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Chapter 1

Introduction

Symplectic singularities are an exciting new frontier of research in representation theory.
During the last twenty years, people have actively studied them from various perspectives,
both algebraic and geometric. Symplectic singularities are certain “nice” singular Poisson
varieties 9%y. Poisson algebras of functions C[91y] can be quantized to associative algebras
A. Representation theory of these algebras is closely related to the geometry of resolutions
I of varieties M.

One particular example of a symplectic singularity is a nilpotent cone N of a semisimple
Lie algebra g. In this example, algebras A are central quotients of the universal enveloping
algebra U(g). We see that in this particular case, the representation theory of A boils down
to the representation theory of g. So, the study of the representation theory of quantizations
of symplectic singularities is the wide generalization of the “classical” representation theory
of semisimple Lie algebras.

Another significance of symplectic resolutions of singularities lies in their origins within
string theory. Namely, some symplectic resolutions are Higgs branches of certain 3D N = 2
gauge theories. Moreover, Braverman, Finkelberg, and Nakajima have recently introduced
a mathematical definition of Coulomb branches of these theories, and it turns out (see [119]
and [4]) that these Coulomb branches are also particular examples of symplectic singularities.
So, the theory of symplectic singularities is tightly connected with the modern physics. One
might expect that every symplectic singularity should be a Higgs/Coulomb branch of some
(maybe very complicated) theory.

Physicists predict that the Higgs and Coulomb branches of a theory should be related
in some sophisticated and nontrivial way. This relation is called a 3D-mirror symmetry.
It turns out that even if we do not have a Higgs/Coulomb realization of our symplectic
singularity, we still can guess the answer for the 3D-dual variety in many examples. We can
then study the relation between the dual varieties (in the setting of symplectic singularities,
this is what people call the symplectic duality, it was developed independently of a 3 D-mirror
symmetry by Braden, Licata, Proudfoot, and Webster).

There are several approaches to the 3D-mirror symmetry/symplectic duality. One of
them is via the enumerative geometry (proposed by Okounkov and collaborators). In this
approach, solutions of quantum difference D-modules are compared for the resolutions 901,
' of dual varieties My and DN, (this approach has its origins in string theory). Another
view on symplectic duality was proposed in the paper [10], where the authors conjectured
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that the categories O of modules over quantizations of 9y, MY should be Koszul dual.
So, there are two conceptually different ways to approach symplectic duality — one is via
the geometry of the resolutions of My, M}, (namely, by studying the equivariant quantum
cohomology / K-theory of these varieties) and the second is via the representation theory of
quantizations of these (Poisson, singular) varieties themselves.

One of the conjectures of symplectic duality that will be discussed in Chapter 2 of this
thesis is the so-called Hikita-Nakajima conjecture proposed by Hikita in [46] and then gener-
alized by Nakajima in an unpublished paper. It was also generalized further by Kamnitzer,
McBreen, and Proudfoot in [57]. The most general version of this conjecture identifies cer-
tain specialization of the quantum D-module of 9t with certain D-module (called D-module
of graded traces) for the universal quantization of 90)). So, this conjecture provides a bridge
between the geometry of 9 and the representation theory of 9. In this text, we will dis-
cuss the general approach that would lead us to the proof of (the classical version of) this
conjecture in the case of ADHM spaces (these are certain varieties of great importance in
physics; in physics literature, they are called moduli spaces of instantons on P?).

The other two main results of the thesis are also within the framework of the symplectic
duality. Namely, in Chapter 3, we study the category O for quantizations of ADHM spaces.
The main result of this chapter is the explicit formula for the characters of minimally sup-
ported modules in these categories 0. So, the objects appearing in this chapter are in the
context of the algebraic approach to the symplectic duality. In Chapter 4, we study Bethe
subalgebras in the Yangian of some simple Lie algebra g. We then restrict to type A and
study the spectrum of these algebras in the tensor product of Kirillov-Reshetikhin modules.
By the results of Maulik-Okounkov, geometrically this corresponds to studying eigenvalues
of the operators of quantum multiplications for type A quiver varieties (a.k.a. solutions of
Bethe ansatz equations). We observe that this set of eigenvalues has a combinatorial struc-
ture (called g-crystal) and use this to compute the monodromy of these solutions. So, this
chapter studies objects arising on the enumerative side of the story.

1.1 Symplectic singularities and their quantizations

Let 901y be an affine algebraic variety over C. The following definition belongs to Beauville
(see [2]).

Definition 1.1.1 We say that 9y is singular symplectic (or has symplectic singularities)
if:

(1) My is a normal Poisson variety,

(2) there exists a smooth, dense open subset U C My on which the Poisson structure
comes from the symplectic form that we denote by w,

(3) there exists a resolution of singularities (birational and projective morphism) 9t —
Mo such that the pullback of w to M has no poles.

We say that 9 is a conical symplectic singularity if in addition to (1) — (3) one has a

C*-action on 9%, which acts on w with some positive weight and contracts 9%, to the unique
fixed point. We will sometimes denote the contracting C* by C;.
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Assume now that 9%, possesses a C; -equivariant symplectic resolution It — 9M,. We
will call 9 — My a conical symplectic resolution. It is known (see [90, Lemmas 12, 22,
Proposition 13|, [38, Theorem 1.13]) that there exist canonical symplectic (resp. Poisson)
deformations of 9 (resp. M) over the base t = toy, := H(IM, C) that we denote by

mt —t, Dﬁm — t.

Remark 1.1.2 One can show that the space t does not depend on the choice of the resolution
M of M. This space can be defined even if 9y does not have a symplectic resolution 9.
The deformation 9 is the universal deformation of 91, M, is a pullback of the universal
deformation of My along the morphism t — t/W for a certain group W acting on t (called
the Namikawa-Weyl group).

Let Aut(c; (M) be the group of Poisson automorphisms of 9y commuting with the

contracting C;. This is a finite-dimensional algebraic group (possibly disconnected). We
denote by S = Sop, C Autcx (M) a maximal torus and set sgn, := Lie Son,. One can show

that the action of S on 9, and the contracting action of C; extend naturally to the action
of S x C; on My (the torus S acts fiberwise). It can also be shown that the S x C;-action
above lifts to the action on ;.

1.1.1 Quantizations of 9t and My

In this section, we assume that 901, admits a symplectic resolution 2. We also assume
that C; scales the symplectic form with weight 2. By a graded formal quantization of the
structure sheaf Qg we mean (see for example |74, Section 2.2|):

e a sheaf of C[[A]]-algebras D in Zariski topology on 9t equipped with a C;-action by
algebra automorphisms such that ¢ - h = t2A,

e an isomorphism ¢: D/(h) == Ogy of sheaves
such that:

e D is flat over C|[h]],
e the h-adic filtration on D is complete and separated,
e [D,D] C hD. This gives a Poisson bracket on D/(h),

e ¢ is a graded Poisson isomorphism.

The graded formal quantizations of 91 are parametrized by the vector space t = H?(9, C) via
the so called period map Per from the isomorphism classes of quantizations to t (see [7], [70,
Section 2.3]). We will denote the formal quantization that corresponds to A € t by D,
Recall that we have the universal (conical) deformation 9t — t. We can talk about graded
formal quantizations of 9/t that are now required to be sheaves of C;-graded C[t][[h]-
algebras, where the C;-action on t is given by ¢ - p = t~?p. It was shown in |7, Section

17



6.2] that Ogy, admits a canonical graded formal quantization to be denoted by D™, It
satisfies the following property: its specialization to A € t coincides with D™, We set
Alorm .= (Y, Dierm). By the Grauert-Riemenschneider theorem, RI'(Ogpn) = C[90]. From
here one deduces that the algebra AP™ is a formal graded quantization of I'(9, Oy) =
C[9My]. Similarly, the algebra A°™ = I'(My, Alrmal) is a quantization of C[9 ] over Clt].

Recall that Dlorm, Dlerm glorm - gform are CX-graded. Let Dy, Dh, Anx, Ang be the cor-
responding C; -finite parts, they are modules over C[h]. In what follows we refer to them as
polynomial quantizations. Finally, we consider filtered quantizations Dy, Dy, A,, A¢ obtained
as the specializations of the polynomial quantizations at A = 1.

Remark 1.1.3 Recall that Dy x, Dy, Diy, D, are sheaves on I, M, in conical topology.

Let us also mention that for a vector space a mapping linearly to t, we can consider
the corresponding base changes Mg 4, M, and the corresponding quantizations Do Alorm
Dh,a, Ah,a-

1.1.2 Categories O and localizations

We assume that the set 9% is finite. Let us fix a co-character v: C* — S. We say that a
co-character v is regular if the set 9(C”) is finite (in other words, coincides with 9t). We
obtain the decomposition of the vector space txr := Hom(C*,S) ®; R into the union of
open chambers separated by the walls corresponding to non-regular co-characters v.

Categories O

We fix a parameter A\ € t and a regular co-character v € Hom(C*,S). Consider the cor-
responding filtered quantization Dy of Ogpy. Recall that A, = ['(IM,D,). The action of
S N Ogy lifts canonically to the action S ~ D, and hence to the action S ~ A,.

The co-character v induces a grading Ay = @,., Ax; on Ay, Let A = @, A
It follows from [11, Proposition 3.11] that the action of v on A, is Hamiltonian, so we
have a comoment map C — Ay o. Let h € Ay be the image of 1 € C. Let A)-mod be the
category of finitely generated A -modules and let O, (.A,) C Aj-mod be the full subcategory,
consisting of all modules where the action of A3 is locally nilpotent and the action of A, o
is locally finite.

Let Coh(D,) be the category of all coherent Dy-modules and O,(D,) C Coh(D,) be
the full subcategory of modules that come with a good filtration stable under h and are
supported on the contracting locus M, of v, i.e., M, := {z € M| lim;_,ov(t) - © exists}.
The set Irr(O,(D,)) of irreducible objects can be naturally identified with 9° (see [10,
Proposition 5.17] and Section 1.3.4 below).

Localizations

We have the global section functor I': Coh(D,) — A,-mod. We denote by Loc: Ay-mod —
Coh(D,) the left adjoint functor given by N — Dy ®4, N (see [11, Section 4.2]). For X € t,
we say that abelian localization holds for (A, 9t) when the functors I' and Loc are quasi-
inverse equivalences. Let n € H?(9,C) = t be the first Chern class of an ample line bundle

18



on M. It is known (see [11, Corollary B.1]) that for a sufficiently large integer M (depending
on A € t), the abelian localization holds for A 4+ mn for all integers m > M. In particular,
the irreducible objects of O, (Ayymy) are parametrized by 5.

1.2 Examples of symplectic singularities

1.2.1 Higgs and Coulomb branches

In this section, we briefly recall the main definitions of the Higgs and Coulomb branches
of 3D N' = 2 gauge theories. Let Gguuge be a reductive group (over C) and let N be a
finite-dimensional representation of Ggauge- Let p: T*N — g, .. be a moment map.

Higgs branches

We set

My := T"N// Gange = 17 (0) ) Ggange = Spec C[(u7(0)) o]
We always assume that for generic enough stability parameter 6: Ggauge — C*, the action
Goange ™ = H(0)0754Pl i free and the quotient O := p~1(0)?~5@Ple /G, e is the smooth
(symplectic) resolution of My to be called the (resolved) Higgs branch of the theory. Quan-
tizations of My can be constructed as quantum Hamiltonian reductions of (global) differential
operators on N.

Coulomb branches

Construction of the Coulomb branch is trickier and was recently proposed by Braverman,
Finkelberg, and Nakajima in [14]. Let us recall the definition.

Set T := Ggange((t)) xCeaueeltl]l NJ[[t]]. We have the natural map 7 — N((t)) given by
lg,n] — gn. We define:

R = R(Ggauge; N) = N[[t]] xn((ey) T

We can consider the equivariant Borel-Moore homology HY' ga“g"[[t”(R) of the space R (see
[14, Section 2(ii)| for the definition and detailed discussion). This vector space is equipped
with an algebra structure via the convolution * (see [14, Section 3]). It follows from [14,
Proposition 5.15] that the algebra (HS ga“ge“t”(R), ) is commutative. The Coulomb branch
M = M(Ggange, N) is by the definition equal to the spectrum of this algebra:

M := Spec HCeueelll(R),

Assume now that we are given an additional torus A acting on N and commuting with
the action of Ggayge (we will call A a flavor torus). Set a := Lie A. The deformed Coulomb
branch over a is defined as

M, := Spec Hfg“"ge“t”XA(R).

Remark 1.2.1 Note that A naturally acts on the Higgs branch 9N, this is compatible with
what symplectic duality predicts.
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Finally, quantization of M, can be defined as follows. Consider the semidirect product
Ggange[[t]] X C* where C* acts on Ggaugel[t]] by scaling ¢. This semidirect product acts
naturally on R commuting with the action of A. Then,

Apa(M) 1= H Conaelll<C)xA ().

1.2.2 Case of quiver theories

An important class of pairs (Ggauge, N) to consider is the one coming from a choice of a
quiver I = (Iy, I) (Iy are vertices and I; are edges) and a collection of nonnegative numbers
v = (Vi)iery, W = (wy)ier, ((v;) is called the dimension vector and (w;) is called the framing).
For i € Iy, let V;, W; be vector spaces of dimensions v;, w;. We define

Ggange = G = [[ GL(V}), N:= @ Hom(V;,V;) & @D Hom(W;, V).

i€lp (i—)j)ell i€ly

Varieties My, M, M corresponding to (G;,N) as above are called Higgs and Coulomb
branches of the theory corresponding to I together with the choice of (v;), (w;). Note that
the Higgs branch 9 is nothing else but the Nakajima quiver variety corresponding to the
quiver / (and the choice of (v;), (w;)), let us recall its definition in more detail.

We consider the cotangent space M;(v,w) = M(v,w) = M := T*N that can be identi-
fied with

B Hom(ViV)e @ Hom(V;, V) & @ Hom(W;, V;) & @ Hom(V;, W7).

(i—j)eh (i—j)eh iclo icly

We can represent elements of M(v, w) as quadruples (X, Y,,d), where

Xe @ Hom(V,V;),Ye € Hom(V; Vi),

(i—j)el (i—j)el

v € @ Hom(W;, Vi), 6 € @) Hom(V;, W5).

i€lp i€ly

The space M(v,w) = T*N carries a natural symplectic form. We set

Gy =[] GL(V3), gv := @D al(V0).

i€lp i€ly

The group Gy acts naturally on the vector space M(v, w). This action is symplectic with
the moment map:
p: M(v, w) = gy, (X,Y,7,0) = [X, Y] 476

Definition 1.2.2 A quadruple (X,Y,v,0) € M(v,w) is called stable if for every X,Y -
mwvariant graded subspace S C V' such that S contains im~y we have S = V. We denote by
M(v,w)* C M(v,w) the (open) subset of stable quadruples.
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Definition 1.2.3 The Nakajima quiver varieties M (v, w), My(v, w) are defined as the fol-
lowing quotients:

M(v, w) := 0 /Gy, My(v,w) = (0)/Gy.
We have the natural (projective) morphism 7: IM(v, w) — MMy (v, w).
Assumption 1.2.4 We assume that 7 is a resolution of singularities.

Let 3y C gy be the center of gy. The varieties MM (v, w), My(v, w) admit certain natural
deformations over the space 3.

Definition 1.2.5 The deformed quiver varieties M(v, w);,, Mo(v, W),
as follows:

over 3y are defined

v

M(v, w),, == N_1(5V)St/GV: My(v, w);, = l‘_l(5V)//GV'
For a € 3y, we denote by M(v, W)a, Mo(v, W)a the fibers of these families over a.

1.3 Schematic fixed points and Cartan subquotients

1.3.1 Schematic fixed points

Given a variety Y with an action of some algebraic group G we can define the functor
Y%: Schemes: — Sets

from the category Schemesc of schemes over C to the category Sets of sets as follows
(see [30], [24, Section 1.2]):

YY(S) := Maps“(S,Y), S € Schemesc,

where the action of G on S is trivial and Maps©(S,Y) is the set of G-equivariant morphisms
from S to Y. It turns out that in some cases, functor Y'¢ is represented by a scheme that we
call schematic fized points of Y (for more details, see [30, Theorem 2.3]). Consider the case
Y = Spec B for some C-algebra B and G = C*. Then the action C* ~ Y corresponds to
the Z-grading B = @, , B;. Compare the following proposition with [24, Example 1.2.3].
Proposition 1.3.1 IfY = Spec B is an affine variety and G = C*, then Y is represented
by an affine scheme whose ring of functions can be described in two equivalent ways:

CY®"]|=By/Y B_;B;=B/(b; € B;, i #0). (1.1)

Proof: Tt is enough to show that the functor Y restricted to the category of affine schemes
over C is represented by the affine scheme with the algebra of functions as in (1.1). Let

S = SpecC be an affine scheme with trivial C*-action. The set Maps® (S,Y) can be
identified with the set of graded homomorphisms B — C', where the grading on C' is the
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trivial one (C' = Cy). Since C' = Cjp, we conclude that every such homomorphism f: B — C
factors through B/(b; € By, i # 0). Note now that every homomorphism f: B/(b; € B;, i #
0) — C induces the graded homomorphism B — B/(b; € B;, i # 0) — C, so we must have
Y = Spec(B/(b; € B;, i # 0)).

It remains to note that the natural morphism

By/ > B_;B; — B/(b; € B;, i #0),
>0
given by
By/ Y B_iB; > [b] — [b] € B/(bi € By, i #0)
>0

is an isomorphism. 0

Remark 1.3.2 Proposition 1.3.1 can be easily generalized to the case when G is a torus of
arbitrary rank (or an arbitrary reductive group).

The following proposition holds (see, for example, [54]).

Proposition 1.3.3 IfY is a smooth algebraic variety over C and G is reductive, then Y¢
15 smooth.

1.3.2 Cartan subquotients (B-algebras)

The following construction should be considered as a noncommutative version of taking
schematic fixed points (compare with (1.1)). For any Z-graded ring A = @, A;, set:

C(A) == Ao/ > ALA;.

>0

Ring C(A) will be called the Cartan subquotient or a B-algebra of A. See |73, Sections 4, 5]
and [10, Section 5.1] for more details. We will apply this construction to the quantizations
of C[Iy], C[9My,] with Z-grading induced by a (generic) cocharacter v: C* — Soy,. If A is
one of these quantizations, then the corresponding Cartan subquotient will be denoted by
C,(A). We will also use the notation A% := @,.A;. Note that there exists the natural
surjection A*% — C(A) induced by the surjection A= — Aj.

1.3.3 Sheaf version of Cartan subquotient

In this section, let S = Sop,, let 9N be a symplectic resolution of 9y, and assume that I has
finitely many S-fixed points. Following |73, Section 5.2| one can also talk about the Cartan
subquotients of sheaves D on My, (see [73, Proposition 5.2|), the resulting object will be a
sheaf of algebras on the S-fixed points of 9, (recall that MY is smooth by Proposition 1.3.3
above).

Lemma 1.3.4 We have a canonical isomorphism M5 ~ IS x a of varieties over a.
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Proof: Standard. 0
Lemma 1.3.5 There are canonical isomorphisms of sheaves of algebras
C.(Dha) =~ Ops|h],  Co(Dpar) =~ Oms[h], C,(Dx) =~ Ogys.

Proof: Since fixed S-points are isolated in 2t by our assumption, the lemma follows from
[10, Lemma 5.2]. O
Using Lemmas 1.3.4, 1.3.5 we obtain the natural homomorphism of Cla, h]-algebras

Co(Ang) = T, C,(Dha)) = C[I°] @ Cla, 1]
that at A € a specializes to the homomorphism
Co(Any) — D(M®, C, (D)) = C[M®) @ C[A). (1.2)

Remark 1.3.6 It follows from [11, Proposition 5.3] (see also [73, Proposition 5.3]) that the
composition (1.2) becomes C[h]-linear isomorphism for Zariski generic values of .

1.3.4 Cartan subquotients and irreducible objects in categories O

Let us now recall the relation between C, (A, ) and irreducible objects in the category O, (A,).
Pick A such that the abelian localization holds and the morphism (1.2) specialized at i = 1
is an isomorphism:

ox: Co(Ay) =T, C,(Dy) = P C

peEMS

We see that the algebra C,(Ay) is finite-dimensional semisimple and has |[99| irreducible
(one dimensional) representations labeled by the fixed points of M. Let C, be the irreducible
representation of C,(A,) corresponding to the point p € 9°. We can then form the standard
module (see [10, Section 5.2]):

Ax(p) = A(p) = A\ @ 20 C, € Oy (AY),
where the action of A" ~ C, is induced by the natural surjection A7" — C,(Ay).

Remark 1.3.7 Similary, one can define the costandard module V(p) = Va(p) as follows
(see [10, Section 5.2]): V(p) = (C; ® 420 A)*, here x denotes the restricted duality.

By the resuls of [10], every A(p) has the wunique irreducible quotient to be denoted
by L(p). Moreover, modules {L(p)|p € M°} are pairwise non-isomorphic and form the
complete list of simples in O,(A,). Recall that we have the equivalence of categories
Loc: O,(Ay) = O,(D,). Applying Loc to L(p), we obtain irreducible objects in O, (D,). In
this way we obtain the labeling 9% < Irr(O,(D,)). This is exactly the labeling mentioned
in Section 1.1.2.

Let us finally mention that every object V' € O,(.A,) is naturally graded via the action by
the commutator with h (recall that A is the image of 1 under the comoment map induced by
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v). It follows from the definitions that A, ¢ acts on each graded component. Now, the highest
weight component of L(p) is one-dimensional and the action of Ay on the corresponding
one-dimensional space factors through the quotient C,(.A,) and is precisely the character of
C,(A,), corresponding to C,. In other words, we can read off the character C,(A,) — C,
from the irreducible representation L(p) as the “highest weight” of L(p) considered as Ay o-
module.

Remark 1.3.8 Note that highest weights of A(p), V(p), L(p) are the same.

From algebraic to sheaf Cartan subquotients

Recall that the algebra A; 4 is Zs-graded (via the C;-action). We denote the i-th graded
piece by Aj .. Pick A € a and hy € C, we can consider the specialization A,z of Apq to
the point (hg, \) € C @ a. We see that for fip # 0 the action of C; (corresponding to the
Zo-grading above) identifies Ap, 1) and A(l,ﬁgl N = Ah51 ) Consider the composition

Anao = Co(Ape) — TN C,(Dha)) = CIN®] @ Cla, A). (1.3)

Pick z € Aj -

Proposition 1.3.9 (a) For hy # 0 and X\ € a such that the abelian localization holds for
iyt and Pyt b8 an isomorphism, the image of Ty ) € Ao, 0 under

Ao 0 = ColAggny) = TN, Cu(Dipy ) = CIN°]

is equal to the collection of scalars by which hix acts on the highest components of the
irreducible modules in Oy(A)-1,).
(b) For hy = 0 the composition (1.3) identifies with the pull back homomorphism

C[Mo,alo — CONG ] — CIT] = C[IN®] @ Cla).

(¢) If the set of A € a such that the abelian localization holds at \ is Zariski dense in a,
then (a) determines the image of x uniquely. In particular, if the image of a in t contains
the Chern class n € tz of an ample line bundle L € Pic(IN), then (a) determines the image
of x uniquely.

Proof: Since the homomorphism (1.3) is C; -equivariant, it is enough to prove (a) for fig = 1.
For hy = 1 the claim follows from the definitions. Part (b) is clear. Part (¢) follows from [11,
Corollary B.1]. O

1.3.5 Families of costandard and “point” modules

The homomorphism (1.3) allows us to define the following Ay -module (compare with Re-
mark 1.3.7 and [10, Section 5.2|):

v}i,a(p> = (C[au h]; ®A§’2 Ah,a)*>

24



where Cla, 1], is the C[9°] ® Cla, h]-module corresponding to the evaluation at p homo-
morphism C[9M°] ® Cla,h] — C[a, ] and x denotes the restricted duality. Clearly, the
specialization of Vj,4(p) to (1,A) € C x a is nothing else but the dual Verma module V(p).
Proposition 1.3.9 describes the highest weight of V5, 4(p). Note that the module V; 4(p) is in
general not flat over Cla, A.

Let us now define another Aj;,-module Oy 4(p) that is flat over Cla, A], has the same
highest weight as V},4(p) and is isomorphic to V;, 4(p) generically.

We follow [10, Section 5.3|. Consider the formal neighbourhood U,(p) of {p} x a C IM,.
We can restrict Dy, to Uy(p) and take the locally finite global sections that we denote by
Dy o(p). It follows from the formal Darboux lemma (compare with [10, Lemma 5.2|) that
the Cartan subquotient of Dy 4(p) is isomorphic to Cla, h]. Let

On,a(p) = Dna(p) Q Dy a(p)>0 Cla, k).

Ona(p) is an A;c-module via the restriction map Aj, — Dpq(p). It follows from [10,
Proposition 5.20| that the S-character of O 4(p) (considered as a free Cla, i]-module) is

equal to
d

1
— ] B W
ch @h,a(p) - Z dlmC[a,h](@h,a(p)u>€ =e’ H 1— 6_0‘1"
p: S—Cx =1
where ay, ..., o4 are v-positive weights (with multiplicity) for the action of S on 7,91 and

w, is the restriction of (1.3) on s composed with the projection onto Cla, &],,.

It follows from [10, Lemma 5.21] that ©;4(p), Vi(p) are isomorphic for generic values
of A, \. For fixed hy € C, A € a, module Oy, »(p) will be called a point module so Oy 4(p) is
a family of point modules.

Warning 1.3.10 Note that the Aj q-modules Oy q4(p), Via(p) may not be finitely generated
mn general.

1.4 Symplectic duality

1.4.1 Structures associated to a conical singularity

We mostly follow [57] in this section. Assume that the Poisson bracket on 9%, has degree
two. Let C[9)> C C[9MN] be the degree two component, this is a Lie algebra w.r.t. {, }.
Assume that there exists a reductive group Aut(cg (9My) consisting of Poisson automorphisms
of My commuting with the contracting Cx-action and whose Lie algebra is (C[9)?,{, }).

Recall that Som, C Autex (M) is a maximal torus and set sy, 5 := Hom(Sm,, C*). The

action of Sop, X C;* on My induces the bigrading C[My] = P C[My]5. Note that
C[9M,]2 identifies with gy, .
Recall that 90t is the deformation of 9 over t = H?*(9M,C). Let A, be the canonical

quantization of 9 and let A? be the degree two component. There is an exact sequence of
Lie algebras (see |57, Section 2.2|):

MGE;RO,Z’ kEZ>0

0— t® Ch— A7 — C[I)* — 0.
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Passing to the zero weight space w.r.t. S we obtain the quantization exact sequence:
0—t®&Ch— A}y — s — 0. (1.4)

Let us describe another exact sequence that one can associate with a symplectic sin-
gularity 9. The odd cohomology of 9 vanishes (|11, Proposition 2.5]) so we obtain a
cohomological exact sequence:

0—+s®Ch— H. (MC)—1t—0, (1.5)

XC;;(

where the first map is the pull back homomorphism (we identify s & Ch = H;X o (pt, C))
h
and the second map is the restriction homomorphism (recall that t = H*(91, C)).

1.4.2 Symplectic duality: basic properties

Often conical symplectic singularities come in dual pairs (9, MM}). We refer the reader

to [10] for details on symplectic duality. Let us recall some basic properties of it. One

prediction of symplectic duality (formulated in [57, Section 5.1]) is that for the dual pairs,

quantization and cohomological exact sequences (1.4), (1.5) identify with each other: there

exists a natural isomorphism H? (9N, C) =~ A2 ,(9) that induces the identifications:
mo XCp, ml

0——to ®Ch A%mg o(9) Sy 0

I

O—>5;mo @Ch—>H§ m, C) tgmo 0.

Mo

X(C;f(

In particular, we should have canonical identifications toy, ~ Sont 5 o, 2 topt , s was conjec-
tured in [10].
Assume now that both 9 and 9}, admit symplectic resolutions 9 and M, respectively.

Remark 1.4.1 It is expected that My has a symplectic resolution iff (m!)SDﬂB consists of
one point.

The symplectic duality predicts the existence of a canonical identification of finite sets
of torus fixed points:

Mo 25 (W), p s p

1.5 Hikita-Nakajima conjecture

Hikita-Nakajima conjecture

Recall that 9 is a symplectic singularity and let M = 91 be a dual variety. The main
example for us is My being a Nakajima quiver variety and M the corresponding Coulomb
branch. We assume that 91 is resolved by 2t — 9. Let H;imo(i)ﬁ, C) be the algebra
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of Sop,-equivariant cohomology of 1. This is an algebra over H;mo (pt) = Clsom,]. The
choice of M (resolution of M) corresponds to a (generic) cocharacter voy: C* — Sy We
can consider the algebra of functions of schematic fixed points C[(My,,)"*(€)] that is an
algebra over Clty(] = Clsgp,].

Note also that the algebra ngo(zm, C) has a natural cohomological grading and the
algebra C[(M,,,)"*(€")] is graded via the contracting C;-action. The algebra H S, (o, C)

is finitely generated over C|sy,]. Now, the algebra C[(My,,)*»(€")] is finitely generated over
Clsam,] iff M) = AMSM (considered as a set) consists of one point. Since we want to
identify the algebras above we must make the following assumption.

Assumption 1.5.1 The set MM consists of one point.

Remark 1.5.2 Let us recall that symplectic duality predicts that 9, has a symplectic
resolution iff M*M consists of one point.

The following conjecture relates (equivariant) cohomology of 9t with schematic fixed
points of (the deformation of) M (part (i) goes back to Hikita [46], and part (ii) goes back
to Nakajima). We will call (i) Hikita conjecture and (ii) will be called Hikita-Nakajima
conjecture.

Conjecture 1.5.3 (i) There is an isomorphism of Z-graded algebras
H*(M, C) ~ C[M»(E),
(i1) There is an isomorphism of Z-graded algebras over C|sgy,]:
Hg, (M, C) =~ C[(My,,)™ ).

We remark that (ii) implies (i) by specifying to the point 0 € sgy, .
Remark 1.5.4 Let us note that if 9%, 9 are two symplectic resolutions of 9y, then the
algebras Hg, (o, C), 5, (M',C) are isomorphic. This follows from the fact that the
universal deformations My, — ton,, im{mo — tyn, are locally trivial in C*°-topology (see
[91, Section 1.2 and references therein|), so 0, M’ are both diffeomorphic to a generic fiber
of Mo tyy, — tomy- Similarly, one can see that for any generic cocharacter v: C* — Sy the
schematic fixed points ./\/lt ) are the same and are isomorphic to the schematic fixed points
/\/lt"" Indeed, note that My,, can be Sy-equivariantly embedded in some vector space O

v(C*X)

with a linear action of Sy Then My /\/lt M are (schematic) intersections

MUED = M, N OYED) ) MM = M, N O5M.

M

This reduces the claim to showing that O(¢*) = O%™ for a generic v: C* — Sy, that
directly follows from Proposition 1.3.3 since O is smooth.

Warning 1.5.5 Hikita-Nakajima conjecture is not true as stated for arbitrary pairs of sym-
plectically dual varieties. A counterexample is a part of work in progress with K. Hoang and
D. Matvieievskyi. It is still expected to be true as stated when N is a Nakajima quiver variety
(this is the setting in which Nakajima formulated it in [88, Section 1(viii)]).
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Equivariant Hikita-Nakajima conjecture

Let v: C* — S) be a generic cocharacter corresponding to 99t. The following conjecture
is due to Nakajima. It generalizes Conjecture 1.5.3 and will be called equivariant Hikita-
Nakajima conjecture.

Conjecture 1.5.6 There is an isomorphism of C[son,, h-algebras

Co(Anp (M) = Hg

X
ngzo X(Ch

().

We remark that setting A = 0 in Conjecture 1.5.6, we obtain the classical Hikita-Nakajima
conjecture.

Combinatorial corollary of (equivariant) Hikita-Nakajima conjecture

Let us mention one nontrivial combinatorial corollary of Conjecture 1.5.3. Pick a point
(s,h) € s, @ C. We have an isomorphism of algebras H ()| (5.0 = H* (M),

Sy XCp
Note that the semisimple quotient of H*(9(#)) is the algebra HO(9(*"0)) that is isomor-
phic to the direct sum of copies of C, the number of copies is equal to [Comp(9t="0))|, where
Comp(9M(5"0)) is the set of connected components of M) Conjecture 1.5.3 implies that
the algebra H*(9M(*")) is isomorphic to the algebra C,(A(ss,)(M)), where A s, (M) is
the fiber over (s, k) € som, @ C of the deformation Ay, (M). For hy # 0 the semisimple
quotient of C, (A, (M)) is isomorphic to the direct sum of copies of C labeled by the set
of irreducible objects in the category O,(A(s ) (M)) (we use the bijection between simple
objects in the category O and irreducible modules over the corresponding Cartan subquo-
tient). For hg = 0, the semisimple quotient above is the direct sum of copies of C labeled by
the set M'(’S(’(%:))((C) of C-points of the scheme ./\/ll(ls(f%:)).

So, Hikita-Nakajima conjecture implies the (natural) bijection between the sets of com-
pletely different nature:

Comp(ME"0)) = Trr O, (A py) (M)).

Remark 1.5.7 When M = §(e) is the Slodowy variety for a nilpotent e in some semisimple
Lie algebra g, the identification above provides an explicit relation between Lusztig’s left cells
for the Weyl group W of g and the connected components of torus fixed points of Springer
fibers. Note that the similar relation between the connected components of torus fized points of
affine Springer fibers and simple objects in categories O over certain vertex operator algebras
was recently conjectured in [101] in the framework of the mirror symmetry for certain 4D-
theories.

Current state of the Hikita-Nakajima conjecture

The Hikita conjecture was proven for the case of Hilbert scheme of points on A2, type A
Slodowy slices and hypertoric varieties in [46, Theorem 1.1, Theorem A.1, Theorem B.1]. In
[104], Shlykov has proven the case of Y = A?/T" where I is a finite subgroup of SLy(C). In
the paper [44, Theorem 1.0.5], Hatano proved that H*(9(n,r), C) and C[(My(n,r)")C"] are
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isomorphic as graded vector spaces (here 9 (n,r) is the ADHM space, see Section 2.2.1 for
the definition). In [56, Theorem 1.5|, Kamnitzer, Tingley, Webster, Weekes, and Yacobi have
proven Hikita conjecture for the ADF slices in the affine Grassmanian. They have also proven
the equivariant version for type A quivers and some weaker form of this conjecture for DF
quivers (see [56, Section 8.3, [58, Section 1.3 and Theorem 1.5, see also [55, Section 6.6]).
In [57] Kamnitzer, McBreen and Proudfoot formulated a quantum version of the Hikita-
Nakajima conjecture and proved it for the Springer resolution and for hypertoric varieties.
The results of [104] were recently generalized to the equivariant (and even quantum) case in
[19].
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Chapter 2

Hikita-Nakajima conjecture for
symplectic resolutions

2.1 General approach

In this section, following the ideas of Bellamy, Hilburn, Kamnitzer, Tingley, Webster, Weekes,
and Yacobi, we describe the general approach that we propose to attack the Hikita-Nakajima
conjecture as well as its relation to a certain statement proposed by Bullimore, Dimofte,
Gaiotto, Hilburn, and Kim. We also briefly discuss a quantum version of this conjecture
proposed by Kamnitzer, Proudfoot, and McBreen and mention how it fits into our approach.

2.1.1 Main conjecture

In this section, we are working with an arbitrary pair of symplectically dual varieties 9y,
M =9} (not necessary Higgs/Coulomb branches of a quiver theory), but we are assuming
that both of them admit symplectic resolutions 901, M.

Choice of a symplectic resolution 9t corresponds to the choice of a chamber in tyy, x =
H?(9M,R). Using the identification tgy, ~ 5., chamber above gives us a generic cocharacter
v: C* — Sy Our goal is to compare the Clsgy,, hi]-algebras:

H’*

X
Sang xCp

(M, C), Co(Api, (M)). (2.1)

Let us first of all note that these algebras should actually carry an additional structure.
Namely, recall (see Section 1.4.2) that the symplectic duality predicts identification of vector
spaces Aj o~ H;m ‘c (9, C). The elements of these vector spaces should commute with
each other. So, we se(()a that our algebras are not only Clsoy,, h]-algebras but also a modules
over the bigger polynomial algebra S*(A7, ) = S.(Hémt cc (M, C)).

Actually, it turns out that in many cases, we have evenobigéer polynomial algebras acting
on the algebras (2.1). For example, in the case when 90 is a Nakajima quiver variety corre-
sponding to some quiver I, M is the corresponding Coulomb branch, and A is a flavor torus,

then A, = HEH#CG)*A(R) contains the polynomial subalgebra B := HéleXc; (pt)

(sometimes called the “Cartan” subalgebra of Ay ,). The same algebra B acts naturally on
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Hzxc; (M, C) = HZYIXAX@; (u=1(0)**, C) via the restriction homomorphism (which is in this

case surjective by the results of McGerty and Nevins [82]):
B = H,a(w™1(0),€) = H,yaex (07 (0)*,C) = Hy o (M, C).

Remark 2.1.1 Note that in the Coulomb branch case, we see that the algebra B is actually
a subalgebra of Apy,,. I do not know if this should be a general phenomenon.

So, let B be some commutative (polynomial) algebra that acts naturally on both of our
algebras. Acting on 1, we obtain homomorphisms:

a * b
B = HS%X(C; (", C), B — C,,(.Ah,tM(,/\/l)).
Recall that we have the natural identification

H*

—g —
Sang XC) (msmo ) (C) = F(Mtj\/,\t/la CV<Dh7fM (M)))> (2'2)
induced by Lemma 1.3.5, the bijection 970 ~ M+ and the isomorphism sgn, ~ ty (see
Section 1.4.2). Note that both of the algebras in (2.2) are simply &, izsn Cltm, 1.

The approach that we suggest to prove the equivariant Hikita-Nakajima conjecture is
the following. One can first prove the following conjecture and then deduce the equivariant
Hikita-Nakajima conjecture from it.

Conjecture 2.1.2 The following diagram is commutative:

H;Dﬁo XC; <m’ C) H»;Dﬁo X(C;z( (msmo ) C) (23>
B D, crism Clta

S |

Co(An i (M) —=T (M, C, Dy, (M)))

t/\/l7

In particular, there exists the isomorphism of B-algebras:
(B — H e (M, C)) = Tm(B — C, (Ang (M) = TIME, C(Dryg (M))). (2.4)

Warning 2.1.3 Let us mention an important technical detail: for (2.3) to be commutative,
we should normalize the map a by saying that h goes to %h/

Note that proving Conjecture 2.3 requires much less work than dealing with the original
Hikita-Nakajima conjecture. Indeed to prove Conjecture 2.3, one have to compare B-highest
weights of Verma modules over A, (M) with restrictions of B to S-fixed points on 9t for
generic values of X\. So, this conjecture is basically about comparing certain numbers.

Let me mention one possible way to think about Conjecture 2.1.2. We can consider

H: (M, C), C,(Api,, (X) as Clta, h]-modules of rank |95 | = |MVSM]. The algebra

X
Sgno X(Ch
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B acts on both of these modules by C[ty, h]-linear endomorphisms. Let K be the algebraic
closure of the field of fractions Frac(C[tu, i]). Base changing to K, our modules become
|MVSM |-dimensional vector spaces over K, and they decompose into the direct sum of one-
dimensional modules over Bk := B ®cy,,,n K parametrized by certain characters of B (in
other words, we diagonalize the action of Bgx on these modules). Conjecture 2.1.2 gives a
concrete recipe to find these characters and claims that they should be the same. In other
words, the conjecture claims that the solutions of B-modules above should be the same.

Remark 2.1.4 In [12, Definition 2.1/, authors introduced a notion of a localization alge-
bra. We observe that algebras Hy ox (M, C), C(Apn, (X)) have natural structures of
0 h

localization algebras and our Conjecture 2.1.2 basically claims that these structures should
be compatible. In this sense, Conjecture 2.1.2 should be considered in the framework of the
duality of “localization algebras”, see [10, Section 10.6]. Let us mention that in [10, Section
10.6/, [12] authors study another interesting example of the localization algebra, namely the
(universal) deformation Z(E) of the center of the geometric category O, (Dy) for M. In [10,
Conjecture 10.52] authors conjecture that for A such that O,(D,) is indecomposable, local-

ization algebras Z(F), H;imo(i)ﬁ, C) should be isomorphic. I do not know how to generalize
this statement to arbitrary .

Let us now explain the motivation for Conjecture 2.1.2 related to physics (this is in-
teresting on its own since it includes the equivariant Hikita-Nakajima conjecture into the
general context of 3D mirror symmetry). We restrict ourselves to the case, when 9 is an
actual Nakajima quiver variety and 9%, = M is the corresponding Coulomb branch. Recall
that A is a flavor torus. Pick an A-fixed point p € 94 In [16], authors conjecture that
(roughly speaking) the quantization Aj (M) should act on the equivariant (critical) coho-
mology H’ cx (QMaps, (P, 0)) of the space of based quasi-maps sending oo € P! to p and

the corresponding module should be the universal point module Oy 4(p') over the quantized
Coulomb branch (see Section 1.3.5). In general, it is not clear how to define the action of
Ap.o(M) on the space above (see [107] for the case of sly). On the other hand, the action
of B = H{ , axcx (pt) is easy to describe. Namely, consider the evaluation at 0 morphism
evo: QMaps, (P!, 90t) — 1~'(0)/G/, then the element 7 should act via the multiplication by
ev*(7) (compare with [69]).

Now, the natural grading on the point module should correspond to the decomposition
of the space QMapsp(IP’l,i)ﬁ) via the degree of the quasi-map, let us denote the degree d
component by QMapSZ(IP’l, ). So, the highest weight component is nothing else but the
cohomology of QMapsg(IP’l,fm) := {p}. We conclude that the action of 7 € B on the
highest weight component H cx (p) = Cla, h] is given by the multiplication by ¢7, where
tp: {p} — M is the obvious embédding. This is precisely what Conjecture 2.1.2 claims.

Remark 2.1.5 As we see from the discussion above, Conjecture 2.1.2 is a shadow of the
(congectural) realization of the universal point module over the Coulomb branch via the space
of based quasi-maps to the Higgs branch. This statement should, in particular, imply that
characters of (universal) point modules (considered as functions on B) coincide with the
h = q specializations of (normalized) vertex functions with descendants (introduced by Ok-
ounkov in [94, Section 7.2]) restricted to the corresponding fixed points (compare with [47,
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Remark 1.10]). It turns out that this statement is precisely the quantum analog of Conjecture
2.1.2 and can be used to prove the quantum Hikita conjecture (formulated in [57]). Namely,
normalized vertex functions with descendants are solutions of the PSZ quantum D-module
while characters of point modules are solutions of the D-module of graded traces. By identi-
fying solutions, we obtain identifications of the corresponding D-modules. This is the joint
work in progress with Hunter Dinkins, and Ivan Karpov.

The natural question is: when Conjecture 2.1.2 implies the actual equivariant Hikita-
Nakajima conjecture? Clearly, this is the case when morphisms a,b are surjective and
Co(Apiy, (M)) is torsion-free over Cltaq, ] (note that Hy o ox (M, C) is always free over

0 h

H;%X cx (pt)). The following claims hold.

(i) Morphisms a, b are indeed surjective if 9 is a Nakajima quiver variety and M is the
corresponding Coulomb branch (surjectivity of a follows from [82, Corollary 1.5], for
the surjectivity of b see Proposition 2.1.7 below and references therein).

(ii) Module C,(Apy,,(M)) is known to be flat over C[taq, i] when M is a Coulomb branch
of type ADE quiver corresponding to a framing (w;) and dimension vector (v;) such
that w; # 0 implies that w; is minuscule, p = ), w;w; — >, v;¢y is dominant (follows
from [56, Section 8.2]). This also holds when M is a Coulomb branch of the Jordan
quiver (see Section 2.2.12 below).

Conjecture 2.1.6 We expect that C, (A, (M)) is flat over Cltpq, h] for an arbitrary quiver
theory.

Note that to prove Conjecture 2.1.6, it is enough to show that
dim CIM" (€] < |MM|.

The proof of the following proposition was explained to me by Ben Webster and Alex
Weekes and will appear in their joint work with Joel Kamnitzer and Oded Yacobi.

Proposition 2.1.7 Morphism b is surjective for Coulomb branch corresponding to arbitrary
quiver 1.

Proof: The claim follows from [118, Proposition 3.1| (see also [14, Remark 6.7]) using that
the dressed minuscule monopole operators have a nonzero degree with respect to Sy, so their
images in C[(Spec HfX(G")O(RVVW))SM] are zero. O

So, for Higgs/Coulomb branches of quiver theories, Conjectures 2.1.2, 2.1.6 indeed imply

the equivariant Hikita-Nakajima conjecture.

Remark 2.1.8 Let us point out that even without assuming Conjecture 2.1.6, Conjecture

2.1.2 already implies that we have a surjective homomorphism of algebras C, (A, (M)) —

H ;m o~ (9M) that is an isomorphism generically. Conjecture 2.1.6 implies that this surjection
0 h

is an isomorphism.
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Let us mention that our approach towards the proof of the Hikita-Nakajima conjecture
allows us to reduce the argument to comparing the highest weights of Verma modules over the
quantized Coulomb branches with characters of tautological bundles on quiver varieties at
torus fixed points (that can be done generically). It also allows us to describe the isomorphism
explicitly on generators.

From the above, we already know that Conjecture 2.1.2 implies the Hikita-Nakajima
conjecture when M is a Coulomb branch corresponding to a finite ADE quiver with (v;),
(w;) as in (ii). Proof of Conjecture 2.1.2 in this particular case can be deduced from the
results of [56], [58]; this is a joint work in progress with Pavel Shlykov. In the next Section,
I will explain how this approach works for a quiver variety corresponding to the simplest
affine quiver, namely, to the Jordan quiver (the corresponding quiver variety is the so-called
ADHM space).

Overall, Conjecture 2.1.2 is a replacement of the Hikita-Nakajima conjecture that might
be incorrect in general. The counterexample to the Hikita-Nakajima conjecture for 99t be-
ing certain Slodowy variety as well as the proof of Conjecture 2.1.2 for parabolic Slodowy
varieties! with finitely many torus fixed points is the joint work in progress with Do Kien
Hoang and Dmytro Matvieievskyi. Our result with Hoang and Matvieievskyi, in particular,
reproves the equivariant Hikita-Nakajima conjecture for type A quiver varieties (proved be-
fore by Alex Weekes in his thesis) using their realization as parabolic Slodowy varieties (see
[77]).

Remark 2.1.9 Note that, actually, the setting in which Nakajima formulated his conjecture
in [88, Section 1(viii)| is precisely the setting in which we do believe the actual Hikita-
Nakajima conjecture should hold. So, neither Hikita nor Nakajima made any incorrect con-
jectures.

Let us finish this section by mentioning an application of the Conjecture 2.1.2 (recall
that one application was already mentioned in Section 1.5). In [69], Liu realizes certain
families of simple modules over shifted Yangians geometrically using critical cohomology of
certain spaces resembling the moduli of quasimaps to Nakajima quiver varieties (see also
[110]). For finite ADE quivers, it then follows from Conjecture 2.1.2 that the action that
Liu constructs factors through the action of the corresponding quantized Coulomb branch
(as it was predicted by [16]).

2.2 Hikita-Nakajima conjecture for the ADHM space

The results of this Section is the joint work with Pavel Shlykov. In this Section, we prove
the Hikita-Nakajima conjecture for the ADHM spaces 9t(n, r) using the approach suggested
in the previous section. Actually, using the same approach, we also identify all the algebras
that appear in the isomorphism with the center of the degenerate cyclotomic Hecke algebra
(generalizing some results of Shan, Varagnolo, and Vasserot). Our approach allows us to
describe all these isomorphisms explicitly on generators.

!Note that these varieties are neither Higgs nor Coulomb branches of quiver gauge theories outside of
type A
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2.2.1 Gieseker variety (ADH M space)

Gieseker variety 9t(n,r) depends on a pair n,r € Z-; of positive integer numbers. It
can be realized as a Nakajima quiver variety corresponding to the Jordan quiver (see Defini-
tion 2.2.10). Variety 9M(n, r) also has a realization as the moduli space of torsion-free sheaves
on P2 of rank r with the second Chern class being n and with a fixed trivialization at the line
at infinity (see [85, Chapter 2| for details). The variety 9(n,r) is an important object that
originally came from physics. The Gieseker variety 9t(n,r) is a resolution of singularities of
the variety 9y (n,r) = Spec C[M(n,r)]. The variety My(n, r) has a realization as an (affine)
Nakajima quiver variety corresponding to the Jordan quiver (see Definition 2.2.10).

So we are taking 0 = M(n,r), My = My(n,r). Then the torus Sgy, can be described
as follows. We have a natural symplectic action of SL, on 9(n,r) (via changing the triv-
ialization at infinity) and also the action of T = C* via the action on P? that multiplies
one coordinate by ¢ and another by ¢! (so-called “hyperbolic action”). Let T, C SL, be
a maximal torus. The torus Soy, is the image of A :=T x T, in Aut(c; (M (n,r)) and sop,
naturally identifies with a := Lie A. The space tag,(ns) = H*(MM(n,r),C) is known to be
one-dimensional.

2.2.2 Symplectic dual to M(n,r)

Let us now give a very brief description of the variety M(n,r) = My(n, r)' and its deforma-
tion M(n,r), — a.

One way to construct a dual to 9y(n,r) is via the Coulomb branches introduced in [14].
In this approach, M(n,r) is equal to the spectrum of the algebra HiGL”)O(Rn7T) of (GL,)o-
equivariant Borel-Moore homology of the variety of triples R, , corresponding to the Jordan
quiver (see Section 2.2.7 for details). The variety M(n, r), is then the spectrum of Ax (GL, )0
- equivariant homology of the same variety of triples R, (see Section 2.2.7 for details).
The Coulomb branch M(n,r), above can be realized (see [65], [13], [117]) as the spectrum
of the center Z(H,,) of the rational Cherednik algebra H, , corresponding to the group
[y =S, X (Z/rZ)" (see Section 2.2.7 for details). Thus we have

Mo (n, ), = M(n,r), = Spec Z(H,,,.).

The algebra H,, , has a natural Z-grading (see (2.21)) that induces the action of T = C*
on Spec Z(H,,) = M(n,r),.

Remark 2.2.1 The action T ~ M(n,r), in the Coulomb terms is described in |14, Section

3 (V)]

Remark 2.2.2 One can also construct 9My(n,r)' as the (affine) Nakajima quiver variety
Xo(n,r) corresponding to the cyclic quiver with r vertices labeled by Z/rZ and having
n-dimensional vector spaces placed at these vertices and one-dimensional framing at the
vertex corresponding to zero. The deformation Xy(n,r), can be constructed similarly (c.f.
Definition 1.2.5 below). The identification Xy(n,r), >~ Spec Z(H,,,) is given by the Etingof-
Ginzburg isomorphism (that goes back to the paper [36]). More detailed, in {95, Section 3.3]
it is explained (following the proof of [36, Theorem 11.16]) how to construct isomorphisms
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between smooth fibers of the families Xy(n,r),, Spec Z(H,,) over a. One can show (I
am grateful to Pavel Etingof and Ivan Losev for the explanations) that these isomorphisms
extend to the desired isomorphism Xy(n, ), >~ Spec Z(H,, ). The idea is to first extend these
isomorphisms to the smooth locus over fiber over every ¢ € a and then use the normality of
our varieties to extend in codimension two.

2.2.3 Cyclotomic Hecke algebra and its center

Let @, be the algebra of functions on schematic T-fixed points of Spec Z(H,,,) (that can
also be considered as the algebra of functions on M (n,r)r). Recall that by Proposition 1.3.1
we have

Qnr = Z(Hnﬂq)o/zZ(Hn,r)_iZ(Hn,T)i = Z(H,,)/(b € Z(H,,): i # 0), (2.5)

>0
where the grading on H,,, is as in (2.21):
degz; =1, degy,; = —1, degl';, = degh = 0.

Our goal is to identify the algebra @), , with the algebra H% (9 (n,r),C). It turns out that
there is another algebra that is isomorphic to both of the algebras above. This algebra is
the center Z(R"(n))’™ of the cyclotomic degenerate Hecke algebra R"(n) (see Section 2.2.48
for the definition). It was observed in [114] that algebras Z(R"(n))’™, H}(9M(n,r),C) are
isomorphic. We give an independent (but certainly similar) proof of this fact.

2.2.4 Main idea of the proof
It turns out that there exists one “universal” approach that allows us to identify algebras

H3(M(n,7),C), Z(R'(n))"™, Qs = CIM(n,7),] (2.6)

a

with each other simultaneously. The idea is simple: we embed all of the algebras above
inside the algebra
E = @ Cla] = C[a]@‘p(”’")|

AEP(r,n)
and show that their images coincide. This is precisely the classical analog of the approach sug-
gested in Section 2.1. Here P(r,n) is the set of r-multipartitions of n (see Definition 2.2.42).
In order to show that images are the same we consider natural generators of these algebras
and show that their images in E are the same. In particular, we obtain explicit descriptions
for isomorphisms between algebras in (2.6).

Remark 2.2.3 Let F' be the function field of the parameter space a = A”. We will see that
the embeddings above become isomorphisms after tensoring by F' or, more precisely, after

localizing at a certain finite set of elements of k := C|a] (certain “walls”). Compare with
Remark 2.2.45 below.

Remark 2.2.4 In [12, Definition 2.1] the authors introduce a notion of localization algebra.
We observe that algebras that appear in (2.6) have natural structures of (strong, free) local-
ization algebras and all of them are isomorphic (as algebras with this additional structure).
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Embedding Z(R"(n))’™ C E and generators of Z(R"(n))’M

For every A € P(r,n) one can consider the corresponding “universal” Specht modules
over R"(n) that we denote by Sk(A) (see Section 2.2.9 for details). Acting by the center
Z(R"(n))”™ of R"(n) on these modules we obtain the desired embedding

Vi Z(R )™M ¢ @ Enda(Sk(N) = E.

AEP(r,n)
It follows from [15, Theorem 1| that natural generators of Z(R"(n))’M are classes of elements

e(z1,. - zn), k=1,...,n,

where e), € Clzy, ..., 2,]°" are elementary symmetric polynomials.

Embedding H% (M (n,r),C) C E and generators of H% (M (n,r),C)

The set of A-fixed points M (n,r) can be parametrized by P(r,n) (see Section 2.2.8 for
details).
In particular, we have the natural embedding

v M(n, )t C M(n,r)
that induces the desired embedding
v Hy(M(n,r),C) € Hy(M(n,r),C) = E.
It remains to note that the algebra H%(9%(n,r),C) is generated by the elements
V), kE=1,...,n,

where ¢ (o) is the kth A-equivariant Chern class and V is the tautological n-dimensional
vector bundle on M(n,r). This, for example, follows from [82, Corollary 1.5].

Embedding @, , C E and generators of Q,, ,

Recall that @, , is a quotient of Z(H, ,) C H,,. To every A € P(r,n) one can associate
the corresponding induced (graded) H,, ,-module A(X) on which Z(H,,,) will act by some
character and this action factors through the action of @,,, (see Section 2.2.10). This gives
us the desired embedding

¢: Qur C €P Endf (AN)=E.

AEP(r,n)
Generators of (),,, are classes of
er(ug, ... uy), k=1,...,n,

where u; € H,,, are Dunkl-Opdam elements (see Lemma 2.2.61).
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Remark 2.2.5 The identification Z(H,,,) ~ HfX(GL")O(Rny,«) sends ex(uq,...,u,) to the
function my, := cx(V) * 1, here (V) € H}, ¢, (pt) is the Chern class of the tautological
A x GL,-bundle V' = C" on pt and * is the convolution product on HfX(GL")O(Rn’T) (see
[117, Section 4| for details). This should be compared with the fact that generators on the
dual side (i.e., generators of H%(9(n,r),C)) are the Chern classes ¢;(V) of the tautological

bundle V.

Remark 2.2.6 The embedding ¢ can be interpreted geometrically as a pullback homomor-
phism from schematic fixed points on M(n,r), to schematic fized points on a resolution of
M(n,r), (see Section 2.2.6 for the r = 1 example and Section 2.1 for general conjectures in
this direction).

2.2.5 Main results and structure of the chapter

Identification of the parameters and the main Theorem

We have the parameter spaces
h =Clk,c1,...,¢-1], k =Clr,a4,...,a.]/(a1 + ...+ a,) = Cla], (2.7)

used in definitions of algebras (2.6) that we want to identify. We identify the parameters as
follows (i =1,...,r, k=1,...,r—1):

a; =p(n'), (2.8)

where p(q) = 2 ;:_11 n_‘jlflql € Clql, n = ¢ We will denote by F' the field of fractions

of the algebras (2.7).

Theorem 2.2.7 After the identification of parameters (2.8) the Z-graded algebras

H(M(n,1),C), Z(R ()", Qur, ClSpec(H 0 (R,,))"]

are isomorphic. The isomorphisms above identify generators as follows

(V) = ler(z1, .-, 20)] = [ew(ug, .. uy)] = [mgl, (2.9)

where V is the tautological rank n vector bundle on M(n,r), my = cx(V) * 1 and uw; € H,,
are Dunkl-Opdam elements (Definition (2.2.58)).

Remark 2.2.8 Note that the isomorphisms above are automatically graded since they pre-
serve the degree of the generators (2.9). Note that the isomorphism

H(9(n,r),C) ~ C[Spec(H* o (R, )]

is already an isomorphism of C[x, a1, ...,a,]/(a1 + ...+ a,) = Cla]-algebras and there is no
need to identify parameters.
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Structure of this Section

In Section 2.2.6, we prove the Hikita-Nakajima conjecture for » = 1, i.e., for the Hilbert
scheme Hilb, (A?) using results of [112]. In Section 2.2.7, we consider the case of arbitrary
r and describe symplectically dual variety to 9(n,r), along with its deformation using
Coulomb branches and rational Cherednik algebras.

In Sections 2.2.8, 2.2.9 and 2.2.10, we provide the realization of the idea behind the
proof of Hikita-Nakajima conjecture that we briefly introduced in Section 2.2.4. First, in
Section 2.2.8 we describe the embedding H (9M(n,r), C) C E and determine the image of the
generators ¢;(V) € H3(9M(n,r),C) under this embedding. Then, in Section 2.2.9, we define
the cyclotomic degenerate Hecke algebra R"(n) and review its representation theory. Using
this, we describe the embedding Z(R"(n))’” C E and determine its image. Next, in Section
2.2.10, we recall the representation theory of the rational Cherednik algebra H,,, and then
describe the embedding @,,, C E (using the representation theory of H,,,). In Lemma 2.2.61,
we describe generators of (), and determine their images under the embedding @), , C E.
Finally, as a corollary of the results of Sections 2.2.8, 2.2.9, 2.2.10, we obtain Theorem 2.2.7
(see Theorem 2.2.64 in Section 2.2.11). Section 2.2.12 contains a (short) proof of the fact
that Q. ~ C[M(n,r)I] is flat over the space of parameters.

2.2.6 Hikita-Nakajima conjecture for Hilbert scheme

In this section, we provide an “elementary” proof of the Hikita-Nakajima conjecture for the
Hilbert scheme of points on A2. This proof approach differs from the original method used
by Hikita (see [46]) As a corollary, when we set the equivariant parameter to zero, we obtain
a theorem that was originally proved by Hikita.

The idea is the following (and goes back to our Conjecture 2.1.2): we identify the algebra
of schematic fixed points with the Rees algebra of the center Z(CS,,) of CS,, and then use
the identification

Rees(Z(CS,)) ~ H:(Hilb,(A?)) (see [112]) (2.10)

to obtain the Hikita-Nakajima conjecture for Hilb, (A?). An alternative approach to the
identification (2.10) appears in Sections 2.2.8, 2.2.9.

Hilbert scheme Hilb,, (A?) and S™(A?) as Nakajima quiver varieties
Our main object of study in this section is Hilb, (A?) the Hilbert scheme of n points on AZ?.

Definition 2.2.9 The variety Hilb, (A?) is the variety whose C-points are ideals J C C|x,y]
of codimension n. The (affine) variety S™(A?) is the categorical quotient (A*)"/S,,.

Recall that we have the Hilbert-Chow morphism:
Hilb,, (C?) — S™(A?), J ~ Supp(C[z,y]/J).

This morphism is a symplectic resolution of singularities. Let us now recall the description
of Hilb,, (C?) as a Nakajima quiver variety (corresponding to the Jordan quiver).
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Definition 2.2.10 We denote by M (n,r), My(n,r) the Nakajima quiver varieties corre-
sponding to the quiver I consisting of one vertex and one loop with dimV =n, dimW = r.

The following proposition holds by [85, Theorem 2.1 and Proposition 2.10].

Proposition 2.2.11 There exist isomorphisms
IM(n, 1) == Hilb, (A?), My(n, 1) == S"(A?) (2.11)
compatible with natural morphisms M(n, 1) — My(n, 1), Hilb,(A?) — S"(A?).

We conclude that the points of Hilb,(A?), S"(A?) can be represented as certain quadru-
ples (X,Y,,0) that can be considered as representations of the following quiver (here we
identify V = C", W = C):

C
wﬂa

x(C C" Dy

Calogero-Moser space, deformations of Hilb,,(A?) and torus actions

We see that varieties M(n, 1);,, Mo(n, 1);, (see Definition 1.2.5) are one-parameter deforma-
tions of Hilb, (A?) and S™(A?), where the base of the deformation is the center 3, C gl(V)
that can be identified with A! via the map A' 3 a+ a-Idy € gl(V).

Let us now discuss torus actions. Let T, C; be copies of C*. We have an action of
T x C; on Hilb,(A?), S™(A?) that is induced by the action T x C; ~ A? given by

(t,h) - (z,y) = (th 'z,t 'hly), t € T, h € C).

After identifications (2.11) the action of T x C; can be described as follows: it is induced
from the following action on 2(n, 1):

(t,h) - (X,Y,7,0) = (th ' X, t 'Y, by, A 10). (2.12)

Remark 2.2.12 Note that T acts symplectically, while C;* scales the symplectic form with
weight 2.

Formula (2.12) induces actions

T x C; ~M(n, 1);,,
T x C;; % 93?0(71, 1)3n.

Consider a € C*. Let us describe the fibers 9MM(n, 1)a, M(n, 1), of the families M(n, 1),,,
M(n,1),, over a. First of all, note that the action of C; induces identifications

m(”? 1)a =~ m(’I’L, ]-)la
Mo(n,1)a = Mo(n,1);.
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Definition 2.2.13 Recall that V' is a vector space of dimension n. We define Calogero-
Moser variety C(n) as the following quotient:

C(n) == {(X,Y) € End(V)®?| 1k ([X, Y] - Idv> =1}/ GL(V).

The following proposition will be useful for us (see, for example, [122, Section 1]):

Proposition 2.2.14 Natural morphisms
m(”? 1)1 — m()(nv 1)1 — C(n))

given by
[(X,Y,7,0)] = [X,Y,7,0] = [(X,Y)]

are 1somorphisms.

Thus families M(n, 1);,, Mo(n,1),, are C;-equivariant deformations of Hilb,(A?), S"(A?)
over A'. Over a non-zero parameter their fibers are isomorphic to the Calogero-Moser variety

C(n).

Hikita-Nakajima conjecture for Hilb,, (A?)

We denote by Hz(Hilb, (A?)) the T-equivariant cohomology of Hilb,,(A?). This is a Z-graded
algebra over Hi(pt) isomorphic to C[Lie T|. We are now ready to state the Hikita-Nakajima
conjecture for Hilb,, (A?).

Theorem 2.2.15 We have an isomorphism of Z-graded algebras over C[3,] ~ C[Lie T] (the
identification induced by the isomorphism 3, ~ A' ~ LieT):

C [smo(n, 1);1] ~ Hz(Hilb, (A2)).

Our goal is to prove this theorem. We will do it by showing that both algebras in the theorem
are isomorphic to the Rees algebra of the center Z(CS,,) of the group algebra of S,,.

Equivariant cohomology of Hilb,,(A?) and the center of CS,

Let Z(CS,,) in CS,, be the center of the group algebra CS,. Consider the grading on the
vector space CS,, defined in the following way: pick a permutation o € S,, and let (o) be
the number of cycles in the decomposition of ¢ as a product of disjoint cycles. We then
define

dego :=2(n —{(0)).

The grading above induces the increasing Z--filtration on Z,,:
C - FOZn - FlZn C FQZn - F3Zn C...C Zn = F2n—2Zn - FQn_lzn - ... (213)

We denote by Rees(Z(CS,,)) the Rees algebra corresponding to the filtration (2.13). Recall
that the algebra Rees(Z(CS,,)) is defined as follows:

Rees(Z(CS,)) := @D " FamZ(CS,) C Z(CS,,)[x,

m=0
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where k is a formal parameter of degree 2. We consider Rees(Z(CS,,)) as an algebra over
C[A'] = C[x]. The following result holds by [112] or Sections 2.2.8, 2.2.9 (see also [114,
Theorem 4.7 and Corollary 4.8]).

Proposition 2.2.16 There is an isomorphism of Z-graded algebras over C[Lie T] ~ C[Al]
(the identification is induced by the isomorphism Lie T ~ Al ):

H:(Hilb, (A%)) ~ Rees(Z(CS,)).

Remark 2.2.17 Proposition 2.2.16 can also be proved using the same argument as we use
in the proof of Theorem 2.2.20 below.

Let us now recall the description of the center Z(CS,). To every k € 1,...,n we can
associate the corresponding Jucys-Murphy element J M) defined as follows:

JMy = (1k)+ (2k)+ ...+ (k—1k) € CS,,
where (i k) € S, is the transposition switching i, k.
Remark 2.2.18 Note that JM; = 0.
The following proposition is classical (see, for example, [84, Theorem 1.9]).

Proposition 2.2.19 The center Z(CS,,) is generated (as a vector space) by the elements
f(JIMy, ..., JM,), where f runs through the symmetric functions on n variables.

Construction of the isomorphism between schematic fixed points of Miy(n, 1);,
and Rees(Z(CS,,))

We will prove the following theorem and, using Proposition 2.2.16, obtain Theorem 2.2.15
as a corollary.

Theorem 2.2.20 There is an isomorphism of Z-graded algebras over C[A'] = C[Lie T]
Rees(Z(CS,)) = C [zmo(n, 1);1] (2.14)
that sends f(JM,...,JM,) € Z(CZ,) to the restriction of the function
Mo(n,1);, 2 [(X,Y,,0)] = fla,...,an)

to My(n, 1);1. Here [ 1s a symmetric function on n variables and aq, ..., «, are roots of
the characteristic polynomial of Y X € End(V'), the Z-grading on the LHS of (2.14) is the
natural grading on Rees(Z(CS,)) and the Z-grading on the RHS is the one induced by the
action of C;.

The rest of the section is devoted to describing the idea of the proof of Theorem 2.2.20.
We start with the following proposition, the proof of which is given in Section 2.2.12.
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Proposition 2.2.21 The algebra (C[imo(n, 1);{1] is flat (hence, free) over 3, = Al. In par-
ticular, we have an isomorphism of Z-graded algebras

C [mo(n, 1)'}”] ~ Rees(C[My(n, 1)1]) = Rees(C[C(n)"]).

We conclude that to prove Theorem 2.2.20 it is enough to construct the isomorphism
of filtered algebras C[C(n)"] ~ Z(CS,). In order to do so we need to describe the algebra
C[C(n)"]. Let us note that the variety C(n) is smooth, hence, the scheme C(n)" is also
smooth (see Proposition 1.3.3) and, in particular, reduced.

The description of the set of fixed points C(n)T was given by Wilson in [122, Proposition
6.11], we recall it in Section 2.2.6. The set C(n)" is finite and can be parametrized by the set
P(n) of partitions of n, we denote by [(X*,Y?)] the fixed point corresponding to A € P(n)
(see Definition 2.2.23). Since every finite reduced scheme over C is just the spectrum of the
direct sum of copies of C, we must have

cem = @ (215)
)

AEP(n

where x) € C[C(n)"] is the characteristic function of the T-fixed point [(X?*, Y*)] correspond-
ing to A € P(n). Recall now that we have the natural identification

Z(CS,) = €P Cey, (2.16)
)

AEP(n

where e, € Z(CS,,) is the idempotent corresponding to the Specht module S(A) (in other
words, for v € P(n) the element ey € Z(CS,,) acts on S(v) via 0y, - Idg()).
Composing (2.15) and (2.16), we obtain the isomorphism of algebras:

©: Z(CS,) = CC(n)T], ex — ya.

To prove Theorem 2.2.20 it remains to show that the isomorphism © is the one that
we need, i.e., it sends element f(JMj,...,JM,) to the restriction of the function C(n) >
(X, Y)] =~ f(ai,...,a,) to C(n)T. From this we would be able to conclude that the isomor-
phism © is filtration-preserving.

To prove that © sends element f(JM,,...,JM,) to the function C(n)T > [(X,Y)] —
f(ai,...,a,) we just need to show that for every symmetric function f on n variables we
have

f(JMl, ceey JMn)|S(>\) == f(Oél, e ,an) Idg()\),

where oy, ..., q, is the multiset of eigenvalues of YAX?. Recall that f(JM,, ..., JM,) acts
on S()\) via the multiplication by f(ci,...,¢,), where ¢y, ..., ¢, is the multiset of contents of
boxes of the Young diagram Y(A) corresponding to A (see (2.17)). It remains to check that
the multiset of eigenvalues of Y*X? is the same as the multiset of contents of boxes of Y(\).
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Description of C(n)T and eigenvalues of Y*X?*

The parametrization of C(n)T by the elements of P(n) goes as follows (the description was
obtained in [122|, we follow [95, Section 5]). Pick m € Z>; and 1 < k < m.

Definition 2.2.22 By D,, we will denote the mxm matrix with 1’s on the first diagonal and
0’s elsewhere, i.e., D,, = Z:’:ll Eiiv1. Now, let Y(m, k) be the m x m matriz such that its
only non-zero entries are on the —1st diagonal, and it satisfies the relation [Y (m, k), D,,] +

Id = mEg,. In other words, the numbers below the diagonal are 1,2,....k —1,—m +
k,...,—2,—1:
0 0 o 0
10 o 0
0 2 0 .. 0
Y (m, k) = : 0 0
.......... k—1 0
................. -m+k 0 ......
.............................. -1 0

Pick A = (A1,..., A;) € P(n). Following |95, Section 4.1] we denote by
YO = () |1 <0 <1, 1< 5 <A} (217)

the corresponding Young diagram. If O = (4,j) € Y(A) is a cell let ¢(OJ) := j — i be the
content of 0. By a hook associated to the cell (7, j) we call the set

He gy = {00} U{(5) € YO [ > i3 U{(i,5) € YN )" > j}-

Box (i, j) is called the root of the hook Hy; ;. By a Frobenius hook of Y(\) we mean a hook
of the form Hy; ;). The diagram Y()) is the disjoint union of its Frobenius hooks. Suppose
that (1,1),(2,2),...,(s,s) are cells of Y(\) with zero content. Let H; be the Frobenius hook
with root (i,7). Let k; be the height of H; and n; be the size of H;. Now we are ready to
describe the tuple [(X*,Y?)] € C(n)" corresponding to A.

Definition 2.2.23 Tuple (X*,Y?) is defined as follows. We have X* to be a block diagonal
matriz whose n; x n; diagonal blocks are given by D,,.. The n; x n; diagonal blocks of Y are
given by the matrices Y (n;, k;), and the off-diagonal blocks satisfy the following property: For
i # j, (Y*); is the unique n; X n; matriz with non-zero entries on the diagonal k; — k;j — 1,
satisfying the following property:

(Y*)i Dn; = D, (Y*)ij = 1By ;.-
Remark 2.2.24 If A\ € P(n) is a hook of height k, then we have Y* = Y'(n, k). Note that

the diagonal matrix elements of Y2 X?* = Y (n, k) D,, are precisely the contents of cells of the
hook A.
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Proposition 2.2.25 The eigenvalues of YA X* = Y*D,, are the same as the eigenvalues of
blocks (Y)yD,, = Y (n;, ki) Dy, as if off-diagonal blocks in Y*X* were not present. So, the
eigenvalues of Y2 X* are diagonal elements of Y (n;, ki) D, that are exactly the multiset of
contents of boxes of \.

Proof: Follows from the proof of [122, Proposition 6.13]. 0

Corollary 2.2.26 The isomorphism ©: Z(CS,) == C[C(n)]" sends f(JM,...,JM,) to
the restriction of the function [(X,Y)] — f(ai,...,a,) to C(n)T, where f is a symmet-
ric function on n variables.

Proof of Theorem 2.2.20
We have already constructed (see Section 2.2.6) the isomorphism
0: Z(CS,) == C[C(n)"]

and have shown that this isomorphism sends generators f(JM,...,JM,) € Z(CS,) to
functions C(n)" > (X,Y) — f(a1,...,a,) (see Corollary 2.2.26). To finish the proof of
Theorem 2.2.20 it remains to show that the isomorphism © is filtered. Let us note that if
f has degree k then deg f(JMj, ..., JM,) = 2k and the degree of the function (X,Y) —
f(aq,...,a,) is also equal to 2k. Thus, in order to show that © is filtration-preserving it is
enough to check that Fy,Z(CS,,) is generated (as a vector space) by

{ f(JMy, ..., JM,)| f is a homogeneous symmetric polynomial of degree < k}

This is a direct corollary of the following (classical) proposition.

Proposition 2.2.27 The algebra gr Z(CS,,) is generated by the elements
{gr (f(JMl, e JMn)> | f is a homogeneous symmetric polynomial}.

Proof: The claim follows from the proof of [84, Theorem 1.9]. O
We finish this section with the following conjecture.

Conjecture 2.2.28 The isomorphism
gro: grZ(CS,) == C[(S™(A?))"]

coincides with the isomorphism constructed in [46, Section 2].

2.2.7 Description of the symplectic dual to the Gieseker variety

Recall that the Gieseker variety is the Nakajima quiver variety corresponding to the Jordan
quiver (see Definition 2.2.10). It depends on the pair n,r € Z>; and is denoted by M(n, ).
The corresponding affine Poisson variety is denoted by 9%y(n,r). In this section, we give
two different ways to describe the symplectically dual variety 9(n,7)" and its deformation
Mo(n, 7).

In the paper [14], the candidate for symplectically dual variety to every Nakajima quiver
variety was constructed.
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Construction of Coulomb branch

Let us recall the construction in our case (when we start from the Jordan quiver with the
dimension vector n € Zs; and framing r € Zs1).

Recall the vector space N = Hom(V, V') ® Hom(V, W) and the group G,, = GL(V) acting
on N (see Section 1.2.2).

Definition 2.2.29 We define Grarvy as the moduli space of the data (P, ), where:
(a) P is a GL(V)-bundle on P*;
(b) @: P"|p1\ oy = Plp1\yoy 15 a trivialization of P restricted to P\ {0}.

We then consider the moduli space of triples R, (corresponding to the Jordan quiver,
dimension vector n and framing r) defined as follows.

Definition 2.2.30 Let R, , be the moduli space of triples {(P,p,s)}, where (P,¢) is a
point of Grarvy and s is a section of the associated vector bundle Py = P Xarwvy N such
that it is sent to a reqular section of a trivial bundle under .

Set GL(V)o := GL(V)][[z]]. We can consider the equivariant Borel-Moore homology
HY L(V)O(Rn,r) (see [14, Section 2(ii)] for the definition and detailed discussion). This vector
space is equipped with an algebra structure via convolution * (see [14, Section 3|). It follows

from [14, Proposition 5.15| that the algebra (HSL(V)O(RW), ) is commutative.

Definition 2.2.31 The Coulomb branch M(n,r) is defined as the spectrum of the algebra
HSL(V)(Q(R )

M(n,r) = Spec(HIMV)O(R,, ).

The variety M (n, r) is conjectured to be symplectically dual to Dt(n, ). The deformation
M(n,r), — a of M(n,r) can be constructed as follows (compare with [14, Section 3(viii)|).
Let T be the copy of C*. Let T, C SL(WW) be a maximal torus. We have the natural action
of A=T x T, on N given by

(t,g)- (X,7) =({tX,vog™"), (t,9) € T x T,.

Warning 2.2.32 Note that the action of T on N is not the scaling action (as in [14]). This
action, for example, appears in [13, Section 5.5].

We can identify Lie T ~ A, so C[Lie T] = C[x] for some variable k. We can also identify
t. := LieT, with the subspace of C" consisting of points with the sum of coordinates being
zero, i.e., C[t,] = Clay,...,a,]/(a1 + ...+ a,).

Definition 2.2.33 We define
M(n,r), = Spec(HfXGL(V)O(Rn,r)).

Let us now give a more explicit description of the algebra C[M(n,r),]. We recall its realiza-
tion as a spherical subalgebra of the rational Cherednik algebra H,,, corresponding to the
group I';, = S, X (Z/rZ)".
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Rational Cherednik algebra corresponding to S,, x (Z/rZ)™

We start by recalling some definitions and notations.

Consider the subgroup I',, C GL,, of monomial matrices with entries being rth roots of
unity. Let n € C* be a rth primitive root of unity. We set ¢; := diag(1,...,1,7,1,...,1).
Note that we have the natural embedding S5, C I',. We obtain the identification S, x
(Z/rZ)* —==T,,. Consider the standard representation I';, ~ h := C" induced by the embed-
ding I',, € GL,,. Let z1, ..., x, be the standard basis in h = C" and denote by y1,...,y, € b*
the dual basis.

Let h,k,c1,...,c.—1 be formal parameters. We set

r—1

h:=Clr,c1,...,cm1], ¢(q) = Zciqi,

=1

here ¢ is a formal variable. Following [117] and [95, Section 2.3] we define the rational
Cherednik algebra Hr, in the following way.

Definition 2.2.34 Algebra Hr, = H,, is a quotient of the semi-direct product
(crx (@) @l

subject to the relations:
(i, 2] = [yi, 9] = 0, (2.18)

[T, y:] = —h — mz i(ij)efej_p — (&), (2.19)

Jj#i p=0
r—1
[z, y;] = K np(ij)eﬁ)ej_p (i #£ 7). (2.20)
p=0
We also set Hy,, := H,/(h).
Remark 2.2.35 Our parameters (A, k,c1,...,¢_1) and the parameters (¢,k,¢y,...,¢,_4)
of [78] are related as follows: t = =R, £ = K, ¢; = =i=; (note that pMartino — o). g Martino

Definition 2.2.36 Set e := ﬁzgerng' We denote by H:P! the spherical subalgebra
etH,,e C H,,, and by HZ{’} the subalgebra eH,, ;e C H,, .

Recall that Z(H,,,) C H,, is the center. The following proposition holds by [36].

Proposition 2.2.37 The composition Z(H,,) C H,, — eH, e induces the identification
Z(H,,) —~>eH,e.

The algebra H,, , is Z-graded as follows:

degz; =1, degy; = —1, degl',, = degh = 0. (2.21)
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Coulomb branch for Jordan quiver as the center of rational Cherednik algebra
for S, x (Z/rZ)"™

Following [117] set

r—1 r—1
1 a ;1 ant
»(q) Z;Zn_l_lq Z;Zl_nlq
=1 =1
Then we can write
c(q) = r(p(n"q) — p(q)). (2.22)

Proposition 2.2.38 There exists the isomorphism of algebras
Hsph ~ HAXGL(V)@ (Rn r)

that identifies parameters in the following way k = k, a; = p(n*~1). The isomorphism above
sends e;(uy, ..., u,) to m;, where m; = ¢;(V') * 1.

The Proposition 2.2.38 was proven in [65, Theorem 1.1|, see also [117, Theorem 4.1] and
[13, Theorem 2.19].

Example 2.2.39 Let us illustrate how (quantized version of) the isomorphism Hfﬂ‘ o~
HfXGL(V)O(Rn,T) works for n = 1. We have A = C* x (C*)""! and N = C & (C")*.

By [14, Section 4(iii)] the algebra HfX(GL(V)MCX)(Rn,r) has the following description: it is
generated over C[k,aq,...,a.]/(a1 + ...+ a.) by r1,r_1,b subject to relations:

T T

™mr—, = H(b— ai), r_ir1 = H(b — Q; — h), [T’l,b] = h'f’l, [Tfl,b] = —h'f’,l.

i=1 i=1
The algebra Hy, is generated by CZ/rZ and x,y subject to the relations
[2,y] = —Ti = c(e), ex = ne, ey =1~ 'ye.
Set u:= (zy + h) + p(n—te) (compare with Definition 2.2.58). The isomorphism

HfX(GL(V)ONC;)(RLT) -~ Hif):l

18 then given by

(i — 1)k

1 A
roi—ex’e, ri— —ey'e, b eue, kK, a; p(n' ™) —
r

We conclude (using Proposition 2.2.37 and Proposition 2.2.38) that the deformation
M(n, 1), of the variety M(n,r) can be described as

M(n,r)y = Spec(Z(H,,)).
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2.2.8 Equivariant cohomology H (:t(n,r),C)

We start by recalling the combinatorial parametrization of the A = T x T,-fixed points of
the Gieseker variety M(n,r).

Consider the case r = 1. The variety M(n, 1) coincides with the Hilbert scheme Hilb,,(A?)
(see Proposition 2.2.11 above or [85, Section 2.2]). Recall that this Hilbert scheme parametrizes
the codimension n ideals in C|x,y|. The torus T; is zero-dimensional, thus

(Hilb, (A2%))™T" = (Hilb, (A2))".

The fixed point set (Hilb,, (A?))" is the set of monomial ideals J € Hilb, (A?). Such ideals are
parametrized by the set P(n) of partitions of n as follows. Recall that (following notations
of [95, Section 4.1]) we associate to A = (A1,...,\) € P(n) the Young diagram

YA ={(,7)|1<i<],1<j< N}

We fill Y(A) with monomials by putting 2'~'y/~! into the box (i,7) € Y()). The ideal
Jy that corresponds to A is spanned by the monomials outside the diagram. We have the
following classical result.

Proposition 2.2.40 The fized point set (Hilb, (A?))T is identified with the set P(n) via the
map A — Jy described above.

Now we proceed to the case of arbitrary r. Let us introduce some notation. Denote by
wy, ..., w, € W a basis of W consisting of eigenvectors of 7.

The following lemma is classical (see, for example, [123, page 18]).
Lemma 2.2.41 The variety M(n, r)T is T-equivariantly isomorphic to the disjoint union

L] JIoeu 1) ~ [ J]Hilb,, (4%

r =1
S ni=n
=1

M=

1

Definition 2.2.42 We say that an ordered r-tuple X = (\°, ..., X'"™1) of partitions defines
r—1

an r-multipartition of n € Z=o if > |N| = n. Let P(r,n) denote the set of r-multipartitions
1=0

of n.

Proposition 2.2.43 The set of fized points M(n,r)* is identified with the set P(r,n). A
multipartition X = (A\°, AL, ... A"Y), corresponds to the following quiver data V, W, X* Y €
End(V), v* € Hom(W, V), §* € Hom(V, W):

r—1 r—1
V=@ Cla.yl/ T, W =D Cu;
=0 =0

r—1 r—1
X = G%Li,, YA = ZQ}L;;
i= =0

y* sends w; € W to [1] in Clz,y]/Jy, 6> =0,
by L, Lly we denote operators of multiplications by x,y on Clx,y]/Jy.
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Proof: This follows from Lemma 2.2.41 and the description of T-fixed points of Hilbert
schemes above (see Proposition 2.2.40). O
We have the A-equivariant embedding

v M(n, ) C M(n, 7).
This embedding induces the homomorphism
v HY(M(n, 1)) — H(M(n,r)*) = Cla]®P0m] = B,

Lemma 2.2.44 The homomorphism (* is an embedding that becomes isomorphism after
tensoring by F = C(a).

Proof: Follows from the Atiyah-Bott localization theorem (see |9]) together with the fact
that H%(M(n,r),C) is a free Cla]-module (see [86, Theorem 7.3.5]).
U

Remark 2.2.45 Actually, we do not need to tensor by the whole C(a) but only have to
localize at elements h € C[a] corresponding to the cocharacters v: C* — A such that
M (n,7)"C) is infinite. These elements h can be described explicitly.

Recall now that by [82] the algebra H%(9t(n,r),C) is generated by the A-equivariant
Chern classes c¢(V), k = 1,...,n, where V is the tautological rank n vector bundle on
M(n,r).

Lemma 2.2.46 The image *(cx(V)) is equal to the collection

0 0 r—1 r—1
(ex(key +aq, ..., KCyop + @1, KT+ Gy Koy + ar))AeP(rn)s

where for | =0,1,...,r—1c,c, ... c

Y.

f/\ll 1s the multiset of contents of boxes of the diagram

Proof: The homomorphism ¢* sends ¢x()) to

ck(Vlmmra) = (eVIxryr32,0)))aep(rn)-

Note that c,(V|xxy»40)) is nothing but ex(a1, ..., a,), where oy, ..., ay, is the multiset of
a-weights of V|(xa ya 42 ).

Recall that C[Lie T|] = C[x|, C[t,] = Cla4,...,a,]/(a1+...+a,) and a = (Lie T) ®t.. We
claim that the a-weight of [z'y/] € C|x,y]/Jy is equal to k(j —7) + a; and this will conclude
the proof. Indeed, taking g = (¢",t*,...,t%) € T x T, we see that this element acts on
(X2, Y* ~4* 0) in the following way:

r—1
=PrLlg v = @t "L, (97 (w) = 17 ).
=0
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Consider the element ¢’ € [[/_y GL(Clz,y]/Jy) that acts on z'y/ € Clz,y]/Jyu via the
multiplication by t%%/~=*i Directly from the definitions, we see that

g- (XA7YA7/V)\7O) = (g/)_l ' (XA,YA77A7 )

The claim follows since the element g € T x T, acts on the fiber V of V at (X*, Y* ~4*,0)
via ¢'. O
Combining the results of this section we obtain the following proposition.

Proposition 2.2.47 The homomorphism
o HY(OM(n, 7)) — Hy(M(n, 7)) = E

is ingective and becomes an isomorphism after tensoring by F' = C(a). On generators
V), k=1,...,n it is given by:

0 0 -1 -
ce(V) = (ex(key + ar, ... Keyo + a1, ... KT +ap,. .., Ky @r))AeP(rn)

2.2.9 The center Z(R"(n))’™ of the cyclotomic degenerate Hecke
algebra

Recall the space k = C[k, aq,...,a,]/(a1 + ... + a,).
Definition 2.2.48 The degenerate affine Hecke algebra R(n) = R(S,,) is generated by CS,

and K[z1, ..., z,] subject to relations:

8i%; = Zsy(j)Si + K(0ir1,5 — 0ij)-
The cyclotomic degenerate Hecke algebra R™(n) is the quotient of R(n) by the ideal generated
by ITizy (21 — as).
Definition 2.2.49 Let Z(R"(n))’™ C R"(n) be the image of k[z1,...,2,)°" C R(n) in
R™(n).

Remark 2.2.50 By |76, Theorem 6.5], the subalgebra k[zy, . . ., z,]°" C R(n) is nothing else
but the center of R(n). It follows from [15, Theorem 1] that the algebra Z(R"(n))’* is the
center of R"(n).

To every A € P(r,n) one can associate the “universal” Specht module Si(X) over R'(n)
(compare with [15, Section 4]) in the following way.

Recall that X = (A% AL ... N71). Fori = 0,1,...,7r — 1 set n; := |\'|. We slightly
modify the algebras R(n), R"(n) first.

Definition 2.2.51 Let Rcjxa,....q,](n) be the algebra generated by CS,, and Clz, .. ., z,] over
Clk, a1, . .., a,] subject to the relations

SiZj = Zs;(4)Si + /{(52-“7]- - 672,]')-
We denote by Ry, ., ,1(n) the quotient of Rewa,.....a,1 (1) by the ideal generated by T[;_, (21—

a;).
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For every i = 0,1,...,r—1 consider the usual Specht module S,,, ~ S(\), corresponding
to A’ We can extend S(X) ® Clk, a;] to the Rgjq,(n;)-module by letting z; act via the
multiplication by a;. Note that we have the natural embedding

RC[&,al ..... ar] (TL(), s 77%,«_1) =
= Rejra)(0) ®cir - - Bcp Rejwar) (tr-1) C Repwar,ar) (1),

induced by the embedding S, x ... x S,,_, CS,. Then we define

g@[n,al ..... ar] (A> = R(C[n,al ..... ar] (n)®RC[K’a1 ‘‘‘‘‘ ar](no ..... nr_1)
® ((SO°) © Clr, a1]) ®cyy - - Bt (SO ) © Clr,a, )

7777 o (n)-module. Modding out by (a1 + ...+ a,) we obtain the desired
R"(n)-module Sk(X).

Let us now compute the action of Z(R"(n))"™ on Si(A). We start with the following
lemma. Let p be a partition of some m € Z-; and consider the action R q(m)
S(p) ® Clk, a]. Recall that S(u) has a basis labeled by the standard Young tableaux. such
that JM; act on such vectors with the content of i's entry.

that is an R&mal

Lemma 2.2.52 Let B be a standard Young tableau on p and recall that pp € S(p) is the

corresponding vector. The element z; € Repea(m) acts on pp via the multiplication by
ket(B(i)) + a.

Proof: The i-th Jucys-Murphy element is given by

JM; = (ij) € CSp.
j<i
Recall now that s;2z;.1 = z;8; + k so we have
Zitl = S3%iS; + S;K.
It follows that
Zj = 8j-18j—2...812151...5j-1 + KJMZ

so the action of z; on S(u) ® Clk, a] coincides with the action of kJM; 4 a and this concludes
the proof. 0
From Lemma 2.2.52 we obtain the following proposition (see also [15, Section 4]).

Proposition 2.2.53 The class [f(z1,...,2,)] € Z(R"(n))"™ of the element f in Cz, ..., 2,]°" C

R(n) acts on the representation Sy (X) via multiplication by
f(kd+ay, ..., /fc?/\(” +ay,..., k¢ Fay,. ., /‘iCT)\_Tl_l‘ +a,),

where ¢, ch, ... ,cfm is the multiset of contents of boxes of the diagram Y(\').
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Since every element of Z(R"(n))’™ is central we can consider the homomorphism

i Z(R (n))"™ = € Endge () (Sk(A))

induced by the action of Z(R"(n))”™ on representations Sy (X).
Lemma 2.2.54 We have Endgr () Sk(A) = k.

Proof: Let us first of all note that Si(A) is a free k-module (see [7] and references therein).
It follows that we have an embedding

End e (n) (Si(A)) € Endp, o frasio (Sk(A) @i Frac(k)) = Frac(k),

Ry Frac(k

where Frac(IE) is the algebraic closure of the field of fractions Frac(k) and the last equality
holds since Si(A) ®x Frac(k) is simple over R'(n) ®x Frac(k) (see [15, Section 4]). Now it
follows that Endgr(n)(Sk(A)) = k. O

Proposition 2.2.55 The homomorphism

i Z(R'(n))™ — @) Endpr () Sk(A) = E
A

becomes an isomorphism after tensoring by F = Frac(k). This homomorphism is injective.

It sends generators [ex(z1, ..., 2,)] to the collection
(ex(kc) +ay,. .., /fc?w +ay, ...,k ay, ... ,fic";l_l‘ + ay))xeP(rm),
where ;... ’kal\ is the multiset of contents of boxes of the diagram Y(\').

Proof: The last part of the claim is Proposition 2.2.53. Recall now that by [15, Therorem 1|
Z(R"(n))"™ is a free k-module of rank |P(n,r)|. So injectivity of ¢ would follow if we show
that 1 becomes isomorphism after tensoring by F. In order to do that it is enough to check
that ¢ becomes surjective after tensoring by F (using the equality of ranks of Z(R"(n))’™

and @, Endgr(, (Sk()\)) over k). Surjectivity is a corollary of Proposition 2.2.53 and Propo-
sition 2.2.47. O

2.2.10 Schematic fixed points of Spec Z(H,,)

Standard representations of H,, ,, grading on them

We set ¢ ; = Z; [1) f (projector to the invariants under e; € ~1). The Jucys-Murphy
elements generahze from S to ', as
j<i
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Recall that P(r,n) is the set of r-multipartitions of n (Definition 2.2.42). Pick A € P(r,n)
and consider the corresponding r-tuple of Young diagrams

Y(A) = (Y(A),...,Y(A™1)). (2.24)

Given a cell b € Y(X), define B3(b) = k if b € Y(A*71) and ct(b) = j — i if b is in the ith row
and jth column of Y(A*). There is a bijection A — S(X) from the set of r-partitions of n to
the set of irreducible I';,-modules such that S(A) has a basis pp indexed by standard Young
tableaux B on A, and pp is determined up to scalars by the equations (see, for example, [42,
Equation (2.16)]):

JMr, ;- ps = ct(B(i))ps, & - pp = 0" " Vpp. (2.25)

We can consider S(A) ® h as a module over (h®@ CT',,) x S*h* via the trivial action of the
augmentation ideal of S*h*. Let A(A) := Indﬁ%%r)xs-h*(S(A) ® h) be the induced module
(sometimes called the standard module corresponding to A). Recall that the algebra H,, . is
graded via

degz; =1, degy; = —1, degI',, = degh = 0.

This grading induces a grading on A(A). The following lemma describes all the graded
endomorphisms of our modules A(A).

Lemma 2.2.56 We have Endf; (A(X)) = h. Proof: Note that A(X)y = S(A) ® h and
A(X)o generates A(X) over H, . Since we consider graded isomorphisms, A(X)o is mapped
to itself. Now the claim follows from the equality Endngcr, (S(A) @ h) = h. O

Recall the algebra

Qne = Z(Hur)o/ Y Z(Hny)—iZ(Hpny)i = Z(Hyy) /(b € Z(H, )i, i # 0)

>0

of functions on schematic fixed points (Spec Z(H,,,))".
Note that the action of Z(H,,,)o on A(AX)y factors through @, , so we obtain a homo-
morphism

¢: Qur — EPEnds (AN)=EPh=E.
A A

Remark 2.2.57 In [39] Gordon defines so-called baby Verma modules over certain quotients
of H,, (called restricted Cherednik algebras of I',)). Homomorphism ¢ can also be defined
by replacing A(A) by the (universal analogs) of baby Verma modules and acting by @, on
them (compare with [78]).

We have constructed the homomorphism ¢, let us now describe generators of the algebra

Qnyr-

Definition 2.2.58 Dunkl-Opdam operators u;, © = 1,...,n are the following elements of
H,,:
1 . 1 _
U = ;yi:vi — K Z(Z])CM +p(e;) = ;xly, + kJMr, i +p(n e, (2.26)

J>i
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where the last equality follows from the fact that

ol = =1 30 (@)l — cfer)

j#i p=0
together with the equality c(e;) = rp(n~te;) — rp(e;).

Remark 2.2.59 Note that the element u; identifies with the element 2 defined in [78,
Section 3.2].

Lemma 2.2.60 The subalgebra hug, ... ,un]s" C H,, 1s central.

Proof: This follows from |78, Theorem 3.4], the statement can also be deduced from the
presentation of H,, , given in [117].
O
The following lemma describes generators of the algebra @), ,, see Proposition 2.1.7 for
an alternative argument (that covers a much more general situation).

Lemma 2.2.61 Classes of elements ex(us,...,u,), k =1,...,n generate the algebra Q.

Proof: The claim follows from the proof of |78, Theorem 5.5|. Let us repeat the argument.
Recall that @, is the quotient of the algebra Z(H, ). Consider the following filtration on
H,,:

degz; = degy; = 1, degk = degc; = degI', = 0.

We have
gﬂﬂ¢:<G%MSKME$D®h.

We need to prove that classes of the elements Y ;' u[*™, a,c € Zso do generate the

algebra (), ,. To see that it is enough to show that the elements gr (Z?Zl uf‘“’c) =
e T (Zi(miyi)m”) do generate gr @, . Note that (by Theorem 3.3 from [36]) gr @, is
the quotient of

gr Z(Hnﬂ’) = h[xl, e Ty Y1y ,yn]SnN(Z/T‘Z)n _

= h[zys, ..., T, 2,2y Y]

In particular, it is generated by {>_i", (z7)*(y/)*(z:y:)¢, a,b,c € Zxo} ([36, Lemma 11.17],
[116, Lemma 1| see also Section 2.2.12 for more detailed discussion of the generators of
gr Qn). It remains to note that the class of Y (27)*(y7)?(ziy:)¢ in gr Qn, is zero if a # b
and for a = b we have > " (x7)*(y))*(ziy:) = >y (iy;)" . The claim follows. O

Lemma 2.2.62 Let B be a Young tableau on X and recall that pg € S(X) is the correspond-
ing vector. The element u; acts on pg via the multiplication by

kct(B(i)) + p(n* PO,
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Proof: Follows from the definition of u; (see 2.26) together with (2.25). U

Proposition 2.2.63 The homomorphism ¢: Qn, — @, Endy (A(X)) becomes isomor-
phism after tensoring by F' = Frac(h). This homomorphism is injective. It sends generators
lex(uq, ..., uy,)] to the collection

(ek("ictl) _'_p(l)? SRR "ic\o)\o| + p(1)7 SRR K/qul _'_p(?fil)? AR HCT)\:1—1| + p(nril)))kép(r,n)u
where ¢, ch, ... ,cf/\l‘ is the multiset of contents of boxes of the diagram Y(\').

Proof: The proof repeats the argument in the proof of Proposition 2.2.55. The only difference
is that we use Appendix 2.2.12 (flatness of @), over h) together with the fact that the fiber
of @, over a generic point is C®P"l (follows from [39]) instead of [15, Theorem 1] and
Lemma 2.2.62 instead of Proposition 2.2.53. U

2.2.11 Proof of Theorem 2.2.7
Proof of Theorem 2.2.7

Let us now recall the statement of Theorem 2.2.7.

Theorem 2.2.64 After the identification of parameters (2.8) the graded algebras
H((n, 1)), Z(R'(1))"™, Qur, ClSpec(HAXCIIo(R, )]
are isomorphic. Isomorphisms above identify generators as follows:
ce(V) = ler(z1, ..., z0)] = [er(ug, ..., uy)] = [mygl. (2.27)

Proof: The claim follows from Propositions 2.2.47, 2.2.55, 2.2.63. The equality ey (u, ..., u,) =
my, follows from [117, Section 4]. O

Remark 2.2.65 Recall that 0t(n,r)" and its deformation have realization as certain quiver
varieties (see Remark 2.2.2). It is a natural question to describe functions my in “quiver
terms”. For r = 1 these functions actually appear in Section 2.2.6 and are given by
(X,Y,7,6) — ex(ay,...,a,), where aq,...,q, are roots of the characteristic polynomial
of YX € End(V). Functions my, can be similarly described for arbitrary r, see [95, Section
6] for details (for r = [ > 1 there is a minor computational error in this paper that should
be fixed, that’s why we decided not to go into details here). Let us finally mention that
the algebra generated by {my, k = 1,...,n} defines an integrable system on the Coulomb
branch M(n,r). This Coulomb branch can be identified with a certain Cherkis bow variety,
and this integrable system can be naturally described in these terms (see [89] for details,
integrable systems are denoted by we, ¥ in loc. cit.).
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2.2.12 Flatness of schematic fixed points: approach of Hikita and
Hatano

The goal of this appendix is to give a self-contained proof of the fact that the algebra @, ,
of functions on the schematic fixed points

(Spec Z(Hn,r))T = M(n, T)lr
is a flat (hence, free) h-module of rank |[P(r,n)|. Let us first note that by the graded
Nakayama lemma together with the fact that dimp(Q,,,» ®n F') = |P(r,n)]| (this follows from
[39], see also [95, Section 5]) in order to prove this fact it is enough to show that
dim(C Qn,r/("@ C1y - - 767‘71) < |P(7", n)‘

i.e. that
dime C[(A*™/T,,)"] < |P(r,n)|. (2.28)

The goal of this section is to prove the inequality (2.28). Our argument simply follows papers
[46] (for r = 1 case) and [44] (in general) but is much shorter since we do not need any
explicit formulas for the multiplication rule of the elements of C[(A?"/T",)T] and only need
to estimate the dimension of this algebra from above since the estimate from below follows
from the deformation argument (so we only need [46, Lemma 2.5] for r = 1 case and [44,
Lemma 2.1.4] for general r). We start from the case r = 1 i.e. from the case when I';, = S,,.

Hilbert scheme case (r = 1)

Let us recall some notation (we follow [46]).

Definition 2.2.66 An unordered sequence A = (a1, by) ... (a;,b) with (a;,b;) € Z2,\{(0,0)}
is called bipartite partition of (a,b) € Z%,\ {(0,0)} if S ai=a, Y b = b We set
((A) =1, |A] = (a,b).

We have a natural surjection
CIS" ™A% = Cl1, .+ Togts Yty -+ o s Yngr) " =
= Cl21, - T, Y1y - - - Y] = C[S™(A?)]
and denote by S the inverse limit (in the category of graded algebras)
S := lim C[S"(A?)].
—

We denote by my € S the symmetrization of the monomial 291" .. ) ylbl. We have:

S = Clmgan | (a,5) € Z2, \ {(0,0)}]
For (a,b) € Z2,\ {(0,0)} we set (a,b)A := (a,b)(ay,b1) ... (a;, b). If (a,b) = (a;,b;) for some
ie{l,2,...,1} we set
A \ (CL, b) = (al, bl) Ce (ai_l, bi_l)(aiﬂ, bi—i—l) Ce (al, bl)

We set S := S/(map), a # b) and denote by m, the image of my in S. Note that directly
from the definitions for every n € Z-; we have a surjective homomorphism S — C[(S™(A2))T]
which sends every m, with £(A) > n to zero. The following lemma is clear.
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Lemma 2.2.67 Let A be a bipartite partition. We have

MapyMA = EMqpa + Z K i,5)M(ati bri)A\(i.j)
(i,)eA

Jor some k, k; jy € Zo.

For a partition A = (A1, A, ..., \;) we denote by (A, 0) the bipartite partition (A, 0), ...
(Alu O)
This lemma is [46, Lemma 2.5].

Lemma 2.2.68 {777, )01y | A s partition} spans S.

Proof: Let us first of all note that the functions m(q,q),p)(c,c)... SPaN S. Indeed, to prove this,
it is enough to show that every m, can be obtained as a linear combination of M4 q)(b.5)(c,c)...-
This can be proved by the induction on ¢(A) using Lemma 2.2.67 together with the fact that
M(ap) = 0 for a # b.

It remains to show that every m(4.q)(b,5)(c.c)... can be expanded in terms of My 0)0,1)A- 10
see that it is enough to show that every mq, b,)...(a;,b)(0,1)» With a; > b; can be obtained as a
linear combination of 7 g(g,1yn- We prove this by the induction on d = Zizl b;. Ford =0
the claim is clear.

For the induction step without losing the generality, we can assume that b; > 0. Using

Lemma 2.2.67 we obtain:

M(ay,by—1) M ag,bo)...(ar,b) (0,11 = K1 (ay b1)...(ar,b1) (0,17 +
!
+ KoM (ay b1 —1)(az,b2)...(a1,b,)(0,1)m+1 + Z it (ag,bo)....(a1-+bi b1-+bi—1)...(az,b1)(0,1)m+1
=2

for some kg, ki,...,k € Z with k; # 0. Induction hypothesis together with the fact that
M(a p,—1) = 0 finish the proof. U

Corollary 2.2.69 The image of {7y gy0.1)x» | {(A)+|A| < n} spans C[(S™(A?))T] = C[(A*"/S,)"].
In particular, we have
dim C[(A*"/S,)"] < |P(n)|.

Proof: Clearly the elements Ty g)(o1ya with €(A) 4+ [A] > n lie in the kernel of S —
C[(S™(A?))T]. Now the first claim follows from Lemma 2.2.68. It remains to note that
we have a bijection

{AA) + A < n} == P(n)
that sends a partition A = (1%12%2 ) to the partition A € P(n) given by

M= 17tV Ngaagaz - ey
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General case (r is arbitrary)

Let us now generalize the arguments of Section 2.2.12 to the arbitrary r € Z-;. We fol-
low [44]. We start with some notation. Recall that C[A?"/T,] is nothing else but

Clxy, . s Tp, Y1, - - - ,yn]S"K(Z/TZ)n ~

STL
/ / / / / / ! ! / /] /
((C[xl, e T Y Uy 21 s 20| (@Y — (2D ey — (zn)r))
where the isomorphism is given by
x>l oy eyl 2l ey

Remark 2.2.70 Geometrically isomorphism above corresponds to the identification C[A?"/T,,] ~
S (A?/(Z/rZ)).

Set
]n = (Illyi - (Zi)Tu ce ,x;y; - (Z':L)T) C 6[1:,17 s 7x:17y17 s ’y;wZL . '722]7

and
S =UmClz),.... 20, ...y, 2, ..., 2% [ =1lim1,, S:=S'/I.
— —

For every tripartition A = (ay,b1,c1)(az, be,ca), ..., (a, b, ¢r) let my € S’ be the sym-
metrization of the monomial (z7)® (y;)* (21) ... (x))%(y))"(2))%, we set £(A) = I. We
denote by my € S the image of m/y. The following lemma is clear.

Lemma 2.2.71 The set {m/, | A-tripartition} spans S’. So
{ma|A=(a,br,e1) ., o <r—1}
spans S.

Lemma 2.2.72 Let A be a tripartition and (a,b,c) € Z2,\ {(0,0,0)}. Then we have

! ! ! !
M)A =7 " Mape)n T Z T MUt bje k) AN (i k)

with 7 being some positive numbers. As a corollary we have
MabMa =7 Miapon + ) T Mt b e k) A\ (g k) T
(4,5,k)EN, c+k<r—1

+ E 7 Mgt ] b1 et h—r)A\ (i), k) -
(4.3.k)EN, c+k>r

with 7 being some positive numbers.
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For A = (ay,by,¢1) ... (ar, b, ¢;) we set deg A = S a0 b Let J C S be the
ideal generated by {mx | deg A # 0}. We set S := S/.J. We denote by m, € S the image of
mp.

For an r-tuple of partitions A = (A%, A1, ... A\"7!) and a collection of nonnegative numbers
p = (p1,-..,pr—1) we define tripartition to be denoted by the symbol

(A7 p) = ()\(1)7070) cee ()‘2()\0)’070)7 (OaOa 1)p1, ()‘LO) 1)7 SR (Aé()\lyoa 1)7 cee
s (0,0, = 1Pt (AL 0,7 = 1), (NG, 0,7 — 1),

Recall that £(X) = 3200 0\, |A| = S22 |NY|. We set |p| := p1 + ...+ p,_1. The following
lemma is [44, Lemma 2.1.4]. 2

Lemma 2.2.73 The set {M(x p)0,1,0)7} spans S.

Proof: We start from proving that elements (4, a;.¢1)(a2,a9,¢2)... SPAN S. Tt is enough to show
that every my can be presented as a linear combination of M4, 4;.¢1)(az,az,c2)...- We can assume

that there exists (a,b,c) € A such that a # b (otherwise, there is nothing to prove). From
Lemma 2.2.72 it follows that

0 = M(ab,e) A\ (ayp,c) = KTTip + Z 7 My
A (AN =(A)—1

and the claim follows by the induction on the length of A.

It remains to show that every element (4, a;.c1)...(as0,c) CAN be written as a linear
combination of My p)01,0n- We prove a more general statement: that every element
M(ay b er)...(arbre) (0,100 With a; = b; can be written as a linear combination of 7y 5)(0,1,0)A -
We prove this claim by the induction on b + [, where b := 22:1 b;. Let us, first of all, note
that we can assume that Zizl a; = b+ k. For b = 0 we must have b; = 0 for every ¢ and
then there is nothing to prove. Suppose now that b > 0. Without losing the generality we

can assume that b; > 0. By Lemma 2.2.72 (also using that a; > b > b; — 1) we have

0= M (a1,b1—1,e1) M (ag,ba,c2)... (an,byer) (0,1,0)k+1 =

=7 M (ay,b1—1,e1)(az,b2,2)--(a,b1,¢) (0,101 T UTTh(ay by e1)....(az,by,er) (0,1,0)% T

+ E ? : m(az,b2,cz)...(a¢+a1,bi+b171,Ci+01)...(al,bl,cl)(o,l,o)k+1+

c1+ci<r—1
Z 7 m(GQ7b2702)~~(ai+al+17bi+bl7Cz‘+Cl*T)“'(alvblvcl)(o’lyo)k+1
citeizr
with v € Z~o. Now the claim follows from the induction hypothesis. 0

Corollary 2.2.74 The image of the set {7 p0.1,0)x | £{(A)+|A[+]p| < n} spans C[A*/T,].
In particular
dim C[A*"/T,)] < |P(r,n)|.

2Hatano’s statement had a minor typo, Lemma 2.2.73 is a corrected version of [44, Lemma 2.1.4].
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Proof: Note that £((X,p)(0,1,0)*) = £(A) + |A| + [p] so the elements 72y ,).1.0)x With
{(A) + |A| + |p| > n lie in the kernel of S — C[A?"/T,]. Now, the first claim follows from
Lemma 2.2.73. It remains to note that we have a bijection

{Ap) [{A) + A+ [p| < n} = P(r,n)
that sends (X, p) with \' = 19129 . to the multipartition A given by:
A0 = 17 = A=lplgetzed | and N = 1712213 . fori=1,...,r — 1.

The inverse map sends an r-partition g € P(r,n) with p' = 1%12%  to the pair (\,p)
given by:

No=1%9%% kP pi=plfori=0,1,...,r—1,j=1,...,r—1.
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Chapter 3

Reresentation theory of quantized
ADHM spaces

3.1 Introduction

Results of this Chapter is the joint work with Pavel Etingof, Ivan Losev, and José Simen-
tal. In this Chapter, we continue the study of the representation theory of quantizations of
Gieseker varieties started in [75]. The main focus is on the representations with minimal
support. We will elaborate on what this means later in this section. We relate them to
SL,-equivariant D-modules on the nilpotent cone of sl,, and to minimally supported repre-
sentations of type A rational Cherednik algebras. Our main result is character formulas for
minimally supported representations of quantized Gieseker moduli spaces. This chapter is
self-consistent, and the notations slightly differ from those used in the previous chapter.

3.1.1 ADHM spaces

Pick two vector spaces V, W of dimensions n, r € Z-; respectively. Consider the space
R := gl(V) & Hom(V, W) and a natural action of GL(V) on it, let gl(V) — TR, { — &g
be the infinitesimal action. We can form the cotangent bundle T*R; this is a symplectic
vector space. Identifying gl(V)* with gl(V) and Hom(V, W)* with Hom(W,V') by means
of the trace form we identify T*R with gl(V)®? & Hom(V, W) @ Hom(W, V). The action
of GL(V) on T*R is symplectic so we get the moment map p: TR — gl(V'). It can be
described in two equivalent ways. First, we have u(A, B, i,j) = [A, B] — ji. Second, the dual
map p*: gl(V) — C[T*R] sends £ € gl(V) to the vector field i considered as a polynomial
function on T*R.
We identify the character lattice of GL(V') with Z via the map

Z 36— (det’: GL(V) — CX).

Let us pick § € Z \ {0} and consider the open set of #-stable points (T*R)’™* C T*R.
For 6 > 0 the subset of stable points consists of all quadruples (A, B, i, j) such that keri
does not contain nonzero A- and B-stable subspaces. For # < 0 the subset of stable
points consists of all quadruples (A, B,i,j) such that V is the unique A- and B-stable
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subspace of V containing imj. We can form the GIT Hamiltonian reduction 9?(n,r) =
T*RJ)? GL(V) := p~1(0)?~"'/ GL(V). This is a smooth symplectic quasi-projective variety
of dimension 2rn that is a resolution of singularities of the categorical Hamiltonian reduction
M(n,r) := u~(0)/ GL(V) which is a Poisson variety. We note that 9t%(n, r) and 9~(n, r)
are symplectomorphic via the isomorphism induced by (A, B,1i,j) — (B*, —A*, j*, —i*), so
we always assume 6 > 0 unless otherwise explicitly stated. We also consider the vari-
eties M(n,r), ﬁe(n, r) that are obtained similarly but with the space R replaced by R =
sI(V) @ Hom(V,W). We have natural isomorphisms 9%(n,r) ~ C? x ﬁe(n, r), M(n,r) ~
C? x M(n,r) and projective morphisms p: M?(n,r) — M(n,r), p: ﬁe(n,r) — M(n,r).
The latter morphisms are resolutions of singularities.

We have an action of C* x GL(W) on R given by (z,¢) - (A,7) = (zA4, gi). This action
naturally lifts to an action on 7% R and descends to 9% (n,7) and M (n,r). Let Ty C GL(W)
denote a maximal torus in GL(W). We set T":= C* x Tj.

3.1.2 Quantizations of Mt(n,r)

We have a dilation action of C* on T*R given by t - & = t~1x. It descends to both 9t%(n,r)
and M(n,r). The resulting grading on C[M(n,r)] is positive meaning that C[M(n,r)|] =
D=0 C[M(n, )i, where C[9(n,7)]; is the i-th graded component. The Poisson bracket on
C[9n(n,r)] has degree —2 with respect to this grading. By a quantization of M(n,r) we
mean an associative unital algebra A together with an increasing filtration A; C A, i € Z
such that [A;, A;] C A;;j_o for any 4, j € Z and an isomorphism of graded Poisson algebras
gr A~ C[9n(n,r)].
Take ¢ € C and set

Ac(n,r) := D(R) [ GL(V) := (D(R)/[D(R){¢r — ctr& | € € gl(V)}]) MY,

where D(R) is the ring of global differential operators on R. The algebra A.(n,r) has
a filtration that is induced from the Bernstein filtration on D(R), that is, the filtration,
where both vector fields and functions on R have degree 1. There is a natural isomorphism
C9M(n,7)] == grA.(n,r). We analogously define quantizations A.(n,r) of M(n,r). Note
that A.(n,r) = D(C) ® A.(n, 7).

3.1.3 Main results

The following theorem is proved in |75, Theorem 1.2].

Theorem 3.1.1 The algebra A.(n,r) has a finite dimensional representation if and only if

c =" with ged(m,n) = 1 and c is not in the interval (—r,0). If that is the case then there
exists a unique simple finite dimensional A.(n,r)-module to be denoted by Z%r.

We remark that proving the existence of a finite-dimensional representation is the most
difficult part of the proof of Theorem 3.1.1 in [75]. We give an explicit construction of the
representation Lm , which, in particular, simplifies the proof of Theorem 3.1.1. Moreover, our

construction allows us to compute not only the dimension of f%,r, but its C* x GL,-character
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as well. Let us elaborate on this. We have a natural action of the group C* x GL(W) =
C* x GL, on the vector space R. This action commutes with the action of GL(V) and thus
induces an action of the group C* x PGL, on the Gieseker variety 9t(n,r) as well as its

resolution ﬁg(n, 7). The action C* x PGL, ~ 9(n,r) is Hamiltonian, it admits a quantum
comoment map Y: C @ sl, = Lie(C* x PGL,) — A.(n,r) for any value of c. It is easy to see
that the adjoint action of T(C @ sl,) on A.(n,r) is locally finite, and therefore it integrates
to an action of C* x PGL, on A.(n, ) by algebra automorphisms. Moreover, via the map Y,
every A.(n,r)-module becomes a g-graded sl,-representation. In particular, f%ﬂn becomes a
C* x SL,-representation. In the next section, we will show that the action of SL, extends
naturally to an action of GL, and we will compute the C* x GL,-character of f%,r.

Theorem 3.1.2 Assume m > 0 and ged(m,n) = 1.
1. The C* x GL,-character off%m 15

_ 1 1-n n—1 %
Ch(CXxGLT(L%,r) = W E sx (@7 g )WV,
q AFm
r(A)<min(r;n)

where A denotes a Young diagram with m boxes, r(\) is the number of rows of \, sy
is the Schur function corresponding to X\, W,.(X) is the irreducible GL,.-module cor-
responding to X\, the square brackets denote the class in Ko(Rep(GL,)) and [n], :=

(a% —q2)/(¢2 —q %)

2. The dimension off%,r equals %(”T’Lm_l).

m

Example 3.1.3 Consider the case n =1, r =26 > 0. Then we have
M(1,2) =5 N, (1,7) > (i), D (1,2) = T(PY), (1,5) — (ij, im ),

where N C sly is the nilpotent cone. Note that the filtered quantizations of N are U(sly), =
U(sly)/(C —p(p+2)), p€C, where C :=2ef +2fe+ h* is the Casimir element and U(sl)
is the universal enveloping algebra of sly. In our notations we have A.(1,2) = U(sly).. To
see this, let us recall that

A1,2) = (D)D) a5 + 5 = H),

where z, y € C** are standard coordinate functions and the action of GLy = C* is given
byt-x = tx,t-y = ty. Then the isomorphism U(sly). == A.(1,2) is induced by e
—ya%, f— —:ca%, h — ya% — xa%. This is nothing else but the infinitesimal action of sly on
C? corresponding to the standard action SLy ~ C%. The module L., 5 is exvactly S™(C?) with
trivial action of C*, the action of GLg is induced from the dual of the tautological action
GL2 N (CQ.

More generally, forn = 1,0 > 0 one can identify A.(1,7) with a certain quotient of
U(sl,) and the C* x GL,-module Ly, is nothing else but S™(C") with trivial action of C*
and the action of GL, induced from the dual of the tautological action on C".
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One can generalize the theorem above to the case of irreducible representations with
minimal support. Let us explain what we mean by this.

Fix a one parameter subgroup v: C* — T, it takes the form (¥, 14(t)), where v5: C* —
Ty. Assume this one parameter subgroup is generic, meaning that its fixed point locus
in 9MM?(n,r) coincides with that for 7. We will assume that k& > 0. To this subgroup
one can assign the category O,(A.(n,r)) of certain A.(n,r)-modules. If ¢ & (—r,0) or has
denominator > n (or is irrational), the irreducible objects in this category are labeled by the
r-multipartitions of n. We can analogously define the category O, (A.(n,7)). Recall that we
have an isomorphism A.(n,7) ~ D(C) ® A.(n,r). It is clear that we have a label-preserving
equivalence

Oy (Ac(n, 1)) = Oy(Ac(n, 7)), M = Cla]® M,

where C[z] is the standard polynomial representation of the Weyl algebra D(C), so the com-
putation of the character of a module from O, (A.(n,r)) boils down to the same computation

for the corresponding module in O,(A.(n,r)). See Section 3.3.2 for references on categories
0.

In the special case when vy(t) = diag(t?, ... t%) with d; > dy > ... > d,, the third
named author computed the GK dimensions of the irreducible modules in O,(A.(n,r)), see
[75, Section 6]. Assume that ¢ = but m and n are no longer coprime. Let d := ged(m,n).
The minimal possible GK dimension of a module in O, (A.(n,7)) is then d and the simple
modules with this GK dimension are precisely those labeled by r-multipartitions of the form
(@,...,9,n0\). Here ng := n/d and X is a partition of d, by ngA we mean the partition of
n obtained from \ multiplying all parts by ng. *

Using quantum Hamiltonian reduction, in Section 3.4 we define a certain simple module
over the algebra A.(n,7) to be denoted Lm ,(ng)). We will see that it actually lies in the
category O corresponding to any v of the form (¥, 14(t)) for k > 0 and prove that Z%,T(no)\)
is labeled by (&, ..., &, ng\). Recall that f%r(no)\) is naturally a ¢-graded sl,-module. We
will show that the action of sl, on f%m(ng)\) is integrable and induces a natural action
GL, ~ L= ,(ngA). However, the g-grading on Lmn ,(ng\) does not necessarily integrate to a
C*-action. !

Theorem 3.1.4 The q-graded GL,.-character ofz%r(no)\) 1s given by the following formula:

chyar, (Lm »(no))) =

— _m=1_mn . X %
=(1—-q¢h Z Cf,moq - +anB) (5, L — q_ll LS (W ()],

r(p)<min(n,r)
w,B8Fm

where (, ) is the Hall inner product on the algebra of symmetric functions A, we use plethystic
notation, k() is the sum of contents of all bozes of the diagram [ and the constants cimO are

defined as follows: sx(x}", x5, ...) =3 4 cimOSB(xl, To,...), where mg :=m/ ged(m,n).

INote that in [75] minimally supported modules are labeled by (ngA,d,...,2). The discrepancy here
appears because there is a sign mistake in the proof of [75, Proposition 3.5] that leads to a reversal of the
labeling. We fix the proof of [75, Proposition 3.5] in Proposition 3.3.4.
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We remark that we have an isomorphism A.(n,r) ~ A_._.(n,r), see for example |75,
Lemma 3.1]. Thus, we will always assume ¢ > 0 unless otherwise explicitly stated.

3.1.4 Organization of this Chapter

In Section 3.2, we define an associative algebra H.(n,r), which is isomorphic to the rational
Cherednik algebra of sl, for r = 1. We study the representation theory of the algebra
H.(n,r) and use it to prove Theorem 3.1.2. We also give a combinatorial interpretation to
the dimension of f%,r in terms of parking functions, see Theorem 3.2.28. In Section 3.3, we
use Theorem 3.1.2 to simplify the proof of the localization theorem for 9Y(n, r) given in |75].
Section 3.4 is devoted to the study of representations of A.(n, ) with minimal support. We
construct these representations explicitly as Hamiltonian reductions of certain D-modules
on R. In Section 3.5, we prove Theorem 3.1.4.

3.2 Characters of finite-dimensional representations

In this section, we compute the character of the representation Lm » by means of a con-
struction similar to that introduced in |22, Section 9|. This will lead us to study an algebra
H.(n,r), explicitly defined by generators and relations, that is very similar to the rational
Cherednik algebra that we obtain when setting » = 1. Our character computation will follow
from our study of the representation theory of this algebra. For this reason, we first review
the case of rational Cherednik algebras, which is well-known in the literature.

3.2.1 Thecaser=1

In the r = 1 case, the algebra A.(n,1) is known to be a type A spherical rational Cherednik
algebra, cf. [34], [71]. Let us define the full rational Cherednik algebra. The type A rational
Cherednik algebra (of sl,, type) is the algebra H.(n) that is the quotient of the semidirect
product algebra C(z1,...,Zn, Y1, ...,Yn) X S, by the relations

S =0, Yliyi=0, [z,7]=0, [y,y]l=0, [z,y]=7—csy (3.1)

where s;; € S, is the transposition ¢ <+ j and, in the last equation, ¢ # j. Let us remark
that H,. contains a remarkable Euler element h := %Z(xlyz + y;x;). This element satisfies
[h, z;] = x;, [h,y;] = —y; and [h,w] =0 for w € S,,. In particular, it gives a grading on H.,
and every finite-dimensional representation of H. is graded by eigenvalues of h.

We define a category O, = O(H,) over H. as the category of finitely generated mod-
ules over H. on which elements z; act locally nilpotently. Equivalently O, is the category
of finitely generated modules M over H,. such that h acts on M with finite dimensional
generalized eigenspaces and real parts of the eigenvalues of h on M are bounded from above.

Remark 3.2.1 Note that this definition is not the standard one (as for example in [6], [37]),
where we ask y; to act locally nilpotently or equivalently real parts of the eigenvalues of h on
M to be bounded from below.
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If 7 is a finite dimensional module over S,,, then we can extend it to a module 7 over
Clxy, ..., zn) xSy, by letting x; act via 0 and define the standard H.-module M.(7) as follows:
M(7) = H; ®clay,....an]xS, T- One can easily check that M.(7) € O..

The finite-dimensional representations of the algebra H.(n) have been extensively studied
from algebraic, combinatorial and geometric points of view, see [6], [40], [41], [113], for
example.

Theorem 3.2.2 ([6], [41]) The algebra H.(n) admits a finite-dimensional representation

if and only if ¢ = ™ with ged(m,n) = 1. If this is the case, there is a unique irreducible

finite-dimensional representation that we will denote F , and any other finite-dimensional
representation is a direct sum of copies of F%. Moreover, if m > 0, then the graded decom-
position of F% as an Sp-module is given by

gal 1 l-m  3-m m=1
Ful=—@P s ¢ ....¢" )W, (3.2)

[ml, Akn

where V) is the irreducible S,,-module labeled by the partition X\, sy is the corresponding Schur

function and our normalization of quantum numbers is [z], = 979 7
q2—q 2

Let us remark that the g-number s,\(q%, e ,q%) can be explicitly computed via the

following hook-length formula, see e.g. [96]:
1-m [m —i— 1 — ]
3)\((] 2. H ;
i,§)EA

where h(i, 7) is the hook-length of the box (i,7) € A. In particular, sk(qu_l, o ,q1_2m) =0

if the partition A\ has more than m rows.

Let us now elaborate on the connection between H.(n) and the algebra A.(n,1). Note
that the algebra H.(n) contains the (trivial) idempotent e := L >~ < w of S,. So we can
form the spherical subalgebra H**"(n) := eH.(n)e. According to [34], [71], the algebras
H*™(n) and A.(n, 1) are isomorphic. Thus, we have

Lny=Fu
and the g-character of E%J is given by
n q J ) q =
ml, mly L n ],

3.2.2 The Calaque-Enriquez-Etingof construction

Our approach to the computation of the character of the module E%T is based on a con-
struction from [22, Section 9| that gives a construction of certain representations of type A
rational Cherednik algebras via equivariant D-modules. Let us denote by x: gl,, — C the
character x := " tr. Let M be a x-twisted equivariant D-module on sl,,. Recall that this
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means that M is a D-module on sl,, with a compatible GL,-action, satisfying £ — &y = x
for every £ € gl,,. Note that, since constant matrices act trivially on sl,,, this implies that if
¢ = diag(a,...,a), then & = —am1dy,.

It follows that the invariant space (M ® C[Hom(C", C")])%t coincides with
(M ® S™Hom(C",C"))% . Moreover, since g = 0 for every constant matrix ¢ and M is
x-equivariant, £(M ® S™ Hom(C",C")) = 0 for every constant matrix £ and it follows that

(M ® S™Hom(C",C"))%" = (M ® S™Hom(C",C"))*» = (M ® S™ Hom(C",C"))*"".

In other words, (M ® S™Hom(C",C"))*" is a .,Tl%(n, r)-module. Note that here we do not
need to assume that n and m are coprime.

It will be convenient to study the larger space (M ® Hom(C",C")®™)*™  To ease the
notation, let us set U := Hom(C",C"). We also set F}, (M) := (M ® U®™)™. A priori,
F, . is a functor from the category of y-equivariant D-modules on sl,, to the category
of vector spaces, but we will put some extra structure on F,,,,,(M). First, for a matrix
P € gl,, left multiplication by P defines a map that we will denote P: U — U. Moreover,
for i = 1,...,m, we denote (P);: U™ — U®™ the map given by left multiplication by P on
the ¢-th tensor factor.

We will also consider a pair of bases (p;), (p/) of sl, that are dual with respect to the
trace form. We will need to make a distinction and consider p; € sl,,, p’ € sl}. In particular,
¢’ is a coordinate function on the space sl,,, while p; can be thought of as a differentiation
with respect to p/. We will think of p; € D(sl,) as a degree 1 differential operator, and of
¢’ € D(sl,) as a degree 0 differential operator. Clearly, [p;, p’] = 0;;.

Finally, for £; # (o, let ¢/ U®™ — U®™ denote the operator that acts as > i1 Bij ®
E;; on the £y, {>-tensor factors of U®™. Here, E;; € End(C") is given by (Ejj)ap = (5;a(5jb, and
Q € End(C") acts on U by multiplication by Q" on the right.

Proposition 3.2.3 For { =1,...,m, define the following operators on F, ,.(M):
, n
Xp:=> 0 ® (), }/K::Eij(g(p])ﬁ
J J

These operators satisfy the following relations:

> Xi=0, ) Yi=0, (3.3)
(=1 (=1
{XZNXZZ] =0, [}/617}/62] =0, (34)
1 n
[X£17n2] = E - Ec£17£2851,€27 El 7é 627 (35)

where sq, 4, s the operator that permutes the (q, la-tensor factors in U®™.

Proof: A direct computation. Relations (3.3) follow from sl,-invariance. Relations (3.4) are
obvious. Finally, for (3.5), we have

%[an }/42] = Zz [ (p])hv pi & (pi)b]
= 30,1000 ® () (P
=2 2 i) @ (e (P)es
== ]1®<p])51(pj)2
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and the result follows from the fact that > (p;)e, (), = c“lesy g — L US™ — U®™ which
is straightforward. U

Note that on (M @ U®™)* we also have an action of End(C")®™ by multiplying on
the right by the transpose on the U®™ tensor factor, as well as an action of S,, by per-
muting the tensor factors on U®™. The action of End(C")®™ commutes with the action of
X, X, Y1,..., Y, and S, satisfies the obvious commutation relations with X’s, Y’s
and End(C")®™. This motivates the following definition.

Definition 3.2.4 Let m,r € Z-o and ¢ € C. We define the algebra H.(m,r) to be the
quotient of the semi-direct product algebra

(Cl@1s- - Tm, Y1, -, Ym) @ End(CT)®™) % Sy,

by the relations

Z$€ = 07 ny = 07 (36)
[l‘gl,xg2] = 07 [yﬁvy@] = 07 (37)

r

1
(e, Ye,] = m ¢ Z (Eij)fl (Eji)bsel,fw U # b (3.8)

ij=1

Example 3.2.5 When r =1, H.(m, 1) is nothing but the rational Cherednik algebra H.(m)
defined in Section 3.2.1.

Then Proposition 3.2.3 can be reinterpreted as follows.

Proposition 3.2.6 The correspondence sending M to F, ., ,.(M) defines a functor

Fpmy: D(sl,)-mod®t X — Hx (m,r)-mod.

3.2.3 The Dunkl embedding for H.(m,r)

Proposition 3.2.6 motivates the study of the algebra H.(m,r) and its representation theory.
As it turns out, the algebras H.(m,r) and H.(m,1) are Morita equivalent. Before stating
our result, let us establish some structural properties of the algebra H.(m,r). In particular,
we will define a polynomial representation for H.(m,r).

Let b denote the (m — 1)-dimensional reflection representation of the symmetric group
Sm- Recall that the algebra H.(m,1) acts on C[p], with zy,...,z,, acting by multiplica-
tion and yi, ..., Yy, acting by Dunkl operators. Let us denote these operators on C[h] by

X1y ooy Ximy Y1s - s Y-

Proposition 3.2.7 The algebra H.(m,r) acts on the space C[h] @ (C")®™ as follows:
® Ty, Ty Yl Ym GCt DY Xy ® 1, X, @1y ® 1.0y, ® 1, respectively.
e A1 ®--®A, €End(C"®™ acts by 1@ A1 ®@ -+ Q@ A,,.
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e S, acts diagonally.

Proof: A direct computation, the main point here is that ) F;; ® Ej; acts on C" ® C" by
switching the tensor factors. 0

Let us now denote by h™ C b the locus where the S,,-action is free, note that this
is a principal open set. It is well-known that the algebra H.(m,1) admits an embedding
H.(m,1) < D(h™8) x S,,, by interpreting x1,...,z,, as functions on h and yy,..., ¥y, as
Dunkl operators. Thanks to Proposition 3.2.7, the algebra H.(m,r) admits a similar em-
bedding to (D(h™8) @ End(C")®™) x S,,,. Since the action of (D(h™8) @ End(C")®™) x S,
on C[h] ® (C")®™ is faithful, this has the following consequence.

Proposition 3.2.8 (PBW property for H.(m,r)) Multiplication induces an isomorphism
S(h*) @ (End(C")®™ x S,,) @ S(h) = H.(m,7).

Corollary 3.2.9 Let E := E3™ € End(C")®™. Then E is an idempotent, H.(m,r)EH.(m,r) =
H.(m,r) and EH.(m,r)E = H.m,1). In particular, H.(m,r) is Morita equivalent to the
usual type A rational Cherednik algebra H.(m).

Proof: The first two assertions are clear. For the last assertion, define a map
Clz1, . s Ty Yty ooy Ym) X Sy — EH.(m,m)E

by sending z, — FEx,F = x,FE, yo — EyF = yF and w — FwE = wE for w € §,,.
It is easy to check that this map factors through an algebra homomorphism H.(m,1) —
EH.(m,r)E. That it is an isomorphism follows from the PBW property. 0

3.2.4 Representation theory of H.(m,r)

Thanks to Corollary 3.2.9, the algebras H.(m,r) and H.(m, 1) are Morita equivalent. In
fact, we have a very concrete realization of this Morita equivalence, that generalizes Propo-
sition 3.2.7.

Proposition 3.2.10 Let N € H.(m,1)-mod. Denote the action of x1,...,Tm, Y1, Ym €
H.(m,1) on N by X1,...Xm, Y1, --Ym, respectively. Define ®(N) := N & (C")®™. Then
O(N) becomes a H.(m,r)-module by the same formulas as those in Proposition 3.2.7, and
®: H.(m,1)-mod — H.(m,r)-mod is an inverse to the functor E: H.(m,r)-mod —
H.(m,1)-mod.

Proof: That the formulas do define an action of H.(m,r) on ®(N) is a straightforward direct

computation. Note that F(N ® (C")®™) = N. So the functor N — ®(N) is a right inverse

to the Morita equivalence of Corollary 3.2.9 and the result follows. O
Thanks to Theorem 3.2.2 we can see the following.

Corollary 3.2.11 The algebra H.(m,r) admits a finite-dimensional representation if and
only if ¢ = = with gcd(m,n) = 1. Moreover, the unique irreducible finite-dimensional
representation is Fg ® (C™)®™ where, recall, F% 15 the unique irreducible finite-dimensional

representation of H% (m, 1).
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Let us now see that we can get the unique irreducible finite-dimensional representation
of H%(m, r) from a D-module on sl,, via the functor £, ,, .

Proposition 3.2.12 The equivalence in Corollary 3.2.9 intertwines the functors F,, ,,,» and
F, o, that s, the following diagram commutes:

D(sl,) -mod“tmx

y Fn,m,l

(m, r)-mod Mo EM H

H (m, 1) -mod

n n
m m

Proof: Since Hom(C",C")Ey; = C, it follows that EF,,, (M) = (M @ (C")®™)*""  with
the correct formulas for the action of z1,..., %, Y1,. .., Ym. O

Now assume m and n are coprime and let O be the regular nilpotent orbit in sl,,. Consider
the rank one local system on O that corresponds to the representation of the center Z(SL,,) C
SL,, given by diag(z,...,2) — 27, and let M (O) be its minimal extension. This is an SL,-
equivariant D-module on sl,,. Extend the SL,-action on M (O) to a GL,-action by requiring
a matrix diag(a, ..., a) to act by multiplication by a~™. This makes M (O) a y-equivariant
D-module on sl,,. The next result is now a consequence of Proposition 3.2.12 and [22, Section
9.12]

Corollary 3.2.13 The module F, m,(M(O)) is the unique irreducible finite-dimensional
representation of Hn (m,r). In particular, F, ,,(M(O)) = F» @ (C")%™,

Remark 3.2.14 Let us compare the functor F, ., to that used in the work of Calaque-
Enriquez-Etingof [22]. It is easy to see that, if M is a x-equivariant D-module on sl,
supported on the nilpotent cone N, the action of xi,..., T, € Hx(m,r) on Eym, (M) is
locally nilpotent and the action of the Fuler element h = %szyl + y;x; is locally finite. In
other words, the module F,, (M) belongs to the category O of highest weight modules.

In [22], the authors consider the functor I, | = I}, m10F, where F is the usual Fourier
transform on D-modules. The reason is that, if M is supported on the nilpotent cone N,
then the action of yy,...,yn on F; . (M) is locally nilpotent, so F); . (M) belongs to the
category of lowest-weight modules for H%(m, 1), which is more common in the Cherednik
algebra literature, see Remark 3.2.1 above. Note, however, that since the D-module M(O)
considered in Corollary 3.2.13 is cuspidal, both M(O) and F(M(O)) are supported on the
nilpotent cone, and the same reasoning as in [22, Section 9.12] implies that F,, ,, 1(M(O)) is

a finite-dimensional irreducible representation of Hn (m,1).

3.2.5 Spherical subalgebra

Note that H.(m,r) contains the idempotent e := %zwesm w, so we have the spherical
subalgebra HSP'(m,r) := eH.(m,r)e. As usual, we have a quotient functor N +— eN =
N H.(m,r)-mod — HP"(m,r)-mod that is an equivalence provided eN # 0 for every
N € H.(m,r)-mod.
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Proposition 3.2.15 Assume that ¢ ¢ (—1,0) or that r > m. Then the algebras H.(m,r)
and H"(m,r) are Morita equivalent. In particular, if ¢ = & > 0 with ged(m,n) = 1, we
have that H"(m,r) admits a unique irreducible finite-dimensional representation, given by
E(F% &® (CT)@M) = (F% X ((Cr)@)m)s’".

Proof: The case ¢ ¢ (—1,0) follows from [8, Corollary 4.2|, as follows. We need to show that
eN = N5 +£ 0 for every N € H.(m,r)-mod. By Proposition 3.2.10, N = N & (C")@)m for
some N € H.(m,1)-mod. Now, by [8, Corollary 4.2], N°= # 0 provided ¢ ¢ (—1,0). Then
04 N5" ® S™(C") € N5 and we are done.

If » > m, by Schur-Weyl duality we have that every irreducible representation of .S,, appears
with nonzero multiplicity in (C")®™. So, using the notation of the previous paragraph,
NS = (N @ (C")®m)S= £ 0 for every nonzero N € H,(m,r)-mod and the result now
follows from Proposition 3.2.10. U

3.2.6 Functor Fspr}r‘m vs. Hamiltonian reduction

Note that we have a functor F52" = D(sl,) -mod“t X — H®"(m, r)-mod which is defined

by FiPh = eF,m,. By the deﬁnltlon of the functor Fy,,, we have that F2h (M) =
(M & S™U)™.

On the other hand, we have a Hamiltonian reduction functor
H: D(sl,)-mod®" X — 71% (n,r)-mod,

given by taking the invariant space H(M) := (M ® C[Hom(C",C")])%t». Thanks to the dis-
cussion at the beginning of Section 3.2.2 we have that, as vector spaces, H(M) = F3Ph (M)
for every M € D(sl,)-mod®" X,

We claim that even more is true. Note that by Propositions 3.2.12 and 3.2.15, another

formula for the functor F;r;l,; » 1s given by

F3b o (M) = (Fona (M) @ (CT)%m)5

n,m,r

the space [, 1(M) has a grading coming from the Euler operator in Hx (m, 1), while the
space (C")®™ has a natural GL,-action. Both the action of the Euler operator and the GL,-
action commute with the action of .S,,, so we get commuting ¢-grading and GL,-action on
Fsph (M),

n,m,r

Remark 3.2.16 It follows from [22, Section 8] that the action of the Euler element h on
Fomi1(M) extends to an action of sly on Fym1(M) so if F, ;1 (M) is finite-dimensional,
then our q-grading integrates to an action of C* on F, ,,1(M).

Theorem 3.2.17 Let M € D(sl,)-mod“*X. Then, as q-graded sl.-modules,
H<M) = (Fn,mJ(M) ® (Cr*)@)m)sm'

In particular, the sl.-action on H(M) integrates to a SL,-action that can be extended to a
GL,-action in a natural way. The q-grading integrates to a C*-action provided the same s
true for the Hx (m,1)-module F}, m1(M).
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Proof: Let us deal with the sl.-action. First, we will consider the action of End(C")®™.
The action of End(C")®™ on H(M) = (M ® S™U)*™ is induced from the action on U =
Hom(C", C"), so the embedding H(M) — (M@U®™) = F, . .(M) is End(C")®"-equivariant.
Now, the isomorphism F}, (M) = F, 1 (M) @ (C")®™ is that of Hn (m,r)-modules, and is
therefore both S,,, and End(C")®™-equivariant. Thus, as End(C")®™-modules, we have that
H(M) gets identified with the S,,-invariant part of £, ,,1(M) ® (C")®™.

Note, however, that the action of End(C")®™ on U®™ is by multiplication by the transpose
on the right, and thus it is not compatible with the action of sl,.. To fix this, one needs to
first apply the automorphism & +— —¢ of sl,.. This induces the antipodal map at the level of
the enveloping algebra U(sl,) and thus we get H(M) = (F,, ;1 ® (C™*)®™)5™ as sl.-modules,
as desired. The claim about the integrability of the sl.-action follows easily. The action of
SL, on (C™)®™ naturally extends to an action of GL,.

Note that the isomorphism F}, ., (M) = F), ;1 (M)®(C")®™ is that of Hx (m, r)-modules
and therefore preserves g-gradings. So it remains to show that the embedding H(M) —
Foma(M)® (C")®™ that we produced in the first paragraph of this proof also preserves the
g-gradings. The g-grading on H(A) is induced by the action of the operator » . p’p; where,
recall, p; € sl,, p/ € sl are a pair of dual bases. The coincidence of the actions now follows
from the formulas in Proposition 3.2.3, see e.g. [22, Proposition 8.7|. Finally, as ¢-graded
Sm-modules we clearly have F, ;1 @ (C")®™ = F), 1 @ (C™)®™ and the claim follows. O

Note that, since we are assuming that ¢ = ™ > 0, we are always in one of the cases consid-
ered in Proposition 3.2.15 and therefore we have that H(M) # 0 if and only if F}, ,, 1 (M) # 0.

Now let O be the regular nilpotent orbit in sl,,, and M (O) the irreducible y-equivariant D-
module on sl,, associated to O. Then M (O)®C[Hom(C", C")] is an irreducible y-equivariant
D(R)-module and, since H is a quotient functor, H(M(O)) = (Fa ® (C")®™)5 %0 is an
irreducible .,71% (n,r)-module, which is finite-dimensional and therefore isomorphic to Z%,T.
By Remark 3.2.16 the g-grading on f%ﬂ. integrates to a C*-action. Then we obtain.

Corollary 3.2.18 As C* x GL,-modules,
f%,r = (F% ® (C*)®m)Sm,

Let us explicitly compute the C* x GL,-character of f%ﬂ“ From (3.2) we have that the
C*-character of F% is

1 n e

— @ sA(qlT, . ,qu)VA.

[nlq A-m
Now, for a partition A with at most r parts, denote by W,.(A) the irreducible GL,-summand
of (C™)®™ indexed by A. Then, by Schur-Weyl duality, we can express the character of Lum,
by

1 n e
T 1 @ S)\(qlTJ s 7qT1)WT()\)*7

[l Akm
r(A)<r

where () is the number of rows of . Even more is true. The Schur function sy(¢ 2", ...,¢"z )

is the graded dimension of the representation W, () of gl,, and therefore vanishes when
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r(A) > n. Then we obtain our character formula

—_ 1 1-n n—1 *
Lm, =— @ sx(gz ,...,q 2 )W (A" (3.9)
[n]q AFm
r(A)<min(n;r)

Note that, if we ignore the ﬁ—factor in (3.9) we have the graded character of the

GL, x GL,-representation Smi(C” ® C"), where the grading only affects the C"-part. It
follows that the dimension of Lm , is %("MNT_l) = Ldim S™(C" @ C").

Corollary 3.2.19 The C*-character off%,r 1s a Laurent polynomial in q that is symmetric
under the change of variables q <> ¢, i.e. chq(f%ﬂn) = Chq71(f%ﬂa). Moreover, its degree
is (n —1)(m —1)/2 and its leading coefficient is ("*"1).

Proof: 1t is known that the action of the FEuler element h on F% extends to an action of
sly on F% and, moreover, this action commutes with the action of S,,. Thus, the fact that
chq(f%y,,) = chq_1(f%m) follows immediately from Corollary 3.2.18. From (3.9) it follows

that the degree of chq(f%ﬂn) is independent of r, and in the case r = 1 it is easy to see that
the degree is precisely (m — 1)(n — 1)/2. Finally, from (3.9) it is also easy to see that the
leading coefficient is dim(S™(C™)) = (r+m_1). O

m

Example 3.2.20 Consider now the example m = 3,n =r = 2. We have

z3/2,2 =W*_ +(qg+ q_l)W* dimfg/m = 10.

0 H

Remark 3.2.21 Note that the roots of%(nwm*l) =1 ("Hm*l) considered as a polynomial of

m n nr—1
m (with fized n) are precisely —1,..., —nr+1, i.e. we have dimz%m =0 for —rn <m < 0.
This exactly corresponds to the fact that the algebra A.(n,r) = D(sl, x (C*)®") ) m GL,, has
infinite homological dimension and does not have nontrivial finite dimensional representa-
tions in these cases, see [75, Theorems 1.1, 1.2]. We will use these observations in Sec-
tion 3.3 to greatly simplify the most technical parts of the proof of Theorem 1.1 in loc.cit.

Remark 3.2.22 Let {E;;} be the standard basis of t, i.e. diag(as,...,a,) = Yol We
can define the T'-character of Lz . as follows:

(qhq{E11 . qf”).

r

g(Q7q17 v 7QT) = Trfﬂy
It is easy to deduce from the Cauchy identity that g(q, qi, ..., q,) is the coefficient in front of
2™ of the following “generating function'™

1 1
n+1—214 _1'
[n}q 1<ign ]- - Zq 2 ;
1< <r

D(z) = (3.10)

ZNote that if m and n are not coprime, the coefficient in front of 2™ in D(z) is not the character of a
finite-dimensional representation and, in fact, does not need to be in Z[q, q_l,qj, qul [1<j<r]. Thisis
the reason why we write “generating function” inside quotation marks.
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3.2.7 Semistandard parking functions and higher rank Catalan num-
bers

The goal of this section is to give a combinatorial interpretation of dim Z%T.

Definition 3.2.23 We will call the number Cm . := dim(f% r) = %(Wt;”_l) the rank r
rational = -Catalan number.

Let us, first, review the case r = 1 which is well-known. Since m and n are coprime, the
number Cm ; = n("+m 1) = #(";m) counts the number of Z-Dyck paths, that is, paths

in Z2 from (O 0) to (W;L m) thggmuse only steps in the directions (1,0) and (0,1), and that

always stay above the diagonal line y = “*z. We will denote by D= the set of *-Dyck paths.
Now let D € Dm. A wvertical run of D is a maximal collection of consecutlve vertical

steps. Let aq,...,a, be the lengths of the vertical runs of D. Note that a; + ... +a, =

The following result will be very important for us.

Lemma 3.2.24 As a representation of S,,,

7; @ IndgmX xSy, TTIV.

DEDm

Proof: Follows from [6, Proposition 1.7] and [1, Corollary 4]. O
A consequence of Lemma 3.2.24 is that, as GL,-modules,

La, = (Fy o (C)Pm)s
= Homg,, (F =, (C™)®™)
_@Dep Homs (Inds ' xS, TV, (Cr*)em) (3.11)

=~ @ pep,, Homs,, s, i Resi s, ((C)°™)
= ®pen,, C) @ - S(C).

Remark 3.2.25 Note that (3.11) gives another expression for the GL,-character of Z%yr.

We will use equation (3.11) to give a combinatorial interpretation of Cm,. The key
concept is the following.

Definition 3.2.26 A rank r semistandard "*-parking function consists of a pair (D, ),
where D is an 7 -Dyck path, D € Dm and p: {Uertzcal steps of D} — {1,...,r} is a function
that is weakly increasing along each vertical run, reading from top—to—bottom. We will denote

m

by PF'm the set of rank r semistandard ™ -parking functions.

Remark 3.2.27 Recall that an ™ -parking function consists of an "*-Dyck path together with
a bijection from its set of vertical steps to {1,...,m} that is strictly increasing along each
vertical run. This explains the terminology in Definition 3.2.26.

Theorem 3.2.28 Assume m and n are coprime. Then |PFn|= Cmn .
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Proof: 1t is straightforward to see that the number of ways to label the vertical steps of a
Dyck path D € D= to make a semistandard parking function of rank r is (Hal 1) X e X ( o

where ay, ..., ap are the lengths of the vertical runs of D. The result now follows from (3.11).
O

Example 3.2.29 Let us consider the example m = 3, n = r = 2. There are C’%’Q = 10

%—semistandard parking functions of rank 2, given in Figure 3.1.

17 1 7] 4
| I | I 2l | 2l {
1| 2|’ 2|’ 2|’
11 21 14 21 1 21
7 o o o] o0 oo
1| 1| 2|’ 2|’ 2|’ 2|’

Figure 3.1: The %—semistandard parking functions of rank 2. Note that, if T; denotes a
maximal torus of GLs, then the Tj-character of L 5 is given by 2q;°+3¢; 2q5 ' +3q; tq5 2 +245°

Remark 3.2.30 Recall that Ty C GL, denotes a mazximal torus. It follows from (3.11) that
the Ty-character ofL - 15 given by

Z Hq*\w l)l
(D,p) 673.7-'7" i=1
see also Remark 3.2.22 above.

Remark 3.2.31 [t is an interesting question to find |PF'm| in the non-coprime case. It is

possible that a Bizley-like formula exists for the generating function of |PFam|, but we will
dn

not pursue it here.

3.2.8 g-analogues of Cm ,

Let us compute chex wqr, Z%W in a couple of easy examples.
Example 3.2.32 Let us consider the case n =3, m = 2. Then

ChchGLT(Zg,T) = (q+ ¢ H[SHCT™)] + [A*(C™)],
on the other hand, if n =2, m = 3 we have

ChCXXGLr(z%,r) = (¢+ ¢ S (C™)] + [W,(2,1)%].

7

r+ap—1

),



Note that the roots of chex (Z%T) =Trz,, (™) =%5(r+1)g+(r—1)+(r+1)g") are

roots of unity if and only if » = 1. It follows, in particular, that chex (f%r) does not admit
an expression involving only products and quotients of g-numbers.

To remedy this, we propose an alternative evaluation of the trace that yields an expression
that does factor. In fact, we have several of them, one for each divisor d of r. Let us adopt
the notation of Remark 3.2.22, in particular, ¢(¢,¢1,...,¢) == Trz . ("gF™ - ¢Pr). Let d

r

be a divisor of r, and set k := r/d. We consider the expression

where we set q := ga. Clearly, this is a Laurent polynomial in q with non-negative integer
coefficients. Now let N; € T, C SL,. be

Ny = diag(qy, ..., ¢ ),

dn(k+1—20)+d+1—2s
2

where {q1,...,¢.} = {q |1 < ¢ < k1 < s < d}. Note that we have

Tr(Ny) = [k]n[d]q. We define
chg(z%r) = Trf% (" Ny).
Equivalently, chy(L= ) = g(q,q1, - .-, ).

Proposition 3.2.33 We have

Chg(z%7r) = |:
Proof: Note that, by (3.9), chg(f%,r) is

d/T . L m( pn -1
Chq(L;,T) - [n]q TI"(S (q ®Nd ))7

where ¢’ = diag(Q%“, q7"2+3, . ,q%). The matrix ¢°» ® Nd—l is diagonal:
0" @ Nt = diag(q™ (a0,

where 1 </ <k, 1 <s<dand 1 < i < n. Itiseasy to see that, up to permuting the
diagonal entries, this can be simplified as

—nr+1 —nr+3 nr—1

¢"®N;'=diag(q" 2z ,q 2 ,...,q 2 )=¢g"™

and it is well-known, and easy to show, that

m

TI. Sm<qp'nr) — |:n7" +m — 1:| ,
q
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the result now follows from the observation that [n], = [nd]q/[d]q- O
Thanks to Proposition 3.2.33 if d is a divisor of r the g-number

Ch = |

is a Laurent polynomial in ¢ with non-negative integer coefficients. Clearly, when ¢ = 1 we
recover the rank r Catalan number C'» ,. When r = 1 = d, the g-number Ch (q) coincides

with the usual g-Catalan number, that is the generating function for the area — dinv statistic
on the set of *-Dyck paths. We do not know the combinatorial meaning of C% (q) forr > 1.

Remark 3.2.34 More generally, it would be interesting to find statistics on the set of -
semistandard parking functions of rank r whose generating function is CthXgLT(Z%,T) €
Zsolg, ' qu, 4t ... a0, q Y. The statistics corresponding to qi,...,q. are not hard, see
Remark 3.2.30 above. One possible way to find a statistic corresponding to q is to introduce
analogues of sweep maps for semistandard parking functions, see Section 6.1 in [1].

3.3 Localization

3.3.1 Quantizations of 9MY(n,r) and localization

Let us now consider quantizations A%(n, r) of 9t%(n, r) which are sheaves in conical topology
of filtered algebras on MM?(n,r) with gr A%(n,r) =~ Ogye (n,r)- These quantizations are defined
via

Ab(n,r) = D GL(V) := p.(Dr/Dr{r — ctr(€) |€ € gl,} 1 op-) 7,
where Dp is the sheaf (in conical topology) of microlocal differential operators on T*R and
p: u1(0)%5 — MY (n, r) is the quotient morphism.

Remark 3.3.1 Note that one can also define A%(n,r) in the following way. We need to
define its sections over principal open subsets (T*R);/J? GL, C M (n,r) where f € C[T*R]
is a C*-homogeneous -semiinvariant function of degree > 1. Let Ry := Ru(D(R)) be the
Rees algebra of D(R), so that Ry /(h) = C[T*R]. For k > 0, let S, C Ry /(K*) be the
preimage of the set {f™|m > 0} with respect to the natural morphism Ry /(h*) — Ry /(h).
It is easy to see that Sy is an Ore set in Ry, /(R*) and that we can form the inverse limit

Ralf '] = lim (Ry /(1Y) [, "):

We consider the subalgebra of locally finite vectors with respect to the natural C*-action that
we denote by Rp[f |11, and we define

D(R)[f™] = Ralf'ie./ (A = 1).
It is straightforward to see that D(R)[f™'] is a filtered quantization of C[T*R][f~]. Since f
is O-semiinvariant we still have an action of GL, on D(R)[f™'] and a quantum comoment
map gl, — D(R)[f~']. The sections of A%(n,r) on (T*R);/° GL, are then the quantum
Hamiltonian reduction D(R)[f™|}).GL,. All of this follows from the construction of the
sheaf Dg, see [35, Section 1] for details.
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We analogously define quantizations .,Tli(n, r) of ﬁe(n, 7). We write A%(n,r)-mod (resp.
z(n, r)-mod) for the category of coherent A%(n,r)-modules (resp. Zi(n,r)—modules) and
(n,7)-mod (resp. A.(n,r)-mod) for the category of finitely generated A.(n,r)-modules

PSRN

C

resp. A.(n,r)-modules). We have the global sections functor I'?: A%(n, r)-mod — A.(n, r)-mod
resp. fi: ﬂi(n,r)—mod — Ac(n,r)-mod). We say that the abelian localization holds for

0, c) if the functor fi (or equivalently Ef) is an abelian equivalence.
In this section, using the fact that A%(n, r) admits a finite-dimensional representation,
we will simplify the proof of the following theorem (see [75, Theorem 1.1 (2)]).

o~~~

Theorem 3.3.2 For 6 > 0 (resp. 0 < 0), abelian localization holds for ¢ € C iff ¢ is not
of the form =, where 1 < m < n and s < 0 (resp. if c is not of the form —r — = where

I1<m<nands<0).

Recall that the proof of this theorem in [75, Section 5| consists of three steps (see the
beginning of [75, Section 5]). In the first step the proof of Theorem 3.3.2 reduces to the case
when ¢ = 7 > 0 with m, n/ coprime, n’ < n and ¢ > 0. In the second step the proof reduces
to the case n =n’ and ¢ > 0, # > 0. In the third step the claim reduces to the fact that the
functor 'Y induces an equivalence between certain categories O, (A%(n, 7)), O,(A.(n, 7)) over
A%(n,r), Ac(n,r) (see Section 3.3.2 for the definitions of these categories). The last claim is
proved via proving that the number of simples of the categories O,(A%(n,r)), O,(A.(n,r))
are equal. The last step is crucial and we will simplify its proof. So, from now on we assume
that ¢ = = > 0, ged(m,n) = 1 and 6 > 0.

Let us first of all define categories O and other notions and objects that we will use in
the proof. We use the same notations as in [75].

3.3.2 Singular support and categories O

Let v: C* — T = C* x T be a cocharacter given by t +— (¢,t%,... t%) for d; > ... > d,.
We will denote by vy the cocharacter of T given by t ~ (1,¢%,...,t%). The cocharacter
v (resp. 1) induces a grading A.(n,r) = @, A" (resp. A.(n,r) = @, A0). We set
A = @,. 5 AL”. The action of v on A.(n,r) is Hamiltonian, let h € A% be the image
of 1 under the comoment map. The grading A.(n,r) = @, A% is inner and is given by
h. Define the category O,(A.(n,r)) as the full subcategory of the category A.(n,r)-mod
consisting of all modules where the action of AZ°(n,r) is locally nilpotent. Let us also define
the category O, (A%(n,r)) as the full subcategory of A%(n, r)-mod consisting of modules that
come with a good filtration stable under h and that are supported on the contracting locus
M (n,r) of v in M?(n,r). Recall that this contracting locus is defined by

M (n,r) = {z € M (n,r) | lim;ov(t) - o exists}.

We set
Cop(Ac(n, ) = A (n,7) /Y~ AT (n, 1) AL (n, 7).

i>0
Remark 3.3.3 Note that we have the natural isomorphisms

Coo(Ac(n, 1)) == AZ07 (n, 1) [ (AZ" (n,7) 0 Ac(n, ) AT (n, 7)),
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Coo(Ac(n, 1)) = AZH0 (n, 1) /(AT (n,m) 0 AT (0, 1) Ac(n, 7).

The algebra C,,(A.(n,7)) will be called the Cartan subquotient of A.(n,r) with respect
to v9. One can also define Cartan subquotients of sheaves A%(n,r): it follows from [73,
Proposition 5.2| that there exists a unique sheaf C,,(A%n,r)) in the conical topology on
me(n,r)yo(cx) such that for any C* x v(C*)-stable open subvariety U C 9% (n,r) with
U(©) £ & we have C,,(A%(n,r))(UC")) = C,, (A%(U)).

Proposition 3.3.4 For 6 > 0 we have

1M (n, ) ) = L TL M0 (ng, 1), where the disjoint union runs over all or-
dered collections (nq,...,n,) of non-negative integers such that ny + ... +n, =n (and
we set MY(0,1) = pt).

2. For the connected component Z C I (n, )" C) which corresponds to the composition
(n1,...,n,) of n we have C,, (Al (n, 1))z = Q, A%, _;(ni, 1), where we set A2(0,1) = C
(a sheaf on MM?(0,1) = pt).

3. For a Zariski generic ¢ € C we have C, (Ac(n, 1)) = B Q), Acrr—i(ni, 1), where the
direct sum is taken over all ordered collections (ny,...,n,) as in (1).

Proof: Follows from |75, Proposition 3.5|. The proof should be changed as follows (see
the footnote 1 above): note that the line bundle O(1) on 9Y(n;, 1) is the top exterior power
of the bundle on 9?(n;, 1) induced from the representation GL,, ~ C"*, so we conclude
that ¢;(Y,) = Y5, (2i —r — 1)¢; (not i, (r +1— 2i)c;), i.e. the period of C,,(A) equals
S A+ 7+ 2 —14), hence, Cpy (A9) |2z =~ Q, AL, _;(ni, 1). O

Let us now give an important property of the category O(Ag(n, ).

Theorem 3.3.5 The category O,(A%n,r)) is a highest weight category, with simples in-
dexed by the fized points of v and the order in the definition of a highest weight category is
the contraction order on the fized points.

Proof: Since the action of v on 9?(n,r) has finitely many fixed points, this follows from
[10, Proposition 5.17]. O

Starting from a module M € A.(n,r)-mod (resp. M € A%(n,r)-mod) we can construct
its associated variety, to be denoted V(M) C M(n,r) (resp. V(M) C MY (n,r)), as follows.
Consider any good filtration F'*M (resp. F*M), then define V(M) (resp. V(M)) as the
support of gr F*M (resp. gr F'* M) with the reduced scheme structure. It is straightforward,
and well-known, that this does not depend on the choice of a good filtration. Moreover,
V(M) is simply the support of M considered as a sheaf on 9’(n,r).

Proposition 3.3.6 Let L be a simple module of the category O,(Aq(n,r)) and let T C
Ac(n,r) be the annihilator of L. Then 2dim(V (L)) = dim(V (Ac(n,7)/I)), where
V(Ac(n,r)/T) is computed by considering A.(n,r)/T as a left A.(n,r)-module.

Proof: Note that by [73, Section 4.4] every module of the category O, (A.(n,r)) is holo-
nomic in the sense of [72]. Now the claim follows from [72, Theorems 1.2, 1.3]. O
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3.3.3 Properties of I‘g and categories O

Let us now study the interaction between the global sections functor and the categories O.

Proposition 3.3.7 Assume that 0 > 0 and ¢ > —r. Then the following holds.
1. The functor T: O,(A%(n,7))) = O,(A.(n,r))) is a quotient functor.

2. The canonical adjunction morphism M — T o Loc(M) is an isomorphism for any

M € O,(A.(n,1))).

Proof: Part (1) follows from [81, Section 8] and |75, Proposition 5.1|. Part (2) follows
from the fact that Loc is left adjoint to I'Y and general properties of quotient functors between
finite categories. 0

Let us now return to the proof of Theorem 3.3.2. Recall that we can assume that
c="2>0,gcd(m,n) = 1,0 > 0. It now follows from [75, Steps 2, 3 of Proposition 5.6
that to finish the proof of Theorem 3.3.2 it is enough to prove the following theorem.

Theorem 3.3.8 Assume® > 0 andc =" > 0 with gcd(m,n) = 1. Thenf‘ O, (A (n,r)) —
O,(Au(n,r)) is an equivalence of categomes

Thanks to Proposition 3.3.7, to prove Theorem 3.3.8 (and therefore also Theorem 3.3.2)

it is enough to show that fi(ﬁ) # 0 for every simple £ € OZ,(J_éli(n, r)). We consider two
cases, according to the associated variety of simples.

3.3.4 Associated varieties of simples and proof of Theorem 3.3.8

First we show that in the situation of Theorem 3.3.8 if £ € O(A (n,r)) is such that V(L) ¢

p71(0), then r .(£) is infinite dimensional so in particular nonzero.

Lemma 3.3.9 Assume that ¢ = 2 > 0 with m, n coprime. For any infinite dimensional
simple module L € (’)(Zc(n,r)) we have V(Ac(n,r)/I) = M(n,r), where T C A.(n,r) is the

annihilator of L.

Proof: Follows from the proof of Step 3 in the proof of Proposition 4.1 in [75]. Recall
that Z is a Harish-Chandra A.-bimodule, so V(A.(n,r)/Z) is a union of symplectic leaves
of M(n,r). Let L C V(A.(n,r)/I) be an open leaf which corresponds to a collection
p = (ni,...,n) and x € LN V(Ae(n,r)/Z). The module L is infinite dimensional so
dim(V (L)) > 0, hence, by Proposition 3.3.6 we have dim V (A.(n,r)/Z) > 0 son; < n for any
i. Consider the restriction (A./Z);,. By our choice of z, this is a nonzero finite dimensional
representation of A.(u) = A.(n1,7) ® ... ® Ac(ng, ). Tt follows from Proposition ?? (which
is independent of the intervening material) that we have n; = ... =ny, = 0 so L is the open
symplectic leaf in M(n, ), hence, V(A.(n,r)/I) = L = M(n,r). O

Remark 3.3.10 We keep the notations of Lemma 5.3.9. Note that by [75, Theorem 1.5/
A, is a prime ring and T is primitive, hence, the equality V (A.(n,r)/T) = M(n,r) implies
Z=0.
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"€ its unique open symplectic

The variety M (n,r) is Poisson and we denote by 9(n,r)
leaf. The map 7 : ﬁe(n, r) — M(n,r) is an isomorphism over IM(n, 7)™ and we denote by

ﬁg(n, 7)™8 the preimage of M(n, r)™e.

Lemma 3.3.11 Assume that ¢ = ™ > 0 with m, n coprime. Let L € O(Zz(n,r)) be an
irreducible sheaf such that V(L) € p~1(0), then V(L) N ﬁg(n, r)yee £ g,

Proof: By [11, Theorem A| there exists N > 0 such that the abelian localization holds
for (¢ + N6,0). Note that the categories O(ﬂi(n,r)),@(?liﬂvg(n,r)) are equivalent via
translation functors and these functors preserve associated varieties. Note also that ¢ + N@
is obviously of the form %l with m/, n coprime. So, applying translation functors if needed,
we can assume abelian localization holds. So £ = Loc(L) for some irreducible object L €
O(A.(n,r)) such that V(L) ¢ {0}. It remains to show that V(L) N9 (n,r)™ 8 # &. Let
T C A be the annihilator of L. It follows from Lemma 3.3.9 that V(A/Z) = M(n,r). It
now follows from |71, Theorem 1.1] that V(L) has nonempty intersection with the open

symplectic leaf of 9(n, ), which is exactly 9M(n, r)™e. L

Corollary 3.3.12 Assume that ¢ = ™ > 0 with m, n coprime. Let L € O(Zz(n,r)) be an
irreducible sheaf such that V(L) ¢ p~(0). Then fi(ﬁ) is infinite dimensional.

Proof: Tt follows from Lemma 3.3.11 that we have a point z € V(L) ﬂﬁe(n, r)*&. Note
now that the morphism p is an isomorphism over the open subvariety m’ (n,r)re C ﬁe(n, ),
p: ﬁg(n,r)reg 5 M(n,r)e. It follows that p(z) € V(Fz(ﬁ)), hence, fi(ﬁ) is infinite di-
mensional. 0

Let us now deal with the case V(£) C p1(0).

Proposition 3.3.13 The number of simple coherent Zz(n, r)-modules supported on p*(0)
cannot be bigger then 1.

Proof: This follows from Step 5 of the proof of Proposition 4.1 in [75]. To a module
in the category O we can assign its characteristic cycle that is a formal linear combination

of the irreducible components of the contracting locus ﬁi(n, r) of C* acting on ﬁe(n,r)
via v (ﬁi(n, r):={x € ﬁg(n,r) | EI%iné v(t) - x}). It follows from [10, Section 6] that this
—}

map is injective. Note also that the irreducible components of ﬁi(n, r) are lagrangian so
have dimension nr — 1 = dim »~!(0) so it is enough to show that dim H*"~2(p~1(0),C) = 1.
Recall now that p~1(0) = p~1(0) and the latter is homotopicaly equivalent to 9M?(n,r)
so H>"=2(p71(0),C) ~ H?=2(M%(n,r),C). Now it follows from [123, Theorem 3.8] that
dim H* =200 (n,r)) = 1. O

If a simple coherent Zz (n,7)-module supported on p~1(0) exists, we will denote it by £,

We are now ready to prove Theorem 3.3.8.
Proof:|Proof of Theorem 3.3.8] From Proposition 3.3.7 it follows that it is enough to show

that for any simple £ € O(Ai(n, r)) we have fg(ﬁ) # 0. If £ o £ then the desired result
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follows from Corollary 3.3.12. It also follows from Corollary 3.3.12 that for any such £ we
have fz(ﬁ) e f%,r. The functor fz is a quotient functor and fz(ﬁ) * f%,r for any £ ¢ L0
hence, fi(ﬁﬁn) o~ f%,r # 0, where the last inequality follows from Remark 3.2.21. O

3.4 Representations with minimal support

3.4.1 Construction of minimally supported modules

Now we generalize results on finite-dimensional representations to representations with min-
imal support (see Section 3.3.2). We continue studying the algebra .,Tt% (n,r), and set
d := ged(m,n). The difference now is that we do not assume d = 1. Let my := %,
no := 5. Let A be a partition of d and consider the partition ngA of n. We will denote by
M(O(ng))) the irreducible y-equivariant D-module on sl,, associated to the nilpotent orbit
O(no)) where, recall, y = ™ tr.

Lemma 3.4.1 We have Fy, ;,,1(M(O(no)))) = Sn(moA), where S=(moA) is the irreducible
highest-weight representation of H%(m, 1) with highest weight moX.

Proof: Note that a similar result is proven in [22, Theorem 9.12| for F (M (O(no)))),
where highest weight is replaced by lowest weight, see Remark 3.2.14. The same proof
applies, mutatis mutandis, in our situation. More precisely, the functions constructed in
[22, Lemma 9.13] are annihilated by x1, ..., z,, and span a copy of the representation of S,
indexed by mgA, see |22, Lemma 9.15]. O

It follows that we have a ¢-graded GL,-equivariant isomorphism

Ly (no)) := (M(O(no))) ® C[Hom(C", C"))) ¥ =5 (S (moA) @ (C™)*™)%. (3.12)

From here, we can read the character of f%r(no)\), we will do this explicitly in Section 3.5.
Note that f%,r(no)\) is an irreducible ./Tl%(n,r)—module. We claim that it has minimal
support. Recall from the introduction that, provided E%T(no)\) € Oy(z% (n, 7)), this means
that the GK dimension of f%m(no)\) is precisely d — 1, where, as above, d = ged(m,n). So
we start by showing that Z%,(no)\) € OV(Z%(TL, r)).

Proposition 3.4.2 Lel v: C* =T be a generic co-character given by t — (th o tdr)
such that k > 0. Then Lm .(no)) € O,(Am(n,r)).

Proof: Recall that the action of v on Z%(n, r) is Hamiltonian. Let h € .710%’1/ be the image of
1 under the comoment map. To check that Lm .(ngA) € O, (A= (n,r)) it is enough to show
that generalized eigenvalues of h acting on f%r(no)\) are bounded from above. This follows
from the existence of the T-equivariant isomorphism (3.12), the fact that (C™)®™ is finite
dimensional and the fact that S» (moA) lies in the category O over the Cherednik algebra,
see Lemma 3.4.1. U

Let us now show that the module f%m(no)\) has minimal support. In order to do this,
it is enough to compute its GK dimension.
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Proposition 3.4.3 The GK dimension of the 71% (n,r)-representation z%,r(no)\) is exactly
d — 1, where d = ged(m,n). In particular, f%,r(n())\) has minimal support.

Proof: Recall that we have Lm ,.(ng)) = (M(O(ng))) ® C[Hom(C",C")])%". The

D(sl, & Hom(C™, C"))-module M(O(noA)) @ C[Hom(C",C")] is holonomic, so it admits a
good filtration that induces a good filtration on f%yr(no)\), both as an 7(% (n, r)-module
and as a H"(m, r)-module, where we take the Bernstein filtration on the ring of differential

operators D(sl,, @Hom(C", C")). Indeed, that this filtration is good for the 7(% (n,r)-module
structure follows by definition, and that it is good for the H %’h(m, r)-module structure follows
from the formulas in Proposition 3.2.3. So it is enough to show that the GK dimension of
the HSph(m r)-module (S (me)) @ (C")*™)5m is exactly d — 1. To do this, it is enough
to show that the GK dimension of the Hx » (m,7)-module Sn (moA) @ (C")*™ is d — 1. But
thanks to Proposition 3.2.10, this coincides Wlth the GK dimension of the Hx » (m, 1)-module
Sn(moA). This is precisely d — 1 by [121, Theorem 1.6]. We are done. O

3.4.2 Coincidence of labels: Lm ,.(noA) = L(9,...,J,noA)

By Proposition 3.4.3 the module Lm ,.(ngA) := Clz] ® (M (O(no))) ® C[Hom(C", C")])EEM)
is minimally supported so it must have the form L(2,...,9,n)\) for some partition X" of
d. The goal of this section is to show that X' = A. We set G := GL(V). Consider the
D(R)-Ax (n,r)-bimodule

Qu = D(R)/(D(B){ég — - tr& [ € gU(V))).

n

Recall the character det: GL(V) — C* and consider the corresponding space of GL(V)-

semiinvariants Qm MR hich is naturally a Am+1(n r)-Am m (n,7)-bimodule. Recall that

= > (, so by Theorem 3.3.2 the localization holds for (= det) (™ +1,det). It now follows

from [8, Proposition 5.2| and [11, Proposition 6.31] that the functor QGL(V) et ®%

induces an equivalence

r) [ ]

m (n,r

'T%_%H: Oy(ﬁ% (n,r)) == O,,(Z%H(n, r))
which we will call a translation equivalence. Let us now prove the following lemma.
Lemma 3.4.4 Under the equivalence 7_’%_%“ the module 3%77,(710/\) maps to E%H’r(no)\).

Proof: For ¢ € C we recall that D(R)-mod®* is the category of (G, ¢)-equivariant D-modules
on R. Note that we have an equivalence

Torserr: D(R)-mod®° = D(R)- mod %+

given by tensorlng with a one-dimensional GL(V)-module Cge on which GL(V) acts via
det. Now for ¢ = 2 = ™4 we et L, := M(O(noA)) ® Hom(V, W) and consider it as an

n nod
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object of the category D(R)- mod®e. Tt follows from the definitions that ZC+1 = Cget ® Zc =
72—)0—}—1([/6)- o .

Recall that the categories O,(Am(n,r)), O,(Am1(n,r)) are highest weight. It follows
from the definitions that the functor Tm_,m,; sends Am(p) to Am_i(p) so it must be
label preserving. It follows from [11, Proﬁosiy’lcion 6.27] that the functor Tm_ymy1 preserves
characteristic cycles, hence, is label preserving. We conclude that to prove lemma it is enough
to show that the following diagram is commutative.

™

3R

A
lﬁgqrgﬂ j’f?;}ﬂ

D(R)-mod® = *! T A1 (n,r)-mod,

D(R)-mod% ™ (n,r)-mod (3.13)

33

3B

+1

where we denote by Tm,Tm; the Hamiltonian reduction functors. Let us now define the
sheaf versions of the functors f%,ﬁ%ﬂﬂ_’cﬁcﬂ. We denote

7. Dp-mod“® — ZZ(n, r)-mod, F (f‘(T*E)G—st)GL(V);

the functor 72, | can be defined similarly. We denote by 7_f _cy1 the functor from 712 (n,r)-mod

to .712 +1(n,7)-mod given by left tensoring with the sheaf of bimodules (@c’(T*E)075t>GL(V)7det.

It follows from [11, Proposition 6.31] that the following diagram is commutative:

ZZ(TL, 7)- mod e A.(n,r)-mod

?Z*}CJA ch—»c+1

—0 T(e) —

A 1(n,7)-mod — A.y1(n, r)-mod,
so to prove that (3.13) is commutative it remains to check the commutativity of the following
diagram:

=0
Tm —9

Dg-mod“ A.(n,r)-mod
L%;L”a’];-»-l jT%?—)?LL-FI
femﬂ 0
Dg-mod® - A%H(n, r)-mod .

This was observed in [8, (5.1)]. Let us give a proof of this fact. We denote by Dg|(p«g)s-si- mod“*
the category of (G, c)-equivariant sheaves of modules over Dg|(«gy-=. Recall that the func-
tor 7% can be obtained as the compostion of two functors: ¢ = 7 o j*, where j*: Dp =
mod“¢ — DR](T*R)e_st—modG’c is given by F + F|(«pgye-« and the functor

701 Dp|i+py-s- mod“ — Af(n,r) sends a sheaf P to PEHV),

The following diagram is commutative

D(R)-mod“* ’ Dg| g+ gyo-si- mod“*
jﬁ%c«kl jﬁ—»c«kl
D(R)— ITlOdG’H_1 j* DR|(T* R)f—st= IIlOdG’C—’—1
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since for any F € Dp-mod®° we have

(QC ® ‘/—_')|(T*R)9*St = (QC)(T*R)9*5t & F|(T*R)9—st.

So we only need to check that the following diagram is commutative.

=0
T,
Dg| 1+ gyo-st- mod®* = A%(n,r)-mod
lff-c%c«l»l l7—c0~>c+1
G7 _|_1 %c-',-l 0
Dpg|(p+gyo-s-mod ™" —— A7, (n,7)-mod.

Note that the (sheaf) Hamiltonian reduction functor
o DR|(T*R)Gfst—mOdG7C — A’(n,r)-mod, F — FOLV)

is an equivalence since the action GL(V) ~ (T*R)?~t is free. Let us denote by p: (T*R)?~s* —
ﬁﬁ(n r) the natural morphism. The inverse functor 7% : A%(n,r)- mod — Dg|«gyr-«- mod
to 7 is given by

P = Qclireryo-st @p-1(a0(mry P (P).

It remains to prove that the following diagram is commutative

~0,!

Dg|(p+gyo-si- mod“* e A%(n,r)-mod
| [T&cﬂ
Dg| g+ gys-st- mod ™! Fen A%, (n,r)-mod
but this is clear from the definitions. O

It follows from Lemma 3.4.4 that we can assume that = € C is Zariski generic, so we
have an isomorphism C,,(Amn(n,7)) ~ @ &, Am i, (n;, ) (see Proposition 3.3.4), where
the sum is taken over all ordered collections (nl, ..., n,) of non-negative integers such that
n +...+n, =n.

According to [75, Sections 6.3, 6.3] the module L(@,..., @, nyg)) can be described as
follows. Let L*(ng\') be the module in category O over Am(n,1) corresponding to ngA’.
We have the projection k: Cyy(Am(n,7)) = Am(n,1) which makes L*(no)\’) a module over
Coo(Am(n,r)). Then L(2,...,d,noX') is the maximal quotient of A, (LA(no)N')) that does
not intersect the highest weight space L*(ng)\’), where

A, (LA (no\)) = Am (n, ) ®A/0 0 (1) LA (no)\).
We conclude that L(@,..., 3, ng\ )™ ~ LA(ng)\) as modules over Coy(Am(n,r)), here
L (D,...,2,moN )™ is the highest weight component of L= ,(ngA) w.r.t. 1. Note also

that it follows from |26, Proposition 7.8] that we have an 1somorphlsm between A= (n, 1)-
modules L= 1(ng\) and L*(ngX'). So to show that X' = X it is enough to check that
Lm (noA\)"™ > Lm 1(no)) as a module over Am (n, 1) = C,(Am(n,1)).
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Note that we have a natural isomorphism of vector spaces L%’r(no)\)hw >~ Lmn 1(no).
To see this let us denote by W™ C W the lowest weight component with respect to the
C*-action via . Set R™ := gl(V) @& Hom(V,W™) C R, M := M(O(no\)). We have
a tautological identification z%yr(no)\)hw = (M ® C[Hom(V, W™)])G:V) = Z%J(no/\). It
remains to prove the following proposition.

Proposition 3.4.5 The homomorphism r: Cyy(Am(n,r)) — Am(n,1) intertwines the ac-
tions
Cop(Am(n,r)) A~ Lm o (ngA)"™ = Lm 1(ngA) ™ Am(n, 1). (3.14)

We will prove this Proposition in the end of this section. Recall that the cocharacter
vg: C* — T is given by t +— (1,¢%, ... t%) with d; > ... > d,. Consider now the
following cocharacter vfy: C* — T, t + (1,¢0 =% d2=dr gdr1=dr 1) Note that the C*-
actions on M(n, ), MY(n, r) corresponding to vy, 14 coincide. So we have the identification
Cyy(Am(n,7)) = Cpy(Am(n,7)). Note also that R™ = R¥.

Let us now note that we have the natural isomorphism C,;(D(R)) ~ D(R") induced by
the embedding D(R'™) < D(R) which clearly intertwines the actions

Cy (D(R)) ~ (M @ C[Hom(V, W)])™ = M ® C[Hom(V, W™)] .~ D(R"™). (3.15)
Set ¢ := . Let us now understand the relation between the homomorphism
5 Cy(D(R) 2 GL(V)) — D(R™) [/ GL(V)

and the isomorphism C,;(D(R)) ~ D(R") above. Note that both of them are induced by
the corresponding isomorphisms of sheaves

KG
Cl/('] (AQ% (7’L7 T))|93?9(n,1) = "40% (TL, 1)a Cl/(l) (DR) = DRIW'

We start with two general lemmas. Let A be an associative algebra equipped with a

Z-grading A = @,, A" and J C A is a Z-graded two-sided ideal.

Lemma 3.4.6 We have a natural isomorphism C(A)/[J?°] == C(A/J), where C corre-
sponds to taking the Cartan subquotient and [J?°] C C(A) = AZ°/(A° N AA>?) is the
image of JZ° under the natural morphism J=° — C(A).

Proof: Both of them can be naturally identified with A=°/((A%° N AA>?) + J=9). O

Let A be an associative algebra as above and assume that the Z-grading is induced by
some element h € A, i.e. A" = {a € A|[h,a] =1ia}. Let [ be a reductive Lie algebra. Assume
that we are given a locally-finite completely reducible action [ ~ A which commutes with
the Z-grading and is induced by a map of Lie algebras ¢: [ — Der(.A). Assume also that
we have a quantum comoment map v: U(I) — A for this action, i.e. a homomorphism of
algebras v such that [v(z), —] = ¢(x)(—), Vx € L.

Remark 3.4.7 Note that the image of v lies in A°. Indeed, pick x € |, we have to show
that v(z) € A°. Note that h € A° and ¢(x)(A°) C A" so we must have [h,v(z)] € Ag. We
can decompose v(x) = Y., a; with a; € A; and note that [h,v(x)] = >, ., ia; lies in A°
only if a; =0 for every i # 0. The claim follows.
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Fix a character A: [ — C. Let P C A be the left ideal generated by {£(z) — A(z) |z € [}.
We define Ajf\l := (A/P)' = A'/P'. We analogously define C(A) /sl using the quantum
comoment map [v]: U(I) — C(A) which is well defined by Remark 3.4.7. Note that P' C A'
is a two-sided ideal.

Lemma 3.4.8 For any character A: | — C we have a natural epimorphism
C(AJA\D) — C(A) /AL

Proof: By Lemma 3.4.6 (applied to A' D P') we have C(AJ/\I) = C(A")/[(P>°)"]. Note also
that by the definitions C(A) J/xl = C(A)"/[(P>°)"]. Now the claim follows from the fact that
Id: A — A induces a surjective homomorphism C(A") — C(A)". O

Using Lemma 3.4.8 and the fact that the open sets ((T*R); J/? GL(V))"(©) | where f €
C[T*R]*(€™) N C[T*R]%’ is homogeneous of positive degree, form a basis for the conical
Zariski topology on 97 (n, r)*(®*) we obtain a homomorphism Coy(Dr /)8 GL(V))|ame () —
Cuy(DR)J)? GL(V) of sheaves on T*R™ /J® GL(V').

Lemma 3.4.9 The homomorphism Cy;(Dg/)? GL(V))lmom1y — Cuy(Dr) )2 GL(V) is an

1somorphism.

Proof: Note that C,y (Dg//® GL(V))|owo (1), Cuoy(Dr) /% GL(V') are filtered and by [73, Propo-
sition 5.2 (2)] we have

gr CV{J(DR///gG)bﬁG(n,l) = 09329(71,1) =gar Cug(DR)//g GL(V).

The homomorphism C,; (Dg /2 GL(V))|amo (1) = Cuy(Dr) /% GL(V') preserves filtrations and

the associated graded equals to Id: Ogpo(,1) = Ogno(n,1y- The claim follows. 0J
Lemma 3.4.9 gives us an explicit construction of an isomorphism

Coy (DR S GL(V)) oo (1) == Cyy (D) /)% GL(V).

Note that the sheaf Cy;(Dg//? GL(V))|mon,1y is exactly C,y(Af(n,r)). We claim that the
sheaves Af(n,1), C,;(Dg)//? GL(V) are canonically isomorphic and the isomorphism be-

tween them is induced by the isomorphism D(R"™) —= C,;(D(R)). To see that it is enough
to prove the following lemma.

Lemma 3.4.10 The isomorphism D(R") = C,,(D(R)) induces an isomorphism
I == [I7°%0], where

I =D(R){¢r —ctr¢|& € gli(V)}, and Iy, = D(R™){&pu — ctré | € € gl(V)}.

Proof: It is enough to check that that the isomorphism D(R"™) =% C,,(D(R)) induces a
surjective map I, — [I 20”’6]. The ideal Iy, is generated by the elements of the form
Epw — ctré, € € gl(V). Note that &g — Epw € D(R)>%% because the action of 1(C*)
contracts R to R™ = R*%(®™). Tt then follows that, in the Cartan subquotient C, (D(R)) ~
D(R)>% /(D(R)>**0 N D(R)D(R)>**) we have [£qw — ctré] = [€g — ctré]. The claim fol-

lows.
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OJ
Proof:|Proof of Proposition 3.4.5] Combining Lemmas 3.4.8, 3.4.9, 3.4.10 and using the
constructions therein we see that the isomorphism

"ie: CV(/) (Aem (na r))’ime(n,r) = Aeﬂ (Tl, 1)

is induced by the natural embedding D(R"Y) < D(R). Now the desired statement about
the intertwining property of r: Cy(Am(n,r)) — Am(n,1) follows from the fact that the
isomorphism C,; (D(R)) ~ D(R'") intertwines the actions in (3.15). O

3.5 Character of Lm .(noA) = L,(9,...,d, noA)

Our construction of Lm .(ngA) allows us to compute its character. Recall that we have set
mg = m/ ged(m,n) and ng = =n/ged(m,n).

3.5.1 Characters of minimally supported modules over H n (m,1)

Recall that S=(mgA) is the irreducible highest weight module over H= (m, 1) with highest
weight moA. The character of Sz = (mpA) was computed in [26, Theorem 1. 4]. Let us recall
the answer. Let A be the ring of symmetrlc functions on infinitely many variables 21, zs, . . ..
For a partition S of m we define a constant cf,mo by

sa(2]", 290, . .0) = Z cimosﬁ(zl, 29,0 4),
B

where sy, sg € A are the corresponding Schur polynomials.

Proposition 3.5.1 The class [Sx» (mo))] € Ko(O(H=(m,1))) is given by the formula

mo)\ Z C) mo Zﬁ ],

BFm
where An (B3) is the standard object with highest weight (3 in the category O(H = (m,1)).

Proof: The module A%(ﬂ) is the graded dual of the co-standard module
Va(B) € O(H=(m,1),h) of modules with locally nilpotent action of h. In the category O
for Hx» (m, 1), the classes in K of standard and co-standard modules coincide. Since taking

the graded dual preserves the labels in category O, the result now follows from [26, Theorem
1.4]. O
Recall that for a finite dimensional representation V' of .S,, its Frobenius character is

chg, V = — Z Try (o pfl(g) €A, (3.16)

O'ES'N’L

here p; € A are power sums, k;(o) is the number of cycles of length i in o, and A is the algebra
of symmetric functions. For a partition 5 of m the Frobenius character of the irreducible

90



representation Vj is given by the Schur polynomial sg € A. We will use plethystic notation,
so that f [ X ] denotes the image of f € A under the automorphism that sends power sums

Pk 1O i [fq] = 5.

Lemma 3.5.2 For a partition 3 of m we have

_ _m—1 ﬂﬁ] X
s, (A2 (8)) = (1= g g "= s L - ql] ,

where k([3) is the sum of contents of all boxes of 3.

Proof: Tt follows from [5] that the highest weight component of A » () has weight G
The module A= (f) is isomorphic to Vs ® C[h] as S, x C*-module and the C*-action
corresponds to the shifted standard negative grading C[h] = ®k>0 Sk(f]*), deg( Sk(h*)) _
—k - m—l + = li(ﬂ) Consider now a permutation o € S,,. It is clear that dety(1 — ¢ o) =
— 1H( ¢ )", Note also that

Try, (o)
dety(1 — ¢~ 'o)

Try, (o)

=0 e

Try,ecp (0q") =

We conclude that

mt ) TI'V pk (o)
Cthm( Z ]'_q ) 6( )H k(o‘) -

n m— X
= (1—q ")gn "5 s { } :

1—q!
O
Corollary 3.5.3 The q-graded Sp,-character of S» (moA) is given by
chy g, (Sn(moA)) = (1 —q~ Z c BT “Blgg X :
q,5m \* - Amo 1— q—l
BFm
Proof: Follows from Proposition 3.5.1 and Lemma 3.5.2. 0

Computation of the character of Lm ,.(ngA)

Let us now finally compute the g-graded GL, character of the module L%,r(no)\)- Recall
that we have a ¢-graded GL,-equivariant isomorphism

L (noA) = (Sz (moA) @ (C)m)5m, (3.17)
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Proposition 3.5.4 We have

chyar, (L (noA)) =

— _m=1l,mn . X %
I D e e Il
r(p)<min(n,r)

M,u,ﬁkm

where (, ) is the Hall inner product on A, i.e. the inner product with respect to which
(Sas 8y) = 0y for any two partitions ., 7.

Proof: By Corollary 3.5.3 we have

_ _m=1l,mn . X
chys,, (Sz(meA') = (L—q7") > &0 7 " Psp [ _1] :

By Schur-Weyl duality we have

chs, oL, (C)E™) = > saWa(8)7].
r(8)<min(n,r)

Bl=m

So from (3.17) we obtain the desired equality. O
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Chapter 4

Bethe subalgebras, Kirillov-Reshetikhin
crystals and monodromy

4.1 Introduction

Results of this Chapter are joint with Leonid Rybnikov and Inna Mashanova-Golikova. Let g
be a complex simple finite dimensional Lie algebra and GG be the adjoint Lie group with the Lie
algebra g. To every C' € GG one can associate a commutative subalgebra B(C') in the Yangian
Y (g), which is responsible for the integrals of the (generalized) X X X Heisenberg magnet
chain. Using the approach of [43], we construct a natural structure of affine crystals on
spectra of B(C') in Kirillov-Reshetikhin Y (g)-modules in type A. We conjecture that such a
construction exists for arbitrary g and gives Kirillov-Reshetikhin crystals. Our main technical
tool is the degeneration of Bethe subalgebras in the Yangian to commutative subalgebras
A} in the universal enveloping of the current Lie algebra, U(g[t]), which depend on the
parameter y from the Lie algebra g (and are of independent interest). We show that these
subalgebras come from the Feigin-Frenkel center on the critical level as described by Feigin,
Frenkel and Toledano Laredo in [29]. This allows to prove that our affine crystals in type
A are indeed Kirillov-Reshetikhin by reducing to the crystal structure on the spectra of
inhomogeneous Gaudin model which is already known (|43]). As an application, we obtain
the description of the monodromy of eigenvalues of quantum multiplication operators for
type A quiver varieties. This chapter is self-consistent and the notations slightly differ from
the notations used in the previous chapters.

4.1.1 g-crystals and Gaudin subalgebras

Let g be a simple finite dimensional Lie algebra over C. Kashiwara g-crystals are combi-
natorial objects which model bases of representations of g. Namely, a g-crystal B is a set
equipped with operators e;, f;: B — B U {0} attached to every simple root «; of g, together
with the weight function wt, satisfying certain conditions (see Section 4.9 for details). In
particular, attached to each irreducible finite dimensional representation V) of g, we have a
connected crystal By. Given two g-crystals B, B’, one can form their tensor product B ® B’.
Crystals By (more generally By, ® ... ® B,,) can be constructed with the help of so-called
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inhomogeneous Gaudin subalgebras of U(g)®* (see [43] for details). Let us recall the latter
and also recall the results of [43] that are important for us.

Let h C g be a Cartan subalgebra. To every x € b and distinct z1,...,2; € C one can
associate a commutative subalgebra A, (z) = A, (21,...,2) C U(g)®" (so-called inhomoge-
neous Gaudin subalgebra of U(g)®*, see, for example, [43, Section 9| and references therein).
For x € h™&, the algebra A, (z1, ..., z) is a maximal commutative subalgebra of U(g)®" and
h C A (z1,...,2). These commutative subalgebras describe the quantum integrable spin
chain called Gaudin magnet, see [25], [28], [29].

Let A1,..., Ay be dominant weights of g. We have the natural action A, (21,...,2;)
Vi ®...®@V)y,, where V), is the irreducible representation of g, corresponding to the dominant
weight ;.

The following proposition holds by [43].

Proposition 4.1.1 For every dominant Ay, ..., Ny and x € bg®, z1,...,2r € R, the action

of Ay (z) on the tensor product V), ® ... ® Vy, has a simple spectrum.

Let us denote by &, ()) the set of eigenlines of A, (z), acting on V 1=V}, @ ... ® V),.
Our goal for now is to describe the natural crystal structure on &, (A) (following [43]).
To every positive root a of g we can associate the corresponding wall

H, :={zx € bg, (a,x) =0} C bg.

Walls H,, separate bg into (closed) chambers O,, parametrized by the elements w of the Weyl
group W of g. We set O8 := O,, Nh™e (O is the interior of O,,). Recall that y € hp® and
our goal is to describe the crystal structure on the set £, (A). For the simplicity of notation,
we assume that x € O;. Recall that

01 = {f < hR, <ozi,x> > O} - bR'

Recall that h C A, (z), so every eigenline for A, (z) must be an h-eigenline of some weight
p. Thus, for L € £,(A), we can define wt(L) = p if L has h-weight p.

Let us now define the crystal operators e;, f; for £ ()). Pick an element xo € H,,,
lying in the interior of H,, N O;. Then the algebra A, ,) := lim Ayotex(2) (see Section 4.2

for the discussion of limits of families of subalgebras) is generated by A, (z) and the ele-
ment A*(h,,) € U(g)®* (same argument as in the proof of [43, Lemma 10.9] works), where
A:U(g) — U(g)®* is the (iterated) comultiplication homomorphism and h,, € b is the
coroot, corresponding to o;. We can decompose V. = V), ®...® V), as A,,(z)-module in the
direct sum of weight spaces V. = P, , Arg ()T V. Since the action of A, )(2) on V has
a simple spectrum (see [43, Section 11.1]), it follows that the action h,, ~ V" has a simple
spectrum i.e. V7 =@, , V! with V! being one-dimensional.

Recall also that the set {V'} of eigenlines of Ay, ,)(2) on V canonically identifies with
Ey(A). We define

ei(K?) = K?H» fi(K?) = K?fr

This allows to define the g-crystal structure on the set &, (A) of eigenlines of A, (z), acting
on V), ®...®V,,. Let us describe the crystal £ (A). We start from the case k = 1 i.e.
A = A1 = A\. The following theorem is [43, Theorem 12.3].
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Theorem 4.1.2 For every dominant A and reqular x € O, there is an isomorphism of
g-crystals £, (\) =~ By.

One can generalize Theorem 4.1.2 to the case of arbitrary k-tuples of dominant weights
A1, -+, A\g. The following theorem follows from the results of [43].

Theorem 4.1.3 For z; < ... < z; and reqular x € O1, we have a canonical isomorphism
of g-crystals
E(A) = E (M) @ ... @ E (M)

so we obtain the isomorphism of g-crystals
SX(A) ~ B)q ®X...Q B)\k‘

Remark 4.1.4 This relation between Bethe ansatz in the Gaudin spin chain and crystal
bases was first noticed by Varchenko in [111], for the case g = sls.

4.1.2 Bethe subalgebras

Gaudin magnet is known to be a degenerate version of the X XX Heisenberg spin chain,
whose integrals come from Bethe subalgebras in the Yangian Y (g), a certain Hopf algebra
deformation of the universal enveloping algebra U(glt]) (see Section 4.7 for the definition of
Y(g)). Let G be the adjoint group with Lie algebra g. To every C' € GG one can associate
the Bethe subalgebra B(C') C Y(g) that is a commutative subalgebra of the Yangian (see
Section 4.8 for details).

Motivated by the classical results of Kirillov and Reshetikhin on the combinatorial de-
scription of asymptotics of solutions to Bethe ansatz equations for the X X X Heisenberg
chain [63], we aim to formulate and prove a statement similar to Theorem 4.1.3 with Gaudin
subalgebras being replaced by Bethe subalgebras in Yangian and g-crystals by Kirillov-
Reshetikhin crystals (i.e. certain finite g-crystals). For this, we first relate Bethe subalgebras
and Gaudin subalgebras for arbitrary simple g (see Theorem 4.8.12). We then restrict to
type A and (using Theorem 4.8.12) prove the precise statement similar to Theorem 4.1.3
(see Theorem 4.1.6 below). It would be very interesting to generalize our results to the case
of arbitrary simple Lie algebra g.

4.1.3 Gaudin subalgebras as limits of Bethe subalgebras

In this section we describe the precise relation between Bethe subalgebras in Yangians and
(universal) inhomogeneous Gaudin subalgebras of U(glt]).

Recall that A,(z) is a subalgebra of U(g)®*. It turns out that A_,(z) can be realized
as ev;(AY), where ev,: U(gt]) = U(g)®* is the evaluation homomorphism (at the points
z1,--,2) and Ay C U(g[t]) is a certain subalgebra of U(g[t]), which we call the inho-
mogeneous universal Gaudin subalgebra. The algebra A} is defined as the image of the
Feigin-Frenkel center Z in the quantum Hamiltonian reduction U(g)_1/2//t 'g[[t™']] (see
Section 4.3.3 for details).

It turns out that the algebra A} is the limit of Bethe subalgebras in the following sense.
Consider the family B(exp(eyx)) C Y(g), € € C*. Recall that Y(g) is equipped with a
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filtration F5 such that gr, Y (g) ~ U(g[t]) (see Section 4.7.3 for the discussion of filtrations
on Y(g)). We can pass to the Rees algebra Yj(g), corresponding to the filtration above
(Yx(g) is nothing else but the well-known homogeneous version of the Yangian Y (g)). Then,
for every € as above, we obtain the algebra Y.(g) := Yi(g)/(h — €). For e € C*, we have
the natural isomorphism Y (g) == Y.(g) and denote by B.(exp(ey)) C Yc(g) the image of
B(exp(ex)). The following Theorem gives a precise relation between Bethe subalgebras in
Y (g) and universal inhomogeneous Gaudin subalgebras of U(glt]).

Theorem 4.1.5 We have

X

lim B (exp(ex)) = A},

4.1.4 Kirillov-Reshetikhin crystals and Bethe subalgebras in type
A

In this section we assume that G = PGL, so g = sl,, (we identify it with the quotient of
gl,, by the center). We denote by b C sl, the (classes of) diagonal matrices. Recall that to
every C' € G one can associate the Bethe subalgebra B(C') C Y (g). Recall also that (since g
is of type A) we have the evaluation homomorphism ev,: Y (g) — U(g)®* that depends on
the collection of points z1,..., 2, € C.

Let A1,..., Az be a collection of dominant weights of g. The algebra B(C) acts on
Vi, ®...®V,, via the homomorphism ev,, the corresponding B(C')-module will be denoted
by Vi, (1) ® ... ® V), (2x). Assume that C is a regular element of the maximal compact
subtorus S C PGL,, consisting of (classes of) unitary diagonal matrices. By the results
of [50] (see Section 4.14), for generic z1, ..., 2z; in the appropriate shifts of iR and \; = a;oy,
being multiples of fundamental weights, the action of B(C') on Vo, z, (21)®. .. ® Vo, (2k) has
a simple spectrum. We denote by £c(A) the set of eigenlines of B(C), acting on Vi, 4, (21) ®
R ‘/akwbk (Zk)

Consider the covering map

exp: hbp — S, x — exp(2miy).

As for the Gaudin case (see Section 4.1.1), S is separated by walls (that are root subtori
of S). Preimages of walls in S under the covering map exp induce the decomposition of hg
into alcoves parametrized by the affine Weyl group, corresponding to g (see Section 4.12 for
details). Using the same approach as we described in Section 4.1.1 (for the Gaudin case)
i.e. passing to limits li_r)n B(C) as C' — Cj being generic element of the appropriate (affine)

wall (see Section 4.13), we can endow Ec(A) with a g-crystal structure (see Section 4.16 for
details).
The following theorem holds and should be considered as an analog of Theorem 4.1.3.

Theorem 4.1.6 (a) For every dominant X that is a multiple of a fundamental weight there
is an isomorphism of g-crystals Ec(N) ~ By, where By is the Kirillov-Reshetikhin crystal,
corresponding to \.

(b) For a collection \i,...,\x of dominant weights such that every X\; is a multiple of
a fundamental weight and z; are as above with Imz; > Imzy > ... > Imz,, we have a
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canonical isomorphism
SC(A) ~ ‘C/‘C(/\l) X gc(/\g) o gc()\k),
so we have the isomorphism of g-crystals

gc(A) ~B), ®...® B>\k.

4.1.5 Main results and structure of the chapter

The chapter can be divided into two parts. The first part consists of Sections 4.2, 4.3, 4.4, 4.5,
4.6, 4.7, 4.8, where the universal inhomogeneous Gaudin subalgebras A} C U(g[t]) are de-
fined, studied and realized as limits of Bethe subalgebras, in this part g is an arbitrary simple
Lie algebra. Second part consists of Sections 4.9, 4.10, 4.11, 4.12, 4.13, 4.14, 4.15, 4.16, 4.17.
It illustrates one possible application of the results of the first part and is actually the main
motivation for us. In this part we assume that g = sl,,. We discuss the action of Bethe subal-
gebras B(C) C Y (sl,) on the tensor products V), ®...®V), of irreducible representations V},
of sl,,. The action arises from the so-called evaluation homomorphism ev,: Y (g) — U(g)®*,
which depends on zy,..., 2, € C. The action B(C) ~ V), (21) ® ... ® V), (2) has a simple
spectrum under certain conditions on z, A and C (for the proof of this statement we refer
to [50]). We denote by E-(A) the set of eigenlines for the action B(C) ~ V), (21) ® ... ®
Vi (). Using the similar approach as in [43], we define on () the structure of the sl,-
crystal and identify it with the tensor product of Kirillov-Reshetikhin crystals, corresponding
to representations V), (see Theorem 4.17.4).

The chapter is organized as follows. In Section 4.2 we discuss various notions of limits
of families of algebras (or more generally vector spaces) and recall the Rees construction. In
Section 4.3 we recall various realizations of Gaudin subalgebras and their classical analogs,
we then define the universal inhomogeneous Gaudin subalgebra A} C U(glt]) and its classi-
cal analogue A% C 5°(g[t]). In Section 4.4 we consider the image of the algebra A% under
the evaluation homomorphism ev,, .. : U(g[t]) = U(g)®* and identify it with the so-called
inhomogeneous Gaudin subalgebra of U(g)®* (see Proposition 4.4.10). In Section 4.5 we
compute the Poincaré series of algebras A}, Z; (see Propositions 4.5.7, 4.5.8). In Section

4.6 we realize AY, .71; as centralizers of certain quadratic elements €, € AL, Q€ 71;

(see Proposition 4.6.6), this is a generalization of the similar result for y = 0 (see [53,
Theorem 5.1]). In Section 4.7 we recall the definition of the Yangian Y'(g), corresponding
to g and discuss its RTT-realization. We also discuss various filtrations on the Yangian
and recall the description of the associated graded and bigraded algebras. In the end of
Section 4.7 we recall some facts from the representation theory of Y(g). In Section 4.8
we recall the definition of Bethe subalgebras B(C) C Y(g). The main result of this sec-
tion is the realization of the universal inhomogeneous Gaudin subalgebra A} as an explicit
limit of certain Bethe subalgebras (see Theorem 4.8.12). In Section 4.9 we recall the no-
tion of sl,, g[n—crystals and Kirillov-Reshetikhin crystals. The main result of this section
is Proposition 4.9.14 (that is certainly well-known to experts). Section 4.10 recalls some
properties of Yangians Y'(sl,), Y(gl,), Bethe and Gaudin subalgebras, evaluation homo-
morphisms. In Section 4.11 we study generators of the universal inhomogeneous Gaudin
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subalgebras A; C U(gl,[t]) (see Proposition 4.11.5). As a corollary, we obtain generators of

the inhomogeneous Gaudin subalgebras A, (z1, ..., 2x) C U(gl,)®* (see Corollary 4.11.7 and
Proposition 4.11.8). In Section 4.12 we recall affine and extended affine Weyl groups of type
A, alcoves and (affine) walls. In Section 4.13 we study limits of Bethe and Gaudin subalge-
bras to generic points of a wall. In Section 4.14 we formulate the results of [50] that give a
criterion for the action of Bethe subalgebras on the tensor product V), (z1) ® ... ® V), (%)
to have a simple spectrum. In Section 4.15 we study the image in End(V), ® ... ® V},) of a
certain two-parametric family. In Section 4.16 we define the structure of ﬁ[n—crystal on the
set Ec(A) of eigenlines of B(C) ~ V), (21) ®...®@ V), (2x). In Section 4.17 we prove that the
crystal £(A) is isomorphic to the tensor product By, ® ... ® B,, of Kirillov-Reshetikhin
crystals. In Section 4.18, we compute the monodromy of the covering £-(A) and obtain the
explicit description of the monodromy of eigenvalues of quantum multiplication operators
for type A Nakajima quiver varieties.

4.2 Rees construction and various limits

4.2.1 Limits of families of subspaces of a fixed vector space

In this section we define limits of families of subspaces of a filtered vector space and discuss
some properties of this construction that will be useful later. Let U be a vector space over
C equipped with an increasing Zso-filtration Q*U by finite dimensional vector subspaces.
Let Z be either a formal disc D = Spec C[[t]] (more generally Spec R, where R is a discrete
valuation ring) or an affine line A! and let Z be either D = Spec C((¢)) or A'\ {0}. By a
point € of Z we will mean a k-point of Z, where k = C for Z = A! and k is either C or C((t))
for Z = D (C or Frac R for Z = Spec R). An algebraic family of subspaces H. C U®k, € € Z
is a collection of compatible morphisms f;: Z — Gr(d(i), Q'U), i € Zs i.e. a collection of
morphisms f; as above such that for every ¢ € Z and i < j we have Q' H.N(Q'U®k) = Q'H.,,

where Q’H, = f;(e), Q'H. = fz(e)

Remark 4.2.1 In other words, we are given an algebraic family of subspaces H. C URk, € #
0 such that d(i) = dimy(H. N Q'U) does not depend on e.

Since Gr(d(i),Q'U) is a proper variety, we can uniquely extend each fZ to the map
fi: Z — Gr(d(i), Q'U) and define lir% H. as |, fi(0) C U. We also set lir% Q'H. := f;(0).
€E—r €E—r

Lemma 4.2.2 Pick a € lin% Q'H.. There exists an algebraic morphism a: Z — Q'U such
e—
that a(e) € H, for e # 0 and a(0) = a.

Proof: Recall that we have a morphism f;: Z — Gr(d(i), Q'U), which sends € € Z to Q'H,
and sends 0 to ir% Q'H.. Let V be the tautological vector bundle on Gr(d(i), Q'U). Consider
the pull-back fV, it is a vector bundle on Z. Note that every vector bundle on Z is trivial.
Note also that a can be considered as an element of the fiber of f*) over a point 0 € Z.
Vector bundle f}V is trivial so there exists a section a: Z — f;V such that a(0) = a. Note
that we have a natural embedding of f;V into the trivial vector bundle Z x QU — Z. In

98



other words, one can consider a section a(e) as a map a: Z — Q'U such that a(e) € Q"H,
for every € # 0 and a(0) = a. O

Lemma 4.2.3 Let a: Z — Q'U be an algebraic morphism such that a(e) € H, for e # 0
then a(0) € lir% Q'H..
e—

Proof: Since 0 € lir% Q"H,. we can assume that a(0) # 0. Let eq,...,e44)-1 be any subset
e—
of liné Q"H, such that {a(0), e, ..., equ-1} are linearly independent. By Lemma 4.2.2, we
e—

can find morphisms ¢é;: Z — Q'U such that é;(¢) € H, for ¢ # 0 and ¢;(0) = ¢;. Note
that there exists a Zariski open neighbourhood of zero 0 € W C Z such that the morphism
anér A Aegp-1: W — ADQIU maps to AIQU \ {0} (i.e. for e € W elements of
the set {a(e),éi(e),...,Eau-1(e)} are linearly independent). Since dim Q'H, = d(i) and
{a(e),éi(e), ..., eaum-1(e)} C Q'H, it follows that the elements {a(e),é;(e),. .., qm-1(€)}
form a basis of Q°H,. Recall that we have a closed embedding Gr(d(i), Q°U) C P(AYDQ'U)
and we can consider Q'H, € Gr(d(i),Q'U) as [a(e) A é1(€) A ... A Equy-1(€)] € P(A*DQU).
Consider the algebraic morphism [@ A& A ... Aégp—1]: W — P(AYDQU), its value at € # 0
is H. and the value at ¢ = 0 is [a@(0) A ey A ... A equ)—1]. We conclude that lii%QiHe =

[a(0) Aer Ao Aeguy-1] so a(0) € lin% Q'H.. O
e—

Corollary 4.2.4 The limit lir% Q'H, can be described as follows: it consists of elements
e—

a € Q'U such that there exists a morphism a: Z — Q'U such that a(e) € H, for € # 0 and
a(0) = a.

Proof: Follows from Lemmas 4.2.2, 4.2.3. O
To every k-vector subspace W C U ® k we can associate its dimension with respect to
the filtration Q°:

. . WnN(QU®k ;
dimg W := ;dlmk (Wﬁ (C(Qi—lU®l)<)> q' € Zlq).

For two series a(q) = >, aiq’, b(q) = > -0 biq" € Z[q] we say that a(q) > b(q) if Y7 a; >
Y or o bi for every n € Z,.
Lemma 4.2.5 (1) We have dimg H, < dimQ(lir% H.).

e—

(2) If the filtration Q*U was induced by some grading with respect to which H, are graded
then we have dimg H, = dimQ(lir% H.).
e~

Proof: Follows from the definitions. U

Remark 4.2.6 Note that it is not true in general that dimg H, = dimQ(lir% H.). Indeed,
€—

take, for example, U = C|x] with the filtration by the degree of the polynomial and let
H. C C[z] be the subalgebra generated by ex? + x. Then lin% H. = C[z], its dimension is
e—

strictly greater than the dimension of H; = C[z + 2.
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Lemma 4.2.7 (1) If U has an algebra structure such that Q'U - QU C Q™ U and H. C

U ® k are subalgebras then lir% H. is a subalgebra of U. Moreover, if H. are commutative
e~

then lir% H, is commutative.
€E—>

(2) If U is itself commutative and equipped with a Poisson bracket {, } such that H. C U
are Poisson commutative subalgebras then lir% H. is Poisson commutative.
e

Proof: Let us prove part (1). Pick two elements a; € lir%QiHe, as € lin%QjHe. By
€E—> €E—>

Lemma 4.2.2 we can find morphisms a,: Z — Q'U, dy: Z — QU such that a;(¢) € H,
for € # 0 and @;(0) = a;. Consider the morphism aia,: Z — QU and note that
ai(e)az(e) € H. for € # 0 (use that H. C U ® k is a subalgebra). It follows from
Lemma 4.2.3 that ajay € lg% Q" H,. Assume now that H, are commutative. The com-

position [y, as): Z — Q'U x QU — U is clearly continuous. Note that [a;(¢), as(€)] = 0 for
€ # 0 so we must have [a,(0), ax(0)] = 0.
To prove part (2) consider two elements a; € liH(l) Q'H,, ay € lir% (QQ’H,. By Lemma 4.2.2
€E— €—

we can find a,: Z — Q'U, ay: Z — QU such that a;(¢) € H, for € # 0 and a;(0) = a;. The
composition Z — Q'U x Q’U — U is clearly continuous. Note now that {a;(e),az(e)} =0
for € # 0 so we must have {a;(0),a(0)} = 0. O

“Continuous” version of Corollary 4.2.4

In this section we formulate a lemma that should be considered as a “continuous" analog of
Corollary 4.2.4 above. The results of this section will be used in Sections 4.13, 4.15 of the
text.

Let W be a finite dimensional vector space over C and d € Zz;. Let (P,)nez., be a
sequence of points of Gr(d, W) (considered as a smooth manifold) and assume that the limit

lim P, exists and is equal to some vector space P € Gr(d, W).
n—oo

Lemma 4.2.8 Vector space P can be described as follows: it consists of elements a € W

such that there exists a sequence a, € P, with lim a, = a.
n—oo

Proof: Let us show that if a, € P, and lim a, = a then a € P. Consider the natural

n—oo

embedding Gr(d, W) < P(A’W). Consider the tautological line bundle Op(payy)(—1). It can
be trivialized in some neighbourhood of P so we can lift P,, P to some elements a,, o« € AW

such that lim «,, = a. It follows that lim o, A a, = a A a. Note now that o, A a, = 0 so
n—oo n—oo

aAa =0, hence, a € P.

Let us show that if a € P then one can find a sequence a,, € P, such that lim a, = a.
n—oo

Consider liftings a,,, « as above. Note that a € P so there exists a functional £ € (W®@d—1))*
such that O¢(a) = a. Set a, := O¢(av,). It follows from the definitions that a, € P, and

lim a, = a. ]
n—oo

4.2.2 Rees construction and limits

In this section we recall the classical Rees construction and discuss its compatibility with
taking limits. Let A be an algebra equipped with an increasing Z--filtration by C-vector
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spaces

=F'ACF'ACF'AC...
such that F"A - F/A C F™A for i,j € Zso and 1 € F°A. Consider the following C|[A]

subalgebra of A[A]
Rees(A) = @ R'F'A
120
For € € C we set A, := Rees(A)/(h — €). More generally, for every k-point ¢ € A! we define
Ac as A ®cpp k. We have a canonical isomorphism of C[h*!]-algebras:

Rees(A) @cpy CIRF') = A[RFY], (A'a) @ B — RMa,

where i € Z>o, | € Z and a € F'A.
For € # 0 we obtain an isomorphism

A" AL A, [R'a] = [€'Rla] — é'a.
Assume now that the algebra A is equipped with some filtration by C-vector spaces
=L 'ACIL’AcL'AcC...

such that dim L’ A < oo for every j € Zo.
We can define a filtration L® on Rees(A) in the following way:

L' Rees(A) = PR (FFANLA).

120

Note that L7 Rees(A) is a C[h]-submodule of Rees(A) so the filtration L’ Rees(A) induces a
filtration on every A.. Note also that L’ Rees(A) is a finitely generated C[h] module: indeed,
L7 Rees(A) is a submodule of the C[h]-module @, 'L’ A that is free over C[h] with any
basis of L7A as the set of generators. Using that C[A] is Noetherian, we conclude that
L7 Rees(A) is finitely generated.

It follows that dim L'A, < oo for every i € Z-g. Recall that for every k-point ¢ of Al
and every vector subspace B, C A., we can define the dimension dim;, B, € Z[q] as

L'A.N B, -
dim;, B Zdlmk (LZ 7 mB)(]’EZ[q].

Recall that L‘Rees(A) is a finitely generated C[h)-module i.e. a coherent sheaf on Al.
Note also that L'Rees(A) is torsion free finitely generated, hence, is free. We denote by
(L'Rees(A))Y the C[hJ-module Homcp(L'Rees(A), C[h]). Consider the spectrum of the
relative symmetric power Spec(S(E[h]((LiRees(A)))V) and denote it by L'A,1. Note that we
have a natural map L?A,: — A! that is a vector bundle with fiber over € € A! being equal
to A..

Recall that we have a vector bundle LA, — A! with fiber over € € Al being L‘A,.. Con-
sider the relative Grassmannian Gra1 (d(i), L'Ag1) — Al its fiber over e € Alis Gr(d(i), L' A,).
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Let Z be a scheme as in Section 4.2.1 and let us fix a morphism Z — A!. We denote by
L'Ay — Z, Gryz(d(i), L'Az) — Z pull backs to Z of the corresponding A'-schemes.

Let us fix an algebraic family B. C A, for € # 0 such that d(i) = dim(B. N L'A,)
does not depend on e. In other words, consider a collection of compatible morphisms
ﬁ: 7 — Grz(d(i), L'Az), then L'B, = f(e) and B, = U;s0L'B.. By the valuative crite-
rion of properness (applied to Gr(d(i), L'Az), Z considered as schemes over Z) this section
extends uniquely to the section f: Z — Grz(d(i), L'Az). We define lg% L'B. as f(0) C Ay.
We set lim B, := (J,o, lim L' B..

e—0 “Fe—=0
Vector bundle LAy — Al is trivial so the following lemma can be proved in the same

way as Lemmas 4.2.2, 4.2.3.

Lemma 4.2.9 The limit lir% LiB. can be described as follows. FElement a € LAy lies in
e~

the limit lir% LB, if and only if there exists a section a: Z — L'Ay of the vector bundle
e—

L'Ay — Z such that a(e) € L'A, for € #0 and a(0) = a.

Lemma 4.2.10 We have dim;, By < dimL(lir%Be).
e—

Proof: Follows from the definitions. U

4.3 Universal inhomogeneous Gaudin subalgebras: defi-
nitions

4.3.1 Three filtrations on S*(g[t]), U(g[t])
Let g be a finite-dimensional simple Lie algebra. Let (, ) be the Killing form on g. We

r € gand n € Z, we set z[n] ==z ®t" € g((t~')). We define a Lie algebra structure on
g((t™h)) as follows: [z[n],y[m]] := [z,y][n +m], z,y € g, n,m € Z. Set g[t] := g ® C[t],
t~'g[[t7Y]] ;= g @ t'C][[t7!]]. The natural decomposition g((t71)) = g[t] ® t'g((t7!)) is the
decomposition of Lie subalgebras.
Let us discuss filtrations on S*(g[t]), U(g[t]) that we will use. We have the PBW -filtration

on U(glt]) defined by putting

degppy z[n] = 1.
Note that the associated graded grppgy U(g[t]) is isomorphic to the Z-,-graded algebra
S*(a[t]) = D, 57 (g[t]). Grading on S*(glt]) induces the filtration that we will also call the
PBW-filtration on S*(g[t]). We will denote by grppy, the associated graded with respect
to the PBW-filtrations on U(gl[t]), S*(g[t]). We also have filtrations F; on U(g[t]), S*(g[t])
defined by putting

deg, x[n] =n + 1.

We will denote by gr; the associated graded with respect to these filtrations. Finally, we
have filtrations F, on U(g[t]), S*(g[t]) defined by putting

deg, x[n] = n.
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We will denote by gr, the associated graded with respect to these filtrations.
Note that we have ' 4
dim F{S*(g[t]), dim F{U(g[t]) < oo

for every i € Z>o. So, as in Section 4.2, for any vector subspace W of S*(g[t]) or of U(glt])
we can define . '
dimp, W =) (dim F{W)q' € Z[q], (4.1)
i>0

where FTW is the induced filtration on W.

4.3.2 Feigin-Frenkel center and its classical version

In this section we recall the Feigin-Frenkel center Z that is the center of a certain completion
of the universal enveloping algebra of the affine Lie algebra g at the critical level. We also
recall the description of the associated graded grpp, £. The results of this sections follow
from [3], [25], [28], [31].

Recall that

a=g((t™) ®CK, [z[n] + bK,y[m] + cK] = [z, y][n + m] + n(z,Y)dnrmoK (4.2)

is the affine Kac-Moody algebra, the central extension of the loop Lie algebra g((t™!)). Define
the completion U(g) of U(g) as the inverse limit of U(g)/U(g)(t "g[[t"']]), n > 1 and set

U(8)-1/2 = U(8)/(K+1/2).

Algebra U (8)—1/2 is equipped with the PBW filtration. The associated graded
grppw U(8)—1/2 is isomorphic to the completion:

S*(a((t71)) = lim S*(g((t~")))/S"(a((t~" )¢ "gllt™"])).
Let Z be the center of U (9)—1/2. Note that Z contains the following quadratic elements:

S = " wlplralg) € 2 CU@)-1pe, 7 €L

a,pt+q=r

It is known that there are elements Sy), e ,Sr(l:)g € Z,r € Z, such that the image of Z in
every U(g)_1/2/U(g)-1/2(t "g[[t']]) is generated by the images of these elements.
There are no simple explicit formulas for the elements SZ.(T) for ¢ > 1, but one can describe
g pEw Si(r) € S*(g((t™))) explicitly. To do this, let us first describe the associated graded
7 := grppw Z that is a Poisson-commutative subalgebra in the completion S®(g((¢71))).
To an element x € g we can associate the following infinite sum
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that we consider as an element of ] ., S(g((t71)))2". We can uniquely extend the map
x +— x(z) to the homomorphism of algebras

S*(g) = [[ Sta(t™)=", f = f(2).
reZ
We can then decompose f(2) =, ., f27".
Let {®; € S°(9)%}iz1,. kg be free homogeneous generators of the commutative algebra
S*(g)? (i.e. S*(g)?!=C[®;]i=1,...,rkg]).

Proposition 4.3.1 For n € Zsq let 7, be the natural surjection from S*(g((t™1))) to
Se(g((t=H)/S(a((t=1))(t™g[[t7']]). The algebra 7,,(Z) is generated by the set

{ma (@) |r € Z,1 < i <rkg, ®; € 5°(g)*}
so the subalgebra of Z generated by <I>§r) is dense. We have grpgy, Si(r) = @Er).

Recall that we have a Casimir element > 22 € 5%(g)? C S*(g)? that is nothing else but
®;. We conclude that the algebra Z contains the elements

o\ = Z zo[plzalql, T € Z.

a,ptq=r

4.3.3 Inhomogeneous universal Gaudin subalgebra .A;

Using the center Z, one can define certain commutative subalgebras of the algebra U(glt]).
We regard the Lie algebra g[t] as a “half” of the corresponding affine Kac-Moody algebra g.
Pick x € g. Note that x defines a character of the Lie algebra ¢t 'g[[t~!]] =: §_ that sends
x[n| to (x,x)6_1,. We will denote this character by the same letter x and will sometimes
denote the pairing (x, z) by x(x).
The image of the natural homomorphism from Z to the quantum Hamiltonian reduction

—1 —1

V@12t oll™]) = (U(8) 12/ U @)-1jdu = x(w) [we t g1 (43)
is a commutative subalgebra there.

Using the decomposition § = g[t] & ¢t 'g[[t™']] ® CK and the PBW decomposition, we
obtain the embedding of the quantum Hamiltonian reduction algebra (4.3) into the algebra
U(g[t]). The image of Z can be regarded as a commutative subalgebra A} C U(glt]), which
we call the inhomogeneous universal Gaudin subalgebra of U(g]t]).

Lemma 4.3.2 We have A% C U(glt])™).

Proof: Pick z € Z and x € 34(x). Note that [z,2] = 0 considered as elements of the
completion U(g)_1/2. We claim that

[t g[[t]] € U(@)-12{u — x(u) |u € ¢ g[[t7]]}. (4.4)
Indeed, if we pick an element y = yi[—1] 4 ya[—2] + ... € t7'g[[t"']] then we have [z,y] =
[z, y1][—1] + [z, y2][—2] + .... It remains to note that (x,[z,v1]) = ([x,z],71) = 0 so (4.4)
indeed holds. It follows that the class of z in U(g)_1/2/U(8)-1/2{u — x(u)|u € t 'g[[t"']]}
defines an element of the quantum Hamiltonian reduction U(g)_1/2//xt 'g[[t"']]. Now the
claim follows from the equality [z, z] = 0 above. O
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4.3.4 Classical version of the inhomogeneous Gaudin subalgebra

Let us introduce the classical version .71; of the algebra A} that will be a Poisson commutative
subalgebra of S®(g[t]). We relate A}, 71; in the Proposition 4.6.5.

Recall the Poisson-commutative subalgebra Z < S*(g((t™!))). We can consider the
Hamiltonian reduction

(S*(a((£)))/S* (a((t))) {u — x(u) |u € ¢t gt 13) " ) (4.5)

Again, using the decomposition g((t~")) = g[t] ® t'g[[t"']], we can embed the Hamiltonian
reduction (4.5) in S*(g[t]). We denote by A} the image of Z. In the same way as in
Lemma 4.3.2 we see that A% C S*(g[t])3).

One can describe explicitly the algebra AY, the classical Gaudin subalgebra. It is freely
generated by all Fourier components of C[[t7!]]-valued functions ®;(z(t)) on ¢t~ g[[t7!]] =
Spec S*(g[t]) for all free homogeneous generators ®; of the algebra of adjoint invariants
S*(g)?. Consider the derivation D of S*(g[t]) given by D(xz[n — 1]) = nz[n]. Recall that
¢, 0 =1,...,rkg, are free generators of S(g[0])® C S°glt].

Proposition 4.3.3 (/53, Proposition 4.6]) Classical universal Gaudin subalgebra AL C S*(g[t])®
is the subalgebra freely generated by all D*®;, k > 0,1=1,...,tkg.

Recall that the element @\ = Y a.ptq—r TalP|Talq] lies in Z. We see that for 7 < —2, the
image of ®") in S*(g[t]) is equal to zero. The image of ®{™ is S X(a)? = (x,x). The
image of @gfl) is > X(x4)x4[0] = x[0]. The image of <I>§0) is

D w0+ ) 2z [~ [1] = D w0 + ) 2x(wa)aa[1] Z 2a[0]2 + 2x[1]
Theaimage of @5(1) is a a
> 23, [0]za[1] + > 2ma[—1aa[2] =D 2[0]aa[1] + D 2x(74)74[2] =
a a a a = 22,[0]zq[1] + 2x[2].

We then set

4.4 Inhomogeneous Gaudin subalgebras and conformal
blocks

Recall that we have constructed a commutative subalgebra A} C U(glt]). Note also that

for every k-tuple of (distinct) points zq,..., 2 € C we can consider the evaluation homo-
morphism ev,, ., : U(g[t]) — U(g)®" and define the commutative algebra A, (21, .., 2;) :=
ev.,,.z (AY,) that is a subalgebra of U(g)®*
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Warning 4.4.1 Note that A, (21,. .., z) is the image of A, , not of AY.

The goal of this section is to show that the algebra A, (z1,...,2;) is the so-called inho-
mogeneous Gaudin subalgebra defined in [99], [29], see also [43, Section 9]. Let us start from
the definition of the inhomogeneous Gaudin subalgebra.

Consider the affine Lie algebra g’ := g((¢)) ® CK and consider the quantum Hamiltonian
reduction

U812/ 0 8l[t]] := (U(@)-12/U (@)1 p20([e]) 1. (4.6)

Using the decomposition g((¢)) = g[[t]] &t 'g[t~'], we can embed the Hamiltonian reduction
(4.6) in the universal enveloping algebra U(t'g[t™!]). Let A" C U(t~'g[t™']) be the image
of this embedding, A’ is a commutative subalgebra of U (¢~ g[t™]).

Remark 4.4.2 It follows from [27], [31] that the center Z maps onto the Hamiltonian
reduction (4.6) so there is no need to mention Z in the definition of the algebra A’.

Note now that for nonzero z; we can consider the evaluation homomorphism

/
ev, z

Ut~ tglt™!]) —— U(g)®*. We also have the “evaluation at the infinity” homomorphism
evl : Ut tg[t™']) — S*(g) that is induced by the homomorphism ¢~'g[t] — g that extracts

o
the coefficient in front of t~!. We obtain the homomorphism

ev’ = ev’ @ev. Ut g[t™]) — U(g)®* @ S*(g).

Z150032k500 21502k

Recall that we are given x € g that defines the evaluation at x homomorphism S*(g) —
C (after the identification g ~ g* via the g-invariant bilinear form (, )). We obtain the
composite map to be denoted

oVl o U 'g[t™!]) = U(e)®" @ 5%(g) — U(g)™".

IR 2k

Let A (z1,...,2) be the image of A’ under the homomorphism ev;,

C\{zl,...,zk}.

Remark 4.4.3 Note that A (21,...,2,) = evy, o,y (A).

Rlyeeey W—2k, X

Our goal is to show that
AX(Zl,...,zk):A;(zl,...,zk). (4.7)
Assume that we are given some g-modules M, ..., M. Then the algebras
A (21,5 28), .A;((Zl, coak) C U(g>®k

act naturally on the tensor product M; ®...® My and their images in End(M;®...® M) are
commutative subalgebras that we denote by A, (M, ..., My), A\ (M, ..., M}) respectively.
To see that A, (21,...,2) = Al (21, .., 2) it is enough to show that

Ax(MlayMk) :A;((Ml,,Mk) (48)
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for every My, ..., M. To prove (4.8) we will recall the general approach that is used to
construct commutative subalgebras of such sort (approach via conformal blocks) and will
identify both A, (M, ..., M) and A (M, ..., M) with a well-known commutative subal-
gebra of End(M; ® ... ® M) (see Proposition 4.4.10).

We start with some general recollections about conformal blocks (following [28], [29]
and [27]). Recall that we fix distinct points 21, ...,2; € P'. In the neighbourhood of each
point we have a local coordinate t—z;. Set g(z;) := g((t—=z;)) and let g(z;) = g(z;)BCK; be the
one-dimensional central extension of g(z;) (see (4.2)). We set g(z) := @le 9(z;) and denote
by g(z) the one-dimensional central extension of g(z) that is (@le g(zl)> J(Ki — K |i# 7).
Let K € g(z) be the central element (class of any K;).

Let M, ..., My be any g-modules. We consider M; as a module over g[[t — z]] ® CK,
where (t — z;)g[[t — w;]] acts trivially, K acts via the multiplication by —1/2 and g acts via its

given action on M;. Consider also the induced modules M., := Indﬁféi_)Zi]] &K M;. For z € P!
._ a(2)
we set Vo , = Indg[[t_zﬂ@(CK C.

Remark 4.4.4 Note that V. is nothing else than M, for M = C, the trivial g-module.

Consider the tensor product M, ®...®M,, . Let g, be the Lie algebra of regular functions
on P'\ {z,...,2;}. We have an embedding g, C §(z) and denote by H(M,,,...,M,,) the

space of coinvariants
HM,,,....M,,) =M, ®...9M,,)/g..
The following proposition is standard.

Proposition 4.4.5 The embedding M1 ®... QM C M, ®...®M,, induces the isomorphism
(Mi®...@ My)/g— H(M,,,...,M,,).

Corollary 4.4.6 Pick z € P\ {z1,...,2x}. The embedding M, ® ... M, CM,, ®...®
M., ® V. induces the isomorphism H(M,,,... M, ) = H(M,,,...,M,,, V).

We now define the commutative subalgebra
AM,,,...,M,,) CEnd((M1 ® ...® My)/g)

as follows. We consider the natural action of Z%% on H(M,,,...,M,,) ~ (M, ®...® M)/g
and denote by A(M,,,...,M,,) the image of Z% in End((M; ® ... ® My)/g).

Proposition 4.4.7 Consider any nonempty subset {iy, ..., 5} C {1,2,... k}, 1 € {1,2,... k}
and consider the image of the natural homomorphism

1®..910201..010281..102®1...0 1 = End(H(M,,,...,M,,)).
11 12 ]

This image coincides with A(My,,...,M,,). In particular, the algebra A(M.,,...,M,,) co-
incides with the image of the natural homomorphism

Il®.. QleZ — End(H(M,,,...,M,,,V,.))
&

and does not depend on the point z € P\ {z1,..., 2}
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Proof: Set D := SpecC((t)), for z € P' we set D, := SpecC((t — z)) i.e. D, is the
punctured formal neighbourhood of z € P!. Let X be a smooth curve or D,. Let Op(X)
be the moduli space of GY-opers (see, for example, [33, Section 4.2] for the definition),
here GV is the Langlands dual group to G. Recall now that by [27], [32] (see also [33])
we have the natural identification Z ~ O(Op(D)) which induces the identification Z&* ~
O(Op(D.,) X ... x Op(D.,)). We have the homomorphism

OOp(D.,) x ... x Op(D.,)) = O(Op(P' \ {z1,...,2})) (4.9)

induced by the natural (restriction) morphisms Op(P'\{zy, ..., 2z}) = Op(D.,), i =1,... k.
It follows from the definitions (see the proof of |29, Theorem 5.7| for details) that the action
of Z% on H(M,,,...,M,,) factors through (4.9). It remains to note that for every i =
1,...,k, the homomorphism O(Op(Ds,)) — O(Op(P* \{21,.. ., 2})) is surjective (since the

corresponding morphism Op(P! \ {z1,...,2:}) — Op(D.,) is a closed embedding).

0
Let C,, be the one-dimensional module over ¢ g[[t7!]]®CK, where ¢ 'g[[t~!]] acts via the
character x and K acts via —1/2. Consider the following module: I, o, = Indf—lg[[t—l]}@w C, =
0 _ ([t~ ]]eCK
Indg[[t_l]]EB(CK I, where I, = Ind?—lg[[t—lﬂ@CK C,.

Remark 4.4.8 Note that we can realize I, o, as M, for an appropriate choice of a g-module
M and a point z € P!. Indeed, taking M = I, and z = oo € P!, we see that [, o, = M.

Lemma 4.4.9 Assume that {z1,..., 2.} C A' = P'\{co}. The natural embedding M ®...®
M, C M, ®...®9M,, ®L, « induces the isomorphism M ®. .. @M, = H(M,,,...,M,,, I, ).

Proof: Follows from Proposition 4.4.5 using that I, is isomorphic to U(g) as a g-module. O
Proposition 4.4.10 We have
Az, z) = AML,, .. M, T o) = Al (21, 21)-

In particular,

Az, ) = Az, 2).

Proof: Recall that the algebra A is the image of Z in the quantum Hamiltonian reduc-
tion (4.3) and the latter identifies naturally with Ends(I_, ) C Endgy(I-y o) = U(g[t])°PP.
Pick X € U(g[t]) and let us denote by X,, € U(g[[t — #]]) the corresponding element of
U(g[[t — z]]). Note that for every v; € M,,, v € I, o the following equality holds in
H(M,,,...,M,,, [, »):

k k
[(@vz) ® X (Vso) —i—Zvl ®... 0V 1® X, (1) QUi ® ...V, QUs| =0. (4.10)
=1 =1

Now, taking v; € M; C M,,, we see that X, (v;) = X (z;)v; so we conclude that

.....

k
0@ @@ X, (1) ®vin ®...Qu = ev,,
=1
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Equations (4.10), (4.11) imply that in H(M,,,...,M,,,I_, ») we have

k
[V (X) 018 @) @ 0| = = | (@) @ X (vec)]
i=1
and the equality A, (z1,...,2) = AM,,,...,M,,,I_, ) then follows.

Let us now prove the equality A (z1,...,2) = A(M,,,..., M., 1, o). Recall that by
Proposition 4.4.7 the algebra A(M,,, ..., M,, I, o) coincides with the image of 1®...®1®Z
in End(H(M,,,...,M,,,I_, ,Vo.)). Directly from the definitions (c.f. [29, Sections 2.7,
2.8]) it then follows that the image of 1 ® ... ® 1®Z in End(H(M,,,...,M,,, 1, ~,V.))

—_———

k+1
is exactly A’ (21, .., 2). d

Remark 4.4.11 In type A the equality A, (21,...,2;) = A\ (21,...,2) can be deduced
from the explicit description of the generating functions for the generators of the algebras
A1, 2), A (21,..., 2z) (see Section 4.11, Corollary 4.11.7 and [21, Theorem 3.1]).

4.5 The size of 71;, AL

The goal of this section is to compute dimensions of ./_4;, A} with respect to the filtra-
tion F} (see Section 4.3.1). To do this, we first describe the associated graded subalgebras
gtppw AL, grppw Ay C S*(glt]). It turns out that both of them are isomorphic to the tensor
product Af ®ge(g)e Ay (see Proposition 4.5.5), where A, C S*(g) is the subalgebra of S*(g)
generated by %kTq;l, l=1,...,tkg, k> 0.

Remark 4.5.1 Algebra A, is called the shift of argument subalgebra (or Mishchenko-
Fomenko subalgebra). It can be considered as a classical version of the algebra A, (z) defined

in Section 4.4.

We then recall the dimensions (see (4.1)) of AY, A, and obtain the desired formula for
the dimension of A%, A%. Moreover, we conclude that dimp, A% = dimp, Ag(34(x)), where
Ab(34(x)) is the universal (classical) Gaudin subalgebra of S*(34(x)) (see [53, Remark in
Section 4.7]). This equality will be important in the next section.

Set 35()% := [35(X),35(X)]- Let x1 be a regular Cartan element of 35(x)%". Let A\,
be the subalgebra of S®(g) generated by A, A,,(35(x)). According to [105], [108], the
following holds.

Proposition 4.5.2 (a) The subalgebra Z(x,xn C S°(g) is a free polynomial algebra with
%_(dimg + rkg) generators. The set of generators is the union of standard generators of
Ay (3g(x)) and 85(®;) with k = 1,...,d; for some dj < d;.
(b) The subalgebra Ay C S*(g) is mazimal Poisson-commutative and is equal to the
limit lir% A, texi, where the limit is taken with respect to the filtration on S*(g) by the degree.
€E—

Proposition 4.5.3 For y € g, the Poisson subalgebra A, C S°*(g) is mazimal Poisson-
commutative in S®(g)¥®),
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Proof: This follows from [43, Corollary 9.9]. We give a sketch of the argument. Let x4
be a regular element of 35(x). Recall the subalgebra A, ,,) C S*(g) generated by A, and

Ay (3a(0) € S*(35(X))-

Pick an element x € S'(g)iJ(X) that commutes with A, . Since z is 34(x)-invariant it
follows that 2 commutes with A, (35(x)) so it commutes with A, ,,), hence, lies in A )
(use part (b) of Proposition 4.5.2). Recall now that by the result of Knop from [64] we have

S ()™ - 5% (34(x)) = 5°(g) ™ Rge (5000500 O (3a(X))

SO

Z(X:Xl) = 7‘)( ) Z)a (3a(x)) = Zx Q5o (34 (x))38 0 Z)ﬁ (3a(X))-

It now follows from the fact that “ZX»X_l is freely generated by the standard generators of
Ay, (35(x)) together with some 0¥®; € A, (see Proposition 4.5.2) that S*(g)¥*™ N Ax,\,) =

A,. We conclude that x € S*(g)#™ N A, ,,) = A, as desired. O
Proposition 4.5.4 Consider the subalgebras S*(g[t])®, S*(g) C S*(g[t]). We have

S*(g[t])® - 5*(g) = S*(a[t])® @se(g)e S*(@) = Zse (i) (S°(0)°).
Proof: Follows from [53, Lemma 6.9]. O
Proposition 4.5.5 The algebras grppy A%, grppy AL C S*(glt]) are both equal to the sub-
algebra of S*(g[t])»»™) generated by ZB_C S*(glt])® and A, C S*(g)*™). Moreover, this alge-

bra coincides with the tensor product Ay @ge(gye A, and is a mazimal Poisson-commutative
subalgebra of S*(g[t])s™).

Proof: Let us show that S*(g)* C grppy Ay Nerppw 71;. Note that for every X = x;...2; €
S*(g) we can write
X = 2,[0]...2,[0] + other terms.

The image of X© in the Hamiltonian reduction (4.5) inside S*(g[t]) is equal to
X + lower degree terms

so the image of X© in grp gy S*(g[t]) is X. We conclude that 5*(g)® C grpgy A% In the
same way we show that S®(g)® C grpgy Ay

Let us now show that the algebra generated by Aj and A, is contained in grppy, A} N
grppw Ay. To see that Af lies in both grppy A}, grppy Ay recall (see Proposition 4.3.3)

that AY is generated by the elements D"®, & € S*(g)?, r € Z>o and we already know that
S*(9)? C grppw Ay Negrppy Ay. Note now that if X' = 2;...2; € S%(g) then we can write

X0 = Z x1[71] - .. z[ji] + other terms.
J1y0Ji 20, j1+ . +g=r
The image of X in S*(g[t]) is equal to

1
—|D7”X + lower degree terms.
7!
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We conclude that the image of r!.X in grpgy, S*(g[t]) is exactly D"X. It follows that As C
g pew A In the same way we see that A% C grppy A

To see that A, lies in grppy AL N erppw .71; recall that A, is generated by 0P, ¢ €
S*(g)?. Note that if X :=2... 2, € S*(g) then we can write

X(_T) = Z Il[O] e ZL‘il_l[O]I'il[—l]fL‘i1+1[O] e sz‘r_l[O]ZEir[—]_]Q?ir_,_l[O] R [0]+

1< <. <<l

+ other terms.

The image of X in S*(g[t]) is equal to

—‘8;X + lower degree terms.
!

We conclude that the class of the image of !X ") in grpgy S*(g[t]) is exactly 0y X. This
observation finishes the proof of the fact that A, C grppy Ay. In the same way we show
that A, C grpgy A}

Let us now describe the subalgebra of S*(g[t])3s(¥) generated by A%, A,. Note that
Ab < S*(g[t])?, A, C S*(g) and by Proposition 4.5.4 we have

S*(gt])? - S*(g) = S*(g[t])® ®se(g)e S*(9) = Zse(ga) (5°(9)?)-
We conclude that

Ab - Ay = A Qge(g)e Ay C S*(g[t])° Do (g)s g°(g)ag(x):
= 5°(glt])? - 5*(8)° N = Zga e (5°(8)%) € S°(gt]) 1.

It then follows from [53, Corollary 4.10] and Proposition 4.5.3 that A% - A, is the maximal
Poisson-commutative subalgebra of S*(g[t])? - S*(g)3s™). o
Note also that if x € S*(g[t])%*¥) commutes with A% - A, then (since S*(g)® C AN A,)

we must have € 3gu (giye0 (5°(9)%) = S*(g[t])® @ge(g)e S*(g)*™). Recall that Aj - A, C

S*(g[t])® - S*(g)¥*™ is maximal Poisson-commutative so we conclude that = € A% - A,. We
have shown that .AO A, € S*(g[t])¥*™ is maximal Poisson-commutative.
Recall now that AY- A is contained in both grppy, A grppw A} so from the maximality

of Ay - A, and commutativity of grppy A%, grppy A% we conclude that

&' ppw 7‘; = A - «Tlx = grppw Ay

Corollary 4.5.6 Subalgebras
Ay € U(glt) ™, Ay < 5*(glt])

are mazimal (resp., mazimal Poisson) commutative. In particular, A% C S*(g[t])s™ s
algebraically closed.
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Proof: Follows from Proposition 4.5.5 which claims that the associated graded grppy, A} =
grppw A} is maximal. O

Let us now recall the dimensions of the algebras Afj, A,. Let d;, i = 1,...,tkg be the
degree of ®; and let p;, i = 1,..., 1tk 3,(x)%" be the degrees of the generators of the algebra
S (35(x) 1m0,

Proposition 4.5.7 We have

tkg oo tk () pzfl
1 [ ks (1—61)
dimp, A = | | | | , dimppy A, = -
1 zlldl_ql IT; ng 1(1_9)

Proof: The claim about the dimension of the algebra AY follows from the fact that AY is
freely generated by D"®;, r > 0 (see Proposition 4.3.3).

Let us now compute the dimension of Zx' Recall that by part (b) of Proposition 4.5.2
we have Z(x,xn = lig%ZWXl. Since x + ex; € g is regular and A, ., C S*(g) are graded

with respect to the grading by the degree (that induces the filtration that we use to define
the limit) we conclude from Lemma 4.2.5 that

rkg d;

dimppw A x) =

11111_61

It now follows from part (a) of Proposition 4.5.2 that

rk3g(x)4°" p;—1 rkg d;

= dimppw A =
- q plrgiedt ¢

dlmpBW AX :

We conclude that .
H ng 1 1 q

Hrkﬁg( )dcr pi—1 1

i=1 =1 1_¢
- O
We are now ready to compute the dimension of the algebras A}, AY.
Proposition 4.5.8 We have
rkég(X dcr o] fe’e)
dimy Ay = dimy, Af = H H 1— ql H - rkzg )tk g (x) "
=1 l=p, 1=1
Proof: Since - - -
g ppw A; = &'ppw A; = Aj Qse(g)e Ay
and
tkg oo Hrkg H rk g
. — =1 1 q’ . ° g _ 1
lelF1 AO H H dlmpBW ./4 Hrkég( IO T — ;, dlmpBW S (g) = H 1_ qdi
=1 l=d; =1 =1 1-¢ =1
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it follows that

k k
dim ZU_HrgHz d1+11q Hrngllq _
rk3g ¢ Di—
£ sza(x)dr 1 1
i=1 =1 1-¢

HOO 1 rk3g(
=1 (1,ql kg

= =1l H
o Hrkzg(X)der pi—1
=1 =1 1 —¢ =1 l=p;

)der

> 1
qz 11 _ql)rkag(x)frkzg(x)der‘

d
Corollary 4.5.9 We have dimp, 71; = dimp, 7[8(59()()),
Proof: We have
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4.6 Universal inhomogeneous Gaudin subalgebras as cen-
tralizers

It follows from [53| that for y = 0 we have

Ay = Zse(glt)e (Q0), AG = Zu gle)s (QO)
The main goal of this section is to prove that the same equalities hold for .A“ A ie. that

AL = Zn guyaco (D) AL = Zyygppsaco ()
Lemma 4.6.1 For every m > 0 we have Zge g (x[m]) = S®(34(x)[t])-
Proof: Same proof as of [98, Lemma 4]. O
Proposition 4.6.2 We have 71; = ZS.(g[t])agm(QX).
Proof: Consider the family Zga ()00 (S2sy), £ € C*. Note that
Zse(gftyso00 (i) = Zge gpypuaco (1)

via the Poisson automorphism of S*(g[t]) given by the map z[n] — x"z[n]. It follows that
we can consider the limit
lm Zge (gpgysaco (Chex)-

K— 00
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Pick an element
0 € 1 Zoryu ()

Note that ag € F{S*(g[t]) for some i > 0. Recall that we have a map

fr At = Gr(d(i), F{S*(glt])
that sends e € A' to FYS*(g[t])) N Zge (g0 (€920 + x[2]) and sends 0 to KILII;O (FiS*(g[t]) N
Zge (g0 (ry)). Tt follows from Lemma 4.2.2 that there exists a morphism a: A' —
F{S*(g[t])) such that a(e) € Zgagpsem (€Q0 + x[2]) for every e € A\ {0} and a(0) = ao.

Then we can write a(e) = ag + €ay + €2ag + ... with a; € F}.S*(g[t]).
We have {eQg + x[2],a} =0 so

{x[2], a0} = 0, {Q0, a0} + {x[2],a1} = 0.
From {x[2], a0} = 0 we conclude by Lemma 4.6.1 that

ap € 5°(3,00)[t])- (4.12)

Pick a basis of g, consisting of root vectors and consider the corresponding decomposition
g = 3,(x) ® m. It induces the decomposition S*(g[t]) = S*(3,(x)[t]) & S*(g[t])m[t]. Let
m: S*(g[t]) = S°(34(x)[t]) be the projection. Note that

{X[2], 5% (s 00l = 0, {x[2], S*(g[t))m[t]} < S*(g[t])m[t]

so it is clear that m({x[2],a1}) = 0. It is also clear (use (4.12)) that we have 7({Q0,ao}) =
{Q0(35(x)); a0}, where Q(34(x)) is the element €y for 34(x).

We conclude that {Q(34(x)), a0} = 0. We also know that ag € S*(34(x)[t])#™). Tt follows
that

lim Zs-(g[t])zu<x>(9nx) C ZS'(gg(X)[t])éu(X>(90(39<X))) = A5(55 (X)),

K— 00

where the last equality follows from [53, Proposition 4.9]. It remains to note that .71; C
ZS’(g[t})és(X)(QX)v S0

dlmFl A; < dlmFl ZS.(g[t])jg(X) (QX) < dlmFl <’}1—>1’£10 ZS.(g[tD:,g(X) (QHX)) < dlmFl Z3(39<X))
B B (4.13)
Recall that dimp, A} = dimp, Ag(34(x)) by Corollary 4.5.9 so the inequalities in (4.13) are

actually equalities and we must have A% = Z,. (a0 (€2y) as desired.
U

Remark 4.6.3 It follows from the proof of Proposition 4.6.2 that we have
lim Y, = A (3(x).

Remark 4.6.4 Note that for regular x we also have .71; = Zge(gi)) (wWy). Indeed, we have
the filtration F, on S°®(g[t]) with deg, z[m] = m. Note that gry(w,) = gry(x[1]]) so we
conclude that gry(Zge (g (wy)) C Zse(gp) (X[1]) = S*(h[t]) (see Lemma 4.6.1). It follows that
dimp, Zge g (wy) < dimp, S*(b[t]). Recall also that A% C Zge(gy)(wy) and dimp, A =

4 X
dimp, S*(h[t]). We conclude that A} = Zge g (wy)-

114



So we have shown that the algebra .,Tl; coincides with the centralizer ZS.(g[tDm(X) (€2y). Let
us now quantize this statement i.e. prove that

Au U(g[t])3e 00 (Q )

We first relate the algebras A%, AY. Recall that the PBW-filtration on U(g[t]) and
consider the Rees family U.(g[t]), € € C as in Section 4.2.2. Note that U.(g[t]) ~ U(g]t]) for
e # 0 and Up(g[t]) = S*(g[t]). For € # 0 we pick the natural isomorphisms

pe: Ulglt]) = Ud(alt])
that send an element a of degree r to [e""h"a]. Note that these isomorphisms are g-
equivariant.

Recall that the algebra U(g[t]) is graded with the grading deg, z[n] = n. Note that this
grading induces the grading on Rees(U(g[t])) (deg, hxz[n] = n) such that C[h| C U.(g[t])
lies in the zero graded component. Thus, we obtain the grading on every U.(g[t]). We can
consider the automorphism d, : U.(g[t]) == U.(g[t]) that sends a such that deg, a = i to e ‘a.
The automorphism d, is g-equivariant. We obtain the composition

de o pe: Ulglt]) = Uc(g[t])-
Set pc == d. o ¢.. For € # 0 we can embed A} C Uc(glt]) via @..

Proposition 4.6.5 After the embedding p.: Ay C Uc(g[t]), we have 11—% Al = AL

Proof: Let us check that Q, € lir% A} Recall that Q, € AL (see Remark 77). After the
e—

identification @, this element becomes

Zh2 S1qq[1] + € 2hx[2]

and the limit of € Qx ¢ as € — 0 is exactly .
We conclude (use Lemma 4.2.9) that hmA Cc Z .(g[ﬂ)gg(x)( x) = A“ where the last

equality holds by Proposition 4.6.2. Slnce the dimension of 11I% A} is at least dimp, AY
€E—>

X
(Lemma 4.2.10) and by Proposition 4.5.5 we have dimp, A% = dimp, 71; we conclude that

- X
lim A7 = AY. O
e—0
Proposition 4.6.6 We have A} = 2 gl [])39<X>(Qx)'
Proof: Since the element e3§2x75 = (Q ) goes to ), as € goes to zero we conclude that
lﬂame“2>C%%WMW) A

Note now that since A} C 217 (gft])0 0 (Q ) and passing to limit may only increase the dimen-
sion then

dlmFl .A dlmFl ZU(g[t] 30(x) (Q ) dlmFl 11_1)% ZUE(g[t])ég(X) (QX7€) < dlmFl Z; (414)

Since by Proposition 4.5.5 we have dimp, A} = dimp, 71; we conclude that inequalities
in (4.14) are equalities so AL = ZU(BM)&G(X)(QX). O
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Remark 4.6.7 Note that for regular x we also have A} = Zy(g)(@0y). The proof is the
same as the one of Proposition 4.6.6, the only difference is that we use Remark 4.6.4 instead
of Proposition 4.6.2.

4.7 Yangian

Recall that g is a simple Lie algebra.

4.7.1 Definition of the Yangian
Definition 4.7.1 Yangian Y (g) is the associative C-algebra generated by

{z, J(x) |z € g}

subject to the following relations:
vy —yx = [z,y], J([z,y]) = [J(2), 4], J(cx +dy) = cJ(x) + dJ(y),
(@), [T(), 2] = [, [T (), T = Y (2,7 [0 @as)s [2 Tas D{Tars Tazs Tas )

ai,a2,as3

[[J(JZ), J(?J)]v [Z’ J(w)H + HJ(Z>7 ‘]<w)]7 [I, J(y)]] =
= Z (([7, Za ] [[Ys Tao ), [[25 W], as]]) + ([2, Ty ] [[W, Tas)s [7, Y] Tas]]) ) H{Tars Tas I (Tag) }

ai,a2,a3

forall z,y,z,w € g, c,d € C. Here {x4}|a=1,. dimg S an orthonormal basis and

1
{z1, 20, 23} = 21 %S: To(1)To(2)To(3)
g 3

for all x1, 29,23 € Y(g).

By [23, Theorem 2| Yangian Y (g) is a Hopf algebra. It follows from |23, Theorem 3] that
there is a unique formal series

R(u) =14 Reu™* € (Y(g) @ Y(g))[[u"]]

satisfying
(ld ®A)R U) = ng(U)ng(U),

T0,APP(2) = R(u)™* TouA(2))R(u) for all x € Y(g),

where ¢, is the automorphism of Y (g)[[u]] given by z — z, J(x) — J(z) +ux for all z € g.
We have

R(w) = 14+ 257+ (DI (20) @ 20 — 70 @ () + 2()? Ju + O(u™),

a

where w' = 13" 7, ® z,. See [23| and [120, Section 3] for details. We will call R(u) the
universal R-matrix.
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4.7.2 RTT realization of the Yangian

Let p: Y(g) — End(V) be a finite dimensional representation of Y'(g) that is not a direct
sum of trivial representations w.r.t. g C Y(g). We fix a basis ej,...,eqmy of V. Let
R(u—v) := (p® p)(R(u —v)) be the image of the universal R-matrix in End(V)®2. Using
this data, we define the RTT-realization Yy (g) of Y (g) as follows.

Deﬁnition 4.7.2 The Yangian Y (g) is a unital associative algebra generated by the elements

tg), 1< <dimV;r > 1 with the defining relations

R(u—v)T1(u)Ta(v) = To(v)Ti(u) R(u — v) € End(V)** @ Y(g)[[u™",v]],

(T () =T+

where n(T(w)) = T(u)~! is the antipode map and c, is the value of the Casimir element
>, x2 of g on the adjoint representation. Here

Cg)’

.....

and Ty (u) (resp. To(u)) is the image of T'(u) in the first (resp. second) copy of End V.

Theorem 4.7.3 (120, Theorem 6.2]) The assignment T'(u) — (p® 1)R(—u) extends to an
isomorphism of algebras ®: Yy (g) =Y (g).

Recall that we have a basis ey, ..., eqmy of V. We denote by Ejj|i<ij<dimyv € End(V)
the corresponding matrix units. We define F;; € End(V') by the following identity

ZEM@EJ z—(p®1)(2xa®xa>.
ij a

Proposition 4.7.4 ([120, Corollary 6.3]) The map ' sends generators {Fi;, J(Fi;)} of
Y(g) to

dlmV dim V'
(1) 1) (i) 4
Ej = tij ) ‘](F Z tm taj Z b pl )
p,l=1

where b;Jl are certain scalars.

Remark 4.7.5 Note that for g = sl,, and V' = C" (the standard representation of g), we
have F;; = —Fj;.
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4.7.3 Two filtrations on the Yangian

The first filtration F; on Y'(g) is determined by putting deg, tg-) = r. More precisely, the
r-th filtered component F\"”Y(g) is the linear span of all monomials tg;f SR tE;”;L with
r1+...4+ry, < 7. It follows from Proposition 4.7.4 that after the identification Y (g) = Y1 (g)
we have deg, z = 1, deg, J(z) = 2 for every nonzero = € g. By gr; we denote the operation of
taking associated graded algebra with respect to F;. For x € Y (g) we denote by gry x the class
of z in in F} )Y( )/F(z b Y (g) C gry, Y(g), where i is the minimal such that x € Fl(i)Y(g).
Let G[[t™']] be the group of C[[t]]-points of G i.e. g € G[[t"]] is a morphism

g: SpecC[[t™!]] — G. For g € G[[t™']], we denote by ev,: C[G] — C|[[t~!]] the corresponding
homomorphism of algebras. We have the evaluation at infinity homomorphism G[[t7!]] = G
and denote by G1[[t™!]] its kernel. To any f € C[G] one can assign the function

Frale ) - e, F =3 50

r=0

given by )
fg) = evy(f), g € Gi[[t™]].

The C*-action on G4 [[t!]] by dilations of the variable ¢ determines a grading on C(G1[[t™1]])
such that deg f(™ = r for any f € C[G].

Proposition 4.7.6 (/52, Proposition 2.24]) There is an isomorphism of graded algebras
gty Yy(g) =~ O(GL[[t™"]]), such that gr, tg;) = AZ; , where A;; € C[G] are the matriz coeffi-
cients of the representation V.

The second filtration F, on Y'(g) is determined by putting deg tg) =1 — 1 ie. the r-th
filtered component Fy" (r) Y (g) is the linear span of all monomials £ with o L

i1J1 tmJm

rm < 17+ m. It follows from Proposition 4.7.4 that after the identification Y (g) = Yy (g) the
filtration F3 can by described as follows: we have deg, z = 0, deg, J(z) = 1 for every nonzero
x € g. By gr, we denote the operation of taking associated graded algebra with respect to

Fy. For z € Y(g) we denote by gr, z the class of z in F\"Y (g)/F\" VY (g) C gr, Y (g), where
i is the minimal such that = € FQ(l)Y(g).

Proposition 4.7.7 (/120, Theorem 6.5]) gro Y (g) ~ U(gl[t]), where the grading is given by
the C*-action dilating t. Moreover, we have t"~'g C Span{tg)}/FQ(T_Q)Y(g).

4.7.4 Filtrations on gr; Y (g), gr, Y (g) and the associated bigraded
algebra

We follow [53, Sections 2.7, 2.13]. The filtration F; on Y (g) produces a filtration on U(g[t]) =
gry Y(g) which we denote by the same letter F;. The filtration F» on Y (g) produces the
filtration on C[G[[t™!]]1] = gr; Y (g). The goal of this section is to describe these filtrations
explicitly and also describe the corresponding associated bigraded algebra bigrY(g) (see

(4.15) below).

118



Algebras with multiple filtrations

We begin with some general facts about algebras with multiple filtrations. For any algebra
A endowed with two filtrations Fj, F, one can define the associated bigraded algebra of A
as
bigr A .= PFANFA) /(FVANED A) + (FP AN FY Y A)). (4.15)
2
Algebra bigr A is naturally bigraded. For = € Fl(i)A N FQ(j)A let bigr(i’j)(x) € bigr A be
the class of = in FI(Z)A N FQ(J)A/(FI(Z_DA N FQ(])A + Fl(Z)A N Féj_l)A). Note that bigr™ (z)
has bidegree (i, 7).

Warning 4.7.8 Note that bigr™ (z) may be zero.
We have canonical identifications (see [53, Lemma 2.8])
gr, gry A ~ bigr A ~ gr, gr, A

so it makes sense to compare elements gry, © := gr, gry x, gry,  := gr, gro x. The following
Lemma describes necessary and sufficient conditions on x € A for the equality gry; = griy «
to be true.

Lemma 4.7.9 (a) Pick x € A, i,j such that x € Fl(i)A N FQ(j)A.

The following are equivalent:

(i) We have z ¢ (F"VANFPA) + (FP AN FYY A),

(i) gry, « has bidegree (i, j),

(iii) gry;, = = bigr®™) z,

(iv) gris « has bidegree (i, j),

(v) gryp @ = bigr®™ z,

(vi) gry; @ = bigr®™) o = gr, .

(b) Pick x € A then gry, © = gry5  if and only if there exist i, j such that x € Fl(i)AﬂFz(j)A
and one of six (equivalent) conditions (i)-(vi) holds.

Proof: Let us prove part (a). Let us first of all show that
bigr®™) & = gr,, x if and only if = ¢ (Fl(i)A N FQ(jfl)A) + Fl(ifl)A. (4.16)

Assume that z ¢ (F"AN FY "V A) + F™Y A, Note that by our assumptions we have
e FA\ FYA so gry« is equal to the class of z in £ A/F" YA, We need to show
that

griz € (FPANFYA) /(F VAN FY A), (4.17)
griz ¢ (FPANFY VA /(FFYANFIY 4). (4.18)
Equation (4.17) holds since z € F" AN FY) A, (4.18) holds since z ¢ (F{?AN FY ™V A) +

F A,
Assume that bigr™ z = gr,, 2. It follows that (4.18) holds so = ¢ (FVAN FY VA +
FU™V A as desired.
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Same observation shows that
bigr) z = gr,x ifand only if z ¢ (F' AN FYA) + FI~V A (4.19)
Note now that = € Fl(i)A N F2(j)A implies that
2@ (FUYANFYA) + (FPANFY™VA) ifand only if o ¢ (FPANFYVA)+ FIYA
and
zd (FUVANFYA) + (FPANFYVA) ifand only if 2 ¢ (F VAN FDA) + FY YA,

We conclude that (i) < (iii) < (v) < (vi). It is also clear that (ii) < (iii), (iv) < (v).

Let us now prove part (b). We only need to show that if gry; © = gr, « has some bidegree
(,7) then x € Fl(i)A N Fz(j)A. Indeed, since gr; = has degree ¢ (w.r.t. the grading on gr; A
induced by F}) we must have x € Fl(i)A and similarly since gr, x has degree 7 we must have
T € FQ(j Al

O

Warning 4.7.10 Note that it is not true in general that gro, v = gri, x for every x € A.
Take, for example, A = Cla,b] and define filtrations as follows:

degp, (a) = 1, degp, (b) = 0, degp, (a) = 0, degp, (b) = 1.

Take t = a + b then
gry () = a # b = griy(x).

Case of the Yangian

Let us now return to the case A = Y(g). Recall that gr, Y(g) = C[G[[t7']]1], er, Y (g) =
U(g[t]). Let us describe the induced filtrations on C[G[[t™!]]1], U(g[t]) and the associated
bigraded algebra gry, Y (g) ~ bigr Y (g) ~ gry, Y (g).

Pick an identification exp: ¢t 'g[[t7!]] == G4[[¢t7]] and identify C[t~'g[[t™']]] =~ S*(g[t])
via the pairing given by

(2(8), y(1)) = Resi—o(a(t), y(1)), (t) € glt), y(t) € ¢l
The following proposition holds by [53, proof of Proposition 2.12, Section 2.13|.

Proposition 4.7.11 (a) After an identification gr, Y (g) ~ C|G4[[t7']]] = S*(g[t]) above the
grading on S*(glt]) is given by deg, x[n—1] = n and the filtration Fy is given by deg, x[n—1] =
n.

(b) The grading on gry Y (g) ~ U(g[t]) is given by deg, x[n — 1] = n — 1 and the filtration
F is given by deg, x[n — 1] = n.

(¢) We have a bigraded algebra isomorphism bigr Y (g) ~ S®(g[t]), where the bigrading on
S*(g[t]) is given by deg, x[n — 1] = n, degyz[n — 1] =n — 1.
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4.7.5 Representation theory of Y (g)

By [18, Section 12| to every dominant A\ we can associate an irreducible finite dimensional
representation of Y (g) to be denoted V(A,0), p: Y(g) — EndV(A,0). As a g-module we

have V(A,0) = Vy & D, .y V2 Moreover, if A is minuscule then V(X,0) = Vi and J(z)
acts on V' (A, 0) by zero for every z € g.

Remark 4.7.12 If g is of type A then V(\,0) = V), for every dominant A\. The reason for
this is the existence of so-called evaluation homomorphism Y (g) — U(g) (which exists only
in type A), see Section 4.10.2.

4.8 Bethe subalgebras and their degenerations

4.8.1 Bethe subalgebras in Yangian

Let p;: Y(g) — End V(w;, 0) be the i-th fundamental representation of Y (g). Let V be the
direct sum of V(z;,0). Let T%(u) be the submatrix of T'(u)-matrix, corresponding to the i-th
fundamental representation V(zw;,0). Let G be the corresponding to g connected simply-
connected group and let G be the adjoint group with Lie algebra g. The action of g C Y(g)
integrates to the action G ~ V (w;, 0). We denote the corresponding map G — End V(w;, 0)

by p;.

Definition 4.8.1 Let C € G. Bethe subalgebra B(C) C Y(g) is the subalgebra generated by
all coefficients of the following series with the coefficients in Y (g)

7i(u, C) := try(m, 0) pi(C) T (u),1 < i < .

Remark 4.8.2 In fact, B(C') depends only on the class of C'in G = G/Z(G) so from now
on we assume that C' € G.

It is easy to see that B(C) C Yy (g)#(©). Let T C G be a maximal torus.
Proposition 4.8.3 (/92], [48], [52], [53])

1. Bethe subalgebra B(C') is commutative for any C € G.
B(C) is a mazimal commutative subalgebra of Y(g) for C in the reqular part of T'.

B(C) is a mazimal commutative subalgebra of Yy (g)%©) for C € T.

For C € T we have gry B(C) = Aj(34(C)) so, in particular, we have dimp, B(C) =
dimp, A5 (34(X))-
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4.8.2 Limits of Bethe subalgebras

Recall now the filtration Fy on Y(g). We can consider the corresponding Rees algebra
(see Section 4.2.2) Rees(Y(g)) = Yi(g). For every ¢ € C we obtain the algebra Y.(g) :=
Yi(g)/(h — €). Recall also that for € # 0 we have the identification

Y.(g) == Y(g), [A'a] — €'a. (4.20)

We denote the inverse to (4.20) by .. Pick now an element y € h and consider the element
C :=exp(ex) € T. We can consider the corresponding Bethe subalgebra B(exp(ex)) C Y (g).
Let us now denote by B.(C) = B.(exp(ex)) the subalgebra 1.(B(exp(ex))) C Yc(g). We
obtain the (formal) algebraic family B.(C') of subalgebras in Y.(g).

Remark 4.8.4 Note that B.(exp(ex)) can be considered as an algebraic family over Spec C[[A]]
or as a complex analytic family over C.

Using the filtration F}, we can then define the limit lir% B.(C) (see Section 4.2.2) that
e—

will be a commutative subalgebra of Y;(g) = gr, Y (g) = U(g[t)).
The goal of this section is to prove that lin% B(C) = A}. The strategy is the following.
€E—

Recall that by Proposition 4.6.6 we have Ay = Z;1):000 ($2y). We prove in Proposition 4.8.9
that Q, € ll_r% B.(C), concluding that 11_{% B.(C) C ZU(g[t])ég<X)(Qx> = A}. Then the compar-
ison of the dimensions finishes the proof.

Let o, j = 1,...,rkg be simple roots of g and recall that w;, j = 1,...,1k g are fun-
damental weights. We also denote by h; € b the element, corresponding to the simple root
a; € h* via the identification h* == b induced by the invariant scalar product (, ). Similarly,
tw; € b is the element, corresponding to w; € h*. For every positive root a € A, we denote
by 22 € g1, elements of g, such that (zF,x;) = 1. We have

rkg
2
(2) — + F_ .t ¥ ) 3 2
RY = 3" (J(ah)@af xa®J(%))+Z(%aj)u(hj)@twj hj@J(te,))+2w, (4.21)
aEA L j=1
where
1 rkg
I +
o= D g Y ey Ot
acAt j=1

Proposition 4.8.5 The element @, lies in the limit algebra lir% Be(exp(ex)).
e—

Proof: Let V be a finite dimensional representation of Y (g) that is not a direct sum of
trivial g modules. Let (, )y be the corresponding invariant form and let ¢,y € C* be such
that (, )v =cv(, ).

Pick an identification exp: ¢t~ 'g[[t7!]] == Gy[[t"']]. Then (using Proposition 4.7.6) we
obtain an isomorphism gr, Y (g) ~ C[t~'g[[t"!]]], which sends gr, (try p(C))T to the function
on t1g[[t7!]] given by g(t7!) — try p(C)expg(t™!), where g(t™!) = a;t™! + agt™> + ...,
a; € g. We start from couple Lemmas.
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Lemma 4.8.6 We have try T®? € FQ(O)Y(g) and gry(try T®) = ey + b for some b € C.

Proof:

Afssume for the sake of contradiction that try 7 ¢ F2(0) Y(g). It follows from the def-
initions that try T3 € FI(Q)Y(g) N F2(1)Y(g). We claim that the condition (i) of Lemma
4.7.9 holds for = try T® and (i,j) = (2,1). Indeed, note that F(l)Y(g) c F° )Y(g) SO
(FY(9) N EVY (9) + (FPY (9) N BV (g)) © F“”Y(g) and try T® ¢ F<°>Y<g> by our
assumption. It follows from Lemma 4.7.9 that gr,, (try, 7)) = bigr®Y (try T®)) has bidegree
(2,1). Note also that gr, (try 7)) is the function

1

5((117 al)v

that has degree 0 < 1 w.r.t. the second filtration on C[t'g[[t']]] =~ S*(g[t]) (use Proposition
4.7.11). Contradiction finishes the proof.

Let us now prove that gry(try T(Q)) = cy&o + b for some b € C. Note that try T® is
g-invariant and lies in Fl(Q)Y(g) N F2(O)Y(g) so its class in gry, Y(g) = U(g[t]) must be a g-
invariant element of U(g) that has degree at most two w.r.t. the PBW-filtration on U(g).
It follows that gr,(try T®) = ady + b, a,b € C.

It remains to check that a = ¢y . Let us first of all prove that

g —

gry, (try T@) = bigr(try T?®) = gryy(try T®). (4.22)
To see that, we apply Lemma 4.7.9 (for i = 2, j = 0): we have try T?) € F( )Y(g)ﬂF(O Y(g),
note also that gry try 7 is (g ~ 3(a1,a1)y) so (using Proposition 4.7. 11) gry, try T3 =

cywp has bidegree (2,1). We conclude that (4.22) holds. It remains to note that

1
awg = gry(aky + b) = gryy try T = gry try, T® = gry(x — §(a1’ ar)y) = cywy

so a = ¢y as desired. O

Lemma 4.8.7 Assume that x # 0.
(a) We have try p(x)T® € FPY (g) N FVY (g) and try p(x)T® ¢ FVY (g).
(b) We have gr, (—trv p(x)T? )> = x[1].

Proof: Tt follows from the definitions that try p(x)T® € Fl(Z)Y(g) N FQ(I)Y(g). Let us now
check that try p(x)T®? ¢ FQ(O)Y(g). Assume for the sake of contradiction that try p(x)T®? €
Fg(o)Y(g). It follows that the degree of gr,(try p(x)T®) w.r.t. the second filtration on
Clt~'g[[t~"]]] = S*(g[t]) is at most zero. This contradicts to the fact that gr, (try p(x)T?)
is

1
= =(ar,a)v + (X, a2)v,

2
which has degree one with respect to the second filtration (use that x # 0).
Let us now decompose x = Zrkg 2aX gfgtw] and consider the element

kg
x,oej

§ Y eY(g),

(o) (to;) € Y(9)
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which lies in Fl(Q)Y(g) N Fz(l)Y(g). It is clear that gry(x) = x[1]. Note now that = ¢ FQ(O)
(since gry(z) = x[1]). Recall also that try p(x)T® ¢ FQ(O). We conclude from Lemma 4.7.9
(using FVY (g) € F”Y (g)) that

gry (1) = bigr(zl)(x) = gri(r),

gty (try p(X)T@) = bigr®Y (try p(x)T®) = gryy(try p()T).
Note also that

: 1 1 :
bigr (; try p(X)T(2)> = gl'y; <; try p(X)T(2)> = x[1] = gri5(z) = bigr(x)

SO

1
o v p0T? = e (FYY (o) N B (@) + (FPY (@) N B7Y () © 7Y (a),
hence,
1
gr, (; try p(x)T(2)> = gry(z) = x[1].

O
We are now ready to prove Proposition 4.8.5.
We start from the case x = 0. In this case we need to show that &y € gry B(1). It follows
from Lemma 4.8.6 that gr,(try T®) = cy@o + b for some b € C. It follows that

1
Wy = — <gr2(trv T — b) € gry B(1).
Cy
Let us now deal with arbitrary x # 0. Consider the image of the element
1 )
—(trv pv(exp(ex))T" — b>
Cv

in B.(C). Let X(x) be the coefficient in front of €® = 1, which we consider as a function on
x with values in Yy(g) = U(glt]). It follows from Lemmas 4.8.6, 4.8.7 that we have

(o (v pvlexp(e))T® b)) = X(0) + 0(0)

We claim that X(x) is exactly @,. It follows from the above that X (0) = @y. Recall that
terms in X (x), depending on x (i.e. X(x) — X(0)), appear only from

wg(tl‘v pv(EX + .. )T(2))

Recall now that X () is the coefficient in front of 1 so the only term in X (x), depending
on x, comes from try py(x)T®? ie. X(x) — X(0) = %grQ(trv pr(x)T®). Recall that by
Lemma 4.8.7 we have - gr(try pv(x)T®) = x[1]. We conclude that

X)) = X(0) + x[1] = @y

S0 W, € lir% Be(exp(ex)). O
€—
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Remark 4.8.8 Note that for g, which has a minuscule representation (i.e. for g not of type
Eg, G3) it is easy to see that the element @, lies in the limit, using the explicit formula (4.21)
for R,

We also need to find an element

0, = Y aar1] + X2
in the limit lim B.(C).
e—0
Proposition 4.8.9 The element QX lies in the limit algebra lir% Be(exp(ex)).
e—

Proof: The proof is similar to the proof of Proposition 4.8.5. Recall that V is a finite
dimensional representation of Y (g) that is not a direct sum of trivial g modules, (, )y is the
corresponding invariant form and ¢y € C* is such that (, )y = cy(, ). We start from couple
Lemmas (c.f. Lemmas 4.8.6, 4.8.7 above).

Lemma 4.8.10 (a) We have try T®) € FVv (g).
(b) We have gry(try T®)) = c€.

Proof: Let us prove (a). Assume for the sake of contradiction that try 7®) ¢ FQ(I)Y(g).
It follows from the definitions that try T®) € Fl(?’)Y(g) N FZ(Q)Y(g). We claim that the
condition (i) of Lemma 4.7.9 holds for x = try T® and (4,5) = (3,2). Indeed, note that

FYY(9) ¢ BY(g) so (FY(0) 0 B7Y(0) + (FYY () 0 7Y (g)) € VY (g) and
try TG ¢ FQ(I)Y(g) by our assumption. It follows from Lemma 4.7.9 that

gry (try T(S)) = bigr(3’2) (try T(g)) = gry(try T(g))-
Note now that gr,(try T®)) is the function

g = (a1, a2)v + f(ar),

where f € (S3g)? is some g-invariant function of degree 3. We see that gr,(try 7)) has
degree 1 < 2 w.r.t. the second filtration on C[t'g[[t']]]. Contradiction finishes the proof.

Let us now prove (b). Let us note that try T € Fl(g)Y(g) N FQ(I)Y(g) and

gty try T = gry(g = ((ar, a2)v + fla1))) = vl
has bidegree (3,1). It follows from Lemma 4.7.9 that ¢y Qo = gry, try TG) = gry, try T4
so gr, (gry try T®)) = ¢;Q. Note now that try T®) is g-invariant so gr, try T4 € U(g[t])®.
Moreover, gr, tryy T®) is homogeneous of degree 1 w.r.t. the grading on U(g[t]). There exists
the unique graded lift of ¢y to U(g[t])? so gry try TG = ¢y €.
U

Lemma 4.8.11 Assume that x # 0.
(a) We have try p(x)T® € Fl(g)Y(g) N FQ(Q)Y(g) and try p(x)T® ¢ Fz(l)Y(g).

(b) We have gr, (i try P(X)T(3)> = x[2].
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Proof: 1t follows from the definitions that try p(x)T® € Fl(g)Y(g) N FQ(Z)Y(g). Let us now
check that try p(x)T® ¢ F2(1)Y(g). Assume for the sake of contradiction that try p(x)T®) €

Fg(l)Y(g). It follows that the degree of gr,(try p(x)T®) w.r.t. the second filtration on
Clt~'g[[t~"]]] is at most one. This contradicts to the fact that gr,(try p(x)T®) is

g (X, a3)v + (a1, a2)v + f(ar)

that has degree two with respect to the second filtration (use Proposition 4.7.11).
tkg 2 (60y)
(aj,005)

Let us now decompose x = Z tw, and consider the element

Z 200 9) 1t ), ()

= Oé], Oéj

that clearly lies in F(s)Y(g) N F(z)Y( ) and gry(z) = X[ ]. Note now that x ¢ F Y(g)
(since gry(z) = x[2]). Recall also that try p(x)T® ¢ 2( We conclude from Lemma 4.7.9
(using FPY (g) € FiVY (g)) that

gry (7) = blgr(gz (z) = grio(),

gty (try p(O)T®) = bigr®? (trv p()T®) = gry(try p()T®).
Note now that

bigr (i try P(X)T(3)> = 8l <$ try P(X)T(3)> = x[2] = gry,(x) = bigr(z)
SO
-ty p(OT) — o € (FPY (@) 0 BV (@) + (FPY (@) 1 Y (@) © VY (@),
hence,

gr (é try P(X)T(3)> = gry(z) = x[2].

OJ
We are now ready to prove Proposition 4.8.9. We start from the case y = 0. Consider
the element try; 7 € B(1) and recall that by Lemma 4.8.10 (b) we have

gro (tI’V T(g)) = Cvﬂo.

We conclude that |
QQ = —grQ(trV T(g)) € gry B(l)
Cy
Let us now deal with arbitrary y. Consider the image of the element
1 3)
— try py(exp(ex))T
cy
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in B.(C). Let X(x) be the coefficient in front of ¢!, which we consider as a function on x
with values in Yy(g) = U(g). It follows from Lemmas 4.8.10, 4.8.11 that

(- trv prlep(e)T®) = X (e +0(1),

We claim that X (x) is exactly Q,. It follows from the above that X (0) = €. Recall that
terms in X (x), depending on x (i.e. X(x) — X (0)) appear only from

Ye(try pv(ex +...)TH).

Recall now that X () is the coefficient in front of €' so the only term in X (y), depending
on x comes from try py (x)T® ie. X(x) — X(0) = L gry(try pv(x)T®). Recall that by

Lemma 4.8.11 we have - gry(try pv(x)T) = x[2]. We conclude that

so 2, € 11—% Be(exp(ex))-

X

Theorem 4.8.12 We have lim B.(exp(ex)) = A}
€E—

Proof: We set C' = C(¢) = exp(ex). Recall that by Proposition 4.6.6 we have A} =
Zu(Qy). Tt follows from Proposition 4.8.9 that Q, € lir% B.(C). We conclude that
€E—

lin% B(C) C A§. It remains to note that by Lemma 4.2.10
e—
dimp B(C) < dimp, lir% B(C) < dimp, AY.
e—

Using Corollary 4.5.9 and Proposition 4.8.3, we obtain dimp, B(C) = dimpg, Aj(34(X)) =
dimp, A} and conclude that dimp, lin% B(C) = dimp, A} so from liI% B(C) C A} it follows
€E— €E—

that lim B.(C') = AJ. O
e—0

Remark 4.8.13 Note that in type A Theorem 4.8.12 can be deduced from the results of
Section 4.11.

4.9 Crystals: main properties and examples

From now on we assume that g = sl,,, G = PGL,. Slightly abusing notation, we denote
by b the subalgebra of diagonal matrices of gl,, and by hy C b we denote the subalgebra of
traceless matrices. Let T C GL, be the subgroup of diagonal matrices and let T, C T be
the subgroup of matrices with determinant one. We also denote by T C PGL,, the subgroup
of diagonal matrices.

In this section we introduce notions of sl,,, sl, - crystals and discuss some of their prop-
erties.
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4.9.1 Definitions of 5[n,§[n-crystals

Let us discuss sl,-crystals. We denote by PV the weight lattice of sl,,.
Definition 4.9.1 A sl,-crystal is a finite set B together with maps:
e;, fi: B— BU{0}, wt: B— P, i=1,2,...n—1,

such that for each i =1,2,...,n — 1 we have:

(a) let b€ B. Ife;-b € B for somei € {1,2,...,n— 1}, then wt(e;-b) = wt(b) + o), if
fi-b€ B for somei={1,2,...,n— 1}, then wt(f; - b) = wt(b) — o,

(b) for all b, € B, e;-b=1 if and only if b=1;-V'.

We use the identification {1,2,...,n} —=>Z/nZ, j — [j]. For [j| € Z/nZ we denote by
Ty € Sy the cyclic permutation which sends [i] to [i + j]. We denote by 7, the induced

automorphism 7'[\;] . PV = PV,
Let us now define sl,-crystals.
Definition 4.9.2 A 5fn-crystal 1s a finite set B together with maps
e, fj: B — BU{0}, wt: B — PV, [i] € Z/nZ,
such that for every [j| € Z/nZ the operators
ep:qphﬁﬁ:mﬁbBﬂstigP%i:LZ“Wn—l
define the structure of sl,-crystal on B that will be denoted by B

Warning 4.9.3 Note that our definition ofsfn-crystal 1s not the standard one since we are
assuming that the function wt maps to PV that is a weight lattice of sl, (not of the whole
algebra s\, ), we are also considering only finite crystals.

4.9.2 Tensor products of crystals

Let us discuss tensor products of crystals. Given an sl,-crystal B and [i] € Z/nZ we can
define maps ¢/, ¢y : B — Z U {oo} as follows:

ol (B) = max {m € N| (e)"(b) # 0}, };(b) = max {m € N| (f7)" (b) # 0}.

Given two integrable sl,-crystals B, B one can define an sl,-crystal structure on the set
B x B’ as follows:

wt(b x b’) = wt(b) + wt(b)

ey (b x b') = (g b) x ', if f(b) > 7y (W) (4.23)
b x (ef; -b’), otherwise,
. + —
fiy-(b x b') = (Fg -b) x B, 3 oy (b) = oy (B) (4.24)
b x (f;-b’), otherwise.

This crystal will be denoted by B ® B'.
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4.9.3 Examples of sl,,-crystals

To every dominant weight X of sl,, one can associate the crystal B) that should be considered
as a “discrete model" of the representation V) (see [60], [61] for details). Explicit description
of By was given in [62], we recall the construction. Let A(\) be the Young diagram, corre-
sponding to A i.e. if we decompose A = > 7 w,,, with 1 <m; < ... <m, < n then A(N)
consists of p columns of lengths m4,...,m,. Let By be the set of semi-standard tableaux of
shape A()\). Operators f; work as follows. Read the entries of the tableau from bottom to
top left to right, ignoring all numbers except 4,7 + 1. Replace i + 1 by ( and ¢ by ), turn ¢,
corresponding to the rightmost unmached ) by ¢ + 1. Similarly, operators e; work as follows.
Read the entries of the tableau from bottom to top left to right, ignoring all numbers except
i,i+ 1. Replace i + 1 by (‘and ¢ by ), turn i + 1, corresponding to the leftmost unmached (
by i.

Example 4.9.4 For A\ = w; the crystal B,, can be described as follows. Note that the Young
diagram A(w;) is a column of length . It follows that the set B,, is in bijection with [-tuples
of positive numbers (iy,...,4) such that 1 < iy < ... < i, < n. Action of e; on (iy,...,4)
replaces (if possible) i by i + 1 and sends (i1, ...,1;) to zero otherwise. Action of f; replaces
(if possible) i by i — 1 and sends (iy,...,14;) to zero otherwise. The weight function wt sends
(i1, ...,14;) to the linear function by 3 (x1,...,2,) — Ty + ... + Ty,

Remark 4.9.5 Let us give another description of the crystal structure on B). Consider the
following embedding By C By, ®...® By, Let a be a semi-standard Young tableau of
shape A(X). Let a; be the i-th column with enumeration starting from the right. We send a
to the element a1 ® az...®a, € mel ®...® mep. The crystal structure on B, is induced
from the one on mel ®...0 mep (note that the crystal structure on By, is very simple,
see Example 4.9.4 above).

Definition 4.9.6 A sl,-crystal is normal if it is isomorphic to the disjoint union of crystals
Bi.

4.9.4 Kirillov-Reshetikhin crystals

Let us describe the so-called Kirillov-Reshetikhin crystals. They are 5En—crystals that will
be most important for us (see Remark 4.9.7 for some motivation to restrict attention to
these crystals). These 5fn—crystals correspond to representations V;, and will be denoted
B,,. The existence of such crystals is proven in [59] and the explicit construction is given
in [102], [67] and [66], see also [93].

In this section we prove that if By can be extended to an f:[n—crystal B, such that B[)\l] is
normal then A\ = lw, and such an extension is unique. One of the results of this chapter is
a “geometric" construction of such an extension (see Section 4.16). So, the present chapter
gives an alternative approach to the existence (and uniqueness) of B, .

Remark 4.9.7 The (arguably) most important class of g[n—crystals are the crystals that
appear as crystal graphs of (finite dimensional) representations of Uq(f:[n). The following
conjecture is due to Kashiwara (see [103, Conjecture 4.5]): every connected affine crystal
graph is isomorphic to the tensor product of Kirillov-Reshetikhin crystals.
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We first describe the sl,-crystals, corresponding to representations AL(C™) = Vs SHC™) =
Vie, -

Warning 4.9.8 Note that it is not true in general that S'(A"C") = Vi, . For example, for
n=4,1=r=2, we have S*(A’C*) = Vs, ® C.

Example 4.9.9 The crystal B, can be defined as follows. Pick the standard basis {vp), . .., v}
of C" and denote by {v}y,..., v} } C (C")* the dual basis. Consider the vector space Alcr

and its projectivization P(A'C™). For a vector x € AIC™ we denote by [z] the corresponding
element of P(A'C™). We define

Bwl = {[U[m /\U[,'Q].../\U[il}], |1 <y <ig<...<y < n}

The map e acts via Ep) [i41), the map ) acts via Ejj1q);). The map wt sends [v[h] AV -+ - N
v[m] to the restriction of v[’;l] + ..+ U[Z] to hy C C™.

Example 4.9.10 The crystal By, can be described as follows. Consider the vector space
SIC™ and its projectivization P(S'C"), for a vector x € S'C" we denote by [z] the corre-
sponding element of P(S'C"). We define

Blwlz{[vﬁlﬂUﬁ;]”1<21<22<<Zl<n7p1++pl:l}

The map ey acts via Ey i41), the map f}; acts via Ejq)5). The map wt sends [vf} vf” Uﬁlﬂ]

[ia] “[éo] *
to the restriction ofplvril] + ... —i—plv[*il] to by C C™.
Schiitzenberger involutions and the operator ¢

We start from the following definition.

Definition 4.9.11 [/5] The Schiitzenberger involution &g, : By — B, is the unique map of
sets which satisfies

¢i(£8, (b)) = &b, (en—i(D)),
£i(€5,(0)) = &b, (fai(D)),
wt (€5, (b)) = wo(wt(b)).
Here wy € S, is the longest element and i € {1,...,n — 1}.
There is an explicit combinatorial construction of &g, (see, for example, [68]). If B is a

disjoint union of By then we denote by {p the corresponding involution of B. Following [45,
Section 2.2| let B be the crystal with underlining set {b|b € B} and crystal structure

€; l_7 = fn—i 'b, fz b= €n—i 'b, Wt(l_)) = U}()(Wt b)

It follows from the definitions that the involution ¢ is the isomorphism of crystals £5: B — B.
We set Bg\l) := (By)ls1,_,- Let us describe the sl, ;-crystal Bg\l). It follows from the defini-
tions that Bgl) = B, as a set i.e. Bgl) = {bM |b € B,\} and the crystal structure is given
by

C; b(l) = (eiH b)(l), fz b(l) = (fi+1 b>(1), Wt(b(l)) = T[,l] (Wt(b))
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Note that the composition g, o {(p,) induces the isomorphism

|sln,1

1 ~
€8y ©E(BAar,_, - B =5 (Bt

and such an isomorphism is unique (since (B))|s,_, is isomorphic to the disjoint union of
distinct irreducible sl,,_q-crystals). We conclude that the following lemma holds.

Lemma 4.9.12 There exists the unique biyjection ¢: By — By such that

(1) wt(o(b)) = 71 (wit (b)) .

(2) o(ei(b)) = eisa(p(b)) and ¢(fi(b)) = fit1(¢(b)) fori=1,...,n—2.

The bijection ¢ is gwen by £p, 0§(p,)|,,,_, » where &y, | s the Schitzenberger involution
of the sl,,_y-crystal (By)lst, ;-

Description of ¢ as a promotion operator

Let us now give a combinatorial description of the operator ¢ of Lemma 4.9.12. Let us define
the so-called Schiitzenberger’s promotion operator pr: B, — Bj,.. Recall that A(lw,) is
the Young diagram that corresponds to lw,. Starting from Young tableau a € B, of shape
A(lw,), we denote by H the horizontal strip in A(lc,) consisting of boxes of a with letter
n. Tableau pr(a) is constructed as follows.

Step 1. We remove all the letters n in a.

Step 2. Slide the remaining subtableau to the southeast using the following procedure
(Schiitzenberger’s jeu-de-taquin). Entering the cells of H from left to right we shift the entry
above down, or the entry to the left right, whichever is bigger (if it is same, take the vertical
move) and continue this until there are no entries above and to the left of the empty square.

Step 3. We fill in the vacated cells with zeros.

Step 4. Add one to each entry. The resulting tableau is pr(a).

It is easy to see that the operator pr(a) satisfies conditions (1), (2) of Lemma 4.9.12 so
we must have

¢ = gBA © 5(3/\”5[”,1 = pr.

Example 4.9.13 Let us consider the example | = r = 2, n = 4. We are dealing with the

set By, consisting of Young tableauz of shape Let us describe the operator pr = ¢
in this particular case. The set By, consists of tableauz:

I [ LI L[] 1]1|[1|2]|1]2||1]2]||1]2
2121 213|[ 214|313 314][414[[215]|214]|[5]3]|3]4
2113131312 2]|2]2]|2]|2]|2|3]||2]3]||3]3
414112141 [314] 1414|313 |14 414][314]|414]|[4]4
Then pr acts on By, in the following way
1)1 212 3|3 1)1 111] [1]1 212 118 112 1)1
21 2] 318 ld]— U141 121 2] 213 314 ] 34— 4141 [2]3
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Description of B,

Pick a dominant A € PY and assume for a moment that there exists an gln—crystal B, such
that BE\O] ~ B, and BE\” is normal (we will see that this can happen only for A = lw, and
the existence of such crystal will be proven in Section 4.16). The goal of this section is to
prove that B, is unique and can be described explicitly.

Proposition 4.9.14 Let By be a g[n-crystal such that Bl is isomorphic to By and Bl is
normal. Then A\ = lw, and the operators ey, fg are given by

e = (€, © &By)l, ) Yoe o(&p, 0 g(B)‘)|5[n—1) =pr'oe opr, (4.25)
flo) = (€, © §(BA)|5[,L,1)_1 ofi0(Ep, ©&py)),, ) =Pr ofiopr. (4.26)

Proof: Let us first of all note that since B[ is normal and has the same character as B)
we must have B ~ B,. Pick isomorphisms of sl,,-crystals B ~ B,, Bl ~ B, (note that
these isomorphisms are unique). Composing one of them with the inverse of the other we
obtain the bijection ¢: By —» B, that satisfies conditions (1), (2) of Lemma 4.9.12. It then
follows from Lemma 4.9.12 that ¢ = {p, 0§(p,),, .- In particular, we see that the operator
1

flo) is equal to pr~ o f; opr. Note that pr": By — B) should be the automorphism of the
crystal By so we must have pr* = idg,, hence, A = lw, (see [100] and [67, Section 6.2]). It
now follows from the construction of B, that B ~ B, as sl,-crystals. O

Remark 4.9.15 In Proposition 4.9.1j we prove that if B, can be extended to an sl,-
crystal then the extension is unique and operators ey, fioy must be given by the formulas
(4.25), (4.26) (compare with [102, Section 3]). It remains to check that the extension By,
indeed exists. This will be proven in Section 4.16. Let us recall that the existence of By, s
known and follows from [59]. Our approach gives an alternative construction of By, .

4.10 Yangians in type A

4.10.1 Yangians of gl,,, sl,,, Bethe and Gaudin subalgebras

Let us return to Yangians. We first of all describe the Yangian Y'(gl,,). It is generated by

t((;,;), 1 <a,b<n,r>1subject to relations

r+1 s r s+1 r),(s s) (7
401 49,50 = 06— o)

where t = 04p. Yangian Y(sl,) is the subalgebra of Y (gl,), which is stable under all
automorphlsms of the form T'(u) — f(u)T(u), where f(u) € 1+ v 'C[[u~]]. Tt follows
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from [83, Theorem 1.8.2| that Y (gl,) = Y (sl,) ® Z(Y(gl,,)), where Z(Y (gl,,)) is the center
of Y(gl,).

Let us also recall the description of Bethe subalgebras B(C') C Y (gl,). The symmetric
group S, acts on Y (gl,)[[u"!]] ® (End(C"))®" by permuting the tensor factors. This action
factors through the embedding S,, — (End(C™))®", hence, the group algebra C[S,] is a
subalgebra of Y (gl,,)[[u™!]] ® (End(C"))®". Pick m € {1,2,...,n}. Let S,, be the subgroup
of S,, permuting the first m tensor factors. Denote by A,, the antisymmetrizer

Ap = — Z °g € C[S,] C Y(gl,)[[u']] ® (End(C™))®"

’ O'GSm

Note that for every a € {1,...,n} there is an embedding
io: Y(gl,) ® End(C") — Y(gl,,) ® (End(C"))®"

which is identity on Y'(gl,) and embeds End(C") as the a-th tensor factor in (End(C"))®"
Suppose that C' € GL,. For any a € {1,...,n} denote by C, the element i,(1 ® C) €
Y (gl,)[[u"!]] ® (End(C™))®". For any a € {1,2,...,n} introduce the series with coefficients
in Y(gl,) by

To(u, C) :=tr A,Cy ... C./ Ty (u) ... Ty(u —a+1), (4.27)

where we take the trace over all a copies of End(C™). The algebra B(C) is the subalgebra
of Y(gl,,) generated by all coefficients of the series 7,(u, C).

Remark 4.10.1 The fact that this definition of B(C) coincides with the one given in Sec-
tion 4.8 can be seen using that the irreducible representations of GL,,, corresponding to
fundamental weights are wedge powers A!(C").

For C € SL,, let B(C') C Y (sl,) be the corresponding Bethe subalgebra. One can show
(see [50]) that B(C) = B(C)® Z(Y (gl,)), where Z(Y (gl,,)) is the center of Y(gl,,). It is easy
to see that for a € C* we have B(aC) = B(C) and similarly if a® = 1 then B(aC) = B(C).
It follows that actually B(C), B(C) depend on C' € PGL,,.

Recall that h C gl, is the subalgebra of diagonal matrices. Let us finally recall that
to x € bh one can associate the universal inhomogeneous Gaudin subalgebra of U(gl,[t]) to
be denoted /Nl; C Ul(gl,[t]) (see Section 4.3.3). To the set of (distinct) points wuyq,...,u; €
C one can associate the inhomogeneous Gaudin subalgebra of U(gl,)®* to be denoted by
A (u, ..., u) (see Section 4.4). Recall that hy C b is the subalgebra of traceless matrices.
We also consider the quotient b := h/C. Note now that the embedding hy C b induces
the identification hy <= b so to every y 6 b we can associate the corresponding subalgebras
AL C U (sl [t]), Ag(u, ... u,) C U(sl, Y&k

We will use the following lemma.

Lemma 4.10.2 Pick x € ho, s € C*, c € C and 21, ..., 2, € C. Then we have the equality
Ay (21,0 21) = Ay(szr +c¢, ..., sz, +¢). Same holds for the algebra A, (21, ..., z).

Proof: Follows from [99, Proposition 3| (see also [43, Lemma 9.2|). O
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4.10.2 The evaluation homomorphisms for Y (gl,,), U (gl,,[t])

Let E = (Euwp)ap=1..n € End(C")®U(gl,) be the matrix with coefficients in U(gl,,), Fu € gl,,
is a matrix with 1 on (a,b)-entry and zeroes on other entries. Recall that for every z € C
we have the evaluation morphism

ev.:Y(g) = Ulg), 1) — 2" E,.

Recall that we can identify Yy(gl,) = gr, Y (gl,) with U(gl,[t]) by sending gr, Y(gl,)
[t57] = Byl — 1] € U(gl [1]).

Warning 4.10.3 Note that this choice of the identification differs from the one in Proposi-
tion 4.7.4 by the automorphism of U(gl,[t]) = U(gl,[t]) induced by the Cartan involution
gl, =gl given by x — —a'.

Recall the identification Y.(gl,,) = Y (gl,, ) [A™a] — €™a. The composition
Y.(gl,) =Y (gl,) —L5 U(gl,) is given by [t;; (pr=1] s 271 E;;. We denote this composition
by
eve.: Y(gl,) — U(gl,).
One can show that lir% ev..: U(g[t]) = U(g) is the standard evaluation at z homomorphism
e—

ev,: U(gl,[t]) — Ul(gl,) given by z[l] — 2'z (see Lemma 4.10.5 and Corollary 4.10.6 below).
More generally, we can define the evaluation homomorphism

eV . Y(9) = U@, evi,, . = (ev,, x...xev,)o A"

h AR Y (gl)) — Y(gl,)®" is th iti AR1I®...®1)o...0 (A®1)oA
where (gl,) (gl,)®" is the composition (A® 1®...®1)o...0 (A®1)o

k—1
and A: Y(gl,) — Y(gl,) ® Y(gl,) is the standard comultiplication on Y (gl,) given by
A(T) =T ® T, where T(u) = (tij(u)> € End(C") ® Y (g) and t;;(u) = 0y + 3,0, £ u.

Similarly, we obtain the map ev., .. .,): Ye(gl,) — U(gl, )®* such that the limit lim €V(cizy, k)

e—0
is the standard evaluation at 2, ..., z; homomorphism ev,, :U(gl,[t]) — Ul(gl,)®* given

by Eij[r] — SF_ Eijlr)2: (see Lemma 4.10.5 and Corollary 4.10.6 below).

Remark 4.10.4 Explicitly we have

£ E®
B ; T =11 1 )
A k( (U)) ( +U—Zl) ( +u—2k)

where £ =id®... ®1d®F ®id®...®id (E on the i-th place). It follows that

Van ()= Y BB

)
lay+...+lap+p=r

(4.28)

p’

Pick distinct z1,...,2z, € Cand dy,...,d, € C.
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Lemma 4.10.5 Let a(e) € Yc(gl,), € € C be an algebraic family and set a := a(0). Then

im eV (e teds,... 2 tedy) (a(€)) exists and is equal to ev,(a).

e—0
Proof: Recall that Y.(gl,,) is equal to the quotient Y;(gl,)/(h—¢). Let a € Y(gl,,) be the ele-
ment that corresponds to the family a(e) i.e. [a]. = a(e), where [a]. is the class of @ in Y(gl,,).
Note that a = [a]o. Recall now that Y;(gl,,) is a free C[h]-module. Y'(gl,) is generated by dif-

ferent products of elements ¢\ so Y5 (gl,) as a module over C[A] is generated by the products

.....

of elements tfﬁ%hkil. We can then write ¢ as the linear combination of elements of the form

141y —psT (rp) rit...Frp— r (rp) ri+...4+rp—ppT (rp)
pirrntectnepy )47 Note that [l retrs pen) ) = ety )
and the map eV ¢y, tedy,...up+ed,) Sends it to the element

eleve&Jred([h”_ltg;l)]ﬁ) : ..eve,yﬁg([h”?_ltg:;z]e) that goes to zero under the limit e — 0 if
[ > 0. So it remains to show that for every [h“ltz(-;)]6 € Y(al,) lg% eve;yﬂd([h“ltg)]g) =
evy(Ei[r —1]).

Note that using (4.28) we have

k
eVesrea([FF ) = € eva () = > B2+ Ofe).

a=1
This observation finishes the proof of the lemma since ev, (Ey[r — 1]) = S2F_, EZ(]Q -1 O

Corollary 4.10.6 There exists a homomorphism of C[h|-algebras

which fiber over h =€ € C* 8 €V (c.2) yedy,... zp+edy,) and the fiber over h =0 is ev,.

,,,,,

Proof: Consider the natural embedding Y(gl,,) C Y; ®cpp C[A']. Recal that we have the
identification Y; ®cpy C[AH] =5 Y (gl,)[7*!] given by (h'z) ® h' — h'*'z. Consider the

-----

morphism with the embedding Y;(gl,) C Y (gl,,)[A*!] we obtain the desired homomorphism
(use Lemma 4.10.5 to see that this homomorphism satisfies the required properties)

l

4.11 Manin matrices and generators of A;, Ax(zl, ooy 2ZK)

In this section following [21] and [106] we introduce certain generators of the algebras A;,

A (z1,...,2), B(C), ev.,. ..(B(C)). We start from a general definition. Let R be an
algebra over complex numbers. Pick M € End(C")® R that we can consider as n X n matrix
M = (MZ]) with Mij € R.

Definition 4.11.1 We say that M is a Manin matriz if
Vp,l,r,s =1,...,n we have [My, Mys| = [M,;, M.
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Given a matrix M € End(C") we define its column-determinant cdet M € R by the
following formula:

cdet M = Z (=1)7 - Moy - - - Mygnyn-

O'GSn

For i =1,...,n we denote by M; € End(C")®"® R the image of M under the embedding
End(C") ® R — End(C")®*" ® R given by

End(C")®R> fer—1®.. 019 f®1®...@1®zcEnd(C")*" ® R.
Recall that A,, € C[S,] C End(C™)®" is the antisymmetrizer normalized by the condition
A% = A,. Explicitly, we have 4, = %> o (=1)%0.
Lemma 4.11.2 Let M € End(C") ® R be a Manin matriz. Then
tr A, M, ... M, = cdet M.

Proof: We have
1 ab
tr Ap My My = — > (=D Mayp(r) - - - Magmypn):

’ a,beS,
It follows from [20] that for every p € S,, we have
cdet(M) =Y~ s8n(0) Mo(p))p(1) - - - Mo(p(m)p(n)-
UES’n
We conclude that
nledet M = Y sgn(0) Moy - - Motpmpin)-

P,0ESH

Replacing o o p by a and o by b we obtain that tr A, M ... M, = cdet M. ) U
Let us slightly modify generators of the algebra B(C'). Recall that the algebra B(C) is
generated by the elements

T.(u,C) =trA,Cy...C./Th(u) ... To(u—a+1),a=1,...,n.

Recall the antipode map n: Y (gl,) =Y (gl,) induced by the map T'(u) — T'(u)~'. Then
by [92, Section 1] the algebra n(B(C)) = B(C™') (see [51, Lemma 6.5]) is generated by the
elements

tr A, Ty (u) ... Tp(u—k+1)Clyq ... Cy.
It follows that the the algebra B(C’) is generated by the elements

tr AT (w) . To(u—a+1)C ... .Ct a=1,... n.

.Co
These generators can be written in a generating function

tr A, (e Ty (u) — C7Y) ... (7T, (u) — CY).

n
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Moreover, note that by [20, Proposition 4] matrix e=%T(u) — C~! is Manin so we conclude
from Lemma 4.11.2 that

tr A, (e Ty (u) — CTY) ... (e7 Ty (u) — C;Y) = cdet(e T (u) — C71).

Recall the matrix £ € End(C") ® U(gl,). Set E(u) := 3 E[rju""" € End(C") ®
U (gl [t])[[u™"]]-
Lemma 4.11.3 We have

B2 (u), Bua(0)] = —— (Ba(0)d5 — Bu(w)de — By + Fg ()

i.e. E(u) is a Laz matriz of gl,,-Gaudin type (see [20, Definition 5]).

Proof: Follows from the relation [E;;, Ex] = Eydjx — Ejou,. O

Corollary 4.11.4 The matriz 0, — E(u) is a Manin matriz.
Proof: Follows from [20, Proposition 2|, compare with |20, Equation (18)]. O

We are now ready to give an explicit description of the generators of the algebra fl; The
following proposition is essentially due to Talalaev ([106]).

Proposition 4.11.5 The subalgebra .[l; C U(gl,[t]) is generated by the coefficients in front
of urdl, 1 € Zso, r € Zey of cdet(E(u) — 0y + X).

Proof: Recall that the generators of B(C) are the coefficients of cdet(e=%T'(u) — C~1).
Consider the family cdete (e~ T (u/e) — exp(—ex)) of elements of B(exp(ex)). After
the identification B(exp(ex)) ~ Be(exp(ex)) the element cdet e (e~ T (u/€) — exp(—ex))
becomes

cdet e (e’ﬁa“ (1 +€ Z[hr’ltg)]u’T) - exp(—ex)) € B.(exp(ey)).
r>1
We have
e (L e YW Ju) — expl(—ex) =

r>1

(1—edy) (1 +e Z[hf—ltg)]u—?") —1+ex+0(e?) =

r>1

— e(Z[hr—ltZ)]u"“ — 8+ x) +0(e).

r>=1
It follows that
lim cdet e (e™ T (u/€) — exp(—ex)) = cdet(E(u) — 0y + ).

e—0

It remains to recall that by Theorem 4.8.12 we have A; = lir% B.(exp(ex)). The fact that
€E—>

the coefficients of cdet(F(u) — 0, + x) generate fl; follow from the similar statement for the
classical limit AY C S*(gl,,[t]) together with the fact that grppy fl; = grppw AL O
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Remark 4.11.6 For xy = 0 the results of Proposition 4.11.5 should be compared with |21,
Theorem 3.1].

Let us now pick distinct points 21, ..., zx € C and recall the corresponding standard Lax
matrix for the Gaudin system
k .
E®
L.(u) = )
)= 30—

Corollary 4.11.7 For every x € gl,, the algebra flx(zl, ..., 2k) 1s generated by the coeffi-
cients in front of u"d', of cdet(L(u) — 0, — ).

Proof: Recall that A, (21,...,2,) = ev,, ., (A%, ). Now the claim follows from the fact that

SASE <E<u>> - Z

00 k ;
E®
Ezru Tt = = L,(u).
B =3 o = L)

=1

r=

OJ
Pick £ € h. Our goal for now is to introduce certain compatible families of generators of
the algebras ev, /.. 4B(exp(ex)), Ay(2).
Consider the following two-parametric family of differential operators, here ¢, € C*

cdet € (e (1 + L,/era(u/e)) — exp(— Z e (
k>0
Since e~ %u" = wle % for every r € Z it follows that by (u) are rational functions with

poles at the points €z; +€j +€d;, 1,7 = 1,..., k. Consider then the following elements

k

Thodee = Z resuzgziJrejJredi(u — 2)) bpec(u)du € evg/sﬂl(é(exp(ex))), 1=0,...,k.
j=1

We can also decompose

cdet(L,(u) Z b Lelu

k=0
and consider the elements
Thaiie = T€Sy—s, (U — z)! boe(u)du, 1=0,... k.
The following proposition is an immediate consequence of the results above.

Proposition 4.11.8 The algebra ev§/€+d(l§(exp(ex))) is generated by elements Ty ., 1 cc.
The algebra Ag(z) is generated by the elements 1}

Remark 4.11.9 Note that for every ¢ € C the elements ., ; ., r272i7l7£ do not change under
the simultaneous shift (z1,...,2x) — (21 + ¢, ..., 2, + ¢) so in particular

€V (21 /e)+di (21 /) +di) (B(EXD(EX))) = €V (21 1¢) fetdr,..os(znte) Jetdr) (B(exp(€X))),

Ac(z1, . zn) = Ae(z1 ey ooz + o).
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4.12 Alcoves

Let S C T be the compact torus i.e. S := T NU(n), where U(n) C GL, is the group
of unitary matrices. We denote by S the quotient S/U(1) C PGL,, here U(1) C U(n)
is the center. Recall the Cartan subalgebra h C gl consisting of diagonal matrices. We
use the natural bijection {1,2,... ,n} —=>Z/nZ, j — [j] to parametrize coordinates of b by
elements of Z/nZ. We also recall the quotient b = h/{diag(a,...,a), a € C} and the natural
identification hy =+ b (here hy C b is the subalgebra of traceless diagonal matrices). Let
br C b be the real points. We have a covering:

exp: b — S, x > exp(27iY).

We denote by S*® € S the subset of regular elements. Note that the preimage exp 1 (S\S®)
consists of the points (apyj, ..., ap)) € bg such that ay—ap;) € Z for some [i] # [j]. For [i] # [j]
and k € Z we set 3

H[Iﬁ g = tapy, - ap) € brlap — ag = k}.
We will call the hyperplanes H? i C br the affine walls, and the connected components of
the complement to the union of all HE (.1] the alcoves. Let A be the coweight lattice of gl,,.
We have the natural identification A = Z". Set A := A/Z(1,1,...,1). Consider the standard

action S,, »~ A via the permutation of the basis elements. Note that we have the left action
of S,, x A on b given by

(Gima, ... ,my) (a1, .., an) = (Ag-1(1) + Me-1(1)s - -5 Ag=1(n) + Mo—1())-

Remark 4.12.1 Recall that we have (o1, A1) - (02, A2) = (0102, 05 (A1) + Ag) for oy, 09 €
Sn, )\17 )\2 € A.

We define the extended affine Weyl group as Wet .= Sp X A The natural action of S, ~ b
and the action of A ~ § via translations induce the action wet A b.

The coroot lattice A, C A is generated by the vectors E;; — Ejy101 € 0,0 =1,...,n— 1.
Let A, C A be the image of A, in A. Note that [A : A,] = n. The affine Weyl group
W= S X A, is an index n subgroup of the extended affine Weyl group Wext,

The W action on br preserves the affine walls, so it acts on_the set alcoves. It is easy
to see that the alcoves are fundamental domains for the action W ~ bg. By choosing the
“base” alcove @ = {(ap),...,ap)) € bg, |ap +1 > Zap > ag = ... 2 ap}, we obtain a
bijection between the alcoves and the elements of W and a surjective n : 1 map from Wext
to the set of alcoves. More precisely, to @ = (o, mpy), ..., M) € Wt we associate

Qu = 1iQ =
= apy, -5 ) € b o) = mpp) +1 2 Aoy = mp) 2 -0 2 o)) — Mg} (4:29)

Warning 4.12.2 Let us point out once again that the WeXt—actzon on the set of alcoves is
not free, so it may happen that Q4 = Qu for distinct w, W' € Wext. This will be important
in the proof of Proposition 4.16.6.
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The base alcove () is separated by the walls

0 0 —1
Hiypops s Hineag o Hig g

that we denote by Hi, Hs, ..., H, respectively. We denote by Q® the interior of Q4. The
alcove @)y is separated by the walls

mp—mg M{p—1]=M[n] mpp)—m—1
Hompy o2y Hotto1)o () Ho(m)) o)

that we enumerate by numbers 1,2,...,n and denote by H¥ ... H?. Note that H® =
().

4.13 Limits to the affine wall

In this section we describe the limits of different families of subalgebras depending on x € b
to a generic point of an (affine) wall H [IE],[]'}-

We pick w € Wet and consider the corresponding alcove @y (see (4.29)). Pick yo €
Qs lying on some H[]z]{j} but not on any other affine wall (such y, € Hﬁw] will be called
subregular). Set Cy := exp(2mixp). Pick also x € Q% and consider the following family
C(e) := Cyexp(2micy) = exp(2mi(xo + X)), where € € C (one can also consider the formal
version of this family). Set B(Cy, x) := li_I)%B (C(g)). Recall that we have the identification

Y (g) ~ Y(g). We denote by B.(Cy, x) the image of B(Cp, x) in Yc(g). We also set A7 =

i N (x0x)

Remark 4.13.1 The algebra B(Cy, x) is the limit subalgebra for the family {B(C), C €
T"*}. Tt follows from [51] that the space of all possible limit subalgebras is classified by the
Deligne-Mumford space Mj 42 of stable rational curves with n + 2 marked points.

We will use the following lemma in the proof of Proposition 4.13.3 below.
Lemma 4.13.2 Pick C € T ° then by C B(C) (we use the embedding U(g) C Y (g)).

Proof: Recall the filtration F» on Y(g) (see Section 4.7.3). It follows from [53] that

gry B(C) = U(bholt]) € U(sly[t]) = gryY(g) so bo C gry B(C). Note that degg, ho = 0

and the only element of degree —1 in Y'(g) is zero. The claim follows. ([l
The following proposition should be compared with |53, Theorem B].

Proposition 4.13.3 We have

B(Co, x) = B(Co) ®@2(Us5(x0))) Ax(3a(X0))s Alyon) = A%e @2(UGs(x0)) Ax (35(X0))-

Moreover, the subalgebra B(Cy, x) C Y (g) is generated by B(Cy) and the element h = h;j =
E; — E;; € U(g) C Y(g), the subalgebra .A‘(JXO,X) C U(glt]) is generated by A3 and the
element h;; € U(g) C U(g[t]).
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Proof: We have B(Cy) C lintl)B(C’(e)) = B(Cy, x). We claim that h;; lies in the limit. In-
€E—

deed, this follows from the fact that C' = C(¢) is regular for € # 0 so by Lemma 4.13.2 we
have hy C B(C(e)). Note now that the derived subalgebra 34(x0)%" of 34(x0) is equal to
Spang(Eij, hij, Ej;) =~ sly so the algebra A, (34(x0)) is equal to C[h;;] @ Z(U(34(x0))) i-e. is
(freely) generated by hy; over the center Z (U (34(X0))). We conclude that B(Co) ® 2w (s, (x0))
A, (34(x0)) C B(Co, x). Note that Z(U(34(x0))) C B(Cy) C B(Co, x) so B(Cy, x) is con-
tained in the centralizer Zy (g)(Z(U(34(x0)))). It follows from [53, Lemma 6.14] that

Zy((Z(U(35(x0))) = Y (8™ 2035000 U 33 (x0))-

Algebra B(Cy) ®z(u(s4(x0)) Ax(3g(X0)) is a maximal commutative subalgebra of
Y (9)3%) @ 7175 (xo))) U(3s(X0)) (compare with the proof of Proposition 4.5.3) so we must

have the equahty B(Cy) ®Z2(U G54 (x0))) A, (34(x0)) = B(Co, x)-
The proof for A?x ) 18 similar. O

Recall that .A(X 0 = A BzUGa(x0)) Ax (35(x0)). We set Zl(lxo,x) = 7(;0 ®2(5% (35(x0)))

A, (35(x0)) that can be c0n51dered as a classical limit of A7, ' .

Remark 4.13.4 In the same way as in the proof of Proposition 4.13.3 one can show that

hmA and A“X is generated by .A“ and h.

(Xo x) Xotex »X)

Lemma 4.13.5 We have

Al o) = Zsoait) Qo 1), Al = Zuai))(Qxos h)-

Proof: The proof is similar to the proof of Proposition 4.6.2. Considering the family
Zge(gi)) (eyor h) and taking the limit x — oo we conclude (as in the proof of Proposi-
tion 4.6.2) that

i Zge g1y (Qxos 1) € Zso (34000)11) (Psg (x0) s 1)

KR—00

It remains to show that A§(3g(x) b = Zse (s5x0)) (Lig(x0) 1)- Note that 3g(xo) is a reductive
Lie algebra with semisimple part being isomorphic to sl,. Now the claim reduces to the sl,-
case when this is clear.

So we have shown that 7\&07 = Zse(git))(2x0, 1). The proof of the equality A?XO,X) =

Zu i) (Qyo, h) follows from the equality A(me) = Zge(gi)) £y, h) in the same way as in the
proof of Proposition 4.6.6. U

Lemma 4.13.6 The two-parametric family B.(exp(e(xo+¢€X))) depending on (e,g) € (C*)?
extends to the continuous family on the whole C? by setting

(6,0) — Be(exp(exo), x), (0,¢) — AY

xXo+ex?

(0,0) = AL .

Proof: As in the proof of Proposition 4.8.9 we consider the family

€
X(xo +ex) = ;M(trv exp py (e(xo + x))T®) € Be(exp(e(xo +€x))), € € C*, e € C.
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It follows from the proof of Proposition 4.8.9 that the family X.(xo + €x) extends to
€ = 0 via Xo(xo + €X) = Qypiey. We conclude that every limit algebra to (0,¢) contains
Qyo4ey (here e may be equal to zero). Note also that hy; € B(exp(e(xo + €X))) so every
limit algebra contains h;;. It follows that every limit algebra to (0,¢) (¢ € C) contains
Qyotey, hij S0 is contained in the centralizer ZU(g[t])(QXO+5X, hij) that is equal to A} .., for
e # 0 (see Proposition 4.6.6) and to Af, ) for ¢ = 0 (see Lemma 4.13.5). From the
dimension estimates (same as in the proof of Theorem 4.8.12) we conclude that every limit
algebra to (0,¢) (¢ € C) is Ay .., for € # 0 and A{ |, for £ = 0. We also note that every
limit algebra to (¢,0) (e # 0) contains B(exp(exo)), hij, hence, by Proposition 4.13.3 and
the maximality of B.(exp(exo,x)) (see [51, Main Theorem of Section 1.2]) it must be equal
to Be(exp(exo, X))-

To finish the proof we need to check that the family that we have constructed is in-
deed continuous. Let m be our two-parametric family and let 7;: C* — Gr(d;, Q;) be the
corresponding maps to Grassmannians. We need to check that if we have some convergent
sequence p, — p on C? then the sequence of images m;(p,) converges to m;(p). It is enough
to show that every convergent subsequence of the sequence m;(p,) converges to m;(p). Pick a
convergent subsequence 7; (p () of the sequence 7;(p,) and assume that it converges to some

P;. Pick a subsequence P, ) of p;, such that m; (p o ) converges to some P, ;. Continuing
+1) +1)

in this way we obtain a sequence of vector spaces (use Lemma 4.2.8) P, C P4y C ... such
that P :=J >; [ s a commutative algebra (use Lemma 4.2.8), its dimension can only jump.
It now follows from the observations above together with Lemma 4.2.8 that the algebra P
must be 7(p). We conclude that P, = m;(p).

O

Remark 4.13.7 Note that there is an alternative proof of Lemma 4.13.6 that uses explicit
generators described in Section 4.11 (compare with the proof of Proposition 4.11.5). Note
also that we are not claiming that the family constructed in Lemma 4.13.6 is holomorphic
(this should be true but we do not need this).

Pick distinct points 21,...,2; € C. We set A, ) (2) = hm AXO+6X( ) C U(g)®". Let us

show that the algebra Ay, ) ( ) is equal to ev,(A{ ) (see Proposmon 4.13.9 below). We
start from the following lemma.

Lemma 4.13.8 We have Ay, x)(2) = Ay (2) @20, 000 Ax (Gat, (X0)) . The algebra Ay (2)
is generated by A,,(z) and the element AF(h;;) = hz(-;) +...+ hg?c).

Proof: Same proof as of Proposition 4.13.3. 0J
Proposition 4.13.9 We have ev; (A} ) = A—x0,—x)(2)-

Proof: Use Proposition 4.4.10 together with Proposition 4.13.3, Lemma 4.13.8 and the max-
imality of A,y (2) C U(g)®* (follows from the fact that A_,, C U(g)**® is maximal
that was proved in [43, Proposition 9.12]). O
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4.14 Simplicity of spectra of B(X) on a tensor product
of KR modules

In this section we recall the main results of [50] that will be used later.

Pick k > 1 and let V4,0, .. -, Vawbk be irreducible polynomial representations of gl,,
corresponding to rectangular Young diagrams. Let z = (21,...,2x) be a k-tuple of (dis-
tinct) complex numbers z; € C, later we will put some restrictions on Re(z;). We denote by
Va,; (%) the corresponding irreducible representations of Y'(gl,) (via ev.;). The represen-
tations V,,,(2;) are called Kirillov-Reshetikhin modules. Recall that to every C' € G, we
can associate Bethe subalgebra B(C') C Y (sl,) (see Section 4.10.1) so we obtain the action
B(C) A Vi(21) ® ... R Vi(z) (via (ev,, ®...@ev,, ) o AF).

The following proposition was proved in [50].

Proposition 4.14.1 For C € S and Re(z;) = —b; — n + a; the algebra B(C') acts on the
tensor product Vo, (21) @ ... ® Vo, (2k) via normal operators.

The following proposition holds by [50, Section 4.3|.

Proposition 4.14.2 Fix distinct z1,...,2z, € C and dy, ..., d, € C. For almost every s € C
the action of B(X) on Varm, (sz1 +d1) ® ... ® Vakmk (szr + di) has a cyclic vector for
X=0CecT"™ and X = (Cy, ).

Remark 4.14.3 Proposition 4.14.2 remains true for any X € M 0.

As a corollary of Proposition 4.14.1 and Proposition 4.14.2, we obtain the following
proposition.

Proposition 4.14.4 Fix distinct z1,...,2; € iR and let d; := —b; —n + a;. Then the set
of s € R such that the action of B(X) on Vareon, (sz1+d1)®...® Vakwbk (sz + dy) does not

have a simple spectrum for some X =C € S ° or X = (Co, x) is finite.

Remark 4.14.5 In the Proposition 4.14.4 one can replace X by any X € My, 0.

From now on we fix distinct 24, ..., zx € iR. Using Proposition 4.14.4 we get

Corollary 4.14.6 There exists a real number N € R such that for every s € Roy and
X €5 or X = (Cy, x) the action of B(X) on Varoy, (521 +d1) ® ... @ Voo, (s26 + di) has
a simple spectrum.

4.15 Further properties of the two-parametric family
Be.(exp(e(xo + £x)))

In this section we construct certain families relating images in End(V), ® ... ®Vj,) of Bethe
algebras and inhomogeneous Gaudin algebras. We consider T' as a subset of b.
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Lemma 4.15.1 We have ev,(B(C)) = Ac-1.
Proof: Follows from [92, Section 2], see also [50]. O

Proposition 4.15.2 For x € h® we have
ty B, (exp(x)) = Ulbolt]).

Moreover, for Weil generic x € hy® (i.e. for x in the complement to a certain countable

union of Zariski closed subsets of hy®) the two-parametric family B.(exp(ex)) depending on
e, € C* extends to the continuous two-parametric family on the blowup Bl o) C* as follows

(here e € C, e,c € C*):
<<€70)> [1 : O]) = U(hO[t])> ((0,6), [0 : 1]) = Ba(l) ’ AXa
((0,0),[c:1]) = AL, ((0,0),[0: 1]) — Aj - A,.

cx’

Proof: 1t follows from Lemma 4.13.2 that hy C B(exp(ex)). Since deg, by = 0 we conclude
that by lies in every limit algebra of the family B.(exp(ex)). Let us also note that according
to [48] the algebra B(exp(ey)) contains elements

o) = 2J(tm) — 3 Zzgiiggigiti(a&)xzx .

&€A+

We denote by o; .(€) the corresponding elements of B.(exp(ex)). We see that the the family
0i(€) extends to Bl C? as follows:

((6,0), [1:0]) = 260, 1], ((0,2),[0: 1)) 5 — 3 (‘j;—o‘):m

aEA L

((0,0), [e: 1]) = 2t [1] — > () 1

c(a, x)

aEAJ,_

We conclude that every limit algebra at the point ((¢,0),[1 : 0]), ¢ € C contains ho[l]
so lies in Zy g (ho[l]) = U(holt]), hence, coincides with U(ho[t]) since dimp, U(holt]) =
dimp, B.(exp(ex)). Similarly, every limit algebra at the point ((0,¢),[0 : 1]) clearly con-

(a,i)
a€AL (a,
quadratic part of A, (see [115]). Note also that the centralizer of U (g);irg });)(g) is equal to
Y(g)9-U(g) =Y (9)? Qu(ge U(g) (see [53, Lemma 6.14]). Since for Weil generic x € hy™® the
algebra A, is equal to the centralizer of its quadratic part (see [97]) we then conclude that
for Weil generic x every limit algebra at the point ((0,¢), [0 : 1]) is contained in B.(1) - A,
hence, is equal to B.(1) - A, since dimp, B.(exp(ex)) = dimpg, (B:(1) - A,) (compare with
the proof of [53, Theorem 6.13|). Similarly, every limit algebra at the point ((0,0),[0 : 1])
contains the elements > 1 %xax; and also the element @y so coincides with Af - A,
(here we use the maximality of Af - A, C U(g[t]) which follows from Proposition 4.5.5).
Finally, every limit algebra at the point ((0,0),[c : 1]) contains the element &., therefore is
contained in the centralizer Zy(4)(@ey) that is equal to AL by Remark 4.6.7. The argument

as in the end of the proof of Lemma 4.13.6 finishes the proof. OJ

tains B(1) and also contains the linear combinations of elements ) ToT, l.e. the
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Remark 4.15.3 We expect that Proposition 4.15.2 is true for every x € h,°. To prove
this it is enough to show that the algebra A, coincides with the centralizer of its quadratic
part for every x € hy™®. Note also that we are not claiming that the family constructed
in Proposition 4.15.2 is holomorphic (this should be true but we do not need this for our
purposes).

Corollary 4.15.4 For Weil generic x € if)re (i.e. for x in the complement to a certain
countable union of Zariski closed subsets in zhreg) the two-parametric family Be(exp(ex))
depending on €, € R* extends to the two-parametric family on the blowup BI(O,O)R as
follows (here e € R, e,¢c € R*):

((6,0),[1:0]) = U(bolt]), ((0,€),[0:1]) = B:(1) - Ay,
((0,0), [e: 1]) = Az, ((0,0),[0:1]) = AG - A,
Let us now introduce the notation. Recall that we have
Bl R? = {((a,b),[c: d]) € R* x RP" | ad = bc}.

We consider Bl(g ) R? as a topological space (with the standard induced topology on it). We
denote by Bli0)(R?\ ({0} x R*)) the following topological space:

Blo,o)(R*\ ({0} x R¥)) := {((a,b), [c : d]) € (R*\ ({0} x R¥)) x RP" | ad = bc}

Remark 4.15.5 Note that the topological space Bl g)(R*\ ({0} x R*)) is not an algebraic
variety (it is a constructible set).

We also consider the following subset of Bl(g o) (R? \ ({0} x R*)):

Blio,g)(R x [0,1/N)\ ({0} x (0,1/N)))) :=
= {((aab>7 [C : d]) € (R X [07 1/N) \ ({0} X (O, 1/N))) X ]R]P’1 | ad = bc}_ (430)

To simplify notation, we set K := R x [0,1/N) \ ({0} x (0,1/N)) and will denote the
space (4.30) by Bl o) K.

We are now ready to prove the proposition that describes a partial compactification of the
family Im(ev/.;qB(exp(x)) — End(V; ® ... ® V})). Note that if representations Vi,...,V;
have no multiplicities for the action of fy then the proof of Proposition 4.15.6 below simplifies.
Indeed, if this is the case then Im(U(ho)®* — End(V; ® ... ® V4)) is already the maximal
commutative subalgebra of End(V; ® ... ® Vj) so the statement of Proposition 4.15.6 can be
deduced from Corollary 4.15.4.

Proposition 4.15.6 For z,...,z; € iR and x € ihyg we have (¢ € (0,1/N))

lim Im(ev,/.1qB(exp(x)) = End(Vi ® ... ®@ V4)) = (.A®k ) = End(Vi ®...® V).

e—0 exp(—

Moreover, for Weil generic x € ibyg the two-parametric family

Im(ev, /. 4B(exp(ex)) = End(V1 ® ... ® V4))
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depending on € € R*, ¢ € (0,1/N) extends to the (continuous) two-parametric family on
Blo,o) K as follows (here c € R*, e € (0,1/N)):

((€,0),[1:0]) — Im(AZF

exp(—ex)

—End(i ®...® W),

((0,0),[1:0]) = Im(AL* - End(V1 ® ... ® Vi),
((0,0),[c:1]) =» Im(A_,(2) > End(V1 ® ... ® V})),
((0,0),[0: 1]) = Im(Ap(2) - AF(A,) = End(V; @ ... @ V})).

Proof: Consider the topological space

Bloo)(R?\ (R* x {0} U {0} x R¥)) :=
={((a,),[c: d]) € ®R*\ (R* x {0} U{0} x R)) x RP" | ad = bc}.

Let us first of all note that ev, ., 4B(exp(ex)) = ev.,.4.qaB-(exp(ex)). Note also that by
our assumptions on V; the algebra Im(ev, ., qB(exp(ex)) = End(Vi ® ... ® V4)) is maximal
commutative subalgebra of End(V; ®. .. V) of dimension dim(V} ®...® V%). Recall that the
family B.(exp(ex)) extends to Bl (R?). We claim that the family of morphisms ev.,, .4
also extends to Bl (R?) by ev,. Indeed, note that ev...1-q does not depend on € and
B.(exp(ex)) C Y-(g) so the claim easily follows from Lemma 4.10.5 (see Corollary 4.10.6).
Note that the images of A_.,(2), (Ao(z) - A*(A,)) in End(V; @ ... ® V}) are maximal com-
mutative subalgebras (follows from [43, Corollary 11.9] using Lemma 4.10.2).

Taking the image in End(V; ® ... ® V}) of the family considered in Corollary 4.15.4 and
using that Bl (g o) R? is Noetherian (so the image of the whole family coincides with the image
of a large enough filtration term of it) we conclude that the two-parametric family

Im(ev, /. 4B(exp(ex)) = End(V1 ® ... ® V4))

depending on (¢,£) € (R*)? extends to the two-parametric family on Bl o) (R*\ (R* x {0} U
{0} x R*))\ {((0,0),[1:0])} as follows (here ¢ € R*, € € R):

((0,0),[c:1]) = Im(A_cy(2) = End(V1 ® ... ®@ V})),
((0,0),[0 : 1]) = Im((Ag(2) - A*(A,)) = End(Vi ® ... ® V}).
It remains to show that this family extends to Bl K by setting

((6,0),[1 : 0]) = Im(AZx - End(Vi®...0 W),

exp(—ex)
((0,0),[1:0]) = Im(AY* — End(Vi ® ... ® })).

Note that the images of algebras ev,..q(B(exp(ex))), AS{IL(_GX)’ AZE A (2), (Ao(z2) -
AF(A,)) in End(V; ® ... ® V) are maximal commutative so we can replace algebras above
by the corresponding algebras for gl,,. Consider the following open subset U C Bl ) K:

U :={((e,ce),[1:])} C Bl K.
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Recall now the generators 7y, ;. of the algebra ev, .. q(B(exp(ex))) (see Section 4.11).
Recall also the generators Tg,zi,z,g of the algebra ./Zlg(Zl, ..., 2k), here y € bo. Let us first of
all note that the family 7y, .. extends continuously to the family on U \ {((¢,0),[1 : 0])}
by setting

((0,ce), [Lze]) = oy € Ay(chan, o e z).

To see this, recall that e = ce and note that we have the equality (compare with the proof
of Proposition 4.11.5):

lim e " edet(e™ % (1 + L,/eya(u/e)) — exp(—ex)) = cdet(Lo-1,(u) — 0y + X). (4.31)

e—0

0

k7l7c*1§’_X(U)’ hence,

The equality (4.31) implies that lir% bitec(u) =10
e—

k
. . 1
limry ., 0. = lim E T€Sy—c—1z+cjted; (U — %) Upec(U)du =
e—0 e—0 < ]
J:

— 110 _,.0
= te8yume12, (U = 2i) D1z = Themtzid—x

It remains to show that the families 7y ., ;. extend to the points ((¢,0),[1 : 0]) and
generate algebras Ag(kp(fex), A%k. Indeed, recall that the elements 7y, ,, ; ¢ - are sums of residues
of the elements (u — zi)lbk,eﬁ at the points ¢™'z; + €j + ed;. Recall also that the generating

function for by . can be written in the following form:

€ "tr An(e_eau(l + Lg/E-I—d(u))l - eXp(_€X>1) e (e_eau(l + Lz/a-f—d(u))n - eXp(—ex)n) =

(1) (1)
n ek ek,
= 1) tr A, (1 ! (1 ‘
‘ a=0 n< ) (a> ol +u_c_lzl_€d1 ( +U—C_IZ1—€(d1+a—1))
(k) (k)
ek, e, et
1 (1 a e n A€0y
(14— P ——. (14— S PO O A 1))(exp(ex)) 1.+ (exp(ex))ne

= bec(u)ok.

k>0

Since ¢! — oo and € is clearly bounded we see that at the point ((e,0),[1 : 0]) the family

Tk 2 lee converges to the same element as the family T%?Zi’l,aa =1®...QlOT1 416:Q1®...®1.

(2

So we can assume that & = 1 and then we are dealing with the family ev., . 4,(B(exp(ex)))
that by Lemma 4.15.1 is exactly flexp(_ex). It remains to show that the limits as ¢ — 0
of the elements 7y ., ;. generate /lexp(_ex) for € # 0 and generate A_, as ¢ — 0. Indeed,
directly from the definitions the elements 7 ., ;.. do not depend on ¢, d; (compare with

Remark 4.11.9). Note also that as ¢ — 0 we have
lim cdet e (e7% (1 + Lo(u)) — exp(ex)) = Lo(u) — 0y + x.

e—0

This observation finishes the proof.
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Remark 4.15.7 We expect that for every x € hy® the family ev,,.,qB(exp(ex)) extends
to the blowup Bl(o ) C? by setting (here ¢,e,c € C¥)
((€,0),[1:00) = AZE ), ((0,2),[1:0]) = evoyera(B(1)) - Ay

exp

((070)7 [C : 1]) = A—cx(i)a ((070)7 [O : 1]) = Aﬁ(g) ’ Ak('AX)? ((070)7 [1 : 0]) = Af?k

For example, it follows from our proof of Proposition 4.15.6 that for a fixed ¢ € C* we have

limev, /. q(B(exp(ex))) = AZ% .. It is also easy to show that limev,,.,,B(exp(ex)) D
lim €V_/z+a exp(—ex) i evz/era

ev,/-+4(B(1))- A, but the equality is not clear. We expect that ev, /.. 4(B(1))- A, C U(g)®*
is the maximal commutative subalgebra and then the equality above will follow. Another
problem with extending the family ev, /.. 4B(exp(ex)) to the blowup Bl C? is that we do
not know Poincaré series of the algebras ev, /.. 4B(exp(ex)) so the method similar to the one
used in the proof of Proposition 4.15.6 (see also the proof of [43, Proposition 10.17]) cannot
be applied.

4.16 Crystal structure on Ec(A)

Let us now pick £ > 1 and let Vi,..., V) be irreducible polynomial representations of gl,,
with highest weights \q, ..., Ay respectively. Let us also fix distinct zq,..., 2, € iR. We are
not assuming that V; correspond to rectangular Young diagrams here. For our purposes it
is enough to assume that Corollary 4.14.6 holds for tensor products of V;. More precisely,
we assume the following.

Assumption 4.16.1 We assume that there exist dy,...,dy € C and N € R such that for
every s € Roy, X € S50 or X = (Co,x) and 1 <my < ... <my, <k the action of B(X)
on Vi, (82m; 4+ dm,) @ ... @ Vi (82, + dim,) has a simple spectrum.

Remark 4.16.2 By the results of Section 4.14 this assumption holds automatically for
Vj, corresponding to rectangular Young diagrams. We will see in Remark 4.17.2 that this
assumption actually implies that V; correspond to rectangular Young diagrams.

Recall that we have fixed z;, d;. For simplicity, let us denote the representation V;(sz; +
d) @ ... @ Vi(sz, +di) of Y(g) by V(s),s € Ray. For X =C € S > or X = (Co,x)
let £x(A,s) be the set of eigenlines of B(X) acting on V(s). Note that the set Roy is
contractible so simply-connected, hence, Ex (), s) are canonically identified for all s € Ry
and we denote this set simply by Ex(A).

Our goal for now is to define on £x(A) the structure of sl,-crystal (see Definition 4.9.2).

We pick w € Wet and consider the corresponding alcove Qy D Q5. Taking x € Q3*°
such that C' = exp(27mix) we define a crystal structure on Eexp(ariy)(A) as follows. Pick
j=1,...,n and consider the corresponding wall HJ’-I’ and pick a generic element x, lying on
the intersection of this wall with Q4. Set C' := exp(2mix), Cp := exp(2mixo) and consider the
algebra B(Cy, x) acting on V (s). Note that we have the identification Ec(A) == Ecy ) (A)-
Recall that by Proposition 4.13.3 the algebra B(Cy, x) is generated by B(Cp) together with
the element h, corresponding to the wall H”. We can then decompose V () as B(Cy)-module
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in the direct sum of weight spaces V(s) = €, . p(c,)c V()" The action of B(Cp, x) on
V (s) has a simple spectrum so the action h ~ V(s)" has a simple spectrum i.e. V(s)? =
@D, V(s)] with V(s)] being one-dimensional. Moreover, note that hy C B(Cy, x) so ho acts
on each V (s)! via some weight p € hj. Since V(s)] is one-dimensional it can be considered

as an element of £-()) and we can define

ep)(V(s)7) := V(s)iyr, fin(V(9)]) := V(s)ly, we(VA(s)]) = g, (4.32)
where e(;1(V(s)!) := 0 if V(s)!,; = 0, similarly, fj;(V(s)]) := 0 if V(s)] , = 0.

Let us now note that the definition of ej;}, f;; does not depend on the choice of x( because
the subset of @3, consisting of regular elements and subregular elements of H}" is simply-
connected (we also use the Main Theorem of [51|, where the parametrizing space of limits
of Bethe algebras is described). We will denote by 5;‘)’(10(27”)( (A) the set Eoxpiariy)(A) with a
structure (4.32) defined as above.

Lemma 4.16.3 Picko € S, and (m4,...,my,), (m},...,m!) € A. Set = (o;my,...,my),

W' = (o;my,...,my). Pick also x € Qreg X € QuF. Then there is a bijection of sets

5:}’(; amiys) (D) = Séffp (2miys)(A) that commutes with efy), fiz), wt.

Proof: The map exp: b — S sends alcoves Qy, Qu to the same subset of S. The image of

H? coincides with the image of H¥'. The claim follows. O
Let g;i;anX (M) be the set 5;;10 2mx)()‘) together with operations e}, f;;, 7 =1,...,n—1,

wt (i.e. we forget ey, fi,))-

Proposition 4.16.4 Picko € S,. There is a canonical isomorphism 5;(2 2mx)()\) & (A)
compatible with e;,f;, wt.

Proof: Consider the family B(exp(2micx)), € € (0,1/N). Note that by Theorem 4.8.12
the limit of this family to ¢ = 0 is A3, . It follows from Lemma 4.10.5 and Corollary
4.10.6 that the family of homomorphisms eV, tcd;.. s+ed, (€ € R) extends to € = 0 via
ev,. Taking the image of the family above in End(V} ® ... ® V), we obtain the family of
commutative subalgebras of End(V; ® ... ® V). Every algebra of our family above acts on
Vi ®...® Vj with a simple spectrum (for € € (0,1/N) this follows from the Assumption
4.16.1, for € = 0 this follows from Proposition 4.4.10 together with [28], see also [43, Secion
11]). Using Lemma 4.10.2, we obtain the identification of sets £ .;,1(A) == E_y(A).
We now pick [j] = [1],..., [n—1] and our goal is to show that the operators e, f[;, wt are
compatible with the identiﬁcation above. To see that, we can consider the two-parametric
family B(exp(e(xo+¢x))), € € (0,1/N), e € R* that by Lemma 4.13.6 extends to a family

depending on € € [0,1/N), € € R as follows:
(6,0) — Bc(exp(exo), x), (0,¢) — AT

X0+EX?

(0,0) - A

(x0,x)°

Recall that the family of homomorphisms V.., ted; ... 2+ed, (€ € (0,1/N)) extends to e =0
via ev, so we can consider the image of the family above (with € € [0,1/N), ¢ € R) in
End(V1®...®V}). Every algebra in the image acts on V; ®...® V} with a simple spectrum:
for (e,¢) € R x (0,1/N) this follows from Assumption 4.16.1, for ¢ = 0 this follows from
[43, Section 11| together with Propositions 4.4.10, 4.13.9. The claim follows since every two
paths on R x [0,1/N) from (1,1) to (0,0) are homotopic. O
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Remark 4.16.5 Recall that for x € Y(g) we have
€V (e tedy,znted) (Ve(T)) = €Vajeydy,. 2 jera, (). We use this in the proof of Proposition
4.16.4.

For [j] € Z/nZ we denote by Eexp (omiy) () the set ED

exp(2mix
€[]y -+ €[i—1]s €[j4+1] - - - » E[n)» fm .. ,f[] 1] f [i+1] - - - ,f[n], wt (We forget the action Ofem, fm).
Recall that 7j;) € S, is an element that sends [z] to [i + j].

)(A) together with operations

Proposition 4.16.6 For w = (o;my,...,m,) we have an isomorphism 5ex1£ﬂzmx)(/\) ~
5_ (x)(A), that identifies ey with e;—; and f; with f;_;.
Proof: We have @ = (0;my,...,my). Recall that Q consists of (apy), ..., ap) such that
Qo (n]) = Mpn] + 1 2 o)) —Mpy 2 - 2 Ao(f)) — Mp]-
Consider the element @' := w - (7, [0,...,0,1,...,1]) = (0 o 75,m}, ..., m;,). Note that

W—/
j
Qs = Qu and Hw = H[ﬁ" ;- We obtain the identification ‘S‘&p@mx)()‘) —>Ecxp(2mx)()\)

such that the actlon of ey, fy on &Y (/\) corresponds to the action of ey_j),f;—; on

exp(2mix)
5;;”(;(%%)()\). So we obtain the identification 5exp(2mx)()\) —)5;‘:(;(1;”“() It follows from
Lemma 4.16.3 that we have an identification S;f(pﬁgmx) - 5;5;27”: 0 Note now that by
ooTy;1,fin

Proposition 4.16.4 there is an isomorphism of crystals é'exp (2mir, ](X))(A) =& 1, 00(A). After

com?osmg the identifications above we conclude that we have an isomorphism

gexp(me)()\) —)5 ()\) that sends €] F €[i—j]; f[i] — f[i,j].
U
Corollary 4.16.7 We have a canonical isomorphism Se[i]p@mx)( ) = &, 00(A) that becomes

an isomorphism of crystals if we identify ey with e;_; and fj;) with fz_j

4.17 Identification of £c(A) with tensor product of KR
crystals

Pick x € @1, k € Z>,. Recall that A = Ay,..., \; is a collection of dominant weights (of
gl,), z1,- .., 2 € iR and the Assumption 4.16.1 holds.

Proposition 4.17.1 Assume that k = 1. Then X\ = lw, and the crystal Eopiariy)(A) coin-
citdes with the Kirillov-Reshetikhin crystal By, corresponding to the irreducible representation
Vi (see Section 4.9).

Proof: Follows from Proposition 4.9.14, Corollary 4.16.7 and [43, Theorem 1.8|. O

Remark 4.17.2 Let us point out that Proposition 4.17.1, in particular, implies that if
the Assumption 4.16.1 holds for Vi,..., V) then each V; is the irreducible representation,
corresponding to a rectangular diagram.
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Recall that in Section 4.9 the tensor product of 5fn—crystals was defined. The goal of the
rest of the Section is to construct the isomorphism of crystals Ep(ariy)(A) == Eexp(ariy) (M) ®
-+ @ Eoxp(2rix) (M) (see Proposition 4.17.3) and then to conclude (using Proposition 4.17.1)
that we have an isomorphism Eeypiariy)(A) = By, ® ... ® B), (see Theorem 4.17.4). The
similar claims for the sl,-crystals &, ()) follow from the results of [43].

Proposition 4.17.3 For Imz; > Im 2z, > ... > Im 2z, we have the canonical isomorphism
of crystals

gexp(%rix) (A) -
gexp(ZWix)()\l) ® gexp(Zﬂ'ix) (/\2) ®...Q gexp(27rix) (/\k—l) ® gexp(Zﬂix)()\k)‘

Proof: Let us construct an isomorphism of sets

Eexp(2min) (A) = Eexp(aming (A1) @ - .. ® Eexp(2rmin) (Mk)-

Consider the family
Im(ev,/cia)(Blexp(2miy))) = End(Vi ® ... ® Vi)

with z; € iR, € € (0, ) (see Assumption 4.16.1) and note that by Proposition 4.15.6 the limit
as e — 0 is Im(Aexp( ariy) — End(V1 @ ... ® V) that is exactly Im(ev., (B(exp(2mix))) ®

. ® ev,, (B(exp(2mix))) — End(V4 ® ... Vk)). Since the set of eigenlines of the action
ev., (B(exp(2mix))) ®...®ev,, (B(exp(2miy))) is exactly Eexpariy) (A1) @ . .. & Eexpamiy) (Ak)
we obtain the identification Eexp(amiy)(A) == Eexpamin) (A1) @ ... @ Eexp(2min)(Ak). We claim
that this identification is an isomorphism of crystals. To check this, it is enough to show

t}[lE]it for every j = 1,...,n the 1dent1ﬁcation above induces the isomorphism of crystals

Eei p(2mx)(/\) 5 Eei o(2mix) (/\1) @ &V oxp(2mix) ( k). Consider the element

w; = (7;0,...,0,1,...,1) € VVeXt and let us also fix an element x; € Qrefé. It fol-
\‘,_/

lows from Lemma 4.16. 3 and the proof of Proposition 4.16.6 that we have 1dent1ﬁcat10ns

w;,fin w;,fin
ge[i]p@mx) ()\) — gex]p (2mix) ()\) — gexp 27rzx )(/\)’ ge[)jp(?mx ()\l) - 5exjp(2mx ()\l) - gexp(me ()\l)
[ =1,...,k that are compatible with the identifications above. Therefore it is enough to
show that the bijection
5(:>[(];’(f;ixj)()\) S 5;[(1]) ifnx (A1) X ... X Eexp(2mx (M) is an isomorphism of crystals (with the

tensor product crystal structure on the right- hand side). By Proposition 4.16.4 we have the

isomorphism of crystals Sexjg 2r71rzx-)()‘l> = E_y,(A) given by the monodromy along the path

connecting € = 0 and € = 1/2N in the family
€ — Im(ev,/cyq(B(exp(2miey;))) = End(Vi ® ... ® V4)), e € (0,1/N),

0 Im(A_,,(27mi-2) = End(V1 ®...® V}))
so we just need to check that the bijection

715],fin ~
ge)[q]J(Qﬂixj)(A> &y, (M) x o Ey (k) (4.33)
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given by the composition of the product of monodromies above and the monodromy along
the path connecting ¢ = 0 and £ = 1 of the family

e = Im(ev, /. qgB(exp(2mix;)) = End(Vi ® ... ® Vi), € € R,
0 — Im(A®"

exp(—2rix;) > End(V1 @ ... @ V)
is an isomorphism of crystals.

Consider the family Im(ev, /.. q4(B(exp(2miey;))) — End(V1®...®@V})), €, € R. We can
assume that x; is Weil generic so it follows from Proposition 4.15.6 that this family extends
to the family parametrized by Bl o) /. Our goal is to describe the path p: [0, 1] — Bl) K
that induces the isomorphism (4.33) and then replace it by a homotopy equivalent path
inside Bl o) K.

We start from describing the path p: [0, 1] — Bl ) K. Note that p(0) = ((1,1/2N),2N :
1]), p(1) = ((0,0),[1 : 0]). Recall that the isomorphism (4.33) is the composition of two
isomorphisms: one is the isomorphism

S[J]ﬁn ()NS

exp(2mix;) exp(27rzx )

()\1> - X gexp(?ﬂzxj) (/\k>
and the second one is the isomorphism

7(5)-fin 7(5]-fin
gexp(Qﬂin) (/\1) X E

exp(2mix;)

(>\k> — g—Xj ()\1) X ... X g—Xj (/\k)

The first isomorphism is induced by the path p; : [0, 1] = Bl K given by ¢ = (35, 5%, [1 :
1—¢]) and the second isomorphism is induced by the path p,: [0,1] — Bl K given by
¢ ((3:£,0),[1:0]). So we get p = p; * ps i.e. p is obtained by gluing p, po.

Consider now the following path ¢: [0, 1] — Blgg) K from ((0,0), [1 : 0]) to ((1,1),[1 : 1]).
Path ¢ will be the gluing of two different paths ¢, g2, ¢ = ¢1 * ¢2. Path ¢;: [0,1] = Blgg) K
is given by ¢~ ((0,0),[1: c]), path g is given by ¢ — ((5%, 5%), [1 : 1]).

Consider the composition p * q. Note that p *x ¢ is a cycle and it is easy to see that
this cycle is homotopic to zero: indeed, note that we have a family of continuous maps
Y Bloy K — Bl K, ((a,b), [z : y]) — ((ta,tb), [z : y]) that retracts Bl K on RP'.
The cycles v (p * q) are homotopic and ~;(p * ¢) = p * ¢. It remains to note that vo(p * q) is
homotopic to zero.

We conclude that the isomorphism induced by p is equal to the isomorphism
fin

5(:5;@)(],)(3) =&\, (A1) X ... x €y, (\) induced by ¢~'. Note now that the isomorphism
induced by ¢~' = ¢, ' * ¢; ' is the composition of the isomorphism Se)[jll (2mix )()\) =&, (A)

induced by ¢; ' and the isomorphism £_y,(A) = E_\; (A1) X ... X E_y,(\,) induced by g5 .
It follows from Proposition 4.16.4 that the first isomorphism is the isomorphism of crystals,
it follows from [43] that the second isomorphism is the isomorphism of crystals, where the
crystal structure on £_, (A1) X ... x E_y (M) is given by € (A1) ®@ ... @ E_\,(Ap).
O
We are now ready to prove the main theorem of this section.

Theorem 4.17.4 For C € §° and Imz; > Imzy > ... > Imz, the crystal Ec ()
coincides with the Kirillov-Reshetikhin crystal By, ® By, ® ... ® By, corresponding to the
tensor product of irreducible representations Vy, @ Vi, ® ... ®@ Vy,.
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Proof: Follows from Propositions 4.17.1, 4.17.3.

4.18 Monodromy

4.18.1 Spaces My ,42, S8
Space My 42

Recall that M, 42 is the Deligne-Mumford space of stable rational curves with n + 2 marked
points. The points of M 42 are isomorphism classes of curves of genus 0, with n 4 2
ordered marked points and possibly with nodes, such that each component has at least 3
distinguished points (either marked points or nodes).

The space My 12 is a compactification of Mg ,42 (configuration space of n + 2 ordered
pairwise distinct points (z1,. .., zn42) of P! modulo PGL,). We have

Mopnio > {(21,...,20) € (C*)"| 2z # 2;}/C* =T"8, (4.34)

where T™¢ C PGL, is the subalgebra of diagonal matrices.

Space My ,,+2 has a natural stratification indexed by the combinatorial type of the curve
with marked points. Namely, the strata are indexed by trees whose leaves correspond to the
marked points 0, 21, ..., z,,00 where the inner vertices represent the connected components
and the edges correspond to the nodal points.

Space Sres

We will be interested in a certain real form of My, o that we will denote by S™# since it
is a compactification of S™&. Namely, consider the (anti-holomorphic) involution on My, 2
sending (C, zg, 21, - - -, Zn, Znt1) t0 (C,Zps1, 21, - - - Zn, 20). Space S*& are fixed points w.r.t.
this involution. Note that after the identification (4.34) the involution on Mg ,+o is given
by (21,...,20) = (21, ..., Z;1) so its fixed points are precisely S™8. The whole space S8
is the moduli space of curves where all marked points are on the unit circle, and the points
0, co belong to the same component. We refer the reader to [49, Section 7.2.4] and [17] for
details.

Stratification of My ,o induces the stratification of Sree.

Extended affine cactus group

See [49, Section 10.3] for the details.

We recall that the affine cactus group AC,, as the group with generators s;; for 1 < ¢ #
7 < n and relations:

(1) s, =1

(2) SijSki = SkiSij if [Z,j] N [l{, l] =y

(3) 84jSk1 = Swy;(1yws; (k)Ske if [k, 1] C [, j], where w;; is the element which reverses [4, j] and
leaves invariant the elements outside the interval.
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Warning 4.18.1 Note that we do not assume that i < j in the definition of AC,.

We define an action of Z/nZ on AC,, by r - s;; = sit1,41. The extended affine cactus
group AC,, is the semi-direct product (Z/nZ) x AC,.

Equivariant fundamental group of Sres

Group S,, acts naturally on the space S™&. We will be interested in the S,-equivariant

fundamental group of ST which is defined as follows. Pick a basepoint x € kSreg which
27
corresponds to a configuration of evenly spaced points of U(1), namely z, = e™n .

7" (S7e) == {(g,p) | g € Sn, p is a homotopy class of paths from z to gz}.

The multiplication in 77" (S™8) is defined as follows:

(91,p1) - (92,P2) = (9192, P1 * 91(p2))-

Abusing notations for 1 < i # j < n let (wy, si;) € 77" (S™8) be the element correspond-
ing to the shortest path 7;; connecting the base point  with w;;x.

Proposition 4.18.2 ([17, Theorem 8.3] and [49, Theorem 11.12|) There is an isomorphism
AC,, == m,(S8) that sends s;; € AC,, to (wij, sij) € m1(S™8) and [1] € Z/nZ to the pair con-
sisting of the cyclic permutation (12...n) and the shortest path connecting x with (12...n)x.

4.18.2 Description of the monodromy

The Deligne-Mumford space My 12, being a compactification of 77, parametrizes all pos-
sible limits of the Bethe subalgebras B(C') in the Yangian (see [51]). According to [50], any
subalgebra B(X) corresponding to any point X € My, 12 acts on ) Vy,(u;) with a cyclic
vector. Restricting to S C My 12, and requiring the evaluation parameters wu; to be as
above, we guarantee that the action of the corresponding subalgebra on the corresponding
module is Hermitian hence semisimple. So we can regard Ec(A) as a S,-equivariant covering
of the space 5™ C My ,42. Our goal in this section is to describe the monodromy of this
covering in terms of the above affine crystal structure (compare with [43]).

We claim that the monodromy of this covering can be expressed in terms of the partial
Schiitzenberger involutions for thg\lﬁrillov—Reshetikhin crystals. Namely, for any proper
subdiagram in the affine diagram A,,_; (i.e. for any proper subset in the set of affine simple
roots), we can decompose our KR crystal into connected components with respect to the
corresponding (finite-type) Levi subalgebra and apply the Schiitzenberger involution assigned
to this Levi to each of the components.

Recall that if B is a normal g-crystal then the Schiitzenberger involution is the unique
isomorphism £g: B —> B that preserves connected components of B and such that:

ei(§a(0)) = Ea(fow (),
fi(§B (D)) = Ep(eg (),
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wt(Ep(b)) = wo wt(b),
where wy € W is the longest element and 6 is the involution of the set of simple roots induced
by —wq. .
Recall that to C' € 5™ and w € W we can associate the Kirillov-Reshetikhin crystal £4.
Abusing the notations, we denote by & the KR crystal corresponding to C € Q™¢, we can
identify it with crystals corresponding to other alcoves using the action of W.

Theorem 4.18.3 The generators s;; of the monodromy group of S*& acts on & as a partial
Schiitzenberger involution with respect to the corresponding subdiagram in the Dynkin diagram

of ;l;_/l, see [50, Conjecture 7.1].

Proof: Let us deal with the case of sy,, the other cases are similar. We only need to
check that the bijection induced by the monodromy along the path v, is compatible with
crystal structures and preserves connected components. The path v, can be replaced by
the following path . Let y = diag(uy,...,u,) be an element of R™ such that wy(x) = —x
(i.e., uj = —up41-;) and all u; are distint. Consider the path v*(t) = exp(2mity) € S™,
t € (0,1]. We can extend it to 0 by setting v~ (0) := 12%7@) € Sree. Set v~ : [0,1] — Sree,

7~ (t) = wo(y*(1 —t)). The path 7: [0,1] — S™8 is the concatenation of the paths 4+ and
v~. Note now that B(v(3)) is generated by B(1) together with the image of A,. Let us
now decompose our KR-module as the direct sum of weight spaces of B(1). Each weight
space will be a g-module without multiplicities since otherwise, the action of A, on this
component will not be cyclic (and so the action of B(1)-.A, can not have a simple spectrum
on the whole module). It then follows that our bijection presereves components. The same

argument as in [43, Proposition 13.5] works to see the compatibility with crystal structure.
OJ

4.18.3 Application: monodromy of the spectrum of QH7. .. ()

Let 9 be a disjoint union of type A quiver varieties with fixed framing vector (w;) and

arbitrary dimension vector (v;) (wj,v; are collections of numbers, labeled by the vertices

of the quiver). Let QH;XCX(DJT) be the algebra of quantum cohomology of 9, one can
h

think about this algebra as about the family of subalgebras in End(H}, (")) depending
h

(in logarithmic coordinates) on an element of H*(9,C). Recall now that by the results
Varagnolo [109] (following [87]), and Maulik-Okounkov (|79]) (see [80] for the comparison of

the two approaches), H* . (M) ~ V), (21)®...® V) (2) and the action of the Yangian on it
TxC 1 k
h

has a geometric realization (here \; are fundamental weights that can be constructed from the
framing (w;)). After these identifications, the action of QH, ...(90) on Vi, (21)®...@ V), (21)
h

identifies with the action of the family of Bethe subalgebras of the Yangian (our parameter C
above naturally corresponds to an element of H?(9, C)), see [79]. So, the following theorem
is a corollary of our results.

Theorem 4.18.4 The monodromy operators of eigenvalues of multiplication by elements of

the quantum cohomology ring QH:’;X Cx(im) are generated by partial Schiitzenberger involu-
h

tions.
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