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ABSTRACT: In this work, we present a complete theoretical framework for analyzing the
distribution of polarized hadrons within jets, with and without measuring the transverse
momentum relative to the standard jet axis. Using soft-collinear effective theory (SCET), we
derive the factorization and provide the theoretical calculation of both semi-inclusive and
exclusive fragmenting jet functions (FJFs) under longitudinal and transverse polarization.
With the polarized FJFs, one gains access to a variety of new observables that can be used for
extracting both collinear and transverse momentum dependent parton distribution functions

(PDFs) and fragmentation functions (FFs). As examples, we provide numerical results for

the spin asymmetry A;O;(;fs_(ﬁsh) from polarized semi-inclusive hadron-in-jet production in

polarized pp collisions at RHIC kinematics, where a transversely polarized quark would lead
to the transverse spin of the final-state hadron inside the jet and is thus sensitive to the
transversity fragmentation functions. Similarly, another spin asymmetry, A?g(fq_(bs ) from

polarized exclusive hadron-in-jet production in polarized ep collisions at EIC kinematics

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP03(2024)142


https://orcid.org/0000-0003-3161-0381
https://orcid.org/0000-0003-3503-7084
https://orcid.org/0000-0002-8369-4380
https://orcid.org/0000-0001-8708-9375
mailto:zkang@ucla.edu
mailto:hxing@m.scnu.edu.cn
mailto:fanyi@mit.edu
mailto:zyiyu@m.scnu.edu.cn
https://doi.org/10.1007/JHEP03(2024)142

would allow us to access the helicity fragmentation functions. These observables demonstrate

promising potential in investigating transverse momentum dependent PDFs and FFs and
are worthwhile for further measurements.
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1 Introduction

Jet substructure, originally developed to exploit the flow of energy within jets of particles at
the Large Hadron Collider (LHC) to enhance new physics searches [1], has since emerged as a
primary tool for studying Quantum Chromodynamics (QCD). Not only has jet substructure
been vastly studied in ongoing experiments at the Relativistic Heavy Ion Collider (RHIC) and
the LHC [2-7], but also in future facilities such as the Electron-Ion Collider (EIC) [8, 9]. For
example, at the LHC, the jet substructure has been successfully used to tag the origin of jets
in precision measurements and searches for new physics. At both the RHIC and the LHC, the
jet substructure has been an important tool for studying the properties of the hot and dense
quark-gluon plasma. On the other hand, at the EIC, as a good proxy of parton-level dynamics,
jet allows for a clean factorization between the target and current-fragmentation regions,
which is generally difficult in hadron productions [10-12] in deep inelastic scatterings (DIS).

Most recently, one particular set of jet substructure observables, the distribution of
hadrons inside the jet, has received a lot of attention [13-19]. Studying hadron distribution
inside the jet enables us to pinpoint fragmentation functions of various kinds and to explore
the elusive hadronization process. They are complementary to the more standard processes,
such as semi-inclusive hadron production in deep inelastic scattering and hadron production
in eTe™ collisions, and allow us to study QCD factorization and to test the universality



properties of the associated fragmentation functions in different processes [20]. For example,
one can measure the distribution of hadrons inside the jet as a function of the hadron
momentum fraction zp, where z; is the ratio of the transverse momentum of the hadron
(prr) to that of the jet (pyr), both relative to the beam axis. Such a z;, dependence can be
used for extracting the zj,-dependence of the collinear fragmentation functions (FFs) [21, 22].
On the other hand, if one measures both z;, and the transverse momentum 35, distribution
of the hadrons with respect to the jet axis, one would be able to study the transverse
momentum-dependent fragmentation functions (TMD FFs) [23].

The theoretical object which describes the momentum distribution of hadrons inside a
fully reconstructed jet is called fragmenting jet functions (FJFs). For the zj,-dependence
while integrating over the hadron’s transverse momentum with respect to the jet axis, we
would have collinear FJFs, which can be matched onto the standard collinear FFs. These
collinear FJFs have been studied in the so-called semi-inclusive jet production, as well as the
exclusive jet production. For semi-inclusive jet production, one measures the signal jet while
completely inclusive on other particles in the final state, see the studies in e.g. [21, 24-29]. On
the other hand, in the context being discussed, “exclusive” jet production refers to situations
where a fixed number of jets are produced in the final state but one vetoes additional jets.
For example, in the back-to-back electron-jet production in electron-proton collisions, our
factorization would depend on the exclusive FJFs, where we have an electron and a single
signal jet in the final state. See the studies along this line [30-34]. On the other hand,
measuring both z;, and j, distribution of the hadrons with respect to the standard jet axis
would give us the transverse momentum dependent fragmenting jet functions (TMD FJFs).
There are close relationships [23, 27, 35-37] between these TMD FJFs and the standard TMD
FFs [38-40]. More recently, studies have been advanced to the polarized sector, including
the polarization of both the parton initiating the jet and the hadron produced within the
jet [34, 41-43]. For a recent study exploring dihadron fragmentation functions (or two
hadrons) inside the jet, see [44, 45]. For the TMD study of the hadron with respect to the
Winner-Take-All jet axis, see [37, 46-48]. As for the TMD study inside the groomed jet,
see [36, 49, 50]. More recently, exploring the connections between TMD physics and the
energy-energy correlators has seen a lot of progress [51-53].

For the polarized collinear FJFs and TMD FJFs, we have performed studies in previous
publications, mainly in [34, 41] for semi-inclusive and exclusive jet productions. Even though
we provided theoretical formalism and illustrated some phenomenological studies there, for
the computations of FJFs, only partial results were available in those previous publications,
but not the complete full results. This is the goal of our current paper. We will perform
all the relevant computations and give all associated matching coefficients that allow us
to connect these FJFs to the standard FFs. In doing so, we also update our formalism
using the more recent approach outlined in the TMD Handbook [13]. We provide additional
phenomenological studies at the RHIC and the future EIC.

The rest of the paper is organized as follows: in section 2, we establish the theoretical
foundation for collinear FJFs, elucidate a number of correlations between the polarization
of the hadrons and fragmenting partons, and illuminate their physical significance and
connections to standard fragmentation functions. In section 3, we introduce the semi-inclusive
and exclusive TMD FJFs. We discuss their factorization and evolution properties, as well
as their relations to the standard TMD FFs. In section 4, we employ this framework to
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predict the spin asymmetry A;?;F;S_%h) for the semi-inclusive production of transversely

polarized A baryons inside jet in transversely polarized pp collisions at RHIC kinematics,
and ACTOISJ%LZ%)S ) for the exclusive production of longitudinally polarized A/A inside jet in
polarized ep collisions at EIC kinematics. Finally, we provide a summary of our findings in
section 5. We collect a few additional details in the appendix.

2 The collinear fragmenting jet functions (FJFs)

In this section, we introduce the definition of the semi-inclusive and exclusive fragmenting jet
functions (FJFs) in soft-collinear effective theory (SCET) [54-58] with both unpolarized and
polarized fragmenting hadron. Such FJFs are used to describe the longitudinal momentum
fraction distribution of hadrons within jets. We first provide the operator definitions of FJFs,
then perform the calculation to NLO, and lastly derive and solve the RG evolution equations.

2.1 Collinear FJFs in semi-inclusive jet productions

We can construct the semi-inclusive fragmenting quark and gluon jet functions using the
corresponding gauge invariant quark and gluon fields in SCET which are given by:

1
o= Wik, Bl = WD, W), (2.1)

where the subscript n indicates that the field is along the n-collinear direction, and n* =
(1,0,0,1) is the light-cone vector whose spatial component is aligned with the jet axis. In
eq. (2.1), the covariant derivative is iD}'| =P» 4 gAl | where P* is the label momentum
operator. Moreover, W,, is the Wilson line of collinear gluons:

Wy (z) = Z exp <—g1n-An(:L‘)> : (2.2)

perms n-P

It is also useful to define the conjugate light-cone vector n* = (1,0,0,—1), such that

n? =n? =0and n-n = 2. Thus, any four-vector p* can be decomposed as pt = pt,p~,p, ]}

where p™ = n-p and p~ = 7 - p, namely:
n* nt
P=p +p+7 +p . (2.3)

For a hadron in the reference frame where it has no transverse momentum and moves along
the +z-direction, it will have a large p, component and a small p}f component, i.e., p;{ < py-
Thus the momentum pj, and spin S} of the hadron inside the jet can be parameterized as:

9 _
Ph = th,pﬁ,O] , Sp= [—/\th,)\hm,ShL . (2.4)
Ph, Py, My,

Here Ay, is the helicity of the hadron with mass My, and S}, is the transverse polarization

of the hadron inside the jet.
Having these collinear quark and gluon fields readily available, we can formulate the
correlator definitions for the quark and gluon semi-inclusive FJFs, each with different

1We use square bracket for vectors written in light cone coordinates.
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h(P},, S/q)

> jet

Py

Figure 1. Illustration for the distribution of hadrons h inside a jet that is initiated by a parton q.
The hadron has a momentum py, and spin Sy, while the jet has a momentum p.

polarizations [21, 30, 32, 59]:

Gz R) = 0 (a0 = ) 1o £ 05— 2 Pa@m)X)

2N, 2
< ((TWX[T(0/0)]. (2:5)
AG) ez o) = 5 (20— 2 ) e[ B 01— 0 Phxa@lIm )
< ((TW)X T 0)10) | (2.6
Shu81G) s pr ) = 52— ) T [Bais 018 — 0 Phra0)1 ) X)
< ((IDX [ (0]0)]. 2.7
Gyt o) =~y (0~ 55)
X (013 — 71+ P)Bur,w(O)| (TR X) (TW)X[BLL O)]0) . (28)
gpte it = g i )

X (0[6(w =7 P)Bnr, n(0)|(JP)X) (JA) X [Bp 1, (0)[0) ,  (2.9)

where NV, is the number of colors for quarks and (d — 2) is the number of polarizations for
gluons in d dimensional space-time. Note that we only consider massless quark flavors. For
studies about heavy meson, see e.g. refs. [22, 49, 60, 61]. The state |(Jh)X) denotes the final
state, encompassing both unobserved particles labeled as X, and the observed jet J containing
an identified hadron h, which is collectively referred to as (Jh). Additionally, w represents
the large light-cone component for the momentum of the quark or gluon initiating the jet,
whereas w; = p; and wy, = p, correspond respectively to the large light-cone component for
the momentum of the jet itself and the identified hadron within the jet, as shown in figure 1.
In our convention and the perturbative calculations performed below, we choose a frame
where the jet has no transverse momentum and wj ~ 2F; with E; the jet energy. However,
in the actual experimental measurements at the collider experiments such as proton-proton
collisions at the LHC, the jet has a transverse momentum pr with a jet radius R [62] in
the lab frame. Since we will perform phenomenological studies for the relevant collider
experiments, we include prR as an argument in our collinear FJFs in egs. (2.5)—(2.9). At
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Cl)h = Zha) = ZhCOJ

2

4) (B) ©)

Figure 2. Contributions required for studying semi-inclusive FJFs. In (A), both the quark and the
gluon are inside the jet, while in (B) and (C) only the quark or gluon is inside the jet.

the same time, the energy fractions z and z;, are defined as:

p= 2L = (2.10)

w Wy

As given in egs. (2.5)—(2.7), to obtain the helicity and transversity distributions of the hadron
in quark FJFs, namely Agg and ATQ(’], we replace the 7 in eq. (2.5) by s and 77} 7.
The unpolarized collinear FJF g(’; ¢ represents the situation where an unpolarized quark or
gluon initiates a jet that carries a momentum fraction z of the parent parton, and we further
observe an unpolarized hadron h inside the jet which carries the momentum fraction z; of
the jet. Similarly, Agéﬁ o stands for the case where a longitudinally polarized parton initiates
a jet in which a longitudinally polarized hadron h is observed. Finally, ATQ,;‘ is the case
for a transversely polarized quark going into a jet in which a transversely polarized hadron
is observed. Note that we do not have the corresponding ATQ;‘ for gluons when hadron h
is a spin-1/2 particle, due to the helicity-conservation constraint. This is the same reason
why the gluon transversity does not exist for the spin-1/2 nucleon [63].

Although the semi-inclusive FJFs glh(z,zh,pTR, w) are not perturbatively calculable,
they can be matched onto the standard collinear fragmentation functions as long as prR >
Aqcep [21]. The matching coefficients can be computed by replacing the hadron h by a
parton j and then computing gg' (2, zn, pr R, 1) perturbatively. Prior to describing the process
of computing the semi-inclusive FJFs, it is important to emphasize that the outcomes are
influenced by the choice of jet algorithms. To streamline our explanation, however, we solely
concentrate on the anti-kr algorithm [62] in this study.

We will now compute the bare partonic semi-inclusive FJFs sz (2, zp, prR) in order to
determine the UV counter terms. At the leading order (LO), one has a single parton. It is
this parton ¢ that forms the jet as well as presenting the parton j inside the jet. Thus we
have z = 1 and z; = 1 at LO and bare polarized semi-inclusive FJFs are given by:

AqyG O (z, 2, prR) = 816(1 — 2)3(1 — z1,). (2.11)

Here and throughout the rest of the paper, we use the symbol A7y to collectively represent
both the longitudinally (A) and transversely (T') polarized cases.

At the next-to-leading order (NLO), we have to consider the 1 — 2 splitting process in
the real emission diagrams as shown in figure 2, as well as virtual diagrams. In dimensional



regularization, since virtual diagrams become scaleless integrals and vanish, we thus only
consider the real diagrams. Following the discussion in [21], we consider the cases of both
partons in the jet and only one parton in the jet as shown in figure 2. They are given by
the same integrals over the transverse momentum ¢ of the parton j, but are constrained by
different Heaviside functions. Working in pure dimensional regularization with d = 4 — 2e
dimensions, we have:

Qs (e'yE MQ)&

(1) _ s _ D.. dqi anti-kp
A(T)gz‘ (2,2n,wy) = 27 T(1—e) (5(1 Z)A(T)Pﬂ(zhve)/ (qi)l-f-e@both

> d 2 anti-
+5(1zh)A(T)Pji(z,e)/(qzqﬁ%@j ¢ ’fT), (2.12)
1

where the @igii};kT and @?nti'kT are the jet algorithm constraints with both partons in jet
(figure 2A) and only one parton in jet (figure 2B, 2C), respectively, and the superscript
“anti-k7” indicates that anti-k7 algorithm is used. The form of @%E?};k’f and @?ntl'kT are

given by the Heaviside functions [21, 64, 65]:

2.1.1 NLO calculation

@igi;kT = G(zh(l — zp)wy tan% — ql) , (2.13)
@?mi_kT = (QJ_ — (1 - 2z)wy tan 7;) : (2.14)

where R is the angular separation between three vector momenta inside the jet [64]. This
is to be compared with the jet radius R in the hadron collider that specifies the separation
in pseudo-rapidity and azimuthal angle as in /(An)? + (A¢)?. For jets with a small jet
radius R < 1, we have

R

R = Soh (] (2.15)

where 7 is the jet pseudo-rapidity. Note that

R R
wy tan 5 ~ 2E; 5 =br cosh(n)C =prR, (2.16)

osh(n)

and we will thus include the argument prR in the FJFs.
The longitudinally polarized functions Apji(z, €) in eq. (2.12) are given in [66]:

AP (z,¢) = Cp 11t22 —€e(1— z)] , (2.17)
APy (z,€) = Op[2 — 2+ 2¢(1 — 2)] (2.18)
AP (z,€) = Tp[22 — 1 — 2¢(1 — 2)], (2.19)

. 1
APy4(z,€) =2C4 [1

214 2€(1— z)} . (2.20)



The transversely polarized splitting functions ATISjZ-(z, €) only exist for ATqu because there
is no gluon transversity fragmentation function for spin-1/2 hadron as we mentioned above.
We have the following expression for ApPy,(z,€) [67]

ATqu(Z, 6) = CF

12_"2} . (2.21)

By inserting the © functions for anti-kr algorithm and carrying out the integration in
eq. (2.12), we obtain the bare results® for longitudinally polarized semi-inclusive FJFs
AG] pare(2, 21, pTR) with 4,5 € {q,g}:

qu bare(z7 ZhapTR) = 5(1_2)5(1 —Zh)

22 (241 ARu00-20) - (F41) AR (200301 -2)

6122 205 (142 )(mil_‘zj‘))++cF<1—zh>+2Aqu<zh>1n<zh>]
51— Zh)2 [20( )(lnil—_zZ))++CF(lz)]’ (2.22)

AGY (2, 2n,prR) = ;‘—ﬂ Ki +L> AP, (2)6(1—2,)— (1 +L) AP, (2)8(1 —z)}
+5(1—z);—; [ZAqu(zh)ln(zh(l—zh))—2(]p(1—zh)]

—4(1— zh)2 [QAqu( )ln(l—z)—QCF(l—z)], (2.23)

AG el 207 R) = {<1+L> AP,y (2)5(1—2p) — <1+L> Aqu(zh)(S(l—z)}

+(1—2)

%:_ [2APq9(2h> In(zp(1—24))+2TF(1 _Zh):|

—6(1— zh)2 [ZAqu( )ln(l—z)—ﬁ—QTF(l—z)}, (2.24)

Agg bdre(zv ZhapTR) - 5(1*2)6(1 7Zh)

2 Ki%) AP, (2)5(1—21) <1+L> Ang(zh)é(lz)}

404 (2(1—2)2+21) (m(l_z")> ]
.

Fo(1—z) 2 -

27

+0(1— 2)2 [ZAng(zh)ln(zh) 4CA(1—zh)}

—6(1— Zh)2 l4CA( (1z)2+z)<ln§1_;z))+4CA(1Z)], (2.25)

where the logarithm

2
L=l ((JRF) . (2.26)

2More details on the ¢, integral and relevant expansions as € — 0 can be found in appendix A.




This indicates that the natural scale for the collinear FJFs is given by uy ~ prR. As for
the transversely polarized semi-inclusive FJFs, we obtain:

Ang,bare(Z’ ZhvaR) = (5(1 — Z)(S(l _ Zh)

r o [C + L) ArPoy(2)5(1 = z3) — (1 + L) AqPog(z,)5(1 — z)]

+6(1 — z)g—; [4Cth (lnil__;lh))Jr + 2A7Pyq(2n) hl(zh)]
61— ) [4sz(1n§1__;)>+] . (2.27)

Here the functions A7) Pj;(2) are the longitudinally (transversely) polarized Altarelli-Parisi
splitting kernels:

1+ 22 3
APy(z) =Cr =2, + 55(1 - z)] , (2.28)
APy(2) = Cp[2 — 2], (2.29)
APy(z) =Tr[22 — 1], (2.30)
AP, (2) =2C, [1 — 22+ 1} Pos §(1— 2) (2.31)

99 (1—2)4 ’

2z 3

ArPyg(2) = Cr| s+ 5001 - z)] , (2.32)

where 5y = HC’ 4 — 4T rny and ny is number of flavors. The “plus” distributions are defined
as usual by.

/ 4 () lg(), = / Nz () - 1(1)gl2). (2:33)

2.1.2 Renormalization and matching onto collinear FFs

In this section, we will renormalize the bare semi-inclusive FJFs obtained in the previous
section, and then match the results to the standard collinear FFs. In doing so, it is important
to point out that the 1/e poles with a factor of Ay P;(2,)d(1 — 2) in eqs. (2.22)-(2.25)
and (2.27) are the infrared (IR) poles, that would be matched onto the standard longitu-
dinally (transversely) polarized collinear FFs. On the other hand, the poles with a factor
of Ay Pij(2)6(1 — zp) are the ultraviolet (UV) poles which will be taken care of by renor-
malization. Since the UV poles do not involve the variable zj, we should expect that zj is
merely a parameter in renormalization. This is exactly the same as the unpolarized situation
studied in [21]. With this in mind, the relationship between the bare and renormalized
semi-inclusive FJFs is given by

Ldz z ;
A(T)gz bare(z Zh?pTR Z/ 7A(T) Zk(z”M)A(T)gi(z/’zh’pTR’M)’ (234)

where Ay Zy,(Z, 1) is the renormalization matrix and A(T)Q’i; (', zn, pr R, 1) are the renor-
malized semi-inclusive FJFs. For the aforementioned reason, the convolution only involves the



variable z. The renormalized semi-inclusive FJFs satisfy the following RG evolution equations:

d 1 dz z ;
Md g](Z ZhapTR /’L Z/ rylgk< /7M> (T)gi(Z/,Zh,pTR, ,LL), (235)

with the anomalous dimension matrix given by:

14 -1/ z d
ad m’“( "“) ;/ ~ (Bw2), (Z/vM)M@A<T>Zm(zCu), (2:36)

and (A(T) Z), is the inverse of the renormalization matrix that is defined such that:
(2

Ldz -1/ 2z
Z/ 7(A(T)Z)il (z/’M)A(T)le (2, 1) = 6i0(1 = 2). (2.37)
k z

Up to O(as), the renormalization matrix is

as(p) 1

Ay Zij(z, 1) = 0j0(1 = 2) + — = - Ay Pji(2), (2.38)

and therefore the anomalous dimension matrix is given by:

Qs
Ayysi(zm) = 7(rM)A(T)Pji(Z)~ (2.39)

We therefore observe that the evolution of the renormalized polarized semi-inclusive FJFs
conforms to the time-like DGLAP equation for collinear polarized FFs [68]:

d 1 dz z
,U'@A(T)gh(z 2n, PR, 1) Z/ (Z,>A(T)g§l(zl,2’h,pTR7 1), (2.40)

where the leading order splitting kernels are given in egs. (2.28)—(2.32). Notice that the
hadronic FJFs have been reinstated since the hadronic and partonic FJFs would contain the
same UV counter terms and thus follow the same RG evolution equations. As we mentioned
in the previous section that the natural scale for the collinear FJFs is given by puy = prR,
thus one would use the above renormalization group equations to evolve these FJFs from
their natural scale pr R to the hard scale pr for the jet production. The effect of this would
be to resum the logarithms of the jet radius R for narrow jets R < 1. Analogous behaviors
were observed in the context of the semi-inclusive unpolarized FJFs in [21].

With the UV poles eliminated by renormalization, we can proceed to dealing with the IR
poles, which can be addressed by matching onto the collinear polarized FFs. Such matching
can be done at a scale 1 > Aqcp as follows:

Ldz, z
T)g (z,zn, TR, 1) Z/h ZhhA 1yJij (%, 2, PT R, ) A1 )Dh/]< 7,u> (2.41)

where again, the hadronic semi-inclusive FJFs and collinear FFs are reinstated. Here,
A(ryDpy;(zn, i) is the collinear fragmentation function characterizing a parton j fragmenting
into a hadron h. Specifically, ADy,; (ArDy,/;) is the helicity (transversity) fragmentation



function describing a longitudinally (transversely) polarized parton fragmenting into a lon-
gitudinally (transversely) polarized hadron. And the matching relation above holds, with
a power correction of order (’)(A(QQCD / (pTR)2)) [21, 31, 33]. In this case, however, different
from the renormalization procedure, zj is being convoluted and z is merely a parameter. This
process is similar to the approach used for unpolarized FJFs described in [21], except that
instead of the unpolarized FFs, collinear polarized FFs are used in this case. The perturbative
results at the parton level for the polarized collinear FFs are given by:

Qg 1
Ay Dyilen, 1) = 835501 — ) + 0 Ay Pi(zn) <€> . (2.42)

Finally, the matching coefficients A7) J;; for anti-kr jet algorithm are as follows

ATyq(z,2n,p7 R, 1) =0(1—2)0(1—2p)+ ;ﬁ {L {Aqu( )5(1—zh)—Aqu(zh)5(1—z)}

+o(1— )[ZCF(1+zh)(M)++CF(1Zh)JFAI;;ti_kT(Zh)]
—6(1—zp) [QCF(1+Z2) <1n§1__;>)++0p(1—z)] } ; (2.43)

Aog(2: 2 prRop) = ;‘W{ {AP (2 )5(1—zh)—Apgq<zh)5(1—z)}

+0(1—=2) [QAqu(zh) In(1—2z4)—2Cr(1—2p) —|—AI§3“”“T (zh)}

—5(1—2p) [zApgq(z) In(1—2) —2CF(1—Z)] } , (2.44)
ATgq(2, 20,07 R, 1) = SF{L{Aqu( )6(1—2p) —APye(21)0 }
+o(1— )[2Aqu(zh)ln(l oh)+ 2T (1— 23,) + AT )}

—o(1—2) [mpqg(z) In(1 —z)+2TF(1—z)] } , (2.45)

ATgq(2,2n,p7 R ) =6(1—2)0(1—2p,)+ ;); {L {Ang( )5(1—zh)—Ang(zh)5(1—z)}

+0(1—-=2) hl(l_zh))
+

4CA(2(1—zh)2+zh)<

1—Zh
—4CA(1—zh)+Az;;ﬁ-kT(zh)]
—0(1—=zp) |flCA (2(1—z)2_|_z) (lnil__zz))Jr—KLCA(l—z)] }, (2.46)
ATz R ) =6(1=20(1=22)+ 5 { L[ Ar Pog (2)3(01-2) = Ar Pyg(2)5(12)]

+6(1—2) lélC’th (M) N +ATIg;1ti-kT (Zh)]
—§(1—zp) [401:2 <ln§1__;))+] } , (2.47)
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where we have defined A(T)If;mi'kT as:

AI,?j'nti-kT (Zh) — 2A-P]z(zh) ln(zh> 5

anti-kp (248)
ApZE™ " (2n) = 207 Pji(zn) In(2p) -

The matching coefficient functions AJ;; for the longitudinally polarized case have been given
in the previous publication [34] with a different notation jﬁ . Here, we provide the detailed
steps of how such matching coefficients are derived. At the same time, the matching coefficient
for the transversely polarized case ArJy, is presented here for the first time.

2.2 Collinear FJFs in exclusive jet productions

Exclusive jet production, such as back-to-back dijet production in proton-proton collisions [69,
70] or back-to-back electron-jet production in electron-proton collisions [71], can provide
valuable insight into the understanding of the fundamental dynamics of hadron structure and
interactions. However, in such situations, typically the radiation outside the jet is restricted.
For example, in back-to-back dijet production, one usually restricts the transverse momentum
imbalance gr to be much smaller than the average transverse momentum of the jets. In this
case, the hard/collinear gluon emission outside the jet would move the imbalance gr away
from the back-to-back region. Because of that, the collinear radiation can only happen inside
the jet. Consequently, for jet function calculations in exclusive jet production, we only have
to consider figure 2A while B and C would not contribute. We refer to the corresponding
FJFs as exclusive FJFs below, which are key ingredients in the factorization formalism for
these processes. They describe the probability distribution for a parton in the jet to fragment
into a hadron with a given collinear momentum fraction in exclusive jet production.

The perturbative computations for exclusive FJFs A(T)%j (zn, pr R, 1) are identical to
those for the semi-inclusive FJFs, except that we keep only the contributions from figure 2A.
Since both partons are always inside the jet, we always have z = 1, i.e. the jet carries all
the energy of the parton that initiates the jet in this case. Because of this, we no longer
keep the variable z in the FJFs and thus the exclusive FJFs only depend on z;. The RG
equations for exclusive FJFs can also be derived in the same manner as above, and we find
that they satisfy the following equation

d .
N@A(T)gih(zhva]i 1) =Yg () AG] (zn, TR, 1) (2.49)

where the index i is not summed over, and the anomalous dimensions v, (1) with i = g, g
at this order are given

Vg (1) = asfr“ ) (CFL + ;CF> , (2.50)
V9 (1) = asﬂ“) (CAL + B;) . (2.51)

A few comments are in order. First of all, it is important to emphasize that the RG equation
for exclusive FJFs is a multiplicative renormalization, instead of a convolution over z as in
the semi-inclusive FJFs given in the previous section. Secondly, the anomalous dimension
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74 (p) is the same as that of the exclusive jet functions in [64] and exclusive unpolarized
FJFs [27, 33, 72]. Since in the factorization formalism, one simply replaces the exclusive jet
function with the exclusive FJFs, thus they should have the same anomalous dimensions
simply because of the RG consistency. At the same time, we find that the UV divergent
terms are all proportional to §(1 — z5) where the radiated gluon becomes soft, and thus the
result should be independent of the polarization of the partons. This explains the anomalous
dimensions for both longitudinally and transversely polarized FJFs are the same as the
unpolarized FJFs. The solution to the RG equation for the exclusive FJFs is then:

Hody .
B! rspr o) = A Grpr o) e | [* L) 252

Hsg
where the scale ug is the characteristic scale that eliminates the large logarithms in the
fixed-order perturbative calculations. The logarithm L indicates that the natural scale for
the exclusive FJFs is also given by uy = prR, the same as for the semi-inclusive FJFs. One
would thus evolve the FJFs from the natural scale uy ~ prR to the hard scale of the process
1 ~ pr and effectively resum the logarithm of jet radius, In R.

Finishing the discussion on the RG equation for the exclusive FJFs, let us now turn to
their matching to the standard collinear FFs. Similar to the semi-inclusive FJFs, the exclusive
fragmenting jet functions A(T)%h(zh, prR, 1) are also closely related to the fragmentation
functions A7y Dy ; and in this work we label the corresponding matching coefficients as
Ary fij- Following [27, 31, 33, 72], one has the following expansion for exclusive FJFs:

Ldzy,

/
h *h

A(T)gih(zfupTRa M) = Z/ 5
j 7= h

z
Acry Fij (21 PR 1) A7) Dy (7 u) : (2.53)

Again this equation is valid up to power corrections of order (’)(AéCD / (pTR)Q)) for light
hadrons. For heavy meson fragmenting jet functions, Aqcp should be replaced by the heavy
quark mass mg in the above equation [33, 73]. We provide the NLO results of matching
coefficients A7y _#;j, which depend on the jet algorithm. The results for unpolarized FJFs
with cone algorithm were given in [74], while those for anti-kr jets were first written down
in [72]. While the results for the unpolarized FJFs are available in the literature, the
coefficients for the polarized FJFs are given for the first time in our current paper. We provide
the detailed derivations of exclusive FJFs with polarizations for anti-kr jets in appendix B.
Here we only list the final results:

a,C L? 2
quq(zh,pTR,,u) = (5(1 - Zh) + 27TF [(5(1 - Zh) (2 - 12) - Aqu(Zh)L
+1—2+ qua:]mi'kT(zh)] : (2.54)
OZSCF 7anti-kp
A Zoo(2n, prR, 1) = — APyg(2n)L —2(1 — 21) + AIy, (zn)] » (2.55)
aSTF 7anti-kp
A Zoq(zn, prR, 1) = — APyg(zn)L +2(1 — 21) + AI gy (zn)] » (2.56)

a,C L2 =2
A Zog(zn, prR, 1) = 6(1 — z3) + 27TA {5(1 = Zn) (2 - 12) — APyg(zn) L

S A(1— )+ Aj;;“-kT(zh)] , (2.57)

— 12 —



s

asCF L2 2
AT Jaq(zn, pTR, 1) = 6(1 = 2p) + — [5(1 — z) (2 - 12)

— ATqu(Zh)L + Aquami_kT (Zh)] , (2.58)

where for anti-k7 jets, the jet-algorithm dependent pieces, A f;}nti'kT (z1), are given by

Santi In(1—z
quazlntl—kT (Zh) = 2Aqu(Zh) ln(zh) —+ 2(1 + z%) (L%h))Jr , (259)
A{ﬂ;agnti—kT (Zh) = 2Aqu(2h) In (Zh(l — zh)) , (260)
Ajg%}mi_kT(zh) = 2AFy4(zp) In (Zh(l - Zh)) 5 (2.61)
7anti-kp _ 2 ln(l — Zh)
AFET (21) = 2Py (2n) In(2n) + 4(2(1 = 20)% + 2n) ). (2.62)
- +
Santi In(1— 2
Ap It (24) = 207 Pyg(2n) In(21) + 42, (M) , (2.63)
- +

where the splitting kernels A7) Pj;i(zp,) [66, 67] have been introduced in eqgs. (2.28)-(2.32).

3 The transverse momentum dependent FJFs (TMD FJFs)

In this section, we study TMD FJFs in both the semi-inclusive jet production and the
exclusive jet production, including polarizations of the initiating parton and the final observed
hadron inside the jet. They are termed as polarized TMD FJFs [34]. Some partial results
are available in the previous publications [34, 41], but never the complete results. For
example, the hard matching functions for both longitudinally and transversely polarized
cases are presented for the first time. Below, we provide the complete results for all the
relevant polarized semi-inclusive and exclusive TMD FJFs. The operator definitions of these
functions in SCET are presented, followed by their factorization formalism, which involves
hard functions, soft functions, and TMD FFs.

The kinematics is set up as in figure 3, a hadron h is observed inside the jet, carrying
a fraction zj, of the jet longitudinal momentum (not labeled in the figure), a transverse
momentum 7, with azimuthal angle éh, and a transverse spin Sp | with azimuthal angle
(ngh. Both 7, and S}, are measured with respect to the jet axis z7, while both azimuthal
angles th and qgsh are measured within the jet transverse plane and with respect to z s, the
x-axis that is rotated into jet coordinates.?

3.1 TMD FJFs in semi-inclusive jet productions

Again we start with the semi-inclusive TMD FJFs, which is an essential ingredient for
studying the transverse momentum distribution of hadrons inside a jet in e.g. single inclusive
jet production in proton-proton collisions (p+p — jet(h) + X) or in electron-proton collisions
(e+p — jet(h) + X). Following the previous publication [34], we define the general correlators

3Please see eqs. (4.8) and (4.9) for the parameterization of j, and Sp .
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Figure 3. Illustration for the distribution of hadrons inside a jet with transverse momentum 5, and
azimuthal angle ¢, and transverse spin S} and azimuthal angle ¢g,. Both azimuthal angles are
measured with respect to the jet coordinate x; and within the jet transverse plane.

for TMD FJFs initiated by quark or gluon as:

Az, 1, 5) = 50 (21— 2 ) (Ofs(w -7 PIR(PL 203 DO (THX) (31

X {(Jh)X[X,(0)]0)
AMIR (5 251, Sh) = —(d—2)2€7\72—1) 5(%_:1};) (3-2)
% (0[3(w—7-P)S(PL/2n-+5 1Bl (0)|(Th)X ) (JR)X|By 1 (0)]0) ,

where we have the energy fractions z and zj, defined the same as in eq. (2.10). One can
parameterize these correlators at the leading power [34, 40]:

S T
ha oy ARl T AR/l B AB/alineotas) 005
A (szhajj_ash) A 9 A 2 +A 2 ’ (33)
Ah/g’kl(Z,Zh,jL, Sp) = %5%1 <5jmnAh/g,mn) _ %el}l (Z-eg:mAh/g,mn) + SAMgRL (3.4)

Here we have defined A4l = iTr (Ah/qF>, and we have SOF = %(Okl + O — 5540’”’)
and 6 = —gk!. The three terms on the right-hand side of eq. (3.3) correspond (in order) to
the TMD FJFs with unpolarized, longitudinally polarized, and transversely polarized initial
quarks. On the other hand, the three terms on the right-hand side of eq. (3.4) correspond
to unpolarized, circularly polarized, and linearly polarized gluons. More details have been

presented in the previous work [34]. For completeness, here we provide the parameterization
of quark TMD FJFs:

AR/l — D?/q(Z,zh,jL) GT']J‘ShJ"DJ'h/q(Z,Zh,jJ_)7 (3.5)
zp My,
. S .
Ah/alirs) — Ahg%q(z, i) — JiTthh/q(z» i), (3.6)
N ) € . .
AP/aline s 5] — gl H G ) — T]‘\]/_IL Hi "z 2 gy ) — i >‘ NTAR O 1Y
zZpMp, zp M
k .
173 'ShJ_ J S .
FEATAE 22M22 1 hLHih/Q(z’zh,]L). (3.7)
R

The functions D, G and H on the right-hand side of egs. (3.5)—(3.7) represent the TMD FJFs
initiated by unpolarized, longitudinally polarized, and transversely polarized initial quark

— 14 —



respectively. The parameterization for gluon TMD FJFs is given by

SJ
N N Th 62”;/ DYz 2,41 (3.8)
nMp
) ) j - S )
ZElr}lAh/g’kl - )\hg{LL//g(za Zhvjj_) %g?%g(z’ Zh)JJ_)a (39)
Jif{k ol} Sniik .1}
& 3% . ep Sy e ok )
SAMoK — 92 é]\jﬂ'{ /g(Z7Zh,JD L Sthh 1 /g(zazhajL)
]L{k 1}
er Ji L,/ : JiShi,Lh/ .
+ 4 }QLM}% ()\ 7'[ g(zvzhm?i) - WH g(zazhij))a (3~10>

where the functions D, G and H represent the TMD FJFs initiated by unpolarized, circularly
polarized, and linearly polarized gluons, respectively. The two G functions with circularly
polarized gluons are anti-symmetric of indices k, [ = 1,2, and the four H functions related to
linearly polarized gluons are symmetric and traceless combinations of k, [ = 1,2. We have
adopted the notation vi{p wi_,}; = vhwh + vhwk as in [13, 39].

Since TMD FJFs represent the hadron fragmentation inside a fully reconstructed jet,
their physical meaning is similar to that of standard TMD FFs as reviewed in [40]. Naturally,
we adopt the calligraphic font of the letters used by the corresponding TMD FFs as the
notations of TMD FJFs. For example, H}f/ ?in eq. (3.7) is the so-called quark transversity
TMD FJFs, i.e. a transversely polarized quark initiates a jet, in which we further observe
a transversely polarized hadron. On the other hand, Q? jég in eq. (3.9) is a helicity gluon
TMD FJFs, i.e. a longitudinally polarized gluon initiates a jet, in which we further observe
a longitudinally polarized hadron.

In this study, we focus on the kinematic region Aqcp S jiI < prR, necessitating the
adoption of the TMD factorization [20]. In the previous work [23], the TMD factorization
for transverse momentum distribution of unpolarized hadrons inside the jet was derived.
Over there, the evolution equations are based on the separate rapidity renormalization group
equations for the so-called “unsubtracted” TMD FFs and soft functions. Below, in the
process of reviewing the TMD factorization, we update the formalism with the more recent
language outlined in the TMD Handbook [13]. This new formalism makes the evolution
of the in-jet TMD FJFs simpler and more transparent than before. We then present the
hard matching functions, where the expressions for longitudinally and transversely polarized
cases are provided here for the first time.

3.1.1 TMD factorization

In the kinematic region under consideration, the radiation relevant at leading power is
restricted to collinear radiation within the jet, characterized by the momentum that scales
as pe = [p,pe,per] ~ po[A%,1,)A], where the power counting parameter A ~ j, /pr.
Additionally, soft radiation of order j, is also relevant. It is worth noting that harder
emissions are only permitted outside the jet cone and will thus only impact the determination
of the jet axis. Consequently, the hadron transverse momentum 5, which is defined with
respect to the jet axis, remains intact from the radiations external to the jet. Taking the
unpolarized case as an example, a factorized formalism for the unpolarized TMD FJFs within
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Figure 4. Illustration of the soft radiation (purple) and fragmentation process (red). The initial
fragmenting quark carries a momentum p; along the jet axis z;. It undergoes a soft radiation of A,
and then fragments into a hadron with momentum p;,. The momentum p;, has a transverse component
of k) with respect to the quark after soft radiation, or a transverse component of j, with respect to
the jet axis.

SCET can be formulated [23]:

D?/C('Za Zhajj_apTRnU’a CJ) = ﬁg—n'(zapTR, ,U,) /koL dz)\L 62(Zh>\L + kL - JJ_)

x Dy (Z}w ki, u, C/VQ)SZ-(M,M, vR/2), (3.11)

where S;(AL,p, VR /2) is the in-jet soft function, and D?/i(u) (zh, k1, p, ¢/V?) is the “un-
subtracted” TMD FFs with the superscript “(u)” to emphasize this fact. Here u is the
standard renormalization scale as above while v is a rapidity scale associated with the
rapidity divergence [75, 76], and ( is the so-called Collins-Soper scale [20]. We also have a
scale (5 to be defined below. The § function establishes a relationship between the hadron
transverse momentum j |, relative to the jet axis, and two other momenta: the transverse
momentum A of soft radiation, and the hadron transverse momentum k,; with respect to
the fragmenting parton. Notice that A | is multiplied by z; to adjust for the dissimilarity
between the fragmenting parton and the observed hadron. The relationship among the three
aforementioned transverse momenta is illustrated in figure 4.

As is common practice in TMD physics, we convert the aforementioned expression from
the transverse momentum space to the coordinate b-space with the following transformation:

h/c . 2
Dl/ (Z7zh7JL7pTR7,U’7 CJ) :HcUﬁi(zapTRa M)

d’b -b/z, Hh/i(u ~
X /(27{_)2613L b/ }LDT//( )(Zhvva,C/l/2>Si(b,,U/,l/R/2)’ (312>

where we have defined the Fourier transform for both 15?/ i) (2h, b, 1, ¢/v?) and gi(b, 1, VR/2)
with ¢ = ¢, g as:

~h/i(u 1 —tik1-b/z du
DY (2, b, ¢ ?) = ?/koLe kbl Dy (o ke, CJ0?)
h

1 bk1\ ~h/i(u) 2
_Z]%/dklk‘LQﬂ'J()(z}l)Dl (ZhakLal%C/V ), (3.13)
Si(b, 1, VR /2) = /dZAJ_ e MG (AL, v R/2) . (3.14)
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Here, Jo(bk1/2p) is the Bessel function of the first kind. The p- and v-renormalization group
equations for the “unsubstracted” TMD FFs D?/ ) are well known:

d ~h/i(u
H@lnD/( H(2ns b1, C/1?) = 225 /), (3.15)
d ~h/i(uw
v In DY (2, b, 1, J02) = 4256, 1), (3.16)
where the leading order p- and v-anomalous dimensions are given by
2
D 9y Qs v 3
7,“7‘1(“7 C/l/ ) - ?CF <1n (C) + 2) ) (317>
2
D 2y _ Qs v Bo
=— In|— — 1
Rl = 2 (1 (2] + ). .19
2
D Qs H
Yv,i bau = 7C7, In(— ) 3.19
o= (2) o

with Cy = Cp, Cy = Cya, and py, = 2772 /b.
On the other hand, the in-jet soft function up to the NLO is given by [23, 41, 77]

3 s |1 u? u? vitan?(R/2)\ 2
Sl(b,,u,VR/2)—1—|—2ﬂ_CZ[ 2111 <M§> In (ng In 2 Tk (3.20)

The corresponding p- and v-renormalization group equations are given by

d ~
M In S;(b, 11, vR/2) = 7} (b, u, VR /2) , (3.21)
d ~
v (b, u, vR/2) = Voo, ), (3.22)
where the anomalous dimensions are given by
s 2tan?(R /2

w&mmwwm:—“am<”aﬂ§/ﬂ, (3.23)

b 7I- M
75 (b p) = ~ %50 (lﬂ> (3.24)

v, Y T (2 Mz . .

It is instructive to compare this in-jet soft function S; with the standard soft function
gnﬁ,i(b, i, V), which arises in the TMD factorization for the semi-inclusive deep inelastic
scattering (SIDIS) and Drell-Yan production (involving quarks) or for the Higgs production
in proton-proton collisions (involving gluons), whose expression is given by

_ o 1 12 12 2 2
Snii(byp,v) =1+ —C; S | [y Qi PO (At ) O (et [uipasy I 3.25
o =1+ 2wt () -n (G )n (%) -5 o

After replacing v — vtan(R/2), the in-jet soft function S; is exactly equal to \/gnm at
the NLO:

Sz(ba H, VR/Q) = §nﬁ,i(b7 K, V) (326)

v—vtan(R/2) .
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Now since the standard “subtracted” TMD FFs are defined as a combination of “un-
subtracted” TMD FFs Dh/ ‘™) and S; [13], we would define the “subtracted” in-jet TMD
FFs as a product of Dh/ Z(u) and S; as follows:

DY (b, 11,Cr) = DI (2,61, C/2) Silb, i vR/2) (3.27)
h/i(u)

where the rapidity divergences cancel out between Dl/ and S; due to the sign difference
shown in egs. (3.19) and (3.24). At the same time, we find that a slightly different Collins-Soper
scale (j arises in the in-jet “subtracted” TMD FFs, which is related to the Collins-Soper
scale ¢ for the standard TMD FFs,

Vi =VIiR/2=prR, (3.28)

where we have used tan(R/2) ~ R/2 for narrow jets R < 1. Note that in our regularization
scheme, the natural Collins-Soper scale for TMD FFs is /( = w; = 2E; = 2pr coshn and
using R = R/ cosh ), we obtain the natural scale \/(; for the unpolarized TMD FJFs, which
is simply prR. With this newly defined Collins-Soper scale (;, following [13, 78], we can
thus convert the v-RG equations above as

d
dln/¢,

where K (b, 1) = —vfi(b, p) in eq. (3.19) is the so-called Collins-Soper evolution kernel. In

In DM (2,6, 1, Cy) = K(b, 1), (3.29)

the small-b region where 1/b > Aqcp, it can be computed perturbatively and the four-loop
expressions are available in [79, 80]. Notice that K (b, ) would become non-perturbative
in the large-b region, see recent numerical computations in lattice QCD [81-85]. On the
other hand, the standard u-RG equation is given by

d

D/ i 2
dln/.l,lnDl (Zh7b7/-}’7CJ)_’YM[OZS(/-L%CJ/M ]’ (330)

where the anomalous dimension ~/,[evs (), s/ p?] are given by

000, Co/] = ~Tupfosp)) 1n (55 ) + 23l )] 331

where we have written the more general form [13] with I‘éusp and ’yz the cusp and non-cusp
anomalous dimensions. They have the perturbative expansion T[] = >, Th (s /4m)"
and 'yu[as] = 3,17, (as/47)" and at the next-to-leading logarithmic (NLL) order, we

have [31, 114]

2
2
T4 =4Cp, 1Y =4Cp [(?—”3) CA—EO o W =6Cp,  (3.32)
Ca
Fer =g Lo 76 =25. (3.33)

One can solve the (;- and p-RG evolution equation to obtain the “subtracted” in-jet TMD FFs

Eﬁ/l(sz nu CJ) /(zhv wu()aCO €Xp |:/ 7,7}1[048( ) CJ/,U ]:|

X exp [K(b, o) In g} . (3.34)
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One typically evolves the in-jet TMD FFs lNDh/ " from the initial scale to = +/Co = pp to the
final scale 1 ~ pr of the jet and \/(; = prR as mentioned above. On the other hand, at the
initial scale jg = /(o = s, one can expand D1/ (zn, b, po, ¢p) in terms of the corresponding
collinear FFs when p;, > Aqcp.

To generalize the above TMD factorization to the polarized TMD FJFs, let us define
the following operator %:

~p bt db (22 M b
%[Dh/l’(n)] = /W( I}Lh> T, (]J_ >Dh/z (n)(Zh,b,,u, CJ) ’ (335)

Zh

where D"/ is p-th moment of the TMD FFs in the Fourier b-space:

1 k bk
ww/d"’l“(;) T(E )P ko). (3:30)

Dh/z (n) (Zha HUJ’CJ) Zn

In addition, we suppress the superscript (0) when n = 0. One can easily verify that with n =0
and D = D1, the combination of eqgs. (3.13) and (3.27) would lead to eq. (3.36). It is important
to realize that each in-jet TMD FF D i’(”)(zh, b, 11, ¢y) would follow the same Collins-Soper
evolution equation as in eq. (3.29), as well as the same p-RG equation as in eq. (3.30).
They are identical to the standard TMD FFs with the replacement ¢ by ;. Thus, their
evolved results would be given exactly by eq. (3.34), except one replaces D1/ (zn, b, 1, Cy) by
the corresponding TMD FFs D"/&(n) (zn, b, pt, Cs) defined above and given below for specific
TMD FFs. Note that the evolved in-jet unpolarized TMD FFs Dl/l(zh, b, u,(y) is given
by eq. (3.34), which depends on the TMD FFs D1/ (zn, b, po, Co) at the initial scale pg and (p.
Often, one further matches the TMD FFs at the initial scales onto collinear FFs. For example,
the matching coefficients for the unpolarized TMD FFs are known up to N3LO [86, 87]. On
the other hand, the matching coefficients for H 1h /4 are known up to NNLO [88]. We can now
write down the factorization for all the TMD FJFs as:

Yz 2 g 1 pr R C) = HY (2, pTR,M)%:B?/i] ; (3.37)
C(z 231 pr R s C) = HE iz, pr R, ) [ D] (3.38)
gff(z«,zh,ij,u,cJ) = AL, (2, prR, €G] (3.39)
ng (2120 4 1R . C) = HE (2,0 R, )% [ (3.40)
V2 2hed 1 PR 1, C) = HE iz, pr Ry )@ | HY (3.41)

"y W‘Z(z,z;l,jl,pTR,u,cJ) 17 pr R,y | B (342)
HlL C<z 2§ 1P R, Cp) = HE (2, prR, e |y Y] (343)
My o G o R o) = B (5, R, ) [Hi )] (3.44)

Here the superscripts U, L and T of H,_,; represent unpolarized, longitudinally polarized and
transversely polarized hard matching functions, respectively. The hard matching functions
will be provided in the next subsection. The above equations also show how various TMD
FJFs are matched onto their corresponding TMD FFs, with which the matching of the
scenarios listed in table 1 can be performed.
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Quark polarization

U L T

L Q1L=—><9*——><9 ”HfL:—><@—<—<®
T D%T:—@——qa ‘.-71T=—><®—<—<®

Hadron polarization

Table 1. Summary of the semi-inclusive TMD FJFs. The header row represents the polarization
of the quark (indicated by the blue line) that initiates the jet, while the header column indicates
the corresponding polarizations of produced hadrons (indicated by the red arrow from the red dot).
Shown here is for quark TMD FJFs, with U, L, T representing the unpolarized case, and longitudinal
and transverse polarization. For gluon TMD FJFs, one would interpret L, T, as circular and linear
polarization [40].

3.1.2 Hard matching functions

The hard matching functions H g_{;T describe the out-of-jet radiation during which an energetic
parton ¢, generated in a hard scattering event, undergoes a splitting into a parton %, which
subsequently initiates a jet with energy wj; and radius R. The hard matching functions
for the unpolarized case H CU ”,; are available previously [21, 59, 65, 89]. They describe the
splitting from an unpolarized initial parton ¢ to an unpolarized parton %, irrespective of the
polarization of the final-state hadron inside the jet. Because of that, we would have the same
hard matching functions for both unpolarized TMD FJFs D?/ “ and the polarized TMD FJFs
Dllr_ﬁh/c, as indicated in egs. (3.37) and (3.38). We remind the reader that Di‘fh/c stands for
the situation where an unpolarized parton c splits into an unpolarized parton 7 that fragments
into a transversely polarized hadron h. This arises from the correlation between the hadron’s
transverse momentum with respect to the jet axis and the transverse spin of the hadron itself.

For the same reasons, we have the same longitudinally polarized hard matching functions

HL ., for the TMD FJFs g{‘ée and Q%C, as indicated in egs. (3.39) and (3.40). Likewise, we
have the same transversely polarized hard matching functions H! ., for the TMD FJFs ”Hlf/ 5

Hf’h/c, HllL’h/C, and HILT’h/C, as indicated in eqgs. (3.41)—(3.44). Looking at table 1, the FJFs

listed in the same column possess identical hard matching functions, due to the fact that
the parton polarization is the same in the same column.
For completeness, we list the unpolarized results H g ”,; here. We then provide in addition

the results ﬁcL_z for the polarized cases.

A g L? 3 2
Hgﬁq/(z,pTR, p) = 6gqg0(1 —2) + 5qq/% [Cpé(l —2) (— — =L+ >

+ Pyy(2)L — 2Cp(1 + 2?) (1__;))+ —Cr(1 - z)] : (3.45)

— 20 —



A Qg
Hyy(z.prRop) = [(L —2In(1 — z))qu(z) — Cpz|, (3.46)
U sl Sl o B m?
_ 2)2 _
Py (o)L — 404(1 — z+ 27) (ln(l z)) ’ (3.47)
z 1—-2 /4
AU Qg
HY (2.0 Rop) = (L= 2In(1 = 2)) Py (2) = 2Tp2(1 - 2)], (3.48)
where the leading splitting kernels are given by:
1+ 22 3
1+ (1—2)2
Pyq(2) = CF (2 ) ) (3.50)
Pyy(2) = T[22 + (1 - 2)°], (3.51)
Pyy(2) = 204| —= +1_Z+(1—)}+ﬁ°5(1—) (3.52)
0g(2) = 2C4 =2 p, z z 5 zZ). .

The hard matching functions for the longitudinally polarized parton case are given here
for the first time:

A Qg L? 3 2
H(f%q,(z,pTR, p) = 0gqg0(1 —2) + 5qq/% [Cpé(l —2) (— — §L + >

2 12
+ APy (2)L - 2Cp(1 + 2°) <1n§1_ZZ)>+ — Cp(1- z)] , (3.53)
ALy (eopr R = 5 [(L —2In(1 - 2)) APy () + 205 (1 - z)} , (3.50)

A

I Qg L2 Bo 2
Hy (2, prR, ) = 6(1 — 2) + - {5(1 - 2) (‘ AT EL + CAE

b AP,y (2)L +4CA(L — 2) — ACA(2(1 — 2)° + 2) <ln§1__j)>+] . (3.55)

HL. (2 prR, ) = ;‘—W [(L —2In(1 - 2)) APy (2) — 2T (1 — z)] . (3.56)

9—q

Finally, for the transversely polarized case, we only have contributions from the ¢ — ¢ channel,
for the same reason mentioned before, i.e. gluon transversity FF does not exist for spin-1/2
hadron. The transversely polarized hard matching function is then given by

In(1 — z))
n

1—2

2 7T2
+ (—2L — % - 12) 5(1— z)} } : (3.57)

Note that the leading order splitting kernels for the polarized cases are given in
egs. (2.28)—(2.32).

A

Qs
HqT_>q/(z,pTR, p) = 6gqgr0(1 —2) + 5qq/2ﬂ_{ATqu(z)L + Cp { — 42(
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The hard matching functions (z,prR, ) follow the RG equations below:

i—j
d Ldz z -

/’Ldquﬁj z pTR M Z/ o %k(Z,ypTvai) HkU;)] (Z/7pTR7M)7 (358)
d 1 dZ L ’

udu iz prR, p) Z/ — ik ,,pTR ) Hi (2 prRp) (3.59)
d Ldz

:U'd g—>q (Z prR, /-L) /z o 7qq< ,7pTR M) q—q’ ( ,,pTR,,U) ) (360)

where indices ¢, j and k all represent partons g or g. The anomalous dimensions ’yg (z,prR, 1)
for the unpolarized hard matching functions are given by:

g 3C
R = 2 (Py(2) - a1 - 2) - Eo(1 - ). (3.61)
Qs
’Yffg(z,pTR, 1) = ?qu(z) ) (3.62)
Qs
Ay e pr R ) = & (ng( ) — CALS(1 — 2) — @5(1 _ z)) (3.63)
Qg
Vo5 PR, 1) = Pyg (2). (3.64)
On the other hand, the anomalous dimensions for the polarized cases, 'yiLj(T)(z, prR, p) are
given by:
L Ol 3Cr
quq(ZapTR? :U’) = ? A‘qu( ) CFL5(1 - Z) - 76(1 - Z) ) (365)
Qg
’.Yzfg(zvaR7 /-L) = ?Apgq(@ ) (366)
aS
e pr ) = (Apgg( )= CaLo(1— 2) — @5(1 - z)) (3.67)
Qg
’yqu(z,pTR, W) = ?Aqu(z), (3.68)
Qg 3C
(eprR p) = (ATqu( )~ CrLa(1 - 2) = 2 E5(1 - )) . (3.69)

Obviously, the natural scale for the hard matching functions is u ~ pr R as indicated in the
logarithm L in the perturbative results. Therefore, we can resum the large logarithms of
jet radius In R by evolving the hard matching functions from scale g ~ prR to the hard
scattering scale u ~ pr with the RG equations. We notice that similar to the unpolarized
case studied in [23]:

(2, pr R, 1) = 6:50(1 — 2)Ti(prR, 1) + Pﬂ( 2), (3.70)
where I'; are given by:
Ly(prR, p) = %CF <—L - 2) , Ty(prR,p) = O:CA( L— 2@4) (3.71)
Following the same exercise, we can express the anomalous dimensions %j(T) (z,prR, p) in
egs. (3.65)—(3.69) into a general form:
75 @ pr Ry p) = 6581 = 2)Lalpr R, i) + Ay Pi(2), (3.72)

where the functions I';(prR, ) in the first term are independent of polarization and are
therefore the same as the unpolarized I'; in eq. (3.71).
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3.2 TMD FJFs in exclusive jet production

For the exclusive jet production, exclusive TMD FJFs @1/ (zn,3 L, prR, 1, (y) arises in
the factorization formalism. Since one cannot have out-of-jet hard radiation as explained
in section 2.2, the factorization formalism in the j; < prR region would be given by

G (zn, G L pr Ry Cr) = / A%k AL 6% (zp A s +ky—3 ) DY (2 ke, C/V?) Si(A L 1, v R /2)

b oy
Z/Welh b/ hD?/ (2n,b,11,C1), (3.73)

where we have used eq. (3.27). Again for exclusive jet production, we no longer have the
dependence on z as in the semi-inclusive TMD FJFs. Following the same procedure as before,
we can generalize this to the polarized exclusive TMD FJFs. With the operator € defined
in eq. (3.35), the unpolarized exclusive TMD FJFs are given by:

N e prRG 1 1. Co) = %[5?/1 : (3.74)
Similarly for exclusive TMD FJFs with different polarizations, we have:
" (eng 1 pr R Cr) = € | D" (1)} , (3.75)
e G prRp Cp) = € |G (3.76)
Gir /Z(Zh,jL,PTR; ,Cr) = %{GL e (1)} (3.77)
I (2n,5 Lopr R, C) = € [H (3.78)
A h/Z(Zh,jL,pTR,u,CJ) = CK[HL s )}, (3.79)
A (one g1, 1R, () =€ Hﬁh/l( )} , (3.80)
A" (e, G 1 pr R Cr) = Cf[ i (2)} (3.81)

4 Phenomenology

There has been growing phenomenological work for studying hadron distribution inside
the jet, in particular in connection with the 3D imaging of the hadrons. For example,
for single inclusive jet production in proton-proton collisions as well as electron-proton
scatterings, unpolarized and polarized collinear hadron distribution inside the jet have
been studied [21, 25, 34, 43]. The TMD distribution of hadrons inside the jet produced in
transversely polarized proton-proton collisions is sensitive to the Collins TMD FFs and has
been studied in [90]. For exclusive jet production, such as back-to-back Z+jet production
in proton-proton collisions and back-to-back lepton—+jet production in DIS, TMD hadron
distribution inside jets has been studied [27, 41, 42, 91, 92].

Before we present the phenomenology, we first provide more details on TMD FFs. In
previous sections, we have discussed the evolution of FJFs in the perturbative region, i.e.,
1/b > Aqcp. However, to do calculations for phenomenology, we must take care of the
non-perturbative evolution of TMDs at the large-b region. In order to do this, we adopt the

b.-prescription [93]. Alternative approaches can be found in [94-98]. The b, is defined as:
b
by= (4.1)

SRV Y-
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where we choose byax = 1.5 GeV ™!, With this definition, the magnitude of b, approaches b
when b < by ax, and approaches by in the large-b region. For the perturbative contribution,
we work at the NLL order, where we keep Ty ; and 7 in eqgs. (3.31) and (3.34). For the non-
perturbative contribution, we include the following non-perturbative Sudakov factor [99, 100]:

Stel0. Qoo VE) = L1 (- ) (g) + 502, (4.2)

where Q2 = 2.4 GeV?, go = 0.84 and g5 = 0.042, and /{; = prR following eq. (3.28). For
gluon TMD FFs, we use [23]

S%p (b, Qo, VCs) = gA 922 In (i) In (g) 9h b2 (4.3)

Now that we have properly addressed the non-perturbative evolution, we can proceed with
predicting relevant observables. In this section, we provide two additional phenomenological
examples. For the case of single inclusive jet production, we compute the transverse momentum
distribution for hadrons inside the jet at RHIC kinematics, where a transversely polarized
proton collides with an unpolarized proton, producing a jet with a transversely polarized
A-baryon inside. This process will be sensitive to both transversity distributions h; and
transversity TMD FJFs H;. For the exclusive jet production, we study back-to-back lepton
jet production in lepton-proton collisions, where the incoming proton is transversely polarized
and the final hadron inside the jet is longitudinally polarized. This observable is sensitive to
the “worm-gear” TMD PDFs g7 and longitudinally polarized TMD FJFs Gyr.

4.1 Transverse spin transfer to A in jet in polarized pp collisions

For semi-inclusive process, we consider the pp collision in its center-of-mass frame:

p(Pa, Sa) + p(Pp) — [jet(ps)h(zn, 3 1, )] + X, (4.4)
where P4 and Pp are the momenta of the incident protons, S4 is the polarization of the
proton A. They are defined as:

Py = £(1,(),0, 1), Pp = \f(l,0,0, -1), (4.5)

Sa= )\A I~ )\AMA , ST, (4.6)
where s is the squared proton center of mass energy. Notice that S4 is written in light-cone
coordinate defined in eq. (2.3), and A4 is the helicity of the incoming proton with mass M4,
D4 is the large light-cone momentum of the proton A, ¢g is the azimuthal angle between the
transverse spin S of the initial proton and the reaction plane, with the reaction plane defined
by the incoming beam direction and jet axis direction (painted yellow in figure 5). For the jet
production, py is the jet momentum, with py being the magnitude of its transverse component:

pg = (pr coshn, pr, 0, prsinhn) . (4.7)
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Pp

Figure 5. Illustration for the distribution of hadrons inside jets in the collisions of a polarized proton
and an unpolarized proton or lepton. The reaction plane is painted yellow. For detailed illustration of
jet cone and hadron kinematics, please see figure 3.

Note here the y-component of p; is zero because we put the jet within the reaction plane
(xz-plane). The hadron inside the jet has a transverse momentum j, with respect to the jet
axis, and collinear momentum fraction z, of the jet momentum. Together with the hadron’s
transverse spin Sy, they are given by:

jL= |jL|<cos b, cos 07, sin ¢y, — cos by, sin 9]) , (4.8)

Sh. = ]ShJ_\(coségh cosGJ,sinégh, — cos gggh sinHJ) , (4.9)

where 0; is the angle between jet axis and z-axis, ¢A)h is the azimuthal angle between the
momentum py, of the produced hadron and the reaction plane, and égh is the azimuthal angle
between the transverse spin Sj | and the reaction plane. The “hat” that decorates éh and
qggh indicates that these angles are measured in the jet coordinates.

For single inclusive jet production, the most general azimuthal dependence? for the
hadron z, and j, distributions inside the jet is given by [34]:

doP(Sa)+p—jeth(Sn)+X . A in(¢s—¢
:FUU,U‘HST’Sln((bS_(bh)F;UFUS )

dnd2prdz,d?j

cos(ps—on)

+An )\AFLU,L+|ST|COS(¢S_§£h)FTU7L ]

sin((ghf(f)sh) COS(&h*QSSh)

+|Sh,| sin(&h—gggh)FUUj +A4 cos(qgh—qggh)FLaT

+18r( cos(6s—ds, ) Frr ")

+COS(2QA5h—(;35—gZ)Sh)F;(;’(;qgh_(ﬁs_qgsh))} , (4.10)

4Here we consider the situation where only one of the incoming hadrons could be polarized and the
final-state hadron can be polarized.
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where F)ap ¢ denotes the spin-dependent structure functions, with A, B and C indicating
the polarization of incoming proton A, incoming proton B (or electron), and the fragmented
hadron inside the jet. Aq and |S || are the longitudinal and transverse spin of the initial
polarized proton A, while A, and |S},,| are the longitudinal and transverse polarization of
the hadron inside jet measured in the fragmenting parton helicity frame.

The structure function Fyy(2n,j1) is defined by:

, a? I dx L dx
Fyvu(zn,jiL) = == Z/ = f/A(xhu)/ S22 1B (29, 1)
1

S ab pmin 1 x12nin )
Lode ., h )
X / ) ?ng(‘s?pTannu)Dl/c(Z’ZhaJJ_vaRa/‘%CJ)
Zmln
— C[f/D1é], (4.11)

where f{' / A(ajl, w) and fg/ B(xz, p) are the collinear unpolarized PDFs in the proton with
corresponding momentum fractions x1 and x2, and &<, is the hard function for unpolarized
parton a, b to unpolarized parton c. On the other hand, D?/c(z, zh,J 1, TR, 1, () are the
unpolarized TMD FJFs in eq. (3.12) and we have studied extensively in the previous section.
The lower integration limits 2", 25" and 2™ can be found in [21, 25]. The variables 3,
pr and 7} are the squared parton center of mass energy, transverse momentum and rapidity
of parton ¢, respectively, and are related to their hadron analogues as:

A N N 1 I
§=ux1me8, pr=pr/z, n:n—gln () ) (4.12)
x2
In eq. (4.11), we also defined the notation C[ffD;16], where parton flavors are summed
for PDFs and FJFs along with their corresponding unpolarized hard functions. Using this
notation, we can write down the expressions for all the polarized structure functions:

F;};j((?sf(z’h)(zh,jL) =C z}‘j&h hlfﬂ{fAT&} , (4.13)
Frup(zn,ji) = C{glLflglLA6} , (4.14)
Fgﬁ(fs_éh)(%’ﬂ) =-C Zh]j\_fh hllef_LAT(AT:| : (4.15)
Fzsjig,(ﬁh_ésh)(%ﬂ) =—C —Z}fj%fllefTﬁ : (4.16)
Fz(l)fs,g?hiqgsh)(zh,ﬂ) =-C _Z:&hglLﬁ%TA&} , (4.17)
F;(I)JS},(:F(ﬁSiésh)(zhij) = C[hl 1H1AT5'} ; (4.18)
F;ﬁﬁﬁ&r%ﬂﬁsh)(zh,jﬁ =-C -QZg%JQ hllefTAT&] ) (4.19)
|22 My

The corresponding polarizations for hard functions 65,, A6¢, and A6, are given in table 2.
sin($n—ds, )

The expressions for Fyyy and Fypp were given in the previous publication [34]
while [90] performed a phenomenological study for F;EFS)S—%), that is related to the Collins
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Table 2. Hard functions for parton a, b to parton c¢. The header row represents the polarization
of the parton a while the header column indicates the polarizations of the parton c¢. Parton b is
always unpolarized.

TMD FFs. The detailed expressions for all the other structure functions are written down
here for the first time.

Relevant measurements have been performed for the m*-in-jet production in the case of
Collins FFs [101]. More relevantly, a measurement of transverse spin transfer to A /A hyperons
in polarized pp collisions (no jet is involved) was performed by the STAR collaboration at
RHIC [102]. This suggests that measuring the transverse polarization of A/A hyperons inside
the jet in transversely polarized pp collisions could be achieved at RHIC. This process would

correspond to the structure function F;O(]S(Td)s_(bsh), which is sensitive to both transversity

PDFs h; and transversity TMD FJFs ’H}f/ 7. Below, we focus on this structure function and
define the following spin asymmetry for A-in-jet productions:

Aps=0sm) = peslos =) / Fouw. (4.20)

In order to compute F;O;g;bh_¢sh), we will need to parameterize the collinear transversity

PDF hy(x, 1), which appears in the initial state of F;ﬁg:ﬁs_¢sh) in eq. (4.18). For this, we

follow the parameterization in [103] and write the quark transversity as:

(ag +bg)" " 1

hs = NPgoa(1 — )P -
1(2, Qo) = Nyz®(1 — ) CITE

(f{(z, Qo) + g1 (z, Qo)) (4.21)
at initial scale Qo = 1.27 GeV, for up and down quarks ¢ = u and d only. The f{ and g
are the collinear unpolarized and helicity parton distributions respectively, for which we
use the parameters from [104]. Lastly, in the generation of TMD FFs grids, we also need
the transversity FFs. In this work we use the parameterization from [42], which assumes
a simple normalization of the collinear unpolarized FFs:

HA/q(Z7 Q) = N(;{DA/Q('Z’ Q) . (422)

Here Hy 4 and Dy 4 are the transversity and unpolarized FFs of the A baryon, and N;I is
the fitted parameter. We also follow the assumptions made in [42, 105] and demand:

1
Dy = DX/q = §DA/K<—qv (4.23)
as for the unpolarized A baryon FFs that appear in the denominator of ACTO[S]%S_d)Sh), we

use the AKK parametrization [106]. For both the transversity PDFs and transversity FFs,
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Figure 6. Hadron j -distribution within jets in pp collisions at /s = 200 GeV. Jets are detected in
the rapidity interval n € (0,0.9) (i.e., the jet is scattered forward relative to the polarized beam), and
are reconstructed using the anti-kr algorithm with R = 0.6. We vary the jet transverse momentum
from 5 to 15 GeV, and choose average z, at 0.2 (top row) and 0.4 (bottom row), which is within the
typical kinematic region according to [101]. The blue band is obtained by varying the parameters for
transversity PDFs and transversity FFs within their fitted uncertainties. While the yellow band is
obtained by keeping the fitted parameters of transversity FFs fixed at their central values and varying
only the parameters of transversity PDFs. The red lines show the theory obtained from the central of
the fitted parameters.

we also vary their fitted parameters according to the extracted uncertainties, weighted by
Gaussian random number with a mean of 0 and variance of 1.

Using the above setup, we now present the first prediction for the spin asymmetry
A?ggjsiqﬁsh). We choose the jet kinematics consistent with the available data from STAR [101],
with the center of mass energy at /s = 200 GeV, rapidity ranges n € (0,0.9) and n € (—0.9,0).
The jets are reconstructed using the anti-kr algorithm with radius R = 0.6. The numerical
implementation is very similar to that used in the longitudinal momentum distribution of
hadrons inside jets [21], with the numerical DGLAP evolution tool developed in PEGASUS [107].
The RG evolution of the various parts of the cross sections is performed as outlined in [23].

In figure 6, the prediction to ACTOES](;?S ~os),)

for the jet(A) production at RHIC kinematics
is presented. The blue band is obtained by varying the fitted parameters of both transversity
PDFs and transversity FFs, while the yellow band is obtained by varying the parameters of

transversity PDFs only (with parameters for transversity FFs fixed at central values). We can

therefore deduce that the uncertainty of theoretical prediction for the observable ACTO;(:?SﬂbSh)

comes largely from the transversity FFs, i.e., variation of Nf in eq. (4.22). Given the
large uncertainty resulting from the currently available extraction of the transversity FFs
for A baryon, this observable, when measured in the future, can be used to constrain the
uncertainty on the A transversity FFs. In figure 7, the same predictions are presented but
with a negative rapidity range. Similar patterns occur as in figure 6, but with a much smaller
magnitude, indicating a much smaller probability of producing polarized final particles in
the opposite direction of the polarized beam.
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Figure 7. Same plot as figure 6, but with jet scattered backward relative to the polarized beam.

Overall, in proton-proton collisions for A-in-jet production, where one of the proton
beams is transversely polarized, and the resulting Lambda particles in the jet also exhibit
transverse polarization, a distinct observation emerges. Specifically, in the forward region
(positive rapidity), a moderate spin asymmetry A;?;(;:Sid)sh) ~ 1.5% can be observed at RHIC

kinematics, while in the backward region (negative rapidity), the spin asymmetry Af;;g;fsid)sh)

appears to be very small. This is largely due to the probing x range for the transversity PDF
hi(x, p): in the forward rapidity region = ~ 0.2 at pp ~ 15 GeV where hq(z, p1) is sizable [103];
in the backward rapidity region x ~ 0.05 for pp ~ 15 GeV where hi(z, u) is very small.

4.2 Back-to-back electron-jet production with longitudinally polarized A in jet

For exclusive jet production, we choose to study back-to-back electron-jet production in
deep inelastic ep scattering:

e(l, Xe) +p(P,S) — e(t') + [jet(ps)h(zn,d 1, Sn)] + X, (4.24)

where £ and ¢’ are the momenta of the incident and scattered lepton respectively. The incident
electron could carry a helicity A. and the scattered lepton is assumed to be unpolarized
but with a transverse momentum £.. Here we use P and S to represent the momentum
and polarization of the incoming proton, and the jet has a momentum p; with transverse
component pp. The hadron inside the jet has a transverse momentum 7, with respect to
the jet axis and collinear momentum fraction zp of the jet, as well as a polarization S} with
respect to the jet axis. The kinematics is shown in figure 8. In the back-to-back region where
lgr| < |pp| with the transverse momentum imbalance gp = £} + pp, TMD factorization
formalism for the full differential cross section has been given in the previous publication [41],
where various structure functions were defined and studied. For example, the structure
function F(C](;([?q_%) for 7+

function, while Flc](;;(ﬁh_(bsh) from A-in-jet production has the sensitivity to the polarizing

-in-jet production is sensitive to Boer-Mulder function and Collins
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Figure 8. Illustration for the distribution of hadrons inside jets in the collisions of a polarized proton
and an unpolarized lepton. For a detailed illustration of jet and hadron kinematics, please see figure 3.

TMD FFs Dis. At the same time, in [92], the structure function F;I;gﬁs_m) is computed
for 7t/~-in-jet production, and is found to be able to further constrain the Collins FFs.

In this section, we studied yet another observable — the spin asymmetry A?g(fq_d)s )

defined as

6mse) _ Frvg

cos(pqg— _ \

Argr' o= F ) (4.25)
UU,U

where the structure ch%s(gq_%) in the numerator denotes the spin-dependent structure

functions, with 7', U and L being the polarization of incoming proton, incoming electron,
and the final-state hadron inside the jet, respectively. Here, ¢g is the angle between the
transverse spin of the incoming proton St and the z-axis, while ¢, is the azimuthal angle
between the transverse momentum imbalance g and the x-axis, see figure 8. Following [41],
this structure function can be factorized as follows:

S — . N h .
F;OUby(gq ¢S)(Zha]L) = O-OH(QalJ’) Zegglgq(zh,JJ_apTRnuagJ)
q

b2db _ —
X/ Jl(qu)ng§;“)q(w7buu’aC-)Sglobal (b27ﬂ> SCS <b27R7 ,U,) )

2
(4.26)
where the global soft function gglobal and the collinear-soft function S¢s are given in [41].
The bar in gglobal /es indicates that their dependence on azimuthal angle is averaged. &9 is
the partonic cross section of electron-quark scattering:
Qem@s 2(0% + §?)
3Q? t2 ’
with the Mandelstam variables § = (2P + 0)?, { = (¢ — ¢/)? and @ = (zP — ¢')?, where z is
the fraction of collinear momentum carried by the parton inside the incoming proton. The

(4.27)

09 =
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electromagnetic and strong coupling constants are denoted as e and ag, and the virtuality
of the exchanged photon is defined as Q? = —(¢ — 6’)2 = —t.

It is evident from eq. (4.26) that this spin asymmetry A?gffq_(bs ) has sensitivity on both
“worm-gear” TMD PDFs g{,(z,b, i, ¢), as well as the longitudinally polarized exclusive TMD
FJFs %1(2n,3 1, pr R, v, () in eq. (3.76), which is connected to the helicity TMD FFs Gh/q.
The observable describes the following scattering process: a longitudinally polarized quark
inside the transversely polarized proton (as denoted by the TMD PDFs gf;) scatters with
an unpolarized electron and then initiates a jet in which a longitudinally polarized hadron
is observed. To generate a prediction, for the first moment of “worm-gear” distribution
ggq, we adopt its parameterization in k-space from [108], and Fourier transform it to
the conjugate b-space:

k2 1
b Q) = 75 [ s S Bkl (o) =g @) e (<R, ) (@29

where M =~ 938.272 MeV is the proton mass and g%,)q(x) is the collinear function that is
parameterized at Q9 = 2 GeV [108]. Note that this is a simple parton model extraction
without TMD evolution, we thus also do not take into account TMD evolution for g{,. Since
CT10 PDFs [109] are used in the extraction of g{,, we will use them in the computation
of Fyyu as well. For the final-state hadron, we observe the longitudinally polarized A/K
production. The corresponding helicity TMD FFs is given by

!/

- du' .
Gjl\]{q(zhabnuvg]) = Gféq(thﬂb*)exp l/u ;VL[O[S(M%C:J/MQ]] €xp [_S?\TP (b7Q07 \/G>:|

Hby

(4.29)

where we use the TMD evolution in eq. (3.34) and we assume the non-perturbative Sudakov
is the same as the unpolarized case in eq. (4.2) [110]. For the collinear helicity FFs for A/A,
we take the parameterizations from [111], in which three scenarios are provided, each with a

different assumption for the source of contribution to A longitudinal polarization. Specifically,
e Scenario 1: only polarized s quark contributes;

e Scenario 2: u and d quarks have equal contributions, while the distribution of s quark
has an opposite sign relative to v and d quarks; u and d helicity FFs are negative

e Scenario 3: u, d, and s quarks have the same distribution functions, which are all positive.

With the above setup, we are able to make predictions for the exclusive process ep —
e+ jet (A/K) + X, in which we measure the longitudinal polarization of the final state A/A

inside the jet. In figure 9, we plot the spin asymmetry AcTogffq_(ﬁS) defined in eq. (4.25) with
EIC kinematics, where /s = 105 GeV, jet transverse momentum pr € (10,15) GeV, and
jet radius parameter R = 0.6. We also introduce the quantity event inelasticity y = 1 —
%e*ye € (0.1,0.9), where ¢/, and y. are the measured transverse momentum and rapidity
of the scattered electron. Constraining the event inelasticity ensures that our calculation

stays in the region with reasonable resolution on z and Q?, as well as avoiding the phase
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Figure 9. Longitudinally polarized hadron j, -distribution (left) and gr-distribution (right) within
jets in ep collisions at /s = 105 GeV. The event inelasticity y is constrained within (0.1,0.9).
Jets are detected with transverse momentum pr € (10,15) GeV, and are reconstructed using the
anti-kp algorithm with R = 0.6. For the j, -distribution, g is chosen to be 0.5 GeV, while for the
gp-distribution, j, is chosen to be 0.5 GeV. The uncertainty band is obtained by computing the 1-o
band of the fitted parameters for the “worm-gear” PDFs g;7, and the three scenarios for A/A are
shown by blue (scenario 1), red (scenario 2) and green (scenario 3). We collectively denote A/A as
A. Scenario 1 is consistent with zero because the current extraction of the strange quark worm-gear
function is zero.

where QED radiative corrections are important [92]. On the left panel, we plot A;)S(fq_(bs )

as a function of hadron transverse momentum j,, while on the right panel, we plot the same
spin asymmetry as a function of the electron-jet transverse momentum imbalance ¢p. For
the j -distribution (left), g7 is chosen to be 0.5 GeV, while for the gp-distribution (right), 71
is chosen to be 0.5 GeV. The uncertainty band is obtained by computing the 1-o band of
the fitted parameters for the “worm-gear” PDFs g;7, and the three scenarios for the helicity
fragmentation functions of A/A are shown by blue (scenario 1), red (scenario 2) and green
(scenario 3). We collectively denote A/A as A.

As can be inferred from figure 9, the different scenarios for helicity FFs provided in [111]
can result in drastically different values in A;)Sffrd)s ), Notably, Scenario 1 is consistent with
zero because only the s quark helicity FFs contribute in this scenario. However, the current
extraction of the “worm-gear” function ggq(a:) of the incident proton receives contributions
solely from w and d quarks, and the s quark worm-gear function vanish [108]. As for Scenarios
2 and 3, distinct measurable asymmetries emerge with different signs, simply because in
Scenario 2, both u and d helicity FFs are both negative, while they are positive in Scenario
3. This observable thus enables the discrimination of previously indistinguishable helicity

fragmentation functions for A/A from different quark flavors.

5 Conclusion

The study of fragmenting jet functions (FJFs) has become a topic of paramount importance
in high-energy physics, particularly at the LHC and RHIC, where measurements have been
made for a broad range of identified particles within jets. These studies not only provide
crucial information at the LHC and RHIC, but also hold the potential to yield novel insights
at the upcoming Electron-Ion Collider (EIC).
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It is thus important to study both longitudinal and transverse momentum distribution
of hadrons inside the jet, which are characterized by the so-called semi-inclusive fragmenting
jet functions and exclusive fragmenting jet functions. They are critical ingredients in the
factorization theorems. The semi-inclusive fragmenting jet functions arise in the situation e.g.
where single inclusive jet production in proton-proton or electron-proton collisions, while the
exclusive fragmenting jet functions appear in the situation e.g. where back-to-back electron-jet
production in electron-proton collisions. There have been partial results available in previous
publications, but never the complete full results, which we set up to do in this paper. In
this work, we have studied the hadron longitudinal momentum fraction z; distribution, as
well as the hadron transverse momentum 5, distribution within jets, for both semi-inclusive
and exclusive fragmenting jet functions. We set up factorization formalism within SCET
framework that allows for the systematic determination of these distributions. We first
calculated all the components of the factorization theorem up to NLO, then we resummed
all the associated large logarithms In R and In(prR/j ).

In the phenomenology for semi-inclusive process, we study the transverse polarization of
Lambda hyperons inside the jet produced in transversely polarized proton-proton collisions,
which is sensitive to the elusive TMD transversity fragmentation functions. Our numerical
estimate shows that this observable is promising at the RHIC. For the exclusive jet production
process, we study the longitudinal polarization of Lambda hyperon inside the jet, in the back-
to-back electron-jet production in electron-proton collisions where the proton is transversely
polarized. We find that this observable is sensitive to the “worm-gear” TMD PDF g;1 and the
TMD helicity fragmentation functions and its measurement is promising at the future EIC.
With the various applications for probing the 3D QCD structures, the future for fragmenting
jet observables is promising with all the planned measurements at the RHIC and the EIC.
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A  Perturbative NLO semi-inclusive FJFs

As defined in section 2.1.1, we have the leading order and one-loop bare semi-inclusive FJFs
for longitudinally and transversely polarized quarks and gluons. To get the final expression
as given in egs. (2.22)—(2.25) and (2.27), we first perform the ¢, integral:

d i anti- -1 R - B 9%
/ QQJl_—f—e@bothkT(qJ-) = 6(%% tan” <2)> 2 21— 2,) 7%, (A1)
(¢7)
dq2 anti- 1 R ¢ — 2
[ = (bt (5)) 0=, (a2

— 33 —



then apply the following expansions as € — 0:

(1— i)1+2e - ;7615(1 —A (1 —1Z)+ - 26<lr(l§1—_2’7;))+ ! 0(62) @9
% =1-—2eln(z) + (’)(62) , (A.4)

eve 2 ‘ 1
T I

1 p
where L=In| ———— | = In| —— |.
w% tan2(§) ((pTR)2>

B Calculation of collinear exclusive FJFs

In this section, we provide the derivation for the matching coefficients A7) _#;; of the
exclusive fragmenting jet functions A(T)% (zn, pr R, 1) to the collinear fragmentation function
Ar) DZ (zn, p) for anti-kp jets. The unpolarized results were first written down in the appendix
of [72]. We start by specifying the phase space constraint from the jet algorithm, which
was nicely outlined in [64]. Consider a parton splitting process, i(¢) — j(q) + k(¢ — q),
where an incoming parton ¢ with momentum ¢ splits into a parton j with momentum ¢
and a parton k with momentum ¢ — g. The four-vector £# can be decomposed in light-cone
coordinates as (# = ({*,0~ = w,0, ) where £* = (0 ¢*. The constraint for anti-kr algorithm
with radius R is given by:

. + 2
@antl—kT — 9 tan2 <R> _ % . (B].)
2 g (w—107)

For fragmenting jet functions, the above constraint leads to a constraint on the jet invariant
mass m% = wl* [74], which is derived and listed as follows:

R
Santiky = 9<zh(1 — zp,)w? tan? <2) — m3>9(m3) , (B.2)

where zj, = wp/wy = wp/w, wy, is the large light-cone momentum of the final hadron, and
w = wy since both partons are in the jet (see figure 2 (A)).

The exclusive FJFs Ay )% (zn, pr R, pt) can be matched onto corresponding fragmentation
functions A(T)Di (zn, ) as listed in table 3:

Ldz, z
A9 (z, prR, 1) Z/ ZhA Jij(zh, prR, M)A(T)Dh/g< 7,,“)

Adep
+ (9<(pTR)2> : (B.3)

where A7y _#;; are the matching coefficients. The exclusive FJFs A(T)%ij (zh, m%, 1) with
i,7 € {q, g} has been extensively studied in [31, 112]. Using pure dimensional regularization
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Quark polarization

U L T

L Agh = <P - ~<J)
T Argp = 2<B- 2P

Table 3. Summary of the exclusive collinear FJFs. The header row represents the polarization
of the quark (indicated by the blue line) that initiates the jet, while the header column indicates
the corresponding polarizations of produced hadrons (indicated by the red arrow from the red dot).
Shown here is for quark FJFs, with U, L, T representing the unpolarized case, and longitudinal and
transverse polarization. For gluon FJFs, one would interpret L, T, as circular and linear polarization.

Hadron pol.

with 4 — 2¢ dimensions in the MS scheme, the bare results at O(as) can be written in the
following compact form [33, 112, 113]:

] 2 Qs (6’7E1u’2)€ > —€ —€ 2\ 1€
A(T)gi{bare (Zh, mJ) = %ﬁA(T)Pﬁ(Zh, G)Zh (1 — Zh) (mJ> . (B4)

Generalized from [33], A(T)gj

i,bare

(2h, Mm%, 1) is related to A(T)%h (zn, pr R, 1) by:

i,bare

h h
A1) Y bare(2h, PTR) = / A3 Ay G are (203 ) Santir (B.5)
notice that we reinstated hadronic FJFs. The splitting functions A(T)Pji(zh, €) are given in
egs. (2.17)—(2.21). By performing the integration over m?% with the constraints imposed by the
+pare(2h; T R). We present
the results for anti-k7 jets here, as their explicit expressions are not available in the literature:

jet algorithm dunik,, one obtains the bare exclusive FJFs A(T)%]

af . (1.3 L |
quqybare(zh7pTR) = %{CF <62 + Z + 6)6(1 — Zh) - EAqu(Zh) + CF(l — Zh)
1.2 7T2
+ Cpo(1 — zp) (2 - 12) + AFyq(zn)(2In(zp) — L)
3CrL 9\ (In(1 — z)
+ 81—z +26’F(1+zh)<1_2h)+}, (B.6)
s [—1
AG el pR) = 52{ APy (a0) + APy (en) [2Inan(1 ~ 20)) ~ L] 2Cp(1 = 1) |
(B.7)
s [—1
DYoo R) = 52{ =X APy (a1) + APyen) [2In(on(1 ~ 1)) = L] + 2Te(1 = 20)}.
(B.3)

,35,



Qg 1 1 By L 1
AGY, ez, PTR) = 27r{CA (62 + <20, + 6)5(1 —zp) — EAng(Zh)
L2 2 L
+ Cad(1 — zp) (2 - 71r2> + APyg(z1)(21n(zn) — L) + %5(1 — zn)
9 In(1 — z)
—4Ca(1 = 2) +4Ca[200 = 2p)2 4 2] (———2 ) ¢, (B.9)
1-— Zh +
g 1 3 L 1
ArD0, (o pr ) = %{CF <62 Fo E>5(1 ) — APy ()
L?> n?
+ CF(5<1 - Zh) (2 - 12) + ATqu(zh)(Q ln(zh) - L)
3CrL In(1 —
+ 3L 50 L+ 40th<n(2")) } , (B.10)
1-— Zh +
where, as given in the main text, [y is defined as:
11 4
Bo = ?CA — 3TFny (B.11)

and Ap) Pj;(z1,) are given in egs. (2.28)(2.32). It is instructive to point out that the € poles in
the first term of egs. (B.6), (B.9) and (B.10) correspond to ultraviolet (UV) divergences, and

they are related to the renormalization of the FJFs A(T)%] (zn, prR). All the remaining

i,bare
e poles in egs. (B.6)—(B.10) are infrared (IR) poles, and they match exactly with those in
the fragmentation functions Ay D;/;(2n, 1), which we will show below. A(T)%?bare(zh, prR)

(2
is renormalized by:

A(T)gi}fbare(zhapTR) = Zgé(:u)A(T)gih(zmpTRa M) ) (B12)
where ¢ is not summed over in the above equation. The corresponding renormalization
group (RG) equation is:

d

MaA(T)%Lh(ZhvaR7 :u) = ’y};(,u)A(T)%h(zh,pTR, /’L) ) (B13)

where the anomalous dimension 5 (u) is:
) . -1 d _.
i) = =(2500) g 2. (B.14)
The solution to eq. (B.14) is then:

G T
A% (zn, TR, 1) = Ay%] (20, PTR, pig) exp </ T/f%% (l/)) : (B.15)

peg
where the scale u should be the characteristic scale chosen such that large logarithms in the
fixed-order calculation vanish. The counter terms Z};(u) are given by:°

1 3 L
Zo(n) =1+ 22 { d } B.1
(1) + %CF 2t5.t ) (B.16)
s 1 1 BO L
Z9(0) =1+ 220y | = + -2 ] . .
g() =1+ 5-Ca| 5+~ T (B.17)

5Note here the counter terms for polarized quark and gluon FJFs are the same as those of the unpolarized
ones as shown in [33]. For explanation, see the main text in section 2.2.
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From these results we obtain the anomalous dimension v (u) with the following form:

2
. M .

25000 = Tl (25} 400 (B.15)
where I', o, = >, %1 (§2)" and v* = 3, 741 (§2)". The lowest-order coefficients can be
extracted from the above calculations:

I'§=4Ca, 7§ =2bo, (B.20)

and higher-order results can be found in [31, 114-117]. After the subtraction of the UV
counter terms specified in eqgs. (B.16) and (B.17), the renormalized FJFs A(T)%Zr’ (w, R, zp, )
are given by:

« L?> 72
A?f;(zh,pTR,,u) 2;{ c Aqu(zh) + CF(S(l — Zh) (2 - 12) + CF(l — Zh)
AP () @In(z) — D) + 2 51 - )
In(1 — z)
+2Cp(1+ 2}) (1—%>+} , (B.21)
ADY (zh, prR, 1) = ;‘W{ —APyg(z1) + APy (21) [2Im(2(1 = 2)) = L] = 2Ck(1 - zh)} :
(B.22)
AG ] (zp, prR, 1) = g;{ - APyy(zn) + APyg(2n) {2 In(zp(1 — 23)) — L} +2Tp(1 - zh)} ,
(B.23)
« L?
AYGY (zn, pTR, 1) = 2;{ - APyq(zp) + Cad(1 — zp) (2 — 12)
+ AR () (2In() — L)+ 2601 - 5) —a0a(1 - )
In(1 — z)
+4C, [2(1 ) zh} (1_2}1")+} , (B.24)
A9 (zh, prR, 1) = ;T{ = AqPy(n) + Cro(1 - z) (’322 - 1’;) 3C2FL5(1 )
In(1 — z)
+ ATqu(Zh)(Q ln(zh) - L) + 4CFzyp, <1Zh>+} , (B.25)

where we can eliminate all large logarithms L by choosing u ~ prR. At the intermediate
scale uy > Aqcp, one can match the FJFs A(T)g (zn,prR, ) onto the longitudinally
(transversely) polarized fragmentation functions A(pyDy,/;(2h, 1) as in eq. (B.3). In order
to perform the matching calculation and determine the coefficients _Z;;, we simply need
the perturbative results of the fragmentation functions Ay D;/;(2s, 1) for a parton i frag-
menting into a parton j. The renormalized A7) D;/;(zp, 1) at O(as) using pure dimensional
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regularization are given by:

AD(zp, 1) = 6(1 — 2) + O‘*;fF (—i)Aqu(zh) : (B.26)
ADg ) = 257 (<1 ) AP (an). (B.27)
ADge) = %5 F (1) AP (en). (B.28)
ADg(on) = 00— 21) + 252 (=3 ) AP 1) (B.29)
B D) = 61— ) + S5 (=2 ) ArPan) (B.30)

Using the results for A%/ '(zn, prR, 1) and A(ryDj/i(zn, 1), we obtain the following matching

coefficients:
Qg L2 2
A/qq(zh,pTR,,u) =0(1—z,) + Gy Crd(1 — zp) 5 12 +Crp(1—2zp) — Aqu(Zh)L
L .
+ 3021’ 51— ) + Af;qntl-kT(zh)} , (B.31)
Oés 7anti-
A gl prRom) = 52 { — APyy(zn)L — 2Cp(1 — 2) + AFemtk (zh)} , (B.32)
Qs 7anti-
A Zgq(zn, prR, 1) = Gy { APyg(zn) L+ 2Tr(1 — z1) + Aqut b (Zh)} ’ (B.33)
g L?  x?
A Fgg(zn, prR, 1) = 6(1 = zn) + - {CA(S(l — )| 5~ 15 | ~4CA(l = 2n) — APgy(a) L
+ %5(1 —2p) + Ajgznti'kT(zh)} : (B.34)
g L2 2
Aquq(Zh,pTR,,u) = 5(1 — Zh) + % {Cpé(l — Zh) 7 — ﬁ — ATqu(Zh)L
+ 3C;L 51— 2) + ATj;n“-kT} , (B.35)

where A(T)ﬂ;";nﬁ'kT(zh) are jet-algorithm dependent. For anti-kr jets, we have:

ATk (2) = 2Py (20) In(23) + 20w (14 )<ln11__zih)>+, (B.36)
AFaRT (2) = 2APyy(23) | In(z(1 = 21))] (B.37)
AFHRT () = 2APyg(23) [ In(2n(1 = 22))] (B.38)
AFEHR () = 2Py (2) In(2) + 4Ca 21— 2) + 2] (mil__zzhh)k (B.39)
Aqug:Jnti—kT (2n) = 2A7Pyq(2n) In(21) + 4Crz (hlil__;bh))Jr . (B.40)
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Substituting the matching coefficients A7) _#i; into eq. (B.3), and writing out explicitly
the plus functions, one obtains:

Qg [ R(1—z 2
A4l (zn, prR, p) = {1 +5 CF 21n° (pT(h)) }A(T)DZ(ZhaM) +o

1 12
(B.41)
s | R(1— 2]
A%h(ZmPTR, p) = {1 + %CA 21n? (W) - % }AD (zn,p) +--- . (B.42)

Here the ellipses represent terms that are regular as z, — 1. Under the large z; limit, one
can find additional logarithms ~ In(1 — z5,). By choosing the scale = prR(1 — z3), we can
simultaneously resum both logarithms of R and (1 — zp) [74]. A more rigorous resummation
at the threshold limit is given by [118].

C Separation of hard matching functions

In this work we follow the methodology outlined in [23] and separately evolve the hard
matching functions. Doing this have the benefit of simplifying the final evolution of the TMD
FJFs, for more details, please refer to [23]. In this section, we will only provide the result
of such separation. We start by noticing that the anomalous dimensions ’yi?(T) (z,prR,p) in
egs. (3.65)—(3.69) include a purely diagonal piece §;;6(1 — z)I';(pr R, 1) and an off-diagonal
Altarelli-Parisi splitting function A Pj;(2) that has polarization dependence. Therefore
following the approach in [23], we can separate these two contributions by rewriting the

functions H ZijL D) into two parts that follow different evolution equations:
~U(LT sU(L,T
A5 pr R ) = Elpr R )L (opr R ) (C1)

The coefficients ¢”% )(z, prR, p) follow the evolution equations governed by the Altarelli-

i—]
Parisi splitting functions:

d s 1 dz 2\ su

M@Ciﬁj(zapTRnu’) Z/ < )Ck%]( 7pTR7 M) ’ (02)
d snm) Lz N SL(T)

Macz—w (Z,pTR, ,LL) Z ;7 T)sz Ck_>] ( apTRa ,LL) ; (C3)

and as pointed out in [23], although the above evolution equations look like DGLAP equations,
it is only the combined TMD FJFs that will satisfy the standard timelike DGLAP evolution
equations. As for the functions & (prR, 1), they follow the multiplicative RG equations:

d
L In&(prR,p) = Ti(prR, 1) , (C.4)

with T'; given in eq. (3.71) and their solutions are:

!/

nd
Ei(prR, 1) = E(prR, ) exp </ /Tlfl“i(pTR, u')) , (C.5)
By
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with the fixed-order results provided in [23]. By choosing u; = prR, we obtain the initial
condition & (prR,py) = 1 for the evolution given in eq. (C.4).

Collecting the results, for unpolarized hard matching function ﬁgj (2, prR, 1), one
find the coefficients CAZ-U_ﬂ(z,pTR, p) in eq. (C.1) to be the same as in [23], here we list the
results for completeness:

2
Céjﬁq’ (z,pr R, 1) = 5qq’5(1_z)+5qql%i [CF5(1—2)71TQ+PQQ(Z)L

_QCF(H22><1H(1—z)) —CF(1—Z)], (©.6)
.

1—=2
Coog(2:pT R ) = %[(L—mﬂ(l —2))Pyq(2)—Crl, (C.7)
« ? —2+22)% /In(1-2
CiLy (2, pr R p) = 0(1=2)+ 2 5(1_2)12+ng(z)L_4CA(1 Z +22) <1 gl_z ))J’
(C.8)
Colq(z:pT R, ) = %[(L—mn(l —2))Pyy(2) —2Tr2(1—-2)]. (C.9)

As for the coefficients of polarized functions H L(T) (z,prR, 1), given that & (prR, u) follow

1—j
the same evolution as in eq. (C.4), we can write eq. (C.1) as:

N o dgy! A
A (2, prR, 1) = exp (/ T/fri (prR, M’)) ¢z prRp) . (C.10)
o

J

And we therefore only need to evolve the functions (?ZL_(S)

to u ~ pr following eq. (C.3). In particular, the fixed-order results are:

(z,pr R, p) from scale pu ~ p; = prR

2
Cpé(l—z)%JrAqu(z)L

N O[s

Cq[;)q/ (2,P1 R, 1) = 6qq0(1—2) +04¢ o

~acr(42) (M) —ori-a). )
Chesy (TR ) = 52 [ (L=2In(1=2)) APy () +2Cr(1-2)] (C.12)
Cysq2opr R p) = 5 [(L=2In(1=2)) APy (=) —2Tp(1-2)] (C.13)

2
CAd(l—z)%—i—Ang(z)L

A

g
Coryy(2:pTR, 1) = 0(1—2)+5

— . (C.14)

niL—=z 7T2
_4z<1 il—z ))++125(1_z)”. (C.15)

So far, we have presented the perturbative expressions for polarized hard matching functions
in eq. (C.10) up to NLO.

+4OA(1—Z)—4CA(2(1—z)2+z)(ln(l_z)>
.

A

Cg—>q’ (zvaRv ,LL) = 5qq’5(1 _Z)

Qs
+5qq’27r{ATqu(z)L+CF
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