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Co-ordinate Squares: a Solution to Many Chess Pawn Endgames
by Kenneth Church

adviser: Richard Greenblatt

Abstract:

The solution to a number of Al problems depends upon knowledge
representation. The theory of Co-ordinate Squares is a framework for représenting the
relevant ideas in a large class of king and pawn endings. Some endgame problems which
require twenty to thirty plies of analysis using a morel traditional representation, a

branching tree of moves, can be efficiently solved using this theory.
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white to move wins; black to move draws
[Fine, problem 78] [Averbakh, problem #671] [Lasker 1901]

(The author of Peasant! estimates lhat this problem would require 25 ,000
hours of cpu time. [Frey, page 129])
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What are Co-ordinate Squares?

A good representation of a chess endgame should be based upon as large
an invariant as possible. That is, the concept of a move is Loo elementary and too
transient to show what is going on. A tree of moves is consequently too large because
the branches don’t contain enough information. If tl'\e‘ represen_ta'tion‘models something
which doesn’t change during .the game or changers orily.very occasionally, then the
‘structure will be much more manageable.

In this work, the representation is a map of co-ordinate squares
[Averbakh, chapter 7). This map shows us how one side, the defender, is co-ordinating
with the other, the attacker. lnluitivel);, the defender is co-ordinating with the attacker
if, for any move the attacker makes, the defender has a defending reply. Since we have
limited ourselves to the restricted domain of king and pawn endgames, we can use domain
specific constraints to determine whether the defender is co—ordinat.ing with the attacker.

The most important observation is that there are two distinct classes of
moves in king and pawns endgames, king moves' and paw‘n moves. If we can de-couple
these two classes, then there would be a re.zlatively small manageable number of distinct
positions that could résull alter an arbitraryl series of ﬁoves. It is relatively easy to
‘untller.sltand what will I%nappen after an arbitrary series of rreaspnable pawn moves. Pawns

can rarely queen without king assistance. Usually the pawns. have- to be passed or half-

passed to be a threat. One method for locating the threatening paw'ns will be outlined in
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detail later in this paper. King moves are much more difficuit since kings have a much
larger bfanching factor than pawns. However, since there‘-can be no more than 642 ways
to place two kings on the board, Lll1e number of positions resulting after an arbitrary series
of king moves is sulficiently constrained for our purposes. The fir;al step, deciding how
the king and pawn moves are coupled, is the most heuristic, requiring considerable domain
specific knowledge. We will first study king moves, then pawn moves, and [inally the

coupling effect between the two classes of moves.
King Co-ordination

Let one king be the attacking king and the other be the aefender. Can
the defending king defend against all the attacking king’s lhrleats? If we can answer this
question for all ways of placing the two kings, then we have the map of co-ordinate
squares. Since the attacking king is free to move wherew;erl he choses whereas the
defending king is obligated to move to a defense of the at(acking king, the map of co-
ordinate squares is organized as sets of defenses for each attacking square, that is, for
each plac:lement of the attacking king.

What is a defense? A defense must satisly two conditions: first it must
be a possible defense according to a static eva!uator..'SecondIy, it must be connected to
other defenses so that there is a defensive reply to any 'singi.e_ move by the attacker. The

second condition is sufficiently strong to assure that the defending king can still defend
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after an arbitrary seriels of king moves by the attacker.

The fact that defenses are invgriant_ is not completely obvious. One
might imagine that, even thougﬁ the dgfelnding king is holding against all threats, the
attacker could still win by moving away and theﬁ returning at a nipr’e advantageous time.
However, the connectedness condition is designed so that defenses will be invartant.
Intuitively, if the attacker could out manoever Lhe‘defender, then there must be a position
where the attacker can make some move for which the time defender has no reply even
lBough the defender was holding before the attacker moved. Since this contradicts the
connectedness criterion, defenses must be invariant.

Given an attacking square, it is possible .to- determine the defense set, the
set of all defenses to a given placement of the attacking king. We say that the defending
king co-ordinates with the attacking king if, after the defender’s move, the defending king
occupies-a square in the defense set of_ the attqc-kiﬁg ki_ng. Since del'e‘nses are invéria_nt,
we can determine if.co—ordination can ever be ac,hieveid hy‘checking the defense set of the
.attacking king. Il the location of the defending king is not in thel defense set, then \;ve
know the defender is lost because he cannot achievg. co-ordination. More generally, we
can determine the result of any chess endgame (win, loss, or draw) il we know whether or
not co-ordination can be achieved. There are only threel possii;iljties: both sides are co-
ordinating with each other, white is co-ordinating with black but not vice versa, or only
“black is co—ord'i‘nating Vwilh white. These positions’are»drawn, won for white, and won for

black, respectively.
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Only slightly more effort is necessary to find the best move.: The king

trying to win must maintain his winning position and avoid an infinite repetition. In terms

of co-ordinate squares, maintaining a winning position simply means that the winning king

must co-ordinate with the other king and prevent the other king from co-ordinating with
him. 'i'he author has spent very little effort developing.g,n attractive algorithm‘ for
avoid‘ng repetition because co-ordinate squares :so .constrains lh_e poss.ibilities that almost
anything will do. To draw, it is only necessary to avoidla lost position, a position where it
is impossible to co-ordinate with the other king. Unfortunately, this theory doesn’t help a
lost position. One strategy might be that the losing king should play the move which gives
the attacking king the greatest opportunity to make a mistake.

"The difficulty with co-ordinate squares is that it is necessary to
determine the defens?:e sets in order to know whether or not co-ordination can be
achieved. Unfortunaleiy,.this task can be extremely difﬁcult“and is mos!t likely impossible
in the general case. Much of this paper will‘concern itsell with heuristics for generating
these sets in specific cases.

The simplest case (such as figure 1 shown above) is where neither side
has any pawn mobility and the delending king must defena all the opponent’s threats (he
cannot generate his ow;vn more immediate threats called couhfér attacks). Although this
example is the first and most elementary to be considgred, the reader is challenged to
solve it. Even experts, USCF rating of 2000 to 2200, have been stumped. At any rate, for

the purposes of explanation, let us consider black to be the defender. We are thus
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exploring the question of whether black is co-ordinating with white.
Finding Targets

First of all, we must determine the targets, which squares the attacking
(\;vhite) king ultimately wants to achieve. Let us define a target for a- particular side s to
be a square that side s would like to occupy with lhis k’ilng'. Since there are times when
both sides can achieve targets, we must quan‘tilfy the \./ai:ue of obtaining a target. We will
assume that if side s can occupy the target square, side s will queen a pawn in n moves, no
matter where the defending king is. The value of a target is defined to be the n moves
before promotion. In genéral, it is very‘diffi'cult to locate targets and assign values to
them. For a' first approximation we will assume that that auacke‘r wins as soon as he
captures a. pawn. In figure 1, the targets are the black pawns on'squares: a52, d6, and fS_.

There are two possible errors due tol this sim:ple-minded scheme for
selecting targets which will be considered later. First, targets need not contain a pawn.
Consider a passed pawn on the seventh rank. If the att.acker.can defend the pawn and the
gqueening square without blocking the pawn, then the.&tlacker will gueen in one move.
Certainly, there are less extreme examples. A- second possibil@ty is that the defender may-
still be able to defend even though the attacker has obtained a target. The most common
case is mounting a counter-attack, a more immedi_ale threat than the attacker’s. For now,

we can ignore these problems since they don’t greatly influence. our example (figure 1).
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Finding Possible Defenses

The first criterion, analogous to a static evaluator, finds all possible

defenses, considering only races for targets. That is, for now we will assume that the

defender will lose unless his king is as close to every target as the attacking king. We

need a few definitions before we can precisely determine the defense sets (dsets.)

Legality

A position is legal if the attacking king and the defending king, on a and
d, respectively, are not adjacent and the attacking king is not attacked by
a defender’s pawn and the defending king is not attacked by an attacker’s
pawn. (The argument attacker is a binary variable, whose value may be
either UHITE or BLACK.)

legal (attacker, a, d) =
~ adjacent (a, d} &
~ in-check (attacker, d) &
~ in-check (other-side (attacker), a)

Distance

We have three kinds of distances, white’s distance, black’s distance, and
the distance on an open board. White’s distance between two squares, a
and b, is the number of white king moves it would take to move from
square a to square b considering pawns as the only obstacles. That is,
the white king can move to any square which does not contain a white
pawn and is not attacked by a black pawn. Distance on an open board is
the number of king moves assuming no obstacles.
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Cleseness
The attacking king on square a is closer to the target square t than the
defending king d ifl the attacker’s distance from a to t is less than the
defender’s distance fromd to t. '
closer (attacker, a, d, t) =
distance (attacker, a, t) <
distance (other-side (attacker), d, t)
Defense Set
A square d is in the defense set (dset) of an attacking side attacker
(either WHITE or BLACK) and a square a iff d is legal for the defender
and d is as close to every target as a.
dset (attacker, a) =
{d | legal (attacker, a, d) &
Vi ¢ targets ~ Closer tattacker, a, d, t}i
Cetting back to figure 1, let us find the defense set of c4 where white is
the atfacker. c4 is two moves from target a5, three’ s.quafes from d6 (c5 is illegal for
“white), and seven from f6. According to this first criterion, black can defend c4 from aT,
b7, ¢7, a6, b6, or a3. (See figure 2 shown below.) In other words, if white’s king is on c4,
then black’s pawns are safe only if the black king is on one of the above defenses al, b1,
¢, a6, b6, or a3. We will see later that most of these defenses are inadequate. Also, we

will generalize the meaning of defense to mean that black does not lose, not just that he

holds all his pawns.
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The Triangulation Criterion

Co-ordinate Squares

The second criterion accounts for arbitrarily complex king maneuvers

some of which chess players call triangulation, opposition, distant opposition, co-ordination,

tempo-ing, or zugzwang® by assuring the connectedness condition. mentioned above.

(We

use the subscripts a and d to denote attacking and defending squares, respectively.) The

observation is:

if defense sets A and B defend squares a, and b, respectively, and if the

attacking king can move from a, to b, in one move, then the defending king must be able

to move from any square a, in A to some square by'in B in exactly one move. Squares not

meeting this constraint, hereafter called the triangulation criterion, are removed from the

defense sets.

A side can move from square a to square b if the two squares are
adjacent and the destination square b is legal for the side attacker
assuming that the delending king is on square dking. :
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can-move? (attacker, a, b, cjking) =
adjacent (a, b) & legal - (attacker, b, dking)

Given two attacking squares, a, and b,, and their respective defense sets
before triangulation, A and B, we want to find the new defense sets alter
triangulation. We need two [unctions to manipulate defense sets, FETCH-
DSET and REMOVE. The function FETCH-DSET retrieves the defense set
of a given attacking square from the map of co-ordinate squares. The
REMOVE function removes a given defense from a given dset with side
effects. ' '

triangulate:proc (attacker, a,, b,)
A := fetch-dset (attacker, a,)
B := fetch-dset {attacker, b,
defender := other-side (attacker)
for all ay in A do .
if ~dy g [can-move? (attacker, a,, b, ag) -
can-move? (defender, ay, by, b,)]
then remove (a4, A)

Returning to our example (figure 1), let. a, be c4 and b, be
bS. Then A = {a7, b7, cT, a6, b6, a3} (as previously calculated) and B = {} according to the
first criterion. Does a7 still defend c4 after triangulation? ' Since white is threatening to
move from c4 to bS, all defenses to c4 must either prevent white from moving to b5 or
must be adjacent to some defense of bS. Since there are no defenses to b5, all defenses of
c4 must prevent white from moving to bS. In particular, a7, failing to keep white out of b5,
is an inadequate defense of c4. Similarly, b7, c7, and a3 are removed from A. At this point A
= {ab, b6}.

It should be apparent thatl defenses depend upon neighboring defenses.

After having heavily reduced the defenses to c4, we should suspect that the reduction

might propagate. For example, a8 defends against b3 .before:triangulation. Since white can
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move from b3 to c4, black must be able to move from a8 to some defense of c4. Before we
eliminated a7 from the defense set of c4, black could move. from a8 to-al. We can see that
reducing the defense sét of c4 causes the defense set of b3 io shrink.

- This p:rop-agalion effect explains why ab is ev'ent;.lally removed from thé
defense set of c4. Notfce that there is no defens;a to hS. Consequently, the only defense to
h4 is gG.lDefenses to g3 must be on the f file.- Continying this reasoning, the algorithm
discovers the constraint given in Fine, the black king cannot allow the white king to be
two [iles closer to .the king side. If black attempted to defend c4 from a6, he would lose

his pawn on [5.

Selected Results

uhite attacking square " black defense set
b5 ' 4y
ch : {b6}
d3 {c7}
c3 - ' {b7}
b3 -{a7, c7}
d2 - . {c8l :
c2 ' .— . {b8}
b2 {a8, c8l
dl tc?d
cl , Ab7)
bl - {a7, c7}
a3 (b8, b7, d7, d8l
a2 S {b8, b7, d7, d8}

al .. 18, v7, d7, d8}

The extremely small size of the defense sets illustrates just how

constrained black really is. A similar calculation with white as the defender yields much
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larger sets, as would be expected.

With white to move, the above map tells us‘th‘at black cannot co-ordinate
~with white because it is after black’s move and the black king on a7 does not occupy a
square in the defense set {b8, b7, d7, d8} of the white king on al. If black were on b8, b'?,.
d7, or d8 the game would be drawn. However, _since'this is not the case, black is lost.
White can demonstrate the win only with Kbl, anything else would be a grave mistake,
alloiwing black to co-ordinate. Let us consider the other possii:ilities, Ka2 and Kb2. Ka2
could be answered with either Kb7 or Kb8. Af‘ter the other péssibility, Kbl, black must
play somewhat sharper, and only Ka7 will save the game.

On the other hand, with black to move, black can co-ordinate, drawing
the game, with either .Kb'l or Kb8. Neither Fine nof Averbakh suggest Kb8 because that
i

defense is somewhat "anti-theoretical” meaning that it gives away the twisted distant

opposition®.

The Triangulation Criterion

Viewed as a Waltz Filter

Waltz [Winston, chapter 1] developed a filtering process to search a line
drawing scene. The problem is to find all possible ways to. label the lines (- for concave, +
for convex, and either « or = for a boundary) in a scene so that lines meet in physically

realizable vertices. Waltz’s algorithm first assigns each vertex a set of possible labels, i.e.
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physically realizable. The next and [inal step is the‘, filtering process which assures that
connectéd vertices are labeled consistently, that.two vertices connected by a line are
labeled the same way at both ends. The procedure is tcly iterate through the vertices
checking each possible label [or consistency with each conn‘ected neighbor. If any possible
label is found to be inconsistenlt with a neighbor, that label is removed from the possible
labels. [t is possible that the effects of removing a label might propagate to other
vertices. After every removal, the possible propagations are immediately consideréd.

The triangulation procedure is rema-rklably analogous to Waltz’s filter.
The vertices correspond to the possible locations of the-allacking king. A delense set can
be thought of as a set of physically realizable ways to label arvertex. Two attacking
squares are connected ifl the attackerl can move from one attacking square ‘to the other.
Just as two vertices connected by a line must be labeled co;rsistently, the defense sets of
two attacking squares must be consistent. | That is, the'defénder muét be able to move
from any square in one defense set to a square in the ol_her- defense set.

This analogy shows us that we can applyu the triangulation constraint in
time proportional to the number of ‘vertices (~64).'_tiﬁles the number of possible labels
(~64), which is pretty good. Actually we can proba-ubiy do even. better.

How many comparison operations, ip this case applications of the
triangulation criterion, must we perform? They must be performed until the graph, i.e. map
of co-ordinate squares, has "settled", 'fn that futyre comparison operations will not shrink

a defense set. At this point we say that the graph is stable. It is easy to show that the
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procedure will terminate. A comparison operation can eitherrleave the defense sets alone
or shrink them. Since the sets are of finite size, only finitely many removal 6perations can
be performed. If all sets are empied, no futher removals will shrink them, and the graph is
therefore stable, so the algorithm halts. Hopefully, though, the map will settle before
every element is removed.

The time to triangulate i% related to the number of comparison operaﬁons‘
required. Waltz has given us the uppé‘r bound disc‘us.se.d above. ’Ho‘wever, in general, it is
possible to improve upon thi§ upper bound by comparing the sets in the optimal order. The
most constrained sets should be compared wil_hithgir neighbors first.because- they are most
likely to shrink their neighbors. We can assure that the mogt constrained sets will be
considered first if we keep a sorted queué of sets to be considered.

How do we decide if one set is more_cons.trair_\ed than another? The best
answer is to employ some domain restricted knowledge. _For example, we might use a
heuristic which suggests that attacking squares closer to targets tend to be more
constrained. However, in this work, we have chosen a much simpler and domain
indepe.nd-ent ordering heuristic. Civen two vertices, a and b, associated with possible
labels sets A and P, respectively, we define a to be more constrained than b iff set A is
smaller than set B.

The queue improvement leads to some olher'opl_imization;s. in Waltz’s
filte.r,_ the propagation possibility is checkedr'immediateiy after a set is reduced. An

improvement is Lo re-queue a vertex after the associated possible labels set has been
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reduced. This assures that tlhe vertices will be considered in the proper order. By
checking for propagation immediately, this order c'a_nnot be guaranteed.

Another advantage of‘ the queue is that it can avoid considering some
vertices multiple times. Imagine that a comparison qﬁeration-shrinks a defense set which is
already on the queue.g Instead of queuing the vertex,‘ twice, the vertex is simply re-
ordered on the queue. If we didn’t have the queve tq remember _which vertices must be
looked at, then we would have to compare the vertex against it; neighbors twice. It is

very difficult, though, to see exactly how good the queue is.
Bottleneck Defenses

An important observation is that the triangulation heuristic correctly
w"eds out most mistaken defenses generated by the first criterion as long as they are
sufficiently far from targets. Erroneous delenses close to targets might survive
triangulation since there is a greater chance that the erroneous defense will be next to a
correct defense. Al any rate, it is easy l§ find examples where triangulation corrected an
error in the first criterion. One such example is that b7 doesn’t even defend c4 in a
simple ra.ce and yet, b7 is included in the defense set of c.4 until the triangulation heuristic
removes it. This insight leads us to the conclu§ion that only squares near targets must be
. calculated carefully. Including too many squares sufficiently far from targets in defense

sets will be corrected by the triangulation.
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In particular, the reason that b7 is included in the defense set Iof c4 is
that the route from b7 to a5 passes t.hrough a bottleneck (b6, a6) which white can seal off
with KbS. Fortunately, in this case, the bottleneck caused too many squares to be included
in a defense set. However, this need not always be the @s*e. VFlbr example, what is white’s
defense set when black’s king is on h5? (When we are looking for white’s del'ense'set',

black is considered the attacker.)

Figure 3
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Why isn’t b.!ack’s king closer to _d5_? ‘

For the white king to get to dS, white has to move all the way around his
d4 pawn (h3—g3—f3—e3~d3-c4—d5), a total of six moves. Since there are no pawn obstacles
hindering the black king, black can reach d5 in qnly four moves (hS—g4—f4~e4—dS), long
before white can defen.d it. The algorithm deduces that black is closer to d5 than white.

The réason black isn’t closer to dS is that black cannot break through the
bottlenéck on g4 and h4, black’s only entrance: to white’s territory and white’s pawns.

How do human chess players almost immediately "see" that the bottleneck holds? There
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are two components to a bottleneck defense. First, we must s"us.pect that a bottleneck
defense might work and secondly, we mu;t check tha.t it is connected to other -defens,es.
The later connectedness condition is our [amiliar triangulation criterion. Suspecting a
bottleneck defense is somewhat more difficult. After considerable experimentationi, we

have arrived at the following quite satisfactory heuristic.

A possible bhottleneck defense (before triangulation) exists when the
defending king d is in a position to block a bottleneck square on the path
from the attacking king a to a target t. To do this, the defending king
must occupy a square which is, from the attacker’s point of view, no
farther from the target than the attacker’s king. Secondly, the defending
king must be between the attacking king and the target. In other words,
using what mathematicians call the triangle inequality, the distance
between the kings must be strictly less than the distance from the
attacking king to the target. ' '

bottleneck (attacker, a, d) =
distance (attacker, d, t) < distance (attacker, a, t) &

distance-on-open-board (d, a) < distance (attacker, a, t)

A bottleneck defense is an alternative defense to the "closer” defense
previously discussed. '

dset (attacker, a) =
{d | legal (attacker, a, d) &
V¢ targets [~closér l(attacker, a, d, t) Vv
bottleneck {attacker,.  a, d, t}1]
In fligure 3, h3 is a bottleneck defense because the white king 'on‘ h3 is holding a square
which iis just as many black moves from dS as the black king on hS. Also, white’s king is
between the black king and the target on d5 since the distance between the two kings is

only two whereas the black king is four black moves from d5.

This definition of bottleneck defenses is somewhat more heuristic than



Church ' 21 Co-ordinate Squares

many others in this’piaper. What so-rls of errors might resujt. and how might they be’
corrected? When the ‘attacking king is very close. to thel target it is impossible for the
defender to be in between the attacking k'i;1g' and the target. At large distances, though,
our bottleneck definiti;n can syspect some inadequate-defenses. For example, let white be
the attacker. Even though c8 does not deﬁend'aB, the heuristic given above labels ¢8 as a

possible bottleneck defense to aB. The triangulation criterion will weed ¢8 out because

black has no defense to white’s straight forward threat aB-aT-a6-a5.
Counter-Attack Defenses

A much more serious restriction with the above algorithm is that it does

not yet consider counter attack defenses.

Figure 4 -
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Consider the above problem with the white king on f5 and the black one
on 1. If white races from f5 after the black pawn o_n. ad h;! will win black’s pawn.
Consequently, the {7 is not in the delense set of f5. Thé problem is that if white should
attempt to capture the a5 pawn, black could launch a counter attack on white’s h6 pawn,
winning the game.

| 'I'hesg couﬁler attacks are yet another allterﬁativ‘e to the passive defenses
already considered when creating defense sets. A.square is a counter attack defense if
capturiné one of the attacker’s targets allows the defender to queen.a pawn in at most one
move after the attacker will queen one of his. In other 'wolrds, this covers the case where
the kings race off to different sides of the board. (It does, h.owever, avoid complications
of evaluating the queen endgames that might result.)
dset (attacker, a)':—-.
{d | tegal (attacker, a, d} &
V¢ targets [~closer (attacker, a, d, t) Vv
bott!leneck (attacker, a, d, t) Vv
counter-attack (attacker, a, d, t}l}

It is rather difficult to give a pre‘cise definition of a counter attack
defense because it is implemented with a rather large number of heuristics. Basically,
there is a counting procedure which computes the number of' moves to capture a pawn
target which is blocking a friendly pawn, move out of the way of the friendly pawn, and
queen that pawn. |

In the figure 3 with the white king on f5 and black’s on {7, white can

capture black’s a5 pawn in 5 moves and queen 5 moves later. Black’s defense is that he can
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capture white’s h6 pawn in 2 and queen in 6 more. With the counter attack defenses, not
only does 7 defend f5 but so do a4 and a host of othen; squares well inside white
territory. Although the defense sets are -no I(;ng'er s;,o.attr.actively small, the core of
usually obtainable squares is only slightly larger than .bel'c;re. The fact is that many
squares well inside of white’s territory are perfectly good defenses. We will discuss
methods to eliminate unreachable defenses in the section called -Forwar.d Pruning.

An additional problem with counter attack defenses is that triangulation,
as pre‘viously deflined, tends to remove the ;:ounter alléck defenses. Consider the above
problem with the white king on c4 and black king .on h6. Having captured the pawn on h6,
black has obtained his target position. 'i'o win the game, though, black will have to play
some pawn moves to queen his h7 pawn. The problem is that triangulation assume§ that all
good positions are connected with only king moves. We can see that although h6 defends
c4, there is a square adjacent to ¢4, namely 'bS, which cannot be dgfen.déd by any square
adjacent to h6. This shows that counter attack defenses, unliké,passive defenses, are
discontinuo.us. Once hb has been captured, the black king cannot make .any'more progress
toward a white target. This problem has been_sol.ved in the current implementation byl
preventing triangulation from removing a counter attack defense from a defense set if the
defending square is closer to the countelr attack target than ';he attacking king. Not all
counter attack defenses are protected‘ from triangulation, only those where the defending
king is guaranteed to reach the counter attack target no matter what the attacker does.

In our example (figure 4), {7 could be removed from the defense set of f5 (both {7 and f5
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are 2 from h6) but it isn’t because gb cannot be removed from the defense set of e4 (gb to

h6 is 1 but e4 to h6 is 3.) This is the first case where king moves and pawn moves are

coupled.

b5 {hG}

5 {e7, f7, hB, ak, bk, a3, b3l

g5 {e7, f7, hB, a4, b4, b3, a3l

ch ib6, g6, hG, aﬁl

el {d8, e8, 8, g8, d7, e7, f7, f6, gb,
h6, g5, h5, a5, ‘b4, c4, g4, a3, b3,
aZ2, b2, c?}

b3 ta7, c7, f7, 6, h6, d5, f5, h5, g5,
hS, d4, e4, f4, g4, h4, d3, e3}

3 b7, £7, 6, g6, hB, dS, f5, g5, hS,
ab, e4, f4, gb, h4, a3, e3l

d3 ic7, 7, t6, g6, hb, d5, {5, g5, h5,
ab, b4, f4, g4, h4, a3, b3, a2, b2}

b2 iaS, b8, c8, e8, 8, g8, e7, f7, {6,
g6, h6, d5, 5, ¢S5, h5, a4, b4, c4,
d4, e4, f5, g4, h4, d3, e3, 3, g3
h3, d2, e2, f2, dl}

c2 (b8, c8, e8, 8, ¢8, e7, {7, {6, ¢b,

hS, f5. gs, h5' a[", bl’g CQ, d[" . e["
f4, g4, h4, a3, e3, {3, g3, h3, aZil

Apparently the defense sets are not nearly as constrained as in problem

Fine #70 because black can defend the king side entrance from e7 instead of g6.
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Consequently there isn’t the long propagating constraint from the king side. Notice that
the defense set of b2 and tﬁat of ¢2 overlap on‘ two adjacent squares, b8 and c8, a strong
indication of a drawn position. To draw, all black has to.do is get to either b8 or ¢8 when
white is on either b2;or c2. Once he hés reached one of these squares, he‘can move
between them forever.: It is the attacker’s responsibility to break an infinite repetition. It

is easy to verily that the position is indeed drawn by completing the rest ol this map.

Stalemate Defenses |

Figure 5
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White cannot make progress
by moving toward the queenside. -
[Fine, problem 29]

If white moves to d6, c7, or c¢8 black will be s_lalemated, a rather
sufficient defense. Obviously, the first criterion must know what stalemate is and
consider stalemate as yet another alternative to th'e_ plqseness, bottleneck, and counter
attacker defenses. It is worth noting that these stalem‘ate defenses can have more global_

effects because of the triangulation criterion.
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Pawn Moves

Now that we have discussed king co-ordination, it is time to consider
how pawn moves might affect the kings. We have:aclually already considered some
coupling between pawns and kings. Stalemate depends upon a. complete lack of pawn
moves. Also, the reason king moves are discontinuous in cou'nler.atlacks is that after the
delending king has captured the target, t-.he defender must finish the cou.nter attack with
pawn moves. So, in fac(, we have discussed some pawn moves. In this section, though, we

would like to explictly mention some other important themes centered about pawns.

Paun Moves to Gain Teﬁpo5

Figure 6
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white to méve wins; black to move draws [Averbakh, prqﬁlqm #676]
When the attacker has an extra lem_pc;, he may consume the tempo at an
optimal time, forcing lHe defender to play. Intuitively, the tempo is an option to pass. The
solution is to build one map of co-ordinate squares ;;ssuming there is no pawn tempo.

Construct another map using the constraint that for any square a, in a defense set A,



Church 21 D ~ Co-ordinate Squares.

there must be an a, in A such that a, is adjacent to a, After applying triangulation to the
new map of co-ordinate squares, we have the map which accounts for the tempo. To

illustrate that this approach does in fact work, some selected results are shown below.
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5 - {e7}

ab ~ ib6, dS5, c4, d4, g4, g2}

b4 {ab, d5, d4, g4, g2}

ch | {b6, g4, g2l

el {d8, d7, g4, o2}

a3 {b7, d5, c4, d&, e4, f4, g4, hb,

c3, d3, e3, g3, f2, g2, fl, hl}

b3 la7, d&, f&, g4, h&, d3; fZ; h2, fi. gl, hil}

3 (b7, 14, g4, hk, c3. 93, §2. gz; h2, f1, gl, hll
d3 (c7, f4, n4, g3, €2, g2, h2, fl, gl, hll

a2 b8, dS, ak, bk, ch, db, ek, f4, gh, h4, c3, d3,

e3, 93, c2, d2, e2, f2, g2, h2, el, fl, gl, hl}

b2 (a8, b4, c4, d4, e4, f4, gk, h4, d3, ...}
.c2 {b8, b4, ...}

d2 {c8, d&4, e4, ...l

al 1b7,l35. b5, d5, b4, c4, d&, ...}

bl (a7, b5, d5, bé, ch, dé, sailk

cl b7, db, c&,'...l

di -~ le7; db; ssel

We can see that white can win by Kbl and bi-a..ck can draw with Kb7.
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Passed Pauns

Figure 7
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" White to move and win [Fine, problem #88]

A pawn p is passed if the opponent does not have a pawn on a rank
between p and the queening square gn the same file as p or on an adjacent file. Both a7
and e5 are passed in the above problem. Clearly,.these pawns must alfect the co-ordinate
squares since, il one kllng should leave the square of a passed pawn the region where the
king can catch the pawn running toward the last rank, then the pawn will promote into a
queen. Also, these pawns alfect the targets. Suppose the white.king is on 7. There is no
place the defending king can be and prevent whit;e from queeniﬁg in only three pawn
moves. | |

First, let’s consider the targets. If a pawn is passed, then tﬁe squares on
adjacent files and two.ranks ahead of the passed pawn are targets. If the passed pawn is
on the seventh, thén the targets are only one rank ahead of the pawn. In our example

(figure T), we add {7 and d7 to the list of white’s targets and b5 to black’s targets.
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The decision to make bS a target has s_om.e préblems. If blacl-,; can occupy
b5, then he is guaranteed of making progress with his a7 pawn. However, he is not
guaranteed of queening the a7 pawn in 5 fixed time period. Similarly, a7 is not as v#luable a
white target as the others since reaching it does not obviously guarantee a pawn
promotion. The notion of target needs some work.

| Nevertheless, while we are on the subject of targets, it is clear that
some squares occuplied by a pawn are not targets. In particular, if the pawn is protected
by another paw-n, then there is no way to win the target. It is a waste of effort to
include such protected pawns in the target list. Similarly, if a pawn is protected by a
sufficient threat, such as a pa'ssed pawn threatening ‘to queen extremely quickly, then the
pawn is also not a target. For example, gi is not a black target since white would queen
his e5 pawn long before black could do anything frem g3. In ‘this problem, I;iack has no
targets and the white targets are a7, d7, and T.

To consider the effect of the square of passed pawns we have to be more
precise about what a target means. Once a target has been captured, the attacker will
queen a pawn in certain number of additional moves. For example, white will queen three
moves after he reaches the target on [1. Sometimes capturing a largét does not clearly
lead to the queening of a pawn. In this case, the target is associated with a large time,
The target a7 is a good example of a target which does‘not explicitly block a friendly
~pawn. However, since capturing it does free something and does eventually lead to a pawn

promotion, we consider the time before such a promotion to be large but not infinite.



Church : o 31 _ : Co—orrdinate Squares

Computing the number of moves before queeniﬁg is also part of the
counter attack calculation. As in the counter attack calculation,rwe have to compute the
time for the attacker to queen a pawn by-force and the time for the defender’s threat. If
a king is outside the square of a passed pawn, then the time to queen an attacking pawn
has an upper bound o.f the time to queen the paséed pawﬁ. It turns out that this is

sufficient knowledge to understand problem 88.

Deflection Sacrifices

Figure 8
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White to move and win [F ine, problem #62] |
Wﬁite’s winning idea is to push his outside‘ passed a4 pawn forcing black’s
king over to the queen side. With black’s king out of play, white can easily pick up black’s
king side pawns. |
How might this idea fit into our way of thinking? Whenever the attacker
has a passed pawn, the defending king can be forced ove;' to catch it. We can calculate

exactly which square the defending king will be forced to. The pawn, before being
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captured, will advance as many moves as there are‘_files between the pawn gnd the
defending king. If the defend'!ng king cannot defend the positic;n‘ from where he captures
the passed pawn, then :lhe pawn ‘sacrifice works. In other words, the defending king, after
capturing the sacrificed pawn, must have at least a plausible defense (first criterion) in

order to defend against the deflection sacrifice.

Potential ly Passed Pauns

Figure 9
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White to move and win [Fine, problem #51] '

White’s winning idea is that his b4 pawn is p§tentia|ly passed and so f:;r
outside that black’s king cannot stop it. The difficulty of t'his problem is realizing that the
péwn on b4 is potentially passed, that there is a sérigs of mo‘vesrthal makes b4 passed by
force.

One solution is a branching tree Qf pawn moves. Since there are rareiy
many legal pawn moves, the tree is sufficiently bounded. Unfortunately, although the tree

correctly finds the potentially passed pawns, it does not tell us anything about possible
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king intervention. ‘For example, il the white king VWerei on h8, then the pawn sacrifice
leadiné to the potential passed b4 pawn would net work. The white ‘king must be in the
square of d5 to win this problem. |

An important observation is that there are not very many different ways
to create a passed pawn. The solution taken here is to model,the different sil-ualiqns with |
a set of patterns. For each pattern, there are‘ associated experts which can compute the
effects of different king positions. Should a pattern lead to an unstoppable pawn, the
expert will return the number of pawn moves before the pawn ﬁueens. Unless the
defender can generate a counter at_tack before the pawn queens, he will lose.

What should these. patterns look like? We \&ould like to exploit as many
symmetries as possible in order to limit the number of patterns. The left-right symmetry
can be easily exploited. Much more importantly,’it is possible to split the pawns into pawn
clusters, independent groups of pawns. The reasoning ‘behind pawn clusters is that pawn
moves are extremely chal; pawn moves in Ol-'le cluster do not al'l'éct other clusters.

|

Paun Cluster

A pawn cluster consists of two sets, one .of attacking pawns and one of
defending pawns. The attacking pawns are separated by no more than one
file. Il there is a file without an attacking pawn, then that file must
contain a defending pawn. Otherwise there would be two pawn clusters.
The defending pawns are all pawns on the same file or a file adjacent to
an attacking pawn. ‘

The most important key on a pawn pattern is the number of attacking pawns and the
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number of delending pawns in a cluster. Other features which key:-certain experts are the
ranks of the pawns, backward pawns, doubled pawns, pawns split by a single file, locked
pawns, protected pawns, and half .passed.

The above problem, Fine #51, contains a single pawn cluster. There is an
expert which classifies the cluster into the two on two split attacking pawn category. An
expert in this category knows about the "split pawn sac" which forces a pawn promotion in
four moves. Two more difficult examples, Fine #61 and #82, arre s.ht;wn Below in the
evaluation section.

Most clusters of three or fewer attacking pawns have been worked out.

More work is necessary to consider the larger clusters.
Co-ordination Compared with a Branching Tree

In this section we wish to compare the co—ord?nate squares procedure as
discussed above with the more standard depth first branc_hiﬁg tree procedure exemplified
by such machines as Peasant. This section is not intended to delermine which ap‘proa‘ch is
the best. We merely plan to explore their relative merits and trade-offs. It is our belief
that co-ordinate squares, as a generalization of Waltz’s [lilter, is important to Artificial
Intelligence, even if there is a better approach to solving the same problems..

It will be assumed that the bran.ching tree stratégy employs a hash table

to remember all the nodes previously visited. (In fact, part of the problem with Peasant is
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that it, for some inexplainable reason, removes many entrie; from the h;sh table.) In many
ways, the hash table is analogous to the co-ordinate sguares.map. Both data structures list
every position considered associated with a value for the position. In a hash table
representation the value is whatever was passed -back up the'tlree whereas the value in the
co-ordinate squares representatioh is whether the position is an adequate defense. Just as
we have considered the co-ordinate squares map to be the understanding of a chess
posit'ion; the hash table can be considered the'results of a ﬁranching tr‘ee’ search. It is .
possible to determine easily the best move using. either data structure. Furthermore,
there is an argument that both searches rquuire_roughlly equal time because the limiting
factor in all of these endgames is the small nurmber of distinct pqsitions resulting after ‘an
arbitrary series of moves. Il both searches will eventually find all of these distinct
po;itions then it really doesn’t matter in which order‘ they are searched.

Although it is very difficult to refute ‘_the above argumenl,‘ the work here
is based upon the intuitive beliel that in a practical situalit’i.n a branching tree will explode
given half a chance. The co-ordinate square; appro;_ch restriéts the number of positions to
be considered before starting whereas a branching tree discovers lh-at the number of
positions is limited only aflter the hash tﬁble contains all of these positions. Restricting
the number before the search has the advantage of preventing any chance of an explosive
search. However, it may suffer by failing t§ consider something important.

Perhaps the greatest advantage with the co-ordinate squares approach is

that the order of evaluating each node Kas not yet been specified. In a branching tree
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algorithm, the order must be depth first in order to employ alpha-beta pruning. In the co-
ordinate squar.es implementation, triangulation considers the smallest defense sets first. In
‘the first example, Fine #70, the defense sets of b5, g5, d3 and ¢4 would bé considered long
before the defense sets of aQ,Vhl, and b2.

This, though, leads to a serious drawback, co-ordinate squares cannot use
a number of pruning techiques used in branching trees such as alpha-beta. Since the
number of positions is sufficiently limited, failing to prune a number of these positions
means that the process will take longer, not that it will explode.

A mué:h more minor difference is- that the map of co-ordinate squares
needs less space than ai hash table uséd in a branching tree s.Lrategy'lbecause the hash table
must contain, in addition to the information in the co-ordinate squares map, a token
indicating whether or not a particular node is in the hash table. This token is implicitly
contained within the c:b—o'rdinate squares mapsincel the map is complete. In addition, not
having ‘to check the token represents quite a savings if one considers the number of hash
matches, different series of moves resulting in the same position, there are in these
problems.

Since the co-ordinate squares map is complete, we don’t have to
recalculate the entire map after each move is played.. No matter what move is played in
the game, the new position must have been considered m the co-ordinate squares map.
The machine can find the co-ordinating moves almost immediately from the old co-ordinate

squares map. In a tournament situation, this machine would take a long time as soon as the
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king and pawn endgame was entered and every move after\;vard' wlould‘ bé played extremely
quickly. Most good human chess players.spend a }elatively long time planning and then play
a series of moves very quickly.‘

Saving a co-ordinate squares’ map is‘ analogou's to savipg a hash table,
which is rarely done in branching tree strategies because the number of nodes, in‘general,
-will be too large. The number of nodes is sufficiently‘small in this work partly because of
the nature of king and pawn endgames and partly because the algorithm described here
wé-nl to great lengths to limit the number of nodes to the "difl'_erentlways to place the
kings.

‘Another advantage of co-ordinate. squares is that the triangulation
calculation can be optimized to run much faster than the analogous'branching' operation.
For example, the df-fense sets can be represented as a 64 long bit string. The inner loop
of the triangulation calculation on two sets A and B could be implemented by generating
the set of squares adjacent to the el.ements of set A and intersecting the result with set B.
Using this representation, intersection requires one AND operatibn.‘ S'imilarly, the
generation ol the adjacent squares can be implemented with a.fair amount of parallelism’.
On the other hand, it is considerably more difficult to.imphlemenl parallelism in a lorward
reasoning strategy, using traditional computer hardware.

The most serious disadvantage with co-ordinate squares is that the
number of terminal no‘iﬂes must be extremeiyﬂ Iimi.ted and that each one of these must be

superficially consideret;i by the flirst criterion. A branching tree can avoid considering
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unobtainable delenses with pruning techniques such a‘s alpha_.-beta. To restrict the number
of nodes to the different ways of placing the kings (~ 4000) so that co-ordinate squ-ares
would be practical, the solutions to the above problems employed a number of domain
specific tricks, such as temp.o and counter attacks. A branching tree is more general and
may even be faster il most nodes are‘unobtainlable. Clearly there are times when one of
the approaches, co-ordinate squares or branching .tree, will be more appropriate. The

perfect chess machine may have to understand both and understand the trade-offs.
Forward Pruning

One complaint with co-ordinate squares is that quite a number of
unreachable positions are considered. In this section, two heuristics .will be discussed to
reduce the number of positions that we must consider. Experimentally, these heuristics
represent a fifty percent time savings.

The first heuristic is based upon'ihe obse.rvatidn th;t the defending king
must be able to reach a defense before the atlackin_'g. king can reach the attacking square.
Although this idea seams perlectly obvious, some care must Abe taken. First of all, this
heuristic changes the meaning'of a defense.” Before, a d.efense'set contained all defenses.
Now the defense sets contain only those delenses w-hich-the defender can reach. It is
important to consider this subtle point when examining these new defense sets.

A possible source of error may arise if this heuristic removes too many
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defenses. Even though the defender may not be able to reach some defenses if the
attacker moves directly toward an attacking square, tﬁe defender may need one ol these
defenses if the altack_e;r should triangulate, take a long.e-r path so the defender will bg on
the move. It is very difficult to generate an examplg because cases are so rare and are
usually quite complicatéd. However, it is necessary to compute defenses just outside the
area the defender can actually reach.

A second observation is that the attacker should not consider moving to
every attacking square.l It is a waste of time for the attacking king to run away from all
the targets. We will only consider attacking 'squares whi-ch rﬁake progress. That is, if
square a is farther from the initial attacker’s king position than square b, then a must be
as close to some target as b in order to make progress. .Agéjn, experimentally' it was
discovered that this should be relaxéd for squares adjacent to the initial placement of the
attacl;ing king since the initial position may already be ‘$o close to some target that the
only way to make progress is to back up temporiar-ily. '

Certainly both of these ideas are highly heuristic; they neither ca.tch all
unreacha.ble defenses nor are they completely correci. However, for. our purposes, the

time savings outweighs the possible errors that may result.
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Cost Analysis

The space requirements of the corordinate squares map is rather minimal.
We can represent each defense set as a 64 bit string, one‘bil for each square. If the i'
bit is set then square i is in the defense set. With this notation, the entire co-ordinate
squares map requires only 642 bits,

The time costs are somewhat more difficult to analyu-a because the author
does not fully understand the effecis of several time saving heuristics such as the queue
modification to Waltz’s algorlithm or the forward pruning conditions. At any rate, the time
cost is due mainly to two factlors, the time to apply the first critlerion to each position and
the time to apply the triangulation criterion.

The first has an upper limit which is linear with the number of positions
being considered using the straight forward approaqh, literally applying a static evaluation
to each position. It is possible to do even better if thg lstatic evaluator is organized in a
more sensible way, keyed on themes instead of positions. For example, we know that that
defending king must be in the square of an attacker’s ‘passed pawn. (We won’t consider
counter attacks at lhi§ point.) One way to implemént this con_straint is for the static
evaluator to try all plalcements of both kings, testing to-see_lhal the defending king is in
the square of the attacker’s. pawn. A more iﬁlelligent'approach is to design a procedure
which generales-lhose;squares within the square of the passed pawn. Only these squares

would be considered as possible defenses. This second approach is probably faster than
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linear with the number of positions being considered. .

The time to triangulate also has‘ an upper li:hnit‘w.rhic.h is constant with the
number of positions being considered. The argument, as ou‘tlined in the section rel;‘;\ting
the triangulation criterion to Waltz’s algorithm, is that the- time is linear with the number
of vertices (attacking positions) times the number of labels (defending positions.)

In practice, the co-ordinate squares brog_ram consumes about 110K words
on a PDP-10. Problems require one to ten minutes of cpu .tirne, most typically about five.
When _the defending king is lost in the initial position accordjng't‘o the first criterion, the
program halts without considering lriangulat'ion. These problems take only one minute, the
time to initialize the data structures, find targets, and-meqsure distances from the targets
to every square. The most expensive probiems.have a number of potentially passed pawns.
The current implementation checks all the possil;le pawn sacrifices to creatle a passed pawn
for each position. A major improvement would be for lh.e experts. which‘ know about pawn
clusters to return the constraints on the two kings. Currently, they have to be called for
each different placement of the kings.

At any rate, this performance demonstrates that co-ordinate squares is
sufficiently efficient for tournament p‘lay. Once the co-ordinate squares map has been
found, every move for the rest of the game can be played almost instantly. A ten minute
time investment is quite acceptable. Also, lhel co-ordinate squares map can be drawn
during the opponent’s move. Of course, since order of magnitude improvements in

computer performance can be expected, this ten minute cost could easily be reduced to
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one in the not too distant future. There are.exi.slin_g macﬁinés ‘which are almost an order
of magnitude faster than the KA PDP-10 currently being u‘sed..A(Mter this document had
- been completed, we converted the code to run on the new" L[SP- MACHINE cur-rentiy being
developéd in the Al lab at MIT.. This version solves most problems in iess than a halfl

minute of real time.)
Future Work

There is still a considerable amount of work to be done. In this section,
we will list a few common themes either completely. missing from the existing co-ordinate
squares program or desperately in need of refinement. Most of. these involve pawn moves

since the coupling between king moves and pawn moves is not well understood.
Shifting Square

Every passed pawn has a square, a region where the defending king could
still catch the pawn before it queens. Il the attacker has two pagsed pawns, though, the
two squares are coupled in a very strange way. As the defending king attacks the closer
passed pawn, the other one advances reducing its own square. If the defending king should
continue after the first passed pawn, he may end up outside t‘he other one’s square. If the

defending king should attack the second passed pawn, then the first can advance thus



Church | ‘ 43 Co;o.rdinate Squares

protecting the first. Some simple cases of this have been implemented.

Paun Moves uhich Change the Critical Squares

Figuré 10
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~ White to move and win [Fine, problem #58]

White can win by pushing his d4 pawn.. If blat;k trades pawns, it is easy to
show (with techniques developed in this paper) that black is lost. Should black retreat his
king to d7, white can trade pawns himself. Using zugzwang, white can occupy d5. Once on
dS, white can advance the c4 pawn to c5. After black tradés d6 for c5, -w‘hite has a won
king and single pawn ending. |

The techniques developed in this papér fail to understand a n-umber of the
ideas involved in the above solution. First of all, when a pawn moves it attacks different
squares. Consequently, some squares the kings used to be allov;red on are now off limits
and some squares that had been off limits are now legal. Also, moving the pawns can move
some targets. For example, after 1. d5, c6xdS, the target on cb is gone.

What is missing is an understanding of how pawn moves can change
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‘targets and co-ordinate squares. Since there are rarely more than a few pawn moves and
even fewer are sensible and fewer yet can change critical squares, it should be possible to
identify these rare but important pawn moves. However, these pawn moves are the most

difficult area for future research.
Single Paun Endings

Another reason that this work cloesl not solve the above problem is that
the algorithm does not know which trivial single péwn endings are won and  which are
drawn. There is no machinery to make the final deduction, that after black trades d6 for
c5, the single pawn ending is won for white. Since these endings are not difficult and have
been completely understood by Peasant [Frey, chapter 5]'and others [Tan] [Perdue], it

should not be too difficult to add the lacking knowledge.
Undermining Paun Chains

One solution to figure lll(bélow), crgditgd to Griéoriev, is to bring the
black king back to b7 and advance the a7 pawn, forcing a pawn trade. After the pawn
trade, white’s d5 pawn, no longer protected by a pawn, can be.captu.red. Again, this there
is nothing particulariy difficult about this theme. Neverthele'ss, it has not been

implemented.
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Figure i1
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Black to move and win [A‘yerbakh, problem #710]

To conclude this section, we must feel th.a_t there is a considerable
amount of work to be done before a machine will play endgames perfectly or even
consistently better than good humans. Howe\‘fer, the fact th;:t we can even Iist_ the most
important work to be accomplished is very epcour'aging. Winston: often lall-gs about the
"small size of infinity," observing that relatively (ew t};émes can accomplish a complicated

task which, before serious study, appeared to involve almost an infinite number of themes.
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Evaluation

The author of Peasant, Monroe Newborn, chose to evaluate his program
with sixteen problems selected from Fine. Allhotllgh Peasant finds the ‘correct move in
eleven of them, it appears to see the win in only six.. A number of the correct moves are
forced since all other moves lead to immediate disasters. There is a significant difference,
though, between avoiding short range disasters and finding a long range winning theme.

| Four of these problems ‘ha,ve already been discussed, problems 29, 51, 58,
and 70. The first.two are well un_derstood by both. programs, neither unde.rstands problem
58, and 'problem.'i@ .requires co-ordinate squares. Peasant is much faster on problem 29
because it is relatively shallow, 11 plies. Even more importantly, since black can occupy
only two squares, d7 and eB, alpha-beta cutoffs are muc_h more useful than usual. Co-
ordinate squares, as currently implemented, considers quite a number of ridiculous black
defenses. On the other hand, Peasant couldn’t solve problem 70 because it requires about

thirty plies.
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Figure 12 | . Figure 13
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problem 61 | problem 82

white to move and win ' “white to move and win

Both of these problems involve a potential passed pawn queening before
the defending black king can catch.it. -Pe:;\sant, lacking . the; useful knowledge regarding
potential passed pawns, has to carry out the general tree search. It can’t find the solution
to problem 82 in eight plies since blaék has.some delaying moves on the king side. Our
program solyes both of these in just about one minute of cpu time.

The solution is found by a pattern match on the queenside pawn cluster in
both figure 12 and figure 13. The expert associated Wi_t'h each of these two patterns
knows a number of stero-typical sacrifices to consider. The winning sacrifice in figure 12
is: 1. b6, cTxb6; 2. 'aﬁ. and ‘white has a winning pags,éd pawn. Similarly, the solution to

figure 13 is: 1. ¢5, Kd5; 2. ¢6, bTxc6; 3. b6 and white q.ue.ens.
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Figure 15

Figure 14
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problem 67

white to move and win

problem 53

white to move and win

Neither program can solve the above two problems.  Peasant cannot carry

out the 20+ ply search whereas the co-ordinate squares program fails to account for the

changing critical squares. Also, the notion that white can decide how many tempos to

consume with a pawn on the second rank is not considered by the existing co-ordinate

squares program.
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white to move and win
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problem 26
white to move and win

Although these problems look very similar, problem 25 is much harder.

Neither program can solve 25; both can find the best move in problem 26. There is some

guestion whether Peasant can find the win in problem 26, though. Since, in problem 26, all

moves immediately lose the cb pawn except KdS, Peasant does find the winning move. To

see that black must lose his rook pawn involves a better understanding.

The difficulty with problem 25 is that white has to lock the rook pawns

at a favorable time. Wherever the rook pawns are locked, the critical squares will be

significantly changed. Also, white must realize that his' pawn on h2 can advance either one

or two, so white can choose how many tempos he wants.
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problem 80
black to move and win
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problem 76
white to move and win

Neither program can find the win in either of the above problems.

Problem 8@ involves a shifting square of two potentially passed pawns, b6 and f5.

Unfortunately, since the pawn cluster experts do not know about double pawns, the co-

ordinate squares program cannot identify the queenside pbteﬁti'ally passed pawn.

The winning idea in problem 76 is that white can sac the f3 pawn,

changing the co-ordinate squares so that white eventually wins a black pawn and the game.

Again, this is beyond both programs.
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Figure 21

Figure 20
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problem 66

white to move and win

problem 42

white to move and win

The correct move, Ke4, is forced in Problem 42 because everything else

loses a pawn immediately. However, seeing the win is somewhat more complicated but not

too complicated for the co-ordinate squares program.

The win in Problem 66 is extremely straight forward, white races aflter

Peasant, though, does have trouble because there are quite a number of

the black pawns.

useless pawn moves.
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Figure 22 b | - Figure 23
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problem 90 E problem 100A
white to move and win o white to move and win

Problem 90 is a hopeless mess; Fine’s solution is .a mere 37 plies. A
number of necessary concepts are missing from 'the‘.clo—ordinate squares program, most
notably, shifting square. There is too much going on in this problem to discuss how a
program might solve it.

s easy to see how white can win the e4 p‘a\a}rAn in problem 100A.
Unfortunately, co-ordinate squares believes that the game is over once that target is
obtained. It happen§ that it can also see ‘thé win after'v@vinn'rng tbe pa'.un.‘ It really should
check that this is indeed the case,.lhough. Peasant isn’t capable of seeing the win after

winning the e4 pawn.
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Conclusion

In coniclusion, although this work has shown.that co-ordinate squares can
Isolve several endgames otherwise requiring‘26—30+. plies of analysis, the question remains,
what are the limits to the approach? At first, the algorithm appears to be exponential with
the number of potential pawn moves. That is, one way to solve problems with pawn
moves is to map the co-ordinate squares for any pawn structure that could result.
However, if we think about what the pawn moves mean, then we can do considerably.
better. For example, a tempa, ha\;'in‘g one more pawn mov,é than the opponent, is an option
to pass. We have shown how to incrementally modily the co-ordinate squares map to
account for the tempo. Similarly, the effects of a passed pawn can be considered without
building separate co-ordinate squares maps: for each square the passed pawn could occupy
before it queens. It should be possible to state exacﬂy ‘how pawn moves and king moves
are coupled.

At first it was believed that the strategy would break down when more
pieces are introduced. Even that is not so clear; pieces, especially slow ones such as
knights, in many cases must avoid zugzwang by co-ordinating with each other. In fact,
Averbakh has written anther book about knights [Averbékf;, Knight Endg‘ames].

| The key observation that the str‘ategy'depends upon is that all these
positions have a very limited number of terminal nodes, distinct positions that could result

after an arbitrary number of moves. Since there are so few terminal nodes, it is possible
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to apply a static evaluation function to each one (the first criterion) and then observe how
the nodes are connected (lriangulatién.)

Using the queue improvement to Wéltz's algorithm, co-ordinate squares
sta.rts with the most constrained nodes and works backwards toward the least constrained.
It. happens thatA the constraints tend to be Centéred ‘near the targets, and t‘hat' the ‘initial
placements of the kings tend to be_relatively far from the targets, in the more diflficult
endgame problems such as Fine #70 (figure 1). Working. backward from the target positions
to the initial positions, co-ordinate squares is somewhat. similar to backward reasoning,
just as a depth first tree search from the initial position tlo;vard the target positions is
forward reasoning. The usefulness of this analogy is in .the observation that it is often
possible to halve the exponential growth of a search by build_in.g" backwards from the
terminal nodes and forward from the initial position simultaneously. If this could be applied
to co-ordinate squares. as described above, .then the defense sets would not contain a
number of unoblainahlé defenses. For example, in Fine prc;blem u'?@" (figure 1), a4 is a
defense to c4 for black even though there is no way for black to ever reach a4. The
section on forward pr;Jning discussed existing heuristic-s'to wgea out many unobtainable
defenses. .

We have designed a sy%tem that thinks about the chess domain more as a
graph of possible positions than as a tree. Cons‘equently; when the n;zmber of positions is
small, as it tends to be in king and pawn endgames, the procedure w-orksl surprisingly well.

In general, as the number of interesting positions grows, the space tends to look more and
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more like a tree. That is, it becomes less Iikely‘tha't there will be two sensible lines
leading to the same position. In a general chess po'sition, co-ordinate squares is not the
optimal representation. Within our restricted e"r:ldgame domﬁin, which has long been a weak
point of chess machines, the lco-ordina.te squares-procedure shows great promise. As a
generalization of Waltz’s fille,r; this work may have some irﬁplications in olﬁer domains

besides chess endgames.
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Footnotes

1. Peasant, the only chess program designed to play only king and pawn endgames, uses a
depth flrst alpha-beta branching tree strategy. The static evaluator ist

10 x MAT + 5 % PP - PRO + K, +K, + R

MAT = the difference between the number of white pieces and the
number of black pieces

PP = the difference between the number of white passed pawns and black
passed pawns

PRO = the number of moves the most advanced white pawn must take
before promotion minus the number of moves for the most advanced black
pawn

K| = lactor measuring king distance from the pawns; five points deducted
for every space the separates the king from the "center of gravity" of
;the pawns S

K, = three points if the king has opposition

R = ten points times the rank of each pawn that is passed and cannot be
stopped by the defending king.

The forward pruning heuristic eliminates king moves which take the king more than two
columns or three rows from the nearest piece and king moves to the edge of the board if
there would otherwise be eight legal king moves. The killer heuristic [Frey, chapter 3] is
used to improve the effectiveness of alpha-beta. Also, moves are sorted so that captures
and promotions are first. A position is defined to be' a terminal node il one of the
following conditions holds:

1. The maximum preset depth is met.

2. One side has one or two pawns and the olher has none. (There is a
special static evaluator for these case.)
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3. There is a queen on the board and the last move was.not a promotion.

4. There is a passed pawn which cannot be caught by the enemy king and
can outrace all enemy pawns with a move to spare.

5. The depth is equal to that of a node where a win can be guaranteed.
(This appears to be a special case of alpha-beta.)

6. The same position has occured previously at the same depth in the tree.
1. Stalemate

8. The position is equivalent to a parent position which occurrs four plies
higher in the tree.

9. The winning side allows draw by repetjtion.

The most serious design error is that rule six is - too weak. A better
condition is to terminate if the position has been reached pre\uously in the tree search at
any depth. Especially in these endgames thts is a very serious error.

2. All chess moves and squares W|th1n th|s paper are given in -Algebrafc Notation, the most
common system everywhere except in the United States apd England. Each square is
referenced with a letter, a through h and a number, I through 8 as shown below:

a8 b8 c8 d& ed f8 g8 h3d
a7 b7 c7 d7 e7 §7 g7 h7
ab b6 cb d6 et f6 gb hb
a5 b5 ¢5 d5 €5 f5 gb hb
ab b4 c4 d& eh f4 g4 hb
a3 b3 c3 d3 e3 ‘3 g3 h3
a2 b2 c2 d2 e2 f2 g2 h2
al bl cl dl el f1 gl hl

In this notation, a king moves and captures are denoted by a-capital K followed by the
destination square. Pawn moves are denoted by the destination square. A square followed
by an x lollowed by another square denotes a pawn. capture.

3. These terms are difficult to define either because they are advanced chess concepts lhat
the author doesn’t fully understand or because they have no precise definition.
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triangulation - Taking a longer than necessary route toward a target so
that the position will recur with other side on the move.

opposition - The state where the two kings are on the same rank or file:
and there is exactly one square in between.

diagonal opposition -. The state where. the two kings are on the same *
diagonal and there is exactly one square in between.

distant opposition - The state where the difference in ranks of the two
kings and the difference in files are both even.

~co-ordination - (relatively new term) The state where there exists a
defensive reply to wherever the attacking king moves.

tempo-ing - A catch-all term to cover arbjtrarily complex attempts to
repeat the pésition with the other side on the move. Although
triangulation is the most common melhod there are other possibilities
such as pawn maneuvering.

zugzwang - A state where the side to move has only bad moves but
would be better if the other side had the move.

4. Opposition can be twisted by certain pawn formations. Since the opposition is usually an
assel, it is understandable why both Fine and Averbakh might overlook the fact that the
opposition is not necessary for black to draw.

5. Tempo is yet another difficult term to deline. In this case, white has one more pawn
move than black so he may in effect, pass once instead of moving his king.

6.  The square of a passed pawn is the region where the defending king can catch the pawn
before it promotes. It is called a square because, unless there are external obstacles, the
region tends to be square. A very good approximation is that the defending king must be
closer to either the queening square or the pawn than the attacking king and the defending
king must be as close to the queening square as the pawn. The actual implementation
considers a few other details such as the fact that pawns can move two squares from the
‘second rank. '

7. One way to generate the squares adjacent to a defense set A would be to OR the
squares adjacent to each row r; of A. The squares adjacent to a row could be computed by
table lookup. Since there are only 22 different ways to label a row of a defense set, the
table size would be 256. In this way, we can compute a whole row in parallel. It goes
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without saying, that we could generate the squares adjacent to a set completely in parallel
using a special purpose processor. :
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