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ABSTRACT

Individuals or small groups often make decisions which affect the

interests of other people. The decision makers may wish to incorporate the
preferences of these people into their analysis of alternative courses of action
A normative methodology for doing this, using results from decision theory.
is develovned in this thesis.

The theoretical development divides into three parts. First, methods
are developed for combining the preferences of various individuals into a

single description of the preferences of the entire group. Second, new methods
are developed for assessing the preferences of the different individuals.
Finally, a Bayesian approach is given for incorporating into the analysis the
decision makers' uncertainty about the preferences of the individuals of interest

The methodology is applied to three ''real-world'' situations. One of
these shows its use in providing direct citizen participation in local government
decision making. The second application demonstrates how computer time-
share system managers could use the methods to incorporate the preferences
of the system users into their planning process. Finally, it is shown how govern-
ment planners could use the methodology to incorporate the preferences of the
affected people into the planning of new housing to replace that destroyed by
highwav construction.
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Chapter

INTRODUCTION

[n modern government and industrial operations individuals or small

groups often make decisions that affect the lives of many different individuals

and groups. Thus, for example, a decision by the Boston-area Metropolitan

District Commission on how to meet future demand for sewage treatment

facilities will affect the quality of life of residents of the city. The waste

disposal problem for various groups within the city will be met to a greater

or lesser extent depending on what plan is adopted. Also, of course, the cost

to various groups will differ depending on what plan is adopted.

To take another example, a decision as to what program to institute

in a community to fight heroin use will affect many different groups within the

community. Addicts will receive different treatment depending on what

program is selected; the citizenry will be protected from addict-committec

crimes to differing degrees depending on the program selected; and drug

pushers will be affected differently.

[n the private sector, many companies are becoming more concerned

with the wavs in which their decisions affect different community groups and

the government's opinion. Thus, for example, power companies are becoming

aware of the wavs in which their methods of electric power generation affect

different community residents.

Clearly, the detailed structure of these problems differs greatly.

However, thev all share the common feature that the results of the decision
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will impact on a number of different people or groups in different ways.

Furthermore, a decision maker in such situations often wishes to take the

preferences of the affected people into account while making his decision. In

this thesis methods are developed for formally doing this.

The approach taken is to identify a number of problems that a decisior

maker faces when he wishes to incorporate the preferences of other people

into his analysis, and then to develop a methodology for tackling these problems

After doing this the methodology is applied to several problems in order to

demonstrate its strengths and weaknesses.

cL1 Difficulties Associated with Incorporatine Preferences of
Others into an Analysis

There are two types of difficulties that arise when an attempt is made

‘0 incorporate other people's preferences into an analysis. First, there are

fundamental theoretical difficulties that limit the manner in which this mavy be

done. Second, there are a number of practical difficulties that make it hard

in any realistic situation. These two types of difficulties will now be considered

 J 1,1 Fundamental Theoretical Difficulties

One basic difficulty is determining how the preferences of different

individuals mav be compared in a meaningful way. This problem is well

1
illustrated bv the following simple example.

Suppose a host wishes to serve his two guests coffee, tea or hot

chocolate. Since he has onlv one pot in which to make the beverage he must

serve the same thing to both guests. To help him decide which to serve he

asks the guests to rank the drinks in order bv preference. Suppose guest one



responds that he likes coffee best, then tea and finally hot chocolate. Guest

two, on the other hand, ranks them hot chocolate, tea and coffee.

Based on these lists the host might reasonably feel he should serve

tea. Both guests like this second best, while they split in their preferences

for the other two drinks, one preferring coffee and liking hot chocolate least

while the other's preferences are just the opposite.

However, further thought leads to the conclusion that this may not be

the best course of action to take. The ranking lists do not tell anything about

the relative intensity of the two guests' preferences. For example, guest one

mav be fairly satisfied with anv of the drinks while guest two may dislike tea

and coffee very much.

[n order to obtain this intensity information the host might ask each

guest to rank the drinks on a 1 to 10 scale where 1 means ''dislike greatly’

and 10 means "like very much.'" Suppose guest one scores the drinks as

coffee = 6, tea = 4 and, hot chocolate = 3, while guest two lists hot

chocolate = 8. tea = 7, and coffee = 6.

Looking at this list the host might feel he should serve coffee. After

all, both guests like this fairly well (as measured by this method) and any

other drink is liked considerably less by guest one.

But. further consideration leads to the realization that this may not be

the best drink to serve. It is not clear what the various numbers on the 1 to 1C

scale mean to each of the guests. Thus. for example, to guest one a rank of

I might be assigned to a drink that he would just barely consider drinking while
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guest two might reserve ranks 1 to 3 for drinks that he would not ever consider

drinking. If this were true, guest one would tend to assign higher ranks to

drinks that he had the same innate rreference for as guest two.

By careful questioning it would be possible to decrease the ambiguitv

.n the meaning of the scale values. However, this can never be resolved

completely. At some point the host will have to use his own judgment to

decide what scale values represent the same level of preference for the two

different individuals.

This difficulty of interpersonally comparing preferences seems to be

fundamental and inescapable. There is no objectively correct way to compare

the preferences of different people. Or, as Bergson said in his classic

2
paper: ''No extension of the methods of measuring utilities will dispense witt

the necessity for the introduction of value propositions to give these utilities

a common dimension.'

Although this problem is inescapable, any methodology that is to be

aseful to practical decision makers should reduce the number of such value

judgments that must be made. It should also bring these judgments out intc

the open and explicitly show the affects of possible changes in them. This

will provide a means for persons who disagree about these judgments to

investigate the affects of their disagreements on the analysis.

Even if the nroblem of interpersonal comvparison of Dre 2rences were

satisfactorily resolved. the question of how much the preferences of different

individuals or groups should be counted bv the decision maker still remains.



fit is agreed in the coffee-tea-hot chocolate example above that the 1 to 10

scale for each of the guests represent the same innate preferences, the host

might still take their preferences into account to different degrees. Thus,

for example, if both guests were equally good friends he might try to reach

a compromise on the drink served. However, if one guest were the host's

employer, he might be guided totally by that guest's preferences.

To take a more serious example, suppose a school board is trying to

choose a plan for a new school. The board might wish to take into account

the preferences of various community members differently depending on

whether they have children in school or not.

This question of how much "weight! to give to the views of different

individuals or groups does not have an objective solution. It will clearly

depend on the decision being made and the person making it. However, anv

practical methodology for incorporating the preferences of others into an

analysis should allow for an open display of the weight being given to different

people's preferences so that the affect of changes in the weights can be seen,

Both the problem of interpersonal comvparison of preferences and of

relative weight to be given to the views of different individuals or groups are

discussed in chapter IV of this thesis. The methods developed there will aid

decision makers in tackling these problems.

i.1.2 Practical Difficulties

Even if the theoretical difficulties discussed in the last section are

overcome, there are two important practical problems that must be tackled



before a decision maker can incorporate the preterences of others into his

analysis.

F'irst, if the number of people whose views are of interest to him ic

large there may not be time or resources to assess all their preferences.

Second, even if their preferences are obtained, the assessed values may not

represent the views of the individuals accurately. This may be due to a

deliberate attempt to conceal true preferences or because the individuals

haven't thought carefully enough about what their preferences are. This

problem will be particularly acute if the views of a large number of people

are to be obtained. In that case it becomes difficult to spend the time with

: . : 3

cach person needed to properly determine his views.

[n chapter V a method is discussed that helps to cut down the time

needed to assess a person's preferences and, at the same time, makes it

easier to check whether the views obtained represent the 'true'!' preferences

of the individual.

[n chapter VI wavs of dealing with uncertainty about the preferences

of the individuals or groups of interest are presented. Uncertainty due to

possible sampling error as well as that resulting from inaccurate statement

of preferences by the individuals asked is considered.

C2 Basic Approach nf the Thesis

From the last section it is apparent that two key features involved in

incorporating the preferences of others into a decision maker's analysis are

that there is uncertainty and that the preferences of peonle are of interest.
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[he decision theory of von Neumann and Morgenstern was established ex-

pressly to deal with problems involving uncertainty and preferences. There-

fore a number of results from this theory will be useful in this thesis research

[n particular, some recent results from multiattribute utility theory

will be very valuable. (For those unfamiliar with decision theory, a summary

1s included in chapter III.)

[n multiattribute decision theory, the preferences of a person are

summarized by a utility function U. This depends on attributes XX, es

that describe possible states of the world; that is U = U(x, PS. APR &lt;

X
Fr

Since this thesis studies situations where the decision maker's preferences

depend on the views of other individuals or groups, it follows that

U = Ul, x, 00X50 0,00. (1.2.1

where U,sUy, Ju are the utilities of the individuals or groups whose views

are important to him. That is, the decision maker's utility function depends

on the utility functions of other individuals or groups as well as directly on

the attributes x_,x_,...,X
1 ? 1m

Using this basic approach. the thesis presents methods for assessing U.

in addition, procedures for determining the u.'s in practical situations are

presented. Also, the problem of dealing with uncertainty in the u.'s is

discussed.

'hroughout the thesis, the emphs sis is on deriving results that will be

useful to real-world decision makers.



J’ Outline of the Thesis

Chapter II presents past research results concerned with the use os

decision theory to incorporate the preferences of the members of a groug

into a decision making process. The results that will be discussed deal

mainly with the theoretical difficulties of interpersonal comparison of

preferences and weighting of different people's views that were noted in

section 1.1.1. Much past research has been done on resolving the practical

difficulties of preference assessment and incomplete information discussed

in section 1.1.2, However, none of the past approaches have used decision

theory so they are not very helpful as background for the current study.

Chapter III reviews basic ideas of decision theory with particular

emphasis on multiattribute utility theory. It also presents a summary of the

more important results in this thesis.

Chapter IV considers in detail how the decision maker's utility functior

J(x,,%,, “eo XS usu, A. ou) can be assessed.

Chapters V and VI develop methods to tackle the practical problems

discussed in section 1.1.2. Chapter V discusses the assessment of preferences

for people whose views are of interest to the decision maker. The emphasis

here is on procedures that vield reasonable approximations to the preferences

while still being operationally feasible. Chapter VI considers wavs of handling

uncertainty in the preferences of the people of interest. Both the case where

the uncertainty is due to inability to assess the preferences of everyone and



the case where there 1s possible error in the assessed preterences are

considered.

Chapter VII considers three applications of the results derived in the

thesis. One of these considers methods that a person interested in the

preferences of a discussion group could use to obtain these preferences. The

second example considers a way of assembling the preferences of various

asers of a time-share computer system. The third example discusses the

assessment of various proposed sites for building new housing for families

that will be displaced by highway construction. It considers how the prefer-

ances of the displaced families may be taken into account.

Finally, Chapter VIII discusses further research that might be carried

&gt;ut building on the work in this thesis.

The reader interested in an overview of the thesis research may read

~hapter III and one or more of the examples in chapter VII. The reader

interested in the technical details of the thesis results should also read

chapters IV, V and VI



Chapter I Footnotes

See Luce and Raiffa[22], ch. 14, for a longer discussion of this difficulty.

See Bergson[4], p. 327.

Grochow[9] has noted how time consuming this is

For a discussion of this see von Neumann and Morgenstern[36],

North[25], Howard[13], Raiffa[28], or Pratt, Raiffa and Schlaifer[27].
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Chapter IJ

BACKGROUND

Much of the previous work on the use of decision theoretic methods in

‘he assessment of the preferences of groups has been done by welfare econo-

1
mists. Henderson and Quandt say that

the objective of welfare economics is the evalua-
tion of the social desirability of alternative eco-
nomic states. An economic state is a particular

arrangement of economic activities and of the
resources of the economy.

Many welfare economists feel that this evaluation can only be done

reasonably if the preferences of the members of the society are used in the

analvsis. Hence they have been concerned with ways of obtaining these

preferences and combining them to give a measure of the overall preferences

of the society for different alternatives.

In this chapter a number of results obtained by previous researchers

will be discussed. Before doing this some useful notation is presented.

Let A = {a, I a} be the set of possible alternative states under

consideration in a particular decision analysis. Further, let U be a utility

function representing the preferences of the group of people as a whole and

 -. A 2
let u, J Uss eee, U be the utility functions of the members of the group. Thus

Ula.) is the utility of alternative a to the group as a whole while u.(a.) is the
J

re . Ah .

atilitv of that alternative to the j— individual in the group.

Since welfare economists usually call U a social welfare function, that

term will be used here sometimes.



2.1 Ranking SchemestoConstructSocialWeltareFunctions

One class of welfare functions that has been widely studied is based on

ranking lists of the preferences of the people in the group. Each person gives

a list of the possible alternatives ranked according to his preference for them

and these lists are combined to give a ranking list for the group as a whole.

This scheme does not take into account the intensity of the individuals

relative preferences for different alternatives. However, it has the advantage

of being easily explainable to the people whose preferences are desired.

Furthermore, it is a generalization of the standard voting procedure used to

select officeholders in many groups. Thus it is a natural procedure to use

to obtain preferences from a group.

A number of different rules have been proposed for combining the

ranking lists of the group members to obtain a ranking list for the total group

The simplest is probably majority rule. When this is used the alternatives

are compared pairwise. For each pair the one which is preferred by more

people is said to be the more preferred of the two by the group. (In the case

of a tie both alternatives are said to be equally preferred.) From these pair-

vise preference orderings an attempt is made to construct a ranking list for

the group.

For example, suppose there are three individuals I, II and III and

three possible alternatives a , a, and a, Suppose the ranking lists for the

three individuals are



»

L (2.1.1)

and

[II: a ® 2 a.

where "&gt;" is read "is preferred to!" and "~'' is read ''is indifferent to.

Then by majority rule the group prefers a, toa,, a, to a,, and is indifferent

between a_ and a,. Therefore, a ranking list for the group as a whole is

a, &gt;a_ ~&gt;a, a. (2.1 2)

Unfortunately it isn't always possible to combine the pairwise pref-

erence rankings to obtain a ranking list for the group. For example,

3 ) .

Condorcet pointed out in the eighteenth century that if there are three in-

dividuals with preference rankings

 ~ C=

i
.

and

[TI: a
~ 3

then majority rule does not give a ranking list for the group. Majority rule

says that a, is preferred to a, by the group, a, is preferred to a, and a, is

preferred to a. This set of pairwise rankings is intransitive and cannot be

organized into a ranking list.

The work on ranking schemes to construct social welfare functions

culminated in Arrow's 1951 monograph. This is discussed in the next section



2.1.1 Arrow's General Possibility Theorem

Arrow proved that if a few fairly reasonable constraints are imposed

on the way in which individual ranking lists are combined into a group ranking

list, then there is no procedure that can be used to combine the individual

lists that can be guaranteed to yield a ranking list for the group.

5
[he constraints that Arrow imposed were:

a1 There are at least three possible alterna-

tives in the set A of possible alternatives

0) The social ranking list is defined for all

possible individual ranking lists.

c) There are at least two individuals

(Positive association of social and individual

values.) If the social ranking list asserts
that a. is preferred to a. for a given profile

3
J

of individual ranking lists, it should assert
the same if the profile is modified as follows:

a) The individual paired comparisons between
alternatives other than a, and a, are not

changed
and

bo) Each individual paired comparison between
a. and any other alternative either remains
i es

unchanged or is modified in a.'s favor.

(Independence of irrelevant alternatives.)

Suppose A, is any subset of states in A. If

a profile of ranking lists is modified in suck
a manner that each individual's paired com-

parisons among the states of Al are left un

changed, the social rankings resulting from
the original and modified profiles of individua
rankings shall be identical for all the alterna-

tives in A.



(Citizen's sovereignty.) For each pair of

states a, and a,, there is some profile of
J

individual rankings such that the group
prefers a, to a..

1 J

(Non-dictatorship.) There is no individual

such that whenever he prefers a, to a. (fori

any a, and a.) the group does likewise.
J

regardless of the preferences of other in
dividuals.

Although all of these five constraints seem reasonable some objections

: : : 6 :

have been raised to 3 (independence of irrelevant alternatives). Basically

the objections savy that the "irrelevant' alternatives are not really irrelevant

because they allow the group members to show the strength of their prefer-

ences for the different relevant alternatives.

Objections have also been raised to constraint 1b. It seems somewhat

stringent to require that the ranking procedure work for every possible set

of individual ranking lists. Arrow considered one restriction on the individual

ranking lists that does allow a group list to be constructed. This is considered

in the next section,

2.1.2 The Single-peakedness Condition

Arrow has shown that if the preferences of the individuals in a group

obey the ''single-peakedness' condition and if there is an odd number of people

in the group then majority rule is a method of combining individual ranking

lists into a group ranking list which meets the five constraints in the last

section except 1b.



The single-peakedness condition says that there is a scale along which

the possible alternatives a,,8,,...,a may be arranged (not necessarily in
n

numerical order) such that a graph of the relative preferences for the various

alternatives for each individual in the group has a single peak. (Note that the

same arrangement of states along the scale must be used for every individual

in the group although the peak may be in different places for different individuals

For example, suppose there are four alternatives and three individuals.

Then the preference profiles in figure 2.1a obey the single-peakedness con-

dition. However, those in 2.1b do not. Individual 3's preference profile has

two peaks. Any rearrangement of the states along the horizontal scale to

eliminate the second peak will create a second peak in the preference profile

of one of the other individuals.

The single-peakedness condition places great restrictions on the

allowable preference patterns of the group members. Although it would not

be obeved by the preferences of most groups Arrow does present some cases

where it micht hold.

2 2 Fleming's Theorem

Fleming has established conditions under which an ordinal social

welfare function mav be written as the sum of the ordinal utility functions for

the group members. To be specific, if the five conditions given below are

satisfied then there exist real-valued functions t, I, gg. 2 ZL on A = {a a, ce. a

such that
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Individual i prefers a. to a, if and only i.
J k

f.(a.) &gt;f.(a,), and
1 i k

The group as a whole prefers a. to a
and only if f(a.) &gt; f(a, ) where

]

2
1

Note that this result does not say that the sum of any individual ordinal

1tility functions may be used as a social welfare function. Rather, it says

that there are some ordinal utility functions whose sum may be used as a

social welfare function.

The conditions necessary for the result to hold are:

(Asymmetry of group preferences.) If the

group as a whole prefers ay to a. then it
does not prefer a. to a, J

J

(Transitivity of group preferences.) If the

group prefers a. to a, and a. to ay then it
prefers a, to a h J J

i k

(Transitivity of group indifference.) If the
group is indifferent between a. and a. and

between By and a, then it is indifferent
between a, and a, .

i k

(Positive relation of group preferences to
individual preferences.) If one individual

prefers a, to ,, and none of the other in

dividuals prefer By to a, then a, is preferred
to a. by the group.

(Independent evaluation of the utility distribu-
tion between each pair of individuals.)



3 There are at least three individuals in

the group.

b) Suppose all the members of the group
except two are indifferent among a set

of possible alternatives. Then the
group preferences among the alterna-
tives depend only on the two individuals
who are not indifferent.

Fleming proves the result by constructing the functions )
ol

y

However, it would be difficult to carry out this construction in an actual situs

tion because the person assessing the f 's must interpersonally compare the
1

utilities of different individuals for many different alternatives. This is

difficult to do and it seems unlikely that he could do it and have very much

confidence in his results.

Furthermore, because of this interpersonal comparison, the assessed

ocroup utility function would be dependent in a complex manner on the value

structure of the person doing the assessment. It was noted in chapter I that

a group utility function always depends on the value structure of the person

constructing it. However, in Fleming's result this dependence is particular] {

comblicated. Therefore it would be difficult to see exactly what the conse-

quences of the assessor's value judgments were.

For these reasons Fleming's work is not much help in actually con-

structing a group utility function. However, it does provide insight into the

problem of amalgamating individual ordinal utility functions to obtain a group

ordinal utility function.
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Recently Fishburn has establish other conditions that lead to an addi-

: yp . 11 : :

tive ordinal group utility function. These are relatively mathematical and

not as intuitive as Fleming's conditions,

2.3 Goodman-Markowitz Theorem

The work in the last two sections has not taken into account the relative

intensity of each group member's preferences for different alternatives.

Goodman and Markowitz did this to a certain extent by introducing the idea of

: : 12

"NTevels of discretion."

They assumed that each person's utility functionu,, i=1,2,...,n, car
1

take on only a finite number Li, i = 1,2,...,n, of different values (or levels
i

i i th

of discretion). That is, the i— individual could preference rank at most L,

different alternatives before being indifferent between some of them. (Notice

that the number of levels of discretion does not have to be the same for

different individuals.)

[f this idea is accepted and if u. is assumed to take on only the values
1

(,2,....5L., then Goodman and Markowitz have shown that the group utility

function must be

\ NL (2.3.1)

1f three conditions are imposed. These conditions are:

(Pareto-optimality.) If no individual

prefers 2, to a, and if at least one in

dividual prefers a, to a. then the grout
prefers a. to a..



¢

(Symmetry.) The group ordering of alterna
tives is unchanged if the utilities of any two
individuals for all the alternatives are inter

changed.

Suppose individual i has L. levels of discre-

tion. Then the social ordering between two

alternatives a, and a, is unchanged if u.(a,
and u.(a,) are replaced with u (a, ) + c and

i 4 ik

u.(a,) + c¢ where

&lt; u.(a.) + ¢ &lt; max LL,

(Or ail i.

The most questionable of these conditions is probably 2. This says,

.n essence, that a level of discretion represents the same preference shift for any

person. This seems unreasonable in many cases. Suppose, for example,

that one individual considers all alternatives to be either "'acceptable'' or

unacceptable," while another has many gradations of preference. It is not

clear that the levels of discretion of these two individuals should be counted

equally.

Goodman and Markowitz recognized this objection and noted that if

~ondition 2 is removed than the social welfare function must be of the form

Jia vo la.
C1 1

(2.5.2)

where the w.'s are constants that are positive but otherwise arbitrary.

From an operational point of view Goodman and Markowitz's result is

difficult to use because there seems to be no wav to determine the levels of



or

4

discretion of an individual. These might be approximated by asking him tc

rank a very large number of different alternatives. However, this is a very

cumbersome procedure and it would never be certain that all the levels had

been found.

Thus, like Fleming's theorem, this result is not very operationally

1seful. However, it does provide more insight into the difficulties of con-

structing utility functions to represent the preferences of a group.

2.4 Cardinal Utility and Social Welfare Functions

[t was noted in section 1.1.2 that decision makers wishing to incorpo-

rate preferences of others into their analysis often must cope with uncertainty

[n such situations cardinal utility functions are of more use than ordinal ones

13
like those that have been studied in the last three sections.

Two interesting results involving cardinal utility functions have been

derived by Nash and Harsanyi. These are discussed in the next two sections.

2.4.| Nash's Theorem
. . . . . 14

Nash was originally concerned with the two-person bargaining situation.

He set down conditions that an arbitration scheme to settle the bargaining

problem should obey and derived a solution involving the cardinal utilities of

the two individuals.

Luce and Raiffa noted the similarity of this problem to the social

15
welfare problem. They generalized Nash's work to groups larger than twc

people and pointed out its interpretation in the context of social welfare. They

assumed that the cardinal utility functions v , = 1,2,...,n of the group



members were known over the possible alternatives a .a,,...,a , where
0 m

A
9)

represents the status quo or '"do nothing'' decision.

Then, if the conditions given below are imposed and if there 1s at

least one a. such that u.(a.) &gt; u.{(a ) for all i, the alternative a* that should
] io

be chosen by the group is the one that maximizes

n

= [u.(a%) - u. (a )] 2.4.1)

subject to the constraint that u.(a*) &gt; u,{a ) for all i. (Notice that a* may be
io

a probabilistic mixture of various a.'s if this is allowed.
1

The conditions that lead to Nash's solution are:

The alternative preferred by the grour
shall not depend on the utility scales
(origins and units of measurement) of
the u.'s.

-
sah (Pareto-optimality.) If ay is the alterna-

tive preferred by the group there shall not

be another alternative 2, such that
u.(a,) = u.(a,) for all i.

(Independence of irrelevant alternatives.)

Adding new alternatives with a kept fixed

shall not change an old alternative from a

non-preferred to the preferred alternative
for the group.

(Symmetry.) Suppose by changing the scale
and origin of the individual utility functions
it is possible to obtain a description of the
decision problem where

a) u.(a )=u.(a ) for all i,j
~y - ny

A a



y/

5) There exists ana, for any a. such that the
vector 1

[u;(a;), 0,00, % nw su (a)

= Plu.(a,),u,(a,), I. yu (a)

where

P coos :[u,(a,),u,(a,), u (a,)]

is any vector formed by permuting the
components of

[u (a), u (a), ce yu _(a)].

Then the socially preferred alternative a*
is the one such that

u. (a) = u,(a%*)
J

for all i and j. (Recall, as was mentioned

above, that a* may be a probabilistic mix-

ture of the a.'s.)

it seems from condition 1 that Nash's solution avoids any interpersonal

comparison of preferences. However, because of the symmetry condition 4

this is not true. This condition says that if certain symmetry conditions are

placed on the problem the solution that gives everyone the same utility should

be picked. This is certainly an interpersonal utility comparison.

. . ] i

A number of researchers have raised objections to Nash's solution
f

Most of these have consisted of examples where it is contended that the Nash

solution is not '""fair.'"" Enough of these have been found to cast doubt on the

usefulness of the Nash solution in practical group decision problems.



2.4.2 Harsanyi's Theorem

Harsanyi discussed some conditions under which a group cardinal

atility function may be constructed from the cardinal utility functions of the

17 : . Cy

group members, In particular, he showed that if certain conditions are

met then the group utility for any alternative a is given by

Ja w.u, (a
11

(2.4.2)

~vhere the w.!'s are positive constants

The conditions which lead to (2.4.2) are:

The group utility function U(a) obeys the
von Neumann-Morgenstern axioms of

cardinal utility.l8

The individual utility functions

u,(a),u,(a), “ee yu (a) also obey these

axioms.

If two situations are indifferent from the

standpoint of each individual, they are
also indifferent for the group as a whole

These conditions seem to be very weak to lead to such a strong result.

However, condition 3 is actually fairly strong. Suppose, for example, there

are two people in the group and four alternatives a, ,a a2. and a, such that

d=mn,(a.)=u,{a,)=u.(a,) =u,la,

and

| = re = { —L u,(a,) u,(a,) u, a) u, (2a,

Now consider the lotteries



2,5 23,)

and

ay (a a,

vhere there is a 50:50 chance of either result in each lottery. By Harsanyi's

condition 3 it must be true that U(L ,) = U(L,) since each individual is indifferent

between the two lotteries.

However, in many cases it would be reasonable for the group utilities

of the two lotteries to be different, In LL. the members of the group will both

end up with equal utilities regardless of which outcome occurs while in L,

they will both end up with differing utilities regardless of which outcome

occurs. It is not clear that either of these situations is always socially

desirable, however, it seems that in many cases one or the other would be

more desirable. In those cases Harsanyi's condition 3 is violated.

Even if condition 3 is accepted so that equation (2.4.2) holds, the

weighting constants WoW, “ee yw must be assessed. Van den Bogaard and

. 19 ..20 3 i .

Versluis, and Theil have considered this problem. The interested reader

may consult their papers. This problem will also be considered in chapter IV

of this thesis.

This concludes the review of past research related to the work in this

thesis. The most directly related work is that of Harsanvi. In chapter IV

some generalizations of his work will be presented. There some results con-

cerning situations where condition3does not hold will be presented.
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Chapter III

BASIC IDEAS AND SUMMARY OF RESULTS

Because this thesis uses many ideas and results from decision theory

a brief summary of this theory is given in the next two sections. This is

followed by a detailed discussion of the research approach taken and a summary

of the major results obtained.

3.1 Formal Decision Theory
1 . . }

Decision theory assumes that a decision maker can identify the set

A = taj, a , go" a} of possible actions open to him and the set O = fo ,0,, A. $0

of possible outcomes from these actions. After identifying A and O the deci-

sion maker, if he wishes his reasoning to obey certain '""reasonable'' conditions,

should assign two functions p alo la), i=1,2,...,m,j=1,2,...,n and
O J

uo). i=1,2,...,m. The function p_(o.]a,) encodes his feelings about the

relative likelihood of the various outcomes occurring given that he carries

out a particular action. It is usually called a subjective probability function

The function u(o.) encodes the decision maker's relative preferences

for the different possible outcomes. It is usually called a (cardinal) utility

function.

Decision theory proves that if the decision maker accepts the conditions

on his reasoning than he should calculate for each a. the expected utility

1X}

Elu(a.)] = ) ulopp, |, (0, ]a.
i=1

(5.1.11

and select the one with the highest expected utility



[his theory is appealing on theoretical grounds as a normative guide

for decision making. However, there are difficulties in using it. Often each

possible action and outcome consists of many subparts. The connections

among these may be unclear to the decision maker. Furthermore, the various

possible outcomes may differ from each other in a number of diverse aspects,

This makes it hard for the decision maker to specify with assurance a utility

function giving his relative preferences for different outcomes.

Because of this difficulty, decision theory has not been applied exten-

sively. However, in the last few years progress has been made toward

developing an applied theory of decision making based on formal decision

theory. This applications-oriented field is called decision analysis.

 3 . 3 . :

One approach to decision analysis involves the use of multiattribute

descriptions of the possible outcomes of a decision making process. Since

this approach will be useful for the work in this thesis, it is discussed in some

detail in the next section.

3 2 Multiattribute De cision Analysi c

Multiattribute decision analysis adapts decesion theory so that it con-

forms more closely to the manner in which practical decision makers think

about their decision problems.

In manv decision problems a need is initially perceived in very general

terms. For example, a need to relieve overcrowding at a municipal airport

might be perceived. Then various broad classes of solutions are proposed,

In the airport case, one might expand the present airport, build a new one,



or try to reduce air travel into the airport--perhaps by improving regional

ground transportation. Often the different types of solutions will meet the

need to differing degrees and, in addition, will have side effects. A new

airport might, for example, provide new jobs, increase environmental

pollution, and lower the value of the land around the airport.

Multiattribute decision analysis allows the decision maker to formal

ze the process outlined in the last paragraph. He defines attributes which

describe the aspects of the situation that are important for his decision

purposes, and then assesses his utility function for various amounts of these

attributes. This helps to identify the aspects of the decision problem that are

most crucial to him, and thus serves as a useful aid for devising courses of

action that will solve the problem.

As the decision maker finds these courses of action he will often

discover that they have side effects that were not described by the original

attribute set. The attribute set can then be augmented to account for these

The utility of various values of the new attributes can be assessed and the

possible courses of action refined into more definite operational plans.

This iterative procedure mav be continued through several cycles

antil a particular plan is decided on.

Of course, while this analysis of the decision maker's preferences is

seing carried out it is necessarv to account for uncertainty regarding the out

come that will result from anv course of action. Therefore. probabilistic

models must be built, and improved as the analysis proceeds,to describe the



 ad

uncertainties in the possible results of the different actions.
-

IT'he construc-

tion of such models is a familiar operations research activity.

Although multiattribute decision analysis is easier to apply than

formal decision theory there are still problems with using it in realistic

situations. In particular, it is difficult for a decision maker to assess a

utility function over the attributes of interest. This may not be as hard as

assessing utilities directly for outcomes, but it is still difficult.

 op D
Recent work by Keeney and Raiffa has provided theoretical tools to

help in this assessment. Using these it is usually possible to at least approx

imate a decision maker's utility function and investigate whether the solution

is sensitive to changes in the approximation.

Another difficulty is that there is often not a single decision maker

Thus it is not clear whose utility function or probability functions should be

used in the analysis. One way to proceed is to use the different preference

and uncertainty judgments of the various people involved and see how they

change the results of the analysis. In fact, a decision analysis model pro-

vides a good way for people to determine the consequences of their differing

judgments of uncertainty and preferences.

The situation of interest in this thesis. where a decision maker wishes

to incorporate the preferences of others into his analvsis, involves preference

judgments and uncertainty. Thus it can usefully be studied using decision

snhalvsis.
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Decision Analysis Incorporating Preferences of Groups

[n section 1.2 a brief discussion of the basic approach of this thesis

was given. This section gives a more detailed presentation of the various

parts of that approach.

As was noted in section 1.2 1t is assumed that the decision maker's

atility function is

U = vsUx, ,x,, “ees “yi0y Uo cen

Ts eee XL are attributes that describe the characteristics of the

possible outcomes of the decision making process and u.,u,,...,u_are the

where :

(3.3.1

atilities of the various individuals or groups whose views are important to

the decision maker In order to apply equation (3.3.1) to practical situations

it is necessary to

i) determine the actual functional form of U,

ii) assess the utilities u., i=1,2,...,n of the
i

groups or individuals of interest, and

iii) deal with uncertainties in the values of the

x.'s and the u.'s.1

in order to determine the functional form of U an approach is taken

similar to that of Fleming and Harsanvi discussed in sections 2.2 and 2.4

That is. "reasonable! conditions are imposed on the wav in which the decision

maker should analvze such situations and. as a result of these. the functional

form of U is restricted greatly. Procedures are then devised to complete the

specification of U for anv particular decision problem.



[he assessment of the utilities u., 1
1

., «..,n needed to evaluate U

is complicated because the preferences of different individuals may be

interdependent. That is,

q, = y% amy SU, Uo, eee, ,U, yee.,U J.3 = wx),%, m1 Yi=17 Mig Ua
They might also depend on the decision maker's preferences. That is,

(3.3.2;

u. = u(x), %,, “oe x SU usu, “oe 0 YL “oe u_).

Thus, even if the functional forms of equations (3.3.2) and (3.3.3) were known.

it would be necessary to solve a complicated set of interdependent equations to

obtain each person's utility for a particular outcome.

However, as will be shown in chapter V, it would be reasonable in

many cases to assume that the prefer~nces were not interdependent, i.e.

u, = u(x, %,, ceeaX (3.3 4

[n this case the assessment problem is a standard one of determining a

multiattribute utility function. Methods have been developed to do this in some

6 i . .

cases, In this thesis procedures are develoned to approximately assess the

1.'s in more general situations.

[n those situations where there is uncertainty in the u.,'s due either to
1

possible inaccuracies in the assessed u.'s or to sampling error caused by not
1

assessing all the u.'s, it is necessary to have methods of accounting for the

uncertainty, Decision analytic ways of doing this are developed in chapter VI

These usually involve assuming some particular functional form for the u.'s

and then assessing probability distributions over unspecified parameters of

the functional form. This is, of course. an approximation to the actual situa-

tion, but one that is adequate for many practical purposes



3.4.1

Summary of Important Results

Chapter IV Results

This chapter considers the problem of determining the specific form

of Ux hx, “oe SX Sug, “oe ou) . The approach used is to consider reason-

able constraints on the preference structure of the decision maker and show

how these restrict the form of U. In particular, a number of results of

Keeney involving utility independence and preferential independence are

7
applied.

For notational simplicity let x= [&gt;, —,,... rl and u = Lu, a, caus

[t is shown in section 4.1 that often x and u will be mutually utility independent

so that

U(x;u) = K.U (%x)+4K_ U (u)+K_U )U (u
—— 1 x — 2 u— 37 Ty

where U (x) and U (u) are conditional utility functions, and K,/K, and K, are
oN 35 4

constants. Furthermore, in section 4.3 it is shown that often the u.'s will be

(3.4.1

order-one mutually utility indevendent and have condtional utility functions

that are linear in their attributes. This leads to

a Au u_....u
1 2 n

(3.4.2)

"

1

where k., 1 = whew nn w 310] _— i= L
171

. ...,A are scaling constants

Section 4.3 also demonstrates that if the u.'s are pair-wise preferen-

tially independent in addition to the conditions that led to equation (3.4.2) then

cither



n

U (w) = K [Ii (Kk,u, + 1)-1
1 i=1 1 1

(3.4.3

vhere K,k_,k.,...,k are constants
172 n

In section 4.5 procedures are developed to assess the scaling constants

reeded to completely specify U(x;u) in the above equations,

4? Chapter V Results

In chapter V results are derived that simplify the assessment of the

atility functions u., i = 1.2,...,n. In particular, the case where u, = u.(x) is
1 1 —

considered in detail. The idea of parametric dependence is introduced as a

way of approximating the utility function in cases where utility independence

among the attributes does not hold. An attribute x. is said to be parametricall
]

dependent on its complement Ly = {x » Xs “oe PX 1X “oe x} if condi-

tional utility functions over * depend on x = only through a single parameter

A= 0(x7). That is

u(x) = C x7) + GC,(x7) ul x0 (x7)] (3.4.4

~vhere C, (x7) and C,x7) are unspecified except that C, (x7) &gt;0, and ulx, O(x=)

is a functional form with 6(x—) unspecified. Thus, for example, u might be

given bv

al x. (xT) ] = -e
O(x—) x.

Pl
3.4.5)
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in section 5.2 it is shown how various combinations of utility inde-

pendence and parametric dependence simplify the utility assessment problem

when u, depends on two attributes. In section 5.3 these results are generalized

to the N attribute case.

3.4.3 Chapter VI Results

Methods are presented that may be used to deal with uncertainty in

the u,'s. In cases where the u,'s are utility functions for groups of people

rather than individuals it may be reasonable to assume that the u,'s are

probabilistically independent of each other. In this case it is only necessary

to assess the expected value of each u, rather than the whole probability dis-

tribution for it to specify the decision maker's utility U.

When it is not reasonable to assume that the u.'s are probabilistically
1

independent it is still possible to derive results that are useful in practical

applications. The approach taken is to make assumptions about the form of

the probability distribution for the u.'s that allow the problem to be structured

sufficiently to be analytically tractable. Although the assumptions may not be

sxactly obeved in some cases, thev should provide useful approximations.

The use of sample data to improve the probability distribution for the

LS is also considered. It is shown how a sample of the utilities of interest

may be used to update the probability distribution for the u.'s.

3.4.4 Chapter VII Results

The three applications given in Chapter VII are interesting by them-

selves. One studies citizen participation in community decision making; the



second studies time-share computer users' preferences for different computer

system characteristics; and the third considers the assessment of the

residential preferences of persons being relocated by highway construction.

However, their principal purpose in this thesis is to demonstrate the

applicability of the theoretical results of the thesis to practical problems.

The applications demonstrate the strengths and weaknesses of the

methods developed here for incorporating the preferences of other individuals

or groups into a formal analysis. The principal strength is that a common

approach is provided for dealing with a fairly broad class of problems. Until

now most approaches for incorporating the preferences of others into a

analysis have been ad hoc for a particular problem or a small class of

problems.

The principal weakness of the method is that it is necessary to make

numerous assumptions and approximations in order to make the analvsis

tractable. This is a weakness shared by almost all quantitative methods of

analvsis.

However, as the applications show, the methods are still useful even

after the nece “rv approximations have been made
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See North[25], Howard[13], Raiffa[28], or Pratt, Raiffa and Schlaifer[27
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Chapter IV

UTILITY FUNCTIONS WITH PREFERENCES AS ATTRIBUTES

1.0 Introduction

In order to formally incorporate the preferences of other individuals

or groups into a decision analysis, the decision maker must assess the utility

function U(x; u) where x = ES PKs ees x] is the attribute set describing the

characteristics of the possible outcomes and u = [uv su,, A. bu] is the vector

&gt;f utilities of the individuals or groups of interest to the decision maker.

[In general, this assessment is difficult since it requires the determina

ion of an (m+n) - dimensional function. However, because Uys, ...,u_ are

1tility functions a number of simplifying assumptions about the form of U mav

often be made. These involve various utility independence and preferential

independence properties which are reviewed in the next section.

1.0.1 Utility and Preferential Independence

Consider two vector attributes Y and Z. Y is said to be utility

independent of Z if the decision maker's preferences over any lotteries on

for a fixed Z in Z are the same regardless of the value of Z_. That is, if

¥

Z. is the same for all consequences the decision maker's relative preferences
 Nn

. . . 1

for lotteries involving these conseauences depend only on Y.

2 i i

Keenev has shown that if Y and Z are utilitv independent of each other

then

aly, z) = kyu (y) + k,u,(z) + k u(y) u,(z) vd. 0. 1}



where u(y) and u,(z) are conditional utility functions, and kok, and k, are

scaling constants.

For notational simplicity let

Yi = LY Ypres Vy Yigg Vy

where y., 1=1,2,...,n, is a scalar attribute. The y.'s are said to be

(4.0.2)

order-one mutually utility independent if y, is utility independent of yo for all
3 iy. .

Keeney has shown that if VisVyse..,y, are order-one mutually utility inde-

pendent then

dy V 1
va

y ee ey ic 1

1

(4.0.3)

where u, (y.) , L { r

GU, (
1

) + se / soe. (PAu vu, (y,) eu ty

 .n. is a conditional utility function and the subscripted

k's and A are scaling constants. (There are 7 of these. two of which are

arbitrary.)

For two vector attributes Y and Z, Y is said to be preferentially

independent of Z if the decision maker's conditional preference structure in

the Y-space for a given z in Z is the same regardless of the value of z
0 0

That is. Y is preferentially independent of Z if the indifference sets in Y for a

given z in Z do not depend on the value of z
a LSJ

For notational simplicity let



- = &gt; y oo oy . -V, 3 ® vo . - . see eVr ly,-v, Viv Vig Yi. Yigg TL

where y., i=1 2,...,n, is a scalar attribute. The y.'s are said to be
: i

(4.0.4)

order-two mutually preferentially independent if {y. y; is preferentiallyLider two Hahtkaa. JH penliont {

independent of 53 for all i and j. Keeney has shown that if y, is utility

independent of y—~ for at least one i, and the y,'s are order-two mutually

preferentially independent then either

A

where u(y, i= 1.

-1 2

LL. Vv) =K | © K k} TLR u(y) +1] (4.0.5)

‘or
1 4

(4.0.6)

Z....,n, is a conditional utility function scaled such that

the least preferred value of y. has a utility greater than or equal to zero,

and K, k 3 ...,k are scaling constants
J ny

4 Utility Independence of x and u

Often it is reasonable to assume that x and u are mutually utility inde

pendent for a decision maker wishing to assess U(x;u). The argument is as

follows: Consider lotteries over x with u held fixed at u_. The decision

maker's relative preferences for different lotteries mav not change for different

values of u since the value of u does not affect the characteristics of the
u_ u

lottery outcomes (which are described by x). In the same way if x is held

fixed at x the decision maker's relative preferences for different lotteries
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over u may not change if x, is changed since the value of x has no affect
— — —o0

on the preferences of the individuals or groups indicated by u.

This last statement may seem strange since the preferences uu, “ee od

vill depend on the value of x in most cases. Although this is true it is not

relevant to the utility independence argument. When that argument is made

it is assumed that the lotteries over u are imposed with xX held fixed. That

is, the actual causal mechanisms linking x and u are conceived to be suspended

temporarily and lotteries ignoring these are instituted,

When this fact is realized the utility independence of u from x seems

more reasonable. If x and u are mutually utility independent then, as noted

.n section 4.0.1,

U(x;u) = K.U (x)+ KU (u)+ K_U (x)U (u)
—— 1 x'— 2 uu — 3 Tx= Ty— (4.1.1

where U (x) and U (u) are conditional utility functions, and K,,K, and K, are
Spe u — :

scaling constants.

Even if utility independence between x and u does not seem reasonable

} .. 6

to a particular decision maker, Keeney has noted that (4.1.1) provides a verw

versatile form for approximating U(x;u). Thus it will be assumed that (4.1.1

holds for the remainder of this chapter.

Assessing U(x;u) using (4.1.1) requires that U_(x) and U_(u) be deter

mined. Nothing can be said about the form of U_(x) without considering a

specific problem. Other researchers have shown how the assessment might

pe done in specific decision problems, and it will not be considered further

he Ta



On the other hand, since the attributes UysUs,, “oe 2 in U (u) areut

atility functions there are a number of statements that may be made about

its form without having to consider a specific decision problem. The assess

ment of U (u) will be considered in sections 4.2 - 4.4.

[n addition to U_(x) and U (u), it is necessary to determine KK,=&gt; vy

and K, to determine U(x;u) from equation (4.1.1). This problem will be

considered in section 4.5.4.

L Symmetry Properties for U (u)
"i

[n some cases a decision maker would wish his utility U (u) to remain
wu 2

the same if the preferences of various members of the group were interchanged

That is, the identity of the people holding particular views would not influence

the manner in which they were taken into account.

There are many situations where the identity of the individuals or

ocroups holding particular views would be important to the decision maker

However, in some of these cases there would be subgroups within which the

identity of individuals would not be of interest. For example, a school board

considering various plans to end racial imbalance might wish to distinguish

whether a person has children in school or not when considering his preferences

However, the particular individuals within each of those groups holding various

views miocht not be of interest.

[f th isi ie decision maker does not wish to distinguish between the #8 and

th
i— individual's or group's preferences then



~ /

U (u.,u.;u) =U (u.,u.;ur)
u 1 J ij uJ] 1 ij

4.2.1

That is, IS 1s symmetric with respect to u, and 2, . Symmetry relations like

this reduce the region over which u must be assessed to be completely

specified.

4.2.1 U, With Symmetric Attributes

The results given here indicate how symmetry reduces the regior

vhere U must be assessed.
11

Result 4.2.1. Suppose U (u) 1s symmetric with regard to all its

attributes. Then U (u) is completely specified if it is known for the region
11 —

&lt; &lt; wt &lt;
u, =u, =...=u_,=u (4.2.2)

Proof. Since U (u) is symmetric with respect to all its attributes,+1001 a

its functional arguments may be interchanged until the smallest is first, the

second smallest is second and so on, and U evaluated at the resulting point
17

will be equal to U. at the initial point. But the resulting point is in the region

specified by (4.2.2). Hence the result is proved.

A slight generalization of this is

Result 4.2.2. Suppose U (u) is symmetric with regard to all its

attributes. Then it is completely specified if it is known for the region

here

J, Zu, = =/ pp —...=u =u
L, £ ?n-1 n

¢,2 ...., is any permutation of L,2....,1
I

(4.2.3)

The proof of this is straightforward from the proof of result 4.2.1 and

can be furnished bv the reader.



One final result extends the above reasoning to the case where the

views of some, but not all, of the individuals or groups can be interchangec

and the decision maker's utility stays the same.

Result 4.2.3. Suppose U (u) is symmetric with regard to the attributesResult 2.4.9 oq WL

, Uy 3 ¢ eo» &gt;

m

veal is a subset ct
m

f it is known for the region

ely eee, Then U 1s completely specified
1

&lt;&lt; i &lt;ZSop =u =.=
2 n

The proof of this is very similar to that for the other two results.

Results 4.2.1 - 4.2.3 show that imposing indistinguishability on the

utilities of various groups or individuals can reduce the region over which

U(u) must be assessed to be completely known. In the next section one partic

ular procedure for assessing utility functions is considered and it is shown

now symmetry reduces the labor involved.

4.2.2 Example of Utility Assessment With Svmmetric Attributes

One procedure for assessing a utility function U(u) over one attribute

ls to rescale u so that all feasibe points lie in the interval 0 &lt; 1 &lt; |. and

then to assess the utilities of the points k/m, k=1.2.....m and fair a

atilitv curve through the values at these points.

This procedure mav be extended to n attributes [uv ru,, cee ul. Each

attribute is rescaled so that all feasible values lie between 0 and 1. Then the

atilities of the points [k,/m.k,/m, .. ok [ml], kk, e.unk = 1,2,...,m,

are assessed and a utility curve is faired through these values



[f there are n attributes then the utilities of m points must be assessed

or actually m=-2 since the values of two points may be set arbitrarily). How-

ever, if the utility function is symmetric in all its attributes then by result

1.2.1 it is only necessary to assess the utilities which lie in the region

1,=X0,ZT ,..Xxu2 ~

[t is shown in appendix 4.1 that there are

J
_ m+n-1y = (m+tn-1)!

- n "nl! (m-1)' 4.2.4

such points. Since the values of two of these points may be set arbitrarily it

Ls necessary to assess the utilities of N -2 points.
S

n :

A comparison of m -2 and N -2 is given in Figure 4.1 for several
Q

values of m and n., This shows that the results of symmetry can be striking

However, if the decision maker wishes to assess his utility over the preferences

of more than a few people the problem is formidable even with symmetry.

Also, as pointed out above, there are cases when it is not reasonable for

J (u) to have symmetric attributes.
7 —

Thus it is necessary to look for other ways in addition to symmetry

:0 simplify the assessment of U (ua).

1 3

4 LD.1!

Utility and Preferential Tndependence

Order -one Mutual Utility Independence

Consider lotteries that involve uncertainties in the utility u, of only
1

one individual or group. (That is. all possible outcomes will result in the

same value u— of evervone else's preferences.) Then manv decision makers
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would wish their own preferences to be the same as the preferences of the

single person or group affected. That is, a conditional utility function over

1, should be proportional to u., or
1

Ulu,;ur) = c (uy) + c,(urju 4.3.1

where &lt;, (ur) and c, (ur) are unspecified functions except that c, (ur) is positive.

Often this assumption would be reasonable. However, if the decision

maker were worried about having balance among the preferences U sly eee,

then it might not be reasonable to assume that (4.3.1) holds. For example,

if the preferences of those people not affected by the lottery were high, the

decision maker might prefer high values of u. while if they were low he might

prefer low values of u, since this would tend to keep the preferences of every-

one in the group about the same.

However, if there were a fairly large number of individuals or groups

whose views were being taken into account, then variations in the preferences

of any one individual or group would not greatly affect the overall pattern of

preferences in the group. Thus, even if this pattern were important to the

decision maker he might still wish eauation (4.3.1) to hold.

[f (4.3.1) is true for all i, then the u,'s are order-one mutually utility

ndependent. Furthermore. the conditional utility function over each u, is

iinear in u.. Thus it follows from Keenev's result quoted in section 4.0.1 that
1



Jin)
17

/ mn 1b ?
v ® Jd

1
(4.3.2)

where the subscripted k's and A are constants

[n this case u, will be completely specified if the values of the

&gt;""_2 scaling constants are established. If, in addition, the utility function is

symmetric with respect to the u.'s the number of scaling constants needed is

even less as shown bv

Result 4.3.1. l

1
oy Lua,

1 1
i TT a °° + Au, u, ee eo ° u. (4.3.3)

and if it is symmetric with respect to all its attributes, then

u)=£+i v4 od  ul
 nN

(4.3.4)

where K , Ks . cK are scaling constants
O

Proof. Assume without loss of generality that u. =o is a feasible

value of u. for all i. Also assume for notational convenience that (u.;o0) means

that all attributes except u, equal zero, and similary (u.,u,;o0) means that all

attributes except u., and u, equal zero.



- EL:

From equation (4.3.3) it follows that

Ulu. :0) = k_ + ku 4.3.5"

11-4

U(u.;0) = 4 &lt;.u.

But, by symmetry,

4.3.6

U(u,,u.;o0) = U(u.,u. ;o
1] J 1

and hence setting u. = u. in equation (4.3.6) and equating (4.3.5) and (4.3.6)
] 1

vield S

ku 4.3.7.

which shows that k, = k.. Since this holds for all i and j, then k, =k, =...

n a similar manner it may easily be shown that bys = K,, i= .}-

and so on for the other constants.

Thus with symmetry the number of constants that must be assessed

.s reduced considerably. There are n + 1 constants in equation (4.3.4). Two

can be assigned arbitrarily so that n - 1 must be determined. This contrasts

n . .

with 2-2 when there is no symmetry. The savings can be very substantial

as is shown in figure 4.2

However, the number of constants is still large if the number of

individuals or groups whose preferences are to be taken into account is large

Also. of course, it was necessary to assume symmetry in order to derive

this result. As can be seen from figure 4.2. if there isn't svmmetrv the

aumber of scaling constants increases verv rapidly. Thus it is useful to

investigate possible constraints that will restrict the form of U {u) even more
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3.2 Order-two Mutual Preferential Independence

Consider outcomes of the decision making process which differ from

cach other only in the utilities u, and u, of two individuals or groups. Then
1 1

many decision makers might wish their own preference rankings of the

different outcomes to depend only on the utilities u, and u. of the two people
1

whose preferences differ and not on the value op of the other utilities.

Although this seems readonable in many cases, it ignores some ques-

‘ions of balance among the values of the different u.'s just as some of these
1

were ignored when the utility independence conditions of the last section were

mposed.,

5 accepted for all u and u,, then the u.'s are order-
i 1

wo mutually preferentially independent. If this is true in addition to the order

one mutual utility independence and linearity of the conditional utility functions

over the u.'s discussed in the last section, then either

_1 n 1

J(u) = K | II (Kk.u, +1)-1
 EE PY 1 1

Ja,
 A

7, u
J

(4.3.8)

4.3.9)

where K.k, Kos ...,k are scaling constants.

There are n + 1 constants in equation (4.3.8) and n in equation (4.3.9)

Since one of these is arbitrarv in each case, it is necessary to assess n

constants to specify U (u) in equation (4.3.8) and n-1 to specify it in (4.3.9).



[n those cases where U (u) is symmetric with respect to all its
q'=

attributes equations (4.3.8) and (4.3.9) reduce tc

n

Tw=k II (Kku + 1)-1]
1]

(4.3.10)

and

J(u) = (4.3.11

where K and k are scaling constants. In this case the value of one constant

must be assessed if (4.3.10) holds and none if (4.3.11) holds.

Harsanvyi showed’ conditions under which equation (4.3.9) holds. Since

this is one special case of the result obtained here it is interesting to see

what additional conditions must be imposed to obtain that form rather than

the form of eauation (4.3.8).

Consider the following two lotteries

u,u;urs); (o,o0;urs{( i ( 57
1nd

 12
St

u,o;ur); (o,u;ur’ os 2 ’ ij J

for some i and j where there is a 50-50 chance of either outcome occurring

in each lottery and where u and us are arbitrary but fixed. Then it is easy
i

-0 verifv that if the additive form (4.3.9) holds the decision maker must be

indifferent between L, and L, . Otherwise the multiplicative form (4.3.8)

nolds



in many cases a decision maker would not be indifferent between L,

and L,. In Li, both individuals always end up with the same utility, however

there is a 50-50 chance that this will be an undesirable value. In L,, on the

other hand, there is always a difference in the utilities received by the two

individuals, however, one individual always receives a desirable value. It

is not clear that one of these situations would always be more desirable to ¢

decision maker, however, it does seem that he would often perceive a dif-

ference between the two cases. If that is true then equation (4.3.8) holds.

1 4 Hierarchical Structuring of u (a

Eauations (4.3.10) and (4.3.11) in the last section show how treating

the preferences of different individuals or groups symmetrically can reduce

the labor needed to assess U (u). However, in many cases decision makers
1] —

wish to distinguish between the preferences of different individuals or groups

[n these situations (4.3.10) and (4.3.11) do not hold.

Sometimes there is partial symmetry. The decision maker can divide

the people whose views are of concern to him into several groups whose views

he wishes to treat differently. However, he does not care to distinguish

between the views of different individuals within the same group.

[n this case a hierarchical structuring of U (ua) is possible. The

decision maker can assemble a utility function for each group assuming

symmetry over the preferences of the members of the group since he does

not wish to distinguish between them. If the assumptions of the last section



. .th . :

are accepted, the utility function for the i— group will be either

ih

} ( - . . ) (4.4.1)

4.4.2)

where C, and c, are scaling constants, and w;04= 1 2,...,n, are the utility1 1 2

. .th

functions of the members of the i— group.

Then the overall utility function U can ve
1]

written as either

| n

= K II (Kk U, +1) -]
1=1

4.4.3)

RK, (4.4.4

, k ye ceswhere K, k, 5 are scaling constants. Here the k.'s will not be equal
i

since the views of the different groups are to be treated differently.

[f this procedure is used,advantage can be taken of whatever svmmetry

exists. It is not necessary to have the complete symmetry required for equa-

tions (4.3.10) and (4.3.11) in the last section

4.5 Assessment of Scaling Constants

In order to complete the specification of U(x;u) a number of scaling

constants must be assessed. These include K. ©, e...k in either



n

uU (w) = K © I (Kk.u, +1)
11 — a1 1 1

(4.5.1)

J, (a) ol {1 (4.5.2)

or, if the conditions for these equations do not hold, then the subscripted k' S

and A must be assessed In

Jj
3

A J (4.5.3)

.n addition, K, KK, and Ky must be assessed in

Jxu)=K,U(x)+K,U_(u)+KU(x)U(u) ov — 2 2— 3 xw— 1u-—
(4.5.4)

These assessments are considered in this section

 HN Assessment of Scaling Constants for U (u) with Complete Symmetry

With complete symmetry equations (4.5.1) and (4.5.2) reduce to

n

0 (w) = K* I (Kku, +1) -1
i=1

4.5.5"

Cl

J (vu) = (4.5.6)

{f (4.5.6) holds there is no need to assess any constants since k is arbitrary.

‘n (4.5.5) one constant must be assessed



Since the scales and origins of the various u,'s are arbitrary it is
i

necessary to pin these down so that the decision maker knows what he is

comparing when he considers tradeoffs between the different u's . One way

0 o

to do this is to pick values x. and xk where x. ~ x* such that the decision

maker feels the utility of x is the same to individual i as the utility of x
Zi =;

to the individual j for all i and j. Similarly he assumes x* and x* have the
Rf 27

same utilities for the different individuals.

This is the interpersonal comparison of nreferences that, as was

pointed out in section 1.1.1, must always be made in any procedure for com-

bining preferences of different people. It will be seen in what follows that these

are the only interpersonal comparisons that must be made.

. . . oO

Since the scale and origin of each u. are arbitrary, u. (x. ) and u, (x

; O .

can be given any values. Assume u(x, ) = 0 and u,(x%) = 1 for convenience.
x RE

Also assume without loss of generality that U (1,1,...,1)=1. This implies

n

II (cu. +1) -1
fm 1

J (uw) =
(er 1V 1

— 5.7

where ¢ = Kk

Now c¢ must be assessed. Consider first the case where n = 2. Then

[Ti
(cu +1) (cu +1) -1

_ ] 2

Lu) = &gt;
(c+1)Y -1

4.5.8,

Since the decision maker has assigned a concrete meaning in terms of the

outcomes x only to the values 0 and 1 of u. and u it seems reasonable to use



only these values in the assessment. Otherwise he will be forced to make

more interpersonal comparisons of preferences.

One way to do this is to consider the lotteries

 1 andu_, = 0 for su—-

and

NN
1 J.=1;pcu. = 0, u. AN

/

vhere there is a probability p of obtaining the outcome 1 1 ,u,=11in

lottery Li,. The utilities of these two lotteries are

Tor)  2
(c+1) -1

4 y I

and

J(L 2 4.5,10

f the decision maker picks the p such that he is indifferent between L. and

then

 cc
2

(c+1) -1

4.5.11)

This implies that

~ l-2n
 Nn

4 5,12

“hus the value of ¢ is determined.

The case where n &gt; 2 can be handled in almost the same way. Consider

‘he lotteries



: _ _ i. 3g Gee
Sup EL, us 0, urs = up, for sure)

1nd

iY
O Oo

Shou, = Lup suns pug = 00u= 0ougg = un

‘hat is, only the utilities u, and u, vary among the different outcomes. The

0 © 0

others are fixed at the values U,,Uy, A

n
0

‘c+l) II (cu. +1) -.
1-2 1

4.5.13
 |
"c+ 1) 1

and

2 n 0

fc+1) II (cu.+1)-1
io 1

-

9)

(c+1) 1

n

I (cus +1)-:
i=3

(c+)21
i L-D) 4.5.14

f the decision maker picks the p such that he is indifferent between

, and Li then (4.5.13) and (4.5.14) mav be equated. This vields

1

~ 1 4 5.15

just as in the case where n = 2

lhe question that the decision maker must answer to assess c is not

~asy. This type of analysis is not one that most people are used to. Thus

they mav not be sure that their response represents their true preferences.

In order to see whether the exact value of c is verv important the sensitivity

&gt;f U (u) to variations in c is investigated in the next section
11 —



.5.2 Sensitivity of U (u) to Variations in c
a

As was shown in the last section

J (u) =

a

7 (cu, +1) -1
l=1

(c+)
4.5.1 0 |

n order to see how this is affected by variations in c¢ its values will be

plotted for different values of c¢ along the line 1 L =u between

1 = 0 andu=1

Along this line

n

J (w) _ hn -1
(c+1) -1

4 05,17

[his is plotted in figure 4.3 for n = 2 and n = 10 and for several values of c

Beneath the plots the value of p in equations (4.5.12) and (4.5.15) that

~orresponds to each c is given. From these plots it can be seen that the

amount of variation in U (u) due to changes in c increases as n increases
Il —

F'or n = 10 the variation is quite substantial.

These plots point out the importance of doing sensitivity analyses in

any application of this material to see how variations in c¢ affect the results

&gt;f the decision analysis.

 {1 5 3 Assessment of Scaling Constants for U (u) with Non-symmetric Attributes
a

[n this section the assessment of the scaling constants K.k k ,....K

A

n

 = KD IT (Kk.u. +1) -1
so1 11

 44 - 3.15
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and

J 11 (rn

vill be considered. The specific case where n = 3 and (4.5.18) holds will be

studied. The methods developed for this case can easily be extended to situa

fions where n # 3 or where (4.5.18) holds.

lt is assumed that x. and x* have been selected in the same manner
— —i

1s in section 4.5.1 and that u(x") = 0 and u.(x%¥) = 1 for all i. Assume also
 a

without loss of generality, that U (1,1,.. .,1)=1, Then (4.5.18) mav be

rewritten

J(u)
I (cu + I

1 1
=]

4.9.19
n

IT (c,+ 1) -1

vhere c, = Kk . i=. PO

As in section 4.5.1, it seems reasonable to restrict the questions used

0 assess the c,'s to ones involving u, = 0 or 1 for all i since the decision
hd - 1

. i o

maker has carefully studied the meaning of the outcomes x. and x* that go
1 — 1

vith these.

f'or the case where n = 3 consider the three vectors of utilities

= \a, = (u,u,,u. =(1,0,0), u, = (0,1,0), u, = (0,0,1) and rank them according

:0 preference.



Suppose they rank u, &gt; u, u, Then from (4.5.19) it must be true

‘hat c, &lt; c.&lt; c.. Now consider the lotteries

N [,0,u) for sure

ind

{ 7,1,u) ; p,; (0,0,u)d

where u is arbitrary and L, has a probability Pp, of yielding (0,1,u). If p, is

selected such that L, is indifferent to Li it follows from (4.5.19) that

PCy 4 ,5,20

'n the same wav find p, such that +. is indifferent to Li where

\ I,u,o0) for sur

11

{W,u, 1); p, 5 (ou,
.

/

“rom (4.5.19) it follows that

~

=p (ey cp te tc (4.5.21

Equations (4.5.19), (4.5.20) and (4.5.21) may be solved to yield

~

21 Ps
P,

0
oy.

PL

(1:

p.
“(14 =2)

PD,
4 5.22:

1nd

p r

i. (1 + —

P, r



The questions that must be answered to obtain the c 's are not easy
i

nes. Also, as was shown in the last section, the form of U (u) may be
11 —

‘nfluenced significantly by changes in the c.'s. Thus it will be necessary to

carefully check the assessments used to determine the constants and also to

“heck the final result of the decision analysis to see how it is affected by

~hanges in the c.'s.

1.5.4 Assessment of Scaling Constants for U(u;x,

Once U (u) and U (x) have been determined the constants K, » Ko and

Jix;u) = K,U (x) + K,U (u)+K U (x) U (u)Xl i 2 nt Mg

4 5 7 i.

must be assessed to specify U(x;u).

Pick two values of x, x" and x*, with x° &lt;&lt; x*, that have been carefull~

‘thought about and can be used to compare the decision maker's preferences

directly for outcomes, represented by U (x), with his preferences for follow

ng the views of other individuals or groups. represented by U (u).

Assume that U (u) has been scaled in the manner of sections 4.5.1

and 4.5.3. Further assume that U (x) has been scaled so that U (x) = 0 and

J (x*) = 1.

lf U(x;u) is scaled so that U(x";0) = 0 and U(x* ; 1) = 1, where

J = [0,0,...,0] and 1 =11,1.....1]. then it follows from (4.5.23) that

K + K +K 4 5 24



Now compare (x*; 0) and (x ; 1). Suppose, for example, that

x*% ; 0) &gt; (x” ; 1). Then, from (4.5.23), it follows that K, &gt; K_. Now

find the p, such that L. is indifferent to L where

{ (x; 1) for sur: of

and

Lo C(x*50)5p,~

’ \- ; 0))

t follows from (4.5.23) that

K, =p, K,. 4.5.25

Determine the Pp, such that Li_ is indifferent to L, where

( {(x** ; 0) for sur-

111d

(xx; 1); 0p, 5 oN a

Then, from (4.5.23) it follows that

&lt;. =p, (K, +K, +K.) (4.5.26)

Solving (4.5.24), (4.7.25) and (4.5.26) yields

K, =P,

% y = P, p,- (4.5.27)

and

Ny

P. Py

[his completes the determination of the scaling constants K.  K, and K,



t.0 Concluding Remarks

This chapter has considered methods of determining the utility func-

tion U(x;u). The approach taken was to show how certain restrictions on the

decision maker's reasoning constrain the form of U(x;u). Methods were then

developed to completely specify the form of U(x;u) in any particular decision

oroblem.

n particular, ways of ar essing a number of different scaling constants

hat arose during the development were given,



Appendix 4.1

[n this appendix we derive the result used in section 4.2.2. The

result is presented as a theorem,

Theorem A.4.2. Consider the set of all points X in R" such that

k k

3» fd 2 eyLT m_m_Cm
Xo. “

where k, = 1,2,...,m for all i, Then the number of these points N_ which

meets the condition

A.4|

N = Pp - 1 _ [m+ (n-1)]!

Ss n - n!{(M-1)!

Proof. We establish this result by induction on n.

A.4.2

n= 1. Clearly the result is true since all the points must be included

ln one dimension.

n&gt; 1, We proceed by assuming the result to be true for (n-1) dimen

sions and then showing it is true for n dimensions. We do this by considering

cach possible value of X_ and, using the result assumed to be true for (n- 1)

dimensions. find the number of points for that value of X which meet condi-

‘ion A.4.1. We then sum the results for each X to get the total number of

soints

Consider X = m/m. This places no restriction on Xx 3 and hence
A _

1sing A.4.2, there are



m+ (n-2)]!
(n-1)! (m-1)!

boints in the allowed region with Xx = m/m.

Consider X = (m-1)/m. Then X is restricted to the values
n mn

/m,2/m,...,(m-1)/m. Applying A.4.2 for (n-1) dimensions and (m-1)

allowed values gives

[m+ (n-2)]!
n-1)!'(m-2)!

soints in the allowed region with X_ = (m-1)/m.

Ne can continue the procedure above with V = (m-2)/m, etc.

Summing the results gives

m+(n-2)]! 3
'n-1)!' (m-1) !

_(m-2) + (n-2)
‘n-1)! (m-3)!

[((m-1) + (n-2)]!
(n-1)! (Mm-2)"!

(A.4.3

This mav be rewritten as

Ny
 _~

m+(n-2)]!
fh-1)! (m-1)!

m-2
m + (n-3)

2
n+2

gp Er
m+ (n-2) |

_k
n+k -1

 est ed ! I]
A.4.4

Ne now evaluate (A.4.4) by induction. Define

1+ —
n+k-1

a
2

n+? ez fe] EEI (A.4.5)



n+k
- . B 1 ti = —_—kK = 1 y inspection £ = forkK=_

&lt;&gt; 1. f —
 Kk

1 + hol fo 1 Assume tq = (ntk-1)/n. Then

(ntk)/n

t follows from this and (A.4.4) that

‘m+ (n-2)]!
(n-1)! (m-1)! ®

n+m-| (A4.6)

‘m+ (n-1)]!
n! (m-1)1

Che theorem is thus established



Chapter IV Footnotes

Utility independence is discussed further in Keeney|16].

) See Keeney[18].

See Keeney[18[ and Keeney and Raiffa[19]

See Raiffa[29] and Keeney and Raiffa[19]

5

See Keeney[19].

See Keeney[17].

See Keeney[16].

This result was discussed in section 4.0.1.

See section 2.4.2 or Harsanyi[11]



Chapter

ASSESSING UTILITY FUNCTIONS FOR GROUP MEMBERS

n the last chapter it was shown that if certain constraints are imposed

on the form of U(x;u) than its assessment can be broken into three parts:

Ll) assess a conditional utility function U (x).
w=

11) determine a number of scaling constants, and

111i) assess the utility functions Uy, sly, eee,

tems 1 and ii were discussed in chapter IV. In this chapter the assessment of

the u.'s is considered.

Although these are standard utility functions they have several features

hat make the assessment problem different than usual. First, in general it

: : th,

's to be expected that the utility function u. of the i— individual or group depend-

on the preferences of the decision maker and the other members of the group

1s well as on the outcomes described by x. That is.

= u, (x;U5ur)

vhere u— =[u.,u.,...,u. .,u. .,...,u |. If this is true for all the u.'s then
i 1°72 i-17 341 n

0.

t will be difficult to find the utilities u.. i = 1.2.....n that correspond to each

&gt;utcome x since a set of interdependent equations

U = U(x;u)

1 =u, (x; Us)

u, (x; Usus), (5.0.2

~ (¥;U; ur)
 al -

~1ll have to be solved.



2)

 Nn some cases it would be reasonable to assume that the utilities

depend only on the outcomes x. That is, u, =u. (x), i=1,2,...,n. This
x : =

means that the people are not interested in the preferences of the other

ndividuals or groups, or that they are informally taking them into account

when they assess their utility function over x.

Even if u, = u,(x), there are several assessment difficulties that

remain, First, if the decision maker wishes to take into account the pref

erences of many people, there mav not be time or resources enough to

assess all their utility functions. Second, even if their utilities can be

assessed, the functions obtained may not represent the views of the individuals

accurately. This may be due to a deliberate attempt to conceal true pref-

2rences or because they haven't thought carefully enough about what their

oreferences are. This problem may be particularly acute if many utilities

are to be obtained. In that case it becomes difficult to spend the time with

: qs : 1

cach person needed to properly assess his utility function.

(n the next chapter methods are developed for dealing with uncertaints

due to factors like failure to assess everyone's utility function or uncertain

bias in the assessed function. In this chapter methods are developed that

help assess utility functions quickly and, at the same time, make it easier tc

check whether the n~~-- ~d functions represent the individuals' preferences

~orrectly. Methods of this sort are necessarv if the decision analytic

approach to incorporating the preferences of others into a formal analysis

is to be useful in practical situations



The approach taken is to assume that the u's are functions only of

he outcomes x, and then develop ways to quickly approximate u.(x). The
x AE

approximation method extends work done by other researchers for single

2
attribute utility functions to multiattribute functions. These researchers

rave identified properties that the utility functions of many real-world

decision makers would be expected to have, and then found particular func-

ional forms u(x) = u(x] 0, 0, ce, 0) which have these properties and also

have one or more arbitrary parameters 0, 0, ...,0 . Questions are asked
m

of an individual to obtain the values of these parameters and the resulting

unction is assumed to be his utility function. Thus, for example, it might

-0 :
be assumed that u(x) = e * and questions would be asked to determine 0

[n general, the utility function obtained this way will only approximate

‘he person's true preferences. However, if the functional form is carefully

selected the approximation should be good. Furthermore, people are often

incertain enough about their preferences so that they will be willing to use

he function as if it represents their preferences.

[n the last section of this chapter the general case where

1 -u.(x); U;u~) is considered and a simple case is investigated to show how
1 -— 1 I~

the interdependence may affect the decision analysis.

y 1 Paramete~i-ad Functional Forms for Single Attribute Utili*r Functions

[f u(x) is assumed to be of a particular parameterized form

1(x| 6, , 0, yee. 6) then only a few questions need be asked to specify

10 ....0 Therefore, time and effort can be put into making sure that



the answers to these questions represent the preterences of the decision

maker correctly.

[f a utility function is assessed without assuming a functional form

t is necessary to assess the utilities of many points to obtain an accurate

idea of the shape of the shape of the function. This is time consuming and

often doesn't leave time for carefully checking to see if the individual's

assessments represent his true preferences.

Of course, when a particular functional form is specified for u(x) the

possible shapes of the function are limited. Thus the form should be care-

fully selected so that it can yield a wide variety of possible shapes while stil]

only having a small number of parameters to be determined.

One way to do this is to specify desirable properties for utility func-

tions and then find classes of functions that have these properties. One such

set of desirable properties involves risk-aversion.

5.1.1 Risk Aver sion

Suppose u(x) is strictly increasing and there is a lottery over x with

= . 2 2 .

expected value x and variance ¢ _. Suppose further that ¢_ is sufficiently

small that the first few terms of the Taylor expansion about x are an adequate

representation of u(x) over the region where 7 has significant probability of

A 3

sccurring. Then Pratt has shown that

T ro
1 u''(x) 2

xX ~ - 2 Ty
u' (x)

H I



where 7 is the decision maker's risk premium ior the lottery and x 1s hisI5xpremmnivin c

certainty equivalent for it.

Notice that 7 is proportional to

_ u(x)
r(x) = - -

u'(x)
(Dei. 4

[his called the risk-aversion function since it indicates how large a risk

premium the decision maker is willing to pay to eliminate the uncertainty in

he situation he faces.

[f the expected value x of the lottery is changed to a new value x' while

Z — .

ry stays the same then often 7m, and hence r(x'), will change. For example.
x

if x' &gt; x then might decrease since there is less chance that an undesirable

value will occur. Thus the decision maker is more nearly willing to use

&gt;xpected value as a guide to decision making since, '""on the average,' he will

receive this amount and he isn't as worried about bad outcomes due to

incertainty wiping him out in the meantime as he was when x was smaller.

y. 1.2 Constant Risk Aversion

Sometimes the risk premium of a lottery would remain fixed as x

raries over some region. In this case it follows from (5.1.1) and (5.1.2)

‘hat

a''(x)
a! (x)

(5.1.3

~vhere r is a constant. This can easily be solved to yield



1(x)

A-(sgnr)Be

A L By

’

 J L

‘or u'(x) &gt; 0, where sgn r is the algebraic sign of r and A and B are unspeci

ied except that B &gt; 0.

Thus, if a decision maker wishes his risk-aver-ion to be constant

then his utility function is specified once the value of the parameter r is

known. Hence, his utility for only one lottery must be assessed in order tc

completely specify u(x).

&gt;.1.3 Using the Exponential Utility Function as an Approximation

4 .

Howard notes that exponential utility functions serve as adequate

approximations to many utility function:

‘The utility functions assessed by actual decision
makers...are usually smooth functions that are

concave downward and representable by an ex-

ponential at least over a limited range of mone-

tarv outcomes

[he versatility of the - ~“onential is shown in figure 5.1 where

.S

1ix |)

plotted for several values of r

‘5.1.5

Joward uses the exponential utility function extensively in his meth-

bdology for approximately analyzing the effects of uncertainty in large deci-

sion problems. He comments that even when the exponential utility function

s not a good approximation



/

“ 50

LI

| 0)

Figure 5.1. Plots of u(x) = (1-e )/(1-e©)



the utility function can still be bounded by expo-
nential utility functions having risk aversion
coefficients that are the maximum and minimum

values of risk aversion coefficient assumed by
the actual utility function over the same range.

The certain equivalents developed for these ex-
ponential utility functions will bound the certain
equivalent for the actual utility functions over
his range.

n cases where the exponential utility function is not appropriate then

2 f
other functional forms might be used. For example, Kaufman and Spetzler

rave investigated the logarithmic utility function u(x) = A + B log (x+ ¢) for

x &gt; -c where A, B and c are constants with B &gt; 0. This function has r(x) =

-1 . . g

xX+ c) and hence is decreasingly risk averse--a property which would be

desirable for some utilitv functions.

Both the exponential and logarithmic utility functions have one free

yarameter. That is,

u(x) = u(x] 6) (5.1.

vhere Ois the parameter whose value is unspecified. This might be assessed

1s follows: Pick «1 «%) and x3) such that WH ,{2) dl 3) Normalize

3ed 6) so that ax) = 0 and alx | 6) = 1 for all 6. (This is always possible

since the scale and origin of a utilitv function are arbitrarv.) Consider the

lotteries

ostJ
for sure

ind (5.1.7

3(3),



~vhere there is a probability p of obtaining x! in Lj. Determine the p such

hat I., is indifferent to L, . Then it follows from (5.1.7) that

0 = aint m, -
No

[his can be solved for 0 and hence u(x) is completely specified.

3 2 Parameterized Functional Forms for Two Attribute Utilitr Functions

In this section the approach to utility assessment discussed in the

last section is extended to the two attribute case.

{eeney has discussed situations where one attribute x is utility

independent of another. That is, the conditional utility function u (x) for

any fixed y is the same. In this case

u(x,vy) = c, (vy) + c,(y) u_(x) A So

vhere &lt;, (vy) and c,(vy) are unspecified except c,(y) &gt; 0,

8 eye,

He showed how utility independence reduces the assessment neces

sary to specify u(x,y). Unfortunately, in many cases of practical interest

1tilityv independence does not hold.

However, it might often be adequate to assume that any conditional

itility function over x for a fixed yv could be selected from the parameterized

family u_(x] 8) with the parameter varying depending on the value of vy 9

‘his case

x,y) = c,(y) + c, (vy) u[x] 6(y)]

[his form is fairly general.

D 2.2

ror example if u (x]| 0 were the exponential form discussed in section
« ( :

5.1 then the conditional utility functions over x could be anv of the curves



) x

shown in figure 5.1 depending on the value or J.

[f (5.2.2) holds then x will be referred to as parametrically dependent

on y. This terminology is used because conditional utility functions over x

depend on y only through the parameter 6.

[n some cases (5.2.2) will hold only for certain values of y. In this

case x will be referred to as parametrically dependent on y for Vir Ypres

where Vi1Yys ees y are the values for which (5.2.2) holds.

Parametric dependence might be reasonable in many cases where

itility independence was not. As will be seen in the next three sections.

parametric dependence conditions reduce greatly the amount of data needed

0 assess a utility function u(x, vy).

5.2.1 Parametric Dependence and Utility Independence

In the derivations of this section and those that follow it is assumed

‘hat for every a and x there exists a unique 6 such that a = f(x] 0).

Keeney showed that if x and y are mutually utility independent then

(x,y) is determined bv two conditional utility function u_(x) and u(y), and

the utilities of anv two of the four points x LU) i, i=1.2. A similar

~esult is now proved for the case where x is utility independent of v, but v

.s parametrically dependent on x.

Theorem 5.2.1. Suppose x is utility independent of y and y is parame-

2 .crically dependent on x for &lt;1) and «! ). Thenu(x,y) is completely specified

oy a conditional utility function u (x), the parametric form u(y] 6) and the



4

utilities of any four of the points (= LY i

2 2Wm, 2) a) (2), (3),

= 1,4, v= 1,2,3, (where

Proof. Assume, without loss ot generality, that u

2 3and u(x )) = u(y! | 6) = 1.

J }

: fy

; ; ; ]

Since y is parametrically dependent on x for got ) and i Ki
xX . then

2x 4) = a, x") + a,xyu_fy] 6x] fori=1,2.

“urther, since x is utility independent of Y

1(x,vy) = c, (y) + c,(y) u(x).

tg)=

EE Chu

_.4

orm (5.2.3) it follows that

1 WC ) ¥) = atx)
 bH 2.5

| att! +3 - ate? oi] u [vy] 0x)

ori=1,z. Thus atx would be known if ox) were known. Setvv=

n (5.2.5). Then

 gy = uty®)ue
ux ,v 7) -ulx .v

5.2.6

"is mavy be solved for 01x)

From (5.2.4) 1t follows that

a(x.v) = ait + fax?) vy) . ax 9) w {= (5.2.1(

2But ax and lx ) are known from (5.2.5) and (5.2.6). Hence u(x,vVv)

s determined.



Although all six of the points alt=! wY4, i=1,z¢, 3-1,2,3 have been

ised in this proof, two of them may be specified arbitrarily since the scale

and origin of u(x,y) are arbitrary.

This theorem shows that if one attribute is parametrically dependent

on the other then the utilities of only two more points must be assessed to

determine the utility function than in the case where the attribute is utility

independent.

5.2.2 Mutual Parametric Dependence

In this section the case where neither attribute is utility independent

of the other is considered, but where there is parametric dependence between

them. The theorem below proves that, in addition to the parametric functional"

1(x] 6) and u(y] 6), it is onlv nece~~arv to have the utilities of seven points

to specify u(x, vy).

Suppose x is parametrically dependent on y and

| : (1) _(2) (3) :
.s parametrically dependent on x for x ',x and x. Then u(x,vy) is

bY;

determined by the parametric forms u_(x|6), u(y] 6) and the utilities of

seven of the points x 0h, i, i= 1.2.3 (where LAH 2), 2 and

(1 (2), +3)

Proof. Assume, without loss of generality, that f(x] db) = ty! l6y =~

3 3
and £ (x No) = fy Jo) = 1.

From the conditions of the theorem

x,y) = d.(yv) +d (v) u [x|e(v)] (5.2.8



ind

1(: 0) 4 = e (&amp;) + e, (x) LC) (5.2.9

for i =1,2,3. It follows from these equations that

1 ev = ux yd [wy cue 9] ix] ey)] (5.2.10

and

1 Ly) = atl fh + [ax v3) - atx! L

X u_[y] 6x) . 5.2.11:

Setting y = ne in (5.2.11) yields

 2 gt) uly) ue? yt)
(1) (3) (i) (1)

u(x ,y ) - u(x ,y )

vhich can be solved for ox). Therefore atx y) is determined by (5.2.11)

Setting x = x2) in (5.2.10) yields

(2) (1)2 -

(3) _) (1)
u(x ,v -ulx ,vy)

2.12

 ZZ. 13

vhich may be solved for 6(y)

Therefore u(x,vy) is determined by (5.2.10). Hence the theorem is

yroved

ixample. Suppose the conditions of the last theorem are met with

1nd

(x|ye

{(.2.14)

C (v] 0) =



i»

n order to simplify notation let k,. = ax Wy
1}

From (5.2.11) it follows that

and hence

, 9°

a(x) =k tk mk)

log = . kK
(1) Kis - Ey

3 X ) = - (2)
log v

(5.2.15)

5.2.16

Thus (5.2.15) can be rewritten as

11
A

&lt; Tvs k 4k gL 1 (5.2.17

Substituting this into (5.2.10) vields

1. L,Y)=k,, + (k,, - fo ro

(5.2.18)

. C.

LN - Ko, + (k,, ~- ky
zc(ko - kv 1 9

and hence

} 2 _ } } SR

(hp tks kp)y © ky (hg = kyy)y
_ i} £3 _ i} “1oy} = kyp m ky tka mR p)y yg = Kpp)y |

1 (2)og X

(5.2.19

[his can be substituted into (5.2.18) to give u(x, vy) for all x and vy.

This example involves a lot of messy algebra. The reader may

wonder whether this approach to assessing two attribute utility functions is

any easier than merely assessing the utilities of a number of different points

and fairing a curve through them



[n fact it is since the utilities of only seven points need to be assessed

to specify u(x,y) for all x and y. The algebra may be messy but this can be

carried out by computer while the analyst concentrates on making sure the

utility assessments for the seven points correctly represent the preferences

of the decision maker.

[f a curve were faired in, in most cases many more than seven points

would have to be considered. Thus, the time would usually not be available

0 make sure the assessment at each point was actually correct,

&gt;,2.3 One Attribute Parametricallv Dependent

n this section the case where x is parametrically dependent on y

out there is no restriction on v is considered. It is shown that three (con-

sistently scaled) conditional utility functions over v determine u(x,v) for all

: and v

Theorem 5.2.3. Suppose x is parametrically dependent on y. Then

1(x,v) is determined by the parametric form u (x| 0) and three consistently
xX

 ~ — (1), (2)
scaled conditional utilitv functions u(x ',v). 1 =1,2,3 (where x &lt;&lt; x 'Z

1Proof. Assume. without loss of generality, that u tx 1g) = 0 and

&lt;6 - 1).

Since x is parametrically dependent on v it follows thal

a(x. v) = c. (vy) + c,(y) u_[x]6(¥)) (5.2.20)

Therefore

1u(x, vy) = ax! + ax) - ast gy
(6.2.21)

274 v [x] 66v)].



Setting x = x2) in (5.2.21) yields

c (2) ux? y) - ax, y)
1 (x | 0(y)] =

(3) (1)
u(x ,V) = u(x , y!

which can be solved for O(y). This can be substituted into (5.2.21) to yield

(5.2.22)

u(x,v). Thus the theorem is established.

The following theorem shows that one of the conditional utility functions

n the last theorem can be replaced by an indifference curve and u(x, vy) is

5till determined.

Theorem 5.2.4. Suppose x is parametrically dependent ony. Then

1(x,y) is determined by the parametric form u(x] 0), two consistently scaled

conditional utility functions ax 3) and ax?) y) where tt ’/ &lt;4, and

&lt;.(yv) with its utility u[x (y),v].

Proof. Assume, without loss of generality, that vu wt 6) = 0 and

“gy =1.

By exactly the same reasoning as in the last theorem

ux,yv) = ax + fai?) y) a a= 9]
(5.2.23)

xX u [x]6(y)].

in order to specify O(y) set x = x (y) in (5.2.23). This yields

1
ulx (vy), y] - ux, y)

x (yoy) = —F——7—

ax) » ax
L (5.2.24)

which mav be solved for 8(y). This is then substituted into (5.2.23) to give

ua(x,v) for all x oni



) -

0)
2 Parametric DependenceforN-AttributeUtilityFunctions

[n this section some of the results for two attribute utility functions

are extended to the n-attribute case. Theorem 5.3.1 considers cases where

cach attribute is parametrically dependent on its complement while theorem

5.3.2 looks at cases where some attributes are utility independent of their

complements and others are parametrically dependent on their complements

[t is shown that when all the attributes are parametrically dependent

then u(x, Xs ens X ) is specified by the n functional forms u,(x. | 6.).
0 i i'd

++...n and the utilities of 3% 2 points, When m of the attribute are

eq . exe m _n-m i

utility independent then the utilities of 2° + 3 -2 points are needed.

Before proceeding some useful notation is established. Let

(i)
Xp Ep) FE ] tert! tier) ta!

Cel? k+l Tkt27 Tn

ind

(1)
x UNF) TEx

- App) Gyn) ay
or Ky Xpepp t KL

Theorem 5.3.1. Suppose for all k that x, is parametrically dependent

(i) :
_ — = ¢ wp co. =1,2,3.on. X - for XT (xy 5x00) where lay Lt? i, 1 3. Then

Cee yX 1) 1s determined by the n parametric forms u (x, 6), k=1,2,....

Gp) (,)
and the utilities of any 37-2 of the points (x, PX pees X ’

 .2.....0n {where x, (Pe x x for all k).

Proof. Assume, without loss of generality, that a (x6) = 0 and

Ne. ) = 1 for all k.



_ _ A)

Since x, 1s parametrically dependent on XT for xX = (2,17 X11

then

Cx x By C3)

Wp Xi X31) 7 Cre Bit Zit) +.3.1)

| 6( xy= Le, 1002,320FCoE 2) MP

From this it follows that

1 4
x 5X LL ) = u(x oD,
“k-1" "k'=k+1’7 7 T=k-1" Tk CC =k+l1) (4.3.2)

CL.3), CL) (@) (1)ul, x05 x3) - wy px xg) uy beg [0G 3x7]
(i, G(,) (i)

Consider k = 1. Then, from (4.3.2), u(x, , x, Xo seen X ) would

ye determined if 6 (x : &lt; ) were known. Set x, = 2) in (4.3.2) Then
“k-1’ =k+1 kn roel

u(x 8) w, - u(x LD,
(2g a By) kel Tt] Fk-1""k Fktl)

Te Teel 0 GB) Wy (DE)T-17k Tk] Ze-1" Tk Skt

[his may be solved for 6 x, i yifk = 1.

 Cd) Co
tlaving solved (4.3.2) to yield u(x, XG X ) for k = 1, it may now

he solved iteratively for k =2.3,...,n. Thus u(x) is determined

4.3.3]

1s ls 1. Ja

Theorem 5.3.2, Suppose that for k=m x is parametrically dependent

_ 1) : {

for x 3 (XU Xa ), where Lo yo ceenl = 1,2,3, and suppose

further that for k &gt; m x is utility independent of xX Then ul(-

on xX—
1-

is determined by the following:



the parametric forms u,(x | 6), k=1,2,...,m

ii) conditional utility functions w, (x), k =m +
m+ 2,...,n, and

ii) the utilities of any 3 '« 2-2 of the points

x01) x) ses 3X a) where
1 2 n

i =1,2,3fork=1,2,...,mand i
fork=m+1, m+ 2,....n

where &lt;P 2) ’ 3) for all i).

Proof. Assume without loss of generality that w 6.) = 0 and

1 x30 )= 1 for all k = m and that u, ( (1), 0 and u x?) = 1 for allk&gt;m
kk k wr 1 .

Then the proof of theorem 5.3.1 establishes that u(x 1X 1) is
—m-1 mm —m+1

&lt;NOWN ,

ForkK&gt;m

u(x) = C50) + C50) u(x, (5.3.4)

[herefore

u(x ‘x (1) ) = u(x LA) )
—k-1"k’—k+1 ~k-1"k =k+1

[u(x : (2), [@ ) - u(x D),  ) )] ua, (x,
TE 17% Een Zeo1 ke 3rd Tk Tx

(5.3.5)

Since u(x ; xX yr ) is known. (5.3.5,
— m1 m —m=+1

LL (1)
can be solved for ux 5x LX 5) .

This procedure can be continued iteratively until k = n at which point u(x) is

determined.



The theorems in this section and the last have shown how multiattribute

utility functions may be approximated using the utilities of a relatively small

aumber of points. As was pointed out earlier in the chapter, the need for

only a small number of utilities means that care can be taken in the assess-

ment of these to make sure they accurately reflect the person's preferences

This approach to utility assessment is particularly valuable for a

decision maker who wishes to incorporate the preferences of a large number

of people into his analysis, since, if he uses it, he can approximately assess

their utility functions fairly rapidly.

However, if the utilities of the various individuals are interdependent

then it is necessary to account for this interdependence in addition to assessing

the utility functions over various outcomes x. This problem is considered in

the next section.

Sy 4 Interdependent Utility Functions

As was noted at the beginning of this chapter, the preferences of an

individual in the group of people whose views are important to a decision

maker will often depend on the preferences of the decision maker and the other

people in the group. That is, u. = u. (x;Usur) . This leads to the set of equations

U = U(x;u)

=u, (x;Usu7)

, (x;Usuz) 15.4.1)

- a (x; U;u—
AX a



In section 4.1 it was noted that often x and u would be mutually utility

independent for the decision maker so that

J=K.U (x)+K_U (u)+K_.U (x)U (u)
1 ww 2 u-— 3 x=" u-—

3.4, 2)

where U (x) and U (u) are conditional utility functions, and KK, and K_ are
ha 11 = .

constants.

By the same arguments x and {Usur} would often be mutually utility

independent for each of the individuals in the group. In this case

1. = Ko _u., (x)+K. .u. (U;u0)+K._ u. (x)u. (U;ur)
il ix — i2 iu i 13 ix — iu i

th.4.3

...,n, where u., (x) and u. (U;ur) are conditional utility functions,
ix — iu

and K..,K._ and K._ are constants.
il 12 i3

 Mm section 4.3 it was shown that often for the decision maker usu... ,u

'

would be order -one mutually utility independent with conditional utility functions

linear in the u.'s, and that they would be order-two mutually preferentially

independent. In this case either

n

J fu) = KH {I0(Kk,u +1)-1)
i=1

J (a)

(5.4.4)

(5.4.5)

where K.,k.,k,, ...,k are constants

Bv the same arguments U,u_,v_ , ...,u. , a, ,...,u would often be
1° 2 i-1" i+1 n

&gt;rder-one mutually utility independent for the group members with conditional



Ji

utility functions linear in the u's, and also order-two mutually preferentially

independent. In this case either

fori= i,4

Io
*

n

au) = c Hee. U+1) IT (C.c, u.+1)-1,
i i 10 i 1 ik 1

1i=1

k+£1

a. (U;u—ve yur”) Cmx
k=1

ki

..,n, where C,,c. ,¢..,...,C. are constants.
i’ io 11 in

5.4.6)

(5.4.7)

The constants in equations (5.4.3), (5.4.6) and (5.4.7) could be evaluated

n the same wav as those in equations (5.4.2), (5.4.4) and (5.4.5). (This

yroblem was considered in section 4.5.)

The conditional utility functions u. (x), i=. 2,...,n could be approxi-

nately evaluated using the methods discussed in sections 5.2 and 5. 3.

[n order to find the decision maker's utility U for a particular outcome

x it would be necessary to simultaneously solve the system of equations (5.4.2)

(5.4.7). In general this could not be done analytically. However. numerical

methods could probably be worked out to solve the problem.

Considering one special case will point out how unexpected results may

occur when the preferences of others are incorporated into a utility function.

Suppose there is one person whose views are of interest to the decision maker

and one attribute x which describes the outcomes. Then, if (5.4.2) and (5.4.3)

are accepted,
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J = KUE utK ul (x) (5.4.8)

and

1 = k 10 (Hk, Utk Tux(x)

where U_(x) and u(x) are conditional utility functions and K, ,K

5.4.9

k,
and k, are constants.

Suppose that all the constants ~~ » i r-ept k, and k, and that these are

zero, and also that U_{x) =u (x) = x. Then

U = xtutxu 5.4.10

2nd

(5.4.11

Notice that both of the individuals are risk neutral toward lotteries over x when

the preferences of the other person are held fixed.

f (5.4.10) and (5.4.11) are solved to vield U as a

2
[J] = 2~+-

function of x then

(6.4.12

Flor positive values of x this utility function is risk prone toward lotteries over

\ Thus, even though both individuals are risk neutral in their direct preferences

for outcomes. the fact that the decision maker takes into account the preferences

of the other person makes his total preferences for outcomes risk prone.



y yy

Chapter V Footnotes

Grochow|[9] has noted how time consuming this is

3
oe

3

3

See Meyer and Pratt[23] and Spetzler[33]

See Pratt[26].

See Howard[14], p.

See Kaufman[15]

See Spetzler[33]

See Keeney[18].

See Keeney[16]

See Keeney[18].



Chapter VI

ACCOUNTING FOR UNCERTAINTY ABOUT THE
PREFERENCES OF GROUP MEMBERS

As noted before, it is often impossible for a decision maker to be

certain of the preferences of all individuals of interest to him. The resources

mav not be available to assess everyone's preferences. Some individuals may

deliberately misrepresent their views. People may give incorrect preferences

because they have not thought hard enough about what their true preferences

are.

[n this chapter methods are developed for dealing with uncertainty about

1
preferences. A statistical decision theory approach is taken. That is, the

decision maker's state of knowledge is summarized in a subjective probability

distribution and Baves' theorem is used to update this in light of new informa-

10m.

In this chapter it will be assumed that the results of sections 4.1 and

+,3.2 hold so that

U(x;u) = KU (x)+tK, U (u)+K,U (x)U (u)x 2 1 — ="

21d

n

J, (u) = Km (Kk, u+1)-1}.
1=1

(6.0.1)

(6.0.2)

The chapter divides into two parts. Part A considers situations where

the decision maker has no direct preferences for outcomes. Thatis, U = U(u

(Of course, U depends indirectly on the outcomes x since the u.'s will depend

on x.) This situation is of interest because it is a case that is important in
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applications, and also because many of the results obtained for it can be

generalized to the case where U depends also on x. This more general case

is discussed in Part B.

Within Part A two different situations are studied. In section 6.1 it is

shown that the u, 's might be probabilistically independent in some cases.

Results are derived for this situation. In section 6.2, u.'s that are probabilis-

tically dependent are considered.

Part A

Decision Makers with no Direct

Preferences for Outcomes

A decision maker might have a utility function U(u) in two cases. First,

when he is serving purely as a servant of the group and is relaying its preferences

without accounting for his own. This occurs in Application A in the next chapter.

There the decision maker is conducting a group discussion and then recording

the preferences of the group to be passed on to a government body. He does

not let his own preferences for outcomes influence the preference measure

at all.

Another case where the utility function U(u) might be used is when

decision analytic approaches are only being used to analyze the preferences

russes, but some other method of analysis is being used for the rest of

the studv. This is the case in Application B in the next chapter. There the

| 1

atility theory approach is taken to finding the preferences of computer time-

share svstem users for different svstem characteristics. However, decision



analysis is not necessarily used to incorporate these preferences into a

complete system design or evaluation scheme.

&gt;.1 Probabilistically Independent u's
i

Suppose Us, ...,u are utility functions representing the preferences

of distinct groups of people. If these groups have fairly well defined viewpoints

which differ from each other, then a decision maker may feel that information

about the preferences of one or more of the groups will not alter his subjective

probability distribution for the preferences of the other groups. In other words

CU eee, 0 will be mutually probabilistically independent.

In this case many simplifications occur in the mathematics involved in

considering uncertainty. Since it seems that some practical application situa-

tions would be of this type, it will be considered in some detail

45.1.1 Situations Where the X, 's are Certain

[f the outcome x, that results from each possible action a, , «x

is known for sure then the utilitv Ula, ) of that action is

Ufa.) = E (Ux, ]
- 111 xX KK

for k = 1.2.....r, where E | [+
JY

-

(6.1.1)

| is the conditional expected value of U given

When (0.0.2) holds then this becomes

(6.1.2)

if, in addition, the u.'s are mutually utility independent, then
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21.

Ua,) = K (nm (KE, | lolx Jel)-1) (6.1.3)

Notice that Ufa) depends only on the conditional expected values of the

1.'s, Although it may be necessary to assess the conditional probability dis-

tributions over each u. to obtain these expected values, it is not necessary to
1

assess a joint probability distribution over the u,'s. This follows, of course.

from the fact that the u.'s are mutually probabilistically independent.

5.1.1.1 Sample Information With no Bias

In this section Ex [+] +] will be abbreviated as E [ + | + | for nota

tional simplicity. Also the entity having utility function u, will be called a

'group'' rather than an individual since as pointed out before. that is the case

when probabilistic independence of the u,' s might hold.
: eg th

[f the true, unbiased utilities Bia), u,(a,), :E su.(a) of the j= group

for all the possible actions are obtained, then the updated Ula,) utilizing this

sample data S is

n

od
Ja |S) = K { [Ku (a, 041] ha (Kk, E[u, |x, ]+1)-1}

143

(6.1.4)

The manner in which the sample data can influence things may be

illustrated bv considering the case where n= 2 and r = 2. The (6.1.4) reduces

pry

Jd Ss) = K ~ {[Kk,u,(a)+1][KkE(u,|x)+1]-.. (6.1.5,

for k= 1,2.
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 ~~

[t follows from this that 2) ~ a, if and only if
7’ f

~~

(Kkpu,(a)+1][KioE(u,|x)+1])
(6.1.6)

(

!

l

© Le [Kk u,(a,)+1] | Kk, E(u, |x,)+1]-1]

f K &gt; 0 then this reduces to

[Kk u (a )+1] [Kk,E(u, |x )+1]

|
| [Kk ju,(a,)+1] [Kk E(u, |x,)+1]

(6.1.7
‘For K&lt; 0 the directions of the inequalities are reversed,

The values of u, (a) and u,(ay) for which a, or a. will be the preferred

action of the decision maker are shown in figure 6.1. It is interesting that the

region where a, is preferred is divided from the region where a, is preferred by a

straight line. Notice that the larger the margin by which E(u, |x.) exceeds E(u, |x,

then the larger the margin must be between u,(a,) and u, (a,) before a, becomes the

preferred action. That is, if the group whose views are uncertain is "expected"

to favor a, by a large margin then the group whose views are measured must

favor a, by a large margin to overcome this expectation,

Also, it is clear that the greater the importance of the first group's

views to the decision maker (i.e.. the greater value of k_) then the more

nearly the decision maker will have the same preference regions as that group



R -1

Kk,

 Kio, E(u, [x )+]

1/R -1
Kk

Figure 6.1. Preference Regions Using Sample Data
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Returning now to the case where r and n are general as in equation

6.1.4) then it is easy to generalize to the case where the preferences of more

than one group are sampled. Thus if a sample S consisting of the preferences

.th th : z

of the j— and}— groups is obtained then

-1

Ua |S) =K {[Kkju, (a) +1] [Kk,u, (a, +1

&gt;. 1.1.2

n

)o (Kk, E[u, [x J+1)-1]
i=1

i#j,1

Sample Information With Bias

(6.1.8)

Suppose that any group's measured utility function will not represent the

true of preferences of that group either because of a deliberate attempt to

conceal preferences or because the group has not given careful enough thought

to the utility assessment, Suppose that u, (a) is the measured utility ofi

.th i . . i

action a, to the i— group. Then the bias of this measurement is defined as’

b.(a)=u.(a)-ulfa
.th

~vhere u. (a, ) is the true utility of a, to the i— group.

Lf b.(a)) were known for certain then the correction for bias would be

casy. KEauation (6.1.4), giving the utility of a, when the preferences of one

group have been measured. would become

-1
Jia, |S) = K {TKK {u, (a,)-b.(a)}+1]

(6.1.9)
n

Lm(Kk.E[u,|x ]+1)-1]a, J
i=1

11



a

However, if the bias 1s uncertain then this uncertainty must be accounted

for. In this case

J(a. |S) = K ‘BE {Kk. {u. (a, )-&gt;.(a )} +1
- 1] ym wg k

(6.1.10)

il (Kk,u +1)-1]a
} i 1 k
l=1

[EN

When b.(a,) is probabilistically independent of u.,i=1,2,...j-1,j+1,...,n and;

as before, the u.'s are mutually probabilistically independent, then (6.1.10)

reduces to

-1
Ua,|S) = K {Kk {u, (a)-E®a) }+1

(6.1.11;

)-1}0 Efu, |x ]+1I (Kk.E[u,
i=1

1#]

Notice that b.(a,) does not have to be orobabilistically independent of ©on

for this result to hold.

The effect of bias may be illustrated by considering the case where

there are two groups and two possible actions. If the preferences of the first

sroup are measured then (6.1.11) reduces to

Ja |S) = kL {Kx {u, (a )-E(b a,)}+1]
(6.1.12)

X(Kk,E[u, |xJ+1)-1}

&gt;
[t follows from this that of ~ a, if and only if



[Kk fu, (a, )-E(b.| a, )} +1] (Kk, E[u, | x, +1) 1
(6.1.13

j _ -1
P | K {[Kk, {u, 6, Eb,|a,)} + 11(Kk,Elu, |x,]+1)-1}.

f K &gt; 0 this reduces to

Kk fa, (a))-E(b, la) +1] (Kk, Eu, [x J+1
(6.1.14

[Kk {u, (a,)-E(b, 2) 411(Xk, Eu, x, 111)

If K &lt; 0 then the directions of the inequalities are reversed.) The equation

which corre-nonds to this for the unbiased case is (6.1.7):

K 1])+1E(u,|k,[1]+(a)YYKk,
:

i [Kk u (a,)+1][ Kk, E(u, |x,)+1]
\

(6.1.15

Comparing this with (6.1.14) shows that the effect of uncertain bais is roughly

what would be expected. Suppose, for example, that E(b, a) = 0 and

E(b, la) &gt; 0. Then a larger value u, (a) must be obtained for a, to be

preferred then was necessary without bias. In other words, if it is "expected

that a utility for a, that is higher than the true value will be measured then

this is compensated for by requiring a larger value to be measured before a

pecomes the preferred action.

5.1.2 Situations Where the x 's are Uncertain
| &gt;

If the x that results from anv 1s uncertain ther



Ula) = E |, {Ew]x] la, (6.1.16

When (6.0.2) holds and the u,'s are probabilistically independent ther

J

n

2V)=E kL I (Kk.E[u,|x]+1)-1]]a.
x|a i=1 1 1 —

(01.17

I'hus U(a,)depends on the conditional expected values Elu, | x] and, in addition,

on the probability distribution of x. Note, however, that Eu, |x]! s must be

assessed for all possible x's. This may be a large number since the x resulting

from each a, is uncertain. Thus the assessment problem may be difficult.

[In some cases it may be reasonable to assume a special form for

Elu, |x]. Thus, for example, it might be true in some situations that

T T
(b,1.18

where a, and x. are vector constants and the superscript T indicates a—i —i

transpose. Then it would only be necer~-~»v to assess a, and x. to specifya, =

Elu. | x] ‘
S12

Sample information, both biased and unbiased, can be treated in a

manner similar to what was done when the x resulting from any action was

certain. Thus, if an unbiased measurement of u. (x) is available then this

sample data S mav be used to yield

Ula |S) = E | (KI (Kku. (x)41
&lt; x|a Jj]

X

in

I (Kk.E[u,|x]+1)-1] la,
i=1

i#j

(6.1.19)



Similarly, if a biased measurement CW 1s made and the bias is probabilis

tically independent of the other utilities u, (x), i#, then

J a ls) = E | (K'[ (Kk. {u,(x)-E(b, |x)}+1
Xia WC 2 3

(6.1.20)

I (Kk.E[u, [x[+1)-1] a,1 TO x

i=1

i#]

Equations (6.1.19) and (6.1.20) are direct generalizations of (6.1.8) and

(6.1.11) to the case where there is uncertainty in x

5 2 Probabilistically Dependent u, Ss

I'he situation where usu... 0 are mutually probabilistically

independent was studied in the last section. However, often the u.'s would

be probabilistically dependent. That is, information about the values of one

or more of the u.'s would change the decision maker's subjective probability

distribution for the others.

[n section 6.2.1 some general results for this case are derived, and

in section 6.2.2 some useful special cases are examined.

6.2.1 General Results

If the x that results from any action a, is known for sure then, as

shown in equation (6.1.2)

J

n

-: V=E (x1 MT (Kk,u,+1)-1]]x, }.
: ulx je 1 ii —k

(6.2.1)



I'he meaning of this may be illustrated by considering the case where

\ = 2. Then (6.2.1) reduces to

Ula,) = Kk kE(u mu, x tk Ed x +k, Eu, x D.2.2;

Thus it is necessary to assess the expected values of u, and u., conditional on

XX as well as the conditional cross-correlation between them. In most cases

the only way the cross-correlation could be obtained would be to assess the

joint probability distribution for u, and u, conditional on x, Since this

distribution is needed for each possible X, the assessment problem becomes

very difficult if there are very many possible actions a_, asses a being

considered.

[f there are more than two u.'s then even more data is needed to

specify U(a,).Itis clear from (6.2.2) that all of the conditional cross-moments

th
between the u.'s up to n— order are needed. In most situations these could be

obtained only by assessing the joint probability distribution over UU, eeu

[f nis verv large this will be a formidable task.

lf there is uncertainty about the x that results from each a, as well as

about the utilities a, uy “ee Su then

n

U(a,)=E_| [E (KU I (Kk +1)-1]|x}a,
- xia ux i= 1 ii —

1b.2.3

[his requires the a= 2ssment of the cross-moments between the u.'s for all

possible values of x. Sirice x is uncertain this mav be a verv large number.

Hence the assessment would be very difficult.



[n the next section some special structured situations where Ufa,) can

be determined relatively easily are studied.

5.2.2 Some Special Structured Situations

Suppose that U(u) is symmetric with respect to the attributes Uys, “o

(This case was studied in sections 4.2 and 4.4.) Then (6.0.2) reduces to

n
. ws 1

Ju)=K {I (Kku +1)-1]
i=1

where K and k are constants.

0.2.4)

This situation is studied in the next two sections

5.2.2.1 Situations Where the x's are Certain

Suppose the number of people that had each possible utility for the x,

that results from any action a, were known. If p | (u, |x) is the fraction
- ulx 1 —

of the total number of people that has utility u, for outcome x , then from

(6.2.4) it follows that

np; _(u.]x,)
Jia) = KT { I [Kku+1] ulx] #1)

all j
(6.2.5)

This mav be rewritten as

i = K™ {exp[nE_| {log (Kk +1)|x,} 1-1} (6.2.6)

he re

£1, og, (Kk +1) |x, ,al XxX e u —

) Py x |x.) log  (Kku. +1).
all j

(6.2.7)



F.quation (6.2.6) is not very useful as it stands since, under conditions

of uncertainty, p | ( » | + ) is not known. In some cases, however, the
uilx

decision maker may be willing to assume that Pox . | » ) would be known if

the value of some uncertain parameter 6 were known. That is, p = gp |x .0
ui=, =

is assumed to be known, For example, the decision maker might assume

2
that u is distributed normally with known variance ¢ and uncertain mean 6

x

n that case Pulx 0 (a |x, 0) would be a density function given by

&gt; 1g ulx, 0)
exv{-[u-0]"/20" )

(6.2.8)
a N 2m

+ Pulx.6 ( |x, 6) is known then, from (6.2.7) it follows that

-1
= 6;]- ’ «2:9,a )=K EglylexplnE | p{log (KkutD)[x }] 1x, } (6.2.9)

This can be assessed if Pylx. 6 . |x, 6) and Pg! . |x.) are known for all k.

[f the number of possible actions (and hence the number of possible x 's) is

relatively small then it should be feasible to determine these.

[f sample data about the preferences of some individuals is available

then it is relatively easy to update (6.2.9) to account for this sample data.

Suppose, for simplicity of exposition, that the decision maker wishes to obtain

information about the preferences of group members for only one a, . (It

would probably be necessary to assess anv individual's utilities for all a.’ -
J

in order to obtain his utility for a.. However, assume for the moment that

onlv the information about a is used.)



One of the most common sampling procedures is random sampling

3
with replacement. When this procedure is used each member of the popula

tion is equally likely to be sampled each time an element is drawn from the

population. Using this procedure there is some probability that the same

person will be selected more than once. If the number of people in the group

is large this is not very likely to occur. If it does, then, of course, it is not

necessary to obtain the person's preferences again since they will already

have been determined.

Suppose a sample S of r utilities u(x) u, (x, ), I. a(x) is obtained

ising random sampling with replacement. Then

r

BS|x, ) = T Pas 5) 12] (0.2.10)

where P(slx,) is the probability of obtaining the sample observed. Then from

Baves' theorem it follows tha

Pols 501% S) =

r

2 Pp, |x, plu (x) |x,. lp (0x)
+ ~ ~ )

a § », |x. 6 Lu, (x) |x, 61py In 0]x, )d6
(6.2.11,

Therefore, the decision maker's utility for a. given the sample S is

SE
-1

1 S) = K -1s) Eg, glexplnE | {log (Kkutl)[x , 6] lx Ss}.
(6.2 12

Equations (6.2.11) and (6.2.12) are somewhat complicated algebraically

1owever, there are no conceptual difficulties with them. The complicated



arithmetic needed to evaluate them can be carried out fairly easily by

computer.

Equations (6.2.11) and (6.2.12) were derived for the case where

sample information for only one a, was used. The situation is more com

plicated when several a's are of interest. Usually the utilities for different

A
Wo

3 for a single individual would be probabilistically interdependent. Thus

any calculations concerning the results of sampling, like those shown in

equations (6.2.11) and (6.2.12), would involve the joint probability distribu

tion for the utilities of any sampled individual over all values of x, that are

of interest. Usually it would be very difficult to assess this joint distribution.

One approach that might be used to avoid this problem is to independentlx

sample people for each 2 of interest, If this is done then the interdependence

of utilities for different x, s would be eliminated and equations (6.2.11) and

(6.2.12) could be used for each value of x, Unfortunately, this approach

would often involve sampling the preferences of many more people than would

be necessary if the utilities of each person for all of the x, 's were used,

5.2.2.2 Situations Where the x 's are Uncertain

Suppose that the possible outcomes of the decision making process can

se adequately described by a scalar x. Then in some cases the decision maker

might feel that each u.(x) could be adequately represented as being a member

of a family of functions with a free parameter 0:

a4, (x) = u(x] 0.) (6.2.13)



[For example, it might be reasonable to assume that all the u.'s were

exponential

1.(x) = -e (6.2.14)

with only the value of 6 differing from individual to individual,

[f the number of people with each value of O were known then, from

6.2.4) it would follow that

J x) =

np ,(6.)
KY m [Kleu(x[6)+1] 1

all i

where p (0, )is the fraction of the group with parameter value 6. This can

(6.2.15

be written

U(x) = K ~{exp[nE{log[Kku(x|0)+1]}]-1) (6.2.16

where

E,{log [Kku(x|6)+1]} = 0, p,(6) log _[Kku(x] )+1]
all 1

(6.2.17

Under uncertainty Py(0) would not be known and hence (6.2.16) would

not be of use to the decision maker. However, in some cases he would be

willing to assume that Pu + ) would be known if the value of some uncertain

parameter were known. That is, Polo (p ola! . E ) would be known.

For example, it might be assumed that 6is normally distributed with

| } 2 i

known variance and uncertain meand. In that case
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[1 ~~

expi-[0 = pl*/ 20, }
Pols (O10) E — TT

o,N2T

Nl
) is assumed known then

Uix) = E, {K™ {exp[nE {log [Kku(x|@)}+1]]6}]-1}}.

(6.2.18)

(6.2.19

This is specified as soon as , (-) is assesed. The utility of any action a, 1s

-1 -

Ula)= E_| LE, {K fexp[nE jy, {log _[Kku(x|6)+1 |v| 11-13} a ].
k (6.2.20

Although (6.2.20) is complicated algebraically, none of the operations

needed to assess it are conceptually difficult. The numerical work needed

can be carried out by computer.

Equation (6.2.20) can easily be updated using sample information

Suppose a sample S is selected using random sampling with replacement. [{

this consists of r values for 0, then

r

Pi, (S14) = I Pg? [o (6.2. 21;

where 0, ,6 .....,F are the sample values and P_ lb (S|) is the probability of

obtaining the sample results given in &amp; . Then, by Baves' theorem,

 Ir

P (4) 1 Pg) ,0;1®
__$ i=1

Py | s(@ 1S) = r “ = oo

&gt; P, (@)P 1, (616)

(6.2.22)

Thus the values of U(x) and Ula, ) updated to account for S are



U(x|S) = Ey|s&amp;  {explnEy {log _[Kku(x|0)+1]{4}]-1}|S} (6.2.23)
and

Ja, |S) = EL [By 8 (explnm yy, flog [Kiku(x|6)+1]]¢}]-1}|S}{a, ].
(6.2.24)

The results so far in this section have all involved situations where a

scalar attribute x is sufficient to describe outcomes. In theory the discussion

could be generalized to multiattribute situations. Additional parameters

might be introduced to account for variations in the form of the multiattribute

utility function from individual to individual. Thus, the form might be

u(x) = ux|6.6,,...,0) (b.2.25)

where 0, 6,, ...,0 are the parameters\ mn

However, to use this formulation it would be necessary to assess the

joint probability distribution over 6, 0,, cee 6 . Usually this would be very

difficult. Hence it does not seem useful to extend the work in this section to

the multiattribute case.

Part B

Decision Makers with Direct

Preferences for Outcomes

5.3 General Comments

If the decision maker has preferences directly for outcomes x as well

as for the utilities u, u, sees then, as was noted at the beginning of this

chapter, it will often be possible to write
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Ux;u) = K.U (x)+K_.U (u+K_U (x)U (u
—— 1 x— 2 u-— 3 x= —A

6.3.1

where U (x) and U (u) are conditional utility functions, and K..K, and K, are
xX = u —

scaling constants. In this case, many of the results derived in Part A hold

with only slight modifications. The nature of these modifications is indicated

in the next two section.

5.3.1 Probabilistically Independent u's

If the u's are mutually probabilistically independent and if the x that

results from any action a is known for certain then it follows from (6.3.1!

that the utility of any action a, is

Ula) = KU G5) + KE[0w]xJ+K0Gq)E[Ux]
(6.3.2)

(f (6.0.2) holds thet

n
-1

Jia)=K K -Jia) ULE) HE, (1 [KiB fx) +1] 1]
(6.3.3

n
T -1 1

&lt;.U_(x) K “{ 1 KIE, |x) +17-1;
1=

This equation is analogous to (6.1.3) which held in the case when U was not

directly dependent on x.

th
Suppose a sample S consisting of the unbiased utilities of the j—

individual or group is obtained. Then the updated value of U is
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Ufa,)= KU(x) +K K {Loja 41] T [KiB |x p41]-1
i]

(6.3.4
n

p -1

U(x K {lua +1] x [Kk.E (u, [x )+1]- 1}
iti

[his equation is analogous to (c.  5) vw*ch held when U was not directly

dependent on x.

As these results indicate it is very easy to generalize the deviations

for the case when U = U(u) to U = U(x;u) if x and u are mutually utility inde-

pendent, The reader can easily do this for the situation where there is bias

or where the x resulting from any a_ is uncertain.

5.3.2 Probabilistically Dependent a.’ S

This case can also be solved easily. All of the results of section 6.2

nold in this situation if they are applied to the conditional utility function uu

This conditional utility function can then be combined with U_(x) using

equation (6.3.1). Thus, for example, if the x resulting from any a. is certain

then

Ula) = KU (x) + K,U (a) + K,U_(x )U (a, (oo. 3.5,

where U (a) is given bv equation (6.2.9):

-1
U (a) =K Eg {exp[nE | log (Kkutl)|x ,0}]-1]x (6.3.6)

n the same way, if the x resulting from a is uncertain then



J(a,) = KE [Ua] FEE [Ua]

+ BE R [ U_(x) U(x) |a, |
(6.3.7)

where U (x) is given by equation (6.2.19):

-1
Ux = E, {K" {exp[nE, {log [Kku(x|6)+1]]6}]-1}}. (6.3.8)

The reader can easily generalize the other results of section 6.2 to the

case where U is dependent on x as well as u.

2 fstlh

[his concludes the discussion of uncertainty about the preferences of

group members. It also concludes the development in the last three chapters

of theory that is useful for decision analvsis when the preferences of others

are to be incorporated into the analysis. In the next chapter this theory is

applied to three different situations
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Chapter VI Footnotes

See Raiffa and Schlaiffer[30] or Pratt, Raiffa and Schlaifer[27] for a

detailed discussion of statistical decision theory.

See Pratt, Raiffa and Schlaifer[27], ch. 23B, for a general
of biased measurements.

dlscussion

See Schlaiffer[31], pp. 396-98.
with replacement.

for a discussion of random sampling
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Chapter VII

APPLICATIONS

The results of the last three chapters are applied to three different

situations in this chapter. In application A it is shown how the moderator

of a discussion group could used decision analytic methods to determine and

summarize the preferences of the group members. In particular, itis shown

how these methods could be used to determine the preferences of community

groups for different proposed government courses of action.

Application B shows how the preferences of the users of a computer

‘ime -share system might be determined for various system characteristics

Methods are given for combining the preferences of all the users into one

measure of overall user preference for different system characteristics.

This could be used by the time-share system manager as a guide to desirable

mprovements in the system.

Application C considers how the preferences for different types of

housing of persons being displaced by highway construction could be assessed

[n particular. their preferences for characteristics of possible sites for new

replacement housing are studied. It is shown how these preferences might be

determined and then analvzed to select a site that best meets the desires of

the people being relocated.

The three applications presented here were undertaken because they

illustrate well the strengths and weaknesses of the methodology developed in

this thesis. In addition, the problems studied are currently of interest to

analysts and researchers working in the fields



Application A

Citizen Participation in Community Decision Making

Ba ckground
1 2

Sheridan and Lemelshtrich have studied methods for conducting

meetings using electronic feedback mechanisms. Using their approach, eack

participant in the meeting has a small electronic box with switches or dials

on it which mav be used to signal his views to the person conducting the

meeting. This discussion moderator can use the rapid feedback from the

group to guide his conduct of the meeting and to quickly carry out votes or

questions before the group.

Lemelshtrich suggests that this approach would be particularly valuable

n helping to provide citizen participation in community decision making. He

visualizes a procedure where a group would be selected from the community

in a manner similar to the way juries are selected at present. This group

would discuss various courses of action open to the community. During the

discussion information would be presented by experts about the consequences

of the different courses of action. Then the group would evaluate the proposals

and report their evaluation to the community government and the general

citizenrv.

Lemelshtrich believes that the citizen group would provide valuable

inputs to the government. He also suggests that this approach would help

restore a sense of participation in community affairs to the general citizenry
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According to Lemelshtrich, the electronic feedback devices would be

useful in this community participation process because they would allow

rapid transfer of information during the discussion and also because they

would provide anonymity to the group members so they would answer questions

more honestly.

One important special case of citizen participation involves deciding

which of a number of proposed projects are to be funded by the government

Lemelshtrich discusses in detail how the citizen group might consider the

different projects and make recommendations about which ones to fund. His

procedure for determining the preferences of the group seems reasonable

but is not based on any basic principles for combining the views of individuals

to obtain a group preference measure.

[n the next section a method for doing this using the theory developed

in the last three chapters is presented.

[a Decision Analytic Approach

Formally, the problem of in*~re t here may be stated as follows:

Suppose there are n individuals evaluating the m projects PisPysesesP

Suppose the costs of these projects are ClrrChrenns &lt; respectively, and the

total amount of money available to be spent on PsP “oe PL is T. Then it

's desired to find the combination of projects most preferred bv the group

subject to the constraint that the total amount spent on the projects is less

chan or equal to T
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A simple example may clarify this. Suppose there are three projects

under consideration. The first, Po is an experimental educational program

costing $500, 000; the second P,» is a program to improve community roads

costing $500,000; and the third, Pao is an increase in the size of the police

force costing $200,000. Suppose the total money available for these projects

is $1 million. Then, using the notation of the last paragraph, c, = $400,00,

r~

rr wy $500,000, Cy # $200,000 and T = $1 million.

[n decision analytic terms the problem may be stated as follows: Let

of J(u, us ...,u ) be the utility function representing the preferences ofn

the group as a function of the utilities of the group members. If ais8,y, eee

are the various feasible combinations of projects, then it is desired to find

the a, such that Ufa,) = Ulu, (a,),u,(a), Es ou (a )] is maximized. (In the

example discussed above the feasible combinations are: a, =p, only,

3 0 only, a, = P, only, a, =p, and p_, a. =p, and P,» 2, =P, and p,

and a , = no project. The problem is to find the a, with the highest utility to

the group.

[f the u,'s are order-one mutually utility independent and order-two

mutually preferentially independent with conditional utility functions linear in

the 1's. then. as shown in section 4.3.2. either

)

n

SK mM (Rk +1)-1
1 bt?

(7.2.1)

3



 nm (7.2.2)

where Kk, ky &gt; i a Jk are constants

The process of selecting group members from the community, as

Lemelshtrich conceives it, would involve individuals selected to represent

the community as a whole rather than special groups. Therefore, itis

reasonable that U should be symmetric with respect to the u.'s--that is.

everyone's preferences should be weighted equally. (See section 4.2 for

further discussion of symmetry.) In this case either

J

J

1 n

=K [Im (Kku,+1)-1.
Cy|

(7.2.3)

(7.2.4)

where K and k are constants

As noted in section 4.5.1, k is arbitrary, however, K must be assessed.

The value of K is subjective and may differ from decision maker to decision

maker. A number of different individuals and groups mav be interested in the

preferences of the citizen group (e.g., various members of the community

covernment and different citizen interest groups). Thus. it would be useful to

display the group utilities Ua, ) for the various alternatives for several different

values of K. Each person interested in the group's preferences could then use

the K which he feels is appropriate for his purposes.



2.1 Assessment of the u's

[n order to use equation (7.2.3) or (7.2.4) it is necessary to assess

the utilities u. (a,), i=1,2,...,n, k=1,2,...,r. The members of a citizen

group will often be analytically unsophisticated and unfamiliar with probabilistic

reasoning. Thus it is difficult for them to consider the probabilistic tradeoffs

that are essential to any utility assessment.

The approach taken here is to highly structure the utility assessment

problem so that only a few questions need to be asked to specify the utilities

This involves making several assumptions about the preferences of the

individuals. It will be shown, however, that these are reasonable in many

cases.

[n what follows each individual's utility function for money will be

assessed. Then he will assign a monetary value to each project. (This mav

differ from its cost.) These pieces of data will then be combined to obtain

the individual's utility for each feasible combination of alternatives.

FFach person is assumed to be constantly risk averse toward money so

that

1.(x) = A - (sgn rr.) Be ©” ((.2.5

where A, B and r. are constants, sgn r, is the algebraic sign of r., and x is

the quantity of money. (Constant risk aversion was studied in section 5.1.2.

Notice that u.(x) is individual i's utility function for money spent by the

community government rather than by himself. This is because the group is



considering proposed projects to be undertaken by the community govern

ment.)

The constant risk aversion assumption is made partly out of conve

nience. As noted in section 5.1.3, exponential utility functions provide close

approximations to many utility functions actually observed in real-world

assessments,

n addition, constant risk aversion would be reasonable in many cases

that citizen groups would consider. The quantities of money that they would

be considering (for example, the $1 million in the example of the last section)

may be relatively small compared to the total amount of money being spent

by the community. Thus it would be reasonable to assume constant risk

aversion over the range of x being considered since it is only a moderate

perturbation in the total amount spent by the government.

[n addition to assuming a exponential utility over money, it is reason-

able to assume that the amounts 0 and T have the same utility for each in-

dividual in the group. These two amounts represent the two extreme possi

bilities- -either none of the money is spent or all of the monev is spent. If

atility 0 is assigned to x = 0 and utility 1 is assigned to x = T then

XX}

| -

= (7.2.6)

for i= 1.2.....n.

One lottery must be considered by each individual to assess r,. For

example, each person might assess his certainty equivalent for a lottery with
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a2 50-50 chance of yielding either 0 or T. The responses, made through the

electronic feedback devices, could then be displayed to the group and a

discussion carried on to make sure that each person really understood the

consequences of his answer. Following this, any changes that were desired

would be made and then r., i=1,2,...,n would be calculated for each person,

7 2.2 Assessment of Cash Values for a's

After assessing each person's utility for money, his monetary value

V.(p.), i=1,2,...,n,j=1,2,...,m, for each project would be determined.

The group members would have difficulty determining their Vilp,)'s. However

presumably the group would have received data about the costs of other

projects that have been carried out in the past. The members could compare

the proposed projects to these and decide on the relative values of them.

This would help them assess the V.(p,)'s.

As each V.(p.) is assessed its values might be displayed to the grour

using the electronic feedback device. This display could be used as a basis

for discussion that might help the members clarify their value judgments.

The assessment is continued making the assumption that the monetars

value of any combination of projects is the sum of the values of each project

in the combination. This assumes that the projects do not re-enforce or

cancel each others' effects. For example, this would be reasonable for an

experimental educational program and a program to improve community

roads. These programs will nether help nor hinder each other so it is reason-

able to assume the monetary value of the two programs in the sum of their

individual monetarv values



On the other hand, if programs to improve the local narcotics squad

and to institute a drug rehabilitation program were being considered, it

might be reasonable to assume that the two programs together have a higher

monetary value than the sum of their values alone.

Before proceeding, some useful notation is established. Suppose

combination a. consists of the programs Py. » Py reeesP If it is assumed
! 2 n

1,

that the value of a combination of projects is the sum of their individual

values, then

/ AC (7.2.7)

] n } i .th

for i= «,24,....n, where Vila) is the monetary equivalent of a, for the i—

individual.

However, there 1s a cost

~~
A N (7.2.8)

associated with the combination a, Also there is some unspent mone \/

M(a, ) = T - Cla)

that will be left over if a is selected. Thus the monetary equivalent m. (a )

th, .
 ....n. for the i— individual of the action '"spend the money necessary

(7.2.9;

and institute programs p ,,



mn. (a,  Vie
1 Cla,) + Ma,

Tr 4
1 ZW (7.2.10)

th . .

Hence the utility of a. to the i— individual is

1 (a,) =
FN SrA
, JT

(7.2.11

where m.(a, ) is given by (7.2.10). Thus, in view of equations (7.72.3) and

7.2.4), the utility of a, to the group is either

x.
v:

Je

n

K J mT (Kku, +1)-1
tw

a(a,

7.2.12)

(7.2.13)

where u.(a,) is given bv (7.2.1,

{.2.3 Concluding Remarks

[n theory the procedure above obtains the preferences of the group for

the various feasible combinations of projects. However, in practice there is

3 substantial amount of numerical computation to be carried out. If the

citizen group consists of more than a few people it will be infeasible to do

this bv hand. One wav it might be done would be to have the electronic feed-

back devices that each person holds attached directly to a computer. (This



might be a dedicated mini-computer or a time-share access to a larger

computer.) The computer could then carry out any calculations needed and

display the results.

Perhaps more important than this question of technical feasibility is

the issue of whether decision analysis is an appropriate type of analysis for

this problem. It was necessary to make a number of strong assumptions tc

carry out the analysis. These seem to limit the usefulness of the approach

greatly. However, any form of analysis will make assumptions so that the

analysis is tractable. The decision analytic approach has the advantage of

making these explicit while some other types of analysis do not show their

assumptions explicitly.

Lemelshtrich observes that one important purpose of the citizen groups

s to provide a feeling of citizen participation in community government. He

3
feels” this will not happen if the preferences of the group members are

assessed in a sophisticated manner which they cannot understand. The deci-

sion analvtic approach is probably such an approach.

This is a valid objection. Unless much time is spent explaining the

approach (a formidable task if the group is mathematically unsophisticated).

it will be a ''black box'' that obtains the group preferences in a manner that the

group cannot understand. Thus the group members will not have a feeling of

participation in the process.

However, if the main objective is to obtain good preference information

rather than to provide a feeling of group participation. the approach outlined

nere seems to be useful



Application B

Preferences of Time-share Computer Users

Background

Grochow has studied the preferences of time-share computer users

4
for various levels of service of the time-share system. He identified a

number of goals associated with the level of service being provided by the

system, and also identified measures of the extent to which each goal is met.

In particular, he concentrated on three goals for system performance:

high availability of system, short response time to trivial requests, and

short response time to compute-bound requests. He selected as measures of

the degree to which these goals are met the following:

A = probability of successful login when the svstem is up,

R= real time to respond to "edit! requests

and

- real time to respond ito '""compile' requests

Grochow measured several time-share computer user's utility functions

over A, R and R_- Although he was able to make a number of utility inde-

pendence assumptions about these attributes, he found that it still took about

ten hours to assess a utility function for one individual. This is too time con-

suming for time-share svstem managers to assess the utilities of their users

in order to determine what tvpes of improvements would have the most value

to the svstem users.

[n the next section ways of approximately assessing the users' utility

functions will be considered. The amount of work needed to do this is



substantially less than that needed to assess the utility function exactly

[n the section following that one methods of combining the user

utilities to obtain an overall utility function for the group of users are

discussed.

7 Approximate Assessment of User Utilities

Grochow argued that R_ should be utility independent of A for any

given R, for most time-share users. In addition, he showed that R, should

be utility independent of A x R_ . He showed that if these utility independence

conditions hold than the utilities along the seven heavy lines shown in

figure 7.1la are sufficient to determine u(A, RR) for all AR, and R . That

is, seven conditional utility functions and the utilities of six points must be

assessed. This is a formidable task, particularly when the person whose

utility is being assessed is not familiar with decision analytic methods.

7.4.1 Parametri c¢c Denendence Conditions

Suppose that in addition to the utility independence conditions discussed

in the last section it is assumed that A is parametrically dependent on R and

R, along the four heavy vertical lines in figure 7.1la, that R is parametrically
C

dependent on A and R, along the two top lines, and that R, is parametrically

dependent on A and R along the bottom line. Then it is easy to show bv the

methods used in chapter V that the utilities of any 13 of the 15 points shown ir

figure 7.1b are sufficient to completely specify u(A,R _,R ) if the conditional

parametric forms ", (A] 0),u,(R,]| 8) and u (R 0) are known,



Figure 7.la. Utilities Needed to Specify u(A,R_,R
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Figure 7.1b. Utilities Needed to Specify u(A,R,2?} with Parametric Dependenc fal
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Using the fact noted in section 5.1.3 that many empirically assessed

atility functions can be adequately approximated by exponentials, it is reason

able to assume

u, (A]6) =A -0D

OR|R|0)=A,+B~

(7.4.1)

(7.4.2)

and

OR1 (R |6)=A +B e ¢
= C

( [. 4 3)

where A ALALLB, B and B, are constants

The difference between the form of (7.4.1) and that of the other two

utility functions is due to the fact that greater values of A are more desirable

vhile greater values of R, and R_ are less desirable.

7.4.2 Assessment of Utilities

The approach taken to asses~ing the utilities of the points shown in

figure 7.1b is to consider lotteries that are very similar to each other when.

ever possible. In this way, explicit consideration can easily be given to how

the probabilistic tradeoffs change when only a few changes are made in a

lotterv.

First, find the Py: such that the decision maker is indifferent between

recelving (a2) .R () .R (3), Ji. 1,3 for certain and receiving a lottery with

3 . .

probability Py: of obtaining (al ) ri rU) and probability 1 - |ad
li)

ot
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receiving (al Lr RY). There are four such P,..'s. Notice, however,
J

that the lotteries that must be considered are very similar. In all of them

the only uncertainty is in A and this has the same form. Thus the decision

maker can explicitly consider how his attitude toward this uncertainty depends

on the fixed amounts of R, and R_

When the Pi’ have been assessed, the utilities of the four center

edge points on the sides of the cube in figure 7.1b will have been determined

in terms of the eight corner utilities. In the same way, the utilities of the

two top center edge utilities and the bottom center edge utility can be deter

mined in terms of these corner utilities.

[n the case of the top center edge points it is once again helpful that the

lotteries that must be considered involve the same uncertainty in R with only
C

a different amount of R,. Thus the decision maker can conveniently consider

now this change in R, affects his preference for the uncertainty in R_.

[n order to complete the utility assessment the utilities of the eight

corner points of the cube must be assessed. A procedure for doing this has

been given bv Raiffa.’

{7.4.3 Practical Difficulties

Although there are no theoretical difficulties with the approach outlined

in the last two sections, there is a lot of messv arithmetic that must be carried

out. The utility assessments outlined in the last section must be used to

determine the values of A, ALLALLB Band B, in equations (7.4.1) -
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(7.4.3) for the seven different conditional utility functions. Probably it would

be necessary to use some type of computer analysis to do this.

7.5 Obtaining a Utility Function for the Users as a Group

[n most cases the time-share system manager is not interested in the

preferences of any one individual. He wishes to obtain a utility function

representing the preferences of the group of users as a whole. This can then

be used to determine the users' preferences toward various proposed changes

in the system's operation.

If the preferences u., i Z2....,n of the system users are order-one

mutually utility independent and order-two mutually preferentially independent

with conditional utility functions linear in the u.'s, then, as shown in section

4.3.2, either

]

0

KI II (Kku, +1)-1]
1=1 1 1

&lt;u

(7.5.1,

(7.5.2)

where k, ,K,....,k and K are constants
“

The following argument shows that often it would be reasonable for a

time -share svstem manager to assume that the additive form (7.5.2) holds

Consider the lotteries



1

ww, 05u3);1/2; (0,0, ur)
and

hb) \ (u,usu);1/25(0,05ur)
1] 1]

[t was shown in chapter IV that the additive form (7.5.2) holds only if the

decision maker is indifferent between L, and L,. It was argued there that

often a decision maker would not be indifferent between L, and L, because

in I, there is always a discrepancy between the utilities received by the two

individuals while in L, they always receive equal utilities. If the decision

maker is concerned about the ""balance' of preferences in a group then he

would not be indifferent between L, and L,.

However, a time-share system manager might not be concerned with

this balance. Usually time-share system users are physically separated from

each other so they will not interact with each other and detect the lack of

balance. Thus the time-share svstem will not lose anv users due to this.

Hence it is not of concern to the manager and (7.5.2) holds.

{.5.1 Consistent Scaling of the u's

Grochow noted that there is a level of service below which the system

becomes essentially worthless to a user and also a level above which any

increase in service has no added value because factors not related to the com-

puter system limit use of the system. These levels of service differ for different

individuals. As a practical approximation it is reasonable to assume that they

have the same value to each user. Hence utility 0 could be assigned to the

(A.R .R ) below which the svstem is worthless to a particular user and utilitv
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could be assigned to the (A,R ,R ) above which improvements are not useful

7.5.2 Assessment of k.'s

Deciding on the values of the k,'s is difficult. Presumably the views

of those people who use the system more should be counted more heavily than

those who use it less. One way to do this would be to make k, proportional to

: th,
the amount of time the i— individual uses the system, or, perhaps, the

amount of money he spends on it.

A slightly more complicated procedure would be to make k u, propor
1]

tional to the time used or money spent, where u, is the utility of the present
1

th, : ;

operating state to the i— individual. This procedure recognizes that the

utilization of the system by an individual may increase if the level of service

increases. Thus, if a person is currently receiving a low level of service,

his views should be weighted more (i.e., have a larger value of k,) since an

improvement in the perceived level of service could lead to an increase in his

ase of the system.

The two procedures above for evaluating the k.'s are ad hoc and oper

0 criticism. However, since time-share users are a fairly homogeneous

croup it mav be that their utility functions are relatively similar. In that case

the details of the weighting procedure would not affect the final utility function

for the group verv much.



3 J Concluding Remarks

L ”~

The approach outlined in this application seems fairly practical

I'ime-share users usually are sympathetic toward quantitative approaches

to problems. Probably fairly good utility assessments could be obtained

from them.

A more important question is whether the detailed preference informa.

‘ion that would be obtained using this approach is needed. Usually time-share

managers use the system themselves and have a fairly good idea of what its

strong points and weak points are without assessing the utilities of the users.

Application C

Assessing the Residential Prefer-- -~s of Highway Relocatees

Background

The extensive highway construction in the U.S. during the last twenty

years has led to the displacement of many people to make way for new highways

[In many cases the people that must relocate are elderly or from minority groups

and have limited financial means. These people often have difficulty finding

housing comparable to that which they are forced to leave.

To alleviate this problem the Uniform Relocation Assistance and Land

Acquisition Policies Act of 1970 was passed by Congress. This provides that

highwav departments can construct or rehabilitate replacement housing for

highway relocatees if no housing comparable to what they are leaving is available

Highwav departments must now decide whether they should construct new



nousing, and if so, where it should be located and how it should be designed.

ln order to make this decision the highway departments need informa-

tion about the housing preferences of relocatees. Abt Associates, Inc. has

designed a questionnaire to obtain preference information from highway

6 . ; :

relocatees. In addition, it has developed a methodology to evaluate potential

relocation plans in light of the preferences of the relocatees.

One portion of this methodology involves determining the preferences

of the relocatees for different possible relocation sites and then deciding

which ones are most preferred by the group of relocatees. Although the

method used by the Abt Associates analysts is quite complete, little or no

theoretical justification is given for most of the steps in it.

[n the next section an approach to solving this problem is given based

on the theorv developed in this thesis. Because of the complexity of the

problem it will be necessary to make assumptions as the analysis proceeds

in order to make it analvtically tractable. However, the decision analytic

approach makes these assumptions explicit. The Abt Associates method does

not make clear what assumptions are made in the analvsis.

Thus the decision analytic approach provides a framework which may

pe used to discuss the reasonableness of various assumptions that are made.

7 y; Decision Analytic Approach to» Assessino Site Desirabilities

In the Abt Associates methodology information about the preferences of

the relocatees is gathered by a "Housing Preference Questionnaire." (A copy

of this is included in Appendix 7.1.) Information about the relocatees



preterences for different site characteristics is gathered in questions 15a,b

and 33b,c. Question 15 deals with preferences for convenience of various

facilities, such as food stores and churches. Question 33 deals with

preferences for different neighborhood characteristics, such as quietness

and friendly neighbors.

Since the concern here is with selection of sites for construction of

housing projects, only the responses to question 15 need to be considered.

(The characteristics discussed in question 33 are relevant when discussing

the detailed structure of the housing construction rather than the site location.

The analysis in this section will use the data provided by the ques-

tionnaire in its current form. In section 7.8 a discussion will be given of

vavs the questionnaire might be modified to obtain better information about

the preferences of the relocatees.

[7.7 Assessing Individual Utilities

Suppose the distance to each facility is signified by the following:

4 = distance to food store,

'" other shopping,

'"" hospital/clinic,

'" church,

' public transport.

'' elementary school

 1" park or plavground

! dav-care center

il club/other social organization,



X10 = distance to local bar or restaurant, and

X17 = b '"" other entertainment.

tn . oo. Cede }

Then the utility function of the i— individual for closeness to facilities is

given by

1.4 ww yo JTL

(f the x.'s are assumed to be pair-wise preferentially independent and one of

them is utility independent of the others then, as shown in section 4.0.1,

either
11

tI [K.k,.u, (x,)+1].
Co 1 1) 1] 3

¥

(7.7.21

I 7.3

where Kyi =1,2,...,11 and K, are constants. It will be assumed for analytic

tractability that (7.7.3) holds.

The units of the x.'s must be specified. Since question 15 only asks

for preferences concerning ''nearness'' to facilities {which is a subjective

quantity) each = will be scaled from 0 to 1 where "x. = 0'" means the facility]

is next door and x, = 1" means the facility is far away. This is a subjective

scale and the analyst may find it difficult to decide what the values of the 2

are for a particular site. This problem will be discussed further below. Also

in section 7.8 a simple change in the questionnaire that would make the idea of

"nearness! more clear will be considered.
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[f it is assumed for simplicity that the conditional utility function over

cach x, is linear in x., then (7.7.3) reduces to
3 3

LE
CA 1 (7.7.4

Recall that greater values of x, are less preferred than smaller values

This is why u(x.) = 1 -x. rather than u, (x.) = x
1) ) LT 1

The values of k.., i=1,2,...,n, i=1.2,...,11 must now be deter
J

mined. This can be done from the answers to questions 15a and b. There

are six different levels of importance that a respondent may assign to being

near to each type of facility:

iL = not so important,

2 - important,

3 = very important,

1 = third most important,

5 = second most important, and
5 = most important.

 : th
It will be assumed that the value of k, will be the i— individual's assess-

1]
A . t.

ment of importance as shown in the last paragraph. Thus if the 12% individual

says it is "most important! for him to be near a food store and "important" to

pe near other shopping then ko = 6 and ko, = 2.

[his procedure has a number of deficiencies. In section 7.8 a simple

change in the questionnaire that would improve it is considered.
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7.7.2 Assessing the Group Preferences

In order to judge the desirability of a particular proposed site for new

housing it is necessary to find the utility of the entire group of people that

would live at the site. If the preferences u,, i=1,2,...,n of the various

relocatees are order-one mutually utility independent and order-two mutually

preferentially independent with conditional utility functions linear in the u.'s,
3

then, as shown in section 4.3.2, either

} re

n

. x1 II (Kk,u, +1)-1]
2:1 11

g 7 7.5)

(7.6

where k_,k ,... yk and K are constants. The value of K should be assessed

by the person responsible for deciding on the location of the housing site. (He

could use the methods developed in section 4.5.1.) Since the decision maker

would probably wish to treat the preferences of the individuals symmetrically

then (7.7.5) and (7.7.6) reduce to

J

n

KL - (Kku. + 1)-.
 |

(7.7.7)

and

x (7.7.8

where K and k are constants.



This concludes the assessment of the group utility function for various

values of x Vv Xs ee Xo . To use the assessed utility function to determine the

relocatee group's relative utilities for different proposed relocation sites the

values of LS SPREE Xo for each site would be determined. These would be

used to determine the utilities for the individuals using equation (7.7.4), and

these in turn would be used to calculate the group utility from equation (7.7.7

or (7.7.8).

As noted above, the assessment of the X.'s 1s subjective. Therefore

it does not make sense to use a very fine scale to specify the values of the

x.'s for each proposed relocation site. For example, a three step scale might

be used: x. = 0 (facility very close), x. = 1/2 (facility at a moderate distance).

and x, = 1 (facility far away).

7.8 Proposed Questionnaire Changes

Because of the lack of auestions dealing with probabilistic tradeoffs on

the Housing Preference Questionnaire it was necessary to make extensive

assumptions about the form of the individual utility functions. Probabilistic

tradeoff questions might be asked, however, these are often hard for inter-

viewees to answer. If the interviewer is not skilled in asking such questions

the answers obtained will often not be meaningful. The Housing Preference

Questionnaire is designed to be administered by housing relocation specialists

These people will usually not be familiar with probabilistic tradeoff questions.

Therefore, it does not seem useful to include such questions.



rdowever, the utility assessment might be improved by the inclusion

of two simple changes in the questionnaire. First, the subjectivity of the

assessment of the x.'s could be decreased by including a question asking "how
I

far would a facility have to be from yvour home before it became quite

inconvenient."

.th " . . ile “ . -

Suppose the i— individual responded Hx miles." Then it would be

reasonable to assume

(7.8.1,

otherwise

The different values of x* for different individuals would account for items like

possession of an automobile or different abilities to walk due to different

states of health.

[f (7.8.1) is used then the analyst no longer needs to assess a subjec

tive measure of how far each facility is from the proposed relocation sites

that are being evaluated. He can measure their actual distances and substitute

this into (7.8.1).

Another feature of the assessment that could be improved by a simple

change in the questionnaire is the assessment of the scaling constants in

equation (7.7.4). The procedure given in the last section guarantees that for

every individual there will be a k.. = 6 and also k..'s equal to 5 and 4. This

does not seem reasonable since different individuals will often have different



preferences for tacilities being convenient to their home. For example, a

retired person without a car might have a strong preference for convenient

facilities. On the other hand, a working person who drives into the husiness

district every day might not be very concerned with convenience of facilities

since he would have access to many of them in the business district.

Fo gain some measure of this difference questions 15a and b might be

combined into one question which asks the individual to rate the importance

of having each facility convenient on a 1 to 6 scale where 1 means "unimportant!

and 6 means "extremely important."

Using this procedure, those to whom facility location was important

would rate importance of convenient facilities high for all facilities. Those

to whom facility location was unimportant would rate it low for all facilities

The rating numbers would still be used as the k..'s just as in section
11

 dl Now, however. these might be a more accurate indication of individual

preferences than they were before.

7 9 Concluding Remarks

A large number of assumptions had to be made to apply the methods

developed in this thesis to the relocation analysis. However, at least as many

assumptions must be made to use other forms of analysis. The decision

analvtic approach has the advantage that it makes the assumptions explicit so

that the weaknesses of the studv are pointed out. As shown in the last section

this can sometimes help to uncover simple changes that will make the analysis

more accurate.



The comments above seem to apply to all three of the applications in

this chapter. The methods developed in this thesis provide a framework for

incorporating the preferences of others into an analysis. A number of assump

tions must be made to apply this framework to any particular situation. How.

ever, these are no more extensive than with other forms of analysis and this

approach has the advantage of making them explicit.
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Appendix 4.

Housing Preference Questionnaire



HOUSING PREFERENCE QUESTIONNAIRE

) :

LAST NAME FIRST NAME
il

|.D. NUMBER

NUMBER

ITV

L1F

ST HP =r

TELEPHONF

APT.NO

iP

ADDRESS CODE 11-15

APPOINTMENT DATE AND TIME

INTERVIEWER

LENGTH OF INTERVIEW —

INTERVIEW REFUSED BECAUSE



MITLibraries
77 Massachusetts Avenue
Cambridge, MA 02139
http://libraries.mit.edu/ask

DISCLAIMER NOTICE

Due to the condition of the original material, there are unavoidable
flaws in this reproduction. We have made every effort possible to
provide you with the best copy available.

Thank vou.

Some pages in the original document contain text
that runs off the edge of the page.

See Wous ng Proto rence Clues Rervar
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First, I'd like to know the name of everyone who lives in

this (apartment / house). Would you tell me their first names
please, beginning with the head of the household? RECORD
BELOW, THEN ASK: Does anyone else live here? RECORD
BELOW, THEN ASK: Have we missed anyone — new babies,

a roomer, or someone who ordinarily lives here but is away

now? RECORD BELOW

18-19 01

30-31 02

42-43 03

54-55 04

66-67 05

78-79-06

21-22 07

33-34 08

45-46 09

57-58 10

69-70 11

11-12 12

23-24 13

35-36 "
47-48 15

Ib That makes (number) people in all. Is that correct? RECORD
TOTAL NUMBER BELOW.

O— 1 7

tc, d.e,f ASK FOR EACH PERSON, UNLESS OBVIOUS: w,
(name’s) relation to the head of household, marital
and how old was (he / she / were you) on (his / h
your) last birthday? ALSO CODE SEX.

RELATION

d
MARITAL
STATUS

AGE

20-21

32-33

22 23-24 Fr

135-36

147-48

58 59-60 61

171-72

mt
56-57

68—69

11-12

23-24

46

70

13 14-15 lie
25 26-27 le

'' 3536 38-39 lac

4748 1C 50-51

62-63 "
 _—74-75

-r
\

| 59-60

71-72

61

7 -
|

76

13-14  EF 16-17

28-29 0

40-41 4°

25-26 27

37-38

A0-50

39

51 .F7_R/R nd

01 head
02 spouse
03 son/daughter
04 son-in-law/daughter-in-law
05 brother/sister
D6 brother-in-law/sister-in-law
07 other adult (unrelated)
08 other child

D9 mother/father
10 mother-in-law/father-in-law

1 single
2 married

3 separated
4 divorced

5 widowed



ASK FOR EACH PERSON: During the last 6 months, (was
name | were you) mainly working full-time, working part
time, going to school, keeping house, or what? FOR EACH
PERSON IN SCHOOL, ASK: Is that a public (1), private (2).
vocational (3), or parochial (4) school, or a special school
for exceptional or handicapped children (5) ?

9
EMPLOYMENT

1

SCHOOL TYPE

8

10

Hh2

54

76

19

"1

13

10)

57

70

21

33

45

537

“0ing to school
working and going to school
working full time (35 hrs or more)

working irregularly
working part-time, regularly
ivith a job, but not at work because of tem-

worary illness, vacation, strike, layoff, etc.
unemployed, but looking for work
retired and not working part-time
seeping house
“nemployed and not looking (and not any._of
bove)
sther SPECIFY ABOVE.

1 public school
2 private school
3 vocational/technical

school

4 parochial school
B special school



1i Does anyone living here have a physical
disability which limits where he can live?
READ ALTERNATIVES IF RESPONSE
IS UNCLEAR.

DISABILITY

1j Is anyone i
household :

eran?

CODE NAM

VETEF

29

41

53

65

77

20

32

44

56

68

86

22

34

16

58

5 Yes, must stay in the house all or most of the

time

4 Yes, needs the help of another person in getting
around
Yes, needs the help of a special aid (wheelchair,

braces, etc.)
Yes, has trouble climbing stairs or carrying out
other strenuous activities. but does not need a

special aid
i Yes, has trouble seeing or hearing, but does not

need a special aid

0 No disability

2 yes
1 no



{ONLY IF HOUSEHOLD CONTAINS MORE THAN ONE
31ED COUPLE OR MORE THAN ONE ADULT WITH
JREN: Are there any adults living here who would probab-
t go on living with the rest of the household if you move?
‘S: Would you tell me their names, please? CODE NAMES.

 RK

STAY/NOT STAY

"Taw



1 IF MORE THAN 1 PERSON
IS EMPLOYED, ASK: 1s
(name) or (name) or . . . the

major wage earner? (CODE
MAJOR WAGE EARNER 1).

MAJOR WAGE EARNER

im CODE THE NAME (
RESPONDENT(S) AS

m

RESPONDENT



CODE FAMILY TYPE [REFER TO QUESTION
Ic

Married couple under 45 without children,
or any adult(s) with children at least one

of whom is under 10 years of age.

Any adult(s) with children, youngest 10
years of age or over.

Any adult(s) 45 or over without children

or without children living at home.

Any unmarried adult(s) under 45 without
children.

ASK ONLY IF MOTHER WORKS:

(Do you / does name) hire anyone to take
care of any of the children while (you are

/ she is) working?
yes
no. IF NO, ASK:

Who takes care of the children while (you are /

she is) working?
day care center, Head Start
someone in the household

someone from the neighborhood
someone from outside the neighborhood

other, SPECIFY:

F SOMEONE IS EMPLOYED, ASK: What kind
&gt;f work does (name of wage earner) do now?

Dccupation

a7- 64

Bb

0

What is the name and address of (name of major

wage earner’s / your) place of work?

name

number street

city +0E 3I 7ip

How (does name of major wage earner / do you

usually go to work?
1 walk

2 own car

) borrowed car

taxi

public transportation
other SPECIFY:5

How long, on the average, does it take (name of
major wage earner / you) to get to work?

WRITE AVERAGE NUMBER OF MINUTES.

Does anyone in this household own or have the’

use of an automobile or other motorized vehicle?

own one automobile

own more than one automobile

own other motorized vehicle(s)

own one or more automobiles and other

motorized vehicle
have the use of another's automobile or

motorized vehicle

FR— 7

17

ndustry

F SOMEONE IS UNEMPLOYED AND LOOK:
NG FOR WORK, ASK: 1s (name) skilled at

any job?

Job or Skill _

_—_—m—m-m— mmh—-  -
{ QUESTIONS 5-8 ONLY IF THERE IS A

OR WAGE EARNER

(Does name of major wage earner / Do you)
axpect to stay on this job for another year or
more?

2 ves
1 no SKIP TO QUESTION 9

3

i0 Does anyone in this household receive income
from any of these sources? HAND RESPONDENT
INCOME SOURCE CARD
01 rents

02 employer's pension
03 veteran's pension
04 old age assistance

05 Social Security Disability Insurance
06 State Old Age Assistance
07 State Aid to the Blind or Disabled

08 State Aid to Families with Dependent
Children

alimony
child support
assistance from friends or relatives

other

SPECIFY:
refuse to answer

16 /



Which of the groups on this card (HAND RE-

SPONDENT INCOME CARD) includes the total
income of your household before taxes last
month from all sources? (Household means all

the wage earners in this dwelling unit.)

01 Under $50 including loss
02 $ 50 - 99

03 $ 100 — 199

04 $ 200 — 299

05 $ 300 — 399

06 $ 400 — 199

07 $ 500 — 599

08 $ 600 — 599

09 $700 — 799

10 $800 — 899

(1 $900 — 999

12 $1000 — 1099

13 $1100 —- 1199

14 $1200 — 1299

15 $1300 and ovei

15 People who live in the city are often concerned about the con-
venience of certain facilities in their neighborhood. Now I'd like
to ask you a few questions about the places that are important
to people living in this (house / apartment).

7 1&amp;8 | 12 Is (your / your family’s) economic situation
better, about the same, or not as good as it

was three years ago?
3 better

2 about the same

1 not as good

~~

1 w Three years from now do you expect (your

/ your family’s economic situation to be bet:
ter, about the same, or not as good as it is

now?
3 better
2 about the same

1 not as qood

A How many years of education (has the major
wage earner / have you) had? ADD ALL
YEARS AND FRACTIONS OF YEARS AND
WRITE NEAREST WHOLE YEAR.

Is it very important (3), im-
portant (2), or not so im-
portant (1) for the people
in this (house / apartment)
to be very close to the
following (READ LIST AT
LEFT).

b If you could choose o
three to be near, whict
would be the most img
ant? (6), the second m
important? (5), the th:
(4).

food store

other shopping
3

0

/

21

hospital/clinic
7

church SPECIFY

public transport

elementary school

park orplayground
 day-carecenter
~club/othersocialorganizationSPECIFY
“localbarorrestaurant

 other entertainmentSPECIFY
anvwhereelseSBLEIEY

24

1

Q

Na

a7

an

"6

|

73

70

77

WF

17

49

RR

=

22



low I'd like to ask you a few questions about

our (house / apartment). How long have you
ved here? CODE NUMBER OF YEARS.

28--20

ASK ONLY HOUSEHOLDS OF MORE THAN
INE ADULT: Who would you say made the
inal decision to move here?

male head of household
female head of household
wife of head of household
joint decision
other :

 nN

ODE TYPE OF BUILDING.

1-family house
2—3 family house
low-rise apartment
high-rise apartment
rooming or boarding house

EACH ITEM WHICH IS
R "VERY IMPORT-
OR "IMPORTANT",
Are you presently dis-

ied with any of the fol-
J?

d What kind of transportation
do you usually use to go to
to the . . .?2 RECORD

TRANSPORTATION CODE
FOR EACH ITEM.

1 walk
2 own car

3 borrowedcar
4 taxi
5 public transport
b other
7 don’t go there

2 yes
1 no

fc
MM

23

0

17

"4

A

AR

HD

79

/9

7

19a ASK ONLY IF NOT OBVIOUS: Is this a 1-room

apartment?
2 yes
1 no

7

b How many bedrooms do you have?

How many bathrooms?

Do you have a separate living room?

Do you have a separate kitchen?

Do you have a separate dining area (not part
of kitchen)?

Do you have a family or recreation room?

How many closets do you have?

Do you have a porch?

How many other rooms do you have?

13

U4

36

36

37

38

3

40

41

About how many minutes
does it usually take to go
the . . .2 RECORD NUM

BER OF MINUTES FOR
EACH RELEVANT ITEM

is it inconvenient for you
now to go to the . . .

REPEAT LIST OF "VER
IMPORTANT" AND “IM.
PORTANT” ITEMS AND
CODE.

2 yes
1 no

17-18

124-25

131-32

38--39 B

145-46

52-53

59-60

pee73-74

11-12 _

18-19

25-26

19

26

23

40

47

34

ol

168

5

3

20

27



3 CODE CONDITION OF HOUSING.
Exterior structure

interior structure

Rats or vermin

Overcrowding
Housekeeping
Furnishings

3 good 2 fair 1 unfit
1

Do you own this (house / apartment) outright,
are you buying it, are you renting, or what?

1 own outright

2 buying
3 renting
4 other SPECIFY:

22a About how much did you pay for this proper-

ty, including the house? CIRCLE
YOUR ESTIMATE

AZ

1 under $7,500
© $7,500 — 9,999

$10,000 — $12,499

$12,500 — $14,999

$15,000 — $17,499

$17,500 — $19,999

$20,000 — $24,999

$25 000 — and over

Ny What are your monthly mortgage payments?

WRITE AMOUNT:

1h—47

2

i. Approximately how many years do you have | 48—49
left to pay on your mortgage? CODE YEARS.

23 ASK ONLY IF RENTING:

a What is the name of your landlord?

b What is your rent per month? WRITE AMOUNT:

Which of the following utilities do you have to
pay for in addition to vour rent? READ LIST

AND CODE:

| heat 4
2 gas
3 electricity

Hh)-52

H3.-”7

4 What is the average cost of these utilities per
month? WRITE AMOUNT

58-59

2 Do you receive any kind of public assistance
for paying your rent?

rent without public assistance
rent with public assistance
other assistance SPECIFY:

 MN

24 ASK EVERYONE: i you move, would you prefer
to own your own place, rent an apartment or a

room, or what?

own

rent apartment
rent room

other SPECIFY:

a

25a IF "OWN", ASK: Do you have any savings for a

down payment?

2 yes
1 no

b Do you have any major debts outstanding?

2 yes IF YES, ASK 25c.
1 no

Cc About how much per month? WRITE AMOUNT

26 Approximately how much (rent / home mortgage)
do you feel you can pav each month? CODE

AMOLUINT

01 Under $50
02 $50 — $74

03 $75 — $99

04 $100 — $124

05 $125 — $149

06 $150 — $174

07 $175 — $199

08 $200 — $224

09 $225 — $250

10 Over $250

27a |F RENTAL PREFERRED AND PUBLIC HOUS
ING HAS NOT BEEN MENTIONED ASK
If you were eligible for public housing and an
apartment were offered to vou. would you accept

it?
2
1

0

yes
no

don’t know, no answer

h IF NO ASK: WHY NOT?

Cc IF YES, ASK: Have you applied for any hous-

ing? IF YES, ASK: In what area?

In what area?

What type?

1 3



There are many things which may be important in choosing a new place
to live. | am going to read you a list of them and 1d like you to tell me

which are very important, which are important, and which are not so

mportant, for this household. I'll read through the whole list first, be-
fore you decide. READ ENTIRE LIST, THEN RETURN TO ITEM 1
AND REPEAT, RECORDING EACH RESPONSE.

entrance hall

well-equipped kitchen
ample closet space
anotherbedroom
light, sunny rooms

off-street parking
an extra bathroom

a separate entrance

individual heat control

laundry in the building
spacious yard (or grounds)
privacy from neighbors -

quietstreets
safety from traffic
protected play area
quick, safe exit
first-floor location

separate dining room
kitchen large enough to eat in

others SPECIFY:

1

Fu
79

=

|

7

i

1k

2 _

51
AY sere

80

3 very important

2 important

1 not so important

f you were going to look for a different place to

ive, how many bedrooms wuld you look for?

VRITE NUMBER.

RR 21

How many rooms would you want, altogether?

VRITE NUMBER.
64—6bH

'f you had to choose either a place with a large

iving room and small bedrooms, or a place with

1+ small living room and large bedrooms. which

~ould you prefer?

large living room ‘and small bedrooms
small living room and large bedrooms
other SPECIFY:

if 32

b If you could choose only
three, which would be the
most important? The second
most important? The third
most important? |F NECES
SARY, REPEAT THE LIST
OF “VERY IMPORTANT"
AND “IMPORTANT” ITEMS

¢ Are you presently dissatis-

satisfied with any of the
following: REPEAT LIS
OF “VERY IMPORTANT
AND "IMPORTANT"
ITEMS.

no

7

2

2
3
1
-N
Le
)

2

6

9

2
5

 FT
7
0

3
6

59
52

x3

Ny

y
2 en

2

6 most important

5 2nd most important

4 3rd most important

ves

! no

If you had to choose either a place with a large

living and dining area and a small kitchen, or a

small living and dining area and a kitchen large
enough to eat in, which would you prefer?

large living and dining areas and small
kitchen

small living and dining areas and large
kitchen
other SPECIFY: .

R7

Everyone spends his time at home differently.
Would you tell me how many times per week, on

the average, (you do / your family does) the
following? CODE NUMBER OF TIMES.

eat(s) dinner (together) at home? 68

spend(s) an evening reading or watching tele-
vision (together)? 69

visit(s) with friends or relatives in your home? 70



33a Now Id like to ask you a few questions about your neighborhood. First, how long have you lived in this neighborhood?
CODE NUMBER OF YEARS.

71-17

3 Now I'd like to read you a list of things which may be important con-

siderations for someone choosing a place to live. I'd like you to tell me

which are very important (3), which are important (2), and which are

not so important (1) for this household. I'll read through the list first,
and then you can decide. READ ENTIRE LIST, THEN RETURN TO
ITEM 1 AND REPEAT, RECORDING EACH RESPONSE.

¢ If you could choose only three, .
would be the most important? (6
second most important? (5), the
(4). IF NECESSARY, REPEAT T.
LIST OF “VERY IMPORTANT"
“IMPORTANT” ITEMS.

a quiet neighborhood
“A

friendly neighbors
5 i

a good neighborhood reputation
77 78

neighbors with ethnic backgrounds similar to yours
79 30

neighbors with education similar to vours
7)

good police protection
3 A

good fire protection
5  06

frequent garbage collection
7  2

lots of parks and green space
19

27

20

well-maintained streets

well-maintained houses and yards

¥)

23 "4

760
easy access to other places

25

7
good school district

8

street lights 29 ty

A In comparison with other neighborhoods in this
{city / town), would you say this is:

3 a very good place to live

5 If you were to move to a new neighborhood,

what would you think about the following as
places for you (and your family) to live? In
your opinion, is (a) a very good place to live(3).

a good place (2), or not such a good place? (1)
REPEAT FOR b AND FOLLOWING.

2 a good place to live, or

1 not such a good place to live?

CODE ANSWER.
a

H

d

WILLIMANSETT

CHICOPEE

CHICOPEE FALLS

FAIRVIEW

ALDENVILLE

37

33

24

gil

3F



jo you see any of your neighbors often (3), some-

imes (2), or never (1) for the following purposes:

‘0 loan or borrow household supplies

'o have a friendly chat

‘o talk about your problems

37

38
3C

f you were to move to a new place, would you

ike to have residents of your present neighborhood

iving nearby?
No

Yes, a few of them

Yes, many of them

Jo many of the residents of this neighborhood have
similar ethnic or religious background?

yes
no

ASK ONLY IF ANSWER TO QUESTION 38ISYES
Nhat are the major ethnic or religious groups living

in this neighborhood?

01 American Indian

02 Anglo-Saxon
03 Chinese

J4 Cuban

35 lrish

)6 Iltalian

37 Japanese
18 Jewish

79 Mexican-American

Negro
Polish

Puerto-Rican
West Indian

West European
Catholic

other SPECIFY

CODE MAJOR GROUPS AS 1

Can you tell me if there is any ethnic or religious

group to which you might want to remain close?

RECORD NUMBER OF GROUP OR NUMBER
“ROM BELOW.

does not wish to remain close to any par-

ticular group
refuse to answer

doesn’t know, no answer

~r8—KO

40 Do you have relatives living in your neighbor-
hood whom you visit very often? |F NO, SKIP
TO QUESTION 42.
1 no

2 yes, one family

3 yes, 2—3 families
4 ves, 4 or more families -

41 If you were to move to a new place, how im-

portant would it be to you to have these rela-
tives live nearby?

4 It is more important than other consider-
ations

It is important, but other considerations
are equally important
It is less important than other consider-
ations

| prefer not to live near my relatives

)

42 Do you have very good friends in your neigh
borhood whom you visit often? |F NO, SKIP
TO QUESTION 44.

no

yes, one good friend

yes, 2—3 good friends
yes, 4 or more good friends

43 If you were to move to a new place, how im-

portant would it be for you to have your close

friends live nearby?

It is more important than other consider-
ations

It is important, but other considerations
are equally important
It is less important, than other consider-
ations
1 prefer not to live near my friends

AA What is the name of your closest friend os

relative?

ap

37

ieBx



15 Are there any social groups, such as churches,

fraternal orders or civic orgenizations in which

many people in this neighborhood participate?
IF YES. ASK: Could you name them for me,

please? LIST BELOW, AND CODE TOTAL
NUMBER.

48 When people are looking for a new place to live,

they often look at several different possibilities
before deciding which one is best. I'm going to
describe some of these to you, and I'd like you
to tell me which you would choose in each case.

FOR THIS QUESTION, “PLACE” MEANS
APARTMENT OR HOUSE.

A good place which you like very much
which is far from your present neighbor-

hood OR

A less desirable place very close to where
you are living now?

16

A7

Do you, or does anyone in this household, par-

ticipate in the activities of these groups?

no

yes, one group

yes, two or three groups

yes, four or more

Can you think of anyone in this neighborhood

who is well respected by most of the people
living around here? |F NOT VOLUNTEERED,
ASK: Would you mind telling me (his / her /

their) name(s), please? LIST NAMES, THEN
ASK: Is there anyone else?
CODE TOTAL NUMBER

TOTA:

FOTAL

oye

rH

A

d

/

A good place which is located so that it
would be difficult for you to travel to
other parts of town or to other towns

OR
A less desirable place located so that it

would be convenient for you to travel to
other parts of town or to other towns?

A good place which you like very much in
a less desirable neighborhood

OR

A less desirable place in a good neighbor-
hood which vou like very much?

A good neighborhood which is located so
that it would be difficult for you to trav-
el to other parts of town or to other towns

OR

A less desirable neighborhood which is lo
cated so that it would be convenient for

you to travel to other parts of town or

to other towns?

A crowded neighborhood where you would
be sure of meeting your neighbors often on

the street
OR

A more spacious and private neighborhood
where you would have to make an effort

to see vour neighbors?



Now I'd like you to imagine that you are choos-

ing between two places in the same neighborhood
- one somewhat more expensive with one more

bedroom than you presently have, and the other
less expensive but lacking this extra bedroom.
How much more per month would you be will-

ing to pay for the place with the extra bedroom?
CODE AMOUNT OR APPROPRIATE RESPONSE

BELOW.
01 Don’t want an extra bedroom

99 Don’t know, no answer

Now imagine that you are choosing between two

places about the same size and condition, one
somewhat more expensive and located more con-

veniently to the places you go, and the other
less expensive but less convenient. How much
more per month would you be willing to pay
to live in the convenient location? CODE

AMOUNT OR DON'T KNOW, NO ANSWER (99)

Now imagine that you are choosing between two
places about the same size and condition, one

somewhat more expensive and in a very good

neighborhood, and the other less expensive and
in a less desirable neighborhood. How much more

would you be willing to pay to live in the bet-
ter neighborhood? CODE AMOUNT OR DON'T

KNOW, NO ANSWER (99).

If you could choose between two places about

the same size and condition, one somewhat

more expensive near where you are living now,

and the other less expensive but far from
your present neighborhood, how much more

per month would you be willing to pay for
the one near your present neighborhood?

CODE AMOUNT OR DON'T KNOW.
NO ANSWER (99).

Now | have one last question. If you were to

win $10,000 in a lottery, what would you do

with it? WRITE BRIEF DESCRIPTION AND
CODE.
? housing-related

not housing-related

12- 73

7475,

716—177

78-70

11—12

|CONFIDENTIAL]
54 In your judgment, does anyone in this house 13

hold need medical or social assistance?

i no

2 yes

COMMENT:—

55 Did the administration of the questionnaire
arouse any irritation, anger, or hostility on the
part of the respondent or other members of
the household who were present?

respondent was cooperative
respondent was irritated by some ques-
tions

SPECIFY:

respondent was angered by the intrusion
on his privacy

respondent was hostile to interviewer, re-

location agency, highway department, or

other,
SPECIFY:

5 respondent refused to complete interview

56 Did you experience any difficulty administering
questions 10 and 11 on the sources and

amount of income?

2 yes
1 no SPECIFY:

57 Did you experience any difficulty asking any other
questions? If yes, note the number of the question
and the difficulty you had. [Use back page marked
“Comments’’].

&gt; yes

no

58 Have you any other comments which you think

might be useful to us? [Please use the back page

if necessary.]



COMMENTS
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Chapter VII Footnotes

y

)

See Sheridan[32].

See Lemelshtrich[21]

Private communication

See Grochow|[9].

See Raiffa[29].

This work was performed for the Federal Highway Administration under
contract number FH-11-7527. Abt Associates, Inc. is a social science

research and consulting firm located in Cambridge, Mass. The results
of the study are reported in Abt Associates, Inc.[1, 2].
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Chapter VIII

SUGGESTIONS FOR FURTHER RESEARCH

I'he suggestions for further research related to this thesis fall into twc

areas: applications oriented and theoretical. In the applications area, more

experience with applying the methods developed here is needed. This will

bring into sharper focus the strengths and weaknesses of the decision analytic

approach to incorporating the preferences of others into an analysis.

In particular, more experimentation is needed to see how widely

applicable the parametric dependence conditions studied in chapter V are

Also, more work is needed applying the approximate methods for dealing with

uncertainty discussed in chapter VI. This work should point out areas where

the methods could be improved.

Additionally, more experience is needed in assessing the scaling

constants for U(x:u). This was discussed in section 4.5 but additional research

should lead to improved procedures for finding these constants.

On the theoretical side. the most promising area of research involves

the interdependent utility functions discussed in section 5.4. In particular, it

seems that useful results could be obtained bv studving arbitration schemes.

such as the Nash solution, using interdependent utility functions.
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