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INTRODUCTION

Although the steady-state and electrical transient performance
of selsyn systems have extensively been studied by several investigators,
the motional transients occurring in them have so far received no atten-
tion. This negligence may be attributed to the mathemetical difficulties
encountered in attempting a rigorous analysis of the subject. It is shown
in Part III of this thesis that an exact solution of the problem of mo-
tional transients in selsyns is, in fact, practically impossible. However
it is desirable to possess a means of predicting the motional behavior of
a selsyn set when its state of equilibrium is mechanically disturbed.
Therefore a convenient approximate analysis must be resorted to. It is
the purpose of the present thesis to obtain an approximate solution which
will be in satisfactory agreement with the actual conditions. The pro-
posed problem is to study the transient variation of the relative rotor
angle of a selsyn system following the sudden application of a constant

load.

The fundamental equations of the induction motor and their deri-~
vation as presented in Part IIT are based upon the lectures given by Pro-

fessor W. V. Lyon in the subject of advanced alternating-current machin-

ery.



PART I

RESULTS AND DISCUSSION

The transient variation of the relative angular displacement bet-
ween the rotors of a selsyn system upon the sudden application of a cons-

tant load is a damped sinusoidal function of time given by
&= Jd, - é,'e"“tcos kt

Constants d, , d; , and k are defined on pages 50 and 3/ . An expression
for damping constant o« is given on page 63 . Due to inevitable simpli-
fying assumptions made in the course of the analysis, the equation given
above constitutes only an approximate solution. A comparison between the
computed and experimental results shows, however, that the degree of ap-

proximation is satisfactory (see pages § and 8 ).

The experimental results consist of nine photographic records
taken under different speed and load conditions. The original photographs
are shown on pages I4 to 22 . Each of these pages represents one single
run. The sequence of the pictures is from the lower to the upper end of
each strip. The order of the strips is from left to right. The beginning
of the transient period of each run is indicated by a circle placed in
front of the corresponding picture. The first three photographic records

were taken by the use of a one-piece commutator (see Part II), and there-



fore the interval of time between two consecutive pictures corresponds to
one revolution of the selsyn set. In obtaining the last six records the
use was made of a two-piece commuitator; hence two consecutive pictures

are separated by an interval of time corresponding to one half revolution.

In order to make more explicit the information contained-in the
photographic records, curves are plotted which show the variation of the
relative rotor displacement as a function of time (see pages 5 to /3 ).
The speed and load conditions corresponding to each run are stated on the

graphs.

An examination of the experimental curves immediately shows that
they are not exact damped sinusoidal curves as the analysis predicts. The
median line of each curve has an exponential trend instead of being a hori-
zontal straight line. This discrepancy is due to the fact that, in the ana-
lysis, the suddenly applied torques are assumed to stay constant throughout
the transient period,whereas, in the actual laboratory experiments, they

undergo a slight exponential change.

It is seen from the graphs that the period, the amplitude, and the
damping of the oscillations are affected by the speed and applied torque.
The effect of speed upon the period of oscillations is more pronounced when
the selsyns operate in the direction of rotating magnetic field (see graphs
onpages 5 , 6 , and 7 ). As the speed increases the frequency of oscil-
lations becomes smaller. However the speed has practically no effect upon

frequency when the system operates against the rotating magnetic field (see



the graphs on pages 8 , 9 , and /9 ), These facts are in agreement with
the analytical results. Eq.(42), page 50 , shows that the frequency of
oscillations dependson the slip, and the effect of speed is greatest at
near synchronism. The speed has a strongly marked effect upon the ampli-
tude of oscillations when the operation is with field. (See the graphs
on pages 5 , 6 , and 7 .) As the speed is increased the amplitude of os-
cillations becomes larger. This also is in conformity with the analyt-
ical prediction (see the expression of d, on page 51 ). The curves on
pages 5, 6 , and 7 show that, when the system runs in the direction
of field, larger speeds result in stronger damping. However, when oper-
ating against field, the damping is almost independent of speed. The
analytic expression of the damping constant given by Eq.(66), page 62 ,

is in accordance with these observations.

The effect of the magnitude of a suddenly applied torgue upon
the frequency and amplitude of oscillation may be seen by comparing the
curves plotted on pages 7.and /2. It is seen that the frequency is in-
dependent of torque, whereas the amplitude is nearly proportional to it.

These facts are in agreement with Eq.(42) and the expression of & given

on page 5| .

Run # 9 which is represented on page /3 shows that if the volt-
age impressed on the selsyn is reduced, the period and the amplitude of
oscillations tend to increase. The analytical expressions referred to in

the foregoing paragraph predict the same conclusions.
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PART IT

DESCRIPTION OF EXPERIMENTAL

PROCEDURE

The experimental part of the present investigation is conducted in

accordance with the following diagram and explanation:

A-C Sovrce
Induction

: 2 Regulator
S ii
(* ::f%{? |
]
[ |
L L L
Load
==
l I I Strobolux [ | l ] l ]
D-¢ Gen. , Receiver | ! Tronsmitter , D-C Motor
= — P ]
| o i
| 4
| 1
| — c

FYg, b

The complete setup consists of two identical three-phase slip-
ring induction motors, two direct-current machines, and equipment (inclosed
within dotted rectangle in Fig. 6) serving to record the transient variation

of the relative angular displacement between the rotors of the induction ma-



chines. The induction motors are electrically interconnected to operate as
a selsyn set, and the stators are fed from a balanced three-phase 60 v sup-
ply through a three-phase induction regulator, the latter providing a con-

venient means of wvoltage variation.

One of the d-c machines is operated as a shunt-motor and is mechani-
cally coupled to the transmitter. The purpose of this machine is to drive
the transmitter and to supply the constant mechanical torque Tm (ment ioned
in the analysis) during the transient period. The speed is controlled by the
field rheostat of the shunt-motor; and the power input to the latter is meas-

ured by means of a voltmeter and an ammeter.

The second d-c machine is mechanically coupled to the receiver and
is operated as a separately excited generator, supplying power to a resis-
tive load. The power output of the generator is measured by means of a volt-
meter and an ammeter. The purpose of this d-c machine is to simulate a con-
stant mechanical torque applied to the receiver shaft during the transient
period. With switch s (see Fig. 6) open, the resistive load is discon-
necféd from the generator, and the selsyn set runs under steady-state no-
load condition. The closing of switch s starts the motional transient

which is to be investigated.

The principle underlying the operation of the recording equipment
is quite simple. Refer to Fig. 6. On the receiver shaft is mounted a spe-
cial commutator half of whose peripheral surface is conducting and the other

half nonconducting. Two stationary brushes which are electrically connected
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to a "Strobolux" make sliding contact with the commtator. When both brushes
come into contact with the conducting part of the commtator surface, the
"Strobolux" produces an almost instantaneous flash, which illuminates a disc
attached to the shaft of the transmitter. This disc is marked with uniformly
spaced divisions, five electrical degrees apart. A stationary pointer placed
near its circumference serves as a reference mark. When the selsyn set is in
steady-state operation the transmitter and the receiver rotors run at the
same speed; and, under the flashes produced by the "Strobolux," the disc ap=-
pears to be stationary. This is due to the fact that, at steady-state, there
is no relative motion between the transmitter and receiver rotors. If, how-
ever, the steady operation is disturbed by a sudden application of load, a
relative motion occurs between the rotors; and, under the flashes produced
by the "Strobolux," the disc appears to be in motion. The apparent motion
of the disc is an exact reproduction of the relative motion between the ro-
tors. A moving picture camera placed in front of the disc registers this ap-
parent motion, thus providing an experimental record of the transient varia-
tion of the angle J between the rotors. The camera used for this purpose
is of the continuous-motion ﬁype, and not the conventional intermittent

motion device.

The experimental record produced by the motion-picture camera con-
sists of a series of photographs, each corresponding to one flash of the
"Strobolux," and consequently to one revolution of the receiver rotor. Know-
ing the r.p.m. of the receiver, it is easy to determine the instant corre-

sponding to each picture. Therefore, by reading the angular displacement
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indicated by the pointer in each picture, and plotting it against time,
one obtains an experimental curve of the motional transient of the selsyn

set.

3 % X 3 3t



PART IIT

THEORETICAL ANALYSIS

1. Derivation of the Fundamental Equations of an Induction Motor.

(a) Assumptions. In order to obtain reasonably simple differ-
ential equations the following assumptions are indispensable:

(1) The winding resistances are constant.

(2) The winding self-inductances are constant.

(3) The mutual inductance between any two windings is propor-
tional to the cosine of their relative electrical angular displacement.

(4) The windings are symmetrical.

The first assumption implies that the effect of frequency upon
resistance is negligible. The second assumption neglects the effect of
magnetic saturation. The third disregards the presence of possible

space harmonics of the air gap flux distribution.

The foregoing are essential assumptions. Some additional ones
will be stated below, because they conform with the particular machines
used in the experimental part of this thesis. Thus the unnecessary com-
plications due to excessive generality will be avoided.

(5) The machine is a Y-connected 3-phase induction motor.

(6) There is no neutral connection.
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(b) The use of symmetrical components. In the study of transient

or unbalanced steady-state performance of rotating electrical machinery,
the method of symmetrical components proves to be a powerful analytical
device. Its use in the analysis of transient phenomena not only reduces
the number of differential equations to be considered, but also results

in simpler equations.

Let A, B, and C be any three real or complex quantities, either

constant or variable. Then writing

A=X0+X1+X2

O s O
B =X, + 9120y, + o120, (1)
120° ~3120°
C =X, + e1%0%, 4 320y,

and solving the system of linear equations thus obtained yields:

Xo= ia+B+0)

Wi

(A b e3120% | ~3120%, (2)

The quantities X, Xy, and X, are called the symmetrical components of

A, B, C.

If A+B+C=0, then X,= O and system (1) becomes:
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A = Xl + Xz
(o} . (&)
3120° -3120°
C =¢€ Xl + e Xz

It should be observed that if A, B, C are real, then Xl and 1{2

become conjugate quantities. This fact can readily be seen from Egs. (2).

(¢) Derivation of the fundamental equations. Let Fig.l represent,

at a given instant t, the stator and the rotor of a three-phase induction
machine having a wound rotor whose relative position with respect to the
stator is a certain function of time 6 = £(t). © is measured in electri-

cal radians, The machine is in conformity with the assumptions stated on

page 27.




The letters a, ¢, e designate the stator windings or phases, The
rotor windings are denoted by b, d, f, The stator windings, as well as the
rotor windings, are 120 electrical degrees apart. The instantaneous current
in each phase is indicated by the letter i, with a subscript showing the
particular winding in which it is flowing., The instantaneous terminal-to-

neutral potentials are indicated by vy, vy, V., etc. Let,

= effective resistance of each stator phase,

=
I

T= effective resistance of each rotor phase,

- self-inductance of each stator phase,

Ly, = self-inductance of each rotor phase,

mutual inductance between any two stator phases,

My, = mutual inductance between any two rotor phases,

Ly slgy =My = synchronous self-inductance of each stator phase,

Ly =Ipp - %
M = mutual inductance between a stator and a rotor winding when their

synchronous self-inductance of each rotor phase,

axes coincide,

At the instant t the instantaneous mutual inductance between a
stator and a rotor winding will be designated by the letter M, with two
subscripts referring to the windings in question. Thus M; will indicate

the mutual inductance, at the instant t, between windings a and b. Refer-

ring to Fig. 1:
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Myp = Myg = Mgp = M cos6 = g[eje + e'je:l

Mg = Uop = My = M cos(0 + 120°) = J[I(@ + 120) 4 ~3(0 4 220%) 7

Mp = Mg = ¥ cos(6 - 120°) = %‘I[ej (e - 120°)+ e-j(e - ]_200):]

Mor

The potential drop across winding a may be written as follows:

Vg = aia + LaaPi, + Hap(ic + ie) * p(]'&a.b"."b + Mgl 4 Maflf)

where p denotes 9-. Since i, + ig = ~in, the first three terms of this

dt
equation become:

raia # Lgopi, = Mopi, = (ra + Lap)ia

Thus, the potential drops across the stator windings are:

v, = (ry + Lyp)i, + p(Mpdy + Mogiy + Mopis) (5)
V, = (ra + Lap)ic + p(Mai.ib + M1, 4 Madif) | (6)
Vo = (ra. . Lap)ie * p(Ma.di'b + Ma.fid ¥ Hablf) (7)

At this stage the introduction of symmetrical components results

in considerable simplification. Let,

1,09 ia.l’ ia2 = symmetrical components of 1i,, ig, ig

= i’bl’ ib2 = symmetrical components of 1y, ig, if
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v

20? Val? Vao = Symmetrical components of v, vg, v,

Then according to Egs. (2), page 28,

- Lotis . »
i, = 5(1a + 1, + 1e) =0

o o
iq = %(ia ¢ 3120 L e~J120 ie)
. 1 =4120°, 120°;
132 = S(ia + e Y lc A 6‘1 le)

o = 3(p + 3q + ig) = O

O . (o]
1ra ~3j120°, j120°
o= §(1b + e ig+e ip)
1l
Yo = g(va e AR )
o o
a1 = %(Va P ¥ + e~J120 Vo)
0 0
Voo = %(va + o910 v, + 120 V)

Now adding Eqs. (5), (6), and (7) together, and dividing the resulting

equation by three gives:

— %(ra +Lp)(i, +4i, +4)) + %p(Méb + Mg + Mop)(dp + ig + ip) =0

because i, + i, +3i, =0, and i + iy + ip = 0.
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10 0
To obtain v,y multiply Eq.(6) by e9220 and Eq.(7) by e~J1%0
and add the resulting equations to Eq.(5); then divide by three. (For con-

j120° and e—j120°

venience in writing the equations, e will henceforth be

replaced by a and & respectively.)
Va1 = 5(r, + D) (4, + aig + ;) + %p[uab(ib + aiy + i)

+1pq(E, + 1y 4 alp) +1plal, + Tig + 3p)]

%(ra ¥ Lap) (18. + ai, + é'ile) + %'P(Mab + amad * 3-Maf) (ib +ai, + aif)

= (I‘a + Lap)ia_l + %Mp(ejeibl) (8)
since
ia + aic 4 §ie - Bia.l
ib + aid + Eif - Bibl
= je
M:a.b I aMad af = zl&e

The last relation above can readily be obtained from Egs.(4).

To obtain v ad it is sufficient to remember that Vo2 = val:

i1 L= 1. Then automatically,

ia2 a

Va2 = (ra. + Lap)ia:a 2 gMp(e—jein)
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This last equation, however, is not independent of Eq.(8), and therefore

should be disregarded as trivial.

Writing the rotor potential drop equations which are similar to

Egs.(5), (6), (7), and following the same procedure as before, one obtains:
: 3 (a=30;
Vpp = (B + LPloy + 3”?<e ia1)

Thus, under the assumptions stated on page 27 , the fundamental

differential equations of the induction motor are:

Va1l = Zaia] * mp(ejeibl)
) (9)
Tyt + mp(e™3% ;)

<
g
1

ry + Lgp
ry, + LypP

Z,
mo o= 2M

2

(d) Electromagnetic torque developed by the induction motor. Let

Fig. 2 (next page) represent a stationary winding Wy and a moving winding
Vo The relative displacement p between wy and Wy 1s a certain function
of time, and is measured in electrical radians. At the instant t the
windings carry instantaneous currents il and 1i,, and the applied volt-

ages are e; and eoj.
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Fig. 2

Let,
ry, Ly = resistance and self-inductance of wy,
ro, Ly = resistance and self-inductance of wy,
M5 = muitual inductance between wy; and w, at time t,
T1o = electromagnetic torque developed between w; and wp at time
P = number of poles of the windings.

At the instant t +the energy stored in the windings is

2 2 : )
W= 3Lqi] + 3Lois + Myoigis
AlSQ,

ey = Tpip + Lopiy + p(Mol)

Suppose, during an infinitesimal interval of time dt, Wy, ad-

vances through an angle dp . During this short interval of time,

energy input to the system = (eji; + esyip)dt,

_ 35~
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i) e
(I‘lll + r2:|.2)dt,

2

energy released in the form of heat

energy released in the form of work

change in stored energy = dil = Li;di; + Lyisdi, + d(H]_:aiJ_iz)
According to the principle of conservation of energy,

(e i +ei)dt-(ri2+r12)dt+dw+gT ap

7 i B 22 EOER TR % P 12
Substituting the values of e, e, and dW in this equation and sim-
plifying yields:
P. . dfj2

Eq.(10) serves as a startimg point for the derivation of the torque

developed by the induction motor.

Consider now the induction motor of Fig. 1, page 29. The electro-
magnetic torque developed between each pair of stator and rotor windings

is, according to Eq.(10),

..o d
Tap = 5 fadp 35 Yab
.. d
Ted = 5 1cig g Mab
A st
1e1fa'énab

s L3 d
Latd 3 Yad
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3 &
Q (0]
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e a
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Tep = 5 Teip %‘é Mg
Lir &k,

5 N
iy 3 Yar

-3 =
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o H
il 1
NI NIig oig g

= d
ield 55 Mﬁf

3
@
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The sum of these nine component torques yields the total torque
developed by the machine. The use of symmetrical components is again ad-
vantageous. If the first three equations are added together and the currents
involved are expressed in terms of their symmetrical components according

to Eq.(3), page 29, one obtains, upon simplification,
Tab + Ted + Tef = 3—§ (1a2ip) + 1alip2) :—:5 Yab (11)

Similar treatment of the next three equations, and then the last three, gives,

- S d
Taq + Tor + Teb = 5 (Blazinl + ada1in2) 5 Mad (12)
Tag + Tob + Ted = 2 (algip) + Fla1ita) S5 Maf (13)

Now adding Egs.(11), (12), (13) together, and denoting the total electro-

magnetic torque by T, results in

Iy

il = 3
e 2

07 222 ia.lib2 'd'é (Mab K B.Mad + aMaf) (14)

ia0ip1 %‘é (Mpp + BMaq + alaf)

It is easy to see from Egs.(4), page 3! , that:
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) 3,36

Mg + BN, +al . = 2 MelS
3 ya—J6
Mpp *allg + 3, =5 M™%,

Taking the derivative of these last expressions with respect to 0, and

substituting in Eq.(14) yields

. 9 ) jo _ . . _=j6
Ty = J £ P01 e a1ip2® * ) (15)
This equation can be put into a more convenient form by observ-
ing that the two terms in parentheses are conjugate complex quantities,
Since the difference of two conjugate complex quantities equals j times

twice the imaginary part of the first quantity, (15) may be written:

Te=- ;‘? mg[iazibleje]
=-3Pmd [Ealibleje] (16)
where m = % M, and E‘al = ia.2 .

2. Fundamental Equations of a Selsyn Set.

(a) General considerations. The fundamental equations of an in-

duction motor as derived in the preceding article are perfectly general
under the assumptions stated on page 27. The steady-state or transient

performance of the induction machine - when it is electrically, mechani-
cally, or electromechanically coupled to an outside system - can be in-

vestigated by means of these equations provided the electrical and me-
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chanical quantities occurring therein are made to conform with the coupling

conditions.

When two identical induction motors are combined to form a selsyn
set, the simultaneous consideration of their individual equations, modified

to satisfy the electrical comnections, leads to the fundamental equations

of selsyns.

Consider two identical induction motors and suppose that they are

interconnected as shown in Fig. 3.

A-C Source

o T

Stator Stater

F[g. J

When the stators are connected to a common a-c¢ source, rotating magnetic
fields which are identical are set up in both machines. However, switches
sl and 52 being open, no rotor currents exist, and consequently the ma-
chines stay stationary. In general there is an alternating potential dif-

ference across the open switches S and S5s due to the difference between
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the relative position of each rotor with respect to its stator. If, how-
ever, one of the rotors is moved to the same relative position as the
other, the potential difference across Sy and Sy disappears. This be-
ing done, suppose that the switches are closed. The machines still re-
main stationary; but if one of the rotors is now moved to a new position,
currents start flowing in the rotor circuits. Consequently the second ro-
tor is acted upon by an electromagnetic torque tending to move it to a
new position so that the rotor currents will annul. That is to say, under
the influence of this torque the second rotor assumes the same relative
position as that of the first rotor. It follows from these considerations
that if one of the rotors is driven continuously, the other duplicates the
motion. This is the principle underlying the operation of a selsyn set,
and Fig. 3 - with switches s, and o closed - is the circuit diagram

ik
of the set,

The induction machine which is mechanically driven is termed the
transmitter, and the other is called the receiver. Ordinarily the trans-
mitter is driven at a2 constant speed, and the receiver is subjected to a
constant mechanical load. Under these circumstances the receiver rotor
revolves with the same speed as that of the transmitter; but it lags the
latter in the direction of motion by a constant angle &, just enough to de-
velop a constant electromagnetic torque which balances the applied mechani-

cal load plus the friction and windage.

The transmitter may be driven either in the direction of the ro-

tating magnetic field or in the opposite direction. In either case, the
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receiver rotor lags that of the transmitter in the direction of motion.

(b) Fundamental equations. Consider two identical induction ma-

chines I and I' which are in conformity with the six assumptions men-

tioned on page 27 . Let:

stator terminal-to-neutral voltages of I,

n

Yy Tos ¥
a2’ e’

stator currents of 1I,

e
-
[N
n

rotor terminal-to-neutral voltages of I,

U‘d
-
<

.
-

H;d
"

rotor currents of I,

U&J
-
(T8

o
e

o
i

angular displacement between the rotor and the stator of 1I,

vl, v! = stator terminal-to-neutral voltages of 1!,

'
v SV =

a?

il, i}, i} = stator currents of I!,

rotor terminal-to-neutral voltages of 1I!',

1 1 i -
VB’ vis vf =
iv, ié, i% = rotor currents of 17,
6! - angular displacement between the rotor and the stator of 1It.

If the two induction machines are interconnected according to

Fig. 2, so as to form a selsyn set, the following conditions must be satis-

fied:
Va= Vao ez Voo Ve 2 Vs
= Yo 4= Vg Vb= Ve,
- __o 2 __‘ .'—-—.
=4 g ==1g » i =-1p .

In terms of symmetrical components, these relations become:
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vz!a.o = Va0 0 Vi1 = Va1 0 Va2 = Va2
1 — L] =

o = Vpo ? b1 = Vp1 2 Vo= Vpo o
N v = o - Y
ho = "po ° b S 9 Lo =4

Writing the fundamental equations of each machine as shown on

. - 59 i i
page 34 , and replacing Viye v{)l, ia by Voo Vp1o ibl respectively,

yields

vy = Z,io +mp(ed®) 7
50 Machine I

Vo = Zplpy *R(eTL,) (18)

. - je'

Vo = Gl -l 1) (19)
e Vachine I’

vbl -.-.—ij.bl + mp(e 1;1) (20)

Now equate the right-hand sides of Egs.(18) and (20), and write the re-

sulting equation together with Egs.(17) and (19) :

va\l

. 364
Zalal + mp(e lbl)

...je'i,

1) (21)

0 = 2Zbibl + mp(éjeial) - mp(e

LI -
al Zal;l B 'lbl)

4
n

Egs.(21) are the fundamental equations of the selsyn set.

let T - and T; denote the electromagnetic torque developed

by the machines I and 1! respectively. Then according to Eq.(16),
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T =-3Pm SFalibleJG] (22)
1= 3 Ed[y5,e00] (23)

Throughout the rest of this analysis the machine I will be the

transmitter and I' the receiver.

(¢) Application to balanced steady-state operation. At steady-

state both the transmitter and receiver rotors revolve at a constant angu-
lar speed of n electrical radians per second. The receiver rotor is acted
upon by a constant mechanical torque and lags the transmitter rotor, in the
direction of motion, by a constant angle of J, electrical radians., It should
-be stated here that n and 5} are algebraic quantities. When the rotors re-
volve in the direction of the rotating magnetic field n and 4, are both
positive, and when the rotors revolve against the field n and d, are both

negative, Then, under steady-state conditions,

6 =nt (24)
nt - (25)

regardless of the direction of rotation. Substituting Egs.(24) and (25) in

Egs.(21), (22), and (23) yields:

Vo= Bl mp(ejntib)

0 =221 + mp(e'jntia) - mp(e_jntejs" il) (26)
- =1ds nt.

v.o= Zi!- mp(e~J% &d lb)



T =-3 Pméf[iaejntib] (27)
T, = 3Pmd [e"ja" Eéejntib] (28)

The indices showing the sequence of the currents and voltages have
been dropped here for simplicity. Henceforth currents and voltages without
sequence indices will represent positive sequence components. The negative
sequence components will be indicated by the conjugates of the correspond-

ing positive sequence components without sequence indices.,

If Heaviside's "shifting" principle is used, Eqs.(26) may be re-
duced to stationary coupled-circuit equations. To this end, multiply the

nt , and using Heaviside's "shifting" prin-

second equation of (26) by e
ciple, shift this factor to the right of the operator in each term. (See
Appendix C.), Also multiply both sides of the third equation of (26) by

ej6° . Upon these manipulations (26) becomes:

v, = Z,i + mP(ejntib)
0 =223 4 m(p - sn)i, - mlp - 3n) (3 5y) (29)
ej&va = Za(ej&' ié) - mp(ejntib)

where

r, + L (p - jn)

o -

The voltages actually impressed upon the stator of each machine are
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balanced three-phase quantities. If the root-mean-square wvalue and the an-
gular velocity of the line-to-neutral voltage are V and w respectively,

then the positive sequence symmetrical component is

V. = ‘/—%-E coswt +a cos(wt - 120°) +3 cos(wt + 1200)] = ‘/__-%- edot

This is a vector of constant magnitude, rotating positively with the angu-
lar velocity w electrical radians per second. Therefore, under steady-

state conditions, the unknown currents i, ejntib, and o i} are like-
wise vectors of constant magnitude and angular velocity w . Consequently

the differential operator p in Egs.(29) may be replaced by jw . Making

this substitution and then multiplying the second equation of (29) by

(€3]

{eld
— yields,

v, = 2T, 4+ jomI_

0 = 22/T + jonI, - ;jmmI; (30)

.
&

<

n

]
- N
a zaIa '}wml‘b

where

steady-state value of i, ,

steady-state value of ejntib ,

‘DH- Uﬁ mH
1]

steady-state value of eja" 31,

a
1 -
za_a JmL
Tp
3 s e
2! = = +ijb,
8 = =51ipo




= lip A

Egs.(30) may be written in the following slightly different form:

v, = g1+ 3R (I + I)
0 =z2zTy + ixy(I, + L) + Jx (T, - 1) (31)
ej&va = z,I) 4+ 3x (I, - L)

where

z =1, + Jo(l, -m) =1, +Jx, ,

a a

I i

b =)
2y, = 3+ Jo(ly, -m) = =+ %, ,
Xm:jmm .

If the transformation ratio of each induction motor is 1:1, (which
is the case with the mechines used in the experimental part of this project)
then x, and X, are identified as the leakage reactances of the stator and

the rotor respectively. Also, xm_is recognized as the magnetizing reactance.

Egs.(31) immediately suggest the stationary network of Fig. 4,

which is the steady-state equivalent circuit of the selsyn set.

Fﬁg. 4
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Currents 1

2 Iy, and I; may be obtained by either solving Egs.(31)

or by applying "Thévenin's Theorem" to the network of Fig. 4. The solution is:

'Jo
_1-B(e” -1) Va
s T 5 (32)
I = B( 3 _ 1) ;ﬁ (33)
)
-0 Jee
v _1-B(e3% _ 1) vy
Ia - A jxm (314')
where
A = fz-a"- + 1 (35)
J¥m
P
B =505 % Aoy e

The steady-state torque developed by each induction machine is ob-
tained by substituting Egs.(32), (33), and (34) in Egs.(27) and (28). Thus,

upon simplifying,

- 3 3| L5,

2
3 P|va h ) ; ]
T ‘za S Azblz I:A (1L - cosdy) (xa + Ax)sin S, (37)

(0]
i

1= 3Pnd [i;::b]

3 plval? Ty 5 Loy
= e |:A 5 (1 = c0sd) + (x; + Axp)sin o:l (38)
200A‘za + Azb| L

The letter A occurring in (37) and (38) represents the magnitude
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of the vector defined by Eq.(35). The imaginary part of the vector A is
very small compared to its real part, and therefore A may generally be

replaced by its magnitude.

3. Analysis of Motional Transients.

(a) General considerations. The problem of motional transients in

selsyns is essentially an electromechanical proposition. The occurrence

of a sudden change in the existing load conditions affects both the elec-
trical and the mechanical state of the system, thus resulting in electrical
as well as motional transients. A mathematically rigorous analysis of these
electromechanical transients would require the simultaneous solution of

Egs.(21) in connection with

JP29 A Tm

e =Ty - Ty

where T_, T; are defined by Egs.(22) and (23), and T& are mechanical
torques acting on the transmitter and receiver shafts respectively. A close
examination of the system of simultaneous differential equations just men-
tioned will clearly show that a rigorous method of attack is out of guestion.
The fact that both the currents and the angular rotor displacements are un-
known functions of time, renders the mathematical solution of the system
practically impossible. Therefore , unless the use is made of a differential
analyzer, some simplifying assumption must be made so that at least an ap-

proximate mathematical treatment of the problem will be possible.
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Consider a selsyn set operating under balanced steady-state con-
dition at no-load, and suppose that a constant mechanical torgue is sud-
denly applied on the receiver shaft. The problem is to determine the en-
suing transient variation of the relative angular displacement d between

the transmitter and receiver rotors.

(b) First approximate solution. The fundamental assumption under-

lying the present analysis may be stated as follows:

(1) Let J be the instantaneous angular displacement of the ro-
tors at time t. Then the instantaneous electromagnetic torque of each ma-
chine at this instant is assumed to be the same as if the selsyn set were

operating at steady-state with a constant angular displacement =4 .

The assumption implies that the effect of %g upon electromag-

netic torque is ignored. Therefore the solution obtained through the use

of this assumption is void of damping.
The following additional assumptions will be made here:

(2) The angular rotor displacement is small enough to allow the

substitution of & for sind.

(3) The source is an infinite bus.
(4) The mechanical torque acting on each rotor is constant during

the motional transient period.

Now let:
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T_ = mechanical torque acting on the transmitter rotor,

mechanical torque acting on the receiver rotor,

-3
n

electromagnetic torque of the transmitter,

electromagnetic torque of the receiver,

3 =
n

friction and windage of the transmitter,

-3
'_b
1

friction and windage of the receiver,

= moment of inertia of the rotating part of each unit.

[
1

The following motional differential equations may be written:

%6 =Ty + T, - Tp (39)
1
% =1, -Th ~ T (£0)
d2 '
where p2 designates == Subtracting (40) from (39) and substituting
dt

(37) and (38) in the result assumption (1) , yields,

ﬁ%f + k%sind = u (41)
where
2
PR D M e (42)

coJAIza + Azb|2
1 1
u = i—;('l‘m £ Ty o+ To = Ti‘) (43)

If sind is replaced by J according to assumption (2), Eq.(41)

becomes a linear differential equation whose solution is

5 = 5; = 5;305 kt (hh)
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where

o
i
ol

s

oy
n
ol

0. = initial angular displacement between the rotors.

4

Eq.(44) shows that, if damping is neglected, the transient vari-
ation of 4 , ensuing the sudden application of a constant load, is of the
form of sustained sinusoidal oscillations. In the following part the effect
of these sustained oscillations upon the electrical behavior of the selsyn
set will be investigated in detail. Then it will be possible to determine
the damping torque, and consequently, to arrive at a more accurate solu-

tion of the problem.

(¢c) The effect of small sustained oscillations. Consider the sel-

syn set under sustained small oscillations defined by
d = d, = §cos kt

and assume, for simplicity, that only the receiver is oscillating. Then,

en}
n

at! ,

2 =nt~-8=nt -3 + §cos kt ;
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e,je'= odnt = &) _jdicos kt

= e (nt - &) Pcos(é‘.cos kt) + jsin(J, cos k-t):l

Jlt =&y | j 9 cos kt] (if d is small)

e;j(nt - &) 1+ -‘-&(ejkt + e"jkt):l
= 2

]
Substitute these values of e32 and eJ® in Egs.(21):

7,4, + mp(ed™4,)

'Va -

0 =221 +mp(e Iy ) - mp[e-j(nt -1 - j % auts o g §2L e-jkt)ié]

Vo = L - mp[:’(nt RACIEE I e 'Jkt):.,£| u5)
Let

1y =10 t24,
- 1, o4 (46)

]
il +Aia

where iao 9 i‘bo’ izlao are steady-state currents corresponding to constant
speed n and relative rotor displacement J, ; and Ai_, A, ALl are
ineremental currents due to the oscillations. The steady-state components

of currents satisfy the following equations:

(See the next page.)
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_ A jnt.
va - Zalao ¥ mp(e lbo)
0 =221 + mp(e_jntiao) - mp[e"j("t - 5")1;;| (&7)

o L j(nt -d)
Va Sates mpl-f 1o
Substituting (46) into (45) and subtracting from the resulting system the

corresponding equations of (47) one obtains,

Jjnt

O
]

Z,4i, + mp(e

8iy)

j&

0 = 241, + mo(e™I™a1) - mp(e™I™ I aty)

rapfed (ot = By BT 4 Iy any)] 1e)

0 = Zyail - mp[ej (nt - 5°)Aib:l
- mpl:ej(nt - %); -g-'-(ejkt + «s"f‘k"‘)(:'.bo +Aib)j|

Now apply the following steps to Egs.(48):

1. Neglect Ai and Ai! in (l.bo +Aib) and (ia'.o +A18).

2. Multiply the second equation by ejnt and shift this factor into
the operand of each term by means of Heaviside's "shifting" formula. Then
multiply both sides by 5—%3-1—1 . |

3. Multiply the third equation by ejd; .

The oéutcome of these manipulations is the following system:

(See the next page.)



0 = ZaAIa + mpaIb
" 1
€, + €0 = 24 AL 4 mpAl - mpAL (49)
1
1 + e = ZaAIa - mpAIb
where

e !

o =

P =Jn
AIa ;-_Aia
AL = ejntAib
I3 ST LNT)
s e mp( j % ejkt'l;o)
Blol= - mp(j -g-’- e"jkt’I;O)

e

bl mp(j % ejktlbo)

€2 = mp(j > e Ibo)
The quantities €12 €507 €17 and &, are all known voltages, because
the expressions in the brackets are known. [-_I;Oand I, ,are steady-state
currents given by Egs.(34) and (33) respectively.] Observing that the

operands of €1 and e have an angular velocity w + k, and those

bl
of €0 and &, an angular velocity w - k, one obtains:

= By i
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e,y = 2 m(w + k)&ejktl;o
e., = % mw-=k)J, e~ Jkty!
a2 ao (50)
ey =~ m(@+ k)&ejkblbo
I . -jkt
B = 2 m(w-k)ée Ibo

Now consider Egs.(L9). These are the equations of a stationary
network containing impressed voltages of two different frequencies. Using

the principle of superposition, let

Ial’ Ibl ’ Ial = components of currents due to €1 and €1 2

Ia2’ Ib2 ’ 1;2 = components of currents due to e s and €0 .
Then, taking e ; and e, only, one may write

0 = zaAIal + mpAIbl

e, = 22.:AIb1 + mpAL ; - mpAIa"l (51)

e = ZAI,; - mpal,

The angular velocity of applied voltages e, 1 and €1 is w + k. There-
fore the incremental currents involved in Egs.(51) must have the same an-
gular velocity. Letting h =Cl-f-) , and replacing p by jw(l + h), Egs.(51)

can be put into the following form:

(See the next page.)
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0 = 2,8L,5 + jx (AT 5 +41.,)
N t
E . = 2278T + 3x (AL +AL;) + ix (AT, - AI;) (52)
AT (a1’
By = 2,9AT, +Ix (A1, -AT )
where

A )
a1 = 1+h T %

I

b .
=3 +h U0

e
. Jkt!

E . Fen B %xm&e Lo

e .
- weBEL 3 jkt
= & xmg' e e

Egs.(52) suggest the equivalent network shown in Fig. 5b. Writing
Egs.(51) in terms of € 09 Gos AIa.2’ etc.; and following the same pro-
cedure as before, one obtains the equivalent network of Fig. 5c¢. It should
be noticed that in this case p is replaced by Jjo(l - h). Figs. 5b and
5c constitute the hunting networks of the selsyn set. Together with the
steady-state equivalent circuit, these networks completely determine the
electrical performance during sustained oscillations. To this end the fol-
lowing procedure is to be used:

1. From the equivalent circuit of Fig. 5a determine the steady-state
currents Ia.o’ Ibo’ and I;.o‘ These are of fundamental frequency f.

2. Substituting I;,o and Ibo into the expressions given with Fig. 5b,

determine the voltages Ea.l and E,,. Then, from the network of Fig. 5b,
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Iéo Jbo Ido
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Z3
’ | L)
lﬁ Aol 5
|
Ff'g. 55
r
alg, al,, ol
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zar 2 Zb, Z“
-
J‘xm Jx E"
(=Y ]
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— et
Il E, W
Za -""I:;,+ Xg ’ Edlzzixmd;e 72
gkt
Zbl = S+h 'f'JXb Lrb, --_éx_"&: e Ibo
L Fllg_ -5C
41.42. A_Ib_z ] A;jz
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!
determine the hunting currents AIal, alyq, and AI 4. These are of fre-
quency f(1 + h).

3. Repeating the same procedure as in 2, but using the network of Fig.5c,
1
determine AIaz, AIbz, A1a2' These are of frequency f(1 - h).
L, Add the steady-state and hunting components of each current together
to obtain its resultant value under sustained oscillations. Thus, I, = Iao-l-

a

+AIal +AIa2, and so forth...

The hunting components of currents are given by the following ex-

pressions in terms of machine constants and applied source voltage:

B )
ALy = - %ﬂi&; B(AA, - 1) (e‘]&’ -1) - eJSEl ejkt’va
' | i 360
AL, = 2"3;111 ?il' B(AAJ. -1)(ed™” -1) - & :I ejktva
AT i I-3--1--5(»%.:;1 1= -1 - a4 i)ejgilej‘ftv
al = 2x; AAL By B, a
(53)
B [ 1 5:1 =
AIa2=-2_§x;A-§;P(AA2-l)(eJ& -1) -ejJeJkt
e 6o §&) -3kt
AI‘b2= 2-;;1-3(%2-1)('] -)—eJJera
: g %2 [5 L 1y 3% ikt
M= - a-|pMh, -1 - —-)(e 1) - @+ e Jerdity,
where
po=2bil, o

1= 3%, = 2(z57 + Ajz17) °
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; %
27 2(z5 + Aymp) °

2
A :—ag'l'l B
2 jxm 2

(d) The damping torque due to small sustained oscillations. In the

steady-state operation the electromagnetic torque developed by each selsyn
motor is a constant quantity. Yhen the selsyn set undergoes small sustained
oscillations, however, the torque expression of each machine contains both
constant and pulsating components. This is due to the fact that the torque
producing currents are of different frequencies., The pulsating part of the
electromagnetic torque includes components of fundamental hunting frequen-

cy as well as its harmonics.

The part of the fundamental hunting frequency component which is
in time quadrature with the sustained oscillations is the damping torque.
The oscillations being defined by do= ﬁcos kt , it follows that the damp-
ing torque will be of the form K sin kt. Therefore, to determine the damp-
ing torque, first the expression of the total electromagnetic torque must
be considered and terms containing other than fundamental hunting frequen-
cy components discarded. Then from the remaining part, those terms which are

of the form K sin kt must be singled out.

The electromagnetic torque of each induction machine under sustained

oscillations is obtained by substituting the resultant currents into Egs.(22)

and (23), page 43, and remembering that

30 _ _jnt

e = © £

and



- 60 =

30" _ i(nt - So)E -5 Dt e-jkt)]

Thus:
Te = =2 ngl}iao + Aial 2 Aia2)(1bo + Al +A1b2):| (54)
T; = 3 PméTEf‘;o + A-iél +Ai;2)(lbo * AL +AL0) QA + j-g'-ejkt' . j-g-'-a"jkb)

(55)
What we are interested in is not the seperate electromagnetic torque
of each machine, but the difference T, - T, . Subtracting (55) from (54),
neglecting the products of incremental currents, and discarding the terms

which contain other than fundamental hunting frequency, yields
1 e =1 = = - =1
(Tg = Tg)y = = 3 Pmd I:(Iao * Ipo)alyy + (Too + Lio)aTyp + (aIyy + AT )T

+ (zf['a2 + Ai;2)1bo + f;olboj 8, cos kt.] (56)

The last term in the brackets can immediately be disregarded. Using the for-
mulas given on page 58, the rest of the terms contained in Eq.(56) may be

written as follows:

(Lo + ToolaTyy =FBel® (57)

(I, + T;o)AIbz - Fsze"jkt (58)

(8T, +ali)L,, = = eIk (59)
L

(a3, +AT T, = 2= (60)
2

where,
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alval? [ e
——2= |2 B(AA; - 1)sind, + J(1 + &9%°) (61)
< a2 L =

. !
-3 ‘ill‘lrﬂz' EB(AAz - sind, + 51 + 7%) -
= u _

2
A &'val F B(l _ e—j&:) 3+ B(ejfso _ 1) 2

22 L i

Flz—%

N
I

Since Ay and A, are very nearly equal (computations show that
Ay = 051 /= 17.0° + 1 and A, = .053 /- 18.2° 4 1 ),expressions (59) and

(60) combine to give,

.:g_(e']kt' L -_g'- cos kt
by Ay

which is to be discarded. An examination of (61) and (62) will show that
if A) = A,, then F; =F,. Consequently the sum of (57) and (58) yields,
jkt -jkty _ _ .
Fl(Ble + B,e ) = Fy EBI + Bz)cos kt + j(Bl Bz)s:.n kEI

Upon discarding the cosine part of this last expression,the only term left

in the right-hand side of Eg.(56) is J‘F‘l(B1 - Bz)sin kt, and therefore,

T, - T:i R PmJE F, (B, - B,)sin kt:| (63)

where Td and Té denote the damping torque of the transmitter and the re-

ceiver respectively. Taking the derivative of d with respect to time gives
pd= o(d, —Slcos kt) = dksin kt

whence,
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Sinkt:-é:l—PS (64)

Substituting (64) into (63) yields

T~ Th=—cpd (65)

where c¢ 1is the damping constant and is given by

o o]

Substituting in this expression the previously defined values of Fl’ Bl’ B2;

Z
and assuming Al = A2 = A and AAl -1 = %ci » one obtains:

Z, — Az '
= b sind, + 51 + cos§,)

2 e
v T zg + Az
265 h (z_ +Az,,) (2, + Az, )

This is the formula which will be employed in computing the damping constant.
Eq.(66) shows that the value of the damping constant is affected by the ap-
plied voltage, the steady-state relative displacement angle Jd. , and the
speed of the selsyn set. It is interesting to note that the amplitude of the

sustained oscillations does not affect the value of c¢, whereas the frequency

of oscillations does.

(e) Second approximate solution. In the first approximate solution

presented in (b), page 49 , the damping torque was assumed to be negligible.

As a result of this assumption the solution was found to be undamped sin-
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usoidal oscillations. Now that the damping torgque accompanying such sus-
tained oscillations is known, it will be possible to take it into account,

and consequently to obtain an improved approximate solution.

If the damping torque is taken into account, Egs.(39) and (40),

page 50 , may be written as

Jp%0 =T, + Ty + T, - Tp 67)

IO =T, +Ty-T - T, (68)
Subtracting (68) from (67), and substituting (65) in the resulting equation,
yields

p23+§-p5+kzsin5=u
or, replacing sind by &,

P28 4 20pd 4+ K5 = u (69)

where « = 53 , and k2, u are defined by Egs.(42) and (43), page 5°.

The roots of the determinantal equation of (69) are:

’,(i, h = =l iyotz—kz

Actual computations show that, in general, o« is about one percent of k;

therefore the roots may be taken as

H:-o('l'jk, r,lz-_-—d—jk



Following the conventional procedure of solving linear differential equa-

tions; and using the initial conditions cY] =J; and pg = 0, one ob-
t=0 t=e

tains

F= 8 -2 e iR fsped] (70)

where J. and J, are as defined on page §/ . Since o is very small

compared to k, M, may be taken as =jk and Eq.(70) becomes:

d=4d, - J‘e_“tcos kt (71)

Eq.(71) shows that the transient variation of the relative angular
displacement between the transmitter and receiver rotors is a damped sin-
usoidal function of time. It should be borne in mind that, in view of the
assumptions leading to this result, Eq.(71) represents only an approximate

solution.

3* 3 3 * H



APPENDIX A

Determination of liachine Constants.

The name-plate data of the machines used in the experimental work

are given below:

Transmitter:

Induction motor No. A47C
10 hp, 220 volts, 27.3 amps.

1160 r.p.m., 60 cps, 3-phase

Receiver:

Induction motor No. 47D
10 hp, 220 volts, 27.3 amps.

1160 r.p.m., 60 cps, 3-phase

Driving motor:

d-c motor No. 301
10 hp, 230 volts, 37.7 amps.

1250 r.p.m;

loading generator:

d-c generator No. 92B
12 kw, 550 volts, 21.8 amps.

1800 r.p.m.

The electrical constants of the induction motors are determined

by means of the conventional methods. The data given by the no-load run

and blocked-rotor test for machine No. L7C are plotted on pages 68 and

69 respectively. The measured ohmic resistances of the stator and rotor

are

R, = 0.157 ohm per phase

a

(stator)



R, = 0.237 ohm per phase (rotor)

Computations based on the no-load and blocked-rotor data yield,

Ty = 0,178 ohm per phase
T, = 0.269 ohm per phase
Xy = 0.565 ohm per phase
Xy, = 0.565 ohm per rhase
Xy = 1130 ohms per phase

In separating the equivalent effective resistance into its parts, it is

assumed that the ratio of r, and ry is the same as that of R, and R.
The separation of leakage reactances is based on the assumption that x,
and X, are equal. The ratio of transformation of the induction motor is

found to be 1.01, which may be taken as unity for all practical purposes.

To determine the combined friction and windage loss of the in-
duction motor and the associated d-c machine, the latter is freed from
all electrical connections and driven by the induction motor. The power
input to the induction motor is plotted against terminal voltage on page
70 . The friction and windage loss is obtained by extrapolating the curve

to zero voltage. It is found to be 820 watts.

The combined moment of inertia of the induction motor and its
associated d-c¢ machine is determined by making a retardation run. The d-c
machine - freed from all electrical connections - is driven by the induc-

tion motor at nearly synchronous speed. Then the latter is suddenly discon-



B

nected from its source and several time and speed readings are taken as

the machines slow down. The result is plotted on page 7/ . As soon as the
induction motor is disconnected from its source the machines constitute a
purely mechanical system which is acted upon by inertia and friction torques

only. Therefore, the equation of motion becomes:

dw

J == = =T
dat £
where
J = moment of inertia,

w = angular velocity of the machines,

combined friction and windage torque of the machines.

-3
1}

de is the slope of the curve shown on page 7/

Knowing this slope and Tf corresponding to t = O it is easy to compute

J. Computations give
Jd = 0.28 1b.- ft.- sec% per electrical radian

3 F ¥ S %
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APPENDIX B

Sample Computation.

As an illustrative example the solution of Run #1 is presented

here.

Operation data:

rpm = 1000, with field
V = 214 volts, line-to-line

Tmi = 10.2 ft-lbs. (initial torque)

Tm = 21.7 ft-lbs.

T = 224 ft-lbs.
Machine data:

Xa = 0.178 ohm per phase

Py = 0.269 ohm per phase

X, = 0.565 ohm per phase

x = 0.565 ohm per phase

x, = 11.30 ohms per phase

P = 6

J = 0.28 1b.- ft.- sec‘?‘ per electrical radian
w = 377 electrical radians per second.



Solution:
1 rpm
8 == W =N P ——— - 0.16
- 2ol 7

A 0.178 + j 0.565

a

1]

7, = 1.61 + j 0.565

A =% 4121.05

3%y
z, + Az, = 1.87 + j 1.16 = 2.2 /31.8°
X, + Axy = 1.16
v, = Fz_v_\/?- = 87.4L volts

From the relations given on pages 50 and 4| one obtains:

2 - 326x(87.4)%1.16 _ 550

= = 219
377"0.28)(1.05;((2.2)2 7.6
u = 2L T ¥ 224 _ 358 (neglecting Ty - Ti")

0.28

k
L1.3 electrical degrees.

4

d, =% = 0.72 electrical radian

T
Gz-ml_._10.2 . 96 electrical degrees.
T2 0.28x219

S= J, = d¢ = 31.7 electrical degrees.

Now the damping constant will be determined.

B

219 _ o.0L

h =
377

=

- P



0.171 & j 0.565

n?.

n

I
P_ 4 5x = 1.30 + § 0.565

2,9 + Az = 154 + § 1.16 = 1.93 /[37.0°

Z,p = —2— + Jx, = 0.185 + j 0.565
1-h
Typ = sx‘bh + Jx = 2.12 + j 0.565

7o + Az, = 2.40 + § 1.16 = 2.67 /25.8°

==-1.52 = j 0.028 = - 1.52 /1.1°

5]
)
I
S
o
i

Substituting the numerical values in Eq.(66), page 62, one obtains

¢ = 1.168 . Then,

d:i:M = lo51+
2d  71,6x2x0,28

Therefore, according to Eq.(71), the solution is

Skt

di= hl.3° - 31.70 e-l' cos 14.8t

36 3% 3k 3% 3%

ST



APPENDIX C

Heaviside's "Shifting" Principle.

If the operand of an operational expression contains a factor

edt’ s, then it is possible to shift this factor to the left of the oper-

ator by changing the symbol p to p +« throughout the operator. That

387
F(P)[Y £t)] = €V F(p +x)[£(1)]
where

F(p) = operator (function of p )

f(t) = any function of t .

The reverse transformation is also feasible. That is to say, an outside
factor e"‘t may be shifted into the operand by changing p to p -«

throughout the operator. Thus:
S F@)[£(t)] =Fo -«)[F £(8)]

These two transformations constitute Heaviside's "Shifting" principle.

(See reference L.)

ol R
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