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The Singularities of Selberg- and
Dotsenko—Fateev-Like Integrals

Ethan Sussman

Abstract. We discuss the meromorphic continuation of certain hyperge-
ometric integrals modeled on the Selberg integral, including the 3-point
and 4-point functions of BPZ’s minimal models of 2D CFT as described
by Felder & Silvotti and Dotsenko & Fateev (the “Coulomb gas formal-
ism”). This is accomplished via a geometric analysis of the singularities of
the integrands. In the case that the integrand is symmetric (as in the Sel-
berg integral itself) or, more generally, what we call “DF-symmetric,” we
show that a number of apparent singularities are removable, as required
for the construction of the minimal models via these methods.
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1. Introduction
Let
An ={(z1,...,o5) €[0,1]V 12y <--- <N} (1.1)

denote the standard N-simplex, which we consider as a subset of CV. We
study in this note Selberg-like integrals, by which we mean definite integrals
of the form

Sn[F)(e, B,7)
N

:/ F(xl,...7mN)Hx?j(1—xj)ﬂf H (z — 2;)*7k day -+ - doy,
AN

j=1 1<j<k<N
(1.2)

for N € N*, F ¢ COO(AN)’ and a = {aj}é‘vzla/@ = {ﬁ] ;’V:U'Y = {’7])7’3 =
Yi.j f1<j<k<n C C such that the integrand above is absolutely integrable on
Ap. Integrals of this form are relevant to an array of topics in mathemati-
cal physics [17]. However, it is often necessary to consider exponents «, 3,y
for which the integral above is not absolutely convergent, in which case a
meromorphic extension needs to be performed. In some applications, only the
behavior of this extension at generic exponents is required. In others, such as
the application—discussed below—to the construction of the minimal models
of 2D CFT, it is necessary to consider particular values, e.g. v; 1 = —1. Un-
fortunately, for these particular values, previous work on the subject is not
sufficient.

We will identify indexed collections of complex numbers (and tuples

thereof) with column vectors. For example, we identify 4 with an element
of CNWW=1)/2 and

(o, B,7) € CN x CN x cN(V-1)/2 1.3)

with an element of C2N+N(N=1)/2_Gimilar identifications will be made through-
out the rest of the paper without further comment. Let

N
Qy = {(a,ﬁm € CONININ=Z2 T a7 (1 — )%
j=1

[T Gn-aforerion) (1.9

1<j<k<N
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denote the (open, nonempty) subset of C2N+NWN=1/2 consisting of the (a, 3,
) € C2NHN(N=1)/2 for which the integrand in eq.(1.2) is absolutely integrable
on Ay. We begin with Sy[F] defined as a function Sy[F] : Qy — C. It can
be checked —see §2—that letting

J
aj7*(a71877) = Z Ajqg +2 Z Yio,k>»

Jo=1 Joke (L V)
SJo<k<J
N (1.5)
B, B,7) = Z Bjo +2 Z Vio.k
jo=N—j+1 jo.k€{1,...,N}
N—j+1<jo<k<N
for each j € {1,..., N}, and letting
Vi (@, B,7) = 2 Z Vio ko (1.6)
Jo,ko€{l,....N}
J<jo<ko<k
for each pair of j,k € {1,..., N} with j < k,
N N
Qv = | Ry > = 0 [ {08 > =3}
j=1 j=1
[ N e > —k— 3 (L.7)

1<j<k<N

So, Qv is nonempty, open, and convex (in particular, connected) and contains
all (o, B,7) € C2NTNN=1)/2 guch that the real parts of the components of
a, 3,~ are sufficiently large.

To simplify the formula above, let 7o 1 « = ar« and Yny1—j N+1,5 = Bj -
Then

Ov= [ {(@B7y)eCVNND2iRy . >—(k—j} (18)
0<j<k<N+1
Our first goal is to prove that Sy[F] can be analytically continued to a
subset

having full measure in C2N+N(NV-1)/2,

In order to describe precisely the structure of the singularity at
C2NHNIN=1)/2\Q) ;. we introduce some terminology. Let T(N) denote the col-
lection of maximal families I of consecutive subsets Z C {0,..., N + 1} such
that

e 2<|I|<N+1lforalZeIand
o if 7,7 € I satisfy ZNZ' # &, then either Z C 7" or I’ C T.
“T” stands either for “tree” in “full binary trees” or “Tamari” in Tamari lattice

[18,37], and the elements of T(NV) can be thought of as specifying the valid ways
of adding a maximal number of nonredundant parentheses to a string of N +2
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identical characters. There are #T(N) = Cn1 such ways, where Cn 41 is the
(N + 1)st Catalan number. To each 7 € I, we associate the facet

fr={(z1,...,zn) € An :xj =z for all j,k €T} (1.10)

of Ay, where g = 0 and xny11 = 1. Let o7 € N denote the order of vanishing
of F' at f7. (So, oz = 0 unless F' is vanishing identically at fz.)

Theorem 1.1. There exist entire functions Sy.eg1[F) : C2N+N(N-1)/2 _,
associated with the T € T(N) such that

SN[F Z SNregI a,@’y HF OI+|I|71+7m1nImaxI*)
IET(N) A

(1.11)

for all (a, B,7) € Qn.

Here, I' : C\{—n : n € N} — C is the gamma function. As a consequence
of the theorem, there exists an entire function Sy.jeq[F]: C2NTNWNV-1/2 _, C
such that

SN[F}(a’IB7’Y) = SN;reg[F](aaﬁv'Y) H F(k _j + 'Yj,k,*)

0<j<k<N+1
(1.12)

for all (e, B,7) € Qn.

Corollary 1.1.1. The function Sy[F] : Qn — C admits an analytic continua-
tion Sy[F] : Qn — C to the domain

o = CN I [(Q{aj,* e 7=90}) U (JQ{BJ-,* e 757}

o( U e ez 0-0y)], (1.13)
1<j<k<N
where Z=" = {m € Z : m < n} and §; = §;[F] = oqo,...j3, 6; = b;[F] =
O(N—j+1,..N+1}, and dj i = d;j [F] = og;  ky-

The set Qy contains all elements of CZN+N(NV-1/2 Jving outside of a
locally finite arrangement of affine hyperplanes.

Consider F' € Clz1,...,zn]. Letting [F|q, .. 4, denote the coefficient of
gcih . dN in F, and 1ett1ng refl (1,...,zn)— (1—=21,...,1—2N), we have
6j[F]:min{d1+---+dj R [F}dl 77777 djdjirse.e dn ;AOfOI‘ some dj+1,...,dN€N},

(1.14)
;[F] =min{dny + - +dny1—j : [Forefllq,,. ., A jrdns1—jserdy
# 0 for some d1,...,dy—; € N}. (1.15)
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FIGURE 1. The Pochhammer contour in C\{0,1}, up to ho-
motopy

Ezxample. The simplest case is when NV = 1 and F' = 1 identically, when the
integral is given by
1+ o)1+ p5)
r2+a+p) ’
(1.16)

defined initially for Ra, G > —1 via the definite integral and then extended
meromorphically via the formula on the right-hand side above (or via another
method). This is Euler’s S-function. One method of meromorphic continuation
involves the Pochhammer contour (a.k.a. Pochhammer double loop)

b~ta"tba € T (C\{0,1}), (1.17)

where a, b are the generators of w1 (C\{0, 1}) corresponding to one (say, coun-
terclockwise) circuit around each of 0, 1, respectively.

Then, b~ 'a"'ba can be lifted to a closed contour p in the cover M of
C\{0,1} corresponding to the commutator subgroup of m1(C\{0,1}). Then,
choosing the basepoint of p appropriately,

1 1
: : “(1—z)%d 1.18
1— e—27rza 1— e—27rzﬁ /pm ( ‘I) €L, ( )

where we are now considering (1 — x)? as an analytic function on M. The
theorem above tells us that there exist entire Si.rcq (ee)e, S1;reg,e(ee) Stich that

B(a + 176 + 1) = F(l + a)Sl;rcg,(oo)o(a7ﬁ) + F(l + 5)Sl;rcg,o(oo)(a75)'
(
=T

1
Sy(e,B,7) = Bla+1,4+1) =/ (1 - z) dz =
0

Bla+1,6+1) =

1.19)

This splitting is not so obvious from the formula B(a 4+ 1,5 + 1) 1+

a)T(1+6)/T(2+a+f).

Ezample. Now consider the case when N = 2 and F' = 1. It can be computed
that the Selberg-like integral is then

52(07677)

_ I(1 4 a))D(1+ Bo)T(2 + 2v120 + g + a)T(1 + 2’71,2) Fy(a,b;1)
F(2+C¥1 +2’}/172)F(3+a1 + o +ﬂ2 +2’71,2) ST D

(1.20)

where a = (al,ag,ag) = (1 + aq, 7,81,2 + 2"}/172 + a1 + 012) and b = (bl,bg) =
(24 a1+ 2712,3 4+ aq + a2 + P2 + 2712), where ,F,; denotes the generalized
hypergeometric function. For N = 2, the theorem above reads

Sz(a,ﬁ,v) = F(l + 061)]._‘(2 +o1+az+ 2’7172)52;reg,((00)0)0(a:677)
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oy +ag+ 2712,

‘ sartastaz+ 272+ 273+ 2723
. T Bot B3+ 2723

! S 2723
2912 + 2713 + 2723

FiGURE 2. The 3-dimensional associahedron, with its faces
labeled by the associated functions in Eq. (1.5), Eq. (1.6). The
C4 = 14 vertices are in correspondence with the 14 elements
T(3)

+I
+I
+I
+I

14+ a1)l'(1 4 B2)S2;reg, (00)(e0) (@, B,7)

14 B2)I'(24 B1 + B2 4+ 271,2)S2;reg, 0 (0 (00)) (@, B,7)

14 271,2)T(2 + B1 + B2 + 271,2) S2;rep, 0 ((00)0) (0, B,7)

14 271,2)0(2 4 a1 + a2 + 271,2)S2,reg, (e (00))e (O, 3,7),
(1.21)

PRSPty

but once again this splitting is not so obvious from the exact formula Eq.
(1.20). This example is explored more in the appendix.

The proof below is lower-brow than the twisted homological constructions
of [23,24, §5], Aomoto [3], and others [38,40], as it is based on the method de-
scribed in [39, Chp. 10]. This involves the geometric analysis of the singularities
of the Selberg(-like) integrand. The key observation is that if the N-simplex
is blown up to the N-dimensional associahedron [36][30,34, §1.6] (see Fig. 2,
Fig. 6), then the Selberg integrand—which is not polyhomogeneous on Ay—
becomes one-step polyhomogeneous (a.k.a “classical”) on the resolution. See §2
for details. This observation appears, in an essentially equivalent form (albeit
with different terminology), already in [23,24,31], though the term “associa-
hedron” does not appear there. Closely related observations have appeared in
the physics literature [6,7,27,28].

The application of polyhomogeneity to the proof of the theorem above
is given in §3. The classicality of the lift of the Selberg integrand on the as-
sociahedron allows us to reduce the problem to what is essentially a product
of one-dimensional cases. The faces of the associahedron are in bijective corre-
spondence with the quantities defined in Eq. (1.5), Eq. (1.6). The correspon-
dence is depicted in Fig. 2 in the case N = 3.

The quantities & «, 8j,«,7 k,« are the orders of the Selberg integrand at
the corresponding faces. Each I € T(N) is associated with a minimal facet of
the associahedron, and the Z € T are associated with the faces containing that
facet. Thus, we have a geometric interpretation of each of the terms in Eq.
(1.11).



The Singularities of Selberg- and Dotsenko

The theorem cannot be sharpened while maintaining generality. Indeed,
the proof of the theorem shows that if F' > 0 everywhere in Ay (including the
boundary), then

Snireg[Fl(e, B,7) # 0 (1.22)

for any (a, 3,7) € R2VHNV=1/2 for which both of

e Vi« € Z5(-=0) for precisely one pair of j,k € {0,...,N + 1} with

J<k,

® ¥jk. > —(k—j) for all other 7,k
hold, as for such (o, 3,7) the quantity Sneg[F|(cr,3,7) is proportional to
a convergent integral of a positive integrand over the corresponding face of
the associahedron. Consequently, Sy[F] : Qy — C cannot be analytically
continued to the complement of any strictly smaller collection of hyperplanes
than that in Eq. (1.13).

However, for the desired application, we do not need full generality. Of
special importance is the case when «, 3, v are each “constant,” meaning that,
for some a, 3,77 € C,

e a;=aand B; = forallie{l,...,N}, and
o vj = forall j,ke{l,...,N} with j < k.

In this case, we simply write

N
SN[F](Oz,ﬁ,fy):/A F(xl,...,a:N)Ha:?(lij)fB H (z1, — x;)% day

Jj=1 1<j<k<N
- day. (1.23)

We now consider F' € C[zy,...,zn5]®V, ie. symmetric polynomial F. This
case includes, of course, Selberg’s original example, in which F' = 1, as well as
the 3-point coefficients of the (1, s)- and (r, 1)-primary fields and their descen-
dants in the BPZ minimal models. It also includes certain Selberg-like integrals
considered by Aomoto [3], Kadell [21,22], and others [2]. The computation of
such integrals is listed as an open problem in [23].

Below, we will introduce a more general notion of “DF-symmetric” Selberg-
like integrals, this including the other 3-point coefficients. For the purposes of
an introductory discussion we focus on the—already interesting—symmetric
case.

The integral Eq. (1.23) is defined initially on the subset Un[F] C C 5,
given by

Un[F] = {(a,8,7) € C* : Rj(a + (j — 1)7) > ~1 = §{F] and
Rj(B+(G—1)y) > —-1—-18;[F| forall j € {1,...,N},and Ry
1
> _ﬁ}’ (1.24)
which contains

Uy =Upn[l] = {(a,ﬁ,’y) € C?* : min{Ra, R3}
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1
+min{0, (N — 1)y} > —1 and Ry > _ﬁ}' (1.25)
An immediate corollary of the theorem above is that the function Sn[F] :
Un[F] — C defined by Eq. (1.23) admits an analytic continuation Sy[F]
(v, B,7) : Un[F] — C to the domain Un[F] 2 Un[F] given by

=

Un[F] = Ciﬂry\ K {la+(G—1)y) ezs=97% })

1

J

u( G{j(ﬂ +(j—1)y) €25797%})
o

Example. Consider F' = 1, i.e. the Selberg integral. In this case, Selberg proved
in [35] that Sy (a, 8,7v) = Sn[1](e, B,7) is given by

<
Il

1{J'(J' +1)v€ Z‘j})}. (1.26)

)

1

.
Il

L+a+(G-DNTA+8+ G — DI+ 57)
Fr24+a+p+(N+j—2)y)T'(1+7)

N
1 I(
SN(OC,ﬁ,’Y) = ﬁ H
j=1
(1.27)
See [17] for a review of the history of this result.
The example of the Selberg integral suggests that, in the symmetric case,
Eq. (1.26) is not the maximal domain of analyticity. Set
# 0 for some dj41,...,dy € N} (1.28)

(Since F'is symmetric, deg;[F] = deg;[F o refl].) Then:

Theorem 1.2. For any F € (C[ml,...,xN}GN, there exists an entire function
SNiReg [F] (Cf;ﬁﬁ — C such that

T4 +a+ G- DNCA 48+ 8+ G — DNTA +47)
Swlillen ) = [E P@+d;+ath+ N +j- 27T +7) ]

X SN;reg [ F] (@, B,7) (1.29)

for all (o, B,7) € Uy, where §; = [5716;[F]], 6; = [j716,[F]], and d; =
(N —j+1)""deg;[F]] for each j € {1,...,N}.
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Thus, Sy[F](e, 8,7) admits an analytic continuation Sy[F](a,3,7) :

Un[F] — C to the domain Uy/[F] 2 Uy[F] defined by

Uy|[F] = ﬁ,y\[(U{aer Jfl)yezﬁfl})u
( Q{ﬁ +8+ (G~ Dy e 257 (1.30)

v (NUl{U +1vezs Ty ¢z})].

Jj=1

Observe that Eq. (1.30) allows v = —1.

In the case of the original Selberg integral, Theorem 1.2 describes pre-

cisely the singularities and zeroes of the meromorphic continuation of the orig-
inal integral, and Sy Reg = SN;Reg[1] is just constant. The functions Sy [F] and
So.reg [F] are explored in §A.

(1)

The proof of the theorem above consists of several steps:

The first step is the removal of the fictitious singularities of Sy [F](a, 3,7)
only in ~y (as required e.g. in the Coulomb gas formalism with both kinds
of screening charges). The basic idea is to employ the relation—which can
be found in a heuristic form in [8, Ap. A]—between the symmetrization
of Sy[F](ex, 3,7) and the “DF-like” integral

N
IviF(e gy = [ T[]

X { H (xp —x; + i0)2'“”“}Fdx1 <o day,
1<j<k<N
(1.31)

where O = [0, 1]". We can analytically continue Iy [F] via an argument
similar to that used to prove Theorem 1.1. Unlike that of Sy [F](e, 3,7),
this extension has no singularities associated with hyperplanes of constant
. The true singularities of the extension of Sy [F](a, 3,7) associated with
hyperplanes of constant «v show up in the relation with the extension of
Iy[F](,8,7).

The second step removes the other unwanted singularities away from the
loci of two or more unwanted singularities, via some identities proven
via Aomoto [3] in the F' = 1 case (and [8, Ap. A], at a physicist’s level
of rigor). The use of these identities for computing the original Selberg
integral is sketched in [17]. It seems there cannot be a similar computation
of Sy[F] in the deg F' > 1 case, so a statement about the singularities is
the best we can do.

The simplex Ay C RY can be thought of as a subset of

(C\{0,1H™ = (CP'\{0,1,001)" (1.32)
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via the embedding R < C < CP', and the rough idea of this step of the
proof is to relate the integrals above to the result of replacing Ay with
LBN Ay for L one of the six linear fractional transformations preserving
CP™"\{0,1,00}. Only three of these are essentially different, and one of
these three is just the identity and therefore uninteresting. The other
two integrals each have meromorphic extensions with different manifest
singularities. Using Proposition 4.2, these functions can be related to each
other, and this can be used to remove most of the apparent singularities
that are not present in all three functions. Some singularities are present
in the relations between the integrals, and these cannot be removed.

Once this has been done, the final step is the application of Hartog’s
theorem to remove the remaining removable singularities, which now lie
on a codimension two subvariety of C3.

This argument is carried out in §4.1. The version more relevant to [8] (with
the additional steps needed) is in §4.2.

We call I [F] a “DF-like” integral because similar integrals appear, albeit
at a somewhat formal level, in [8]. A similar construction appears in [10].

Let £T(N) denote the collection of maximal collections I of pairs (zo, S)
of zp € {0,1} and nonempty subsets S C {1,..., N} such that, given (zo, S),
(20,Q) € I, either SCQor @ CS.

C2NHN(N=-1/2 |

Theorem 1.3. There exist entire functions Inyeg1[F] @ C, 5~

associated with the I € XT(N) such that

iFle 8= > [ IT t(si+X8+2 > )]

IEST(N) (1,5)€I JES J,k€S,j<k
X[ H F(|S|+ZO£]‘+2 Z ’Yj,k)}IN;reg,I[F](anga'7)
(0,S)e1 jES J,k€S,j<k
(1.33)

for all (a, B,~) for which the left-hand side is a well-defined integral.

In particular, Ix[F](e, B, 7) admits an analytic extension In [F)(a, B,7)
to an open, dense set

R V)

u( U {ﬁs,*ezf—‘s'})] (1.34)

1.1. Some Comments on the Coulomb Gas Formalism

Here, we discuss a particular application to the Coulomb gas formalism (a.k.a.
“free field realization,” “Feigin—Fuchs representation,” etcetera) of 2D CFT [5,
8,9,15][17,33, Chp. 9]. This approach of Dotsenko—Fateev to the construction
of the “minimal models” of Belavin-Polyakov-Zamolodchikov (BPZ) [4] has
been the subject of substantial interest, but it appears that it has not yet
been placed on entirely rigorous mathematical footing. The construction in
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[15,16] of the 3-point coefficients of the (1,s)- and (r,1)-primary fields and
their descendants in the minimal models is satisfactorily rigorous, but it has
remained an open problem to handle the rest of the primary fields at a similarly
satisfactory degree of rigor. From our perspective, the issue is an insufficient
treatment of the meromorphic continuation of Selberg-like integrals, which are
instead treated somewhat formally in the original works.

The issue is that Dotsenko & Fateev (DF) take some of the ¥’s to be
—1—see, e.g., [8, Appendix A][16, p. 27][17, §2]—and then the integrand above
is, say for F' = 1, no longer integrable over the integral’s domain. As a conse-
quence, the integrals in [8, Appendix A] are formal. Dotsenko & Fateev suggest
making sense of them via meromorphic continuation in the exponents of the
integrand, but they do not prove that a suitable meromorphic continuation
exists, nor do they discuss the singularities of the extension in sufficient detail
to justify their manipulations. Here, we have constructed a suitable extension
and analyzed its singularities in detail.

The reason why it is necessary to take some of the «’s to be —1 is that,
for fixed central charge, there are two sorts of vertex operators V,, used in
screening operators. Both are necessary to produce all solutions of the BPZ
equations. The relevant vertex operators are those of conformal weights hy =
1. If the central charge is ¢, the two screening charges have conformal weights
given in terms of a4 by

hy = a4 — 20z aq, (1.35)
according to the conventions in [33, §9.2.1], where ¢ = 1 — 24a3, so, by Vi-
eta, a_a; = —1. The correlation functions involving these screening charges
are Dotsenko-Fateev integrals with ~;; = a_a; = —1, as follows from the

commutation properties of vertex operators. See [33, §9] for further exposition.

A construction of Kanie-Tsuchiya [23,24], rediscovered by Mimachi—
Yoshida [31,32,41], yields the existence of some meromorphic continuation
defined for almost all values of the exponents. This extension is not quite suf-
ficient for our purposes: it has removable singularities that, while removable,
are nontrivial to actually prove removable. In particular, the Kanie-Tsuchiya
construction has an apparent isolated singularity at v = —1 (see [24, §5, above
Thm. 5]), along with at a few other problematic affine hyperplanes in the space
of possible parameters. One of the advantageous features of the meromorphic
continuation here is that it lacks these problematic apparent singularities and
therefore applies to the cases considered in the physics literature.

Most of the rigorous work on the analysis of integrals of Dotsenko—Fateev
type—see e.g. [11-14,25] for some recent work—focuses on screened multipoint
correlation functions with at most one screening charge screening per inser-
tion point. Such integrals are related to the N = 1 case of Sy(a,3,7). Not
much has been done about the N > 1 case. Moreover, while a fair amount of
work has gone into the study of general hypergeometric integrals associated
to hyperplane arrangements—the literature on this topic is large, so we just
cite [1,39]—it does not seem possible to deduce the specific, concrete results
below from results in the current literature.
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Note that Qx = Qn[1], as defined in Eq. (1.13), does not contain (c, 8,7)
with 7; 5 = —1 for |j—k| = 1, so Theorem 1.1 is insufficient for the construction
of the BPZ minimal models. This is one of the motivations for proving the
sharper theorems above.

The T'(2 + d; + o+ B+ (N + j — 2)7) term in the denominator of Eq.
(1.29) implies that Sy [F](c, 8,7) = 0 for all

(o, 8,7) e Un[FIN{a+ B+ (N+j—2)y¢€ 757279 for some j € {1,...,N}}.
(1.36)

When constructing the 3-point coefficients of the BPZ minimal models, this
is one mechanism preventing the fusion of (0, s)-primary fields (which are not
included in the model) with the primary fields that are included. In BPZ’s
terminology, this is the truncation of the operator algebras, as originally argued
for on the basis of the constraint of OPE associativity — see [4, §6][33, Chp.
7.3.2].

For the full application to [5,8], we use the following notion of “DF-
symmetric” polynomials. Given A € Cand S C {1,..., N}, let DFSym(N, S, )
denote the set of F' € (C[xl,xfl, ... ,acN,:cX,l] such that:

e given any 0 € Gy such that ¢ : S — S, i.e. in the Young subgroup
associated to S,

F=Foo (1.37)
where we are identifying o with the map CV 3 {z;}, — {z,)}L, €
CV, and

e forany j€Sand k € {1,...,N}\S,
0 0 1 A~ a1
A(a—x]F) o = 87I%(F mj:xk) € Clxy, 2y ..., 25,2 ..., zn].

(1.38)

In particular, DFSym(N, {1,...,N},\) = Clzy,27",..., 2N, :vj\,l]e’N, so in
this sense DF-symmetry is a generalization of ordinary symmetry. Our dis-
allowal of Laurent polynomials F' in the symmetric case was without loss of
generality, as, were F' Laurent, we could shuffle factors of x; ---zn between
the polynomial and the rest of the Selberg integrand. However, it is useful here
to allow general Laurent polynomials.

For each \ and 8, DFSym(N, S, \) is a (unital) C-subalgebra of C[z1, 27"
.., xn, xN']. Tt is nontrivial. If S is a proper subset of {1,..., N}, then

A wi+Ar Y @, € DFSym(N,S, ),
jes ke{l,...,N}\s

1 1
A — A > — € DFSym(N,8, )
jes I ke{l,. .Np\s ¥

is a nonzero member for A, defined by A"*(A_ 4+ A} ) = X, so DFSym(N, S, \)
contains polynomials of all degrees.

(1.39)
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The key method of constructing DF-symmetric Laurent polynomials is
the following;:

Ezample. For any M € Nt and matrix-valued polynomials ¢, € zCM*M [z
such that the coefficients of ¢ are strictly upper-triangular, the coefficients of
1 are strictly lower-triangular. Suppose that the A’s all commute with each
other and that the B’s all commute with each other. (We do not assume that
the A’s commute with the B’s.) Then, the matrix elements of

S O S E P VIR I

jes ke{l,...,N}\s
exp (A Dl +Ae DDl (1.40)
JESs ke{1,...,N}\s

lie in DFSym(N, S, \), where A = A='(A_ + A,). The vertex operators which
Dotsenko and Fateev integrate to define the minimal model 3-point coeffi-
cients have this form up to some scalar factors which are part of the Selberg
integrand. In this example, the coefficients of ¢ are annihilation operations
on some Fock space, and the coefficients of ¢ are creation operators, with all
operators truncated to some finite-dimensional subspace of the Fock space.
That the creation operators in Eq. (1.40) are all to the left of the annihilation
operators is normal ordering.
See [5,10,23,24][33, Chp. 9].

Foraset S C {1,...,N}and ag, B+,7+,7 € C, let aPF0S, BPF0s c N
be given by

ay (.7 € S)a
aj = ]
a- (j¢8),
(1.41)
ﬁ' _ ﬁ+ (.7 € S)a
ToBe (¢,
and let 4PF0S ¢ CN(N=1)/2 he given by
Y+ (]7 ke S)a
Yik=147v% (j€8S,k¢&S or vice versa), (1.42)
Y- (G, k¢ES).

Let
WJ]\D]FO’S[F] = {(a,, Ay, 577 ﬂ+7 Y- 707’7+) € C7 :
(aPFOS, gDFOs [ DFOSy ¢ {71y (1.43)
where VN [F] is defined by Eq (134) Deﬁne, for (a—7 Ay, ﬁ—7 ﬁ-‘rv Y—>70; 7—5—) €
W]]\D’FO,S[F]’

j]]i)[F()’S[F](Oé,,a+,ﬂ7,ﬁ+,777’yo,7+) = I‘N[F}(aDF()’S?ﬂDFO}S"YDFO,S)'
(1.44)
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Now let WI]\?FS[F] denote the set of (ay,34,74) € C? such that v, # 0 and,
setting

Y- = 7—?—17 o =—y-ay, fBo=-—7-F4 (145)
—cf. [8, eq. A.2] — it is the case that (a—,ay, B, 04+,v7—,—1,74) € WJI\DIFO’S[F]‘

This is an open and dense subset of C3. Let

:DF, ‘DO, _ _ _
INTSIF)(ag, By, ve) = INTOS(F) (=i tag, ag, =5 By B v —Lv4).

(1.46)
for (ay, By, v.) € WNTS[F]. Set Ny =S| and N_ = N — N,.
Theorem 1.4. Fiz v, € C\{0,1} and S C {1,...,N}. Suppose that
F € DFSym(N, 8,7 ' (1 — v4)). (1.47)
, , . .DF,
Then, there exists an entire function IN;RSeg [F(ot, By, v4) (Ca+ g, — Csuch

that

(ot + (7 — Dyx)) sin(m(Bx + (5 — 1)v=x))

]z]\DrFRseg[F](Oé+, By 7+) (1.48)

when a_, B_,v_ are related to oy, By, v+ by Eq. (1.45), and the left-hand side
s well-defined.

BRPSIFl(as r,ve) = [HHm nlrles 10 L0 1 )]
=1

If desired, it is possible to replace the sines with I'-functions with appro-
priate integral shifts.

Ezxample. When F = 1, Dotsenko and Fateev claim in [8, Eqs. A.8, A.35].!
that the integral above is given by

N4 . . .
. —in(i—1)ys L(y2) sin(mive)
jPFSsy 2N_Ny im(G—1)v+
N (e, By ve) oy [j]._.[le (4 ) sin(my4) }
Ny
X H —in( -1y D0 = Ni)sm(ﬁﬂi)}
= I'(vs) sin(mys)

H—[ I+ag+(j—1)y)l (1+ﬁi+(j_1)7i)}
[(2-2Ns +ag +Bx + (Np —2+5)72)

[H 1+onF 3—1) — NI (1+5¢+(j—1)7¢—Ni)]
— Ni+4ag+ B+ (Ng—24+5)v5)

(1.49)
for each choice of sign.
IThere seem to be a couple typos in [8, Eq. A.35] Equation (1.49) has these fixed. The first

few cases of Eq. (1.49) have been numerically checked, so as to verify that the fixes are
correct.
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2. Associahedra

We use the term ‘mwc’ to mean manifold-with-corners in the sense of Melrose—
e.g. [20,26], these possessing C*°-structure. Roughly, a mwc is locally dif-
feomorphic to an open neighborhood of [0,00)Y, and there is an additional
requirement that boundary hypersurfaces be embedded. In this section, we
define the mwcs that will be used to resolve the singularities of Selberg- and
Dotsenko—Fateev-like integrands:

e in §2.1, we define the associahedra K ,, ,,, used to meromorphically con-
tinue the Selberg-like integrals, and

e in §2.2 we define the mwces Ay, 5, used to meromorphically continue the
DF-like integrals.

Since Ko n,0 is the usual N-dimensional associahedra, we refer to the mwcs
defined below as associahedra as well, hence the title of this section. If M
is a mwc, we use F(M) to denote the set of faces of M, where by faces we
mean only the boundary hypersurfaces. We use “facet” to refer to the higher
codimension boundary components.

It is worth comparing Melrose’s notion of mwc to that of polyhedron. A
mwec is locally a polyhedron, but the converse is not true, as the basic require-
ment of M being locally diffeomorphic to a relatively open neighborhood of
[0,00)Y means that every facet f C M is the intersection of at most N faces.
While the (closed) ball, tetrahedron, cube, and dodecahedron are all mwcs,
the octahedron and icosahedron are not. It is necessary for the argument in
§3 that the associahedra Ay, », and Ky, , are not just polyhedra, but rather
mwes. The reason is that, since [0,00)" is a product of half-closed intervals,
any mwec is locally diffeomorphic to a product of open or half-closed intervals.
This product structure is exploited in §3. In contrast, the octahedron is not, in
any reasonable sense, a product of one-dimensional manifolds-with-boundary
near its vertices.

To summarize, the notion of “mwc” used here plays a similar role in our
analysis to that of “polyhedra in general position” in [39, §10.7], but the notions
are not equivalent. For the purposes of this paper, we find it more natural (and
technically simpler, as it avoids the need for polyhedral realizations) to use the
language of mwcs.

We keep track of the full C'°°-structure of these mwcs below. Were it
required, we could keep track of C*- (i.e. real analytic) structure, but since
this would require going somewhat beyond the existent literature on mwecs,
and since this level of precision is not needed for the rest of the paper, we will
restrict ourselves to the smooth category.

If f is a facet of M, then the blowup [M;f] is a mwc, and the blowdown
map

bd: [M;f] = M (2.1)

is smooth. For convenience, we can identify the interior [M;f]° with M°. (If F
is a codimension < 1 facet of M, then we can identify [M;F] with M itself.)
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Naturally, if f has codimension > 2, then
F(M;f]) ={[F;fnF]:F e F(M)} U {ft}, (2.2)

where fI = bd_l(f) is the front face of the blowup. Then, given boundary-
defining-functions (bdfs) g € C°(M;R™) of the faces F € F(M), we can
choose bdfs x[p;snpy, g of the faces of [M;f] such that, for each F € F(M),

. fCF
oy o bd = { TIEOFITE (F< )’. (2.3)
T[FinF) (otherwise).

(We identify polyhomogeneous—in particular, smooth—functions on [M; {]
with their restrictions to the interior, so, going forwards, we can drop the
“obd.”) Specifically, in addition to defining z(p,inr) = 2 if f € F, we can take

FEF(M),CF
and, if f C F, then
-1
LFfNF] = 9€F( Z fUF) . (2.5)
FEeF(M),fCF

This follows from the analogous result for blowing up a facet of [0, 00)". Note
that because M is a mwc and not just a polyhedron, if Fy,...,Fy € F(M)
are distinct faces with NgFs # &, then the connected components of NgF5 are
codimension d facets of M. (The 2D lens is an example of a mwe with two
faces whose intersection is disconnected.)

If U is an open subset of a mwc, then U can be considered as a mwc in
its own right. We will say that some function 2 € C*°(U;[0,00)) is a bdf in U
of F € F(M) if it is a bdf of the face FNU of U, assuming that FNU # @, in
which case it is automatically a face of U. Let R; = R; U {—o0, +00} denote
the “radial” compactification of R. This is a (C°°-)manifold-with-boundary,
with 1/t serving as a bdf for {oo} in {¢ > 0} and —1/t serving as a bdf for
{—o0} in {t < 0}.

2.1. The Associahedra Ky, »
We now define the mwe Ky, for £,m,n € N not all zero. The blowup pro-
cedure below is a generalization of that in [23]. We begin with the set
=N
Aé,m,n = {(1‘1,...,331\[) eR << xy <0
<app1 < STy K1 2pympr <o <Nl (2.6)

where N = ¢ + m + n. This is a compact sub-mwc of R, Naturally,
Dpmm = D00 X Dom,o X Doon. (2.7)

AISO7 A&Q,o = Ag, AO,m,O = Am, and AO@,” = An

For example, in the case N = 2, we have six cases. These are Aj g,
No,2,0,Doo,2, each of which is diffeomorphic to the triangle Ay, and Ay 10,
Aq0,1,0001,1, each of which is diffeomorphic to the square Us.
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If £,n = 0, in which case m = N, then Ay, , is just the standard
N-simplex Ay.

We call a subset Z C Z/(N + 3)Z consecutive if it is of the form {k mod
(N+3),-- ,k+rmod (N+3)Z} for some k € Z/(N +3)Z and « € N. (Thus,
the empty set will not be considered consecutive.)

We label the facets (of any codimension, possibly zero) of Ay, , using
(unordered) partitions I of Z/(N + 3)Z into consecutive subsets Z, with no
two of 0,4+ 1,4+ m+ 2 € Z/(N + 3)Z appearing together in any element
T € 1. Specifically,

fo,lz{(:m,...,rjv)EAé,m,n: (IEIi{jeI:}tj:ioo (OGI)>}, (28)

j,kEI:>tj=tk (OQI)
where

o tj=x;forj=1,...,¢,

e iy =0,

[ tg+1+j = Tp4j fOI"j = 1, cee, My

(] tg+m+2 = 1, and

® trimiotj = Togpmij for j=1,...,n.
The dimension of f 1 is given by

dimfo; = |I| — 3. (2.9)

For notational simplicity, if Io C I is I with the singletons removed, then we
define 7, = fy 1. Thus, fz denotes the “bulk” of Ay ., ,,, and the faces of Ay, p,
are of the form fy7y for Z a consecutive pair. Rephrasing Eq. (2.9),

codimfy =Y (7] - 1). (2.10)
Zel

As a bdf of f7) for T = {k mod Z/(N +3)Z,k+1 mod Z/(N +3)} when
ke{l,...,N + 1}, we can take

Tty = tht1 — k. (2.11)
For the remaining two cases of Fy 1} (which only exists if £ > 1) and f;y 19 n43}
(which only exists if n > 1), we can take z¢, ,, = —1/z1 and Ty, v, oy =

1/1’]\].

Let Fompn = Fomn(L) denote the family of facets fr of Ay, such
that I = {Z} for some consecutive subset Z C Z/(N + 3)Z of size |Z| > 2 not
containing any two of 0,4 + 1,¢ + m 4+ 2. In other words, Fy , » is the set of
facets f for I defining a partition of Z/(N + 3)Z into a single interval of length
at least two (not containing any two of 0,¢ + 1, + m + 2) and a number of
singletons which are being omitted from the notation.

For each d € {0, ..., N}, let Fy . n.a denote the set of elements of Fy 1, p,
of dimension d. Then, the mwc Ky, is defined by the iterated blowup

Ké,m,n - [Aé,m,n;fi,m,n,m e ;]_—Lm,n,N] = [ T [Af,m,n;fl,m,n;o] to ;Fﬁ,m,n;N]~
(2.12)

Le., we first blow up the elements of the collection Fp m n.0 (Which may be
empty, namely if ¢, m,n are all nonzero), and then, proceeding from higher
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to lower codimension, iteratively blow up the lifts of the facets in Fy p nia
(meaning the closures of the lifts of the interiors).

We should check that the blowup Eq. (2.12) is well-defined, which con-
cretely means that, for each d, the blow-ups in the step in which we blow up
the lifts of the elements of F ,, n.¢ commute. This can be done via a somewhat
tedious inductive argument, which we only sketch.

When the time has come to blow up the facets f # " in the lifted Fy .4,
their intersection is—if nonempty—either a point (which we denote Kq ) or
else an associahedron Ky, mn, (which will not change upon performing fur-
ther blowups) of dimension < N, and a neighborhood thereof is diffeomorphic
to

0, )N % Ky mymn x [0, 1) 74 (2.13)

with f corresponding to {t = 0} and {’ corresponding to {t' = 0}; the blowups
of these two faces in the product above commute, with the result being natu-
rally diffeomorphic to

[10, )8~ {0}] X Ky % ([0, 1)~ {03]. (2.14)

In order to prove the claimed decomposition, Eq. (2.13), it is first useful
to note when fNf' = @. If 7,7’ satisfy |Z| =N —d+1=|7'|and TNZ # 2,
then the corresponding facets

f = Cl[Al,nl,n;}-ﬂ,m,,n,O;"' ;fl,7n,7l,d—l]ffz} (2'15)
f = Cl[Az,m,n;]‘_e,m,n,r);"' ;]:E,m,n,d—l]f?I/} (216)

of [Demm; Foromm,0; ; Feommn,d—1) satisfy f Nf = @ Indeed, TNT # @
implies

f{I} ﬂ f{I’} - f{IUI'} € .7:[77”‘)771(&), (217)

and since this is blown up in an earlier stage of the construction, f and f’
cannot intersect.

So, if our two facets f,f’ to be blown up have nonempty intersection,
then they must be the lifts of fr7y and fyz, for Z,7" satisfying ZTNZ' = @.
The intersection f N’ lies in the preimage of frzy Nfyzy = f{z,y. This facet
of A¢m,n is of the form Ay, ny for o +ma +nn = 2d — N > 0. As
seen inductively, the lift of this facet after performing the blow-ups so far is
Koo mann, although this is not crucial for the proof that the construction is
well-defined. Since this has dimension 2d — N, a neighborhood of this facet in
our partially blown-up manifold automatically has the form

L=1[0,1*N"" % K¢ ey mns (2.18)

so it just needs to be checked that f,{’ sit inside of this in the expected way.
The d-dimensional facets of L containing (0,---,0) X Ky mqn, all have the

yN—d 2N_2d) divisors [0,00)N =4 C

X Ko meme for one of the (377

form [0, 00
[0,00)2N =24 Thus, we can decompose

0,1)2N=24 = [0, 1)7 x [0, 1)} x [0,00)2, (2.19)
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F34 = Fao(eo) F34=Foe(eo)
Foy= Fo(ooo)

Fo1 = F(oe)oeo
F23=Fo(ee)o

F13=F(cee)o

F1GURE 3. The associahedra K10 (left) and Ky 2,0 (right),
realized as polyhedra roughly in accordance with the blowup
procedure. In the first figure, the horizontal axis is roughly
wy = 1/(1 — 21), increasing to the right. In the second figure,
it is just (roughly) z1. In both figures, the vertical axis is
(roughly) x4

for some § € N, such that f corresponds to {t = ¢t = 0} and {’ corresponds
to {t’ = ¢ = 0}. But, if § # 0, then f N {’ is too big, so 6 = 0. Thus, since
f,f’ both have dimension d, it must be the case that # = #' = N — d. This
completes our sketch.

We now discuss the combinatorial structure of Ky p, . All of the faces of
Dgmop are in Fy g, p.n—1, 50 every face of Ky, ., is the front face of one of our
blowups. So, the faces of Ky, » are in bijection with the elements of F ,, 1
and thus with Z as above. Such a subset is uniquely specified by its endpoints
J,k € Z/(N + 3)Z, since only two consecutive subsets of Z/(N + 3)Z have the
same endpoints as Z, namely 7 itself and ZC U {j, k}, and the latter contains
two of 0, + 1,4+ m + 2. Let J; m,» denote the set of unordered pairs {j, k}
arising in this way. For {j, k} € Jo.m.n, let Z(j, k) = Z(k, j) denote the unique
consecutive subset of Z/(N + 3)Z having these endpoints and containing at
most one member of {0,¢+ 1,¢+ m+ 2}. For such j, k, let F; , = Fj ; denote
the corresponding face of Ky n, and let zp,, = zr, ; denote a bdf of that
face constructed inductively as in the introduction to this section. (Note that
these bdfs may depend on the particular order in which the elements of the
Ft.mn:a are blown up.)

There are 271N (N + 3) faces in Ky -

Ezample. Consider the case N = 2. Then, up to essential equivalence, the
cases to consider are K 1,9 and Ky 2. These are depicted in Fig. 3. The mwc
K 1,0 is identical to A; 1,0; in §2.2 we introduce notation for labeling the faces
of the Ay, », and this notation appears in Fig. 4 alongside that used for the
Kﬂ,m,n-
We have introduced an additional notation for the faces of Ky, p, indi-
cating 7 in the subscript using the following conventions:
e The elements 0,¢+ 1,0 +m + 2 € Z/57Z are depicted using a ‘o,” and 0 is
omitted if not included in Z.
e The other elements of Z/5Z are depicted using a ‘e.’
e Except for 0, the elements of Z/5Z are depicted in order. If 0 is to be
depicted, it is listed either first or last.
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Fa3 = Fe(oe)oo = Fia},000 -

wy -

N Fus = Fece(os) = F3y.001

FIGURE 4. The mwc K 1,1, with labeled faces, realized as a
polyhedron roughly in accordance with the blowup procedure.
Here wy = 1/(1 — x1) and y3 = (x5 — 1)/x3. The faces in
the line of sight are F12 = F(ec)ece; F1,3 = F(ece)os, F34 =
Foo(oo)oa F3,5 = Foo(ooo)a and F0,5 = Foooo(oo)

o
wy v ‘ F3A5 = Foo(.oo)
Fﬁ5,4 - Foo(o.)o

FIGURE 5. The mwc K 2, with labeled faces, realized as a
polyhedron roughly in accordance with the blowup procedure.
As above, wy = 1/(1 — x1). The faces in the line of site are
F1,2 = F(oo)ooo; FLS = F(oo.)oo; and F4,5 = Fooo(oo)

The elements included in Z are enclosed in parentheses.

Example. Consider the case N = 3. Then, up to essential equivalence, the
cases to consider are K 1,1, K120, and Kq3,0. These are depicted in Fig. 4,
Fig. 5, Fig. 6. The mwc K 1,1 is identical to A; 1 1.

We have modified the “e” notation from the previous example and used
it to label the faces in the figures, alongside the notation used in the rest of this
section. For instance, when considering K 30, “o(e ® ¢)o” denotes {2,3,4} C
Z/6Z. When considering K1 29, “o(ece)eo” denotes {1, 2, 3}. When considering
K111, “e) ®o(e0” denotes {0,1,5}.

The Ky, n satisfy the following “universal property:”

e For any subsets S C {1,...,¢}, Q C {{+1,....44+m}, RC{{+m+
1,...,N} that are not all empty, let forg : Agmn — Asp, g, g denote
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Tr3 — I
FLS - F(ooo)oo |
F‘ZA'J - Fo(o.)oo | F]'2 = F(O')"O

F'l_]4 - F(oa-.)o .
Fa5 = Fo(eeso)
Ty - | F34 = Foe(ee)o

F2,r’1 - Fo(ooo)o

FIGURE 6. The mwc Ky 3,0, with labeled faces, realized as a
polyhedron roughly in accordance with the blowup procedure.
The faces in the line of sight are Fy 5 = Foee(e0) and F3 5 =
Foe(eeo)- Cf. [23, Fig. 5.2], where the full blowup procedure is
depicted

the forgetful map forgetting the variables z; for j ¢ S UQ U R. Then,
forg lifts to a smooth b-map [26]

forg : Koo — Ks|,101IR|- (2.20)
Given any face F of K|s|q||r| @*xp vanishes to first order at each
face in mil(F).
This can be proven by inducting on the number of blowups.

Proposition 2.1. Suppose that pr € C°(Dgmn; QADem.n) 15 a strictly positive
smooth density on Ng .. Then, the lift of p to Ky, has the form

j—k|—1]—
[T =15 (2.21)
{jvk}ejl,m,n
for a strictly positive T € C° (K mn; UKo mn). Here, for j,k € Z/(N + 3)Z,
we use the notation |j — k| = min{|jo — ko, |ko — Jjo| : Jo, ko € Z : jo =
jmod (N +3),kg =k mod (N + 3)}.

In the product, each unordered pair is counted only once.

Proof. We recall the following lemma:

e Suppose that M is a mwe and p € C°(M;QM) is a strictly positive
smooth density on M. Then, if f is a facet of M of codimension d € N,
the lift of u to [M;{] has the form xfff_lz/ and v a strictly positive smooth
density on [M;{].

Working in local coordinates, this follows from the case of blowing up a facet
in [0,00)". In this case, we can use cylindrical coordinates (that is, spherical
coordinates if the facet we are blowing up is the corner). The result follows
from the form of the Lebesgue measure in cylindrical coordinates.



E. Sussman Ann. Henri Poincaré

The proposition follows from an inductive application of the lemma, once
we note that |j — k| is the codimension of F; . O

Proposition 2.2. The Lebesgue measure on RN, which defines a strictly positive
smooth density on Ay has the form

.
[Hufwn?][ IT (2.22)
Jj=1 j=l+m+1

for u € C®(LDpmn; QD mn) a strictly positive smooth density on D¢, n .

Proof. 1t is the case that the 1-form dz; € QlA;?m . defines an extendable
1-form on Agpn if j € {€+1,--- , £+ m}, and the extension is nonvanishing.
The same holds for

. de:(lf:L'j)f dx; for wjfl/(lf:cj)ifje{l ., ¢} and

o dy;j =u; 2daj for yj = (x; —1)/z; if j€ {{+m+1,--- N},

since Ay, is a submanifold of R . The p in Eq. (2.22) can therefore be

taken to be |[dwy A -+ A dwg A dappr A A dappm A dYepmer A A dywl,
which lies in C*°(Ag mn; Q0 ¢m,n) and is strictly positive. O

We now record the results of lifting the factors z;,1 — z;, and x; —
comprising the Selberg integrand to Kp , . Beginning with the first two cases:

o If i€ {l,..., ¢}, then

N+3 0 i L4+m+1
—:c,»e[ I1 H:cglkHH II ijyk}Coo(Kg)m,n;R'i_), (2.23)
j=l+m+3 k=i =1 k=¢+1
N+3

- e [ I1 H:p } (Kpmm; RY). (2.24)
j=L+m+3 k=i

e Ifie{l+1,...,44+ m}, then

£+1 L+m+1

€ [H [T e, |C (K RY), (2.25)
7=1 k=i+1
i+1 N+2

1-u € { I II xpj)k}COO(K[’m,n;W). (2.26)

=042 k=b+m—+2

eIfic{{+m+1,...,N}, then

i+2 £
—1
vi e { 11 xF,v,k}Coo(Ke,m,n;RJr), (2.27)
j=t+m+3 k=0
i+2 ¢ L+m+2 N+2

~a-eye I sl T TT we € (Kemmi RY). (2.28)

j=£L+m+3 k=0 j=0+2 k=i+42
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If N =1, then these are all trivial to prove. By applying the universal property
of the associahedra, the N > 2 case follows from the N =1 case.
In a similar manner, by working out the case of Ky 20 in detail and
applying the universal property, we get, for k > j:
o Ifjke{f+1,...,44+m}, then
041 £4+m+1 j+1 N+2
Tp — T € [ H H xpjo,k0:| |: H H szO,k0:|COO(KZ,m,n;R+)'
jo=1ko=k+1 Jo=t+2 ko=k+1
(2.29)

Indeed, in the case of £,n = 0 and m = 2, this says that 2 — 1 € zF, ,2F, ,
rr, ,C™(Ko,2,0;RT). Indeed, if we construct Koo by first blowing up Fy 3
and then blowing up Fs 4, we get

To — X1 _25(}2—1‘%—1‘1

Iy = X2 Iy O S— Iy =
1,3 ? 2,3 2 2 ? 2,4 )

so that zp, , 7, ,2F, , = T2 — 1, on the nose. On the other hand, if we reverse
the order of the blowups, then we get
T — IL‘% X9 — Iq

TFs =77 1’ TF23,0 = zo — 22’ rp,, =1—a1, (2.31)
1

so we still get zr, ,2F, ,2F, , = T2 — T1.
From this, we can deduce the following.
o If j,k € {1,...,¢}, then, in terms of w; = —a;/(1 — x;), (xx — ;) =
(1= w;) "M (1 — wy) = (wj — wy), so

N+3 Jj l+m+1

—1 00 R+

o =@ € {H IT wel ][ TT TT o |0 (KemniBO).
jo=j ko=L+m+3 Jjo=1 ko=k

(2.32)
o If jke {{+m+1,...,N}, then, in terms of y; = 1/x;, (zx — x;) =
vy e (Y — ), s0

Jj+2 N+2 k+2
. +
me—aye | T T wen)| I I =, o) O (K i RY).
j0:£+2k0:k¢+2 ]0:€+m+3k0 0

(2.33)
The next three follow from the K 1,0, K1,0,1, and Ko 1,1 cases. We illus-
trate the K10 case, and the others are similar.
e If j e {l,....4} and k € {{+1,...,0 4+ m}, then () —z;) = (1 —
w;) " (wj + xp — THW;), SO

N+3 J A+m+1

-1 oo LR+

z — @5 € [H [T ol JITT T wri | OF (e &),
Jo=Jj ko=£+m+3 jo=1ko=k+1

(2.34)
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In the case ¢,m = 1, n = 0, this says that (z2 — 1) € xk?llsmeCoo
(K1,1,0;RT). Indeed, the bdf zp, , of F1 3 in Kj 1 is defined by:

Z1

zp,, = (1 —w) + 22 =—1—a + x9, (2.35)
and zp, ; = zr,, = w1 = 1/(1 —x1). So,
$E11'51'F1v3 =9 —T1 — T1T3. (2.36)

The supposed C*° (K1 1,0; RT) term above is therefore (xo —x1) (22 —21 —
1122) "t = (1—w221 /(22 — 1)) L. One way (besides checking in a system
of local coordinate charts) to see that this is smooth (and positive) on
KLLO is the 1dent1ty

T2T1 TF, 2TF 3TFs 5

= . (2.37)
T2 — 1 TRy, T TP,y 3T,

The faces F 1, Fa 3 are disjoint from F; o (see Fig. 3), so the denominator

on the right-hand side of Eq. (2.37) is nonvanishing, so the quotient is
indeed smooth.
Likewise,

elfje{t+1,....0+m}and ke {{+m+1,...,N}, then (z —z;) =

Y (1 —zjyk), so

j+1 N+2 L k+2
-1 o] TR+
Tp —Tj € [ H H xFJovko} |: H H ijo,ko}C (Kg,mﬂ—“R )
Jomt+2 ko=k+2 J0=0 ko=f4m~+3

(2.38)

e Ifje{l,... ftand ke {{+m+1,...,N}, then (z — z;) :yk_l(lf
wj)_l(l — wj + W;jYk), SO

14 N+3 )4 k+2
. -1 —1 0o .+
e [T T wb ][ T1 T el ]o™ umarmt)
Jjo=J ko=k+3 Jjo=0 ko=0+m+3

(2.39)
We associate to each face Fo € F(Ky m, ) an affine functional
Pe C2N+N(N71)/2 > (a)IB’PY) = p'(aalga’)/) € (C (240)
Suppose that we are given some a, 8 € C¥ and v = {vjx = Vk,j }1<j<k<n €
CN(N=1/2_1f one of
(I) Jak € {1776}
(Il) jke{f+2,....04+m+1},
() j, ke {f+m+3,...,N+2}
holds, then, letting k& denote the larger of {j, k},
pik=k—j+2 Z Yio,ko s (2.41)
J'<jo<ko<k’
where, for each i € {j,k}, ' =iifie{l,... £}, =i—1ifie {{+2,....0+
m+1},and ¢/ =i—2ifi € {{+m+3,..., N+ 2}. The other cases are:
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elfje{l,....¢+1}andke{l+1,....0+m+ 1} and j # k, then

4 k
Pj.k :k*jfleZOfiﬁL Z ;1 +2 Z Yo, ko- (2.42)

i=j i=0+2 7<jo<ko<k—1

elfje{t+2,...0+m+2tandke{{+m+2,...,N+2} and j #k,

then
l+m-+1
pie=k—j—1+ > B+ Z Bicat2 D Vieko
i=j i=l+m~+3 j—1<jo<ko<k—2

(2.43)

eIfj€{0,....¢} and k € {{+m +3,...,N + 3} and at least one of
j # 0,k # N + 3 holds, then

N+2 N+2 J N

J J
pj,k:kf‘j*Nfélfzai*Zﬁz Zaz 27Zﬁ1 2722 Z Vi, 5’
i=1 i=1 J'=1li=1,i#j’
N N
-2 Z Z Vi,kr + 2 Z Vi k!

k' —k—2i=1,ikk'—2 1<j/ <k'<j
J N
w2 S Vi 2> > (2.44)
k—2<j'<k'<N §=1k/'=k—2

Proposition 2.3. Given any o, € CN and v = {Vik = Yejh<j<r<n €
CNIN=1/2 the Selberg-like integrand

N
[Tzl == ] (ex—2)**dzr - dan| € CP(AL mn; QAG )
=1 1<j<k<N

(2.45)

lifts, via the blowdown map bd : K¢ m n — Do m.n, to an extendable density of
the form

H pJ :|,U€7nn( 7/6a7)7 (246)
{7,k}eTt,m,n
for some strictly positive smooth density fumn(c,B3,7) € C®(Kpmn;
QK¢ m.n), depending entirely on o, 3,7.

Proof. Each p; . is an affine function of o, 3,4, so it suffices to check 2N +
N(N—1)/2+1 cases, the case when all three of a, 3, « are zero and 2N+ N (N —
1)/2 cases where the triple (a,3,7) ranges over a basis of C2N+N(N=1)/2,
Write

pin(a.B.7) = p\) + p\) (e, B,), (2.47)
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where pglz = p;£(0,0,0) and pg}lz(a,,@xy) = pjr(a, B,7) — ,0;013 is the linear
part of p; . Thus, we want to show that, upon lifting to Ky n,

(0)
|d$1 cee dl‘N| S { H pJ k}coo(KemeKe m n) (2'48)
{7,k}eTt,m,n
N
[T il IT (-
i=1 1<j<k<N
P28 oo +
el I #2"|cKimniRY), (2.49)

{5,k}YeTt,m.n

with it sufficing to check Eq. (2.49) on a basis of C2N+N(N=1)/2,

e Equation (2.48) is simply a restatement of Proposition 2.2.
e For a basis of C2V+N(V=1)/2 " we look at (a,B3,7) such that all of the

components aq,...,an, B1,...,0n8, 71,2, - of o, 3,7 are all 0 except
for one, which we set to 1. The result then follows, via a bit of algebra,
from Eq. (2.23) through Eq. (2.39). O

Let T(¢,m,n) denote the collection of maximal families I of consecutive
subsets Z C Z/(N + 3)Z such that

e 2<|Z|<N+1foralZ eI,

e no two of 0,/ + 1,/ + m + 2 are in any Z € I together, and

o if 7,7’ € I satisfy ZNZ' # &, then either Z CZ' or I’ C T.
The elements of T(¢, m,n) can be thought of as specifying valid ways of adding
parentheses to group together the elements of Z/(N + 3)Z without grouping
any of 0,¢+1, {4+ m+2 together. The minimal facets of K, ,, ,, are in bijective
correspondence with the elements of T(¢, m, n), with

= () Fix (2.50)
I(j,k)el

the facet corresponding to I.

2.2. The Associahedra Ay,

We now define the mwe Ay, ,, for £,m,n € N not all zero. We begin with the
N = £+ m + n hypercube Oy = [0, 1]¥. Parametrizing Oy by (t1,...,tN),
the hypercube is identified with

[—O0,0]ih [O 1]

via the coordinate changes t; =1/(1 —x;) for z; € [—00,0] and ¢ € {1,...,¢}
and t; = (x; — 1)/x; for x; € [1,00] and i € {{+m+1,...,N}.

The facets of Oy we label by sextuples (S,Q,S’,Q’, 5", Q") consisting
of (possibly empty) subsets S,Q C {1,...,¢},5,Q C{{+1,...,£4+m}, and
S".Q" C{l+m+1,...,N}ysuchthat SNQ =5 NQ =8"NQ" = @. Let

jeSuUSUS" =t =0
Fsq.s.Q.smq" = { t1,..,tn) €N s J . (2.92
Q,5,Q Q ( ) JEQUQUQ =t =1 ( )

TL415++3TL+m [1 oo}lg+,,t+17 LIN (251)
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For instance, Oy = Fg 5.¢.0,0,0-
Now let Fymn = Fr.mn(0) denote the family of facets defined by

Femn = {Fs,0,0,0,0,0' 5,07 U{Fo,0,5.0,0.0}0,5
UHF2,0,0.0,57 .2} s )\{On} (2.53)
where S, 5", 5'Q, Q’, Q" range over all subsets as above. For each d € {0,..., N—

1}, let Fomnia denote the set of elements of Fy ., of dimension d. Then,
Ap m.n is defined by the iterated blowup

AZ,m,n — [DN7 f@,m,n} - [DNa ff,m,n;O; e ;ff,m,n;Nfly (254)

As in the previous section, we should check that, for each d = 1,..., N,
having already blown up Fy m n.d, for dy < d, the blowups of the closures of
the lifts of the interiors of all of the F € F 1, n,q all commute. One way to see
this is to split

Oy = U Ot.mon(S,8,8"), (2.55)
S,87,8"
where S varies over all subsets of {1,...,¢}, S’ varies over all subsets of {£ +

1,...,£+m}, and S” varies over all subsets of {£{+m+1,..., N}, and

ieSUS’US”:tie[O,2/3)}

/ AN .
Oemn(S, S, 8") = {(fl’-”vtN) €OV e gusUS =t e (1/3,1)

(2.56)
Once we have established that blowing up F¢ m n:0, - , Fe,m,n;d—1 is fine, then
[On; Foomn05 -+ 3 Femonid—1]
= U Oumn(S. 88" Frammor s Fommaa]  (2.57)
5,87,8"

naturally, with the left-hand side being well-defined if the right-hand side
is. Thus, it suffices to check that the blowups [gm.n (S, S, 8"); Femm0; - - ;
Fi.mn:d) are all well-defined. To see this, identify

o850 = (02) (G )

{tities {tidicsmye

s’ st
(05 < G )
3/ {titiesr N3 Mt} g0

2 S 1 (S/)C
x({o, 7) x (7, 1} ) (2.58)
3/ {titicsn 3 ftiticione

and note that the blowup prescription is just that of performing the total
boundary (tb) blowup [20] on each of the three factors. (Note that this is not
the same as the total boundary blowup of the product of the factors.) Here,

o SC={1,....00\S,

o (SN ={0+1,....0+m}9,

e and (8" ={f+m+1,... N})\S".
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t3~
A

iniip

t A

FIGURE 7. The 3-cube s and the three blowups A;11 =
I(1,1717 A1,270, A07370 thereof. The Dg,mm(s, S/,SN) are elght
subcubes corresponding to the eight vertices of (3. One such
cube is depicted in red

FZ.{ 1,2,3};0 ;“

™ Fo 310

™ Fo 310

FIGURE 8. The eleven faces of A; o and the fourteen faces

OfA0’370
Thus,
2 S 1 (S//)C
Atmn = 0.3) * (5.1
S,87,8"" th
s’ SG S (S/)G
“(o5) <G ), < (03) <))
3 3 th 3 3 th

(2.59)

The faces of Ay, 5 are in bijection with the elements of 7y, ,,. We label
the faces of Ay, as follows:
o for SC{l,....¢} and Q C {{+m+1,...,N}, the face corresponding
to Fs6.6.0,0,¢ is labeled as Fg 0,00 = F,5;00,
o for Q C{1,...,¢}and S C {f+1,...,£+m}, the face corresponding to
Fz.0,5.2,0,0 is labeled as Fs.g.0 = Fg,s5.0, and
efor SC{{+m-+1,....,N}and Q C {{+1,...,£+ m}, the face corre-
sponding to Fg 5 &.0,5, is labeled as Fg g1 = Fg_s.1-
Here, S, @Q are not allowed to both be empty.
For any subsets S C {1,...,¢}, Q C{{+1,....44+m}, RC{{+m+
1,...,N} that are not all empty, let forg : O — Ojg), 0, |z denote the
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forgetful map forgetting the coordinates x; for i ¢ S UQ U R, Then, forg lifts
to a smooth b-map

forg : Avmn = Ajsijqlials (2.60)

and given any face I of A|g| q|,|r|, the pullback forg*xp vanishes to first order
at each face Fy satisfying

Fo C forg ' (F). (2.61)

This is the “universal property” of the Ag ., . Via the decomposition in Eq.
(2.59), it follows from the corresponding universal property of the total bound-
ary blowup of a product, which is essentially given by Proposition B.2.

Proposition 2.4. Suppose that 11 is a strictly positive smooth density on Up 1.
Then, the lift of p to A, has the form:

[SuQ|-1 |suQ|—1
[ H TFs,qio0 } [ H TFs.q0

SC{1,...,¢} SC{1,....0}
QC{f+m+1,....N} QC{l+1,...,04m}

I1 x'ﬂﬁ‘l‘l}ﬁ (2.62)

SC{e+1,...,04m}
QC{¢+m+1,...,N}

for a strictly positive smooth density i € C°(Apm.n; QAemn) 0N A mon.-

As a notational convenience, we are setting xp, ,, = 1 for each xg €
{0,1,00}.

Proof. Follows via induction on the number of blowups, as in the proof of
Proposition 2.1. O

Proposition 2.5. The Lebesgue measure on RN, which defines a strictly positive

smooth density on Uy, ., has the form

[f[(l —a:j)2H ﬂ xﬂu (2.63)

j=fl+m+1
for some strictly positive smooth density g € C°(Opmn; 2e.mn) 00 Oe -

Proof. Follows from the same computation as in Proposition 2.2. O

Proposition 2.6. For each pair of distinct i,5 € {1,...,N} such that either
nie{l,... 0}, ,5€{l+1,....0+m}, ori,j€{l+m+1,...,N}, the set
Hjy =cla,,,  ipe; txy =k} is a p-submanifold of Agm.n.

L,m.n

See [29, §1.2] for the definition of “p-submanifold.”

Proof. Consider the neighborhood bd_l(DLmyn(S, S',8") C Agmn. If one
of j,k is in SUS"US” and the other is not, then the intersection of H j
with bd ™ (g, m.n (S, S, S”)) is a submanifold disjoint from the boundary and
therefore a p-submanifold. It therefore suffices to consider the case when j, k €
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SUS US” (and the case when neither are in S U S’ U S” is similar). For
notational simplicity, we only consider the case when j,k € S’. Then,

Hj,Nbd™ Y Opmn(S, S, 5")
= ([0.2)" (5177, (B (02)°
st s 5"\
G ) (07 G, e

where Hj ), is the closure of {z; = x4} in ([0,2/3)%" x (1/3, 1]Sc)tb, which is
a p-submanifold [29] (this also follows from Proposition B.1). Thus, Hj; N
bd ™ (g m.n(S, S, 8")) is a p-submanifold of bd™ (g m (S, 5", 5")). As the
neighborhoods bd_l(Dg,mVn(S, S’,8")) cover Ag m n, the conclusion follows.
O

This result is illustrated in Fig. 9.
We now record the results of lifting z; and 1 — x; to Ag ., », these being
derivable via the universal property.

o If i €{1,...,¢}, then

—x; € [ H xF_Sl,Q;OJ { H TFs g0 | CF(Atmn; RY),

i€QCAL,...0} i€SC{L,....0}
SC{f+m+1,...,N} QC{l+1,...,04+m}
(2.65)
(1—a)€ [ I1 x;s{w} O (Agmm; RY). (2.66)
i€QCH{1,...,0}
SC{f+m+1,...,N}
e Ific{l+1,...,0+m}, then
x; € [ I1 xFSYQ;O}COO(Agym,n;RJF), (2.67)
SC{1,...,0}
i€QC{+1,...,04m}
-z)e|  JI  #keon|C®(AmmRY).  (268)
i€SC{l+1,... b+m}
QC{l+m+1,...,N}
e Ific{{+m+1,...,N}, then
x; € [ H -T;;Q_w]COO(AE,m,n§R+)7 (269)
i€SC{e4m+1,... ., N}
QC{1,...,e}
—(1—=z) € [ H Z‘FS_QYI} [ H xES{Q;x]CO"(Ae,m,n§R+).
SC{e+1,...,64m} i€eSC{f+m+1,...,N}
i€eQC{l+m+1,..., N} QC{1,...,}
(2.70)

Let 7y ={1,..., ¢}, o = {¢+1,...,.0+m},and Zs = {{+m+1,...,N}.
For j, k € Z, for the same e € {1,2,3}, let y; denote a defining function of
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Hj ., with the sign chosen so as to have the same sign as x; — x. Then, for
all distinct j,k € {1,..., N},

(l‘j — xk) S }/j,kX*7ka(Ag7m,n;R+), (2.71)
where X . = X}, ; is given by

[H SCTy fCEle.J [Hj,kesgzl ﬂst,Q;o] (J:k € Th),
JEQCTI, or keQCI, o QCI,
[H SCI, ZTFgq; o] [Hj,k€S§I2 :L.FS.Q;I:| (.77k S IZ):
7,k€EQCT, QCIs
[H SCI, TFgq; 1] [HjeSQIg or k€SCIy OEESIQ%] (4, k € I3),
J,kEQCTy QCT, o
Xj = _
[HJESCIl xFSQ } [HjESQII QL’FS‘Q;O] (j € Th,k € 1),
keEQCI,
[H SCT, i, m} [HjeSQIz mFs,Qzl} (U €12,k € 1s),
kEQCTs keQCTs
|:H SCZ,,QCTIs xF;Qw] (]6137k611)5
(J,k}NS0Q#D

(2.72)
and Yj, = y; i if, for some o € {1,2,3}, we have j,k € Z,, and Y} = £1
otherwise.

We associate to each face Fq € F(Aym,») an affine functional
0 : CNTNIN=U2 5 (o, B,7) = or, (@, B,7) € C. (2.73)
Suppose that we are given some a, 8 € CV and v = {vjx = Vk,j }1<j<k<n €
CNWN=1)/2_ Then, gq(c,3,7) is defined as follows:
e For SC{l,....4 and Q C{{+1,...,0+m},

05,Q:0 = S|+ 1|Q|— 1+ Z aj + 2 Z Yy, k- (2.74)
JjESURQ 7,kesSuQ
i>k
eFor SC{/{+1,....04+m}and QC {{+m+1,...,N},
051 =S| +1QI =1+ D> Bi+2 D> vk (2.75)
JESUQ FHESUQ
3>

e For SC{{+m+1,...,N}and Q C{1,...,¢},

0500 = IS = 1QI =1= > a;— Y B;—2 > Vi k-

JESUQ JESUQ >k
JESUQ or keSUQ

(2.76)
Then, letting A C Oy, be defined by A = U3_; Ujzk jkez, {2 = 21}

Proposition 2.7. Given any o, € CN and v = {vjrx = Y, }i<j<k<n €
CN(N-1)/2 T

N
[Tzl —a®  TI (o = +i0)*0%|day - dan| € C (05,0

1<j<k<N
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A;Co 07 0 \A)) (2.77)
lifts, via the blowdown map bd : Agmn — Uem.n, to
25,Q;0
|

SC{1,....t}
QC{l+1,....4m}

A | B U A | | GRS RR O

SC{l+1,....04+m} SC{¢+m+1,...,N} 1<j<k<¢
QC{t+m+1,...,N} QC{1,....}
AN 2 1 AN 2
[T e ][ TL e+ 0P fe
LH1<j<k<L+m L+m+1<j<k<N

(2.78)
for some strictly positive smooth density piemn € C(Apmmn; QArmn) on

Apm.n, depending entirely on o, 3,7.

Proof. Follows from the preceding computations, along with Proposition 2.5.
O

If M is an orientable mwc, we say that a collection P of interior p-
submanifolds each of codimension one is consistently orientable if we can
choose an orientation on each such that, for any p € M, the subset

> TINyPCT;M (2.79)
PeP,peP

does not contain zero, where TTN*P Cc *N*P C T*M is the induced posi-
tively oriented conormal bundle, sans the zero section, and T* M is the extend-
able cotangent bundle of M. Whether or not this holds does not depend on the
choice of orientation of M. Choosing defining functions {yp}pep C C°(M;R)
for the P € P such that

dyp(p) € TN} P (2.80)

for each p € P, we say that the {yp}pcp are consistently oriented defining
functions.

Ezample. In 00§ 3 o = (0,1)3, consider P = {HY,, H3 3, H3 ;1 }. The functions
To — T1, T3 — Ta, T1 — T3 are not consistently oriented defining functions, as

0= d(ze — 1) + d(zsg — z2) + d(z1 — x3), (2.81)
but zo — z1, 3 — x2, and x3 — x1 are.
Let
P ={Hjr}jkezi ik U H kY jheTs sk U {H kY kezs jn- (2.82)

Proposition 2.8. The collection P defined by Eq. (2.82) is consistently ori-
entable, and {yr ;}j<k is a set of consistently oriented defining functions.
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FIGURE 9. The sets Hj € P in Ay 20 and Ag 3. Pictured
are Hy o, Hy 3, and Hy 3, where the axes are oriented as in
Fig. 7. In Ag 3,0, the intersection H; o N Hy 3N Ha 3 has been
indicated with an extra dashed line

Proof. We will show that, for any p € Agmn and {A\jk}pen, ep € [0,00), if
the 1-form

)\j,kdyk,j € Ql(AZ,m,n) (283)
H; ,€P s.t. p€Hj i,

vanishes at p, then \; , = 0 for all H;;, € P such that p € H; ;. Put differently,

we want to show that if P is any partition of {1,..., N} into nonempty subsets
S C 11,15, Ts, then, given any {\;x}jreser,j<k C RZ? not all zero, then
> Nikdyk (2.84)
jkeSep
j<k

is nonvanishing on N; resep,j<iH; k- If P consists only of singletons, then this
is vacuously true, so it suffices to consider the case when at least one member
of P has cardinality > 1.

This is certainly true for p € U mn» as dyk,; < dog — dzj on U7, N
H;j i, where the coefficient of proportionality is positive. Indeed, by the results
above,

T — {Iij = fj,kyk,j (285)

for some f;x € C°(Agm,n; RZ%) that is nonvanishing in the interior, so
Ayn,j = fip (doy — dz) — fitues A (2.86)

in 07 ,,, ,,» which is equal to fjfkl(dxk —dz;) on H;,NLG ., as claimed. This
argument does not work for p € Ay . n, as fj i may vanish there.

A homogeneity argument can be used to show that, for any p € 04, 1,
there exists a tubular neighborhood T': U — Uy of a neighborhood Uy C Fj of
p in Fy, where Fj is the smallest facet containing p, such that the intersections
U N P of this neighborhood with the P € P are all vertical subsets, meaning
of the form T~1(B) for some B C Up. This implies that if the 1-form above
vanishes at p, then it also vanishes on the fiber of the tubular neighborhood

over p and hence somewhere in (07 N (ﬂH7 op Hik)- O

Lmmn
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We illustrate the preceding argument with an example. Consider the case
when the only one of £, m, n that is nonzero is m, and consider p € Ny, ,ep Hj k-
The set Ng, ,epHjr C Aon,o (the “small diagonal”) is a p-submanifold lo-
cated away from all but the very first two blowups involved in the construc-
tion of Ag n,0. Near this p-submanifold, Ay 0 is canonically diffeomorphic to
[Co,n.0, {0}, {1}], the result of blowing up two opposite corners of the N-cube.
We consider the situation near the blowup of

{0} = Fz,@,{l,..‘,N},@,&@, (2-87)

and the situation near the opposite corner is similar. In the interior of the front
face of that blowup, we can use ¢ = z; as a bdf and coordinates &; = z;/z; for
j=2,...,N as parametrizing the face itself. In terms of these coordinates,

Oy pep Hjp = {22, & =1} (2.88)

locally, and, for 1 < j < k < N, we can write yx; = Gr,;C(Ao,n0;RT)
for g ; given locally by gy ; = 0~ '(xx — x;) = & — 2, where #; = 1. This
satisfies

djey = {4 U=1) (2.89)
dzp — dz; (5 #1).

So, if Ak,; > 0, then >, oy oy Ajkdfr,j = 0= A, =0 for all k, j. Since the
yg,; differ from the g ; by a (smooth) positive factor, the y ; have the same
property on Ny, epHj k.

There is a more direct argument using the coordinates in Proposition
B.1 (with the decomposition Eq. (2.59)). Namely, using Eq. (2.59), the result
follows from the analogous result for [0,1)Y. Given any o € Gy, consider
the coordinates o, Z4(2), " ,%,(n) defined in Proposition B.1, these giving a
(C*°-atlas as o varies over all permutations. In these coordinate systems, the
relevant p-submanifolds are, locally,

Hjj = {&j41---ar =1} C [0, DY, (2.90)
so have defining functions yj ; = —1 4+ £41 - - - &&. This satisfies
k
dz;
dyy.; = Z in- (2.91)
i=j+1
on Hj . The 1-forms, w;x = Y, #; " diy, defined by the right-hand side
of Eq. (2.91) satisfy
{Aikt1<j<h<n and jreser C [0,00) and > Ajkwik =0
1<j<k<N and jkeS€eP
= A =0forall j <kinS €P, (2.92)

from which the result follows.
Let XT(¢,m,n) denote the collection of maximal families I of pairs (x¢, S)
of zp € {0,1,00} and nonempty S C {1,..., N} such that
o if (z0,5), (z0,Q@) € I, either S CQ or Q C S5,
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SNI3=9 (.%‘0:0),
(.1‘075) €ElI=(SNTL =9 (IQ = 1), (293)
SmIQZQ (.’BOZOO)

The minimal facets of A, », are in bijective correspondence with the elements
of ¥T(¢,m,n), with

fr = N Fs.0i0 (2.94)
(z0,S)€I, SUQCS

the facet corresponding to I.

3. Meromorphic Continuation

We now turn to the analytic extension of Selberg-like integrals to dense, open
subsets of the space of possible exponents. As discussed in the introduction,
the results in this section are apparently sharp for generic Selberg-like inte-
grals, but for e.g. symmetric Selberg-like integrals they are only preliminary.
Nevertheless, the results we prove here will be useful in establishing the sharp
results later. For our discussion of the symmetric and DF-symmetric cases,
it is useful to consider somewhat more general integrals than Eq. (1.2). Let
¢,m,n € N satisfy £ +m +n = N € N*. Fix a finite collection D of indexed
sets

{dr}rer(ximn) C R (3.1)
Define
N
Sé,m,n[F](a,,B,'y) = / |:H |1,z ai|l] — T ﬁl}
Bemon = =1
H (xp — ggj)%j,k}pdxl o day, (3.2)

1<j<k<N
for (o, B,7) € Q¢ m.n[D], where
® Q.0 [D] denotes the set of (a, 3,7) € CY x Cg X (Cﬂ,\/(N_l)/2 such that

N

(Lt - a][ TI G- e

i=1 1<j<k<N
11 m;lF] € LY (D, dat -+ dzy) (3.3)
FGJ:(KZ,m,n)

for all {dF}Fe}‘(Kg,m,n) € D, and
e [ has the form

F= 3 { I1 xdFF}F{dF}FeF(Ke,m,n) (3.4)

{dr}reriymn FEF(Kem,n)

for some Fiawyperi, ) € CF(Kpmom)-
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We denote the set of such F by AP (K ). From the definition Eq. (2.6) of
Ag mon, the integrand is nonvanishing there, so the absolute values in Eq. (3.2)
amount to a choice of branch.
Observe that g, [D] is a nonempty, open, and connected subset of
C2N+N(N=1)/2 T the case N = 1, we consider Qp.m.n[D] as a subset of (Ci’ﬁ.
We write Q[F] to denote Qg »[D] for arbitrary D such that F € AP
(Ké,m,n)- Let

Q@,m,n = Q@,m,n[{{O}FG}'(KLM,TL)}]- (35)

If ¢ € C°(Dgm,n), then we can consider ¢ as an element of C(Ky 1),
80 Semnle] ¢ Qmn — C is well-defined, and Qg nf@] 2 Qemn. If f €

Clz1,...,zn], then the lift of fy is also a classical symbol on Ky, , (it is
smooth if £,n = 0, but not necessarily otherwise), so
Sf,m,n[.f@} : Qf,m,n[f] -C (36)

is well-defined, except now we may have Qg n[f¢] € Qo if € F# 0 o0r n # 0.
In the special case when ¢£,n = 0 and m = N, we use the abbreviations
Qo,n,0 = Qn, Qo,no[e] = Qn]e], and

SO,N,O[F]<a7/3a7) = SN[F](a7ﬂ7'7)7 (37)

this being consistent with our earlier notation.

As in the introduction, when «, 3, are constant, we just write ‘o’ in
place of ‘e, ‘f’ in place of ‘3,” and ‘¢’ in place of ‘y.” Let Uy, [¢] denote the
set of (o, 3,7) € C? such that (a,3,7) € Q¢,m.n[e] holds when o = «, B = 3,
and v = 7.

Similar abbreviations will be used throughout the rest of this paper.

In addition to the general Selberg-like integral above, we have the follow-
ing general integral of Dotsenko—Fateev type:

ﬁl}

11

H (xgp —x; + iO)Q'W“]Fdxl <o day (3.8)
1<j<k<N

(62

1—:c2-

Ll Fl(c, B.7) = /D

,n

for (e, 3,7) € Vo,m,n|D], where now D denotes a finite collection of indexed
sets {dr brer(arn.) € Cs

® Vimn[D] denotes the set of (o, B,7) € C*N+NIN=1/2 for which the
integrand in Eq. (3.8) lies in L'(O¢ m n, dzy - - - doy)—that is the set of
(e, B,7) such that

N
[Hm'ai'l_mi'm” IT o=y
i=1

1<j<k<N
[T o] €L @umn, dor--- day) (3.9)
Fe}-(Kl,m,n)

for all {dF}Fe]:(ALnL,n) € D, and



The Singularities of Selberg- and Dotsenko

e F has the form Eq. (3.4) for Fiaoy. 0, € C%(Aem,n).

In Eq. (3.8), 27 = e™evloglel if ¢ < 0 and 27 = 71987 if 2 > 0. We apply
abbreviations for Dotsenko—Fateev-like integrals that are analogous to those
used for Selberg-like integrals.

Let Wi n,n[e] denote the set of (a,3,7) € C? such that (e,8,7) €
Vo.m.n|e] holds when e =, B = 3, and v = . Let WPEC [F] denote the set

Lm,n
of (O[_, a, /6— ) /6+7 Y—570; 7—"—) € (C7 such that (aDFO’ 5DF07 A/DFO) € W,WLJL[F]-
Let

DFO0;s

I[’m’n [F](a—aa-i-aﬂ—aﬁ-ﬁ-)FY—)’YOa7+) = I@,m,n[F](aDFOHBDFO)

,YDFO).

(3.10)

This section is split into many short subsections. The general analytic
framework in which the extension is performed is discussed in §3.1, and the
specific application to Selberg-like integrals is contained in §3.2. We prove a
family of identities relating Iy y n, Lo,n,ms In,e,m, - - - in §3.3. As preparation for
our discussion of singularity removal in the DF-symmetric case, we discuss
in §3.4 an alternative regularization procedure suggested by Dotsenko—Fateev
that works for some suboptimal range of parameters (in particular allowing
Yo = —1, but not allowing the real parts of a_, ay, 8—, B+ to be too negative).
It should be remarked that this regularization technique can be combined
with that in §3.1 to yield proofs of the main theorems without the techni-
calities associated with needing to understand the analyticity of products of
distributions like (y &40)* in . As this lacks the purely analytic flavor of the
proof in §3.1, it is not the approach we follow here. The Iy, , are related to
the Selberg-like integrals Sp , , in §3.5. A key lemma used in the removal of
singularities is in §3.6. This lemma is a generalization of a result proven by
Aomoto [3] and discussed heuristically by Dotsenko—Fateev [8]. For complete-
ness and later convenience, we record in §3.7 the symmetric and DF-symmetric
cases of the results in §3.2 regarding the Dotsenko—Fateev integrals.

Let G¢mn = 6¢ x &, X 6, which we consider as the subgroup of
Gy leaving each of 71,75, 73 invariant, where Z1,75,73 are as in the previous
section, a.k.a. the Young subgroup associated with the partition {1,...,n} =
71 UTZy U Zs. Given a permutation o € Gy, p, let

N
If,m,n[F](a7ﬂa7)o = / [H|x2|a7|1_xz ﬁi:|
tmn =1
H (xo(k) — Lo () + iO)Q’Y”(j)’a(k)] Fdxq--- day,
1<j<k<N

(3.11)

defined for (e, B,7) € Vo,mn[F]. If we define a”, 87,77 by af = aq(;), 8] =
Bo)> and ] . = Yo (j),0(k), and

Fg(ylv' . ayN) = F(ya_l(l)v' . 'aya_l(N))v (312)
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then I n[F)(e, B,7) = IpmaF7)(a?,B87,~7). This relation will be very
useful below. More generally, for any o € Gy, let
Il,m,n[F](avlga7)a = Ié,m,n[FU](aavﬁUaPYG) (313)
S@,m,n[F](a7 /Ba ’Y)U = S@,m,n[FU}(agv Bga P)/U)» (314)

defined for (a, 3,7) € Vim,n[F] in the former case or for

(avﬁa’)’) S Qf,m,n[F]U
= {(a, B,) € CPNTNIN=U2 (a7, B7,4%) € Q[ F7]} (3.15)
in the latter case. We will use similar notation for other subsets of C2N+N(N—-1)/2
below, as well as for the meromorphic extensions of Sy, o [F| and Iy o [F].

3.1. Some Generalities

Let N € N be arbitrary. For a Fréchet space X, let &(CV;X) denote the
Fréchet space of entire X-valued functions on C", where the topology is that
of uniform convergence in compact subsets, as measured with respect to each
Fréchet seminorm on X, and similarly for X an LF-space. Let &'(RY) denote
the LCTVS of compactly supported distributions on RY. By the Schwartz
representation theorem,

E'(RY) = UnerH™*(RY), (3.16)

where H™(RY) is the set of compactly supported elements of H™(R™).
Let N e Nt ke€{0,...,N}, and s € N. For any

Ve CXRE, € Ry )= | CZRE L HIEERYTY)

g1, sc,C
m,s€R

(3.17)

let, for p = (p1,...,pPk),

In gkt / / -t (1 (t, .ty —)) Aty - diEg,

(3.18)

which we abbreviate as
Inkc[Y](p) = /N PR () AV (3.19)

Rk

Here, R,QV =1[0,00)f . 4 xREF o and In g k[¢](p) is defined initially for

Rp1,--+, Rpp, > —1, for Wthh the right-hand side of Eq. (3.18) is a well-defined
integral
Let H™2(RY) denote the set of compactly supported elements of H"*

Sc,C

(RN = ()~ H™(RY). Let
O(CF x CH X RE L, ERYTE L))
= U 0@:Ce®E, ., Hs (RNTF))), (3.20)

Q m,seR
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endowed with the strongest topology such that the inclusions

() O CERY, . o, Hid(RYTH)))
Q

sc,C

— O(CF X CHCPRE G ERNTF L)) (3.21)

7 trg1,5tN
are all continuous, where the left-hand side is an LF space. Here, 2 is varying
over bounded domains in C¥ x C*. We are identifying functions on C*¥ x C*
with their restrictions to subdomains. In other words, an element of the space
defined by Eq. (3.20) is locally an analytic family of elements of C*(Rf, .. . ;

ko
HZe (RN=F)) for some m, s € R which are allowed to depend on ().

Proposition 3.1. Suppose that, for each p € CF and § € C*, we are given
some Y(—; p,8) as in Eq. (3.17), depending entirely on p,d in the sense that
the map

CF x C" 3 (p,8) — ¢ € C(R*; &/(RNF)) (3.22)
is entire, i.e. lies in O(CF x (C";Cé’o(th,_)tk;g’(Rﬁ:ﬁmytN))). Define

IN,k7n[T/J](P7 6) = IN,k,H[w(pa 5)](p) (323)
Then, the function Jn i k[t defined by

k
Inclt)(e.8) = [ TT Ty +1)] T slt](p.9) (3:24)

extends to an entire function on (C’; x C§. Moreover, the function

INgn[=] 0 O(CE x CHOZRE, 4 ERYTE ) D0

tht1y-0tN

= In k] € O(CF x CF) (3.25)

18 continuous.
Cf. [19][39, Lemma 10.7.9].

Proof. The k = 0 case is essentially tautologous.

We now proceed inductively on k. Let £ > 1, and assume that we have
proven the result for smaller k. Expanding 1 in Taylor series around ¢; = 0,
there exist

Yy e o (cck x C%; C° (Rf;}.7tk;8’(R£Z;f,...7m>>) (3.26)
EY ¢ o ((Ck x CF: O (Rtl;Cé’o(Rf;_f,tk;Sf(Riij,_,,,tN)))) , (3.27)

which can be regarded as smooth functions (or generalized functions) of
t1,...,tn, depending analytically on parameters p € C* and § € C*. such
that
J
¢(t17 s ENG Py 6) = thlwm)(t% s ENG Py 6) + t{+1E(J+1)(t1’ SN p76)
j=0
(3.28)
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for all J € N. Let K C CF** be an arbitrary nonempty compact set. There
exists some T > 0 such that supp(—;p,8) C{-T <t; < T} for all (p,d) €
K. Then, if Rp1,--- ,Rpr > —1 and (p,d) € K,

J

IN_1 k1] D, _
Iy li(pnd) = 3 e EEP g

7=0
r J+1

+/ T Iy [V (6, 2], 6) dy,
0

(3.29)

where p = (p2,--- ,px). We now define Jn i [¢](p,0) : {Rp1 > —2 — J} x
C5 — C by

J ; ~

1 IN—15-1.:[0D](p, 6) ;

Inks[¥](p, 8) = kL, Tortitl
N8 (p, ) F(p1+1)j§ PR

1 T A
MTES) / e [BYY (1, ) (0, 8)
1 0

(3.30)

By construction, Eq. (3.24) holds when $p1,--- , Rpr > —1. By the continuity
clause of the inductive hypothesis, the integral in Eq. (3.29) is a well-defined
Bochner integral, for each individual (p, d) € {Rp; > —2— J} x C*. Moreover,
the right-hand side of Eq. (3.30) depends analytically on (p,d) € {Rp1 >
—1 — J} x C*. By the inductive hypothesis, this is true for the sum on the
first line (multiplied by I'(p; + 1)71), as the simple poles due to the factors
of 1/(p1 +j + 1) cancel with those of I'(p; + 1). So, in order to show that
the whole right-hand side of Eq. (3.30) depends analytically on (p,d) in this
domain, we can show it for

T
/ N e a [BYTD (01, -)](p, 6) iy (3.31)
0

Justifying differentiation under the integral sign, this is a C*-function of (Rp1,
Sp1) € {(u,v) € R?u > —1 — J}, and it satisfies the Cauchy-Riemann equa-
tions, so it follows that the integral in Eq. (3.31) is analytic as a function of
p1 € {Rp1 > —1 — J}, for each fixed p € C¥~! and § € C*. Adding p, 6-
dependence does not change the argument.

So, the formula Eq. (3.29) yields an analytic extension of Iy ., and we
can take a union over all J € N, the various partial extensions agreeing with
each other via analyticity. The continuity clause is evident from the formula
Eq. (3.30) and the inductive hypothesis. O

Consequently, Iy [¢] admits an analytic continuation I Nixl[t]: Q@ —
C to the set Q = (Cg\Uje{l,... wiri € Z=71}) x C%, and the map

Ingwl=]: O(CF X C5CE (R, 4 E' R ) 20 = Inpslt] € O()
(3.32)
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is continuous.

If P is a consistently orientable collection of codimension-1 interior p-
submanifolds on a mwe M, then, letting zp for F € F(M) denote a bdf of the
face F, it is the case that, for any 6 € C and p € C7 (M) the product

H H(yP+iO)5P:C'SO(M;QM)BMH‘EIL%L/M H

FeF(M) PcP FeF(M)
H afF (yp +ie)°F (3.33)
Pep

is a well-defined classical distribution on M, where {yp}pecp are consistently
oriented defining functions. (Here, C°(M; QM) is the set of compactly sup-
ported smooth densities on M that are Schwartz at each boundary hypersur-
face.) That is, w is an extendable distribution on M and defines, for small
e > 0, an element of C*° ([0, G)xF,D'( )) for each face F. We write the right-

hand side of Eq. (3.33) as [,, w(p, d)u. More generally, if € C(M;QM),
then
lim / H H 2B (yp + ic)° —/ w(p,d)u (3.34)
=0T M peF ) Pep M

exists whenever pp > —1 for all F € F(M).
Let 22 € N. Suppose that we are given some entire family

p: CFM) 5 CP x C* — C°(M; QM) (3.35)

of compactly supported smooth densities u(p,d,A) € C®(M;QM) on M.
Consider the function

IM, ul(p,8,A) : {(p,d,\) € CFM) % CP x C* : pp
> 1forall F e F(M)} — C (3.36)
defined by

T1M, 1)(p, 6, A) = /wa,wp,a,n. (3.37)

Proposition 3.2. Suppose that j(zor some Ng € NT, we are given an affine map
L = (Ly,Ls,Ls) : (CévU x CF x C¥ such that, for each F € F(M),
the affine functional

(Lo)p : CN 5 g (Lig)p € C (3.38)

is nonconstant. Then, there exist entire functions g ¢[M, p](Le) : CYo — C
associated with the minimal facets f of M such that

I[M. i)(Lo) = Z | I T+ o) hess M. pl(Lo)  (3.39)
FeF(M),FOf
for all @ € CNo for which the left-hand side is defined by Eq. (3.37).

Proof. Pass to a partition of unity subordinate to a system of coordinate charts
on M and apply Proposition 3.1 locally. g
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Then, letting £ = {(Le)r : F € F(M)},

1
u;[ﬁ W} I[M, p)(Le) (3.40)

extends to an entire function (Ci,vo — C, where #, € NT is the maximum size
of any set S C F(M) of faces such that NpesF # @ and (Le)p = A for all
F € S. Indeed, this follows from the proposition above since, for each facet f,

1
[AI;ILIMW\} I[I T0+(Lew) (3.41)

FeF(M),FDf

is entire.

3.2. Specialization to Generic Selberg- and DF-Like Integrals

We now apply the results of the previous section to the specific case of the
integrals Eq. (3.2) and Eq. (3.8). Fix £,m,n € N satisfying £ +m +n = N,
N e N*.

3.2.1. The Selberg Case. Fix F € AP(K;,,.,). Let pjr = pjr(c, B8,7) be
defined by Egs. (2.41), (2.42), (2.43), and (2.44). Recalling the definition of
T(¢,m,n) given in §2.1:

Proposition 3.3. There exist entire functions

[F]: C2NPNIN=D2 ¢ (3.42)

Sevmv";TGg:Iv{dF}FEHKe,m,n) a8,y

associated with pairs of minimal facets f of K¢y n and collections {dr }rer(,. . )
€ D of weights such that

Sl,m,n[F](aw@v’-Y) = Z Z |: H F(l'i‘pj,k'i‘dFj,k)
1€T(l,m,n) {dr}r€F(K¢,m,n)ED IZ(j,k)EI
X St,m,niveg,1{ds br €F (Ke.m.) [F](Q B5Y) (3.43)
fOT’ all (a,,@,'y) € Qé,m,n[D}-

Proof. This is a corollary of Proposition 2.3 and Proposition 3.2, using the fact
that the minimal facets of Ky, , are in correspondence with the elements of
T(¢,m,n) via Eq. (2.50). O

Consequently, there exists an analytic extension Sg’m’n[F} : Qg’m’n[D] —
C of St.mnlF) : Qem.n[D] — C, where

QD] = C2GXOOA [y (Y

{dr}rer(xy €D {6:k}ET,m.n
{pjn +dr,, € Zg_l})] (3.44)

This is an open and connected subset of full measure; namely, it is the comple-
ment of a locally finite collection of complex (affine) hyperplanes in
C2N+N(N=1)/2 Tn the case m = N, this agrees with Eq. (1.13).
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As a corollary of the previous proposition, there exists an entire function

Se,m,n;reg[F] : Cij’\;f,i,v(Nil)/Q —C (345)

such that

SemalFiB7) =TI T+ pie+ )] Seommseel Fl(v, 8,7)
{jak}EJLm,n

(3.46)

holds for all (e, B,7) € Q¢.m n[D], where d2™ = min{dy : {dro }roeF(Komn) €
D}.

The case of the proposition above where m = N gives Theorem 1.1.
Indeed, if F' € C*(Ay), F lifts to an element of C*° (Ko n,0), and the orders

of vanishing of F at the relevant facets of Ay imply the same order of vanishing
at the lift in KO,N,O~

3.2.2. The Dotsenko-Fateev Case. Fix F' € AP(A,, ), where D is now a col-
lection of orders for the faces of Ag . Recalling the definition of XT(¢,m,n)
given in §2.2:

Proposition 3.4. There exist entire functions

[F]: C2NPNIN=D2 ¢ (3.47)

Lo, nives. 1 {dr }reray ) a8y

associated with the I € XT(¢,m,n) such that

Ii,m,n[F](aaIB;V)

= > > ([ I TO+ 0500 +drs o, )}

IEZT(@,m,n) {dF}Fe}‘(Ame’)erD (zo,S)EI

xIé,m,n;rng{dF}FE_r(ALm‘n) [F] (Oé, ﬁv 7)) (348)

for all (o, B,7) € Vimn[D], where we have abbreviated Ty NS, Zo NS, and
IsNS as S or Q as appropriate.

Proof. Follows from Proposition 2.7 and Proposition 3.2. O

Consequently, Ip m n[F] : Vomn[D] — C admits an analytic continuation
Iy [F] 2 Vimn|[D] — C, where
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Vé,m,n[D] = Cij’\rﬂf,lyV(Nil)/2\ U U U {QS,Q;Q:O + dFS_Q_,,,O S ZS_1}~
{dr}rerca, ) ©0€{0,1,00} 5,Q

(3.49)

Note that Vymn[F] 2 Nees,.,, . Qemn[F]7, as every functional (e, 3,7)
05,0z (@, B,7) has the form p; 1 (a”, 37, v7) for some o € Sy, and {j, k} €
«ﬁ,m,n-

As a corollary of the previous proposition, there exists a function

I@,m,n;reg[F] : CZZY;:;V(N_I)/Q —C (350)

such that, for all (e, 3,7) € Vim.n[D],

IZ,m,n[F](aa IBa 7)

[ TI TITC+ esouw+d8. ) emmeesl Pl 8.7)
z9€{0,1,00} S,Q
(3.51)
where S, @ vary over subsets of Z; = {1,...,¢}, o = {{+1,...,£+m}, and
Is={{+m+1,...,N}, depending on zg.
The m = N case of the previous proposition is Theorem 1.3.

3.3. A Simple Identity

For each permutation o of {0,1,00}. Let

(,;m,n) (oc=1),
(n,m,€) (o =1(01)),
" n') = (Evnvm) (U = (O OO)),
Ems ) =N mtn) (0= (1 00)), (3:52)
(n,¢,m) (o =(0100)),
(myn,f) (o =(1000)).

In other words, if the elements of {0, 1, 00} label the vertices of a triangle and
the edges are labeled accordingly—that is, ‘¢’ labels the edge between 0 and
00, ‘m’ labels the edge between 0 and 1, and ‘n’ labels the edge between 1 and
oo—then (¢/,m/,n’) is the permutation of (¢,m,n) resulting from applying o
to the triangle and reading off the new labels.

Let T, : CP! — CP! denote the unique automorphism acting on {0, 1, 00}
via 0. These are

1 2
Tl(Z):Z, T(Ol)(Z):].*Z, T(Ooo)(z):;’ T(loo)(z):71_z’
(3.53)
1 z—1
To100)(2) = Tooon(2) = : (3.54)

1—-2’ z
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Let gParam . C2N+N(N-1)/2 _, C2N+N(N=1)/2 denote the affine map
«a

( 7/637) (U - 1))
(B, a,y) (c=(01)),
O_param a _ (—2—@—,@—2’741,[37’7) (U: (0 OO))7
(. 8,7) (a,—2—a—B-2v.1,v) (0= (1)), (3:55)
(7 7a716727417a77) (0:(0100))7
B,—2—a—-pB-2v.1,7) (c=(1000)),

where v,1 € CV has jth component Zk# vk Let rev € Gy 4y s denote
the permutation that reverses the order of the elements in each of the sets
{1,.... 0L {¢+1,...,¢0/ +m'},and {£/ +m' +1,...,N}. Let |o] denote the
order of o.

Proposition 3.5. If (a,8,7) € Vi, then aP**™(a, B,7) € Vi nr, and if
(e, 8,7) € QUmom, then aP™ (a, B,7) € Qﬁ‘;l:'l,nw and

It 10t B, ) = Lo e (107 (00, B,
Stananl 110, B,7) = Sorr e [1(0"* (e, B 7))
for all (e, B,7) € Q.-
Proof. Tt can be checked case-by-case that
{0s,0:0 0P 1 0 € {0,1,00}, 5, Q as above}
= {0500 : ® € {0,1,00}, 5, Q as above}, (3.57)

where on the left-hand side (5, Q) varies over appropriate pairs of subsets of
{1,....0{¢+1,....0+m'}, and {¢'+m'+1,..., N} and on the right-hand
side (.9, Q) varies over appropriate pairs of subsets {1,..., ¢}, {¢+1,...,04+m},
and {{ +m+1,..., N}, depending on e. It can be seen from eq. (3.57) that

w,mm = (Uparam)_l(W’7m’,n’)- (358)

(3.56)

The case of Qg,mm is similar but more complicated.

Equation (3.56) can be proven for (e, 8,7) € Q¢ m,» by way of a change-
of-variables by substituting x = T,-1(y). The full result follows via analytic
continuation. g

3.4. An Imperfect Alternative

For I € {(—0,0],[0,1],[1,00)} and r > 0, let I'1 & , : (0,1) — C be defined
by

t+airt (te(ov]-/?)))v
Do r(t) = t £ ir/3 (t € [1/3,2/3)), (3.59)
t+ar/3Fir(t—2/3) (t€(2/3,1)),

Ty tr() = Tl (1 = 1)71 and T_ o 020 (t) = 1 = T10) . (1 = 1)
Note that the images of these contours are permuted among themselves by the
transformations T, above.
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FiGure 10. The contours F(,OO)()]7+,1, F[0’1]7+717 F[071]7+)4,
I'l1,00),4,1- Cf. [8, Figure 16]. (For our purposes, the con-
tours drawn by Dotsenko & Fateev approach +oo with imag-
inary part too small. This is why our I't + , look different for

I#100,1]

Suppose that F € (C[ml,xl_l, ey IN, x&l}. For any compact K € C with
nonempty interior, let O = O[F, K] denote the set, which depends on ¢,m,n €
N, though we suppress this dependence notationally, of (a,3) € C?V such

that
'/r‘(fao,!)j.ivlfl ['/I‘[U.H,+.O '/I‘[U.lJ,‘**.'”l’l |:'/r‘{l.o</),+.0 '/l-‘{l.oc).ﬁ»,nfl

'A(—x,oj.+,u
N
( =0~ Zj)ﬁj> I[I Gre—2)**Foden-- dZé+m+1] dZetm - dZHl} dze -+ dz
=1 1<j<k<N

(3.60)

is an absolutely convergent Lebesgue integral whenever v; € K for all j, k €
{1,..., N} with j < k, for every monomial Fy in F. In the definition of the
integral above, we are defining the integrand such that the branch cuts are not
encountered. For such (a, 8,7),

(@, 8,7) € VimnlF], (3.61)

and the integral in Eq. (3.60) is equal to I'Lmyn(a, B,7)[F], assuming that we
choose our branches appropriately. The latter part of this statement can be
proven by checking that the integral defined above depends analytically on its
parameters and agrees with Iy, » (at, B,7)[F] for (e, 3,7) € Vim n[F], which
in turn is proven via a contour deformation argument.

The set O is nonempty, open, and contains an affine cone. If

o o has sufficiently large real part for j € Z; UZ, and sufficiently negative
real part for j € Z3, and

o (3; has sufficiently large real part for j € Z, UZ3 and sufficiently negative
real part for j € 7y,

then (o, 3) € O[F,K], where what “sufficiently large” means depends on K.
Consequently, given any subset S C & x &,, x &,,, the set O°" defined by

0°" = {(a,8) e C*N : (a”,B%) € O[F? K] for all 0 € S} (3.62)
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is open and nonempty. If K contains e.g. —1, then O[F, K] contains some (¢, 3)
such that (e, 8,7) & Vi.m.n[F]- So, Eq. (3.60) gives us an alternative definition
of Ipmn(c, B,7)[F] for some range of parameters.

Proposition 3.6. Considere € {1,2,3} and j, k € T, withj < k and |j—Fk| = 1.
Suppose that v; € Z. Let T € &y ., denote the transposition swapping j, k.
Then,

Il,m,n[F}(anB”y) - IZJn,n[FKauB»’y)T

'/F(*wyu]ﬁr,o;l /F(foc,O]nF‘Zfl:l

N
Yo . \B
S ALY A S ¢ S
To,1], 4,041 Lo, +.m—1,64m T4 00),+,0i64m+1 T o) 4 n—1;N

Jo=1
X ( H (zku — Zjo)z’yf(l""ﬂ)FdZN cee d24+m+1} dzppm - d24+1} dzg--- dzy,
1<jo<ko<N

(3.63)

whenever (c, B,v) € OV} where Ty 4 i = D1y i unless i = j, in which
case Tt 4 v = D14 ri({Zig Fio25) s @ small counterclockwise circle around zy
not winding around any of the other z’s or 0, 1.

Proof. 1t suffices to consider the case F' = 1. Indeed, if F' is a monomial,
then we can simply absorb it into a redefinition of a. The set O™L7} s
decreasing with the set of monomials in F', so once the result has been proven
for monomials, it follows for all Laurent polynomials.

For e = 2, the proposition follows via a straightforward countour defor-
mation argument. The case @ € {1,3} can be reduced to ¢ = 3 via Proposition
3.5. O

3.5. Symmetrization
Let F' € AD(Ag7m77L).

Proposition 3.7. For any (o, B,7) € ﬂgeeg,m,nﬁg,myn[F]",

IomalFllenBy) = > €®@ 08, 0 0Fla,B.7)7,  (3.64)

€Sy m,n
where @(0) =27 Zl§j<k§N 1a(j)>o(k)7j,k-

Proof. By analyticity, it suffices to prove the result when the quantities above
are well-defined Lebesgue integrals. Decomposing O, », into !m!n! copies of
Aé m,n;

N
= Z /A H |xj|ad(]>|1 — Ij‘ﬁa(J) H (Io"l(k) _ xo-*l(j) 4 /L-O)Q—yjjc

GES m,n Y Dtimn j=1 1<j<k<N

XF(QZU—L(D,'“ ,Ia—l(N))dNI. (365)
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The right-hand side is

N
Z e?®(e™h) / H || %) |1 — l.j|ﬁo(7) H (w5 — mj)Q’Ya(J),a(k) (F9) sz7
LDomm j=1

€S mn 1<j<k<N

(3.66)
which is the right-hand side of Eq. (3.64). O

Proposition 3.8. Suppose that o, B, are invariant under all 0 € &y, 5, and
suppose now that F € Clzy, ..., zy]%4mn. Then, for all (a, B,7) € Qum.n[F],

jé,m,n [F} (aa ﬁ7 ’\/)

L ; m ; n ;
1— eZT{"Lk’yl 1— eZﬂzk'yQ 1— eZﬂzk'yg .
-l = [ 1 7 | | ] = | St FU(. B.9),
k=1 k=1 k=1
(3.67)
where, for each o € {1,2,3}, v = ;1 for all distinct j, k € Z,.
Here, we are treating (1 — e?™)~1(1 — ¢?"*7) as an entire function.

Proof. Applying the previous proposition,
IZ,m,n[F](azﬁ77)
_ { Z ewivoA(o')'y:H: Z eﬂ'io‘o.(o)'\/}{ Z 67”.O‘O‘(G)W]Szym,n[F](Ot,,3,")’),

cES, ce€S,, ceS,

(3.68)

where 0.0.(0) is the number of out-of-order pairs in 0. We appeal to the
algebraic identity

Zi() s > o) = ]ﬁl En: ("= ﬁ 1-¢% (3.69)
— = T .
ceEGN n=0 m=0 n=1

which holds for all N € N and encodes the bijection between &y and the set
of possible runs of the bubble sort algorithm. Plugging in ¢ = ™", Eq. (3.68)
becomes Eq. (3.67). O
3.6. The Aomoto—Dotsenko—Fateev Relations

Fix N € N* and F € Clzy,27",..., 2N, 25"]. For each j € {1,..., N}, let

0; € Gy be the permutation that takes 1 and inserts it in the jth position while

maintaining the relative order of the other terms. That is,o; = (15 j—1 --- 2).
For any £ € Nt and m,n € N with £ +m +n = N, let

Aﬁ,m,n[F] = ‘/Z,m,n[F] N wfl,erl,n[F]aZ N "/Zfl,mm+1[F]az+m

. . . 3.70
= w,m,n[F] N wfl,m+1,n[F]0l+m N wfl,m,n+1[F]UN7 ( )

tamonlF) = (N1 Qe FI) 0 (057 Ut 1, F]7)
N Qe o1 [F)7). (3.71)
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Note that 6£,m,n [F], qumyn[F] are open, dense, and connected subsets of
C2N+N(N=1)/2 bheing the complements of locally finite unions of complex affine
hyperplanes.

Proposition 3.9. For any (c, 3,7) € Opm.n[F],

l £4+m
0= Zeizaj S@,’rn,n [F}(aaﬁy’y)(’j + Z ei“gj SZ—l,m—i—l,n[F](aaIBafy)aj
j=1 j=¢
N
+ Z eii¢jS€71,m,n+1[F]<a7ﬂa7>aj (372)
j=l+m

holds for each choice of sign, where 0 = 2w o . V1o, ¥j = Ta + 27
Z2§j0§j Vo ond @; =T+ T3 + 27 Z2§j0§j V1o -

Proof. Without loss of generality, we may assume F' = 1. Let Uy, , denote
the subset of (a, 3,v) € C2N+NIV=1)/2 defined by

Oe,m,n
Qe mn Gedy,. ..., £ —1})
Qo 1,m+1,n Gel{e+,..., £+ m —1})
=q(@,B,7): (@%,87,77) € { U—1,m,n41 (Ge{t+m+1,...,N})
Qemon N Qe—1,m+1,n G=9

Qo t,mt1n N Q—tmmy1 (G =24+ m)

(3.73)

Let ¢ > 0. For each f1,f2,F3 > 0 and 7,5 € (—(N — 1)71,0) with
7 <7, let Bo,r 5~ (suppressing the £,m,n dependence for brevity) denote the
set of (e, B,v) € C2N+N(N=1)/2 quch that
o ¥ < Ryjp <Fforall j,ke{l,...,N} with j #F,
o [1 < Raj < Foforeach j € {2,...,0}, Ra; > F1 for each j € {{ +
1,....,£+m}, and Ra; < —F 3 for each j € {{+m+1,...,N},
o /1 <RNB; < Fyforeach j € {{+m+1,...,N}, R3; > F for each
je{l+1,....0+m},and RG; < —F3 for j € {2,...,¢},
where [ = (F1,F 2, F 3). The set Ug ;5 is open and nonempty. By Eq. (1.7)
and the analogue of Eq. (1.7) for the m < N case, there exist [ oo, F o, F 01 > 0
(depending on £,m,n,v,%) such that

def
Or 47 = {(a,8,7) € Bo,f 5 and (a1, 581) € 21,00 N Q0,1,0 M Q0,0,1} C Be,mon

(3.74)
whenever Fo > 1 > Fo and F3 > [Fo1F 2+ Foo. Observe that 90 N

Q0,1,0 N Q0,1 is the subset of Ci,,@ defined by the inequalities —1 < Ra, RG
and Ra + KRG < —1. The set

{(r1,r9) €R?: =1 <7y, and 7 + 1y < —1} (3.75)

is a nonempty triangle. So, OF 45 i1s an open and nonempty subset of

C2N+NIN=1)/2 and moreover of Uy, .
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For such F and (e, B,7) € Uf 45, Eq. (3.72) (with F' = 1) just reads

¢ L+m
0=> 8 (e, B,7)7 + D 8 1 mirn[l](c, B,7)7
i=1 o
N .
+ Y S 1@, B,) (3.76)
Jj=l+m

(note the absence of the dots over the S’s). By the analyticity of all of the
functions in Eq. (3.72) on Uy, p, it suffices to prove that Eq. (3.76) holds for

such (a, B,7).
By Fubini’s theorem, the right-hand side of Eq. (3.76) is
J.

w(z2,. .. ,xN)[/_+:(—a:1 +40)" (1 — 21 £+ i0)31< ﬂ(mj —z+ iO)QW"J> dl}

£—1,m,n

dzo - - dzy, (377)

N @ . .
where w(xg,...,xy) = [sz2 |z;|% |1 — z;]%] H2§j<k§N(‘Tk — a)%%*. The
claim then follows from

0= /+oo(—x +i0)%(1 — z £ i0)? (j]i(xj —zx iO)QW) de,  (3.78)

— 00

which holds for every (z2,...,2x5) € (R\{0,1})V~! such that xo,...,zy are
pairwise distinct and all «, 3,72, ..., vy € C for which

e the integrand of Eq. (3.78) lies in L*(R) and

o RNy; € (—1,0) for all j € {2,...,N}.
Denote the right-hand side of Eq. (3.78) by Zo = T4 (2,...,2N;Q, 5,72, -,
rYN)' For R > HlaX{|1’1|, cee |zN—1|}7

N
0= / (—zx£i0)*(1 -2+ iO)’B H(IJ —z*x iO)QW dz, (3.79)
Iy (R) j=2

where ' (R) = Tt (R)(z2,...,zn) C Cis the semicircular contour (with N+1
semicircular insets placed so that the contour avoids zs,...,xxN) connecting
—R and +R, with the arc and semicircular insets in the half-plane {z € C :
132 > 0}. See Fig. 11. In Eq. (3.79), the integrand is defined taking the branch
cut along the negative real axis, so

(2 — 2 & i0)2% = { FP2sllog |v — 2| +-iarg(w = 2))) (+ case, 3z < 0),
exp(2vy;(log|z — 2| — 2mi + iarg(z — 2))) (— case,§z > 0),

(3.80)

for any = € R, where arg(z — z) € [0,27). We orient I' ;. counter-clockwise and
I'_ clockwise.
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-=3

—R X1 T2 0 T3 1 R > Rz
FIGURE 11. The contour I'; (R) in the case £ =2, m = 1,n =
0

Let T'y 4 (R) denote the large arc of ' (R) and T'o(R) denote the rest,
and likewise let I'__(R) denote the large arc of I'_(R) and I'_(R) denote the
rest. Then,

N
Z: = lim (—2£i0)*(1 = 2 £i0)° [[ (z; — 2 £i0)* d.
R—o0 F;O(R) b
(3.81)
On the other hand, for R sufficiently large,
’/ (=2 +i0)° 1—zizoﬁﬂ 2 4i0)2 d
Fxx(R)
< w(2R)HHRARE — O(R7#) (3.82)
for some € > 0 depending on (o, 8) € Q1,00 N 2o,1,0 N Q0,0,1. Combining Egs.
(3.79), (3.81), and (3.82), we get Z4 = 0. O
Proposition 3.10. For any F € Clxy, ’131_1, ey TN, :c;,l],

0= j@ m n[ ]( ,8 ")/) + e+7ri(a+22§:2 ’Yl’j)jéfl,mntl,n[F](av/B?7)02
et TR N fy g1 [F] (e, B, ) (3.83)

0= Ilmn[ ]( .8, ,Y)az + e—m(a-i-QZJ 271, J)IZ Lt n[ ](a,,@,'y)"“m
+67ﬂ"b(a+ﬁ+2 PRI ])I£_17m7n+1[ (e, B,7)°N (3.84)

both hold, for all (a, B,7) € Apm.nlF].

Proof. Let Ge m.n denote the Young subgroup of &, n consisting of permu-
tations which fix 1, ie.

S)n = {0 € Spmn st o(1) =1} (3.85)

Via analyticity, it suffices to prove this for all (o, 3,7) € Noes, . n('FLm,n[F]".
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For such (e, 3,4), we can cite the previous proposition to get

0= 3 e [Zeiw]sgmn Fl(eB.9)7°
cEG,

,m,n

+m

+ Z eiiﬁgsf—l,m—i-l,n[F](aa/877)0'70

Jj=t

N
+ Y S [Fl(e 8,7)77), (3.86)
j=l+m
where 07 = 273 5o MoGio): VT = T+ 203 5o c i M0(io) a0d 9F =
o+ 7+ 2w Z2§j0§j M,0(jo)- The order of multiplication is such that ;o
is a permutation satisfying (c;0)(1) = j. In Eq. (3.86), © is defined as in
Proposition 3.7.

Every o9 € Sy m,» has the form oy = 0,0 for some j € {1,..., N} and
0 € Sy m,n satisfying (1) = 1. It can be seen that
O(oy ") =O(c") +67. (3.87)

Using Proposition 3.7, we check that the two cases of Eq. (3.86) yield the two
results, Eqgs. (3.83) and (3.84). For instance,

J4
T DS G, ] By

0E€ESY uim Jj=1
_ Z eﬂie(g—l)se7m7n[F](a7B),Y)J (3.88)
O’EGg,mm

- jé,m,n[F](aa 1677)
Similar statements apply to the other two sums in Eq. (3.86) in the ‘+’ case,
thus yielding Eq. (3.83). Similar computations apply to the ‘—’ case. O
3.7. The Symmetric and DF-Symmetric Cases

Fix F € AP(Agm.n), not necessarily symmetric. We assume that drs 0. €Z
for all Fg.g.e € F(Ap,m,n)- Let

O = min{dpg o, : S CT11,Q C 1o, |SUQ| =k} (3.89)
for each k € {1,...,0 +m},
b = min{dp, ., : S C 1, Q CIs,[SUQ| = k} (3.90)
for each k € {1,...,m+n}, and
dp = —min{dp, .. : S CZ3,Q CI,|SUQ| = k} (3.91)

for each k € {1,...,£+n}. Here, we are ranging over all {dr }rer(4,...,.) € D-

~ Let Wimn[D] denote the set of (a,3,7) € C? such that (o, 3,7) €
Vi,mn|D] whenever o, 8,7 have components given by a; = « and §; = 3 for
all indices j € {1,...,N} and v, = for all j,k € {1,..., N} with j <k.
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Proposition 3.11. There exists an entire function Ip m niReg[F) : C? — C such
that

jﬁ,m,n[F] (Oé, Ba 7)

l+m m+n
= [ TT Tk + k(0 +a+ (k= )y)]| [ TT Tk + k(1 + 8+ (k= 1)3))]
k=1 k=1
l+n
x| [T T(=di = k(L + @+ B+ 2N = k = 1)9)| Feam,mresl Fl(@ B,7)
k=1
(3.92)
for all (o, B,7) € W&m,n[D].
Proof. Follows from Proposition 3.4. O
For later reference, consider the special case F' € Clxy,... 7.TN]6N. Re-

ferring to Eq. (1.14), (1.15), and (1.28), set drg ., = 0;[F], drs o, = 6;[F],
and dpg o, = deg;[F], for S,Q C {1,..., N} as usual, where, for each S and
Q, j = |SUQ|. Then, as follows straightforwardly from Eqgs. (2.23), (2.25),
(2.27),

Fe [ afrce(Aomn) (3.93)
FE]:(ALm,H)

Thus, letting D denote the collection of the integers above, F' € AP (A .0).
We can therefore apply the results above, with §; = §;[F], 8; = 6,[F], and
dj = — deg;[F].

We now turn to the “DF0-symmetric” case. For any S C {1,..., N}, let

WPROSIF] = {(a—,aq, 8-, B, 7—,70,74) € C 1 (aPFO,BPFO 4 PFO) ey L [F]}
(3.94)

This is a dense, open, and connected subset of C” and depends on S only
through the numbers |S N Z;|. Actually, we need a slightly refined version of
this later; let

: DF1,s
Wi wlFl={(a—1,a— 2,0 3,041,

9

at,2,04.,3,0-,1,8-,2,08-3,8+,1,0+,2,8+,3,7—,7,7+) €C

D (aPFL BPFL A PEO) € Vo n [F]}, (3.95)

where aPF1, ﬁDFl are defined as their DF0-counterparts, but defining the jth

component using a4 ,, in place of ay and By , in place of 3, for v € Z,.
For (O{,, Qy, ﬁ77 B+a V=570, 7+) € We]i)rz’oﬁs [F]a let

rDFO0;S

Iﬁ,m,n [F](Oé_, ay, B—a 5+? Y—570, ,Y-‘r) = j€7m,n[F](aDF07 IBDFOa

’YDFO)'

(3.96)

Let {4y =SNZy, 0 =0—0y, my =SNZIy, m_=m—my, ny =SNZI3, and
n_=n-—ny.Set Ny =|S|and N_ =N — N,.
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Suppose now that F' € AP (A, ,) is symmetric in the variables {z;}ies
and {z;};¢s separately. Let

5j—’j+ = min{dFS,Q;o 1S C Il,Q C 1, |(SU Q)\S| =Jj-, |(S U Q) N S| = ]Jr}
(3.97)

forjo e{l,....,0_+m_} and jy € {1,..., 01 +m4},

6 g, =min{drg o, 1 S C Lo, Q CI5, [(SUQ)N\S| = j—, [(SUQ) NS| = j+})
(3.98

forj_ e{l,...,m_+n_}and j; € {1,...,my +ny}, and

dj_j, = —min{drg . S CT3,Q C Ty, [(SUQN\S| = j, |[(SUQ)NS| =44}
(3.99)

for jo e {1,....4_ +n_} and j; € {1,...,¢4 + ny}. A similar argument to
that above yields:

Proposition 3.12. There exists an entire function IE:L?ZReg [F]:C" — C such
that

j?fno.n[F](a—aa+75—75+77—7%,’¥+>

= I?,F,P,n;Reg[F](a—a0¢+7,37’ﬂ+’7—a Yo, Y+)

L4m_ L 4my
<[ TI T TGig +i-(+a+G- —Dv)+ir(1+ay + G — Dve) +2v0)54))]

jo=1 j.=1
m_+n_ m,+n,

x[ TI II TG +3-( 4B+ G- = Dy-) + s L+ By + G — Dra) + 290544
j-=1  g4=1
Lodn_ Ly 4ny

x[ TI II T(-di s —d-(+a +8 +@N_—j —1y)

jo=1 j.=1

=i+ (L + oy + B4 + 2Ny — g — D)yy) — 2"/0]‘7]4)} (3100)

holds whenever (a—, a4, B, B+,v—,%0,7V+) € W pbro [F].

£,m,n

4. Removing Singularities

As in previous sections, fix £,m,n € N not all zero, and let N =/ +m +n
andZy ={1,... ¢}, o ={+1,....4+m},and Zs = {{+m+1,...,N}. For
keN, let

Fr:C\{kyeZ="'andy¢Z} —C (4.1)

denote the analytic function given by F r(7) = (1 +~)"'T'(1 + kv) for kvy ¢
Z=~1. We can consider F ];1 as an entire function.

4.1. The Symmetric Case
Fix F € Clzy,...,zx]|%, and let 0j,6;,d; € N be as above.
Let Upmn[F] denote the set of (o, 3,7) € C? such that (a,8,7) €

Q¢ m.n|F] whenever a, 3,7 have components given by a; = aand §; = f
for all indices j € {1,..., N} and v;; =~ for all j < k. Thus, we can define

Sl,m,n[F](a7ﬂ7 ’7) = S@,m,n[F](aaﬁv7) (42)
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for any (o, 8,7) € Ue,m,n[F]-

Proposition 4.1. The function S;%, | [F] : Upmn|F] — C defined by
l+m 1
SpmnlFl(a. B.7) = [ I v + k(L +a+ (k- 1)7))}
k=1
m—+n

<[ TL 0l6e+ k(144 (k= 1)3)]

[ﬁF(dk —k(l+a+8+(N+k— 2)7))}_1
k=1
Co | 1.
. LCHI ) [kHl ol [kHl ) SemalFl(@.8.7)
(4.3)
extends to an entire function C2 sy —C

Proof. e Since the prefactor on the right-hand side of Eq. (4.3) consisting of

all of the I'-function reciprocals is entire, S?ii o [F] extends to an analytic
function on Upm,,[F], the domain of St.malFl(a, 8,7).

e For all («, 8,7) € U&m,n[F]7 we have

14

1— ezﬂ'ik”y
|: H 1 — e2miy Fk(’)/):|
k=1
M _ g2miky "o e27rik'y .
T = 0] [T 7= O] SE e 8)
k=1 k=1
= I&m,n;Reg[F}(aaﬁ,V) (4.4)
by Proposition 3.8. By Proposition 3.11, this extends to an entire function
Ciﬁ;"/ - C

The product f (7)(1 —e2™*7)(1 — ?™) =1 with its removable sin-
gularities removed, vanishes if and only if &y € N and v ¢ N. Thus,
S8 [F] extends to an analytic function on

Lmn
aﬁ'y\Uk: 2{k’y€N7¢N} (45)
where M = max{{,m,n}.
Combining these two observations, Sy°5 | [F] extends to an analytic func-

tion on Uy, n[F] U (C?, By \ UM, {ky € N,y ¢ N}).
The set UM ,{ky € N, ¢ N} is a union of hyperplanes, and it is disjoint
from

k(k+1)y € Z57F}, (4.6)

T =
=
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50 Up .| FJU(C2 B \UrLy {ky € N,y ¢ N}) is the complement in C3, 5 of a
locally finite collection of complex codimension-2 affine subspaces of (C3 The
result therefore follows from Hartog’s extension theorem. 0

For any ¢ € Nt and m,n € N,
{(aaﬂvv) S (CS : (aaﬁ77) € Z’Sl,m,n[F‘]}
= Ul,m,n[F] N Uffl,erl,n[F] N Uéfl,m,n+1[F]- (47)

The symmetric case of Proposition 3.9 reads, after multiplying through by
1— eiQify’

0= (1 _ ei27ril'y)5'yzﬂn," [F](a,ﬂ, ’Y) + eiwi(a+2([—1)w)(1 _ €i27ri(7n+1)7)5'g71,7n+1,n[F](Ct, 8, 7)
etTHaABRE N () _ FERADN G, g [F(a, B,7) (4.8)

for all (a, 8,7) in the set defined by Eq. (4.7). Define
Onio = {(,5,7) €C* ot jy ¢ Zforany j € {0,...,N—1}},  (49)
Ona = {(a,8,7) €C?: B+ jy ¢ Z for any j € {0,...,N —1}}.  (4.10)
Proposition 4.2 (Cf. [3,8,17]).
e For all (o, 8,7) € Un0.0[F]NUono[F]NOn.1,
So,x0[Fl(e, 8,7)

N-1
= -y [ ] e A B Z D g ol 61).

m=0

(4.11)
e For all (a,ﬁ,v) S U(),N’()[F] N UQ’()’N[F} n ON;(),
SO,N,O[FKO‘7ﬂa7)

N—-1 .
- o[ S D ),

m=0

(4.12)

Proof. We prove the second claim, and the proof of the first is similar. Suppose
that

N-1
(@, 8,7) ﬂ UoN—-nmlF10 () Ut.n—1-nnlF]. (4.13)
n=0
We can apply Eq. (4.8) for £ = 1 and all pairs of m,n € {0,...,N — 1} such

that m +n = N — 1. Combining the plus and minus cases of Eq. (4.8) to
eliminate the S1 ny_p—1,n[F] term,

10 frial— et2mi(m+1)y ] em2mi(mAl)y
Tl — Tl
Z[e 1_ ot2rin — € 1— e—2niv }SO,N—n,n[F](avﬁv"Y)
2mi 1 —27i 1
I [ mitetsta—n—1m L= eP2mOHDY  itapra(N—n—tyy L= e ”]
27; 1 — et2miy - 1 — e—2miv

X80, N—n—1,n+1[F](a, B,7) (4'14)
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if v ¢ Z. We calculate:

1 1 — et2miN=n)y ] _ e—2mi(N-n)y
— [6+7Tw‘—, _ efwza+}
21 1 — et2miy 1 — e—2miy
_ 2s(y)s(a + (N —n—1)7)s((N —n)y) )
1 — cos(2my) :
and
= {e+”i<a+ﬂ+2(N—n—1>v>w _ e—ﬂi(a-ﬁ-ﬁ-‘rQ(N—n—l)'y)w]
2t 1 — et2miy 1 — e—2miy
_n6) o
"1 —cos(27y) s(a+ B8+ (2N —n—2)y)s((n+ 1)7), (4.16)

where s(t) = sin(nt). So, for (o, 3,7) as above such that none of the trigono-
metric factors on the right-hand side of Eq. (4.15) vanish,

SO,an,n [F](Oé, By 'Y)
s(a+ B8+ (2N —n —2)y)s((n+ 1))
=— So.N—-1—n.nt1[Fl(a, B,7). (4.17
St (N —m = DN =) ol ) (17)
Applying this recursively for n =0,..., N — 1, we end up with Eq. (4.12).
In summary, Eq. (4.12) holds for a nonempty, open subset of («, 3,7) €
Uo.no[F] N Upo.n[F] N Op.o. By analyticity, the result follows. O

Proposition 4.3. The function Sy.reg[F|(cv, 8,7) defined by

SN;Reg[F](ayﬂy’Y)
B T2+dj+a+8+(N+j—2)0)
-5

1+6j+a+(G—-)NTA+6+6+ (- 1)7)Fj(7)]SN[F](045,7)

(4.18)

extends to an entire function Sy,Reg[F] : Ciﬁﬂ — C.

Proof. We begin by defining the following open (and dense) subsets of C3:
Qnio = {(,,7) €C*: 5+ a+ (j — 1)y ¢ Nfor any j € {1,...,N}},
Qnia ={(,8,7) €C*: 8+ B+ (j — 1)y ¢ Nfor any j € {1,...,N}},
QNiso ={(a,8,7) €C” 1dj +a+ B+ (N +j—2)y ¢ 25 > forany j € {1,...,N}},
Unio = {(a,8,7) €C*: 8; + j(a+ (j —1)7) ¢ Z=7 for any j € {1,...,N}},
Unit = {(a,8,7) €C*: 6, +j(B+ (5 — 1)) ¢ 257 for any j € {1,..., N}},
UNioo = {(a,3,7) €C®: —d; —j(1+a+ B+ (N+j—2)7) ¢ 2=° for any j € {1,...,N}}
={(a,8,7) €C’:dj +j(l+a+ B+ (N+j—2)7) ¢Nforany j € {1,..-,(N}}-)
4.19

We write

SN;Reg[F](aaﬂa 7) = T0(0l7ﬂ7’}/)T1(0[,6, ,7)

x {H L0+ i1+ o+ ( — D7) (b,

j=1
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FIGURE 12. The sets in &1, S2,S3 in Raﬁw N{B =1/5} in
the case N =2

Fi+ 8+ G = D) SwIFl(,8,7)

(4.20)
for
:ﬂ (8 +J(1+a+ (= D)IL®; +5(L+ B+ ( = 1)y))
e P(1+6+a+(G—D)NIA+6;+68+G—1)y)
(4.21)
N
Yi(a,8,7) = [[T@+d;+a+B+(N+j—2)). (4.22)

1

J

By Proposition 4.1, the second line on the right-hand side of Eq. (4.20) defines
an entire function. Since Y extends to an analytic function on Un,o N Un1
and T extends to an analytic function on Qn;s, Sn;Reg[F] extends to an
analytic function on Un,0 N Un;1 N QN;oo-

In On,o N UO’N,O N UO,O,N7 Proposition 4.2 gives

SN;Reg [F] (aa B, 7)

= (_1)NT2(aaﬁ>’y)T3(a7677)
x[TIT(=d; = 31+ a+ B+ (N -+ = 2)T(o; + (1 + B

G =DM SoonFlla,8,7), (4.23)

where

. :ﬁ T(b; +j(1+8+ (G —1)y)
T Ssa+ G- )T+ 8 +at (- DDA+ + B+ (G — 1))
(4.24)
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N
Ts=[[sla+B8+(N+j—-20NT2+d;+a+B+(N+j—2))
j=1
xI(=dj —jl+a+ B+ (N+7—2)7)). (4.25)
By Proposition 4.1, the function on the second line of Eq. (4.23) extends to an
entire function of «, 3, y. On the other hand, T extends to an analytic function
on Q.0 NUn;1, and T3 extends to an analytic function on Up,o. Combining
these observations, Sy .reg[F'] analytically continues to Qn.0 N Un;1 N Un;oo-
Likewise, Sn.reg[F] extends analytically to Un;o N Q@n;1 N Unyoo, using
On;1 in place of O, and the other part of Proposition 4.2.
So, Snireg[F](a, B,7) analytically continues to

U= (UnoNUN1NQNioo) U (UnoNQN;1 NUNoo) U (QN0 NUN; NUN; o).
(4.26)
This is
U= <c3\ [( U Hy N HyN Hg)}, (4.27)
H1€81,H€S2,H3€S83
where

e S is the set of hyperplanes that are contained in the complement of one
of Un;0, UN;1, @Nsoos
e S5 is the set of hyperplanes that are contained in the complement of one
of UN;O, QN;L UN;007 and
e 53 is the set of hyperplanes that are contained in the complement of one
of @n.0,Un;1, UNioo-
Let

H:{Hl NHoNHs #@:H 681,H26827H3€S3}, (428)

so that Sy.Reg[F] defines an analytic function on U = C3\Upgep H. Observe
that every H € ‘H is an affine subspace of C? of complex codimension two or
three (since S NSy N S3 = @), and the collection H is locally finite.

Hartog’s theorem therefore implies that S reg[F'] analytically continues
to the entirety of C3. g

This completes the proof of Theorem 1.2.

4.2. The DF-Symmetric Case
Given v+ € C\{0,1} and ay,B;+ € C, let v~ = 7', a_ = —vy_ay, and
B- = —y_p4+ as in the introduction. Fix S C {1,...,N}.

Given 74+ # 0,1 and F' € DFSym(N;S,\) for A = v (74 — 1), let
W, ES [F;~4] denote the set of (ay, 84) € C2 such that

Lmn

(04770%75775%777 _1774“) € WDFO)S[F]' (429)

Lm,n

For (ay, By) € WS [Fiv4], let

Lm,n

jgri;;[F](a-l-aﬂ-ﬁ-er-l‘) = IEE?AS[FKO‘—7O‘-i-aﬂ—vﬁ-l—;’y—a _177-1-)' (430)



E. Sussman Ann. Henri Poincaré

Then, as adumbrated by Dotsenko and Fateev:
Proposition 4.4. For any o € &y . n,
I’EEL;STL[F](‘I% Bi,v+) = jfi;,i [Fl(at, Bry74)7 (4.31)
for all (ay, By) € Wo S [Fiy4].

Since W, "5 [F] depends only on S through |SNZ;|,|SNZy|,|S N Zs),

l,m,n
W SIFs ] = Wo S [Fi4]°, (4.32)
so the right-hand side of Eq. (4.31) is defined for any (a4, 84) € WPES [Fiq4].

l,m,n

Proof. Since &y, is generated by transpositions 7 of adjacent elements of
11,725,113, it suffices to consider the case when ¢ is such a transposition, 7. For
notational simplicity, we consider the case when 7 is a transposition of some
J,7+1 €1y and 5 € S. The other cases are similar but involve some notational
changes.

Let WDF’}L’S[ :v4+] € C° denote the set of (a1 1,02 1,03 1,014,524,
B3,.+) € C8 such that

(04—,1, Q2,0 3,0y 1,0y, 270!+,37ﬂ—,175—,2,5—,37ﬂ+,1,5+,2,5+,3,

DFLS| -
7—7_1a’}/+) € men [ ]7 (433)
where a_ , = —y_ay , and B_ , = —y_[4 .. It suffices to prove that, for any
(S GZ,m,na

DF,1,:5
Iy W FN e 1, am o, 3, 0 1, g 2,043, B 15, B2, B— 3, B+,1, B+,2, B+,3, 7+)
DF,1;8
=l S IFl(a— 1, a 2,0 3, a1, a4 2,00 3,8-1,8-2,06-3,0+,1,8+,2, 8+,3,7+)°
(4.34)

DF,15( 1o
for all (1,4, 2,4, 3.1, 814, Bats Bat) € W' °[F; 4], where

‘DF,1;8
I [Fl(a— 1,0 2,00 3,041, 04 2, 04,3, B— 1, B— 2, B— 3, B+.1, B+,2, B+.3, 7+)

_ jl’"n’n[‘Fq](aDF,I’IBDF,I7 P)’DF),

(4.35)
where aPF1, BP! are defined as oPF!, gPY!, using a_, = —y_a4, and
ﬂ—,v = 77—5+,u~

First observe that there exists a nonempty, open subset
W PFLS| .
ocw £,m,n [F7 7+] (436)

(containing an affine cone) such that (aDF’l,,@DF’l,WDF) e 017} whenever
(4 1,...,B4¢.3) € O, where O11:7} is defined as in §3.4. We can choose O such
that Rag 2, RB4 2 > 0 everywhere in O.

Since WzDrii[ ;4] is connected, it suffices via analyticity to prove the
result for

(04,0 1,034,014, 02,+,03,+) € O. (4.37)
We write a4 in place of at 2 and B+ in place of 4 2 below.
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We can apply Proposition 3.6 for (a4 1,...,0+,3) € O. By Proposition
3.6, it suffices to check that, whenever all of the z;’s besides z; and z;11 are
somewhere in the interior of the corresponding contour in Eq. (3.63),

/ j{zf+(1—2j)ﬁ+zﬁl(1—Zj+1)5‘
Clo,1),+.5—¢

( II (2ko — Zjo)ZW"O”“O)Fde dzj11 =0,  (4.38)
1<jo<ko<N
{Jo.ko}n{j,j+1}#2

where the inner integral is taken over a small circle around z;y;, for each

zj1 € Toag,4,5-0\{0, 1}
Since the integrand is holomorphic in z; in a punctured neighborhood of
Zj+1, we apply the Cauchy residue theorem to deduce that the left-hand side

is proportional to
oG
fooro o
Tlo,1),+.5-¢ Zj

Golz1,- .. 2n) = 255 (1= zj41)™ [ II (2j+1 — Zjo)%’]
Jo€(INNS\{7+1}
[T G-z, (4.40)
Joes\{j}
Glaasoonon) =2 (=2 [ (=207
Joe(INNS\{7+1}
I G- zjo)%ﬂF. (4.41)
joes\{s}
We are choosing branch cuts such that we do not encounter any as zj;, zj4+1
are integrated along I'j 1), 4 j—¢ (except at the endpoints). Other than that, it

is not important what the precise choice of branch cuts are.
The integrand in Eq. (4.39) is computed to be

dzj+17 (439)

2j =241

where

oG 1
0o = [ SRR T e —
Zjlzj=zj41 Zj+1 1-— Zj+1 Joes\{j} Zi+1 — Zj
1 0., F
) + & }H
} Zj+1 7 Zjo Folz=z0

Go€(NNS\{j+1
(4.42)

where H = G¢G|.;=,,,. On the other hand,

o _ [047 +oagp -+ By
0zj+1

2541 1-— Zj41
1
+(2v4 —2) —
} 21 T Zho

Jo€s\{j
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+(2v- —2) !

Joe(IN\ON(j+1} T+~ %o
azj+1 (F‘Zj:Zj+1)

F|ZJ‘:ZJ+1

+ }H

(4.43)

Since 1 —7- = aj'(a- +ay) =By (B- + B+) =7 (74 — 1) = A, and since
F € DFSym(N, 8, \),

oG

Goq—
OaZj

1 0H
Zj=Zj41 A 6zj+1 '

(4.44)

Consequently,

[ el
Tlo,1),4.5—¢ 0zj

The right-hand side is proportional to
OH
/%deJrl (446)
p

if ay,By ¢ Z, where p is a Pochhammer contour in C?\{0,1} staying suffi-
ciently close to I'|g 1) + j—¢- Lifting to a cover of a neighborhood of T'jg 1) 4 j—¢
on which H lifts to a single-valued analytic function, we can conclude (us-
ing analyticity) that the integral in Eq. (4.46) is zero. By analyticity, we can
remove the nonintegrality constraint on a4, 34 to conclude that

/ 67]{ de+1 =0 (447)

1 OH
dz; 127/ M g (aas)
Z2j=2j41 J+ A Tioa)+.j_ aZj+1 J+

for all (a4 1,...,0+,3) €O.

Proposition 4.5 (Cf. [8]). Given the setup above, for arbitrary S:

o Forall(ay,By) € WY o [Fi v INW N G [Fs v+ ] such that Br+myrys ¢ 7
for anymy € {0,..., Ny — 1}

Iy NOF (g, By vs) = (DN INGS[Fl (s, By v4)

Ny —

Usin(m(ay + By + (Ny +my — 1))
<[ I sin(m(Bs + mi7s)) )

m+:0

sin(r(a_+ 8+ (N_+m_—1)y)
[ H sin(m (6= + m_v_)) ]

m_=0

(4.48)

o Forall (ay,f4) € W(Egi(s)[F;er] ﬂW(EOF’f,[F;'yJF] such that ay +myvy ¢
Z for any my € {0,..., Ny — 1},
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j(l)),JF\}’,%[F](a+a5+>’Y+) = (fl)Nf(fﬁ}i[F](a%m,w)
X [Nﬁl sin(m(ay + B4 + (N4 +my — 1)’Y+))}

sin(m (a4 +m4y4))

m+:0
N_—-1

sinr(a_ + B+ (N_+m_— 1))
[ H sin(m(a— +m_vy_)) ]

m_=0
(4.49)
Fors=1{1,...,N.}, we also have:
e Forall (o, B1) € Wzlx?ffzsv_,o[ﬂV+]QW£§/’B[F;’Y+} such that B4 +my vy ¢
Z for any my € {0,..., Ny — 1}
‘DF ‘DF
I NS IF) (o, By, yg) = (—1)N+IN+§V,,0[F](04+’5+,’Y+)

Ny —

1
sin(m(as + By + (N4 +my —1)74))
) [ H sin(m (84 + myy4)) .

m+:0
(4.50)
o For all (ay,B4) € W&E”g[F;%] N W(ff,’f’N7 [F;7v4] such that a_ +
m_~vy_ & Z for any m_ € {0,...,N_ — 1},
jcl)?g’,%[F}(Oé+aﬂ+7’Y+) = (—1)N7j(])),%f,N_ [F](ass By v+)
. [NI_F sin(m(a_ + B + (N_ +m_ — 1)7_))}
sin(m(a— +m_~v_)) '

m_=0

(4.51)
Similarly, for 8={N — Ny +1,..., N}, we have:
o Forall(ay,By) € WS, o[Fs v INW N 5 [F; 4] such that B_+m_y_ ¢
Z for any m_ € {0,...,N_ — 1}
j(])D,JF\/Z%[F](Oé%ﬁJr»VH = (- j]%f‘2§V+,O[F](a+7ﬁ+’/7+)

N_-1
sin(r(a_+ 8+ (N_+m_— 1))
X [ H sin(m(B- +m_vy_)) }

m_=0

(4.52)
o For all (ay,By) € W&F\‘,’)E[F;WF] N W(?IF\‘/LS,N_,_ [F';v+] such that oy +
mivyy & Z for any my € {0,..., Ny — 1},
jc])D,JF\r’,%[F](a+7ﬁ+’7+) = (—1)N+j(])D,JFV’,S,N+ [Fl(at, By 7+)

Ny —

1
sin(m (o + By + (Vg +mq —1)74))
<11 sin(m(ay + myy) '

m+:0

(4.53)
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Proof. Follows from a repeated application of Proposition 3.10, as in the proof
of Proposition 4.2. The only difference with the proof of Proposition 4.2 is
that we appeal to Proposition 4.4 to show (instead of it being an automatic
consequence of symmetry) that

j[’m’n[F](aDF’s,,@DFYSK‘/DF’S) _ I'&m’n[F}(aDF,S’ﬂDF,Sy}_yDF,S)O‘[
(4.54)

jéfl,mﬂ»l,n[F](aDF’s,ﬂDF’S,VDF’S)U[ _ I.ef1,m+1,n[F](OtDF’s,,BDF’S,’YDF’S)U”"L
(4.55)

1571,m,n+1[F](aDF’s,,BDF’SKYDF’S)U”T” _ I'gfl,m,n+1[F](OtDF’s,,BDF’S7’YDF’S)UN.

(4.56)
O

Proposition 4.6. For v, € C\{0,1}, the functions IN Reg[F](a+,B+,’y+) de-
fined by

:DF 8 sin(m(ax + B + (Nx +7 — 2)74))
Iy IRl B v4) = [HHsm (ax + (j — 1)y2)) sin(m (ﬁi'i-(]—l)’Yi))}

+ j=1
I g [F1(a+, B, 7+) (4.57)
extend to entire functions IN Reg[ ]: (Ca+ g, —C.

Proof. The proof is very similar to that used to prove Proposition 4.3. Using
the previous proposition with Proposition 4.4, it suffices to note that the union
of all nine of the sets

DF,s . DF,5_ i DF,S_
Wy oo [F57+], WONO 57+, WooN [F57+ L W N, oF5 v+l W o, [F5 7+
DF,s
WON N+[F Y+, WN+N+ olF3v+]s WN ON [F5v4], WON +N (F; ’Y+}C(Ca+ Byo

(4.58)

where S, ={1,..., Ny} and S_ = sC, is the complement of locally finite set
of points, and then, the result follows via Hartog’s theorem.
O
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Appendix A: The N = 2 Case

We now consider the N = 2 case in some detail, beginning with the
formula
I'(1+0a)T(1 4 B2)(2+ 2712 + a1 + a2)T'(1 + 271,2)
S s M = . : -3 F: ab7 1 )
2@, 8,7) N2+ a1+ 2712) 03+ a1 + a2 + B2 + 271,2) 3Fi(a )
(A1)

a = (al,ag,ag) = (1+Oél, 7ﬂ1,2+2"}/172+061 +Oé2) and b = (bl,bg) = (2+Oél +
271,2,3 4+ a1 + a2 + B2 + 271 2). This is asymmetric in the role of the a’s and
0B’s, but there is an analogous formula with the a’s and (’s on the right-hand
side switched. Some of the singularities of Sy are manifest in this formula, but
others are hidden in the 3F5 factor.

Consider now the Dotsenko—Fateev-like integral

IDFO al;a2761752a )
/ / al a2 1 — .1‘1)[31(1 — afg)ﬁQ( To — X1 + iO)Z’Y dxq dxs. (AQ)

By the previous proposition:
Corollary A.0.1.

IP(ay, 0, 1, B2,7) = T(2+ 2y + a1 + a)[(1 + 27)
I'(14 oq)(1 4 B2)sFa(a, b;1)
[F(Q +a; +29) 7B+ a1 +as+ F2 + 2y)
42Ty D1+ a)I'(1 + B1)sFa(a’ b3 1) }
24+ as+ 2B+ a1 + ag + B1 + 27)
(A.3)
where a’ = (af,ay,a}) = (1 + ag,—02,2 4+ 27+ a1 + az) and b’ = (b, b)) =
24+ a2 +2v,3+ a1 +az+ b1+ 27).
The formula Eq. (A.3) is not suitable for analytic continuation to v = —1,
for which we instead use the method described in §3.4. That yields

Iy(ar, a2, 81, 82,7) = F(IE(J; i%l:(—'l— ;1)51) /F {z“ﬁ%(l —2)?

1
><2F1(— 2,14 a1,2+ a1 + B ;)} dz, (A.4)

where the I is a trapezoidal contour in the upper-half of the complex plane.
This formula can be used to numerically compute f?FO (a1, a9, f1, B2,7) for v
with large negative real part, as long as a1, as, 01, 02 have sufficiently large
positive real part relative to +.
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We illustrate the method of proof of Theorem 1.1 with the computation
of the residues associated with a_ +a +2y € Z~2~¢. Introducing coordinates
0=2x9 and A = x1 /29,

S2(a1, a2, B1, 2,7) / / 231252 (1 — 21)% (1 — 22)% (22 — 21)*Y do1 daa

_ / / Q1+Oé1+042+2’\/)\0é1 (1 _ )\‘9)51 (1 _ Q)52(1 _ A)Q"/ dx dQ
o Jo
(A.5)
Expanding (1 — A\o)?' (1 — 0)% in Taylor series around ¢ = 0, we have

(1- 20" (1- o) = Zz(ﬁl)( S LACTI Y

k=0 k=0

Then, computing the outer integral term by term and using the formula for
the O-function for the inner integral,

Sa(a, a2, B1, B2, 7) Ni S Zk:@l)( ” >
2\Q, G2, D1, P2, k:02+a1+a2+27+k”=0 K k—r

IF'l+ a1 +x)I(1+2y)
F'2+a;+2y+k)
where the ‘~” means modulo an error which is not singular at (all but a positive
codimension subset of) the hyperplane under investigation. The right-hand
side of this has an apparent pole whenever a; + ap + 2y € Z=572.
‘We now examine some special cases. Fix d € N. First consider

Sylz)(a, B,7) = Sa(e, a +d, B, B, 7)

/ / Qe dT (1 — 21)P (1 — )P (w2 — 1)? day das.

(A7)

(A.8)
By Eq. (A.1),
T4+ a)(1+ B)0(1 4 29)T(2 + 2 + 27 + d) .
Salar’](er B,7) = T2 +a+27 (3 +2a+5+2y+d) 3Fa(a, b 1),
(A.9)

where now a = (a1,a2,a3) = (1+a,—5,2 4+ 2a+ 2y +d) and b = (by,be) =
(24 a+2v,34+2a+ B+ 2y+d). A numerically generated plot of the absolute
value of the right-hand side is given in the case d = 2 in Fig. 13. Applying
Theorem 1.1, in which o) « = @, ag« =d+ 20+ 27y, b1« =05, B2« =20+ 27,
and 71 2.« = 27, we deduce that Sa[z9](a, 3,7) extends to an analytic function
on

Ciﬁ,v\[{a czs N u{at+ye27zs 2 u{p ez}
U{B+ye27zs" 2y uf{ye2tz="1) . (A.10)

In the d = 2 case, this can be seen in Fig. 13.
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|Sa[2%)(ar, 1/2, 1/3)| vs. @ |Sz[y] a, 1/2 1/3) \vs a

v “““ T 40

30

40

30f

201 20

F1GURE 13. The absolute values of the right-hand sides of
Eq. (A.9) (left) and Eq. (A.12) (right) plotted against c, for
B = 1/2 and v = 1/3 fixed. The singularities predicted in
Eq. (A.10), Eq. (A.13) have been drawn as dotted vertical
lines, those associated with {« € Z} in blue and those as-
sociated with {a + v € 27'Z} in red. It appears that all of
the poles that could be present are present. The apparent ze-
roes of S3[F|(«,1/2,1/3) in the depicted range of o have been
marked with dotted black lines and numerically computed to
be ~ —2.48503 for F = 2% and ~ —3.06833, —3.57013, and
—4.08562 for F = 72

On the other hand, consider
Soly“)(a, B,7) = Sa(e + d, v, B, 8,7)
/ / s ey (1 — 21)5(1 — 20)P (w2 — 1)? day das.
(A.11)
By Equation (1.20),

Fl+a+d(1+ 681 +29)(2+2a+2y+d)

. F /’Z)/;]-7
Fr2+a+2y+dIB+2a+L+2y+d) 3Fh(a )

Sa[y?)(a, B,7) =

(A.12)
where o’ = (a},a2,a3) = (14+d+a,—5,2+d+ 2a + 27v) and b’ = (b,b3) =
2+d+a+2vy,3+d+ 2a+ [+ 27v). We again apply Theorem 1.1, but now

a1« = d+a, ag . = d+2a+27, in order to deduce that Sa[y?](a, 3, 7) extends
analytically to

Ci,ﬂw\ [{a czs " ufatye27z= Y u{Bezst)
U{B+~ €271 Z5 2 Uy € 2—1ZS—1}] (A.13)

See Fig. 13 for a numerically generated plot.
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2 2 3
19a[2” + y7](e, 1/2,1/3)] vs. @ 1Sa[2? + 17 (a, 1/2,1/3)| vs. o (Inset)
12 U I I 025
10} AL O ]
' A I 0.20
8»
0.15
6|
al 0.10f
PI 0.05
(Inset) ol Dol ol H H B : : A
0 e 0.005 T i
-6 -5 -4 -3 -2 -1 0 -6.0 -58 -56 -54 -52 -50 -48
(% o

FIGURE 14. The absolute value of the right side of Eq. (A.14),
plotted against o € (—6,0) (left) and o € (—6.1,—4.75)
(right), for § = 1/2 and v = 1/3 fixed. Singularities as-
sociated with {o € Z} are marked with blue lines and
those with {a + v € Z} with red. The zeroes associated
with {a + 8 + v € Z} are marked in green and those with
{a+ B+ 27 € Z} in orange. The location of the second plot
is marked as an inset on the left plot (not to scale)

If we instead pick F(z,y) = z? + y¢, which is in some sense the sym-
metrization of the previous two examples, the situation looks very different.
Combining the formulas above yields

Sa[z? + y¥)(a, B,7) = (S2[z?] + S2[y”])(a, B, 7)

L1+ o)1+ B0 +29)T(2+ 20 + 2y +d)
F2+a+27)lB+2a+ 6 +2y+d)

LTl +at+dr2+a+2y)

X [3F2(aa b 1) + I(1+a)(2+a+2y+d)

“3Fa(a’, b 1)} .
(A.14)

On the other hand, by Theorem 1.2, we know that So[z? 4 y?] extends ana-
lytically to

Cipn\[{o €257 Ufa +y € 257275}

a,B,y
U{B € ZS"1" U B+ € ZS1702)
U{ye271zs"1 y ¢ 7}, (A.15)

where 61,61, 02, 62 are as in the theorem. In this example, d1,61,0 = 0, dy =
[d/2], dy = d, and d; = |d/2]. See Fig. 14, in which d = 2.

In the sum Eq. (A.14), the poles of the individual summands at such
20+ 2y € 257279 N (2Z + 1) (which we can see from Fig.13 exist) must
cancel. By Eq. (A.7), the residue of Sy[z? + y?(a, 3,7) at such a point is
proportional to

i(ﬁ)( Ié; ){ 'l+a+k) n 'l+a+k+d) ] (A.16)
—\x)\k—r)IT2+a+2y+kK) TQR+a+2y+r+d) ' '




The Singularities of Selberg- and Dotsenko

|Samesla” + yQ](a, 1/2,1/3)| vs. «

FIGURE 15. The function So.reg[? +y?](cr, 1/2,1/3) defined
by Eq. (1.29), plotted as a function of o € C

This therefore has to vanish whenever —2—d—k is odd and (a,7) € {2a+2y =
—2—d—k} € CZ _, is such that the functions in Eq. (A.16) are well-defined. A
direct algebraic proof of this fact is not entirely trivial, but it is straightforward
to check case-by-case.

The function So.reg[? + y%] (e, 3,7) is plotted as a function of o € C in
Fig. 15, still in the case d = 2—for fixed 3, y. As expected, it appears to have no
singularities, in accordance with Theorem 1.2. Unlike in the case F' = 1, where
Selberg’s formula shows that Sa.reg[1](cr, 8,7) is constant, Sageg[z? + y9] is
nonconstant.

Consider now IP¥ (ay, B,) = I (o, —ay, By, — B+, 1), which is a DF-
symmetric integral with v, = —1. This is given concretely by

F(1+a+)r(1+ﬁ+) SOt 2y — 2 B+
L2+ ay +6y) /r[ =)

I.;DF(O{-H 64—) =

szl(— 2,1+ ap, 2+ oy + By %)] dz (A7)

when the real parts of a4,y are sufficiently large. The Dotsenko—Fateev
claim, Eq. (1.49), is, up to a sign, that

I'(1+a )1+ B+)F(a+)l“(ﬁ+).

iDF = _
I (a4, B4) = 2T(1 4+ ay + B84)T (g + By)

(A.18)

Appendix B: Explicit Coordinates on [0, 1)

In this appendix, we discuss the total boundary (tb) blowup [0,1) | the mwc
constructed by blowing up all of the facets of [0,1)", starting with those of
the lowest dimension.

For each nonempty subset S C {1,...,N}, let Fg denote the face of
[0,1)Y corresponding to the facet {j € S = z; = 0} of [0,1)Y. Tracing
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through the construction of the total boundary blowup, we have the following
explicit choice of boundary-defining-functions (bdfs) of the various faces. If
N > 3, these are different from the recursively defined boundary-defining-
functions discussed in the introduction to §2.

It is possible to prove:

Proposition B.1. The function

TFs = TFg,N = H |:§ :xj

So2S  jESo

}(_1)\5\*\50\ (Bl)

serves as a bdf of Fg.

Suppose that I is a (possibly empty) set of nested nonempty subsets of
{1,...,N}. Then,

fr = {ap, =0forall S eI} (B.2)

is a codimension |I| facet of [0,1)Y. This defines a bijective correspondence
between the set of nested nonempty subsets of {1,..., N} and the set of facets
of [0, ).

If p lies in the interior of f1, then, letting 0 € & denote any permutation
consistent with I,

0= To(1), Zo(2) = To(2)/To(1)s > Ta(N) = Ta(N)/Ta(N-1) (B.3)

give a local set of coordinates near p.

Here, we say that 0 € Gy is consistent with I if, whenever j < k,
o(j)eSeI=o(k)eS.
We can cover [0,1)} with the N! coordinate charts whose restrictions to
the interior are of the form
{0 < 2oy < 225(n-1) < - <2Vz,0) <2V} (0, )Y

—[0,1) x [0,2) X -+ x [0,2) (B.4)

To(1) To(2)/To(1) To(NY/To(N-1)"

for 0 € Gy.
The preceding proposition is used to prove:
Proposition B.2. For any M € {1,..., N—1} and nonempty Q C {1,..., M},
IFQvM = H xFQUQ(pN (B5)
QoC{M+1,...,N}
in (0,1)Y.

Proof. A factor of ZjeQqu x; appears on the right-hand side of Eq. (B.5) to
the power

> (=1l (B.6)

Q1CQo
which is, by the binomial theorem, +1 if Qg = @ and 0 otherwise. Thus,
HQOQ{MH,...,N} TRquaeN = 2jeq it =
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The full proof of Proposition B.1 is somewhat incidental to the rest of the
paper, so we merely illustrate the argument in the case N = 3. This generalizes
to the IV > 3 case, and applies in an even simpler form to the N = 2 case.

The total boundary blowup [0, 1)9{3 is defined as

[0, )% {z,y, 2 = 0}; {y, 2 = 0}; {w, 2 = 0}, {z,y = 0}], (B.7)
where the first blowup is that of {z,y,z = 0} and must be performed first.
The other three blowups can be performed in any order, and each order yields

a canonically diffeomorphic mwc. The input and output of the first blowup,
yielding [[0,1)%; {z,y, z = 0}], are

z/(x+y+2)
Y y/(x+y+2)

/@ty +2)

respectively, where we are marking the faces with boundary-defining-functions
(using the Cartesian coordinates z,y, z in place of x1, 2, x3). The choice of
bdfs on the blowup is in accordance with the prescription in the introduction
of §2.

The next blowup, yielding

[[0,1)% {z,y,z = 0}; {y, 2 = 0}], (B.8)

has input and output

z/(x+y+2) z/(z+y+2)

y/(z+y+2)

(y+2)/(+y+2)

z/(x+y+2)

Again, the choices of bdfs are in accordance with §2.

Next, we blow up the facet of [[0,1)%;{z,y,2 = 0};{y,z = 0}] corre-
sponding to the y-axis. Because the previous blowup was located away from
the facet being blown up now, we can use the sum

T z Ttz
r+y+z + rT+y+z N rT+y+z
of the bdfs of the adjacent faces in [[0,1)3; {z,y,2 = 0}] as a bdf of the front
face of the current blowup rather than

(B.9)

T n z :9L‘y—&—2ajz—|—yz—i—z27 (B.10)
r+y+z yt+z  (y+2)@+y+z)
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which would be the prescription in §2. The choices in Eq. (B.9), Eq. (B.10) are
equivalent, in the sense that their quotient is a smooth, nonvanishing function

n [[0,1)3; {x,y, 2 = 0};{y, 2 = 0}; {z, 2 = 0}]. Given that Eq. (B.9) serves as
a bdf of the front face of the latest blowup, the quotient

r/f(x+y+z)  x
(x+2)/(r+y+z2) x4z

serves as a bdf in [[0,1)3; {z,y, 2 = 0}; {y, 2 = 0}; {x, 2 = 0}] for the lift of the
yz-plane, and

(B.11)

z/(y +2) Z(z+y+2)
= (B.12)
(z+2)/(x+y+2) (z+2)(y+2)
serves as a bdf for the lift of the xy-plane. In summary, the third blowup has

input and output

z/(z+y+2) z/(z+2)

y/(y+2)

(+2)/(@+y+2) (y+2)/(@+y+2)

z/(y+z)

(z+2)/(z+y+2) zzty+z)(z+2)"Hy+2)!

The final blowup, yielding [0,1)3, = [[0,1)%;{z,y,2z = 0};{y,z = 0};{z, 2 =
0}, {z,y = 0}], is similar. We use (z +y)/(x +y + z) as a bdf of the blowup of
the face corresponding to the z-axis, and we can then use

r/@tz) _ alzty+z)
GGty @in@Ete)
Wtz  yatyte) (B.13)

(@+y)/(@+ty+z)  (r+y)(y+2)
as bdfs of the faces corresponding to the yz- and xz-planes, respectively. Thus,
we end up with

(z+y)/(x+y+2)

2@ +y+2)(@+y)(z+2)" vty + ety y+2)

(+2)/(z+y+2)

@+2)/@t+y+2) S aryt@t) y+a)?
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as our final result.

This establishes the first part of Proposition B.1, at least in the N = 3
case.

The rest can be deduced. For example, consider the upper-left corner
of the hexagonal face f{{; 233y in [0, 1)3,. This is fri1y.{1.2).{1.2,3)}- Nearby,
z >y > x, so, in some neighborhood U of that corner, and

T +y+z€z20°U;RY), r+z € 20°(U;RY), z+yeyC>U;R").
(B.14)

Thus, the chosen bdfs depicted above are z+y+2 € 2zC(U;RY), (z+y)/(z+
y+2) € (y/2)C>=(U;RT), and

z@+y+2)(z+y) (@ +2)"" € (x/y)C®U;RY). (B.15)

This shows that z,y/z,x/y serve as a valid coordinate system within U. The
only permutation o € &3 consistent with I = {{1},{1,2},{1,2,3}} is 0 =
(1,3), which reverses the order of 1,2,3. That is, (1) = 3, ¢(2) = 2, and
0(3) = 1. The coordinates g, &; defined in Eq. (B.3) are

0=x3=2, To=uax2/T3=1y/%, (B.16)

and &1 = z1/x9 = x/y. It can be seen that U can be taken to be any open set
not containing any of the other corners of f{; 2 3yy. Each corner is analogous,
so the final clause of Proposition B.1 follows, at least in the considered N = 3
case, from the computations above.
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