal
solution for the weighted sum adheres to the second objective, thereby focusing ex-
clusively on this latter objective. This interplay of weight assignment, as determined
by v, shows the inherent tradeoff between the two different objectives. Adjusting
provides a method to explore the array of potential optimal solutions, and its value
must be precisely selected, considering the particular requirements and constraints of

the specific problem scenario.
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Figure 3-9: Multiobjective Optimization Tradeoff

Dependency of Error on Link Size: Fig. illustrates the dependency be-
tween the error and the link size. As observed, there is a consistent decrease in error
with an increase in the link size. This trend is attributed to the larger volume of
information exchanged as the link size expands. Ultimately, the error drops to zero

when the link size equals the rank of the DTM matrix.

Determining Link Sizes: Guided by a Predetermined Error Threshold:
Fig. |3-11] Fig. [3-11| examines a scenario in which the objective is to limit the error
below a preset threshold. This situation calls for a strategic choice of link size that
aligns with this error constraint. As illustrated in Figure [3-11], maintaining the error
below the 5 threshold demands a minimum link size of 154 (r > 154). Therefore,
while maintaining the error threshold the reduction in the size of the link is by almost
25%. This emphasizes the significance of constrained information message passing

algorithm to deal with high-dimensional data.
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Figure 3-10: Multiple Index-Specific Posterior Inference error as a function of link
size
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Figure 3-11: Link Sizes Selection Based on Desired Error Threshold in the Multiple
Index-Specific Posterior Inference



Link Size Selection: Shaped by Error Threshold and Maximum Size Con-
straints: Fig. |3-12]illustrates the scenarios where the task is to maintain the error
below a particular threshold, whilst staying within specific link size constraints. Such
circumstances call for an intricate balance between these two defining parameters. As
depicted in Fig. [3-12] if the target is to cap the error at less than 5, with the link
size not surpassing 155, the suitable range for link size should fall within 154 and 155
(154 < r < 155). This underscores the significance of precise link size selection, which

is shaped by both the desired error threshold and the maximum size limitations.

155

N

152 153 154 155 156
Link Size (r)

0 L I I L L L I 1. Hixs
20 40 60 80 100 120 140 160 180 200

Link Size (r)

Figure 3-12: Link Size Selection Based on Desired Error Threshold and Maximum
Size Constraint in the Multiple Index-Specific Posterior Inference

Error Threshold Impact on Minimum Link Size: Fig. [3-13| illustrate the
trade-off between the error threshold and the corresponding minimum link size. As
observed, there is a consistent decrease in the minimum link size with an increase in
the associated error. This trend is attributed to the smaller amount of information
exchanged as the link size decreases. Fig. |3-13| emphasizes the balance between opti-
mizing resource utilization and achieving the necessary precision. As the size of the
link decreases, the system becomes more efficient in terms of resource usage. However,
it also necessitates a higher error, potentially affecting the overall performance and

accuracy of the system. The figure presents a valuable perspective on system design
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considerations in the constrained information exchange message passing algorithm in

high dimensional data.
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Figure 3-13: Error Threshold Impact on Minimum Link Size
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Chapter 4

Index-Free Posterior Inference

This chapter delves into the domain of posterior inference, specifically focusing on
index-free posteriors. In the preceding chapter, we explored index-specific posterior
inference, where nodes were examined in scenarios involving varying compression
matrices. Now, our attention turns to index-free posterior inference, which ensures a
crucial element of uniformity by employing identical compression matrices across all
nodes. This unique characteristic adds a captivating dimension to posterior inference,
unveiling new insights and opening doors to diverse opportunities for analysis.

The primary objective of this chapter is to unravel the intricacies associated with
index-free posterior inference, providing a comprehensive understanding of its under-
lying principles, practical applications, and potential benefits in the realm of statis-
tical inference. Throughout our exploration, we will navigate the theoretical founda-
tions and delve into the complexities of index-free posterior inference, shedding light

on its various aspects.

o Single-Step Index-Free Posterior Inference: In this scenario, the primary empha-
sis lies in performing posterior inference based on the most recent observation.
The goal is to identify the optimal matrices for compressing messages. Unlike
the index-specific approach, where nodes may have different compression matri-
ces, the index-free approach ensures that all nodes employ identical compression

madtrices.
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o Multi-Step Index-Free Posterior Inference: In this scenario, the primary em-
phasis lies in performing posterior inference at multiple indexes, revealing the
inherent tradeoff nature of the problem. Optimization plays a crucial role in
achieving a delicate balance between various posterior inference objectives. By
solving the optimization problem, optimal compression matrices are obtained
and effectively utilized for message compression. Unlike the multiple index-
specific posterior inference approach, the multi-step index-free posterior infer-
ence employs identical compression matrices across all nodes, making it more

feasible and applicable in real-world scenarios.

4.1 Single Step Index-Free Posterior Inference

This scenario involves estimation the posterior distribution using the last observation.
In the index-free approach, the compression matrices will be the same among all

nodes, which is not the case in index-specific, as depicted in Fig. [4-1]

X . . - — -~
/ 2\ Obijectives: & iz, 1y, [D (B, C 17 [Py, C170))]
§E ga E 4 (x31y2) [P Paaly, (- 1721 Pesly,  172))]
\1// E 4 0¢s1y3) [D (Px,y; 1¥3)1] Bazypys (- 173))]
Single Index-Free

Posterior Inference Variables: H e R™l G e RXIX" F e RlxIxIxl

@

Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

Figure 4-1: Constrained Information Exchange Message-Passing Algorithm in Single-
Step Index-Free Posterior Inference

4.1.1 Fixed Divergence Transfer Matrix
In this section B € RI**I* is known exactly and is fixed. The messages are con-

strained my,_,,, € R", where r < |X|.

B =B; W

T Ti+1
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« at nodey;, pick a matrix H € R"™*¥l, to reduce the size of the message (my, )
to r-dimensional message (1my,_,) since there is a constrained link between vy;
and x;.

S — — (xilyi)
My, 5x; = Hm}’i—>Xz‘ - H¢ o

« at node x;, pick a matrix G € R*¥*" and F € RI**I* to calculate the forward

message

N N NIvE Xz+1‘y7, ~ Xz+1|Y'L
— — Xil¥i) —
m,, .y, , = Gmy,_,,, = GH¢( ilys) = =¢

e Optimization:

it By | DBy (50 1Bl (150))]

~(Xq i 2- =
‘qb(xmyz _ ¢( +1le) (Using lemma

2_

€
=min E, «y) | =
HG ¢(zlyz) [2

)

_ %HGI«} E yisi) l€2 HB¢,(x¢|yi) — GH™) ’2]

F

Using lemma [B.1] and assuming ¢*?) are spherical symmetric

1

— min (1B - GHIZ] ; By [0

(B — GH)|[ By [H¢ e

)
=
2
By using theorem [3.2] the optimal G, H matrices
B=USV! — G=U"; H=8" (V"7

Even if we optimize over different i, the optimal matrices will be the same
and this is because all of the objectives are the same and have the same DTM

matrix.
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« at node x;41, we will calculate the posterior distribution
ﬁxi+1‘yi (xi-‘rl |yi) = DPxiq1 (mi-‘rl) +e \/ DPx; 11 (xi+1)mxi_>xi+l (xi-‘rl)

4.1.2 Computation and Communication Complexity

The performance of the single step index-free posterior inference is expected to be sub-
optimal due to the constrained messages and the insufficient statistics. However, these
constraints have the advantage of reducing computational and communication com-
plexity, which is particularly useful in modern applications where high-dimensional
data is prevalent.

Table provides a comparison of computational and communication complexity
for the constrained and unconstrained message passing algorithms. As shown in
the table, the computational complexity is reduced from O(|X|?) to O(r|X|), where
r < |X|. This reduction in complexity is significant, particularly for models with
large states, such as language or vision models.

Furthermore, the communication complexity for my, .. is reduced from O(|X])
to O(r), which is particularly useful in the case of observation nodes with limited
communication capabilities. These advantages come at the cost of a sub-optimal
algorithm performance when compared to the case of unconstrained messages.

Despite the sub-optimality of the algorithm, it remains a practical and useful
solution for high-dimensional data problems, particularly when computational and
communication resources are limited. This scenario highlights the importance of
considering the trade-off between algorithm performance and resource utilization in

modern data-driven applications.
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Constrained Unconstrained
Message Passing | Message Passing
Computational | my, .., O(r|X]) O(|X]?)
Complexity Total O(nr|X|) O(n|X?)
Communication | my, ,,, O(r) O(1Xx])
Complexity My, . O(|X]) O(|X])

Table 4.1: Computational and communication complexity comparison between the
constrained and unconstrained message passing algorithm in single step index-free
posterior inference. n is the number of observation used for the posterior predication.

4.1.3 Numerical Results

This section aims to explore the performance of the constrained information exchange
message passing algorithm in single-step index-free posterior inference, using synthetic

dataset. The focus will be on the case 3232, D(py )y, , ||Dx,ly,_,) as illustrated in Fig.
4-8

/”'\ S
[ x, Objectives: E x, ;) [D(0a,1y, ¢ 17 Pxy), ( 172))]
Single Step Index-Free : \T : ‘ E g xa1y2) [P @xs1y, ¢ 172 By y, (- 1F2))]
‘ LIRS ‘ Ey x31y5) [D @y, C 1311 Py C V)]

\ ) ]E¢(Xm Y10) [P Pieyo1ye G 1Y) | Pieyoyo (- 170))]
N

Variables: H € R™™ G € R™", F € R"™*™

Figure 4-2: Constrained Information Exchange Message-Passing Algorithm in Single-
Step Index-Free Posterior Inference

Posterior Inference

Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

4.1.3.1 Synthetic Dataset

Dependency of Error on Link Size: Fig. [4-3illustrates the dependency between
the error and the link size. As observed, there is a consistent decrease in error with an
increase in the link size. This trend is attributed to the larger volume of information
exchanged as the link size expands. Ultimately, the error drops to zero when the link

size equals the rank of the DTM matrix.
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Figure 4-3: Single Step Index-Free Posterior Inference error as a function of link size

Determining Link Sizes: Guided by a Predetermined Error Threshold:
Fig. [-4] examines a scenario in which the objective is to limit the error below a
preset threshold. This situation calls for a strategic choice of link size that aligns
with this error constraint. As illustrated in Figure [{-4] maintaining the error below
the 5 threshold demands a minimum link size of 146 (r > 146). Therefore, while
maintaining the error threshold the reduction in the size of the link is by almost
27%. This emphasizes the significance of constrained information message passing

algorithm to deal with high-dimensional data.

Link Size Selection: Shaped by Error Threshold and Maximum Size Con-
straints: Fig. illustrates the scenarios where the task is to maintain the error
below a threshold, while staying within specific link size constraints. Such circum-
stances require balance between these two objectives. As depicted in Fig. [4-5] if the
target is to cap the error at less than 5, with the link size not surpassing 155, the
suitable range for link size (146 < r < 155). This shows the significance of link size

selection, which is shaped by the error threshold and the maximum size limitations.
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Link Sizes Selection Based on Desired Error Threshold in the Single-Step

Figure 4-5: Link Size Selection Based on Desired Error Threshold and Maximum Size
Constraint in the Single-Step Index-Free Posterior Inference



Error Threshold Impact on Minimum Link Size: Fig. [4-6|illustrate the trade-
off between the error threshold and the corresponding minimum link size. As ob-
served, there is a consistent decrease in the minimum link size with an increase in
the associated error. This trend is attributed to the smaller amount of information
exchanged as the link size decreases. Fig. emphasizes the balance between opti-
mizing resource utilization and achieving the necessary precision. As the size of the
link decreases, the system becomes more efficient in terms of resource usage. However,
it also necessitates a higher error, potentially affecting the overall performance and
accuracy of the system. The figure presents a valuable perspective on system design
considerations in the constrained information exchange message passing algorithm in

high dimensional data.

200%
180 |
160
140
120
100

80

Minimum link size

60

40

20

O 1 1 1 1 1 1 1 1 1 b
0 5 10 15 20 25 30 35 40 45 50

D(prl\yl 1”151,1\3/! 1)

Figure 4-6: Error Threshold Impact on Minimum Link Size
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4.2 Multi-Step Index-Free Posterior Inference

In this particular scenario, the task at hand is to estimate the posterior distribution
by utilizing past observations. Notably, all nodes within the system employ identical
compression matrices, which differentiates it from the index-specific approach. The
process involves solving a multi-objective optimization problem to identify the optimal
matrices for compressing messages, as depicted in Fig. [4-7| This scenario sheds light
on the inherent tradeoff nature of the problem, which stems from the challenge of

transmitting insufficient statistics.

xz X3 - . o .
F/ \ Objectives: E yx11y) [P Py, € [P, 2 C [F1D)]

§ g E 1 171) g(@2ly2) [D Py 2 C TP, 2 C1FED)]
\/ G E(11y1) g 621y2) g %51y3) [P Pz C DI P3¢ YN

Multi-Step Index-Free ! !

H
Posterior Inference I |

Unconstrained link ~ -------- Constrained link (Insufficient Statistics)]

Variables: H e R™Itl G € RXIX" F e RIxIxIxl

[

Figure 4-7: Constrained Information Exchange Message-Passing Algorithm in Multi-
Step Index-Free Posterior Inference

4.2.1 Fixed Divergence Transfer Matrix
In this section B € RI**I* is known exactly and is fixed. The messages are con-

strained my,_,,, € R", where r < |X|.

« at nodey;, pick a matrix H € R"™*I¥l, to reduce the size of the message (my, ;)
to r-dimensional message (1my,_,) since there is a constrained link between vy;

and x;.

- _ — (xilyi)
mYz'—>Xi - HmYz‘—>Xi - H¢ o

« at node x;, pick a matrix G € R*¥*" and F € RI**I* to calculate the forward

message

mXi—>Xz’+1 = Gin_>Xi + mei—1—>><i
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GH¢(X2|YZ + F¢(X‘|y1 )

&(XH—I‘Y@ ¢(Xi+1|y1_l)

d")(xﬂ-l lyt)

« Optimization objectives
i By gnabin DByt (DIt (157

min Egeann | D(Pealys (51 [Bratys (131))]

)

o Using lemma 2.7 and [3.1], and assuming that the information vectors are spher-

ical symmetric and independent
o ae? d i o 9
min  — Z HB’*W — F’*JGHH
2m i F

' e? i i 2
min 2m;HB i i 1GHHF

2

. e 2
"G om IB — GH|[},

o We will write these objective functions as a weighted sum and then we will solve

the weighted sum

Oﬁ min [71 i HBi—j—l—l _ Fi—jGHH; IS S HBi—j _ Fi_j_lGHH;
j=1 Jj=1

2m H,G,F
+oo B - GHH“"F]
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Nan (Bi=7+ — F"IGH)
ae? . VYt e (Bi*j — Fi*jflGH)

—— min
2m H,GF

Vi Vi (B - GH)

» To solve this multiobjective optimization we will use the following theorem:

Theorem 4.1. Let B € R¥XIY F ¢ RI¥MXI¥ G ¢ RI¥*7 gnd H € R,
The SVD of the concatenated matrix

Ui
] 12 ——
\/%B" | ]x [
. U S

VAT RB — ~ r

. = | |x|x|x| & %] x| X/l_/

: C O] | 0y e | A
/2.i 7B i Uy,
——
L | X]x|X]

where Uy and V7 are the left and right singular vectors, and Sy are the singular
values.

The optimal matrices of

/7 (B — F-'GH)
VY1t Ve (Biil — Fi72GH)

Vi Vi (B - GH)

are

TXT

H=S"v"". G =uy, . F=B
O\X|fr><r

where §§’") is r X r matriz with r largest singular values, and V(lr) is |X| x r

matrix with the corresponding right singular vectors.
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Proof. The eigenvalue decomposition of the concatenated matrices in

VBT = QAL TTIQy!

B = QzAzQ3

The singular value decomposition based on the concatenated matrices

VB =U,,S, V]

B - Ul’igl\f{
Then we will write the left singular vectors in terms of the B, S, and V7.

Uy, = y7B'V,S, "

U, =BV,S,"

Z{j Vi -1 i1 1
U 1(Uy) ™ = S5—BVIS, =,|> %BViS,
D=1Vt t=1

Therefore, we realize that the left singular vectors are related in terms of a

scaling factor and the B matrix. Therefore,
F=B

The G,H will be equal to the low rank approximation of the concatenated

matrix since it is the optimal approximation.

H=S"v{T
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IT‘XT

G = Ul,i

0|X|—7"><7"

e at node x;41, we will calculate the posterior distribution
ﬁxwl\}’i (xi-‘rl |yi) = Dxiq1 (xi-‘rl) +e V Px;q (xi+1)mxi_>xi+l (xi+1)

4.2.2 Computational and Communication Complexity

The performance of the multi-step index-free posterior inference algorithm is expected
to be sub-optimal due to the constrained messages and the insufficient statistics.
However, these constraints have the advantage of reducing communication complexity,
which is particularly useful in modern applications where high-dimensional data is
prevalent.

Table provides a comparison of computational and communication complexity
for the constrained and unconstrained message passing algorithms. The communi-
cation complexity for my, ., is reduced from |X| to r, which is particularly useful
in the case of observation nodes with limited communication capabilities or in the
case of high-dimensional data. These advantages come at the cost of a sub-optimal
algorithm performance when compared to the case of unconstrained messages.

As shown in the table, the computational complexity is almost the same and this
is because there are no constraints on the messages m,,_,,, ., .

Despite the sub-optimality of the algorithm, it remains a practical and useful
solution for high-dimensional data problems, particularly when communication re-
sources are limited. This scenario highlights the importance of considering the trade-
off between algorithm performance and resource utilization in modern data-driven

applications.
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Constrained Unconstrained
Message Passing | Message Passing
Computational | my, .., O(|X]?) O(|X]?)
Complexity Total O(n|X|?) O(n|X?)
Communication | my, ,,, O(r) O(1Xx])
Complexity My, . O(|X]) O(|X])

Table 4.2: Computational and communication complexity comparison between the
constrained and unconstrained message passing algorithm in multi-step index-free
posterior inference. n is the number of observation used for the posterior predication.

4.2.3 Numerical Results

This section aims to explore the performance of the constrained information exchange
message passing algorithm in multi-step index-free posterior inference, using synthetic
dataset. The focus will be on the case 37%_; D(prl\y{prg-Hly{) as illustrated in Fig.
4-8l

Y -
{ xy ) X9 Objectlves:\‘w‘ 1) [D@iyy, C 1) 1By, C172))]
Single Step Index-Free N T Ey@alyy) [D@us 1y, (172 1Py, (- 172))]
: ' ' .« o . "

R DILICANNEA ¢1¥s)]

/HI ‘ ‘ : “ :
‘@ @3‘ E (101910 [P Pieyo1yo (- 179D Pry 135 (- 1F9))]
N =/

Variables: H € R™™,G € R™*",F € R™™

Figure 4-8: Constrained Information Exchange Message-Passing Algorithm in Single-
Step Index-Free Posterior Inference

Posterior Inference

Unconstrained link ~ -------- Constrained link (Insufficient Stat\stics)]

4.2.3.1 Synthetic Dataset

Dependency of Error on Link Size: Fig. [4-9|illustrates the dependency between
the error and the link size. As observed, there is a consistent decrease in error with an
increase in the link size. This trend is attributed to the larger volume of information
exchanged as the link size expands. Ultimately, the error drops to zero when the link

size equals the rank of the DTM matrix.
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Figure 4-9: Multi-Step Index-Free Posterior Inference error as a function of link size

Determining Link Sizes: Guided by a Predetermined Error Threshold:
Fig. examines a scenario in which the objective is to limit the error below a
preset threshold. This situation calls for a strategic choice of link size that aligns
with this error constraint. As illustrated in Figure [I-10| maintaining the error below
the 5 threshold demands a minimum link size of 156 (r > 156). Therefore, while
maintaining the error threshold the reduction in the size of the link is by almost
22%. This emphasizes the significance of constrained information message passing

algorithm to deal with high-dimensional data.

Link Size Selection: Shaped by Error Threshold and Maximum Size Con-
straints: Fig. illustrates the scenarios where the task is to maintain the error
below a threshold, while staying within specific link size constraints. Such circum-
stances require balance between these two objectives. As depicted in Fig. [{-11] if the
target is to cap the error at less than 5, with the link size not surpassing 160, the
suitable range for link size (156 < r < 160). This shows the significance of link size

selection, which is shaped by the error threshold and the maximum size limitations.

91



92

70 T T my

60

Error=5

152 153 154 155 156 157 158
Link Size (1)

20 40 60 80 100 120 140 160 180 200
Link Size (r)

Figure 4-10: Link Sizes Selection Based on Desired Error Threshold in the Multi-Step
Index-Free Posterior Inference

Error=5

r=160

|4

156 157 158 159 160 161
Link Size (1)

20 40 60 80 100 120 140 160 180 200
Link Size (r)

Figure 4-11: Link Size Selection Based on Desired Error Threshold and Maximum
Size Constraint in the Multi-Step Index-Free Posterior Inference



Error Threshold Impact on Minimum Link Size: Fig. illustrate the
trade-off between the error threshold and the corresponding minimum link size. As
observed, there is a consistent decrease in the minimum link size with an increase in
the associated error. This trend is attributed to the smaller amount of information
exchanged as the link size decreases. Fig. emphasizes the balance between opti-
mizing resource utilization and achieving the necessary precision. As the size of the
link decreases, the system becomes more efficient in terms of resource usage. However,
it also necessitates a higher error, potentially affecting the overall performance and
accuracy of the system. The figure presents a valuable perspective on system design
considerations in the constrained information exchange message passing algorithm in

high dimensional data.

200§
180 |
160
140
120
100

80

Minimum link size

60

40

20

0 10 20 30 40 50 60
4 .
Zj:l D(Pmy{*l ||P1j\y‘{*l)

Figure 4-12: Error Threshold Impact on Minimum Link Size
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Chapter 5

Conclusion

5.1 Summary of Work

In conclusion, this thesis has contributed to the advancement of algorithms for high-
dimensional data in probabilistic graphical models by proposing and analyzing a con-
strained information exchange message passing algorithm that leverages insufficient
statistics as messages.

Chapter [2| provided a comprehensive overview of the hidden Markov model and
introduced the modified sum product algorithm. This algorithm, formulated in terms
of the information vector and DTM/CDM matrix, enables the identification of critical
information fragments for specific inference tasks. By identifying these important
pieces of information, informed decisions can be made about which parts of the data
to prioritize and which parts can be safely dropped or simplified.

Building upon the foundations established in Chapter [2| Chapter [3]introduced the
constrained information exchange message passing algorithm. Chapter [3] introduced
the index-specific posterior inference using constrained information exchange mes-
sage passing algorithm. This sub-category of posterior inference provides a critical
examination of specific scenarios where the interest lies either in a singular posterior
inference at a specific index (referred to as single index-specific posterior inference)
or in multiple posterior inferences at specific indexes (referred to as multiple index-

specific posterior inference).
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Chapter {]introduced the index-free posterior inference using constrained informa-
tion exchange message passing algorithm. Unlike the index-specific approach, where
nodes may have different compression matrices, the index-free approach ensures that
all nodes employ identical compression matrices. This sub-category of posterior infer-
ence provides a critical examination of specific scenarios where the interest lies either
in a single step posterior inference (referred to as single step index-free posterior
inference) or in multi-step posterior inferences (referred to as multi-step index-free
posterior inference).

Notably, the algorithm sheds light on the trade-off between algorithm perfor-
mance and resource utilization in modern data-driven applications using synthetic
data. By reducing computational and communication complexity in various scenar-
ios, it provides a practical and valuable solution for high-dimensional data problems,
particularly when computational and communication resources are scarce.

In summary, this thesis has contributed to the field of probabilistic graphical
models through the proposal and analysis of the constrained information exchange
message passing algorithm. The algorithm’s ability to identify critical information
fragments and address the limitations of the unconstrained approach offers enhanced
scalability, practicality, and usefulness in handling high-dimensional data. These
advancements have the potential to drive advancements in data-driven research and

decision-making across various domains.

5.2 Future Work

5.2.1 Constrained Information Exchange Message Passing
Algorithm in Non-Linear Dynamical Systems

The constrained information exchange message passing algorithm has demonstrated

success in optimizing computational and communication complexity in hidden Markov

model and linear dynamical systems. This algorithm effectively identifies and trans-

mits important fragments of information, leading to improved efficiency.
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However, there remains a significant opportunity to explore the implementation
of the constrained information exchange message passing algorithm in the context of
non-linear dynamical systems. Non-linear systems are prevalent in numerous fields,
including engineering, biology, physics, mathematics, and more. Therefore, conduct-
ing an in-depth analysis of this algorithm’s performance in non-linear dynamical sys-
tems holds great significance for advancing research and applications in these domains.

By applying the constrained information exchange message passing algorithm to
non-linear dynamical systems, we aim to enhance our understanding of the complex
interactions and behaviors that arise in such systems. This exploration will enable us
to develop more efficient models, improve predictions, and optimize decision-making
processes in a wide range of practical scenarios.

Furthermore, the implications of successfully implementing this algorithm in non-
linear dynamical systems are substantial. It can potentially revolutionize various
fields by offering novel insights into intricate phenomena, aiding in the development
of more efficient systems, and facilitating advancements in diverse areas of science

and engineering.

5.2.2 Constrained Information Exchange Message Passing

Algorithm in Loopy Graphs

Real-world problems often involve complex structures represented by loopy graphs.
Effectively addressing these problems requires the development of efficient inference
algorithms that can handle the inherent challenges posed by loops. To overcome these
challenges, approximate inference algorithm is used.

In the future work, our objective is to analyze and design an innovative approx-
imate inference algorithm specifically tailored for loopy graphs. By imposing con-
straints on the information exchange process, we aim to improve the efficiency of the
inference procedure.

The utilization of constrained information exchange offers several advantages.

By selectively transmitting critical fragments of information between nodes, we can
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mitigate the computational and communication complexities associated with loopy
graphs. This approach allows us to strike a balance between accuracy and compu-
tational efficiency, making it particularly valuable for tackling large-scale, real-world
problems.

To accomplish our goals, we will employ advanced techniques from the field of
graphical models, inference algorithms, and information theory. By leveraging these
methodologies, we can optimize the information exchange process and overcome the
challenges presented by loopy graph structures.

Through extensive experimentation and analysis, we will evaluate the performance
of our proposed algorithm against benchmark datasets and established inference
methods. We will assess its accuracy, computational efficiency, and scalability in
handling different types and sizes of loopy graphs. Additionally, we will investigate
the impact of various constraints on the overall inference performance.

The findings from this research will contribute to the field of approximate inference
in graphical models, particularly in the context of loopy graphs. By uncovering
effective strategies for constrained information exchange, we can enhance our ability
to solve complex real-world problems. The implications of this study extend to diverse
domains such as computer vision, natural language processing, bioinformatics, and

social network analysis, where loopy graph structures are prevalent.

5.2.3 Constrained Information Exchange Viterbi Algorithm

The Viterbi algorithm holds immense significance in probabilistic graphical models as
it enables the identification of the most probable configuration. However, to further
enhance the algorithm’s capabilities, we propose exploring the concept of constrained
information exchange within the Viterbi framework.

In our future work, we will investigate the potential implications and benefits of
incorporating constrained information exchange into the Viterbi algorithm. By selec-
tively exchanging crucial fragments of information, we aim to improve the efficiency
and applicability of the algorithm in the case of high-dimensional data.

The introduction of constraints in the information exchange process can offer sev-
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eral advantages. By focusing on transmitting only the most relevant information
between nodes, we can significantly reduce computational and communication com-
plexity and improve overall runtime efficiency.

Our research will involve the development and analysis of the constrained infor-
mation exchange Viterbi algorithm. We will explore various techniques and method-
ologies to effectively integrate the constraints while preserving the core functionality
of the original algorithm. Additionally, we will evaluate the performance of the con-
strained information exchange Viterbi algorithm across different probabilistic graph-
ical models, assessing its impact on the quality of the final configuration.

The implications of this research extend to numerous domains where probabilistic
graphical models are widely employed, such as natural language processing, speech
recognition, and bioinformatics. By enhancing the Viterbi algorithm through con-
strained information exchange, we can improve the efficiency of model predictions,

enhance decision-making processes, and advance research in these fields.
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Appendix A

Mathematical Proofs

A.1 Proof of Lemma [2.4

p@\ (. A
log (po(x)> — log (1 + po(x))

using second order taylor series

ol edW) .,
~ U@ 2

D(p:[p2)

= X;(pl (x) log 28

= 3 mtos 2105+ 100 — ) o 2

= S (e iy o) + T e (s e )
- Tl <log ; ;8 ~log 2 Eﬁi) + 3 (e61 () ol) <log - Eg ~log 2 g%)
~ X i (ebl(x)p;(jz(x)) . ejxex% o (i)
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A.2 Proof of Lemma [2.7
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lyi 1 Dyi (yl) Dy, (1,1)2
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Appendix B

Multiple Index-Specific Posterior
Inference Using CDM

Given the singularity of the CDM matrix, it is crucial to introduce perturbations in
order to transform it into a non-singular matrix. This perturbation process involves
making small adjustments to the elements of the matrix to ensure a non-zero determi-
nant. By perturbing the CDM matrix, we can guarantee that it attains full rank and
overcomes the singularity issue. These perturbations are essential for enabling the

application of relevant theorems, for the multiple index-specifc posterior inference.

B =B, +al (B.1)

XiyXi41
The Frobenius norm of the perturbed matrix

||sz-,xz-+1 ||%“ = ||P’X¢,xz-+1 Hi* + 251traee(]§xz-,xz-+1) + G%M{‘ (B.2)

~ [ Byi i 17 (B.3)

Theorem B.1. Let B, ,,,, € RV F € RYXY G; € R¥ and H; € R

Xj+1
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where j € {1,--- ,i}. The SVD of

2 Uja

i-1 T ——

ﬁ(( k=j Bxkykarl)) _ | X x| X
(1 - 7) (H;c:j BxkanJrl) r UJ'Q
X[ x| X

Therefore, the optimal matrices are

H, = §/v{7

1 - . )
Gj N W(B;’alxi-ﬂ )Z_l_jUj71
1 = j+1—i
= ﬁ(BXi,Xz‘H) Uj,l
F = Bxi7xi+1

where gy)

corresponding right singular vectors.

S;
v T
G xixlx) |V
~—
AXAXT ] 0pxpejaey | 1ixia
I'T'XT'
0|X|—r><r
IT’XT’
0|X|7r><r

is X r matriz with v largest singular values, Vg»r) is |X| x r matriz is the

Theorem B.2. Let B € RI¥XIX F ¢ RYXIY G, € RI¥X" and H; € R where

j € {l,---,i}. Without loss of generality, the SVD of the concatenated matriz at

j=1
U1,1
2 ——
ﬁBl | X|x|X
- U S
V2B ! x/-/m L T
= e G X x| X| Vi
: . . ;’:IXI —~
i O] Ogi-vja|x|| | 111
B
ﬁ F Ul,i
—~—
REREY

where Uy, and Vi are the left and right singular vectors, and Sy are the singular
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values. The optimal matrices for

V(B —F~'GH,)
VR(B - FGH,)

V(B - GH,)

are

1 Ir r ~
Ui, ) - F=B
Vi P

H, = ggr)v(lr)T ; G =

where SY) is v X r matriz with r largest singular values, and VY) is |X| x r matriz
with the corresponding right singular vectors. The same will be done for the other

concatenated matrices for different j values and the optimal matrices are

=(r r 1 Ir r
H; = S/'VIT ;G = ——Uji 5 -
Yi-j+1 0|X|—r><7"
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