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ABSTRACT

Designing stabilizing controllers is a fundamental challenge in autonomous systems, par-

ticularly for high-dimensional, nonlinear systems that cannot be accurately modeled using

differential equations because of the scalability and model transparency, and large-scale

networked dynamical systems because of scalability and generalizability. To address the

challenge, we develop (1) A Lyapunov-based guided exploration framework to learn stabiliz-

ing controllers for high-dimensional unknown systems; (2) A compositional neural certificate

based on ISS (Input-to-State Stability) Lyapunov functions for finding decentralized stabi-

lizing controllers in large-scale networked dynamical systems. Comprehensive experiments

have shown that the proposed methods outperform the prior work in the case of stability,

especially in high-dimensional unknown systems and large-scale networked systems.
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Chapter 1

Introduction

While autonomous systems continue to assume increasingly significant roles in our daily

lives, the crucial attribute of stability often poses a challenge to their application. For

instance, the presence of a fragile controller in an autonomous vehicle can lead to severe

traffic accidents, and an unstable controller in a nursing robot may pose risks of harm to

individuals. The development of stable controllers emerges as a fundamental challenge in

the realm of autonomous systems, and this challenge intensifies when dealing with real-world

systems. Real-world systems, exemplified by the F-16 fighter jet with its high-dimensional

state spaces [1], and networked dynamics such as those in power grids [2] and transportation

networks [3], further complicates the design of controllers. In this chapter, we elucidate the

problems addressed in this thesis, highlight our contributions, and present an outline of the

thesis.

1.1 Stablilizing Controller Design for Real-world Systems

We consider the problem of designing stable and safe controllers for real-world systems,

particularly focusing on two challenges: high-dimensional unknown systems, and networked

dynamics. The discussion of the problems is mainly from [4], [5].
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1.1.1 High-dimensional Unknown Systems

The first challenge addressed in this thesis involves the formulation of stabilizing controllers

for high-dimensional unknown systems, for example, fixed-wing aircraft [1], legged robots [6],

and autonomous vehicles [7]. Lyapunov-based control design assumes a crucial role in shaping

and assessing the stability characteristics of autonomous systems [8]. In recent years, diverse

approaches have emerged to devise Lyapunov functions and control Lyapunov functions

(CLFs) for systems of varying complexity, spanning both optimization-based and learning-

based methodologies [9], [10]. However, existing methods face two significant challenges:

scalability, referring to their suitability for high-dimensional systems, and model transparency,

indicating the need for understanding the system dynamics.

Traditional optimization-based control design involves finding controllers and Lyapunov

functions by solving a sequence of semi-definite programming (SDP) problems [8], [11], [12].

However, the scalability of such methods to high-dimensional systems is hindered by the

exponential growth of the number of decision variables with system dimension [13] as well as

numerical problems [14], such as strict feasibility and numerical reliability issues. Although

recent advancements have produced scalable SDP solvers [15], they depend on assumptions

such as the sparsity of the decision matrix. In recent years, Neural network (NN)-based rep-

resentations of Lyapunov functions have gained popularity [16]–[19] and can, to some extent,

alleviate dimensionality limitations when finding a CLF. However, due to their reliance on

state-space sampling, learning techniques still face exponential growth in sample complexity

for high-dimensional systems.

Additionally, most of the optimization-based and learning-based methods require system

dynamics to be known as ordinary differential equations (ODEs), limiting their applicability

and practicality for real-world systems. For instance, the F-16 fighter jet model [1] investi-

gated in this thesis is represented as a combination of look-up tables, block diagrams, and

C programs. Accurately describing the complex behavior of such a system using an ODE is
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highly challenging, if not impossible. For systems with unknown dynamics, previous works

have attempted to first use system identification, (e.g., learn the ODE model with NNs),

then find a controller with a CLF [20], [21]. However, using a single NN to fit the dynamics

of the entire state space of a high-dimensional system requires a vast number of training sam-

ples to cover the entire state space, and these surrogate NN models can exhibit substantial

prediction errors in sparsely sampled regions of the state-action space.

To address the challenge, we are motivated by the fact that for high-dimensional systems,

collecting data across the entire state space is both infeasible and unnecessary, as only a small

subset of the state space is reachable for the agent starting from a set of initial conditions.

Therefore, obtaining a model for the entire state space is excessive and potentially impossible.

Instead, we can learn a model valid only in the reachable subspace and update the controller

according to guidance, e.g., the learned CLF, to continuously expand the subspace towards

the goal. Constructing such a subspace is non-trivial, so we assume access to some imperfect

and potentially unstable demonstrations as initial guidance for reachable states. Starting

from these demonstrations, our objective is to update the controller, guide exploration of

necessary regions in the state space, and ultimately stabilize the system at the goal.

1.1.2 Networked Systems

Large-scale networked dynamical systems are another type of system that plays an important

role across a wide spectrum of real-world applications, including power grids [2], vehicle

platoons [22], drone swarms [23], transportation networks [3], etc. The control, and in

particular stabilization, of such networked systems has long been recognized as a challenging

problem as the dimension of the state and input spaces of such networked systems is usually

very high, and existing methods often suffer from the “curse-of-dimensionality" [24].

Classical approaches to stabilizing dynamical systems include LQR (Linear Quadratic

Regulator) for linear systems [25], [26]. For nonlinear systems, certificates like Lyapunov

functions can guide the search for a stabilizing controller and certify the stability of the

17



closed-loop system [27]. However, certificates are usually constructed on a case-by-case

basis. While there exist approaches like SOS (Sum-Of-Squares) that can construct certificates

for general classes of nonlinear systems [8], they are not scalable to large-scale networked

dynamical systems, since the number of polynomial coefficients in an SOS program grows

exponentially w.r.t. the dimension of system [8].

A recent line of work parameterizes control certificates (e.g. Lyapunov functions, bar-

rier functions) and controllers as neural networks (NNs) and learns them jointly from data

[28]–[30]. They have been successfully applied to nonlinear systems and achieved good per-

formance on complex control tasks [31], [32] thanks to the representation power of NNs.

However, the existing works mainly focus on single-agent systems with relatively small state

space (≤ 10 dimensions) or multi-agent systems without coupled dynamics [28], [33]. Ap-

plying these approaches to large-scale networked systems can be challenging due to the

exponential growth of the sample complexity and the hardness of training NNs with large

input spaces. Despite the challenge, many networked dynamics often contain sparse network

structures that can be exploited to help training, and the question we try to answer in this

work is: can we exploit network structure to learn neural certificates and stabilize large scale

networked systems in a scalable and effective manner?

To answer the question, we view the large networked dynamical system as a group of

smaller subsystems interconnected through a graph. Instead of learning a single certificate

for the entire system, we find a decentralized ISS (Input-to-State Stability) Lyapunov func-

tion [34]–[36] and a decentralized controller for each subsystem. Although ISS Lyapunov

theory has been known for a long time, it is not straightforward to adapt them as neural

certificates for the stabilization of large networked systems due to the following reasons: 1)

Existing ISS Lyapunov theory requires checking a condition involving global information

of the networked system [35] and as a result, is not entirely decentralized; 2) Existing ISS

Lyapunov theory requires finding different ISS Lyapunov functions for each subsystem and

therefore is computationally expensive for systems with many subsystems; 3) Each subsys-
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tem, as well as the corresponding ISS Lyapunov function, are intertwined with neighboring

subsystems and therefore cannot be learned straightforwardly as Lyapunov functions for a

single system such as that in [28]. In this work, we develop a framework for learning ISS Lya-

punov functions for networked dynamical systems while solving the aforementioned issues,

and learning a decentralized stabilizing controller at the same time.

1.2 Contributions

To address the challenge of developing stabilizing controllers for real-world systems caused

by high-dimensional unknown dynamics and networked dynamics, we propose two frame-

works, named LYapunov-Guided Exploration (LYGE) and Neural ISS Lyapunov functions

(NeurISS), respectively.

With high-dimensional unknown dynamics, LYGE [4] jointly learns the system dynamics

in the reachable subspace, a controller, and a CLF to guide the exploration of the controller

in the system. We iteratively learn the dynamics in the reachable subspace using past

experience, update the CLF and the controller, and perform exploration to expand the

subspace toward the goal. Upon convergence, we obtain a stabilizing controller for the

high-dimensional unknown system. The main contributions of this work are:

1. We propose a novel framework, LYGE, to learn stabilizing controllers for high-dimensional

unknown systems. Guided by a learned CLF, LYGE explores only the useful subspace,

thus addressing the scalability and model transparency problems.

2. We show that the proposed algorithm learns a stabilizing controller.

3. We conduct experiments on benchmarks including Inverted Pendulum, Cart Pole, Cart

II Pole [37], Neural Lander [38], and the F-16 model [1] with two tasks. Our results show

that our learned controller outperforms other reinforcement learning (RL), imitation

learning (IL), and neural-certificate-based algorithms in terms of stabilizing the systems

while reducing the number of samples by 68% to 95%.
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With networked dynamics, We proposed NeurISSn [5] which makes the following contri-

butions:

1. We show that the ISS Lyapunov functions only need to satisfy a local condition involv-

ing local information from neighboring subsystems to collectively constitute a compo-

sitional certificate to certify the stability of the entire dynamical system.

2. We prove that under certain conditions, the compositional certificate for a small net-

worked system can be generalized to be used on a more extensive system that has a

similar structure without re-training, which improves the scalability of the proposed

approach as one can reduce a large training task to a smaller training task with a

smaller network size.

3. We extend the notion of the ISS Lyapunov function to robust ISS Lyapunov function

for control-affine systems so that similar subsystems that have different parameters

can share the same ISS Lyapunov functions, which not only reduces the number of

ISS Lyapunov functions we need to learn for large-scale networked systems but also

improves the robustness of the learned results against model uncertainties.

4. We develop a novel approach to encode the ISS logic condition that intertwines neigh-

boring subsystems into the training loss function.

We demonstrate NeurISS using three examples - Power systems, Platoon, and Drone forma-

tion control, and show that NeurISS can find certifiably stable controllers for networks of

size up to 100 subsystems. Compared with centralized neural certificate approaches, NeurISS

reaches similar results in small-scale systems and can generalize to large-scale systems that

centralized approaches cannot scale up to. Compared with LQR, NeurISS can deal with

strong coupled networked systems like microgrids and reach smaller tracking errors on both

small and large-scale systems. Compared with RL (PPO, LYPPO, MAPPO), our algo-

rithm achieves similar or smaller tracking errors in small systems, and can hugely reduce the

tracking errors in large systems (up to 75%).
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1.3 Thesis Structure

In Chapter 2, we discuss the background and related works of developing stabilizing con-

trollers for the two types of systems studied in this thesis. In Chapter 3 and Chapter 4, we

introduce LYGE and NeurISS, respectively, based on their original papers [4] and [5], in-

cluding the type of system they are designed for, the algorithm structure, and experimental

results. Finally, in Chapter 5, we summarize the thesis and discuss possible directions for

future work.
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Chapter 2

Related Work

In this chapter, we discuss the related works on designing stabilizing controllers for high-

dimensional unknown systems and networked dynamical systems, including Lypuanov-based

control design, neural certificates, reinforcement learning, and imitation learning. The dis-

cussion is based on [4], [5].

2.1 High-dimensional Unknown Systems

Control Lyapunov Functions Our work builds on the widely used Lyapunov theory for

designing stabilizing controllers. Classical CLF-based controllers primarily rely on hand-

crafted CLFs [39], [40] or Sum-of-Squares (SoS)-based SDPs [8], [11], [12]. However, these

approaches require known dynamics and struggle to generalize to high-dimensional systems

due to the exponential growth of decision variables and numerical issues [13], [14]. To

alleviate these limitations, recent work utilizes neural networks (NNs) to learn Lyapunov

functions [31], [41]–[43] and stabilizing controllers [5], [16], [19], [44]–[46]. Most of these

works sample states in the entire state space and apply supervised learning to enforce the CLF

conditions. They either assume knowledge of the dynamics or attempt to fit the entire state

space’s dynamics [20], [21], making it difficult to generalize to high-dimensional real-world

scenarios where the number of required samples grows exponentially with the dimensions.
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In contrast, our algorithm can handle unknown dynamics and does not suffer from the curse

of dimensionality caused by randomly sampling states in the entire state space.

Reinforcement Learning (RL) and Optimal Control RL and optimal control have

demonstrated strong capabilities on problems without knowledge of the dynamics, particu-

larly in hybrid systems [47]–[50]. However, they struggle to provide results of the closed-loop

system’s stability. Additionally, hand-crafted reward functions and sample inefficiency im-

pede the generalization of RL algorithms to complex environments. Recent works in the

learning for control domain aim to solve this problem by incorporating certificate functions

into the RL process [17], [18], [30], [51]–[54]. Nevertheless, they suffer from limitations such

as handcrafted certificates [51] and balancing CLF-related losses with RL losses [17], [18].

Unlike these approaches, our algorithm learns the CLF from scratch without prior knowledge

of the dynamics or CLF candidates and provides a structured way to design loss functions

rather than relying on reward functions. Furthermore, we can demonstrate the stability of

the closed-loop system using the learned CLF.

Imitation Learning Imitation learning (IL) is another common tool for such problems.

However, classical IL algorithms like behavioral cloning (BC) [55]–[58], inverse reinforcement

learning (IRL) [59]–[61], and adversarial learning [62]–[65] primarily focus on recovering

the exact policy of the demonstrations, which may result in poor performance when given

imperfect demonstrations. A recent line of work on learning from suboptimal demonstrations

offers a possible route to learn a policy that outperforms the demonstrations. However, they

either require various types of manual supervision, such as rankings [66], [67], weights of

demonstrations [68], [69], or have additional requirements concerning the environment [70],

[71], the demonstrations [72], [73], or the training process [74]. Moreover, none of them

can provide results about the stability of the learned policy. Another line of work learns

certificates from demonstrations [75]–[78], but they need additional assumptions such as

known dynamics, perfect demonstrations, or the ability to query the demonstrator. In
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contrast, our approach leverages the CLF as natural guidance for the exploration process and

does not require any additional supervision or assumptions about either the demonstrations

or the environment to learn a stabilizing policy.

2.2 Networked Dynamical Systems

Neural Certificates Mostly related is the line of work on learning neural certificates. This

line of work focuses on searching for a controller together with a certificate that guarantees

the soundness of the controller. Such neural certificates include Lyapunov-like functions for

stability guarantees [28], [29], [31], [32], [41], [43], [79], barrier functions for safety guaran-

tees [29], [33], [80]–[82], contraction metrics for tracking guarantees [83], [84], etc. Through

learning proof of the correctness of the controllers, these approaches address the concerns

about the safety, stability, and reliability of the controllers on a large variety of tasks, in-

cluding precision quadrotor flight through turbulence [83], walking under model uncertain-

ties [40], tracking with high-dimensional dynamics [84], and safe decentralized control of

multi-agent systems [33], [85]. Compared to these works, we learn ISS Lyapunov functions,

which are decentralized and scalable to large-scale networked systems.

ISS Lyapunov Function The concept of ISS and ISS Lyapunov function is long estab-

lished in control theory [34]. ISS Lyapunov function for networked dynamical systems was

proposed in [86] for a two-subsystem case and generalized in [35], [87] for multiple subsystems

(cf [36] for a review). Compared to these works, our paper builds upon the ISS Lyapunov

concept to learn neural certificates for networked systems.
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Chapter 3

Learning to Stabilize High-dimensional

Unknown Systems

In this chapter, we proposed LYapunov-Guided Exploration (LYGE) to learn stabilizing

controllers for high-dimensional unknown systems. The results of this chapter are based on

[4].

3.1 Problem Setting and Preliminaries

We consider a discrete-time single-agent unknown dynamical system

x(t+ 1) = h(x(t), u(t)), (3.1)

where x(t) ∈ X ⊆ Rnx represents the state at time step t, u(t) ∈ U ⊆ Rnu denotes the control

input at time step t, and h : X × U → X is the unknown dynamics. We assume the state

space X to be compact and h is Lipschitz continuous in both (x, u) with constant Lh > 0

following [51]. Our objective is to find a control policy u(·) = π(x(·)), where π : X → U , such

that from initial states x(0) ∈ X0, under the policy π, the closed-loop system asymptotically

stabilizes at a goal xgoal ∈ X . In other words, ∀x(t) starting from x(0) ∈ X0 and satisfying
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Equation (3.1) with u(t) = π(x(t)), we have lim
t→∞

∥∥x(t)− xgoal
∥∥ = 0.

We assume that we are given a set of ND0 demonstration transitions

D0 = {(xi(t), ui(t), xi(t+ 1))}ND0

i=1 (3.2)

generated by a demonstrator policy πd starting from states xi(0) ∈ X0. In contrast to the

assumption of stabilizing demonstrators in classical IL works [62], our demonstrations may

not be generated by a stabilizing controller. We also assume an online setting, where we

assume access to environmental interaction during training.

Lyapunov theory is widely used to prove the stability of control systems, and CLFs offer

further guidance for controller synthesis by defining a set of stabilizing control inputs at a

given point in the state space. Following [88], we provide the definition of CLF for discrete

system (3.1).

Definition 1. Consider the system (3.1) and a goal point xgoal, and let G ⊆ X be a subset

of the state space such that xgoal ∈ G. A function V : G → R is called a CLF on G if there

exists functions α, ᾱ ∈ K∞
1 and a constant λ ∈ (0, 1) such that the following hold:

α(∥x− xgoal∥) ≤ V (x) ≤ ᾱ(∥x− xgoal∥) (3.3a)

inf
u∈U

V (h(x, u)) ≤ λV (x) (3.3b)

The set of input K(x) = {u ∈ U | V (h(x, u)) ≤ λV (x)} is called stablizing control inputs.

It is a standard result that if G is forward invariant2 and the goal point xgoal ∈ G ⊆ X , then

starting from initial set X0 ⊆ G, any control input u ∈ K will make the closed-loop system

asymptotically stable at xgoal [88]. The formal proposition is given below:

Proposition 1. Given a set G ⊂ X such that xgoal ∈ G. Suppose there exists a CLF V on
1A function α : [0,+∞) → [0,+∞) is said to be class-K∞ if α is continuous, strictly increasing with

α(0) = 0, and lim
s→+∞

α(s) = +∞.
2A set G is forward invariant if x(0) ∈ G =⇒ x(t) ∈ G for all t > 0.
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G ⊆ X with a constant λ ∈ (0, 1). If G is forward invariant3, then xgoal is asymptotically

stable for the closed-loop system under u ∈ K(x) = {u | V (h(x, u)) ≤ λV (x)} starting from

initial set X0 ⊆ G.

Proof. The proof follows from Definition 2.18 and Theorem 2.19 in [88]. Condition (3.3a)

is the same as condition (i) in [88], and for condition 2, let u∗(x) = infu V (h(x, u)), from

Condition (3.3b), we have:

V (h(x, u∗(x))) ≤ λV (x), ∀x ∈ G. (3.4)

Therefore,

V (h(x, u∗(x))) ≤ V (x)− (1− λ)V (x) ≤ V (x)− (1− λ)α(∥x− xgoal∥), ∀x ∈ G, (3.5)

where the second equation follows condition (3.3a). Define g(x) = (1−λ)x. Since λ ∈ (0, 1),

it follows that g(x) ∈ K∞. Let αV (x− xgoal) = g ◦ α(∥x− xgoal∥), we have αV ∈ K∞ and

V (h(x, u∗(x))) ≤ V (x)− αV (∥x− xgoal∥), ∀x ∈ G, (3.6)

which aligns with condition (ii) in [88]. Note that G is assumed forward invariant. Therefore,

following Theorem 2.19 in [88], the system is asymptotically stable starting from X0 ∈ G.

3.2 LYGE Algorithm

Notation Let τ be the current iteration step in our algorithm. A dataset Dτ is a set of

NDτ transitions collected by the current iteration step. Recall that D0 is the set of given

demonstrations. Let Dτ
x ⊂ X be the projection of Dτ on the first state component of Dτ

defined as Dτ
x = {x | (x, ·, ·) ∈ Dτ}. A trusted tunnel Hτ is defined as the set of states at

3A set G is forward invariant if x(0) ∈ G =⇒ x(t) ∈ G for all t > 0.

27



most γ > 0 distance away from the dataset Dτ
x, i.e., Hτ = {x | ∃xi ∈ Dτ

x, ∥x− xi∥ ≤ γ}.

We first outline our algorithm LYapunov-Guided Exploration (LYGE), which learns to

stabilize high-dimensional unknown systems, then provide a step-by-step explanation. Given

a dataset of imperfect demonstrations D0 (which may not contain xgoal), we firstly employ

IL to learn an initial controller πinit (which may be an unstable controller). Then, during

each iteration τ , we learn a CLF V τ
θ and the corresponding controller πτϕ using samples from

Dτ
x, and use the learned controller πτϕ to generate closed-loop trajectories as additional data

added to Dτ to obtain Dτ+1. At each iteration, the learned CLF V τ
θ ensures that the newly

collected trajectories get closer to xgoal, as each V τ
θ is designed to reach the global minimum

at xgoal. In this way, the trusted tunnel Hτ grows and includes states closer and closer to

xgoal with more iterations. Upon convergence, LYGE returns a stabilizing controller π∗ that

can be trusted within the converged trusted tunnel H∗, where H∗ contains all trajectories

starting from X0.

Learning from Demonstrations At iteration 0, our approach starts with learning an

initial policy from imperfect and potentially unstable demonstrations D0. We use existing

IL methods (e.g., BC [56]) to learn the initial policy πinit(·). Since the IL algorithms directly

recover the behavior of the demonstrations, the initial policy could lead to unstable behaviors.

Learning Local Dynamics At iteration τ , we learn a discrete NN approximation of

the dynamics ĥτψ(x, u) : X × U → X parameterized by ψ using the transition dataset Dτ .

We train ĥτψ by minimizing the mean square error loss from transitions sampled from the

dataset Dτ using Adam [89]. Let ω > 0 be the maximum error of the learned dynamics on

the training data: ∥ĥτψ(xi(t), ui(t))− xi(t+ 1)∥ ≤ ω for all (xi(t), ui(t), xi(t+ 1)) ∈ Dτ .
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Learning CLF and Controller After learning the local dynamics, we jointly learn the

CLF and the control policy. Let the learned CLF in τ -th iteration be

V τ
θ (x) = x⊤S⊤Sx+ pNN(x)

⊤pNN(x), (3.7)

where S ∈ Rnx×nx is a matrix of parameters, pNN : Rnx → Rnx denotes an NN, and θ

encompasses all parameters including S and the ones in pNN. Clearly, V τ
θ (x) is positive by

construction. The first term in V τ
θ models a quadratic function, which is commonly used to

construct Lyapunov functions for linear systems. Here we use it to introduce a quadratic

prior to the learned CLF. The second term models the CLF’s non-quadratic residue. We also

parameterize the controller with an NN, i.e., πτϕ : X → U with parameters ϕ. The learned

controller aims to direct system trajectories toward the goal, guided by the learned CLF.

Additionally, since the learned dynamics ĥτψ may be invalid outside the trusted tunnel Hτ ,

πτϕ should not drive the system too far from Hτ within the simulation horizon. This can be

achieved by penalizing the distance of the control inputs in consecutive iterations. Overall,

V τ
θ and πτϕ can be synthesized by solving the following optimization problem:

min
ϕ

Ex∈Hτ∥πτϕ(x)− πτ−1
ϕ (x)∥ (3.8a)

s.t. V τ
θ (x

goal) = 0, V τ
θ (x) > 0, ∀x ∈ X \ xgoal (3.8b)

V τ
θ

(
ĥτψ(x, π

τ
ϕ(x))

)
≤ λV τ

θ (x), ∀x ∈ Hτ (3.8c)

where λ ∈ (0, 1). We approximate the solution of problem (3.8) by self-supervised learning

with loss Lτ = LτCLF + ηctrlLτctrl, where LτCLF and Lτctrl correspond to the constraints and

the objective of Problem (3.8), respectively, ηctrl > 0 is a hyper-parameter that balances the
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weights of two losses, and

LτCLF =V τ
θ (x

goal)2 +
1

N

∑
x∈X\xgoal

[ν − V τ
θ (x)]

+ +
ηpos
N

∑
x∈Dτ

x

[
ϵ+ V τ

θ

(
ĥτψ(x, π

τ
ϕ(x))

)
− λV τ

θ (x)
]+

(3.9)

Lτctrl =
1

N

∑
x∈Dτ

x

∥πτϕ(x)− πτ−1
ϕ (x)∥2, (3.10)

where [·]+ = max(·, 0), ηpos > 0 is a hyper-parameter that balances each term in the loss,

and ϵ > 0 is a hyper-parameter that ensures that the learned CLF V τ
θ satisfies condition

(3.3b) even if the learned dynamics ĥτψ has errors. In practice, it is hard to enforce V τ
θ (x

goal)

to be exactly 0 using gradient-based methods. Therefore, in loss (3.9) and (3.10), we instead

train the NNs to make V τ
θ (x

goal) < ν, and V τ
θ (x) ≥ ν, for all x ∈ X \xgoal, where ν is a small

positive number.

Exploration After learning ĥτψ, V τ
θ , and πτϕ in the τ -th iteration, we use the current con-

troller πτϕ starting from x0 ∈ Hτ to collectND more transitions ∆Dτ = {(xi(t), πτϕ(xi(t)), xi(t+

1))}ND
i=1 and augment the dataset Dτ+1 = Dτ ∪∆Dτ . During the exploration, the controller

drives the system to states with lower CLF values. Consequently, by collecting more tra-

jectories with the learned policy πτϕ, we expand the trusted tunnel Hτ to states with lower

CLF values. As the global minimum of the CLF is at xgoal, the system trajectories used to

construct the trusted tunnel keep getting closer to the goal in each iteration.

We illustrate the LYGE process in an inverted pendulum environment in Figure 3.1. In

Figure 3.1a, since the demonstrations are imperfect, our initial controller πinit cannot reach

the goal. Figure 3.1b and Figure 3.1c demonstrate that after several iterations, the trusted

tunnel Hτ (the region around the light orange dots Dτ
x) is expanded towards the goal, and

the closed-loop system progressively approaches the goal. Upon convergence (Figure 3.1d),

our controller stabilizes the system at the goal. The workflow of LYGE is summarized in

Algorithm 1.
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(a) (b)

(c) (d)

Figure 3.1: Trajectories generated by LYGE in different iterations in inverted pendulum
environment. The counters show the learned CLF. The orange trajectories are generated by
the learned controller in the current iteration. The light orange dots are the demonstrations
generated in previous iterations, which also indicate the trusted tunnel H. The black dot is
the goal.

3.3 Analysis of LYGE

In this section, we provide several results to discuss the efficacy of LYGE. We start by

reviewing some definitions and results on Lipschitz continuous and Lipschitz smoothness.

Definition 2. A function f : Rn → Rm is Lipschitz-continuous with constant L if

||f(x)− f(y)|| ≤ L∥x− y∥, ∀x, y ∈ Rn. (3.11)

Definition 3. A continuously differentiable function f : Rn → Rm is Lipschitz-smooth with
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Algorithm 1 LYGE Algorithm
Input: Demonstrations D0, set of initial states X0

Learn initial controller πinit using IL
Initialize ĥ0ψ with an NN
Initialize V 0

θ with the structure (3.7)
Initialize the controller with π0

ϕ = πinit
for τ in 0, 1, ... do

Sample states from Dτ
x

Update ĥτψ using MSE loss
Update V τ

θ and πτϕ using (3.9) and (3.10)
Collect more trajectories ∆Dτ by starting from Dτ

x and following πτϕ
Construct Dτ+1 = Dτ ∪∆Dτ

end for

constant L if

||∇f(x)−∇f(y)|| ≤ L∥x− y∥, ∀x, y ∈ Rn. (3.12)

Lemma 1. If a continuously differentiable function f : Rn → Rm is Lipschitz-smooth with

constant L, then the following inequality holds for all x, y ∈ Rn:

(∇f(x)−∇f(y))T (x− y) ≤ L∥x− y∥2. (3.13)

Proof. The proof is straightforward that

(∇f(x)−∇f(y))T (x− y) ≤ ∥∇f(x)−∇f(y)∥ · ∥x− y∥ ≤ L∥x− y∥2, (3.14)

where the first equation follows the Cauchy-Schwarz inequality, and the second inequality

comes from the definition of Lipschitz-smoothness.

Lemma 2. If function f : Rn → Rm is Lipschitz-smooth with constant L, then the following

inequality holds for all x, y ∈ Rn:

f(y) ≤ f(x) +∇f(x)T (y − x) +
L

2
∥y − x∥2. (3.15)

Proof. Define g(t) = f(x + t(y − x)). If f is Lipschitz-smooth with constant L, then from
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Lemma 1, we have

g′(t)− g′(0)

= (∇f(x+ t(y − x))−∇f(x))T (y − x)

=
1

t
(∇f(x+ t(y − x))−∇f(x))T ((x+ t(y − x))− x)

≤ L

t
∥t(y − x)∥2 = tL∥y − x∥2.

(3.16)

We then integrate this equation from t = 0 to t = 1:

f(y) = g(1) = g(0) +

∫ 1

0

g′(t)dt

≤ g(0) +

∫ 1

0

g′(0)dt+

∫ 1

0

tL∥y − x∥2dt

= g(0) + g′(0) +
L

2
∥y − x∥2

= f(x) +∇f(x)T (y − x) +
L

2
∥y − x∥2.

(3.17)

Now, we provide the following theorem to show the convergence of LYGE. We say that

the loss LτCLF ϵ
′-robustly converges if (1) V τ

θ (x
goal) < ν; (2) V τ

θ (x) > ν for all x ∈ X \ xgoal;

(3) ϵ + V τ
θ (ĥ

τ
ψ(x, π

τ
ϕ(x))) − λV τ

θ (x) ≤ ϵ′ for all x ∈ Dτ
x. Here, ϵ′ > 0 is an arbitrarily small

number.

Theorem 1. Let Lπ, LV be the Lipschitz constants of the learned controller πτϕ and the

gradient of the learned CLF V τ
θ , respectively. Furthermore, let σ ≥ ∥∇V τ

θ ∥ be the upper

bound of the gradient of V τ
θ . Choose ϵ ≥ ωσ + LV

2
ω2 + γλ(σ + LV

2
γ) + (1 + Lπ)γLh(σ +

LV

2
(1 + Lπ)γLh) + ϵ′. If LτCLF ϵ

′-robustly converges in each iteration, then LYGE converges

and returns a stabilizing controller π∗ that can be trusted within the converged trusted tunnel

H∗, where H∗ contains all closed-loop trajectories starting from X0.

Theorem 1 shows that with smooth dynamics and smooth NNs, if the margin ϵ is chosen

to be large enough and the training loss LτCLF is small, we can conclude that the algorithm
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converges and the system is asymptotically stable at xgoal. In our implementation, we use

spectral normalization to limit the Lipschitz constants of the NNs. We also increase the

amount of data collected in the exploration phase and use large NNs to decrease γ and ω.

In this way, we can make ϵ a reasonably small value.

Now, we provide the proof of Theorem 1. We start by introducing several lemmas. First,

we show that the learned CLF satisfies the CLF conditions (3.3) within the trusted tunnel

Hτ .

Lemma 3. Under the assumptions of Theorem 1, we have in iteration τ ,

V τ
θ (x+ h(x, πτϕ(x))) ≤ λV τ

θ (x),∀x ∈ Hτ . (3.18)

Proof. For arbitrary x ∈ Hτ , let x̄ ∈ Dτ
x be the closest point to x in the dataset Dτ

x, i.e.,

x̄ = argminy∈Dτ
x
∥y − x∥. Using Lemma 2 and the definition of the trusted tunnel, we have:

V τ
θ (x̄)− V τ

θ (x) = V τ
θ (x+ x̄− x)− V τ

θ (x) ≤ (x̄− x)⊤∇V τ
θ (x) +

LV
2
∥x̄− x∥2

≤ ∥x̄− x∥∥∇V τ
θ (x)∥+

LV
2
∥x̄− x∥2 ≤ γσ +

LV
2
γ2.

(3.19)

Using the Lipschitz continuity of the dynamics h and the controller πτϕ, we have

∥h(x, πτϕ(x))− h(x̄, πτϕ(x̄)∥ ≤ Lh∥(x, πτϕ(x))− (x̄, πτϕ(x̄))∥ = Lh∥(x− x̄, πτϕ(x)− πτϕ(x̄))∥

≤ Lh(∥x− x̄∥+ ∥πτϕ(x)− πτϕ(x̄)∥) ≤ (1 + Lπ)γLh.

(3.20)

Using Lemma 2 and the bounded gradient of V , and applying (3.19) and (3.20), we obtain
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that for any x ∈ Hτ ,

V τ
θ

(
h(x, πτϕ(x))

)
− λV τ

θ (x)

=V τ
θ

(
h(x, πτϕ(x))− h(x̄, πτϕ(x̄)) + h(x̄, πτϕ(x̄))

)
− λV τ

θ (x)

≤V τ
θ

(
h(x̄, πτϕ(x̄))

)
+ ∥h(x, πτϕ(x))− h(x̄, πτϕ(x̄))∥σ

+
LV
2
∥h(x, πτϕ(x))− h(x̄, πτϕ(x̄))∥2 − λV τ

θ (x̄) + λ(V τ
θ (x̄)− V τ

θ (x))

≤V τ
θ

(
h(x̄, πτϕ(x̄))

)
− λV τ

θ (x̄) + γλ(σ +
LV
2
γ) + (1 + Lπ)γLh(σ +

LV
2
(1 + Lπ)γLh).

(3.21)

Then, we take the error of the learned dynamics into consideration. Using the error bound

of the learned dynamics, we have:

V τ
θ

(
ĥτψ(x̄, π

τ
ϕ(x̄))

)
− λV τ

θ (x̄)

=V τ
θ

(
hτψ(x̄, π

τ
ϕ(x̄))− hτψ(x̄, π

τ
ϕ(x̄)) + ĥτψ(x̄, π

τ
ϕ(x̄))

)
− λV τ

θ (x̄)

≥V τ
θ

(
hτψ(x̄, π

τ
ϕ(x̄)))

)
− ∥ĥτψ(x̄, πτϕ(x̄))− hτψ(x̄, π

τ
ϕ(x̄))∥σ

− LV
2
∥ĥτψ(x̄, πτϕ(x̄))− hτψ(x̄, π

τ
ϕ(x̄))∥2 − λV τ

θ (x̄)

≥V τ
θ

(
hτψ(x̄, π

τ
ϕ(x̄)))

)
− λV τ

θ (x̄)− ωσ − LV
2
ω2.

(3.22)

Using the assumption that

V τ
θ (ĥ

τ
ψ(x̄, π

τ
ϕ(x̄)))− λV τ

θ (x̄) + ϵ ≤ ϵ′, ∀x̄ ∈ Dτ
x, (3.23)

we have
V τ
θ

(
hτψ(x̄, π

τ
ϕ(x̄)))

)
− λV τ

θ (x̄)

≤V τ
θ

(
ĥτψ(x̄, π

τ
ϕ(x̄))

)
− λV τ

θ (x̄) + ωσ +
LV
2
ω2

≤ϵ′ − ϵ+ ωσ +
LV
2
ω2.

(3.24)
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Therefore,

V τ
θ

(
x+ h(x, πτϕ(x))

)
− λV τ

θ (x)

≤ϵ′ − ϵ+ ωσ +
LV
2
ω2 + γλ(σ +

LV
2
γ) + (1 + Lπ)γLh(σ +

LV
2
(1 + Lπ)γLh)

≤0.

(3.25)

Lemma 3 suggests that under the assumptions of Theorem 1, the learned CLF satisfies

the CLF condition (3.3b) in the trusted tunnel Hτ .

Next, we discuss the growth of the trusted tunnel Hτ in each iteration.

Lemma 4. Let T be the simulation horizon, and xτ ∈ Hτ be the state that has the minimum

value of the CLF at iteration τ , i.e.,

xτ = arg min
x∈Hτ

V τ
θ (x). (3.26)

If xgoal ̸∈ Hτ and at least one of the sampled state xτd satisfies

∥xτd − xτ∥ <
−σ +

√
σ2 + 2LV

(
1
λT

− 1
)
V τ
θ (x

τ )

LV
, (3.27)

then during the exploration period, we have Hτ ⫋ Hτ+1.

Proof. Using the definition of the trusted tunnel Hτ and the fact that Dτ ⊂ Dτ+1, we have

Hτ ⊆ Hτ+1. Let xτ ∈ Hτ be the state that has the minimum value of the CLF, i.e.,

xτ = arg min
x∈Hτ

V τ
θ (x). (3.28)

During the exploration process, let xτd be a sampled initial state. Then, it follows from
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Lemma 7 that

V τ
θ (x

τ
d) ≤ V τ

θ (x
τ ) + (xτd − xτ )⊤∇V τ

θ (x
τ ) +

LV
2
∥xτd − xτ∥2, (3.29)

If the trajectory leaves the trusted tunnel Hτ , then the claim is true. Otherwise, the trajec-

tory stays in Hτ in the simulation horizon T . Then, using Lemma 3, we have

V τ
θ (x

τ
d(T )) ≤ λV τ

θ (x
τ
d(T − 1)) ≤ · · · ≤ λTV τ

θ (x
τ
d(0)) = λTV τ

θ (x
τ
d). (3.30)

Additionally, since the trajectory stays in Hτ , we have

V τ
θ (x

τ
d(T )) ≥ V τ

θ (x
τ ). (3.31)

Using (3.29), (3.30), and (3.31), we obtain

λT
(
V τ
θ (x

τ ) + (xτd − xτ )⊤∇V τ
θ (x

τ ) +
LV
2
∥xτd − xτ∥2

)
≥ V τ

θ (x
τ ). (3.32)

Note that V τ
θ has bounded gradients σ. Therefore,

LV
2
∥xτd − xτ∥2 + σ∥xτd − xτ∥ −

(
1

λT
− 1

)
V τ
θ (x

τ ) ≥ 0, (3.33)

which implies

∥xτd − xτ∥ ≥
−σ +

√
σ2 + 2LV

(
1
λT

− 1
)
V τ
θ (x

τ )

LV
. (3.34)

This is the necessary condition for the trajectory to stay in H. Otherwise, we have V τ
θ (x

τ
d(T )) <

V τ
θ (x

τ ), which violates the assumption that xτ is the minima of V τ
θ in Hτ . Therefore, if we

sample an initial state xτd with

∥xτd − xτ∥ <
−σ +

√
σ2 + 2LV

(
1
λT

− 1
)
V τ
θ (x

τ )

LV
, (3.35)
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the trajectory will leave Hτ , which implies Hτ ⫋ Hτ+1.

Note that the RHS of inequality (3.27) grows to infinity as T grows. Lemma 4 shows

that the trusted tunnel Hτ continues to grow when xgoal is not inside. Also, it shows that

the trusted tunnel Hτ cannot converge to some H∗ such that xgoal ̸∈ H∗.

Now, we are ready to provide the proof of Theorem 1.

Proof. First, using Lemma 4, we know that the size of Hτ increases monotonically. Since

the size of Hτ is upper-bounded by the compact state space, using Monotone Convergence

Theorem, we know that Hτ will converge to some set H∗. Then, using Lemma 3, we know

that the CLF conditions (3.3) are satisfied in H∗4. Using Lemma 4, we know that xgoal ∈ H∗.

In addition, as Hτ converges to H∗, we know that starting from any initial states in H∗,

the agent cannot leave H∗. Therefore, using the stabilizing result of CLF, the system is

asymptotically stable at xgoal.

3.4 Experiments

We conduct experiments in six environments including Inverted Pendulum, Cart Pole, Cart

II Pole, Neural Lander [38], and the F-16 jet [1] with two tasks: ground collision avoidance

(GCA) and tracking. To simulate the imperfect demonstrations, We collect imperfect and

potentially unstable demonstrations for each environment using nominal controllers such as

LQR [90] for Inverted Pendulum, PID [91] for Neural Lander and the F-16, and RL controllers

for Cart Pole and Cart II Pole. In the first four environments, we collect 20 trajectories as

demonstrations, and in the two F-16 environments, we collect 40 trajectories. We aim to

answer the following questions in the experiments:
4Note that although V τ

θ (xgoal) is not exactly zero, xgoal is still the global minimum of V τ
θ , and therefore,

the closed-loop system will still converge to xgoal.
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1. How does LYGE compare with other algorithms for the case of stabilizing the system

at goal?

2. What is the sampling efficiency of LYGE as compared to other baseline methods?

3. Can LYGE be used for systems with high dimensions?

The experiments are run on a 64-core AMD 3990X CPU @ 3.60GHz and four NVIDIA

RTX A4000 GPUs (one GPU for each training job)

3.4.1 Baselines

We compare LYGE with the most relevant works in our problem setting including RL al-

gorithm PPO [48], standard IL algorithm AIRL [64], and algorithms of IL from suboptimal

demonstrations D-REX [70] and SSRR [71]. For PPO, we hand-craft reward functions fol-

lowing standard practices in reward function design [37] for stabilization problems. For

AIRL, D-REX, and SSRR, we let them learn directly from the demonstrations. Other rele-

vant approaches including 2IWIL [68], IC-GAIL [68], CAIL [67], and DPS [74] need different

kinds of additional supervision, such as rankings or confidence labels, which are not im-

plementable under the assumptions in our setting, so we do not include them. For a fair

comparison, we initialize all the algorithms with the BC policy. Compared with these base-

lines, our algorithm has one additional assumption that we know the desired goal point.

However, we believe that the comparison is still fair because we do not need the reward

function or optimal demonstrations. While LYGE needs more information than D-REX and

SSRR, the performance increment from LYGE is large enough that it is worth the additional

information.

We also design two other baselines, namely, CLF-sparse and CLF-dense, to show the

efficacy of the Lyapunov-guided exploration compared with learning the dynamics model

from random samples [20], [21]. These methods require the stronger assumption of being

able to sample from arbitrary states in the state space, which is unrealistic when performing
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experiments outside of simulations. For both algorithms, we follow the same training process

as LYGE, but instead of collecting samples of transitions by applying Lyapunov-guided

exploration, we directly sample states and actions from the entire state-action space to

obtain the training set of the dynamics. We note that CLF-sparse uses the same number

of samples as LYGE, while CLF-dense uses the same number of samples as the RL and IL

algorithms, which is much more than LYGE (see Table 3.1).

3.4.2 Implementation Details

Implementation of LYGE Our framework contains three models: the dynamics model

ĥτψ(x, u), the CLF V τ
θ (x) = x⊤S⊤Sx + pNN(x)

⊤pNN(x), and the controller πτϕ(x). ĥτψ(x, u),

pNN(x), and πτϕ(x) are all neural networks with two hidden layers with size 128 and Tanh

as the activation function. S ∈ Rnx×nx is a matrix of parameters. To limit the Lipschitz

constant of the learned models LV and Lπ, we add spectral normalization [92] to each layer in

the neural networks. We implement our algorithm in the PyTorch framework [93] based on

the rCLBF repository5 [19]. During training, we use ADAM [89] as the optimizer to optimize

the parameters of the neural networks. The loss function used in training the controller and

the CLF is

Lτ = ηgoalLτgoal + ηposLτpos + ηctrlLτctrl, (3.36)

where ηgoal, ηpos, ηctrl are hyper-parameters, which we will further introduce in Section 3.4.4,

and
Lτgoal = V τ

θ (x
goal)2,

Lτpos =
1

N

∑
x∈Dτ

x

max
[
ϵ+ V τ

θ

(
ĥτψ(x, π

τ
ϕ(x))

)
− λV τ

θ (x), 0
]
,

Lτctrl =
1

N

∑
x∈Dτ

x

∥∥πτϕ(x)− πinit(x)
∥∥2

+ ∥πτϕ(x)− πτ−1
ϕ (x)∥2.

(3.37)

5https://github.com/MIT-REALM/neural_clbf (BSD-3-Clause license)
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Note that there is another term in the loss: 1
N

∑
x∈X\xgoal max [ν − V τ

θ (x), 0]. However, this

loss term is often 0 in the training so we omit the discussion of this term here. In our

implementation, we add the term ∥πτϕ(x)− πinit(x)∥2 to further limit the exploration of πτϕ,

and also make the training more stable, as there is a non-changing reference for πτϕ.

In the exploration period, starting from some states in the trusted tunnel x(0) ∈ Hτ ,

following the newly updated controller in this iteration πτϕ, the trajectories collected are

{x(0), πτϕ(x(0)), x(1), πτϕ(x(1)), x(2), πτϕ(x(2)), . . . }, where x(t + 1) = h(x(t), πτϕ(x(t))). The

trajectory ends when the maximum simulation time step T is reached or the states are no

longer safe.

Implementation of the baselines We implement PPO based on the open-source python

package stablebaselines36 [94], AIRL based on the open-source python package Imitation7 [95],

and D-REX and SSRR based on their official implementations 8,9, with some adjustments

based on the CAIL repository 10 [67]. All the neural networks in the baselines, including the

actor, the critic, the discriminator, and the reward module, have two hidden layers with size

128 and Tanh as the activation function. We use ADAM [89] as the optimizer with a learn-

ing rate 3 × 10−4 to optimize the parameters of the neural networks. For CLF-sparse and

CLF-dense, we use the same NN structures as LYGE, but pre-train the dynamics ĥτψ(x, u)

from state-action-state transitions randomly sampled from the state-action space. Other

implementation details are the same as LYGE.

3.4.3 Environments

Inverted Pendulum Inverted Pendulum (Inv Pendulum) is a standard benchmark for

testing control algorithms. The state of the inverted pendulum is x = [θ, θ̇]⊤, where θ is the
6https://github.com/DLR-RM/stable-baselines3 (MIT license)
7https://github.com/HumanCompatibleAI/imitation (MIT license)
8https://github.com/dsbrown1331/CoRL2019-DREX (MIT license)
9https://github.com/CORE-Robotics-Lab/SSRR

10https://github.com/Stanford-ILIAD/Confidence-Aware-Imitation-Learning (MIT license)
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angle of the pendulum to the straight-up location, and the control input is the torque. The

dynamics is given by ẋ = f(x) + g(x)u, with

f(x) =

 θ̇

gθ
L
− bθ̇

mL2


g(x) =

[
1

mL2

] (3.38)

where g = 9.80665 is the gravitational acceleration, m = 1 is the mass, L = 1 is the length,

and b = 0.01 is the damping. We define the goal point at xgoal = [0, 0]⊤. We let the discrete-

time dynamics be x(t + 1) = x(t) + ẋ(t)δt, where the simulating time step δt = 0.01. To

simulate imperfect demonstrations, the demonstration data is collected by an LQR controller

with noise that leads to oscillation of the pendulum around a point away from the goal. We

use the reward function r(x) = 2.0− |θ| to train RL algorithms.

We set the initial state with θ ∈ [−0.2, 0.2] and θ̇ ∈ [−0.2, 0.2]. For the demonstrations,

we solve the LQR controller with Q = I2 and R = 1, where In is the n-dimensional identity

matrix, and add standard deviation 0.1 and bias 4.0 to the solution to make it unstable. We

collect 20 trajectories for the demonstrations, where each trajectory has 1000 time steps.

For hyper-parameters in the loss function (3.36), we use ηgoal = 10.0, ηpos = 10.0, ηctrl = 1.0.

Cart Pole The Cart Pole environment we use is a modification of the InvertedPendulum

environment introduced in OpenAI Gym [37]11. However, the original reward function is

not suitable for the stabilization task because there is only one term: “alive bonus" in the

original reward function. Therefore, we change the reward function to be r = 1−∥x∥ where

x is the current state.

We collect demonstrations using an RL policy that has not fully converged. We collect 20

trajectories for the demonstrations, where each trajectory has 1000 time steps. For hyper-

parameters in the loss function (3.36), we use ηgoal = 1000.0, ηpos = 10.0, ηctrl = 1000.0.
11The original name is InvertedPendulum
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Note that ηctrl is large because the control actions in this environment are often tiny.

Cart II Pole The Cart II Pole environment we use is a modification of the InvertedDou-

blePendulum environment introduced in OpenAI Gym [37]12. To provide more signal for the

stabilization task, we change the reward function to be r = rorigin − ∥q∥, where rorigin is the

original reward function and q is the current position of the cart.

We collect demonstrations using an RL policy that has not fully converged. We collect 20

trajectories for the demonstrations, where each trajectory has 1000 time steps. For hyper-

parameters in the loss function (3.36), we use ηgoal = 100000.0, ηpos = 5.0, ηctrl = 3000.0.

Note that ηctrl is large because the control actions in this environment are often very small.

Neural Lander Neural lander [38] is a widely used benchmark for systems with unknown

disturbance. The state of the Neural Lander is x = [px, py, pz, vx, vy, vz]
⊤, with control input

u = [fx, fy, fz]
⊤. px, py, pz are the 3D displacements, vx, vy, vz are the 3D velocities, and

fx, fy, fz are the 3D forces. The dynamics is given by ẋ = f(x) + g(x)u, with

f(x) =

[
vx, vy, vz,

Fa1
m
,
Fa2
m
,
Fa3
m

− g′
]⊤

g(x) =



0 0 0

0 0 0

0 0 0

1/m 0 0

0 1/m 0

0 0 1/m



(3.39)

where g′ = 9.81 is the gravitational acceleration, m = 1.47 is the mass, and Fa is the learned

dynamics of the ground effect, represented as a 4-layer neural network. The goal is to

stabilize the neural lander at a user-defined point near the ground. We define the goal point
12The original name is InvertedDoublePendulum
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at xgoal = [0, 0, 0.5, 0, 0, 0]⊤. We let the discrete-time dynamics be x(t + 1) = x(t) + ẋ(t)δt,

where the simulating time step δt = 0.01. For the reward function, we use r(x) = 10− ∥x∥.

We set the initial state with px, py ∈ [−2, 2], pz ∈ [1, 2], and vx, vy, vz = 0. For the

demonstrations, we use a PD controller

u =


−8px − vx

−8py − vy

−8pz − vz +mg′

 , (3.40)

which makes the neural lander oscillate and cannot reach the goal point because of the strong

ground effect. We collect 20 trajectories for the demonstrations, where each trajectory has

1000 time steps. For hyper-parameters in the loss function (3.36), we use ηgoal = 100.0,

ηpos = 50.0, ηctrl = 1.0.

F-16 Ground Collision Avoidance (GCA) F-16 [1]13 is a fixed-wing fighter model. Its

state space is 16D including air speed v, angle of attack α, angle of sideslip β, roll angle

ϕ, pitch angle θ, yaw angle ψ, roll rate P , pitch rate Q, yaw rate R, northward horizontal

displacement pn, eastward horizontal displacement pe, altitude h, engine thrust dynamics

lag pow, and three internal integrator states. The control input is 4D including acceleration

at z direction, stability roll rate, side acceleration + raw rate, and the throttle command.

The dynamics are complex and cannot be described as ODEs, so the authors of the F-16

model provide look-up tables to describe the aerodynamics. The lookup tables describe an

approximation of the Lipschitz real dynamics, and also since we simulate the system in a

discrete way in the experiments, the look-up table does not violate our assumptions about

the real dynamics. In GCA, the F-16 starts at an initial condition with the head pointing

at the ground. The goal is to pull up the aircraft as soon as possible, avoid colliding with

the ground, and fly at a height between 800 ft and 1200 ft. We define the goal point at
13https://github.com/stanleybak/AeroBenchVVPython (GPL-3.0 license)
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h = 1000. The simulating time step is 0.02.

We set the initial state with v ∈ [520, 560], α = 0.037, β = 0, ϕ = 0, θ = −1.4π, ψ = 0.8π,

P ∈ [−5, 5], Q ∈ [−1, 1], R ∈ [−1, 1], pn = 0, pe = 0, h ∈ [2600, 3000], pow ∈ [4, 5]. For the

demonstrations, we use the controller provided with the model. We collect 40 trajectories

for the demonstrations, where each trajectory has 500 time steps. For hyper-parameters in

the loss function (3.36), we use ηgoal = 100.0, ηpos = 50.0, ηctrl = 50.0.

F-16 Tracking The F-16 Tracking environment uses the same model as the F-16 GCA

environment. We define the goal point at [pn, pe, h] = [7500, 5000, 1500], and ψ = arctan pn
pe

.

The simulating time step is 0.02.

We set the initial state with v ∈ [520, 560], α = 0.037, β = 0, ϕ ∈ [−0.1, 0.1], θ ∈

[−0.1, 0.1], ψ ∈ [−0.1, 0.1], P ∈ [−0.5, 0.5], Q ∈ [−0.5, 0.5], R ∈ [−0.5, 0.5], pn = 0, pe = 0,

h = 1500, pow ∈ [4, 5]. For the demonstrations, we use the controller provided with the

model. However, the original PID controller cannot pull up the aircraft early enough or

cannot track the waypoint precisely. We collect 40 trajectories for the demonstrations,

where each trajectory has 500 time steps. For hyper-parameters in the loss function (3.36),

we use ηgoal = 100.0, ηpos = 50.0, ηctrl = 1000.0.

3.4.4 Choice of Hyper-parameters

In our framework, the hyper-parameters include the Lyapunov convergence rate λ, the robust

parameter ϵ, the weights of the losses ηgoal, ηpos, ηctrl, and the parameters used in training

including the learning rate. λ controls the convergence rate of the learned controller. Larger

λ enables the controller to reach the goal faster, but it also makes the training harder. In

our implementation, we choose λ = 1 − δt, where δt is the simulation time step. ϵ controls

the robustness of the learned CLF w.r.t. the Lipschitz constant of the environment, the

radius of the trusted tunnel, and the error of the learned dynamics. It should be large

enough to satisfy Theorem 1, but large ϵ also makes the training harder. We choose ϵ = 1.0
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for Inverted Pendulum, Cart Pole, Cart II Pole, and Neural Lander, and ϵ = 2.0 for the

F-16 environments. The weights of the losses control the importance of each loss term.

Generally, in a simple environment, we tend to use large ηgoal and ηpos with small ηctrl,

so that the radius of the trusted tunnel can be large and the controller can explore more

regions in each iteration, which makes the convergence of our algorithm faster. In a complex

environment, however, we tend to use small ηgoal and ηpos with large ηctrl. This will limit the

divergence between the updated controller and the reference controllers (initial controller and

the controller learned in the last iteration) so that the radius of the trusted tunnel won’t be

so large that the learned CLF is no longer valid. The learning rate controls the convergence

rate of the training. Large learning rates can make the training faster, but it may also make

the training unstable and miss the minimum. We let the learning rate be 3× 10−4.

3.4.5 Results and Discussions

We train each algorithm in each environment 5 times with different random seeds and test

the converged controllers 20 times each. In Figure 3.2 we show the distance to the goal

w.r.t. the simulation time steps. We can observe that LYGE achieves comparable or better

results in terms of stabilizing the systems in all environments, especially in high-dimensional

complex systems like Neural Lander and F-16. In Neural Lander, none of the baselines

can reach the goal as they prioritize flying at a higher altitude to avoid collisions. In F-16

environments, the baselines either pull up the aircraft too late or have large tracking errors.

LYGE, however, can finish these tasks perfectly.

Specifically, compared with PPO, LYGE achieves comparable results in simpler environ-

ments like Cart Pole and Cart II Pole and behaves much better in complex environments like

Neural Lander and F-16. This is because PPO is a policy gradient method that approximates

the solution of the Bellman equation, but getting an accurate approximation is hard for high-

dimensional systems. In PPO the reward function can only describe “where the goal is”, but

our learned CLF can explicitly tell the system “how to reach the goal”. Compared with AIRL,
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Figure 3.2: The distance to the goal w.r.t. time step of LYGE and the baselines. The solid
lines show the mean distance while the shaded regions show the standard deviation. Note
that the curve corresponding to CLF-sparse almost overlaps with the curve corresponding
to CLF-dense, so the curve for CLF-sparse might not be visible in some of the plots.

which learns the same policy as the demonstrations and cannot make improvements, LYGE

learns a policy that is much better than the demonstrations. Compared with ranking-guided

algorithms D-REX and SSRR, LYGE behaves better because ranking guidances provide less

information than our CLF guidance, and are not designed to explicitly encode the objective

of reaching the goal. Compared with CLF-sparse and CLF-dense, LYGE outperforms them

because Lyapunov-guided exploration provides a more effective way to sample in the state

space to learn the dynamics rather than random sampling. Although CLF-dense uses many

more samples than CLF-sparse and LYGE, its performance does not significantly improve.

This shows that naïvely increasing the number of samples without guidance does little to

improve the accuracy of the learned dynamics in high-dimensional spaces.

47



Table 3.1: Number of samples (k) used for training in different environments.

Algorithm Inv Pendulum Cart Pole Cart II Pole Neural Lander F-16 GCA F-16 Tracking

LYGE 160 160 480 240 480 560
Baselines 2000 500 5000 5000 2000 10000

In Table 3.1, we show the number of samples used in the training. It is shown that LYGE

needs 68% to 95% fewer samples than other algorithms. This indicates that our Lyapunov-

guided exploration explores only the necessary regions in the state space thus improving the

sample efficiency.

Figure 3.3 shows the expected rewards and standard deviations of different algorithms

with respect to the number of samples used in the training process. We do not show the

training processes of CLF-sparse and CLF-dense because they use all the samples from the

beginning of the training. It is demonstrated that LYGE achieves similar rewards in relatively

low dimensional systems Inverted Pendulum, Cart Pole, and Cart II Pole, and significantly

higher rewards in relatively high dimensional systems Neural Lander, F-16 GCA, and F-

16 Tracking. We can also observe that LYGE converges very fast, using about one order of

magnitude fewer samples than the baselines. This supports our argument that the Lyapunov-

guided exploration explores only the necessary regions in the state space thus improving the

sample efficiency. Note that the reward of LYGE decreases a bit before rising up again in

the F-16 environments. This is because the reward can only measure the cumulative error

w.r.t. the goal. For LYGE, before convergence, the goal is not inside the trusted tunnel Hτ .

Therefore, during the exploration stage, the learned controller guides the agent to get out

of the trusted tunnel Hτ . When this happens, there is no guarantee of the agent’s behavior,

so the cumulative error can increase. However, after convergence, LYGE is able to stabilize

the system. The cumulative error is small and the reward is high.
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Figure 3.3: The expected return of LYGE and the baselines with respect to the number of
samples. The dashed red line shows the converged reward of LYGE. In the right of each
subplot, we show the whole curve of the expected return w.r.t. the number of samples, and
since our LYGE converges too fast compared with the baselines, we zoom in the region inside
the dashed rectangle and show this region in the left. The triangle on the x-axis shows the
number of samples needed by LYGE to converge. The reward at 0 number of samples is the
reward of demonstrations.

3.4.6 Ablation Studies

We first show the influence of the optimality of the demonstrations. We use the Inverted

Pendulum environment and the Neural Lander environment and collect demonstrations with
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Figure 3.4: Ablation studies. (a) The converged reward w.r.t. demonstration rewards in the
Inv Pendulum environment. (b) The converged reward w.r.t. demonstration rewards in the
Neural Lander environment. (c) The number of samples used before LYGE converges w.r.t.
demonstration rewards. (d) The converged reward w.r.t. ϵ. (e) The converged reward w.r.t.
λ. (f) The converged reward w.r.t. ηctrl.

different levels of optimality by varying the distance between the actual goal state and the

target state of the demonstrator controller. For each optimality level, we train each algorithm

3 times with different random seeds and test each converged controller 20 times. We omit

the experiments on CLF-sparse and CLF-dense since their performances are not related to

the demonstrations. The results are shown in Figure 3.4a and Figure 3.4b. We observe that

LYGE outperforms other algorithms with demonstrations at different levels of optimality. In

addition, we do not observe a significant performance drop of LYGE as the demonstrations

become worse. This is because the quality of the demonstrations only influences the con-
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vergence speed of LYGE, instead of the controller. PPO’s behavior is also consistent since

the reward function remains unchanged, but it consistently performs worse than LYGE. IL

algorithms, however, have a significant performance drop as the demonstrations get worse

because they all depend on the quality of the demonstrations.

The quality of the demonstrations can also influence the convergence speed of LYGE.

In the Inv Pendulum environment, we define the algorithm converges when the reward is

larger than 1980. We plot the number of samples used for convergence w.r.t. the reward

of demonstrations in Figure 3.4c. It is shown that the better the given demonstrations, the

fewer samples LYGE needs for convergence.

We also do ablations to investigate the influence of the hyperparameter ϵ. We test LYGE

in the Cart Pole environment and change ϵ from 0.01 to 100. The results are shown in

Figure 3.4d, which demonstrates that LYGE works well when ϵ is large enough to make the

system robust and small enough that it does not make the training very hard.

The λ in Equation (3.9) is another hyperparameter that controls the convergence rate of

the learned policy. We test LYGE in the Cart Pole environment and change λ from 0.01 to

100. The results are shown in Figure 3.4e, demonstrating that LYGE works well with λ in

some range. If λ is too small, the convergence rate is too small and the system cannot be

stabilized within the simulation time steps. If λ is too large, loss (3.9) becomes too hard to

converge, so the controller cannot stabilize the system.

During training, ηctrl controls the expansion of the trusted tunnel. We do ablations for

ηctrl in the Cart Pole environment and change ηctrl from 10 to 105. The results are shown

in Figure 3.4f, which suggests that LYGE can work well when the value of ηctrl is within

a certain range. If ηctrl is too small, the controller leaves the trusted tunnel too early and

enters the space with unknown dynamics instead of smoothly expanding the trusted tunnel.

If ηctrl is too large, exploration is strongly discouraged and the trusted tunnel will expand

too slowly.
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3.5 Discussions

3.5.1 Verification of the Learned CLFs

The focus of this paper is to use the learned CLF to guide the exploration and synthesize

feedback controllers for high-dimensional unknown systems. The experimental results show

that the learned controllers are goal-reaching, and we find that the learned CLF satisfies the

conditions in the majority of the trusted tunnel, and the learned CLF can successfully guide

the controller to explore the useful subspace. However, we do not claim that our learned

CLF is formally verified. Although the theories we provide suggest that the learned CLF

satisfies the CLF conditions (3.3) under certain assumptions, these assumptions may not be

satisfied in experiments. For example, we cannot theoretically guarantee that the loss always

ϵ′-robustly converges on any system. If we want to verify the learned CLF is valid in the

whole trusted tunnel, additional verification tools are needed, including SMT solvers [16],

[96], Lipschitz-informed sampling methods [97], etc. However, these verification tools are

known to have poor scalability and thus generally used in systems with dimensions less than

6 [16], [21]. Scalable verification for the learned CLFs remains an open problem.

3.5.2 Possible Future Directions

Our algorithm can also benefit from the verification tools. For instance, SMT solvers allow

us to find counterexamples to augment the training data to make our learned CLF converge

faster. In addition, almost Lyapunov functions [98] show that the system can still be stable

even if the Lyapunov conditions do not hold everywhere. We are excited to explore these

possible improvements in our future work.
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3.6 Conclusion

We propose a general learning framework, LYapnov Guided Exploration (LYGE), for learn-

ing stabilizing controllers in high-dimensional environments with unknown dynamics. LYGE

iteratively fits the local dynamics to form a trusted tunnel, and learns a control policy with

a CLF to guide the exploration and expand the trusted tunnel toward the goal. Upon con-

vergence, the learned controller stabilizes the closed-loop system at the goal point. We show

the stabilizing ability of LYGE, and provide experimental results to demonstrate that LYGE

performs comparably or better than the baseline RL, IL, and neural certificate methods.

We also demonstrate that the same framework can be applied to learn other certificates in

environments with unknown dynamics.

Our framework has a few limitations: we require a set of demonstrations for initial-

ization in high-dimensional systems, although they can be potentially imperfect. Without

them, LYGE may take a long time to expand the trusted tunnel to the goal. In addition,

we need Lipschitz assumptions for the dynamics to derive the theoretical results. If the

dynamics do not satisfy the Lipschitz assumptions, the learned CLF might be invalid even

inside the trusted tunnel. Moreover, although we observe the convergence of the loss terms

in training on all our case studies, it is hard to guarantee that the loss always converges on

any system. Finally, if we desire a fully validated Lyapunov function, we need to employ

formal verification tools, and we have provided a detailed discussion in Section 3.5.
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Chapter 4

Compositional Neural Certificates for

Networked Dynamical Systems

In this chapter, we proposed Neural ISS Lyapunov functions (NeurISS) to learn stabilizing

controllers for networked dynamical systems. The results of this chapter are based on [5].

4.1 Problem Setting

In this chapter, we consider the following networked dynamical system involving n subsys-

tems N = {1, 2, . . . , n}. The dynamics of each subsystem are given by

ẋi = fi(xi, xi1 , xi2 , . . . , xini
, ui) = fi(xi, xNi

, ui) (4.1)

where xi ∈ Rdi , ui ∈ Rpi is the state and control inputs of each subsystem i, and xNi
=

(xi1 , xi2 , . . . , xini
) is used to denote the states of the neighbors of subsystem i, Ni = {i1, i2, . . . , ini

}

(not including i itself) which affect the dynamics of the subsystem i. We use x = (x1, . . . , xn),

u = (u1, . . . , un), and f = (f1, . . . , fn) to denote the vector of states, actions, and dynamics

across all subsystems (i.e. the overall system), respectively. We also denote d =
∑n

i=1 di and

p =
∑n

i=1 pi to the dimension of x and u, respectively. Our goal is to design a controller
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u = π(x) such that the closed-loop system is asymptotically stable around a goal set xgoal,

formally defined as follows.

Definition 4. Consider a goal set xgoal := xgoal1 × · · · × xgoaln where each xgoali is a closed

convex subset of Rdi. The closed-loop system is globally asymptotically stable about xgoali

if for any initial state x(0), the trajectory x(t) satisfies limt→∞ dist(x(t), xgoal) = 0, where

dist(x, xgoal) := infy∈xgoal ∥x− y∥ is the distance between the point x and the set xgoal.

Example 1. A simple networked system is the truck Platoon system with n + 2 trucks,

where the 0-th (leading) truck can drive freely within the speed and acceleration limits, and

the (n + 1)-th (last) truck will be driven in a way so that the total length of the platoon is

roughly kept as a pre-defined constant. We assume other trucks are controllable but can only

measure the distance to the two trucks directly in front of and behind themselves. We want to

control these trucks so that the trucks in the whole platoon are spread evenly. Specifically, for

truck i ∈ {1, 2, ..., n}, the states are given as xi = [pfi , p
b
i , vi]

⊤ and the neighboring subsystems

are trucks Ni = {i−1, i+1}, where pfi is the distance between the i-th truck and the (i−1)-th

truck, pbi is the distance between the i-th truck and the (i+1)-th truck, and vi is the velocity of

the i-th truck. The control input is the acceleration of the i-th truck. Therefore, the dynamics

of truck i is ẋi = [vi−1 − vi, vi − vi+1, ai]
⊤. The goal set for each truck i is uniquely defined

as the set of states satisfying pfi = pbi .

Notations Function α : [0,∞) → [0,∞) is said to be class-K if α is continuous, strictly

increasing, and α(0) = 0. Class-K function α is said to be class-K∞ if lima→+∞ α(a) = +∞.

4.2 Compositional Neural Certificates

4.2.1 Decentralized Controller and ISS Lyapunov Functions

Lyapunov functions are widely used to guarantee the stability of dynamical systems (see

Section 3.1 for an introduction). A common paradigm for stabilizing a dynamical system
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is to jointly search for a controller u = π(x) and a Lyapunov function V (x). However,

this approach is not scalable for large-scale networked dynamical systems due to the sheer

dimension of the state space, and the controller of the form u = π(x), which requires global

information of the entire network.

To address the issues, our framework NeurISS includes two key components: decentralized

controllers and compositional certificates. We consider the class of decentralized controllers

ui = πi(xi), which only needs local information within the small subsystem. Further, we

consider compositional certificates, that is, instead of finding a single Lyapunov function

V (x) for the whole system, we find one Lyapunov function Vi(xi) for each subsystem i. The

individual Lyapunov functions only depend on the subsystem state, which is much smaller

in dimension. Further, based on [35], we provide the following Lemma 5 which shows that

when the individual Lyapunov functions Vi satisfy an ISS-style condition, they will certify

the stability of the entire dynamical system. Since it is the collection of the ISS Lyapunov

functions {Vi}ni=1 that certify the stability of the entire dynamics, we also call such ISS

Lyapunov functions {Vi}ni=1 as a “compositional” certificate to distinguish them from typical

certificates that only contain one Lyapunov function for the entire system.

Lemma 5. Suppose each subsystem has a decentralized controller ui = πi(xi) and a con-

tinuously differentiable function Vi(xi). Suppose: (1) For each i, there exists K∞ functions

αi, ᾱi such that αi(dist(xi,X
goal
i )) ≤ Vi(xi) ≤ ᾱi(dist(xi,X goal

i )); (2) For each i, there exists

αi > 0 and class-K functions χij, j ∈ Ni satisfying χij(a) < a,∀a > 0, such that ∀xi, xNi
,

Vi(xi) ≥ max
j∈Ni

χij(Vj(xj)) ⇒ [∇Vi(xi)]⊤fi(xi, xNi
, πi(xi)) ≤ −αi Vi(xi). (4.2)

Then, the closed-loop system under controllers π1, . . . , πn is globally asymptotically stable

around xgoal. Such functions Vi(xi), i = 1, . . . , n are called ISS Lyapunov functions.

Proof. The proof follows similar steps as that in [35] and we modify it to accommodate the

network structure in our setting. Recall that we use f(x, u) to denote the vector of the indi-
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vidual dynamical functions fi. Further, we use π(x) to denote π(x) = [π1(x1), . . . , πn(xn)]
⊤.

With this notation, the closed-loop dynamical system can be written as

ẋ = f(x, π(x)).

Now consider the following function

V (x) = max
i∈N

Vi(xi).

Case 1. Suppose for a given x, maxi∈N Vi(xi) is uniquely achieved at i∗ ∈ N . Due to

the continuous differentiability of the Vi’s, we have V (x′) = Vi∗(x
′
i∗) for x′ in a neighborhood

of x, and as a result, V (x) is continuously differentiable at x. Further, note that clearly

Vi∗(xi∗) > maxj∈Ni∗ Vj(xj) ≥ maxj∈Ni∗ χi∗j(Vj(xj)). Using the imply condition (4.2), we

have,

[∇V (x)]⊤f(x, π(x))

= [∇Vi∗(xi∗)]⊤fi∗(xi∗ , xNi∗ , πi∗(xi∗))

≤ −αi∗Vi∗(xi∗) = −αi∗V (x). (4.3)

Case 2. Suppose for a given x, maxi∈N Vi(xi) is achieved at a set of multiple indices I.

Then, following a similar argument as Case 1 and using a continuity argument, there must

exist a neighborhood A around x and constant λ > 0 such that for all j ∈ I and for all

y ∈ A,

[∇Vj(yj)]⊤fj(yj, yNj
, πj(yj)) ≤ −λVj(xj), (4.4)

and further, maxi∈N Vi(yi) must be achieved within I.

Consider a trajectory of the system ẏ = f(y, π(y)) starting at y(0) = x. There must
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exist δ > 0 s.t. y(t) ∈ A,∀t ∈ [0, δ]. For any t within range [0, δ], suppose maxi∈N Vi(yi(t))

is achieved at a certain j ∈ I. Then, we have,

V (y(t))− V (x)

= Vj(yj(t))− Vj(yj(0))

=

∫ t

τ=0

d

dτ
Vj(yj(τ))dτ

=

∫ t

τ=0

[∇Vj(yj(τ))]⊤fj(yj(τ), yNj
(τ), πj(yj(τ)))dτ

≤ −λ
∫ t

τ=0

Vj(xj)dτ

= −λVj(xj)t = −λV (x)t

where in the last inequality we have used (4.4). Therefore, whenever V is differentiable at

x, we can divide the above by t and let t→ 0 to get

[∇V (x)]⊤f(x, π(x)) ≤ −λV (x). (4.5)

Combining the above and (4.3), we have there exists a constant λ′ > 0 s.t. [∇V (x)]⊤f(x, π(x)) ≤

−λ′V (x) whenever V is differentiable. Also, it is easy to check that V is continuously dif-

ferentiable almost everywhere, and satisfies

α(dist(x, xgoal)) ≤ V (x) ≤ ᾱ(dist(x, xgoal)),

for K∞ functions α and ᾱ. Lastly, we can use the same argument as in the proof of [86, Thm

3.1] to show that the trajectory of the dynamical system must converge to the goal set.

We note that Lemma 5 is a variant of the result in [35], in that we explicitly consider

the network structure in the dynamics. As a result, in the ISS implication condition (4.2),

we need to test Vi(xi) versus the max of Vj(xj) over only the neighbors Ni, as opposed to
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the entire network as in [35]. This effectively makes (4.2) a condition that can be checked

locally at each subsystem. One benefit of the local structure in the implication condition

(4.2) is that it allows us to use certificates from smaller networks to compose certificates for

larger networks that consist of blocks of the smaller networks. We will discuss this in detail

in Section 4.2.2. Moreover, our results can also be robustified so a single ISS Lyapunov

function can be used across different subsystems and handle uncertain parameters in the

dynamics. We will explain this in detail in Section 4.2.3.

4.2.2 Network Generalizability

As discussed in Section 4.2.1, the condition (4.2) only involves fi, Vi, and the Lyapunov

functions of neighbors {Vj}j∈Ni
. With such a local architecture, we present the following

Lemma 6 that shows the decentralized controllers πi and ISS Lyapunov functions Vi for a

small system can be “ported over” to a larger dynamical system that has a similar symmetric

structure to the smaller dynamical system.

Lemma 6. Consider a networked dynamical system with node set N , neighborhood sets Ni,

and dynamics functions fi, and suppose there exist decentralized controllers πi such that the

closed-loop dynamical system admits a compositional certificate Vi that satisfies the conditions

in Lemma 5 with parameters χij, αi. Suppose there is another dynamical system with node

set Ñ , neighborhood sets Ñj, and dynamics functions f̃i. Suppose for each j ∈ Ñ , there

exists a one-to-one map τj : {j} ∪ Ñj → N such that τj(Ñj) = Nτj(j), and f̃j = fτj(j).

Further, suppose ∀j, j′ ∈ Ñ , ∀ℓ ∈ Ñj ∩ Ñj′, we have Vτj(ℓ) = Vτj′ (ℓ). Then, π̃j = πτj(j) is a

stabilizing controller for the new system with compositional certificate Ṽj = Vτj(j).

Proof. Fix a j ∈ Ñ . For j′ ∈ Ñj, we have

Ṽj′ = Vτj′ (j′) = Vτj(j′). (4.6)
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Define χ̃jj′ = χτj(j)τj(j′) and α̃j = ατj(j). Suppose xj and xÑj
are such that

Ṽj(xj) ≥ max
j′∈Ñj

χ̃jj′(Ṽj′(xj′)) (4.7)

Using (4.6), we have (4.7) is equivalent to

Vτj(j)(xj) ≥ max
j′∈Ñj

χτj(j)τj(j′)(Vτj(j′)(xj′)).

By (4.2), we have the above implies,

[∇Vτj(j)(xj)]⊤fτj(j)(xj, xÑj
,πτj(j)(xj)) ≤ −ατj(j)Vτj(j)(xj),

which is equivalent to

[∇Ṽj(xj)]⊤f̃j(xj, xÑj
, π̃j(xj)) ≤ −α̃jṼj(xj). (4.8)

This shows that (4.7) can imply (4.8). As such, Ṽj is a valid compositional certificate for the

new system.

Example 2. For the Platoon system, using Lemma 6, we can prove that a stabilizing con-

troller for a 5-truck system πi, i = 1, . . . , 5 can be generalized to any system with n > 5. Let

Ñ , Ñi, f̃i be the subsystems, neighborhood, and dynamics functions of the Platoon system

with n trucks, and N , Ni, fi be those of the system with 5 trucks. Note that in the Platoon

system we have Nj = {j− 1, j+1} and the same for Ñj. We define the one-to-one mapping

τj in the following way: For the first truck, let τ1(0) = 0, τ1(1) = 1, τ1(2) = 2. For the last

truck, let τn(n − 1) = 4, τn(n) = 5, τn(n + 1) = 6. For other trucks j = 2, 3, . . . , n − 1, let

τj(j − 1) = 2, τj(j) = 3, τj(j + 1) = 4. Further, let V2 = V3 = V4 and π2 = π3 = π4 in

the system with 5 trucks. In this way, we can check that ∀j, j′ ∈ Ñ , ∀ℓ ∈ Ñj ∩ Ñj′, we

have Vτj(ℓ) = Vτj′ (ℓ). Then following Lemma 6, we can conclude that π̃1 = π1, π̃n = π5,
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π̃j = π2 = π3 = π4, j = 2, 3, . . . , n − 1 are stabilizing controllers for the new system with

certificates Ṽ1 = V1, Ṽn = V5, and Ṽj = V2 = V3 = V4, j = 2, 3, . . . , n− 1.

4.2.3 Robust ISS Lyapunov Functions

Many subsystems in a networked system are very similar in terms of dynamics and network

structure but may have different parameters. Furthermore, system dynamics may have

model uncertainties and unknown parameters [79]. For instance, in the Platoon example,

trucks may have different weights, and the leading truck can have unknown velocity and

acceleration, but the platoon system should be stabilized for any driving style of the leading

truck. Having a robust version of ISS Lyapunov functions that can work for a set of different

subsystems with different parameters can significantly reduce the number of ISS Lyapunov

functions we need to find for a large networked system and also improve the robustness of

the resulting controller. To tackle this, we show that the robust ISS Lyapunov functions can

be established for control-affine systems taking the form: ẋi = hi(xi, xNi
; β)+gi(xi, xNi

; β)ui,

where β ∈ B is the parameter of the dynamics that models uncertainties. Such an assumption

is not restrictive and can cover a large range of physical systems, e.g., systems following the

manipulator function [23]. Under this assumption, we further introduce robust ISS Lyapunov

functions to guarantee the global asymptotic stability of systems with uncertainties.

Lemma 7. Given a networked dynamical system with control-affine dynamics with bounded

parametric uncertainty β ∈ B, where B is the convex hull of parameters β1, β2, . . . , βnβ
.

If there exists ISS Lyapunov functions Vi satisfying the conditions in Lemma 5 for each

βj, j ∈ {1, 2, . . . , nβ}, the dynamics hi and gi are affine with respect to β, then the closed-

loop system is globally asymptotically stable with any β ∈ B.
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Proof. Using the control-affine dynamics, we have

[∇Vi(xi)]⊤fi(xi, xNi
, πi(xi))

= [∇Vi(xi)]⊤ [hi(xi, xNi
; β) + gi(xi, xNi

; β)π(xi)]

= Lhi(β)Vi(xi) + Lgi(β)Vi(xi)π(xi),

(4.9)

where we denote
Lhi(β)Vi(xi) = [∇Vi(xi)]⊤hi(xi, xNi

; β)

Lgi(β)Vi(xi) = [∇Vi(xi)]⊤gi(xi, xNi
; β)

(4.10)

as the Lie derivatives of Vi along hi(xi, xNi
; β) and gi(xi, xNi

; β). By assumption, we have hi

and gi are affine in β. In addition, the Lie derivatives Lhi(β)Vi and Lgi(β)Vi are affine in hi

and gi, and Equation (4.9) is affine in Lhi(β)Vi and Lgi(β)Vi. Therefore, the mapping from B

to Equation (4.9) is affine which maps the convex hull of β1, β2, . . . , βnβ
to the convex hull of

Lhi(β1)Vi + Lgi(β1)Viπi, . . . , Lhi(βnβ
)Vi + Lgi(βnβ

)Viπi. As a result, if the conditions in Lemma

5 are satisfied for βi, i = 1, 2, . . . , nβ, then the conditions are satisfied for any β ∈ B. Using

Lemma 5, we can conclude that the closed-loop system is globally asymptotically stable with

any β ∈ B.

Example 3. The robust ISS Lyapunov functions can be directly used to the Platoon system.

v0 = vn+1 is a parameter of this system, which is bounded between vmin and vmax by assump-

tion. Following Lemma 7, if we can find ISS Lyapunov functions for both vmin and vmax, we

can ensure our system is stable with any velocity of the leading truck.

4.3 Learning Compositional Certificates and Controllers

Based on the compositional certificate developed in Section 4.2, we now focus on jointly

learning the individual ISS Lyapunov functions and the decentralized controllers. We note

that while there are many existing approaches to learning neural certificates [43], [79], they

can not be directly applied here because we have a unique imply condition (4.2) that can not
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be handled by the existing approaches. We will introduce a novel approach to incorporate the

imply condition as specially designed loss terms. To proceed, we start with formally defining

the parameterization of the decentralized controllers and the ISS Lyapunov functions.

Controllers and ISS Lyapunov Functions Parameterization We focus on decen-

tralized controllers, in which the control ui of subsystem i only depends on the subsystem

state xi, i.e. ui = πi(xi; θi). Here πi is an NN with θi as the parameters. We parameterize

Lyapunov function

Vi(xi;Si, ωi, νi) = x⊤i S
⊤
i Sixi + pi(xi;ωi)

⊤pi(xi;ωi) + qi(xi; νi). (4.11)

where Si ∈ Rdi×di is a matrix of parameters, pi(xi;ωi) is an NN with weights ωi, and qi(xi; νi)

is another NN with weights νi and ReLU as the output activation function, which is only

applied to the output of the NN. The first term in Vi(xi) is a quadratic term to capture the

linear part of the non-linear dynamics. The second term is a sum-of-squares term to capture

the polynomial part of the dynamics. Finally, the third term is used to model the residues.

Using this form, the ISS Lyapunov function satisfies Vi(xi) ≥ 0 by construction.

Sharing ISS Lyapunov Across Subsystems Following Lemma 6 and Lemma 7, to

reduce the number of neural networks and to make the ISS Lyapunov functions learned

in small-scale networked system generalizable to large-scale systems, we use the following

weight sharing technique. We let the subsystems share the same ISS Lyapunov functions if

their dynamics are similar. In addition, we can also let similar subsystems share the same

controller. In this way, the number of trainable parameters can be reduced, and we can easily

apply the controllers trained in small-scale systems to large-scale systems. For example, in

the previous Platoon system, we can let the j-th truck, j = 2, 3, . . . , n − 1, share the same

ISS Lyapunov function and the same controller.
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Gain Function Parameterization We use linear functions to model the gain functions

χij in Equation (4.2). We let χij(x) = χi(x; ki) = Sigmoid(ki)x,∀j, where ki is a trainable

parameter, x is the scalar input of the gain functions, which is always the output of the ISS

Lyapunov functions. In this way, the condition χij(x) < x,∀x > 0 is satisfied by construction.

Loss Functions A key challenge in learning ISS Lyapunov functions is how to ensure

condition (4.2) is satisfied. We now propose a methodology that promotes (4.2). Let Boolean

Ai, Bi ∈ {0, 1} be1

Ai = Vi(xi) ≥ max
j∈Ni

χi(Vj(xj)), Bi = [∇Vi(xi)]⊤fi(xi, xNi
, πi(xi)) ≤ −αiVi(xi). (4.12)

Then condition (4.2) can be written as Ai ⇒ Bi, which is the same as ¬Ai ∨ Bi, or

max{¬Ai, Bi}. However, this kind of formulation is not trainable for neural networks because

Boolean variables are not differentiable. To settle this problem, we introduce the following

losses:

LAi
= ReLU

(
Vi(xi)−max

j∈Ni

χi(Vj(xj)) + ϵA

)
, (4.13)

LBi
= ReLU

(
[∇Vi(xi)]⊤fi(xi, xNi

, πi(xi)) + αiVi(xi) + ϵB

)
, (4.14)

where ϵA and ϵB are small parameters that encourages strict satisfactions and generalization

abilities [79]. LAi
and LBi

can address the problem introduced by Boolean variables Ai and

Bi, but they introduce a new problem that max{¬Ai, Bi} cannot be written as max{LAi
,LBi

}

since the two losses are not comparable. To address this issue, we minimize the loss µAi
LAi

+

µBi
LBi

instead, where µAi
and µBi

are two hyper-parameters for balancing the two losses.

Note that in practice, since we often discretely simulate the dynamical systems, we can

use two ways to calculate ∇Vi(xi) in LBi
. First, we can directly calculate the gradient of

1For notational simplicity, from now on we omit all the notations of parameters in the function approxi-
mators.
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Vi(xi) w.r.t. xi. For the second method, we can just do a one-step simulation xi → xnexti ,

and approximate [∇Vi(xi)]⊤fi(xi, xNi
, πi(xi)) with (Vi(x

next
i ) − Vi(xi))/∆t, where ∆t is the

simulation time step.

To ensure the condition Vi(xi) = 0 for xi ∈ X goal
i is satisfied, we introduce another

loss term 1

|X̂ goal
i |

∑
xgoali ∈X̂ goal

i
|Vi(xgoali )|, where X̂ goal

i is a randomly sampled set of states from

X goal
i . In addition, we add ∥πi(xi)−unominal

i ∥2 to the loss, where unominal
i is the control signal

calculated by some nominal controller. We use the Droop controller and LQR controller in

our experiments. We add the nominal controller so that the learned controller can explore

the “informed region” near the nominal control signal rather than randomly, to accelerate

the training. We do not need the nominal controller to be stable or optimal, and the learned

controller behaves much better than the nominal controller as shown in Section 4.4. The

final loss function used in training is

L =
n∑
i=1

[
1

|X̂ goal
i |

∑
xgoali ∈X̂ goal

i

|Vi(xgoali )|+ µAi
LAi

+ µBi
LBi

+ µctrl∥πi(xi)− unominal
i ∥2

]
,

(4.15)

where µctrl is a tuning parameter, and the training parameters are θ, S, ω, ν, k.

Training Procedure During training, we draw samples by randomly sampling states in

the state space and in the goal set. We first initialize the controller by minimizing the

loss ∥πi(xi) − unominal
i ∥2, and then fix the controller to initialize the ISS Lyapunov function

by minimizing the loss LBi
. After the initialization, we minimize loss (4.15) to train the

controllers, the ISS Lyapunov functions, and the gain functions jointly.

4.4 Experiments

We demonstrate NeurISS in 3 environments including Power system, Platoon, and Drone,

aiming to answer the following questions:

65



1. How does NeurISS compare with other algorithms in the case of stabilizing networked

systems?

2. Can NeurISS perform similarly or surpass the centralized controllers in small-scale

networked systems?

3. Can NeurISS scale up to large-scale networked systems?

Our experiments are run on a 64-core AMD 3990X CPU @ 3.60GHz and four NVIDIA RTX

A4000 GPUs (one GPU for each training job).

Baselines We compare NeurISS with both centralized and decentralized baselines. For

centralized ones, we compare with the state-of-the-art RL algorithm PPO [48], the RL-

with-Lyapunov-critic algorithm LYPPO [18], and the centralized Neural CLF controller

(NCLF) [79]. For decentralized ones, we compare with the classical LQR [99] controller

and the multi-agent RL algorithm MAPPO [100]. We hand-craft reward functions based on

the common way of designing reward functions for tracking problems for the RL algorithms.

For LQR, since the agents only have local observations, we calculate the goal point for the

LQR controller based on local observations in each time step.

4.4.1 Environment Descriptions

Networked Microgrid We consider the networked microgrid system introduced by [101],

which is shown in Figure 4.1. In this environment, a power distribution network is divided

into 5 regions (MG1, MG2, ..., MG5 in Figure 4.1). Each region i functions as a microgrid

and two microgrids are neighbors when their corresponding regions are connected by a power

line. Each microgrid i has two states xi = (δi, Ei) where δi means the voltage phase angle
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and Ei is the voltage magnitude. The dynamics of microgrid i is given by

Ma,iδ̇i + (δi − δrefi ) = uPi

+Da,i(P
ref
i −GiiE

2
i −

∑
j∈Ni

EiEjYji cos(δj − δi − σji)), (4.16a)

Mv,iĖi + (Ei − Eref
i ) = uQi

+Dv,i(Q
ref
i +BiiE

2
i −

∑
j∈Ni

EiEjYji sin(δj − δi − σji)), (4.16b)

where Ma,i and Mv,i are innertia coefficients, Da,i and Dv,i are droop coefficients to provide

internal droop controls, δrefi , Eref
i , P ref

i , Qref
i are precomputed reference values, Bii, Gii, Yji, σji

are coefficients from the network admittance matrix. For a detailed description of the model,

see [101]. Note that compared to [101], we also introduce the control input ui = (uPi , u
Q
i )

which represents the active and reactive power produced by the secondary control, and the

goal is to design secondary controllers so that δi, Ei can converge to their reference values

δrefi , Eref
i .

During training, the training data are sampled from δi ∈ [−3, 3] and Ei ∈ [−3, 3], and the

data in the goal region are sampled from the region where δi = δrefi and Ei = Eref
i . During

testing, we set the simulation time interval ∆t = 0.01, and randomly sample the initial states

of the microgrids in δi ∈ [−2, 2] and Ei ∈ [−3, 3]. The number of simulation time steps is

500.

Distribution grid voltage control We consider a power system voltage control problem

given in [102], which we name GridVoltage8. There is a power distribution network as a

graph G = (N , E), which consists of a set of nodes N = {1, . . . , n} and edges E . Each node

i ∈ N is associated with a reactive power injection qi, and a voltage magnitude vi. We use
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Figure 4.1: IEEE 123-node Test Feeder [101]

q and v to denote the qi, vi stacked into a vector. The system dynamics are given as follows

q̇(t) = u(t) = π(v(t)) (4.17)

v(t) = v(q(t)) (4.18)

where the state is the reactive power q(t), and the control action is the change rate of q(t).

Critically, the voltage v(t) is a function of the reactive power q(t), denoted as v(t) = v(q(t)),

and this function is defined implicitly via the solution of a nonlinear algebraic equation

system known as the power-flow equation [103]. In our experiment, we use PandaPower

[104] as the powerflow solver. The goal is to design a controller u(t) = π(v(t)) where the

control action u(t) depends on the voltage v(t) such that in the close loop system, the voltage

v(t) across all nodes will converge to the nominal value (which is 1.0). In other words, the

goal points of the problem consist of the set of reactive power such that the voltage is 1.0.

In our experiments, we consider a power distribution system that consists of 8 buses, see

Figure 4.2. The buses are arranged in a line, each one is connected to a static generator.

The nominal controller is similar to the droop control and is a proportional controller on the

voltage deviation, ui(t) = ci(vi(t)− 1) (where ci is a constant). This proportion controller is
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a standard controller used in practice.

Line 1

Bus 1

0.5km

Bus 2

… Line 7

0.5km

Bus 7 Bus 8

Figure 4.2: GridVoltage8

During training, the training data are sampled from qi ∈ [−0.001, 0.001], since Pan-

dapower will give no solution when the variance of the training data is too large, in this case,

we manually set the output voltage vi(t) to 0.9 for negative states qi(t) and 1.1 for positive

ones. During testing, we set the simulation time interval ∆t = 0.01, and sample the initial

states of the power system from states of all 0. The number of simulation time steps is 500.

Platoon A platoon system is shown in Figure 4.3, which contains a list of trucks. The

green truck is the leading truck (the 0-th truck), which can drive freely, and the orange truck

is the last truck (the (n + 1)-th truck). We want to control the trucks in the middle (the

black trucks) so that the trucks in the whole truck platoon system are spread evenly. As

mentioned in the main pages, the state of the i-th truck is defined as xi = [pfi , p
b
i , vi]

⊤, where

pfi is the distance between the i-th truck and the (i− 1)-th truck, pbi is the distance between

the i-th truck and the (i + 1)-th truck, and vi is the velocity of the i-th truck. The state

of the i-th truck is shown in Figure 4.3. For each relative position of the leading and last

trucks, the goal set for each truck i ∈ {1, 2, ..., n} is uniquely defined as the set of states

satisfying pfi = pbi , which means that each middle truck aims to keep the distance to the

front and behind trucks the same.
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Figure 4.3: Platoon

During training, the training data are sampled from pfi ∈ [0, 2], pbi ∈ [0, 2], vi ∈ [0, 4], and

the data in the goal region are sampled from the region where pfi = pbi . During testing, the

leading truck follows a trajectory with initial velocity 2.0 and acceleration sin(5t∆t), where

t is the simulation time step and ∆t = 0.01 is the simulation time interval. Therefore, the

velocity of the leading truck follows the profile shown in Figure 4.4. We randomly sample

the controlled trucks’ initial states in pfi ∈ [0.6, 1.4], pbi ∈ [0.6, 1.4], and vi ∈ [1.0, 1.2], so that

the trucks need to speed up first to catch the leading truck. The number of simulation time

steps is 500.
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Figure 4.4: The velocity profile of the leading truck of the platoon system

Planar Drone Formation Control A Planar Drone is shown in Figure 4.5 [23]. For a

single drone, the state is given by x = [px, py, θ, vx, vy, ω]⊤, where (px, py) is the position,

(vx, vy) is the velocity, θ is shown in Figure 4.5, and ω is the changing rate of θ. The control

inputs are forces generated by the two propellers u1, u2 shown in Figure 4.5. The dynamics
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of the drone is given by ẋ = h(x) + g(x)u, where

h(x) =



vx

vy

ω

0

−g

0


, (4.19)

and

g(x) =



0 0

0 0

0 0

− sin θ
m

− sin θ
m

cos θ
m

cos θ
m

r
I

− r
I


, (4.20)

where m, I, r is the mass, moment of inertia, and the distance from the center to the base

of the propeller, respectively.

𝜃

𝑢!

𝑢"

Figure 4.5: Planar Drone Dynamics [23]

For the formation control task, we design the states of the drones to be a 2-D platoon-like

system, given by xi = [pli, p
r
i , p

u
i , p

d
i , θi, v

x
i , v

y
i , ωi]

⊤, where pli, pri , pui , pdi are the distances from

drone i to the left, right, up, down drones. Other dimensions of the state are not coupled
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and are the same as the single drone system. The control inputs of each drone are the same

as the single drone system.

During training, the training data are sampled from pli, p
r
i , p

u
i , p

d
i ∈ [0, 5], θi ∈ [−π/2, π/2],

vxi ∈ [−7, 7], vyi ∈ [−5, 5], ωi ∈ [−π/2, π/2], and the data in the goal region are sampled

from the region where pli = pri , p
u
i = pdi , and θi = ωi = 0. During testing, the trajectory

that we want the drones to track follows the profile with initial velocity 1.0, and acceleration

0.5 sin(t∆t) − 0.25, and the velocity is clipped below by 0.5. Here t is the simulation time

step, and ∆t = 0.03 is the simulation time interval. Therefore, the velocity of the tracking

trajectory follows the profile shown in Figure 4.6. We randomly sample the drones’ initial

states in pli, p
r
i ∈ [0.8, 1.2], pui , pdi ∈ [0.09, 0.11], vxi ∈ [0.85, 1.15], vyi ∈ [−0.15, 0.15], θi ∈

[−0.05, 0.05], ωi ∈ [−0.05, 0.05], so the drones need to first rise up and then follow the

desired trajectory. The number of simulation time steps is 500.
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Figure 4.6: The velocity profile of the tracking trajectory of the planar drone formation
control system
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4.4.2 Implementation Details

Implementation of NeurISS

In our framework, there are two models to be trained: the neural ISS Lyapunov functions

Vi(xi;Si, ωi, νi) and the controllers πi(xi; θi), where

Vi(xi;Si, ωi, νi) = x⊤i S
⊤
i Sixi

+ pi(xi;ωi)
⊤pi(xi;ωi) + qi(xi; νi),

(4.21)

and πi(xi; θi) is a fully-connected multi-layer perceptron (MLP). Si ∈ Rdi×di is a matrix

of trainable parameters. The neural networks pi(xi;ωi) and πi(xi; θi) are MLPs with two

hidden layers with size 64 and Tanh as the hidden activation function. qi(xi; νi) is an MLP

with two hidden layers with size 64, Tanh as the hidden activation function, and ReLU as

the output activation function. To control the Lipschitz of the neural networks, we add the

spectral normalization mechanism [92] on every hidden layer of the neural networks. Our

framework is implemented in PyTorch [93] framework with ADAM [89] as the optimizer.

In our framework, we include the hyper-parameters αi, ϵA, ϵB, µAi
, µBi

, µctrl. For sim-

plicity, we omit the coefficient of the first term µgoal in loss (4.15) in the main pages. We

also include this hyper-parameter here. Note that omitting this coefficient in the main pages

does not cause any problem because the coefficients µgoal, µAi
, µBi

, µctrl only controls the

weight of each loss. If we set µgoal = 1 manually and divide other coefficients and the learning

rate with µgoal, we can get the same results. The exact values of the hyper-parameters are

included in Table 4.1.

We further discuss the function of each hyper-parameter. αi is the convergence rate of

the ISS Lyapunov function. Larger αi can make the closed-loop system converge faster to

the goal, but it also makes the training harder. ϵA and ϵB are used to encourage strict sat-

isfactions of loss (4.13) and (4.14), and to encourage the generalization abilities [79]. Larger

ϵA and ϵB make the learned ISS Lyapunov functions have better generalization abilities but
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Table 4.1: Hyper-parameters used during training NeurISS

Hyper-parameter αi ϵA ϵB µgoal µAi
µBi

µctrl

Microgrid 0.5 1.0 1.0 10 0.1 50.0 0.0
GridVoltage8 0.5 1.0 1.0 100 0.01 50.0 1.0

Platoon 1.0 1.0 1.0 100 0.1 50 0.001
PlanarDrone 0.2 1.0 1.0 100 0.01 3.0 0.2

also make the training harder. µgoal, µAi
, µBi

are weights of different terms in the total

loss (4.15). We choose them by balancing the value of each term to be at similar order

of magnitudes. µctrl controls the strength of the additional training signal of πi(xi; θi). If

the nominal controller is good, we can use large µctrl to accelerate the training, while if the

nominal controller behaves badly, we use smaller µctrl or even set µctrl = 0 to make sure that

the nominal controller will not affect πi(xi; θi) too much.

During training, we set the batch size to be 2048, except for GridVoltage8 where the

batch size is 1024, and train NeurISS for 10000 iterations. We set the learning rate to be

3× 10−4 for the ISS Lyapunov functions Vi(xi;Si, ωi, νi, 5× 10−4 for the controllers π(xi; θi),

and 10−3 for the coefficients ki for χi(xi; ki). To prevent overfitting, we add the weight decay

mechanism with coefficient 10−3 for the ISS Lyapunov functions and the controllers. We

train NeurISS and the baselines 4 times with random seeds 0, 1, 2, 3.

Implementation of the Baselines

Our baselines include the droop controller, LQR [99], PPO [48], LYPPO [18], MAPPO [100],

and neural CLF [79]. The droop controller is only used in Microgrid5 and GridVoltage8.

There is an internal droop controller given with the IEEE 123-node test feeder [101] so we

directly use that controller as one of the baselines. The droop controller used in GridVoltage8

is similar to a proportion controller on the voltage deviation, ui(t) = ci(vi(t)− 1) (where ci

is a constant), this proportion controller is a standard controller used in practice. The LQR

controller is used in the truck platoon system and the planar drone formation control system

because these two systems are separable. We linearize the dynamics of the single truck and
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Environment Microgrid5 GridVoltage8 Platoon5 Drone2x2

NeurISS 2027.25± 18.15 2483.70± 1.68 2054.89± 95.84 1713.73± 13.35
LQR —— —— 1894.64± 5.20 1209.15± 5.27
Droop 1431.30± 55.03 2251.70± 0.00 —— ——
PPO 1970.89± 43.97 1086.72± 1.13 1489.32± 125.24 1489.32± 125.24

LYPPO 2234.58± 34.92 1086.27± 2.12 707.08± 300.61 41.18± 6.05
MAPPO 1934.72± 149.66 1086.06± 0.27 1880.80± 155.49 1549.06± 271.32
NCLF 1887.36± 26.98 1078.19± 660.76 1979.02± 8.03 871.87± 46.02

Table 4.2: The expected reward of NeurISS and the baselines in the small-scale environments

the single planar drone to calculate the LQR controller for them. PPO is implemented based

on the open-source python package stablebaselines2 [94]. LYPPO is implemented based on

the official implementation. MAPPO is implemented based on the official implementation3

[100]. Neural CLF is implemented based on the official implementation4 [79].

4.4.3 Results

The results show that compared with the baselines, NeurISS can achieve comparable or better

rewards and tracking errors in small-scale environments, and significantly higher rewards

and lower tracking errors in large-scale environments, which demonstrates its efficacy and

generalizability.

Small-scale Experiments

In Table 4.2, we show the expected rewards and standard deviations of NeurISS and the

baselines, and in Figure 4.7 (a-d) we show the tracking error w.r.t. the simulation time steps.

We can observe that in the small-scale system Microgrid5 (10 dimensions), NeurISS achieves

the second highest expected reward, and second lowest tracking error, while LYPPO behaves

the best. In GridVoltage8 (8 dimensions) and larger systems Platoon5 and Drone2x2 (15

and 24 dimensions), NeurISS achieves the highest expected rewards and the lowest tracking
2https://github.com/DLR-RM/stable-baselines3
3https://github.com/marlbenchmark/on-policy
4https://github.com/MIT-REALM/neural_clbf
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Figure 4.7: The tracking error in log scale w.r.t. time step of NeurISS and the baselines in
the small-scale environments (a-d) and the large-scale environments (e-f ). The line shows
the mean tracking error while the shaded region shows the standard deviation.

error. Note that in Platoon5 and Drone2x2, we do not have full knowledge of the tracking

trajectory, and the trajectory changes fast, so the tracking error cannot converge to 0.

NeurISS has this performance because of its ability to learn decentralized controllers jointly

with the ISS Lyapunov functions as certificates. Compared with NCLF, NeurISS performs

better because it is hard to find a global CLF for networked systems. PPO and MAPPO

achieve lower rewards than NeurISS.5 They are policy gradient methods to approximate the

solution of the Bellman equation, so there is no certificate of their stability. LYPPO, although
5For GridVoltage8, PPO, MAPPO, and LYPPO have almost identically bad rewards and tracking errors.

This is because we use a professional solver PandaPower [104] to simulate the underlying distribution grid.
All three RL methods return controllers that quickly drive the system to an unsafe state, making the solver
fail to solve the underlying model. In such cases, we simply set the reward and the tracking error assuming
a 10% voltage deviation, which is a typical safety limit for real-world distribution grids [102].
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outperforms NeurISS in very small systems (Microgrid), its performance drops a lot in larger

systems (Platoon and Drone). This is because in small-scale systems, with the guidance of

CLF, RL can achieve the goal very quickly to maximize the cumulative reward, but NeurISS

only seeks to reach the goal without targeting the convergence speed. Therefore, NeurISS

convergences slower than LYPPO. However, in larger scale systems, because of the hardness

of finding a correct global CLF, LYPPO receives the wrong guidance by the wrong CLF

and thus behaves much worse than NeurISS and even PPO and MAPPO. For the nominal

controllers, LQR is designed for linear systems, and the Droop controllers are hand-tuned.

Therefore, their performance is hard to guarantee in complex nonlinear networked systems.

We provide the contour plots of the learned ISS Lyapunov functions in Figure 4.8. In

the networked microgrid environments, we train only one ISS Lyapunov function for all the

subsystems because of its robustness. The contour plot of the learned ISS Lyapunov function

is shown in Figure 4.8a. We can observe that the learned ISS Lyapunov functions are in

ellipse-like shapes indicating that the learned controller can go downhill w.r.t. the learned

ISS Lyapunov functions and converge to the goal points (the black dots). In the networked

GridVoltage8 environments, we train 8 ISS Lyapunov functions, one for each subsystem.

The curve plots of the learned ISS Lyapunov function are shown in Figure 4.8b. Since we

have only one input state for each subsystem, the learned ISS Lyapunov functions are in

quadratic-like shapes, and the learned controller can go downwards w.r.t. the learned ISS

Lyapunov functions and converge to the goal points (the black dots). In the truck platoon

environment, we train two ISS Lyapunov functions. One for the first and the last controllable

truck (i = 1 and i = n), and another one for all other trucks (i = 2, 3, . . . , n−1). The contour

plots of the learned ISS Lyapunov functions are shown in Figure 4.8c and Figure 4.8d. For

trucks with i = 1, n, the learned ISS Lyapunov functions will make them converge to the

line where pf = pb. For trucks with i = 2, 3, . . . , n− 1, the learned ISS Lyapunov functions

are sheer under the line pf = pb and flat above that line. This is because the environment

is parameterized by the velocity of the leading truck v0, which is large compared with the
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Figure 4.8: Contour plots of the learned ISS Lyapunov functions, where the black dots show
the goal point
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initial velocity of other trucks. This causes that for the trucks in the middle, it is more often

for them to reach the states where pf > pb, the region under pf = pb. Therefore, when the

trucks are in states pf > pb, the sheer ISS Lyapunov functions will give them a strong signal

to return to the line pf = pb. However when the trucks are in states pf < pb, they do not have

to return to the pf = pb quickly because the large v0 can make them return automatically. In

the drone formation control environment, we still train only one ISS Lyapunov function for

all the subsystems because of its robustness. The learned ISS Lyapunov function is shown in

Figure 4.8e and Figure 4.8f, which can make the drone converge to the states where pl = pr

and pu = pd.

Large-scale Experiments

One key advantage of the proposed framework is network generalizability (Section 4.2.2),

where the decentralized controllers and ISS Lyapunov functions trained in small networked

systems can be directly applied to large networked systems without further training, while

the centralized controllers need a really long time to be trained on large-scale systems (Ap-

proximately 250 hours for Drone10x10). We test the 3 decentralized approaches, NeurISS,

MAPPO, and LQR in large-scale Platoon and Drone systems, Platoon100 and Drone10x10,

with 100 trucks and 10×10 = 100 drones. We show the tracking errors w.r.t. the simulation

time steps in Figure 4.7 (e-f). We observe that NeurISS has the smallest tracking errors in

both environments, with large gaps to others, which shows that NeurISS has the strongest

scalability.

4.5 Conclusion

In this chapter, we propose a neural compositional certificate framework for stabilizing large-

scale networked dynamical systems. Limitations of the approach include: 1) the approach

requires the knowledge of the dynamical system functions fi; 2) the network generalizability
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result, Lemma 6, requires a strong symmetric condition; 3) the robust ISS Lyapunov result

Lemma 7 assumes the dynamical system is control affine; 4) the approach only learns a

compositional certificate using finite samples but does not verify it, so in some sense, the ISS

Lyapunov functions we learn are only candidate ISS Lyapunov functions. These limitations

are all interesting future directions.
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Chapter 5

Conclusion and Future Work

In this thesis, we study developing stabilizing controllers for real-world systems, particularly

focusing on two types of challenging systems: high-dimensional unknown systems and net-

worked dynamical systems. For the first type of system, we present the LYGE algorithm in

Chapter 3, which uses the learned CLF to guide us to explore the high-dimensional state

space, fit the local dynamics, and learn a stabilizing controller iteratively. Upon convergence,

the learned controller stabilizes the closed-loop system at the goal point. For the second

type of system, we present the NeurISS algorithm in Chapter 4, which jointly learns an ISS

Lyapunov function and decentralized controllers for subsystems, and can share controllers

between systems if the systems have structural symmetry. This allows us to control each

subsystem in a fully decentralized way while having global stability. We provide extensive ex-

perimental results to demonstrate the proposed algorithm outperforms other state-of-the-art

baselines in the particular type of systems they are designed for.

Apart from stability, safety is another crucial desired property for real-world controllers.

In future work, we would like to explore developing safe controllers for real-world systems,

especially for large-scale multi-agent systems. We would like to explore the utilization of the

Control Barrier Function (CBF), an extension of CLF, and design algorithms to find safe

controllers based on the guidance of CBF. In addition, RL has been shown to be powerful
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in solving multi-agent control problems. However, the reward function design and safety

requirements are challenging for RL algorithms. In future work, we would like to explore

the possibility of combining certificate functions (CBF, CLF) with RL to address the reward

function design and safety problem.
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