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Abstract

Contraction theory is an analytical tool to study differential dynamics of a non-autonomous (i.e., time-varying) nonlinear
system under a contraction metric defined with a uniformly positive definite matrix, the existence of which results in a
necessary and sufficient characterization of incremental exponential stability of multiple solution trajectories with respect
to each other. By using a squared differential length as a Lyapunov-like function, its nonlinear stability analysis boils
down to finding a suitable contraction metric that satisfies a stability condition expressed as a linear matrix inequality,
indicating that many parallels can be drawn between well-known linear systems theory and contraction theory for
nonlinear systems. Furthermore, contraction theory takes advantage of a superior robustness property of exponential
stability used in conjunction with the comparison lemma. This yields much-needed safety and stability guarantees for
neural network-based control and estimation schemes, without resorting to a more involved method of using uniform
asymptotic stability for input-to-state stability. Such distinctive features permit systematic construction of a contraction
metric via convex optimization, thereby obtaining an explicit exponential bound on the distance between a time-varying
target trajectory and solution trajectories perturbed externally due to disturbances and learning errors. The objective
of this paper is therefore to present a tutorial overview of contraction theory and its advantages in nonlinear stability
analysis of deterministic and stochastic systems, with an emphasis on deriving formal robustness and stability guarantees
for various learning-based and data-driven automatic control methods. In particular, we provide a detailed review of
techniques for finding contraction metrics and associated control and estimation laws using deep neural networks.

1. Introduction

Lyapunov theory is one of the most widely-used ap-
proaches to stability analysis of a nonlinear system [1–6],
which provides a condition for stability with respect to
an equilibrium point, a target trajectory, or an invariant
set. Contraction theory [7–11] rewrites suitable Lyapunov
stability conditions using a quadratic Lyapunov function
of the differential states, defined by a Riemannian con-
traction metric and its uniformly positive definite matrix,
thereby characterizing a necessary and sufficient condition
for incremental exponential convergence of the multiple
nonlinear system trajectories to one single trajectory. It
can be regarded as a generalization of Krasovskii’s theo-
rem [5, p. 83] applied to nonlinear incremental stability
analysis [7, 12], where the differential formulation permits
a pure differential coordinate change with a non-constant
metric for simplifying its stability proofs [7].

The differential nature of contraction theory implies
we can exploit the Linear Time-Varying (LTV) systems-

?This work is in part funded by the NASA Jet Propulsion Labo-
ratory, California Institute of Technology.

Email addresses: htsukamoto@caltech.edu (Hiroyasu
Tsukamoto), sjchung@caltech.edu (Soon-Jo Chung), jjs@mit.edu
(Jean-Jacques Slotine)

type techniques for nonlinear stability analysis and con-
trol/estimation synthesis [13–17] (see Table 1). We empha-
size that some of these methodological simplifications in
contraction theory are accomplished by its extensive use of
exponential stability along with the comparison lemma [3,
pp. 102-103, pp. 350-353], in lieu of Input-to-State Sta-
bility (ISS) or uniform asymptotic stability which often
renders nonlinear stability analysis more involved [1–6].
Several studies related to the notion of contraction, al-
though not based on direct differential analysis, can be
traced back to [18–20].

The objective of this tutorial paper is to elucidate how
contraction theory may be utilized as a method of provid-
ing provable incremental exponential robustness and sta-
bility guarantees of learning-based and data-driven auto-
matic control techniques. In pursuit of this goal, we also
provide an overview of the advantages of contraction the-
ory and present a systematic convex optimization formula-
tion to explicitly construct an optimal contraction metric
and a differential Lyapunov function for general nonlinear
deterministic and stochastic systems.

1.1. Paper Organization

This tutorial paper is organized into the following two
groups of sections.
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Table 1: Differences between Contraction Theory and Lyapunov Theory.

Contraction theory (which constructs positive defi-
nite matrix M(x, t) that defines contraction metric)

Lyapunov direct method (which constructs Lya-
punov function V (x, t))

1. Lyapunov function
Always quadratic function of differential state δx
(V = δx>M(x, t)δx)

Any function of x, including V (x, t) = x>M(x, t)x

2. Stability condition
Exponential stability of trajectories including
points/invariant sets∗

Asymptotic or exponential stability of points and
invariant sets

3. Incremental stability
Incremental stability of trajectories using differen-
tial displacements (limt→∞ δx(t) = 0)

Incremental stability via stability of points
(limt→∞(x(t)− xd(t)) = 0 for given xd(t))

4. Non-autonomous system Same theory as for autonomous systems
Additional conditions required for non-autonomous
stability analysis

5. Robustness analysis
Intuitive both for ISS and finite-gain Lp stability
due to extensive use of exponential stability

Same as contraction theory if exponentially stable;
more involved if uniformly asymptotically stable

6. Analogy to linear system
LTV-like differential dynamics for global conver-
gence

Indirect methods use linearization for local stability
(direct methods use motion integrals)

7. L2 stability condition
Reduces to LMI conditions in terms of contraction
metric defined by positive definite matrix M

Hamilton-Jacobi inequality (PDE) in terms of Lya-
punov function V [3, p. 211]

8. Modular stability
Differential analysis handles hierarchical, feedback,
and parallel combinations [10]

Passivity is not intuitive for hierarchical combina-
tions

∗A semi-contracting system with a negative semi-definite generalized Jacobian matrix can be used to analyze asymptotic stability (see Sec. 8).

Part I: Nonlinear Stability Analysis (Sec. 2–4)

In Sec. 2, we present fundamental results of contrac-
tion theory for nonlinear robustness and stability anal-
ysis. Sections 3 and 4 consider nonlinear optimal feed-
back control and estimation problems from the perspective
of contraction theory, deriving and delineating a convex
optimization-based method for constructing contraction
metrics. Section 3 also presents some new results on relat-
ing contraction theory to the bounded real lemma [21] and
Kalman–Yakubovich–Popov (KYP) lemma [22, p. 218].

Part II: Learning-based Control (Sec. 5–9)

In Sec. 5, we derive several theorems which form the
basis of learning-based control using contraction theory.
Sections 6 and 7 present frameworks for learning-based
control, estimation, and motion planning via contraction
theory using deep neural networks for designing contrac-
tion metrics, and Section 8 extends these results to para-
metric uncertain nonlinear systems with adaptive control
techniques. In Sec. 9, we propose model-free versions of
contraction theory for learning-based and data-driven con-
trol.

1.2. Related Work

In the remainder, we give an overview of each section
(Sec. 2–9) as well as a survey of related work.

Contraction Theory (Sec. 2)

According to contraction theory, all the solution trajec-
tories of a given nonlinear system converge to one single
trajectory incrementally and exponentially, regardless of
the initial conditions, if the system has a contraction met-
ric and its associated quadratic Lyapunov function of the
differential state [7] (see 1–3 of Table 1). This paper pri-
marily considers this generalized notion of stability, called

incremental exponential stability, which enables system-
atic learning-based and data-driven control synthesis with
formal robustness and stability guarantees. The purpose
of this section is not for proposing that other notions of
stability, such as traditional Lyapunov-based stability or
incremental asymptotic stability for semi-contraction sys-
tems, should be replaced by incremental exponential sta-
bility, but for clarifying its advantages to help determine
which of these concepts is the best fit when analyzing non-
linear robustness and stability (see Sec. 2 for the illustra-
tive examples).

In keeping with the use of the comparison lemma [3,
pp. 102-103, pp. 350-353], incremental exponential stabil-
ity naturally holds for non-autonomous nonlinear systems
without any additional conditions or modifications unlike
Lyapunov techniques (see, e.g., the examples and theorems
in [23]). Such aspects of contraction theory, including the
extensive use of exponential stability, result in intuitive
proofs on ISS and finite-gain Lp stability both for au-
tonomous and non-autonomous nonlinear systems, with-
out resorting to uniform asymptotic stability which makes
stability analysis much more involved than necessary [1–6].
In particular, perturbed systems with a time-varying tar-
get trajectory are non-autonomous, and thus contraction
theory allows us to easily obtain an explicit exponential
bound on its tracking error [7, 13, 16, 17, 24], leveraging
incremental stability of the perturbed system trajectories
with respect to the target trajectory (see 4 of Table 1).
Having such analytical bounds on the tracking error is al-
most essential for the safe and robust implementation of
automatic control schemes in real-world scenarios.

Contraction theory also simplifies input-output stabil-
ity analysis, such as Lp gain analysis of nonlinear systems
including the H∞ nonlinear optimal control problem [25–
32]. For example, in Lyapunov theory, the problem of
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finding a suitable Lyapunov function with the smallest
L2 gain boils down to solving a Partial Differential Equa-
tion (PDE) called the Hamilton-Jacobi inequality [3, p.
211], [25] in terms of its associated Lyapunov function. In
essence, since contraction theory utilizes a quadratic Lya-
punov function of the differential state for stability anal-
ysis, the problem could be solved with a Linear Matrix
Inequality (LMI) constraint [21] analogous to the KYP
lemma [22, p. 218] in LTV systems theory [13, 16, 17, 33],
as shall be shown in Sec. 3–4 (see 5–7 of Table 1). There
exist stochastic analogues of these stability results for non-
linear systems with stochastic perturbations [13, 16, 17, 34,
35], as shall be outlined also in this paper.

Another notable feature of contraction theory is mod-
ularity, which preserves contraction through parallel, feed-
back, and hierarchical combinations [9, 10], specific time-
delayed feedback communications [36], synchronized cou-
pled oscillations [11, 37], and synchronized networks [10,
24, 24, 37–40], expanding the results obtainable with the
passivity formalism of Lyapunov theory [41], [3, p. 227], [5,
p. 132] (see 8 of Table 1). Due to all these useful proper-
ties, extensions of contraction theory have been considered
in many different settings. These include, but are not lim-
ited to, stochastic contraction (Gaussian white noise [13,
16, 17, 34], Poisson shot noise and Lévy noise [35]), con-
traction for discrete and hybrid nonlinear systems [7, 8,
13, 17, 37, 42, 43], partial contraction [11], transverse con-
traction [44], incremental stability analysis of nonlinear
estimation (the Extended Kalman Filter (EKF) [45], non-
linear observers [16, 46], Simultaneous Localization And
Mapping (SLAM) [47]), generalized gradient descent based
on geodesical convexity [48], contraction on Finsler and
Riemannian manifolds [49–51], contraction on Banach and
Hilbert spaces for PDEs [52–54], non-Euclidean contrac-
tion [55], contracting learning with piecewise-linear ba-
sis functions [56], incremental quadratic stability analy-
sis [57], contraction after small transients [58], immersion
and invariance stabilizing controller design [59, 60], and
Lipschitz-bounded neural networks for robustness and sta-
bility guarantees [61–64].

Construction of Contraction Metrics (Sec. 3–4)

The benefits of contraction theory reviewed so far nat-
urally lead to a discussion on how to design a contraction
metric and corresponding Lyapunov function. There are
some cases in which we can analytically find them using
special structures of systems in question [1, 3, 5]. Among
these are Lagrangian systems [5, p. 392], where one easy
choice of positive definite matrices that define a contrac-
tion metric is the inertia matrix, or feedback linearizable
systems [65–69], where we could solve the Riccati equation
for a contraction metric as in LTV systems. This is also the
case in the context of state estimation (e.g., the nonlinear
SLAM problem can be reformulated as an LTV estimation
problem using virtual synthetic measurements [16, 47]).
Once we find a contraction metric and Lyapunov function
of a nominal nonlinear system for the sake of stability,

they could be used as a Control Lyapunov Function (CLF)
to attain stabilizing feedback control [3, 70, 71] or could
be augmented with an integral control law called adaptive
backstepping to recursively design a Lyapunov function for
strict- and output-feedback systems [72–75]. However, de-
riving an analytical form of contraction metrics for general
nonlinear systems is challenging, and thus several search
algorithms have been developed for finding them at least
numerically using the LMI nature of the contraction con-
dition.

The simplest of these techniques is the method of State-
Dependent Riccati Equation (SDRE) [76–78], which uses
the State-Dependent Coefficient (SDC) parameterization
(also known as extended linearization) of nonlinear sys-
tems for feedback control and state estimation synthe-
sis. Motivating optimization-based approaches to design
a contraction metric, it is proposed in [13, 16, 17] that
the Hamilton-Jacobi inequality for the finite-gain L2 sta-
bility condition can be expressed as an LMI when con-
traction theory is equipped with the extended linearity of
the SDC formulation. Specifically, in [13–15, 17], a convex
optimization-based framework for robust feedback control
and state estimation, named ConVex optimization-based
Steady-state Tracking Error Minimization (CV-STEM), is
derived to find a contraction metric that minimizes an up-
per bound of the steady-state distance between perturbed
and unperturbed system trajectories. In this context, we
could utilize Control Contraction Metrics (CCMs) [33, 79–
83] for extending contraction theory to the systematic de-
sign of differential feedback control δu = k(x, δx, u, t) via
convex optimization, achieving greater generality at the
expense of computational efficiency in obtaining u. Appli-
cations of the CCM to estimation, adaptive control, and
motion planning are discussed in [84], [85–87], and [80, 88–
91], respectively, using geodesic distances between trajec-
tories [50]. It is also worth noting that the objective func-
tion of CV-STEM has the condition number of a positive
definite matrix that defines a contraction metric as one of
its arguments, rendering it applicable and effective even to
machine learning-based automatic control frameworks as
shall be seen in Sec. 5–9.

Contraction Theory for Learning-based Control (Sec. 5)

One drawback of these numerical schemes is that they
require solving optimization problems or nonlinear systems
of equations at each time instant online, which is not nec-
essarily realistic in practice. In Lyapunov theory, approxi-
mating functions in a given hypothesis space has therefore
been a standard technique [92–102], where examples of its
function classes include piecewise quadratic functions [92],
linearly parameterized non-quadratic functions [93], a lin-
ear combination of radial basis functions [94], Sum-Of-
Squares (SOS) functions [95], and neural networks [96, 97,
102]. In [68, 79], the SOS approximation is investigated
for the case of contraction theory, showing that the con-
traction condition can be relaxed to SOS conditions for dy-
namics with polynomial or rational vector fields. Although
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computationally tractable, it still has some limitations in
that the problem size grows exponentially with the num-
ber of variables and basis functions [103]. Learning-based
and data-driven control using contraction theory [14, 15,
104, 105] has been developed to refine these ideas, using
the high representational power of DNNs [106–108] and
their scalable training realized by stochastic gradient de-
scent [48, 109].

The major advantage of using contraction theory for
learning-based and data-driven control is that, by regard-
ing its internal learning error as an external disturbance,
we can ensure the distance between the target and learned
trajectories to be bounded exponentially with time as in
the CV-STEM results [14, 15, 104, 105], with its steady-
state upper bound proportional to the learning error. Such
robustness and incremental stability guarantees are useful
for formally evaluating the performance of machine learn-
ing techniques such as reinforcement learning [110–113],
imitation learning [114–118], or neural networks [106–108].
This implies contraction theory could be utilized as a cen-
tral tool in realizing safe and robust operations of learning-
based and data-driven control, estimation, and motion
planning schemes in real-world scenarios. We especially
focus on the following areas of research.

Learning-based Robust Control and Estimation (Sec. 6)

In order to achieve real-time computation of a con-
traction metric, mathematical models based on a Deep
Neural Network (DNN) called a Neural Contraction Met-
ric (NCM) [14] and Neural Stochastic Contraction Metric
(NSCM) [15] are derived to compute optimal CV-STEM
contraction metrics for nonlinear systems perturbed by de-
terministic and stochastic disturbances, respectively. It
can be proven that the NCM and NSCM still yield ro-
bustness and optimality associated with the CV-STEM
framework despite having non-zero modeling errors [119].
These metrics could also be synthesized and learned si-
multaneously with their feedback control laws directly by
DNNs [91, 119, 120] at the expense of the convex property
in the CV-STEM formulation.

Learning-based Robust Motion Planning (Sec. 7)

In [80, 121], contraction theory is leveraged to develop
a tracking feedback controller with an optimized control
invariant tube, solving the problem of robust motion plan-
ning under bounded external disturbances. This prob-
lem is also considered for systems with changing oper-
ating conditions [88] and parametric uncertainty [89–91]
for its broader use in practice. As these methods still re-
quire online computation of a target trajectory, Learning-
based Autonomous Guidance with RObustness and Sta-
bility (LAG-ROS) [105] is developed to model such robust
control laws including the CV-STEM by a DNN, without
explicitly requiring the target or desired trajectory as its
input. While this considers motion planning algorithms
only implicitly to avoid solving them in real-time, it is
shown that contraction theory still allows us to assure a

property of robustness against deterministic and stochas-
tic disturbances following the same argument as in the
NCM and NSCM work [105]. Note that LAG-ROS using
contraction theory is not intended to derive new learning-
based motion planning, but rather to augment any exist-
ing motion planner with a real-time method of guarantee-
ing formal incremental robustness and stability, and thus
still applicable to other methods such as tube-based ro-
bust Model Predictive Control (MPC) [80, 121–125], its
dynamic and adaptive counterparts [88–91], and CCM-
based learning certified control [120].

Learning-based Adaptive Control (Sec. 8)

Adaptive control using contraction theory is studied
in [75] for parametric strict-feedback nonlinear systems,
and recently generalized to deal with systems with un-
matched parametric uncertainty by means of parameter-
dependent CCM feedback control [85, 86]. This method is
further explored to develop an adaptive Neural Contrac-
tion Metric (aNCM) [104], a parameter-dependent DNN
model of the adaptive CV-STEM contraction metric. As
the name suggests, the aNCM control makes adaptive con-
trol of [85, 86] implementable in real-time for asymptotic
stabilization, while maintaining the learning-based robust-
ness and CV-STEM-type optimality of the NCM. Although
it is designed to avoid the computation for evaluating inte-
grals involving geodesics unlike [85, 86], these differential
state feedback schemes could still be considered, trading
off added computational cost for generality. It is demon-
strated in [104] that the aNCM is applicable to many types
of systems such as robotics systems [5, p. 392], spacecraft
high-fidelity dynamics [126, 127], and systems modeled by
basis function approximation and DNNs [128, 129]. Dis-
crete changes could be incorporated in this framework us-
ing [87, 130].

Contraction Theory for Learned Models (Sec. 9)

Recent applications of machine learning often consider
challenging scenarios in the field of systems and control
theory, where we only have access to system trajectory
data generated by unknown underlying dynamics, and the
assumptions in the aforementioned adaptive control tech-
niques are no longer valid. For situations where the data
is used for system identification of full/residual dynam-
ics [61, 64, 81, 131] by a spectrally-normalized DNN [132],
we can show by contraction theory that the model-based
approaches (e.g. CV-STEM and NCM) are still utilizable
to guarantee robustness against dynamics modeling errors
and external disturbances. It is also proposed in [133]
that we could directly learn certificate functions such as
contraction metrics and their associated Lyapunov func-
tions using trajectory data. Note that some of the theo-
retical results on gradient descent algorithms, essential in
the field of data-driven machine learning, can be replaced
by more general ones based on contraction and geodesical
convexity [48].

4



Table 2: Notations used in this paper.

‖x‖ Euclidean norm of x ∈ Rn

δx Differential displacement of x ∈ Rn

‖A‖ Induced 2-norm of A ∈ Rn×m

‖A‖F Frobenius norm of A ∈ Rn×m

sym(A) Symmetric part of A ∈ Rn×n, i.e., (A+A>)/2

λmin(A) Minimum eigenvalue of A ∈ Rn×n

λmax(A) Maximum eigenvalue of A ∈ Rn×n

I Identity matrix of appropriate dimensions

E Expected value operator

P Probability measure

R>0 Set of positive reals, i.e., {a ∈ R|a ∈ (0,∞)}
R≥0 Set of non-negative reals, i.e., {a ∈ R|a ∈ [0,∞)}

1.3. Notation

For a square matrix An×n, we use the notation A � 0,
A � 0, A ≺ 0, and A � 0 for the positive definite, positive
semi-definite, negative definite, negative semi-definite ma-
trices, respectively. The Lp norm in the extended space
Lpe [3, pp. 196-197], p ∈ [1,∞], is defined as ‖(y)τ‖Lp =(∫ τ

0
‖y(t)‖p

)1/p
< ∞ for p ∈ [1,∞) and ‖(y)τ‖L∞ =

supt≥0 ‖(y(t))τ‖ <∞ for p =∞, where (y(t))τ is a trunca-
tion of y(t), i.e., (y(t))τ = 0 for t > τ and (y(t))τ = y(t) for
0 ≤ t ≤ τ with τ ∈ R≥0. Furthermore, we use fx = ∂f/∂x,
Mxi = ∂M/∂xi, and Mxixj = ∂2M/(∂xi∂xj), where xi
and xj ate the ith and jth elements of x ∈ Rn, for de-
scribing partial derivatives in a limited space. The other
notations are given in Table 2.

Part I: Nonlinear Stability Analysis

2. Contraction Theory

We present a brief review of the results from [7, 10,
11, 13, 16, 17, 24, 34]. They will be extensively used to
provide formal robustness and stability guarantees for a
variety of systems in the subsequent sections, simplifying
and generalizing Lyapunov theory.

2.1. Fundamentals

Consider the following smooth non-autonomous (i.e.,
time-varying) nonlinear system:

ẋ(t) = f(x(t), t) (1)

where t ∈ R≥0 is time, x : R≥0 7→ Rn the system state,
and f : Rn × R≥0 7→ Rn is a smooth function. Note
that the smoothness of f(x, t) guarantees existence and
uniqueness of the solution to (1) for a given x(0) = x0 at
least locally [3, pp. 88-95].

Definition 2.1. A differential displacement, δx, is de-
fined as an infinitesimal displacement at a fixed time as

𝛿𝑧
𝛿𝑧̇

Two neighboring 
trajectories𝑽

𝑡

Lyapunov Theory Contraction Theory

𝑡

Figure 1: Lyapunov theory and contraction theory, where V is a Lya-
punov function and δz = Θ(x, t)δx for M(x, t) = Θ(x, t)Θ(x, t)> � 0
that defines a contraction metric (see Theorem 2.1).

used in the calculus of variation [134, p. 107], and (1)
yields the following differential dynamics:

δẋ(t) =
∂f

∂x
(x(t), t)δx(t) (2)

where f(x(t), t) is given in (1).

Let us first present a special case of the comparison
lemma [3, pp. 102-103, pp. 350-353] to be used extensively
throughout this paper.

Lemma 2.1. Suppose that a continuously differentiable
function v ∈ R≥0 7→ R satisfies the following differential
inequality:

v̇(t) ≤ −γv(t) + c, v(0) = v0, ∀t ∈ R≥0

where γ ∈ R>0, c ∈ R, and v0 ∈ R. Then we have

v(t) ≤ v0e
−γt +

c

γ
(1− e−γt), ∀t ∈ R≥0.

Proof. See [3, pp. 659-660]. �

2.1.1. Contraction Theory and Contraction Metric

In Lyapunov theory, nonlinear stability of (1) is studied
by constructing a Lyapunov function V (x, t), one example
of which is V = x>P (x, t)x. However, finding V (x, t) for
general nonlinear systems is challenging as V (x, t) can be
any scalar function of x (e.g., a candidate V (x, t) can be
obtained by solving a PDE [3, p. 211]). In contrast, as
summarized in Table 1, contraction theory uses a differen-
tial Lyapunov function that is always a quadratic function
of δx, i.e., V (x, δx, t) = δx>M(x, t)δx, thereby character-
izing a necessary and sufficient condition for incremental
exponential convergence of the multiple nonlinear system
trajectories to one single trajectory. Thus, the problem
of finding V for stability analysis boils down to finding
a finite-dimensional positive-definite matrix M , as illus-
trated in Figure 1 [7]. These properties to be derived in
Theorem 2.1, which hold both for autonomous (i.e. time-
invariant) and non-autonomous systems, epitomize signifi-
cant methodological simplifications of stability analysis in
contraction theory.

Theorem 2.1. If there exists a uniformly positive defi-
nite matrix M(x, t) = Θ(x, t)>Θ(x, t) � 0, ∀x, t, where
Θ(x, t) defines a smooth coordinate transformation of δx,
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i.e., δz = Θ(x, t)δx, s.t. either of the following equivalent
conditions holds for ∃α ∈ R>0, ∀x, t:

λmax(F (x, t)) = λmax

((
Θ̇ + Θ

∂f

∂x

)
Θ−1

)
≤ −α (3)

Ṁ +M
∂f

∂x
+
∂f

∂x

>
M � −2αM (4)

where the arguments (x, t) of M(x, t) and Θ(x, t) are omit-
ted for notational simplicity, then all the solution trajec-
tories of (1) converge to a single trajectory exponentially
fast regardless of their initial conditions (i.e., contracting,
see Definition 2.3), with an exponential convergence rate
α. The converse also holds.

Proof. The proof of this theorem can be found in [7],
but here we emphasize the use of the comparison lemma
given in Lemma 2.1. Taking the time-derivative of a dif-
ferential Lyapunov function of δx (or δz), V = δz>δz =
δx>M(x, t)δx, using the differential dynamics (2), we have

V̇ (x, δx, t) = 2δz>Fδz = δx>
(
Ṁ +

∂f

∂x

>
M +M

∂f

∂x

)
δx

≤ −2αδz>δz = −2αδx>M(x, t)δx

where the conditions (3) and (4) are used with the gen-
eralized Jacobian F in (3) obtained from δż = Θ̇δx +
Θδẋ = Fδz. We get d‖δz‖/dt ≤ −α‖δz‖ by d‖δz‖2/dt =
2‖δz‖d‖δz‖/dt, which then yields ‖δz(t)‖ ≤ ‖δz0‖e−αt by
the comparison lemma of Lemma 2.1. Hence, any infinites-
imal length ‖δz(t)‖ and ‖δx(t)‖, as well as δz and δx, tend
to zero exponentially fast. By path integration (see Defini-
tion 2.2 and Theorem 2.3), this immediately implies that
the length of any finite path converges exponentially to
zero from any initial conditions.

Conversely, consider an exponentially convergent sys-
tem, which implies the following for ∃β > 0 and ∃k ≥ 1:

‖δx(t)‖2 ≤ −k‖δx(0)‖2e−2βt (5)

and define a matrix-valued function Ξ(x(t), t) ∈ Rn×n (not
necessarily Ξ � 0) as

Ξ̇ = −2βΞ− Ξ
∂f

∂x
− ∂f

∂x

>
Ξ, Ξ(x(0), 0) = kI. (6)

Note that, for V = δx>Ξδx, (6) gives V̇ = −2βV , resulting
in V = −k‖δx(0)‖2e−2βt. Substituting this into (5) yields

‖δx(t)‖2 = δx(t)>δx(t) ≤ V = δx(t)>Ξ(x(t), t)δx(t) (7)

which indeed implies that Ξ � I � 0 as (7) holds for any
δx. Thus, Ξ satisfies the contraction condition (4), i.e., Ξ
defines a contraction metric (see Definition 2.3) [7]. �

Remark 2.1. Since M of Theorem 2.1 is positive defi-
nite, i.e., v>Mv = ‖Θv‖2 ≥ 0, ∀v ∈ Rn, and ‖Θv‖2 = 0
if and only if v = 0, the equation Θv = 0 only has a trivial
solution v = 0. This implies that Θ is always non-singular
(i.e., Θ(x, t)−1 always exists).

Definition 2.2. Let ξ0(t) and ξ1(t) denote some solution
trajectories of (1). We say that (1) is incrementally expo-
nentially stable if ∃C,α > 0 s.t. the following holds [12]:

‖ξ1(t)− ξ0(t)‖ ≤ Ce−αt‖ξ0(0)− ξ1(0)‖

for any ξ0(t) and ξ1(t). Note that, since we have ‖ξ1(t)−
ξ0(t)‖ = ‖

∫ ξ1
ξ0
δx‖ (see Theorem 2.3), Theorem 2.1 implies

incremental stability of the system (1).

Definition 2.3. The system (1) satisfying the conditions
in Theorem 2.1 is said to be contracting, and a uniformly
positive definite matrix M that satisfies (4) defines a con-
traction metric. As to be discussed in Theorem 2.3 of
Sec. 2.2, a contracting system is incrementally exponen-
tially stable in the sense of Definition 2.2.

Example 2.1. One of the distinct features of contraction
theory in Theorem 2.1 is incremental stability with expo-
nential convergence. Consider the example given in [135]:

d

dt

[
x1

x2

]
=

[
−1 x1

−x1 −1

] [
x1

x2

]
. (8)

A Lyapunov function V = ‖x‖2/2 for (8), where x =
[x1, x2]>, yields V̇ ≤ −2V . Thus, (8) is exponentially
stable with respect to x = 0. The differential dynamics of
(8) is given as

d

dt

[
δx1

δx2

]
=

[
−1 + x2 x1

−2x1 −1

] [
δx1

δx2

]
. (9)

and the contraction condition (4) for (9) can no longer
be proven by V = ‖δx‖2/2, due to the lack of the skew-
symmetric property of (8) in (9). This difficulty illustrates
the difference between Lyapunov theory and contraction
theory, where the former considers stability of (8) with re-
spect to the equilibrium point, while the latter analyzes ex-
ponential convergence of any couple of trajectories in (8)
with respect to each other (i.e., incremental stability in
Definition 2.2) [7, 135].

Example 2.2. Contraction defined by Theorem 2.1 guar-
antees incremental stability of their solution trajectories
but does not require the existence of stable fixed points.
Let us consider the following system for x : R≥0 7→ R:

ẋ = −x+ et. (10)

Using the constraint (4) of Theorem 2.1, we can easily
verify that (10) is contracting as M = I defines its con-
traction metric with the contraction rate α = 1. However,
since (10) has x(t) = et/2 + (x(0)− 1/2)e−t as its unique
solution, it is not stable with respect to any fixed point.

Example 2.3. Consider a Linear Time-Invariant (LTI)
system, ẋ = f(x) = Ax. Lyapunov theory states that the
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origin is globally exponentially stable if and only if there ex-
ists a constant positive-definite matrix P ∈ Rn×n s.t. [136,
pp. 67-68]

∃ε > 0 s.t. PA+A>P � −εI. (11)

Now, let p = ‖P‖. Since −I � −P/p, (11) implies that
PA + A>P ≤ −(ε/p)P , which shows that M = P with
α = ε/(2p) satisfies (4) due to the relation ∂f/∂x = A.

The contraction condition (4) can thus be viewed as a
generalization of the Lyapunov stability condition (11) (see
the generalized Krasovskii’s theorem [5, pp. 83-86]) in a
nonlinear non-autonomous system setting, expressed in the
differential formulation that permits a non-constant metric
and pure differential coordinate change [7]. Furthermore,
if f(x, t) = A(t)x and M = I, (4) results in A(t)+A(t)> �
−2αI (i.e., all the eigenvalues of the symmetric matrix
A(t)+A(t)> remain strictly in the left-half complex plane),
which is a known sufficient condition for stability of Linear
Time-Varying (LTV) systems [5, pp. 114-115].

Example 2.4. Most of the learning-based techniques in-
volving neural networks are based on optimizing their hy-
perparameters by gradient descent [109]. Contraction the-
ory provides a generalized view on the analysis of such
continuous-time gradient-based optimization algorithms [48].

Let us consider a twice differentiable scalar output func-
tion f : Rn × R 7→ R, a matrix-valued function M : Rn 7→
Rn×n with M(x) � 0, ∀x ∈ Rn, and the following natural
gradient system [137]:

ẋ = h(x, t) = −M(x)−1∇xf(x, t). (12)

Then, f is geodesically α-strongly convex for each t in the
metric defined by M(x) (i.e., H(x) � αM(x) with H(x)
being the Riemannian Hessian matrix of f with respect to
M [138]), if and only if (12) is contracting with rate α in
the metric defined by M as in (4) of Theorem 2.1, where
A = ∂h/∂x. More specifically, the Riemannian Hessian
verifies H(x) = −(Ṁ + MA + A>M)/2. See [48] for de-
tails.

Remark 2.2. Theorem 2.1 can be applied to other vector
norms of ‖δz‖p with, e.g., p = 1 or p =∞ [7]. It can also
be shown that for a contracting autonomous system of the
form ẋ = f(x), all trajectories converge to an equilibrium
point exponentially fast.

2.1.2. Partial Contraction

Although satisfying the condition (4) of Theorem 2.1
guarantees exponential convergence of any couple of tra-
jectories in (1), proving their incremental stability with
respect to a subset of these trajectories possessing a spe-
cific property could be sufficient for some cases [13–15, 17],
leading to the concept of partial contraction [11].

Theorem 2.2. Consider the following nonlinear system
with the state x ∈ R≥0 7→ Rn and the auxiliary or virtual

system with the state q ∈ R≥0 7→ Rn:

ẋ(t) =g(x(t), x(t), t) (13)

q̇(t) =g(q(t), x(t), t) (14)

where g : Rn×Rp×R≥0 → Rn is a smooth function. Sup-
pose that (14) is contracting with respect to q. If a particu-
lar solution of (14) verifies a smooth specific property, then
all trajectories of (13) verify this property exponentially.

Proof. The theorem statement follows from Theorem 2.1
and the fact that q = x and a trajectory with the specific
property are particular solutions of (14) (see [11] for de-
tails). �

The importance of this theorem lies in the fact that
we can analyze contraction of some specific parts of the
system (13) while treating the rest as a function of the
time-varying parameter x(t). Strictly speaking, the sys-
tem (13) is said to be partially contracting, but we will not
distinguish partial contraction from contraction of Defini-
tion 2.3 in this paper for simplicity. Instead, we will use
the variable q when referring to partial contraction of The-
orem 2.2.

Examples of a trajectory with a specific property in-
clude the target trajectory xd of feedback control in (57),
or the trajectory of actual dynamics x for state estimation
in (90) and (91) to be discussed in the subsequent sections.
Note that contraction can be regarded as a particular case
of partial contraction.

Example 2.5. Let us illustrate the role of partial contrac-
tion using the following nonlinear system [135]:

ẋ = −D(x)x+ u, ẋd = −D(xd)xd

where x is the system state, xd is the target state, u is the
control input designed as u = −K(x)(x − xd) + (D(x) −
D(xd))xd, and D(x)+K(x) � 0. We could define a virtual
system, which has q = x and q = xd as its particular
solutions, as follows:

q̇ = −(D(x) +K(x))(q − xd)−D(xd)xd. (15)

Since we have δq̇ = −(D(x)+K(x))δq and D(x)+K(x) �
0, (15) is contracting with M = I in (4). However, if we
consider the following virtual system:

q̇ = −(D(q) +K(q))(q − xd)−D(xd)xd (16)

which also has q = x and q = xd as its particular solutions,
proving contraction is no longer straightforward because of
the terms ∂D/∂qi and ∂K/∂qi in the differential dynam-
ics of (16). This is due to the fact that, in contrast to
(15), (16) has particular solutions nonlinear in q in addi-
tion to q = x and q = xd, and the condition (4) becomes
more involved for (16) as it is for guaranteeing exponen-
tial convergence of any couple of these particular solution
trajectories [135].
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Example 2.6. As one of the key applications of partial
contraction given in Theorem 2.2, let us consider the fol-
lowing closed-loop Lagrangian system [5, p. 392]:

H(q)q̈ + C(q, q̇)q̇ + G(q) = u(q, q̇, t) (17)

u(q, q̇, t) = H(q)q̈r + C(q, q̇)q̇r + G(q)−K(t)(q̇− q̇r) (18)

where q, q̇ ∈ Rn, q̇r = q̇d(t) − Λ(t)(q − qd(t)), H : Rn 7→
Rn×n, C : Rn × Rn 7→ Rn×n, G : Rn 7→ Rn, K : R≥0 7→
Rn×n, Λ : R≥0 7→ Rn×n, and (qd, q̇d) is the target tra-
jectory of the state (q, q̇). Note that K,Λ � 0 are control
gain matrices (design parameters), and Ḣ − 2C is skew-
symmetric with H � 0 by construction.

By comparing with (17) and (18), we define the follow-
ing virtual observer-like system of q (not q) that has q = q̇

and q = q̇r as its particular solutions:

H(q)q̇ + C(q, q̇)q +K(t)(q − q̇) + G(q) = u(q, q̇, t) (19)

which gives H(q)δq̇+(C(q, q̇)+K(t))δq = 0. We thus have
that

d

dt
(δq>H(q)δq) = δq>(Ḣ − 2C − 2K)δq = −2δq>Kδq (20)

where the skew-symmetry of Ḣ − 2C is used to obtain the
second equality. Since K � 0, (20) indicates that the vir-
tual system (19) is partially contracting in q with H defin-
ing its contraction metric. Contraction of the full state
(q, q̇) will be discussed in Example 2.7.

Note that if we treat the arguments (q, q̇) of H and C
also as the virtual state q, we end up having additional
terms such as ∂H/∂qi, which makes proving contraction
analytically more involved as in Example 2.5.

As can be seen from Examples 2.5 and 2.6, the role of
partial contraction in theorem 2.2 is to provide some in-
sight on stability even for cases where it is difficult to prove
contraction for all solution trajectories as in Theorem 2.1.
Although finding a contraction metric analytically for gen-
eral nonlinear systems is challenging, we will see in Sec. 3
and Sec. 4 that the convex nature of the contraction con-
dition (4) helps us find it numerically.

2.2. Path-Length Integral and Robust Incremental Stabil-
ity Analysis

Theorem 2.1 can also be proven by using the trans-
formed squared length integrated over two arbitrary solu-
tions of (1) [7, 13, 16, 17, 24], which enables formalizing
its connection to incremental stability discussed in Defi-
nition 2.3. Note that the integral forms (21) and (22) to
be given in Theorem 2.3 are useful for handling perturbed
systems with external disturbances as shall be seen in The-
orems 2.4–2.8.

Theorem 2.3. Let ξ0 and ξ1 be the two arbitrary solu-
tions of (1), and define the transformed squared length with
M(x, t) of Theorem 2.1 as follows:

Vs` (x, δx, t) =

∫ ξ1

ξ0

‖δz‖2 =

∫ 1

0

∂x

∂µ

>
M (x, t)

∂x

∂µ
dµ (21)

where x is a smooth path parameterized as x(µ = 0, t) =
ξ0(t) and x(µ = 1, t) = ξ1(t) by µ ∈ [0, 1]. Also, define the
path integral with the transformation Θ(x, t) for M(x, t) =
Θ(x, t)>Θ(x, t) as follows:

V`(x, δx, t) =

∫ ξ1

ξ0

‖δz‖ =

∫ ξ1

ξ0

‖Θ(x, t)δx‖. (22)

Then (21) and (22) are related as

‖ξ1 − ξ0‖ =

∥∥∥∥∥
∫ ξ1

ξ0

δx

∥∥∥∥∥ ≤ V`√
m
≤
√
Vs`
m

(23)

where M(x, t) � mI, ∀x, t for ∃m ∈ R>0, and Theorem 2.1
can also be proven by using (21) and (22) as a Lyapunov-
like function, resulting in incremental exponential stabil-
ity of the system (1) (see Definition 2.2). Note that the
shortest path integral V` of (22) with a parameterized state
x (i.e., inf V` =

√
inf Vs`) defines the Riemannian dis-

tance and the path integral of a minimizing minimizing
geodesic [79].

Proof. Using M(x, t) � mI which gives
√
m‖ξ1 − ξ0‖ ≤

V`, we have ‖ξ1 − ξ0‖ = ‖
∫ ξ1
ξ0
δx‖ ≤ V`/

√
m of (23). The

inequality V` ≤
√
Vs` of (23) can be proven by applying the

Cauchy–Schwarz inequality [139, p. 316] to the functions
ψ1(µ) = ‖Θ(x, t)(∂x/∂µ)‖ and ψ2(µ) = 1

We can also see that computing V̇s` of (21) using the
differential dynamics of (2) yields

V̇s` =

∫ 1

0

∂x

∂µ

>
(
Ṁ +M

∂f

∂x
+
∂f

∂x

>
M

)
∂x

∂µ
dµ

to have V̇s` ≤ −2αVs` and V̇` ≤ −αV` by the contraction
conditions (3) and (4). Since these hold for any ξ0 and
ξ1, the incremental exponential stability results in Theo-
rem 2.1 follow from the comparison lemma of Lemma 2.1
(see also [13, 16, 17], and [79, 80] for the discussion on the
geodesic). �

2.2.1. Deterministic Perturbation

Let ξ0(t) be a solution of the system (1). It is now
perturbed as

ẋ = f(x, t) + d(x, t) (24)

and let ξ1(t) denote a trajectory of (24). Then a virtual
system of a smooth path q(µ, t) parameterized by µ ∈
[0, 1], which has q(µ = 0, t) = ξ0 and q(µ = 1, t) = ξ1 as
its particular solutions is given as follows:

q̇(µ, t) = f(q(µ, t), t) + dµ(µ, ξ1, t) (25)

where dµ(µ, ξ1, t) = µd(ξ1, t). Since contraction means
exponential convergence, a contracting system exhibits a
superior property of robustness [7, 24].
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Theorem 2.4. If the system (1) satisfies (3) and (4) of
Theorem 2.1 (i.e., the system (1) is contracting), then the

path integral V`(q, δq, t) =
∫ ξ1
ξ0
‖Θ(q, t)δq‖ of (22), where ξ0

is a solution of the contracting system (1), ξ1 is a solution
of the perturbed system (24), and q is the virtual state of
(25), exponentially converges to a bounded error ball as
long as Θd ∈ L∞ (i.e., supx,t ‖Θd‖ < ∞). Specifically, if

∃m,m ∈ R>0 and ∃d̄ ∈ R≥0 s.t. d̄ = supx,t ‖d(x, t)‖ and

mI �M(x, t) � mI, ∀x, t (26)

then we have the following relation:

‖ξ1(t)− ξ0(t)‖ ≤ V`(0)√
m
e−αt +

d̄

α

√
m

m
(1− e−αt) (27)

where V`(t) = V`(q(t), δq(t), t) for notational simplicity.

Proof. Using the contraction condition (4), we have for
M = Θ>Θ given in Theorem 2.1 that

d

dt
‖Θ(q, t)∂µq‖ =(2‖Θ(q, t)∂µq‖)−1 d

dt
∂µq
>M(q, t)∂µq

≤− α‖Θ(q, t)∂µq‖+ ‖Θ(q, t)∂µdµ‖

where ∂µq = ∂q/∂µ and ∂µdµ = ∂dµ/∂µ = d(ξ1, t). Tak-
ing the integral with respect to µ gives

d

dt

∫ 1

0

‖Θ∂µq‖dµ ≤
∫ 1

0

−α‖Θ∂µq‖+ ‖Θd(ξ1, t)‖dµ

which implies V̇`(t) ≤ −αV`(t) + supq,ξ1,t ‖Θ(q, t)d(ξ1, t)‖
for V` in (22) of Theorem 2.3. Thus, applying the compar-
ison lemma (see Lemma 2.1) results in

V`(t) ≤ e−αtV`(0) + sup
q,ξ1,t

‖Θ(q, t)d(ξ1, t)‖
1− e−αt

α
. (28)

By using ξ1 − ξ0 =
∫ ξ1
ξ0
δx and ‖ξ1 − ξ0‖ = ‖

∫ ξ1
ξ0
δx‖ ≤∫ ξ1

ξ0
‖δx‖ ≤

∫ ξ1
ξ0
‖Θ−1‖‖δz‖, we obtain

√
inft λmin(M)‖ξ1−

ξ0‖ ≤ V` =
∫ ξ1
ξ0
‖δz‖, and thus

‖ξ1 − ξ0‖ ≤
e−αtV`(0)√
inft λmin(M)

+
supq,ξ1,t ‖Θd‖√

inft λmin(M)

1− e−αt
α

.

This relation with the bounds on M and d gives (27). �

2.2.2. Stochastic Perturbation

Next, consider the following dynamical system modeled
by the Itô stochastic differential equation:

dx = f(x, t)dt+G(x, t)dW (t) (29)

where G : Rn × R≥0 → Rn×w is a matrix-valued func-
tion and W : R≥0 7→ Rw is a w-dimensional Wiener pro-
cess [140, p. 100] (see also [140, p. xii] for the notations

used). For the sake of existence and uniqueness of the
solution, we assume in (29) that

∃L ∈ R≥0 s.t. ‖f(x, t)− f(x′, t)‖+ ‖G(x, t)−G(x′, t)‖F
≤ L‖x− x′‖, ∀t ∈ R≥0, ∀x, x′ ∈ Rn (30)

∃L̄ ∈ R≥0 s.t. ‖f(x, t)‖2 + ‖G(x, t)‖2F
≤ L̄(1 + ‖x‖2), ∀t ∈ R≥0, ∀x ∈ Rn. (31)

In order to analyze the incremental stability property of
(29) as in Theorem 2.3, we consider two trajectories ξ0(t)
and ξ1(t) of stochastic nonlinear systems with Gaussian
white noise, driven by two independent Wiener processes
W0(t) and W1(t):

dξi =f(ξi, t)dt+Gi(ξi, t)dWi(t), i = 0, 1. (32)

One can show that (29) has a unique solution x(t) which
is continuous with probability one under the conditions
(30) and (31) (see [140, p. 105] and [16, 34]), leading
to the following lemma as in the comparison lemma of
Lemma 2.1.

Lemma 2.2. Suppose that Vs` of (21) satisfies the follow-
ing inequality:

L Vs` ≤ −γVs` + c (33)

where γ ∈ R>0, c ∈ R≥0, and L denotes the infinitesimal
differential generator of the Itô process given in [141, p.
15]. Then we have the following bound [34]:

E
[
‖ξ1(t)− ξ0(t)‖2

]
≤ 1

m

(
E[Vs`(0)]e−γt +

c

γ

)
(34)

where Vs`(0) = Vs`(x(0), δx(0), 0) for Vs` in (21), m is
given in (26), ξ0 and ξ1 are given in (32), and E denotes
the expected value operator. Furthermore, the probability
that ‖ξ1 − ξ0‖ is greater than or equal to ε ∈ R>0 is given
as

P [‖ξ1(t)− ξ0(t)‖ ≥ ε] ≤ 1

ε2m

(
E[Vs`(0)]e−γt +

c

γ

)
. (35)

Proof. The bound (34) follows from Theorem 2 of [34]
(see also [13, 16, 17, 142, 143] and [141, p. 10] (Dynkin’s
formula)). The probability tracking error bound (35) then
follows from Markov’s inequality [144, pp. 311-312]. �

Remark 2.3. Although Lemma 2.2 considers the second
moment of ‖ξ1(t)− ξ0(t)‖, i.e., E[‖ξ1(t)− ξ0(t)‖2], it can
be readily generalized to the p-th moment of ‖ξ1(t)−ξ0(t)‖,
i.e., E[‖ξ1(t)− ξ0(t)‖p], applying the Lyapunov-based tech-
nique proposed in [145].

A virtual system of a smooth path q(µ, t) parame-
terized by µ ∈ [0, 1], which has q(µ = 0, t) = ξ0 and
q(µ = 1, t) = ξ1 of (32) as its particular solutions, is given
as follows:

dq(µ, t) = f(q(µ, t), t)dt+G(µ, ξ0, ξ1, t)dW (t) (36)
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where G(µ, ξ0, ξ1, t) = [(1 − µ)G0(ξ0, t), µG1(ξ1, t)] and
W = [W >

0 ,W >
1 ]>. As a consequence of Lemma 2.2, show-

ing stochastic incremental stability between ξ0 and ξ1 of
(32) reduces to proving the relation (33), similar to the
deterministic case in Theorems 2.1 and 2.4.

Theorem 2.5. Suppose that ∃ḡ0 ∈ R≥0 and ∃ḡ1 ∈ R≥0

s.t. supx,t ‖G1(x, t)‖F = ḡ0 and supx,t ‖G1(x, t)‖F = ḡ1

in (32). Suppose also that there exists M(x, t) � 0, ∀x, t,
s.t. Mxi = ∂M/∂xi is Lipschitz with respect to x for all
i = 1, · · · , n, i.e., ∃Lm ∈ R≥0 s.t.

‖Mxi(x, t)−Mxi(x
′, t)‖ ≤ Lm‖x− x′‖, ∀x, x′, t, i. (37)

Also, suppose that M of (37) satisfies (26) and (4) with its
right-hand side replaced by −2αM−αsI for αs = Lm(ḡ2

0 +
ḡ2

1)(αG + 1/2), i.e.,

Ṁ +M
∂f

∂x
+
∂f

∂x

>
M � −2αM − αsI (38)

where αG ∈ R>0 is an arbitrary constant (see (42)). Then,
the following error bound of incremental stability holds:

E
[
‖ξ1(t)− ξ0(t)‖2

]
≤ E[Vs`(0)]

m
e−2αt +

C

2α

m

m
(39)

where ξ0 and ξ1 are the trajectories given in (32), Vs`(t) =

Vs`(q(t), δq(t), t) =
∫ ξ1
ξ0
δq>M(q, t)δq is given in (21) with

the virtual state q of (36), m and m are given in (26),
C = (ḡ2

0 + ḡ2
1)(2αG

−1 + 1), and E denotes the expected
value operator. Furthermore, the probability that ‖ξ1− ξ0‖
is greater than or equal to ε ∈ R>0 is given as

P [‖ξ1(t)− ξ0(t)‖ ≥ ε] ≤ 1

ε2

(
E[Vs`(0)]

m
e−2αt +

C

2α

m

m

)
.

(40)

Proof. By definition of the infinitesimal differential gen-
erator given in Lemma 2.2 [141, p. 15], we have [13, 17]

L Vs` =

∫ 1

0

Vt +

n∑
i=1

(
Vqifi + V∂µqi

(
∂f

∂q
∂µq

)
i

)

+
1

2

n∑
i,j=1

(
Vqiqj (GG

>)ij + 2Vqi∂µqj (G∂µG
>)ij

+ V∂µqi∂µqj (∂µG∂µG
>)ij

)
dµ (41)

where V = ∂µq
>M(q, t)∂µq, ∂µq = ∂q/∂µ, ∂µG = ∂G/∂µ,

Vp = ∂V/∂p, and Vp1p2 = ∂2V/(∂p1∂p2).
Since Mxi is Lipschitz as in (37), we have ‖Mxixj‖ ≤

Lm and ‖Mxi‖ ≤
√

2Lmm using (26) as derived [15]. Com-
puting L Vs` of (41) using these bounds, the bounds of
‖G0‖F and ‖G1‖F , and ∂µG = ∂G/∂µ = [−G0, G1] as in

[13, 17] yields

L Vs` ≤
∫ 1

0

∂µq
>(Ṁ + 2 sym(Mfx))∂µqdµ

+ (ḡ2
0 + ḡ2

1)(Lm‖∂µq‖2/2 + 2
√

2Lmm‖∂µq‖+m)

≤
∫ 1

0

∂µq
>(Ṁ + 2 sym(Mfx) + αsI)∂µqdµ+ Cm

(42)

where αs = Lm(ḡ2
0 +ḡ2

1)(αG+1/2), C = (ḡ2
0 +ḡ2

1)(2αG
−1+

1), and the relation 2ab ≤ α−1
G a2 + αGb

2, which holds

for any a, b ∈ R and αG ∈ R>0, is used with a =
√

2m
and b =

√
Lm‖∂µx‖ to get the second inequality. This

reduces to L Vs` ≤ −2αVs` + mC under the condition
(38), resulting in (39) and (40) as a result of (34) and (35)
in Lemma 2.2. �

Remark 2.4. Although we consider the Gaussian white
noise stochastic differential equation (32) when referring
to stochastic systems in this paper, other types of stochas-
tic noises, including compound Poisson shot noise and
bounded-measure Lévy noise, could be considered as in The-
orem 2.5 using contraction theory [35].

2.3. Finite-Gain Lp Stability and Contraction of Hierar-
chically Combined Systems

Due to the simpler stability analysis of Theorem 2.1
when compared with Lyapunov theory, Input-to-State Sta-
bility (ISS) and input-output stability in the sense of finite-
gain Lp stability can be easily studied using contraction
theory [24].

Theorem 2.6. If (24) is perturbed by d(x, t) ∈ Lpe (i.e.,
‖(d)τ‖Lp < ∞ for τ ∈ R≥0 and p ∈ [1,∞], see Sec. 1.3)
and Theorem 2.1 holds, then (24) is finite-gain Lp stable

with p ∈ [1,∞] for an output y = h(x, d, t) with
∫ Y1

Y0
‖δy‖ ≤

η0

∫ ξ1
ξ0
‖δx‖+ η1‖d‖, ∃η0, η1 ≥ 0, i.e., ∀τ ∈ R≥0 [24]

∥∥∥∥∥
(∫ Y1

Y0

‖δy‖
)
τ

∥∥∥∥∥
Lp

≤
(η0

α
+ η1

) ‖(Θd)τ‖Lp√
m

+
η0ζV`(0)√

m

(43)

where Y0 and Y1 denote the output trajectories of the orig-
inal contracting system (1) and its perturbed system (24),
respectively, m is defined as M(x, t) � mI, ∀x, t, as in
(26), and V`(0) = V`(x(0), δx(0), 0) for V` in (22). Also,
ζ = 1 if p = ∞ and ζ = 1/(αp)1/p if p ∈ [1,∞). The
perturbed system (24) also exhibits ISS.

Proof. In keeping with Theorem 5.1 of [3], (28) also im-
plies the following relation for M = Θ>Θ:

‖(V`)τ‖Lp ≤ V`(0)‖(e−αt)τ‖Lp + ‖e−αt‖L1‖(Θd)τ‖Lp
≤ V`(0)ζ + ‖(Θd)τ‖Lp/α. (44)
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Since we have ‖Θ−1‖ ≤ 1/
√
m for M = Θ>Θ, (43) can

be obtained by using both (44) and the known bound of
‖δy‖, thereby yielding a finite Lp gain independently of τ .
ISS can be guaranteed by Lemma 4.6 of [3, p. 176], which
states that exponential stability of an unperturbed system
results in ISS. �

Theorems 2.1–2.6 are also applicable to the hierarchi-
cally combined system of two contracting dynamics due to
Theorem 2.7 [9, 10].

Theorem 2.7. Consider the following hierarchically com-
bined system of two contracting dynamics:

d

dt

[
δz0

δz1

]
=

[
F00 0
F10 F11

] [
δz0

δz1

]
(45)

where F = F00 and F = F11 both satisfy the contraction
condition (3), and suppose that it is subject to perturbation

[d0, d1]>. Then the path length integral V`,i(t) =
∫ ξ1
ξ0
‖δzi‖

with i = 0, 1 between the original and perturbed dynamics
trajectories, ξ0 and ξ1, respectively, verifies [7]

V̇`,0 + α0V`,0 ≤ ‖Θ0d0‖ (46)

V̇`,1 + α1V`,1 ≤ ‖Θ1d1‖+

∫ ξ1

ξ0

‖F10‖‖δz1‖ (47)

where αi = supx,t |λmax(Fii)|, i = 0, 1. Hence, the error
bounds of V`,0(t) and V`,1(t) can be obtained using Theo-
rem 2.4 if ‖F10‖ is bounded. In particular, if ‖Θidi‖ ≤√
mid̄i, i = 0, 1, the relations (46) and (47) yield V`,0(t) ≤

V`,0(0)e−α0t + (
√
m0d̄0/α0)(1− e−α0t) as in (27), and

V`,1(t) ≤V`,1(0)e−α1t +

√
m1d̄1 + f̄10V̄0

α1
(1− e−α1t) (48)

where f̄10 = supt∈R≥0
‖F10‖ and V̄0 = V`,0(0)+

√
m0d̄0/α0.

Also, similar to Theorem 2.6, we have ‖(V`,0)τ‖Lp ≤
V`,0(0)ζ0 + ‖(Θ0d0)τ‖Lp/α0, and thus a hierarchical con-
nection for finite-gain Lp stability can be established as
follows [24]:

‖(V`,1)τ‖Lp ≤V`,1(0)ζ1 +
‖(Θ1d1)τ‖Lp + f̄10‖(V`,0)τ‖Lp

α1

(49)

where ζi = 1 if p = ∞ and ζi = 1/(αip)
1/p if p ∈ [1,∞)

for i = 0, 1. By recursion, this result can be extended to
an arbitrary number of hierarchically combined groups.

Proof. Applying the comparison lemma of Lemma 2.1 to
(46) and (47), which follow from the differenital dynamics
(45) with the condition (3), we get (48) as in Theorem 2.4.
Similarly, (49) follows from obtaining ‖(V`,0)τ‖Lp by (44)
using (46), and then recursively obtaining ‖(V`,1)τ‖Lp us-
ing (47) as in Theorem 2.6 [24]. �

Example 2.7. As demonstrated in Example 2.6, the La-
grangian virtual system (19) is contracting with respect to

q, having q = q̇ and q = q̇r = q̇d −Λ(q− qd) as its partic-
ular solutions. Let q0 = q for such q. The virtual system
of q1 which has [q>0 , q

>
1 ]> = [q̇>, q>]> and [q̇>r , q

>
d ]> as its

particular solutions is given as

q̇1 = q0 − Λ(q1 − q)

resulting in δq̇1 = Iδq0 − Λδq1. Since the virtual sys-
tem of q0 is contracting as in Example 2.6 and the virtual
system δq̇1 = −Λδq1 is contracting in q1 due to Λ � 0,
(48) of Theorem 2.7 implies that the whole system (17) for
[q>0 , q

>
1 ]> is hierarchically contracting and robust against

perturbation in the sense of Theorem 2.7 (F10 = I in
this case). Also, see [24, 40] for the hierarchical multi-
timescale separation of tracking and synchronization con-
trol for multiple Lagrangian systems.

2.4. Contraction Theory for Discrete-time Systems

Let us consider the following nonlinear system with
bounded deterministic perturbation dk : Rn × N 7→ Rn
with d̄ ∈ R≥0 s.t. d̄ = supx,k ‖dk(x, k)‖:

x(k + 1) = fk(x(k), k) + dk(x(k), k) (50)

where k ∈ N, x : N 7→ Rn is the discrete system state, and
fk : Rn × N 7→ Rn is a smooth function. Although this
tutorial paper focuses mainly on continuous-time nonlinear
systems, let us briefly discuss contraction theory for (50)
to imply that the techniques in the subsequent sections are
applicable also to discrete-time nonlinear systems.

Let ξ0(k) and ξ1(k) be solution trajectories of (50) with
dk = 0 and dk 6= 0, respectively. Then a virtual system
of q(µ, k) parameterized by µ ∈ [0, 1], which has q(µ =
0, k) = ξ0(k) and qk(µ = 1, k) = ξ1(k) as its particular
solutions, can be expressed as follows:

q(µ, k + 1) = fk(q(µ, k), k) + µdk(ξ1(k), k). (51)

The discrete version of robust contraction in Theorem 2.4
is given in the following theorem.

Theorem 2.8. Let x(k) = xk and q(µ, k) = qk for any
k ∈ N for simplicity. If there exists a uniformly posi-
tive definite matrix Mk(xk, k) = Θk(xk, k)>Θk(xk, k) �
0, ∀xk, k, where Θk defines a smooth coordinate transfor-
mation of δxk, i.e., δzk = Θk(xk, k)δxk, s.t. either of
the following equivalent conditions holds for ∃α ∈ (0, 1),
∀xk, k:∥∥∥∥Θk+1(xk+1, k + 1)

∂fk
∂xk

Θk(xk, k)−1

∥∥∥∥ � α (52)

∂fk
∂xk

>
Mk+1(xk+1, k + 1)

∂fk
∂xk

� α2Mk(xk, k) (53)

then we have the following bound as long as we have mI �
Mx(xk, k) � mI, ∀xk, k, as in (26):

‖ξ1(k)− ξ0(k)‖ ≤ V`(0)√
m
αk +

d̄(1− αk)

1− α

√
m

m
(54)
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where V`(k) =
∫ ξ1
ξ0
‖Θk(qk, k)δqk‖ as in (22) for the un-

perturbed trajectory ξ0, perturbed trajectory ξ1, and virtual
state qk = q(k) given in (51).

Proof. If (52) or (53) holds, we have that

V`(k + 1) ≤
∫ 1

0

‖Θk+1(∂qkfk(qk, k)∂µqk + dk(xk, k))‖dµ

≤ α
∫ 1

0

‖Θk(qk, k)∂µqk‖dµ+ d̄
√
m = αV`(k) + d̄

√
m

where Θk+1 = Θk+1(qk+1, k + 1), ∂qkfk(qk, k) = ∂fk/∂qk,
and ∂µqk = ∂qk/∂µ. Applying this inequality iteratively
results in (54).

Theorem 2.8 can be used with Theorem 2.4 for sta-
bility analysis of hybrid nonlinear systems [8, 37, 42], or
with Theorem 2.5 for stability analysis of discrete-time
stochastic nonlinear systems [13, 17, 42]. For example, it
is shown in [13] that if the time interval in discretizing (1)
as (50) is sufficiently small, contraction of discrete-time
systems with stochastic perturbation reduces to that of
continuous-time systems.

We finally remark that the steady-state upper bounds
of (27) in Theorem 2.4, (39) in Theorem 2.5, and (54) in
Theorem 2.8 are all functions of m/m. This property is
to be used extensively in Sec. 4 for designing a convex
optimization-based control and estimation synthesis algo-
rithm via contraction theory.

3. Robust Nonlinear Control and Estimation via
Contraction Theory

As shown in Theorem 2.4 for deterministic disturbance
and in Theorem 2.5 for stochastic disturbance, contraction
theory provides explicit bounds on the distance of any cou-
ple of perturbed system trajectories. This property is use-
ful in designing robust and optimal feedback controllers for
a nonlinear system such as H∞ control [25–33, 146, 147],
which attempts to minimize the system L2 gain for opti-
mal disturbance attenuation.

Since most of such feedback control and estimation
schemes are based on the assumption that we know a Lya-
punov function candidate, this section delineates one ap-
proach to solve a nonlinear optimal feedback control prob-
lem via contraction theory [13, 17], thereby proposing one
explicit way to construct a Lyapunov function and con-
traction metric for general nonlinear systems for the sake
of robustness. This approach is also utilizable for optimal
state estimation problems as shall be seen in Sec. 4.

We consider the following smooth nonlinear system,
perturbed by bounded deterministic disturbances dc(x, t)
with supx,t ‖dc(x, t)‖ = d̄c ∈ R≥0 or by Gaussian white
noise W (t) with supx,t ‖Gc(x, t)‖F = ḡc ∈ R≥0:

ẋ = f(x, t) +B(x, t)u+ dc(x, t) (55)

dx = (f(x, t) +B(x, t)u)dt+Gc(x, t)dW (t) (56)

ẋd = f(xd, t) +B(xd, t)ud (57)

where x : R≥0 7→ Rn is the system state, u ∈ Rm is the sys-
tem control input, f : Rn×R≥0 7→ Rn and B : Rn×R≥0 7→
Rn×m are known smooth functions, dc : Rn × R≥0 7→ Rn
and Gc : Rn × R≥0 7→ Rn×w are unknown bounded func-
tions for external disturbances, and W : R≥0 7→ Rw is a
w-dimensional Wiener process. Also, for (57), xd : R≥0 7→
Rn and ud : R≥0 7→ Rm denote the desired target state
and control input trajectories, respectively.

Remark 3.1. We consider control-affine nonlinear sys-
tems (55)–(57) in Sec. 3, 4, and 6–8. This is primarily
because the controller design techniques for control-affine
nonlinear systems are less complicated than those for con-
trol non-affine systems (which often result in u given im-
plicitly by u = k(x, u, t) [82, 83]), but still utilizable even
for the latter, e.g., by treating u̇ as another control in-
put (see Example 3.1), or by solving the implicit equation
u = k(x, u, t) iteratively with a discrete-time controller (see
Example 3.2 and Remark 3.3).

Example 3.1. By using u̇ instead of u in (55) and (56), a
control non-affine system, ẋ = f(x, u, t), can be rewritten
as

d

dt

[
x
u

]
=

[
f(x, u, t)

0

]
+

[
0
I

]
u̇

which can be viewed as a control-affine nonlinear system
with the state [x>, u>]> and control u̇.

Example 3.2. One drawback of the technique in Exam-
ple 3.1 is that we have to control u̇ instead of u, which
could be difficult in practice. In this case, we can utilize
the following control non-affine nonlinear system decom-
posed into control-affine and non-affine parts:

ẋ = f(x, u, t) = fa(x, t) +Ba(x, t)u+ r(x, u, t)

where r(x, u, t) = f(x, u, t)−fa(x, t)−Ba(x, t)u. The con-
troller u can now be designed implicitly as

Ba(x, t)u = Ba(x, t)u∗ − r(x, u, t) (58)

where u∗ is a stabilizing controller for the control-affine
system ẋ = fa(x, t) + Ba(x, t)u∗. Since solving such an
implicit equation in (58) in real-time could be unrealistic in
practice, we will derive a learning-based approach to solve
it iteratively for unknown r(x, u, t), without deteriorating
its stability performance (see Lemma 9.1 and Theorem 9.2
of Sec. 9).

3.1. Overview of Nonlinear Control and Estimation

We briefly summarize the advantages and disadvan-
tages of existing nonlinear feedback control and state esti-
mation schemes, so that one can identify which strategy is
appropriate for their study and refer to the relevant parts
of this tutorial paper.
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Table 3: Comparison between SDC and CCM Formulation (note that γ(µ = 0, t) = xd and γ(µ = 1, t) = x).

SDC formulation (Theorem 4.2) [13–17] CCM formulation (Theorem 4.6) [79, 80]

Control law u = ud −K(x, xd, ud, t)(x− xd) or ud −K(x, t)(x− xd) u = ud +
∫ 1
0 k(γ(µ, t), ∂µγ(µ, t), u, t)dµ

Computation Evaluates K for given (x, xd, ud, t) as in LTV systems Computes geodesics γ for given (x, xd, t) and integrates k

Generality Captures nonlinearity by (multiple) SDC matrices Handles general differential dynamics

Contraction Depends on (x, xd, ud, t) or (x, t) (partial contraction) Depends on (x, t) (contraction)

3.1.1. Systems with Known Lyapunov Functions

As discussed in Sec. 1.2, there are several nonlinear sys-
tems equipped with a known contraction metric/Lyapunov
function, such as Lagrangian systems [5, p. 392], whose in-
ertia matrixH(q) defines its contraction metric (see Exam-
ple 2.6), or the nonlinear SLAM problem [16, 47] with vir-
tual synthetic measurements, which can be reduced to an
LTV estimation problem [47]. Once we have a contraction
metric/Lyapunov function, stabilizing control and estima-
tion laws can be easily derived by using, e.g., [3, 70, 71].
Thus, those dealing primarily with such nonlinear systems
should skip this section and proceed to Part II of this paper
(Sec. 5–9) on learning-based and data-driven control using
contraction theory. Note that these known contraction
metrics are not necessarily optimal, and the techniques
to be derived in Sec. 3 and Sec. 4 are for obtaining con-
traction metrics with an optimal disturbance attenuation
property [13, 17].

3.1.2. Linearization of Nonlinear Systems

If a contraction metric of a given nonlinear system is
unknown, we could linearize it to apply methodologies in-
spired by LTV systems theory such as H∞ control [27–32],
iterative Linear Quadratic Regulator (iLQR) [148, 149],
or Extended Kalman Filter (EKF). Their stability is typ-
ically analyzed by decomposing f(x, t) as f(x, t) = Ax +
(f(x, t)−Ax) assuming that the nonlinear part f(x, t)−Ax
is bounded, or by finding a local contraction region for the
sake of local exponential stability as in [14, 45]. Since the
decomposition f(x, t) = Ax+ (f(x, t)−Ax) allows apply-
ing the result of Theorem 2.4, we could exploit the tech-
niques in Sec. 3 and Sec. 4 for providing formal robustness
and optimality guarantees for the LTV systems-type ap-
proaches. For systems whose nonlinear part f(x, t)−Ax is
not necessarily bounded, Sec. 9.1 elucidates how contrac-
tion theory can be used to stabilize them with the learned
residual dynamics for control synthesis.

3.1.3. State-Dependent Coefficient (SDC) Formulation

It is shown in [13–17] that the SDC-based control and
estimation [76–78, 150], which capture nonlinearity using
a state-dependent matrix A(x, t) s.t. f(x, t) = A(x, t)x
(e.g., we have A(x, t) = cosx for f(x, t) = x cosx), result
in exponential boundedness of system trajectories both for
deterministic and stochastic systems due to Theorems 2.4
and 2.5 [14]. Because of the extended linear form of SDC

(see Table 3), the results to be presented in Sec. 3–4 based
on the SDC formulation are applicable to linearized dy-
namics that can be viewed as an LTV system with some
modifications (see Remark 3.2).

This idea is slightly generalized in [15] to explicitly con-
sider incremental stability with respect to a target trajec-
tory (e.g., xd for control and x for estimation) instead of
using A(x, t)x = f(x, t). Let us derive the following lemma
for this purpose [13, 15–17, 78].

Lemma 3.1. Let f : Rn×R≥0 7→ Rn and B : Rn×R≥0 7→
Rn×m be piecewise continuously differentiable functions.
Then there exists a matrix-valued function A : Rn × Rn ×
Rm × R≥0 7→ Rn×n s.t., ∀s ∈ Rn, s̄ ∈ Rn, ū ∈ Rm, and
t ∈ R≥0,

A(s, s̄, ū, t)e =f(s, t) +B(s, t)ū− f(s̄, t)−B(s̄, t)ū

where e = s− s̄, and one such A is given as follows:

A(s, s̄, ū, t) =

∫ 1

0

∂f̄

∂s
(cs+ (1− c)s̄, ū, t)dc (59)

where f̄(s, ū, t) = f(s, t) + B(s, t)ū. We call A an SDC
matrix if it is constructed to satisfy the controllability (or
observability for estimation) condition. Also, the choice of
A is not unique for n ≥ 2, where n is the number of states,
and the convex combination of such non-unique SDC ma-
trices also verifies extended linerization as follows:

f(s, t) +B(s, t)ū− f(s̄, t)−B(s̄, t)ū

= A(%, s, s̄, ū, t)(s− s̄) =

sA∑
i=1

%iAi(s, s̄, ū, t)(s− s̄) (60)

where % = (%1, · · · , %sA),
∑sA
i=1 %i = 1, %i ≥ 0, and each Ai

satisfies the relation f̄(s, ū, t)−f̄(s̄, ū, t) = Ai(s, s̄, ū, t)(s−
s̄).

Proof. The first statement on (59) follows from the in-
tegral relation given as∫ 1

0

df̄

dc
(cs+ (1− c)s̄, ū, t)dc = f̄(s, ū, t)− f̄(s̄, ū, t).

If there are multiple SDC matrices Ai, we clearly have
%iAi(s, s̄, ū, t)(s − s̄) = %i(f̄(s, ū, t) − f̄(s̄, ū, t)), ∀i, and
therefore, the relation

∑sA
i=1 %i = 1, %i ≥ 0 gives (60). �
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Example 3.3. Let us illustrate how Lemma 3.1 can be
used in practice taking the following nonlinear system as
an example:

ẋ = [x2,−x1x2]> + [0, cosx1]>u (61)

where x = [x1, x2]>. If we use (s, s̄, ū) = (x, xd, ud) in
Lemma 3.1 for a given target trajectory (xd, ud) that sat-
isfies (61), evaluating the integral of (59) gives

A1(x, xd, ud, t) = −
[

0 1
x2+x2d

2 − ud(cos x1−cos xd1)
x1−xd1

x1+x1d

2

]
(62)

due to the relation ∂f̄/∂s =
[

0 1
−s2 −s1

]
+
[

0 0
−ud sin s1 0

]
for

f̄(s, ud, t) = f(s, t) + B(s, t)ud, where xd = [x1d, x2d]
>.

Note that we have

(cosx1 − cosxd1)

x1 − xd1
= − sin

(
x1 + x1d

2

)
sinc

(
x1 − x1d

2

)
and thus A(x, xd, ud, t) is defined for all x, xd, ud, and t.
The SDC matrix (62) indeed verifies A1(x, xd, ud, t)(x −
xd) = f̄(x, t)− f̄(xd, t).

We can see that the following is also an SDC matrix
of the nonlinear system (61):

A2(x, xd, ud, t) = −
[

0 1

x2 − ud(cos x1−cos xd1)
x1−xd1 x1d

]
. (63)

Therefore, the convex combination of A1 in (62) and A2

in (63), A = %1A1 + %2A2 with %1 + %2 = 1, %1, %2 ≥ 0, is
also an SDC matrix due to Lemma 3.1.

The major advantage of the formalism in Lemma 3.1
lies in its systematic connection to LTV systems based on
uniform controllability and observability, adequately ac-
counting for the nonlinear nature of underlying dynam-
ics through A(%, x, xd, ud, t) for global stability, as shall
be seen in Sec. 3 and Sec. 4. Since A depends also on
(xd, ud) in this case unlike the original SDC matrix, we
could consider contraction metrics using a positive definite
matrix M(x, xd, ud, t) instead of M(x, t) in Definition 2.3,
to improve the representation power of M at the expense
of computational efficiency. Another interesting point is
that the non-uniqueness of A in Lemma 3.1 for n ≥ 2
creates additional degrees of freedom for selecting the co-
efficients %, which can also be treated as decision variables
in constructing optimal contraction metrics as proposed
in [13, 16, 17].

We focus mostly on the generalized SDC formulation
in Sec. 3 and Sec. 4, as it yields optimal control and es-
timation laws with global stability [15] while keeping the
analysis simple enough to be understood as in LTV sys-
tems theory.

Remark 3.2. This does not mean that contraction theory
works only for the SDC parameterized nonlinear systems

but implies that it can be used with the other techniques dis-
cussed in Sec. 3.1. For example, due to the extended linear
form given in Table 3, the results to be presented in Sec. 3
and in Sec. 4 based on the SDC formulation are applicable
to linearized dynamics that can be viewed as an LTV sys-
tem with some modifications, regarding the dynamics mod-
eling error term as an external disturbance as in Sec. 3.1.2.
Also, the original SDC formulation with respect to a fixed
point (e.g., (s, s̄, ū) = (x, 0, 0) in Lemma 3.1) can still be
used to obtain contraction conditions independent of a tar-
get trajectory (xd, ud) (see Theorem 3.2 for details).

3.1.4. Control Contraction Metric (CCM) Formulation

We could also consider using the partial derivative of
f of the dynamical system directly for control synthe-
sis through differential state feedback δu = k(x, δx, u, t).
This idea, formulated as the concept of a CCM [33, 79–
83], constructs contraction metrics with global stability
guarantees independently of target trajectories, achieving
greater generality while requiring added computation in
evaluating integrals involving minimizing geodesics. Simi-
lar to the CCM, we could design a state estimator using a
general formulation based on geodesics distances between
trajectories [50, 84]. These approaches are well compatible
with the convex optimization-based schemes in Sec. 4, and
hence will be discussed in Sec. 4.3.

The differences between the SDC and CCM formula-
tion are summarized in Table 3. Considering such trade-
offs would help determine which form of the control law
is the best fit when using contraction theory for nonlinear
stabilization.

Remark 3.3. For control non-affine nonlinear systems,
we could find f(x, u, t)−f(xd, ud, t) = A(x, xd, u, ud, t)(x−
xd) +B(x, xd, u, ud, t)(u− ud) by Lemma 3.1 on the SDC
formulation and use it in Theorem 4.2, although (64) has
to be solved implicitly as B depends on u in this case. A
similar approach for the CCM formulation can be found
in [82, 83]. As discussed in Example 3.2, designing such
implicit control laws will be discussed in Lemma 9.1 and
Theorem 9.2 of Sec. 9.1.

3.2. LMI Conditions for Contraction Metrics

We design a nonlinear feedback tracking control law
parameterized by a matrix-valued function M(x, xd, ud, t)
(or M(x, t), see Theorem 3.2) as follows:

u = ud −K(x, xd, ud, t)(x− xd) (64)

= ud −R(x, xd, ud, t)
−1B(x, t)>M(x, xd, ud, t)(x− xd)

where R(x, xd, ud, t) � 0 is a weight matrix on the input u
and M(x, xd, ud, t) � 0 is a positive definite matrix (which
satisfies the matrix inequality constraints for a contrac-
tion metric, to be given in Theorem 3.1). As discussed in
Sec. 3.1.3, the extended linear form of the tracking control
(64) enables LTV systems-type approaches to Lyapunov
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function construction, while being general enough to cap-
ture the nonlinearity of the underlying dynamics due to
Lemma 3.2 [105].

Lemma 3.2. Consider a general feedback controller u de-
fined as u = k(x, xd, ud, t) with k(xd, xd, ud, t) = ud, where
k : Rn × Rn × Rm × R≥0 7→ Rm. If k is piecewise contin-
uously differentiable, then ∃K : Rn × Rn × Rm × R≥0 7→
Rm×n s.t. u = k(x, xd, ud, t) = ud−K(x, xd, ud, t)(x−xd).

Proof. Using k(xd, xd, ud, t) = ud, u can be decomposed
as u = ud + (k(x, xd, ud, t) − k(xd, xd, ud, t)). Since we

have k(x, xd, ud, t) − k(xd, xd, ud, t) =
∫ 1

0
(dk(cx + (1 −

c)xd, xd, ud, t)/dc)dc, selecting K as

K = −
∫ 1

0

∂k

∂x
(cx+ (1− c)xd, xd, ud, t)dc

gives the desired relation [105]. �

Remark 3.4. Lemma 3.2 implies that designing optimal
k of u = k(x, xd, ud, t) reduces to designing the optimal
gain K(x, xd, ud, t) of u = ud−K(x, xd, ud, t)(x−xd). We
could also generalize this idea further using the CCM-based
differential feedback controller δu = k(x, δx, u, t) [33, 79–
83] (see Theorem 4.6).

Substituting (64) into (55) and (56) yields the following
virtual system of a smooth path q(µ, t), parameterized by
µ ∈ [0, 1] to have q(0, µ) = xd and q(1, t) = x, for partial
contraction in Theorem 2.2:

q̇(µ, t) =ζ(q(µ, t), x, xd, ud, t) + d(µ, x, t) (65)

dq(µ, t) =ζ(q(µ, t), x, xd, ud, t)dt+G(µ, x, t)dW (t) (66)

where d(µ, x, t) = µdc(x, t), G(µ, x, t) = µGc(x, t), and
ζ(q, x, xd, ud, t) is defined as

ζ =(A(%, x, xd, ud, t)−B(x, t)K(x, xd, ud, t))(q − xd)
+ f(xd, t) +B(xd, t)ud (67)

where A is the SDC matrix of Lemma 3.1 with (s, s̄, ū) =
(x, xd, ud). Setting µ = 1 in (65) and (66) results in (55)
and (56), respectively, and setting µ = 0 simply results in
(57). Consequently, both q = x and q = xd are particular
solutions of (65) and (66). If there is no disturbance acting
on the dynamics (55) and (56), the differential dynamics
of (65) and (66) for ∂µq = ∂q/∂µ is given as

∂µq̇ = (A(%, x, xd, ud, t)−B(x, t)K(x, xd, ud, t)) ∂µq. (68)

In [13–15, 17], it is proposed that the contraction condi-
tions of Theorems 2.1 and 2.5 for the closed-loop dynamics
(65) and (66) can be expressed as convex constraints as
summarized in Theorem 3.1.

Theorem 3.1. Let β be defined as β = 0 for deterministic
systems (55) and

β = αs = Lmḡ
2
c (αG + 1/2)

for stochastic systems (56), respectively, where ḡc is given
in (56), Lm is the Lipschitz constant of ∂M/∂xi for M
of (64), and αG ∈ R>0 is an arbitrary constant as in
Theorem 2.5. Also, let W = M(x, xd, ud, t)

−1 (or W =
M(x, t)−1, see Theorem 3.2), W̄ = νW , and ν = m. Then
the following three matrix inequalities are equivalent:

Ṁ +M
∂ζ

∂q
+
∂ζ

∂q

>
M � −2αM − βI, ∀µ ∈ [0, 1] (69)

Ṁ + 2 sym(MA)− 2MBR−1B>M � −2αM − βI (70)

− ˙̄W + 2 sym(AW̄ )− 2νBR−1B> � −2αW̄ − β

ν
W̄ 2 (71)

where ζ is as defined in (67). For stochastic systems with
β = αs > 0, these inequalities are also equivalent to[
− ˙̄W + 2 sym (AW̄ )− 2νBR−1B> + 2αW̄ W̄

W̄ − ν
β I

]
� 0.

(72)

Note that ν and W̄ are required for (71) and (72) and the
arguments (x, xd, ud, t) for each matrix are suppressed for
notational simplicity.

Furthermore, under these equivalent contraction condi-
tions, Theorems 2.4 and 2.5 hold for the virtual systems
(65) and (66), respectively. In particular, if mI �M � mI
of (26) holds, or equivalently

I � W̄ (x, xd, ud, t) � χI (73)

holds for χ = m/m, then we have the following bounds:

‖x(t)− xd(t)‖ ≤
V`(0)√
m
e−αt +

d̄c
α

√
χ(1− e−αt) (74)

E
[
‖x(t)− xd(t)‖2

]
≤ E[Vs`(0)]

m
e−2αt +

CC
2α

χ (75)

where Vs` =
∫ x
xd
δq>Mδq and V` =

∫ x
xd
‖Θδq‖ are as given

in Theorem 2.3 with M = Θ>Θ, the disturbance bounds
d̄c and ḡc are given in (55) and (56), respectively, and
CC = ḡ2

c (2αG
−1 + 1). Note that for stochastic systems,

the probability that ‖x − xd‖ is greater than or equal to
ε ∈ R>0 is given as

P [‖x(t)− xd(t)‖ ≥ ε] ≤
1

ε2

(
E[Vs`(0)]

m
e−2αt +

CC
2α

χ

)
.

(76)

Proof. Substituting (67) into (69) gives (70). Since ν > 0
and W � 0, multiplying (70) by ν and then by W from
both sides preserves matrix definiteness. Also, the resul-
tant inequalities are equivalent to the original ones [21,
p. 114]. These operations performed on (70) yield (71).
If β = αs > 0 for stochastic systems, applying Schur’s
complement lemma [21, p. 7] to (71) results in the Lin-
ear Matrix Inequality (LMI) constraint (72) in terms of W̄
and ν. Therefore, (69)–(72) are indeed equivalent.
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Also, since we have ‖∂µd(µ, x, t)‖ ≤ d̄c for d in (65) and
‖∂µG(µ, x, t)‖2F ≤ ḡ2

c for G in (66), the virtual systems in
(65) and (66) clearly satisfy the conditions of Theorems 2.4
and 2.5 if it is equipped with (69), which is equivalent
to (70)–(72). This implies the exponential bounds (74)–
(76) rewritten using χ = m/m, following the proofs of
Theorems 2.4 and 2.5. �

Because of the control and estimation duality in differ-
ential dynamics similar to that of the Kalman filter and
Linear Quadratic Regulator (LQR) in LTV systems, we
have an analogous robustness result for the contraction
theory-based state estimator as to be derived in Sec. 4.2.

Although the conditions (69)–(72) depend on (xd, ud),
we could also use the SDC formulation with respect to a
fixed point [13, 17] in Lemma 3.1 to make them indepen-
dent of the target trajectory as in the following theorem.

Theorem 3.2. Let (x̄, ū) be a fixed point selected arbi-
trarily in Rn × Rm, e.g., (x̄, ū) = (0, 0), and let A(x, t)
be an SDC matrix constructed with (s, s̄, ū) = (x, x̄, ū) in
Lemma 3.1, i.e.,

A(%, x, t)(x− x̄) = f(x, t) +B(x, t)ū− f(x̄, t)−B(x̄, t)ū.
(77)

Suppose that the contraction metric of Theorem 3.1 is de-
signed by M(x, t) with A of (77), independently of the tar-
get trajectory (xd, ud), and that the systems (55) and (56)
are controlled by

u = ud −R(x, t)−1B(x, t)>M(x, t)(x− xd) (78)

with such M(x, t), where R(x, t) � 0 is a weight matrix
on u. If the function φ(x, xd, ud, t) = A(%, x, t)(xd − x̄) +
B(x, t)(ud− ū) is Lipschitz in x with its Lipschitz constant
L̄, then Theorem 3.1 still holds with α of the conditions
(69)–(72) replaced by α + L̄

√
m/m. The same argument

holds for state estimation of Theorem 4.3 to be discussed
in Sec. 4.2.

Proof. The unperturbed virtual system of (55), (56), and
(57) with A of (77) and u of (78) is given as follows:

q̇ = (A(%, x, t)−B(x, t)K(x, t))(q − xd) (79)

+A(%, q, t)(xd − x̄) +B(q, t)(ud − ū) + f(x̄, t) +B(x̄, t)ū

where K(x, t) = R(x, t)−1B(x, t)>M(x, t). Following the
proof of Theorem 3.1, the computation of V̇ , where V =
δq>M(x, t)δq, yields an extra term

2δq>M
∂φ

∂q
(q, xd, ud, t)δq ≤ 2L̄

√
m

m
δq>Mδq (80)

due to the Lipschitz condition on φ, where φ(q, xd, ud, t) =
A(q, t)(xd− x̄) +B(q, t)(ud− ū). This indeed implies that
the system (79) is contracting as long as the conditions
(69)–(72) hold with α replaced by α+ L̄

√
m/m. The last

statement on state estimation follows from the nonlinear
control and estimation duality to be discussed in Sec. 4.2.

Remark 3.5. As demonstrated in [13], we could directly
use the extra term 2δq>M(∂φ/∂q)δq of (80) in (69)–(72)
without upper-bounding it, although now the constraints
of Theorem 3.2 depend on (x, q, t) instead of (x, t). Also,
the following two inequalities given in [13] with γ̄ = νγ,
γ ∈ R≥0:

− ˙̄W +AW̄ + W̄A> + γ̄I− νBR−1B> � 0[
γ̄I + νBR−1B> − W̄φ> − φW̄ − 2αW̄ W̄

W̄ ν
2αs

I

]
� 0.

are combined as one LMI (72) in Theorems 3.1 and 3.2.

Example 3.4. The inequalities in Theorem 3.1 can be in-
terpreted as in the Riccati inequality in H∞ control. Con-
sider the following system:

ẋ = Ax+Buu+Bww, z = Czx (81)

where A ∈ Rn×n, Bu ∈ Rn×m, Bw ∈ Rn×w, and Cz ∈
Ro×n are constant matrices, w ∈ Rw is an exogenous in-
put, and z ∈ Ro is a system output. As shown in [25]
and [21, p. 109], there exists a state feedback gain K =
R−1B>u P such that the L2 gain of the closed-loop system
(81), sup‖w‖6=0 ‖z‖/‖w‖, is less than or equal to γ if

2 sym (PA)− 2PBuR
−1B>u P +

PBwB
>
wP

γ2
+ C>z Cz � 0

(82)

has a solution P � 0, where R � 0 is a constant weight
matrix on the input u. If we select Bw and Cz to have
BwB

>
w � (P−1)2 and C>z Cz � 2αP for some α > 0, the

contraction condition (70) in Theorem 3.1 can be satisfied
with M = P , B = Bu, and β = 1/γ2 due to (82).

In Sections 3.3 and 3.4, we will discuss the relationship
to input-output stability theory as in Example 3.4, using
the results of Theorem 3.1.

3.3. Bounded Real Lemma in Contraction Theory

The LMI (72) of Theorem 3.1 can be interpreted as the
LMI condition for the bounded real lemma [151, p. 369].
Let us consider the following Hurwitz linear system with
ς(t) ∈ L2e, (i.e., ‖(ς)τ‖L2

<∞ for τ ∈ R≥0, see Sec. 1.3):

κ̇ = Aκ+ Bς(t), υ = Cκ+Dς(t). (83)

Setting κ = δq and viewing ς as external disturbance, this
system can be interpreted as the differential closed-loop
dynamics defined earlier in (68). The bounded real lemma
states that this system is L2 gain stable with its L2 gain
less than or equal to γ, i.e., ‖(υ)τ‖L2 ≤ γ‖(ς)τ‖L2 +const.,
or equivalently, the H∞ norm of the transfer function of
(83) is less than or equal to γ, if the following LMI for
P � 0 holds (see [151, p. 369]):[
Ṗ + 2 sym (PA) + C>C PB + C>D

B>P +D>C D>D − γ2I

]
� 0. (84)

Theorem 3.3 introduces the bounded real lemma in the
context of contraction theory.
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Theorem 3.3. Let A = A−BR−1B>M , B = M−1, C =√
2αΘ, and D = 0 in (83), where M = Θ>Θ, and the other

variables are as defined in Theorem 3.1. Then (84) with
P = M and γ = 1/

√
β is equivalent to (72), and thus (72)

implies L2 gain stability of (83) with its L2 gain less than
or equal to γ.

Proof. Multiplying (72) by ν−1 and then by [M 0
0 I ] from

both sides gives the following matrix inequality:

ν

[
Ṁ + 2 sym (M(A−BR−1B>M)) + 2αM I

I − 1
β I

]
� 0.

This is indeed equivalent to (84) if A = A− BR−1B>M ,
B = M−1, C =

√
2αΘ, D = 0, P = M , and γ = 1/

√
β.

Now, multiplying (84) by [δq>, ς>]> = [κ>, ς>]> for such
(A,B, C,D) gives

κ>(Ṗ + 2PA+ C>C)κ+ 2κ>PBς − γ2‖ς‖2 � 0

resulting in V̇ + ‖υ‖2 − γ2‖ς‖2 � 0 for V = κ>Pκ =
δq>Mδq. This implies L2 gain stability with its L2 gain
less than or equal to γ = 1/

√
β [3, p. 209]. �

3.4. KYP Lemma in Contraction Theory

Analogously to Theorem 3.3, the LMI (72) of Theo-
rem 3.1 can be understood using the Kalman-Yakubovich-
Popov (KYP) lemma [22, p. 218]. Consider the quadratic
Lyapunov function V = κ>Qκ with Q � 0, satisfying the
following output strict passivity (dissipativity) condition:

V̇ − 2ς>υ + (2/γ)υ>υ ≤ 0 (85)

which can be expanded by completing the square to have

V̇ ≤− ‖γ(ς − υ/γ)‖2 + γ‖ς‖2 − (1/γ)‖υ‖2

≤γ‖ς‖2 − (1/γ)‖υ‖2. (86)

This implies that we have ‖(υ)τ‖L2
≤ γ‖(ς)τ‖L2

+
√
γV (0)

by the comparison lemma [3, pp. 102-103, pp. 350-353],
leading to L2 gain stability with its L2 gain less than or
equal to γ [22, p. 218]. The condition (85) can be ex-
pressed equivalently as an LMI form as follows:Q̇+ 2sym(QA) + 2C>C

γ QB + C>
(

2D
γ − I

)
B>Q+

(
2D>
γ − I

)
C −(D> +D) + 2D>D

γ

 � 0

(87)

where A, B, C, and D are as defined in (83).

Theorem 3.4. If (87) holds, the LMI (84) for the bounded
real lemma holds with P = γQ, i.e., the system (83) is
L2 gain stable with its L2 gain less than or equal to γ.
Thus, for systems with A, B, C, and D defined in The-
orem 3.3, the condition (87) guarantees the contraction
condition (72) of Theorem 3.1.

Proof. Writing the inequality in (86) in a matrix form,
we have thatQ̇+ 2sym(QA) + 2C>C

γ QB + C>
(

2D
γ − I

)
B>Q+

(
2D>
γ − I

)
C −(D> +D) + 2D>D

γ


�
[
Q̇+ 2sym(QA) QB

B>Q 0

]
+

[
C>C
γ

C>D
γ

D>C
γ

D>D
γ

]
−
[
0 0
0 γI

]

=

[
Q̇+ 2sym(QA) + C>C

γ QB + C>D
γ

B>Q+ D>C
γ

D>D
γ − γI

]
.

Therefore, a necessary condition of (87) reduces to (84) if
Q = P/γ. The rest follows from Theorem 3.3. �

Example 3.5. Theorems 3.3 and 3.4 imply the following
statements.

• If (84) holds, the system is finite-gain L2 stable with γ
as its L2 gain.

• If (87) holds, the system is finite-gain L2 stable with γ
as its L2 gain.

• (85) is equivalent to (87), and to the output strict pas-
sivity condition with dissipation 1/γ [3, p. 231].

• If (87) holds (KYP lemma), (84) holds (bounded real
lemma). The converse is not necessarily true.

4. Convex Optimality in Robust Nonlinear Con-
trol and Estimation via Contraction Theory

Theorem 3.1 indicates that the problem of finding con-
traction metrics for general nonlinear systems could be
formulated as a convex feasibility problem. This section
thus delineates one approach, called the method of Con-
Vex optimization-based Steady-state Tracking Error Min-
imization (CV-STEM) [13–15, 17], to optimally design M
of Theorem 3.1 that defines a contraction metric and mini-
mizes an upper bound of the steady-state tracking error in
Theorem 2.4 or in Theorem 2.5 via convex optimization. In
particular, we present an overview of the SDC- and CCM-
based CV-STEM frameworks for provably stable and op-
timal feedback control and state estimation of nonlinear
systems, perturbed by deterministic and stochastic distur-
bances. It is worth noting that the steady-state bound is
expressed as a function of the condition number χ = m/m
as to be seen in (88) and (104), which renders the CV-
STEM applicable and effective even to learning-based and
data-driven control frameworks as shall be seen in Sec. 5.

4.1. CV-STEM Control

As a result of Theorems 2.4, 2.5, and 3.1, the control
law u = ud−K(x−xd) of (64) gives a convex steady-state
upper bound of the Euclidean distance between the system
trajectories, which can be used as an objective function
for the CV-STEM control framework in Theorem 4.2 [13–
15, 17].

17



Theorem 4.1. If one of the matrix inequalities of Theo-
rem 3.1 holds, we have the following bound for χ = m/m:

lim
t→∞

√
E [‖x− xd‖2] ≤ c0(α, αG)

√
χ ≤ c0(α, αG)χ (88)

where c0(α, αG) = d̄c/α for deterministic systems and

c0(α, αG) = ḡc

√
(2α−1

G + 1)/(2α) for stochastic systems,

with the variables given in Theorem 3.1.

Proof. Taking limt→∞ in the exponential tracking error
bounds (74) and (75) of Theorem 3.1 gives the first in-
equality of (88). The second inequality follows from the
relation 1 ≤

√
m/m ≤ m/m = χ due to m ≤ m. �

The convex optimization problem of minimizing (88),
subject to the contraction constraint of Theorem 3.1, is
given in Theorem 4.2, thereby introducing the CV-STEM
control [13–15, 17] for designing an optimal contraction
metric and contracting control policy as depicted in Fig. 2.

Theorem 4.2. Suppose that α, αG, d̄c, and ḡc in (88)
and the Lipschitz constant Lm of ∂M/∂xi in Theorem 3.1
are given. If the pair (A,B) is uniformly controllable, the
non-convex optimization problem of minimizing the upper
bound (88) is equivalent to the following convex optimiza-
tion problem, with the convex contraction constraint (71)
or (72) of Theorem 3.1 and I � W̄ � χI of (73):

J∗CV = min
ν∈R>0,χ∈R,W̄�0

c0χ+ c1ν + c2P (χ, ν, W̄ ) (89)

s.t. (71) and (73) for deterministic systems

s.t. (72) and (73) for stochastic systems

where W = M(x, xd, ud, t)
−1 for Theorem 3.1 or W =

M(x, t)−1 for Theorem 3.2, W̄ = νW , ν = m, χ = m/m,
c0 is as defined in (88) of Theorem 4.1, c1, c2 ∈ R≥0, and
P is a performance-based convex cost function.

The weight c1 for ν can be viewed as a penalty on the 2-
norm of the feedback control gain K of u = ud−K(x−xd)
in (64). Using non-zero c1 and c2 thus enables finding
contraction metrics optimal in a different sense. Further-
more, the coefficients of the SDC parameterizations % in
Lemma 3.1 (i.e., A =

∑
%iAi in (60)) can also be treated

as decision variables by convex relaxation, thereby adding
a design flexibility to mitigate the effects of external dis-
turbances while verifying the system controllability.

Proof. As proven in Theorems 3.1 and 4.1, mI � M �
mI of (26), the contraction constraint (69), and the objec-
tive (88) reduce to (89) with c1 = 0 and c2 = 0. Since the
resultant constraints are convex and the objective is affine
in terms of the decision variables ν, χ, and W̄ , the problem
(89) is indeed convex. Since we have supx,t ‖M‖ ≤ m = ν,
c1 can be used as a penalty to optimally adjust the induced
2-norm of the control gain (see Example 4.1). The SDC
coefficients % can also be utilized as decision variables for
controllability due to Proposition 1 of [13]. �

CV-STEM designs 
contraction metric 

& robust control

CV-STEM
Robust 
Control

Contracting Policy $∗
Contraction Metric w.r.t. %

!
!#

%" Convex 
Program

(CV-STEM)

CV-STEM 
Robust Control

$∗

State !
Time "

Target 
Trajectory 
(!# , $#) $#

Figure 2: Block diagram of CV-STEM.

Example 4.1. The weights c0 and c1 of the CV-STEM
control of Theorem 4.2 establish an analogous trade-off to
the case of the LQR with the cost weight matrices of Q
for state and R for control, since the upper bound of the
steady-state tracking error (88) is proportional to χ, and
an upper bound of ‖K‖ for the control gain K in (64), u =
ud−K(x−xd), is proportional to ν. In particular [14, 15],

• if c1 is much greater than c0 in (89) of Theorem 4.2, we
get smaller control effort but with a large steady-state
tracking error, and

• if c1 is much smaller than c0 in (89) of Theorem 4.2,
we get a smaller steady-state state tracking error but
with larger control effort.

This is also because the solution P � 0 of the LQR Riccati
equation [136, p. 89], −Ṗ = PA+A>P−PBR−1B>P+Q,
can be viewed as a positive definite matrix M that defines
a contraction metric as discussed in Example 2.3.

4.2. CV-STEM Estimation

We could also design an optimal state estimator anal-
ogously to the CV-STEM control of Theorem 4.2, due to
the differential nature of contraction theory that enables
LTV systems-type approaches to stability analysis. In par-
ticular, we exploit the estimation and control duality in
differential dynamics similar to that of the Kalman filter
and LQR in LTV systems.

Let us consider the following smooth nonlinear systems
with a measurement y(t), perturbed by deterministic dis-
turbances de0(x, t) and de1(x, t) with supx,t ‖de0(x, t)‖ =

d̄e0 ∈ R≥0 and supx,t ‖de1(x, t)‖ = d̄e1 ∈ R≥0, or by Gaus-
sian white noise W0(t) and W1(t) with supx,t ‖Ge0(x, t)‖F =
ḡe0 ∈ R≥0 and supx,t ‖Ge1(x, t)‖F = ḡe1 ∈ R≥0:

ẋ =f(x, t) + de0(x, t), y = h(x, t) + de1(x, t) (90)

dx =f(x, t)dt+Ge0dW0, ydt = h(x, t)dt+Ge1dW1 (91)

where t ∈ R≥0 is time, x : R≥0 7→ Rn is the system state,
y : R≥0 7→ Rm is the system measurement, f : Rn×R≥0 7→
Rn and h : Rn × R≥0 7→ Rm are known smooth func-
tions, de0 : Rn × R≥0 7→ Rn, de1 : Rn × R≥0 7→ R0,
Ge0 : Rn × R≥0 7→ Rn×w0 , and Ge1 : Rn × R≥0 7→ Rn×w1

are unknown bounded functions for external disturbances,
W0 : R≥0 7→ Rw0 and W1 : R≥0 7→ Rw1 are two inde-
pendent Wiener processes, and the arguments of Ge0(x, t)
and Ge1(x, t) are suppressed for notational convenience.
Let A(%a, x, x̂, t) and C(%c, x, x̂, t) be the SDC matrices
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given by Lemma 3.1 with (f, s, s̄, ū) replaced by (f, x̂, x, 0)
and (h, x̂, x, 0), respectively, i.e.

A(%a, x, x̂, t)(x̂− x) =f(x̂, t)− f(x, t) (92)

C(%c, x, x̂, t)(x̂− x) =h(x̂, t)− h(x, t). (93)

We design a nonlinear state estimation law parameterized
by a matrix-valued function M(x̂, t) as follows:

˙̂x =f(x̂, t) + L(x̂, t)(y − h(x̂, t)) (94)

=f(x̂, t) +M(x̂, t)C̄(%c, x̂, t)
>R(x̂, t)−1(y − h(x̂, t))

where C̄(%c, x̂, t) = C(%c, x̂, x̄, t) for a fixed trajectory x̄
(e.g., x̄ = 0, see Theorem 3.2), R(x̂, t) � 0 is a weight ma-
trix on the measurement y, and M(x̂, t) � 0 is a positive
definite matrix (which satisfies the matrix inequality con-
straint for a contraction metric, to be given in (99) of Theo-
rem 4.5). Note that we could use other forms of estimation
laws such as the EKF [14, 45, 152], analytical SLAM [47],
or SDC with respect to a fixed point [13, 16, 17], depend-
ing on the application of interest, which result in a similar
stability analysis as in Theorem 3.2.

4.2.1. Nonlinear Stability Analysis of SDC-based State Es-
timation using Contraction Theory

Substituting (94) into (90) and (91) yields the following
virtual system of a smooth path q(µ, t), parameterized by
µ ∈ [0, 1] to have q(µ = 0, t) = x and q(µ = 1, t) = x̂:

q̇(µ, t) =ζ(q(µ, t), x, x̂, t) + d(µ, x, x̂, t) (95)

dq(µ, t) =ζ(q(µ, t), x, x̂, t)dt+G(µ, x, x̂, t)dW (t) (96)

where d(µ, x, x̂, t) = (1 − µ)de0(x, t) + µL(x̂, t)de1(x, t),
G(µ, x, x̂, t) = [(1 − µ)Ge0(x, t), µL(x̂, t)Ge1(x, t)], W =
[W >

0 ,W >
1 ]>, and ζ(q, x, xd, ud, t) is defined as

ζ(q, x, x̂, t) =(A(%a, x, x̂, t)− L(x̂, t)C(%c, x, x̂, t))(q − x)

+ f(x, t). (97)

Note that (97) is constructed to contain q = x̂ and q =
x as its particular solutions of (95) and (96). If d = 0
and W = 0, the differential dynamics of (95) and (96) for
∂µq = ∂q/∂µ is given as

∂µq̇ = (A(%a, x, x̂, t)− L(x̂, t)C(%c, x, x̂, t)) ∂µq. (98)

The similarity between (68) (∂µq̇ = (A − BK)∂µq) and
(98) leads to the following theorem [13–15, 17]. Again,
note that we could also use the SDC formulation with re-
spect to a fixed point as delineated in Theorem 3.2 and as
demonstrated in [13, 16, 17].

Theorem 4.3. Suppose ∃ρ̄, c̄ ∈ R≥0 s.t. ‖R−1(x̂, t)‖ ≤ ρ̄,
‖C(%c, x, x̂, t)‖ ≤ c̄, ∀x, x̂, t. Suppose also that mI �M �
mI of (26) holds, or equivalently, I � W̄ � χI of (73)
holds with W = M(x̂, t)−1, W̄ = νW , ν = m, and χ =

m/m. As in Theorem 3.1, let β be defined as β = 0 for
deterministic systems (90) and

β =αs = αe0 + ν2αe1

=Lmḡ
2
e0(αG + 1/2)/2 + ν2Lmρ̄

2c̄2ḡ2
e1(αG + 1/2)/2

for stochastic systems (91), where 2αe0 = Lmḡ
2
e0(αG +

1/2), 2αe1 = Lmρ̄
2c̄2ḡ2

e1(αG + 1/2), Lm is the Lipschitz
constant of ∂W/∂xi, ḡe0 and ḡe1 are given in (91), and
∃αG ∈ R>0 is an arbitrary constant as in Theorem 2.5.

If M(x̂, t) in (94) is constructed to satisfy the following
convex constraint for ∃α ∈ R>0:

˙̄W + 2 sym (W̄A− νC̄>R−1C) � −2αW̄ − νβI (99)

then Theorems 2.4 and 2.5 hold for the virtual systems (95)
and (96), respectively, i.e., we have the following bounds
for e = x̂− x with ν = m and χ = m/m:

‖e(t)‖ ≤
√
mV`(0)e−αt +

d̄e0
√
χ+ ρ̄c̄d̄e1ν

α
(1− e−αt) (100)

E
[
‖e(t)‖2

]
≤ mE[Vs`(0)]e−2αt +

Ce0χ+ Ce1χν
2

2α
(101)

where Vs` =
∫ x̂
x
δq>Wδq and V` =

∫ x̂
x
‖Θδq‖ are given in

Theorem 2.3 with W = M−1 = Θ>Θ defining a contrac-
tion metric, the disturbance bounds d̄e0, d̄e1, ḡe0, and ḡe1
are given in (90) and (91), respectively, Ce0 = ḡ2

e0(2αG
−1+

1), and Ce1 = ρ̄2c̄2ḡ2
e1(2αG

−1+1). Note that for stochastic
systems, the probability that ‖e‖ is greater than or equal
to ε ∈ R>0 is given as

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
mE[Vs`(0)]e−2αt +

CE
2α

)
(102)

where CE = Ce0χ+ Ce1χν
2.

Proof. Theorem 3.1 indicates that (99) is equivalent to

Ẇ + 2 sym (WA− C̄>R−1C) � −2αW − βI. (103)

Computing the time derivative of a Lyapunov function
V = ∂µq

>W∂µq with ∂µq = ∂q/∂µ for the unperturbed
virtual dynamics (98), we have using (103) that

V̇ =∂µq
>W∂µq = ∂µq

>(Ẇ + 2WA− 2C̄>R−1C)∂µq

≤− 2αV − β‖∂µq‖2

which implies that W = M−1 defines a contraction metric.
Since we have m−1I �W � m−1I, V ≥ m−1‖∂µq‖2, and

‖Θ(x̂, t)∂µd‖ ≤d̄e0/
√
m+ d̄e1ρ̄c̄

√
m

‖∂µG‖2F ≤ḡ2
e0 + ρ̄2c̄2ḡ2

e1m
2

for d in (95) and G in (96), the bounds (100)–(102) follow
from the proofs of Theorems 2.4 and 2.5 [14, 15]. �

Remark 4.1. Although (99) is not an LMI due to the
nonlinear term −νβI on its right-hand side for stochastic
systems (91), it is a convex constraint as −νβ = −ναs =
−ναe0−ν3αe1 is a concave function for ν ∈ R>0 [15, 153].

19



4.2.2. CV-STEM Formulation for State Estimation

The estimator (94) gives a convex steady-state upper
bound of the Euclidean distance between x and x̂ as in
Theorem 4.1 [13–15, 17].

Theorem 4.4. If (99) of Theorem 4.3 holds, then we have
the following bound:

lim
t→∞

√
E [‖x̂− x‖2] ≤ c0(α, αG)χ+ c1(α, αG)νs (104)

where c0 = d̄e0/α, c1 = ρ̄c̄d̄e1/α, s = 1 for deterministic
systems (95), and c0 =

√
Ce0/(2α), c1 = Ce1/(2

√
2αCe0),

and s = 2 for stochastic systems (96), with Ce0 and Ce0
given as Ce0 = ḡ2

e0(2α−1
G +1) and Ce1 = ρ̄2c̄2ḡ2

e1(2α−1
G +1).

Proof. The upper bound (104) for deterministic systems
(95) follows from (100) with the relation 1 ≤ √χ ≤ χ due
to m ≤ m. For stochastic systems, we have using (101)
that

Ce0χ+ Ce1ν
2χ ≤ Ce0(χ+ (Ce1/(2Ce0))ν2)2

due to 1 ≤ χ ≤ χ2 and ν ∈ R>0. This gives (104) for
stochastic systems (96). �

Finally, the CV-STEM estimation framework is sum-
marized in Theorem 4.5 [13–15, 17].

Theorem 4.5. Suppose that α, αG, d̄e0, d̄e1, ḡe0, ḡe1, and
Lm in (99) and (104) are given. If the pair (A,C) is uni-
formly observable, the non-convex optimization problem of
minimizing the upper bound (104) is equivalent to the fol-
lowing convex optimization problem with the contraction
constraint (99) and I � W̄ � χI of (73):

J∗CV = min
ν∈R>0,χ∈R,W̄�0

c0χ+ c1ν
s + c2P (χ, ν, W̄ ) (105)

s.t. (99) and (73)

where c0, c1, and s are as defined in (104) of Theorem 4.4,
c2 ∈ R≥0, and P is some performance-based cost function
as in Theorem 4.2.

The weight c1 for νs indicates how much we trust the
measurement y(t). Using non-zero c2 enables finding con-
traction metrics optimal in a different sense in terms of
P . Furthermore, the coefficients of the SDC parameteri-
zations %a and %c in Lemma 3.1 (i.e., A =

∑
%a,iAi and

C =
∑
%c,iCi in (92) and (93)) can also be treated as de-

cision variables by convex relaxation [16], thereby adding
a design flexibility to mitigate the effects of external dis-
turbances while verifying the system observability.

Proof. The proposed optimization problem is convex as
its objective and constraints are convex in terms of deci-
sion variables χ, ν, and W̄ (see Remark 4.1). Also, larger
d̄e1 and ḡe1 in (90) and (91) imply larger measurement
uncertainty. Thus by definition of c1 in Theorem 4.4, the
larger the weight of ν, the less confident we are in y(t) (see
Example 4.2). The last statement on the SDC coefficients
for guaranteeing observability follows from Proposition 1
of [16] and Proposition 1 of [13]. �

Example 4.2. The weights c0 and c1 of the CV-STEM
estimation of Theorem 4.5 has an analogous trade-off to
the case of the Kalman filter with the process and sensor
noise covariance matrices, Q and P , respectively, since the
term c0χ in upper bound of the steady-state tracking error
in (104) becomes dominant if measurement noise is much
smaller than process noise (d̄e0 � d̄e1 or ḡe0 � ḡe1), and
the term c1ν

s becomes dominant if measurement noise is
much greater than process noise (d̄e0 � d̄e1 or ḡe0 � ḡe1).
In particular [14, 15],

• if c1 is much greater than c0, large measurement noise
leads to state estimation that responds slowly to unex-
pected changes in the measurement y (i.e. small esti-
mation gain due to ν = m ≥ ‖M‖), and

• if c1 is much smaller than c0, large process noise leads
to state estimation that responds fast to changes in the
measurement (i.e. large ν = m ≥ ‖M‖).

This is also because the solution Q = P−1 � 0 of the
Kalman filter Riccati equation [152, p. 375], Ṗ = AP +
PA> − PC>R−1CP +Q, can be viewed as a positive def-
inite matrix that defines a contraction metric as discussed
in Example 2.3.

4.3. Control Contraction Metrics (CCMs)

As briefly discussed in Remark 3.4, the concept of a
CCM [33, 79–83] is introduced to extend contraction the-
ory to design differential feedback control laws for control-
affine deterministic nonlinear systems (55), ẋ = f(x, t) +
B(x, t)u. Let us show that the CCM formulation could also
be considered in the CV-STEM control of Theorem 4.2,
where similar ideas have been investigated in [80, 119, 121].

Theorem 4.6. Suppose the CV-STEM control of Theo-
rem 4.2 is designed with its contraction condition replaced
by the following set of convex constraints along with I �
W̄ � χI of (73):

B>⊥

(
−∂W̄
∂t
− ∂fW̄ + 2 sym

(
∂f

∂x
W̄

)
+ 2αW̄

)
B⊥ ≺ 0

(106)

B>⊥

(
∂biW̄ − 2 sym

(
∂bi
∂x

W̄

))
B⊥ = 0,∀x, t, i (107)

where B⊥(x, t) is a matrix whose columns span the coker-
nel of B(x, t) defined as coker(B) = {a ∈ Rn|B>a = 0}
satisfying B>B⊥ = 0, bi(x, t) is the ith column of B(x, t),
W̄ (x, t) = νW (x, t), W (x, t) = M(x, t)−1 for M(x, t) that
defines a contraction metric, ν = m, χ = m/m, and
∂pF =

∑n
k=1(∂F/∂xk)pk for p(x, t) ∈ Rn and F (x, t) ∈

Rn×n. Then the controlled system (55) with dc = 0, i.e.,
ẋ = f(x, t) +B(x, t)u, is

1) universally exponentially open-loop controllable

2) universally exponentially stabilizable via sampled-data
feedback with arbitrary sample times
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3) universally exponentially stabilizable using continuous
feedback defined almost everywhere, and everywhere in
a neighborhood of the target trajectory

all with rate α and overshoot R =
√
m/m for m and m

given in mI � M � mI of (26). Such a positive definite
matrix M(x, t) defines a CCM.

Given a CCM, there exists a differential feedback con-
troller δu = k(x, δx, u, t) that stabilizes the following dif-
ferential dynamics of (55) with dc = 0 along all solutions
(i.e., the closed-loop dynamics is contracting as in Defini-
tion 2.3):

δẋ = A(x, u, t)δx+B(x, t)δu (108)

where A = ∂f/∂x +
∑m
i=1(∂bi/∂x)ui and δu is a tangent

vector to a smooth path of controls at u. Furthermore, it
can be computed as follows [33, 79, 80]:

u(x(t), t) = ud +

∫ 1

0

k(γ(µ, t), ∂µγ(µ, t), u(γ(µ, t), t), t)dµ

(109)

where ∂µγ = ∂γ/∂µ, γ is the minimizing geodesic with
γ(0, t) = xd and γ(1, t) = x for µ ∈ [0, 1], (xd, ud) is
a given target trajectory in ẋd = f(xd, t) + B(xd, t)ud of
(57), and the computation of k is given in [79, 80] (see
Remark 4.2). Furthermore, Theorem 2.4 for deterministic
disturbance rejection still holds and the CCM controller
(109) thus possesses the same sense of oplimality as for
the CV-STEM control in Theorem 4.2.

Proof. Since the columns of B⊥(x, t) span the cokernel
of B(x, t), the constraints (106) and (107) can be equiv-
alently written as B⊥(x, t) replaced by a in coker(B) =
{a ∈ Rn|B>a = 0}. Let a = Mδx = W−1δx. Then mul-
tiplying (106) and (107) by ν−1 > 0 and rewriting them
using a yields

δx>MB = 0 ⇒ δx>(Ṁ + 2 sym(MA) + 2αM)δx < 0
(110)

where A = ∂f/∂x+
∑m
i=1(∂bi/∂x)ui for the differential dy-

namics (108). The relation (110) states that δx orthogonal
to the span of actuated directions bi is naturally contract-
ing, thereby implying the stabilizability of the system (55)
with dc = 0, i.e., ẋ = f(x, t) + B(x, t)u. See [33, 79, 80]
(and [119] on the CV-STEM formulation) for the rest of
the proof. �

Example 4.3. Let us consider a case where k of the dif-
ferential feedback controller does not depend on u, and is
defined explicitly by M(x, t) � 0 as follows [119]:

u = ud −
∫ x

xd

R(q, t)−1B(q, t)>M(q, t)δq (111)

where R(x, t) � 0 is a given weight matrix and q is a
smooth path that connects x to xd. Since (111) yields

δu = −R(x, t)−1B(x, t)>M(x, t)δx, the contraction con-
ditions (106) and (107) could be simplified as

− ∂W̄

∂t
− ∂fW̄ + 2 sym

(
∂f

∂x
W̄

)
− νBR−1B> � −2αW̄

− ∂biW̄ + 2 sym

(
∂bi
∂x

W̄

)
= 0 (112)

yielding the convex optimization-based control synthesis al-
gorithm of Theorem 4.6 independently of (xd, ud) similar
to that of Theorem 4.2 (see [119] for details).

Example 4.4. If B is of the form [0, I]> for the zero
matrix 0 ∈ Rn1×m and identity matrix I ∈ Rn2×m with
n = n1 + n2, the condition (112) says that M should not
depend on the last n2 state variables [79].

Remark 4.2. We could consider stochastic perturbation
in Theorem 4.6 using Theorem 2.5, even with the differen-
tial control law of the form (109) or (111) as demonstrated
in [119]. Also, although the relation (107) or (112) is not
included as a constraint in Theorem 4.2 for simplicity of

discussion, the dependence of ˙̄W on u in Theorem 4.2 can
be removed by using it in a similar way to [119].

As stated in (109), the computation of the differen-
tial feedback gain k(x, δx, u, t) and minimizing geodesics
γ is elaborated in [79, 80]. For example, if M is state-
independent, then geodesics are just straight lines.

Let us again emphasize that, as delineated in Sec. 3.1,
the differences between the SDC- and CCM-based CV-
STEM frameworks in Theorems 4.2 and 4.6 arise only from
their different form of controllers in u = ud−K(x−xd) of

(64) and u = ud+
∫ 1

0
kdµ of (109), leading to the trade-offs

outlined in Table 3.

4.4. Remarks in CV-STEM Implementation

We propose some useful techniques for the practical ap-
plication of the CV-STEM in Theorems 4.2, 4.5, and 4.6.
Note that the CV-STEM requires solving a convex opti-
mization problem at each time instant, but its solution
can be approximated with formal stability guarantees to
enable faster computation using machine learning tech-
niques as shall be seen in Sec. 6.

4.4.1. Performance-based Cost Function

Selecting c2 = 0 in Theorems 4.2, 4.5, and 4.6 yields a
convex objective function that allows for a systematic in-
terpretation of its weights as seen earlier in Examples 4.1
and 4.2. One could also select c2 > 0 to augment the CV-
STEM with other control and estimation performances of
interest, as long as P (ν, χ, W̄ ) in (89) and (105) is convex.
For example, we could consider a steady-state tracking er-
ror bound of parametric uncertain systems as P , using the
adaptive control technique to be discussed in Sec. 8 [104].
Such a modification results in a contraction metric optimal
in a different sense.
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4.4.2. Selecting and Computing CV-STEM Parameters

The CV-STEM optimization problems derived in The-
orems 4.2, 4.5, and 4.6 are convex if we assume that α,
αG, and Lm are given. However, these parameters would
also affect the optimality of resultant contraction metrics.
In [14, 15, 80], a line search algorithm is performed to find
optimal α and αG, while the Lipschitz constraint given
with Lm is guaranteed by spectrally-normalization [15,
132] as shall be seen in detail in Sec. 6.3 (see [62–64]
for contraction theory-based techniques for obtaining Lip-
schitz bounds). Also, the CV-STEM can be formulated
as a finite-dimensional problem by using backward differ-

ence approximation on ˙̄W , where we can then use −W̄ �
−I to get a sufficient condition of its constraints, or we
could alternatively solve it along pre-computed trajecto-
ries {x(ti)}Mi=0 as in [14]. In Sec. 6, we use a parameterized
function such as neural networks [106–108] for approximat-
ing M to explicitly compute Ṁ .

Part II: Learning-based Control

5. Contraction Theory for Learning-based Control

Machine learning techniques, e.g., reinforcement learn-
ing [110–113], imitation learning [114–118], and neural
networks [106–108], have gained popularity due to their
ability to achieve a large variety of innovative engineering
and scientific tasks which have been impossible heretofore.
Starting from this section, we will see how contraction
theory enhances learning-based and data-driven automatic
control frameworks providing them with formal optimal-
ity, stability, and robustness guarantees. In particular, we
present Theorems 5.2 and 5.3 for obtaining robust expo-
nential bounds on trajectory tracking errors of nonlinear
systems in the presence of learning errors, whose steady-
state terms are again written as a function of the condition
number χ = m/m of a positive definite matrix M that de-
fines a contraction metric, consistently with the CV-STEM
frameworks of Sec. 4.

5.1. Problem Formulation

Let us consider the following virtual nonlinear system
as in Theorem 2.2:

q̇(µ, t) =g(q(µ, t), $, t) + µ∆L($, t) + d(µ,$, t) (113)

where µ ∈ [0, 1], q : [0, 1]×R≥0 7→ Rn is a smooth path of
the system states, $ : R≥0 7→ Rp is a time-varying param-
eter, g : Rn×Rp×R≥0 7→ Rn is a known smooth function
which renders q̇ = g(q,$, t) contracting with respect to q,
d : [0, 1] × Rp × R≥0 7→ Rn with supµ,$,t ‖∂d/∂µ‖ = d̄ ∈
R≥0 is unknown external disturbance parameterized by µ
as in Theorem 2.4, and ∆L : Rp × R≥0 7→ Rn is the part
to be learned with machine learning-based methodologies
such as neural networks [106–108]. We can also formulate

this in a stochastic setting as follows:

dq(µ, t) =(g(q(µ, t), $, t) + µ∆L($, t))dt+G(µ,$, t)dW
(114)

where W : R≥0 7→ Rw is a Wiener process, and G :
[0, 1] × Rp × R≥0 7→ Rn×w is a matrix-valued function
parameterized by µ with supµ,$,t ‖∂G/∂µ‖F = ḡ ∈ R≥0

as in Theorem 2.5. The objective of learning is to find ∆L

which satisfies the following, assuming that $ ∈ S$ ⊆ Rp
and t ∈ St ⊆ R≥0 for some compact sets S$ and St:

‖∆L($, t)‖ ≤ ε`0 + ε`1‖ξ1 − ξ0‖, ∀($, t) ∈ S (115)

where S = S$ × St, ξ0 = q(0, t) and ξ1 = q(1, t) are
particular solutions of (113) and (114), and ε`0, ε`1 ∈ R≥0

are given learning errors.
Examples 5.1–5.3 illustrate how the problem (115) with

the nonlinear systems (113) and (114) can be used to de-
scribe several learning-based and data-driven control prob-
lems to be discussed in the subsequent sections, regarding
$ as x, xd, x̂, ud, etc.

Example 5.1 (Tracking control). Let us consider the
problem of learning a computationally-expensive (or un-
known) feedback control law u∗(x, xd, ud, t) that tracks a
target trajectory (xd, ud) given by ẋd = f(xd, t)+B(xd, t)ud
as in (57), assuming that f and B are known. If the dy-
namics is perturbed by dc(x, t) as in (55), we have that

ẋ =f(x, t) +B(x, t)uL + dc(x, t)

=f(x, t) +B(x, t)u∗ +B(x, t)(uL − u∗) + dc(x, t)

where uL(x, xd, ud, t) denotes a learning-based control law
that models u∗(x, xd, ud, t). As long as u∗ renders the
closed-loop dynamics ẋ = f(x, t) + B(x, t)u∗(x, xd, ud, t)
contracting with respect to x [13, 14, 79, 80], we can de-
fine the functions of (113) as follows:

g(q,$, t) =f(q, t) +B(q, t)u∗(q, xd, ud, t)

∆L($, t) =B(x, t)(uL(x, xd, ud, t)− u∗(x, xd, ud, t)) (116)

with d(µ,$, t) = µdc(x, t), where $ = [x>, x>d , u
>
d ]> in

this case. It can be easily verified that (113) indeed has
q(µ = 0, t) = xd and q(µ = 1, t) = x as particular solutions
if u∗(xd, xd, ud, t) = ud. Similarly, we can use (114) with
G = µGc(x, t) if the dynamics is stochastically perturbed
by Gc(x, t)dW as in (56).

The learning objective here is to make ‖uL(x, xd, ud, t)−
u∗(x, xd, ud, t)‖ as small as possible, which aligns with the
aforementioned objective in (115). Note that if ‖B‖ is
bounded in the compact set S of (115), we can bound ‖∆L‖
of (116) with ε`0 6= 0 and ε`1 = 0 as to be explained in Re-
mark 5.1. See Theorems 6.1, 6.3, and 7.1 for details.

Example 5.2 (State estimation). Next, let us consider
the problem of learning a computationally-expensive (or
unknown) state estimator, approximating its estimation
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gain L(x̂, t) by LL(x̂, t). If there is no disturbance in (90)
and (91), we have that

˙̂x =f(x̂, t) + LL(h(x, t)− h(x̂, t)) = f(x̂, t)

+ L(h(x, t)− h(x̂, t)) + (LL − L)(h(x, t)− h(x̂, t))

where ẋ = f(x, t) is the true system, y = h(x, t) is the
measurement, and we assume that f and h are known. If
L is designed to render q̇ = f(q, t)+L(x̂, t)(h(x, t)−h(q, t))
contracting with respect to q [13, 14, 16, 45], we could
define the functions of (113) and (114) as follows:

g(q,$, t) =f(q, t) + L(x̂, t)(h(x, t)− h(q, t)) (117)

∆L(q,$, t) =(LL(x̂, t)− L(x̂, t))(h(x, t)− h(x̂, t)) (118)

where $ = [x>, x̂>]>. It can be seen that (113) and (114)
with the relations (117) and (118) indeed has q(µ = 0, t) =
x and q(µ = 1, t) = x̂ as its particular solutions when
perturbed by deterministic and stochastic disturbances as
in (90) and (91), respectively. We can bound ‖∆L‖ of
(118) in the compact set of (115) with ε`0 = 0 and ε`1 6= 0 if
h is Lipschitz, and with ε`0 6= 0 and ε`1 = 0 if h is bounded
in S, using the techniques to be discussed in Remark 5.1.
See Theorems 6.2 and 6.3 for details.

Example 5.3 (System identification). We can use the
problem (115) with the systems (113) and (114) also if ftrue

of the underlying dynamics ẋ∗ = ftrue(x∗, t) is unknown
and learned by ẋ = fL(x, t). Since we have

ẋ∗ = ftrue(x∗, t) = fL(x∗, t) + (ftrue(x∗, t)− fL(x, t))

we could define g and ∆L of (113) and (114) as follows, to
have q(µ = 0, t) = x and q(µ = 1, t) = x∗ as its particular
solutions:

g(q,$, t) = fL(q, t), ∆L($, t) = ftrue(x∗, t)− fL(x∗, t)
(119)

where $ = x∗, as long as ẋ = fL(x, t) is contracting with
respect to x [81, 133]. Since ∆L of (119) is the learning
error itself, ‖∆L‖ can be bounded in S using the techniques
of Remark 5.1. See Theorems 9.1 and 9.2 for details.

Remark 5.1. As seen in Examples 5.1–5.2, ∆L of (115)
is typically given by a learning error, φ(z) − ϕ(z), multi-
plied by a bounded or Lipschitz continuous function, where
z = ($, t) ∈ S for a compact set S, and φ is the true
computationally-expensive/unknown function to be learned
by ϕ as in (116), (118), (119), etc.

Let T be a set of training data {(zi, φ(zi))}Ni=1 sam-
pled in S. For systems with the true function φ and its
approximation ϕ being Lipschitz (e.g., by spectral normal-
ization [132] to be discussed in Definition 6.3 or by using
contraction theory as in [62–64]), we can analytically find
a bound for ‖φ(z)−ϕ(z)‖ as follows if target data samples
z are in B(r) = {z ∈ S| supz′∈T ‖z − z′‖ ≤ r} for some
r ∈ R≥0:

sup
z∈B(r)

‖φ(z)− ϕ(z)‖ ≤ sup
z′∈T

‖φ(z′)− ϕ(z′)‖+ (Lφ + Lϕ)r

(120)

where Lφ and Lϕ are the Lipschitz constants of φ and ϕ,
respectively. The term supz′∈T ‖φ(z′)−ϕ(z′)‖ can then be
bounded by a constant, e.g., by using a deep robust regres-
sion model as proven in [154, 155] with spectral normal-
ization, under standard training data distribution assump-
tions.

Deep Neural Networks (DNNs) have been shown to gen-
eralize well to the set of unseen events that are from almost
the same distribution as their training set [61, 156–159],
and consequently, obtaining a tighter and more general up-
per bound for the learning error as in (120) has been an
active field of research [154, 155, 160, 161]. Thus, the
condition (115) has become a common assumption in an-
alyzing the performance of learning-based and data-driven
control techniques [61, 104, 105, 119, 162–166].

5.2. Formal Stability Guarantees via Contraction Theory

One drawback of naively using existing learning-based
and data-driven control approaches for the perturbed non-
linear systems (113) and (114) without analyzing contrac-
tion is that, as shall be seen in the following theorem, we
can only guarantee the trajectory error to be bounded by
a function that increases exponentially with time.

Theorem 5.1. Suppose that ∆L of (113) is learned to sat-
isfy (115), and that g(q,$, t) of (113) is Lipschitz with re-
spect to q with its 2-norm Lipschitz constant Lg ∈ R≥0,
i.e.,

‖g(q,$, t)− g(q′, $, t)‖ ≤ Lg‖q − q′‖, ∀($, t) ∈ S

where q, q′ ∈ Rn and S is the compact set of (115). Then
we have the following upper bound for all ($, t) ∈ S:

‖e(t)‖ ≤‖e(0)‖e(Lg+ε`1)t +
ε`0 + d̄

Lg + ε`1
(e(Lg+ε`1)t − 1) (121)

where e(t) = ξ1(t)−ξ0(t), ξ0(t) = q(0, t) and ξ1(t) = q(1, t)
for q of (113), and d̄ = supµ,$,t ‖∂d/∂µ‖ for d of (115).

Proof. See the Gronwall-Bellman inequality [3, p. 651]
and Theorem 3.4 of [3, pp. 96-97]. �

The bound obtained in Theorem 5.1 is useful in that
it gives mathematical guarantees even for naive learning-
based frameworks without a contracting property (e.g., it
can be used to prove safety in the learning-based Model
Predictive Control (MPC) framework [125]). However,
the exponential term e(Lg+ε`1)t in (121) causes the upper
bound to diverge, which could result in more conservative
automatic control designs than necessary.

In contrast, contraction theory gives an upper bound
on the trajectory tracking error ‖e(t)‖ which is exponen-
tially bounded linearly in the learning error, even under
the presence of external disturbances [14, 104, 105, 119].

Theorem 5.2. Let us consider the virtual system of a
smooth path q(µ, t) in (113) and suppose that ∆L of (113)
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is learned to satisfy (115). If the condition mI �M � mI
of (26) holds and the system (113) with ∆L = 0 and d = 0
is contracting, i.e.,

Ṁ +M(∂g/∂q) + (∂g/∂q)>M � −2αM

of Theorem 2.1 or 2.2 holds for M � 0 that defines a
contraction metric with the contraction rate α, and if the
learning error ε`1 of (115) is sufficiently small to satisfy

∃α` ∈ R>0 s.t. α` = α− ε`1
√
m/m > 0 (122)

then we have the following bound for all ($, t) ∈ S:

‖e(t)‖ ≤ V`(0)√
m
e−α`t +

ε`0 + d̄

α`

√
m

m
(1− e−α`t) (123)

where e(t) = ξ1(t) − ξ0(t) with ξ0(t) = q(0, t) and ξ1(t) =
q(1, t) for q of (113), d̄ = supµ,$,t ‖∂d/∂µ‖ as in (113),
S is the compact set of Theorem 5.1, ε`0 and ε`1 are the

learning errors of (115), and V`(t) =
∫ ξ1
ξ0
‖Θ(q(t), t)δq(t)‖

for M = Θ>Θ as in Theorem 2.3.

Proof. Since (113) with ∆L = 0 and d = 0 is contracting
and we have that

‖∂(∆L + d)/∂µ‖ ≤ ε`0 + ε`1‖ξ1 − ξ0‖+ d̄

≤ ε`0 +
ε`1√
m

∫ ξ1

ξ0

‖Θδq‖+ d̄ = ε`0 +
ε`1√
m
V` + d̄ (124)

for all µ ∈ [0, 1] and ($, t) ∈ S due to supµ,$,t ‖∂d/∂µ‖ =

d̄, the direct application of Theorem 2.4 to the system
(113), along with the condition (122), yields (123). �

Using Theorem 2.5, we can easily derive a stochastic
counterpart of Theorem 5.2 for the system (114) [15, 119].

Theorem 5.3. Consider the virtual system of a smooth
path q(µ, t) in (114) and suppose ∆L of (114) is learned
to satisfy (115). If mI � M � mI of (26) holds and the
system (114) is contracting, i.e.,

Ṁ +M(∂g/∂q) + (∂g/∂q)>M � −2αM − αsI

of Theorem 2.5 holds, and if the learning error ε`1 of (115)
and an arbitrary constant αd ∈ R>0 (see (128)) are se-
lected to satisfy

∃α` ∈ R>0 s.t. α` = α− (αd/2 + ε`1
√
m/m) > 0 (125)

then we have the following bound for all ($, t) ∈ S:

E
[
‖e(t)‖2

]
≤ E[Vs`(0)]

m
e−2α`t +

C

2α`

m

m
(126)

where e(t) = ξ1(t) − ξ0(t) with ξ0(t) = q(0, t) and ξ1(t) =
q(1, t) for q of (114), S is the compact set given in The-
orem 5.1, ε`0 and ε`1 are the learning errors of (115),

Vs`(t) =
∫ ξ1
ξ0
‖Θ(q(t), t)δq(t)‖2 for M = Θ>Θ as given

in Theorem 2.3, and C = ḡ2(2αG
−1 + 1) + ε2`0α

−1
d for

ḡ = supµ,$,t ‖∂G/∂µ‖F of (114) with an arbitrary con-
stant αG ∈ R>0 as in Theorem 2.5. Furthermore, the
probability that ‖e‖ is greater than or equal to ε ∈ R>0 is
given as

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
E[Vs`(0)]

m
e−2α`t +

C

2α`

m

m

)
. (127)

Proof. Computing L Vs` with the virtual system (114)
as in the proof of Theorem 2.5, we get an additional term

2
∫ 1

0
∂µq
>M∆L. Using the learning error assumption (115)

to have ‖∆L‖ ≤ ε`0 + (ε`1/
√
m)
∫ 1

0
‖Θ∂µq‖dµ as in (124),

we have that

2

∫ 1

0

∂µq
>M∆L ≤2

√
mV`(ε`0 + (ε`1/

√
m)V`)

≤α−1
d ε2`0m+ (αd + 2ε`1

√
m/m)V 2

` (128)

where V` =
∫ 1

0
‖Θ∂µq‖dµ as in Theorem 2.3, and the rela-

tion 2ab ≤ α−1
d a2 +αdb

2, which holds for any a, b ∈ R and

αd ∈ R>0 (a = ε`0
√
m and b = V` in this case), is used

to obtain the second inequality. Since we have V 2
` ≤ Vs`

as proven in Theorem 2.3, selecting αd and ε`1 sufficiently
small to satisfy (125) gives the desired relations (126) and
(127) due to Theorem 2.5. �

As discussed in Theorems 5.2 and 5.3, using contrac-
tion theory for learning-based and data-driven control, we
can formally guarantee the system trajectories to stay in
a tube with an exponentially convergent bounded radius
centered around the target trajectory, even with the ex-
ternal disturbances and learning errors ε`0 and ε`1. The
exponential bounds (123), (126), and (127) become tighter
as we achieve smaller ε`0 and ε`1 using more training data
for verifying (115) (see Remark 5.1). It is also worth not-
ing that the steady-state bounds of (123) and (126) are
again some functions of the condition number χ = m/m
as in Theorems 4.1 and 4.4, which renders the aforemen-
tioned CV-STEM approach valid and effective also in the
learning-based frameworks. Theorems 5.2 and 5.3 play a
central role in providing incremental exponential stability
guarantees for learning-based and data-driven automatic
control to be introduced in Sec. 6–8.

5.3. Motivation for Neural Contraction Metrics

The CV-STEM schemes in Theorems 4.2, 4.5, and 4.6
permit the construction of optimal contraction metrics
via convex optimization for synthesizing optimal, provably
stable, and robust feedback control and state estimation.
It is also shown in Theorems 5.2 and 5.3 that these contrac-
tion metrics are useful for obtaining stability guarantees
for machine learning-based and data-driven control tech-
niques while retaining the CV-STEM-type optimality due
to the tracking error bounds (123) and (126), which are
comparable to those in Theorems 4.1 and 4.4. However,
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the CV-STEM requires that a nonlinear system of equa-
tions or an optimization problem be solved at each time
instant, which is not suitable for systems with limited on-
line computational capacity.

The Neural Contraction Metric (NCM) and its exten-
sions [14, 15, 104, 105] have been developed to address
such a computational issue by modeling the CV-STEM
optimization scheme using a DNN [106–108], making it
implementable in real-time. We will see in the subsequent
sections that Theorems 5.2 and 5.3 provide one formal ap-
proach to prove robustness and stability properties of the
NCM methodologies [119].

6. Learning-based Robust Control and Estimation

Let us again consider the systems (55)–(57) for control,
i.e.,

ẋ = f(x, t) +B(x, t)u+ dc(x, t) (129)

dx = (f(x, t) +B(x, t)u)dt+Gc(x, t)dW (t) (130)

ẋd = f(xd, t) +B(xd, t)ud (131)

with supx,t ‖dc‖ = d̄c ∈ R≥0 and supx,t ‖Gc‖F = ḡc ∈
R≥0, and (90)–(91) for estimation, i.e.,

ẋ =f(x, t) + de0(x, t), y = h(x, t) + de1(x, t) (132)

dx =f(x, t)dt+Ge0dW0, ydt = h(x, t)dt+Ge1dW1 (133)

with supx,t ‖de0‖ = d̄e0 ∈ R≥0, supx,t ‖de1‖ = d̄e1 ∈ R≥0,
supx,t ‖Ge0‖F = ḡe0 ∈ R≥0, and supx,t ‖Ge1‖F = ḡe1 ∈
R≥0. The following definitions of a DNN [106–108] and
NCM [14, 15, 119] will be utilized extensively hereinafter.

Definition 6.1. A neural network is a nonlinear mathe-
matical model to approximately represent training samples
{(xi, yi)}Ni=1 of y = φ(x) by optimally tuning its hyperpa-
rameters W`, and is given as follows:

yi = ϕ(xi;W`) = TL+1 ◦ σ ◦ TL ◦ · · · ◦ σ ◦ T1(xi) (134)

where T`(x) = W`x, ◦ denotes composition of functions,
and σ is an activation function (e.g. σ(x) = tanh(x), note
that ϕ(x) is smooth in this case). We call a neural network
that has more than two layers (i.e., L ≥ 2) a Deep Neural
Network (DNN).

Definition 6.2. A Neural Contraction Metric (NCM) is
a DNN model of a contraction metric given in Theorem 2.1.
Its training data could be sampled by solving the CV-STEM
presented in Theorem 4.2 for control (or Theorem 4.6 for
differential feedback control) and Theorem 4.5 for estima-
tion. The NCM framework is summarized in Fig. 3.

Remark 6.1. Although a stochastic version of the NCM
is called a Neural Stochastic Contraction Metric (NSCM)
in [15], we also denote it as an NCM in this paper for
simplicity of presentation.

Find contraction metric given
by 𝑀 that minimizes 𝐷

𝑥 𝑡 , 𝑡

𝑦 𝑡 , 𝑡 NCM estimation
neural net

𝑢(𝑥, 𝑡)

*𝑥(𝑡)

Compute 𝑢(𝑥, 𝑡) & *𝑥(𝑡)
using trained neural nets 

time 𝑡

{𝑥!}!"#$

Neural 
Network

＊1 & 2 via convex optimization (CV-STEM) ＊different nets for estimation & control

𝛿𝑥(𝑡)

𝛿𝑥(∞)
𝐷

OFFLINE
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ONLINE
PHASE

{𝑡!}!"#$

{𝑀!}!"#$ NCM control
neural net

Figure 3: Illustration of NCM (x: system state; M : positive definite
matrix that defines optimal contraction metric; xi and Mi: sampled
x and M ; x̂: estimated system state; y: measurement; and u: system
control input). Note that the target trajectory (xd, ud) is omitted in
the figure fore simplicity.

Since the NCM only requires one function evaluation
at each time instant to get M that defines a contraction
metric, without solving any optimization problems unlike
the CV-STEM approaches, it enables real-time optimal
feedback control and state estimation in most engineering
and scientific applications.

6.1. Stability of NCM-based Control and Estimation

The NCM exhibits superior incremental robustness and
stability due to its internal contracting property.

Theorem 6.1. Let M define the NCM in Definition 6.2,
and let u∗ = ud−R−1B>M(x−xd) for M and R given in
Theorem 4.2. Suppose that the systems (129) and (130) are
controlled by uL, which computes the CV-STEM controller
u∗ of Theorem 4.2 replacing M by M, i.e.,

uL = ud −R(x, xd, ud, t)
−1B(x, t)>M(x, xd, ud, t)e (135)

for e = x − xd. Note that we could use the differential

feedback control u = ud +
∫ 1

0
kdµ of Theorem 4.6 for u∗

and uL. Define ∆L of Theorems 5.2 and 5.3 as follows:

∆L($, t) = B(x, t)(uL(x, xd, ud, t)− u∗(x, xd, ud, t)) (136)

where we use q(0, t) = ξ0(t) = xd(t), q(1, t) = ξ1(t) = x(t),
and $ = [x>, x>d , u

>
d ]> in the learning-based control for-

mulation (113) and (114). If the NCM is learned to satisfy
the learning error assumptions of Theorems 5.2 and 5.3 for
∆L given by (136), then (123), (126), and (127) of Theo-
rems 5.2 and 5.3 hold as follows:

‖e(t)‖ ≤ V`(0)√
m
e−α`t +

ε`0 + d̄c
α`

√
m

m
(1− e−α`t) (137)

E
[
‖e(t)‖2

]
≤ E[Vs`(0)]

m
e−2α`t +

CC
2α`

m

m
(138)

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
E[Vs`(0)]

m
e−2α`t +

CC
2α`

m

m

)
(139)

where e = x − xd, CC = ḡ2
c (2αG

−1 + 1) + ε2`0α
−1
d , the

disturbance upper bounds d̄c and ḡc are given in (129) and
(130), respectively, and the other variables are defined in
Theorems 4.2, 5.2 and 5.3.
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Proof. Let g of the virtual systems given in Theorems 5.2
and 5.3 be g = ζ, where ζ is given by (67) (i.e., ζ =
(A−BR−1B>M)(q−xd) + ẋd). By definition of ∆L, this
has q = x and q = xd as its particular solutions (see Exam-
ple 5.1). As defined in the proof of Theorems 3.1, we have
d = µdc and G = µGc for these virtual systems, resulting
in the upper bounds of disturbances in the learning-based
control formulation (123) and (126) given as

d̄ = d̄c and ḡ = ḡc. (140)

Since M and u∗ are constructed to render q̇ = ζ(q,$, t)
contracting as presented in Theorem 4.2, and we have
‖∆L‖ ≤ ε`0 + ε`1‖ξ1 − ξ0‖ due to the learning assumption
(115), Theorem 5.2 implies the deterministic bound (137)
and Theorem 5.3 implies the stochastic bounds (138) and
(139). Note that using the differential feedback control
of Theorem 4.6 as u∗ also gives the bounds (137)–(139)
following the same argument [119]. �

Due to the estimation and control duality in differential
dynamics observed in Sec. 4, we have a similar result to
Theorem 6.1 for the NCM-based state estimator.

Theorem 6.2. Let M define the NCM in Definition 6.2,
and let L(x̂, t) = MC̄>R−1 for M , C̄ and R given in
Theorem 4.5. Suppose that the systems (132) and (133) are
estimated with an estimator gain LL, which computes L of
the CV-STEM estimator ˙̂x = f(x̂, t) + L(x̂, t)(y − h(x̂, t))
in Theorem 4.5 replacing M by M, i.e.,

˙̂x =f(x̂, t) + LL(x̂, t)(y − h(x̂, t)) (141)

=f(x̂, t) +M(x̂, t)C̄(%c, x̂, t)
>R(x̂, t)−1(y − h(x̂, t))

Define ∆L of Theorems 5.2 and 5.3 as follows:

∆L($, t) = (LL(x̂, t)− L(x̂, t))(h(x, t)− h(x̂, t)) (142)

where we use q(0, t) = ξ0(t) = x(t), q(1, t) = ξ1(t) = x̂(t),
and $ = [x>, x̂>]> in the learning-based control formu-
lation (113) and (114). If the NCM is learned to satisfy
the learning error assumptions of Theorems 5.2 and 5.3
for ∆L given by (142), then (123), (126), and (127) of
Theorems 5.2 and 5.3 hold as follows:

‖e(t)‖ ≤
√
mV`(0)e−α`t +

d̄a
√

m
m + d̄bm

α`
(1− e−α`t) (143)

E
[
‖e(t)‖2

]
≤ mE[Vs`(0)]e−2α`t +

CE
2α`

m

m
(144)

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
mE[Vs`(0)]e−2α`t +

CE
2α`

m

m

)
(145)

where e = x̂− x, d̄a = ε`0 + d̄e0, d̄b = ρ̄c̄d̄e1, CE = (ḡ2
e0 +

ρ̄2c̄2ḡ2
e1m

2)(2αG
−1 + 1) + ε2`0α

−1
d , the disturbance upper

bounds d̄e0 d̄e1, ḡe0, and ḡe1 are given in (132) and (133),
and the other variables are defined in Theorems 4.5, 5.2
and 5.3.

Proof. Let g of the virtual systems given in Theorems 5.2
and 5.3 be g = ζ, where ζ is given by (97) (i.e., ζ = (A−
LC)(q − x) + f(x, t)). By definition of ∆L, this has q = x̂
and q = x as its particular solutions (see Example 5.2).
As defined in the proof Theorem 4.3, we have

d =(1− µ)de0 + µLLde1 and G = [(1− µ)Ge0, µLLGe1]

for these virtual systems, resulting in the upper bounds of
external disturbances in the learning-based control formu-
lation (123) and (126) given as

d̄ = d̄e0 + ρ̄c̄d̄e1
√
mm and ḡ =

√
ḡ2
e0 + ρ̄2c̄2ḡ2

e1m
2.

Since W = M−1 is constructed to render q̇ = ζ(q,$, t)
contracting as presented in Theorem 4.5, and we have
‖∆L‖ ≤ ε`0 + ε`1‖ξ1 − ξ0‖ due to the learning assumption
(115), Theorem 5.2 implies the bound (143), and Theo-
rem 5.3 implies the bounds (144) and (145). �

Remark 6.2. As discussed in Examples 5.1 and 5.2 and
in Remark 5.1, we have ε`1 = 0 for the learning error ε`1
of (115) as long as B and h are bounded a compact set
by the definition of ∆L in (136) and (142). If h and u∗

are Lipschitz with respect to x in the compact set, we have
non-zero ε`1 with ε`0 = 0 in (115) (see Theorem 6.3).

Using Theorems 6.1 and 6.2, we can relate the learning
error of the matrix that defines the NCM, ‖M−M‖, to the
error bounds (137)–(139) and (143)–(145), if M is given
by the CV-STEM of Theorems 4.2 and 4.5.

Theorem 6.3. Let M define the NCM in Definition 6.2,
and let Ss ⊆ Rn, Su ⊆ Rm, and t ∈ St ⊆ R≥0 be some
compact sets. Suppose that the systems (129)–(133) are
controlled by (135) and estimated by (141), respectively, as
in Theorems 6.1 and 6.2. Suppose also that ∃b̄, c̄, ρ̄ ∈ R≥0

s.t. ‖B(x, t)‖ ≤ b̄, ‖C(%c, x, x̂, t)‖ ≤ c̄, and ‖R−1‖ ≤
ρ̄, ∀x, x̂ ∈ Ss and t ∈ St, for B in (129), C in Theo-
rem 4.5, and R in (135) and (141). If we have for all
x, xd, x̂ ∈ Ss, ud ∈ Su, and t ∈ St that

‖M(x, xd, ud, t)−M(x, xd, ud, t)‖ ≤ε` for control (146)

‖M(x̂, t)−M(x̂, t)‖ ≤ε` for estimation

where M(x, xd, ud, t) and M(x̂, t) (or M(x, t) and M(x̂, t),
see Theorem 3.2) are the CV-STEM solutions of Theo-
rems 4.2 and 4.5 with ∃ε` ∈ R≥0 being the learning error,
then the bounds (137)–(139) of Theorem 6.1 and (143)–
(145) of Theorem 6.2 hold with ε`0 = 0 and ε`1 = ρ̄b̄2ε`
for control, and ε`0 = 0 and ε`1 = ρ̄c̄2ε` for estimation,
as long as ε` is sufficiently small to satisfy the conditions
(122) and (125) of Theorems 5.2 and 5.3 for deterministic
and stochastic systems, respectively.

Proof. For ∆L defined in (136) and (142) with the con-
trollers and estimators given as u∗ = ud − R−1B>M(x −
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xd), uL = ud − R−1B>M(x − xd), L = MC>R−1, and
LL =MC>R−1, we have the following upper bounds:

‖∆L‖ ≤
{
ρ̄b̄2ε`‖x− xd‖ (controller)

ρ̄c̄2ε`‖x̂− x‖ (estimator)

where the relation ‖h(x, t)−h(x̂, t)‖ ≤ c̄‖x̂−x‖, which fol-
lows from the equality h(x, t)− h(x̂, t) = C(%c, x, x̂, t)(x−
x̂) (see Lemma 3.1), is used to obtain the second inequal-
ity. This implies that we have ε`0 = 0 and ε`1 = ρ̄b̄2ε` for
control, and ε`0 = 0 and ε`1 = ρ̄c̄2ε` for estimation in the
learning error of (115). The rest follows from Theorems 6.1
and 6.2. �

Example 6.1. The left-hand side of Fig. 4 shows the state
estimation errors of the following Lorenz oscillator per-
turbed by process noise d0 and measurement noise d1 [14]:

ẋ =[σ(x2 − x1), x1(ρ− x3)− x2, x1x2 − βx3]> + d0(x, t)

y =[1, 0, 0]x+ d2(x, t)

where x = [x1, x2, x3]>, σ = 10, β = 8/3, and ρ = 28.
It can be seen that the steady-state estimation errors of
the NCM and CV-STEM are below the optimal steady-
state upper bound of Theorem 4.5 (dotted line in the left-
hand side of Fig. 4) while the EKF has a larger error com-
pared to the other two. In this example, training data is
sampled along 100 trajectories with uniformly distributed
initial conditions (−10 ≤ xi ≤ 10, i = 1, 2, 3) using
Theorem 4.5, and then modeled by a DNN as in Defini-
tion 6.2. Additional implementation and network training
details can be found in [14].

Example 6.2. Consider a robust feedback control problem
of the planar spacecraft perturbed by deterministic distur-
bances, the unperturbed dynamics of which is given as fol-
lows [167]:[
m 0 0
0 m 0
0 0 I

]
ẍ =

[ cosφ sinφ 0
− sinφ cosφ 0

0 0 1

] [−1 −1 0 0 1 1 0 0
0 0 −1 −1 0 0 1 1
−` ` −b b −` ` −b b

]
u

where x = [px, py, φ, ṗx, ṗy, φ̇]T with px, py, and φ being the
horizontal coordinate, vertical coordinate, and yaw angle of
the spacecraft, respectively, with the other variables defined
as m = mass of spacecraft, I = yaw moment of inertia,
u = thruster force vector, ` = half-depth of spacecraft, and
b = half-width of spacecraft (see Fig. 8 of [167] for details).

As shown in the right-hand side of Fig. 4, the NCM
keeps their trajectories within the bounded error tube of
Theorem 4.2 (shaded region) around the target trajectory
(dotted line) avoiding collision with the circular obstacles,
even under the presence of disturbances, whilst requiring
much smaller computational cost than the CV-STEM. Data
sampling and the NCM training are performed as in Ex-
ample 6.1 [14].
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Figure 4: Lorenz oscillator state estimation error smoothed using a
15-point moving average filter in Example 6.1 (left), and spacecraft
motion (px, py) on a planar field in Example 6.2 (right).

Remark 6.3. We could also simultaneously synthesize a
controller u and the NCM, and Theorem 6.1 can provide
formal robustness and stability guarantees even for such
cases [119, 120]. In Sec. 7, we generalize the NCM to
learn contraction theory-based robust control using a DNN
only taking x, t, and a vector containing local environment
information as its inputs, to avoid the online computation
of xd for the sake of automatic guidance and control im-
plementable in real-time.

6.2. NCMs as Lyapunov Functions

We could also utilize the NCM constructed by the CV-
STEM contraction metric for designing a Control Lya-
punov function (CLF) [3, 70, 71], resulting in a stability
result different from Theorems 6.1 and 6.3. To this end,
let us recall that designing optimal k of u = k(x, xd, ud, t)
reduces to designing optimal K(x, xd, ud, t) of u = ud −
K(x, xd, ud, t)(x − xd) due to Lemma 3.2 of Sec. 3. For
such u, the virtual system of (129)/(130) and (131) with-
out any perturbation, which has q = x and q = xd as its
particular solutions, is given as follows:

q̇ =(A(%, x, xd, ud, t)−B(x, t)K(x, xd, ud, t))(q − xd)
+ f(xd, t) +B(xd, t)ud (147)

where A is the SDC matrix of the system (129) given
by Lemma 3.1, i.e., A(%, x, xd, ud, t)(x − xd) = f(x, t) +
B(x, t)ud − f(xd, t)−B(xd, t)ud. Using the result of The-
orem 2.3, one of the Lyapunov functions for the virtual
system (147) with unknown K can be given as the fol-
lowing transformed squared length integrated over x of
(129)/(130) and xd of (131):

VNCM =

∫ x

xd

δq>M(x, xd, ud, t)δq (148)

where M defines the NCM of Definition 6.2 modeling M
of the CV-STEM contraction metric in Theorem 4.2.

Theorem 6.4. Suppose (129) and (130) are controlled by
u = ud −K∗(x, xd, ud, t)e, where e = x− xd, and that K∗

is designed by the following convex optimization for given
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(x, xd, ud, t):

(K∗, p∗) = arg min
K∈CK ,p∈R

‖K‖2F + p2 (149)

s.t.

∫ x

xd

δq>(Ṁ+ 2 sym (MA−MBK))δq

s.t. ≤ −2α

∫ x

xd

δq>(M+ βI)δq + p (150)

whereM defines the NCM of Definition 6.2 that models M
of the CV-STEM contraction metric in Theorem 4.2 as in
(146), CK is a convex set containing admissible K, α is the
contraction rate, and β is as defined in theorem 3.1 (i.e.,
β = 0 for deterministic systems and β = αs for stochastic
systems). Then Theorems 2.4 and 2.5 still hold for the
Lyapunov function defined in (148), yielding the following
bounds:

‖e(t)‖2 ≤ VNCM(0)

m
e−2αpt +

p̄
m +

d̄2cm
αdm

2αp
(1− e−2αpt) (151)

E
[
‖e(t)‖2

]
≤ E[VNCM(0)]

m
e−2αt +

CCm+ p̄

2αm
(152)

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
E[VNCM(0)]

m
e−2αt +

CCm+ p̄

2αm

)
(153)

where p̄ = supx,xd,ud,t p, mI � M � mI as in (26), αd ∈
R>0 is an arbitrary positive constant (see (154)) selected to
satisfy αp = α−αd/2 > 0, CC = ḡ2

c (2αG
−1+1), αG ∈ R>0

is an arbitrary constant as in Theorem 2.5, ε ∈ R≥0, and
the disturbance terms d̄c and ḡc are given in (129) and
(130), respectively. Note that the problem (149) is feasible
due to the constraint relaxation variable p.

Furthermore, if ε` = 0 in (146), (149) with p = 0 is al-
ways feasible, and the optimal feedback gain K∗ minimizes
its Frobenius norm under the contraction constraint (150).

Proof. Computing V̇NCM for the deterministic system
(129) along with the virtual dynamics (147) and the sta-
bility condition (150) yields

V̇NCM ≤− 2αVNCM + d̄c
√
m
√
VNCM + p̄

≤− 2(α− αd/2)VNCM + d̄2
cm/αd + p̄ (154)

where the relation 2ab ≤ α−1
d a2 + αdb

2, which holds for

any a, b ∈ R and αd ∈ R>0 (a = d̄c
√
m and b =

√
VNCM in

this case), is used to obtain the second inequality. Since we
can arbitrarily select αd to have αp = α−αd/2 > 0, (154)
gives the exponential bound (151) due to the comparison
lemma of Lemma 2.1. Similarly, computing L VNCM for
the stochastic system (130) yields

L VNCM ≤− 2αVNCM + Ccm+ p̄

which gives (152) and (153) due to Lemma 2.2. If ε` = 0
in (146), K = R−1B>M satisfies (150) with p = 0 as
we have M = M and M defines the contraction metric
of Theorem 4.2, which implies that (149) with p = 0 is
always feasible. �

We could also use the CCM-based differential feedback
formulation of Theorem 4.6 in Theorem 6.4 (see [79, 80]).
To this end, define ENCM (Riemannian energy) as follows:

E =

∫ 1

0

γµ(µ, t)>M(γ(µ, t), t)γµ(µ, t)dµ (155)

whereM defines the NCM of Definition 6.2 that models M
of the CCM in Theorem 4.6, γ is the minimizing geodesic
connecting x(t) = γ(1, t) of (129) and xd(t) = γ(0, t) of
(131) (see Theorem 2.3), and γµ = ∂γ/∂µ.

Theorem 6.5. Suppose u = u∗ of (129) is designed by
the following convex optimization for given (x, xd, ud, t):

(u∗, p∗) = arg min
u∈Cu,p∈R

‖u− ud‖2 + p2 (156)

s.t.
∂E

∂t
+ 2γµ(1, t)>M(x, t)(f(x, t) +B(x, t)u) (157)

− 2γµ(0, t)>M(xd, t)(f(xd, t) +B(xd, t)ud) ≤ −2αE + p

where M defines the NCM of Definition 6.2 that models
the CCM of Theorem 4.6, and Cu is a convex set containing
admissible u. Then the bound (151) of Theorem 6.4 holds.

Furthermore, if ε` = 0 for the NCM learning error ε` in
(146), then the problem (156) with p = 0 is always feasible,
and u∗ minimizes the deviation of u from ud under the
contraction constraint (157).

Proof. Since the right-hand side of (157) represents Ė
of (155) if dc = 0 in (129), the comparison lemma of
Lemma 2.1 gives (151) as in Theorem 6.4. The rest follows
from the fact that u of Theorem 4.6 is a feasible solution
of (156) if p = 0 [79, 80].

Remark 6.4. As discussed in Remark 4.2, Theorem 6.5
can also be formulated in a stochastic setting as in Theo-
rem 6.4 using the technique discussed in [119].

Theorems 6.4 and 6.5 provide a perspective on the
NCM stability different from Theorems 6.1 and 6.3 writ-
ten in terms of the constraint relaxation variable p, by
directly using the NCM as a contraction metric instead of
the CV-STEM contraction metric or the CCM. Since the
CLF problems are feasible with p = 0 when we have zero
NCM modeling error, it is implied that the upper bound
of p (i.e., p̄ in (151) and (152)) decreases as we achieve a
smaller learning error ε` using more training data for ver-
ifying (146) (see Remark 5.1). This intuition will be for-
malized later in Theorem 9.3 of Sec. 9 [133]. See [79, 80]
for how we compute the minimizing geodesic γ and its
associated Riemannian energy E in Theorem 6.5.

Example 6.3. If CK = Rm×n and Cu = Rm in (149)
and (156), respectively, they can both be expressed as the
following quadratic optimization problem:

v∗ = arg min
v∈Rv

1

2
v>v + c(x, xd, ud, t)

>v

s.t. ϕ0(x, xd, ud, t) + ϕ1(x, xd, ud, t)
>v ≤ 0
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by defining c ∈ Rv, ϕ0 ∈ R, ϕ1 ∈ Rv, and v ∈ Rv appro-
priately. Applying the KKT condition [153, pp. 243-244]
to this problem, we can show that

v∗ =

{
−c− ϕ0−ϕ>1 c

ϕ>1 ϕ1
ϕ1 if ϕ0 − ϕ>1 c > 0

−c otherwise.

This implies that the controller utilizes ud with the feedback
term ((ϕ0 − ϕ>1 c)/ϕ>1 ϕ1)ϕ1 only if ẋ = f(x, t) + B(x, t)u
with u = ud is not contracting, i.e., ϕ0 − ϕ>1 c > 0.

Example 6.4. When q is parameterized linearly by µ in
Theorem 6.4, i.e., q = µx + (1 − µ)xd, we have VNCM =
(x−xd)>M(x−xd) as in the standard Lyapunov function
formulation [3, 70, 71]. Also, a linear input constraint,
umin ≤ u ≤ umax can be implemented by using

CK ={K ∈ Rm×n|ud − umax ≤ Ke ≤ ud − umin}
Cu ={u ∈ Rm|umin ≤ u ≤ umax}

in (149) and (156), respectively.

Remark 6.5. For the CV-STEM and NCM state esti-
mation in Theorems 4.5, 6.2, and 6.3, we could design
a similar Lyapunov function-based estimation scheme if
its contraction constraints of Theorem 4.5 do not explic-
itly depend on the actual state x. This can be achieved by
using A(%A, x̂, t) and C(%C , x̂, t) instead of A(%A, x, x̂, t)
and C(%C , x, x̂, t) in Theorem 4.5 as in Theorem 3.2 [16],
leading to exponential boundedness of system trajectories
as derived in [13, 16, 17].

6.3. Remarks in NCM Implementation

This section briefly summarizes several practical tech-
niques in constructing NCMs using the CV-STEM of The-
orems 4.2, 4.5, and 4.6.

6.3.1. Neural Network Training

We model M of the CV-STEM contraction metric sam-
pled offline by the DNN of Definition 6.1, optimizing its hy-
perparameters by stochastic gradient descent [48, 109] to
satisfy the learning error condition (115) (see Remark 5.1).
The positive definiteness of M could be exploited to reduce
the dimension of the DNN target output due to the fol-
lowing lemma [14].

Lemma 6.1. A matrix A � 0 has a unique Cholesky de-
composition, i.e., there exists a unique upper triangular
matrix U ∈ Rn×n with strictly positive diagonal entries
s.t. A = UTU .

Proof. See [139, pp. 441].

Selecting Θ of M = Θ>Θ as the unique Cholesky decom-
position of M and training the DNN using only the non-
zero entries of Θ, we can reduce the dimension of the target
output by n(n − 1)/2 without losing any information on

M . The pseudocode to obtain NCMs, using this approach
depicted in Fig. 3, can be found in [14].

Instead of solving the convex optimization in Theo-
rems 4.2, 4.5, and 4.6 to sample training data, we could
also use them directly for training and optimizing the DNN
hyperparameters, treating the constraints and the objec-
tive functions as the DNN loss functions as demonstrated
in [120]. Although this approach no longer preserves the
convexity and can lead only to a sub-optimal solution, this
still gives the exponential tracking error bounds as long as
we can get sufficiently small ε`0 and ε`1 in the learning
error assumption (115), as discussed in Theorems 5.2, 5.3,
and 6.1–6.3. See [119] for more details on the robustness
and stability properties of this approach.

6.3.2. Lipschitz Condition and Spectral Normalization

Let us first define a spectrally-normalized DNN, a use-
ful mathematical tool designed to overcome the instability
of network training by constraining (134) of Definition 6.1
to be Lipschitz, i.e., ∃ Lnn ∈ R≥0 s.t. ‖ϕ(x) − ϕ(x′)‖ ≤
Lnn‖x− x′‖, ∀x, x′ [61, 132].

Definition 6.3. A spectrally-normalized DNN is a DNN
of Definition 6.1 with its weights W` normalized as W` =
(CnnΩ`)/‖Ω`‖, where Cnn ∈ R≥0 is a given constant.

Lemma 6.2. A spectrally-normalized DNN given in Def-
inition 6.3 is Lipschitz continuous with its 2-norm Lips-
chitz constant CL+1

nn LLσ , where Lσ is the Lipschitz constant
of the activation function σ in (134). Also, it is robust to
perturbation in its input.

Proof. Let ‖f‖Lip represent the Lipschitz constant of a
function f and let W` = (CnnΩ`)/‖Ω`‖. Using the prop-
erty ‖f1◦f2‖Lip ≤ ‖f1‖Lip‖f2‖Lip, we have for a spectrally-
normalized DNN in Definition 6.3 that

‖ϕ(x;W`)‖ ≤ ‖σ‖LLip

L+1∏
`=1

‖T`‖Lip = LLσ

L+1∏
`=1

‖W`‖

where we used the fact that ‖f‖Lip of a differentiable func-
tion f is equal to the maximum spectral norm (induced
2-norm) of its gradient over its domain to obtain the last
equality. Since ‖W`‖ = Cnn holds, the Lipschitz constant
of ϕ(xi;W`) is CL+1

nn LLσ as desired. Since ϕ is Lipschitz,
we have for small perturbation xε that

‖ϕ(x+ xε;W`)− ϕ(x;W`)‖ ≤CL+1
nn LLσ‖(x+ xε)− x‖

=CL+1
nn LLσ‖xε‖

implying robustness to input perturbation. �

In general, a spectrally-normalized DNN is useful for
improving the robustness and generalization properties of
DNNs, and for obtaining the learning error bound as in
(115), as delineated in Remark 5.1 [132, 160, 161]. Using
it for system identification yields a DNN-based nonlinear

29



𝑞

𝜑
Velocity

Figure 5: Rocket model (angle of attack ϕ, pitch rate q).

Table 4: Notations in Example 6.5.

ϕ angle of attack (state variable)

q pitch rate (state variable)

u tail fin deflection (control input)

y measurement

M Mach number

p0 static pressure at 20,000 ft

S reference area

d reference diameter

Iy pitch moment of inertia

g acceleration of gravity

m rocket mass

V rocket speed

feedback controller with a formal stability guarantee as
shall be seen in Sec. 9.1.

For the NCM framework with stochastic perturbation,
we can utilize the spectrally-normalized DNN of Defini-
tion 6.3 to guarantee the Lipschitz condition on ∂M/∂xi,
appeared in the stochastic contraction condition of Theo-
rem 2.5 (see Proposition 1 of [15]). We could also utilize
the technique proposed in [62–64], which designs Lipschitz-
bounded equilibrium neural networks using contraction
theory, for obtaining a result analogous to Lemma 6.2.
The pseudocode for the NCM construction in a stochastic
setting can be found in [15].

Example 6.5. Let us demonstrate how having the Lips-
chitz condition on ∂M/∂xi in Theorem 2.5 would affect
the NCM-based control and estimation performance. We
consider a rocket autopilot problem perturbed by stochastic
disturbances as in [15], the unperturbed dynamics of which
is depicted in Fig. 5 and given as follows, assuming that
the pitch rate q and specific normal force are available as a
measurement via rate gyros and accelerometers [168, 169]:

d

dt

[
ϕ
q

]
=

[
gC(M) cos(ϕ)φz(ϕ,M)

mV + q
C(M)dφm(ϕ)

Iy

]
+

[
gC(M)d̄n cos(ϕ)

mV
C(M)d̄m

Iy

]
u

y =

[
q

C(M)φz(ϕ,M)
m

]
+

[
0

C(M)d̄n
m

]
u

where C(M) = p0M
2S, φz(ϕ,M) = 0.7(anϕ

3 + bnϕ|ϕ| +
cn(2 +M/3)ϕ), φm(ϕ,M) = 0.7(amϕ

3 + bmϕ|ϕ| − cm(7−
8M/3)ϕ), d̄n = 0.7dn, d̄m = 0.7dm, (an, bn, cn, dn) and
(am, bm, cm, dm) are given in [169], and the notations are
defined in Table 4. Since this example explicitly takes into
account stochastic perturbation, the spectrally-normalized
DNN of Definition 6.3 is used to guarantee the Lipschitz
condition of Theorem 2.5 by Lemma 6.2.
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Figure 6: Rocket state estimation and tracking errors in Example 6.5
(x = [ϕ, q]T ).

Figure 6 shows the state estimation and tracking error
performance of each estimator and controller, where the
NSCM is the stochastic counterpart of the NCM afore-
mentioned in Remark 6.1. It is demonstrated that the
steady-state errors of the NSCM and CV-STEM are indeed
smaller than its steady-state upper bounds of Theorems 4.2
and 4.5 (solid black line), while the other controllers vi-
olate this condition. In particular, the optimal contrac-
tion rate of the deterministic NCM for state estimation is
turned out to be much larger than the NSCM as it does not
account for stochastic perturbation, which makes the NCM
trajectory diverge around t = 5.8 in Fig. 6. The NSCM
circumvents this difficulty by imposing the Lipschitz con-
dition on ∂M/∂xi as in Theorem 2.5 using spectral nor-
malization of Lemma 6.2. See [15] for additional details.

7. Learning-based Robust Motion Planning

The CV-STEM and NCM are also useful for designing
a real-time robust motion planning algorithm for systems
perturbed by deterministic and stochastic disturbances as
in (129) and (130). The purpose of this section is not for
proposing a new motion planner to compute xd and ud of
(131), but for augmenting existing motion planners with
real-time learning-based robustness and stability guaran-
tees via contraction theory.

7.1. Overview of Existing Motion Planners

Let us briefly review the following standard motion
planning techniques and their limitations:

(a) Learning-based motion planner (see, e.g., [112–118]):
(o`(x, og), t) 7→ ud(og, t), modeled by a DNN, where
og ∈ Rg is a vector containing global environment in-
formation, and o` : Rn × Rg 7→ R` with ` ≤ g is local
environment information extracted from og ∈ Rg [115].

(b) Robust tube-based motion planner (see, e.g., [13–15,
17, 79, 80, 88–91, 120–124, 170, 171]): (x, xd, ud, t) 7→
u∗, where u∗ is a robust feedback tracking controller
given by Theorems 4.2, 4.6, 6.4, or 6.5.

The robust tube-based motion planner (b) ensures that
the perturbed trajectories x of (129) and (130) stay in an
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Table 5: Comparison of LAG-ROS [105] with the Learning-based and Robust Tube-based Motion Planners.

Motion planning scheme Control policy State tracking error ‖x− xd‖ Computational load

(a) Learning-based (o`, t) 7→ ud Increases exponentially (Theorem 5.1) One DNN evaluation
(b) Robust tube-based (x, xd, ud, t) 7→ u∗ Exponentially bounded (Theorems 4.2, 4.6, 6.4, 6.5) Computation of (xd, ud)
(c) LAG-ROS (x, o`, t) 7→ u∗ Exponentially bounded (Theorem 7.1) One DNN evaluation

Reference Signal 
Generation

Environment
Information #

Tube-based 
Motion 

Planning

Target 
Trajectory 
(!# , $#)

Sample {(!# , $#)}$%&'

(Target trajectories)

CV-STEM Contraction Metric 
for Bounded Error Tube

Figure 7: Block diagram of tube-based motion planning using con-
traction theory.

exponentially bounded error tube around the target tra-
jectory xd of (131) [13–15, 17, 79, 80, 88–91, 120, 121]
given as in Fig. 7, using Theorems 2.4 and 2.5. However,
it requires the online computation of (xd, ud) as an in-
put to their control policy given in Theorems 4.2, 4.6, 6.4,
and 6.5, which is not realistic for systems with limited
computational resources. The learning-based motion plan-
ner (a) circumvents this issue by modeling the target pol-
icy (o`, t) 7→ ud by a DNN. In essence, our approach, to be
proposed in Theorem 7.1, is for providing (a) with the con-
traction theory-based stability guarantees of (b), thereby
significantly enhancing the performance of (a) that only
assures the tracking error ‖x − xd‖ to be bounded by a
function which increases exponentially with time, as de-
rived previously in Theorem 5.1 of Sec. 5.

7.2. Stability Guarantees of LAG-ROS

The method of LAG-ROS − for Learning-based Au-
tonomous Guidance with RObustness and Stability guar-
antees [105], bridges the gap between (a) and (b) by en-
suring that the distance between the target and controlled
trajectories to be exponentially bounded.

(c) LAG-ROS (see Fig. 12 and [105]): (x, o`(x, og), t) 7→
u∗(x, xd(og, t), ud(og, t), t), modeled by uL to be given
in Theorem 7.1, where u∗(x, xd, ud, t) of (b) is viewed
as a function of (x, o`, t).

Table 5 summarizes the differences of the existing motion
planners (a) and (b) from (c), which is defined as follows.

Definition 7.1. Learning-based Autonomous Guidance
with RObustness and Stability guarantees (LAG-ROS) is
a DNN model for approximating a function which maps
state x, local environment information o`, and time t to
an optimal robust feedback control input u∗ given by (64)
of Theorem 4.2, i.e., u∗ = ud − K(x − xd), or (109) of

Theorem 4.6, i.e., u = ud +
∫ 1

0
kdµ, where its training

data is sampled as explained in Sec. 7.3 (see Figures 9, 10,
and 12).

The LAG-ROS in Definition 7.1 achieves online com-
putation of u without solving a motion planning prob-
lem, and it still possesses superior robustness and sta-
bility properties due to its internal contracting architec-
ture [105].

Theorem 7.1. Let uL = uL(x, o`(x, og), t) be the LAG-
ROS in Definition 7.1, and let u∗ be given by (64) of Theo-
rem 4.2, i.e., u∗ = ud−K(x−xd), or (109) of Theorem 4.6,

i.e., u∗ = ud +
∫ 1

0
kdµ. Define ∆L of Theorems 5.2 and

5.3 as follows:

∆L = B(uL(x, o`(x, og), t)− u∗(x, xd(og, t), ud(og, t), t))

where B = B(x, t) is the actuation matrix given in (129)
and (130). Note that we use q(0, t) = ξ0(t) = xd(og, t)
and q(1, t) = ξ1(t) = x(t) in the learning-based control
formulation of Theorems 5.2 and 5.3.

If the LAG-ROS uL is learned to satisfy (115) with
ε`1 = 0, i.e., ‖∆L‖ ≤ ε`0 for all x ∈ Ss, og ∈ So, and
t ∈ St, where Ss ⊆ Rn, So ⊆ Rg, and St ⊆ R≥0 are some
compact sets, and if the control-affine nonlinear systems
(129) and (130) are controlled by u = uL, then (123) of
Theorem 5.2 and (126) of Theorem 5.3 hold with d̄ and ḡ
replaced as in (140), i.e., we have the following for e(t) =
x(t)− xd(og, t):

‖e(t)‖ ≤ V`(0)√
m
e−αt +

d̄ε`
α

√
m

m
(1− e−αt) = r`(t) (158)

E
[
‖e(t)‖2

]
≤ E[Vs`(0)]

m
e−2αt +

Cε`
2α

m

m
= rs`(t) (159)

P [‖e(t)‖ ≥ ε] ≤ 1

ε2

(
E[Vs`(0)]

m
e−2αt +

Cε`
2α

m

m

)
(160)

where xd = xd(og, t) and ud = ud(og, t) are as given in
(131), d̄ε` = ε`0 + d̄c, Cε` = ḡ2

c (2αG
−1 + 1) + ε2`0α

−1
d , and

the other variables are as defined in Theorems 5.2 and 5.3
with the disturbance terms in (140) of Theorem 6.1.

Proof. We have f(x, t)+B(x, t)uL = f(x, t)+B(x, t)u∗+
B(x, t)(uL − u∗) and ‖∆L‖ = ‖B(x, t)(uL − u∗)‖ ≤ ε`0 by
(115) with ε`1 = 0 for xd = xd(og, t) and ud = ud(og, t).
Since the virtual system which has x of ẋ = f(x, t) +
B(x, t)u∗ and xd of (131) as its particular solutions is con-
tracting due to Theorems 4.2 or 4.6, the application of
Theorems 5.2 and 5.3 yields the desired relations (158)–
(160). �

Due to its internal feedback structure, the LAG-ROS
achieves exponential boundedness of the trajectory track-
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Figure 8: Cart-pole balancing task: x = [p, θ, ṗ, θ̇]>, x and xd are
given in (129) and (131), (a)–(c) are given in Table 5, and r` is given
in (161). The shaded area denotes the standard deviation (+1σ and
−0.5σ).

ing error as in Theorem 7.1, thereby improving the per-
formance of existing learning-based feedforward control
laws to model (o`, t) 7→ ud as in (a), whose tracking error
bound increases exponentially with time as in Theorem 5.1
(see [105]). This property enables its use in safety-critical
guidance and control tasks which we often encounter in
modern machine learning applications.

Example 7.1. Let us consider the cart-pole balancing task
in Fig. 8, perturbed externally by deterministic perturba-
tion, to demonstrate the differences of (a)–(c) summarized
in Table 5. Its dynamical system is given in [104, 172] with
its values defined in [172].

The target trajectories (xd, ud) are sampled with the

objective function
∫ T

0
‖u‖2dt, and the LAG-ROS of Theo-

rem 7.1 is modeled by a DNN independently of the target
trajectory as detailed in [105]. The environment informa-
tion og is selected as random initial and target terminal
states, and we let V`(0) = 0 and ε`0 + d̄c = 0.75 in (158)
of Theorem 7.1, yielding the following exponential bound:

r`(t) =
V`(0)√
m

+
d̄ε`
α

√
m

m
(1− e−αt) = 3.15(1− e−0.60t)

(161)

where d̄ε` = ε`0 + d̄c.
Figure 8 shows the tracking errors of each motion plan-

ner averaged over 50 simulations at each time instant t.
The LAG-ROS (c) and robust tube-based planner (b) in-
deed satisfy the bound (161) (dotted black curve) for all t
with a small standard deviation σ, unlike learning-based
motion planner (a) with a diverging bound in Theorem 5.1
and increasing deviation σ. This example demonstrates
one of the major advantages of contraction theory, which
enables such quantitative analysis on robustness and sta-
bility of learning-based planners.

As implied in Example 7.1, the LAG-ROS indeed pos-
sesses the robustness and stability guarantees of u∗ as
proven in Theorem 7.1, unlike (a), while retaining signifi-
cantly lower computational cost than that of (b). See [105]
for a more detailed discussion of this simulation result.

7.3. Tube-based State Constraint Satisfaction

We exploit the result of Theorem 7.1 in the tube-based
motion planning [80] for generating LAG-ROS training
data, which satisfies given state constraints even under
the existence of the learning error and disturbance of The-
orem 5.2. In particular, we sample target trajectories
(xd, ud) of (131) in Ss ×Su of Theorem 7.1 by solving the
following, assuming the learning error ε`0 and disturbance
upper bound d̄c of Theorem 7.1 are selected a priori [61]:

min
x̄=x̄(og,t)
ū=ū(og,t)

∫ T

0

c0‖ū‖2 + c1P (x̄, ū, t)dt (162)

s.t. ˙̄x = f(x̄, t) +B(x̄, t)ū, x̄ ∈ X̄ (og, t), and ū ∈ Ū(og, t)

where c0 > 0, c1 ≥ 0, P (x̄, ū, t) is some performance-
based cost function (e.g., information-based cost [173]),
X̄ is robust admissible state space defined as X̄ (og, t) =
{v(t) ∈ Rn|∀ξ(t) ∈ {ξ(t)|‖v(t) − ξ(t)‖ ≤ r`(t)}, ξ(t) ∈
X (og, t)}, X (og, t) is given admissible state space, r`(t)
is given by (158) of Theorem 7.1, and ū ∈ Ū(og, t) is an
input constraint. The following theorem shows that the
LAG-ROS ensures the perturbed state x of (129) to satisfy
x ∈ X , due to the contracting property of u∗.

Lemma 7.1. If the solution of (162) gives (xd, ud), the
LAG-ROS uL of Theorem 7.1 ensures the perturbed solu-
tion x(t) of ẋ = f(x, t)+B(x, t)uL+dc(x, t) in (129) to stay
in the admissible state space X (og, t), i.e., x(t) ∈ X (og, t),
even with the learning error ε`0 of uL in Theorem 7.1.

Proof. See [105]. �

Lemma 7.1 implies that the perturbed trajectory (129)
controlled by LAG-ROS will not violate the given state
constraints as long as xd is sampled by (162), which helps
greatly reduce the need for safety control schemes such
as [174]. The localization method in [115] allows extracting
o` of (a) by og of (162), to render LAG-ROS applicable to
different environments in a distributed way with a single
policy.

We therefore sample artificially perturbed states x in
the tube S(xd(og, t)) = {ξ(t) ∈ Rn|‖ξ(t) − xd(og, t)‖ ≤
r`(t)} as depicted in Figures 9 and 10 [105]. The robust
control inputs u∗ for training LAG-ROS of Theorem 7.1 is
then sampled by computing the CV-STEM of Theorem 4.2
or Theorem 4.6. The LAG-ROS framework is summarized
in Fig. 12, and a pseudocode for its offline construction
can be found in [105].

Remark 7.1. For stochastic systems, we could sample x
around xd using a given probability distribution of the dis-
turbance using (159) and (160) of Theorem 7.1.

Example 7.2. Let us again consider the spacecraft dy-
namics of Example 6.2, but now for designing a real-time
robust motion planner using the LAG-ROS in a multi-
agent setting. In this example, each agent is assumed to
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have access only to the states of the other agents/obstacles
located in a circle with a limited radius, 2.0m, centered
around it. The performance of LAG-ROS is compared
with (a), (b), and the following centralized motion plan-
ner (d) which is not computable in real-time:

(d) Centralized robust motion planner:
(x, xd, ud, t) 7→ u∗, offline centralized solution of (b).

The objective function for sampling target trajectories of

(131) is selected as
∫ T

0
‖u‖2dt with their target terminal

positions xf = [pxf , pyf , 0, 0]>, where (pxf , pyf ) is a ran-
dom position in (0, 0) ≤ (pxf , pyf ) ≤ (5, 5). For the state
constraint satisfaction in Lemma 7.1, the following error
tube (158):

r`(t) = (d̄ε`/α)
√
χ(1− e−αt) = 0.125(1− e−0.30t)

is used with an input constraint ui ≥ 0, ∀i, to avoid col-
lisions with a random number of multiple circular obsta-
cles and of other agents, even under the learning error
and disturbances. See [105] for the LAG-ROS training de-
tails [105].

Figure 11 shows one example of the trajectories of the
motion planners (a)–(d) under deterministic external dis-
turbances. It implies the following:

• For (a), the tracking error accumulates exponentially
with time due to the lack of robustness as proven in
Theorem 5.1.

• (b) only yields locally optimal (xd, ud) of (131), as its
time horizon has to be small enough to make the prob-
lem solvable online with limited computational capac-
ity, only with local environment information. This ren-
ders some agents stuck in local minima as depicted in
Fig. 11.

• LAG-ROS (c) tackles these two problems by provid-
ing formal robustness and stability guarantees of The-
orem 7.1, whilst implicitly knowing the global solution
(only from the local information o` as in [115]) without
computing it online. It indeed satisfies the state con-
straints due to Lemma 7.1 as can be seen from Fig. 11.

See [105] for the in-depth discussion on this simulation
result.

7.4. Safe Exploration and Learning of Disturbances

All the theorems presented so far assume that the sizes
of unknown external disturbances are fixed (i.e., d̄ in Theo-
rem 2.4 and (ḡ0, ḡ1) in Theorem 2.5 are known and fixed).
Since such an assumption could yield conservative state
constraints, e.g., in utilizing motion planning of Lemma 7.1
with the tube of Theorem 7.1, we could consider bet-
ter estimating the unknown parts, d(x, t) in Theorem 2.4
or G0(x, t) and G1(x, t) in Theorem 2.5, also using con-
traction theory and machine learning. For example, it is
demonstrated in [171] that the stochastic bounds of The-
orem 2.5 can be used to ensure safe exploration and re-
duction of uncertainty over epochs in learning unknown,
control non-affine residual dynamics. Here, its optimal
motion plans are designed by solving chance-constrained
trajectory optimization and executed using a feedback con-
troller such as Theorem 4.2 with a control barrier function-
based safety filter [174, 175]. It is also shown in [89–91]
that the state-dependent disturbance d(x) in Theorem 2.5
can be learned adaptively with the Gaussian process while
ensuring safety.

These techniques are based on the robustness and sta-
bility properties of contraction theory-based control and
estimation schemes, which guarantee their state trajecto-
ries to stay in a tube around the target trajectory as in
Theorems 2.4, 2.5, 5.2, and 5.3, and at the same time,
enable safely sampling training data for learning the un-
known part of the dynamics. Sections 8 and 9 are for giv-
ing an overview of these concepts in the context of contrac-
tion theory-based adaptive control [85, 86, 104] and robust
control synthesis for learned models [61, 64, 81, 131, 133].

8. Learning-based Adaptive Control

In this section, we consider the following smooth non-
linear system with an uncertain parameter θ ∈ Rc:

ẋ = f(x, θ) +B(x, θ)u, ẋd = f(xd, θ) +B(xd, θ)ud (163)

where x, u, xd, and ud are as defined in (129) and (131),
and f : Rn × Rc 7→ Rn and B : Rn × Rc 7→ Rn×m
are known smooth functions with the uncertain param-
eter θ ∈ Rc. Due to Theorems 2.4 and 5.2, we can see that
the robust control techniques presented earlier in Theo-
rems 4.2, 4.6, 6.4, and 6.5 are still useful in this case if
the modeling errors ‖f(x, θ) − f(x, θn)‖ and ‖B(x, θ) −
B(x, θn)‖ are bounded, where θn is a nominal guess of
the true parameter θ. However, there are situations where
such assumptions are not necessarily true.

We present a method of deep learning-based adaptive
control for nonlinear systems with parametric uncertainty,
thereby further improving the real-time performance of ro-
bust control in Theorems 5.2 and 5.3 for model-based sys-
tems, and Theorems 9.1 and 9.2 for model-free systems.
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Although we consider continuous-time dynamical systems
in this section, discrete-time changes could be incorpo-
rated in this framework using [87, 130]. Also, note that
the techniques in this section [104] can be used with differ-
ential state feedback frameworks [33, 79–83] as described
in Theorem 4.6, trading off added computational cost for
generality (see Table 3 and [85, 86]).

8.1. Adaptive Control with CV-STEM and NCM

Let us start with the following simple case.

Assumption 8.1. The matrix B in (163) does not depend
on θ, and ∃Π(x) ∈ Rc×n s.t. Π(x)>ϑ = f(x, θn)− f(x, θ),
where ϑ = θn−θ and θn is a nominal guess of the uncertain
parameter θ.

Under Assumption 8.1, we can write (163) as

ẋ = f(x, θn) +B(x)u−Π(x)>ϑ

leading to the following theorem [104] for the NCM-based
adaptive control. Note that we could also use the SDC
formulation with respect to a fixed point as delineated in
Theorem 3.2 [13, 16, 17].

Theorem 8.1. Suppose that Assumption 8.1 holds and let
M defines the NCM of Definition 6.2, which models M of
the CV-STEM contraction metric in Theorem 4.2 for the
nominal system (163) with θ = θn, constructed with an ad-
ditional convex constraint given as ∂bi(x)W̄+∂bi(xd)W̄ = 0,

where ∂bi(q)W̄ =
∑
i(∂W̄/∂qi)bi(q) for B = [b1, · · · , bm]

(see [79, 85]). Suppose also that the matched uncertainty
condition [85] holds, i.e., (Π(x)−Π(xd))

>ϑ ∈ span(B(x))
for Π(x), and that (163) is controlled by the following adap-
tive control law:

u =uL + ϕ(x, xd)
>ϑ̂ (164)

˙̂
ϑ =− Γ(ϕ(x, xd)B(x)>M(x, xd, ud)(x− xd) + σϑ̂) (165)

where uL is given by (135) of Theorem 6.3, i.e., uL =
ud − R−1B>M(x − xd), Γ ∈ Rc×c is a diagonal matrix
with positive elements that governs the rate of adaptation,
σ ∈ R≥0, and (Π(x)−Π(xd))

>ϑ = B(x)ϕ(x, xd)
>ϑ.

If ∃γ, γ, b̄, ρ̄, φ̄, ϑ̄ ∈ R>0 s.t. γI � Γ � γI, ‖B(x)‖ ≤ b̄,

‖R−1(x, xd, ud)‖ ≤ ρ̄, ‖ϕ(x, xd)‖ ≤ φ̄, and ‖ϑ‖ ≤ ϑ̄, and
if Γ and σ of (165) are selected to satisfy the following
relation for the learning error ‖M − M‖ ≤ ε` in some
compact set S as in (146) of Theorem 6.3:[
−2α`m φ̄b̄ε`
φ̄b̄ε` −2σ

]
� −2αa

[
m 0
0 1/γ

]
(166)

for ∃αa ∈ R>0, α` given in Theorem 6.3, and m and m
given in mI � M � mI of (26), then the system (163) is
robust against bounded deterministic and stochastic distur-
bances with σ 6= 0, and we have the following bound in the
compact set S:

‖e(t)‖ ≤ (V`(0)e−αat + α−1
a σ

√
γϑ̄(1− e−αat))/√m (167)
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where e = x − xd, and V` =
∫ ξ1
ξ0
‖Θδq‖ is defined in

Theorem 2.3 with M = Θ>Θ replaced by diag(M,Γ−1)

for ξ0 = [x>d , ϑ
>]> and ξ1 = [x>, ϑ̂>]>. Furthermore, if

the learning error ε` = 0 (CV-STEM control), (165) with
σ = 0 guarantees asymptotic stability of x to xd in (163).

Proof. The proof can be found in [104], but here we em-
phasize the use of contraction theory. For u given by (164),
the virtual system of a smooth path q(µ, t) = [q>x , q

>
ϑ ]>

parameterized by µ ∈ [0, 1], which has q(µ = 0, t) =

[x>d , ϑ
>]> and q(µ = 1, t) = [x>, ϑ̂>]> as its particular

solutions, is given as follows:

q̇ =

[
ζ(qx, x, xd, ud) +Bϕ>qϑ −Π(x)>ϑ

−Γ(ϕB>M(qx − xd) + σ(qϑ − ϑ)) + dqϑ(µ, ϑ)

]
where dqϑ(µ, ϑ) = −µσϑ. Note that ζ is as given in (67),
i.e., ζ = (A−BR−1B>M)(qx − xd) + ẋd, where the SDC
matrix A is defined as (see Lemma 3.1)

A(x− xd) = f(x, θn) +B(x)ud − f(xd, θn)−B(xd)ud.

The arguments of A(%, x, xd, ud), B(x), M(x, xd, ud), and
ϕ(x, xd) are omitted for notational simplicity. Since q̇x =
ζ(qx, x, xd, ud, t) is contracting due to Theorems 4.2 and 6.3
with a contraction rate given by α` in Theorem 6.3, we
have for a Lyapunov function V = δq>xMδqx+ δq>ϑ Γ−1δqϑ
that

V̇ /2 ≤− α`δq>xMδqx + δq>x (M −M)Bϕ>δqϑ

− σ‖δqϑ‖2 + δq>ϑ δdqϑ. (168)

Applying (166) with ‖M−M‖ ≤ ε` of (146), we get

V̇ /2− δq>ϑ δdqϑ ≤ −(α`m)‖δqx‖2 + φ̄b̄ε`‖δqx‖‖δqϑ‖
− σ‖δqϑ‖2 ≤ −αa(m‖δqx‖2 + ‖δqϑ‖2/γ) ≤ −αaV.

Since we have ‖∂dqϑ/∂µ‖ = σϑ̄, this implies V̇` ≤ −αaV`+
σ
√
γϑ̄, yielding the bound (167) due to Lemma 2.1 [104].

Robustness against deterministic and stochastic distur-
bances follows from Theorem 3.1 if σ 6= 0. If ε` = 0 and
σ = 0, the relation (168) reduces to V̇ /2 ≤ −αδq>xMδqx,
which results in asymptotic stability of x to xd in (163)
due to Barbalat’s lemma [3, p. 323] as in the proof of
Theorem 2 in [85]. �

Remark 8.1. Although Theorem 8.1 is for the case where
f(x) is affine in its parameter, it is also useful for the
following types of systems with an uncertain parameter θ ∈
Rc and a control input u (see [104]):

H(x)p(n) + h(x) + Π(x)θ = u

where p ∈ Rn, u ∈ Rn, h : Rn 7→ Rn, H : Rn 7→ Rn×n,
Π : Rn 7→ Rn×c, x = [(p(n−2))>, · · · , (p)>]>, and p(k) de-
notes the kth time derivative of p. In particular, adaptive
sliding control [176] designs u to render the system of the

composite variable s given as s = p(n−1)−p(n−1)
r to be con-

tracting, where p
(n−1)
r = p

(n−1)
d −∑n−2

i=0 λie
(i), e = p− pd,

pd is a target trajectory, and κn−1+λn−2κ
n−2+· · ·+λ0 is a

stable (Hurwitz) polynomial in the Laplace variable κ (see

Example 2.6). Since we have e(n−1) = s−∑n−2
i=0 λie

(i) and
the system for [e(0), · · · , e(n−2)] is also contracting if s = 0
due to the Hurwitz property, the hierarchical combination
property [9, 10] of contraction in Theorem 2.7 guarantees
limt→∞ ‖p− pd‖ = 0 [5, p. 352] (see Example 2.7).

Example 8.1. Using the technique of Remark 8.1, we can
construct adaptive control for the Lagrangian system in
Example 2.6 as follows:

H(q)q̈ + C(q, q̇)q̇ + G(q) = u(q, q̇, t) (169)

u(q, q̇, t) = −K(t)(q̇− q̇r) + Ĥ(q)q̈r + Ĉ(q, q̇)q̇r + Ĝ(q)
(170)

where Ĥ, Ĉ, and Ĝ are the estimates of H, C, and G, re-
spectively, and the other variables are as defined in Ex-
ample 2.6. Suppose that the terms H, C, and G depend
linearly on the unknown parameter vector θ as follows [5,
p. 405]:

H(q)q̈r + C(q, q̇)q̇r + G(q) = Y (q, q̇, q̇r, q̈r)θ.

Updating the parameter estimate θ̂ using the adaptation

law,
˙̂
θ = −ΓY (q, q̇, q̇r, q̈r)

>(q̇ − q̇r), as in (165) where
Γ � 0, we can define the following virtual system which
has q = ξ0 = [q̇>r , θ

>]> and q = ξ1 = [q̇>, θ̂>]> as its
particular solutions:[
H 0
0 Γ−1

]
(q̇ − ξ̇0) +

[
C +K −Y
Y > 0

]
(q − ξ0) = 0

where the relation u = −K(t)(q̇ − q̇r) + Y (q, q̇, q̇r, q̈r)θ̂ is
used. Thus, for a Lyapunov function V = δq>

[H 0
0 Γ−1

]
δq,

we have that

V̇ =δq>
[
K Y
−Y > 0

]
δq = δq>

[
K 0
0 0

]
δq

which results in asymptotic stability of the differential state
δq (i.e., semi-contraction [11], see also Barbalat’s lemma [5,
p. 405-406]).

8.2. Parameter-Dependent Contraction Metric (aNCM)

Although Theorem 8.1 utilizes the NCM designed for
the nominal system (163) with θ = θn, we could improve
its representational power by explicitly taking the parame-
ter estimate θ̂ as one of the NCM arguments [104], leading
to the concept of an adaptive NCM (aNCM).

In this section, we consider multiplicatively-separable
nonlinear systems given in Assumption 8.2, which holds
for many types of systems including robotics systems [5],
spacecraft high-fidelity dynamics [126, 127], and systems
modeled by basis function approximation and DNNs [128,
129].
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Assumption 8.2. The dynamical system (163) is multi-
plicatively separable in terms of x and θ, i.e., ∃ Yf : Rn 7→
Rn×cz , Ybi : Rn 7→ Rn×cz , and Z : Rc 7→ Rcz s.t.

Yf (x)Z(θ) = f(x, θ), Ybi(x)Z(θ) = bi(x, θ)

where B(x, θ) = [b1(x, θ), · · · , bm(x, θ)]. We could define θ
as [θ>, Z(θ)>]> so we have Yf (q)θ = f(q, θ) and Ybi(q)θ =
bi(q; θ). Such an over-parameterized system could be regu-
larized using the Bregman divergence as in [177] (see Ex-
ample 8.4), and thus we denote [θ>, Z(θ)>]> as θ in the
subsequent discussion.

Under Assumption 8.2, the dynamics for e = x− xd of
(163) can be expressed as follows:

ė = A(%, x, xd, ud, θ̂)e +B(x, θ̂)(u− ud)− Ỹ (θ̂ − θ) (171)

where A is the SDC matrix of Lemma 3.1, θ̂ is the current
estimate of θ, and Ỹ is defined as

Ỹ = Y − Yd = (Yf (x) + Yb(x, u))− (Yf (xd) + Yb(xd, ud))

(172)

where Yb(x, u) =
∑m
i=1 Ybi(q)ui.

Definition 8.1. The adaptive Neural Contraction Met-
ric (aNCM) in Fig. 13 is a DNN model for the optimal
parameter-dependent contraction metric, given by solving
the adaptive CV-STEM, i.e., (89) of Theorem 4.2 (or The-
orem 4.6 for differential feedback) with its contraction con-
straint replaced by the following convex constraint:

− Ξ + 2 sym
(
AW̄

)
− 2νBR−1B> � −2αW̄ (173)

for deterministic systems, and[−Ξ + 2 sym (AW̄ )− 2νBR−1B> + 2αW̄ W̄
W̄ − ν

αs
I

]
� 0

(174)

for stochastic systems, where W = M(x, xd, ud, θ̂)
−1 � 0

(or W = M(x, θ̂)−1 � 0, see Theorem 3.2), W̄ = νW ,
ν = m, R = R(x, xd, ud) � 0 is a weight matrix on u,
Ξ = (d/dt)|θ̂W̄ is the time derivative of W̄ computed along

(163) with θ = θ̂, A and B are given in (171), α, m, m,
and αs are as given in Theorem 4.2, and the arguments
(x, xd, ud, θ̂) are omitted for notational simplicity.

The aNCM given in Definition 8.1 has the following
stability property along with its optimality due to the CV-
STEM of Theorem 4.2 [104].

Theorem 8.2. Suppose that Assumption 8.2 holds and let
M define the aNCM of Definition 8.1. Suppose also that
the true dynamics (163) is controlled by the following adap-
tive control law:

u =ud −R(x, xd, ud)
−1B(x, θ̂)>M(x, xd, ud, θ̂)e (175)

˙̂
θ =Γ((Y >dMx + Y >d dMxd + Ỹ >M)e− σθ̂) (176)
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Figure 13: Illustration of aNCM (M : positive definite matrix that

defines aNCM; θ̂: estimated parameter; Y : error signal, see (172);
x: system state; u: system control input; and (xd, ud): target state
and control input trajectory).

where dMq = [(∂M/∂q1)e, · · · , (∂M/∂qn)e]>/2, e = x−
xd, Γ � 0, σ ∈ R≥0, and Y , Yd, Ỹ are given in (172).
Suppose further that the learning error in ‖M−M‖ ≤ ε`
of Theorem 6.3 additionally satisfies ‖dMxd−dMxd‖ ≤ ε`
and ‖dMx − dMx‖ ≤ ε` in some compact set S.

If ∃b̄, ρ̄, ȳ ∈ R>0 s.t. ‖B(x, θ̂)‖ ≤ b̄, ‖R−1(x, xd, ud)‖ ≤
ρ̄, ‖Y ‖ ≤ ȳ, ‖Yd‖ ≤ ȳ, and ‖Ỹ ‖ ≤ ȳ in (175) and (176),
and if Γ and σ of (176) are selected to satisfy the following
as in Theorem 8.1:[
−2α`m ȳε`
ȳε` −2σ

]
� −2αa

[
m 0
0 1/γ

]
(177)

for ∃αa ∈ R>0, α` given in Theorem 6.3, and m and m
given in mI � M � mI of (26), then the system (163)
is robust against bounded deterministic and stochastic dis-
turbances, and we have the exponential bound (167) in the
compact set S. Furthermore, if ε` = 0 (adaptive CV-
STEM control), (176) with σ = 0 guarantees asymptotic
stability of x to xd in (163).

Proof. Replacing the contraction constraints of the CV-
STEM in Theorem 4.2 by (173) and (174), the bound
(167) and the asymptotic stability result can be derived
as in the proof of Theorem 8.1 (see Theorem 4 and Corol-
lary 2 of [104] for details). Theorems 2.4 and 2.5 guaran-
tee robustness of (163) against bounded deterministic and
stochastic disturbances for σ 6= 0. �

Let us again emphasize that, by using Theorem 4.6,
the results of Theorems 8.1 and 8.2 can be extended to
adaptive control with CCM-based differential feedback [85,
86] (see Table 3 for the trade-offs).

Since the adaptation laws (165) and (176) in Theo-
rems 8.1 and 8.2 yield an explicit bound on the steady-
state error as in (167), it could be used as the objective
function of the CV-STEM in Theorem 4.2, regarding Γ and
σ as extra decision variables to get M optimal in a sense
different from Theorem 4.2. Smaller ε` would lead to a
weaker condition on them in (166) and (177). Also, the
size of ‖ϑ‖ ≤ ϑ̄ in (167) can be adjusted simply by rescal-
ing it (e.g., ϑ → θ/ϑ̄). However, such a robustness guar-

antee comes with a drawback of having limt→∞ ‖θ̂(t)‖ = 0
for σ 6= 0 in (165), leading to the trade-offs in different
types of adaptation laws, some of which are given in Ex-
amples 8.2–8.4 (see also Remark 8.2).
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Example 8.2. Let us briefly describe the following pro-
jection operator-based adaptation law, again for the La-
grangian system (169) of Example 8.1 with the unknown
parameter vector θ:

˙̂
θ = Proj (θ̂,−ΓY (q, q̇, q̇r, q̈r)

>(q̇− q̇r), p) (178)

where Proj is the projection operator and p is a convex
boundary function (e.g., p(θ̂) = (θ̂>θ̂− θ2

max)/(εθθ
2
max) for

given positive constants θmax and εθ). If p(θ̂) > 0 and

∇p(θ̂)>ξ > 0,

Proj (θ̂, ξ, p) = ξ − (∇p(θ̂)∇p(θ̂)>/‖∇p(θ̂)‖2)ξp(θ̂),

otherwise, Proj (θ̂, ξ, p) = ξ. The projection operator has
the following useful property which allows bounding the pa-
rameter estimate θ̂.

Lemma 8.1. If θ̂ is given by (178) with θ̂(0) ∈ Ωθ =

{θ ∈ Rc|p(θ) ≤ 1} for a convex function p(θ), then θ̂(t) ∈
Ωθ, ∀t ≥ 0 (e.g., ‖θ̂‖ ≤ θmax

√
1 + εθ if p(θ̂) = (θ̂>θ̂ −

θ2
max)/(εθθ

2
max)).

Proof. See [178]. �

Since Lemma 8.1 guarantees the boundedness of ‖θ̂‖, the
adaptive controller (170), u = −K(q̇ − q̇r) + Y θ + Y θ̃,
can be viewed as the exponentially stabilizing controller
−K(q̇ − q̇r) + Y θ (see Example 2.6) plus a bounded ex-
ternal disturbance Y θ̃, implying robustness due to Theo-
rem 2.4 [24, 86, 178, 179].

Let us also remark that, as in Example 8.1, the pro-
jection operator-based adaptation law (178) still achieves
asymptotic stabilization. Applying the control law (170)
with the adaptation (178) yields the following virtual sys-

tem which has q = ξ0 = [q̇>r , θ
>]> and q = ξ1 = [q̇>, θ̂>]>

as its particular solutions:[
H 0
0 I

]
(q̇ − ξ̇0) +

[
(C +K)(qs − q̇r)− Y (qθ − θ)

Proj (θ̂,ΓY >(qs − q̇r), p)

]
= 0

where q = [q>s , q
>
θ ]>. Thus, for a Lyapunov function Vs` =

1
2

∫ ξ1
ξ0
δq>

[
H(q) 0

0 Γ−1

]
δq, we have that

V̇s` =

∫ ξ1

ξ0

−δq>s Kδqs + δq>θ (Proj (θ̂, Y >δqs, p)− Y >δqs).

Using the convex property of the projection operator, i.e.,
θ̃>(Proj (θ̂, ξ, p) − ξ) ≤ 0 [178, 179], this gives V̇s` ≤
−
∫ ξ1
ξ0
δq>s Kδqs, which results in asymptotic stability of δq

due to Barbalat’s lemma [5, p. 405-406] as in Example 8.1.

Example 8.3. The dependence on u and
˙̂
θ in (d/dt)|θ̂M

can be removed by using ∂bi(x)M+∂bi(xd)M = 0 as in The-
orem 8.1, and by using adaptation rate scaling introduced
in [86]. In essence, the latter multiplies the adaptation law

(176) by any strictly-increasing and strictly-positive scalar
function v(2ρ), and update ρ as

ρ̇ =
1

2

v(2ρ)

vρ(2ρ)

c∑
i=1

1

Ve + η

∂Ve

∂θ̂i
θ̇i (179)

where vρ = ∂v/∂ρ, η ∈ R>0, and Ve = e>M(x, xd, ud, θ̂)e
for e = x−xd and M given in Definition 8.1, so the addi-

tional term due to (179) cancels out the term involving
˙̂
θ

in (d/dt)|θ̂W̄ of (173) (see [86] for details). Its robustness
property follows from Theorem 8.2 also in this case.

Example 8.4. Using the Bregman divergence-based adap-
tation in [177], we could implicitly regularize the parameter

estimate θ̂ as follows:

lim
t→∞

θ̂ = arg min
ϑ∈A

dψ(ϑ‖θ∗) = arg min
ϑ∈A

dψ(ϑ‖θ̂(0))

where dψ is the Bregman divergence defined as dψ(x‖y) =
ψ(x) − ψ(y) − (x − y)>∇ψ(y) for a convex function ψ,
and A is a set containing only parameters that interpo-
late the dynamics along the entire trajectory. If θ̂(0) =

arg minb∈Rp ψ(b), we have limt→∞ θ̂ = arg minϑ∈A ψ(ϑ),

which regularizes θ̂ to converge to a parameter that mini-
mizes ψ. For example, using 1-norm for ψ would impose
sparsity on the steady-state parameter estimate θ̂ [177].

These extensions of adaptive control techniques de-
scribed in Examples 8.2–8.4 could be utilized with contrac-
tion theory and learning-based control as in Theorems 8.1
and 8.2.

Remark 8.2. Note that the results presented earlier in
this section do not necessarily mean parameter conver-
gence, limt→∞ ‖θ̃‖ = 0, as the adaptation objective is to
drive the tracking error ‖x−xd‖ to zero [5, p. 331], not to
find out the true parameter θ out of the many that achieve
perfect tracking.

Asymptotic parameter convergence, limt→∞ ‖θ̃‖ = 0
for θ of (163) under Assumption 8.2, could be guaranteed if
there is no disturbance and learning error with σ = 0, and

we have ∃T, αPE ∈ R>0 s.t.
∫ t+T
t

Ỹ >Ỹ dτ � αPEI, ∀t for

Ỹ given in (172) (the persistent excitation condition [5, p.
366]). We could also utilize the Bregman divergence-based

adaptation to regularize the behavior of limt→∞ ‖θ̂‖ as in
Example 8.4.

9. Contraction Theory for Learned Models

In recent applications of learning-based and data-driven
automatic control frameworks, we often encounter situ-
ations where we only have access to a large amount of
system trajectory data. This section, therefore, considers
the cases where the true underlying dynamical system is
poorly modeled or completely unknown, and assumptions
in Sec. 8 for using learning-based adaptive control tech-
niques are no longer valid.
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A typical approach is to perform system identifica-
tion [61, 64, 81, 131] using trajectory data generated by
(181):

ẋ =fL(x, u(x, t), t) (180)

ẋ∗ =ftrue(x∗, u(x∗, t), t) (181)

where x : R≥0 7→ Rn is the system state, u : Rn × R≥0 7→
Rm is the system control input, ftrue : Rn × Rm × R≥0 7→
Rn is a smooth function of the true dynamical system
(181), which is unknown and thus modeled by a learned
smooth function fL : Rn × Rm × R≥0 7→ Rn of (180). If
we can learn fL to render the system (180) contracting,
contraction theory still allows us to ensure robustness and
stability of these systems.

Theorem 9.1. Let q(0, t) = ξ0(t) = x(t), q(1, t) = ξ1(t) =
x∗(t), and g = fL in Theorems 5.2 and 5.3 as in Exam-
ple 5.3, and define ∆L as

∆L = ftrue(x∗, u(x∗, t), t)− fL(x∗, u(x∗, t), t) (182)

for the learning error condition ‖∆L‖ ≤ ε`0 + ε`1‖ξ1 − ξ0‖
in (115). If the function fL is learned to satisfy (115) with
ε`1 = 0, i.e., ‖∆L‖ ≤ ε`0 in some compact set S, and if
there exists a contraction metric defined by M bounded as
mI �M � mI as in (26), which renders (180) contracting
as in (4) of Theorem 2.1 for deterministic systems, i.e.,

Ṁ +M(∂fL/∂x) + (∂fL/∂x)>M � −2αM, (183)

and (38) of Theorem 2.5 for stochastic systems, i.e.,

Ṁ +M(∂fL/∂x) + (∂fL/∂x)>M � −2αM − αsI, (184)

then we have the following in the compact set S:

‖x(t)− x∗(t)‖ ≤ V`(0)√
m
e−αt +

ε`0
α

√
m

m
(1− e−αt) (185)

for x and x∗ in (180) and (181), where V` =
∫ x
x∗
‖Θδx‖ as

in Theorem 2.3 with M = Θ>Θ. Furthermore, the systems
(180) and (181) are robust against bounded deterministic
and stochastic disturbances.

Proof. Let p∗t = (x∗, u(x∗(t), t), t) for notational sim-
plicity. Since (181) can be written as ẋ∗ = ftrue(p∗t ) =
fL(p∗t )+(ftrue(p∗t )−fL(p∗t )) (see Example 5.3) and ‖∆L‖ =
‖ftrue(p∗t )−fL(p∗t )‖ ≤ ε`0, Theorem 2.4 holds with d̄ = ε`0
as (180) is contracting, resulting in (185). Also, defining
∆L as (182) in Theorems 5.2 and 5.3 results in robust-
ness of (180) and (181) against bounded deterministic and
stochastic disturbances due to (183) and (184), respec-
tively. �

Theorem 9.1 is the theoretical foundation for stabil-
ity analysis of model-free nonlinear dynamical systems.
The bound (185) becomes tighter as we achieve smaller
ε`0 using more training data for verifying ‖∆L‖ ≤ ε`0 (see
Remark 5.1). From here onwards, we utilize contraction
theory to provide stability guarantees to such model-free
systems, partially enabling the use of the aforementioned
model-based techniques.

9.1. Robust Control of Systems Modeled by DNNs

One challenge in applying Theorem 9.1 in practice is to
find contraction metrics for the control non-affine nonlin-
ear systems (180). This section delineates one way to con-
struct a contraction metric in Theorem 9.1 for provably-
stable feedback control, using the CV-STEM and NCM of
Theorems 4.2, 4.6, 6.1, 6.3–6.5, and 7.1, along with the
spectrally-normalized DNN of Definition 6.3.

To this end, let us assume that ftrue of the dynam-
ics (181) can be decomposed into a known control-affine
part f(x∗, t)+B(x∗, t)u and an unknown control non-affine
residual part r(x∗, u, t) as follows:

ẋ∗ = ftrue = f(x∗, t) +B(x∗, t)(u+ r(x∗, u, t)). (186)

Ideally, we would like to design u as

u = u∗(x, t)− rL(x, u, t) (187)

to cancel out the unknown term r(x, u, t) of the dynamical
system (186) by the model rL(x, u, t) learned using trajec-
tory data, where u∗ is a nominal stabilizing control input
for ẋ = f(x, t) +B(x, t)u given by, e.g., Theorems 4.2 and
4.6. However, the equation (187) depends implicitly on u,
which brings extra computational burden especially if the
learned model rL(x, u, t) is highly nonlinear as in DNNs.
In [61], a discrete-time nonlinear controller is proposed to
iteratively solve (187).

Lemma 9.1. Define a mapping F as F(u) = u∗(x, t) −
rL(x, u, t), where u∗ and rL are given in (187). If rL is
Lipschitz in u with a 2-norm Lipschitz constant Lu < 1,
i.e., ‖rL(x, u, t) − rL(x, u′, t)‖ ≤ Lu‖u − u′‖, ∀u, u′, then
F is a contraction mapping for fixed x, t. Therefore, if x, t
are fixed, discrete-time nonlinear control uk defined as

uk = F(uk−1) = u∗(x, t)− rL(x, uk−1, t) (188)

converges to a unique solution u given by u = F(u).

Proof. Since rL is Lipschitz, we have that

‖F(u)−F(u′)‖ ≤ ‖rL(x, u, t)− rL(x, u′, t)‖ ≤ Lu‖∆u‖

where ∆u = u− u′. Thus, the assumption Lu < 1 ensures
that F is a contraction mapping for fixed x, t [61]. �

By applying contraction theory to the discrete-time
controller (188) of Lemma 9.1, we can guarantee the sta-
bility of (186) if rL is modeled by a spectrally-normalized
DNN of Definition 6.3.

Theorem 9.2. Let x be the trajectory of the following
ideal system without the unknown part r of the dynamics
(186):

ẋ = f(x, t) +B(x, t)u∗(x, t) (189)

where u∗ is a stabilizing controller that renders (189) con-
tracting as in Theorem 9.1 for M which satisfies mI �
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M � mI of (26). Note that such u∗ can be designed by
using, e.g., Theorems 4.2 and 4.6. Suppose that the true
dynamics (186) is controlled by (188) and

∃ρ ∈ R≥0 s.t. ‖uk − uk−1‖ ≤ ρ‖x− x∗‖ (190)

for x∗ in (186) [61]. If ∃b̄ ∈ R≥0 s.t. ‖B(x, t)‖ ≤ b̄,
and if rL is modeled by a spectrally-normalized DNN of
Definition 6.3 to have

‖rL(x, u, t)− r(x, u, t)‖ ≤ ε` (191)

for all x ∈ Ss, u ∈ Su, and t ∈ St, where Ss ⊆ Rn,
Su ⊆ Rm, and St ⊆ R≥0 are some compact sets, then rL
is Lipschitz continuous, and the controller (188) applied to
(186) gives the following bound in the compact set:

‖x(t)− x∗(t)‖ ≤ V`(0)√
m
e−α`t +

b̄ε`
α`

√
m

m
(1− e−α`t) (192)

as long as the Lipschitz constant of rL is selected to have

∃α` ∈ R>0 s.t. α` = α− b̄Luρ
√
m/m > 0 (193)

where V` =
∫ x
x∗
‖Θδx‖ as in Theorem 2.3 with M = Θ>Θ.

Furthermore, the system (186) with the controller (188) is
robust against deterministic and stochastic disturbances.

Proof. If rL is modeled by a spectrally-normalized DNN,
we can arbitrarily choose its Lipschitz constant Lu by
Lemma 6.2. Applying (188) to (186) yields

ẋ∗ = fcl(x
∗, t) +B(x∗, t)(r(x∗, uk, t)− rL(x∗, uk−1, t))

where fcl(x
∗, t) = f(x∗, t) + B(x∗, t)u∗. Using the Lips-

chitz condition on rL and the learning error assumption
(191), we have that

‖r(x∗, uk, t)− rL(x∗, uk−1, t)‖ ≤ε` + Lu‖uk − uk−1‖
≤ε` + Luρ‖x− x∗‖

where (190) is used to obtain the second inequality. Since
we have ‖B(x, t)‖ ≤ b̄ and the closed-loop system ẋ =
fcl(x, t) is contracting, Theorem 5.2 holds with ε`0 = b̄ε`
and ε`1 = b̄Luρ as long as we select Lu to satisfy (193), re-
sulting in the bound (192). The final robustness statement
follows from Theorems 5.2 and 5.3. �

Theorem 9.2 implies that the control synthesis algo-
rithms via contraction theory, including robust control of
Theorems 4.2 and 4.6 (CV-STEM), learning-based robust
control of Theorems 6.1, 6.3–6.5, and 7.1 (NCM, LAG-
ROS), can be enhanced to provide explicit robustness and
stability guarantees even for systems partially modeled by
DNNs that depend nonlinearly on u.

Example 9.1. Let us consider the following Lagrangian
system of Example 2.6 perturbed externally by unknown
control non-affine residual disturbance:

H(q)q̈ + C(q, q̇)q̇ + G(q) = u+ r(x, u) (194)

where x = [q>, q̇>]> and the other variables are as given
in Example 2.6. Using the result of Theorem 9.2, we can
design a discrete-time nonlinear controller by augmenting
the exponentially stabilizing controller of Example 2.6 with
a learned residual part rL(x, u) as follows:

uk =−K(t)(q̇− q̇r) +H(q)q̈r + C(q, q̇)q̇r + G(q)

− rL(x, uk−1)

where q̇r = q̇d(t) − Λ(t)(q − qd(t)), K : R≥0 7→ Rn×n,
Λ : R≥0 7→ Rn×n, and (qd, q̇d) is the target trajectory of
the state (q, q̇), and K,Λ � 0 are control gain matrices
(design parameters). Again, note that Ḣ − 2C is skew-
symmetric with H � 0 by construction. This gives us the
following closed-loop virtual system of a smooth path q(µ, t)
parameterized by µ ∈ [0, 1], which has q(µ = 0, t) = q̇r and
q(µ = 1, t) = q̇ as its particular solutions as in Exam-
ple 2.6, but now with non-zero perturbation due to r(x, u):

H(q̇ − q̈r) + (C +K)(q − q̇r) = µ(r(x, uk)− rL(x, uk−1)).

After some algebra as in the proof of Theorem 9.2, we can
show that

d

dt

∫ 1

0

‖Θ∂µq‖ ≤ −
(
k`
hu
− Luρ

h`

)∫ 1

0

‖Θ∂µq‖+
ε`√
h`

where H = Θ>Θ, h`I � H � huI, k`I � K, ‖uk − uk−1‖ ≤
ρ‖q̇ − q̇r‖, ε` is the learning error of rL, and Lu is the
Lipschitz constant of rL (assuming rL is modeled by a
spectrally-normalized DNN of Definition 6.3). This indeed
indicates that the tracking error of the Lagrangian system
(194) is exponentially bounded as proven in Theorem 9.2.

In [61], the technique in Theorem 9.2 and in Exam-
ple 9.1 is used to perform precise near-ground trajectory
control of multi-rotor drones, by learning complex aerody-
namic effects caused by high-order interactions between
multi-rotor airflow and the environment. It is demon-
strated that it significantly outperforms a baseline non-
linear tracking controller in both landing and cross-table
trajectory tracking tasks. Theorem 9.2 enables applying
it to general nonlinear systems with state and control de-
pendent uncertainty, as long as we have a nominal expo-
nentially stabilizing controller (which can be designed by
Theorems 4.2 and 4.6, or approximately by Theorems 6.1,
6.3–6.5, and 7.1).

9.2. Learning Contraction Metrics from Trajectory Data

This section presents a data-driven method to design
contraction metrics for stability guarantees directly from
trajectory data, assuming that its underlying dynamical
system is completely unknown unlike (186). We specifi-
cally consider the situation where the underlying system is
given by a continuous-time autonomous system, ẋ = f(x)
with f being unknown, and the state x ∈ Rn being fully
observed.

39



Table 6: Notations in Sec. 9.2 [133].

Bn2 (r) Closed `2-ball in Rn of radius r centered at 0

Bn2 (ξ, r) Closed `2-ball in Rn of radius r centered at ξ

Sn−1 Sphere in Rn

µLeb(·) Lebesgue measure on Rn

ψt(·)
Induced flow on prolongated system given as
p(x, δx) = (f(x), (∂f/∂x)δx)>

θt(δξ, ξ) Second element of ψt(ξ, δξ)

ζn(r)
Haar measure of a spherical cap in Sn−1 with
arc length r

ν Uniform probability measure on Ss × Sn−1

T S Tangent bundle of S = ∪t∈Stϕt(Ss)

Let Ss ⊆ Rn be a compact set and St ⊆ R≥0 be the
maximal interval starting at zero for which a unique solu-
tion ϕt(ξ) exists for all initial conditions ξ ∈ Ss and t ∈ St.
Let us also assume access to sampled trajectories gener-
ated from random initial conditions. Notations to be used
in this section are given in Table 6.

The following theorem states that a contraction metric
defined by M, learned from trajectory data, indeed guar-
antees contraction of the unknown underlying dynamical
system [133].

Theorem 9.3. Suppose that Ss ⊆ Rn is full-dimensional,
n ≥ 2, and ẋ = f(x) is contracting in a metric defined by
a uniformly bounded M(x) � 0, i.e.,

Ṁ +M(∂f/∂x) + (∂f/∂x)>M � −2αM

of (4) and mI �M � mI of (26) hold for M . Suppose also
that a matrix-valued function M(x) with M(x) � mLI is
learned to satisfy ν(Zb) ≤ ε`, where the contraction vio-
lation set Zb for p(x, δx) = (f(x), (∂f/∂x)δx)> is defined
as

Zb = {(ξ, δξ) ∈ Ss × Sn−1 :

max
t∈St

(∇V(ψt(ξ, δξ))
>p(ψt(ξ, δξ))− αV(ψt(ξ, δξ)) > 0)}

with V : T S 7→ R being a learned differential Lyapunov
function V(x, δx) = δx>M(x)δx for S = ∪t∈Stϕt(Ss).
Define B̄, BH , B∇q, and B∇V as

B̄ = BH(B∇q + αB∇V)(m/m)3/2, BH = sup
x∈S

∥∥∂2f/∂x2
∥∥

B∇q = sup
x∈S
‖∇q(x)‖, B∇V = sup

x∈S
‖∇V(x)‖

where q = ∇V(x)>f(x). Also, we define rε` and rb as

rε` = sup{r ∈ R>0 : rnζn(r) ≤ ε`µLeb(Ss)/µLeb(Bn2 (1))}

rb =
√
rε`B̄/(ηαmL)

where η ∈ (0, 1). Finally, define X̃t(rb) as

X̃t(rb) = {ξ ∈ X̃ : inf
δξ∈Sn−1

‖θt(δξ, ξ)‖ ≥ rb}

for t ∈ St, where X̃ = {ξ ∈ Ss : Bn2 (ξ, rε`) ⊂ Ss}. Then
the system is contracting in the learned metric defined by
M(x) at the rate (1 − η)α with η ∈ (0, 1), for every x ∈
S̃(rb) = ∪t∈Stϕt(X̃t(rb)).

Proof. See Theorem 5.2 of [133]. �

Agreeing with our intuition, Theorem 9.3 ensures that
the region S̃(rb) where the contraction condition holds
becomes larger, as the upper bound ε` on ν(Zb) for the
contraction violation set Zb becomes smaller, yielding the
learned contraction metric of higher quality. In [133], it
is proven that if the samples are drawn uniformly from
Ss × Sn−1, we have ε` ≤ O(k · polylog(N)/N) decay rates
for various parametric and nonparametric function classes,
where N is the number of sampled trajectories and k is the
effective number of parameters of the function class of in-
terest. Such a learned contraction metric can be used in
Theorems 9.1 and 9.2 for certifying robustness and stabil-
ity of model-free systems.

10. Concluding Remarks

The main contribution of this paper is twofold. First,
a tutorial overview of contraction theory is presented to
generalize and simplify Lyapunov-based stability methods
for incremental exponential stability analysis of nonlinear
non-autonomous systems. The use of differential dynam-
ics and its similarity to an LTV system allow for LMI and
convex optimization formulations that are useful for sys-
tematic nonlinear control and estimation synthesis. Sec-
ond, various methods of machine learning-based control
using contraction theory are presented to augment the ex-
isting learning frameworks with formal robustness and sta-
bility guarantees, extensively using the results of the first
part of the paper. Such formal guarantees are essential
for their real-world applications but could be difficult to
obtain without accounting for a contracting property. It
is also emphasized that, especially in situations where ISS
and uniform asymptotic stability-based arguments render
nonlinear stability analysis unnecessarily complicated, the
use of exponential stability and the comparison lemma in
contraction theory helps to achieve significant conceptual
and methodological simplifications. A connection to the
KYP and bounded real lemmas is also shown in the con-
text of contraction-based incremental stability analysis.

Considering the promising outcomes on its utilization
for model-based learning in Sec. 5–8 and for model-free
data-driven learning in Sec. 9, the methods of contraction
theory that are surveyed in this paper provide important
mathematical tools for formally providing safety and sta-
bility guarantees of learning-based and data-driven con-
trol, estimation, and motion planning techniques for high-
performance robotic and autonomous systems. Examples
are elucidated to provide clear guidelines for its use in deep
learning-based stability analysis and its associated control
design for various nonlinear systems.
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