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ABSTRACT

This thesis studies the geometry and representation theory of various symplectic resolu-
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the monodromy of eigenvalues of quantum multiplication operators for type A Nakajima
quiver varieties by examining Bethe subalgebras in Yangians and linking their spectrum
with Kirillov-Reshetikhin crystals.
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Chapter 1

Introduction

Symplectic singularities are an exciting new frontier of research in representation theory.
During the last twenty years, people have actively studied them from various perspectives,
both algebraic and geometric. Symplectic singularities are certain “nice” singular Poisson
varieties M0. Poisson algebras of functions C[M0] can be quantized to associative algebras
A. Representation theory of these algebras is closely related to the geometry of resolutions
M of varieties M0.

One particular example of a symplectic singularity is a nilpotent cone N of a semisimple
Lie algebra g. In this example, algebras A are central quotients of the universal enveloping
algebra U(g). We see that in this particular case, the representation theory of A boils down
to the representation theory of g. So, the study of the representation theory of quantizations
of symplectic singularities is the wide generalization of the “classical” representation theory
of semisimple Lie algebras.

Another significance of symplectic resolutions of singularities lies in their origins within
string theory. Namely, some symplectic resolutions are Higgs branches of certain 3D N = 2
gauge theories. Moreover, Braverman, Finkelberg, and Nakajima have recently introduced
a mathematical definition of Coulomb branches of these theories, and it turns out (see [119]
and [4]) that these Coulomb branches are also particular examples of symplectic singularities.
So, the theory of symplectic singularities is tightly connected with the modern physics. One
might expect that every symplectic singularity should be a Higgs/Coulomb branch of some
(maybe very complicated) theory.

Physicists predict that the Higgs and Coulomb branches of a theory should be related
in some sophisticated and nontrivial way. This relation is called a 3D-mirror symmetry .
It turns out that even if we do not have a Higgs/Coulomb realization of our symplectic
singularity, we still can guess the answer for the 3D-dual variety in many examples. We can
then study the relation between the dual varieties (in the setting of symplectic singularities,
this is what people call the symplectic duality , it was developed independently of a 3D-mirror
symmetry by Braden, Licata, Proudfoot, and Webster).

There are several approaches to the 3D-mirror symmetry/symplectic duality. One of
them is via the enumerative geometry (proposed by Okounkov and collaborators). In this
approach, solutions of quantum difference D-modules are compared for the resolutions M,
M! of dual varieties M0 and M!

0 (this approach has its origins in string theory). Another
view on symplectic duality was proposed in the paper [10], where the authors conjectured
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that the categories O of modules over quantizations of M0, M!
0 should be Koszul dual.

So, there are two conceptually different ways to approach symplectic duality – one is via
the geometry of the resolutions of M0,M

!
0 (namely, by studying the equivariant quantum

cohomology/K-theory of these varieties) and the second is via the representation theory of
quantizations of these (Poisson, singular) varieties themselves.

One of the conjectures of symplectic duality that will be discussed in Chapter 2 of this
thesis is the so-called Hikita-Nakajima conjecture proposed by Hikita in [46] and then gener-
alized by Nakajima in an unpublished paper. It was also generalized further by Kamnitzer,
McBreen, and Proudfoot in [57]. The most general version of this conjecture identifies cer-
tain specialization of the quantum D-module of M with certain D-module (called D-module
of graded traces) for the universal quantization of M!

0. So, this conjecture provides a bridge
between the geometry of M and the representation theory of M!

0. In this text, we will dis-
cuss the general approach that would lead us to the proof of (the classical version of) this
conjecture in the case of ADHM spaces (these are certain varieties of great importance in
physics; in physics literature, they are called moduli spaces of instantons on P2).

The other two main results of the thesis are also within the framework of the symplectic
duality. Namely, in Chapter 3, we study the category O for quantizations of ADHM spaces.
The main result of this chapter is the explicit formula for the characters of minimally sup-
ported modules in these categories O. So, the objects appearing in this chapter are in the
context of the algebraic approach to the symplectic duality. In Chapter 4, we study Bethe
subalgebras in the Yangian of some simple Lie algebra g. We then restrict to type A and
study the spectrum of these algebras in the tensor product of Kirillov-Reshetikhin modules.
By the results of Maulik-Okounkov, geometrically this corresponds to studying eigenvalues
of the operators of quantum multiplications for type A quiver varieties (a.k.a. solutions of
Bethe ansatz equations). We observe that this set of eigenvalues has a combinatorial struc-
ture (called ĝ-crystal) and use this to compute the monodromy of these solutions. So, this
chapter studies objects arising on the enumerative side of the story.

1.1 Symplectic singularities and their quantizations

Let M0 be an affine algebraic variety over C. The following definition belongs to Beauville
(see [2]).

Definition 1.1.1 We say that M0 is singular symplectic (or has symplectic singularities)
if:

(1) M0 is a normal Poisson variety,
(2) there exists a smooth, dense open subset U ⊂ M0 on which the Poisson structure

comes from the symplectic form that we denote by ω,
(3) there exists a resolution of singularities (birational and projective morphism) M →

M0 such that the pullback of ω to M has no poles.

We say that M0 is a conical symplectic singularity if in addition to (1) − (3) one has a
C×-action on M0 which acts on ω with some positive weight and contracts M0 to the unique
fixed point. We will sometimes denote the contracting C× by C×ℏ .
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Assume now that M0 possesses a C×ℏ -equivariant symplectic resolution M → M0. We
will call M → M0 a conical symplectic resolution. It is known (see [90, Lemmas 12, 22,
Proposition 13], [38, Theorem 1.13]) that there exist canonical symplectic (resp. Poisson)
deformations of M (resp. M0) over the base t = tM0 := H2(M,C) that we denote by

Mt → t, M0,t → t.

Remark 1.1.2 One can show that the space t does not depend on the choice of the resolution
M of M0. This space can be defined even if M0 does not have a symplectic resolution M.
The deformation Mt is the universal deformation of M, M0,t is a pullback of the universal
deformation of M0 along the morphism t → t/W for a certain group W acting on t (called
the Namikawa-Weyl group).

Let AutC×
ℏ
(M0) be the group of Poisson automorphisms of M0 commuting with the

contracting C×ℏ . This is a finite-dimensional algebraic group (possibly disconnected). We
denote by S = SM0 ⊂ AutC×

ℏ
(M0) a maximal torus and set sM0 := LieSM0 . One can show

that the action of S on M0 and the contracting action of C×ℏ extend naturally to the action
of S ×C×ℏ on M0,t (the torus S acts fiberwise). It can also be shown that the S ×C×ℏ -action
above lifts to the action on Mt.

1.1.1 Quantizations of M and M0

In this section, we assume that M0 admits a symplectic resolution M. We also assume
that C×ℏ scales the symplectic form with weight 2. By a graded formal quantization of the
structure sheaf OM we mean (see for example [74, Section 2.2]):

• a sheaf of C[[ℏ]]-algebras D in Zariski topology on M equipped with a C×ℏ -action by
algebra automorphisms such that t · ℏ = t2ℏ,

• an isomorphism ι : D/(ℏ) ∼−→OM of sheaves

such that:

• D is flat over C[[ℏ]],

• the ℏ-adic filtration on D is complete and separated,

• [D,D] ⊂ ℏD. This gives a Poisson bracket on D/(ℏ),

• ι is a graded Poisson isomorphism.

The graded formal quantizations of M are parametrized by the vector space t = H2(M,C) via
the so called period map Per from the isomorphism classes of quantizations to t (see [7], [70,
Section 2.3]). We will denote the formal quantization that corresponds to λ ∈ t by Dform

λ .
Recall that we have the universal (conical) deformation Mt → t. We can talk about graded
formal quantizations of Mt/t that are now required to be sheaves of C×ℏ -graded C[t][[ℏ]]-
algebras, where the C×ℏ -action on t is given by t · p = t−2p. It was shown in [7, Section
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6.2] that OMt admits a canonical graded formal quantization to be denoted by Dform
t . It

satisfies the following property: its specialization to λ ∈ t coincides with Dform
λ . We set

Aform
λ := Γ(Y,Dform

λ ). By the Grauert-Riemenschneider theorem, RΓ(OM) = C[M0]. From
here one deduces that the algebra Aform

λ is a formal graded quantization of Γ(M,OM) =
C[M0]. Similarly, the algebra Aform

t = Γ(M0,t,Aformal
t ) is a quantization of C[M0,t] over C[t].

Recall that Dform
λ ,Dform

t ,Aform
λ ,Aform

t are C×ℏ -graded. Let Dℏ,λ,Dℏ,t,Aℏ,λ,Aℏ,t be the cor-
responding C×ℏ -finite parts, they are modules over C[ℏ]. In what follows we refer to them as
polynomial quantizations. Finally, we consider filtered quantizations Dλ,Dt,Aλ,At obtained
as the specializations of the polynomial quantizations at ℏ = 1.

Remark 1.1.3 Recall that Dℏ,λ,Dλ,Dℏ,t,Dt are sheaves on M,M0,t in conical topology.

Let us also mention that for a vector space a mapping linearly to t, we can consider
the corresponding base changes M0,a, Ma and the corresponding quantizations Dform

a , Aform
a ,

Dℏ,a, Aℏ,a.

1.1.2 Categories O and localizations

We assume that the set MS is finite. Let us fix a co-character ν : C× → S. We say that a
co-character ν is regular if the set Mν(C×) is finite (in other words, coincides with MS). We
obtain the decomposition of the vector space tX,R := Hom(C×, S) ⊗Z R into the union of
open chambers separated by the walls corresponding to non-regular co-characters ν.

Categories O

We fix a parameter λ ∈ t and a regular co-character ν ∈ Hom(C×, S). Consider the cor-
responding filtered quantization Dλ of OM. Recall that Aλ = Γ(M,Dλ). The action of
S ↷ OM lifts canonically to the action S ↷ Dλ and hence to the action S ↷ Aλ.

The co-character ν induces a grading Aλ =
⊕

i∈ZAλ,i on Aλ. Let A>0
λ :=

⊕
i>0Aλ,i.

It follows from [11, Proposition 3.11] that the action of ν on Aλ is Hamiltonian, so we
have a comoment map C → Aλ,0. Let h ∈ Aλ,0 be the image of 1 ∈ C. Let Aλ-mod be the
category of finitely generated Aλ-modules and let Oν(Aλ) ⊂ Aλ-mod be the full subcategory,
consisting of all modules where the action of A>0

λ is locally nilpotent and the action of Aλ,0

is locally finite.
Let Coh(Dλ) be the category of all coherent Dλ-modules and Oν(Dλ) ⊂ Coh(Dλ) be

the full subcategory of modules that come with a good filtration stable under h and are
supported on the contracting locus M+ of ν, i.e., M+ := {x ∈ M | limt→0 ν(t) · x exists}.
The set Irr(Oν(Dλ)) of irreducible objects can be naturally identified with MS (see [10,
Proposition 5.17] and Section 1.3.4 below).

Localizations

We have the global section functor Γ: Coh(Dλ) → Aλ-mod. We denote by Loc: Aλ-mod →
Coh(Dλ) the left adjoint functor given by N 7→ Dλ ⊗Aλ

N (see [11, Section 4.2]). For λ ∈ t,
we say that abelian localization holds for (λ,M) when the functors Γ and Loc are quasi-
inverse equivalences. Let η ∈ H2(M,C) = t be the first Chern class of an ample line bundle
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on M. It is known (see [11, Corollary B.1]) that for a sufficiently large integer M (depending
on λ ∈ t), the abelian localization holds for λ +mη for all integers m ⩾ M . In particular,
the irreducible objects of Oν(Aλ+mη) are parametrized by MS.

1.2 Examples of symplectic singularities

1.2.1 Higgs and Coulomb branches

In this section, we briefly recall the main definitions of the Higgs and Coulomb branches
of 3D N = 2 gauge theories. Let Ggauge be a reductive group (over C) and let N be a
finite-dimensional representation of Ggauge. Let µ : T ∗N → g∗gauge be a moment map.

Higgs branches

We set
M0 := T ∗N///Ggauge = µ−1(0)//Ggauge = SpecC[(µ−1(0))Ggauge ].

We always assume that for generic enough stability parameter θ : Ggauge → C×, the action
Ggauge ↷ µ−1(0)θ−stable is free and the quotient M := µ−1(0)θ−stable/Ggauge is the smooth
(symplectic) resolution of M0 to be called the (resolved) Higgs branch of the theory. Quan-
tizations of M0 can be constructed as quantum Hamiltonian reductions of (global) differential
operators on N.

Coulomb branches

Construction of the Coulomb branch is trickier and was recently proposed by Braverman,
Finkelberg, and Nakajima in [14]. Let us recall the definition.

Set T := Ggauge((t)) ×Ggauge[[t]] N[[t]]. We have the natural map T → N((t)) given by
[g, n] 7→ gn. We define:

R = R(Ggauge,N) = N[[t]]×N((t)) T .

We can consider the equivariant Borel-Moore homology H
Ggauge[[t]]
∗ (R) of the space R (see

[14, Section 2(ii)] for the definition and detailed discussion). This vector space is equipped
with an algebra structure via the convolution ∗ (see [14, Section 3]). It follows from [14,
Proposition 5.15] that the algebra (H

Ggauge[[t]]
∗ (R), ∗) is commutative. The Coulomb branch

M = M(Ggauge,N) is by the definition equal to the spectrum of this algebra:

M := SpecHGgauge[[t]]
∗ (R).

Assume now that we are given an additional torus A acting on N and commuting with
the action of Ggauge (we will call A a flavor torus). Set a := LieA. The deformed Coulomb
branch over a is defined as

Ma := SpecHGgauge[[t]]×A
∗ (R).

Remark 1.2.1 Note that A naturally acts on the Higgs branch M, this is compatible with
what symplectic duality predicts.
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Finally, quantization of Ma can be defined as follows. Consider the semidirect product
Ggauge[[t]] ⋊ C× where C× acts on Ggauge[[t]] by scaling t. This semidirect product acts
naturally on R commuting with the action of A. Then,

Aℏ,a(M) := H(Ggauge[[t]]⋊C×)×A
∗ (R).

1.2.2 Case of quiver theories

An important class of pairs (Ggauge,N) to consider is the one coming from a choice of a
quiver I = (I0, I1) (I0 are vertices and I1 are edges) and a collection of nonnegative numbers
v = (vi)i∈I0 , w = (wi)i∈I0 ((vi) is called the dimension vector and (wi) is called the framing).
For i ∈ I0, let Vi, Wi be vector spaces of dimensions vi, wi. We define

Ggauge = GI :=
∏
i∈I0

GL(Vi), N :=
⊕

(i→j)∈I1

Hom(Vi, Vj)⊕
⊕
i∈I0

Hom(Wi, Vi).

Varieties M0, M, M corresponding to (GI ,N) as above are called Higgs and Coulomb
branches of the theory corresponding to I together with the choice of (vi), (wi). Note that
the Higgs branch M is nothing else but the Nakajima quiver variety corresponding to the
quiver I (and the choice of (vi), (wi)), let us recall its definition in more detail.

We consider the cotangent space MI(v,w) = M(v,w) = M := T ∗N that can be identi-
fied with⊕

(i→j)∈I1

Hom(Vi, Vj)⊕
⊕

(i→j)∈I1

Hom(Vj, Vi)⊕
⊕
i∈I0

Hom(Wi, Vi)⊕
⊕
i∈I0

Hom(Vi,Wi).

We can represent elements of M(v,w) as quadruples (X, Y, γ, δ), where

X ∈
⊕

(i→j)∈I1

Hom(Vi, Vj), Y ∈
⊕

(i→j)∈I1

Hom(Vj, Vi),

γ ∈
⊕
i∈I0

Hom(Wi, Vi), δ ∈
⊕
i∈I0

Hom(Vi,Wi).

The space M(v,w) = T ∗N carries a natural symplectic form. We set

Gv :=
∏
i∈I0

GL(Vi), gv :=
⊕
i∈I0

gl(Vi).

The group Gv acts naturally on the vector space M(v,w). This action is symplectic with
the moment map:

µ : M(v,w) → gv, (X, Y, γ, δ) 7→ [X, Y ] + γδ.

Definition 1.2.2 A quadruple (X, Y, γ, δ) ∈ M(v,w) is called stable if for every X, Y -
invariant graded subspace S ⊂ V such that S contains im γ we have S = V . We denote by
M(v,w)st ⊂ M(v,w) the (open) subset of stable quadruples.
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Definition 1.2.3 The Nakajima quiver varieties M(v,w), M0(v,w) are defined as the fol-
lowing quotients:

M(v,w) := µ−1(0)st/Gv, M0(v,w) := µ−1(0)//Gv.

We have the natural (projective) morphism π : M(v,w) → M0(v,w).

Assumption 1.2.4 We assume that π is a resolution of singularities.

Let zv ⊂ gv be the center of gv. The varieties M(v,w), M0(v,w) admit certain natural
deformations over the space zv.

Definition 1.2.5 The deformed quiver varieties M(v,w)zv , M0(v,w)zv over zv are defined
as follows:

M(v,w)zv := µ−1(zv)
st/Gv, M0(v,w)zv := µ−1(zv)//Gv.

For a ∈ zv, we denote by M(v,w)a, M0(v,w)a the fibers of these families over a.

1.3 Schematic fixed points and Cartan subquotients

1.3.1 Schematic fixed points

Given a variety Y with an action of some algebraic group G we can define the functor

Y G : SchemesC → Sets

from the category SchemesC of schemes over C to the category Sets of sets as follows
(see [30], [24, Section 1.2]):

Y G(S) := MapsG(S, Y ), S ∈ SchemesC,

where the action of G on S is trivial and MapsG(S, Y ) is the set of G-equivariant morphisms
from S to Y . It turns out that in some cases, functor Y G is represented by a scheme that we
call schematic fixed points of Y (for more details, see [30, Theorem 2.3]). Consider the case
Y = SpecB for some C-algebra B and G = C×. Then the action C× ↷ Y corresponds to
the Z-grading B =

⊕
i∈ZBi. Compare the following proposition with [24, Example 1.2.3].

Proposition 1.3.1 If Y = SpecB is an affine variety and G = C×, then Y C× is represented
by an affine scheme whose ring of functions can be described in two equivalent ways:

C[Y C×
] = B0/

∑
i>0

B−iBi = B/(bi ∈ Bi, i ̸= 0). (1.1)

Proof : It is enough to show that the functor Y C× restricted to the category of affine schemes
over C is represented by the affine scheme with the algebra of functions as in (1.1). Let
S = SpecC be an affine scheme with trivial C×-action. The set MapsC

×
(S, Y ) can be

identified with the set of graded homomorphisms B → C, where the grading on C is the
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trivial one (C = C0). Since C = C0, we conclude that every such homomorphism f : B → C
factors through B/(bi ∈ Bi, i ̸= 0). Note now that every homomorphism f : B/(bi ∈ Bi, i ̸=
0) → C induces the graded homomorphism B ↠ B/(bi ∈ Bi, i ̸= 0) → C, so we must have
Y C×

= Spec(B/(bi ∈ Bi, i ̸= 0)).
It remains to note that the natural morphism

B0/
∑
i>0

B−iBi → B/(bi ∈ Bi, i ̸= 0),

given by
B0/

∑
i>0

B−iBi ∋ [b] 7→ [b] ∈ B/(bi ∈ Bi, i ̸= 0)

is an isomorphism. □

Remark 1.3.2 Proposition 1.3.1 can be easily generalized to the case when G is a torus of
arbitrary rank (or an arbitrary reductive group).

The following proposition holds (see, for example, [54]).

Proposition 1.3.3 If Y is a smooth algebraic variety over C and G is reductive, then Y G

is smooth.

1.3.2 Cartan subquotients (B-algebras)

The following construction should be considered as a noncommutative version of taking
schematic fixed points (compare with (1.1)). For any Z-graded ring A =

⊕
i∈ZAi, set:

C(A) := A0/
∑
i>0

A−iAi.

Ring C(A) will be called the Cartan subquotient or a B-algebra of A. See [73, Sections 4, 5]
and [10, Section 5.1] for more details. We will apply this construction to the quantizations
of C[M0], C[M0,t] with Z-grading induced by a (generic) cocharacter ν : C× → SM0 . If A is
one of these quantizations, then the corresponding Cartan subquotient will be denoted by
Cν(A). We will also use the notation A⩾0 :=

⊕
i⩾0Ai. Note that there exists the natural

surjection A⩾0 ↠ C(A) induced by the surjection A⩾0 ↠ A0.

1.3.3 Sheaf version of Cartan subquotient

In this section, let S = SM0 , let M be a symplectic resolution of M0, and assume that M has
finitely many S-fixed points. Following [73, Section 5.2] one can also talk about the Cartan
subquotients of sheaves D on M0,a (see [73, Proposition 5.2]), the resulting object will be a
sheaf of algebras on the S-fixed points of Ma (recall that MS

a is smooth by Proposition 1.3.3
above).

Lemma 1.3.4 We have a canonical isomorphism MS
a ≃ MS × a of varieties over a.
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Proof : Standard. □

Lemma 1.3.5 There are canonical isomorphisms of sheaves of algebras

Cν(Dℏ,a) ≃ OMS
a
[ℏ], Cν(Dℏ,λ) ≃ OMS [ℏ], Cν(Dλ) ≃ OMS .

Proof : Since fixed S-points are isolated in M by our assumption, the lemma follows from
[10, Lemma 5.2]. □

Using Lemmas 1.3.4, 1.3.5 we obtain the natural homomorphism of C[a, ℏ]-algebras

Cν(Aℏ,a) → Γ(MS
a ,Cν(Dℏ,a)) = C[MS]⊗ C[a, ℏ]

that at λ ∈ a specializes to the homomorphism

Cν(Aℏ,λ) → Γ(MS,Cν(Dℏ,λ)) = C[MS]⊗ C[ℏ]. (1.2)

Remark 1.3.6 It follows from [11, Proposition 5.3] (see also [73, Proposition 5.3]) that the
composition (1.2) becomes C[ℏ]-linear isomorphism for Zariski generic values of λ.

1.3.4 Cartan subquotients and irreducible objects in categories O
Let us now recall the relation between Cν(Aλ) and irreducible objects in the category Oν(Aλ).
Pick λ such that the abelian localization holds and the morphism (1.2) specialized at ℏ = 1
is an isomorphism:

φλ : Cν(Aλ)
∼−→Γ(MS,Cν(Dλ)) =

⊕
p∈MS

C.

We see that the algebra Cν(Aλ) is finite-dimensional semisimple and has |MS| irreducible
(one dimensional) representations labeled by the fixed points of M. Let Cp be the irreducible
representation of Cν(Aλ) corresponding to the point p ∈ MS. We can then form the standard
module (see [10, Section 5.2]):

∆λ(p) = ∆(p) = Aλ ⊗A⩾0
λ

Cp ∈ Oν(Aλ),

where the action of A⩾0
λ ↷ Cp is induced by the natural surjection A⩾0

λ ↠ Cν(Aλ).

Remark 1.3.7 Similary, one can define the costandard module ∇(p) = ∇λ(p) as follows
(see [10, Section 5.2]): ∇(p) = (C∗p ⊗A⩾0

λ
A)⋆, here ⋆ denotes the restricted duality.

By the resuls of [10], every ∆(p) has the unique irreducible quotient to be denoted
by L(p). Moreover, modules {L(p) | p ∈ MS} are pairwise non-isomorphic and form the
complete list of simples in Oν(Aλ). Recall that we have the equivalence of categories
Loc: Oν(Aλ)

∼−→Oν(Dλ). Applying Loc to L(p), we obtain irreducible objects in Oν(Dλ). In
this way we obtain the labeling MS ∼−→ Irr(Oν(Dλ)). This is exactly the labeling mentioned
in Section 1.1.2.

Let us finally mention that every object V ∈ Oν(Aλ) is naturally graded via the action by
the commutator with h (recall that h is the image of 1 under the comoment map induced by
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ν). It follows from the definitions that Aλ,0 acts on each graded component. Now, the highest
weight component of L(p) is one-dimensional and the action of Aλ,0 on the corresponding
one-dimensional space factors through the quotient Cν(Aλ) and is precisely the character of
Cν(Aλ), corresponding to Cp. In other words, we can read off the character Cν(Aλ) → Cp

from the irreducible representation L(p) as the “highest weight” of L(p) considered as Aλ,0-
module.

Remark 1.3.8 Note that highest weights of ∆(p), ∇(p), L(p) are the same.

From algebraic to sheaf Cartan subquotients

Recall that the algebra Aℏ,a is Z⩾0-graded (via the C×ℏ -action). We denote the i-th graded
piece by Ai

ℏ,a. Pick λ ∈ a and ℏ0 ∈ C, we can consider the specialization A(ℏ0,λ) of Aℏ,a to
the point (ℏ0, λ) ∈ C ⊕ a. We see that for ℏ0 ̸= 0 the action of C×ℏ (corresponding to the
Z⩾0-grading above) identifies A(ℏ0,λ) and A(1,ℏ−1

0 λ) = Aℏ−1
0 λ. Consider the composition

Aℏ,a,0 ↠ Cν(Aℏ,a) → Γ(MS
a ,Cν(Dℏ,a)) = C[MS]⊗ C[a, ℏ]. (1.3)

Pick x ∈ Ai
ℏ,a,0.

Proposition 1.3.9 (a) For ℏ0 ̸= 0 and λ ∈ a such that the abelian localization holds for
λℏ−10 and φℏ−1

0 λ is an isomorphism, the image of x(ℏ0,λ) ∈ A(ℏ0,λ),0 under

A(ℏ0,λ),0 ↠ Cν(A(ℏ0,λ)) → Γ(MS,Cν(D(ℏ0,λ))) = C[MS]

is equal to the collection of scalars by which ℏi0x acts on the highest components of the
irreducible modules in Oν(Aℏ−1

0 λ).
(b) For ℏ0 = 0 the composition (1.3) identifies with the pull back homomorphism

C[M0,a]0 ↠ C[MS
0,a] → C[MS

a ] = C[MS]⊗ C[a].

(c) If the set of λ ∈ a such that the abelian localization holds at λ is Zariski dense in a,
then (a) determines the image of x uniquely. In particular, if the image of a in t contains
the Chern class η ∈ tZ of an ample line bundle L ∈ Pic(M), then (a) determines the image
of x uniquely.

Proof : Since the homomorphism (1.3) is C×ℏ -equivariant, it is enough to prove (a) for ℏ0 = 1.
For ℏ0 = 1 the claim follows from the definitions. Part (b) is clear. Part (c) follows from [11,
Corollary B.1]. □

1.3.5 Families of costandard and “point” modules

The homomorphism (1.3) allows us to define the following Aℏ,a-module (compare with Re-
mark 1.3.7 and [10, Section 5.2]):

∇ℏ,a(p) := (C[a, ℏ]∗p ⊗A⩾0
ℏ,a

Aℏ,a)
⋆,
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where C[a, ℏ]p is the C[MS] ⊗ C[a, ℏ]-module corresponding to the evaluation at p homo-
morphism C[MS] ⊗ C[a, ℏ] ↠ C[a, ℏ] and ⋆ denotes the restricted duality. Clearly, the
specialization of ∇ℏ,a(p) to (1, λ) ∈ C× a is nothing else but the dual Verma module ∇λ(p).
Proposition 1.3.9 describes the highest weight of ∇ℏ,a(p). Note that the module ∇ℏ,a(p) is in
general not flat over C[a, ℏ].

Let us now define another Aℏ,a-module Θℏ,a(p) that is flat over C[a, ℏ], has the same
highest weight as ∇ℏ,a(p) and is isomorphic to ∇ℏ,a(p) generically.

We follow [10, Section 5.3]. Consider the formal neighbourhood Ua(p) of {p} × a ⊂ Ma.
We can restrict Dℏ,a to Ua(p) and take the locally finite global sections that we denote by
Dℏ,a(p). It follows from the formal Darboux lemma (compare with [10, Lemma 5.2]) that
the Cartan subquotient of Dℏ,a(p) is isomorphic to C[a, ℏ]. Let

Θℏ,a(p) := Dℏ,a(p)⊗Dℏ,a(p)⩾0 C[a, ℏ].

Θℏ,a(p) is an Aℏ,a-module via the restriction map Aℏ,a → Dℏ,a(p). It follows from [10,
Proposition 5.20] that the S-character of Θℏ,a(p) (considered as a free C[a, ℏ]-module) is
equal to

chΘℏ,a(p) =
∑

µ : S→C×

dimC[a,ℏ](Θℏ,a(p)µ)e
µ = eωp

d∏
i=1

1

1− e−αi
,

where α1, . . . , αd are ν-positive weights (with multiplicity) for the action of S on TpM and
ωp is the restriction of (1.3) on s composed with the projection onto C[a, ℏ]p.

It follows from [10, Lemma 5.21] that Θℏ,a(p), ∇ℏ,a(p) are isomorphic for generic values
of ℏ, λ. For fixed ℏ0 ∈ C, λ ∈ a, module Θℏ0,λ(p) will be called a point module so Θℏ,a(p) is
a family of point modules.

Warning 1.3.10 Note that the Aℏ,a-modules Θℏ,a(p), ∇ℏ,a(p) may not be finitely generated
in general.

1.4 Symplectic duality

1.4.1 Structures associated to a conical singularity

We mostly follow [57] in this section. Assume that the Poisson bracket on M0 has degree
two. Let C[M0]

2 ⊂ C[M] be the degree two component, this is a Lie algebra w.r.t. { , }.
Assume that there exists a reductive group AutC×

ℏ
(M0) consisting of Poisson automorphisms

of M0 commuting with the contracting C×ℏ -action and whose Lie algebra is (C[M0]
2, { , }).

Recall that SM0 ⊂ AutC×
ℏ
(M0) is a maximal torus and set s∗M0,Z := Hom(SM0 ,C×). The

action of SM0 ×C×ℏ on M0 induces the bigrading C[M0] =
⊕

µ∈s∗M0,Z
, k∈Z⩾0

C[M0]
k
µ. Note that

C[M0]
2
0 identifies with sM0 .

Recall that Mt is the deformation of M over t = H2(M,C). Let At be the canonical
quantization of Mt and let A2

t be the degree two component. There is an exact sequence of
Lie algebras (see [57, Section 2.2]):

0 → t⊕ Cℏ → A2
t → C[M0]

2 → 0.
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Passing to the zero weight space w.r.t. S we obtain the quantization exact sequence:

0 → t⊕ Cℏ → A2
t,0 → s → 0. (1.4)

Let us describe another exact sequence that one can associate with a symplectic sin-
gularity M. The odd cohomology of M vanishes ([11, Proposition 2.5]) so we obtain a
cohomological exact sequence:

0 → s⊕ Cℏ → H2
S×C×

ℏ
(M,C) → t → 0, (1.5)

where the first map is the pull back homomorphism (we identify s ⊕ Cℏ = H2
S×C×

ℏ
(pt,C))

and the second map is the restriction homomorphism (recall that t = H2(M,C)).

1.4.2 Symplectic duality: basic properties

Often conical symplectic singularities come in dual pairs (M0,M
!
0). We refer the reader

to [10] for details on symplectic duality. Let us recall some basic properties of it. One
prediction of symplectic duality (formulated in [57, Section 5.1]) is that for the dual pairs,
quantization and cohomological exact sequences (1.4), (1.5) identify with each other: there
exists a natural isomorphism H2

SM0
×C×

ℏ
(M,C) ≃ A2

t
M!

0
,0(M

!
0) that induces the identifications:

0 // tM!
0
⊕ Cℏ //

≃

��

A2
t
M!

0
,0(M

!
0) //

≃
��

sM!
0

//

≃

��

0

0 // sM0 ⊕ Cℏ // H2
SM0

×C×
ℏ
(M,C) // tM0

// 0.

In particular, we should have canonical identifications tM0 ≃ sM!
0
, sM0 ≃ tM!

0
, as was conjec-

tured in [10].
Assume now that both M0 and M!

0 admit symplectic resolutions M and M!, respectively.

Remark 1.4.1 It is expected that M0 has a symplectic resolution iff (M!)
S
M!

0 consists of
one point.

The symplectic duality predicts the existence of a canonical identification of finite sets
of torus fixed points:

MSM0 ∼−→ (M!)
S
M!

0 , p 7→ p!.

1.5 Hikita-Nakajima conjecture

Hikita-Nakajima conjecture

Recall that M0 is a symplectic singularity and let M = M!
0 be a dual variety. The main

example for us is M0 being a Nakajima quiver variety and M the corresponding Coulomb
branch. We assume that M0 is resolved by M → M0. Let H∗SM0

(M,C) be the algebra
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of SM0-equivariant cohomology of M. This is an algebra over H∗SM0
(pt) = C[sM0 ]. The

choice of M (resolution of M0) corresponds to a (generic) cocharacter νM : C× → SM. We
can consider the algebra of functions of schematic fixed points C[(MtM)νM(C×)] that is an
algebra over C[tM] = C[sM0 ].

Note also that the algebra H∗SM0
(M,C) has a natural cohomological grading and the

algebra C[(MtM)νM(C×)] is graded via the contracting C×ℏ -action. The algebra H∗SM0
(M,C)

is finitely generated over C[sM0 ]. Now, the algebra C[(MtM)νM(C×)] is finitely generated over
C[sM0 ] iff MνM(C×) = MSM (considered as a set) consists of one point. Since we want to
identify the algebras above we must make the following assumption.

Assumption 1.5.1 The set MSM consists of one point.

Remark 1.5.2 Let us recall that symplectic duality predicts that M0 has a symplectic
resolution iff MSM consists of one point.

The following conjecture relates (equivariant) cohomology of M with schematic fixed
points of (the deformation of) M (part (i) goes back to Hikita [46], and part (ii) goes back
to Nakajima). We will call (i) Hikita conjecture and (ii) will be called Hikita-Nakajima
conjecture.

Conjecture 1.5.3 (i) There is an isomorphism of Z-graded algebras

H∗(M,C) ≃ C[MνM(C×)].

(ii) There is an isomorphism of Z-graded algebras over C[sM0 ]:

H∗SM0
(M,C) ≃ C[(MtM)νM(C×)].

We remark that (ii) implies (i) by specifying to the point 0 ∈ sM0 .

Remark 1.5.4 Let us note that if M, M′ are two symplectic resolutions of M0, then the
algebras H∗SM0

(M,C), H∗SM0
(M′,C) are isomorphic. This follows from the fact that the

universal deformations MtM0
→ tM0 , M′

tM0
→ tM0 are locally trivial in C∞-topology (see

[91, Section 1.2 and references therein]), so M, M′ are both diffeomorphic to a generic fiber
of M0,tM0

→ tM0 . Similarly, one can see that for any generic cocharacter ν : C× → SM the
schematic fixed points Mν(C×)

tM
are the same and are isomorphic to the schematic fixed points

MSM
tM

. Indeed, note that MtM can be SM-equivariantly embedded in some vector space O
with a linear action of SM. Then Mν(C×)

tM
, MSM

tM
are (schematic) intersections

Mν(C×)
tM

= MtM ∩Oν(C×), MSM
tM

= MtM ∩OSM .

This reduces the claim to showing that Oν(C×) = OSM for a generic ν : C× → SM that
directly follows from Proposition 1.3.3 since O is smooth.

Warning 1.5.5 Hikita-Nakajima conjecture is not true as stated for arbitrary pairs of sym-
plectically dual varieties. A counterexample is a part of work in progress with K. Hoang and
D. Matvieievskyi. It is still expected to be true as stated when M is a Nakajima quiver variety
(this is the setting in which Nakajima formulated it in [88, Section 1(viii)]).
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Equivariant Hikita-Nakajima conjecture

Let ν : C× → SM be a generic cocharacter corresponding to M. The following conjecture
is due to Nakajima. It generalizes Conjecture 1.5.3 and will be called equivariant Hikita-
Nakajima conjecture.

Conjecture 1.5.6 There is an isomorphism of C[sM0 , ℏ]-algebras

Cν(Aℏ,tM(M)) ≃ H∗
SM0

×C×
ℏ
(M).

We remark that setting ℏ = 0 in Conjecture 1.5.6, we obtain the classical Hikita-Nakajima
conjecture.

Combinatorial corollary of (equivariant) Hikita-Nakajima conjecture

Let us mention one nontrivial combinatorial corollary of Conjecture 1.5.3. Pick a point
(s, ℏ0) ∈ sM0 ⊕ C. We have an isomorphism of algebras H∗

SM0
×C×

ℏ
(M)|(s,ℏ0) ≃ H∗(M(s,ℏ0)).

Note that the semisimple quotient of H∗(M(s,ℏ0)) is the algebra H0(M(s,ℏ0)) that is isomor-
phic to the direct sum of copies of C, the number of copies is equal to |Comp(M(s,ℏ0))|, where
Comp(M(s,ℏ0)) is the set of connected components of M(s,ℏ0). Conjecture 1.5.3 implies that
the algebra H∗(M(s,ℏ0)) is isomorphic to the algebra Cν(A(s,ℏ0)(M)), where A(s,ℏ0)(M) is
the fiber over (s, ℏ0) ∈ sM0 ⊕ C of the deformation Aℏ,tM(M). For ℏ0 ̸= 0 the semisimple
quotient of Cν(A(s,ℏ0)(M)) is isomorphic to the direct sum of copies of C labeled by the set
of irreducible objects in the category Oν(A(s,ℏ0)(M)) (we use the bijection between simple
objects in the category O and irreducible modules over the corresponding Cartan subquo-
tient). For ℏ0 = 0, the semisimple quotient above is the direct sum of copies of C labeled by
the set Mν(C×)

(s,ℏ0) (C) of C-points of the scheme Mν(C×)
(s,ℏ0) .

So, Hikita-Nakajima conjecture implies the (natural) bijection between the sets of com-
pletely different nature:

Comp(M(s,ℏ0)) ≃ IrrOν(A(s,ℏ0)(M)).

Remark 1.5.7 When M = S̃(e) is the Slodowy variety for a nilpotent e in some semisimple
Lie algebra g, the identification above provides an explicit relation between Lusztig’s left cells
for the Weyl group W of g and the connected components of torus fixed points of Springer
fibers. Note that the similar relation between the connected components of torus fixed points of
affine Springer fibers and simple objects in categories O over certain vertex operator algebras
was recently conjectured in [101] in the framework of the mirror symmetry for certain 4D-
theories.

Current state of the Hikita-Nakajima conjecture

The Hikita conjecture was proven for the case of Hilbert scheme of points on A2, type A
Slodowy slices and hypertoric varieties in [46, Theorem 1.1, Theorem A.1, Theorem B.1]. In
[104], Shlykov has proven the case of Y = A2/Γ where Γ is a finite subgroup of SL2(C). In
the paper [44, Theorem 1.0.5], Hatano proved that H∗(M(n, r),C) and C[(M0(n, r)

!)C
×
] are
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isomorphic as graded vector spaces (here M(n, r) is the ADHM space, see Section 2.2.1 for
the definition). In [56, Theorem 1.5], Kamnitzer, Tingley, Webster, Weekes, and Yacobi have
proven Hikita conjecture for theADE slices in the affine Grassmanian. They have also proven
the equivariant version for type A quivers and some weaker form of this conjecture for DE
quivers (see [56, Section 8.3], [58, Section 1.3 and Theorem 1.5], see also [55, Section 6.6]).
In [57] Kamnitzer, McBreen and Proudfoot formulated a quantum version of the Hikita-
Nakajima conjecture and proved it for the Springer resolution and for hypertoric varieties.
The results of [104] were recently generalized to the equivariant (and even quantum) case in
[19].
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Chapter 2

Hikita-Nakajima conjecture for
symplectic resolutions

2.1 General approach

In this section, following the ideas of Bellamy, Hilburn, Kamnitzer, Tingley, Webster, Weekes,
and Yacobi, we describe the general approach that we propose to attack the Hikita-Nakajima
conjecture as well as its relation to a certain statement proposed by Bullimore, Dimofte,
Gaiotto, Hilburn, and Kim. We also briefly discuss a quantum version of this conjecture
proposed by Kamnitzer, Proudfoot, and McBreen and mention how it fits into our approach.

2.1.1 Main conjecture

In this section, we are working with an arbitrary pair of symplectically dual varieties M0,
M = M!

0 (not necessary Higgs/Coulomb branches of a quiver theory), but we are assuming
that both of them admit symplectic resolutions M, M̃.

Choice of a symplectic resolution M corresponds to the choice of a chamber in tM0,R =
H2(M,R). Using the identification tM0 ≃ sM, chamber above gives us a generic cocharacter
ν : C× → SM. Our goal is to compare the C[sM0 , ℏ]-algebras:

H∗
SM0

×C×
ℏ
(M,C), Cν(Aℏ,tM(M)). (2.1)

Let us first of all note that these algebras should actually carry an additional structure.
Namely, recall (see Section 1.4.2) that the symplectic duality predicts identification of vector
spaces A2

ℏ,tM,0 ≃ H2
SM0

×C×
ℏ
(M,C). The elements of these vector spaces should commute with

each other. So, we see that our algebras are not only C[sM0 , ℏ]-algebras but also a modules
over the bigger polynomial algebra S•(A2

ℏ,tM,0) = S•(H2
SM0

×C×
ℏ
(M,C)).

Actually, it turns out that in many cases, we have even bigger polynomial algebras acting
on the algebras (2.1). For example, in the case when M is a Nakajima quiver variety corre-
sponding to some quiver I, M is the corresponding Coulomb branch, and A is a flavor torus,
then Aℏ,a = H(GI [[t]]⋊C×

ℏ )×A(R) contains the polynomial subalgebra B := H∗
GI×A×C×

ℏ
(pt)

(sometimes called the “Cartan” subalgebra of Aℏ,a). The same algebra B acts naturally on
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H∗
A×C×

ℏ
(M,C) = H∗

GI×A×C×
ℏ
(µ−1(0)st,C) via the restriction homomorphism (which is in this

case surjective by the results of McGerty and Nevins [82]):

B = H∗GI×A(µ
−1(0),C) ↠ H∗GI×A×C×(µ−1(0)st,C) = H∗

A×C×
ℏ
(M,C).

Remark 2.1.1 Note that in the Coulomb branch case, we see that the algebra B is actually
a subalgebra of Aℏ,tM. I do not know if this should be a general phenomenon.

So, let B be some commutative (polynomial) algebra that acts naturally on both of our
algebras. Acting on 1, we obtain homomorphisms:

B
a−→ H∗

SM0
×C×

ℏ
(M,C), B b−→ Cν(Aℏ,tM(M)).

Recall that we have the natural identification

H∗
SM0

×C×
ℏ
(MSM0 ,C) ≃ Γ(M̃SM

tM
,Cν(Dℏ,tM(M̃)))). (2.2)

induced by Lemma 1.3.5, the bijection MSM0 ≃ M̃TM and the isomorphism sM0 ≃ tM (see
Section 1.4.2). Note that both of the algebras in (2.2) are simply

⊕
p∈M̃SM C[tM, ℏ].

The approach that we suggest to prove the equivariant Hikita-Nakajima conjecture is
the following. One can first prove the following conjecture and then deduce the equivariant
Hikita-Nakajima conjecture from it.

Conjecture 2.1.2 The following diagram is commutative:

H∗
SM0

×C×
ℏ
(M,C) // H∗

SM0
×C×

ℏ
(MSM0 ,C)

≃
��

B

a
99

b

%%

⊕
p∈M̃SM C[tM, ℏ]

Cν(Aℏ,tM(M)) // Γ(M̃SM
tM
,Cν(Dℏ,tM(M̃))))

≃
OO

(2.3)

In particular, there exists the isomorphism of B-algebras:

Im(B → H∗
SM0

×C×
ℏ
(M,C)) ≃ Im(B → Cν(Aℏ,hM(M)) → Γ(MSM

tM
,Cν(Dℏ,tM(M̃)))). (2.4)

Warning 2.1.3 Let us mention an important technical detail: for (2.3) to be commutative,
we should normalize the map a by saying that ℏ goes to 1

2
ℏ!

Note that proving Conjecture 2.3 requires much less work than dealing with the original
Hikita-Nakajima conjecture. Indeed to prove Conjecture 2.3, one have to compare B-highest
weights of Verma modules over Aλ(M) with restrictions of B to S-fixed points on M for
generic values of λ. So, this conjecture is basically about comparing certain numbers .

Let me mention one possible way to think about Conjecture 2.1.2. We can consider
H∗

SM0
×C×

ℏ
(M,C), Cν(Aℏ,tM(X) as C[tM, ℏ]-modules of rank |MSM0 | = |M̃SM |. The algebra
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B acts on both of these modules by C[tM, ℏ]-linear endomorphisms. Let K be the algebraic
closure of the field of fractions Frac(C[tM, ℏ]). Base changing to K, our modules become
|M̃SM |-dimensional vector spaces over K, and they decompose into the direct sum of one-
dimensional modules over BK := B ⊗C[tM,ℏ] K parametrized by certain characters of B (in
other words, we diagonalize the action of BK on these modules). Conjecture 2.1.2 gives a
concrete recipe to find these characters and claims that they should be the same. In other
words, the conjecture claims that the solutions of B-modules above should be the same.

Remark 2.1.4 In [12, Definition 2.1], authors introduced a notion of a localization alge-
bra. We observe that algebras H∗

SM0
×C×

ℏ
(M,C), Cν(Aℏ,tM(X)) have natural structures of

localization algebras and our Conjecture 2.1.2 basically claims that these structures should
be compatible. In this sense, Conjecture 2.1.2 should be considered in the framework of the
duality of “localization algebras”, see [10, Section 10.6]. Let us mention that in [10, Section
10.6], [12] authors study another interesting example of the localization algebra, namely the
(universal) deformation Z(Ẽ) of the center of the geometric category Oν(Dλ) for M. In [10,
Conjecture 10.32] authors conjecture that for λ such that Oν(Dλ) is indecomposable, local-
ization algebras Z(Ẽ), H∗SM0

(M,C) should be isomorphic. I do not know how to generalize
this statement to arbitrary λ.

Let us now explain the motivation for Conjecture 2.1.2 related to physics (this is in-
teresting on its own since it includes the equivariant Hikita-Nakajima conjecture into the
general context of 3D mirror symmetry). We restrict ourselves to the case, when M is an
actual Nakajima quiver variety and M!

0 = M is the corresponding Coulomb branch. Recall
that A is a flavor torus. Pick an A-fixed point p ∈ MA In [16], authors conjecture that
(roughly speaking) the quantization Aℏ,a(M) should act on the equivariant (critical) coho-
mology H∗

A×C×
ℏ
(QMapsp(P1,M)) of the space of based quasi-maps sending ∞ ∈ P1 to p and

the corresponding module should be the universal point module Θℏ,a(p
!) over the quantized

Coulomb branch (see Section 1.3.5). In general, it is not clear how to define the action of
Aℏ,a(M) on the space above (see [107] for the case of sl2). On the other hand, the action
of B = H∗GI×A×C×(pt) is easy to describe. Namely, consider the evaluation at 0 morphism
ev0 : QMapsp(P1,M) → µ−1(0)/GI , then the element τ should act via the multiplication by
ev∗(τ) (compare with [69]).

Now, the natural grading on the point module should correspond to the decomposition
of the space QMapsp(P1,M) via the degree of the quasi-map, let us denote the degree d
component by QMapsdp(P1,M). So, the highest weight component is nothing else but the
cohomology of QMaps0p(P1,M) := {p}. We conclude that the action of τ ∈ B on the
highest weight component H∗

A×C×
ℏ
(p) = C[a, ℏ] is given by the multiplication by ι∗pτ , where

ιp : {p} ↪→ M is the obvious embedding. This is precisely what Conjecture 2.1.2 claims.

Remark 2.1.5 As we see from the discussion above, Conjecture 2.1.2 is a shadow of the
(conjectural) realization of the universal point module over the Coulomb branch via the space
of based quasi-maps to the Higgs branch. This statement should, in particular, imply that
characters of (universal) point modules (considered as functions on B) coincide with the
ℏ = q specializations of (normalized) vertex functions with descendants (introduced by Ok-
ounkov in [94, Section 7.2]) restricted to the corresponding fixed points (compare with [47,
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Remark 1.10]). It turns out that this statement is precisely the quantum analog of Conjecture
2.1.2 and can be used to prove the quantum Hikita conjecture (formulated in [57]). Namely,
normalized vertex functions with descendants are solutions of the PSZ quantum D-module
while characters of point modules are solutions of the D-module of graded traces. By identi-
fying solutions, we obtain identifications of the corresponding D-modules. This is the joint
work in progress with Hunter Dinkins, and Ivan Karpov.

The natural question is: when Conjecture 2.1.2 implies the actual equivariant Hikita-
Nakajima conjecture? Clearly, this is the case when morphisms a, b are surjective and
Cν(Aℏ,tM(M)) is torsion-free over C[tM, ℏ] (note that H∗

SM0
×C×

ℏ
(M,C) is always free over

H∗
SM0

×C×
ℏ
(pt)). The following claims hold.

(i) Morphisms a, b are indeed surjective if M is a Nakajima quiver variety and M is the
corresponding Coulomb branch (surjectivity of a follows from [82, Corollary 1.5], for
the surjectivity of b see Proposition 2.1.7 below and references therein).

(ii) Module Cν(Aℏ,tM(M)) is known to be flat over C[tM, ℏ] when M is a Coulomb branch
of type ADE quiver corresponding to a framing (wi) and dimension vector (vi) such
that wi ̸= 0 implies that ωi is minuscule, µ =

∑
iwiωi −

∑
i viαi is dominant (follows

from [56, Section 8.2]). This also holds when M is a Coulomb branch of the Jordan
quiver (see Section 2.2.12 below).

Conjecture 2.1.6 We expect that Cν(Aℏ,tM(M)) is flat over C[tM, ℏ] for an arbitrary quiver
theory.

Note that to prove Conjecture 2.1.6, it is enough to show that

dimC[Mν(C×)] ⩽ |MSM |.

The proof of the following proposition was explained to me by Ben Webster and Alex
Weekes and will appear in their joint work with Joel Kamnitzer and Oded Yacobi.

Proposition 2.1.7 Morphism b is surjective for Coulomb branch corresponding to arbitrary
quiver I.

Proof : The claim follows from [118, Proposition 3.1] (see also [14, Remark 6.7]) using that
the dressed minuscule monopole operators have a nonzero degree with respect to SM so their
images in C[(SpecHA×(Gv)O

∗ (Rv,w))
SM ] are zero. □

So, for Higgs/Coulomb branches of quiver theories, Conjectures 2.1.2, 2.1.6 indeed imply
the equivariant Hikita-Nakajima conjecture.

Remark 2.1.8 Let us point out that even without assuming Conjecture 2.1.6, Conjecture
2.1.2 already implies that we have a surjective homomorphism of algebras Cν(Aℏ,tM(M)) ↠
H∗

SM0
×C×

ℏ
(M) that is an isomorphism generically. Conjecture 2.1.6 implies that this surjection

is an isomorphism.
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Let us mention that our approach towards the proof of the Hikita-Nakajima conjecture
allows us to reduce the argument to comparing the highest weights of Verma modules over the
quantized Coulomb branches with characters of tautological bundles on quiver varieties at
torus fixed points (that can be done generically). It also allows us to describe the isomorphism
explicitly on generators.

From the above, we already know that Conjecture 2.1.2 implies the Hikita-Nakajima
conjecture when M is a Coulomb branch corresponding to a finite ADE quiver with (vi),
(wi) as in (ii). Proof of Conjecture 2.1.2 in this particular case can be deduced from the
results of [56], [58]; this is a joint work in progress with Pavel Shlykov. In the next Section,
I will explain how this approach works for a quiver variety corresponding to the simplest
affine quiver, namely, to the Jordan quiver (the corresponding quiver variety is the so-called
ADHM space).

Overall, Conjecture 2.1.2 is a replacement of the Hikita-Nakajima conjecture that might
be incorrect in general. The counterexample to the Hikita-Nakajima conjecture for M be-
ing certain Slodowy variety as well as the proof of Conjecture 2.1.2 for parabolic Slodowy
varieties1 with finitely many torus fixed points is the joint work in progress with Do Kien
Hoang and Dmytro Matvieievskyi. Our result with Hoang and Matvieievskyi, in particular,
reproves the equivariant Hikita-Nakajima conjecture for type A quiver varieties (proved be-
fore by Alex Weekes in his thesis) using their realization as parabolic Slodowy varieties (see
[77]).

Remark 2.1.9 Note that, actually, the setting in which Nakajima formulated his conjecture
in [88, Section 1(viii)] is precisely the setting in which we do believe the actual Hikita-
Nakajima conjecture should hold. So, neither Hikita nor Nakajima made any incorrect con-
jectures.

Let us finish this section by mentioning an application of the Conjecture 2.1.2 (recall
that one application was already mentioned in Section 1.5). In [69], Liu realizes certain
families of simple modules over shifted Yangians geometrically using critical cohomology of
certain spaces resembling the moduli of quasimaps to Nakajima quiver varieties (see also
[110]). For finite ADE quivers, it then follows from Conjecture 2.1.2 that the action that
Liu constructs factors through the action of the corresponding quantized Coulomb branch
(as it was predicted by [16]).

2.2 Hikita-Nakajima conjecture for the ADHM space

The results of this Section is the joint work with Pavel Shlykov. In this Section, we prove
the Hikita-Nakajima conjecture for the ADHM spaces M(n, r) using the approach suggested
in the previous section. Actually, using the same approach, we also identify all the algebras
that appear in the isomorphism with the center of the degenerate cyclotomic Hecke algebra
(generalizing some results of Shan, Varagnolo, and Vasserot). Our approach allows us to
describe all these isomorphisms explicitly on generators.

1Note that these varieties are neither Higgs nor Coulomb branches of quiver gauge theories outside of
type A
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2.2.1 Gieseker variety (ADHM space)

Gieseker variety M(n, r) depends on a pair n, r ∈ Z⩾1 of positive integer numbers. It
can be realized as a Nakajima quiver variety corresponding to the Jordan quiver (see Defini-
tion 2.2.10). Variety M(n, r) also has a realization as the moduli space of torsion-free sheaves
on P2 of rank r with the second Chern class being n and with a fixed trivialization at the line
at infinity (see [85, Chapter 2] for details). The variety M(n, r) is an important object that
originally came from physics. The Gieseker variety M(n, r) is a resolution of singularities of
the variety M0(n, r) = SpecC[M(n, r)]. The variety M0(n, r) has a realization as an (affine)
Nakajima quiver variety corresponding to the Jordan quiver (see Definition 2.2.10).

So we are taking M = M(n, r), M0 = M0(n, r). Then the torus SM0 can be described
as follows. We have a natural symplectic action of SLr on M(n, r) (via changing the triv-
ialization at infinity) and also the action of T = C× via the action on P2 that multiplies
one coordinate by t and another by t−1 (so-called “hyperbolic action”). Let Tr ⊂ SLr be
a maximal torus. The torus SM0 is the image of A := T × Tr in AutC×

ℏ
(M(n, r)) and sM0

naturally identifies with a := LieA. The space tM0(n,r) = H2(M(n, r),C) is known to be
one-dimensional.

2.2.2 Symplectic dual to M(n, r)

Let us now give a very brief description of the variety M(n, r) = M0(n, r)
! and its deforma-

tion M(n, r)a → a.
One way to construct a dual to M0(n, r) is via the Coulomb branches introduced in [14].

In this approach, M(n, r) is equal to the spectrum of the algebra H(GLn)O
∗ (Rn,r) of (GLn)O-

equivariant Borel-Moore homology of the variety of triples Rn,r corresponding to the Jordan
quiver (see Section 2.2.7 for details). The variety M(n, r)a is then the spectrum of A×(GLn)O
- equivariant homology of the same variety of triples Rn,r (see Section 2.2.7 for details).
The Coulomb branch M(n, r)a above can be realized (see [65], [13], [117]) as the spectrum
of the center Z(Hn,r) of the rational Cherednik algebra Hn,r corresponding to the group
Γn := Sn ⋉ (Z/rZ)n (see Section 2.2.7 for details). Thus we have

M0(n, r)
!
a = M(n, r)a = SpecZ(Hn,r).

The algebra Hn,r has a natural Z-grading (see (2.21)) that induces the action of T = C×
on SpecZ(Hn,r) = M(n, r)a.

Remark 2.2.1 The action T ↷ M(n, r)a in the Coulomb terms is described in [14, Section
3 (v)].

Remark 2.2.2 One can also construct M0(n, r)
! as the (affine) Nakajima quiver variety

X0(n, r) corresponding to the cyclic quiver with r vertices labeled by Z/rZ and having
n-dimensional vector spaces placed at these vertices and one-dimensional framing at the
vertex corresponding to zero. The deformation X0(n, r)a can be constructed similarly (c.f.
Definition 1.2.5 below). The identification X0(n, r)a ≃ SpecZ(Hn,r) is given by the Etingof-
Ginzburg isomorphism (that goes back to the paper [36]). More detailed, in [95, Section 3.3]
it is explained (following the proof of [36, Theorem 11.16]) how to construct isomorphisms
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between smooth fibers of the families X0(n, r)a, SpecZ(Hn,r) over a. One can show (I
am grateful to Pavel Etingof and Ivan Losev for the explanations) that these isomorphisms
extend to the desired isomorphism X0(n, r)a ≃ SpecZ(Hn,r). The idea is to first extend these
isomorphisms to the smooth locus over fiber over every c ∈ a and then use the normality of
our varieties to extend in codimension two.

2.2.3 Cyclotomic Hecke algebra and its center

Let Qn,r be the algebra of functions on schematic T-fixed points of SpecZ(Hn,r) (that can
also be considered as the algebra of functions on M(n, r)Ta ). Recall that by Proposition 1.3.1
we have

Qn,r = Z(Hn,r)0/
∑
i>0

Z(Hn,r)−iZ(Hn,r)i = Z(Hn,r)/(b ∈ Z(Hn,r)i, i ̸= 0), (2.5)

where the grading on Hn,r is as in (2.21):

deg xj = 1, deg yj = −1, deg Γn = degh = 0.

Our goal is to identify the algebra Qn,r with the algebra H∗A(M(n, r),C). It turns out that
there is another algebra that is isomorphic to both of the algebras above. This algebra is
the center Z(Rr(n))JM of the cyclotomic degenerate Hecke algebra Rr(n) (see Section 2.2.48
for the definition). It was observed in [114] that algebras Z(Rr(n))JM , H∗A(M(n, r),C) are
isomorphic. We give an independent (but certainly similar) proof of this fact.

2.2.4 Main idea of the proof

It turns out that there exists one “universal” approach that allows us to identify algebras

H∗A(M(n, r),C), Z(Rr(n))JM , Qn,r ≃ C[M(n, r)Ta ] (2.6)

with each other simultaneously. The idea is simple: we embed all of the algebras above
inside the algebra

E :=
⊕

λ∈P(r,n)

C[a] = C[a]⊕|P(r,n)|

and show that their images coincide. This is precisely the classical analog of the approach sug-
gested in Section 2.1. Here P(r, n) is the set of r-multipartitions of n (see Definition 2.2.42).
In order to show that images are the same we consider natural generators of these algebras
and show that their images in E are the same. In particular, we obtain explicit descriptions
for isomorphisms between algebras in (2.6).

Remark 2.2.3 Let F be the function field of the parameter space a = Ar. We will see that
the embeddings above become isomorphisms after tensoring by F or, more precisely, after
localizing at a certain finite set of elements of k := C[a] (certain “walls”). Compare with
Remark 2.2.45 below.

Remark 2.2.4 In [12, Definition 2.1] the authors introduce a notion of localization algebra.
We observe that algebras that appear in (2.6) have natural structures of (strong, free) local-
ization algebras and all of them are isomorphic (as algebras with this additional structure).

37



Embedding Z(Rr(n))JM ⊂ E and generators of Z(Rr(n))JM

For every λ ∈ P(r, n) one can consider the corresponding “universal” Specht modules
over Rr(n) that we denote by S̃k(λ) (see Section 2.2.9 for details). Acting by the center
Z(Rr(n))JM of Rr(n) on these modules we obtain the desired embedding

ψ : Z(Rr(n))JM ⊂
⊕

λ∈P(r,n)

EndRr(n)(S̃k(λ)) = E.

It follows from [15, Theorem 1] that natural generators of Z(Rr(n))JM are classes of elements

ek(z1, . . . , zn), k = 1, . . . , n,

where ek ∈ C[z1, . . . , zn]Sn are elementary symmetric polynomials.

Embedding H∗
A(M(n, r),C) ⊂ E and generators of H∗

A(M(n, r),C)

The set of A-fixed points M(n, r) can be parametrized by P(r, n) (see Section 2.2.8 for
details).

In particular, we have the natural embedding

ι : M(n, r)A ⊂ M(n, r)

that induces the desired embedding

ι∗ : H∗A(M(n, r),C) ⊂ H∗A(M(n, r)A,C) = E.

It remains to note that the algebra H∗A(M(n, r),C) is generated by the elements

ck(V), k = 1, . . . , n,

where ck(•) is the kth A-equivariant Chern class and V is the tautological n-dimensional
vector bundle on M(n, r). This, for example, follows from [82, Corollary 1.5].

Embedding Qn,r ⊂ E and generators of Qn,r

Recall that Qn,r is a quotient of Z(Hn,r) ⊂ Hn,r. To every λ ∈ P(r, n) one can associate
the corresponding induced (graded) Hn,r-module ∆(λ) on which Z(Hn,r) will act by some
character and this action factors through the action of Qn,r (see Section 2.2.10). This gives
us the desired embedding

ϕ : Qn,r ⊂
⊕

λ∈P(r,n)

Endgr
Hn,r

(∆(λ)) = E.

Generators of Qn,r are classes of

ek(u1, . . . , un), k = 1, . . . , n,

where ui ∈ Hn,r are Dunkl-Opdam elements (see Lemma 2.2.61).
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Remark 2.2.5 The identification Z(Hn,r) ≃ H
A×(GLn)O
∗ (Rn,r) sends ek(u1, . . . , un) to the

function mk := ck(V ) ∗ 1, here ck(V ) ∈ H∗A×GLn
(pt) is the Chern class of the tautological

A × GLn-bundle V = Cn on pt and ∗ is the convolution product on H
A×(GLn)O
∗ (Rn,r) (see

[117, Section 4] for details). This should be compared with the fact that generators on the
dual side (i.e., generators of H∗A(M(n, r),C)) are the Chern classes ci(V) of the tautological
bundle V .

Remark 2.2.6 The embedding ϕ can be interpreted geometrically as a pullback homomor-
phism from schematic fixed points on M(n, r)a to schematic fixed points on a resolution of
M(n, r)a (see Section 2.2.6 for the r = 1 example and Section 2.1 for general conjectures in
this direction).

2.2.5 Main results and structure of the chapter

Identification of the parameters and the main Theorem

We have the parameter spaces

h = C[κ, c1, . . . , cr−1], k = C[κ, a1, . . . , ar]/(a1 + . . .+ ar) = C[a], (2.7)

used in definitions of algebras (2.6) that we want to identify. We identify the parameters as
follows (i = 1, . . . , r, k = 1, . . . , r − 1):

ai = p(ηi−1), (2.8)

where p(q) = 1
r

∑r−1
l=1

cl
η−l−1q

l ∈ C[q], η = e
2π

√
−1

r . We will denote by F the field of fractions
of the algebras (2.7).

Theorem 2.2.7 After the identification of parameters (2.8) the Z-graded algebras

H∗A(M(n, r),C), Z(Rr(n))JM , Qn,r, C[Spec(HA×(GLn)O
∗ (Rn,r))

T]

are isomorphic. The isomorphisms above identify generators as follows

ck(V) = [ek(z1, . . . , zn)] = [ek(u1, . . . , un)] = [mk], (2.9)

where V is the tautological rank n vector bundle on M(n, r), mk = ck(V ) ∗ 1 and ui ∈ Hn,r

are Dunkl-Opdam elements (Definition (2.2.58)).

Remark 2.2.8 Note that the isomorphisms above are automatically graded since they pre-
serve the degree of the generators (2.9). Note that the isomorphism

H∗A(M(n, r),C) ≃ C[Spec(HA×(GLn)O
∗ (Rn,r))

T]

is already an isomorphism of C[κ, a1, . . . , an]/(a1 + . . .+ an) = C[a]-algebras and there is no
need to identify parameters.
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Structure of this Section

In Section 2.2.6, we prove the Hikita-Nakajima conjecture for r = 1, i.e., for the Hilbert
scheme Hilbn(A2) using results of [112]. In Section 2.2.7, we consider the case of arbitrary
r and describe symplectically dual variety to M0(n, r), along with its deformation using
Coulomb branches and rational Cherednik algebras.

In Sections 2.2.8, 2.2.9 and 2.2.10, we provide the realization of the idea behind the
proof of Hikita-Nakajima conjecture that we briefly introduced in Section 2.2.4. First, in
Section 2.2.8 we describe the embedding H∗A(M(n, r),C) ⊂ E and determine the image of the
generators ci(V) ∈ H∗A(M(n, r),C) under this embedding. Then, in Section 2.2.9, we define
the cyclotomic degenerate Hecke algebra Rr(n) and review its representation theory. Using
this, we describe the embedding Z(Rr(n))JM ⊂ E and determine its image. Next, in Section
2.2.10, we recall the representation theory of the rational Cherednik algebra Hn,r and then
describe the embeddingQn,r ⊂ E (using the representation theory ofHn,r). In Lemma 2.2.61,
we describe generators of Qn,r and determine their images under the embedding Qn,r ⊂ E.
Finally, as a corollary of the results of Sections 2.2.8, 2.2.9, 2.2.10, we obtain Theorem 2.2.7
(see Theorem 2.2.64 in Section 2.2.11). Section 2.2.12 contains a (short) proof of the fact
that Qn,r ≃ C[M(n, r)Ta ] is flat over the space of parameters.

2.2.6 Hikita-Nakajima conjecture for Hilbert scheme

In this section, we provide an “elementary” proof of the Hikita-Nakajima conjecture for the
Hilbert scheme of points on A2. This proof approach differs from the original method used
by Hikita (see [46]) As a corollary, when we set the equivariant parameter to zero, we obtain
a theorem that was originally proved by Hikita.

The idea is the following (and goes back to our Conjecture 2.1.2): we identify the algebra
of schematic fixed points with the Rees algebra of the center Z(CSn) of CSn and then use
the identification

Rees(Z(CSn)) ≃ H∗T(Hilbn(A2)) (see [112]) (2.10)

to obtain the Hikita-Nakajima conjecture for Hilbn(A2). An alternative approach to the
identification (2.10) appears in Sections 2.2.8, 2.2.9.

Hilbert scheme Hilbn(A2) and Sn(A2) as Nakajima quiver varieties

Our main object of study in this section is Hilbn(A2) the Hilbert scheme of n points on A2.

Definition 2.2.9 The variety Hilbn(A2) is the variety whose C-points are ideals J ⊂ C[x, y]
of codimension n. The (affine) variety Sn(A2) is the categorical quotient (A2)n/Sn.

Recall that we have the Hilbert-Chow morphism:

Hilbn(C2) → Sn(A2), J 7→ Supp(C[x, y]/J).

This morphism is a symplectic resolution of singularities. Let us now recall the description
of Hilbn(C2) as a Nakajima quiver variety (corresponding to the Jordan quiver).
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Definition 2.2.10 We denote by M(n, r), M0(n, r) the Nakajima quiver varieties corre-
sponding to the quiver I consisting of one vertex and one loop with dimV = n, dimW = r.

The following proposition holds by [85, Theorem 2.1 and Proposition 2.10].

Proposition 2.2.11 There exist isomorphisms

M(n, 1) ∼−→ Hilbn(A2), M0(n, 1)
∼−→Sn(A2) (2.11)

compatible with natural morphisms M(n, 1) → M0(n, 1), Hilbn(A2) → Sn(A2).

We conclude that the points of Hilbn(A2), Sn(A2) can be represented as certain quadru-
ples (X, Y, γ, δ) that can be considered as representations of the following quiver (here we
identify V = Cn, W = C):

C

Cn

γ δ

YX

Calogero-Moser space, deformations of Hilbn(A2) and torus actions

We see that varieties M(n, 1)zn , M0(n, 1)zn (see Definition 1.2.5) are one-parameter deforma-
tions of Hilbn(A2) and Sn(A2), where the base of the deformation is the center zn ⊂ gl(V )
that can be identified with A1 via the map A1 ∋ a 7→ a · IdV ∈ gl(V ).

Let us now discuss torus actions. Let T, C×ℏ be copies of C×. We have an action of
T× C×ℏ on Hilbn(A2), Sn(A2) that is induced by the action T× C×ℏ ↷ A2 given by

(t, ℏ) · (x, y) = (tℏ−1x, t−1ℏ−1y), t ∈ T, ℏ ∈ C×ℏ .

After identifications (2.11) the action of T×C×ℏ can be described as follows: it is induced
from the following action on M(n, 1):

(t, ℏ) · (X, Y, γ, δ) = (tℏ−1X, t−1ℏ−1Y, ℏ−1γ, ℏ−1δ). (2.12)

Remark 2.2.12 Note that T acts symplectically, while C×ℏ scales the symplectic form with
weight 2.

Formula (2.12) induces actions

T× C×ℏ ↷ M(n, 1)zn ,

T× C×ℏ ↷ M0(n, 1)zn .

Consider a ∈ C×. Let us describe the fibers M(n, 1)a, M(n, 1)a of the families M(n, 1)zn ,
M(n, 1)zn over a. First of all, note that the action of Cℏ induces identifications

M(n, 1)a ≃ M(n, 1)1,

M0(n, 1)a ≃ M0(n, 1)1.
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Definition 2.2.13 Recall that V is a vector space of dimension n. We define Calogero-
Moser variety C(n) as the following quotient:

C(n) := {(X, Y ) ∈ End(V )⊕2 | rk
(
[X, Y ]− IdV

)
= 1}/GL(V ).

The following proposition will be useful for us (see, for example, [122, Section 1]):

Proposition 2.2.14 Natural morphisms

M(n, 1)1 → M0(n, 1)1 → C(n),

given by
[(X, Y, γ, δ)] 7→ [X, Y, γ, δ] 7→ [(X, Y )]

are isomorphisms.

Thus families M(n, 1)zn , M0(n, 1)zn are C×ℏ -equivariant deformations of Hilbn(A2), Sn(A2)
over A1. Over a non-zero parameter their fibers are isomorphic to the Calogero-Moser variety
C(n).

Hikita-Nakajima conjecture for Hilbn(A2)

We denote by H∗T(Hilbn(A2)) the T-equivariant cohomology of Hilbn(A2). This is a Z-graded
algebra over H∗T(pt) isomorphic to C[LieT]. We are now ready to state the Hikita-Nakajima
conjecture for Hilbn(A2).

Theorem 2.2.15 We have an isomorphism of Z-graded algebras over C[zn] ≃ C[LieT] (the
identification induced by the isomorphism zn ≃ A1 ≃ LieT):

C
[
M0(n, 1)

T
zn

]
≃ H∗T(Hilbn(A2)).

Our goal is to prove this theorem. We will do it by showing that both algebras in the theorem
are isomorphic to the Rees algebra of the center Z(CSn) of the group algebra of Sn.

Equivariant cohomology of Hilbn(A2) and the center of CSn

Let Z(CSn) in CSn be the center of the group algebra CSn. Consider the grading on the
vector space CSn defined in the following way: pick a permutation σ ∈ Sn and let ℓ(σ) be
the number of cycles in the decomposition of σ as a product of disjoint cycles. We then
define

deg σ := 2(n− ℓ(σ)).

The grading above induces the increasing Z⩾0-filtration on Zn:

C = F0Zn = F1Zn ⊂ F2Zn = F3Zn ⊂ . . . ⊂ Zn = F2n−2Zn = F2n−1Zn = . . . (2.13)

We denote by Rees(Z(CSn)) the Rees algebra corresponding to the filtration (2.13). Recall
that the algebra Rees(Z(CSn)) is defined as follows:

Rees(Z(CSn)) :=
⊕
m⩾0

κmF2mZ(CSn) ⊂ Z(CSn)[κ],
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where κ is a formal parameter of degree 2. We consider Rees(Z(CSn)) as an algebra over
C[A1] = C[κ]. The following result holds by [112] or Sections 2.2.8, 2.2.9 (see also [114,
Theorem 4.7 and Corollary 4.8]).

Proposition 2.2.16 There is an isomorphism of Z-graded algebras over C[LieT] ≃ C[A1]
(the identification is induced by the isomorphism LieT ≃ A1):

H∗T(Hilbn(A2)) ≃ Rees(Z(CSn)).

Remark 2.2.17 Proposition 2.2.16 can also be proved using the same argument as we use
in the proof of Theorem 2.2.20 below.

Let us now recall the description of the center Z(CSn). To every k ∈ 1, . . . , n we can
associate the corresponding Jucys–Murphy element JMk defined as follows:

JMk := (1 k) + (2 k) + . . .+ (k − 1 k) ∈ CSn,

where (i k) ∈ Sn is the transposition switching i, k.

Remark 2.2.18 Note that JM1 = 0.

The following proposition is classical (see, for example, [84, Theorem 1.9]).

Proposition 2.2.19 The center Z(CSn) is generated (as a vector space) by the elements
f(JM1, . . . , JMn), where f runs through the symmetric functions on n variables.

Construction of the isomorphism between schematic fixed points of M0(n, 1)zn
and Rees(Z(CSn))

We will prove the following theorem and, using Proposition 2.2.16, obtain Theorem 2.2.15
as a corollary.

Theorem 2.2.20 There is an isomorphism of Z-graded algebras over C[A1] = C[LieT]

Rees(Z(CSn))
∼−→C

[
M0(n, 1)

T
zn

]
(2.14)

that sends f(JM1, . . . , JMn) ∈ Z(CZn) to the restriction of the function

M0(n, 1)zn ∋ [(X, Y, γ, δ)] 7→ f(α1, . . . , αn)

to M0(n, 1)
T
zn. Here f is a symmetric function on n variables and α1, . . . , αn are roots of

the characteristic polynomial of Y X ∈ End(V ), the Z-grading on the LHS of (2.14) is the
natural grading on Rees(Z(CSn)) and the Z-grading on the RHS is the one induced by the
action of C×ℏ .

The rest of the section is devoted to describing the idea of the proof of Theorem 2.2.20.
We start with the following proposition, the proof of which is given in Section 2.2.12.
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Proposition 2.2.21 The algebra C
[
M0(n, 1)

T
zn

]
is flat (hence, free) over zn = A1. In par-

ticular, we have an isomorphism of Z-graded algebras

C
[
M0(n, 1)

T
zn

]
≃ Rees(C[M0(n, 1)

T
1 ]) = Rees(C[C(n)T]).

We conclude that to prove Theorem 2.2.20 it is enough to construct the isomorphism
of filtered algebras C[C(n)T] ≃ Z(CSn). In order to do so we need to describe the algebra
C[C(n)T]. Let us note that the variety C(n) is smooth, hence, the scheme C(n)T is also
smooth (see Proposition 1.3.3) and, in particular, reduced.

The description of the set of fixed points C(n)T was given by Wilson in [122, Proposition
6.11], we recall it in Section 2.2.6. The set C(n)T is finite and can be parametrized by the set
P(n) of partitions of n, we denote by [(Xλ, Y λ)] the fixed point corresponding to λ ∈ P(n)
(see Definition 2.2.23). Since every finite reduced scheme over C is just the spectrum of the
direct sum of copies of C, we must have

C[C(n)T] =
⊕

λ∈P(n)

Cχλ, (2.15)

where χλ ∈ C[C(n)T] is the characteristic function of the T-fixed point [(Xλ, Y λ)] correspond-
ing to λ ∈ P(n). Recall now that we have the natural identification

Z(CSn) =
⊕

λ∈P(n)

Ceλ, (2.16)

where eλ ∈ Z(CSn) is the idempotent corresponding to the Specht module S(λ) (in other
words, for ν ∈ P(n) the element eλ ∈ Z(CSn) acts on S(ν) via δλ ν · IdS(ν)).

Composing (2.15) and (2.16), we obtain the isomorphism of algebras:

Θ: Z(CSn)
∼−→C[C(n)T], eλ 7→ χλ.

To prove Theorem 2.2.20 it remains to show that the isomorphism Θ is the one that
we need, i.e., it sends element f(JM1, . . . , JMn) to the restriction of the function C(n) ∋
[(X, Y )] 7→ f(α1, . . . , αn) to C(n)T. From this we would be able to conclude that the isomor-
phism Θ is filtration-preserving.

To prove that Θ sends element f(JM1, . . . , JMn) to the function C(n)T ∋ [(X, Y )] 7→
f(α1, . . . , αn) we just need to show that for every symmetric function f on n variables we
have

f(JM1, . . . , JMn)|S(λ) = f(α1, . . . , αn) IdS(λ),

where α1, . . . , αn is the multiset of eigenvalues of Y λXλ. Recall that f(JM1, . . . , JMn) acts
on S(λ) via the multiplication by f(c1, . . . , cn), where c1, . . . , cn is the multiset of contents of
boxes of the Young diagram Y(λ) corresponding to λ (see (2.17)). It remains to check that
the multiset of eigenvalues of Y λXλ is the same as the multiset of contents of boxes of Y(λ).
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Description of C(n)T and eigenvalues of Y λXλ

The parametrization of C(n)T by the elements of P(n) goes as follows (the description was
obtained in [122], we follow [95, Section 5]). Pick m ∈ Z⩾1 and 1 ⩽ k ⩽ m.

Definition 2.2.22 By Dm we will denote the m×m matrix with 1’s on the first diagonal and
0’s elsewhere, i.e., Dm =

∑m−1
i=1 Ei i+1. Now, let Y (m, k) be the m×m matrix such that its

only non-zero entries are on the −1st diagonal, and it satisfies the relation [Y (m, k), Dm] +
Id = mEk k. In other words, the numbers below the diagonal are 1, 2, . . . , k − 1,−m +
k, . . . ,−2,−1:

Y (m, k) =



0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 0
1 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 0
0 2 0 . . . . . . . . . . . . . . . . . . . . . . 0
... . . .

. . . 0 . . . . . . . . . . . . . . . 0
. . . . . . . . . . k − 1 0 . . . . . . . . .
. . . . . . . . . . . . . . . . . −m+ k 0 . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1 0


.

Pick λ = (λ1, . . . , λl) ∈ P(n). Following [95, Section 4.1] we denote by

Y(λ) := {(i, j) | 1 ⩽ i ⩽ l, 1 ⩽ j ⩽ λi} (2.17)

the corresponding Young diagram. If □ = (i, j) ∈ Y(λ) is a cell let c(□) := j − i be the
content of □. By a hook associated to the cell (i, j) we call the set

H(i,j) := {(i, j)} ∪ {(i′, j) ∈ Y(λ) | i′ > i} ∪ {(i, j′) ∈ Y(λ) | j′ > j}.

Box (i, j) is called the root of the hook H(i,j). By a Frobenius hook of Y(λ) we mean a hook
of the form H(i,i). The diagram Y(λ) is the disjoint union of its Frobenius hooks. Suppose
that (1, 1), (2, 2), . . . , (s, s) are cells of Y(λ) with zero content. Let Hi be the Frobenius hook
with root (i, i). Let ki be the height of Hi and ni be the size of Hi. Now we are ready to
describe the tuple [(Xλ, Y λ)] ∈ C(n)T corresponding to λ.

Definition 2.2.23 Tuple (Xλ, Y λ) is defined as follows. We have Xλ to be a block diagonal
matrix whose ni×ni diagonal blocks are given by Dni

. The ni×ni diagonal blocks of Y λ are
given by the matrices Y (ni, ki), and the off-diagonal blocks satisfy the following property: For
i ̸= j, (Y λ)ij is the unique ni × nj matrix with non-zero entries on the diagonal ki − kj − 1,
satisfying the following property:

(Y λ)ijDnj
−Dni

(Y λ)ij = niEki kj .

Remark 2.2.24 If λ ∈ P(n) is a hook of height k, then we have Y λ = Y (n, k). Note that
the diagonal matrix elements of Y λXλ = Y (n, k)Dn are precisely the contents of cells of the
hook λ.
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Proposition 2.2.25 The eigenvalues of Y λXλ = Y λDn are the same as the eigenvalues of
blocks (Y λ)iiDni

= Y (ni, ki)Dni
as if off-diagonal blocks in Y λXλ were not present. So, the

eigenvalues of Y λXλ are diagonal elements of Y (ni, ki)Dni
that are exactly the multiset of

contents of boxes of λ.

Proof : Follows from the proof of [122, Proposition 6.13]. □

Corollary 2.2.26 The isomorphism Θ: Z(CSn)
∼−→C[C(n)]T sends f(JM1, . . . , JMn) to

the restriction of the function [(X, Y )] 7→ f(α1, . . . , αn) to C(n)T, where f is a symmet-
ric function on n variables.

Proof of Theorem 2.2.20

We have already constructed (see Section 2.2.6) the isomorphism

Θ: Z(CSn)
∼−→C[C(n)T]

and have shown that this isomorphism sends generators f(JM1, . . . , JMn) ∈ Z(CSn) to
functions C(n)T ∋ (X, Y ) 7→ f(α1, . . . , αn) (see Corollary 2.2.26). To finish the proof of
Theorem 2.2.20 it remains to show that the isomorphism Θ is filtered. Let us note that if
f has degree k then deg f(JM1, . . . , JMn) = 2k and the degree of the function (X, Y ) 7→
f(α1, . . . , αn) is also equal to 2k. Thus, in order to show that Θ is filtration-preserving it is
enough to check that F2kZ(CSn) is generated (as a vector space) by{

f(JM1, . . . , JMn) | f is a homogeneous symmetric polynomial of degree ⩽ k
}
.

This is a direct corollary of the following (classical) proposition.

Proposition 2.2.27 The algebra grZ(CSn) is generated by the elements{
gr

(
f(JM1, . . . , JMn)

)
| f is a homogeneous symmetric polynomial

}
.

Proof : The claim follows from the proof of [84, Theorem 1.9]. □
We finish this section with the following conjecture.

Conjecture 2.2.28 The isomorphism

grΘ: grZ(CSn)
∼−→C[(Sn(A2))T]

coincides with the isomorphism constructed in [46, Section 2].

2.2.7 Description of the symplectic dual to the Gieseker variety

Recall that the Gieseker variety is the Nakajima quiver variety corresponding to the Jordan
quiver (see Definition 2.2.10). It depends on the pair n, r ∈ Z⩾1 and is denoted by M(n, r).
The corresponding affine Poisson variety is denoted by M0(n, r). In this section, we give
two different ways to describe the symplectically dual variety M0(n, r)

! and its deformation
M0(n, r)

!
a.

In the paper [14], the candidate for symplectically dual variety to every Nakajima quiver
variety was constructed.
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Construction of Coulomb branch

Let us recall the construction in our case (when we start from the Jordan quiver with the
dimension vector n ∈ Z⩾1 and framing r ∈ Z⩾1).

Recall the vector space N = Hom(V, V )⊕Hom(V,W ) and the group Gn = GL(V ) acting
on N (see Section 1.2.2).

Definition 2.2.29 We define GrGL(V ) as the moduli space of the data (P , φ), where:

(a) P is a GL(V )-bundle on P1;

(b) φ : Ptriv|P1\{0}
∼−→P|P1\{0} is a trivialization of P restricted to P1 \ {0}.

We then consider the moduli space of triples Rn,r (corresponding to the Jordan quiver,
dimension vector n and framing r) defined as follows.

Definition 2.2.30 Let Rn,r be the moduli space of triples {(P , φ, s) }, where (P , φ) is a
point of GrGL(V ) and s is a section of the associated vector bundle PN = P ×GL(V ) N such
that it is sent to a regular section of a trivial bundle under φ.

Set GL(V )O := GL(V )[[z]]. We can consider the equivariant Borel-Moore homology
H

GL(V )O
∗ (Rn,r) (see [14, Section 2(ii)] for the definition and detailed discussion). This vector

space is equipped with an algebra structure via convolution ∗ (see [14, Section 3]). It follows
from [14, Proposition 5.15] that the algebra (H

GL(V )O
∗ (Rn,r), ∗) is commutative.

Definition 2.2.31 The Coulomb branch M(n, r) is defined as the spectrum of the algebra
H

GL(V )O
∗ (Rn,r):

M(n, r) := Spec(HGL(V )O
∗ (Rn,r)).

The variety M(n, r) is conjectured to be symplectically dual to M(n, r). The deformation
M(n, r)a → a of M(n, r) can be constructed as follows (compare with [14, Section 3(viii)]).
Let T be the copy of C×. Let Tr ⊂ SL(W ) be a maximal torus. We have the natural action
of A = T× Tr on N given by

(t, g) · (X, γ) = (tX, γ ◦ g−1), (t, g) ∈ T× Tr.

Warning 2.2.32 Note that the action of T on N is not the scaling action (as in [14]). This
action, for example, appears in [13, Section 5.5].

We can identify LieT ≃ A1, so C[LieT] = C[κ] for some variable κ. We can also identify
tr := LieTr with the subspace of Cr consisting of points with the sum of coordinates being
zero, i.e., C[tr] = C[a1, . . . , ar]/(a1 + . . .+ ar).

Definition 2.2.33 We define

M(n, r)a := Spec(HA×GL(V )O
∗ (Rn,r)).

Let us now give a more explicit description of the algebra C[M(n, r)a]. We recall its realiza-
tion as a spherical subalgebra of the rational Cherednik algebra Hn,r corresponding to the
group Γn = Sn ⋉ (Z/rZ)n.
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Rational Cherednik algebra corresponding to Sn ⋉ (Z/rZ)n

We start by recalling some definitions and notations.
Consider the subgroup Γn ⊂ GLn of monomial matrices with entries being rth roots of

unity. Let η ∈ C× be a rth primitive root of unity. We set ϵj := diag(1, . . . , 1, η, 1, . . . , 1).
Note that we have the natural embedding Sn ⊂ Γn. We obtain the identification Sn ⋉
(Z/rZ)n ∼−→Γn. Consider the standard representation Γn ↷ h := Cn induced by the embed-
ding Γn ⊂ GLn. Let x1, . . . , xn be the standard basis in h = Cn and denote by y1, . . . , yn ∈ h∗

the dual basis.
Let ℏ, κ, c1, . . . , cr−1 be formal parameters. We set

h := C[κ, c1, . . . , cr−1], c(q) :=
r−1∑
i=1

ciq
i,

here q is a formal variable. Following [117] and [95, Section 2.3] we define the rational
Cherednik algebra HΓn in the following way.

Definition 2.2.34 Algebra HΓn = Hn,r is a quotient of the semi-direct product(
CΓ⋉ T •(h⊕ h∗)

)
⊗ h[ℏ]

subject to the relations:
[xi, xj] = [yi, yj] = 0, (2.18)

[xi, yi] = −ℏ− κ
∑
j ̸=i

r−1∑
p=0

(ij)ϵpi ϵ
−p
j − c(ϵi), (2.19)

[xi, yj] = κ
r−1∑
p=0

ηp(ij)ϵpi ϵ
−p
j (i ̸= j). (2.20)

We also set Hn,r := Hn,r/(ℏ).

Remark 2.2.35 Our parameters (ℏ, κ, c1, . . . , cr−1) and the parameters (t, κ, c1, . . . , cr−1)
of [78] are related as follows: t = −ℏ, κ = κ, ci =

ci
(1−η−i)

(note that xMartino
i = yi, yMartino

i =

xi).

Definition 2.2.36 Set e := 1
|Γn|

∑
g∈Γn

g. We denote by Hsph
n,r the spherical subalgebra

eHn,re ⊂ Hn,r, and by Hsph
n,r the subalgebra eHn,re ⊂ Hn,r.

Recall that Z(Hn,r) ⊂ Hn,r is the center. The following proposition holds by [36].

Proposition 2.2.37 The composition Z(Hn,r) ⊂ Hn,r ↠ eHn,re induces the identification
Z(Hn,r)

∼−→ eHn,re.

The algebra Hn,r is Z-graded as follows:

deg xj = 1, deg yj = −1, deg Γn = degh = 0. (2.21)
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Coulomb branch for Jordan quiver as the center of rational Cherednik algebra
for Sn ⋉ (Z/rZ)n

Following [117] set

p(q) :=
1

r

r−1∑
l=1

cl
η−l − 1

ql =
1

r

r−1∑
l=1

clη
l

1− ηl
ql.

Then we can write
c(q) = r(p(η−1q)− p(q)). (2.22)

Proposition 2.2.38 There exists the isomorphism of algebras

Hsph
n,r ≃ HA×GL(V )O

∗ (Rn,r)

that identifies parameters in the following way κ = κ, ai = p(ηi−1). The isomorphism above
sends ei(u1, . . . , un) to mi, where mi = ci(V ) ∗ 1.

The Proposition 2.2.38 was proven in [65, Theorem 1.1], see also [117, Theorem 4.1] and
[13, Theorem 2.19].

Example 2.2.39 Let us illustrate how (quantized version of) the isomorphism Hsph
n,r ≃

H
A×GL(V )O
∗ (Rn,r) works for n = 1. We have A = C× × (C×)r−1 and N = C ⊕ (Cr)∗.

By [14, Section 4(iii)] the algebra HA×(GL(V )O⋊C×)
∗ (Rn,r) has the following description: it is

generated over C[κ, a1, . . . , ar]/(a1 + . . .+ ar) by r1, r−1, b subject to relations:

r1r−1 =
r∏

i=1

(b− ai), r−1r1 =
r∏

i=1

(b− ai − ℏ), [r1, b] = ℏr1, [r−1, b] = −ℏr−1.

The algebra H1,r is generated by CZ/rZ and x, y subject to the relations

[x, y] = −ℏ− c(ϵ), ϵx = ηxϵ, ϵy = η−1yϵ.

Set u := 1
r
(xy + ℏ) + p(η−1ϵ) (compare with Definition 2.2.58). The isomorphism

H
A×(GL(V )O⋊C×

ℏ )
∗ (R1,r)

∼−→Hsph
1,r

is then given by

r−1 7→ exre, r1 7→
1

rr
eyre, b 7→ eue, κ 7→ κ, ai 7→ p(ηi−1)− (i− 1)ℏ

r
.

We conclude (using Proposition 2.2.37 and Proposition 2.2.38) that the deformation
M(n, r)a of the variety M(n, r) can be described as

M(n, r)a = Spec(Z(Hn,r)).
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2.2.8 Equivariant cohomology H∗
A(M(n, r),C)

We start by recalling the combinatorial parametrization of the A = T × Tr-fixed points of
the Gieseker variety M(n, r).

Consider the case r = 1. The variety M(n, 1) coincides with the Hilbert scheme Hilbn(A2)
(see Proposition 2.2.11 above or [85, Section 2.2]). Recall that this Hilbert scheme parametrizes
the codimension n ideals in C[x, y]. The torus T1 is zero-dimensional, thus

(Hilbn(A2))T×T1 = (Hilbn(A2))T.

The fixed point set (Hilbn(A2))T is the set of monomial ideals J ∈ Hilbn(A2). Such ideals are
parametrized by the set P(n) of partitions of n as follows. Recall that (following notations
of [95, Section 4.1]) we associate to λ = (λ1, . . . , λl) ∈ P(n) the Young diagram

Y(λ) = {(i, j) | 1 ⩽ i ⩽ l, 1 ⩽ j ⩽ λi}.

We fill Y(λ) with monomials by putting xi−1yj−1 into the box (i, j) ∈ Y(λ). The ideal
Jλ that corresponds to λ is spanned by the monomials outside the diagram. We have the
following classical result.

Proposition 2.2.40 The fixed point set (Hilbn(A2))T is identified with the set P(n) via the
map λ 7→ Jλ described above.

Now we proceed to the case of arbitrary r. Let us introduce some notation. Denote by
w1, . . . , wr ∈ W a basis of W consisting of eigenvectors of Tr.

The following lemma is classical (see, for example, [123, page 18]).

Lemma 2.2.41 The variety M(n, r)Tr is T-equivariantly isomorphic to the disjoint union⊔
r∑

l=1
nl=n

r∏
l=1

M(nl, 1) ≃
⊔

r∑
l=1

nl=n

r∏
l=1

Hilbnl
(A2).

Definition 2.2.42 We say that an ordered r-tuple λ = (λ0, . . . , λr−1) of partitions defines

an r-multipartition of n ∈ Z⩾0 if
r−1∑
l=0

|λl| = n. Let P(r, n) denote the set of r-multipartitions

of n.

Proposition 2.2.43 The set of fixed points M(n, r)A is identified with the set P(r, n). A
multipartition λ = (λ0, λ1, . . . , λr−1), corresponds to the following quiver data V,W, Xλ, Y λ ∈
End(V ), γλ ∈ Hom(W,V ), δλ ∈ Hom(V,W ):

V :=
r−1⊕
l=0

C[x, y]/Jλl , W =
r−1⊕
l=0

Cwl;

Xλ :=
r−1⊕
i=0

Ll
x, Y

λ :=
r−1⊕
l=0

Ll
y;

γλ sends wi ∈ W to [1] in C[x, y]/Jλi , δλ = 0,

by Ll
x, L

l
y we denote operators of multiplications by x, y on C[x, y]/Jλl.
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Proof : This follows from Lemma 2.2.41 and the description of T-fixed points of Hilbert
schemes above (see Proposition 2.2.40). □

We have the A-equivariant embedding

ι : M(n, r)A ⊂ M(n, r).

This embedding induces the homomorphism

ι∗ : H∗A(M(n, r)) → H∗A(M(n, r)A) = C[a]⊕|P(r,n)| = E.

Lemma 2.2.44 The homomorphism ι∗ is an embedding that becomes isomorphism after
tensoring by F = C(a).

Proof : Follows from the Atiyah-Bott localization theorem (see [9]) together with the fact
that H∗A(M(n, r),C) is a free C[a]-module (see [86, Theorem 7.3.5]).

□

Remark 2.2.45 Actually, we do not need to tensor by the whole C(a) but only have to
localize at elements h ∈ C[a] corresponding to the cocharacters ν : C× → A such that
M(n, r)ν(C

×) is infinite. These elements h can be described explicitly.

Recall now that by [82] the algebra H∗A(M(n, r),C) is generated by the A-equivariant
Chern classes ck(V), k = 1, . . . , n, where V is the tautological rank n vector bundle on
M(n, r).

Lemma 2.2.46 The image ι∗(ck(V)) is equal to the collection

(ek(κc
0
1 + a1, . . . , κc

0
|λ0| + a1, . . . , κc

r−1
1 + ar, . . . , κc

r−1
|λr−1| + ar))λ∈P(r,n),

where for l = 0, 1, . . . , r− 1 cl1, c
l
2, . . . , c

l
|λl| is the multiset of contents of boxes of the diagram

Y(λl).

Proof : The homomorphism ι∗ sends ck(V) to

ck(V|M(n,r)A) = (ck(V|(Xλ,Y λ,γλ,0)))λ∈P(r,n).

Note that ck(V|(Xλ,Y λ,γλ,0)) is nothing but ek(α1, . . . , αn), where α1, . . . , αn is the multiset of
a-weights of V|(Xλ,Y λ,γλ,0).

Recall that C[LieT] = C[κ], C[tr] = C[a1, . . . , ar]/(a1+ . . .+ar) and a = (LieT)⊕ tr. We
claim that the a-weight of [xiyj] ∈ C[x, y]/Jλl is equal to κ(j − i) + al and this will conclude
the proof. Indeed, taking g = (tκ, ta1 , . . . , tar) ∈ T × Tr we see that this element acts on
(Xλ, Y λ, γλ, 0) in the following way:

g ·Xλ =
r−1⊕
l=0

tκLl
x, g · Y λ =

r−1⊕
l=0

t−κLl
y, (g · γλ)(wl) = t−alγλ(wl).
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Consider the element g′ ∈
∏r−1

l=0 GL(C[x, y]/Jλl) that acts on xiyj ∈ C[x, y]/Jλl via the
multiplication by tal+κj−κi. Directly from the definitions, we see that

g · (Xλ, Y λ, γλ, 0) = (g′)−1 · (Xλ, Y λ, γλ, 0).

The claim follows since the element g ∈ T × Tr acts on the fiber V of V at (Xλ, Y λ, γλ, 0)
via g′. □

Combining the results of this section we obtain the following proposition.

Proposition 2.2.47 The homomorphism

ι∗ : H∗A(M(n, r)) ↪→ H∗A(M(n, r)A) = E

is injective and becomes an isomorphism after tensoring by F = C(a). On generators
ck(V), k = 1, . . . , n it is given by:

ck(V) 7→ (ek(κc
0
1 + a1, . . . , κc

0
|λ0| + a1, . . . , κc

r−1
1 + ar, . . . , κc

r−1
|λr−1| + ar))λ∈P(r,n).

2.2.9 The center Z(Rr(n))JM of the cyclotomic degenerate Hecke
algebra

Recall the space k = C[κ, a1, . . . , ar]/(a1 + . . .+ ar).

Definition 2.2.48 The degenerate affine Hecke algebra R(n) = R(Sn) is generated by CSn

and k[z1, . . . , zn] subject to relations:

sizj = zsi(j)si + κ(δi+1,j − δi,j).

The cyclotomic degenerate Hecke algebra Rr(n) is the quotient of R(n) by the ideal generated
by

∏r
i=1(z1 − ai).

Definition 2.2.49 Let Z(Rr(n))JM ⊂ Rr(n) be the image of k[z1, . . . , zn]
Sn ⊂ R(n) in

Rr(n).

Remark 2.2.50 By [76, Theorem 6.5], the subalgebra k[z1, . . . , zn]
Sn ⊂ R(n) is nothing else

but the center of R(n). It follows from [15, Theorem 1] that the algebra Z(Rr(n))JM is the
center of Rr(n).

To every λ ∈ P(r, n) one can associate the “universal” Specht module S̃k(λ) over Rr(n)
(compare with [15, Section 4]) in the following way.

Recall that λ = (λ0, λ1, . . . , λr−1). For i = 0, 1, . . . , r − 1 set ni := |λi|. We slightly
modify the algebras R(n), Rr(n) first.

Definition 2.2.51 Let RC[κ,a1,...,ar](n) be the algebra generated by CSn and C[z1, . . . , zn] over
C[κ, a1, . . . , ar] subject to the relations

sizj = zsi(j)si + κ(δi+1,j − δi,j).

We denote by Rr
C[κ,a1,...,ar](n) the quotient of RC[κ,a1,...,ar](n) by the ideal generated by

∏r
i=1(z1−

ai).
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For every i = 0, 1, . . . , r−1 consider the usual Specht module Sni
↷ S(λi), corresponding

to λi. We can extend S(λi) ⊗ C[κ, ai] to the RC[κ,ai](ni)-module by letting z1 act via the
multiplication by ai. Note that we have the natural embedding

RC[κ,a1,...,ar](n0, . . . , nr−1) :=

= RC[κ,a1](n0)⊗C[κ] . . .⊗C[κ] RC[κ,ar](nr−1) ⊂ RC[κ,a1,...,ar](n),

induced by the embedding Sn0 × . . .× Snr−1 ⊂ Sn. Then we define

S̃C[κ,a1,...,ar](λ) := RC[κ,a1,...,ar](n)⊗RC[κ,a1,...,ar ](n0,...,nr−1)

⊗
(
(S(λ0)⊗ C[κ, a1])⊗C[κ] . . .⊗C[κ] (S(λ

r−1)⊗ C[κ, ar])
)

that is an Rr
C[κ,a1,...,ar](n)-module. Modding out by (a1 + . . . + ar) we obtain the desired

Rr(n)-module S̃k(λ).
Let us now compute the action of Z(Rr(n))JM on S̃k(λ). We start with the following

lemma. Let µ be a partition of some m ∈ Z⩾1 and consider the action RC[κ,a](m) ↷
S(µ)⊗ C[κ, a]. Recall that S(µ) has a basis labeled by the standard Young tableaux. such
that JMi act on such vectors with the content of i′s entry.

Lemma 2.2.52 Let B be a standard Young tableau on µ and recall that pB ∈ S(µ) is the
corresponding vector. The element zi ∈ RC[κ,a](m) acts on pB via the multiplication by
κ ct(B(i)) + a.

Proof : The i-th Jucys-Murphy element is given by

JMi =
∑
j<i

(ij) ∈ CSm.

Recall now that sizi+1 = zisi + κ so we have

zi+1 = sizisi + siκ.

It follows that
zj = sj−1sj−2 . . . s1z1s1 . . . sj−1 + κJMi

so the action of zj on S(µ)⊗C[κ, a] coincides with the action of κJMi+a and this concludes
the proof. □

From Lemma 2.2.52 we obtain the following proposition (see also [15, Section 4]).

Proposition 2.2.53 The class [f(z1, . . . , zn)] ∈ Z(Rr(n))JM of the element f in C[z1, . . . , zn]Sn ⊂
R(n) acts on the representation S̃k(λ) via multiplication by

f(κc01 + a1, . . . , κc
0
|λ0| + a1, . . . , κc

r−1
1 + ar, . . . , κc

r−1
|λr−1| + ar),

where cl1, cl2, . . . , cl|λl| is the multiset of contents of boxes of the diagram Y(λl).
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Since every element of Z(Rr(n))JM is central we can consider the homomorphism

ψ : Z(Rr(n))JM →
⊕
λ

EndRr(n)(S̃k(λ))

induced by the action of Z(Rr(n))JM on representations S̃k(λ).

Lemma 2.2.54 We have EndRr(n) S̃k(λ) = k.

Proof : Let us first of all note that S̃k(λ) is a free k-module (see [7] and references therein).
It follows that we have an embedding

EndRr(n)(S̃k(λ)) ⊂ EndRr(n)⊗kFrac(k)
(S̃k(λ)⊗k Frac(k)) = Frac(k),

where Frac(k) is the algebraic closure of the field of fractions Frac(k) and the last equality
holds since S̃k(λ) ⊗k Frac(k) is simple over Rr(n) ⊗k Frac(k) (see [15, Section 4]). Now it
follows that EndRr(n)(S̃k(λ)) = k. □

Proposition 2.2.55 The homomorphism

ψ : Z(Rr(n))JM →
⊕
λ

EndRr(n) S̃k(λ) = E

becomes an isomorphism after tensoring by F = Frac(k). This homomorphism is injective.
It sends generators [ek(z1, . . . , zn)] to the collection

(ek(κc
0
1 + a1, . . . , κc

0
|λ0| + a1, . . . , κc

r−1
1 + ar, . . . , κc

r−1
|λr−1| + ar))λ∈P(r,n),

where cl1, cl2, . . . , cl|λl| is the multiset of contents of boxes of the diagram Y(λl).

Proof : The last part of the claim is Proposition 2.2.53. Recall now that by [15, Therorem 1]
Z(Rr(n))JM is a free k-module of rank |P(n, r)|. So injectivity of ψ would follow if we show
that ψ becomes isomorphism after tensoring by F . In order to do that it is enough to check
that ψ becomes surjective after tensoring by F (using the equality of ranks of Z(Rr(n))JM

and
⊕

λ EndRr(n)(S̃k(λ)) over k). Surjectivity is a corollary of Proposition 2.2.53 and Propo-
sition 2.2.47. □

2.2.10 Schematic fixed points of SpecZ(Hn,r)

Standard representations of Hn,r, grading on them

We set ζi,j := 1
r

∑r−1
p=0 ϵ

p
i ϵ
−p
j (projector to the invariants under ϵiϵ−1j ). The Jucys-Murphy

elements generalize from Sn to Γn as

JMΓn,i :=
∑
j<i

ζi,j(ij) ∈ CΓn. (2.23)
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Recall that P(r, n) is the set of r-multipartitions of n (Definition 2.2.42). Pick λ ∈ P(r, n)
and consider the corresponding r-tuple of Young diagrams

Y(λ) = (Y(λ0), . . . ,Y(λr−1)). (2.24)

Given a cell b ∈ Y(λ), define β(b) = k if b ∈ Y(λk−1) and ct(b) = j − i if b is in the ith row
and jth column of Y(λk). There is a bijection λ 7→ S(λ) from the set of r-partitions of n to
the set of irreducible Γn-modules such that S(λ) has a basis pB indexed by standard Young
tableaux B on λ, and pB is determined up to scalars by the equations (see, for example, [42,
Equation (2.16)]):

JMΓn,i · pB = ct(B(i))pB, ϵi · pB = ηβ(B(i))pB. (2.25)

We can consider S(λ)⊗h as a module over (h⊗CΓn)⋉S•h∗ via the trivial action of the
augmentation ideal of S•h∗. Let ∆(λ) := Ind

Hn,r

(h⊗CΓ)⋉S•h∗(S(λ) ⊗ h) be the induced module
(sometimes called the standard module corresponding to λ). Recall that the algebra Hn,r is
graded via

deg xj = 1, deg yj = −1, deg Γn = degh = 0.

This grading induces a grading on ∆(λ). The following lemma describes all the graded
endomorphisms of our modules ∆(λ).

Lemma 2.2.56 We have Endgr
Hn,r

(∆(λ)) = h. Proof: Note that ∆(λ)0 = S(λ) ⊗ h and
∆(λ)0 generates ∆(λ) over Hn,r. Since we consider graded isomorphisms, ∆(λ)0 is mapped
to itself. Now the claim follows from the equality Endh⊗CΓn(S(λ)⊗ h) = h. □

Recall the algebra

Qn,r := Z(Hn,r)0/
∑
i>0

Z(Hn,r)−iZ(Hn,r)i = Z(Hn,r)/(b ∈ Z(Hn,r)i, i ̸= 0)

of functions on schematic fixed points (SpecZ(Hn,r))
T.

Note that the action of Z(Hn,r)0 on ∆(λ)0 factors through Qn,r so we obtain a homo-
morphism

ϕ : Qn,r →
⊕
λ

Endgr
Hn,r

(∆(λ)) =
⊕
λ

h = E.

Remark 2.2.57 In [39] Gordon defines so-called baby Verma modules over certain quotients
of Hn,r (called restricted Cherednik algebras of Γn). Homomorphism ϕ can also be defined
by replacing ∆(λ) by the (universal analogs) of baby Verma modules and acting by Qn,r on
them (compare with [78]).

We have constructed the homomorphism ϕ, let us now describe generators of the algebra
Qn,r.

Definition 2.2.58 Dunkl-Opdam operators ui, i = 1, . . . , n are the following elements of
Hn,r:

ui :=
1

r
yixi − κ

∑
j>i

(ij)ζi,j + p(ϵi) =
1

r
xiyi + κJMΓn,i + p(η−1ϵi), (2.26)
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where the last equality follows from the fact that

[xi, yi] = −κ
∑
j ̸=i

r−1∑
p=0

(ij)ϵpi ϵ
−p
j − c(ϵi)

together with the equality c(ϵi) = rp(η−1ϵi)− rp(ϵi).

Remark 2.2.59 Note that the element ui identifies with the element zi
r

defined in [78,
Section 3.2].

Lemma 2.2.60 The subalgebra h[u1, . . . , un]
Sn ⊂ Hn,r is central.

Proof : This follows from [78, Theorem 3.4], the statement can also be deduced from the
presentation of Hn,r given in [117].

□
The following lemma describes generators of the algebra Qn,r, see Proposition 2.1.7 for

an alternative argument (that covers a much more general situation).

Lemma 2.2.61 Classes of elements ek(u1, . . . , un), k = 1, . . . , n generate the algebra Qn,r.

Proof : The claim follows from the proof of [78, Theorem 5.5]. Let us repeat the argument.
Recall that Qn,r is the quotient of the algebra Z(Hn,r). Consider the following filtration on
Hn,r:

deg xi = deg yi = 1, deg κ = deg cj = deg Γn = 0.

We have
grHn,r =

(
CΓn ⋉ S•(h⊕ h∗)

)
⊗ h.

We need to prove that classes of the elements
∑n

i=1 u
ra+c
i , a, c ∈ Z⩾0 do generate the

algebra Qn,r. To see that it is enough to show that the elements gr
(∑n

i=1 u
ra+c
i

)
=

1
rra+c gr

(∑
i(xiyi)

ra+c
)

do generate grQn,r. Note that (by Theorem 3.3 from [36]) grQn,r is
the quotient of

grZ(Hn,r) = h[x1, . . . , xn, y1, . . . , yn]
Sn⋉(Z/rZ)n =

= h[x1y1, . . . , xnyn, x
r
1, . . . , x

r
n, y

r
1, . . . , y

r
n]

Sn .

In particular, it is generated by {
∑n

i=1(x
r
i )

a(yri )
b(xiyi)

c, a, b, c ∈ Z⩾0} ([36, Lemma 11.17],
[116, Lemma 1] see also Section 2.2.12 for more detailed discussion of the generators of
grQn,r). It remains to note that the class of

∑n
i=1(x

r
i )

a(yri )
b(xiyi)

c in grQn,r is zero if a ̸= b
and for a = b we have

∑n
i=1(x

r
i )

a(yri )
a(xiyi)

c =
∑n

i=1(xiyi)
ra+c. The claim follows. □

Lemma 2.2.62 Let B be a Young tableau on λ and recall that pB ∈ S(λ) is the correspond-
ing vector. The element ui acts on pB via the multiplication by

κ ct(B(i)) + p(ηβ(B(i))−1).
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Proof : Follows from the definition of ui (see 2.26) together with (2.25). □

Proposition 2.2.63 The homomorphism ϕ : Qn,r →
⊕

λ End
gr
Hn,r

(∆(λ)) becomes isomor-
phism after tensoring by F = Frac(h). This homomorphism is injective. It sends generators
[ek(u1, . . . , un)] to the collection

(ek(κc
0
1 + p(1), . . . , κc0|λ0| + p(1), . . . , κcr−11 + p(ηr−1), . . . , κcr−1|λr−1| + p(ηr−1)))λ∈P(r,n),

where cl1, cl2, . . . , cl|λl| is the multiset of contents of boxes of the diagram Y(λl).

Proof : The proof repeats the argument in the proof of Proposition 2.2.55. The only difference
is that we use Appendix 2.2.12 (flatness of Qn,r over h) together with the fact that the fiber
of Qn,r over a generic point is C⊕|P(r,n)| (follows from [39]) instead of [15, Theorem 1] and
Lemma 2.2.62 instead of Proposition 2.2.53. □

2.2.11 Proof of Theorem 2.2.7

Proof of Theorem 2.2.7

Let us now recall the statement of Theorem 2.2.7.

Theorem 2.2.64 After the identification of parameters (2.8) the graded algebras

H∗A(M(n, r)), Z(Rr(n))JM , Qn,r, C[Spec(HA×(GLn)O
∗ (Rn,r))

T]

are isomorphic. Isomorphisms above identify generators as follows:

ck(V) = [ek(z1, . . . , zn)] = [ek(u1, . . . , un)] = [mk]. (2.27)

Proof : The claim follows from Propositions 2.2.47, 2.2.55, 2.2.63. The equality ek(u1, . . . , un) =
mk follows from [117, Section 4]. □

Remark 2.2.65 Recall that M0(n, r)
∨ and its deformation have realization as certain quiver

varieties (see Remark 2.2.2). It is a natural question to describe functions mk in “quiver
terms”. For r = 1 these functions actually appear in Section 2.2.6 and are given by
(X, Y, γ, δ) 7→ ek(α1, . . . , αn), where α1, . . . , αn are roots of the characteristic polynomial
of Y X ∈ End(V ). Functions mk can be similarly described for arbitrary r, see [95, Section
6] for details (for r = l > 1 there is a minor computational error in this paper that should
be fixed, that’s why we decided not to go into details here). Let us finally mention that
the algebra generated by {mk, k = 1, . . . , n} defines an integrable system on the Coulomb
branch M(n, r). This Coulomb branch can be identified with a certain Cherkis bow variety,
and this integrable system can be naturally described in these terms (see [89] for details,
integrable systems are denoted by ϖC , Ψ in loc. cit.).
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2.2.12 Flatness of schematic fixed points: approach of Hikita and
Hatano

The goal of this appendix is to give a self-contained proof of the fact that the algebra Qn,r

of functions on the schematic fixed points

(SpecZ(Hn,r))
T = M(n, r)Ta

is a flat (hence, free) h-module of rank |P(r, n)|. Let us first note that by the graded
Nakayama lemma together with the fact that dimF (Qn,r ⊗hF ) = |P(r, n)| (this follows from
[39], see also [95, Section 5]) in order to prove this fact it is enough to show that

dimCQn,r/(κ, c1, . . . , cr−1) ⩽ |P(r, n)|

i.e. that
dimC C[(A2n/Γn)

T] ⩽ |P(r, n)|. (2.28)
The goal of this section is to prove the inequality (2.28). Our argument simply follows papers
[46] (for r = 1 case) and [44] (in general) but is much shorter since we do not need any
explicit formulas for the multiplication rule of the elements of C[(A2n/Γn)

T] and only need
to estimate the dimension of this algebra from above since the estimate from below follows
from the deformation argument (so we only need [46, Lemma 2.5] for r = 1 case and [44,
Lemma 2.1.4] for general r). We start from the case r = 1 i.e. from the case when Γn = Sn.

Hilbert scheme case (r = 1)

Let us recall some notation (we follow [46]).

Definition 2.2.66 An unordered sequence Λ = (a1, b1) . . . (al, bl) with (ai, bi) ∈ Z2
⩾0\{(0, 0)}

is called bipartite partition of (a, b) ∈ Z2
⩾0 \ {(0, 0)} if

∑l
i=1 ai = a,

∑l
i=1 bi = b. We set

ℓ(Λ) = l, |Λ| = (a, b).

We have a natural surjection

C[Sn+1(A2)] = C[x1, . . . , xn+1, y1, . . . , yn+1]
Sn+1 ↠

↠ C[x1, . . . , xn, y1, . . . , yn]Sn = C[Sn(A2)]

and denote by S the inverse limit (in the category of graded algebras)

S := lim
←−

C[Sn(A2)].

We denote by mΛ ∈ S the symmetrization of the monomial xa11 y
b1
1 . . . xall y

bl
l . We have:

S = C[m(a,b) | (a, b) ∈ Z2
⩾0 \ {(0, 0)}].

For (a, b) ∈ Z2
⩾0 \ {(0, 0)} we set (a, b)Λ := (a, b)(a1, b1) . . . (al, bl). If (a, b) = (ai, bi) for some

i ∈ {1, 2, . . . , l} we set

Λ \ (a, b) := (a1, b1) . . . (ai−1, bi−1)(ai+1, bi+1) . . . (al, bl).

We set S := S/(m(a,b), a ̸= b) and denote by mΛ the image of mΛ in S. Note that directly
from the definitions for every n ∈ Z⩾1 we have a surjective homomorphism S ↠ C[(Sn(A2))T]
which sends every mΛ with ℓ(Λ) > n to zero. The following lemma is clear.
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Lemma 2.2.67 Let Λ be a bipartite partition. We have

m(a,b)mΛ = km(a,b)Λ +
∑

(i,j)∈Λ

k(i,j)m(a+i,b+j)Λ\(i,j)

for some k, k(i,j) ∈ Z>0.

For a partition λ = (λ1, λ2, . . . , λl) we denote by (λ, 0) the bipartite partition (λ1, 0), . . . ,
(λl, 0).

This lemma is [46, Lemma 2.5].

Lemma 2.2.68 {m(λ,0)(0,1)|λ| |λ is partition} spans S.

Proof : Let us first of all note that the functions m(a,a)(b,b)(c,c)... span S. Indeed, to prove this,
it is enough to show that every mΛ can be obtained as a linear combination of m(a,a)(b,b)(c,c)....
This can be proved by the induction on ℓ(Λ) using Lemma 2.2.67 together with the fact that
m(a,b) = 0 for a ̸= b.

It remains to show that every m(a,a)(b,b)(c,c)... can be expanded in terms of m(λ,0)(0,1)|λ| . To
see that it is enough to show that every m(a1,b1)...(al,bl)(0,1)m with ai ⩾ bi can be obtained as a
linear combination of m(λ,0)(0,1)|λ| . We prove this by the induction on d =

∑l
i=1 bi. For d = 0

the claim is clear.
For the induction step without losing the generality, we can assume that b1 > 0. Using

Lemma 2.2.67 we obtain:

m(a1,b1−1)m(a2,b2)...(al,bl)(0,1)m+1 = k1m(a1,b1)...(al,bl)(0,1)m+

+ k0m(a1,b1−1)(a2,b2)...(al,bl)(0,1)m+1 +
l∑

i=2

kim(a2,b2)...(a1+bi,b1+bi−1)...(al,bl)(0,1)m+1

for some k0, k1, . . . , kl ∈ Z with k1 ̸= 0. Induction hypothesis together with the fact that
m(a1,b1−1) = 0 finish the proof. □

Corollary 2.2.69 The image of {m(λ,0)(0,1)|λ| , | ℓ(λ)+|λ| ⩽ n} spans C[(Sn(A2))T] = C[(A2n/Sn)
T].

In particular, we have
dimC[(A2n/Sn)

T] ⩽ |P(n)|.

Proof : Clearly the elements m(λ,0)(0,1)|λ| with ℓ(λ) + |λ| > n lie in the kernel of S ↠
C[(Sn(A2))T]. Now the first claim follows from Lemma 2.2.68. It remains to note that
we have a bijection

{λ | ℓ(λ) + |λ| ⩽ n} ∼−→P(n)

that sends a partition λ = (1α12α2 . . .) to the partition λ̂ ∈ P(n) given by

λ̂ = 1n−ℓ(λ)−|λ|2α13α2 . . . iαi−1 . . . .

□
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General case (r is arbitrary)

Let us now generalize the arguments of Section 2.2.12 to the arbitrary r ∈ Z⩾1. We fol-
low [44]. We start with some notation. Recall that C[A2n/Γn] is nothing else but

C[x1, . . . , xn, y1, . . . , yn]Sn⋉(Z/rZ)n ≃(
C[x′1, . . . , x′n, y′1, . . . , y′n, z′1, . . . , z′n]/(x′1y′1 − (z′1)

r, . . . , x′ny
′
n − (z′n)

r)
)Sn

where the isomorphism is given by

x′i 7→ xri , y
′
i 7→ yri , z

′
i 7→ xiyi.

Remark 2.2.70 Geometrically isomorphism above corresponds to the identification C[A2n/Γn] ≃
Sn(A2/(Z/rZ)).

Set
In := (x′1y

′
1 − (z′1)

r, . . . , x′ny
′
n − (z′n)

r) ⊂ C[x′1, . . . , x′n, y′1, . . . , y′n, z′1, . . . , z′n],

and
S ′ := lim

←−
C[x′1, . . . , x′n, y′1, . . . , y′n, z′1, . . . , z′n]Sn , I := lim

←−
In, S := S ′/I.

For every tripartition Λ = (a1, b1, c1)(a2, b2, c2), . . . , (al, bl, cl) let m′λ ∈ S ′ be the sym-
metrization of the monomial (x′1)

a1(y′1)
b1(z′1)

c1 . . . (x′l)
al(y′l)

bl(z′l)
cl , we set ℓ(Λ) := l. We

denote by mΛ ∈ S the image of m′Λ. The following lemma is clear.

Lemma 2.2.71 The set {m′Λ |Λ-tripartition} spans S ′. So

{mΛ |Λ = (a1, b1, c1) . . . , ci ⩽ r − 1}

spans S.

Lemma 2.2.72 Let Λ be a tripartition and (a, b, c) ∈ Z3
⩾0 \ {(0, 0, 0)}. Then we have

m′(a,b,c)m
′
Λ =? ·m′(a,b,c)Λ +

∑
(i,j,k)∈Λ

? ·m′(a+i,b+j,c+k)Λ\(i,j,k).

with ? being some positive numbers. As a corollary we have

m(a,b,c)mΛ =? ·m(a,b,c)Λ +
∑

(i,j,k)∈Λ, c+k⩽r−1

? ·m(a+i,b+j,c+k)Λ\(i,j,k)+

+
∑

(i,j,k)∈Λ, c+k⩾r

? ·m(a+i+1,b+j+1,c+k−r)Λ\(i,j,k).

with ? being some positive numbers.
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For Λ = (a1, b1, c1) . . . (al, bl, cl) we set deg Λ :=
∑l

i=1 ai −
∑l

i=1 bi. Let J ⊂ S be the
ideal generated by {mΛ | deg Λ ̸= 0}. We set S := S/J . We denote by mΛ ∈ S the image of
mΛ.

For an r-tuple of partitions λ = (λ0, λ1, . . . , λr−1) and a collection of nonnegative numbers
p = (p1, . . . , pr−1) we define tripartition to be denoted by the symbol

(λ,p) := (λ01, 0, 0) . . . (λ
0
ℓ(λ0), 0, 0), (0, 0, 1)

p1 , (λ11, 0, 1), . . . , (λ
1
ℓ(λ1), 0, 1), . . .

. . . , (0, 0, r − 1)pr−1 , (λr−11 , 0, r − 1), . . . , (λr−1ℓ(λr−1), 0, r − 1).

Recall that ℓ(λ) =
∑r−1

i=0 ℓ(λ
i), |λ| =

∑r−1
i=0 |λi|. We set |p| := p1 + . . .+ pr−1. The following

lemma is [44, Lemma 2.1.4]. 2

Lemma 2.2.73 The set {m(λ,p)(0,1,0)|λ|} spans S.

Proof : We start from proving that elements m(a1,a1,c1)(a2,a2,c2)... span S. It is enough to show
that every mΛ can be presented as a linear combination of m(a1,a1,c1)(a2,a2,c2).... We can assume
that there exists (a, b, c) ∈ Λ such that a ̸= b (otherwise, there is nothing to prove). From
Lemma 2.2.72 it follows that

0 = m(a,b,c)mΛ\(a,b,c) = kmΛ +
∑

Λ′, ℓ(Λ′)=ℓ(Λ)−1

? ·mΛ′

and the claim follows by the induction on the length of Λ.
It remains to show that every element m(a1,a1,c1)...(al,al,cl) can be written as a linear

combination of m(λ,p)(0,1,0)|λ| . We prove a more general statement: that every element
m(a1,b1,c1)...(al,bl,cl)(0,1,0)k with ai ⩾ bi can be written as a linear combination of m(λ,p)(0,1,0)|λ| .
We prove this claim by the induction on b + l, where b :=

∑l
i=1 bi. Let us, first of all, note

that we can assume that
∑l

i=1 ai = b + k. For b = 0 we must have bi = 0 for every i and
then there is nothing to prove. Suppose now that b > 0. Without losing the generality we
can assume that b1 > 0. By Lemma 2.2.72 (also using that a1 ⩾ b1 > b1 − 1) we have

0 = m(a1,b1−1,c1)m(a2,b2,c2)...(al,bl,cl)(0,1,0)k+1 =

=? ·m(a1,b1−1,c1)(a2,b2,c2)...(al,bl,cl)(0,1,0)k+1 + um(a1,b1,c1)...(al,bl,cl)(0,1,0)k+

+
∑

c1+ci⩽r−1

? ·m(a2,b2,c2)...(ai+a1,bi+b1−1,ci+c1)...(al,bl,cl)(0,1,0)k+1+∑
ci+c1⩾r

? ·m(a2,b2,c2)...(ai+a1+1,bi+b1,ci+c1−r)...(al,bl,cl)(0,1,0)k+1

with u ∈ Z>0. Now the claim follows from the induction hypothesis. □

Corollary 2.2.74 The image of the set {m(λ,p)(0,1,0)|λ| | ℓ(λ)+|λ|+|p| ⩽ n} spans C[A2n/Γn].
In particular

dimC[A2n/Γn] ⩽ |P(r, n)|.
2Hatano’s statement had a minor typo, Lemma 2.2.73 is a corrected version of [44, Lemma 2.1.4].
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Proof : Note that ℓ((λ,p)(0, 1, 0)|λ|) = ℓ(λ) + |λ| + |p| so the elements m(λ,p)(0,1,0)|λ| with
ℓ(λ) + |λ| + |p| > n lie in the kernel of S ↠ C[A2n/Γn]. Now, the first claim follows from
Lemma 2.2.73. It remains to note that we have a bijection

{(λ,p) | ℓ(λ) + |λ|+ |p| ⩽ n} ∼−→P(r, n)

that sends (λ,p) with λi = 1α
i
12α

i
2 . . . to the multipartition λ̂ given by:

λ̂0 = 1n−ℓ(λ)−|λ|−|p|2α
0
13α

0
2 . . . , and λ̂i = 1pi2α

i
13α

i
2 . . . for i = 1, . . . , r − 1.

The inverse map sends an r-partition µ ∈ P(r, n) with µi = 1β
i
12β

i
2 . . . to the pair (λ,p)

given by:

λi = 1β
i
22β

i
3 . . . kβ

i
k+1 . . . , pj = βj

1 for i = 0, 1, . . . , r − 1, j = 1, . . . , r − 1.

□
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Chapter 3

Reresentation theory of quantized
ADHM spaces

3.1 Introduction

Results of this Chapter is the joint work with Pavel Etingof, Ivan Losev, and José Simen-
tal. In this Chapter, we continue the study of the representation theory of quantizations of
Gieseker varieties started in [75]. The main focus is on the representations with minimal
support. We will elaborate on what this means later in this section. We relate them to
SLn-equivariant D-modules on the nilpotent cone of sln and to minimally supported repre-
sentations of type A rational Cherednik algebras. Our main result is character formulas for
minimally supported representations of quantized Gieseker moduli spaces. This chapter is
self-consistent, and the notations slightly differ from those used in the previous chapter.

3.1.1 ADHM spaces

Pick two vector spaces V, W of dimensions n, r ∈ Z⩾1 respectively. Consider the space
R := gl(V ) ⊕ Hom(V,W ) and a natural action of GL(V ) on it, let gl(V ) → TR, ξ 7→ ξR
be the infinitesimal action. We can form the cotangent bundle T ∗R; this is a symplectic
vector space. Identifying gl(V )∗ with gl(V ) and Hom(V,W )∗ with Hom(W,V ) by means
of the trace form we identify T ∗R with gl(V )⊕2 ⊕ Hom(V,W ) ⊕ Hom(W,V ). The action
of GL(V ) on T ∗R is symplectic so we get the moment map µ : T ∗R → gl(V ). It can be
described in two equivalent ways. First, we have µ(A,B, i, j) = [A,B]− ji. Second, the dual
map µ∗ : gl(V ) → C[T ∗R] sends ξ ∈ gl(V ) to the vector field ξR considered as a polynomial
function on T ∗R.

We identify the character lattice of GL(V ) with Z via the map

Z ∋ θ 7→ (detθ : GL(V) → C×).

Let us pick θ ∈ Z \ {0} and consider the open set of θ-stable points (T ∗R)θ−st ⊂ T ∗R.
For θ > 0 the subset of stable points consists of all quadruples (A,B, i, j) such that ker i
does not contain nonzero A- and B-stable subspaces. For θ < 0 the subset of stable
points consists of all quadruples (A,B, i, j) such that V is the unique A- and B-stable
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subspace of V containing im j. We can form the GIT Hamiltonian reduction Mθ(n, r) =
T ∗R///θ GL(V ) := µ−1(0)θ−st/GL(V ). This is a smooth symplectic quasi-projective variety
of dimension 2rn that is a resolution of singularities of the categorical Hamiltonian reduction
M(n, r) := µ−1(0)//GL(V ) which is a Poisson variety. We note that Mθ(n, r) and M−θ(n, r)
are symplectomorphic via the isomorphism induced by (A,B, i, j) 7→ (B∗,−A∗, j∗,−i∗), so
we always assume θ > 0 unless otherwise explicitly stated. We also consider the vari-
eties M(n, r), M

θ
(n, r) that are obtained similarly but with the space R replaced by R =

sl(V ) ⊕ Hom(V,W ). We have natural isomorphisms Mθ(n, r) ≃ C2 ×M
θ
(n, r), M(n, r) ≃

C2 × M(n, r) and projective morphisms ρ : Mθ(n, r) → M(n, r), ρ : M
θ
(n, r) → M(n, r).

The latter morphisms are resolutions of singularities.
We have an action of C× × GL(W ) on R given by (z, g) · (A, i) = (zA, gi). This action

naturally lifts to an action on T ∗R and descends to Mθ(n, r) and M(n, r). Let T0 ⊂ GL(W )
denote a maximal torus in GL(W ). We set T := C× × T0.

3.1.2 Quantizations of M(n, r)

We have a dilation action of C× on T ∗R given by t · x = t−1x. It descends to both Mθ(n, r)
and M(n, r). The resulting grading on C[M(n, r)] is positive meaning that C[M(n, r)] =⊕

i⩾0C[M(n, r)]i, where C[M(n, r)]i is the i-th graded component. The Poisson bracket on
C[M(n, r)] has degree −2 with respect to this grading. By a quantization of M(n, r) we
mean an associative unital algebra A together with an increasing filtration Ai ⊂ A, i ∈ Z
such that [Ai,Aj] ⊂ Ai+j−2 for any i, j ∈ Z and an isomorphism of graded Poisson algebras
grA ≃ C[M(n, r)].

Take c ∈ C and set

Ac(n, r) := D(R)///c GL(V ) := (D(R)/[D(R){ξR − c tr ξ | ξ ∈ gl(V )}])GL(V ),

where D(R) is the ring of global differential operators on R. The algebra Ac(n, r) has
a filtration that is induced from the Bernstein filtration on D(R), that is, the filtration,
where both vector fields and functions on R have degree 1. There is a natural isomorphism
C[M(n, r)] ∼−→ grAc(n, r). We analogously define quantizations Ac(n, r) of M(n, r). Note
that Ac(n, r) = D(C)⊗Ac(n, r).

3.1.3 Main results

The following theorem is proved in [75, Theorem 1.2].

Theorem 3.1.1 The algebra Ac(n, r) has a finite dimensional representation if and only if
c = m

n
with gcd(m,n) = 1 and c is not in the interval (−r, 0). If that is the case then there

exists a unique simple finite dimensional Ac(n, r)-module to be denoted by Lm
n
,r.

We remark that proving the existence of a finite-dimensional representation is the most
difficult part of the proof of Theorem 3.1.1 in [75]. We give an explicit construction of the
representation Lm

n
,r which, in particular, simplifies the proof of Theorem 3.1.1. Moreover, our

construction allows us to compute not only the dimension of Lm
n
,r, but its C××GLr-character
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as well. Let us elaborate on this. We have a natural action of the group C× × GL(W ) =
C× ×GLr on the vector space R. This action commutes with the action of GL(V ) and thus
induces an action of the group C× × PGLr on the Gieseker variety M(n, r) as well as its
resolution M

θ
(n, r). The action C× × PGLr ↷ M(n, r) is Hamiltonian, it admits a quantum

comoment map Υ: C⊕ slr = Lie(C× × PGLr) → Ac(n, r) for any value of c. It is easy to see
that the adjoint action of Υ(C⊕ slr) on Ac(n, r) is locally finite, and therefore it integrates
to an action of C××PGLr on Ac(n, r) by algebra automorphisms. Moreover, via the map Υ,
every Ac(n, r)-module becomes a q-graded slr-representation. In particular, Lm

n
,r becomes a

C× × SLr-representation. In the next section, we will show that the action of SLr extends
naturally to an action of GLr and we will compute the C× ×GLr-character of Lm

n
,r.

Theorem 3.1.2 Assume m > 0 and gcd(m,n) = 1.

1. The C× ×GLr-character of Lm
n
,r is

chC××GLr(Lm
n
,r) =

1

[n]q

∑
λ⊢m

r(λ)⩽min(r;n)

sλ(q
1−n
2 , . . . , q

n−1
2 )[Wr(λ)

∗],

where λ denotes a Young diagram with m boxes, r(λ) is the number of rows of λ, sλ
is the Schur function corresponding to λ, Wr(λ) is the irreducible GLr-module cor-
responding to λ, the square brackets denote the class in K0(Rep(GLr)) and [n]q :=

(q
n
2 − q−

n
2 )/(q

1
2 − q−

1
2 ).

2. The dimension of Lm
n
,r equals 1

n

(
nr+m−1

m

)
.

Example 3.1.3 Consider the case n = 1, r = 2, θ > 0. Then we have

M(1, 2) ∼−→N , (i, j) 7→ (ij), M
θ
(1, 2) ∼−→T ∗(P1), (i, j) 7→ (ij, im i),

where N ⊂ sl2 is the nilpotent cone. Note that the filtered quantizations of N are U(sl2)p :=
U(sl2)/(C − p(p+2)), p ∈ C, where C := 2ef +2fe+ h2 is the Casimir element and U(sl2)
is the universal enveloping algebra of sl2. In our notations we have Ac(1, 2) = U(sl2)c. To
see this, let us recall that

Ac(1, 2) = (D(C2)/[D(C2){x ∂
∂x

+ y
∂

∂y
− c}])GL1 ,

where x, y ∈ C2∗ are standard coordinate functions and the action of GL1 = C× is given
by t · x = tx, t · y = ty. Then the isomorphism U(sl2)c ∼−→Ac(1, 2) is induced by e 7→
−y ∂

∂x
, f 7→ −x ∂

∂y
, h 7→ y ∂

∂y
− x ∂

∂x
. This is nothing else but the infinitesimal action of sl2 on

C2 corresponding to the standard action SL2 ↷ C2. The module Lm,2 is exactly Sm(C2) with
trivial action of C×, the action of GL2 is induced from the dual of the tautological action
GL2 ↷ C2.

More generally, for n = 1, θ > 0 one can identify Ac(1, r) with a certain quotient of
U(slr) and the C× × GLr-module Lm,r is nothing else but Sm(Cr) with trivial action of C×
and the action of GLr induced from the dual of the tautological action on Cr.
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One can generalize the theorem above to the case of irreducible representations with
minimal support. Let us explain what we mean by this.

Fix a one parameter subgroup ν : C× → T , it takes the form (tk, ν0(t)), where ν0 : C× →
T0. Assume this one parameter subgroup is generic, meaning that its fixed point locus
in Mθ(n, r) coincides with that for T . We will assume that k > 0. To this subgroup
one can assign the category Oν(Ac(n, r)) of certain Ac(n, r)-modules. If c ̸∈ (−r, 0) or has
denominator > n (or is irrational), the irreducible objects in this category are labeled by the
r-multipartitions of n. We can analogously define the category Oν(Ac(n, r)). Recall that we
have an isomorphism Ac(n, r) ≃ D(C)⊗Ac(n, r). It is clear that we have a label-preserving
equivalence

Oν(Ac(n, r))
∼−→Oν(Ac(n, r)), M 7→ C[x]⊗M,

where C[x] is the standard polynomial representation of the Weyl algebra D(C), so the com-
putation of the character of a module from Oν(Ac(n, r)) boils down to the same computation
for the corresponding module in Oν(Ac(n, r)). See Section 3.3.2 for references on categories
O.

In the special case when ν0(t) = diag(td1 , . . . , tdr) with d1 ≫ d2 ≫ . . . ≫ dr, the third
named author computed the GK dimensions of the irreducible modules in Oν(Ac(n, r)), see
[75, Section 6]. Assume that c = m

n
but m and n are no longer coprime. Let d := gcd(m,n).

The minimal possible GK dimension of a module in Oν(Ac(n, r)) is then d and the simple
modules with this GK dimension are precisely those labeled by r-multipartitions of the form
(∅, . . . ,∅, n0λ). Here n0 := n/d and λ is a partition of d, by n0λ we mean the partition of
n obtained from λ multiplying all parts by n0. 1

Using quantum Hamiltonian reduction, in Section 3.4 we define a certain simple module
over the algebra Ac(n, r) to be denoted Lm

n
,r(n0λ). We will see that it actually lies in the

category O corresponding to any ν of the form (tk, ν0(t)) for k > 0 and prove that Lm
n
,r(n0λ)

is labeled by (∅, . . . ,∅, n0λ). Recall that Lm
n
,r(n0λ) is naturally a q-graded slr-module. We

will show that the action of slr on Lm
n
,r(n0λ) is integrable and induces a natural action

GLr ↷ Lm
n
,r(n0λ). However, the q-grading on Lm

n
,r(n0λ) does not necessarily integrate to a

C×-action.

Theorem 3.1.4 The q-graded GLr-character of Lm
n
,r(n0λ) is given by the following formula:

chq,GLr(Lm
n
,r(n0λ)) =

= (1− q−1)
∑

r(µ)⩽min(n,r)
µ,β⊢m

cβλ,m0
q−

m−1
2

+ n
m
κ(β)⟨sβ

[
X

1− q−1

]
, sµ⟩[Wr(µ)

∗],

where ⟨ , ⟩ is the Hall inner product on the algebra of symmetric functions Λ, we use plethystic
notation, κ(β) is the sum of contents of all boxes of the diagram β and the constants cβλ,m0

are
defined as follows: sλ(xm0

1 , xm0
2 , . . .) =

∑
β c

β
λ,m0

sβ(x1, x2, . . .), where m0 := m/ gcd(m,n).

1Note that in [75] minimally supported modules are labeled by (n0λ,∅, . . . ,∅). The discrepancy here
appears because there is a sign mistake in the proof of [75, Proposition 3.5] that leads to a reversal of the
labeling. We fix the proof of [75, Proposition 3.5] in Proposition 3.3.4.
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We remark that we have an isomorphism Ac(n, r) ≃ A−c−r(n, r), see for example [75,
Lemma 3.1]. Thus, we will always assume c ⩾ 0 unless otherwise explicitly stated.

3.1.4 Organization of this Chapter

In Section 3.2, we define an associative algebra Hc(n, r), which is isomorphic to the rational
Cherednik algebra of sln for r = 1. We study the representation theory of the algebra
Hc(n, r) and use it to prove Theorem 3.1.2. We also give a combinatorial interpretation to
the dimension of Lm

n
,r in terms of parking functions, see Theorem 3.2.28. In Section 3.3, we

use Theorem 3.1.2 to simplify the proof of the localization theorem for Mθ(n, r) given in [75].
Section 3.4 is devoted to the study of representations of Ac(n, r) with minimal support. We
construct these representations explicitly as Hamiltonian reductions of certain D-modules
on R. In Section 3.5, we prove Theorem 3.1.4.

3.2 Characters of finite-dimensional representations

In this section, we compute the character of the representation Lm
n
,r by means of a con-

struction similar to that introduced in [22, Section 9]. This will lead us to study an algebra
Hc(n, r), explicitly defined by generators and relations, that is very similar to the rational
Cherednik algebra that we obtain when setting r = 1. Our character computation will follow
from our study of the representation theory of this algebra. For this reason, we first review
the case of rational Cherednik algebras, which is well-known in the literature.

3.2.1 The case r = 1

In the r = 1 case, the algebra Ac(n, 1) is known to be a type A spherical rational Cherednik
algebra, cf. [34], [71]. Let us define the full rational Cherednik algebra. The type A rational
Cherednik algebra (of sln type) is the algebra Hc(n) that is the quotient of the semidirect
product algebra C⟨x1, . . . , xn, y1, . . . , yn⟩⋊ Sn by the relations∑n

i=1 xi = 0,
∑n

i=1 yi = 0, [xi, xj] = 0, [yi, yj] = 0, [xi, yj] =
1
n
− csij, (3.1)

where sij ∈ Sn is the transposition i ↔ j and, in the last equation, i ̸= j. Let us remark
that Hc contains a remarkable Euler element h := 1

2

∑
(xiyi + yixi). This element satisfies

[h, xi] = xi, [h, yi] = −yi and [h, w] = 0 for w ∈ Sn. In particular, it gives a grading on Hc,
and every finite-dimensional representation of Hc is graded by eigenvalues of h.

We define a category Oc = O(Hc) over Hc as the category of finitely generated mod-
ules over Hc on which elements xi act locally nilpotently. Equivalently Oc is the category
of finitely generated modules M over Hc such that h acts on M with finite dimensional
generalized eigenspaces and real parts of the eigenvalues of h on M are bounded from above.

Remark 3.2.1 Note that this definition is not the standard one (as for example in [6], [37]),
where we ask yi to act locally nilpotently or equivalently real parts of the eigenvalues of h on
M to be bounded from below.
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If τ is a finite dimensional module over Sn, then we can extend it to a module τ̃ over
C[x1, . . . , xn]⋊Sn by letting xi act via 0 and define the standard Hc-module Mc(τ) as follows:
Mc(τ) := Hc ⊗C[x1,...,xn]⋊Sn τ̃ . One can easily check that Mc(τ) ∈ Oc.

The finite-dimensional representations of the algebra Hc(n) have been extensively studied
from algebraic, combinatorial and geometric points of view, see [6], [40], [41], [113], for
example.

Theorem 3.2.2 ([6], [41]) The algebra Hc(n) admits a finite-dimensional representation
if and only if c = m

n
with gcd(m,n) = 1. If this is the case, there is a unique irreducible

finite-dimensional representation that we will denote F m
n
, and any other finite-dimensional

representation is a direct sum of copies of F m
n
. Moreover, if m > 0, then the graded decom-

position of F m
n

as an Sn-module is given by

[F m
n
] =

1

[m]q

⊕
λ⊢n

sλ(q
1−m

2 , q
3−m

2 , . . . , q
m−1

2 )[Vλ], (3.2)

where Vλ is the irreducible Sn-module labeled by the partition λ, sλ is the corresponding Schur
function and our normalization of quantum numbers is [z]q =

q
z
2−q−

z
2

q
1
2−q−

1
2
.

Let us remark that the q-number sλ(q
1−m

2 , . . . , q
m−1

2 ) can be explicitly computed via the
following hook-length formula, see e.g. [96]:

sλ(q
1−m

2 , . . . , q
m−1

2 ) =
∏

(i,j)∈λ

[m+ i− j]q
[h(i, j)]q

,

where h(i, j) is the hook-length of the box (i, j) ∈ λ. In particular, sλ(q
m−1

2 , . . . , q
1−m

2 ) = 0
if the partition λ has more than m rows.

Let us now elaborate on the connection between Hc(n) and the algebra Ac(n, 1). Note
that the algebra Hc(n) contains the (trivial) idempotent e := 1

n!

∑
w∈Sn

w of Sn. So we can
form the spherical subalgebra Hsph

c (n) := eHc(n)e. According to [34], [71], the algebras
Hsph

c (n) and Ac(n, 1) are isomorphic. Thus, we have

Lm
n
,1 = F

Sn
m
n

and the q-character of Lm
n
,1 is given by

1

[m]q
s(n)(q

1−m
2 , . . . , q

m−1
2 ) =

1

[m]q

[
n+m− 1

n

]
q

.

3.2.2 The Calaque-Enriquez-Etingof construction

Our approach to the computation of the character of the module Lm
n
,r is based on a con-

struction from [22, Section 9] that gives a construction of certain representations of type A
rational Cherednik algebras via equivariant D-modules. Let us denote by χ : gln → C the
character χ := m

n
tr. Let M be a χ-twisted equivariant D-module on sln. Recall that this
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means that M is a D-module on sln with a compatible GLn-action, satisfying ξR − ξM = χ
for every ξ ∈ gln. Note that, since constant matrices act trivially on sln, this implies that if
ξ = diag(a, . . . , a), then ξM = −am IdM .

It follows that the invariant space (M ⊗ C[Hom(Cn,Cr)])GLn coincides with
(M ⊗ Sm Hom(Cr,Cn))GLn . Moreover, since ξR = 0 for every constant matrix ξ and M is
χ-equivariant, ξ(M ⊗ Sm Hom(Cr,Cn)) = 0 for every constant matrix ξ and it follows that

(M ⊗ Sm Hom(Cr,Cn))GLn = (M ⊗ Sm Hom(Cr,Cn))gln = (M ⊗ Sm Hom(Cr,Cn))sln .

In other words, (M ⊗ Sm Hom(Cr,Cn))sln is a Am
n
(n, r)-module. Note that here we do not

need to assume that n and m are coprime.
It will be convenient to study the larger space (M ⊗ Hom(Cr,Cn)⊗m)sln . To ease the

notation, let us set U := Hom(Cr,Cn). We also set Fn,m,r(M) := (M ⊗ U⊗m)sln . A priori,
Fn,m,r is a functor from the category of χ-equivariant D-modules on sln to the category
of vector spaces, but we will put some extra structure on Fn,m,r(M). First, for a matrix
P ∈ gln, left multiplication by P defines a map that we will denote P : U → U . Moreover,
for i = 1, . . . ,m, we denote (P )i : U

⊗m → U⊗m the map given by left multiplication by P on
the i-th tensor factor.

We will also consider a pair of bases (ρj), (ρ
j) of sln that are dual with respect to the

trace form. We will need to make a distinction and consider ρj ∈ sln, ρ
j ∈ sl∗n. In particular,

ρj is a coordinate function on the space sln, while ρj can be thought of as a differentiation
with respect to ρj. We will think of ρj ∈ D(sln) as a degree 1 differential operator, and of
ρj ∈ D(sln) as a degree 0 differential operator. Clearly, [ρi, ρj] = δij.

Finally, for ℓ1 ̸= ℓ2, let cℓ1,ℓ2 : U⊗m → U⊗m denote the operator that acts as
∑r

i,j=1Eij ⊗
Eji on the ℓ1, ℓ2-tensor factors of U⊗m. Here, Eij ∈ End(Cr) is given by (Eij)ab = δiaδjb, and
Q ∈ End(Cr) acts on U by multiplication by Qt on the right.

Proposition 3.2.3 For ℓ = 1, . . . ,m, define the following operators on Fn,m,r(M):

Xℓ :=
∑
j

ρj ⊗ (ρj)ℓ, Yℓ :=
n

m

∑
j

ρj ⊗ (ρj)ℓ.

These operators satisfy the following relations:
m∑
ℓ=1

Xℓ = 0,
m∑
ℓ=1

Yℓ = 0, (3.3)

[Xℓ1 , Xℓ2 ] = 0, [Yℓ1 , Yℓ2 ] = 0, (3.4)

[Xℓ1 , Yℓ2 ] =
1

m
− n

m
cℓ1,ℓ2sℓ1,ℓ2 , ℓ1 ̸= ℓ2, (3.5)

where sℓ1,ℓ2 is the operator that permutes the ℓ1, ℓ2-tensor factors in U⊗m.

Proof : A direct computation. Relations (3.3) follow from sln-invariance. Relations (3.4) are
obvious. Finally, for (3.5), we have

m
n
[Xℓ1 , Yℓ2 ] =

∑
i,j[ρ

j ⊗ (ρj)ℓ1 , ρi ⊗ (ρi)ℓ2 ]

=
∑

i,j[ρ
j, ρi]⊗ (ρj)ℓ1(ρ

i)ℓ2
=

∑
j[ρ

j, ρj]⊗ (ρj)ℓ1(ρ
j)ℓ2

= −
∑

j 1⊗ (ρj)ℓ1(ρ
j)ℓ2
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and the result follows from the fact that
∑

j(ρj)ℓ1(ρ
j)ℓ2 = cℓ1,ℓ2sℓ1,ℓ2− 1

n
: U⊗m → U⊗m, which

is straightforward. □
Note that on (M ⊗ U⊗m)sln we also have an action of End(Cr)⊗m by multiplying on

the right by the transpose on the U⊗m tensor factor, as well as an action of Sm by per-
muting the tensor factors on U⊗m. The action of End(Cr)⊗m commutes with the action of
X1, . . . , Xm, Y1, . . . , Ym, and Sm satisfies the obvious commutation relations with X’s, Y ’s
and End(Cr)⊗m. This motivates the following definition.

Definition 3.2.4 Let m, r ∈ Z>0 and c ∈ C. We define the algebra Hc(m, r) to be the
quotient of the semi-direct product algebra

(C⟨x1, . . . , xm, y1, . . . , ym⟩ ⊗ End(Cr)⊗m)⋊ Sm

by the relations ∑
xℓ = 0,

∑
yℓ = 0, (3.6)

[xℓ1 , xℓ2 ] = 0, [yℓ1 , yℓ2 ] = 0, (3.7)

[xℓ1 , yℓ2 ] =
1

m
− c

r∑
i,j=1

(Eij)ℓ1(Eji)ℓ2sℓ1,ℓ2 , ℓ1 ̸= ℓ2. (3.8)

Example 3.2.5 When r = 1, Hc(m, 1) is nothing but the rational Cherednik algebra Hc(m)
defined in Section 3.2.1.

Then Proposition 3.2.3 can be reinterpreted as follows.

Proposition 3.2.6 The correspondence sending M to Fn,m,r(M) defines a functor

Fn,m,r : D(sln) -modGLn,χ → H n
m
(m, r) -mod .

3.2.3 The Dunkl embedding for Hc(m, r)

Proposition 3.2.6 motivates the study of the algebra Hc(m, r) and its representation theory.
As it turns out, the algebras Hc(m, r) and Hc(m, 1) are Morita equivalent. Before stating
our result, let us establish some structural properties of the algebra Hc(m, r). In particular,
we will define a polynomial representation for Hc(m, r).

Let h denote the (m − 1)-dimensional reflection representation of the symmetric group
Sm. Recall that the algebra Hc(m, 1) acts on C[h], with x1, . . . , xm acting by multiplica-
tion and y1, . . . , ym acting by Dunkl operators. Let us denote these operators on C[h] by
x1, . . . , xm, y1, . . . , ym.

Proposition 3.2.7 The algebra Hc(m, r) acts on the space C[h]⊗ (Cr)⊗m as follows:

• x1, . . . , xm, y1, . . . , ym act by x1 ⊗ 1, . . . , xm ⊗ 1, y1 ⊗ 1, . . . , ym ⊗ 1, respectively.

• A1 ⊗ · · · ⊗ Am ∈ End(Cr)⊗m acts by 1⊗ A1 ⊗ · · · ⊗ Am.

70



• Sm acts diagonally.

Proof : A direct computation, the main point here is that
∑
Eij ⊗ Eji acts on Cr ⊗ Cr by

switching the tensor factors. □
Let us now denote by hreg ⊂ h the locus where the Sm-action is free, note that this

is a principal open set. It is well-known that the algebra Hc(m, 1) admits an embedding
Hc(m, 1) ↪→ D(hreg) ⋊ Sm, by interpreting x1, . . . , xm as functions on h and y1, . . . , ym as
Dunkl operators. Thanks to Proposition 3.2.7, the algebra Hc(m, r) admits a similar em-
bedding to (D(hreg) ⊗ End(Cr)⊗m) ⋊ Sm. Since the action of (D(hreg)⊗ End(Cr)⊗m)⋊ Sm

on C[h]⊗ (Cr)⊗m is faithful, this has the following consequence.

Proposition 3.2.8 (PBW property for Hc(m, r)) Multiplication induces an isomorphism
S(h∗)⊗ (End(Cr)⊗m ⋊ Sm)⊗ S(h)

∼−→ Hc(m, r).

Corollary 3.2.9 Let E := E⊗m11 ∈ End(Cr)⊗m. Then E is an idempotent, Hc(m, r)EHc(m, r) =
Hc(m, r) and EHc(m, r)E ∼= Hc(m, 1). In particular, Hc(m, r) is Morita equivalent to the
usual type A rational Cherednik algebra Hc(m).

Proof : The first two assertions are clear. For the last assertion, define a map

C⟨x1, . . . , xm, y1, . . . , ym⟩⋊ Sm → EHc(m, r)E

by sending xℓ 7→ ExℓE = xℓE, yℓ 7→ EyℓE = yℓE and w 7→ EwE = wE for w ∈ Sm.
It is easy to check that this map factors through an algebra homomorphism Hc(m, 1) →
EHc(m, r)E. That it is an isomorphism follows from the PBW property. □

3.2.4 Representation theory of Hc(m, r)

Thanks to Corollary 3.2.9, the algebras Hc(m, r) and Hc(m, 1) are Morita equivalent. In
fact, we have a very concrete realization of this Morita equivalence, that generalizes Propo-
sition 3.2.7.

Proposition 3.2.10 Let N ∈ Hc(m, 1) -mod. Denote the action of x1, . . . , xm, y1, . . . , ym ∈
Hc(m, 1) on N by x1, . . . xm, y1, . . . ym, respectively. Define Φ(N) := N ⊗ (Cr)⊗m. Then
Φ(N) becomes a Hc(m, r)-module by the same formulas as those in Proposition 3.2.7, and
Φ: Hc(m, 1) -mod → Hc(m, r) -mod is an inverse to the functor E : Hc(m, r) -mod →
Hc(m, 1) -mod.

Proof : That the formulas do define an action of Hc(m, r) on Φ(N) is a straightforward direct
computation. Note that E(N ⊗ (Cr)⊗m) = N . So the functor N 7→ Φ(N) is a right inverse
to the Morita equivalence of Corollary 3.2.9 and the result follows. □

Thanks to Theorem 3.2.2 we can see the following.

Corollary 3.2.11 The algebra Hc(m, r) admits a finite-dimensional representation if and
only if c = n

m
with gcd(m,n) = 1. Moreover, the unique irreducible finite-dimensional

representation is F n
m
⊗ (Cr)⊗m where, recall, F n

m
is the unique irreducible finite-dimensional

representation of H n
m
(m, 1).
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Let us now see that we can get the unique irreducible finite-dimensional representation
of H n

m
(m, r) from a D-module on sln via the functor Fn,m,r.

Proposition 3.2.12 The equivalence in Corollary 3.2.9 intertwines the functors Fn,m,r and
Fn,m,1, that is, the following diagram commutes:

D(sln) -modGLn,χ

Fn,m,r

uu

Fn,m,1

))
H n

m
(m, r) -mod M 7→EM // H n

m
(m, 1) -mod

Proof : Since Hom(Cr,Cn)E11 = Cn, it follows that EFn,m,r(M) = (M ⊗ (Cn)⊗m)sln , with
the correct formulas for the action of x1, . . . , xm, y1, . . . , ym. □

Now assumem and n are coprime and let O be the regular nilpotent orbit in sln. Consider
the rank one local system on O that corresponds to the representation of the center Z(SLn) ⊂
SLn given by diag(z, . . . , z) → z−m, and let M(O) be its minimal extension. This is an SLn-
equivariant D-module on sln. Extend the SLn-action on M(O) to a GLn-action by requiring
a matrix diag(a, . . . , a) to act by multiplication by a−m. This makes M(O) a χ-equivariant
D-module on sln. The next result is now a consequence of Proposition 3.2.12 and [22, Section
9.12]

Corollary 3.2.13 The module Fn,m,r(M(O)) is the unique irreducible finite-dimensional
representation of H n

m
(m, r). In particular, Fn,m,r(M(O)) = F n

m
⊗ (Cr)⊗m.

Remark 3.2.14 Let us compare the functor Fn,m,1 to that used in the work of Calaque-
Enriquez-Etingof [22]. It is easy to see that, if M is a χ-equivariant D-module on sln
supported on the nilpotent cone N , the action of x1, . . . , xm ∈ H n

m
(m, r) on Fn,m,r(M) is

locally nilpotent and the action of the Euler element h = 1
2

∑
xiyi + yixi is locally finite. In

other words, the module Fn,m,r(M) belongs to the category O of highest weight modules.
In [22], the authors consider the functor F ∗n,m,1 := Fn,m,1◦F , where F is the usual Fourier

transform on D-modules. The reason is that, if M is supported on the nilpotent cone N ,
then the action of y1, . . . , yn on F ∗n,m,1(M) is locally nilpotent, so F ∗n,m,1(M) belongs to the
category of lowest-weight modules for H n

m
(m, 1), which is more common in the Cherednik

algebra literature, see Remark 3.2.1 above. Note, however, that since the D-module M(O)
considered in Corollary 3.2.13 is cuspidal, both M(O) and F(M(O)) are supported on the
nilpotent cone, and the same reasoning as in [22, Section 9.12] implies that Fn,m,1(M(O)) is
a finite-dimensional irreducible representation of H n

m
(m, 1).

3.2.5 Spherical subalgebra

Note that Hc(m, r) contains the idempotent e := 1
m!

∑
w∈Sm

w, so we have the spherical
subalgebra Hsph

c (m, r) := eHc(m, r)e. As usual, we have a quotient functor N 7→ eN =
NSm , Hc(m, r) -mod → Hsph

c (m, r) -mod that is an equivalence provided eN ̸= 0 for every
N ∈ Hc(m, r) -mod.
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Proposition 3.2.15 Assume that c /∈ (−1, 0) or that r ⩾ m. Then the algebras Hc(m, r)
and Hsph

c (m, r) are Morita equivalent. In particular, if c = n
m
> 0 with gcd(m,n) = 1, we

have that Hsph
c (m, r) admits a unique irreducible finite-dimensional representation, given by

e(F n
m
⊗ (Cr)⊗m) = (F n

m
⊗ (Cr)⊗m)Sm.

Proof : The case c /∈ (−1, 0) follows from [8, Corollary 4.2], as follows. We need to show that
eÑ = ÑSm ̸= 0 for every Ñ ∈ Hc(m, r) -mod. By Proposition 3.2.10, Ñ = N ⊗ (Cr)⊗m for
some N ∈ Hc(m, 1) -mod. Now, by [8, Corollary 4.2], NSm ̸= 0 provided c ̸∈ (−1, 0). Then
0 ̸= NSm ⊗ Sm(Cr) ⊆ ÑSm and we are done.
If r ⩾ m, by Schur-Weyl duality we have that every irreducible representation of Sm appears
with nonzero multiplicity in (Cr)⊗m. So, using the notation of the previous paragraph,
ÑSm = (N ⊗ (Cr)⊗m)Sm ̸= 0 for every nonzero Ñ ∈ Hc(m, r) -mod and the result now
follows from Proposition 3.2.10. □

3.2.6 Functor F sph
n,m,r vs. Hamiltonian reduction

Note that we have a functor F sph
n,m,r : D(sln) -modGLn,χ → Hsph

n
m

(m, r) -mod which is defined
by F sph

n,m,r := eFn,m,r. By the definition of the functor Fn,m,r, we have that F sph
n,m,r(M) =

(M ⊗ SmU)sln .
On the other hand, we have a Hamiltonian reduction functor

H : D(sln) -modGLn,χ → Am
n
(n, r) -mod,

given by taking the invariant space H(M) := (M ⊗C[Hom(Cn,Cr)])GLn . Thanks to the dis-
cussion at the beginning of Section 3.2.2 we have that, as vector spaces, H(M) = F sph

n,m,r(M)

for every M ∈ D(sln) -modGLn,χ.
We claim that even more is true. Note that by Propositions 3.2.12 and 3.2.15, another

formula for the functor F sph
n,m,r is given by

F sph
n,m,r(M) = (Fn,m,1(M)⊗ (Cr)⊗m)Sm

the space Fn,m,1(M) has a grading coming from the Euler operator in H n
m
(m, 1), while the

space (Cr)⊗m has a natural GLr-action. Both the action of the Euler operator and the GLr-
action commute with the action of Sm, so we get commuting q-grading and GLr-action on
F sph
n,m,r(M).

Remark 3.2.16 It follows from [22, Section 8] that the action of the Euler element h on
Fn,m,1(M) extends to an action of sl2 on Fn,m,1(M) so if Fn,m,1(M) is finite-dimensional,
then our q-grading integrates to an action of C× on Fn,m,1(M).

Theorem 3.2.17 Let M ∈ D(sln) -modGLn,χ. Then, as q-graded slr-modules,

H(M) = (Fn,m,1(M)⊗ (Cr∗)⊗m)Sm .

In particular, the slr-action on H(M) integrates to a SLr-action that can be extended to a
GLr-action in a natural way. The q-grading integrates to a C×-action provided the same is
true for the H n

m
(m, 1)-module Fn,m,1(M).
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Proof : Let us deal with the slr-action. First, we will consider the action of End(Cr)⊗m.
The action of End(Cr)⊗m on H(M) = (M ⊗ SmU)sln is induced from the action on U =
Hom(Cr,Cn), so the embedding H(M) ↪→ (M⊗U⊗m)sln = Fn,m,r(M) is End(Cr)⊗r-equivariant.
Now, the isomorphism Fn,m,r(M) = Fn,m,1(M)⊗ (Cr)⊗m is that of H n

m
(m, r)-modules, and is

therefore both Sm and End(Cr)⊗m-equivariant. Thus, as End(Cr)⊗m-modules, we have that
H(M) gets identified with the Sm-invariant part of Fn,m,1(M)⊗ (Cr)⊗m.

Note, however, that the action of End(Cr)⊗m on U⊗m is by multiplication by the transpose
on the right, and thus it is not compatible with the action of slr. To fix this, one needs to
first apply the automorphism ξ 7→ −ξ of slr. This induces the antipodal map at the level of
the enveloping algebra U(slr) and thus we get H(M) = (Fn,m,1 ⊗ (Cr∗)⊗m)Sm as slr-modules,
as desired. The claim about the integrability of the slr-action follows easily. The action of
SLr on (Cr∗)⊗m naturally extends to an action of GLr.

Note that the isomorphism Fn,m,r(M) ∼= Fn,m,1(M)⊗(Cr)⊗m is that of H n
m
(m, r)-modules

and therefore preserves q-gradings. So it remains to show that the embedding H(M) ↪→
Fn,m,1(M)⊗ (Cr)⊗m that we produced in the first paragraph of this proof also preserves the
q-gradings. The q-grading on H(M) is induced by the action of the operator

∑
j ρ

jρj where,
recall, ρj ∈ sln, ρj ∈ sl∗n are a pair of dual bases. The coincidence of the actions now follows
from the formulas in Proposition 3.2.3, see e.g. [22, Proposition 8.7]. Finally, as q-graded
Sm-modules we clearly have Fn,m,1 ⊗ (Cr)⊗m = Fn,m,1 ⊗ (Cr∗)⊗m and the claim follows. □

Note that, since we are assuming that c = m
n
⩾ 0, we are always in one of the cases consid-

ered in Proposition 3.2.15 and therefore we have that H(M) ̸= 0 if and only if Fn,m,1(M) ̸= 0.
Now let O be the regular nilpotent orbit in sln, andM(O) the irreducible χ-equivariantD-

module on sln associated to O. Then M(O)⊗C[Hom(Cn,Cr)] is an irreducible χ-equivariant
D(R)-module and, since H is a quotient functor, H(M(O)) = (F n

m
⊗ (Cr)⊗m)Sm ̸= 0 is an

irreducible Am
n
(n, r)-module, which is finite-dimensional and therefore isomorphic to Lm

n
,r.

By Remark 3.2.16 the q-grading on Lm
n
,r integrates to a C×-action. Then we obtain.

Corollary 3.2.18 As C× ×GLr-modules,

Lm
n
,r
∼= (F n

m
⊗ (Cr∗)⊗m)Sm .

Let us explicitly compute the C× ×GLr-character of Lm
n
,r. From (3.2) we have that the

C×-character of F n
m

is
1

[n]q

⊕
λ⊢m

sλ(q
1−n
2 , . . . , q

n−1
2 )Vλ.

Now, for a partition λ with at most r parts, denote by Wr(λ) the irreducible GLr-summand
of (Cr)⊗m indexed by λ. Then, by Schur-Weyl duality, we can express the character of Lm

n
,r

by
1

[n]q

⊕
λ⊢m

r(λ)⩽r

sλ(q
1−n
2 , . . . , q

n−1
2 )Wr(λ)

∗,

where r(λ) is the number of rows of λ. Even more is true. The Schur function sλ(q
1−n
2 , . . . , q

n−1
2 )

is the graded dimension of the representation Wn(λ) of gln and therefore vanishes when
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r(λ) > n. Then we obtain our character formula

Lm
n
,r =

1

[n]q

⊕
λ⊢m

r(λ)⩽min(n;r)

sλ(q
1−n
2 , . . . , q

n−1
2 )Wr(λ)

∗. (3.9)

Note that, if we ignore the 1
[n]q

-factor in (3.9) we have the graded character of the
GLn ×GLr-representation Sm(Cn ⊗ Cr), where the grading only affects the Cn-part. It
follows that the dimension of Lm

n
,r is 1

n

(
nr+m−1

m

)
= 1

n
dimSm(Cn ⊗ Cr).

Corollary 3.2.19 The C×-character of Lm
n
,r is a Laurent polynomial in q that is symmetric

under the change of variables q ↔ q−1, i.e. chq(Lm
n
,r) = chq−1(Lm

n
,r). Moreover, its degree

is (n− 1)(m− 1)/2 and its leading coefficient is
(
r+m−1

m

)
.

Proof : It is known that the action of the Euler element h on F n
m

extends to an action of
sl2 on F n

m
and, moreover, this action commutes with the action of Sm. Thus, the fact that

chq(Lm
n
,r) = chq−1(Lm

n
,r) follows immediately from Corollary 3.2.18. From (3.9) it follows

that the degree of chq(Lm
n
,r) is independent of r, and in the case r = 1 it is easy to see that

the degree is precisely (m − 1)(n − 1)/2. Finally, from (3.9) it is also easy to see that the
leading coefficient is dim(Sm(Cr∗)) =

(
r+m−1

m

)
. □

Example 3.2.20 Consider now the example m = 3, n = r = 2. We have

L3/2,2 = W ∗ + (q + q−1)W ∗ , dimL3/2,2 = 10.

Remark 3.2.21 Note that the roots of 1
n

(
nr+m−1

m

)
= 1

n

(
nr+m−1
nr−1

)
considered as a polynomial of

m (with fixed n) are precisely −1, . . . ,−nr+1, i.e. we have dimLm
n
,r = 0 for −rn < m < 0.

This exactly corresponds to the fact that the algebra Ac(n, r) = D(sln × (Cn)⊕r)///m
n
GLn has

infinite homological dimension and does not have nontrivial finite dimensional representa-
tions in these cases, see [75, Theorems 1.1, 1.2]. We will use these observations in Sec-
tion 3.3 to greatly simplify the most technical parts of the proof of Theorem 1.1 in loc.cit.

Remark 3.2.22 Let {Eii} be the standard basis of t, i.e. diag(a1, . . . , ar) =
∑

i aiEii. We
can define the T -character of L n

m
,r as follows:

g(q, q1, . . . , qr) := TrL n
m ,r

(qhqE11
1 . . . qErr

r ).

It is easy to deduce from the Cauchy identity that g(q, q1, . . . , qr) is the coefficient in front of
zm of the following “generating function"2

D(z) =
1

[n]q

∏
1⩽i⩽n
1⩽j⩽r

1

1− zq
n+1−2i

2 q−1j

. (3.10)

2Note that if m and n are not coprime, the coefficient in front of zm in D(z) is not the character of a
finite-dimensional representation and, in fact, does not need to be in Z[q, q−1, qj , q

−1
j | 1 ⩽ j ⩽ r]. This is

the reason why we write “generating function” inside quotation marks.
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3.2.7 Semistandard parking functions and higher rank Catalan num-
bers

The goal of this section is to give a combinatorial interpretation of dimLm
n
,r.

Definition 3.2.23 We will call the number Cm
n
,r := dim(Lm

n
,r) = 1

n

(
nr+m−1

m

)
the rank r

rational m
n
-Catalan number.

Let us, first, review the case r = 1 which is well-known. Since m and n are coprime, the
number Cm

n
,1 = 1

n

(
n+m−1

m

)
= 1

n+m

(
n+m
m

)
counts the number of m

n
-Dyck paths, that is, paths

in Z2 from (0, 0) to (n,m) that use only steps in the directions (1, 0) and (0, 1), and that
always stay above the diagonal line y = m

n
x. We will denote by Dm

n
the set of m

n
-Dyck paths.

Now let D ∈ Dm
n
. A vertical run of D is a maximal collection of consecutive vertical

steps. Let a1, . . . , aℓ be the lengths of the vertical runs of D. Note that a1 + . . . + aℓ = m.
The following result will be very important for us.

Lemma 3.2.24 As a representation of Sm,

F n
m
=

⊕
D∈Dm

n

IndSm
Sa1×···×Saℓ

triv .

Proof : Follows from [6, Proposition 1.7] and [1, Corollary 4]. □
A consequence of Lemma 3.2.24 is that, as GLr-modules,

Lm
n
,r = (F n

m
⊗ (Cr∗)⊗m)Sm

= HomSm(F n
m
, (Cr∗)⊗m)

=
⊕

D∈Dm
n

HomSm(Ind
Sm
Sa1×···×Saℓ

triv, (Cr∗)⊗m)

=
⊕

D∈Dm
n

HomSa1×···×Saℓ
(triv,ResSm

Sa1×···×Saℓ
((Cr∗)⊗m))

=
⊕

D∈Dm
n

Sa1(Cr∗)⊗ · · · ⊗ Saℓ(Cr∗).

(3.11)

Remark 3.2.25 Note that (3.11) gives another expression for the GLr-character of Lm
n
,r.

We will use equation (3.11) to give a combinatorial interpretation of Cm
n
,r. The key

concept is the following.

Definition 3.2.26 A rank r semistandard m
n
-parking function consists of a pair (D,φ),

where D is an m
n
-Dyck path, D ∈ Dm

n
and φ : {vertical steps of D} → {1, . . . , r} is a function

that is weakly increasing along each vertical run, reading from top-to-bottom. We will denote
by PF r

m
n

the set of rank r semistandard m
n
-parking functions.

Remark 3.2.27 Recall that an m
n
-parking function consists of an m

n
-Dyck path together with

a bijection from its set of vertical steps to {1, . . . ,m} that is strictly increasing along each
vertical run. This explains the terminology in Definition 3.2.26.

Theorem 3.2.28 Assume m and n are coprime. Then |PF r
m
n
| = Cm

n
,r.
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Proof : It is straightforward to see that the number of ways to label the vertical steps of a
Dyck pathD ∈ Dm

n
to make a semistandard parking function of rank r is

(
r+a1−1

a1

)
× · · · ×

(
r+aℓ−1

aℓ

)
,

where a1, . . . , aℓ are the lengths of the vertical runs of D. The result now follows from (3.11).
□

Example 3.2.29 Let us consider the example m = 3, n = r = 2. There are C 3
2
,2 = 10

3
2
-semistandard parking functions of rank 2, given in Figure 3.1.

1
1
1

2
1
1

2
2
1

2
2
2

1
1
1

1
1
2

2
1
1

2
1
2

2
2
1

2
2
2

Figure 3.1: The 3
2
-semistandard parking functions of rank 2. Note that, if T0 denotes a

maximal torus of GL2, then the T0-character of L 3
2
,2 is given by 2q−31 +3q−21 q−12 +3q−11 q−22 +2q−32

Remark 3.2.30 Recall that T0 ⊆ GLr denotes a maximal torus. It follows from (3.11) that
the T0-character of Lm

n
,r is given by

∑
(D,φ)∈PFr

m
n

r∏
i=1

q
−|φ−1(i)|
i ,

see also Remark 3.2.22 above.

Remark 3.2.31 It is an interesting question to find |PF r
m
n
| in the non-coprime case. It is

possible that a Bizley-like formula exists for the generating function of |PF r
dm
dn
|, but we will

not pursue it here.

3.2.8 q-analogues of Cm
n
,r

Let us compute chC××GLr Lm
n
,r in a couple of easy examples.

Example 3.2.32 Let us consider the case n = 3, m = 2. Then

chC××GLr(L 2
3
,r) = (q + q−1)[S2(Cr∗)] + [Λ2(Cr∗)],

on the other hand, if n = 2, m = 3 we have

chC××GLr(L 3
2
,r) = (q + q−1)[S3(Cr∗)] + [Wr(2, 1)

∗].
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Note that the roots of chC×(L 2
3
,r) = TrLm

n ,r
(qh) = r

2
((r + 1)q + (r − 1) + (r + 1)q−1) are

roots of unity if and only if r = 1. It follows, in particular, that chC×(Lm
n
,r) does not admit

an expression involving only products and quotients of q-numbers.
To remedy this, we propose an alternative evaluation of the trace that yields an expression

that does factor. In fact, we have several of them, one for each divisor d of r. Let us adopt
the notation of Remark 3.2.22, in particular, g(q, q1, . . . , qr) := TrLm

n ,r
(qhqE11

1 · · · qErr
r ). Let d

be a divisor of r, and set k := r/d. We consider the expression

[nr]q
[n]q

= [k]qn [d]q,

where we set q := q
1
d . Clearly, this is a Laurent polynomial in q with non-negative integer

coefficients. Now let Nd ∈ T0 ⊆ SLr be

Nd = diag(q1, . . . , qr),

where {q1, . . . , qr} = {q
dn(k+1−2ℓ)+d+1−2s

2 | 1 ⩽ ℓ ⩽ k, 1 ⩽ s ⩽ d}. Note that we have
Tr(Nd) = [k]qn [d]q. We define

chd
q(Lm

n
,r) := TrLm

n ,r
(qhNd).

Equivalently, chd
q(Lm

n
,r) = g(q, q1, . . . , qr).

Proposition 3.2.33 We have

chd
q(Lm

n
,r) =

[d]q
[nd]q

[
nr +m− 1

m

]
q

.

Proof : Note that, by (3.9), chd
q(Lm

n
,r) is

chd
q(Lm

n
,r) =

1

[n]q
Tr(Sm(qρn ⊗N−1d )),

where qρn = diag(q
−n+1

2 , q
−n+3

2 , . . . , q
n−1
2 ). The matrix qρn ⊗N−1d is diagonal:

qρn ⊗N−1d = diag(q
n+1−2i

2 (q−1)
dn(k+1−2ℓ)+d+1−2s

2 ),

where 1 ⩽ ℓ ⩽ k, 1 ⩽ s ⩽ d and 1 ⩽ i ⩽ n. It is easy to see that, up to permuting the
diagonal entries, this can be simplified as

qρn ⊗N−1d = diag(q
−nr+1

2 ,q
−nr+3

2 , . . . ,q
nr−1

2 ) = qρnr

and it is well-known, and easy to show, that

TrSm(qρnr) =

[
nr +m− 1

m

]
q

,
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the result now follows from the observation that [n]q = [nd]q/[d]q. □
Thanks to Proposition 3.2.33 if d is a divisor of r the q-number

Cd
m
n
,r(q) :=

[d]q
[nd]q

[
nr +m− 1

m

]
q

is a Laurent polynomial in q with non-negative integer coefficients. Clearly, when q = 1 we
recover the rank r Catalan number Cm

n
,r. When r = 1 = d, the q-number C1

m
n
,1(q) coincides

with the usual q-Catalan number, that is the generating function for the area− dinv statistic
on the set of m

n
-Dyck paths. We do not know the combinatorial meaning of Cd

m
n
,r(q) for r > 1.

Remark 3.2.34 More generally, it would be interesting to find statistics on the set of m
n
-

semistandard parking functions of rank r whose generating function is chC××GLr(Lm
n
,r) ∈

Z≥0[q, q−1, q1, q−11 , . . . , qr, q
−1
r ]. The statistics corresponding to q1, . . . , qr are not hard, see

Remark 3.2.30 above. One possible way to find a statistic corresponding to q is to introduce
analogues of sweep maps for semistandard parking functions, see Section 6.1 in [1].

3.3 Localization

3.3.1 Quantizations of Mθ(n, r) and localization

Let us now consider quantizations Aθ
c(n, r) of Mθ(n, r) which are sheaves in conical topology

of filtered algebras on Mθ(n, r) with grAθ
c(n, r) ≃ OMθ(n,r). These quantizations are defined

via
Aθ

c(n, r) = DR///
θ
c GL(V ) := p∗(DR/DR{ξR − c tr(ξ) | ξ ∈ gln}|µ−1(0)θ- st)

GLn ,

where DR is the sheaf (in conical topology) of microlocal differential operators on T ∗R and
p : µ−1(0)θ- st ↠ Mθ(n, r) is the quotient morphism.

Remark 3.3.1 Note that one can also define Aθ
c(n, r) in the following way. We need to

define its sections over principal open subsets (T ∗R)f///
θ GLn ⊂ Mθ(n, r) where f ∈ C[T ∗R]

is a C×-homogeneous θ-semiinvariant function of degree ⩾ 1. Let Rℏ := Rℏ(D(R)) be the
Rees algebra of D(R), so that Rℏ /(ℏ) = C[T ∗R]. For k > 0, let Sk ⊆ Rℏ /(ℏk) be the
preimage of the set {fm |m ⩾ 0} with respect to the natural morphism Rℏ /(ℏk) ↠ Rℏ /(ℏ).
It is easy to see that Sk is an Ore set in Rℏ /(ℏk) and that we can form the inverse limit

R̂ℏ[f
−1] := lim

←−

(
Rℏ /(ℏk)

)
[S−1k ].

We consider the subalgebra of locally finite vectors with respect to the natural C×-action that
we denote by R̂ℏ[f

−1]l.f., and we define

D(R)[f−1] := R̂ℏ[f
−1]l.f./(ℏ− 1).

It is straightforward to see that D(R)[f−1] is a filtered quantization of C[T ∗R][f−1]. Since f
is θ-semiinvariant we still have an action of GLn on D(R)[f−1] and a quantum comoment
map gln → D(R)[f−1]. The sections of Aθ

c(n, r) on (T ∗R)f///
θ GLn are then the quantum

Hamiltonian reduction D(R)[f−1]///cGLn. All of this follows from the construction of the
sheaf DR, see [35, Section 1] for details.
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We analogously define quantizations Aθ

c(n, r) of Mθ
(n, r). We write Aθ

c(n, r)-mod (resp.
Aθ

c(n, r)-mod) for the category of coherent Aθ
c(n, r)-modules (resp. Aθ

c(n, r)-modules) and
Ac(n, r)-mod (resp. Ac(n, r)-mod) for the category of finitely generated Ac(n, r)-modules
(resp. Ac(n, r)-modules). We have the global sections functor Γθ

c : Aθ
c(n, r)-mod → Ac(n, r)-mod

(resp. Γ
θ

c : A
θ

c(n, r)-mod → Ac(n, r)-mod). We say that the abelian localization holds for
(θ, c) if the functor Γ

θ

c (or equivalently Γθ
c) is an abelian equivalence.

In this section, using the fact that Am
n
(n, r) admits a finite-dimensional representation,

we will simplify the proof of the following theorem (see [75, Theorem 1.1 (2)]).

Theorem 3.3.2 For θ > 0 (resp. θ < 0), abelian localization holds for c ∈ C iff c is not
of the form s

m
, where 1 ⩽ m ⩽ n and s < 0 (resp. if c is not of the form −r − s

m
, where

1 ⩽ m ⩽ n and s < 0).

Recall that the proof of this theorem in [75, Section 5] consists of three steps (see the
beginning of [75, Section 5]). In the first step the proof of Theorem 3.3.2 reduces to the case
when c = m

n′ ⩾ 0 with m, n′ coprime, n′ ⩽ n and θ > 0. In the second step the proof reduces
to the case n = n′ and c > 0, θ > 0. In the third step the claim reduces to the fact that the
functor Γθ

c induces an equivalence between certain categories Oν(Aθ
c(n, r)), Oν(Ac(n, r)) over

Aθ
c(n, r), Ac(n, r) (see Section 3.3.2 for the definitions of these categories). The last claim is

proved via proving that the number of simples of the categories Oν(Aθ
c(n, r)), Oν(Ac(n, r))

are equal. The last step is crucial and we will simplify its proof. So, from now on we assume
that c = m

n
> 0, gcd(m,n) = 1 and θ > 0.

Let us first of all define categories O and other notions and objects that we will use in
the proof. We use the same notations as in [75].

3.3.2 Singular support and categories O
Let ν : C× → T = C× × T0 be a cocharacter given by t 7→ (t, td1 , . . . , tdr) for d1 ≫ . . .≫ dr.
We will denote by ν0 the cocharacter of T given by t 7→ (1, td1 , . . . , tdr). The cocharacter
ν (resp. ν0) induces a grading Ac(n, r) =

⊕
iAi,ν

c (resp. Ac(n, r) =
⊕

i Ai,ν0
c ). We set

A>0,ν
c :=

⊕
i>0Ai,ν

c . The action of ν on Ac(n, r) is Hamiltonian, let h ∈ A0,ν
c be the image

of 1 under the comoment map. The grading Ac(n, r) =
⊕

i Ai,ν
c is inner and is given by

h. Define the category Oν(Ac(n, r)) as the full subcategory of the category Ac(n, r)-mod
consisting of all modules where the action of A>0

c (n, r) is locally nilpotent. Let us also define
the category Oν(Aθ

c(n, r)) as the full subcategory of Aθ
c(n, r)-mod consisting of modules that

come with a good filtration stable under h and that are supported on the contracting locus
Mθ

+(n, r) of ν in Mθ(n, r). Recall that this contracting locus is defined by

Mθ
+(n, r) = {x ∈ Mθ(n, r) | limt→0 ν(t) · x exists}.

We set
Cν0(Ac(n, r)) := A0,ν0

c (n, r)/
∑
i>0

A−i,ν0c (n, r)Ai,ν0
c (n, r).

Remark 3.3.3 Note that we have the natural isomorphisms

Cν0(Ac(n, r))
∼−→A⩾0,ν0

c (n, r)/(A⩾0,ν0
c (n, r) ∩ Ac(n, r)A>0,ν0

c (n, r)),
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Cν0(Ac(n, r))
∼−→A⩽0,ν0

c (n, r)/(A⩽0,ν0
c (n, r) ∩ A<0,ν0

c (n, r)Ac(n, r)).

The algebra Cν0(Ac(n, r)) will be called the Cartan subquotient of Ac(n, r) with respect
to ν0. One can also define Cartan subquotients of sheaves Aθ

c(n, r): it follows from [73,
Proposition 5.2] that there exists a unique sheaf Cν0(Aθ

c(n, r)) in the conical topology on
Mθ(n, r)

ν0(C×) such that for any C× × ν0(C×)-stable open subvariety U ⊂ Mθ(n, r) with
Uν0(C×) ̸= ∅ we have Cν0(Aθ

c(n, r))(U
ν0(C×)) = Cν0(Aθ

c(U)).

Proposition 3.3.4 For θ > 0 we have

1. Mθ(n, r)ν0(C
×) =

⊔
n1+...+nr=n

∏
iM

θ(ni, 1), where the disjoint union runs over all or-
dered collections (n1, . . . , nr) of non-negative integers such that n1 + . . .+ nr = n (and
we set Mθ(0, 1) = pt).

2. For the connected component Z ⊂ Mθ(n, r)ν0(C
×) which corresponds to the composition

(n1, . . . , nr) of n we have Cν0(Aθ
c(n, r))|Z =

⊗
i Aθ

c+r−i(ni, 1), where we set Aθ
c(0, 1) = C

(a sheaf on Mθ(0, 1) = pt).

3. For a Zariski generic c ∈ C we have Cν0(Ac(n, r)) =
⊕⊗

iAc+r−i(ni, 1), where the
direct sum is taken over all ordered collections (n1, . . . , nr) as in (1).

Proof : Follows from [75, Proposition 3.5]. The proof should be changed as follows (see
the footnote 1 above): note that the line bundle O(1) on Mθ(ni, 1) is the top exterior power
of the bundle on Mθ(ni, 1) induced from the representation GLni

↷ Cni∗, so we conclude
that c1(Yµ) =

∑r
i=1(2i− r − 1)ci (not

∑r
i=1(r + 1− 2i)ci), i.e. the period of Cν0(Aθ

λ) equals∑r
i=1(λ+ r + 1

2
− i), hence, Cν0(Aθ

λ)|Z ≃
⊗

iAθ
c+r−i(ni, 1). □

Let us now give an important property of the category O(Aθ
c(n, r)).

Theorem 3.3.5 The category Oν(Aθ
c(n, r)) is a highest weight category, with simples in-

dexed by the fixed points of ν and the order in the definition of a highest weight category is
the contraction order on the fixed points.

Proof : Since the action of ν on Mθ(n, r) has finitely many fixed points, this follows from
[10, Proposition 5.17]. □

Starting from a module M ∈ Ac(n, r)-mod (resp. M ∈ Aθ
c(n, r)-mod) we can construct

its associated variety, to be denoted V (M) ⊂ M(n, r) (resp. V (M) ⊂ Mθ(n, r)), as follows.
Consider any good filtration F •M (resp. F •M), then define V (M) (resp. V (M)) as the
support of grF •M (resp. grF •M) with the reduced scheme structure. It is straightforward,
and well-known, that this does not depend on the choice of a good filtration. Moreover,
V (M) is simply the support of M considered as a sheaf on Mθ(n, r).

Proposition 3.3.6 Let L be a simple module of the category Oν(Ac(n, r)) and let I ⊂
Ac(n, r) be the annihilator of L. Then 2 dim(V (L)) = dim(V (Ac(n, r)/I)), where
V (Ac(n, r)/I) is computed by considering Ac(n, r)/I as a left Ac(n, r)-module.

Proof : Note that by [73, Section 4.4] every module of the category Oν(Ac(n, r)) is holo-
nomic in the sense of [72]. Now the claim follows from [72, Theorems 1.2, 1.3]. □
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3.3.3 Properties of Γθ
c and categories O

Let us now study the interaction between the global sections functor and the categories O.

Proposition 3.3.7 Assume that θ > 0 and c > −r. Then the following holds.

1. The functor Γθ
c : Oν(Aθ

c(n, r))) ↠ Oν(Ac(n, r))) is a quotient functor.

2. The canonical adjunction morphism M → Γθ
c ◦ Loc(M) is an isomorphism for any

M ∈ Oν(Ac(n, r))).

Proof : Part (1) follows from [81, Section 8] and [75, Proposition 5.1]. Part (2) follows
from the fact that Loc is left adjoint to Γθ

c and general properties of quotient functors between
finite categories. □

Let us now return to the proof of Theorem 3.3.2. Recall that we can assume that
c = m

n
> 0, gcd(m,n) = 1, θ > 0. It now follows from [75, Steps 2, 3 of Proposition 5.6]

that to finish the proof of Theorem 3.3.2 it is enough to prove the following theorem.

Theorem 3.3.8 Assume θ > 0 and c = m
n
> 0 with gcd(m,n) = 1. Then Γ

θ

c : Oν(A
θ

c(n, r)) →
Oν(Ac(n, r)) is an equivalence of categories.

Thanks to Proposition 3.3.7, to prove Theorem 3.3.8 (and therefore also Theorem 3.3.2)
it is enough to show that Γ

θ

c(L) ̸= 0 for every simple L ∈ Oν(A
θ

c(n, r)). We consider two
cases, according to the associated variety of simples.

3.3.4 Associated varieties of simples and proof of Theorem 3.3.8

First we show that in the situation of Theorem 3.3.8 if L ∈ O(Aθ

c(n, r)) is such that V (L) ⊈
ρ−1(0), then Γ

θ

c(L) is infinite dimensional so in particular nonzero.

Lemma 3.3.9 Assume that c = m
n
> 0 with m, n coprime. For any infinite dimensional

simple module L ∈ O(Ac(n, r)) we have V (Ac(n, r)/I) = M(n, r), where I ⊂ Ac(n, r) is the
annihilator of L.

Proof : Follows from the proof of Step 3 in the proof of Proposition 4.1 in [75]. Recall
that I is a Harish-Chandra Ac-bimodule, so V (Ac(n, r)/I) is a union of symplectic leaves
of M(n, r). Let L ⊂ V (Ac(n, r)/I) be an open leaf which corresponds to a collection
µ = (n1, . . . , nk) and x ∈ L ∩ V (Ac(n, r)/I). The module L is infinite dimensional so
dim(V (L)) > 0, hence, by Proposition 3.3.6 we have dimV (Ac(n, r)/I) > 0 so ni < n for any
i. Consider the restriction (Ac/I)†,x. By our choice of x, this is a nonzero finite dimensional
representation of Ac(µ) = Ac(n1, r)⊗ . . .⊗Ac(nk, r). It follows from Proposition ?? (which
is independent of the intervening material) that we have n1 = . . . = nk = 0 so L is the open
symplectic leaf in M(n, r), hence, V (Ac(n, r)/I) = L = M(n, r). □

Remark 3.3.10 We keep the notations of Lemma 3.3.9. Note that by [75, Theorem 1.3]
Ac is a prime ring and I is primitive, hence, the equality V (Ac(n, r)/I) = M(n, r) implies
I = 0.
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The variety M(n, r) is Poisson and we denote by M(n, r)reg its unique open symplectic
leaf. The map ρ : M

θ
(n, r) → M(n, r) is an isomorphism over M(n, r)reg and we denote by

M
θ
(n, r)reg the preimage of M(n, r)reg.

Lemma 3.3.11 Assume that c = m
n
> 0 with m, n coprime. Let L ∈ O(Aθ

c(n, r)) be an
irreducible sheaf such that V (L) ⊈ ρ−1(0), then V (L) ∩M

θ
(n, r)reg ̸= ∅.

Proof : By [11, Theorem A] there exists N ≫ 0 such that the abelian localization holds
for (c + Nθ, θ). Note that the categories O(Aθ

c(n, r)),O(Aθ

c+Nθ(n, r)) are equivalent via
translation functors and these functors preserve associated varieties. Note also that c+Nθ
is obviously of the form m′

n
with m′, n coprime. So, applying translation functors if needed,

we can assume abelian localization holds. So L = Loc(L) for some irreducible object L ∈
O(Ac(n, r)) such that V (L) ⊈ {0}. It remains to show that V (L) ∩ M(n, r)reg ̸= ∅. Let
I ⊂ A be the annihilator of L. It follows from Lemma 3.3.9 that V (A/I) = M(n, r). It
now follows from [71, Theorem 1.1] that V (L) has nonempty intersection with the open
symplectic leaf of M(n, r), which is exactly M(n, r)reg. □

Corollary 3.3.12 Assume that c = m
n
> 0 with m, n coprime. Let L ∈ O(Aθ

c(n, r)) be an
irreducible sheaf such that V (L) ⊈ ρ−1(0). Then Γ

θ

c(L) is infinite dimensional.

Proof : It follows from Lemma 3.3.11 that we have a point x ∈ V (L)∩M
θ
(n, r)reg. Note

now that the morphism ρ is an isomorphism over the open subvariety M
θ
(n, r)reg ⊂ M

θ
(n, r),

ρ : M
θ
(n, r)reg ∼−→M(n, r)reg. It follows that ρ(x) ∈ V (Γ

θ

c(L)), hence, Γθ

c(L) is infinite di-
mensional. □

Let us now deal with the case V (L) ⊆ ρ−1(0).

Proposition 3.3.13 The number of simple coherent Aθ

c(n, r)-modules supported on ρ−1(0)
cannot be bigger then 1.

Proof : This follows from Step 5 of the proof of Proposition 4.1 in [75]. To a module
in the category O we can assign its characteristic cycle that is a formal linear combination
of the irreducible components of the contracting locus M

θ

+(n, r) of C× acting on M
θ
(n, r)

via ν (Mθ

+(n, r) := {x ∈ M
θ
(n, r) | ∃ lim

t→0
ν(t) · x}). It follows from [10, Section 6] that this

map is injective. Note also that the irreducible components of Mθ

+(n, r) are lagrangian so
have dimension nr− 1 = dim ρ−1(0) so it is enough to show that dimH2nr−2(ρ−1(0),C) = 1.
Recall now that ρ−1(0) = ρ−1(0) and the latter is homotopicaly equivalent to Mθ(n, r)
so H2nr−2(ρ−1(0),C) ≃ H2nr−2(Mθ(n, r),C). Now it follows from [123, Theorem 3.8] that
dimH2nr−2(Mθ(n, r)) = 1. □

If a simple coherent Aθ

c(n, r)-module supported on ρ−1(0) exists, we will denote it by Lfin.

We are now ready to prove Theorem 3.3.8.
Proof :[Proof of Theorem 3.3.8] From Proposition 3.3.7 it follows that it is enough to show

that for any simple L ∈ O(Aθ

c(n, r)) we have Γ
θ

c(L) ̸= 0. If L ̸≃ Lfin, then the desired result
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follows from Corollary 3.3.12. It also follows from Corollary 3.3.12 that for any such L we
have Γ

θ

c(L) ̸≃ Lm
n
,r. The functor Γθ

c is a quotient functor and Γ
θ

c(L) ̸≃ Lm
n
,r for any L ̸≃ Lfin,

hence, Γθ

c(Lfin) ≃ Lm
n
,r ̸= 0, where the last inequality follows from Remark 3.2.21. □

3.4 Representations with minimal support

3.4.1 Construction of minimally supported modules

Now we generalize results on finite-dimensional representations to representations with min-
imal support (see Section 3.3.2). We continue studying the algebra Am

n
(n, r), and set

d := gcd(m,n). The difference now is that we do not assume d = 1. Let m0 := m
d
,

n0 := n
d
. Let λ be a partition of d and consider the partition n0λ of n. We will denote by

M(O(n0λ)) the irreducible χ-equivariant D-module on sln associated to the nilpotent orbit
O(n0λ) where, recall, χ = m

n
tr.

Lemma 3.4.1 We have Fn,m,1(M(O(n0λ))) = S n
m
(m0λ), where S n

m
(m0λ) is the irreducible

highest-weight representation of H n
m
(m, 1) with highest weight m0λ.

Proof : Note that a similar result is proven in [22, Theorem 9.12] for F ∗n,m,1(M(O(n0λ))),
where highest weight is replaced by lowest weight, see Remark 3.2.14. The same proof
applies, mutatis mutandis, in our situation. More precisely, the functions constructed in
[22, Lemma 9.13] are annihilated by x1, . . . , xm and span a copy of the representation of Sm

indexed by m0λ, see [22, Lemma 9.15]. □
It follows that we have a q-graded GLr-equivariant isomorphism

Lm
n
,r(n0λ) := (M(O(n0λ))⊗ C[Hom(Cn,Cr)])GLn ∼−→ (S n

m
(m0λ)⊗ (Cr∗)⊗m)Sm . (3.12)

From here, we can read the character of Lm
n
,r(n0λ), we will do this explicitly in Section 3.5.

Note that Lm
n
,r(n0λ) is an irreducible Am

n
(n, r)-module. We claim that it has minimal

support. Recall from the introduction that, provided Lm
n
,r(n0λ) ∈ Oν(Am

n
(n, r)), this means

that the GK dimension of Lm
n
,r(n0λ) is precisely d− 1, where, as above, d = gcd(m,n). So

we start by showing that Lm
n
,r(n0λ) ∈ Oν(Am

n
(n, r)).

Proposition 3.4.2 Let ν : C× → T be a generic co-character given by t 7→ (tk, td1 , . . . , tdr)
such that k > 0. Then Lm

n
,r(n0λ) ∈ Oν(Am

n
(n, r)).

Proof : Recall that the action of ν on Am
n
(n, r) is Hamiltonian. Let h ∈ A0,ν

m
n

be the image of
1 under the comoment map. To check that Lm

n
,r(n0λ) ∈ Oν(Am

n
(n, r)) it is enough to show

that generalized eigenvalues of h acting on Lm
n
,r(n0λ) are bounded from above. This follows

from the existence of the T -equivariant isomorphism (3.12), the fact that (Cr∗)⊗m is finite
dimensional and the fact that S n

m
(m0λ) lies in the category O over the Cherednik algebra,

see Lemma 3.4.1. □
Let us now show that the module Lm

n
,r(n0λ) has minimal support. In order to do this,

it is enough to compute its GK dimension.
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Proposition 3.4.3 The GK dimension of the Am
n
(n, r)-representation Lm

n
,r(n0λ) is exactly

d− 1, where d = gcd(m,n). In particular, Lm
n
,r(n0λ) has minimal support.

Proof : Recall that we have Lm
n
,r(n0λ) = (M(O(n0λ))⊗ C[Hom(Cn,Cr)])GLn . The

D(sln ⊕ Hom(Cn,Cr))-module M(O(n0λ)) ⊗ C[Hom(Cn,Cr)] is holonomic, so it admits a
good filtration that induces a good filtration on Lm

n
,r(n0λ), both as an Am

n
(n, r)-module

and as a Hsph
n
m

(m, r)-module, where we take the Bernstein filtration on the ring of differential
operators D(sln⊕Hom(Cn,Cr)). Indeed, that this filtration is good for the Am

n
(n, r)-module

structure follows by definition, and that it is good for theHsph
n
m

(m, r)-module structure follows
from the formulas in Proposition 3.2.3. So it is enough to show that the GK dimension of
the Hsph

n
m

(m, r)-module (S n
m
(m0λ)⊗ (Cr)⊗m)Sm is exactly d − 1. To do this, it is enough

to show that the GK dimension of the H n
m
(m, r)-module S n

m
(m0λ) ⊗ (Cr)⊗m is d − 1. But

thanks to Proposition 3.2.10, this coincides with the GK dimension of the H n
m
(m, 1)-module

S n
m
(m0λ). This is precisely d− 1 by [121, Theorem 1.6]. We are done. □

3.4.2 Coincidence of labels: Lm
n
,r(n0λ) = L(∅, . . . ,∅, n0λ)

By Proposition 3.4.3 the module Lm
n
,r(n0λ) := C[x]⊗ (M(O(n0λ))⊗ C[Hom(Cn,Cr)])GL(V )

is minimally supported so it must have the form L(∅, . . . ,∅, n0λ
′) for some partition λ′ of

d. The goal of this section is to show that λ′ = λ. We set G := GL(V ). Consider the
D(R)-Am

n
(n, r)-bimodule

Qm
n
:= D(R)/(D(R){ξR − m

n
tr ξ | ξ ∈ gl(V )}).

Recall the character det : GL(V ) → C× and consider the corresponding space of GL(V )-
semiinvariants QGL(V ),det

m
n

which is naturally a Am
n
+1(n, r)-Am

n
(n, r)-bimodule. Recall that

m
n
> 0, so by Theorem 3.3.2 the localization holds for (m

n
, det), (m

n
+ 1, det). It now follows

from [8, Proposition 5.2] and [11, Proposition 6.31] that the functor QGL(V ),det
m
n

⊗Am
n
(n,r) •

induces an equivalence

T m
n
→m

n
+1 : Oν(Am

n
(n, r)) ∼−→Oν(Am

n
+1(n, r))

which we will call a translation equivalence. Let us now prove the following lemma.

Lemma 3.4.4 Under the equivalence T m
n
→m

n
+1 the module Lm

n
,r(n0λ) maps to Lm

n
+1,r(n0λ).

Proof : For c ∈ C we recall thatD(R)-modG,c is the category of (G, c)-equivariantD-modules
on R. Note that we have an equivalence

T̃c→c+1 : D(R)-modG,c ∼−→D(R)-modG,c+1

given by tensoring with a one-dimensional GL(V )-module Cdet on which GL(V ) acts via
det. Now for c = m

n
= m0d

n0d
we set L̃c := M(O(n0λ)) ⊗ Hom(V,W ) and consider it as an
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object of the category D(R)-modG,c. It follows from the definitions that L̃c+1 = Cdet⊗ L̃c =

T̃c→c+1(L̃c).
Recall that the categories Oν(Am

n
(n, r)), Oν(Am

n
+1(n, r)) are highest weight. It follows

from the definitions that the functor T m
n
→m

n
+1 sends ∆m

n
(p) to ∆m

n
+1(p) so it must be

label preserving. It follows from [11, Proposition 6.27] that the functor Tm
n
→m

n
+1 preserves

characteristic cycles, hence, is label preserving. We conclude that to prove lemma it is enough
to show that the following diagram is commutative.

D(R)-modG,m
n

T̃m
n →m

n +1

��

πm
n // Am

n
(n, r)-mod

T m
n →m

n +1

��

D(R)-modG,m
n
+1

πm
n +1

// Am
n
+1(n, r)-mod,

(3.13)

where we denote by πm
n
, πm

n
+1 the Hamiltonian reduction functors. Let us now define the

sheaf versions of the functors πm
n
, πm

n
+1, T c→c+1. We denote

πθ
c : DR-modG,c → Aθ

c(n, r)-mod, F 7→ (F|(T ∗R)θ−st)GL(V ),

the functor πθ
c+1 can be defined similarly. We denote by T θ

c→c+1 the functor from Aθ

c(n, r)-mod

to Aθ

c+1(n, r)-mod given by left tensoring with the sheaf of bimodules (Qc|(T ∗R)θ−st)GL(V ),det.
It follows from [11, Proposition 6.31] that the following diagram is commutative:

Aθ

c(n, r)-mod
Γ(•) //

T θ
c→c+1��

Ac(n, r)-mod

T c→c+1

��

Aθ

c+1(n, r)-mod
Γ(•) // Ac+1(n, r)-mod,

so to prove that (3.13) is commutative it remains to check the commutativity of the following
diagram:

DR-modG,m
n

πθ
m
n //

T̃m
n →m

n +1

��

Aθ

c(n, r)-mod

T θ
m
n →m

n +1
��

DR-modG,m
n
+1

πθ
m
n +1

// Aθ
m
n
+1(n, r)-mod .

This was observed in [8, (5.1)]. Let us give a proof of this fact. We denote byDR|(T ∗R)θ−st-modG,c

the category of (G, c)-equivariant sheaves of modules over DR|(T ∗R)θ−st . Recall that the func-
tor πθ

c can be obtained as the compostion of two functors: πθ
c = π̃θ

c ◦ j∗, where j∗ : DR =
modG,c → DR|(T ∗R)θ−st-modG,c is given by F 7→ F|(T ∗R)θ−st and the functor
π̃θ
c : DR|(T ∗R)θ−st-modG,c → Aθ

c(n, r) sends a sheaf P to PGL(V ).
The following diagram is commutative

D(R)-modG,c j∗ //

T̃c→c+1

��

DR|(T ∗R)θ−st-modG,c

T̃c→c+1

��

D(R)-modG,c+1 j∗ // DR|(T ∗R)θ−st-modG,c+1
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since for any F ∈ DR-modG,c we have

(Qc ⊗F)|(T ∗R)θ−st = (Qc)(T ∗R)θ−st ⊗F|(T ∗R)θ−st .

So we only need to check that the following diagram is commutative.

DR|(T ∗R)θ−st-modG,c π̃θ
c //

T̃c→c+1

��

Aθ
c(n, r)-mod

T θ
c→c+1

��
DR|(T ∗R)θ−st-modG,c+1

π̃θ
c+1 // Aθ

c+1(n, r)-mod .

Note that the (sheaf) Hamiltonian reduction functor

π̃θ
c : DR|(T ∗R)θ−st-modG,c → Aθ

c(n, r)-mod, F 7→ FGL(V )

is an equivalence since the action GL(V ) ↷ (T ∗R)θ−st is free. Let us denote by p : (T ∗R)θ−st →
M(n, r) the natural morphism. The inverse functor π̃θ,!

c : Aθ
c(n, r)-mod → DR|(T ∗R)θ−st-modG,c

to π̃θ
c is given by

P 7→ Qc|(T ∗R)θ−st ⊗p−1(Aθ
c(n,r))

p−1(P).

It remains to prove that the following diagram is commutative

DR|(T ∗R)θ−st-modG,c

T̃c→c+1

��

Aθ
c(n, r)-mod

π̃θ,!
coo

T θ
c→c+1

��
DR|(T ∗R)θ−st-modG,c+1

π̃θ
c+1 // Aθ

c+1(n, r)-mod

but this is clear from the definitions. □
It follows from Lemma 3.4.4 that we can assume that m

n
∈ C is Zariski generic, so we

have an isomorphism Cν0(Am
n
(n, r)) ≃

⊕⊗
i Am

n
+r−i(ni, 1) (see Proposition 3.3.4), where

the sum is taken over all ordered collections (n1, . . . , nr) of non-negative integers such that
n1 + . . .+ nr = n.

According to [75, Sections 6.3, 6.3] the module L(∅, . . . ,∅, n0λ
′) can be described as

follows. Let LA(n0λ
′) be the module in category O over Am

n
(n, 1) corresponding to n0λ

′.
We have the projection κ : Cν0(Am

n
(n, r)) ↠ Am

n
(n, 1) which makes LA(n0λ

′) a module over
Cν0(Am

n
(n, r)). Then L(∅, . . . ,∅, n0λ

′) is the maximal quotient of ∆ν0(L
A(n0λ

′)) that does
not intersect the highest weight space LA(n0λ

′), where

∆ν0(L
A(n0λ

′)) := Am
n
(n, r)⊗A⩾0,ν0

m
n

(n,r)
LA(n0λ

′).

We conclude that L(∅, . . . ,∅, n0λ
′)hw ≃ LA(n0λ

′) as modules over Cν0(Am
n
(n, r)), here

Lm
n
,r(∅, . . . ,∅, n0λ

′)hw is the highest weight component of Lm
n
,r(n0λ) w.r.t. ν0. Note also

that it follows from [26, Proposition 7.8] that we have an isomorphism between A n
m
(n, 1)-

modules L n
m
,1(n0λ

′) and LA(n0λ
′). So to show that λ′ = λ it is enough to check that

Lm
n
,r(n0λ)

hw ≃ Lm
n
,1(n0λ) as a module over Am

n
(n, 1) ↪→ Cν0(Am

n
(n, r)).
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Note that we have a natural isomorphism of vector spaces Lm
n
,r(n0λ)

hw ≃ Lm
n
,1(n0λ).

To see this let us denote by W lw ⊂ W the lowest weight component with respect to the
C×-action via ν0. Set Rlw := gl(V ) ⊕ Hom(V,W lw) ⊂ R, M := M(O(n0λ)). We have
a tautological identification Lm

n
,r(n0λ)

hw = (M ⊗ C[Hom(V,W lw)])GL(V ) = Lm
n
,1(n0λ). It

remains to prove the following proposition.

Proposition 3.4.5 The homomorphism κ : Cν0(Am
n
(n, r)) ↠ Am

n
(n, 1) intertwines the ac-

tions
Cν0(Am

n
(n, r)) ↷ Lm

n
,r(n0λ)

hw = Lm
n
,1(n0λ) ↶ Am

n
(n, 1). (3.14)

We will prove this Proposition in the end of this section. Recall that the cocharacter
ν0 : C× → T is given by t 7→ (1, td1 , . . . , tdr) with d1 ≫ . . . ≫ dr. Consider now the
following cocharacter ν ′0 : C× → T, t 7→ (1, td1−dr , td2−dr . . . , tdr−1−dr , 1). Note that the C×-
actions on M(n, r), Mθ(n, r) corresponding to ν0, ν ′0 coincide. So we have the identification
Cν′0

(Am
n
(n, r)) = Cν0(Am

n
(n, r)). Note also that Rlw = Rν′0 .

Let us now note that we have the natural isomorphism Cν′0
(D(R)) ≃ D(Rlw) induced by

the embedding D(Rlw) ↪→ D(R) which clearly intertwines the actions

Cν′0
(D(R)) ↷ (M ⊗ C[Hom(V,W )])hw =M ⊗ C[Hom(V,W lw)] ↶ D(Rlw). (3.15)

Set c := m
n
. Let us now understand the relation between the homomorphism

κ : Cν′0
(D(R)///m

n
GL(V )) ↠ D(Rlw)///m

n
GL(V )

and the isomorphism Cν′0
(D(R)) ≃ D(Rlw) above. Note that both of them are induced by

the corresponding isomorphisms of sheaves

Cν′0
(Aθ

m
n
(n, r))|Mθ(n,1)

κθ

≃ Aθ
m
n
(n, 1), Cν′0

(DR) ≃ DRlw .

We start with two general lemmas. Let A be an associative algebra equipped with a
Z-grading A =

⊕
i∈ZAi and J ⊂ A is a Z-graded two-sided ideal.

Lemma 3.4.6 We have a natural isomorphism C(A)/[J⩾0] ∼−→C(A/J), where C corre-
sponds to taking the Cartan subquotient and [J⩾0] ⊂ C(A) = A⩾0/(A⩾0 ∩ AA>0) is the
image of J⩾0 under the natural morphism J⩾0 → C(A).

Proof : Both of them can be naturally identified with A⩾0/((A⩾0 ∩ AA>0) + J⩾0). □
Let A be an associative algebra as above and assume that the Z-grading is induced by

some element h ∈ A, i.e. Ai = {a ∈ A | [h, a] = ia}. Let l be a reductive Lie algebra. Assume
that we are given a locally-finite completely reducible action l ↷ A which commutes with
the Z-grading and is induced by a map of Lie algebras ϕ : l → Der(A). Assume also that
we have a quantum comoment map υ : U(l) → A for this action, i.e. a homomorphism of
algebras υ such that [υ(x),−] = ϕ(x)(−), ∀x ∈ l.

Remark 3.4.7 Note that the image of υ lies in A0. Indeed, pick x ∈ l, we have to show
that υ(x) ∈ A0. Note that h ∈ A0 and ϕ(x)(A0) ⊂ A0 so we must have [h, υ(x)] ∈ A0. We
can decompose υ(x) =

∑
i∈Z ai with ai ∈ Ai and note that [h, υ(x)] =

∑
i∈Z iai lies in A0

only if ai = 0 for every i ̸= 0. The claim follows.
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Fix a character λ : l → C. Let P ⊂ A be the left ideal generated by {ξ(x)− λ(x) |x ∈ l}.
We define A///λl := (A/P )l = Al/P l. We analogously define C(A)///λl using the quantum
comoment map [υ] : U(l) → C(A) which is well defined by Remark 3.4.7. Note that P l ⊂ Al

is a two-sided ideal.

Lemma 3.4.8 For any character λ : l → C we have a natural epimorphism

C(A///λl) ↠ C(A)///λl.

Proof : By Lemma 3.4.6 (applied to Al ⊃ P l) we have C(A///λl) = C(Al)/[(P⩾0)l]. Note also
that by the definitions C(A)///λl = C(A)l/[(P⩾0)l]. Now the claim follows from the fact that
Id : A → A induces a surjective homomorphism C(Al) ↠ C(A)l. □

Using Lemma 3.4.8 and the fact that the open sets ((T ∗R)f///
θ GL(V ))ν

′
0(C×), where f ∈

C[T ∗R]ν′0(C×) ∩ C[T ∗R]G,θ is homogeneous of positive degree, form a basis for the conical
Zariski topology on Mθ(n, r)ν

′
0(C×), we obtain a homomorphism Cν′0

(DR///
θ
c GL(V ))|Mθ(n,r) →

Cν′0
(DR)///

θ
c GL(V ) of sheaves on T ∗Rlw///θ GL(V ).

Lemma 3.4.9 The homomorphism Cν′0
(DR///

θ
c GL(V ))|Mθ(n,1) → Cν′0

(DR)///
θ
c GL(V ) is an

isomorphism.

Proof : Note that Cν′0
(DR///

θ
c GL(V ))|Mθ(n,1), Cν′0

(DR)///
θ
c GL(V ) are filtered and by [73, Propo-

sition 5.2 (2)] we have

grCν′0
(DR///

θ
cG)|Mθ(n,1) = OMθ(n,1) = grCν′0

(DR)///
θ
c GL(V ).

The homomorphism Cν′0
(DR///

θ
c GL(V ))|Mθ(n,1) → Cν′0

(DR)///
θ
c GL(V ) preserves filtrations and

the associated graded equals to Id : OMθ(n,1)
∼−→OMθ(n,1). The claim follows. □

Lemma 3.4.9 gives us an explicit construction of an isomorphism

Cν′0
(DR///

θ
c GL(V ))|Mθ(n,1)

∼−→Cν′0
(DR)///

θ
c GL(V ).

Note that the sheaf Cν′0
(DR///

θ
c GL(V ))|Mθ(n,1) is exactly Cν′0

(Aθ
c(n, r)). We claim that the

sheaves Aθ
c(n, 1), Cν′0

(DR)///
θ
c GL(V ) are canonically isomorphic and the isomorphism be-

tween them is induced by the isomorphism D(Rlw) ∼−→Cν′0
(D(R)). To see that it is enough

to prove the following lemma.

Lemma 3.4.10 The isomorphism D(Rlw) ∼−→Cν′0
(D(R)) induces an isomorphism

Ilw
∼−→ [I⩾0,ν′0 ], where

I = D(R){ξR − c tr ξ | ξ ∈ gl(V )}, and Ilw = D(Rlw){ξRlw − c tr ξ | ξ ∈ gl(V )}.

Proof : It is enough to check that that the isomorphism D(Rlw) ∼−→Cν′0
(D(R)) induces a

surjective map Ilw ↠ [I⩾0,ν′0 ]. The ideal Ilw is generated by the elements of the form
ξRlw − c tr ξ, ξ ∈ gl(V ). Note that ξR − ξRlw ∈ D(R)>0,ν′0 because the action of ν ′0(C×)
contracts R to Rlw = Rν′0(C×). It then follows that, in the Cartan subquotient Cν′0

(D(R)) ≃
D(R)⩾0,ν′0/(D(R)⩾0,ν′0 ∩D(R)D(R)>0,ν′0) we have [ξRlw − c tr ξ] = [ξR − c tr ξ]. The claim fol-
lows.
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□
Proof :[Proof of Proposition 3.4.5] Combining Lemmas 3.4.8, 3.4.9, 3.4.10 and using the

constructions therein we see that the isomorphism

κθ : Cν′0
(Aθ

m
n
(n, r))|Mθ(n,r) ≃ Aθ

m
n
(n, 1)

is induced by the natural embedding D(Rlw) ↪→ D(R). Now the desired statement about
the intertwining property of κ : Cν0(Am

n
(n, r)) ↠ Am

n
(n, 1) follows from the fact that the

isomorphism Cν′0
(D(R)) ≃ D(Rlw) intertwines the actions in (3.15). □

3.5 Character of Lm
n ,r(n0λ) = Lν(∅, . . . ,∅, n0λ)

Our construction of Lm
n
,r(n0λ) allows us to compute its character. Recall that we have set

m0 := m/ gcd(m,n) and n0 := n/ gcd(m,n).

3.5.1 Characters of minimally supported modules over H n
m
(m, 1)

Recall that S n
m
(m0λ) is the irreducible highest weight module over H n

m
(m, 1) with highest

weight m0λ. The character of S n
m
(m0λ) was computed in [26, Theorem 1.4]. Let us recall

the answer. Let Λ be the ring of symmetric functions on infinitely many variables z1, z2, . . ..
For a partition β of m we define a constant cβλ,m0

by

sλ(z
m0
1 , zm0

2 , . . .) =
∑
β

cβλ,m0
sβ(z1, z2, . . .),

where sλ, sβ ∈ Λ are the corresponding Schur polynomials.

Proposition 3.5.1 The class [S n
m
(m0λ)] ∈ K0(O(H n

m
(m, 1))) is given by the formula

[S n
m
(m0λ)] =

∑
β⊢m

cβλ,m0
[∆ n

m
(β)],

where ∆ n
m
(β) is the standard object with highest weight β in the category O(H n

m
(m, 1)).

Proof : The module ∆ n
m
(β) is the graded dual of the co-standard module

∇ n
m
(β) ∈ O(H n

m
(m, 1), h) of modules with locally nilpotent action of h. In the category O

for H n
m
(m, 1), the classes in K0 of standard and co-standard modules coincide. Since taking

the graded dual preserves the labels in category O, the result now follows from [26, Theorem
1.4]. □

Recall that for a finite dimensional representation V of Sm its Frobenius character is

chSm V :=
1

m!

∑
σ∈Sm

TrV (σ)p
k1(σ)
1 . . . p

kl(σ)
l ∈ Λ, (3.16)

here pi ∈ Λ are power sums, ki(σ) is the number of cycles of length i in σ, and Λ is the algebra
of symmetric functions. For a partition β of m the Frobenius character of the irreducible
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representation Vβ is given by the Schur polynomial sβ ∈ Λ. We will use plethystic notation,
so that f

[
X
1−q

]
denotes the image of f ∈ Λ under the automorphism that sends power sums

pk to pk
[

X
1−q

]
= pk

1−qk .

Lemma 3.5.2 For a partition β of m we have

chq,Sm(∆ n
m
(β)) = (1− q−1)q−

m−1
2

+ n
m
κ(β)sβ

[
X

1− q−1

]
,

where κ(β) is the sum of contents of all boxes of β.

Proof : It follows from [5] that the highest weight component of ∆ n
m
(β) has weight q

n
m
κ(β)−m−1

2 .
The module ∆ n

m
(β) is isomorphic to Vβ ⊗ C[h] as Sm × C×-module and the C×-action

corresponds to the shifted standard negative grading C[h] =
⊕

k⩾0 S
k(h∗), deg(Sk(h∗)) =

−k − m−1
2

+ n
m
κ(β). Consider now a permutation σ ∈ Sm. It is clear that deth(1− q−1σ) =

1
1−q−1

∏
i(1− q−i)ki(σ). Note also that

TrVν⊗C[h](σq
h) =

TrVν (σ)

deth(1− q−1σ)
= (1− q−1)

TrVβ
(σ)∏

i(1− q−i)ki(σ)
.

We conclude that

chq,Sm(∆ n
m
(β)) =

1

m!

∑
σ∈Sm

(1− q−1)q
n
m
κ(β)−m−1

2
TrVβ

(σ)
∏

i p
ki(σ)
i∏

i(1− q−i)ki(σ)
=

= (1− q−1)q
n
m
κ(β)−m−1

2 sβ

[
X

1− q−1

]
.

□

Corollary 3.5.3 The q-graded Sm-character of S n
m
(m0λ) is given by

chq,Sm(S n
m
(m0λ)) = (1− q−1)

∑
β⊢m

cβλ,m0
q−

m−1
2

+ n
m
κ(β)sβ

[
X

1− q−1

]
.

Proof : Follows from Proposition 3.5.1 and Lemma 3.5.2. □

Computation of the character of Lm
n
,r(n0λ)

Let us now finally compute the q-graded GLr character of the module Lm
n
,r(n0λ). Recall

that we have a q-graded GLr-equivariant isomorphism

Lm
n
,r(n0λ)

∼−→ (S n
m
(m0λ)⊗ (Cr∗)⊗m)Sm . (3.17)
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Proposition 3.5.4 We have

chq,GLr(Lm
n
,r(n0λ)) =

= (1− q−1)
∑

r(µ)⩽min(n,r)
µ,β⊢m

cβλ,m0
q−

m−1
2

+ n
m
κ(β)⟨sβ

[
X

1− q−1

]
, sµ⟩[Wr(µ)

∗],

where ⟨ , ⟩ is the Hall inner product on Λ, i.e. the inner product with respect to which
⟨sα, sγ⟩ = δαγ for any two partitions α, γ.

Proof : By Corollary 3.5.3 we have

chq,Sm(S n
m
(m0λ

t)) = (1− q−1)
∑

β,|β|=m

cβλ,m0
q−

m−1
2

+ n
m
κ(β)sβ

[
X

1− q−1

]
.

By Schur-Weyl duality we have

chSm×GLr((Cr∗)⊗m) =
∑

r(β)⩽min(n,r)
|β|=m

sβ[Wr(β)
∗].

So from (3.17) we obtain the desired equality. □
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Chapter 4

Bethe subalgebras, Kirillov-Reshetikhin
crystals and monodromy

4.1 Introduction

Results of this Chapter are joint with Leonid Rybnikov and Inna Mashanova-Golikova. Let g
be a complex simple finite dimensional Lie algebra andG be the adjoint Lie group with the Lie
algebra g. To every C ∈ G one can associate a commutative subalgebra B(C) in the Yangian
Y (g), which is responsible for the integrals of the (generalized) XXX Heisenberg magnet
chain. Using the approach of [43], we construct a natural structure of affine crystals on
spectra of B(C) in Kirillov-Reshetikhin Y (g)-modules in type A. We conjecture that such a
construction exists for arbitrary g and gives Kirillov-Reshetikhin crystals. Our main technical
tool is the degeneration of Bethe subalgebras in the Yangian to commutative subalgebras
Au

χ in the universal enveloping of the current Lie algebra, U(g[t]), which depend on the
parameter χ from the Lie algebra g (and are of independent interest). We show that these
subalgebras come from the Feigin-Frenkel center on the critical level as described by Feigin,
Frenkel and Toledano Laredo in [29]. This allows to prove that our affine crystals in type
A are indeed Kirillov-Reshetikhin by reducing to the crystal structure on the spectra of
inhomogeneous Gaudin model which is already known ([43]). As an application, we obtain
the description of the monodromy of eigenvalues of quantum multiplication operators for
type A quiver varieties. This chapter is self-consistent and the notations slightly differ from
the notations used in the previous chapters.

4.1.1 g-crystals and Gaudin subalgebras

Let g be a simple finite dimensional Lie algebra over C. Kashiwara g-crystals are combi-
natorial objects which model bases of representations of g. Namely, a g-crystal B is a set
equipped with operators ei, fi : B → B ∪ {0} attached to every simple root αi of g, together
with the weight function wt, satisfying certain conditions (see Section 4.9 for details). In
particular, attached to each irreducible finite dimensional representation Vλ of g, we have a
connected crystal Bλ. Given two g-crystals B,B′, one can form their tensor product B⊗B′.
Crystals Bλ (more generally Bλ1 ⊗ . . .⊗ Bλk

) can be constructed with the help of so-called
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inhomogeneous Gaudin subalgebras of U(g)⊗k (see [43] for details). Let us recall the latter
and also recall the results of [43] that are important for us.

Let h ⊂ g be a Cartan subalgebra. To every χ ∈ h and distinct z1, . . . , zk ∈ C one can
associate a commutative subalgebra Aχ(z) = Aχ(z1, . . . , zk) ⊂ U(g)⊗k (so-called inhomoge-
neous Gaudin subalgebra of U(g)⊗k, see, for example, [43, Section 9] and references therein).
For χ ∈ hreg, the algebra Aχ(z1, . . . , zk) is a maximal commutative subalgebra of U(g)⊗k and
h ⊂ Aχ(z1, . . . , zk). These commutative subalgebras describe the quantum integrable spin
chain called Gaudin magnet, see [25], [28], [29].

Let λ1, . . . , λk be dominant weights of g. We have the natural action Aχ(z1, . . . , zk) ↷
Vλ1⊗. . .⊗Vλk

, where Vλi
is the irreducible representation of g, corresponding to the dominant

weight λi.
The following proposition holds by [43].

Proposition 4.1.1 For every dominant λ1, . . . , λk and χ ∈ hregR , z1, . . . , zk ∈ R, the action
of Aχ(z) on the tensor product Vλ1 ⊗ . . .⊗ Vλk

has a simple spectrum.

Let us denote by Eχ(λ) the set of eigenlines of Aχ(z), acting on V := Vλ1 ⊗ . . . ⊗ Vλk
.

Our goal for now is to describe the natural crystal structure on Eχ(λ) (following [43]).
To every positive root α of g we can associate the corresponding wall

Hα := {x ∈ hR, ⟨α, x⟩ = 0} ⊂ hR.

Walls Hα separate hR into (closed) chambers Ow parametrized by the elements w of the Weyl
group W of g. We set Oreg

w := Ow ∩hreg (Oreg
w is the interior of Ow). Recall that χ ∈ hregR and

our goal is to describe the crystal structure on the set Eχ(λ). For the simplicity of notation,
we assume that χ ∈ O1. Recall that

O1 = {x ∈ hR, ⟨αi, x⟩ ⩾ 0} ⊂ hR.

Recall that h ⊂ Aχ(z), so every eigenline for Aχ(z) must be an h-eigenline of some weight
µ. Thus, for L ∈ Eχ(λ), we can define wt(L) = µ if L has h-weight µ.

Let us now define the crystal operators ej, fj for Eχ(λ). Pick an element χ0 ∈ Hαi
,

lying in the interior of Hαi
∩O1. Then the algebra A(χ0,χ) := lim

ϵ→0
Aχ0+ϵχ(z) (see Section 4.2

for the discussion of limits of families of subalgebras) is generated by Aχ0(z) and the ele-
ment ∆k(hαi

) ∈ U(g)⊗k (same argument as in the proof of [43, Lemma 10.9] works), where
∆: U(g) → U(g)⊗k is the (iterated) comultiplication homomorphism and hαi

∈ h is the
coroot, corresponding to αi. We can decompose V = Vλ1 ⊗ . . .⊗Vλk

as Aχ0(z)-module in the
direct sum of weight spaces V =

⊕
η : Aχ0 (z)→C V

η. Since the action of A(χ0,χ)(z) on V has
a simple spectrum (see [43, Section 11.1]), it follows that the action hαi

↷ V η has a simple
spectrum i.e. V η =

⊕
i∈Z V

η
i with V η

i being one-dimensional.
Recall also that the set {V η

i } of eigenlines of A(χ0,χ)(z) on V canonically identifies with
Eχ(λ). We define

ei(V
η
i ) := V η

i+1, fi(V
η
i ) := V η

i−1.

This allows to define the g-crystal structure on the set Eχ(λ) of eigenlines of Aχ(z), acting
on Vλ1 ⊗ . . . ⊗ Vλk

. Let us describe the crystal Eχ(λ). We start from the case k = 1 i.e.
λ = λ1 = λ. The following theorem is [43, Theorem 12.3].
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Theorem 4.1.2 For every dominant λ and regular χ ∈ O1, there is an isomorphism of
g-crystals Eχ(λ) ≃ Bλ.

One can generalize Theorem 4.1.2 to the case of arbitrary k-tuples of dominant weights
λ1, . . . , λk. The following theorem follows from the results of [43].

Theorem 4.1.3 For z1 < . . . < zk and regular χ ∈ O1, we have a canonical isomorphism
of g-crystals

Eχ(λ) ≃ Eχ(λ1)⊗ . . .⊗ Eχ(λk)
so we obtain the isomorphism of g-crystals

Eχ(λ) ≃ Bλ1 ⊗ . . .⊗Bλk
.

Remark 4.1.4 This relation between Bethe ansatz in the Gaudin spin chain and crystal
bases was first noticed by Varchenko in [111], for the case g = sl2.

4.1.2 Bethe subalgebras

Gaudin magnet is known to be a degenerate version of the XXX Heisenberg spin chain,
whose integrals come from Bethe subalgebras in the Yangian Y (g), a certain Hopf algebra
deformation of the universal enveloping algebra U(g[t]) (see Section 4.7 for the definition of
Y (g)). Let G be the adjoint group with Lie algebra g. To every C ∈ G one can associate
the Bethe subalgebra B(C) ⊂ Y (g) that is a commutative subalgebra of the Yangian (see
Section 4.8 for details).

Motivated by the classical results of Kirillov and Reshetikhin on the combinatorial de-
scription of asymptotics of solutions to Bethe ansatz equations for the XXX Heisenberg
chain [63], we aim to formulate and prove a statement similar to Theorem 4.1.3 with Gaudin
subalgebras being replaced by Bethe subalgebras in Yangian and g-crystals by Kirillov-
Reshetikhin crystals (i.e. certain finite ĝ-crystals). For this, we first relate Bethe subalgebras
and Gaudin subalgebras for arbitrary simple g (see Theorem 4.8.12). We then restrict to
type A and (using Theorem 4.8.12) prove the precise statement similar to Theorem 4.1.3
(see Theorem 4.1.6 below). It would be very interesting to generalize our results to the case
of arbitrary simple Lie algebra g.

4.1.3 Gaudin subalgebras as limits of Bethe subalgebras

In this section we describe the precise relation between Bethe subalgebras in Yangians and
(universal) inhomogeneous Gaudin subalgebras of U(g[t]).

Recall that Aχ(z) is a subalgebra of U(g)⊗k. It turns out that A−χ(z) can be realized
as evz(Au

χ), where evz : U(g[t]) → U(g)⊗k is the evaluation homomorphism (at the points
z1, . . . , zk) and Au

χ ⊂ U(g[t]) is a certain subalgebra of U(g[t]), which we call the inho-
mogeneous universal Gaudin subalgebra. The algebra Au

χ is defined as the image of the
Feigin-Frenkel center Z in the quantum Hamiltonian reduction U(ĝ)−1/2///χt

−1g[[t−1]] (see
Section 4.3.3 for details).

It turns out that the algebra Au
χ is the limit of Bethe subalgebras in the following sense.

Consider the family B(exp(ϵχ)) ⊂ Y (g), ϵ ∈ C×. Recall that Y (g) is equipped with a
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filtration F2 such that gr2 Y (g) ≃ U(g[t]) (see Section 4.7.3 for the discussion of filtrations
on Y (g)). We can pass to the Rees algebra Yℏ(g), corresponding to the filtration above
(Yℏ(g) is nothing else but the well-known homogeneous version of the Yangian Y (g)). Then,
for every ϵ as above, we obtain the algebra Yϵ(g) := Yℏ(g)/(ℏ − ϵ). For ϵ ∈ C×, we have
the natural isomorphism Y (g) ∼−→Yϵ(g) and denote by Bϵ(exp(ϵχ)) ⊂ Yϵ(g) the image of
B(exp(ϵχ)). The following Theorem gives a precise relation between Bethe subalgebras in
Y (g) and universal inhomogeneous Gaudin subalgebras of U(g[t]).

Theorem 4.1.5 We have
lim
ϵ→0

Bϵ(exp(ϵχ)) = Au
χ.

4.1.4 Kirillov-Reshetikhin crystals and Bethe subalgebras in type
A

In this section we assume that G = PGLn so g = sln (we identify it with the quotient of
gln by the center). We denote by h ⊂ sln the (classes of) diagonal matrices. Recall that to
every C ∈ G one can associate the Bethe subalgebra B(C) ⊂ Y (g). Recall also that (since g
is of type A) we have the evaluation homomorphism evz : Y (g) → U(g)⊗k that depends on
the collection of points z1, . . . , zk ∈ C.

Let λ1, . . . , λk be a collection of dominant weights of g. The algebra B(C) acts on
Vλ1 ⊗ . . .⊗Vλk

via the homomorphism evz, the corresponding B(C)-module will be denoted
by Vλ1(z1) ⊗ . . . ⊗ Vλk

(zk). Assume that C is a regular element of the maximal compact
subtorus S ⊂ PGLn, consisting of (classes of) unitary diagonal matrices. By the results
of [50] (see Section 4.14), for generic z1, . . . , zk in the appropriate shifts of iR and λi = aiϖbi

being multiples of fundamental weights, the action of B(C) on Va1ϖb1
(z1)⊗. . .⊗Vakϖbk

(zk) has
a simple spectrum. We denote by EC(λ) the set of eigenlines of B(C), acting on Va1ϖb1

(z1)⊗
. . .⊗ Vakϖbk

(zk).
Consider the covering map

exp: hR → S, χ 7→ exp(2πiχ).

As for the Gaudin case (see Section 4.1.1), S is separated by walls (that are root subtori
of S). Preimages of walls in S under the covering map exp induce the decomposition of hR
into alcoves parametrized by the affine Weyl group, corresponding to g (see Section 4.12 for
details). Using the same approach as we described in Section 4.1.1 (for the Gaudin case)
i.e. passing to limits lim

−→
B(C) as C → C0 being generic element of the appropriate (affine)

wall (see Section 4.13), we can endow EC(λ) with a ĝ-crystal structure (see Section 4.16 for
details).

The following theorem holds and should be considered as an analog of Theorem 4.1.3.

Theorem 4.1.6 (a) For every dominant λ that is a multiple of a fundamental weight there
is an isomorphism of ĝ-crystals EC(λ) ≃ Bλ, where Bλ is the Kirillov-Reshetikhin crystal,
corresponding to λ.

(b) For a collection λ1, . . . , λk of dominant weights such that every λi is a multiple of
a fundamental weight and zi are as above with Im z1 ≫ Im z2 ≫ . . . ≫ Im zk, we have a
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canonical isomorphism

EC(λ) ≃ EC(λ1)⊗ EC(λ2) . . .⊗ EC(λk),

so we have the isomorphism of ĝ-crystals

EC(λ) ≃ Bλ1 ⊗ . . .⊗Bλk
.

4.1.5 Main results and structure of the chapter

The chapter can be divided into two parts. The first part consists of Sections 4.2, 4.3, 4.4, 4.5,
4.6, 4.7, 4.8, where the universal inhomogeneous Gaudin subalgebras Au

χ ⊂ U(g[t]) are de-
fined, studied and realized as limits of Bethe subalgebras, in this part g is an arbitrary simple
Lie algebra. Second part consists of Sections 4.9, 4.10, 4.11, 4.12, 4.13, 4.14, 4.15, 4.16, 4.17.
It illustrates one possible application of the results of the first part and is actually the main
motivation for us. In this part we assume that g = sln. We discuss the action of Bethe subal-
gebras B(C) ⊂ Y (sln) on the tensor products Vλ1⊗. . .⊗Vλk

of irreducible representations Vλj

of sln. The action arises from the so-called evaluation homomorphism evz : Y (g) → U(g)⊗k,
which depends on z1, . . . , zk ∈ C. The action B(C) ↷ Vλ1(z1) ⊗ . . . ⊗ Vλk

(zk) has a simple
spectrum under certain conditions on z, λ and C (for the proof of this statement we refer
to [50]). We denote by EC(λ) the set of eigenlines for the action B(C) ↷ Vλ1(z1) ⊗ . . . ⊗
Vλk

(zk). Using the similar approach as in [43], we define on EC(λ) the structure of the ŝln-
crystal and identify it with the tensor product of Kirillov-Reshetikhin crystals, corresponding
to representations Vλj

(see Theorem 4.17.4).
The chapter is organized as follows. In Section 4.2 we discuss various notions of limits

of families of algebras (or more generally vector spaces) and recall the Rees construction. In
Section 4.3 we recall various realizations of Gaudin subalgebras and their classical analogs,
we then define the universal inhomogeneous Gaudin subalgebra Au

χ ⊂ U(g[t]) and its classi-
cal analogue Au

χ ⊂ S•(g[t]). In Section 4.4 we consider the image of the algebra Au
χ under

the evaluation homomorphism evz1,...,zk : U(g[t]) → U(g)⊗k and identify it with the so-called
inhomogeneous Gaudin subalgebra of U(g)⊗k (see Proposition 4.4.10). In Section 4.5 we
compute the Poincaré series of algebras Au

χ, Au
χ (see Propositions 4.5.7, 4.5.8). In Section

4.6 we realize Au
χ, Au

χ as centralizers of certain quadratic elements Ω̃χ ∈ Au
χ, Ωχ ∈ Au

χ

(see Proposition 4.6.6), this is a generalization of the similar result for χ = 0 (see [53,
Theorem 5.1]). In Section 4.7 we recall the definition of the Yangian Y (g), corresponding
to g and discuss its RTT -realization. We also discuss various filtrations on the Yangian
and recall the description of the associated graded and bigraded algebras. In the end of
Section 4.7 we recall some facts from the representation theory of Y (g). In Section 4.8
we recall the definition of Bethe subalgebras B(C) ⊂ Y (g). The main result of this sec-
tion is the realization of the universal inhomogeneous Gaudin subalgebra Au

χ as an explicit
limit of certain Bethe subalgebras (see Theorem 4.8.12). In Section 4.9 we recall the no-
tion of sln, ŝln-crystals and Kirillov-Reshetikhin crystals. The main result of this section
is Proposition 4.9.14 (that is certainly well-known to experts). Section 4.10 recalls some
properties of Yangians Y (sln), Y (gln), Bethe and Gaudin subalgebras, evaluation homo-
morphisms. In Section 4.11 we study generators of the universal inhomogeneous Gaudin
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subalgebras Ãu
χ ⊂ U(gln[t]) (see Proposition 4.11.5). As a corollary, we obtain generators of

the inhomogeneous Gaudin subalgebras Ãχ(z1, . . . , zk) ⊂ U(gln)
⊗k (see Corollary 4.11.7 and

Proposition 4.11.8). In Section 4.12 we recall affine and extended affine Weyl groups of type
A, alcoves and (affine) walls. In Section 4.13 we study limits of Bethe and Gaudin subalge-
bras to generic points of a wall. In Section 4.14 we formulate the results of [50] that give a
criterion for the action of Bethe subalgebras on the tensor product Vλ1(z1) ⊗ . . . ⊗ Vλk

(zk)
to have a simple spectrum. In Section 4.15 we study the image in End(Vλ1 ⊗ . . .⊗ Vλk

) of a
certain two-parametric family. In Section 4.16 we define the structure of ŝln-crystal on the
set EC(λ) of eigenlines of B(C) ↷ Vλ1(z1)⊗ . . .⊗ Vλk

(zk). In Section 4.17 we prove that the
crystal EC(λ) is isomorphic to the tensor product Bλ1 ⊗ . . . ⊗ Bλk

of Kirillov-Reshetikhin
crystals. In Section 4.18, we compute the monodromy of the covering EC(λ) and obtain the
explicit description of the monodromy of eigenvalues of quantum multiplication operators
for type A Nakajima quiver varieties.

4.2 Rees construction and various limits

4.2.1 Limits of families of subspaces of a fixed vector space

In this section we define limits of families of subspaces of a filtered vector space and discuss
some properties of this construction that will be useful later. Let U be a vector space over
C equipped with an increasing Z⩾0-filtration Q•U by finite dimensional vector subspaces.
Let Z be either a formal disc D = SpecC[[t]] (more generally SpecR, where R is a discrete
valuation ring) or an affine line A1 and let Z̊ be either D̊ = SpecC((t)) or A1 \ {0}. By a
point ϵ of Z we will mean a k-point of Z, where k = C for Z = A1 and k is either C or C((t))
for Z = D (C or FracR for Z = SpecR). An algebraic family of subspaces Hϵ ⊂ U⊗k, ϵ ∈ Z
is a collection of compatible morphisms f̊i : Z̊ → Gr(d(i), QiU), i ∈ Z⩾0 i.e. a collection of
morphisms f̊i as above such that for every ϵ ∈ Z and i ⩽ j we have QjHϵ∩(QiU⊗k) = QiHϵ,
where QjHϵ = f̊j(ϵ), QiHϵ = f̊i(ϵ).

Remark 4.2.1 In other words, we are given an algebraic family of subspacesHϵ ⊂ U⊗k, ϵ ̸=
0 such that d(i) = dimk(Hϵ ∩QiU) does not depend on ϵ.

Since Gr(d(i), QiU) is a proper variety, we can uniquely extend each f̊i to the map
fi : Z → Gr(d(i), QiU) and define lim

ϵ→0
Hϵ as

⋃
i fi(0) ⊂ U . We also set lim

ϵ→0
QiHϵ := fi(0).

Lemma 4.2.2 Pick a ∈ lim
ϵ→0

QiHϵ. There exists an algebraic morphism ã : Z → QiU such
that ã(ϵ) ∈ Hϵ for ϵ ̸= 0 and ã(0) = a.

Proof : Recall that we have a morphism fi : Z → Gr(d(i), QiU), which sends ϵ ∈ Z to QiHϵ

and sends 0 to lim
ϵ→0

QiHϵ. Let V be the tautological vector bundle on Gr(d(i), QiU). Consider
the pull-back f ∗i V , it is a vector bundle on Z. Note that every vector bundle on Z is trivial.
Note also that a can be considered as an element of the fiber of f ∗i V over a point 0 ∈ Z.
Vector bundle f ∗i V is trivial so there exists a section ã : Z → f ∗i V such that ã(0) = a. Note
that we have a natural embedding of f ∗i V into the trivial vector bundle Z × QiU → Z. In
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other words, one can consider a section ã(ϵ) as a map ã : Z → QiU such that ã(ϵ) ∈ QiHϵ

for every ϵ ̸= 0 and ã(0) = a. □

Lemma 4.2.3 Let ã : Z → QiU be an algebraic morphism such that ã(ϵ) ∈ Hϵ for ϵ ̸= 0
then ã(0) ∈ lim

ϵ→0
QiHϵ.

Proof : Since 0 ∈ lim
ϵ→0

QiHϵ we can assume that ã(0) ̸= 0. Let e1, . . . , ed(i)−1 be any subset

of lim
ϵ→0

QiHϵ such that {ã(0), e1, . . . , ed(i)−1} are linearly independent. By Lemma 4.2.2, we

can find morphisms ẽi : Z → QiU such that ẽi(ϵ) ∈ Hϵ for ϵ ̸= 0 and ẽi(0) = ei. Note
that there exists a Zariski open neighbourhood of zero 0 ∈ W ⊂ Z such that the morphism
ã ∧ ẽ1 ∧ . . . ∧ ẽd(i)−1 : W → Λd(i)QiU maps to Λd(i)QiU \ {0} (i.e. for ϵ ∈ W elements of
the set {ã(ϵ), ẽ1(ϵ), . . . , ẽd(i)−1(ϵ)} are linearly independent). Since dimQiHϵ = d(i) and
{ã(ϵ), ẽ1(ϵ), . . . , ẽd(i)−1(ϵ)} ⊂ QiHϵ it follows that the elements {ã(ϵ), ẽ1(ϵ), . . . , ẽd(i)−1(ϵ)}
form a basis of QiHϵ. Recall that we have a closed embedding Gr(d(i), QiU) ⊂ P(Λd(i)QiU)
and we can consider QiHϵ ∈ Gr(d(i), QiU) as [ã(ϵ) ∧ ẽ1(ϵ) ∧ . . . ∧ ẽd(i)−1(ϵ)] ∈ P(Λd(i)QiU).
Consider the algebraic morphism [ã∧ ẽ1 ∧ . . .∧ ẽd(i)−1] : W → P(Λd(i)QiU), its value at ϵ ̸= 0
is Hϵ and the value at ϵ = 0 is [ã(0) ∧ e1 ∧ . . . ∧ ed(i)−1]. We conclude that lim

ϵ→0
QiHϵ =

[ã(0) ∧ e1 ∧ . . . ∧ ed(i)−1] so ã(0) ∈ lim
ϵ→0

QiHϵ. □

Corollary 4.2.4 The limit lim
ϵ→0

QiHϵ can be described as follows: it consists of elements

a ∈ QiU such that there exists a morphism ã : Z → QiU such that ã(ϵ) ∈ Hϵ for ϵ ̸= 0 and
ã(0) = a.

Proof : Follows from Lemmas 4.2.2, 4.2.3. □
To every k-vector subspace W ⊂ U ⊗ k we can associate its dimension with respect to

the filtration Q•:

dimQW :=
∑
i⩾0

dimk

(
W ∩ (QiU ⊗ k)

W ∩ (Qi−1U ⊗ k)

)
qi ∈ Z[q].

For two series a(q) =
∑

i⩾0 aiq
i, b(q) =

∑
i⩾0 biq

i ∈ Z[q] we say that a(q) ⩾ b(q) if
∑n

i=0 ai ⩾∑n
i=0 bi for every n ∈ Z⩾0.

Lemma 4.2.5 (1) We have dimQHϵ ⩽ dimQ(lim
ϵ→0

Hϵ).

(2) If the filtration QiU was induced by some grading with respect to which Hϵ are graded
then we have dimQHϵ = dimQ(lim

ϵ→0
Hϵ).

Proof : Follows from the definitions. □

Remark 4.2.6 Note that it is not true in general that dimQHϵ = dimQ(lim
ϵ→0

Hϵ). Indeed,
take, for example, U = C[x] with the filtration by the degree of the polynomial and let
Hϵ ⊂ C[x] be the subalgebra generated by ϵx2 + x. Then lim

ϵ→0
Hϵ = C[x], its dimension is

strictly greater than the dimension of H1 = C[x+ x2].
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Lemma 4.2.7 (1) If U has an algebra structure such that QiU · QjU ⊂ Qi+jU and Hϵ ⊂
U ⊗ k are subalgebras then lim

ϵ→0
Hϵ is a subalgebra of U . Moreover, if Hϵ are commutative

then lim
ϵ→0

Hϵ is commutative.
(2) If U is itself commutative and equipped with a Poisson bracket { , } such that Hϵ ⊂ U

are Poisson commutative subalgebras then lim
ϵ→0

Hϵ is Poisson commutative.

Proof : Let us prove part (1). Pick two elements a1 ∈ lim
ϵ→0

QiHϵ, a2 ∈ lim
ϵ→0

QjHϵ. By

Lemma 4.2.2 we can find morphisms ã1 : Z → QiU, ã2 : Z → QjU such that ãi(ϵ) ∈ Hϵ

for ϵ ̸= 0 and ãi(0) = ai. Consider the morphism ã1ã2 : Z → Qi+jU and note that
ã1(ϵ)ã2(ϵ) ∈ Hϵ for ϵ ̸= 0 (use that Hϵ ⊂ U ⊗ k is a subalgebra). It follows from
Lemma 4.2.3 that a1a2 ∈ lim

ϵ→0
Qi+jHϵ. Assume now that Hϵ are commutative. The com-

position [ã1, ã2] : Z → QiU ×QjU → U is clearly continuous. Note that [ã1(ϵ), ã2(ϵ)] = 0 for
ϵ ̸= 0 so we must have [ã1(0), ã2(0)] = 0.

To prove part (2) consider two elements a1 ∈ lim
ϵ→0

QiHϵ, a2 ∈ lim
ϵ→0

QjHϵ. By Lemma 4.2.2

we can find ã1 : Z → QiU, ã2 : Z → QjU such that ãi(ϵ) ∈ Hϵ for ϵ ̸= 0 and ãi(0) = ai. The
composition Z → QiU × QjU → U is clearly continuous. Note now that {ã1(ϵ), ã2(ϵ)} = 0
for ϵ ̸= 0 so we must have {ã1(0), ã2(0)} = 0. □

“Continuous” version of Corollary 4.2.4

In this section we formulate a lemma that should be considered as a “continuous" analog of
Corollary 4.2.4 above. The results of this section will be used in Sections 4.13, 4.15 of the
text.

Let W be a finite dimensional vector space over C and d ∈ Z⩾1. Let (Pn)n∈Z⩾1
be a

sequence of points of Gr(d,W ) (considered as a smooth manifold) and assume that the limit
lim
n→∞

Pn exists and is equal to some vector space P ∈ Gr(d,W ).

Lemma 4.2.8 Vector space P can be described as follows: it consists of elements a ∈ W
such that there exists a sequence an ∈ Pn with lim

n→∞
an = a.

Proof : Let us show that if an ∈ Pn and lim
n→∞

an = a then a ∈ P . Consider the natural

embedding Gr(d,W ) ↪→ P(ΛdW ). Consider the tautological line bundle OP(ΛdW )(−1). It can
be trivialized in some neighbourhood of P so we can lift Pn, P to some elements αn, α ∈ ΛdW
such that lim

n→∞
αn = α. It follows that lim

n→∞
αn ∧ an = α ∧ a. Note now that αn ∧ an = 0 so

α ∧ a = 0, hence, a ∈ P .
Let us show that if a ∈ P then one can find a sequence an ∈ Pn such that lim

n→∞
an = a.

Consider liftings αn, α as above. Note that a ∈ P so there exists a functional ξ ∈ (W⊗(d−1))∗

such that ∂ξ(α) = a. Set an := ∂ξ(αn). It follows from the definitions that an ∈ Pn and
lim
n→∞

an = a. □

4.2.2 Rees construction and limits

In this section we recall the classical Rees construction and discuss its compatibility with
taking limits. Let A be an algebra equipped with an increasing Z⩾0-filtration by C-vector
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spaces
0 = F−1A ⊂ F 0A ⊂ F 1A ⊂ . . .

such that F iA · F jA ⊂ F i+jA for i, j ∈ Z⩾0 and 1 ∈ F 0A. Consider the following C[ℏ]
subalgebra of A[ℏ]

Rees(A) :=
⊕
i⩾0

ℏiF iA.

For ϵ ∈ C we set Aϵ := Rees(A)/(ℏ− ϵ). More generally, for every k-point ϵ ∈ A1 we define
Aϵ as A⊗C[ℏ] k. We have a canonical isomorphism of C[ℏ±1]-algebras:

Rees(A)⊗C[ℏ] C[ℏ±1] ∼−→A[ℏ±1], (ℏia)⊗ ℏl 7→ ℏl+ia,

where i ∈ Z⩾0, l ∈ Z and a ∈ F iA.
For ϵ ̸= 0 we obtain an isomorphism

Aϵ
∼−→A1

∼−→A, [ℏia] 7→ [ϵiℏia] 7→ ϵia.

Assume now that the algebra A is equipped with some filtration by C-vector spaces

0 = L−1A ⊂ L0A ⊂ L1A ⊂ . . .

such that dimLjA <∞ for every j ∈ Z⩾0.
We can define a filtration L• on Rees(A) in the following way:

LjRees(A) =
⊕
i⩾0

ℏi(F iA ∩ LjA).

Note that LjRees(A) is a C[ℏ]-submodule of Rees(A) so the filtration LjRees(A) induces a
filtration on every Aϵ. Note also that LjRees(A) is a finitely generated C[ℏ] module: indeed,
LjRees(A) is a submodule of the C[ℏ]-module

⊕
i⩾0 ℏiLjA that is free over C[ℏ] with any

basis of LjA as the set of generators. Using that C[ℏ] is Noetherian, we conclude that
LjRees(A) is finitely generated.

It follows that dimLiAϵ < ∞ for every i ∈ Z⩾0. Recall that for every k-point ϵ of A1

and every vector subspace Bϵ ⊂ Aϵ, we can define the dimension dimLBϵ ∈ Z[q] as

dimLBϵ :=
∑
i⩾0

dimk

(
LiAϵ ∩Bϵ

Li−1Aϵ ∩Bϵ

)
qi ∈ Z[q].

Recall that LiRees(A) is a finitely generated C[ℏ]-module i.e. a coherent sheaf on A1.
Note also that LiRees(A) is torsion free finitely generated, hence, is free. We denote by
(LiRees(A))∨ the C[ℏ]-module HomC[ℏ](L

iRees(A),C[ℏ]). Consider the spectrum of the
relative symmetric power Spec(S•C[ℏ]((L

iRees(A)))∨) and denote it by LiAA1 . Note that we
have a natural map LiAA1 → A1 that is a vector bundle with fiber over ϵ ∈ A1 being equal
to Aϵ.

Recall that we have a vector bundle LiAA1 → A1 with fiber over ϵ ∈ A1 being LiAϵ. Con-
sider the relative Grassmannian GrA1(d(i), LiAA1) → A1, its fiber over ϵ ∈ A1 is Gr(d(i), LiAϵ).
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Let Z be a scheme as in Section 4.2.1 and let us fix a morphism Z → A1. We denote by
LiAZ → Z, GrZ(d(i), L

iAZ) → Z pull backs to Z of the corresponding A1-schemes.
Let us fix an algebraic family Bϵ ⊂ Aϵ for ϵ ̸= 0 such that d(i) = dim(Bϵ ∩ LiAϵ)

does not depend on ϵ. In other words, consider a collection of compatible morphisms
f̊i : Z̊ → GrZ(d(i), L

iAZ), then LiBϵ = f̊(ϵ) and Bϵ = ∪i⩾0L
iBϵ. By the valuative crite-

rion of properness (applied to Gr(d(i), LiAZ), Z̊ considered as schemes over Z) this section
extends uniquely to the section f : Z → GrZ(d(i), L

iAZ). We define lim
ϵ→0

LiBϵ as f(0) ⊂ A0.

We set lim
ϵ→0

Bϵ :=
⋃

i⩾0 limϵ→0
LiBϵ.

Vector bundle LiAA1 → A1 is trivial so the following lemma can be proved in the same
way as Lemmas 4.2.2, 4.2.3.

Lemma 4.2.9 The limit lim
ϵ→0

LiBϵ can be described as follows. Element a ∈ LiA0 lies in

the limit lim
ϵ→0

LiBϵ if and only if there exists a section ã : Z → LiAZ of the vector bundle

LiAZ → Z such that ã(ϵ) ∈ LiAϵ for ϵ ̸= 0 and ã(0) = a.

Lemma 4.2.10 We have dimLB1 ⩽ dimL(lim
ϵ→0

Bϵ).

Proof : Follows from the definitions. □

4.3 Universal inhomogeneous Gaudin subalgebras: defi-
nitions

4.3.1 Three filtrations on S•(g[t]), U(g[t])

Let g be a finite-dimensional simple Lie algebra. Let ( , ) be the Killing form on g. We
fix an orthonormal basis {xa}|a=1,...,dim g of g. Set g((t−1)) := g ⊗ C((t−1)). For an element
x ∈ g and n ∈ Z, we set x[n] := x ⊗ tn ∈ g((t−1)). We define a Lie algebra structure on
g((t−1)) as follows: [x[n], y[m]] := [x, y][n + m], x, y ∈ g, n,m ∈ Z. Set g[t] := g ⊗ C[t],
t−1g[[t−1]] := g⊗ t−1C[[t−1]]. The natural decomposition g((t−1)) = g[t]⊕ t−1g((t−1)) is the
decomposition of Lie subalgebras.

Let us discuss filtrations on S•(g[t]), U(g[t]) that we will use. We have the PBW -filtration
on U(g[t]) defined by putting

degPBW x[n] = 1.

Note that the associated graded grPBW U(g[t]) is isomorphic to the Z⩾0-graded algebra
S•(g[t]) =

⊕
p⩾0 S

p(g[t]). Grading on S•(g[t]) induces the filtration that we will also call the
PBW -filtration on S•(g[t]). We will denote by grPBW the associated graded with respect
to the PBW -filtrations on U(g[t]), S•(g[t]). We also have filtrations F1 on U(g[t]), S•(g[t])
defined by putting

deg1 x[n] = n+ 1.

We will denote by gr1 the associated graded with respect to these filtrations. Finally, we
have filtrations F2 on U(g[t]), S•(g[t]) defined by putting

deg2 x[n] = n.
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We will denote by gr2 the associated graded with respect to these filtrations.
Note that we have

dimF i
1S
•(g[t]), dimF i

1U(g[t]) <∞

for every i ∈ Z⩾0. So, as in Section 4.2, for any vector subspace W of S•(g[t]) or of U(g[t])
we can define

dimF1 W =
∑
i⩾0

(dimF i
1W )qi ∈ Z[q], (4.1)

where F •1W is the induced filtration on W .

4.3.2 Feigin-Frenkel center and its classical version

In this section we recall the Feigin-Frenkel center Z that is the center of a certain completion
of the universal enveloping algebra of the affine Lie algebra ĝ at the critical level. We also
recall the description of the associated graded grPBW Z. The results of this sections follow
from [3], [25], [28], [31].

Recall that

ĝ = g((t−1))⊕ CK, [x[n] + bK, y[m] + cK] = [x, y][n+m] + n(x, y)δn+m,0K (4.2)

is the affine Kac-Moody algebra, the central extension of the loop Lie algebra g((t−1)). Define
the completion Ũ(ĝ) of U(ĝ) as the inverse limit of U(ĝ)/U(ĝ)(t−ng[[t−1]]), n > 1 and set

Ũ(ĝ)−1/2 := Ũ(ĝ)/(K+ 1/2).

Algebra Ũ(ĝ)−1/2 is equipped with the PBW filtration. The associated graded
grPBW Ũ(ĝ)−1/2 is isomorphic to the completion:

S̃•(g((t−1))) := lim
←−

S•(g((t−1)))/S•(g((t−1)))(t−ng[[t−1]]).

Let Z be the center of Ũ(ĝ)−1/2. Note that Z contains the following quadratic elements:

S
(r)
1 =

∑
a, p+q=r

xa[p]xa[q] ∈ Z ⊂ Ũ(ĝ)−1/2, r ∈ Z.

It is known that there are elements S(r)
1 , . . . , S

(r)
rk g ∈ Z, r ∈ Z, such that the image of Z in

every U(ĝ)−1/2/U(ĝ)−1/2(t−ng[[t−1]]) is generated by the images of these elements.
There are no simple explicit formulas for the elements S(r)

i for i > 1, but one can describe
grPBW S

(r)
i ∈ S̃•(g((t−1))) explicitly. To do this, let us first describe the associated graded

Z := grPBW Z that is a Poisson-commutative subalgebra in the completion S̃•(g((t−1))).
To an element x ∈ g we can associate the following infinite sum

x(z) :=
∑
r∈Z

x[r]z−r
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that we consider as an element of
∏

r∈Z S̃(g((t
−1)))zr. We can uniquely extend the map

x 7→ x(z) to the homomorphism of algebras

S•(g) →
∏
r∈Z

S̃(g((t−1)))zr, f 7→ f(z).

We can then decompose f(z) =
∑

r∈Z f
(r)z−r.

Let {Φi ∈ S•(g)g}i=1,...,rk g be free homogeneous generators of the commutative algebra
S•(g)g (i.e. S•(g)g = C[Φi | i = 1, . . . , rk g]).

Proposition 4.3.1 For n ∈ Z⩾0 let πn be the natural surjection from S̃•(g((t−1))) to
S•(g((t−1)))/S•(g((t−1)))(t−ng[[t−1]]). The algebra πn(Z) is generated by the set

{πn(Φ(r)
i ) | r ∈ Z, 1 ⩽ i ⩽ rk g, Φi ∈ S•(g)g}

so the subalgebra of Z generated by Φ
(r)
i is dense. We have grPBW S

(r)
i = Φ

(r)
i .

Recall that we have a Casimir element
∑

a x
2
a ∈ S2(g)g ⊂ S•(g)g that is nothing else but

Φ1. We conclude that the algebra Z contains the elements

Φ
(r)
1 =

∑
a, p+q=r

xa[p]xa[q], r ∈ Z.

4.3.3 Inhomogeneous universal Gaudin subalgebra Au
χ

Using the center Z, one can define certain commutative subalgebras of the algebra U(g[t]).
We regard the Lie algebra g[t] as a “half” of the corresponding affine Kac-Moody algebra ĝ.

Pick χ ∈ g. Note that χ defines a character of the Lie algebra t−1g[[t−1]] =: ĝ− that sends
x[n] to (χ, x)δ−1,n. We will denote this character by the same letter χ and will sometimes
denote the pairing (χ, x) by χ(x).

The image of the natural homomorphism from Z to the quantum Hamiltonian reduction

U(ĝ)−1/2///χt
−1g[[t−1]] :=

(
U(ĝ)−1/2/U(ĝ)−1/2{u− χ(u) |u ∈ t−1g[[t−1]]}

)t−1g[[t−1]] (4.3)

is a commutative subalgebra there.
Using the decomposition ĝ = g[t] ⊕ t−1g[[t−1]] ⊕ CK and the PBW decomposition, we

obtain the embedding of the quantum Hamiltonian reduction algebra (4.3) into the algebra
U(g[t]). The image of Z can be regarded as a commutative subalgebra Au

χ ⊂ U(g[t]), which
we call the inhomogeneous universal Gaudin subalgebra of U(g[t]).

Lemma 4.3.2 We have Au
χ ⊂ U(g[t])zg(χ).

Proof : Pick z ∈ Z and x ∈ zg(χ). Note that [z, x] = 0 considered as elements of the
completion Ũ(ĝ)−1/2. We claim that

[x, t−1g[[t−1]]] ⊂ Ũ(ĝ)−1/2{u− χ(u) |u ∈ t−1g[[t−1]]}. (4.4)

Indeed, if we pick an element y = y1[−1] + y2[−2] + . . . ∈ t−1g[[t−1]] then we have [x, y] =
[x, y1][−1] + [x, y2][−2] + . . .. It remains to note that (χ, [x, y1]) = ([χ, x], y1) = 0 so (4.4)
indeed holds. It follows that the class of x in U(ĝ)−1/2/U(ĝ)−1/2{u − χ(u) |u ∈ t−1g[[t−1]]}
defines an element of the quantum Hamiltonian reduction U(ĝ)−1/2///χt

−1g[[t−1]]. Now the
claim follows from the equality [z, x] = 0 above. □
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4.3.4 Classical version of the inhomogeneous Gaudin subalgebra

Let us introduce the classical version Au
χ of the algebra Au

χ that will be a Poisson commutative
subalgebra of S•(g[t]). We relate Au

χ, Au
χ in the Proposition 4.6.5.

Recall the Poisson-commutative subalgebra Z ⊂ S̃•(g((t−1))). We can consider the
Hamiltonian reduction(

S•(g((t−1)))/S•(g((t−1))){u− χ(u) |u ∈ t−1g[[t−1]]}
)t−1g[[t−1]]

. (4.5)

Again, using the decomposition g((t−1)) = g[t]⊕ t−1g[[t−1]], we can embed the Hamiltonian
reduction (4.5) in S•(g[t]). We denote by Au

χ the image of Z. In the same way as in
Lemma 4.3.2 we see that Au

χ ⊂ S•(g[t])zg(χ).
One can describe explicitly the algebra Au

0, the classical Gaudin subalgebra. It is freely
generated by all Fourier components of C[[t−1]]-valued functions Φl(x(t)) on t−1g[[t−1]] =
SpecS•(g[t]) for all free homogeneous generators Φl of the algebra of adjoint invariants
S•(g)g. Consider the derivation D of S•(g[t]) given by D(x[n − 1]) = nx[n]. Recall that
Φl, l = 1, . . . , rk g, are free generators of S(g[0])g ⊂ S•g[t].

Proposition 4.3.3 ([53, Proposition 4.6]) Classical universal Gaudin subalgebra Au
0 ⊂ S•(g[t])g

is the subalgebra freely generated by all DkΦl, k ⩾ 0, l = 1, . . . , rk g.

Recall that the element Φ(r)
1 =

∑
a, p+q=r xa[p]xa[q] lies in Z. We see that for r < −2, the

image of Φ(r)
1 in S•(g[t]) is equal to zero. The image of Φ(−2)

1 is
∑

a χ(xa)
2 = (χ, χ). The

image of Φ(−1)
1 is

∑
a χ(xa)xa[0] = χ[0]. The image of Φ(0)

1 is∑
a

xa[0]
2 +

∑
a

2xa[−1]xa[1] =
∑
a

xa[0]
2 +

∑
a

2χ(xa)xa[1] =
∑
a

xa[0]
2 + 2χ[1].

The image of Φ(1)
1 is∑

a

2xa[0]xa[1] +
∑
a

2xa[−1]xa[2] =
∑
a

2xa[0]xa[1] +
∑
a

2χ(xa)xa[2] =

=
∑
a

2xa[0]xa[1] + 2χ[2].

We then set
ωχ :=

1

2

∑
a

xa[0]
2 + χ[1] ∈ Au

χ,

Ωχ :=
∑
a

xa[0]xa[1] + χ[2] ∈ Au
χ.

4.4 Inhomogeneous Gaudin subalgebras and conformal
blocks

Recall that we have constructed a commutative subalgebra Au
χ ⊂ U(g[t]). Note also that

for every k-tuple of (distinct) points z1, . . . , zk ∈ C we can consider the evaluation homo-
morphism evz1,...,zk : U(g[t]) → U(g)⊗k and define the commutative algebra Aχ(z1, . . . , zk) :=
evz1,...,zk(Au

−χ) that is a subalgebra of U(g)⊗k.
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Warning 4.4.1 Note that Aχ(z1, . . . , zk) is the image of Au
−χ, not of Au

χ.

The goal of this section is to show that the algebra Aχ(z1, . . . , zk) is the so-called inho-
mogeneous Gaudin subalgebra defined in [99], [29], see also [43, Section 9]. Let us start from
the definition of the inhomogeneous Gaudin subalgebra.

Consider the affine Lie algebra ĝ′ := g((t))⊕CK and consider the quantum Hamiltonian
reduction

U(ĝ′)−1/2///0 g[[t]] := (U(ĝ′)−1/2/U(ĝ
′)−1/2g[[t]])

g[[t]]. (4.6)

Using the decomposition g((t)) = g[[t]]⊕ t−1g[t−1], we can embed the Hamiltonian reduction
(4.6) in the universal enveloping algebra U(t−1g[t−1]). Let A′ ⊂ U(t−1g[t−1]) be the image
of this embedding, A′ is a commutative subalgebra of U(t−1g[t−1]).

Remark 4.4.2 It follows from [27], [31] that the center Z maps onto the Hamiltonian
reduction (4.6) so there is no need to mention Z in the definition of the algebra A′.

Note now that for nonzero zi we can consider the evaluation homomorphism

U(t−1g[t−1])
ev′z1,...,zk−−−−−→ U(g)⊗k. We also have the “evaluation at the infinity” homomorphism

ev′∞ : U(t−1g[t−1]) → S•(g) that is induced by the homomorphism t−1g[t] → g that extracts
the coefficient in front of t−1. We obtain the homomorphism

ev′z1,...,zk,∞ := ev′z1,...,zk ⊗ ev′∞ : U(t−1g[t−1]) → U(g)⊗k ⊗ S•(g).

Recall that we are given χ ∈ g that defines the evaluation at χ homomorphism S•(g) →
C (after the identification g ≃ g∗ via the g-invariant bilinear form ( , )). We obtain the
composite map to be denoted

ev′z1,...,zk,χ : U(t
−1g[t−1]) → U(g)⊗k ⊗ S•(g) → U(g)⊗k.

Let A′χ(z1, . . . , zk) be the image of A′ under the homomorphism ev′w−z1,...,w−zk,χ(A
′), w ∈

C \ {z1, . . . , zk}.

Remark 4.4.3 Note that A′χ(z1, . . . , zk) = evz1,...,zk,−χ(A′).

Our goal is to show that

Aχ(z1, . . . , zk) = A′χ(z1, . . . , zk). (4.7)

Assume that we are given some g-modules M1, . . . ,Mk. Then the algebras

Aχ(z1, . . . , zk), A′χ(z1, . . . , zk) ⊂ U(g)⊗k

act naturally on the tensor product M1⊗. . .⊗Mk and their images in End(M1⊗. . .⊗Mk) are
commutative subalgebras that we denote by Aχ(M1, . . . ,Mk), A′χ(M1, . . . ,Mk) respectively.
To see that Aχ(z1, . . . , zk) = A′χ(z1, . . . , zk) it is enough to show that

Aχ(M1, . . . ,Mk) = A′χ(M1, . . . ,Mk) (4.8)
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for every M1, . . . ,Mk. To prove (4.8) we will recall the general approach that is used to
construct commutative subalgebras of such sort (approach via conformal blocks) and will
identify both Aχ(M1, . . . ,Mk) and A′χ(M1, . . . ,Mk) with a well-known commutative subal-
gebra of End(M1 ⊗ . . .⊗Mk) (see Proposition 4.4.10).

We start with some general recollections about conformal blocks (following [28], [29]
and [27]). Recall that we fix distinct points z1, . . . , zk ∈ P1. In the neighbourhood of each
point we have a local coordinate t−zi. Set g̃(zi) := g((t−zi)) and let ĝ(zi) = g̃(zi)⊕CKi be the
one-dimensional central extension of g̃(zi) (see (4.2)). We set g̃(z) :=

⊕k
i=1 g̃(zi) and denote

by ĝ(z) the one-dimensional central extension of g̃(z) that is
(⊕k

i=1 ĝ(zi)
)
/(Ki −Kj | i ̸= j).

Let K ∈ ĝ(z) be the central element (class of any Ki).
Let M1, . . . ,Mk be any g-modules. We consider Mi as a module over g[[t − zi]] ⊕ CK,

where (t− zi)g[[t−ui]] acts trivially, K acts via the multiplication by −1/2 and g acts via its
given action on Mi. Consider also the induced modules Mzi := Ind

ĝ(zi)
g[[t−zi]]⊕CKMi. For z ∈ P1

we set V0,z := Ind
ĝ(z)
g[[t−z]]⊕CKC.

Remark 4.4.4 Note that V0,z is nothing else than Mz for M = C, the trivial g-module.

Consider the tensor product Mz1⊗. . .⊗Mzk . Let gz be the Lie algebra of regular functions
on P1 \ {z1, . . . , zk}. We have an embedding gz ⊂ ĝ(z) and denote by H(Mz1 , . . . ,Mzk) the
space of coinvariants

H(Mz1 , . . . ,Mzk) := (Mz1 ⊗ . . .⊗Mzk)/gz.

The following proposition is standard.

Proposition 4.4.5 The embedding M1⊗. . .⊗Mk ⊂ Mz1⊗. . .⊗Mzk induces the isomorphism
(M1 ⊗ . . .⊗Mk)/g

∼−→H(Mz1 , . . . ,Mzk).

Corollary 4.4.6 Pick z ∈ P1 \ {z1, . . . , zk}. The embedding Mz1 ⊗ . . .⊗Mzk ⊂ Mz1 ⊗ . . .⊗
Mzk ⊗ V0,z induces the isomorphism H(Mz1 , . . . ,Mzk)

∼−→H(Mz1 , . . . ,Mzk ,V0,z).

We now define the commutative subalgebra

A(Mz1 , . . . ,Mzk) ⊂ End((M1 ⊗ . . .⊗Mk)/g)

as follows. We consider the natural action of Z⊗k on H(Mz1 , . . . ,Mzk) ≃ (M1 ⊗ . . .⊗Mk)/g
and denote by A(Mz1 , . . . ,Mzk) the image of Z⊗k in End((M1 ⊗ . . .⊗Mk)/g).

Proposition 4.4.7 Consider any nonempty subset {i1, . . . , il} ⊂ {1, 2, . . . , k}, l ∈ {1, 2, . . . , k}
and consider the image of the natural homomorphism

1⊗ . . .⊗ 1⊗Z
i1
⊗ 1 . . .⊗ 1⊗Z

i2
⊗ 1 . . .⊗ 1⊗Z

il
⊗ 1 . . .⊗ 1 → End(H(Mz1 , . . . ,Mzk)).

This image coincides with A(Mz1 , . . . ,Mzk). In particular, the algebra A(Mz1 , . . . ,Mzk) co-
incides with the image of the natural homomorphism

1⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸
k

⊗Z → End(H(Mz1 , . . . ,Mzk ,V0,z))

and does not depend on the point z ∈ P1 \ {z1, . . . , zk}.
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Proof : Set D̊ := SpecC((t)), for z ∈ P1 we set D̊z := SpecC((t − z)) i.e. D̊z is the
punctured formal neighbourhood of z ∈ P1. Let X be a smooth curve or D̊z. Let Op(X)
be the moduli space of G∨-opers (see, for example, [33, Section 4.2] for the definition),
here G∨ is the Langlands dual group to G. Recall now that by [27], [32] (see also [33])
we have the natural identification Z ≃ O(Op(D̊)) which induces the identification Z⊗k ≃
O(Op(D̊z1)× . . .×Op(D̊zk)). We have the homomorphism

O(Op(D̊z1)× . . .×Op(D̊zk)) → O(Op(P1 \ {z1, . . . , zk})) (4.9)

induced by the natural (restriction) morphisms Op(P1\{z1, . . . , zk}) → Op(D̊zi), i = 1, . . . , k.
It follows from the definitions (see the proof of [29, Theorem 5.7] for details) that the action
of Z⊗k on H(Mz1 , . . . ,Mzk) factors through (4.9). It remains to note that for every i =

1, . . . , k, the homomorphism O(Op(D̊zi)) → O(Op(P1 \ {z1, . . . , zk})) is surjective (since the
corresponding morphism Op(P1 \ {z1, . . . , zk}) → Op(D̊zi) is a closed embedding).

□
Let Cχ be the one-dimensional module over t−1g[[t−1]]⊕CK, where t−1g[[t−1]] acts via the

character χ and K acts via −1/2. Consider the following module: Iχ,∞ = Indĝ
t−1g[[t−1]]⊕CKCχ =

Indĝ
g[[t−1]]⊕CK Iχ, where Iχ = Ind

g[[t−1]]⊕CK
t−1g[[t−1]]⊕CK Cχ.

Remark 4.4.8 Note that we can realize Iχ,∞ as Mz for an appropriate choice of a g-module
M and a point z ∈ P1. Indeed, taking M = Iχ and z = ∞ ∈ P1, we see that Iχ,∞ = M∞.

Lemma 4.4.9 Assume that {z1, . . . , zk} ⊂ A1 = P1\{∞}. The natural embedding M1⊗. . .⊗
Mk ⊂ Mz1⊗. . .⊗Mzk⊗Iχ,∞ induces the isomorphism M1⊗. . .⊗Mk

∼−→H(Mz1 , . . . ,Mzk , Iχ,∞).

Proof : Follows from Proposition 4.4.5 using that Iχ is isomorphic to U(g) as a g-module. □

Proposition 4.4.10 We have

Aχ(z1, . . . , zk) = A(Mz1 , . . . ,Mzk , I−χ,∞) = A′χ(z1, . . . , zk).

In particular,
Aχ(z1, . . . , zk) = A′χ(z1, . . . , zk).

Proof : Recall that the algebra Au
χ is the image of Z in the quantum Hamiltonian reduc-

tion (4.3) and the latter identifies naturally with Endĝ(I−χ,∞) ⊂ Endg[t](I−χ,∞) = U(g[t])opp.
Pick X ∈ U(g[t]) and let us denote by Xzi ∈ U(g[[t − zi]]) the corresponding element of
U(g[[t − zi]]). Note that for every vi ∈ Mzi , v∞ ∈ I−χ,∞ the following equality holds in
H(Mz1 , . . . ,Mzk , I−χ,∞):[( k⊗

i=1

vi

)
⊗X(v∞) +

k∑
i=1

v1 ⊗ . . .⊗ vi−1 ⊗Xzi(vi)⊗ vi+1 ⊗ . . .⊗ vk ⊗ v∞

]
= 0. (4.10)

Now, taking vi ∈Mi ⊂ Mzi , we see that Xzi(vi) = X(zi)vi so we conclude that

k∑
i=1

v1 ⊗ . . .⊗ vi−1 ⊗Xzi(vi)⊗ vi+1 ⊗ . . .⊗ vk = evz1,...,zk(X)(v1 ⊗ . . .⊗ vk). (4.11)
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Equations (4.10), (4.11) imply that in H(Mz1 , . . . ,Mzk , I−χ,∞) we have[
evz1,...,zk(X)(v1 ⊗ . . .⊗ vk)⊗ v∞

]
= −

[( k⊗
i=1

vi

)
⊗X(v∞)

]
and the equality Aχ(z1, . . . , zk) = A(Mz1 , . . . ,Mzk , I−χ,∞) then follows.

Let us now prove the equality A′χ(z1, . . . , zk) = A(Mz1 , . . . ,Mzk , I−χ,∞). Recall that by
Proposition 4.4.7 the algebra A(Mz1 , . . . ,Mzk , I−χ,∞) coincides with the image of 1⊗. . .⊗1⊗Z
in End(H(Mz1 , . . . ,Mzk , I−χ,∞,V0,z)). Directly from the definitions (c.f. [29, Sections 2.7,
2.8]) it then follows that the image of 1⊗ . . .⊗ 1︸ ︷︷ ︸

k+1

⊗Z in End(H(Mz1 , . . . ,Mzk , I−χ,∞,V0,z))

is exactly A′χ(z1, . . . , zk). □

Remark 4.4.11 In type A the equality Aχ(z1, . . . , zk) = A′χ(z1, . . . , zk) can be deduced
from the explicit description of the generating functions for the generators of the algebras
Aχ(z1, . . . , zk), A′χ(z1, . . . , zk) (see Section 4.11, Corollary 4.11.7 and [21, Theorem 3.1]).

4.5 The size of Au
χ, Au

χ

The goal of this section is to compute dimensions of Au
χ, Au

χ with respect to the filtra-
tion F1 (see Section 4.3.1). To do this, we first describe the associated graded subalgebras
grPBW Au

χ, grPBW Au
χ ⊂ S•(g[t]). It turns out that both of them are isomorphic to the tensor

product Au
0 ⊗S•(g)g Aχ (see Proposition 4.5.5), where Aχ ⊂ S•(g) is the subalgebra of S•(g)

generated by ∂kΦl

∂kχ
, l = 1, . . . , rk g, k ⩾ 0.

Remark 4.5.1 Algebra Aχ is called the shift of argument subalgebra (or Mishchenko-
Fomenko subalgebra). It can be considered as a classical version of the algebra Aχ(z) defined
in Section 4.4.

We then recall the dimensions (see (4.1)) of Au
0, Aχ and obtain the desired formula for

the dimension of Au
χ, Au

χ. Moreover, we conclude that dimF1 Au
χ = dimF1 Au

0(zg(χ)), where
Au

0(zg(χ)) is the universal (classical) Gaudin subalgebra of S•(zg(χ)) (see [53, Remark in
Section 4.7]). This equality will be important in the next section.

Set zg(χ)
der := [zg(χ), zg(χ)]. Let χ1 be a regular Cartan element of zg(χ)der. Let A(χ,χ1)

be the subalgebra of S•(g) generated by Aχ, Aχ1(zg(χ)). According to [105], [108], the
following holds.

Proposition 4.5.2 (a) The subalgebra A(χ,χ1) ⊂ S•(g) is a free polynomial algebra with
1
2
(dim g + rk g) generators. The set of generators is the union of standard generators of

Aχ1(zg(χ)) and ∂kχ(Φi) with k = 1, . . . , d′i for some d′i ⩽ di.
(b) The subalgebra A(χ,χ1) ⊂ S•(g) is maximal Poisson-commutative and is equal to the

limit lim
ϵ→0

Aχ+ϵχ1, where the limit is taken with respect to the filtration on S•(g) by the degree.

Proposition 4.5.3 For χ ∈ g, the Poisson subalgebra Aχ ⊂ S•(g) is maximal Poisson-
commutative in S•(g)zg(χ).
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Proof : This follows from [43, Corollary 9.9]. We give a sketch of the argument. Let χ1

be a regular element of zg(χ). Recall the subalgebra A(χ,χ1) ⊂ S•(g) generated by Aχ and
Aχ1(zg(χ)) ⊂ S•(zg(χ)).

Pick an element x ∈ S•(g)zg(χ) that commutes with Aχ. Since x is zg(χ)-invariant it
follows that x commutes with Aχ1(zg(χ)) so it commutes with A(χ,χ1), hence, lies in A(χ,χ1)

(use part (b) of Proposition 4.5.2). Recall now that by the result of Knop from [64] we have

S•(g)zg(χ) · S•(zg(χ)) = S•(g)zg(χ) ⊗S•(zg(χ))zg(χ) S•(zg(χ))

so
A(χ,χ1) = Aχ · Aχ1(zg(χ)) = Aχ ⊗S•(zg(χ))zg(χ) Aχ1(zg(χ)).

It now follows from the fact that Aχ,χ1 is freely generated by the standard generators of
Aχ1(zg(χ)) together with some ∂kχΦl ∈ Aχ (see Proposition 4.5.2) that S•(g)zg(χ) ∩A(χ,χ1) =

Aχ. We conclude that x ∈ S•(g)zg(χ) ∩ A(χ,χ1) = Aχ as desired. □

Proposition 4.5.4 Consider the subalgebras S•(g[t])g, S•(g) ⊂ S•(g[t]). We have

S•(g[t])g · S•(g) = S•(g[t])g ⊗S•(g)g S
•(g) = ZS•(g[t])(S

•(g)g).

Proof : Follows from [53, Lemma 6.9]. □

Proposition 4.5.5 The algebras grPBW Au
χ, grPBW Au

χ ⊂ S•(g[t]) are both equal to the sub-
algebra of S•(g[t])zg(χ) generated by Au

0 ⊂ S•(g[t])g and Aχ ⊂ S•(g)zg(χ). Moreover, this alge-
bra coincides with the tensor product Au

0 ⊗S•(g)g Aχ and is a maximal Poisson-commutative
subalgebra of S•(g[t])zg(χ).

Proof : Let us show that S•(g)g ⊂ grPBW Au
χ∩grPBW Au

χ. Note that for every X = x1 . . . xl ∈
S•(g) we can write

X(0) = x1[0] . . . xl[0] + other terms.

The image of X(0) in the Hamiltonian reduction (4.5) inside S•(g[t]) is equal to

X + lower degree terms

so the image of X(0) in grPBW S•(g[t]) is X. We conclude that S•(g)g ⊂ grPBW Au
χ. In the

same way we show that S•(g)g ⊂ grPBW Au
χ.

Let us now show that the algebra generated by Au
0 and Aχ is contained in grPBW Au

χ ∩
grPBW Au

χ. To see that Au
0 lies in both grPBW Au

χ, grPBW Au
χ recall (see Proposition 4.3.3)

that Au
0 is generated by the elements DrΦ, Φ ∈ S•(g)g, r ∈ Z⩾0 and we already know that

S•(g)g ⊂ grPBW Au
χ ∩ grPBW Au

χ. Note now that if X = x1 . . . xl ∈ S•(g) then we can write

X(r) =
∑

j1,...,jl⩾0, j1+...+jl=r

x1[j1] . . . xl[jl] + other terms.

The image of X(r) in S•(g[t]) is equal to

1

r!
DrX + lower degree terms.

110



We conclude that the image of r!X in grPBW S•(g[t]) is exactly DrX. It follows that Au
0 ⊂

grPBW Au
χ. In the same way we see that Au

0 ⊂ grPBW Au
χ.

To see that Aχ lies in grPBW Au
χ ∩ grPBW Au

χ recall that Aχ is generated by ∂rχΦ, Φ ∈
S•(g)g. Note that if X := x1 . . . xk ∈ S•(g) then we can write

X(−r) =
∑

1⩽i1<...<ir⩽l

x1[0] . . . xi1−1[0]xi1 [−1]xi1+1[0] . . . xir−1[0]xir [−1]xir+1[0] . . . xl[0]+

+ other terms.

The image of X(−r) in S•(g[t]) is equal to

1

r!
∂rχX + lower degree terms.

We conclude that the class of the image of r!X(−r) in grPBW S•(g[t]) is exactly ∂rχX. This
observation finishes the proof of the fact that Aχ ⊂ grPBW Au

χ. In the same way we show
that Aχ ⊂ grPBW Au

χ

Let us now describe the subalgebra of S•(g[t])zg(χ) generated by Au
0, Aχ. Note that

Au
0 ⊂ S•(g[t])g, Aχ ⊂ S•(g) and by Proposition 4.5.4 we have

S•(g[t])g · S•(g) = S•(g[t])g ⊗S•(g)g S
•(g) = ZS•(g[t])(S

•(g)g).

We conclude that

Au
0 · Aχ = Au

0 ⊗S•(g)g Aχ ⊂ S•(g[t])g ⊗S•(g)g S
•(g)zg(χ) =

= S•(g[t])g · S•(g)zg(χ) = ZS•(g[t])zg(χ)(S•(g)g) ⊂ S•(g[t])zg(χ).

It then follows from [53, Corollary 4.10] and Proposition 4.5.3 that Au
0 · Aχ is the maximal

Poisson-commutative subalgebra of S•(g[t])g · S•(g)zg(χ).
Note also that if x ∈ S•(g[t])zg(χ) commutes with Au

0 · Aχ then (since S•(g)g ⊂ Au
0 ∩Aχ)

we must have x ∈ zS•(g[t])zg(χ)(S•(g)g) = S•(g[t])g ⊗S•(g)g S
•(g)zg(χ). Recall that Au

0 · Aχ ⊂
S•(g[t])g · S•(g)zg(χ) is maximal Poisson-commutative so we conclude that x ∈ Au

0 · Aχ. We
have shown that Au

0 · Aχ ⊂ S•(g[t])zg(χ) is maximal Poisson-commutative.
Recall now that Au

0 ·Aχ is contained in both grPBW Au
χ, grPBW Au

χ so from the maximality
of Au

0 · Aχ and commutativity of grPBW Au
χ, grPBW Au

χ we conclude that

grPBW Au
χ = Au

0 · Aχ = grPBW Au
χ.

□

Corollary 4.5.6 Subalgebras

Au
χ ⊂ U(g[t])zg(χ), Au

χ ⊂ S•(g[t])zg(χ)

are maximal (resp., maximal Poisson) commutative. In particular, Au
χ ⊂ S•(g[t])zg(χ) is

algebraically closed.
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Proof : Follows from Proposition 4.5.5 which claims that the associated graded grPBW Au
χ =

grPBW Au
χ is maximal. □

Let us now recall the dimensions of the algebras Au
0, Aχ. Let di, i = 1, . . . , rk g be the

degree of Φi and let pi, i = 1, . . . , rk zg(χ)
der be the degrees of the generators of the algebra

S•(zg(χ)
der)zg(χ)

der .

Proposition 4.5.7 We have

dimF1 Au
0 =

rk g∏
i=1

∞∏
l=di

1

1− ql
, dimPBW Aχ =

∏rk zg(χ)der

i=1

∏pi−1
l=1 (1− ql)∏rk g

i=1

∏di
l=1(1− ql)

.

Proof : The claim about the dimension of the algebra Au
0 follows from the fact that Au

0 is
freely generated by DrΦi, r ⩾ 0 (see Proposition 4.3.3).

Let us now compute the dimension of Aχ. Recall that by part (b) of Proposition 4.5.2
we have A(χ,χ1) = lim

ϵ→0
Aχ+ϵχ1 . Since χ + ϵχ1 ∈ g is regular and Aχ+ϵχ1 ⊂ S•(g) are graded

with respect to the grading by the degree (that induces the filtration that we use to define
the limit) we conclude from Lemma 4.2.5 that

dimPBW A(χ,χ1) =

rk g∏
i=1

di∏
l=1

1

1− ql
.

It now follows from part (a) of Proposition 4.5.2 that

dimPBW Aχ ·
rk zg(χ)der∏

i=1

pi−1∏
l=1

1

1− ql
= dimPBW A(χ,χ1) =

rk g∏
i=1

di∏
l=1

1

1− ql
.

We conclude that

dimPBW Aχ =

∏rk g
i=1

∏di
l=1

1
1−ql∏rk zg(χ)der

i=1

∏pi−1
l=1

1
1−ql

.

□
We are now ready to compute the dimension of the algebras Au

χ, Au
χ.

Proposition 4.5.8 We have

dimF1 Au
χ = dimF1 Au

χ =

rk zg(χ)der∏
i=1

∞∏
l=pi

1

1− ql
·
∞∏
l=1

1

(1− ql)rk zg(χ)−rk zg(χ)der
.

Proof : Since
grPBW Au

χ = grPBW Au
χ = Au

0 ⊗S•(g)g Aχ

and

dimF1 Au
0 =

rk g∏
i=1

∞∏
l=di

1

1− ql
, dimPBW Aχ =

∏rk g
i=1

∏di
l=1

1
1−ql∏rk zg(χ)der

i=1

∏pi−1
l=1

1
1−ql

, dimPBW S•(g)g =

rk g∏
i=1

1

1− qdi
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it follows that

dimF1 Au
χ =

∏rk g
i=1

∏∞
l=di+1

1
1−ql ·

∏rk g
i=1

∏di
l=1

1
1−ql∏rk zg(χ)der

i=1

∏pi−1
l=1

1
1−ql

=

=

∏∞
l=1

1
(1−ql)rk g∏rk zg(χ)der

i=1

∏pi−1
l=1

1
1−ql

=

rk zg(χ)der∏
i=1

∞∏
l=pi

1

1− ql
·
∞∏
l=1

1

(1− ql)rk zg(χ)−rk zg(χ)der
.

□

Corollary 4.5.9 We have dimF1 Au
χ = dimF1 A

u

0(zg(χ)).

Proof : We have

dimF1 Au
χ =

∏∞
l=1

1
(1−ql)rk g∏rk zg(χ)der

i=1

∏pi−1
l=1

1
1−ql

=

=

rk zg(χ)der∏
i=1

∞∏
l=pi

1

1− ql
·
∞∏
l=1

1

(1− ql)rk zg(χ)−rk zg(χ)der
= dimF1 A

u

0(zg(χ)).

□

4.6 Universal inhomogeneous Gaudin subalgebras as cen-
tralizers

It follows from [53] that for χ = 0 we have

Au
0 = ZS•(g[t])g(Ω0), Au

0 = ZU(g[t])g(Ω̃0).

The main goal of this section is to prove that the same equalities hold for Au
χ, Au

χ i.e. that

Au
χ = ZS•(g[t])zg(χ)(Ωχ), Au

χ = ZU(g[t])zg(χ)(Ω̃χ).

Lemma 4.6.1 For every m > 0 we have ZS•(g[t])(χ[m]) = S•(zg(χ)[t]).

Proof : Same proof as of [98, Lemma 4]. □

Proposition 4.6.2 We have Au
χ = ZS•(g[t])zg(χ)(Ωχ).

Proof : Consider the family ZS•(g[t])zg(χ)(Ωκχ), κ ∈ C×. Note that

ZS•(g[t])zg(χ)(Ωκχ) ≃ ZS•(g[t])zg(χ)(Ωχ)

via the Poisson automorphism of S•(g[t]) given by the map x[n] 7→ κnx[n]. It follows that
we can consider the limit

lim
κ→∞

ZS•(g[t])zg(χ)(Ωκχ).
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Pick an element
a0 ∈ lim

κ→∞
ZS•(g[t])zg(χ)(Ωκχ).

Note that a0 ∈ F i
1S
•(g[t]) for some i ⩾ 0. Recall that we have a map

f : A1 → Gr(d(i), F i
1S
•(g[t]))

that sends ϵ ∈ A1 to F i
1S
•(g[t])) ∩ ZS•(g[t])zg(χ)(ϵΩ0 + χ[2]) and sends 0 to lim

κ→∞
(F i

1S
•(g[t]) ∩

ZS•(g[t])zg(χ)(Ωκχ)). It follows from Lemma 4.2.2 that there exists a morphism a : A1 →
F i
1S
•(g[t])) such that a(ϵ) ∈ ZS•(g[t])zg(χ)(ϵΩ0 + χ[2]) for every ϵ ∈ A1 \ {0} and a(0) = a0.

Then we can write a(ϵ) = a0 + ϵa1 + ϵ2a2 + . . . with ai ∈ F i
1S
•(g[t]).

We have {ϵΩ0 + χ[2], a} = 0 so

{χ[2], a0} = 0, {Ω0, a0}+ {χ[2], a1} = 0.

From {χ[2], a0} = 0 we conclude by Lemma 4.6.1 that

a0 ∈ S•(zg(χ)[t]). (4.12)

Pick a basis of g, consisting of root vectors and consider the corresponding decomposition
g = zg(χ) ⊕ m. It induces the decomposition S•(g[t]) = S•(zg(χ)[t]) ⊕ S•(g[t])m[t]. Let
π : S•(g[t]) ↠ S•(zg(χ)[t]) be the projection. Note that

{χ[2], S•(zg(χ)[t])} = 0, {χ[2], S•(g[t])m[t]} ⊂ S•(g[t])m[t]

so it is clear that π({χ[2], a1}) = 0. It is also clear (use (4.12)) that we have π({Ω0, a0}) =
{Ω0(zg(χ)), a0}, where Ω0(zg(χ)) is the element Ω0 for zg(χ).

We conclude that {Ω0(zg(χ)), a0} = 0. We also know that a0 ∈ S•(zg(χ)[t])
zg(χ). It follows

that
lim
κ→∞

ZS•(g[t])zg(χ)(Ωκχ) ⊂ ZS•(zg(χ)[t])zg(χ)(Ω0(zg(χ))) = Au
0(zg(χ)),

where the last equality follows from [53, Proposition 4.9]. It remains to note that Au
χ ⊂

ZS•(g[t])zg(χ)(Ωχ), so

dimF1 Au
χ ⩽ dimF1 ZS•(g[t])zg(χ)(Ωχ) ⩽ dimF1

(
lim
κ→∞

ZS•(g[t])zg(χ)(Ωκχ)
)
⩽ dimF1 Au

0(zg(χ)).

(4.13)
Recall that dimF1 Au

χ = dimF1 Au
0(zg(χ)) by Corollary 4.5.9 so the inequalities in (4.13) are

actually equalities and we must have Au
χ = ZS•(g[t])zg(χ)(Ωχ) as desired.

□

Remark 4.6.3 It follows from the proof of Proposition 4.6.2 that we have

lim
κ→∞

Au
κχ = Au

0(zg(χ)).

Remark 4.6.4 Note that for regular χ we also have Au
χ = ZS•(g[t])(ωχ). Indeed, we have

the filtration F2 on S•(g[t]) with deg2 x[m] = m. Note that gr2(ωχ) = gr2(χ[1]]) so we
conclude that gr2(ZS•(g[t])(ωχ)) ⊂ ZS•(g[t])(χ[1]) = S•(h[t]) (see Lemma 4.6.1). It follows that
dimF1 ZS•(g[t])(ωχ) ⩽ dimF1 S

•(h[t]). Recall also that Au
χ ⊂ ZS•(g[t])(ωχ) and dimF1 Au

χ =

dimF1 S
•(h[t]). We conclude that Au

χ = ZS•(g[t])(ωχ).
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So we have shown that the algebra Au
χ coincides with the centralizer ZS•(g[t])zg(χ)(Ωχ). Let

us now quantize this statement i.e. prove that

Au
χ = ZU(g[t])zg(χ)(Ω̃χ).

We first relate the algebras Au
χ, Au

χ. Recall that the PBW -filtration on U(g[t]) and
consider the Rees family Uϵ(g[t]), ϵ ∈ C as in Section 4.2.2. Note that Uϵ(g[t]) ≃ U(g[t]) for
ϵ ̸= 0 and U0(g[t]) = S•(g[t]). For ϵ ̸= 0 we pick the natural isomorphisms

φϵ : U(g[t])
∼−→Uϵ(g[t])

that send an element a of degree r to [ϵ−rℏra]. Note that these isomorphisms are g-
equivariant.

Recall that the algebra U(g[t]) is graded with the grading deg2 x[n] = n. Note that this
grading induces the grading on Rees(U(g[t])) (deg2 ℏx[n] = n) such that C[ℏ] ⊂ Uϵ(g[t])
lies in the zero graded component. Thus, we obtain the grading on every Uϵ(g[t]). We can
consider the automorphism dϵ : Uϵ(g[t])

∼−→Uϵ(g[t]) that sends a such that deg2 a = i to ϵ−ia.
The automorphism dϵ is g-equivariant. We obtain the composition

dϵ ◦ φϵ : U(g[t])
∼−→Uϵ(g[t]).

Set φ̃ϵ := dϵ ◦ φϵ. For ϵ ̸= 0 we can embed Au
χ ⊂ Uϵ(g[t]) via φ̃ϵ.

Proposition 4.6.5 After the embedding φ̃ϵ : Au
χ ⊂ Uϵ(g[t]), we have lim

ϵ→0
Au

χ = Au
χ.

Proof : Let us check that Ωχ ∈ lim
ϵ→0

Au
χ. Recall that Ω̃χ ∈ Au

χ (see Remark ??). After the
identification φ̃ϵ this element becomes

Ω̃χ,ϵ =
∑
a

ℏ2ϵ−3xaxa[1] + ϵ−3ℏχ[2]

and the limit of ϵ3Ω̃χ,ϵ as ϵ→ 0 is exactly Ωχ.
We conclude (use Lemma 4.2.9) that lim

ϵ→0
Au

χ ⊂ ZS•(g[t])zg(χ)(Ωχ) = Au
χ, where the last

equality holds by Proposition 4.6.2. Since the dimension of lim
ϵ→0

Au
χ is at least dimF1 Au

χ

(Lemma 4.2.10) and by Proposition 4.5.5 we have dimF1 Au
χ = dimF1 Au

χ we conclude that
lim
ϵ→0

Au
χ = Au

χ. □

Proposition 4.6.6 We have Au
χ = ZU(g[t])zg(χ)(Ω̃χ).

Proof : Since the element ϵ3Ω̃χ,ϵ = ϵ3φ̃ϵ(Ω̃χ) goes to Ωχ as ϵ goes to zero we conclude that

lim
ϵ→0

ZUϵ(g[t])zg(χ)(Ω̃χ,ϵ) ⊂ ZS•(g[t])zg(χ)(Ωχ) = Au
χ.

Note now that since Au
χ ⊂ ZU(g[t])zg(χ)(Ω̃χ) and passing to limit may only increase the dimen-

sion then

dimF1 Au
χ ⩽ dimF1 ZU(g[t])zg(χ)(Ω̃χ) ⩽ dimF1 lim

ϵ→0
ZUϵ(g[t])zg(χ)(Ω̃χ,ϵ) ⩽ dimF1 Au

χ. (4.14)

Since by Proposition 4.5.5 we have dimF1 Au
χ = dimF1 Au

χ we conclude that inequalities
in (4.14) are equalities so Au

χ = ZU(g[t])zg(χ)(Ω̃χ). □
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Remark 4.6.7 Note that for regular χ we also have Au
χ = ZU(g[t])(ω̃χ). The proof is the

same as the one of Proposition 4.6.6, the only difference is that we use Remark 4.6.4 instead
of Proposition 4.6.2.

4.7 Yangian

Recall that g is a simple Lie algebra.

4.7.1 Definition of the Yangian

Definition 4.7.1 Yangian Y (g) is the associative C-algebra generated by

{x, J(x) |x ∈ g}

subject to the following relations:

xy − yx = [x, y], J([x, y]) = [J(x), y], J(cx+ dy) = cJ(x) + dJ(y),

[J(x), [J(y), z]] = [x, [J(y), J(z)]] =
∑

a1,a2,a3

([x, xa1 ], [[y, xa2 ], [z, xa3 ]]){xa1 , xa2 , xa3},

[[J(x), J(y)], [z, J(w)]] + [[J(z), J(w)], [x, J(y)]] =

=
∑

a1,a2,a3

(([x, xa1 ], [[y, xa2 ], [[z, w], xa3 ]]) + ([z, xa1 ], [[w, xa2 ], [[x, y]xa3 ]])){xa1 , xa2 , J(xa3)}

for all x, y, z, w ∈ g, c, d ∈ C. Here {xa}|a=1,...,dim g is an orthonormal basis and

{x1, x2, x3} :=
1

24

∑
σ∈S3

xσ(1)xσ(2)xσ(3)

for all x1, x2, x3 ∈ Y (g).

By [23, Theorem 2] Yangian Y (g) is a Hopf algebra. It follows from [23, Theorem 3] that
there is a unique formal series

R(u) = 1 +
∞∑
k=1

Rku
−k ∈ (Y (g)⊗ Y (g))[[u−1]]

satisfying
(id⊗∆)R(u) = R12(u)R13(u),

τ0,u∆
opp(x) = R(u)−1(τ0,u∆(x))R(u) for all x ∈ Y (g),

where τ0,u is the automorphism of Y (g)[[u]] given by x 7→ x, J(x) 7→ J(x)+ ux for all x ∈ g.
We have

R(u) = 1 + 2ω′u−1 +
(∑

a

(J(xa)⊗ xa − xa ⊗ J(xa)) + 2(ω′)2
)
u−2 +O(u−3),

where ω′ = 1
2

∑
a xa ⊗ xa. See [23] and [120, Section 3] for details. We will call R(u) the

universal R-matrix.
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4.7.2 RTT realization of the Yangian

Let ρ : Y (g) → End(V ) be a finite dimensional representation of Y (g) that is not a direct
sum of trivial representations w.r.t. g ⊂ Y (g). We fix a basis e1, . . . , edimV of V . Let
R(u− v) := (ρ⊗ ρ)(R(u− v)) be the image of the universal R-matrix in End(V )⊗2. Using
this data, we define the RTT -realization YV (g) of Y (g) as follows.

Definition 4.7.2 The Yangian Y (g) is a unital associative algebra generated by the elements
t
(r)
ij , 1 ⩽ i, j ⩽ dimV ; r ⩾ 1 with the defining relations

R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v) ∈ End(V )⊗2 ⊗ Y (g)[[u−1, v−1]],

η2(T (u)) = T (u+
1

2
cg),

where η(T (u)) = T (u)−1 is the antipode map and cg is the value of the Casimir element∑
a x

2
a of g on the adjoint representation. Here

T (u) = [tij(u)]i,j=1,...,dimV ∈ EndV ⊗ Y (g),

tij(u) = δij +
∑
r⩾1

t
(r)
ij u

−r

and T1(u) (resp. T2(u)) is the image of T (u) in the first (resp. second) copy of EndV .

Theorem 4.7.3 ([120, Theorem 6.2]) The assignment T (u) 7→ (ρ⊗ 1)R(−u) extends to an
isomorphism of algebras Φ: YV (g)

∼−→Y (g).

Recall that we have a basis e1, . . . , edimV of V . We denote by Eij|1⩽i,j⩽dimV ∈ End(V )
the corresponding matrix units. We define Fij ∈ End(V ) by the following identity∑

ij

Eij ⊗Fij = −(ρ⊗ 1)
(∑

a

xa ⊗ xa

)
.

Proposition 4.7.4 ([120, Corollary 6.3]) The map Φ−1 sends generators {Fij, J(Fij)} of
Y (g) to

Fij 7→ t
(1)
ij , J(Fij) 7→ t

(2)
ij − 1

2

dimV∑
a=1

t
(1)
ia t

(1)
aj +

dimV∑
p,l=1

b
(ij)
pl t

(1)
pl ,

where bijpl are certain scalars.

Remark 4.7.5 Note that for g = sln and V = Cn (the standard representation of g), we
have Fij = −Eji.
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4.7.3 Two filtrations on the Yangian

The first filtration F1 on Y (g) is determined by putting deg1 t
(r)
ij = r. More precisely, the

r-th filtered component F (r)
1 Y (g) is the linear span of all monomials t(r1)i1j1

· . . . · t(rm)
imjm

with
r1+ . . .+rm ⩽ r. It follows from Proposition 4.7.4 that after the identification Y (g) = YV (g)
we have deg1 x = 1, deg1 J(x) = 2 for every nonzero x ∈ g. By gr1 we denote the operation of
taking associated graded algebra with respect to F1. For x ∈ Y (g) we denote by gr1 x the class
of x in in F (i)

1 Y (g)/F
(i−1)
1 Y (g) ⊂ gr2 Y (g), where i is the minimal such that x ∈ F

(i)
1 Y (g).

Let G[[t−1]] be the group of C[[t−1]]-points of G i.e. g ∈ G[[t−1]] is a morphism
g : SpecC[[t−1]] → G. For g ∈ G[[t−1]], we denote by evg : C[G] → C[[t−1]] the corresponding
homomorphism of algebras. We have the evaluation at infinity homomorphism G[[t−1]] → G
and denote by G1[[t

−1]] its kernel. To any f ∈ C[G] one can assign the function

f̃ : G1[[t
−1]] → C[[t−1]], f̃ =

∑
r⩾0

f (r)t−r

given by
f̃(g) := evg(f), g ∈ G1[[t

−1]].

The C×-action on G1[[t
−1]] by dilations of the variable t determines a grading on C(G1[[t

−1]])
such that deg f (r) = r for any f ∈ C[G].

Proposition 4.7.6 ([52, Proposition 2.24]) There is an isomorphism of graded algebras
gr1 YV (g) ≃ O(G1[[t

−1]]), such that gr1 t
(r)
ij = ∆

(r)
ij , where ∆ij ∈ C[G] are the matrix coeffi-

cients of the representation V .

The second filtration F2 on Y (g) is determined by putting deg t
(r)
ij = r − 1 i.e. the r-th

filtered component F (r)
2 Y (g) is the linear span of all monomials t(r1)i1j1

· . . . · t(rm)
imjm

with r1+ . . .+
rm ⩽ r+m. It follows from Proposition 4.7.4 that after the identification Y (g) = YV (g) the
filtration F2 can by described as follows: we have deg2 x = 0, deg2 J(x) = 1 for every nonzero
x ∈ g. By gr2 we denote the operation of taking associated graded algebra with respect to
F2. For x ∈ Y (g) we denote by gr2 x the class of x in F (i)

2 Y (g)/F
(i−1)
2 Y (g) ⊂ gr2 Y (g), where

i is the minimal such that x ∈ F
(i)
2 Y (g).

Proposition 4.7.7 ([120, Theorem 6.5]) gr2 Y (g) ≃ U(g[t]), where the grading is given by
the C×-action dilating t. Moreover, we have tr−1g ⊂ span{t(r)ij }/F

(r−2)
2 Y (g).

4.7.4 Filtrations on gr1 Y (g), gr2 Y (g) and the associated bigraded
algebra

We follow [53, Sections 2.7, 2.13]. The filtration F1 on Y (g) produces a filtration on U(g[t]) =
gr2 Y (g) which we denote by the same letter F1. The filtration F2 on Y (g) produces the
filtration on C[G[[t−1]]1] = gr1 Y (g). The goal of this section is to describe these filtrations
explicitly and also describe the corresponding associated bigraded algebra bigrY (g) (see
(4.15) below).
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Algebras with multiple filtrations

We begin with some general facts about algebras with multiple filtrations. For any algebra
A endowed with two filtrations F1, F2 one can define the associated bigraded algebra of A
as

bigrA :=
⊕
i,j

(F
(i)
1 A ∩ F (j)

2 A)/((F
(i−1)
1 A ∩ F (j)

2 A) + (F
(i)
1 A ∩ F (j−1)

2 A)). (4.15)

Algebra bigrA is naturally bigraded. For x ∈ F
(i)
1 A ∩ F (j)

2 A let bigr(i,j)(x) ∈ bigrA be
the class of x in F

(i)
1 A ∩ F (j)

2 A/(F
(i−1)
1 A ∩ F (j)

2 A + F
(i)
1 A ∩ F (j−1)

2 A). Note that bigr(i,j)(x)
has bidegree (i, j).

Warning 4.7.8 Note that bigr(i,j)(x) may be zero.

We have canonical identifications (see [53, Lemma 2.8])

gr2 gr1A ≃ bigrA ≃ gr1 gr2A

so it makes sense to compare elements gr21 x := gr2 gr1 x, gr12 x := gr1 gr2 x. The following
Lemma describes necessary and sufficient conditions on x ∈ A for the equality gr21 x = gr12 x
to be true.

Lemma 4.7.9 (a) Pick x ∈ A, i, j such that x ∈ F
(i)
1 A ∩ F (j)

2 A.
The following are equivalent:
(i) We have x /∈ (F

(i−1)
1 A ∩ F (j)

2 A) + (F
(i)
1 A ∩ F (j−1)

2 A),
(ii) gr21 x has bidegree (i, j),
(iii) gr21 x = bigr(i,j) x,
(iv) gr12 x has bidegree (i, j),
(v) gr12 x = bigr(i,j) x,
(vi) gr21 x = bigr(i,j) x = gr12 x.

(b) Pick x ∈ A then gr21 x = gr12 x if and only if there exist i, j such that x ∈ F
(i)
1 A∩F (j)

2 A
and one of six (equivalent) conditions (i)-(vi) holds.

Proof : Let us prove part (a). Let us first of all show that

bigr(i,j) x = gr21 x if and only if x /∈ (F
(i)
1 A ∩ F (j−1)

2 A) + F
(i−1)
1 A. (4.16)

Assume that x /∈ (F
(i)
1 A ∩ F

(j−1)
2 A) + F

(i−1)
1 A. Note that by our assumptions we have

x ∈ F
(i)
1 A \ F (i−1)

1 A so gr1 x is equal to the class of x in F
(i)
1 A/F

(i−1)
1 A. We need to show

that
gr1 x ∈ (F

(i)
1 A ∩ F (j)

2 A)/(F
(i−1)
1 A ∩ F (j)

2 A), (4.17)

gr1 x /∈ (F
(i)
1 A ∩ F (j−1)

2 A)/(F
(i−1)
1 A ∩ F (j−1)

2 A). (4.18)

Equation (4.17) holds since x ∈ F
(i)
1 A ∩ F (j)

2 A, (4.18) holds since x /∈ (F
(i)
1 A ∩ F (j−1)

2 A) +

F
(i−1)
1 A.

Assume that bigr(i,j) x = gr21 x. It follows that (4.18) holds so x /∈ (F
(i)
1 A ∩ F (j−1)

2 A) +

F
(i−1)
1 A as desired.
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Same observation shows that

bigr(i,j) x = gr12 x if and only if x /∈ (F
(i−1)
1 A ∩ F (j)

2 A) + F
(j−1)
2 A. (4.19)

Note now that x ∈ F
(i)
1 A ∩ F (j)

2 A implies that

x /∈ (F
(i−1)
1 A ∩ F (j)

2 A) + (F
(i)
1 A ∩ F (j−1)

2 A) if and only if x /∈ (F
(i)
1 A ∩ F (j−1)

2 A) + F
(i−1)
1 A

and

x /∈ (F
(i−1)
1 A ∩ F (j)

2 A) + (F
(i)
1 A ∩ F (j−1)

2 A) if and only if x /∈ (F
(i−1)
1 A ∩ F (j)

2 A) + F
(j−1)
2 A.

We conclude that (i) ⇔ (iii) ⇔ (v) ⇔ (vi). It is also clear that (ii) ⇔ (iii), (iv) ⇔ (v).
Let us now prove part (b). We only need to show that if gr21 x = gr12 x has some bidegree

(i, j) then x ∈ F
(i)
1 A ∩ F (j)

2 A. Indeed, since gr1 x has degree i (w.r.t. the grading on gr1A

induced by F1) we must have x ∈ F
(i)
1 A and similarly since gr2 x has degree j we must have

x ∈ F
(j)
2 A.

□

Warning 4.7.10 Note that it is not true in general that gr21 x = gr12 x for every x ∈ A.
Take, for example, A = C[a, b] and define filtrations as follows:

degF1
(a) = 1, degF1

(b) = 0, degF2
(a) = 0, degF2

(b) = 1.

Take x = a+ b then
gr21(x) = a ̸= b = gr12(x).

Case of the Yangian

Let us now return to the case A = Y (g). Recall that gr1 Y (g) = C[G[[t−1]]1], gr2 Y (g) =
U(g[t]). Let us describe the induced filtrations on C[G[[t−1]]1], U(g[t]) and the associated
bigraded algebra gr21 Y (g) ≃ bigrY (g) ≃ gr12 Y (g).

Pick an identification exp: t−1g[[t−1]] ∼−→G1[[t
−1]] and identify C[t−1g[[t−1]]] ≃ S•(g[t])

via the pairing given by

(x(t), y(t)) := Rest=0(x(t), y(t)), x(t) ∈ g[t], y(t) ∈ t−1g[[t−1]].

The following proposition holds by [53, proof of Proposition 2.12, Section 2.13].

Proposition 4.7.11 (a) After an identification gr1 Y (g) ≃ C[G1[[t
−1]]] ≃ S•(g[t]) above the

grading on S•(g[t]) is given by deg1 x[n−1] = n and the filtration F2 is given by deg2 x[n−1] =
n.

(b) The grading on gr2 Y (g) ≃ U(g[t]) is given by deg2 x[n− 1] = n− 1 and the filtration
F1 is given by deg1 x[n− 1] = n.

(c) We have a bigraded algebra isomorphism bigrY (g) ≃ S•(g[t]), where the bigrading on
S•(g[t]) is given by deg1 x[n− 1] = n, deg2 x[n− 1] = n− 1.
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4.7.5 Representation theory of Y (g)

By [18, Section 12] to every dominant λ we can associate an irreducible finite dimensional
representation of Y (g) to be denoted V (λ, 0), ρ : Y (g) → EndV (λ, 0). As a g-module we
have V (λ, 0) = Vλ ⊕

⊕
µ<λ V

⊕lµ
µ . Moreover, if λ is minuscule then V (λ, 0) = Vλ and J(x)

acts on V (λ, 0) by zero for every x ∈ g.

Remark 4.7.12 If g is of type A then V (λ, 0) = Vλ for every dominant λ. The reason for
this is the existence of so-called evaluation homomorphism Y (g) → U(g) (which exists only
in type A), see Section 4.10.2.

4.8 Bethe subalgebras and their degenerations

4.8.1 Bethe subalgebras in Yangian

Let ρi : Y (g) → EndV (ϖi, 0) be the i-th fundamental representation of Y (g). Let V be the
direct sum of V (ϖi, 0). Let T i(u) be the submatrix of T (u)-matrix, corresponding to the i-th
fundamental representation V (ϖi, 0). Let G̃ be the corresponding to g connected simply-
connected group and let G be the adjoint group with Lie algebra g. The action of g ⊂ Y (g)
integrates to the action G̃↷ V (ϖi, 0). We denote the corresponding map G̃→ EndV (ϖi, 0)
by ρi.

Definition 4.8.1 Let C ∈ G̃. Bethe subalgebra B(C) ⊂ Y (g) is the subalgebra generated by
all coefficients of the following series with the coefficients in Y (g)

τi(u,C) := trV (ϖi,0) ρi(C)T
i(u), 1 ⩽ i ⩽ n.

Remark 4.8.2 In fact, B(C) depends only on the class of C in G = G̃/Z(G̃) so from now
on we assume that C ∈ G.

It is easy to see that B(C) ⊂ YV (g)
zg(C). Let T ⊂ G be a maximal torus.

Proposition 4.8.3 ([92], [48], [52], [53])

1. Bethe subalgebra B(C) is commutative for any C ∈ G.

2. B(C) is a maximal commutative subalgebra of Y (g) for C in the regular part of T .

3. B(C) is a maximal commutative subalgebra of YV (g)zg(C) for C ∈ T .

4. For C ∈ T we have gr2B(C) = Au
0(zg(C)) so, in particular, we have dimF1 B(C) =

dimF1 Au
0(zg(χ)).
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4.8.2 Limits of Bethe subalgebras

Recall now the filtration F •2 on Y (g). We can consider the corresponding Rees algebra
(see Section 4.2.2) Rees(Y (g)) = Yℏ(g). For every ϵ ∈ C we obtain the algebra Yϵ(g) :=
Yℏ(g)/(ℏ− ϵ). Recall also that for ϵ ̸= 0 we have the identification

Yϵ(g)
∼−→Y (g), [ℏia] 7→ ϵia. (4.20)

We denote the inverse to (4.20) by ψϵ. Pick now an element χ ∈ h and consider the element
C := exp(ϵχ) ∈ T . We can consider the corresponding Bethe subalgebra B(exp(ϵχ)) ⊂ Y (g).
Let us now denote by Bϵ(C) = Bϵ(exp(ϵχ)) the subalgebra ψϵ(B(exp(ϵχ))) ⊂ Yϵ(g). We
obtain the (formal) algebraic family Bϵ(C) of subalgebras in Yϵ(g).

Remark 4.8.4 Note thatBϵ(exp(ϵχ)) can be considered as an algebraic family over SpecC[[ℏ]]
or as a complex analytic family over C.

Using the filtration F •1 , we can then define the limit lim
ϵ→0

Bϵ(C) (see Section 4.2.2) that
will be a commutative subalgebra of Y0(g) = gr2 Y (g) = U(g[t]).

The goal of this section is to prove that lim
ϵ→0

Bϵ(C) = Au
χ. The strategy is the following.

Recall that by Proposition 4.6.6 we have Au
χ = ZU(g[t])zg(χ)(Ω̃χ). We prove in Proposition 4.8.9

that Ω̃χ ∈ lim
ϵ→0

Bϵ(C), concluding that lim
ϵ→0

Bϵ(C) ⊂ ZU(g[t])zg(χ)(Ω̃χ) = Au
χ. Then the compar-

ison of the dimensions finishes the proof.
Let αj, j = 1, . . . , rk g be simple roots of g and recall that ϖj, j = 1, . . . , rk g are fun-

damental weights. We also denote by hj ∈ h the element, corresponding to the simple root
αj ∈ h∗ via the identification h∗ ∼−→ h induced by the invariant scalar product ( , ). Similarly,
tϖj

∈ h is the element, corresponding to ϖj ∈ h∗. For every positive root α ∈ ∆+ we denote
by x±α ∈ g±α elements of g±α such that (x+α , x

−
α ) = 1. We have

R(2) =
∑
α∈∆+

(J(x±α )⊗x∓α −x±α ⊗J(x∓α ))+
rk g∑
j=1

2

(αj, αj)
(J(hj)⊗tϖj

−hj⊗J(tϖj
))+2ω′2, (4.21)

where

ω′ =
∑
α∈∆+

1

2
x±α ⊗ x∓α +

rk g∑
j=1

1

(αj, αj)
hj ⊗ tϖj

.

Proposition 4.8.5 The element ω̃χ lies in the limit algebra lim
ϵ→0

Bϵ(exp(ϵχ)).

Proof : Let V be a finite dimensional representation of Y (g) that is not a direct sum of
trivial g modules. Let ( , )V be the corresponding invariant form and let cV ∈ C× be such
that ( , )V = cV ( , ).

Pick an identification exp: t−1g[[t−1]] ∼−→G1[[t
−1]]. Then (using Proposition 4.7.6) we

obtain an isomorphism gr1 Y (g) ≃ C[t−1g[[t−1]]], which sends gr1(trV ρ(C))T to the function
on t−1g[[t−1]] given by g(t−1) 7→ trV ρ(C) exp g(t

−1), where g(t−1) = a1t
−1 + a2t

−2 + . . .,
ai ∈ g. We start from couple Lemmas.
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Lemma 4.8.6 We have trV T
(2) ∈ F

(0)
2 Y (g) and gr2(trV T

(2)) = cV ω̃0 + b for some b ∈ C.

Proof :
Assume for the sake of contradiction that trV T

(2) /∈ F
(0)
2 Y (g). It follows from the def-

initions that trV T
(2) ∈ F

(2)
1 Y (g) ∩ F

(1)
2 Y (g). We claim that the condition (i) of Lemma

4.7.9 holds for x = trV T
(2) and (i, j) = (2, 1). Indeed, note that F (1)

1 Y (g) ⊂ F
(0)
2 Y (g) so

(F
(1)
1 Y (g) ∩ F (1)

2 Y (g)) + (F
(2)
1 Y (g) ∩ F (0)

2 Y (g)) ⊂ F
(0)
2 Y (g) and trV T

(2) /∈ F
(0)
2 Y (g) by our

assumption. It follows from Lemma 4.7.9 that gr21(trV T (2)) = bigr(2,1)(trV T
(2)) has bidegree

(2, 1). Note also that gr1(trV T
(2)) is the function

g 7→ 1

2
(a1, a1)V

that has degree 0 < 1 w.r.t. the second filtration on C[t−1g[[t−1]]] ≃ S•(g[t]) (use Proposition
4.7.11). Contradiction finishes the proof.

Let us now prove that gr2(trV T
(2)) = cV ω̃0 + b for some b ∈ C. Note that trV T

(2) is
g-invariant and lies in F

(2)
1 Y (g) ∩ F

(0)
2 Y (g) so its class in gr2 Y (g) = U(g[t]) must be a g-

invariant element of U(g) that has degree at most two w.r.t. the PBW -filtration on U(g).
It follows that gr2(trV T

(2)) = aω̃0 + b, a, b ∈ C.
It remains to check that a = cV . Let us first of all prove that

gr21(trV T
(2)) = bigr(trV T

(2)) = gr12(trV T
(2)). (4.22)

To see that, we apply Lemma 4.7.9 (for i = 2, j = 0): we have trV T (2) ∈ F
(2)
1 Y (g)∩F (0)

2 Y (g),
note also that gr1 trV T

(2) is (g 7→ 1
2
(a1, a1)V ) so (using Proposition 4.7.11) gr21 trV T

(2) =
cV ω0 has bidegree (2, 1). We conclude that (4.22) holds. It remains to note that

aω0 = gr1(aω̃0 + b) = gr12 trV T
(2) = gr21 trV T

(2) = gr2(x 7→ 1

2
(a1, a1)V ) = cV ω0

so a = cV as desired. □

Lemma 4.8.7 Assume that χ ̸= 0.
(a) We have trV ρ(χ)T

(2) ∈ F
(2)
1 Y (g) ∩ F (1)

2 Y (g) and trV ρ(χ)T
(2) /∈ F

(0)
2 Y (g).

(b) We have gr2

(
1
cV

trV ρ(χ)T
(2)
)
= χ[1].

Proof : It follows from the definitions that trV ρ(χ)T
(2) ∈ F

(2)
1 Y (g) ∩ F (1)

2 Y (g). Let us now
check that trV ρ(χ)T (2) /∈ F

(0)
2 Y (g). Assume for the sake of contradiction that trV ρ(χ)T (2) ∈

F
(0)
2 Y (g). It follows that the degree of gr1(trV ρ(χ)T

(3)) w.r.t. the second filtration on
C[t−1g[[t−1]]] = S•(g[t]) is at most zero. This contradicts to the fact that gr1(trV ρ(χ)T

(2))
is

x 7→ 1

2
(a1, a1)V + (χ, a2)V ,

which has degree one with respect to the second filtration (use that χ ̸= 0).
Let us now decompose χ =

∑rk g
j=1

2(χ,αj)

(αj ,αj)
tϖj

and consider the element

x :=

rk g∑
j=1

2(χ, αj)

(αj, αj)
J(tϖj

) ∈ Y (g),
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which lies in F
(2)
1 Y (g) ∩ F

(1)
2 Y (g). It is clear that gr2(x) = χ[1]. Note now that x /∈ F

(0)
2

(since gr2(x) = χ[1]). Recall also that trV ρ(χ)T
(2) /∈ F

(0)
2 . We conclude from Lemma 4.7.9

(using F (1)
1 Y (g) ⊂ F

(0)
2 Y (g)) that

gr21(x) = bigr(2,1)(x) = gr12(x),

gr21(trV ρ(χ)T
(2)) = bigr(2,1)(trV ρ(χ)T

(2)) = gr12(trV ρ(χ)T
(2)).

Note also that

bigr
( 1

cV
trV ρ(χ)T

(2)
)
= gr21

( 1

cV
trV ρ(χ)T

(2)
)
= χ[1] = gr12(x) = bigr(x)

so
1

cV
trV ρ(χ)T

(2) − x ∈ (F
(1)
1 Y (g) ∩ F (1)

2 Y (g)) + (F
(2)
1 Y (g) ∩ F (0)

2 Y (g)) ⊂ F
(0)
2 Y (g),

hence,

gr2

( 1

cV
trV ρ(χ)T

(2)
)
= gr2(x) = χ[1].

□
We are now ready to prove Proposition 4.8.5.
We start from the case χ = 0. In this case we need to show that ω̃0 ∈ gr2B(1). It follows

from Lemma 4.8.6 that gr2(trV T
(2)) = cV ω̃0 + b for some b ∈ C. It follows that

ω̃0 =
1

cV

(
gr2(trV T

(2))− b
)
∈ gr2B(1).

Let us now deal with arbitrary χ ̸= 0. Consider the image of the element

1

cV

(
trV ρV (exp(ϵχ))T

(2) − b
)

in Bϵ(C). Let X(χ) be the coefficient in front of ϵ0 = 1, which we consider as a function on
χ with values in Y0(g) = U(g[t]). It follows from Lemmas 4.8.6, 4.8.7 that we have

ψϵ

( 1

cV

(
trV ρV (exp(ϵχ))T

(2) − b
))

= X(χ) +O(ϵ).

We claim that X(χ) is exactly ω̃χ. It follows from the above that X(0) = ω̃0. Recall that
terms in X(χ), depending on χ (i.e. X(χ)−X(0)), appear only from

ψϵ(trV ρV (ϵχ+ . . .)T (2)).

Recall now that X(χ) is the coefficient in front of 1 so the only term in X(χ), depending
on χ, comes from trV ρV (χ)T

(2) i.e. X(χ) − X(0) = 1
cV

gr2(trV ρV (χ)T
(2)). Recall that by

Lemma 4.8.7 we have 1
cV

gr2(trV ρV (χ)T
(2)) = χ[1]. We conclude that

X(χ) = X(0) + χ[1] = ω̃χ

so ω̃χ ∈ lim
ϵ→0

Bϵ(exp(ϵχ)). □
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Remark 4.8.8 Note that for g, which has a minuscule representation (i.e. for g not of type
E8, G2) it is easy to see that the element ω̃χ lies in the limit, using the explicit formula (4.21)
for R(2).

We also need to find an element

Ω̃χ =
∑
a

xaxa[1] + χ[2]

in the limit lim
ϵ→0

Bϵ(C).

Proposition 4.8.9 The element Ω̃χ lies in the limit algebra lim
ϵ→0

Bϵ(exp(ϵχ)).

Proof : The proof is similar to the proof of Proposition 4.8.5. Recall that V is a finite
dimensional representation of Y (g) that is not a direct sum of trivial g modules, ( , )V is the
corresponding invariant form and cV ∈ C× is such that ( , )V = cV ( , ). We start from couple
Lemmas (c.f. Lemmas 4.8.6, 4.8.7 above).

Lemma 4.8.10 (a) We have trV T
(3) ∈ F

(1)
2 Y (g).

(b) We have gr2(trV T
(3)) = cV Ω̃0.

Proof : Let us prove (a). Assume for the sake of contradiction that trV T
(3) /∈ F

(1)
2 Y (g).

It follows from the definitions that trV T
(3) ∈ F

(3)
1 Y (g) ∩ F

(2)
2 Y (g). We claim that the

condition (i) of Lemma 4.7.9 holds for x = trV T
(3) and (i, j) = (3, 2). Indeed, note that

F
(2)
1 Y (g) ⊂ F

(1)
2 Y (g) so (F

(2)
1 Y (g) ∩ F

(2)
2 Y (g)) + (F

(3)
1 Y (g) ∩ F

(1)
2 Y (g)) ⊂ F

(1)
2 Y (g) and

trV T
(3) /∈ F

(1)
2 Y (g) by our assumption. It follows from Lemma 4.7.9 that

gr21(trV T
(3)) = bigr(3,2)(trV T

(3)) = gr12(trV T
(3)).

Note now that gr1(trV T
(3)) is the function

g 7→ (a1, a2)V + f(a1),

where f ∈ (S3g)g is some g-invariant function of degree 3. We see that gr1(trV T
(3)) has

degree 1 < 2 w.r.t. the second filtration on C[t−1g[[t−1]]]. Contradiction finishes the proof.
Let us now prove (b). Let us note that trV T

(3) ∈ F
(3)
1 Y (g) ∩ F (1)

2 Y (g) and

gr21 trV T
(3) = gr2(g 7→ ((a1, a2)V + f(a1))) = cVΩ0

has bidegree (3, 1). It follows from Lemma 4.7.9 that cVΩ0 = gr21 trV T
(3) = gr12 trV T

(3)

so gr1(gr2 trV T
(3)) = cVΩ0. Note now that trV T

(3) is g-invariant so gr2 trV T
(3) ∈ U(g[t])g.

Moreover, gr2 trV T (3) is homogeneous of degree 1 w.r.t. the grading on U(g[t]). There exists
the unique graded lift of cVΩ0 to U(g[t])g so gr2 trV T

(3) = cV Ω̃0.
□

Lemma 4.8.11 Assume that χ ̸= 0.
(a) We have trV ρ(χ)T

(3) ∈ F
(3)
1 Y (g) ∩ F (2)

2 Y (g) and trV ρ(χ)T
(3) /∈ F

(1)
2 Y (g).

(b) We have gr2

(
1
cV

trV ρ(χ)T
(3)
)
= χ[2].
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Proof : It follows from the definitions that trV ρ(χ)T
(3) ∈ F

(3)
1 Y (g) ∩ F (2)

2 Y (g). Let us now
check that trV ρ(χ)T (3) /∈ F

(1)
2 Y (g). Assume for the sake of contradiction that trV ρ(χ)T (3) ∈

F
(1)
2 Y (g). It follows that the degree of gr1(trV ρ(χ)T

(3)) w.r.t. the second filtration on
C[t−1g[[t−1]]] is at most one. This contradicts to the fact that gr1(trV ρ(χ)T

(3)) is

g 7→ (χ, a3)V + (a1, a2)V + f(a1)

that has degree two with respect to the second filtration (use Proposition 4.7.11).
Let us now decompose χ =

∑rk g
j=1

2(χ,αj)

(αj ,αj)
tϖj

and consider the element

x :=

rk g∑
j=1

2(χ, αj)

(αj, αj)
[J(x+αj

), J(x−αj
)]

that clearly lies in F
(3)
1 Y (g) ∩ F

(2)
2 Y (g) and gr2(x) = χ[2]. Note now that x /∈ F

(1)
2 Y (g)

(since gr2(x) = χ[2]). Recall also that trV ρ(χ)T
(3) /∈ F

(1)
2 . We conclude from Lemma 4.7.9

(using F (2)
1 Y (g) ⊂ F

(1)
2 Y (g)) that

gr21(x) = bigr(3,2)(x) = gr12(x),

gr21(trV ρ(χ)T
(3)) = bigr(3,2)(trV ρ(χ)T

(3)) = gr12(trV ρ(χ)T
(3)).

Note now that

bigr
( 1

cV
trV ρ(χ)T

(3)
)
= gr21

( 1

cV
trV ρ(χ)T

(3)
)
= χ[2] = gr12(x) = bigr(x)

so

1

cV
trV ρ(χ)T

(3) − x ∈ (F
(2)
1 Y (g) ∩ F (2)

2 Y (g)) + (F
(3)
1 Y (g) ∩ F (1)

2 Y (g)) ⊂ F
(1)
2 Y (g),

hence,

gr2

( 1

cV
trV ρ(χ)T

(3)
)
= gr2(x) = χ[2].

□
We are now ready to prove Proposition 4.8.9. We start from the case χ = 0. Consider

the element trV T
(3) ∈ B(1) and recall that by Lemma 4.8.10 (b) we have

gr2(trV T
(3)) = cV Ω̃0.

We conclude that
Ω̃0 =

1

cV
gr2(trV T

(3)) ∈ gr2B(1).

Let us now deal with arbitrary χ. Consider the image of the element

1

cV
trV ρV (exp(ϵχ))T

(3)
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in Bϵ(C). Let X(χ) be the coefficient in front of ϵ−1, which we consider as a function on χ
with values in Y0(g) = U(g). It follows from Lemmas 4.8.10, 4.8.11 that

ψϵ

( 1

cV
trV ρV (exp(ϵχ))T

(3)
)
= X(χ)ϵ−1 +O(1).

We claim that X(χ) is exactly Ω̃χ. It follows from the above that X(0) = Ω̃0. Recall that
terms in X(χ), depending on χ (i.e. X(χ)−X(0)) appear only from

ψϵ(trV ρV (ϵχ+ . . .)T (3)).

Recall now that X(χ) is the coefficient in front of ϵ−1 so the only term in X(χ), depending
on χ comes from trV ρV (χ)T

(3) i.e. X(χ) − X(0) = 1
cV

gr2(trV ρV (χ)T
(3)). Recall that by

Lemma 4.8.11 we have 1
cV

gr2(trV ρV (χ)T
(3)) = χ[2]. We conclude that

X(χ) = X(0) + χ[2] = Ω̃χ

so Ω̃χ ∈ lim
ϵ→0

Bϵ(exp(ϵχ)).
□

Theorem 4.8.12 We have lim
ϵ→0

Bϵ(exp(ϵχ)) = Au
χ.

Proof : We set C = C(ϵ) = exp(ϵχ). Recall that by Proposition 4.6.6 we have Au
χ =

ZU(g[t])(Ω̃χ). It follows from Proposition 4.8.9 that Ω̃χ ∈ lim
ϵ→0

Bϵ(C). We conclude that
lim
ϵ→0

Bϵ(C) ⊂ Au
χ. It remains to note that by Lemma 4.2.10

dimF1 B(C) ⩽ dimF1 lim
ϵ→0

Bϵ(C) ⩽ dimF1 Au
χ.

Using Corollary 4.5.9 and Proposition 4.8.3, we obtain dimF1 B(C) = dimF1 Au
0(zg(χ)) =

dimF1 Au
χ and conclude that dimF1 lim

ϵ→0
Bϵ(C) = dimF1 Au

χ so from lim
ϵ→0

Bϵ(C) ⊂ Au
χ it follows

that lim
ϵ→0

Bϵ(C) = Au
χ. □

Remark 4.8.13 Note that in type A Theorem 4.8.12 can be deduced from the results of
Section 4.11.

4.9 Crystals: main properties and examples

From now on we assume that g = sln, G = PGLn. Slightly abusing notation, we denote
by h the subalgebra of diagonal matrices of gln and by h0 ⊂ h we denote the subalgebra of
traceless matrices. Let T ⊂ GLn be the subgroup of diagonal matrices and let T0 ⊂ T be
the subgroup of matrices with determinant one. We also denote by T ⊂ PGLn the subgroup
of diagonal matrices.

In this section we introduce notions of sln, ŝln - crystals and discuss some of their prop-
erties.
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4.9.1 Definitions of sln, ŝln-crystals

Let us discuss sln-crystals. We denote by P∨ the weight lattice of sln.

Definition 4.9.1 A sln-crystal is a finite set B together with maps:

ei, fi : B → B ∪ {0}, wt: B → P∨, i = 1, 2, . . . n− 1,

such that for each i = 1, 2, . . . , n− 1 we have:
(a) let b ∈ B. If ei · b ∈ B for some i ∈ {1, 2, . . . , n− 1}, then wt(ei · b) = wt(b) + α∨i , if

fi · b ∈ B for some i = {1, 2, . . . , n− 1}, then wt(fi · b) = wt(b)− α∨i ,
(b) for all b, b′ ∈ B, ei · b = b′ if and only if b = fi · b′.

We use the identification {1, 2, . . . , n} ∼−→Z/nZ, j 7→ [j]. For [j] ∈ Z/nZ we denote by
τ[j] ∈ Sn the cyclic permutation which sends [i] to [i + j]. We denote by τ∨[j] the induced
automorphism τ∨[j] : P

∨ ∼−→P∨.
Let us now define ŝln-crystals.

Definition 4.9.2 A ŝln-crystal is a finite set B together with maps

e[i], f [i] : B → B ∪ {0}, wt: B → P∨, [i] ∈ Z/nZ,

such that for every [j] ∈ Z/nZ the operators

ei := e[i−j], fi := f [i−j], B
wt−→ P∨

τ∨
[j]−→ P∨, i = 1, 2, . . . , n− 1

define the structure of sln-crystal on B that will be denoted by B[j].

Warning 4.9.3 Note that our definition of ŝln-crystal is not the standard one since we are
assuming that the function wt maps to P∨ that is a weight lattice of sln (not of the whole
algebra ŝln), we are also considering only finite crystals.

4.9.2 Tensor products of crystals

Let us discuss tensor products of crystals. Given an ŝln-crystal B and [i] ∈ Z/nZ we can
define maps φ+

[i], φ
−
[i] : B → Z ∪ {∞} as follows:

φ+
[i](b) = max

{
m ∈ N | (e[i])m(b) ̸= 0

}
, φ−[i](b) = max

{
m ∈ N | (f [i])m(b) ̸= 0

}
.

Given two integrable ŝln-crystals B, B′ one can define an ŝln-crystal structure on the set
B×B′ as follows:

wt(b× b′) = wt(b) + wt(b′)

e[i] ·(b× b′) =

{
(e[i] ·b)× b′, if φ+

[i](b) > φ−[i](b
′)

b× (e[i] ·b′), otherwise,
(4.23)

f [i] ·(b× b′) =

{
(f [i] ·b)× b′, if φ+

[i](b) ⩾ φ−[i](b
′)

b× (f [i] ·b′), otherwise .
(4.24)

This crystal will be denoted by B⊗B′.
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4.9.3 Examples of sln-crystals

To every dominant weight λ of sln one can associate the crystal Bλ that should be considered
as a “discrete model" of the representation Vλ (see [60], [61] for details). Explicit description
of Bλ was given in [62], we recall the construction. Let A(λ) be the Young diagram, corre-
sponding to λ i.e. if we decompose λ =

∑p
i=1ϖmi

with 1 ⩽ m1 ⩽ . . . ⩽ mp ⩽ n then A(λ)
consists of p columns of lengths m1, . . . ,mp. Let Bλ be the set of semi-standard tableaux of
shape A(λ). Operators fi work as follows. Read the entries of the tableau from bottom to
top left to right, ignoring all numbers except i, i + 1. Replace i + 1 by ( and i by ), turn i,
corresponding to the rightmost unmached ) by i+1. Similarly, operators ei work as follows.
Read the entries of the tableau from bottom to top left to right, ignoring all numbers except
i, i+ 1. Replace i+ 1 by ( and i by ), turn i+ 1, corresponding to the leftmost unmached (
by i.

Example 4.9.4 For λ = ωl the crystal Bωl
can be described as follows. Note that the Young

diagram A(ωl) is a column of length l. It follows that the set Bωl
is in bijection with l-tuples

of positive numbers (i1, . . . , il) such that 1 ⩽ i1 < . . . < il ⩽ n. Action of ei on (i1, . . . , il)
replaces (if possible) i by i+ 1 and sends (i1, . . . , il) to zero otherwise. Action of fi replaces
(if possible) i by i− 1 and sends (i1, . . . , il) to zero otherwise. The weight function wt sends
(i1, . . . , il) to the linear function h0 ∋ (x1, . . . , xn) 7→ xi1 + . . .+ xil.

Remark 4.9.5 Let us give another description of the crystal structure on Bλ. Consider the
following embedding Bλ ⊂ Bϖm1

⊗ . . .⊗ Bϖmp
. Let a be a semi-standard Young tableau of

shape A(λ). Let ai be the i-th column with enumeration starting from the right. We send a
to the element a1 ⊗ a2 . . .⊗ ap ∈ Bϖm1

⊗ . . .⊗Bϖmp
. The crystal structure on Bλ is induced

from the one on Bϖm1
⊗ . . .⊗ Bϖmp

(note that the crystal structure on Bϖl
is very simple,

see Example 4.9.4 above).

Definition 4.9.6 A sln-crystal is normal if it is isomorphic to the disjoint union of crystals
Bλ.

4.9.4 Kirillov-Reshetikhin crystals

Let us describe the so-called Kirillov-Reshetikhin crystals. They are ŝln-crystals that will
be most important for us (see Remark 4.9.7 for some motivation to restrict attention to
these crystals). These ŝln-crystals correspond to representations Vlϖr and will be denoted
Blϖr . The existence of such crystals is proven in [59] and the explicit construction is given
in [102], [67] and [66], see also [93].

In this section we prove that if Bλ can be extended to an ŝln-crystal Bλ such that B[1]
λ is

normal then λ = lϖr and such an extension is unique. One of the results of this chapter is
a “geometric" construction of such an extension (see Section 4.16). So, the present chapter
gives an alternative approach to the existence (and uniqueness) of Blϖr .

Remark 4.9.7 The (arguably) most important class of ŝln-crystals are the crystals that
appear as crystal graphs of (finite dimensional) representations of Uq(ŝln). The following
conjecture is due to Kashiwara (see [103, Conjecture 4.5]): every connected affine crystal
graph is isomorphic to the tensor product of Kirillov-Reshetikhin crystals.
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We first describe the ŝln-crystals, corresponding to representations Λl(Cn) = Vϖl
, Sl(Cn) =

Vlϖ1 .

Warning 4.9.8 Note that it is not true in general that Sl(ΛrCn) = Vlϖr . For example, for
n = 4, l = r = 2, we have S2(Λ2C4) = V2ϖ2 ⊕ C.

Example 4.9.9 The crystal Bϖl
can be defined as follows. Pick the standard basis {v[1], . . . , v[n]}

of Cn and denote by {v∗[1], . . . , v∗[n]} ⊂ (Cn)∗ the dual basis. Consider the vector space ΛlCn

and its projectivization P(ΛlCn). For a vector x ∈ ΛlCn we denote by [x] the corresponding
element of P(ΛlCn). We define

Bϖl
= {[v[i1] ∧ v[i2] . . . ∧ v[il]], | 1 ⩽ i1 < i2 < . . . < il ⩽ n}.

The map e[i] acts via E[i],[i+1], the map f [i] acts via E[i+1],[i]. The map wt sends [v[i1]∧v[i2] . . .∧
v[il]] to the restriction of v∗[i1] + . . .+ v∗[il] to h0 ⊂ Cn.

Example 4.9.10 The crystal Blϖ1 can be described as follows. Consider the vector space
SlCn and its projectivization P(SlCn), for a vector x ∈ SlCn we denote by [x] the corre-
sponding element of P(SlCn). We define

Blϖ1 = {[vp1[i1] . . . v
pl
[ik]

] | 1 ⩽ i1 < i2 < . . . < il ⩽ n, p1 + . . .+ pl = l}

The map e[i] acts via E[i],[i+1], the map f [i] acts via E[i+1],[i]. The map wt sends [vp1[i1]v
p2
[i2]
. . . vpl[il]]

to the restriction of p1v∗[i1] + . . .+ plv
∗
[il]

to h0 ⊂ Cn.

Schützenberger involutions and the operator ϕ

We start from the following definition.

Definition 4.9.11 [45] The Schützenberger involution ξBλ
: Bλ → Bλ is the unique map of

sets which satisfies
ei(ξBλ

(b)) = ξBλ
(en−i(b)),

fi(ξBλ
(b)) = ξBλ

(fn−i(b)),

wt(ξBλ
(b)) = w0(wt(b)).

Here w0 ∈ Sn is the longest element and i ∈ {1, . . . , n− 1}.

There is an explicit combinatorial construction of ξBλ
(see, for example, [68]). If B is a

disjoint union of Bλ then we denote by ξB the corresponding involution of B. Following [45,
Section 2.2] let B be the crystal with underlining set {b | b ∈ B} and crystal structure

ei ·b = fn−i ·b, fi ·b = en−i ·b, wt(b) = w0(wt b).

It follows from the definitions that the involution ξB is the isomorphism of crystals ξB : B ∼−→B.
We set B(1)

λ := (Bλ)|sln−1 . Let us describe the sln−1-crystal B(1)
λ . It follows from the defini-

tions that B(1)
λ = Bλ as a set i.e. B

(1)
λ = {b(1) | b ∈ Bλ} and the crystal structure is given

by
ei ·b(1) = (ei+1 ·b)(1), fi ·b(1) = (fi+1 ·b)(1), wt(b(1)) = τ[−1](wt(b)).
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Note that the composition ξBλ
◦ ξ(Bλ)|sln−1

induces the isomorphism

ξBλ
◦ ξ(Bλ)|sln−1

: B
(1)
λ

∼−→ (Bλ)|sln−1

and such an isomorphism is unique (since (Bλ)|sln−1 is isomorphic to the disjoint union of
distinct irreducible sln−1-crystals). We conclude that the following lemma holds.

Lemma 4.9.12 There exists the unique bijection ϕ : Bλ
∼−→Bλ such that

(1) wt(ϕ(b)) = τ[1](wt(b))
(2) ϕ(ei(b)) = ei+1(ϕ(b)) and ϕ(fi(b)) = fi+1(ϕ(b)) for i = 1, . . . , n− 2.
The bijection ϕ is given by ξBλ

◦ξ(Bλ)|sln−1
, where ξ(Bλ)|sln−1

is the Schützenberger involution
of the sln−1-crystal (Bλ)|sln−1.

Description of ϕ as a promotion operator

Let us now give a combinatorial description of the operator ϕ of Lemma 4.9.12. Let us define
the so-called Schützenberger’s promotion operator pr : Blϖr

∼−→Blϖr . Recall that A(lϖr) is
the Young diagram that corresponds to lϖr. Starting from Young tableau a ∈ Blϖr of shape
A(lϖr), we denote by H the horizontal strip in A(lϖr) consisting of boxes of a with letter
n. Tableau pr(a) is constructed as follows.

Step 1. We remove all the letters n in a.
Step 2. Slide the remaining subtableau to the southeast using the following procedure

(Schützenberger’s jeu-de-taquin). Entering the cells of H from left to right we shift the entry
above down, or the entry to the left right, whichever is bigger (if it is same, take the vertical
move) and continue this until there are no entries above and to the left of the empty square.

Step 3. We fill in the vacated cells with zeros.
Step 4. Add one to each entry. The resulting tableau is pr(a).
It is easy to see that the operator pr(a) satisfies conditions (1), (2) of Lemma 4.9.12 so

we must have
ϕ = ξBλ

◦ ξ(Bλ)|sln−1
= pr.

Example 4.9.13 Let us consider the example l = r = 2, n = 4. We are dealing with the

set B2ϖ2, consisting of Young tableaux of shape . Let us describe the operator pr = ϕ
in this particular case. The set B2ϖ2 consists of tableaux:

1 1
2 2 ,

1 1
2 3 ,

1 1
2 4 ,

1 1
3 3 ,

1 1
3 4 ,

1 1
4 4 ,

1 2
2 3 ,

1 2
2 4 ,

1 2
3 3 ,

1 2
3 4 ,

1 2
4 4 ,

1 3
2 4 ,

1 3
3 4 ,

1 3
4 4 ,

2 2
3 3 ,

2 2
3 4 ,

2 2
4 4 ,

2 3
3 4 ,

2 3
4 4 ,

3 3
4 4 .

Then pr acts on B2ϖ2 in the following way

1 1
2 2 7→

2 2
3 3 7→

3 3
4 4 7→

1 1
4 4 7→

1 1
2 2 ,

1 1
2 3 7→

2 2
3 4 7→

1 3
3 4 7→

1 2
4 4 7→

1 1
2 3 ,
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1 1
2 4 7→

1 2
2 3 7→

2 3
3 4 7→

1 3
4 4 7→

1 1
2 4 ,

1 1
3 4 7→

1 2
2 4 7→

1 2
3 3 7→

2 3
4 4 7→

1 1
3 4 ,

1 1
3 3 7→

2 2
4 4 7→

1 1
3 3 ,

1 2
3 4 7→

1 3
2 4 7→

1 2
3 4 .

Description of Blϖr

Pick a dominant λ ∈ P∨ and assume for a moment that there exists an ŝln-crystal Bλ such
that B

[0]
λ ≃ Bλ and B

[1]
λ is normal (we will see that this can happen only for λ = lϖr and

the existence of such crystal will be proven in Section 4.16). The goal of this section is to
prove that Bλ is unique and can be described explicitly.

Proposition 4.9.14 Let Bλ be a ŝln-crystal such that B[0] is isomorphic to Bλ and B[1] is
normal. Then λ = lϖr and the operators e[0], f [0] are given by

e[0] = (ξBλ
◦ ξ(Bλ)|sln−1

)−1 ◦ e1 ◦(ξBλ
◦ ξ(Bλ)|sln−1

) = pr−1 ◦ e1 ◦ pr, (4.25)

f [0] = (ξBλ
◦ ξ(Bλ)|sln−1

)−1 ◦ f1 ◦(ξBλ
◦ ξ(Bλ)|sln−1

) = pr−1 ◦ f1 ◦ pr. (4.26)

Proof : Let us first of all note that since B[1] is normal and has the same character as Bλ

we must have B[1] ≃ Bλ. Pick isomorphisms of sln-crystals B[0] ≃ Bλ, B[1] ≃ Bλ (note that
these isomorphisms are unique). Composing one of them with the inverse of the other we
obtain the bijection ϕ : Bλ

∼−→Bλ that satisfies conditions (1), (2) of Lemma 4.9.12. It then
follows from Lemma 4.9.12 that ϕ = ξBλ

◦ ξ(Bλ)|sln−1
. In particular, we see that the operator

f[0] is equal to pr−1 ◦ f1 ◦pr. Note that prn : Bλ
∼−→Bλ should be the automorphism of the

crystal Bλ so we must have prn = idBλ
, hence, λ = lϖr (see [100] and [67, Section 6.2]). It

now follows from the construction of Blϖr that B ≃ Blϖr as ŝln-crystals. □

Remark 4.9.15 In Proposition 4.9.14 we prove that if Blϖr can be extended to an ŝln-
crystal then the extension is unique and operators e[0], f [0] must be given by the formulas
(4.25), (4.26) (compare with [102, Section 3]). It remains to check that the extension Blϖr

indeed exists. This will be proven in Section 4.16. Let us recall that the existence of Blϖr is
known and follows from [59]. Our approach gives an alternative construction of Blϖr .

4.10 Yangians in type A

4.10.1 Yangians of gln, sln, Bethe and Gaudin subalgebras

Let us return to Yangians. We first of all describe the Yangian Y (gln). It is generated by
t
(r)
ab , 1 ⩽ a, b ⩽ n, r ⩾ 1 subject to relations

[t
(r+1)
ab , t

(s)
cd ]− [t

(r)
ab , t

(s+1)
cd ] = t

(r)
cb t

(s)
ad − t

(s)
cb t

(r)
ad ,

where t(0)a,b := δa,b. Yangian Y (sln) is the subalgebra of Y (gln), which is stable under all
automorphisms of the form T (u) → f(u)T (u), where f(u) ∈ 1 + u−1C[[u−1]]. It follows
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from [83, Theorem 1.8.2] that Y (gln) = Y (sln) ⊗ Z(Y (gln)), where Z(Y (gln)) is the center
of Y (gln).

Let us also recall the description of Bethe subalgebras B̃(C) ⊂ Y (gln). The symmetric
group Sn acts on Y (gln)[[u

−1]]⊗ (End(Cn))⊗n by permuting the tensor factors. This action
factors through the embedding Sn ↪→ (End(Cn))⊗n, hence, the group algebra C[Sn] is a
subalgebra of Y (gln)[[u

−1]]⊗ (End(Cn))⊗n. Pick m ∈ {1, 2, . . . , n}. Let Sm be the subgroup
of Sn permuting the first m tensor factors. Denote by Am the antisymmetrizer

Am :=
1

m!

∑
σ∈Sm

(−1)σσ ∈ C[Sm] ⊂ Y (gln)[[u
−1]]⊗ (End(Cn))⊗n.

Note that for every a ∈ {1, . . . , n} there is an embedding

ia : Y (gln)⊗ End(Cn) ↪→ Y (gln)⊗ (End(Cn))⊗n

which is identity on Y (gln) and embeds End(Cn) as the a-th tensor factor in (End(Cn))⊗n.
Suppose that C ∈ GLn. For any a ∈ {1, . . . , n} denote by Ca the element ia(1 ⊗ C) ∈
Y (gln)[[u

−1]]⊗ (End(Cn))⊗n. For any a ∈ {1, 2, . . . , n} introduce the series with coefficients
in Y (gln) by

τa(u,C) := trAaC1 . . . CaT1(u) . . . Ta(u− a+ 1), (4.27)

where we take the trace over all a copies of End(Cn). The algebra B̃(C) is the subalgebra
of Y (gln) generated by all coefficients of the series τa(u,C).

Remark 4.10.1 The fact that this definition of B̃(C) coincides with the one given in Sec-
tion 4.8 can be seen using that the irreducible representations of GLn, corresponding to
fundamental weights are wedge powers Λl(Cn).

For C ∈ SLn let B(C) ⊂ Y (sln) be the corresponding Bethe subalgebra. One can show
(see [50]) that B̃(C) = B(C)⊗Z(Y (gln)), where Z(Y (gln)) is the center of Y (gln). It is easy
to see that for a ∈ C× we have B̃(aC) = B̃(C) and similarly if an = 1 then B(aC) = B(C).
It follows that actually B̃(C), B(C) depend on C ∈ PGLn.

Recall that h ⊂ gln is the subalgebra of diagonal matrices. Let us finally recall that
to χ ∈ h one can associate the universal inhomogeneous Gaudin subalgebra of U(gln[t]) to
be denoted Ãu

χ ⊂ U(gln[t]) (see Section 4.3.3). To the set of (distinct) points u1, . . . , uk ∈
C one can associate the inhomogeneous Gaudin subalgebra of U(gln)⊗k to be denoted by
Ãχ(u1, . . . , uk) (see Section 4.4). Recall that h0 ⊂ h is the subalgebra of traceless matrices.
We also consider the quotient h := h/C. Note now that the embedding h0 ⊂ h induces
the identification h0

∼−→ h so to every χ ∈ h we can associate the corresponding subalgebras
Au

χ ⊂ U(sln[t]), Aχ(u1, . . . , uk) ⊂ U(sln)
⊗k.

We will use the following lemma.

Lemma 4.10.2 Pick χ ∈ h0, s ∈ C×, c ∈ C and z1, . . . , zk ∈ C. Then we have the equality
Asχ(z1, . . . , zk) = Aχ(sz1 + c, . . . , szk + c). Same holds for the algebra Ãχ(z1, . . . , zk).

Proof : Follows from [99, Proposition 3] (see also [43, Lemma 9.2]). □
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4.10.2 The evaluation homomorphisms for Y (gln), U(gln[t])

Let E = (Eab)a,b=1,...,n ∈ End(Cn)⊗U(gln) be the matrix with coefficients in U(gln), Eab ∈ gln
is a matrix with 1 on (a, b)-entry and zeroes on other entries. Recall that for every z ∈ C
we have the evaluation morphism

evz : Y (g) → U(g), t
(r)
ab 7→ zr−1Eab.

Recall that we can identify Y0(gln) = gr2 Y (gln) with U(gln[t]) by sending gr2 Y (gln) ∋
[t
(r)
ij ] 7→ Eij[r − 1] ∈ U(gln[t]).

Warning 4.10.3 Note that this choice of the identification differs from the one in Proposi-
tion 4.7.4 by the automorphism of U(gln[t])

∼−→U(gln[t]) induced by the Cartan involution
gln

∼−→ gln given by x 7→ −xt.

Recall the identification Yϵ(gln) ∼−→Y (gln), [ℏma] 7→ ϵma. The composition
Yϵ(gln)

∼−→Y (gln)
evz/ϵ−−−→ U(gln) is given by [t

(r)
ij ℏr−1] 7→ zr−1Eij. We denote this composition

by
evϵ;z : Yϵ(gln) → U(gln).

One can show that lim
ϵ→0

evϵ;z : U(g[t]) → U(g) is the standard evaluation at z homomorphism

evz : U(gln[t]) → U(gln) given by x[l] 7→ zlx (see Lemma 4.10.5 and Corollary 4.10.6 below).
More generally, we can define the evaluation homomorphism

ev(z1,...,zk) : Y (g) → U(g)⊗k, ev(z1,...,zk) := (evz1 × . . .× evzk) ◦∆k,

where ∆k : Y (gln) → Y (gln)
⊗k is the composition (∆ ⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸

k−1

) ◦ . . . ◦ (∆ ⊗ 1) ◦ ∆

and ∆: Y (gln) → Y (gln) ⊗ Y (gln) is the standard comultiplication on Y (gln) given by
∆(T ) = T ⊗ T , where T (u) =

(
tij(u)

)
∈ End(Cn)⊗ Y (g) and tij(u) = δij +

∑
r⩾1 t

(r)
ij u

−r.
Similarly, we obtain the map ev(ϵ;z1,...,zk) : Yϵ(gln) → U(gln)

⊗k such that the limit lim
ϵ→0

ev(ϵ;z1,...,zk)

is the standard evaluation at z1, . . . , zk homomorphism evz1,...,zk : U(gln[t]) → U(gln)
⊗k given

by Eij[r] 7→
∑k

a=1Eij[r]z
r
a (see Lemma 4.10.5 and Corollary 4.10.6 below).

Remark 4.10.4 Explicitly we have

evz1,...,zk(T (u)) =

(
1 +

E(1)

u− z1

)
. . .

(
1 +

E(k)

u− zk

)
,

where E(i) = id⊗ . . .⊗ id⊗E ⊗ id⊗ . . .⊗ id (E on the i-th place). It follows that

evz1,...,zk(t
(r)
ij ) =

∑
la1+...+lap+p=r

E
(a1)
ij z

la1
a1 . . . E

(ap)
ij zlpap . (4.28)

Pick distinct z1, . . . , zk ∈ C and d1, . . . , dk ∈ C.
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Lemma 4.10.5 Let a(ϵ) ∈ Yϵ(gln), ϵ ∈ C be an algebraic family and set a := a(0). Then
lim
ϵ→0

ev(ϵ;z1+ϵd1,...,zk+ϵdk)(a(ϵ)) exists and is equal to evz(a).

Proof : Recall that Yϵ(gln) is equal to the quotient Yℏ(gln)/(ℏ−ϵ). Let ã ∈ Yℏ(gln) be the ele-
ment that corresponds to the family a(ϵ) i.e. [ã]ϵ = a(ϵ), where [ã]ϵ is the class of ã in Yϵ(gln).
Note that a = [ã]0. Recall now that Yℏ(gln) is a free C[ℏ]-module. Y (gln) is generated by dif-
ferent products of elements t(k)mn so Yℏ(gln) as a module over C[ℏ] is generated by the products
of elements t(k)mnℏk−1. We can then write ã as the linear combination of elements of the form
ℏl+r1+...+rp−pt

(r1)
i1j1

. . . t
(rp)
ipjp

. Note that [ℏl+r1+...+rp−pt
(r1)
i1j1

. . . t
(rp)
ipjp

]ϵ = ϵl[ℏr1+...+rp−pt
(r1)
i1j1

. . . t
(rp)
ipjp

]ϵ
and the map ev(ϵ;u1+ϵd1,...,uk+ϵdk) sends it to the element
ϵlevϵ,u+ϵd([ℏr1−1t(r1)i1j1

]ϵ) . . . evϵ,u+ϵd([ℏrp−1t
(rp)
ipjp

]ϵ) that goes to zero under the limit ϵ → 0 if
l > 0. So it remains to show that for every [ℏr−1t(r)ij ]ϵ ∈ Yϵ(gln) lim

ϵ→0
evϵ;u+ϵd([ℏr−1t(r)ij ]ϵ) =

evu(Eij[r − 1]).
Note that using (4.28) we have

evϵ;z+ϵd([ℏr−1t(r)ij ]ϵ) = ϵr−1evz/ϵ+d(t
(r)
ij ) =

k∑
a=1

E
(a)
ij z

r−1
a +O(ϵ).

This observation finishes the proof of the lemma since evz(Eij[r − 1]) =
∑k

a=1E
(a)
ij z

r−1
a . □

Corollary 4.10.6 There exists a homomorphism of C[ℏ]-algebras

ev(ℏ;z1+ℏd1,...,zk+ℏdk) : Yℏ(gln) → U(gln)
⊗k[ℏ],

which fiber over ℏ = ϵ ∈ C× is ev(ϵ;z1+ϵd1,...,zk+ϵdk) and the fiber over ℏ = 0 is evz.

Proof : Consider the natural embedding Yℏ(gln) ⊂ Yℏ ⊗C[ℏ] C[ℏ±1]. Recal that we have the
identification Yℏ ⊗C[ℏ] C[ℏ±1] ∼−→Y (gln)[ℏ±1] given by (ℏix) ⊗ ℏl 7→ ℏl+ix. Consider the
homomorphism evℏ−1z1+d1,...,ℏ−1zk+dk : Y (gln)[ℏ±1] → U(gln)

⊗k[ℏ±1]. Composing this homo-
morphism with the embedding Yℏ(gln) ⊂ Y (gln)[ℏ±1] we obtain the desired homomorphism
(use Lemma 4.10.5 to see that this homomorphism satisfies the required properties)

ev(ℏ;z1+ℏd1,...,zk+ℏdk) : Yℏ(gln) → U(gln)
⊗k[ℏ].

□

4.11 Manin matrices and generators of Ãu
χ, Ãχ(z1, . . . , zk)

In this section following [21] and [106] we introduce certain generators of the algebras Ãu
χ,

Ãχ(z1, . . . , zk), B̃(C), evz1,...,zk(B̃(C)). We start from a general definition. Let R be an
algebra over complex numbers. Pick M ∈ End(Cn)⊗R that we can consider as n×n matrix
M = (Mij) with Mij ∈ R.

Definition 4.11.1 We say that M is a Manin matrix if

∀p, l, r, s = 1, . . . , n we have [Mpl,Mrs] = [Mrl,Mps].
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Given a matrix M ∈ End(Cn) we define its column-determinant cdetM ∈ R by the
following formula:

cdetM :=
∑
σ∈Sn

(−1)σ ·Mσ(1)1 . . .Mσ(n)n.

For i = 1, . . . , n we denote by Mi ∈ End(Cn)⊗n⊗R the image of M under the embedding
End(Cn)⊗R ↪→ End(Cn)⊗n ⊗R given by

End(Cn)⊗R ∋ f ⊗ x 7→ 1⊗ . . .⊗ 1⊗ f
i
⊗ 1⊗ . . .⊗ 1⊗ x ∈ End(Cn)⊗n ⊗R.

Recall that An ∈ C[Sn] ⊂ End(Cn)⊗n is the antisymmetrizer normalized by the condition
A2

n = An. Explicitly, we have An = 1
n!

∑
σ∈Sn

(−1)σσ.

Lemma 4.11.2 Let M ∈ End(Cn)⊗R be a Manin matrix. Then

trAnM1 . . .Mn = cdetM.

Proof : We have

trAnM1 . . .Mn =
1

n!

∑
a,b∈Sn

(−1)abMa(1)b(1) . . .Ma(n)b(n).

It follows from [20] that for every p ∈ Sn we have

cdet(M) =
∑
σ∈Sn

sgn(σ)Mσ(p(1))p(1) . . .Mσ(p(n))p(n).

We conclude that

n! cdetM =
∑

p,σ∈Sn

sgn(σ)Mσ(p(1))p(1) . . .Mσ(p(n))p(n).

Replacing σ ◦ p by a and σ by b we obtain that trAnM1 . . .Mn = cdetM . □
Let us slightly modify generators of the algebra B̃(C). Recall that the algebra B̃(C) is

generated by the elements

τa(u,C) = trAaC1 . . . CaT1(u) . . . Ta(u− a+ 1), a = 1, . . . , n.

Recall the antipode map η : Y (gln)
∼−→Y (gln) induced by the map T (u) 7→ T (u)−1. Then

by [92, Section 1] the algebra η(B̃(C)) = B̃(C−1) (see [51, Lemma 6.5]) is generated by the
elements

trAnT1(u) . . . Tk(u− k + 1)Ck+1 . . . Cn.

It follows that the the algebra B̃(C) is generated by the elements

trAnT1(u) . . . Ta(u− a+ 1)C−1a+1 . . . C
−1
n , a = 1, . . . , n.

These generators can be written in a generating function

trAn(e
−∂uT1(u)− C−11 ) . . . (e−∂uTn(u)− C−1n ).
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Moreover, note that by [20, Proposition 4] matrix e−∂uT (u)− C−1 is Manin so we conclude
from Lemma 4.11.2 that

trAn(e
−∂uT1(u)− C−11 ) . . . (e−∂uTn(u)− C−1n ) = cdet(e−∂uT (u)− C−1).

Recall the matrix E ∈ End(Cn) ⊗ U(gln). Set E(u) :=
∑

r⩾0E[r]u
−r−1 ∈ End(Cn) ⊗

U(gln[t])[[u
−1]].

Lemma 4.11.3 We have

[Eij(u), Ekl(v)] =
1

u− v

(
Eil(v)δjk − Eil(u)δjk − Ekj(v)δli + Ekj(u)δli

)
i.e. E(u) is a Lax matrix of gln-Gaudin type (see [20, Definition 5]).

Proof : Follows from the relation [Eij, Ekl] = Eilδjk − Ekjδli,. □

Corollary 4.11.4 The matrix ∂u − E(u) is a Manin matrix.

Proof : Follows from [20, Proposition 2], compare with [20, Equation (18)]. □
We are now ready to give an explicit description of the generators of the algebra Ãu

χ. The
following proposition is essentially due to Talalaev ([106]).

Proposition 4.11.5 The subalgebra Ãu
χ ⊂ U(gln[t]) is generated by the coefficients in front

of ur∂lu, l ∈ Z⩾0, r ∈ Z⩽0 of cdet(E(u)− ∂u + χ).

Proof : Recall that the generators of B̃(C) are the coefficients of cdet(e−∂uT (u) − C−1).
Consider the family cdet ϵ−1(e−ϵ∂uT (u/ϵ) − exp(−ϵχ)) of elements of B̃(exp(ϵχ)). After
the identification B̃(exp(ϵχ)) ≃ B̃ϵ(exp(ϵχ)) the element cdet ϵ−1(e−ϵ∂uT (u/ϵ) − exp(−ϵχ))
becomes

cdet ϵ−1
(
e−ϵ∂u

(
1 + ϵ

∑
r⩾1

[ℏr−1t(r)ij ]u
−r
)
− exp(−ϵχ)

)
∈ B̃ϵ(exp(ϵχ)).

We have

e−ϵ∂u
(
1 + ϵ

∑
r⩾1

[ℏr−1t(r)ij ]u
−r
)
− exp(−ϵχ) =

(1− ϵ∂u)
(
1 + ϵ

∑
r⩾1

[ℏr−1t(r)ij ]u
−r
)
− 1 + ϵχ+O(ϵ2) =

= ϵ
(∑

r⩾1

[ℏr−1t(r)ij ]u
−r − ∂u + χ

)
+O(ϵ2).

It follows that

lim
ϵ→0

cdet ϵ−1(e−ϵ∂uT (u/ϵ)− exp(−ϵχ)) = cdet(E(u)− ∂u + χ).

It remains to recall that by Theorem 4.8.12 we have Ãu
χ = lim

ϵ→0
B̃ϵ(exp(ϵχ)). The fact that

the coefficients of cdet(E(u)− ∂u+χ) generate Ãu
χ follow from the similar statement for the

classical limit Ãu
χ ⊂ S•(gln[t]) together with the fact that grPBW Ãu

χ = grPBW Ãu
χ. □
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Remark 4.11.6 For χ = 0 the results of Proposition 4.11.5 should be compared with [21,
Theorem 3.1].

Let us now pick distinct points z1, . . . , zk ∈ C and recall the corresponding standard Lax
matrix for the Gaudin system

Lz(u) :=
k∑

i=1

E(i)

u− zi
.

Corollary 4.11.7 For every χ ∈ gln the algebra Ãχ(z1, . . . , zk) is generated by the coeffi-
cients in front of ur∂lu of cdet(L(u)− ∂u − χ).

Proof : Recall that Aχ(z1, . . . , zk) = evz1,...,zk(Au
−χ). Now the claim follows from the fact that

evz1,...,zk(E(u)) =
k∑

i=1

∞∑
r=0

Ezri u
−r−1 =

k∑
i=1

E(i)

u− zi
= Lz(u).

□
Pick ξ ∈ h. Our goal for now is to introduce certain compatible families of generators of

the algebras evz/ε+dB̃(exp(ϵχ)), Ãχ(z).
Consider the following two-parametric family of differential operators, here ϵ, ε ∈ C×

cdet ϵ−1(e−ϵ∂u(1 + Lz/ε+d(u/ϵ))− exp(−ϵχ)) =
∑
k⩾0

bk,ϵ,ε(u)∂
k
u.

Since e−∂uur = ur−1e−∂u for every r ∈ Z it follows that bk,ϵ,ε(u) are rational functions with
poles at the points ϵ

ε
zi + ϵj + ϵdi, i, j = 1, . . . , k. Consider then the following elements

rk,zi,l,ϵ,ε :=
k∑

j=1

resu= ϵ
ε
zi+ϵj+ϵdi(u− zi)

lbk,ϵ,ε(u)du ∈ evz/ε+d(B̃(exp(ϵχ))), l = 0, . . . , k.

We can also decompose

cdet(Lz(u)− ∂u − ξ) =
∑
k⩾0

b0k,z,ξ(u)∂
k
u

and consider the elements

r0k,zi,l,ξ := resu=zi(u− zi)
lb0k,z,ξ(u)du, l = 0, . . . , k.

The following proposition is an immediate consequence of the results above.

Proposition 4.11.8 The algebra evz/ε+d(B̃(exp(ϵχ))) is generated by elements rk,zi,l,ϵ,ε.
The algebra Ãξ(z) is generated by the elements r0k,zi,l,ξ

Remark 4.11.9 Note that for every c ∈ C the elements rk,zi,l,ϵ,ε, r0k,zi,l,ξ do not change under
the simultaneous shift (z1, . . . , zk) 7→ (z1 + c, . . . , zn + c) so in particular

ev((z1/ε)+d1,...,(zk/ε)+dk)(B̃(exp(ϵχ))) = ev((z1+c)/ε+d1,...,(zk+c)/ε+dk)(B̃(exp(ϵχ))),

Ãξ(z1, . . . , zn) = Ãξ(z1 + c, . . . , zk + c).
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4.12 Alcoves

Let S ⊂ T be the compact torus i.e. S := T ∩ U(n), where U(n) ⊂ GLn is the group
of unitary matrices. We denote by S the quotient S/U(1) ⊂ PGLn, here U(1) ⊂ U(n)
is the center. Recall the Cartan subalgebra h ⊂ gln consisting of diagonal matrices. We
use the natural bijection {1, 2, . . . , n} ∼−→Z/nZ, j 7→ [j] to parametrize coordinates of h by
elements of Z/nZ. We also recall the quotient h = h/{diag(a, . . . , a), a ∈ C} and the natural
identification h0

∼−→ h (here h0 ⊂ h is the subalgebra of traceless diagonal matrices). Let
hR ⊂ h be the real points. We have a covering:

exp: hR → S, χ 7→ exp(2πiχ).

We denote by Sreg ⊂ S the subset of regular elements. Note that the preimage exp−1(S\Sreg
)

consists of the points (a[1], . . . , a[n]) ∈ hR such that a[i]−a[j] ∈ Z for some [i] ̸= [j]. For [i] ̸= [j]
and k ∈ Z we set

Hk
[i],[j] = {(a[1], . . . , a[n]) ∈ hR | a[i] − a[j] = k}.

We will call the hyperplanes Hk
[i],[j] ⊂ hR the affine walls, and the connected components of

the complement to the union of all Hk
[i],[j] the alcoves. Let Λ be the coweight lattice of gln.

We have the natural identification Λ = Zn. Set Λ := Λ/Z(1, 1, . . . , 1). Consider the standard
action Sn ↷ Λ via the permutation of the basis elements. Note that we have the left action
of Sn ⋉ Λ on h given by

(σ;m1, . . . ,mn) · (a1, . . . , an) = (aσ−1(1) +mσ−1(1), . . . , aσ−1(n) +mσ−1(n)).

Remark 4.12.1 Recall that we have (σ1, λ1) · (σ2, λ2) = (σ1σ2, σ
−1
2 (λ1) + λ2) for σ1, σ2 ∈

Sn, λ1, λ2 ∈ Λ.

We define the extended affine Weyl group as Ŵ ext := Sn ⋉ Λ. The natural action of Sn ↷ h
and the action of Λ ↷ h via translations induce the action Ŵ ext ↷ h.

The coroot lattice Λr ⊂ Λ is generated by the vectors Eii −Ei+1i+1 ∈ h, i = 1, . . . , n− 1.
Let Λr ⊂ Λ be the image of Λr in Λ. Note that [Λ : Λr] = n. The affine Weyl group
Ŵ := Sn ⋉ Λr is an index n subgroup of the extended affine Weyl group Ŵ ext.

The Ŵ ext-action on hR preserves the affine walls, so it acts on the set alcoves. It is easy
to see that the alcoves are fundamental domains for the action Ŵ ↷ hR. By choosing the
“base” alcove Q = {(a[1], . . . , a[n]) ∈ hR, | a[n] + 1 ⩾ a[1] ⩾ a[2] ⩾ . . . ⩾ a[n]}, we obtain a
bijection between the alcoves and the elements of Ŵ and a surjective n : 1 map from Ŵ ext

to the set of alcoves. More precisely, to ŵ = (σ,m[1], . . . ,m[n]) ∈ Ŵ ext we associate

Qŵ := ŵQ =

= {(a[1], . . . , a[n]) ∈ hR | aσ([n]) −m[n] + 1 ⩾ aσ([1]) −m[1] ⩾ . . . ⩾ aσ([n]) −m[n]}. (4.29)

Warning 4.12.2 Let us point out once again that the Ŵ ext-action on the set of alcoves is
not free, so it may happen that Qŵ = Qŵ′ for distinct ŵ, ŵ′ ∈ Ŵ ext. This will be important
in the proof of Proposition 4.16.6.
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The base alcove Q is separated by the walls

H0
[1],[2], . . . , H

0
[n−1],[n], H

−1
[n],[1]

that we denote by H1, H2, . . . , Hn respectively. We denote by Qreg
ŵ the interior of Qŵ. The

alcove Qŵ is separated by the walls

H
m[1]−m[2]

σ([1]),σ([2]), . . . , H
m[n−1]−m[n]

σ([n−1]),σ([n]), H
m[n]−m[1]−1
σ([n]),σ([1])

that we enumerate by numbers 1, 2, . . . , n and denote by H ŵ
1 , . . . , H

ŵ
n . Note that H ŵ

i =
ŵ(Hi).

4.13 Limits to the affine wall

In this section we describe the limits of different families of subalgebras depending on χ ∈ h
to a generic point of an (affine) wall Hk

[i],[j].
We pick ŵ ∈ Ŵ ext and consider the corresponding alcove Qŵ (see (4.29)). Pick χ0 ∈

Qŵ lying on some Hk
[i],[j] but not on any other affine wall (such χ0 ∈ Hk

[i],[j] will be called
subregular). Set C0 := exp(2πiχ0). Pick also χ ∈ Qreg

ŵ and consider the following family
C(ε) := C0 exp(2πiεχ) = exp(2πi(χ0 + εχ)), where ε ∈ C (one can also consider the formal
version of this family). Set B(C0, χ) := lim

ε→0
B(C(ε)). Recall that we have the identification

Y (g) ≃ Yϵ(g). We denote by Bϵ(C0, χ) the image of B(C0, χ) in Yϵ(g). We also set Au
(χ0,χ)

:=
lim
ε→0

Au
χ0+εχ.

Remark 4.13.1 The algebra B(C0, χ) is the limit subalgebra for the family {B(C), C ∈
T

reg}. It follows from [51] that the space of all possible limit subalgebras is classified by the
Deligne-Mumford space M0,n+2 of stable rational curves with n+ 2 marked points.

We will use the following lemma in the proof of Proposition 4.13.3 below.

Lemma 4.13.2 Pick C ∈ T
reg then h0 ⊂ B(C) (we use the embedding U(g) ⊂ Y (g)).

Proof : Recall the filtration F2 on Y (g) (see Section 4.7.3). It follows from [53] that
gr2B(C) = U(h0[t]) ⊂ U(sln[t]) = gr2 Y (g) so h0 ⊂ gr2B(C). Note that degF2

h0 = 0
and the only element of degree −1 in Y (g) is zero. The claim follows. □

The following proposition should be compared with [53, Theorem B].

Proposition 4.13.3 We have

B(C0, χ) = B(C0)⊗Z(U(zg(χ0))) Aχ(zg(χ0)), Au
(χ0,χ)

= Au
χ0

⊗Z(U(zg(χ0))) Aχ(zg(χ0)).

Moreover, the subalgebra B(C0, χ) ⊂ Y (g) is generated by B(C0) and the element h = hij =
Eii − Ejj ∈ U(g) ⊂ Y (g), the subalgebra Au

(χ0,χ)
⊂ U(g[t]) is generated by Au

χ0
and the

element hij ∈ U(g) ⊂ U(g[t]).
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Proof : We have B(C0) ⊂ lim
ϵ→0

B(C(ϵ)) = B(C0, χ). We claim that hij lies in the limit. In-
deed, this follows from the fact that C = C(ϵ) is regular for ϵ ̸= 0 so by Lemma 4.13.2 we
have h0 ⊂ B(C(ϵ)). Note now that the derived subalgebra zg(χ0)

der of zg(χ0) is equal to
SpanC(Eij, hij, Eji) ≃ sl2 so the algebra Aχ(zg(χ0)) is equal to C[hij] ⊗ Z(U(zg(χ0))) i.e. is
(freely) generated by hij over the center Z(U(zg(χ0))). We conclude that B(C0)⊗Z(U(zg(χ0)))

Aχ(zg(χ0)) ⊂ B(C0, χ). Note that Z(U(zg(χ0))) ⊂ B(C0) ⊂ B(C0, χ) so B(C0, χ) is con-
tained in the centralizer ZY (g)(Z(U(zg(χ0)))). It follows from [53, Lemma 6.14] that

ZY (g)(Z(U(zg(χ0)))) = Y (g)zg(χ0) ⊗Z(U(zg(χ0))) U(zg(χ0)).

Algebra B(C0)⊗Z(U(zg(χ0))) Aχ(zg(χ0)) is a maximal commutative subalgebra of
Y (g)zg(χ0) ⊗Z(U(zg(χ0))) U(zg(χ0)) (compare with the proof of Proposition 4.5.3) so we must
have the equality B(C0)⊗Z(U(zg(χ0))) Aχ(zg(χ0)) = B(C0, χ).

The proof for Au
(χ0,χ)

is similar. □

Recall that Au
(χ0,χ)

= Au
χ0

⊗Z(U(zg(χ0))) Aχ(zg(χ0)). We set Au
(χ0,χ)

:= Au
χ0

⊗Z(S•(zg(χ0)))

Aχ(zg(χ0)) that can be considered as a classical limit of Au
(χ0,χ)

.

Remark 4.13.4 In the same way as in the proof of Proposition 4.13.3 one can show that
Au

(χ0,χ)
= lim

ϵ→0
Au

χ0+ϵχ and Au
(χ0,χ)

is generated by Au
χ0

and h.

Lemma 4.13.5 We have

Au
(χ0,χ)

= ZS•(g[t])(Ωχ0 , h), Au
(χ0,χ)

= ZU(g[t])(Ω̃χ0 , h).

Proof : The proof is similar to the proof of Proposition 4.6.2. Considering the family
ZS•(g[t])(Ωκχ0 , h) and taking the limit κ → ∞ we conclude (as in the proof of Proposi-
tion 4.6.2) that

lim
κ→∞

ZS•(g[t])(Ωκχ0 , h) ⊂ ZS•(zg(χ0)[t])(Ωzg(χ0), h).

It remains to show that Au
0(zg(χ0)) ·h = ZS•(zg(χ0)[t])(Ωzg(χ0), h). Note that zg(χ0) is a reductive

Lie algebra with semisimple part being isomorphic to sl2. Now the claim reduces to the sl2-
case when this is clear.

So we have shown that Au
(χ0,χ)

= ZS•(g[t])(Ωχ0 , h). The proof of the equality Au
(χ0,χ)

=

ZU(g[t])(Ω̃χ0 , h) follows from the equality Au

(χ0,χ)
= ZS•(g[t])(Ωχ0 , h) in the same way as in the

proof of Proposition 4.6.6. □

Lemma 4.13.6 The two-parametric family Bϵ(exp(ϵ(χ0+εχ))) depending on (ϵ, ε) ∈ (C×)2
extends to the continuous family on the whole C2 by setting

(ϵ, 0) 7→ Bϵ(exp(ϵχ0), χ), (0, ε) 7→ Au
χ0+εχ, (0, 0) 7→ Au

(χ0,χ)
.

Proof : As in the proof of Proposition 4.8.9 we consider the family

Xϵ(χ0 + εχ) :=
ϵ

cV
ψϵ

(
trV exp ρV (ϵ(χ0 + εχ))T (3)

)
∈ Bϵ(exp(ϵ(χ0 + εχ))), ϵ ∈ C×, ε ∈ C.
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It follows from the proof of Proposition 4.8.9 that the family Xϵ(χ0 + εχ) extends to
ϵ = 0 via X0(χ0 + εχ) = Ω̃χ0+εχ. We conclude that every limit algebra to (0, ε) contains
Ω̃χ0+εχ (here ε may be equal to zero). Note also that hij ∈ Bϵ(exp(ϵ(χ0 + εχ))) so every
limit algebra contains hij. It follows that every limit algebra to (0, ε) (ε ∈ C) contains
Ω̃χ0+εχ, hij so is contained in the centralizer ZU(g[t])(Ω̃χ0+εχ, hij) that is equal to Au

χ0+εχ for
ε ̸= 0 (see Proposition 4.6.6) and to Au

(χ0,χ)
for ε = 0 (see Lemma 4.13.5). From the

dimension estimates (same as in the proof of Theorem 4.8.12) we conclude that every limit
algebra to (0, ε) (ε ∈ C) is Au

χ0+εχ for ε ̸= 0 and Au
(χ0,χ)

for ε = 0. We also note that every
limit algebra to (ϵ, 0) (ϵ ̸= 0) contains Bϵ(exp(ϵχ0)), hij, hence, by Proposition 4.13.3 and
the maximality of Bϵ(exp(ϵχ0, χ)) (see [51, Main Theorem of Section 1.2]) it must be equal
to Bϵ(exp(ϵχ0, χ)).

To finish the proof we need to check that the family that we have constructed is in-
deed continuous. Let π be our two-parametric family and let πi : C2 → Gr(di, Qi) be the
corresponding maps to Grassmannians. We need to check that if we have some convergent
sequence pn → p on C2 then the sequence of images πi(pn) converges to πi(p). It is enough
to show that every convergent subsequence of the sequence πi(pn) converges to πi(p). Pick a
convergent subsequence πi(pj(i)n

) of the sequence πi(pn) and assume that it converges to some
Pi. Pick a subsequence p

j
(i)

j
(i+1)
n

of pjn such that πi(pj(i)
j
(i+1)
n

) converges to some Pi+1. Continuing

in this way we obtain a sequence of vector spaces (use Lemma 4.2.8) Pi ⊂ Pi+1 ⊂ . . . such
that P :=

⋃
j⩾i Pi is a commutative algebra (use Lemma 4.2.8), its dimension can only jump.

It now follows from the observations above together with Lemma 4.2.8 that the algebra P
must be π(p). We conclude that Pi = πi(p).

□

Remark 4.13.7 Note that there is an alternative proof of Lemma 4.13.6 that uses explicit
generators described in Section 4.11 (compare with the proof of Proposition 4.11.5). Note
also that we are not claiming that the family constructed in Lemma 4.13.6 is holomorphic
(this should be true but we do not need this).

Pick distinct points z1, . . . , zk ∈ C. We set A(χ0,χ)(z) := lim
ϵ→0

Aχ0+ϵχ(z) ⊂ U(g)⊗k. Let us
show that the algebra A(χ0,χ)(z) is equal to evz(Au

(χ0,χ)
) (see Proposition 4.13.9 below). We

start from the following lemma.

Lemma 4.13.8 We have A(χ0,χ)(z) = Aχ0(z)⊗Z(U(zgln (χ)))
Aχ(zgln(χ0)). The algebra A(χ0,χ)(z)

is generated by Aχ0(z) and the element ∆k(hij) = h
(1)
ij + . . .+ h

(k)
ij .

Proof : Same proof as of Proposition 4.13.3. □

Proposition 4.13.9 We have evz(Au
(χ0,χ)

) = A(−χ0,−χ)(z).

Proof : Use Proposition 4.4.10 together with Proposition 4.13.3, Lemma 4.13.8 and the max-
imality of A(−χ0,−χ)(z) ⊂ U(g)⊗k (follows from the fact that A−χ0 ⊂ U(g)zg(χ0) is maximal
that was proved in [43, Proposition 9.12]). □
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4.14 Simplicity of spectra of B(X) on a tensor product
of KR modules

In this section we recall the main results of [50] that will be used later.
Pick k ⩾ 1 and let Va1ϖb1

, . . . , Vakϖbk
be irreducible polynomial representations of gln,

corresponding to rectangular Young diagrams. Let z = (z1, . . . , zk) be a k-tuple of (dis-
tinct) complex numbers zi ∈ C, later we will put some restrictions on Re(zj). We denote by
Vajϖj

(zj) the corresponding irreducible representations of Y (gln) (via evzj). The represen-
tations Vajϖj

(zj) are called Kirillov-Reshetikhin modules. Recall that to every C ∈ G, we
can associate Bethe subalgebra B(C) ⊂ Y (sln) (see Section 4.10.1) so we obtain the action
B(C) ↷ V1(z1)⊗ . . .⊗ Vk(zk) (via (evz1 ⊗ . . .⊗ evzk) ◦∆k).

The following proposition was proved in [50].

Proposition 4.14.1 For C ∈ S and Re(zj) = −bj − n + aj the algebra B(C) acts on the
tensor product Va1ϖb1

(z1)⊗ . . .⊗ Vakϖbk
(zk) via normal operators.

The following proposition holds by [50, Section 4.3].

Proposition 4.14.2 Fix distinct z1, . . . , zk ∈ C and d1, . . . , dk ∈ C. For almost every s ∈ C
the action of B(X) on Va1ϖb1

(sz1 + d1) ⊗ . . . ⊗ Vakϖbk
(szk + dk) has a cyclic vector for

X = C ∈ T
reg and X = (C0, χ).

Remark 4.14.3 Proposition 4.14.2 remains true for any X ∈M0,n+2.

As a corollary of Proposition 4.14.1 and Proposition 4.14.2, we obtain the following
proposition.

Proposition 4.14.4 Fix distinct z1, . . . , zk ∈ iR and let dj := −bj − n + aj. Then the set
of s ∈ R such that the action of B(X) on Va1ϖb1

(sz1 + d1)⊗ . . .⊗ Vakϖbk
(szk + dk) does not

have a simple spectrum for some X = C ∈ S
reg or X = (C0, χ) is finite.

Remark 4.14.5 In the Proposition 4.14.4 one can replace X by any X ∈M0,n+2.

From now on we fix distinct z1, . . . , zk ∈ iR. Using Proposition 4.14.4 we get

Corollary 4.14.6 There exists a real number N ∈ R such that for every s ∈ R⩾N and
X ∈ S

reg or X = (C0, χ) the action of B(X) on Va1ϖb1
(sz1+ d1)⊗ . . .⊗Vakϖbk

(szk + dk) has
a simple spectrum.

4.15 Further properties of the two-parametric family
Bϵ(exp(ϵ(χ0 + εχ)))

In this section we construct certain families relating images in End(Vλ1 ⊗ . . .⊗Vλk
) of Bethe

algebras and inhomogeneous Gaudin algebras. We consider T as a subset of h.
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Lemma 4.15.1 We have evz(B̃(C)) = ÃC−1.

Proof : Follows from [92, Section 2], see also [50]. □

Proposition 4.15.2 For χ ∈ hreg0 we have

lim
ε→0

Bε(exp(χ)) = U(h0[t]).

Moreover, for Weil generic χ ∈ hreg0 (i.e. for χ in the complement to a certain countable
union of Zariski closed subsets of hreg0 ) the two-parametric family Bε(exp(ϵχ)) depending on
ϵ, ε ∈ C× extends to the continuous two-parametric family on the blowup Bl(0,0)C2 as follows
(here ϵ ∈ C, ε, c ∈ C×):

((ϵ, 0), [1 : 0]) 7→ U(h0[t]), ((0, ε), [0 : 1]) 7→ Bε(1) · Aχ,

((0, 0), [c : 1]) 7→ Au
cχ, ((0, 0), [0 : 1]) 7→ Au

0 · Aχ.

Proof : It follows from Lemma 4.13.2 that h0 ⊂ B(exp(ϵχ)). Since deg2 h0 = 0 we conclude
that h0 lies in every limit algebra of the family Bε(exp(ϵχ)). Let us also note that according
to [48] the algebra B(exp(ϵχ)) contains elements

σi(ϵ) := 2J(tϖi
)−

∑
α∈∆+

eα(exp(ϵχ)) + 1

eα(exp(ϵχ))− 1
(α, αi)x

+
αx
−
α .

We denote by σi,ε(ϵ) the corresponding elements of Bε(exp(ϵχ)). We see that the the family
σi,ε(ϵ) extends to Bl(0,0)C2 as follows:

((ϵ, 0), [1 : 0]) 7→ 2tϖi
[1], ((0, ε), [0 : 1]) 7→ −

∑
α∈∆+

(α, αi)

(α, χ)
x+αx

−
α ,

((0, 0), [c : 1]) 7→ 2tϖi
[1]−

∑
α∈∆+

(α, αi)

c(α, χ)
x+αx

−
α ,

We conclude that every limit algebra at the point ((ϵ, 0), [1 : 0]), ϵ ∈ C contains h0[1]
so lies in ZU(g[t])(h0[1]) = U(h0[t]), hence, coincides with U(h0[t]) since dimF1 U(h0[t]) =
dimF1 Bε(exp(ϵχ)). Similarly, every limit algebra at the point ((0, ε), [0 : 1]) clearly con-
tains B(1) and also contains the linear combinations of elements

∑
α∈∆+

(α,αi)
(α,χ)

xαx
−
α i.e. the

quadratic part of Aχ (see [115]). Note also that the centralizer of U(g)g in Y (g) is equal to
Y (g)g ·U(g) = Y (g)g ⊗U(g)g U(g) (see [53, Lemma 6.14]). Since for Weil generic χ ∈ hreg0 the
algebra Aχ is equal to the centralizer of its quadratic part (see [97]) we then conclude that
for Weil generic χ every limit algebra at the point ((0, ε), [0 : 1]) is contained in Bε(1) · Aχ,
hence, is equal to Bε(1) · Aχ since dimF1 Bε(exp(ϵχ)) = dimF1(Bε(1) · Aχ) (compare with
the proof of [53, Theorem 6.13]). Similarly, every limit algebra at the point ((0, 0), [0 : 1])

contains the elements
∑

α∈∆+

(α,αi)
(α,χ)

xαx
−
α and also the element ω̃0 so coincides with Au

0 · Aχ

(here we use the maximality of Au
0 · Aχ ⊂ U(g[t]) which follows from Proposition 4.5.5).

Finally, every limit algebra at the point ((0, 0), [c : 1]) contains the element ω̃cχ therefore is
contained in the centralizer ZU(g[t])(ω̃cχ) that is equal to Au

cχ by Remark 4.6.7. The argument
as in the end of the proof of Lemma 4.13.6 finishes the proof. □
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Remark 4.15.3 We expect that Proposition 4.15.2 is true for every χ ∈ hreg0 . To prove
this it is enough to show that the algebra Aχ coincides with the centralizer of its quadratic
part for every χ ∈ hreg0 . Note also that we are not claiming that the family constructed
in Proposition 4.15.2 is holomorphic (this should be true but we do not need this for our
purposes).

Corollary 4.15.4 For Weil generic χ ∈ ihreg0,R (i.e. for χ in the complement to a certain
countable union of Zariski closed subsets in ihreg0,R) the two-parametric family Bε(exp(ϵχ))
depending on ϵ, ε ∈ R× extends to the two-parametric family on the blowup Bl(0,0)R2 as
follows (here ϵ ∈ R, ε, c ∈ R×):

((ϵ, 0), [1 : 0]) 7→ U(h0[t]), ((0, ε), [0 : 1]) 7→ Bε(1) · Aχ,

((0, 0), [c : 1]) 7→ Au
cχ, ((0, 0), [0 : 1]) 7→ Au

0 · Aχ.

Let us now introduce the notation. Recall that we have

Bl(0,0)R2 = {((a, b), [c : d]) ∈ R2 × RP1 | ad = bc}.

We consider Bl(0,0)R2 as a topological space (with the standard induced topology on it). We
denote by Bl(0,0)(R2 \ ({0} × R×)) the following topological space:

Bl(0,0)(R2 \ ({0} × R×)) := {((a, b), [c : d]) ∈ (R2 \ ({0} × R×))× RP1 | ad = bc}

Remark 4.15.5 Note that the topological space Bl(0,0)(R2 \ ({0}×R×)) is not an algebraic
variety (it is a constructible set).

We also consider the following subset of Bl(0,0)(R2 \ ({0} × R×)):

Bl(0,0)(R× [0, 1/N) \ ({0} × (0, 1/N)))) :=

= {((a, b), [c : d]) ∈ (R× [0, 1/N) \ ({0} × (0, 1/N)))× RP1 | ad = bc}. (4.30)

To simplify notation, we set K := R × [0, 1/N) \ ({0} × (0, 1/N)) and will denote the
space (4.30) by Bl(0,0)K.

We are now ready to prove the proposition that describes a partial compactification of the
family Im(evz/ε+dB(exp(χ)) → End(V1 ⊗ . . .⊗ Vk)). Note that if representations V1, . . . , Vk
have no multiplicities for the action of h0 then the proof of Proposition 4.15.6 below simplifies.
Indeed, if this is the case then Im(U(h0)

⊗k → End(V1 ⊗ . . . ⊗ Vk)) is already the maximal
commutative subalgebra of End(V1⊗ . . .⊗Vk) so the statement of Proposition 4.15.6 can be
deduced from Corollary 4.15.4.

Proposition 4.15.6 For z1, . . . , zk ∈ iR and χ ∈ ihreg0,R we have (ε ∈ (0, 1/N))

lim
ε→0

Im(evz/ε+dB(exp(χ)) → End(V1 ⊗ . . .⊗ Vk)) = Im(A⊗kexp(−χ) → End(V1 ⊗ . . .⊗ Vk)).

Moreover, for Weil generic χ ∈ ihreg0,R the two-parametric family

Im(evz/ε+dB(exp(ϵχ)) → End(V1 ⊗ . . .⊗ Vk))
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depending on ϵ ∈ R×, ε ∈ (0, 1/N) extends to the (continuous) two-parametric family on
Bl(0,0)K as follows (here c ∈ R×, ϵ ∈ (0, 1/N)):

((ϵ, 0), [1 : 0]) 7→ Im(A⊗kexp(−ϵχ) → End(V1 ⊗ . . .⊗ Vk)),

((0, 0), [1 : 0]) 7→ Im(A⊗kχ → End(V1 ⊗ . . .⊗ Vk)),

((0, 0), [c : 1]) 7→ Im(A−cχ(z) → End(V1 ⊗ . . .⊗ Vk)),

((0, 0), [0 : 1]) 7→ Im(A0(z) ·∆k(Aχ) → End(V1 ⊗ . . .⊗ Vk)).

Proof : Consider the topological space

Bl(0,0)(R2 \ (R× × {0} ∪ {0} × R×)) :=
= {((a, b), [c : d]) ∈ (R2 \ (R× × {0} ∪ {0} × R×))× RP1 | ad = bc}.

Let us first of all note that evz/ε+dB(exp(ϵχ)) = evε;z+εdBε(exp(ϵχ)). Note also that by
our assumptions on Vi the algebra Im(evz/ε+dB(exp(ϵχ)) → End(V1 ⊗ . . .⊗ Vk)) is maximal
commutative subalgebra of End(V1⊗ . . . Vk) of dimension dim(V1⊗ . . .⊗Vk). Recall that the
family Bε(exp(ϵχ)) extends to Bl(0,0)(R2). We claim that the family of morphisms evε;z+εd

also extends to Bl(0,0)(R2) by evz. Indeed, note that evε;z+εd does not depend on ϵ and
Bε(exp(ϵχ)) ⊂ Yε(g) so the claim easily follows from Lemma 4.10.5 (see Corollary 4.10.6).
Note that the images of A−cχ(z), (A0(z) ·∆k(Aχ)) in End(V1 ⊗ . . .⊗ Vk) are maximal com-
mutative subalgebras (follows from [43, Corollary 11.9] using Lemma 4.10.2).

Taking the image in End(V1 ⊗ . . .⊗ Vk) of the family considered in Corollary 4.15.4 and
using that Bl(0,0)R2 is Noetherian (so the image of the whole family coincides with the image
of a large enough filtration term of it) we conclude that the two-parametric family

Im(evz/ε+dB(exp(ϵχ)) → End(V1 ⊗ . . .⊗ Vk))

depending on (ϵ, ε) ∈ (R×)2 extends to the two-parametric family on Bl(0,0)(R2 \ (R××{0}∪
{0} × R×)) \ {((0, 0), [1 : 0])} as follows (here c ∈ R×, ϵ ∈ R):

((0, 0), [c : 1]) 7→ Im(A−cχ(z) → End(V1 ⊗ . . .⊗ Vk)),

((0, 0), [0 : 1]) 7→ Im((A0(z) ·∆k(Aχ)) → End(V1 ⊗ . . .⊗ Vk).

It remains to show that this family extends to Bl(0,0)K by setting

((ϵ, 0), [1 : 0]) 7→ Im(A⊗kexp(−ϵχ) → End(V1 ⊗ . . .⊗ Vk)),

((0, 0), [1 : 0]) 7→ Im(A⊗kχ → End(V1 ⊗ . . .⊗ Vk)).

Note that the images of algebras evz/ε+d(B(exp(ϵχ))), A⊗kexp(−ϵχ), A⊗kχ , A−cχ(z), (A0(z) ·
∆k(Aχ)) in End(V1 ⊗ . . .⊗ Vk) are maximal commutative so we can replace algebras above
by the corresponding algebras for gln. Consider the following open subset U ⊂ Bl(0,0)K:

U := {((ϵ, cϵ), [1 : c])} ⊂ Bl(0,0)K.

146



Recall now the generators rk,zi,l,ϵ,ε of the algebra evz/ε+d(B̃(exp(ϵχ))) (see Section 4.11).
Recall also the generators r0k,zi,l,ξ of the algebra Ãξ(z1, . . . , zk), here χ ∈ h0. Let us first of
all note that the family rk,ui,l,ϵ,ε extends continuously to the family on U \ {((ϵ, 0), [1 : 0])}
by setting

((0, cϵ), [1 : c]) 7→ r0k,zi,l,−c−1χ ∈ A−χ(c−1z1, . . . , c−1zk).

To see this, recall that ε = cϵ and note that we have the equality (compare with the proof
of Proposition 4.11.5):

lim
ϵ→0

ϵ−n cdet(e−ϵ∂u(1 + Lz/ε+d(u/ϵ))− exp(−ϵχ)) = cdet(Lc−1z(u)− ∂u + χ). (4.31)

The equality (4.31) implies that lim
ϵ→0

bk,l,ϵ,ε(u) = b0k,l,c−1z,−χ(u), hence,

lim
ϵ→0

rk,zi,l,ϵ,ε = lim
ϵ→0

k∑
j=1

resu=c−1zi+ϵj+ϵdi(u− zi)
lbk,ϵ,ε(u)du =

= resu=c−1zi(u− zi)
lb0k,l,c−1z,−χ = r0k,c−1zi,l,−χ.

It remains to show that the families rk,zi,l,ϵ,ε extend to the points ((ϵ, 0), [1 : 0]) and
generate algebras Ã⊗kexp(−ϵχ), Ã⊗kχ . Indeed, recall that the elements rk,zi,l,ϵ,ε are sums of residues
of the elements (u − zi)

lbk,ϵ,ε at the points c−1zi + ϵj + ϵdi. Recall also that the generating
function for bk,ϵ,ε can be written in the following form:

ϵ−n trAn(e
−ϵ∂u(1 + Lz/ε+d(u))1 − exp(−ϵχ)1) . . . (e−ϵ∂u(1 + Lz/ε+d(u))n − exp(−ϵχ)n) =

= ϵ−n
∑

a=0,...,n

(−1)n−a
(
n

a

)
trAn(1 +

ϵE
(1)
1

u− c−1z1 − ϵd1
) . . . (1 +

ϵE
(1)
a

u− c−1z1 − ϵ(d1 + a− 1)
) . . .

. . . (1+
ϵE

(k)
1

u− c−1zk − ϵdk
) . . . (1+

ϵE
(k)
a

u− c−1zk − ϵ(dk + a− 1)
)(exp(ϵχ))a+1 . . . (exp(ϵχ))ne

−aϵ∂u

=
∑
k⩾0

bk,ϵ,ε(u)∂
k
u.

Since c−1 → ∞ and ϵ is clearly bounded we see that at the point ((ϵ, 0), [1 : 0]) the family
rk,zi,l,ϵ,ε converges to the same element as the family r(i)1,zi,l,ϵ,ε

= 1⊗. . .⊗1⊗r1,zi,l,ϵ,ε
i

⊗1⊗. . .⊗1.

So we can assume that k = 1 and then we are dealing with the family evzi/ε+di(B̃(exp(ϵχ)))

that by Lemma 4.15.1 is exactly Ãexp(−ϵχ). It remains to show that the limits as c → 0

of the elements r1,zi,l,ϵ,ε generate Ãexp(−ϵχ) for ϵ ̸= 0 and generate A−χ as ϵ → 0. Indeed,
directly from the definitions the elements r1,zi,l,ϵ,ε do not depend on c, di (compare with
Remark 4.11.9). Note also that as ϵ→ 0 we have

lim
ϵ→0

cdet ϵ−1(e−ϵ∂u(1 + L0(u))− exp(ϵχ)) = L0(u)− ∂u + χ.

This observation finishes the proof.
□
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Remark 4.15.7 We expect that for every χ ∈ hreg0 the family evz/ε+dB(exp(ϵχ)) extends
to the blowup Bl(0,0)C2 by setting (here ϵ, ε, c ∈ C×)

((ϵ, 0), [1 : 0]) 7→ A⊗kexp(−ϵχ), ((0, ε), [1 : 0]) 7→ evz/ε+d(B(1)) · Aχ

((0, 0), [c : 1]) 7→ A−cχ(z), ((0, 0), [0 : 1]) 7→ A0(z) ·∆k(Aχ), ((0, 0), [1 : 0]) 7→ A⊗kχ .

For example, it follows from our proof of Proposition 4.15.6 that for a fixed ϵ ∈ C× we have
lim
ϵ→0

evz/ε+d(B(exp(ϵχ))) = A⊗kexp(−ϵχ). It is also easy to show that lim
ϵ→0

evz/ε+dB(exp(ϵχ)) ⊃
evz/ε+d(B(1)) ·Aχ but the equality is not clear. We expect that evz/ε+d(B(1)) ·Aχ ⊂ U(g)⊗k

is the maximal commutative subalgebra and then the equality above will follow. Another
problem with extending the family evz/ε+dB(exp(ϵχ)) to the blowup Bl(0,0)C2 is that we do
not know Poincaré series of the algebras evz/ε+dB(exp(ϵχ)) so the method similar to the one
used in the proof of Proposition 4.15.6 (see also the proof of [43, Proposition 10.17]) cannot
be applied.

4.16 Crystal structure on EC(λ)

Let us now pick k ⩾ 1 and let V1, . . . , Vk be irreducible polynomial representations of gln
with highest weights λ1, . . . , λk respectively. Let us also fix distinct z1, . . . , zk ∈ iR. We are
not assuming that Vj correspond to rectangular Young diagrams here. For our purposes it
is enough to assume that Corollary 4.14.6 holds for tensor products of Vj. More precisely,
we assume the following.

Assumption 4.16.1 We assume that there exist d1, . . . , dk ∈ C and N ∈ R such that for
every s ∈ R⩾N , X ∈ S

reg or X = (C0, χ) and 1 ⩽ m1 < . . . < mp ⩽ k the action of B(X)
on Vm1(szm1 + dm1)⊗ . . .⊗ Vmp(szmp + dmp) has a simple spectrum.

Remark 4.16.2 By the results of Section 4.14 this assumption holds automatically for
Vj, corresponding to rectangular Young diagrams. We will see in Remark 4.17.2 that this
assumption actually implies that Vj correspond to rectangular Young diagrams.

Recall that we have fixed zi, di. For simplicity, let us denote the representation V1(sz1 +
d1) ⊗ . . . ⊗ Vk(szk + dk) of Y (g) by V (s), s ∈ R⩾N . For X = C ∈ S

reg or X = (C0, χ)
let EX(λ, s) be the set of eigenlines of B(X) acting on V (s). Note that the set R⩾N is
contractible so simply-connected, hence, EX(λ, s) are canonically identified for all s ∈ R⩾N

and we denote this set simply by EX(λ).
Our goal for now is to define on EC(λ) the structure of ŝln-crystal (see Definition 4.9.2).
We pick ŵ ∈ Ŵ ext and consider the corresponding alcove Qŵ ⊃ Qreg

ŵ . Taking χ ∈ Qreg
ŵ

such that C = exp(2πiχ) we define a crystal structure on Eexp(2πiχ)(λ) as follows. Pick
j = 1, . . . , n and consider the corresponding wall H ŵ

j and pick a generic element χ0 lying on
the intersection of this wall with Qŵ. Set C := exp(2πiχ), C0 := exp(2πiχ0) and consider the
algebra B(C0, χ) acting on V (s). Note that we have the identification EC(λ) ∼−→E(C0,χ)(λ).
Recall that by Proposition 4.13.3 the algebra B(C0, χ) is generated by B(C0) together with
the element h, corresponding to the wall H ŵ

j . We can then decompose V (s) as B(C0)-module
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in the direct sum of weight spaces V (s) =
⊕

η : B(C0)→C V (s)η. The action of B(C0, χ) on
V (s) has a simple spectrum so the action h ↷ V (s)η has a simple spectrum i.e. V (s)η =⊕

i∈Z V (s)ηi with V (s)ηi being one-dimensional. Moreover, note that h0 ⊂ B(C0, χ) so h0 acts
on each V (s)ηi via some weight µ ∈ h∗0. Since V (s)ηi is one-dimensional it can be considered
as an element of EC(λ) and we can define

e[j](V (s)ηi ) := V (s)ηi+1, f [j](V (s)ηi ) := V (s)ηi−1, wt(V (s)ηi ) = µ, (4.32)

where e[j](V (s)ηi ) := 0 if V (s)ηi+1 = 0, similarly, f [j](V (s)ηi ) := 0 if V (s)ηi−1 = 0.
Let us now note that the definition of e[j], f [j] does not depend on the choice of χ0 because

the subset of Qŵ, consisting of regular elements and subregular elements of H ŵ
j is simply-

connected (we also use the Main Theorem of [51], where the parametrizing space of limits
of Bethe algebras is described). We will denote by E ŵ

exp(2πiχ)(λ) the set Eexp(2πiχ)(λ) with a
structure (4.32) defined as above.

Lemma 4.16.3 Pick σ ∈ Sn and (m1, . . . ,mn), (m
′
1, . . . ,m

′
n) ∈ Λ. Set ŵ = (σ;m1, . . . ,mn),

ŵ′ = (σ;m′1, . . . ,m
′
n). Pick also χ ∈ Qreg

ŵ , χ′ ∈ Qreg
ŵ′ . Then there is a bijection of sets

E ŵ1

exp(2πiχ1)
(λ) ∼−→E ŵ2

exp(2πiχ2)
(λ) that commutes with e[j], f[j],wt.

Proof : The map exp: hR → S sends alcoves Qŵ, Qŵ′ to the same subset of S. The image of
H ŵ

j coincides with the image of H ŵ′
j . The claim follows. □

Let E ŵ,fin
exp(2πiχ)(λ) be the set E ŵ

exp(2πiχ)(λ) together with operations e[j], f [j], j = 1, . . . , n−1,
wt (i.e. we forget e[n], f [n]).

Proposition 4.16.4 Pick σ ∈ Sn. There is a canonical isomorphism Eσ,fin
exp(2πiχ)(λ)

∼−→E−χ(λ)
compatible with ej, fj,wt.

Proof : Consider the family Bϵ(exp(2πiϵχ)), ϵ ∈ (0, 1/N). Note that by Theorem 4.8.12
the limit of this family to ϵ = 0 is Au

2πiχ. It follows from Lemma 4.10.5 and Corollary
4.10.6 that the family of homomorphisms evϵ;z1+ϵd1,...,zk+ϵdk (ϵ ∈ R) extends to ϵ = 0 via
evz. Taking the image of the family above in End(V1 ⊗ . . . ⊗ Vk), we obtain the family of
commutative subalgebras of End(V1 ⊗ . . .⊗ Vk). Every algebra of our family above acts on
V1 ⊗ . . . ⊗ Vk with a simple spectrum (for ϵ ∈ (0, 1/N) this follows from the Assumption
4.16.1, for ϵ = 0 this follows from Proposition 4.4.10 together with [28], see also [43, Secion
11]). Using Lemma 4.10.2, we obtain the identification of sets Eσ

exp(2πiχ)(λ)
∼−→E−χ(λ).

We now pick [j] = [1], . . . , [n−1] and our goal is to show that the operators e[i], f [i],wt are
compatible with the identification above. To see that, we can consider the two-parametric
family Bϵ(exp(ϵ(χ0 + εχ))), ϵ ∈ (0, 1/N), ε ∈ R× that by Lemma 4.13.6 extends to a family
depending on ϵ ∈ [0, 1/N), ε ∈ R as follows:

(ϵ, 0) 7→ Bϵ(exp(ϵχ0), χ), (0, ε) 7→ Au
χ0+εχ, (0, 0) 7→ Au

(χ0,χ)
.

Recall that the family of homomorphisms evϵ;z1+ϵd1,...,zk+ϵdk (ϵ ∈ (0, 1/N)) extends to ϵ = 0
via evz so we can consider the image of the family above (with ϵ ∈ [0, 1/N), ε ∈ R) in
End(V1⊗ . . .⊗Vk). Every algebra in the image acts on V1⊗ . . .⊗Vk with a simple spectrum:
for (ε, ϵ) ∈ R × (0, 1/N) this follows from Assumption 4.16.1, for ϵ = 0 this follows from
[43, Section 11] together with Propositions 4.4.10, 4.13.9. The claim follows since every two
paths on R× [0, 1/N) from (1, 1) to (0, 0) are homotopic. □
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Remark 4.16.5 Recall that for x ∈ Y (g) we have
ev(ϵ;z1+ϵd1,...,zr+ϵdr)(ψϵ(x)) = evz1/ϵ+d1,...,zr/ϵ+dr(x). We use this in the proof of Proposition
4.16.4.

For [j] ∈ Z/nZ we denote by E ŵ,[j]
exp(2πiχ)(λ) the set E ŵ

exp(2πiχ)(λ) together with operations
e[1], . . . , e[j−1], e[j+1], . . . , e[n], f[1], . . . , f[j−1], f[j+1], . . . , f[n], wt (we forget the action of e[j], f [j]).
Recall that τ[j] ∈ Sn is an element that sends [i] to [i+ j].

Proposition 4.16.6 For ŵ = (σ;m1, . . . ,mn) we have an isomorphism E ŵ,[j]
exp(2πiχ)(λ) ≃

E−τ[j](χ)(λ), that identifies e[i] with ei−j and f [i] with fi−j.

Proof : We have ŵ = (σ;m1, . . . ,mn). Recall that Qŵ consists of (a[1], . . . , a[n]) such that

aσ([n]) −m[n] + 1 ⩾ aσ([1]) −m[1] ⩾ . . . ⩾ aσ([n]) −m[n].

Consider the element ŵ′ := ŵ · (τ[j], [0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸
j

]) = (σ ◦ τ[j],m′1, . . . ,m′n). Note that

Qŵ = Qŵ′ and H ŵ
[i] = H ŵ′

[i−j]. We obtain the identification E ŵ
exp(2πiχ)(λ)

∼−→E ŵ′

exp(2πiχ)(λ)

such that the action of e[l], f [l] on E ŵ
exp(2πiχ)(λ) corresponds to the action of e[l−j], f [l−j] on

E ŵ′

exp(2πiχ)(λ). So we obtain the identification E ŵ,[j]
exp(2πiχ)(λ)

∼−→E ŵ′,fin
exp(2πiχ). It follows from

Lemma 4.16.3 that we have an identification E ŵ′,fin
exp(2πiχ)

∼−→Eσ◦τ[j],fin
exp(2πiτ[j](χ))

. Note now that by

Proposition 4.16.4 there is an isomorphism of crystals Eσ◦τ[j],fin
exp(2πiτ[j](χ))

(λ) ∼−→E−τ[j](χ)(λ). After
composing the identifications above we conclude that we have an isomorphism
E ŵ,[j]
exp(2πiχ)(λ)

∼−→E−τ[j](χ)(λ) that sends e[i] 7→ e[i−j], f [i] 7→ f [i−j].
□

Corollary 4.16.7 We have a canonical isomorphism E [j]
exp(2πiχ)(λ) ≃ E−τ[j](χ)(λ) that becomes

an isomorphism of crystals if we identify e[i] with ei−j and f [i] with fi−j.

4.17 Identification of EC(λ) with tensor product of KR
crystals

Pick χ ∈ Q1, k ∈ Z⩾1. Recall that λ = λ1, . . . , λk is a collection of dominant weights (of
gln), z1, . . . , zk ∈ iR and the Assumption 4.16.1 holds.

Proposition 4.17.1 Assume that k = 1. Then λ = lϖr and the crystal Eexp(2πiχ)(λ) coin-
cides with the Kirillov-Reshetikhin crystal Bλ, corresponding to the irreducible representation
Vλ (see Section 4.9).

Proof : Follows from Proposition 4.9.14, Corollary 4.16.7 and [43, Theorem 1.8]. □

Remark 4.17.2 Let us point out that Proposition 4.17.1, in particular, implies that if
the Assumption 4.16.1 holds for V1, . . . , Vk then each Vi is the irreducible representation,
corresponding to a rectangular diagram.
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Recall that in Section 4.9 the tensor product of ŝln-crystals was defined. The goal of the
rest of the Section is to construct the isomorphism of crystals Eexp(2πiχ)(λ) ∼−→Eexp(2πiχ)(λ1)⊗
. . .⊗ Eexp(2πiχ)(λk) (see Proposition 4.17.3) and then to conclude (using Proposition 4.17.1)
that we have an isomorphism Eexp(2πiχ)(λ) ∼−→Bλ1 ⊗ . . . ⊗ Bλk

(see Theorem 4.17.4). The
similar claims for the sln-crystals Eχ(λ) follow from the results of [43].

Proposition 4.17.3 For Im z1 ≫ Im z2 ≫ . . . ≫ Im zk we have the canonical isomorphism
of crystals

Eexp(2πiχ)(λ) ∼−→
Eexp(2πiχ)(λ1)⊗ Eexp(2πiχ)(λ2)⊗ . . .⊗ Eexp(2πiχ)(λk−1)⊗ Eexp(2πiχ)(λk).

Proof : Let us construct an isomorphism of sets

Eexp(2πiχ)(λ) ∼−→Eexp(2πiχ)(λ1)⊗ . . .⊗ Eexp(2πiχ)(λk).

Consider the family

Im(ev(z/ε+d)(B(exp(2πiχ))) → End(V1 ⊗ . . .⊗ Vk))

with zl ∈ iR, ε ∈ (0, 1
N
) (see Assumption 4.16.1) and note that by Proposition 4.15.6 the limit

as ε → 0 is Im(A⊗kexp(−2πiχ) → End(V1 ⊗ . . . ⊗ Vk)) that is exactly Im(evz1(B(exp(2πiχ)))⊗
. . . ⊗ evzk(B(exp(2πiχ))) → End(V1 ⊗ . . . Vk)). Since the set of eigenlines of the action
evz1(B(exp(2πiχ)))⊗ . . .⊗ evzk(B(exp(2πiχ))) is exactly Eexp(2πiχ)(λ1)⊗ . . .⊗Eexp(2πiχ)(λk)
we obtain the identification Eexp(2πiχ)(λ) ∼−→Eexp(2πiχ)(λ1) ⊗ . . . ⊗ Eexp(2πiχ)(λk). We claim
that this identification is an isomorphism of crystals. To check this, it is enough to show
that for every j = 1, . . . , n the identification above induces the isomorphism of crystals
E [j]
exp(2πiχ)(λ)

∼−→E [j]
exp(2πiχ)(λ1)⊗ . . .⊗ E [j]

exp(2πiχ)(λk). Consider the element
ŵj := (τ[j]; 0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸

j

) ∈ Ŵ ext and let us also fix an element χj ∈ Qreg
τ[j]

. It fol-

lows from Lemma 4.16.3 and the proof of Proposition 4.16.6 that we have identifications
E [j]
exp(2πiχ)(λ)

∼−→E ŵj ,fin

exp(2πiχ)(λ)
∼−→Eτ[j],fin

exp(2πiχj)
(λ), E [j]

exp(2πiχ)(λl)
∼−→E ŵj ,fin

exp(2πiχ)(λl)
∼−→Eτ[j],fin

exp(2πiχj)
(λl),

l = 1, . . . , k that are compatible with the identifications above. Therefore it is enough to
show that the bijection
Eτ[j],fin

exp(2πiχj)
(λ) ∼−→Eτ[j],fin

exp(2πiχj)
(λ1)× . . .×Eτ[j],fin

exp(2πiχj)
(λk) is an isomorphism of crystals (with the

tensor product crystal structure on the right-hand side). By Proposition 4.16.4 we have the
isomorphism of crystals Eτ[j],fin

exp(2πiχj)
(λl)

∼−→E−χj
(λl) given by the monodromy along the path

connecting ϵ = 0 and ϵ = 1/2N in the family

ϵ 7→ Im(evz/ϵ+d(B(exp(2πiϵχj))) → End(V1 ⊗ . . .⊗ Vk)), ϵ ∈ (0, 1/N),

0 7→ Im(A−χj
(2πi · z) → End(V1 ⊗ . . .⊗ Vk))

so we just need to check that the bijection

Eτ[j],fin

exp(2πiχj)
(λ) ∼−→E−χj

(λ1)× . . .× E−χj
(λk) (4.33)
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given by the composition of the product of monodromies above and the monodromy along
the path connecting ε = 0 and ε = 1 of the family

ε 7→ Im(evz/ε+dB(exp(2πiχj)) → End(V1 ⊗ . . .⊗ Vk)), ε ∈ R×,

0 7→ Im(A⊗kexp(−2πiχj)
→ End(V1 ⊗ . . .⊗ Vk))

is an isomorphism of crystals.
Consider the family Im(evz/ε+d(B(exp(2πiϵχj))) → End(V1⊗ . . .⊗Vk)), ϵ, ε ∈ R. We can

assume that χj is Weil generic so it follows from Proposition 4.15.6 that this family extends
to the family parametrized by Bl(0,0)K. Our goal is to describe the path p : [0, 1] → Bl(0,0)K
that induces the isomorphism (4.33) and then replace it by a homotopy equivalent path
inside Bl(0,0)K.

We start from describing the path p : [0, 1] → Bl(0,0)K. Note that p(0) = ((1, 1/2N), 2N :
1]), p(1) = ((0, 0), [1 : 0]). Recall that the isomorphism (4.33) is the composition of two
isomorphisms: one is the isomorphism

Eτ[j],fin

exp(2πiχj)
(λ) ∼−→Eτ[j],fin

exp(2πiχj)
(λ1)× . . .× Eτ[j],fin

exp(2πiχj)
(λk)

and the second one is the isomorphism

Eτ[j],fin

exp(2πiχj)
(λ1)× . . .× Eτ[j],fin

exp(2πiχj)
(λk)

∼−→E−χj
(λ1)× . . .× E−χj

(λk).

The first isomorphism is induced by the path p1 : [0, 1] → Bl(0,0)K given by c 7→ (( 1
2N
, 1−c
2N

), [1 :
1 − c]) and the second isomorphism is induced by the path p2 : [0, 1] → Bl(0,0)K given by
c 7→ ((1−c

2N
, 0), [1 : 0]). So we get p = p1 ∗ p2 i.e. p is obtained by gluing p1, p2.

Consider now the following path q : [0, 1] → Bl(0,0)K from ((0, 0), [1 : 0]) to ((1, 1), [1 : 1]).
Path q will be the gluing of two different paths q1, q2, q = q1 ∗ q2. Path q1 : [0, 1] → Bl(0,0)K
is given by c 7→ ((0, 0), [1 : c]), path q2 is given by c 7→ (( c

2N
, c
2N

), [1 : 1]).
Consider the composition p ∗ q. Note that p ∗ q is a cycle and it is easy to see that

this cycle is homotopic to zero: indeed, note that we have a family of continuous maps
γt : Bl(0,0)K → Bl(0,0)K, ((a, b), [x : y]) 7→ ((ta, tb), [x : y]) that retracts Bl(0,0)K on RP1.
The cycles γt(p ∗ q) are homotopic and γ1(p ∗ q) = p ∗ q. It remains to note that γ0(p ∗ q) is
homotopic to zero.

We conclude that the isomorphism induced by p is equal to the isomorphism
Eτ[j],fin

exp(2πiχj)
(λ) ∼−→E−χj

(λ1)× . . .× E−χj
(λk) induced by q−1. Note now that the isomorphism

induced by q−1 = q−12 ∗ q−11 is the composition of the isomorphism Eτ[j],fin

exp(2πiχj)
(λ) ∼−→E−χj

(λ)

induced by q−11 and the isomorphism E−χj
(λ) ∼−→E−χj

(λ1)× . . .× E−χj
(λk) induced by q−12 .

It follows from Proposition 4.16.4 that the first isomorphism is the isomorphism of crystals,
it follows from [43] that the second isomorphism is the isomorphism of crystals, where the
crystal structure on E−χj

(λ1)× . . .× E−χj
(λk) is given by E−χj

(λ1)⊗ . . .⊗ E−χj
(λk).

□
We are now ready to prove the main theorem of this section.

Theorem 4.17.4 For C ∈ S
reg and Im z1 ≫ Im z2 ≫ . . . ≫ Im zk, the crystal EC(λ)

coincides with the Kirillov-Reshetikhin crystal Bλ1 ⊗Bλ2 ⊗ . . . ⊗Bλk
, corresponding to the

tensor product of irreducible representations Vλ1 ⊗ Vλ2 ⊗ . . .⊗ Vλk
.
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Proof : Follows from Propositions 4.17.1, 4.17.3.
□

4.18 Monodromy

4.18.1 Spaces M0,n+2, Sreg

Space M0,n+2

Recall that M0,n+2 is the Deligne-Mumford space of stable rational curves with n+2 marked
points. The points of M0,n+2 are isomorphism classes of curves of genus 0, with n + 2
ordered marked points and possibly with nodes, such that each component has at least 3
distinguished points (either marked points or nodes).

The space M0,n+2 is a compactification of M0,n+2 (configuration space of n + 2 ordered
pairwise distinct points (z1, . . . , zn+2) of P1 modulo PGL2). We have

M0,n+2 ≃ {(z1, . . . , zn) ∈ (C×)n | zi ̸= zj}/C× = T reg, (4.34)

where T reg ⊂ PGLn is the subalgebra of diagonal matrices.
Space M0,n+2 has a natural stratification indexed by the combinatorial type of the curve

with marked points. Namely, the strata are indexed by trees whose leaves correspond to the
marked points 0, z1, . . . , zn,∞ where the inner vertices represent the connected components
and the edges correspond to the nodal points.

Space Sreg

We will be interested in a certain real form of M0,n+2 that we will denote by Sreg since it
is a compactification of Sreg. Namely, consider the (anti-holomorphic) involution on M0,n+2

sending (C, z0, z1, . . . , zn, zn+1) to (C, zn+1, z1, . . . , zn, z0). Space Sreg are fixed points w.r.t.
this involution. Note that after the identification (4.34) the involution on M0,n+2 is given
by (z1, . . . , zn) 7→ (z−11 , . . . , z−1n ) so its fixed points are precisely Sreg. The whole space Sreg

is the moduli space of curves where all marked points are on the unit circle, and the points
0, ∞ belong to the same component. We refer the reader to [49, Section 7.2.4] and [17] for
details.

Stratification of M0,n+2 induces the stratification of Sreg.

Extended affine cactus group

See [49, Section 10.3] for the details.
We recall that the affine cactus group ACn as the group with generators sij for 1 ⩽ i ̸=

j ⩽ n and relations:
(1) s2ij = 1
(2) sijskl = sklsij if [i, j] ∩ [k, l] = ∅
(3) sijskl = swij(l)wij(k)skl if [k, l] ⊂ [i, j], where wij is the element which reverses [i, j] and

leaves invariant the elements outside the interval.
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Warning 4.18.1 Note that we do not assume that i < j in the definition of ACn.

We define an action of Z/nZ on ACn by r · sij = si+1 j+1. The extended affine cactus
group ÃCn is the semi-direct product (Z/nZ)⋉ ACn.

Equivariant fundamental group of Sreg

Group Sn acts naturally on the space Sreg. We will be interested in the Sn-equivariant
fundamental group of Sreg which is defined as follows. Pick a basepoint x ∈ Sreg which
corresponds to a configuration of evenly spaced points of U(1), namely zk = e

2πik
n .

πSn
1 (Sreg) := {(g, p) | g ∈ Sn, p is a homotopy class of paths from x to gx}.

The multiplication in πSn
1 (Sreg) is defined as follows:

(g1, p1) · (g2, p2) = (g1g2, p1 ∗ g1(p2)).

Abusing notations for 1 ⩽ i ̸= j ⩽ n let (wij, sij) ∈ πSn
1 (Sreg) be the element correspond-

ing to the shortest path γij connecting the base point x with wijx.

Proposition 4.18.2 ([17, Theorem 8.3] and [49, Theorem 11.12]) There is an isomorphism
ÃCn

∼−→ π1(Sreg) that sends sij ∈ ÃCn to (wij, sij) ∈ π1(Sreg) and [1] ∈ Z/nZ to the pair con-
sisting of the cyclic permutation (12 . . . n) and the shortest path connecting x with (12 . . . n)x.

4.18.2 Description of the monodromy

The Deligne-Mumford space M0,n+2, being a compactification of T reg, parametrizes all pos-
sible limits of the Bethe subalgebras B(C) in the Yangian (see [51]). According to [50], any
subalgebra B(X) corresponding to any point X ∈ M0,n+2 acts on

⊗
Vλi

(ui) with a cyclic
vector. Restricting to Sreg ⊂ M0,n+2, and requiring the evaluation parameters ui to be as
above, we guarantee that the action of the corresponding subalgebra on the corresponding
module is Hermitian hence semisimple. So we can regard EC(λ) as a Sn-equivariant covering
of the space Sreg ⊂ M0,n+2. Our goal in this section is to describe the monodromy of this
covering in terms of the above affine crystal structure (compare with [43]).

We claim that the monodromy of this covering can be expressed in terms of the partial
Schützenberger involutions for the Kirillov-Reshetikhin crystals. Namely, for any proper
subdiagram in the affine diagram Ãn−1 (i.e. for any proper subset in the set of affine simple
roots), we can decompose our KR crystal into connected components with respect to the
corresponding (finite-type) Levi subalgebra and apply the Schützenberger involution assigned
to this Levi to each of the components.

Recall that if B is a normal g-crystal then the Schützenberger involution is the unique
isomorphism ξB : B ∼−→B that preserves connected components of B and such that:

ei(ξB(b)) = ξB(fθ(i)(b)),

fi(ξB(b)) = ξB(eθ(i)(b)),
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wt(ξB(b)) = w0wt(b),

where w0 ∈ W is the longest element and θ is the involution of the set of simple roots induced
by −w0.

Recall that to C ∈ Sreg and w ∈ Ŵ we can associate the Kirillov-Reshetikhin crystal Ew
C .

Abusing the notations, we denote by E the KR crystal corresponding to C ∈ Qreg, we can
identify it with crystals corresponding to other alcoves using the action of Ŵ .

Theorem 4.18.3 The generators sij of the monodromy group of Sreg acts on E as a partial
Schützenberger involution with respect to the corresponding subdiagram in the Dynkin diagram
of Ãn−1, see [50, Conjecture 7.1].

Proof : Let us deal with the case of s1n, the other cases are similar. We only need to
check that the bijection induced by the monodromy along the path γ1n is compatible with
crystal structures and preserves connected components. The path γ1n can be replaced by
the following path γ. Let χ = diag(u1, . . . , un) be an element of Rn such that w0(χ) = −χ
(i.e., uj = −un+1−j) and all ui are distint. Consider the path γ+(t) = exp(2πitχ) ∈ Sreg,
t ∈ (0, 1]. We can extend it to 0 by setting γ−(0) := lim

t→0
γ(t) ∈ Sreg. Set γ− : [0, 1] → Sreg,

γ−(t) = w0(γ
+(1 − t)). The path γ : [0, 1] → Sreg is the concatenation of the paths γ+ and

γ−. Note now that B(γ(1
2
)) is generated by B(1) together with the image of Aχ. Let us

now decompose our KR-module as the direct sum of weight spaces of B(1). Each weight
space will be a g-module without multiplicities since otherwise, the action of Aχ on this
component will not be cyclic (and so the action of B(1) ·Aχ can not have a simple spectrum
on the whole module). It then follows that our bijection presereves components. The same
argument as in [43, Proposition 13.5] works to see the compatibility with crystal structure.
□

4.18.3 Application: monodromy of the spectrum of QH∗
T×C×(M)

Let M be a disjoint union of type A quiver varieties with fixed framing vector (wi) and
arbitrary dimension vector (vi) (wi, vi are collections of numbers, labeled by the vertices
of the quiver). Let QH∗

T×C×
ℏ
(M) be the algebra of quantum cohomology of M, one can

think about this algebra as about the family of subalgebras in End(H∗
T×C×

ℏ
(M)) depending

(in logarithmic coordinates) on an element of H2(M,C). Recall now that by the results
Varagnolo [109] (following [87]), and Maulik-Okounkov ([79]) (see [80] for the comparison of
the two approaches), H∗

T×C×
ℏ
(M) ≃ Vλ1(z1)⊗ . . .⊗Vλk

(zk) and the action of the Yangian on it
has a geometric realization (here λj are fundamental weights that can be constructed from the
framing (wi)). After these identifications, the action of QH∗

T×C×
ℏ
(M) on Vλ1(z1)⊗. . .⊗Vλk

(zk)

identifies with the action of the family of Bethe subalgebras of the Yangian (our parameter C
above naturally corresponds to an element of H2(M,C)), see [79]. So, the following theorem
is a corollary of our results.

Theorem 4.18.4 The monodromy operators of eigenvalues of multiplication by elements of
the quantum cohomology ring QH∗

T×C×
ℏ
(M) are generated by partial Schützenberger involu-

tions.
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