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1 Introduction

Information injected into a small subsystem of a quantum many-body system eventually
spreads under time evolution across the entire system. Such scrambling of quantum
information can be described in terms of growth of operators under Heisenberg evolution.
More explicitly, consider a quantum mechanical system with N degrees of freedom and
few-body interactions among them. The growth of operators can be probed by the so-called
out-of-time-ordered-correlators (OTOC) [1-6]

F(t) = (WHVOW@)V(0)) 5 = (Wa(8)[W1(2)), (L.1)
(1)) = W@V(0) [Wg),  [Wa(t)) = V(O)W(t) [Vp) - (1.2)

Here V and W are generic few-body operators which we will take to be Hermitian, and (- - -) 3
denotes the thermal average at an inverse temperature 8. In (1.2), |Ug) denotes the thermal
field double state the expectation values with respect to which give the thermal averages.
In the large N limit, the degrees of freedom involved in generic few-body operators V'(0)
and W (0) do not overlap with each other. For small ¢, V(0) and W (¢) almost commute,
and |¥; o) are almost identical, which means that F'(¢) should be O(1). As time increases,
W (t) grows, and ¥; o2 become more and more different, which decreases F(t). It is expected

for chaotic systems [5]
F(t) ~ e — j\r—ze” T (1.3)

where c1 2 are some constants and A is the quantum Lyapunov exponent. In contrast,

Hy(t) = (W1 ()01 (t)) = (VO)W ()W (£)V(0)) 5, (1.4)
Ha(t) = (W2 (t)[Wa(t)) = (W(HV(0)V(0O)W(?)) s, (1.5)

the so-called time-ordered correlators (TOCs), always remain O(1). The exponential
behavior in (1.3) says that in a chaotic system, the slight difference in the initial preparation
of ¥y 2) will be quickly magnified during time evolution, which is the essence of the butterfly
effect. This quantum butterfly effect was first [7, 8] characterized by the exponential growth
of ([W(t),V(0)])s, which is motivated from the exponential growth of {z(t), p(0)}pp. in
the classical butterfly effect.!

1See [9] for a model comparing the quantum and classical Lyapunov exponent.
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Figure 1. (a) The maximal chaos can be described by exchange of the stress tensor between W

and V. (b) Sum over infinitely many spin j particles exchange between W and V' can be viewed as
the exchange of a Reggeon.
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Quantum Lyapunov exponent A is state-dependent, describing operator growths “mod-
erated” by the state under consideration. It has an upper bound [10]

A< 2; (1.6)

The bound is saturated by various systems, including holographic systems in the classical
gravity limit, and SYK-type systems in the low temperature limit. These “maximally”
chaotic systems are special: the exponential time dependence in (1.3) can be attributed to
the exchange of the stress tensor between W and V' (see figure 1la), and can be described
by a hydrodynamic effective theory with a single effective field ¢ that plays the dual role of
ensuring energy conservation and characterizing operator growth [11, 12].

For non-maximal chaotic systems with A < %’r, the origin of (1.3) is more intricate,
arising from exchanging an infinite number of operators. For example, in the SYK system,
exchange of an operator characterized by some quantum number j leads to an exponential

. . 2r(i-1)t
decrease in F'(t) proportional to e #

, which violates the bound for any j > 2. Summing
over exchanges of an infinite tower of such operators with increasingly larger values of j
leads to an effective A satisfying the bound. We will loosely refer to j as “spin” in analogue
with higher dimensional systems even though there is no spin for SYK. Another example
is four-point correlation functions of a large N CFT in the vacuum state in the so-called
conformal Regge regime [13-15], which can be interpreted as a thermal OTOC in terms
of Rindler time (with 8 = 2m). Here contribution from a spin-j operator in the OPE of
WW (and VV) gives a contribution proportional to e~D* (¢ is now the Rindler time) and
summing over an infinite number of higher spin operator exchanges gives an A < 1.

It is natural to ask whether there exists an effective description with a small number
of degrees of freedom that can capture the sum over exchanges of the infinite tower of
operators, with jeg =1+ /\% interpreted as the effective spin of the effective fields.

We should stress that such an effective description is conceptually and philosophically
different from that is usually used in effective field theory (EFT). Usually an EFT is used
to describe the dynamics of a small number of “low energy” (or “slow”) degrees of freedom
whose contributions dominate over others in the regime of interests. Their effective actions
can be formally defined from path integrals by integrating out other “high energy” (or
“fast”) modes. There is, however, no such decoupling of “high energy” (or “fast”) degrees of
freedom here. Spin j (with j > 2) exchanges give important contributions to F(t); they



cannot be integrated out in the usual sense. We are merely asking whether there is a way
to capture the effect of the infinite sum. The effective fields here may not correspond to
genuine physical collective degrees of freedom. The philosophy is also very different from
the EFT for maximal chaos described in [11]; there the stress tensor exchange dominates
and the EFT is used to capture the most essential part of the stress tensor exchange.

The question of an effective description for non-maximal chaotic system is closely
related a well-known problem in QCD, the formulation of EFTs for Reggeons (see e.g. [16]
for a review). Consider a scattering process in some quantum system (say in QCD or string
theory)

VAW S V+W (1.7)

where V, W denote different particles. We denote the scattering amplitude by A(s, t), with
s the standard variable characterizing the total center of mass energy, and t characterizing
the momentum exchange between V and W particles. In the regime s — oo with t finite,
each spin j particle exchange between V' and W gives a contribution to .A(s, t) proportional
to 577!, When the Sommerfeld-Watson transform is used to summing over all the higher
spin exchanges, the scattering amplitude can be written in a form

A(s,t) o< gww (Hgvy (£)s*O 1 (1.8)

which can be interpreted as the exchange of a single effective particle, called reggeon, with
an effective spin a(t). gww,gyy can be interpreted as couplings the Reggeon to W and V.
See figure 1b for an illustration.

For systems with a gravity dual, the OTOC (1.1) maps to the gravity side a scattering
process precisely of the form (1.7) in a black hole geometry [1-4], with V, W the corresponding
bulk particles dual the boundary operators. The center of mass energy square s for the
scattering process is related to time separation ¢ in (1.1) by s o e 7' In the bulk language,
A arises from summing over exchanges of an infinite number stringy modes with increasingly
higher spins.

In the o/ — 0 limit, the contributions of higher spin stringy modes decouple, with only
graviton exchange remaining, and the system becomes maximally chaotic. In this limit, the
maximal value A\ ax = %’r is universal for all holographic systems, independent of the details
of the black hole geometries [10], and can be argued as a direct consequence of existence of
a sharp horizon.

Having an effective description away from the o/ — 0 limit that can capture an infinite
number of stringy modes exchanges is clearly valuable. Such an effective description can
also potentially give insights into what becomes of the event horizon in the stringy regime.

In this paper we make a proposal to formulate an EFT for a non-maximal chaotic
system. For simplicity, we will restrict to a quantum mechanical system with no spatial
dependence. Generalization to having spatial dependence should be straightforward, and
will be left elsewhere. Lacking at the moment a first-principle understanding of the nature
of the effective chaos field(s) or their effective action, our approach is phenomenological.
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Figure 2. Effective description of W (t;)W (¢2) in non-maximal chaotic systems. The black dots
are bare operators Wy. There are now two types of dressing: one type dresses each local operator
separately (yellow “clouds”), and the other type dresses both operators together (blue “clouds”).
Maximal chaos case contains only the first type of dressing.

We try to identify a minimal set of fields and a minimal set of conditions on their action,
such that the following criteria are met:

1. With X being an input parameter, the EFT gives rise to exponential behavior (1.3)
for OTOCs, but no exponential for TOCs (1.4)—(1.5).

2. It captures all the KMS properties of thermal 4-point functions.

We will see that the above conditions are rather constraining, and the resulting EF'T can
be used to make a general prediction on the structure of OTOCSs, which is consistent with
that previously postulated in [17, 18], and agree with the explicit expressions in large ¢
SYK model, holographic systems (obtained from stringy scattering), and the conformal

Regge theory. Furthermore, we show that in this framework it is possible to sum higher
kXt
eNk
can again be viewed as a general prediction, and agrees with those previously obtained in

order terms in equation (1.3) of the form (with k an integer)? in an exponential, which
specific systems [4, 19, 20].

We also show that the structure proposed for the non-maximal chaos EFT can be in
fact extracted in the large-¢ SYK model, where it is possible to identify explicitly the chaos
effective fields, and make much finer comparison between the EFT and the microscopic
theory than the structure of TOCs and OTOCs.

It is worth mentioning here a key difference between the non-maximal EFT to be
discussed in this paper and that for maximal chaotic systems of [11, 12]. For maximal
chaotic systems, W (t) can be viewed as W (t) = W[Wy(t),¢(t)] where “bare” operator
Wo(t) describes W (t) in the large N limit (with no overlap with Vp). ¢(t) is an effective
field “attached” to Wy, i.e. W is obtained by dressing Wy with ¢. ¢ captures effectively
the overlap between W (t) and V(0) due to scrambling, and its dynamics leads to 1/N
corrections indicated in (1.3). For non-maximal chaotic systems, the chaos fields involve
multiple components: (i) one component dresses each bare local operator as in the maximal
chaotic case (and indeed it reduces to ¢ in the maximal chaos limit). This component
carries only one time argument. (ii) There are other components which dress both W’s
in (1.1), i.e. it has two time arguments (see figure 2 for an illustration). Existence of such
components leads to many new elements which are not present in the maximal case.

The paper is organized as follows. In section 2, we construct the effective field theory
of non-maximal chaos with two effective fields ¢; o and show that the TOC does not have

2Such terms are of the same order and dominate in the regime N — oo and t ~ %log N.



exponential growth and OTOC has exponential growth. In section 3 we compare the general
structure of OTOCs obtained in section 2 with various known examples. In section 4, we
show that the two effective fields ¢ 2 reduce to a single field in the maximal chaos limit
and the EFT becomes the same as the EFT constructed for maximal chaos. In section 5,
we show how the general structure of the EFT discussed in section 2 arises in the large
q SYK model, and obtain the explicit form of the EFT action. In section 6, we include
higher order coupling to effective mode ¢ 2 and show that certain higher-order terms of
the four-point function can be resummed and exponentiated. We conclude in section 7 with
a summary and a discussion of future directions.

2 The structure of EFT

In this section we discuss the general formulation of an EFT for non-maximally chaotic
systems. For simplicity we will consider quantum mechanical systems with no spatial
dependence. Generalization to systems with spatial dependence can be readily made,
although technically more intricate. We will also use the unit such that 5 = 2.

2.1 General setup

Consider a generic four-point Wightman function in thermal state

Fasealtr, ta, ts,t2) = Tr (727104 (81) Op(t2) Oc(t3) Oa(ta) ) = (Oultr) Op(t2) Oe(t3) Oulta))
(2.1)
where the subscript refers to the ordering of operators and the time argument should
be understood as corresponding to each subscript in the same order. We will treat time
variables as complex, and Fupeq(t1, t2, t3,t4) is analytic in the domain

D : %t4 21 < %tl < %tg < %tg < %t4 . (2.2)
Fabed 0beys the KMS condition
Faved(t1,t2,t3,t4) = Ficda(to, 13, ta, t1 + 27i) (2.3)

which can be iterated cyclically to shift other time variables. It is convenient to introduce a
time-ordered function

A

Fabed(t1; ta, ts, ta) = (T Oa(t1) Op(t2) Oc(ts) Oa(ts)) (2.4)

where T denotes operators should be ordered from left to right according to the ascending
order of their corresponding 3t;. Moreover, it should always be understood that

(%ti)min - (%ti)max S (—271‘,0),’i =1,2,3,4. (2.5)
The KMS condition (2.3) can then be written as
]t—abcd(tla l2, 13, t4) = ﬁabcd(tllv tl27 téa til)a t; =t; + 2mim; (26)

where m; are integers, and should be such that ¢’s obey (2.5).



Now consider
Fwwvy (b, tosta, ta) = (TW (t)W (t2)V (t3)V (1)) (2.7)
which by definition is symmetric under swapping t1 <> t9 and t3 <> t4

Fuwvv (ty, t2;ta, ta) = Faurwvv (ta, t1; ta, ta) = Faurwvv (t, t2; ta, t3) . (2.8)
Depending on St;, Fiywvv (1, to; ts, t4) can correspond to TOC or OTOC. For example,

Fwwvv (it tasts, ta) = (V(t3)W(0)W (t2)V (ta)), St < Sty < Sty < Sty (2.9)
ﬁwwvv(tl,tg;tg,M) = (W(tl)V(t3)W(t2)V(t4)>, %tl < %tg, < %tg < %t4 (2.10)

A TOC and OTOC cannot change into each other under cyclic permutations, so KMS
conditions (2.3) relate functions within each type.

Our goal is to develop an effective description for obtaining Fowwvy for large N. To
motivate the structure of our proposed EFT for non-maximally chaotic systems, it is useful
to recall some key elements of that for maximally chaotic systems introduced in [11]. One
imagines the scrambling of W (t) allows a coarse-grained description in terms of building up
an “effective cloud,” i.e.

W (t) = W[Wo(t), ¢(t)] - (2.11)

Here Wy(t) is a “bare” operator involving the original degrees of freedom of W, and ¢(t) is
an effective chaos mode that describes macroscopically the growth of the operator in the
space of degrees of freedom. W (t) in (2.11) is taken to be linear in Wy but can in principle
have any dependence on the effective field ¢(t). The dynamics of ¢ is governed by a chaos
effective theory, with two-point function of ¢ scaling with N as 1/N. Thus W can also be
viewed as giving the leading part of W (t) in a 1/N expansion.

When ¢(t) is small, it can be expanded to linear order as

W (t) = Wo(t) + L[Wo (t)]o(t) + O(¢?) (2.12)

where L;[W] is a Wy-dependent differential operator acting on ¢. More explicitly,

LiWo®le) = S comdP Wol) () (2.13)

m,n=0

Below it should always be understood that L; acts on the corresponding ¢(t) even when
they are not written adjacently. It then follows that

W)W (') = Wo(t)Wo(t') + L[Wo(t)lp(t) Wo(t') + Wo(t) Lo [Wo ()] o(t') + O(¢?), (2.14)
which for (¢t — t') € [-2m, 0] gives

(TWEW () =gw(t —t)+ O@Q/N), gw(t—1t)=(TWo(t)Wo(t')), (2.15)



where we have assumed that one-point function of ¢ is zero. The O(1/N) piece in the above
equation comes from O(?) term in (2.14), and is proportional to two-point function of ¢.
The KMS condition for gy is

gw(t) = gw(—t — 2mi), St € [-2,0] (2.16)

Note that (W (t)V(0)) ~ O(1/N) with (WyVp) = 0, as for generic few-body operators V, W,
their two-point function should vanish at the leading order in 1/N expansion.

Plugging (2.14) and the corresponding expression for V' into (2.7), Fyywyv reduces to
the two-point function of effective mode ¢(t) at leading order

Fwwvv(tntaits,ta) = gwgv + . Li,Ly,lgwgv (Te(t)e () ppr] (2.17)
i=12,j=34

where L; is the differential operator from a similar expansion of V' with ¢, — ¢mn, and

gw = gw (ti2) = (TWo(t1))Wo(te)), gv = gv(tas) = (TVo(t3)Vo(ts)) - (2.18)

Here the () ppp means expectation value evaluated in the effective field theory of ¢; T in
(To(t)e(t))gpr follows from the relative magnitude of St; and St;. Equation (2.17) has
a very restrictive structure: the two-point function of ¢ in each term only depends on the
locations of two operators. For example, the ¢ correlation function (7 ¢(t1)¢(t3))gpr has
no knowledge of to,t4 at all. In other words, the four-point function essentially reduces to
pairwise two-point functions of ¢. This structure leads to various features of F that are
consistent with a maximally chaotic system [12], including the Lyapunov exponent A = 1
(after imposing a shift symmetry in the EFT of ¢), but are not present in a non-maximally
chaotic system. Since (2.17) is a direct consequence of (2.12), for non-maximally chaotic
systems, we must generalize (2.12).

2.2 Two-component effective mode and constraints from KMS symmetries

We will now propose a formulation for non-maximally chaotic systems which may be
considered a minimal generalization of the EFT in [11] for maximal chaos. The formulation
is partially motivated from features of the large ¢ SYK theory, and as we will show in
section 5, fully captures the physics of that theory. The general structure of OTOCs resulting
from it is also compatible with the conclusions of [4, 13-15, 21|, as we will describe later.

In this formulation F still reduces to two-point functions of some effective fields, but
the main new ingredient we would like to incorporate is that now two-point functions of
effective field(s) have knowledge of the locations of all four operators, not just two of them.
For this purpose we consider the following generalization of (2.12)3

2
W(OW () = Wo(t)Wo(t) + 3 D (¢ £)ei(t, ') + O(¢°), (2.19)
=1

3We should emphasize that (2.19) and (2.14) should not be viewed as OPEs. If there are V insertion(s)
between W’s we cannot do OPE, while these equations are supposed to be valid for any configurations
of orderings.



where there are two fields ¢12 who depend on both ¢,t, and Dl(,ll,’Q) (t,t') are some Wpy-
dependent differential operators to be specified more explicitly below. Now ¢ 2 depend on
both ¢ and ¢ of W (t) and W (¢'), which means that we cannot view ¢; 2 as the “dressing” of
each individual operator, as in the case of (2.12). Rather they should be interpreted as an
effective description of the sum over an infinite number of higher spin operator exchanges
that are known to contribute to F at the leading order in non-maximal systems [4, 13-15].
There is a parallel equation with W replaced by V’s.
The effective theory of ¢; should satisfy the following criteria:

1. Exponential growth in OTOCs with an arbitrary Lyapunov exponent A.
2. No such exponential growth in TOCs.
3. All the KMS conditions and analytic properties of ]:“WWVV are satisfied.

We will show that the above goals can be achieved with a minimal generalization of (2.14).
In this subsection we first present the prescription for (2.19), and work out the constraints
on two-point functions of ¢1» from the KMS conditions of ]:"WWVV, which provide the
basic inputs for formulating the theory of ¢1 2.

We will take ¢1 2 to “mainly” couple to one of the W’s. A definition which respects the
swap symmetry (2.8) of F is that ¢ (¢2) couples mainly to the W with the smaller (larger)
St. Denoting tg (t7,) with the smaller (larger) value of St, St/, by “mainly” we mean:

1. ¢1(t,t') = ¢1(t;ts) depends weakly on ¢ = t‘;—t/ such that it can be expanded in terms
of t-derivatives. The dependence on t encodes the nonlocal information of the theory.
Similarly, ¢o(t,t') = ¢2(t;t1).

2. The action of DI(/Q (t,t') on ¢; can be expanded similarly as in (2.13)

DY (8, 8) 1 (£, 1) = Wo(tL) Log [Woléa (£ ts) (2.20)
D (t, ) pa(t, ¢') = Wolts)Le, [Wolda(F; tr) (2.21)
LWy = fj Crn O Wo (£)D1". (2.22)

m,n=0

In other words, ¢, couples directly only to W (tg), but does feel the presence of W (tr)
through weak dependence on t. Note that equation (2.20) should be understood to be
valid within time-ordered correlation functions, thus there is no need to worry about
orderings between Wy(tr) and Wy(ts). Equation (2.20) contains no derivative with
respect to t; it can be viewed as the leading term in a derivative expansion of t.

For notational simplicity we take the coefficients ¢, in (2.20) to be the same for DI(/‘Q,) (t,t),
but our discussion can be straightforwardly generalized to the cases that they are not the
same. The vertex for V will be denoted as f/t with ¢ — Emn. The above prescription
is a minimal nontrivial generalization of (2.12) that satisfies the aforestated criteria. In
appendix A we show that a few other simpler prescriptions cannot work.



Figure 3. The green region is the domain Z; for ¢;(¢;t) and the blue region is the domain Z, for
¢2(t;t). The KMS conditions (2.26)—(2.27) relate ¢; with ¢o through identifying points between Z;
and Z as indicated by the black arrows. This generates the periodicity (2.29) on Z; o (red arrows).

Since in (2.19) |St — St'| < 27, by definition, ¢1(¢;t) is defined for St — St € (0, 7),
while ¢o(t;t) is defined for St — St € (—m,0). We refer to their domains as Z; and Z
respectively, see figure 3. Due to symmetries in exchanging t and to, we will take 3t < Sto,
and similarly take Stg < St4. Therefore, ¢; always mainly couples to W (t1) and V (t3), ¢2
always mainly couples to W (t3) and V (t4). Substituting (2.19)—(2.21) into Fywiv we find

Fwwvv(ty,toits,ta) = gwgv + > Li Ly, {gwgv <7A‘¢i(fw;ti)¢j(fvstj+2)>} (2.23)
ij=1,2

where ty = (t1 + t2)/2, tv = (t3 + t4)/2, and the expectation value of ¢1 2 should be
understood as being evaluated in an effective theory. Unlike in (2.17), where the time-
ordering 7 follows from that of F, here in (2.23) the effective fields $1.2(t;t) have two time
variables, and time-ordering in F no longer leads to a unique choice of orderings of ¢; and
¢j. We will specify the precise meaning of <7A'q§i(fw; ti)oj(tv; tj+2)> in section 2.3. Here
we will just list some properties they should satisfy:

1. Since in time ordered correlation function F we can exchange V and W arbitrarily,
the ordering of ¢;, ¢; in the correlation function should not matter, i.e.

<'f¢i(fw;ti)¢j(fv;tj+2)> = <7Ad¢j(fv;tj+2)¢>i(fw;ti)> : (2.24)

2. From time translation invariance of the system, F is invariant under shifts of all t;
by the same constant, which implies the following translation invariance of two-point
functions of ¢ 2,

(Tou(l )05 (F5t)) = (Toilf+ it + )o;(F + ¢t +)) . (2.25)



3. The KMS conditions satisfied by F imply that these two-point functions of ¢ 2 should
satisfy the following constraints

<’f¢1(£; £)ehi (T'; t’)> ~ <7'¢2(5+ it + 2md) g (£ t’)> . St< St (2.26)
(TorsE:t)ou(t3t)) = (Tonlt + mist)aulT's 1)), (2.27)
where ~ means equal up to zero modes, defined as functions n;;(t1, t2; t3, t4) satisfying
> L Ly lgwavnij(ti, ta; ts, ta)] = 0. (2.28)

ij=1,2

The zero modes can be viewed as field redefinition freedom of effective fields that does
not cause any difference in the original four-point function F. From now on, we will
set n;; = 0. Combining (2.26)—(2.27), we also get the following periodicity

(Toi(t:06; (F5t)) ~ (Tonlt +2mist + 2mi)y (1)), St<St'.  (2.29)
See figure 3 for a diagrammatical depiction of (2.26)—(2.27).

4. Four-point function ]:"WWVV(tl, to;ts, t4) can have potential non-smoothness when
the imaginary parts of two or more time arguments coincide, as these are the locations
where ordering of operators change. There are two cases:

(a) Qt; = Sta, which corresponds to order changes of W’s within themselves. In
terms of ¢12(¢;t), this corresponds to 3t — St = 0, where the couplings of
W’s to ¢12 are switched.* Similar statements apply to t3,t4. As stated earlier,
we will restrict to St1 < Ste and Sty < Sty throughout, so such potential
non-smoothness will not be relevant for our discussion of <7A’qzﬁZ GG )>

(b) One of 3tq, Sty coinciding with one of Jts, Jty, which is a boundary between
the domains of t; corresponding to TOCs and OTOCSs; crossing such a bound-
ary a pair of W and V will exchange order. In terms of two-point function
<7A’gz§i(f; ) (t; t’)>, this corresponds to potential non-smoothness at St = 3t'.
In the domain D, we should not have any other singularities.

2.3 Diagonalize the KMS conditions

We will now proceed to formulate an effective field theory (EFT) that can be used to obtain
correlation functions of ¢; in (2.23).

There is an immediate difficulty in directly formulating an EFT for ¢; 2, due to that
they are defined in different domains (recall figure 3). So they cannot appear in the same
Lagrangian, but they transform to each other under the constraints (2.26)—(2.27) from the
KMS conditions. To address this difficulty, we introduce two new fields,

_ 1 _ . _
(1) = s (0n(t i) & a(E:0) (2.30)
4For example, as we cross from St1 — St2 < 0 to St — St > 0, W (t1) switches from mainly coupled to
¢1(tw;t1) to mainly coupled to ¢ (tw;t1).
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which are both defined in the domain Z, : §(t — t) € (—m,0). Conversely, we have

¢1(f;t)=\2(n+(f;t+i7r)+77(f;t+i7r)), ¢2(f;t)=\2(n+(f;t)—n(f;t))- (2.31)

We will define two-point functions of ¢ 2 in (2.23) in terms of those of 7+ using (2.31). For
example,

(Tor(E (T3 t)) E% > S (Tu(Et+imng (F51)), (2.32)

s,8'=

where on the right hand side the time ordering 7T is defined in terms of that of S, i.c.

(ns(&;t)me (T3 1)), St < St

Iy n ) S, S/ ==+. 2.33
(e (Tt ns(B:1)), St > St (2.33)

(Tns(Etng (F3¢)) = {
Now (---) is understood as defined in the EFT of n4, and the right hand side of (2.33)
should be understood as Wightman functions in the EFT. The motivations for choosing
T ordering in terms of St are as follows. Firstly, as discussed in item 4b at the end of
last subsection, correlation functions of ¢; 2 have potential non-smoothness at 3t = 3t'.
Ordering in 3t in n-correlators provides a simple way to realize that. Secondly, we assumed
that the dependence of ¢ 2 on ¢ is weak, so should be n. Making the ordering independent
of t is natural.
Now consider the constraints (2.26)—(2.27). It can be checked that they are satisfied
provided that

(TnoEOme(@38)) = s (T, (E + imst + immy (F3¢)) (2:34)

which is diagonal in ni. We see that introducing 7+ not only resolves the domain issue,
but also diagonalize the constraints from KMS conditions. Equation (2.34) implies

AT Etne (@) = s's (Tns(E + imst + im)ng (7 + ims ¢+ im)) (2.35)
From (2.25), we have
<fns(f; t)ne (s t’)> = <”fns(f+ ct+ oy + et + c)> , VeeC. (2.36)
It then follows from (2.35) that
(TuyEtm-(#3)) = = (Tne(EO-(T38)) =0, (2.37)

i.e. time-ordered functions of n4 are also diagonal.
We now proceed to formulate an effective theory of 1 with the following considerations
in mind:

1. With the assumption of weak dependence on ¢, we assume that the effective action
can be expanded in derivatives of ¢. This leads to an immediate simplification: with
only derivative dependence on ¢, the EFT becomes translationally invariant in £. Now
given (2.36), we also have translation invariance in t, i.e.

(Tns(E O (#5)) = (T (E = T3t = )ne(0;0)) - (238)
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Figure 4. The correlation functions of n; are defined on the green strip Z U (—Z), on which a
fundamental domain is the shaded parallelogram D,. We analytically continue D,, to the yellow
rectangular domain D,, which is bounded by the red dashed lines.

The domain for function
Gr(t:t) = (T t)ng (0:0)) (2:39)

is then given by the shaded stripe indicated in figure 4.

At quadratic order in n4, the effective action should be translationally invariant in
both ¢ and t.

2. We would like to interpret (2.34) as the KMS conditions for the 7i-system at a finite
temperature. Given the definition of 7 in terms of ¢, it is natural to interpret the
temperature as being associated with ¢. However, the condition (2.34) shifts both ¢
and ¢ simultaneously, which is not of the conventional form. In next subsection, we
will discuss how to convert it into the standard form.

3. So far the time variables ¢, are complex. To write down an effective action we need
to choose a real section in the complex ¢,¢ planes. From figure 4 it is convenient to
choose the section to be that of imaginary ¢ and real ¢, i.e. we will let t = —i7 and
write down an action for 4 (7;t). It can be viewed as a two-dimensional field theory
with 7 being a “spatial” coordinate and (real) ¢ being time. Behavior of correlation
functions for 77+ elsewhere are obtained by analytic continuations.

2.4 Reformulating the KMS conditions

In this subsection we reformulate (2.34) as the KMS conditions for 74 at a finite temperature
(associated with ¢) with 7 = —S3t as a spatial direction.

Let us first recall the standard story. For a quantum field x in a two-dimensional
spacetime (t,7) at a nonzero inverse temperature [, the KMS condition for Wight-
man functions are (x(71,%1)x(T2,t2)) = (x(72,t2)x(71,t1 +40)), and the Feyman func-
tions Gp(7,t) = <73<(7_',t)x(0,0)> = Gp(T,t + i), with its fundamental domain being

- 12 —



St € (—5,0). Gp(T,t) may have non-analytic behavior such as branch cuts at 3t = 0
and St = —f.

Now consider Gp(t;t) defined in (2.39). From (2.34), the fundamental domain of
Gr(t;t) can be chosen to be the region D, in figure 4. Equation (2.34) is not quite the
KMS condition with 8 = 7 (note that this is % of the temperature we started with) due to
the shift in 7. We can resolve this issue by extending the region D, to the larger region D,
in figure 4. Region D, is bounded above and below by lines 7 — 3t = £, which are part of
the boundary of the analytic domain of the original four-point function F. The behavior
of G at these boundaries are system-dependent and depend on UV physics. In other
words, in principle for different systems different boundary conditions should be imposed
there. In the spirit of effective field theories we expect that the general structure of the
effective action should not depend on the specific UV physics, although the coefficients in
the effective action will. Since we are only interested in the general structure of the effective
action, we can choose a most convenient boundary condition: we extend the domain to D,
and identify the values of Gg(t;t) at 7 = —7 and 7 = 27. In other words, we have periodic
boundary conditions in 7 direction. Note that later we will only need to use the behavior
of Gp(7;t) in region D,,.

Denote the conjugate momentum for 7 as P, then P = %m with m an integer. We can
decompose 75 into three part

Ns(T5t) = 0s0(T51) + 05,4 (T3 1) + 15— (T3 1) (2.40)
where 7, , contains only 7-momenta P = %(Sn + p) with n an integer and p = —1,0,1. 75,
has the behavior

Nsp(T +m5t) = 62“”’/37754,(?; t), p=0,+. (2.41)

2mip/3

Because of the additional phase e , we should regard 7, + as complex scalar fields.

Since the original ny is a real scalar, we need to identify them as hermitian conjugate to
each other, i.e.

i (Fit) = s —p(Fst) (2.42)

Given the translation symmetry, the following correlation functions vanish
(Ts0(74)05,2(0;0) ) = (T 4 (F5 )4 (050)) = (T (7305, - (0;0)) =0 (2.43)

and only <7A'?7370(%; t)1s,0(0; 0)> and <7A'7737¢(?; t)ns,+(0; O)> could survive. In terms of these
three modes, the KMS conditions (2.34) become

(Tsp(Fit = im)me,—p(0;0) ) = se 2723 (T, (73 £)ms,—(0;0) ) (2.44)

Up to a phase these conditions are exactly the ordinary KMS conditions for inverse
temperature § = 7. Equation (2.44) can also be interpreted as that 7, have the following
periodic conditions in the imaginary ¢ direction

Nsp(Tst —im) = 8672“"/37757]3(7_'; t). (2.45)
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Below we will also use Wightman functions

Gs>,p(7_—; t) = <n5717(7_-; t)n&—p(o; O)> ’ %t € (—7’[’7 0) (246)

Gip(?;t) = (Ns,—p(0;0)ns p(735t)), St e (0,m). (2.47)
By translation symmetry, we have the relation G ,(7;t) = G;_,(—7; —t), and the KMS
condition (2.44) can be written in terms of Wightman functions as

G;p(?;t —am) = se_zmp/gG;p(%;t), St e (0,7) . (2.48)

We can now express <7A'¢>i(t_; t)¢;(0; 0)> in terms of thermal correlation functions of
ns,p- From (2.23), the relevant range for ¢ is 3t € (—2m,0). As mentioned earlier, thermal
correlation functions <7A'7757p(77';t)778,p/ (0; 0)> can have discontinuities at 3t = 0, +m,-- -,
which can potentially lead to discontinuity in <%¢i(f; t)¢;(0; O)> at St = —m, which would
be unphysical.” To make clear the potential discontinuity, it is convenient to write the
two-point function of ¢; using Wightman functions of 7, ,,

(To1(E:0)61(0:0)) = (Ton(t: )92(050) )

_[izuonn Stelmil
f2mp/3G> plitit +am), St € [=2m, —7] |
1 2mp/3G> (Zt t) St € [—71' 0]
ForEnes(0:0)) = |3 , 2.50
< d1(t; 1) )> {5 pSGop(itt +im), St € [-2m, —7] 20
Ly, e 2mBGE (ik:t), St € [—,0]
Fon 061(0: 0 _ s ) 2.51
< Pa(t; 1)1 ( {1 27rzp/3G> L(itit +im), St € [-2m, 7] (2.51)

where we have used (2.44) to shift the ¢ argument of G, such that it lies in the analytic
domain of G,

In (2.49), in order to avoid potential discontinuity at 3t = —m we need
STGZ (7)) = se PBGT (Fit +in), St=-m, 7€ [0,27]. (2.52)
S
It is important to stress that with St = —m, we have 7 € [0, 27| for two-point functions of

¢1 or ¢y as indicated in the above equation. Now considering (2.50) and keeping in mind
that for St = —m, we have 7 € [—7,x]. In order to compare with (2.52) we can shift 7
of (2.50) by 7 using periodicity (2.41), after which we again find equation (2.52). Similarly
n (2.51), we have 7 € [m, 37, and after shifting 7 by —m we obtain the same equation.
Equation (2.52) should be understood as two equations, one for 7 € [0, 7], and the other
for 7 € [m, 27] which can in turn be shifted to the range 7 € [0, 7] using periodicity (2.41).
Applying (2.48) to the left hand side of (2.52) we find

Ze—mmsg 7.6) = Z e 2mR3G_ (7.1), St=0, 7€[0,7] (2.53)

> Gip(7 Z G_p(T,t), St=0,7€l0,7] (2.54)
p

®As mentioned in item 4b, the only physical singularity for ¢; correlation function is at 3t = 0.
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Figure 5. The Keldysh contour of ¢ for 7, ,(7,t). The cross means multiplied with se=27/3 to
respect KMS condition (2.44).

where we have defined for 3t = 0

Gsp(T5t) = (0sp(758),0s,—p(0;0)]) = GZ,(T31) — G5, (T3t) = G p(—T5 =) (2.55)
Equations (2.53) and (2.54) can also be written in a more compact form

G (Ts1) = G- (T 1) = = ™/3(G1o(T51) = G-o(T5t)) St=0,7€[0,7].  (2.56)

2.5 The quadratic effective action

In this section, we will construct an effective action for 7, ,(7;t) defined in last subsection.
We treat Euclidean time 7 as spatial coordinate in the range 7 € [0, 7] and ¢ as real
time. 7, (7;t) satisfy the boundary conditions (2.41) in 7 direction. Real-time action for
excitations in a thermal state can be formulated using the Schwinger-Keldysh formalism.
We will follow the non-equilibrium EFT approach developed in [11, 22-24].

To write down a real-time action we need to double the degrees of freedom on a two-way
Keldysh contour for ¢, where the fields né},} and ng?g are on the first and second contour
respectively (see figure 5). For each 7, we also have the so-called r-a variables Mg ps Ms.p

defined as
ey (7 ) = i) (Ft) =B &), n,(Ft) = ) ) + 0l (75t)) /2 (2.57)
The effective action should satisfy various unitary constraints and the dynamical KMS

condition (to ensure local thermal equilibrium). We derive these conditions in detail in
appendix B, and just briefly present them here.

1. The action S[nj ,, 7§ ] should contain terms in the form of

/Kgllvplcfk »SkPk (877" at)ngll,pl (7:7 t) e n?kk,pk (%’ t)? (Oé]_, ce O S {CL, T}) (258)

with [[¥_, s; =1 and YF_, p; = 3Z.
2. Each term in above form must contain at least one 7 .

3. The imaginary part of effective action is nonnegative IS[nj ,, 75 ,] > 0.
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4. For the terms with odd numbers of 73 ,,, the action needs to be real, which means

Kt o0, 00) = (KSUT0k o (05,00)) (2.59)

S1,P15°* —P1,

for aq,- -+, ap contain odd numbers of a.

5. The action needs to obey dynamical KMS condition S[n{ ,,n¢,] = S[is ,, 75 ], where
flsp are defined by (B.19) and (B.20).

At quadratic order, the effective action SgpT can then be written as

SEFT_Z / d7 / dt [ns pK“T(ﬁT,(‘)t)nsp—k Lo K0 dme (2.60)
where from the above conditions we have

K (05, 00) = (K570, 01)) (2.61)

JZns K 85(07,00m%, > 0. (2.62)

In appendix B, we derive the following dynamical KMS condition for the quadratic ac-
tion (2.60)

K;‘;,(@;, Ot) — Kgf_p(—ai-, —8t) = —2is (tan 7T(p/3 — 815/2))8 K;‘;(@;, 3t) (263)

As shown in [25], setting K¢ = 0 means the local entropy current is conserved and the
system is non-dissipative. In this case, (2.63) reduces to

K5 (05, 00) = K27 (~ 07, ~0;) = (K&h(~0s, —&s))* , (2.64)

and the resulting action can be factorized [12, 24, 25], i.e. Sgrr = Sy [nép)} S [nng]D)] with

775,17 Z/ dT/ dtns,—pK (a‘raat)ns,p (2.65)

Taking t — —i7 in the above action we obtain a Euclidean action defined for both Euclidean
times 7, 7. We stress that the factorization and thus the Euclidean action are not possible
when dissipations are included. For simplicity, in this paper we will only consider the
non-dissipative case with constraint (2.64) though the generalization to dissipative case
should be straightforward.

As discussed earlier, we assume that the action can be expanded in derivatives of 7. As
n [11, 12], we cannot, however, expand the action in derivatives in ¢, since we are interested
in time scales of order 1/ so as to be able to probe the exponential growth e*. The
Lyapunov exponent A\ could be comparable to the inverse temperature 8, and thus there is
no scale separation in t.

Since 7, ,(7;t) have different boundary conditions (2.41), they allow different lowest
order of 9z in the action. For ns o, which is periodic in 7, the lowest order of 07 in K(7j is
just constant, namely

50(07,0) = Ks0(i0;) + O(07) . (2.66)
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For ns+, which gains a nontrivial phase after shift 7 — 7 + m, the lowest order of 07 in
s must be nontrivial, and we will keep to the linear order

U (07, 0p) = 0z K 1 (i0;) + O(92) . (2.67)
It follows from (2.64) that for all p,
Ky p(i0r) = ()P K, —p(=i0r) = (=) (Ksp(—i01))" - (2.68)

Thus K (z) is an even function of « with real coefficients (when expanded in power series),
while K 4 (z) are functions of pure imaginary coefficients.

Keeping only leading orders, we can reduce K{f piece to one dimension of ¢ and write
the leading order quadratic effective action as

SEFT_Z[ / dtn® o (0 Ko 0 (107 o (1) + 3 / a7 / dtn?_ (7:)0: K (1000 (7i1) |
p==+ 0 —00

s==+ -
(2.69)
With the leading order effective action (2.69), we have
K o(i0) GL3 () = —6(1) (2.70)
07 K +(i0)) G (T5t) = —6(T)d(t) (2.71)
where G, are retarded functions of 7y, i.e.
G (T5t) = i0(t)Gs (T3 1) - (2.72)
Give the periodic boundary condition (2.41), we can write
gs,[)(%; t) = As,O(t)u gs,:l:(%; t) = As,:l:(t) (6¥2m/3 + 9(7_')(1 - €$2m'/3)) (273)
where A, ,(t) can be written in Fourier space as
OOA e—iwt
DAgot) =i | dw— 92.74
O R (274

et
0()Ags(t) =i | d 4 2.
(6)2s:+) Z/C Y2 K o (@)(1 — e2i/3) (2.75)

which holds for ¢ > 0. Here the integral contour C must be above all poles of integrand
on the complex w plane because G, (7;t) is proportional to §(t). Note that 6(7) in (2.73)
comes from 07 in (2.71).

Equations (2.73) imply that except for certain jumps at 7 = 0, correlation functions
have no dependence on 7. From item 4b, however, such branch cut should not be present
in the four-point function F , and thus should be cancelled in (2.23), i.e.

> LuLiy, [awav (T(0ilie; )05 (0 t140) — ¢i(—ie; t)d; (0:1142) )| =0 (2.76)

i,j=1,2
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for infinitesimal positive €. Also note that the above condition is relevant only for TOC of

types (WVVW) and (VWWV) for which Sty —ty could have either sign without changing

the order of four fields. All other four-point functions have definite sign for Sty — ty .
Now recall the smoothness conditions (2.56), which upon using (2.73)—(2.75) leads to

1 1 . 1 1
Kit(w) K_+(w) TV3i <K+70(w) e o(w)> (2.77)

)

which shows that the terms in (2.69) are not independent. It can also be checked that (2.77)
is consistent with constraints (2.68).
2.6 Shift symmetry and exponential growth in correlation functions

Similar to the maximal chaos case [11], we will postulate that the action and the ver-
tices (2.20)—(2.21) possess a shift symmetry. The choice of the shift symmetry is motivated
from that OTOCs should have exponential growth, but not TOCs.

It turns out the requirement can be achieved by the following two conditions

1. The action and the vertices (2.20)—(2.21) are invariant under
=0 tareM fa_e ™M (2.78)
where a4 are constants.

2. There is no exponential growth in the symmetric correlation functions of 74, i.e.

1

G (7t) = Y Gt = 5 3 (67, (F50) + G (7)) = 0™ - (2.79)
p p

Note that the KMS condition (2.48) leads to the fluctuation-dissipation relation

11+ 5e2mip/3 o —imo;
T 91 _ se2mip/3g—ind; Gs.p

a7 (i) (7:1), Ste(0,m). (2.80)

In terms of ¢q 2, the shift symmetry (2.78) can be written as

(61, ¢2) — (61, h2) + (eFAIHT) —eFAt). (2.81)

We also require that the vertices in (2.20)—(2.21) be compatible with the shift symme-
try (2.78), i.e. L; satisfies

Ly, [gw (t12)e* T = Ly [gy (t12)e2] (2.82)

Since n— is a sum of 7_ g, n— +, the invariance under (2.78) means that at least one of
K_ , has a factor of 2 — A\2. For convenience, we will write

K_(i0)) = (8 — X)k_(id)) (2.83)
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Figure 6. The contour C on the w plane for retarded propagator G%%,(7;t). The two red crosses
are poles at w = +iA due to shift symmetry.

The constraint (2.77) implies that K , may also contain a factor 87 — A\?, and we can
similarly writeS

K p(i0y) = (0} — Nk p(i0y) . (2.84)

From (2.68) we have ks () = (—)Pks —p(—).” The general structure of our discussion will
not depend on the specific forms of k; , and k_ .
Following from (2.74), we have

(1) Ago(t) = /c % o +e/\;;Jks,o(w) (2.85)

where the contour C is chosen to be above all poles (see figure 6) of the integrand because
the L.h.s. is proportional to (t). We then find®

i

R S0 e VA
= o (N (e e ")+ (2.86)

Aso(t)
where we used the parity of ks, and --- denote possible contributions from other singu-
larities. From now on we will suppress - - and only write exponential terms. Using (2.80)
and

1
Gop(Tit) = G(Tit) + 5G6p(T5 1) (2.87)
we find from (2.86)

1

T 2is o (IN) (1 — se—iAm)

Gs>,0(7_'? t) (e)‘t + se*i)‘”e*)‘t) = hso(t). (2.88)

Similarly, from (2.75) we have

di efiwt
2mi (w? + A2)ks 1 (w) (1 — eF2mi/3)

B(1)A (1) = /C (2.89)

5Note that having a factor (97 —A?) in K, does not imply there is a shift symmetry in 7. An important
part of the shift symmetry is that vertices should also be invariant.

"Note that it is enough to impose the invariance under a shift proportional to e in non-dissipative case.
The parity property (2.68) will then lead to invariance under a shift proportional to e M.
8Note that when k.o (z) has no zero at x = i\, the coefficient of the exponential pieces below vanishes.
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which leads to

oFim/3 oM oM
Asg+(t) ==+ —— T ; 2.90
0 =257 (ksyi(m) ks,jF(zA)) (2.90)
and
hs 4 (t T €0,
GoL(Tit) = () T €07 (2.91)
eTBh, 4 (t) 7€ [-m,0]
where hg 4 are given by
e:tiw/S ks i\ —16)\75 ks i\ —16—)\15
hes(t) = + GEL l) —— G )A) —— (2.92)
2v/3X \ 1 — se~imAeE2mi/3 © 1 — geimdeE2mi/
The constraint (2.79) implies that, up to non-exponential pieces,
G (Ft) = (hep(t) + P hy (—1)) =0, (2.93)
P
which upon using (2.88) and (2.92), further implies
by s (i)) = :F”“’\%M) tan (g()\ + 1/3)) tan %A | (2.94)

Note that (2.94) is consistent with (2.68). Notice that the factor tan (5(X —1/3)) on the
right hand side of (2.94) for k4 _(i\) becomes zero for A = 1/3, which cannot happen as a
zero for k4 _(i\) would lead to divergences in (2.92). This means that k4 o must have a
pole at A = %, i.e. k4 o(iA) ~ (A — 1/3)7!, which in turn means that the prefactor in (2.86)
vanishes and that the factor 92 — A\? in K  is in fact not there (it cancels with a factor
hidden in k4 o). For A = 2/3, the right hand side of (2.94) is divergent for k4 4 (i)A), which
means that the factor 97 — A\? should also cancel for K (i0;) at A = 2/3. The divergence
of the factor tan ”2—)‘ for A = 1 will be commented on later in section 4.

2.7 Summary of the effective field theory

We have now discussed all elements of the EFT formulation, which we summarize here in
one place:

1. The product W (t;)W (t2) is written in terms of an expansion in terms of two effective
fields ¢1(tw;ts) and ¢o(tw;tr) through a vertex. Similar expansion applies to
V(t3)V (t4). At leading nontrivial order in the 1/N expansion, we have

Fwwvv(ts tets,ts) = gwgv + . Ly Ly, [ngv <%¢i(fw;ti)¢j(fv;tj+2)>] :
ij=1,2
(2.95)
The domain of ¢; is given by Z; in figure 3.

2. The KMS conditions of F impose constraints on correlation functions of ¢;, which
can in turn be obtained in terms of those a new pair of fields

ni () = ;le (it — im) £ d(i:1)) (2.96)

defined in the domain Zy. 7 in (2.95) is defined in terms of ordering of St for 7.
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3. The effective action of 7 is written for pure imaginary t = —i7 and real . Correlation
functions of 74+ for general complex t and ¢ are obtained from analytic continuation.
We also assume that the effective action can be expanded in terms of derivatives
of 7, which in turn implies that the action is translation invariant for both 7 and t.
Two-point functions of 14 are then defined in the domain D, of figure 4.

The domain D, is irregular and inconvenient to work with. It is extended to D, of
figure 4. n4 is then further decomposed into
1s(75 1) = 0s,0(T5t) + 15,4 (T5 1) + 15, (7517), (2.97)

in terms of periodicity conditions in 7-direction

Nsp(T + m5t) = 627Tip/37]57p(7:; t), s==+,p=0,%. (2.98)

4. With the decomposition (2.97)—(2.98), the KMS conditions of the original four-point
function F can be formulated in terms of KMS conditions for Nsp at the inverse
temperature 7 (half of the original inverse temperature), and can be written as
periodic conditions in the imaginary t direction

Nsp(Tit — im) = se 2P/ 3y, (7;1). (2.99)

The leading actions in the 7-derivative expansion for 7,0 contain no 7 derivative and
thus 1,0 can be thought as 7-independent, while the leading actions for 1, + contains
one T-derivative.

5. From (2.96), (2.97) and (2.99), we can write ¢ 2 as

$1(Ft) = o(t) + 5 i (Bit) + e 5 o (T 1), (2.100)
ba(t;t) = p(t) + pi(t:t) + o (t;t), (2.101)

A0 = Z5e0t) = 1-0(0). e (Et) = 5 (e wt) — (), (2102)

where we have used that 74 ¢ can be viewed as being independent of 7. Note from (2.99)

1

plt —im) = $(1) = —s(nsot) n-o)), (t—2m) =) (2103)

6. For OTOCs to have exponential dependence on t, we impose the shift symmetry
=0+ ape +a_e M (2.104)

on both the action and the vertex. We also require no-exponential growth in G'/(7;1),
which is needed such that TOCs do not have exponential ¢-dependence. This condition
requires that various terms in the action should obey (2.94).

7. The effective action is further constrained by (2.68), and two continuity condi-
tions (2.76)—(2.77).
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Figure 7. (a) The 4-way contour for Fy (b) The 4-way contour for G4 (c) The 4-way contour
for Hy.

2.8 TOC and OTOC

Now consider the following two four-point functions
Fy= WtV (E3)W (t2)V(ta)),  Ga = (V(E3)W (E1)W (t2)V (t4)) (2.105)

where Rtq, Rty > Rig, Rty or N1, Rty € Rig, Rty, i.e. Fy is OTOC and G4 is TOC. We
suppose each t; has a small imaginary part such that the orderings in (2.105) follow that
defined in (2.4) (see figure 7 as an illustration). For Fy, the small imaginary part for each
t; leads to Sty < Sty, but for Gy, depending on the relative value of the imaginary part
of each t;, we may have either Sty < Sty or Sty > Sty For definiteness, we consider the
former case Sty < Sty. From (2.23) and (2.49)—(2.51), we find that

1 _ o L
Fy—Gy= 3 > Ly Ly, [gwgv (Gip(l(tw —ty), t13) — G5, (i(tw — tv),t13)>}
S’p

1 . _ _
=3 > Ly Liy [gwgv {[nsp(itw; t1), ns—p(itvi ts)])]
S7p

= Lty Ly, [gwgv A(t13)] (2.106)

where we have used (2.54), and

A=A ,(t) =S A1)

— 3 (e’iﬂ')\/Qe)\t 4 e*iﬂ')\/Qefx\t) ) (2107)
4AN(1/2 — cosA) sin %)‘k+70 (iX)

In the second line of the above equation we have used (2.94). We thus find that the difference
between OTOC and TOC has exponential growth. Note that there is no divergence in (2.107)
at A\ = %; as mentioned earlier below (2.94), k4 o(i\) has a pole at A = %, which is canceled
by 1/2 — cosmA.

We will now show that TOC G4 does not have exponential growth. In terms of
Wightman functions (2.49) to (2.51), G4 can be written as

1 ~ ) -
Gs—gwyv =5 > Ly Ly, {QWQVGf,pH-; t31)} + 2P, Ly, [gWgVG?’p(_'_; t32)}
S7p

+ ¥ P, Ly, {gwvaf,p(—;tm)] + Lty Ly, [QWQVG?,P(_;tM)} (2.108)
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where we assume Sty < Sty and = sign in the first time argument means St > 0 or St < 0.
Using (2.88), (2.91), and (2.82) (and the counterpart for L;), we can simplify (2.108) as

G1—gwgv = Li, Ly, [gwgv (CleAtM + Czeﬂt“)} (2.109)
where
1 . . . .
C, = 5 Z(l + 627rzp/3efz7'r)\)As7p + (672mp/3 + em)\)B&p (2110)
5P
1 . . o
Com 5 (W 4 A, 4 (14 B, 2.111)
5P

and A p, Bs, are defined from (2.88) and (2.92) as
hsp = Aspe + By pe . (2.112)

It can be checked using (2.94) that, C; = Cy = 0.
We can similarly examine G4 for Sty > Sty and another type of TOC

Hy = (W(t1)W(t2)V(t3)V(ts)) (2.113)

with Sty < Sty. We again find their exponential growth pieces vanish due to (2.94). In
particular, the condition (2.76) is automatically satisfied up to non-exponential pieces.

Given that TOCs do not have exponential terms, equation (2.107) implies that the
exponential terms in OTOCs depend only on k4 ¢(iA). Note that k4 4+ (i\) are determined
from k4 o(iA) by (2.94), and k_ ,, are also constrained from k, , from (2.77).

In (2.85) and (2.89), we assumed for simplicity that the integrand only has simple
poles at +i\. This assumption can be relaxed to have higher order poles. In fact, it can
be shown that at most double poles are allowed due to the condition (2.76). These double

poles lead to linear-exponential terms te®t

in the correlation functions of n4. Interestingly,
the contributions from the double poles to any four-point function cancel out. So what
we discussed in fact gives the most general form for four-point functions. See appendix C

for details.

2.9 General structure of OTOCs for non-maximal chaos

We have seen that the shift symmetry (2.81) and requirement (2.79) guarantee exponential
growth of OTOC and the absence of exponential growth of TOC. We will now examine the
general structure of OTOCs as predicted by the theory.

Using (2.13), we can expand (2.82) explicitly as

Zcmn (_eﬂ:)\(t—l-iﬂ) + (_1)m> Mg (£)(£N)" = 0 (2.114)

Similar to [12], we define

GUon(EN) = Y cond"gw () > (EN)" (2.115)
GUa(END) = S condgw () Y (EN)" (2.116)
m odd n
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and (2.114) becomes

7(;%6“( A eotn 2T (2.117)
Glag(ENT)
KMS transformation of gy (t) is t — —t — 2mi that leads to
GV (FN) = GV (F, —t — 270) = Geven(FA 1) (2.118)
GWAFN ) = G (FN, —t — 27i) = —Goaa(FA, 1) (2.119)

where we used invariance of gy under KMS transformation. This is compatible with (2.117)
without any restriction on A, unlike the EFT of [11], where the KMS condition of gy
restricts A = Apax = 1 [12].

Using the definition in (2.115) and (2.116), we can write the OTOC Fy in a more
symmetric way. Since TOC G4 does not have exponential piece, OTOC Fj has the same
exponential piece as (2.106). Using the shift symmetry of vertex (2.82), we can write each

exponential in a symmmetric way

1 |
Ltl [gwei)\tl] = 5 (Lt1 [9W€i>‘t1] + Lt2 [gwei)\(hizﬂp)]) (2120)
- 1. . .

Liylgve™) = 3 (Lulowe™] + Ly, [gwe 7)) (2.121)

Using (2.115) and (2.116), we can write the connected piece

A(t12 + im)

(A, t12) cosh 5

Fy = ae + GW 4 (X, t12) sinh

even

At 4t —tz—ta+im)/2 (GW A(t12 + zw))

2
A(tsq + i)
2

Atz + i)

- G(‘)/dd(—)\, t34) sinh B)

X (Gevven(—A,tM) cosh ) + (A =)

ity g G (A t12)GY (N, E34)

A(t1+ta—ts—tg+im)/2 Feven\H U12)Y even , 134 _

B (tio+im) (tzatim) +(Ae =N (2.122)
2 2

= e
P\
cosh

P
cosh

where we have used « to denote the prefactor of (2.107), i.e. (2.107) becomes
A(t) = (™2 4 7T 2emA) (2.123)

and used (2.117) in the last line. Equation (2.122) has the same structure as that assumed
in [17, 18], including the phase €/™/2, In [17, 18], in the place of G¥_ (), t) and GY . (=, 1)
are certain advanced and retarded vertices, which are invariant under KMS transformation
t — —t — 2mi. For a specific microscopic system, these two vertices may obey certain
differential equations [17, 18], which in our language translate into conditions on the effective
vertices. In (2.122), there is a second term, obtained from A — —\, which exponentially
decays for ti,ty > t3,ts4, and was not present in [17, 18]. Here it is a consequence of
shift symmetry for both signs in (2.78), which are needed in order for TOCs to not have
exponential growth. In the non-dissipative case, this term should also exist even if we only
assume shift symmetry for just plus sign in (2.78) as explained in footnote 7.
Now consider the double commutator defined as

Cl(t1, tai s, ) = (Wt — i0), V(ts — 0)][W(ta), V(t2)]), 0 €[0,20]  (2.124)
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which can be rewritten in terms of four-point functions leads to
Cl=F! -G+ F -& (2.125)

where F49 and GZ are the four-point functions in (2.105) with ¢; — t; — 0 and t3 — t3 — 6,
and F‘f and GZ are respectively F49 and GZ with exchange W <> V', t1 <> t3 and t3 <> t4. It
follows from (2.122) that

/2 Goven(Ns t1z — 10) GYon (= A, 134 — i6)

cosh A(t12+;'(7f—9)) cosh A(t34+;'(7f—9))

CY = 2a cos %Tek(tl“z—ts—m + (A =N (2.126)

The factor cos ’\7” — 0 as A — 1, consistent with the result of [12] and those of SYK and
holographic systems in the maximal chaos limit [4, 17, 18, 26].

3 Comparisons with OTOCSs in various theories

In this section we compare the general structure of OTOCs obtained in last section with
various known examples.

3.1 The large ¢ SYK model

We first look at the large ¢ SYK model [27-30]. OTOC F} of fundamental fermions was
obtained in [31] and has the form (after analytic continuation to Lorentzian signature)

At1+to—tz—ta+im
syK _ 2 9u(t12)gy(tas) cosh e

P . A
N cos ”—;‘ cosh A(tm;m) cosh ’\(t‘”;”r)

(3.1)

where Gy (t) is the two-point function fundamental Majorana fermions in the large ¢ SYK
model (see more details in section 5.1) given by

(t) 1 ( cos )‘7” 248 (3 2)
9 =5 At+im .
2 \ cosh %

where A = 1/q is the conformal weight of the fundamental fermion . The OTOC (3.1)
has exactly the form of (2.122), with the cosh A(t1 + t2 — t3 — t4 + im)/2 term containing
exponentially growing and decaying terms that are both present in (2.122), including the
phases. We can further identify

1
Gz\{en()\? t) = Gé/ven()‘? t) = CO()‘)QW(t)7 o= _C()()\)C()<—A)NCOS(7T>\/2) (33)

where Cp(\) is a constant. From (2.115) we find that Co(A) = X, conA™. From (2.117) we
find
G;bdd(ﬂ:)\, t) = 8tg¢(t)C1(>\), Cl()\) = Z Clm)\n, Co()\) = AACl ()\) . (3.4)

As the simplest possibility we take ¢i, = d,0 and cp,, = Ady,1 which gives

1

LiW]p = 0;W¢ + AWdp, o= XNZNAZ cos(1A/2)
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3.2 Stringy scattering in a AdS black hole

The next example is the scattering in the AdS black hole background with stringy correc-
tion [4]. Assume the bulk spacetime dimension is d + 1 and the d-dimensional boundary
coordinate is x# = (t,Z). When t1,ty > t3,t4 or t1,to < t3,t4, the boundary out-of-time-
ordered four-point function Fj is dominated by the W +V — W 4 V scattering near the
horizon of the AdS black hole. At G ~ 1/N order, the OTOC F} is given by

Fstring _

- 4
) [ 86512 = 2D i, Bl ol )] 3 0 s )
(3.6)
where ag is a number depending on the background, s = agp“p’ is the total energy of the
scattering in the unboosted frame, ¢ 2(p", 2; :B‘fQ) are wavefunctions of W(m‘fQ) expanded
in the null momentum basis p*, 3 4(p’, ; :Ug‘A) are wavefunctions of V(xé‘A) expanded in
the orthogonal null momentum basis p¥, Z and Z’ are d — 1 dimensional bulk transverse
coordinates, and the integral runs over p%, p¥, 7, 2’. With stringy correction, the scattering
amplitude d(s, |Z]) for t; + to < t3 + t4 is given by

dd_lk ik-z

o e —ir —a .2 2 2
a(s,|Z]) ~ GNS/ =Ny (e71/2¢/ s /4) =" (K+17)/2rg (3.7)
where 7y is the horizon radius, o/ = 2 (with £, the string length) and u? = ‘1(2‘;71)"“3
AdS

By translation symmetry of the AdS-Schwarzschild black hole in transverse directions,
Yi(p, Z; z#) are functions of 2 — Z. By time translation symmetry, one can show that the
wave function v¥;(p, Z; ) in the unboosted frame has the following property

P12(p®, Z;aM) = e 2By o (ple 2B 2 (t + a, 7)) (3.8)
Y3 a(p’, 25 at) = 2By 4 (pUe®™ P 2 (t + a, 7)) (3.9)

which implies that ¢ = 62”t/6f1,2(p”62”t/5) and ¢34 = e*2ﬂ/6f3,4(1?”e*2“t/5) for some
functions f;. Here 3 is the inverse temperature of the black hole. Switching to the boosted
frame by redefining p* — pte~"(111%2)/8 Jeads to

dp“p" v} (p", 2 a(p", 2 k) — dptp" fi (p"e™ 1 TRP) fo(pte =P (3.10)

which is a function of t15. Similarly we can redefine p¥ — pYe™(3t%4)/8 and find the
wavefunctions for V' become a function of t34. Taking this into (3.6), we can derive

Fpe = /L-/(S(Sa 12— Z|) fw (p", Z — &1,Z — Tos tr2) fy (0¥, 2 — T3, 2" — Tustsa)  (3.11)

with s = agptple"(trtta—ts—t1)/B a1 d two functions

fW _ pufik(pueﬂ(h—tg)/6>f2(puew(t2—t1)/5) (3_12)
fv =" f5(pre™tat)/B) gy (prem s 1)/ (3.13)

9The notation here differs from [4] by switching 2 <+ 3.
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In the regime that the scattering amplitude §(s, |Z]) is of order one and slowly varies
with respect to p* and p¥, we can assume the integral over p* and p’ in (3.11) can be
approximated by their characteristic values p% and p?, which only depend on the wave
functions. Moreover, the spatial dependence of wave function ; should be peaked around
Z ~ &. To compare with our 0+1 dimensional EFT, we should integrate over all Z, which
basically sets £ ~ Z. Since wave functions are translational invariant along tranverse
directions, we can integrate over Z directly in (3.7), which fixes k =0 and leads to

5(8, 0) ~ —Z'GNCde_)\(tl+t2_t3_t4+w/2)/2 (t3 + t4 > tl + tz) (3.14)

where ¢4 is a real constant and the Lyapunov exponent A is

AT (1 - W) (3.15)

gAdS

It follows that we can write (3.6) as
FU8 o Gyege Mt tamtatiB/2/2 go (110 £E (t34) (3.16)

where ff,y, means fy,y taking value at p* = p¢"¥ and we have suppressed all transverse
coordinates. Comparing (3.16) with (2.122), we see that they both have non-maximal
exponential growth and the phase —iA3/4 in (3.16) exactly matches with —iA7w/2 (of the
—\ term) in (2.122) by 8 = 2. In the case of t; + to > t3 + t4, we need to flip the phase
e~"™/2 to €™/2 in (3.7) and will find consistency with (2.122) as well.

Matching (3.16) with (2.122) also leads to

GW_ (M) GV (=X 1)
C _ even U C — even Y
fW(t) - cosh )\(t-;iﬂ') ) fV (t) cosh )x(t—giﬂ') : (317)
For example, in AdS3 [4], we have (5 = 2m)
4AW 122 g
U O Ot — W U 2AW71 74Zp Slnh(t12/2) 318
fW(p s Uy Uy 12) F(AW)Q ( ) e ( )
where we have set all transverse coordinates as zero due to the integral over these directions.
For large Ay, the characteristic p* is at p = %, which leads to
gw (t12) 1
i (t) ~ ————, t) = ——F——— 3.19
fW( ) cosh t—|—2@7r gW( ) (COSh H‘Q”")QAW ( )

where gy (t) is the boundary two-point function in a thermal state. Note that the wave
function (3.18) is computed in the pure gravity background and does not include any stringy
corrections that should introduce non-maximal A to the wave function. Thus (3.19) should
be compared with the right hand side of (3.17) at leading order in o’ expansion, i.e. we can
identify G, (1,t) = gw(t). It is clearly of interests to understand o’ corrections of (3.18).

In general dimension, the explicit forms of wave functions are not known, but (3.17) gives a
constraint on their general structure.
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Figure 8. The locations of four operators in Regge limit.

3.3 Conformal Regge theory

The conformal Regge theory was developed in [13, 14] and analyzed for Lyapunov exponent
and butterfly effect in [21]. Consider a four-point function (W (z1)V (z3)V (24)W (22)) in
the CFT in d-dimensional Minkowski spacetime. Assume their locations are assigned in the
(t,y) plane with

On this plane, we can define Rindler coordinate [21]
t=Usinh7T, y=UcoshT (3.21)

where U > 0 is for right Rindler wedge and U < 0 is for left Rindler wedge (see figure 8).
These two wedges are related by analytic continuation T' — T + im and the vacuum
in Minkowski spacetime is equivalent to the thermal state in one of the Rindler wedge
with inverse temperature 2w. We can consider each pair of W and V located in two
different wedges, by which we can construct an OTOC in one Rindler wedge with inverse
temperature 27w. For example, we can take 71 =T =T, T35=T, =0, U1 = -Uy=U >0
and Us = —Uy = 1 (see figure 8), which leads to

(W(T,u)v,)Vo,-1)W(T,-U))y = Wr(T,U)Vr(0, 1)Wgr(T + in,U)Vr(ir, 1))
(3.22)
where the Lh.s. is the correlation function in Minkowski vacuum and the r.h.s. is a thermal
OTOC in right Rindler wedge. The conformal Regge theory studies this four-point function
under Regge limit with 7" — oo but fixed U. It has been shown [21] that it has a non-
maximal exponential growth e*”" with A\ < 1. This non-maximal Lyapunov exponent comes
from summing over infinitely many higher spin channels in the four-point function.
To compare with our 0+1 dimensional result, we should perform dimensional reduction
by restricting to zero momentum mode along all spatial directions, which is a bit intricate.
Here we will simply take U; = U for all ¢ and compare the T-dependence with (2.122).
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By conformal symmetry, the four-point function (W (z1)V (z3)V (24)W (z2)) can be
written as

1

(W (x1)V(23)V(x4)W(22)) = A(u,v) (3.23)
(z3) AW (234) 2V
where the conformal invariant cross ratios are
23,73,  sinh? 112 sinh? L3 23,73,  sinh? L4 sinh? TT
T 2.2 nh? L3 ginh2 et =2 2 - 2& Tos (3.24)
13734  sinh® 52 sinh® = T{3T34  sinh” 5 sinh?
The Regge limit is for 77,75 > T3, Ty limit, and we have
T T T T:

u — 16T sinh? =12 sinh? %, v —1—8e T/2sinh —= 5 sinh ﬂ (3.25)

where we define ' =T + T5 — T3 — Ty > 0. From [13, 14], A(u,v) under this limit is given
ble

o—im/2 1=j()
A~ 2 / du&(u)( y logv> 2, (0) (3.26)

where §24,(p) is a harmonic function on (d — 1)-dimensional hyperbolic space (here by
assuming U; = U we have p = 0), j(v) is the leading Regge trajectory, and a(v) is a slowly
varying function of v. In large 7' limit, the v-integral can be evaluated using saddle point
approximation with the saddle point given by v = 0 [21], which gives

T; T )
W (@)V @)V ()W () ~ Cp—— TRV T8 xwsimyz - (3.97)
(cosh LQ; ”T) (cosh 7T342+ ”)

Here Cg is a constant, A = j(0) — 1, and g,y is the conformal correlator in Rindler wedge
with no spatial separation

1
gwy (T) = — A (3.28)
(cosh %) v

Now comparing (3.27) with (2.122), we see the downstairs of (3.27) is proportional to

(cosh W))‘ while in (2.122) we have cosh M It is not clear whether this difference

is due to we are comparing a d-dimensional theory with a (0 4 1)-dimensional system.
Assuming not, we can match (3.27) with (2.122) with the identification

Kyw,v(£X)cosh (Tﬂﬂ)

QAW V+)‘
(cosh %)

_ Cr - Cr
S R R (N K NEv () (3.80)

GV (ENT) =

even

(3.29)

10To get the correct phase e~*"/2, one needs to be careful about how u and v circle around origin after we
set infinitesimal imaginary part T; — T; + ie; with €1 < €3 < €2 < €4 for OTOC. Unlike [13], both u and v
circle around origin clockwise for 2 when 7" > 0 in our case.
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up to arbitrary Kyy(A). Since this equation is essentially the same for W and V' except
conformal dimensions, we will suppress W, V' labels in the following. Using (2.117), we have

K (£\)sinh (Tﬂﬂ)

Godad(EN,T) = 2A+A (3.31)
(cosh %)
which leads to
G(£NT) Zcmna +\)" (3.32)
T+z7'r)
K(£M\)eT
Gven (N T) + Goga (20, T) = SEA - (3.33)
cosh %)
Let us define the Fourier transformation of G(T') as
I(A;w) = / dTe*TG(T — ie) (3.34)
where € is an infinitesimal positive number. It has been shown in [32] that
I(A;w) = 2287 g2 Im A ™D (A 4 i) T(A — iw) /T(24) (3.35)

From (3.33), it is clear that the Fourier transformation of G(#\, T) is K (£\)eT™2I(A +
A/2;w £ iA/2), which leads to

K (£\)eTimA/2 i T(A+X/2;w £i0/2
G(:t)\,T)—(Q)W/dwe r1( I(/A'w) / )I(A;w)
2K (£N)e ™20 (2A) / —iwr DA+ X F iw)]( )
T (AN ¢ T(A F iw) e
MK (£N)e ™ M2T(2A) T(A + X £ dr)

=T TRA+N razon o) (3:36)

From this equation and the definition (3.32), there is no unique solution for the coefficient
cmn Of the differential operator Lp. A convenient choice is

iT(2A + A)
2T (2A)
—199 —199¢
T (A+A102(AN107 + Or))
AT1OgT (A10R(ANT1 0 + Or))

K(£\) = + (3.37)

Ly = Z CnnOF ()" = ie~ ™2

(3.38)

where dp acts on bare operator and 8? acts on the effective mode. Note that this L7 can
be expanded in power series in both O and &?. Moreover, we can expand L7 near maximal
chaos limit A = 1 and find

+0((1 - N2, (85)%)

(3.39)
where v is the Euler’s constant. The first term is the same as (3.5) and the subleading

Ly = (Or +209) +(1-X) [(v+ = ><8T+Aa¢> (A—ﬁ%)%‘i

terms can be regarded as perturbative corrections of higher spins to the vertex.
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4 Relation to the EFT of maximal chaos

The effective field theory for maximal chaos was constructed in [11], which contains just
one effective mode ¢ on a Keldysh contour in the thermal state with inverse temperature
8 = 2. This effective mode ¢ has correlation function with exponential growth that
explains the behavior of OTOC. In this section, we will show that our effective field theory
of non-maximal chaos at maximal chaos A = 1 can be equivalently connected to the theory
n [11]. In particular, our two-component effective mode ¢ 2 reduces to one mode ¢.
Taking the maximal chaos limit A — 1 in (2.94), we see that both k. 4 (i)) diverge. This
implies that the two operators K +(id;) do not contain the factor 97 — A? at maximal chaos.
Physically, the two component fields 74 +(7;t) decouple from the dynamics of quantum
chaos. Now let us examine the behavior of k_ ,(i)) in this limit. Consider w = i\ in (2.77);
there are two equations but three parameters k_ +(i\) and k_ o(i)), whose general solution
is
L <1+ : ) L L ] (4.1)
k— 1 (i\) tan (3 (A £1/3)) tan % ) ki o(iA)  k_po(iX)

In the A — 1 limit, with k4 o(i\) finite,!! we have

= +V3i

1
= +/3i - , (4.2)
o 0) [m o(0) k—,o(z)]

In the EFT of maximal chaos [11], the effective mode ¢ is local and only depends on
one time variable. This implies that our two effective modes ¢1 2 at A = 1 should not have
any nontrivial dependence on t. In other words, consistency requires that n_ + must also
decouple at maximal chaos, which implies

kv o0(i) = k(i) (4.3)

From (2.100)—(2.102) we then find that in the A — 1 limit, ¢+ decouple (i.e. they are not
relevant for the exponential behavior), and

p1(t;t) = pa(t;t) = (1) (4.4)

That is, in this limit, ¢-dependences drop out and ¢ 2 become the same field. Furthermore,
from (2.103), ¢ has periodicity 27 in imaginary ¢ direction, i.e. it satisfies the standard
KMS condition with inverse temperature 2. We have thus fully recovered the setup of the
EFT for maximal chaos.

The EFT action (i.e. the part relevant for exponential behavior) now becomes

Soer = 3 | denta(sotionlo()
=5 2 [ s Kolia + 53

= / dt K (i0;)¢" + G K (i0)@" + ¢ K (i0y)@" + G K (i) " (4.5)

— 00

Gee section 5.4 for a different case.
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where ¢ was introduced in (2.103) and
1 - 1
K(i0) = §(K+,0(i8t) + K_o(i0)), K(ioy) = §(K+,0(z'6t) — K_o(i0y)) . (4.6)

Now recall from (2.23) that only ¢ is relevant for the four-point function (as W and V
couple to ¢1,2 which become ¢). Furthermore, from (4.3), ¢ and ¢ decouple at w = 4. Thus
for the purpose of understanding the exponential behavior of the four-point function, we
can just keep the first term in the effective action (4.5), reducing back to [11].

As discussed in section 2.1 and 2.2, the differential operator L; in the vertex that couples
the bare operators and effective fields has the same form in both maximal and non-maximal
cases. Moreover, in the A\ — 1 limit, the shift symmetry (2.81) of ¢ 2, becomes

(61,02) = (¢1,¢2) + (™, e™) = o(t) = @(t) + e (4.7)
(2.82) implies that the shift symmetry obeyed by vertex L, is
Ly [gw (t12)e™] = L, [gw (t12)e™"] (4.8)

which also matches with that in the EFT of maximal chaos [11].

To close this section, we note that the Wightman function ijo(i‘; t) given in (2.88)
diverges in the limit A — 1. This divergence reflects that in the limit Gi,o develops a teM
term which is not present for A < 1. More explicitly, from (2.86) and (2.80), we find G™"(t)
should satisfy

) 1 , ?
1+ — im0y GT )= (1= — im0y _ t -t 4.9
1+ ™)a (1) = 51— >(2Ako(m<e e (19)
whose general solution is
t
G o(t) = — F—e™) +colel +et 4.10
o0 = G e el e (4.10)

where ¢p is an arbitrary constant. It then follows from (2.87)
t

— m(et —e )+ (co + 41;70@)) el + (co — ‘%(U) et (4.11)

The presence of linear-exponential term in Wightman function at maximal chaos was already

observed in [11].

5 Identifying the effective fields in the large ¢ SYK model

In this section we examine the large ¢ SYK model in some detail. In this model, four-point
functions of fundamental fermions can be computed analytically in the Euclidean signature.
We show that in this theory it is possible to identify two Euclidean effective fields d)fz
in terms of the microscopic description, which can be identified as ¢ 2(t;t) of section 2
evaluated in the Euclidean section with pure imaginary ¢ and t. It is possible to calculate
Euclidean two-point functions of ¢52 using the microscopic description. We show that
the Lorentzian analytic continuation of these two-point functions can be fully captured by
the EFT of section 2. This provides a stronger check on the EFT formulation than just
matching the structure of OTOCs done in section 3.

~32 -



5.1 OTOC of the large ¢ SYK model

We start with a brief review of the essential aspects of the large ¢ SYK model. The SYK
model [27, 28] is a 0+1 dimensional quantum mechanical system which consists of N
Majorana fermions with an all-to-all and ¢-local Hamiltonian

H = 9/? Z le...jqwjl "'lqu
1<j1<-<jg<N
7 271 -1 (g1
(le"'jq) - qu—l - Na—1

(5.1)
where Jj,...j, is a random coupling with Gaussian distribution. At an inverse temperature
f3, it is possible to derive a bilocal effective action in Euclidean signature [29]

2

Sp =+ log det(0; — X) + 5 dridry | E(11,72)G(71,T2) — FG(TMW)(] (5.2)
0

where G(11,72) = + 3297 (1) (73) is a bi-local field, and ¥ is an auxiliary bi-local field.
In the double scaling limit with N,q — oo and N2 /q fixed, it is convenient to introduce
G(m1,m2) = %sgn(n — 719)e?(™:72)/4 and ¥ can be integrated out, resulting a Liouville action
for o (71, 72) [30],

N 1
SE ~ 476_[2 /dT1d7'2 {4810(7’1,7’2)820’(7‘1,7’2) — jzea(ﬁ’TQ) . (53)

The large ¢ SYK model is obtained by further taking N/¢*> — oo, in which limit the
Euclidean path integral over ¢ is dominated by saddle-point solution(s) to the equation of
motion of (5.3), i.e. by solutions to the Liouville equation

31820(7'1, 7'2) = —2j260(71’72) . (5.4)
By definition, o(7,7’) has the following properties
J(T, T/) - 0(7—/7 T)v U<T7 T) =0, (55)

where the second equation can be interpreted as a UV boundary condition. It is also
periodic in S for both arguments

o(r,7') = o(r' +B,7). (5.6)

The solution og to (5.4) with time translation symmetry can be interpreted as describing
the equilibrium state, and can be written as

2 )\3/4
e70(m2) = 7 (;OS b/ ;o T2 =T1— Ty, (5.7)
cos? 5(|T12| — B/2)

and A is obtained from the solution to equation

A=2TJcosA\3/4. (5.8)
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The equilibrium two-point function is given by

Golr) = (G(r,0)) 5 = %eaom/q, relo, 8. (5.9)

From now on, for notational simplicity we use the unit such that g = 2.
Fluctuations around the thermal equilibrium can be described by expanding ¢ = g + €
around og. To order €2, (5.3) becomes

Sg ~ So+ 8](\]; /dndrg |:;(916(7'1,T2)826(T1,7'2) — j2600(712)e2(71,72) (5.10)

where Sy is a constant scaling as N/q?. By definition we have (e(71,72)) = 0 to this order,
where (---) denotes correlation functions of € obtained from path integrals with Euclidean
action (5.10). Now consider the Euclidean four-point function

Fy(T1,72,73,74) = (G(71,72) G (73, 74))
1
~ Go(Tlg)G0(7’34) (1 + q72 <6(7’1, 7'2)6(7’3,7’4))) (5.11)
where in the second line we have indicated that its leading connected part is given by

two-point function of e.
It will be convenient to write (5.10) in a different form by introducing [31]

, T+
r=7—-7, T=
2

(5.12)

and redefine the fields o(7,z) = o(7,7’) and €(7,z) = €(7,7’). From (5.5)—(5.6), €(7,x)
satisfy the following conditions

€(T,z) =€(T,—x) =€(T+ 7,21 —x), €T,0)=¢(7,2m)=0 (5.13)

from which we can define the fundamental domain of € as D = {(7,z)|T € [0, 7],x € [0,27]}
(see figure 9). On the fundamental domain D,, we can rewrite the Euclidean effective
action (5.10) as

N T 27 1 )\2 N
Sp=— [ df de | = (7€)% — (0g€)? — 2E/d_d Le (5.14
F 8¢% Jo T/o v [4( ) (9a€) 2(:052%(m—7r)6 8q2 TdzeLle ( )

where the irrelevant constant Sy is omitted, and £ is the differential operator corresponds
to the quadratic action.

Two-point functions of € can be obtained summing over the eigenfunctions of £ [31] as
follows. Eigenfunctions of £ can be labeled by two quantum numbers n, m, and separated
into two groups

wn,m(’ra JJ) = ein%wm(x)v (n7m) € (Z:taMi) (515)
with
N B . S o _ntem? _
Lty m (T, x) = < 48; + 03 -~ )\(x;r) ) Ypm(T,2) = 1 Ypm(T,x)  (5.16)
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Figure 9. The red region is the fundamental domain D, for €(7, ).

where Z, /7 denotes even/odd integers respectively and M are two infinite discrete sets
of real numbers with magnitude larger than 1. When n takes values in Zy (Z_), m takes
value in M4 (M_). The two-point function of € can then be written as

Z 6in(%a_%b)wm($a)¢m(xb)

(€(Tay ) e(Ty, 2p)) =

2_ 2
(nm)€(Ze M) (n® —m?)/4
= —2m Z M [cosm(m — |Tq — Tp|) £ cosm(Ta — Tp)]  (5.17)
meye  msinmm
where we define the notation
To=(M+m)/2, THo=(3+74)/2, Ta=T1—T2, Tp=T3—T4. (5.18)

The infinite sum of m in (5.17) can be evaluated in a closed form by Sommerfeld-Watson
transformation [31]. For different ordering assignment for 7, they lead to TOC or OTOC
after analytic continuation 7, — itx. TOCs do not have exponential growth, while the
OTOC with 27 > 71 > 73 > 79 > 74 > 0 is given by

2 Go(112)Go(T34) cos MmF2=T=7a=T)

2
N Ccos 71—27)\ COS )‘(71';7'12) )\(7757-34) . (519)

Foroc = —

COS

After analytic continuation 7, — itg, it gives (3.1) mentioned earlier. Notice that, with
T4 — ity, the cosine function in (5.17) leads to exponential growth eFm(tf1+t2=ts=t4)/2 " Qince
every quantum number m € M7 has magnitude greater than 1, the exponential growth in
each individual term in (5.17) violates the chaos bound. This infinite tower of quantum
numbers m is the analogue of the infinite tower of higher spins to be summed over in the
higher dimensional Regge theory.

5.2 Identifying the effective fields

We now seek an alternative way to understand two-point function of e, without going
through the infinite sums over m,n. We are interested only in the exponential part (after

— 35 —



analytic continuation) of the two-point function, and would like to identify a finite number
of effective fields that can capture that.

For this purpose, consider general solutions to the saddle-point equation (5.4), which
can be written in a form

eo(m1,m2) f'(r)g'(2) (5.20)
T*(f(r1) — g(12))?
where f, g are arbitrary functions. The above parameterization of ¢ is not unique as the
right hand side is invariant under an arbitrary SL(2,C) transformation

a+bf _)a—i—bg

f_>c+df’ g c+dg’

bc—ad=1. (5.21)

Now consider small perturbations €u,_sher around the equilibrium solution (5.7) in the
space of solutions (5.20), which can be parameterized as'?

fonmsten(71,72) = A1 (1) — xa(m)) tan 5 (ri2 —m) + X (m) + xh(m)  (5.22)

where x12 are two arbitrary (infinitesimal) functions, and parameterize the full set of
solutions to equation of motion of the quadratic action (5.14). The paramterization
freedom (5.21) translates to x1.2 as €on—shenl being invariant under transformations

(0x1(71),0x2(m2)) = (—eﬂ)‘(ﬁ*’r),eﬂ)‘”) : (5.23)

or a simultaneous shift by a constant.
To obtain an effective description of the exponential behavior, we first rewrite (5.22) in
a more convenient form

€on—shell (T1,T2) = AGol(ﬁg) > Ly, [Go(m2)]xi(Ti) (5.24)
=12
L [O(7)Ix(7) = 0-O(7)x (1) + AO(7)d-x(7) (5.25)

where Gy is the equilibrium two-point function of fundamental fermions given earlier
in (5.9), and A = 1/q is the conformal dimension of fundamental fermionic operator ;.
The differential operator L, can be interpreted as a vertex that couples €on—shen t0 Xi(7;),
and from (5.23), it obeys the following symmetry

L [Go(r12)eP N =] = L [Go(r12)et 7] . (5.26)

Motived from (5.24), we write €(71, 72) as

1

(11, m2) = AGo() (LTL [Go(m2)1¢7 (75 71) + Lrg [Go(12)]05 (75 TS)) ; (5.27)

where 7 = %

. 71, (7g) is the larger (smaller) of 7 2, whose usage ensures that (5.27)
respects the invariance of € under switch of 7 ». ¢fz are dynamical counterparts of x1,2,

with x12 parameterizing their classical solutions.

_eik('r—’/r)’ 90(7') — ei/\T and

parameterize small perturbations around it as f(r) = —e("=™Hx1(M) - g(7) = AT HX2(7)  Equation (5.20)

12To see this, we can write the equilibrium solution (5.7) as fo(7) =

results from expanding x1,2 to linear order.
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Equation (5.27) is exactly the Euclidean version of (2.19)—(2.21) with the bi-fermionic
field e identified with the second term in (2.19), L, is Euclidean version of L, and d)EQ
are ¢y 2 evaluated at Euclidean times. By construction, € as defined in (5.27) is invariant
under transformations of ¢{’y of the form (5.23), and thus whatever the action for gZ)fQ is,
it should be invariant under (5.23), which is precisely the Euclidean version of the shift
symmetry (2.81). And equation (5.26) can be identified with the Euclidean version of the
shift symmetry (2.82) satisfied by the effective vertex.

Given that the action for QSEZ must be invariant under the shift symmetry (5.23), we
can be certain that correlation functions of (;5{372 must contain exponential time-dependence.
This establish ¢1 2 as the effective fields which directly captures the exponential behavior of
two-point function of €.

5.3 Two-point function of ¢f

In principle we can try to find the (Euclidean) action of ¢f2 by plugging (5.27) into (5.10)
or (5.14), and being careful about the Jacobian in changing variables from e to quQ in the
path integral for e. It is, however, difficult to do in practice. In addition to having to
understand the Jacobian, various complications discussed in section 2.2-2.3, including that
#¥ and ¢ are defined on different domains, should also be faced here.

Here we show that using (5.14) we can nevertheless find their Euclidean two-point
functions, and confirm their exponential time-dependence. In next subsection, we show
that these Euclidean two-point functions can be reproduced from the EFT formulation of
section 2 by a suitable choice of the action there.

To compute two-point functions of qbf?, instead of considering (5.27) as a change of
variables in the path integral, we canonically quantize (5.14) by treating 7 as “time”, and
treat (5.27) as an operator equation. Below we will use e, qﬁfQ to denote the fields in the
Euclidean path integral defined with (5.14), and é€, q@% the corresponding operators in the
canonical quantization. By definition, Euclidean correlation functions of ¢52 are given by
“time-ordered” correlation functions of q@ﬁg, ie.

(s (7m0l (7)) = =i (TOF (7 m)F (7)) (5.28)
c.q.

where T denotes ordering in 7 and the subscript “c.q.” on the r.h.s. is to distinguish the

expectation value in Euclidean path integral on the 1.h.s. We outline the main steps here,

leaving technical calculations to appendix D:

1. In canonical quantization of (5.14), we can expand € in terms of a complete set of
modes {gnm,} as

@(777 l') = Z (.gm&m + gfndin> (5.29)
m

where g, solve the equation of motion Lg,,(7,z) = 0, and obey the conditions
9m(7,0) = gm(7,27) = 0 (from (5.13)). m takes value in the same sets M* discussed

13Note that two-point function of e has exponential behavior only when the ordering of time arguments
corresponds to OTOC, while two-point functions of ¢ always have exponential behavior.
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below (5.16). {gm} are assumed to be properly normalized under the Klein-Gordon
inner product,

i 27 . .
(91,92) = —2/0 dz (910795 — 950791) (5.30)

such that annihilation and creation operators @,, and af, obey the standard commu-
tation relation [d,, &In/] = Opm/-

Due to the nontrivial boundary condition (5.13) in 7 direction, the system is not in

the vacuum state of d,,, and it can be shown that d,,,a!, have correlation functions'*
1 Se*imﬂ'
il - - ~AsTas _ s
<ama/m>c.q. - 1 _ Se—imﬂ" <amam>c.q. - 1 _ Se_imﬂ. 9 (531)

where s = & labels two different sectors of @, and 4!, with m € M™* respectively.

2. Since the mode functions g,, solve the equation of motion of €, from (5.24), they can

be written as 1

Im (T, 2) = AGo(ra) i:zl:Z Lz, [Go(712)]Xi,m(7:) (5.32)

where L; is defined in (5.25), and {x;m,} is a complete set of basis functions for x;
in (5.24). Plugging (5.32) into (5.29), then from (5.27), we can write d;iEg as

P (Fm) = > (Xigm (Ti)am + XZm(Ti)&:rn) . (5.33)
m

Two-point functions of ¢¥ can then follow from (5.31). Notice from (5.33) that
QAS? (7;7;) does not have any 7 dependence. So the only 7-dependence in two-point
functions of ¢f’, comes from 6(7) on the right hand side of (5.28). Such 7-dependence
is precisely what we had in section 2, see e.g. (2.73), except that there it came from
our assumption of weak 7-dependence and derivative expansion in 7, but here for the
large ¢ SYK model it is exact.

From the calculation of appendix D, we have

(68 (7:7)6(0,0)) = B(7) My (7) + 0(~7) Mji(~7) (5.34)
MH(T) = MQQ(T) = M12(27T — 7') = le(—T) (5.35)

(5.36)

A

~ Ao X ) .
NA? m_e? +myTe™ + e, T€[-T,0]

8 {m_i_eih + 1myTe? 4 ce., T €[0,2n7]
where in the last equality we have kept only the exponential part, and M, m_ and m; are
some constants given by

P Z_271')\ — sin 27\ + 2(7A + sin ) (27N + 3 — e77)
T 3202(mA 1 sinTA)Z(L + eh) ,
1 1
he =t e ey : 5.38
" e AX2(1 4 ei™X)’ m 8A(A + sin wA) (1 + ei™) (5.38)

M Two-point function of é then follows and can be checked to give the same answer as (5.17).

(5.37)
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5.4 Effective action for large ¢ SYK

We now work out the explicit form the EFT action which match with correlation func-
tions (5.35)—(5.36). As our EFT is formulated in Lorentzian time, we need to first analytically
continue the Euclidena correlation fuctions (5.34). The correct analytic continuation for
large ¢ SYK model is ¢F(7;7) = ¢;(t;t) = —igF (it;it) and L, — L;. Note that (5.36)

+M after analytic continuation 7 — it. From discussion

contains linear-exponential terms te
of appendix C, this means that we need to include quadratic order of 7 — A? in some

Ks,p(zﬁt), i.e.
Ko p(i0) = (07 = M)k p(i00), K- p(i0h) = (F — X*)*k—(i0r) (5.39)

where K_ ,(z) has a double zero at +i\. With appropriate choice of ki o(i)), k— o(i))
and k. ((i)) (the derivative to k_o(x) at iA) that depend on the three parameters 7y,
m_ and My, we find that this effective action completely reproduces the correlation func-
tions (5.34)-(5.36).

More explicitly, we find in appendix D.4 that

3ANA? cot ”2—’\

) = AT S 4
k(i) 2(1 —2cosmN) (5.40)
BNAZ(7A +sin7))
k_o(tA) = 41
oY) 8A(2cosmA — 1) (5:41)
3iNA? ((27r2)\2 —5)sin\ + 28in 2w\ + 8wA cos TA — A (377)\ tan 5 + 7))

16A2(1 — 2cosmN)?
(5.42)

and other parameters k, +(i\) and k" . (i\) are derived from the constraints (2.79), (2.68)
and two continuity conditions (2.76)—(2.77) and explicitly given by (C.22)—(C.24), which
we copy as follows

Fo s (iN) = ﬁ‘/’“’\/g” tan (;r()\ +1 /3)) fan %A (5.43)

k—+(iX) = iZkO\/éM) (5.44)
b VB 20k o(iN)? 1 o

Ko (id) = £ [ kyo(i)) (1 tan (Z(\ £ 1/3)) tan 79) * Zk"O(M)l (5.45)

There is a subtlety in this effective action when we take the maximal chaos limit A — 1.
Taking A — 1 in (5.40)—(5.42), we find that

kyo(iA) =0, k_o(i) ~ O(1), K (i\) = oo (5.46)

Note that in (5.39) K, is linear in 82 — A%, which implies that correlation functions for
s = + in section 2.6 all hold. It follows that we will have singular Ay ¢(¢) by (2.86). This
singularity implies that the maximal chaos limit in large ¢ SYK model should be taken
with some care.
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Indeed, there is a scaling limit in SYK model when we take maximal chaos limit. The
Lyapunov exponent A is related to the inverse temperature § and coupling J by (5.8).
The maximal chaos limit corresponds to strong coupling limit J — oo (or equivalently low
temperature limit 5 — o00), under which we can solve (5.8) perturbatively as (8 = 2m)

1
A=1-— 1/7° 4
o7 +0(1/77) (5.47)
However, the low temperature limit should still be understood in the regime of validity of
large N, ie. N > J > 1. Therefore, in maximal chaos limit, for (5.40)—(5.42) we have

kio(iX) ~ O(T ), k—p(id) ~ O(1), K o(ix) ~ O(J) (5.48)
which by (5.43)—(5.45) implies
ki+(iX) ~O(1), k_+(iX) ~O(1), k. L(ix) ~O(1) (5.49)

Given the action (5.39), by (2.74) and (2.75) the exponential terms in retarded correlation
functions scale as

oY K4, (iN) eV oY

A ~— A_ ~ -
+7p(t) k.},.;l:p(l)\) Y JJ(t) ki_’:tp(’L)\)Q + (CO + Clt) k_’j:p(’b)\)

(5.50)
where ¢ 2 are two O(1) numbers. From (5.48) and (5.49) in maximal chaos, there is an
enhancement of J to Ago(t) while A, 1 (t) are still O(1). This means that 7, + decouple at
maximal chaos at leading order of J. Since 7 dependence only exists for p = £, this means
that at leading order of J two effective modes ¢1 2 reduce to a single field at maximal chaos
following the same argument for (4.4).

Note that the first term of A_ () in (5.50) is O(J) but the second term is O(1).
Therefore, at leading order of 7, A_ ¢(t) only has pure exponential terms. Using the explicit
expression for Ag () in (C.25)—(C.28), one can show that

21T
 NA?

Apo(t) = A_g(t) (e! — ) + O(1/N) (5.51)

It follows that K_ ¢(i0;) in the effective action (5.39) can be reduced to be just linear in
0? — \? and we can take ansatz

267 (10r) = (97 — 1)k (i0%) (5.52)
where kJ§*(i0;) satisfies
max /- max /- NAQ
TEG) = K6 = (5:53)

This is the same condition we impose in (4.3) for maximal chaos. Following the discussion in
section 4, this EFT reduces back to case in [11]. Note that the overall scaling N/J in (5.53)
reflects the fact that the effective action for SYK model in strong coupling/low temperature
limit is proportional to N/(8J), which is observed in the Schwarzian action [29].
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6 Higher order terms and exponentiation

Higher order terms in equation (1.3) are suppressed by higher powers of 1/N. Here we show
e;,zt (k an integer) can be rensummed and exponentiated.
ekt

Such terms dominate in the regime N — oo and ¢ ~ %logN such that < is finte. These

that a subset of terms of the form

contributions come from including higher powers of effective fields ¢; in the product (2.19),
but in the effective action still keep only quadratic terms.'® The full four-point functions of
V and W then involve multi-point correlation functions of effective fields ¢;, which factorize
to products of two-point functions. We show that the shift symmetry on the vertices that
couple W (t;)W (t2) to higher powers of ¢; implies that TOCs again do not have exponential
growth, and the OTOC (recall (2.105)) has the exponentiated form

R —aygeNt1tta—t3—ty+im)/2 = .
Iy = / dy / dy e h(ti2, y)h(t3a, 7) (6.1)
0 0

where various notations will be explained below. We now proceed to describe the derivation
of (6.1).

6.1 Towards a scattering formula

Without derivative on ¢, all order generalization of the vertex can be written as

civim ) _
W(t)W(t2))g= > %Wgw(tlz)@éll(%(tw;til)"'%Z@m(tw;tim) (6.2)

is=1,2 :

j,k:s,meN

s=1,--,m
_ 1 n I
= > —Crnor, oo (6.3)
(03 m)!

where in the first line (), means taking the expectation value of bare operators, and we
assume Stp < Sty so that the arguments for ¢; is ¢; (¢ = 1,2); and in the second line we
defined the notation

I = (i, k), ¢I = 8£¢Z(EW7 ti), C[l...[m = Z C;}klz"}fmajgw(tlg) (6.4)
J

where C is a tensor function of ¢12. Note that separate t1 o derivatives on Wy(t12) in (2.20)
and (2.21) are combined to act on the argument of gy (t12) by translation symmetry.
In (6.2), the range of the sum for m is from 0 to co but the sum for j, ks could be either
finite or infinite for each m. For simplicity, we will consider their ranges to be finite at each
m. For each ks, we choose the range of sum to be the same, i.e. k1, ,kp, € {0, ,din}.
This choice defines ¢ in (6.4) as a 2d,,, dimensional vector at each m. It follows that Cy,...s,,
can be chosen as a symmetric tensor of order m by the permutation symmetry of among all
¢! in (6.3). For m = 0, we have C; = §; because the leading order of (6.2) is just gw (£12).

15Including nonlinear terms in the EFT action leads to higher order terms of the form e;\c,lk;t with k2 > k1.
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Similarly expansion applies to (V(t3)V (t4)) for Stsq € (—2m,0) with notation

1 - ~ -
<V(t3)V(t4)>0 = {Iz}: mch._.]mqﬁ[l - ¢Im (65)
o' = 0f,,0i(tvitiva), Cro, = Z Colirtm & gy (taa) (6.6)

With four time variables (¢, to,t3,t4) in the analytic domain D, a generic four-point

function F is

Cry- ImC]’ I

m!m/!

Fltitots,ta) = Y
{Is,lé},m,m’

n (Tl gl gl (6.7)

With the effective action being quadratic, the (m + m/)-point function of ¢; factorizes into
products of two-point functions. We will ignore the self-interaction terms (those pairs of ¢;
with same t) because they do not grow in OTOC. It follows that m’ = m and

Cryotp, Cz

Fltitasts,t) = Y I H <T¢ ¢l > (6.8)

(Lo, }m mi

where the permutation symmetry in Wick contraction gives m! that cancels one m! in
the denominator.

The KMS condition requires F invariant under t1 — to — 2mi and ty — t; (and also
t3 — t4 — 2mi and t4 — t3). Using (2.26)(2.27), we find coefficients C' and C' must satisfy
the constraints

Ot = PO Ot = PO, ©9)

where the map i — ¢ means 1 <+ 2. This is equivalent to
Cryot(t) =Cp,p (=t —2mi),  Crp,, (t) = Cj..p (—t — 2m0) (6.10)

where I means (i, k) — (i, k).
We further require the right hand side of (6.3) to be invariant under shift symme-
try (2.81), which lead to

Cryd (O"1003)) -+ ¢ =0, 8¢y = (3¢1,0¢2) = (eFNUFM _eEA2y  (5.11)

for arbitrary ¢’. This is a quite strong constraint. Let us define the 2d,, dimensional vector
el = 0F§¢; at each m and (6.11) becomes

> Crer, e =0 (6.12)
Iy

At each m, for the symmetric tensor C we can always find a linear independent set of vectors
{u(™a} such that

Criot = 3 €M™ (6.13)
a€Dy,
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where D,, is the size of the set, and fém) is a D,, dimensional vector function of tis.
By (6.12), the whole set {u("*} must be orthogonal to e, i.e. ugm)ael =0 for all @ € D,.
Similar decomposition applies to C.

From the definition of C, it is a function of t12, and so is u(Im)a = ugm)a(tlg). The

orthogonality to el for each ugm)a leads to

> U%)a(tu)(i)\)keﬂ(tlm) =) “;iylz)a(tu)(i)\)k@ﬂm (6.14)
% k
which implies
WA, 113) = Fu™ (&N, 1) coth Wl?;”) (6.15)
where we define 1
Ugtm)a()\at) = 5 Z(ugfr]::)(l(t) =+ Ugfz)a(t)))\k (616)
k

Take transformation t; — to — 27, to — t; and (i,k) <> (i,k) in (6.15). It follows that
(m

uy )a(—tlg — 2mi) is also an orthogonal vector to e/ where I = (i,k). Let us choose
the normalization of ugm)a such that &(Lm) (t12) is invariant under KMS transformation
tio — —t12 — 2mi. By KMS symmetry of C in (6.10), we must have both ugm)a(tlg) and
ug—m)a(—tlg — 27ri) summed with the same &(Lm)
are linear dependent or even the same, in which cases we just need to include one of them.

Taking (6.13) to (6.8), we have

coefficient in (6.13). Sometimes, these two

2 1 s(m m)a /4 I\ ~(m "
Flty,tosts, ta) = - >, (mgm) (Z uf™ <T¢I¢] >U§/ )b) (6.17)

m " €Dy bED, Lr

Note that the shift symmetry (6.14) is in the same form as (2.82). Therefore, we can use
the same technique in section 2.8 to show that all TOC do not have exponential growth
piece. Indeed, the proof in section 2.8 does not depend on the explicit form of L;. One can
complete a similar proof for each >>; u(Im)a <'7-<z5] P! /> ﬂ(;/n)b in (6.17) by replacing L¢, gw

with >, u({;?“(tu)afl and Ly,gw = Y i ugﬁ)a(tlg)ﬁg (and doing similar replacement for

Ly, ,) in section 2.8.
For OTOC Fj in (2.105), the replacement still holds. Similar to (2.122), we can write
in a symmetric way that

(m)a 170\ ~(m)b
Zul ¢ )y
> (018"
— e titta—ts—tatim)/2 <usrm)“()\,t12)cosh )\(t122+277) +u£m)“(A,t12)sinh )\(751224-177))
X (a&m)“(—A,tM)coshW—a(m)“(—A,t34)sinh W) TN —N)
(m)a ~(m)a
— aet+a—taterimya U IR TN ) (6.18)

M1zt PNCYEY;
cosh (12;”) cosh (3‘*;”)
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where we defined

al™ () = 2 @) £ ag (1)A (6.19)

N

plmae

and used (6.15) in the last step for both u( ™% and Uy
Since we are only interested in large Lorentzian time separation ty,ty > t3,t4 or

t1,te < t3,t4, we only need to keep the exponentially growth term in (6.18) because the

other term is exponentially suppressed. Let us take ¢1,to > t3, 4, then (6.17) becomes

m)a m) m
(A, t12) (=X, t34) .
F‘*—Z P (hwf)) > g" (M) X" (6.20)
2 2

' (IEDm bED
with the exponential growth

X = qetitta—ts—tatin)/2 (6.21)

Assume we can do an inverse Mellin transformation to define h and h as

“nt) [
Z & (coh(w :/0 dyy™h(t12,y) (6.22)

a€Dyy, 2
~(m)b m [e’e)
~(m u (_A7t34) ~ ~m I ~
Rl B e I MG IO (6.23)
beD,, cosh ==5— 0

Then we can rewrite (6.20) as
Fy —/ d?// dyth t12, y) (= Xyg) " h(tsa, )
= / dgj/ dye_Xygh(tlg, )iL(t34, ) (6.24)
0 0

This has exactly the same form as [19, 20|, and also matches with the trans-plankian string
scattering formula near horizon of a AdS black hole [4]. In [19], this scattering formula was
conjectured by a heuristic argument and the authors of [20] later proved it with a specific
structure of Feynmann diagrams. In this work, we show that (6.24) holds in a more general
scenario since it is just a result of a shift symmetry.

Note that the assumption of inverse Mellin transformation requires analyticity in m.
This is a nontrivial constraint on the vertices because at each level of m one could have
choosen gf[”) and the sets D,, and D,, quite randomly in a pattern without analyticity in
m. However, there is a simple and sufficient way to guarantee analyticity, which requires
three parts:

1. The total ways of coupling between bare operator and effective mode does not change
as we increase the number m of effective modes, which picks D,,, and D,,, as some
fixed sets for all m, in which the vector dimension 2d,, is also fixed.
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2. All these types of couplings exist at any level of m, which releases the m dependence

of u(in)a.

3. The coefficient &(Lm) is an analytic function of m.

It is noteworthy that the ordinary ladder diagrams in eikonal scattering obeys these three
conditions. Therefore, this explains why the exponentiation in (6.24) is also a result of
eikonal scattering [4], in which e~*%/ is the eikonal scattering amplitude, h is the wave
function of two W’s and h is the wave function of two V’s.

6.2 An example

In this subsection, we will present a simple example following the general construction in
the last subsection. We will solve a simple orthogonal vector uy, find the vertices leading to
this vector u;, compute the exponentiation formula and compare it with the known result
of large ¢ SYK model [20].

Let us first solve the orthogonal vectors u¢. Define g = e~ Mt2+im) anqd the equation

u?el = 0 can be written as
S ufe(@N =Y ug (@M g, D ufe(@) (=N Fq =" ugi(q)(—N)F (6.25)
k k k k

Without loss of generality, we can assume u{ is a polynomial in ¢
Pa
uf =3 " (6.26)
n=0
up to normalization where p, could be either a finite number or co. Then (6.25) leads to
Z CCILk,n)‘k = Z Cgk,nfl)‘ka Z C%k,nfl(_)‘)k = Z C%k,n(_A)k (627)
k k k k

for n > 0 with definition ¢f ; = 0. The simplest nontrivial solution is for p, = 1 and
k=0,1

€10,0 = €20,1 = —A, 20,0 = C10,1 = AC (6.28)

c11,0 = 21,1 = 1, C21,0 = C111 = € (6.29)

We can choose the normalization of u; such that it is invariant under KMS transformation
q — 1/q and i — 4. In this case, by the discussion below (6.16), we can construct a KMS
invariant C just using this vector. It is easy to see that the appropriate normalization is
¢~ /2 and the orthogonal vector is

Aeg—1) _l+cq Ae—q) c+gq

U0 = T’ Uyl = W, U0 = W7 U21 = qlﬁ (6~30)

Then we will solve the vertices with coeflicients C’;lklzkm leading to this vector uy for
each order m. Let us start with m = 1. We can further impose a simple condition that
j only takes values 0 and 1 in (6.4). Define n-th order 0y, derivative to bare correlator
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gw (t12) = g(q) as g"(q) = (—Aqdy)"g(q) with g°(q) = g(q). For ¢ # 0, 00, comparing (6.4)
and (6.13) leads to

Corg(@) + Cipg" (@) = €M (@)uin(q) (6.31)

Our goal is to solve coefficients C” - However, for arbitrary CZ  and £(1)(q), this is also a
differential equation for g(q), Wthh will constrain g(q) to a spemﬁc form. We solve (6.31) in
detail in appendix E and present the result here. The correlation g(g) must be in the form

g(q) = (¢"* + ¢ /3724 (6.32)

up to normalization and with a constant A. It is obvious that this g(g) obyes KMS symmetry
9(q) = g(1/q). With this solution, the coefficients C” |, are

1 AX(c—1) c—1

CO;O = ot 1 s Cl;o ]., Co;l A, CLl (C n 1)>\ (633)
AX(c—1) c—1
Cio = Tex1 Clo=-1, Ci1=4, Ci;= RCES (6.34)

where we choose the normalization such that C’ll;o = 1. One can check that this solution
obeys KMS symmetry (6.9). Taking them into (6.31) and using (6.30), we find

2Ag(q)

() =
0= TR

(6.35)

which is explicitly KMS invariant as expected.

In the two component vertex form, we have

Z 07 g(t12)0F ¢i(Et;) = (091 + Agdd1, —Dgda + Agdes)

—1
+ (Z n 1) (AXge1 + A1 0gd¢1, Arggy — A1 Dgdgs) (6.36)

where on the r.h.s. we have suppressed the notation and the derivatives only act on the
second argument of ¢;(t;t;). Note that the first line, namely ¢ = 1, exactly matches with
the vertex (3.5) of large ¢ SYK model.

To construct the higher order coupling coefficient C’]“kllmkm such that (6.13) holds for
all m is not hard for this example. The point is to note the following feature

9"(q@) _ Pulq)
9(0)  (Q+g™

(6.37)

where P, (q) is a n-order polynomial has no factor of (1 + ¢). Therefore, for any n-order
polynomial P, (q), we can pick a linear combination such that

Su Lo LS iR - D (659
=0 /=0
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Since ql/QuI(q) is a first order polynomial of ¢, the product qm/2u11 (q)---ur,(q) is a

polynomial of ¢ up to order m for each choice of (I3,--- ,I,). It follows that we can choose
C’;l,;'l'f.’,’,fm such that

i ik __ #(m)g(q)

Cryet = Z% (=300 5(0) = T A (@) () (639)
where z(m) is a constant that could depend on m. It clear that (6.39) obeys KMS
symmetry (6.10).

If we only include this type of orthogonal vector u; in C, we have

€ — w0 = 2D ean =202 (a0

which by (6.22) and (6.23) leads to

/Ooodyymh(tm, y) = 2(m)gw (h1z) (Ac)™ (6.41)

( t12+z7r))

o t34) AT
/ dgy™h(tsa, §) = o )%5414;) m
0 ( f)

(6.42)
cosh

where we assume the vertex of V' consists of the same vector u; but with a possibly different
coefficient Z(m). For analytic functions z(m) and Z(m) that decay fast enough along
Sm — o0, the Mellin inversion theorem guarantees the existence of h(t1a,y) and h(tsa, 7).
However, to determine the exact form of z(m) and Z(m) needs detailed knowledge of the
dynamics of underlying UV model (for example [20]).

For large ¢ SYK model, we can choose W = V to be the fundamental Majorana fermion
Y, whose conformal weight is A = 1/q. The a parameter in (6.21) is given by (3.5). Its
exponentiation exactly falls into above case of ¢ = 1 with the following choices of z(m) and

Z(m)
. ~ T'(2A +m)
which leads to
2 A(t+im) | 22
Lo (Reosh )T gy A(+in)
Btw) = F(t.9) = 00— exp (P eosh ) (o)

where g, (t) is the fermion correlation function (3.2). One can check that this exactly
matches with the result in [20].

7 Conclusion and discussion

In this paper, we constructed an effective field theory to capture the behavior of OTOCs of
non-maximal quantum chaotic systems. While the theory is constructed phenomenologically,
we showed that it is constraining enough to predict the general structure of OTOCs both at
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leading order in the 1/N expansion, and after resuming over an infinite number of higher
order corrections. These general results agree with those preciously explicitly obtained
in specific models. We also showed that the general structure of the EFT can in fact be
extracted from the large ¢ SYK model, providing further support for its validity. There are
many future directions to explore, on which we make some brief comments.

Higher dimensional systems. A most immediate direction is to generalize the current
discussion to higher dimensional systems. Including spatial directions will make it possible to
consider much wider range of physical issues, for example, operator growths and scrambling
in spatial directions, the behavior of the butterfly velocity [3, 21, 33, 34|, connections
between quantum chaos and energy as well as charge transports [8, 11, 35], and so on. In
the case of maximal chaos, a phenomenon that connects chaos and energy transport is
the so-called pole-skipping [11, 36]. Understanding what happens to this phenomenon for
non-maximal chaotic systems is of interests. In [37] it was conjectured that pole-skipping
survives in non-maximal system and the location of pole-skipping is given by

(w, k) = i(2m/B) (1, 1/uly) (7.1)

where ug) is an upper bound of the true butterfly velocity ug. An EFT including spatial

directions could help check the conjecture and understand connections between energy
transport and chaos in more general systems.

Physical nature of the effective fields and the shift symmetry. Here we introduced
chaos effective fields and shift symmetry on phenomenology ground. In the example of the
large-¢ SYK model, we can identify the effective fields and origin of shift symmetry from
the microscopic system. It is, however, not clear whether the understanding obtained in
this model can be applied to general systems.

In maximal chaotic holographic systems, the shift symmetry of the EFT should be
related to the existence of a sharp horizon. It is an outstanding question regarding the
nature of the horizon when including stringy corrections on the gravity side, understanding
the physical nature and origin of the shift symmetry for non-maximal case could provide
hints for this question.

Effective field theories for Reggeons. As mentioned in the Introduction (see figure 1b),
there is a close connection between the exponential behavior in non-maximally chaotic
systems and scattering amplitudes in the Regge limit. Our formulation of an EFT for non-
maximally chaotic systems could provide new ideas for formulating effective field theories
for Reggeons. More explicitly, the stringy scattering processes corresponding to OTOCs in
holographic systems can be described by the BFKL Pomeron [4, 38]. The effective fields we
identified could shed light on an effective description of the Pomeron.
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A A few oversimplified constructions

In this appendix, we list two oversimplified constructions of EFT for non-maximal chaos,
which are slightly generalized from the EFT for maximal chaos [11, 12] with one time
argument. It turns out that both constructions are only compatible with maximal chaos.
The purpose of this section serves as a support for the construction in section 2 as a minimal
and sufficient generalization to account for non-maximal chaos. In particular, including two

time arguments in the effective modes is necessary.

A.1 Multiple effective modes with one time argument

The simplest generalization of [11, 12] is to include more effective modes but still formulated
with one time argument. Let us label these effective modes as ¢, with 4 =1,---, D for
some finite D. The four-point function ]'A—WWVV(tla to;ts, t4) is symmetric under exchange
of t1 <> to and t3 <> t4 respectively. Therefore, to define the coupling between a bare
operator Wy and effective modes ¢,,, we must respect this symmetry. There are two simple
ways: one is that every Wy couples with all ¢, the other is coupling in an ordered way
(just like (2.20) and (2.21) for two effective modes). Here we will consider the first choice.
In this case, the coupling in linear order of ¢, is

W (t) = Wo(t) + Ly Wo(t)eu(t), V(1) = Volt) + LiVo(t)pu(t) (A1)
where p is summed from 1 to D and LY is a set of differential operators

LWy (t Zc W ()0}, (t) (A.2)

and L} is defined similarly with ¢#,, — @ .. To quadratic order of ¢,, the four-point
function is

Fwwvv(t, taits ta) = > Ligwli, v (Teu(t:)eu(tira)) (A.3)
4,j=1,2

where gy, are short for gy (t12) and gy (t34) and (T¢,p,) is the Euclidean time ordered
two-point function in the thermal state. Imposing the same shift symmetry [11]

Pult) — @u(t) + e (A.4)

in the effective action, we will have the following exponential terms in the Wightman
function

(u()er(0)) = duve™ + dyue ™ (A.5)

where ¢, and ¢, are two nonzero constant matrices.

— 49 —



Let us consider OTOC F; and TOC G4 defined as
Fy= W)V (t3)W(t2)V (ta)),  Ha= (W(t)W (t2)V (t3)V (t4)) (A.6)
where tq,ts > t3,t4 or t1,ty K t3,t4. For TOC, we have
Hy=du, (Lflgwe’\t1 + ngWeAh) (iggve_kti” + iégve_’\t“) + b.c. (A.7)

where b.c. means bar-conjugate which replaces ¢, with ¢, and swaps eM - e M. For
OTOC, we have

Fy=H,+ [duu (ifggvektg%gwe_’\m — Li gwe LY, gve_m”) + b-C} (A.8)

3
Let us define two vector functions
v (tr, o) = LY gweM + LI gwe2,  w”(ts, ts) = LY, gye ™3 + LY gye M4 (A.9)
Absence of exponential terms in TOC H4 means
dy vt (t1, ta)u” (t3,t4) =0 (A.10)

and the other equation with bar-conjugate. For (A.10), we can first expand v* and write it
as

Geven(t3, t4;t) = — tanh gGodd(ti’n ta;t) (A11)
where we define
Gevenjodd (3, tait) = Y > duu”(ts, ta)cht, 0 gw (A (A.12)
n even/odd m
Let us consider a few cases.
1. If both sides of (A.11) are nonzero, we can take a KMS transformation ¢ — —t — 27

in (A.11). Since gw(t) = gw(—t — 2mi) by KMS condition, we have Geven — Geven
and Goqq — —Godd and thus (A.11) yields

At At + 2mi
tanh 5= tanh Al + 2mi) = =1 (A.13)
2. If both sides of (A.11) are zero, this means
duu” (t3, ta) LY gwe =0, dyu”(ts, ta) LY gwe™2 = 0 (A.14)

Then we can expand u” in the second equation and find a similar equation to (A.11)

A~
Geven(tly t2; t) = tanh EGodd (tla t2; t) (A15)

where we define

Geven/odd (tla lo; t) = Z Z d,ul/ (Légwe)\tz)djzmatngw (t)(_)‘)m (A16)

n even/odd M

If both sides of (A.15) are nonzero, the KMS transformation in (A.15) again leads
to (A.13) and maximal chaos A = 1.
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3. If both sides of (A.15) are zero, we have
dWLngWe)‘QINJt”jgve_)‘tj =0, j=34 (A.17)
Similarly, using the first equation of (A.14), we will have either A =1 or
A Ly gwe™ LY gve ™™ =0, j=3,4 (A.18)

Then we can consider another TOC Hj = (V(t3)V (t4)W (t1)W (t2)). Following a
similar analysis for Hy (which simply swaps t12 <> t34 and W < V everywhere), we
will have either A =1 or

d i gve i Ly gwe ™ =0, i=1,2, j=3,4 (A.19)

Taking both (A.17) and (A.19) into (A.8), we find that the exponential terms pro-
portional to d,, vanish in Fy. Similarly, we can show that the bar-conjugate terms
vanish as well. This means that if we require exponential growth of OTOC but no
exponential growth in TOC, we must have maximal chaos A = 1 in this model.

A.2 Two effective modes with one time argument and ordered coupling

As we mentioned before, for two effective modes ¢; with ¢ = 1,2, there is another simple
way to couple bare operators with them in a symmetric way. This is essentially the same as
our proposal (2.20) and (2.21) in which Wy(tg) couples with ¢;(7s) and Wy(tz) couples
with ¢o(tr) where t7, g is the one of ¢; and tp with larger (smaller) imaginary part. The
only difference is that here we will consider the effective modes with one time argument. In
other words, there is no ¢ argument.

For this model, we can simply substitute ¢;(¢,¢) in section 2.2 with

di(t;t) = wi(t) (A.20)
In particular, the KMS symmetry (2.26)—(2.27) reduces to
(Ter®wit)) = (Tea)pi(t)) = (Tion(t + 2mi)ai(t) ) (A.21)

This means that the two effective modes ¢;(t) are completely degenerate to a single effective
mode ¢(t) in a thermal state with inverse temperature 27. It reduces to the case in [11, 12]
which is inevitably restricted to the maximal chaos.

B Unitary and dynamical KMS conditions

The periodicity (2.45) along imaginary time direction can be understood as 7, in a thermal
state with imaginary chemical potential. Let as define the charge carried by 7,,(7;t) as

@ = p, namely
[Q,1s,p(T3 )] = Pns p(T5 1) (B.1)

It follows that the state consistent with the KMS condition (2.44) is

p= SvefQM'Q/IiefTrH (B2)
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where S is the operator that takes the s value of 1s,p, Namely

A

Snsvp(r )™ = sms (T3 1) (B.3)
For the state given by (B.2), the time reversal transformation T of p is given by
TpT~ 1 Se?mQ/?) 71'H/Z>k _ (B4)

where we assumed time reversal invariance of S, Q and H (and also hermicity of S and Q).
The time reversal transformation T of 7, ,(7;t) is defined as flipping ¢ and 7 simultaneously

Tnsp(7; )T~ = ns p(—7; —1) (B.5)

From this definition, T? = 1. In this definition, the periodicity of ns,p(T;t) along T direction
is consistent

Tns p(THm; )T 1 = Te2 /3y, (7 6) T~ = e 2™P3y, (—F; —t) = 15 p(—(T+7); —t) (B.6)
Let us consider the generating functional on the Keldysh contour

eW[Jélp)J(z)] Ty [ (Teif‘]mﬂ"fg) (Teif‘](l)P glgﬂ (B.7)

where T is time ordering and T is inverse time ordering. Let us define another generating
functional with pf

WA _ gy [pf (Teiff”pﬂé?)< Tt I 51;3)} (B.8)

Suppose the generating functional can be represented by the path integral of effective field
theory

Wiah,) _ / DY) Dyl i) (B.9)

Similar formula applies to W with I replaced with I. The unitary and dynamical KMS
conditions are as follows.

1. Taking two sources J) and J® identical leads to vanishing W and W. To satisfy
this condition, we impose

I[Js,py Tls,ps Js,py ns,p] = I[Js,p; Ns,ps Js,p7 ns,p] =0 (BlO)

\T

Turning off the sources, the effective action for 73, in Keldysh formalism needs to

obey
S psNsp =01 = S[ns pms, =01 =0 (B.11)

This means that the effective action does not have K™ """ ---n" term. In other words,
each term in the action must contain at least one 7y ,,.
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2. Taking complex conjugate of (B.7), assuming Jgp = Js—p, it is clear that

1) 72
WL, I = WIS, I (B.12)
To guarantee this condition, we need to impose
71 7(2) (2
1178 n; I8 ) = —1115), 0 1 nl)] (B.13)

which written in terms of effective action without source is
S ps syl = =Sk — 118, (B.14)
3. Under time reversal transformation, the generating functional W becomes
WL EDIRED) _ oy [ (Tesz(Q) 7 t)nfﬁ(—f;—t)) (Te—ifJﬁ}l’;(ﬁt)nﬁ,lﬁ(—?;—t)ﬂ '

— Tr (TerJ(l (Fm (- T;—t)> (Te—if 73 Eon®) (—T;—t)):l

Ty '<Tez’f IO FEom (- r;—t+m)se2ﬂp/3) p<Te—if J£?>p(f;t)n£,2)p(—7;—t)>}

—Tr|p (Teif T (i) (— T;t>> (Tewﬁ; (7t r;tm)se—?“@“)]
_ Wisem#/3gD (—7i—tim) S P (—7i—1)] (B.15)
where J7 (7;t) is the complex conjugate source of Js,(7;t). Applying (B.15) twice

maps back to original W[Jégp)(T t), J§2)( t)].

Define the notation

JO(758) = s )0 (7 —t +im), TR0 = I (-7 -t)  (B.16)

7p S p
~(1) /= i 1 _ . 2 _
A0 (7 1) = se2™ By (75—t +im), 7D t) = 0 (—75 1) (B.17)
and (B.15) can be written as
1) 72 1) 72
W8, I = Wi, I3 (B.18)
In terms of a-r fields, we can rewrite (B.17) as
Mop(T5t) = DLng (=75 —t) — 29’”775 (=T —1) (B.19)
Nep(Tit) = ZYn (=75 —t) — f@”ns (=T —t) (B.20)
where we defined two operators
1 A :
gi — 5(1 £ seQmp/Be—mrat) (B.21)

Taking (B.18) into (B.9), we can derive the dynamical KMS condition

11750 nks I8 ni3) = TUTG). s T 7)) (B.22)
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Turning off the sources, the effective action for 73, in Keldysh formalism needs to
obey

S5, 16 pl = Sl pr 715, ) (B.23)
For W, the time reversal symmetry just changes the factor e2™%#/3 to ¢=27P/3 in (B.15).
This leads to a slightly different dynamical KMS condition

TG 10 I ) = TG 0y ). i) (B.24)

where J;, and 7;,, are the same as (B.16) and (B.17) except replacing e2™?/3 with
e~2mP/3 Turning off the sources, the effective action obeys

Sl ps i) = St s 7is,) (B.25)

where
Top(Tst) = DPng (=75 —t) = 29" _ (=73 —t) (B.26)
Top(T5t) = D P _p(—7—t )—*9 "0l (=75 —t) (B.27)

4. The imaginary part of both I and I needs to be nonnegative to guarantee convergent
of path integral. Turning off the sources, the effective actions should obey

S0y e p) 2 0, ISyl ) 2 0 (B.28)

These four unitary and KMS conditions need to be consistent with each other. First, we
should check if the dynamical KMS conditions (B.23) and (B.25) are consistent with (B.14).
Using (B.25) and (B.14), we can write down a new KMS-type symmetry for S

Sy —1lepl = =S po e )" = =S o 701" = SliTe s~ ) (B.29)
Combine with (B.23), we have one more condition

Sl ) = Slse? P3¢ im0y sePinfSeindiye (B.30)

S,

which holds for any local, time ¢ translational invariant and (both S and Q) charge conserved
action S. In other words, each term in the action should be in the form of

/Kgﬁpfk 1Sk >Dk (07, 8'5)77?117171 (7,t)-- n?kkmk (7,1),  (ar,---ar €{a,r}) (B.31)

with [[%_, s; = 1 and YF_, p; = 3Z.
The second case we need to check is the consistency between (B.14) and (B.28). It is
easy to see that they together lead to another inequality to S

S, —nt ) = =SSk, ne ) = SS[ns . ne,] =0 (B.32)

Given each term in the effective action in the form of (B.31), this inequality together
with (B.28) leads to further constraint to the terms with odd numbers of 7§ ,,, namely

Kt oy (0, 00) = (KSU0k L o (07,00)) (B.33)

51,P15"" $1,—P1,"
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for aq,--- , oy contain odd numbers of a.
Let us focus on the quadratic action, it is given by (2.60), which is copied here

ar 1 aa a
ns,pa 775,p Z/ dT/ dt [775 —pK (a 81&)”5 D + 2778 —pK (87'7 615)775,]) (B34)

where no pure " term due to (B.11). By definition, we have
K5 (07,0) = K¢ (=07, —0) (B.35)
y (B.33) and (B.28), we have

Kg;(@-r—, 815) = Kg,r—p(a?’ 825)*7 \SZ 775 Kaa 8T’ 815)"7?,]) >0 (B36)

To solve the dynamical KMS condition, taking the transformation (B.19) and (B.20) into
r.h.s. of (B.23), we will generally have all types aa, ar and rr terms. Requiring these three
terms all match with Lh.s. leads to a single condition

K (07,01) — K¢ (=07, —0;) = —2is (tan7(p/3 — 0;/2))° K¢5(9=, 0) (B.37)
In non-dissipation case, we have K** = (), which implies
K (07,01) = K" (=07, —0) = Ky (=07, —0)" (B.38)
Taking this back to (B.34), one can easily see that S[n;,, 73 ,] factorizes as

S iyl = Sen] — S¢n)] (B.39)

where

(les] = Z / a7 / dtne K (95, O4)11ep (B.40)

is a real action.

C Generalization to polynomial-exponential case

The differential operator K ,(i0;) can be generalized to contain higher powers of 87 — A2,

which would lead to polynomial-exponential behaviors t*e** in correlation functions.
However, it turns out that most of these polynomial-exponential terms are excluded by the
self-consistency condition (2.76): there are two cases Sty < Sty and Sty > Sty in the
TOC G4, which must smoothly match each other at Sty = Sty

If we only have pure exponential terms, it is automatically compatible with this
condition because G4 does not grow exponentially in both cases due to G"}" = 0 (up to
non-exponential terms) as explained in section 2.8. However, as we show in this section that
this matching condition of G4 becomes nontrivial when we include polynomial-exponential
terms. It turns out that only pure exponential and linear-exponential terms are allowed in
correlation functions, which implies that K;,(i0;) can at most contain quadratic 97 — \2.
Furthermore, we will solve the most general Wightman functions of effective modes that

obey all three constraints (2.56), (2.76) and (2.79).
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C.1 Wightman functions

It is convenient to work directly with Wightman functions. Let us assume for p = 0, £ that

hsp(t 7€ [0,
G p(Tit) = ) 7€ [0, (C.1)
’ e~ 2mP/Bh, (1) T € [, 0]
where each hg p(t) contains polynomial-exponential pieces
hsp(t) =Y AF theM 4+ syb _(—t —im)ke ™M™ = sh, _(—t —im) (C.2)
k=0

where n is finite number and the coefficient choice manifests KMS condition (2.48). It
follows that

o~ Agp(t) T € [0,7]
GU(mt)y =04 . i (C.3)
e PBA, (1) T € [, 0]
with
Asp(t) = hap(t) — TP hy (1) (C.4)
The smoothness condition (2.56) can be written in this case as
Ay a(t) = Ao i (t) = =P (Aro(t) — A1) (C.5)

Let us explicitly implement the requirement that G4 is smoothly defined at Sty = Sty .

For Sty < Sty, Gy is given by (2.108). For Sty > Sty, Gy is given by flipping the sign

>

of the first argument of G,

namely

1 N . N
Gs—gwgv = 3 > Ly, Ly, [QWQVG?,;;(_S t31)} + 2P, Ly, {gwvaip(—; tgz)}
S’p

+ 627rip/3Lt1Et4 |:gW.gVGs>,p(+’ t14)] + Ltgit4 [gWgVG;p(_i_’ t24)] (06)

The reason that G/ = 0 leads to G4 = 0 in (2.108) is that the shift symmetry of
vertex (2.82) transforms the four pure exponential terms in (2.108) to just one exponential
function of t3 and ¢4 in (2.109). However, for polynomial-exponential terms, we do not have
an extended symmetry transforming, say, t¥e* to t5er2. Therefore, to make sure (2.108)
matches with (C.6) at Sty = Sty for the quadratic and higher polynomial-exponential
pieces, we must require the four terms in both (2.108) and (C.6) match with each other
separately

S hp(t) =2 > e PR (1) = 3 2R (1) (C.7)
5,p 5P 5,p
where “~” means that the equation hold for t*e** terms with k > 1. The k = 1 case is a
little bit different and will be discussed later. It follows that

> hep(t)~0, p=+ (C.8)
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where there is no constraint to p = 0 piece simply because Gs>,0(t) is independent on T.
Using ansatz (C.2), we can easily show order by order from (C.8) for p = % that

fyfyi:O, k=2,---,n (C.9)
Then by G7" =0 (2.93), we have
hio(t) +hio(—t) =0 = 7% (=0, k=2 ,n (C.10)
On the other hand, using (C.1), (C.4), (C.5) and (C.10) that
hoo(t) —h_p(—t) =0 = ¥ =0, k=2, ,n (C.11)

In this way, the consistency conditions and shift symmetry kill all quadratic and higher
polynomial-exponential terms.

For the linear-exponential term, the shift symmetry of vertex (2.82) does help a bit
because, for example,

L, [gw (t1 — t2)e™ T = Ly [guty eFXOTT) 1oLy, [gyre™22] (C.12)

However, this is still not enough to save nontrivial linear-exponential term in hg +(t). After
some algebra, matching the linear-exponential pieces in (2.108) and (C.6) leads to

1 cos(m(A/2+1/3)) 4

1 1
p— = p— -].
Vet == =00 = 2 =13y (C-13)
Taking this into (2.93) leads to v} o = 0. Using (C.5), we can solve
T cos(mA/2) 1 (C.14)

Tt T “cost(A\/2F 1/3)7_’0

In particular, we should have 7170 = 737 4, =0and ’yL_ # 0 when A = 1/3. Taking these
solutions to G4, one can see that no linear-exponential term survives.

With the existence of linear-exponential growth term, the constraint to the pure
exponential term is slightly different. Comparing the pure exponential piece in (C.2)
and (2.112), we should identify

Agp = 'yg’p, B, = s(’ygﬁp — iW'yiﬁp)e*iM (C.15)
Taking this into (2.93) and (C.5) leads to

o cos (mA/2) 0
Tt T “cost(A\/2F 1/3)%“0

0 cos(mA/2) o , V3@2ire+mrly)
T T T osa(A2F 1/3) 0T dcos?n(A/2 F 1/3)

(C.16)

(C.17)

Taking these solutions into (2.110) and (2.111), we will find both C; and C3 vanish. One
can also check (C.6) vanishes as well. This confirms the result in section 2.8 that G""" =0
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and smoothness condition (C.5) imply vanishing pure exponential terms in TOC for both
ordering of Sty .

In conclusion, the consistency conditions require hy ,(t) only contain pure exponential
terms and h_ ,(t) only contain up to linear-exponential terms. With the expression (C.2),
there are only three independent parameters 'yf)ho, y0_70 and 7170. Other parameters are
determined by the following relation

cos (TA/2) 0

L O s Vi (C.18)
., cos(mA/2) V3(2i78 o + 7 )

=) cosm(A/2 — p/3)79’0 P cos? WJ(F;\)/Q - p/g) (C.19)

’Yip (- cos(mA/2) 1 (C.20)

cosm(N/2 — p/3)77’0
C.2 The effective action

The above most general consistent Wightman functions correspond to the effective actions
in the form of (2.69) with

Ky pli00) = (8 — Nk plih), K (i) = (0 — A%k, (i) (C.21)

where one should note that K_ ,(z) has a double zero at £i\. By symmetry (2.68), we
have ks ,(z) = (—)Pks,—p(—z). Since K, is linear in 07 — A\?, the computation (2.93) for
G"" = 0 up to non-exponential terms still hold and leads to the same condition (2.94):

kg (i) (7? ) A
ki +(iX) = :':7\/:7, tan 5 (A+£1/3) ) tan 5 (C.22)
The smoothness condition (2.77) at w = i\ leads to
. ik_o(iA)
ko +(i\) = ———= C.23
(i3 =+ (C.23)
V3 | 2Mk_ o(iN)? 1

KL L (iX) = £ — + + kL o(iA C.24
£(3) 3 kyo(iN) tan (3(\ £ 1/3)) tan 5 =0 (i) ( )

which allows three undetermined parameters ky (i)), k—o(i\) and k” (i)). From (2.74)
and (2.75), we have

—;' A=A
Beald) 20k o(i)) (=) (C.25)
e:I:z'7r/3 6)‘t 6_>‘t
Brsl) =2 ) : C.26
++(t) 2v/3) <k+¢(z)\) k+,¢(z)\)> ( )
AR o (iX) — ik o(iX) ;
A-olf) =— ’ Mo e (M e 2
0(t) AN3k_o(iN)? (M — e M) 4 ISNGY (M + e (C.27)
Em/3 (R 4 (iX) — ik 1 (i) N (i) — ik (i
A-z(t) =+ - _,#(z ) : +(0 )6’\t+ _’:F.(l ) ! FA)
4v/3)2 iNk_ 1 (i)2 iNk_ (i)
e>‘t e—)\t
: - 2
" (kf,i(i)\) k;(M))) (C.28)
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where we see linear-exponential terms appear because of the double poles in 1/K_ ,(w) at
w = tiA.

Take ansatz (C.2) with n = 0 for s = + and n = 1 for s = —. Using (C.4) and
comparing with (C.25)-(C.28), we find

1

0
= , C.29
THO T 9N (e—imA — Dk o(iN) (C-29)

) i
— , C.30
70T 2 (e 1 D)k o(iN) (C-30)

(14 €™ ) AR (i) =i (1 + €™ —imA) ke o(iA)

0
0= C.31
T=0 1673 cos? T2k o(i\)2 ( )

and other 'yfyp are given by (C.18)—(C.20). By the conclusion from last subsection, this
implies that the action with (C.21) and three constraints (C.22)—(C.24) lead to absence of
exponential terms in TOC.
Using (C.25)—(C.28) and the first line of (2.107), we find that
3

At — ’L7T')\/2 >\t_|_ —i7r>\/2 -\t C32
®) AN(1/2 — cos ) sin Bk (i) (e ‘ ¢ e ( )

which exactly matches with (2.107). This means that for any four-point functions, k_ o(i\)
and Kk’ ((i)) are irrelevant parameters in the action. What we discussed in section 2.8 with
pure exponential case is indeed the most general situation for four-point functions.

D Correlation functions of effective modes in the large ¢ SYK model

In this appendix, we first ignore the prefector N/(8¢?) in the action (5.14). In the end, this
prefactor simply adds a 8/(NA?) factor to any two-point function.

D.1 Canonical quantization trick

As explained in section 5.3, we will take the mathematical trick of canonical quantization to
solve the Euclidean two-point function of €(7,z). First, we need to solve the equations of
motion L£g,,(7,z) = 0 for wave function g,, (7, z) with UV condition g,,(7,0) = g (T, 27) =
0 from (5.13) and expand the quantized field é(7, z) in terms of

M>

(7,2) = gl + gk, (D.1)
m

where @, and @, are annihilation and creation operators obeying canonical commutation

relation [dm, !

1] = Omm’, and g, is well-normalized under Klein-Gordon inner product,

which is defined in (5.30). Note that the quantum number m must be discrete because the
spatial direction x is finite. Due to translation symmetry in 7, we can choose the positive
energy wave function

I (Tyx) x ™™ m >0 (D.2)
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for which the Hamiltonian H has eigen value m and
[H,al | =mal | [H,am] = —mém (D.3)

Since g, (T, ) is on-shell, following from (5.22) it can be expanded as

1
T, &) = ——— L.G i m (T3 T D.4
g (T, ) AGo(m1) ¢=z1:,2 7 Go(T12)Xim (T3 7i) (D.4)
where 7 in x;m(7;7;) is just a dummy argument whose dependence is trivial. It follows
that we can rewrite (D.1) as

1
€7_',$ = LTZ.G T AZ' 7_';7'1' D.5
(T, 2) AGo() :21:2 o(z)Xi (75 73) (D.5)
Xi(7573) =D Xim (T3 78)@m + X (73 7301, (D.6)

where L. is defined in (5.25). By the fundamental domain D, the defining domain for
X1(7;7) is {7 € [0, 7], 7 — T € [0, 7]} and that for xo(7;7) is {T € [0,7],7 — T € [—m,0]}.

Note that the path integral is defined on the finite spacetime D.. To compute any
correlation function of quantized field € on D,, we must first specify the states on time
slice 7 = 0,7 respectively. This is dictated by the boundary condition of €(7,x) in the
Euclidean path integral on D, at 7 = 0, 7. From the first equation of (5.13), we see that any
configurations of €(0, z) is identified with e(m, 27w — ). For our canonical quantization trick,
this implies that we need to trace over all states at 7 = 0, 7 with a reflection x — 27 — .
More explicitly, we consider the following Wightman function

1 . )
W(r, z;7,2) = ETr {Pemeé(?,m)(?(?/,x/)} , Z=Tr [Peﬂ”H} (D.7)
where the time evolution for 7 = 7 is present and P is the reflection operator
Pe(7,x)P~! = &(7,21 — x) (D.8)
Therefore, we will define the expectation (---)., as
_ 1 —irH
< >C q. = ETI' |:P m . j| (D 9)
Expanding in G,, and a,, we have
W (s, z; 7, 2") :Zi gm (T, m) gl (7, 2) <& al >
Pl 9 — Nm m 9 m 9 mY¥m cq.
+g5 (T, 2)gm (7, 7)) <djn&m> > (D.10)
c.q.

Since the Euclidean two-point function (e(7,z)e(7/,2)) is symmetric under exchange of 7, z
with 7/, 2/, this corresponds to the Feynman propagator of é(7,x), i.e.

(e(7,)e(7,2)) = —i (Te(7, )e(7,2)) (D.11)

= —il0(F -7 YW (T, z;7,2") + 0(7 — )W (7, 2'; 7, x)] (D.12)
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where T is the time ordering of 7 and 7 — 7/ is restricted to [—m,7]. We emphasize that
the Lh.s. of (D.11) is a Euclidean two-point function and the r.h.s. of (D.11) is just a
mathematical trick to compute it in terms of a Feynman propagator of quantized field € by
regarding 7 as “time”. The quantized field € and the corresponding Hilbert space are part
of the trick and have no physical meaning.

On the domain D, taking above equations into (5.11) leads to

Fuy(T1,m2, 73, 72) = Go(T12)Go(T34)
+ Y Lol |Gone)Go(m) (—i (TRirimR(mimea)) )| (D13)

ij=1,2

where one should note that the dummy argument 7 plays a role in the time ordering 7
though its explicit dependence in (D.4) is trivial. Given (D.5), it is noteworthy that the
reflection (D.8) acts nontrivially on x;. The transformation (7,z) — (7, 27 — ) is equivalent
to (11,72) = (12 + 7,7 — ), which implies

Pu(7.m)P = %e(f.r—7), PXo(f,7)P ' =x1(7,7+m) (D.14)
Taking this back to (D.13) and using definition (D.9), we have the following KMS conditions

<7:>A<1 (0;7)x; (75 T/)>C.q. = <TX2(7r; )% (7'; T/)> (D.15)

(TR0 =) (7)) = (Tham 2w — 1) (7:7)) (D.16)

c.q.

where 7 € [0, 7] by the defining domain of x;.

It is very interesting that the Euclidean four-point function (D.13) now has the same
structure as (2.23). Therefore, we would like to define the Euclidean two-point function of
two effective fields QSEQ(?‘; 7) such that

(s (7)o (737)) = =i (TR %73 7) ) (D.17)

c.q.

Take this definition into (D.13) and analytically continue 7 — it;. Comparing with (2.23),
we will identify the Euclidean fields qﬁZ-E as ¢; after analytic continuation. In particular, the
two KMS conditions (D.15) and (D.16) in terms of ¢ are equivalent to the KMS conditions
of ¢; (2.26)—(2.27).

D.2 Solve discrete quantum numbers

From the general solution (5.22) to Le = 0, let us expand x; in Fourier modes
x1(7) = Z Apme ™M xo(T) = Z Bpe T (D.18)
m m
The UV condition (5.13) for 71 = 75 (z = 0) leads to

A
~AMAp, — Bp) tan 7” — im(Am + Bm) =0 (D.19)
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and for 7p = 79 + 27 (x = 27) leads to
—2mam AT : —2mam
AMAnpe — By,) tan o5 im(Ame +Bp) =0 (D.20)

Combining these two equations, we have

Am A tan 2 G —im  Atan ’\” +1im J2min

B D.21
B, Atan )‘2” +im A tan ar —gm ( )
which leads to
AT . —mim AT . imm
Atan 5 +im = *e (A tan 5 = im), Apm = +tBne (D.22)
These two cases can be solved as two sets of positive quantum numbers m
A
Mt ={m > O]/\taun77r + m cot % =0} (D.23)
AT
M~ —{m>)\\)\tan7—mtan% =0} (D.24)

where m = A is excluded in M~ because it leads to trivial e. This is exactly the shift
symmetry (5.23) of the €on—shen in (5.22). Note that here we only choose positive m because
it is indeed the positive frequency of the canonical quantization in (5.29).

It follows that in (D.4) we can take

X1m(T57) = Ame™ ™7, Xom(T;7) = Be ™7, m € M* (D.25)

For convenience, we will add a superscipt “+” to distinguish the two types of solutions with
m € M* respectively. Let us take

PN eimm/2 e B gimn etmm/2 (D.26)
m — Pm€ =1 ’ m — —Dpé = .
2AV Ny, 2AV N
which leads to wave functions
fey T m m L m Ao D2
g (T, T) N [)\ cos (m —x) + sin 5 (m — ) tan 2(7r :1:)} (D.27)
—imT A
g (T, ) = ¢ e [7; sin %(ﬂ' — ) — cos %(7‘(’ —x)tan 5(77 - m)} (D.28)

where g is even/odd under x — 27 — . Taking these solutions into Klein-Gordon inner
product (5.30) leads to

NZ = (m — \)(m + \)(mr F sinmm) /A (D.29)

It follows from (D.6) that

=3 N Ane™as, + Ase™mas! (D.30)
s=x meMs

=3 > Bje "™y + Biremas! (D.31)
s=t meMs
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Figure 10. (a) The contour of C that circles around all + M™ (black dots) anticlockwise. The
three poles (red dots) at 0, £\ are not circled. (b) We can deform the contour C, through infinity
to just three clockwise circles around 0, £A.

D.3 Correlations

To compute the correlation functions, we need to first evaluate the expectation value of
as,asl. Taking (D.30) and (D.31) into the conditions (D.15) and (D.16) leads to

<afna§;>c = se™ (azfa, ) (D.32)
.q. c.q.
By canonical quantization, we have [a3,, a5l] = 1, which yields!'6
1 Se—imﬂ'
~s ~st _ ~stas _
<amam>c.q. o 1 — ge—tmm’ <amam>c.q. o 1 — ge—tmm (D33)

In the following, we will compute the correlations by summing over Matsubara frequen-
cies m. The method is the Sommerfeld-Watson transformation used in [31] and we will
only restrict ourselves to exponential pieces. Since the 7 dependence is only through time
ordering, in the following we will suppress the argument 7 in x;(7;7) in the computation of
Wightman functions with specified ordering of fields, e.g.

(X1(T1)X1(72))c.q. = K1 (T37)X1(0572)) . (T >0)

= > AA% {e_imm <afnafl>cq + immz <af);ain>c‘q}

s=t meMs
Iy v e e D.34
TiZ 2 GFe ) m o Nt N Fsnmm) O

where in the second line, we extend the sum over m to both positive and negative M* due
to the two terms in the first line.
Let us compute s = £ separately. For s = +, we insert

1 (mm —sinmm)/(cosmm — 1)
21 mcotmm/2 4+ Atan A\ /2

(D.35)

into the sum and change the sum over m to anticlockwise contour integral along small
circles of m around all £ M™, which we denoted as C; (see figure 10). The denominator

16We can also derive these equations by the definition of these operators in the Fock space generated by
a5l if we add an infinitesimal negative imaginary part to all m.
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of (D.35) pickes out the residue at these points and the numerator is the reciprocal of
residues. Our purpose is to deform the contour to small circles around 0, =A. However, the
extra 1/(cosmm — 1) gives additional unwanted poles at even integers. To replace it with
an equivalent expression, we use (D.22) to write

1 (Atan A /2)? + m?
- D.
cosmm — 1 —2m?2 (D-36)
at all m € =M™, Putting them all together, we have
. . 1 dm e~z ((Ntan A /2)% +m?
<X1(71)X1(T2)>:.q.:_9§ 9 92 —imm $ [ !
4 Je, 2mi2m?(1—e J(m—=X)(m~+\)(mcotmm/2+ Atan A /2)
(D.37)

Note that though 1 — e~ = ( for even m, they are not poles because m cot mm/2 is also
divergent for even m and cancels it out. For 712 € (0, 7), the integral over infinite arc on
upper and lower half planes are both zero. Then the integral reduces to residues at 0, £

| [ e~mT2 ((\tan A /2)2 +m?)

Kamxa(m))eq. = ZReSOiA 2m2(1—e= ™) (m—A\)(m+\)(mcotmm /24 Atan A\ /2)
(D.38)
If 712 € (—m,0), we need simply multiply both numerator and denominator of (D.37) by
e~™™ and replace the e~¥"™ in denominator by (Atan Ar/2 + im)/(Atan A7/2 — im) due
to (D.22). This leads to

G =1 b o ) fam A /2 im)?
XMTUXUT e, = 7 o, 2mi 2m2(1—e~ ") (m—\)(m+\)(mcotmm /2+ Atan A /2)
1 e~ Tzt (X tan Arr /2 —im)?
:*RGSD 4\ -
4 T 2m2(1—e= ) (m—A) (m+A) (mcotmm /24 Atan A /2)
(D.39)

If 712 € (m,27), we will multiply both numerator and denominator of (D.37) by €™ and
replace the ¢/™™ in denominator by (A tan Aw/2—im)/(\tan A\w/2+im) instead. This leads

to

1 e~ mU(T2=m) (N tan A\ /2+im)?
o o +
=—-R -
<X1(71)X1(T2)>C'q' 4705042 l2m2(1—e”’””r)(m—)\)(m+)\)(mcotm7r/2+)\tan)\7r/2)
(D.40)
Similarly, for s = —, we need to consider the contour C~ that circles around all points

in M™, and insert

1 (mm+sinmn)/(cosmm + 1) 1 (mm +sinmn)((Atan Ar/2)? +m?)/(2m?)

~

21 mtanmm/2 — Atan Ar/2  2mi mtanmm/2 — Xtan /2

(D.41)
where “~” means equal at the poles M~ by (D.36). Following a similar computation, this
leads to

. . -1 e~ mmiz((\tan Am/2)2+m?)
almxa(m))eq. = ZReSOiA 2m2(14+e~ ™) (m—\)(m+\)(mtanmm/2—Atan A\ /2)
(D.42)
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for T2 € (0,7), and

e~ "2+ T) (X tan A /2 —im)?

~ R _ 1
{(R1(m1)X1(72))c.q. = JRes0,20 l

for 719 € (—m,0), and

e~ m(T2=m) (N tan A\ /2+im)?

2m2(1+6_’3m“)(m—)\)(m+)\)(mtanmﬂ/2—)\tan)\7r/2)]

(D.43)

R R 1
(R1(m1)X1(72))c . =  Reso, 2 l

for Ti9 € (m,2m).

2m2(1+eim”)(m—)\)(m+)\)(mtanmw/?—)\tan)\wﬂ)]

(D.44)

Note that {2 is not completely independent from y; due to (D.26), above formula

indeed covers all correlations between y; and Yo. Explicitly, with translation symmetry we

have

(X2(T)%1(0))¢.q. = (X1 (T +

Evaluation of residues is straightforward and leads to

R (M)R1(0)eq. = (R2(T)R2(0))eq. = (127 = T)X2(0)) . = (X2(=7)X1(0))c .

. {ﬁurei)” +1my7e 4 cc., T €[0,27]
=X

m_e 4+ Te + ce., T € [—,0]
where star means complex conjugate and

P i27r)\ —sin 27\ + 2(7A + sin wA) (27N + 3 — e77)
T 32X2(7 A + sinwA)2(1 + ei™) ’
1 R 1
++m’ 8)\(7T)\+sin7r)\)(l+€i7r)‘)

A A

m—_=m

mi =

(D.45)
(D.46)
(D.47)

(D.48)

(D.49)

(D.50)

(D.51)

As a consistent check, one can show that the correlator (D.48) obeys the KMS condi-

tion (D.15) and (D.16). It is noteworthy that even if the computations for even and odd

modes are different for the ranges 7 € [0, 7] and 7 € [m, 27|, we still have smoothness of

(X1(7)x1(0)) at 7 = 7 in (D.49), which is consistent with item 4b of our effective theory.
Using (D.17) and restoring the 8/(NA?) factor in (D.48), we can derive the two-point

function of ¢ as

(6F(7:7)0F (0;0)) = O(7)Mij(7) + 0(~7) Mji(—7)
MH(T) = MQQ(T) = M12(27T — 7') = le(—T)

A

m_e?T +imyTeN +ce., T € [-T,0]

8 My e + iy Te +ce., T €/0,27]
NAZ "
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where the argument ranges in (D.52) are

i=j:{(7,7)|T € -m7|,T —7 € [-7,7|} (D.55)
i=1lj7=2:{(7,7)|7 € |[-m, 7|, T — T € [-2m,0]} (D.56)
i=2,j=1:{(7,7)|T € [-m, 7], T — T €[0,27]} (D.57)

D.4 The effective action

The effective action will be still formulated in 7, ,(7;t) variables and the correlation functions
of ¢; will be given by (2.49) to (2.51). Since the correlation function (D.54) contains linear-
exponential terms, the effective action needs to contain quadratic factor of 92 — A2. It turns
out that we need to take the action (2.69) with

K p(i0h) = (0F = M)k p(i0),  K_p(i0h) = (9F — X*)*k—(i0)) (D.58)

where K_ ,(x) has a double zero at +i\. By symmetry (2.68), we have k;,(z) =
(—)Pks,—p(—x). This effective action has been thoroughly discussed in appendix C.2.

To match the correlation functions (D.52) with this EFT action, let us first compute
<7Ad<;5l-(f; t)9;(0; O)> correlation functions by (2.49)—(2.51) with the most general consistent
Wightman functions solved in appendix C.1, which are also results of the action (D.58)
by the analysis in appendix C.2. Then we compare <7-¢i(f; t)¢;(0; 0)> with (D.52) after
analytic continuation. Since these correlation functions obey the same KMS conditions,
matching one of them is sufficient. In the following, we will take i = j = 1 and assume
St € [—2m, 0].

The most general consistent Wightman function in appendix C.1 takes the form (C.1)
and (C.2) where hy , only contains pure exponential terms and h_ , only contains up to
linear-exponential terms. The coefficients fyf,p are constrained by (C.18)—(C.20). Using
these solutions in (2.49) we have

(my +mat)e ™M+ (my + myt)e,

(m— —myt)e ™ + (m_ — mqt)eM, (D-59)

(Tor(E1)91(0;0)) = {

where St — St € [0, 7] and

_— 3((7970 + 73_70)(1 —2cosTA) — 2(777170 +2i7] o) sinTA) (D.60)
* 2(1 — 2cosmA)? '

3¢ (299 o +imyl )

—iTA =
_ _ D.61
ot 2(1 —2cos7N) M ( )
67% 0
_=my - —— D.62
m M+ 1—2cosmA ( )
667“-)"}/3 0
m_ = - D.63
m M+ 1 —2cosmA ( )
. 3yt
T7L1 = e”)‘ml = ¢ (D.64)

2(1 —2cosTA\)
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Comparing with (D.52)—(D.54) with analytic continuation ¢¥ (7; 7) = ¢;(t; t) = —i¢¥ (it; it),

in which 0(7) — 0(—St) and 7 — it, we should identify

2i(2cosTA — 1)

1
= , D.65
T-0 BANAZ(7A + sin ) (1 + e~i™) ( )
1 —2cosmA
0
= , D.
TH0 T BNINAL(1 4 e i) (D.66)
o _  (mA+4i)sin27A — (A 4+ Ti)(7A +sinmA) + TA(27A + 94) cos TA + imA cos 2T\
0= 3A2NAZ (14 e (A + sin7\)?
(D.67)

Moreover, in appendix C.2 we show that the most general consistent Wightman functions
in appendix C.1 can also be reproduced by the effective action (C.21). Given the parameter
relations (C.29)—(C.31), we can derive

3ANAZ cot ”2—/\

\) = A8 Ot D.
F0(id) 2(1 —2cosmA\) (D-68)
SNA%(7A +sin7))
_olzA\) = D.
F-o(id) 8A(2cosmA — 1) (D-69)
3iN A2 ((271'2)\2 —5)sin\ + 2s8in 2w\ + 8w\ cos TA — A (37r)\ tan ’%‘ + 7))
k‘/_70(Z)\) == —

16A2(1 — 2 cos )2
(D.70)

In conclusion, the action (2.69) with (D.58) and (D.68)—(D.70) fully captures the correlation
of the effective modes ¢F after analytic continuation.

E Solve m = 1 vertex

In matrix form the equation (6.31) is

Co:09(a) + Clog'(a) Ciag(a) + Clag @)\ _ €9(a) (—A(L —cq) 1+ cq) (£.1)
Ci09(q) + Ciog' (q) Cia9(q) + CLag' (q) ¢'/? \ Mc—q) c+q

Note that each entry on r.h.s. has zero at 4+c or +1/c respectively. Taking ¢ = +¢, £1/c on
Lh.s., we can immediately derive

1 __03;09(1/0) 1 __06;19(—1/0) 2 __C’g;og(c) 2 __Cg,lg<—0)
S Y . I (O B A G
(E.2)

Taking this back to (E.1), we have

o 911/9)g(a) —9(1/e)g'(a) _ -1 9 (=1/)g(a) —9(=1/c)g'(a)
% g 1/e)A(1 - cq) o 9" (=1/c)(1 + cq)
_ 2 9499(0) —9()g' () _ o 9'(=0)g(a) — g(=0)g"(a) _ £V(a) (£3)
% gMMe—a) T gl (=o)(eta) e '
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Using KMS symmetry ¢"(q) = (—)"¢"(1/q), comparing the first line and the second line of
above equations lead to

£W(a)/Coo = €M (1/0)/Cho,  €W(a)/CEx = €V (1/0)/Cha (E4)

Then we just need to solve the first line of (E.3), which is a first order differential equation

(Co.0A 4+ XCG,B) + (CioA = A\Cj. B)eqg  g(q)’ gt (1/e)’ gl(—1/c)

The solution of above type equation is

a+ Bq gl(q) —a/(vA) (af—B7)/(v0A) F
= = g(q) =q ° + 0q)\ P .6
v+ bq 9(q) 549 0 ) (0

Requiring KMS symmetry g(q) = g(1/q) leads to
y=0, B=-a, g(a)=(a"+a ) A=8/(N (E.7)
Using this solution of g(g), we have

9l¢) _ 1+¢  14c 1l-c
g (@) AX1—gq) - A_A/\(l—c)’ B_A)\(l—i—c) (E.8)

Plugging this back to (E.5) and using (E.7), we only find one independent relation (1 +
¢)Cj.o + A(1 — ¢)Cf,y = 0. Taking this back to (E.2) leads to

c—1

AXlc—1
] ( ), 011;0217 Céng, 011,1:m

=" =/ E.
Coyo cr1 (E.9)

where we have chosen the normalization Cll;o = 1. Taking them back to (E.1), we can solve

2Ag(q)

1+ o) (g2 + ¢-12) (E.10)

¢W(q) =

which is explicitly KMS invariant as expected. Taking this to (E.4) and (E.2), we have

c—1
(c+1)A

AX(c—1
Cg;O = ¥7 C'12;0 = -1, Cg;l =A, C'12;1 ==

E.11
c+1 ( )

One can check that this solution also obeys KMS symmetry (6.9).
Open Access. This article is distributed under the terms of the Creative Commons
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