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ABSTRACT

Individuals or small groups often make decisions which affect the
interests of other people. The decision makers may wish to incorporate the
preferences of these people into their analysis of alternative courses of action.
A normative methodology for doing this, using results from decision theory,
is developed in this thesis.

The theoretical development divides into three parts. First, methods
are developed for combining the preferences of various individuals into a
single description of the preferences of the entire group. Second, new methods
are developed for assessing the preferences of the different individuals.
Finally, a Bayesian approach is given for incorporating into the analysis the
decision makers' uncertainty about the preferences of the individuals of interest.

The methodology is applied to three '"real-world" situations. One of
these shows its use in providing direct citizen participation in local government
decision making. The second application demonstrates how computer time-
share system managers could use the methods to incorporate the preferences
of the system users into their planning process. Finally, it is shown how govern-
ment planners could use the methodology to incorporate the preferences of the
affected people into the planning of new housing to replace that destroyed by
highway construction.
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Chapter 1
INTRODUCTION

In modern government and industrial operations individuals or small
groups often make decisions that affect the lives of many different individuals
and groups. Thus, for example, a decision by the Boston-area Metropolitan
District Commission on how to meet future demand for sewage treatment
facilities will affect the quality of life of residents of the city. The waste
disposal problem for various groups within the city will be met to a greater
or lesser extent depending on what plan is adopted. Also, of course, the cost
to various groups will differ depending on what plan is adopted.

To take another example, a decision as to what program to institute
in a community to fight heroin use will affect many different groups within the
community. Addicts will receive different treatment depending on what
program is selected; the citizenry will be protected from addict-committed
crimes to differing degrees depending on the program selected; and drug
pushers will be affected differently,

In the private sector, many companies are becoming more concerned
with the ways in which their decisions affect different community groups and
the government's opinion. Thus, for example, power companies are becoming
aware of the ways in which their methods of electric power generation affect
different community residents.

Clearly, the detailed structure of these problems differs greatly.

However, they all share the common feature that the results of the decision
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will impact on a number of different people or groups in different ways.
Furthermore, a decision maker in such situations often wishes to take the
preferences of the affected people into account while making his decision. In
this thesis methods are developed for formally doing this.

The approach taken is to identify a number of problems that a decision
maker faces when he wishes to incorporate the preferences of other people
into his analysis, and then to develop a methodology for tackling these problems.
After doing this the methodology is applied to several problems in order to
demonstrate its strengths and weaknesses.

1.1 Difficulties Associated with Incorporating Preferences of
Others into an Analysis

There are two types of difficulties that arise when an attempt is made
to incorporate other people's preferences into an analysis. First, there are
fundamental theoretical difficulties that limit the manner in which this may be
done. Second, there are a number of practical difficulties that make it hard
in any realistic situation. These two types of difficulties will now be considered.

1.1.1 Fundamental Theoretical Difficulties

One basic difficulty is determining how the preferences of different
individuals may be compared in a meaningful way. This problem is well
illustrated by the following simple example .1

Suppose a host wishes to serve his two guests coffee, tea or hot
chocolate. Since he has only one pot in which to make the beverage he must
serve the same thing to both guests. To help him decide which to serve he

asks the guests to rank the drinks in order by preference. Suppose guest one
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responds that he likes coffee best, then tea and finally hot chocolate. Guest
two, on the other hand, ranks them hot chocolate, tea and coffee.

Based on these lists the host might reasonably feel he should serve
tea. Both guests like this second best, while they split in their preferences
for the other two drinks, one preferring coffee and liking hot chocolate least
while the other's preferences are just the opposite.

However, further thought leads to the conclusion that this may not be
the best course of action to take. The ranking lists do not tell anything about
the relative intensity of the two guests' preferences. For example, guest one
may be fairly satisfied with any of the drinks while guest two may dislike tea
and coffee very much.

In order to obtain this intensity information the host might ask each
guest to rank the drinks on a 1 to 10 scale where 1 means ''dislike greatly'
and 10 means 'like very much.'" Suppose guest one scores the drinks as
coffee = 6, tea = 4 and, hot chocolate = 3, while guest two lists hot
chocolate = 8, tea = 7, and coffee = 6.

Looking at this list the host might feel he should serve coffee. After
all, both guests like this fairly well (as measured by this method) and any
other drink is liked considerably less by guest one.

But, further consideration leads to the realization that this may not be
the best drink to serve. It is not clear what the various numbers on the 1 to 10
scale mean to each of the guests. Thus, for example, to guest one a rank of

1 might be assigned to a drink that he would just barely consider drinking while
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guest two might reserve ranks 1 to 3 for drinks that he would not ever consider
drinking. If this were true, guest one would tend to assign higher ranks to
drinks that he had the same innate preference for as guest two.

By careful questioning it would be possible to decrease the ambiguity
in the meaning of the scale values. However, this can never be resolved
completely. At some point the host will have to use his own judgment to
decide what scale values represent the same level of preference for the two
different individuals.

This difficulty of interpersonally comparing preferences seems to be
fundamental and inescapable. There is no objectively correct way to compare
the preferences of different people. Or, as Bergson said in his classic
paper:z "No extension of the methods of measuring utilities will dispense with
the necessity for the introduction of value propositions to give these utilities
a common dimension."

Although this problem is inescapable, any methodology that is to be
useful to practical decision makers should reduce the number of such value
judgments that must be made. It should also bring these judgments out into
the open and explicitly show the affects of possible changes in them. This
will provide a means for persons who disagree about these judgments to
investigate the affects of their disagreements on the analysis.

Even if the problem of interpersonal comparison of preferences were
satisfactorily resolved, the question of how much the preferences of different

individuals or groups should be counted by the decision maker still remains.
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If it is agreed in the coffee-tea-hot chocolate example above that the 1 to 10
scale for each of the guests represent the same innate preferences, the host
might still take their preferences into account to different degrees. Thus,
for example, if both guests were equally good friends he might try to reach
a compromise on the drink served. However, if one guest were the host's
employer, he might be guided totally by that guest's preferences.

To take a more serious example, suppose a school board is trying to
choose a plan for a new school. The board might wish to take into account
the preferences of various community members differently depending on
whether they have children in school or not.

This question of how much "weight!' to give to the views of different
individuals or groups does not have an objective solution. It will clearly
depend on the decision being made and the person making it. However, any
practical methodology for incorporating the preferences of others into an
analysis should allow for an open display of the weight being given to different
people's preferences so that the affect of changes in the weights can be seen.

Both the problem of interpersonal comparison of preferences and of
relative weight to be given to the views of different individuals or groups are
discussed in chapter IV of this thesis. The methods developed there will aid
decision makers in tackling these problems.

1:1.2 Practical Difficulties

Even if the theoretical difficulties discussed in the last section are

overcome, there are two important practical problems that must be tackled
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before a decision maker can incorporate the preferences of others into his
analysis.

First, if the number of people whose views are of interest to him is
large there may not be time or resources to assess all their preferences,
Second, even if their preferences are obtained, the assessed values may not
represent the views of the individuals accurately. This may be due to a
deliberate attempt to conceal true preferences or because the individuals
haven't thought carefully enough about what their preferences are. This
problem will be particularly acute if the views of a large number of people
are to be obtained. In that case it becomes difficult to spend the time with
each person needed to properly determine his views.,

In chapter V a method is discussed that helps to cut down the time
needed to assess a person's preferences and, at the same time, makes it
easier to check whether the views obtained represent the '"true' preferences
of the individual.

In chapter VI ways of dealing with uncertainty about the preferences
of the individuals or groups of interest are presented. Uncertainty due to
possible sampling error as well as that resulting from inaccurate statement
of preferences by the individuals asked is considered.

1.2 Basic Approach of the Thesis

From the last section it is apparent that two key features involved in
incorporating the preferences of others into a decision maker's analysis are

that there is uncertainty and that the preferences of people are of interest.
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The decision theory of von Neumann and Morgenstern was established ex-
pressly to deal with problems involving uncertainty and preferences. There-
fore a number of results from this theory will be useful in this thesis research.

In particular, some recent results from multiattribute utility theory

will be very valuable. (For those unfamiliar with decision theory, a summary
is included in chapter III.)
In multiattribute decision theory, the preferences of a person are

summarized by a utility function U. This depends on attributes X 0Ky e
m

e R

that describe possible states of the world; that is U = U(xl,xz, i
m

Since this thesis studies situations where the decision maker's preferences

depend on the views of other individuals or groups, it follows that

,u ) (L a2

U="TIoE Lot 5 e wes 20 LN Ell o o D
m 2 n

P 1

where U .t .,u_are the utilities of the individuals or groups whose views
n

50
are important to him. That is, the decision maker's utility function depends
on the utility functions of other individuals or groups as well as directly on
the attributes X 1 Xos en e, X

Using this basic approach, the thesis presents methods for assessing U.
In addition, procedures for determining the ui's in practical situations are
presented. Also, the problem of dealing with uncertainty in the ui's is
discussed.

Throughout the thesis, the emphasis is on deriving results that will be

useful to real-world decision makers.
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1.3 Outline of the Thesis

Chapter II presents past research results concerned with the use of
decision theory to incorporate the preferences of the members of a group
into a decision making process. The results that will be discussed deal
mainly with the theoretical difficulties of interpersonal comparison of
preferences and weighting of different people's views that were noted in
section 1.1.1. Much past research has been done on resolving the practical
difficulties of preference assessment and incomplete information discussed
in section 1.1.2. However, none of the past approaches have used decision
theory so they are not very helpful as background for the current study.

Chapter III reviews basic ideas of decision theory with particular
emphasis on multiattribute utility theory. It also presents a summary of the
more important results in this thesis.

Chapter 1V considers in detail how the decision maker's utility function

12X m. e .,un) can be assessed.

Chapters V and VI develop methods to tackle the practical problems
discussed in section 1.1.2. Chapter V discusses the assessment of preferences
for people whose views are of interest to the decision maker. The emphasis
here is on procedures that yield reasonable approximations to the preferences
while still being operationally feasible. Chapter VI considers ways of handling

uncertainty in the preferences of the people of interest. Both the case where

the uncertainty is due to inability to assess the preferences of everyone and
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the case where there is possible error in the assessed preferences are
considered.

Chapter VII considers three applications of the results derived in the
thesis. One of these considers methods that a person interested in the
preferences of a discussion group could use to obtain these preferences. The
second example considers a way of assembling the preferences of various
users of a time-share computer system. The third example discusses the
assessment of various proposed sites for building new housing for families
that will be displaced by highway construction. It considers how the prefer-
ences of the displaced families may be taken into account.

Finally, Chapter VIII discusses further research that might be carried
out building on the work in this thesis,

The reader interested in an overview of the thesis research may read
chapter III and one or more of the examples in chapter VII. The reader
interested in the technical details of the thesis results should also read

chapters IV, V and VI.
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Chapter I Footnotes

1. See Luce and Raiffa[22], ch. 14, for a longer discussion of this difficulty.
2. See Bergson[4], p. 327.
3. Grochow[9] has noted how time consuming this is.

4, TFor a discussion of this see von Neumann and Morgenstern[36],
North[25], Howard[13], Raiffa[28], or Pratt, Raiffa and Schlaifer[27].
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Chapter 1T
BACKGROUND
Much of the previous work on the use of decision theoretic methods in
the assessment of the preferences of groups has been done by welfare econo-
. 1
mists. Henderson and Quandt say that
the objective of welfare economics is the evalua-
tion of the social desirability of alternative eco-
nomic states. An economic state is a particular
arrangement of economic activities and of the
resources of the economy.

Many welfare economists feel that this evaluation can only be done
reasonably if the preferences of the members of the society are used in the
analysis. Hence they have been concerned with ways of obtaining these
preferences and combining them to give a measure of the overall preferences
of the society for different alternatives.

In this chapter a number of results obtained by previous researchers
will be discussed. Before doing this some useful notation is presented.

Let A = {al,a : ,am} be the set of possible alternative states under

2"
consideration in a particular decision analysis. Further, let U be a utility
function representing the preferences of the group of people as a whole and

2
letu . ,u yu_ be the utility functions of the members of the group. Thus

e
U(a.l) is the utility of alternative a to the group as a whole while uj(a.l) is the

ey : L -
utility of that alternative to the j— individual in the group.

Since welfare economists usually call U a social welfare function, that

term will be used here sometimes.
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2.1 Ranking Schemes to Construct Social Welfare Functions

One class of welfare functions that has been widely studied is based on

ranking lists of the preferences of the people in the group. Each person gives

a list of the possible alternatives ranked according to his preference for them
and these lists are combined to give a ranking list for the group as a whole.
This scheme does not take into account the intensity of the individuals
relative preferences for different alternatives. However, it has the advantage
of being easily explainable to the people whose preferences are desired.
Furthermore, it is a generalization of the standard voting procedure used to
select officeholders in many groups. Thus it is a natural procedure to use
to obtain preferences from a group.
A number of different rules have been proposed for combining the
ranking lists of the group members to obtain a ranking list for the total group.

The simplest is probably majority rule. When this is used the alternatives

are compared pairwise. For each pair the one which is preferred by more
people is said to be the more preferred of the two by the group. (In the case
of a tie both alternatives are said to be equally preferred.) From these pair-
wise preference orderings an attempt is made to construct a ranking list for
the group.

For example, suppose there are three individuals I, II and III and
three possible alternatives 2., a, and 3,y Suppose the ranking lists for the

three individuals are
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I a1>- a2>.a3,
il o~ : Sl
a1>—a2 2, (Z2.1.1)
and
TIT:
a3>a1>- az,
where "> is read '"is preferred to'" and " ~" is read "is indifferent to."
Then by majority rule the group prefers a, to a,, 2, to s, and is indifferent

between a, and aj. Therefore, a ranking list for the group as a whole is

o . A B
*17 %2 T 3 { )
Unfortunately it isn't always possible to combine the pairwise pref-
erence rankings to obtain a ranking list for the group. For example,
Condorcet pointed out in the eighteenth century3 that if there are three in-
dividuals with preference rankings
15 i
By e,
Tk a2>—a3>a1,
and

I1: .
I a3;>al>—a2

then majority rule does not give a ranking list for the group. Majority rule

by the group, a_ is preferred to a_, and a_ is

says that a, is preferred to a 3 3

2 2

preferred to ay - This set of pairwise rankings is intransitive and cannot be
organized into a ranking list.
The work on ranking schemes to construct social welfare functions

culminated in Arrow's 1951 monograph. This is discussed in the next section,



P

2.1.1 Arrow's General Possibility Theorem

Arrow proved that if a few fairly reasonable constraints are imposed
on the way in which individual ranking lists are combined into a group ranking
list, then there is no procedure that can be used to combine the individual
lists that can be guaranteed to yield a ranking list for the group.

The constraints that Arrow imposed were:

1. a) There are at least three possible alterna-
tives in the set A of possible alternatives.

b) The social ranking list is defined for all
possible individual ranking lists.

c¢) There are at least two individuals.

2. (Positive association of social and individual
values.) If the social ranking list asserts
that a. is preferred to a, for a given profile

i

of individual ranking lists, it should assert
the same if the profile is modified as follows:

a) The individual paired comparisons between
alternatives other than a, and a, are not
changed y

and

b) Each individual paired comparison between
a. and any other alternative either remains
uhchanged or is modified in a.'s favor.

i

3. ({Independence of irrelevant alternatives.)
Suppose Al is any subset of states in A. If

a profile of ranking lists is modified in such
a manner that each individual's paired com-
parisons among the states of Al are left un-

changed, the social rankings resulting from
the original and modified profiles of individual
rankings shall be identical for all the alterna-

tives in Al .
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4. (Citizen's sovereignty.) For each pair of
states ai and a_, there is some profile of
J

individual rankings such that the group
prefers a to a..

5. (Non-dictatorship.) There is no individual
such that whenever he prefers a, to a. (for

any ai and a,) the group does likewise,
J

regardless of the preferences of other in-
dividuals.

Although all of these five constraints seem reasonable some objections
have been raised to 3 (independence of irrelevant alte rnatives).6 Basically
the objections say that the '"irrelevant'' alternatives are not really irrelevant
because they allow the group members to show the strength of their prefer-
ences for the different relevant alternatives.

Objections have also been raised to constraint 1b. It seems somewhat
stringent to require that the ranking procedure work for every possible set
of individual ranking lists. Arrow considered one restriction on the individual
ranking lists that does allow a group list to be constructed. This is considered
in the next section.

2.1.2 The Single-peakedness Condition

Arrow has shown7 that if the preferences of the individuals in a group
obey the "'single-peakedness'' condition and if there is an odd number of people
in the group then majority rule is a method of combining individual ranking
lists into a group ranking list which meets the five constraints in the last

section except 1b.
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The single-peakedness condition says that there is a scale along which

the possible alternatives a_,a_,...,a_ may be arranged (not necessarily in
n

2

numerical order) such that a graph of the relative preferences for the various

alternatives for each individual in the group has a single peak. (Note that the

same arrangement of states along the scale must be used for every individual
in the group although the peak may be in different places for different individuals.
For example, suppose there are four alternatives and three individuals.
Then the preference profiles in figure 2.1la obey the single-peakedness con-
dition. However, those in 2.1b do not. Individual 3's preference profile has
two peaks. Any rearrangement of the states along the horizontal scale to
eliminate the second peak will create a second peak in the preference profile
of one of the other individuals.
The single-peakedness condition places great restrictions on the
allowable preference patterns of the group members. Although it would not
be obeyed by the preferences of most groups Arrow does present some cases
where it might hold.

2.2 Fleming's Theorem

Fleming has established conditions under which an ordinal social
welfare function may be written as the sum of the ordinal utility functions for
the group members., To be specific, if the five conditions given below are

satisfied then there exist real-valued functions f_,f

A =
1 2,...,fnon {al,a

2,---,am}

such that
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1. Individual i prefers a, to a
f.(a,) >f.(a, ), and !
1 ] 1

K if and only if

k

2. The group as a whole prefers a. to 2 if
and only if f(a,) >f(ak) where
J

Note that this result does not say that the sum of any individual ordinal
utility functions may be used as a social welfare function. Rather, it says
that there are some ordinal utility functions whose sum may be used as a
social welfare function.

The conditions necessary for the result to hold are:

1. (Asymmetry of group preferences.) If the
group as a whole prefers ay to a, then it
does not prefer a, to a, .

j k
2. (Transitivity of group preferences.) If the
group prefers a, to a, and a. to ak then it
)
ref t :
prelers a8 16 A
3. (Transitivity of group indifference.) If the

group is indifferent between a and aj and

between a. and a.k then it is indifferent
J

between a, and a_ .
i k

4, (Positive relation of group preferences to

individual preferences.) If one individual

prefers ai to a., and none of the other in-

dividuals prefer aLj to a, then a, is preferred
to a. by the group.
J

5. (Independent evaluation of the utility distribu-
tion between each pair of individuals.)
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a) There are at least three individuals in
the group.

b) Suppose all the members of the group
except two are indifferent among a set
of possible alternatives. Then the
group preferences among the alterna-
tives depend only on the two individuals
who are not indifferent.

Fleming proves the result by constructing the functions f ,fz, s 4

13
However, it would be difficult to carry out this construction in an actual situa-
tion because the person assessing the f 's must interpersonally compare the

i
utilities of different individuals for many different alternatives. This is
difficult to do and it seems unlikely that he could do it and have very much
confidence in his results.

Furthermore, because of this interpersonal comparison, the assessed
group utility function would be dependent in a complex manner on the value
structure of the person doing the assessment. It was noted in chapter I that
a group utility function always depends on the value structure of the person
constructing it. However, in Fleming's result this dependence is particularly
complicated. Therefore it would be difficult to see exactly what the conse-
gquences of the assessor's value judgments were,

For these reasons Fleming's work is not much help in actually con-
structing a group utility function. However, it does provide insight into the

problem of amalgamating individual ordinal utility functions to obtain a group

ordinal utility function.
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Recently Fishburn has establish other conditions that lead to an addi-
. : ¥ ; 13 . .
tive ordinal group utility function. These are relatively mathematical and
not as intuitive as Fleming's conditions.

2.3 Goodman-Markowitz Theorem

The work in the last two sections has not taken into account the relative
intensity of each group member's preferences for different alternatives.
Goodman and Markowitz did this to a certain extent by introducing the idea of
"levels of discretion."

They assumed that each person's utility functionu,, i=1,2,...,n, can

1

take on only a finite number Li’ i=1,2,...,n, of different values (or levels
of discretion). That is, the i& individual could preference rank at most Li
different alternatives before being indifferent between some of them. (Notice
that the number of levels of discretion does not have to be the same for
different individuals.)

If this idea is accepted and if u, is assumed to take on only the values
1525 s ,Li, then Goodman and Markowitz have shown that the group utility
function must be

n.

Wia i = Z u,(a,) (25 3. Ly
J 1)
i=1

if three conditions are imposed. These conditions are:

1. (Pareto-optimality.) If no individual
prefers aj to a, and if at least one in-

dividual prefers a, to a. then the group
prefers a, to aj ‘ J
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2. (Symmetry.) The group ordering of alterna-
tives is unchanged if the utilities of any two
individuals for all the alternatives are inter-
changed.

3. Suppose individual i has Li levels of discre-

tion. Then the social ordering between two

alternatives ak and a, is unchanged if ui(ak)

ﬂ) are replaced with u,(ak) + ¢ and
1

u.(a ) + ¢ where
i !

and u,(a
i

1 = wu (a.)+ ¢ = max L]
L : i
for all j:

The most questionable of these conditions is probably 2. This says,
in essence, that a level of discretion represents the same preference shift for any
person. This seems unreasonable in many cases. Suppose, for example,
that one individual considers all alternatives to be either '"acceptable' or
unacceptable,' while another has many gradations of preference. It is not
clear that the levels of discretion of these two individuals should be counted
equally.

Goodman and Markowitz recognized this objection and noted that if

condition 2 is removed than the social welfare function must be of the form

Ula.) = Z w.u,(a.) (23.2)
J 11 ]
o]

where the w.'s are constants that are positive but otherwise arbitrary.
i
From an operational point of view Goodman and Markowitz's result is

difficult to use because there seems to be no way to determine the levels of
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discretion of an individual. These might be approximated by asking him to
rank a very large number of different alternatives. However, this is a very
cumbersome procedure and it would never be certain that all the levels had
been found.

Thus, like Fleming's theorem, this result is not very operationally
useful. However, it does provide more insight into the difficulties of con-
structing utility functions to represent the preferences of a group.

2.4 Cardinal Utility and Social Welfare Functions

It was noted in section 1.1.2 that decision makers wishing to incorpo-
rate preferences of others into their analysis often must cope with uncertainty.
In such situations cardinal utility functions are of more use than ordinal ones
like those that have been studied in the last three sections.

Two interesting results involving cardinal utility functions have been
derived by Nash and Harsanyi. These are discussed in the next two sections.

2.4:1 Nash's Thezorermn

Nash was originally concerned with the two-person bargaining situation.
He set down conditions that an arbitration scheme to settle the bargaining
problem should obey and derived a solution involving the cardinal utilities of
the two individuals.

Luce and Raiffa noted the similarity of this problem to the social

15 :

welfare problem, They generalized Nash's work to groups larger than two
people and pointed out its interpretation in the context of social welfare. They

assumed that the cardinal utility functions u., o= 1,25 . w1t of the groud
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members were known over the possible alternatives a ,a .,a , Where
o) m

17
a represents the status quo or '"do nothing'' decision.
- e B
Then, if the conditions given below are imposed and if there is at
least one a. such that ui(a,,) > u.{(a ) for all 1, the alternative a* that should
j i o

be chosen by the group is the one that maximizes

n
I [u,(a*) - u,(a )] (2.4.1)
s 1 1 O
1= 1]
subject to the constraint that ui(a*) >u. la ) for all i. (Notice that a* may be
1 (@]

a probabilistic mixture of various ai’s if this is allowed.)
The conditions that lead to Nash's solution are:

1. The alternative preferred by the group
shall not depend on the utility scales
(origins and units of measurement) of
the ui' H.

2, (Pareto-optimality.) If ay is the alterna-

tive preferred by the group there shall not
be another alternative a, such that
< -
ui(aﬂ) = ui(ak) for all 1.
3. (Independence of irrelevant alternatives.)
Adding new alternatives with a kept fixed,

shall not change an old alternative from a
non-preferred to the preferred alternative
for the group.

4. (Symmetry.) Suppose by changing the scale
and origin of the individual utility functions
it is possible to obtain a description of the
decision problem where

a) u,(a )=u.(a ) for all i,]
i o j o
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b) There exists ana, for any a, such that the

vector
[ul(aj),uz(aj), ,un(aJ)]
g P[ui(al),uz(al), o » sl (al)]
where
Plu.(a,),u,(a,), ... u (a)]

is any vector formed by permuting the
components of

[ul(ai),uz(ai) L .un(ai)].

Then the socially preferred alternative a*
is the one such that

u,(a*) = u,(a%*)
i j

for all i and j. (Recall, as was mentioned
above, that a* may be a probabilistic mix-
ture of the aiTs.)

It seems from condition 1 that Nash's solution avoids any interpersonal
comparison of preferences. However, because of the symmetry condition 4
this is not true. This condition says that if certain symmetry conditions are
placed on the problem the solution that gives everyone the same utility should
be picked. This is certainly an interpersonal utility comparison.

A number of researchers have raised objections to Nash's solution.
Most of these have consisted of examples where it is contended that the Nash

solution is not ''fair." Enough of these have been found to cast doubt on the

usefulness of the Nash solution in practical group decision problems.
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2.4.2 Harsanyi's Theorem

Harsanyi discussed some conditions under which a group cardinal
utility function may be constructed from the cardinal utility functions of the
17 ' : : i
group members, In particular, he showed that if certain conditions are

met then the group utility for any alternative a is given by

n
U(a) = Zwiui(a) (2.4.2)
=t

where the w,'s are positive constants.
i
The conditions which lead to (2.4.2) are:
1. The group utility function U(a) obeys the
von Neumann-Morgenstern axioms of

cardinal utility.l8

2. The individual utility functions

ul(a) ,uz(a), S ,un(a) also obey these
axioms.
3. If two situations are indifferent from the

standpoint of each individual, they are
also indifferent for the group as a whole.

These conditions seem to be very weak to lead to such a strong result.
However, condition 3 is actually fairly strong. Suppose, for example, there

are two people in the group and four alternatives a,92,.8, and 2, such that

11

= = fa.. ) =
0 ul(al) uz‘al, ul(a4) W fa_)

and

Now consider the lotteries
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L1 e a0 a2>
and

LZ. : (a3; a4>
where there is a 50:50 chance of either result in each lottery. By Harsanyi's
condition 3 it must be true that U(Ll) = U(LZ) since each individual is indifferent
between the two lotteries.

However, in many cases it would be reasonable for the group utilities
of the two lotteries to be different. In L1 the members of the group will both
end up with equal utilities regardless of which outcome occurs while in L2
they will both end up with differing utilities regardless of which outcome
occurs. It is not clear that either of these situations is always socially
desirable, however, it seems that in many cases one or the other would be
more desirable. In those cases Harsanyi's condition 3 is violated.

Even if condition 3 is accepted so that equation (2.4.2) holds, the

weighting constants w_,w

12 W e ee s W must be assessed. Van den Bogaard and

Versluis,19 and Theilzo have considered this problem. The interested reader
may consult their papers. This problem will also be considered in chapter IV
of this thesis.

This concludes the review of past research related to the work in this
thesis. The most directly related work is that of Harsanyi. In chapter IV
some generalizations of his work will be presented. There some results con-

cerning situations where condition 3 does not hold will be presented.
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Chapter II Footnotes

1. See Henderson and Quandt[12], p. 201.

2. The reader unfamiliar with utility functions should read sections 3.1
and 3.2 before continuing with chapter II.

3. Condorcet's work is discussed in Guilbaud[10].

4, See Arrow[3]. A flaw in Arrow's original formulation was pointed out
by Blau[5].

5. ‘Luce and Raiffa's[22] formulation of the constraints is used here.

6. See Luce and Raiffa[22], pp. 335-37 for a detailed discussion of these
objections.

7. See Arrow(3], pp. 75-80.
8. See Fleming|7] for a proof of this result.
9. The formulation given here follows Harsanyi[11].

10. This is a paraphrase of the actual condition 5b in Fleming's theorem.
However, it conveys the essential meaning of that condition.

11. See Fishburn[6].

12. See Goodman and Markowitz[8].

13. Raiffa[28] gives a clear introduction to cardinal utility functions.
14. See Nash[24].

15. See Luce and Raiffa[22], pp. 349-50.

16. See Luce and Raiffa[22], pp. 128-34,

17. See Harsanyi[ll].

18. For a discussion of these see von Neumann and Morgenstern[36],
pp. 641ff ox Pratt, Raifta and Schlaiffer[27], chs. 2-3.

19. See van den Bogaard and Versluis[35].

20. See Theil[34].
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Chapter III
BASIC IDEAS AND SUMMARY OF RESULTS
Because this thesis uses many ideas and results from decision theory
a brief summary of this theory is given in the next two sections. This is
followed by a detailed discussion of the research approach taken and a summary
of the major results obtained.

3.1 Formal Decision Theory

1
Decision theory assumes that a decision maker can identify the set

AL S {al,az, cs s & b Bf possible actions open to him and the set O = {ol,o
n

27 " Tm
of possible outcomes from these actions. After identifying A and O the deci-
sion maker, if he wishes his reasoning to obey certain ''reasonable' conditions,
should assign two functions po,a(oilaj)’ 3 =, e o gt L2 o e g1 @Bd

ule,), 1=1,2,...,m. The funhction po(oi,aj) encodes his feelings about the

relative likelihood of the various outcomes occurring given that he carries

out a particular action. It is usually called a subjective probability function.

The function u(o.) encodes the decision maker's relative preferences
i

for the different possible outcomes. It is usually called a (cardinal) utility

function.
Decision theory proves that if the decision maker accepts the conditions

on his reasoning than he should calculate for each aj the expected utility

m
E[u(aj)] = zu(oi}pola(oi[aj) (3.1}
i=1

and select the one with the highest expected utility.
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This theory is appealing on theoretical grounds as a normative guide
for decision making. However, there are difficulties in using it. Often each
possible action and outcome consists of many subparts. The connections
among these may be unclear to the decision maker. Furthermore, the various
possible outcomes may differ from each other in a number of diverse aspects.
This makes it hard for the decision maker to specify with assurance a utility
function giving his relative preferences for different outcomes.

Because of this difficulty, decision theory has not been applied exten-
sively. However, in the last few years progress has been made toward
developing an applied theory of decision making based on formal decision

theory. This applications-oriented field is called decision analysis,

One approach to decision analysi53 involves the use of multiattribute
descriptions of the possible outcomes of a decision making process. Since
this approach will be useful for the work in this thesis, it is discussed in some
detail in the next section.

3.2 Multiattribute Decision Analysis

Multiattribute decision analysis adapts decesion theory so that it con-
forms more closely to the manner in which practical decision makers think
about their decision problems.

In many decision problems a need is initially perceived in very general
terms. For example, a need to relieve overcrowding at a municipal airport
might be perceived. Then various broad classes of solutions are proposed.

In the airport case, one might expand the present airport, build a new one,
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or try to reduce air travel into the airport--perhaps by improving regional
ground transportation., Often the different types of solutions will meet the
need to differing degrees and, in addition, will have side effects. A new
airport might, for example, provide new jobs, increase environmental
pollution, and lower the value of the land around the airport.

Multiattribute decision analysis allows the decision maker to formal-
ize the process outlined in the last paragraph. He defines attributes which
describe the aspects of the situation that are important for his decision
purposes, and then assesses his utility function for various amounts of these
attributes., This helps to identify the aspects of the decision problem that are
most crucial to him, and thus serves as a useful aid for devising courses of
action that will solve the problem.

As the decision maker finds these courses of action he will often
discover that they have side effects that were not described by the original
attribute set. The attribute set can then be augmented to account for these.
The utility of various values of the new attributes can be assessed and the
possible courses of action refined into more definite operational plans.

This iterative procedure may be continued through several cycles
until a particular plan is decided on.

Of course, while this analysis of the decision maker's preferences is
being carried out it is necessary to account for uncertainty regarding the out-
come that will result from any course of action. Therefore, probabilistic

models must be built, and improved as the analysis proceeds,to describe the
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uncertainties in the possible results of the different actions.4 The construc-
tion of such models is a familiar operations research activity.

Although multiattribute decision analysis is easier to apply than
formal decision theory there are still problems with using it in realistic
situations. In particular, it is difficult for a decision maker to assess a
utility function over the attributes of interest. This may not be as hard as
assessing utilities directly for outcomes, but it is still difficult.

Recent work by Keeney and Raiffa5 has provided theoretical tools to
help in this assessment. Using these it is usually possible to at least approx-
imate a decision maker's utility function and investigate whether the solution
is sensitive to changes in the approximation.

Another difficulty is that there is often not a single decision maker.
Thus it is not clear whose utility function or probability functions should be
used in the analysis. One way to proceed is to use the different preference
and uncertainty judgments of the various people involved and see how they
change the results of the analysis. In fact, a decision analysis model pro-
vides a good way for people to determine the consequences of their differing
judgments of uncertainty and preferences.

The situation of interest in this thesis, where a decision maker wishes
to incorporate the preferences of others into his analysis, involves preference
judgments and uncertainty. Thus it can usefully be studied using decision

analysis.
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3.3 Decision Analysis Incorporating Preferences of Groups

In section 1.2 a brief discussion of the basic approach of this thesis
was given. This section gives a more detailed presentation of the various
parts of that approach.

As was noted in section 1.2 it is assumed that the decision maker's
utility function is

=TG5 s w0k

17 %2 iy 2,.--,un) (3.3.1)

where =. ,X-; « . .,xm are attributes that describe the characteristics of the

T 2

possible outcomes of the decision making process and UM .,u_are the

IR
utilities of the various individuals or groups whose views are important to
the decision maker. In order to apply equation (3.3.1) to practical situations
it is necessary to

i) determine the actual functional form of U,

ii} assess the ytilities u,; 1 = 1:2; «.:sof the
8

groups or individuals of interest, and

iii) deal with uncertainties in the values of the
Xi'S and the u,'s.

i

In order to determine the functional form of U an approach is taken
similar to that of Fleming and Harsanyi discussed in sections 2.2 and 2.4.
That is, ''reasonable' conditions are imposed on the way in which the decision
maker should analyze such situations and, as a result of these, the functional

form of U is restricted greatly. Procedures are then devised to complete the

specification of U for any particular decision problem.
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The assessment of the utilities u,, 1= 1,2, ...,n needed to evaluate U
3
is complicated because the preferences of different individuals may be
interdependent. That is,
= raa AT, MR N, g e . e R
B m’1 %2 Yiz1 41 o ( )

They might also depend on the decision maker's preferences. That is,

Ue =, (o 800 S BT e s e s
m

i (E 0%, ) 1_1,11. e (3:3:3)

i1’ n

Thus, even if the functional forms of equations (3.3.2) and (3.3.3) were known,
it would be necessary to solve a complicated set of interdependent equations to
obtain each person's utility for a particular outcome.

However, as will be shown in chapter V, it would be reasonable in
many cases to assume that the preferences were not interdependent, i.e.,
oy et s (3.3.4)

m
In this case the assessment problem is a standard one of determining a
multiattribute utility function. Methods have been developed to do this in some
6 . ; :
cases, In this thesis procedures are developed to approximately assess the
U.i' s in more general situations,.

In those situations where there is uncertainty in the ui' s due either to
possible inaccuracies in the assessed u.l‘s or to sampling error caused by not
assessing all the ui‘s, it is necessary to have methods of accounting for the
uncertainty. Decision analytic ways of doing this are developed in chapter VI.
These usually involve assuming some particular functional form for the ui‘s
and then assessing probability distributions over unspecified parameters of
the functional form. This is, of course, an approximation to the actual situa-

tion, but one that is adequate for many practical purposes.
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3.4 Summary of Important Results

3.4.1 Chapter IV Results

This chapter considers the problem of determining the specific form

of U(XI’XZ’ o e PIRRE ,un). The approach used is to consider reason-

" F
able constraints on the preference structure of the decision maker and show

how these restrict the form of U. In particular, a number of results of

Keeney involving utility independence and preferential independence are

7
applied.

1 T

,UZ.... »

s Xopees,X Jandi=[a

For notational simplicity let x = [Xl 5 - 1

It is shown in section 4.1 that often x and u will be mutually utility independent

so that

U(xsu) = K

U (x)+K
T, 3 = A=

UU(EH'K U (x)U (u) (3.4.1)

1 2

where U (x) and U (u) are conditional utility functions, and Kl,Kz and K3 are
X =
constants. Furthermore, in section 4.3 it is shown that often the ui's will be

order-one mutually utility independent and have condtional utility functions

that are linear in their attributes. This leads to

n n
U (= ) ku + 2 kg, shesys ok A e e s ol (3.4 2)
u— VA ! g ijTi 12 n
=] T=1
j>i
where ki, L= l,2,...,n,k_1j, b 2 1,2, o0 gl 05 1, o A are sealing vonstants.

Section 4,3 also demonstrates that if the ui’s are pair-wise preferen-
tially independent in addition to the conditions that led to equation (3.4.2) then

either
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n

U (u) = K_l[l'[i(Kkiui+ B

N 1=
or 2 (3.4.3)
T a) = S‘ k. u
T AT |
i=1
where K,k _,k_.,...,k are constants,
1 2 n

In section 4.5 procedures are developed to assess the scaling constants
needed to completely specify U(x;u) in the above equations.

3.4.2 Chapter V Results

In chapter V results are derived that simplify the assessment of the
utility functions ., i=1,2,...,n. In particular, the case where u, = 1w, {s) is

considered in detail. The idea of parametric dependence is introduced as a

way of approximating the utility function in cases where utility independence

among the attributes does not hold. An attribute Xj is said to be parametrically

s X y X

dependent on its complement xJ— = | T e 1

I e

ae e e 3 } if condi-
m

i-1

tional utility functions over x. depend on XJ_ only through a single parameter
]

6= 0(x—). Thatiis
J

u,(x) = cl(xj—) + czij—) u[xile(xj—)] (3.4.4)

i'—

where Cl(xj—) and CZ(Xj_) are unspecified except that C (xj—)>0, and u[XiIB(xj—}]

2

is a functional form with B(Xj—) unspecified. Thus, for example, u might be

given by
- G(ze—) %, (3.4.5)
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In section 5.2 it is shown how various combinations of utility inde-
pendence and parametric dependence simplify the utility assessment problem
when u. depends on two attributes. In section 5.3 these results are generalized
to the N attribute case.

3.4.3 Chapter VI Results

Methods are presented that may be used to deal with uncertainty in
the ui's. In cases where the ui‘s are utility functions for groups of people
rather than individuals it may be reasonable to assume that the u_l's are
probabilistically independent of each other. In this case it is only necessary
to assess the expected value of each u, rather than the whole probability dis-
tribution for it to specify the decision maker's utility U.

When it is not reasonable to assume that the ui's are probabilistically
independent it is still possible to derive results that are useful in practical
applications. The approach taken is to make assumptions about the form of
the probability distribution for the ui‘s that allow the problem to be structured
sufficiently to be analytically tractable. Although the assumptions may not be
exactly obeyed in some cases, they should provide useful approximations.

The use of sample data to improve the probability distribution for the
u,l's is also considered. It is shown how a sample of the utilities of interest
may be used to update the probability distribution for the ui's :

3.4.4 Chapter VII Results

The three applications given in Chapter VII are interesting by them-

selves. One studies citizen participation in community decision making; the
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second studies time-share computer users' preferences for different computer
system characteristics; and the third considers the assessment of the
residential preferences of persons being relocated by highway construction.

However, their principal purpose in this thesis is to demonstrate the
applicability of the theoretical results of the thesis to practical problems,

The applications demonstrate the strengths and weaknesses of the
methods developed here for incorporating the preferences of other individuals
or groups into a formal analysis. The principal strength is that a common
approach is provided for dealing with a fairly broad class of problems. Until
now most approaches for incorporating the preferences of others into a
analysis have been ad hoc for a particular problem or a small class of
problems.

The principal weakness of the method is that it is necessary to make
numerous assumptions and approximations in order to make the analysis
tractable. This is a weakness shared by almost all quantitative methods of
analysis.

However, as the applications show, the methods are still useful even

after the necessary approximations have been made.
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Chapter III Footnotes

15

See North[25], Howard[13], Raiffa[28], or Pratt, Raiffa and Schlaifer[27]
for a more detailed discussion of decision theory.

See the references in footnote 1 for a discussion of these conditions.
See Keeney[16,18] and Raiffa[29].

Schlaifer[31] discusses these in detail. In particular, he gives a good
introduction to simulation.

See Keeney[16,17,18,19], Raiffa[29], and Keeney and Raiffa[20].
See Keeney[16].
See Keeney[16,17,18,19] for a detailed discussion of utility independence

and preferential independence. A brief discussion of these concepts is
given in Chapter V.
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Chapter IV

UTILITY FUNCTIONS WITH PREFERENCES AS ATTRIBUTES

4.0 Introduction

In order to formally incorporate the preferences of other individuals
or groups into a decision analysis, the decision maker must assess the utility

function U(x ;u) where x = [x_,Xx

,++.,X |is the attribute set describing the
= 12 m-

characteristics of the possible outcomes and u = [u_,u .,u_]is the vector
=5 Jlt

17 2" -

of utilities of the individuals or groups of interest to the decision maker.
In general, this assessment is difficult since it requires the determina-
tion of an (m+n) - dimensional function. However, because ul,uz, T ,un are

utility functions a number of simplifying assumptions about the form of U may

often be made. These involve various utility independence and preferential

independence properties which are reviewed in the next section.

4.0.1 Utility and Preferential Independence

Consider two vector attributes Y and Z. Y is said to be utility

independent of Z if the decision maker's preferences over any lotteries on Y

for a fixed ZO in Z are the same regardless of the value of ZO. That iz, if
Zo is the same for all consequences the decision maker's relative preferences
for lotteries involving these consequences depend only on Y.

Keeney has shown2 that if Y and Z are utility independent of each other

then

= ( 4.0.
uly,z) klul\y) + kzuz(z) + k3u1(y} uz(z) (4.0.1)
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where ul(y) and uz(z) are conditional utility functions, and 1«:1,k2 and k3 are

scaling constants,

For notational simplicity let

Yi_:[Vl’YZ""’Yi-l’ViH’""Yn] (4.0.2)

where Y i=1,2,...,n, is a scalar attribute. The vy, 's are said to be
1

order-one mutually utility independent if Y; is utility independent of vy forialld,

3
Keeney has shown that if Yy:1Vpseeey, are order-one mutually utility inde-

pendent then

n
S w1,
u(Vl,yz, yn) ko+ /. <1u1(yl)

1=1 (4.0.3)
k A )
+ } 1j ul(yl)ui(yj) - N ul{yl uZ(YZ) un(Y )
i=1
joi
where u,(y.), i=1,2,...,n, is a conditional utility function and the subscripted
T

k's and A are scaling constants. (There are 2" of these, two of which are
arbitrary.)

For two vector attributes Y and Z, Y is said to be preferentially

independent of Z if the decision maker's conditional preference structure in

the Y-space for a given z in Z is the same regardless of the value of z

o
That is, Y is preferentially independent of Z if the indifference sets in Y for a
given z in Z do not depend on the value of z

For notational simplicity let
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y‘g = [yl,yz,...,yi_l,yi_l_l,...,yj_l,yj_]_l,...,yn] (4.0.4)
where yi, i=1,2,...,n, is a scalar attribute. The y.'s are said to be
i

order-two mutually preferentially independent if {yi,y,} is preferentially
J
independent of YG for all i and j. Keeney has shown5 that if y, is utility
i

independent of y— for at least one i, and the y.'s are order-two mutually
i i

preferentially independent then either

1L
=
Ty = k,u,(y. - AHERS
uly v, y ) = K ! T[Kkuly)+1]- 1 (4.0.5)
=1
a1
n
U(Yl,yz,-.-,yn) = E kiui(yi) (4.0.6)
1=
where u.(y.ll, i=1,2,...,n, is a conditional utility function scaled such that
1

the least preferred value of y, has a utility greater than or equal to zero,
i

and K, kl’kZ' ...,k are scaling constants.
n

4.1 Utility Independence of x and u

Often it is reasonable to assume that x and u are mutually utility inde-
pendent for a decision maker wishing to assess U(x;u). The argument is as
follows: Consider lotteries over x with u held fixed at u_ - The decision
maker's relative preferences for different lotteries may not change for different
values of u, since the value of U, does not affect the characteristics of the

lottery outcomes (which are described by x). In the same way if x is held

fixed at Eo the decision maker's relative preferences for different lotteries
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over u may not change if x is changed since the value of x has no affect
= = — 0
on the preferences of the individuals or groups indicated by u.
This last statement may seem strange since the preferences u

s U s u

2,-.- f

1

will depend on the value of x in most cases. Although this is true it is not
relevant to the utility independence argument. When that argument is made
it is assumed that the lotteries over u are imposed with x held fixed. That
is, the actual causal mechanisms linking x and u are conceived to be suspended
temporarily and lotteries ignoring these are instituted.

When this fact is realized the utility independence of u from x seems
more reasonable. If x and u are mutually utility independent then, as noted
in section 4.0.1,

U(x;u) = K

U (x)+ K.U (u) + K. U (x)U (u) (4.1.1)
R — u'— hip g

1 2 ut—

where Ux(zc_) and UU(E) are conditional utility functions, and KI’KZ and KS are
scaling constants.

Even if utility independence between x and u does not seem reasonable
to a particular decision maker, Keeney has noted6 that (4.1.1) provides a very
versatile form for approximating U(x;u). Thus it will be assumed that (4,1.1)
holds for the remainder of this chapter.

Assessing U(x;u) using (4.1.1) requires that U (x) and Uu(u) be deter-
it = L
mined. Nothing can be said about the form of UX(E) without considering a
specific problem. Other researchers have shown how the assessment might

-
be done in specific decision problems, and it will not be considered further

here.
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On the other hand, since the attributes u_,u_, .. .,ur_j in U {(u) are
=

1" "2

utility functions there are a number of statements that may be made about
its form without having to consider a specific decision problem. The assess-

ment of Uu(u) will be considered in sections 4.2 - 4.4,

In addition to UX(x) and Uu(l—l*)’ it is necessary to determine KI’KZ

and K3 to determine U(x;u) from equation {(4.1.1). This problem will be

considered in section 4.5.4.

4.2 Symmetry Properties for Uu(u)

In some cases a decision maker would wish his utility Uu(E) to remain
the same if the preferences of various members of the group were interchanged.
That is, the identity of the people holding particular views would not influence
the manner in which they were taken into account.

There are many situations where the identity of the individuals or
groups holding particular views would be important to the decision maker.
However, in some of these cases there would be subgroups within which the
identity of individuals would not be of interest., For example, a school board
considering various plans to end racial imbalance might wish to distinguish
whether a person has children in school or not when considering his preferences.
However, the particular individuals within each of those groups holding various
views might not be of interest,

If the decision maker does not wish to distinguish between the 1'.E and

th
j— individual's or group's preferences then
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U . 6, aneo)i=Ul (w08, 2 a0, (4.2.1)
L0 e e |

That is, Uu is symmetric with respect to u, and u.. Symmetry relations like
J
this reduce the region over which U must be assessed to be completely
u
specified.

4.2,1 Uu(E) With Symmetric Attributes

The results given here indicate how symmetry reduces the region

where U must be assessed.
u

Result 4.2.1. Suppose Uu(E) is symmetric with regard to all its
attributes. Then U (u) is completely specified if it is known for the region
e

= - T <7
ul_uz_..._un_l_un. (4.2.2)

Broof. Sihce Uu(u_) is symmetric with respect to all its attributes,
its functional arguments may be interchanged until the smallest is first, the
second smallest is second and so on, and Uu evaluated at the resulting point
will be equal to Uu at the initial point., But the resulting point is in the region
specified by (4.2.2). Hence the result is proved.

A slight generalization of this is

Result 4.2.2. Suppose Uu(E) is symmetric with regard to all its

attributes. Then it is completely specified if it is known for the region

(4.2.3)

where ﬂl,ﬂz, e ,ﬂn is any permutation of 1,2, ...,n.

The proof of this is straightforward from the proof of result 4.2.1 and

can be furnished by the reader.
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One final result extends the above reasoning to the case where the
views of some, but not all, of the individuals or groups can be interchanged

and the decision maker's utility stays the same.

Result 4.2.3. Suppose Uu(E) is symmetric with regard to the attributes

where ﬂl.ﬂz, e ,ﬁm is a subset of 1,2,...,n. Then U is completely specified

u

if it is known for the region

The proof of this is very similar to that for the other two results.

Results 4.2.1 - 4,.2.3 show that imposing indistinguishability on the
utilities of various groups or individuals can reduce the region over which
U(u) must be assessed to be completely known. In the next section one partic-
ular procedure for assessing utility functions is considered and it is shown

how symmetry reduces the labor involved.

4.2.2 Example of Utility Assessment With Symmetric Attributes

One procedure for assessing a utility function U(u) over one attribute
is to rescale u so that all feasibe points lie in the interval 0 = u =1, and
then to assess the utilities of the points k/m, k=1,2,...,m and fair a
utility curve through the values at these points.

This procedure may be extended to n attributes [u_ ,u_,... ,un]. Each

152

attribute is rescaled so that all feasible values lie between 0 and 1. Then the

utilities of the points [kl/m,kz/m, .. .,kn/m], kl’kZ’ 4 .,kn = 1,2, o g2,

are assessed and a utility curve is faired through these values.
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If there are n attributes then the utilities of m points must be assessed
(or actually m' -2 since the values of two points may be set arbitrarily). How-
ever, if the utility function is symmetric in all its attributes then by result
4.2.1 it is only necessary to assess the utilities which lie in the region

oo e = sy =

1 2 n’

It is shown in appendix 4.1 that there are

s n n ! (m-1) ]

N = (nﬂ-n—l) - (m+n-1) ! (4.2.4)

such points. Since the values of two of these points may be set arbitrarily it
is necessary to assess the utilities of N -2 points.
S

A comparison of m' -2 and N -2 is given in Figure 4.1 for several
s

values of m and n. This shows that the results of symmetry can be striking.
However, if the decision maker wishes to assess his utility over the preferences
of more than a few people the problem is formidable even with symmetry.

Also, as pointed out above, there are cases when it is not reasonable for

U (u) to have symmetric attributes.
o

Thus it is necessary to look for other ways in addition to symmetry

-~

to simplify the assessment of U (u).

4.3 Utility and Preferential Independence

4.3.1 Order-one Mutual Utility Independence

Consider lotteries that involve uncertainties in the utility u. of only
i
one individual or group. (That is, all possible outcomes will result in the

same value u—~ of everyone else's preferences.) Then many decision makers
i
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N -2
n S
m n m =2 N =2 n
AL = s m -2
3 1 1 1 1.00
2 8 4 50
3 25 8 32
-+ 79 13 =16
5 241 15y <079
10 59,047 64 .0008
50 7.18 x 10%° 1,319 1.8 x 10722
5 1 3 3 L300
2 23 13 - BT
3 123 33 et
4 623 68 209
b 3.13){103 124 .040
-4
10 SN - 106 999 1.03 x 10
-+ -30
50 8.82){103 3.17x105 3.99'% 10
10 1 8 8 1.00
7 98 03 .54
3 998 218 A
4 9,998 {is Lo
B 105 2,000 .020
10 1010 92,376 9.24 x 10-6
-4
50 lO50 1.26 % 1010 1.26 x 10 !
n = number of attributes.
mn—Z = number of points whose utility must be assessed
without symmetry.
m+n-1 : e
NS—Z = -2 = number of points whose utility
- must be assessed with symmetry.
Figure 4.1. Effects of Symmetry on Utility Assessment Problem.
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would wish their own preferences to be the same as the preferences of the
single person or group affected. That is, a conditional utility function over

u, should be proportional to u

Ly O
i i

U, ;0= = e. (i) + & (=, (4.3.1)
SRR 1 21

where Cl(ui_) and cz(ui—) are unspecified functions except that cz(u;) is positive.
Often this assumption would be reasonable. However, if the decision

maker were worried about having balance among the preferences u_,u ol

PR n
then it might not be reasonable to assume that (4.3.1) holds. For example,
if the preferences of those people not affected by the lottery were high, the
decision maker might prefer high values of u, while if they were low he might
prefer low values of u, since this would tend to keep the preferences of every-
one in the group about the same.

However, if there were a fairly large number of individuals or groups
whose views were being taken into account, then variations in the preferences
of any one individual or group would not greatly affect the overall pattern of
preferences in the group. Thus, even if this pattern were important to the
decision maker he might still wish equation (4.3.1) to hold.

If (4.3.1) is true for all i, then the ui‘s are order-one mutually utility

independent. Furthermore, the conditional utility function over each u, is

linear in u. . Thus it follows from Keeney's result quoted in section 4.0.1 that
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n n
U (u) =k + Y k. ou, + k.,uu, 4+ ...4+2Au u_ ... u (4.3.2)
U= o) L ij 1] L2 n
=1 =1
j=i

where the subscripted k's and A are constants.

In this case Uu(u) will be completely specified if the values of the
2nf2 scaling constants are established. If, in addition, the utility function is
symmetric with respect to the ui’s the number of scaling constants needed is
even less as shown by

Result 4,.3.1. If

n n
U (a) =k + S k,u,-i—}_k_,u.u_-%...-%?tuu .. u (4.3.3)
>

and if it is symmetric with respect to all its attributes, then

n n
= 4.3.4
Uu(E) KO + Kl § u, + K2 E u, uj + + Knulu2 u ( )
=1 i=1
j>1
where K , K ,...K are scaling constants.
0 Il n

Proof. Assume without loss of generality that u, = o is a feasible
i
value of u, for all i. Also assume for notational convenience that (ui;o) means

that all attributes except u, equal zero, and similary (ui,u.;o) means that all

attributes except u, and u, equal zero.,
i
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From equation (4.3.3) it follows that
Wa, o) = ke, o+ & 5, (4.3.5)
i o i
and

U(u.;0) =k + k. u.. (4.3, 6)

and hence setting u, = u, in equation (4.3.6) and equating (4.3.5) and (4.3.6)
J

yields
e G k.u. =k 4k u, 4.3.7)
o i i o ] i
which shows that ki = k.. Since this holds for all i and j, then kl = k2 = e e Kl
J n
In a similar manner it may easily be shown that kij = KZ’ L= 18 s s sl )ris

and so on for the other constants.

Thus with symmetry the number of constants that must be assessed
is reduced considerably. There are n + 1 constants in equation (4.3.4). Two
can be assigned arbitrarily so that n - 1 must be determined. This contrasts
with 2" -2 when there is no symmetry. The savings can be very substantial
as is shown in figure 4.2,

However, the number of constants is still large if the number of
individuals or groups whose preferences are to be taken into account is large.
Also, of course, it was neces sary to assume symmetry in order to derive
this result. As can be seen from figure 4,2, if there isn't symmetry the
number of scaling constants increases very rapidly. Thus it is useful to

investigate possible constraints that will restrict the form of Uu(u) even more.
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n 2 n-1 (n-1)/2"-2)
1 0 0 .
2 2 1 .50
3 6 2 .33
4 14 3 21
5 30 4 .13
10 1,022 9 .0088
15 -
50 1.13 x 10 49 4.3x 10 1%

Figure 4.2. Effects of Symmetry on the
Number of Scaling Constants
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4.3.2 Order-two Mutual Preferential Independence

Consider outcomes of the decision making process which differ from
each other only in the utilities u, and u, of two individuals or groups. Then
many decision makers might wish their own preference rankings of the
different outcomes to depend only on the utilities u, and u, of the two people
whose preferences differ and not on the value u of the other utilities.

Although this seems readonable in many cases, it ignores some gues-
tions of balance among the values of the different ui's just as some of these
were ignored when the utility independence conditions of the last section were
imposed.

However, if it is accepted for all u. and u]_, then the ui'S are order-
two mutually preferentially independent. If this is true in addition to the order-
one mutual utility independence and linearity of the conditional utility functions

over the ui's discussed in the last section, then either

n
U () = K'I [ I (Kk.,u, + 1)-1] (4.3.8)
== . i
i=1
or
n
U, (u) = z k. u, (4.3.9)
e i i
i=1
where K’k1’k2’ . 3 ,kn are scaling constants.

There are n + 1 constants in equation (4.3.8) and n in equation (4.3.9).
Since one of these is arbitrary in each case, it is necessary to assess n

constants to specify U (u) in equation (4.3.8) and n-1 to specify it in (4.3.9).
o
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In those cases where U (u) is symmetric with respect to all its
e

attributes equations (4.3.8) and (4.3.9) reduce to

n
Uu(E):K_l[ Il (Kkui+1)-l] (4.3.10)

and

n

el N
U@=k ) wu (4.3.11)

i=1

where K and k are scaling constants. In this case the value of one constant
must be assessed if (4.3.10) holds and none if (4.3.11) holds.

Harsanyi showedg conditions under which equation (4.3.9) holds. Since
this is one special case of the result obtained here it is interesting to see
what additional conditions must be imposed to obtain that form rather than
the form of equation (4.3.8).

Consider the following two lotteries:
L.z € (u,u;ui—j) ; (0,0:ut7) )

1 ij

and

for some i and j where there is a 50-50 chance of either outcome occurring

in each lottery and where u and ui_j are arbitrary but fixed. Then it is easy

to verify that if the additive form (4.3.9) holds the decision maker must be

indifferent between L1 and LZ' Otherwise the multiplicative form (4.3.8)

holds.
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In many cases a decision maker would not be indifferent between L1
and LZ. In L1 both individuals always end up with the same utility, however,
there is a 50-50 chance that this will be an undesirable value. In LZ’ on the
other hand, there is always a difference in the utilities received by the two
individuals, however, one individual always receives a desirable value. It
is not clear that one of these situations would always be more desirable to a
decision maker, however, it does seem that he would often perceive a dif-

ference between the two cases. If that is true then equation (4.3.8) holds.

4.4 Hierarchical Structuring of Uu(g)

Equations (4.3.10) and (4.3.11) in the last section show how treating
the preferences of different individuals or groups symmetrically can reduce
the labor needed to assess Uu(E). Howewver, in many cases decision makers
wish to distinguish between the preferences of different individuals or groups.
In these situations (4.3.10) and (4.3.11) do not hold.

Sometimes there is partial symmetry. The decision maker can divide
the people whose views are of concern to him into several groups whose views
he wishes to treat differently., However, he does not care to distinguish
between the views of different individuals within the same group.

In this case a hierarchical structuring of Uu(g) is possible. The
decision maker can assemble a utility function for each group assuming
symmetry over the preferences of the members of the group since he does

not wish to distinguish between them. If the assumptions of the last section
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. .th : .
are accepted, the utility function for the i— group will be either

i1,
=l
U, = G, [ II (C.c.u,.+l)—l:l (4.4.1)
1 1 = = [ 1_]
J=1
or
n
i
U, = ¢, T . (4.4.2)
1 I VA 1]
j=1
where C11 and ¢, are scaling constants, and uij,j:I,Z, o s ,ni are the utility
B,

functions of the members of the i— group.

Then the overall utility function U can be written as either
-

n
e { I (Kk, U, + 1) -1} (4.4.3)
u ) it
=]
O
n
T — S k. U. (4.4.4)
u & R
o= |
where K, kl’kZ’ . ,kn are scaling constants. Here the k. 's will not be equal
i

since the views of the different groups are to be treated differently.

If this procedure is used,advantage can be taken of whatever symmetry
exists, It is not necessary to have the complete symmetry required for equa-
tions (4.3.10) and (4.3.11) in the last section.

4.5 Assessment of Scaling Constants

In order to complete the specification of U(x;u) a number of scaling

constants must be assessed. These include K'kl ’kZ’ o ,kn in either
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n
U (E):K"l [ T (Kk ou + 1) -1] (4.5.1)
=1

or
n

U (u) = Y k. u,, (4.5.2)
i

or, if the conditions for these equations do not hold, then the subscripted k's

and A must be assessed in

n n

U (u)=k + Sk,u_—i—Zk,_u_u.-l-...-[—?tuu...u. (4.5.3)
E = o g 3l A 1 2 n
=l 1=
j
In addition, KI’KZ and K3 must be assessed in
Uxu) =K. U (x) + K. U_(u) + K. U (x)U (u). (4.5.4)
= 1 == 252 3 = =

These assessments are considered in this section.

4.5,1 Assessment of Scaling Constants for U (u) with Complete Symmetry

u—

With complete symmetry equations (4.5.1) and (4.5.2) reduce to

n
U (u):K'l [ I (Kku, +1) _1:f (4.5.5)
L= i:l A
and

n
U (u) = k X u,. (4.5.6)
b - 1

i=1

If (4.5.6) holds there is no need to assess any constants since k is arbitrary.

In (4.5.5) one constant must be assessed.
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Since the scales and origins of the various ui’s are arbitrary it is
necessary to pin these down so that the decision maker knows what he is
comparing when he considers tradeoffs between the different ui’s. One way
to do this is to pick values 5? and 51 where E? < 31 such that the decision
maker feels the utility of 2{“(1'_) is the same to individual i as the utility of 5? is
to the individual j for all i and j. Similarly he assumes 3(_1 and z] hawve the
same utilities for the different individuals.

This is the interpersonal comparison of preferences that, as was
pointed out in section 1.1.1, must always be made in any procedure for com-
bining preferences of different people. It will be seen in what follows that these
are the only interpersonal comparisons that must be made.

- - - - o LA
Since the scale and origin of each u, are arbitrary, ui(xi) and u, (x*)
i = i

can be given any values. Assume u_l(x;)) = i} ‘and u,(xﬂ{) = 1 for convenience.
i g i
Also assume without loss of generality that U (1,1,...,1) = 1. This implies
u

n

II f(eu. k1) -1

i=1  *

U (u) = - (4.5.7)
= (ek1)” =1

where ¢ = Kk.
Now ¢ must be assessed. Consider first the case where n = 2. Then

(cu1+l} (cu2+l)—l
yu,) = ; (4.5.8)

(c+l)2 -1

Since the decision maker has assigned a concrete meaning in terms of the

outcomes x only to the values 0 and 1 of uy and u, it seems reasonable to use
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only these values in the assessment. Otherwise he will be forced to make
more interpersonal comparisons of preferences.

One way to do this is to consider the lotteries

Ll : (ul = I an u, = 0 for sure
and
LZ (ulzl,uzrl,p uI:O,uZZO)
where there is a probability p of obtaining the outcome u, = L, u, = lin
lottery LZ' The utilities of these two lotteries are
[
UL)) = 5 (4.5.9)
(c+1)" -1
and
U(LZ):p. (4.5.10)

If the decision maker picks the p such that he is indifferent between L1 and

Lzﬂmn

e

- = p. (4:5.11)
(c+1) -1
This implies that
= LB (4.5, 12)
P

Thus the value of c is determined.
The case where n > 2 can be handled in almost the same way. Consider

the lotteries
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O
% =) 5 :0’ e T
L3 (u1 1 u, us = U, for sured
and
L-(—lu—lu——i-- LA gl B s
g B Ay b Seel, wag ss SR 8y Sty B sng >
That is, only the utilities u, and u_ vary among the different outcomes. The
others are fixed at the values ug,uz, BB ,uo . Then
51
i o)
(et+l) IT (Cu.l+l) -1
UL,) = s = (4.5.13)
(e+1) -1
and
2 i o}
(c+1) I (cui+1)-1
=3
UL, =p o
(etl) -1
n
I (cu’ +1)-1
=3 '
+ (1-pj) " : (4.5.14)
(c+1) -1

If the decision maker picks the p such that he is indifferent between

L3 and L4 then (4.5.13) and (4.5.14) may be equated. This yields

o 1;sz (4.5.15)

just as in the case where n = 2.

The question that the decision maker must answer to assess c¢ is not
easy. This type of analysis is not one that most people are used to. Thus
they may not be sure that their response represents their true preferences.
In order to see whether the exact value of ¢ is very important the sensitivity

of U (u) to variations in c is investigated in the next section.
e
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4.5,2 Sensitivity of U (u) to Variations in c
L.

As was shown in the last section

I I8 =1
I (Cu2+ )

U (u) = - . (4.5.16)
e (e+1)" -1

In order to see how this is affected by variations in c¢ its values will be
plotted for different values of c along the line By Bl = ey =R =0 between
n

u=0andu=1.

Along this line

n
Tl (E) = M' (4.5.17)
u (C+1}n_1

This is plotted in figure 4.3 for n = 2 and n = 10 and for several values of c.
Beneath the plots the value of p in equations (4.5.12) and (4.5.15) that
corresponds to each c¢ is given., From these plots it can be seen that the
amount of variation in Uu(E) due to changes in ¢ increases as n increases.
For n = 10 the variation is quite substantial.

These plots point out the importance of doing sensitivity analyses in
any application of this material to see how variations in c affect the results
of the decision analysis.

4.5.,3 Assessment of Scaling Constants for Uu(E) with Non-symmetric Attributes

,k

In this section the assessment of the scaling constants K’kl’kZ’ ceen ko

in

=
)
1]
>~
I
—
1
o

i (Kk_u,—l—l)-l] (4.5.18)
i=1 A
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-1
= 5
/ O g
£
2 =
.4 L0
u u
B = 2 n= 10
c -1 -.5 0 5 1 0
P 1 243 1/2 2/8 1/3 U
Figure 4.3. Plots of Uu{u)

"69



70

and

will be considered. The specific case where n = 3 and (4.5.18) holds will be
studied. The methods developed for this case can easily be extended to situa-
tions where n # 3 or where (4.5.18) holds.

It is assumed that Ec-i and §'1 have been selected in the same manner
as in section 4.5.1 and that ui(z(,)) = 0 and u,(x%) = 1 for all i. Assume also,
without loss of generality, that Uu(l, Liwwwylli= Ly Then (4.5, 18] triay be

rewritten

T
I (cou +1)-1
T

Uu(E) = al=tl | (4-5‘19)

n
I (c.+ 1) -1
ion

where © = KK, ., 1=1,2, ...,08.
i 1

As in section 4.5.1, it seems reasonable to restrict the questions used
to assess the ci's to ones involving u, = 0 or 1 for all i since the decision
maker has carefully studied the meaning of the outcomes EC; and 3(_1 that go
with these.

For the case where n = 3 consider the three vectors of utilities

u, = (u,,u ;v ) ={1,0,0), u, = (05 1,00 u

u, 17Uy U5 = (0,0,1) and rank them according

3

to preference.
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Suppose they rank EB>- g_2> u, - Then from (4.5.19) it must be true

thiat Cl & c2 = CS. Now consider the lotteries

L1 : ((1,0,u) for sure)

and

L, 3+ «£(0,1,u);p

> ; (0,0,u))

11
where u is arbitrary and L2 has a probability P, of yielding (0,1,u). If P, is
selected such that L1 is indifferent to I_;2 it follows from (4.5.19) that

€, =P &, (4.5.20)

In the same way find P, such that L3 is indifferent to L4 where

L. : ((l1,u,0) for sure)

3
and
L, : <(0,u,1);p,; (0,u,0)>
From (4.5.19) it follows that
clzp3 (c2 c3+c2+ c3). (4.5.21)
Equations (4.5.19), (4.5.20) and (4.5.21) may be solved to yield
17 T, T By
3
P P
c, = L (14 —2) (4.5.22)
P3 P
and
p p
= 2L i
Cy = - (14 )
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The questions that must be answered to obtain the ci’s are not easy
ones. Also, as was shown in the last section, the form of Uu(}i) may be
influenced significantly by changes in the ci's. Thus it will be necessary to
carefully check the assessments used to determine the constants and also to

check the final result of the decision analysis to see how it is affected by

changes in the ¢, 's.
;

4.5.4 Assessment of Scaling Constants for U(u;x)

Once Uu(E) and Ux(g) have been determined the constants KI’KZ and

U(xu) = K. U (x)+ K. U (u)+ K
1 — Z u—

- X

U (=p U ) (4.5.23)
%~  m

3
must be assessed to specify U(x;u).

Pick two values of x, EO and x*, with )_{0 ~{ x*, that have been carefully
thought about and can be used to compare the decision maker's preferences
directly for outcomes, represented by UX(;E), with his preferences for follow-
ing the views of other individuals or groups, represented by Uu(E) .

Assume that Uu(E) has been scaled in the manner of sections 4.5.1
and 4.5.3. Further assume that U_(x) has been scaled so that UX(EO) = 0 and

X

If U(x;u) is scaled so that U(zo; 0) = 0 and U(x* ; 1) = 1, where

0=10,0,...,0] and T =[1,1, ...,1], then it follows from (4.5.23) that

= . 4.,5.24
1 K1+K2+K3 ( )



e

Now compare (x*; 0) and (EO ;1) Suppose, for example, that

(x* ; 0) >. (x ; 1). Then, from (4.5.23), it follows that K. > K

find the P, such that Ll is indifferent to L2 where

L1 o (gc_o; 1) for sure )

and

e
Determine the P, such that L3 is indifferent to L4 where
LB ¢ (% ; 0) for sure)
and
L, :+ Clx*;105p,: & ;00
-+ — P T it

Then, from (4.5.23) it follows that

KI:pZ(Kl+KZ+K3).

Solving (4.5.24), (4.5.25) and (4.5.26) yields

K =
1T By
K. =
5 =Py By
and
=

g =L oW B Py

This completes the determination of the scaling constants Kl’KZ and K.

S 1 2

Now

(4.5.25)

(4.5.26)

(4:5427)

3
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4.6 Concluding Remarks

This chapter has considered methods of determining the utility func-
tion U(x;u). The approach taken was to show how certain restrictions on the
decision maker's reasoning constrain the form of U(x;u). Methods were then
developed to completely specify the form of U(x;u) in any particular decision
problem.

In particular, ways of assessing a number of different scaling constants

that arose during the development were given,
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Appendix 4.1

In this appendix we derive the result used in section 4.2.2. The

result is presented as a theorem.

Theorem A.4.2. Consider the set of all points X in R" such that

x:(x,x,...,x):(k—l,iz-,...,i)
L2 n m m m
where ki =1,2,...,m for all i. Then the number of these points NS which
meets the condition
T e = ey = X (A.4.1)

is

N

s n n! (M-1)!

w4 a—-1
( >: el ] Y (A.4.2)

Proof. We establish this result by induction on n.

n =1, Clearly the result is true since all the points must be included

in one dimension,

n>1. We proceed by assuming the result to be true for (n-1) dimen-

sions and then showing it is true for n dimensions. We do this by considering
each possible value of Xn and, using the result assumed to be true for (n- 1)
dimensions, find the number of points for that value of Xn which meet condi-
tion A.4.1. We then sum the results for each Xn to get the total number of
points.

Consider Xn = m/m. This places no restriction on X 1 and hence,

using A.4.2, there are
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[m+(n-2)]!
m= 1)1 [pa=1)"

points in the allowed region with Xr1 il o L

Consider Xn = [t~ 1)/m. "Then Xn is restricted to the values
1/m,2/m,...,(m-1)/m. Applying A.4.2 for (n-1) dimensions and (m-1)
allowed values gives

[m+ (n-2)]!
(o~ 1) L = 2) 1

points in the allowed region with Xn = ey - 1 ),
We can continue the procedure above with V.= (m-2)/m, etc.
n

Summing the results gives

_ [mt(n-2)]! [(m-1) + (n-2)]!
5  fa-1)1 (o)l (n-1) ! (m-2)!

N

[(m-2) + (n-2)]
(n-1) ! (m-3) !

. A (A.4.3)

This may be rewritten as

_ [mt(n-2)]! m- 1
Ns " (n-1)! (m-1)! L m-i—(n-Z)‘ :
+ e 1 < 1+
m+ (n-3) i n+k-1

3 2
e l1+n+l ‘ ’H] (A.4.4)

We now evaluate (A.4.4) by induction, Define

"t nt2 n+1
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k = 1. By inspection fk: L for k = 1.

e n

f . Assume fk = (n+k-1)/n. Then

kil i =l
* -1

k ntk-1 k-1

fk = (ntk)/n.

It follows from this and (A.4.4) that

_ [m+(n-2)]! nt+m- 1 (Ad.6)
N Tl -1 = @
[m+(n-1)]!
n iz~ 1) |

The theorem is thus established.
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Chapter IV Footnotes

i

Utility independence is discussed further in Keeney[16].
See Keeney[18].

See Keeney[18| and Keeney and Raiffa[19].

See Raiffa[29] and Keeney and Raiffa[19].

See Keeney[19].

See Keeney[17].

See Keeney[16].

This result was discussed in section 4.0.1.

See section 2.4.2 or Harsanyi[l1].
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Chapter V
ASSESSING UTILITY FUNCTIONS FOR GROUP MEMBERS
In the last chapter it was shown that if certain constraints are imposed
on the form of U(x;u) than its assessment can be broken into three parts:
1) assess a conditional utility function UX(E),
ii) determine a number of scaling constants, and

» U , 1

iii) assess the utility functions u PR

1
Items 1 and ii were discussed in chapter [V. In this chapter the assessment of
the ui's is considered.

Although these are standard utility functions they have several features
that make the assessment problem different than usual. First, in general it
: S : Ao oo
is to be expected that the utility function u, of the i— individual or group depends

2t

on the preferences of the decision maker and the other members of the group

as well as on the outcomes described by x. That is,

= wazy U ) (5.0.1)
1 1 — f i

S L N

where s [ul >

. ..U, ,...,u ]. If this is true for all the u,'s then
i-1" 141 n il

it will be difficult to find the utilities ui, i=1,2,...,n that correspond to each

outcome x since a set of interdependent equations

U = U(x;u)

u1 = ul(z;U;u—f)

uz = uz(g;U;u-E), (500520
u =

U % Usu—)
n n— 1EL:

will have to be solved.
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In some cases it would be reasonable to assume that the utilities
depend only on the outcomes x. That is, u._1 = ui(E)’ L= 1y, sese 5 Bl his
means that the people are not interested in the preferences of the other
individuals or groups, or that they are informally taking them into account
when they assess their utility function over x.

Even if u,l = ui(z), there are several assessment difficulties that
remain. First, if the decision maker wishes to take into account the pref-
erences of many people, there may not be time or resources enough to
assess all their utility functions. Second, even if their utilities can be
assessed, the functions obtained may not represent the views of the individuals
accurately. This may be due to a deliberate attempt to conceal true pref-
erences or because they haven't thought carefully enough about what their
preferences are. This problem may be particularly acute if many utilities
are to be obtained. In that case it becomes difficult to spend the time with
each person needed to properly assess his utility function.

In the next chapter methods are developed for dealing with uncertainty
due to factors like failure to assess everyone's utility function or uncertain
bias in the assessed function. In this chapter methods are developed that
help assess utility functions quickly and, at the same time, make it easier to
check whether the assessed functions represent the individuals' preferences
correctly. Methods of this sort are necessary if the decision analytic
approach to incorporating the preferences of others into a formal analysis

is to be useful in practical situations.
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The approach taken is to assume that the ui's are functions only of
the outcomes x, and then develop ways to quickly approximate 111(§). The
approximation method extends work done by other researchers for single
attribute utility functions to multiattribute functions. These researchers
have identified properties that the utility functions of many real-world

decision makers would be expected to have, and then found particular func-

tional forms u(x) = U.(x[ 01, 92, B Gm) which have these properties and also
have one or more arbitrary parameters 01 - 92, o Qm. Questions are asked

of an individual to obtain the values of these parameters and the resulting
function is assumed to be his utility function. Thus, for example, it might
be assumed that u(x) = e " and questions would be asked to determine 0.

In general, the utility function obtained this way will only approximate
the person's true preferences. However, if the functional form is carefully
selected the approximation should be good. Furthermore, people are often
uncertain enough about their preferences so that they will be willing to use
the function as if it represents their preferences.

In the last section of this chapter the general case where
ui = ui(é); U ;u_l—) is considered and a simple éase is investigated to show how

the interdependence may affect the decision analysis.

5.1 Parameterized Functional Forms for Single Attribute Utility Functions

If u(x) is assumed to be of a particular parameterized form

u(xl 91 ; 92, e Gm) then only a few questions need be asked to specify

91, 92, . Qm. Therefore, time and effort can be put into making sure that
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the answers to these questions represent the preferences of the decision
maker correctly.

If a utility function is assessed without assuming a functional form,
it is necessary to assess the utilities of many points to obtain an accurate
idea of the shape of the shape of the function. This is time consuming and
often doesn't leave time for carefully checking to see if the individual's
assessments represent his true preferences.

Of course, when a particular functional form is specified for u(x) the
possible shapes of the function are limited. Thus the form should be care-
fully selected so that it can yield a wide variety of possible shapes while still
only having a small number of parameters to be determined.

One way to do this is to specify desirable properties for utility func-
tions and then find classes of functions that have these properties., One such

set of desirable properties involves risk-aversion.

biwlail Risk Aversion

Suppose u(x) is strictly increasing and there is a lottery over x with
= . 2 2 . =
expected value x and variance T, Suppose further that o is sufficiently
small that the first few terms of the Taylor expansion about x are an adequate
representation of u(x) over the region where x has significant probability of

. S
occurring. Then Pratt has shown that

T (Sl i}

3
i
% |
I
%
Q
I
BN
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where 7 is the decision maker's risk premium for the lottery and x is his
c
certainty equivalent for it,

Notice that 7 is proportional to

—_ uTl(;)

r(x) = - - (5, 1.,2)

u'(x

—~—

This called the risk-aversion function since it indicates how large a risk

premium the decision maker is willing to pay to eliminate the uncertainty in
the situation he faces.

If the expected value x of the lottery is changed to a new value x' while
o-i stays the same then often 7, and hence r(;'), will change. For example,
if x' > x then 7 might decrease since there is less chance that an undesirable
value will occur. Thus the decision maker is more nearly willing to use
expected value as a guide to decision making since, '""on the average,' he will
receive this amount and he isn't as worried about bad outcomes due to
uncertainty wiping him out in the meantime as he was when x was smaller.

5.1.2 Constant Risk Aversion

Sometimes the risk premium of a lottery would remain fixed as x
varies over some region. In this case it follows from (5.1.1) and (5.1.2)

that

.o ul(x) (8. I3
u'(x)

where r is a constant., This can easily be solved to yield
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rx

A-(sgnr)Be - r+0

eifae)) S= (5.1.4)
A+ Bx, £ =0

for u'(x) > 0, where sgn r is the algebraic sign of r and A and B are unspeci-
fied except that B > 0.

Thus, if a decision maker wishes his risk-aversion to be constant
then his utility function is specified once the value of the parameter r is
known. Hence, his utility for only one lottery must be assessed in order to
completely specifyu(x).

5.1.3 Using the Exponential Utility Function as an Approximation

-4
Howard notes that exponential utility functions serve as adequate
approximations to many utility function:
"The utility functions assessed by actual decision
makers...are usually smooth functions that are
concave downward and representable by an ex-
ponential at least over a limited range of mone-

tary outcomes."

The versatility of the exponential is shown in figure 5.1 where
u(x|e) = ——— (5.1.5)

is plotted for several values of r.

Howard uses the exponential utility function extensively in his meth-
odology for approximately analyzing the effects of uncertainty in large deci-
sion problems. He comments that even when the exponential utility function

is not a good approximation
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Figure 5.1. Plots of ul(x)= (1-e Y (1 -e )
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the utility function can still be bounded by expo-
nential utility functions having risk aversion
coefficients that are the maximum and minimum
values of risk aversion coefficient assumed by
the actual utility function over the same range.
The certain equivalents developed for these ex-
ponential utility functions will bound the certain
equivalent for the actual utility functions over
this range.

In cases where the exponential utility function is not appropriate then
other functional forms might be used. For example, Kaufrnan5 and Spetzler
have investigated the logarithmic utility function u(x) = A + B log (x+ ¢) for
x > -c where A, B and ¢ are constants with B > 0. This function has r(x) =
(x+c) = and hence is decreasingly risk averse--a property which would be
desirable for some utility functions.

Both the exponential and logarithmic utility functions have one free
parameter. That is,

ulx) = u(xl@) (5..1.6)
where 0is the parameter whose value is unspecified. This might be assessed

(l), X(Z) and X(S} such that X(l)’< X(Z)-( X(3). Normalize

as follows: Pick x
u(xIQ) so that u(x(l)le) = () 2mid U(X(B)I ) = 1 for all 6. (This is always possible
since the scale and origin of a utility function are arbitrary.) Consider the
lotteries

L. : (x(z) for sure)

and (Biwl & 1)

L : <X(3);p;X(l)>
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: a5 3) . ;
where there is a probability p of obtaining X( ) in LZ' Determine the p such

that L1 is indifferent to L2 . Then it follows from (5.1.7) that
2
p=ux]0). (5.1.8)
This can be solved for 6and hence u(x) is completely specified.

5.2 Parameterized Functional Forms for Two Attribute Utility Functions

In this section the approach to utility assessment discussed in the
last section is extended to the two attribute case.
Keeney has discussed situations where one attribute x is utility

independent of another. That is, the conditional utility function u (x) for
xX

any fixed y is the same. In this case

u(x,y) = cl(y) i CZ(V) uX(X) (5.2.1)

where cl(y) and cz(y) are unspecified except cz(y) =0

He showed8 how utility independence reduces the assessment neces-
sary to specify u(x,y). Unfortunately, in many cases of practical interest
utility independence does not hold.

However, it might often be adequate to assume that any conditional
utility function over x for a fixed y could be selected from the parameterized
family uX(x] 1) with the parameter varying depending on the value of y. In
this case

Wiz v = cl(y) + cz(y) UX[XI o(y)]. (5,2 .2)

This form is fairly general.

For example if uX(X| 0 were the exponential form discussed in section

5.1 then the conditional utility functions over x could be any of the curves



88.

shown in figure 5.1 depending on the value of 0.

If (5.2.2) holds then x will be referred to as parametrically dependent

on y. This terminology is used because conditional utility functions over x
depend on y only through the parameter 6.
In some cases (5.2.2) will hold only for certain values of y. In this

case x will be referred to as parametrically dependent on y for Y sVpseees ¥,

where yl ,yz, LW "Yr are the values for which (5.2.2) holds.

Parametric dependence might be reasonable in many cases where
utility independence was not. As will be seen in the next three sections,
parametric dependence conditions reduce greatly the amount of data needed
to assess a utility function u(x,y).

5.2.1 Parametric Dependence and Utility Independence

In the derivations of this section and those that follow it is assumed
that for every a and x there exists a unique 8 such that a = fx(xl ).

Keeney showed9 that if x and y are mutually utility independent then
u(x,vy) is determined by two conditional utility function uX(x) and uyty), and
the utilities of any two of the four points (x(i),y(j)), i, J = 1;2:; A similar
result is now proved for the case where x is utility independent of y, but y

is parametrically dependent on x.

Theorem 5.2.1. Suppose x is utility independent of y and y is parame-

2 s
trically dependent on x for x(l) and x( ). Thenu(x,y) is completely specified

by a conditional utility function uX(x), the parametric form uy(y] 0) and the
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ol : 3 L G a
utilities of any four of the peints (x" ",y ), 1= 1,2, v = 1,2,3, (where

2 2 3
S B e o)

(1)

Proof. Assume, without loss of generality, thatu (x ') = u (y IB) =0
o ¥
2 3
and u (x )) = (y( )]9) =
% F
Si . ; (1) (2)
ince y is parametrically dependent on x for x and x °, then
e gy dl(x(”) + d?(X(l))uY[YI fat ] fom i 1, 2 (5.2.3)
Further, since x is utility independent of vy,
u(x,y) = cl(y) + cz(y) L'LX(X). (5.2.4)
Form (5.2.3) it follows that
i 1
u(x(l),y) . U(X(l),y( ))
(5.2.5)

o e TR )]uy[yle(x”))]

for 1= 1,2+~ '"This u(x(l),y) would be known if G(X(l ) were known. Sety =1y

in {5.2.5). Then

o ir P o] - B Ly T) sty )

= : - . (5.2.6)
y u(X(l) Y(3)) ) u(X(l),y(l))
This may be solved for B(X(i)) X
From (5.2.4) it follows that
u(x,y) = u(x(l),y) + [u(x(z),y) - u(x(l),y)] ux(x). (5.2.7)

2
But u(x(l),y) and u(x( ),y) are known from (5.2.5) and (5.2.6). Hence u(x,y)

is determined.
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Although all six of the points u(x(l),y(‘])), i=1,2, j=1,2,3 have been

used in this proof, two of them may be specified arbitrarily since the scale

and origin of u(x,y) are arbitrary.

This theorem shows that if one attribute is parametrically dependent
on the other then the utilities of only two more points must be assessed to
determine the utility function than in the case where the attribute is utility
independent.

5.2.2 Mutual Parametric Dependence

In this section the case where neither attribute is utility independent
of the other is considered, but where there is parametric dependence between
them. The theorem below proves that, in addition to the parametric functionals
ux(xl f) and uy(y‘ 0), it is only necessary to have the utilities of seven points
to specify u(x,vy).

Theorem 5.2.2. Suppose x is parametrically dependent on y and y

(1) _(2) (3)

is parametrically dependent on x for x ', x and x° ', Then u(x,y) is

determined by the parametric forms ux(x] 0), uy(yl 6) and the utilities of

i i 2 3
seven of the points (x(l),y(J)), i, j=1,2,3 (where x(1)<' x( )< x( ) and

1 2 3
Y()‘<Y()<Y( ))-

1 i
Proof. Assume, without loss of generality, that fX(X( )I b) = fy(y( )lﬁ): 0

3 3
sl £ )ch)z f (y( )]9) = 1,
X b
From the conditions of the theorem

ulx,y) = d;(y) + d,(y) u[x[¢(y)] (5.2.8)
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and

u(.x(i),y) = Cl(xi)) + cz(x(i]) uy[yl@(x(i))] (5.2.9)

for i=1,2,3. It follows from these equations that

(1)

u(x,y) = u(x

;Y)+[u(x(3),v) —u(x(l),y)]u [x|é(y)] (5.2.10)

and

(i})] _

x uy[yfﬁ(x (5.2.11)
Setting y = y(z] in (5.2.11) yields
: (1) _(2) (1) (1)
7 [y(z)le(x{l))] L By Lo Ly ) (5.2.12)

u(X(l)’y(3)) ) u(x(l),y(l))

which can be solved for Q(X(l)). Therefore u(x(l),y) is determined by (5.2.11).

(2)

v

Setting x = x in (5.2.,10) yields

(2) (1)

u{x ,y) - ulx

) (5.2.13)

2
u [xH[e)] = :
»Y)

ulx
which may be solved for B(y).
Therefore u(x,y) is determined by (5.2.10). Hence the theorem is

proved.

Example. Suppose the conditions of the last theorem are met with

¢

uX(xI¢) = x

and (5.2.14)

¢]
g) =
b (VI he= ¥
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In order to simplify notation let ki' = e el
J

From (5.2.11) it follows that

i 0

u(x(”,y) =k tlk, -k )y (=) (5.2.15)
and hence
= {kiz ot }

(i) kis e kil

B(x ') = ( (B2 6]
log vy
= C

Thus (5.2.15) can be rewritten as

Nl o = ko + (k- k) yi (B2 177

Substituting this into (5.2.10) yields

C
_ 1
BEY) =k, TR g K L F
(5.2.18)
y c3 cp, &y
Tl g -kt - kyy Wyg = Ryl "] =
and hence
_ £2 £
, Sk21+(23 koY kyy - kg - kp )y
o8 1 c c
k.. -k o dik . -k iy 2 -k, ok iyl
31 11 23~ gy 13 11
d(y) = 5 (5.2.19)
log x

This can be substituted into (5.2.18) to give u(x,y) for all x and y.

This example involves a lot of messy algebra. The reader may
wonder whether this approach to assessing two attribute utility functions is
any easier than merely assessing the utilities of a number of different points

and fairing a curve through them.
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In fact it is since the utilities of only seven points need to be assessed
to specify u(x,y) for all x and y. The algebra may be messy but this can be
carried out by computer while the analyst concentrates on making sure the
utility assessments for the seven points correctly represent the preferences
of the decision maker.

If a curve were faired in, in most cases many more than seven points
would have to be considered. Thus, the time would usually not be available
to make sure the assessment at each point was actually correct.

5.2.3 One Attribute Parametrically Dependent

In this section the case where x is parametrically dependent on vy,
but there is no restriction on y is considered. It is shown that three (con-
sistently scaled) conditional utility functions over y determine u(x,y) for all
x and y.

Theorem 5.2.3. Suppose x is parametrically dependent on y. Then

u(x,y) is determined by the parametric form ux(x] 6) and three consistently

i 2 3
scaled conditional utility functions u(x(l),y), i=1,2,3 (where X(l)< X( )< X( )).
1
Proof. Assume, without loss of generality, that ux(x( )|9) = 0 and
u (x(3)lﬂ) =1)
s

Since x is parametrically dependent on y it follows that

u(x,y) = e (y) + e, (y) u_[x|6(y)]. (5.2.20)

Therefore

I
(i
i

u(x,y) =
5.2 21)
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(2)

Settinig x = % ~ in (5.2,.21) yields

)Y) il u‘(X(l)JY)

ux[x(z)lﬁ(y)] = {5.2.22)

1
u(x ,y) - u(x( ),y)
which can be solved for 6(y). This can be substituted into (5.2.21) to yield

u(x,y). Thus the theorem is established.

The following theorem shows that one of the conditional utility functions
in the last theorem can be replaced by an indifference curve and u(x,y) is
still determined.

Theorem 5.2.4, Suppose x is parametrically dependent on y. Then

u(x,y) is determined by the parametric form u (x| 8), two consistently scaled
xX

2)

conditional utility functions u(X(l),y) and u(x{ ,vy) where x(1)< X(Z)), and

an indifference curve x = XI(V) with its utility U[XI(Y),Y]-

Proof. Assume, without loss of generality, that ux(x(l) I 8y = 0 and

u <x(2)]9) =1,
x

By exactly the same reasoning as in the last theorem

(2) (1)

u(x,y) = ulx' ,y) + [ulx"",y) - u(x

v (5.2.23)
x u_[x]6(y)].

In order to specify 6(y) set x = xl(y") in (5.2.23). This yields

uX[XI(y)| 8(y)] = (5.2.24)

which may be solved for O(y). This is then substituted into (5.2.23) to give

u(x,y) for all x only.
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5.3 Parametric Dependence for N-Attribute Utility Functions

In this section some of the results for two attribute utility functions
are extended to the n-attribute case. Theorem 5.3.1 considers cases where
each attribute is parametrically dependent on its complement while theorem
5.3.2 looks at cases where some attributes are utility independent of their
complements and others are parametrically dependent on their complements,

It is shown that when all the attributes are parametrically dependent
then u(xl Xy .,xn) is specified by the n functional forms ui{xi | 91),
i=1,2,...,n and the utilities of 3 -2 points. When m of the attribute are

n-m

utility independent then the utilities of 2 g -2 points are needed.

Before proceeding some useful notation is established. Let

( _X(l_) - (11<+1)X{1k+2) (111))
ER-UErtl’ T T k1 kb1 T2’ s
and
( (i)) ; Gpp) Bpyn) (ln))
. . = Sy . " 5on oo g .
T R R s R R Kk’ k1 Tkt2 n
Theorem 5.3.1. Suppose for all k that X is parametrically dependent
(i) ; . :
— . s o s 8y = :2)3‘ Th
on Xk for Xk (Ek—l’xk-l-l)’ where lk-!—l’ 1k+2’ 1n 1 en

u(XI’XZ’ 5 ¥ ,xn) is determined by the n parafmet.ric forrx.ls uk(xk
- (i) (12) (1n)
and the utilities of any 3" -2 of the points (XI’XZ’ T ) ik = 203 for
n

- (1) (2) (3)
ko= 250 i where Xk < Xk < xk for all k).

(1)

Proof. Assume, without loss of generality, that a.k('xk IQk) = 0 and

|6.) = 1 for all k.

6, ), k=1,2,..4
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. : . ey g )
Since x, is parametrically dependent on X1 for Xy = (Ek—l’ Xk-l—l)

then
S e RIS e )
B R B! = O ey B! sl

@&

TG R ey uk[xkle(fk_l‘ﬁkh

—

From this it follows that

u(x s 'X('i_) = g 'X(l)-x(i—}
e Sl —ilet ) =k-1" "k "=ktl) (e 3.2)
L3 ) () (D)
Huey x5 x0) - uley xS xg ) Te e 10e, xo )
(i?) (iS) (1)
Consider k = 1. Then, from (4.3.2), u(Xl,xzd Ry e X ) would
be determined if 0 (x : x(i—) ) were known, Setx =x L) in (4.3.2). Then
=k-1"—k+1 i k k T
u(x 'X(Z}'x (i')) - u{xk 'x{l)'xl(g—)
(2) N T O R T S L G =T 0 0
ap I [0, o 50l = (3) (1) @, S

B Ry TR i R

. W D e B
This may be solved for 6 (Ek-l’zk-!-l Yl k=l

Having solved (4.3.2) to yield u(}_ck 1;Kk;§k(-|-l_)1) for k = 1, it may now

be solved iteratively for k = 2,3,...,n. Thus u(x) is determined.

Theorem 5.3.2. Suppose that for k=m X is parametrically dependent

_ L) : : 1 1
on X for )LJ: = (-)Ek—l’xk+1 ), where 1k~]—l’1k+2’ sxwyd = 1,2,3, and suppose

further that for k > m X, is utility independent of X . Then u(xl,xz, 5 ,Xn)

is determined by the following:
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i) the parametric forms uk(xkle Yot = 15 2 s

(x

ii) conditional utility functions u

T b R evens Xl Al &

iii) the utilities of any 37 272 of the points
(12) S s ,erln) where
i. = 1,2,3fork=1,2,...,a and ik = [,2

for k=t 1, 3r 2y o weyB

(where X < X 4 X(B) for all a)s

Proof. Assume without loss of generality that uk(xl({1 |9k) = 0 and

(1) (2)
8 = = =
k k [ = 1 for all k = m and that uk(xk } = 0 and uk( e ) 1 for all k > 1
Then the proof of theorem 5,3.1 establishes that u(x iX ;X{l—) is
—m-1"m —m+1l
known.
For k >m
. .3.4
u(x) = Clk( k) + CZk(XE) u(xk) (53554
Therefore
) 0 )
bl ORGSR 5%, i
(52 D)
(2) () )W
+lulx, x xR - u i sx ) Go)
Since u(x X X ) is known, (5.3.5)
—mi-1" ta—ratl
can be solved for u(x ;x P X (1) )
' mtl—mi2" "

This procedure can be continued iteratively until k = n at which point u(x) is

determined.
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The theorems in this section and the last have shown how multiattribute
utility functions may be approximated using the utilities of a relatively small
number of points. As was pointed out earlier in the chapter, the need for
only a small number of utilities means that care can be taken in the assess-
ment of these to make sure they accurately reflect the person's preferences.

This approach to utility assessment is particularly valuable for a
decision maker who wishes to incorporate the preferences of a large number
of people into his analysis, since, if he uses it, he can approximately assess
their utility functions fairly rapidly.

However, if the utilities of the various individuals are interdependent

then it is necessary to account for this interdependence in addition to assessing
the utility functions over various outcomes x. This problem is considered in
the next section.

5.4 Interdependent Utility Functions

As was noted at the beginning of this chapter, the preferences of an
individual in the group of people whose views are important to a decision
maker will often depend on the preferences of the decision maker and the other

people in the group. That is, u, = ui(E;U;utl—). This leads to the set of equations

U = U(x;u)
ul = ul{z;U;uT)
_ T A (5.4.1)
u, uZ(E,U,uz)
W= Bellins)
n n—= n
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In section 4.1 it was noted that often x and u would be mutually utility
independent for the decision maker so that

U=K. U (x)+K_U (u)+K_U (x)U (u) (5o 2)
I = A E—

u —

2
where UX(E) and Uu(E} are conditional utility functions,and Kl ’KZ and K3 are
constants.

By the same arguments x and {U;ui—} would often be mutually utility

independent for each of the individuals in the group. In this case

u, = K. u. (x)+K..u. (U;u—)4+K. .u. (x)u. (U;u) (5.4.3)
il TN — 12 1 i 150 st =—" i
fori=1,2,...,n, where u, (x) and u, (U;u-) are conditional utility functions,
gl — iu i
and K. ,K.. and K._ are constants.
1l 12 i3
In section 4.3 it was shown that often for the decision maker ul,uz. A ,ur1

would be order-one mutually utility independent with conditional utility functions
linear in the ui‘s, and that they would be order-two mutually preferentially

independent. In this case either

n
U {u):K_l{H(Kk.u_-!-l)—l} (5.4.4)
u— =] 2
or
n
W = 7 k.u, (5.4.5)
= 11

where K,kl.k e ,kn are constants.

2"

By the same arguments U,u_,u_, ..,u would often be

ol e B e

order-one mutually utility independent for the group members with conditional
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utility functions linear in the ui's, and also order-two mutually preferentially

independent. In this case either

n
=]
u, (Ujum) = C. {C.c. U+1) IT (C.c, u.+1)-1} (5.4.6)
iu i i i io -1 i ik 1
k1
or
T
uiu(U;ui_) = ? Cikuk (5.4.7)
Je=l
keti
fori= 1,2,....0, Where €., ¢, ,C .;ws75C, Are congtants.
i’ de” 1l in
The constants in equations (5.4.3), (5.4.6) and (5.4.7) could be evaluated
in the same way as those in equations (5.4.2), (5.4.4) and (5.4.5). (This

problem was considered in section 4.5,)

The conditional utility functions uiX(_}g), i=1,2,...,n could be approxi-
mately evaluated using the methods discussed in sections 5.2 and 5.3,

In order to find the decision maker's utility U for a particular outcome
x it would be necessary to simultaneously solve the system of equations (5.4.2) -
(5.4.7). In general this could not be done analytically. However, numerical
methods could probably be worked out to solve the problem.

Considering one special case will point out how unexpected results may
occur when the preferences of others are incorporated into a utility function.
Suppose there is one person whose views are of interest to the decision maker

and one attribute x which describes the outcomes. Then, if (5.4.2) and (5.4.3)

are accepted,
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U=K. U (x)J+tK_utK_uU (x) (5.4.8)
I = 2 3 X
and
u=k u (x)+k_ U+k_ Uux(x) (5.4.9)
1 2 3
where U (x) and u_(x) are conditional utility functi(;ns Aanid Ko K Sk e
X X 1 2 S 7

and k_ are constants.

3
Suppose that all the constants are 1 except k2 and k3 and that these are
zero, and also that Ux(x) = uX(x) = x, Then
U = xtutxu (5.4.10)
and
£ = oo (5t 11)

Notice that both of the individuals are risk neutral toward lotteries over x when

the preferences of the other person are held fixed.
If (5.4.10) and (5.4.11) are solved to yield U as a function of x then

U = 2x+x2. (5.4.12)

For positive values of x this utility function is risk prone toward lotteries over
x, Thus, even though both individuals are risk neutral in their direct preferences
for outcomes, the fact that the decision maker takes into account the preferences

of the other person makes his total preferences for outcomes risk prone.
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Chapter V Footnotes

e

Grochow|[9] has noted how time consuming this is.
See Meyer and Pratt[23] and Spetzler[33].

See Pratt[26].

See Howard[14], p. 513.

See Kaufman|[15].

See Spetzler[33].

See Keeney[18].

See Keeney[16].

See Keeney[18].



Chapter VI

ACCOUNTING FOR UNCERTAINTY ABOUT THE
PREFERENCES OF GROUP MEMBERS

As noted before, it is often impossible for a decision maker to be
certain of the preferences of all individuals of interest to him. The resources
may not be available to assess everyone's preferences. Some individuals may
deliberately misrepresent their views. People may give incorrect preferences
because they have not thought hard enough about what their true preferences
are.

In this chapter methods are developed for dealing with uncertainty about
preferences. A statistical decision theory approach is taken.l That is, the
decision maker's state of knowledge is summarized in a subjective probability
distribution and Bayes' theorem is used to update this in light of new informa-
tiens

In this chapter it will be assumed that the results of sections 4.1 and

4.3,2 hold so that

Ux:;u) = K. U (x)+K_ U (u)+tK_U (x)U (u)
= 1L == 2ol = 3 x— w
and (6.0.1)
1 n
U (u)=K {I (Kku-+l)-1}. (6;0:2)
i i=1 14

The chapter divides into two parts. Part A considers situations where
the decision maker has no direct preferences for outcomes. That is, U = U(u).
(Of course, U depends indirectly on the outcomes x since the ui*s will depend

on x,) This situation is of interest because it is a case that is important in
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applications, and also because many of the results obtained for it can be
generalized to the case where U depends also on x. This more general case
is discussed in Part B.

Within Part A two different situations are studied. In section 6.1 it is
shown that the ui' s might be probabilistically independent in some cases.
Results are derived for this situation. In section 6.2, ui's that are probabilis-

tically dependent are considered.

Part A

Decision Makers with no Direct
Preferences for Outcomes

A decision maker might have a utility function U(u) in two cases. First,
when he is serving purely as a servant of the group and is relaying its preferences
without accounting for his own. This occurs in Application A in the next chapter.
There the decision maker is conducting a group discussion and then recording
the preferences of the group to be passed on to a government body. He does
not let his own preferences for outcomes influence the preference measure
at all.

Another case where the utility function U(u) might be used is when
decision analytic approaches are only being used to analyze the preferences
Upplyseeest s but some other method of analysis is being used for the rest of
the study. This is the case in Application B in the next chapter. There the

utility theory approach is taken to finding the preferences of computer time-

share system users for different system characteristics. However, decision
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analysis is not necessarily used to incorporate these preferences into a
complete system design or evaluation scheme.

6.1 Probabilistically Independent u.'s
i

Suppose U .,uare utility functions representing the preferences

57
of distinct groups of people. If these groups have fairly well defined viewpoints
which differ from each other, then a decision maker may feel that information

about the preferences of one or more of the groups will not alter his subjective

probability distribution for the preferences of the other groups. In other words,

o i R R will be mutually probabilistically independent.

In this case many simplifications occur in the mathematics involved in
considering uncertainty. Since it seems that some practical application situa-
tions would be of this type, it will be considered in some detail.

6.1.1 Situations Where the §kl s are Certain

If the outcome }_Lk that results from each possible action ak, 2= D R -

is known for sure then the utility U(ak) of that action is

Ula ) = B (U

k e E‘k] {6 ol )

[+

- ] is the conditional expected value of U given

When (6.0.2) holds then this becomes

i
[K {_H(Kkiui+1)—l}[§k] (B Y. 2)

. u!x i=1

If, in addition, the ui’s are mutually utility independent, then
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n

-1
Ula,) = K {L(KkiEu}x[“i’Ek]“)‘”' (6.1.3)

Notice that U(ak) depends only on the conditional expected values of the
ui's. Although it may be necessary to assess the conditional probability dis-
tributions over each u, to obtain these expected values, it is not necessary to
assess a joint probability distribution over the ui's. This follows, of course,
from the fact that the ui's are mutually probabilistically independent.

6.1.1.1 Sample Information With no Bias

In this section Eu|x [* I * ] will be abbreviated as E [ - l - ] for nota-
tional simplicity. Also the entity having utility function uj will be called a
"group'' rather than an individual since as pointed out before, that is the case
when probabilistic independence of the ui's might hold.

If the true, unbiased utilities u.(a.), u.(a
J

th
1 j 2), e ,uj(ar) of the j group

for all the possible actions are obtained, then the updated U(ak) utilizing this
sample data S is
1 n
|s) = K" {[Kk.u.(a )+1] T (Kk.E[u,|x ]+1)-1}. (0.4
108 i1 i il
i#]

U(ak

The manner in which the sample data can influence things may be
illustrated by considering the case where n= 2 and r = 2. The (6.1.4) reduces
to

Ula, |S) = K {[Kklu (ak)+l] [KkZE(u2]§

1{)+1]-1} (6.1.5)

1

forile o
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‘/-
It follows from this that a { ~ } a_ if and only if
1 £ 2
i
K {[Kklul(al)ﬂ][KkZE(uZIEI)-}-l]}
(6.1.6)
W
lz K {[Kklul(a2)+1] [K1<2E(u2|§2)+1]_1} .
If K > 0 then this reduces to
[Kklul(al)+1] [KkZE(uz[g_ngl]
‘ ? l [ Kk u_ (a,)+1] [Kk, E(u,|x )+1]
l s 112 2 =2 ’
<
(6.1.7)

(For K < 0 the directions of the inequalities are reversed.)

The values of ul(al) and ul(az) for which al or a, will be the preferred
action of the decision maker are shown in figure 6.1. It is interesting that the
region where a, is preferred is divided from the region where a_ is preferred by a

straight line. Notice that the larger the margin by which E(u 'E exceeds E(u

|x.)

22) 2=l

then the larger the margin must be between Uy (az) and ul(al) before a, becomes the
preferred action, That is, if the group whose views are uncertain is "expected"
to favor a, by a large margin then the group whose views are measured must
favor a, by a large margin to overcome this expectation.
Also, it is clear that the greater the importance of the first group's

views to the decision maker (i.e., the greater value of kl} then the more

nearly the decision maker will have the same preference regions as that group.
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Figure 6.1. Preference Regions Using Sample Data
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Returning now to the case where r and n are general as in equation
(6.1.4) then it is easy to generalize to the case where the preferences of more
than one group are sampled. Thus if a sample S consisting of the preferences

th
of the j— and | — groups is obtained then

Ula, |$) = K‘l{[Kkjuj(akm] [Kk,u, (2, )+1]
; (6.1.8)
X il;fl(KkiE[ui|§k]+1}—l}.
i£i,4

6.1.1.2 Sample Information With Bias

Suppose that any group's measured utility function will not represent the
true of preferences of that group either because of a deliberate attempt to
conceal preferences or because the group has not given careful enough thought
to the utility assessment. Suppose that uim(ak) is the measured utility of

Bl 5 y ; :
action a_ to the i— group. Then the bias of this measurement is defined as

[1l

Rt =, e i )

.th
where u.(ak) is the true utility of a, to the i— group.
1
If b.(a. ) were known for certain then the correction for bias would be
1

easy. Equation (6.1.4), giving the utility of a, when the preferences of one

k

group have been measured, would become

8|
Ua, |S) = K {[Kkj{ujm(ak)_bj(ak)}+l]
(6.1.9)
n
X I (KkiE[ui|5k]+1)—1|ak}

i=1

15



Howewver, if the bias is uncertain then this uncertainty must be accounted

for. In this case

10

k

|s) = kg {Kk, {u, (a
k i jm

)-bj(ak)}+1]
(6.1.10)

n

X T (Kku+1)-1]a }.
" 11 k
i=1
1]

When b'(ak) is probabilistically independent of ui,izl s Loy snej=l,j+l, ..., nand,
J
as before, the ui‘s are mutually probabilistically independent, then (6.1.10)

reduces to

il
U(akls) - K {[Kkj{u, (a )-E(bjlak)}+1]

jm k
(6.1.11)
n
X 1131 (KkiE[uil_)gk]+1)—l} :
i#]

Notice that b,(ak) does not have to be probabilistically independent of ujm(ak)
] :

for this result to hold.

The effect of bias may be illustrated by considering the case where
there are two groups and two possible actions. If the preferences of the first

group are measured then (6.1.11) reduces to

=1
Ula, |S) = K {[Kkl{ulm(a )—E(bllak)}—H]

k k

(6.1.12)

X(KkZEEuzlﬁkHI)-l}.

>
It follows from this that a { ~ 5 a_ if and only if
1 < 2
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|
K {[Kkl{ulm(al )—E(bll a, ) 1+1] (KkZE[uzl 31“”'1}
(6.1.13)
g O
lz K {[Kkl{ulm(az)-E(bllaz)}+1](Kk2E|,u2|§2]+1)-1}.
If K> 0 this reduces to
[Kkl{ulm{al)-E(bl Ial)}+1](Kk2E[u2]§1]+l)
(6.1.14)
>
z [Kkl{ulm(az)-E(bl]az)}+1](KkZE]u2|§2]+l)
(If K < 0 then the directions of the inequalities are reversed.) The equation
which corresponds to this for the unbiased case is (6.1.7):
[Kk u (a )+1] [KkZE(u2|§1)+1]
> ) (6.1.15)
- )
[Kklul(a2)+1][Ksz(uZIER,—H].

<
Comparing this with (6.1.14) shows that the effect of uncertain bais is roughly
what would be expected. Suppose, for example, that E(b1 Iaz) = 0 and
E(b Ia ) > 0. Then a larger value u (a. ) must be obtained for a_ to be
11 Im' 1 1
preferred then was necessary without bias. In other words, if it is '"expected"
that a utility for 2, that is higher than the true value will be measured then

this is compensated for by requiring a larger value to be measured before a

becomes the preferred action,

6.1.2 Situations Where the Ek's are Uncertain

If the x that results from any ay is uncertain then



U(ak):Exla{Eulx[U(E)lx]]ak} ; (6.1.16)

When (6.0.2) holds and the u_l‘ s are probabilistically independent then

n
Uz, ) = E (K o (Kk E[u lx ]+1)- ia . (61-17)
k Xla )
i=1
Thus U(a ) depends on the conditional expected values E[u [X and, in addition,

on the probability distribution of x. Note, however, that E[u |x s must be
assessed for all possible x's. This may be a large number since the x resulting
from each B is uncertain. Thus the assessment problem may be difficult.

In some cases it may be reasonable to assume a special form for

Elu, [x] Thus, for example, it might be true in some situations that
g
) (6.1.18)

where a, and &, are vector constants and the superscript T indicates a
transpose. Then it would only be necessary to assess a, and 8 to specify
Elu, |x].

Sample information, both biased and unbiased, can be treated in a
manner similar to what was done when the x resulting from any action was
certain. Thus, if an unbiased measurement of u,(x) is available then this
sample data S may be used to yield

-1
KT (Kkjuj (x)+1)

(6.1.19)

X o (KkjE[ui|§]+l)—l] ,ak}.
=1
i#]
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Similarly, if a biased measurement Ll.m(E) is made and the bias is probabilis-

tically independent of the other utilities ui(x), i#, then

U(a, |S) = E {K'l[(Kk_ {u.(x)-E(b, [x)}+1)
k xla I 3

(6.1,20)

i)
% I Bk B [, (] +10-1] a3 .
. g = k
f=1
i#]
Equations (6.1.19) and (6.1.20) are direct generalizations of (6.1.8) and

(6.1.11) to the case where there is uncertainty in x.

6.2 Probabilistically Dependent ui’ s

The situation where Uy, ... ,u are mutually probabilistically
independent was studied in the last section. However, often the u_l’s would
be probabilistically dependent. That is, information about the values of one
or more of the ui's would change the decision maker's subjective probability
distribution for the others.

In section 6.2.1 some general results for this case are derived, and

in section 6.2.2 some useful special cases are examined.

6.2.1 General Results

If the x that results from any action a, is known for sure then, as

shown in equation (6.1.2)

n
2!
U(ak):EulX{K [_H (Kkiuiﬂ)-l]lgk}. (6.2.1)

= |



114,

The meaning of this may be illustrated by considering the case where
n=2. Then (6.2.1) reduces to

|x ). (6.2.2)

U(a,) = Kk k E(uluzl§k)+k1E(u 1<

k ) Ifk)“‘zE(“

1 2

Thus it is necessary to assess the expected values of u, and u, conditional on
X, as well as the conditional cross-correlation between them. In most cases
the only way the cross-correlation could be obtained would be to assess the
joint probability distribution for s and u, conditional on X Since this

distribution is needed for each possible x the assessment problem becomes

k

very difficult if there are very many possible actions A 8,000 058 being

2

considered.
If there are more than two u.'s then even more data is needed to
1

specify U(a, ). Itis clear from (6.2.2) that all of the conditional cross-moments

k

1 ;
between the u.'s up to n— order are needed. In most situations these could be
i

obtained only by assessing the joint probability distribution over Uil eee,t

If n is very large this will be a formidable task.

If there is uncertainty about the x that results from each a, as well as

about the utilities u_,u

h
17927 ,unten

n
1
[ o (Kk,w,+1)-1] 'E}Iak} . (6.2.3)

Ua. ) = Exla[Eulx{K‘
1=1

k

This requires the assessment of the cross-moments between the ui’s for all
possible values of x. Since x is uncertain this may be a very large number.

Hence the assessment would be very difficult.



In the next section some special structured situations where U(ak) can
be determined relatively easily are studied.
6.2.2 Some Special Structured Situations
Suppose that U(u) is symmetric with respect to the attributes ul,uz, b
(This case was studied in sections 4.2 and 4.4.) Then (6.0.2) reduces to
Sl
Uuw) =K { I (Kkui+l)—1} (6.2.4)
i=1

where K and k are constants.
This situation is studied in the next two sections,

6.2.2.1 Situations Where the )_Lk's are Certain

Suppose the number of people that had each possible utility for the x

k
that results from any action a, were known. Ifp (u, Ix ) is the fraction
k ulX j=k
of the total number of people that has utility u, for outcome X then from
] =
(6.2.4) it follows that
np (u,|x )
-1 —k
Ua) =K { I [Kku+l] ulx 1. (6.2.5)
all j
This may be rewritten as
-1
= - iy B B
Ula,) = K {exp[nEuIX{loge(Kku-l-l)I}_;k}] 1} ( )
where
E
Lt {loge(Kku+l)I§k}
~ : By i 1
z pul x(uj |§k) loge(Kkuj+l). ( )

all j
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Equation (6.2.6) is not very useful as it stands since, under conditions

of uncertainty, pulx{ . I ¢+ ) is not known. In some cases, however, the

decision maker may be willing to assume that pu]x( . I » ) would be known if

the value of some uncertain parameter 0 were known. That is, p

u|x,9(n 'E &)

is assumed to be known., For example, the decision maker might assume

; - : 2 .
that u is distributed normally with known variance ¢ and uncertain mean 6,
b'e

In that case p ( IE'Q) would be a density function given by

ulx,@

[¥ o

exp{-[u-6]°/2+° }
(u|x,0) _

Pulx,0 = . (6.2.8)
U-EV 2T

= pu|§,9 (e !_}H‘:,E)) is known then, from (6.2.7) it follows that

-1
Ufa, ) = K Eelx{exp[nEu,X,9{1oge(Kku+1)l

» ,9}]_1@1{}. (6.2.9)

=

(+ |x

This can be assessed if pu, e,

6) and PQ[X( » |x, ) are known for all k.

x,0 k

If the number of possible actions (and hence the number of possible xk’s) is
relatively small then it should be feasible to determine these.

If sample data about the preferences of some individuals is available
then it is relatively easy to update (6.2.9) to account for this sample data.
Suppose, for simplicity of exposition, that the decision maker wishes to obtain

information about the preferences of group members for only one a (It

I
would probably be necessary to assess any individual's utilities for all ai'S

in order to obtain his utility for a However, assume for the moment that

K

only the information about a, is used.)

k
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One of the most common sampling procedures is random sampling
with replacement.3 When this procedure is used each member of the popula-
tion is equally likely to be sampled each time an element is drawn from the
population. Using this procedure there is some probability that the same
person will be selected more than once. If the number of people in the group
is large this is not very likely to occur. If it does, then, of course, it is not
necessary to obtain the person's preferences again since they will already
have been determined.

Suppose a sample S of r utilities ul(§k), uz(zk), ey ,ur(gk} is obtained
using random sampling with replacement. Then

i

BS|x)= T p
=4}

|X[ui(xk)|§k] (6.2.10)

where E{S[Ek) is the probability of obtaining the sample observed. Then from
Bayes' theorem it follows that

ol

Pylx, 5 0% S) = . (6.2.11)

r

1131 Sepu |, 6% & E O1pg) 0], )do

Therefore, the decision maker's utility for B given the sample S is

il

Ufa, |S) = K~

k| E@[x,S {exp[nEu’X, e{loge(Kku-i-l) |§k, 0}]-1 ]Ek,S} .

(6, 2.12)
Equations (6.2.11) and (6.2.12) are somewhat complicated algebraically,

however, there are no conceptual difficulties with them. The complicated
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arithmetic needed to evaluate them can be carried out fairly easily by
computer.

Equations (6.2.11) and (6.2.12) were derived for the case where
sample information for only one a, was used. The situation is more com-
plicated when several ak's are of interest. Usually the utilities for different
ak’s for a single individual would be probabilistically interdependent. Thus
any calculations concerning the results of sampling, like those shown in
equations (6.2.11) and (6.2.12), would involve the joint probability distribu-
tion for the utilities of any sampled individual over all values of X, that are
of interest. Usually it would be very difficult to assess this joint distribution.

One approach that might be used to avoid this problem is to independently

sample people for each % of interest. If this is done then the interdependence
of utilities for different Ekl s would be eliminated and equations (6.2.11) and
(6.2.12) could be used for each value of Ek' Unfortunately, this approach
would often involve sampling the preferences of many more people than would
be necessary if the utilities of each person for all of the EkTS were used.

6.2.2.2 Situations Where the Ekls are Uncertain

Suppose that the possible outcomes of the decision making process can
be adequately described by a scalar x. Then in some cases the decision maker
might feel that each ui(x) could be adequately represented as being a member
of a family of functions with a free parameter 0:

u (x) = u(xl@i) (6.2.13)

1
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For example, it might be reasonable to assume that all the ui‘s were

exponential

with only the value of 91 differing from individual to individual.
If the number of people with each value of O were known then, from
(6.2.4) it would follow that

5 np,(6.)
Ux)=K { =« [Kku(xl@i)-l-l]

all i

where pe(el)is the fraction of the group with parameter value Bi. This can

be written

U(x) = K'l{exp[nEQ{loge[Kku(xj9)+1] rl-1} (6
where
Ee{loge[Kku(xfﬁHl]} = z pB(Qi}loge[Kku(xlﬂiHl] (6
all i

.2.14)

wow 15)

2316

2 1)

Under uncertainty pe(ei) would not be known and hence (6.2.16) would

not be of use to the decision maker. However, in some cases he would be
willing to assume that pe( + ) would be known if the value of some uncertain

parameter ® were known. That is, |+ ) would be known.

For example, it might be assumed that 6is normally distributed with

. 2 ;
known variance ¢, and uncertain meand. In that case

0
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exp{-[6 - plz/zcr; }
P, (Old) = (6.2.18)
9|¢ U'QVZ’.'T

1 p9l¢ & , - ) is assumed known then

U(x) = Eq) {K_l{exp[11E9|¢ {1oge[Kku('x| 0)+1][d}]-1}}. (6.2.19)

This is specified as soon as (¢«)is assesed. The utility of any action ak is

Fo

Ula ) = E_, [E, K" fexp[nE y, {log_[Kiu(x[or1]}}]-1}}a .
< x|a""% oo 5 (6.2.20)

Although (6.2.20) is complicated algebraically, none of the operations
needed to assess it are conceptually difficult. The numerical work needed
can be carried out by computer.

Equation (6.2.20) can easily be updated using sample information.
Suppose a sample S is selected using random sampling with replacement. If

this consists of r values for 6,then

(6 |&) (6.2.21)

= e 9I¢

where 91, 6’2, ...,0 are the sample values and P (S|b) is the probability of
r

s| o
obtaining the sample results given in¢ . Then, by Bayes' theorem,

e

P (@) T Py (0.]d)
1 9|c]) i

4=

p¢|5(¢|8)— (6.2.22)

~ ~

Py (@) |4 (Bl@)d®
6

= " le

1

1l

i

Thus the values of U(x) and U{ak) updated to account for S are
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U(x|S) = E 'S{K“l{exp[nE8,¢{1oge[m<u(x|9)+1]|¢}]-1}|s} (6.2.23)

¢

and

U(ak|S) = Exla[E¢’S{K“1{exp[nE6I¢ {loge[Kku(x|9)+l]f¢}]—1}|S}Iak].
(6.2.24)

The results so far in this section have all involved situations where a
scalar attribute x is sufficient to describe outcomes. In theory the discussion
could be generalized to multiattribute situations. Additional parameters
might be introduced to account for variations in the form of the multiattribute

utility function from individual to individual. Thus, the form might be

u,(x) = u(x|6,,6,,...,6) (6.2.25)
7= == 2 n
where 91, 6‘2, e, Qn are the parameters.

However, to use this formulation it would be necessary to assess the
joint probability distribution over 91 . 92, e 9n. Usually this would be very
difficult. Hence it does not seem useful to extend the work in this section to

the multiattribute case.

Part B

Decision Makers with Direct
Preferences for Outcomes

6.3 General Comments

If the decision maker has preferences directly for outcomes x as well

as for the utilities Wislyyeeesl then, as was noted at the beginning of this

chapter, it will often be possible to write
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Ux;u) = K. U (x)+K. U (u)+K_ U (x)U (u) (6.3.1)
—— 1 == 2 11— s

=

3
where Ux(z) and Uu(E) are conditional utility functions, and KI’KZ and K3 are
scaling constants. In this case, many of the results derived in Part A hold

with only slight modifications. The nature of these modifications is indicated

in the next two section.,

6.3.1 Probabilistically Independent ui' s

If the u 's are mutually probabilistically independent and if the x that
o =
results from any action ak is known for certain then it follows from (6.3.1)

that the utility of any action &y is

Ulay) = KU (x)+ KZ_Eu’X[UUSEHgk] +K3UX(§k)Eu|X[Uu(E)[)ﬁ(]

k ik
(6.3.2)
If (6.0,2) holds then
1
Ula,) = K, U_(x )+K K {il_Il[KkiE(uilz )+1]-1}
(6.3.3)
e
+ KU () K {iljl[KkiE(ui|§k)+l]—l}.

This equation is analogous to (6.1.3) which held in the case when U was not
directly dependent on x.
th

Suppose a sample S consisting of the unbiased utilities of the j—

individual or group is obtained. Then the updated value of U is
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1n
=1
Ula,) =K U (x)+KK {[uj(ak)+1]ii[:ll [ Kk E (u lxk)+1] 1}
i%#]
(6.3 .4)
1 n
+K,U_(x K {[uj(ak)+1] ifxl [KkiE(ui[§k)+l]gl} .
ple]

This equation is analogous to (6.1.5) which held when U was not directly
dependent on x.

As these results indicate it is very easy to generalize the deviations
for the case when U = U(u) to U = U(x;u) if x and u are mutually utility inde-
pendent. The reader can easily do this for the situation where there is bias

or where the x resulting from any ak is uncertain,

6.3.2 DProbabilistically Dependent u.'s
1

This case can also be solved easily. All of the results of section 6.2
hold in this situation if they are applied to the conditional utility function Uu(E) .
This conditional utility function can then be combined with UX(E) using
equation (6.3.1). Thus, for example, if the x resulting from any ak is certain,
then

U(ak} = KIUX(Ek) T KZUu(ak) I K3UX{§k)Uu(ak) (613 . 5]

where Uu{ak) is given by equation (6.2.9):

-1
Uu{ak) = K EG,X{EXP[HE B}IOg (Kkut1) [x 6} ,x }. (6, 3.6}

In the same way, if the x resulting from a, is uncertain then
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U ) =KE | [U@la]+KE | [U @]
(6 +:35% %)
] [U x)U (x)]a]
where Uu(E) is given by equation (6.2.19):
-1
Uu(z) = E¢ {K {exp[nEeldP {loge[Kku(x|9)+1]|¢}]-1}} . (6.3.8)

The reader can easily generalize the other results of section 6.2 to the

case where U is dependent on x as well as u.

This concludes the discussion of uncertainty about the preferences of
group members. It also concludes the development in the last three chapters
of theory that is useful for decision analysis when the preferences of others
are to be incorporated into the analysis. In the next chapter this theory is

applied to three different situations.
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Chapter VI Footnotes

1. See Raiffa and Schlaiffer[30] or Pratt, Raiffa and Schlaifer[27] for a
detailed discussion of statistical decision theory.

2. See Pratt, Raiffa and Schlaifer[27], ch. 23B, for a general discussion
of biased measurements.

3. See Schlaiffer[31], pp. 396-98, for a discussion of random sampling
with replacement.
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Chapter VII
APPLICATIONS

The results of the last three chapters are applied to three different
situations in this chapter. In application A it is shown how the moderator
of a discussion group could used decision analytic methods to determine and
summarize the preferences of the group members. In particular, it is shown
how these methods could be used to determine the preferences of community
groups for different proposed government courses of action.

Application B shows how the preferences of the users of a computer
time-share system might be determined for various system characteristics.
Methods are given for combining the preferences of all the users into one
measure of overall user preference for different system characteristics.
This could be used by the time-share system manager as a guide to desirable
improvements in the system.

Application C considers how the preferences for different types of
housing of persons being displaced by highway construction could be assessed.
In particular, their preferences for characteristics of possible sites for new
replacement housing are studied. It is shown how these preferences might be
determined and then analyzed to select a site that best meets the desires of
the people being relocated.

The three applications presented here were undertaken because they
illustrate well the strengths and weaknesses of the methodology developed in
this thesis. In addition, the problems studied are currently of interest to

analysts and researchers working in the fields.
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Application A
Citizen Participation in Community Decision Making
7.1 Background

Sherida.n1 and Lemelshtrichz have studied methods for conducting
meetings using electronic feedback mechanisms., Using their approach, each
participant in the meeting has a small electronic box with switches or dials
on it which may be used to signal his views to the person conducting the
meeting. This discussion moderator can use the rapid feedback from the
group to guide his conduct of the meeting and to quickly carry out votes on
questions before the group.

Lemelshtrich suggests that this approach would be particularly valuable
in helping to provide citizen participation in community decision making. He
visualizes a procedure where a group would be selected from the community
in a2 manner similar to the way juries are selected at present. This group
would discuss various courses of action open to the community. During the
discussion information would be presented by experts about the consequences
of the different courses of action. Then the group would evaluate the proposals
and report their evaluation to the community government and the general
citizernry.

Lemelshtrich believes that the citizen group would provide valuable
inputs to the government. He also suggests that this approach would help

restore a sense of participation in community affairs to the general citizenry.
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According to Lemelshtrich, the electronic feedback devices would be
useful in this community participation process because they would allow
rapid transfer of information during the discussion and also because they
would provide anonymity to the group members so they would answer questions
more honestly.

One important special case of citizen participation involves deciding
which of a number of proposed projects are to be funded by the government.
Lemelshtrich discusses in detail how the citizen group might consider the
different projects and make recommendations about which ones to fund. His
procedure for determining the preferences of the group seems reasonable
but is not based on any basic principles for combining the views of individuals
to obtain a group preference measure,

In the next section a method for doing this using the theory developed
in the last three chapters is presented.

7.2 Decision Analytic Approach

Formally, the problem of interest here may be stated as follows:

Suppose there are n individuals evaluating the m projects Py+PyseeesP -
Suppose the costs of these projects are Cp1€praeesC respectively, and the
total amount of money available to be spent on Py:PysseesP ig T. Then it

is desired to find the combination of projects most preferred by the group
subject to the constraint that the total amount spent on the projects is less

than or equal to T.
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A simple example may clarify this. Suppose there are three projects
under consideration., The first, P is an experimental educational program
costing $500, 000; the second P, is a program to improve community roads
costing $500,000; and the third, p3, is an increase in the size of the police
force costing $200,000. Suppose the total money available for these projects
is $1 million. Then, using the notation of the last paragraph, €y = $400,00,

¢, = $500, 000, c, = $200,000 and T = $1 million.

In decision analytic terms the problem may be stated as follows: Let

U = U(ul,uz, 5 CRE ,un} be the utility function representing the preferences of

the group as a function of the utilities of the group members. If a2

2,...,ar

are the various feasible combinations of projects, then it is desired to find

the ak such that U{ak) = U[u1 (ak),uz(ak), s ,un(ak)] is maximized. (In the
example discussed above the feasible combinations are: 3, =Py only,
a, = p2 only, 3, = P, only, a, = pl and P, a5 =P, and Pyr 8¢ =P, and P,

and a, = no project. The problem is to find the ay with the highest utility to
the group.
If the u,'s are order-one mutually utility independent and order-two
1

mutually preferentially independent with conditional utility functions linear in

the u.'s, then, as shown in section 4.3.2, either
ol

U= al H(Kkiui+l)—1] (i« 2.1
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n
El= E k u, (7.2, 2)

where K, k. ,k_,...,k are constants.
1L n
The process of selecting group members from the community, as
Lemelshtrich conceives it, would involve individuals selected to represent

the community as a whole rather than special groups. Therefore, it is

reasonable that U should be symmetric with respect to the u.'s--that is,
i

everyone's preferences should be weighted equally. (See section 4.2 for
further discussion of symmetry.) In this case either
] B
U=K [ I (Kku,+1)-1] (7.2.3)
=1 '
or
S S
=k T (7.2.4)
i=1.

where K and k are constants.

As noted in section 4.5,1, k is arbitrary, however, K must be assessed.
The value of K is subjective and may differ from decision maker to decision
maker. A number of different individuals and groups may be interested in the
preferences of the citizen group (e.g., various members of the community
government and different citizen interest groups). Thus, it would be useful to
display the group utilities U(ak) for the various alternatives for several different
values of K. Each person interested in the group's preferences could then use

the K which he feels is appropriate for his purposes.
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7.2.1 Assessinent of the ui's

In order to use equation (7.2.3) or (7.2.4) it is necessary to assess

the utilitiesu (a. ), i=1,2,...,n, k=1,2,...,r. The members of a citizen
1

k
group will often be analytically unsophisticated and unfamiliar with probabilistic
reasoning. Thus it is difficult for them to consider the probabilistic tradeoffs
that are essential to any utility assessment.

The approach taken here is to highly structure the utility assessment
problem so that only a few questions need to be asked to specify the utilities.
This involves making several assumptions about the preferences of the
individuals. It will be shown, however, that these are reasonable in many
cases.

In what follows each individual's utility function for money will be
assessed. Then he will assign a monetary value to each project. (This may
differ from its cost.) These pieces of data will then be combined to obtain
the individual's utility for each feasible combination of alternatives.

Each person is assumed to be constantly risk averse toward money so
that
-r.X

u,(x) = A - (sgn ri) Be i (T2 .5)

1
where A, B and r, are constants, sgn o is the algebraic sign of T, and x is
the quantity of money. (Constant risk aversion was studied in section 5.1.2.
Notice that ui(x} is individual i's utility function for money spent by the

community government rather than by himself. This is because the group is




considering proposed projects to be undertaken by the community govern-
ment.)

The constant risk aversion assumption is made partly out of conve-
nience. As noted in section 5.1.3, exponential utility functions provide close
approximations to many utility functions actually observed in real-world
assessments,

In addition, constant risk aversion would be reasonable in many cases
that citizen groups would consider. The quantities of money that they would
be considering (for example, the $1 million in the example of the last section)
may be relatively small compared to the total amount of money being spent
by the community. Thus it would be reasonable to assume constant risk
aversion over the range of x being considered since it is only a moderate
perturbation in the total amount spent by the government.

In addition to assuming a exponential utility over money, it is reason-
able to assume that the amounts 0 and T have the same utility for each in-
dividual in the group. These two amounts represent the two extreme possi-

bilities- -either none of the money is spent or all of the money is spent. If

utility O is assigned to x = 0 and utility 1 is assighed to x = T then
e e (7.2.6)

tar 4= I a2 o R
One lottery must be considered by each individual to assess T, For

example, each person might assess his certainty equivalent for a lottery with
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a 50-50 chance of yielding either 0 or T, The responses, made through the
electronic feedback devices, could then be displayed to the group and a
discussion carried on to make sure that each person really understood the
consequences of his answer. Following this, any changes that were desired
would be made and then T i=1,2,...,n would be calculated for each person.

T.2.2 Assesgssment of Cash Values for a 's

After assessing each person's utility for money, his monetary value
V.ip.), 1=1,2,...,0,] =1,2,...,m, for each project would be determined.
The group members would have difficulty determining their Vi(p,)'s. However,
presumably the group would have received data about the costs of other
projects that have been carried out in the past. The members could compare
the proposed projects to these and decide on the relative values of them.

This would help them assess the Vi(pj)'s.

As each Vi(Pj) is assessed its values might be displayed to the group
using the electronic feedback device. This display could be used as a basis
for discussion that might help the members clarify their value judgments,

The assessment is continued making the assumption that the monetary
value of any combination of projects is the sum of the values of each project
in the combination. This assumes that the projects do not re-enforce or
cancel each others' effects. For example, this would be reasonable for an
experimental educational program and a program to improve community
roads. These programs will nether help nor hinder each other so it is reason-
able to assume the monetary value of the two programs in the sum of their

individual monetary values.
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On the other hand, if programs to improve the local narcotics squad
and to institute a drug rehabilitation program were being considered, it
might be reasonable to assume that the two programs together have a higher
monetary value than the sum of their values alone.

Before proceeding, some useful notation is established. Suppose

combination ay consists of the programs P +Pp nees ,pk . If it is assumed

2
i) nk

that the value of a combination of projects is the sum of their individual

values, then

"
v = v BT
i(ak) Z .l(p ) (€2 T)
. k,
i=1 j
y . . .th
fori=1,2,...,n, where Vf“(ak) is the monetary equivalent of ak fok the i=—
i
individual.
However, there is a cost
n
k
- C AR
C{ak) z k. ( )
=1
associated with the combination a - Also there is some unspent money
= = ) T oBin
M(ak) Az C(ak ( 9)
that will be left over if ay is selected. Thus the monetary equivalent mi(ak),
i= 1,2, ...,0n, for the i& individual of the action '""spend the money necessary
d institut . "ig
and institute programs pkl pkz Pkn i

k
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5 5 S :
Hence the utility of a to the i— individual is

-r.m,(a, )
1l -e i ik
ui(ak) = T W
1 -e i
where mi(ak3 is given by (7.2.10). Thus, in view of equations (7.7.3) and

(7.2.4), the utility of ay to the group is either

n
Ula,) = K_l[ T (Kku, +1)-1] (7. 2
=1 '
or
n
N LY
U(ak) = k L ul(ak\ (7.2
il

where ui(ak} is given by (7.2.11).

71.2.3 Concluding Remarks

In theory the procedure above obtains the preferences of the group for
the various feasible combinations of projects. However, in practice there is
a substantial amount of numerical computation to be carried out. If the
citizen group consists of more than a few people it will be infeasible to do
this by hand. One way it might be done would be to have the electronic feed-

back devices that each person holds attached directly to a computer. (This

ey

LIy

« 12

< L3)
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might be a dedicated mini-computer or a time-share access to a larger
computer.) The computer could then carry out any calculations needed and
display the results.

Perhaps more important than this question of technical feasibility is
the issue of whether decision analysis is an appropriate type of analysis for
this problem. It was necessary to make a number of strong assumptions to
carry out the analysis. These seem to limit the usefulness of the approach
greatly. However, any form of analysis will make assumptions so that the
analysis is tractable. The decision analytic approach has the advantage of
making these explicit while some other types of analysis do not show their
assumptions explicitly.

Lemelshtrich observes that one important purpose of the citizen groups
is to provide a feeling of citizen participation in community government. He
feels3 this will not happen if the preferences of the group members are
assessed in a sophisticated manner which they cannot understand. The deci-
sion analytic approach is probably such an approach.

This is a valid objection. Unless much time is spent explaining the
approach (a formidable task if the group is mathematically unsophisticated),
it will be a''black box' that obtains the group preferences in a manner that the
group cannot understand. Thus the group members will not have a feeling of
participation in the process.

However, if the main objective is to obtain good preference information
rather than to provide a feeling of group participation, the approach outlined

here seems to be useful.
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Application B
Preferences of Time-share Computer Users

7.3 Background

Grochow has studied the preferences of time-share computer users
for various levels of service of the time-share system.4 He identified a
number of goals associated with the level of service being provided by the
system, and also identified measures of the extent to which each goal is met.
In particular, he concentrated on three goals for system performance:
high availability of system, short response time to trivial requests, and
short response time to compute-bound requests. He selected as measures of
the degree to which these goals are met the following:
A = probability of successful login when the system is up,
Rt = real time to respond to "edit'' requests,
and

R = real time to respond to '""compile' requests
C

Grochow measured several time-share computer user's utility functions
over A, Rt and RC. Although he was able to make a number of utility inde-
pendence assumptions about these attributes, he found that it still took about
ten hours to assess a utility function for one individual. This is too time con-
suming for time-share system managers to assess the utilities of their users
in order to determine what types of improvements would have the most value
to the system users.

In the next section ways of approximately assessing the users' utility

functions will be considered. The amount of work needed to do this is
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substantially less than that needed to assess the utility function exactly.

In the section following that one methods of combining the user
utilities to obtain an overall utility function for the group of users are
discussed.

7.4 Approximate Assessment of User Utilities

Grochow argued that Rc should be utility independent of A for any
given Rt for most time-share users. In addition, he showed that Rt should
be utility independent of A x RC. He showed that if these utility independence
conditions hold than the utilities along the seven heavy lines shown in

figure 7.la are sufficient to determine u(A,R ,RC) fou all A’Rt and RC. That

t
is, seven conditional utility functions and the utilities of six points must be
assessed. This is a formidable task, particularly when the person whose

utility is being assessed is not familiar with decision analytic methods.

7.4.1 Parametric Dependence Conditions

Suppose that in addition to the utility independence conditions discussed
in the last section it is assumed that A is parametrically dependent on RC and
Rt along the four heavy vertical lines in figure 7.1la, that Rc is parametrically
dependent on A and Rt along the two top lines, and that Rt is parametrically
dependent on A and Rc along the bottom line. Then it is easy to show by the
methods used in chapter V that the utilities of any 13 of the 15 points shown in
figure 7.1b are sufficient to completely specify u(A,Rt,RC) if the conditional

parametric forms uA(AI 9),ut(Rtl @) and uC(RC I f) are known,
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Using the fact noted in section 5.1.,3 that many empirically assessed
utility functions can be adequately approximated by exponentials, it is reason-

able to assume

-6A
Alg)y=A - B
u, ( | 6) . ;e , (7.4.1)
6R
B =
ut{Rt|) A,+B,e t, (7.4.2)
and
(0
u (R ‘9):A + B_e Rc (7.4.3)
(S 3 3

h A ,A. )A- lB ) L -
where 1 5 3 1 B2 and B3 are constants

The difference between the form of (7.4.1) and that of the other two
utility functions is due to the fact that greater values of A are more desirable
while greater values of Rt and R are less desirable.

¢

7.4.2 Assessment of Utilities

The approach taken to assessing the utilities of the points shown in
figure 7.1b is to consider lotteries that are very similar to each other when-
ever possible. In this way, explicit consideration can easily be given to how
the probabilistic tradeoffs change when only a few changes are made in a
lottery.

First, find the Py such that the decision maker is indifferent between
J

receiving (A" ',R ",R J)), i, j = 1,3 for certain and receiving a lottery with
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receiving (A(l) ,R(i) ,RS)

¢ ). There are four such pz,l,'s. Notice, however,
J

that the lotteries that must be considered are very similar. In all of them
the only uncertainty is in A and this has the same form. Thus the decision
maker can explicitly consider how his attitude toward this uncertainty depends
on the fixed amounts of Rt and R .

C

When the pZij'S have been assessed, the utilities of the four center
edge points on the sides of the cube in figure 7.1b will have been determined
in terms of the eight corner utilities. In the same way, the utilities of the
two top center edge utilities and the bottom center edge utility can be deter-
mined in terms of these corner utilities.

In the case of the top center edge points it is once again helpful that the
lotteries that must be considered involve the same uncertainty in Rc with only
a different amount of Rt. Thus the decision maker can conveniently consider
how this change in Rt affects his preference for the uncertainty in RC.

In order to complete the utility assessment the utilities of the eight
corner points of the cube must be assessed. A procedure for doing this has

been given by Raiffa.5

T7.4.3 Practical Difficulties

Although there are no theoretical difficulties with the approach outlined
in the last two sections, there is a lot of messy arithmetic that must be carried
out. The utility assessments outlined in the last section must be used to

determine the values of Al,AZ,A3,B1 ; Bz‘and B3 in equations (7.4.1) -
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(7.4.3) for the seven different conditional utility functions. Probably it would
be necessary to use some type of computer analysis to do this.

7.5 Obtaining a Utility Function for the Users as a Group

In most cases the time-share system manager is not interested in the
preferences of any one individual. He wishes to obtain a utility function
representing the preferences of the group of users as a whole. This can then
be used to determine the users' preferences toward various proposed changes
in the system's operation.

If the preferences ui, i=1,2,...,n of the system users are order-one
mutually utility independent and order-two mutually preferentially independent
with conditional utility functions linear in the ui‘s, then, as shown in section

4.3.2, either

n
=l
U=%K [ W0 (Kkiu_+l)—1] (7.5, 1)
i=1 :
or
n
T = ku (7.5.2)
N
=]
where k. ,k_,...,k and K are constants,
=2 n

The following argument shows that often it would be reasonable for a
time-share system manager to assume that the additive form (7.5.2) holds

Consider the lotteries
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L, X (u,O;uE);l/Z; (O,H,ui—j))

and

L, ((u,U;ug);l/Z;(O,O;ui—j)>

It was shown in chapter IV that the additive form (7.5.2) holds only if the
decision maker is indifferent between Ll and LZ' It was argued there that
often a decision maker would not be indifferent between L1 and L2 because
in L1 there is always a discrepancy between the utilities received by the two
individuals while in L2 they always receive equal utilities. If the decision
maker is concerned about the '"balance'' of preferences in a group then he
would not be indifferent between Ll and LZ'
However, a time-share system manager might not be concerned with
this balance. Usually time-share system users are physically separated from
each other so they will not interact with each other and detect the lack of
balance. Thus the time-share system will not lose any users due to this.

Hence it is not of concern to the manager and (7.5.2) holds.

7.5.1 Consistent Scaling of the ui’s

Grochow noted that there is a level of service below which the system
becomes essentially worthless to a user and also a level above which any
increase in service has no added value because factors not related to the com-
puter system limit use of the system. These levels of service differ for different
individuals. As a practical approximation it is reasonable to assume that they
have the same value to each user. Hence utility 0 could be assigned to the

(A,Rt,RC) below which the system is worthless to a particular user and utility 1



could be assigned to the (A,Rt,RC) above which improvements are not useful.

7.5.2 Assessment of ki’s

Deciding on the values of the ki's is difficult. Presumably the views
of those people who use the system more should be counted more heavily than
those who use it less. One way to do this would be to make ki proportional to
the amount of time the i& individual uses the system, or, perhaps, the
amount of money he spends on it,

A slightly more complicated procedure would be to make kiui propor-
tional to the time used or money spent, where u. is the utility of the present
operating state to the im individual. This procedure recognizes that the
utilization of the system by an individual may increase if the level of service
increases. Thus, if a person is currently receiving a low level of service,
his views should be weighted more (i.e., have a larger value of ki} since an
improvement in the perceived level of service could lead to an increase in his
use of the system.

The two procedures above for evaluating the ki's are ad hoc and open
to criticism. However, since time-share users are a fairly homogeneous
group it may be that their utility functions are relatively similar. In that case
the details of the weighting procedure would not affect the final utility function

for the group very much.
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7.5.3 Concluding Remarks

The approach outlined in this application seems fairly practical.
Time-share users usually are sympathetic toward quantitative approaches
to problems. Probably fairly good utility assessments could be obtained
from them.

A more important question is whether the detailed preference informa-
tion that would be obtained using this approach is needed. Usually time-share
managers use the system themselves and have a fairly good idea of what its

strong points and weak points are without assessing the utilities of the users.

Application C
Assessing the Residential Preferences of Highway Relocatees

7.6 Background

The extensive highway construction in the U.S. during the last twenty
years has led to the displacement of many people to make way for new highways.
In many cases the people that must relocate are elderly or from minority groups
and have limited financial means. These people often have difficulty finding
housing comparable to that which they are forced to leave.

To alleviate this problem the Uniform Relocation Assistance and Liand
Acquisition Policies Act of 1970 was passed by Congress. This provides that
highway departments can construct or rehabilitate replacement housing for
highway relocatees if no housing comparable to what they are leaving is available.

Highway departments must now decide whether they should construct new
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housing, and if so, where it should be located and how it should be designed.

In order to make this decision the highway departments need informa-
tion about the housing preferences of relocatees. Abt Associates, Inc. has
designed a questionnaire to obtain preference information from highway
relocatees .6 In addition, it has developed a methodology to evaluate potential
relocation plans in light of the preferences of the relocatees.

One portion of this methodology involves determining the preferences
of the relocatees for different possible relocation sites and then deciding
which ones are most preferred by the group of relocatees. Although the
method used by the Abt Associates analysts is quite complete, little or no
theoretical justification is given for most of the steps in it,

In the next section an approach to solving this problem is given based
on the theory developed in this thesis. Because of the complexity of the
problem it will be necessary to make assumptions as the analysis proceeds
in order to make it analytically tractable. However, the decision analytic
approach makes these assumptions explicit. The Abt Associates method does
not make clear what assumptions are made in the analysis.

Thus the decision analytic approach provides a framework which may
be used to discuss the reasonableness of various assumptions that are made.

7.7 Decision Analytic Approach to Assessing Site Desirabilities

In the Abt Associates methodology information about the preferences of
the relocatees is gathered by a "Housing Preference Questionnaire." (A copy

of this is included in Appendix 7.1.) Information about the relocatees
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preferences for different site characteristics is gathered in questions 15a,b
and 33b,c. Question 15 deals with preferences for convenience of various
facilities, such as food stores and churches. Question 33 deals with
preferences for different neighborhood characteristics, such as quietness
and friendly neighbors.

Since the concern here is with selection of sites for construction of
housing projects, only the responses to question 15 need to be considered.
(The characteristics discussed in question 33 are relevant when discussing
the detailed structure of the housing construction rather than the site location.)

The analysis in this section will use the data provided by the ques-
tionnaire in its current form. In section 7.8 a discussion will be given of
ways the questionnaire might be modified to obtain better information about
the preferences of the relocatees.

7.7.1 Assessing Individual Utilities

Suppose the distance to each facility is signified by the following:

X, = distance to food store,

x, = S " other shopping,

X, = " " hospital/clinic,

X4 = ol W churah,

Xg = i "' public transport,

X, = i "' elementary school,

X, = i "' park or playground,

Xg = i '"" day-care center,

X, = ! " club/other social organization,
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11

X

10
b'e = i '" other entertainment.

11

distance to local bar or restaurant, and

= . s S i o W
Then the utility function of the i— individual for closeness to facilities is
given by

). (TsT. 1)

If the Xj's are assumed to be pair-wise preferentially independent and one of

them is utility independent of the others then, as shown in section 4.0.1,

either
1 11
u =K, {I[Kk u, (x)+1]-1} (7.7.2)
i i . o 1
Jeil
or
11
= Z ke, () (7.7.3)
1 1) 1) ]
R
where kij’j = R A Ki are constants. It will be assumed for analytic

tractability that (7.7.3) holds.

The units of the xj‘s must be specified. Since question 15 only asks
for preferences concerning ''nearness'' to facilities {which is a subjective
quantity) each XJ_ will be scaled from 0 to 1 where ”Xj = 0'" means the facility
is next door and ”Xj = 1" means the facility is far away. This is a subjective
scale and the analyst may find it difficult to decide what the values of the Xj‘s
are for a particular site. This problem will be discussed further below. Also,
in section 7.8 a simple change in the questionnaire that would make the idea of

""mearness'' more clear will be considered.
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If it is assumed for simplicity that the conditional utility function over

each x. is linear in x_, then (7.7.3) reduces to

] ]
11
= Z k.. (1-x,). (7.7.4)
i ij J
=l

(Recall that greater values of x, are less preferred than smaller values.
J

This is why u..(x.) = 1 - x, rather than u..(x.) = x..)
1] ) J L J
The values of kij’ i=1,2,..0,0, i= 1,2,...,11 must now be deter-
mined. This can be done from the answers to questions 15a and b. There

are six different levels of importance that a respondent may assign to being

near to each type of facility:

not so important,

= important,

= very important,

third most important,

= second most important, and

oy Ul s ot o~
I

= most important.
. . JB .
It will be assumed that the value of ki' will be the i— individual's assess-
i
ment of importance as shown in the last paragraph. Thus if the 1= individual
says it is '""most important' for him to be near a food store and "important' to

be near other shopping then kll = 6 and kl2 = B

This procedure has a number of deficiencies. In section 7.8 a simple

change in the questionnaire that would improve it is considered.
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7.7.2 Assessing the Group Preferences

In order to judge the desirability of a particular proposed site for new
housing it is necessary to find the utility of the entire group of people that
would live at the site. If the preferences u., 1=1,2,:.,08 0f the various
relocatees are order-one mutually utility independent and order-two mutually
preferentially independent with conditional utility functions linear in the ui's,
then, as shown in section 4.3.2, either

n

-1
U=K [ Ir (Kku +1)-1] (Va7.5)
=1 *Ft
or
n
Tz 2 k,u, (7.7.6)
coid
1=
where kl’kZ’ o ¥ ’kn and K are constants. The value of K should be assessed
by the person responsible for deciding on the location of the housing site. (He

could use the methods developed in section 4.5.1.) Since the decision maker
would probably wish to treat the preferences of the individuals symmetrically,

then (7,7.5) and (7.7.6) reduce to

U:K_l[ - (Kkui+1)-l] T s F)
=
and
n
1= e z ui (7 .80
=)

where K and k are constants.
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This concludes the assessment of the group utility function for various

values of Xl,X st ose ol 20

5 To use the assessed utility function to determine the

LE T
relocatee group's relative utilities for different proposed relocation sites the

e for each site would be determined. These would be

G f o o
values o XI’XZ 11

used to determine the utilities for the individuals using equation (7.7.4), and
these in turn would be used to calculate the group utility from equation (7.7.7)
or (7.7 .8).

As noted above, the assessment of the x.'s is subjective. Therefore,
it does not make sense to use a very fine scale to specify the values of the
xj's for each proposed relocation site. For example, a three step scale might
be used: x. = 0 (facility very close), Xj = 1/2 (facility at a moderate distance),

J

and Xj = 1 (facility far away).

7.8 Proposed Questionnaire Changes

Because of the lack of questions dealing with probabilistic tradeoffs on
the Housing Preference Questionnaire it was necessary to make extensive
assumptions about the form of the individual utility functions. Probabilistic
tradeoff questions might be asked, however, these are often hard for inter-
viewees to answer, If the interviewer is not skilled in asking such questions
the answers obtained will often not be meaningful. The Housing Preference
Questionnaire is designed to be administered by housing relocation specialists.
These people will usually not be familiar with probabilistic tradeoff questions.

Therefore, it does not seem useful to include such questions.
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However, the utility assessment might be improved by the inclusion
of two simple changes in the questionnaire. First, the subjectivity of the
assessment of the x 's could be decreased by including a question asking "how
far would a facility have to be from your home before it became quite
inconvenient.'

th ! — e . .
Suppose the i— individual responded ”xi miles." Then it would be

reasonable to assume

u.jix.) = (8 L)

0, otherwise.
The different values of xl for different individuals would account for items like
possession of an automobile or different abilities to walk due to different
states of health,

If (7.8.1) is used then the analyst no longer needs to assess a subjec-
tive measure of how far each facility is from the proposed relocation sites
that are being evaluated. He can measure their actual distances and substitute
this into (7.8.1).

Another feature of the assessment that could be improved by a simple
change in the questionnaire is the assessment of the scaling constants in
equation (7.7.4). The procedure given in the last section guarantees that for
every individual there will be a k.. = 6 and also kij*s equal to 5 and 4. This

1)

does not seem reasonable since different individuals will often have different
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preferences for facilities being convenient to their home. For example, a
retired person without a car might have a strong preference for convenient
facilities. On the other hand, a working person who drives into the business
district every day might not be very concerned with convenience of facilities
since he would have access to many of them in the business district.

To gain some measure of this difference questions 15a and b might be
combined into one question which asks the individual to rate the importance
of having each facility convenient on a 1 to 6 scale where 1 means "unimportant"
and 6 means '"'extremely important."

Using this procedure, those to whom facility location was important
would rate importance of convenient facilities high for all facilities. Those
to whom facility location was unimportant would rate it low for all facilities.

The rating numbers would still be used as the k,.'s just as in section
7.7. Now, however, these might be a more accurate indication of individual
preferences than they were before.

7.9 Concluding Remarks

A large number of assumptions had to be made to apply the methods
developed in this thesis to the relocation analysis. However, at least as many
assumptions must be made to use other forms of analysis. The decision
analytic approach has the advantage that it makes the assumptions explicit so
that the weaknesses of the study are pointed out. As shown in the last section,
this can sometimes help to uncover simple changes that will make the analysis

more accurate.
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The comments above seem to apply to all three of the applications in
this chapter. The methods developed in this thesis provide a framework for
incorporating the preferences of others into an analysis. A number of assump-
tions must be made to apply this framework to any particular situation, How-
ever, these are no more extensive than with other forms of analysis and this

approach has the advantage of making them explicit.
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Appendix 4.1

Housing Preference Questionnaire



1.D. NUMBER

APPOINTMENT DATE AND TIME

INTERVIEWER

LENGTH OF INTERVIEW

INTERVIEW REFUSED BECAUSE

HOUSING PREFERENCE QUESTIONNAIRE

LAST NAME FIRST NAME

NUMBER STREET APT.NO.

CITY ZIP
STATE TELEPHONE

ADDRESS CODE 11-15
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2.3

1a  First, I'd like to know the name of everyone who lives in
this (apartment / house). Would you tell me their first names,
please, beginning with the head of the household? RECORD
BELOW, THEN ASK: Does anyone else live here? RECORD
BELOW, THEN ASK: Have we missed anyone — new babies,
a roomer, or someone who ordinarily lives here but is away

now? RECORD BELOW.

1cdef ASK FOR EACH PERSON, UNLESS OBVIOUS: wh
(name’s) relation to the head of household, marital g
and how old was (he / she / were you) on (his / he
your) last birthday? ALSO CODE SEX.

c d e
RELATION MARITAL AGE :
STATUS
18-19 01 S0 22 23-24 25
30—-31 02 32-33 34 35-36 37
42-43 03 4445 46 4748 49
54-55 04 56—57 58 59-60 61
bb—67 05 68—69 70 il = 73
78—-79- 06 11-12 13 14-15 16
21-22 07 23-24 25 2627 28
33-34 08 35-36 37 38-39 40
45-46 09 47-48 49 50—-51 57
57-58 10 5960 61 62-63 64
69-70 11 71-72 73 74756 76
11-12 12 13-14 15 1617 18
23-24 13 25-26 27 28-29 30
35-36 14 37-38 39 40-41 42
47-48 15 49-50 ol 52-53 54
ib  That makes {number) people in all. Is that correct? RECORD | 01 head 1 single 2 ma
TOTAL NUMBER BELOW. 02 spouse 2 married 1 fer
03 son/daughter 3 separated
04 son-in-law/daughter-in-law 4 divorced
05 brother/sister 5 widowed

16-17

06 brother-in-law/sister-in-law
07 other adult (unrelated)

08 other child

09 mother/father

10 mother-in-law/father-in-law




v« ASK FOR EACH PERSON: During the last 6 months, (was
name [ were you) mainly working full-time, working part-
time, going to school, keeping house, or what? FOR EACH
PERSON IN SCHOOL, ASK: Is that a public (1), private (2),
vocational (3), or parochial (4) school, or a special school
for exceptional or handicapped children (5) ?

9
EMPLOYMENT

h
SCHOOL TYPE

28

40

52

64

76

19

31

43

65

67

79

21

33

45

57

iining to school

evorking and going to school

avorking full time (35 hrs or more)

ovorking irregularly

ovorking part-time, regularly

tivith a job, but not at work because of tem-
oorary illness, vacation, strike, layoff, etc.
wmnemployed, but looking for work

fetired and not working part-time

xeeping house

asnemployed and not looking (and not any_of
tbove)

mther SPECIFY ABOVE.

1 public school

2 private school

3 vocational/technical
school

4 parochial school

5 special school




1i Does anyone living here have a physical
disability which limits where he can live?
READ ALTERNATIVES IF RESPONSE
IS UNCLEAR.

1j Is anyone in
household a
eran?

CODE NAM

i
DISABILITY

i
VETERA

29

41

53

65

77

20

32

44

56

68

86

22

46

5 Yes, must stay in the house all or most of the
time

4 Yes, needs the help of another person in getting
around

3 Yes, needs the help of a special aid (wheelchair,
braces, etc.)

2 Yes, has trouble climbing stairs or carrying out
other strenuous activities, but does not need a
special aid

1 Yes, has trouble seeing or hearing, but does not
need a special aid

0 No disability

2 yes
1 no




1(ONLY IF HOUSEHOLD CONTAINS MORE THAN ONE
{3IED COUPLE OR MORE THAN ONE ADULT WITH
{DREN: Are there any adults living here who would probab-
t go on living with the rest of the household if you move?
'=S: Would you tell me their names, please? CODE NAMES.

k
STAY/NOT STAY




1 |IF MORE THAN 1 PERSON
IS EMPLOYED, ASK: 1Is
(name) or (name) or . . . the

major wage earner? (CODE
MAJOR WAGE EARNER1).

1m CODE THE NAME OF
RESPONDENT(S) AS

|
MAJOR WAGE EARNER

m
RESPONDENT




CODE FAMILY TYPE [REFER TO QUESTION 59 .6 What is the name and address of (name of major | 66-70
iie] 88 wage earner’s / your) place of work?
1 Married couple under 45 without children,
or any adult(s) with children at least one name
of whom is under 10 years of age.
2 Any adult(s) with children, youngest 10 number street
years of age or over.
3 Any adult(s) 45 or over without children city state zip
or without children living at home.
4 Any unmarried adult(s) under 45 without b
caildicn. 7 How (does name of major wage earner / do you 71
usually go to work?
1 walk
2 own car
ASK ONLY IF MOTHER WORKS: 60 3 borrowed car
{Do you / does name) hire anyone to take 4 taxi
care of any of the children while (you are 5 public transportation
/ she is) working? 6 other SPECIFY:
2 yes
1 no. |F NO, ASK:
Who takes care of the children while (you are / 61 8 How long, on the average, does it take (name of | 72-73
~she is) working? major wage earner / you) to get to work?
e o e WRITE AVERAGE NUMBER OF MINUTES.
2 someone in the household
3 someone from the neighborhood 1
- SAmMEoHowfr o_ut.ude the| nejghbortigod 9 Does anyone in this household own or have the ! 74
5 other, SPECIFY: ) : ) |
use of an automobile or other motorized vehicle? |
1 own one automobile
2  own more than one automobile
IF SOMEONE IS EMPLOYED, ASK: What kind | g2 ¢4 3 own other motorized vehicle(s)
of work does (name of wage earner) do now? 4  own one or more automobiles and other
motorized vehicle
Occupation 5 have the use of another’s automobile or
motorized vehicle
Industry
IF SOMEGONE 1S UNEMPLOYED AND LOOK- 10 Does anyone in this household receive income 75-76
lNG_FOH WORK, ASK: Is (name) skilled at from any of these sources? HAND RESPONDENT
any, bt INCOME SOURCE CARD
01 rents
Job or Skill 02 employer’s pension
03 veteran's pension
04 old age assistance
65 05 Social Security Disability Insurance

K QUESTIONS 5—8 ONLY IF THERE IS A
WOR WAGE EARNER

(Does name of major wage earner / Do you)
expect to stay on this job for another year or
more?

2 yes

1 no SKIP TO QUESTION 9

06 State Old Age Assistance

07 State Aid to the Blind or Disabled

08 State Aid to Families with Dependent
Children

09 alimony

10  child support

11 assistance from friends or relatives

12  other
SPECIEY:

13  refuse to answer




11 Which of the groups on this card (HAND RE-
SPONDENT INCOME CARD) includes the total

income of your household before taxes last

month from all sources? (Household means all

the wage earners in this dwelling unit.)
01 Under $50 including loss

02 $ 50 — 99
03 $ 100 — 199
04 $ 200 — 299
05 $ 300 — 399
06 $ 400 — 499

07 $ 500 — 599
08 $ 600 — 699
09 $ 700 — 799
10 $ 800 — 899
11 $ 900 — 999
12 $1000 — 1099
13 $1100 — 1199
14 $1200 1299
15 $1300 and over

7718

— e
12 Is (your / your family’s) economic situation 79
better, about the same, or not as good as it
was three years ago?
3 better
2 about the same
1 not as good

13 Three years from now do you expect (your 80
/ your family's economic situation to be bet-
ter, about the same, or not as good as it is
now?

3 better
2 about the same
1 not as good

14 How many years of education (has the major |11-
wage earner / have you) had? ADD ALL
YEARS AND FRACTIONS OF YEARS AND
WRITE NEAREST WHOLE YEAR.

-

15 People who live in the city are often concerned about the con- Is it very important (3), im- b If you could choose on
venience of certain facilities in their neighborhood. Now 1'd like portant (2), or not so im- three to be near, which
to ask you a few questions about the places that are important portant (1) for the people would be the most imp
to people living in this (house / apartment). in this (house / apartment) ant? (6), the second m

to be very close to the important? (5), the thi
following (READ LIST AT (4).
LEFT).
food store B
B 13 B 14
other shopping
120 I 21 e
hospital/clinic
—— 27 28
church SPECIFY
- 24 35
public transport
T 41 42
elementary school
48 49
park or playground
- - el 55 56 -
day-care center
~ b 62 63
club/other social organization SPECIFY:
- 69 70
local bar or restaurant
76 s
other entertainment SPECIFY
14 15
anywhere else SPECIFY
21 - B 22




Now I'd like to ask you a few questions about 28-29 19a ASK ONLY IF NOT OBVIOUS: Is this a 1-room |32
your (house / apartment). How long have you apartment?
ived here? CODE NUMBER OF YEARS. 2
yes
1
ASK ONLY HOUSEHOLDS OF MORE THAN 30 i
INE ADULT: Who would you say made the
inal decision to move here?
| malavhiaad of Bousshatd b How many bedrooms do you have? 33
!  female head of household How many bathrooms? 34
b wife of head of household Do you have a separate living room? 35
i joint decision :
; othar Do you have a separate kitchen? 36
Do you have a separate dining area (not part
, f kitchen)? o
SODE TYPE OF BUILDING. 31 of kitchen)?
| 1-family house Do you have a family or recreation room? 38
2 2—-3 family house How many closets do you have? 39
3 low-rise apartment 0
1 high-rise apartment Do iy liave 2 porghl
> rooming or boarding house How many other rooms do you have? 41
| EACH ITEM WHICH IS | d What kind of transportation e About how many minutes fols it inconvenietr:]t for you
{ER "VERY IMPORT- do you usually use to go to does it usually take to go now to go to the . . .
" OR “IMPORTANT”, to the . . .2 RECORD the . . .? RECORD NUM- REPEAT L|SI OF \'{ERY
. Are you presently dis- TRANSPORTATION CODE BER OF MINUTES FOR IMPORTANT” AND “IM-
ied with any of the fol- FOR EACH ITEM. EACH RELEVANT ITEM. PORTANT" ITEMS AND
1g? 1 walk CODE.
2 yes Hosnileo 2 yes
1 no 4 taxi 1no
5 public transport
6 other
7 don’t go there
16 17-18 19
23 24-25 26
30 31-32 33
37 38--39 40
44 45-46 47
51 52—563 54
58 59—60 61
65 66—67 68
72 73-74 75
79 11-12 13
17 18—19 20
24 25--26 27




- —
20 CODE CONDITION OF HOUSING 42 24 ASK EVERYONE: If you move, would you prefer |5
Exterior structure to own your own place, rent an apartment or a
Interior structure room, or what?
Rats or vermin 1 ———
Overcrowding 2 rent apartment
Housekeeping 3 rent room
Furnishings , 4 other SPECIFY:
3 good 2 fair 1 unfit |
21 Do you own this (house / apartment) outright, 43 i_ i
- . . ? | = N |
are you buying it, are you renting, or what? {250 IF “OWN", ASK: Da: you Bave any savings Tor s I62
1 own outright down payment? l
2 buying 2 |
3 renting g 1 Ye i
4 other SPECIFY: | i L
| i b Do you have any major debts outstanding? B3
‘ ‘ 2 yes |F YES, ASK 2hc. |
22a About how much did you pay for this proper- |44 1 no
ty, including the house? CIRCLE I . | 64—
YOUR ESTIMATE. | | © About how much per month? WRITE AMOUNT. 1‘
| | -
1under $7,500 I 26  Approximately how much (rent / home mortgage) :67—
2 $7,500 — 9,999 | do you feel you can pay each month? CODE \
3 $10,000 — $12,499 | AMOUNT ‘
4y $12500°= smgg ! 01 Under $50 06 $150 — $174
5 $15,000 — $17-999 ' 02 $50 — $74 07 $175 — $199
6 $17,500 — 319-999 g 03 $75 — $99 08 $200 — $224 ;
7 $20,000 - 32‘;- 04 $100 — $124 09 $225 — $250
8 $25,000 — and over 05 $125 — $149 10  Over $250
b What are your monthly mortgage payments? | 45—47
WRITE AMOUNT:
¢ Approximately how many years do you have |48-49  |27a |F RENTAL PREFERRED AND PUBLIC HOUS- 69
left to pay on your mortgage? CODE YEARS. , . ING HAS NOT BEEN MENTIONED, ASK:
| If you were eligible for public housing and an
' | apartment were offered to you, would you accept
23 ASK ONLY IF RENTING ' - it?
What is the name of your landlord? f yes
no
b What is your rent per month? WRITE AMOUNT 0 d5HE KRoW. D alude
¢ Which of the following utilities do you have to | 53-57
pay for in addition to your rent? READ LIST b |F NO, ASK: WHY NOT? |
AND CODE: |
1 heat 4 water
2 gas
3 electricity
d What is the average cost of these utilities per 5850 ¢ |F YES, ASK: Have you applied for any hous-
month? WRITE AMOUNT. ing? |F YES, ASK. In what area?
In what area?
e Do you receive any kind of public assistance ;
for paying your rent? 60

1 rent without public assistance
2 rent with public assistance
3 other assistance SPECIFY:

What type ?




There are many things which may be important in choosing a new place
to live. 1 am going to read you a list of them and 1'd like you to tell me

which are very important, which are important, and which are not so
important, for this household. I'll read through the whole list first, be-
fore you decide. READ ENTIRE LIST, THEN RETURN TO ITEM 1
AND REPEAT, RECORDING EACH RESPONSE.

b If you could chooss only
three, which would be the
most important? The second
most important? The third
most important? |F NECES-
SARY, REPEAT THE LIST
OF "VERY IMPORTANT"

AND “IMPORTANT" ITEMS.

¢ Are you presently dissatis-
satisfied with any of the
following:. REPEAT LIST
OF “VERY IMPORTANT"
AND "“IMPORTANT"
ITEMS.

entrance hall 70 71 72

well-equipped kitchen 73 74 75

.ample closet space 76 77 78
‘another bedroom 79 80 1"
light, sunny rooms 12 13 14
off-street parking 15 16 17

an extra bathroom 18 19 20

a separate entrance 21 22 23

individual heat control 24 25 26

laundry in the building 27 28 29

‘spacious yard (or grounds) 30 31 32
privacy from neighbors 33 34 35

quiet streets 36 37 38

safety from traffic 39 40 41
_protected play area 42 43 44
quick, safe exit 45 46 47

first-floor location 48 49 50

separate dining room 51 52 53

kitchen large enough to eat in 54 55 56

others SPECIFY: 57.. 58 59

60 61 62

3 very important
2 important
1 not so important

6 most important
5 2nd most important
4 3rd most important

2 yes

1 no

f you were going to look for a different place to 63 31

ive, how many bedrooms wuld you look for?

NRITE NUMBER.

How many rooms would you want, altogether?

NRITE NUMBER.

64—65

If you had to choose either a place with a large |67

_living and dining area and a small kitchen, or a
small living and dining area and a kitchen large
enough to eat in, which would you prefer?

1 large living and dining areas and small

kitchen

2 small living and dining areas and large

kitchen
3  other SPECIFY:

If you had to choose either a place with a large 66
iving room and small bedrooms, or a place with
a small living room and large bedrooms, which

would you prefer?

1 large living room and small bedrooms
2 small living room and large bedrooms

3 other SPECIFY:

32

Everyone spends his time at home differently.
Would you tell me how many times per week, on

the average, (you do / your family does) the
following? CODE NUMBER OF TIMES.

* eatls) dinner (together) at home? 68
spend(s) an evening reading or watching tele-

vision (together)?

visit(s) with friends or relatives in your home? 7(

69

11



33a Now I'd like to ask you a few questions about your neighborhood. First, how long have you lived in this neighborhood?

CODE NUMBER OF YEARS. 711-72
b Now I'd like to read you a list of things which may be important con- ¢ If you could choose only three, w
siderations for someone choosing a place to live. I'd like you to tell me would be the most important? (6),
which are very important (3), which are important (2), and which are second most important? (5), the ¢
not so important (1) for this household. I'll read through the list first, (4). IF NE”CESSAHY, HEPEAT”TH
and then you can decide. READ ENTIRE LIST, THEN RETURN TO T et IMPORTANI
ITEM 1 AND REPEAT, RECORDING EACH RESPONSE. -
a quiet neighborhood
73 14
friendly neighbors
Y el 75 76
od neighborh i
a good neighborhood reputation 77 78
neighbors with ethnic backgrounds similar to yours
79 80
neighbors with education similar to yours 1 12
good police protection
o i 13 14
fi tecti
good fire protection 15 16
frequent garbage collection 17 18
lots of k d
ots of parks and green space 5 o
well-maintained streets 21 29
well-maintained houses and yards =
23 24
to oth |
easy access to other places o -
school distri
good ool district 27 28
street lights 29 30

34 In comparison with other neighborhoods in this - 35

(city / town), would you say this is:

3 a very good place to live
2 a good place to live, or

1 not such a good place to live?

CODE ANSWER.

If you were to move to a new neighborhood,
what would you think about the following as
places for you (and your family) to live? In
your opinion, is (a) a very good place to live(3),

a good place (2), or not such a good place? (1)
REPEAT FOR b AND FOLLOWING.

a  WILLIMANSETT 32
b  CHICOPEE 33
¢  CHICOPEE FALLS 34
d  FAIRVIEW 35
e  ALDENVILLE 36

12



' Jo you see any of your neighbors often (3), some- 40 Do you have relatives living in your neighbor-
imes (2), or never (1) for the following purposes: hood whom you visit very often? |F NO, SKIP
To loan or borrow household supplies 37 TO QUESTION 42.

. «fo have a friendly chat 38 1 2o

i «To talk about your problems 39 2 yes, one family

3 yes, 2—3 families

1 ] . 4 yes, 4 or more families
ff you were to move to a new place, would you 40
\iike to have residents of your present neighborhood
jing nearby? 41 If you were to move to a new place, how im-
i No portant would it be to you to have these rela-
2 Yes,afew of them tives live nearby?

3 Yes, many of them _ .

4 It is more important than other consider-

e ations

Do many of the residents of this neighborhood have 3 It is important, but other considerations
‘1 similar ethnic or religious background? are equally important
2 ves 2 It is less important than other consider-
1 no ations

1 | prefer not to live near my relatives

JASK ONLY IF ANSWER TO QUESTION 38ISYES 42 Do you have very good friends in your neigh -
What are the major ethnic or religious groups living borhood whom you visit often? IF NO, SKIP
in this neighborhood? : TO QUESTION 44,

101  American Indian 42 1 no
02 Anglo-Saxon 43 2 yes, one good friend
03 Chinese 44 3 yes, 2—3 good friends
04 Cuban 25 4 yes, 4 or more good friends
05 Irish 46

.06 Iltalian 47 .
e S 48 43 If you were to‘ move to a new place, how im-

) portant would it be for you to have your close

<08 Jewish 49 friends live nearby? .

09 Mexican-American 50 ] . :
4 it is more important than other consider-

10  Negro 51 L

11 Polish 52 3 It is important, but other considerations

12  Puerto-Rican 53 are equally important

13  West Indian 54 2 It is less important, than other consider-

14 West European 55 ations ) _

15 Catholic 56 1 | prefer not to live near my friends

16 other SPECIFY: 57

CODE MAJOR GROUPS AS 1 44  What is the name of your closest friend or
relative?

Can you tell me if there is any ethnic or religious |53-59

group to which you might want to remain close?

RECORD NUMBER OF GROUP OR NUMBER

FROM BELOW.

98 does not wish to remain close to any par-

ticular group
99 refuse to answer
00 doesn’t know, no answer

13



Are there any social groups, such as churches,
fraternal orders or civic organizations in which
many people in this neighborhood participate?
|IF YES. ASK: Could you name them for me,
please? LIST BELOW, AND CODE TOTAL

NUMBER.

TOTAL

Do you, or does anyone in this household, par-
ticipate in the activities of these groups?

1

2
3
4

no

yes, one group

yes, two or three groups
yes, four or more

65

a7

Can you think of anyone in this neighborhood
who is well respected by most of the people

living around here?

IF NOT VOLUNTEERED,

ASK: Would you mind telling me (his / her /
their) name(s), please? LIST NAMES, THEN
ASK: Is there anyone else?

CODE TOTAL NUMBER.

TOTAL

48 When people are looking for a new place to live,
they often look at several different possibilities
before deciding which one is best. I'm going to
describe some of these to you, and I'd like you
to tell me which you would choose in each case.
FOR THIS QUESTION, “PLACE” MEANS
APARTMENT OR HOUSE.

a 1

A good place which you like very much
which is far from your present neighbor-
hood OR

A less desirable place very close to where
you are living now?

A good place which is located so that it
would be difficult for you to travel to
other parts of town or to other towns

OR
A less desirable place located so that it

would be convenient for you to travel to
other parts of town or to other towns?

A good place which you like very much in
a less desirable neighborhood

OR
A less desirable place in a good neighbor-
hood which you like very much?

A good neighborhood which is located so
that it would be difficult for you to trav-
el to other parts of town or to other towns

OR
A less desirable neighborhood which is lo-
cated so that it would be convenient for
you to travel to other parts of town or
to other towns?

A crowded neighborhood where you would
be sure of meeting your neighbors often on

the street
e str OR

A more spacious and private neighborhood
where you would have to make an effort
to see your neighbors?

68

69

70

71

14



0

Now I'd like you to imagine that you are choos-
ing between two places in the same neighborhood
— one somewhat more expensive with one more
bedroom than you presently have, and the other
less expensive but lacking this extra bedroom.
How much more per month would you be will-
ing to pay for the place with the extra bedroom?
CODE AMOUNT OR APPROPRIATE RESPONSE

BELOW.
01 Don’'t want an extra bedroom
99 Don‘t know, no answer

72-73

- [CONFIDENTIAL

=

Now imagine that you are choosing between two
places about the same size and condition, one

somewhat more expensive and located more con- ‘

veniently to the places you go, and the other
less expensive but less convenient. How much
more per month would you be willing to pay
to live in the convenient location? CODE

AMOUNT OR DON'T KNOW, NO ANSWER (99).

74-75

Now imagine that you are choosing between two
places about the same size and condition, one
somewhat more expensive and in a very good

 neighborhood, and the other less expensive and

in a less desirable neighborhood. How much more
would you be willing to pay to live in the bet-
ter neighborhood? CODE AMOUNT OR DON'T
KNOW, NO ANSWER (99).

1677

If you could choose between two places about
the same size and condition, one somewhat
more expensive near where you are living now,
and the other less expensive but far from
your present neighborhood, how much more
per month would you be willing to pay for
the one near your present neighborhood?
CODE AMOUNT OR DON'T KNOW,

NO ANSWER (99).

78—79

Now | have one last question. If you were to
win $10,000 in a lottery, what would you do
with it? WRITE BRIEF DESCRIPTION AND
CODE.

2 housing-related

1 not housing-related

11-12

might be useful to us? [Please use the back page
if necessary.]

54 In your judgment, does anyone in this house- 13
hold need medical or social assistance?
1 no
2 yes
COMMENT:

55 Did the administration of the questionﬁaire 14
arouse any irritation, anger, or hostility on the
part of the respondent or other members of
the household who were present?

1 respondent was cooperative

2 respondent was irritated by some ques-
tions
SPECIFY:

3 respondent was angered by the intrusion
on his privacy

4 respondent was hostile to interviewer, re-
location agency, highway department, or
other,
SPECIFY:

5 respondent refused to complete interview

56 Did you experience any difficulty administering 15
questions 10 and 11 on the sources and
amount of income?

2 yes
1 no SPECIFY:

57 Did you experience any difficulty asking any other I8
questions? If yes, note the number of the question
and the difficulty you had. [Use back page marked
“Comments”].

2 yes
1 no
58 Have you any other comments which you think

15
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Chapter VII Footnotes

1. See Sheridan|[32].

2. See Lemelshtrich[21].

3. Private communication.

4, See Grochow[9].

5. See Raiffa[29].

6. This work was performed for the Federal Highway Administration under
contract number FH-11-7527, Abt Associates, Inc. is a social science

research and consulting firm located in Cambridge, Mass. The results
of the study are reported in Abt Associates, Inc.[1,2].
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Chapter VIII
SUGGESTIONS FOR FURTHER RESEARCH

The suggestions for further research related to this thesis fall into two
areas: applications oriented and theoretical. In the applications area, more
experience with applying the methods developed here is needed. This will
bring into sharper focus the strengths and weaknesses of the decision analytic
approach to incorporating the preferences of others into an analysis,

In particular, more experimentation is needed to see how widely
applicable the parametric dependence conditions studied in chapter V are.
Also, more work is needed applying the approximate methods for dealing with
uncertainty discussed in chapter VI. This work should point out areas where
the methods could be improved.

Additionally, more experience is needed in assessing the scaling
constants for U(x;u). This was discussed in section 4 .5 but additional research
should lead to improved procedures for finding these constants.

On the theoretical side, the most promising area of research involves
the interdependent utility functions discussed in section 5.4. In particular, it
seems that useful results could be obtained by studying arbitration schemes,

such as the Nash solution, using interdependent utility functions.



158,

REFERENCES

10

140

L2,

13

Abt Associates, Inc., "RELOCO Guidebook,'" AAI #71-63-B,
Cambridge, Mass., Oct. 30, 1971.

Abt Associates, Inc., '""Assessing the Residential Preferences of
Highway Relocatees: Vol. I: Research Report," AAI #71-63,
Cambridge, Mass., Dec. 31, 1971.

Arrow, K. J., Social Choice and Individual Values, 2El Edition,
Wiley, New York, 1963.

Bergson (Burk), A., "A Reformulation of Certain Aspects of Welfare
Economics," Quart. J. of Economics, Vol. 52, pp. 310-34 (1938).

Blau, J. H., "The Existence of Social Welfare Functions,' Econometrica,
Wol, 25, ph; 302-13 (1957},

Fishburn, P. C., ""Preferences, Summation, and Social Welfare
Functions,'" Man. Sc., Vol. 16, pp. 179-86 (1969).

Fleming, M., ""A Cardinal Concept of Welfare,'" Quart. J. of Economics,
Vol. 66, pp. 366-84 (1952),

Goodman, L. A.,and H. Markowitz, "Social Welfare Functions Based
on Individual Rankings," Am. J. of Sociology, Vol. 58, pp. 257-62 (1952).

Grochow, J. M., "Time-sharing Characteristics and User Utility,"
Working Paper #582-72, Alfred P. Sloan School of Management, M.I.T.,
Jan., 1972.

Guilbaud, G. Th., "Les Theories de l'intéret general et le probléme
logique de l'agregation," Economie Appliquee, 1952, translated and
abridged in Lazarsfeld, P. F.,and N. W, Henry (eds.), Readings in
Mathematical Social Science, M.I.T. Press, Cambridge, Mass., 1966.

Harsanyi, J. C., '"Cardinal Welfare, Individualistic Ethics, and
Interpersonal Comparisons of Utility," J. Pol. Economy, Vol. 63,
pp. 309-21 (1955).

Henderson, J. M.,and R. E. Quandt, Microeconomic Theory, A
Mathematical Approach, McGraw-Hill, New York, 1958,

Howard, R. A., "The Foundations of Decision Analysis," IEEE Trans.
on Sys. Sc., and Cyb., Vol. SSC-4, pp. 211-219 (1968).




14,

155

16,

17

18.

19.

204

21,

2

235

24 .

25l

26,

20

159

Howard, R. A., "Proximal Decision Analysis,'" Man. Sc., Vol. 17,
pp. 507-41 (1971).

Kaufman, G. M., Statistical Decision and Related Techniques in Oil
and Gas Exploration, Prentice-Hall, Englewood Cliffs, N. J., 1963.

Keeney, R. L.,"Multidimensional Utility Functions: Theory,
Assessment and Application,'" Tech. Rep. #43, Operations Research
Center, M.I.T., Cambridge, Mass., Oct., 1969.

Keeney, R. L., '""Utility Independence and Preferences for
Multiattributed Consequences,' Op. Res., Vol. 19, pp. 875-93 (1971).

Keeney, R. L., "Utility Functions for Multiattributed Consequences,"
Man. Sc., Vol. 18, pp. 276-87 (1972).

Keeney, R. L., "Multiplicative Utility Functions," Tech. Rep. #70,
Operations Research Center, M.I.T., Cambridge, Mass., March, 1972.

Keeney, R, L. and H., Raiffa, untitled manuscript, to be published.
Lemelshtrich, N., ""Citizen Participation in Community Decision
Making using Electronic Feedback Devices,' unpublished paper,

M.I.T., Cambridge, Mass., Feb., 14, 1972.

Luce, R. D, and H. Raiffa, Games and Decisions, Introduction and
Critical Survey, Wiley, New York, 1957

Meyer, R. F. and J. W. Pratt, '"The Consistent Assessment and
Fairing of Preference Functions,'" IEEE Trans. on Sys. Sc. and Cyb.,
Vol. SSC-4, pp. 270-78 (1968).

Nash, J. F., "The Bargaining Problem,' Econometrica, Vol. 12
pp. 155-62 (1950).

North, D. W., "A Tutorial Introduction to Decision Theory,'" IEEE
Trans. on Sys. Sc. and Cyb., Vol. SSC-4, pp. 200-10 (1968).

Pratt, J. W., "Risk Aversion in the Small and the Large," Econometrica,
Vol. 32, pp. 122-36 (1964).

Pratt, J. W., H. Raiffa and R. Schlaifer, Introduction to Statistical
Decision Theory, McGraw-Hill, New York, 1965,




28,

29,

30

SilTS

e

Gl

34,

85

36 .

160.

Raiffa, H., Decision Analysis, Introductory Lectures on Choices
Under Uncertainty, Addison-Wesley, Reading, Mass., 1968.

Raiffa, H., "Preferences for Multiattributed Alternatives,"
RM-5868-DOT/RC, The RAND Corporation, April, 1969.

Raiffa, H. and R. Schlaifer, Applied Statistical Decision Theory,
M.I.T. Press, Cambridge, Mass., 1968,

Schlaifer, R., Analysis of Decisions Under Uncertainty, McGraw-Hill,
New York, 1969,

Sheridan, T. B., "Technology for Group Dialogue and Social Choice,"
Proceedings of the Fall Joint Computer Conf., 1971, pp. 327-35.

Spetzler, C. S., ""The Development of a Corporate Risk Policy for
Capital Investment Decisions," IEEE Trans. on Sys. Sc. and Cyb.,
Vol. SSC-4, pp. 279-300 (1968).

Theil, H., ""On the Symmetry Approach to the Committee Decision
Problem,' Man. Sc., Vol. 9, pp. 380-93 (1963).

van den Bogaard, P. J. M.,and J. Versluis, '""The Design of Socially
Optimal Decisions," Proc. 2nd Int. Conf. on Op. Res., Wiley, New
York, 1960.

von Neumann, J.,and O. Morgenstern, Theory of Games and Economic
Behavior, 2nd Edition, Princeton, U. Press, Princeton, N. J., 1947,




161.

BIOGRAPHICAIL NOTE

Craig W. Kirkwood was born August 22, 1946 in Canandaigua, New
York. He graduated from Honeoye Falls Central School, Honeoye Falls,
New York in June, 1964,

During his undergraduate education at the Massachusetts Institute of
Technology, he was in the Electrical Engineering Cooperative Program with
Bell Telephone Laboratories, Inc., Murray Hill and Holmdel, New Jersey.

He received his Bachelor of Science and Master of Science degrees in
Electrical Engineering from M.I.T. in June, 1969 and his Electrical Engineer
degree in June, 1970. Part of his graduate education was supported by a
National Defense Education Act Title IV Fellowship. In addition, he was a
teaching assistant for M.I.T. course 6.14, "Introduction to Electronics' and
M.I.T. course 6,28, "Probabilistic Systems Analysis."

His professional experience includes work for Project CARS in the
M.I.T. Urban Systems Laboratories and at Abt Associates, THea. , a
Cambridge, Massachusetts social science research and consulting firm.

Mr. Kirkwood is a member of Eta Kappa Nu, Tau Beta Pi, Sigma Xi,
the Institute of Electrical and Electronics Engineers, the Institute of Manage-
ment Sciences and the Operations Research Society of America.



	Decision analysis incorporating preferences of groups.
	TitlePage
	Abstract
	Acknowledgment
	TableOfContents
	List of Figures
	Chapter I
	Chapter I Footnotes

	Chapter II
	Figure 2.1
	Chapter II Footnotes

	Chapter III
	Chapter III Footnotes

	Chapter IV
	Figure 4.1
	Figure 4.2
	Figure 4.3
	Appendix  4.1
	Chapter IV Footnotes

	Chapter V
	Figure 5.1
	Chapter V Footnotes

	Chapter VI
	Figure 6.1
	Chapter VI Footnotes

	Chapter VII
	Figure 7.1a
	Figure 7.1b
	Appendix 7.1
	Chapter VII Footnotes

	Chapter VIII
	References
	Biographical Note


