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ABSTRACT

In this thesis I aim to show several developments related to notions of randomness and
structure in combinatorics and probability. One central notion, the pseudorandomness-
structure dichotomy, has played a key role in additive combinatorics and extremal graph
theory. More generally, however, such notions come into play in the study of combinatorial
probability and the use of random processes in extremal combinatorics. In a broader view,
randomness (and the pseudorandomness notions which resemble it along various axes) can be
viewed as a type of structure in and of itself which has certain typical and global properties
that may be exploited to exhibit or constrain combinatorial and probabilistic behavior.

These broader ideas often come in concert to allow the construction or extraction of exact
behavior. I have chosen three directions along which to study this theme: the singularity
of discrete random matrices, thresholds for Steiner triple systems, and improved bounds for
Szemerédi’s theorem. Each concerns breakthroughs in central questions of the fundamental
areas of random matrices, combinatorial designs, and additive combinatorics.
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Chapter 1

Introduction

1.1 Outline

The pseudorandomness-structure dichotomy has played a key role in the modern develop-
ment of additive combinatorics and extremal graph theory, highlighted by authors such as
Tao [100]. More broadly, as discussed in the abstract, we may view randomness and pseu-
dorandomness as a certain form of structure itself; we develop this narrative further by
demonstrating how random structures can aid the understanding of ezact structures, and
vice versa. I have chosen three representative works to highlight this narrative. An out-
line and summary of the key insights of each work in context of this theme constitutes the
remainder of this first introductory chapter.

The second chapter is focused on work [41] on “Singularity of discrete random matrices”,
joint with Vishesh Jain and Mehtaab Sawhney, which in most cases provides an exact char-
acterization of the probabilistic event that certain random matrices are singular. This work
has appeared in Geometric and Functional Analysis.

The third chapter involves work [87] on the “Threshold for Steiner triple systems”, joint
with Mehtaab Sawhney and Michael Simkin, which proves the tight exponent for the prob-
abilistic threshold for Steiner triple systems, a form of combinatorial design, to exist with
high probability while using only a random set of allowed triples. This work has appeared
in Geometric and Functional Analysis.

The fourth and final chapter contains recent work [68] on “Improved bounds for Sze-
merédi’s theorem”; joint with James Leng and Mehtaab Sawhney, which gives the first
improvement to bounds for Szemerédi’s theorem on sizes of sets avoiding arithmetic pro-
gressions of length & > 5 since the breakthrough work of Gowers [25,26] at the turn of the
century. This new work in turn relies on recent improved quasipolynomial bounds by the
same authors [69] for the inverse theorem for the Gowers U™ [N]-norm, which I have chosen
to treat as a black box in this thesis.



1.2 Singularity of discrete random matrices

1.2.1 Summary

The study of nonasymptotic random matrix theory has been central in establishing limiting
results and behavior of the spectrum of random matrices, such as the circular law. A more
detailed history of the combinatorial study of this area, focused on the singularity question,
is given in Section 2.1, and we focus on the broad strokes here.

Question 1.2.1. Let £ be a distribution with finite support on R. What is the probability
that an n x n matrix M with independent entries distributed as £ is singular, i.e., det M = 07

The natural conjecture is that the “easiest” way to enforce singularity explains the entire
behavior, namely, the event that det M = 0 occurs with probability (1 4 o(1))q, where ¢ is
the probability that M has a left- or right-kernel vector of the form e; or e; &= e; where ¢;, ¢;
are elementary basis vectors. One can conjecture an even stronger asymptotic expansion
graded by the size of the support and height of potential kernel vectors. In the case where
¢ = Ber(1/2) is uniform on {0, 1}, this implies a prediction of (1/2+0(1))™ for the singularity
probability, which was established only recently by Tikhomirov [103].

The content of this work is to extend this to all discrete distributions £, and furthermore
to prove the stronger (1 + o(1))q version for all £ which are not uniform on its support (e.g.,
Ber(p) for p # 1/2). In fact, our result is stronger: for certain £ we can pick up the second-
order term in the conjectural asymptotic expansion (in particular, this applies to & = Ber(p)
for p € (0,1/2)).

1.2.2 Overview of proof techniques

In the most naive approach, one wishes to look at each v € S"~! and consider the probability
that Mv = 0, and then add up over all vectors. For a fixed v, the probability of Mv = 0 is
the same as P[v -z = 0]", where x is a vector of n independent copies of . When v has large
support, this probability is superexponentially small and if v has constant size support, one
can explicitly analyze the potential outcomes. However, the number of v € S*~! is infinite
(and the number of potential v, after ruling out those which cannot be the kernel of such a
matrix, is still quite large). So, these observations do not suffice on their own.

For future reference, we remark that each e; can be a kernel vector precisely when ¢ is
supported at 0, and contributes P[{ = 0]" < [|{||% each, where [|£]|oc = MmaX,cqupp(e) PI§ =
a]. Each e; — e; can always be a kernel vector and contributes ||£]|3™ each, where ||£]|3 =
Y acsupp(e) L€ = a]®. Each e; + ¢; can be a kernel vector if £ has two elements summing to
0 in its support. It always contributes at most ||£||3", with equality when ¢ is a symmetric
distribution. Additionally, there are events corresponding to left-kernel vectors instead of
the traditional right-kernel.

At a high level, the proof must handle two types of events: M has a “somewhat short”
kernel vector (i.e., the approximate support has size at most cn for small ¢) on either side,
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called a compressible vector, or the kernel of M on both sides has only incompressible vectors.

In the case of compressible vectors, one uses an e-net and rounding argument to achieve
the dream of a union bound over the continuous sphere S*~!: combined with a sharp analysis
along the lines of the “naive approach” we can obtain the correct exponential prediction for
the compressible sphere. For a sharper estimate, this works for every vector v not in the
neighborhood of the special vectors e; and e; £ e; which may be contributing to the tight
probability. For these special vectors, we may use that we are in a close neighborhood to
meaningfully improve the analysis. (We remark that technically this sharp analysis requires
some level of understanding of incompressible vectors on a submatrix.)

In the more difficult case of incompressible vectors, we adapt methods of Tikhomirov
[103] to work for more general distributions. To be more specific, consider the following
simplified strategy. We focus on the usual right-kernel (the fact that we have no compressible
left-kernel vectors is simply used for an intermediate distance-to-hyperplane reduction and
related steps). We bucket incompressible vectors v € S"~! based on their threshold, which
is the largest dyadic scale T" such that the distribution of v - x at resolution 1/7" no longer
resembles N '(u, 0?) where i, 02 are the mean and standard deviation of v-z. Specifically, we
care that v - x never concentrates in an interval of length 1/7" by a much larger factor than
what A (p, 0?) can do, encoded via the Lévy concentration function. For vectors of threshold
T, roughly by rounding them to an n-dimensional lattice (T/n) 'Z" and attempting to
run the same argument as above, it turns out that a union bound approach can still work
given a key inversion of randomness estimate (Theorem 2.2.15) which essentially bounds the
number of vectors in this lattice that actually have approximately the required threshold T
and shows these occur at a superexponential level of sparsity.

The higher thresholds 7" we can handle, the smaller the error term in our estimate
of P[det M = 0] will be (it is roughly 1/T" up to subexponential terms). Unfortunately,
this generalization of Tikhomirov’s inversion of randomness only goes up to thresholds
T =~ (J[€|lz} — o(1))", and this is best-possible for thresholds against rows z that have n
independent entries. So, with this we can only handle a restricted class of distributions
(roughly, those where P[¢ = 0] = ||£||o); furthermore, we do not obtain the sharp version of
the result for these distributions.

In order to go further, we need to be more discerning and utilize the fact that it is
very rare for x to be very “atypical” for more than a few rows x of M. For example, with
superexponentially good probability, all but O(1) rows z of M are such that the multiset
of elements of x are roughly in proportion to the distribution of £&. Thus, in reality we use
a multi-slice generalization of inversion of randomness (Theorem 2.2.1) which along with
proper conditioning arguments allows us to push the argument through. This works since
the best-possible threshold for such a statement is T~ exp((H(§) — o(1))n) where H (&) is
the entropy of . For £ which are non-uniform, exp(—H (£)) < [|€]|3 < ||€]|eo and this allows
us to obtain an error term which is less than the contribution from the main term coming
from the compressible vector cases (and in some cases, the second term of the asymptotic
expansion). Here, a slice distribution is something like taking a uniform distribution on
{0,1}" and conditioning to have sum in the range (p+)n, instead of using the independent
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vector Ber(p)®". A multi-slice distribution is similar but with potentially larger support
than {0,1}. This requires rerandomization arguments implemented delicately to avoid loss
in the relevant estimates. (Earlier methods of Litvak and Tikhomirov [71] in some sense
perform a cruder switching argument on top of inversion of randomness to handle Ber(p) for
p of small constant order.)

The proof of the key inversion of randomness result is quite technical, but there are
three key steps at a high level. First, we replace the notion of Lévy concentration with
a log-Lipschitz smoothed version. Second, we prove an initial base estimate which counts
the possible choices for most of the coordinates of vectors of threshold 7" allowing a weaker
threshold. Third, we process the rest of the vector in small roughly linear-sized traunches,
using the chunks to iteratively smooth the notion of threshold to obtain the correct condition
on the threshold.

Thus, for the singularity problem we derive strong structure in a random distribution
by isolating the key contributing factors (the compressible event), and demonstrating uni-
form global control in the “generic” portion of the distribution (the incompressible event).
The latter step is accomplished by reformulating a question about vectors satisfying certain
threshold structure using inversion of randomness.

1.3 Threshold for Steiner triple systems

1.3.1 Summary

The study of designs is one of the oldest areas of combinatorics. Indeed, one of the first
theorems in combinatorics is that a Steiner triple system of order n exists precisely when n =
1,3 (mod 6), due to Kirkman [58]. That is, for such n there is a collection of size 3 subsets of
[n] = {1,...,n} such that every pair is included in exactly one triple. The construction given
by Kirkman is explicit, but much attention has been given to understanding less-structured
combinatorial designs since much of the history of constructing designs has utilized algebraic
or explicit methods. For instance, Steiner triple systems are closely related to Latin squares:
we can view a Steiner triple system as a decomposition of the edges of the complete graph K,
into triangles, and a Latin square as a decomposition of the edges of the complete tripartite
graph K, ,, into triangles. In fact, until a recent breakthrough result of Keevash [54] (and
a second proof by Glock, Kiihn, Lo, and Osthus [24]), Steiner systems with more general
parameters were not known to exist in most cases. We defer more detail to Section 3.1.

One question of particular interest concerns how random such objects can be, in various
senses. Ome natural notion of randomness has to do with the probabilistic threshold for
existence: if we sample each size 3 subset of [n] with probability p, will there exist a Steiner
triple system only using these subsets with high probability? This is closely related to
problems on matchings and hypergraph matchings such as Shamir’s problem, for which the
answer is that this holds for p roughly larger than (logn)/n.

Determining the threshold for existence of Steiner triple systems, and relatedly Latin
squares, is a folklore question that was in particular asked by Johansson and highlighted in
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Keevash’s 2018 ICM talk. Similar considerations to matchings suggest that the probabilistic
threshold must be at least (logn)/n, which was conjectured to be correct.

The content of this work is to show that for an appropriate choice of p = n=1*+°() with
high probability a Steiner triple system does exist among p-sampled size 3 subsets of [n] (and
similar for Latin squares), determining the correct asymptotic constant. We remark that in
later work, the upper bound was improved to (logn)?/n [52] and then to the optimal order
of magnitude (logn)/n [39,55].

1.3.2 Overview of proof techniques

The requirement to construct fairly random-looking Steiner systems means that it is not
enough to follow the classical explicit constructions. Additionally, the approach of Keevash
[54] for constructing designs utilizes sampling from algebraically structured templates which
simply do not exist at the optimal level of sparsity p = n~'°(1). Thus, we start with the
iterative absorption approach introduced by Glock, Kiihn, Lo, and Osthus [24].

To construct a Steiner triple system, without concern for the p-sampling, we perform the
following procedure. First, we fix a vortez [n] = Vo 2 -+ D V; of sets, each decreasing by
roughly a large constant factor each step until the final set V; of very small size (say less
than y/logn). Then we plant an absorber A in the edges of Ky, \ Ky, with the property
that for any possible remainder graph X on V; (specifically, a triangle-divisible graph with
even degrees and number of edges a multiple of 3), the union A U X can be decomposed
into triangles. This can be done by disjointly embedding single-graph absorbers Bx with
the property that Bx U X and Bx both have triangle-decompositions, which are not hard
to explicitly construct.

Then, our goal is to iteratively cover down by using all edges in Ky, \ (Ky, U A), then
all edges in Ky, \ Ky,, and so on until we reach a subset of Ky, which will be our X. Each
step of the cover down is similar, and merely requires that the remaining graph G; satisfies
some pseudorandomness properties with respect to the current set V; and the next set V;
(and technically, the future sets as well). It is executed in four steps.

First, we set aside a random reserve graph R; which is bipartite between V;\ V1 and V4
and ensure that the random outcome satisfies various pseudorandomness conditions. Second,
we use a random triangle removal process on G; \ R; (with a slight bias to account for the
fact that we are avoiding V;,; and the reserve graph) to remove all but a small fraction of
edges, smaller than the reserve graph. Furthermore, the outcome of this random process is
pseudorandom according to various heuristics, so that e.g. the degree of the remainder at
each vertex is small and roughly what it should be. Third, we use a random greedy process
to cover every remaining edge in V; \ V;4; via an extension to a vertex in V;,; within the
reserve graph (and again, ensure the outcome is appropriately pseudorandom).

Fourth and finally, every vertex in V; \ V41 has a neighborhood within V;;; and we must
cover the resulting edges. For each vertex, covering those edges with triangles corresponds
to finding a matching in the neighborhood within the induced graph G;[V;y1]. This can
be done since we were sure to include the reserve graph R; which provides enough options
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and pseudorandomness for each vertex. In fact, we use a greedy random process to take
matchings for each vertex in some order, and use the pseudorandomness properties to show
that this is likely to be successful in producing matchings which use disjoint edges across the
different vertices (so that the resulting triples never reuse a pair).

Again, studying typical outcomes of this sequence of random processes allows us to
conclude that a suitable version of this strategy will succeed with high probability and
ensure that the next stage has appropriate pseudorandomness conditions on the resulting
Gi11 to continue this process downwards.

Now, we turn to a discussion of introducing the concept of threshold. If we p-sample and
try to find a Steiner system among limited choices, then optimizing all possible constructions
and various other parts of the proof still leaves us stuck at roughly p = n=1/2+°() due to the
requirement of having absorbers such as By above. (Furthermore, to even get to this, due
to other issues with the construction one needs some of the ideas detailed below anyway.)

Instead, we utilize a recent breakthrough relating thresholds to spread distributions, or
equivalently the fractional expectation-threshold, due to Frankston, Kahn, Narayanan, and
Park [19]. (One can also use the more recent resolution of the Kahn-Kalai conjecture due
to Park and Pham [77], but this is not needed.) A g¢-spread distribution p on a family
H C 2X is a distribution such that PSS C Al < ¢3! for all S C X. Such a distribution
is “dominated” by ¢-sampling in an appropriate sense. On the other hand, the threshold of
a nontrivial family is the value p such that a p-sample of X contains an element of H with
probability 1/2. The result of [19] is that the threshold is O(qlog¢) if both |S| < ¢ for all
S € H and there is a ¢-spread distribution supported on .

Thus, instead of exhibiting a Steiner system in a random sample (threshold), we may in-
stead focus on producing a spread distribution of many Steiner systems. In fact, the iterative
absorption procedure described above already has many elements amenable to spread, such
as the fact that most choices (except for the absorber) are made using random processes
that satisfy various pseudorandomness estimates. Careful analysis can make this notion
more precise. As it turns out, the key issue becomes finding out how big we can afford to let
Vi be: the spread that we can afford is morally closer to n=+°(") the closer |V;| is to n'=°®).

Unfortunately, the strategy described above requires roughly |V;| = O(y/logn). A more
efficient naive absorption strategy can achieve |V;| = O(n¢) for some absolute ¢ > 0, but this
is nowhere near good enough.

The second key insight is that instead of using an absorber A, the final remainder graph
X is itself a near-complete triangle-divisible graph. Thus, the iterative absorption argument
for existence of Steiner triple systems (which is somewhat robust) can be applied to X as a
black box to finish the construction. Of course, as stated this is merely a sleight of hand: if
we unwrap the black box then there will be another vortex inside X until some point where
there is an even smaller “final set” and there is still an absorber.

However, if we have some bound on the threshold for Steiner triple systems (or some
appropriate generalization), then we know that we can find a decomposition of X that only
uses a sample of the triangles. This is a bit more constraining than before, but again if we
unwrap this argument then we can never improve the spread of our constructions by using
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a black box construction for X.

Therefore, we introduce the concept of spread boosters. Essentially, we do plant something
that serves as A with respect to X, but it is generated by randomly sampling triangles and
including their edges (so that it is “inherently spread” to a near optimal degree). The purpose
of A is not to complete the triangle-decomposition per se, but rather to replace triangles
within X with triangles that are more “spread”. This, converted to a boosting procedure,
allows us to iteratively improve the spread of the construction to n~'*to().

Thus, for thresholds for Steiner triple systems we can create exact structures such as
combinatorial designs using random processes (and some absorption to “fix” the structure).
The success of such a procedure in turn relies on various global heuristics and pseudorandom-
ness properties of the outcomes of these processes. Finally, converting this to a procedure to
construct spread probability measures and performing spread boosting enables us to bound
the probabilistic threshold which is measured with respect to ordinary Bernoulli measures.

1.4 Improved bounds for Szemerédi’s theorem

1.4.1 Summary

Szemerédi’s theorem states that in a subset of the integers with positive upper density, there
exist arbitrarily long arithmetic progressions. This answers a classical question of Erdds
and Turan. We defer more detail to Section 4.1, but this is a foundational question and
quantitative bounds for this question remain central to the field of additive combinatorics.
Study of this and related questions involving the inverse theorem for the Gowers UST[N]-
norm led to, among other things, the proof of the celebrated Green—Tao theorem on primes
in arithmetic progressions.

To be more precise regarding quantitative bounds, we let (V) be the size of the largest
subset of [N] = {1,..., N} with no nontrivial k-term arithmetic progression. Prior to
this work, the best known bounds were r3(N) < N exp(—c(log N)*/?) due to recent work
of Bloom and Sisask [9] improving on a breakthrough of Kelley and Meka [57], r4(N) <

N(log N)~¢ due to Green and Tao [28,32], and r,(N) < N(loglog N)_2_2k+9 due to seminal
work of Gowers [25,26].
We establish the bound

rr(N) < N exp(—(loglog N)*)

for all £ > 5, providing an improvement to the bounds for Szemerédi for general progressions
for the first time since the work of Gowers. The key input to this is a new quasipolynomial
bound on the inverse theorem for the Gowers U**-norm [69] in companion work. In applica-
tion, one takes s = k — 2 (for instance, the proof of Roth’s theorem on three-term arithmetic
progressions can be seen as utilizing the proof of the U?-inverse theorem, which follows from
basic Fourier analysis).
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1.4.2 Overview of proof techniques

Define
k

Ae(f1, -5 fe) = Ezyego,.. Ny H file 4+ —1)y)

j=1
for functions f;: [N] — C, where we extend functions by 0 to Z. We will generally be
interested in 1-bounded functions such as indicators of sets or shifts of indicators.

The proof of Roth’s theorem for three-term arithmetic progressions follows a density
increment strategy. Given A C [N] of size aN, or density a, we write

A3(1A7 ]1A7 11A) - Ag(&ﬂ[]\/], C(]l[N], aﬂ[N]) 4. ,

where there are 7 terms in the remainder each of the form As(f1, fa, f3) where one of the f;
is of the form 14 — aly) and the rest are 1-bounded.

The first term is roughly o in size up to a constant factor, so it is easy to see that we have
a three-term arithmetic progression unless one of the remainder terms is large in magnitude.
By an application of the Gowers—Cauchy—Schwarz inequality (e.g. Lemma 4.3.3) we see that
the Gowers U%-norm of 1,4 — alyy) is large. Or, we can merely use Fourier inversion here.

Then, by the inverse theorem for the Gowers U?-norm, this function must correlate with
a Fourier phase n — exp(2mifn). Finally, by a rational approzimation argument using
Dirichlet’s theorem, we may find a long subprogression P C [N] on which A has a density
increment, namely something like |[A N P|/|P| > a + ca?. Then we are done, since we can
iterate this until the density hits 1 and we are guaranteed to find a progression by that point.

The original proof of Roth gives r3(IN) < N/loglog N, but this was improved by Sze-
merédi [98] and Heath-Brown [35] by a strategy which extracts a set of multiple Fourier
phases instead of just one, giving a multiplicative density increment. A robust version of
this which can be extended to higher progressions was given in the work of Green and Tao
[28] on progressions of length four.

We use this approach, and replace Fourier analysis (or the U?-inverse theorem) with the
U*~Linverse theorem. In order to obtain the desired bounds, we require that the correlation
with a single degree k — 2 nilsequence (which replaces Fourier phases) is quasipolynomial,
and require appropriate complexity bounds on said nilsequence.

A higher degree nilsequence is essentially derived from polynomial phases such as the
function exp(2mifn?), except we also allow bracket polynomials such as exp(2wian|Bn])
or exp(2mian|fBn]||yn|dn|]), and combinations of such. As it turns out, the proof of the
inverse theorems is only amenable when we represent such functions via polynomial sequences
valued on nilpotent Lie groups of appropriate step, leading to the theory of nilsequences. For
simplicity we do not elaborate further on this point and refer the interested reader to [33,69].

Beyond this broad approach, in order to be able to efficiently pass to subprogressions we
must prove a robust rational approximation result for multiple nilsequences, which involves
proving a Schmidt-type decomposition result. This is accomplished via an iterative Schmidt
refinement. At a high level, we first use a more classical rational approximation argument
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to decompose [N] into subprogressions within which multiple pure floor functions such as
|An] and |0n] and |#n?] behave purely as polynomials without rounding (perhaps with
very different coefficients). Then, on each subprogression we plug in these functions into the
nested bracket polynomials, simplify, and apply a similar argument to the current innermost
polynomials. Upon iteration, this provides a decomposition into subprogressions on which
our nilsequences are almost constant, in a way that yields good enough bounds for our
argument.
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Chapter 2

Singularity of discrete random matrices

2.1 Introduction

Let M, (§) be an n x n random matrix, each of whose entries is an independent copy of a
random variable £&. We will restrict attention to when £ is a real-valued random variable
whose support is finite and contains at least two points (which we call discrete). What is the
probability that M, (§) is singular? This question, which has been studied since the 1960s,
has attracted considerable attention over the years. A well-known folklore conjecture is that
the dominant contribution to the probability of singularity is from the events that a row or
column is zero, or that two rows or two columns are equal (possibly up to a sign). In order
to facilitate discussion, let us introduce some notation. For a vector v € R", we define the
event

Ep = {M,(§)v = 0}.

We will also denote the canonical basis vectors of R” by ey, ..., e,. Then, the aforementioned
conjecture may be stated as follows.

Conjecture 2.1.1. Let £ be a discrete random variable, and let M, (§) be an n X n random
matriz whose entries are independent copies of €. Then

P[M,,(&) is singular] = (1 + o(1)) (271[?’[8@1] +n(n — 1)P[&, —e,] + n(n — 1)]P’[€el+62]).

In this paper, as our first main result, we confirm a stronger version of Conjecture 2.1.1
for all discrete distributions which are not uniform on their support. Let s,(M,,) denote the
least singular value of an n x n matrix M,; recall that s,(M,) = inf,cgn-1||M,z||2, where
S"~! denotes the unit sphere in R™ and ||-||; denotes the standard Euclidean norm on R™.

Theorem 2.1.2. Let & be a discrete random variable which is not uniform on its support.
There exist c¢, Ce > 0 so that for all sufficiently large n, and for all t > 0,

Plou(00,(6) < /v < Cet2BlE, L (1 Olexp(—cen) (mln- DI 00 DPLE -] )
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By applying Theorem 2.1.2 with ¢ = 0 for the upper bound, and considering the prob-
ability that a row or column is zero, or that two rows or two columns are the same (up to
a sign) for the lower bound (cf. the corresponding calculation in |71, Section 3.2|), we thus
establish the following strengthening of Conjecture 2.1.1 for discrete distributions which are
not uniform on their support.

Theorem 2.1.3. Let & be a discrete random variable which is not uniform on its support.
There exists ce > 0 such that

P[M,,(§) is singular] = 2nP[E,, ]+ (14 O(exp(—cen))) (n(n— DP[E,1e,] +1(n— 1)]1”[6@162]).

Let us record the consequence of this theorem for the special case of £ = Ber(p), which
has attracted considerable attention.

Theorem 2.1.4. Fiz p € (0,1/2). There exists ¢, > 0 such that

P[M, (Ber(p)) is singular] = 2n(1 — p)" + (1 + O(exp(—c,n)))n(n — 1)(p* + (1 — p)*)".
Remark 2.1.5. As discussed in Section 2.1.1, the above theorem resolves a conjecture of
Litvak and Tikhomirov [71, Problem 8.2|, thereby completing the program of determining
the (dominant) mechanism leading to the singularity of sparse Bernoulli matrices. In fact,

the above theorem provides the first two terms in the asymptotic expansion of the singularity
probability of M, (Ber(p)); a result of this precision was not available before in any context.

Theorem 2.1.6. Fiz p € (1/2,1). There exists ¢, > 0 such that
P[M,,(Ber(p)) is singular] = (1 + O(exp(—c,n)))n(n — 1)(p*> + (1 — p)*)™.

Remark 2.1.7. The above theorem provides the leading term in the asymptotic expansion of
the singularity probability of M, (Ber(p)). Prior to this work, even the correct value of

lim n~ " log P[M,,(Ber(p)) is singular)]
n—o0

had not been determined; compared to the true value of (p? + (1 — p)?) for this quantity, the
previous best-known result of Bourgain, Vu, and Wood [13| provides a weaker upper bound

of \/p. The reason that the case p € (1/2,1) is more challenging than p € (0,1/2) (treated

in [6,36,71], see the discussion below) is that in the former case, the dominant contribution

to the probability of singularity comes from the event of two rows or columns being equal

to each other, whereas in the latter case, the dominant contribution comes from the much
simpler event of a single row or column being zero.

For general discrete distributions, we determine the value of lim,, o, n™ ! log P[M,,(£) is singular].

The only case not covered by Theorem 2.1.2 is that of uniform distributions, which we handle

with a non-exact main term.

Theorem 2.1.8. Let £ be a discrete random variable. There exists Ce > 0 such that for any
fixed € > 0 and for all sufficiently large n and all t > 0,

Plsn(M,) < t/v/n] < Cet + 2nP[E.,] + (1 + €)"P[E., _e,).

Remark 2.1.9. For non-uniform discrete distributions, Theorem 2.1.2 is strictly stronger.
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2.1.1 Previous work

Let us put Theorems 2.1.2 and 2.1.8 in the context of known results. For convenience, we
will use ¢,(§) to denote P[M,, () is singular]. The work of Komlos [60] was the first to show
that ¢,(Ber(1/2)) = o(1). Much later, an exponential bound on ¢,(Ber(1/2)) was obtained
by Kahn, Komlos, and Szemerédi [50]. Subsequently, the base of the exponent was improved
to 0.939 and 3/44-0(1) in a series of works by Tao and Vu [101,102], and later to 1/v/2+0(1)
by Bourgain, Vu, and Wood [13]. Finally, a truly breakthrough result of Tikhomirov [103]
in 2018 established that g, (Ber(p)) = (1 —p + o(1))™ for fixed p € (0,1/2]. As mentioned
earlier, for fixed p € (1/2, 1), the analogous result was not known prior to this work.

Conjecture 2.1.1 has been most accessible for sparse Bernoulli distributions, in which case,
the right hand side simplifies considerably to (1 4 o(1)) - 2nP[E.,]. Here, by the Bernoulli
distribution with parameter p, which we will henceforth denote by Ber(p), we mean the
two point distribution which attains the value 1 with probability p and the value 0 with
probability 1 — p. Basak and Rudelson [6] confirmed the conjecture for & = Ber(p,,) for p,
in a certain range of sparsity limited to n™'Inn —n"'g(n) < p, <n'Inn+o(n"'lnlnn),
where g(n) is some function which grows slowly with n. Subsequently, Litvak and Tikhomirov
showed that the conjecture also holds for £ = Ber(p,) for Cn~'Inn < p, < ¢, where ¢ > 0
is a small absolute constant and C' > 0 is a large absolute constant. Recent work of Huang
[36] was able to bridge the gap between the regimes covered in [6] and [71], leaving open the
regime p € (¢, 1/2). Establishing Conjecture 2.1.1 (as opposed to the stronger Theorem 2.1.4)
in this case does not require the full strength of the ideas in this paper; in particular the
treatment of the ‘compressible’ part of the unit sphere is substantially simpler. Since this
is a case of particular interest (see |71, Problem 8.2|), we have isolated the proof (given
Theorem 2.2.1) of Conjecture 2.1.1 for sparse Bernoulli random variables in Section 2.3,
which also serves as a ‘warm-up’ to subsequent sections.

For general discrete distributions &, the only previous systematic study in the literature
is the work of Bourgain, Vu, and Wood [13|. They show [13, Corollary 1.2] that if £ is a
discrete distribution with sup,g P[§ = 7] =: p, then ¢,,(£) < (/p+ o(1))", which is far from
optimal (the true bound is never more than (p + o(1))", although it may be much smaller).
On the other hand, up to a possible o(1) term, Theorem 2.1.8 in this work always obtains
the correct base of the exponent.

For certain specific distributions, Bourgain, Vu, and Wood obtain the correct base of
the exponent (again, up to a o(1) term). Specifically, they show [13, Corollaries 3.1, 3.2]
that if &, is a random variable taking on the value 0 with probability 1 — ;1 and £1 with
probability /2 each, and if &, , is a random variable taking on the value 0 with probability
1 — o and +1,42 with probability /4 each, then ¢,(&1,,) = (1 — e+ o(1))" for all €
(0,1/2) and ¢, (§2,,) = (1 — p+ o(1))™ for all 4 € (0,16/25). For these random variables,
Theorem 2.1.8 determines the correct base of the singularity probability for all fixed pu €
(0,1), and Theorem 2.1.2 determines the leading order in the asymptotic expansion for
p € (0,1), u # 2/3 in the first case, and p € (0,1), u # 4/5 in the second case. In fact, for
w € (0,2/3) in the first case, and p € (0,4/5) in the second case, Theorem 2.1.2 determines

20



the first two terms in the asymptotic expansion.

We remark that the results of [13] such as [13, Corollary 1.2] are also applicable to discrete
random variables valued in the complex numbers, and settings where the entries of M,,(§) are
not identically distributed, and a small number of rows of M,,(£) are possibly deterministic;
we have not pursued these extensions.

Finally, we remark that there was a recent paper of Irmatov [37| which claimed to resolve
Conjecture 2.1.1 for Rademacher random matrices. Experts have informed us that there are
some unresolved issues in that work that its author is aware of, including [37, Theorem 3.
Furthermore, upon slight modification, the proof in [37] would appear to give impossibly
good error terms.

2.1.2 Additional results

The next result addresses the main question left open by our work, namely, the resolution
of Conjecture 2.1.1 for discrete distributions ¢ which are uniform on their support. In this
direction, we provide a sharp analysis of the contribution of a certain low-entropy part of the
unit sphere; in fact, it is this contribution which forms the leading term of the conjectured
asymptotic expansion of the singularity probability. This theorem is also central to the
proofs of Theorems 2.1.2 and 2.1.8.

Theorem 2.1.10. Fix a discrete distribution £&. There exist 6, p,n > 0 depending on & such
that for all sufficiently large n and t < 1,

P| inf [[M,(&z]2 < t} < nP[E,] + (Z) (PlEer—eo] + PlEerre]) + (¢4 PlEe, o] )™

x€Cons(4,p)

The set Cons(d, p) appearing above is the set of unit vectors which have at least (1 —0)n
coordinates within distance p/y/n of each other (see Definition 2.3.2), although a trivial
modification shows this result holds for any sufficiently low-entropy subset of the unit sphere.

Our techniques also lend themselves naturally to studying a certain model of random
matrices with combinatorially dependent entries. Let (), denote a random matrix with
independent rows, each of which is chosen uniformly from among those vectors in {0, 1}"
which have sum exactly [n/2]. In [76], Nguyen showed that P[Q,, is singular] = O¢(n~°) for
any C' > 0, and conjectured |76, Conjecture 1.4] that P[@Q,, is singular] = (1/2+0(1))". After
intermediate work [18, 38|, an exponential upper bound on the singularity probability was
only very recently obtained in work of Tran [104]. Our next result settles [76, Conjecture 1.4].

Theorem 2.1.11. For every e > 0, there exists C, depending on € such that for all sufficiently
large n, and for allt > 0,

Ps,(Qn) <t/v/n] < Cct+ (1/2+ €)™
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2.1.3 Overview of the techniques

As in many works in this area, we use the high-level strategy (going back to Kasin [53] and
subsequently used in [70,85,86,90]) of dividing the unit sphere into ‘structured’ and ‘un-
structured” components, and estimating the contribution of each part separately. However,
compared to previous works, the treatment of both components require overcoming signifi-
cant obstacles which unavoidably arise in the sharp analysis of the invertibility of random
matrices in any amount of generality.

For instance, in the analysis of structured vectors, we need to additionally capture the
event that two rows/columns of the matrix are equal (up to a sign) whereas previous con-
siderations of sharp invertibility only addressed scenarios where the dominant contribution
to the probability of singularity is due to a single row or column being zero. As discussed
in the remark after Theorem 2.1.3, this is a fundamental issue. Moreover, in the analysis
of unstructured vectors, we need precise metric entropy estimates for the anti-concentration
problem with respect to random vectors on general multi-slices. Obtaining partial estimates
of this nature (which are not sufficient to prove Conjecture 2.1.1) even for the special case of
the Boolean slice is already a highly non-trivial endeavor which is at the heart of the recent
work of Litvak and Tikhomirov [71]|, where it is accomplished using the substantially more
involved notion of the ‘UDLCD’.

Structured vectors: The structured vectors in our work are ‘almost-constant vectors’
i.e. those vectors on S"~! which have (1 — d)n coordinates within distance p/y/n of each
other, where 9, p > 0 are sufficiently small constants. This class of structured vectors arises
naturally in the consideration of the anti-concentration property of a sequence of numbers
with respect to a random vector constrained to lie in a ‘slice’. Moreover, since vectors which
are close to the standard basis vectors e; or to e; --¢; clearly play a special role in the problem
under consideration, it is natural to separately handle ‘elementary’ and ‘non-elementary’
structured vectors.

Our treatment of structured vectors, culminating in Theorem 2.1.10, requires significant
innovations compared to previous works on the sharp invertibility of sparse random Bernoulli
matrices [6,36,71] — in the sparse Bernoulli case, the corresponding class of elementary vectors
only needs to consist of those vectors which are close to some ¢;, and the largest atom of the
the random variable Ber(p) is conveniently at 0.

In the present work, in order to handle non-elementary vectors, we need to develop novel
sharp anticoncentration estimates Propositions 2.6.2 and 2.6.3. (In contrast, the essentially
standard estimate Lemma 2.3.7 is sufficient for the case of sparse Bernoulli random variables
at the corresponding step). Even more involved is the analysis of elementary vectors, for
which we develop a new technique. Let us begin by discussing this technique for £ = Ber(p)
for fixed p € (0,1/2), in which case, the elementary vectors are those which are close to
some standard basis vector. For concreteness, consider vectors which are sufficiently close
to e;. We show that, if any such vector has exponentially small image, then either the first
column of the matrix is the zero vector, or it must belong to a universal subset of nonzero
vectors of {0,1}" of measure at most (1 — p + ¢€)". The first case corresponds to the term
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P[] in Conjecture 2.1.1; for the second case, we leverage the seminal work of Rudelson
and Vershynin to show that, on our event, the probability that any vector in this universal
subset appears as the first column of the matrix is at most exp(—4en), at which point we
can conclude using the union bound.

Of course, for general discrete random variables £, one must enlarge the class of elemen-
tary vectors to include unit vectors which are close to (e;£¢;)/+/2 and unit vectors which are
close to e;. In the first case (Propositions 2.6.5 and 2.6.7), we use a rotation trick to reduce
to a situation where we can use an analysis similar to (but more complicated than) the one
outlined in the previous paragraph. The second case requires a very careful treatment since
we are aiming for a leading term of the form (P[§ = 0])" (as opposed to (sup,cg P[§ = 7])"),
and moreover, the desired error is (P[¢ = &'] — 7)™ which may be very small. To accomplish
this, we first prove a version of Theorem 2.1.8 with an estimate on the singularity probabil-
ity of the form (sup,cg P[{ = 7] + o(1))" (Proposition 2.5.4 and Theorem 2.5.5), and then
leverage these preliminary estimates to obtain the desired bound.

We emphasize that our treatment of structured vectors, as captured by Theorem 2.1.10, is
not sensitive to the non-uniformity of the distribution . In particular, given Theorems 2.1.2
and 2.1.10, the only missing case in the complete resolution of Conjecture 2.1.1 (in fact, in
a stronger form) is a sharp analysis of unstructured vectors in the case when ¢ is uniform on
its support.

Unstructured vectors: The unstructured vectors are the complement of the structured
vectors i.e. those which do not have a (1 — d)-fraction of their coordinates within p/+/n of
each other. Our treatment of these vectors relies on the non-uniformity of ¢ by exploiting
the gap between P[¢ = ¢'] and the entropy of ; the idea to exploit such a gap to prove
sharp invertibility results (in the case of Bernoulli random variables) is due to Litvak and
Tikhomirov [71].

The main ingredient in our work for handling such vectors is Theorem 2.2.1, which is an
extension of [103, Theorem B| to a (real) multislice, i.e., the set of vectors in {ay,...,ax}"
which have a prescribed number of coordinates taking on each of the values a4, ..., ax. Such
a result was previously not known even for the Boolean slice; indeed, the work [71] uses a
rather involved notion of arithmetic structure to study anti-concentration on Boolean slices,
which is not powerful enough to handle slices that are not very far from the central slice. We
remark that in general, even establishing much less precise versions of [103, Theorem B| on
the Boolean slice has been very challenging, despite much work due to the natural connection
to certain combinatorial models of random matrices (cf. [43] and the references therein).

Compared to [103, Theorem B|, we need to overcome two challenges. The first, as
mentioned above, is the lack of independence between the coordinates of a vector uniformly
distributed on the multi-slice. The second challenge is that aq,...,a; are now arbitrary
real numbers (corresponding to the support of £), and hence, certain arguments tailored for
integers no longer apply. Overcoming these challenges requires additional ideas, which we
discuss in Section 2.2.
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2.1.4 Notation

For a positive integer N, S¥~! denotes the set of unit vectors in RY, and if + € RY and
r > 0 then BY (z,r) denotes the radius r Euclidean ball in RY centered at z. ||-||» denotes
the standard Euclidean norm of a vector, and for a matrix A = (a;;), ||A|| is its spectral
norm (i.e., > — (% operator norm).

We will let [N] denote the interval {1,..., N}. For nonnegative integers m < n, we let
{0, 1} be the set of vectors in {0, 1}" with sum m.

Since it is essential throughout the paper, we formally record the definition of a discrete
random variable and the corresponding random matrix.

Definition 2.1.12. We say that a random variable ¢ is a discrete random variable (equiv-
alently, has a discrete distribution) if it is real-valued, its support is finite, and the support
contains at least two distinct points. M, (§) denotes the n x n random matrix, with inde-
pendent entries that are copies of €.

For ¢ a discrete random variable with £ = |supp(¢)| (so that £ > 2), we will denote
its support by @ = (ay,...,ax), and the (nonzero) probabilities of attaining ay,...,a; by
7 = (p1,...,pr). Note that [|p]l; = 1, and ||p]|3 < ||pllec With equality if and only if £
is uniform on its support. We will use H (&) to denote the natural-logarithmic entropy of
€ le, H() = H(p) = Zle —pilog(p;). We will (somewhat abusively) use py to denote
Pl¢ =0].

For a random variable £ and a real number r > 0, we let L(&,7) := sup,cg P[|{ — 2| < 7).
We will use ¢'(Z) to denote the set of functions f: Z — R for which Y _,|f(2)| < cc.

We will also make use of asymptotic notation. For functions f, g, f = O4(g) (or f <, 9)
means that f < C,g, where C, is some constant depending on «; f = Q,(g) (or f 24 9)
means that f > c¢,g, where ¢, > 0 is some constant depending on «, and f = ©,(g) means
that both f = O,(g) and f = Q,(g) hold. For parameters €, §, we write ¢ < 0 to mean that
e < ¢(9) for a sufficient function c.

Finally, we will omit floors and ceilings where they make no essential difference.

2.1.5 Organization

The remainder of this paper is organized as follows. In Section 2.2, we prove our key inversion
of randomness estimate for conditional thresholds on the multislice (Theorem 2.2.1). In
Section 2.3, we combine this with a much simpler analysis of the structured vectors (compared
to the proof of Theorem 2.1.10) in order to complete the proof of Conjecture 2.1.1 for the
special case of £ = Ber(p) for a fixed p € (0,1/2). This section also serves as a ‘warm-up’
to the subsequent sections. In Section 2.4, we use the results of Section 2.2 to prove the
necessary invertibility estimate for unstructured vectors (Theorem 2.4.1). In Section 2.5,
we prove a weaker version of Theorem 2.1.8; this is used in our significantly more involved
treatment of structured vectors in general case (i.e., the proof of Theorem 2.1.10), which is
the content of Section 2.6. In Section 2.7, we quickly combine Theorems 2.1.10 and 2.4.1
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to prove Theorems 2.1.2 and 2.1.8. Finally, in Section 2.8, we prove Theorem 2.1.11 for the
combinatorial model of random matrices discussed earlier.
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2.2 Inversion of randomness on the multislice

In this section, we prove our key inversion of randomness result, Theorem 2.2.1. We will
focus on the non-independent “multislice” version as its deduction is strictly harder than the
independent version, Theorem 2.2.15 (which we will only use to establish the preliminary
estimate Theorem 2.5.5).

The proof of Theorem 2.2.1 follows a direction introduced by Tikhomirov [103]. In this
approach, the relevant Lévy concentration function of a random vector is replaced with
certain random averages of functions. One then shows that the random vectors with large
values of the Lévy concentration function are super-exponentially rare, by first demonstrating
a weaker notion of anticoncentration after revealing (1—e)n coordinates of the random vector,
and then iterating a smoothing procedure on linear-sized pieces of the vector which allows
one to bootstrap the strength of anticoncentration considered.

Our major challenges lie in (i) the non-independence of the coordinates of a vector on
the multislice, as the arguments in [103] rely strongly on the independence structure of the
considered model, and (ii) the freedom to allow the support of £ to consist of arbitrary real
numbers, as certain arguments in [103| rely on the integrality of the support. For a more
gentle introduction to the techniques in this section, we refer the reader to the expository
paper [40, Theorem 3.1] where we record the proof for the Boolean slice, a setting which
encounters the first challenge but not the second. We note that the presentation here is
entirely self-contained and familiarity with [40] is not assumed.

2.2.1 Statement and preliminaries

Let N,n > 1 be integers and let 0 < § < 1/4, K3 > Ky > K; > 1 be real parameters. We
say that A C Z" is (N, n, K1, Ky, K3, §)-admissible if

e A=A, x--- x A,, where each A; is a subset of 7Z,

o [Ay]--|A,| < (K3N)™,
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e max; max{|a|: a € A;} <nN,

e A, is an integer interval of size at least 2N + 1 for ¢ > 20n, and either (P1) and (P2)
hold, or (Q1) and (Q2) hold:

(P1) A, is an integer interval of size at least 2NV + 1 contained in [-K; N, K1 N] for ¢ < én,

(P2) As; 4 is symmetric about 0, is a union of two integer intervals of total size at least 2NV,
and satisfies Ag; 1 N [—K>N, KyN| = for i < dn.

(Q1) As; is an integer interval of size at least 2N + 1 contained in [K; N, Ky N] for i < dn,

(Q2) Agi_q is an integer interval of size at least 2N + 1 contained in [— K3 N, —K;N] for
1 < on.

Recall at this point that &, which has (nonzero) probabilities o= (p1,...,pr) on atoms
a=(ay,...,a), is fixed. Let A = A x --- x A, be an (N,n, K, Ky, K3, 0)-admissible set,
and let (Xi,...,X,,) be the random vector uniformly distributed on A. For any f: R — R,
any 0 < ¢ < n, and any § € Z%, with ||5]|; = ¢, define the random function (depending on
the randomness of X1,...,X,):

l
fage(t) =By [f (t +)° bz»Xi)
=1

where E;, denotes the expectation over a random vector b = (b, ..., b;) € R’ with coordinates
independently distributed as {. The conditioning encodes that for all j € [k]|, there are
exactly s; coordinates (out of ¢) where b hits the atom a;.

#{b; = a;} = s; Vj € [k]|,

Theorem 2.2.1. Fix a discrete distribution . For 0 < 6 < 1/4, K3 > Ko > K; > 1, e €
min(p), and a given parameter M > 1, there are Loo1 = Los1(€,€,0, Ky, Ko, K3) > 0, and
Vo210 = Y2.2.1(§, €6, K1, Ky, K3) € (0, €) independent of M and nyp1 = naoi(§, €, 6, Ky, Ky, K3, M) >
1 and mao1 = ne01(&,€,0, Ky, Ko, K3, M) such that the following holds.

Letn > nosq, 1 < N <exp((H(p)—e)n), f € L'(R) be a nonnegative function such that
|flli = 1 and logy f is ma0.1-Lipschitz, and A be (N,n, Ky, Ko, K3,0)-admissible. Suppose
also that ||Y|lee < Y2.21. Then, for anym € Z%, such that |||, = n and || —pn||s < Y2217,

Pll| famnlloo = Lao1(Ny/n) ™' < exp(—Mn).

Given this we can deduce the following corollary which is crucial in our application.

Definition 2.2.2. Fix a discrete distribution £. Let 4 be a nonnegative vector with ||7||« €
(0, min(p)) and let » > 0. For a vector (z1,...,z,) € R", we define

Les ( Zn: bix;, 'r) = suplP{ z”: bix; — 2
i=1

z€R i—1
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where by, ..., b, are independent £ random variables. We also define

Eg(Zblxi,r) Sup]P’[ gr}
i=1

z€R
Corollary 2.2.3. Fiz a discrete distribution §. For 0 < § < 1/4, K3 > Ky > K1 > 1, e €
min(p), and a given parameter M > 1, there are Loss = Loos(&,€,0, K1, Ko, K3) > 0 and

i — <

V2.2.3 = ’72.2.3(57 €,0, K1, Ky, K3) c (O, 6) independent of M andng o3 = n2.2.3(f, €,0, K1, Ky, K3, M) >

1 such that the following holds.
Let n > ngss, 1 < N < exp((H(p) — €)n) and A be (N,n, Ky, Ko, K3,0)-admissible.
Suppose also that ||V]|co < Y2.2.3- Then

HxGA Cgv(me,, )>L223N }’SG_Mn|A|-

Proof sketch. This is essentially the same as the deduction in [103, Corollary 4.3]. We apply
Theorem 2.2.1 to f(t) := 27/v"/, where t € R and ¢ is an appropriate normalization,
separately for all m € Z% , such that ||/ — pnl|oe < Y2917, and then conclude using a union
bound. - O

The proof of Theorem 2.2.1 makes use of an anticoncentration estimate on the multislice,
which we record below (Lemmas 2.2.5 and 2.2.6), and is ultimately a consequence of the
following standard anticoncentration inequality due to Kolmogorov-Lévy—Rogozin.

Lemma 2.2.4 ([83]). Let &,...,&, be independent random variables. Then, for any real
numbers ri,...,m, >0 and any real r > maxX;ep, i, we have

(Z&, ) Vi fi“?fuﬂ))rg’

where Cy9.4 > 0 is an absolute constant.

Lemma 2.2.5. Fiz (ai,...,a;) € R with distinct coordinates. Let o,\ € (0,1/3) and
r>0. Let Z = {z,...,2,} be a set of real numbers for which there exist disjoint subsets
71,7y C Z such that |Zy|,|Z3| > on and such that |z; — z]] > r for all z € Zy,2; € Zs.
Then, there exists Coo5 = Cha5(N, 0,k) such that for any § € ZEy with ||5]|; = n and with
s¢ € [An, (1 — A\)n] for some € € [k], we have

Zzlblr mm]al a;l <C o
) j > \/ﬁ’

=1

where (by, ..., by,) is a random vector uniformly chosen from among those with s; coordinates
equal to a; for all j € [k].
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Proof. By reindexing the coordinates of Z, we may assume that for i € [on], z0; 1 € Z;
and z9; € Zy. In particular, for ¢ € [on], we have |z9; — 29,-1| > 7. Furthermore, by the
pigeonhole principle, there exists some ¢ # ¢ such that sy > An/k. We will now use the
randomness within the atoms a, and a, in order to derive the anticoncentration result. Note
that > | b;z; has the same distribution as

Z 2ib; + Z <Z2j1b2j1 + 29;b9; + b;'<b2j — boj_1)(22j-1 — Z2j))7

i>2on i<on

where b,...,0  are ii.d. Ber(1/2) random variables. Next, note that by a standard large

rYon

deviation estimate, we have
P[|{j € [on]: {bgj—1,b2;} = {ar,ar}| < c(o, A\, k)n] < exp(—c(o, A, k)n), (2.2.1)

where ¢(o, A\, k) > 0 is a constant depending only on o, A\, and k. On the other hand, on the
complement of this event, we may conclude by applying Lemma 2.2.4 to (2.2.1), using only

the randomness in b/, ..., 0 . O

Lemma 2.2.6. Fiz a discrete distribution &, A € (0,1/3), dg € (0,1/4). Let A be (N, n, K1, Ky, K3,0)-
admissible for some integer parameters N,n and real parameters § € [0, 1/4), K3 > Ky >
K1 > 1. Suppose that n > nyo6(N\, 0o, K1, Ko, K3), £ > 6gn, and 3§ € Z%, with ||s|y = ¢ and
Sio € M, (1 — N){] for some jo € [k]. Then, for any interval J, -

02.2.6<)\,§,50,}(1,}(2) max(|J|,N)
so(t)dt < .
/ f.A, ,Z() -~ N\/ﬁ

Proof. The proof is nearly identical to that in [103, Lemma 4.4] though we provide details
as we are in the slightly different setting of L'(R). Fix Xi,..., X,. Then

/tEJ Fase(t)dt = /teJ]Eb { f <t + i bl-Xi> ’#{bi —a;} =5, Vj€ [k]} dt
:Eb[/tg (t—l—ZbX)dt‘#{bi:aj}:sj Vje[k]}

= Eb[/ fO 5y, )dt'#{bz’ =a;} =s;Vj € [k‘]]

_ / FOR, {ﬂﬂg bixi@)‘#{bi =a;} =s;Vj € [k]]dt

/f [ZbX EJ—t'#{bizaj}:sj\ﬁe[k]]dt
_L‘(;biXi,M) /tER\f(t)]dtgL’(gbiXi,]J\),
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where (b, ..., by) is uniformly chosen from vectors which have s; coordinates equal to a; for
all j € [k], and we have used that || f||; = 1. The required estimate now follows immediately
from Lemma 2.2.5 applied with r = (K, — K1)N, which is possible due to the admissibility
of A. O

2.2.2 Preprocessing on real-valued multislices

As in [103], we first prove a version of Theorem 2.2.1 in which L is allowed to depend on M.

Proposition 2.2.7. Fiz a discrete distribution §. For 0 < 6 < 1/4, K3 > Ky > K; > 1,
e < min(p), and a given parameter M > 1, there is Yoo7 = Y227(,€,0, K1, Ko, K3) €
(0, €) independent of M and there are Loor = Loor(&,€,0, K1, Ko, K3, M) > 0 and nsor =
noor(&, €0, K1, Ko, K3, M) > 1 such that the following holds.

Letn >ngoq7, 1 < N <exp((H(p)—e)n), and A be (N,n, Ky, Ky, K3,0)-admissible. Let
f be a nonnegative function in L*(R) with ||f]l1 = 1 such that log, f is 1-Lipschitz. Then,
for all 0 € [(1 = y227)n,n] and § € ZE, with |5y = € and ||§ — pl||sc < 72270, we have

P| | fazelloo = Loor(Nvn)™'| < exp(—Mn).

Proposition 2.2.7 should be seen as an analogue of [103, Proposition 4.5| for the mul-
tislice. As mentioned earlier, compared to [103], our situation is much more delicate since
we are working with a vector with non-independent coordinates and need to extract a term
corresponding to the entropy of the multislice. (Such complications are already encountered
when working with a Boolean slice.) Working on real multislices presents additional difficul-
ties (along with significant notational complications), owing to the fact that we are working
on L'(R); this extension is handled by using the log-Lipschitz condition on f. We note that
the corresponding statements in [103] do not need to use any log-Lipschitz assumption at
this stage of the argument since they are proved for ¢}(Z). We also note that, while the
constant 1 in 1-log-Lipschitz is arbitrary, some condition of this nature is necessary to rule
out f being very close to a Dirac mass ([103]).

We first note the trivial recursive relation

K
Si
fazet) =) 7 T as—eima(t + aiXy)
=1

for all 1 < ¢ < n and § € Z%, with ||§]|; = ¢. If any coordinate of § is zero, note that the
corresponding term (which would be undefined) has a coefficient of 0, and drops out. Note
also that, by definition, f,5,= /.

Definition 2.2.8 (Step record and averaging sequence). Fix f, A, s, ¢, a point t € R, and a
choice of X = (Xi,...,X,). For such a choice, we define the averaging sequence (t;)_, and
step record (w;)t_, as follows:
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o 1, =1,
e Since

k
he = fage(te) = 27] A5—e; -1 (te + a; Xy),

at least one of the k terms fa5 ¢, 1—1(tr+a;X,) has a positive coefficient and is at least
he. 1If it is index j, set w, = J.

o Set ty_q =1+ ay, X, hy—1 = ng_ewwg_l(tg_l), and repeat with ¢,_1,5— e,,, ¢ — 1.
It will be convenient to write

o Wi(4) == #{u € [i]: w, = j} and W;(j) := Wi(j)/i for all i € [{] and j € [k]. We will
view W; = (W;(1),...,W;(k)) as a vector in Z*.

We note some straightforward consequences of these definitions.
L4 Wg =35.

o W,y =W, —e,, for 1 <i </, where we assume Wy = 0.

[Willy = 2.

tii1 =t; + a,,X; for all ¢ € [{].

fawi(t) = Z] W) fawi—e; i1 (ti + a; X;).
hi = faw,.i(t:).

o f(to)) =ho>h1>--->hy= fagzel).

Definition 2.2.9 (Drops and robust steps). With notation as above, given i € [{]:

e For A € (0,1), we say that step i is A\-robust if

Wz(wl) < ()\7 1-— /\)

e For R > 0, we say that there is an R-drop at step ¢ if

R
X
f.AW —ej,i— 1(2 1+ 2 ) N\/_
for all j € [k] such that W;(j) > 0 and for all z € supp({ —¢') \ {0}.

Next we show that if ||faz¢]/c is large in an appropriate sense, then there is a step
record and averaging sequence with linearly many robust steps which do not participate in
an R-drop.
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Lemma 2.2.10. Let £, A, f, N,e be as in Proposition 2.2.7, and let L > 1. Then, there
exist Aao.10 = A2210(§,€) € (0,1/3), 722010 = Y2210(€,€) € (0,1), and naz10 = n22.10(&, €)
for which the following holds.

Let n > nooi0, R = Yan10L, let £ € [(1 —y9910)n,n] and § € Z%, satisfy ||5]|1 = ¢ and
15— Pl|loo < 22100 Then, for (Xq,...,X,) € A, -

I fagelloe = LINVR)™!

implies that there exists some t € R with f4z,(t) > L(Ny/n)~! so that its averaging sequence

(t:))e, and step record (w;)i_, satisfy

#{i € [{]: step i is Ago1p-robust and is not an R-drop} > 790107

Proof. Consider (X,...,X,) € A satlsfylng | fazelloo = L(Ny/n)~t. Then, there is some
t € R such that fyz.(t) > L(Ny/n)~*. We will show that the conclusion of the lemma is
satisfied for this ¢, for suitable choice of Y2.2.10, A2.2.10- Below, we will make extensive use
of the notation and relations in Definitions 2.2.8 and 2.2.9. Let (t;){_, and (w;)’_, denote,
respectively, the averaging sequence and step record of ¢t. Note that

h;
L(NVn)™ < fase(t) = ho H — <y <0 < g

We begin by controlling the ratios h;/h;_; at steps ¢ which are R-drops. Hence, suppose
that step ¢ is an R-drop. If w; = u, then W; = W,y + e, and t; = t;_1 — a,X;. Hence

hi k T A fawi—ejic(ti +a; X;)
hici ;Wl(j) Jfaw, 1i-1(tiz1)
= W) + S Pz £ (8 2 0%
j#u "
- RV
W, W,
< Wilu) + > U v

= Wiu) + (1 = Wi(u)r22.10-

The inequality uses the definition of R-drops (this is applicable since a; —a, € supp({ —¢')\
{0}) along with h; > L(N/n)~'. Note that if the condition W;(j) > 0 in the definition of
R-drops is not satisfied, then the jth term already drops out in the first line. Thus, we see
that if step i is an R-drop, then

h;
hi—1

< Wilw;) + (1 = Wi(w;))y2.2.10- (2.2.2)
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Note that if step i is Ago.19-robust, the right-hand side is at least A\y5.19. Therefore, for
any step ¢ which is A9 5 19-robust, we have

Moo < Wilw;) + (1 — Wi(w;))v2210 < Wi(w;) (1 + 12'2'1())7 (2.2.3)
2.2.10

where the final inequality uses (1 — W;(w;))/Wi(w;) < 1/Aa9.10 at any g j0-robust step i.
Now, let I C [¢] denote the steps i which are A5 jo-robust, and let J C I denote the
steps i which are not R-drops (so that I\ J is the set of Ag 5 19-robust R-drops). Our goal is
to provide a lower bound on |J|.
Since ho < || flloo < [|f]l1 = 1 (this uses the 1-Lipschitz condition on log, f), we have

R

i€\J

< H W wl Wz‘(wz‘))%.zw)

1€I\J

_ e (WiCws) + (1 = Wi(wi))2.210)
[Lic,(Wilws) + (1 = Wi(wi))y2.2.10)
(1 + 72210/ A2.2100)" TTies Wilw;)

1—1

- )\\J|
2.2.10
= (14 y2.2.10/A2.2.10) ‘)\Q‘QJl‘OHW (w;) H Wi(w;)™"
1€[4] €[\I
_ Nt —
= (1+ 72210/ A2210)" - A35o - (§> - T Witwd™ (2.2.4)
€[\I

here, the first line uses h;/h;—1 < 1 and (2.2.2), the third line uses (2.2.3), and the last line

uses the identity
— AN ¢\
[[Wiw) = 2 =1, )
el 1y« Sk

This follows since both sides are equal to the probability that a uniformly random sample
from [k]*, conditioned on having s; copies of j for each j € [k], returns (wy, ..., wy).

Note that the first and the third terms in the final product in (2.2.4) are easy to suitably
control (by taking v9210 and Ago10 to be sufficiently small). As we will see next, these
parameters also allow us to make the last term at most exp(cen) for any constant ¢ > 0.

Let K C [¢] \ I denote those indices i such that W;(w;) > 1 — Ay2.10. Then,
H W ’U)Z ]_ — )\2 2. 10) ‘K‘ (225)
€K

It remains to bound

[T Wiw)™

ie[f]\(JUK)
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Note that for every i € [(] \ (I U K), we have W;(w;) < Ago10. Let J; for j € [k] be the set
ofie[(]\ (IUK) with w; = j.

The following is the key point: let iy,...,4,, € J; be all elements of J; in order. Then,
for all y € [u;], we have

y<W()</\2210€

Hence,
Uj S )\2.2.106 and W@(U)z‘y)il S Zy/y S g/y
We derive
o k o [A2.2.10¢] i k 2kA2. 2 10¢
) T . U A2.2.10
i€[(\(IUK) Jj=1ieJ; u=1

Substituting (2.2.5) and (2.2.6) in (2.2.4), we have

~1J] Y20\ () o\ 2Pl

Ln " exp((e = H(p))n) < Aysip - (1 + ) : (_,) (1= Ago10) ™" ( ) )
A2210 5 A2.2.10

(2.2.7)

We will first choose \s5.1¢, and then choose some 75519 < )\52'10. Note that, by enforcing
the constraint v,.910 < )\%'2.10, we can choose \g 519 sufficiently small depending on e and &
so that the second term, the fourth term, and the fifth term in the product in (2.2.7) are
each bounded above by exp(en/10) and so that (using Stirling’s approximation) the third
term is bounded above by exp(en/10 — H(p)n). Hence, we can choose Ay 219 depending on
e and £ such that

n~"2exp(en/2) < A\, 5.

Now, for all n sufficiently large depending on €, we can find 75 5 1¢ sufficiently small depending
on €, Ay510 such that |J| > 42.2.10n. This completes the proof. O

We are now ready to prove Proposition 2.2.7.

Proof of Proposition 2.2.7. We use Lemma 2.2.10 along with a union bound. For controlling
individual events in the union, we will use the following. Consider a step record (w;)_;.
We write A; = A; o U A;1, where each of these is an integer interval of size at least N (this
is possible by the admissibility of A). Now suppose step i is Ay 19-robust with respect to
(w;)i_;. If i > dgn, then for any ¢t € R, j € [k] and 2z € supp(¢ — &) \ {0}, by Lemma 2.2.6,
we have

[f.AW —eji— 1(t+ZX)’X17"- - Z f.AW —ej,i—1 )

T€t+ZA
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1

max
ye{0,1} |A; |

> fawi—e,ici(7)

TEL+2A; y

2|z| t+zmax A;
fA,Wi—e-,i—l(T)dT
J
t

= yg}%?l(} m +2min A;

< 2|Z‘+102.2.6(>\2.2.10/27fa507K17KQ) max(|z|[Aiy|, V)
N |Ai,y|N\/ﬁ

< Ay 5 6(A2.2.10/2, €, b0, K1, K>)

Here, we have used that i — 1 > dyn, that W; — e; has at least one coordinate in [A2.10(7 —
1)/2,(1 — Xa210/2)(i — 1)] (since W; satisfies a similar property with coordinate w;), and
that each A;, is length at least N. We also used that log, f is 1-Lipschitz in the second
inequality (where the absolute values are put just in case z < 0 and the limits of integration
are in the wrong direction).

Now, consider ¢t € R with averaging sequence (;)f_, and step record (w;){_,. Note that,
given the ‘starting point’ ¢y of the averaging sequence, the points t1, ..., t;_; are determined
by Xi,...,X,;_1. In particular, the event that step ¢ is not an R-drop is determined by
to, X1,...,X;,wy,...,w;. Therefore, by Markov’s inequality, we see that for any Ass.10-
robust step i with i > §yn, given the step record (w;){_, and the starting point to of the
averaging sequence (t;)¢_,

k3420dleot1 5 5 6 (No210/2, €, 60, K1, K3)

P[step 7 is not an R-drop| X7, ..., X; 1] < i

(2.2.8)
This follows from a union bound over the at most &% possible conditions for an R-drop and
the fact that all z € supp(§ —¢') \ {0} have magnitude at most 2||@|| -

From here on, the proof closely follows the proof of [103, Proposition 4.5]. Fix pa-
rameters as given in the proposition statement. Let Ayo10 = Ao210(§,€). We choose
Vo271 = Y2.2.10(§, €). Further, we set R’ = ~5519L/2, where L > 1 will be chosen later.

Let £, denote the event that ||fassllec > L(Ny/n)~t. For (Xi,...,X,) € &, by
Lemma 2.2.10, there exists t € R with f4z,(t) > L(N/n)~! with averaging sequence (¢;)f_,
and step record (w;)_; such that

#{i € [{]: step i is Ag.z.10-robust and is not a 2R'-drop in (ti)fzo} > Y9.2.10M.-

We then shift ¢, to the nearest integer to. We also shift (¢;)’_, by the same amount to obtain
points (#;)’_, (note that these points are not necessarily integers). We call the sequence
(%;-)fzo, which technically may no longer be an averaging sequence, a witnessing sequence.
We see that every index which is not a 2R'-drop in (t;)!_, will not be an R'-drop in (),
as log, f is 1-Lipschitz.

Taking a union bound over the choice of the step record is not costly, and note that given

(X1,...,X,) and the step record, the witnessing sequence is completely determined by its
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starting point ¢,. Furthermore, the definition of the witnessing sequence and the definition
of fa sy ecasily show that

toc {r€Z: f(r) > (2Nv/n)'} =: D.

Note that D is a deterministic set depending only on f. Further, since ||f||; = 1 and log, f
is 1-Lipschitz, we see that
|D| < 4N+/n.

To summarize, we have shown that if (Xi,...,X,,) € &, then there exists a witnessing
sequence (t;)¢_, with step record (w;)!_, such that ¢, € D, and such that

#{i € [{] : step i is Agz.10-robust and is not an R'-drop in (tNi)f:O} > Y9.2.10M.-
Therefore, by the union bound and since N < k™ (as H(p) < logk), it follows that

PlEL] < (2k%)" sup P[The witnessing sequence starts at to, has step record (w;)f_;, and
IC[,|I|=T2.2.10m]
to€D, (wi)i_, €[k]*

every i € I is Mg 10-robust and is not an R'-drop],

where the supremum is only over those (w;)f_; which have s; coordinates equal to j for all
J € [k].

From (2.2.8), taking dy = 7¥2.2.10/2, it follows that the probability appearing on the right
hand side above is bounded by

(2]63426”°°+1C2.2.6(>\2.2.10/27 &,%.210/2, K1, K3) > 122.107/2
Y2.2.10L ’

since there are at least y5910n/2 values of ¢ € I with i > dpn and since R’ = v9519L/2 by
definition. Therefore, taking L and n sufficiently large depending on M and the parameters
appearing above gives the desired conclusion. O]

2.2.3 Refining the initial estimate

We now need to remove the dependence of L on M. This is accomplished by the main result
of this subsection, Proposition 2.2.11, which is a multislice and L!(R) analogue of [103,
Proposition 4.10]. Even though we are working in the much more complicated setting of real
multislices, remarkably, our proof of Proposition 2.2.11 is able to use [103, Proposition 4.10]
as a black box: roughly, we first use a re-randomization procedure to reduce smoothing on
the multislice for L'(R) to smoothing on the hypercube, also for L!(R). At this juncture,
the necessary smoothing estimate on the hypercube for L'(R) can in fact be lifted from the
smoothing estimate for the hypercube for ¢!(Z), proved in [103]. In particular, we reduce
the smoothing estimate for general log-Lipschitz functions in L*(R) to that of a simpler class
of “step” functions, which in turn is equivalent to ¢*(Z).
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Proposition 2.2.11. Fiz a discrete distribution §. There exists h = h(§) > 1 so that the
following holds. For any € € (0,1), R>1, Ly > hR, and M > 1, there is Y2211 = Y2.211(8)
and there are N22.11 —n2211(€,€ LQ,R M) >0 (md M2.2.11 —7’]2211(5,6 Lo,R M) (O 1)

with the following property. Let Ly > L > hR, let n > nosq11, N € N, and let g € LY(R) be
a nonnegative function satisfying

(A) llgll =1,

(B) logy g is m2.2.11-Lipschitz,

(C) [ 9(t) < R/\/n for any interval I of size N, and
(D) |lgllos < L/(N+/n).

For each i < 2|en]|, let Y; be a random wvariable uniform on some disjoint union of in-
teger intervals of cardinality at least N each, and assume that Y1, ... Y5, are mutually
independent. Define a random function g € L*(R) by

3(t) = {(t+fw)\#{b¢=aﬁ=sme[k]

where b = (b1, ..., bayen)) s a vector of independent & components and § € Z’go satisfies
1511 = 2|en| and
s
- 7 < .

Then

19120
16 >

We now state an analogue of Proposition 2.2.11 for independent scaled Bernoulli random
variables, which in fact is strong enough to imply Proposition 2.2.11.

} < exp(—Mn).

Proposition 2.2.12. Fizh > 1, and let z € [h"', h]. Foranye € (0,1), R>1, Ly > 64h2R,
and M > 1, there are nao12 = nosia(h, €, Lo, R, M) >0 and772212 = M2212(h, €, LO,R M) e
(0,1) with the following property. Let Ly > L > 64h2R, let n > nosie, N € N, and let
g € L'(R) be a nonnegative function satisfying

(A) llgl =1,

(B) logy g is 1m2.2.12-Lipschitz,
(C) [ 9(t) < R/\/n for any interval I of size N, and
(D) |lgllos < L/(N+/n).
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For each i < |en], let Y; be a random variable uniform on some disjoint union of integer in-
tervals of cardinality at least N each, and assume thatY1,...,Y ) are mutually independent.
Define a random function g € L*(R) by

[en]

=1

where b is a vector of independent Ber(1/2) components. Then

. _9L/10
P{ugum >

> N\/ﬁ} < exp(—Mn).

This follows almost immediately from an ¢°°(Z) decrement result established by Tikhomirov
103].
Proposition 2.2.13 ([103, Proposition 4.10]). For any p € (0,1/2], e € (0,1), R >
1, Lo > 16R, and M > 1 there are ngs13 = nosis(p, €, Lo, R, M) > 0 and 19213 =

M2.2.13(p, €, Lo, ﬁ, M) € (0,1) with the following property. Let Lo > L > 16&, let n > noo13,
N €N, and let g € (*(Z) be a nonnegative function satisfying

(A) llgl =1,

(B) log, g is 12.2.13-Lipschitz,
(C) > ter9(t) < R/\/n for any integer interval I of size N, and
(D) llglleo < L/(Ny/n).

For each i < |en], let Y; be a random variable uniform on some disjoint union of integer in-
tervals of cardinality at least N each, and assume thatY1,...,Y o) are mutually independent.
Define a random function g € (*(Z) by

[en]
g(t) = Eug <t +) bm)

=1

where b is a vector of independent Ber(p) components. Then

(1-p(1-1/v2))L
Nyvn

Remark 2.2.14. In [103, Proposition 4.10], there is a condition N < 2" which is not necessary
(indeed, it is not used anywhere in the proof) and so has been dropped. In fact, we will
only need values N < k", in which case one can actually replace n by kn and e by €/k (and
adjust other parameters appropriately) in order to deduce what we need directly from the
statement as written in [103]. We will only need this statement for p = 1/2.

P {[g]loc >

} < exp(—Mn).
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We first prove Proposition 2.2.12.
Proof of Proposition 2.2.12. Consider the operator O : L'(R) — (*(Z) given by

z/2
(Ow)(t) = / w(zt +u) du.

2/2
We note that ||w||; = [|[Ow]|; and if w is nonnegative and log, w is n-Lipschitz, then
227 |wllse < [|0wllo < 2l|wlloc-
Given g € L'(R) satisfying the given conditions, we consider ¢’ € ¢*(Z) defined via

g = Og.

We see that ¢’ satisfies properties (A), (B), (C), (D) of Proposition 2.2.13 with log-Lipschitz
constant slightly changed (depending on z, hence h), L changed to zL, and R increased to
4hR. These last changes are responsible for the condition Ly > 64h2R.

Since zL > h™ L > 16(4hR), we may apply Proposition 2.2.13 to g’ to deduce that 19 ||oo
is small, except with superexponentially small probability. Here ¢’ is averaged in the sense
of Proposition 2.2.13 with respect to the same Y1,...,Y|e,).

Now, by Fubini’s theorem, note that

g =0y,
where ¢ is averaged in the sense of Proposition 2.2.12. Therefore,

(2++/2)zL/4

.
o7l > B2

} < exp(—Mn),

so that
B[ |5 > B V2)2Reet L/

Finally, if 15512 is appropriately small, we deduce the desired as

242 9
< —. Il
4 10

} < exp(—Mn).

Finally, we are able to deduce Proposition 2.2.11.

Proof of Proposition 2.2.11. Similar to the proof of Lemma 2.2.5, we can use an equivalent
method of sampling from the §~multislice to rewrite g(¢) as

Len]
g(t) =E, [g (t + Z(bZiflyrZifl + bzz‘Yzi)> ‘#{bz =a;} =s; Vj € [k]

i=1
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len
=Eyy [9 (t + Z bai—1Yai—1 + baiYa; + U;(ba; — bai—1)(Yoi—1 — Y2z)> ‘#{bi =a;} = s; Vj € [K]]|,

i=1

where b’ is an |en|-dimensional vector with independent Ber(1/2) components. Below, we
will fix b and use only the randomness in ¢'. In order to do this, let

Bo = {bl, ey b2[enJ : #{Z b2i—1 = al,bgi = ag} Z min(ﬁ)zen/S}.

Then, provided that v51; is chosen sufficiently small depending on &, and n is sufficiently
large depending on £ and €, we have

Ey[15,|#{b;i = a;} = s; Vj € [k] > %

Let &, denote the event (depending on Yi,...,Y5|e)) that ||glec > 19L/(20N+/n). Now,
suppose Y1, ..., Ys ) € &1, and suppose further that ||g||« is attained at t € R. Let

len]
9L/10
By :=<by,...,b en:]E’ t bi— Yi— blyz b/bz—bz_ Yi— _Yz bl > .
1 {1, ;02| en) b[9(+;(2121+2 9405 (b2i—boi—1) (Ya;_1 2)>H_N\/ﬁ}

Since [|g]|lo < L/(N+/n), it follows from the reverse Markov inequality that

Ey[1p, [#{bi = a;} = s; Vj € [k]] >

N | —

Thus, we see that for every (Y1,...,Y5en)) € &, there exists some b € By N B;. Hence,
taking a union bound, we see that

19L/20
NV

Len]
9L/10}
<|By|sup P|3t: Ey |g| t + boi—1Ya2i1 + bo;Yo; + bl(ba; — boi—1)(Yai_1 — Yoy >
_|0|b€é§;[ b[g( ;(2121 242 (2 21)(21 2)))} N\/ﬁ

IP’[||§||Oo > } <P[Fbe By:be By

g 9L/10
< ’Bo‘ sup P(dt: ]Eb/ q t+ Zbl(bm — bgifl)(}/gifl — }/21) > . (229)

beBo — ~ Nyn

We now bound the probability appearing on the right hand side of the above equation
uniformly for b € By. We fix b € By, and note that, by definition, there is a set I =
{i1,...,im} C |en] such that |I| = m > min(p)?en/8 and such that for all j € [m],

b;;j (bQi]- - bzz‘j—l)(ymj—l - Y2i]-) = béj(@ - a1)(Y2ij—1 - Yzzj)
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For j € [k], let Yb Yai; — Yai,—1. Let Y_5; denote all components of Y7, ..., Y5 e, except
those correspondlng to 1ndlces in 2 I, and let Y5.; denote the remaining Components Then,
for b € By and a choice of Y_5.;, we define the random function (depending on Y5.;),

| min(p)*en/8]
gb,Y_zA] (t) = Eypg (t + (al - a2) Z b;Y;b) .

J=1

Thus, we see that for any b € By and Y_o.7, the probability appearing on the right hand side
of (2.2.9) is bounded by

_ 9L/10
P >
el = 2

where the probability is over the choice of Y5 ;.

At this point, we can apply Proposition 2.2.12 to gyy_,,. Let us quickly check that
the hypotheses of Proposition 2.2.12 are satisfied. The assumptions on g needed in Propo-
sition 2.2.12 are satisfied because the same properties are assumed in Proposition 2.2.11
(see below for the log-Lipschitz condition). Moreover, ¥, ..., ’me mgm /5| are independent

Ber(1/2) random variables. Finally, notice that, given Y_,, each Y} is a random variable
uniform on some disjoint intervals of cardinality at least N each (smce Yb is a translation
of Ya;; which is assumed to satisfy this property). Also, a; — as is bounded away from 0 (in
terms of &).

Thus, Proposition 2.2.12 shows that the expression on the right hand side of (2.2.9) is
bounded above by

_ 9L/10
B P o > < k" —M min(p)*n/8),
| O|beBSOI,111?_ N g6,y |l Nvn | S exp(—M min(p)“n/8)

provided that we choose 77911 sufficiently small compared to 7.5 12(d, min(p)?e/8, Lo, R, M),
where d = max(|as — a1|, |ag — a1|™1). The desired result now follows after rescaling M by a
constant factor (depending on §). O

2.2.4 Deriving the final result

We now prove the main result of this section, Theorem 2.2.1. The proof of Theorem 2.2.1
given Propositions 2.2.7 and 2.2.11 is similar to the derivation in [103, Theorem 4.2] however
we record the argument in full detail below.

Proof of Theorem 2.2.1. Fix £ and any admissible parameters o, K1, Ko, K3,¢, N, and the
given parameter M > 1. We need to choose Lss1,72.2.1,M2.2.1,"2.2.1, Where the first two
quantities are allowed to depend on all the parameters except M, and the last two quantities

are allowed to depend on all the parameters.
We let

L/ = L2.2.7(§7 E/27 67 Klv KQa K?n 2M)7 Y221 =) = min{72.2.7(§7 E/Qa 57 Klv K27 KS)a 72211(5)}/4a
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note that v51 = v does not depend on M. We choose
é = 02.2.6(1/47 5/2:K17K2); Lyoy = 16E3

note that Lo 51 does not depend on M, as desired. We choose ¢ to be the smallest positive

integer for which B
0.957L" < 16R.

Now, let L
T2.21 = 772.2.11(297 7”/2(% maX{L/> 16R}7 Rv 2M)7

and suppose that f € ¢*(Z) with || f||1 = 1, and that log, f is 72..1-Lipschitz.

Step 1: Let £ := [(1—7)n]. Since N < exp((H (p)—e)n), it follows from Proposition 2.2.7
and the choice of parameters that, as long as ||§— p¥|| < 474, then for all sufficiently large
n?

Pl fasello > L'(Nv/n)™'] < exp(—2Mn).

Let & be the event that ||f4z¢lle < L'(Ny/n)~! simultaneously for all § satisfying || —
Pl|loo < 47L. Then, by the union bound, we see that

PES] < n* exp(—2Mn).

Step 2: We split the interval [¢ + 1,n] into g subintervals of size yn/q each, which we
denote by Iy, ...,I;. Note that

q
fazn®) =Eofy 5, (t + Z Z ijj> ;

i=1 jeI

here, we have sampled a uniform point in the multislice #{b; = a;} = s; Vj € [k] by
first sampling from the distribution of its last yn coordinates, which we denote by b =
(bey1, - .-, by), and then sampling the remaining coordinates, subject to the constraint that
the amounts of each value a; is in total equal to s;. For each j € [k] let s’ be the number of
values in b equal to a; (which is therefore a random variable).

Note that if s; € [pjn —yn, pjn +7n], then we always have s/ € [p;{ —2v(, p;( +27y(]. In
particular, on the event &, we have for all § satisfying ||5— pn|| < yn and for all possible
realizations of s that

1f 4l < L'(NVR)

Step 3: For i € [q], let 5 be the vector of values sg-i) =#{uel b, =a;} for j ekl
Let G be the event that |59 — plL|||e < 7|[i| for all i € [g]. Then, by a standard large
deviation estimate, it follows that for all n sufficiently large, P[G] < n~'/? (say). Hence,
using the conclusion of the previous step, conditioning on the values 5V, ... 59 and using
the law of total probability, we see that on the event &,

q
Faen(t) < L'n~ V2 (Nv)™ + sup  Eof, g, (t +Y > quj), (2.2.10)

15 /15|~ o0 <v i=1 uel;
for all i€[q]
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where each vector (b,)uer, is independently sampled uniformly from the multislice corre-
sponding to 5. Fix vectors 5V, ..., 5@ such that |5 /|I;| — plloc <7 and ||5?D|; = |L;]. In
particular, this fixes s’ = 5§— 51 — ... — 59, We define the sequence of functions (g,)?_, by

go(t) = f45,()

g:(t) =B, {fA’;,,Z (t + ZijXj) ’#{u €L:b,=a}=35"Vje[kie [r]} for r > 1.
i=1 jeI;
Note that for all r € [q],
g9-(t) = Ky {gm (t + ) ijj) ‘#{u el b, =a;}=5"Vje [k]} .
JEl)

Step 4: We now wish to apply Proposition 2.2.11 to gy, ..., g,—1 successively with pa-
rameters Lo, ..., L,_1 given by
L,:=L"-(19/20)".

More precisely, for r > 1, let &, denote the event that ||g, || < L,.(Ny/n)~'. We claim that

P& E—1] > 1 —exp(—2Mn) for all r € [q]. (2.2.11)

Let us quickly check that on the event £,._1, the hypotheses of Proposition 2.2.11 are satisfied
for g,_1. We have ||g,—1||1 = 1 and log, ¢,—1 is 12.2.1-Lipschitz since it is a convex combination
of functions satisfying the same properties. The condition ||g,_1]lec < L,—1(N+/n)~! holds
on &, by definition. Moreover, the condition that for any interval I of size NV,

/ G (t) < BRIV

follows since, by Lemma 2.2.6 and our choice of E, the analogous property holds for f, 5 ,,
and hence for g,_;, which is a convex combination of translates of f, 5 ,. Proposition 2.2.11
now justifies (2.2.11). In particular, by the union bound, we have

P&, | &) > 1 — qexp(—2Mn).

Combine this with the estimate on P[£S] (with an at most n*? sized union bound to account
for the choice of 5V, ..., 5@), then use (2.2.10), and finally take n sufficiently large (so that
all the quoted results hold). This gives the desired conclusion. ]

2.2.5 Independent model

We conclude this section with an analogue of Corollary 2.2.3 in the independent case.
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Theorem 2.2.15. Fiz a discrete distribution §. For 0 < 0 < 1/4, K3 > Ky > K; > 1,
€ € ||plloo, and a given parameter M > 1, there is Loos1s = Loo15(§, 6,0, K1, Ko, K3) > 0
independent of M and nos1s = nosis(&,€,0, K1, Ko, K3, M) > 1 such that the following
holds.

Let n > ngoys, 1 < N < ||pl|"exp(—en) and A be (N,n, Ky, Ky, K3,d)-admissible.
Then

{x c A: E&(sz‘xu \/ﬁ> > L2.2.15N1H < e MMAl
i=1

The proof of Theorem 2.2.15 is analogous to that of Theorem 2.2.1 followed by Corol-
lary 2.2.3, except that the random variables b; are now independent copies of £. This inde-
pendence simplifies matters dramatically, as one can derive an analogue of Proposition 2.2.7
by simply considering drops (as in [103, Proposition 4.5]) instead of “well-conditioned” drops,
and then using subsampling arguments similar to those appearing above to prove analogues
of Proposition 2.2.11 and Theorem 2.2.1. We leave the details to the interested reader.

2.3 Sharp invertibility of sparse Bernoulli matrices

In this section, we use Theorem 2.2.1 to confirm Conjecture 2.1.1 for the case & = Ber(p)
for fixed p € (0,1/2), thereby resolving |71, Problem 8.2|. More precisely, we will show the
following.

Theorem 2.3.1. Fiz p € (0,1/2). There exist constants C,,€,,n, > 0 such that for all
n>n, andt >0,

Pls,(Bn(p)) < t/\/ﬁ] <Cpt+ (24 (1 —¢)")n(l —p)".

Compared to the proof of Theorem 2.1.2, the main difference in this section is the sub-
stantially simpler treatment of structured vectors, due to the reasons mentioned in the
introduction. At the same time, the arguments used in this section form the basis of devel-
opments in subsequent sections, and we hope that encountering them in this simpler setting
will clarify their role later in the paper.

2.3.1 Almost-constant and almost-elementary vectors

We recall the usual notion of almost-constant vectors, a modification of compressible vectors
(see, e.g., [104]).

Definition 2.3.2 (Almost-constant vectors). For ¢, p € (0, 1), we define Cons(d, p) to be the
set of x € S*™! for which there exists some A\ € R such that |z; — A\| < p//n for at least
(1 —0)n values i € [n].

The main result of this subsection is the following.
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Proposition 2.3.3. For any ¢ > 0, there exist §, p,€,n9 > 0 depending only on ¢, such that
for all n > ny,

P[Hz € Cons(d,p): [|Ba(p)xl2 <27 <n(l—p)"+ (1 —p—¢€)™
For later use, we record the following simple property of non-almost-constant vectors.

Lemma 2.3.4. For 0,p € (0,1/4), there exist v,v' > 0 depending only on 0, p, and a finite
set KC of positive real numbers, also depending only on 8, p, such that if x € S"~1\ Cons(d, p),
then at least one of the following two conclusions is satisfied.

1. There exist k, k" € K such that

|z;| < % for at least vn indices i € [n], and
n

/ /
A <|z;| < - for at least vn indices i € [n].
Vn

NLD
2. There exist k, k" € K such that

!/
K K o
— < x; < —= for at least vn indices i € [n], and

v Vn

/
K K o
—— < x; < ———= for at least vn indices i € [n].

vn vn
Proof. Let I := {i € [n] : |z;| < 4/v/on}. Since ||z||z = 1, it follows that |I;| > (1 — §/16)n.
We consider the following cases.
Case I: |{i € I : |z;] < p/(10y/n)}| > dn/16. Since x ¢ Cons(d, p), there are at least
dn indices j € [n] such that |x;| > p//n. Moreover, at least dn/8 of these indices satisfy
|z;| < 4/v/6n. Hence, in this case, the first conclusion is satisfied for suitable choice of

parameters.

Case II: |{i € Iy : |z;] < p/(10y/n)}| < dn/16 and [{i € Iy : x; < —p/(104/n)}| > dn/16
and |{i € Iy : @ > p/(10y/n)}| > on/16. In this case, the second conclusion is clearly
satisfied for suitable choice of parameters.

Case III: Either |{i € Iy : z; > p/(10y/n)} > (1 —=d/4)n or |{i € Iy : x; <
—p/(10y/n)}| > (1 — §/4)n. We assume that we are in the first sub-case; the argument
for the second sub-case is similar. We decompose

[0,4/v/6n] = U, J,
where Jp ;= [({ — 1) - p/(10y/n), £ - p/(104/n)), and L = Oy ,(1). Let
by:=min{f € L: [{i € [n]: x; € JU---UJ}| >n/16}.

Since x ¢ Cons(d, p), there are at least dn indices j € [n] such that |z; — ¢ - p/(10y/n)] >
p/+/n. On the other hand, by the assumption of this case and the definition of ¢y, there
exist at least on — (0n/4) — (6n/16) — (6n/16) > dn/2 indices j € I, for which z; >
(bo+2)-p/(104/n). Thus, the first conclusion is satisfied for suitable choice of parameters. [
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We also isolate the following set of almost-elementary vectors.

Definition 2.3.5 (Almost-elementary vectors). For § > 0 and i € [n], let
Elem;(6) := S" ' NBY(e;,8) = {z € S" ' |lz — el < I}

We define the set of d-almost-elementary vectors by
Coord(9) := U Elem;(6).
i=1

We will need a standard concentration estimate for the operator norm of a random matrix
with independent centered sub-Gaussian entries.

Lemma 2.3.6 ([105, Lemma 4.4.5]). There exists an absolute constant C' > 0 such that the
following holds. Let A be an m X n i.i.d. matriz with mean 0, sub-Gaussian entries with
sub-Gaussian norm at most K. Then for any t > 0 we have

P|All < C(Vm + v+ t)] < 2exp(—t*/K?).

To prove Proposition 2.3.3, we will handle almost-elementary vectors and non-almost-
elementary vectors separately. We begin with the easier case of non-almost-elementary vec-
tors.

2.3.1.1 Invertibility on non-almost-elementary vectors

Using Lemma 2.2.4, we can prove the following elementary fact about sums of independent
Ber(p) random variables.

Lemma 2.3.7. Fiz p,6 € (0,1/2). There exists 0 = 0(0,p) > 0 such that for all x €
S\ Coord(4),
E(b1$1++bn$n,9) S 1 —p—@,

where b = (by, ..., b,) is a random vector whose coordinates are independent Ber(p) random
variables.

Proof. Since Coord(d) is increasing with 0, it suffices to prove the statement for all sufficiently
small § (depending on p). We may assume that |z;| > |xo] > -+ > |z,|. The desired
conclusion follows by combining the following two cases.

Case 1: Suppose |z2| > 6*. We claim that there is some § = (4, p) for which

E(blxl + 4 bnl’n, 0) S ,C(blZL'l + bQZL‘Q, 9) S 1— P — 0.

We borrow elements from |71, Proposition 3.11|. The first inequality is trivial. For the second
inequality, we note that the random variable byx; + byxo is supported on the four points
{0, 21, 29, 21 + 12 }. Moreover, the sets {0, 21 + x5} and {1, 25} are §*-separated, and each of
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these two sets is attained with probability at most max{p*+ (1—p)% 2p(1—p)} <1—p—0,
where the final inequality uses p < 1/2.

Case 2: |z3| < 6. Note that we must have ||(z2,...,2,)||2 > /2, since otherwise,
we would have ||z — e1]|2 < 6, contradicting = ¢ Coord(d). We claim that there is some
6 = 6(3,p) > 0 such that

L(byxy + -+ byzp,0) < L(bgwg + -+ - + by, 0) <1 —p—0.

Once again, the first inequality is trivial. The second inequality follows from Lemma 2.2.4
applied with & = bx; for i = 2,...,n, r; = |z;|/4, and r = §*, and from our assumption
that o was small enough in terms of p. m

By combining the preceding statement with a standard net argument exploiting the low
metric entropy of almost-constant vectors and the well-controlled operator norm of random
matrices with independent centered subgaussian entries (Lemma 2.3.6), we obtain invertibil-
ity on non-almost-elementary vectors.

Proposition 2.3.8. Fiz p € (0,1/2). Then, for any §' > 0, there exist 6,p,€,ng > 0
(depending on p,d’) such that for all n > ny,

P[3z € Cons(d, p) \ Coord(d'): || Bu(p)zll2 < €v/n] < (1 —p—¢€)".

Proof. The argument is closely related to the proof of [103, Proposition 3.6|, and we omit
the standard details. The point is that we can first choose ¢’ depending on ¢’, p, then choose
p sufficiently small depending on ¢, p, €/, and finally, choose ¢ sufficiently small depending
on all prior choices. []

2.3.1.2 Invertibility on almost-elementary vectors

We now prove the much more delicate claim that Coord(d’) contributes the appropriate size
to the singularity probability.

Proposition 2.3.9. Fiz p € (0,1/2). Given ' > 0, there exist ¢',0,ny > 0 depending on p
and 0" such that for all n > ng,

P[3x € Coord(d'): ||Bu(p)z|l2 < exp(—0'n)] <n- ((1 -p)"+(1-p— 9)")

Before proceeding to the proof, we need the following preliminary fact, which essentially
follows from the seminal work of Rudelson and Vershynin [86] (although we were not able
to locate the precise statement needed here in the literature).

Lemma 2.3.10. Fiz p € (0,1). For any ¢ > 0, there exist ¢',ng > 0 depending on ¢ and p
for which the following holds. For all n > ng and for any v € R™ with ||v||s > 1, we have

P[E3z € R" 1 || Az — o], < 27" < 27",

where A is a random n x (n — 1) matriz with independent Ber(p) entries.
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Proof. By reindexing the coordinates, we may write

a=8 o=

where B is an (n — 1) x (n — 1) matrix, v’ € R"! and ||¢/|s > 1/2. Let £ = {s,_1(B) <
27"/2}. Then, by an extension of the main result of Rudelson and Vershynin [86] (see, e.g.,
[42, Theorem 1.3] for a concrete reference), P[E] < 274" for some ¢; > 0 depending on ¢ and
p.
Moreover, on the event £¢, if there exists some x € R"™! such that ||Az — vl < 27,
then
|Bz —v/||s <27 = ||z — B~"W/||; <27¥2, and

Rz — vy < 27" = |R(B™ %) —vy| < 27" 4 n2-/2,

Let zo := B~'//||B7'/||5; this is a random vector depending on B. It follows from a
straightforward modification of the argument of Rudelson and Vershynin that there exists
a constant ¢y > 0, depending on ¢ and p, such that with probability at least 1 — 27",
L b - (0):,274) < 51272 where by, ..., b, are independent Ber(p) random vari-
ables (again, one has to take into account that Ber(p) does not have mean 0, but this is not
an issue, see, e.g., [42]). Let G denote the event (depending on B) that this occurs.

Finally, note that since ||B|| < n deterministically, we have ||B~!¢|y > 1/(2n). Hence,
we see that for all n sufficiently large depending on ¢ and p, we have

[50/\ ||AI—U||2 92~ cn] <P[50A|R(B )—U1| < 2n'2—cn/2]
< ]P)[EC NG A ’R(B ’U/) . U1| <o - 2—cn/2] 4 9en

(Zb :CO 1,471 2cn/2) + 9—can < 276277,/2’

which completes the proof. n
Now we are ready to prove Proposition 2.3.9.

Proof of Proposition 2.3.9. By taking a union bound, and exploiting the permutation invari-
ance of the distribution of the matrix, it suffices to prove the statement for Elem;(d’) and
without the additional factor of n on the right hand side. Let Gx denote the event that
| Br(p) — pJnxnl] < K+/n, where J,«, denotes the n x n all ones matrix. We fix a choice of
K such that P[Gf] < exp(—2n), which is possible by Lemma 2.3.6.

For ¢’ € (0,1/4), let &y denote the event that there exists some = € Elem,(d’) such that
| Bn(p)z||2 < exp(—60'n). By rescaling, we see that on the event &, there exists y = e; +u €
R"™ with u; = 0 and |Ju|ls < 4¢" for which ||B,(p)y|l2 < 2exp(—6'n). For convenience, let

!/

v = (ug,...,u,) € R"1. Writing

b R
Bn(p) = |:é'1 Bn—1:|’
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we see that
|Ru’ + by1| < 2exp(—0'n), | Bp_1u' + Sl|a < 2exp(—6'n).
Let BM denote the first column of B,,(p) and let BV denote the n x (n — 1) matrix formed
by excluding the first column of B, (p). Then, on the event & A Gk, we have
IBD + puscn-1tt||l2 = | BY + BEY0 — BEVY + pyn 1t |2
< IBY + B o + [(BUY = psn—1)d |15
< dexp(—0'n)+ K/n-4¢
< 8Kd'v/n.
The key point is the following. Let C := {z € {0,1}" : 3\ € R such that ||z — A1,|2 <

8K d'\/n}, where 1,, denotes the n-dimensional all ones vector. Then, it is readily seen that
for any € > 0, there exists ¢’ > 0 sufficiently small so that

PBY eCl<(1—p+e)
To summarize, we have shown that for any ', ¢ > 0, there exists ¢’ € (0,1/4) such that
PlEy] < P[Es A Gk + exp(—2n)
< ZP[B(I) =a]-P[3u € R"7L |||, < 40" : | BTV 4 a < 2exp(—6'n)]. (2.3.1)

acC
If we only wanted a bound of the form (1 — p + €)™ on the right hand side, then we would
be done. However, since we want a more precise bound, we need to perform a more refined
analysis based on whether or not a = 0.
Case I: a = 0. The contribution of this term to the sum in (2.3.1) is exactly (1 — p)".
Case II: a # 0. Since a € {0,1}", we have ||a||s > 1. In this case, we can apply
Lemma 2.3.10 with ¢ = 6’ to see that, for all n sufficiently large,

P[Au € R™L, |||, < 46" : | BV 4 al| < 2exp(—6'n)] <277,

where ¢ > 0 depends only on 6’ and p. Thus, we see that the contribution of a € C, a # 0
to the sum in (2.3.1) is at most

(1—p+e)n x27m

Since ¢ does not depend on ¢, we can fix ¢ (depending on ¢ and p), and then choose &’
sufficiently small so that € > 0 is small enough to make the above product at most (1—p—60)",
for some 6 > 0 depending on the previous parameters. O

We now put everything together to prove Proposition 2.3.3.

Proof of Proposition 2.3.3. Let ¢ > 0 be as in the statement of the proposition, and choose
¢’ > 0 such that exp(—60'n) = 27“*. Then, applying Proposition 2.3.9 with this choice of
¢, we find &', 0,ng such that for all n > ng, we have the desired estimate for x € Coord(d’)
(provided that e is chosen small enough). Then, we apply Proposition 2.3.8 with this choice
of ' to find 6, p,ng > 0 such that for all n > ng, we have the desired estimate for x €
Cons(9, p) \ Coord(d’), provided again that we choose € > 0 sufficiently small. O
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2.3.2 The structure theorem for Boolean slices

The following is a natural extension of the threshold function appearing in [103] to the
Boolean slice.

Definition 2.3.11. Let p € (0,1/2], v € (0,p), and L > 1. Then, for any integer n > 1 and
x € S"1, we define

Tpr(x, L) :=sup {t €(0,1): Epﬁ<2bixi,t) > Lt}.
i=1

For p € (0,1/2), let H = H(p) denote an (n — 1) x n random matrix, each of whose
entries is an independent copy of a Ber(p) random variable. We fix a function v(H) which
takes as input an (n — 1) X n matrix and outputs a unit vector in its right kernel. The goal
of this subsection is to prove the following result about the threshold function of v(H).

Proposition 2.3.12. Let 0,p,e € (0,1). Let p € (0,1/2) and let H = H(p) denote an (n —
1) xn random matriz as above. There exist Ly 319 = Lo3.12(9, p, D, €), Y2.3.12 = Y2.3.12(0, p, p, €)
and na 312 = Nos12(d, p,p,€) such that for all n > nsy 312, with probability at least 1 — 47",
exactly one of the following holds.

e v(H) € Cons(6,p), or

® Tprzanz(V(H), Lazaz) < (piﬂb)_l exp(en).

Remark 2.3.13. We note that p € (0,1/2) is not actually necessary for this statement or its
proof, and this is crucial in the more general setting of all discrete random variables.

We will need the following lemma, proved using randomized rounding (cf. [72]), which
is a straightforward generalization of [103, Lemma 5.3]. We omit details since the proof is
identical.

Lemma 2.3.14. Let y = (y1,...,Yn) € R"™ be a vector, and let p > 0, X € R be fized. Let A
denote a probability distribution which is supported in [—s, s|™. There exist constants cy314
and Cy 314, depending only on s, for which the following holds. Suppose that for all t > \/n,

IP’{ iby —A' < t} < ut,

i=1

where (b, ..., by,) is distributed according to A. Then, there exists a vectory' = (yy,...,y,) €
7" satisfying

(R1) lly = vll < 1,

(R2) P[| >0 biy; — Al < t] < Cosaapt for allt > /n,

(R3) L2, by v/n) = 2314 L(3001, biyi, V),
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(R4) | Z?:l Yi — Z?:1 yi| < Co3144/n.
We also record two useful tensorization statements.

Lemma 2.3.15 ([103, Lemma 3.2|). Let x1,..., Xm be independent random variables.

o Assume that for all € > €,
Pllxi| < ¢ < Ke.
Then for e > €
P[H(Xla cee 7Xm)||2 S 6\/%] S (CKG)m,

where C' is an absolute constant.
o Assume that for some n,7 > 0,
Pllxi| <m <.
Then for e € (0, 1],

Pl(x1s - Xen)ll2 < nv/em] < (efe)mrmem.

Proof of Proposition 2.3.12. For lightness of notation, we will often denote v(H) simply by
v. If v ¢ Cons(d, p), it follows from Lemma 2.2.5 that for all 7 < p/4, there exists some
Lo = Lo(d,p,p) and Cy = Cy(6, p,p) such that T, (v, L) < Cy-n~Y/2 for all L > L,. Fix
Ky such that the event &k, := {||H — pJu_1xnl|| < Kov/n} holds with probability at least
1— 2—172971_

Let L > Ly be a parameter to be chosen later, depending on ¢, p, p,e. Let v < 1/4 be a
parameter to be chosen later depending on d, p, p, e. Fix some N € [Cy'-y/n, (;ZL) exp(—en)],
and let Uy denote the event that 7, (v, L) € [1/N,2/N]. We proceed to bound Py A Ek,].

Let D := C1y/nN, where C; = C1(0, p) > 1 will be an integer chosen later. Let y := Duv.

Since for all t > /n,
i=1 i=1
i biv;| < ! < L2
— 1Y —= \/ﬁN —
it follows that by applying Lemma 2.3.14 to y, with u := 2L/(N+/n), A = 0, and the
distribution on R" coinciding with that of n independent Ber(p) random variables conditioned
to have sum in [pn — yn, pn + yn], we see that for all sufficiently large n, there exists some

y' € 7" satisfying the conclusions of Lemma 2.3.14 (note that Cs 314, C2314 in this case are
absolute constants). By (R3), we have

L ( Z biyé, \/ﬁ> > co.3.14L ( Z bivi, 1/(01N)>
i=1 i=1

<

< G

<]
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Z (201)—1 . 62.3.14£ < Z bﬂ)i? Q/N)

i=1

Z (201>_1 +C2.3.14 ° ZLN_l. (232)
Moreover, by (R1) and (R4), we have on the event £k, that

IHY |2 = 1H(Y = y)ll2
< (H = pJp-1xn) Y = Y)ll2 + Ipa-1xn(y" — y)I2
< Kln, (2.3.3)

where K| is a constant depending only on Kj.

We claim that there is an absolute constant Cy > 0 and a constant C3 = C5(d, p), a collec-
tion of real numbers (depending on 6, p) (K3); > (Ks); > (K1); > 1 for j € [C5-CY], a posi-
tive real number ¢’ > 0 (depending on 4, p), and a collection of (N, n, (K1);, (K2);, (K3);,9)-
admissible sets A; (depending on 6, p) for j € [C5-C%] such that y' € A; for some j € [C5-Cy].
Let v:=4//D. By (R1), it follows that |0 — v||cc < D~!. Moreover, by Lemma 2.3.4, there
exist v, depending on ¢, p, and a finite set K of positive real numbers, also depending on
d, p, such that either the first conclusion or the second conclusion of Lemma 2.3.4 is satisfied
for v. Since D' < O 'Cy/n, we see that there exists ny depending on §, p, p such that for
all n > ng, v satisfies either the first conclusion or the second conclusion of Lemma 2.3.4,
with v/2,1///2 and 271 - K U2 - K. After paying an overall factor of at most 2", we may
assume that the vn coordinates of v satisfying this conclusion are the first vn coordinates.
The remaining (1 — v)n coordinates of v lie in the (1 — v)n-dimensional ball of radius 1. By
a volumetric argument, we see that this ball can be covered by at most 100" translates of
[0, n~1/2]0=¥)" By paying an overall factor of 100", we may fix the translate of [0, n~1/2](1-¥)"
that the remaining (1 — v)n coordinates lie in. Note that each such translate contains at
most (2D/4/n)*~)" points in (1/D)Z". Finally, taking C,(6, p) sufficiently large so that
C1(6, p) - min(271 - ) > 1 and rescaling by D proves the claim.

To summarize, we have so far shown the following. For parameters L and v depending
on 6, p, p, € (to be chosen momentarily), on the event Uy A Ek,, the event B; holds for some
J € [Cs - CF], where B; is the event that there exists some y' € A; satisfying (2.3.2), (2.3.3),

and (by (R2)),
7|

i biy;
=1

< t} < Cyzqqput for all t > y/n, (2.3.4)

where recall that = 2L/(N/n).
We are now ready to specify the parameters L and ~. First, let

L= max Lyas(Ber(p), e, 0, (K1), (K3);, (K3););7" = Injin’YZ.Q.S(Ber(p)v €,0', (K1);, (K3)j, (K3);)/4.

Then, let
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Our goal is to bound P[U;B;]. Let Hy,..., H,_; denote the rows of H. By a standard
large deviation estimate, we can find an absolute constant () > 1 such that the event

Wo = {[{i € [n—1]: ZHi,j ¢ [pn —yn,pn + ]} < Q}

holds with probability at least 1 — 27179 Then, it suffices to bound P[U;(B; A Wg)]. We
will provide a uniform (in j) upper bound on P[B; A W], and then conclude using the union
bound. Note that on the event B;, y' belongs to the set D, defined by

Dj = {LU c Ajl EPW(Zbix“\/E) > LN_I}.
i=1

By the choice of L, it follows from Corollary 2.2.3 that for any M > 1, for all sufficiently
large n,

D;| < e M| A| < e MM (KsN), (2.3.5)

where K3 := max;(K3);. Moreover, it follows from (2.3.4) and Lemma 2.3.15 that

, , CyLLE,\"?
LAY < Kinh awel < (572 2.3.6)

where Cy > 1 is an absolute constant. Here, we have used that on the event Wy, the entries
of at least n — @ rows have sum in [pn — yn,pn + yn|.
Finally, from (2.3.5) and (2.3.6), we see that first taking M to be sufficiently large (com-

pared to various constants depending on ¢, p, p, €), and then taking n sufficiently large, gives
the desired conclusion. O]

2.3.3 Proof of Theorem 2.3.1

We now have all the ingredients needed to prove Theorem 2.3.1. The proof uses the insight
from [71] of exploiting the exponential gap between (p’;‘l) and (1 — p)™ for p < 1/2 by using
a ‘row boosting” argument to reduce to an anticoncentration problem on a well-conditioned
slice.

Proof of Theorem 2.5.1. Throughout, we fix functions z(A), y(A) which take as input a ma-
trix A and output (fixed, but otherwise arbitrary) right and left least singular unit vectors,
respectively. Let B = B,,(p) for simplicity. Fix ¢ > 0 such that (pﬁl) exp(en) < (1 —p—e)™
Step 1: By the work of Rudelson and Vershynin [86], there is some ¢, > 0 so that for
all t > 272en,
Pls,(B) < t/v/n] < Cyt;
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note that there is a slight complication since Ber(p) is not centered, but this can be handled
using standard techniques (see, e.g., [42, Theorem 1.3]) Therefore, it suffices to consider the
case t < 272,

Step 2: For §,p € (0,1), we define

£1(6,p) = {3y € Cons(5, p): ly(B)Bll» < 277},
Er(6,p) = {3z € Cons(d, p): ||Bx(B)l|ls < 27%"}.

Applying Proposition 2.3.3 with ¢, > 0, we find that there exist ¢, p, ¢ > 0 such that for all
sufficiently large n,

Pls,(B) <t/vn] < 2n(l —p)" +2(1 = p—€)" + Plsn(B) < t/v/n NEL(S,p)° A ER(D, p)°].

Here, we have used that the distribution of B is invariant under transposition.

Step 3: Let v = v2312(0, p, p, €). Let W, C {0,1}" denote the set of vectors x € {0, 1}"
such that Y | z; € [pn — yn,pn + yn|. As in the proof of Proposition 2.3.12, let @ > 1 be
a constant such that the event

Wao = {[{i € [n]: Bi ¢ W,}| < Q}

holds with probability at least 1 — 27172 Then, it suffices to bound P[s,(B) < t/\/nAEEA
ES AN W, where for simplicity, we have omitted the parameters 0, p fixed in the previous
step.

Let By, ..., B, denote the rows of B, and for simplicity, let y = y(B). On the event that
sn(B) < t/+y/n, we have

l91B1 + -+ + ynBalla < t/v/n.

Moreover, on the event £f, using Lemma 2.3.4, there is a set I C [n] such that |[I| > vn
and such that for all ¢ € I, |y;| > k/y/n, for some k := k(d,p) > 0. In particular, since
for any i € [n], ||y1B1+ - - + ynBnlla > |vi| dist(B;, H;), where H; denotes the span of rows
By,...,B;_1,Bi11,...B,, it follows that

t
dist(B;, H;) < — for all i € I.
K

Also, on the event W, there are at least vn/2 indices ¢ € I such that B; € W,. Thus, we
see that

2 n
Pls(B) < t/v/n ANEFNEGAWol < — > P[dist(By, Hy) < t/k NES NER A B € W, .
vn
i=1
Step 4: By symmetry, it suffices to bound P[B;], where

Bl = diSt(Bl,Hl) S t/HAEIC{ N Bl € W,y.

Let v(H;) be a unit vector normal to H;. Then, by Proposition 2.3.12, except with proba-
bility 4=™ (over the randomness of Hy), exactly one of the following holds.
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e v(H;) € Cons(d, p), or
o Too(v(Hy), L) < (1) exp(en),

where L := Ly312(0, p, p, €). If the first possibility occurs, then B; cannot hold, since then,
v(H,) € Cons(0d, p) satisfies

|Bo(Hy)|lo = [(By,v(Hy))| < dist(By, Hy) <t/k <2727 [k,

which contradicts £f for all n sufficiently large. Hence, the second possibility must hold.
But then, using dist(By, Hy) > |(By,v(H;))|, we have that (over the randomness of By),

Pldist(By, H,) < t/k A By € W,] < P[[(By, v(H.))| < t/k | By € W,

Lt n\
<—+ exp(en)
pn

K
Lt
S?—F(l—p—é)n.

This completes the proof. O

2.4 Non-almost-constant vectors

In this short section, we prove the following result, which controls the invertibility of random
matrices with i.i.d. discrete entries on the bulk of the unit sphere. We note that this is a
generalization of the discussion in Sections 2.3.2 and 2.3.3.

Theorem 2.4.1. Fix a discrete distribution &. For any 6,p,e > 0, there exists Cyqq =
Co41(&,0,p,€) >0 and noy1(€, 0, p,€) > 1 such that for allm > ne 4y and t > 0,

P inf M, (&)zll2 < t/v/nA inf  (lyM,(§)lla > Couat| < Cousttexp((e—H(p))n).
zeS?—1\Cons(4,p) y€Cons(4,p)

Let £ be a discrete distribution, and let A = A(§) denote an (n — 1) x n random matrix,
each of whose entries is an independent copy of a £ random variable. We fix a function v(A)
which takes as input an (n— 1) X n matrix and outputs a unit vector in its right kernel. As in
Section 2.3, a key ingredient in the proof of Theorem 2.4.1 is a structure theorem for kernel
vectors of A, which encodes the fact that (with very high probability) non-almost-constant
kernel vectors of A must be maximally unstructured in the relevant sense.

Definition 2.4.2. Fix a discrete distribution . Let ¥ € R, with ||7]|ec < min(p), and let
L > 1. Then, for any integer n > 1 and € S"!, we define

727’7(1'7[/) ‘= Ssup {t € (O, 1): Eé,’y’(zbimiat) > Lt}.
=1
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We also define .
Te(z, L) := sup {t € (0,1): L’g(Zbixi,t) > Lt}.
i=1

Proposition 2.4.3. Let 0, p,e € (0,1) and k = | supp(&)|. There exist Loy = Loa3(d, p,&,€),
Yoa3 = V24300, p, &, €) and ng g3 = no43(d, p, &, €) such that for all n > ng 43, with probability
at least 1 — k=", exactly one of the following holds.

e v(A) € Cons(9,p), or

¢ 72772‘4.311@ (U(A), L2.4.3> < eXp((E - H(ﬁ))n)

Proposition 2.4.3 follows from Corollary 2.2.3 and Lemma 2.3.14 in an identical fashion
to the proof given in Section 2.3.2, so we do not repeat it here. The only minor difference
is that in the last part of the proof, we now restrict ourselves to the event that all but
Og s, 5 5 (1) rows belong to a well-conditioned multislice corresponding to ¢ (instead of simply
restricting to well-conditioned slices).

Given this, we can complete the proof of Theorem 2.4.1.

Proof of Theorem 2.4.1. Let M := M, (&) for simplicity, and let J,p,e > 0 be as in the
statement of the theorem. Let k = |supp(£)| and denote the points in the support of £ by
ay,...,ax. We will denote the columns of M by MW ... M™  Also, for each i € [n], M
denotes the subspace spanned by all columns of M except for M®.

Step 1: Let v = 7243(d,p,&,€). Let W, C supp(£)™ denote the set of vectors = €
supp(&)™ such that #{z; = a;} € [pjn—~yn,p;n+n| for all j € [k]. Let Q > 1 be a constant
such that the event

Wo = {[{i € [n]: MY ¢ W,| < Q}

holds with probability at least 1 — k~17%". Then, it suffices to bound

P inf M <t A inf M|la > Ct A Wg . 24.1
xegnfll\%ons(é,l?)n x||2 o /\/ﬁ yeC})ﬂs(é,p)Hy ||2 Q ( )

Let us denote the first of the three events in the equation above by £g, and the second event
by gL-
Let z = (M) denote a vector in S*~* \ Cons(d, p) certifying the event Eg, so that

oy MDD 42, MMy < t//n.
Using Lemma 2.3.4, there is a set I C [n] such that |I| > vn and such that for all ¢ € I,

|\z;| > K/\/n, for some k = k(6, p) > 0. In particular, since for any i € [n], ||z, MM 4 - +
2, MMy > |z;| dist(MD, M9), it follows that

. . t
dist(M® MDY < — for all i € .
K
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Also, on the event W, there are at least vn/2 indices ¢ € I such that M QNS W,. Thus, we
see that

2 o . . .
(24.1) =Pl€r A ELAWg] < — > Pldist(M©, M) <t/ NELAMY € W),
=1

Step 2: By symmetry, it suffices to bound P[M;], where
My = dist (MWD, MEDY <t/k AELA MDY € W,

Let v(MY) be a unit vector normal to MY, Then, by Proposition 2.4.3, except with
probability k=2 (over the randomness of M (1)), exactly one of the following holds.

e v(MY) € Cons(d, p), or
o Teon, (v(MY), L) < exp((e — H(p))n),

where L := Ly 43(6, p, &, €). If the first possibility occurs, then M, cannot hold as v(M(~Y) €
Cons(6, p) satisfies

|o(MEDNYM |y = (MO, o(MEDY)] < dist (MY, MEY) < t/k < Ct,

(choosing C' appropriately), which contradicts €. Hence, the second possibility must hold.
But then, using dist(M®, MDY > (MW v(MD))|, we have that (over the randomness
of MW),

P[dist(M®, MYy <t/k A MDY € W] <P(MD o(MEIN| < t/k | MY € W]
Lt

< ?+exp((e—H(ﬁ))n)). O

2.5 Preliminary invertibility estimates

In this section, we will prove a version of Theorem 2.1.8 with the weaker singularity estimate
(7)o + o(1))™. This estimate, which generalizes [103, Theorem A|, will be used crucially
in our refined treatment of invertibility for almost-constant vectors in the next section. The
techniques in this section also serve as a gentle warm-up to the next section, where much
more involved versions of the arguments are presented.

We begin with the following elementary fact regarding sums of £ random variables.

Lemma 2.5.1. Fiz a discrete distribution &. There is 0 = 6(£) > 0 such that for allz € S™™,
Le(biz1 + -+ 4 bnn, 0) < ||P][co-

Proof. This is essentially identical to the proof given in [103, Lemma 3.5|. Briefly, if ||z, >
J, then we can choose 6 small enough (depending on § and &) so the claim is immediate.
Otherwise ||z|l« < 0 and ||z| = 1, in which case the claim follows from Lemma 2.2.4 as
long as ¢ is sufficiently small depending on &. O
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Combining the above estimate with the second part of Lemma 2.3.15, we have the fol-
lowing.

Corollary 2.5.2. Fix a discrete distribution £. For every € > 0, there exists ¢ > 0 depending
on € and & such that for any x € S* ! and y € R™, we have

P[[|[ M, (§)r = yll2 < ev/n] < (D1l + €)™

Moreover, combining this corollary with the low metric entropy of Cons(d, p) and Lemma 2.3.6,
we obtain the following (weak) estimate for invertibility on almost-constant vectors.

Corollary 2.5.3. Fiz a discrete distribution . For every € > 0, there exist d,p,c > 0
depending on € and & such that for any y € R,

P| _nf IMu(O2 =yl < ev/t| < (Il + 9"

z€Cons(,

Next, we show that with very high probability, the inverse of any fixed vector is unstruc-
tured.

Proposition 2.5.4. Fiz a discrete distribution €. For every e,n > 0, there exist d,p, L > 0
depending on €,1,& such that for any y € R",

P|3w € S"": My(§)z || y Aw € Cons(d,p) V Te(x, L) = ([Plles + )" | < ([Plloc + €)™

Proof. This follows essentially from combining Corollary 2.5.3 with a cruder analogue of
Proposition 2.4.3, the only difference being that we are considering M, (§)z || y for arbitrary
y € R™ as opposed to only y = 0.

To handle this last point, we begin by choosing (using Lemma 2.3.6) a sufficiently large
constant K so that Ex = {||M,(£) — E[¢]Juxn|| < K+/n} satisfies P[ES] < ||p]|*". Then, it
suffices to restrict to £x. Moreover, by the triangle inequality, we see that on the event &,
| M, ()] < Kv/n+ E[¢]n, so that in particular, on the event in the proposition (intersected
with k), we have that M, (£)r = ty, with yo € S"! fixed and for some ¢t € R with
t| < K/n + E[¢]n.

Now, for the treatment of vectors in Cons(d, p), we can divide the range of ¢t into n
uniformly spaced intervals, apply Corollary 2.5.3 with y equal to the mid-point of an interval
times vy, and use the union bound. For the treatment of vectors z satisfying (z € S"~1\
Cons(d, p)) A Te(x, L) < (||pllee + n)", we divide the range of ¢ into ||p]|;2" equally spaced
intervals, use a slight generalization of the argument in the proof of Proposition 2.3.12 with
M sufficiently large (depending on &) for each y equal to the mid-point of an interval times
Yo, and finally use the union bound. We leave the details to the interested reader. O]

3

Using Corollary 2.5.3 and Proposition 2.5.4, we can prove the following weaker version
of Theorem 2.1.8.
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Theorem 2.5.5. Let £ be a discrete random variable. For any € > 0, there exist C,ng > 0
depending on &, € such that for alln > ng and t > 0,

Bs, (M) < t/v/i] < Ct + ([Flloc + )"

Proof. The deduction of this theorem follows from the argument in [103, Section 5| with
the application of Corollary 2.5.3 and Proposition 2.5.4 at the appropriate steps. A similar
deduction appears in Section 2.3.3 and a more complicated version of this deduction also
appears in Section 2.7, so we omit the details. O

2.6 Almost-constant vectors

The goal of this section is to prove Theorem 2.1.10. The proof is presented at the end of the
section and needs a few intermediate steps.

For the proof, we will need to isolate the following natural class of almost-elementary
vectors.

Definition 2.6.1. (Almost-elementary vectors) For 6 > 0 and 7, j € [n], i # j, let
Elem;(8) := {z € S" 1 ||z — ;|2 < 6},
Elem; ;(8) := {z € S"': ||z — (e; — ej)/\/§|l2 <6},
Elem] ;(8) := {x € "1 ||z — (e; + ¢;)/ V2|2 < 6}

Also, let
Elem(d) := U Elem;(6) U U Elem; ;(9),
i€[n] 1,j€[n],i#]
Elem’(d) := Elem(d) U U Elem; ;(9).
i€ [n),i#]
Note that (J;(, Elem;(d) is exactly the set Coord(d) defined in Section 2.3.1.

For excluding almost-constant vectors which are not almost-elementary, we will need to
develop sharp results regarding the Lévy concentration function of discrete random variables.

Proposition 2.6.2. Fiz a discrete distribution £ and § € (0,1/2). There exists 6 = 0(0,£) >
0 such that for all x € S~ \ Elem(),

ﬁg(bl.ﬂjl + -+ bnxn: 9) S Hﬁ”g - 0

Proof. Since Elem’(d) is increasing with §, it suffices to prove the statement for sufficiently
small § (depending on ), which will be chosen during the course of the proof. Moreover, we
may assume that |xi| > |z3] > -+ > |z,
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Since z ¢ Elem;(d), we must have ||(z2,...,7,)|s > §/2. In case |z3| < §%, then we are
done using Lemma 2.2.4 (cf. the proof of Lemma 2.3.7) for all sufficiently small §. Similarly,
if ||(z3,...,2n)|l2 > 0/4 and |z3] < 6*, we are done. We now analyze the remaining situations
via case analysis.

Case I: 0* < |zo| < (1 — 6%)|z1]. Since Le(byzy + -+ + by, 0) < Le(brxy + baxa, 0), it
suffices to bound the latter. Let £ be an independent copy of . For any s € R, we have

2
Plx1& + 298 € [s — ¢, 5 + ¢]]? <ZP P[|¢ — 27 (s — m9a)| < c|aq|” 1])

< (;P[é . aP) (;Png (s = a0 < T ) <

where the sum is over a € supp(¢). Here, the equality is by definition, the first inequality
is Cauchy-Schwarz, and the last inequality holds as long as ¢ > 0 is chosen small enough
in terms of §,£. Let us elaborate on this final point. We choose ¢ > 0 small enough so
that c|x|™' < ¢6~* is smaller than |zy/x;| times half the minimum gap in supp(€), which
is possible since |zo/z1| > *. Now, such a choice of ¢ clearly implies that each summand
in >, P[|€ — 27" (s — x2a)| < c|zy]|71]? covers at most a single atom in supp(£), and that
different choices of a,a’ € supp(€) cover distinct atoms in supp(§).

Moreover, for such a choice of ¢, equality in the final inequality holds if and only if there
is a permutation ¢ on supp(¢) such that for all a € supp(€),

Pl¢' = o(a)] = Pll§ — 21 (s — @20)| < cla| ).

Summing over all the atoms in supp(§), we see that if equality holds in the final inequality,
then

Ea

supp(§ U 27 (s — w9a) — c|zy |7 27 (s — @9a) + |z 7Y,
j=1

so that in particular, supp(¢) is contained in an interval of length at most |z2/z1|me+2c|z1| 7,
where mg = maxsupp(£) — minsupp(§). But since |zy/z1] <1 —6° and ¢|z;|™! < 67, we
see (by taking ¢ > 0 sufficiently small) that supp(§) is contained in an interval of length
at most (1 — §°/2)me, which contradicts the definition of m¢. Hence, we see that equality
cannot hold in the final inequality.

Since equality does not hold, it follows from the above discussion that (for ¢ > 0 suffi-
ciently small), we have the stronger inequality

Plr18 + 228" € [s — ¢, s+ c]* < [Pl (IIP1; — (minp)?),

which completes the analysis in this case, noting that the choice of ¢ depends only on &, 9.
Case II: |z5| > (1 — 6°)|21], ||(x3, ..., %4)||2 < §/4. This implies that = € Elem/ ,(d) U
Elem; 5(6), thereby violating our assumption.
Case III: §* < |z3] < (1 —6%)|zy|. This can be treated in exactly the same way as Case
L
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Case IV: (1 — 6°)|x1| < |as| < |xo| and |z2] > 6%, Tt suffices to bound L¢(byzy + bows +
bsws). Let u; € {1} be defined via u; = sgn(x;) = z;/|z;|. Let m; > 0 be the smallest
positive real such that supp(§) C [—my, mg].

We begin by noting that for any s € R,

Plx1& + xebo + 2383 € [s — ¢, s + ]
= Pl|z1 |(ur&s + |z1] " Hwo|us&e + |21]Has|uss) € [s — ¢, s + ]
< Plla|(uiéy + usba + uss) € [s — ¢ — 38°my, s + ¢+ 308°mg]],

where the inequality uses (1 — %) < |zq|7!|as| < |27 ao| < 1, |21| < 1, and the definition
of my.

Since |z1| > |z2| > §%, this localizes the value of u1&; +u2s +usés to an interval of length
at most 2(cd~* + 3(5m’§). As discussed at the beginning, we can assume that ¢ is sufficiently
small based on &. By first choosing 6 > 0 sufficiently small depending on &, and then
choosing ¢ > 0 sufficiently small depending on ¢ and £, we may assume that 2(cd—* + 30my)
is smaller than the minimum distance between two distinct atoms in both supp(¢ + &' + £”)
and supp(& + & — ¢£”), where £, &', &” are independent copies of . Note that, after possibly
multiplying by an overall negative sign, ui&; + u2&s + usés is distributed as either £ + ¢ 4 &”
or 5 + é‘/ _ f//.

Therefore, by our choice of § and ¢, we see that it suffices to show that for all s € R,

Pléy + &+ & =s] < [Ipll5 — ¢, Plér+& — & =] < [|p]5 — ce,

for some ¢¢ > 0 depending only on ¢. Now for uz € {£1}, we have
Plé1 + & +uzés = s]° = (ZP[& =aP[G+&=s— uga]>2
< (Zp[gg = a]2) (ZIP[& +&=5— uga]2>
< (ZIP’[&, = a]z) ( Y Plha+é= a’]2>

a’ esupp(&1+&2)
< Ip1l3;

where the first line is by definition, the second line is Cauchy-Schwarz, and the last line
follows by Young’s convolution inequality. To obtain the inequality with a positive constant
ce > 0, we note that equality cannot hold in the third line since supp(§; + &2) has strictly
more positive atoms than supp(¢) (since £ is supported on at least 2 points), and this leads
to the desired improvement since £ has finite support. O

When ¢ is not a translate of an origin-symmetric distribution, the above result can be
strengthened.
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Proposition 2.6.3. Fiz a discrete distribution £ and § € (0,1/2). Suppose that £ is not a
translate of any origin-symmetric distribution. Then, there exists 0 = 0(0,&) > 0 such that
for all x € S"~1 \ Elem(9),

ﬁf(blﬂﬁl + -+ bnmm 9) < Hﬁ”g -

Proof. As before, since Elem(d) is increasing with ¢, it suffices to prove the statement for
sufficiently small § depending on £. By Proposition 2.6.2, we can choose 6 = 6(4, &) > 0 such
that for all z € S*~! \ Elem’(d),

Eg(b1$1 + -+ bnxm 6) < ”ﬁ”% -

Hence, it remains to prove the result for = € Elem’(d) \ Elem(d). By symmetry, it suffices to
consider € Elem/ ,(0). We will bound L¢(byxy + boxs, ).

We use an argument similar to Case IV of the proof of Proposition 2.6.2. Let m’5 >0
be the smallest positive real for which supp(§) C [—my, mg]. We have

1
E@l + &) € [s — ¢ — 2mgd, s + ¢ + 2md] | .
Once again, by choosing § and c sufficiently small (depending on ), we may assume that
2(c+2mi0) is smaller than the minimum distance between two distinct atoms in supp(§+¢'),
where £, & are independent copies of £. With this choice of § and ¢, the problem reduces to
showing that there exists some c¢¢ > 0 depending only on £ such that for all s € R,

Plxi& + 20 €[s—c,s+ ]| <P

P&+ & = 8] < [|p]3 — ce.

We have

Pl6i+6o = o = 3Pl = Pl = 5l < (;P[& ~ ) m(;% —sal’) e

where the first inequality is Cauchy—Schwarz. To obtain the improved inequality with ¢ > 0,
we note that equality can hold in both inequalities if and only if P[¢; = a] = Pl = s — d,
which implies that ¢ is a shift (by s/2) of an origin-symmetric random variable. Since we
have assumed that £ is not a shift of an origin-symmetric random variable, we see that
equality cannot hold, and using that the support of £ is finite, we can conclude. O

Using the preceding lemmas, and exploiting the low metric entropy of Cons(d, p) along
with Lemma 2.3.6, we obtain the following corollary. Note that since £ may not have mean 0,
one must perform the standard trick of densifying the net of these vectors along the direction
1, (see [103, Proposition 3.6]). We omit the (standard) proof; as in Proposition 2.3.8, it is
closely related to the proof of [103, Proposition 3.6].
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Corollary 2.6.4. Fix a discrete distribution £. For all ' > 0, there exist 6, p,€,ng > 0,
depending on & and &', such that for all n > ng,

P[Ez € Cons(d, p) \ Elem(8'): [ M (§)zll> < €'v/n] < (I3 — €)™

Further, if £ is not a shift of any origin-symmetric random variable, then the same conclusion
holds with Elem(d') instead of Elem’(d").

Given the previous corollary, it remains to analyze vectors in Elem’(d’) (or only in
Elem(d’) if £ is not a shift of any origin-symmetric random variable), which is the content of
the remainder of this section.

2.6.1 Two columns

We first handle vectors in Elem; ;(§"). By the invariance of the distribution of M, (£) under
permuting columns, it suffices to analyze vectors in Elem; 5(¢"). We show the following.

Proposition 2.6.5. Fix a discrete distribution &. There exist 0',n,n9 > 0 depending on &
such that for allm > ng and t < 1,

P[Hz € Elemi(8"): || Ma(&)xl2 < ¢] < [IP13" + (1513 — )" + texp(—nn).

We will need the following preliminary lemma, which essentially follows from the seminal
work of Rudelson and Vershynin [86]. Since we were not able to locate the statement we
need in the literature, we provide details below.

Lemma 2.6.6. Fiz S,s > 0. There exist C',d,ng > 0 depending on s,S such that the
following holds. For all n > ng, any v € R™ with ||[v||2 > 1, any k € (0,1), and all t < 1, we
have

P[E3z € R": ||Az — v||y < t] < O'n®Vtexp(rn) + exp(—c'n) exp(kn),

where A is an n x (n — 1) random matriz, each of whose entries is an independent random
variable with sub-Gaussian norm at most S, and such that all but a collection of kn specified
entries have variance at least s.

Proof. By the law of total probability, it suffices to assume that the xn specified entries
are deterministic, and take the values ay, ..., a.,. Consider the n x (n — 1) random matrix
A’, which has the same distribution as A, except for the xn specified entries, which are
now replaced by aj + by, ..., awn + ben, Where by, ..., by, are independent Ber(1/2) random
variables.

From a slight generalization of Lemma 2.3.10 (specifically, one should replace the appli-
cation of [86] with an inhomogeneous version due to [73| and replace 27" by ¢, see the proof
of Lemma 2.6.9), we get that there exist C’, ¢/, ny depending on s, S such that for all n > ny,
for any v € R™ with ||[v||s > 1, and for all t > 1, we have

PEz € R™: |4z — vy < t] < C'n®Vit + exp(—cn).

The conclusion now follows since, with probability 27" b = --- = b.,, = 0. O
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We now prove Proposition 2.6.5.

Proof of Proposition 2.6.5. By Lemma 2.3.6, we can choose K > 0 depending on £ such that
PlEx] < [|p3", where
Ex = {| Mn(&) — B[] Tnsnll < K/}

For ¢’ € (0,1/4), which will be chosen later in terms of £, let
E = {3z € By(e, ) NS" " | M, (§)Qxl2 < t},

where @ is the rotation matrix whose bottom-right (n — 2) x (n — 2) minor is the identity
matrix, and the top-left 2 x 2 minor is the rotation matrix given by

11
AT
V2 V2
Up to scaling ¢’ by a constant factor, this is clearly equivalent to the event that we wish to

bound.

Note that on the event &, there exists some vector y = e; + u € R™ with vy = 0 and
|lul|l2 < 4¢" such that

1M, (£)Qyll2 < 2t

Let o = (us, ..., u,) € R™1, let M1 be the first column of M, (£)Q, and let MY denote
the n X (n — 1) matrix obtained by removing this column. Then, on the event £ A Ek, we
have

MY — E[¢]Juxnrtllz < | MO 4+ MO |3+ [[(M = E[E]Jnsns)td ||
<2t + Kv/n- 48
< 8Kd&'\/n

for all sufficiently large n, since ¢ < 1.
The key point is the following. Let = := supp(€ — ¢')/v/2 C R. Let

C:={a €Z=": I\ € R with |ja — A\, ||s < 8K§'/n},
and for k = Kk(0’,&) > 0, to be chosen later depending on ¢', &, and for z € =, let
C.:=Cn{a €R": |supp(a — z1,,)| < kn}.

It is easy to see that

cclje

zZ€E

for an appropriate choice of k which goes to 0 as ¢’ goes to 0. Furthermore,

PIMY € C.] < P[(& — €)/V2 = 2] exp(cusen),
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where ¢, 5 ¢ > 0 goes to 0 as x,d" go to 0. Therefore, we have
IP’[ ) € C] < ||Ip)|2" exp(2¢,.5cn), and

PIMY € C\ o] < (1713 — ce)"

for some ¢¢ > 0 depending only on &, provided that ¢’ (hence x) is chosen sufficiently small.
Here, for the second inequality, we have used that by Cauchy—Schwarz (as in the proof of
Proposition 2.6.2), the unique most probable atom of (£ — ¢')/+/2 is at 0, and is ||7]|3, so
that any other atom in = has probability at most ||p]|3 — 2¢¢ for some ¢¢ > 0.

So far, we have shown that for all x and ¢ sufficiently small (depending on &), we have

PE] < A" + D PIMY) = o]P[Fu/ € R*: | MDY + al|y < 26| M)
aeC
< P13 + (1513 — ce)” + > P[MY = qJP[Fu/ € R"+ | MV’ + all, < 2t M),

a€Cop

We proceed to bound the third term in the above sum.

Case I: If a = 0, we have P[M® = 0] = ||p||2".

Case II: If @ # 0, we have in particular that ||al|s > he > 0. The crucial observation is the
following. Given MO = a, the entries of the first column of MED are independent random
variables, each of which is distributed as the sum of two i.i.d. copies of £//2, conditioned
on knowing their difference. In particular, for the coordinates i € [n] for which a; = 0, the
corresponding coordinate of the first column of MY is distributed as V2. 5* where £* has
the same support as f but takes on atom a; with probablhty proportional to p?. Thus, we see
that conditioned on M) = q € Co, all entries of MY are independent with sub-Gaussian
norm at most Se, and all but at most xn entries have variance at least s¢ > 0. Hence, by
Lemma 2.6.6, and by using the lower bound ||al|s > he, we find that there exist C’, ¢/, ny
depending on & such that for all n > ny,

PEu € R* ' MYy + alls < 2t|MDW] < C'nPVEexp(kn) + exp(—c'n) exp(kn).

Thus, the contribution of this case is at most

I15115" exp(2¢, 5 en) exp(kn) (C/nS\/?_f +2 exp(—c’n)> :

By the AM-GM inequality, we have ||p]|2"v/t < t||p]|5 + ||p]|3". The desired conclusion now
follows by taking n > 0 sufficiently small so that ||p]|5 < exp(—2nn), and then taking ¢’
(hence k) sufficiently small so that 2¢, 5 ¢ + £ < min(c'/2,1/2). O

The preceding proposition handles vectors in Elem; ;(§). If the distribution ¢ is a trans-
late of an origin-symmetric distribution, we also need to handle vectors in Elem;j(é). In
case the distribution ¢ is itself an origin-symmetric distribution, the desired bound follows
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immediately from the previous proposition, using that the distribution of any column of
M, (&) is invariant under negation in this case. Therefore, it remains to handle vectors in
Elem;j(é) when £ is a nonzero translate of an origin-symmetric distribution, which is done
by the next proposition.

Proposition 2.6.7. Fiz a discrete distribution & that is a nonzero translate of an origin-
symmetric distribution. There exist &', m,ng > 0 depending on & such that for all n > ng and
t<1,
P[3x € Blem 5(0"): [[Ma(&)zll2 < 1] < (|73 — n)" + texp(—nn).

Proof. The proof is essentially the same as that of Proposition 2.6.5. The lack of the “main
term” ||p]|3 comes from the fact that e; + e is unlikely to be a kernel vector since £ is not
origin-symmetric.

We quickly discuss the main modifications to the proof of Proposition 2.6.5. Throughout,
s # 0 denotes a real number such that £ and s — £ have the same distribution (such an s
exists by our assumption about &). First, the top-left 2 x 2 minor of @ is now

1 1
V2o V2
Next, we let = = supp(£ + €')/v/2 and as before, let
C:={a €Z=": 3\ € R with |[|a — A\, < 8K§v/n}
and for z € =,
C.:=Cn{a e R": |supp(a — z1,)| < kn},

where kK = k(0’',&) > 0 is chosen as in the previous argument. For such a choice of k, we
have

IP)[]T/[/(D € C] < |15 exp(2¢,.5 ¢n), and
PMW € C\C,) 5] < (1515 — ce)"
This time the inequalities are derived as follows. We note that, by Cauchy—Schwarz, for any
z € Z, Pl¢+¢ = 2v/2] < ||pl|3, with equality holding if and only if P[¢ = a] = P[¢/ = 21/2—a)]
for all a € supp(¢), which happens if and only if z = s/v/2.
Using this, we have as before that

PE] < 18" + (1715 — ce)” + Y PMY =P’ € R : | MV +allp < 2t[ M),
CLGCS/ﬁ
The most important detail is that for k < 1/2 (say), every a € C,, 5 is nonzero, since it

has at least (1 — x)n coordinates equal to s/v/2. Since s is a nonzero constant depending
only on &, we can now use the analysis in Case II of the proof of Proposition 2.6.5. The
final thing to note is that the distribution of the random variable (¢ — ¢')/v/2, conditioned
on (€ +¢)/v2 = s/v/2 coincides with the distribution of (26* — s)/v/2, where £* has the
same support as £, but takes on atom a; with probability proportional to p?. The remaining
details of the proof are essentially the same. O
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2.6.2 One column

We now handle vectors in Elem;(d’). Once again, by permutation invariance, it suffices to
handle Elem;(¢’). We will prove the following.

Proposition 2.6.8. Fiz a discrete distribution . There exist C',0',n,n9 > 0 depending on
& such that for allm >ng and t < 1,

Pz € Elem (8'): [ Ma(&)zll2 < t] < pg + Ctexp(—nn) + ([Ipllz —m)"

The analysis is more delicate than the two column case, since (i) we may have py < ||p]]o,
but we still want to isolate py as the major contribution coming from these events, and (ii) we
are aiming for an error term of (||p]|3 —n)", which may be smaller than (p, — n)". However,
given the preparation above, the rest of the proof is similar to the proof in the sparse
Bernoulli case, isolated in Proposition 2.3.9, except that we need to replace the application
of the results of Rudelson and Vershynin [86] with the much sharper Proposition 2.5.4 and
Theorem 2.5.5.

We begin with the following proposition.

Lemma 2.6.9. Fiz a discrete distribution . For any n € (0,1), there exist C,ng > 0
depending on &, n for which the following holds. For any v € R™ with ||v]s > 1, n > ng, and
t >0, we have

PRz € R Az —vfl; < 4] < C- 0’2 + (||pll + )",
where A is a random n x (n — 1) matriz with independent & entries.

Proof. Fix n > 0, and let £ be the event whose probability we are trying to control. After
potentially reindexing the coordinates, we may write

- R |
=Ll =
where A, _; is an (n — 1) x (n — 1) matrix and v/ € R"! satisfies ||v/||s > 1/2. Let

Es = {sp_1(A,_1) < Vt}. By Theorem 2.5.5, we have that for all sufficiently large n, there
exists a constant C’ depending on £ and 7 such that

PlEs] < C'Vnt + (|5l +n/2)".

It therefore suffices to bound the probability of £ A £§. In such a situation, we see that
y = (A,_1) " is unique. Let yo := y/||ly|l2, and for §, p, L to be chosen momentarily, let

Eu = {yo € Cons(9, p) V Te(yo, L) = ([[Plloe +1/2)" -

By Proposition 2.5.4, we can choose ¢, p, L > 0 depending on ¢ and 7 so that

PlEv] < (1p1loe +1/2)".
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Hence, it suffices to bound the probability of EAESAES. Let x € R™™! be a vector certifying
this event. Then, we have for all sufficiently large n that

A1z — V|2 <t = |z —yll2 < tl/Q, and

|Rz —vi| <t = |Ry —vi| <t +nt'/2

Furthermore, since ||v||2 > 1, we have ||y|ls > 1/C"n?, for some constant C” depending on
€.

We now fix a realization of A,,_; satisfying E{AEL. In particular, this fixes y, yo satisfying
the conditions in £ and with ||y||; > 1/C"n?. Now, we use the independence of R and A,
and the fact that £ implies

|Ry — vy| < t+nt'? < ont'/?,

Since
Te(yo, L) < ([l +n/2)"
and [ly||2 > 1/C"n?, we find that the desired probability is bounded by

2LC" 3 Y% 4+ L(||ploe +1/2)" O
Now we are ready to conclude Proposition 2.6.8.

Proof of Proposition 2.6.8. A completely identical argument to the proof of Proposition 2.6.5
shows that for a sufficiently large constant K depending on &, and for = := supp(§) C R,

P+ Y PIMY = a]P[Fu € R |[METVY 4 al|, < 2t),

aeC

where M® denotes the first column of M,,, MY denotes the n x (n — 1) matrix formed by
excluding this column, and

C={ae=":3)\ € R with |la — A\1,||, <8Kd/n}.
We want to bound the contribution of the sum on the right hand side.
Case I: If a = 0, P[M®) = a] = pp.
Case II: If a # 0, then ||all2 > he > 0. Hence, by Lemma 2.6.9, there is a constant
C > 0 depending on &, 7 such that
PE3u € R™ 1 |MEYY + ally < 2t] < CnViE+ (||plle +1/2)"
Moreover, a similar (but easier) argument as in the proof of Proposition 2.6.5 shows that

PIM® € €] < ||l|5, exp(cemn),

where c¢ 5 goes to 0 as ¢’ goes to 0.
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Hence, we see that the contribution to the sum from this case is bounded by

1117 expleesn) - (onsm (Ul + n/z)").

By choosing ¢’ sufficiently small depending on ¢ and 7, and using ||p]|2, < ||p]|3 — c¢ for some
ce > 0, we see as before (using the AM-GM inequality) that the above quantity is at most

texp(—n'n) + ([Pl — )"
for a sufficiently small ' depending on £ and 1. This completes the proof. O]
The proof of Theorem 2.1.10 is now immediate.

Proof of Theorem 2.1.10. First, assume that £ is not a shift of an origin-symmetric random
variable. We choose ¢’ small enough so that the conclusions of Propositions 2.6.5 and 2.6.8
are satisfied. By the union bound, this shows that the contribution of Elem(d’) to the
probability is at most

nPlE,,] + (n

s Pleuwl + (4 7)™

for a sufficiently small 7 > 0 depending on &, and for all sufficiently large n depending on &.
Now, we can conclude using Corollary 2.6.4.

Next, if ¢ is a nonzero shift of an origin-symmetric random variable, we do the same,
except we require Propositions 2.6.5, 2.6.7, and 2.6.8 and then conclude with Corollary 2.6.4.

Finally, we consider the case when ¢ is an origin-symmetric random variable. As before,
we begin by using Propositions 2.6.5 and 2.6.8. The only thing to note is that, by the
symmetry of & about the origin, for all i # j, P&, _.,] = P[&, 1¢,]. Hence, by the union
bound, the contribution of Elem’(d’) to the probability is at most

n

e+

)(P[sel_a FPEarra) + (¢4 (P2

Now, we can conclude using Corollary 2.6.4. O

2.7 Deduction of Theorems 2.1.2 and 2.1.8

Given the results in Sections 2.4 and 2.6, the deduction of Theorems 2.1.2 and 2.1.8 is
immediate. Fix a discrete distribution &, and let 9, p,n,ng > 0 be parameters depending
on ¢ coming from Theorem 2.1.10. Then, for the proof of Theorem 2.1.8, let ¢ > 0 be as
in the statement of the theorem (it suffices to assume that ¢ < 1), and for the proof of
Theorem 2.1.2, let € > 0 be such that

exp(2e — H(p)) < [|71]3,
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which is possible since, by the weighted AM-GM inequality, we have
exp(—H(P) = [ [V <D0} = 17ll5,

and equality holds if and only if £ is uniform on its support.

Let C' = Cy41(&, 9, p,€/2). By taking C¢. in Theorem 2.1.8 and C¢ in Theorem 2.1.2 to
be at least C', we may restrict our attention to 0 <t < 1/C (since for t > 1/C, the right-hand
sides of Theorems 2.1.2 and 2.1.8 are at least 1). By Theorem 2.1.10 and Theorem 2.4.1, for
all 0 <t <1/C, we have

Plss(OL(€) < /v < P| _int | IM(€ele < /A +P| it b€l < C1

z€Cons(4,p) y€Con

P inf M, <t/v/nA inf M, > Ct

< 2PlE, ] + (07 = n) (P[Ee, —ca] + PlEe, +e0]) +2(Ct + [IplI3")e ™™
+ Ct+exp((e/2 — H(p))n)

for all sufficiently large n. Here, we have used that M, (£) and M, ()T have the same
distribution.

For Theorem 2.1.2, we are done by our choice of e.

For Theorem 2.1.8, we note that by Cauchy—Schwarz (as in Proposition 2.6.2), P&, 1.,] <
P&, _¢,] and recall from above that exp(—H (p)) < ||p]|3. Using this, we can bound the right
hand side of the above computation by

20t + 2nP[E,,] + 2n? exp(en/2)P[E,, _o,)-

The desired conclusion follows since 2n? exp(en/2) < (1 +¢€)" for all € < 1 and n sufficiently
large.

2.8 Singularity of random combinatorial matrices

In this section, we discuss the proof of Theorem 2.1.11. Given Theorem 2.4.1, the only
ingredient we need is the following estimate for invertibility on almost constant vectors.

Proposition 2.8.1. For any € > 0, there exist d, p,c,ng depending on € such that for all
n 2 No,

1 n
P\ nf o llQnzlly <cv/nv _ inf Hy@nngswﬁk(we).

z€Cons(4,p) yeCons(4,p)

We begin with the easier case of [|[yQy]|2.
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Lemma 2.8.2. For any e > 0, there exists c,ng depending on € such that for all n > ny and
for any y € S" 1,

Proof. Without loss of generality, we may assume that |y;| > -+ > |y,|. We divide the proof
into two cases depending on |y;]. Let § > 0 be a constant to be chosen at the end of the
proof.

Case I: |y;| < 0. Note that any entry in the first n/4 columns of @, conditioned on
all the remaining entries in the first n/4 columns of @, is distributed as Ber(p) for some
p € [1/3,2/3]. Moreover, by Lemma 2.2.4, it follows that for independent random variables
&,y &, where & ~ Ber(p;) for some p; € [1/3,2/3],

L(y1& + -+ yn&n, ) < 3C52.40.

Therefore, a slight conditional generalization of the second part of Lemma 2.3.15 (which has
the same proof) shows that

PllyQull2 < 5v/n/8] < (20C52.48)"® < (1/4)",

provided that ¢ is chosen sufficiently small depending on C5 5 4.
Case II: |y;| > §. Let Ry,..., R, denote the rows of @,. Then,

Pllly@nllz < dev/n] < sup Plllyr By + 2Bz + - yuBall2 < dev/n| Ry, ., Rl

Ra,..., R,

—1 n
n n 1
= s Pl =l < el < (n/z> (m) : (5 “) |

provided that ¢ > 0 is chosen to be sufficiently small depending on ¢ > 0. This completes
the proof. O

Next, we deal with the harder case of ||@,x|2. We will need the following analogue of
Lemma 2.5.1.

Lemma 2.8.3. For any € € (0,1/8), there exist 0 = 6(¢) > 0 and ng depending on € for
which the following holds. For all n > ngy and for all x € S such that |(x,1,/y/n)| < 1/2,
we have

L(q-x,0) <1/2+c¢,
where q is distributed uniformly on {0, 1};‘/2.

Proof. Without loss of generality, we may assume that |z{| > --- > |z,|. Again, we divide
the proof into two cases depending on |z;|. Let 6 > 0 be a constant to be chosen at the end
of the proof.

Case I: |z1] < 6. Let pu := E[g - 2] and o? := Var(q - z). Since (z,1,) < /n/2, a
direct computation shows that o2 > 3/16. Moreover, a quantitative combinatorial central
limit theorem due to Bolthausen [10] shows that the L> distance between the cumulative
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distribution function of (¢-x — u)/o and that of the standard Gaussian is at most C'd, where
C' is an absolute constant. Hence, for all ¢ sufficiently small, we have L(q - z,6) < 1/4
whenever |z;| < .

Case II: |z;| > §. Let G denote the event (depending on ¢) that

?’L—EQTL

(n—en—1)7" Z g e 1/2—€2,1/2+ /2]

Then for all sufficiently large n, we have

supPllg - @ —r[ < 0] <supPlg-z —r| <0 NG|+ PG
reR reR

<supP[|g-z — 7| <OAG]+ 2exp(—e®n/128),
reR
where the final inequality is by a standard large deviation estimate. It remains to control
Pllg -z —r| < 0 AG]. For this, fix any realization ¢’ := (qa, ..., ¢n_e2,) satisfying G. Note
that
1/2 -2 < inf Plgy =0 | ¢] <supPlgy =0 ¢] < 1/2+ 2¢%
7'€g q€g

Note also that, since Y, o, 27 < € (this uses ||z[2 = 1 and [z1] > [zy] > -+ > |2,]), it

follows that
sup Var[ Z q;iT;

!
7€9.q i>n—e’n

q1, q/:| S 627

so that by Markov’s inequality,

) 32¢2
> _ e
-8 62’

Z g — f(d 1)

i>n—e2n

sup ]P’[

7€G,q1

q/v q1:| S

where f(q’, ¢1) denotes the mean of ZiZn—e2n ¢;x; conditioned on ¢’, ¢;. Finally, since |x;| > 0,
and since

sup|f(q,0) = f(¢", D] < [wn-cn| < 2/V/n,

q€g

it follows by putting everything together that

supP[lg -z — 7| <OAG] <supsupP[lg-z — 7| < 0| ¢] < 1/2 4 2€* + 6462 /5%,
reR reR ¢’'egG

provided that @ is chosen sufficiently small compared to ¢, and n is sufficiently large. Indeed,
the two values of ¢z (for ¢; = 1 and ¢; = 0) differ by |x;|, which is at least § by assumption,
and the above discussion shows that given ¢’ and ¢1, > .o, ., ¢;%; is localized in an interval of
length §/2 + 2/+/n except with probability at most 32¢2/6%. Since § is an absolute constant
coming from Case I, this gives the desired conclusion for all sufficiently small €, which
completes the proof. O
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Given the previous two lemmas, the proof of Proposition 2.8.1 is by now standard.

Proof of Proposition 2.8.1. The estimate for inf,ccons(s,) [|y@nll2 < ¢y/n (for a suitable choice
of §,p,c) follows immediately by combining Lemma 2.8.2 with the low metric entropy of
Cons(6, p). To exploit the latter, one could either use a randomized rounding based net
construction due to Livshyts [72, Theorem 4|, which uses that ||@,|/%s < n?, or one could use
the fact that there exists a constant K such that with probability at least 1 —47", all singular
values of @, except for the top singular value are at most K+/n (see [104, Proposition 2.8]).

For the estimate on inf,ccons(s,p)||@nz|l2 < ¢y/n (for suitable §, p, ¢), we begin by using
the fact [104, Proposition 2.8| noted above that there exists a constant & > 0 such that with
probability at least 1—47", the operator norm of (), restricted to the subspace perpendicular
to 1, is at most K+/n. Let us denote this event by £x. Then, on Ex, for any x € S*~! such
that (x,1,/y/n) > 1/2, we have ||Q,z||2 > n/4 — K+/n. Hence, on the event £, and for
all n sufficiently large, it suffices to consider the infimum over those vectors x € Cons(d, p)
which also satisfy (x,1,/y/n) < 1/2. For this, we can use Lemma 2.2.6 followed by the
tensorization lemma Lemma 2.3.15, and then exploit the low metric entropy of Cons(d, p) as
above. We leave the details to the interested reader. [

Finally, given Proposition 2.8.1, the proof of Theorem 2.1.11 follows exactly as in Theo-
rem 2.1.8.
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Chapter 3

Threshold for Steiner triple systems

3.1 Introduction

A foundational result in the theory of random graphs, due to Erdds and Rényi [17], is that
the threshold for the appearance of perfect matchings in G(n,p) is logn/n. It is natural
to seek higher-dimensional analogues of this result. As the simplest case, consider perfect
matchings in 3-uniform hypergraphs. These are collections of 3-edges, or triangles, such that
each vertex is contained in exactly one triangle. Let G (n,p) denote the binomial random
n-vertex hypergraph in which each triangle is present with probability p. Determining the
threshold for the appearance of perfect matchings in this model is the well-known “Shamir’s
problem” [91], which was resolved (up to a constant factor) in a seminal paper by Johansson,
Kahn, and Vu [45] with sharp threshold and hitting time results obtained in later work of
Kahn [47,48|.

Of course, there is more than one high-dimensional analogue to (graphical) perfect match-
ings. It is just as natural to consider (spanning) Steiner triple systems (i.e., triangle sets
in which each pair of vertices is contained in exactly one triangle) and their appearance in
G®(n,p). Here, much less is known and until recently such results seemed out of reach.
Indeed, even the log-asymptotics of the number of Steiner triple systems was a mystery until
the work of Keevash [56] (which built on his earlier breakthrough establishing the existence
of designs [54]). Furthermore, both of these problems can be viewed under the common um-
brella of determining the threshold for the existence of designs relative to a random set, with
Shamir’s problem corresponding to (r, 1)-designs and Steiner triple systems to (3, 2)-designs.

Our main result is the determination of the threshold for Steiner triple systems up to a
sub-polynomial factor, which is the first higher-dimensional generalization of Erdds-Rényi
and Johansson-Kahn-Vu incorporating nontrivial designs.

Theorem 3.1.1. Let n € N satisfyn = 1,3 (mod 6). Let H ~ G® (n, exp(C(logn)**)/n),
with C > 0 a sufficiently large constant. With high probability*, H contains an order-n

'We say that a sequence of events, parameterized by n, holds with high probability (w.h.p.) if the proba-
bilities of their occurrence tend to 1.
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Steiner triple system.

Remark 3.1.2. An order-n Steiner triple system is equivalent to a triangle-decomposition of
the complete graph K,,. A graph has a triangle-decomposition only if it is triangle-divisible,
i.e., its every degree is even and the number of edges is a multiple of 3. For K, this is
equivalent to the arithmetic condition n = 1,3 (mod 6), demonstrating the necessity of this
assumption. That Steiner triple systems indeed exist whenever n satisfies this condition is a
famous classical theorem of Kirkman [58].

Note that exp((logn)*4) = n°"). Thus, Theorem 3.1.1 implies that the threshold for the
appearance of Steiner triple systems is bounded above by n~'*°(1) A corresponding lower
bound is obtained by observing that if 4 contains a Steiner triple system then every edge of
K, is contained in at least one triangle of H. A straightforward calculation (analogous to that
for isolated vertices in G(n, p)) reveals that the (sharp) threshold for this modified property
is 2logn/n = n~1*e(M  Hence, our result establishes the threshold up to a subpolynomial
factor.

A recent breakthrough relating thresholds and fractional expectation-thresholds by Frankston,
Kahn, Narayanan, and Park [19] (and also a very recent breakthrough of Park and Pham
[77] resolving the Kahn-Kalai conjecture), as a corollary, gave an alternate and substantially
simpler proof of the result of Johansson, Kahn, and Vu. This proof hinges on the ability
to determine the fractional expectation-threshold, which can be viewed as a linear program
whose variables are all sets of hyperedges.

The sheer size of such programs suggests that determining the expectation-threshold or
fractional expectation threshold is a difficult task in general. Instead, in previous applica-
tions, the uniform distribution on some desired class of objects is used to witness a lower
bound, via a parameter known as “spread”. In this light, the application of [19] to Shamir’s
problem relies crucially on the fact that the enumeration of (r,1)-designs (as well as ex-
tensions of partial (r,1)-designs) is straightforward. However, determining the fractional
expectation-threshold of Steiner triple systems is nontrivial; as noted in [19, Section 8.D]
the error terms in the enumerative results of Keevash [56] are too large to prove that the
uniform distribution on Steiner triple systems has sufficiently small spread. Therefore the
authors of [19] raise applying these methods to combinatorial designs as an interesting open
problem. In this paper, we circumvent this difficulty by constructing a (non-uniform) distri-
bution on Steiner triple systems with small spread. We expect this approach to have further
applications.

Steiner triple systems are closely related to Latin squares (i.e., n X n matrices in which
every row and column is a permutation of {1,2,...,n}). The latter are naturally equivalent
to (labeled) triangle-decompositions of K, , ,, with the three vertex parts corresponding to
rows, columns, and symbols. With a few adjustments the proof of Theorem 3.1.1 yields a
similar threshold result for Latin squares.

We use the following terminology: Let S: [n]? — 2" be a function that assigns, to each
cell in an n x n grid, a set of symbols from {1,2,...,n}. Say that S supports an order-n
Latin square L if for every i,j € [n] there holds L(i,j) € S(i,7). For p € [0, 1] let M(n, p)
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be the distribution on functions S: [n]?> — 2"l where for every 4,7,k € [n], the symbol k is
included in S(i, 7) with probability p independent of all other choices.

Theorem 3.1.3. Let n € N and let S ~ M(n, exp(C(logn)/*)/n), with C > 0 a sufficiently
large constant. W.h.p. S supports a Latin square.

Prior to this work the only known upper bounds on the thresholds in Theorems 3.1.1
and 3.1.3 were quite far from the n°™~" proved here. For Latin squares, Andrén, Casselgren,
and Ohman [3] proved that there exists a constant p < 1 such that w.h.p. M(n, p) supports
a Latin square. For Steiner triple systems, Simkin [94| observed that Keevash’s method
of randomized algebraic construction [54] can be used to show that for a sufficiently small
e >0, wh.p. G®(n,n™¢) contains a Steiner triple system.

Before moving on to proofs we mention an interesting consequence of Theorem 3.1.1: the
threshold for the appearance of Steiner triple systems is sharp, in the following sense.

Corollary 3.1.4. There is a function psrs(n) such that for alle > 0, whenn = 1,3 (mod 6)
w.h.p. GO (n, (14+€)psrs(n)) contains a Steiner triple system but w.h.p. G (n, (1—¢&)pgrs(n))
does not.

This is surprising, since we have not determined what the threshold actually is. Neverthe-
less, Corollary 3.1.4 follows from Friedgut’s characterization of sharp thresholds [21,22]. In-
deed, for n = 1,3 (mod 6), let psts(n) be the threshold for containing Steiner triple systems
(i.e., G®(n, psrs(n)) contains a Steiner triple system with probability 1/2). Theorem 3.1.1
tells us that pgrs(n) < n°@=1 On the other hand, by considering the disappearance of
vertex pairs not contained in a triangle, we concluded that psrs(n) = Q(n~'logn). Hence,
psts(n) # ©(n®) for any @ € R. However, a consequence of [22, Theorem 2.1| and the
remarks immediately after is that in our setting (sampling hypergraphs), coarse thresholds
are limited to the form ©(n®), implying that our threshold is sharp.

Regarding Latin squares, the threshold is sharp for essentially the same reasons. Although
triangle-decompositions of K, , are not invariant under vertex permutations so that [22]
does not directly apply, similar methods can be used to deduce a sharp threshold [20].

3.1.1 Techniques for bounding thresholds

Finding thresholds for spanning structures in random graphs and hypergraphs has played
a major role in the field since its inception. Prominent examples include thresholds for
containing a spanning tree (which is equivalent to connectivity) [15], a perfect matching
[16,17], a Hamilton cycle [79], a triangle-factor [45], and a given bounded-degree spanning
tree |75].

Lower bounds on the thresholds for each of these properties (and many others) can be
obtained in more or less the same way: fixing a vertex v, it is contained in a spanning tree or
perfect matching only if its degree is at least 1. Similarly, it is contained in a Hamilton cycle
only if its degree is at least 2. Finally, it is contained in a triangle-factor only if it is contained
in at least one triangle. By computing the expectation of each of these random variables and
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applying Markov’s inequality we obtain a lower bound of Q(n~') for connectivity, perfect
matchings, and Hamiltonicity, and a lower bound of Q(n~2/3) for existence of a triangle-
factor. Avoiding formal definitions (which can be found in [49]), the maximal lower bound
obtained by similar arguments is known as the expectation-threshold for the property.

Surprisingly, these easily-obtained lower bounds turn out to be within a logarithmic
factor of the true thresholds. However, in sharp contrast to the lower bounds, the original
proofs of the corresponding upper bounds are problem-specific. This disparity (and the
associated difficulty of obtaining thresholds for some properties, as in Shamir’s problem)
motivated a family of beautiful conjectures of Kahn and Kalai [49]. The main conjecture
is that the threshold for a monotone property is always within a logarithmic factor of its
expectation-threshold.

In a very recent breakthrough, Park and Pham [77]| gave an ingenious proof of the Kahn—
Kalai conjecture. However, for our application (and many others), a fractional version of
the conjecture, due to Talagrand [99], suffices. The so-called fractional expectation-threshold
vs. threshold conjecture was proved by Frankston, Kahn, Narayanan, and Park [19] in an
earlier breakthrough. These works are related to yet another, yet earlier, breakthrough:
the advance on the sunflower conjecture due to Alweiss, Lovett, Wu, and Zhang [2|. For
our purposes it suffices to consider a corollary of these results, for which we need the next
definition.

Definition 3.1.5. Consider a finite ground set Z and fix a nonempty collection of subsets
H C 2%. Let p be a probability measure on H. For ¢ > 0 we say that p is g-spread if for
every set S C Z:

p({AecH:SC A} <g”.

The next theorem, relating spread measures and thresholds, is due to Frankston, Kahn,
Narayanan, and Park [19]. We have slightly tailored it to our setting.

Theorem 3.1.6 (From [19, Theorem 1.6]). There exists a constant C = Cs1¢4 > 0 such
that the following holds. Consider a non-empty ground set Z and fix a nonempty collection
of subsets H C 2%. Suppose that there exists a q-spread probability measure on H. Then a
random binomial subset of Z where each element is sampled with probability min(Cqlog|Z|,1)
contains an element of H as a subset with probability at least 3/4.

For many graph families, including those mentioned above, the spread of the uniform
distribution is easily seen to match the lower bounds on the threshold. Thus, Theorem 3.1.6
immediately determines these thresholds up to a logarithmic factor. However, Theorem 3.1.6
does not immediately imply any bound at all on the threshold for G® (n,p) to contain a
Steiner triple system. The issue is that currently, our understanding of the uniform distri-
bution on Steiner triple systems is rather poor. Indeed, as remarked in [19, Section 8.D],
even the uncertainty in the number of order-n Steiner triple systems is large enough that it
precludes any useful bounds on the spread.

Although the uniform distribution is the most natural one with which to apply Theo-
rem 3.1.6, this is certainly not required. We prove Theorem 3.1.1 by designing a distribution
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on Steiner triple systems that is n°M~1-spread by construction, and then applying Theo-
rem 3.1.6.

3.1.2 Spread distributions and iterative absorption

The n°M~1-spread distribution used to prove Theorem 3.1.1 is defined implicitly by a ran-
domized algorithm to construct Steiner triple systems. In order to outline this algorithm we
briefly recount some recent breakthroughs in design theory.

We begin with the triangle remowval process, which is closely related to the influential Rodl
nibble [81]. This is the following random greedy algorithm to construct a partial Steiner triple
system: Beginning with G = K, repeatedly and for as long as possible delete, uniformly at
random, a triangle from G and add it to a growing collection of triples. Spencer [95] and
R6dl and Thoma [82] independently proved that w.h.p. this process terminates when G has
only o(n?) edges. Equivalently, this method produces an approximate Steiner triple system.

It is straightforward to adapt the triangle removal process so that the triangle set it
produces has spread O(n°~1). Perhaps the simplest way is to first restrict the available
triangles to a prescribed binomial random subset of density (say) (logn)?/n, and then show
that the process is still likely to construct an approximate Steiner triple system.

Given the success of the triangle removal process, a natural way to construct an exact
Steiner triple system is to find a triangle-decomposition of the edges remaining at the end of
the process®. This is essentially what Keevash does with his breakthrough method of ran-
domized algebraic constructions [54,56]. Moreover, Keevash’s method is incredibly powerful
in that it proves the existence of designs with arbitrary parameters, which was a central ques-
tion in combinatorics since the nineteenth century. Unfortunately, the algebraic component
of Keevash’s construction has rather poor spread, and so is unsuitable for our application.

An alternative to Keevash’s method is iterative absorption, developed by Kiithn, Osthus,
and collaborators [5,59,63|. This method gave an alternate proof of the existence of designs
[24] using purely probabilistic and combinatorial methods. In this paper we mostly follow
its specialization by Barber, Glock, Kiihn, Lo, Montgomery, and Osthus [4] to triangle-
decompositions.

A key insight is that by using a modified version of the triangle removal process, the
uncovered edges at the end of the process can be “localized” to a small vertex set Uy C V(K,,).
That is, after fixing U; C V(K,,) (satisfying, say, |U;| ~ en for a small € > 0), a multi-stage
randomized “cover-down” procedure can produce a partial Steiner triple system that covers
all edges in K, not spanned by U;. Furthermore, the graph of uncovered edges in U is
nearly-complete. By repeating this process the uncovered edges can be iteratively localized
tosets Uy D Uy D -+ D Uy, = X, where X may be quite small. Since the goal is to construct
an exact Steiner triple system, the iterative process is preceded by setting aside an “absorber”
for X. This is a graph H C K,, with the property that for any possible remainder graph L
on X, the graph H U L admits a triangle-decomposition.

2Strictly speaking, one must stop the triangle removal process before its natural termination, at which
point there are no triangles in G by definition.
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Iterative absorption, as outlined in [4], does not itself produce a distribution with suffi-
cient spread. The issue is that for each U;, the triangle set constructed on U; forms a nearly
complete graph and contains Q(|U;|?) triangles. Thus, the best spread one can hope for in
this method is Q(|X|7), which is far larger than 1/n since X must be small in order to
construct the absorber H.

As a remedy, our algorithm combines iterative absorption with a bootstrapping scheme
that iteratively constructs distributions with better and better spread. Concretely, let P(n)
be the proposition that for every sufficiently large, near-complete, and triangle-divisible
graph G there exists an n”/n-spread distribution over triangle-decompositions of G. Note
that P(0) would imply Theorem 3.1.1, since we may take G = K,,. We remark that here,
and in the remainder of this outline, our goal is to provide a clear and concise summary of
our argument. Thus, we take some leeway and are not as precise with some statements as
we will be in the proof. For example, proposition P(n) is slightly different from its analogue,
Theorem 3.3.1(n).

We define the sequence nx = 2/(2 + k), and we will inductively show that P(n) holds.
Since 7, — 0, this implies that there exists an n°M~1-spread distribution of Steiner triple
systems. The fact that P(ny = 1) holds is itself a non-trivial fact; this follows implicitly from
[56] and explicitly from [4].

Now suppose that P(n,_1) holds. We wish to show that P(n;) holds as well. Let G
be a large, near-complete, triangle-divisible graph. We wish to construct an n”~!-spread
distribution on the triangle-decompositions of G. We proceed as follows: We first set aside
a vertex set X C V/(QG) of size approximately n'~". Next, we set aside a small, random,
absorbing triangle set H in GG. The triangle set H resembles a binomial random triangle set
of density 1/n, ensuring that it does not negatively impact the spread. As we will explain
momentarily, this absorber serves a different purpose than the absorber in [4].

After setting aside the absorber, we use iterative absorption to find a triangle set S that
covers all edges in G\ (F(H) U G[X]). Let L C G[X] denote the graph of uncovered edges.
We remark that since S is constructed by processes resembling the triangle removal process,
it is straightforward to ensure that the spread of S is approximately | X |~ & n7~1.

Now, by assumption, there exists an |X|™-1"l-gpread distribution over the triangle-
decompositions of L. Let £ be a triangle-decomposition sampled according to this distribu-
tion. Observe that S U L is a triangle-decomposition of G. However, due to the presence
of L, its spread is | X |"-171 > n™~1  This is where the absorber comes in: its purpose is
to “spread” the probability mass of the triangles induced by X over the rest of the graph.
This reduces the overall spread of the Steiner triple system. Specifically, H has the property
that for every triangle T'in X, there exist many configurations H' C H such that H' U {T'}
can be replaced by a triangle set that does not use 7. Furthermore, given the triangle-
decomposition £ of L, it is possible to choose a set of such configurations {H/ }re, that are
mutually disjoint. Thus, all the triangles used in £ can be replaced by a set of triangles that
are not spanned by X. Finally, if these configurations are randomly chosen in an appropriate
way, then the spread of the resulting Steiner triple system is less than n”~!. Since there
exists an n”*!-spread distribution of triangle-decompositions of G, the proposition P(n)
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holds.
Finally, the modification for Latin squares is straightforward; we detail the minor changes
in Section 3.5.

3.1.3 Absorbers as spread boosters

We stress that unlike traditional uses of absorbers, we cannot intentionally plant specific
absorbers for each triangle that might appear in £ (though it may seem like there is available
space within K, for such constructions). The reason is that any specific finite absorber
w.h.p. will not appear at all in G(n,n’"1) for § > 0 sufficiently small. In fact, as far as
algorithmically finding absorbers in H goes, there seems to be a “barrier” around density
1/4/n which is polynomially far from the conjectured threshold of O(logn/n).

This is different to other threshold problems. For example, absorber-based algorithms
were used to bound the threshold for the appearance of the square of a Hamilton cycle in
G(n,p) up to a subpolynomial factor [62]. (Eventually, the true threshold was recovered by
Kahn, Narayanan, and Park [51] using ideas related to [19] and without use of absorbers.) In
contrast, we use the richness of possible configurations within #H, which is essentially spread
by definition, to show that there is some way to absorb £ in a spread manner. However,
the absorbers are not necessarily themselves contained in H. Thus one can think of our
absorber as a sparsification template that facilitates boosting the spread, after which the
non-algorithmic [19] is applied. To our knowledge this is the first such use of absorbers.

3.1.4 Further directions

We briefly remark on a few natural questions arising from this work. First, the next two
conjectures convey our intuition that the disappearance of uncovered edges probabilistically
tells the whole story regarding the appearance of Steiner triple systems. The first conjecture
locates a sharp threshold at 2logn/n, while the second is the corresponding hitting time
statement.

Conjecture 3.1.7. Let n € N satisfy n = 1,3 (mod 6) and fiv e > 0. If H ~ GO (n, (2 +
€)logn/n), then with high probability H contains an order-n Steiner triple system.

Conjecture 3.1.8. Let n € N satisfy n = 1,3 (mod 6) and let Ty, Ts,... be a uniformly
random ordering of ([g]). W.h.p. the first prefix T, ..., Ty that covers each 2-edge at least
once contains a Steiner triple system.

We note that a threshold of O(logn/n) would follow from the existence of an O(n™!)-
spread distribution, while Conjecture 3.1.7 seems to require ideas beyond those in [19].

3Since this paper was released the bounds on the threshold have been improved, first to O((logn)?/n)
[52] and then to O(logn/n) [39,55]. The latter is within a constant factor of the lower bound. As in this
paper, the proofs rely in part on a cover-down procedure and construction of non-uniform spread measures;
however, the implementations are substantially different.
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It is also natural to ask for the threshold of more general Steiner systems in random hyper-
graphs. Since iterative absorption can famously construct designs with arbitrary parameters,
we expect that some of the ideas in this paper might extend to this setting. However, to
highlight just one potential difficulty, the current argument hinges on the ability to find
absorbers that are sufficiently sparse so as not to contribute adversely to the spread. It is
unclear whether this is possible for designs with other parameters.

Finally, we wonder whether there exists an efficient algorithm to find Steiner triple sys-
tems in G©®)(n, p), with p sufficiently large for them to exist w.h.p. This question is relevant
to Shamir’s problem too: while the sharp threshold for the existence of perfect matchings
in G®(n,p) is known, it is not known whether a perfect matching can be found algorithmi-
cally. We note that a slight modification of the proof given for Theorem 3.3.1 (though it is
not stated this way) allows one to construct the measure on Steiner triple systems which is
well-spread in an algorithmic fashion. The difficulty lies in the black-box application of [19]
to show that G® (n, n=1+°(M) therefore contains Steiner triple systems w.h.p.

3.1.5 Organization

The paper is organized as follows. At the end of this section we introduce some notation.
Section 3.2 introduces basic concepts connected to triangle-decompositions and also collects
useful probabilistic tools. In Section 3.3 we lay out the bootstrapping technique that is the
heart of our argument. In Section 3.4 we adapt the framework of iterative absorption to the
sparse random setting. Finally, as mentioned, in Section 3.5 we describe the modifications
to our proof required to obtain Theorem 3.1.3.

3.1.6 Notation

For a graph G we write V(G) for its vertex set, and G for its complement within that set.
For v € V(G) we write Ng(v) for its set of neighbors in G. If X C V(@) then G[X] is the
induced subgraph on vertex set X.

If H is a 3-uniform hypergraph, we may refer to its 3-edges as triangles. We denote by
e(H) the number of triangles in H, and we denote by E(H) the graph of edges that are
contained in a triangle of H.

3.2 Preliminaries

We remind the reader of the following definitions.

Definition 3.2.1. A graph G is triangle-divisible if every vertex degree is even and the
number of edges is a multiple of 3. A triangle-decomposition of a graph G is a collection of
triangles in G such that every edge of GG is contained in exactly one triangle.

Remark 3.2.2. 1t is easy to see that triangle-divisibility is a necessary but insufficient condi-
tion for G' to admit a triangle decomposition. The main result of [56] (and also [4]) is that
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if G is sufficiently large, dense, and typical (pseudorandom in an appropriate sense) then
triangle-divisibility is sufficient for G' to admit a triangle-decomposition.

We will repeatedly use the Chernoff bound for binomial and hypergeometric distributions
(see for example [44, Theorems 2.1 and 2.10]) without further comment.

Lemma 3.2.3 (Chernoff bound). Let X be either:
e o sum of independent random variables, each of which take values in {0,1}, or
e hypergeometrically distributed (with any parameters).
Then for any 0 > 0 we have
P[X < (1 —6)EX] < exp(—6*EX/2), P[X > (1 +6)EX] < exp(—6*EX/(2 4+ 6)).

Next we will require that if a sequence of random variables is stochastically dominated
by a sequence of Bernoulli random variables it satisfies an identical set of tail bounds.

Lemma 3.2.4 (|80, Lemma 8|). Let Xy, ..., X, be {0, 1}-valued random variables such that
for alli € [n], we have that P[X; = 1|X1,..., X;—1] < p then P>, X; > t] < P[Bin(n,p) >
t] for all t > 0.

i€[n]

Finally we will need the symmetric form of the Lovasz Local Lemma.

Lemma 3.2.5 (|1, Corollary 5.1.2|). Let Ay, Ao, ..., A, be events in a probability space such
that each A; is mutually independent of all but d other events. If P[A;] < p for everyi € [n]
and ep(d + 1) < 1 then P[\,.,, 4] > 0.

i€[n]

3.3 Bootstrapping with Spread Families

In order to prove Theorem 3.1.1, we will iteratively prove the following result for all n € (0, 1].
We fix a constant C531 > 0, large enough for various inequalities we encounter later to hold.

Theorem 3.3.1 (Theorem(n)). Fiz a triangle-divisible graph G on n vertices with A(G¢) <
n/logn and n > exp(Css1/n*). Let H ~ GB)(n,n"/n). With probability at least 1/2 the
collection ‘H contains a triangle-decomposition of G.

Let ' = c(logn)~"4, with ¢ > 0 a large constant. Note that Theorem 3.3.1(7') im-
plies Theorem 3.1.1. Indeed, assuming Theorem 3.3.1(7), if Hi, Ho,...,H,, are (say)
m = logn independent samples of G®) (n,n” /n) then w.h.p. at least one of them con-
tains a Steiner triple system. On the other hand (JI", H; is distributed as G®(n,p) with
p = exp(O((logn)**)) /n.

We note that Theorem 3.3.1(n = 1) was proved by Gustavsson [34] and also follows
immediately from the results of Keevash [56, Theorem 2.1| or Barber, Kiihn, Lo, and Osthus
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Figure 3.1: The absorber Fg consists of the shaded triangles, while the unshaded triangles
(including the external triangle) comprise its absorber flip F.

[5, Theorem 1.2]. This will serve as the base case for our results, and we will inductively
show that the result is true for smaller and smaller 7.

We will need the following result, which can be thought of as stating that a triangle-
decomposition iterative absorption scheme that attempts to cover G C K, and ultimately
has a leftover contained in a smaller set X C V() can be performed using only a | X | 7).
fraction of triangles of G. (This is essentially the limit for a pure iterative absorption
framework as in [4,24].) We defer its proof to Section 3.4. The remaining argument is
independent of its justification.

Proposition 3.3.2. There exists a constant C' = C335 > 0 such that the following holds.
Let n € N. Fiz a subset X of V(K,,) such that |X| € [C,n/(logn)3]. Furthermore fix a
triangle-divisible graph G C K,, such that A(G®) < n/logn + n/(logn)? and | X \ Ng(v)| <
1X|(1/1og | X|—1/(log | X|)?) for allv € V(G). Given a sample H' ~ GO (n, (log|X|)¢/|X])),
with probability at least 3/4 there exists an edge-disjoint triangle set H C H' such that
G* = E(H) satisfies:

1. G\ G[X] C G* (i.e., H covers all edges of G outside of X ),
2. G* C G (i.e., H consists of triangles in G), and

3. A((GUGH[X]) < |X|/log|X| (the graph of uncovered edges in G[X]| is nearly com-
plete).

As outlined in the introduction, we describe a randomized construction of Steiner triple
systems. It uses “probabilistic absorbers”, whose role is to “spread out” the distribution of
triangles that are too highly concentrated on a small vertex set. The absorbers are copies
of the 3-uniform hypergraph F5,,, defined as follows: Consider a cycle C5,, and add two
vertices that are each connected with edges to the 2m vertices in the cycle. The resulting

82



graph naturally has a 2-colorable triangulation. Let F5,, be one of the color classes. Define
its “absorber-flip” F3,, as the hypergraph on the same vertex set but with the opposite color
class of triangles. For an illustration, see Figure 3.1.

The next lemma allows us to find such absorbers in random linear hypergraphs. Crucially,
it requires only that JF5,, be present. It uses the following construction, akin to the Rodl
nibble: Let G be a graph with a distinguished vertex set X C V(G) and let p € [0,1]. Let
GS’)(G, X, p) be the distribution on pairs of triangle sets (H,H’) defined as follows: First,
include each triangle of G'\ G| X] in H' with probability p, independently. Then, let H C H’
be the set of triangles that are edge-disjoint from all other triangles in H'.

Lemma 3.3.3. The following holds for a sufficiently large C533 > 0. Fix a graph G on
n > Cy3.3 vertices with A(G¢) < n/(logn), an integer 2 < m < (logn)**, a set X C V(G)
of size at most n/2, and a triangle T in G[X]. Let (H,H') ~ GI*(G, X,1/n). Then with
probability at least 1/(4e)'*™=5 there exists a collection C of 2m — 1 triangles in H such that
F =CU{T} is a copy of Fop, with V(F)NX =V(T).

Proof. Let § be the collection of copies F of Fa,, using triangles from G such that V(F)NX =
V(T). Let Z be the number of copies F € § such that F \ {T'} C H. We observe that

sl =m0, ) (1-0(2 ) (331

This accounts for the three non-isomorphic ways to embed T into F5,, and the number of
ways to choose the remaining vertices. The factor of 1 — O(m/logn) accounts for the fact
that not all edges of K, are present in G.

Let F € § and let C := F \ {T'}. We claim that

1 2m—1
P|IC C > . 3.3.2
ccn > () (3.32)
Indeed, by definition, P[C C H'] = n~ 3™, Next, we bound P[C C H|C C H’']. Condition-
ing on C C H’, this is equal to the probability that the 2-skeleton of C does not participate
in any triangles of H' besides C. There are at most |E(C)|n = (6m — 3)n such triangles, and
so the probability that none of them are in H' is at least (1 — 1/n) ™" > (1.1¢)~(6m=3),
This proves (3.3.2).
By linearity of expectation, (3.3.1), and (3.3.2) we have that

1 6m—3
EZ > (%) . (3.3.3)

Now note that

2
E[Z*] =EZ +E[Z(Z-1)| <EZ + (3(2m —1)! (an— 1)) n~?m <EZ 4 9.
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In calculating E[Z(Z — 1)], we have used the fact that any pair of distinct configurations
that appear in H do not share a triangle. Applying the second moment method we obtain

(EZ)? IEZ)2(3§3)('1)12m_6

E[Z?]

P[Z > 0] > >

(

EZ+9 4e

completing the proof. O
The next lemma follows via a direct union-bound computation.

Lemma 3.3.4. Fix a graph G on n wvertices and a pair of distinct triangles Ty, Ty in G,
and sample each triangle in G with probability 1/n. Call this random hypergraph H. Let
2 < m < (logn)**. Let q be the probability that H U {11, Ty} contains two copies, F*
and F?, of Fom, with Ty € F' and Ts_; ¢ F' for i € {1,2}, that share a triangle. There
exists a constant Cs 34 > 0 such that ¢ < C3342°™/n* if Ty and Ty are vertex-disjoint and
q < C5342°™n if Ty and Ty share exactly one vertex.

Proof. Consider two copies of Fy,, and all possible ways to identify vertices of one copy to
vertices of the other (if there is a repeated triangle as a result of this gluing, we keep only one
copy). There are at most (27)? resulting hypergraphs. Suppose that F’ is obtained in this
way and has a repeated triangle. Consider the probability that a copy of F’ that extends
Ty, T, simultaneously can be found in H. There are O(m?) ways to choose which triangles
correspond to 77, Ty. Fixing such a choice the probability is bounded by n*")=6(1 /n)e*")=2
in the vertex-disjoint case and n*")=%(1/n)*")=2 when T} and T share a vertex. Therefore,
it suffices to show that in both cases e(F") > v(F') — 2.

We will use the following property of Fs,,, which is related to it being an FErdds con-
figuration in the sense of [23,64]. Let & C Fy,, be a set of s > 0 triangles. Then S is
incident to at least s + 2 vertices. Indeed, if s = 2m then & = F3,, and so S is incident
to all 2m + 2 = s 4 2 vertices. Otherwise, the triangles in § cover s < 2m edges in the
cycle Cs,,,. The covered edges form a collection of paths and so have at least s + 1 vertices.
Furthermore, § is incident to at least one of the two additional vertices in F5,,, and so S is
incident to at least s + 2 vertices, as desired.

Returning to the main argument, let v be the number of pairs of glued vertices and ¢ be
the number of triangles that occur as repeated triangles. We have v(F') = 2(2m +2) — v
and e(F’) = 2(2m) —t, so we equivalently must show v > ¢+ 2. Suppose that the ¢ repeated
triangles, within a single copy of Fs,,, span w vertices. By the argument above w > t 4 2.
Moreover, it is evident that v > w, completing the proof. O

3.3.1 Bootstrapping

We are now in a position to lay out the bootstrapping argument that establishes iteratively
improved versions of Theorem 3.3.1 and, eventually, Theorem 3.1.1.
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Proof of Theorem 3.5.1. For k > 0 let n, = 2/(k + 2). As discussed, Theorem 3.3.1(n = no)
follows from [54, Theorem 1.4| or [24, Theorem 1.1]. We will show Theorem 3.3.1(n = n)
via induction on k. Then, to see the result for arbitrary n > 0 we may round down to the
nearest 7, and appropriately adjust the constant C5 3 ;.

Let & > 1 and assume that Theorem 3.3.1(n = n_1) holds. Set 7, = 4/(2k + 5)
and consider a graph G on n > exp(Cs31/n}) vertices satisfying the conditions of Theo-
rem 3.3.1(n = m). Our goal is to construct a measure p on triangle-decompositions of G
which is O(n"~!/(log n)?)-spread, since then Theorem 3.1.6 will imply the result.

Our first task is to construct the absorber. As it concerns the measure u, the absorber
is deterministic. However, we will need it to satisfy certain structural properties. For this
reason we will use the probabilistic method. We define the following quantities:

=nl exp((log n)1/3) = +/logn,

\/MlJﬂik o 0
Mtm—? — 0= 2(log M)6°

Claim 3.3.5. There exist sets X, Xq,..., Xy, Y1,...,Yy, C V(G) satisfying the following
conditions.

Abl |X|=M and Yr,...,Ys, are disjoint sets of vertices within V(G) \ X, each of size {5,
and X1, ..., Xy, C X are sets of vertices of size | X|/(log | X|)?. We set G; = G[X;UY;].

Ab2 FEvery triangle in G[X] is contained in at least ¢} graphs Gi.
Ab3 Every v € V(G) satisfies |(V(G) \ Ne(v)) N X| < |X](1/log|X| —2/(log | X])?).
Ab4 Every i € [(1] satisfies A(GS) < |V(G;)|/ log |V (G;)].

Proof. First, let X C V(G) be a uniformly random set of size M. Then, sample ¢; disjoint
sets of vertices Y7, ..., Y, of size {5 uniformly at random from V(G) \ X. For each i € [¢;]
choose a set X; C X of size |X|/(log|X])? uniformly at random. Then Ab1 is satisfied by
definition.

Observe that the number of graphs G; containing a fixed triangle in G[X] is distributed
binomially with parameters ({1, (log M)~?). Therefore, by Chernoff’s inequality and a union
bound, with probability 1 —O(|X|™!) every triangle in G[X] is contained in at least ¢; graphs
G;. This establishes Ab2.

Recall that A(G¢) < n/logn. Thus, since X was chosen randomly, by a similar applica-
tion of Chernoff’s inequality we conclude that with probability 1 — O(|X|™!) each v € V(G)
satisfies [(V(G)\ N(v))NX| < |X|(1/1log|X|—2/(log |X])?). This proves Ab3. Ab4 follows

from a similar argument. O

For the remainder of the proof we fix (deterministic) sets X, X1,..., Xy, Y1,...,Y,, and
graphs G, ..., Gy, satisfying Abl to Ab4.

We now define p, which corresponds to the output of a randomized algorithm to find
a triangle-decomposition of G. At a high level, we (i) sample a rich random template of
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triangles within X UY; U---UY}, to use as an absorber, (ii) use Proposition 3.3.2 to run
iterative absorption to cover the remainder apart from X in a spread fashion, (iii) use
Theorem 3.3.1(n = nz_1) to decompose this remainder in a |X|~!™-i_spread fashion, and
(iv) simultaneously flip all of the resulting triangles within X using the template to improve
the spread. The algorithm is as follows:

Algl Foreachi € [(4]let G == G| X;UY;]\G;i[X,] and sample (H;, H!) ~ G (G, Xi, [V(G)|™)
(with independent samples for each i € [¢1]).

Alg2 Let Hia ~ G®(n, (log|X|)%#2 /| X|).
Alg3 Sample every triangle in G[X] with probability | X |~1™-1 and call this family Hgrand-

Alg4 Condition on the event £, that there is a triangle set Hpe. € Hia satisfying the
conditions Proposition 3.3.2(1-3) for G’ = G'\ (UL, E(H,)).

Alg5 Condition on the event &g that (G'\ E(Hpec))[X] has a triangle-decomposition Hg C
HRand‘

Alg6 Condition on the event Eaps that we can find, for each T' € Hy,g, an index ip € [¢;1] and
a 3-uniform hypergraph Fr ~ Fy,, contained in H,,. U{T'} such that (a) V(Fr)NnX =
V(T') and (b) the triangle sets {Fr}rey,,, are edge-disjoint.

Alg7 Let Haps = UTGHInd (Fr\{T'}) and let Hpyp, = UTGHInd Fj., where for each T' € Hy,q the
3-graph F; consists of all triangles of the corresponding “absorber-flip” JF3,  associated
to FT.

Alg8 Finally, output the triple system # = Hpee U Hrip U (UL, Hi \ Habs)-

Remark 3.3.6. Although we have described an algorithm to sample from p, this should
not be misconstrued as an algorithm to find the triangle-decomposition guaranteed by The-
orem 3.3.1. The main reason is that we will ultimately use the non-algorithmic Theorem 3.1.6
applied to pu.

Nevertheless, with a slight modification to the algorithm one can efficiently sample from
. To do so, in Algh, one should inductively invoke the ability to efficiently sample from an
| X |~1m—1_spread distribution on triangle-decompositions. However, we would still rely on
Theorem 3.1.6 to convert the spread distribution into a threshold result. Additionally, the
analysis is slightly more involved. As thresholds, rather than spread distributions, are our
main concern, we have not made this change.

To verify that p satisfies the desired properties, we must check that u is supported on
triangle-decompositions and also that the above process succeeds with nonzero probability
(otherwise p is not well-defined). We do so in Claims 3.3.7 and 3.3.8. Finally, in Claim 3.3.9

we show that p has the appropriate spread.
Claim 3.3.7. H is a triangle-decomposition of G.
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Proof. First note that Uflzl H; is a set of edge-disjoint triangles contained in (. Indeed,
every H,; is such a set by definition. Additionally, the sets Yi,...,Y,, are disjoint, and by
definition every edge in G, contains at least one vertex from Y;. Hence, the triangle sets
Hi, ..., Hs are mutually edge-disjoint.

Next, by Alg4 we have that Hpe. is a set of edge-disjoint triangles covering all edges
of G’ except for some in X. By Algb these remaining edges are covered by Hi,q. That is,
HDchHIndUUflzl H; is a triangle-decomposition of G. Finally, we have E(Fr) = E(F;) and
the Fr are edge-disjoint by Alg6. Hence HingUH abs and Hpyip are cach edge-disjoint triangle-
decompositions, and they decompose the same underlying graph. Since Haps C Uflzl ‘H; by
Alg6, the result follows. O]

Next we show that p is well-defined. In fact, we show that the above process defining u
succeeds with probability at least (3/4)(1/2)(2/3) = 1/4.

Claim 3.3.8. We have ]P)[SIA] 2 3/4, ]P)[glnd’glA] 2 1/2, and IED[SAbS‘(gIA A SInd] 2 2/3

Proof. We first claim that G’ and X satisfy the assumptions of Proposition 3.3.2 regardless
of the outcome of Uflzl H;. Note that by Algl and Alg4, G’ differs from G only by edges in
Uflzl E(G%). Additionally, since Y7, ..., Y}, are disjoint, every v € V(G)\ X is contained in at
most one graph G;. By construction, every v € Y; has at most | X;| = | X|/(log | X|)? neighbors
in X within G/. Therefore | X\ N/ (v)| < |X|(1/log | X|—2/(log | X])?*)+|X|/(log | X|)?, using
Ab3. Forv € X, the number of neighbors within X is unchanged upon removing Uflzl E(GY).
Additionally, C33. < |X| < n/(logn)?® is immediate from Abl and the assumption n >
exp(C3.31/np). Finally,

al Abl
A(G)) < A(G) +|X]+ > |Vl 2 A(G) +n/(logn)? < n/logn + n/(logn)?.

=1

Thus all conditions are satisfied, and by Proposition 3.3.2 the necessary Hpe. C Hia exists
with probability at least 3/4.

We condition on &£a occurring. This means that (G’ \ E(Hpec))[X] has maximum de-
gree at most | X|/log|X| due to Proposition 3.3.2(3). Therefore the inductive hypothesis
Theorem 3.3.1(n = n_1) applies and shows that the necessary Hiq C Hgana exists with
probability at least 1/2, since

1 X| > n'"% > (exp(Cy1/mp))' " > exp(Casa/mh_y)-

It remains to prove that P[Eaps|Eia A Ema] > 2/3. The proof is more involved, and we
break it into three steps.

Step 1: Potential absorbers with few overlaps. We first establish that certain
conditions hold with high probability in the unconditional model. For any triangle T" of G| X]|
and any i € [¢4], let 2r; be the set of copies F of Fy, that contain 7', use only triangles in
H; U{T}, and V(F)NX = V(T). Note that this is a random collection depending only on
H;. Given T and ¢, we consider (a) the number of choices Ny; = |2r;| and (b) the number
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My, of triangles T" of G[X] such that E(T") N E(T) = 0 and Ar;, A ,; contain a pair of
copies of Fy,, that are not edge-disjoint (equivalently, these copies share a triangle). Let
Etem be the event that the following conditions for the random template hold:

Tem1 For each triangle T of G[X], |{i € [¢1]: Nr; > 0}| > ¢} /(8e)*™~6.
Tem?2 For each T, at most £} /(32¢)'*™ ¢ indices i € [(1] satisfy Mr; > 29™|X|?/{,.

We claim that P[Eem] > 1 — 1/n. For Teml, fix 7' and note that Ny, for i € [(;] are
independent, as each depends only on ;. Furthermore, Lemma 3.3.3 implies that P[Nr; >
0] > 1/(4e)'®™=5 whenever V(T) C X;. By Ab2 we have at least ¢} such indices, so
Chernoff’s inequality implies that [{i € [¢1] : Np; > 0} > £]/(8¢)'*™~¢ with probability at
least 1 — n~°. Applying a union bound, Tem1 holds with probability at least 1 —n=2.

For Tem?2, fix T and note that by linearity of expectation and Lemma 3.3.4 we have
EMr; < |X]*- 02"/ 6) + |X|*- 02"/ 63) < 2" X[/ L,

since every triangle in G[X] shares a vertex with at most |X|? other triangles in G[X]. By
Markov’s inequality, we have

P[MT,z‘ Z 290m|X|2/€2] S 2786m.

Now let Zr be the number of indices i € [¢;] satisfying Mrp; > 29| X|*/{y. Applying
Chernoft’s inequality:

P2 > €, /(32)20] < %
By a union bound, Tem2 holds with probability at least 1 — n=2. Thus Eren holds with
probability at least 1 — 1/n, as desired.

Step 2: Few overlaps in absorbers for Hr.nq. Next we show that the number of
potential conflicts counted by My, significantly diminishes (w.h.p.) when we consider only
the sparse random set Hranq. First, for each triangle T in G[X] we define the index set I of
indices i satisfying Np; > 0 and Mr; < 29| X|?/ly. If Epey holds then |I7| > ¢4 /(32¢)2m6
for all T'.

Next, given T', let M’ be the set of triangles 7" € Hgang with E(T") N E(T) = () such
that for some i € I, the collections 2r;, Az ; contain a pair of copies of F3,, that are not
edge-disjoint. Let Ep,c be the event that the following holds:

Packl For all T' € Hyrang, we have |M/| < 295m | X|1Eme—1, /0,

We claim that P[Epack|ETem] > 1 — 1/n. Indeed, reveal all of Uflzl H; and fix any triangle T'
of G[X]. Condition on T" € Hrang and on Erey. Then, expose the remainder of Hrang. It
follows that |[MZ| is distributed as Bin(M*, | X|~!*%-1) for some

M* <Y My < 27X [P /0.

i€l
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Chernoff’s inequality and a union bound now imply that P[Epae|Etem] > 1 — 1/n, as desired.
Step 3: Finding simultaneous edge-disjoint absorbers. Now we condition on &
and &p,q occurring. We have

P[(Erem A Epack)[E1a A Ema] < % = O(1/n),
SO ]P)[gTem N gPack|€IA A gInd] >1- O(l/n)

We now argue that if Eem A Epack A E1a A Ema holds then € holds, which will finish the
proof. Assuming &4, Algh succeeds so there exists some edge-disjoint collection Hp,qg C
Hranda- We will use the Lovéasz Local Lemma (Lemma 3.2.5) to prove the existence of the
absorbers necessary for Alg6. As we are assuming Tem1 and Tem?2, for each T" € Hy,q we
have a nonempty set of indices I such that for all i € Iy, Np; > 0. For every T' € Hina
we choose, uniformly at random, an index iz € Ir and then uniformly at random choose
one of the extensions of 7" (isomorphic to Fy,,) counted by Nz;,.. We make these choices
independently for each triangle in Hy,q. We claim that with nonzero probability, all of these
extensions are edge-disjoint.

We define a “disjointness graph” H with vertex set Hi,q. For each T,T" € Hi,q, we put
an edge between them if there is some ¢ € IrN Iy such that Arp;, 27 ; contain a pair of copies
of Fon, that are not edge-disjoint. We see that Ny (T') C Hina N M. Hence, by Packl,

A(H) < 295m‘X‘1+7lk—1€1/£2 — 290mem — 60(\/@)_

For each edge f € E(H), let By be the “bad” event that the random extensions chosen
for T"and T” share an edge. We wish to show that with nonzero probability, we can simulta-
neously avoid all the bad events. This will prove the result, since by definition the only pairs
T,T’ that can have a conflict with this process are those corresponding to some f € E(H).
To apply the Lovasz Local Lemma we observe that each B is mutually independent from
all other events except for By where f, f’ share a vertex. There are at most 2A(H) such
events. Additionally, for each bad event B; where f = {T',7"} we have

1 32 12m—6
PIBy] < Plir — in] < — < B2
17| 0

Since ¢; > nl/(20k2), we see that ¢] = n®® and therefore

O

The result follows. O

Finally, we verify the spread condition.

Claim 3.3.9. p is O(n™!/(logn)?)-spread.
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Proof. Step 1: Spread of H \ Hpup. Let T = {Ti,...,Ti} be a set of triangles in G,
and consider the probability that they simultaneously appear in a sample S ~ p. Since &
consists of edge-disjoint triangles we may assume that the triangles in 7 are edge-disjoint as
well. Additionally, recall that the underlying probability space associated to u is defined by

independent samples Hia, Hrand, and Hf, . .. ,’H21 conditional on Ep A Epg A Eaps. Finally,
we have H = Hpec U Hpnp U (Uflzl H; \ HAbs)-

Suppose that 7 C S. Then each 7} is either in Hpe. € Hia, in Uflzl Hi\ Haps C Uflzl HL,
or in Hpyp. Let Ji, Jo, J3 C [t] be the index sets of the triangles contained in each of these
respective sets. Observe that for triangles 7); such that j € J3, this means that T} is in some
“absorber-flip” F;  where the corresponding F3,, consists of a triangle S; € Hima € Hrand
and 2m — 1 triangles of Uflzl H. by Alg6 and Alg7. Furthermore, those triangles cannot
share an edge with any {7}: j € J»}.

Now, for a partition J; U Jo U J5 = [t], let £y, s,.7, be the event that:

El TJ € Hia for all j € Jy;
E2 T; € UL, M, for all j € Jy;

E3 For all j € Js, there is a copy of F; ~ Fy,,, consisting of one triangle S; € Hrana and
2m — 1 triangles of U L H; such that T is in the associated “absorber-flip”

2m;
E4 F; is edge-disjoint from {7}: j' € Jo};
E5 Every pair F}, Fj for distinct j, j' € J5 is edge-disjoint or identical.

The above analysis shows that the union of the 3 events £, j, s, covers all possible situations
where {T},...,T;} C S. Thus, we have

P[{TI, .. T%} C S Z ]P (C:JhJ%JS‘SIA A\ EInd A gAbs] < 4 3t Jﬂba}f] P[gjl,‘]%(]:;]
T Tads 1,42,

by Claim 3.3.8 and Bayes’ theorem. Furthermore, the event £, j, s, does not depend directly
on &, but rather on an independent model of triangles. Thus, we can essentially disregard
the complicated process Algl to Alg8 in favor of this substantially simpler situation.

We will reduce the situation further to studying the triangles in J3. Given J; C [t], let
Ej, be the event that E3 and E5 hold. We see that

Mgﬂh_(HPTe%AHPPeUMD €]

jeJ1 JjeJ2

Indeed, the first term can be extracted due to independence of Hia and conditions E2 to E5.
Additionally, careful scrutiny shows that in fact E2 is independent from the event that events
E3 to E5 hold by construction.
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By definition, we have P[T; € Hia] = (log | X|)%22 /| X| and P[T; € UL, H] < 1/|V(G))| <
1/]1X]|. Since | X| = n'~" exp((logn)'/?), these terms are bounded by n"~!/(logn)?. Putting
everything together, we find

P{Ty,..., T;} €8] <4-3 IJnCa[gi:(n”k_l/(log n)?)=VIPlE,). (3.3.4)

Step 2: Preliminaries for understanding Hpy,. Now we analyze the absorber-
flips. Call a copy of Fy, with a distinguished triangle a rooted absorber, and call any
nonempty subset of triangles P C FJ = within the flip of a rooted absorber a polymer. If
we additionally distinguish a triangle of a polymer we call it a rooted polymer. We see that
there are 2™ — 1 (labeled) polymers. At a high level, we wish to count the number of ways
to break {7} : j € J} into polymers, then count extensions to a full F;,,, and then consider
the probability that the corresponding Fs,, is in Hrana U Uflzl L

Let

p(s) = max }2(6}33 P[E],
where the maximum is over edge-disjoint collections of triangles.

Given a triangle T of G for some i and an edge-disjoint triangle set T, both within K,
and given a rooted polymer P, let f(P,T,7T) be the number of ways to extend T" to a copy
of P within G} where T is the root of the polymer, and the other triangles are all in 7. We
claim that
(2£5)?P)=e(P)=2 ¢(P) < 2m — 1

(205) e(P) = 2m. (3.3.5)

(Here, v(P) is the number of vertices incident to triangles in P.)

We first reduce to the case where e(P) < 2m—1. Indeed, if e(P) = 2m let P’ be a polymer
obtained by removing a non-root triangle from P. It then holds that f(P,T,T) < f(P,T,T)
and v(P') —e(P') —2=2m+2— (2m — 1) — 2 = 1. Thus, (3.3.5) with e¢(P) = 2m follows
from (3.3.5) with e(P) = 2m — 1.

We prove (3.3.5) when e(P) < 2m — 1 by induction on e(P). When e(P) = 1, the
corresponding polymer consists only of the root triangle and hence must be {T'}; the result
follows. Now assume that (3.3.5) holds for all e(P) < k where 2 < k < 2m — 1. Let P
be a polymer with e(P) = k. Now fix a rooted polymer P’ C P such that e(P \ P') = 1
and v(P) — v(P’) > 1 (this is possible since 2 < ¢(P) < 2m — 1: any such polymer covers
a proper subgraph of the cycle C5,,, and we can remove a non-root triangle containing a
degree 1 vertex from P). By the inductive hypothesis

f(P/7T7 7—) < (2£2>v(73’)—e(73')—2'

We now consider the possible ways to extend a copy of P’ to a copy of P, using only
triangles from 7. There are three cases. If v(P) — v(P’) = 3, note that since the triangles
in 7 are edge-disjoint there are at most |7T| < |V(G})|* < (203)? possible extensions. If
v(P) —v(P’") = 2, there are at most (2¢5) possible triangles in 7 within G, which could be
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in P\ P’ as this triangle must contain a fixed vertex (given P’). Finally, if v(P) —v(P’) = 1,
note that there is at most 1 triangle in 7" within G which could be in P\ P’ as this triangle
must contain a fixed edge (given P’) and the triangles in 7 are edge disjoint. This completes
the inductive proof.

Next, given a polymer P within some G}, let g(P) be the number of ways to extend it
to a full copy of F within G} with its flip having the property that at least one triangle is
fully within X. We claim that

g(P) < (262)2771—1;(73)4-2

and that if e(P) = 1 then g(P) < |X|(265)*™~2. To see this note that given the polymer
there are at most 2m — v(P) + 2 labelled vertices to be specified and at most (2¢5) choices
for each vertex. Additionally, when e(P) = 1, at least one vertex remaining to be chosen
must be in X (since the flip of F3,, has at least one triangle fully in X, while F; = does not),
improving the bound to | X| - (205)?™ 27371 = | X|(205)*™~2 as desired.

Step 3: Spread of Hpy,. Finally, we bound p(s). Suppose that J € ([g). For each
j € J in increasing order, there are at most 2™ — 1 ways to choose which polymer type P
the set {T}: j' € J, F; = Fj} creates. Given P, there are at most f(P,1;,{T;: 5 € J})
ways to choose how 7} actually extends to that polymer within {7}: j* € J}. There are
then at most ¢g(P) ways to count the number of extensions to a full F; . Given these
choices, the probability that the flip of this F,, is contained in Hrana U |J;L; H; is at most
X111/ p)2m 1,

It follows that

p(s) < % @7) (g};gx F(P. T, T)g(P) - !X|”k*1’1(1/€2)2’"*1>p(s -5,
s'=1 T,T

< m[azux](Zm)S/f(P, T,T)g(P) - | X|™171(1/6)* p(s — &)
s'el2m
e(P)=s'
T

where we let p(s) = 0 for s < 0 and p(0) = 1.
When e(P) =" € {2,...,2m — 1} we have

FP.T,T)g(P) - X171 (1/) 7 < (202)17 | X770 < (071 (log m)?)°

The last inequality is true since it holds for s’ = 2 and since 2¢y > n'~(logn)3.
When e(P) = 2m we have

FP.T,T)g(P) - | X[ 71 (1/6)" 1 < 267%™ - | X270 < (n™ 71/ (log m)?) ™™,

The inequality holds as | X %171 < 1 and 268 2™/C™ < exp(y/logn)/(26:) < n™~1/(logn)?
as /%) > exp(O(m)).
When e(P) = 1 we have

f(P, T, T)Q(P) . |X|nk—1_1(1/€2)2m_1 < |X|77k—122m—2/€2
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< (4e)™/(n'?] X |0 702) < it (log )

where the final inequality follows as n/~1/2| X|(1=m-1/2 = p@U/F) > axp(O(m)).
Putting this together, we obtain
p(s) < max (4mn™ 1/ (logn)®)* p(s — s').

s'e[2m)]

Along with the initial conditions, this immediately yields p(s) < (4mn™~!/(logn)3)*. Fi-
nally, combining with (3.3.4) yields

P{Ty,...,T;} € S| < (O(n™/(logn)?))",
as desired. 0

Claims 3.3.7 and 3.3.9 imply that x is an O(n™~1/16™*)_spread distribution on triangle-
decompositions of G. Applying Theorem 3.1.6 to p yields Theorem 3.3.1(n = n;), completing
the induction. O

3.4 Iterative Absorption in Random Hypergraphs

In this section we use the machinery of iterative absorption to prove Proposition 3.3.2.
Informally, it states that given a nearly complete graph G and a specified set X C V(G),
one can use edge-disjoint triangles to cover all edges in G\ G[X] while only covering a small
fraction of edges in G[X]. Moreover, the triangles can be restricted to a sparse random set.
It is proved via iterating the following lemma.

Lemma 3.4.1. There exists a constant C3 .41 > 0 such that the following holds. Let n € N.
Fiz a subset Vi C V(K,,) such that |Vy| € (n/(logn)*, n/(logn)?). Furthermore fix G C K,
such that A(G°) < 2n/logn, and |N(v)° N Vi| < 2|Vi|/log|V4| for every v € V(G), and for
every v ¢ Vi we have degs(v) =0 (mod 2).

Let H' ~ G®(n, (logn)“>+1 /n). Then there exists an edge-disjoint triangle set H C H',
with G* = E(H), such that:

1. G*[V4] is stochastically dominated by sampling every edge independently with probability
(log [V4])=*7,

2. G\ G[Vi] C G* (i.e., H covers all edges of G outside of V; ) with probability 1 —n=*W),
3. G* C G (i.e., H consists of triangles in G ).

Before proving Lemma 3.4.1 we show how it implies Proposition 3.3.2.
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Proof of Proposition 3.3.2 given Lemma 3.4.1. Let n = tog > t; > -+ > t, = |X]| be a
sequence of integers such that t;11 € (t;/(logt;)*, t;/(logt;)?) for every 0 < i < £. Observe
that £ = O(logn). Sample a uniformly random descending sequence of sets V(K,,) = Vo 2
Vi 2 Vo D - DV, = X such that |V;| = t; for every i. We call this sequence of sets the
vortex.

We now consider the respective degrees from each vertex set into the next. By applying
the Chernoff bound (Lemma 3.2.3), a union bound, and the assumed upper bound on |X \
Ng(v)|, with probability at least 0.99 (over the random choice of the vortex), we have that
every vertex v € V; has |[N(v)° N Vi < 3|Viul/(2log|Vigi]) and A(K,[V;] \ G[Vi]) <
3|Vil/(2log |Vi]) for 0 < i < ¢. We assume these conditions hold.

We now apply Lemma 3.4.1 inductively. Suppose that for some 0 < i < ¢ we have
already applied Lemma 3.4.1 ¢ times, leaving the graph L; C G[V;] of uncovered edges. In
order to simplify the analysis we will not apply Lemma 3.4.1 to L; directly. Rather, we will
apply it to the graph G{"", defined as follows: If + = ¢ — 1 then G{"™" = L;. Otherwise let
G = L; \ G[Vit2]. Applying Lemma 3.4.1 in this way implies that an edge in G[V;] can
only be covered in the i-th or ( — 1)-th stage of the algorithm (but not before).

We next note that as [Vi,o| < |Vi|/(log|Vi|)*/* we see that G, .= G[V;] \ G[Viy2] has the
property that for all v € V;, we have |Ng/(v)°NV;| < 7|V;|/(41og [V;]) and [N/ (v)° N Vi | <
7|Visa1|/(41og |Vis1|). Hence G$™ satisfies the necessary conditions for Lemma 3.4.1 with
high probability. Indeed, by the inductive assumption, after ¢ steps of the process L; is
stochastically dominated by sampling every edge independently with probability (log |V;])~2°.
Thus, by Chernoff’s inequality and a union bound, the two minimum degree assumptions
hold w.h.p. Moreover, L; is obtained from the triangle-divisible graph G by removing a set
of edge-disjoint triangles. Therefore all degrees in L; are even. Since G§{"" is obtained from
L; by removing only edges spanned by V;,o, the degrees of all vertices in V; \ Vi1 in G
are even as well. Therefore we can apply Lemma 3.4.1 to G{"" and continue the process.
Assuming Cj 3 5 is sufficiently large, the failure probability in stage i is less than |V;|~2. Thus,
the total failure probability is less than

Swte 3 e s
120 k=C3.3.2

Finally, note that in this procedure no edges in G[X]| are covered until the final step.
Therefore the degree bound on G[.X] follows by noting that G*[X] is stochastically dominated
by sampling every edge with probability (log|X]|)~%. O

3.4.1 Fractional matching

In order to find the existence of fractional matchings within a sparse set of triangles we will
use the following result of Barber, Glock, Kiihn, Lo, Montgomery, and Osthus [4].

Lemma 3.4.2. There exists an € = ¢9 > 0 such that the following holds. Given a graph
G on n vertices with minimum degree at least (1 — e)n, let T denote the set of triangles in
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G, and, for e € E(G), let T(e) be the set of edges containing e. There exists a function
v: T = [0,1] such that 3 peqy ¥(T) =n/8 for every e.

Remark 3.4.3. This follows from [4, Lemma 4.2], noting that any sufficiently dense graph is
regular in the appropriate sense and letting v(-) = v (-) - 1/(2p?) where 9 (-) is defined as in
[4, Lemma 4.2] and p is the density of G.

The crucial tool for our setting is that given such a fractional matching, one can subsample
every triangle with weight proportional to v and obtain a nearly perfect fractional matching
inside the sampled hypergraph.

Lemma 3.4.4. There exists an € = ¢y > 0 such that the following holds. Given a graph G
on n vertices with minimum degree at least (1 — e)n let T denote the set of triangles in G.
Sample every triangle in G with probability p with p > (logn)?/n and call this collection H.
Then with probability 1 — n=*W), there exists a triangle set H1 C H such that every edge is
contained in pn/8 £ /pnlogn triangles of M.

Proof. Let v(-) be as in Lemma 3.4.2. Let H; be the random model where every triangle
is sampled with probability «(7T") - p and note we can couple H; C H. The result then
follows immediately from the Chernoff bound, noting that the expected number of triangles
containing a given edge e is ZTGT(G) py(T) = pn/8. ]

3.4.2 Covering process within regular triangle subset

We now show that we can cover most of the edges of an almost-complete graph using a
sparse random triangle set. We will first require a set of notions with regards to hypergraph
matchings. For a hypergraph H, define

A(H) = d , A(H) = d ,V2).
(%) nax, egy(v) (H) e, O egy(v1, v2)
Call a function w: E(H) — Rs a weight function, and for X C E(H) let w(X) =
Y exw(z). We will require the following result of Ehard, Glock, and Joos [14] which
guarantees the existence of hypergraph matchings which are pseudorandom with respect to
a collection of weight functions.

Theorem 3.4.5 (|14, Theorem 1.2|). Suppose 6 € (0,1) and r € N with r > 2, and let
e :=0/(50r%). Then there exists Ay such that for all A > Aq the following holds: Let H be
an r-uniform hypergraph with A(H) < A and A®(H) < A as well as e(H) < exp(A).
Suppose that W is a set of at most exp(Aag) weight functions on E(H). Then, there ezists a
matching M in H such that w(M) = (1 + A~ w(E(H))/A for allw € W with w(E(H)) >
maxeep ) w(e) AT,

This immediately implies the following lemma. We include the proof for completeness.
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Lemma 3.4.6. There exists € = €9 > 0, C' = C344 > 0 such that the following holds for
sufficiently large n. Fiz p € ((logn)®/n,1), a graph G on n vertices with minimum degree
at least (1 — eg)n, and let Hy be a collection of triangles in G such that each edge is in
pn/8 + \/pnlogn triangles. Then there exists a set of edge disjoint triangles Ho € Hy such
that A(G \ E(Hz)) < n/(logn)%.

Proof. Define the auxiliary 3-uniform hypergraph H with vertices corresponding to the set
of edges in G and 3-edges corresponding to the triangles in H;. Notice that A(H) = pn/8 +
O(y/prlogn). Furthermore as any pair of edges are contained in at most 1 triangle, it follows
that A®°(#H) < 1. Thus Theorem 3.4.5 applies with 6 = 1/2 and therefore ¢ = 1/(900), and
A =A(H).

We now define the weight functions. For a vertex v, let w, be 1 on all 3-edges of H
corresponding to triangles containing v, and 0 elsewhere. Note that w,(E(H)) > pn?/32 >
A(H)'9. Furthermore if C' is sufficiently large we have that exp(A*) > n and thus there is
a matching M in H such that

w, (M) > (1+AF) ‘ (A = O(y/pnlogn)) degs(v) - (1 —2A7%) degy(v)
Y - A 2 - 2

for all v € V(G). This implies that the matching, which corresponds to triangles of G,
covers all but 2A7¢n edges incident to v. Taking C sufficiently large the result follows
immediately. O

In the next three sections we prove Lemma 3.4.1. Our proof closely follows the proof of
[4, Lemma 3.8|, with the necessary adaptations to account for the random triangle set H’
and the fact that [V1]/|V(G)| is relatively smaller in our setting than in [4].

3.4.3 Setup for iterative absorption

We are now in position to apply the results of Lemma 3.4.4 and Lemma 3.4.6. However,
we cannot simply invoke these results on the whole graph G; a more delicate approach is
required.

Recall that we have a graph G C K, with a distinguished vertex subset V). Let q =
(log|V1|)73. Let R be a set of edges in G[V (K,,) \ Vi, V1] with the following properties:

A1) Forall v € V(G) \ V4, degr v = q|Vi| + O(q|Vi|(log [Vi]) D).

A2) For all v € Vi, degrv = qn + O(gn(logn)™1).

(A1)
(A2)
(A3) Forallv € V(G)\Vi, v € Vi, we have that | Np(v)NNg(v')| = ¢|Vi|+O0(q|Vi|(log |Vi|)7h).
(A4) For all v,v" € V(G) \ Vi, we have that |[Ng(v) N Nr(v')| > ¢*|Vi]/2.

(A5)

A5) For all v,v" € V; we have that |[Nz(v) N Ng(v')| < 2¢*n.
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That such a graph R exists is established by noting that if each edge in G[V (K,,)\ V1, V1] is
independently sampled with probability ¢ then, by Chernoff’s inequality and a union bound,
these properties hold with positive probability.

Let Gh = G\ (RUG[V}]). Tt is easy to see that 6(G1) > |V(G)| —O(|V(G)|/(log |V (G)]).
Let T denote the set of triangles in GGy and sample each triangle in 7 with probability
p = (logn)*“*46/n to form the random set H”. By Lemma 3.4.4, with probability 1 —n=«1)
there exists a subset of triangles #; C H" such that every edge of G is in pn/8 £ ,/pnlogn
triangles. Applying Lemma 3.4.6, we find that there exists a set of edge-disjoint triangles
in H; that covers all edges of G except at most n/(logn)!® incident to each vertex. Let
L C (G; be the graph of uncovered edges. Let L; C L be the “internal” edges with no vertex
in V4 and let Ly :== L\ L; be the uncovered “crossing” edges with an endpoint in V3. We
remark that since (G; contains no edges with both vertices in V;, neither does L.

It remains to cover Gy := L U Ly LI R with triangles while not covering too many edges
in G[V1]. Let Ry == Ly U R. Observe that R, satisfies:

B1) For all v € V(G) \ V4, we have that degp, (v) = ¢|[Vi]| + O(g|Vi|(log [Vi]) 7).

B2) For all v € V4, we have that degp, (v) = gn 4+ O(qn/logn).

(B1)
(B2)
(B3) Forallv € V(G)\Vi, v' € Vi, we have that | Ng, (v)NNg(v')| = q|Vi|+0(q|Vi|(log |V1])71).
(B4) For all v,v' € V(G) \ V4, we have that |Ng,(v) N Ng,(v")| > ¢*|Vi]/2.

(B5)

B5) For all v,v" € V; we have that |Ng,(v) N Ng,(v')] < 3¢*n.

We complete the construction by first covering the internal edges that comprise L; and
then covering the remaining crossing edges.

3.4.4 Cover-down stage 1: internal edges

Lemma 3.4.7. With the above setup, let Ty denote the set of triangles in Go and let Hs C T
be a random set of triangles with each triangle included with probability (logn)'®/n. Then
with probability 1 — n=“M) | one can choose edge disjoint triangles Hq C Hs such that Ly C
E(Hy).

Proof. We construct ‘H, with a random greedy algorithm. Order the edges in L, arbitrarily.
When processing an edge e, expose the triangles of Hjz containing e and then choose one such
triangle, not overlapping with previous choices, uniformly at random and add it to H,4. This
procedure only fails if for some e, all triangles containing it in Hj3 overlap previous choices.
However note that initially each edge in L; is contained in at least ¢?|V;|/2 triangles in T3,
and that triangles added previously to H, eliminate at most 2n/(logn)*® < ¢?|V;|/4 of these.
Thus the expected number of extensions at each stage is at least ¢%|Vi|/4 - (logn)'®/n >
(logn)®. Applying Chernoff’s inequality and a union bound, with probability 1 — n=<®)
there is at least one choice for each stage. O
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Given Lemma 3.4.7, the remaining graph to cover is R3 := Ry \ E(H4). We note that
since every triangle in H, involves an edge of L, we have:

(C1) For all v € V(G) \ V1, we have that degp, (v) = ¢|Vi| + O(q|Vi|/log |V41]).

(C2) For all v € V}, we have that degp, (v) = gn + O(gqn/logn).

(C3) Forallv € V(G)\Vi, v € Vi, we have that | Ng,(v)NNg(v")| = q|Vi|+0(q|V1|/ log |V1])-
(C4) For all v,v" € Vi, we have that |Ng,(v) N Ng,(v')] < 3¢*n.

3.4.5 Cover-down stage 2: crossing edges

Our goal is to cover Rz using only a small number of edges from G[V;]. This will be ac-
complished by reducing the problem to a simultaneous matching problem on link graphs of
vertices in V(G) \ V4.

We first require the following lemma. It is an immediate consequence of the (substantially
stronger) main results in [46,61]. We include an elementary proof for completeness.

Lemma 3.4.8. Let G’ be a graph on N wertices, with N even, and with minimum degree
at least 3N /4. Let H be a random subgraph of G' where each edge is sampled independently
with probability (log N)?/N. Then H has a perfect matching with probability 1 — N~<1),

The proof of Lemma 3.4.8 uses the following convenient Hall-type criterion for a bipartite
graph to have a perfect matching. It is an immediate consequence of the main theorem in

[93].

Lemma 3.4.9. Let G' = (X UY, E) be a bipartite graph with | X| = Y| = N. Suppose that
for every S C X, 8" CY with |S"| < |S| < [N/2] we have e(S,Y \ S") # 0, and that for
every T" C X, T C Y with |T'| < |T| < [N/2] we have e(T, X \T") # 0. Then G has a
perfect matching.

Proof of Lemma 3.4.8. Consider a uniformly random equipartition X UY of V(G’) and let
G = G'[X,Y]. By the Chernoff bound for hypergeometric random variables and a union
bound with probability 1 — N=“() we have degg;(v) > N/3 for each vertex v. Now consider
some S C X, 5" C Y satisfying [N/4] > |S| > |5'|. It holds that

et ( eggt(v) —eaq (S, 9") > 3)|1S| — > 12.
(S,Y\ 5 deg S, S > (N/3)|S| - |S|> > N|S
veES

Similarly, if 77 C X, T C Y with |T"| < |T| < [N/4] then eq:(T, X \ T") > N|S|/12.

We observe that with probability at least 1—exp(—Q((log NV)?)), we have ex (S, Y\ S") > 0
for every pair of sets S C X,S5" C Y with [N/4] > |S| > |S’|. Indeed, by a union bound
over S, S" and the Chernoff bound, the probability that this fails to hold is at most

[N/4] k—1 [N/4]
=

3 (N/2> Z (N/2> exp(—Q(k(log N)?) Z N** exp(=Q(k(log N)?)))

k=1

98



< exp(—Q((log N)?)).

By symmetry, the same is true (with probability at least 1 — exp(—£((log N)?))) when
switching the roles of X and Y. The desired result then follows from Lemma 3.4.9. ]

Lemma 3.4.10. Fiz R3 as in Section 5.4.4 and suppose that it satisfies (C1)-(C4). Let T3
be the set of triangles in R3 U G[V1] and let Hs C T3 be a random set of triangles with each
triangle included with probability (log |V1])?/(q|Vi|). We then have:

e For each edge in G[V4], the probability that it is contained in a triangle in Hs is at
most (logn)~2?°. Moreover, these events are mutually independent.

o With probability 1 — n=*W | there exists a set of edge disjoint triangles Hg C Hs such
that R3 Q E(Hﬁ)

Proof. For the first point, recall that by (C4) every pair of distinct u,v € V; has at most
3¢?n common neighbors in R3. Thus, the probability for an edge to be contained in a triangle
in Hs is at most 3¢n - (log|V1|)?/(q|V1]) < (logn)~25. Moreover, for distinct edges in G[V;],
their extensions into triangles in Hj are disjoint, implying mutual independence of these
events.

For the second point, order the vertices in V(G) \ Vi and consider them sequentially.
Suppose we are processing v and note first that by (C1) the graph spanned by the triangles
containing v in Rz U G[V;] has ¢|V1| + O(q|V1|(log |Vi])~!) vertices. Furthermore by (C3) its
link graph (i.e., the subgraph spanned by V; )has minimum degree q|V;|+O(q|V1|(log [V1])71).
Our goal is to find a perfect matching in this link graph that is edge-disjoint from previously
found perfect matchings. These perfect matchings correspond to the desired Hg.

At every step the set of edges removed is stochastically dominated by our random sample
of edges at rate (logn)~2° so we find that the minimum degree in this link is essentially
unchanged by the previous triangles removed in this process. Therefore if one samples each
triangle in the link with probability (log|V;|)?/(q|Vi]), or equivalently each edge in the link
with probability (log|V1])?/(¢|V4|), by Lemma 3.4.8 we can construct a matching for v with
probability 1 — n~*® . This immediately gives the desired result. O]

We are now in position to prove Lemma 3.4.1.

Proof of Lemma 3.4.1. Using the construction above, let H* := Ho UH4UHg. Observe that
‘H* is stochastically dominated by a random hypergraph of the specified density. Further-
more, if R3 is suitable in the sense of Section 3.4.4 then F(H*)[V}] is stochastically dominated
by a random hypergraph of the appropriate density as well. Hence, we may take H = H* if
Rj is suitable. Otherwise we take H = ). Since Rj is suitable with probability 1 — n=<(1)
and H* covers all edges in G\ G[V;] with probability 1 — n=%() the result follows. O
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3.5 Modifications for Latin squares

In this section we briefly discuss the necessary changes to prove Theorem 3.1.3, as opposed to
Theorem 3.1.1. Since these changes are largely superficial, we do not repeat the arguments
in detail.

A Latin square can be thought of as a triangle-decomposition of K, ,, ,,, with vertex parts
V1 V2 V3 each of size n. We say that a tripartite subgraph of K, ,,, is triangle-divisible
if for every j € [3] and vertex v € V7| its degrees into V7! and V7! are the same (taking
indices mod3). The analogue of Theorem 3.3.1 is the following:

Theorem 3.5.1. Fiz a triangle-divisible tripartite graph G C K, 5., with A(K, 0 \ G) <
n/logn and n > exp(Css51/n*). Let H be the result of randomly sampling each triangle
of Kpnn with probability n"/n. With probability at least 1/2 the collection H contains a
triangle-decomposition of G.

The proof strategy is similar, and we detail the necessary changes.

e To prove an analogue of Proposition 3.3.2, the vortex V(Kyyn) =Vo 2 --- 2 V=X
should be chosen so that each V} has the same number of vertices in each V7.

e During the iteration, replace the various degree typicality assumptions (e.g. (C1)
to (C4)) with the obvious tripartite analogues.

e In the final step of the cover-down procedure (Section 3.4.5), in the original setup we
reduced to a bipartite matching problem by taking a random bipartition of U;y;. In
the Latin square setting this is not necessary since the bipartite structure is already
induced by K, 5, p-

e The existence of the regular triangle subset (Lemma 3.4.2) relies on weight-shifting
gadgets which are not tripartite. It is possible to adapt work of Montgomery [74]
to obtain a suitable approximate tripartite fractional matching result; see e.g. [65,
Lemma 8.11].

e The absorbing structures used in Alg6 and Alg7 within the proof of Theorem 3.3.1
must be tripartite. However, this is not an obstruction since the vertices of Fy,, can
be split into three classes so that all hyperedges are tripartite.
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Chapter 4

Improved bounds for Szemerédi’s
theorem

4.1 Introduction

Let [N] = {1,..., N} and () denote the size of the largest S C [N] such that S has no
k-term arithmetic progressions. The first nontrivial upper bound on r3(/N) came from work
of Roth [84] which proved

r3(N) < N(loglog N)™',

A long series of works improved this bound, including works of Heath-Brown [35], Szemerédi
[98], Bourgain [11,12], Sanders [88,89], Bloom [7], and Bloom and Sisask [8]. In breakthrough
work, Kelley and Meka [57] very recently proved

r3(N) < N exp(—c(log N)/'?);

the constant 1/12 was refined to 1/9 in work of Bloom and Sisask [9].

For higher k, a long-standing conjecture of Erdds and Turan stated that rp(INV) = o(N).
In seminal works, Szemerédi [96,97] first established the estimate 74(N) = o(/N) and then
established his eponymous theorem that

Due to uses of van der Waerden theorem and the regularity lemma (which was introduced in
this work), Szemerédi’s density saving was exceedingly small. In breakthrough work, Gowers
[25,26] introduced higher order Fourier analysis and proved the first “reasonable” bounds for
Szemerédi’s theorem: rio

ri(N) < N(loglog N)~2"
The only improvement to this result for & > 4 was work of Green and Tao [28, 32| which
ultimately established that

ri(N) < N(log N)™,
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and recent work of the authors [67] which proved
r5(N) < N exp(—(loglog N)).
Our main result is an extension of this bound for all £ > 5.

Theorem 4.1.1. Fiz k > 5. There is ¢, € (0,1) such that

(V) < N exp(—(loglog N)*).

4.1.1 Proof outline and techniques

4.1.1.1 Local and global inverse theorems

The primary input to our result will be the main result of recent work of the authors [69], i.e.,
quasipolynomial bounds on the inverse theorem for the Gowers U**!'-norm. Given an inverse
theorem, the deduction of Szemerédi’s theorem via a standard density increment strategy is
essentially folklore and was recorded in work of Green and Tao [30] (although, prior to [69] the
resulting bounds would be far from matching those of Gowers [26]). However, if one naively
follows this script using [69], one obtains a bound of N exp(—(logloglog N)~%1) which is
weaker than the work of Gowers [26]. Furthermore, Gowers’s argument makes use of a “local”
inverse theorem that in fact gives a slightly stronger correlation compared to the bound given
for the “global” inverse theorem in [69] (namely, polynomial versus quasipolynomial). Thus,
this global nature of [69] must be exploited. Additionally, use of global inverse theorems
necessitates understanding of nilsequences and polynomial sequences on nilpotent Lie groups,
as opposed to merely polynomials as in the work of Gowers [26].

4.1.1.2 Schmidt-type decomposition problems

This is done via the improved density increment strategy of Heath-Brown [35] and Szemerédi
[98] which involves extracting a set of functions to correlate with instead of simply one
and using this to give a multiplicative density increment. Such a strategy was given a
robust formulation in work of Green and Tao [28] on four-term progressions; in particular,
their reformulation avoided the explicit Fourier-analytic formulas used in [35,98] and thus
is applicable to the higher order setting. The strategy here runs smoothly given the inverse
theorem, modulo resolving a certain Schmidt-type problem for nilsequences. In particular,
given a polynomial sequence g(n) with g(0) = idg on a nilmanifold G/T" of degree k with
complexity M and dimension d, one needs to prove that

min dG/F(ideg(n)F) < MOk(dok(l))N_l/dOk(l)‘

1<n<N

In particular, the polynomial dependence on dimension within the exponent is key.
We in fact require a certain slightly stronger result (decomposing [N] into long arithmetic
progressions P such that the diameters of the sets {g(n)I': n € P} are small), which is the
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heart of the matter for this work. When the underlying nilpotent group G is abelian, this
is easily deduced from a result of Schmidt [92]| (see Lemma 4.2.3, or |28, Section 6| in the
quadratic case).

For general degree 2 nilmanifolds such a problem was implicitly solved in work of Green
and Tao [28] and for degree 3 nilmanifolds it was essentially solved in recent work of the
authors [67]. More precisely, [67] essentially proves that given a list of bracket expressions
((IZ‘TL Lbﬂ’LJ LcinJ)lgigd that

i n b , < N~1/a%W
1glzlgnN||aln|‘ in]|cin] HR/Z >
and via an explicit computation with fundamental domains on degree 3 nilmanifolds one
may reduce to such a situation. The proof given in [67] relies on the fact that 3 is sufficiently
small and in particular that it is possible to reduce to a situation in which there are no
“nested integer part operations” as one attempts to solve the “bracket Schmidt” problem in
one go.

4.1.1.3 Iterative Schmidt refinement

The key observation required for our work, at least at a heuristic level, is a procedure
for solving such “bracket Schmidt” problems even when there are nested brackets. As a
simple example, consider bracket expressions (a;n|bin|cin]|)1<i<a. We will solve the Schmidt
problem via iteratively “reducing” the number of brackets from the inside-out (at the cost of
passing to subprogressions). In particular, using Dirichlet’s theorem, one can break [N] into
arithmetic progressions P each of length N/ 4" such that when restricted to each arithmetic
progression, every function |¢;n] is a linear function (i.e., it is a locally linear function on
each P). Since the only locally linear functions on a progression agree with genuinely linear
functions, we can replace | ¢;n| by d; pn+-e; p and reduce to considering the bracket expression
a;n|bin(d; pn+e; p)| when restricted to P. One can then iterate this argument on the “inner
quadratics” b;n(d; pn+e; p) (essentially using abelian Schmidt as discussed above for degree
2 in this case). We may find a decomposition into long arithmetic progressions ) such
that [bn(d; pn + e; p)]| is locally quadratic (and hence agrees with a global quadratic) on
each (). Thus, restricted to any such @), our original functions a;n|bn|c;n|| agrees with a
genuine cubic. Finally, we can decompose these progressions () into ones where the cubics
are approximately constant mod 1 (using abelian Schmidt for degree 3). While in theory
this approach can be made to work for all such bracket Schmidt problems, this however
necessitates working with bracket functions and rather quickly becomes messy to handle.
This procedure can be adapted to work with polynomial sequences on nilmanifolds di-
rectly due to an unpublished observation of Green and Tao. This is the approach we take in
the present work. The crucial point is that given a polynomial sequence g(n) with respect
to a group G given a filtration Gy = G; > G5 > -+ > G > Idg, the polynomial sequence
g(n) mod Gy is a standard polynomial. Thus one can apply Schmidt to a standard polynomial
and therefore (after passing to long subprogressions) one may factor g(n) mod Gy = &(n)-y(n)
where ¢ is smooth and ~ lies in the lattice I' mod G5. One may then lift €,y from G mod G4
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to £,7 on G and analyze the polynomial sequence £ '¢g5~! which now lives in the group Gs.

One can iterate this procedure and inductively reduce G5 to GG3 and so on, which allows
us to solve the Schmidt problem for our nilmanifold. We remark that this procedure is an
induction on the length of the filtration whereas the (closely related) approach taken in [30]
is phrased as an induction on dimension. This difference is crucial for getting bounds in
which the exponent depends polynomially on dimension.

4.1.2 Organization and notation

All definitions regarding nilsequences and associated complexity will be exactly as in [69,
Sections 3-4]. We refer the reader to that paper for all such definitions; we will only require
degree filtrations in this paper.

We use standard asymptotic notation. Given functions f = f(n) and g = g(n), we write
f=0(), [f <g,g=Qf), or g> ftomean that there is a constant C' such that
|f(n)] < Cg(n) for sufficiently large n. We write f < g or f = O(g) to mean that [ < g
and g < f, and write f = o(g) or ¢ = w(f) to mean f(n)/g(n) — 0 as n — co. Subscripts
on asymptotic notation indicate dependence of the bounds on those parameters. We will
use the notation [z] = {1,2...,[z]|}. In this paper x = |z| + {2} where {z} € [0,1) and
|z| € Z; we remark this is different than in [69]. We write ||z|/g/z = dist(z,Z) for z € R.
Furthermore throughout this paper we abusively write log for max(log(+), e°); this is to avoid
trivial issues with small numbers.

Finally, in terms of organization, in Section 4.2 we solve the Schmidt problem for nilse-
quences and in Section 4.3 we prove Theorem 4.1.1.
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4.2 Schmidt’s problem for nilsequences

In this section, we prove that given a list of nilsequences on [N], one can decompose [N] into
a controlled set of arithmetic progressions such that the nilsequences are almost constant on
these sequences.

Lemma 4.2.1. Consider nilmanifolds G;/T; for 1 < i <T, each given a degree k filtration,
having complexity bounded by M, dimension bounded by d, and for each 1 < i < T let g;(n)
be a polynomial sequence with respect to the specified degree k-filtration on G;.

We may decompose [N into disjoint arithmetic progressions P1, . .., Pr such that follow-
ing conditions hold:

o N/L > N1/ jg.
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o We have

de, v, (g: ()T, gi(n)T;) < MOHETH) L =2 /(TOLD)
255 s, dou (T gi)T) <
)=

The key ingredient in this proof is a result of Schmidt [92] regarding finding small frac-
tional parts of polynomials. We will need a version of this result with explicit quantification;
this is explicitly stated in work of the authors [67, Proposition 3.7| although the argument
is essentially verbatim from a paper of Green and Tao [28, Appendix A] generalized from
quadratics to all degrees.

Proposition 4.2.2. Fiz an integer k > 1. There exist ¢, > 0 such that the following holds.
Let aq, ..., a4 be real numbers. Then
min_ max ||a;n®||z/z <i AN=HE
1<n<N 1<i<d
As stated this result is for pure monomial phases and only provides a single point with

small fractional part. This statement however can be “upgraded” via a straightforward
iterative argument which is implicit in say [28, Proposition 6.4] (where the quadratic case is

handled).

Lemma 4.2.3. Fix an integer k > 0. Consider polynomials Q1,...,Qq of degree k. Then
there exist disjoint arithmetic progressions Pi, ..., Pr such that following conditions hold:

o N/L > N%(1/d%) /o

o We have ot
(n) —O:(n' < 9. N~%(1/d%WD)
max, max [|Qi(n) = Qi(n)llw/z <
15551
Proof. We proceed by induction on k. The case k = 0 is trivial as Q;(-) are constant.
Furthermore we may assume that N > exp(d*()) else we may break [N] into singleton
arithmetic progressions.

Let Q;(n) = 325, a;m’. Applying Proposition 4.2.2, there exists D < N'/2 such that

max ||ozj,ka||R/Z <5 AN~/ d) —. o
1<j<d

We break [N] into arithmetic progressions of common difference D and with lengths between
2-Lr=1/Ck) and 7=k Label these progressions R, ..., Ry with starting points s; for
1 <¢< L' We have

Q,;(Dn + s;) = a;; D*n* + Q;:(n)
for appropriately defined polynomials @;;(n) of degree at most k — 1. Note that for n,n’ €
[771/ ()] we have

1Q;(Dn + s;) — Q;(Dn’ + ) ||lrjz = [l D*(n* — (n')*) + Qj4(n) — Qj4(n)||z/z
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< 2772 g D lryz + 11Qs0(n) — Qsa(n)|leyz
<272 +|1Qji(n) — Qja(n)|[ryz.

The result now follows by induction applied to each Q;;(n) for 1 < i < L’ on the interval
[771/(2#)] and using these decompositions to split the R; into our final decomposition. Letting
N’ = 771/(%) the number of arithmetic progressions resulting is bounded by

(2N/N’) . 2(N’)1—01/d52 < 2N1—Qk(1/dok(1))’

where ¢y, ¢ are the implicit constants for the inductive hypothesis k — 1. The result follows.
]

We next require the following lemma controlling coefficients of polynomials which live in a
restricted range mod 1. It will be convenient to recall the smoothness norm of a polynomial
P(n) = Zf:o a; (") which is defined as

| Pl|goern) = fg?;;NZHO%HR/Z-

Lemma 4.2.4. Fiz an integer k > 1. There exists ¢, > 0 such that if ¢ € (0,¢x) and

N > ¢! then the following holds. Consider a polynomial P(n) = Zf:o a; (T;) Suppose that

forn,n" € [N], we have |P(n) — P(n')||r/z < €. Then

[Pl coe vy < €.
Proof. Note that
N
Ze(P(n))‘ > N/2.
n=1

By a quantitative version of Weyl’s inequality, which may be found in Green and Tao [31,
Proposition 4.3], there exists ¢ € N with ¢ < 1 such that

laPllommvy < 1.
Let 1 <t < |N/(2k)] be an integer and note that
k - s :
o - t :;(—1) —(Z> P(t-i+1).
Via the triangle inequality, we therefore have
ok - ¥l < 2*e.

Take t to be a prime between | N/(2C)]| and [N/C| where C' is a sufficiently large absolute
constant in terms of k. Combining this with the estimate ||goy|lr/z < N~ implies that
lakllr/z <k €+ N7*. The result then follows by induction on k and applying the result for
the degree (k — 1) polynomial P'(n) = Zf;ol o (7). O

i
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With this we are in position to deduce the result for nilsequences along the lines sketched
in Section 4.1.1.3.

Proof of Lemma 4.2.1. Consider the degree k filtration of the group G;, Gip = Gi1 = G2 =
-+ = Gy =2 Idg,. We say the group G; has a degree k filtration of type ¢ if G;; = G; (i.e.,
the first (¢t + 1) groups in the filtration match). We prove the result by backwards induction
on t assuming that all groups G; have degree k filtrations of type t; note that the result is
trivial when t = k 4+ 1 and we aim to prove the claim when ¢ = 1. So, consider the case
where the filtration has type ¢ for some 1 <t < k and suppose that we already know cases
of larger type.

Let X; = {X;1,..., Xidim(,) } denote the Mal'cev basis for G;. By the classification of
polynomial sequences (see [29, Lemma 6.7]), we have

dim(G;)

gi(n) = exp ( > Pijn) 'Xm'>
j=1
where if X;; € (X; N1og(Giy)) \ (X; Nlog(Gie+1)) then the degree of polynomial P j(n) is
bounded by £.

We consider the polynomials P, j(n) for 1 <i < T and 1 < j < dim(G;) — dim(G} 441).
The degrees of P, j(n) are all at most ¢ < k and the total number of polynomials number
consideration is bounded by 7' - d. By applying Lemma 4.2.3, there exists a decomposition
of [N] into arithmetic progressions P4, ..., Py such that:

o N/L > NW1/@)%) /g

e We have

_ 0 ()

max max max ||P;(n) — Pij(n)|g/z < 2 N~0/ED7E,
1<i<T 1<s<Lnn/ePs ’

1< <dim(Gy) —dim (G ¢ 11)

We break the progressions P into two classes: the first class (s € S) if the progression
has length bounded by y/N/L and the second class (s € £) otherwise. For progressions
which are short, we break each such progression into singletons; after this there are at most
L+ /N/L-L< 2v/N L progressions which is qualitatively identical to before. For each
s € L, we write Py = {asn + b }nepp,) Where [P,| denotes the length of the progression.

Using the second condition above and applying Lemma 4.2.4, we see that for each long
progression P, we have for all 4, j that

Pi,j (asn + bs) = Pi,j,s,small(”) + Pi,j,s,int(n)
where:

L deg(Pi,j,s,int)a deg(pi,j,s,small) S deg(Pi,j)

o P jsint maps Z — Z
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o If -Pi,j7s7small(n> = Zi:() Q5 s,small,r (Z) then

Ok(l))

| S IN~T. N*Qk(l/(dT)

‘ai,j,s,small,r
for 1 <r <t and | ssmano| < 1.

We have implicitly used |Py| > \/N/L > N%/@T)%Y) for 5 € £ here.
The key trick is to now “reduce” the polynomial sequence g; to one which lives in G; 4.
Define

dim(G;)—dim(G;
L d 51’,3(”) = €xp (Zj:l( ) (Gasea) Pi,j,s,small(n) ' Xi,j)

dim(G;)—dim(G; S (n
* Yis(n) = szl( et ’M)eXP<Xi,j)P”’S’Im( )

o gi,(n) =cis(n)™" - glasn +b) - vis(n)™

Note that ¢, 5, 7, s are polynomial sequences with respect to the filtration given on G; by
the classification of polynomial sequences (see |29, Lemma 6.7]) and the fact that the set of
polynomial sequences form a group. Therefore g; , is also seen to be a polynomial sequence.
The crucial point, however, is that by the Baker-Campbell-Hausdorff formula, we have that
gl'-, ; only takes on values in G, ;1. (We are using the assumption on type that G; = Go; = Gy,
so any commutator is in Go; < Gyyq; since t > 1.)

Therefore we may inductively apply the claim for each long progression P;, to the poly-
nomials gl’-ys on G; 41 where we take the filtration on G; intersected with G; ;1 (note that
the filtration is still degree k). The corresponding Mal’cev basis is given by taking the last
dim(G}+41) elements of X;. By induction therefore we may break each long P; into L, such
progressions P, , where L, < |P,|'~%(1/ (T ™M) and such that

max max dg,/r,(g; ,(n)Ti, g; ,(n)T;) < MORERD) | r=Qu(1/dk ),
seL nn'€Ps ’ ’
1<r<L,
Here we are using [66, Lemma B.9] to compare distances between G; and G, ¢41.
Furthermore note that «; ; takes values only in I' by the definition of a Mal’cev basis and
that for n,n’' € [|Ps|] we have

de,(gis(n),idg,) < MO and dg, (gi.4(n), £i.5(n')) < MOHEOD) L N=2(/@T)OkD)

i

This is due to our bounds on the smoothness norm of P, ; s sman and [66, Lemma B.3].
It therefore follows by [66, Lemma B.4| that for any s, we have

max de,r,(gi(asn + bs)Ty, gi(asn’ + bs)Ty)
n,n'€Ps

= max dg,r,(€is(n)g; ()i, €.4(n)g; (n)T)

n,n'€Ps r

< max dg,r,(€is(n)g; ()T, €5,5(n)g; o(n)T)

n,n’GPs,r
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+ max dg,r,(€is(n)g; (n)Ts, €i.5(n) g; ((n/)T)

n,n EP.57

< MO max dg, e, (9, ()T, g, (0)T) + max da, (g55(n), £i0(n))

n,n'€Ps r n,n'€Ps. r
< 0% M) ank(l/m)ok“))

which completes the inductive step (our final decomposition is composed of all elements
of the short P, indexed by s € S and all Py, arising from the long progressions indexed
by s € L). We are done, noting that the number of inductive steps (hence the decay in
parameters) is bounded in terms of k. ]

4.3 Completing the proof

We are now run the Heath-Brown [35] and Szemerédi [98] density increment strategy as re-
formulated by Green and Tao [28]. In the first subsection we recall a number of preliminaries
for the proof and in the second subsection we prove Theorem 4.1.1. Our treatment at this
point is quite close to that of [28] and we borrow certain elements from the density increment
portion of [78] as well.

4.3.1 Preliminaries for density increment

We first recall the definition of the Gowers U®-norm over the integers.

Definition 4.3.1. Given f: Z/NZ — C and s > 1, we define

IF11Z

Us(Z/NZ) Ew,hl ----- hsEZ/NZAhl ..... hsf(x)

where Ay f(z) = f(z)f(x + h) is the multiplicative discrete derivative (extended to vectors
h in the natural way).

Given a natural number N and a function f: [N] — C, we choose a number N > 2N

and define f: Z/NZ — C via f(z) = f(x) for z € [N] and 0 otherwise. Then

/]

usNy = | f]

Us(Z/NZ)/H]l[NH Us(Z/NZ)*

One can check that this definition does not depend on the choice of N. This is well known
to be a seminorm for s > 1 and a norm for s > 2.

As mentioned, the main input for our result will be the following improved bound for the
Us-norm inverse theorem given as |69, Theorem 1.2].

Theorem 4.3.2. Fiz 6 € (0,1/2). Suppose that f: [N] — C is 1-bounded and

1.f1

Us+in] = 0.
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Then there exists a nilmanifold G /T of degree s, complexity at most M, and dimension at
most d as well as a function F' on G /T’ which is at most K -Lipschitz such that

[Encivi[f () F(g(n)T)]| = ¢,

where we may take
d <log(1/6)%W and ¢!, K, M < exp(log(1/8)%<W).
We now define the k-fold linear operator corresponding to counting k-term arithmetic
progressions. Given functions f;: [N] — C, define

k

Ak(frs s o) = Bageomy [ [ iz + (G — D)

j=1
where f; are extended by 0 outside of [N]. We also write
A(f) = M, f)-

We have the following basic inequalities regarding the operator Ay. The proof is by now
standard and hence is omitted (see |28, Lemma 3.2] and |27, Theorem 3.2|).

Lemma 4.3.3. Consider functions f;: [N] = C for 1 <i < k. Then we have
Ae(fyeeos i) < min 1 fill oy 'g\\fa‘HLw[Nb
JF

Ak(fb ceey fk) <Lk fg}ngfiHU’@*l[N] ’ I;IHfjHLW[N]-
JF1

We next define factors and the factor induced by function g with a resolution K.

Definition 4.3.4. We define a factor B of [N] to be a partition [N] = | 5.5 B. We define
B(z) for x € [N] to be the part of B that contains . We say B’ refines B if every part of B
can be written as a disjoint union of parts of B’. We define a join of a sequence of factors
to be the partition (discarding empty parts)

Bl\/\/Bd:{BlﬂdeBZGBZ}

Next given a function g: [IN] — R and a resolution K, we define the factor induced by g of
resolution K to be

By = | [{z € [N]: g(x) € [i/K, (j + 1)/K).

JEL
Finally, given a factor B, we define Ilzf by

Hpf(z) = Eyena) f(y)
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A technical annoyance is that one may potentially have a large set of points near the
cutoffs when defining By k. We define a notion of regularity capturing when a function g
avoids such issues, which is related to an idea introduced by Bourgain [11] with regards to
Bohr sets.

Definition 4.3.5. The factor B, g is C-regular if

sup (7 4o € IV I - gl < 7} ) < €

r>0

It turns out to be easy to obtain “regular” factors; a useful trick (motivated by the proof of
[29, Corollary 2.3]) is to consider a random shift of g and then apply the Hardy—Littlewood
maximal inequality. Given a function g and resolution K, we define the maximal function

11
My i (t) == f}ilggﬁ‘{x € [N]: |K - g(x) = tllzyz < }|-

The Hardy—Littlewood maximal inequality (on the torus R/Z) implies that
Etefo,) [MQ,K(t)] =0(1).

Therefore we have the following elementary fact which will prove useful.

Fact 4.3.6. There exists a constant C' = Cj 36 > 0 such that the following holds. Given a
function g: [N] — R and a resolution K, there exists a shift ¢ € [0,1/K) such that B,_; x is
C-regular.

4.3.2 Constructing factor approximation and density increment

The key claim which we need to prove Theorem 4.1.1 is the following density increment
lemma, phrased as a trichotomy.

Lemma 4.3.7. Fiz an integer k > 5 and a constant ¢ > 0. Consider a function f: [N] —
[0,1] such that Encnf(n) = 6. There exist ¢ = (¢, k) and C = C(c, k) such that one of
the following always holds:

e N < exp(exp(log(1/6)%));
o [Au(f) = A(0- Tpay)| < ed*;

e There exists an arithmetic progression P C [N] of length at least NV exp(os(1/9)F) gy ey
that
Enep f(n) = (14 ).

We prove Theorem 4.1.1 given Lemma 4.3.7; this is the standard density increment
strategy.

111



Proof of Theorem /.1.1 given Lemma 4.3.7. Suppose A C [N] has no k-term arithmetic pro-
gressions. We iteratively increase the density of A; set A = A;, N = N; and 6 = §; and we
iteratively define A; C [N;], and 0; = |A;|/N;.

If N; < exp(exp(log(1/5;)¢)), we immediately terminate. Otherwise, note that as A; is
free of k-term arithmetic progressions, we have that

[Ak(La,) = M@ - Il = 07 - [Aw(Lpv)| = [Ai] - N2> 07

where we have used that N; > exp(exp(log(1/d;)¢)) > 6;*. Therefore, the third case in
Lemma 4.3.7 occurs and there exists P;;1 such that

|A; N Pigal/|Piga| = (1 + )0,

N\C
and |Piq| > N}/ oPUe/2%07) e now rescale the arithmetic progression Piy to [|Pi|] =
[Ni11], which sends A; NP1 to a new set A;;1, and then we continue the iteration.
Note that at every iteration the density d; increases by a multiplicative factor of at least

(1+¢), so we must terminate in at most Oy (log(1/9)) iterations. Thus there exists an index
J < Og(log(1/0)) such that

N ep(Onest/DT) < N; < exp(exp(log(1/6;)7)) < exp(exp(log(1/6)7)).

This implies that
log N < exp(Oy(log(1/8)+M))

and thus
§ < exp(—(loglog N)W). O

In order to prove Lemma 4.3.7, we first iterate Theorem 4.3.2 to obtain the following
result.

Lemma 4.3.8. Fiz a parametern € (0,1/2) and k > 5. There exists a constant C' = Cy > 0
such that the following statement holds. If N > exp(log(1/1)) and f: [N] — R is 1-bounded
then there exist functions hy,... hr: [N] = R and d, M, K > 1 such that:

e B= \/1§¢§T By, k satisfies || f — g fllus—n < 05
o T, M, K < exp(log(1/1)°) and d < log(1/n)%;

o h; = Fi(g;(n)';) is a nilsequence where g;(n) takes values in a group G; which is given
a degree (k —2) filtration, G;/T'; has complexity bounded by M and dimension bounded
by d, and F;: G;/T; — R is M-Lipschitz;

o By, ik is C-reqular for 1 <¢ <T.
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Proof. The proof follows via applying Theorem 4.3.2 repeatedly. We begin the iteration by
setting By = [N] (i.e., the trivial partition). At each stage we will construct h;;; and then
set Biy1 = B;V By, , k with K = [exp(log(1/n)?*M)], where the implicit constant is chosen
sufficiently large.

Step 1: If || f — IIg, flyr-1;n) < 1, We terminate.

Step 2: If || f—IIg, f||y»-1;n) > 7, by Theorem 4.3.2, there exists a nilsequence Fiy1(giy1(n)it1)
such that

| Enevi[(f — Op, £)(n) Fip1(gir1(n)Lis1)]| > exp(—log(1/n) M)

and where G,1/T';41 has complexity bounded by exp(log(l /n)2W). dimension bounded
by log(1/n)% W Fi 1 Gig1/Tiy1 — Cis exp(log(1/n)9W)-Lipschitz, G, has been given
a degree (k — 2) filtration, and where g;,1(n) is a polynomial sequence with respect to
this filtration. Taking either the real or imaginary part of Fj,;, we may assume that
Fii1: Gi11/Ti11 — R and thus that

|Enew [(f = s, £)(n) Fip1(giv1(n)Tig1)]| = exp(—log(1/n)%M).
Note that for any ¢ € [0,1/K), this implies that

Enci {(f Mg, f)(n )LK( z+1(gz+1[(( )Fi+1)+t)J”

|En€[N] (f =g, f)(n) Fit1(gi+1(n) i+1)” - 2/K
> e:x;p(—log(l/n)ok(1 )

given that the implicit constant defining K is chosen sufficiently large. Recall here |z] is
defined in the standard manner that x = |z| + {«} where |z| € Z and {z} € [0,1). We
then take ¢ € [0,1/K), such that Bp, (g, (). ) 41,k 18 C-regular; this exists for C' larger
than an absolute constant by Fact 4.3.6.

Set hip1(n) = Fi11(giv1(n)iq1) + t. Note that

| K(Fia(gipi(m)ligr) +1))
K

is measurable with respect to By, , x by construction and it is bounded by exp(log(1/n)%+M).
Therefore since l‘[ghi+ is self-adjoint we have

1K

Ene[[Us,,, |« (f — s, f)(n)]]

2 (1 + ||Fi+1HL°°(Gi+1/Fi+1)>_1

> exp(—log(1/m) M)

Step 3: We now return back to Step 1 and keep on iterating this procedure until it ter-
minates. This completes the proof modulo showing that the iteration terminates in a small
number of steps. To show this, note that

My, ae (F = s, )l riay < s, e (F = T, )| 21y = ([,

Eone (] [(f Mg f)(n )L (Fis1(gis1(n)lig) +t)JH

K

g, (f — s, f)ll 22w

i+1,K
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< ||HBi+1(f - HBif)”L2[N} = ”HBi-Hf - HBif||L2[N]
= (Mg f 72y — 1T, f Nl 20) 2

The final equality is the Pythagorean theorem with respect to projections (this follows from
e.g. |78, Lemma 4.3(iv)]). We deduce

Mg,y fl1 28 — [T, fll 2 > exp(—log(1/n)FM).

Since for all i we have ||Ilg, f||r2(n) < [[fllz2v) < 1, there are at most exp(log(l/n)ok(l))
iterations as desired. ]

We now complete the proof of Lemma 4.3.7 and therefore the proof of Theorem 4.1.1. The
first part of the proof is finding a density increment on a factor derived from nilsequences,
which is essentially identical to that of [28, Lemma 5.8|. In the second part, we apply our
nilsequence Schmidt-type result Lemma 4.2.1 to find a long arithmetic progression with
density increment.

Proof of Lemma 4.53.7. Without loss of generality, we may assume that c is smaller than an
absolute constant. Furthermore we may assume that N > exp(exp(log(1/6)?*™"))) (where the
implicit constant may depend on ¢, k) and |Ag(f) — Ak(6 - Ljnp)| > cd*.

Step 1: Increment on a factor. By applying Lemma 4.3.8, there exists a factor B (derived
from nilsequences of appropriate complexity, with parameters below) such that

Mg f = fllye-in < 6"

where we choose ¢* sufficiently small in terms of ¢. Via telescoping and the second inequality
in Lemma 4.3.3, we have

[AL(f) — Ae(TTsf)] < c6/2

as long as ¢* was chosen appropriately, and therefore

Take ¢ = min(c,1)/(10k)°. Let g = min(Tlgf, (1 + ¢/)d). The crucial claim is that if
Y = {n € [N]: g(n) # lgf(n)} = {n € [N]: lIgf(n) > (1 + )0} then Q' must have
sufficiently large measure. To see this note that:
A f) = Ar(g)l < ks f — gl < kPuemn € ],
[A(0Tn) = Awl(g)] < k(L + )10 100w = gl
lg = 01wl zapny < Prepvyln € QT+ [101n) — T | L1p-
The first and second inequality follow from the first part of Lemma 4.3.3 and telescoping

while the final inequality follows from the triangle inequality. We simplify the inequalities
slightly; as Enen [011v)] = Enem[f] = Eneiv[IIsf], we have

||5IL[N} — HBfHLl[N] = 2||maX(HBf - 51[1\7], O)HLl[N] S 20’5 + QIP’ne[N][n € Ql]
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Given this and using the upper bound on ¢, we deduce

Ak f) — Ae(9)| < E[Tsf — gll i) < kPrepa[n € €],
[AR(01 1)) — Ai(g)] < 266" |6 1wy — gl oy
||g — 51[N]||L1[N] < SIPnE[N] [TL S Q/] +276.

Therefore

6" /2 < |Ak(8 - Lwy) — AT f)] < JA(8 - L) — A(g)] + [Ax(Tsf) — Aw(9)]
< kPne[N] [n € Q/] + 2k5k_1||5]1[N] — g”Ll[N] < 7[{3Pn€[1\7] [n € Q/] + 4k0,5k;

thus we have P,eyi[n € Q] > ¢6*/(20k).

Step 2: Increment on a progression. We are now in position to apply the nilsequence
Schmidt-type result Lemma 4.2.1. Recall that we applied Lemma 4.3.8 to find B, and hence
we may write B = \/,_, . By, x where:

o T, M, K < exp(log(1/6)¢) and d < log(1/6);

e h; = F;(g;(n);) is a nilsequence where g;(n) takes values in a group G; which is given a
degree (k — 2) filtration, GG;/T"; has complexity bounded by M and dimension bounded
by d, and F;: G;/T'; — R is M-Lipschitz;

o B, i is C-regular for 1 <¢ < T

Here C'is a slightly larger value than the constant Cj in Lemma 4.3.8, depending only on k.
We now apply Lemma 4.2.1 to g;(n) for 1 < i < T. We obtain a decomposition of [N]
into arithmetic progressions P, ..., P such that

o N/L > Nﬁl/exp(log(l/é)ok(l));
e We have

max max dg,/r, (g:(n)Ty, g:(n")T;) < exp(log(l/cS)Ok(l)) . N1/ expllog(1/6)k ).
7>

We now consider P; which intersect 2'. Call a progression in the decomposition crossing
if it intersects 2" and [N]\ @' and a progression contained if it is fully within in Q'. Since
' is measurable in terms of B, for a progression to be crossing it must “cross a boundary”
defining By, k for at least one 1 < ¢ < T'. If a progression P; crosses one of these boundaries
defined by h; then all points in P; map close to this boundary, since the function Fj is
M-Lipschitz. In particular, by regularity of each By, i, the measure (with respect to the
uniform distribution on [/V]) of improper progressions is bounded by

<, T- exp(log(l/é)ok(l)) . N1/ exp(log(1/6)%k(M) _ eXp(log(1/5)Ok(1)) . N1/ exp(log(1/6)%k ()
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Let ©Q* denote the union of all the contained progressions which have length at least
N’ = ¢/ §F+1/(400k) - N/L (hence certainly Q* C 2'). Let Z be the set of all 1 <4 < L so
that P; either has length at most N’ or is crossing. We easily see that

0 < Puep[n € ) = Prepwiln € 0] <> Prepyln € Pi] < ed 6% /(200k);
1€l

in the final inequality we have used that N > exp(log(1/6)*") for a sufficiently large implicit
constant.
Finally, this implies that

Enen Lf - Lnear] > Eneln Lf - Lneqr] — 0015k+1/(200k)

E,con[f] =
ad Prepv[n € ] Prev[n € V]
o Enemlf - Lneor] ccd §F+1 /(200k)
= Pacvn € ] cok/(20k)

EnG[N] [HBf : ﬂnEQ’] ,
= —d6/10
Pne[N] [n S Q’] ¢ /

> (140 —d6/10 > (1+/2)0.
By pigeonhole, this implies that there exists a contained arithmetic progression P; having

length at least 6"+ /(400k) - N/L > N~/ expos(/)%M) on which the density of f is at
least (14 ¢//2)d. Adjusting the value of ¢/, this completes the proof. O
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