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ABSTRACT

The temperature and fluid flow distributions in and around
wellbores and fractures must often be considered if stimulation
and completion operations in low permeability gas and oil for-
mations are to be modeled accurately. Fracture efficiency and
induced reservoir stress (backstress) depend on the fluid ex-
change between fracture and reservoir, and reservoir fluid
properties, such as viscosity, are temperature sensitive. Thus,
fluid exchange and variation in temperature can significantly
affect concerns of such practical importance as well produc-
tion rates and hydraulic fracture profiles and growth rates.

Several moaels of varying accuracy and complexity are developed
to describe fluid exchange, heat transfer, and subsequent ther-
mal and pore-pressure-induced backstresses for stationary (e.g.
production) and propagating (e.g. hydraulic) fractures. They
range from a simple yet effective model which lumps fracture
and reservoir related phenomena at the wellbore, to a model
providing a precise two dimensional description. Fluid and
heat exchanges between fracture and reservoir are determined
from (singular) surface integral equations, based on an influ-
ence function superposition method, and the temperature vari-
ation in the fracture is obtained using an integral control
volume technique. Given fluid loss and temperature distribu-
tions, the backstresses are determined directly by influence
function or misfit wedge (i.e. dislocation) methods.

The fluid loss, temperature distributions, and backstresses are
obtained for stationary and propagating fractures, and compar-
isons are made between the models developed. Additionally, the
results indicate that in tight reservoirs convection is not an
important mechanism of heat transfer, the heat up of cold frac-
ture fluid occurs in the vicinity of the wellbore, and thermal-
ly induced backstresses are small over the timeyscale of hy-
draulic fracturing in comparison to those induced by fluid 1loss.
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1 Introduction

The study of diffusive processes and associated stress has a broad range
of applications. Classical analyses of heat conduction and thermal stresses,
incinding the work of Carslaw and Jaeger (1959), and Boley and Weiner (1960),
are continually extended and implemented to understand and design structures
and equipment; newer applications are always appearing, such as in the
extraction of heat from geothermal reservoirs (Barr, 1982a and 1983b).
Analogous models are used to describe the effects of more general phenomena
such as shrinkage (e.g. drying) and solid state diffusion. An area of intense
recent interest has been that of stresses induced by fluid flow in porous media
(Rice and Cleary, 1978), especially in relation to fracturing processes (Cleary,
1978); such problems, particularly in the context of hydraulic fractures in
underground reservoirs, are the main concern of the work presented here.

A variety of techniques have been developed for the analysis of diffusion,
many for reservoir engineering applications, and including some that have been
oriented toward fracture geometries (Settari and Cleary, 1982a). There has
been a predominant preference for volume discretisation techniques (Settari and
Price, 1980), especially finite difference (Settari and Cleary, 1982b), and more
recently  finite  element techniques (Advani, 1980). These work well for
smoothly varying non-singular, allowably discontinuous fields and finite
geometries, with non-linearities and heterogeneities, permitting efficient solution
of banded matrices. However, in capturing the behavior around typical reservoir
structures, they are limited, because of unavoidable complicating factors, such
as severe mesh refinements, “infinite” elements, and moving fracture surfaces.
The last is especially difficult to incorporate accurately, and it even requires
remeshing for arbitrarily curved trajectories. To deal effectively with these and
other difficult characteristics, we have developed so-called surface intergral

equation (SIE) techniques (Cleary et al., 1983).



Integral equation approaches are certainly not new in heat conduction
(Chang et al., 1973), nor even in this area of application. Although somewhat
distinct from conventional boundary integral equation (BIE) methods (Shippy
1975), some limited versions of our formulation have implemented for special
case studies of flow around stationary fractures and resulting reservoir
production (Cinco et al, 1978). Our methods seem to have advantages in
effectiveness and generality; those presented are part of a broader methodology
which allows us to correctly determine the growth of one or more fractures.
The models presented here simultaneously describe the coupled fluid flow, heat
transfer, and induced stresses in and around growing fractures. When coupled
with propagation models they provide for a complete description of fracture
growth.

The effect of fluid flow and heat transfer in and around hydraulic
fractures has considerable importance: accurate predictions of fracture growth
length require a knowledge of fluid leakoff; well production rates are
determined, in part, by pore pressure distributions; and viscous fracturing fluids
often have highly temperature-sensitive viscosities. In addition, accurate
fracture growth modeling must often take into account the stresses incurred
from fluid and heat interactions between fracture and reservoir.

Our approach provides a succession of models of increasing mathematical
complexity and computational difficulty. The SIE method mentioned above is
interfaced with other modeling procedures (e.g. volume integrated discretisation
of heat transfer in the fracture) to develop the wellbore lumped, the pseudo-2D
and the 2D models, each successively providing a more precise description of
fluid loss, fracture temperature, and induced stresses for stationary and
propagating fractures. In attempting to reduce the computational requirements
while providing for physical insight, we incorporate as much analytical structure

as possible into even our most complicated models. Using very simple



analytical solutions, the wellbore lumped model, which is compatible with the
wellbore lumped propagation models of Cleary, Keck, and Mear (1983), treats
the fracture as a lumped system. Both the 2D and pseudo-2D models take
into account the variation of properties along the fracture. While the 2D
model provides an exact numerical solution for the evolution of fluid loss and
backstress, the pseudo-2D model approximates the 2D by assuming fluid loss
occurs only normal to the fracture. The pseudo-2D model was designed to be
compatible with a fracture propagation model such as P3DH (Settari and
Cleary, 1982a), whereas the 2D model can be used with a fully 2D propagation
model (Narendran and Cleary, 1983).



2 General Modeling Procedures

2.1 Coupled Fracture and Reservoir Models

Three models of varying accuracy and complexity provide estimates of
fluid exchange, fracture temperature, and fluid induced backstress for a fracture
in its surroundings (Figure 2.1). Although the models have been deveioped for
2D planar fractures, the scale of events in typical reservoirs permits their
application to curving fractures. Some rudimentary 3D quaiities have been
built in, to the extent that the models can accommodate P3DH fracture
geometry, and out of zone growth; it is also possible to turn any of the models
on end, in the P3DH fashion, to model fracture cross-sections. In this section,
common attributes of the three models are described and each model is
discussed individually. Elements of the modeling (e.g. the fluid loss, backstress,
and reservoir/fracture heat transfer components), and a production model which
features 2D drainage are described in subsequent sections.

Disturbance propagation

Pressure and temperature difference between fracture and reservoir can bhe
thonght of as disturbances in the pressure and temperature fields which
gradually ciffuse from the fracture out into the reservoir. A criterion is
established that, for all practical purposes, determines the distance into the
reservoir to which the disturbance propagates. Thus we define the three
penetration depths (6) of interest: §, and 6, are the depths at which the pore
pressure and the reservoir temperature are 99% of their reservoir values; o 1s
the position of the leakoff penetration front. In virtually all instances the
thermal and leakoff penetrations lag behind (usually far behind) the pore
pressure penetration.

Dividing the reservoir up into three regions (thermal and leakoff

penetration zones and a reservoir region) is an excellent way of taking into



account some of the reservoir inhomogeneities which unavoidably occur ‘during
fracturing. Outside of the thermal and leakoff penetration zones, the reservoir
is assumed to be homogeneous. Mathematical analyses pertaining to infinite
homogeneous media can be applied to this region; flow fields can be calculated
using either 1D or 2D analysis. Within these penetration zones, temperature
variation occurs, viscosities vary with temperature, leakoff properties differ from
those in the reservoir, and permeabilities depend on the type of fluid present in
the zone. :

Table 3 shows typical values of these penetrations after one hour for oii
and gas reservoirs. We see that the thermal and leakoff penetrations are very
small when compared to the fracture length (thermal and leakoff penetrations
are less than one foot, fracture lengths on the order of hundreds to thousands
of feet). Since the scale of these penetration zones is small,‘ flow within the
zones is modeled by simple 1D analysis with flow patterns occurring normal to
the fracture surface. All inhomogeneities have therefore been confined to the
penetration zones, vastly simplifying the analysis. Coupling occurs at the
interfaces between the furthest penetrating zone and the homogeneous reservoir,
and between the two penetrating zones (thermal and leakoff).

It is also interesting to note that the scale of pressure penetration (5.5 ft
in the gas reservoir, 35 ft in the oil) is also relatively small compared to
typical fracture lengths, implying that 1D reservoir region flow analysis (like
that used in the lumped and the pseudo-2D models) would probably be
adequate in many instances. Comparisons of pseudo-2D and 2D results {Figures
3.7) bear this out.

Coupled equations

All models require that the equations governing fluid loss and
fracture/reservoir heat transfer be solved simultaneously. Unfortunately, these

equations are coupled nonlinearly. To circumvent this difficulty the governing



equations are solved sequentially; those quantities necessary to decouple the
equations are extrapolated from previous time levels. Accurate to second order

in time, the extrapolation equation is

At At 2

_ _N_ - N
Yy = I+ gg—)¥y-1 ~ TEL T Yn-2 tOO(AEgT) (1)

N-1 N-1

To bring the solution from the N to the N+1 time level, we sequentially

integrate the governing equations as follows:

1) The excess pressure, Ap, and relevant fracture flow and geometry

information is passed from a fracture propagation solver.

2) The fracture temperature #, and the leakoff and thermal penetration depths,

6, and &, respectively, are extrapolated from previous time levels.

3) The average viscosities g; and pp are calculated using the extrapolated

values.

4) The fluid loss q; and leakoff depth §; are calculated.

5) Backstress op is determined

8) The fracture temperature and heat penetration §, are calculated.
7) N=N+1

Discretisation

This modeling requires the discretisation of integral equations in which

part (multiplicative) of the integrand is an unknown to be determined, and the



other part is invegrable in time. We assume that the unknown is constant over
short time periods and integrate the remaining part over that period. The
cumulative value of the integral can then be attained by summing the
constituent elements. As an example, the discretisation of fluid exchange (q)
with time is shown in Figure 2.3a. Although we show later that for our
purposes the accuracy of such a method is very good (Figure 3.1), it can
always be improved by taking smaller time steps.

Although the analyses performed are at most 2D planar, some 3D fracture
characteristics have been included, as illustrated in Figure 2.3b. The fracture
is discretised into volume sections (elements), each having 2 associated surface
areas: the total area of the section (A;) and the section area in contact with
the reservoir (Ares;). This scheme can accommodate any fracture geometry (we
use ellipsoidal geometry with temporally evolving lengths, heights and widths)
so long as the volumes and surface areas associated with each element are
calculated in accordance with the fracture geometry in question. Fluid in the
fracture is assumed to flow only in the direction of the fracture length. With
this discretisation heat transfer in the fracture is analysed and total loss and
fluid efficiency are estimated.

Two grids are defined on the fracture. One is a stationary grid (Figure
2.3c) with equally spaced nodes extending out beyond the maximum position of
the fracture tip; when the fracture grows over a new node, that node becomes
“activated”. @ The activation rate of new nodes depends on how fast the
fracture grows. All pseudo-2D quantities are determined on this stationary grid,
and in t;he 2D model, the grid is used for the heat transfer analysis.

The stationary grid is perfectly adequate for schemes such as the
pseudo-2D models which do nct have the capability to resolve the complex
backstress and flow patterns at the fracture tip. However, the most important

aspect of the fully 2D analysis is the study of these patterns; this requires a



grid with high resolution at the fracture tip. To determine f[luid loss and
backstress, we use a Chebychev grid (Figure 2.3d) which stretches with the
fracture as it grows. Node locations are determined from the location of the
zeros of Chebychev polynomials of the first and second kind. The generating
functions are graphically depicted in Figure 2.3d. The highest concentration of
grid nodes always occurs in the region of the fracture tip, where fluid loss and
backstress change rapidly; the lowest concentration occurs at the wellbore
where change is slow. The 2D heat transfer variables are evaluated on the
stationary grid, and an interpolation scheme (linear) converts quantities required
from the fixed grid to the Chebychev grid or vice versa.

Fracture Pressure Distributions

Fluid loss is driven by the difference in pressure (pg-pp) between the
fracture pressure, pp, and the tectomic pressure, also called the reservoir pore
pressure, pp. The fracture pressure is the sum of the confining stress, o,
present in the formation rock, and the excess pressure (over confining stress), o,
which drives hydraulic fracture propagation. The excess pressure usually varies
along the fracture according to a self-similar pressure distribution, like that
obtained from the P3DH fracture propagation model and shown in Figure 2.3e.
Since the excess pressure at the wellbore for the fracture propagation histories
considered is of order 100 psi, and since the confining stresses for the oil and
gas reservoirs considered are of order 600 and 2500 psi, respectively, the
variation along the fracture in total pressure is at most 10% for the oil
reservoir and 2% for the gas reservoir. Thus it is doubtful that variation in
excess pressure will often have a significant effect on loss, except perhaps at
the fracture tip, where marginal effects may be observed. In order to verify
this assumption, analyses are performed with both constant fracture pressure
and with a distribution whose excess pressure component varies self-similarly
along the fracture. Values of the excess pressure at the wellbore are assumed

to be the same in both cases.



2.1.1 Wellbore Lumped Model

The wellbore lumped model determines averagad quantities: All quantities
including fluid loss, fracture temperature, and backstress, are functions of time
only: and the fracture volume is discretised using only one element. The model
takes into account time varying pressure and temperature differences between
fracture and reservoir, the temperature dependence of viscosity in the reservoir,
and the coupling between the governing thermal and fluid equations. Backstress
is determined at the wellbore based on both the reservoir height and the
fracture length.

The effect of fracture propagation on fluid and heat exchange is
determined by an area weighting technique. Current values (at time ty) are
found with respect to current fracture geometry. However, all previous values
are known with respect to the previous fracture geometry. In order to
determine the previous values with respect to current geometry, the values are
weighted by the ratio of previous to current fracture area. For example, fluid
loss for any previous time level n is calculated with respect to the current
fracture geometry such that the total loss rate at that level is conserved;

hence,

b A A ~ -~ A FS PN
_'n - 'n
qL(tn) == qL(tn) ’ hL(tn) = hL(tn) (2)

where A and AN are the areas of the fracture at the n and N time levels.
Previous values of the penetration depths ave also extrapolated according to

Eqn. 2; whereas the fracture temperature is extrapolated with respect to a ratio

of fracture volumes.
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2.1.2 Pseudo-2D Model

The pseudo-2D model represents an improvement over the wellbore
lumped model in that it takes into account the variation of quanvities along
the fracture length. The fracture is divided into I segments or elements and
essentially the same equations as in the wellbore lumped model are applied to
each segment: 1D equations governing heat transfer and fluid flow in the
reservoir provide estimates of heat and fluid exchange; and the fracture
temperature is determined by energy interactions of each segment with the
adjacent reservoir and fracture segments. Backstress along the length of the
fracture is found by substituting the pseudo-2D loss distribution into a 2D
formulation for backstress; the wellbore backstress is also fourd based on the
reservoir height assuming there is no vertical variation in loss over the reservoir
zone. The pressure differences for each segment, the fracture geometry, and the
flow rates in the fracture must be provided by a fracture propagation model.

As described in the fracture discretisation section, all variables are found
on a fixed grid over which the fracture grows: New segments must be
continually activated during the fracture period. If the pseudo-2D model is used
in conjunction with a fracture propagation model that has a grid which
stretches with the fracture, the quantities it pfovides to the pseudo-2D model
such as pressure difference and fracture segment geometry must be interpolated

to the fixed grid.

2.1.3 2D Model

The 2D model is the most accurate of those developed. Fully 2D analyses
are performed on a npon-uniform stretching grid in order to calculate
distributicns of fluid loss and backstress along the length of the fracture;
fracture temperature is determined on the fixed grid as in the pseudo-2D

model. Interpolation must be performed to pass relevant quantities between the
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grids. If the 2D model is used in conjunction with a fracture propagation
model, pressure differences and relevant geometry may also have to be
interpolated. The 2D model provides precise calculations of fluid loss and
backstress at the fracture tip; however, a large amount of computation is
required to do the job. A full matrix must be solved for each time step to
calculate loss. and the effects of previous fluid loss and heat exchange must be
summed at every time step from the initial time in order to calculate current
solution values. Such cost, however, is unavoidable even with other methods
(e.g. finite difference and element methods) if accurate solutions near the

fracture tip are to be found.

2.2 Reservoir Fluid Flow

2.2.1 The governing equation

The equation governing pore pressure for a homogeneous reservoir is
obtained by writing the mass conservation equation in terms of pore pressure
and reservoir stress. Since for an infinite reservoir domain (or a reasonable
approximation to it) the effect of reservoir stress can be neglected, the result is

a diffusion equation in terms of pore pressure only:
2 = ] : V2A = 32 3
cRV P 5% P (3)

The velocity field can be found ucing D'Arcy’s Law:

1<
[
1
>
e/
<>
1
I
o>

(4)

=
P o]
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The equations on the right in Eqns. (3, 4) have been non-dimensionalised
according to Table 1.

Although it is generally true that the presence of boundaries surfaces,
strata, etc. affect pore pressure distributions, the effect is small for a great
many cases. For this reason, outside of the leakoff penetration zone and the
thermal boundary iayer surrounding the fracture the reservoir is treated as an

infinite, homogeneous domain.

2.2.2 1D Fluid Flow

Special analytical solution

When a constant pressure difference between the fracture and the
reservoir at infinity is specified, one important analytical solution to Eqn. 3

provides the transient pressure distribution in the reservoir:

. . Y
p = Ap erfc (—0) (5a)
2/7
t
g, = 208/Y7% (5b)
8¢ = 3.6/ct 8, = 3.6/ (5¢)

q, is the fluid loss rate out of the fracture obtained from Eqns. 4 and §; the
depth into the reservoir to which pore pressure diffusion has occurred.

The leakoff penetration depth is defined as
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5. = LY I &Ld% (6)
Q

AAA ~
R A (7)
1)

Influence function solution
Beyond the penetration depths of the leakoff fluid (§;) and of the heat

transfer (§,) the reservoir properties are considered to be constant.  The
pressure drop (p,-pp) between the pressure at the larger penetration depth
(either 6 or 6;) and the reservoir pressure at infinity can be related to the

reservoir fluid flow at that depth by an influence function solution:

t
Phb = Pg = [ dt a, Y48 (8a)
" s (1)

- (XO‘X) 2 + Y02]

4c(t-1) (8b)

u
. R
Ye rk (E-1) exp

N

where 7, is the fundamental solution to Eqns. 4 for a single instantaneous
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source of strength unity, and q is the fluid flow at the relevant penetration
depth.

Since Eqns. 8 contain two unknowns, (p,-pgp) and q;, more information is
required to determine reservoir flow. Closure is achieved by including the
cquations that govern flow within the heat and leakoff penetration zones and
which relate fracture quantities to the unknowns of Eqns. 8. Suppose that the
leakoff penetration (6;) is less than the heat penetration (6,) and that both are
much smaller than the scale of the fracture (§, § << {); then the flow
between the fracture and the heat penetration depth is essentially 1D, a
function of time only and is specified by D'Arcy’s law. Within the leakoff

penetration zone the relation is

.54, = -G b (87t gg- (9a)

where q; is the fluid exchange between fracture and reservoir, C; is a non-
dimensional grouping of permeabilities and viscosities, and pL(O) is the non-
dimensional viscosity of the leakoff fluid. Since the viscosity of typical leakoff
fluid (principally water) can change by a factor of 3 or 4 between fracture and
reservoir temperatures, the effect of temperature on viscosity can not always be
neglected. (In many reservoirs the leakoff layer has little effect on loss and

can be neglected.) Integration of Eqn. 9a yields
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The average viscosity py, for the leakoff fluid is

— l A A A A A ACL
= x—L u, (8)dy, up, (8) = A + B9 (9¢)

The constants A;, By, and CL can be obtained from viscosity data for the
leakoff fluid. An identical argument can be made for calculating the flow in the
region between the leakoff fluid penetration 4 and the heat penetration by,
except that within this zone the relevant viscosities and permeabilities are those

related to the reservoir fluid. The governing equations for this region are

A

~ A A -l
.5q, = -pp(8)7 B
L R 2 (10a)
) ) o 1 §y=6.> 0
Pp = P = =-39R(6,-6.)q;, g = (10b)
n 0 §,=6_< 0
& h "L=
_ l A (a)dA A A _ AcR
R =35, 'R Yo g (8) = Ap + Bp3 (10c)
h 'L §

Ap: Bg, and Cg can be found for reservoir fluid vicosities. The equations
derived are valid regardless of the relative values of 6, and 6. However, when
6, <6y, Eqns. 10 are simply irrelevant. In that case, as shown in Eqn. 10b,
g=0.

Equations 8, 9b and 10b can be combined to form an expression relating
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Ap, the difference between fracture pressure and reservoir pressure, to qp, the
fluid exchange. Thus reservoir flow is defined in terms of fracture quantities

only.

A

AR(R) - .5IC T (8)8 (8) + iy (8) (B, (£)-8, (E))]
3 (11a)
t" Ao A A A
= I qp (B)vg(t,T)dT
o

7,0 = 1/2/1@E-T) ~ (11b)

The time integral can be written as a sum of integrals over intervals \t,
with integrands consisting of an unknown part (7) and an integrable part g(7).
If the time increment is small, the integral may be approximated by

t
tn

n
J f(t)g(t)dT = f(tn)j g(t)drt (12)
t t

n-1 n-1

Equations 11a and 6 are discretised using Eqn. 12:

Ap(ty) = .SIC Uy (B) 6y (By) + gl (By) (S, (B =6; (£g))1qp (Ey)

N ~ A A A A (133)
= I q.(t,)Tc(t, ,t.)
n=l L N £'°N'"n
~ A ~ - 1 A A 1 2 A ~
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(13c)

N
ngl (qL(tn) + qL(tn_l))Atn

Given the current pressure difference (Ap(ty)) and the previous exchange

history for t<ty), the current fluid exchange can be directly calculated
Y 1qp N

from Eqns. 13.

2.2.3 2D Fluid Exchange

The influence function solution for fluid exchange along the 2D fracture is
similar to its 1D counterpart, except the effect of fluid exchange must be
integrated along the fracture (Cleary et al., 1983).  The result, valid for
propagating fractures, is
AP(xo,t)-.SICLuL(xO,t)GL(xo,t)

* gHp(xgs8) (8 (o, B)-8) (%0, )13, (2,8 (14a)
£ 1
= [d% E(%)[qL(n,éﬁf(iom;t,%)di, n = 2(T)x
where 0 -1

2
(x4-n) ) | (14b)

exp (

; (5E lnt'gr%) = — —
£70 anm(8-7) 4(t-1)

The discretisation of the time integral is the same as in the 1D case Eqn.
12. The remaining integral along the fracture is a singular integral that can be
solved by a global interpolation scheme which employs Chebyshev polynomials.

Valid for all (including singular) kernels K, the standard integration formula is
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1 M )
= I /a2 £(S,.)K(x_,S.) (15a)

I_lf(x)x(xo,x)dx M kil 1'51‘2: (S JK(x .Sy
K(x,,S)) = 0.5(K(x,:8y) + K(x_5Sy)) (15b)
S, = -cos(mk/M), k=1,..... M (15¢)
S_ = -cos(m(2r-1)/2M), r=1,M (15d)

r

having set f(s\)=I(-s\,) for closure in Eqn. 15b. Unless K is singular, the
integral can be evaluated at any convenient set of X, I its integrand is
weighted at the zeroes s, of the M order Chebyshev polynomial of the first
kind. If K is singular, then it must be evaluated at the zeroes s  of the (M-1)th
order Chebyshev polynomial. It is also necessary to define a matrix which
interpolates from the s_ points to the s, points since the temperature is needed
at the s, points. A global interpolation matrix using Chebyshev polynomials

accomplishes this as follows:

21 X
Ak "5l + 251 Ty (S.)T, (S)) (16a)

T,(S) = cos(m cos™1s) (16b)

where the functions T(s) are Chebyshev polynomials of the first kind. Given
the accuracy afforded by the stretched grid, local interpolation could probably
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be used with equal success. Remembering that the exponential integral

function of the first kind is defined as

Ei (x) =I _%exp(-n)dn (17)
X

the discretised version of Eqns. 14 becomes

A M A A A
Ap(er'tN)-'skilArk[cLuL(SkN’tN)3L(skN'tN)
- A A -’\ F ~ S E
*+gi (SperByg) (8 (SyeqrBig) = Oy (Speyr Byy) V19, (Syeyr tyy) (18a)
N M
_n "~ oA - A A A .2 ~
=g I L) z/T'§E qL(sk,tn)rf(er,sk,tN.tn)
n=1 k=1
S, = ﬁ(tn)sr, Sp = 1(£n)sk , r=1,M
2 g = E -E
(S_-S,) N “n-1
.2 2 = 1 . r 'k
P CHPE T - ) i Eil—p=) o (18b)
g = tN-tn

If the pressure difference along the fracture is known, Eqns. 18 represent a
system of M equations with M unknowns (q;(s),ty)). When the sysiem is
solved at the current time level (ty), the current value of fluid exchange is

found at each s, point. The procedure is then repeated for the ty , level.
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2.3 Backstress

2.3.1 General Corasiderations

In addition to being a major determinant of well pumping rates, fluid
leakoff causes swelling of the rock adjacent to the fracture which in turn
creates a stress normal to the fracture surface called the backstress. This
stress, often a significant percentage of the excess pressure, works against
hydraulic fracture propagation.

The nature of backstress can best be understood by analogy to the effects
of a dislocation in an elastic medium. Fluid loss from the fracture can be
thought of as a misfit wedge of material stuck into the reservoir along the
fracture up to its tip. A uniform leakoff penetration depth corresponds to a
misfit wedge of constant width; such a wedge creates compressive stress
increasing toward the tip as 1/r, the inverse of the distance to the fracture tip.
A detailed explanation of the theories of dislocations can be found in Hirth and
Lothe (1988); for applications to induced stresses in porous media, see Rice and
Cleary (1976).

The stress effect can be modeled by putting a dislocation at each end of

the wedge: The solution for the compressive stress at the middle of the wedge

. is given by
g = —Gb (19a)
B~ we(I-v)

where G is the shear modulus, v the Poisson ratio, and b the misfit wedge
width. b can be deduced from the amount of uniaxial strain the reservoir
material undergoes when the pore pressure is increased by Ap. If b is replaced

by such an expression, the backstress becomes
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_ 26na
9 —-(TLTN Tl (19b)

where 6 is the appropriate penetration depth (see discussion of Eqns. 20 below)
and Ap the pressure difference acrcss the layer. 5, the dominant poroelastic

stress parameter (backstress coefficient) is given by

_ 2(1-v) _ R _
n (]._-ZT)-E' E-’.-K—, n=0.3 (19¢)

K and K, are the bulk moduli of the overali porous matrix and solid
constituent, respectively, under drained conditions. Equation 19b is also valid
for non-uniform misfit wedges if the right hand side is multiplied by a
coefficient which accounts for wedge geometry.

It is useful to separate the backstress into two compcnents, one due to
the leakoff layer, and the other to the diffusion of pressure out through the

reservoir fluid;

GB = UB + OB (203)

where,
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- : 0b
o 26, n(Pp=Py) (20b)
BL 72 {1l-v)
and
2bn (p.=Py)
- I R
OBR i /th (20c)

The pressure differences are the ones across the leakoff (pp-p;) and reservoir
(P;-PR) regions; & is the leakoff penetration. The diffusion of pressure into the
reservoir occurs over a depth proportional to \/g b (as distinct from E, the
misfit wedge width) has been found in this study to be constant (approximately
0.7) for short to medium times. Looking at the two effects separately can be
advantageous: For instance, if the leakoff fluid is liquid and the reservoir fluid
a gas, the leakoff component dominates because the reservoir diffusivity is small
and most of the pressure drop occurs across the leakoff layer; however, in a
liquid reservoir the reservoir component dominates because the effective
penetration depth of the pressure difference into the reservoir is large relative

to leakoff extent.

2.3.2 Reservoir backstress

The reservoir backstress component (as opposed to the leakoff component)
can be modelled for more complex fracture conditions (fluid exchange variation,
fracture propagation, etc.) by a Green's function method analogous to the one
used for fluid exchange. Ignoring the leakoff component, the equations

governing axisymmetric deformation in an infinite medium (for which C=0) are
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Orr + Tggt anp = C(t)

[1]]
o
-
Q>
+
Q

rr g * 2P = 0 (21a)

3 2 - a "2;\ AA
37 (70 ) = 2nrp P (r%0. ) = -nrp (21b)

If the equation for an instantaneous line source of fluid (Eqn. 8b) is substituted

for the pore pressure, the equations become

o__ = n—?%‘- (exp ( -EZA ) - 1) (22a)
rr Y 4(£-7)

o = —z (1 - (1 + ———)exp(———)) (22b)
88 22 2 (-1) 4 (£-7)

The equation for stress normal to the fracture can now be found by integrating
the effects of all sources:

t 0 af
A A A n AoA ooa S i ST
OB = -aee = npo- nj dat IA dx qL(x,T) g‘ (xo,x,t,T) (233)
o -2
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a4 (ﬁo-ﬁ)z -
Pg(Xyrx,8,7) = 57 (exp(=§) - 1) - T 4 (t-1) o

Thus, as time goes to infinity (q;, goes to zero), the backstress achieves its

steady state value of np,,

2.3.3 Discretisation

Although Eqns. 23 show well the structure of the 2D backstress solution,
some numerical difficulties arise if the fluid exchange distribution is not exactly
compatible with the pressure difference. Such a condition results either from
numerical error or from the use of a 1D loss distribution (or any loss
distribution other than the 2D solution).  The problem is alleviated by
replacing the pressure p, with Eqn. 8 (with ph'=pl), which consists of fluid loss
effects. With the backstress now expressed in terms of fluid loss, the equation
is discretised by integrating the resulting influence function while assuming q,
to be constant locally in both time and acrcss each element along the fracture.
Such a technique eliminates the need for global interpolation; hence, the
numerical difficulties caused by the oscillatory nature of the Chebychev
polynomials are circumvented. Also, because the summation is conservative,
additive effects incurred in long summation operations are eliminated. The

resulting equation is

N

M ~ -~ A~ A a
noEy g Zp Gpelem) B P (ko kG, n) g8 ) (249)

ag (X9, ty) =
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Y e t,op (X(k,n)
I (x.,%:t.,t.) = —:N—-:[l(l-ex (=€) )+EEi (£2)] no
sf 0' [ NI n T E p E - E A A
tn x(k=1,n)
- ~ 9
xo - x(k,n) (24b)
E =
ZJEn - T

In the 2D model the spatial elements are centered on the sr points and run
between adjacent sk points, whereas in the pseudo-2D model the elements are
centered on the stationary grid nodes. A useful wellbore backstress
approximation can be obtained by substituting the constant pressure solution
for 1D loss into Eqn. 23a, integrating the influence function over space and
time, substituting the 1D loss expression for p,, and combining terms. If a
parameter b (determined by comparison with the exact solution) is introduced,
this approximation has the same form as Eqn. 20c for short to medium times;
however, for long times the backstress remains finite and, depending on the
choice of b, converges to a value near to np: a b value of .56 f‘)roduces a

backstress of exactly gp for long times. The equation is

‘et

o = an(pf - p,r) —f ((l-exp(4;g:)) + LT erfc( 9'_)),
R 2/ct 2/c t  (25)

It should be noted that the poro-induced backstress equations are equaily valid
for thermal induced backstress, with only minor modification. gp is replaced

~ ~N o, .
by aEAT where a« is the thermal expansion coefficient, E tS 8 reservoir

modulus, and AT the temperature difference between fracture and reservoir. If
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the temperature of the fracture is lower than the temperature of the reservoir,
the thermal induced backstress will tend to open the fracture rather than close
it, as the poro-induced backstress does. Over the time scale of most fracture
applications in low to fair permeability reservcirs, the thermal backstresses are
second order relative to the poro-induced backstresses. A general discussion for

heated fractures appears in Closmann and Phocas (1978).

2.4, Heat Transfer in the Reservcir

2.4.1 Governing equation

The governing equation for heat transfer in the porous reservoir
surrounding a fracture is obtained by applying energy conservation to a

differential control volume of reservoir material:

v- xh_V_(T) - (DC)L‘V_ . (!T) = (pC)SL g_: (26a)
A A AA A-l. "\
v - 9(0) -8y - (ve) = 32 ' (26b)
at .

Eqn. 26a is non-dimensionalised according to the relations presented in Table 1.
There are two non-dimensional groupings: x, a ratio of thermal to fluid
diffusivities, and gy, which, in effect, non-dimensionlises velocity. In deriving

this equation, the following assumptions were made: equivalent thermal
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properties of the leakoff and reservoir fluids; negligible kinetic energy of pore
fluid; thermal equilibrium between the rock and pore fluid; and constant
“thermaj” properties, eg., those properties rssociated with the heat transfer
equation such as thermal conductivity, heat capacity, and density. @ The
convection heat transfer term appears in this and all subsequent equations for
completeness; later it will be shown that for most low permeability reservoir
applications the effect of convection can be neglected. A fuller discussion of
heat transfer in geothermal systems can be found in Cheng (1978).

A word or two should be said about boundary conditions. In typical
reservoirs there are discontinuities in thermal properties such as those produced
by strata, sand lenses, etc., that could be treated as boundaries to local regions
at which governing equations are coupled through boundary conditions. As will
be shown below, in typical fracture applications the heat transfer occurs in a
region very close to the fracture. Consequently, the solution is not affected by
such boundaries and the heat is transfered from {to) the fracture as though the
reservoir were a semi-infinite region on each side of the fracture. There are
local complications where a fracture crosses a discontinuity (interface) but these
will be neglected. The temperature in the fracture must either be specified as
a boundary condition or the heat transfer in the reservoir must be found
simultaneously with the heat transfer, as described in the section on energy
balance in the fracture below. Similar modeling of reservoir-heat transfer has

been done by Sinclair (1971).

2.4.2 1D Heat transfer

Special analytical solntioné

&
There are three special analytical solutions to the transient, conduction
and convection heat transfer problem that provide substantial physical insight

into the problem of heat and mass transfer around fractures. Additionally,
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accuracy of more sophisticated modeling schemes may be determined by
comparing the model results to these solutions.

When the fracture temperature 1is constant, the non-dimensional
temperature 0 varies from 1 at the fracture to 0 at infinity regardless of the
variation in actual reservoir temperature. Initially, the non-dimensional
temperature thronghout the reservoir is zero. Solutions of the heat transfer
equation with these boundaries and initial condlitions can be found for a
constant velocity field and for one proportional to —-, the latter, being

Y,

t
extremely relevent to hydraulic fracturing. The constant velocity solution is

" oA Y ~B kvt A A ot B, <t
8(y ,t) = .5[erfc(———) + exp(By )erfc(———)  (27)
277 2/
Kt Kt
v = constant
The pure conduction solution is
8,(¥g,t) = erfc(n), 1 = y,/2/<T (28a)

where the heat exchange per unit area h; is given by

(28b)

N
[~ %
@

= 2//nct

o
0
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and the thermal penetration by
(28¢)

th = 3.6/¢xt , 5hc = 3,67kt

1
When the velocity distribution is defined by ——, the convective heat transfer

Vvt

solutiorn is
o erfc (ﬁ-év/'m s o a/TE
6(y,,t) = — ¢+ 0 = y,/2/ct
0’ l+erf (va’ﬁ/n) 0 (292
fA. = A + ﬁL = §€1L§ - 2%—9 (29b)
L Leonv. cond. X
hL = 2(§v/K + 1)/!’1'I'Kt ' (290)

8

p = 2(B + B /c/n)/kt , erfc(B) = .0L(1 + ert(g,/&/m))  (20d)
The heat penetration depth, 6., is defined as the distance into the
reservoir from the fracture to the point where the {emp‘erature is .01 of the
fracture temperature. Note that the solution for the —— velocity field
propagates into the reservoir proportional to \/: (Eqns,.rt 20d).  Remembering
that the heat penetration depth for the transient conduction problem (6,c) also
propagates proportional to \/; it can be conciuded that 1) the penetration
depths &, and &,  differ only by a constant at any time, and that 2) such a
constant depends on reservoir permeability, fluid viscosity, Pressure dilference

between fracture and reservoir, and the fluid and thermal diffusivities. A
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simple relation that determines the extert to which the heat exchange with the

reservoir is dominated by convection can be obtained from Eqns. 28b and 29c:

(h =h_ ) B V%
$ convection = —E‘—hﬁL x 100 = — v x 100 (30)
hL (va/: + 1)

Variational method

The variational method provides a mor'e general solution than either of
the two special analytical solutions in that it provides the temperature
distribution in the reservoir as a function of time for arbitrary time histories of
fracture temperature and fluid leakoff. It is an approximate solution, however,
that assumes a non-spatially varying velocity through the heat penetration zone
(later to be seen as a good approximaticn) and a cubic curve fit between the
known temperature at the fracture and the zero temperature at the heat
penetration depth 6,. Beyond &, the temperature is assumed to be that of the
reservoir. The conduction heat exchange at the fracture is obtained by

differentiating @ with respect to y and setting y=0.

~ A

A a CYq Yo 2 A
((8(0,t) (1L + ——) (1 - x=——) Yo < & (E)
& (t) &, (£)
6y, &)= (0 g,o > “5h(;:) (31a)
ﬁL(E) = 29Q'€) (c=2) ' 0 <cc< 2 (31b)

& (£)

The cubic curve fitting parameter, ¢, and the ™eat penetration depth, b, are

determined using the variational principle (Ritz analysis)
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3h(E)
22 & 32
(3 - 5,928 - 21 285545 - 0 (#2)
y y 3t

Invoking the variational principle results in two coupled non-linear differential
equations governing ¢ and 6. Numerical investigation has shown that the
solution is reasomably insensitive to ¢, so that any value of ¢ between .25 and
.75 provides a good temperature curve fit (See Figure 3.14). Once ¢ has been

specified, the equation governing 5]: becomes drastically simplified:

t
~ ~ c A
§h(%)2 = e(o,t)'clh?dlj 8(0,%) Tat (33a)
o
+ B Kdzf 8¢0,%)° v(o,%)éh(f:)d%]
2 2
= 1 c c i 1 c [o]
©1 = g * 35 * 715'/%2r %2 = 15 * 35 * 159 (33b)
2 -2
= 2 - C C = 1 c o)
d = F-gt1z)/eyy 4, = GG+ @+ 3p)/e, (33c)

A quadratic e&uation for &, is easily obtained once the time integrals are

approximated through linear or quadratic interpolation. .
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Infiaence function method

The most general solution to the transient heat transfer equation (Eqn.
26a) is the influence function solution. It is formally valid for any number of
spatial dimensions and takes into account arbitrarily varying fracture
temperatures and velocity fields. The convection term of the governing equation
-V.(8,V6) is treated as a heat source and not as part of the differential
equation; hence, the differential equation solved is the conduction equation, with
convection sources included wherever and whenever convection has occurred.
Essentially, the solution is constructed by the superposition of the effects of
instantaneous heat sources that are each related to the temperature by the
fundamental solution <,. For an infinite domain with a single instantaneous
heat sources of strength onme at position x and time 7 the solution of the
transient heat conduction equation at x, and time t is 7, (See Eqn. 35b below).
Chang et al. (1973) use the analogous Green function superposition method to
solve similar heat conduction problems in an anisotropic medium; and Keung
and Domolo (1980) apply superposition methods for heat conduction problems
with change of phase in arbitrary domains.

The temperature distribution is calculated by *‘adding up” or integrating
the effects of both the conduction sources on the fracture surface and the
convection sources throughout the region for all previous time leveis up to the

current one. The resulting equation is

6(y_,t) = fd%[f . h y,d8 - JA .V (B %8)7.a0 34
° Jo g (ry LR Vg~ VT b &4

o c

The equation can be changed to a more desirable form by integrating the
convection term by parts, exploiting the symmetry of the solution on either

side of the fracture, and restricting the reservoir integration to inside the heat



33

penetration zone, outside the effect of convection is negligible.  For one

dimensional heat transfer the solution becomes

t
8(y,,8) = Id%[(ﬁL(%) + 8,4, (080, Y (v,,0:E,7)
> . h (352)
8 (£) )
* By v, D8E, D3, 38,7 + 1, (3,,-7:€,7))ay]
o) oy
where
S s TR A
Yh(Yo.Y:t.t) = [ —] exp [—————1] (35b)
47 (t-1) 4k (t-t

The term (h;(7)+8,q;(7)6(0,7)) conveniently represents the non-dimensional
energy rate exchange between reservoir and fracture. In order to obtain a
solvable relation betWeen energy rate exchange and fracture temperature, the
integrals of Eqn. 35a must be discretised.

The spatial integration between the fracture and the heat penetration
depth is obtained by approximating the integrand using quadratic interpolation

and performing the integration: -

Sn(tp) A~ A A A NNY-1 R

J £(9)a7 = & (€) £ w(k) £(§(2,n)) (36a)
o =2

w(2) = (1,4,2,4,2, . . . . 4, 1)/6NE (36b)

§, = Pl = (L& ED/NNY,  Fou = =D EYD (38



w is the weighting function of the integration and y, are the positions at
which the integrand is to be evaluated. When these approximations are
substituted into Eqn. 35a, the result is a discretised equation with unknown
reservoir temperatures at each weighting location yy and an unknown heat

exchange h, .

A ~ ~

AN A A N A A A ~ -~ All\
O (Yoyr &)=L [(hy (&) + B,a (£ 60, & NP (v 0:8,E)

. . . NNY-1
+ B 8 (R ) I

) I WOV &) ot Gy iy £

y = 1, NNY

~ ~

Yo

2

~y 1/2 -y 7
:fh(f‘(o.O:EN,En) = [('-:rl) exp(kTZ) + I%rf(

)]

Q
b

>
'

=Sy

>

A
© ) - erf(=

oy (T ¥ity y) = 1/2[erf (22 = o
< “ a= tN"tn-1

By applying Eqn. 37a to each weighting location (y,==yy) and to the fracture
(yo=0), 2 set of equations can thus be obtained and solved at each new time
level (ty), for the unknown reservoir temperatures and the conduction heat
exchange. &, need only be roughly approximated at each time level (such as by
Eqns. 33) since there are no contributions from integrating beyond the heat
penetration depth, &, and only very small contributions in approaching 6, If

convection can be neglected, Eqn. 37a reduces to the very simple form, similar
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to that for 1D fluid exchange:

N
A A = A A P A 3Sa
St = T fi (€ F (£, (38a)
t ko " (38b)
Thityrty) ) o = t~€,

2.5 Energy balance in the fracture

No matter how modeling of reservoir fluid flow and heat transfer is
approached, if the fluid and heat exchange between fracture and reservoir are
unknown, then either the pressure and temperature differences along the
fracture must be specified, at least incrementally, or additional equations
provided that are to be solved simultaneously with the reservoir equations. It is
assumed that pressure differences along the fracture can be supplied by fracture
propagation models such as P3DH or the lumped model. However, since
temperature along tﬁe fracture is unknown, an equation governing heat transfer
in the fracture must be included.

As shown in Figures 2.3b and ¢, the fracture can be divided iato I
elements. Each element has a volume (Vol) and an area (A}. Qrel(i+1,ty) is the
flow rate from the i'! element into the (i+l)“‘ element and Qrel(i,ty), from the
(i-l)“l into the i*t element. It is assumed that the fracture propagation model
can supply volume, area, and flow rates for the set of I elements. Two

different kinds of grids can be used: a large stationary grid covering the final



36

expected fracture length, or a grid the length of the fracture which grows as
the fracture does. If the grid is fixed, then Qrel is the velocity of the fluid
flowing within the fracture; if the grid grows with the fracture, Qrel is equal to
the difference between the fluid velocity and the fracture propagation rate. For
the fixed grid (Figure 2.3c), new nodes must be activated as the fracture tip
grows over them, and quantities such as pressure differences must be extracted
from the fracture propagation model grid; for the propagating grid, values at
previous time levels (hence different locations) must be interpolated then
assigned to the new element locations.

\When heat transfer in the fracture is principally determined by
convection, energy exchange with the reservoir, and the difference in
temperature between the wellbore and the reservoir at infinity, the energy

balance for the i*? fracture element can be written

Aenergy/time denergy/time flowing Aenergy/time
in the kth = |into the kth element|- |)ost to the (39a)
fracture element from other fracture reservoir
elements
or d ~ . ~ A A ~
E: [Vol(l’t )B(xi,tN)]
= kB, [-5(B(x, o, 80 + 8k, 8000, (1,8

(39D)

-.5(6(x3,tN) + G(X-i.'_l,tN) )Qrel (i+1 ltN)]

- kAU, B hy (xpby) + BLap (R, 808 (%, £

If both the fracture-reservoir interactions and the quantities to be determined
by a fracture propagation model are specified, Eqns. 39 can be discretised and

then solved to obtain the current temperature of each fracture element. The
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time derivative appearing in Eqns. 39 can be written in terms the current
temperature and the temperature at the last two previous time levels:

ae | . ___ 1
dt € Atn(dtrz-dtr)

[(atr®-1)f_-aer® £__ +£ 1 + 0(st?),

(40)
(th=th-2)

dtr = —4/—/————
(tn=tn-1)

This expression, known as a three point backward difference operator, is
accurate to the second order in Aty. If Eqn. 40 is substituted into Eqns. 39 a

matrix expression of the following form is obtained:

ag=r (41a)
or . . _ A A. A o N A LA
a(i,i-1)8(xy_;,ty) + a(r.l)ﬁ(xi_'ﬁN)
+ ali,i+D)8 (%, &) = (i), i=2, I-1 (41b)
.. = 2/\ = “~ N LA
r(i) (dtr Vo'l('l’tN-l)e(‘l’tN-l)

A . A AL A A A A, ~ A ) ~ (410)

a(i,i-1) = =e5KpB,Q eq (T,ty) (41d)
a(i,i+l) = .5¢,B.0 . (i+1,t) (41e)

a(i,i) = .5k Qg (1,8 =0Qp o) (2 B\ HRE@A (1 204 (R, L E )
(41f)
(atr-1)¥ol (i, )

+ 3
AﬁN(dtr -dtr)



38

The boundary conditions required to complete Eqn. 41a are

at the wellbore and

8(rp,E0) = 8o, or 8(rp,ty) = 8(xp_ ;) (42b)
at the fracture tip. It is suspected that for most propagating fractures both
conditions stated in Eqns. 42 are satisfied, therefore we assume either condition
will suffice. Note that in order to solve Eqn. 41a it is orly necessary to know
relevant quantities back two time levels and not their entire previous history.
Also, the matrix a is tridiagonal, hence, the computational cost is much less

than for the a full matrix case.
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2.6 Production

2.6.1 2D Drainage Model

A fracture that has been created and propped, and is now being
produced, can be modeled by simultaneously considering flow in the reservoir
and in the fracture. Within the fracture, the flow is described by mass

conservation:
2 oQ) +oHg, = (oa) =0 (43)
on L 9t c

where H is the height of the reservoir, and A  the cross-sectional area of the
fracture; fluid compressibility in the fracture is neglected. Q, the volume
flowrate along the fracture, is written in terms of the pressure drop along the

fracture through D’Arcy’s law:

Qs-AiF.éL (44)
ch 3xo

where Kg and pp are the fracture perineability and viscosity, respectively.

Substituting this expression into Eqn. 43 yields

A
3 cKr 3 - 45
axo ( "'F x) Hq]:. 0 (45a)

This equation can be integrated:
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2
+ fx Hqde =0 (45b)

The pressure is eliminated by substituting the expression for pressure written in
terms of 2D fluid exchange (Eqn. (8) with p,=pp) and differentiating. An

expression with only one unknown, g;, is produced:

- td‘r c’;x - (x,,x;t,17) + ¢ Hg,dx = 0 (46a)
u L 5% ‘XorXite 9L
F o -2 X9

A boundary condition at the wellbore must be supplied: Either the drawdown

pressure, given by

t (2 <
p,(t) = I d‘tIdx qTel0,x5t,T) (46b)
0 -2

can be specified, or the wellbore flowrate

. ')
Q,(t) = 2[ Hq, dx (46¢)
0

Given one, the other can be determined from the fluid exchange once the

problem is solved.



41

2.8.2 Discretisation
The three above equations are non-dimensionalised and then discretised on

a Chebychev grid in the same fashion as in the case of 2D fluid loss (Eqns.

18). The resulting equations are

F N M —— A A ~ . -
— £ I /1-82 S, ,t. )T (S_,S, :t.,t
M 21 ey k Ip(Sxrty) Tp (SprSyityety)
(47a)
1 M A A
+ TR kir qL(Sk,tN)Ares(Sk) =0, r=2,M
cr
2 9% Yyt
-(sr-sk)
£ L 47b
Fp(sr’sk'tN'tn) = Sr_gk 5 = E -‘E ( )
N n
%
(47¢c)

qL(Sk'tN)Ares (Sk)

A A M
(ty) =2
% k=1

% N M
A a L S N 2R A

When multiplied by the width and divided by the length of the fracture, the
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fracture coefficient Cp is equal to the fracture conductivity. Note that this
model is valid for fractures of varying geometry, and for fractures that have
grown out of zome. It is also valid for both short and long time drainage

periods.
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3 Results

3.1 Introduction

The results section is divided into subsections on fluid loss, backstress,
heat transfer, and well production. In each subsection, model performance is
evaluated and physical insights are discussed. The fracture propagation data
and the properties of oil and gas reservoirs, required as input for the models,
are described below. Because the figures so concisely present and summarise
our findings, they are used as the basis for discussion; this section is written to
bring attention to the most important points shown. It is hoped that the
reader will take additional time to study the figures and note those things of
interest not explicitly discussed here. '

Fracture propagation data

At the time of this study it was not possible to run the fluid loss,
fracture temperature, and backstress models simultaneously with a fracture
propagation model. Instead the required fracture growth and welilbore pressure
histories were generated with a lumped fracture propagation model, neglecting
the fluid loss, heat transfer and backstress effects. Although the influence of
these effects on fracture propagation has not been taken into account, this
approach provides the basis for the evaluation and comparison of model
performance and it allows qualitative insight into the nature of fluid loss,
fracture temperature, and backstress for propsgating fractures.

Summarised in Table 4 are the four fracture propagation and wellbore
pressure histories generated by the lumped fracture propagation programs. One
history was obtained for constant wellbore pressure and three for a constant
pumping rate into fractures with different levels of confinement. Since fluid
loss was not taken into account, the prescribed wellbore flowrate actually

corresponds to the volume rate of growth of the fracture. In the models
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developed, the wellbore flowrate is the sum of the total fluid loss rate and the
volume rate of fracture growth as predicted by the propagation model. A
small subroutine (mascon) which conserves mass in the fracture was
implemented, in order to recalculate the wellbore flowrate and to calculate
flowrates along the fracture, taking into account the lost fluid. '

Qil and gas reservoirs

Two sets of reservoir parameters were chosen for the study: one
corresponds to a oil reservoir, the other to a gas (Tables 2a and 2b). Although
these reservoirs will be referred to frora time to time as ‘typical’ reservoirs, the
author acknowledges that no such thing exists. Some effort has been made,
however, to choose common values of reservoir properties, as opposed to
extreme ones. Extreme properties might provide interesting numerical results,

but would have little relevance to the reservoirs most frequently encountered.

3.2 Reservoir fluid flow

Error due to temporal discretisation of the influence integral

For a constint pressure difference, Figure 3.1 compares the exact ID loss
rate to the 1D single fluid influence function solution (Eqn. 13a). Discrepancies
occur only for small times: At the first time step the error is about 8%; by
the second it has fallen off to about 4% (2 min.); and by ten minutes the
error is less than 1%. Eveu though g is considered constant over At in the
temporal discretisation (Eqn. 12) when it clearly is not, especially at short
times, the resulting error is acceptably small for almost all applications.

Lumped versus pseudo-2D model predictions of fluid loss

Figures 3.2 compare predictions of total fluid loss made by the lumped
and the pseudo-2D models for propagating fractures. For all three cases
considered (contant fracture pressure, constant wellbore pressure, constant

volume growth rate) the deviation is small, less than 6%; the results are almost
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identical when a self-similar pressure distribution is used (Figures 3.2b and «¢).
Predictions are m:.st disparate when a constant pressure difference is specified
along the fracture (Figure 3.2a). The area averaging technique of the lumped
model can really only be evaluated when the fracture pressure is kept constant,
since any other pressure distribution confounds the result: The lower fracture
tip pressure of the self-similar distribution (Figure 2.3e) tends to reduce the
rapid variation in the loss distribution as5d make more accurate the averaged
loss approximation used in the lumped model.

Total loss in oil and gas reservoirs

Given identical fracture pressure and propagation histories, the total loss
into oil and gas reservoirs need not be as similar as it is in Figure 3.3. This
result can mostly be explained by a fortuitous choice of parameters; however,
mitigating reservoir conditions in part explain the tendency toward similar
results. For instance, the permeabilities of gas reservoirs, generally much lower
than those of oil, can produce a greater resistance to leakoff in the leakoff
penetration zone and thus can compensate for the lack of resistance to leakoff
otherwise found in the gas reservoir.

Fracture Efficiency

The standard definition of the fracture efficiency nr 18 fracture volume
divided by total pumped volume. Fracture efficiency can also be defined as the
fracture volume opposite the reservoir divided by the total pumped fluid R
The latter definition has the advantage of being a more realistic description in
that it treats any volume of fracture which has grown out of zone for what it
really is: lost volume. Figures 3.4 illustrate these definitions of fracture
efficiency. The total efficiencies (30% avarage) run almost twice as high as the
reservoir efficiencies (15% average) after 100 minutes. For the specified fracture
growth rate cases, fracture efficiencies decrease through time. This is caused by

an overall decrease in fracture pressure during the fracturing history which
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results in thin fractures with small volumes. [f constant pressure is specified the
total efficiency increases through time. In this case the higher pressure causes a
wider fracture width resulting in a greater volume. The oil reservoir efficiencies
are about 5% higher than those for the gas. This is consistent with Figure 3.3,
which shows lower losses to the oil than to the gas reservoir.

Single and two fluid models

In some but not all reservoirs it is necessary to take into account the
effect of the leakoff penetration layer in order to obtain accurate estimates of
loss. Figure 3.5a shows the total loss in an oil reservoir for single and two fluid
models. The single fluid model assumes that the leakoff layer has the same
properties as the reservoir proper, whereas the two fluid model takes into
account the differences in viscosity and permeability between the two zones.
The single and two fluid models predict almost icentical loss rates: in both
models the stiffness of the oil reservoir provides almost all of the resistance to
loss.

As shown in Figure 3.5b, the situation is much different for 2 gas
reservoir. The single fluid model predicts almost 6 times more loss than the
two fluid model (for the typical gas reservoir C; = 14). The gas in the
reservoir is very compliant (compressible) and tends to make the reservoir much
less resistant to leakoff than an oil reservoir. Consequently, resisiznce to loss
in the leakoff zone is the dominant effect. Figure 3.5b indicates that leakoff
cannot be raodeled accurately without taking into account the leakoff zone.

Figure 3.6 essentially conveys the same information as Figure -3.5b except
loss is expressed in terms of 1D loss rate (q;) instead of total loss (Q;) for a
propagating fracture. The magnitude of the total loss depends on [racture
propagation history as well as pressure difference, whereas the 1D loss rate is
independent of the fracture propagation and depends only on the pressure

difference (both, of course, depend on reservoir and leakoff zone properties).
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Therefore, the loss information provided in Figure 3.6 is independent of any
particular fracture propagation history.

2D fluid loss

Comparisons of 2D and pseudo 2D loss for a 50 foot stationary fracture
in an oil reservoir are made in Figure 3.7a. A constant pressure along the
fracture is assumed. Loss rates for the two models nearly coincide, =2xcept over
the last 5 ft or so of the fracture. In this region, only the 2D solution can pick
up the high loss due to the curving (reservoir) flow pattern near the fracture
tip. Note also that the effect of the tip has propagated only half the distance
from the fracture tip to the wellbore in 100 minutes. Even for a short fracture
such as this one the loss along most of the fracture is unaffected by the flow
conditions at the fracture tip, at least for the time periods required for
hydraulic fracturing.

It is difficult for most numerical techniques to determine a solution
which behaves so differently in two regions. In the case of 2D loss, the solution
along the fracture differs radically from the solution at the tip. It resembles a
boundary layer problem for which the standard technique is to break the
problem into an inner region where the solution varies rapidly, and an outer
region where the solution varies slowly. Even though such a technique often
reduces computational demands, it requires the two solutions to be patched
toget'her which can lead to some inaccuracy. Our technique finds the solution
everywhere at once, on a Chebychev grid, which provides a high concentration
of grid nodes at the fracture tip. Because the singularity occurs over such a
small region near the tip, a large number of Chebychev points must be used.
For the 50 ft stationary fracture shown in Figure 3.7a 50 grid nodes where
required. If an insufficient number of grid nodes is taken, a most unsatisfactory
pathology develops. In attempting to capture the singularity, the solution

underestimates the loss along the region of fracture length just before the
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fracture tip and bulges out near the wellbore. If the time step is small enough,
the pathology will develop for any number of grid nodes: As the time duration
becomes small the singularity becomes more localised, thus requiring a greater
grid node density for resolution. In the case of propagating fractures, this
pathology develops even when a sufficient number of grid nodes is used
initially: As the fracture grows the singular loss region covers a smaller and
smaller percentage of the total fracture length. Since fracture length is
determined by elapsed time, taking a larger time step just exacerbates the
problem by creating a longer fracture. Unfortunately, this pathology develops
for the time and grou)th scales of hydraulic fracturing. There are two solutions
for the problem: Either the number of grid nodes must be increased initially, in
order that there be enough to resolve the singularity at later times, when the
fracture is longer; or remeshing must be done from time to time in order to
increase the number of grid nodes as the fracture grows. Neither of these
solutions were attempted in the present study. The former was computationally
too intensive and the latter was beyond the scope of the study. Instead, we
studied a slower growing fracture, one that grows from 50 ft to 200 ft over
100 minutes. All the important characteristics of 2D loss and backstress can be
understood from studying this case, even given the slower growth rate.

Figure 3.7b compares 2D and pseudo-2D loss for propagating fractures.
The 2D loss has essentially the same character here as it does for the
stationary fracture, except there is higher loss near the fracture tip. This occurs
because the propagating fracture is continually breaking into new reservoir
where there has been no previous loss: in this region, the loss rate is higher.
The pseudo-2D loss captures the same effect, which appears as a stepwise
increase in loss near the fracture tip. Each step corresponds to the length over
which the fracture has grown at previous times, and can be thought of as an

artifact of the fracture growth discretisation. The pseudo-2D model slightly
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underestimates but otherwise tracks the loss predicted by the 2D model fairly
well.

2D loss corresponding to constant and self-similar fracture pressure
distributions are compared in Figure 3.8. Firstly, sicce the variation in pressure
along the fracture occurs only in the excess pressure (order 50 psi) which is a
small portion of the total pressure difference that causes fluid leakoff (order 700
psi), one would expect any difference in loss distributions to be relatively small.
Secondly, since the self-similar pressure distribution differs from the constant
distribution mostly near the fracture tip (see Figure 2.3e), and the diffusion
time scale is small compared to the fracture growth scale, the solutions should
differ only near the fracture tip. This behavior can be observed in Figure 3.8.
At the wellbore, where the pressures are equal, the loss rates are similar. The
effect of the differing pressure out along the fracture has not had the time to
diffuse into the region near the wellbore. The solutions are also similar at the
fracture tip because the finite pressure in both cases causes the singularity in
the loss there. It is only in between that the solutions differ, and the difference
is miner because the change in pressure that drives the loss is small when the
variation in excess pressure along the fracture is taken into account, compared

with the total pressure difference that drives fluid loss.

3.3 Backstress

Wellbore backstress

Wellbore backstresses calculated for an oil reservoir are compared in

Figure 3.9a. When based on fluid loss occuring over the vertical height of the
oil reservoir, the wellbore backstress prediction is much higher (65 psi in after
100 minutes) than when based on fluid loss over the length of the propagating
fracture (4 psi after 100 minutes). This result can be explained easily in terms

of the misfit wedge concept. The equivalent misfit wedge for the reservoir
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height model has a length equal to the reservoir hali-height and a thickness
that increases by the square root time. The wedge width in the vicinity of the
wellbore is the same for the fracture length mcdel; however, its’ wedge length
equals the fracture length which is typicallv much larger than the reservoir
half-height.  Since the backstress depends inversely on the length scale, the
fracture length model should predict a smaller wellbore backstress than the
reservoir height model. The magnitude of the difference depends on how fast
the fracture propagates: In tnis case the fracture propagation rate is so rapid
that the wellbore backstress is almost completely determined by the reservoir
height contribution.

The numerical and the approximate square root calculations of wellbore
backstress compare very well for the reservoir height model over the 100
minute period. Of course, the two will eventually diverge since the square root
approximation is unbounded in time, whereas the long time upper limit of the
backstress is np. The comparison is not quite as good for the fracture length
model, although the square root approximation captures the trend and
reasonably estimates the magnitude.

The square root and influence function approximations are compared to
the numerical calculation for longer times in Figure 3.9b. All three predict
similar wellbore backstresses for the first 100 minutes. After that, the square
root approximation increases’ faster than the numerical result, for the reason
discussed above. The influence function approximation follows the numerical
solution longer, and for long time converges to a finite value .7/.56 times as
great. This occurs because the curve fitting coefficient b was chosen to be .7
for the best fit over short to medium times. When b is .56, the influence
function approximation will converge to the correct long time solution, but the
short time approximation will be less accurate.

In oil reservoir, the contribution of the leakoff zone to the backstress is
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less than 1%. The equivalent misfit wedge width is on the order of the
pressure penetration depth, which is much greater than the leakoff penetration
depth. In the gas reservoir, the wellbore backstress based on reservoir height
is about a third as large as in the oil reservoir (Figure 3.10). After 100
minutes the backstress is 22 psi in the gas reservoir compared with 65 psi in
the oil reservoir. The equivalent misfit wedge for the reservoir component in
the gas reservoir is much smaller than in the oil reservoir; consequently, the
leakoff component becornes important. In fact. the backstress due to leakoff
(12 psi after 100 minutes) is larger than the backstress due to the reservoir
component (8 psi after 100 minutes).

2D backstress

The 2D and pseudo-2D backstress results, shown in Figures 3.11, can best
be understood in terms of the misfit wedge analogy. Consider the 2D and
pseudo-2D backstress distributions for a stationary fracture presented in Figure
3.11a. For 2D loss at short times (5 min), the elliptical shape of the pressure
penetration region can be approximated by a rectangle; the resulting backstress
resembles that generated by a misfit wedge of constant width. The backstress
is lowest at the wellbore and increases inversely with the distance to the
fracture tip (r). For longer times (40, 100 minutes), the elliptical shape of the
penetration region must be considered. The corresponding misfit wedge narrows
out towards the fracture tip, producing a smaller backstress in the tip region
than the rectangular wedge.
" In the case of pseudo-2D loss, the constant loss rate produces a different
wedge shape out along the fracture. Where for short times a singular loss (2D)
produces an equivalent misfit wedge of approximately rectangular shape,
constant loss (pseudo-2D) along the fracture corresponds to an equivalent wedge
of neglegible width at the fracture tip. As shown in Figure 3.11a, a misfit

wedge of this shape produces a backstress distribution that decreases near the
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fracture tip. At the wellbore, where the effect of the fracture tip is minimal,
the 2D and pseudo 2D losses produce similar wedge widths so that the
backstresses there are practically identical. Out toward the fracture tip, the
2D backstress increases because the equivalent misfit wedge is approximately
rectangular, or at least elliptical. The pseudo-2D backstress follows the 2D for
some distance out along the fracture where wedge widths are similar, whereas
further out, the pseudo-2D width rapidly falls to zero, causing the stress also
to fall off.

The backstress distribution for a propagating fracture (Figure 3.11b)
differs from the stationary fracture in three important ways. Firstly, since it
not only depends on misfit wedge width at the wellbore, but also on the
current length of the fracture, the wellbore value does not increase with square
root time. Secondly, there is a dip in the backstress before the tip of the
fracture. Out towards the tip of the propagating fracture, the misfit wedge
width narrows much more. There, penetration is always small in extent because
loss duration is so short. Thirdly, the increase of backstress near the fracture
tip is sharp and localised. Due to the low penetration, the backstress tends to
decrease as the fracture tip is approached; however, some local region near the
tip can always be found where the material misfit produces a sharp increase in
the stress. The narrower the wedge width, the more localised the high stress
will be. If an initial length of zero rather than 50 feet is used, the backstress
does not bulge, instead it decreases monotonically out along the fracture, except
at the fracture tip where the localised effect of the material misfit dominates.

2D and pseudo-2D backstresses are compared in Figure 3.11c for a
propagating fracture. Note that up to 100 feet there is little disparity between
the 2D and pseudo-2D results.  After this point the pseudo-2D begins to
oscillate widely about the 2D predictions. To understand the oscillations

consider what happens as the fracture grows through one time step. After the
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first time step the backstress distribution is similar to that of a stationary
fracture (Figure 3.11a). On the next time step the fracture has grown, and if
no previous loss has been taken into account, the backstress will again assume
the same shape except the distribution will be stretched over the new fracture
length. If the backstress of the previous time level is now superposed on the
backstresses due to current loss, taking into account diffusion effects occuring
over the time step, a dip will appear in the resulting backstress distribution at
the previous position of the fracture tip. As the fracture grows further, the
same interpretation can be repeatedly applied to explain the fluctuations down
the fracture. Because of diffusion, the ones from early time steps become less
noticable. In fact, as shown in Figure 3.11¢, the pseudo-2d solution matches the
2D solution very well out over two-thirds of the fracture, where diffusion has
been given time to smooth the contributions of the early time steps. Along
the fracture near the tip however, the tip effects from previous time levels
remain pronounced. Thus only in an averaged sense can the pseudo-2D method
be thought of as useful in predicting backstress near the fracture tip. At the
tip, of course, only the 2D method accurately predicts backstress.

2D backstresses for constant and self-similar pressure distributions are
similar in the wellbore region and at the fracture tip; some deviation occurs in
the region near the fracture tip where there is the greatest disparity between
the constant and the self-similar pressure distributions (Figure 3.12). Since the
similaiity_ of the two predictions depends on fluid loss, the reader is referred to
the discussion of Figure 3.8, where fluid losses for these two distributions are

shown.

[T
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3.4 Heat transfer

Comparison of 1D reservoir heat transfer solutions

Exact (for constant velocity), variational and influence functions solutions
are compared in Figure 3.13 for the extreme case where convection accounts for
83% of the heat exchange between fracture and reservoir. The average error
in temperature is 15%0 for the variational solution (¢==0.25), and 6 and 13%,
respectively, for influence functions solutions with 7 and 3 reservoir nodes. The
influence function solutions predict more accurate results, but at the cost of
having to integrate out into the reservoir. For typical reservoirs, where
convection accounts for less than 15% of the heat exchange, the error
associated with either method is small, less than 8 or 7%.

Sensitivity of variational solution to ¢

Although ¢ should be determined by variational analysis (Section 2.3.1b),
the error in reservoir temperature is relatively insensitive to variation in ¢, as
is shown in Figure 3.14. Therefore, reasonably good estimates of temperature
can be obtained by choosing any value of ¢ between 0.25 and 0.75. When
greater accuracy is required, ¢ can be estimated from x and A, for any
specified reservoir and pressure difference.

Lumped and pseudo-2D predictions of average fracture

temperature

For a propagating fracture, average fracture temperatures predicted from
lumped and 2D models differ at most by 3% (Figure 3.15). If small enough
time steps were taken, and if the fracture was grown from zero initial volume,
the fracture and wellbore tempeatures would be equal initially. Within a short
time, the fracture temperature would rise to the temperature range shown in
Figures 3.15, as heat from the reservoir passed into the fracture. For these
examples, the time step size and the initial non-zero fracture volume prevent

the resolution of this transient.
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In Figure 3.16, the lumped model predicts small variation in average
fracture temperature (at most 4%) for 4 different fracture growth histories in
which wellbore pumping rates vary from 15 to 22 bbl/minute. In two
important deteminants of fracture temperature, wellbore pumping rate and
fracture surface to volume ratio the fractures considered do not differ greatly;
hence, this result should not be thought of as general.

Variation of temperature along the fracture

Fracture temperature profiles for several fractures grown to final lengths
between 1000 and 1500 feet in oil and gas reservoirs are presented in Figures
3.17. , For the fracturing periods considered (up to 100 minutes), the
temperature of the fracture fluid is indistinguishable from the reservoir
temperature by 700 ft down the fracture. Although it cannot be said that the
temperatures along the fractures have reached steady state, our work has
shown that after some time the temperature distributions along most fractures
stablise; the temperature distributions presented at 100 minutes are not far
from stablised profiles. Pumping rate and the fracture area to volume ratio
detcrmine the temperature distributions along the fracture for the various
fracture cases studied. Note for the gas reservoir in Figure 3.17b, reservoir
temperature is achieved by 400 feet down the fracture; whereas in Figure 3.17d,

it is not until 700 feet that the reservoir value is reached.

3.5 Production

The flowrate distribution into the fracture for specified well production
rate shown in Figures 3.18 and 3.19 were obtained from an earlier model
(Cleary et al.,, 1983). The reader is referred to this work for a discussion of
these results. The stabilised flowrate distribution shown in Figure 3.19 agrees
with results obtained by Cinco et al. (1978). Results obtained with the current

model agree in every way with these results, except that they can only be
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generated with fracture conductivities an order of magnitude smaller than those
used in the previous two studies. Although the weight of prior research is
against it, there is some reason to believe that the new results are correct.
For a fracture that is 1000 ft long and 0.2 inches wide in a 1 md permeability
oil reservoir the fracture permeability would have to be 38000 md in order to
produce the curve in Figure 3.19 that corresponds to stabilised drainage for a
fracture conductivity of 0.2 (Of all those presented this case is most like radial
drainage). Given that fracture permeabilities usually run between 4 and 1000
md, these older results would seem to indicate that long hydraulic fractures
would only marginally improve well production. Since this is probably not the

case, the predictions for lower fracture conductivities may be correct.



57

4 Summary and Conclusions

Schemes have been presented for calculating fluid loss, backstress, fracture
temperature, and well production. The character of the models varies from
simple to complex, depending on the model. The wellbore lumped model is’
easy to use and provides clear physical insight, but produces only first order
estimates; the pseudo-2D takes into account the spatial variation of quantities
over the fracture length and is computationally inexpensive; and, the 2D model
calculates very precise solutions, especially in the vicinity of the fracture tip,
but is more expehsive to run. The well production model can determine either
the wellbore flowrate or pressure buildup based on 2D drainage in the reservoir.

A number of results have been obtained for both stationary and
propagating fractures, in gas and oil reservoirs. Propagating fracture results
were based on four fracture growth histories generated by a lumped fracture
model, without taking into account the effects fluid loss, backstress, and
temperature on fracture propagation.

Fluid loss was determined by all three fracture models. Total loss
predictions by the lumped and pseudo-2D models compared well, and the
pseudo-2D accurately described spatial variation of loss, except at the fracture
tip, where only the 2D model could capture the singularity in loss rate. The
effect of the leakoff layer on loss was found to be very important in the gas
reservoir and neglegible in the oil, and the loss calculated for the constant and
self-similar pressure distributions differed only slightly. '

The analysis of backstress divided into a study of backstress at the
wellbore, and a study of the variation of backstress over the fracture. Some
important observations on wellbore backstress follow: 1) The wellbore
backstress was found to be much greater when it was calculated using the

reservoir height than when the fracture length was used; 2) several simple



approximations predicted the wellbore backstress accurately; 3) the effect of the
leakoff layer was only important in the gas reservoir. As regards the variation
in backstress, the high backstress at the fracture tip could only be modeled
accurately by the 2D scheme; and, backstress calculations for the constant and
self-similar pressure distributions were similar.

A simple criterion for the importance of convective heat exchange between
fracture and reservoir was established; for the gas and oil reservoirs studied, it
was found that only 10% of the total heat exchanged occurred by convection.
Based on comparisons with the pseudo-2D predictions, the lumped model
predicted accurately the average fracture temperature for propagating fractures.
Fracture temperature profiles were determined for several propagating fractures
with the pseudo-2D model. In all cases reservoir temperature was achieved well
before the fracture tip.

Results for the production model agreed with previous work, except in
terms of fracture conductivity. Current model predictions need either to be
justified physically, or reconciled with previous work.

A continuation of this study should begin with a coupling of the models
developed with appropriate fracture propagation models in order to determine
the effect of fluid loss, backstress, and heat transfer on fracture growth. After
that, thg models could be turned on end in order to study a fracture cross
section. If several cross sections were put together in a row, a 3D fracture
could be analysed, P3DH style. Later, 3D influence functions for loss and
backstress could be developed and implemented, first for a circular fracture,
and then for the general 3D fracture, perhaps taking into account the

impermeability of the adjacent strata.
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Table la
Non-Dimensionalisation of Pa

rameters

Dimensional Form
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(X» Yo 82675 1(t))
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Table 1b
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Table 2a

Typical Reservoir Parameters for a Low to

¢
—nen0
uL(eR-ZSO F)

uL(e;=125°F)
uR(eR=250°F)
uR(93=125°F)

Ap

Diffusivities

Fair Permeability 0i1 Reservoir

= 0.10
= 0.21 ¢p

= 0.5 cp

= 0.6 cp

n
—
N
(&3]

[=]
-

"
)
o
o
(o]
-m

60 ft.

KhL

Kis

L
6.25 X 10 psi

-y 2 -
0.1 X 10 ft /sec

-5
= 0.46 X 10 ft2/sec

5 2
= 0.46 X 10 ft /sec

2
= 0.02675 ft-/sec

= 0.393

0.99

32.3

= .3

1 md

BTU/hr.ft.°F

1.058 BTU/hr.ft.°F

BTU/hr. ft.°F

3
1.86% Slug/ft

BTU/sTug°F

3
4.269 Slug/ft
5.453 BTU/slug®F

.83 md

Non-dimensional Parameters

Bv = 5.343

R -3
K = 0.38 X 10

" T3
“L = 0.17 X 10

- -3
KF = 0.]7 x ]0
¢ = 0.42
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Table 2b

Typical Reservoir Parameters for a Low
Permeability Gas Reservoir

= o
0.05 KhL 0.393 BTU/hr. ft. F

¢

=960° 1.058 BTU/hr.ft.°F
u (8,=250°F) /

0.21 cp Kns

0.99 BTU/hr.ft.°F

u (8=125°F) = 0.5 cp n ] 3
oL = 1.869 Slug/ft
ug(0g=250°F) = 0.03 cp oL = 32.3 BTU/slug.°F
ug(60=125°F) = 0.03 cp 0, = 4.269 Slug/ft.
" - 200 ps1 c, = 5.453 BTU/s1ug°F
1 - 6500 psi K = .005 md
P = 4000 psi ke = .01'md
o - 1259 Ke = 4000 psi
N - 250%F X = 60 ft.
\ = .3
Diffusivities Non-dimensional Parameters
" = 0.11 X 10 "££*/sec 3 = 1.034
KL = 0.47 X IQ::ff:/sec ;v =0.16 X 10
< = 0.47 X IQ;;ftZ/sec : - 0.69 X 10
¢ = 0.68 X 10 ft /sec ‘. = 0.69 X 10 2
¢ = 14.0
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Table 3

Fluid, heat penetration and heat exchange characteristic
of the typical oil and gas reservoirs.

OIL GAS
sheat exchange duve
to connection % 10%
Penetration depths
after one hour:
L .3 ft.| .66 ft.
S¢ 35.3 ft.| 5.5 ft.
She .68 ft.| .72 ft.
$n .7 £t.| .75 ft.




Fracture propagation cases generated by a lumped fracture
propagation model (ellipsoidal shapes)

l) ap

w
1(t)

h(t)
25 (t)

2)

1(t)
h(t)
26 (t)

3)

1(¢)
h(t)
25 (t)

4)

1(t)
h(t)
25 (t)

€6

TABLE 4

100 psi,

50 + 1580 (t/120 min) " 22

50 + 190 (t/120 min) >3

.045 + .17(t/120 min) >3

5 bbl/min, EA/ER = 2, Ao

.68
.35

50 + 1190 (t/120 min)
50 + 150 (t/120 min)
.063 +.092(£/120 min) >3

5 bbl/min, EA/ER = 4, Aoc

.72
.30
.34

50 + 1420(t/120 min)
50 + 110 (t/120 min)
.063 + .10(t/120 min)

S bbl/min, EA/ER =

50 + 1690 (t/120 min)° 4
50 + 80 (t/120 min) - 28
.063 + .11(t/120 min)* 3%

EA/ER = 2, Acc

4: AOc

ft
ft
in

ft
ft
in

ft
ft
in

f
£t
in

50 psi

50 psi

100 psi

150 psi
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2.2 Heat and fluid penetration into the reservoir
normal to the fracture
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2.3a Discretisation of fluid exchange with time



69

P3UR IIBJUNS PUR BWN|OA 34NIIRJY JO UOLIBSLIBUISLP $A433w036 aunjodedy qg-2

YIoA¥3ISIY

el o

WNIVAIS
¥3ddn

../

mY

~—~——
U Y,

3ANLOVA S

NOFTTIM]




70

a?)—]ﬁm
i J . - ]
S TE=ED
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Qw Q.d‘.-' Qdi 6‘:(}*,03[)
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2.3c Stationary grid that fracture grows over;
variables associated with stationary grid

L 4 7'65

é(t) sr(r) X p

""; | 26)

2.3d Chebychev grid that stretches over fracture as it grows;
variables associated with Chebychev grid
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3.2b

3.2 Lumped and pseudo-2D model predictions of the total fluid
lost for propagating fractures; a) constant fracture
pressure; b) constant wellbore pressure; c) constant
fracture volume growth rate
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3.3 Predictions of total fluid lost for propagating
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3.4 Two definitions of fracture efficiency shown for various
fracture propagation conditions: a) and c¢) total fracture
efficiency; b) and d) fracture volume opposite reservoir
efficiency
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3.5 One and two fluid model predictions of total leakoff fqr a
propagating fracture: a) oil reservoir; b) gas reservoir
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3.7 Comparison of 2D and pseudo-2D fluid loss rates:
a) stationary fracture; b) propagating fracture



80

3dn3oeay 343 buoje
m:o.SzaCum.G unssaud 4Bl LSy 3¢ Pue jue3syg; 404 s

93e4 ssoj PRy gz 8'¢

{8H/M1)
)
weool) o _
umﬁ.,u.,von_ 05 =19
pd

dv  ¥vimis 3138 ——

do INVISNOD

19009 = "o

HiOAN3S 3y Tio
J3aom @2




81

70 (
OIL RESERVOIR
= AR, =600 i

E
2=2,a0m506m

LY
s Hp= 30 FT 09

8= 301340 (ﬁ_—) f

\\O‘Bv '2 = HR
(G5, <.01xCp,)

(PSI) 40
30 8 — approxiuaTE: Oy = 2n bﬁ/g
NUMERICAL
20
10 //35.;=1u)
o S S S SN SR ¥
(4] 10 20 30 40 50 80 70 eo 90 100
TIME (mIN)
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predictions of wellbore backstress for a propagating fracture
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3.9b Comparison of approximate wellbore backstress predictions
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3.11a Comparison of 2D and pseudo-2D predictions of
backstress for a stationary fracture
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3.11b 2D predictions of backstress for a propagating fracture
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3.11¢c Comparison of 2D and pseudo-2D predictions of
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3.12 Comparison of 2D backstresses for constant and self-
similar pressure distributions along the fracture
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3.13 Comparison of 1D solutions for reservoir heat transfer

3.14 Sensitivity of the variational heat transfer
solution to cubic curve fitting parameter ()
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bore pressure; bg constant fracture volume growth rate
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3.17 Pseudo-2D model predictions of fracture temoerature fer
propagating fractures (Figures 3.17a - f)
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3.18 2D well production model predictions of flow rates into the fracture
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