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Glacier flow modulates sea level and is governed largely by the viscous deformation of
ice. Multiple molecular-scale mechanisms facilitate viscous deformation, but it remains
unclear how each contributes to glacier-scale deformation. Here, we present a model of
ice deformation that bridges laboratory and glacier scales, unifies existing estimates of
the viscous parameters, and provides a framework for estimating the parameters from
observations and incorporating flow laws derived from laboratory observations into
glacier-flow models. Our results yield a map of the dominant deformation mechanisms
in the Antarctic Ice Sheet, showing that, contrary to long-standing assumptions,
dislocation creep, characterized by a value of the stress exponent n = 4, likely
dominates in all fast-flowing areas. This increase from the canonical value of n = 3
dramatically alters the climate conditions under which marine ice sheets may become
unstable and drive rapid rates of sea-level rise.

glacier flow | Antarctica | rheology | glaciology

Changes in mass loss rates from ice sheets [the Antarctic Ice Sheet (AIS) and the Greenland
Ice Sheet (GrIS)] are the largest sources of uncertainty in projections of sea-level rise (1).
Most of this mass loss from the AIS and half of the mass loss from the GrIS occurs through
fast-flowing glaciers and ice streams (2–5), which transport ice from the grounded ice
sheet to the ocean. Ice deformation rates help govern the flow of ice and thus changes
in mass loss rates (6). Understanding and modeling the mechanisms that govern ice
deformation—among the oldest, most enduring, and most foundational questions in
glaciology—are necessary for understanding the evolution of ice sheets and other glaciated
areas, reliably projecting sea-level rise, and quantifying the associated uncertainties.

Multiple mechanisms allow ice to deform as a viscous fluid (e.g., refs. 7–13). The
combined effect of these mechanisms can be modeled by a composite viscous flow
law (or viscous constitutive relation) wherein the total (bulk) deformation rate �̇ is the
sum of deformation rates from all deformation mechanisms. Laboratory studies provide
evidence for four primary deformation mechanisms in glacier ice (14–16): diffusion creep
(denoted in this paper by subscript diff ), which arises from the diffusion of vacancies in
the crystalline lattice or along grain boundaries; grain-boundary sliding (denoted in this
paper by subscript gbs), which involves the relative movement of adjacent grains in which
the movement occurs in the grain boundary; dislocation creep (denoted in this paper by
subscript dis), which entails the motion of defects known as dislocations in the crystalline
lattice; and basal slip (denoted in this paper by subscript basal), which encompasses slip
along the basal planes of crystals to accommodate grain-boundary sliding. Most of these
mechanisms act in parallel, but grain-boundary sliding and basal slip act in series, with
the slower of the two limiting the creep rate. Thus, the total rate of deformation, as
proposed by Goldsby and Kohlstedt (15), is

�̇ = �̇diff +

[
1

�̇basal
+

1
�̇gbs

]−1

+ �̇dis. [1]

Each term on the right-hand side can be modeled with a power-law relation of the
form �̇i = Ãi� ñi , where the flow-rate parameters Ãi(T, d) are functions of absolute ice
temperature T and mean grain size d , and are defined for each of the creep mechanisms
listed above such that i = diff , basal, gbs, dis. We refer to the values ñi as stress
exponents. Each deformation mechanism has a different value of ñi. The effective strain
rate �̇ and effective stress � are the square roots of the second invariants of the respective
tensors (i.e., � =

√
�ij�ij/2, where �ij is the deviatoric stress tensor, �̇ =

√
�̇ij �̇ij/2

where �̇ij is the deformation or strain rate tensor, and summation is implied for repeated
indices). Diffusion creep, grain boundary sliding, and basal slip depend on the mean
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grain size d−mi , where −mi ≤ 0 varies for each deformation
mechanism, indicating that the different mechanisms have
different dependencies on grain size. The negative sign of the
exponent −mi indicates that, all else being equal, deformation
rates for the respective deformation mechanism decrease with
increasing grain size. Dislocation creep does not depend on grain
size, and so we set mdis = 0.

Ice-flow models rarely incorporate Eq. 1. Instead, they use
Glen’s flow law, a simpler, bulk viscous flow-law defined by a
single power-law relation. This flow law defines a relationship
between the effective strain rate �̇ and effective deviatoric stress
� such that (17)

�̇ = A�n [2]

without elucidating the individual contributions of the different
creep mechanisms. Eq. 2 is related to general constitutive
relation for viscous fluids 2��̇ij = �ij with � = �1−n/(2A)
being (dynamic) viscosity. While the simplicity of Glen’s law is
attractive for modeling, uncertainties in the values of A and n
arise from the complex rheology of ice (illustrated in Eq. 1) and
the challenges in calibrating these parameters at scale in glaciers
and ice sheets. In particular, lacking a formal parameterization
that captures deformation processes and their effects on A and
n, ice sheet models use an assumed value of n and values of
A calibrated or inferred from observations for the assumed n
(18–23). The most common assumption is n = 3 for all
ice flow conditions and all model timesteps. While the value
of n = 3 agrees well with some studies (e.g., refs. 19, 24,
and 25), several other studies have inferred values of n between
1 and 5 based on laboratory experiments (9, 15, 17, 26), in
situ measurements (19, 27), observational studies using remote-
sensing data of the ice sheet surface (28–30), computational
inverse methods (31), and models (32). Thus, understanding
the relative contributions of different deformation mechanisms,
and by extension, reasonable values of A and n, remains an open
problem that we seek to address in this work.

The assumed values of n and A in ice-flow models have
substantial yet largely unexplored implications for ice sheet and
sea-level rise projections. The implications of n for ice sheet
dynamics arise from the fact that n is the exponent that governs
the sensitivity of viscosity to stress, and viscosity is of paramount
importance to ice flow (33). In particular, values of the A and
n parameters have profound effects on our conceptualization of
the stability of marine ice sheets like the West AIS, a significant
contributor to uncertainties in projections of sea-level rise (1)
(Fig. 1). Marine ice sheets have beds that are well below sea level
and are thought to be unstable when the bed deepens inland (a
retrograde bed slope) because ice floats, allowing for a buoyancy-
driven feedback, known as the marine ice sheet instability (MISI),
that can cause the rapid retreat of the ice sheet (34–37).

MISI can be triggered in idealized models when the combina-
tion of ice rheology and climate allows for an unstable steady state
when the grounding line (the boundary between grounded and
floating ice) is on a retrograde bed slope (Fig. 1B, orange dashed
curve) (34). To demonstrate the potential effect of n, A values on
ice sheet stability, we apply a simple, steady-state model (35) to
a commonly used idealized marine ice sheet geometry (Fig. 1).
Our results for n = 2 to 4, with corresponding values of A taken
from the model we describe herein (Fig. 1B), show that varying
the viscous parameters within the range of known uncertainties
changes the relationship between ice mass flux from land to the
ocean (a.k.a., the grounding line flux) and the grounding line
position enough to introduce or eliminate the potential for MISI
under given climate scenarios. For the chosen climate scenario,
the model shows an unstable grounding line position on the
retrograde bed when n = 3, but for n = 2 and 4, the grounding
line positions are unconditionally stable (Fig. 1B, colored curves).
There are no climate scenarios under which a marine ice sheet has
an unstable grounding line position for all possibleA, n pairs. This
simple analysis shows that estimates of marine ice sheet stability
and, therefore, sea-level rise projections, are highly sensitive to the
values of n and A. This creates an urgent need for more accurate
and physically justified estimates of A and n in natural glacier

A B

Fig. 1. Effect of n and A on grounding line flux: (A) Schematic of a marine ice sheet, denoting the grounding line position and the flux of ice over the grounding
line and into the ocean, a value that affects the mass loss from grounded portions of the ice sheet. The bed geometry is defined in ref. 34. (B) Estimates of the
modeled (35) grounding line position (x-axis) and grounding line flux for n = 2 to 4. Intersections of the green, diagonal line (showing mass flux from surface
accumulation integrated over the upstream catchment) with the flux curves are the steady-state grounding line positions, with solid and open circles indicating
stable and unstable configurations, respectively. Gray background denotes where the grounding line will advance, and white background denotes where the
grounding line will retreat.
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ice and motivates this study, wherein we present a model for ice
deformation that represents the salient known mechanisms of
ice deformation (Eq. 1) and the couplings between ice rheology,
temperature, stress, and grain size.

1. A Model for n and A in Glen’s Flow Law

Here, we present a physically derived model for the parameters
n and A in Glen’s flow law. Our model builds on a series of
laboratory experiments (14, 15, 38) that support a composite
flow law of the form given in Eq. 1 and provide some estimates
of the relevant parameters. While the interpretation and details
of these studies are still debated in the literature (12, 39, 40), the
framework for and broad takeaways from our model should be
valid as they depend on long-standing principles in the rheology
of polycrystalline materials and empirical evidence (41–43). We
further discuss assumptions made in employing this composite
flow law in Discussion of this paper. A similar method of
estimating n from a composite flow law, derived from Eq. 1,
was presented by Behn et al. (32), in which they applied a
different form of a grain size model to investigate depth-varying
n in idealized experiments and from ice core data, to establish a
physical explanation for the canonical n = 3 estimate. Here, we
build on this work to explore estimates of n for varying stresses
and temperatures using an idealized framework, and across the
AIS using satellite observations.

Results from the laboratory studies show that the typical
stresses and temperature conditions in ice sheets reduce Eq. 1
to the sum of two mechanisms, dislocation creep and grain
boundary sliding. This is because diffusion creep and basal
slip-accommodating grain-boundary sliding are most relevant
at lower stresses than are typically found in fast-flowing regions
(surface velocity≥ 30 m a−1) of ice sheets (14, 15, 38). Therefore,
the composite flow law (Eq. 1) for fast-flowing regions of ice
sheets simplifies to

�̇ = �̇dis + �̇gbs

= Ãdis(T )� ñdis + Ãgbs(T )d−mgbs� ñgbs

= Ãdis0e
−Q̃dis
RT � ñdis + Ãgbs0

d−mgbse
−Q̃gbs
RT � ñgbs ,

[3]

where Q̃i is the activation energy for mechanism i, Ãi0 is
the prefactor for mechanism i, R is the ideal gas constant,
mgbs = 1.4 is the grain size exponent (15), and, as previously
discussed, dislocation creep has no dependence on grain size.
These relationships between stress and strain rate have been
shown to vary with temperature such that there is a sudden
increase in deformation rate for both grain-boundary sliding and
dislocation creep at a critical transition temperature T ∗. This
transition is hypothesized to be a result of the onset of premelting
(9, 11, 44, 45). This behavior is presently parameterized by a step-
change in activation energy and prefactor for each deformation
mechanism at a transition temperature, such that for each
deformation mechanism, there are two values of activation
energy and two values of the prefactor: one for high-temperature
creep and one for low-temperature creep. We denote values
applicable to low-temperature creep with a superscript− and
values applicable to high-temperature creep with a superscript+.
Based on the laboratory experiments by Goldsby and Kohlstedt
(15), the transition temperatures are T ∗ = 255 K for grain-
boundary sliding and T ∗ = 258 K for dislocation creep. In
applying this model, we use values of activation energies and
prefactors from ref. 15 (Table 1).

Table 1. Rheological parameters for dislocation creep
and grain-boundary sliding
Parameter Laboratory value Units

Ã+
0dis

6× 1028 MPa−4 s−1

Ã−0dis
4× 105 MPa−4 s−1

Q̃+
dis 181× 103 J mol−1

Q̃−dis 60× 103 J mol−1

Ã+
0gbs

3× 1026 MPa−1.8 m1.4 s−1

Ã−0gbs
3.9× 10−3 MPa−1.8 m1.4 s−1

Q̃+
gbs 192× 103 J mol−1

Q̃−gbs 49× 103 J mol−1

Laboratory values are from ref. 15. Values appropriate for warm ice are labeled with
superscript+ , while values for cold ice are labeled with superscript− . The transition
temperature between warm and cold ice is 255 K for grain-boundary sliding and 258
K for dislocation creep.

We apply this composite flow law to illuminate the spatial
variability in Glen’s flow law parameters (n and A; Eq. 2).
In practice, this approach may be preferable to incorporating
composite flow laws directly into ice-flow models since many of
these models incorporate Glen’s flow law as presented in Eq. 2.
Using instead the sum of power laws (Eq. 3) can complicate the
internal workings of ice sheet models, not least by requiring ice
flow models to become more complex by incorporating grain
size models to calculate d . Importantly, the method presented
here obviates the need for ice-flow modelers to explicitly solve
for grain size, since the grain size model is embedded here within
the model results for n, A.

While all deformation mechanisms are active at any given time
in deforming ice, the relative contributions of each mechanism
set the value of the stress exponent in Glen’s flow law n (15, 38).
Therefore, the regions where a single mechanism is the dominant
contributor to ice deformation can be represented with the
respective value of the stress exponent n: Where dislocation creep
dominates, n → ñdis = 4, and where grain-boundary sliding
dominates, n → ñgbs = 1.8. Where neither mechanism is the
dominant contributor, we expect n to take on an intermediate
value of 1.8 < n < 4. The value of the Glen flow-rate parameter
A would vary according to the value of n and according to ice
temperature and grain size (22).

To compute values of n, we assume that the balance of flow
mechanisms (and thus the value of n) vary smoothly in stress-
temperature space. This is a generally reasonable assumption
given that the value of n is unlikely to change rapidly with strain
rate. Using the scalar form of Glen’s flow law (Eq. 2), we calculate
n as the slope

n =
log �̇min − log �̇max

log �min − log �max
, [4]

where �̇min = �̇ − Δ�̇ and �̇max = �̇ + Δ�̇. We compute �min
and �max from Eq. 3. Here, we use Δ�̇ = 10−3�̇ to be the range
of effective strain rate for which the flow mechanism may remain
approximately constant. The choice of Δ�̇ does not significantly
affect the results for all values Δ�̇ ≤ 0.1�̇ (SI Appendix, Fig. S4).

In this model of n, the estimated value of n can change spatially
and temporally based on three state variables: the strain rate, ice
temperature, and grain size. To calculate n going forward, we
employ a combination of observations and physical models to
find these state variables. Effective strain rates �̇ are observable
from the gradient of surface velocity fields, which are routinely
measured from remote sensing observations. To represent the
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dependence of deformation rate on ice temperature and grain
size, two variables that affect the relative contributions of the
deformation mechanisms, we couple Eq. 1 to a steady-state
thermomechanical model (46) and a steady-state grain size
model (47).

The thermomechanical model represents the vertical advection
and diffusion of heat and the dissipation of energy through heat
due to viscous deformation. Previous work using this model
has shown that regions of rapid deformation (lateral margins
of ice streams, basal layers of slower-flowing ice) may contain
very warm ice due to the rate of shear heating (46). The
steady-state grain size model represents grain size changes due
to recrystallization, mechanisms that alter the size, shape, and
orientation of ice crystals. This model calculates grain size as the
balance between grain growth due to normal grain growth and
migration recrystallization and grain reduction due to rotation
recrystallization. In regions of rapid deformation and warm ice
(such as lateral margins of ice streams and basal layers of slower-
flowing ice), migration recrystallization typically dominates,
resulting in coarse-grains (47–49). The temperature dependence
of this process is parameterized in a way similar to creep, where
the rate of migration recrystallization increases significantly above
a critical temperature (45, 50). The physical explanation for
this critical temperature is the onset of premelt enabling rapid
grain boundary migration, which is the same physical process
likely responsible for the shift in creep rate at high temperatures.
We take the critical temperature in the grain-size model to be
T ∗ = 255 K, the same critical temperature found for grain-
boundary sliding in ref. 15. This is because both processes are
related to grain boundary behavior and, thus, are likely to respond
to temperature in a similar way. Further details of these models
are discussed in Materials and Methods and can be found in the
respective publications.

The models of ice temperature and grain size make some criti-
cal assumptions, explored in detail in the respective publications
and summarized here. First, these models assume that tempera-
ture and grain size are in steady state. Therefore, the results shown
here can be interpreted as constraining the mechanisms by which
ice flows under a steady or slowly varying forcing. For grain size,
this is a good assumption (47), but we incur small errors in the
temperature field due to the long thermal diffusion time of ice
(46). We expect the latter errors to be small relative to other
assumptions and model simplifications. Second, they assume
that ice advection is vertical, and therefore horizontal (both
lateral and along-flow) advection is negligible. We apply this
assumption to simplify the advective component of the model.
Previous work suggests that our results should be reasonably
accurate in Antarctica despite this simplifying assumption (46).
We leave adding horizontal advective components into this model
framework to future work but note that the deformation maps
(Fig. 2) are valid regardless of our assumptions about advection.
Only the results we show for some grounded regions of Antarctica
can be influenced by our decision to neglect horizontal advection,
the implications of which have been discussed in detail in previous
publications (46, 51, 52). Finally, the ice temperature and grain
size models assume that strain rate is constant with depth,
approximating a situation in which the glacier is slipping over
soft sediment or the bed is well lubricated with liquid water.
This assumption limits our results in Antarctica to fast-flowing
glaciers (51, 53–55), though the broader conclusions for the
dependence of n and A on stress and temperature should be valid
for areas where much of the surface velocity is attributable to
deformation within the ice column (i.e., vertical shearing). As
far as deformation mechanisms are concerned, we can reasonably

assume that vertical shearing is the same as lateral shearing for a
given ice temperature.

Our coupled model allows us to constrain the mechanisms of
ice deformation in natural glacier ice and to estimate the viscous
properties of ice for the full range of temperatures and stresses
found in glaciers and ice sheets on Earth. We then solve for stress
from �̇, d, T using an iterative nonlinear equation solver on Eq. 3.

2. Deformation Maps: n and A for Varying
Temperatures and Stresses

We estimate Glen’s flow law parameters, n and A, for varying
stresses and temperatures (and thus, strain rates), and organize the
results into deformation maps (Fig. 2). As shown in these maps,
dislocation creep (n = 4) dominates when stresses are above
100 kPa, while grain boundary sliding (n = 1.8) dominates
at lower stresses (<10 kPa), as expected from previous studies
(14, 15, 38, 56).

At intermediate stresses of order 10 to 100 kPa, a range that
describes many regions in fast-flowing areas of Antarctica, the
dominant creep mechanism depends strongly on temperature.
For both low and high temperatures, grain-boundary sliding
(n = 1.8) dominates below ∼50 kPa. Between 50 and 100 kPa,
there is a region of intermediate values 1.8 ≤ n ≤ 4. Notably,
the region where both dislocation creep and grain-boundary
sliding provide controls on flow (n ∼ 3) is a narrow region in
stress-space for a given temperature, suggesting that in most flow
regimes, one deformation mechanism tends to dominate over the
other. This has implications for ice sheet modeling, as n = 3,
representing both deformation mechanisms acting as controls
on flow, is the commonly used value for the stress exponent in
current ice sheet models. Furthermore, the transition between
grain-boundary sliding-dominated flow to dislocation creep-
dominated flow occurs at a higher stress for lower temperatures
(T < 255 K) than it does for high temperatures (T > 260 K).
Thus, dislocation creep controls flow for a greater range of stresses
at high temperatures than at lower temperatures.

For 255 ≤ T ≤ 260 K, dislocation creep dominates (n =
4) for stresses above 10 kPa. This “dip” in the dominance of
dislocation creep occurs due to the shifts in activation energy
for creep. At T = 255 K, there is a sharp increase in activation
energy for grain-boundary sliding, thus promoting the effects of
dislocation creep since the activation energy for dislocation creep
remains low at 255 K. At T = 258 K, the activation energy
for dislocation creep increases abruptly, transitioning the flow to
grain-boundary sliding-dominated flow.

At stresses below 30 kPa and temperatures colder than 255 K,
the estimated value of n is anomalously large (n ∼ 2.5). This is
due to elevated grain sizes; at such low temperatures and stresses,
normal grain growth, a recrystallization mechanism that operates
in regions of low deformation, causes grain size to grow. We
do not expect results in these stress-temperature conditions to
be realistic nor to impact the primary conclusions of this study
because at such low stresses and temperatures, other deformation
mechanisms (such as basal slip or diffusion creep) that are not
represented in our model may play important roles.

There are a number of uncertainties underlying this model
that may affect these estimates of n, including the choice of
model for grain size, the values of ndis and ngbs, and the
parameters within Adis and Agbs (the prefactor A0i and the
activation energy Qi for each mechanism i = dis, gbs). The
values of ni determine the specific values for grain-boundary
sliding-dominated creep and dislocation creep-dominated creep
but otherwise do not significantly affect the structure of the
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Fig. 2. Estimating n, A, and dynamic viscosity for varying stresses and ice temperatures common in naturally deforming glacier ice. (A) Stress exponent in
Glen’s flow law n from our model compared to multiple observational studies (each shown as a box overlaid on the estimates of n). The colors of the boxes
denote the estimated value of n in the observational study. The lines of the box denote confidence in the stress and temperature ranges (solid outlines—explicit
ranges of stress and temperature were given in the original study; dashed outlines—ranges were inferred by us based on information provided in the original
study and knowledge of regions). The labels, which represent authors’ last name and year of publication, and inferred n values are R73 (68) n = 4.2, P83 (25)
n = 2.5 to 3, RP88 (65) n = 2.9, T80 (67) (n = 3 to 4), and CK11 (66) n = 3 to 4. Contour lines show values of constant strain rate. (B) The flow-rate parameter
in Glen’s flow law A from Eq. 2 and assuming isotropic ice viscosity. Contour lines show values of n = 2.25 in blue, n = 3.5 in gold, and values of A in gray.
(C) Dynamic viscosity � = �1−n/(2A). Contour lines show values of constant strain rates.

deformation map. Collectively, the prefactors A0i , the activation
energies Qi, and the grain sizes determine the stress at which
the transition from grain-boundary sliding-dominated flow to
dislocation creep-dominated flow occurs. Smaller grain sizes
produce grain-boundary sliding-dominated flow at higher stresses
than that for larger grain sizes (SI Appendix, Fig. S3). This is due
to the grain size dependence of grain-boundary sliding in Eq. 3, in
which the rate of grain-boundary sliding is inversely proportional
to grain size.

The value of n responds strongly to the activation energies
(SI Appendix, Fig. S2). The choice of activation energy val-
ues at low and high temperatures for grain-boundary sliding
and dislocation creep largely control the stress at which the
flow transitions from grain-boundary sliding-dominated flow
to dislocation creep-dominated flow (and therefore the stress
for which n = 3 is most applicable for a given temperature).
For example, decreasing the activation energy for dislocation
creep and increasing the activation energy for grain-boundary
sliding would reduce the stress at which this transition occurs.
A number of laboratory experiments have estimated these
activation energy values for low temperatures, such as refs.
10, 15, 17, and 57–59. Laboratory studies (e.g. refs. 9 and
15) find estimates of activation energy at high temperatures

as well, though there have been fewer investigations of this.
Further, some evidence suggests that activation energy continues
to change as a function of temperature as ice approaches its
melting point (8, 20, 45), while currently it is treated as constant
above the transition temperature. These results point to a need
for further investigation of activation energy particularly at high
temperatures to reduce uncertainties in the deformation of ice
and the value of n. This is further explored in SI Appendix.

Changing the prefactors A0i within approximately an order of
magnitude produces less change in the deformation mechanism
map than changing activation energies (SI Appendix, Fig. S1).
This is especially relevant because the prefactors A0i are most
likely to change due to microstructural evolution, such as fabric
development, and such development produces at most an order
of magnitude change in the prefactor (60–64). This would
imply that physical processes that can be parameterized as a
multiplicative enhancement factor on A have less of an effect
on estimates of n than uncertainties in activation energies or
grain size estimates.

This model can provide insight into the variations in observa-
tional studies from n ≈ 2 to 4 as a manifestation of measurements
being taken at various stresses and ice temperatures (Fig. 2A). We
highlight the results of a selection of observational studies with
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boxes in Fig. 2A. Many of the studies concluding n = 2 to
3 have been done in conditions that fall below the boundary
between n = 1.8 and 4, with stresses of 10 to 100 kPa and
temperatures <255 K (e.g., ref. 25 in Byrd Station, Antarctica
and Camp Century, Greenland and ref. 65 in Devon Island
Ice Cap, Canada). Studies on Taylor Glacier, Antarctica (66),
and Roosevelt Island, Antarctica (67), conclude that n may vary
between n = 3 and 4. These two studies considered slightly
higher stresses and a wider range of ice temperatures, falling
between the boundary of n = 3 and 4 in our deformation map.
Finally, studies across the upper region of the GrIS (29) and on
Antarctic ice shelves (30) estimate values of n ≥ 4 at stresses
between approximately 30 to 200 kPa. Neither study provides
an estimate of ice temperature, so we take temperature to be
uncertain (Fig. 2A), making direct comparison more difficult.
However, for the given stresses, our model estimates n ≥ 3 for
all temperatures and estimates n ≈ 4 for most of the stress-
temperature space, suggesting reasonable agreement between
these studies and our model.

The most significant deviation between observational studies
and our model is with the study of Ranganathan et al. (68), which

finds an estimate of n = 4.2 in Athabasca Glacier, a temperate
alpine glacier. Our model estimates a lower value of n ≈ 3 than
is found in observations at the temperatures (T ≈ 273 K) and
stresses of the study region. Some likely causes of this discrepancy,
as discussed above, are uncertainty in the estimates for high-
temperature activation energy for grain-boundary sliding and
dislocation creep, which have only been constrained in a handful
of studies, or uncertainties in the grain sizes in temperate glaciers.
The latter is especially relevant since the processes governing
grain size are not as well constrained in ice at the melting
temperature. The model we apply here also does not allow for
values of n > 4, which may suggest some uncertainty in the stress
exponents associated with dislocation creep and grain-boundary
sliding.

Applying our estimates of n to Glen’s flow law, we calculate
the prefactor A for isotropic ice viscosity (Fig. 2B). In regions
where n ≈ 4, we estimate A ≤ 10−28 Pa−n s−1, while where
n ≈ 2, A > 10−22 Pa−n s−1. Given the difference in the stress
exponent, the increase in the magnitude of A for decreasing n is
expected because as the stress exponent decreases, Amust increase
to produce strain rates that are of a similar order of magnitude.

A  Surface Velocity

Surface Velocity (m a-1)

0 200 1000400 600 800
MEaSUREs

ITS_LIVE
30 100 1000 4000500

2 2.5 3.53 4
n

No observations
Model not applicable (velocity < 30 m a-1)

B  Stress Exponent n

10-31 10-30 10-29

A (Pa-n s-1)

C  Flow Rate Parameter A

No observations
Model not applicable (velocity < 30 m a-1)

1013 1017

η (Pa s)
1015

D  Dynamic Viscosity η

No observations
Model not applicable (velocity < 30 m a-1)

Fig. 3. Estimating n and A across the Antarctic Ice Sheet: using observations of (A) surface velocity (3, 4) and (B) calculated strain rates (72), we estimate (C) n
and (D) A over the Antarctic Ice Sheet. Dark gray checkered regions show gaps in the data, and light gray checkered regions are where measured ice velocity
is less than 30 m a−1, and our model is not applicable because observed surface strain rates do not represent strain rates at depth. Solid lines denote the
grounding line from Bedmap2 (73).

6 of 11 https://doi.org/10.1073/pnas.2309788121 pnas.org

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 "
M

A
SS

A
C

H
U

SE
T

T
S 

IN
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

, M
IT

 L
IB

R
A

R
IE

S"
 o

n 
M

ay
 3

1,
 2

02
4 

fr
om

 I
P 

ad
dr

es
s 

18
.1

0.
70

.6
4.



With estimates of both n andA, we can estimate dynamic viscosity
as � = �1−n/(2A). Dynamic viscosity varies from 1012 to 1016

Pa · s for the typical range of stresses in ice sheets and is primarily
sensitive to stress over temperature. There are no significant non-
linearities in dynamic viscosity near the transition stress between
grain-boundary sliding-dominated flow and dislocation creep-
dominated flow. This is because the change in the magnitude
of A at that transition offsets this effect, producing a roughly
smooth increase in dynamic viscosity with stress.

Using this method and with reasonable estimates of n, strain
rate, and applied stress, we can estimate ice viscosity in natural
ice sheets, providing insight into the magnitude of ice softening
due to mechanisms such as shear heating and recrystallization.

3. Estimates of n and A in the AIS

Our model demonstrates how fundamental rheological parame-
ters are affected by ice flow conditions, and it enables estimates
of the dominant deformation mechanisms and relevant viscous
parameters across the AIS. This is possible because ice in
Antarctica should be relatively dry; ultimately, we will be able
to apply the model to wetter ice in Greenland once we better
understand how intergranular liquid water content influences
the balance of creep mechanisms. Here, we present estimates in
the AIS with specific focus on Pine Island Glacier, Byrd Glacier,
Bindschadler and MacAyeal Ice Streams, and Amery Ice Shelf,
all of which are well-observed, fast-flowing areas that represent

a range of dynamical characteristics. Computing n, A requires
observations of effective strain rate, ice thickness, and surface
mass balance. Effective strain rates are derived from Landsat 7
and 8 velocity fields (3) using methods described in ref. 46. Ice
thickness is calculated from basal topography from BedMachine
(69) and surface elevation from the Reference Elevation Model
of Antarctica (70). Surface mass balance, averaged over 1979
to 2019, is estimated from the Regional Atmospheric Climate
Model (RACMO) (71). The estimates presented here are
depth-averaged.

We estimate n ≥ 3.6 in all fast-flowing areas of the AIS (Figs.
3 and 4). Notably, we estimate very few regions with n = 3, the
canonical value used in most ice sheet models. Within ice streams,
the value of n varies between n ≈ 3.6 and n ≈ 4 (Fig. 4). In
general, we find n ≈ 4 in regions of rapid deformation, such
as the margins of glaciers, and we find 3.6 ≤ n < 4 in slower-
deforming regions, such as in the centerline of the ice shelves.
In Pine Island Glacier, our model finds n = 4 across the entire
glacier, due to the magnitude of strain rates and velocity in Pine
Island Glacier. Similarly in Byrd Glacier, we estimate n = 4 for
all of the grounded regions except the inflow boundary, and we
estimate n = 4 around the grounding line on the ice shelf. The
value of n begins to decay with distance from the grounding line
on the ice shelf. Bindschadler and MacAyeal Ice Streams show
more variation. On the ice shelf of Bindschadler and MacAyeal
Ice Streams, we estimate n ≈ 3.7, while we estimate n = 4 in
the grounded part of the ice streams and in the shear margins

4

3.75

3.5

n

10-31

A
 (P

a-n
 s

-1
)

10-29

10-27

1013

η 
(P

a 
s)

1015

1017

Model not applicable (velocity < 30 m a-1)
Grounding line

Pine Island Glacier Byrd Glacier
Bindschadler and MacAyeal 

Ice Streams Amery Ice Shelf

Fig. 4. Estimating n and A in Antarctic ice streams: n (Upper row), A (Middle row), and dynamic viscosity � (Lower row) in (Left to Right) Pine Island Glacier, Byrd
Glacier, Bindschadler and MacAyeal Ice Streams, and the Amery Ice Shelf. Dashed lines denote surface velocity contours of 200 m yr−1, 400 m yr−1, and 600 m
yr−1. Solid lines denote the grounding line from Bedmap2 (73). Gray checkered regions are where measured ice velocity is less than 30 m a−1, and our model
is not applicable because observed surface strain rates do not represent strain rates at depth.
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on the ice shelf. Finally, we estimate n = 4 across Amery Ice
Shelf, with a region of slightly lower values in the center of the
ice shelf.

We find slightly lower estimates in the center of the Ross
Ice Shelf than is found by Millstein et al. (30), which applied
observations of surface strain rates and ice thickness to estimate
the stress exponent n. Millstein et al. (30) estimated n ≥ 4 across
the ice shelf, with estimates ranging from n = 3.9 to 4.5. In
the same areas, we find n ≈ 3.75. As discussed in the previous
section, this could be due to parametric uncertainties, such as
activation energy. In particular, underestimating the activation
energy for grain boundary sliding and/or overestimating the
activation energy for dislocation creep would produce lower
estimates of n. Another likely cause is the choice of temperature
and grain-size models. In particular, the ice temperature model
is a one-dimensional model that neglects effects of along-flow
and lateral advection of ice and assumes that ice temperature
is in steady state. Similarly, the grain-size model is also one-
dimensional and assumes steady-state. While in general, these
are good assumptions for fast-flowing areas, these assumptions
could produce small deviations from observations in the model
estimates. A useful direction for future work would be to
incorporate more complex temperature and grain-size models,
which would also allow us to apply these estimates to slower-
flowing regions (checkered regions of Fig. 3).

Our results here are also not inconsistent with the results of
Behn et al. (32). They find that n = 3 by coupling the composite
flow law used in this study (15) to a grain-size model derived
from ref. 74. We similarly find n = 3 to be valid for a range
of stresses and temperatures (Fig. 2A), though we estimate larger
n values for faster deforming regions. A key distinction between
their estimates and the ones presented in this study is in the
grain size model. We apply a grain-size model that accounts for
different recrystallization mechanisms (47), producing coarser
grain estimates than that of Behn et al. (32). This results in larger
estimates of n. However, the framework and underlying physics
explored in this study are consistent with that of Behn et al. (32),
and their study similarly finds the importance of understanding
grain size evolution in order to represent ice deformation in
models.

We also present estimates of the flow-rate parameter A across
the AIS and in specific regions of the ice sheet (Fig. 3). The
variations in A are primarily the result of variations in n, since
A varies orders of magnitude in response to changes in n. For
example, in Bindschadler and MacAyeal Ice Streams, we estimate
A ≈ 10−31 Pa−n s−1 in the margins of the grounded region,
while A is approximately two orders of magnitude larger in the
center of the ice shelf. This is likely because n is larger in the
margins of the grounded region.

To visualize regions of ice softening, we estimate dynamic
viscosity �, which is a function of both A and n, and thus changes
in dynamic viscosity are a result of physical processes softening
ice rather than calibration due to different parameter values.
In Antarctic ice streams, lateral shear is primarily localized in
the lateral margins, and thus in our model, the margins of ice
streams are warmer and expected to have larger grain sizes than
the center regions of the ice stream (47). Both of these processes
affect estimates of ice viscosity. Here, we see generally that � is
lower in these rapidly deforming regions of the ice sheet. This is
especially evident in the margins of Pine Island Glacier, where
dynamic viscosity is approximately 1.5 orders of magnitude lower
than it is in the centerline. This result is in line with a number of
modeling and computational studies suggesting that ice is warmer

and softer in shear margins (52, 75–79). We also expect strong
(likely close to single maximum) fabric in lateral shear margins
(60, 62, 63), which can decrease dynamic viscosity by an order
of magnitude.

4. Discussion and Conclusion

How we model ice deformation has significant effects on glacier
dynamics, projections of glacier behavior, ice-sheet stability,
and sea-level rise (Fig. 1). Our model provides physically
informed estimates of the fundamental parameters underlying
our representation of viscous ice flow: the stress exponent n and
prefactor A in Glen’s flow law. The practical implications of
our model are 1) a physical basis for scaling from laboratory ice
to natural glacier ice, 2) the unification of ice deformation that
captures and contextualizes the range of existing estimates of the
stress exponent n, and 3) the establishment of a framework for
estimating the values of A and n in Glen’s flow law (Eq. 2) based
on first principles, laboratory experiments, and observations.
This modeling framework can be readily applied to existing
ice-flow models while respecting the various coupled physical
processes, such as internal heating due to deformation and
evolving grain sizes, as a way of improving our parameterization
of ice deformation and as part of a broader community effort to
make more reliable projections of sea-level rise.

Our results further depend on some key assumptions about
ice flow. Importantly, they depend on the assumption that
dislocation creep and grain-boundary sliding are both active
in ice sheets, that the contributions of these two mechanisms
operate independently such that their contributions can be
summed according to the composite flow law (Eq. 1), and that
they are the dominant two mechanisms controlling ice flow in
natural conditions. Some studies have suggested that the behavior
identified by Goldsby and Kohlstedt (15, 38) as grain-boundary
sliding may in fact be descriptive of other processes, such as the
accommodation of basal slip by grain-boundary migration, which
acts as a recovery mechanism (40, 80). While more work needs
to be done to determine the physical mechanism behind the
n = 1.8 regime, the analysis here should be robust to the specific
mechanisms that produce the stress dependencies, since this work
is interested primarily in determining under which conditions
each regime is most applicable. However, uncertainties would be
reduced by further investigation into which process is dominant
and the incorporation of a physical understanding of that process
into the model.

Relatedly, these results are further dependent upon the
construction of the composite flow law itself, as presented
in ref. 15. Multiterm flow laws have been presented in a
number of studies to describe changes in flow mechanisms at
varying stresses. These flow laws are all similar in that they
are generally constructed such that a term with a lower stress
exponent dominates at lower stresses and a term with a higher
stress exponent dominates at higher stresses, in agreement with
observational and laboratory data (13, 81–83). Many of these
multiterm flow laws are empirical or phenomenological, setting
up terms that do not explicitly describe physical mechanisms but
rather are used to describe a changing nonlinearity of flow with
stress (56, 82, 84, 85). Many of these multiterm flow laws have
either two or three terms. Those with two terms generally have a
linear term and a term with n = 3, as in ref. 56. Those with three
terms typically have terms with n = 1, 3, and 5, as in refs. 82
and 85. While here we use the composite flow law presented in
ref. 15, for future work, other multiterm flow laws could be used
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in this framework presented in this study to evaluate the range of
n estimates for varying flow laws.

Other processes not considered here include the effect of
anisotropy (fabric). Fabric may increase the rate of ice defor-
mation up to an order of magnitude, due to the development of
a crystallographic preferred orientation from rotation caused by
basal slip (60, 62, 86–88). Many modeling frameworks suggest
that fabric can be parameterized by a strain rate enhancement
factor of ∼2 to 10 (60, 61, 63, 89). As demonstrated in SI
Appendix, Fig. S1, effects of processes, such as fabric, that can be
represented as multiplicative enhancement factors are likely to
affect dynamic viscosity through enhancement to the flow-rate
parameter A but are only likely to affect estimates of n if fabric
affects dislocation creep and grain-boundary sliding differently.
Therefore, understanding the effects of processes such as fabric on
different deformation mechanisms individually is an important
step for future work.

Because we focus on the stresses and temperatures found in
existing glaciers and ice sheets, this work does not account for
other creep mechanisms such as diffusion creep and basal-slip ac-
commodated grain-boundary sliding (Eq. 3). While Goldsby and
Kohlstedt (15) suggest that mechanisms like diffusion creep and
basal slip are unlikely to be dominant in rapidly deforming ice,
these regimes should be considered when extending this work to
slower-flowing regions of ice sheets, such as flow near ice divides.

While we neglect some of the complexity of ice flow, we believe
this study is a step toward understanding the controls of ice flow
and identifying the parameters in ice flow models that ought to be
further constrained. Additional complexities in the deformation
of ice could be incorporated into this framework by altering the
composite flow law used.

We provide a framework for modeling the variability of the
viscous flow parameters with realistic stress and temperature
conditions, which provides a step toward incorporating increased
physical complexity into ice flow models with minimal increases
in the complexity of the models themselves. Interested readers will
find the results shown in the deformation maps (Fig. 2) in an hdf5
file in SI Appendix, which can be used as a simple look-up table
in ice-flow models and those used for sea-level rise projections.
Such a framework should bolster the physical underpinnings of
models used to study glacier dynamics and project sea level and
to understand more broadly how glaciers and ice sheets evolve
with climate.

5. Materials and Methods

To estimate the viscous stress exponent n and prefactor A, we couple the
composite flow law presented in ref. 15 with a model for ice temperature
(46) and a model for steady-state grain size (47). The composite flow law
explicitly represents multiple ice deformation mechanisms and is dependent
upon the applied stress, the ice temperature, and the grain size, along with
kinetic parameters (such as the activation energy and prefactor in the Arrhenius
relation). Below, we discuss the models and relevant calculations.

5.1.Models for EstimatingRheologyParameters. Thecoupledmodelmakes
a few key assumptions. In estimating ice temperature and grain size, we first
assume that both temperature and grain-size are in steady state, a justified
assumption based on the timescales to steady-state, as shown in ref. 47.
Therefore, the results shown here can be interpreted as constraining the
mechanisms by which ice flows assuming a steady or slowly varying forcing.
Second, the ice temperature and grain size models assume that the only
advection of ice occurs vertically, and therefore horizontal (lateral and along-flow)
advection is negligible.

Table 2. Parameters used in the ice temperature
model
Parameter Value Unit

� 917 kg m−3

cp 2,050 J kg−1 K−1

a 60 or found from data mm y−1

Tm 273 K
K 2.1 W m−1 K−1

5.1.1. Ice temperature model. To find ice temperature, we apply a one-
dimensional thermomechanical model derived in ref. 46. This model represents
vertical advection and diffusion of heat as well as a shear heating term. The
shear heating term describes the irreversible dissipation of heat due to viscous
deformation. Ice temperature is found by solving the following equation:

−�cpa
∂T
∂z

= K
∂2T

∂z2
+ �ij�̇ij , [5]

where � is the mass density of ice, cp is the specific heat capacity of ice, a is ice
accumulation, T is ice temperature, z is the vertical coordinate (defined as being
positive upward and parallel to the gravity vector), K is thermal conductivity,
�ij is the deviatoric stress tensor (we assume ice is incompressible), and �̇ij is
the strain rate tensor. This equation is solved with the boundary conditions of
T = Tm at the boundary between cold and temperate ice, where Tm is the
melting temperature, T = Ts at the surface of the ice, where Ts is the surface
temperature, and−K ∂T

∂z = 0 at the cold-temperate boundary. The parameters
used are found in Table 2 and the analytical solution to Eq. 5 can be found in
ref. 46 along with further details on the model.
5.1.2. Grain size model. To find grain size, we apply a one-dimensional steady-
state grain size model derived in ref. 47. This model computes the changes
in grain size that occur due to recrystallization, a class of mechanisms that
alter the size, shape, and orientation of ice grains. The model represents
three mechanisms: normal grain growth, which grows grains in the absence
of deformation to reduce surface energy (90), rotation recrystallization, which
reduces grains in the presence of low-temperature deformation to reduce elastic
strain energy (91), and migration recrystallization, which increases grain size in
the presence of high-temperature deformation to reduce elastic strain energy
(11, 91). Steady-state grain size is then found through the balances in surface
and strain energies (47, 74) as

d =

[
4kp−1c
�2 + �4Dp( p2 )M

8(1− Θ)��̇�2

] 1
1+p

, [6]

Table 3. Parameters used in the grain size model
Parameter Value Unit

k k0 exp
{
−

Qgg
RT

}
mmp s−1

k0 11.4266 mmp s−1

Q−gg 40 kJ mol−1

Q+
gg 100 kJ mol−1

p 9 –
c 6 –

 0.065 J m−2

� 3× 109 Pa
D 0.3 m
M M0 exp

{
−

Qm
RT

}
m2 s kg−1

M0 0.023 m2 s kg−1

Q−m 100 kJ mol−1

Q+
m 40 kJ mol−1

Θ 0.99 –
Low temperatures are those below 263 K and labeled with superscript− , while high
temperatures are above 263 K and labeled with superscript+ .
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where k is the normal grain growth rate factor, p is the grain growth exponent,
c represents the shape of grains, 
 is grain boundary energy, � is the shear
modulus of ice, D is the characteristic length scale for strain energy, M is grain
boundary mobility, andΘ is the partitioning between stored and thermal energy
when ice deforms. The parameters we use are given in Table 3 and discussed in
detail in ref. 47.

5.2. Updated Flow Law for Use in Ice-Flow Models. To simplify the
incorporationofourupdatedflowlaw,weprovidereaderswiththeoptiontoquery
our model results for values of n, A, and dynamic viscosity (� = �1−n/(2A))
appropriate to their modeling needs. The results presented in the deformation
maps of Fig. 2 in the main text are provided as an hdf5 file in SI Appendix and
on Zenodo. Users may prefer to fit a spline to this surface for easy incorporation
into their models.

5.3. Glacier Stability Model. To demonstrate the effect of n and A on marine
ice sheet stability, we apply a model derived by ref. 35, which builds on work by
ref. 34. This model estimates steady-state grounding line positions to analyze
the stability of ice sheets. The glacier is laterally confined, with prescribed width
W = 40 km and length of the ice shelf Ls = 115 km. The bed is defined as in
ref. 35, and a portion of the bed has a retrograde slope. Assuming a constant
temperature of T = 270 K and grain size of 1 mm in all three cases, we estimate
the steady-state grounding line flux q in the limit of strong buttressing (when
W � Ls; (35), equation 22a):

q =
[�ig(1− �i/�w)]nAWn+1

(4nCw)1/(n+1)W + 1+n
n CwLs

hn+1
g , [7]

where �i is the density of ice, �w is the density of water, Cw is a parameter
describing lateral shear stress, hg is the ice thickness at the grounding line.
The values of the parameters used are the same as described in ref. 35. To
find steady states, Eq. 7 must equal the total mass accumulation axg, where
a represents the rate of snow accumulation. The grounding line flux intersects
with the mass accumulation integrated over the grounded portion of the ice
stream at the steady-state grounding line positions.

Data, Materials, and Software Availability. The source code for the model
presented in this study are openly available at: https://github.com/megr090/
DeformationMechanisms. No new data were produced for this study, and data
used in this study are publicly available through their respective publications
(69–71, 73).
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