On The Performance Of The Maximum Likelihood Over Large
Models

by
Gil Kur

B.Sc, Technion — Israel Institute of Technology (2015)
M.Sc, Weizmann Institute of Science (2018)

Submitted to the Department of Electrical Engineering and Computer Science
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
September 2023

© 2023 Gil Kur. All rights reserved.

The author hereby grants to MIT a nonexclusive, worldwide, irrevocable,
royalty-free license to exercise any and all rights under copyright, including to
reproduce, preserve, distribute and publicly display copies of the thesis, or release
the thesis under an open-access license.

Authored by:  Gil Kur
Department of Electrical Engineering and Computer Science

August 31, 2023

Certified by:  Alexander Rakhlin
Professor of Brain and Cognitive Sciences
Thesis Supervisor

Accepted by:  Leslie A. Kolodziejski
Professor of Electrical Engineering and Computer Science
Chair, Department Committee on Graduate Students






On The Performance Of The Maximum Likelihood Over Large Models
by
Gil Kur

Submitted to the Department of Electrical Engineering and Computer Science
on August 31, 2023, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract

This dissertation investigates non-parametric regression over large function classes, specifically,
non-Donsker classes. We will present the concept of non-Donsker classes and study the statistical
performance of Least Squares Estimator (LSE) — which also serves as the Maximum Likelihood
Estimator (MLE) under Gaussian noise — over these classes. (1) We demonstrate the minimax
sub-optimality of the LSE in the non-Donsker regime, extending traditional findings of Birgé and
Massart 93’ and resolving a longstanding conjecture of Gardner, Markus and Milanfar 06°. (2) We
reveal that in the non-Donsker regime, the sub-optimality of LSE arises solely from its elevated bias
error term (in terms of the bias and variance decomposition). (3) We introduce the first minimax
optimal algorithm for multivariate convex regression with a polynomial runtime in the number of
samples — showing that one can overcome the sub-optimality of the LSE in efficient runtime. (4)
We study the minimal error of the LSE both in random and fixed design settings.
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Chapter 1

Introduction

This dissertation delves into the statistical performance of Empirical Risk Minimization (ERM)
utilizing squared loss, commonly known as Least Squares Estimator (LSE), within the context
of regression tasks. Notably, in the Gaussian noise model, LSE also serves as the Maximum
Likelihood Estimator (MLE). ERM has emerged as a critical concept in the field of machine
learning and statistical learning theory, shaping the way researchers and practitioners approach
model development and evaluation. As the volume and complexity of data continue to grow
exponentially, the need for effective and robust learning algorithms becomes increasingly pertinent.
ERM procedures address this need by offering a principled and mathematically grounded framework
for model selection and optimization. By minimizing the empirical risk or loss on a given dataset,
these procedures provide a means to identify models that best capture the underlying patterns and
relationships within the data, ultimately leading to improved generalization performance on unseen
observations. The importance of ERM cannot be overstated, as it serves as the foundation for
numerous widely-used learning algorithms and techniques, ranging from linear regression to deep
learning. Additionally, ERM has proven instrumental in fostering a deeper understanding of the
trade-offs between model complexity and generalization, thereby guiding the development of more

efficient and effective learning algorithms.

Formally speaking, this dissertation studies the problem of regression where the goal is to

estimate a function f* : X — R from observations D := {(X1,Y1),...,(Xyn, Yn)} drawn
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according to the model

Y, =f(X;)+¢ fori=1,...,n (1.1)

where X1, ..., X}, are n-design points (fixed or random) and ¢, . .., ¢, are i.i.d random variables
with mean zero and finite variance . In the random design setting, the design points are drawn
i.i.d. from the same marginal distribution IP over X, i.e. Xy,..., X}, iri\:il IP. In the fixed design
setting, the design points X1 = x1, ..., X;; = X, are arbitrary and fixed, and we denote the uniform

measure over them by P, Throughout this thesis, we assume the following:
Assumption 1. The underlying function f* lies in a known convex class of functions F .

The convexity of F means that for any f,g € Fand A € [0,1], Af + (1 —A)g € F, and
the assumption of f* € F is known as the well-specified model. F being a convex class of
functions ensures that the least squares solution is uniquely defined on the data points, and that it
is computationally tractable. Though, the convexity of F is a strong assumption, it is commonly
used to for studying the statistical performance of ERM procedures (cf. [Chal4; BBMOS; Men14]).

Next, we assume that noise is isotropic Gaussian.
Assumption 2. {1, ..., ¢, are independent N (0, 1) random variables.

The assumption of normality is employed for the sake of simplicity in this presentation and due
to the fact that minimax rates (in the regression model) are generally proven in the setting of normal
noise [YB99]. Yet, our results remain applicable for other distributions of the noise ¢.

Next, we define an estimator as a measurable (random) function f;, : (D, Q) — {X — R}, i.e
for any realization of the input D and some random parameter (“seed”) w € (), fn outputs some
real-valued measurable function on X'. In many cases the estimator is a deterministic operator, i.e.,
a function D — {X — R}, but we will also consider estimators that may depend on some random

parameters.

"'We also assume that F is also a closed set in terms of Ly(Q), where Q € {IP("),]P}, which ensures that ERM
is well-defined. Closedness means that for any sequence {f, }°° ; C F converging to f with respect to the norm of
L(Q), the limit f lies in F.
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The natural and classical estimator for any regression task is the LSEﬂ which is defined by
fn € argmin ; Yo (Y- f(Xi)", (1.2)
i=1

which is also the MLE under Assumption [2| Note that under Assumption (1} the LSE is uniquely

defined on the data points, as LSE is simply the projection operator on the closed convex set [Chal4]

Fx =A{(f(X1),.... f(Xa)) : f € F} C R

That is, the vector (f(X1),. .., fu(Xx)) € R" is uniquely defined as the closest point in Fy to
(Yl, N ,Yn).

Remark 1. j?n may not be be unique on the entire /X', and therefore, we may equip it with a
map ¥ that chooses a unique solution over the entire domain X" from all possible solutions, i.e.

fn,‘if : D — F is defined as

D {feF: Vlgignf(Xi):ﬁl(Xi)}?]-".

n

For example, ¥ can be the minimal ¢, norm solution in overparametrized linear regression.

As we mentioned earlier, this thesis mainly studies the statistical performance of the LSE in
the task of regressionﬂ There are many ways to measure the performance of an estimator, and we
mainly focus on the maximum risk (see e.g., [Tsy03a]]) with respect to mean-squared loss. In details,

the maximum risk (or simply the risk) of an estimator f; in the fixed design is defined via

R(fu, F,P™) := sup Epl|fa— f*II7, (1.3)
frer
where the expectation is taken over &, and || - ||, denotes the Ly (IP(")) norm. Similarly, in the

’In the random design setting, the LSE may be also equipped with an additional map ¥, see Remark below.
3In Chapterbelow, we construct and estimate the statistical guarantees of other estimators.
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random design setting, we define

R(fu, F,P) := sup Ep| fu — f*II%, (1.4)
freF
where the expectation is taken over both & and X; and | - || denotes the Ly(IP) norm. [f| In words,

for a given estimator f;, this measure chooses an underlying function f* € F that maximizes the

estimator’s error. In this fashion, the minimax rate of the function class F is defined via

M(F,PM) = inf sup Ep||fy — f*||? (1.5)
fn frer
and
M(n, F,P) := inf sup ]Ep||fn — (1.6)
fn freF

in the fixed and random designs, respectively. That is, the minimax risk is simply the minimal

possible risk achievable by an estimator.

In this dissertation, we focus on non-parametric regression [I'sy0O3al], namely, when the function
class F cannot be described by a finite number of parameters. For example, the class of all linear
classifiers in R is parametric, since it can be described by d parameters. Whereas, the class of
all a-Holder functions (suppose on the unit cube in R?) cannot be described by finite number of

parameters for all d > 1, and therefore it is a non-parametric class.

Non-parametric models motivate the following definition of minimax optimality:

Definition 1. In the random design setting, an estimator fn is minimax optimal if there exists

Cy = C(F,IP) > 0 depending only on F and P such that
R(fu, F,P) < Cy- M(n, F,P).

In the fixed design setting, an estimator f, is called minimax optimal (in the number of samples) if

AIf fn is a random estimator, the expectation is taken over its random parameters as well.
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there exists a constant Cy = C(F) > 0 depending only on F such that
R(fu, F,PM) < Cy - M(F,P™).

Remark 2. In models with relatively low number of parameters, such as under-parameterized linear
regression, a refined notion of minimax optimality is used. One restrict the constants C; > 0,C > 0

to absolute constants that are independent of & and IP.

The statistical effectiveness and minimax optimality of the LSE are among the most critical
issues in the field of statistics (cf. [GeeOO|] and references within). This dissertation begins by

posing the following question:
Question. Given (n, F,IP) (or (F,P")), can the LSE be deemed as minimax optimal?

This question has been thoroughly investigated, but remains unresolved in general. In this
dissertation, we aim to bring further clarity to this issue and present new findings regarding the
performance of ERM across diverse function classes. Our initial approach to addressing this
question involves understanding the intricate link between the minimax rate and the metric entropy
of the model (F,IP). To explain this link, we first need to introduce a series of definitions and

assumptions:

Definition 2 (Entropy numbers). The €-metric entropy of a function class G C {X — R} under
the Ly (Q)-norm is the logarithm of the minimal cardinality of a finite set of functions N such that
forany f € G there exists a f' € N with ||f — f'||g < e

We remark that the set N is called an e-net or e-covering. Throughout this manuscript, we use
log NV (e, F,IP) to denote the e-entropy of the model (F,P).

First, we introduce the notation of =<, 2>, < to denote equality/inequality up to an absolute
constant. Next, we denote by DiamQ (g ) to be the diameter of the class G with respect to the norm
[>(Q), i.e Diamg(G) := supy ¢ [|f — &ll@. Our next assumption is mainly used to ensure that

the minimax can be described in terms of the e-entropy numbers of the entire class F.

Assumption 3. The diameter of F in terms of Q € {]P,]P(”)} is of order one, in our notation

Diamg(F) < L.
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The following is a classical result in non-parametric statistics [YB99; LeC73]:

Theorem 1. [Minimax rates in fixed design] Under Assumptions|IN3P} the following holds:
./\/l(f,l[’(”)) = €2,

where €, is the solution of

log N (e, F, P < ne?. (1.7)
In the random design setting, we further assume that the class is uniformly bounded:

Assumption 4. There exists an absolute constant I' > 0 such that sup ;. r I fllo <T,ie Fis

uniformly bounded by T

With this additional assumption, the same characterization of the minimax rate is available in this

case as well:

Theorem 2. [Minimax rates in random design [|[YB99]] Under Assumptions Eﬂ the following
holds:
M(n, F,P) < €2,

where €, is the solution of

log N (e, F,IP) =< ne. (1.8)

The central insight from these findings is that the minimax rate, up to a multiplicative absolute
constant, only depends on a straightforward and inherent feature of the model’s geometry - its
metric entropy.

Can the LSE be minimax optimal in the number of samples? Remarkably, as we will demonstrate,
for many function classes known as Donsker classes, LSE is always minimax optimal. Initially
associated with the uniform convergence of empirical processes, Donsker classes have since become

a fundamental part of non-parametric statistics and statistical learning theory [VW96].

5And the additional assumption of log N (e/2, F,P(")) / log N (e, F,P(")) > 1, for e > M(F,P(M).
®And the additional assumption of lim infe~qlog N (e/2, F,P)/ log N (e, F,P) > 1.
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Here, we divide to categorize existing results on the LSE into two groups based on whether
the class of functions F belongs to the Donsker regime or the non-Donsker regime. As the full
definition of Donsker classes involves the introduction of several notions we will not otherwise use,
we will present a simplified deﬁnitionﬂ sufficient for our purposes, that is widely used (cf. [GeeOO;

CRO6]). To this end, we introduce the definition of e-entropy with bracketing:

Definition 3 (Entropy numbers with bracketing). The e-metric entropy with bracketing of a function
class G C {X — R} under the Ly(Q)-norm is the logarithm of the minimal number of N pairs of
functions Nn,e := {(l;, u;) } V| that satisfy the following:

1. Every (I,u) € Ny satisfies ||l — ullq < e.
2. Forevery f € G there exists (1,u) € /\/'[],e such thatl < f < u.

We remark that the set ./\f[],e is called an e-net with bracketing. Throughout this manuscript, we use
log NVjj(e, F,IP) to denote the e-entropy with bracketing of the model (F, ).

Note that by definition log N (e, 7, P) < log (e, F,P). In the asymptotic setting, where
(F,IP) is fixed and n grows, it is considered a very mild assumption to assume the converse,
i.e. thatlog Ny (e, F,IP) S C(F,P) -log N (e, F,P) (cf. [BM93]). This mild assumption is
used extensively in analyzing ERM on non-parametric classes in the random design setting ﬁ (cf.
[[GeeOO]]). In order to define our notions of I’-Donsker (or non-Donsker) classes, we shall assume it

as well:

Assumption 5. The following holds for all € € (0, Diamp (F)):

log./\/'ﬂ (e, F,IP) P log N (e, F,P),

where ]-F]P denotes equality up to a multiplicative constant depending on F,P.

Remark 3. Assumption [5|has many roles in the literature of empirical process theory (cf. [Pol02}

Tal14] and references within). For one, this assumption implies the existence of a constant C3 =

"The formal definition of Donsker classes appear in [VW96, Pg. 17] and [Gee00, Cpt. 6].
8The bracketing property does not have any significance in the setting of fixed design regression (cf. [Pol02]).
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C3(IP, F) > 0 such that with high probability (over Xy, ..., X;,) the following holds uniformly for
all f,g € F (cf. [Gee0O, Lemma 5.16]):

47 - gl = Cs- M(n, F,P) < || f = gllz < 4llf —gl* +Cs- M(n, F, P),

where || - ||, with some ambiguity in the notation, denotes the L, (IP,) norm which is defined by

the random (uniform) empirical measure over X, ..., X, ‘r‘\:i P,ie. P, =n! T 0x,. This
1.1.4.

holds true in particular when taking f = f*, ¢ = j?n and hence under this additional assumption,

the ERM is minimax optimal in random design if and only if it is minimax optimal in fixed design.

Now, as we promised above, we are finally ready to present the simplified definition of IP-

Donsker classes [[Gee00, Theorem 6.3]:

Definition 4 (Simplified Definition of Donsker classes). Under Assumptions the F is called
IP—Donsker if

1
/0 \/logN(e,]:,IP)de < 0. (1.9)

In particular, F is IP-Donsker, when there exists p € (0,2) such that

log N (e, F,P) < e 7 Ve € (0,Diamp(F)).

Fp
We remark that when p > 2, the integral of (I.9) diverges, and such a class does not satisfies the

formal definition of Donsker class.

Remark 4. The P-Donsker property is tightly connected to finite VC-dimension. For example, if
F C {X — {0,1}}, then it is IP-Donsker for any marginal IP if and only if its VC-dimension is
finite [Dud99, Theorem 10.1.4].

In this thesis, we will mainly consider a special case (and yet very natural) of the general notion
of non-Donsker classes EI, which is nonetheless very widely applicable (as will be discussed below),

and it is defined as follows:

°In Chapter we will also study properties of ERM on additional settings.
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Definition 5 (Non-Donsker Classes). Under Assumptions we say that F is non IP-Donsker

when there exists p > 2 such that

log N (e, F,IP) 5 e P Ve € (0,Diamp(F)).

Throughout this thesis, we will refer to the class of models that satisfy Definition 4] as the
“Donsker regime”, and for models that satisfy Definition [5|as the “non-Donsker regime”.

Note that under the above two definitions, Theorem [2{above implies that the minimax rate of
J will be of order n_ﬁ, whether the class is Donsker or non-Donsker. Furthermore, it should
be noted that different variants of the same general problem may fall in different regimes. For
example, the class of support functions of compact convex subsets of IR? is Donsker for d < 5 and
non-Donsker for d > 6. We revisit this example in detail in Chapter 2] below.

Finally, we reiterate that Definition [5|is not the general definition, but a special case. Yet our
definition covers many natural non-parametric classes such Isotonic, convex, a-Holder functions and

more (cf. [Dud99]]). We now describe the state of knowledge as it stood before our contributions:

On the Optimality of the LSE: In the Donsker regime, it is well-known that (under Definition
@), the LSE achieves the rate 2/ (2+7) [BM93]]. Namely, according to our definitions, the LSE is
minimax optimal when the class F is IP-Donsker.

In contrast, the minimax optimality of the LSE in the non-Donsker regime remains unresolved.
In a fundamental paper, [BM93] proved that in the non-Donsker regime, the rate of convergence of
the LSE is always at least as fast as #~2/7, and they also showed by example that this bound may
be tight. Namely, they observed that it is possible to design “unnatrual” function classes F where
the LSE provably achieves a risk of order 71/ (up to logarithmic factors). By unnatrual, we mean
classes there were designed in adversarial way to maximize the error of the LSE, and do not appear
in real applications or even in theory. Later, [Bir06] provided additional unnatrual examples of such
classes. As it was mentioned earlier, the minimax rate of estimation is still of order n—2/(2+p) and
therefore the LSE may be suboptimal in the non-Donsker regime.

Some important progress on this open problem has been made in the recent papers [KDR19;
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Han19; Car+18; Han+19]] (including a paper of the author of this thesis). Specifically, these papers
have shown that there exist “natural” non-Donsker families of functions where the LSE achieves the
minimax rate of order =2/ (2+7) among them: the class of bounded convex functions supported on
“smooth" domains in R? for d > 3, the class of multivariate isotonic functions over R? for d > 2,
and some other examples. Prior to our work, all known non-Donsker classes for which the LSE was
proved minimax suboptimal were somehow “pathological” in their nature.

We summarize this short discussion in the following observations:

Observation I: For a general non-Donsker class (F,IP), the risk of the LSE can be

n= 1P or n=2/(2+p) (or some intermediate rate); i.e. the LSE can be minimax optimal or

sub-optimal in the non-Donsker regime

Observation II: Unlike the Donsker regime, the minimax optimality of the LSE in the
non-Donsker regime is influenced by additional characteristics of the class besides its

entropy numbers alone.

This naturally leads to the following question:

Question. Are there “natural” non-Donsker classes in which the LSE attains a sub-optimal error

rate?

The first part of this thesis answers this question. We show that there exist “natural” function
classes for which the LSE attains the this sub-optimal rate. We provide geometric conditions on the
geometry of the model (F,P) which implies the sub-optimality of the LSE, and show that these are
satisfied by the class of convex Lipschitz functions when d > 5 and the class of support functions
of convex sets in R when d > 6, hence implying that the LSE is minimax suboptimal on these
classes. We discuss this result in §1.1] below.

This result resolves a long-standing open problem [GKMO6] on the sub-optimality of the
LSE on the problem of estimating a convex set in dimension d > 6 from noisy support function
measurements; see for example [GKMO06; \Gun12; SC19al].

A natural follow-up question is what may be the cause of potential suboptimality of the LSE (or

ERM in general) in the non-Donsker regime.
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Question. What is the reason for the potential sub-optimality of LSE in the non-Donsker regime?

The second part of this thesis gives insight into this question. First, we remind the classical

bias-variance decomposition of the mean squared error of an estiamtor f;:

Ep /(fn — £%)%dQ = Ep /(fn —Epfu)*dQ + /(Epfn — £*)%dQ, (1.10)

V(fn) B2(fu)

where Q = P in the fixed design setting and Q = IP in the random design setting. We refer to
the first term as the variance error term and the second term as the (squared) bias error term. Next,

we also define the maximal variance of an estimator f, as

V(fu, F,Q) := sup V(f,) = sup ]ED/(fn — Ef,)%dQ, (1.11)
freF freF

where Q € {P("),P}. In and Chapterbelow, we will show that in the fixed design setting
(under Assumptions [113), ERM has a minimax optimal variance error term up to a multiplicative

absolute constant, i.e.

V(fn, F,PMY) < M(F, PW). (1.12)
Furthermore, we will bound V(j?n, F,P) for various models in the random design setting. In
particular, we will show that if F is a non-IP-Donsker class (see Definition [5), then
V(fu, F,P) S M(n, F,P). (1.13)
Note that for IP-Donsker classes (see Definition {), the LSE is always minimax optimal; therefore
its variance error term is minimax optimal as well. This yields the following corollary:

Corollary (Informal). In the non-Donsker regime, the suboptimality of the LSE can only be due to

the bias error term.

Now is an appropriate time to inquire: Could our fixation on LSE and ERM procedures be

unnecessary? Specifically, are there generic estimators which can be applied to any model (F,P)
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and achieve minimax optimality? Alternatively, are there methods that can reduce the (potentially)
significant bias of LSE or ERM procedures?

Indeed, such estimators exist, including aggregation procedures, the star algorithm, and more
(cf. [[Yan04] and the discussion sections in [RST17] But these estimators have a significant
limitation: all of them are based on constructing a minimal e-net with respect to L(IP). As an
example, we present the simplest of these estimators, known as the sieve estimator [Gee00, Pgs.
184-185]. The main idea behind it is to restrict the LSE to choose elements in the €-net instead of

the entire class F. Formally, for each € € (0,1), we define

fe = argmin . . n LY (Y - F(X))? (1.14)
=1

1

where N is defined as the minimal e-net with respect to Ly (IP).

Intuitively, as € — 0, the approximation error (the distance between the true function f* and
the best approximation fZ to f* in N¢) decreases, while the estimation error (the average distance
between f,f and f[) increases. It turns out that there exists a choice of € that balances the two terms,
which is precisely the minimax rate €,, and j?,f* is a minimax optimal estimator.

However, this approach has the fundamental limitation that constructing such an e-net is in
general computationally hard; in most situations, the size of an €,-net is itself superpolynomial in
the number of samples 7, and lack of convexity in the optimization problem (I.14) means that it

usually cannot be solved in polynomial time. This motivates the following question:

Question. Does a minimax optimal algorithm exist for non-Donsker classes that is both minimax

optimal and has a polynomial runtime in the number of samples?

If such an algorithm exists and is relatively simple to compute, it could potentially replace
ERM procedures in practice. Settling this question could have significant practical implications.
Regrettably, despite numerous efforts and attempts, we have not been able to fully resolve this

question. However, we have achieved one advance which indicates that there might be hope for a

19T an forthcoming publication titled “Local Risk Bounds for Entropy Regularized Aggregation”, Prof. N. Zhivo-
tovskiy, and his colleagues provided an aggregation method that does not use e-nets. Nevertheless, it is important to
note that their procedure has a super-polynomial runtime in the number of samples.
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positive resolution in the future.

In the third part of this thesis, we introduce the first efficient minimax optimal algorithm for
the task of multivariate convex Lipschitz regression when the dimension d > 5 — which is a
non-Donsker class. In this task, the LSE is provably minimax sub-optimal (a result of the author
that was discussed above) and exhibits poor performance when tested in practice. Moreover, all
previously known algorithms (approximately a dozen) are either provably minimax suboptimal or
do not come with any statistical guarantees on maximum risk. We believe that all of them can be
proven to be minimax sub-optimal. We remark that our algorithm has a runtime of order nO(d)

which is polynomial in the number of samples for fixed dimension d; prior to our work all known

minimax optimal algorithms had an exponential runtime in #.

In the final part of this thesis, we move away from the notion of maximum risk, aiming to
estimate the statistical performance of LSE under the most optimistic manner, that is its minimal

error. Namely,

inf ]ED/(]/C; —f*)de/

freF
where Q € {P("), P},
Naturally, we aim to understand the following question: Is the minimal error of the LSE is
affected by the richness of the entire class J both in the fixed or random design setting?. In

this introduction, we only state our result in the fixed design, as in the random design it is more

complicated and requires more terminology.

In the fixed design setting, the answer to the aforementioned question is affirmative. Specifically,

for any fixed design measure IP("), under Assumptions we demonstrate the following:

: T _ 2 gpn) > 2
inf Ep [ = £ 72aP™) 2 W(F)2,

where Wy (F) := Ezsup . » Ly  &f(x;) (and remember that &y, .. ., &y ~ N(0,1)).
1.1.4a.
The quantity Wy (F) is known as the Gaussian complexity, which is a fundamental measure in
many fields, including mathematical statistics and high-dimensional geometry [Wai119;|/AAGM135]],

and will be used throughout this thesis. Roughly speaking, the Gaussian complexity measures the
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richness of the class in the fixed design setting. Therefore, the latter implies that the minimal error
(or the adaptive rate) of the LSE is lower bounded by the square of the Gaussian complexity of the
entire class.

Before we delve into the detailed results, let us outline the organization of this thesis and

introduce the common notation used throughout:

Organization: Chapter [2] and are based on [KRG20]. Chapter [3] and are based on
[KPR23]]. Chapter 4| and §I.3]are based on [KP22]]. Chapter[5|and §I.4]are based on [KR21].

Notation: The following notational conventions are used throughout this document:

» C, c with subscripts represent positive absolute constants. When these constants depend on
parameters such as p, p1, . . ., they will be denoted as ¢(p), C(p),...orc(p, p1), C(p, p1),- - -
Note that the values of these constants may change from line to line and from section to

section.

* P, signifies the uniform measure over Xy, ..., X;, where Xy, ..., X}, ‘f‘\:i I°. The notation
1.1.d.
|| - ||« is used to represent the Ly(IP("™)) norm in the fixed design setting, and Ly (IP,,) in the

random design setting.

* Standard big-O, (), and O notation is used, along with their parameterized versions Opl, er @p1
for some parameters p;. For example, O(nz) implies bounded above by Cn? for some ab-
solute constant C > 0, whereas Oy, (1?) implies bounded by C(p;)n® for some constant

C(p1) depending only on p;.

* The design points and the noise vector are represented in vector form as X := (X, ..., Xy)

and & := (&q,...,Cy), respectively. For any finite-dimensional vector v, ||v||o denotes its

Euclidean norm, and S9! denotes the unit sphere in R?, i.e. 571 := {v € R? : ||v|, = 1}.
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1.1 On the sub-optimality of least squares

Here, we give a new recipe for establishing a lower bound for the LSE’s risk in the non-Donsker
regime, both in fixed and random design. As an application, we complement the aforementioned
recent results by proving that there also exist “natural” non-Donsker families of functions, where
the LSE cannot achieve a rate faster than n~1/?, up to logarithmic multiplicative factors (such
as the class of support functions of convex bodies in R for d > 6). In other words, for these
non-Donsker classes, the LSE is provably suboptimal. In this introduction, we only define the class
of support functions on convex bodies in R? and presenting our sub optimality result on the LSE
when d > 6. In Chapter 2] below, we present our approach, which involves a technical result giving
general conditions on a function class under which one can prove a lower bound for the risk of the
LSE. This approach is quite technical in its nature and necessitates the use of additional statistical

notions.

The sub-optimality of least squares for estimating a convex set

The task of estimating a convex set from noisy support function measurements is a classical and
known task in non-parametric statistics and geometric tomography [GKMO06; Brul6; Brul3}|Gun12;
Fis+97; BGS15; SC19a]. First, let us define the support function of a compact convex set K C R4,
For any vector 1 € S%~1, where $?~1 is the unit sphere in R?, the support function hig : 89~ — R
is defined via

hg(u) = max (x,u).

The support function uniquely determines the compact convex set K and is a fundamental object in
convex geometry (see, for example, [Sch14} §1.7] or [Roc70, §13]). Consider now the problem of
estimating an unknown compact, convex set K* from observations (X1, Y1), ..., (Xy, Y;) drawn
according to the model:

Yi:hK*(Xi)‘l‘Ci fori=1,...n

where X7, ..., X, are design points (fixed or random) and {1, ..., &, ~ N(0,1). Recovery of K*
1.1.d.

is a fundamental problem in geometric tomography [PW90; Gar95]. The natural estimator in this
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problem is the LSE, here it is defined by

n

K, € argming ... Z; (Y; — hg(X;))*
i—
where C; denotes the class of all compact, convex sets in R?. Basic properties and algorithms for
computing 12,1 can be found in [PW90; LKW92] and [Kid+08]. Rigorous accuracy results for Kn
as an estimator of K* C By (here B, denotes the unit-Euclidean ball) were proved in [GKMO06].
Specifically, [GKMO6, Corollary 5.7] proved that, under the fixed design setting of any X, ..., X},
(fixed points) that form a well-separated set (i.e. a set of n points on the unit-sphere that are at least

c(d)n_lel far from each other),

(

n—4/(d+3) ford =2,3,4
R(hg,, Ca(1),P™) < O4(Bn) where By =  n=4/(+3) .logn ford =5 (1.15)
n—2/(d-1) ford > 6.

\

where IP(") denotes the uniform measure on these n-well separated points.

Complementarily, [Gun12]] proved that the minimax rate of estimation in this problem equals
@d(n_4/ (d+3)) for all d > 2. These two results combined imply that the least squares estimator K,
is minimax optimal for d = 2, 3, 4 and nearly minimax optimal (up to the logarithmic multiplicative
factor log n) for d = 5. However, there is a gap between the upper bound Od(n’z/ (d’l)) on the
rate of convergence of the least squares estimator (I.15)) and the minimax rate @d(n_4/ (d+3)) for
d > 6. This gap has remained open since the paper [GKMO6] where it was suggested that the upper
bound is accurate and that the least squares estimator is indeed minimax suboptimal for d > 6. The
goal of this section is to confirm the long-standing conjecture of [GKMO06].

Specifically, we will use our recipe that appears below, to prove that the LSE is suboptimal for
d > 6, in the sense that there exist sets for which the rate of convergence for LSE is bounded from
below by Qd(n_z/ (d_l)) up to a logarithmic multiplicative factor. Before, we state our theorem,
we denote by C;(1) := {K € C; : K C By}, and by U(S%~1) to be the uniform distribution on

gd—1
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Theorem 3. Letd > 6 and n > d + 1. Suppose that X1, ..., X, ~ U(Sd_l), then there exist a
1.1.a.
positive constants 7y depending only on d such that

R(hg,,Ca(1),U(S"™)) = Qa(n=*/ 14"V log(m) 7).

Note that h g, in not restricted to C4(1), i.e. it can return any convex set in RY. We emphasize
the our proof implies that the same bound will be valid for the restricted LSE over C;(1), hence
this result is consistent with our assumptions on non-Donsker classes that appeared above. The
proof of the corollary can be modified to hold for any fixed design of n well-separated points. The
modification will follow from the fact that n well-separated points are a discrete approximation to

the uniform measure on the sphere. Therefore, we settle the question in [GKMO06].

Remark 5. In the random design setting, our result is valid for any density g(x) on the sphere, such

that g(x) > ¢1(d) forall x € S9~1.

1.2 On the Variance, Admissibility and Stability of Empirical
Risk Minimization

The study of asymptotic consistency of Maximum Likelihood has been central to the field for
almost a century [Wal49]]. Along with consistency, failures of Maximum Likelihood have been
thoroughly investigated for nearly as long [NS48; |Bah58; |[Fer82]. In the context of estimation of
non-parametric models, the seminal work of [BM93|] provided sufficient conditions for minimax
optimality (in a non-asymptotic sense) of Least Squares while also presenting an example of a
model class where this basic procedure is sub-optimal. Three decades later, we still do not have
necessary and sufficient conditions for minimax optimality of Least Squares when the model class
is large. While the present work does not resolve this question, it makes several steps towards
understanding the behavior of Least Squares — equivalently, Empirical Risk Minimization (ERM)
with square loss — in large models.

Beyond intellectual curiosity, the question of minimax optimality of Least Squares is driven by
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the desire to understand the current practice of fitting large or overparametrized models, such as
neural networks, to data (cf. [BRT19; Bar+20]). At the present moment, there is little theoretical
understanding of whether such unregularized data-fitting procedures are optimal, and the study of
their statistical properties may lead to new methods with improved performance.

In addition to minimax optimality, many other important properties of Least Squares with large
models are yet to be understood. For instance, little is known about its stability with respect to
perturbations of the data. It is also unclear whether approximate minimizers of empirical loss enjoy
similar statistical properties as the exact solution. Conversely, one may ask whether in the landscape
of possible solutions, a small perturbation of Least Squares itself is a near-optimizer of empirical
loss.

In this part of the thesis, we provide novel insights into the aforementioned questions for convex

function classes in various settings. In details, we show the following:

1. We prove that in the fixed design setting, the variance term of ERM agrees with the minimax
rate of estimation; thus, if the ERM is minimax suboptimal, this must be due to the bias term
in the bias-variance decomposition (see Theorem [§in §3.4.1] below). We remark that this

result implies Eq. (I.12) that appeared above.

2. In the random design, using tools from empirical processes theory, we provide an upper
bound for the variance error term under a uniform boundedness assumption on the class (see
Theorem [I3]in §3.2.1]below). This bound also implies that under classical assumptions in
empirical process theory, the variance error term is minimax optimal (see Corollary f]in
§3.2.1]below). In particular, it also covers our definition of the “non-Donsker” regime (see
Def. [5|above), and therefore it implies Eq. (I.13)) above.

3. In the random design setting, we prove that under an isoperimetry assumption on the noise,
the expected conditional variance error term (in terms of the total law of variance) of ERM
is upper bounded by the “lower isometry” remainder, a parameter we introduce following

[BBMOS5; Men14]] (see Theorem [14]in §3.2.2] below).

Furthermore, under an additional isoperimetry assumption on the covariates, we prove that the
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variance of ERM is upper bounded by the lower isometry remainder on any robust learning
architecture (namely, a class that all its functions are O(1)-Lipschitz) that almost interpolates

the observations. (cf. [BS23]) (see Theorem[I5]in §3.2.2| below).

4. It is known that ERM is always admissible in the fixed design [Chal4; CGZ17], in the sense
that for any convex class JF, there is no estimator that can have a lower error than ERM (up to
a multiplicative absolute constant) on every regression function. We provide a short proof of
this result for fixed design via a fixed-point theorem (see Theorem [IT]and Corollary [2| below).
Using the same method, we also prove a somewhat weaker result in the random design case,

generalizing the main result of [Chal4] (see Theorem[16]below).

5. We show that ERM is stable, in the sense that all almost-minimizers (up to the minimax rate)
of square loss are close in the space of functions. This result is a non-asymptotic analogue
of the asymptotic analysis in [[CR06], and extends its scope to non-Donsker classes (see

Theorems [§] and [13] below).

6. While any almost-minimizer of the square loss is close to the minimizer with respect to
the underlying population distribution, the converse is not true. We prove that for any non-
Donsker class of functions, there exists a target regression function such that, with high
probability, there exists a function with high empirical error near the ERM solution; this
means that the landscape of near-solutions is, in some sense, irregular (see Theorem [12]

below).

1.3 Efficient Minimax Optimal Estimators For Multivariate
Convex Regression

Let Q) be a convex set in R? that lies in the (Euclidean) ball with radius one, denoted by By, i.e.
Q) C By; and let F(Q)) be the class of all convex functions that their domain is Q). In this part, we

consider the following sub-classes of F(Q)):

1. FL(Q) - the class of convex L-Lipschitz functions supported on a polytope ().
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2. F r(Q) — the class of I'-uniformly bounded convex functions supported on a polytope ().

These tasks are known as L-Lipschitz convex regression [SS11] and I'-bounded convex regression
[HW16], respectively. For reasons that will become apparent later, we always take d > 5 (which,
unsurprisingly, corresponds to the non-Donsker regime of these tasks, see Definition [5). In our

work, we further assume that IP satisfies the following condition:

Assumption 6. P is uniformly bounded on its support by some constants ¢(d), C(d) > 0, namely,
c(d) < ‘%’(x) < C(d), for all x € Q. Furthermore, P is known fo us (i.e. we know the density of

IP on each point in Q)).

Convex regression tasks have been a central concern in the “shape-constrained" statistics
literature [DL12]], and have innumerable applications in a variety of disciplines, from economic
theory [Var82|| to operations research [PT03] and more [Ball6]]. In general, convexity is extensively
studied in pure mathematics [AAGM135], computer science [LVO7], and optimization [BBV04]. We
remark that there is a density-estimation counterpart of the convex regression problem, known as
log-concave density estimation [Sam18;|CSS10], and these two tasks are closely related [KDR19;
KS16].

Due to the appearance of convex regression in various fields, it has been studied from many
perspectives and by many different communities. For example, in the mathematical statistics
literature the minimax rates of convex regression tasks and the risk of the maximum likelihood
estimator (MLE) are the main areas of interest; an incomplete sample of works treating this problem
1s [[Gunl12; |[GS13; (Gar95; (GW17; KRG20; Han19; Brul3j [DSS18; IDKS16; [Car+18; [ KDR19;
BGS135]]. In operations research, work has focused on the algorithmic aspects of convex regression,
1.e., finding scalable and efficient algorithms; see, e.g., [Gho+21; Brul6; |OC21; SC21; Ball6;
Maz+19;|(CM20; BM21} Sia+2 1} [Sim+18; HD 12; |Bla+19; LST20; CMS21j; Bal22]. Initially, convex
regression was mostly studied in the univariate case, which is now considered to be well-understood.
Multivariate convex regression has only begun to be explored in recent years, and is still an area of

active research.

The naive algorithm for any variant of the convex regression task is the LSE, which is defined
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via
. . 1
fn € argming, Z(Yi — f(Xi))z,
i=1

where F = F7(Q) or F = FT(Q) in our convex regression tasks. From a computational point of
view, the LSE can be formulated as a quadratic programming problem with O(nz) constraints, and
therefore can be computed in polynomial runtime in #n [SS11;|[HW16[]; however, the LSE has been
seen empirically not to be scalable for large number of samples [CM20]].

From a statistical point of view, the minimax rates of both of our convex regression tasks are
@d/ng(n*d%) and @d/rlalg(n*d‘lﬂ) (respectively) for all d > 1 [GW17; Bro76;[YB99||. The LSE
is minimax optimal only in low dimension, when d < 4 [BM93]], while for d > 5 it attains a
suboptimal risk of C:)d(n_%) [Kur+20]). The poor statistical performance of the LSE for d > 5 has
also been verified empirically [GKMO06; Gho+21]]. There are known minimax optimal estimators
when d > 5, yet all of them are computationally inefficient. Moreover, all of them are based on
some sort of discretization of the relevant function classes, i.e., they consider some e-nets (see
Definition [2] above). In our tasks, these algorithms require examining nets of cardinality that is
exponential in the number of samples, and are thus perforce inefficient [RST17; Gun12].

The empirically-observed poor performance of the LSE and the computational intractability
of known minimax optimal estimators have motivated the study of efficient algorithms for convex
regression with better statistical properties than the LSE; an incomplete list of relevant works
appears above. However, previously studied algorithms are either provably minimax suboptimal
or do not provide any statistical guarantees at all with respect to the minimax risk. We would
however like to mention the “adaptive partitioning” estimator constructed in [HD13|], which is the
first provable computationally efficient estimator for convex regression which has been shown to be
consistent in the Lo, norm. The authors’ approach is somewhat related to our proposed algorithm,
but it is unknown whether their algorithm is minimax optimal.

Our main results are the existence of computationally efficient minimax optimal estimators for
the task of multivariate Lipschitz convex regression and bounded convex regression under polytopal

support. Specifically, we prove the following results:
Theorem 4. Let d > 5 andn > d + 1. Then, under Assumption |} for the task of L-Lipschitz convex
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regression on a convex polytope ) C By, there exists an efficient estimator, f1 ,, with runtime of at

most no(d) such that
R(frn FL(Q),P) < (0 + L) log(n)"@) + C(Q)n*ﬁ log(n)?"@), (1.16)

where h(d) < 3d and C(Q)) is a constant that only depends on the polytope QH

Theorem [] gives a minimax optimal estimator in many natural cases; e.g., it applies when the
polytope () is assumed to have only C(d) vertices or facets, where C(d) is a constant that only
depends on d; this class includes, for instance, the unit cube, the simplex, and the ¢1 ball. Then by
[McM70], the second term in our bound is of order 6d(n_ﬁ ), which is strictly smaller than the

_ 4
minimax rate @ (n~ 7+1).

Remark 6. In the future extended version of the manuscript that this part is based on, we remove the

redundant term that depends on (). Specifically, we show that
R (i, FL(Q),P) < (04 L)?n~ 5 log ()"

for any convex domain () C B. The proof for an arbitrary convex body () involves a technical (and
quite standard) detour through tedious techniques in stochastic geometry, and is therefore omitted

in this version.

Our second main result, concerning bounded convex regression, is proved in the same way as

Theorem 4] using the entropy bounds of [GW17].

Theorem 5. Lerd > 5and n > d + 1. Then, under Assumption|6 for the task of T-bounded convex

regression on the polytope () C By, there exists an efficient estimator, ]/CT'”

04(n° @) such that

, with runtime of at most

R, FL(Q),P) < C1(Q) (0 +T)?n~ 71 log(n)"),

where h(d) < 3d and C1(Q)) is a constant that only depends on Q).

Specifically, it depends on the flags number of polytope Q) (cf. [RSW19)).
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As we mentioned earlier, for both of these two tasks the minimax rate is of order n_d%, SO up
to polylogarithmic factors in 7, the above estimators are minimax optimal. We note that in Theorem
the dependence of the constants on the polytope (2 is unavoidable (differently from Theorem [4).
This follows from the results of [GW17; HW16], in which the authors showed the geometry of the
support of the measure IP affects the minimax rate of bounded convex regression. For example, in
the extreme case () = By, the minimax rate is of order n_#, which is asymptotically larger than
the error rate for polytopes; thus, if we take a sequence of polytopes (), which approaches B, the
sequence of constants C((),,) will necessarily blow up.

We consider our results as mainly a proof-of-concept for the existence of efficient estimators for
the task of convex regression when d > 5. Due to their high polynomial runtime, in practice our
estimators would probably not work well. However, as we mentioned above, the other minimax
optimal estimators in the literature are computationally inefficient, and they all require consideration
of some net of exponential size in 7; our estimator is conceptually quite different. We hope that
insights from our algorithm can be used to construct a practical estimator with the same desirable
statistical properties. From a purely theoretical point of view, our estimators are the first known
minimax optimal efficient estimators for non-Donsker classes for which their LSE are provably
minimax suboptimal in L(IP). Prior to this work, there were efficient optimal estimators for
non-Donsker classes such that their corresponding LSE is provably efficient and optimal (such as
log-concave density estimation and isotonic regression, cf. [KDR19; |Han+19; |Han19; PS22]). Our
work should be contrasted with these earlier works. We show that it is possible to overcome the
suboptimality of the LSE with an efficient optimal algorithm in the non-Donsker regime - a result
that was unknown before this work.

We prove Theorems ] and [5]in Chapter [4] below, we remark that the proof of Theorem [5|uses the
same method as that of Theorem {4} along with the main result of [GW17, Thm 1.1]. We conclude

this part with the following remarks:

Remark 7.

1. We conjecture that the estimators of Theorems 4] and [5|are minimax-optimal up to constants

that only depend on d, 7, i.e the. log(n) factors are unnecessary.
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2. Our estimators’ runtime is of order 79, which is significantly higher than the Od(nz)

runtime of the suboptimal Least Squares.

3. When d > 5, one can show that when f* is a max k-affine function (restricted to P C By),

i.e. f*1p(x) = maxj<j<xa; x + b;, our estimator attains a parametric rate, i.e.

~ (C(P,k
E/(F — f*)%dP < Oy (%) :
When d < 4, [HW16] showed that LSE attains a parametric rate as well. However, when
d > 5, the LSE attains a non-parametric error of @d(C (P, k)n_4/ d) ([Kur+20]; for a more
general result see [KR21]]). Therefore, our algorithm has the proper adaptive rates when

d > 5; see [[Gho+21] for more details.

4. An interesting property of our estimator is that the random design setting, i.e. the fact
that data points X1, ..., X, are drawn from IP rather than fixed, is essential to its success,
a phenomenon not often observed when studying shape-constrained estimators. Usually
these estimators also perform well on a “nice enough" fixed design set, for example when

O=[-1/2, 1/2]d and Xy, ..., X, are the regular grid points.

1.4 On the Minimal Error of Empirical Risk Minimization

Suppose a “simple” class H of models captures the relationship between the covariates X and the
response variable Y. Inspired by the use of overparameterized models, we may take a much larger
class H C JF for computational or other purposes (such as lack of explicit description of ) and
minimize training loss over this larger class.

It is natural to ask whether the learning procedure can adapt to the fact that data comes from a
simple model f* € H, in the sense that the prediction error depends on the statistical complexity
of H rather than /. We do have positive examples of this type: the least squares solution over
the class of all convex functions JF on a convex compact subset of RY (with d < 4) automatically

enjoys the faster “parametric” rate 6(1 /n) of convergence to the true regression function f* € H,
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where H constitutes the k-max affine convex functions with k = O(1) pieces. This rate should be
contrasted with the slow non-parametric rate @ (n~%/(#+4)) when the true regression function is
‘complex’ and cannot be approximated well by a piece-wise linear convex function.

How generic is this phenomenon of automatic adaptivity of empirical minimizers to simplicity
of the true model? An affirmative answer would lend credibility to the practice of taking large
models, whereas a negative answer would necessitate the study of conditions that can make such
adaptivity possible.

This papt of this thesis, studies the fundamental limits of adaptivitiy of LSE in the setting of
nonparametric regression, in both random and fixed design. In contrast with the standard minimax
approach to lower bounds, which may hide the true performance of LSE on simple models, we focus
on lower bounds that hold for any (rather than the worst-case) regression function in a given class.
In the fixed design setting, we show that—informally speaking—for rich classes ', dependence on
the global statistical complexity of the class is unavoidable, as it controls the error of LSE for any
true regression function f*, no matter how ‘simple’ it is. In contrast, in the random design case, the
situation is more subtle. Somewhat counter-intuitively, we show that for rich classes J, adaptation
to the simplicity of f* may only be possible if the local neighborhood of f* in F is nearly as
rich as the class F. This finding can be viewed through the lens of recent results on interpolation
[BRT19; BHM18; Bar+20; |[LR20]. In these papers, the solutions can be seen as ‘simple-plus-spiky’
[Wyn+17] with spikes responsible for fitting the training data without affecting the error with
respect to the population. Since in these models there are enough degrees of freedom to fit any noisy
data, the effective function classes have rich local neighborhoods. In such cases, it is still possible
that “overfitting” to the training data does not result it large out-of-sample error. Conversely, we
show that—again, informally speaking—if f* is embedded in a local neighborhood in F with low
complexity, the empirical minimizer will necessarily be attracted to a solution far away from f*
with respect to the out-of-sample loss. This finding initially appeared counter-intuitive to the author

of this thesis. We discuss and provide the main results (and their proofs) in Chapter [5|below.
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Chapter 2

On the Sub-Optimality of Least Squares in

the non-Donsker Regime

In this chapter, we will provide our general recipe to prove a lower bound of order n=? on the
risk of the LSE (as we promised in . In this chapter, <, 2, <, denote equality/inequality up to
a multiplicative constant that only depends on p (or d in the case the support function of convex
functions).

In order to provide a good intuition for this recipe, we begin with describing our approach which

motivated our novel technique:

Sketch to our approach: First, as we discussed in the preceding chapter, the minimax rate for
a function class (F,P) is determined by its e-entropy numbers, which is a measure of the global
geometry of (F,IP). However, the error rate of the LSE on a function f* is determined by the local
“complexity” (which will be the Gaussian complexity) of F in the neighborhood of f* (cf. [Chal4]).
The possible disparity between this local “complexity” for certain choices of f* and between the
global geometry is the engine behind our result. To explain what we mean requires the introduction
of an additional notion, the Gaussian complexity, which is tightly linked to the metric entropy and

to the error of the LSE. As a warm up, we first provide a rough sketch of our recipe.

First, recall that definition of the Gaussian complexity, that is defined for aclass G C {X — R}
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and n data points x1,...,x, € X, as

WilG) = Esup - Y &if (x), @

feg ni3
where &1, ...,Cn ~ N(0,1). We denote the t-neighbourhood around fy (in terms of Ly (IP("))) by
1.1.a.
Bu(fo.t) :={f € F:|If = folln < t}.

Our main tool for lower-bounding the risk of the LSE is a result of [[Chal4]] which states that the

error of the LSE on an underlying function f* is given by e% sp» Where

€LsE = argmax,., Hy«(€), (2.2)
where )
Hy.(€) = Wx(Ba(f*,€)) — % 2.3)

It turns out that the function H+ (€) is strictly concave —indeed, it is easy to see that Wy (B, (f*, €))

. . 2. .
is concave by the convexity of F, and —% is certainly concave.

Recall that the entropy numbers of a non-Donsker class (see Definition [5] above) behaves as
_2

log NV (e, .7:,113(”)) = €~ " for some p > 2; and the minimax rate is given by €2 < n~ 7+2, Hence,

in order to show that the LSE is suboptimal on a given class F, we must find some function f* € F

_ 1
such that the € maximizing (2.2) is asymptotically larger than n  7+2.

Our strategy for doing this is as follows: we find a function fy € F whose local complexity is
“large” at the scale n =17, i.e., Wy (By(fo,n"1/?)) = n~1/P, and another function f(n) at distance
of order n~ /27 from fy such that W, (B, (fony) ) S n~1/2Pt for t < c;n~1/2P. (This sketch is

valid up to polylogarithmic factors in the number of samples.)

For large enough C > 0, the C - n~1/?P-neighborhood of f(n) contains an n~ 1 P-neighborhood
of fo and hence its width is bounded below by Wy (B, (f,n"1/7)) > n=1/P_ At first glance, this
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does not seem to control the behavior of the function

2
€
Hy,, (€) = Wa(Ba(fy €)=
for e < n=1/2P, since n~ /P and (n_l/ 2p )2 have the same asymptotic order. However, using the

fact that the function t — W (By(f(,), )/t is decreasing (under Assumption , we are able to

obtain that wa (Cin~1/2P) > Con~ 1P for some other constants Cy, Cs.

On the other hand, using the lower bound W (B (f(,), t)) < Can= /2Pt for t < cn~1/2F one
obtains

Hy,

o (@727 SW(By(finy, C - 1/2P)) < Can™ V2P con ™12 = ¢pCan ™17

and choosing ¢, small enough one obtains that H Fon) (con=1/2P) < H fon) (Con=1/2P), which implies
by the concavity of Hy  that argmax, Hy, (€) > con~ /2P > n=1/(r+2) and hence that the

squared error of the LSE on f(n) € F is asymptotically larger than the minimax rate, as claimed.

We make two further remarks to guide the reader before proceeding to the formal statement of
our assumptions and results. First, in order to study the Gaussian complexity of different subsets
of F, we use standard inequalities — Sudakov’s and Dudley’s inequalities — which connect the
Gaussian complexity of a set to its entropy numbers; it is often much easier to compute the entropy
numbers of a set than to bound the Gaussian complexity directly. Thus, the assumptions under

which our general theorem (Theorem [6]) holds are phrased in terms of entropy numbers.

Second, in the application of our general results to the class of support functions of convex
bodies, the choice of fj and f(n) is quite natural — f is simply the support function of the Euclidean
ball, while f(n) will be the best polytopal approximation to the ball with /7-vertices. This concludes

the sketch of our approach.
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2.1 The Sub-Optimality Recipe

We start by stating assumptions that imply sub-optimality of LSE in a fixed design. Then, we extend
these assumption to the random design setting. Later, these assumptions will be verified in the case

of support functions of convex sets in IR%.

Assumption 7. [S.0. Assumptions: Fixed design] Let p > 2 and n 2 1. Assume there are two
functions fo, f(n) € F such that for some B,y > 0,

log N (€, Bu(fo,2€),P"™) > 7P Ve >n""Plog(n). (2.4)

Furthermore, suppose

_1
| fn) — folln S % log(n) v, (2.5)

where s, = ¥(5 — 1), and either

p p
log N (e, Bn(f(n),t),lP(”)) < Vnlog(n)Psr <log%) (£> (2.6)

€

_1 _L _B_Zpy
foreveryn 7log(n)~°rr Se<t<n Zlog(n) 7 2 oraweaker condition

We(Bu(fimy £) < 1% log(n) 7507t @

35;7,’}/

1 _B_
for somet <n %log(n) 72 holds.

The following theorem establishes that under the aforementioned assumptions, the rate of

convergence of the LSE is bounded below by n~1/7, up to a poly-logarithmic multiplicative factor.

Theorem 6. Let n > 1 and (F, ]P(”)). Then, under Assumptions and Assumption @ for some
p > 2, the following holds:

—~ 2B
R(Foy F, P > 0™ v log(n) "7 .

We shall next extend Theorem [6] to the random design setting. Recall that in this setting, the
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design points X1, ..., X, ~ IP and we denote by IP,, the random empirical measure of X, ..., X,
l1.d.
and || - ||, denotes the Ly (IP,,) and || - || denotes the Ly (IP) norm.

It is sufficient for our purposes to establish a quasi-isometry with high probability, i.e.

Vi,geF, 27U f —glln—dn < |f —gll <21If — glln + dn, (2.8)

for some remainder d,, that decays to zero with increasing 7. In the case of uniformly bounded
functions, sufficient conditions for the two-sided inequality can be found in the literature on
local Rademacher averages (see e.g., [Bou02; BBMO35]]), while the right-hand side of (2.8)) holds
under weaker conditions [KM13; Men14; Menl17]. For the purpose of proving lower bounds for
random design, however, we need the more demanding left-hand side of (2.8). Hence, we shall
assume that functions in F are uniformly bounded.

In addition, we assume the following:

Assumption 8. The growth of Koltchinskii-Pollard entropy for all € € (0, 1) satisfies the following:

sup sup logN(e, F,Q) = logN (e, F,P) (2.9)
neN QeP, (F.P)

where P, denotes the set of all probability measures supported on finite subsets of X’ of
cardinality at most 7. Under this assumption, with high probability d, < (log n)>n~1/P [RST17].
This will allow us to reduce the random design setting to a fixed design and use Theorem|[6] since
the remainder (d,,)? is of the lower order than n=1/7.

To establish a lower bound for LSE in random design, we may verify that above assumptions
(2.4), (2.5)), (2.6) hold with high probability for random measures IP,, and employ near-isometry for
the distance between LSE and the regression function. Alternatively, it may be easier to verify the

corresponding assumptions in the population. We now state this latter approach.

Assumption 9. [S.0. Assumptions: Random Design] Let p > 2. Assume there exists a function

fo € F such that for every integer m 2 1, there exists f(,,) € F such that

log N (¢, B(fo,2¢),P) 2 e 7 Vee (0,1) (2.10)
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and

_1
| fimy — foll Smv. @2.11)

Furthermore, for some p > 0

p p
log Njj(€, B(f(m), t),P) Sm (logl) (—) , (2.12)

€ €
for every 0 < € < t < log(m)=P/Pm=1/p,

We remark that Assumption (2.10) is satisfied for non-Donsker classes of functions (cf. [YB99,
Lemma 3] for the proof of existence). The following is our lower bound for the random-design

setting:
Corollary 1. Let n > 1 and (F,P). Then, under Assumptions @] and Assumption @] for some
p > 2, the following holds:

—~ B
R(fn, F,P) 2 nié 10g(n)72773(%71).

Y

Remark 8. In some cases it may be possible to relax Assumptions [§|and [4]in Corollary[I} For exam-

ple, when (F,P) satisfies a small-ball condition or Lj-L4 entropy condition [Men14; Kur+20]).

The ideas behind our assumptions: Equation (2.10) says that the neighborhood around fj has
high “complexity”. Next, Equation (2.11)) states that fy is approximated by f(n) up to the accuracy
n~1/? for every n. Finally, Equation (2.12) captures the “simplicity” of the functions f(n) in relation
to the complex function fy satisfying (2.10). Note that when t = O(e), the right hand side of
(2.12) is logarithmic in € (assuming that 7 is not too large) while the right hand side of (2.10) is
polynomial in 1/€. Thus the local neighborhood of f(n) is smaller than that of fj and in this sense
f(n) is simpler than fo. Note also that there is a factor of m on the right hand side of which
means that the complexity of the functions f(n) increases with n. There exist natural non-Donsker
function classes J which satisfy (2.10), (2.11)) and (2.12)). For example, we show that the class of

support functions of compact convex sets in R? satisfies these properties with fo being the support
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function of the unit ball, and f(m) the support function of a regular polytopal approximation to the
unit ball with m vertices. In a twin paper of the author of this thesis [Kur+20]], provide more classes
that satisfy these properties.

The proof of Theorem @ will reveal that ﬁl achieves the rate n~1/7 (up to logarithmic factors)
when the regression function is in the class { f(m), m > 1}. In fact, the specific function achieving
the rate n~1/7 is f* = f(m) for m < y/n. Itis interesting to note that for m < \/n and t < n=1/2r,
the local neighborhood By, ( f(m), t) has the same metric entropy as the right hand side of (2.10). Our
main technical insight is that the sub-optimality occurs at a function f* = f(m) instead of perhaps a

more natural candidate function such as fy (we actually believe that the rate at fo may be equal to

0, (nfz/(2+p) ).

2.1.1 The non-Donsker regime — revisited

The recent results on families in the non-Donsker regime [KDR19; Han19; |Car+18; Kur+20;
Han+19]] and the our results, the LSE may be optimal or sub-optimal in the non-Donsker regime
for natural classes of functions, even if uniformly bounded. These results also indicate that LSE
achieves a risk that equals to the Gaussian complexity of the class, up to a constant that depends on
dimension. Namely, in contrast to the Donsker regime, there is no localization. In the problem of
convex regression with uniformly bounded functions and Euclidean ball as domain, as well as in
multiple isotopic regression, the minimax rate equals to the Gaussian complexity of the family. In
contrast, by Theorem [3] for support function regression and for convex uniformly bounded regression
(or Lipshitz-convex regression) with support on the cube [Kur+20], the Gaussian complexity differs

from the minimax rate.

2.2 Proofs

Notation Throughout this text, ¢, C with subscripts are positive absolute constants that do not
depend on the dimension d. Additionally, positive constants that only depend on the dimension or

on p are explicitly denoted, respectively, by ¢(d), C(d),c(p), C(p). These constants may change
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from line to line, and from section to section O(-), C)(-) denotes behavior up to logarithmic factors

», which represents the Euclidean norm in R¥.

in 7 or €. Also, remember the notation || -

2.2.1 Proof of Theorem

Our main technical tool is the following important result of [Chal4] which gives sharp upper and
lower bounds for the accuracy of an LSE over a convex family of functions in the fixed-design

setting. We use the following notation in this result.

Theorem 7. [[/|Chal4, Theorem 1.1]] Let F be a convex family of functions and consider the LSE

for the fixed design setting. Let

2
tr = argmax,.,Hy(t) where Hg(t) := Wx(Bu(f, 1)) — 5 (2.13)
Then, t¢ is unique, H f() is a concave function, and we have
Pr {0.55% < |Ilfu—fI < 2tj%} >1-3p, (2.14)

where p, = exp (—cnt}).

The proof of Theorem [f]is reduced to the following “two points” lemma that is mainly based on
Theorem The notation f,, is to emphasize the fact that f,,) is a function that is chosen based on

the number of samples.

Lemma 1. [Lower bound for fixed design] Let fO/f(n) € F, andry, > CnY%,6,,wy, s, be

positive constants. Also, let w), = max{%, wy, }, and assume the following:
* W(Bu(fo,sn)) > V%
* | ftny = folln < 0, and 1y < 26, 50 < 6.
* Wr(Bu(f(n),t)) < wyt for some t < ﬁ.
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Then, when Y; = f(,)(x;) + &, the following holds with high probability

8 4
a 2 : n Ty
1 fn = fmlls = c-mm{%,g}.

4
Proof of Lemma By Theorem it is enough to show that ¢ Fon) is greater than I 6;§w . Namely,

T First, using the second

1652w,

the functional H Fon) (+) attains its unique maximum on a ¢ fon >

assumption and the upper bound on ¢,,, we see that

Bu(fo,sn) C Bn(f(n)/ Hf(n) — folln +su) C Bn(f(n)rZ‘Sn)-

By the convexity of JF, the function t — Wx(By(f(,),t))/t is nonincreasing. Therefore, by the

first assumption and the above inclusion, for all { < 24,

2
rn
Wx(Bn (f(n)/ t)) > Et-
2
Now, by the last equation and the second assumption, we know that for {{ = 2r_”n < 26,
2 )2 2 )2
g (&) 7 (), n

2
S g 1Y) — > T () _ > :
H (35, = WalBulfnyr 25.)) 2 <25, (25,) 2 T 852

Finally, by the last assumption, we know that for t, = 1657+w’ < t1 the following holds:
r rk r r

)y < )2 < = )
Hf<n>(16(sgw,g) < WaBulfn). 16(5,%70;1)) = Unle02u, ~ 1602

4
r?l
Teotar and the

claim follows from Theorem [71 ]

Since H Fon () is concave in ¢, we conclude by the last two equations that ¢ fon) >

In addition to Lemma (I, we need the following two standard facts (which can be found, for

example, in [Kol11])) to prove Theorem [6]
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Lemma 2 (Sudakov Minoration). There exists a universal positive constant ¢ > 0 such that the

following holds for any class F of real-valued functions:

Wi (F) >c- supe\/log/\/'(e,}",]l’(”))/n.

e>0

Lemma 3 (Dudley Integral). There exists a universal positive constant C > 0 such that the

following holds for any class F of real-valued functions:

1 DiamP(n) (‘7:) /2
< C-i — (n)
Wi(F) <C 611>1£ <€—|— \/ﬁ/e \/logN(u,]-",]P )du) ,

where diamp) (F) is the diameter of F with respect to L>(IP(),

Proof of Theorem|[6, We aim to apply Lemmal(I} In order to satisfy its first assumption, we need to

estimate the Gaussian width of B, (fo, C3n~1/Plog(n)?). By Lemmaand Eq. (2.10)

Wi (B (fo, Can~ P log(n)7)) > < sup {e\/log/\f(e, By (fo, an—l/Plog(n)“Y),H)(”))}

e>Cin~YPlog(n)r

9

> es(p)n 7 log(n) 15,
(2.15)

where we chose € = C;(p)n~1/?log(n)?. Now, we aim to upper bound Wy (B, (f(n),t)) when



for some suitable ¢1(p). By using Lemma[3] and Eq. (2-T1)), we see that

Wx(Bu(f(n),t)) < Cinf (e + % /et \/log./\/(u, Bn(f(n),t),]P(n))du>

e>0
1 B %
t % 3(5-1) -1yp
< Cinf €+C2(P)/ (fn v log(n)z'z~log(u )”) i
e>0 \/ﬁ € u

(2.16)

NI

€

% —1 14 1(3_1)
< Cinf | e 1 &) (W" log(e~1)7 log(n) 3 (4

£

B
< Ca(p)n #log(n)r 14,

1 7P B\ 2
% log(m 3B 10g (41
where in () we used the fact that p > 2, which implies that [ et (tn P log(n) i log(u™ )" ) du <

p
1 p B\ 2
3, 51 Jog (1) 7

C feze <tn log(n) i log(u"") ) du; and set

)

N2

B
e = Cy(p)n™ ¥ log(m) 75Dt = Cy(p)n 7 log(m) 15D,

Hence, it is enough to assume (2.7) in place of (2.6). Finally, we can apply Lemma [I] with the

following parameters:

35-1) . 5

— - vYny

1 ~
1 f(n) = folln < c1(p)n 27 log(n)
where we used Eq. (2.6). Also, we sets, = C5(p)n~/?log(n)7,
7 = min{es(p), c1(p) /8}n 7 log(n) 71

and

W, = C4(p)n_$ log(n)
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Therefore, Lemma|l|gives that

R(fu, F,P™) > c5(p)

and the claim follows. [

2.2.2  Proof of Corollary 1|

The following is an almost immediate consequence of [Gee00, Thm 5.11] (see §2.3|below).

Lemma 4. Let G be a family of functions uniformly bounded by one, and IP be some probability
measure. For any f € G andt > 0, let e(f,t) be the stationary point of

% /é‘t \/IOgNH(u,B(f,t),]P)du =6

for some absolute constant ¢ > 0. Then, for any € > €(f, t) the following holds with probability of

at least 1 — C exp(—cne?):

Wi(B(f, 1)) Se+t-n /2

PY(pP

Proof of Corollary First, we take m = C(p)+/nlog(n)2 (2= in Z.11)) and set fny == fim)-
By using Eq. (2.8) and the estimate d, < (log n)>n~1/P from [RST17], we see that with high
probability,

_1 _ 1 Y(P_
1 fow) — folln < 20| fmy — foll + Clog?(n)n ™ < n” % log(n) 22~V

Thus Eq. (2.5) holds for f,). Next, by using Eq. (2.8), it is easy to see that Eq. (2.4) hold with
v = 2. It remains to show that (2.7)) holds.
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First, by (2.8), we know that for > Cd,, the following holds:

Wa(Bu(finy t)) < Wa(B(f(n), 2t +dn)) < Wx(B(f(n), 4t)).

To estimate the last term, we use our bracketing assumption along with the uniform boundedness of
functions in F. These assumptions let us apply Lemma {4 that yields an upper bound on this term.

In order to upper bound &( f(,,), 4t) (the fixed point of Lemma , we use Eq. (2.12) and derive that

<>
NI

B
%/‘” tnﬁlog(n)%(%’l)log(u_l) gy < 1 tnﬁlog(n)?log(n)%(%’l)
nJe

u ~Vn €

where in the last inequality we used the fact that p > 2 and € > 1/n. Setting the right-hand side

equal to &, we find an upper bound on the fixed point

B
e(fy 4t) S 7 logr 2 (),

SSP/Y

1 _B_SBspy
We now set t < n Zlog(n) » 2 and apply Lemmawith £ = n_l/f’log(n)_“Y(F’/z_l),
concluding that with probability of at least 1 — C exp(—ﬁ(nl_z/ )

W (B(fn),4t)) Sexn

Hence, all the assumptions of Theorem [6] hold with high probability. Therefore, by Eq. (2.8)) and

Theorem [6] we conclude that

1fo = 117 >

2

a * 1.~ *
I FIB — 22 > L7 - £

log(n)i%isy(gil),

S B

==

and the claim follows. O]
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2.2.3 Proof of Theorem

Throughout this subsection P := U(Sd_l). In this proof we will use the following auxiliary

lemmas:

Lemma 5 ([Bro76} |[Dud99|]). The following holds for all 0 < € < 1,
2% < log V> (€,C4(1),P) <log N« (€,C4(1)) < Cds/2e= "7,

where log N« (€,C4(1)) denotes covering with respect to || - || o

Lemma 6 ([Bro76; Dud99]). Let hp, : S?-1 s R be the support function of the unit ball in RY,
namely the constant function hg, = 1. Then for any 0 < € < c, there exists a set of cardinality
M(e, d) > D10~ e (@172 of convex functions on $%=1, denoted by hy, .. - MKy gy that has the

following properties:
- V1<i<j<M(ed): g — gl > e.
V1 S i S M(€,d).’ ||th — thH S 8e.

Definition 6. We say that f : R — R is a k-piecewise simplicial linear if f is a convex piecewise
linear function and its support can be written as a union of k-simplicials, and f is linear in each of

them.

For the following lemma, let P; be the regular simplex with d 4 1 faces that contains the unit

Euclidean ball, with vertices at distance d from the origin, and let

F(,Py):={f:Ps—R: fisconvex function and || f||c < T }

Lemma 7 (Theorem 4.4 in [Kur+20] ). Let fi € F (T, Py) be k piecewise simplicial linear. Then,
the following bound holds for 0 < € < t:

Ny (€, Bunit(fi 1), Unif) < C(d) (t/€)*?1og™t! (e—l) log(T),
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where Bupnit(fx, t) C F(I, P;) and Unif denotes the normalized Lebesgue volume measure on P,.

In order to prove Corollary |3} we first prove that when we restrict the LSE to C(Cy - d) (here C;

1s some absolute constant) we achieve the desired bound:
Lemma 8. For everyd > 6,n > C(d), the following holds

n
argming cc(c, 4) Yo (Y —hk(X 2> c(d) logW(n)n_%, (2.17)
i=1

whenever K* € Cy(1).
Then, in Subsection [2.3.2] we prove that with high probability,
. 2 . 2
argming . Y _ (V; — h(X;))" = = argming ¢ (c,.4) Y (Vi —hy(X
i=1 i=1

whenever K* € C4(1), and therefore Corollary [3|follows.
Proof of Lemma(8} Let /g € C4(1) and t > 0, denote by

B(hg,t) := {L € C(C1 -d): HhK —hL” < t}.

We will need the following Lemma (its proof appears in Section [2.3.1)).

Lemma 9 (The regular polytope lemma). For every m > 49,d > 2 there exists a polytope

P,, 4 C By with m vertices that satisfies the following:

2

1 ||hp, ,(x) = 1fec < Cym~ 71

2. log Ny (€, Bp(hp, ,,t),P) < C(d)mlog(e 1) (t/e)"V/2 forall0 < e <t.

Now, observe that the family is uniformly bounded by C; - d. Therefore, we can invoke Corollary
with f,,) = hp, .. B = d, fo = hp,, and p = "12;1. By Lemmas @ and @ we satisfy all
the corollary’s assumptions (observe that an upper bound on co-covering implies that Koltchinski-
Pollard entropy satisfies the same upper bound). Thus R (/1 g, Ca(1),P) > ﬁ(n_ﬁ), and the

claim follows. ]
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2.3 Loose Ends and Missing Parts

Proof of Lemma E]. Under the conditions of the Lemma, [Gee00, Thm 5.11] implies that for the

fixed point &,

sup |Pu(g) —P(g)| Se
SEB(f.t)

with probability of at least 1 — Cexp(—c(n(e/t)?)) > 1 — Cexp(—cne?) since t < 1 due to

uniform boundedness. Now, using de-symetrization argument (e.g. [Kol11]]), we know that

ExWa(B(f, 1) ~ 7 S sup [Pus) =~ P(g)| <.
gEB(ft

Therefore, in expectation we have the desired bound. Since the class in uniformly bounded by one,

we can apply Adamzacks’s inequality (e.g. [[Kol11]) which gives

Pr (Wx(B(f,t)) — Ci(e+t/v/n) > u) < exp(—cnu?)

and by setting u = C(e + (t/n)'/?) the claim follows. O

Next, we will use the following lemma:

Lemma 10 (Jacobian of the radial function, see for example [SWO08]). Ler H = {x € RY : xTy =
h} be a d — 1 hyper-plane and any integrable f : H — R, the following holds for the radial
function R(x) = x/||x]|2:

[ = [ FR (xS (x)

Lemma 11 (Basic facts on the support function, see for example [AAGM15]).

[EH Hz

« For every K € Cy(1), the function hg can be extended to the whole of R? via hg(x) =

l|x||2hk (x/ ||x|2) and this extension makes hx a convex and 1-Lipschitz function on R?.

* Forany A > 0, K € C the following holds for all x € R%: hyg(x) = Ahg(x).
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2.3.1 Proof of Lemma

In this proof, we denote by Bg(x, ) a geodesic ball on the sphere with center x and radius 7. Let
V := {v;};_, be a set of vertices of size m < s < 4004 In(d)m with norm one. This set is a

m™~ @T-net on $?~1 with the following property: In any geodesic ball with radius of m*dlfl on the

sphere there are at most 400d In(d) points. When m > C¥ such a set exists by [BWO03].

Now, we define a polytope P, ; := conv{V'}. First, observe that for each x € R? the following
holds:
hp

m,d

(x) = max||x]l2][o]l2 cos(£(x, vx)) = llxl]2 cos(£(x, vr)), (2.18)

where v;; is the closest point in the net to x /|| x||2. Then, using the fact that cos(t) = 1 — t2/2 +

O(t4), we know that when m > Cf, forall u € 841
0<1- hpm,d(u) < Cmidzj

and the first part of the Lemma follows.

Now, we prove the last part of Lemma [9] that is an upper bound on the entropy numbers. Let us
consider the support function when it is restricted to the facets of regular simplex P;, denoted by

S, 1 <k <d+ 1. Now we prove the following:

Lemma 12. Foranyk € {1,...,d +1}, hp,, : Sy — Ris at most CIn(d)m piecewise linear,
and every piece has at most C(d1In(d))?49~1 (d — 2)- facets.

Proof. First, we use the Voronoi cells of the vertices 1 when they are restricted to %1, that is each

cell, denoted by C(v;), 1 <i < |V, is defined by
C(Ul') = {x € gi-1. ||Ui — x||2 < ||U] — x||2 V] 75 Z}

By Eq. (2-18) we know that for each x € R? the value of & P, is attained on the closest v; € V to
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Figure 2-1: Illustration of the proof. The function /p, , is linear on the set R~ (C(v;)) (in blue)
and convex piece-wise linear on Sy.

x/||x|| (since all the vertices of P, ; have the same norm). Thus, we can write

IV
Sk =J R (C(v1)) NSk
i=1

where R denotes the radial function from P, to gd-1, Moreover, observe that

hp, . R7Y(C(v)))(x) = v]x.

1

Since h Pog - S — R is a convex function, we conclude that it i also piecewise linear. Due to
the regularity of the net V, we know that number of pieces can be bounded by 2|V|/(d + 1) <
Cln(d)m.

Next, observe that the number of d — 2 facets of each piece, which corresponds to some v; € V,
is determined by the number of neighbors of the Voronoi cell C(v;). By the construction of V, it can
be bounded by C(d In(d))24%~1. To see this, since V is a m /(@1 _net, clearly all the neighbors

of v; € V lie in B;(v;, 4€). Moreover, we can bound the number of vertices in this ball by

{v eV :ve Bg(v;,4€)}| <400dIn(d) - |N (e, Bg(v;,4€),dg)]
< C(dIn(d))?4%1,
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and the claim follows. ]

Now, we are ready to prove Lemma E It is easy see that each h Py - S — R is uniformly
bounded by d (since K C By implies that hg restricted to Sy is bounded by d). Moreover,
since we assume that all iy € B(hg,t) are bounded in Cid, we also know that our family is
uniformly bounded by Cd?. Now, recall that all of & P,y C \/m/(d — 1)-pieces have at most
(CdIn(d))?4@=1) facets, hence, it is also C(d)+/m piecewise simplicial linear. Thus, we can apply

Lemma and find a (d + 1) ~'/2¢-net, denoted by {fk,j}SG

1 with respect to Unif(Sy), where

(d 1)/
_ . _ t
— log Ny ((d + 1), Bunigis,) (i, 1), Unif(S)) < C(d)mlog(e™)? () .

€

Recall that we aim to bound the entropy numbers of the the support function on the sphere. Therefore,

we use the radial function to project each facet Sy onto the sphere, and show that the set of functions

_ _ _ Se
{IRTH )7 fij(RTH ()},
forms an (d 4+ 1)~!/?e-net on Bunif(r(s)) (P, 4, t) With respect to uniform measure.

Let hg € C(Cy -d) (which is convex and bounded by one) that is at least (d + 1)~1/2¢ far from
h p,,4» When the support functions are restricted to R(Sk). Denote by h g the closest member to the

hg with respect to Unif(Sy) in the aforementioned set. Then,

\/ [ )~ IR )| (R ()25 )
R(Sk)

- \/ [ IR 2R (1)) — (R (3)))24S )
R(Sk)

— \//Sk(hK(X)—hn,K(x)) x Hd“ \// (hi(x) — hxe(x))2dx < (d +1)"2,

where we used the homogeneity of the support function, and Lemma[I0] Therefore, we found our
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desired net. Now, we can use [GW17]], and conclude that forall 0 < e < ¢t

d+1
log Nij(€, Bugis(hp. ., 1), ) < Y log Nij(————, Bs (hp_, ), Unif(S
g []( Unif ( Pya ), IP) k_21 g []( A1 5. ( Pya ) (5¢))
d+1 €

= k; log Ny (72— Bunit(r(s0) (18,0, ), UNif(R(Sy)))

< mlog(e 1)? (t/e) =72,

and the claim follows.

2.3.2 Reduction to Lemma

We will show that when K* € C,;(1), the LSE only considers convex sets in C(Cy - d). First,

observe that the score of hig+ is bounded by 5 when 7 is large enough. To see this,

n Y (Y — e (X)) < 207 (Z 24 hK*(Xi)2>
- = (2.19)

1
2 —
<2 </sd1 hi (x)dP(x) +1+ O(\/ﬁ)) < 5.
where we used the fact that hig+(x) < 1 when x € 471,

Now, let K ¢ C(Cy - d). Then, K has a vertex (denoted by v1) with ||v1||2 > Cyd. In this case
for C; that is large enough, there exists a spherical cap of S4-1 denoted by C(v1), with center

v1/]|v1]|2 and normalized surface area of 1/3, such that

hg(u) > 100 Vu € C(vq).

To see this, observe that if C(v1) has a normalized surface of 1/3, then it implies that the

geodesic distance between v1/||v1||2 and its boundary is at most 71/2 — ¢/ (d — 1) (for some

56



fixed c; > 0). Thus, for any u € C(v;) the following holds:

hg(u) > ||v1||2cos(£(vq,u)) > Cidcos(t/2 —cp/(d —1))
= Cydsin(cp/(d —1)) > Cic2/2,

therefore if we choose C; to be large enough then g (1) > 100 for all u € C(vq).

Now, using the fact that X; are i.i.d uniform on the sphere, we know that with probability of at
least 1 — e~ ", there are at least /4 points in this cap (using concentration for Bernoulli random
variables). Moreover, since ¢; ~ N(0,1), we know that with high probability, at least 0.49 of the

points that lie in this cap, the ¢; are negative. Thus, we conclude that with high probability
n

ntY (Y — hi(X;)? > n! Yo k(X)) —1-¢)* > 1L
i=1 X;€C(v1), 6i<0

Using the last equation and Eq. (2.19), only sets in C(Cy - d) will be considered, and the claim

follows.
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Chapter 3

On the Variance, Admissibility, and Stability

of Empirical Risk Minimization

We begin with some notation, in the fixed design, we will abuse notation and treat f,, as a vector in
IR". In addition to ]?n, we analyze properties of the set of d-approximate minimizers of empirical

loss, defined for § > 0 via

1

:

O(;I:{fE.FI%é(Yi—f( éY fn } (3.1)

Note that Oy is a random set, in both fixed and random designs. Recall the bias-variance decom-
position of the mean squared error of an estimator f, (see Eq. (I.10) above), and the definition of
V(]?n, F,Q) as the maximal variance error of an estimator f, (see Eq. (I.TT)) above). Finally, we

remind the total law of variance, that is

V(fu) = ExE; U (Fu—Ez [ﬁﬁ])z le} +Ey U (g [£lX] - lExlgfn)zd]P] . (32

N J/ N /

EV(fa]X) V(E(fa|X))

We refer to the two terms as the expected conditional variance and the variance of the conditional

expectation, respectively. Thus, in the random design setting, the mean squared error decomposes
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into three terms:

Ep [ (fu— f)%P = ExV (7l X) + V(Eg(fulX)) + B2(Fo). (3.3)

3.1 Main Results: Fixed Design

Before we present our results, we remind Assumptions [[2]3] from the first chapter. The first
assumption states that F is convex, the second assumption is that the noise is an isotropic Gaussian,
and the final assumption states that the diameter of F (in terms of LZ(IP(”) ) is of order one.
Under these three assumptions, Theorem |1|ensures that the minimax M (F, IP(”)) is of order
€2, where e, is the stationary point of log N (e, F,P(") =< ne2.

Now, we can state our results. The first result, uses the notion of the set Oy of §-approximate

minimizers from (3.1).

Theorem 8. Let n > 1 and 6, < eﬁ. Then, under Assumptions there exists an absolute

constant ¢ > 0, such that for every f* € F the event

sup / (f — Epfo)2dP™ < &2 (3.4)
f605n

holds with probability at least 1 — 2 exp(—cne?); and in particular, V (f,, F,P1) < M(F,PW).

Theorem (8| establishes our promised result form first chapter, and in particular it implies Equation
(I.12) above. It shows the variance of ERM necessarily enjoys the minimax rate of estimation,
and, hence, any sub-optimality of ERM must arise from the bias term in the error. The theorem
also incorporates a stability result: not only is the ERM close to its expected value ]Epﬁl with high
probability, but any approximate minimizer (up to an excess error of (5%) is close to ]Epj?n as well.
We remark that we prove this bound for any ¢ that satisfies the LCP property (see Equation (3.10)
below) which holds for i.i.d. N (0, 1) noise as well.

Remark 9. We remark that ) ( fn, F, ]P(”)) < ei holds for any estimator fn for which the map

&+ f(Z) is O(1)-Lipschitz. Furthermore, Theorem also holds for the misspecified model (i.e.,
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even if f* does not lie in F).

Our next result complements Theorem [8{ above, providing a lower bound on V(]?n, F, P ).

Theorem 9. Let n > 1. Then, under Assumptions the following holds:
V(fu, F,P) 2> M(F, P2

We remark that the proof of Theorem @ is specific to fn and cannot be extended immediately to other
estimators. Next, we refine the result of Theorem [§] by both obtaining the exact characterization
(up to a multiplicative absolute constant) of the variance and relaxing Assumption 3| First, for every

f* € F, we define the following set:

Hoi={f € F:|f—Epful? <4- V(). (3.5)

In simple words, we take a neighborhood around the ]Epj?n with a radius of order the square root
of the variance error term of fn, when the underlying function is f* € F. In the statement below,

recall the notation of M (., IP(”)) denotes the minimax risk over H...

Theorem 10. Let n > 1. Then, under Assumptions for any underlying f* € F, the following
holds:
V(fa) < M(H, P,

where H., is defined in (3.5).

This theorem shows that the variance of j?n (for a given f* € F) equals (up to a multiplicative
absolute constant) to the minimax rate of a subclass of H, C JF (which depends on f*). Clearly, it
implies the optimality of the variance error term of j?n without Assumption since M (H., ]P(”)) <
M(f,ll’(”)) for any f* € F.

Our next result, which almost follows immediately from the proof of the last theorem, regards
fn when it is “nearly” unbiased for some target function f* € F. Specifically, we show that for

f* € F such that B3(f,) < 4- V(f,) (where B? is the squared bias as defined in (T.I0)), f,, is
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“locally” minimax optimal on the set

Go:={feF:|f-flls <4 E}+5/n}, (3.6)

where Ef[* := Epl||fu — f*||2 and S > 0 is an absolute constant (that will defined in §3.4.2|below).

Note that if B2(f,,) < 4- V(f,)., then E2, < M(F,P(")) by Theorem [10} but E]%* may be much

smaller than the minimax rate. In the statement of the theorem below, recall the definition of the

risk .

Theorem 11. Let n > 1. Then, under Assumptions for any f* € F such that Bz(ﬁl) <
4. V(]?n), the following holds:

R(fu, Ge, P < M(G., PM),

where G is defined in (3.6).

In other words, even if we restrict our class to a @(max{E«,v/S/n})-neighborhood of f*, no
estimator on the restricted class G, performs (up to a multiplicative absolute constant) better on

every regression function f € G, than fn (with respect to the original class ) does on f*.

Remark 10. Both Theorems , hold with j?n replaced by any estimator g, for which the map
¢+ g,(€) is O(1)-Lipschitz. Furthermore, their proofs are almost identical to each other as we
will see in §3.4.2|below. In both H . and G, there is nothing special about the constant 2; it may be

replaced by any absolute constant.

Next, we recall the notion of admissibility of fn, first established by [Chal4], with a simplified
proof given by [[CGZ17]]. The result states that for any estimator fn, there exists a regression function
f* € F such that ERM over the data drawn according to has error which is no worse (up to an
absolute constant) than that of f,,. Hence, while ERM may be suboptimal for some models f* € F,
it cannot be ruled out completely as a learning procedure.

It is fairly straightforward to see that Theoremimplies fn is admissible if at least one f* € F

exists with a “small bias”. Our next result offers an alternative proof for Chatterjee’s admissibility
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theorem. In this proof, under Assumptions (1| and [2, we demonstrate that there always exists an

f* € F such that ]?n exhibits a small bias.

Corollary 2. [Chatterjee’s Admissibility Theorem] Let n > 1 and f,, be any estimator. Then, under
Assumptions there exists an underlying function f* € F (that depends on fn ) such that

]ED/(ﬁz — f)2apP™ < C~1Ep/(fn — 2P, (3.7)
where C > 0 is a universal constant that is independent of F, ]P(”), and n.

Remark 11. Under Assumptions [T]2|[3] our proof demonstrates that the admissibility property is
valid for any g}, such that & — g, (&) is O(1)-Lipschitz. Furthermore, it offers a new and simplified
perspective on this profound theorem. Specifically, we show that admissibility hinges on the
existence of a target regression function f* € JF such that the estimator not only has a *small bias’
but is also ““stable” around it. Remarkably, the existence of such a target function is ensured by a
purely topological argument—the Brouwer’s fixed-point theorem. From a statistical perspective,
this has a simple interpretation: a “stable” estimator cannot have a “high” bias on every target

function within a compact function class.

Remark 12. [CGZ17|| also gave an explicit upper bound of 1.65 - 10° for the constant C > 0 in
(3.7). Making the constants explicit in our proof yields a bound of the order 103 rather than 10°; we

have not attempted to optimize the constants, so we believe this can be improved further.

Note that if we place f; in Corollary [2|to be a minimax optimal estimator immediately yields

the following:

Corollary 3. [Weak admissibility] Let (F, ]P(”)) that satisfies Assumptions Then, there exists
an underlying function f* € F such that

IED/(E — 2dP™ < ;- M(F,PM), (3.8)

where C1 > 0 is a universal constant that is independent of F, lP(”), and n.
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That is, ERM cannot have minimax suboptimal error for every f* € JF; we name this result weak
admissibility. Namely, in the fixed design setting, the minimal error of ERM is at most the minimax

ratem

Finally, we establish the following counter-intuitive behavior of the landscape around j?n when

(F, ]P(”)) is a non-Donsker class (a notion which will be defined formally in - below).

Theorem 12. Assume that (F, ]P(”)) is a non-Donsker class satisfying Assumptions |l|2| for all
n that are large enough. Then, there exist a sequence of functions f*, € F and a sequence

Cn = w(1), such that for each n, E|| f — f* |12 < ex(n)? and

{f €F: /(f_ﬁ)zdlp(n) S 63} ¢ OCn-e*(n)Zr (3.9)
with probability of at least 1 — 2 exp(—cone,(n)?).

Theorem |12|says that when the underlying function is f*,, the LSE solution ﬁl displays counter-
intuitive behavior: on the one hand, j?n estimates f*, optimally, but on the other hand, for most ¢
there exist functions which are very close to fn in Ly(IP()), and yet far from being minimizers of

the squared error.

Remark 13. Is is easy to verify that for 8, = w (M (F,P(")), the inequality (3.4) cannot be true
in the generality of our assumptions. Therefore, the stability threshold of M (F, IP(”)) is tight, up

to a multiplicative absolute constant.

We conclude this part with the following remark, which we will return to in §3.2.2] Theorems
and [12|and Corollary 3{hold for any & that satisfies a Lipschitz Concentration Property (LCP)
with an absolute constant c; > 0: this means that if F : R” — R is 1-Lipschitz (with respect to the

Euclidean norm on IR"), then

Pr(|F(¢) —EF(&)| > t) < 2exp(—ct?). (3.10)

'In the paper of [KR21|], they provided a lower bound to the minimal error of ERM in the fixed design setting.
Later, we shall state and prove our new weak admissibility result for £, analogous to Corollary 3| in the random design
setting.
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The LCP condition is stronger than the sub-Gaussian random vector assumption [BLM13], but
it is significantly less restrictive than requiring normal noise (in which case c; = 1/2 [LedO1]).
The LCP condition is also known as the isoperimetry condition (cf. [BS23| Sec. 1.3]).

Remark 14. Herbst’s argument [Wail9] implies that the Lipschitz concentration property holds
for any random vector ¢ satisfying a log-Sobolev inequality; the converse is not true in general.
However, in the seminal work of [[Mil09], it was shown that if E is assumed to be log-concave,

then & which satisfies a LCP with constant ¢y also satisfies a log-Sobolev inequality with constant

®(CL)-

3.2 Main Results: Random Design

We now turn our attention to the random design setting. Here, we establish similar results, albeit
under additional assumptions, and with significantly more effort. We shall use two different
approaches: the first uses the classical tools of empirical process theory [Gee00], and the second,
inspired by our fixed-design methods, relies heavily on isoperimetry and concentration of measure
(cf. [LedO1]) to understand the behaviour of j?n when X, € satisfy the LCP property.

For technical reasons (see Remark [I7]below), we assume in this section that the error rate of the

class F is more than parametric:

Assumption 10. €2 > log(n)/n, where €, is the stationary point of ne*> < log N (e, F, IP).

3.2.1 The Empirical Processes Approach

First, we assume that the function class and the noise are uniformly bounded.

Assumption 11. There exist universal constants I'1, Ty > 0 such that F is uniformly upper-bounded
by T, ie. sups.r | flleo < Tq; and the components of ¢ = (&1, . ..,&n) are i.i.d. zero mean and

bounded almost surely by I'>.

Remark 15. The uniform boundedness assumption is taken to simplify the presentation when
appealing to Talagrand’s inequality, and can be relaxed to i.i.d. sub-Gaussian, at the a price of a

multiplicative factor of log 7 in the error term in Theorem [13|below.
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Next, we follow definitions of [BBMOS5| of the lower and upper isometry remainders of
(F,IP,n), denoted by Z (n,IP) and Z;;(n,P) respectively. First, for each realization of the
input X := (Xy,...,X,), define

71 (X) ::min{A>0‘Vf,g€}": 2_1/(f—g)2le—Ag/(f—g)zd]l’n}

and
Tu(X) ::min{A>0‘Vf,g€]-": 2_1/(f—g)2d11’n—A§/(f—g)zdll’}

where IP,, is the uniform (random) measure over X. In words, a bound on the lower isometry
remainder ensures that the distance with respect to the underlying distribution I° between any two
functions in F is small if the distance between them with respect to the empirical measure is small,
up to a multiplicative constant and an additive remainder, and conversely for the upper isometry

remainder.

Definition 7. Z; (n,P) and Zy;(n,P) are defined as the minimal constants 61(n), 62(n) > 0 such

that
Pr(Z.(X) <é1(n)) >1—n"' and Pr(Zy(X) <d(n)) >1-n"",
respectively.
Definition 8. Ser €7 := max{e,, €}, where € is the solution of
Tu(n,P) -log N (e, F,P) < net. (3.11)

Note that when Zy;(n,IP) < €2, then ey < €, while if Zy(n,IP) > €2 then ey > €,. The

following is our main result in this approach to the random design setting:

Theorem 13. Let n > 1 and €3, := max{e?;, Z.(n,P)}. Then, under Assumptions for
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every f* € F the following holds with probability of at least 1 — 2n—1:

sup [ (f —Epfn)*dP < €%,
fEO(;n

where 8, = O(€%,); and in particular V(fu, F,P) < €.

Theorem [13|is a generalization of Theorem (8| to the random design case, and its proof uses the
strong convexity of the loss and Talagrand’s inequality. In §3.2.5|below, we discuss this bound in

the context of “distribution unaware” estimators.

Remark 16. Note that a bound similar to that of Theorem [I13] cannot hold for the bias error term.
Indeed, one can construct a class F with Z; (n,P) < €2 and V(n, P, F) < €2 for which the bias

error term sup freF B? (fn) does not decrease to 0 with 7; moreover, for this class one has
~ S
Exzll fn — Egful X5 =< 1.

That is, neither the bias nor the empirical variance converge to zero. A remarkable consequence
of our results is that even though the ERM only observes the random empirical measure IP,,, its

variance, measured in terms of IP, converges to zero when Zy (n,IP) — 0.

Remark 17. When €2 < log(n)/n, the proof of Theorem (13| shows that there exists an f. €
fu such that ||f — f.|| < Cjey outside an event £ of probability exp(—Cone2) for absolute

2 = 51, this bound only yields that

constants C1, C, > 0. For instance, in the parametric case €
Pr(€) > 1 —cq, for some ¢; € (0,1). In particular, we cannot conclude that V(fn, F,P) <€,

because we have no control over the behavior of f;,, on £°.

An immediate and useful corollary of this result is that if we have sufficient control of the upper

and lower isometry remainders, the variance will be minimax optimal:

Corollary 4. Let n > 1. Then, under Assumptions and the additional assumption of
max{Z; (n,P),Ty(n,P)} < €2, then with probability of at least 1 — 2n~!

sup [ (f — Epfn)?dP < €2
f€05n
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ifon < €2; in particular, V(ﬁl,]:,IP) < €.

The assumption that max{Zy (n,IP), Zy;(n,IP)} < €2 is considered very mild in the empirical
process and shape constraints literature ([Gee0OO, Chp. 5] and references therein), and it holds
for many classical models. In the context of this thesis, the last corollary covers our definition of
non-Donsker classes (see Definition [5|above); and in particular it implies Equation (I.13) above.

Finally, we remark that Corollary ] extends the scope of [CR06] to non-Donsker classes.

Remark 18. The assumption of max{Z; (n,IP),Z;;(n,P)} < €2 holds for classes that satisfy
the Koltchinskii-Pollard condition [RST17] or the L, — L; 5 entropy equivalence condition (see
[LM13] and references therein). In the classical regime, i.e. when JF is fixed and #n grows, it is hard

to construct function classes that does not satisfy this assumption for 7 that is large enough [BM93|]

Remark 19. Corollary | may also be derived directly from Theorem [§]if the noise is assumed to
satisfy the LCP property. But the corollary holds for any sub-Gaussian noise — which is significantly

more general.

3.2.2 Random Design: The Isoperimetry Approach

In order to motivate this part, we point out that just requiring that Z; (n,P) < €2 is considered
to be a very mild assumption (cf. the influential work of [Men14]]). However, the upper bound
of Theorem |13| depends on the upper isometry remainder as well; we would like to find some
sufficient conditions under which this dependency can be removed. Moreover, note that the isometry
remainders are connected to the geometry of (F,IP) and not directly to the stability properties of
the estimator. Using a different approach, based on isoperimetry, we will upper-bound the variance
of ERM based on some “interpretable” stability parameters of the estimator itself. These stability
parameters will be data-dependent relatives of the lower isometry remainder.

We remind that fn is uniquely defined on the data points X when JF is a convex closed function
class, but it may not be unique over the entire X’ (as multiple functions in F may take the same
values at X, ..., X;). Here, we (implicitly) assume that ﬁl is equipped with a selection rule such
that it is also unique over the entire X’ (e.g., choosing the minimal norm solution [Has+22; Bar+20]);

thus, in all the results below, ]?n denotes an element of F.
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Now, we are ready to present our results. First, as we mentioned at the end of here we shall

assume that & is isotropic noise that satisfies the LCP condition (which includes Gaussian noise).

Assumption 12. ¢ is an isotropic random vector satisfying the LCP condition of Equation (3.10)

with parameter c;, = ©(1).

Recall that €, is defined as the stationary point of ne? = log N (€, F,IP), and that the condi-

tional variance of fn, which is a function of the realization X of the input, is defined as
1 = 21571112
V(falX) = Egll| fu — Eelful X112

that is, we fix the data points X and take expectation over the noise. The formulation of the following
definition involves a yet-to-be-defined (large) absolute constant M > 0, which will be specified in

the proof of Theorem [I4] (see §3.3.3|below).

Definition 9. For each realization X and f* € F, let ps(X, f*) be defined as the minimal constant
d(n) such that

Pre {F e R VE € BE Me.) ¢ [Fu(KE) — FuRBDIF < 0(m)} = exp(—cane?).
(3.12)

where By(Z,7) = {€ € R": ||[E— € ||ln < r}, and c2 > 0 is an absolute constant.

We also set ps(X) := sup feeF S (X, f*). Note that ps(X) measures the optimal radius of
stability (or “robustness”) of j?n to perturbations of the noise when the underlying function and data
points X are fixed. This is a weaker notion than the lower isometry remainder; in fact, one can verify
that p5(X) < max{Z;(X), €2} for every realization X (see Lemmabelow for completeness).

Now, we are ready to present our first theorem:
Theorem 14. Let n > 1. Then, for any realization of the input X satisfying Assumptions

and any underlying f* € F, the following holds:

V(falX) S max{ps(X, f*),€l}.
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In particular, sup .. r Eyv(ﬁl 1X) < max{Z(n,P),e?}.

Note that if Z; (n,IP) < €2 — a very mild assumption — then we obtain that the expected conditional
variance is minimax optimal. We believe that it is impossible to bound the total variance via the
lower isometry remainder alone. The intuition is ﬁq only observes a given realization X, and in
general, the geometry of the function class “looks different” under different realizations (see the
discussion in for further details).

In our next result, we identify models under which we can bound the total variance of ﬁ, by the
lower isometry remainder. Inspired by the recent paper of [BS23|], we assume that X ~ IP satisfies an
isoperimetry condition and that F is a robust function class, i.e. 7 C {X — R : [|f[|r;, = O(1)}.
(A function class all of whose functions are O(1)-Lipschitz is often referred to the literature as a
“robust learning architecture.”)

We fix a metricd : X X X — R on X, and denote by d,, the metric on X" given by
dy(X, X' )2 = £ d(X;, X))2

Assumption 13. The law P®" of (X3, ..., Xy,) satisfies the LCP condition with respect to d, i.e.
for all 1-Lipschitz functions F : X" — R,

Pr(|F(X) — EF(X)| > t) < 2exp(—cxt?), (3.13)
where Cx is a constant depending only on (X ,P). Furthermore, we assume that F C {X — R :
I fllzip < C}, for some C > 0.

In general, it is insufficient to assume that (X', IP) satisfies an LCP, as this does not imply
that (X", P®") satisfies an LCP with a constant independent of n. However, if (X, P) satisfies a
concentration inequality which tensorizes “nicely,” such as a log-Sobolev or W,-transportation cost
inequality (cf. [LedO1, §5.2, §6.2]) then (X", TP") does satisfy such an LCP.

Next, we assume that with high probability, fn nearly interpolates the observations.
Assumption 14. There exist absolute constants cy, C; > 0, such that the following holds:
Prp (n_l Z?:l (ﬁ(XZ) - Yi)z < C1€%> >1-— exp(—clneﬁ).
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Note that for this assumption to hold, the dimension of X must be Q(log(n)), as interpolation
with O(1)-Lipschitz functions is impossible in when the dimensionality is sub-logarithmic in the
number of samples 7 (this follows, e.g., from the behaviour of the entropy numbers of the class of
Lipschitz functions; cf. [Dud99]).

We now introduce another stability notion, which involves the random set O5 C F of almost-
minimizers of the empirical loss, as defined in (3.1); note that Os depends on both X and ¢. The
random variable Diamp (Oy) measures the stability of the ERM with respect to small errors in the
minimization procedure. The formulation of the following definition involves another yet-to-be-
defined (large) absolute constant M’ > 0, which will be specified in the proof of Theorem (see
§3.4.6|below), as well as the constant c; from Assumption [I4]

Definition 10. po (1, P, f*) is defined as the smallest 6(n) > 0 such that

Prp(Diamp (Oyp2) < 1/6(n)) > 2exp(—cne), (3.14)

where c¢; > 0 is the same absolute constant defined in Assumption

In order to understand the relation between this and the previous stability notions, note that
under Assumption [14]and the event £ of Definition [I0] we have that on an event of nonnegligible
probability, ps(X, f*) < po(n,P, f*); in addition, po(n, P, f*) < max{Z(n,IP),e2} (see

)

Lemma [22|below). Under these additional two assumptions, we state our bound for the variance of
Fu:
Theorem 15. Let n > 1. Then, under Assumptions the following holds for any target

regression function f* € F:

V(fa) S ex' -max{el, po(n, P, f*)};

and in particular, we have that V(f,, F,P) < cx' -max{e2,Z.(n,P)}.

This result connects the total variance of j?n to a “probabilistic” threshold for the L, (IP)-diameter of

the data-dependent set of ®(€2) —approximating solutions of ]?n — two parameters which at first
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sight are unrelated.

Remark 20. If we remove Assumption our proof only implies that V(ﬁ, F,P) < e%,, where
ey is defined in Theorem [I3]above. Also, under Assumptions [[|3[TOIT2][T3] one may arrive the
conclusion of Theorem— V(]?n, F,P) < e%,, by using the LCP for X and ¢ and the robustness

of F in place of Talagrand’s inequality.

3.2.3 Weak Admissibility

In order to present our weak admissibility result, we assume the following:

Assumption 15. For every x € X, the evaluation functional f — f(x) is continuous in the Ly (IP)

norm when restricted to F. Furthermore, N (€, F,P) is finite for every € € (0, 1).

This regularity condition will be used in order to apply a fixed-point theorem for continuous
functions on a compact convex set in a Banach space. (Note that we have assumed that F is closed
and convex in Assumption |1, and the finite e-entropy ensures that F is totally bounded, hence
compact.) The following is our weak admissibility result:

Finally, we state our new weak admissibility result, which holds under the following additional

assumption:

Theorem 16. [Weak admissibility of ERM in random design] Let n > 1. Then, under Assumptions
[l|and|[I5] there exists f* € F (depending only on n) such that

Ep / (Fu— F22dP < max{V(F,, F,P), Zr.(n, P)}.

We believe that our bound cannot be improved in general (see below more details). It implies
that when max{V(f,,, F,P),Z;(n,P)} < €2 ERM is weakly admissible. Differently from the
fixed design setting, we conjecture that there are models (1, ,TP) in which ERM is not weakly

admissible.
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Conclusions

Our results show that the variance term of ERM enjoys optimal rate in two distinct regimes: the
classical regime (where the function class is fixed and the number of samples is increasing), and the
benign overfitting regime (in which capacity of J is large compared to the number of samples). It
follows that in both regimes the optimality of ERM is determined by its bias (or its implicit bias).
This work raises the natural question of finding computationally efficient debiasing methods for

ERM, with the hope that it may improve the statistical performance of ERM on large models.

3.2.4 Discussion and Prior Work

Stability of ERM Stability of learning procedures has been an active area of research in the early
2000’s, and the topic came to spotlight again recently because of the connections to differential
privacy and to robustness of learning methods with respect to adversarial perturbations. In the
interest of space, we only compare present results to those of [[CRO6||. In the latter paper, the authors
showed that the L1 (IP)-diameter of the set of almost-minimizers of empirical error (with respect to
any loss function) asymptotically shrinks to zero as long as the perturbation is o(n’l/ 2) and the
class F is Donsker. The analysis there relies on passing from the empirical process to the associated
Gaussian process in the limit, and studying uniqueness of its maximum using anti-concentration
properties. While the result there holds without assumptions of convexity of the class, it is limited
by (a) its asymptotic nature and (b) the assumption that the class is not too complex. In contrast, the
present work uses more refined non-asymptotic concentration results, at the expense of assumptions
such as convexity and minimax optimal lower and upper lower isometry remainders. Crucially,
the present result holds for non-Donsker classes — those for which the empirical process does not

converge to the Gaussian process.

Shape-constrained regression In shape-constrained regression, the class J is chosen to be a set
of functions with a certain “shape” property, such as convexity or monotonicity [SS18]. In these
problems, a common theme is that F becomes too large (or, non-Donsker) when the dimension

d of the input space surpasses a certain value. For instance, in convex (Lipschitz) regression, the
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transition happens at d = 5. It has been shown that below the threshold, the ERM procedure
is minimax optimal [SS11; [ HW16; KS16; SS11; Gunl2], but in higher dimensions, for most
shape-constrained tasks, it is unknown whether ERM is minimax optimal. The few known cases
of minimax optimality of ERM in high dimensions include the tasks of isotonic regression and
log-concave density estimation [Han+19; [ KDR 19} |Car+18]], and suboptimality of ERM above the
threshold in convex regression and estimation of convex bodies has been established in [Kur+20;
KRG20].

Our results imply that in all these high-dimensional shape-constrained regression tasks, the
sub-optimality of ERM can only be due to the high bias of ERM. These results also align with the
empirical observation that for the problem of estimation of convex sets, the ERM has a bias towards

“smooth" convex sets [SC19a; | Gho+21]].

High Dimensional Statistics In classical statistics, the MLE is typically unbiased, and the
standard approach is to introduce bias into the procedure in order to reduce the variance, overall
achieving a better trade-off (see [SC19b, §1] and references within). In contrast, in high-dimensional
models, the MLE may suffer from high bias even in tasks such as logistic regression and sparse

linear regression (cf. [[CS20; UM18]). Our results align with this line of work.

Regularization It is statistical folklore that the main benefit of incorporating a regularization
term, such as ridge penalties, into an ERM procedure is that such regularized estimators have
reduced variance. However, our findings seem to indicate that the ERM exhibits much lower
conditional variance than variance of conditional expectation. This suggests that regularization
primarily reduces the variance of the conditional expectation as opposed to the full variance error

term.

3.2.5 Is the bound of Theorem 13| optimal?

When max{Zy (n,P), Z;;(n,IP)} > €2, we have that €2, > €2 — our upper bound on the variance

is much larger than the minimax error. Therefore, this bound seems at first glance to be suboptimal.
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However, to the best of our knowledge, all estimators that attain the minimax rate, such as
aggregation and the star algorithm (cf. [Yan0O4]), depend on the marginal distribution I’ of the
covariates. In many cases, though, we do not know or have an oracle access to the marginal
distribution [P, and the estimator only estimator only has access to [P, and to F. It is natural to
ask what is the minimax rate of “distribution-unaware” estimators that only depend on IP,, and
the function class F, when the underlying distribution IP is allowed to vary over some family of
distributions.

To this end, given some family of probability distributions P on a domain X, consider the

following measurement of optimality of an estimatorﬂ

: Ep [ (fn — f*)*dQ
Ay (n, F,P) =infsup su .

We say that a distribution-unaware estimator is minimax optimal on (1, 7, P) when
A(du) (1’1, .F, 7)) = @(1)

Unsurprisingly, if we do not place additional assumptions on & and P (beyond convexity), then
Aguy(n, F,’P) may be w(1) - no single estimator attains the minimax error on every distribution
Q € P, or, in other words, a minimax optimal estimator for Q must “know” Q. In fact, one may
construct a set of probability distributions P on a domain X" and a function class F such that for
any Q € P, M(n, F,Q) = O(n~!) (the parametric rate), and for any estimator f,;, one may find
Q € P such that R(f, F,Q) = Q(1); and in particular A4,y (n, F) = w(1) (see Example

below). The example also demonstrates (see Remark 22| below) that the “generalization diameter”
Y(n,P):= }nir}_]E[DiamIp({f eF:Viel,...,n (X)) =f(X)})]
*c

should appear in the error of any “distribution-unaware” estimator in terms of L, (IP) (though we do

not know how to show this in complete generality). In the above example, ¥ (7, IP) < 1, while the

2Note that here Ep is the expected error when the noise E is drawn from some fixed distribution, and X3, ..., X;
are drawn i.i.d. from Q.
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minimax rate is O(n~!); on the other hand, for every model, ¥ (1, IP) < Zy (1, IP). Therefore, it is

not surprising that the bound of Theorem [I3|includes the lower isometry remainder.

The upper isometry remainder Z;;(n, IP), though, is unrelated to ¥ (#n,P). Nonetheless, we

conjecture that it cannot be removed from the bound of Theorem 13}

Conjecture 1. The bound of Theorem [I3] is optimal in the following way: There exist models
(n, F,P) for which f, incurs an error €2, > I (n,P) 2 €2 or an error Iy (n,P) > €% > €2;

and therefore our bound cannot be improved in general.

The intuition behind this conjecture is as follows: the ERM sees the geometry of F with
respect to IP;, rather than IP, and perturbing the data points X1, ..., X; by 1, ..., d, can change the
finite-dimensional geometry of the projected function class, reducing the “stability” of j?n This is
because fn is not a Lipschitz function in the data X with respect to the L, (IP)-norm, in contrast
to its Lipschitz properties in ¢ with respect to the Lz(]P(”))—norm. Only if the upper and lower
isometry constants are small, say of the order €2 does the metric geometry of F;, not depend too

much on X, up to €2, in which case we expect the variance to be bounded by €2.

Our confidence that this is the correct explanation for the appearance of Zy;(n,IP), rather
than some other phenomenon, derives from Theorem [I4] which precisely states that the expected

conditional variance of fn is upper bounded by the lower isometry radius, i.e.
ExV(falX) < Ip(n,P). (3.15)

Therefore, if Conjecture |1|is correct and there are models in which V(j?n, F ,IP) pe 6%1 >

71 (n,TP), this must be due to the variance of conditional expectations:

sup 1% (]EE [ﬁﬁ]) > 2, (3.16)

and V (]EE [j?n |7] > is precisely the error term which captures how the geometry of J varies under

different realizations.
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3.3 Proof sketches

In this section we sketch the proofs of less-technical results to give the reader a flavor of our methods.

Detailed proofs are given in the next section.

3.3.1 Sketch of proof of Theorem

The proof uses the probabilistic method [AS16]. Let f1,..., fy be centers of a minimal €,-
cover of F with respect to Ly(IP("), per Definition [2| First, since for any i € [N], the map
/1 ||j?n(6) — filln is 1-Lipschitz, Eq. (3.10) and a union bound ensure that with probability at
least 1 — %, foralli € [N],

N ~ loe N
Eellfo — filln — Ifu — filln S 4/ ~2~.

n

On the other hand, by the pigeonhole principle, there exists at least one i* € [N] such that with

probability at least 1/ N, j?n — fir |ln < €. Hence, there exists at least one realization of E for

which both bounds hold, and thus, deterministically,

~ log N
Egllfo— firln S e+ 1/ =2— S e

where we used the balancing equation (1.7)). Another application of (3.10) and integration of tails

yields
V(7)) = Bellfo — Eful2 < Egllfu — frl2 S &,

implying that the variance of ERM is minimax optimal.

3.3.2 Proof of Theorem[9

By the definition of the minimax risk, there exists some f* € JF with risk at least 0 =

M(F ,IP(”)). By translating F, we may assume f* = 0 without loss of generality, so that
Ez [l full7) 2 6%
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Write fn(E) for the ERM computed when the target function is f* = 0 and the noise is c,

namely, the projection of & onto F. We wish to show that Ez|| Ffu—Ef?] = 64

The fact that fn (E) is the projection of the observation vector ¢ on the convex set F implies,

by convexity, that (f — ﬁl,ﬁ — &)y > 0forany f € F (see - for the easy argument).
Substituting f = f* = 0 and rearranging immediately yields that for any c,

(Fu(©),E)n = 1 F (D15
Write f, = IEE fn (E) Since ]EEE = 0, we may take expectations and insert ﬁ, to obtain
Ez(fa(@) = ferB)n > Bzl fu(@)]3 > 6%
Applying Cauchy-Schwarz, we obtain
Egll fa() = fell3 - EglI2II5 = 6%,
and because the noise is isotropic we immediately obtain
V(fa) = Belllfa(@) — fell] = 6%,

as desired.

3.3.3 Sketch of proof of Theorem 14

As is well-known, the Lipschitz concentration condition (3.10) is equivalent to an isoperimetric

phenomenon: for any set A C R” with Prg(A) > 1/2, its t-neighborhood A; = {& € R" :

infrea ||x — &l <t} satisfies

Prg(A;) > 1—2exp(—nt*/2). (3.17)
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One sees quickly that this implies that if A has measure at least 2exp(—nt2/ 2), then Ay; has

measure 1 — 2 exp(—nt?/2).

Let £ be the event of Definition 9] As in sub-section [3.3.1] one obtains via the pigeonhole

principle and the definition of €, that there exists some f. € F such that

e’ > — 2).
N FP) = exp(—Csney)

Prz({fu € B(fer )} NE[X) 2
A

By isoperimetry, Prz(Az) > 1 -2 exp(—nt?/2), where t = Me, /2 and M is chosen such that
(M/ 2)2 > 2Csg; this fixes the value of the absolute constant M used in (3.12]).

Applying (3-12) yields that if § € A C € and ||& — ||n < Me, = 2t, || fu(€) — fu(@)] <
0s(X, £*) and so || fu(Z) = fo|| < € + ps(X, £*). This implies

Pry({fu € B(fere + ps(X,f) HX) > Pra(An|X) > 1 - 2exp(-n?/2),

which implies via conditional expectation that V (f,,|X) < max{ps(X), €2}, as desired (where we

used that €2 > log(n) /n, and therefore exp(—nt?) = O(e?)).

3.4 Remaining Proofs

We begin with additional notation: Given x1,...,x, and h : X — IR, we denote
1 n
Gy =n""Y Gih(x)).
i=1

Forg € F,weset B,(g,t) :={f e F:|f—glln <t},and B(g,t):={f € F:||f —gl <t}
Throughout the proof, we denote by ¢, c1, ¢, ... € (0,1),an C,Cq,... > 0 absolute constants (not

depending on F or on n) that may change from line to line.
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3.4.1 Proof of Theorem

First, we show that for all # > 0 and for any fixed f € F, the following holds:

Pre{ |1 = Flln = gl fu = o

> t} < 2exp(—ant2), (3.18)

Indeed, this will follow immediately from the LCP condition (3.10) with L = n~1/2 if we prove
that 11(Z) = || fu(€) — f* || is a n~1/2-Lipschitz function.

To prove this claim, observe that j?n (€) is the projection of Y = f*+ ¢ onto the convex set

Foi=A{(f(x1),.., flxn)) 1 f € F} CRY.

Therefore, we obtain

[1(G1) = (@I = [1fa(E1) = F¥lln = 1fa (@) = F*llnl < 1Fa(E2) = Fa (@)l

<181 = Salln = 7128y = Eall2s

where we have used the fact that the projection to a convex set is a contracting operator. This

concludes the proof of (3.18).

Next, fix € > 0 (to be chosen later), let A (€) := N (e, F,P()), and let A = {fy,..., far} be
a minimal e-net of . By the pigeonhole principle, there exists at least one element f. € A such

that
Pr(||fu — felln < €) > 1/N(e). (3.19)

Also, setting f = f¢ in (3.18) we have

Pr (|11 — felln = Egll fu = fella)| = t) < 2exp(—cint?). (3.20)
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Taking t = log(4)4/ logCL# in (3.20) yields

~ ~ log NV (€) 1
Pr | (|| fu — felln — Egll fu — felln| = log(4) “an < IN(e)" (3.21)
Combining (3.19) and (3.21]) via the union bound we obtain
N . ~ log N (e 1
Pr| |lfn—felln <e ||fn_f€||n_lE§an_feHn < log(4) chn( ) = 2[N(e)| >0

Since the event of the last equation holds with positive probability, we must have

. log N
Byllfu — fels < e +log(d) BN ()

To optimize the RHS over €, we take € such that e = \/log N (€)/(cn) —ie., € = €, — and get
Egllfo — felln < Ceu//eL
Substituting in (3.20) and taking t = €., we obtain
Pr(|[| fu — felln > Ces/v/er) < 2exp(—cne?).
This easily implies that E[|| f, — fe||2] < C1€2/cy, and therefore also
E[llfr = Bfalla) < (B[l fu — BfallZD"? < B[l fu — felZ)V? < Coe/ vVer.
Applying (3.18) once again, now with f = IE]?n, we obtain
Pr(||fu — Efal2 > Ca€2/cr) < 2exp(—cne?). (3.22)
Therefore, the claim of the theorem follows for §,, = 0 (i.e. all the exact minimizes).
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Next, condition on the high-probability event of (3.22)) above, and consider some f € O, .

Since
2 T2 L F v
1f = Efulli < 2[1f = fulla + llfn = Efull2),
to obtain the theorem it suffices to show that for any f € O , we have

deterministically.

This is a matter of elementary convex geometry: we know that fn is the closest point in the
convex set J;, to the point Y, which implies that the ball B = B(Y, || f, — Y||) is tangent to F;, at
]?n. This implies that 7, is contained within the positive half-space H™" defined by the supporting

hyperplane of B at fn, ie.,
FaCH ={f: (fa=Y,f=Y)>|fa—Y|?}. (3.23)
We now compute:
If = Y15 = Uf = Fulla + 11 f = Y15 +2(fu =Y, f = fubn.

Since f € Fy, (3:23) implies that (f —Y, fy — Y) > (fu — Y, fu — Y), or equivalently, (f —
fn,fn —Y), > 0. Hence we obtain

1f = fullz < I1f = Y5 = I1fu = YII3,

but the RHS is at most 6, by the definition of O, . This concludes the proof.

3.4.2 Proof of Theorems 10 and 11

Here we only prove Theorem|[TT] as the proof will reveal, almost identical arguments imply Theorem

[I0] For completeness, the proof of Theorem [I0] appears in §3.5 below. For simplicity, we prove
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Theorem (11| assuming that the ERM is unbiased, in which case we have V(]?n) = E]%* In general,
if B2(f,) < 2V (f,) we have V(f,,) > 1EJ%* as B2(f,) + V(fy) = EJ%*, and the proof goes along
the same lines.
To estimate the minimax risk of the class G, = {f € F : ||[f — f*||> < 4- Ef* + S/n}, where
S > 0 will be defined below. We use the following classical characterization [YB99] (that holds for
Gaussian noise and for any class whose diameter is at most 1):
log N (e, G, P™) | 5

M(G., P™) ~ min . +é2|. (3.24)

Case I: E]%* < Sn~1. Ttis well known (see, e.g., [Wail9, Example 15.4]) that the minimax rate is

at least Q)(Diamyp(u) (G« )?) on the restricted class G.. Namely,
M(G.,P™) > ¢ Diamp, (G)? > C—lEJ%*,

for some ¢, c; € (0,1). Next, recall that fn is a 1-Lipschitz map in E (and hence in Y). Therefore,

we conclude that

R(fu, G, P < Diamypy (G4)* < M(G., PM),

and the claim follows for this case. We remark that the assumption of 4 - B2(f,) < V/(f,) is not

used our argument. Hence, this result holds for any f* such that E2, < Sn~ L

Case II: EJ%* > Sn~".  We will prove that the covering number of G, by balls of radius E« /2 is
not too small:

log N (Ef-/2,G., P™) > i1 - B3, (3.25)

for some universal constant c; > 0, to be chosen later.

Since N (e, G., P ) increases when € decreases, this easily implies that the RHS of (3.24
is at least ¢, E2 I and hence, by Eq (3.24), that the minimax risk of G, is at least by c,E> I On the
other hand, M(G., P ) is certainly bounded above by 4E2 e @S this is an upper bound on the

risk of the trivial estimator which returns the fixed element f* on any sample. Hence, one obtains
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M (G, IP(”)) = E]%* Similarly, R(ﬁ, G, IP(”)) = E%*, as on the one hand, the risk ofj/f;Z cannot
be smaller than the minimax risk, and on the other, the risk of any proper estimator on a class is

bounded by the squared diameter of the class.

So it suffices to prove that (3.23) holds for an appropriate ¢c; > 0. The proof strategy is very

similar to that of Theorem|[§] Suppose for the sake of contradiction that

log /(B /2, Bu(f*,2E-), P < cyn - E.

We consider the distribution of the ERM j?n when the true function is f*. First, note that as
]EHJ?n —f* = E%*, and lE]?n = f*, we have that

Pr(fu € Gi) = Pr(fu € Bu(f*,2Ef)) =1 —Pr(||f* — Efylln > 2Ef.) > 3/4

by Chebyshev’s inequality. Let A = {f1, ..., for} be aminimal E £+/2-netin Gy; by the pigeonhole

principle, there exists at least one element ¢ € A such that
Pr(|[fy — gllw < Bpe/2) > — > O exp(—cinE2.) (3.26)
n=8lln = Bre/2) = gy = geplmanty).
Next, we apply (3.18) with f = g and t = E+ /3 to obtain

Pr(|||fu — &lln — Egll fu — 8ln

<Ep/9) 21— 2exp(—anEjzc*/9). (3.27)

Recalling that we are in the case EJ%* > Sn~!, by choosing ¢; > 0 small enough and S > 0

large enough we can ensure that exp (nE I (1/18 — 1)) > 8/3, or equivalently

Z exp(—c1nE}.) — 2exp(—nE}. /18) > 0. (3.28)

Combining (3.26)), (3.27), and (3.28) yields

Pr([1Fu — 8lln < Eg-/2) + Pr (|17 = glln — Bgl o — gl

<Ep/6) > 1,

84



so the two events

{[1 = &lln =Bzl fu = glla| < Ep- 76}, {11 — 8lln < Bpe/2}

have nonempty intersection, which implies that IEEHJ?H —8lln < 2Ef/3.
Let h(Z) = ||fn — glln. We have

2 2 2 2
Eh? = (Eh)* + E(h — Eh)? < 4E2 /9.

As h is \/Lﬁ—Lipschitz, the LCP implies that / is \/La—subgaussian. Thus h — [Eh is a centered

L—subgaussian random variable, so IE(h — 1Eh)2 < % [Ver18, Proposition 2.5.2], and hence

NG
-~ 4 2
E¢l| fn — glla < §Ej2r* + o (3.29)

Again recalling that E2, > Sn~1, by taking S large enough we can ensure that Ez ||]?n — g2 < E2,,

contradicting the assumption V(f,,) = E}*

3.4.3 Proof of Corollary 2

Here, we prove this result under the additional Assumption 3] For completeness, we provide a proof
without this assumption in §3.5.T]below. We remark that it is very similar to the argument that we
present here and does not provide any new insights, and therefore omitted.

Consider the map F : F,; — IR" defined via
f* — IEEE ,

i.e., f* maps to the expectation of the ERM ﬁl when the underlying function is f* € F,. One
verifies easily that F is continuous, since projection to a convex set is a 1-Lipschitz function; in
addition, the convexity of F,, implies that F(f*) € F, for all f* € F,,. Thus F is a continuous

map from the compact convex set JF, to itself, so by the Brouwer fixed point theorem, there exists
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an f* € F, such that

Let E2 = E; | fu — F*||2 = V(f,), and let P denote the projection to F, which is is 1-Lipschitz.
For anyf € G« = B(f*,2E¢<) N F and any § we have

IP(f +8) = fI7 < 3UIP(f+E) = P(f* + O)IR+ 1P +8) = fI5 + £ = fII7)
<3(|IP(f* +8) = £l +8E7) = 3(lfu — )7 +8E}),

and taking the expectation over ¢ we see that Ez[[P(f + &) — fl|2, the squared error of the ERM
when the underlying function is f, is at most 27E2..

Now let /1 : R" — F be any estimator. By Theorem we have
EZ. <max ||i(f+ &) — f|>.
b S max(f +) 1

Picking f € G, which maximizes the error of h1, we have that the squared error of fn on f is
upper-bounded by c - Ejzf* and the squared error of Ji on f is lower-bounded by c; - E%*, which is

precisely what we want.

Remark 21. The Brouwer fixed point theorem, which we use in the first step of the proof to obtain
the existence of f* € F for which lEzﬁ, = f*, is a deep result, and one may ask whether it is
essential to the proof. Another commonly used fixed-point theorem is that due to Banach; the
Banach fixed point theorem is elementary, but requires a bound ||F(f) — F(Q)|l» < c||f — gl|n for
somec < landall f,g € F.

One has

IE(f) = F(@)lln < Bz P(f +¢) = P(g+ &)l (3.30)

where P denotes the projection to F. Note that ||P(f + &) — P(g+ &)|ln < ||f — gl|n because P
is 1-Lipschitz. Also, it’s easy to see that there exists some ¢ for which | P(f + &) — P(g + ¢)||n is

n» and continuity of P ensures that the same holds for all E/ sufficiently

strictly smaller than || f — g
close to &, implying ||F(f) — F(g)|ln < ||f — £l|»- But this is not yet sufficient to apply the Banach
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fixed point theorem.

Via more delicate convex-geometric arguments, though, one can show that if ||&||,, is sufficiently
large compared to the diameter of F (say, ||¢||, > C - Diam(F)) and (f — g, &)y > €||f —
gllnl|€|ln (i-e., the angle between f — ¢ and ¢ is bounded away from 90 degrees) then

IP(f +8) = P(g+E)lln < (1= )1 f =gl

for some ¢ depending on € and C, which allows one to conclude, using (3.30), that ||F(f) —
F(g)lln < c||f —gl|n for some ¢ < 1 and all f,¢ € F. Hence, the Banach fixed point theorem
can be used in the proof instead of the Brouwer fixed point theorem, rendering it elementary but

more technical.

3.4.4 Proof of Theorem

Preliminaries The main tool we use from the theory of empirical processes is Talagrand’s

inequality [Koll1, Theorem 2.6]:

Lemma 13. Let H be a class of functions on a domain Z all of which are uniformly bounded by

M. Let Zy,...,Z, ~ IP. Then, there exist universal constants C,c > 0 such that

iid.

cnt t
Pr(|[|H|lx —E|H|x| =>t) <C ——1 1+ —5—11,
(3l — BNl = 1) < Cexp (= tog (1+ grar ) )
where | H || := supy,cqy n™ ' ity h(Z;), and || H?||n = sup,cqy n ' X1 B(Z)%
We abbreviate Z; := Z; (n,IP), Zy; := Zy;(n, IP). For every fixed X, &, the function £ : F —
R defined by
L(f) =Y = fllz = 12l = =2Gs—p + IIf = f7II%, (3.31)

satisfies f, = argmin . » L(f). (Of course, L(f) is just the empirical loss of f, up to subtracting
a constant.) Note that £(f*) = 0, so £(f,,) must be non-positive.

Let {f1,..., fn} be an ey-net of F with respect to IP of cardinality N = N (e, F,IP); for
each i € [N], let B(f;) := B(f;, €y) denote the ball of radius € around f;, so that the B( f;) cover
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F. For each i, let L; denote the minimal loss on the ball B(f;):

Li:= min L(f) (3.32)

The main technical result is the following lemma:

Lemma 14. Fix i, € [N]. For any absolute constant A > 0, there exist absolute constants C1,C, >

0, such that the following holds with probability of at least 1 — 2 exp(—Aneﬁ / max{Zy, €2}):
. 1
Vi€ [N, |(Li—Li,) —E(Li— L) < Ciefi + g1 fi = fill* (3.33)

We defer the proof of Lemma@ to the end of the section, and show how it implies the theorem.

Proof of Theorem [13|(assuming Lemma . We apply Lemma with i, = argmin;\; EL;.
Let £ denote the event of Lemma([I4](the constant A > 0 in the lemma will be chosen shortly), and

let £ be the event that
1
If —glz>sIf—slP -7, (3.34)

for all f,¢ € F. By the definition of Z;, £’ holds with probability 1 — n~L: in addition, a
mildly tedious computation, which we defer to Lemma [I6] shows that A can be chosen such that

Pr(£)>1-— n~! as well. In the remainder of the proof, we work on £ N &',

Let fir = argmincp s L(f),sothat L; = £(f;+). Consider the function i = @, which

lies in F as F is convex. We have

L(h) = =2G_p« + |k — f*II3

_ L(fe) : L(fn) (nh e W= : 2 —f*H%) | (3.35)

Applying the parallelogram law

la+BI5 + lla = b7 = 2||all} + 26
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w1tha—fl —f b=f” - yields

fz* fn

7 % (2 7 ® (2
* * + —
R Lt i ed | 7 Al ‘

n

Combining this equation with (3.35) yields

~ N 2
fi* _fn
2

A L(fir) + L(fa)
L(h) < ) -

n

But we also know that £(h) > £(f,) by the definition of f,, so rearranging we obtain
AL A~ 1.~ -~
L(fa) < L(fir) = 5l fie = faulli (3.36)
Now let i € N such that f,, € B(f;) and substitute L; = £(f,), giving
Lz 22
Li < Li — §”fl* _fn”n'
Since we are on £, we may apply (3.33)) and obtain
o 1y 2 2 Lz 22
EL; < EL;, + Gseyy — gl fir = fullh < ELi. + Caety + I1 — gl fix — full™

But [EL;, < [EL; by our choice of i, which implies finally that Hﬁ* — j?n 12 < max{e?, I} = €3.
Recall that we are also interested in f € O, for d,, = O(e%/). By the geometric argument in
the proof of Theorem for such f, we have || f — fulln = O(,).

Applying the lower isometry property (3.34), we obtain

1 fn — Firll, |Lf = full < Cev

forany f € Qs on ENE’. Since || fi — fi.|| < ev (as fi- € B(f;,) by definition), we also have

Ifu = fi. I ILf = fil < Cev.
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In sum, thus far we have shown that under £ N &', an event of probability at least 1 — 27~ ! any
f € Oy satisties || f — fi.|| < ey. It remains to show that this implies that ||f — Ef, || < ey, for

which it suffices to show that || Ef, — fi.|| < ey. But
Efu— fi, = (B2l ENE = £ )Pr(ENE') + (BIfa| (ENE)] = fi,)Pr((ENE')).

By what we have shown, ||E[f,|E N ] — fi.|| < Cey, while |[E[f,|(ENE)] — fi.|| = O(1)
by Assumption (1 1{and so the norm of the second term is asymptotically bounded by O(n_l) <

€. < ey because €, 2 10% by Assumption This concludes the proof. U

~Y

It remains to prove the deferred lemmas. We begin with the most substantial one, Lemma[I4]

Proof of Lemma 14l Recall that

~Li= sup (2Gr_p — |If = f*II).
feB(fi)

We write f — f* = (f — f;) + (fi — f*). expand, and decompose this expression into terms

depending on f — f; and terms depending only on f; — f*:

—Li=A;,+ A:, (3.37)

where

A= sup (2Gp—If =il =20~ fifi= ).
feB(fi)

A} :=2Gs_p — |Ifi — f*7-
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We also write

Bii= Aj— Al =2G - — |Ifi = Il = (2Gp—p — IIfi. = F°II3)
=2Gs g — Ifils + I fi 7 +2(fi = fio, f5)
=2Gs_p, + 1 fi = filli = 21 A% +2(f fir) +2(fi — fir, /)
=2Gs g +fi = fills +2(fi = fi. f* = £)

We claim that with probability 1 — C exp(—cne{;/ max{e2, Zi; }) the following holds:

Vi€ [N], |A;—EA; < Cief, (3.38)

. 1
Vi€ [N, |Bi—EB| < Coefy + 41 fi — fi|I* (3.39)

Since L; — L;, = A;, — A; — B;, combining (3.38)) and (3.39) yields the lemma.

We first prove (3.38)). For each i € [N], we control fluctuations of A; by applying Talagrand’s

inequality. To this end, write

1 n
Aj = sup - Zaf(Xj, (fj)
feB(fi) © j=1

where

ap(x,8) = 28(f(x) = fi(x)) = 2(f(x) = fi(x)) (fi(x) = F*(x)) = (f(x) = filx))*.
To apply Talagrand’s inequality, we need to bound Esup ¢ p 1y n1 2;7:1 ar(X;j, (j]')2.

Using the identity (a + b+ c)? < 3(a® + b? + ¢?), we see that

IEY,E sup LZf(X], g])zdl[)n
feB(fi)

<3 Egp sup [ (283(F(0) — fi(0)2 +2(F(x) = Hix)(filx) = F (0 + (F(x) — fi(x))*) dPy.
feB(fi)
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Using the assumptions |¢;| < Ty, || f||e < I'2, one can obtain that

Exz sup ar(X;,¢)*dP, < C-Ex sup [ (f — f;)*dP,
fEB(f) feB(f)

for some C = O(max{I'?3,T'3}). Using the definition of the upper isometry constant Z;; and the

stationary point €77, we obtain

Exz sup ar(X;, Cj)2d1Pn < max{Zy, €} =< max{Zy, €3},

* feB(f) -

where the last step uses Lemma 15| below.

Thus we may apply Talagrand’s inequality to A; with E||H?||, < max{e2, €%}, giving

Prg{|Ai —EA| 2 t} < Cexp(—cntlog(1+1t/ max{e2, Z;;})). (3.40)
Taking a union bound over i € [N|, we obtain
Prz{3i € [N] : [A; —EA;| 2 t} < Cexp(—cnt®/ max{e?, Iy} + log N).

Choosing t = Cle%[ for C; sufficiently large and recalling that log N = log N (¢, F,P) <

ney;/ max(Zy, €2) by (3-11), we obtain that
Vi € [N], |A; —EA;| < Ciefy

with probability at least 1 — 2 exp(—cyne};/ max{e2, I s }), which is (3.38).

Next, we handle B; forevery i € [N]. As in the case of A;, we may write B; = n~! 2;7:1 bi(X;, &)

where

bi(x,8) = 28(fi(x) — fi, (x)) + (fi(x) = fi, (x))* + 2(fi(x) — fi, (x)) (f*(x) = fi()).
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We have [b;(x, §)| < Clfi(x) = fi.(x)],

2=Clfi- fill?

7

LY Elbi(X;,8)7] < CE[Ifi~ f.

and hence by Bernstein’s inequality,

cnt?
Pr(|B; —EBj| > t) < exp _C3t+ Hf iy ||2 )
1 1x

Substituting t = t; := Ce?; + ||fi — fi.

— fill? —cynt?
Pr B'_IEB'ZCGZ‘FM)SZeX 11
2

< 2exp(—csn - Cely).

2 /4, we obtain

By the same exact argument as in the case of A;, we may choose C > 0 sufficiently large such that

with probability 1 — C exp(—cnef;/ max(Zy, €2)),

|B; — EBj| < Coe? + ||fi — fi|?

for every i € [N], which is (3:39). This concludes the proof of Lemma|14] O

Lemma 15. The following holds:
max{e?;, 7y} < max{e?, Iy} (3.42)

Proof. If Z;; < €2, then €2 < eu by definition. If Z;; > €2, assume to the contrary Z;; < €y7; as

we have ne}; < Iy log N (ey, F, P), this implies

log N (ey, F,PP)/n > €}
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However, this contradicts the definition of €, as the maximal choice of € satisfying the last equa-

tion. O]

Lemma 16. For a sufficiently large absolute constant A > 0, one has exp(—Ane(;/ max(e?;, Zy))

n-L

Proof. First, we show that N = N'(F,ey,P) > n'/*/logn. Suppose to the contrary that
N < nl/4/ log n. Then

nel; < Iy -log N < logn,

since Zy; is at most the squared diameter of F;, which is ©(1). This yields e;; < (logn/n)'/4. But
N (F,€,P) > 1 because Diamp(F) = ©(1) and F, is convex, so we obtain N (F, ey, P) 2
nl/4/ log n, contradiction.

To upper-bound exp(—Anef;/ max(e?;, Zy;)), we split into cases. If Z; < €2, then e < €,
and we have €2 > log 1 by Assumption[10] so exp(—Anet;/ max{e?;, Iy }) < exp(—Ane?) <
n~1 for sufficiently large A > 0.

Otherwise, if Z;; > e%l we have ne‘il /Zy 2 log N by the definition of €7, and since
N > n'/5 we have log N > logn. Hence, by choosing A > 0 large enough we can en-

sure that exp(—Ane};/Zyy) < n 1 in this case as well. O

3.4.5 Proof of Theorem [14

Assume for simplicity that c; = 1. We say ¢ has a Gaussian Isoperimetric Profile (GIP) with

respect to || - ||, if for any measurable set A C R” such that Prz(A) > 1/2, we have that

Prz(As) > 1 —2exp(—nt*/2). (3.43)

where A; = {& € R" : inf,ca ||x — &||l» < t}. Itis not hard to verify that the GIP and LCP are
equivalent (cf. [AAGMI15, Thm 3.1.30]).
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The main observation is the following simple and useful lemma which leverages the power of

isoperimetry:

Lemma 17. For any measurable A C R" such that Prg(A) > 2exp(—nt?/2), Prg(Azt) >
1 —2exp(—nt?/2).

Proof. Since Ay; = (A¢)t, (3.43) implies that it’s sufficient to show that Pr(A;) > 1/2, and indeed
it suffices to show that Pr(A;+¢) > 1/2 for any € > 0. Fix € > 0, and assume to the contrary that
Pr(B) > 1/2, where B = IR"\ Aj;¢. It’s easy to see that A C IR™\ B;.+. Hence, using (3.43), we
obtain

Pr(R"™\ A) > Pr(Biic) > 1 —2exp(—n(t+€)?/2),

ie., Pr(A) <2exp(—n(t+¢€)?/2) < 2exp(—nt?/2), contradiction. O

Denote the event of Deﬁnition@by &, and recall the definition of €2 via ne? =< log N (e«, F,P).
Letting S be an €,-net of F of cardinality N (e, F,IP), the pigeonhole principle implies the

existence of f. € S such that

2 < Prz(&) exp(—cone?)
_ g p 21€ . 2
Prz({fn € B(JE/G*)} ﬂ(‘,:|X) > N(e., 7, P) > Nle., F,P) > exp(—c3ney).

A

By isoperimetry, Prz(Ay) > 1 -2 exp(—nt?/2), where t = Me, /2 and M is chosen such
that (M/ 2)2 > 2(as; this fixes the value of the absolute constant M used in (3.12)).

Applying (3.12) yields that if ¢ € A C £ and ||E — E|| < Me, = 21, || fu(&) — fu(@)]? <
os(X, f*) and so || fu(€) — fell < ex + /ps(X, f*). This implies

Prz({fn € B(fe,ex +1/0s(X, f*))}X) > Pre(Ax|X) > 1 —2exp(—nt?/2).
To bound the variance of fn, we use conditional expectation as in Theorem We have

V(fulX) S Ellfa = fel> < (1 = 2exp(=nt*/2)) - (ex + 1/ ps(X, f*)))? + 2Cexp(—nt*/2),
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where we have used the fact that Diamp (F) = ©(1). Recalling that €2 > log(n)/n, and t =
@ (e ), we have exp(—nt?) = O(e?) and hence the RHS is bounded by C max{e?, ps(X, f*)},

as desired.

3.4.6 Proof of Theorem 13

For simplicity, we assume that cx = ¢ = ¢; = O(1), We abbreviate pp := po(n, P, f*).

We shall use the joint metric on X" x IR” given by

An((X1,81), (X2, 8y)) i=n" 12 d, (X1, X2) + [1E1 = Ealln-

As (X,dy) and (&, || - ||2) both satisfy Lipschitz concentration inequalities with parameter (1), so

does the product space X" x IR” with the usual product metric

((X1,81), (X2,82)) = dn(X1, X2) + (81 = Eall2,

and since A, is obtained by scaling this metric by 7~ 1/2, we obtain that (X" x R", A) satisfies an
LCP condition with parameter ©(n).

Let & be the event of Assumption [14] namely, the event that the ERM is almost interpolating,
and let &; be the event that Diamp (O,p2) < po. Since Pr(&1) + Pr(&) > 1+ exp(—cne?),
we have Pr(£1 N &) > exp(—cne?).

Set & = &£ N &,. Since Pr(&3) > exp(—cne?), the same pigeonhole principle argument
used in the proofs of Theorems 8| and |14|shows that there exists an absolute constant ¢; € (0, c;)
and f. € F such that

Pry (€3N {fu € B(fo,€4)}) > exp(—cined).

Denote this event by £ (in this case, it is better to think about it as a subset of X" x IR"). By the
same argument as in Theorem E = Ec,e. Will be an event of probability 1 — exp(—clnei),
where A, = {(X,&) € X" x R" : A,((X,¢),A) < r} as above, and C; is an absolute constant
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depending on c; and the LCP parameter of A.

Thus, we would like to show that any (X, E) e £ is not too far from fc. More precisely, we
claim that for any (X, E) at distance at most C€, from &, the corresponding ﬁ is at distance at
most C - max{ex, /00 } from f.

For f € F,let fx denote (f(X1),...,f(Xn)) € R". We claim that it suffices to prove the
following: for every (X1,&;) € £ and such that A, ((X2,&,), (X1,&;)) < Ci€s, we have

1fn (X2, E2)x, — o (X1, G1)x, lln S € (3.44)

where ]/‘; (Z,Ei) is the ERM for the input points X; and noise El Indeed, assuming (3.44) we have

(X, Ea)x, = Yallh < 205X, 80)x, = Yalln + 205 (X2 B2)x, = FulKa E0)x, I S €2,
(3.45)
as the first term on the RHS is bounded by 2¢. because (X1,&;) € &, and the second term is
bounded by 4€2 by construction. We now specify the constant M’ in the definition of po (Definition
[10) to be any upper bound for the implicit absolute constant in (3.45). Under this definition,
(3.45) implies thatﬁl(fz,gz)yl € O)ppe2 and hence (X2, &) — Fn(X1,E)|1? < po. Since
Fu(X1,E,) € &, this implies that

1 (X2, 82) = fell® < 2001 fu(X2,82) = fu (X1, E) P + || fu(X2,82) — fel? S max{eZ, po}

as desired.
Thus, on the high-probability event &, f, € B(f., C max{e2, po}). As in the proof of Theorem
one concludes by conditional expectation that V(f,,) < Cmax{eZ, po}.

Proof of (3.44): For convenience, denote f;; = ﬁ(yi,gi)z, and similarly f*; = (f *)Yj' As
d((X2, &), (X1,&;)) < 2€., we have by the Lipschitz property that || f; 1 — fi2||n < 2€, and also
1% — f5lln < 2€.. In addition, letting Y; = f*. + ¢; be the observation vector, the Lipschitz

property of f* and the bound on ||&; — &, || together imply that || Y1 — Y3||,, < 4e.. The definition
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of f;; as the ERM with data points X; and observations Y; implies that fori = 1,2,
Ifii = Yilln < I fx, = Yilln (3.46)

forany f € F. Finally, the almost interpolating assumption (Assumption yields ||Y1— fi1ln <
Cey.
We obtain (3.44) by putting these bounds all together. Indeed, we have

1fi1 = foalln < g = Yalla +11Y1 = Yollu + Y2 = faplln + I f22 = forlln
< (C+6)ex+ || fop — Yalln,

and substituting i = 2, f = f1 into (3.46)) yields

1 f22 = Yalln < |l fi2 — Yalln
<|lfiz = fialln + 1 fi1 = Yalln + [[Y1+ Yallu

S (C + 6)6*/

so we finally obtain

[f1,1 = f21lln S 2(C+6)ex S e,

as desired.

3.4.7 Proof of Theorem

The proof strategy is identical to that of Corollary 2} use a fixed-point theorem to find a function
f* for which f* = Ex fu, for which we have E||f, — f*[|* < sup .z V(fu). However, the
infinite-dimensional random-design setting makes things a bit trickier.

For given f * X, G, let FYE( f*) denote the corresponding ERM (which we have previously
denoted fAn). Recall that while the ERM is uniquely defined as a vector in JF,, its lift to F is

in general far from unique. We will make two temporary assumptions to streamline the proof,
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and explain at the end of the proof how to remove them, at the cost of some additional technical
complexity. First, we assume that Fyg( f*) is the (unique) element of F of minimal L?(IP)-norm
mapping to the finite-dimensional ERM; second, we assume that for each X, the minimal-norm

lifting map, defined by

Lx(v) = argmin{][|f] : f € Flv = (f(x1),..., f(xn))},

1S continuous.

The map Tyg is the composition of the following maps:

P ¢ Ly
Fob, g, o) e X

where P,(f) = (f(x1),..., f(xn)), Pz, is the projection from L?(IP(")) onto the convex set
Fu, which is the LSE in fixed design, and L is the lifting map defined above. The linear map P, is
continuous by Assumption |15} and the map v — Pr, (v + E) is continuous because projection onto
a convex set is continuous. As we have assumed (for now) that L+ is continuous, this proves that
for every X, &, f— FY,E (f) is a continuous map of the compact set F to itself.

We claim that the expectation of this map, f — Ex z[Fy=(f)]. is also continuous: indeed, if

fi — f then
IFxz(fi) = Fxz(f)ll = 0

for each X, and is bounded by the diameter Dp(F), so Jensen’s inequality and dominated

convergence imply

IE[Fx #(fo)] — E[Fg ()]l < ElllFxz(fe) — Fxz(f)ll] = 0
which is continuity.
We can thus apply the Schauder fixed point theorem [AB06, Theorem 17.56]:

Theorem 1. Let K be a nonempty compact convex subset of a Banach space, and let f : K — K be

a continuous function. Then the set of fixed points of f is compact and nonempty.
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The fixed point we obtain is a function f* € F for which f* = E[Fgz(f)] = [Ef,, and hence,
Ellfa = fI? = Ellfa — Eful® £ V(fu, F, ).

This concludes the proof in the case that the lifting maps L+ are continuous.

Unfortunately, the assumption that the Ly are continuous turns out to be unjustified in general.
Indeed, it is not difficult to construct an example of a convex set K C IR? for which the minimal-
norm lift Py (K) — K is not continuous; in fact, one can construct K C IR? with no continuous
section Pr2(K) — K. So we need to explain how to proceed without this assumption.

Fortunately, each L+ is always continuous on the relative interior of F,, (we sketch the proof of

this at the end of the section), so the following modification of Fyg does turn out to be continuous:

P, 0P, (0+)

F > Fn 7

y Fo s F, (3.47)

> Fn

where

¢s(v) = (1—=0)(v—100) +vo

is simply a contraction of F, into a (1 — J)-scale copy of itself (v is some arbitrarily chosen point
in the interior of f,).

Let fy’g denote the composition of the maps in (3.47)). By the argument above, %/E is continuous

and [E[Fx 5] has a fixed point f*.
Of course, f* is not a fixed point of E[Fx 7] as we would like. However, note that || ¢s(v) —

v||, < 26 for any v € F, (as the diameter of F;, is at most 2). Hence, we have for any v € F,, that
ILx(9s(v)) — Lx(0)[|* < 2| ¢s(v) — 0l[ + CZ1(n,P) < 85* + I1.(n,IP)

on an event £ of high probability; in particular this holds for v = P, (P,(f*) + ¢), which means
that on &,
|Fez(F*) = Fgz(f)ll < 8% +CTi(n, ).

Choosing 6 < Z; (n,P) and applying conditional expectation (using the fact that £€ is negligible)
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and Jensen’s inequality, we get that the f* thus obtained satisfies
If* = Efull S max{V(fu, F, ), Zr(n,P)}

, which shows that the ERM is admissible for this f*.

By the same argument, we may discard the assumption that the ERM is computed by finding
the element of F of minimal norm mapping to the finite-dimensional ERM f,ﬁf 9, indeed, under
the event &, the set of functions in & mapping to f,ﬁf ) has diameter C - 71 (n,P), so changing the
selection rule for the ERM will shift its expectation by a perturbation of norm at most C - Zj (1, IP).

It remains to explain why the lifting map L = Ly : F,;, — F is continuous on the relative
interior of F,. Replacing the ambient space with the affine hull of F;,, we may assume ., has
nonempty interior.

Suppose vy — v in F,, and v € int F;,; we wish to show that L(vy) — f = L(v). As Fy is
compact, by passing to a subsequence we may assume L(vy) converges to some ¢ € F. Since
P, is continuous, we have v = P,(L(vy)) — P.(g), i.e., g is a lift of v. Hence, by definition,

gl > 1If
Suppose not. Then ||g|| > ||f|| and hence ||L(vg)|| > ||f|| + € for all k and some € > 0; that

, and we wish to show that equality holds.

is, there exist vy arbitrarily close to v whose minimal-norm lift has much larger norm than that of v.
It suffices to show this is impossible (i.e., that u — ||L(u)|| is upper semicontinuous at v). This
follows from the fact that u > ||L(u)]| is convex, as is easily verified, and a convex function is
continuous on the interior of its domain [Sch14, Theorem 1.5.3]; for completeness, we give a direct
proof.

Since v € int F;, there exists # > 0 such that B(v,r) C F;,. This implies that for any § > 0,
one has

)
B(v,6) Cv+ ;(.7-",1 —0).
Let D be the diameter of F in L2(IP). We have F C B(f, D) and hence F,, C P,(B(f,D) N
F). By linearity, this implies that
v+a(F, —v) C Py(B(f,aD) N F)
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)

for any a > 0; choosing a = 7 we obtain

B(v,8) N Fy C P, (B <f,D7(S) ﬂ]—“) .

In other words, if || — v||, < & and u € J5, there exists an element of F in B(f, 2%) mapping
to 1, which in particular implies that || L(u)|| < ||f]| + 22. This means that u ~— ||L()| is upper
semicontinuous at v, which was precisely what we needed in order to conclude that L is continuous

at .

3.4.8 Proof of Theorem 12

For the purposes of this proof, the assumption that (F ,]P(”)) is a non-Donsker class will be

formulated in the following way:

Assumption 1. Foranyn > 1, Esup,.r Gy = w(€?) and

1 /1 \/
— log N (e, F,P(M) de = O(€?).
T Ly V10BN (e, F ) de = O()

In order to avoid confusion, in this model F is a fixed function class, and P is a sequence
of fixed measures. This model is inspired from non-parametric models that appear in the shape-
constraints literature such as convex regression when d > 5 or a-Holder regression in the suitable
dimension For example, in the case of convex Lipschitz regression [SS11] when d > 5 and P

are n-well separated grid points on X', Assumption|1|is valid.

Preliminaries The following is known as the maximal inequality (cf. [Verl8]):

Lemma 18. Let 74, ..., Zy be zero mean o-sub-Gaussian random variables with bounded variance.

Then, we have that

E max Z; S o+/logk.

1<i<k

Next, we state the classical Dudley’s lemma (cf. [Verl8]):
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Lemma 19. The following holds for all € € (0,1):

C4 DIP(n)(]:)
E sup Gf_p < —/ log/\/(u,}",]P(”))du, (3.48)
fieNe fimf \/ﬁ € \/

where N denotes the minimal e-net in F.

Proof of Theorem We start by finding a weakly admissible f* by a more constructive method
than that used in the proof of Corollary [3|(the method here is closer to the original proof of [[Chal4]).
Then, we prove for this choice of f*.

Let S = {f1,..., far} be a minimal €, := €,(n)-net of F, and denote B(f;) := By(fi, €x),
i=1,...,.N.

Our admissible f* € F is defined as

f*:=argmax; s E sup Gy_y. (3.49)
feB(fi)

Lemma 20. The following event holds with probability of at least 1 — 2 exp(—cne?):

Vie [N] | sup Gs_r —E max Gs_g| < Cie?. (3.50)
feB(Ij‘,) I feB(fi) I

In addition, for afixedj € 1,..., (6;1], the event

sup G < Cz]'ei- (3.51)
fie(SNB(f* jex))

holds with probability of at least 1 — 2 exp(—c3ne?).

The proof of this lemma appears below. We denote the event of (3.30) by £, and by £(;) the event

of (3.51).
Following [Chal4], we define

Tf(t) = sup 2Gf g — 2.
fEBu(f*t)
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One easily verifies (see [Chal4, Proof of Theorem 1.1]) that ‘Pg(t) is strictly concave and that
argmax, Yz(t) = || f* — full3-

This implies that if, for any particular &, we identify t;, t, such that Tg(fl) > Tg(fz), the

unique maximum of ‘I’g occurs for some t smaller than to, i.e., ||f* — ﬁ | < t,. We will take

t;1 = €4 and t = De, for a sufficiently large constant D and show that ‘I’E(h) > ‘I’E(tz) on
£NE(D). This implies that || f* — f,|| < De, on &N E(D), which precisely means that f,, is

admissible for f*.

On the one hand, conditioned on £ we have

Yz(ex) = sup 2Gy g — €?
feB(f*)

>maxE sup 2Gr_¢+ —Clei,
RN om0

(3.52)

where we used the definition of f* and Eq. (3.50) above. On the other hand, for D > 2 we have
under £(D) N & that

sup  Gr_p < max sup Gr_g + sup Gf_p
fEBu(f*,Dey) = FiIeNTB(f*,Dex) fep(f,) I fe NNB(f*,De.) st

< sup Gf—f* + CzDGi,
feB(f*ex)

where we used the definition of f* and (3.51). Substituting in the definition of ¥, we obtain

Yz(De.) =  sup  2Gy j — D%
fEBu(f*,Dex)

<2 ( sup Gy_p+ CZD(—:i) — D?%e?
fEB(f*)
< ¥z(ex) + (2C2 +1)Del — D€l

Comparing with (3.52) we see that for D > 2C; + C; + 1 (say) we have ¥z(De.) < ¥z(e.) on

ENE(D), which is what we wished to prove.
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Now, we are ready to prove (3.9). We first claim that with probability 1 — 2 exp(—cneﬁ),

sup Gy = w(e?),
feB(f*)=f*

(3.53)

where f* is our admissible function. To prove this, we first apply the basic inequality [Gee0O],

which implies that

Rn(ﬁl;f,lp(n)) S IEsup2Gf_f*,
feF

where we recall that the LHS denotes the risk of ﬁl i.e. the maximal L, (IP(”)) error that ]?n can

attain over F. By assumption, R, (f,, F,P(") = w(e?).

Next, we have by Lemma[I9]and (3.49)

w(e?) =Esup Gr_g < max E sup G —I—lEmaxG ]
rer TS feN B () feBa) o5 = ek it

<E sup G jot—t[ " \/log/\/'(t,f,]P("))dt

feB(f) f

<E sup Gf_f*—i—O(e*),
feB(f*)

where we used Assumption [I] Hence,

E sup Gy g = w(e?) —0(e?) = w(e?).
feB(f*)

(3.54)

This gives us a lower bound for sup FEB(f*) Gy in expectation, but we require a high-

probability bound. The proof of this is the same as the proof of Lemma [20} so we only sketch

it: SUP e (f+) Gf_f* 1s convex and e*n_l/z

-Lipschitz, which means that it deviates from its

expectation by €2 with probability at most 2 exp(—cne ) Combining this with (3.54) proves

(3.53).

Let V denote the set of noise vectors for which || f, — f*||, < Ce, and sup reB(f) Gf—f =
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w(€2); by what we have already proven, we have
Pr(¢ € V) > 1— Cexp(—cne?).
Let V' = VN (-V) = {€: & —& € V}. By the union bound,
Pr(¢ € V') >1—2Cexp(—cne?).

Fix any ¢ € V', and denote by fn_ the ERM with the flipped noise vector —¢:

-~

fu 1= argminge (Z( i+ f (%) — f(xz))2> :
Since & —¢ € V' C V, we have

fo = fa llw < W fw = fFlln+ 1 f = flln < Cen

In other words, f,; € By(fu, Cex), so to prove (3.9), it thus suffices to show that £, is not a
J-approximate minimizer for § = w(e%) with respect to the noise ¢, i.e.,

1

B0 48 )P 2 L L)+ 8- ) P+ @),

:

Equivalently, (by subtracting ||¢||? from both sides as in (3.31))), we wish to prove that
~2G; o+ lfa = FIR = 2G5 o+ lfn = £+ w(€D).
fo—f fo—f
Since || f — f* |3 | fi — 12 = O(e?) as & —& € V, this reduces to showing that

2Gp ;o > —2G . + w(e?). (3.55)

On the one hand, by using Eqs. (3.32) and (3.533)) above it is easy to see that on V' C V), we
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have G Fofr > w(€?). On the other hand,
1, -~ . = 1, . §
Qﬁ#*zggh—f£>:—zgh—f,—@. (3.56)

But note that %( fn_ — f*, —€) is the process for the noise vector —¢ evaluated at the corresponding

ERM, namely f,,", and we have —& € V', which implies that

A

(fa = f5=C) = w(ed).

Q=

Combining these last two inequalities we see that (3:53)) indeed holds over all V’, which implies

that (3.9) holds on V', as desired. O

It remains to prove Lemma 20

Proof of Lemma First, define

E@) =201 sup Y (F— ) () &
feB(fi) k=1

Since || f — filln < e« forall f € B(f;), we see that F;(¢) is a 2e,n~!/2-Lipschitz function (with

respect to the usual Euclidean norm on IR"). Hence, we apply (3.10) and obtain

PI‘C{

Therefore, by taking a union bound over 1 < i < ||

sup Gy, —E sup Gy g
feB(fi) feBu(fi)

> t} < 2exp(—cnt?/€?). (3.57)

Pré{Vi c[INM]]:| sup Gy —E sup Gy_g|> t} < 2exp(—cnt?/e2 +log |N]).

feBu(fi) fEBu(fi)

Now, recall that N := N (e,, F,P(")) and that by the definition of the minimax rate, log |N|/n ~

€2. This allows us to choose t = Ce? (for large enough C > 0) such that with probability of at least
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1 — 2exp(—cne?), the following holds:

Vie [|[N]]:| sup Gs_f,—E sup Gs_g| < Cexy/logN/n < Ci€2, (3.58)
feBa(fi) feBu(fi)

which proves (3.50).

For the second part of the lemma, fix j > 1, and define

F](E) = sup 2Gf,—f+-
FENNBL(f*jes)

Again, it is easy to verify that F]-(-) is convex and 2j€*1’l_1/ 2_Lipschitz. Using (3.10) once again,

we obtain that

y

Choosing t ~ je./+/n < je2, we obtain

y

sup Grpr—E sup Gy
FENTB(f*jex) FENDB(f*jex)

> t} < 2exp(—cn(t/j)*/€?).

sup Grpr—E sup Gy
FENTBu(f* jex) fENNBu(f*jex)

> jei} < 2exp(—ce?). (3.59)

Next, by applying the maximal inequality (Lemma over |N| random variables, and the

definition of the minimax rate,

E sup Gs_p+ < Cjex/log N'/n < Cyjez. (3.60)
FENNB(f*,jex)
Combining (3.59) and (3.60) yields (3.51)), concluding the proof. ]
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3.5 Loose Ends

Lemma 21. Under Assumption |l|the following holds: ps(X) < max{Zy(X), €2} for any realiza-

tion X.

Proof. It is always the case that p5(X) < max{Z; (X), €2} for any X. Indeed, if (3.12) holds, then

for any estimator f, such that & — £, () is 1-Lipschitz, ||¢ — E/Hn < €, implies that

1£2@) = 2@ < 201 fa@) = £ @7+ Zu(X)) < 20118 =I5+ Z0(X)) S max{el, Zu(X)}

deterministically, not just with non-negligible probability. 0

Lemma 22. UnderAssumptions we have that p5(X, f*) < po(n, P, f) S max{Z.(n,P),e2}.

Proof. Let £ C A" x IR" be the event that Diamp(O)yp2) < po(n, P, f*) and 1 fn(X,E) —
Y||2 < Cie?. Forany X € X", let &5 = {¢ € R" | (X,¢) € £}.

Since Pr(€) > exp(—cyne?) by definition, the set
E'={Xea" Prz(&x) < po(n, P, f*)) = exp(—cne?) € £}

satisfies Pryn (£') > exp(—(cr/2)ne?) by Fubini’s theorem.
Fix X € £/, € Eg,andlet Y = f* 4 |5 as usual. If IE -2l < Mé_cle* then

17X E) =Y <201/HXE) = AE DI+ 17X =Y
<2((M' = Cp)es + Cr)ez = M'e?
where we have used || f,(X, &) — fu(&)|ln < ||IE — E/Hn as fy, is 1-Lipschitz in the noise. In
particular fn(Y,E/) € Oy and so ||fn(Y,§/) — (X, 8)|| < po(n, P, f*), as (X,&) € &.
Thus, if M’ is chosen large enough so that M < @e*, one obtains (3.12)) is satisfied with
5(n) = po(n,P, f) and ¢, = c;/2, implying that p5(X, f*) < po(n, P, f).
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To see that oo (11, P, f*) < max{Zy (n,IP), €2} is even easier: it’s easy to see that Diamp,, (Opre2)

€« (see the end of the proof of Theorem [§ for details), and the definition of the lower isometry

remainder implies that Diamp (O)y2) S Diamp(O,y.2) + 1/ZL(n,IP) on the high-probability

event 7 (X) < Zy(n,IP). This yields that for an appropriate choice of C > 0, 6(n) =
C max{Z(n,IP),e?} satisfies (3.14) and hence pp(n, P, f*) < max{Z;(n,PP),€2}. O

3.5.1 Full Proof of Corollary 2|

Continuing from §3.4.3|above, tote that when the convex set

Fu i ={(f(X1),..., f(Xu)) : f € F}

is not compact, we cannot apply any fixed point theorem. However, if we find f* € F such that
B*(fu) < max{3-V(fu),C/n}, (3.61)

where C > 0, then we may repeat the same steps as in above. Since, the fixed point theorem
was only used to find a f* € F that satisfies the last equation.

First let us provide some intuition to our proof. The idea to find f* € F with low bias is
inspired from the Banach fixed point theorem. If fn has a “high” bias on some underlying fy € F,
then, j?n should have a lower or equal bias when the underlying function is f; = ]Eofn, where [Eg
means taking expectation when f* = fy. Now, if f; has a “low” bias, then we are done. Otherwise,
consider the underlying f, = ]Elfn, and repeat this process for n times. We will show that some
m < n, f* = f, will be our “admissible” function, i.e. a function that has a “low bias”.

This idea is captured in the following lemma (that we will prove below):

Lemma 23. Ler fy € F and for any i > 1 denote by f; = ]Ei—lj?n- Then, there exists m = O(n),

such that
B2,(fn) <3-Vu(fa) +C/n, (3.62)
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where B2, (j/f;) and Vi, (ﬁ) is the bias and variance error of ﬁ when f* = fy,.

Proof. Assume that f* = f;. If B} (fn) < 3Vo(fn) + C/n, then we are done. Otherwise, when
B3 (fn) > 3V (fn) + C/n, we proceed with the following strategy: First, recall that when f = f*,

then
fu = argmax,. 2(8, ¢ = fla — llg = f17- (3.63)

Define the score function of j?n (when f* = f) via

Le(f) =2 fu = Fu— I fu — FI3-

and let
L(f) = MedLg(f).

It is not hard to verify that when &, then 0 < L(f) < 2.

Next, we will show that

~

L(f1) — L(fo) > B%éf"). (3.64)

If we prove this equation, the lemma will follow. To see this, if f; satisfies (3.62)), then we stop.

Otherwise, repeat the same argument with f1 and f,. Then, we would obtain that
L(f2) = L(fy) + BE(fa)/3 = L(f1) + Cn! > L(fo) +2Cn",

where we used the B.

Therefore, if we repeat this process for n/C times. We must have that f,, for some m < n/C,

will satisfy (3.62); since, L(f) < 2 forall f € F. It remains to prove (3.64).

Proof of 3.64) Let Vy(f,) := max{3Vy(f,), C/n} and let f, be the restricted LSE on

G := Bu(fi,\/Vo(fu)) = {f € F: |If = filli < Vo(fu)},
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namely, f,, := argming |Y — £]|2. Define

Le(f) = 28 fu — fon = |l fu = f1I-
Using (3.63)), we have that

Lz(f1) > Lz(f1) = ilelgﬂaf —f)n—=IIf = Al = ;1;1992<§/f—f1>n — V5 (f),

where the first inequality follows from G C F, and the second equality follows from that j?n =
argmax g ZE( 1), and finally that Diam(G)2 < Vo (f,).

Now, by Chebyshev’s inequality, with probability of at least 2/3, we have that fn € G (when

f* = fo) denote this event by £. Under £, we clearly have that

-~

Sup(E/ﬁn > <Erfn>n
feg

Hence, using the last two equations, the following holds on the event &£:

Le(f) — Le(fo) = Le(A) — Le(fo) = I — foll2 = G fi — fodu — Vo(Fo).

Now, note that (&, f1 — fo)n ~ N(O, ||f1 — fol|3) = N(0, B} (f2)). Hence, there exists an event
&1 C & that holds with probability of at least 0.5 such that

Lz(f1) — Lz(fo) = Ifu = follz = Vo(fu) — C -/ B3(fu) /n. (3.65)

Next, using the fact that || f, — fo||» is 1/+/n Lipschitz and the LCP inequality (3.10), we know
that || f, — folln — E||fu — folln is 1/+/n-subgaussian. Hence, by using standard argument of

integration of tails (see for example (3.29) above), it is easy to see that

Eollfn — follz = Medo|| fu = foll7; + O(max{Eo|| fu = follu/ v/, 1/n}).
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Finally, we take a median on (3.63), and use the last equation and obtain:

L(f1) = L(fo) > Eol|fu — foll = 3V5 (fa) — O(max{y/B3(fa) /n, Bollfu — folln/ V1, 1/n})
= B3(fu) + Vi (fa) = 3V3 (fa) — O(max{Eo||fu — folln/v/n,1/n})
= B3(fu) — 2V (fa) — O(max{Eo||f — folln//n,1/n})
> B2(fa)/3,

where we used that our assumption of B% (j?n) > C/n for C that is large enough; and the claim

follows. u

3.5.2 Addendum to §3.2.5

Example 1. Let X = 5", the Euclidean unit sphere of dimension 7 contained in R let P
be the uniform measure on X, and for each hyperplane H passing through the origin, let IPH
be the uniform measure on X N H = $"~!. The set of such hyperplanes is the real (n + 1,1)
Grassmanian, denoted Gry 41 p.

For each H, let 1y denote the characteristic function of H, and let = conv{ly, 1 — 1y :
H € Gryy 14} Note thatin L2(IP), F reduces to the class of constant functions between 0 and 1
because for any H,1 — 15 = 0and 1 — 1y = 1 almost everywhere on X. Similarly, in L?(IPH),
lgp=1and1—1p = 0, while forany H' # H,1}; = 1and 1 — 1y = 0 because H N H’ has

n-dimensional Hausdorff measure 0. In particular, regressing F on L?(IP) or L?(IP™) reduces to

1

estimating an element of [0, 1] given # noisy observations, for which the minimax rate is o

On the other hand, let P = {IP} U {lP¥ : H € Grp, 1}, and consider the distribution-unaware
minimax risk M ™) (F,P). We claim that M (F,P) = w(1) even when there is no noise.
The intuition behind this is that when the estimator f,, observes (X1, Y1), ..., (Xy, Yy), it does not
“know” whether the distribution is IP or P where H = Span(Xj, ..., X;), and thus it does not

know whether to generalize the observations in a way which is consistent with the L?(IP) norm or

the L2(IPH) norm.
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To see this formally, let f, : D — F be some estimator. For any X € X", let Span(X) :=
Span(Xj, ..., Xy ), which is an element of Gry, ;1 , with probability 1. In the noiseless setting, any
sample X, Y such that Span(X) € Gry, 1, will have Y a multiple of (1,...,1) with probability
1, so we may as well consider Y to be a constant function. To get a lower bound on the minimax
rate, it is also sufficient to consider only the extreme points of F, namely the functions in F' =
{1y,1 -1y : H € Grpy1n}, which are {0,1}-functions, so we think of our estimators as
functions f,, : X" x {0,1} — F. We also assume for simplicity that f, always returns a function
in F';if fn is allowed to take values in the full convex hull F, one obtains the same lower bound

on the risk of f,; by a more complicated version of the argument below.

Suppose, for example, that the estimator is given the sample (X, 1). In the noiseless setting,
there is no point in returning a function inconsistent with the observations, so f, must return either
1y for H = Span(X) or 1 — 1y for some H' # H (not containing any of the X;). Similarly, on

the sample (X, 0) an optimal estimator f,, will return either 1 — 15 or 1y for some H' # H. Let

PHO = PrX,-NlPH{fn(X/O) =1-1p}

PH1 = PinNIPH{]En(Zl) =1}
po=Prxp{fu(X,1) =1 —1g,,, %)}
p1=Prx,p{fu(X1) = Lgppn) }-

The Grassmannian Gry, 1 5, which is itself isomorphic to §”, has a uniform (i.e., rotationally
invariant) probability measure, and one has p; = By yGr, ) [PH,]: choosing n points from
the unit sphere in R”*1 is the same as choosing a uniform hyperplane and then choosing 7 points

uniformly from that hyperplane, by rotational invariance.

One computes that py ; and p; determine the error of f,, on F as follows:

ruo ffe{l-1utU{ly}twsu

& pn = E [(Fu = f)2 P =
pur fP e {lu}U{l =1} mzn
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o= [(fa—f)2dP = tor She Unbnconan

L—p1 f*€{l-1u}tHacGr,,

To lower-bound the distribution-unaware minimax risk, we consider the expected error of fn under
two different scenarios: when we choose a hyperplane H uniformly at random and measure the
error of fn on the function 1y when the input distribution is PH, and when we fix fr=1-1p,
and measure the expected error of f, when the distribution is IP. By the above, the error in the
first scenario is [E H~U(Gry 1) [pr1] = p1. while the error in the second scenario is 1 — p1. As

max{1 — p1, p1} > %, this shows that M,gd”)(f,P) = w(1), as desired.

Remark 22. Note that the L2 (IP)-diameter of the set of functions which generalize the observation
vector (X, 1) (say) is huge, as this set includes both 1 and 1 — 1py, where H = Span(X) and H’

is any other hyperplane.

Remark 23. Example|l|may seem unnatural, as the measures IP and P are all mutually singular,
which leads to the “collapse” of the function class in different ways in L?(IP) and each L?(IPH). To
exclude such pathology, one might wish to consider only families of distributions all of which are
absolutely continuous with respect to some reference measure PO, 1t is not difficult, though, to
modify Example|I|in such a way which avoids any measurability issues: for given n, let F = IF,
be the finite field of cardinality g for some g > n, let X = F"T1\{0}, let IP be the uniform
probability measure on X', and for each H in the set Gry 41 (F) of n-dimensional linear subspaces
of F"*1, let IPM be the uniform probability measure on H\ {0} C X, let F = conv{ly,1— 1y :
H € Grpiin(F)}, and let P = {P} U {]PH}HeGrnH,n(F) as above. (Note that all measures in
P are absolutely continuous with respect to IP.) As g > n, each hyperplane H has P-measure
O(n~ 1) in X and for any H' # H, H N H’' has PH-measure O(n 1), so one easily verifies all the

computations in the example are still valid, up to errors of order O(n~1).
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3.5.3 Proof of Theorem

Recall the following classical characterization for the minimax rate of [YB99] (that holds for

Gaussian noise and for any class whose diameter is at most 1):

log NV (e, H., P1)
n

+ée2]. (3.66)

Case I: V(]?n) < Sn~l. Ttis well known (see, e.g., [Wail9, Example 15.4]) that the minimax
rate is at least ©(V (f,,)) the restricted class H.., when the diameter of 7, is less than O(1/+/n).

Hence, the claim follows.

Case 1I: V(j?n) > Sn~l. We will prove that the covering number of #, by balls of radius

\/ V(fn) /2 is not too small:
log N(\/ V() /2, Ha, P > c1n - V(F), (3.67)

So it suffices to prove that holds for an appropriate c; > 0, as the minimax of . cannot be
larger than its diameter which is 2 V(fn) The proof strategy is very similar to that of Theorem
Suppose for the sake of contradiction that log N/ ( V(ﬁl)/Z, H,, PM) < cyn - V(j?n) We
consider the distribution of f,, when the true function is f*. First, note that as E|| f,, — Ef, ||> =

V(fy), we have that
Pr(fu € Hs) = Pr(fu € Ba(Enfu, 2/ V(fa))) = 1= Pr(| fu — Enfuls > 4V (fx)) = 3/4

by Chebyshev’s inequality. Let A = {f1, ..., fo’} be a minimal \/V(f,)/2 - net in #,; by the

pigeonhole principle, there exists at least one element ¢ € A such that

Pr((lfu = glln < \/V(F)/2) 2 577 2 Bexp(—einV (7))/4 (3.68)
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Next, we apply (3.18) with f = g and t = /V(f,,) /6, to obtain

P (11Fo = glls = Bgllfo ~glll < V() /6) 2 1= 2exp(-nV (7)/18). (369

Recalling that we are in the case V(ﬁ) > Sn~L, by choosing ¢; > 0 small enough and S > 0

large enough we can ensure that exp (nV (f,)(1/18 — ¢1)) > 8/3, or equivalently

> exp(—cinV(F2)) ~ 2exp(~nV(£,)/18) > 0. (3.70)

Combining (3.68), (3.69), and yields

Pl =gl < vV (o) /2) + 2 (|17, = gl Egllfa —gl] < V() /6) > 1,

so the two events

{10 =l — EelFa = gl | < /v 6} A1 =l < VY (G122
have nonempty intersection, which implies that IEEHJ/‘; —glln <20/ V(fn)/3.

Let h(&) = || fu — glln. We have Eh? = (Eh)? + E(h — Eh)?> < 4V(f,)/9. As h is \/Lﬁ—
Lipschitz, the LCP implies that  is \/Lﬁ-subgaussian. Thus h — [Eh is a centered \/Lﬁ-subgaussian

random variable, so E(h — ]Eh)2 < % [Ver18, Proposition 2.5.2], and hence
Ep|fu— g5 < §V(fn) T

Again recalling that V(]?n) > Sn~!, by taking S large enough we can ensure that IED||fn —
Ef,||2 < V(f,), which contradicts the definition of V(f;,).
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Chapter 4

Efficient Estimators For Multivariate

Convex Regression

4.1 Main Results

This chapter is dedicated to prove the results that appeared in above.

Theorem 4. Let d > 5 and n > d + 1. Then, under Assumption |6} for the task of L-Lipschitz convex
regression on a convex polytope () C By, there exists an efficient estimator, ]?L,n, with runtime of at

most n°@ such that
R(fon FL(Q),P) < (¢ + L)2n~ 5 log(n)"@ + C(Q)n~7% log(n)2"@), (1.16)

where h(d) < 3d and C(Q)) is a constant that only depends on the polytope QE|

Theorem 5. Lerd > 5and n > d + 1. Then, under Assumption|6 for the task of T-bounded convex

]?T,n

regression on the polytope () C By, there exists an efficient estimator, , with runtime of at most

O04(n°D)Y such that

R, FT(Q),P) < C1(Q) (0 + T)?n~ a3 log(n)@),

I'Specifically, it depends on the flags number of polytope Q) (cf. [RSW19]).
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where h(d) < 3d and C1(Q)) is a constant that only depends on Q).

4.1.1 Notations and Preliminaries

Throughout this text, C,C1,Cy € (1,00) and ¢, ¢1,¢p, ... € (0,1) are positive absolute constants
that may change from line to line. Similarly, C(d), C1(d), C2(d), ... € (1,00) and
c(d),c1(d),ca(d),... € (0,1) are positive constants that only depend on d that may change from
line to line. We also often use expressions such as ¢(n) < Oy(f(n)) to mean that there exists
C4 > 0 such that g(n) < C;f(n) for all n.

For any probability measure Q and m > 0, we introduce the notation Q,, for the random
empirical measure of Z1,...,Zy ~ Q.ie. Q, =m! Y.itq0z.. Also, given a subset A C () of
positive measure, we let I? 4 denote the conditional probability measure on A. For a positive integer

k, [k] denotes {1, ..., k}.

Definition 11. A simplex in R? is the convex hull of d + 1 points vy, . . ., Vg41 € RY which do not

all lie in any hyperplane.

Definition 12. A convex function f : Q0 — R is defined to be k-simplicial if there exists
A1, ..., C RIND gimplices such that Q) = Ui-;l A\; and for each 1 < i < k, we have
that f : A; — R is affine.

Note that the definition is more restrictive than the usual definition of a k-max affine function
(see Remark [3)), since the affine pieces of a k-max affine function are not constrained to be simplices.
The following result from empirical process theory is a corollary of the peeling device [Gee00,

Ch. 5], [BouO2]] and Bronshtein’s entropy bound [Bro76].

Lemma 24. Let d > 5, m > C% and Q be a probability measure on Q) C By. Suppose Z1, ..., Zm
are drawn independently from Q; then with probability at least 1 — Cy(d) exp(—c1(d)\/m), the
following holds uniformly for all f,¢ € Fr(Q)):

SV

27 [ (F=9%AQ—CLam# < [(f=9)%dQu <2 [ (f=g)%dQ+CLom™ i, (4.1)
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Next, we introduce a statistical estimator with the high-probability guarantees we shall need,
based on a recent result that is presented in [MVZ21, Prop. 1]. Its statistical aspects are proven
in the seminal works [Tsy03b; LM19], and guarantees on its runtime are given in [Hop18; DL19;

HLZ20].

Lemma 25. Letm > d+1,d > 1,5 € (0,1) and Q be a probability measure that is supported
on Y C By with a known covariance matrix ¥.. Consider the regression model W = f*(Z) + ¢,
where || f*||le < L, and let Z4,...,Zm o Q. Then, there exists an estimator fr 5 that has an
input of (£, {(Z;, W;) }!,) and runtime of O4(m) and outputs an L-Lipschitz affine function that

satisfies with probability at least 1 — §

_ Clo+L)*(d +log(1/5))
- m

[ Urst) = w* ()2d0Q(x)

7

where w* = argmin,, ., [ (w — f*)*dQ.

4.1.2 The Proposed Estimator of Theorem {4|

For simplicity assume that L = 1 and that = ©(1). Without loss of generality, we may assume
that || f*||lc < L = 1, since our function is 1-Lipschitz and Q) C By. Also, without loss of
generality, we further assume that P = U(Q)), where U(Q)) denotes the uniform measure over ).
To see this, note that can always simulate ®;(7) uniform samples using the method of rejection
sampling given samples from any distribution IP which satisfies Assumption [ (cf. [Dev86]). To
conclude we assume that L = 1,0 = O(1), P = U(Q), and recall that we assume that d > 5.

In order on prove the correctness of our estimator, we develop the following approximation

theorem for convex functions (its proof appears below).

Theorem 17. Let Q) C By be a convex polytope, f € Fr(Q), and k an integer greater than
(Cd)d/ 2, for some large enough C > 0. Then, there exists a convex set QO C Q) and a k-simplicial

convex function fy : Oy — R such that

P(Q\ Q) < C(Q)k 7 log(k) . 4.2)

121



and

/Q (fe — F)2P < L2 O4(k~ & + C(Q)k~ log(k)* ). 43)

Note that both (), as well as fi, depend on f*. The bound of Eq. is in fact tight, up to a
constant that only depends on d, cf. [LSWO06]]. Also note that f} is not necessarily an L-Lipschitz
function, i.e., it may be an “improper” approximation to f. We remark that the constant C(Q)
depends on the flag number of the polytope (2; for more details see [RSW19]]. As we mentioned
earlier, we assume that the number of vertices or facets of () is bounded by C;, so the definition of
the flag number and the upper bound theorem of McMullen [McM70] implies that we can assume
C(Q) < Gy (d).

Fix n > (Cd)¥/2, f* € F1(Q), and set k(n) := nia. Let fr(n) * Qi) — R be the convex

function whose existence is guaranteed by Theorem for f = f*. We have

J U = S PP < 0g(n~74), @4)

and there exist Ay, ..., Ayg,) C €O simplices such that fi ) N is affine on each i.

If we were given the decomposition of () into pieces on WllliCh f* is near-affine, it would be
relatively simple to estimate f*, as we show in §4.4below. We recommend reading it, to get some
intuition for our approach, before attempting the description and correctness proof for our “full”
estimator below.

To overcome the fact that we do not know the simplices A; on which f is affine, we need
another lemma, which says that if we randomly sample a set of 7 points {X,, 11, ..., Xo, } from Q,

there exists a collection of at most O (k(1)) simplices covering “most™ of (), such that the vertices

of each simplex belong to { X, 11, ..., X2, } and f is affine on each simplex in the collection:

Lemma 26. Letn > d +1, and /\q, ..., Ak(n) that are defined above, and let X1, ..., Xop ~
1.1.4.
IP. Then, with probability at least 1 — n~1, there exist k(n) disjoint sets S}(, e S;c((n) of simplices

with disjoint interiors such that

1. The vertices of each simplex in Uiinl) 8& lie in {X,;11,...,Xon}. Moreover, for each 1 <
i < k(n), we have that |Sk| < O4(log(nP(£;))%1).
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2. Foreach1 <i <k(n), we have that US% C A, and

P(JSk) > P(A;) — min {od (1"*‘5(” IOg(me”“) ,m»} |
The proof of this lemma appears in subsection 4.2.2] Essentially, this lemma states that we can
triangulate “most” of each simplex /A\; with “few” simplices whose vertices lie among the points
Xp+t1,- ., Xon which fall in A\;, so long as A; is large enough. From now on, we condition on the
high-probability event of Lemma [26]
Note that if we were given the set of simplices Sx := Ui.inl) S 5}, we could use the same strategy
as in §4.4]to obtain a minimax optimal estimator for this task as well. Unfortunately, we do not

know how to identify the simplices of Sy, but we do know that they belong to the collection of all

simplices with vertices in {Xn+1/ e, XZn},
S :={conv{X, ;:ie€S}:SC[n],|S|=d+1}. (4.5)

Note that |S| = Oy(n*1), which is polynomial in 7.

Instead of trying to identify the simplices Sx C & on which f is close to being linear, our
algorithm finds a function f which, on every simplex A € &, is “not much farther” from the best
linear approximation to f on A then f is. Since f itself is close to its best linear approximation on
each simplex in S, f will be close to f on |J Sx, which is most of ().

We restate this a bit more precisely: if f : () — R is a convex Lipschitz function such that
vaes: [(f-wifaps <O ( [ —wildpat (POW ) @0

where W% = infy affine [ (f* — w)?dIP o, then f satisfies fﬂ(f — £9)2dP < éd(n_d%), and the
RHS is the minimax optimal rate. (The idea of the proof is to use the fact that f* is close to w’ for
each A € Sy, along with the triangle inequality, and then sum over all simplices in S; the full
justification is given at (4.15))-(@.18)) below.) In the remainder of this section, we will describe an

efficient algorithm which constructs a function f which comes “close enough” to satisfying (4.6)
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that it manages to attain the minimax optimal rate.

We now begin the description of our algorithm. In the notation of (4.6)), for each simplex A € S,
we estimate w’, by applying Lemma with the data points of D! = {(X;, Yl)}f:/ f that lie in A
as input; denote the regressor we obtain by WA .

Next, we shall need to estimate (with high probability) the squared error of the regressor on
each simplex in S, i.e. /3 := ||f* — DA ||%2(U( Ay Uptoa polylogarithmic multiplicative factor,
using the data points in D> = {(X;, Y;)}I"_,, /. that lie in AA. Letting @’ to be defined as above,
we have

O = llwi = Dallf, iy + 1 = wAlz,wn):

the first term is called the (squared) estimation error and the second is called the (squared) ap-
proximation error. By Lemma 25| with probability at least 1 — 24 the estimation error will be
at most Cdlog(n)/(IP(A)n), which is no more than a O(dlog(n)) factor times the expected
estimation error. However, f* may not be affine on A\, and the squared approximation error may be
significantly larger than the squared estimation error. When this occurs, the estimation of EZA by
noisy samples is challenging, even in the (unrealistic) setting of sub-Gaussian noise with known
variance o2. Indeed, it would be natural to estimate the approximation error by the (centered)

empirical mean of the squared loss, namely

Y, (Y-da(X))? -

P(A)n (X,Y)eDy, XEA

However, the additive deviation of this estimate is of order Qd(nj ), where np ~ P(A)n is the
number of data points falling in A\, and therefore when ¢2 is in the range [O(n1!), Qd(n;% )] we
will not be able to estimate EZA even up to a multiplicative constant, which is what our algorithm
requires in order to succeed.

Overcoming this problem necessitates constructing a new efficient procedure to estimate £ , up
to a multiplicative constant with an additive deviation of Og((IP(A)n)~1), using the data points
of D, that fall in AA. Using the convexity of f* — @, and techniques from potential theory and

stochastic geometry, we show that such a procedure indeed exists. Specifically, we prove the

124



following:

Lemma 27. Let A C Q and let g : /N — [—2L,2L] be a convex function such [, g*dP >
CdLylog(n)?/n. Then, there exists an estimator fE,(S(n) (that uses that points of D) with a
runtime O3(n°M)) and with probability at least 1 — n=2? satisfies

A B log(2/6
1811wy < Fram < C(d)log(n)*! (“g I,y + L+ “>211§<(T>n)) ’

where C(d) is a constant that only depends on d.

We remark that our estimator requires an upper bound on L and ¢ (up to multiplicative constants
that only depend on d). Both can be found using standard methods when L = @(c) = ©(1). We
provide additional information about this estimator in §4.1.3|below.

We denote the output of the estimator of Lemma 27|for ¢ = f* — @a by EZA forany A € S.
Given our regressors W A and squared error estimates 72, we proceed to solve the quadratic program
which encodes the conditions || f — @ ||%2(U Ay < {2, for all simplices with large enough volume.
(We rely on the fact that the Ly-norm on each simplex can be approximated by the empirical
L>-norm, again using Lemma ) This program is feasible, since f* itself is a solution. fis
close to f* on every simplex in our collection and in particular on the simplices restricted to
which f* is near-affine (which we don’t know how to identify), which allows us to conclude that
J. Oy (f — F)2dP < 6d(n_di+4) with high probability, where ﬁk(n) is the union of the simplices
in Lemma

So we have constructed a function fwhich closely approximates f* on ﬁk(n)' ﬁk(n) 1s not
known to us, but as we shall see, Q\ﬁk(n) has asymptotically negligible volume, so the function
min{f, L} turns out to be a minimax optimal improper estimator (up to logarithmic factors) of f*
on all of (). In order to transform this improper estimator to a proper estimator, i.e., one whose
output is a convex L-Lipschitz function, we use a standard procedure (denoted by MP), as described
in §4.5/below. This concludes the sketch of our algorithm.

Pseudocode for the algorithm is given in Algorithm|[I|below. In its formulation, note that the

procedure le(g(n) is described in Lemma fEl(g(n) is described in Lemma , and MP is described
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in § .5

Require: D = {(X;, Y;)}1,
Ensure: A random f; € F(Q) s.t. whp. |[fL — |3 < Og((L + 0)2n~#H4).
Draw X, 4+1,..., Xop ~ P
1.1.4.

S — {conv{X, ;:i€S}:5C[n],|S|=d+1}
Part I:
D' {(X;, i)}
D? {(X:, Y)Y, 0
for \q,...,/\;,...€ Sdo

E@i — fR,é(n) (’{(X, Y) eD X e Al})

Ci <= min(4, fp 500 ({(X, Y — @i(X)) : (X, Y) € D2, X € A;}))

end

Part II:
foricl,...|S|do

Draw Z;4, ..., Zi,n2 ~ Pa,

Define an inequality constraint

2 n - A/ dl
Ij:= #ZZﬂ(f(Zi,j) — D (Z;;))* <02+ CLZ%(").
Construct f € F1(Q) satisfying the constraints Iy, I . . ., || (cf. Eqs. @.11)-(@.13))
end

return MP(min{f,L})
Algorithm 1: A Minimax Optimal For L-Lipschitz Multivariate Convex Regression

We now turn to the proof that Algorithm [I] succeeds with high probability. In the analysis,
we assume for simplicity that L = ¢ = 1. Let S be as defined in Algorithm 1, and let ST :=
{AN:A €S, [, g*dP > Cdlog(n)?/n}, for some sufficiently large C. In particular, we have
P(S) > C1(C)dlog(n)/n forall S € ST. We first note that our samples may be assumed to be
close to uniformly distributed on the simplices in ST. Indeed, by standard concentration bounds,
we have
]I’(j) (D)

<1 2) <o

1
T ! . —  ——
VAES,]€{1,2,3}. 5 ]P( ) ,

4.7)

with probability 1 — 313, where ]P,(ql) = %Z;’:/% Ox,, ]P,(f) = %Z?:n/zﬂ dx, and 11’513) =
% 21.22,1 410x; (see Lemma in sub-Section . From now on, we condition on the intersection
of the events of and Lemma [26]

The first step in the algorithm is to apply the estimator of Lemma [25|for each /\; € ST with
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Q:=Pp,andé = n~(@+2) ysing those points among of D! that fall in A;. (By the preceding
paragraph, under our conditioning, we may assume IP(A\;)n of the points in X, ..., X% fall in each
/A\;, up to absolute constants. We will silently use the same argument several more times below.) By

the lemma and a union bound, we know that the following event has probability at least 1 — 1

. 2Cdlog(n)
1<i< T/ bi(x) — f*(x))2dP 5, < =208 / “(x) — f*(x))%dP A,
VI <i<|ST [ (@)~ £ () aPa, < SB[ (i) - ) aps,
(4.8)
where w! = argmin,, g . [ A (w(x) —f *)2dP 5. We condition also on the event of (#8). Next,
we apply Lemma 27| (with § = n_(d+2)) on each A;, with ¢ = f* — @;, and using those points

among of D? that fall in /;, and obtain that

VI<i<|S|: [ (- )Py, < B, (4.9)
with @12 as defined in Algorithm (1| Note that for A € S\ S T taking @; = 0 suffices, since f*
is bounded by 1, the loss is bounded by 4. Finally, we further condition on the event of the last

equation.

We proceed to explain and analyze Part IT of Algorithm[I] We first claim that conditioned on
(.9), the function f* satisfies the constraints I, I, . .. defined in the algorithm with probability

(f* — Z?)i)2||Loo(Ai) < 4, so by Hoeffding’s
a+2)

at least 1 — n~ 1. Indeed, foreach 1 < i < |S

]

inequality and @9) we know that with probability at least 1 — n~(4+2), we have that

. . 0 £ _ o Cdl
n2 &= (f*(Zi) — wi(Z;))* < /A.(f — ;)2%dP p, + %(”)
- | (4.10)

o \/Cdlog(n)
=Y

n

Taking a union over i, we know that (#.10) holds for all i with probability at least 1 — 1.

We also note (for later use) that applying Lemma [24{ to the measures IP o, and using a union
bound, it holds with probability at least 1 — Cne=cV" that for all 7, the empirical measure P, , =

% 27:1 (5Zi,j on /\; approximates IP o in the sense of @.1I)). We condition on the intersection of
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these two events as well.

We now explain how to algorithmically construct j? € F1(Q) satisfying all the constraints I -
The idea is to mimic the computation of the convex LSE [SS11], by considering the values of the
unknown function y; ; = f(Zi,j) and the subgradients {; ; € df (Z; ;) at each Z; ; as variables. More
precisely, we search for y;; € R and ¢;; € R? satisfying the following set of constraints (here

L=1):

2

) 1 & R n Cdlog(n
Vi < |S| : F (yi,j — wi(Zi,j))z < E;z + +U (4.11)
j=1
V@i, j) e ISl x[n]: gl < L? (4.12)
V(i1 j1), (2, f2) € [ISI < [n] = iy = (Cirjis Zinjo — Zivjy + Yinja)- (4.13)

For any feasible solution (y;;,&; ;)i of @.I1)-(@.13), define the affine functions a; ;(x) =
Yij+ <§i,jr X — Zz’,j>- We claim that the function f = max; ; 4; ; is a 1-Lipschitz convex function
which satisfies the constraints [;. Indeed, (4.13) guarantees that ]?(Zi,j) = y;; for each 7, so the
I; are satisfied due to (4.I1); moreover, the a;; are convex and 1-Lipschitz (the latter because

of @.12)), so f is convex as a maximum of convex functions and 1-Lipschitz as a maximum of

1-Lipschitz functions.

Conditioned on (4.10) there exists a feasible solution to the problem @.11)-(4.13), namely that
obtained by taking y;; = f*(Z;;), §;; € f*(Z;;) (where df (x) denotes the subgradient set of
a convex function f at the point x). Moreover, the constraints in {.11))-@.13)) are either linear or
convex and quadratic in f (Zi,]'), u; j, and hence the problem can be solved efficiently. For instance, it
can be expressed as a second-order cone program (SOCP) with O (n2d+2) variables and constraints,

which can be solved in time Od(no(d)) (see, e.g., [BTNO1]).
Next, recall that under our conditions on the Zi,j, we have for each i that

n2

[, (P = £ () aps, < %szzi,j) CpaRiort, @

—
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since both f* and j?lie in F1(Q)). Recall also that under our conditioning, for each i, the constraint

Cdlog(n)

holds whether we take y; ; = f(Zi,j) ory;; = f*(Z;;). Using this bound along with the inequality
(f* = F? < 2(F = @1)* + 2(; — f*)? in (@&I4), we obtain

dl 7
C+M +Cn i 2B CluTEE,  (415)

[ (F) — £, <202+

where we used our assumption of d > 5. Now, recalling that ¢? denotes the LSE error || f* —

W, H%Z (A, Which is bounded by #.8)), we have

A B . . C(d)logn
12 < C4log(n)¥12 < Cylog(n)?! (||f ~ Wi Ly + n(a()Ai)i )

Substituting in (.13)), we obtain for any A; that

[, (Fx) = £ )P, < cla) (10g<n>2d—1 I = 0 + g+

Now recall that fi(,,) is our k(n)-simplicial approximation to f, and that fi,) . is affine for

ij
eachiand §;; € Sg(, where the sets Sgg are defined in Lemma Define (le(n) =U Ui.inl) 83'(.

Recall that by definition,

5 —wi,||?> = infy agine || f* — w||%2(sm) forany S, € S, in particular

for those S;;; which belong to one of the S%. Hence, multiplying @.16) by IP(4;) and summing
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over all the /\; belonging to any of the S’ we obtain

L Fofrap<ad ¥ <1°8<n>2”"1 inf [ (F —wpap+ 28007 +1P(A>n—3>

Qk(n) Aeukﬂ) SS( w affine J A\
< <1og<n>2d‘1 | Ui = F%P + log<n>3dnd“+4)
Q)

< O4(n” 7 log(n)*),

(4.17)
where we used the fact that the cardinality of Ui-{inl) Sk is bounded by Od(nﬁ log(n)?), the
disjointness of all the simplices comprising (N)k(n), and finally the definition of fk(n)- Next, it is not
hard to show that || f| < C (simply because f is 1-Lipschitz, () is contained in the unit ball, and

ka( )(f— f*)? < 4). Thus, we obtain that

. . _ k() .
[ (PP < 7P\ Gy) < G Y- PN S
Q) \ () =1

< Oy(n~ 7 log(n)?).
where we used part (2) of Lemma[26] Combining the last two equations, we obtain that

| (F= 7P < 0y(n™75 log(n)™). (4.18)

Q)

Finally, since P(Q)\ OQ(,,)) < C(d)n_5$i log(1)4~1, we can estimate f* simply by 1 on O\ ()
d ~

and the error of doing so will be asymptotically negligible (rfdiii < n*ﬁ), somin{f,1}isa

minimax optimal estimator on all of (). (Recall that this is an improper estimator, and we can apply

the procedure MP described in §4.5|to obtain a proper estimator.) It is not hard to see that the

runtime of the above algorithm is Od(no(d)). The proof of Theoremis complete.
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4.1.3 On The Estimator of Lemma

The construction of this estimator has a middle step that may be independent of interest. We develop

a new estimator for the L1(U(K)) norm of any convex function ¢ : K — RR:

Lemma 28. Let K be any convex body in R?. Let § € (0,1) and f : K — R be a convex function,
and suppose that m > d + 1 i.i.d. samples are drawn from the regression model Y = f(Z) + ¢,
where Z ~ U(K). There exists an estimator f,‘,si taking these samples as input which satisfies, with
probability at least 1 — 3 max{d,e” "},

_ log(2/6
IFllwun < 7 < € Ko + Cala Ky B fl ) + o),

where C(d,K),C1(d, K) are constants that only depend on the convex set K and the dimension d.

The estimator of Lemma [28]is invariant with respect to affine transformations of the domain.
Thus, the constants C(d, K), C;(d, K) are the same for all K in the class of affine images of a fixed
convex body in IR?, such as the class of simplices. Furthermore, it has the optimal error rate, with
respect to the number of samples m, for the L1 (U(K))-norm of any convex function g (with no
restriction on its uniform norm or Lipschitz constant). However, we cannot extend this estimate for
the L, (U(K) for any convex K and any convex g : K — R. Unfortunately, it is essential for both
the statistical guarantees and the computational aspects of the proposed estimator of Lemma [27]to

assume that the domain of g is a simplex and that ||¢||c < L.

4.2 All Remaining Proofs

Basic notions regarding polytopes A quick but thorough treatment of the basic theory is given
in, e.g. [Schl4]. A set P C R? is called a polyhedral set if it is the intersection of a finite set of
half-spaces, i.e., sets of the form {x € R?:x-a< c} for some a € Ry ceR. A polyhedral set
P is called a polytope if it is bounded and has nonempty interior; equivalently, a set P is a polytope

if it is the convex hull of a finite set of points and has nonempty interior.
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The affine hull of a set S C R? is defined as

affHull S = | J{) aixi:x; € K,a; e R| ) _a; =1},
which is the minimal affine subspace of R4 containing S. For a convex set K, we define its dimension

to be the linear dimension of its affine hull.

For any unit vector u and any convex set K, the support set F(K, u) is defined as

F(K,u) ={x € K:x-u=maxy-u}.
yeK

(If max,ex y - u = oo then F(K, u) is defined to be the empty set.)

Suppose P is a polyhedral set. For any u € §"~ 1 F (P,u) is a polyhedral set of smaller
dimension than K. Any such F(P, u) is called a face of P, and if F(P, u) has dimension m — 1, it
is called a facet of P. A polyhedral set P which is neither empty nor the whole space IR? has a finite
and nonempty set of facets, and every face of P is the intersection of some subset of the set of facets
of P. If P is a polytope, all of its faces, and in particular all of its facets, are bounded. A polytope is
called simplicial if all of its facets are (m — 1)-dimensional simplices, which is to say, each facet F

of P is the convex hull of precisely m points in affHullF.

4.2.1 Proof of Theorem 17

Since the squared Ly-error scales quadratically with the function to be estimated, it suffices to prove
the theorem for the class of 1-Lipschitz functions. Since the range of a 1-Lipschitz function on a
domain of diameter at most 1 is contained in an interval of length 1, it is no loss to assume that the
range of f* is contained in [0, 1].

The construction of a k-affine approximation to any convex 1-Lipschitz function f* : QO — [0, 1],
uses a combination of two tools: the theory of random polytopes in convex sets, and empirical
processes.

Fix a convex body K C IR? and #n > d + 1. The random polytope K,, is defined to be the convex

hull of n random points X3, ..., X, ~ U(K). It is well-known and easy to justify that K, is a
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simplicial polytope with probability 1: Indeed, if Xj, ..., X, form a facet of K, then in particular
they lie in the same affine hyperplane, and if k > d + 1, the probability that X} lies in the affine hull
H of Xq,..., X, 1s 0, since KN H has volume 0. For future use we note that with probability 1,
the projection of every facet of K;, on the first d — 1 coordinates is a (d — 1)-dimensional simplex,
by similar reasoning.

Fors € {0,1,...,d — 1} and P a polytope, we let fs(P) denote the number of s-dimensional

faces of P. The first result regarding random polytopes that we need appears in [Ba89, Corollary 3]:

Theorem 18. Letd > 1,1 < s < d — 1 and a convex body K C RY. Then, there exists
C(d,s) < Cy(d) such that

—_

d—

E[fs(K,)] < C(d,s)nar1.
We will also use the following result that was derived in [Dwy8&8]|:

Theorem 19. Let P C B, be a polytope, andlet Y1, ..., Yy ~ Pp. Then, Py, = conv(Yy,...,Yy)

iid.

is a simplicial polytope with probability 1, and the following holds:
EPp(P\ Py) = O4(C(P)ym log(m)®1),

The other result that we need from empirical processes appears as Lemma [24]in the main text.
We now describe our construction. Given a 1-Lipschitz function f* : QO — [0, 1], define the

convex body

K={(xy) :xeQyel02]f () <y}

In other words, K is the epigraph of the function f*, intersected with the slab R? x [0, 2]. Note that
Vol;_1(Q) < Voly(K) < 2Vol;_1(Q), since Im f* C [0, 1].

Letn = [k%j , and consider the random polytope K;; C K. Let ()} be the projection of K;; to
IR?, and define the function fi : Q — [0,2] by

fr(x) =min{y € R: (x,y) € K, },

i.e., fx is the lower envelope of K. In particular, since K,; C K, f lies above the graph of f*. We
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would like to show that with positive probability, fy satisfies the properties in the statement of the

theorem. We treat each property in turn.

fi is k-simplicial with probability at least 9/10: Using T heorem and Markov’s inequality K,
has at most 10C(d)n$ = C'(d)k facets (recall that all facets of K, are simplices with probability
1). Letting /A1, ..., /Ar be the bottom facets of K, and letting 77 : R? x R — IR be the projection
onto the first factor, 771(Aq), ..., 7w(AF) is a triangulation of () and foreachi =1,..., F, fi[A,

is affine, as its graph is simply A;.

Bounding IP(Q\();) with probability at least 9/10: Since () is the projection of K;, to
IR?, it is equivalently defined as conv(7r(Xy),..., m(X,)) where Xj, ..., X, are independently
chosen from the uniform distribution on K, and 7t is the projection onto the first d coordinates as
above. 77(X;) is not uniformly distributed on (), so we cannot apply Theorem [19|(and Markov’s
inequality directly). Instead, we re-express 77(X;) as a mixture of a uniform distribution and another
distribution, and apply Theorem [I9]to the points which come from the uniform distribution.

In more detail, note that we may write K = K; U Ky where K1 = (Q x [0,1]) Nepi f and
Ky = Qx[1,2],since f < 1. Letp = \\/,(;11((18)) > 1. The uniform distribution from K can be
sampled from as follows: with probability p, sample uniformly from K3, and with probability 1 — p

sample uniformly from Kj. Clearly, if X is uniformly distributed from Kj then 77(X) is uniformly
distributed on (). Hence, (), can be constructed as follows: draw M from the binomial distribution
B(n, p) with n trials and success probability p, then sample M points X1, ..., X uniformly from
Q) and sample k — M points X7,..., X, from some other distribution on ), which doesn’t interest
us; then set O = conv(Xy, ..., Xp, Xq,..., X;_,,). In particular, P(Q\ Q) > P(Q\Qp1), so
it is sufficient to bound the RHS with high probability.

By the usual tail bounds on the binomial distribution, M > % > 7 with probability 1 — e~ n),
Hence, by Theorem [19| we obtain

EP(O\Qy) < EP(Q\conv{Xy, ..., X,/4}) + C(d)e @ < 04(C(Q)n " log(n)4)

_d+2

< O04(C(Q)k™ "7 log(k)™1),
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and we obtain P(Q\Qy) < 10C(Q)k_% log(k)“~! with probability at least % by Markov’s

inequality.

Bounding [(f — f)?dIP with probability at least 9/10:  Finally, we wish to bound the L, (IP)-
norm of f* — fi. To do this, we use the same strategy, arguing that on average, k of the points of K,
can be thought of as drawn from the uniform distribution on a thin shell of width ki lying above
the graph of f*, which automatically bounds the empirical Ly-norm [ (f* — fx)?dP,, and hence
the Ly-norm by Lemma [24]

Now for the details. Set € = k*%, and define
Ke={(x,y):x e Ry € [0,2]| f*(x) <y < f(x) +¢},

i.e., Ke C Kis just the strip of width € lying above the graph of f*. By Fubini, K. has volume

eVol(Q)) > W , and if X is uniformly distributed on Ke, 7t(X) is uniformly distributed on Q).
—-Q(n)

Hence, we can argue precisely as in the preceding: with probability 1 — e ,
en k
Lzl{XleEKGHZI:Z

Conditioning on L for some L > IZ‘ and letting Xq,..., Xy be the points drawn from K which
lie in K¢ we have that 77(X7),...,7t(Xy) are uniformly distributed on (). Moreover, for any
i€{l,...,n}, X; € K, and so it lies above the graph of f, but also X; € K¢ and so it lies below

the graph of f* 4 €. Combining these two facts yields
Vi<i<L: [fi(n(Xi))<(Xi)a1 < fH((X5)) +e,
where ()41 denotes the d + 1 coordinate. Hence,

V1<i<L: (X)) < filn(X;)) < f(m(X;))+ Ck=2/4, (4.19)



Thus, letting P = Y-, O(x;) denote the empirical measure on 77(Xy), ..., 7w(XL), we obtain

L
/(f*—fk)ZdJPL < %Zez = =k,
Q :

Since the 77(X;) are drawn uniformly from (), if we knew that f were 1-Lipschitz it would follow
from Lemma 24 that
/ (F* = f)2dP < ki 4 CL~% = C'k 1,
Q

with high probability.

We do not know, however, that f is 1-Lipschitz. To get around this, define the function fk as
the function on () whose graph is conv{(I1(X;), f*(IT1(X;)))}- ;. Unlike f;, fx is necessarily
1-Lipschitz since f* is (see, e.g., the argument in the paragraph below equations (.1T))-(@.13))), so
by Lemma|[24] it follows that

L= forap < ek

with probability at least 1 — C(d) exp(—c(d)k). Also, by (@19),
V1<i<L: filn(X)) < filn(X) < fi(m(Xp) + ik~

It easily follows by the definitions of fi and fi as convex hulls that on the domain Onix) =
conv{(I1(X;))}L ;. we have

< fe < fie < fe+Ch4
Hence, we conclude that

[ -frap<e |  (f-prdpa2 [ (- foPap
Onx) Opyx) Opy(x)
<2 (fo= PP+ 20 fi— il < Cok
Orx)

with high probability.
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Now, using Theorem |19]and Markov’s inequality, we also know that

P(Q\ Qpyx)) < 20C(Q)k *log (k).

with probability at least %. Conditioned on this event, and using the fact that fi is uniformly

bounded by 1, we obtain
Lo (f= fPaU) < COk og(k)',
O\Oryx)

On the intersection of the two events defined above, which has probability at least 19—0, we have

fQ(fk - f*)z < C3k_% + C(Q)k—l log(k)d—l_

Deriving the theorem Since we have three events each of which hold with probability at least
9/10, then the intersection of these events is not empty. Therefore, an f} satisfying all the desired

properties exists, and the theorem follows.

4.2.2 Proof of Lemma

We start with the following easy lemma:

Lemma 29. The following event holds with probability at least 1 — n—34:

V1 <i<k(n) st P(A;) > Cadlog(n)/n: 27TP(A;) < Pu(A) <2P(A;).  (4.20)

Proof. The lemma follows for the fact that 7 - P, (S) ~ Bin(n,P(S)), along with the concentration

inequality (cf. [BLM13])) for binomial random variables: for all € € (0, 1),

Pr (‘ ]I];”((SS)) — 1‘ < e) < 2exp(—cmin{IP(S),1 —IP(S)}ne?).

By taking € = 1/2, and choosing C to be large enough, we conclude that for any particular A\;,

P(A;) > Cadlog(n)/n: 271P(A;) < Pu(A;) < 2P(A;)
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—(3d+1)

with probability at least 1 — n . Taking the union bound over all k(1) simplices, the claim

follows. u

The main step is the following lemma, which shows that for any given simplex 2\;, if we draw
Cdlog n points from the uniform distribution on A\; for sufficiently large C, then there exists some
subset S of these points whose convex hull P covers almost all of the simplex and can also be

triangulated by a polylogarithmic number of simplices whose vertices lie in S.

Lemma 30. Let S C R? be a simplex, and m > Csdlog(n), for some large enough C3 > 0.
Let Yy, ..., Yy ~ Pg. Then, with probability at least 1 — n=3% there exists a set A of simplices

contained in S with disjoint interiors of cardinality | A| < Cy4 log(m)d_1 such that
Ps(S\|JA) = O4(m™ log(n) log(m)* ).

Proof. For each s € {0,1,...,d — 1} and P a polytope, we let f;(P) denote the number of s-
dimensional faces of P. We need the following result, which was first proven in [Dwy88||; for more

details see the recent paper [RSW19].

Theorem 20. [[Dwy88]] Let S C R be a simplex, and let Yy,...,Yy, ~ Ps. Then, S,, =
conv(Yy, ..., Yy) is a simplicial polytope with probability 1, and the following holds:

EP(S\ Sy) = Oy(m~log(m)?~1),

and

Efi-1(Sm) = Oa(log(m)*").

This theorem does not give us what we need directly, since it treats only expectation while we
require high-probability bounds. (To the best of our knowledge, sub-Gaussian concentration bounds
are not known for the random variables f; 1(Py),P(S \ S;) when S is a simplex, cf. [Vu05].)
This necessitates using a partitioning strategy. We divide our Y7, ..., Y}, into B := Cydlog(n)

blocks, for C; to be chosen later, each with m(n) := samples drawn uniformly from

m
Cydlog(n)
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A. Let Py, ..., Pg be the convex hulls of the points in each block, each of which are independent
realizations of the random polytope S, (,,). For each P;, Markov’s inequality and a union bound

yield that with probability at least %,

Ps(S\ P) <3-EPs(S\ P;) < Cy(d)m(n) *log(m(n))??

_ Co(d) log(m)?11og(n)
n

, (4.21)

and

fa-1(P;) < BEfy_1(Sp(n)) < Oa(log(m(n))?~1) < Oy(log(m)* ). (4.22)

Since there are C1d log(n) independent P;, at least one of them will satisfy these conditions with

(%>C1dlogn Sd'

probability 1 — , and we may choose Cp so that this is at least 1 — n~

Conditioned on the existence of P; satisfying (4.21)) and (4.22]), we take one such P; and triangu-

late it by picking any point among the original Y7, ..., Y}, lying in the interior of P; and connecting
it to each of the (d — 1)-simplices making up the boundary of P;. The set A is simply the set of

d-simplices in this triangulation. 0

Now, to obtain Lemma [26] we condition on the event of Lemma [29] and apply Lemma [30]
to each A\; such that P(A;) > Cdlog(n)/n, with the Y3,...,Y;, taken to be the points of
X411, - - -, Xon drawn from IP which fall inside of A\;. Using the fact that P, (A;) > 0.5P(4;),
we see that m > Cdlogn for each A\;, so Lemma is in fact applicable. In addition, the bounds
on the cardinality of Sé{ and on the volume of A\; left uncovered by the simplices in Sg( follow
immediately by substituting cIP(A;) for m in the conclusions of Lemma For i such that
P(A;) < Cdlog(n)/n, we take S to be the empty set.

4.2.3 Proofs of Lemmas and 28 and

In several places, we will use a high-probability estimator for the mean of a random variable

presented in [Dev+16]:
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Lemma 31. Let 6 € (0,1) and let Z1,...,7Z be i.i.d. samples from a distribution on R with
finite variance 0'%. There exists an estimator ﬁs : R — R with a runtime of O(k), such that with

probability at least 1 — 0,

802 -log(2/9)
P :

(fé(zll' . ~/Zk) - ]EZ)Z <

In the first sub-subsection, we construct the estimator for the L1 norm of a convex function g
defined on a convex body K, which is the content of Lemma In the second sub-subsection, we
show how to “upgrade” this estimator to an estimator of the Ly-norm in the special case that K is a
simplex.

The final step will be to estimate the L, norm of ¢ under the assumptions of Lemma by
using Lemma 28] and the claim of Lemma [27] will follow.

Proof of Lemma

We only prove this this for K a simplex, for a general K can be done in similar fashion, by placing
K in John’s position (besides the computational aspects).

Let S be the regular simplex inscribed in the unit ball By, and for each ¢ € [0, 1], denote by
St := (1 —1t)S. We will use the following geometric facts, which can be extracted from the

statements and proofs of [GW17, Lemmas 2.6-2.7].

Lemma 32. Let g : S — R be a convex function, and let ||g||1 := [ |g|dU. Then,
* g(x) = —Cyllg[lr on every x € S.
* Foreaché € (0,1), g|gs is is Cgo~4*1V)||g||1-Lipschitz and satisfies g|ss < Cy0~ @1 g |1
We immediately obtain the following corollary:

Corollary 1. For any a € (0,1), there exists a constant & such that g restricted to S is uniformly

bounded by Cys~ @1 ¢

1, moreover, letting g = min(g,0), we have

Jvos8-14UC) < allg
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Define a probability density ps on S by the formula

o 1By(x)
ps(X) T S U(By)

dU(y), (4.23)

where we define By, to be the largest ball centered on y which is contained in S. For any simplex A,

we define the density p as the pushforward of pg under the affine transformation T sending S to

T.

Lemma 33. Let M, M’ be positive constants, let /\ be a simplex contained in the unit ball B, and
let g : N = [=M'||g]lr, ur)y)y, M'NI8IlL, uin))] be a convex M| |l L, (u(a))-Lipschitz function

which is orthogonal to affine functions, i.e.,

dU =0
fos

for any affine function w. Then there exist positive constants c; = c1(M, M',d), Cy = Cy(M, M, d)

such that:

cllgllz, uay < /8(X)PA(9€) dx < C1l|gllr,ua)) (4.24)

In addition, for every affine function w,

/pr dx = /A wdU(x).

Moreover,

< = _
rxréagm(@ < ag i1 o,

where v is the volume of the unit ball in dimension d, and there exists an efficient algorithm to

compute pa(x) for any x € A.

The idea behind the proof of this lemma is that for any point x € A and a ball By C A, the
average §(x) of g over By is at least g(x), with equality iff g is affine on By. If g is nonzero
and orthogonal to affine functions, the averaged function § must have positive integral, and a

compactness argument then yields a lower bound on m f g. The full proof is given at the end of
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the sub-subsection.

Using the above results we can estimate the L1 norm g : A — [—1,1].

Letting T be the unique affine transformation such that TA = S, we define the shrunken
simplex A\ by the Ay := T~ 1(TA)?(4) where a = 1/10 and §(a, d) is defined in Corollary

The proof involves analysis of several cases.

Case 1:  [|gTa\p,ll1 > 271\g|l1, i.e. most of the Li-norm of ¢ comes from the shell A\ A;.
Using Corollary |1} we know that

sl > [, , U0 = [, UG+ [ g dU) 2 (3/20) gl

Therefore it is enough to estimate the mean (scaled by U(A \ Ay)) of the r.v. ¢(X) where
X ~U(A\ Ay), which can be done using the samples that fall in A \ As. By Lemma[31]above,
we conclude that using these samples we have an estimator f(l) such that with probability at least

1-4,

: Ca(0? + g1\, 1) log(2/0)
2 512
= U U\ Lg)m
(0 + |g13) log(2/6)

<Cy- - , (4.25)

'f(1)—/A\A5gdU

where we used that fact that U(A \ As) > ¢,.

. . 1 .
Case 2: If we are not in Case 1, we must have [|g1a |1 > 3[/g|1, i.e., most of the L!-

norm of ¢ comes from the inner simplex As. Decompose § = wq + (§ — W), Where wg =
argming, . 18 — |1, u(a,)) is the La(U(As))-projection of g onto the space of affine func-

tions. Note that by orthogonality, we have

max([|wgllr,ua,) 18 — Wl ua,)) < gllwiay) (4.26)
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by orthogonality, while by Lemma 32} we have

18l wiay)) < I8l < Callglle, wia,))- (4.27)

By the triangle inequality, we must have either |[wel A |1 > gl or||(g— we) Il >

g

1; we analyze each case below.

Case 2a: First, suppose |[wgla [l1 > 1]|lg|l1. Using half of the samples that fall into A, we

may apply Lemma giving us an affine W, such that with probability at least 1 — 4,

. log(2/6
g —wsl < Calo® + [1g1) 2270
Writing f(o,) := ||@g]|1, we conclude that
1 log(2/4 - log(2/9
gt~ Cator+ gl B2 < 7o) < g + Cate + )y BB

Note that the right-hand inequality does not require the assumption ||wgeLa,|l1 > /g ]l1-

Case 2b:  Now suppose || (g — wg)1a,|l1 > 1/|g[/1- To estimate || (g — wq) 1,1, we will use

our Lemma Note that by the definition of A5, we may assume by Lemmathat max{M', M} <
C(d) (in Lemma 33)). Therefore, we conclude that

c1(d)[lg —wgll < /A (& —wg) - pa; < Ci(d)]|g — wglh
)

By our assumption || (g — wg)ILA5H1 > }IHg

1; we also have

1(g = wg)La,lln < llgll + gl < llglls + llbg —w

so it follows that

2(@)glh < [ (3=g) - pa, < @) gl

)
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Therefore, it is enough to estimate [ (g — g) - p,. using the the second half of the samples that
fall into A\g.

To do this, we simulate sampling from p A ; given samples from U(A\4) and their corresponding
noisy samples of ¢ — @,. The idea is simply to use rejection sampling [Dev86]: given a single
sample X ~ U(A;), we keep it with probability p, (x) - lxid. Conditioned on keeping the sample,
X is distributed according to pa,. If we are given m/2 i.i.d. samples from U(Ay), then with
probability 1 — e~ %" the random number of samples N we obtain from p A by this method is at
least c(ay) - m > c1(d)m, and conditioned on N, these samples are i.i.d. p,. We condition on
this event going forward. Now, using these N samples, Lemma gives an estimator f(zb) such that
log(2/9)

< Calo + llglla)y/ = (4.29)

‘f(Zb) - /(g —Wg) " P,

with probability at least 1 — max{d, e~ “"}.

Note that each of f(1), f(24), f(2p) is bounded from above by C4(|g||1 + Ca(o +/g]|2) log(2/0)

m

irrespective of whether we are in the case for which the estimator was designed; this follows from
@.23), @#.28), @.29), respectively.
Finally, by using f(1), f(24), f(2n)> We conclude that with probability 1 — 3 max{J,e""} at

least

log(2/6 - - - log(2/6
c1(d) gl — Calo+lIgll2) %Sf(l)_kf@ﬂ)_kf@b)SCl(d)||g||l+cd|0+||g||2| —g(m ),
and the claim follows.

Proof of Lemma Recall that it suffices to show that
e (M, M') < /S 2(x)ps(x)dx < Cr(M, M).

Note that the function g is convex and in particular subharmonic, i.e., for any ball B, with center x

contained in S we have

@ [ giu() = g(),
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where U denotes the uniform measure on the regular simplex S. g is non-affine and hence strictly
subharmonic (as convex harmonic functions are affine), so there exists some x such that for any ball
By C S centered on x, the above inequality is strict, since subharmonicity is a local property. As g
is convex and in particular continuous, the inequality is strict on some open set of positive measure.

We obtain that for a non-affine convex function that

[, srsto a0x) = [ [ 6ot 2) a0 0o
- /s (U B 8(x) dx) dU(y) > /Sg(y)dU(y) _

i.e. we showed that for a non-harmonic g that [, ¢(x)ps(x)dx > 0.

(4.30)

Now, we show why Eq. (4.30) actually implies the lower bound of Eq. (4.24), which is
certainly not obvious a priori. However, it follows from a standard compactness argument. The
set C of convex M-bounded, M’-Lipschitz functions with norm 1 that is orthogonal to the affine
functions is closed in L*°(S), and also equicontinuous due to the Lipschitz condition. Hence, by the

Arzela-Ascoli theorem it is compact in L*°(S), and we conclude that

~{ [ swpstoaxgec}

is compact; but (4.30) implies that A C (0, c0), which finally implies the existence of ¢(M, M, d ) >
Osuch that S C [c(M, M’,d),o0). As for the upper bound in (#.24), it follows immediately from

the boundedness of pg, which we prove below.

We claim that in this case (4.23)) can be evaluated analytically as a function of x, though the
formulas are sufficiently complicated that this is best left to a computer algebra system. Indeed,
we note that y € S contributes to the integral at x if and only if x is closer to y than y is to the
boundary of S. The regular simplex can be divided into d + 1 congruent cells Cy, ..., Cj,1 such
that the points in C; are closer to the i-th facet of the simplex than to any other facet (in fact, C; is
simply the convex hull of the barycenter of S and the ith facet); for any y € C;, x € By, if and only
if x is closer to y than y is to the hyperplane H; containing C;. But the locus of points equidistant

from a fixed point x and a hyperplane is the higher-dimensional analog of an elliptic paraboloid, for

145



which it’s easy to write down an explicit equation. Letting P; , be the set of points on x’s side of the

paraboloid (namely, those closer to x than to H;), we obtain

d+1 d
—y
ps(x) = /CﬂszUd d(y, Hy)4

Each region of integration C; N P; , is defined by several linear inequalities and a single quadratic
1

inequality, and the integrand can be written simply as o in an appropriate coordinate system. It is
thus clear that the integral can be evaluated analytically, as claimed.
Finally, we need to show that ps(x) is bounded above by «;. By symmetry,
d+1
< d+1 dy

< - su _
Ly S A S s at

(4.31)

Fix x, and choose coordinates such that H; = {x; = 0} and x = (x(,0,...,0) with xy > 0.

Then for any y = (t,z) with t € R,z € R*L, y lies in Py, if 2 > (xg — w)?

2txg — x3 > |z|%. Hence,

Pl;, d y’ Hl /3;20 td /]Rd 1 |Z| <2txp— x ( )
© dt -1

dt -1 d-1
< /xo 7l Q1 (2tx0 — x5) 7 < Oy /EO ] — (2txp) 2
it [ dt
=Ty
i1 =1 (d—1\ "1 x5t 2d
— 0, 277 (= (—) — Oy - )
d—1 Xo ( 5 ) 5 d=1" 37
and substituting in (4.3T]) gives the desired bound. O

Proof of Lemma

Recall that we are given a convex L-Lipschitz function g satisfying ||g||cc < L; by homogeneity,

we may assume L = 1. Our goal in this subsection is to estimate ||g||> up to polylogarithmic factors
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given an estimate of ||g

Cdl/Zl
that [|g |2 > 75"

1, Where g : A — [—1, 1]. This part requires the additional assumption

For this section, we will need the following classical result about the floating body of a simplex

[BL88; [SWI0].
Lemma 34. For a simplex S and € € (0,1). let S be its e-convex floating body, defined as
Se :=[{K: K C S convex, Vol(S \ K) < eVol(S)},
and let S(€) = S\Se be the so-called wet part of S. Then Vol(S(€)) < Cyelog(e~1)4~1Vol(S).

We also note that for any particular € and x € S one can check in polynomial time whether

x € S(€): indeed, letting

Hy, ={y € R": (y,u) > (x,u)}
Hyu =0H, ={y € R": (y,u) = (x,u)},

the function u — U(S N H;Cf ,) is smooth on S9! outside of the closed, lower-dimensional subset
A where H, , is not in general position with respect to some face of 1, and, moreover, is given by an
analytic expression in each of the connected components C; of Sd_l\A. It can thus be determined
algorithmically whether min; infycc, U(S N H, ) < €, i.e., whether x € S(e).

Let v = IP(S), and let iy, = min(|log,(Cslog(n)?*1v~1)],0); note that since ||g|; >
0> log(n)?

n b

imin] < Clogn. Set V = g~ 1((—o0,2imin]), and for i = iy, imin +1,...,0, set

u;, = g_l((Zi, 1]). Note that V is convex, while each U;, i > 0, is the complement of a convex

subset of S.

We will use the following lemma:
Lemma 35. For g and V, U, as defined above, at least one of the following alternatives holds:

_1
1. cqlog(n) = 1/2|gla < v™2]gll < Ig]l2-
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2. There exists iy € [iyin, 0] such that 270 > C4(log n)d_l% and

clog(n)~V/?|glla < P(U;) 12 /u gdP. (432)
0

The proof of this lemma appears at the end of this subsection.

If alternative (1) of the lemma holds, the L1-norm of g is only a polylogarithmic factor away
from the Ly-norm (up to normalizing by the measure of S, which is known to us). Therefore, we
may use the Li-estimator of the previous subsection and estimate the L, norm of g, up to a larger
polylogarithmic factor, as we will see below.

We must therefore consider what happens when alternative (2) of Lemma [35/holds. If we could

estimate the integral of ¢ over U; , we’d be done, but neither the index iy nor the set U;, are given

0°

to us. So we make use of the fact that each such U

ip» being the complement of a convex subset

of /\, is contained in the wet part S(IP(Uj;)), which has volume at most C4log(n)4~1IP(U;) by

4/2 factor in

Lemma 34, We will show in the next lemma that this replacement costs us a C;log(n)
the worst case.
More precisely, let €; = 272/ and let S(ej) be the corresponding wet part of S, as defined in

Lemma [34] Then we have the following:

Lemma 36. With g as above, we have

max H’(S(ej))—l/z /S(e‘) 2dP <||gll2,
j

jE [iminxo]

and moreover, if alternative (2) of Lemma 34| holds, then there exists j such that P(S(¢;)) > Cdlogn

n

and

calog(m) gl < P(S(e) /% [ saP.
€j

Using the last lemma, we can construct an estimator for ||g||> that is at most a polylogarithmic

factor away from the true value, whether we are in case (1) or case (2) of Lemma [35]

Cdlogn
n

Indeed, note that we if alternative (2) holds, we have IP(Sej) > and hence, as in Section

2, we can assume by a union bound that the number of sample points falling in S (ej) is proportional
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to IP(S(€;)). Hence, for each j the estimation of fs )8 dPg(c,) = fs )8 dIP can be

done in a similar fashion as in §4.2.3| with an additive deviation that is proportional to %.
However, since we need to estimate IP(S f s(e;) 8 dIP, we can multiply it by ,/IP(S(e )),

and obtain the correct deviation of O \/ log (2/6)/ ( (S)n)) (as usual, we work on the event
IP(S(€j)) /2 < P (S(€j)), which holds with probability at least 1 — n~27).

We conclude that the maximum over j € [—clog(n) < iy,;y,, 0], estimators of the means of the
random variables P (S f S(e g dPge ;) and the Ly estimator of the above sub-sub section

give the claim.
Proof of Lemma35| Let g = min(g,0), g4+ = max(g,0), so that ||g]|3 = ||g—|1> + [|g+]|%

We claim that alternative (1) holds if ||g—||3 > 3||g[|3. Indeed, by Lemma g >

—C4v~ g1, which immediately yields

[P <—Coo gl - [ g-dP < ~Coo gl

i.e.,

v 2| gll1 > callg—l2 > chliglla-

Note that by Jensen’s inequality we have that v~ 1/2||g||; < ||g||>. Otherwise, we have ||g||> >
SNgl3- Let T; = U\U;y1 = g~ 1((2,2"1]). We have

—||8H2 <llg+l3 < Z 22(i+2))

i=—00

logn

By our assumption ||g||3 > C=2" and the fact that v < 1, the terms in the sum with i < i, =

log (C log n) + 2 cannot contribute more than half of the sum, so we have .

1 0 i
IslE < llg+lF < 3o 22¢+2Pp(T,

=lpin

149



Hence there exists iy € [i,,, 0] such that

HgHz 2(ip+2)) -1 ?
< 0 < m L) << .
dlogn = ° P(T;y) < 4ming(x x)? - P(U;) < 4P(Uj,) /ingdl) :

or

clog(n)*lgl < P(U;) ¢ [ gadP.

We consider two cases: either 2~/ > C(logn)?~

o71g

The first case leads immediately to alternative (2), while in the second case we have

clog(n)~2|gll> < P(U

/ gdP < 4C(logn)* 1o~ Y|gly - P(U;,)2 < C(logn)~Y|gll1o™

which is another instance of alternative (1)

As for the right-hand inequality in alternative (1), this is simply Cauchy-Schwarz f |g| dIP
[g*dP - v.

Proof of Lemma[36, The first inequality is again Cauchy-Schwarz: for any subset A of S, we have

[ gar < (/Ag%ll))% (/Aldlp)% < llgl - P(A)

N|—

As for the second statement, first note that since ||¢||cc < 1 and we have

clog(m) gl < P(U) 2 [ gdP < P(U,)

1

2
)2
Letj = [logP(Uj,)] = imin, € = 2/, so that U;, C S(e;) and

P(Se;) < CP(Uj,) log(P(U;,)~)*~" < CP(U;,) (log 1)~
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Recalling again that by (32), ¢ > —C||g||l1IP(S) !, we have

le—zl/ leZZl/ dIP+/ AP
/5(61‘) § uj, § Ui, § S(ej)\Uj, §

> P(U;,)2° — P(S(ej)) - Cllgl1P(S) !
> P(Uy) (20— Cyllog )" g P(5)™!)
> c-P(U;,) -2 >0,

where we used our assumption on ig in the last line. Therefore, by the last two inequalities

P(S(ep)) [ gdP > cllogn) (VPR(U)E [ gdP > cllogm) gl
€j i

Cd(logn)?

5—— and ||g||c < 1, we obtain

as claimed. Finally, note that by the assumptions of ||g||3 >

that
logn
mat

P(S(e)) = P(Uy,) = (clog(n) 2 |igll2//lIg]l)? = Cid

4.3 Sketch of the Proof of Theorem

The modifications of Algorithm|[I|to work in this setting are minimal: we simply need to replace L

by I', and replace @.12)) with

Vi) €IS x ]yl <T (433)
V1<i<|S| LY (£(zy) ~ ] (2, 1)) < 24y 108
j=1

V(i j) € (ISl x [n] [f(Zij)| <T
V(i 1), (i, 2) € (IS % [n]  f(Zi,) = Vf(Ziy ) (Zinjy = Ziy jy)-

151



For the correctness proof, we need some additional modifications. First, we replace Lemma [24]
with a similar bound in the I'-bounded setting. The following lemma is based on the L4 entropy

bound of [GW17, Thm 1.1] and the peeling device [[Gee00, Ch. 5]; it appears explicitly in [HW16]):

Lemma 37. Let d > 5, m > C% and Q be a uniform measure on a convex polytope P’ C By and
Z1,.. ., Zm ~ Q. Then, the following holds uniformly for all f,g € F'(P')

27 [ (F=gdQ— C(P)Imt < [(f —)24Qu <2 [ (f —g)24Q+C(P)I*m

with probability at least 1 — Cy(P’) exp(—c1(P')\/m).

Note that differently from Lemma , the constant before m~4/? depends on the domain P/,
and this dependence cannot be removed.

Since F1(P’) has finite Ly-entropy for every e, it is in particular compact in L, (P’), which
means that the proof of Lemma [27]in sub-Section {.2.3] works for this class of functions as well.

The proof of Theorem [I7]also goes through for this case, by replacing Lemma [24]by Lemma

The precise statement we obtain is the following:

Theorem 21. Let P C By be a convex polytope, f € F'(P), and some integer k > (Cd)*/?, for
some large enough C > 0, there exists a convex set P, C P and a k-simplicial convex function
fr : P = R such that

P(P\ P;) < C(P)k~ "7 log (k).

and

S~

[ (o= frap <2 c(P)k-

The remaining lemmas and arguments in the proof of Theorem 4] can easily be seen to apply in

the setting of I'-bounded regression under polytopal support P.
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4.4 Simplified version of our estimator

Like the estimator for our original problem, the simplified version of our estimator is based on the
existence of a simplicial approximation fk(n) f Q) — [0, 1] to the unknown convex function
f* (Theorem E[) Here we demonstrate how to recover f* to within the desired accuracy if we are
given the simplicial structure of fi(,), i.e., the set {);(,,) and the decomposition U A of Q)
into simplices such that fi,) | A, is affine for each i. In this case the performance of our algorithm
is rather better: it runs in time Oy(n°(1)) rather than O,4(n°@), and is minimax optimal up to a
constant that depends on d. We can also slightly weaken the assumptions: it is no longer required
that the variance o of the noise be given.

We will use the following classical estimator [Gy6+02, Thm 11.3]; it is quoted here with an

improved bound which is proven in [MVZ21, Theorem A]:

Lemma 38. Letm > d+1,d > 1 and Q be a probability measure that is supported on some
QO C RY Consider the regression model W = f*(Z) + &, where f* is L-Lipschitz and || f*||cc < L,
and Z1,...,Zm ~ Q. Then, the exists an estimator fr that has an input of {(Z;, W;)}", and

ii.d.
runtime of O4(n) and outputs a function such that

o 2
<CATHLT e [T (x,1) = £4(x))%Q().

weRd+1

E [ (frl®) = £()2Q() <

Note that this estimator is distribution-free: it works irrespective of the structure of Q, nor does
it require that Q be known.
The first step of the simplified algorithm is estimating f*| A, on each A C iy 1 <i <
k(1)) with the estimator fg defined in Lemman (with respect to the probability measure P(-|A;))
with the input of the data points in D that lie in /\;. We obtain independent regressors f1, ceey, fk(n)

such that

, dP cd

, dP . * in{———
IE/ fl )) m < welﬂg"‘l Ai(ﬂ)—l—(x/ 1) _f (x)) ]P(Al) +IEm1n{]Pn(Ai)n, ]-}/
(4.34)

where the min{-, 1} part follows from the fact that when we have less than Cd points, we can
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always set ﬁ to be the zero function.

Now, we define the function f'(x) := Zi-cinl) Filx)Te A,» and by multiplying the last equation
by P(A;) foreach 1 < i < k(n) and taking a sum over 7, we obtain that
) cd-P(A)

E - (f = f* 2d1P<ZZiw11%de @ Z-T(x,l)—f*)zle—I-lEi_Zlmin{m,]P(Ai)}

< [ (fug = F%P + Cudk(n) - n™" = 0y(n™75),

" (4.35)
where in the first equation, we used the the fact that n - P,,(A;) ~ Bin(n,IP(4\;)) (for complete-
ness, see Lemma , and in the last inequality we used Eq. (4.4). Next, recall that Theorem
implies that

d+2 d+2

PO\ Q) < C(d)k(n)™ 7 < Oy(n™ 7).

Therefore, if we consider the (not necessarily convex) function f f' lo,,, t1 O\ VE obtain
that

B SR [ PR [ (R < Oy

O\

< Od("_ﬁ)-

Thus, fis a minimax optimal improper estimator. To obtain a proper estimator, we simply need

to replace fby MP (f), where MP is the procedure defined in

It remains only to point out that the runtime of this estimator is of order Od(no(l)). Indeed, the
procedure MP is essentially a convex LSE on n points, which can be formulated as a quadratic
programming problem with O(#?) constraints, and hence can be computed in Oy(1n°)) time
[SST1]J. In addition, the runtime of the other estimator we use, namely the estimator of Lemma [3§]

is linear in the number of inputs.
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4.5 From an Improper to a Proper Estimator

The following procedure, which we named MP, is classical and we give its description and prove
its correctness here for completeness. However, note that we only give a proof for optimality in

expectation; high-probability bounds can be obtained using standard concentration inequalities.

The procedure MP is defined as follows: given an improper estimator f, draw X7, ..., X’ k) 5%
1.

IP, and apply the convex LSE with the input { (X/, f (X’ )}ty K(n) , yielding a function f;. We remark
that the convex LSE is only unique on the convex hull of the data-points X1/ ceey, Xl’{(n), and not on

the entire domain () [SS11], so we will show that any solution fl of the convex LSE is optimal.

First off, we have

E / (f - )P}, = E / (F - f*)2dP (4.36)

Also recall the classical observation that for fi that is defined above, we know that (f1(X}), ..., f1 (X (n) )

is precisely the projection of (f(X}), ... ,j?(X,’((n) )) on the convex set

Fitny = {(FXY) oo f(Xf)) : £ € Fa(Q)} € RED),

cf. [Chal4]]. Now, the function II Fitn) sending a point to its projection onto fk(n), like any

projection to a convex set, is a 1-Lipschitz function, i.e.,
k
I, ()~ Tg, I < X —yll Va,y € RE,

Wealsoknowthat(fl(X’))() Mz, (f) and Iz, - ((f*(X’))( ) = (f*(X’))l(l),substi-

tuting in the preceding equation, we therefore obtain

1E/f1 *VdP, <1E/f £*)dPy, ]E/f F4)2dP,

since [ (-)Zle]’((n) is just || - [|2/k(n). In order to conclude the minimax optimality of f;, we know
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by Lemma [24] that for any function in
o= {ren: [ (r-Fravy, o,
it holds that
E /(f — f*)?dP < 2F /(f— F*)?dPy,, + Ck(n) ™ < 2E /(f_ F)2dP + Cyn 13,

where we used Eq. (4.36) and the fact that k(n) = nis. Since we showed that f1 must lie in O,

the minimax optimality of this proper estimator follows.
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Chapter 5

On the Minimal Error of Empirical Risk

Minimization

Recall the definitions of the risk and minimax optimality from Chapter[I} These definitions measure
the “worst case scenario” of a given estimator, and may hide the true statistical performance of the
ERM in real-life applications (cf. [Bell7]]). For example, as mentioned in the introduction, if f* is

known to belong to a smaller class H C F, the relevant quantity is

Riu(fa, F,Q) = sup E [ (fn — f*)%dQ,
freH
where Q € {lP(”), P} that may be significantly smaller than the minimax risk. We remark that the
LSE is still defined over F, due to computational or other considerations.

As an example, consider linear regression in IR? when the true coefficient vector is sparse, i.e.
supported on k < d coordinates. Then, due to computational considerations, it is standard to
replace the original problem of minimizing square loss over sparse vectors in IR by minimization
over a larger /1 ball in R? (the Lasso procedure).

The second example was already briefly mentioned in the introduction, and we expand on it here.
Let F; be the family of convex 1-Lipschitz functions on X = [0,1], and let P = Unif(X’). The

subset H,; (of ‘simple functions’) is the set of 1-Lipschitz k-affine piece-wise linear functions with
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k = ©(1). It is well known that ERM over H,; is NP-hard since the problem is highly non-convex;
moreover, even estimating the number of pieces is computationally hard (cf. the recent paper
[Gho+21]] for more details). In contrast, ERM over F; can be efficiently computed [Gho+21].
While the minimax rate for (F;, Py) is @(n_diﬂ) [Dud99; Bro76]|, it was proved in another paper
of author [Kur+20], that the risk of LSE is ©4(n~ min{, 745} ), which is minimax-suboptimal when

d > 5. Furthermore, it was shown in [HW 16; [Fen+18]|| that
Rty (fu, Fa, Py) = Og(n~minid/d 1}y, (5.1

which is significantly smaller than both the risk of ERM and the minimax rate. When the ERM (or
MLE) satisfies such improved bounds, we say that it exhibits adaptation (cf. [Fen+18; KGS18§;
Sam18&}; [Han+19j; Kur+20]).

Here, we answer the two following questions: Does there exist a uniform lower bound on the

minimal error of ERM, i.e.
inf E / £, — £5)2dQ,
fof Ep (fn — f)7dQ
where Q € {IP,IP(")}. Does the richness of the entire class F affect the minimal error, or is there a

more refined notion of complexity that governs its behavior?

5.1 Main Results

5.1.1 Fixed Design

Notation: For n points X := {x1,...,x,} in X and G C F, we remind the definition of Gaussian

complexity of G as

YWA(G) := Egsup - )" Gif (x).
feg "ti=1

Let P := n=1Y" 6, and for any f : X — R we denote by ||f||, the Lo(IP("™)) norm of f.
Next, for any f € F and v > 0 we denote by B, (f,7) := {g € F : ||g — flln < r}, i.e the

intersection of the Ly (IP(")) ball around f and the class F.
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We now state our sharp lower bound for the fixed design error, for simplicity of exposition under

the assumption of uniform boundedness of F (the general statement is given below in Lemma [39).

Corollary 5. Under Assumptions the minimal error of j?n satisfies

inf Eg FO2P™ > Wy (F)2. (5.2)
freF
When F is uniformly bounded (say, by 1), a classical result in non-parametric statistics [GeeOO|]

and our theorem imply that

Wi(F)? S inf lEé/ F2dP" < sup E¢ (fu — £9)2dP") < 2W, (F).
f eF freF

J/

:R(ﬁ,,f,][’(”) )

Moreover, both of these bounds are tight, in the sense that they can be attained on certain families of
functions, up to constants (cf. [BM98; Han+19; KDR19]). Therefore, we conclude that in the fixed
design case, both the minimax risk and the minimal error of the ERM depend on the entire Gaussian
complexity of F (when it is convex and uniformly bounded). In particular, for the case of convex
regression, Corollary [5|recovers the rate in (5.1)) (up to logarithmic factors) for the fixed design case,

since with high probability the global complexity W (F) is of the order max{n—2/4,n=1/2}.

5.1.2 Random Design

We begin and remind some notation:

Notation: We denote by IP,, to be the random empirical measure of Xq,..., X}, r\;i IP. Next, we
1.1.4.
denote the averaged Gaussian complexity over Xi, ..., X, in

W(G) := EWk(G).

With some ambiguity in the notation, for every f : X — R we denote by || f||, the Ly(IP;) norm
of f. Next, forany f € F and r > 0 we denote by B, (f,7) :={g € F:||g— flln <1}, iethe
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intersection of the L, (IP;,) ball around f and the class F. Next, for every f : X — R we denote
by || f]| the Lp(IP) norm of f. Next, for any f € F and r > 0 we denote by B(f,r) := {g € F :
llg — | < r}, i.e the intersection of the L, (IP) ball around f and the class F.

We now can turn to the random design setting, which is significantly more subtle. Before stating
the result, we describe a direct proof strategy that fails. This approach would attempt to pass from
the fixed design lower bound to the random design lower bound by relating the population and

empirical norms || - || and || - |

n, uniformly over the class. A statement of this type (which may be
called “upper isometry,” in contrast with “lower isometry” studied, for instance, in [Men14]) could
be derived under additional assumptions on the geometry of (F,P), such as a small-ball condition
[Men14], Kolchinskii-Pollard entropy [RST17], or an e-covering with respect to the sup-norm

[GeeOO]]. To the best of our knowledge, such upper-isometry statements can at best read

If —glz —C-W(F)* Vf,geF,

N~

If - gl* >

where C > 1. Since W(F)? is larger than the lower bound on the fixed design error, this technique

does not appear to work.

Moreover, a uniform lower bound of order W(F)? in random design cannot be true in general.
For instance, it was shown in a string of recent works [LRZ20; BRT19; Bar+20] that it is possible
to completely interpolate Yi,...,Y, (i.e. achieve zero empirical error) and still have a small
generalization error (of order n~¢, for some ¢ € (0,1)), and even be minimax optimal (with an
appropriate function ¥ in the definition of LSE (see (1.2)) above). In these examples, because of the
ability to interpolate any data, we know that W (B, (f*,1)) = ©(1); therefore, the lower bound in

the fixed design case cannot be always true in random design.

The last paragraph motivates the need to consider additional properties of the model F and
the underlying distribution IP. With the interpolation examples in mind, we might hope that the
relation between the global complexity of the class and complexity of local neighborhoods around

the regression function f* may play a role in determining rates of convergence of ERM. To this end,
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for every n and f* € F, we define the following notion of complexity:
top(F7, F) = max{t € R* : W(B(f*,1)) < ,W(Ba(f*, 1))}, (5.3)

where [z € (0,1) is a small absolute constant that will be chosen in the proofs. We remark that
under the additional assumption of F being uniformly bounded by 1, we have that W(F) >
W(Byu(f*,1)) > 3W(Bu(f*,2)) = 3W(F), and up to a different Iz, we may replace the term
on the right-hand side of with global Gaussian averages VW (F).

The quantity f, p(f*, F) is the maximal radius of the population ball around f* that has
Gaussian complexity comparable to that of the entire class (in the uniformly bounded case), up
to some absolute constant, or to a ball of constant radius within the class. As we show next, this
local richness is necessary in order to avoid the rate being dominated by the global complexity
of F. In the aforementioned interpolation examples we have both t, p(f*, F) = O(n~°) and
W(B,(f*,1)) = ©(1). The last two relations must be true for any f* € F for which ERM attains

perfect fit to data, and yet a small generalization error of order 1.

We now state the main result of this paper for the random design setting, under the additional
assumption of F being uniformly bounded. Remarkably, ¢, p(f*, F) is the only additional quantity
that we need to consider for a general uniform lower bound on a general family . Specifically, we

prove the following:

Theorem 22. Let F be a convex class of functiomﬂ uniformly bounded by one. Then, for large
enough n, the following holds for any f* € F

Bp [ (Fu— )P 2 min{ WP tup(f*, F)2),

where c € (0,1).

Using the last theorem and the classical basic inequality (cf . [Gee0O, Chp. 5]), we derive the

'We assume that JF is non-degenerate and contains at least two functions such that || f; — f>|| > 1/2.
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analogue bound to in the case of a uniformly bounded by one convex F:
Vit e Foomin{W(F)? top(f5, F)2) < Ep /(fn _FRAP <8-W(F)  (5.4)
and as in the fixed design class, there exist functions classes that attain both of these bounds.

Remark 24. Notably, Theorem[22|holds under only convexity and uniform boundedness assumptions
on the class . Furthermore, one can easily design a convex uniformly bounded family and an
f* € F such that the ERM attains an error of order t,, p(f*, F)? < W(F)? for all n that are large
enough (for completeness see Section[5.5.1)). Therefore, under no additional assumption on F, the

above lower bound is sharp up to absolute constants.

An almost immediate corollary of this theorem is the following key insight on the behavior of

the ERM procedure in the random design setting:

Corollary 6. Let F be convex and uniformly bounded by 1. For any f* € F such that

Ep /(fn ~ 2P < W(F)?,

N J/

=EX(f*)

there must exists some constant t(f*) < ¢q - E(f*) such that

where c1 € (0,1) is some absolute constant.

Informally speaking, if ERM learns some f* € F at a rate faster than YV(F )2, then the local
complexity of a population ball centered at f* with a very small radius must be as rich as the
entire complexity of . A more prescriptive recipe for guaranteeing such fast rates is an interesting

direction of further work.
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5.1.3 Donsker and non-Donsker Classes

Our next result shows that without further assumptions we cannot learn any function in a convex

uniformly bounded IP-Donsker class faster than a parametric rate.

Corollary 7. Let F be a IP-Donsker class (see Definition d|above). Then,

n 1< firelgr]}g (Fa — F*)2dIP, = fire‘ﬁrlE (Fu— F*)2dP

This lower bound is sharp, namely there are classical [P-Donsker classes, such as the convex
regression example mentioned in the introduction and Section where ERM can attain a paramet-
ric rate (up to logarithmic factors) when optimizing over all convex Lipschitz functions, but only for
d < 4 which puts us in the Donsker regime.

For non-Donsker classes, i.e when a > 2, the ERM procedure may not be optimal. One can
show that

nzs SR(fu, F,P) Sns

and both of these bounds can be tight, up to logarithmic factors. Furthermore, one can show that

n- T SW(F)Sn~

R

and, again, both of these can be tight. Our next corollary shows that in this regime, the fixed-design
error is at least of the order W(F)?, i.e. it is impossible to learn at a parametric rate in the

non-Donsker regime (in terms of the Ly (IPy,)).

Corollary 8. Let F be a convex uniformly bounded non-P-Donsker class, and let X1, ..., X, ~ IP.
Then the following holds:

The proof of these two corollaries appears in the appendix.

Remark 25. Due to the geometry of general non-Donsker classes, in random design case the same
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lower bound may not hold. However, in all the examples in the literature [HW16; Fen+18; KGS18§;
Han+19} Kur+20] that study the adaptivity of ERM in non-Donsker families (such as convex
functions when d > 5, isotonic functions when d > 3), the term of ¢, p(f*, F) of Theorem
is significantly larger than YW (F). As a consequence, one may use Theorem to show that the

bound in (5.1) is tight up to logarithmic factors.

5.1.4 General Lower Bound for Fixed Design

In this section, we state the general lower bound for fixed design. In comparison to its consequence,
Corollary [5 the version below captures complexity of local neighborhoods around regression
functions that are close to f*. Note that this lemma holds for any convex family (and not necessarily

bounded).

Lemma 39. Let F be a convex family of functions and and let x4, . .., x, € X be some n points,

and let P(") Z 10x;. For all f* € F define
1’2
r(f*) = argmax, Wx(Bu(f*,1)) — 0 (5.5)
and
o * *\) -1
Ly(f*) i= max Wx(Bn(g,1)) WX(fn(f ,7(f*)) —Cn
§EB(f*/1),t>0 Hg —f [n +t

where C € (1,00) is some absolute constant. Then the following lower bound holds:

]Eg/ 2d1P n) > max{ (Wx(Bn(f*ri)) — Cnil)zle(f*)z}.

Note that Corollary [5|follows almost immediately from the last lemma. To see this, the convexity

of F, and the uniform bounded by 1 assumption imply that

W(F) = Wx(Ba(f*,2)) < 2Wx(Bu(f*,1)).

164



Remark 26. The second term in our lower bound may be significantly larger than Wy (F )2. For
example, the second term may be equal to Wy/(F) in several non-Donsker families that appear in

[BM93;; [Kur+20; Bir06]. We also remark that constant }L is tight (up to 0,,(1)).

The rest of this paper is devoted to proofs. While the fixed design lower bound follows a rather
simple argument, the corresponding lower bound in the random design case is more subtle. In
particular, we employ a particular version of Talagrand’s inequality that, in our particular regime,
provides control on certain empirical processes, while the more commonly used versions (including

Bousquet’s inequality) result in vacuous estimates.

5.2 Proof of Lemma

Notation Throughout this section, ¢, c1, ¢ € (0,1) and C,Cq,Cy € (1,00) are some absolute
constants that may change from to line to line. Also Sy, 51, Sp, s are absolute constants, but we use
this notation to emphasize that we have some freedom to control their size. We also use the notation
C(c1,Cp) to mean that the constant depends on c1, Cy.

To recap, we assume that F is a convex family of functions, Y; = f*(x;) + ¢;, where ; ~
N(0,1) iid., x1,...,x, € X,and f* € F. We write (f,g), = [ fgdP("). With slight abuse of

notation, we write (¢, f), = %2?21 &if(x) for & := (&1,...,Cn).
Recall the definition of 7(f*) in (5.5). The following lemma that was proven in [Chal4]:

Lemma 40. [/[Chal4, Thm 1.1]] The following holds under the above assumptions:

~ Jex _nt? t>r(f*
P (11 = £l = ()] = 1) < 4 ) s (5.6)

3exp(—ﬁ) 0<t<r(f*

Moreover, for each t > 0 the following holds

Bexp(—15) ¢ >r(f)

Bexp(—ghty) 0<t<r(f)
5.7

Pr (1(fu = £* 80 = Wa(Bal £, r(FD)] 2 £-7(f9)) <
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Also, we state a simple corollary that follows from this lemma (cf. [BLM13],[Chal4, Thm 1.2])

Corollary 2. The following two bounds hold

E [(Fu = 17800 = Wa(Bal 7,1 (F)| < Comax{r(F7)2/ 2014, 071},

and
B[If = 113 = r(F)?] < Comax{r(£)/2n 4,071},
Proof of Lemma 391

For brevity, denote 7 := r(f*), where r(f*) is defined in Lemma 40, Define

8¢ = argmaXyep, () (=& E)n-

Optimality of f, and convexity of F imply that (Vellf — y|]%|f:fn,g — fu)n > Oforany g € F.

In particular, for g = g this implies

0> E(&+f — fu 8z — fudn,

where the expectation is over ¢, conditionally on x1,...,x,. For any ¢ € F, we may write the

right-hand side as

E(E+f —fuge—8+8—f +f — fudn
= WAlBalg ) ~E [(€ Fu— £t (o 18— hut G £ — F] +Elfu— £I2

where we used the definition of gz and the fact that IE({, g — f*),, = 0. Using Corollary [2, we
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obtain a further lower bound of

Wa(Ba(8,£) = Wa(Ba(f*, 7)) —E [{fa = f*, 82 = O+ (fa = f*18 = )]
+?2 — C?s/zi’l_l/4 - Cn_l

> WalBa(5,1)) = Wx(Bulf*,7) ~ B [(fa— F'r8e =@t fu = f1r8 = )] 58
+?2/2— Cli’lil.

To verify the last inequality, observe that 72 /2 > C;7°/2n~1/4 when 7 > Con~1/2 for C, that is

large enough; on the other hand, if 7 < Czn’l/ 2 the Cn~! term is dominant for C large enough.

Since (fu = f*,8 = )i < |Ifu = f¥llullg = f*lwand (fu = f*, 86 = &) < t- | fu = F||n. we

conclude that

0 > Wx(Bu(g,t)) = Wx(Bulf*,7)) = Elllfa = f*lu](Ig = flu+) =Cn~". (59)

By re-arranging the terms and using Jensen’s inequality, we have

2

Bl £ > (Bl — 1) > (PBele bl — Oy

E[f =gl +

where (2)2 = max{a, 0}2. Since L, (f*) in the statement of the Lemma is non-negative, the lower
¥ g

bound of Ly(f*)? follows.

Now, for the first part of the lower bound, we have to consider two cases. The first one is when

Wi(Bu(f*,7)) > 27" Wi(By(f*,1)) +72/2, and we have

Ellfu = f*lln = EIElln-Ellfu = F*lla = EE fu — )
> 27" W, (B (f*, 1)) +72/2 — CP/2n~ V4 > 27 W, (B, (f%,1)) — Cin Y,

where we used Cauchy-Schwartz inequality and Corollary [2 In the other case, we use (5.9) with
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g=f"andt=1:
Ellfn = f*lln = Wx(Ba(f*, 1)) = Wx(Bu(f*,7)) = Cn™" = 27" Wi(Bu(f*,1)) = Cn ",

concluding the proof. O

5.3 Proof of Theorem 22

Throughout the proof of Theorem IP,, denotes the random empirical measure of Xj, ..., X;.
Denote by 7 := argmax Wx (B, (f*,r)) — é, with the hat emphasizing the dependence on x,, =
(X1,...,Xn). We adopt the notation || - ||, (-, *)n, By in the previous section for the norm and
the inner product with respect to IP;,, and the L, (IP,) ball. Recall that we assumed that F is not
degenerate: W(F) > c/+/n, for some ¢ € (0,1)F]

Proof of Theorem Denote
ty 1= min{tn,p(f*,f),sl W(]:),Sz)/v(f)} (5.10)

where s1,55 € (0,1) are small enough absolute constants that will be defined in the proof, and
tap(f*, F) is defined in (5.3).

Denote by M the maximal separated set with respect to L, (IP) at scale 61/ W (F), and let

M = M(6y/W(F), F,P) (5.11)

denote its size.

For a constant K; € (1,00), let & denote the high-probability event that is defined by the

2See the proof of Lemmafor further details
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intersection of the events of Lemma 44l and Lemma [42}:

vi={xn s sup [ gl - I ~ 17| < 10W()
f.geF

sup (g =), (= f N = El(g = f)(h= Il < (8K1)_1W(f)}-

heB(f* t.),geM
(5.12)

Further, define the events

& = {xu: KTW(F) < WA(F) < KeW(F) + Cn /2L,
& = {xn Wh(B(f*, t)) < KiW(B(f*, 1)) + C1W(f)1/2n*1/2}, (5.13)
E=&ENENEs.
Lemma[43] proved in the appendix, shows that the event £ holds with probability of at least 0.9. Note
that under the event &1, M is also a 2,/ VW (F) separated set with respect to the random empirical

measure IP,,. Hence, we may apply Sudakov’s minoration (Lemma with e = 24/ W(F) and

empirical measure IP,, defined on any x,, € &:

log M

>— < WK(F) < KeW(F) + Cn~ V2 < CIKyW(F), (5.14)

cl\/4W(]:) :

where in the last inequality we used the assumption that W(F) > ¢ - n~1/2 and C; > 0is defined

to be large enough to satisfy the last inequality. Hence, the last equation implies that

M < exp(CK3nW(F)). (5.15)

First, recall the definition of t,, p (f*, F) where in Lemma (that appears in the supplementary)
we set [z = (256K;) 3. Recall (5.10), where in Lemma [42| we set s; = ¢(K, Ky, Cy), and the
three constants K, K1, C, follow from Sudakov’s minoration lemma, Talagrand’s inequality, and

Adamzcak’s bound. We define s, := 1671 (K;) 1.
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Define the event

A= {(g,xn) fn e B(f*,t*)} (5.16)

and, for any x,,, define the conditional event

Al = {&: fue BF 1)} (5.17)

Assume by the way of contradiction that Prxlg(A) > (.5. Then, using the average principle (Fubini)
and the fact Pr(€) > 0.9, we can find an event £; C & that has a probability of at least 0.4 (when
n is large enough) such that

Vx, € 54 PI‘[:(.A(XH)) > 0.5.

Our first step is to prove that, for all x,, € &4,
KiW(B(f", 1)) + W(F) = Wx(Ba(f",7)). (5.18)
First, recall that t, < s11/W|(F) and therefore under the event £1, we have

sup ||l — f*[I7 < 11-W(F). (5.19)
heB(f*,ty)
Now, for each x, € & C &, the map & +— sup;,. B(f* 1) (&, h — f*), is Lipschitz with constant at

most

sup 1 2|k — £l < Co\/W(F)n1
heB(f* t.)

by (5.19), and thus by Lipschitz concentration (Lemma[8)), conditionally on x,,,

Prz (| sup (&1 — f*), — Wx(B(f*,t.))| > e) < 2exp(—CnW(F) te?)
heB(f* t)

for some absolute constant C. By setting € = C5(n~WW(F))/? in the last equation, we may
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define the event

Ar(xn) = {é‘i |h ZBE )@h—f*)n — Wx(B(f*/ 1)) < G5 W(f)n‘l} N A(xn).

that holds with probability of at least 0.25 (over ¢) for any x,, € &4 .

Before defining the next event, observe that

7 = argmax,o Wx(Bn(f", 7)) — r2/2 < 24/ Wi(F),

according to Lemma and the fact that for r,, := 21/ Wx(F) we have Wy (B, (f*, 7)) —12/2 <
0. As we already argued in (5.14)), for any x,, € & we have that W (F) < C1KyW(F) for some

absolute constant Cyq, and thus

Vxy € &, 7 < Cy\/KyW(F). (5.20)

Now, from (5.7) in Lemma 0] for Cg large enough, the event
{2 1@ F— £ = Wa(BalF )] < Coln ™42 471 }
holds with probability of at least 0.5, and thus, in view of (5.20), for all x,, € &4, the event
Aa(xa) = {5 1@ Fo = Fhn = WalBalF" D) < CoRIW(FP 40714} 01 A )

that holds with probability of at least 0.1 over .

We are now ready to prove (5.18), using the fact that A (x;,) is not empty for each x,, € &;. To
this end, fix x,, € &, and & € A (xy,,). First, by definition of &3, we have

KyW(B(f*, t:)) > Wx(B(f*, ts)) — CA/W(F)n-1
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which can be further lower bounded, by definition of .4 (x;,), by

sup (& h— f* )y — Cy\/W(F)n—L.

heB(f*,t)

Since ¢ € Ax(x,;) € A(xy), the above expression is further lower bounded by
(& fu = f*)n = CyYyW(F)n~
which, under the assumption of & € A;(xy), is lower bounded by
Wx(Bo(f*,7)) — Co/ W(F)n—1t — CeKyW(F)¥ 4n~1/2,
When 7 is large enough, the above estimate is lower bounded by
Wx(Bnu(f*,7)) = IeW(F).

To see this, observe that under the assumption of W(F) > c¢/+/n, both \/W(F)n~1 =
0,(W(F)) and W(F)3/4n=1/% = 0,,(W(F)). Therefore, we proved (5.18) holds, namely that

K1W(B(f*,t*)) + ZCW(]:) > WX(Bn(f*/?))
for all x, € &,. Using the definition of [z = (256K7) >, we have

W(B(f*,1.)) < IeW(F) < 1287°K°W(F),
and thus for any x,, € &4,

81K YW(F) > Wi(Bu(f*,7)). (5.21)
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By Lemma1]and (5.21)), for any x,, € &4,
0>2 'K =8 K;HYW(F) — g max (g — ' fo— 50 — 164/ W(F)7,
g€
and since x,, € &4 C &1, we also have

0> 'Kt =8Ik =8I YW(F) = sup (g — ) (h— f*)dP — 164/ W(F)7?
! ! ! heB(f*,t*),ge/\/l/

> (4K1) TW(F) — max I8 — f¥ It =164/ W(F)7
> (4Kp) TIW(F) — 2t — 164/ W(F)? (5.22)

where we used the Cauchy-Schwartz inequality, the fact that 7 C [—1,1] 4 and the definition of
Iz = (256K7)°.
If 16/ W (F)7 < (8Ky)"'W(F), then the last equation implies that

soW(F) = (16K1) TW(F) < t..

However, this inequality contradicts the definition of f., and thus cannot hold for any x,, €
&;. In the other case, we assume that 161/ W(F)7 > (8Ky)“'W(F), or equivalently, 7 >
(128K71) ~1\/W(F). Now, from Lemma one can see that the maximizing value 7 ensures

Wx(Bn(f*,7)) =271 > 0

and hence

Wi(Bn(f5,7)) > 27 1(128K;) 2W(F).

Therefore, under the event £ and by (5.18)
2Ki e W(F) = KsW(B(f*, t)) + W (F) > Wx(Ba(f*,7)) > 271 (128K1) 2W(F).

Once again, we have a contradiction for any x,, € &, since we assumed that l,; = (256K1)*3.
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Therefore, we showed that (5.22]), cannot hold under the event &, i.e. the set &4 is empty. This
contradicts our earlier conclusion that Pr(84) > 0.4, which was made under the assumption that
event A has probability at least 0.5. Hence, we conclude that Pr(.4) < 0.5, or, equivalently, with
probability at least 0.5, fn ¢ B(f*,t«). Therefore, we must have that

£

B [(Fu— f2P > 2 = min{tp (£, F, SW(F), SW(F))

> ¢ -min{t, p(f*, F)%, W(F)?}.
where in the last inequality, we used the fact that

WI(F) < W(-1,1Y) <Elg| < /B2 = 1.

The theorem follows. ]

5.4 Lemmas

Lemma 41. Under the event £ in (5.13), and for n that is large enough, the following holds:
0 227Ky WIF) = WalBulf"/7)) ~ Egmax(g — £, fu = f)u = 16\/W(F)7, (5.23)

where K is defined in (5.13), and set M is defined in (5.11).

Lemma 42. Let Xy,..., X, - P, then the following holds with probability of at least 1 —
Kexp(—nW(F))

sup  [(h—=f58—f")n— / (h = f*)(g = fH)dP| < (8K1)'W(F).
gEMhEB(f* t.) X
where M is defined in (5.11), t. is defined in (5.10), and K1, K are defined in (5.13), Lemma 46|

Lemma 43. The event £ defined in (5.13)) holds with probability of at least 0.9.
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5.4.1 Auxiliary Lemmas
Lemma 44. [[Koll1, pgs. 25-26]] Let F C [—1,1]% be family of functions. Then with probability
of at least 1 — 2 exp(—c1nW(F)),

vfgeF |If—gl2—Ilf —gl?| < 10W(F),

and

Ifu — £711% < 10W(F).

Lemma 45 (Sudakov’s minoration lemma). Let H C [—1,1]*. There exists a constant ¢y such

that for any Py,

Clsupe\/logM(e,H,IPn) < Wi (H).

€>0 n

where M(e, H,P,,) denotes the size of the largest €-separated set in H with respect to Ly(IPy,).
The next two lemmas appear in [[Koll1, pgs. 24-25], [Ada0§]].

Lemma 46 (Talagrand’s inequality). Let Xy,..., X, ~ P, and H C [—U,U]* be a family of
1.1.a.
functions. Let Z = sup;y, In=1Y", f(X;) — E[f]|. Then there exists an absolute constant

K > 0 such that for any s > 0
>5) < “tuh su
Pr(|Z—EZ|>s) <Kexp | —K U og(1+w)ns ,

where V? = SUp ey ffzd]P.

Lemma 47 (Adamczak’s inequality). Let G be a centred family of functions supported on D, and
Q be some distribution on D. Let Z = sup,.g In=1Y"  9(X;)|. Assume that there exists an
envelope function G such that |g(x)| < G(x) forall § € G, x € D. Then, the following holds for
allt >0

maxi<j<, f (Xi)||p t maxj <; Xi) |l t
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where V? = SUPgcg [ ¢%dQ, and Ky € (1, 00) is some universal constant, and iy is the Orlicz

norm.

Lemma 48 (Lipschitz Concentration). Let &1, ...,Cyn ~ N(0,1), and f : R" — R be a L-
1.1.

Lipschitz function with respect to || - ||2. Then, for all € > 0,

Pr(|f — E[f]| > ) < exp(—ce’L™2).

5.5 Proofs

Proof of Lemma 41l

We invoke the lower bound of (5.8) with ¢ = f* and t = 2, implying

0> Wi(Bu(f*,2)) = Wx(Bu(f*,7)) = E(fu — f*,8¢ — f*)u— Cn""
= Wi(F) = Wa(Ba(f*,7) = B{fu — *, 8 —T1(ge) + T1(ge) — ) —Cn ™!, (5.24)

where T1(g¢) := argmin,. ,[[gz — &l|n. and the equality follows for the fact that for 7 C
[—1,1]%* we have B, (f*,2) = F.
Now, recall that M is a maximal 6/ WV (F)-separated set with respect to Ly (IP), and therefore

also a 12/W(F)-net with respect to Ly (IP). Therefore, under the event & it is also a 164/ W(F)-

I1(gs) — gelln < 164/W(F). Hence, we can

net with respect to Ly (IPy,),

rewrite (5.24)) as

lEgmaX<f —f58=fn
> Wx(F) = Wx(Bu(f7,7)) — IEC(J?n —f.8— H(g§)>n —Cn!

> Ky W(F) = Wa(Bu(f*,7)) — 160/ W(F)Ee||f — fullu — Cn !

Now, we proceed by using the first part of Corollary [2|and the assumption of lying in £. The last
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expression is lower-bounded by
KTYW(F) = W(Bu(f*, 7)) — 164/ W(F) (7 + CF/2n=1/4), (5.25)
According to (5.20), under the event £, we have
7 < Cay/KyW(F)
for some constant C3. Thus the expression in is further lower-bounded by

KTYWI(F) = Wi(Bu(f*,7)) — 16/ W(F)7 — Ca/KyW(F)3/ 414 — cn !
> (2K1) TW(F) = Wa(Bu(f*,7)) — 164/ W(F)7

where the last inequality holds when 7 is large enough. To see this, recall that W(F) > ¢/+/n
and under this assumption both n~1 = 0,(W(F)) and W(F)3/4n=14 = 0,(W(F)) hold.

Therefore, the lemma follows. O]

Proof of Lemma First, denote by [P, — P||3 := sup,cq |71 L1 h(X;) — E[K]|, and
for each g; € M, define G; = {(h— f*)(gi — f*) : h € B(f*, t«)}. By Talagrand’s inequality
(Lemma [46)), the following holds for and u > 0

4-1ys2
Pr (||P, —P||g, — E[|P, — P||g,| > u) < Kexp (—”Kllog(l + WJ_}))”)

where we used the fact that V2 < sup, 7 [|g — f*[|3t2 < 4s2W(F). Now, we set u =
(16K1) "' W(F) in the last equation

Pr (||[P, — Pllg, — E|P, — P[lg,| > (16K1) ' W(F))

< Kexp (—n(161< K1) TIW(F) log(1 +4_1(16K1)_151_2)> .
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Next, we aim to take a union bound over M, and recall that logM < CoK2nW(F) <

C(Ky)nW(F), for some absolute constant that does not depend on s1. Therefore, we may choose
s1:= c(K, Ky, Ca) (5.26)
where ¢(K, Ky, Cy) is a constant that satisfies the following:
Pr (| P, — Pl — E|P, — Pg| > (16K1)_1W(}")> < Kexp(—2C:KinW(F)).
Therefore, we have

Pr (31 <i<M:|[|P, —P|g —E|P,—TPlg| > (16K1)_1W(]:)> < MKexp(—2C,KynW(F)))
< KeXp(—CzKan(F))
< Kexp(—nW(F)).

We conclude that with probability of at least 1 — K exp(—n)V(F)) the following holds for G :=
{(h=f")(g—f") g€ MheB(f"t)}:

|IP, — 1P||g < max E||P, — I[)Hgi + (16K1)_1W(}"). (5.27)
1<i<M
The lemma will follow as soon as we show that
—Pllg < (16K;) ! .
1@2}}(\41]5”]13” g, < (16Ky) " W(F)

In order to prove the last inequality, we first apply the symmetrization lemma (cf. [Koll1, p. 20])

and majorize the resulting Rademacher averages by a constant multiple of the Gaussian averages
E|P, —P|g < 8W(G;) (5.28)

where we used the fact that 0 € G;.
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Next, since ||g;i — ||l < 2, a standard argument (e.g. [GN16, Theorem 3.1.17]) gives

n

n
Ez sup n ') (h—f")(gi—f)(Xe)ox < 2Bz sup n=' Y (h— f)(Xi)d
heB(f* ) k=1 heB(f* ty) k=1

Then, by taking expectation over X7, ..., X;, over the last equation and by (5.28)), we conclude
E[IP, — Pllg, < 16W(B(f*,t.)) < 16l:W(F) < (16Ky) ' W(F),

where we set [z = (256K1)_3. Then, by (5.27)) and the last equation, the claim follows. [

Proof of Lemma It is enough to show that &, £3 hold with probability of at least 0.99 for n
large enough. First, we prove this claim for &;.

We aim to apply Adamczak bound for concentration of the suprema of unbounded empirical
processes (Lemma . For this purpose, define the family of functions G := {yf(x),y € R, f €
F — f*}, and the distribution Q = P ® N(0,1). Note that F C [—1,1]* and, ¢ is Gaussian.
Therefore, by Pisier’s inequality (cf. [Pis83],[|Ada08, p. 13]), we have

I max 16if (Xi)llly, < Clog(n) max [[if (Xi)llly, < Calog(n).

1<i<n

By Adamczak’s bound (Lemma @#7),

- 1 10 Clog(n
K 'Ep sup |-} f(Xi)Gil - — - 8(1)

feF—f Mim vn n 520
< wp 1LY 06| < KaBp sup |13 f(x] 4 10 4 Clostn
ferp i - fer—f Miz vn n

with probability of at least 0.99 both X4, ..., X, and E

Now, using the average principle, for n large enough, we can find an event &7 (that depends only
on Xj,..., Xy) that holds with probability 0.98, such that for any fixed x;,, € &7, there exists an
event A3 (x;,) of probability at least 0.98 (over &) such that holds. For each x;,, € &7, Lemma
(with Lipschitz constant sup s z || f — f*||» < 2) implies that the middle term in (5.29) is, with
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1/2

high probability, within Crz~1/2 from its expectation (with respect to &). Therefore, we have for all

Xy € 871
1 Y F(X0)E] -
K;'Ep sup |n~ f(Xi)Ci| — —=
2 feF—f* i=1 l \/ﬁ
1 n 1 n C
<Eg sup [n ') f(Xi)&i| < KEp sup [n7') f(Xi)&|+ —=.
feF—f* i—1 feF—f+ i—1 vn
Finally, since 0 € F — f*, we have
n n n
Ee sup n 'Y f(X)& <Eg sup |n 'Y f(X))&| <2Es sup n 'Y f(X))E;.
fEF—f* i=1 feF—f* i=1 fer—fr i=1

Hence, the last two equations imply that when W (F) > Cin~1/2, for C; that is large enough, the
claim follows for &. To handle the remaining case of W(F) < Cln’l/ 2 recall that we assumed
that our class is not degenerate (i.e it has two functions that are || f; — f2|| > 0.5. Then, it is easy to

see that with probability of 0.99 it holds that
Wx(F = f) 2 W{0, 2= 5, fr = f*}) = Emax{n "%, 0} > c-n" 2 > c-C/TW(F),

where ¢ ~ N(0,1/4). Therefore, for some K; ' = ¢(Ky, c), the claim follows for &,.

Next, we handle £3. By using the definition of B( f*, t*), and similar considerations that led to

(5.29), we have

1y ¢ 10t, Clog(n
sup  [n Y FX)EG] < KeBp sup ! ) FOXE] + -+ 5( )
fGB(f*,t*),f* i=1 B(f*,t*)ff* i— n (5 30)

with probability of at least 0.99 over both X1, ..., X, and Z.

As above, for n large enough, we can find an event &g C &1 (where &£ is defined in (5.12))) of
probability at least 0.98 (over X7, ..., X;,), such that for any x,, € &g, there exists an event A4 (x;,)
of probability at least 0.98 (over ¢) such that (5.30) holds. Then, similarly to the case of £, we will

employ Lipschitz concentration for the middle term in (5.30), for each x,, € &. To estimate the
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Lipschitz constant, recall that under &1 (more precisely, under the event of Lemma [44)), we also
have that
If = FIIs < sW(F) + 10W(F) < 1IW(F)

for all f € B(f*,t.), under the choice t, in (5.10). Then, using the fact that A4(x,) holds with

11W(F), imply that for each x,, € &g, the middle term in (5.30) is within an additive factor of

probability of at least 0.98, and Lemma [48| with Lipschitz constant sup FEB(F 1) If = f*lln <

C1/W(F)n~1/2 from its expectation over &. Namely, we have for all x,, € Eg:

Es sup [n7') " f(X))Gil < KoEp sup [n'Y f(Xi)&l +
feF—f* i=1 feF—f* i=1

: : Cy/WF)
aViuiea)

where we used the fact that £, < s11/W(F). The claim for &3 follows by similar considerations

that we used earlier. L]

Proof of Corollary |7, For any IP-Donsker class we have with probability at least 0.9 [Gee0O, Chap.
5]
Wi(F) < W(F) =n" 12,

Then, by Corollary [5| we have that
E /(fn — )2dP, > n 1,
In order to prove the second part of the bound, we apply Theorem [22]
E /(]?n — f*)zle > max{n_l, tap (f7, ]:)2}.

The corollary will follow if we show that for any f* € F, we have that t,, p 2 1. To see this, we

use [Gee00, Thm 5.11] that shows that for all ¢t > 0, we have

t —a
W(B(f*,t)) S n_l/z/ u= 2y < £ 12,
0
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Since a € (0, 2), the right hand side is decreasing in t, therefore we know that if
W(B(f*,t:)) 2 W(F) 2 n™ 12

then we have t, > 1. Hence, t, p(f*, F) 2 1, and the claim follows. O

Proof of Corollary(8. For any non IP-Donsker class we have with probability of at least 0.9 [Gee(0,
Chap. 5]

n=zw < Wi(F) < W(F) <ns.

R

Then, by Corollary [5| we have that
E [ (o= £y 2 077,

and the claim follows. ]

5.5.1 An example to the tightness of Theorem 22](a sketch)

Let IP be the uniform density of [0, 1], and denote by I(x;, ;) to be an interval with center x; and

length ;. For each m > 0 we define

m
F = {m_1/6 Zeill(xi,m*E’/‘l) VX, X st 1< jFE k< m I(xk,m_5/4) N I(xj,m_5/4) =Q,
i=1

V(ey, ... em) € {—1,1}"}.

Now, we define F := conv{0,U;,_1{Fm}}. Clearly, this family is uniformly bounded by one.
Also, we assume that f* = 0.

Using a classical fact, we have that with probability of at least 1 — 12,

X;— X;| > c- (nlogn)~?,
1;{172;;”\ j il >c-(nlogn)
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and denote this event by A.

Clearly, for each x,, € A, we can find a function fg € JF (that depends on x,, as well) such that

(fe,On=n"n"1Y |gl (5.31)
i=1

To see this, under the event A, we can place Xy, ..., X}, in n disjoint intervals of length n—>5/4,

therefore fz is the function that is supported on these intervals, with the suitable signs.

Clearly, under the event A, f, & U,_,,1{Fm}, since there is no “advantage” to more than

intervals. Therefore, one can easily show that
Wx(Bn(f*,n_1/6)) = n-1/6,

Now, denote by C(n) := Cy(nlog(n))*/? for C; that is large enough. Note that any F, such that
C(n) < m < n — 1, we can only place m intervals with length of at most (c/2) - (nlog(n))~!.

Therefore, under the event A, each of these intervals has at most one point. Hence, we have that

= _ . —1/6,_-1
max =m n max ile
max (£, O I, Dl

Now, for any fixed C (n) < m < n — 1, by standard concentration inequalities,

lEanea}fnUm,E)n <mYo(m/n) +m=Y(m/n)\/log(n/m) < m=Y°(m/n)y/log(n/m).

(5.32)
In the remaining case of m < C(n), using standard arguments, it can be shown that with probability

of at least 1 — n? (over X3, ..., X, the following holds:

Eg sup (fn,E)n < Bp sup (fum, G)n < nte. (5.33)
fm€Fm fm€Fm

By using Eqgs. (5.31)),(5.32)),(5.33)), one can show that with high probability j?n € Bu(f*,Cn~1/9),
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for some C > 0, and also

W(F) =< n /e,

Therefore, one can conclude that
E /(fn 2P, = 0 = W(F),

and

W=

3 <« W(F)? = n 5.

W[ =

IE/(fn — £)2dP =< n(

Finally, it is easy to see that ¢, p(f*, F) 2 n’(%Jr%), and therefore, by using the last equation
E [ (fa= VP < tup (', F)?,

and the claim follows.
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