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ABSTRACT

Efficiency in computing systems is a pressing concern as global reliance on machines
and automation grows. Leveraging an understanding of the brain's exceptional
computational capabilities, this study presents a preliminary nondimensionalized model
of synapses, an essential component for developing brain-inspired computing systems.
The model simulates a physical analog of synapse formation wherein a single
two-nanowire junction in an electrolytic medium undergoes an electric potential,
causing electric field-driven ion transport and subsequent filament growth. Simulations
allow for the extraction of meaningful parameter relationships as well as governing
equations relating both filament length and time, and current and time. By investigating
electric potential-driven cation diffusion, the model provides insights for designing
more advanced computing technologies. Future directions involve refining
assumptions, adapting system geometry for dendritic growth, and modeling an entire
nanowire network. This research bridges the gap between brain-inspired and physical
computing, paving the way for highly efficient computing systems beyond traditional
approaches.

Thesis supervisor: W. Craig Carter

Title: Toyota Professor of Materials Processing
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1. INTRODUCTION

The brain exhibits unmatched computational efficiency and has drawn

widespread, multidisciplinary interest in recent years. The brain is made up of 86 billion

neurons1 which send information through a neural superhighway in the form of action

potentials. The vast functionality of the brain positions it to perform complex operations

on incoming sensory inputs, store and retrieve memories, and generate output in the

form of thoughts, behaviors, and actions. The underlying mechanisms that dictate the

brain’s efficiency are largely structural2–4; however most modern attempts to replicate

brain-like computing rely on algorithmic approaches which fail to harness the built-in

connectivity of the brain’s physical network.5 While machine learning-based algorithms

can significantly increase computing efficiency, computers still lag behind the immense

efficiency of the brain. Therefore, it is vital to develop an approach for systematically

building physical solutions to approach the human brain’s (5.52 ± 1.13)·1016 bits/s and

bridge the efficiency gap.6

The application of a voltage to a two-nanowire system within a dielectric

medium has been demonstrated to exhibit similar self-assembly characteristics to

those that make the brain so efficient.7 With the application of voltage, a filament with

the same composition as the positively charged nanowire will grow in accordance with

the electric field, closing the gap between the two nanowires over time. Thus, this work

will introduce a preliminary computational model that can inform the design of such
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physical systems by predicting the filament’s growth behavior in relation to various

adjustable parameters.

2. BACKGROUND

2.1 The Human Brain

The brain is a highly efficient computational machine. It is composed of

interconnected neurons that form connective pathways through which electrical signals

can be sent. These signals carry information throughout the brain that influence how

the body operates. Once a neuron is formed, it migrates to its designated position and

extends axons in the direction of adjacent neurons. These axons segment into

dendrites, or branching structures, that extend towards nearby neurons.8 This neuron

growth and subsequent formation of synapses, or synaptogenesis, is driven by both

chemical and electrical signaling factors.9 Once these neurons make contact with each

other, a physical connection is formed that allows for a rapid transmission of electrical

impulses through the junction between two neurons.

Synapses and other connective mechanisms allow the brain to achieve an

efficiency that is six orders of magnitude greater than the most powerful computer in

the world.6 In order to harness these mechanisms, algorithmic approaches have been

used with the aim of applying the brain’s efficiency to modern day computing. Although

it is imperative to span the efficiency gap, neural nets overlook several inherent

8
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efficiencies of physical systems. The 3D geometry of neurons, for instance, allows

them to form points of connection that are largely unreachable on a 2D transistor.10

2.2 A Physical Analog of Neuron Growth

Thus, it is imperative to develop a physical analog to the brain that can be used

in applications of computing and beyond. To do this, a model that can harness the

self-assembly capabilities of brain-like materials must first be created. A single

two-nanowire junction can be modeled physically and computationally during the

course of an applied voltage as an analog for synapse formation.7,11 A visual

comparison between a single two-nanowire junction (Figure 1a) and the corresponding

simulated model constructed in this work (Figure 1b) are shown in Figure 1. In the

brain, adjacent neurons experience an electrochemical driving force towards each

other, causing axons and dendrites to spread out accordingly. This axon-and-dendrite

growth can be represented as a two-nanowire junction that experiences an applied

voltage, causing a filament to form through a dielectric medium between the two.12

9
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Figure 1: HR-TEM image and computational representation of a single two-nanowire junction. (a)
High-resolution transmission electron microscopy (HR-TEM) image of a single two-nanowire junction.
These two Ag nanowires on the Cu grid were prepared as described in Figure 8 as part of a nanowire
network. (b) Analogous computational model of the 2D nanowire junction developed in this work. The
gray rectangles on the left and right sides of the image represent the two nanowires. The white, curved
shape on the leftmost nanowire represents the growing filament. The color gradient represents the
electric potential through the dielectric medium. The horizontal dashed line is an axis of symmetry. All
subsequent visualizations will depict only the top half of the filament and the dielectric medium it grows
through for simplicity. Scale bar: 20 nm.

2.3 Fundamental Materials Properties and Behavior of Nanowire Systems

Silver (Ag) nanowires, for instance, demonstrate this filament formation in

response to an applied voltage as well as exhibit volatile resistive switching under low

electric fields.13,14 Volatile resistive switching is the process by which, after the filament

physically bridges the two nanowires and the circuit is shorted, a physical pathway for

electrical current to pass through is retained in the form of the filament for a short

duration. This self-assembly closely mimics self-assembly of neurons during

synaptogenesis that corresponds with the formation of short-term memory in the brain.

This volatile resistive memory allows the resistance of the material to be altered to

represent binary data (0s and 1s) for use in computing. However, unlike traditional

10
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resistive-switching random access memory (RRAM),15 volatile resistive memory is

designed to be volatile, meaning it loses its stored data soon after the removal of

voltage, or once the power is turned off.16 This differs from materials that exhibit

non-volatile memory which retain the resistive memory for much longer durations in

response to higher applied voltages. However, further consideration of non-volatility

goes beyond the scope of this work.

Several nanowire systems in electrolytic mediums have been demonstrated to

embody resistive memory and exhibit self-assembly behavior. With the application of a

voltage to a nanowire, an electric potential is introduced such that one nanowire serves

as a positive terminal and the other as a negative terminal. Due to this electric potential

difference, metallic ions are oxidized from the nanowire with the greatest electric

potential and reduced near the nanowire with the lowest electric potential.17

Once the cations enter the electrolyte, or dielectric medium, that separates the

two nanowires, they undergo cation transport from the positive nanowire to the

negative nanowire. This process occurs across the entire length of the nanowires, and

in the case of two equivalent nanowires, the factors dictating ion transport remain

consistent between both cations and anions. Although there are many different factors

that influence this transport and subsequent filament growth, the electric field has been

shown to be the dominant driver of ionic current.17,18 The electric field will therefore be

treated as the dominant driving force in the computational models and simulations to

follow. This allows further simplification as the effects of mechanisms such as electron
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charge transfer, ion diffusion, and ion hopping, among others, can be ignored.

Consideration of critical nucleus formation can also be bypassed since the

computational simulations in this work assume a nonzero initial filament length.

Additionally, if the applied voltage is within ~ 0.7 V and 1.2 V, filament growth rate

should not be nucleation-limited.17 However, these aforementioned transport

mechanisms are still present, so it remains valid to reference them for the calculation of

certain materials parameters associated with individual system components.

Once cations traverse the gap separating the two nanowires, a filament begins

to form as the cations are reduced and connect to the nanowire that experiences the

lowest electric potential. As this process continues, the cations reduce and form a

filament that grows towards the nanowire that experiences the greatest electric

potential. When the filament reaches the nanowire, it causes a large increase in the

current flowing in the system.

3. METHODS

3.1 Underlying Simplifications and Assumptions for the Simulation

Once the filament bridges the gap between the two nanowires, current can flow

more freely from nanowire to nanowire. More precisely, once the filament tip becomes

sufficiently close to the opposite nanowire, tunneling current can become the dominant

mechanism for charge transport.17 However, for the purposes of the preliminary

simulation, the focus will be limited to the formation of the filament as well as the large
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increase in conductivity that results. Additionally, the memristive behavior that follows

the short-circuiting of the system and the subsequent removal of applied current will be

left for future explorations.

To predict the behavior of this physical brain-emulating system, a preliminary

computational simulation has been developed in Mathematica, Version 13.2.1.0. This

models the two-dimensional growth of a metallic filament connecting a single

two-nanowire junction that is subjected to an applied voltage with the initial state

shown in Figure 1a. For simplicity, only one growing filament is modeled, and its

geometry is assumed to be self-similar such that any growth corresponds to a

translation of the leading end of the filament towards the nanowire ahead of it. The

width is similarly held constant such that changes in filament area exclusively cause an

increase in one-dimensional growth forward, towards the nanowire ahead of the

growing filament. There is assumed to be a plane of symmetry through the tip, or

leading point, of the growing filament, so the system is modeled using a half-width, or

radius, in all instances following Figure 1a. The system is assumed to be held at room

temperature at a pressure of 1 atm, and it is assumed to undergo no arbitrary physical

perturbations from external influences.

The nanowires are also assumed to be conductive, infinitely long, and

overlapping perpendicularly to each other. Additionally, the dielectric medium

surrounding the nanowires is assumed to be homogeneous and isotropic. The electric

field is also assumed to be electrostatic (uninfluenced by external magnetic fields) and
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is considered to be the only electric field acting on the system. Although these

idealized assumptions greatly simplify the system’s mathematical modeling and reduce

the computational load, it is important to note that removing some of these simplifying

assumptions could allow for a more accurate, complex model.

For this simulation, the ion mobility μ0 was treated as a constant since the

materials within the system are homogenous and the electric field strength is low such

that the analogy to volatile memory is preserved (i.e. with low applied voltage). When

the velocity of charge carriers does not significantly depend on the strength of the

electric field, such as with a low electric field strength, the mobility can be reasonably

approximated as a constant. For a more sophisticated model, the dependence of

mobility on dynamic factors such as carrier concentration and electric field strength

should be considered. However, this is beyond the scope of this current simulation.

3.2 Building the Model’s Initial State

3.2.1 Filament Geometry

Creating the model begins with selecting the geometry of the filament. The

model visualizes a half-filament about the axis of symmetry shown in Figure 1a. The

filament is modeled as having straight sides, a constant width equivalent to the radius,

and a curved leading edge. The filament grows from one of the two nanowires which

are separated by a total distance, d. The rectangular boundary of the filament is

composed of a series of connected points with maximum y-values equivalent to the

14



radius. The leading, curved region of the filament is composed of a quarter circle

created based on the input radius. Since the radius of the filament is equivalent to the

width and is used to calculate the quarter-circular tip geometry, the initial filament

length must be greater than the radius. These values can be changed as desired.

For the majority of the following simulations, the radius is selected to be

equivalent to 5% of d, or equivalently, 5% of the length of the overlapping portions at

each nanowire junction. This is denoted as a nondimensionalized length of 0.05.

Similarly, the initial filament length is selected to be 10% of d and is denoted as having

a nondimensionalized length of 0.1. A more detailed explanation of

nondimensionalization is provided in the following section. More detailed geometric

equations and visualized explanations can be found in the Mathematica Notebook

excerpts in the Appendix.

3.2.2 Parameter Nondimensionalization

In order to speed up computation and make this model applicable to a wide

range of physical systems, all variables are nondimensionalized. In order to put

variables into a nondimensionalized form, the units must cancel out such that broad,

factor-based relationships between variables can be uncovered. As a general

rule-of-thumb, the nondimensionalized form of a variable can be reached by taking the

ratio of the actual variable and the reference value, or initial condition.
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In this model, the nondimensionalized form of several variables are presented,

including position (xnon and ynon), electric potential (Φnon), ion mobility (μnon), time (𝜏non),

and current (Inon) as follows in Equations 1-6.

(1)

(2)

(3)

(4)

(5)

(6)

Avogadro’s number19 (NA) is included to account for the molar units of electric

flux. The distance between the two nanowires is represented here by d, and the

applied electric potential in the form of voltage is represented here by Vapp. For

completeness, x, y, and d have units of meters (m), Φ and Vapp have units of volts (V), 𝜏

has units of seconds (s), μ0 has units of m2/(V·s), and I has units of amperes (A).

3.2.3 Mesh Construction

16
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Once the system geometry is established, the filament points are used to create

a boundary mesh surrounding the system, followed by an area mesh as a foundation

for the simulation. Regions that directly surround the filament as well as those in the

path of the growing filament are meshed much more finely since these regions undergo

rapid changes in electric field (i.e. at the tip) and require more precise calculation to

account for this. It should be noted that there exists a minor issue with using

Mathematica’s interpolation function on meshes, resulting in unexpected behavior at

certain positions. However, this issue is currently being patched in Mathematica and

has no measurable effect on this model. An example of this mesh can be found in the

Mathematica Notebook excerpts in the Appendix.

3.2.4 Electric Potential

Following the creation of the mesh, a voltage, or electric potential, is introduced

to the system. This is done using Laplace’s equation20 which states that, within a

source-free region, the Laplacian of the electric potential field is zero, meaning that the

charges of anions and cations cancel. In order for the Laplacian equation to be

considered valid for this case, the system is assumed to be in a steady-state condition,

meaning that the electric field and the geometry of the system do not change with

time. Since this model recalculates the electric potential at finite time values rather than

sweeping continuously over time, these conditions are upheld.

17
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Unique solutions to Laplace’s equation can be determined if either the function’s

value is specified on all boundaries (Dirichlet boundary condition) or the normal

derivative of the function is specified on all boundaries (Neumann boundary

condition).21,22 As such, both Newmann and Dirichlet boundary conditions were

incorporated.

3.2.5 Electric Field and Flux

Electric field could then be calculated in both x and y directions from the

second-order partial differential equation for electric potential. It could then be related

to electric flux by the ion mobility in the following equation (Equation 7),

(7)

where J is the flux in mol/(m2·s), μ0 is the ion mobility, and∇Φ is the gradient of the

electric potential, or the electric field in V/m.23 The negative sign that is typically

included in this equation is neglected in order to simplify computation since the

one-dimensional direction of filament growth is known.

Although the total flux is typically understood to be a sum of the flux based on

diffusion (as in Fick’s First Law23) and the flux based on the drift term, the electric field

is assumed to be the limiting factor of filament growth, with each cation moving in the

direction of a local electric field (i.e. high electric potential) proportionally by a factor of

μ0. As a result, the effects of diffusion can be disregarded without fundamentally

altering the accuracy of the simulation.
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3.3 Creating a Dynamic, Iterative Simulation

3.3.1 Time Incrementation

Once the initial state is achieved in the simulation, it is important to investigate

the filament growth behavior as a function of time. To do so, a nondimensionalized time

step Δt must be introduced. For the simulations and equation fitting presented in this

work, a nondimensionalized time step of Δt = 0.0001 is used. (However, note that

exported videos in the Supplemental Information use a nondimensionalized time step

of Δt = 0.001 to reduce file size and increase exporting speed.)

3.3.2 Dynamic Calculation of Flux

With each time increment, there will be a change in flux as well as a subsequent

change in filament length. The changes in flux over time can be calculated by

integrating the flux within a circle that encompasses the entire filament and its

surrounding electrolyte at discrete times separated by a small time step of Δt. In

amorphous materials like electrolytes, the motion of ions is often described as being

driven by ion hopping, but assuming the concentration of ions and temperature are

held constant in this system, immediate reuptake becomes a reasonable assumption.24

This means that the ion drift is the limiting factor wherein the electric field drives the ion

transfer and that the flux directly impacts the quantity of reduced cations that are

added to the tip of the growing filament.
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3.3.3 Dynamic Calculation of Filament Length

Following this flux determination, the filament length is updated with a length

value corresponding to the area increase associated with the change in flux. The

magnitude of the flux is equivalent to the ionic current, or the count associated with the

influx of cations (“area in”). The “area in” can be treated as equivalent to the flux times

the nondimensionalized area of the atom of interest. Note that this disregards the

effects of lattice packing and density on filament area. The nondimensionalized area of

the atom of interest can be approximated to equal the flux since all atomic radii, ratom,

are several orders of magnitude smaller than the nondimensionalized distance, d, that

separates the two nanowires. This approximation is used for this model and is shown in

Equation 8 below.

(8)

Thus, with each time step Δt, the flux is recalculated, causing the filament length

to increase as the filament grows until the distance between nanowires, d, is reached

or surpassed.

3.3.4 Tabulating Results for Analysis

Using this iterative approach, several values can be generated and tabulated,

including time elapsed, filament length, filament area, and step area (or flux). An

example creating these tables can be found in the Mathematica Notebook excerpts in
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the Appendix. Note that tabulated values in the Appendix may show minute deviations

from the results reported here due to re-running of the simulation. These values form

the basis for the dynamic visualizations that model filament growth and allow for

nonlinear data fitting such that quantitative relationships between both filament length

and time, and current and time, can be extracted.

4. RESULTS AND DISCUSSION

4.1 Filament Length as a Function of Time

4.1.1 Nondimensionalization Approach

In order to assess the filament growth over time, a dynamic visualization was

created wherein black flux vectors are generated and overlaid onto a color gradient that

depicts the electric potential over time. This visualization utilized the tabulated values

of time elapsed and filament length generated in previous steps. Snapshots depicting

the filament growth over time are shown in Figure 2a-c with 𝜏non = 0, 𝜏non = 𝜏non, tot/2, and

𝜏non = 𝜏non,tot, respectively. The corresponding video, as well as videos associated with

different initial filament dimensions, can be found in the Supplemental Information.

This simulation provides a visual representation of the underlying variable

dependencies in this system.
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Figure 2: Simulation snapshots of nondimensionalized filament growth versus time. The color
gradient represents the electric potential which increases from left to right, and the black arrows
represent the electric field and electric flux. (a) Filament with initial length of 0.1 and initial radius of 0.05
at time 𝜏non = 0. (b) Filament at time 𝜏non = 𝜏non,tot/2, once half of the time has passed. c. Filament at time
𝜏non = 𝜏non,tot, the first instance at which the filament has reached the rightmost nanowire. Note the
changes in both the electric potential and arrow directions with the passage of time.

The filament begins with an initial length of 0.1 and radius of 0.05 in

nondimensionalized form. This initial state can be seen in Figure 2a. With each

nondimensionalized time step Δt (Δt = 0.0001 in this case), the filament grows towards

the rightmost nanowire corresponding to the region of greatest electric potential,

indicated in red. The image in Figure 2b captures the state at which half of the total

time has elapsed. Note that the tip of the filament has not yet reached the halfway

point (x/d = 0.55) between its initial position (x/d = 0.1) and the position of the

rightmost nanowire (x/d = 1) despite the passage of half of the total time. This indicates

that the growth rate increases as the filament approaches the region of greatest

potential. Because of this, initial growth from 𝜏non = 0 at Figure 2a to 𝜏non = 𝜏non,tot/2 at

Figure 2b is shown to be smaller than between Figure 2b and Figure 2c at 𝜏non =

𝜏non,tot.

Additionally, the black vectors represent the magnitude of the flux present in the

system. However, the arrows are flipped to point in the direction of the filament growth
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resulting from the flux-driven addition of area. Since the electric field and flux are

treated as equivalent with μ0 assumed to be constant at 1, these vectors also depict

the electric field profile. Equation 7 shows the relationship between electric flux and

electric field used here which neglects the negative sign that is typically associated

with this relationship in favor of illustrating the direction toward which the growth is

driven. The directions of these vectors change over time with greater flux concentrated

at the leading end of the growing filament. The magnitudes of these vectors’ angular

changes directly describe the flux at any given time and collectively contribute to the

area added onto the filament as it grows, supporting the simplification that the majority

of the area will be added to the filament tip.

4.1.2 Determination of Governing Equation for Time-Dependent Filament Growth

These relationships can be quantified using nonlinear data fitting methods in

Mathematica (see Appendix). The relationship between filament length and time for

this case (with initial filament length of 0.1 and width of 0.05) has been found to be

described by Equation 9.

(9)

Constants in this nonlinear exponential equation were found to be a =

0.0593429, b = 15.3971, and c = 0.028677. Equation 9 has an adjusted R2 value of

0.999814 and parameter confidence intervals25 with a confidence level of 95% for a, b,

and c, respectively, as follows: (0.0571059, 0.0615798), (15.2039, 15.5902), and
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(0.0237774, 0.033578). This means that the true parameters for a, b, and c are 95%

likely to lie within the specified ranges. Equation 9 is plotted in Figure 3 along with the

relevant data. Because the nondimensionalized time step Δt = 0.0001 is so small, it

may be difficult to distinguish between the different data points. The thick, half-opacity

blue curve consists of these data points, and the thin, full-opacity blue curve that

overlaps with it is Equation 9.

Figure 3: Fitted curve of nondimensionalized filament length versus time. The filament has an initial
length of 0.1 and a radius of 0.05. The thick, half-opacity blue curve is composed of
computationally-generated data points. The thin, full-opacity blue curve fits this data and is described by
Equation 9. Note the nonlinear exponential relationship.

Using the value for 𝜏non in Figure 3 at which 𝜏non= 𝜏non,tot and the x-axes

conversion between 𝜏non and 𝜏 from Equation 5, several parameter relationships

become clear. The applied voltage (Vapp), ion mobility (μ0), and nanowire spacing (d) are

all inversely related to the total time (𝜏tot), meaning that doubling the applied voltage,

selecting a material with twice the ion mobility, and doubling the spacing between
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nanowires, for instance, would each independently reduce the total time required for

filament growth by a factor of two, making it grow twice as fast. It does seem odd that

increasing d would result in faster total growth, so this unexpected result should be

further explored to confirm that the nondimensionalization was properly performed. For

the remainder of this discussion, this peculiarity is disregarded but should be returned

to at a later time for further justification.

4.1.3 Computational Validation Using Realistic System Parameters

The nondimensionalized relationships extracted from the simulation should be

validated numerically using parameters that describe a realistic system. Thus,

quantities describing a potential experimental configuration are employed as

justification for the nondimensionalized model. The relationships between variables

generated using the nondimensionalized case should also be observed in the case of

particular single two-nanowire junctions in a dielectric with known dimensions,

properties, and geometries.

As an example, a system consisting of two perpendicular silver (Ag) nanowires

separated by a distance, d, of 50 nm is considered with the same curved-tip geometry

as the nondimensionalized case. Initial conditions are made to match those of this

initial system where the initial filament length is set equal to 10% of d (5 nm), and the

radius is set to 5% of d (2.5 nm). This relative ratio between filament dimension and

nanowire spacing is supported by the literature.17 The rightmost nanowire experiences

an applied voltage of Vapp = 1.2 V with the addition of an electric potential. This applied

25

https://www.zotero.org/google-docs/?Znponl


voltage of ~ 1 V is suitable for initiating the formation of volatile resistive memory.7,18

Specifically, the application of ~ 1.2 V has been demonstrated to yield volatile resistive

memory in an Ag-nanowire network within an amorphous polymeric electrolyte.26

The nanowires are assumed to be in an amorphous SiO2 medium such that the

Ag ion mobility μ0 can be calculated from theoretical equations27 and known physical

parameters.28 The ion hopping mechanism describing carrier drift in highly defective

materials, such as amorphous solids or polymers, was used to make this calculation. In

this model, the carrier drift velocity under low electric fields can be approximated to the

following equation, Equation 10,27 where vi is the ion drift velocity, ν is the jump

attempting frequency, r is the jumping distance, e is the elemental charge, kB is the

Boltzman constant, T is temperature (assumed to be room temperature in this case), E

is applied electric field (equivalent to the gradient of the electric potential,∇Φ) , and

ΔG is the energy barrier for ion hopping to occur. These physical parameters can be

found in the literature.28

(10)

Based on Equation 10, the ion mobility μ0 of Ag in amorphous SiO2 is calculated to be

3.178·10-11 m2/(V·s).

The known quantities of d, μ0, and Vapp (50 nm, 3.178·10-11 m2/(V·s), and 1.2 V,

respectively) are plugged into Equation 9 to form Equation 11 which can be used to

calculate the time, 𝜏 = 𝜏tot, needed for the filament to be one time step away from

26

https://www.zotero.org/google-docs/?G9b9ON
https://www.zotero.org/google-docs/?BFRT8n
https://www.zotero.org/google-docs/?cmjStJ
https://www.zotero.org/google-docs/?ym0sSy
https://www.zotero.org/google-docs/?tUQhPH
https://www.zotero.org/google-docs/?KIwyOt


spanning the distance, d, separating the two nanowires. This miniscule separation

prevents the calculations from undershooting the distance, d, since the simulation does

not capture when exactly the system reaches 𝜏tot but rather finds the time at which the

total nondimensionalized filament length exceeds 1. Given the small time step Δt =

0.0001, this effect should be negligible.

(11)

Constants in this nonlinear exponential Equation 11 were found to be a =

2.96714·10-9 m, b = 16499.3 s-1/2, and c = 1.43389·10-9 m. Equation 11 is plotted in

Figure 4 below. By plugging x = d into Equation 11, 𝜏 = 𝜏tot is determined to be

2.76931·10-8 s , or approximately 28 ns. This value seems reasonable based on similar

examined systems that have values of 𝜏tot on the order of hundreds of nanoseconds,

with some variation.17,18
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Figure 4: Predictive curve of filament growth rate for potential experimental configuration. The
system consists of two Ag nanowires separated by d = 50 nm in an SiO2 medium such that μ0 =
3.178·10-11 m2/(V·s) and undergoes an applied voltage of Vapp = 1.2 V. The filament has an initial length of
5 nm (10% of d) and a radius of 2.5 nm (5% of d) as with the nondimensionalized case. This curve is
described by Equation 11. Note that this particular system matches the nondimensionalized case in
Figure 3.

As with the nondimensionalized case, several parameter relationships can be

evaluated. Looking to the values in Figure 4 and using the conversion between 𝜏non and

𝜏 from Equation 5, the applied voltage (Vapp), ion mobility (μ0), and nanowire spacing (d)

in the potential experimental configuration are all confirmed to be inversely related to

the total time, 𝜏tot. Thus, doubling the applied voltage, selecting a material with twice

the ion mobility, and doubling the spacing between nanowires, were confirmed to each

independently reduce the total time required for filament growth by a factor of two from

𝜏tot = 2.7606·10-8 s to 𝜏tot = 1.3803·10-8 s, making it grow twice as fast. This confirms

that the model presented in this work can be utilized in the design of any such

nanowire system to yield physically relevant filament growth predictions.

4.1.4 Effect of Changing Initial Filament Dimensions

Since the computational model requires the input of initial filament length and

radius that vary from system to system, their effects should be considered. Increasing

the initial filament length does not affect the quantitative results of the simulation but

merely truncates the generated data points such that they begin at the coordinate

associated with the filament tip position. Changing the filament radius, however,

impacts 𝜏non,tot and is worth modeling. The nondimensionalized effect of filament radius

on growth rate is shown in Figure 5.
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Figure 5: Effect of filament radius on growth rate. The nondimensionalized filament radius is set as r1
= 0.025 (brown top curve), r2 = 0.05 (blue middle curve), and r3 = 0.075 (bottom magenta curve) for three
respective simulations. The thick, half-opacity curves are composed of computationally-generated data
points. The thin, full-opacity curves fit this data. The resulting curves are shown here.

The radius-dependent values of 𝜏non,tot were extracted from Figure 5 and

compared. 𝜏non,tot was found to be 0.0163, 0.0318, and 0.047 for r1 = 0.025, r2 = 0.05,

and r3 = 0.075, respectively. Since the radius was increased by a factor of two from r1 to

r2 and by a factor of three from r1 to r3, the corresponding ratios of 𝜏non,totwere

calculated. The ratio between 𝜏non,tot of r2 and r1 was 0.0318 / 0.0163, or 1.95092, close

to the factor of 2 increase. The ratio between 𝜏non,tot of r3 and r1 was 0.047 / 0.0163, or

2.88344, close to the factor of 3 increase. These results indicate that there is a direct

linear relationship between the filament radius and the time required for the filament to

span d, meaning that increasing the radius by a factor of two, for instance, will increase

the corresponding 𝜏tot by just under that same factor. However, the slight

undershooting illustrates the minor effect of having a curved filament tip geometry (i.e.
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not perfectly rectangular). Thus, increasing the radius by greater factors would cause

the increase in 𝜏non,tot to approach that factor due to decreasing effects of the filament

tip geometry.

Conceptually, a thinner filament requires the addition of fewer particles, and

therefore less flux, to grow longer. This is because, in the case of a simple rectangular

filament geometry, the filament area is defined as the product of the filament length

and the width. Since the flux is dictated by the electric potential, which is the same in

all three conditions illustrated in Figure 5, the “area in” is also consistent between

conditions. Since the width (or radius) is also fixed, the length is the only dynamically

updating dimension. Therefore, for thinner filaments, the “area in” quantity has a

greater effect on length, causing the length to increase more rapidly for thinner

filaments. Equivalently, the larger the filament radius, the slower the filament will grow.

4.2 Current as a Function of Time

4.2.1 Determination of Governing Equation for Time-Dependent Current

Tabulated filament growth simulation results can additionally be used to extract

a relationship between electric current and time through nonlinear data fitting methods

in Mathematica. However, the relationship that describes current and time does not fit

into a typical nonlinear form, so a more manual manipulation of possible equation

parameters is needed to find a reasonable fit. As with the original simulations, the initial

filament length is assumed to be 0.1, and the radius is assumed to be 0.05. Assessing
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flux as a function of time is analogous to assessing current versus time in the

nondimensionalized case since flux describes the influx of cations, which is equivalent

to the current (“area in”). The relationship between electric current and time for this

case (with initial filament length of 0.1 and width of 0.05) has been found to be

described by Equation 12.

(12)

Constants in this nonlinear exponential equation were found to be a = -5.58367,

b = -3.48577·109, c = 14.6417, d = 0.00205608, e = 5.58367·108. Note that the d in this

case is just a constant equation parameter rather than equivalent to the spacing

between two nanowires. Equation 12 has an adjusted R2 value of 0.996492 and

parameter confidence intervals25 with a confidence level of 95% for a, b, c, d, and e,

respectively, as follows: (-5.58367  ·108, -5.58367·108), (-3.48577·109, -3.48577·109),

(14.6327,14.6508), (5.58367·108, 5.58367·108), and (0.00192471, 0.00218744). This

means that the true parameters for a, b, c, d, and e are 95% likely to lie within the

specified ranges. Equation 12 is plotted in Figure 6 along with the relevant data.

Because the nondimensionalized time step Δt = 0.0001 is so small, it may be difficult to

distinguish between the different data points. The thick, half-opacity blue curve

consists of these data points, and the thin, full-opacity blue curve that overlaps with it

is Equation 12.
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Figure 6: Fitted curve of nondimensionalized electric current versus time. The filament has an initial
length of 0.1 and a radius of 0.05. The thick, half-opacity blue curve is composed of
computationally-generated data points. The thin, full-opacity blue curve fits this data and is described by
Equation 12. Note the nonlinear exponential relationship.

Using either Equation 12 or the fitted curve in Figure 6 allows for the prediction

of electric current in the system as a function of time. This relationship appears to be

nonlinearly exponential, with parameters closely dependent on one another. Contrary to

their effects on total time (𝜏tot), the applied voltage (Vapp), ion mobility (μ0), and nanowire

spacing (d) are all directly related to the maximum ionic current (Imax,ionic) and electric

current (Imax,electric), meaning that doubling the applied voltage, selecting a material with

twice the ion mobility, and doubling the spacing between nanowires, for instance,

would each independently increase the maximum ionic current by a factor of two.
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4.2.2 Computational Validation Using Realistic System Parameters

As with the comparison between filament length and time, nondimensionalized

relationships extracted from the simulation should be validated numerically using

parameters that describe a realistic system. As with the prior computational validation,

a potential experimental configuration is employed as justification for the

nondimensionalized model which matches the configuration used previously.

The known quantities of d, μ0, and Vapp (50 nm, 3.178·10-11 m2/(V·s), and 1.2 V,

respectively) are plugged into Equation 12 to form Equation 13 and Equation 14

which can be used to calculate the final, maximum current, I = Imax. The quantity Imax is

reached when the filament is one time step away from spanning the distance, d,

separating the two nanowires. Equation 13 describes the ionic current, Iionic, in units of

ions/s and can be multiplied by the fundamental positive charge, e = 1.602·10-19C to

get to Equation 14. Equation 14 describes the electric current, Ielectric, in units of

amperes (A).

(13)

(14)

Constants in this nonlinear exponential Equation 13 were found to be a =

-5.58367·108, b = -1.29616·1097, c = 14.6417, d = 1967.5, e = 5.58367·108, and f =

956918 with the appropriate units to yield units of ions/s. Similarly, constants in
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Equation 14 were found to be a = -5.58367·108, b = -1.29616·1097 s-1/2, c = 1.46417, d

= 1967.5, e = 5.58367·108, and f = 1.53298·10-13 with the appropriate units to yield units

of Amperes. Equation 13 is plotted in Figure 7 below. As before, plugging x = d into

Equation 11, yields 𝜏tot = 2.7606·10-8 s , or approximately 33 ns, and seems reasonable

based on the literature.17 By plugging 𝜏tot = 2.7606·10-8 s into Equation 13 and

Equation 14, respectively, the maximum ionic current and maximum electric current

are determined to be Imax,ionic = 434.723 ions/s and Imax,electric = 6.96426·10-17A.

Figure 7: Predictive curve of ionic current versus time for potential experimental configuration. The
system consists of two Ag nanowires separated by d = 50 nm in an SiO2 medium such that μ0 =
3.178·10-11 m2/(V·s) and undergoes an applied voltage of Vapp = 1.2 V. The filament has an initial length of
5 nm (10% of d) and a radius of 2.5 nm (5% of d) as with the nondimensionalized case. This curve is
described by Equation 13. Note that this particular system matches the nondimensionalized case in
Figure 6.

As with the nondimensionalized case, several parameter relationships can be

evaluated. Plugging 𝜏tot = 2.7606·10-8 from previous calculations into Equation 13 and
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using Equation 6, the applied voltage (Vapp), ion mobility (μ0), and nanowire spacing (d)

in the potential experimental configuration are all confirmed to be inversely related to

the total time, 𝜏tot. Thus, doubling the applied voltage, selecting a material with twice

the ion mobility, and doubling the spacing between nanowires, were confirmed to each

independently increase the maximum ionic current and the maximum electric current

during filament growth by a factor of two from Imax,ionic = 434.723 ions/s to Imax,ionic =

869.446 ions/s and from Imax,ionic = 6.96426·10-17 A to Imax,ionic = 1.39285·10-17 A,

respectively. This confirms that the model presented in this work can be utilized in the

design of any such nanowire system to yield physically relevant predictions of current.

In lieu of reassessing the effect of changing initial filament dimensions on current, the

results of Figure 5 can be reasonably extended to represent the roughly linear inverse

dependence of the final maximum current on the filament radius.

5. CONCLUSIONS AND FUTURE DIRECTIONS

This work presents a versatile computational model and resulting governing

equations for predicting and understanding filament formation and growth behavior in

the presence of an applied electric potential. This analysis specifically focuses on

uncovering the relationships between both filament growth and time, and current and

time, from a small initial filament geometry until the time when the electric potential

source is reached. A nondimensionalization approach facilitates the development of a

widely-applicable model that is independent of fundamental system parameters. Thus,
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the resulting model can be tailored to represent any two-nanowire junction under any

applied voltage. This allows for the input of system-specific geometric parameters such

as filament width, initial filament length, and nanowire spacing, as well as

materials-specific parameters such as ion mobility (μ) and ion dimension during the

application of a voltage of interest.

This work shows promise for aiding in the design of physical, brain-like systems

for enhanced computing efficiency. Additionally, due to the vast customizability of the

simulation, this tool can be simply adapted for studying filament formation in distinct

application contexts that extend beyond computation. For instance, predicting filament

formation in both liquid-electrolyte and solid-state batteries, for instance, is of

particular relevance as filament growth remains batteries’ primary failure mode, causing

short circuits.29

To enhance the model's accuracy and reliability, it is imperative to reduce

simplifications and reassess underlying assumptions. For instance, considering

presently disregarded mechanisms such as ion diffusion, redox reactions, and

tunneling current as well as surface energy effects and the nonlinear relationship

between electric field and flux will elevate the model to become a more comprehensive

representation of the underlying dynamics. Further expansion of the scope could

include considering the filament growth and resulting current after the filament spans

the nanowire spacing as well as the effects of removing and re-initiating the applied

voltage such that volatile, and in the case of higher applied voltages, non-volatile,
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resistive switching could be observed. Additional consideration of the resistance of

silver (Ag) nanowire junction could assist in determining current behavior once the

filament spans the nanowire spacing. 31

Additionally, refining the model to include a filament geometry that more closely

resembles dendritic structures present in neuron growth can offer a deeper

understanding of the intricate growth mechanisms. Another interesting area of

exploration involves examining how changes in filament geometry, such as surface

curvature, impact the overall filament growth behavior.

Furthermore, this model can be expanded to represent multiple nanowire

junctions in the context of a nanowire network. Nanowire network and tunneling effects

in 3D systems can be computationally modeled and physically fabricated for

experimental validation.26,30 Figure 8 showcases a physically fabricated early-stage

nanowire network model that serves as a preliminary demonstration of the potential for

future expansion of this work.
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Figure 8: HR-TEM image of Ag nanowire network. To prepare the specimen, a silver (Ag)
nanowire solution (0.833 mg/ml of silver nanowire dispersed in ethyl alcohol) was twice spin-coated
on a copper grid at 1000 rpm for 30 s. The copper grid and nanowire network system was then
vacuum annealed at 80 deg C overnight. The HR-TEM analysis was conducted by Dr. Jin-Hoon Kim
using the Titan Themis Z G3 at MIT Nano. Scale bar: 5 µm.

These future endeavors will undoubtedly pave the way for enhanced insights

and advancements in the understanding and application of the proposed model.

Overall, this work serves as a fundamental first step towards predicting filament growth

behavior and the accompanying current profiles, enabling a methodical exploration of

diverse system dynamics.

38



REFERENCES

1. Herculano-Houzel S. The human brain in numbers: a linearly scaled-up primate
brain. Front Hum Neurosci. 2009;3. doi:10.3389/neuro.09.031.2009

2. Schuman CD, Kulkarni SR, Parsa M, Mitchell JP, Date P, Kay B. Opportunities for
neuromorphic computing algorithms and applications. Nat Comput Sci.
2022;2(1):10-19. doi:10.1038/s43588-021-00184-y

3. Bassett DS, Gazzaniga MS. Understanding complexity in the human brain. Trends
Cogn Sci. 2011;15(5):200-209. doi:10.1016/j.tics.2011.03.006

4. Hochstetter J, Zhu R, Loeffler A, Diaz-Alvarez A, Nakayama T, Kuncic Z. Avalanches
and edge-of-chaos learning in neuromorphic nanowire networks. Nat Commun.
2021;12(1):4008. doi:10.1038/s41467-021-24260-z

5. Ou W, Xiao S, Zhu C, Han W, Zhang Q. An overview of brain-like computing:
Architecture, applications, and future trends. Front Neurorobotics.
2022;16:1041108. doi:10.3389/fnbot.2022.1041108

6. Martins NRB, Angelica A, Chakravarthy K, et al. Human Brain/Cloud Interface. Front
Neurosci. 2019;13:112. doi:10.3389/fnins.2019.00112

7. Wang Z, Joshi S, Savel’ev SE, et al. Memristors with diffusive dynamics as synaptic
emulators for neuromorphic computing. Nat Mater. 2017;16(1):101-108.
doi:10.1038/nmat4756

8. Südhof TC. The cell biology of synapse formation. J Cell Biol.
2021;220(7):e202103052. doi:10.1083/jcb.202103052

9. Jabeen S, Thirumalai V. The interplay between electrical and chemical
synaptogenesis. J Neurophysiol. 2018;120(4):1914-1922.
doi:10.1152/jn.00398.2018

10. Schwierz F, Pezoldt J, Granzner R. Two-dimensional materials and their prospects
in transistor electronics. Nanoscale. 2015;7(18):8261-8283.
doi:10.1039/C5NR01052G

11. Stephan Menzel, Kaupmann P, Waser R. Understanding filamentary growth in
electrochemical metallization memory cells using kinetic Monte Carlo simulations.
Nanoscale. 2015;7(29):12673-12681. doi:10.1039/C5NR02258D

12. Loeffler A, Diaz-Alvarez A, Zhu R, et al. Neuromorphic learning, working memory,
and metaplasticity in nanowire networks. Sci Adv. 2023;9(16):eadg3289.
doi:10.1126/sciadv.adg3289

13. Wang W, Laudato M, Ambrosi E, et al. Volatile Resistive Switching Memory Based
on Ag Ion Drift/Diffusion Part I: Numerical Modeling. IEEE Trans Electron Devices.
2019;66(9):3795-3801. doi:10.1109/TED.2019.2928890

14. Wang W, Laudato M, Ambrosi E, et al. Volatile Resistive Switching Memory Based
on Ag Ion Drift/Diffusion—Part II: Compact Modeling. IEEE Trans Electron Devices.
2019;66(9):3802-3808. doi:10.1109/TED.2019.2928888

15. Zahoor F, Azni Zulkifli TZ, Khanday FA. Resistive Random Access Memory (RRAM):
an Overview of Materials, Switching Mechanism, Performance, Multilevel Cell (mlc)
Storage, Modeling, and Applications. Nanoscale Res Lett. 2020;15(1):90.

39

https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV


doi:10.1186/s11671-020-03299-9
16. Lv S, Wang H, Zhang J, Liu J, Sun L, Yu Z. An Analytical Model for the Forming

Process of Conductive-Bridge Resistive-Switching Random-Access Memory. IEEE
Trans Electron Devices. 2014;61(9):3166-3171. doi:10.1109/TED.2014.2341274

17. Menzel S, Tappertzhofen S, Waser R, Valov I. Switching kinetics of electrochemical
metallization memory cells. Phys Chem Chem Phys. 2013;15(18):6945.
doi:10.1039/c3cp50738f

18. Fu T, Liu X, Gao H, et al. Bioinspired bio-voltage memristors. Nat Commun.
2020;11(1):1861. doi:10.1038/s41467-020-15759-y

19. Safra JE. Avogadro’s Number. In: The New Encyclopaedia Britannica. 15th ed.
Encyclopaedia britannica; 2007.

20. Ellingson, Steven W. Electromagnetics. 1st ed. VT Publishing; 2018.
doi:10.21061/electromagnetics-vol-1

21. Hazewinkel M. Laplace equation. In: Encyclopaedia of Mathematics.
Springer-Verlag; 2002.

22. Walet NR. 3.2: Explicit Boundary Conditions. In: Partial Differential Equations. ;
2010. Accessed May 18, 2023.
https://oer.physics.manchester.ac.uk/PDEs/Notes/jsmath/Notes.html

23. Crawford M. 3.2: Diffusion-Controlled Reactions. In: Chem 322: Physical Chemistry
II. ; 2023.
https://chem.libretexts.org/Courses/Knox_College/Chem_322%3A_Physical_Chemi
sty_II

24. Yang H, Wu N. Ionic conductivity and ion transport mechanisms of solid‐state
lithium‐ion battery electrolytes: A review. Energy Sci Eng. 2022;10(5):1643-1671.
doi:10.1002/ese3.1163

25. Hazra A. Using the confidence interval confidently. J Thorac Dis.
2017;9(10):4124-4129. doi:10.21037/jtd.2017.09.14

26. Zhu Y, Chen J, Wan T, et al. Convertible Insulator–Conductor Transition in Silver
Nanowire Networks: Engineering the Nanowire Junctions. ACS Appl Electron
Mater. 2019;1(7):1275-1281. doi:10.1021/acsaelm.9b00218

27. Valov I, Waser R, Jameson JR, Kozicki MN. Electrochemical metallization
memories—fundamentals, applications, prospects. Nanotechnology.
2011;22(25):254003. doi:10.1088/0957-4484/22/25/254003

28. Lübben M, Menzel S, Park SG, Yang M, Waser R, Valov I. SET kinetics of
electrochemical metallization cells: influence of counter-electrodes in SiO 2 /Ag
based systems. Nanotechnology. 2017;28(13):135205.
doi:10.1088/1361-6528/aa5e59

29. Liu X, Garcia-Mendez R, Lupini AR, et al. Local electronic structure variation
resulting in Li ‘filament’ formation within solid electrolytes. Nat Mater.
2021;20(11):1485-1490. doi:10.1038/s41563-021-01019-x

30. Chopin C, De Wergifosse S, Marchal N, Van Velthem P, Piraux L, Abreu Araujo F.
Memristive and Tunneling Effects in 3D Interconnected Silver Nanowires. ACS

40

https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV


Omega. 2023;8(7):6663-6668. doi:10.1021/acsomega.2c07171
31. Selzer F, Floresca C, Kneppe D, et al. Electrical limit of silver nanowire electrodes:

Direct measurement of the nanowire junction resistance. Appl Phys Lett.
2016;108(16):163302. doi:10.1063/1.4947285

41

https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV
https://www.zotero.org/google-docs/?yUtqjV


M o d eli n g  S y n a p s e  F or m ati o n  a n d

Gr o wt h  a s  a  N o n- Bi ol o gi c al  A n al o g  t o

t h e Br ai n

T h e  u n d er gr a d u at e  t h e si s of  S ar a  V.  F er n a n d e z  a s  s u b mitt e d  t o t h e D e p art m e nt

of  M at eri al s  S ci e n c e  a n d  E n gi n e eri n g  at  t h e M a s s a c h u s ett s  I n stit ut e of

T e c h n ol o g y,  M a y  2 3,  2 0 2 3

B uil di n g  t h e M o d el’s  I niti al St at e

Fil a m e nt  G e o m etr y

P a c k a g e- L o a di n g

I n [ ] : = N e e d s [ " N D S o l v e ` F E M ` " ]

N e e d s [ " D i f f e r e n t i a l E q u a t i o n s ` N D S o l v e U t i l i t i e s ` " ] ;

N e e d s [ " D i f f e r e n t i a l E q u a t i o n s ` I n t e r p o l a t i n g F u n c t i o n A n a t o m y ` " ] ;

I n p utti n g I niti al G e o m etr y  V al u e s

I n [ ] : = n = 1 2 ; ( * n  i s  r e l a t e d  t o  t h e  d e g r e e  o f  m e s h  r e f i n e m e n t . * )

i n i t i a l F i l a m e n t L e n g t h = 0 . 1 ;

r a d i u s = 0 . 0 5 ; ( * T h i s  w a s  c h a n g e d  t o  i n c l u d e  0 . 0 2 5 ,  0 . 0 5 ,

a n d  0 . 0 7 5  t o  a s s e s s  t h e  e f f e c t  o f  c h a n g i n g  i n i t i a l  f i l a m e n t

d i m e n s i o n s  a n d  f o r  t h e  p r o d u c t i o n  o f  t h e  S u p p l e m e n t a r y  V i d e o s . * )

R a di u s

T hi s  e q u ati o n  i s u s e d  t o c o n str u ct  t h e q u art er- cir c ul ar  fil a m e nt ti p g e o m etr y.  S ol vi n g  f or t h e i niti al Fil a-

m e nt Ar e a E x pr e s si o n  all o w s  f or t h e r a di u s t o b e  u s e d  a s  a n  i n p ut.

Pri nt e d  b y  W olfr a m  M at h e m ati c a  St u d e nt  E diti o n

4 2

A P P E N DI X



i n i t i a l F i l a m e n t A r e a = i n i t i a l F i l a m e n t A r e a E x p r e s s i o n / .

 F l a t t e n  S o l v e  r a d i u s 
1

4 - π
2  i n i t i a l F i l a m e n t L e n g t h - 2

2  i n i t i a l F i l a m e n t L e n g t h 2 +
1

2
( - 8 + 2 π ) i n i t i a l F i l a m e n t A r e a E x p r e s s i o n ,

i n i t i a l F i l a m e n t A r e a E x p r e s s i o n    〚 1 〛

Fil a m e nt  Ti p  G e o m etr y

T hi s  f u n cti o n w a s  a d a pt e d  wit h  p er mi s si o n  fr o m a  si mil ar  f u n cti o n cr e at e d  b y  Dr.  W.  Cr ai g  C art er.

I n [ ] : = t i p C o o r d s [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : = B l o c k 

( * T h e  f o l l o w i n g  d e s c r i b e s  t h e  g e o m e t r y  o f  t h e  q u a r t e r - c i r c l e  t i p . * )

 r a d i u s =
1

4 - π
2  i n i t i a l F i l a m e n t L e n g t h -

2 2  i n i t i a l F i l a m e n t L e n g t h 2 +
1

2
( - 8 + 2 π ) i n i t i a l F i l a m e n t A r e a ,

f l a n k P o i n t s

 ,

( * T h e  f o l l o w i n g  d e s c r i b e s  t h e  g e o m e t r y  o f  t h e  p o i n t s  t h a t  f l a n k  t h e  q u a r t e r -

c i r c l e  t i p ( i . e .  t h e  h o r i z o n t a l l y - t r a n s l a t e d  p o i n t s ) . * )

I f [ i n i t i a l F i l a m e n t L e n g t h - 1 . 5  r a d i u s ≥ 0 ,

f l a n k P o i n t s = S q r t [ ( i n i t i a l F i l a m e n t L e n g t h - r a d i u s ) ]

S q r t [ R a n g e [ 0 ,  i n i t i a l F i l a m e n t L e n g t h - 1 . 5  r a d i u s ,

( i n i t i a l F i l a m e n t L e n g t h - 1 . 5  r a d i u s ) ]  / n ] ,  f l a n k P o i n t s =  { 0 } ] ;

J o i n  { # ,  r a d i u s } & / @ f l a n k P o i n t s ,

T h r e a d e d [ { i n i t i a l F i l a m e n t L e n g t h - r a d i u s ,  0 } ]  +

r a d i u s  A n g l e V e c t o r / @ R a n g e  P i / 2 ,  0 , -
P i

2  n
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O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = t i p C o o r d s V i s u a l i z a t i o n [

i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : = L i s t P l o t [

t i p C o o r d s [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,  P l o t R a n g e  F u l l ]

I n [ ] : = t i p C o o r d s V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;

0. 0 2 0. 0 4 0. 0 6 0. 0 8 0. 1 0

0. 0 1

0. 0 2

0. 0 3

0. 0 4

0. 0 5

M e s h  C o n str u cti o n
T h e  m e s h  c o n str u cti o n  f u n cti o n s w er e  a d a pt e d  wit h  p er mi s si o n  fr o m si mil ar  f u n cti o n cr e at e d  b y  Dr.  W.  

Cr ai g  C art er.
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B o u n d ar y  M e s h

I n [ ] : = m a k i n g B o u n d a r y M e s h [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

B l o c k [ { h e i g h t = 1 ,

f l a n k = t i p C o o r d s [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

c o o r d s ,

f l a n k P o i n t C o u n t ,

f l a n k P o i n t I n d i c e s ,

l i n e s ,

b o u n d a r y M a r k e r F u n c t i o n } ,

f l a n k P o i n t C o u n t = L e n g t h [ f l a n k ] ;

f l a n k P o i n t I n d i c e s = R a n g e [ f l a n k P o i n t C o u n t ] ;

( * T h i s  d r a w s  l i n e s  b e t w e e n  c o o r d i n a t e s  l o c a t e d  a r o u n d  a  1 x 1  s q u a r e  t o  c r e a t e

a n  o u t l i n e  s u c h  t h a t  t h e  f i l a m e n t  g e o m e t r y  i s  s h o w n  u s i n g  n e g a t i v e  s p a c e . * )

c o o r d s = J o i n [ f l a n k , { { 1 ,  0 } , { 1 ,  1 } , { 0 ,  1 } } ] ;

l i n e s =

J o i n [ M o s t [ T r a n s p o s e [ { f l a n k P o i n t I n d i c e s ,  R o t a t e L e f t [ f l a n k P o i n t I n d i c e s ] } ] ] ,

{ { f l a n k P o i n t C o u n t ,  f l a n k P o i n t C o u n t + 1 } ,

{ f l a n k P o i n t C o u n t + 1 ,  f l a n k P o i n t C o u n t + 2 } ,

{ f l a n k P o i n t C o u n t + 2 ,  f l a n k P o i n t C o u n t + 3 } ,

{ f l a n k P o i n t C o u n t + 3 ,  1 }

} ] ;

( * T h i s  c r e a t e s  a  m e s h  o f  t h e  o u t l i n e . * )

T o B o u n d a r y M e s h [ " C o o r d i n a t e s "  c o o r d s ,

" B o u n d a r y E l e m e n t s "  { L i n e E l e m e n t [ l i n e s

,  J o i n [ C o n s t a n t A r r a y [ 1 ,  f l a n k P o i n t C o u n t - 1 ] , { 2 ,  3 ,  4 ,  5 } ] ] } ,

" P o i n t E l e m e n t s " 

{ P o i n t E l e m e n t [ L i s t / @ R a n g e [ L e n g t h [ c o o r d s ] ] ,  R a n g e [ L e n g t h [ c o o r d s ] ] ] }

]

]

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = b o u n d a r y M e s h V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : = S h o w [

m a k i n g B o u n d a r y M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ " W i r e f r a m e " ] ]

I n [ ] : = b o u n d a r y M e s h V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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Ar e a  M e s h

I n [ ] : = b o u n d a r y M e s h [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

m a k i n g B o u n d a r y M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]
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I n [ ] : = m a k i n g A r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

W i t h   b o u n d a r y M e s h =

m a k i n g B o u n d a r y M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

r a d i u s =
1

4 - π
2  i n i t i a l F i l a m e n t L e n g t h -

2 2  i n i t i a l F i l a m e n t L e n g t h 2 +
1

2
( - 8 + 2 π ) i n i t i a l F i l a m e n t A r e a

 ,

 " B o u n d a r y "  b o u n d a r y M e s h ,

" A r e a "  T o E l e m e n t M e s h [ b o u n d a r y M e s h

,  M e s h R e f i n e m e n t F u n c t i o n 

F u n c t i o n [ { v e r t i c e s ,  a r e a } ,  B l o c k [ { x M ,  y M } , { x M ,  y M }  = M e a n [ v e r t i c e s ] ;

I f [ S q r t [ ( y M  ^  2 +  ( x M - i n i t i a l F i l a m e n t L e n g t h ) ^  2 ) ]  < . 1 | |

( 0 < x M < i n i t i a l F i l a m e n t L e n g t h  & &  0 < y M < r a d i u s ) ,

a r e a > 0 . 0 0 0 0 0 1 ,  a r e a > 0 . 0 0 0 1 ]

]

]

]





I n [ ] : = a r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

m a k i n g A r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ " A r e a " ]

I n [ ] : = m e s h [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

m e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  = T o E l e m e n t M e s h [ b o u n d a r y M e s h [

i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,  M e s h R e f i n e m e n t F u n c t i o n 

F u n c t i o n [ { v e r t i c e s ,  a r e a } ,  B l o c k [ { x M ,  y M } , { x M ,  y M }  = M e a n [ v e r t i c e s ] ;

I f [  ( A b s [ y M ]  < . 1 ) ,  a r e a > 0 . 0 0 0 1 ,  a r e a > 0 . 0 0 0 5 ]

]

] ]

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = m e s h V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

S h o w [ m e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ " W i r e f r a m e " ] ] ;

I n [ ] : = m e s h V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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El e ctri c  P ot e nti al

M a g nit u d e  a n d  P o siti o n

T h e  n u m b er s  a s s o ci at e d  wit h  t h e Diri c hl et C o n diti o n  f u n cti o n s i n di c at e t h e m a g nit u d e  of  t h e a p pli e d  

v olt a g e,  or  el e ctri c  p ot e nti al.  T h e  n u m b er s  a s s o ci at e d  wit h  t h e El e m e nt M ar k er  f u n cti o n s i n di c at e t h e 

p o siti o n  of  t h e a p pli e d  v olt a g e  w h er e  1  i s t h e c ur v e d  fil a m e nt ti p, 2  i s t h e r e m ai ni n g h ori z o nt al  li n e t h at 

e xt e n d s  ri g ht w ar d fr o m t h e fil a m e nt ti p, 3  i s t h e ri g ht m o st v erti c al  li n e, 4  i s t h e h ori z o nt al  li n e at  t h e 

t o p t h at c o n n e ct s  1  a n d  5,  a n d  5  i s t h e l eft m o st  v erti c al  li n e. 

I n [ ] : = e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  =

N D S o l v e V a l u e [

{

L a p l a c i a n [ p h i [ x ,  y ] , { x ,  y } ] 

N e u m a n n V a l u e [ 0 ,  E l e m e n t M a r k e r  2 ]  +

N e u m a n n V a l u e [ 0 ,  E l e m e n t M a r k e r  4 ] ,

D i r i c h l e t C o n d i t i o n [ p h i [ x ,  y ]  1 .  ,  E l e m e n t M a r k e r  3 ] ,

D i r i c h l e t C o n d i t i o n [ p h i [ x ,  y ]  0 . ,  E l e m e n t M a r k e r  1 ] ,

D i r i c h l e t C o n d i t i o n [ p h i [ x ,  y ]  0 . ,  E l e m e n t M a r k e r  5 ]

}

,  p h i , { x ,  y } ∈ a r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ]
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O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  =

M o d u l e [ { l o c a l P h i S o l = e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h ,

i n i t i a l F i l a m e n t A r e a ,  n ] } ,  C o n t o u r P l o t [ l o c a l P h i S o l [ x ,  y ] ,

{ x ,  y } ∈ a r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

C o l o r F u n c t i o n  ( C o l o r D a t a [ " T e m p e r a t u r e M a p " ] [ # ] & ) ,  C o n t o u r s  4 0 ,  P l o t L e g e n d s 

B a r L e g e n d [ A u t o m a t i c ,  L e g e n d L a b e l  " Φ / V " ] ,  F r a m e L a b e l  { " x / d " ,  " y / d " } ] ]

I n [ ] : = e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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N ot e  t h at t h er e i s a  mi n or  i s s u e wit h  u si n g  M at h e m ati c a’s  i nt er p ol ati o n f u n cti o n o n  m e s h e s,  r e s ulti n g 

i n u n e x p e ct e d  b e h a vi or  at  c ert ai n  p o siti o n s.  T h e  r e gi o n dir e ctl y  s urr o u n di n g  ( 0. 0 5, 0. 0 5)  s h o w s  t hi s 

b e h a vi or.  H o w e v er,  t hi s i s s u e i s c urr e ntl y  b ei n g  p at c h e d  i n M at h e m ati c a  a n d  h a s  n o  m e a s ur a bl e  e ff e ct  

o n  t hi s m o d el.

S y st e m  I m a g e

T h e  vi s u ali z ati o n  of  t h e el e ctri c  p ot e nti al  c a n  b e  u s e d  t o cr e at e  a n  i m a g e of  t h e e ntir e  m o d el e d  s y st e m  

b y  fli p pi n g t h e i m a g e of  t h e h alf  fil a m e nt o v er  it s a xi s  of  s y m m etr y.
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I n [ ] : = t o p H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

t o p H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  =

M o d u l e [ { l o c a l P h i S o l = e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h ,

i n i t i a l F i l a m e n t A r e a ,  n ] } ,  C o n t o u r P l o t [ l o c a l P h i S o l [ x ,  y ] ,

{ x ,  y } ∈ a r e a M e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

C o l o r F u n c t i o n  " T e m p e r a t u r e M a p " ,  C o n t o u r s  4 0 ,

F r a m e  F a l s e ,  P l o t R a n g e  { { 0 ,  1 } , { 0 ,  0 . 5 } } ] ]

I n [ ] : = b o t t o m H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

b o t t o m H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  =

I m a g e R e f l e c t [ t o p H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ]

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = s y s t e m I m a g e V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

s y s t e m I m a g e V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,

i n i t i a l F i l a m e n t A r e a ,  n ]  = I m a g e A s s e m b l e [

{ { t o p H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] } ,

{ b o t t o m H a l f S y s t e m I m a g e [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] } } ,

I m a g e S i z e  M e d i u m ]

I n [ ] : = s y s t e m I m a g e V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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El e ctri c  Fi el d  a n d  Fl u x

El e ctri c  Fi el d  C o m p o n e nt s

T a ki n g  t h e d eri v ati v e  of  t h e x  a n d  y  c o m p o n e nt s  of  t h e el e ctri c  p ot e nti al  yi el d s  t h e el e ctri c  fi el d.

I n [ ] : = d e x [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

d e x [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  = D e r i v a t i v e [ 1 ,  0 ] [

e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ]

d e y [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

d e y [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  = D e r i v a t i v e [ 0 ,  1 ] [

e l e c t r i c P o t e n t i a l [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ]

I n [ ] : = e l e c t r i c F i e l d [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

e l e c t r i c F i e l d [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  =

F u n c t i o n [ { x ,  y } , { d e x [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ x ,  y ] ,

d e y [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ x ,  y ] }

]

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

I n [ ] : = e l e c t r i c F i e l d V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : =

e l e c t r i c F i e l d V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ]  =

V e c t o r P l o t [ e l e c t r i c F i e l d [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ x ,  y ] ,

{ x ,  y } ∈ m e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

V e c t o r P o i n t s  1 0 ,  P l o t R a n g e  { { 0 ,  1 } , { 0 ,  1 } } ,

P l o t R a n g e P a d d i n g  N o n e ,  F r a m e L a b e l  { " x / d " ,  " y / d " } ,

L a b e l S t y l e  D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,

V e c t o r C o l o r F u n c t i o n  ( B l a c k  & ) ,  V e c t o r S c a l i n g  N o n e ,

V e c t o r R a n g e  A l l ,  R e g i o n F i l l i n g S t y l e  N o n e ]

I n [ ] : = e l e c t r i c F i e l d V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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H er e  t h e el e ctri c  p ot e nti al  a n d  fi el d vi s u ali z ati o n  ar e  o v erl ai d.

I n [ ] : = e l e c t r i c P o t e n t i a l A n d F i e l d V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,

i n i t i a l F i l a m e n t A r e a _ ,  n _ ] : = e l e c t r i c P o t e n t i a l A n d F i e l d V i s u a l i z a t i o n [

i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ]  = S h o w [

e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

e l e c t r i c F i e l d V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ]

I n [ ] : = e l e c t r i c P o t e n t i a l A n d F i e l d V i s u a l i z a t i o n [

i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ;
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Fl u x

I n [ ] : = m o b i l i t y = 1 ;

T h e  fl u x i s c o n si d er e d  t o b e  e q u al  t o a  c o n st a nt  m o bilit y  m ulti pli e d  b y  t h e el e ctri c  fi el d.  M o bilit y  i s 

tr e at e d a s  c o n st a nt  i n t hi s c a s e  d u e  t o s e v er al  si m plif yi n g  a s s u m pti o n s.  T h e  n e g ati v e  si g n  t h at i s t y pi-

c all y  i n cl u d e d i n t hi s e q u ati o n  i s n e gl e ct e d  i n or d er  t o si m plif y  c o m p ut ati o n  si n c e  t h e  o n e- di m e n si o n al  

dir e cti o n  of  fil a m e nt gr o wt h  i s k n o w n.  

I n [ ] : = f l u x [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ,  m o b i l i t y _ ] [ x _ ,  y _ ] : =

f l u x [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] [ x ,  y ]  =

m o b i l i t y * e l e c t r i c F i e l d [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] [ x ,  y ]

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

Si n c e  t h e fl u x i s c o n si d er e d  t o b e  r el at e d t o t h e el e ctri c  fi el d b y  a  p o siti v e  c o n st a nt  1,  t h e el e ctri c  fi el d 

a n d  fl u x vi s u ali z ati o n s  ar e  i d e nti c al f or t h e n o n di m e n si o n ali z e d  c a s e,  b ut  b ot h  vi s u ali z ati o n  t y p e s ar e  

s h o w n  f or c o m pl et e n e s s.  H o w e v er,  s wit c hi n g  t h e si g n  fr o m p o siti v e  t o n e g ati v e  i n t h e fl u x e q u ati o n  c a n  

b e  d o n e  wit h  e a s e.
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I n [ ] : = f l u x V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ,  m o b i l i t y _ ] : =

f l u x V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ]  =

V e c t o r P l o t [ f l u x [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] [ x ,  y ] ,

{ x ,  y } ∈ m e s h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

V e c t o r P o i n t s  1 0 ,  P l o t R a n g e  { { 0 ,  1 } , { 0 ,  1 } } ,

P l o t R a n g e P a d d i n g  N o n e ,  F r a m e L a b e l  { " x / d " ,  " y / d " } ,

L a b e l S t y l e  D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,

V e c t o r C o l o r F u n c t i o n  ( B l a c k  & ) ,  V e c t o r S c a l i n g  N o n e ,

V e c t o r R a n g e  A l l ,  R e g i o n F i l l i n g S t y l e  N o n e ]

I n [ ] : = f l u x V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] ;
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I n [ ] : = e l e c t r i c P o t e n t i a l A n d F l u x V i s u a l i z a t i o n [

i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ,  m o b i l i t y _ ] : =

e l e c t r i c P o t e n t i a l A n d F l u x V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,

i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ]  = S h o w [

e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ] ,

f l u x V i s u a l i z a t i o n [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] ]

I n [ ] : = e l e c t r i c P o t e n t i a l A n d F l u x V i s u a l i z a t i o n [

i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] ;
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Cr e ati n g  a  D y n a mi c,  It er ati v e Si m ul ati o n

Ti m e  I n cr e m e nt ati o n

I n [ ] : = Δ t = 0 . 0 0 0 1 ; ( * A  v e r y  s m a l l  t i m e  s t e p  i s  u s e d  t o  g e n e r a t e  d a t a

p o i n t s  t h a t  v e r y  c l o s e l y  m a p  o n t o  a  c u r v e .  N o t e  t h a t  h e  v a l u e

o f Δ t  w a s  c h a n g e d  f r o m  0 . 0 0 0 1  t o  0 . 0 0 1  f o r  t h e  p r o d u c t i o n  o f  t h e

S u p p l e m e n t a r y  V i d e o s  t o  r e d u c e  f i l e  s i z e  a n d  i n c r e a s e  e x p o r t i n g  s p e e d . * )

Ar e a  St e p
Wit h  e a c h  ti m e i n cr e m e nt, t h er e will  b e  a  c h a n g e  i n fl u x a s  w ell  a s  a  s u b s e q u e nt  c h a n g e  i n fil a m e nt 

l e n gt h. T h e  c h a n g e s  i n fl u x o v er  ti m e c a n  b e  c al c ul at e d  b y  i nt e gr ati n g t h e fl u x wit hi n  a  cir cl e  t h at 

e n c o m p a s s e s  t h e e ntir e  fil a m e nt a n d  it s s urr o u n di n g  el e ctr ol yt e  at  di s cr et e  ti m e s s e p ar at e d  b y  a  s m all  

ti m e st e p  of  Δ t. 

I n [ ] : = a r e a I n W i t h i n Δ t [ i n i t i a l F i l a m e n t L e n g t h _ ,  i n i t i a l F i l a m e n t A r e a _ ,  n _ ,  m o b i l i t y _ , Δ t _ ] : =

a r e a I n W i t h i n Δ t [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y , Δ t ]  =

N I n t e g r a t e [ f l u x [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y ] [

C o s [ θ ] ,  S i n [ θ ] ] . { C o s [ θ ] ,  S i n [ θ ] } , { θ ,  0 ,  P i / 2 } ] Δ t

T h e  “ ar e a  i n ” c a n  b e  tr e at e d a s  e q ui v al e nt  t o t h e fl u x ti m e s t h e n o n di m e n si o n ali z e d  ar e a  of  t h e at o m  of  

i nt er e st. N ot e  t h at t hi s di sr e g ar d s  t h e e ff e ct s  of  l atti c e p a c ki n g  a n d  d e n sit y  o n  fil a m e nt ar e a.  T h e  
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n o n di m e n si o n ali z e d  ar e a  of  t h e at o m  of  i nt er e st c a n  b e  a p pr o xi m at e d  t o e q u al  t h e fl u x si n c e  all  at o mi c  

r a dii, r a t o m , ar e  s e v er al  or d er s  of  m a g nit u d e  s m all er  t h a n t h e n o n di m e n si o n ali z e d  di st a n c e,  d,  t h at 

s e p ar at e s  t h e t w o n a n o wir e s  s u c h  t h at 1 ~
π r a t o m

2

d 2
. T hi s  a p pr o xi m ati o n  i s u s e d  f or t hi s m o d el.

L e n gt h  St e p
T h e  t ot al fil a m e nt l e n gt h e q u al s  t h e i niti al Fil a m e nt L e n gt h +  t h e c h a n g e  i n fil a m e nt l e n gt h. T h e  c h a n g e  

i n fil a m e nt l e n gt h e q u al s  t h e ar e aI n Wit hi n Δ t, di vi d e d  b y  t h e fil a m e nt wi dt h  (r a di u s i n t hi s c a s e).  T hi s  i s 

e q ui v al e nt  t o t h e c al c ul ati o n  of  t h e l e n gt h of  a  r e ct a n gl e.

I n [ ] : = l i v e F i l a m e n t L e n g t h [ i n i t i a l F i l a m e n t L e n g t h _ ,

i n i t i a l F i l a m e n t A r e a _ ,  n _ ,  m o b i l i t y _ , Δ t _ ] : =

l i v e F i l a m e n t L e n g t h [ i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y , Δ t ]  =

i n i t i a l F i l a m e n t L e n g t h +

( a r e a I n W i t h i n Δ t [ i n i t i a l F i l a m e n t L e n g t h ,

i n i t i a l F i l a m e n t A r e a ,  n ,  m o b i l i t y , Δ t ]  /  ( r a d i u s ) )
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D y n a mi c  C al c ul ati o n  of  Fl u x  a n d  Fil a m e nt  L e n gt h

It er ati v e Fil a m e nt  Gr o wt h

I n [ ] : = f i l a m e n t G r o w t h R e s u l t s T a b l e =

{ { " t i m e " ,  " f i l a m e n t  l e n g t h " ,  " f i l a m e n t  a r e a " ,  " a r e a  i n " } ,

{ 0 ,  i n i t i a l F i l a m e n t L e n g t h ,  i n i t i a l F i l a m e n t A r e a ,  0 } } ;

( * I n i t i a l  c o n d i t i o n s  t h a t  c o u l d  b e  u s e d  a s  i n p u t s  i f  d e s i r e d . * )

Q u i e t @ M o d u l e [ { a r e a S t e p = 0 ,  t e m p A r e a = i n i t i a l F i l a m e n t A r e a ,

f i l a m e n t L e n g t h = i n i t i a l F i l a m e n t L e n g t h ,  t i m e = 0 , Δ t = 0 . 0 0 0 1 } ,

( * T h e  f i l a m e n t  g r o w s  u n t i l  d i s t a n c e ,

d ,  b e t w e e n  n a n o w i r e s  i s  r e a c h e d  o r  s u r p a s s e d . * )

W h i l e [ f i l a m e n t L e n g t h < 1 ,

a r e a S t e p = a r e a I n W i t h i n Δ t [ f i l a m e n t L e n g t h ,  t e m p A r e a ,  n ,  m o b i l i t y , Δ t ] ;

t e m p A r e a = t e m p A r e a + a r e a S t e p ;

f i l a m e n t L e n g t h = l i v e F i l a m e n t L e n g t h [ f i l a m e n t L e n g t h ,  a r e a S t e p ,  n ,  m o b i l i t y , Δ t ] ;

t i m e = t i m e + Δ t ;

( * T h e  r e s u l t s  a r e  t a b u l a t e d

a c c o r d i n g  t o  t h e  h e a d e r s  o f  f i l a m e n t G r o w t h R e s u l t s T a b l e . * )

A p p e n d T o [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,

{ t i m e ,  f i l a m e n t L e n g t h ,  t e m p A r e a ,  a r e a S t e p } ] ] ]

T hi s  t o o k a b o ut  1 0  mi n ut e s  t o r u n.

E x a m pl e  O ut p ut:  T a bl e

I n [ ] : = f i l a m e n t G r o w t h R e s u l t s T a b l e / / T a b l e F o r m ;

" t i m e "  " f i l a m e n t  l e n g t h "  " f i l a m e n t  a r e a "  " a r e a  i n "

0 0 . 1 0 . 0 0 8 9 2 6 9 9 0

0 . 0 0 0 1  0 . 1 0 2 0 2 1 0 . 0 0 9 0 2 8 5 8 0 . 0 0 0 1 0 1 5 8 6

0 . 0 0 0 2  0 . 1 0 4 0 4 2 0 . 0 0 9 1 3 0 1 8 0 . 0 0 0 1 0 1 6 0 8

0 . 0 0 0 3  0 . 1 0 6 0 6 5 0 . 0 0 9 2 3 1 6 6 0 . 0 0 0 1 0 1 4 7 5

0 . 0 0 0 4  0 . 1 0 8 0 8 8 0 . 0 0 9 3 3 3 2 8 0 . 0 0 0 1 0 1 6 1 6

0 . 0 0 0 5  0 . 1 1 0 1 0 9 0 . 0 0 9 4 3 5 0 . 0 0 0 1 0 1 7 2 4

0 . 0 0 0 6  0 . 1 1 2 1 3 4 0 . 0 0 9 5 3 6 7 8 0 . 0 0 0 1 0 1 7 8

0 . 0 0 0 7  0 . 1 1 4 1 5 8 0 . 0 0 9 6 3 8 6 1 0 . 0 0 0 1 0 1 8 2 7

0 . 0 0 0 8  0 . 1 1 6 1 8 4 0 . 0 0 9 7 4 0 4 7 0 . 0 0 0 1 0 1 8 6 8

0 . 0 0 0 9  0 . 1 1 8 2 0 8 0 . 0 0 9 8 4 2 3 7 0 . 0 0 0 1 0 1 8 9 8

0 . 0 0 1  0 . 1 2 0 2 3 6 0 . 0 0 9 9 4 4 3 5 0 . 0 0 0 1 0 1 9 7 6

0 . 0 0 1 1  0 . 1 2 2 2 6 3 0 . 0 1 0 0 4 6 4 0 . 0 0 0 1 0 2 0 4 8

0 . 0 0 1 2  0 . 1 2 4 2 9 2 0 . 0 1 0 1 4 8 5 0 . 0 0 0 1 0 2 1 2 7
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0 . 0 0 1 3  0 . 1 2 6 3 1 8 0 . 0 1 0 2 5 0 6 0 . 0 0 0 1 0 2 0 6

0 . 0 0 1 4  0 . 1 2 8 3 5 0 . 0 1 0 3 5 2 8 0 . 0 0 0 1 0 2 1 7 8

0 . 0 0 1 5  0 . 1 3 0 3 8 1 0 . 0 1 0 4 5 4 9 0 . 0 0 0 1 0 2 1 8 6

0 . 0 0 1 6  0 . 1 3 2 4 1 4 0 . 0 1 0 5 5 7 0 . 0 0 0 1 0 2 1 0 1

0 . 0 0 1 7  0 . 1 3 4 4 4 7 0 . 0 1 0 6 5 9 4 0 . 0 0 0 1 0 2 3 5 4

0 . 0 0 1 8  0 . 1 3 6 4 8 1 0 . 0 1 0 7 6 1 8 0 . 0 0 0 1 0 2 3 7 4

0 . 0 0 1 9  0 . 1 3 8 5 1 5 0 . 0 1 0 8 6 4 2 0 . 0 0 0 1 0 2 4 0 5

0 . 0 0 2  0 . 1 4 0 5 5 1 0 . 0 1 0 9 6 6 7 0 . 0 0 0 1 0 2 4 7 1

0 . 0 0 2 1  0 . 1 4 2 5 8 8 0 . 0 1 1 0 6 9 1 0 . 0 0 0 1 0 2 3 9 9

0 . 0 0 2 2  0 . 1 4 4 6 2 6 0 . 0 1 1 1 7 1 5 0 . 0 0 0 1 0 2 4 3

0 . 0 0 2 3  0 . 1 4 6 6 6 3 0 . 0 1 1 2 7 4 1 0 . 0 0 0 1 0 2 6 5 3

0 . 0 0 2 4  0 . 1 4 8 7 0 4 0 . 0 1 1 3 7 6 8 0 . 0 0 0 1 0 2 7 0 6

0 . 0 0 2 5  0 . 1 5 0 7 4 4 0 . 0 1 1 4 7 9 5 0 . 0 0 0 1 0 2 6 1 4

0 . 0 0 2 6  0 . 1 5 2 7 8 2 0 . 0 1 1 5 8 2 3 0 . 0 0 0 1 0 2 8 7 8

0 . 0 0 2 7  0 . 1 5 4 8 2 4 0 . 0 1 1 6 8 5 1 0 . 0 0 0 1 0 2 7 3 4

0 . 0 0 2 8  0 . 1 5 6 8 6 4 0 . 0 1 1 7 8 8 0 . 0 0 0 1 0 2 9 7 3

0 . 0 0 2 9  0 . 1 5 8 9 0 8 0 . 0 1 1 8 9 1 0 . 0 0 0 1 0 2 9 8 9

0 . 0 0 3  0 . 1 6 0 9 5 0 . 0 1 1 9 9 3 9 0 . 0 0 0 1 0 2 8 9 7

0 . 0 0 3 1  0 . 1 6 2 9 9 6 0 . 0 1 2 0 9 7 1 0 . 0 0 0 1 0 3 1 8 1

0 . 0 0 3 2  0 . 1 6 5 0 4 5 0 . 0 1 2 2 0 0 2 0 . 0 0 0 1 0 3 1 3 7

0 . 0 0 3 3  0 . 1 6 7 0 9 2 0 . 0 1 2 3 0 3 5 0 . 0 0 0 1 0 3 2 2 8

0 . 0 0 3 4  0 . 1 6 9 1 3 8 0 . 0 1 2 4 0 6 7 0 . 0 0 0 1 0 3 2 0 9

0 . 0 0 3 5  0 . 1 7 1 1 8 4 0 . 0 1 2 5 1 0 . 0 0 0 1 0 3 3 5 2

0 . 0 0 3 6  0 . 1 7 3 2 3 5 0 . 0 1 2 6 1 3 5 0 . 0 0 0 1 0 3 4 6

0 . 0 0 3 7  0 . 1 7 5 2 8 9 0 . 0 1 2 7 1 7 0 . 0 0 0 1 0 3 5 0 2

0 . 0 0 3 8  0 . 1 7 7 3 4 3 0 . 0 1 2 8 2 0 5 0 . 0 0 0 1 0 3 5 5

0 . 0 0 3 9  0 . 1 7 9 3 9 9 0 . 0 1 2 9 2 4 2 0 . 0 0 0 1 0 3 6 0 8

0 . 0 0 4  0 . 1 8 1 4 5 6 0 . 0 1 3 0 2 7 8 0 . 0 0 0 1 0 3 6 2 2

0 . 0 0 4 1  0 . 1 8 3 5 1 2 0 . 0 1 3 1 3 1 5 0 . 0 0 0 1 0 3 7 3 7

0 . 0 0 4 2  0 . 1 8 5 5 7 1 0 . 0 1 3 2 3 5 4 0 . 0 0 0 1 0 3 8 4 1

0 . 0 0 4 3  0 . 1 8 7 6 3 0 . 0 1 3 3 3 9 3 0 . 0 0 0 1 0 3 9 1 8

0 . 0 0 4 4  0 . 1 8 9 6 8 9 0 . 0 1 3 4 4 3 3 0 . 0 0 0 1 0 3 9 9 2

0 . 0 0 4 5  0 . 1 9 1 7 5 2 0 . 0 1 3 5 4 7 3 0 . 0 0 0 1 0 4 0 5 8

0 . 0 0 4 6  0 . 1 9 3 8 1 6 0 . 0 1 3 6 5 1 5 0 . 0 0 0 1 0 4 1 5 2

0 . 0 0 4 7  0 . 1 9 5 8 8 1 0 . 0 1 3 7 5 5 7 0 . 0 0 0 1 0 4 1 8 7

0 . 0 0 4 8  0 . 1 9 7 9 4 5 0 . 0 1 3 8 5 9 9 0 . 0 0 0 1 0 4 2 5 5

0 . 0 0 4 9  0 . 2 0 0 0 1 3 0 . 0 1 3 9 6 4 2 0 . 0 0 0 1 0 4 3 0 6

0 . 0 0 5  0 . 2 0 2 0 8 2 0 . 0 1 4 0 6 8 7 0 . 0 0 0 1 0 4 4 8 4

0 . 0 0 5 1  0 . 2 0 4 1 5 3 0 . 0 1 4 1 7 3 2 0 . 0 0 0 1 0 4 5 2 7

0 . 0 0 5 2  0 . 2 0 6 2 2 5 0 . 0 1 4 2 7 7 9 0 . 0 0 0 1 0 4 6 5 9

0 . 0 0 5 3  0 . 2 0 8 2 9 8 0 . 0 1 4 3 8 2 6 0 . 0 0 0 1 0 4 7 0 1

0 . 0 0 5 4  0 . 2 1 0 3 7 3 0 . 0 1 4 4 8 7 2 0 . 0 0 0 1 0 4 6 2 3

0 . 0 0 5 5  0 . 2 1 2 4 4 8 0 . 0 1 4 5 9 2 1 0 . 0 0 0 1 0 4 8 5 8

0 . 0 0 5 6  0 . 2 1 4 5 2 6 0 . 0 1 4 6 9 7 0 . 0 0 0 1 0 4 9 6 8

0 . 0 0 5 7  0 . 2 1 6 6 0 3 0 . 0 1 4 8 0 2 1 0 . 0 0 0 1 0 5 0 1 7

0 . 0 0 5 8 0 . 2 1 8 6 8 0 . 0 1 4 9 0 7 2 0 . 0 0 0 1 0 5 1 2 6
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0 . 0 0 5 8 0 . 2 1 8 6 8 0 . 0 1 4 9 0 7 2 0 . 0 0 0 1 0 5 1 2 6

0 . 0 0 5 9  0 . 2 2 0 7 5 8 0 . 0 1 5 0 1 2 4 0 . 0 0 0 1 0 5 2 1 3

0 . 0 0 6  0 . 2 2 2 8 4 2 0 . 0 1 5 1 1 7 7 0 . 0 0 0 1 0 5 3 0 4

0 . 0 0 6 1  0 . 2 2 4 9 2 7 0 . 0 1 5 2 2 3 1 0 . 0 0 0 1 0 5 4 0 8

0 . 0 0 6 2  0 . 2 2 7 0 1 5 0 . 0 1 5 3 2 8 6 0 . 0 0 0 1 0 5 4 4 5

0 . 0 0 6 3  0 . 2 2 9 1 0 5 0 . 0 1 5 4 3 3 9 0 . 0 0 0 1 0 5 3 6 1

0 . 0 0 6 4  0 . 2 3 1 1 9 6 0 . 0 1 5 5 3 9 6 0 . 0 0 0 1 0 5 6 4 1

0 . 0 0 6 5  0 . 2 3 3 2 8 5 0 . 0 1 5 6 4 5 3 0 . 0 0 0 1 0 5 7 4 7

0 . 0 0 6 6  0 . 2 3 5 3 7 8 0 . 0 1 5 7 5 1 1 0 . 0 0 0 1 0 5 7 9

0 . 0 0 6 7  0 . 2 3 7 4 7 1 0 . 0 1 5 8 5 6 8 0 . 0 0 0 1 0 5 7 2 7

0 . 0 0 6 8  0 . 2 3 9 5 6 7 0 . 0 1 5 9 6 2 8 0 . 0 0 0 1 0 5 9 7 1

0 . 0 0 6 9  0 . 2 4 1 6 6 4 0 . 0 1 6 0 6 8 9 0 . 0 0 0 1 0 6 1 0 2

0 . 0 0 7  0 . 2 4 3 7 6 2 0 . 0 1 6 1 7 5 2 0 . 0 0 0 1 0 6 2 6 3

0 . 0 0 7 1  0 . 2 4 5 8 6 3 0 . 0 1 6 2 8 1 6 0 . 0 0 0 1 0 6 4 0 1

0 . 0 0 7 2  0 . 2 4 7 9 6 6 0 . 0 1 6 3 8 8 0 . 0 0 0 1 0 6 3 9 7

0 . 0 0 7 3  0 . 2 5 0 0 7 0 . 0 1 6 4 9 4 6 0 . 0 0 0 1 0 6 6 0 7

0 . 0 0 7 4  0 . 2 5 2 1 7 7 0 . 0 1 6 6 0 1 2 0 . 0 0 0 1 0 6 5 8 9

0 . 0 0 7 5  0 . 2 5 4 2 8 5 0 . 0 1 6 7 0 7 9 0 . 0 0 0 1 0 6 7 1 3

0 . 0 0 7 6  0 . 2 5 6 3 9 5 0 . 0 1 6 8 1 4 7 0 . 0 0 0 1 0 6 8 2 5

0 . 0 0 7 7  0 . 2 5 8 5 0 7 0 . 0 1 6 9 2 1 5 0 . 0 0 0 1 0 6 8 6

0 . 0 0 7 8  0 . 2 6 0 6 2 0 . 0 1 7 0 2 8 6 0 . 0 0 0 1 0 7 0 1 3

0 . 0 0 7 9  0 . 2 6 2 7 3 6 0 . 0 1 7 1 3 5 8 0 . 0 0 0 1 0 7 2 2 7

0 . 0 0 8  0 . 2 6 4 8 5 4 0 . 0 1 7 2 4 3 0 . 0 0 0 1 0 7 2 2 7

0 . 0 0 8 1  0 . 2 6 6 9 7 3 0 . 0 1 7 3 5 0 3 0 . 0 0 0 1 0 7 3 1 8

0 . 0 0 8 2  0 . 2 6 9 0 9 4 0 . 0 1 7 4 5 7 8 0 . 0 0 0 1 0 7 4 6 6

0 . 0 0 8 3  0 . 2 7 1 2 1 8 0 . 0 1 7 5 6 5 3 0 . 0 0 0 1 0 7 5 4 6

0 . 0 0 8 4  0 . 2 7 3 3 4 3 0 . 0 1 7 6 7 3 0 . 0 0 0 1 0 7 6 8

0 . 0 0 8 5  0 . 2 7 5 4 6 9 0 . 0 1 7 7 8 0 8 0 . 0 0 0 1 0 7 7 9 2

0 . 0 0 8 6  0 . 2 7 7 5 9 8 0 . 0 1 7 8 8 8 7 0 . 0 0 0 1 0 7 8 4 8

0 . 0 0 8 7  0 . 2 7 9 7 2 9 0 . 0 1 7 9 9 6 7 0 . 0 0 0 1 0 8 0 1 3

0 . 0 0 8 8  0 . 2 8 1 8 6 2 0 . 0 1 8 1 0 4 8 0 . 0 0 0 1 0 8 1 0 4

0 . 0 0 8 9  0 . 2 8 3 9 9 7 0 . 0 1 8 2 1 3 0 . 0 0 0 1 0 8 1 9 6

0 . 0 0 9  0 . 2 8 6 1 3 4 0 . 0 1 8 3 2 1 3 0 . 0 0 0 1 0 8 3 2 5

0 . 0 0 9 1  0 . 2 8 8 2 7 3 0 . 0 1 8 4 2 9 8 0 . 0 0 0 1 0 8 4 7 8

0 . 0 0 9 2  0 . 2 9 0 4 1 3 0 . 0 1 8 5 3 8 4 0 . 0 0 0 1 0 8 6 0 3

0 . 0 0 9 3  0 . 2 9 2 5 5 7 0 . 0 1 8 6 4 7 1 0 . 0 0 0 1 0 8 7 3 8

0 . 0 0 9 4  0 . 2 9 4 7 0 1 0 . 0 1 8 7 5 5 9 0 . 0 0 0 1 0 8 7 9 8

0 . 0 0 9 5  0 . 2 9 6 8 4 7 0 . 0 1 8 8 6 4 8 0 . 0 0 0 1 0 8 8 9 8

0 . 0 0 9 6  0 . 2 9 8 9 9 9 0 . 0 1 8 9 7 3 9 0 . 0 0 0 1 0 9 0 4 4

0 . 0 0 9 7  0 . 3 0 1 1 5 2 0 . 0 1 9 0 8 3 0 . 0 0 0 1 0 9 1 6 6

0 . 0 0 9 8  0 . 3 0 3 3 0 3 0 . 0 1 9 1 9 2 3 0 . 0 0 0 1 0 9 3 0 9

0 . 0 0 9 9  0 . 3 0 5 4 5 9 0 . 0 1 9 3 0 1 7 0 . 0 0 0 1 0 9 3 6 5

0 . 0 1  0 . 3 0 7 6 1 8 0 . 0 1 9 4 1 1 2 0 . 0 0 0 1 0 9 5 3 5

0 . 0 1 0 1  0 . 3 0 9 7 7 7 0 . 0 1 9 5 2 0 9 0 . 0 0 0 1 0 9 7 0 3

0 . 0 1 0 2  0 . 3 1 1 9 3 9 0 . 0 1 9 6 3 0 8 0 . 0 0 0 1 0 9 8 9 5

0 . 0 1 0 3 0 . 3 1 4 1 0 5 0 . 0 1 9 7 4 0 8 0 . 0 0 0 1 0 9 9 5 5
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0 . 0 1 0 3 0 . 3 1 4 1 0 5 0 . 0 1 9 7 4 0 8 0 . 0 0 0 1 0 9 9 5 5

0 . 0 1 0 4  0 . 3 1 6 2 7 1 0 . 0 1 9 8 5 0 8 0 . 0 0 0 1 1 0 0 3 9

0 . 0 1 0 5  0 . 3 1 8 4 4 0 . 0 1 9 9 6 1 1 0 . 0 0 0 1 1 0 2 4 8

0 . 0 1 0 6  0 . 3 2 0 6 1 3 0 . 0 2 0 0 7 1 4 0 . 0 0 0 1 1 0 3 6

0 . 0 1 0 7  0 . 3 2 2 7 8 7 0 . 0 2 0 1 8 1 9 0 . 0 0 0 1 1 0 4 8

0 . 0 1 0 8  0 . 3 2 4 9 6 4 0 . 0 2 0 2 9 2 5 0 . 0 0 0 1 1 0 5 8

0 . 0 1 0 9  0 . 3 2 7 1 4 3 0 . 0 2 0 4 0 3 3 0 . 0 0 0 1 1 0 7 9 4

0 . 0 1 1  0 . 3 2 9 3 2 6 0 . 0 2 0 5 1 4 2 0 . 0 0 0 1 1 0 9 0 7

0 . 0 1 1 1  0 . 3 3 1 5 0 9 0 . 0 2 0 6 2 5 2 0 . 0 0 0 1 1 1 0 5 1

0 . 0 1 1 2  0 . 3 3 3 6 9 6 0 . 0 2 0 7 3 6 4 0 . 0 0 0 1 1 1 1 2 9

0 . 0 1 1 3  0 . 3 3 5 8 8 4 0 . 0 2 0 8 4 7 7 0 . 0 0 0 1 1 1 2 9 5

0 . 0 1 1 4  0 . 3 3 8 0 7 6 0 . 0 2 0 9 5 9 2 0 . 0 0 0 1 1 1 5 3 7

0 . 0 1 1 5  0 . 3 4 0 2 7 0 . 0 2 1 0 7 0 8 0 . 0 0 0 1 1 1 5 6 6

0 . 0 1 1 6  0 . 3 4 2 4 6 7 0 . 0 2 1 1 8 2 6 0 . 0 0 0 1 1 1 8 0 1

0 . 0 1 1 7  0 . 3 4 4 6 6 6 0 . 0 2 1 2 9 4 4 0 . 0 0 0 1 1 1 8 1 7

0 . 0 1 1 8  0 . 3 4 6 8 6 7 0 . 0 2 1 4 0 6 4 0 . 0 0 0 1 1 1 9 6 6

0 . 0 1 1 9  0 . 3 4 9 0 7 2 0 . 0 2 1 5 1 8 5 0 . 0 0 0 1 1 2 1 4 4

0 . 0 1 2  0 . 3 5 1 2 7 8 0 . 0 2 1 6 3 0 8 0 . 0 0 0 1 1 2 2 7 7

0 . 0 1 2 1  0 . 3 5 3 4 8 9 0 . 0 2 1 7 4 3 3 0 . 0 0 0 1 1 2 4 8

0 . 0 1 2 2  0 . 3 5 5 7 0 2 0 . 0 2 1 8 5 5 9 0 . 0 0 0 1 1 2 6 6 9

0 . 0 1 2 3  0 . 3 5 7 9 1 9 0 . 0 2 1 9 6 8 7 0 . 0 0 0 1 1 2 7 9 8

0 . 0 1 2 4  0 . 3 6 0 1 3 7 0 . 0 2 2 0 8 1 6 0 . 0 0 0 1 1 2 8 9 4

0 . 0 1 2 5  0 . 3 6 2 3 5 4 0 . 0 2 2 1 9 4 5 0 . 0 0 0 1 1 2 9 2 7

0 . 0 1 2 6  0 . 3 6 4 5 7 3 0 . 0 2 2 3 0 7 8 0 . 0 0 0 1 1 3 2 1 1

0 . 0 1 2 7  0 . 3 6 6 8 0 . 0 2 2 4 2 1 2 0 . 0 0 0 1 1 3 4 2 3

0 . 0 1 2 8  0 . 3 6 9 0 2 9 0 . 0 2 2 5 3 4 7 0 . 0 0 0 1 1 3 5 2 1

0 . 0 1 2 9  0 . 3 7 1 2 5 8 0 . 0 2 2 6 4 8 4 0 . 0 0 0 1 1 3 7 3 3

0 . 0 1 3  0 . 3 7 3 4 9 3 0 . 0 2 2 7 6 2 4 0 . 0 0 0 1 1 3 9 2

0 . 0 1 3 1  0 . 3 7 5 7 3 1 0 . 0 2 2 8 7 6 5 0 . 0 0 0 1 1 4 1 1 7

0 . 0 1 3 2  0 . 3 7 7 9 7 2 0 . 0 2 2 9 9 0 5 0 . 0 0 0 1 1 3 9 8

0 . 0 1 3 3  0 . 3 8 0 2 1 8 0 . 0 2 3 1 0 4 6 0 . 0 0 0 1 1 4 1 5 3

0 . 0 1 3 4  0 . 3 8 2 4 6 5 0 . 0 2 3 2 1 9 2 0 . 0 0 0 1 1 4 5 5 6

0 . 0 1 3 5  0 . 3 8 4 7 1 5 0 . 0 2 3 3 3 4 0 . 0 0 0 1 1 4 7 9

0 . 0 1 3 6  0 . 3 8 6 9 6 9 0 . 0 2 3 4 4 8 9 0 . 0 0 0 1 1 4 9 1 9

0 . 0 1 3 7  0 . 3 8 9 2 2 5 0 . 0 2 3 5 6 3 9 0 . 0 0 0 1 1 5 0 5 5

0 . 0 1 3 8  0 . 3 9 1 4 8 5 0 . 0 2 3 6 7 9 0 . 0 0 0 1 1 5 0 6

0 . 0 1 3 9  0 . 3 9 3 7 4 7 0 . 0 2 3 7 9 4 4 0 . 0 0 0 1 1 5 4 2 4

0 . 0 1 4  0 . 3 9 6 0 1 4 0 . 0 2 3 9 1 0 . 0 0 0 1 1 5 5 9 9

0 . 0 1 4 1  0 . 3 9 8 2 8 3 0 . 0 2 4 0 2 5 9 0 . 0 0 0 1 1 5 8 8 9

0 . 0 1 4 2  0 . 4 0 0 5 5 6 0 . 0 2 4 1 4 1 8 0 . 0 0 0 1 1 5 8 7 2

0 . 0 1 4 3  0 . 4 0 2 8 3 2 0 . 0 2 4 2 5 7 7 0 . 0 0 0 1 1 5 9 7 7

0 . 0 1 4 4  0 . 4 0 5 1 1 3 0 . 0 2 4 3 7 4 0 . 0 0 0 1 1 6 2 8 2

0 . 0 1 4 5  0 . 4 0 7 3 9 6 0 . 0 2 4 4 9 0 4 0 . 0 0 0 1 1 6 3 9 1

0 . 0 1 4 6  0 . 4 0 9 6 8 2 0 . 0 2 4 6 0 6 9 0 . 0 0 0 1 1 6 4 5 2

0 . 0 1 4 7  0 . 4 1 1 9 6 7 0 . 0 2 4 7 2 3 8 0 . 0 0 0 1 1 6 8 8 4

0 . 0 1 4 8  0 . 4 1 4 2 5 6 0 . 0 2 4 8 4 0 9 0 . 0 0 0 1 1 7 1 8 1
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0 . 0 1 4 9  0 . 4 1 6 5 5 3 0 . 0 2 4 9 5 8 3 0 . 0 0 0 1 1 7 3 2 1

0 . 0 1 5  0 . 4 1 8 8 5 3 0 . 0 2 5 0 7 5 7 0 . 0 0 0 1 1 7 4 7 6

0 . 0 1 5 1  0 . 4 2 1 1 5 1 0 . 0 2 5 1 9 3 6 0 . 0 0 0 1 1 7 8 1 6

0 . 0 1 5 2  0 . 4 2 3 4 5 5 0 . 0 2 5 3 1 1 3 0 . 0 0 0 1 1 7 7 4 7

0 . 0 1 5 3  0 . 4 2 5 7 6 5 0 . 0 2 5 4 2 9 4 0 . 0 0 0 1 1 8 1 2 6

0 . 0 1 5 4  0 . 4 2 8 0 7 1 0 . 0 2 5 5 4 7 8 0 . 0 0 0 1 1 8 3 5

0 . 0 1 5 5  0 . 4 3 0 3 8 9 0 . 0 2 5 6 6 6 3 0 . 0 0 0 1 1 8 5 5 5

0 . 0 1 5 6  0 . 4 3 2 7 1 0 . 0 2 5 7 8 5 0 . 0 0 0 1 1 8 6 8

0 . 0 1 5 7  0 . 4 3 5 0 3 2 0 . 0 2 5 9 0 4 0 . 0 0 0 1 1 8 9 9 8

0 . 0 1 5 8  0 . 4 3 7 3 6 0 . 0 2 6 0 2 3 0 . 0 0 0 1 1 8 9 6 8

0 . 0 1 5 9  0 . 4 3 9 6 9 3 0 . 0 2 6 1 4 2 2 0 . 0 0 0 1 1 9 2 0 9

0 . 0 1 6  0 . 4 4 2 0 2 6 0 . 0 2 6 2 6 1 8 0 . 0 0 0 1 1 9 6

0 . 0 1 6 1  0 . 4 4 4 3 6 6 0 . 0 2 6 3 8 1 4 0 . 0 0 0 1 1 9 6 0 4

0 . 0 1 6 2  0 . 4 4 6 7 1 1 0 . 0 2 6 5 0 1 4 0 . 0 0 0 1 1 9 9 8 2

0 . 0 1 6 3  0 . 4 4 9 0 5 9 0 . 0 2 6 6 2 1 6 0 . 0 0 0 1 2 0 2 0 9

0 . 0 1 6 4  0 . 4 5 1 4 1 0 . 0 2 6 7 4 2 0 . 0 0 0 1 2 0 4 0 6

0 . 0 1 6 5  0 . 4 5 3 7 6 6 0 . 0 2 6 8 6 2 7 0 . 0 0 0 1 2 0 7 1

0 . 0 1 6 6  0 . 4 5 6 1 2 3 0 . 0 2 6 9 8 3 6 0 . 0 0 0 1 2 0 9 2 3

0 . 0 1 6 7  0 . 4 5 8 4 8 7 0 . 0 2 7 1 0 4 7 0 . 0 0 0 1 2 1 0 9 8

0 . 0 1 6 8  0 . 4 6 0 8 5 6 0 . 0 2 7 2 2 6 1 0 . 0 0 0 1 2 1 4 1 4

0 . 0 1 6 9  0 . 4 6 3 2 2 8 0 . 0 2 7 3 4 7 7 0 . 0 0 0 1 2 1 5 6 8

0 . 0 1 7  0 . 4 6 5 6 0 5 0 . 0 2 7 4 6 9 5 0 . 0 0 0 1 2 1 8 4 1

0 . 0 1 7 1  0 . 4 6 7 9 8 5 0 . 0 2 7 5 9 1 6 0 . 0 0 0 1 2 2 0 5 5

0 . 0 1 7 2  0 . 4 7 0 3 6 7 0 . 0 2 7 7 1 3 6 0 . 0 0 0 1 2 1 9 8 9

0 . 0 1 7 3  0 . 4 7 2 7 5 5 0 . 0 2 7 8 3 5 9 0 . 0 0 0 1 2 2 3 5 7

0 . 0 1 7 4  0 . 4 7 5 1 5 0 . 0 2 7 9 5 8 7 0 . 0 0 0 1 2 2 7 4 2

0 . 0 1 7 5  0 . 4 7 7 5 4 9 0 . 0 2 8 0 8 1 7 0 . 0 0 0 1 2 3 0 1 5

0 . 0 1 7 6  0 . 4 7 9 9 5 5 0 . 0 2 8 2 0 5 0 . 0 0 0 1 2 3 3 1 1

0 . 0 1 7 7  0 . 4 8 2 3 6 4 0 . 0 2 8 3 2 8 6 0 . 0 0 0 1 2 3 6 0 9

0 . 0 1 7 8  0 . 4 8 4 7 7 6 0 . 0 2 8 4 5 2 5 0 . 0 0 0 1 2 3 8 5 2

0 . 0 1 7 9  0 . 4 8 7 1 9 3 0 . 0 2 8 5 7 6 5 0 . 0 0 0 1 2 4 0 1 2

0 . 0 1 8  0 . 4 8 9 6 1 5 0 . 0 2 8 7 0 0 9 0 . 0 0 0 1 2 4 3 9 7

0 . 0 1 8 1  0 . 4 9 2 0 4 2 0 . 0 2 8 8 2 5 4 0 . 0 0 0 1 2 4 5 3 4

0 . 0 1 8 2  0 . 4 9 4 4 7 4 0 . 0 2 8 9 5 0 2 0 . 0 0 0 1 2 4 7 9

0 . 0 1 8 3  0 . 4 9 6 9 0 8 0 . 0 2 9 0 7 5 2 0 . 0 0 0 1 2 5 0 4 7

0 . 0 1 8 4  0 . 4 9 9 3 5 1 0 . 0 2 9 2 0 0 5 0 . 0 0 0 1 2 5 2 6 4

0 . 0 1 8 5  0 . 5 0 1 7 9 9 0 . 0 2 9 3 2 6 1 0 . 0 0 0 1 2 5 5 8 5

0 . 0 1 8 6  0 . 5 0 4 2 4 9 0 . 0 2 9 4 5 2 0 . 0 0 0 1 2 5 9 4 4

0 . 0 1 8 7  0 . 5 0 6 7 0 6 0 . 0 2 9 5 7 8 2 0 . 0 0 0 1 2 6 1 1 5

0 . 0 1 8 8  0 . 5 0 9 1 6 5 0 . 0 2 9 7 0 4 6 0 . 0 0 0 1 2 6 4 0 6

0 . 0 1 8 9  0 . 5 1 1 6 3 0 . 0 2 9 8 3 1 2 0 . 0 0 0 1 2 6 6 6 9

0 . 0 1 9  0 . 5 1 4 1 0 1 0 . 0 2 9 9 5 8 2 0 . 0 0 0 1 2 6 9 6 4

0 . 0 1 9 1  0 . 5 1 6 5 7 7 0 . 0 3 0 0 8 5 5 0 . 0 0 0 1 2 7 3 0 6

0 . 0 1 9 2  0 . 5 1 9 0 5 8 0 . 0 3 0 2 1 3 2 0 . 0 0 0 1 2 7 6 7 4

0 . 0 1 9 3  0 . 5 2 1 5 4 3 0 . 0 3 0 3 4 1 1 0 . 0 0 0 1 2 7 8 9 8

2 0     M o d eli n g _ S y n a p s e _ F o r m a ti o n _ a n d _ G r o w t h _ a s _ a _ N o n - Bi ol o gi c al _ A n al o g _ t o _ t h e _ B r ai n. n b

Pri nt e d  b y  W olfr a m  M at h e m ati c a  St u d e nt  E diti o n

6 1



0 . 0 1 9 4  0 . 5 2 4 0 3 4 0 . 0 3 0 4 6 9 2 0 . 0 0 0 1 2 8 1 4 7

0 . 0 1 9 5  0 . 5 2 6 5 3 3 0 . 0 3 0 5 9 7 4 0 . 0 0 0 1 2 8 2 0 3

0 . 0 1 9 6  0 . 5 2 9 0 3 3 0 . 0 3 0 7 2 6 2 0 . 0 0 0 1 2 8 7 9 9

0 . 0 1 9 7  0 . 5 3 1 5 4 0 . 0 3 0 8 5 5 3 0 . 0 0 0 1 2 9 0 8 3

0 . 0 1 9 8  0 . 5 3 4 0 5 4 0 . 0 3 0 9 8 4 8 0 . 0 0 0 1 2 9 5 3 9

0 . 0 1 9 9  0 . 5 3 6 5 7 3 0 . 0 3 1 1 1 4 6 0 . 0 0 0 1 2 9 7 6 1

0 . 0 2  0 . 5 3 9 0 9 8 0 . 0 3 1 2 4 4 7 0 . 0 0 0 1 3 0 0 7

0 . 0 2 0 1  0 . 5 4 1 6 2 8 0 . 0 3 1 3 7 5 0 . 0 0 0 1 3 0 3 3 8

0 . 0 2 0 2  0 . 5 4 4 1 6 4 0 . 0 3 1 5 0 5 7 0 . 0 0 0 1 3 0 7 3 6

0 . 0 2 0 3  0 . 5 4 6 7 0 6 0 . 0 3 1 6 3 6 8 0 . 0 0 0 1 3 1 0 5 1

0 . 0 2 0 4  0 . 5 4 9 2 5 4 0 . 0 3 1 7 6 8 1 0 . 0 0 0 1 3 1 3 4 3

0 . 0 2 0 5  0 . 5 5 1 8 0 7 0 . 0 3 1 8 9 9 9 0 . 0 0 0 1 3 1 7 4 4

0 . 0 2 0 6  0 . 5 5 4 3 6 7 0 . 0 3 2 0 3 1 8 0 . 0 0 0 1 3 1 9 2 5

0 . 0 2 0 7  0 . 5 5 6 9 3 3 0 . 0 3 2 1 6 4 2 0 . 0 0 0 1 3 2 3 5 8

0 . 0 2 0 8  0 . 5 5 9 5 0 4 0 . 0 3 2 2 9 6 9 0 . 0 0 0 1 3 2 7 4 7

0 . 0 2 0 9  0 . 5 6 2 0 8 2 0 . 0 3 2 4 2 9 9 0 . 0 0 0 1 3 3 0 2 3

0 . 0 2 1  0 . 5 6 4 6 6 6 0 . 0 3 2 5 6 3 3 0 . 0 0 0 1 3 3 3 7 7

0 . 0 2 1 1  0 . 5 6 7 2 5 8 0 . 0 3 2 6 9 7 0 . 0 0 0 1 3 3 6 8

0 . 0 2 1 2  0 . 5 6 9 8 5 3 0 . 0 3 2 8 3 1 0 . 0 0 0 1 3 4 0 0 8

0 . 0 2 1 3  0 . 5 7 2 4 5 6 0 . 0 3 2 9 6 5 2 0 . 0 0 0 1 3 4 2 0 9

0 . 0 2 1 4  0 . 5 7 5 0 6 6 0 . 0 3 3 1 0 . 0 0 0 1 3 4 8 2 8

0 . 0 2 1 5  0 . 5 7 7 6 8 2 0 . 0 3 3 2 3 5 2 0 . 0 0 0 1 3 5 1 6 1

0 . 0 2 1 6  0 . 5 8 0 3 0 5 0 . 0 3 3 3 7 0 7 0 . 0 0 0 1 3 5 5 3

0 . 0 2 1 7  0 . 5 8 2 9 3 5 0 . 0 3 3 5 0 6 7 0 . 0 0 0 1 3 5 9 2

0 . 0 2 1 8  0 . 5 8 5 5 7 0 . 0 3 3 6 4 3 0 . 0 0 0 1 3 6 3 1 4

0 . 0 2 1 9  0 . 5 8 8 2 0 7 0 . 0 3 3 7 7 9 7 0 . 0 0 0 1 3 6 6 9 5

0 . 0 2 2  0 . 5 9 0 8 5 2 0 . 0 3 3 9 1 6 7 0 . 0 0 0 1 3 7 0 6 3

0 . 0 2 2 1  0 . 5 9 3 5 0 5 0 . 0 3 4 0 5 4 0 . 0 0 0 1 3 7 2 6 5

0 . 0 2 2 2  0 . 5 9 6 1 6 9 0 . 0 3 4 1 9 1 6 0 . 0 0 0 1 3 7 6 0 3

0 . 0 2 2 3  0 . 5 9 8 8 3 9 0 . 0 3 4 3 2 9 8 0 . 0 0 0 1 3 8 2 1 8

0 . 0 2 2 4  0 . 6 0 1 5 1 7 0 . 0 3 4 4 6 8 4 0 . 0 0 0 1 3 8 6 0 9

0 . 0 2 2 5  0 . 6 0 4 2 0 3 0 . 0 3 4 6 0 7 5 0 . 0 0 0 1 3 9 0 4 6

0 . 0 2 2 6  0 . 6 0 6 8 9 7 0 . 0 3 4 7 4 6 9 0 . 0 0 0 1 3 9 4 7 9

0 . 0 2 2 7  0 . 6 0 9 5 9 8 0 . 0 3 4 8 8 6 6 0 . 0 0 0 1 3 9 6 0 8

0 . 0 2 2 8  0 . 6 1 2 3 0 6 0 . 0 3 5 0 2 7 0 . 0 0 0 1 4 0 4 2 3

0 . 0 2 2 9  0 . 6 1 5 0 2 3 0 . 0 3 5 1 6 7 4 0 . 0 0 0 1 4 0 4 6 3

0 . 0 2 3  0 . 6 1 7 7 4 7 0 . 0 3 5 3 0 8 6 0 . 0 0 0 1 4 1 2 0 3

0 . 0 2 3 1  0 . 6 2 0 4 8 1 0 . 0 3 5 4 5 0 3 0 . 0 0 0 1 4 1 6 4 4

0 . 0 2 3 2  0 . 6 2 3 2 2 2 0 . 0 3 5 5 9 2 4 0 . 0 0 0 1 4 2 1 3 2

0 . 0 2 3 3  0 . 6 2 5 9 7 0 . 0 3 5 7 3 5 1 0 . 0 0 0 1 4 2 7 1

0 . 0 2 3 4  0 . 6 2 8 7 2 8 0 . 0 3 5 8 7 8 1 0 . 0 0 0 1 4 2 9 5 2

0 . 0 2 3 5  0 . 6 3 1 4 9 5 0 . 0 3 6 0 2 1 6 0 . 0 0 0 1 4 3 5 1

0 . 0 2 3 6  0 . 6 3 4 2 6 8 0 . 0 3 6 1 6 5 5 0 . 0 0 0 1 4 3 9 3 9

0 . 0 2 3 7  0 . 6 3 7 0 4 9 0 . 0 3 6 3 1 0 1 0 . 0 0 0 1 4 4 5 3 4

0 . 0 2 3 8  0 . 6 3 9 8 4 2 0 . 0 3 6 4 5 5 1 0 . 0 0 0 1 4 5 0 2 8

0 . 0 2 3 9 0 . 6 4 2 6 4 3 0 . 0 3 6 6 0 0 7 0 . 0 0 0 1 4 5 5 6 5
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0 . 0 2 3 9 0 . 6 4 2 6 4 3 0 . 0 3 6 6 0 0 7 0 . 0 0 0 1 4 5 5 6 5

0 . 0 2 4  0 . 6 4 5 4 5 2 0 . 0 3 6 7 4 6 6  0 . 0 0 0 1 4 5 9 3 8

0 . 0 2 4 1  0 . 6 4 8 2 6 9 0 . 0 3 6 8 9 3 1 0 . 0 0 0 1 4 6 4 9 5

0 . 0 2 4 2  0 . 6 5 1 0 9 5 0 . 0 3 7 0 4 0 1 0 . 0 0 0 1 4 7 0 2 4

0 . 0 2 4 3  0 . 6 5 3 9 3 0 . 0 3 7 1 8 7 6 0 . 0 0 0 1 4 7 5 3 1

0 . 0 2 4 4  0 . 6 5 6 7 7 4 0 . 0 3 7 3 3 5 6 0 . 0 0 0 1 4 8 0 0 2

0 . 0 2 4 5  0 . 6 5 9 6 2 7 0 . 0 3 7 4 8 4 1 0 . 0 0 0 1 4 8 4 7 6

0 . 0 2 4 6  0 . 6 6 2 4 9 2 0 . 0 3 7 6 3 3 2 0 . 0 0 0 1 4 9 0 4 6

0 . 0 2 4 7  0 . 6 6 5 3 6 5 0 . 0 3 7 7 8 2 7 0 . 0 0 0 1 4 9 5 4 3

0 . 0 2 4 8  0 . 6 6 8 2 4 2 0 . 0 3 7 9 3 2 9 0 . 0 0 0 1 5 0 2 3 4

0 . 0 2 4 9  0 . 6 7 1 1 3 7 0 . 0 3 8 0 8 3 8 0 . 0 0 0 1 5 0 8 1 1

0 . 0 2 5  0 . 6 7 4 0 4 1 0 . 0 3 8 2 3 5 1 0 . 0 0 0 1 5 1 3 0 1

0 . 0 2 5 1  0 . 6 7 6 9 5 6 0 . 0 3 8 3 8 7 0 . 0 0 0 1 5 1 9 1

0 . 0 2 5 2  0 . 6 7 9 8 8 2 0 . 0 3 8 5 3 9 5 0 . 0 0 0 1 5 2 5 0 2

0 . 0 2 5 3  0 . 6 8 2 8 1 7 0 . 0 3 8 6 9 2 5 0 . 0 0 0 1 5 3 0 7 7

0 . 0 2 5 4  0 . 6 8 5 7 6 1 0 . 0 3 8 8 4 6 3 0 . 0 0 0 1 5 3 7 4 6

0 . 0 2 5 5  0 . 6 8 8 7 1 7 0 . 0 3 9 0 0 0 6 0 . 0 0 0 1 5 4 3 1 8

0 . 0 2 5 6  0 . 6 9 1 6 8 4 0 . 0 3 9 1 5 5 7 0 . 0 0 0 1 5 5 0 5 4

0 . 0 2 5 7  0 . 6 9 4 6 6 3 0 . 0 3 9 3 1 1 2 0 . 0 0 0 1 5 5 5 7

0 . 0 2 5 8  0 . 6 9 7 6 5 2 0 . 0 3 9 4 6 7 4 0 . 0 0 0 1 5 6 2 1 3

0 . 0 2 5 9  0 . 7 0 0 6 5 2 0 . 0 3 9 6 2 4 0 . 0 0 0 1 5 6 5 4 6

0 . 0 2 6  0 . 7 0 3 6 6 5 0 . 0 3 9 7 8 1 6 0 . 0 0 0 1 5 7 6 0 4

0 . 0 2 6 1  0 . 7 0 6 6 8 4 0 . 0 3 9 9 3 9 9 0 . 0 0 0 1 5 8 2 6

0 . 0 2 6 2  0 . 7 0 9 7 2 1 0 . 0 4 0 0 9 8 8 0 . 0 0 0 1 5 8 9 5 7

0 . 0 2 6 3  0 . 7 1 2 7 7 1 0 . 0 4 0 2 5 8 1 0 . 0 0 0 1 5 9 2 9 6

0 . 0 2 6 4  0 . 7 1 5 8 3 3 0 . 0 4 0 4 1 8 6 0 . 0 0 0 1 6 0 5 3 8

0 . 0 2 6 5  0 . 7 1 8 9 0 1 0 . 0 4 0 5 7 9 6 0 . 0 0 0 1 6 0 9 3 2

0 . 0 2 6 6  0 . 7 2 1 9 8 9 0 . 0 4 0 7 4 1 5 0 . 0 0 0 1 6 1 9 4 1

0 . 0 2 6 7  0 . 7 2 5 0 9 0 . 0 4 0 9 0 4 3 0 . 0 0 0 1 6 2 7 9

0 . 0 2 6 8  0 . 7 2 8 2 0 4 0 . 0 4 1 0 6 7 3 0 . 0 0 0 1 6 3 0 3 2

0 . 0 2 6 9  0 . 7 3 1 3 3 3 0 . 0 4 1 2 3 1 5 0 . 0 0 0 1 6 4 1 6 9

0 . 0 2 7  0 . 7 3 4 4 6 7 0 . 0 4 1 3 9 6 5 0 . 0 0 0 1 6 4 9 5 6

0 . 0 2 7 1  0 . 7 3 7 6 2 3 0 . 0 4 1 5 6 2 2 0 . 0 0 0 1 6 5 7 6 4

0 . 0 2 7 2  0 . 7 4 0 7 9 3 0 . 0 4 1 7 2 8 8 0 . 0 0 0 1 6 6 5 8 7

0 . 0 2 7 3  0 . 7 4 3 9 7 0 . 0 4 1 8 9 6 3 0 . 0 0 0 1 6 7 4 9 3

0 . 0 2 7 4  0 . 7 4 7 1 7 1 0 . 0 4 2 0 6 4 8 0 . 0 0 0 1 6 8 5 2 7

0 . 0 2 7 5  0 . 7 5 0 3 8 6 0 . 0 4 2 2 3 4 3 0 . 0 0 0 1 6 9 4 4 1

0 . 0 2 7 6  0 . 7 5 3 6 1 7 0 . 0 4 2 4 0 4 6 0 . 0 0 0 1 7 0 3 4 9

0 . 0 2 7 7  0 . 7 5 6 8 6 8 0 . 0 4 2 5 7 5 7 0 . 0 0 0 1 7 1 0 6 8

0 . 0 2 7 8  0 . 7 6 0 1 3 1 0 . 0 4 2 7 4 7 6 0 . 0 0 0 1 7 1 9 3 1

0 . 0 2 7 9  0 . 7 6 3 4 1 1 0 . 0 4 2 9 2 0 6 0 . 0 0 0 1 7 2 9 2 9

0 . 0 2 8  0 . 7 6 6 7 0 7 0 . 0 4 3 0 9 4 5 0 . 0 0 0 1 7 3 9 4 1

0 . 0 2 8 1  0 . 7 7 0 0 2 1 0 . 0 4 3 2 6 9 9 0 . 0 0 0 1 7 5 3 9

0 . 0 2 8 2  0 . 7 7 3 3 5 3 0 . 0 4 3 4 4 6 1 0 . 0 0 0 1 7 6 2 1 3

0 . 0 2 8 3  0 . 7 7 6 7 0 2 0 . 0 4 3 6 2 3 2 0 . 0 0 0 1 7 7 0 7 7

0 . 0 2 8 4 0 . 7 8 0 0 7 0 . 0 4 3 8 0 1 5 0 . 0 0 0 1 7 8 3 0 3
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0 . 0 2 8 4 0 . 7 8 0 0 7 0 . 0 4 3 8 0 1 5 0 . 0 0 0 1 7 8 3 0 3

0 . 0 2 8 5  0 . 7 8 3 4 5 5 0 . 0 4 3 9 8 0 7 0 . 0 0 0 1 7 9 2 1 3

0 . 0 2 8 6  0 . 7 8 6 8 6 0 . 0 4 4 1 6 1 3 0 . 0 0 0 1 8 0 6 1 9

0 . 0 2 8 7  0 . 7 9 0 2 8 4 0 . 0 4 4 3 4 2 3 0 . 0 0 0 1 8 1 0 0 7

0 . 0 2 8 8  0 . 7 9 3 7 2 7 0 . 0 4 4 5 2 5 0 . 0 0 0 1 8 2 6 4 1

0 . 0 2 8 9  0 . 7 9 7 1 9 1 0 . 0 4 4 7 0 8 4 0 . 0 0 0 1 8 3 4 0 7

0 . 0 2 9  0 . 8 0 0 6 7 6 0 . 0 4 4 8 9 3 5 0 . 0 0 0 1 8 5 1 2 7

0 . 0 2 9 1  0 . 8 0 4 1 8 2 0 . 0 4 5 0 8 0 3 0 . 0 0 0 1 8 6 7 6 6

0 . 0 2 9 2  0 . 8 0 7 7 1 1 0 . 0 4 5 2 6 7 4 0 . 0 0 0 1 8 7 1 3 6

0 . 0 2 9 3  0 . 8 1 1 2 6 6 0 . 0 4 5 4 5 6 5 0 . 0 0 0 1 8 9 0 6 9

0 . 0 2 9 4  0 . 8 1 4 8 4 2 0 . 0 4 5 6 4 6 9 0 . 0 0 0 1 9 0 4 3 8

0 . 0 2 9 5  0 . 8 1 8 4 3 9 0 . 0 4 5 8 3 9 0 . 0 0 0 1 9 2 0 7 7

0 . 0 2 9 6  0 . 8 2 2 0 6 1 0 . 0 4 6 0 3 2 4 0 . 0 0 0 1 9 3 4 6

0 . 0 2 9 7  0 . 8 2 5 7 0 9 0 . 0 4 6 2 2 7 4 0 . 0 0 0 1 9 4 9 7 8

0 . 0 2 9 8  0 . 8 2 9 3 8 6 0 . 0 4 6 4 2 3 8 0 . 0 0 0 1 9 6 4 1

0 . 0 2 9 9  0 . 8 3 3 0 9 0 . 0 4 6 6 2 1 9 0 . 0 0 0 1 9 8 0 9 6

0 . 0 3  0 . 8 3 6 8 2 1 0 . 0 4 6 8 2 1 8 0 . 0 0 0 1 9 9 8 6 2

0 . 0 3 0 1  0 . 8 4 0 5 7 8 0 . 0 4 7 0 2 3 1 0 . 0 0 0 2 0 1 3

0 . 0 3 0 2  0 . 8 4 4 3 7 1 0 . 0 4 7 2 2 5 5 0 . 0 0 0 2 0 2 3 7 8

0 . 0 3 0 3  0 . 8 4 8 1 8 8 0 . 0 4 7 4 2 9 8 0 . 0 0 0 2 0 4 3 7 2

0 . 0 3 0 4  0 . 8 5 2 0 2 3 0 . 0 4 7 6 3 6 0 . 0 0 0 2 0 6 1 4 6

0 . 0 3 0 5  0 . 8 5 5 9 0 5 0 . 0 4 7 8 4 5 1 0 . 0 0 0 2 0 9 0 8 8

0 . 0 3 0 6  0 . 8 5 9 8 1 9 0 . 0 4 8 0 5 6 0 . 0 0 0 2 1 0 8 9 9

0 . 0 3 0 7  0 . 8 6 3 7 6 8 0 . 0 4 8 2 6 9 1 0 . 0 0 0 2 1 3 1 2 1

0 . 0 3 0 8  0 . 8 6 7 7 5 3 0 . 0 4 8 4 8 4 8 0 . 0 0 0 2 1 5 7 1 9

0 . 0 3 0 9  0 . 8 7 1 7 6 0 . 0 4 8 7 0 2 3 0 . 0 0 0 2 1 7 4 4 8

0 . 0 3 1  0 . 8 7 5 8 2 4 0 . 0 4 8 9 2 2 0 . 0 0 0 2 1 9 7 7 7

0 . 0 3 1 1  0 . 8 7 9 9 0 9 0 . 0 4 9 1 4 4 8 0 . 0 0 0 2 2 2 7 9 7

0 . 0 3 1 2  0 . 8 8 4 0 4 7 0 . 0 4 9 3 7 0 5 0 . 0 0 0 2 2 5 6 3 1

0 . 0 3 1 3  0 . 8 8 8 2 2 8 0 . 0 4 9 5 9 8 1 0 . 0 0 0 2 2 7 6 4

0 . 0 3 1 4  0 . 8 9 2 4 5 5 0 . 0 4 9 8 2 9 0 . 0 0 0 2 3 0 9 3 3

0 . 0 3 1 5  0 . 8 9 6 7 2 5 0 . 0 5 0 0 6 3 1 0 . 0 0 0 2 3 4 0 6 4

0 . 0 3 1 6  0 . 9 0 1 0 4 7 0 . 0 5 0 3 0 0 5 0 . 0 0 0 2 3 7 3 5 6

0 . 0 3 1 7  0 . 9 0 5 4 2 4 0 . 0 5 0 5 4 1 4 0 . 0 0 0 2 4 0 9 8 2

0 . 0 3 1 8  0 . 9 0 9 8 5 6 0 . 0 5 0 7 8 6 2 0 . 0 0 0 2 4 4 7 9 1

0 . 0 3 1 9  0 . 9 1 4 3 5 1 0 . 0 5 1 0 3 4 9 0 . 0 0 0 2 4 8 7 0 5

0 . 0 3 2  0 . 9 1 8 9 1 2 0 . 0 5 1 2 8 8 1 0 . 0 0 0 2 5 3 1 8

0 . 0 3 2 1  0 . 9 2 3 5 4 1 0 . 0 5 1 5 4 6 1 0 . 0 0 0 2 5 7 9 7 2

0 . 0 3 2 2  0 . 9 2 8 2 4 1 0 . 0 5 1 8 0 9 2 0 . 0 0 0 2 6 3 1 0 3

0 . 0 3 2 3  0 . 9 3 3 0 2 8 0 . 0 5 2 0 7 8 3 0 . 0 0 0 2 6 9 0 7 9

0 . 0 3 2 4  0 . 9 3 7 8 9 9 0 . 0 5 2 3 5 3 5 0 . 0 0 0 2 7 5 2 3 9

0 . 0 3 2 5  0 . 9 4 2 8 6 5 0 . 0 5 2 6 3 5 7 0 . 0 0 0 2 8 2 1 8 2

0 . 0 3 2 6  0 . 9 4 7 9 3 9 0 . 0 5 2 9 2 5 9 0 . 0 0 0 2 9 0 2 2 5

0 . 0 3 2 7  0 . 9 5 3 1 3 5 0 . 0 5 3 2 2 5 4 0 . 0 0 0 2 9 9 5 0 8

0 . 0 3 2 8  0 . 9 5 8 4 6 1 0 . 0 5 3 5 3 5 2 0 . 0 0 0 3 0 9 7 6 3

0 . 0 3 2 9  0 . 9 6 3 9 5 1 0 . 0 5 3 8 5 7 9 0 . 0 0 0 3 2 2 7 6 5
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0 . 0 3 3  0 . 9 6 9 6 2 1 0 . 0 5 4 1 9 5 7  0 . 0 0 0 3 3 7 7 5 3

0 . 0 3 3 1  0 . 9 7 5 5 1 2 0 . 0 5 4 5 5 3 7 0 . 0 0 0 3 5 8 0 3 6

0 . 0 3 3 2  0 . 9 8 1 6 8 5 0 . 0 5 4 9 3 8 3 0 . 0 0 0 3 8 4 5 9

0 . 0 3 3 3  0 . 9 8 8 2 4 0 . 0 5 5 3 6 2 3 0 . 0 0 0 4 2 3 9 5 9

0 . 0 3 3 4  0 . 9 9 5 3 6 3 0 . 0 5 5 8 5 5 6 0 . 0 0 0 4 9 3 2 9 7

0 . 0 3 3 5  1 . 0 0 3 8 3 0 . 0 5 6 5 5 3 7 0 . 0 0 0 6 9 8 1 4 8

D y n a mi c  Si m ul ati o n

I nt er a cti v e Si m ul ati o n

I n [ ] : = M a n i p u l a t e [ S h o w [ e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [

f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 2 〛 ,  f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 3 〛 ,  n ] ,

f l u x V i s u a l i z a t i o n [ f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 2 〛 ,

f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 3 〛 ,  n ,  m o b i l i t y ] ,  B a s e S t y l e  1 8 ] ,

{ s t e p ,  2 ,  L e n g t h [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ,  1 } ]
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T a b ul at e d  S n a p s h ot s

I n [ ] : = f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e =

T a b l e [ S h o w [ e l e c t r i c P o t e n t i a l V i s u a l i z a t i o n [ f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 2 〛 ,

f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 3 〛 ,  n ] ,

f l u x V i s u a l i z a t i o n [ f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 2 〛 ,

f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 s t e p 〛 〚 3 〛 ,  n ,  m o b i l i t y ] ,  B a s e S t y l e  1 8 ] ,

{ s t e p ,  2 ,  L e n g t h [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ,  1 } ] ;

O ut p ut  E x a m pl e:  Vi s u ali z ati o n

At  τ n o n = 0 :

I n [ ] : = s n a p s h o t 1 = f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e 〚 1 〛 ;

0. 0 0. 2 0. 4 0. 6 0. 8 1. 0
0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

x /d

y/
d

Φ /V

- 0. 0 5 4

0. 0 8 1

0. 2 1 6

0. 3 5 1

0. 4 8 6

0. 6 2 1

0. 7 5 6

0. 8 9 1

At  τ n o n = τ n o n , t o t / 2 :

I n [ ] : = s n a p s h o t 2 = f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e 〚

R o u n d [ L e n g t h [ f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e ]  / 2 ] 〛 ;
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0. 0 0. 2 0. 4 0. 6 0. 8 1. 0
0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

x /d

y/
d

Φ /V

- 0. 0 5 4

0. 0 8 1

0. 2 1 6

0. 3 5 1

0. 4 8 6

0. 6 2 1

0. 7 5 6

0. 8 9 1

If t h e t ot al n u m b er  of  c o or di n at e s  i s o d d,  t h e n t h e c o or di n at e  dir e ctl y  f oll o wi n g w h at  w o ul d  b e  

τ n o n = τ n o n , t o t / 2  i s c h o s e n.  T hi s  mi n ut e  o v er e sti m ati o n  of  fil a m e nt gr o wt h  c a n  b e  c o n si d er e d  n e gli gi-

bl e  d u e  t o t h e s m all  ti m e st e p  Δ t =  0. 0 0 0 1  u s e d  h er e.

At  τ n o n = τ n o n , t o t :

I n [ ] : = s n a p s h o t 3 = f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e 〚 - 2 〛

0. 0 0. 2 0. 4 0. 6 0. 8 1. 0
0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

x /d

y/
d

Φ /V

- 0. 0 5 4

0. 0 8 1

0. 2 1 6

0. 3 5 1

0. 4 8 6

0. 6 2 1

0. 7 5 6

0. 8 9 1

T h e  c o or di n at e  c h o s e n  f or s h o w c a si n g  τ n o n = τ n o n , t o t  i s o n e  ti m e st e p  p a st  s p a n ni n g  t h e di st a n c e,  d,  

s e p ar ati n g  t h e t w o n a n o wir e s.  T hi s  mi ni s c ul e  s e p ar ati o n  pr e v e nt s  t h e c al c ul ati o n s  fr o m u n d er s h o oti n g  
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t h e di st a n c e,  d,  si n c e  t h e si m ul ati o n  d o e s  n ot  c a pt ur e  w h e n  e x a ctl y  t h e s y st e m  r e a c h e s τ n o n , t o t  b ut  

r at h er fi n d s t h e ti m e at  w hi c h  t h e t ot al n o n di m e n si o n ali z e d  fil a m e nt l e n gt h e x c e e d s  1.  Gi v e n  t h e s m all  

ti m e st e p  Δ t =  0. 0 0 0 1,  t hi s e ff e ct  s h o ul d  b e  n e gli gi bl e.

E x p orti n g

Vi d e o s

E x p ort  u si n g  a  d e sir e d  fil e p at h  i n q u ot ati o n  m ar k s,  t a ki n g s p e ci al  c ar e  t o i n cl u d e b a c k sl a s h e s  i n pr o p er  

p o siti o n s.  B ot h  t h e “ d e sir e d Fil e N a m e ”   a n d  fil e t y p e “. m p 4 ”  c a n   b e  c h a n g e d  a s  d e sir e d.  A n  e x a m pl e  fil e 

p at h  i s s h o w n  b el o w.

E x p o r t [ " / U s e r s / s a r a v f e r n a n d e z / D e s k t o p / U G T h e s i s / d e s i r e d F i l e N a m e . m p 4 " ,

f i l a m e n t G r o w t h R e s u l t s S n a p s h o t T a b l e 〚 1  ; ; - 1 〛 ] ;

U si n g  - 1 i n cl u d e s t h e c o or di n at e  t h at o v er s h o ot s  d,  s o  c h a n gi n g  it fr o m - 1 t o - 2 c a n  b e  d o n e  if d e sir e d.

I m a g e s

A s  b ef or e,  e x p ort  u si n g  a  d e sir e d  fil e p at h  i n q u ot ati o n  m ar k s,  t a ki n g s p e ci al  c ar e  t o i n cl u d e b a c k-

sl a s h e s  i n pr o p er  p o siti o n s.  B ot h  t h e “ d e sir e d Fil e N a m e ”   a n d  fil e t y p e “.ti ff ”  c a n   b e  c h a n g e d  a s  d e sir e d.  

A n  e x a m pl e  fil e p at h  i s s h o w n  b el o w  wit h  t h e e x a m pl e  i m a g e “ s n a p s h ot 1 ”  g etti n g  e x p ort e d.  T hi s  c o d e  

c a n  b e  a d a pt e d  t o e x p ort  a n y  i m a g e s.

E x p o r t [ " / U s e r s / s a r a v f e r n a n d e z / D e s k t o p / U G T h e s i s / d e s i r e d F i l e N a m e . t i f f " ,  s n a p s h o t 1 ] ;

Fil a m e nt  L e n gt h  a s  a  F u n cti o n  of  Ti m e

N o n Li n e ar  M o d el

Fi n di n g  N o nli n e ar  Fit

H er e  i s a  r e mi n d er of  t h e t a bl e h e a di n g s  f or fil a m e nt Gr o wt h R e s ult s T a bl e.

I n [ ] : = f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 1 〛 ;

{ti m e,fil a m e nt l e n gt h,fil a m e nt ar e a, ar e a  i n}

H er e,  “ nl m ”  i n di c at e s t h at t hi s i s a  n o nli n e ar  m o d el.
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I n [ ] : = n l m L e n g t h V s T i m e [ t a b l e _ ] : = n l m L e n g t h V s T i m e [ t a b l e ]  =

N o n l i n e a r M o d e l F i t [ t a b l e 〚 2  ; ; - 1 ( * t o  a v o i d  u n d e r s h o o t i n g  d * ) ,

1 ( * t i m e * ) ; ;  2 ( * f i l a m e n t  l e n g t h * ) 〛 ,

( * T h i s  i s  t h e  e x p r e s s i o n  t h a t  i s  u s e d  t o  f i n d  a  n o n l i n e a r  f i t .  I t  i s  p o s s i b l e

t h a t  a n o t h e r  e x p r e s s i o n  w o u l d  b e  b e t t e r  s u i t e d  f o r  d e s c r i b i n g  t h i s  s y s t e m ,

b u t  t h i s  w a s  t h e  c l o s e s t  m a t c h  i n v e s t i g a t e d  i n  t h i s  w o r k . * )

a  E x p [ b * S q r t [ x ] ]  + c , { a ,  b ,  c } ,  x ,  M a x I t e r a t i o n s  I n f i n i t y ]

l e n g t h V s T i m e P l o t [ t a b l e _ ] : = l e n g t h V s T i m e P l o t [ t a b l e ]  =

S h o w  L i s t P l o t  t a b l e 〚 1  ; ; - 1 ( * t o  a v o i d  u n d e r s h o o t i n g  d * ) ,

1 ( * t i m e * ) ; ;  2 ( * f i l a m e n t  l e n g t h * ) 〛 ,

F r a m e  T r u e ,  F r a m e L a b e l    " τ μ 0 N A d V a p p " ,  " x / d "  ,

P l o t L a b e l  " F i l a m e n t  L e n g t h  v s .  T i m e " ,

P l o t S t y l e  { P o i n t S i z e [ 0 . 0 2 ] ,  O p a c i t y [ 0 . 1 ] ,  B l u e } ,  L a b e l S t y l e 

D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,  P l o t R a n g e  F u l l  ,

l e n g t h V s T i m e [ t a b l e ]  =

P l o t [ n l m L e n g t h V s T i m e [ t a b l e ] [ x ] , { x ,  0 ,  1 } ,  P l o t R a n g e  { { 0 ,  1 } , { 0 ,  1 } } ,

P l o t S t y l e  B l u e ] ,  I m a g e S i z e  L a r g e ,  B a s e S t y l e  1 8 

H er e,  t h e t a b ul at e d it e m s i n fil a m e nt Gr o wt h R e s ult s T a bl e c a n  b e  s a v e d  t o a  n e w  v ari a bl e  s o  a s  t o a v oi d  

r e-r u n ni n g t h e si m ul ati o n  f or t h e p arti c ul ar  i niti al c o n diti o n s  u s e d.  I n t h e i nt er e st of  br e vit y,  t h e pr e s e n-

t ati o n of  t hi s w or k  will  e x cl u d e  s u c h  s a v e d  v al u e s.  

E x a m pl e  O ut p ut:  E q u ati o n  a n d  Pl ot

H er e  i s t h e fitt e d e q u ati o n.

I n [ ] : = n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e _ ] : =

n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e ]  = N o r m a l [ n l m L e n g t h V s T i m e [ t a b l e ] ]

I n [ ] : = n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0 . 0 1 6 9 0 3 1 + 0 . 0 6 7 6 9 4 9  1 4 . 4 3 9 2 x

H er e  i s t h e pl ot  of  t h e fitt e d e q u ati o n.

I n [ ] : = l e n g t h V s T i m e P l o t [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;
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I n [ ] : =

0. 0 0 0 0. 0 0 5 0. 0 1 0 0. 0 1 5 0. 0 2 0 0. 0 2 5 0. 0 3 0
0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

τ μ 0 N A d V a p p

x/
d

Fil a m e nt L e n gt h v s.  Ti m e

St ati sti c al  V ali d ati o n

A n y  n u m b er  of  st ati sti c al  t e st s c a n  b e  r u n u si n g  M at h e m ati c a’s  e xt e n si v e  f u n cti o n alit y. H er e,  t w o 

e x a m pl e s  ar e  pr o vi d e d,  n a m el y  A dj u st e d R S q u ar e d  a n d  P ar a m et er C o nfi d e n c eI nt er v al s.

H er e  i s t h e a dj u st e d R S q u ar e d.

I n [ ] : = n l m L e n g t h V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] [ " A d j u s t e d R S q u a r e d " ] ;

0. 9 9 9 8 6 4

H er e  ar e  t h e P ar a m et er C o nfi d e n c eI nt er v al s.

I n [ ] : = n l m L e n g t h V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] [ " P a r a m e t e r C o n f i d e n c e I n t e r v a l s " ] ;

{{ 0. 0 6 5 5 7 3 1, 0. 0 6 9 8 1 6 6},{ 1 4. 2 8 4 3, 1 4. 5 9 4},{ 0. 0 1 2 4 7 3 4, 0. 0 2 1 3 3 2 7}}

C o m p ut ati o n al  V ali d ati o n  U si n g  R e ali sti c  S y st e m  

P ar a m et er s  
A s  a n  e x a m pl e,  a  s y st e m  c o n si sti n g  of  t w o p er p e n di c ul ar  sil v er  ( A g) n a n o wir e s  i n a n  S i O 2  el e ctr ol yt e  

wit h  i o n m o bilit y  μ 0 =  3. 1 7 8 ·1 0 - 1 1  m 2

V s
s e p ar at e d  b y  a  di st a n c e  d  =  5 0  n m  t h at u n d er g o e s  a n  a p pli e d  

v olt a g e  V a p p = 1. 2  V  i s c o n si d er e d.  μ  will  b e  u s e d  i n st e a d of  μ 0 g oi n g  f or w ar d f or t y pi n g e a s e  a n d  t o a v oi d  

i s s u e s wit h  t h e z er o.
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Di m e n si o n ali z e  t h e E q u ati o n

St art  wit h  t h e n o n Di m e n si o n ali z e d L e n gt h V s Ti m e  e q u ati o n  a n d  tr e at x  a s   τ n o n . R e pl a c e  τ n o n  wit h  it s 

e q ui v al e nt  p h y si c al  p ar a m et er s  b a s e d  o n  τ n o n = τ N A μ d V a p p .

I n [ ] : = d i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e _ ] : = d i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e ]  =

n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e ]  * d / .  x   τ * a v o g a d r o N * μ * d * V a p p 

I n [ ] : = d i m e n s i o n a l i z e d L e n g t h V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

d  0 . 0 1 6 9 0 3 1 + 0 . 0 6 7 6 9 4 9  1 4 . 4 3 9 2 a v o g a d r o N  d μ  τ V a p p 

T h e n  r e pl a c e τ n o n  wit h  it s e q ui v al e nt  p h y si c al  p ar a m et er s  a n d  c o n v ert  t o τ , ti m e wit h  u nit s  of  s,  wit h  

v al u e s  u si n g  t h e r el e v a nt e q u ati o n.

I n [ ] : = n u m e r i c a l A v o g a d r o N = 6 . 0 2 2 1 4 0 7 6 * 1 0  ^  2 3 ; ( * A v o g a d r o ' s  N u m b e r * )

I n [ ] : = n u m e r i c a l L e n g t h V s T i m e [ t a b l e _ ] : =

n u m e r i c a l L e n g t h V s T i m e [ t a b l e ]  = d i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e ]  / .

 μ   3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,  d  5 0 * 1 0  ^ ( - 9 ) ,  V a p p  1 . 2 ,  a v o g a d r o N  n u m e r i c a l A v o g a d r o N 

I n [ ] : = n u m e r i c a l L e n g t h V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0 . 0 1 6 9 0 3 1 + 0 . 0 6 7 6 9 4 9  1 5  4 7 2 . 8 τ

2 0  0 0 0  0 0 0

Fi n d  τ n o n , m a x

I n [ ] : = τ N o n M a x [ t a b l e _ ] : = τ N o n M a x [ t a b l e ]  = t a b l e 〚 - 1 ( * t o  a v o i d  u n d e r s h o o t i n g  d * ) ,  1 ( * t i m e * ) 〛

I n [ ] : = τ N o n M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0. 0 3 3 5

C o n v ert  t o Fi n d  τ m a x  i n u nit s  of  s

I n [ ] : = τ M a x [ t a b l e _ ] : =

τ M a x [ t a b l e ]  = τ N o n M a x [ t a b l e ]  *  1    μ * a v o g a d r o N * d * V a p p   ( * e q u i v a l e n t  t o τ * )  / .

 μ   3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,  d  5 0 * 1 0  ^ ( - 9 ) ,  V a p p  1 . 2 ,  a v o g a d r o N  n u m e r i c a l A v o g a d r o N 

I n [ ] : = τ M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ; ( * i n  u n i t s  o f  s * )

2 . 9 1 7 3 5 × 1 0 - 8

Fi n d  x M a x

I n [ ] : = x M a x [ t a b l e _ ] : =

x M a x [ t a b l e ]  =

t a b l e 〚 - 1 ( * t o  e x c l u d e  c o o r d i n a t e  t h a t  u n d e r s h o o t s  d * ) 〛 〚 2 ( * f i l a m e n t  l e n g t h * ) 〛 *

d / . { d  5 0 * 1 0  ^ ( - 9 ) }
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I n [ ] : = x M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ; ( * i n  u n i t s  o f  m * )

5 . 0 1 9 1 4 × 1 0 - 8

Pl ot  N u m eri c all y

I n [ ] : = n u m e r i c a l L e n g t h V s T i m e P l o t [ t a b l e _ ] : = n u m e r i c a l L e n g t h V s T i m e P l o t [ t a b l e ]  =

P l o t [ n u m e r i c a l L e n g t h V s T i m e [ t a b l e ] , { τ ,  0 , τ M a x [ t a b l e ] } ,

P l o t R a n g e  { { 0 , τ M a x [ t a b l e ] } , { 0 ,  x M a x [ t a b l e ] ( * t o t a l  l e n g t h * ) } } ,

P l o t S t y l e  B l u e ,  F r a m e  T r u e ,  F r a m e L a b e l  { " τ ( s ) " ,  " x ( m ) " } ,

P l o t L a b e l  " F i l a m e n t  L e n g t h  v s .  T i m e " ,

L a b e l S t y l e  D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,

I m a g e S i z e  L a r g e ] ( * x m a x  s h o u l d  e q u a l  d * )

I n [ ] : = n u m e r i c a l L e n g t h V s T i m e P l o t [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0 5. × 1 0 - 9 1. × 1 0 - 8 1. 5 × 1 0 - 8 2. × 1 0 - 8 2. 5 × 1 0 - 8
0

1. × 1 0 - 8

2. × 1 0 - 8

3. × 1 0 - 8

4. × 1 0 - 8

5. × 1 0 - 8

τ (s )

x
(m

)

Fil a m e nt L e n gt h v s.  Ti m e

R el ati o n s hi p s  B et w e e n  V ari a bl e s

I niti al C o n diti o n s  

H er e  i s a  r e mi n d er of  τ N o n M a x.

I n [ ] : = τ N o n M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0. 0 3 3 5
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I n [ ] : = t o τ C o n v e r s i o n F a c t o r [ μ F a c t o r _ ,  d F a c t o r _ ,  v F a c t o r _ ] : =

t o τ C o n v e r s i o n F a c t o r [ μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  =  ( 1 /  ( a v o g a d r o N * μ * d * v ) )  / .

{ a v o g a d r o N  n u m e r i c a l A v o g a d r o N , μ    μ F a c t o r * 3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,

d  d F a c t o r * 5 0 * 1 0  ^ ( - 9 ) ,  v  v F a c t o r * 1 . 2 }  ( * M u l t i p l y  t h i s  b y τ n o n t o  g e t τ . * )

I n [ ] : = t o τ C o n v e r s i o n F a c t o r [ 1 ,  1 ,  1 ] ;

8 . 7 0 8 5 1 × 1 0 - 7

I n [ ] : = c a l c u l a t e d T a u [ t a b l e _ , μ F a c t o r _ ,  d F a c t o r _ ,  v F a c t o r _ ] : =

c a l c u l a t e d T a u [ t a b l e , μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  =

τ N o n M a x [ t a b l e ]  * t o τ C o n v e r s i o n F a c t o r [ μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]

I n [ ] : = c a l c u l a t e d T a u [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  1 ,  1 ] ;

2 . 9 1 7 3 5 × 1 0 - 8

D o u bli n g  A p pli e d  V olt a g e  

I n [ ] : = c a l c u l a t e d T a u [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  1 ,  2 ] ;

1 . 4 5 8 6 8 × 1 0 - 8

D o u bli n g  a p pli e d  v olt a g e  c ut s  τ  i n h alf,  m e a ni n g  t h e fil a m e nt gr o w s  f a st er a n d  t a k e s l e s s ti m e wit h  

hi g h er  v olt a g e.  T hi s  i s al s o  t h e c a s e  f or m o bilit y  a n d  di st a n c e  it s e e m s  a s  t h e y o ut p ut  t h e s a m e  q u a ntit y.

D o u bli n g  M o bilit y

I n [ ] : = c a l c u l a t e d T a u [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  2 ,  1 ,  1 ] ;

D o u bli n g  Di st a n c e

I n [ ] : = c a l c u l a t e d T a u [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  2 ,  1 ] ;

E ff e ct  of  C h a n gi n g  I niti al Fil a m e nt  C o n diti o n s

I n [ ] : = r a d i u s C o m p a r i s o n F i l a m e n t V s L e n g t h P l o t [ t a b l e 1 _ ,  t a b l e 2 _ ,  t a b l e 3 _ ] : =

r a d i u s C o m p a r i s o n F i l a m e n t V s L e n g t h P l o t [ t a b l e 1 ,  t a b l e 2 ,  t a b l e 3 ]  =

P l o t  { n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e 1 ] ,  n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [

t a b l e 2 ] ,  n o n D i m e n s i o n a l i z e d L e n g t h V s T i m e [ t a b l e 3 ] } ,

{ x ,  0 ,  1 } ,  P l o t S t y l e  { B r o w n ,  B l u e ,  M a g e n t a } ,  F r a m e  T r u e ,

F r a m e L a b e l    " τ μ 0 N A d V a p p " ,  " x / d "  ,  P l o t R a n g e  { { 0 , τ N o n M a x [ t a b l e 1 ]

( * T h e  l o n g e s t  t a b l e  w i l l  b e  t h e  o n e  w i t h  t h e  s m a l l e s t  r a d i u s . * ) } , { 0 ,  1 } } ,

P l o t S t y l e  { B r o w n ,  B l u e ,  M a g e n t a } ,  I m a g e S i z e  L a r g e ,

P l o t L a b e l  " F i l a m e n t  L e n g t h  v s .  T i m e " ,  L a b e l S t y l e 

D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ,  B a s e S t y l e  1 8 ] ,

P l o t L e g e n d s  P l a c e d [ { " r 1 = 0 . 0 2 5 " ,  " r 2 = 0 . 0 5 " ,  " r 3 = 0 . 0 7 5 " } , { 0 . 1 5 ,  . 7 8 } ] ,

I m a g e S i z e  L a r g e 
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T o  m a k e  t hi s w or k,  t a b ul at e d v al u e s  n e e d  t o b e  g e n er at e d  f or m ulti pl e  r a dii. T h e  o n e s  u s e d  h er e  ar e  

n ot e d  i n t h e pl ot.  I n t h e i nt er e st of  br e vit y,  t h e pr e s e nt ati o n  of  t hi s w or k  will  e x cl u d e  t a b ul at e d v al u e s  

b e y o n d  t h e fir st c a s e,  m e a ni n g  t a bl e 1 a n d  t a bl e 3 ar e  n ot  a s s o ci at e d  wit h  g e n er at e d  t a bl e s. 

I n [ ] : = r a d i u s C o m p a r i s o n F i l a m e n t V s L e n g t h P l o t [ t a b l e 1 ,  f i l a m e n t G r o w t h R e s u l t s T a b l e ,  t a b l e 3 ] ;

C urr e nt  a s  a  F u n cti o n  of  Ti m e

N o nli n e ar  M o d el

Fi n di n g  N o nli n e ar  Fit

H er e  i s a  r e mi n d er of  t h e t a bl e h e a di n g s  f or fil a m e nt Gr o wt h R e s ult s T a bl e.

I n [ ] : = f i l a m e n t G r o w t h R e s u l t s T a b l e 〚 1 〛 ;

{ti m e,fil a m e nt l e n gt h,fil a m e nt ar e a, ar e a  i n}

H er e,  “ nl m ”  i n di c at e s t h at t hi s i s a  n o nli n e ar  m o d el.
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I n [ ] : = n l m C u r r e n t V s T i m e [ t a b l e _ ] : =

n l m C u r r e n t V s T i m e [ t a b l e ]  = N o n l i n e a r M o d e l F i t [ t a b l e 〚 3 ( * t o  a v o i d  u n r e a l i s t i c  j u m p

o f  c u r r e n t  f r o m  z e r o  t o  f i r s t  n o n z e r o  v a l u e  c o n t a i n e d  i n  p o s i t i o n  2 * ) ; ; - 1

( * t o  a v o i d  u n d e r s h o o t i n g  d * ) , { 1 ( * t i m e * ) ,  4 ( * a r e a  i n * ) } 〛 ,

( * T h i s  i s  t h e  e x p r e s s i o n  t h a t  i s  u s e d  t o  f i n d  a  n o n l i n e a r  f i t .  I t  i s  p o s s i b l e

t h a t  a n o t h e r  e x p r e s s i o n  w o u l d  b e  b e t t e r  s u i t e d  f o r  d e s c r i b i n g  t h i s  s y s t e m ,

b u t  t h i s  w a s  t h e  c l o s e s t  m a t c h  i n v e s t i g a t e d  i n  t h i s  w o r k . * )

a * E x p [ b * x  ^  c ]  + d + e * x , { a ,  b ,  c ,  d ,  e } ,  x ,  M a x I t e r a t i o n s  I n f i n i t y ]

c u r r e n t V s T i m e P l o t [ t a b l e _ ] : =

c u r r e n t V s T i m e P l o t [ t a b l e ]  = S h o w  L i s t P l o t  t a b l e 〚 3 ( * t o  a v o i d  u n r e a l i s t i c  j u m p  o f

c u r r e n t  f r o m  z e r o  t o  f i r s t  n o n z e r o  v a l u e  c o n t a i n e d  i n  p o s i t i o n  2 * ) ; ; - 1

( * t o  a v o i d  u n d e r s h o o t i n g  d * ) , { 1 ( * t i m e * ) ,  4 ( * a r e a  i n * ) } 〛 ,

F r a m e  T r u e ,  F r a m e L a b e l    " τ μ 0 N A d V a p p " ,  "
I

μ 0 N A d V a p p

"  ,

P l o t L a b e l  " I o n i c  C u r r e n t  v s .  T i m e " ,

P l o t S t y l e  { P o i n t S i z e [ 0 . 0 2 ] ,  O p a c i t y [ 0 . 1 ] ,  B l u e } ,  L a b e l S t y l e 

D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,  P l o t R a n g e  F u l l  ,

c u r r e n t V s T i m e [ t a b l e ]  =

P l o t [ n l m C u r r e n t V s T i m e [ t a b l e ] [ x ] , { x ,  0 ,  1 } ,  P l o t R a n g e  { { 0 ,  1 } , { 0 ,  1 } } ,

P l o t S t y l e  B l u e ] ,  I m a g e S i z e  L a r g e ,  B a s e S t y l e  1 8 

E x a m pl e  O ut p ut:  E q u ati o n  a n d  Pl ot

H er e  i s t h e fitt e d e q u ati o n.

I n [ ] : = n o n D i m e n s i o n a l i z e d C u r r e n t V s T i m e [ t a b l e _ ] : =

n o n D i m e n s i o n a l i z e d C u r r e n t V s T i m e [ t a b l e ]  = N o r m a l [ n l m C u r r e n t V s T i m e [ t a b l e ] ]

I n [ ] : = n o n D i m e n s i o n a l i z e d C u r r e n t V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

2 . 4 7 9 5 5 × 1 0 9 - 2 . 4 7 9 5 5 × 1 0 9  - 1 . 5 1 5 8 2 × 1 0 1 0 x 1 5 . 6 8 8 4

+ 0 . 0 0 1 8 4 4 1 6 x

H er e  i s t h e pl ot  of  t h e fitt e d e q u ati o n.

I n [ ] : = c u r r e n t V s T i m e P l o t [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;
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0. 0 0 0 0. 0 0 5 0. 0 1 0 0. 0 1 5 0. 0 2 0 0. 0 2 5 0. 0 3 0
0. 0 0 0 0

0. 0 0 0 1

0. 0 0 0 2

0. 0 0 0 3

0. 0 0 0 4

0. 0 0 0 5

0. 0 0 0 6

0. 0 0 0 7

τ μ 0 N A d V a p p

I

μ
0

N
A

d
V

a
p
p

I o ni c  C urr e nt v s.  Ti m e

St ati sti c al  V ali d ati o n

A n y  n u m b er  of  st ati sti c al  t e st s c a n  b e  r u n u si n g  M at h e m ati c a’s  e xt e n si v e  f u n cti o n alit y. H er e,  t w o 

e x a m pl e s  ar e  pr o vi d e d,  n a m el y  A dj u st e d R S q u ar e d  a n d  P ar a m et er C o nfi d e n c eI nt er v al s.

H er e  i s t h e a dj u st e d R S q u ar e d.

I n [ ] : = n l m C u r r e n t V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] [ " A d j u s t e d R S q u a r e d " ] ;

0. 9 8 6 1 8

H er e  ar e  t h e P ar a m et er C o nfi d e n c eI nt er v al s.

I n [ ] : = n l m C u r r e n t V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] [ " P a r a m e t e r C o n f i d e n c e I n t e r v a l s " ] ;

  - 2 . 4 7 9 5 5 × 1 0 9 , - 2 . 4 7 9 5 5 × 1 0 9  ,

 - 1 . 5 1 5 8 2 × 1 0 1 0 , - 1 . 5 1 5 8 2 × 1 0 1 0  , { 1 5 . 6 7 3 4 ,  1 5 . 7 0 3 3 } ,

 2 . 4 7 9 5 5 × 1 0 9 ,  2 . 4 7 9 5 5 × 1 0 9  , { 0 . 0 0 1 6 0 0 0 1 ,  0 . 0 0 2 0 8 8 3 2 } 

C o m p ut ati o n al  V ali d ati o n  U si n g  R e ali sti c  S y st e m  

P ar a m et er s  
A s  a n  e x a m pl e,  a  s y st e m  c o n si sti n g  of  t w o p er p e n di c ul ar  sil v er  ( A g) n a n o wir e s  i n a n  S i O 2  el e ctr ol yt e  

wit h  i o n m o bilit y  μ 0 =  3. 1 7 8 ·1 0 - 1 1  m 2

V s
s e p ar at e d  b y  a  di st a n c e  d  =  5 0  n m  t h at u n d er g o e s  a n  a p pli e d  

v olt a g e  V a p p = 1. 2  V  i s c o n si d er e d.  μ  will  b e  u s e d  i n st e a d of  μ 0 g oi n g  f or w ar d f or t y pi n g e a s e  a n d  t o a v oi d  

i s s u e s wit h  t h e z er o.
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Di m e n si o n ali z e  t h e E q u ati o n

St art  wit h  t h e n o n Di m e n si o n ali z e d L e n gt h V s Ti m e  e q u ati o n  a n d  tr e at x  a s   τ n o n . R e pl a c e  τ n o n  wit h  it s 

e q ui v al e nt  p h y si c al  p ar a m et er s  b a s e d  o n  I n o n = I τ .

I n [ ] : = d i m e n s i o n a l i z e d C u r r e n t V s T i m e [ t a b l e _ ] : =

n o n D i m e n s i o n a l i z e d C u r r e n t V s T i m e [ t a b l e ]    1    a v o g a d r o N * μ * d * V a p p   / .

 x   τ * a v o g a d r o N * μ * d * V a p p 

I n [ ] : = d i m e n s i o n a l i z e d C u r r e n t V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

a v o g a d r o N  d μ V a p p  2 . 4 7 9 5 5 × 1 0 9 - 2 . 4 7 9 5 5 × 1 0 9  - 1 . 5 1 5 8 2 × 1 0 1 0 ( a v o g a d r o N  d μ  τ V a p p ) 1 5 . 6 8 8 4

+

0 . 0 0 1 8 4 4 1 6  a v o g a d r o N  d μ  τ V a p p 

T h e n  r e pl a c e τ n o n  wit h  it s e q ui v al e nt  p h y si c al  p ar a m et er s  a n d  c o n v ert  t o τ , ti m e wit h  u nit s  of  s,  wit h  

v al u e s  u si n g  t h e r el e v a nt e q u ati o n.

I n [ ] : = n u m e r i c a l A v o g a d r o N = 6 . 0 2 2 1 4 0 7 6 * 1 0  ^  2 3 ; ( * A v o g a d r o ' s  N u m b e r * )

I n [ ] : = n u m e r i c a l C u r r e n t V s T i m e [ t a b l e _ ] : =

n u m e r i c a l C u r r e n t V s T i m e [ t a b l e ]  = d i m e n s i o n a l i z e d C u r r e n t V s T i m e [ t a b l e ]  / .

 μ   3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,  d  5 0 * 1 0  ^ ( - 9 ) ,  V a p p  1 . 2 ,  a v o g a d r o N  n u m e r i c a l A v o g a d r o N 

I n [ ] : = n u m e r i c a l C u r r e n t V s T i m e [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

1 . 1 4 8 3 × 1 0 6  2 . 4 7 9 5 5 × 1 0 9 - 2 . 4 7 9 5 5 × 1 0 9  - 1 . 7 9 1 0 6 × 1 0 1 0 5 τ 1 5 . 6 8 8 4

+ 2 1 1 7 . 6 6 τ 

Fi n d  I n o n , m a x

I n [ ] : = i N o n M a x [ t a b l e _ ] : =

i N o n M a x [ t a b l e ]  = t a b l e 〚 - 1 ( * t o  a v o i d  u n d e r s h o o t i n g  d * ) ,  4 ( * a r e a  i n * ) 〛

I n [ ] : = i N o n M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0. 0 0 0 6 9 8 1 4 8

C o n v ert  t o Fi n d  τ m a x  i n u nit s  of  s

i M a x [ t a b l e _ ] : = i M a x [ t a b l e ]  = i N o n M a x [ t a b l e ]    1    μ * a v o g a d r o N * d * V a p p  ( * τ * ) 

( * e q u i v a l e n t  t o  d i v i d i n g  b y τ * )  / .

 μ   3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,  d  5 0 * 1 0  ^ ( - 9 ) ,  V a p p  1 . 2 ,  a v o g a d r o N  n u m e r i c a l A v o g a d r o N 

I n [ ] : = i M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ; ( * i n  u n i t s  o f  i o n s / s * )

8 0 1. 6 8 5
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Pl ot  N u m eri c all y

I n [ ] : = n u m e r i c a l C u r r e n t V s T i m e P l o t [ t a b l e _ ] : = n u m e r i c a l C u r r e n t V s T i m e P l o t [ t a b l e ]  =

P l o t [ n u m e r i c a l C u r r e n t V s T i m e [ t a b l e ] , { τ ,  0 , τ M a x [ t a b l e ] } ,

P l o t R a n g e  { { 0 , τ M a x [ t a b l e ] } , { 0 ,  i M a x [ t a b l e ] ( * t o t a l  l e n g t h * ) } } ,

P l o t S t y l e  B l u e ,  F r a m e  T r u e ,  F r a m e L a b e l  { " τ ( s ) " ,  " I ( i o n s / s ) " } ,

P l o t L a b e l  " I o n i c  C u r r e n t  v s .  T i m e " ,  L a b e l S t y l e 

D i r e c t i v e [ F o n t F a m i l y  " H e l v e t i c a " ,  B l a c k ,  F o n t S i z e  1 8 ] ,  I m a g e S i z e  L a r g e ]

I n [ ] : = n u m e r i c a l C u r r e n t V s T i m e P l o t [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0 5. × 1 0 - 9 1. × 1 0 - 8 1. 5 × 1 0 - 8 2. × 1 0 - 8 2. 5 × 1 0 - 8
0

2 0 0

4 0 0

6 0 0

8 0 0

τ (s )

I
(i

o
ns

/s
)

I o ni c  C urr e nt v s.  Ti m e

E ff e ct  of  Di ff er e nt  V ari a bl e s  o n  M a x  C urr e nt

I niti al C o n diti o n s  

H er e  i s a  r e mi n d er of  i N o n M a x.

I n [ ] : = i N o n M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ] ;

0. 0 0 0 6 9 8 1 4 8

I n [ ] : = t o I C o n v e r s i o n F a c t o r [ μ F a c t o r _ ,  d F a c t o r _ ,  v F a c t o r _ ] : =

t o I C o n v e r s i o n F a c t o r [ μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  =  ( a v o g a d r o N * μ * d * v )  / .

{ a v o g a d r o N  n u m e r i c a l A v o g a d r o N , μ    μ F a c t o r * 3 . 1 7 8 * 1 0  ^ ( - 1 1 ) ,

d  d F a c t o r * 5 0 * 1 0  ^ ( - 9 ) ,  v  v F a c t o r * 1 . 2 }  ( * M u l t i p l y  t h i s  b y  I n o n t o  g e t  I . * )
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I n [ ] : = t o I C o n v e r s i o n F a c t o r [ 1 ,  1 ,  1 ] ;

1 . 1 4 8 3 × 1 0 6

I n [ ] : = i o n i c I M a x [ t a b l e _ , μ F a c t o r _ ,  d F a c t o r _ ,  v F a c t o r _ ] : =

i o n i c I M a x [ t a b l e , μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  =

i N o n M a x [ t a b l e ]  * t o I C o n v e r s i o n F a c t o r [ μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]

I n [ ] : = i o n i c I M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  1 ,  1 ] ; ( * i n  u n i t s  o f  i o n s / s * )

8 0 1. 6 8 5

D o u bli n g  A p pli e d  V olt a g e  

I n [ ] : = i o n i c I M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  1 ,  2 ] ;

1 6 0 3. 3 7

D o u bli n g  a p pli e d  v olt a g e  d o u bl e s  I. T hi s  i s al s o  t h e c a s e  f or m o bilit y  a n d  di st a n c e  it s e e m s  a s  t h e y 

o ut p ut  t h e s a m e  q u a ntit y.

D o u bli n g  M o bilit y

I n [ ] : = i o n i c I M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  2 ,  1 ,  1 ] ;

D o u bli n g  Di st a n c e  

I n [ ] : = i o n i c I M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  2 ,  1 ] ;

C urr e nt  i n A m p er e s  ( A)

I n [ ] : = c a t i o n C h a r g e = 1 . 6 0 2 * 1 0  ^ ( - 1 9 ) ; ( * i n  u n i t s  o f  C * )

I n [ ] : = e l e c t r i c I M a x [ t a b l e _ , μ F a c t o r _ ,  d F a c t o r _ ,  v F a c t o r _ ] : =

e l e c t r i c I M a x [ t a b l e , μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  =

i o n i c I M a x [ t a b l e , μ F a c t o r ,  d F a c t o r ,  v F a c t o r ]  * c a t i o n C h a r g e

I n [ ] : = e l e c t r i c I M a x [ f i l a m e n t G r o w t h R e s u l t s T a b l e ,  1 ,  1 ,  1 ] ; ( * i n  u n i t s  o f  A m p e r e s ( A ) * )

1 . 2 8 4 3 × 1 0 - 1 6
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