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ABSTRACT: We consider the superfluid phase of a specific renormalizable relativistic quantum
field theory. We prove that, within the regime of validity of perturbation theory and of
the superfluid effective theory, there are consistent and regular vortex solutions where the
superfluid’s velocity field as traditionally defined smoothly interpolates between zero and
arbitrarily large superluminal values. We show that this solution is free of instabilities and of
superluminal excitations. We show that, in contrast, a generic vortex solution for an ordinary
fluid does develop an instability if the velocity field becomes superluminal. All this questions
the characterization of a superfluid velocity field as the actual velocity of “something”.
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1 Introduction

Improving our understanding of motion has arguably been one of the most important aspects
of physics through the ages. We reached a peak with special and general relativity, but
quantum mechanics immediately put a dent in the concept of a sharply defined trajectory
for a point particle, by adding an irreducible uncertainty to position and momentum, and
quantum field theory made the situation even worse, by making even the number of moving
particles not particularly well defined in general.

This is particularly manifest in relativistic hydrodynamics, where beyond the lowest order
in a derivative expansion, there are so-called “frame” ambiguities regarding how to define the
local fluid velocity field [1]. For a non-relativistic fluid with only elastic collision processes, one
can define the velocity field through kinetic theory, simply as the local statistical average of
the invidual particles’ velocities. But for a relativistic fluid such a definition is not particularly
meaningful, and one instead focuses on local conserved currents, such as the stress-energy
tensor and U(1) charge current. Each of these locally has a certain directionality and naturally
defines a four-velocity field. It so happens, however, that different currents in general define
different four-velocity fields. Which one is the correct one? Does the question even make sense?

The situation is somewhat ironic, in that relativistic quantum field theory has an
absolutely sharp bound on motion — microcausality: commutators and retarded two-point
functions of local operators must vanish outside the lightcone, which we usually take as
meaning that nothing can travel faster the light. Then, from this viewpoint, it seems that
we can tell more easily how fast something can move rather than how fast something is
moving or even what is moving.



With this paper, we want to exhibit yet another puzzle, regarding relativistic superfluids.
We consider the theory of a complex scalar field with quartic interactions, invariant under a
U(1) symmetry, in a state of finite charge density. This, in four spacetime dimensions, is a
renormalizable theory, and provides the simplest UV completion for the effective theory of a
relativistic superfluid. We will show that at weak coupling and at small chemical potentials,
there are stable vortex solutions for which the standard definition of the superfluid velocity
field can become arbitrarily superluminal. This happens close to the core of the vortex, but
still well within the regime of validity of the superfluid effective theory.

So, it appears that a superfluid can move faster than light. But all this is consistently
derived within a renormalizable relativistic quantum field theory, where nothing can travel
faster than light! In fact, we check that the excitations of our vortex solutions still obey
microcausality: they are all subluminal even when the background appears to be superluminal.
Our conclusion is that the standard definition of a superfluid velocity field might not correspond
to the actual velocity of anything. Perhaps in the non-relativistic limit one can make physical
sense of it, but for a relativistic superfluid it should not be taken literally as a velocity field.

As a check, we consider a generic vortex configuration for an ordinary fluid. There, we
show that as soon as the velocity field turns superluminal, the solution becomes unstable,
with a UV-dominated instability rate, signaling that such a vortex is not a consistent solution
within the fluid effective theory. We take this as an indication that, despite the frame
ambiguities mentioned above, the four-velocity field of an ordinary relativistic fluid has a
more physical status than that of a relativistic superfluid.

Notation and conventions: we work in natural units (A = ¢ = kg = 1) and with the
mostly-plus signature for the spacetime metric.

2 The fundamental and effective theories

The simplest UV-completion for a relativistic superfluid’s effective theory is given by a
complex scalar field ® with the U(1) invariant action [2]

S—— / 00[2 + A(|B]? — v?)? . (2.1)

We are interested in the A > 0, v> > 0 case, which corresponds to having spontaneous

symmetry breaking (SSB) already in the Poincaré invariant vacuum, as opposed to having it

only for large enough chemical potentials [2]. The reason will be clear in the next section.
Because of SSB, it is convenient to parametrize the scalar in polar field coordinates,

P(T) ia)
O(r) = "—+e . 2.2
@="L% (2.2)
The angular mode v is massless. On the other hand, the radial mode p has mass of order
m? = 2\v? and, at low energies compared to m, one can integrate it out. At tree-level, this
is equivalent to using its equation of motion, which to lowest order in derivatives reads

1
p? ~ 0?4 XX , = —0, oty . (2.3)



Then, the effective low-energy Lagrangian for the Goldstone ¢ is [2, 3]
1
Leg[t)] ~ ﬁ(2m2X + X?), m? = 2\? . (2.4)
This result is approximate in two senses:

1. In the effective field theory sense: it is the lowest order in the derivative expansion, for
d/m < 1. Notice however that higher derivative corrections will not involve higher
powers of X = —(9v)? without derivatives acting on them. This is because p couples
to ¢ only through the combination X. So, from the point of view of the derivative
expansion, the effective theory above is correct to all orders in X, but to zeroth order
in its derivatives (see a discussion in [2]).

2. In the small coupling sense: it is the lowest order in the perturbative expansion, for
A < 1. More generally, to this order in derivatives, the U(1)-breaking pattern allows for

Leg[] = P(X), (2.5)

with generic P. In fact, at one-loop the result is of this form, with O()\) corrections
relative to (2.4) [2]. For our purposes, (2.4) will be enough.

Now, in this theory a superfluid at equilibrium and at rest in the lab frame can be
thought of as a field configuration v (z) with constant time derivative, ¥ (x) = ut, where u
is the chemical potential. More in general, any field configuration ¢ (z) with a nonzero 9,1
and with mild gradients thereof (compared to m) can be thought of as a superfluid state,
possibly featuring excitations or some nontrivial flow.

More explicitly, one can consider the U(1) current and the stress-energy tensor associated
with the general EFT (2.5),

JF=2P (X)0"y Ty = 2P (X)0,00,¢ + P(X) 1y - (2.6)
On the other hand, for an ordinary fluid, in the perfect fluid limit we would write
JF =nut, Ty = (0+p) upty + P (2.7)

where n, o, and p are the number density, energy density, and pressure, and u* is the fluid’s
four-velocity field. By comparing (2.6) with (2.7), there seems to be no doubt that, if we
want to associate some form of fluid motion with what we call a superfluid, we should identify
the fluid four-velocity field with a suitably normalized version of 8,ﬂp,1

_ ow
Uy = X (2.8)

It is also immediate to extract the values of n, ¢, and p associated with our superfluid. For

what follows, it is actually more interesting to focus on the enthalpy density ¢ + p, which
for our specific UV completion reads

1
o+p=2P (X)X ~ X(m2 + X)X, (2.9)

where we restricted to the timelike d,% (positive X)) case.

!The overall sign is conventional. Our choice corresponds to u* being future-directed for positive 9p1),
which we identify with positive chemical potential and positive charge density.



3 The superluminal vortex

We now come to our specific vortex solution. Within the effective theory, it is simply
b(x) = pt+ ¢, (3.1)
where p is the asymptotic chemical potential at spatial infinity, which we take to be small,
p<Lm, (3.2)

and ¢ is the azimuthal angle about an arbitrary axis (say, the z axis.) It is immediate to
verify that this ¢(z) obeys the EFT equations of motion for any P(X),

Du(P(X) M) =0. (3.3)

This solution is singular at the z-axis, and one can ask if our UV completion resolves
the singularity. As usual [4], this question can be phrased as an ODE for the radial mode
with two boundary conditions, one at the z-axis and one at infinity, which always has a
solution. In particular, close to the z-axis, at distances smaller than r» ~ m™!, the radial
mode smoothly interpolates between its SSB minimum and zero, thus restoring the U(1)
symmetry at the vortex’s center.

The low-energy effective theory breaks down at such small distances, and this is something
that one can infer just by looking at the solution. For example, on our solution we have

1

X(2)= X(@)=p -, (3.4)
where r is the distance from the z-axis, and so
X
OX(r< )~ - (3.5)

signaling that the effective theory breaks down at distances from the z-axis of order

roy =m 1 (3.6)
and shorter.
However, if we restrict to p < m, there is a much bigger critical scale,

Ty = ,u_l > ruv, (3.7)

where we can still trust the effective theory, but which however corresponds to an interesting
transition: if we look at our X above (eq. (3.4)), we discover immediately that right at
r =1y, X changes sign, going from positive to negative as one moves in from larger to smaller
distances. Negative X corresponds to spacelike 0,1 and thus to spacelike u*, according
0 (2.8). If u* is to be interpreted as the four-velocity of our superfluid, then our superfluid
is moving superluminally for ryy <« r < 7. A visual representation of the vortex can
be found in figure 1.

Before addressing in detail the question of stability and causality of our solution, we
want to emphasize a few points:



X >0

Figure 1. The vortex solution (3.1) smoothly interpolates between timelike and spacelike superfluid
velocities, as determined by the value of X in (3.4). At r, = p~!, indicated by the purple dashed
line, the background becomes lightlike. The EFT breaks down at scales smaller than ryy = m™1!,
indicated by the white line. Fluctuations remain well-behaved in the intermediate region, where the
background velocity formally becomes superluminal.

1. If we abandon momentarily the superfluid interpretation, we realize that our solution
is nothing new. Indeed, setting p to zero for a moment, our solution is nothing but
the usual “cosmic string” solution for theories with a spontaneously broken global U(1)
symmetry [4]. Such configurations are well studied in the literature, and are known
to be consistent QFT saddle points, which are, in particular, stable against small
perturbations. Now, turning on a tiny p < m does not change in a substantial way the
physics at energies much higher than u, or, equivalently, at distances r from the core

L which is exactly the regime in which our superfluid becomes

much smaller than p~
very superluminal. So, from this viewpoint, the superluminal regime corresponds to the

standard physics of a cosmic string.

2. Related to the previous point, we can now appreciate why we need to have SSB already
at zero p: we want to start with the relativistic theory of a U(1) Goldstone that
makes sense if expanded about X = 0. This is because X = 0 is the divide between
subluminality and superluminality in the superfluid interpretation, and we want to find
a solution that interpolates between the two regimes. Moreover, we want to work at

L where

p? < m?, to that there is a wide range of scales, ryy = m™ ! < r < ry = pu~
our superfluid velocity is superluminal within the regime of validity of the effective

theory.



3. Our solution exists for a generic P(X), and the resulting superluminality can be
trusted for g much smaller than the UV cutoff of that effective theory (the mass of
the radial mode m, in our case). Because of this, our conclusions are robust against
the inclusion of higher orders in perturbation theory. Whatever we prove using (2.4)
will be qualitatively correct to all orders, and quantitatively it will receive corrections
involving higher powers of A\ < 1.

4. Similarly, higher derivative corrections (2.4) will not change our conclusions qualitatively,
but only quantitatively, by powers of 1/(r.m) = pu/m < 1.

5. Usually, within special relativity, one of the signs that it is impossible to accelerate
a massive particle past the speed the light is that the amount of energy needed to
get closer and closer to the speed of light grows indefinitely. For a relativistic fluid
substance, what measures local inertia — what weighs kinetic energy — is the enthalpy
density ¢+ p. In our case this is proportional to X (see eq. (2.9)), and so the inertia of
our superfluid vanishes precisely when the superfluid velocity is crossing the speed of
light, at X = 0, making it possible to cross that boundary.

6. While the U(1) current J#* becomes spacelike as soon as u* does, the four-momentum
density T is timelike (or null) everywhere. It is not clear how much physical significance
to assign to either of these two facts though. In general, a purely spatial J# can be
set up by having an equal amount of positive and negative charges move opposite to
each other at the same speed, and an arbitrary 7% can be made timelike or spacelike
by adding a suitable cosmological constant, which, in the absence of gravity, has no
physical consequence.

4 Stability and causality

We now want to study the dynamics of small perturbations about our vortex solution. Given
the first two items at the end of the last section, we do not expect many surprises: we
will be expanding the standard relativistic theory of a U(1) Goldstone, eq. (2.4), about a
weak background field. Since that theory is stable about a trivial background, and since
the quartic interaction has the correct (positive) sign [5], introducing a small background
cannot affect the theory’s stability or causality properties.

However, given our superfluid interpretation, it is instructive to look at the quadratic
action for the perturbations directly, and to see how these remain well-behaved even in the
superluminal superfluid velocity regime. To this end, we will exploit the 7 > m~! hierarchy:
at large distances from the core of the string, we can zoom in on a small patch of size L,
still within the regime of validity of the effective theory, L > m~!, but small enough so that
the effects of the curvature of our vortex solution can be neglected, L < r. In this case,



we can take for our Goldstone a linear background,?

() =V, " + const , (4.1)

and expand in small perturbations about it. This approach gives us the leading order
dynamics for perturbations with wavelengths much smaller than r. The two cases r > r,
and r < r, correspond, respectively, to timelike V), and spacelike V.

Rewriting 1 (z) as 1 (z) = (x) + n(x), with ¢ given by the background above, we get
the quadratic action for the m perturbation

1
L, = ﬁ(( V2 —mAn + 2VEVY) 0,0, = 52’“’ Oym0,T . (4.2)

A Lorentz-invariant condition for stability is [6, 7]
Z%>0, GVs=0, GI=2z%z%_7%75, (4.3)

(The ‘>’ symbol for a matrix means ‘positive definite’.) In our case, since we trust the
effective theory for our vortex solution only for 0y = V <« m, those two conditions read

1+0(V?/m?*) >0, 6 4+0(V?*m? =0, (4.4)

which are clearly obeyed. In fact, to quadratic order in V), the linearized equations of

motion read
(" —2VHVY /m?) 9,0, ~ 0 , (4.5)
corresponding to the dispersion relation

2 _ 2
w—wk

12

- 2 o L a2
\k|Q—W(V0|k\—V-k) . (4.6)

Clearly, within our V <« m approximation, the solutions for w are real, thus showing that
there are no exponentially growing modes. (For simplicity, here we are only displaying the
positive frequency solutions. The negative frequency ones are related to these by a suitable
sign change, we = —w_j.)

To check that excitations do indeed respect causality, we notice that the square of their
direction-dependent phase velocity is®

)2 . (4.7)
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20ne may wonder what happens when considering long wavelength perturbations. Deriving the Hamiltonian
in cylindrical coordinates, one can verify that it is positive definite in the regime of validity of the EFT (r™*,
u < m), and that therefore no instabilities occur. The linearized approach taken in the main text will have
the advantage of being applicable also to backgrounds more general than our specific vortex solution.

3Tt is easy to check that, to the order at which we are working, the square of the phase velocity agrees
with the square of the group velocity, vg(l%) = |% ‘2. That is, the two notions of velocity differ only in their
directions, but not in their absolute values.



Regardless of the value of V# and of the orientation of k relative to it, this can never exceed
the speed of light, at best reaching it only for specific, V#-dependent propagation directions.*
More carefully, one might want to check the theory’s causal properties by inspecting the
support of the position-space wm retarded Green’s function rather than simply the propagation
speeds of free waves [8]. Given the quadratic Lagrangian (4.2), in Fourier space we have

~ l

Grat(k) = ———,  K"=(w+iek), (4.8)
ZM kK,
and so in position space we find
d4k 4 ik-x
Gret(x) = /(271_)4 W e . (4.9)

Treating Z"¥ as an effective inverse (constant) metric, defining a tetrad e*, through Z#** =
etae’ s n®?, and using standard GR manipulations, we expect Giet(z) to be

1
- 7
Aot 7 o(y)

where Go(y) is the Lorentz-invariant expression, in Minkowski coordinates y* = (e~1)*,z*,

Gret(x) = (410)

for the retarded Green’s function for a massless free scalar in a Poincaré invariant vacuum.
Since this vanishes outside the light-cone, that is for 4 > 0, our Green’s function vanishes for
(Zz7h wrtr? <0, that is, outside a modified light-cone with a direction-dependent aperture
given precisely by the phase velocity (4.7).

Comments on Cherenkov emission. As discussed in [6, 7, 9], in certain situations one
might want to impose a form of stability stronger than (4.3), namely

zZ%>0, -ZY-0. (4.11)

Such a condition is not Lorentz invariant, and there are physical situations in which it is
violated in specific reference frames but not in others. Most notably, when a source is moving
faster than the speed of sound relative to the medium it is moving in, in its rest frame
the above condition is violated: the associated instability corresponds to the possibility of
emitting Cherenkov phonons (or classical sound waves). This is a form of instability, but
an instability that depends on the source. In particular, even though Cherenkov emission
is peaked in the UV, dI'/dw ~ w? [10], it is cut off at a source-dependent frequency, the
inverse sound-crossing time for the source. Moreover, it has a localized origin — the source
itself — and so its effects are confined. As a result, even when present, Cherenkov emission
is not a violent instability that destroys the system: for example, a fighter jet crossing the
sound barrier does not set the sky ablaze.

Still, in order to be absolutely sure that our vortex solution is viable, we want to see
how it behaves as far as the condition (4.11) is concerned. Since this condition is not Lorentz

*For spacelike and null V*, the speed of light is attained in a direction k such that cos@ =V -k = V° / |‘7|
For time-like V*, the maximum speed is attained for k parallel or anti-paralled to Vv (depending on the sign
of V°), and is always subluminal, cj. =1 — 2 (|V°| — V)2 < 1.



invariant, we have to choose a frame where to check it. We choose the ‘lab frame’ where the
vortex core is at rest; if we have stationary sources in our lab, that is the relevant frame where
to check for Cherenkov emission. Since within the regime of validity of the effective theory
all components of V# are small in that frame, V' < m, the condition (4.11) still reduces
to (4.4), which is trivially obeyed. We conclude that our vortex solution is stable also against
Cherenkov emission by sources that are stationary in the lab frame.

5 Instability for normal fluids

We now consider a similar setup for regular fluids. In contrast to the superfluid case, we will
see that gradient instabilities develop as soon as the fluid velocity field becomes superluminal.

From an EFT standpoint, a normal fluid, like a solid, is described by an SO(3)-triplet of
scalars ¢ (x) for which spacetime translations P’ are broken, but a combination of P and
internal shifts remains unbroken [11]. In the case of an isotropic solid, the action is SO(3)-
invariant. Normal fluids constitute a special case thereof, with an action that is invariant under
the larger group of 3-volume-preserving diffeomorphisms. This ensures that fluid elements
can slide past each other without creating transverse stresses. The scalars ¢!(&,t) can be
thought of as the Lagrangian (i.e., comoving) coordinates corresponding to Eulerian position
Z at time . For a normal fluid, the low-energy EFT thus comes with the lowest order action

S = /d%;p(det B), BY=0"¢l0,¢" (5.1)

where F' is a function determined by the equation of state. The normalized fluid 4-velocity
satisfies u“@uqﬁl = 0 and is therefore determined to be

ut = !

~ 31\/det B

We can now imagine that we have set up a vortex solution and that, as for the superfluid,

e Ner 1k Dad! 597 0, % . (5.2)

there is a macroscopic critical distance from the axis below which the velocity field becomes
superluminal. To study the local stability properties of such a solution, we can adopt the
same approximation as for the superfluid case: at distances much bigger than the effective
theory’s UV cutoff ¢ (such as the mean free path for a weakly coupled gas), r > ¢, there is
a range of scales L where we can still use the effective theory, L > ¢ and we can neglect
the effects of curvature of the vortex solution L < r. In that window of scales we can
approximate the building blocks of the effective theory, B!’ and u*, as constant, that is, we
can take the background values for our fields ¢! as linear in z#:

o' (x) = o' Lat (5.3)

where a is a 3 X 4 matrix, and we neglected an irrelevant additive constant. We now want to
perturb this solution and study its stability. To avoid clutter, we want to use the symmetries
of the system. Both the action and the stability criterion (4.3) (or its multi-field analog) are
Lorentz invariant, so we can choose any frame that we find convenient. Moreover, the action
is invariant under internal volume preserving diffs (acting on the I index). We can simplify
the expression (5.3) while maintaining its linearity if we restrict to the linear subgroup of



these transformations, that is, SL(3,R). Each element of this subgroup can be thought of
as a combination of a rotation and a shear transformation [12].

We start by performing a rotation in internal space (I index) and a rotation in physical
space (u = 1) so as to diagonalize the 3 x 3 block a’;. Then, we can rescale the three I = 1,2,3
axes with a volume-preserving shear so as to make a!; proportional to the identity 5{ . This
is invariant under combined internal/spatial rotations, and so we can use those to align a’g

with the first direction in I space. So far, we are left with
adi=césl, doy=D6l. (5.4)

Where C and D are two arbitrary numbers.

We can now use boost invariance: if C' > D, which corresponds to a subluminal u*, we
can boost to a frame where D is zero. This keeps a; diagonal but makes it anisotropic. After
performing an isotropizing shear in I-space, our fields are simply

¢! (x) = a(z! + 7l (z)) (subluminal) , (5.5)

where « is an arbitrary constant and the 7!’s are small perturbations. As far the background
is concerned, this is equivalent to going to the rest frame of the fluid, where u* = (1,0). If
on the other hand D > C, which corresponds to a superluminal u*, we can boost to a frame

where a! is zero, in which case, after a suitable shear transformation, our fields read

o' (x) = a(t + 7' (x)) , ¢*=%3(2) = a(z® + 7(z)) (superluminal) . (5.6)

For the background, this is equivalent to going to a frame where u* is purely spatial,
ut = (0,1,0,0).

Plugging these expressions into the action, and expanding in the 7 fields (see e.g. [9]),
we find the quadratric actions for the perturbations. In the subluminal u* case, we have the
standard action for fluid perturbations in the fluid’s rest frame [9]

L=—abF |72 = (V-7 (subluminal) , (5.7)

where the speed of sound is
=" =1+2a= (5.8)

and all derivatives of F' are evaluated at the background value det B = af. The speed of sound
is smaller than one if F” > 0 and F’ < 0, in which case the action also has the right overall
sign. All fluids that exist in nature must feature an F' with these properties. Notice that the
transverse modes (6 -7 = 0) do not have a gradient energy. As a result, they have a trivial
dispersion relation, w = 0. They can be thought of as the linear progenitors of vortices [9].

In the superluminal case instead, we get the perturbations’ action
L= ozGF’[(aml)2 — (O1m)? — (7 + 8a7r“)2} (superluminal) , (5.9)

where a = 2,3 labels the transverse directions, & is defined as

1

Z=1- 2a6F , (5.10)

,10,



and all derivatives of F are evaluated at the new background value det B = —a®. As we now
show, such a Lagrangian describes a constrained, unstable system.

To see this, consider first decomposing 7% into its transverse and longitudinal part
w.r.t to the 23 derivatives 9,:

7 =77 + 77, w7 = 00, Ogmp =0, (5.11)

for some function ¢(z) Then, the transverse field 7% enters the Lagrangian above through
the combination (9;7%)2. Tts equation of motion is thus the constraint

Iirh =0, (5.12)

with independent solutions f&(t,x%) and z'g% (¢, #%), where f% and g% are arbitrary transverse
functions. The large space of solutions is a consequence of a gauge invariance, which is
itself a consequence — in this frame and for this peculiar background — of the original
volume preserving diff symmetry.

Regardless of the solution one chooses, at this order 7% is decoupled from the other
degrees of freedom, and so, as far as their dynamics is concerned, we can just ignore it.
For the reduced (7!, 7¢) system, the above Lagrangian corresponds to the kinetic matrix
(up to an overall factor)

— BV + k2 Buwk
Ky = ( : I 28_ S (5.13)

wt-}—k”.Tl-f—ki.Ta)

where we have expanded the fields in Fourier modes e . The eigenmodes are

most easily studied in the long wavelength limit for the z!' direction:
k‘” <k ,w. (5.14)

Indeed, in this limit the eigenvalues of K take the form

. w? — k2
M =W HED)+ 0K, A= ——— 5k + OK)), (5.15)
w* + ki

which means that the eigenfrequencies of the system are

Wi =—k1 +OkT),  wi=ki+O(Kk). (5.16)

Clearly, the eigenmode associated with w; corresponds to an exponential instability, e*Lt,

which is dominated by UV physics, since it is faster and faster at shorter and shorter
wavelengths, signaling a breakdown of the long distance effective theory.

We conclude that, for normal fluids, there cannot be a consistent solution describing the
analog of the superluminal vortex that we found in the superfluid case.

6 Finite temperature superfluids

We may ask whether heating up a superfluid to some finite temperature has any effect on the
conclusions that were drawn in the zero-temperature case. This is an interesting question given

— 11 —



the usual two-fluid picture for superfluids at finite temperature, where a thermal background
of phonons behaving as a normal fluid coexists with a superfluid component. The low-T" EFT
for such a system was first derived in [13] and the general EFT description was formulated
by [14]. As shown in [7], this low-T" EFT accurately captures the thermodynamics of the
phonons around a general superfluid background V#, even when this is spacelike. At the same
time, it also allows us to consider any background for the normal fluid component. Having
an explicit form for the low-T" EFT we are able to check directly, for all different background
choices, to what extent the stability properties change when considering a mixture of fluid
and superfluid components.
Concretely, we start with the low-7" expansion [7, 14]

b4 2 971/3
Lo+ L1 =P(X) - 3[08()()(1 (1 - () %) } , (6.1)
where
2/ vy — P'(X)
X = iy 2P X)X
Y= 0,006 95070,6° = Dy, (6.2)

b= VB = /det(d,plnp7).

Here the temperature is measured in the frame determined by the fluid velocity u*, and
b has the interpretation of entropy density (up to normalization [7]), scaling like b oc T <
p? < m3. Let us consider u# = (1, 0 ) to begin with. This corresponds to a stationary and
homogeneous fluid background of the form ¢! = a(z! + '), so that b = 3. Considering
fluctuations around a generic superfluid background as well, ¥ = V,2* + 7, the building
blocks of (6.1) are expanded to

b =a%(1+2V. -7+ (V. -7)? -7, (6.3)
X = -0"poyp = =VHIV, = 2VHO,m — O nd,m, (6.4)
by = bu'V, + VoV -7 — o’V - T+ butd,T (6.5)

where we have taken the liberty to integrate by parts some of the quadratic terms, which
is allowed since we will be expanding the action up to quadratic order only.

In order to study the system’s stability, we plug the above expressions into (6.1) and
keep only the leading terms in the low-temperature expansion, up to second order in the
fluctuation fields. We will first consider two special cases while keeping a ‘completely timelike’
fluid background, u* = (1,0): (a) the superfluid background being also completely timelike,
V,, « (1,0), and (b) the superfluid background being completely spacelike, V},  (0,1,0,0).

Fluids at relative rest. Considering first a timelike, stationary superfluid V,, = u(1,0),

we find
4, 2 2 _ - 2 _ =
R e A Q(CZ”W ) - (CSM Dozl (60)

5In complete generality, the coefficients of the structures appearing here are corrected also by terms with a
further relative suppresion of (1?/m?), or higher. We omit these here for a clearer presentation of results,
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This correction to the zero temperature Lagrangian includes the regular fluid part, a mixing
term, and a new contribution to the superfluid phonon’s gradient term — however the latter
two are suppressed and don’t affect the stability of the system. To see this more easily we
may normalize all the fields canonically, in which case:

1 R . 2 o
Lo+Li=3 (frf — (4 -1 (Vre)* + 72 — %S(v 7)? 4R - Dene(V- m) :

(6.7)
where € = ;{% < 1. The system with € = 0 is strictly subluminal and stable. By
continuity, introducing a small € cannot change that. To see this more explicitly, one can
solve for the eigenfrequencies of the system. As before, the transverse components of 7. have
degenerate dispersion relations, wr = 0. On the other hand, the longitudinal component
mixes with the superfluid phonon 7.. The corresponding eigenfrequencies, for so-called

first and second sound, are:

2
w? = (c§ —2¢%(1 — ¢5)(3cs — 1)) K wl= <C3 —26%(1 — cS)Z) k2, (6.8)

The propagation speeds then are both subluminal, since so is the original sound speed,
¢z ~1—2(u/m)? < 1. We can conclude, then, that the leading effect of heating up the
superfluid, in the case where both backgrounds are taken timelike and stationary, is to
introduce a normal fluid component with a speed of sound equal to cs/v/3. As we just argued,
the mixing terms, suppressed by a factor of at least €, do not introduce an instability to
the system. We can summarize this as follows:

204 |, = |
lﬁ -3V 7r)2] . (6.9)

£1 —

Cs

To avoid clutter, we will use the same notation in the setups that we consider next, i.e. we

will not explicitly write down suppressed terms, unless there are subtleties. Instead, we
will report only the leading contributions.

Purely spacelike superfluid. We now consider instead V,, = u(0, V), and in particular
choose the background to align with the z-direction for convenience. In this case we find:

20 1
5 |+ (7) + (7 - 2
Cs

3(6 -2 (6.10)

£1—>

This is again a contribution from the normal fluid component, but, in this case, anisotropic.
There are only compressional modes, since the only gradient energy term is (ﬁ - )2, but the
speed of sound depends on the direction. It’s worth noting that, with this specific choice of
V., the superfluid phonon in £y propagates at the speed of light in the y, z directions and has
a speed ¢ ~ 1 — 2(u/m)? along x. As for the normal fluid fluctuations, we see that both 72
and 7% propagate with second sound speed equal to 1/+/3, which is the same fraction of the
superfluid speed of sound in those directions as in the previous case. On the other hand, 7!
has a speed of sound of 1/(1/3¢,), which in the regime of validity of the EFT is smaller than
one. Hence, also in this case, there are no superluminal fluctuations or other pathologies.

since they don’t affect the analysis and conclusions.
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Cases where the fluid background is spacelike. While the thermal interpretation of
this system is physical for timelike normal fluid backgrounds, the form of (6.1) allows us to
check what happens in the case where the normal fluid background is taken to be spacelike
as well. In this case the question is reversed, i.e. we want to see whether the instability
discussed in the normal fluid section is present here too, or whether the mixing at finite T'
in £1 = f(b,y,X) somehow stabilizes the system. We have found that to leading order this
doesn’t happen, and we discuss three simple cases to outline how this conclusion manifests
itself: (a) one case where the superfluid background is taken timelike, and two cases where
the superfluid background is taken spacelike either (b) in the same or (c) in a perpendicular
direction with respect to the (spacelike) normal fluid background.

In analogy with the examples above, we perform variable expansions for X, b, y as in (6.3)—
(6.5) with the field configurations that suit each case, and plug these modified expressions
into the low-T' Lagrangian (6.1).

(a) Here we choose a stationary, timelike superfluid background V), like before, and a
spacelike background in the z-direction for the normal fluid. The corrections to the
Lagrangian are:

204

73 C§(61ﬂ1)2 — (817‘(2)2 — ((9171'3)2 — 1(7:('1 + 8271'2 + 8371'3)2 . (6.11)
Cs

£1—> 3

This takes the same form we encountered in (5.9); a similar analysis would reveal the
same type of exponential instability. There is a mixing term that appears to subleading
order of the form 97 917!, further suppressed by a factor of a?/(um), but it does not
remove the instability.

(b) Taking both backgrounds to be spacelike and parallel (in the z-direction for simplicity),

we find:
4 2
CS

£1—> §

[(817%)2 — (O1m?)? — (O17%)? — Z (7! + On® + 83773)21 . (6.12)

Cs
Up to multiplicative factors, this correction is of the same form we found in the case
above, and so the same type of instability carries over.

(c) Finally, we take both the superfluid and normal fluid backgrounds to be spacelike,
pointing in orthogonal directions x and y. We find

204

1/3

1
L1 — (3271’2)2 — C§(82W1)2 — (8271'3)2 — 5(7:('2 + 3171'1 + 837'&'3)2 . (613)
Perhaps unsurprisingly by now, we observe the same structure, with the expected minor
twist of the fluctuation along the direction of the fluid background being the dynamical

2

one (in this case 72, as opposed to 7! in the previous examples). The exponential

instability characteristic of spacelike backgrounds for a normal fluid is present here too.

For clarity, we have only presented the simplest cases that capture all the possible
distinct arrangements one could consider, but one can generalize to arbitrary backgrounds
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(as opposed to picking a direction, like we did in these examples). We have checked this
explicitly in the physically relevant scenario, where the normal fluid background is chosen
timelike, but moving. The expressions look too messy to claim that their presentation in
this paper would be illuminating to the reader, but they lead to the same conclusion: that
the finite temperature superfluid retains the peculiar property of being stable and having
only subluminal excitations, even for spacelike background configurations, as long as the
normal fluid component is timelike.

7 Velocity fields in thermodynamics

At the level of the effective action, the two four-velocities — describing the motion of the
normal fluid and superfluid — are merely parameters that appear in the constitutive relations
for the Noether currents, namely the stress-energy tensor and particle-number currents. They
are vectors that pick out a preferred local rest frame of the medium or some sub-component of
the medium. From this perspective, the four-velocity of the fluid and superfluid appear to be
on the same footing. So why should it be that in the examples we considered, a superluminal
superfluid velocity is okay while a superluminal normal fluid velocity is unstable and hence
unphysical? The answer lies in the fact that our effective action approach obscures the
fundamental physical differences between these two notions of four-velocity.

Normal fluids. Begin by considering normal fluids. By their nature, they are inher-
ently thermal media; no zero-temperature ordinary fluids exists. Their equilibrium state
is characterized entirely by the thermal density matrix

e (r.)
pot = , Z(B) = tre 7, 7.1
AT
where 3 is the equilibrium inverse temperature and H is the Hamiltonian, H = P° = — P,

where P, are the generators of spacetime translations. (For simplicity, we are assuming
that the only symmetries present are Poincaré transformations, i.e. there are no chemical
potentials.)

We would like a covariant expression for the thermal density matrix. To this end, we
must introduce a constant time-like four-vector 5*, which can be decomposed into norm and
direction by g* = pu*, where u* is a unit vector. The density matrix then takes the form

B Fu

Z(B)

phtuid — Z(B) = tre P (7.2)

To recover the original expression (7.1), all we need do is choose u* to point along the time
direction, namely u* = (1, 0 ). To work in any other frame, we can suitably boost u*. The
interpretation of u* is now clear: it specifies the zero-momentum frame. As a result, we
identify it as the equilibrium four-velocity of the fluid.

Assuming that the underlying physics is stable — that is that H is bounded from below —
and that we appropriately regularize our system by placing it in a finite volume, the density
matrix is well-defined so long as u* is subluminal. In this case, we may always boost to a
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frame in which u* = (1,6), meaning that u*P, = —H. Explicitly, the expression for the
partition function Z is therefore

2(8) = [ dE oo(E) e ", (7.3)

where g represents the density of states with energy E. For any stable system, the Hamilto-
nian is bounded below by some energy FEy,,. Thus the density of states satisfies go(E) = 0
for any F < FEmnin, so no divergence in the definition of Z can arise because of negative-energy
states. The only way for Z to be ill-defined is if gg(F) grows sufficiently fast for large F (or
if g diverges badly enough for some value of F). But so long as gg(F) is finite and grows
slower than e®F which is a reasonable assumption for most situations, then Z is well-defined.
As a result, the density matrix is well defined.

Now suppose that u* is spacelike. Then, we can always boost to a frame in which u*
has no temporal component. Without loss of generality suppose that u* = (0,1,0,0). Then
the density matrix takes the form

fluid __ eﬂpx

Py = 7.08) Z.(B8) = trefle. (7.4)

In terms of the density of states of definite z-momentum p, given by 0, (ps), the explicit
expression for the partition function is

2:0) = [ dpes(p)e. (7.5)

Our situation now is fundamentally different from the case in which u* was subluminal.
Unlike the Hamiltonian, the momentum operator P, is not bounded from above or below.
In fact, even in theories without parity, by rotational invariance the spectrum of P, must
be symmetric around zero. As a result, the only way for Z, to be finite is if o, (p) decays
faster than e PP for large p. This behavior for the density of state is highly unrealistic;
indeed it is impossible for relativistic systems. As a result, Z, is divergent, meaning that
pz is non-normalizable and hence ill-defined. Thus p"d does not exist when the fluid four-
velocity is superluminal, so it should be no surprise that superluminal fluid four-velocities
give nonsensical results in the effective field theory.

Superfluids. Now consider a zero-temperature superfluid; the description in terms of
a thermal density matrix is still possible, as a § — oo limit, but not necessary. The
equilibrium state of the superfluid is represented by a pure quantum state that spontaneously
breaks various symmetries, typically Poincaré symmetry and a U(1) charge corresponding
to particle-number conservation. Denote spacetime translation generators by P,, Lorentz
symmetry generators by J,,, and the U(1) generator by @). The ground state of the system
Q) spontaneously breaks Py, Q, and Jy;, while leaving J;;, P;, and the diagonal combination
Py = Py + @ unbroken, as clear from the background field v (x) = ut. We interpret u as the
equilibrium chemical potential, and H = P° = H — uQ as the Hamiltonian for the superfluid.
In particular, the ground state of a superfluid is the lowest lying eigenstate of H. A superfluid
exists for some p only if the corresponding H is bounded from below.
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Now consider a different state for our superfluid, one in which the background field
is not purely timelike, like for instance the one in (4.1). In this case, the unbroken linear
combinations of P, and @ are

P,=P,+V,Q. (7.6)
In particular, the ground state of the superfluid will be the lowest lying eigenstate of
H=P"=H-V,Q (7.7)

that is also an eigenstate of P; = P; + V;Q. If V,, is timelike, this will simply be the boosted
version of the superfluid’s ground state we had above, for V,, = (11,0 ). If on the other hand Vi
is spacelike, which would suggest a superluminal superfluid velocity, this will be another state,
but we cannot see any obvious pathologies associated with it. After all, (7.7) is bounded
from below, at least in a range of values for V|, because of the assumptions above.

Whenever V, is spacelike we may choose a frame in which it has no component along
the time direction. Without loss of generality, suppose that V, = (0,V;,0,0). Then the
unbroken generators are

Pa 5 Px"’VxQ ) Jab ’ (78)

where a,b = 0,2, 3, while the broken generators are P,, (), and all Lorentz transformations
that act non-trivially on V), oc 4;;. This symmetry-breaking pattern is most unlike those of
normal states of matter [11]. In particular, we usually expect a medium to spontaneously
break all boost symmetries, while here boosts about the y- and z-directions remain unbroken.
Although unusual, there is nothing intrinsically pathological about this SSB pattern. Whether
or not it is possible depends on the particular model in question. As a result, it should
not come as a surprise that there exist certain superfluid theories that admit apparently
superluminal four-velocities, in the sense that the associated V,, is spacelike.

We should note, however, that calling such a state of matter a ‘superfluid’ is not entirely
correct. Although we began with the action for a superfluid, as soon as V), becomes spacelike,
the spontaneous symmetry breaking pattern becomes fundamentally different. It is therefore
best to conceptualize the superluminal core of our superfluid vortex as no longer existing in
superfluid phase. Instead it exists in the heretofore unnamed phase of matter characterized
by the above SSB pattern. We will see that at finite temperature, all boosts are once again
broken and this phase of matter has a name.

Finite temperature superfluids. Ignoring the usual subtleties about how to properly
characterize SSB for a thermal density matrix [15], we write the density matrix
BHP, _
e

super __ — B Py

p ==, Z(B, V)= tre’ (7.9)
Z(B,V)

with the same notation as above for P, (see eq. (7.6)). Such a density matrix describes the
thermodynamics of a fluid system with a conserved charge. For certain values of the control
parameters 3# and V), such a charge will be spontaneously broken and in that case we end

,17,



up with a finite-temperature superfluid. We now want to understand under what conditions
on 8 = fu* and V,, we can expect the density matrix to be normalizable.

First, suppose that u* is timelike and choose coordinate such that u# = (1, 0 ). We get

per e~ BP°=VoQ) _ B
P = CZ(B, V) Z(B,V) = tre AP’ -V0Q) (7.10)

Such a density matrix is well-defined assuming that PY — V4@ is bounded from below, which
is a prerequisite assumption for the superfluid phase to exist. This is essentially the same
conclusion that we had for the zero-temperature superfluid. Thus no matter the choice of
VH as long as u* is timelike and the desired SSB pattern can be realized at temperature
1/, the density matrix is well-behaved.

Next, suppose that u* is spacelike and choose coordinates such that u* = (0,1,0,0).
The density matrix then takes the form

BPTHV,Q) .
P = eZ(TV) Z(B,V) = trel Q) (7.11)

As was the case for the normal fluid, P* is totally unbounded — the same will be true
for P* + V,Q in a sector with fixed finite charge. To see how this is so, consider a state
of fixed finite charge and non-zero 4-momentum. By Lorentz symmetry, this state can be
boosted along the z-direction to have arbitrary momentum p,. As the charge is unaffected
by boosts, we see that P* + V,.(Q is totally unbounded. Thus, when u* is spacelike, the
density matrix can never be normalized.

Notice that the claim we are making here is stronger than what we showed by explicit
calculations in previous sections. We previously considered special cases for the fluid and
superfluid velocity within a particular model. In all such cases, a superluminal normal fluid
velocity spelled catastrophe. Here, we have demonstrated that for any fluid or superfluid
state in a relativistic theory at finite temperature, a superluminal normal fluid velocity leads
to a pathologically non-normalizable state and it is hence unphysical.

To summarize: the normal fluid velocity must remain subluminal or else the density
matrix fails to be normalizable, while a superfluid four-velocity has no such restrictions.
When the superfluid four-velocity becomes superluminal, however, the resulting SSB pattern
no longer describes a superfluid phase. For the simplified case in which u* is along time and
V,, is along z, the broken generators are P, Q, Jo;, and J;;, while the unbroken generators
are temporal translations, spatial translations orthogonal to z, and the diagonal combination
P, + V,Q. This SSB pattern gives rise to a state of matter with a well-known name: smectic
liquid crystal in phase-A [16, 17]. This state of matter looks like a solid along one direction,
that is P, is broken, but looks like a liquid along the remaining two directions as P, and P,
are unbroken. Unlike ordinary smectic liquid crystals, however, the superluminal superfluid
exhibits two longitudinal sound modes. This appearance of second sound at low temperatures
is a general phenomenon also in solids, which arises, roughly speaking, due to the exponential
suppression of Umklapp scattering [18].
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8 Relation to giant vortices

Ref. [19] studied a system that has some relationship with ours. That paper considers a
conformal superfluid EFT described, in 241 dimensions, by the action

P(X)=X2. (8.1)

On the sphere, for a strip around the equator, they consider what they call a giant vortez

solution

Y=t + Ly, (8.2)
which we recognize as our superluminal vortex, now allowing for more general angular
momentum, parametrized by ¢. They find the presence of chiral modes moving at the speed
of light, and argue that these modes are what allows the giant vortex to have rapid rotation.
The approximations they make to find these modes are similar to zooming in near the X =0
region in our setup. So, let’s try to do that in our case. Focusing on fluctuations in a small

1

strip near r, = =, and on modes which only depend on ¢ and t, we get

2 L
Ap = p (0-m)* + ?&rﬂ@,ﬁ, (8.3)

where 04 = 0; £ pd,. We thus find one mode, in the — direction, moving at speed of light,
2_9,,2 2

e 14t

These are essentially the chiral modes of [19]. The main difference is that for us the relative

whereas the + mode is almost, but not quite, lightlike, since it moves at ¢ =

coefficient m?/u? in (8.3) is large, whereas in [19] it is instead very small (there is no analog

of m for a conformal superfluid).

9 Discussion

Our results cast doubts on the interpretation of a superfluid velocity field as the actual velocity
field of some form of matter. As we briefly discussed in the Introduction, to understand
the issue better one should probably be more precise in defining what it means — in a
quantum theory and in particular in relativistic QF T — that something physical is moving
at a given speed.

Even without doing so, we can make some sense of our results. Recall that we trust
our superluminal vortex solution within the superfluid EFT only for cases in which we
have SSB already at vanishing chemical potential, so that we can have a superfluid phase
at arbitrarily low values of the chemical potential. This makes our superfluid somewhat
peculiar compared to, say, helium-4: there, the absolute ground state of the theory is the
standard Poincaré-invariant, U(1)-invariant vacuum. Then we have excited states that are
approximately described by well-separated particles (i.e., helium-4 atoms), and only at nonzero
density, for chemical potentials that exceed the mass of a single particle, do we break the
U(1) symmetry and form a superfluid. Given this physical picture, we can think of superfluid
helium-4 as being made up of helium atoms, and we can characterize its velocity field as
some sort of local average of its constituents’ velocities.

On the other hand, in our case we have no such interpretation available: our U(1)
symmetry is always spontaneously broken, and so we don’t have the analog of the helium
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atoms, each carrying one unit of charge. In a sense, our superfluid is not made up of
particles. It is a more field-theoretical object, which at finite chemical potential has the
same symmetries and symmetry-breaking pattern as an ‘ordinary’ superfluid, but with a
strikingly different starting point.

It might well be that superfluids of this sort, whose SSB survives all the way to vanishing
chemical potential, should be interpreted as generalized superfluids, with only a formal,
symmetry-based connection to ordinary superfluids made up of particles. It might be that
the resolution of our superluminal puzzle is that for ordinary superfluids like helium-4 the
superfluid velocity field is the physical velocity of ‘something’, and is thus constrained to
be subluminal, whereas for our generalized superfluids there is ‘nothing’ moving at that
speed. Without a better characterization of ‘something’ and ‘nothing,’ it is difficult to test
this idea, but the distinction between generalized and ordinary superfluids might turn out
to be physically relevant.

Acknowledgments

We would like to thank Matteo Baggioli for valuable comments, as well as Gabriel Cuomo,
Angelo Esposito, and the other organizers and participants of the 2022 Pollica Summer
Workshop on Effective Field Theory for stimulating discussions. IK, AN and KP were
supported in part by the US DOE (award number DE-SC011941) and by the Simons
Foundation (award number 658906). ML was supported in part by the ALFA foundation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] W. Israel and J.M. Stewart, Transient relativistic thermodynamics and kinetic theory, Annals
Phys. 118 (1979) 341 [INSPIRE].

[2] A. Joyce, A. Nicolis, A. Podo and L. Santoni, Integrating out beyond tree level and relativistic
superfluids, JHEP 09 (2022) 066 [arXiv:2204.03678] InSPIRE].

[3] E. Babichev, S. Ramazanov and A. Vikman, Recovering P(X) from a canonical complez field,
JCAP 11 (2018) 023 [arXiv:1807.10281] [INSPIRE].

[4] E.J. Weinberg, Classical solutions in quantum field theory: Solitons and Instantons in High
Energy Physics, Cambridge University Press (2012) [D0OI:10.1017/CB09781139017787] [INSPIRE].

[6] A. Adams et al., Causality, analyticity and an IR obstruction to UV completion, JHEP 10
(2006) 014 [hep-th/0602178] [INSPIRE].

[6] A. Nicolis and R. Rattazzi, Classical and quantum consistency of the DGP model, JHEP 06
(2004) 059 [hep-th/0404159] [INSPIRE].

[7] 1. Kourkoulou, A. Nicolis and K. Parmentier, Low-temperature thermal corrections to a
superfluid’s equation of state, arXiv:2212.12555 [INSPIRE].

[8] S. Dubovsky, A. Nicolis, E. Trincherini and G. Villadoro, Microcausality in curved space-time,
Phys. Rev. D 77 (2008) 084016 [arXiv:0709.1483] INSPIRE].

— 20 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0003-4916(79)90130-1
https://doi.org/10.1016/0003-4916(79)90130-1
https://inspirehep.net/literature/143160
https://doi.org/10.1007/JHEP09(2022)066
https://arxiv.org/abs/2204.03678
https://inspirehep.net/literature/2064820
https://doi.org/10.1088/1475-7516/2018/11/023
https://arxiv.org/abs/1807.10281
https://inspirehep.net/literature/1684201
https://doi.org/10.1017/CBO9781139017787
https://inspirehep.net/literature/1210249
https://doi.org/10.1088/1126-6708/2006/10/014
https://doi.org/10.1088/1126-6708/2006/10/014
https://arxiv.org/abs/hep-th/0602178
https://inspirehep.net/literature/710888
https://doi.org/10.1088/1126-6708/2004/06/059
https://doi.org/10.1088/1126-6708/2004/06/059
https://arxiv.org/abs/hep-th/0404159
https://inspirehep.net/literature/648761
https://arxiv.org/abs/2212.12555
https://inspirehep.net/literature/2618252
https://doi.org/10.1103/PhysRevD.77.084016
https://arxiv.org/abs/0709.1483
https://inspirehep.net/literature/760433

[9]

[10]

[11]

[12]

[13]

S. Dubovsky, T. Gregoire, A. Nicolis and R. Rattazzi, Null energy condition and superluminal
propagation, JHEP 03 (2006) 025 [hep-th/0512260] [INSPIRE].

A. Nicolis and R. Penco, Mutual Interactions of Phonons, Rotons, and Gravity, Phys. Rev. B 97
(2018) 134516 [arXiv:1705.08914] InSPIRE].

A. Nicolis, R. Penco, F. Piazza and R. Rattazzi, Zoology of condensed matter: framids, ordinary
stuff, extra-ordinary stuff, JHEP 06 (2015) 155 [arXiv:1501.03845] [INSPIRE].

A. Nicolis, F. Piazza and K. Zeghari, Rotating cosmologies: classical and quantum, JCAP 10
(2022) 059 [arXiv:2204.04110] INSPIRE].

B. Carter and D. Langlois, The equation of state for cool relativistic two constituent superfluid
dynamics, Phys. Rev. D 51 (1995) 5855 [hep-th/9507058] [INSPIRE].

A. Nicolis, Low-energy effective field theory for finite-temperature relativistic superfluids,
arXiv:1108.2513 [INSPIRE].

D. Forster, Hydrodynamic Fluctuations, Broken Symmetry, and Correlation Functions, in W.A.
Benjamin, Frontiers in Physics: a lecture note and reprint series, Advanced Book Program
(1975).

M.J. Landry, Non-equilibrium effective field theory and second sound, JHEP 04 (2021) 213
[arXiv:2008.11725] [INSPIRE].

P.C. Martin, O. Parodi and P.S. Pershan, Unified hydrodynamic theory for crystals, liquid
crystals, and normal fluids, Phys. Rev. A 6 (1972) 2401.

L.P. Pitaevskii, Second sound in solids, Sov. Phys. Usp. 11 (1968) 342.

G. Cuomo and Z. Komargodski, Giant Vortices and the Regge Limit, JHEP 01 (2023) 006
[arXiv:2210.15694] [INSPIRE].

— 21 —


https://doi.org/10.1088/1126-6708/2006/03/025
https://arxiv.org/abs/hep-th/0512260
https://inspirehep.net/literature/700964
https://doi.org/10.1103/PhysRevB.97.134516
https://doi.org/10.1103/PhysRevB.97.134516
https://arxiv.org/abs/1705.08914
https://inspirehep.net/literature/1601297
https://doi.org/10.1007/JHEP06(2015)155
https://arxiv.org/abs/1501.03845
https://inspirehep.net/literature/1339616
https://doi.org/10.1088/1475-7516/2022/10/059
https://doi.org/10.1088/1475-7516/2022/10/059
https://arxiv.org/abs/2204.04110
https://inspirehep.net/literature/2064871
https://doi.org/10.1103/PhysRevD.51.5855
https://arxiv.org/abs/hep-th/9507058
https://inspirehep.net/literature/397094
https://arxiv.org/abs/1108.2513
https://inspirehep.net/literature/923090
https://doi.org/10.1007/JHEP04(2021)213
https://arxiv.org/abs/2008.11725
https://inspirehep.net/literature/1813621
http://dx.doi.org/10.1103/PhysRevA.6.2401
http://dx.doi.org/10.1070/PU1968v011n03ABEH003839
https://doi.org/10.1007/JHEP01(2023)006
https://arxiv.org/abs/2210.15694
https://inspirehep.net/literature/2172994

	Introduction 
	The fundamental and effective theories 
	The superluminal vortex
	Stability and causality
	Instability for normal fluids
	Finite temperature superfluids
	Velocity fields in thermodynamics
	Relation to giant vortices
	Discussion

