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Maxwell’s demon is the quintessential example of information control, which is necessary for designing
quantum devices. In thermodynamics, the demon is an intelligent being who utilizes the entropic nature of
information to sort excitations between reservoirs, thus lowering the total entropy. So far, implementations of
Maxwell’s demon have largely been limited to Markovian baths. In our work, we study the degree to which such
a demon may be assisted by non-Markovian effects using a superconducting circuit platform. The setup is two
baths connected by a demon-controlled qutrit interface, allowing the transfer of excitations only if the overall
entropy of the two baths is lowered. The largest entropy reduction is achieved in a non-Markovian regime and,
importantly, due to non-Markovian effects, the demon performance can be optimized through proper timing.
Our results demonstrate that non-Markovian effects can be exploited to boost the information transfer rate in

quantum Maxwell demons.

DOLI: 10.1103/PhysRevE.105.044141

I. INTRODUCTION

The thought experiment of Maxwell’s demon has inspired
countless discoveries since its conception by Maxwell more
than 150 years ago [1,2]. The original idea was to have two
gases separated by a wall with a demon-controlled door. The
demon lets particles through the door only if the overall en-
tropy of the two gases is lowered [3]. This seemingly defies
the second law of thermodynamics, and the mechanism can
only be explained by including the demon’s information as
entropy. Maxwell’s demon, the Szilard engine, and variations
thereof all rely on information as a resource to lower entropy
and extract work [4-8].

Various versions of Maxwell’s demon have been proposed
theoretically [9—14], and the newfound ability to control and
manipulate quantum degrees of freedom has led to a wave
of experimental realizations [15-20]. Lately, other variants
have also been proposed, e.g., a demon extracting heat using
a gambling strategy [21] or a nonequilibrium system used as
a demon to lower the entropy of a system [22].

So far, implementations of Maxwell’s demon have been
considered only for Markovian baths. A Markovian bath is
a bath whose evolution is memory free, i.e., the evolution of
a system interacting with a Markovian bath depends only on
the present state of the system [23-25]. Thus, all information
flowing from the system to the bath is lost forever. By con-
trast, non-Markovian baths have memory effects which result
in information backflow from the bath back into the system
[26-29]. Previously, non-Markovian enhancement has been
found for thermal engines [30,31].
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In our work, we study a direct analog to the original
thought experiment consisting of two baths separated by a
qutrit interface. Through the three steps of acquiring, using,
and erasing information, a demon can autonomously trans-
fer quanta of heat from one bath to the other only if the
overall entropy of the two baths is lowered. This setup is a
simple toy model for intuitively understanding the interplay
between the demon memory and the decrease in entropy.
We show that the maximum entropy decrease is achieved in
the limit of weakly non-Markovian baths. Furthermore, the
entropy decrease due to the demon can be assisted by the
increased predictability and backflow of information of the
non-Markovian baths. This is done by comparing the entropy
reduction as a function of the demon’s timing for both the
Markovian and non-Markovian limits of the two baths. As we
demonstrate below, this can be achieved in a small system
realizable using several of the current quantum technology
platforms.

II. SETUP

The studied model is two non-Markovian baths connected
by a qutrit, as seen in Fig. 1. The non-Markovian baths are
comprised of two parts: first, a Markovian bath of temperature
Tc/n and, second, a qubit with frequency wc/g. A third qubit
is used for demon memory. The Hamiltonian of the qutrit and
the three qubits is given by

Hy = ocllle)(lel + 120) 2ul] + @nllTa) (Il + 1) (14]]
+ wpllp)(lpl. (1

The qutrit states are denoted |0y), | 1), and |2y); the cold
(hot) qubit states are denoted |Ocy) and |lcy); and the
demon-memory states are denoted |Op) and |1p). We are using
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https://orcid.org/0000-0001-6109-6497
https://orcid.org/0000-0002-5972-9790
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.105.044141&domain=pdf&date_stamp=2022-04-26
https://doi.org/10.1103/PhysRevE.105.044141

KASPER POULSEN et al.

PHYSICAL REVIEW E 105, 044141 (2022)

)

o
¢ *\

)
o’

(b)

Demon memory dump

Tp < wp
Demon memory
\VD I

Non-Markovian

Non-Markovian

_____ o

FIG. 1. (a) Classical analog of the demon setup where rotating
wheels illustrate the added predictability of a non-Markovian bath.
(b) Ilustration of the demon setup where two non-Markovian baths
are connected by a qutrit. The cold non-Markovian bath consists of
a qubit whose correlation functions decay due to the Markovian bath
of temperature 7¢ and likewise for the non-Markovian hot bath. A
third qubit is demon memory, which can decay through interaction
with the memory dump.

units where /i = kg = 1. The two qubits are coupled to the
qutrit with strength J. If the qubit frequencies are picked such
that |wc — wy |, |ocl, |wg| > |/, the cold qubit can only cou-
ple the qutrit states |0y) and |2,,), and the hot qubit can only
couple the qutrit states |0ys) and |17). The full Hamiltonian
becomes

H = Hy + ~2J(5¢ 121) (Om] + 6 10u) (2]
+J(10u) (1|67 + 11ar) (Onr1677), 2
where OA_(;/H = |0C/H><1C/H| and 6C+/H = |1C/H)<OC/H|~ The
factor of +/2 is due to the cold qubit interacting with the
second excited state of the qutrit. The evolution of the system

is described using the density matrix p, through the Lindblad
master equation [23,32]

= —i[H + Vp(t), p1 + Dclpl + Dulpl + Dplplt).
3)

ap
dt
The Markovian baths are modeled using the nonunitary parts
3 Y Loov o0
De/ulpl =y nem + D\ 6¢)y 06/ — E{UC/HGC/H’ p}
A+ AA— 1 A — A+ N
+ ync/u Oc/PO9c/g — E{GC/HGC/H’ o} ),

- S POy
z)D[:O]([)ZVD(I)< p POp _E{UDUD’p})'

The coupling strength between the Markovian baths and the
cold and hot qubit is y, the coupling of the demon mem-
ory to the memory dump is yp(¢), and the mean number of
excitations in the bath mode of energy wc¢ and wy,
respectively, is

ne = (e — 17" and ny = (/" —1)7"

To study the effects of non-Markovianity, we can keep the
qutrit-bath coupling J constant while varying the rate of
decay of the bath correlation functions through y . The Marko-
vian limit for the cold (hot) bath is y (nc@) + 1/2) > J; see
Appendix A. If the system is left alone, i.e., Vp(t) = yp(t) =
0, and the demon memory is reset to |Op), the density ma-
trix will eventually reach a unique steady state pgs. Unless
otherwise stated, the parameters are suitably picked for su-
perconducting circuits [33] to be J =2 MHz, wc = 7 GHz,
wg =4 GHz, Tr =4 GHz ~31 mK, and Ty = 6 GHz =~
46 mK. We also set yp = 16 MHz when the demon memory
is interacting with the memory dump and yp = O otherwise.
However, everything is simulated using unitless variables and
can be suitably rescaled.

In summary, we study a cold non-Markovian bath inter-
acting with the second excited state of the qutrit and a hot
non-Markovian bath interacting with the first excited state of
the qutrit. Excitations can thus be sorted from the cold to the
hot bath by forcing the transition |2,;) — |1,). This could be
achieved through decay, which is equivalent to the transition
being coupled to a bath at zero temperature. However, this
would clearly result in heat flowing from the cold bath to this
bath, resulting in an entropy increase as expected.

III. SINGLE SHOT

Instead, we wish to elucidate the interplay between entropy
and information using a Maxwell’s demon. The demon mem-
ory is modeled by the qubit with frequency wp. The demon
operates in three steps:

Step 1. Information on the qutrit is stored in the demon
memory.

Step 2. The information is used to transfer one excitation
from the cold bath to the hot bath.

Step 3. The demon memory is either reset or a clean mem-
ory slot is accessed.

For the qutrit in a general statistical mixture, the steps are

(PolOa) (Opel + pillae) (Am] + p212a) (2141)10p) (Op |

step 1

—> pol0m0p) (Oa0p|+p11130p) (140 |+p212m 1) (2 1p]

step 2
225 pol0yO00) (00 +p1110p) {1y Op|+p2 1y 1p) (a1

203 (Polow) Oul + (o1 + P11} (L DIOD) 0.

The first two steps constitute controlled NOT gates. These
three steps will add energy to the system through work. Step
1 does average work prwp and step 2 does average work
—pa(we — wy). The work done through step 3 depends on
how it is carried out. If the demon memory is reset through
coupling to a cold bath, energy is subtracted through heat,
and if a new demon memory is accessed, no heat or work is
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FIG. 2. Control, populations, and entropy for a single operation
of the demon. The dashed lines separate step 1 (0 <t < #;), step 2
() <t < 1), and the subsequent free evolution (#, < t). (a) Cartoon
of the demon operation at different times. (b) Circuit diagram and
(c) amplitudes, as seen in the control Hamiltonian (4), for imple-
menting steps 1 and 2 of the demon protocol. (d) Populations for the
excited states as a function of time starting from the system steady
state at = 0. The orange and blue shadows show the difference
between the population and the steady-state population for the hot
and cold qubits. (e) Entropy of the baths and qutrit system Sc_y—g,
the demon Sp, and the entire system Sy as a function of time. S
is the constant entropy of the Markovian baths. For this simulation,
y =1073J.

done. In either case, the total average work performed during
the three steps is p>(wp + wy — wc). Thus work is performed
to transfer heat similar to a refrigerator. However, looking at
the special case wp = wc — wy, we see that no work is done
and the system does indeed implement a Maxwell’s demon.
For concreteness, we use a superconducting qubit platform
to model an experimental implementation. The CNOT gate
can be implemented by supplementing the native controlled-
phase gate [34] with single-qubit Y gates; see Fig. 2(b). The
superconducting circuit control Hamiltonian relevant for this
proposal can be written as

Vo(6) = Aym(0)(i1200) (Lale 7m0t — jJ15) (2] @e—n)")
+ Ayp(@)(il1p)(Ople """ — i|0p) (1ple™”")
+Acz()2u1p)(2u1pl. )

The three amplitudes Ayy, Ayp, and Acz define the de-

mon protocol. These are picked such that the single-qubit
Y-rotation gate time is ty and the controlled-phase gate time

is 7¢cz. Unless otherwise stated, we set ty = 0.02J~2 = 10 ns
and 70z = 0.1J~! = 50 ns, which is achievable in supercon-
ducting circuits [35,36]. To show this process in action, the
system is left alone for times ¢ < O such that the system
reaches steady state pgg, at t = 0. Afterwards, step 1 and step
2 are implemented using the protocol shown in Fig. 2(c). The

populations, P(|a)) = tr{|a){«|p} for ¢ € {1¢, 24, 1y, 1p},
are plotted for this process in Fig. 2(d) with p = pg att = 0.
Here, tr{e} denotes the trace over the entire Hilbert space.
From Fig. 2(d), we notice several things. After step 1, the
demon-memory population reaches the value of the qutrit
population, P(|1p)) ~ P(|2x)). After step 2, P(|2y,)) ~ 0 and
an excitation has been transferred from the cold to the hot
bath, thus lowering the entropy of the baths and qutrit system.
The transferred heat is also visible in the increase of P(|1y))
and the decrease of P(|1¢)). The long-time behavior can be
seen in Appendix B. Without step 3, the demon memory
is left in a statistical mixture giving |1p) if an excitation
was transferred and |Op) otherwise. Moreover, the entropy
of the baths and qutrit system, Sc_py—p, is lowered at the
price of increasing the entropy of the demon memory, Sp.
Both entropies together with the total entropy Sy during the
operation of the demon is plotted in Fig. 2(e). The entropy of
a system described by a density matrix p is defined by

S = —Zkilnki, (5)

where A; are the eigenvalues of p. The entropy Sc_y—m
does indeed decrease during the operation of the demon, the
entropy of the demon increases, and the total entropy re-
mains constant. Furthermore, the difference Sc_y—g + Sp —
Siot quantifies the mutual information between the qutrit-bath
system and the demon memory. This mutual information is
largest between steps 1 and 2, but it remains nonzero even
after step 2. See Appendix C for a full discussion of the
information flow. Since the structure of the Markovian baths
is unknown, their entropy is denoted S, and the rate y < J
is kept small enough that S can be assumed constant during
the simulation. This implies that if we run the demon protocol
once, as in Fig. 2(d), all populations will eventually return to
the steady state pgs, as Te and Ty are fixed. To calculate the
change in temperature due to the exchange of energy quanta
would require knowledge of the heat capacity of the baths
and depends on the concrete physical realizations, which are
beyond the scope of the current discussion. Without step 3, the
demon protocol can only be run once, and the average number
of excitations transferred will be less than

e—c/Tc

tr{]2) (2pr| s} = 6)

14 e—on/Tu 4 e—oc/Tc”

This does not exhibit any non-Markovian behavior since bath
memory cannot be seen through a single interaction.

IV. NON-MARKOVIAN EFFECTS

There are two ways to repeat the operation of the demon.
First, the demon memory can be expanded. If the demon
memory consists of N qubits, the protocol can be repeated
N times. Second, information stored in the demon memory
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FIG. 3. Transferred heat as a function of demon timing due to
non-Markovian effects. (a) Circuit diagram for implementing step 1,
step 2, and step 3. (b) Transferred excitations, X, as a function of T
for different rates y. This is plotted for both the full treatment (solid
lines) and using a Markovian approximation on the cold and hot qubit
(dashed lines). (c) Average excitation current, J,y, as a function of T
for different rates y.

can be erased, allowing it to be reused. The demon mem-
ory is erased by letting it interact with the memory dump,
ie., yp # 0. We wish to study how the timing of the de-
mon and the non-Markovian nature of the baths affect the
transferred heat. Therefore, all three steps of the demon are
repeated without allowing the qubits to thermalize between
cycles. We let T be the total time to perform all three steps.
The three steps are repeated n times such that when step
3 is finished, step 1 is performed once again. The process
is depicted in Fig. 3(a). To quantify the transport between
the cold and hot baths, we define the excitation current
from the cold qubit to the qutrit as J¢ = tr{jcp}, where
jo = —x/iiJ(&C_|2M)(OM| — 6C+|OM)(2M|), and the excita-
tion current from the qutrit to the hot qubit as Jy =
t{ju Y, where jz = —iJ (I0y) (1y16; — |111)(Ou 167 ). Since
the Hamiltonian is time dependent, this will vary in time. To
get a good measure of the number of transferred excitations,
this is integrated over a single demon cycle,

(n+1)T (n+1)T

X = lim Jua@)de. (7)

n—oo nT

Je®)dt = lim
n—oo nT

The integral above is the transferred excitations during the
nth cycle of the demon. Even though the Hamiltonian is
time dependent, the integral does converge for larger n; see
Appendix D. From this, we also define the average excitation
current, J,y = X/T, driven by the demon. For large T, the
system reaches the steady state ps; between each cycle and

the transferred number of excitations is

e—wc/Tc

lim X < XM = tr{|20) 2m|Dss} =

T—o0

1+ e@u/Ta 4 g—oc/Tc’
xInst s the transferred number of excitations only for instan-
taneous gates. In a realistic setting, the system is allowed
to evolve during steps 1 and 2, resulting in less excitations
transferred. Therefore, the actual number of transferred ex-
citations, even in the steady state, will be less than Xi;;s‘. X
is plotted as a function of T in Fig. 3(b) for different values
of y. T is varied through step 3, while the time to perform
steps 1 and 2 is constant since it depends only on 7y and t¢y.
The dashed lines denote the case where the two qubits are
traced away assuming that the states of the qubits are con-
stant and thus Markovian; see Appendix A. Remarkably, the
largest X, and thus the largest entropy decrease, is achieved
for non-Markovian baths, y = 2J. The explanation for this is
as follows: For small y, the demon is limited by the small
rate of excitation of the cold qubit. For large y, the corre-
lations between the cold qubit and the qutrit are suppressed,
resulting in a suppressed effective coupling between them that
is similar to the quantum Zeno effect [23]. This explanation
is further backed up in Appendix A. When the qubits start
turning Markovian, y > 10J, the full description predicts a
larger X than the Markovian theory. For y = 30/, the Markov
approximation is valid and the results overlap. As y becomes
small, X oscillates with 7 due to non-Markovian effects or
memory in the qubits. For T sufficiently large, the system
reaches the steady state between updates and the transferred
excitations are the same for all y.

Another interesting quantity is the average current, ,y,
which is plotted in Fig. 3(c). Here the oscillations in X for
smaller y are again clearly seen. If the cold qubit is excited at
t = 0, it will oscillate back and forth between the cold qubit
and the qutrit. The excitation will be at the qutrit at times ¢ =
5 ji J(l + 2k), where k > 0 is a whole number. The first four
of these times are drawn as dashed lines in Fig. 3(c), which
are close to the maxima in the oscillations. These oscillations
are thus due to the non-Markovian nature of the cold bath.
The period of oscillation between the qutrit and hot bath is
7 /J. However, this period is not present in Figs. 3(b) and 3(c),
suggesting that the non-Markovian effects are predominantly
due to the cold bath. This is further backed up in Appendix E.
The largest entropy decrease is achieved with a combina-
tion of the larger coupling rate of Markovian baths and the
increased predictability of non-Markovian baths. This bal-
ance is met for y (nc 4+ 1/2) >~ J. The precise value depends
weakly on the hot bath temperature and two-qubit gate time;
see Appendix F. However, the average current is robust
towards changes in the coupling y, and y(nc +1/2)=J
results in an average current only a few percent smaller than
the maximum on most cases. Since X > 0 even in reverse
bias, Tc < Ty, the system also implements a device of nega-
tive rectification, R = —% < 0. Here, J,v.¢ is the average
current in forward bias, ch > Ty, and T, is the average
current in reverse bias, 7o < Ty. In order to resolve the non-
Markovian dynamics and efficiently transfer excitation, we
would expect to need gate times that are much shorter than
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the evolution of the system, ¢z, v <K J 1. In Appendix G,
we find that the non-Markovian effects are seen for a wide
range of gate times, 7¢cz < 0.4J —! and cold bath tempera-
tures. However, X only approaches the ideal, X ;’;St', for ez <
0.2J~!' = 100 ns, which is achievable for superconducting
circuits.

V. CONCLUSIONS

We have elucidated the interplay between entropy and in-
formation in the Maxwell’s demon thought experiment using a
simple cold bath, qutrit, and hot bath setup. Thus entropy can
be decreased through three simple demon steps of acquiring,
using, and deleting information. In deleting the information,
the entropy of the memory dump is increased. Furthermore,
we showed that the largest decrease in entropy is achieved
on the border between Markovian and non-Markovian baths
using a well-timed demon. This is due to a combination of two
effects. First, the demon efficiency is limited by the effective
coupling between the cold bath and the qutrit. This effective
coupling is largest for balanced couplings, y (nc + 1/2) >~ J.
Second, excitations oscillate back into the qutrit from the
cold bath at certain times. By letting the demon operate at
these times, the entropy decrease is boosted by the non-
Markovian effects. Finally, we found that the demon can
primarily be assisted by non-Markovian effects in the cold
bath.

The setup can be implemented in superconducting circuits
through four transmons: three concatenated to the lowest
two levels and the fourth using the three lowest levels. All
three qubits are coupled capacitively to the qutrit inducing
hopping at resonance with strength J as seen in the Hamilto-
nian (2). Single-qubit gates can be performed by capacitively
coupling to a drive line, and a controlled-phase gate can be
performed by using the avoided crossing of the higher excited
levels.
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APPENDIX A: MARKOVIAN LIMIT

We wish to calculate the Markovian limit of the two baths.
To do this, the cold and hot qubits are assumed to have quickly
decaying correlation functions such that they can be traced
away. First, we study the Markovian limit for just the cold
qubit. The Hamiltonian of just the cold qubit is

He = oclle)(lc|.

In the case where this qubit is only weakly coupled to the
rest of the system but strongly coupled to the heat bath,
J < y, the evolution of the density matrix of just the cold
qubit pc will predominantly be determined by the heat

bath,
dpc A U S
o= —l[Hc,,Oc]-i-J/nc( & hcbs — E{UC Ué’,,oc}>

A |
+y(nc + 1)(% Pcéd — E{Ugﬂc , Pc}>,

ne = (e/T — 1)~

The state of the cold qubit will after sufficient time approach
the thermal state,

e—ﬁgc
tr{e—PHc)
A = (1 + /Ty,

pc(t — 00) = =1 =20)10c)(O0c| + Acl1c) (el

In the Markovian limit, the cold qubit is assumed to remain
in this state even for J # 0. The coherences between the qubit
and the qutrit will decay exponentially in y and can therefore
be neglected. In the Heisenberg picture, an operator B will
evolve as

d . B PSR Lo
EB(” = i[Hc, B(t)] + ync (% Bt)od — E{GC 64, pc})
T AT
+y(c+1) Oc PcOc _E{GCUC7pC} .

The Heisenberg picture is shown through the explicit time

dependence. This can be solved for the ladder operators giving
OA.E (l) — 6,Ee—iwcl—y(nc+1/2)l

68_ () = 6g-eiwct—}/(nc+1/2)t .

With this the time correlation function, (B (¢)B), for these two
operators can be found to be

(60 (16 ) = tr{68 (1)8¢ pe)
— )\’Ceia)cffj/(n(‘,“rl/z)t

(6 @)6F) = (1 — Ag)ewct =y e t1/n, (A1)

The one-sided Fourier transforms are thus
00 .
Fg(w) = / dt e " (6g(t)€rc_)
0

= Ac /oo dt ei(wc—w)t—y(nc+l/2)t
0
i
Cwc —w+iyne +1/2)
y(nc +1/2) + i(wc — w)
(e — 0P +y2nc + 1727
I'o(w) = f ” dte (65 (1)60)
0

y(nc +1/2) — i(wc + w)
(we + @) + y2(ne +1/2)%

=A

=(1—ic)
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And thus

yic(2ne + 1)
+ — FJr F+* — ,
ve@ =Te e = O ot e + 127
_ _ . y(1 —Ac)2nc +1)
=T r — .
rel)=te*le = Gy + vy +1727

The same calculation can be carried out for the hot qubit,

yiu(2ng + 1)
(0 — 0)? 4+ y2(ny +1/2)?’
y(1 —2Apg)2ny + 1)
(wg + o) + y2(ny +1/2)*

Vi (@) =

Yy (@) =

The interactions between the qutrit and two qubits are given
by the terms

He_y = V27 (88 100) 2| + 64 124) (Ou 1),
Hy—n = J(11y) O 67 + 10m) (1u1677).
Treating the two qubits as environments and using the

Redfield equation, after the Born-Markov and secular approx-
imations, the master equation becomes

dp N o

d—f =—i[Hom + Vp(t), p1+ Dclp] + Dulpl + Dp)[p],
D [A]—8121_—AC(|0 ) (20111230 (O]

clp)l = y(2nc+1) MI\EM |P12m ) \Um

1
- §{|2M)(2M|,,0}>

2, A

+8J —
y(2nc+ 1)

<|2M) (0M|:0A|0M><2M|
— —1 0 0 1%
2{| M)( M|v }>7

1—A
Dylpl =4 ——H
y(2ng + 1)

<|0M><1M|IOA|1M>(OM|
— —l 1 1 1%
2{| M)( M|7 }>
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Here, Vj(¢) is the driving Hamiltonian. This approximation is
valid when the correlation functions of the bath from Eq. (A1)
decay much faster than the dynamics of the system. Therefore,

=

T T T
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FIG. 4. Populations for the excited states as a function of time,
starting from the system steady state at # = 0. The figure is similar to
Fig. 2(d), however, the demon works twice here. The time between
demon cycles is 7 and the total number of transferred excitations is
X. For this simulation, y = 1072J.

the inequality that needs to be fulfilled is

y(ne+1/2)> V27 and y(ng +1/2)>J

for the cold and hot qubit, respectively. So the Markov ap-
proximation is not only valid for large y, but also for large
temperatures 7¢ and Ty.

APPENDIX B: DOUBLE OPERATION OF THE DEMON

Here we study the simplest operation where non-
Markovian effects become important, that is, a double
operation of the demon. The populations for this simulation
can be seen in Fig. 4. The protocol for the demon is the same
as in Fig. 2. However, in order for the demon to operate twice,
the demon memory is allowed to decay between operations,
as in Fig. 3(a). The time between operations is denoted T.
From the first demon operation and until the second demon
operation, the populations are the same as in Fig. 2(d). Here
the oscillations between the qubits and the qutrit are clearly
visible. In Fig. 4(a), the second demon operation is at t =
%, which is the time it takes one excitation at the cold qubit
to oscillate to the qutrit and back twice. This results in a total
of X ~ 0.11 transferred excitations. In Fig. 4(b), the second

demon operation is att = %, which is the time it takes one

excitation to perform 2.5 oscillations. This results in a total
of X ~ 0.17 transferred excitations. This is the effect that is
exploited in the full demon protocol. However, note that if y
is made bigger, the oscillations become damped, and the plot
will look different.

APPENDIX C: INFORMATION FLOW

To quantify the information flow in the Maxwell’s demon
system, we define the multipartite mutual information,

IC,T,H,D = Z

ae{C,T,H,D}

S — S,
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FIG. 5. (a), (b) Information rate T + as a function of time for a
single operation of the demon and y = 1073J.

where

So = —tr{Py In Py},
S = —tr{pIn p}.

The rate of change of this mutual information can be broken
up into four contributions [37], Icrup =Ic+Ir + Iy +
Ip, where

1o = —tr{L[pe]1n po } + tr{Dy[p]1In p}

fora € {C, T, H, D}. p, is the density matrix for the « sub-
system and Dr[p] = 0. The information rate is plotted in
Figs. 5(a) and 5(b) for a single operation of the demon. The
three steps are clearly seen. For 0 < ¢ < 1, information is
gathered by the demon 7 > 0. For#; <t < t,, the informa-
tion is used, thus lowering the information stored in the qutrit
I < 0. For t, < t, information oscillates between the qutrit
and the hot and cold qubits. The oscillations are larger for the
cold qubit since it is more non-Markovian than the hot qubit.

APPENDIX D: CONVERGENCE OF THE NUMBER
OF TRANSFERRED EXCITATIONS

In the main text, we looked at the limiting case where the
demon protocol is used enough times such that the number of
transferred excitations converge,

(n+1)T
X = lim

n—oo nT

(n+1)T
Jc(t)dt = lim / Iu)dt.
n— 00 nT

To check that this limit does indeed exist, we look instead at

(n+1)T
Xew = f TFewydt,

T

(n+1)T
Xiw= [ Tutvyar
First, we plot X¢, and Xy , as a function of n in Fig. 6(a) for
y = 10J and T = J~!. Itis seen that they both converge to the
same value, as expected. Next, Xy , is plotted as a function of
n in Fig. 6(b) for different values of T. X, clearly converges
for all values of T'; however, convergence is slower for smaller
T. Likewise, we plot Xy, as a function of n for different
values of y in Fig. 6(c). From this, we see that convergence
is slower for y = 0.5J and y = 30J. Due to these results, we
choose to let n € [200, 400] for y = 30J and n € [100, 200]
otherwise. The lower part of the interval is used for large T,

=
[
w

inst.
ss

0.2 T |

T Xon/X

G

inst.
ss

0.6

0.3 _

= XH,n/X

°
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0.1
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0 c. a3 X I I
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inst.
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= y=2J - y=30J
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FIG. 6. Excitations transferred during the nth cycle as a function
of n. (a) Transferred number of excitations between the cold bath and
qutrit, X¢ ,, and between the qutrit and hot bath, Xy ,,, during the nth
cycle as a function of n. Here, y = 10J and T = J~'. (b) Xy, as a
function of n for different 7 and y = 0.5J. (c) X, as a function of
n for different y and T = 0.5/~

while the upper part of the interval is used for smaller T.
Furthermore, X is averaged over 10 cycles.

APPENDIX E: SOURCE OF THE
NON-MARKOVIAN EFFECTS

To study which bath is the biggest source of the non-
Markovian effects, X is plotted as a function of both 7 and the
cold bath temperature 7¢ in Fig. 7(c). For T < @, the cold
bath is non-Markovian and the oscillations are observed. For
Tc > wc, the cold bath starts turning Markovian and the os-
cillations disappear. Therefore, the non-Markovian effects are
mainly due to the cold bath. This is further supported by the

b1

fact that the oscillations were found to have a period of il in

the main article. As mentioned, this corresponds to excitations
oscillating between the cold qubit and the qutrit. Excitations
oscillating between the hot qubit and qutrit would have period
%, which is not what we see. Note that 7y = 1000J >~ 0.29w¢
in Fig. 7(c) such that T > Ty in some cases. Since X > 0
for both forward bias, T > Ty, and reverse bias, T < Ty,

(a

1 (b 4

) 1.5
1 Zy Tcz/J7
0.5 05 — 005
= — 01
05 — 02
— 04
0 0 L L
5 10 15

0 5 10 15
T/ T/J

Telwe

FIG. 7. (a) Transferred excitations X as a function of both
cold bath temperature, Tc, and T for y = 0.5J and 7, = 1000J.
(b) Transferred excitations X as a function of T for different
controlled-phase gate times, t¢z, and y = 0.5.
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FIG. 8. (a) The product (n¢ + 1/2)y,p as a function of n¢ for dif-
ferent values of Ty and t¢z. (b) The average current maximized over
T, maxr{Ja}, as a function of y for different hot bath temperatures
and nc = 0.1. The dashed line corresponds to y (nc + 1/2) = J.

the system also implements a device of negative rectification,
R = —% < 0. Here, J,y r is the average current in forward

bias and 7,y ; is the average current in reverse bias.

APPENDIX F: OPTIMAL BATH-QUBIT COUPLING RATE

The optimal coupling rate is the value of y that allows for
the largest average current induced by the demon, assuming
that 7' can be chosen freely. Therefore, we define the optimal

coupling as
Yopt = argr)r/lax {maxr{Jav}}. (F1)

From Eq. (Al), it is seen that the Markovianity of the cold
bath is determined by the product y (n¢ + 1/2). Therefore, the
product yopi(nc + 1/2) as a function of nc = (e¥c/Te — 1)1
for different values of 7y and 7¢7 is plotted in Fig. 8(a).
Generally, the optimal coupling is seen to be around yop (nc +
1/2) ~ J. However, the precise value depends on both the hot
qubit temperature and the controlled-phase gate time. This is
to be expected since the quality of the gates is influenced by
both. For example, for larger Ty, the hot bath causes deco-
herence of the qutrit so a smaller y is preferred, whereas for
small Ty, decoherence due to the hot bath is less important.
In Fig. 8(b), the average current maximized over the timing T
is plotted as a function of y. Here is it seen that the precise
value of y is not important. If y (nc + 1/2) = J is picked, the
average current is within a few percent of the maximum that
can be achieved in all four cases seen in Fig. 8(b).

APPENDIX G: EFFECTS OF DIFFERENT GATE TIMES

In order to resolve the non-Markovian dynamics and ef-
fectively transfer excitation, we would expect to need gate
times that are much shorter than the evolution of the sys-
tem, ¢z, Ty < J~!. Therefore, X is plotted in Fig. 7(d) as
a function of T for different values of the controlled-phase
gate time, tcz. We see that the non-Markovian dynamics
is seen for all gate times. However, X only approaches the
ideal, Xi‘;“, for tcz < 0.2J~' = 100 ns, which is achievable

for superconducting circuits.
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