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Abstract The optimized gradient method (OGM) provides a factor-v/2 speedup
upon Nesterov’s celebrated accelerated gradient method in the convex (but
non-strongly convex) setup. However, this improved acceleration mechanism
has not been well understood; prior analyses of OGM relied on a computer-
assisted proof methodology, so the proofs were opaque for humans despite being
verifiable and correct. In this work, we present a new analysis of OGM based
on a Lyapunov function and linear coupling. These analyses are developed
and presented without the assistance of computers and are understandable
by humans. Furthermore, we generalize OGM’s acceleration mechanism and
obtain a factor-v/2 speedup in other setups: acceleration with a simpler rational
stepsize, the strongly convex setup, and the mirror descent setup.

1 Introduction

Nesterov’s celebrated accelerated gradient method (AGM) solves the problem
of finding the minimum of an L-smooth convex function with an “optimal”
accelerated O(1/k?) complexity [38]. Surprisingly, AGM turned out to be not
exactly optimal, but optimal only up to a constant. The optimized gradient
method (OGM) has a factor-2 smaller (better) worst-case guarantee and thereby
requires factor-v/2 fewer iterations to guarantee the same accuracy [22,26].
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However, this remarkable discovery has not been well understood. OGM
was originally obtained through a computer-assisted methodology based on the
performance estimation problem (PEP). The resulting convergence analyses
involve arduous but elementary calculations that are verifiable but arguably
not understandable by humans.

Contribution. In this work, we present human-understandable analyses of OGM.
First, we show that the improved acceleration mechanism of OGM can be un-
derstood and analyzed through an unconventional Lyapunov function. We then
use this insight to propose a new method that obtains the factor-v/2 speedup
in the strongly convex setup. Finally, we present a human-understandable
derivation of OGM based on refining the linear coupling analysis of Allen-Zhu
and Orecchia [5], and generalize OGM to the mirror descent setup.

As minor contributions, we analyze the primary and secondary sequences
of OGM through a single unified analysis; to the best of our knowledge, prior
works provide two separate convergence proofs for z- and y-sequences. Moreover,
we present a unified class of accelerated methods containing AGM and OGM
through the linear coupling analysis.

1.1 Definitions and prior work

For L > 0, a differentiable convex function f: R®™ — R is L-smooth with
respect to a norm || - || if

IVi(@) =Vl < Llilz -yl VayeRY,

where || - ||« denotes the dual norm. A convex function f: R™ — R is p-strongly
convex if f(z) — (11/2)]|z||? is convex [39,/47].
Throughout this paper, we consider the problem

minimize f(z)

and make the following assumptions on f: R” — R:

(Al) f is convex, differentiable; and L-smooth with respect to || - || and
(A2) f has a minimizer (not necessarily unique).

We write z, for a minimizer of f and f, = f(x,) for the optimal value. To
clarify, the proofs of Section [2| do not require the minimizer x, to be unique.

Nesterov’s AGM. Nesterov’s AGM is

1
Yht1 = Ty — va(l’k)
0, —1
Or+1

Th4+1 = Yk+1 T (Yk+1 — Yn),
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where yy = zg, 6y = 1, and 913“ — 041 = 0% for k =0,1,... [38]. We can
equivalently write AGM as

1

Ykl = Tk — va(mkz)
0

Zk+1 = Rk — %Vf(l‘k)

1 1
Tyl = (1 - > Yh4+1 + 7 2Zk41
Or11 Or+1

AGM can be generalized to use the relaxed parameter requirement 67 11—
0x+1 < 07 on the positive sequence {0} . The choice 0 = (k+2)/2 is a
common instance.

In the setup where f is furthermore p-strongly convex, Nesterov’s AGM
for the strongly convex setup (SC-AGM) is

1
Ykt1 = Tk — Evf(xk)
B VE—1
Tht1 = Yrt1 + N 1(yk+1 Yk)
for k=0,1,..., where K = L/p and yo = x¢ |39
Optimized gradient method. OGM is

1
Y1 = Th — EVf(l”k)

0 — 1 05
Th1 = Ykt1 + ——— (Uk+1 — Uk) + 57— (Ukt1 — Tk)
Or+1 Okt
for k=0,1,..., where yo = o and {6y} is the same as that of AGM [22,[26].
We refer to ‘Z’;: (Yk+1 — yx) as the momentum term and Gf-il (Yk4+1 — xk) as

the correction term. The added correction term is the difference between AGM
and OGM. We can equivalently write OGM as

1
Yr+1 = Tk = Evf(xk)

20
241 = 2 — T’“Vf(xk)

1 1
Tyl = <1 - > Ykl + 27— 2k41,
Or11 Or11

where zp = z¢ [26]. The factor 2 in zx; is the difference compared to AGM.
The yg-sequence of OGM exhibits a rate faster than that of AGM by a
factor of /2. This rate was proved in [27], and we also state it in Corollary
To clarify, the guarantee on the function value is smaller (better) by a factor
of 2, and, combined with the O(1/k?) iteration dependence, this represents
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a factor-/2 reduction in the number of iterations necessary to reach a given
accuracy.

Furthermore, OGM’s original presentation [22,/26| involves what we refer
to as the last-step modification on the secondary sequence

0, —1 0,
(Y1 — yk) + —— (Yp+1 — @)
1 Pk+1

k+
1 1
=(1- Yk+1 +
Pr+1 Pr+1

where @7 — ¢ — 2607 | = 0. The Zx-sequence of OGM exhibits a rate slightly
better than OGM’s yg-sequence and is in fact exactly optimal [19] under the
smooth (non-strongly) convex function class. This rate was proved in the
original presentation of OGM [22,[26], and we also state it in Corollary |3} In
this work, we present the first variant of OGM for the strongly convex setup.

Thtl = Yrt+1 +

Zk+15

0x-sequence asymptotic characterization. Throughout the exposition of this
work, we will use the following asymptotic characterization: if p = 1 and
9i+1 — 01 =07 for k=0,1,..., then
k+¢+1 logk
SRS S LAY (1)
2 4
as k — oo, where ¢ ~ 0.646. While we suspect this result may be known, we
could not find it in any reference. Therefore, we formally state and prove
as Lemma [7] in the appendix.

O

Computer-assisted derivation and analysis of OGM. OGM was originally ob-
tained through a computer-assisted methodology based on the performance
estimation problem (PEP); it was first discovered numerically [22] and then its
analytical form and convergence analysis was found [26]. The PEP methodol-
ogy’s key insight is to optimize over the class of fixed-step first-order gradient
methods, with the objective being the convergence guarantee. Surprisingly,
this problem is semidefinite programming- (SDP-) representable and has a
tightness guarantee [54]. OGM was re-discovered by using the PEP to find
a greedy first-order method simplified with a “subspace-search elimination
procedure” [21].

However, these prior analyses of OGM, generated by computers, are verifi-
able but arguably not understandable by humans. Moreover, as the analyses
rely on finding analytical solutions to the SDPs arising from the PEP, they are
inaccessible to those unfamiliar with the methodology.

Lyapunov analysis of AGM. Nesterov’s original 1983 paper established the
celebrated O(1/k?) rate using a Lyapunov analysis |38|. Subsequent works
|11}|12}32}/39-41443]/55] analyzed AGM and its variants through the “estimate
sequence” technique, which many consider to be less transparent than Lya-
punov analyses. In recent years, there has been a renewed interest in studying
accelerated methods via Lyapunov analyses [1L{7H9L[13}[16/50,52]. In this work,
we present the first Lyapunov analysis of OGM.
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Linear coupling analysis of AGM. The interpretation of AGM as a linear
coupling between gradient descent and mirror descent was presented in [5].
Specifically, AGM can be written as

. L
s = argmin { (770 ) + 5 Iy = o}
Yy

2pr1 = argmin {V, (y) + (1 V f(zr),y — z) }
Y

Tt = (1 — Th1) Ykt 1 + Tht12h+1,

where V, is a Bregman divergence. The y,-update can be viewed as a gradient
descent update and the zi-update can be viewed as a mirror descent update.
Mirror descent [37] was originally presented as a method that maps the current
point to a dual space, performs a gradient update, and maps the point back
to the primal space. An alternate proximal form of mirror descent (which we
use) was presented in [15]. An alternate “dual averaging” interpretation of
mirror descent as a method that constructs a lower bound of the function was
presented in [42]. The key insight of linear coupling is to carefully interpolate
between mirror descent and gradient descent to obtain AGM.

Linear coupling has been used to obtain and analyze many extensions of
AGM |[2H4l|6], but whether the linear coupling argument itself can be further
refined seems not to have been studied. In this work, we show that refining the
linear coupling analysis naturally leads to OGM.

Tight inequalities. We informally say an inequality is tight if it cannot be
improved without further assumptions and formally if it satisfies the “interpola-
tion conditions” [54]. The recent literature on performance estimation problem
focuses on using tight inequalities to obtain proofs that are provably cannot be
improved [17}241|25[(33]|46L[52}/53].

The tight inequality we use is

Fl) > F@)+ (Y (@)y =) 45 VI @)~ V)2

for all L-smooth convex function f and z,y € R™. The linear coupling analysis
of AGM uses strictly weaker inequalities, as discussed in Section [4] By refining
the analysis by replacing the non-tight inequalities with tight ones, we obtain
OGM.

Accelerated methods for smooth strongly convexr minimization. For the problem
setup of minimizing smooth strongly convex functions, Nesterov’s SC-AGM |[39]
achieves the convergence rate O (exp (—k/+/k)). Recently, the triple momentum
method [31] and the information-theoretic exact method [51] were presented
with an improved O (exp (—2k/+/k))-rate, and their optimality was established
through the matching © (exp (—2k/+/k))-lower bound of |20], which improves
upon the classical © (exp (—4k/+/k))-lower bound of [35,[36]. The SC-OGM
method we present in this work has a rate of O (exp (—ﬂk/\/ﬁ)), between
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the rates of SC-AGM and TMM. For strongly convex quadratic functions,
the heavy ball method exhibits the rate O (exp (—4k/+/k)) |39] and OGM-q
exhibits the rate O (exp (—2v/2k/\/x)) [28]. The heavy ball method’s rate
matches the classical © (exp (—4k/+/k))-lower bound of [35436].

2 Lyapunov analysis of OGM

In this section, we present a Lyapunov analysis of OGM. Our key insight is to
use

(760 - 1. = 100N )

which is nonnegative due to L-smoothness, instead of (f(zx) — fi) or (f(yx) — fx)
in the construction of the Lyapunov function. Throughout this section, || - || =
| - ||« denotes the Euclidean norm.

Based on this insight, we present: (i) a more human-understandable analysis
of OGM (ii) a unified analysis of both the primary and secondary sequences of
OGM that admits simpler 6-choices.

2.1 Nesterov’s AGM
Nesterov’s AGM has the rate

Lo — .|

f(yk) - f* < 20%_1
_ 2L|lzo —au|? 2L ||wo — x| logk 1
T R R L <k:3>

for k=0,1,.... (We derived the equality in Appendix ) This rate can be
established through the following Lyapunov analysis |38]: for £ = 0,1,...,
define

L

=l — el

Uk = 05y (f(yr) — fo) +

with _; = 0 and show U < --- < Uy. Conclude with

L
6 1 (F(ye) = £2) Uk < Uy = 3 lao — ..

2.2 Primary sequence analysis of OGM

We now analyze OGM’s convergence through an analogous Lyapunov analysis.
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Theorem 1 Assume and . Let the positive sequence {0y }72, satisfy
fp=1and0 < H%Jrl — 01 <07 fork=0,1,.... OGM’s yy-sequence exhibits
the rate

L |lzo — a.|*

f(yk) - f* < 401371

fork=1,2,....
Proof Set #_1 =0 and x_1 = zg. For k= —1,0,1,..., define
1
0 =283 ( f@x) = fo = 5 VAN ) + 5 Do =

We can show that {Uz}2 _, is nonincreasing. Using f(yx) < f(zx—1) —
o IV f(2x_1)||°, which follows from L-smoothness, we conclude the rate with

261 ()~ £ < 268 (Flanma) = fo = 5 IV F o)1)

L
KU1 U = 3 llzo — 33*||2

for k = 1,2,.... Now we complete the proof by showing that {Ug}>  is

nonincreasing. For k = —1,0,1,..., we have
Uk — Ugy1
_ 2 1 2 2 1 2
= 20% { flaw) = o = 5 IVF@)I™ ) = 200 { f@rsr) = fo = 57 IV F(zig)]
L L
+ 5 2kt = x*||2 =5 ek = . ?
1
— 262 (fo 3z 19701 ) 208 (Fonn) = 1. = g7 197 @) )
2
= 2051V f(Th41), Tu — 2041) = 3913“ IV f(zry0) )

=20 (f(e) ~ S — 57 ||Vf<xk>||2> ~ 20, (Joe) = fo+ 5 IV )
— (20641 V f(Ths1)s Toe — Zhg1)

2081~ 610 (o)~ = 7 1951
— 26034, (f(IkH) — fut % ||Vf(33k+1)||2) — (20641 V f(Th1), T — 2k41)
=2(07 1 =0kt1) (f(l‘k) — [ i IV F@o)ll” = f@rer) + fo — % IVf(ka)IIQ)

— 20141 <f(33k+1) — fo t % ||Vf(l’k+1)||2> = (20141 V f(Th41), Tu — 2k41)
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1

= 2611 = ) (£00) = Foin) = 57 IVF@OI = 57 19w

+ 20 (£ = foin) = 7 195 )+ (Vi) s = o))

+ 20541 (V f(Tht1)s 241 — Thy1)
1

> 261~ ) (Fo0) = Flawen) = g7 IV 7@ = 57 19 )

+ 20k 1 (V f(Trs1), 211 — Thr1),

where the inequalities follow from the cocoercivity of f.

Consider two separate cases k = —1 and k =0,1,.... In case of k = —1,
Giﬂ —0Opy1 =1—1=0and zx11 — zp41 = 20 — o = 0. The last formula
becomes zero, so U_; — Uy > 0. For k =0,1,..

9

2681 = Oun) (Sa) = Sarnn) = 5 IV F@I = 5 19wl

+ 2061 (V f(Tht1)5 21 — Tht1)

1

= 2061~ ) (o)~ Flon) = 5 VAN = 7 195 ) [?)

21 (Bt — V)V S (2hrn)s st — o+ %Vf(xk»
= (20741 — 20x41) (f(xk) — flzre) — %va(l"k) - Vf(ika)Hz
+ (Vf(xrs1), Thp1 — l’k)) >0,

where the inequalities follow from the cocoercivity of f. a

As with AGM, the optimal {0 }72 is given by 07, — Or41 = 607, which
was used in the original presentation of OGM [22}26].

Corollary 1 Under the setup of Theorem the choice 9%+1 —Ok11 = 03 leads
to the rate

Llzo — x>  Llzo—=z.* Llzo— x| logk 1
_ < — _
O T (k1 0)2 TEG A

fork=1,2....
Proof This follows from Theorem [1| and . O

The relaxed parameter requirement 0 < 0,% 11 Ok+1 < 0,% of Theorem [1|is
reminiscent of the requirement for AGM. We note that |30] had presented a gen-
eralized analysis with requirement 67 a1 < Zfill 0; based on the performance

estimation problem methodology.
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The relaxed parameter requirement allows us to use the simpler rational
coefficients 6y, = (k + 2)/2. This leads to

1
Yht1 = T — va(mk)
k+2

+ m(yk+1 — xy),

k
Th4+1 = Yk+1 T m(yk+l — Yk)

which we call Simple-OGM.
Corollary 2 Assume and . Simple-OGM’s yy.-sequence exhibits the
rate
Ljzo — .|’
—fo< =2

fork=1,2,....
Proof This follows from Theorem [T} O

2.3 Secondary sequence analysis of OGM

We now analyze the convergence of OGM’s secondary sequence with last-step
modification through a unified Lyapunov analysis.

Theorem 2 Assume and . Let the positive sequence {0x}52, satisfy
0p=1, and 0 < 9,2H_1 — 041 <0 for k=0,1,.... Let the positive sequence
{or}2, satisfy 0 < i —p, <207, fork =0,1,..., where we define 6_1 = 0.
OGM'’s x-sequence, the secondary sequence with last-step modification, exhibits

the rate
_ L |lwg — .|
— <
f(xk) .f* > 2¢%

fork=0,1,....

Proof Let {Uy}52_, be as defined in the proof of the Theorem [1| Define
{Uk}RZo as
2

O =9 (F() = £+ 5 || o0 — Tk T F (@) =

We can show that Uk < Uk_1, we conclude the rate with
- ~ L
i(f(@n) = £) < Up SU_1 = 5 [lwo — 2.

for k= 0,1,.... Now we complete the proof by showing that U, < Uj_;. For
k=0,1,..., we have

Ug—1~ Uy
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=26, (flonn) = £ = 5y IV S o)) = o () - 1)

2

1 .
5 |26~ Z@kvf(ffk) — Ty

L
2 e — el -

=26, (flonn) = £ = 5y IV S o)) = 6 () = £2)
RV F@r), 20— 1) = 50 IV A

=20 (F(ara) = o= 57 197 IR
~ e (80~ £+ 37 IVIGOI) = VS ) = )

> (¢t - o0) (Sar1) = £ = 7 IV ool
— et (80 = £+ 57 IVIGOI) = 0TS ) = )

— (62— ) (Fanos) = £ = 57 VS0 = £+ £ = 57 V@)
i (= £00) = 57 IVF@I + (91,30 - )

VS @), 2~ )

> (¢ = o) (Fons) = £180) = g7 19 S g INAGOI)
V(@) 2~ )

= (62— o) ((flon0) = 1) - 5 IVHnI® 7 195G
+ (o = D(VF@0), = o+ Y (w-1)

= (¥} — ¢x) (f(fﬂkl) — f(@k)— %HVf(xk,l) — V@) + (V (@), 3 — $k1>>

>0

where the inequalities follow from the cocoercivity of f. O

Corollary 3 Under the setup of Theorem@ the choice ‘91%“ — 01 =07 and
02 — o = 207_ leads to the rate

FEE)— f o Lllzo—z®  Lilzo—a.|® Lo —a.|*logk 0<1)
2% (k+C+1/v2)?  (k+C+1/v2)3 k3

fork=0,1,....

10
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k 1
Proof This follows from (1], which implies ¢, = +f/—g‘/§ + \/iifgk + o(1), and
Theorem 2 a

Simple-OGM with the last-step modification is

1
Ykl = Tk — va(xk)

k k+
Th+1 = Yr+1 + m(ykJrl —Yk) + m(ykﬂ — )
. n ( )+ k42 ( )
x = _— — — Tk),
k+1 = Yk+1 ﬁ(k i 2) 1 Yk+1 — Yk \/§(k i 2) 1 Yr+1 k

where g = yg.

Corollary 4 Assume and . Simple-OGM’s T -sequence, the sec-
ondary sequence with last-step modification, exhibits the rate

Lo — .|

) — fi { —
f( k) f*_(k+1+1/\/§)2
fork=0,1,....
R
Proof Use Corollary |3[ with 0, = % and py = % O

2.4 Discussion

We clarify that the presented Lyapunov analysis is a novel contribution, while
the results themselves are mostly known [26427,/30].

We emphasize two key points. First is the somewhat unusual construction
of the Lyapunov function. This key insight will be used in the following section
to present a novel method for the strongly convex setup.

The second point we emphasize is that we present a unified analysis of
the primary and last-step-modified secondary sequences using the Lyapunov
functions Uy and Uj. Prior works on the two sequences of AGM and OGM
rely on two separate analyses [26}27].

3 Strongly convex OGM

In this section, we present strongly convex OGM (SC-OGM), a novel method
that provides a factor-/2 improvement over Nesterov’s SC-AGM. The method
and its analysis are obtained with following the key insight of Section [2} use
the OGM-type correction term in the method and use

(700 - 1.~ 5190l )

in the construction of the Lyapunov function. Throughout this section, || - || =
I - |« denotes the Euclidean norm.

Based on this insight, we present: (i) a novel method SC-OGM and (ii) a
unified analysis of both the primary and secondary sequences of SC-OGM.

11
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3.1 Nesterov’s SC-AGM

Further assume f is p-strongly convex and write kK = L/u. SC-AGM’s conver-
gence rate

F) 1. = (14 2 1>k o el =0 (oo (-7 )

can be established through the following Lyapunov analysis [13]. For k =
0,1,..., define

k
o= (14 ) () o+ S )

with z; = (VK + Dag — /kyx and show Uy < --- < Uy < # lzo — x*Hz.

3.2 Primary-sequence analysis of SC-OGM

We newly propose SC-OGM:

1
Yrt1 = T — — V [(wg)

L
I )t )
_ RSP SEP
Tl+41 Yk+1 2'Y+ 1 Yk+1 Yk 2'Y+ 1 Yk+1 k
V8k+143

for k=0,1,..., where yo = z9 and v = Y55

Theorem 3 Assume , , and that f is p-strongly convex. SC-OGM’s
yr-sequence exhibits the rate

Fue) 1o < (L) EE B g P = 0 <exp (—“ff))

fork=1,2,....

Proof For k=0,1,..., define

2y +1 v+1
= T —
v v

Zk Yk

and

U= (10 (1) = £ 5 IV + & oo = )

12
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. : . 2 11
We can show that {Uj}72, is nonincreasing and Uy < % [lzo — z4]|”. Using

flur) < flzi—1) — 55 ||Vf(a;k_1)||2, which follows from L-smoothness, we
conclude the rate with

L+ (7o) = £ £ @9 (Flon) = £ = 57 9SGl

w+ 2L

<Ugp—1 <0y < lzo — 33*||2

for k =1,2,.... Now we complete the proof by showing Uy < ”'ZQL lzo — ac*Hz7

showing some relationships between xj, and zj, and showing that {Uz}72, is
nonincreasing.
Firstly, we have

1
Uo = f(w0) = fu = 57 15 @) P + & 122 = .

2
1v+4+2
o — 777Vf(x0) — Ty

= flon) = 1. = 5 I9F G+ o =

1 1
_f(xo)_f*—'_iﬁ

< U0 = 1)+ 5

v+1
(f(z0) = £2)+ 5 llzo — .l

2
< (L+5) lwo — ™

1950} = 75 AV F(wo). 0 — ) + o ~a

I
IV £ @o)ll” + 5 o — 2.l

Si
1+~

Second, Let X}, = xp — x4 and Zp = zp— xy, for k= 0,1,.... We will prove

1 1
(@1 = 2x) + TV (@r) + 7 X1 = m(’YZIHI + 7 Xp41) (2)
1 v 1vy+4+2
Z = Z + Xy — ——V
k+1 ,y_’_lk 7_~_1k L ~ f(xk)
(3)
for k=0,1,....

Plug yr+1 = o — %Vf(a:k) in the definition of 21 1. (We remind the reader
that z; was defined in the beginning of the proof.) Then we obtain .
For , from definition of 2 and zj41

2v+1 v+1 11+~
T+ —

f— _— v
Zk+1 ~ Th+1 k 7 f(ivk)
2v+1 +1 11+
= - T g *Jvf(ﬂﬁkq)
Y Y L ~

13
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and definition of zj, we have

2y 42 1 11

Tetl = oY T Y T T lvf(xk)
= ;Z I Txk - 27711%71 - %%Vf(xk) + %ﬁvf@kq)
Therefore,
Zht1 — ,yle k= 27,:_ 1$k+1 - ,YT—H&% + %H%Vf(iﬂk)
- 741_1 (27;_ lwk - 7: 15%71 + iH’yva(ﬂﬁkO)
= 2t 1$k+1 - m% + %xkq + %HTWVJC(%)
— Vi)
- 27; 1 (gzix’“ - 271+ 17 %%W(m
i %27 v “’“‘”) B W“ i %x’“‘l
+ L V@) = 12V )
= ,yj_ll'k - %V;FQVJ”(%)

so we obtained (3).

Lastly, we will show that {U}}72, is nonincreasing. It suffices to show that
for k=0,1,..

*

(1+)"FU, = Urya) >0

which is equivalent to showing

(7@ - . = 57 V@I AN ) - . = 57 IV F e

+ £ (e = 2all? = (0 +9) lzrrz — 2l) 2 0.

By L-smoothness of f, we have

1

Flarsr) = flan) < =57 IV (@re) = VI @o)|” + (VS (@rir), 2hen — o)

and from strong convexity,
H 2
F@rer) = fo S (VF(@ran)s @1 = 22) = 5 llznsr — 2™

For £k =0,1,..., using above two inequalities, , and ,

14
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(700 = £ = 5 IV @I = 4P o) ~ £ = 5 95

= (@) — fler)) =1 ren) = £+ S IVl = o7 19 £l

> (;L IV £ (@ner) = VI @)l? + (V flaper), o - wk+1>>

— 7 ((VH@rs) wies = 2) = 5 ane — . %)

+ I )l - o IVl

= (Vf(rt1), —va(xk) — Tpq1 + Tk — Y(Thg1 — 24))

2+7 2, Y 2
IV @ )II” + 5 lekrs — 2.l

= <Vf($k+1) _L('YZIC+1 + 7 Xk41))

1+~
2+
+ 5 VS @) P + B i —

In addition,

E(A+ ) 12kl = 1 Zea|?)
- ( D | 2o+ T Xis 1 ) 2—||Zk+1||2>
=’;< 1l + 2 el 4 ) 5 S 9 P
420 T, Xi) = 22V 4), i)

- 22—£7<Vf(37k+1)7Xk+1>>-

Since

247 1

/U’L’y2 *1_‘_77

we can telescope concerned V f(xp4+1)’s inner product in Uy, — Ugy1.

15
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For £k =0,1,..., we have

(1+79)""(Uk — Up41)

2+7 2 | Y 2
2 =7 IVF @) II” + = [ X
2
H v 2 v 2
(- 1zl + 2 X
2( P+ o X
L 2+ 2 v
#0475 S I o)l + 2 i Xie)
= (- el = W+ 2 B X))
= 517 12k = Xunal* 20

3.3 Secondary sequence analysis

We now analyze the convergence of SC-OGM’s secondary sequence with a
unified Lyapunov analysis. We note that SC-OGM does not require the last-step
modification, unlike the non-strongly convex counterpart.

Theorem 4 Assume , , and that f is p-strongly convex. SC-OGM’s
x-sequence, the secondary sequence without last-step modification, exhibits the
rate

k42
Faw) - £, < 1E0) (“*” 0 —x*nQ)

2y 2
fork=1,2,....

Proof Let {z1}3°, and {U}72, be defined as in the proof of the Theorem
For k =0,1,..., define
)

G = @) (2 o f |-

T+~

2k — (’y—;?) %Vf(xk) — Ty

We can show that Uk < Up_1. We conclude the rate with

2L
2

L+ = (o) = £) SO < Uo < oo — 2.2

147
for k=1,2,.... Now we complete the proof by showing that Uy, < Uj_;. Note
that WT'H ((:z:k —xp_1)+ %Vf(a:k_l)) = (Zr — X). Then we have

(k) - 2. = 57 IV F I ) = T3 (Flaw) - 1)

16
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2

Ly? 2 Ly? v+2) 1
s w0 (5 19
= (Fon) = £ = g I I) = 2 () = £
+ T2V ew) = 57 T IV @)
= (S = £ = g 1900 IP) = 2 () - 1)
+ ﬁ <F)/’Jyr1 <(JE1€ — l"k—l) + EVf(xk_O) + Xk, Vf(a:k)>
1 247 2
RIS IV f (@)l
= (fn) = £ = g 19T IP) = 2 () = £2)
o=, V(@) + (V). V@) + 1 (6 V)
1 2+~ 2
- S Vsl

= (o) = f0) = I mn) = VI + (T F), o= 1)

b o T IVl + e () .~ g 19 s

+ ﬁ (f* = flax) = % IV f () ” + <Xk,Vf(xk)>)

> 0.

Since W;@W = &, above inequality indicates that
Flaier) = oo IV o) ) 42 2=
2L 2

2
2 — (T) %Vf(xk) — T,

2
> T ) S )

a

3.4 Discussion

The factor-v/2 improvement of SC-OGM over SC-AGM is consistent with the
factor-v/2 improvement of OGM over AGM. AGM and OGM share the same
momentum term while OGM has the additional “correction term”. In contrast,
the momentum coefficients differ in the strongly convex case: SC-AGM has

= w o 3)

17
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while SC-OGM has

1 2
- ﬂw(l).
2y +1 VE K

Of course, SC-OGM also has the correction term, which is essential in the
analysis. We clarify that SC-OGM is not an optimal algorithm for the set of
minimizing smooth strongly convex functions as discussed in Section [I.1

Another interesting line of research is to extend the faster rates to the
composite minimization setup, which minimize f + g with a smooth strongly
convex f and convex but possibly non-smooth g, as has been pursued in [49]
and [10]. Interestingly, the algorithm of [10, Theorem 6] is different from SC-
OGM, but achieves the same O (exp (f\@k/\/ﬁ))—rate as SC-OGM, while
having an extension to the composite minimization setup.

4 Linear coupling analysis

While the Lyapunov analyses of Sections [2] and [3] do provide insight into the
acceleration mechanism of OGM, they do not shed light onto the provenance of
the method. Originally, OGM was generated through a computer-assisted proof
methodology as the exactly optimal first-order method, but this approach is
arguably opaque to humans.

In this section, we present a human-understandable derivation of OGM
based on linear coupling. Specifically, we obtain OGM by refining the linear
coupling analysis of Allen-Zhu and Orecchia [5] through replacing the use of
non-tight inequalities with tight inequalities.

We specifically provide: (i) a natural (and non-computer assisted) derivation
of OGM, (ii) a generalization of OGM to the mirror descent setup, and (iii) a
unification of AGM and OGM. We moreover provide (iv) a generalization of
SC-OGM to the mirror descent setup in the appendix, in Section

Assumption and notation. In this section, assume

(A3) ||l = V2T Quz is a quadratic norm, where @ is a symmetric positive definite
matrix.

Assumption is to be interpreted as L-smoothness with respect to norm
|- || Write || - ||« = 27Q 'z for the dual norm of || - ||. However, (-,-) is the
standard Euclidean inner product (unrelated to Q). Let w: R" — R be a
“distance generating function” that is differentiable and 1-strongly convex with
respect to || - ||, and let

Va(y) = w(y) — (Vw(z),y —z) —w(z)  Vo,y eR"

be the Bregman divergence generated by w.

18
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4.1 Linear coupling analysis of AGM

We briefly outline the linear coupling analysis of AGM presented in [5] and
point out where the analysis can be refined.

Consider the problem of minimizing f under assumptions , , and
. The linear coupling method is

Ye1 =2k — LT'QTV f(zy) (LC)
Zk+1 = arg gﬂn{Vzk (y) + {1V f(zr),y — zk) }
yeR™

i1 = (1 — Tho1)Ykt1 + Tht12k41

for k=0,1,..., where 29 = 2o and {ax}3>, and {7%}, are positive sequences
to be determined.

We obtain AGM by performing a non-tight analysis of and letting
the analysis inform the choices of {ay}2, and {7}72 . The first step of this
analysis is

2
o
a1 (Vf(2r), 21 — 24) < '“2“ IV f @)l + Ve (@) = Ve, ()

< o LU (@r) = Fyern)) + Ve (22) = Ve ().

The second inequality follows from

Flo) = Fn) 2 52 195 @I+ o 19 F I,

but the underscored term 7~ IV £ (ks1)|? is not used, i.e., proof utilizes the

weaker and non-tight inequality
1
Flar) = flyer) 2 57 IV £ ()12 -

1
Oék+1L

The second step of this analysis is to choose 7, = to eliminate f(zy)

and to show

Oéi+1L(f(yk+1) - f*) + V2k+1(33*) < (O‘i-uL - O‘k+1) (f(yr) = f«) + Var (7).

The inequality follows from

flow) S £ (V) mn = 2 = o 19 F @RI
and

(V) on — o) < F) — Few) = 57 19 F) = VA,

but the underscored terms are not used. Finally, convergence is established
through a telescoping sum argument as Appendix [C]

19
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4.2 Linear coupling analysis of OGM

We now derive OGM through performing a tight analysis of and letting
the analysis inform the choices of {a;}72; and {7}72,.

In the first step of our linear coupling analysis, we follow the same arguments
but do not take the step utilizing the non-tight inequality.

Lemma 1 Assume and [A3). The iterates ([LC) satisfy

2
o
st (V). 21— w) < L VL) + Vi (@) = Ve ()

fork=0,1,....
Proof This is exactly the first part of Lemma 4.2 of [5]. O
In the second step of our linear coupling analysis, we choose 73, = akil 7 to

allow for a telescoping sum argument and show the following lemma.

Lemma 2 Assume , and . Let 0 < 13, = akilL <1 fork=

0,1,.., a1 = 2, and x_1 = zo. Set h(z) = f(z) — fu — 3¢ IV f(2)||>. The

iterates (LC) satisfy

2
O{kJrlL - 2ak+1

a? L
%h(mk) + Vo (z4) < h(zg—1) + Vi (24)

2
fork=0,1,....
Proof For k=1,2,..., we have
ot (fan) — £2)
< qu (VF(n),ap — 2.) = 2 [ Vf ) (4)
= ap1(Vf(ze), o6 — 2) + ak+1<vf(33k),zk —T) — ak“ |V f(z )H2
_ 1 ;:k a1 (V (@), ye — 1) + a1 (V f(2r), 21 — x*) - ak“ IV f ()12
_1 Tt (V@) 011 — o TQ7V ()
+ e (VI (), 2 — @) = S|V () 2 (5)
< 1T (f(xk_n L) - o IV @I - S 9 ) (6)
+ ak+l<w<xk>,zk - x*> TGO
< L s (fml) — flan) - va(xlc DI - ||Vf<xk I? ) (7)

(X2 «
+ 5 ||Vf<:ck>ui+vzk<x*>—vzk+1(x*>— IV @)l

20
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(4) and @ follow from Lemma [11] () follows from the definition of linear
coupling, and follows from Lemma
The case of k = 0 follows from a1 = 2 and f, — f(20) — (Vf(z0), 2+ —

o) — o IV f(20) ]| > 0 with Lemmall] O
Theorem 5 Assume , , and . Let the positive sequence {o}72 4
3

satisfy 0 < aﬁHL — 2041 L agL fork=1,2... and a1 = % Let 1, =
fork=1,2,.... The yx-sequence of (LC) exhibits the rate

Oék+1L

2V (24)
_f < Zizol )
f(yk) f* = LOZ%
ork=1,2,....
fork=1,2
Proof Sum the inequality of Lemma [2] from 0 to (k — 1). Then use V., (z.) >0
and f(yr) < fzi-1) — 3¢ |V f(zr_1)||> to conclude the rate. O
The {60 }72, of the original OGM formulation is related to {ay} 32, through
ag+1 = 20;/L for k = 0,1,.... The seemingly different parameter choices
T = ﬁ for AGM and 7, = a;fHL for OGM actually turn out to be the

same as {ay}72, for AGM and OGM differ by a factor of 2.

The parameters {ay}52, and {74}, are chosen to make the telescoping
sum argument work and to make it work tightly, as described in Section [C]
Specifically, one starts with the form

1
My (@) = 1.5 IV F @) ) + Ve )

< Nt (Flon) = £ = g IS HDIE) + Ve )

where the scalar coefficients My, Ni_1 are determined by . Comparing the
coefficients of ||V f(z1)||?, we have

1 1—7p Capy 1 1—7p
oL (ak+1+ - Oék+1>— 9 +2L Q41 + - Q+1 | -

2

Solving this equation leads to the choice 7, = Tonn

; 2
. The requirement o, | L —

20+1 < aiL is needed for the telescoping sum argument to work, and the
choice ai_HL — 2041 = aiL makes the argument tight.

4.3 Secondary sequence analysis

In the linear coupling context, the last-step modification can be expressed as

T = (1 — Tn)yr + T2k (8)

for k=0,1,..., where {7}7°, is a positive sequence to be determined.

21
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Lemma 3 Assume (H) (.) and L Let 0 < T = ~k1 <1 fork=

0,1,..., a1 = L, and x_1 = xg. Then the Ty-sequence of . the secondary
sequence with last-step modification of ., satisfies

Ga L (F(@r) = fo) + Ve (@0) < (Gkn L — Gigr) B(wi—1) + Ve (20)

fork=0,1,....

Proof Proof is identical to that of Lemma [2] with substituted 73 by 7. a

Theorem 6 In the setup of Theorem @ let 0 < d%_HL — 041 < %aiL
and & = % Then the ZTy-sequence, the secondary sequence with last-step
modification, of the linear coupling method (LC)) exhibits the rate

) — o < Yrolts

fork=0,1,...

Proof Sum the inequality of Lemma [2| from 0 to (k — 2) and the inequality of
Lemma [3| with & — 1. Then use V;, (x,) > 0 to conclude the rate. O

4.4 Comparison of the linear coupling analyses of AGM and OGM

The linear coupling analysis of Allen-Zhu and Orecchia [5], which derives AGM,
relies on the following two key lemmas.

Lemma 4 |5, Lemma 4.2] In the linear coupling setup,

ar (VS (@), 21 — 24) < % IV F @Ol + V(@) = Vi, (22)
< C“z+1L (f(xr) = flyk+1)) + Vo (0) — VZk-+1 (74)
fork=0,1,....
Lemma 5 |5, Lemma 4.3] (Coupling Lemma) In the linear coupling setup,
aa L (F(yrr1) = fo) + Ve () < (01 L = o) (F(yn) = fo) + Vi (22).
fork=0,1,....

As discussed, the proof of |5, Lemma 4.2] uses of the non-tight inequality

Fl) = flynrn) = 57 (V)

_2L

and the proof of [5, Lemma 4.3] follows steps similar to that of Lemma [2| but
uses the non-tight inequalities

k) = fo < (VF(@n), Thg1 — 24)

22
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and

(Vf(xr),yr — 2r) < flyr) — flan).

In both linear coupling analyses, for OGM and AGM, the telescoping

sum argument is made tight by choosing {a}52, and {7}, appropriately.

However, the analysis of Allen-Zhu and Orecchia [5| uses non-tight inequalities
before the telescoping sum argument, while our analysis uses tight inequalities
in all steps.

4.5 Unification of AGM and OGM

If we choose w(y) = % lyl|?, so that V,(y) = 2+ |z — y|I>, and 0 < t < 1, so

that w is 1-strongly convex, and substitute agy1 = 205 /L, (LC) becomes

1
Yht1 = Th — va(fﬂk)

2t0,
Zk+1 = Rk — va(mk)
1 1
Tppr = 1= o— JUrt1 + 57— 2641
Or+1 Or+1
fork=0,1,.... We also express this method with the momentum and correction

terms and without the z*-iterates in Lemma [6l This method unifies AGM
and OGM through the constant ¢t; AGM and OGM respectively correspond to
t=(1/2) and ¢t = 1.

Corollary 5 Assume , and . Let 0 <t < 1. Then

Lo — .|’

fyk) = fe < 07
fork=1,2 ...
Proof This follows from Theorem |5| with ax41 = %. O
The rates of Corollary |5 at ¢ = % and t = 1 exactly match the previously

discussed rates of AGM and OGM.

Lemma 6 The unified form is equivalent to

1
Y+l = Tp — va(l"k)

0, —1 0
Thi1 = Yhr1 + — (Yr+1 — yr) + (2t — 1)7k(yk+1 — T).
9k+1 0k+1
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Proof To prove the equivalency, we show that the above sequence leads to

T <1 - 9k1+1> Y 91@1«%1 et
That is,
v = (1= g ) v+ gy = = @t g 79 o)
= <1— O >yk+ + 7 k1 (:Uk— LVf(m))
- 9gk+11 Lo (2t — 1)efiiw(xk)
= <1 T O ) Yk+1 + ozilxk - egk;lyk - 21505_]; %Vf(xk)
= <1 - 9k1+1> Yk+1 — i;;k%llyk - 2t%%vf(zk)
ot (e 2 ) - - DL V)
= (1 e (s + e o e
(2t 1)2:1 %Vf(a:k_l) - 2t9%%w(xk)
= (1 e G e
(ot - 1)z:: }/Vf(mk_l) - QtG%%W(mk)
= <1 - 9:H> Yk+1 + Zlii: (xk—1 - %Vf(l“kq)) - %yk—l
- (@2~ D L o) =21 LV (o)
= <1 ) ! > Yet1 + Zk_ixk—l - le—;: 1yk—1
~ 252 2V ) 2P LV ()
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4.6 Discussion

By identifying OGM as an instance of linear coupling, we generalized OGM to
the setup with quadratic norms and mirror descent steps while maintaining
the factor-v/2 improvement. However, we do point out that the generalization
is narrower than that of 5], which allows non-quadratic norms and constrained
yr-and zx-updates. The analysis on strongly convex case follows from a similar
line of reasoning, and is presented in Appendix, Section

In addition to the human-understandable derivation of OGM, this section
provides two non-obvious observations, which we point out again. The first
is that AGM and OGM can be unified into a single parameterized family of
accelerated gradient methods, all achieving the O(1/k?) rate. Another is that
the linear coupling analysis of Allen-Zhu and Orecchia [5] was suboptimal in
the same way that AGM is suboptimal and can be improved.

5 Conclusion

In this work, we presented human-understandable analyses of OGM. The first
key insight is to use a Lyapunov function with f(zy) — f« — 3¢ IV f ()%,
a somewhat unusual term in Lyapunov analyses. The second key insight is
to obtain OGM by refining the linear coupling analysis of Allen-Zhu and
Orecchia [5] through replacing non-tight inequalities with tight ones. With
these insights, we extended the factor-v/2 acceleration to other setups.

In our view, the most significant contribution of this work is the improved
understanding of OGM’s acceleration mechanism. While Nesterov’s acceleration
mechanism has been utilized as a component in a wide range of setups, OGM’s
acceleration mechanism has not yet seen any external use. Through the under-
standing provided by the analysis of this work, we hope OGM’s acceleration
becomes more widely utilized to gain a (perhaps factor—\/i) speedup com-
pared to what can be achieved with AGM’s acceleration. For example, whether
accelerated coordinate gradient methods [6,44] or non-convex stochastic opti-
mization [23] can be improved with OGM’s acceleration mechanism would be
an interesting question to address in future work. Improving the FISTA [16]
and the more general mirror descent setup [141/34] are also interesting directions,
although there are known limitations [18},29].

Finally, studying how OGM'’s acceleration interacts with other techniques
used to analyze AGM, such as the continuous-time analysis [50], high-resolution
ODEs [48], and variational perspective [55] is also an interesting direction.
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A Method reference

For reference, we restate all aforementioned methods. In all methods, we assume that f
is L-smooth function, {0}, and {px}72 , are the sequences of positive scalars, and
To = Yo = 20-

OGM. One form of OGM is

1
Yktl = Th — ZVf(Ik)

0, — 1 6
(1 — ) + o (Y1 — k)

Th+1 = Yk+1 +
011 Orr1

and an equivalent form with z-iterates is
1
Yk4+1 = Tk — va(fﬁk)

20
Zhy1 = 2k — T’“Vf(xk)

1 1
Tyl = (1 - 7) Yrt+1 + Zk41
Ok+1 Ok+1
for k =0,1,.... The last-step modification on the secondary sequence can be written as

0, —1 o,
Wrt1 — Uk) + —— Wht1 — k)
1 Phk+1

1 1
= (1 - 7) Yk+1 + Zk+1
Pk+1 Pl+1

Tht1 = Yr+1 +

where k£ =0,1,....

OGM—simple. OGM-simple is a simpler variant of OGM with 0, = % and ¢ =
k+1+% ) )
-5 One form of OGM-simple is
1
Yk+1 = Tk — ZVf(ka)
+2

+ L ( )+ kr2 ( )
Tl = > —x
k+1 Yk+1 kE+3 Yk+1 — Yk kE+3 Yk+1 k

and an equivalent form with z-iterates is

1
Y41 = Th — EVf(Ik)

k+2
Zp41 = 2k — va(fck)

2 2
=(1- =2— =
Th41 ( k+3>yk+l + k+32k+1

for k =0,1,.... The last-step modification on secondary sequence is written as
~ " k ( )+ k42 ( )
T+l =Yk+1 T =~ Wk+1 — Yk = oy 1 Wkl — Tk
V2(k+2)+1 V2(k+2)+1

where £k =0,1,....
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SC-OGM. Here, we assume that f is a p-strongly convex function, condition number of f
isk =L/p, and vy = 7%—12%' SC-OGM is written as

1
Yk+1 = Tk — va(mk)

1
Wrt+1 — Uk) + —— (Yr+1 — =x)

1
T = + —
k+1 = Yk+1 2+ 1 21

for k=0,1,....

LC-OGM. LC-OGM (Linear Coupling OGM) is defined as

Yht1 = zx — LT1Q TV f(zk)
Zpy1 = arg glin {Va, () + (a1 Vi(zr),y — 1) }
yeR™

Tpp1 = (1 = Thog1)Ykt1 + Tht12k41

for k=0,1,..., where V;(y) is a Bregman divergence, {ax }2; and {7x }}2; are nonnegative

sequences defined as a; = %, 0< oci+1L — 20541 < a%L, T = and @ is a positive

ap41 L’
definite matrix defining Ha;||2 =27 Qu.
For last step modification, we define positive sequences {ax}32 ; and {7} ; as a1 = %,

~2 ~ 1.2 |
0< ak+1L —agt1 < zaiL, and T, = sy and also define
T = (1 — T)yk + Thzk

for k=1,2,....

Unification of AGM and OGM. Using LC-OGM, we can unify AGM and OGM as

1
Ykl = Tp — EVf(ﬂﬁk)

2t6
2yl = 2k — Tka(mk)

1 1
Tht1 = (1 - 7) Yk+1 + Zk41-
0 Okt1

k+1

for k =0,1,.... This is equivalent to

1
Yk+1 = Tp — va(xk)
0 —

1
Th+1 = Yk+1 + T(yk+1 =yr) + (2t 1)

O
9 —(
+1

Ykt+1 — Tk)-
Ort1

LC-SC-OGM. LC-SC-OGM (Linear Coupling Strongly Convex OGM) is

Ykl = Tk — %Q_lvf(l“k)
_ 1

T 14y
Tpt1 = T2h41 + (1 = T)yrg1,

Zk+1

(Zk + vz — %Qflvf(ﬂﬁk))

for k=0,1,..., where @ is a positive definite matrix.
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B Co-coercivity inequality in general norm

Lemma 7 Let f be a closed convex proper function. Then,

0< f@) + [ (uw) — (@, u)

and

inf{f(2) + f* (u) — {2, u)} = 0
inf{f(z) + / (u) — {2, u)} =0,
Proof By the definition of the conjugate function,
—f () = inf {f(2) — (2, u)}

and
inf{f(z) + f*(u) — (@, u)} =
Therefore,
0< fz) + f*(uw) = {z,u) Va.
The statement with u follows from the same argument and the fact that f** = f. [}
Lemma 8 Consider a norm || - || and its dual norm || - ||«. Then,
1 1
0. 5 lall® + 5 llull> = (@)
and
int § = [l + 5 flull? — {2, } =0
wern | 2 71T Ml AR =
A 1o 1. s
g, {5 el + Sl = @ =0
Proof This follows from Lemmawith flx) =12 [|lz||* and (% ||||2)* =1 [-12. O

Lemma 9 Let
. JL 2
Grad(z) = argmin { Z |ly — z|]2 + (Vf(2)y — 2) .
yern 2
Then,
L 2 1 2
(Vf(2),Grad(z) — 2) + - ||Grad(z) =@l” = — o= V(@)
Proof Let z = L(Grad(z) — z). By the definition of Grad(x) and Lemma we have

1 L
2L IV § ()12 +3 llerad(z) = ol +(V f(x), trad(z) — z)

1 s 1, 1
= f” J— —
g S V@I + o 1l? + TV F(), 2)

=0.

Lemma 10 Let f:R™ — R be a differentiable convex function such that

Vi) = VI, < Lz -yl
for all xz,y € R™. Then

Fw) < 7@+ (VF@),y - o)+ 2 lly -l
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Proof Since a differentiable convex function is continuously differentiable |45, Theorem 25.5],
1
1) = F@) = [ (Tf+ tly — )y - a)a
0
1
- /O (Vf(@+ by — ) — V@), y — 2)dt + (VF(z),y — )
1
< /O IVF(@+tly — 2)) — VE@). ly — 2ll dt + (Vf(),y — )

! 2 L 2
< [ Ly = sl e+ (Vi@ - ) = 2y = ol + (V@) - 2).
0
[m]

Lemma 11 (Co-coercivity inequality with general norm) Let f : R® — R be a
differentiable convex function such that

Vi) = Vi, < Lilz—yl
for all xz,y € R™. Then

Fw) 2 §(@) + (V@) y — ) + o= V@) - VIR
Proof Set ¢(y) = f(y) — (Vf(x),y — z). Then = € arg min ¢. So by Lemma@,
$(z) < $(Grad(y))

< 6(u) + (V6(y), Grad(y) — ) + % llarad(y) — I

= () — 5= IV

Substituting f back in ¢ yields the co-coercivity inequality. m}

C Telescoping sum argument

Suppose we established the inequality
a;i Py +0,Gi < i Fia+diGio1 — By

for ¢ = 1,2,..., where E,;, F;,G; are nonnegative quantities and a;, b;, ¢;, and d; are
nonnegative scalars. Assume ¢; < a;—1 and d; < b;_1. By summing the inequalities for
i=1,2,...,k, we obtain

k k k

apFy < —bpGr =Y (aic1 —e)Fi1 =Y (i1 —di)Gio1 — Y _ Ei +c1Fo + diGo
i=2 i=2 i=2

< c1Fp + d1Go.

However, note that the

k k k
—bpGr — > (ai1 —c)Fio1— Y (bim1 —di)Gio1 — Y E;
i—2 i=2 i—1

terms are wasted in the analysis. If one has the freedom to do so, it may be good to choose
parameters so that

aj—1=c¢ci, bi—1=4d;
and F; =0 for i = 1,2,.... Not having wasted terms may be an indication that the analysis
is tight.

33



34 Chanwoo Park, Jisun Park, Ernest K. Ryu

D SC-OGM via linear coupling

In this section, we analyze SC-OGM through the linear coupling analysis. We consider the
linear coupling form

1 __
yk+1:wk—zQ 'V f(zk)

ﬁ (zk + ey — %Q_lvf(xk))

Tp1 = T2h41 + (1 — T)Yky1,

Zk+1 =

where 7 is a coupling coefficient to be determined. As an aside, we can view zj4; as a mirror
descent update of the form

1 v 7
1 = argmin g o ||z — 2| + 3 llz — @xl® + = (Vf(zi),2) ¢
z 2 2 12
which is similar to what was considered in [6].

Lemma 12 Assume , and . Then,

b 7
;(Vf($k):zk+1 —@e) = o llew - z?

2
2l 2, 1 2 147 2
< B IV f(ze)lls + 3 llzi — 2«ll” = —— ll2kt1 — z«|
fork=0,1,....
Proof This proof follows steps similar to that of |6, Lemma 5.4].
From the definition of 2z 1, we say
0 [1 Y Y
0=(- {* Iz = 2xl1® + = llz — @xll” + *(Vf(xk)w@} s k41— Tx)
0z |2 2 m

Zk+41

=(Q(zk 41 — 2k); Zhp1 — Tx) + ng(:ck), 2ot — @) + Q(zh4r — Th)s Zk1 — Tx)

By three point equation,

1 1
209 @),z =)+ (G o = s lB 3 Do = )

1 1 1
= =5 o =zl 4 G o =P = S g — a2,

Plugging the definition of zj41,
2 o = zpsal + = llzk — 22
2 2

”H P S e )2+1H (o= )+ ——Q Vs an)||
=—||—(zx — 2 —— T el T — 2 —_— T

2 |1+ @t r 2 T T M T W u g

72 2
> Vi@
sy 140l

Combining results above, we get

b v
;<Vf(zk):zk+l @) = o Ml - z?

2
< _ 2

1+~
T2+t

2 llzk+1 — I*||2 .

1
IV (@r)lI2 + 5l = z? -
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Lemma 13 (Coupling lemma in SC-OGM) Assume , and . Then

1
4@ = 37 197 @I + 4 - 2.1?)
< (Form) = 57 195 o)+ 2 s — o)

holds for k=1,2,...
Proof We have
Y (Flan) - F(@2)

S AUV (n), 2 — 24) = T [l — .||

= AUV f(@r), 2k = 20) + AUV (@), 2 = 2e) = Bl — oo

1= o

= YUV (@r), yr — zk) + v (VI (Tk), 26 — @) — 77 ek — 2«

. ; LUV F@k), a1 — ap — %Q_lvf(wkfm + YV (k) 26 — T%) — % ke — 2|

< (1 ; T’y - 1) <Vf(zk)7xk—l — Tk — %Qilvf(Ik_l»

+ (Fonm) = Jon) = 57 195 @I = o7 19501 )

+HVF(@x), 26 = 2i) + WS (@r), 201 = 2a) = L o —

< (55— 1) (9SG = o)+ (Fowo) = Flow) = 57 IV S DIE = 37 IV @I )

T

2 (1+1)

p p
+v(Vf(xr), 26 — 2p41) — 2 va(wk)Hi-*‘EHZk—ﬂ?*HQ— 3 241 — 2« 1?,

_r
1 +yp

where the last inequality is an application of Lemma Note that

1 _
2k — 2p41l = 2k — Tio (Zk +vzTK = %Q lvf(zk))

1+

7 . 2 -1

= 1+7(Zk xk)+7(1+»y)uQ V f(z)
__ T AL _Y ot
11 7 (Tr — yi) + (1+V)#Q Vf(xg).

To eliminate the (V f(z),-) term, we choose T to satisfy

1—71 vy 1—7
y-1=1——". 9)
+v T

Plugging this in, the inequality above is

3 () = 1)
< (#n-) — Jlen) = 57 1950l - 37 195 @2

2
Y I3
+ " ||Vf(zk)||i+5 [E

O+7m‘
2(1+7)

2 |2k+1 *"E*HZ-
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In order to make the telescoping form such as

My (fm) B IV )| +C [lzisr w*H2>

< Nt (F@r—1) = Bro IV @il + Coa llze — 2l?)

we chose By, = ﬁ and Cy = %, which leads to the choice of v satisfying
2 2
2ty (10)
2L 21+ )n
We get the desired result by plugging @ and (10) in the above inequality. [}

E Asymptotic characterization of 0

Theorem 7 Let the positive sequence {0y }72 , satisfy 0o = 1 and 9]%+1 — 041 — 9]% =0
for k=0,1,.... Then,

_k+(+1  logk

0
k 2 4

+o(1).

Proof Let 6

= + ¢ log k. The proof consists of the following 3 steps:

k+2
2

1. Ifep < %, then cp 1 < %.
2. ckﬁiask%oo.

3. If 0, = % + # + ey, then ey, is convergent.

First step. If ¢, < 1, then ¢qq < 1.

For our convenience, let ¢g = 0 with ¢ log 0 = 0. Plugging this in 9%_‘_1 — Ok+1 — 9% =0,
we have

k+2 2 k+2 2
(7+ck+1log(k+1)) = (7+ck logk) + -,
2 2 4

so

1
(ckt1log(k + 1) — cplogk) (k + 2+ cpq1log(k + 1) + cx logk) = 1

Assume cg41 > 1/4. Then

1
— = (ck41log(k + 1) — ¢ logk) (k + 2 + cry1 log(k + 1) + cx log k)
4
1 1
> -1 1+—-)(k+2
> o (14+1) (b2
.
47

which proves the first claim.

Second step. ¢, — 1 as k — oo.
Put dk:%—ck,then0<dk < %.

1 1 1 1
i (Z log (1 + %) — dpy1 log(k + 1) + dj log k) (k + 24 1 log k(k + 1) — dg41 log(k + 1) — di log k)

1 1 1
< (Z log (1 + E) — dpy1 log(k + 1) + dj, log k) (k +2+ 5 log(k + 1))
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Therefore

1 1 1 1
d log(k + 1) —dglogk < =1 1+ ) - :
k+1 log( ) —dy log 740g( k) 4k+2+ Llog(k+1)

By talyor expansion,

1 /34+2logk 1
Ay log(k+1) —dplogh < — (212988 Lo (L)),
erntog(h + 1)~ ditog < ¢ (2EEER o (1)

So, By summing all the above inequality from 1 to k,
di41log(k+1) < C

50 di+1 < In conclusion, as k — co, di, — 0.

C
log(k+1) "

Third step. If 0, = k42 | loghk e, then, ey converges.
P 2 4

From the previous claim, we can say that for some sufficiently large k, |ex| < %bg k.

E+2 1 2 k+2 1 21
(72 + Zlog(k'f‘l)"‘ek-i—l) = (72 + Zlogk‘f‘ek) + Z
Then,

1 1 1 1
- = (710g (1+%) + ext1 fek) <k+2+zlogk(k+1)+ek+1+ek>

1 1 5
<(-log |1+ — +ek+1—ek) k+2+ -log(k+1)).
4 k 6
So,

1 1 1 S logk + 3 1
— e > —Zlog (14 = :_34441+@(7).
P = ket 2+ Zlogk+1)) 4 g( k) 2 ;2

Summing this for k =1,...,k, we get that e;4; > D for some constant D. Moreover,

1 1 1 1
1= (Zlog (1+E) + ext1 fek) <k+2+zlogk(k+l)+ek+1 +ek)

1 1 1
> (Zlog (1 + E) +ekt1 — €k) (k+2) > B+ (k+2)(ext1 — k),

which indicates that ex 1 < ey. Since {e}72 , is a decreasing sequence with a lower bound,
it converges. [}

Proof of equality in Section [2.1] We have
Lllzo — ze|* _ Lilzo — z?
p) = 2
2074 2 (% + logtk=1) 0(1))
2L |lzo — x|

2
(42 (14 EZ + o(1/k))

2L |[|wo — @] ( log(k —1) )
T Gror U Pageg oUW
_ 2Lllwo —@|® _ 2Lllzo —a.|*logk (i)
INCESE (k+¢)? K

which verifies the equality in Section [2:1}
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