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ABSTRACT

First-order methods are optimization algorithms that can be described and analyzed using
the values and gradients of the functions to be minimized. These methods have become
the main workhorses for modern large-scale optimization and machine learning due to their
low iteration costs, minimal memory requirements, and dimension-independent convergence
guarantees. As the data revolution continues to unfold, the pressing demand for discovering
faster first-order methods and rigorous convergence analyses of existing first-order methods
have become the key problem in today’s big data era. To that goal, in this thesis, we make
advancements in computer-assisted design and analysis of first-order methods and related
problems.

The core contribution of this thesis is developing computer-assisted methodologies for analyz-
ing and designing first-order methods using nonconvex quadratically constrained quadratic
optimization problems (QCQPs). In this approach, the key idea involves posing the analysis
or design of first-order methods as nonconvex but practically tractable QCQPs and then
solving them to global optimality using custom spatial branch-and-bound algorithms.

In Chapter 2 of this thesis, we present Branch-and-Bound Performance Estimation Program-
ming (BnB-PEP), a unified methodology for constructing optimal first-order methods for
convex and nonconvex optimization. BnB-PEP poses the problem of finding the optimal
first-order method as a nonconvex but practically tractable QCQP and solves it to certifiable
global optimality using a customized branch-and-bound algorithm. Our customized branch-
and-bound algorithm, through exploiting specific problem structures, outperforms the latest
off-the-shelf implementations by orders of magnitude, accelerating the solution time from
hours to seconds and weeks to minutes. We apply BnB-PEP to several practically relevant
convex and nonconvex setups and obtain first-order methods with bounds that improve upon
prior state-of-the-art results. Furthermore, we use the BnB-PEP methodology to find proofs
with potential function structures, thereby systematically generating analytical convergence
proofs.



We next propose a QCQP-based computer-assisted approach to the analysis of the worst-case
convergence of nonlinear conjugate gradient methods (NCGMs) in Chapter 3. Those methods
are known for their generally good empirical performances for large-scale optimization while
having relatively incomplete analyses. Using our computer-assisted approach, we establish
novel complexity bounds for the Polak-Ribiere-Polyak (PRP) and the Fletcher-Reeves (FR)
NCGMs for smooth strongly convex minimization. In particular, we construct mathematical
proofs that establish the first non-asymptotic convergence bound for FR (which is historically
the first developed NCGM), and a much improved non-asymptotic convergence bound for
PRP. Additionally, we provide simple adversarial examples on which these methods do not
perform better than gradient descent with exact line search, leaving very little room for
improvements on the same class of problems.

In Chapter 4 of this thesis, we develop the nonconvex exterior-point optimization solver
(NExOS)—a first-order algorithm tailored to sparse and low-rank optimization problems. We
consider the problem of minimizing a convex function over a nonconvex constraint set, where
the set can be decomposed as the intersection of a compact convex set and a nonconvex set
involving sparse or low-rank constraints. Unlike the convex relaxation approaches, NExOS
finds a locally optimal point of the original problem by solving a sequence of penalized
problems with strictly decreasing penalty parameters by exploiting the nonconvex geometry.
NExOS solves each penalized problem by applying a first-order algorithm, which converges
linearly to a local minimum of the corresponding penalized formulation under regularity
conditions. Furthermore, the local minima of the penalized problems converge to a local
minimum of the original problem as the penalty parameter goes to zero. We then implement
and test NExOS on many instances from a wide variety of sparse and low-rank optimization
problems, empirically demonstrating that our algorithm outperforms specialized methods.
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Chapter 1

Introduction

Optimization problems pervade engineering, operations research, and machine learning, and
as such, finding the fastest algorithm to solve them is of paramount importance. The efficiency
of an optimization method can make a significant difference in the outcome of a problem, as
well as the feasibility of solving it in practical applications. The ability to efficiently solve
large-scale optimization problems has a direct impact on a wide range of areas, including
operations research, management science, machine learning, and many others. In addition,
optimizing the speed of an optimization method has far-reaching implications in terms of

computational resources, cost-effectiveness, and energy consumption.

For these aforementioned reasons, researchers in optimization continue to seek and develop
faster methods with better convergence rates, lower computational complexity, and enhanced
robustness. First-order methods are optimization algorithms that can be described and
analyzed using the values and gradients of the functions to be minimized. These meth-
ods have emerged as the principal tools in modern large-scale optimization and machine

learning, attributed to their low iteration costs, minimal memory requirements, and dimension-
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independent convergence guarantees. While other types of optimization methods such as
second-order methods can offer faster convergence in certain situations, they are computa-
tionally expensive and often impractical for large-scale optimization and machine learning as
these second-order methods require matrix inversion or factorization and solution of large
systems of equations. In contrast, first-order methods can handle large-scale data sets and
are amenable to distributed computing, making them well-suited for machine learning appli-
cations. Hence, discovery of new faster first-order methods along with tighter convergence
analysis of existing first-order methods can have a significant impact on the feasibility and
scalability of large-scale optimization and machine learning problems, as well as their ability

to handle real-world applications in a timely and cost-effective manner.

As a result, developing methodologies that can systematically find novel faster first-order
methods and discover tight convergence analyses of existing first-order methods is of great
importance. To that end, this thesis makes advancements in computer-assisted methodologies
for analyzing and designing first-order methods using nonconvex quadratically constrained
quadratic optimization problems (QCQPs). The key idea in this approach is to pose the
design and analysis of first-order methods as nonconvex but practically tractable QCQPs. By
solving these QCQPs to global optimality using custom spatial branch-and-bound algorithms,
we can either discover optimal first-order methods or establish tight convergence analyses for

known first-order methods from the numerical solutions to the QCQPs.

The results in chapters 2, 3, 4 are included in the papers [1-3], respectively. We next provide

a brief summary for each of the remaining chapters of this thesis below.

Chapter 2: Branch-and-Bound Performance Estimation Programming: A Unified
Methodology for Constructing Optimal Optimization Methods. In Chapter 2 of this

thesis, we present Branch-and-Bound Performance Estimation Programming (BnB-PEP), a
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unified methodology for constructing optimal first-order methods for convex and nonconvex

optimization.

About ten years ago, researchers showed that the performance of a known first-order method
can be computed exactly by solving a tractable higher-level semidefinite optimization problem
called a performance estimation problem (PEP) [4-6], and since then this framework has led
to many novel methods and analyses [7-10]. However, if the goal is instead to discover the
provably best first-order method for a given problem class, the aforementioned methodologies
encounter significant limitations. BnB-PEP overcomes those limitations by posing the
problem of finding the optimal first-order method as a nonconvex but dimension-independent
and practically tractable QCQP and solving it to certifiable global optimality using a
customized branch-and-bound algorithm. Our customized open-sourced branch-and-bound
algorithm, through exploiting specific problem structures, outperforms the latest off-the-shelf
implementations by orders of magnitude, accelerating the solution time from hours to seconds

and weeks to minutes.

We apply BnB-PEP to several practically relevant convex and nonconvex setups and obtain
first-order methods with bounds that improve upon prior state-of-the-art results. Furthermore,
we use the BnB-PEP methodology to find proofs with potential function structures, thereby
systematically generating analytical convergence proofs. Finally, we provide roughly 10,000

lines of code precisely describing and demonstrating our methodology:

https://github.com/Shuvomoy/BnB-PEP-code

Chapter 3: Nonlinear conjugate gradient methods: worst-case convergence rates via
computer-assisted analyses. We next propose a QCQP-based computer-assisted approach

to the analysis of the worst-case convergence of nonlinear conjugate gradient methods

25


https://github.com/Shuvomoy/BnB-PEP-code

(NCGMs) in Chapter 3. NCGMs are a class of adaptive (stepsizes are functions of the
gradients of previous iterates) first-order algorithms, and notable NCGMs include Polak-
Ribiere-Polyak (PRP) [11, 12], Fletcher-Reeves (FR) [13], Hestenes-Stiefel method [14], the

conjugate descent method due to Fletcher [15], and Dai-Yuan method [16].

In the class of NCGMs, FR and PRP play a fundamental role, as under exact line search,
the other NCGMs reduce to either PRP or FR. These NCGMs exhibit excellent empirical
performances for solving large-scale optimization problems but have barely any non-asymptotic
convergence results in spite of being more than 50 years old. In that context, we make a
two-fold contribution in Chapter 3. First, we compute non-asymptotic worst-case convergence
results along with simple counter-examples in dimension 4 for PRP and FR under exact
line search. Our convergence results are obtained by formulating the problems of computing
worst-case scenarios as nonconvex QCQPs, and then by solving them to global optimality.
Second, these computations enable us to construct mathematical proofs that establish an
improved non-asymptotic convergence bound for PRP, and, to the best of our knowledge, the
first non-asymptotic convergence bound for FR. Furthermore, the worst-case bounds for PRP
and FR obtained numerically reveal that there are simple adversarial examples on which
these methods do not perform better than gradient descent with exact line search, leaving
very little room for improvements on this class of problems. Since we demonstrate that the
convergence results of NCGMs associated with exact line search are already disappointing,
we conclude that inexact line searches, which approximate exact line search, are unlikely to

offer improvement.

We also contribute in terms of computer-assisted methodologies too in this chapter. Our
approach to computing worst-case scenarios and bounds for adaptive first-order methods
through nonconvex QCQPs advances the semidefinite programming-based PEP methodolo-

gies [4-6] developed for non-adaptive first-order methods. This contribution aligns with the
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spirit of Chapter 2, developed for devising optimal (but non-adaptive) first-order methods.

The code used to generate and validate the results in this chapter is available at:

https://github.com/Shuvomoy /NCG-PEP-code.

Chapter 4: Exterior-point Optimization for Sparse and Low-rank Optimization. In
Chapter 4 of this thesis, we present the nonconvex exterior-point optimization solver (NExOS),
which is a first-order algorithm tailored to sparse and low-rank optimization problems. Many
optimization problems of substantial current interest can be formulated as sparse or low-rank
optimization problems. Sparse optimization problems, i.e., optimization problems with
sparsity constraints have found applications in gene expression analysis [17, pp. 2-4], sparse
regression [18, pp. 155-157], signal transmission and recovery [19, 20], hierarchical sparse
polynomial regression [21], and best subset selection [22]. On the other hand low-rank
optimization problems, i.e., problems where the decision variables are low-rank matrices, have
found applications in collaborative filtering [18, pp. 279-281], design of online recommendation
systems [23, 24|, bandit optimization [25], data compression [26-28], and low rank kernel

learning [29].

In many case, these sparse and low-rank optimization problems correspond to minimizing
a convex function over a nonconvex constraint set, where the set can be decomposed as
the intersection of a compact convex set and a nonconvex set involving sparse or low-rank
constraints. NExOS finds a locally optimal point of the original problem by solving a sequence
of penalized problems with strictly decreasing penalty parameters by exploiting the nonconvex
geometry of such problems. NExOS solves each penalized problem by applying a first-order
algorithm (Douglas-Rachford splitting), and we show that it converges linearly to a local
minimum of the corresponding penalized formulation under mild regularity conditions. We

also prove that the local minima of the penalized problems converge to a local minimum of
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the original problem as the penalty parameter goes to zero.

We implement NExOS in the open-source Julia package NExOS. j1 and test it extensively
on many synthetic and real-world instances of different sparse and low-rank optimization
problems of substantial current interest: sparse regression problem, affine rank minimization
problem, and low-rank factor analysis problem. We demonstrate that NExOS computes
solutions very quickly, where the quality of the found solutions are competitive with or better

than specialized algorithms on various performance measures. NEx0S. j1 is available at:

https://github.com/Shuvomoy/NExOS.jl
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Chapter 2

Branch-and-Bound Performance
Estimation Programming: A Unified
Methodology for Constructing

Optimal Optimization Methods

2.1 Introduction

Since the pioneering work of Nesterov and Nemirovsky on accelerated gradient methods
[30] and information-based complexity [31, 32], finding efficient and optimal first-order
methods has been the focus in the study of large-scale optimization. Recently, renewed
vitality was injected into this classical line of research by the emergence of computer-assisted
methodologies following the Performance Estimation Problem (PEP) of Drori and Teboulle

[4]. The celebrated accelerated gradient method by Nesterov was improved by a constant
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factor in [8; 9, 33], and entirely novel acceleration mechanisms, distinct from Nesterov’s, have
been discovered [34-37]. These computer-assisted methodologies, roughly speaking, pose the
problem of analyzing an efficient method as a convex semidefinite program, and the convexity

provides certain algorithmic guarantees.

However, the convexity in the formulation simultaneously serves as a limitation. The
aforementioned works presented several ingenious changes of variables, relaxations, and
reformulations to retain convexity, but such efforts cover only a handful of setups. When

these techniques do not apply, the prior methodologies become inapplicable.

Contribution. This work presents the Branch-and-Bound Performance Estimation Program-
ming (BnB-PEP), a methodology for constructing optimal first-order methods for convex
and nonconvex optimization in a tractable and unified manner. We formulate the problem of
finding the optimal optimization method as a nonconvex quadratically constrained quadratic
problem (QCQP). By directly confronting the nonconvexity of the QCQPs in consideration,
BnB-PEP offers significantly more flexibility and removes the many limitations of the prior
PEP-based methodologies. We then provide a customized spatial branch-and-bound algo-
rithm that enables us to solve such QCQPs to certifiable global optimality in a practical
time scale. The customization speeds up the branch-and-bound algorithm, compared to the
latest off-the-shelf implementations, by orders of magnitude, reducing runtimes from hours to
seconds and weeks to minutes. We apply the BnB-PEP methodology to several setups for
which the prior methodologies do not apply and construct methods with bounds improving
upon prior state-of-the-art results. Finally, we use the BnB-PEP methodology to find proofs
with potential function structures, thereby systematically generating analytical convergence

proofs.
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2.1.1 Prior work

The performance estimation methodology, initiated by Drori and Teboulle [4], formulates
the worst case-performance of an optimization method as an optimization problem itself
and upper bounds this performance through a semidefinite program (SDP) “relaxation”.
Taylor, Hendrickx, and Glineur then showed that the SDP formulation is, in fact, tight (not
a relaxation) through the notion of convex interpolation [5]. Lessard, Recht, and Packard
combined the notion of the performance estimation methodology with control-theoretic
notions through their integral quadratic constraints (IQC) formulation [10]. Taylor, Van
Scoy, and Lessard then showed that IQCs could be seen as a feasible solution to performance
estimation problems finding optimal linear convergence rate through Lyapunov functions [7].
Taylor and Bach extended this observation through a methodology that uses the performance

estimation approach to find the optimal sublinear rates through potential functions [38].

This advancement in the the performance estimation methodology has led to the discovery of
many novel methods and analyses. Drori and Teboulle numerically constructed the optimized
gradient method (OGM) [4] and Kim and Fessler found its analytical description [8]. OGM
surpasses Nesterov’s fast gradient method by a constant factor and Drori showed that OGM
is exactly optimal through an exact matching complexity lower bound [39]. Drori and Taylor
constructed efficient first-order methods that utilize 1D and 3D exact line searches using a
span-search variant of the performance estimation methodology [40]. Van Scoy, Freeman, and
Lynch constructed the triple momentum method, a method that surpasses the Nesterov’s
fast gradient method for the strongly convex setup by a constant factor, using the IQC
methodology [33]. Taylor and Drori constructed the information-theoretic exact method
(ITEM), further improving upon the triple momentum method [9]. Drori and Taylor showed

that ITEM is exactly optimal through an exact matching complexity lower bound [41]. Kim
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and Fessler constructed OGM-G, which has the best known rate for reducing the gradient
magnitude in the smooth convex setup [34]. Finally, the performance estimation methodology
has also been utilized for constructing methods with inexact evaluations [42-44|, analyzing
methods in the composite minimization setup [45, 46], analyzing methods with exact line
search [47], analyzing monotone operator and splitting methods [35, 36, 48, 49], and analyzing

acceleration in the mirror descent setup [50].

Prior work constructing efficient methods based on the performance estimation methodology
relies on two conceptual stages. The first stage poses the inner problem as finding the
worst-case performance of a given method and formulates the inner problem as a convex SDP
through some ingenious change of variables and SDP duality. The second stage constructs
an outer problem that minimizes the aforementioned worst-case performance as a function
of the method. An equivalent view is that the inner problem finds a convergence proof and
the outer problem finds the algorithm with the smallest (best) guarantee established by the
convergence proof of the inner problem. While the inner optimization problem is convex,
setups for which the outer minimization problem is convex are quite rare. As we detail in
§2.3.1.2, prior work circumvents this nonconvexity within the scope of convex optimization
through relaxations and heuristics. However, these prior techniques do not always apply,
especially when the underlying optimization problem is nonconvex. The setups of §2.6.2 and

§2.6.3 of this work are such examples.

2.1.2 Organization

This chapter is organized as follows. In §2.2, we present the necessary background and
describe our problem setup. In §2.3, we illustrate the BnB-PEP methodology by applying
it on a concrete problem instance of constructing the optimal fixed-step first-order method

for reducing the gradient of a strongly convex and smooth function. Our discussion up to
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§2.3.1.1 follows prior approaches, and our novel contribution starts in §2.3.1.2. In §2.4, we
present customizations of the spatial branch-and-bound algorithm that enables us to solve
the QCQPs that construct optimal optimization methods in a practical time scale. In §2.5,
we present the generalized formulation of our methodology. In §2.6, we demonstrate the
effectiveness of our methodology through several applications. In §2.6.1, we construct the
optimal gradient method without momentum for reducing function value in the smooth convex
setup and demonstrate that it outperforms the best known method without momentum. In
§2.6.2, we construct the optimal method for reducing gradient norm of smooth nonconvex
functions and demonstrate that it outperforms the prior best known method [51]. In §2.6.3,
we design an optimized first-order method with respect to a suitable potential function for
reducing the (sub)gradient norm of nonsmooth weakly convex functions and demonstrate
that it outperforms the prior best known method [52, Theorem 3.1]. Additionally, in §2.6.3.3,
we present a systematic approach to generate analytical proofs from the solutions obtained
through our methodology, extending the approach of Taylor and Bach [38] to nonconvex and

nonsmooth setups.

2.1.3 Computational setup

For scientific reproducibility, we open-source our codes to generate all the numerical results

presented in this chapter at the link:
https://github.com/Shuvomoy/BnB-PEP-code

Unless otherwise specified, we performed our numerical experiments on a laptop computer
running Windows 10 Pro with Intel Core i7-8650U CPU with 16 GB of RAM. We used
JuMP—a domain-specific modeling language for mathematical optimization embedded in the

open-source programming language Julia [53]—to model the optimization problems. Our
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proposed algorithm uses the following solvers: Mosek 9.3 [54] (free for academic use), Ipopt
3.12.11 [55] (open-source), KNITRO 13.0.0 [56] (free for academic use), and Gurobi 10 [57]

(free for academic use).

2.2 Background and problem setup

Write R for the underlying Euclidean space, even though our results and formulations
extend to the setup where the underlying setup is a Hilbert space [48]. Write (- | -) and
| - || to denote the standard inner product and norm on R%. For a,b € IN, denote [a : b] =
{a,a+1,a+2,...,0—1,b}. Write R™*™ for the set of m x n matrices, $" for the set of n xn
symmetric matrices, and §7 for the set of n X n positive-semidefinite matrices. We use the
standard notation e; € R for the unit vector having a single 1 as its i-th component. Write

(-®-): R?x R — R¥4 to denote the symmetric outer product, that is, for any z,y € R%:

(:EyT + yxT) .

N | —

rTOY =

We follow standard convex-analytical definitions [58-61]. A set S C R¢ is convex if for any

x,y € S and 0 € [0,1], we have fz + (1 — )y € S. A function f: R? — R is convex if

fOz+(1—0)y) <O0f(x)+(1-06)f(y)

for all z,y € R and 4 € (0,1).

The abstract subdifferential of f: R? — R at z, denoted by df(z), is defined to satisfy the

following properties [62]:
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(i) If f is convex, then the abstract subdifferential is the usual convex subdifferential, i.e.,

of () ={9 e R"[ f(y) > f(x)+ (9 |y —x), Vy € R"}.

(ii) If f is continuously differentiable at x, then its abstract subdifferential at x just contains
the gradient V f(x), i.e., 0f(x) = {V f(x)}.
(iii) If f attains a local minimum at z, then 0 € df(z).

(iv) For all y € R% and 8 € R,

o (£00+ 511 ~3l) =010 + 8- - ).

The Clarke-Rockafellar subdifferential [63, §1.2], Mordukhovich subdifferential [64, §1.3],
and Fréchet subdifferential [65, page 132] are all instances of the abstract subdifferential [62,
page 70]. Whenever we say subdifferential in this chapter, we are referring to the abstract
subdifferential. Because our analyses use only the properties of the abstract subdifferential,

our results apply to all instances of the abstract subdifferential. We write f’(x) to denote an

element of df(z).

We say a function f is L-smooth if it is differentiable everywhere and V f is L-Lipschitz
continuous. We say a function f is p-strongly convex if f(-) — (u/2)|| - ||* is convex. We say a
function f is p-weakly convex if f + (p/2)]| - ||* is convex. We say a function f has L-bounded

subgradients if ||g|| < L for all g € 9f(z) and x € R%
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2.2.1 Quadratically constrained quadratic program (QCQP)

A QCQP is defined as:

minimize ¢’z 4+ 2" Qux

r€eRY
P = subject to a]z+2" Qi <by, i€[l:ml], (2.1)
ajr+a'Qr="0;, je[m+1:p],
where € R? is the decision variable. The matrices Qy, @1, ..., ", € R9*? are symmetric,

but not necessarily positive-semidefinite. Therefore, this problem is nonconvex.

Practical tractability of QCQPs. The QCQP problem class is NP-hard and therefore has
no known polynomial-time algorithm [66, pp. 565-567]|. However, such theoretical worst-case
intractability does not necessarily imply that specific problem instances are not practically

tractable [67, Chapter 1].

Branch-and-bound solvers have experienced astounding speedup in the past few decades.
In the last thirty years, branch-and-bound solvers for mixed-integer optimization (MIO)
problems have achieved an algorithmic speedup of approximately 1,250,000 and a hardware
speedup of approximately 1,560,000, resulting in an overall speedup factor of approximately 2
trillion [67, page 5]. While these speedup factors are for MIO and not for QCQP, the speedup
factors for QCQP solvers have followed a similar trend since the recent (2019) incorporation
of QCQPs in commercial solvers [68]. For example, in less than three years, Gurobi’s spatial
branch-and-bound algorithm has achieved a machine-independent speedup factor of 175.5

57, 69].

This remarkable speedup has rendered previously intractable problems practically tractable.

Furthermore, one can often significantly speed up the spatial branch-and-bound algorithm
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by customizing it to exploit specific problem structure. We present such customizations for
the BnB-PEP Algorithm in §2.4 and §2.5, and demonstrate that the speedup is absolutely

essential for the BnB-PEP Algorithm to be used practically.

QCQP solvers for local and global solutions. Since QCQPs have twice-continuously
differentiable objectives and constraints, one can use interior-point solvers such as KNITRO
[56] or Ipopt [70] to compute locally optimal solutions under certain regularity conditions
[71, Theorem 4][72, §3.2]. On the other hand, one can use the spatial branch-and-bound
algorithm implemented in solvers such as Gurobi [57] to find globally optimal solutions of

nonconvex QCQPs and to certify their optimality in finite time.

2.2.2 Problem setup

Consider the unconstrained minimization problem

minimize f(x), (2.2)
z€RY

where f is smooth or nonsmooth, convex or nonconvex.

For the sake of simplicity, we assume that f has a global minimizer z, (not necessarily
unique). Optimization problems with further structure, such as problems with constraints
and problems whose objective are sums of functions, can also be considered. However, we

restrict our discussion to this setup of unconstrained minimization for the sake of simplicity.

Function class . An optimization method is usually designed for a specific class of
functions. In this work, we use the BnB-PEP methodology with function classes listed
in Table 2.1. More generally, we can use the BnB-PEP methodology with quadratically

representable function classes, a notion we further discuss in §2.A.1 of the appendix at the
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Function class Notation

L-smooth Convex (0 < L < c0) Fo,L
L-smooth and p-strongly convex (0 < p < L < 00) FuL
L-smooth Nonconvex (0 < L < 00) F_LL

p-weakly convex with L-bounded subgradients (p > 0, L > 0) Wo.L

Table 2.1: Function classes considered in this chapter.

end of this chapter.

Fixed-step first-order method M. We consider fixed-step first-order methods, which
include most subgradient methods and accelerated gradient methods [9]. A method is said to
be a fized-step first-order method (FSFOM) with N steps if it takes in a function f and a

starting point zo € R as input and produces its iterates with:
i—1
Ti = Xj—1 — Z Si,jf/(xj) (2‘3)
§=0

for i € [1: NJ, where f'(z;) € 0f(x;) is a subgradient of f at x; for j € [0: N — 1]. We can

equivalently express the FSFOM (2.3) with
i—1
z =20 — )5 f (25),
=0
where {Si,j}0§j<i§N and {gi,j}0§j<i§N are related by

Sii—1, ifj =1—1,
5= (2.4)

gi—l,j + Sijo lfj S [0 11— 2]

for 0 < j <i < N. Write s = {s; j }o<jci<y and 5 = {5, ; }o<j<i<ny to denote the collection

of stepsizes. The stepsizes s or s may depend on the function class F and the value of NV,
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but are otherwise predetermined. In particular, they may not depend on function values or
gradients observed throughout the method. Write My to denote the set of all FSFOMs with
N steps. We will soon formulate the problem of finding an optimal FSFOM in My as an

optimization problem itself, and the stepsizes s or s will serve as the decision variables.

The notion of fixed-step linear first-order methods extend these definitions to accommodate
proximal methods and conditional gradient methods [73, pp. 118-119]. Our BnB-PEP
methodology also directly applies to these generalizations, but we restrict our discussion to

FSFOMs for the sake of simplicity.

Performance measure £ and initial condition C. For notational convenience, define the

index sets

In=1{0,1,....,N}, It=1{0,1,...,N,*}

Throughout this chapter, we will use x as the index corresponding to the optimal point. Write
£ to denote the performance measure that evaluates a method M € My on a specific function
f € F with a starting point zy. We require that £ depends only on iterates {zo,...,zx}, a
globally optimal solution z, to (2.2), and the values and (sub)gradients of f at the points
o, X1,...,TN,Tyx. In other words, & may depend on the solution xz, and zero- and first-order
information the FSFOM observes, but may not depend on other unobserved information of

f. Commonly considered performance measures are

& ({% f(wi), f(ﬂii)}z'elfv) = fzn) = flz.)

or

£ ({xi,Vf(wi),f(aﬁi)}ieJ;V) = VS (zn)l?

when f is differentiable.
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To obtain a meaningful rate on the methods, we impose a suitable condition on the initial

iterate xg, which we abstractly express as

({x“ "(z4), (xz)}ielj*v)fo.

Commonly considered initial conditions are

({m“ f'(ws), (ﬁz)}z’ez;v) = ||zg — z,]|* — R?

or

C ({ai, f'(@i), fxi)biery ) = flwo) = f(xe) — R,

where R > 0.

Worst-case performance R. The worst-case performance or the rate of the method

M € My is obtained by maximizing £ over functions in F. More formally, we define

R (M, E,F,C)
maximize ({xl, "(x;), (%)}iel}v)
subject to
fewF, ‘

— (Olnner)
z, is a globally optimal solution to (2.2),
{Zi}icp.n is generated by FSFOM M with initial point x,

C ({wi, f'(x), f@) Yiery, ) <0,
where f, zg,..., 2y, and z, are the decision variables. We set x, = 0 and f(z,) = 0, which

incurs no loss of generality because the function classes in Table 2.1 and the FSFOM in

consideration are closed and invariant under shifting variables and function values.
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We will soon show that evaluating the worst-case performance of a given method M € My

by solving (O™"") can be represented as a (finite-dimensional convex) semidefinite-program.

Optimal FSFOM. An optimal FSFOM M} € My for a given performance measure £ over
function class F subject to the initial condition C is a solution to the following minimax

optimization problem:

* o e e . outer
R (MN,S,]:,C)—mﬁlel/I\I/tlllvze R(M,E,F,C). (Qovter)

Finding an optimal FSFOM M} € My by solving (O°*) is, in general, a nonconvex
problem. The BnB-PEP methodology formulates (O°"*") as a (nonconvex) QCQP and solves
it to certifiable global optimality using a spatial branch-and-bound algorithm in a practically
tractable manner. In §2.3, we illustrate our methodology by describing it for a concrete

problem instance. In §2.5, we present the general form of the the methodology.

2.3 BnB-PEP for strongly convex smooth minimization

This section demonstrates the BnB-PEP methodology on a concrete instance for which prior

methodologies do not apply. The general BnB-PEP methodology is presented in §2.5.

Specifically, we find the optimal FSFOM for reducing the gradient of u-strongly convex
L-smooth functions, with 0 < u < L < oo. In other words, we choose the function class
F = F, 1, and performance measure € = ||V f(zx)||?. Further, we choose the initial condition
C = ||zo — z||* = R* < 0 with R > 0. Then, an optimal FSFOM is a solution of the following

instance of (O°"r):

R* My, E,F,C) = minimize R (M,E,F,C).
MeMy
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2.3.1 Optimal optimization method from BnB-PEP-QCQP

We formulate the outer problem as a (nonconvex) QCQP, which we refer to as the BnB-PEP-
QCQP; in the following two steps. In §2.3.1.1, we formulate the inner problem (O™) as a
convex SDP. This first step follows the approach of [4, 6]. Then in §2.3.1.2 formulates the

outer problem (O°"¢) as a QCQP. This second step is is novel.

2.3.1.1 Formulating the inner problem (O™™*°r) as a convex SDP

Infinite-dimensional inner optimization problem. By setting s; ; = hzj in (2.3), parame-
terize FSFOMs in My as

1 i—1
T = Tj—1 — Z Z hi,jf/('xj) (25)
Jj=0

for i € [1: N|. Write h = {h; j }o<j<i<n. Then (O™*) becomes

R(M,E,F,C)

maximize ||V f(zn)|?
subject to f € F, L,
Vf(z.) =0,

_ | (2.6)
Ty = Tj—1 — %E;;b h@ij(l'j), 1€ [1 : N},
HIO - x*HQ S R27
., =0, f(z,) =0,
where f,xg,...,xy are the decision variables. As is, f is an infinite-dimensional decision

variable.

Reparametrization from F,; to Fo_,. Next, we use the following lemma to repa-

rameterize (O™), defined with function class F, 1, into an equivalent problem with the
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(L — p)-smooth convex function class Fy —,. The benefit of the reparametrization is that

the final problem becomes more compact.

Lemma 2.1 (Reparametrization from F,, 1 to For—, [9, §3.2]). Consider f € F, 1 where
0 < p <L < oo with a minimizer x,. Consider an FSFOM with f and {h;;}o<j<i<n as

defined in (2.5). Define f = f — (u/2)|| - —z.||* and an array of parameters {a; ;}o<jci<n

hm’—l, ifj =1i— L
Qjj =

Qi1 5 + hz’,j — %Z.Z:_:l]—l—l hi,kak,ja ij S [0 11— 2],

where i € [1: N] and j € [0:i—1]. Then (i) f € For_, if and only if f € Fup, (i)
x, € argmin f, and (iii) the FSFOM (2.5) is equivalent to

M i—1 izl
T = Xy + (To — ) 1—ZZOAM —Z L’jvf(l‘j)
j=0 J=0

forie[l:N].
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Reformulated infinite-dimensional maximization problem. Using Lemma 2.1, we refor-

mulate (O™ as

R(M,E,F.C)

maximize ||Vf(zn)||? + p2l|lzy — 2.]]* + 21 <Vf(xN) | zn — x*>
subject to

JFG Fo,0—p

=| Vf) =0,

xT; = T ( -k Z;;B ai,j) — %Z;;lo aMVf(xj), ie[l:N]

|20 — z.]]* < R?,

Ty = va(x*) = OJ

where f , T, ...,y are the decision variables. The decision variable f € For—p is still

infinite-dimensional. Write v = {a; ; }o<j<i<n-

Interpolation argument. We now convert the infinite-dimensional optimization problem

into finite-dimensional one with the following lemma.

Lemma 2.2 (Fy p-interpolation [9, Theorem 2]). Let I be an index set, and let {(z;, gi, fi) }ier C
R x R? x R. Let L > 0. There exists f € For satisfying f(x;) = fi and g; € Of(z;) for all
i € I if and only if !

1 o
fi>fi+ (g | zi—z;) + ﬁ”gh —gll*, Vi,jel

!This can be viewed as a discretization of the following condition [59, Theorem 2.1.5, Equation (2.1.10)]:
f € Fo,r if and only if

$) 2 J@HTI@) [y =) + 51V @) - VI@)IP, Voy eRY
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Finite-dimensional maximization problem. Using Lemma 2.2, reformulate (O™") as

R(M,E,F,C)

maximize [|gn||* + p?llon — 2 )® — 2 (gn | 24 — zN)

subject to

fiz fi+ g lwi—xp) + sppllo — gil®, i eIy i#,

g*:O,x*:(),f*:O,

e -l o) L=l oo ; .
xz—xg(l L jzoozm) T 2= ®ijgj, 1€ [L:N]

lwo — z.]|* < R

Now, the decision variables are {z;, g;, fi }iers, C R? x R? x R, where I} = {0,1,..., N, *},
and the optimization problem is finite-dimensional, although nonconvex. To clarify, we
are applying Lemma 2.2 on f € Fo,L—u, rather than f € F,.. However, we use the
symbols { fi}icry, , rather than the arguably more consistent { fitic 1, for the sake of notational

conciseness.

Grammian formulation. Next, we formulate (O™) as a convex SDP. Let

H=1[zo|go|gi]...|gn]€R>N
G=H'Hes"? (2.8)
F=[fol fil-..| fn] € R*VH,
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Note that rank G < d. Define the following notation for selecting columns and elements of

H and F":
gy = 0e IRNJrZ, g = €12 € ]RN+2, 1 E [O . N]

Xg = €1 € RN+2, x,=0¢€ RN+27
,ui—l 1i—1

X; = Xp 1—*20&,7 ——ZaijgjelRN“, ZE[lN]
L&) D&

f,=0cR""! fi=¢, e R ic[0:N].

(2.9)

This notation is defined so that

vy = Hx;, g = Hg;, f; = F1;

for i € I;. Note that x; depends on {a;;};cjo:—1) linearly for i € [1: N]. Furthermore, for
1,J € Iy, define

Aijla) =g; 0 (x; —x;) € gh+2,

Bij(a) = (xi —x;) © (x; — x;) € 5177, 2.10)

Q

= (8 —g) O (g —g) €S,
Qi 5 = fj - fz S RN—H.
Note that A; j(«) is affine and B; j(«) is quadratic as functions of {;;}icp:n jepo,i—1). This

notation is defined so that
<gj ‘ XT; — $j> = tr GA,L'J(CY),

|z — z;]|* = tr GB; ;(a), (2.11)
lg: = g;II”> = tr GCi,

fori,7 € Iy.
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Using this notation, formulate (O™") as

R(M,E,F,C)

maximize tr G (Cn, + p? By (o) — 2puA, n(a))
subject to

= FOJZ'J‘ + tr GALJ'(Oé) + ﬁ tr GCZ'J‘ < O, Z,j S IX[ ) 7£ j,

—G =0, rank(G) < d,

tr GB()’* < Rg,

where F' € R+ and G € RWH2x(V+2) are the decision variables. The equivalence relies
on the fact that given a G' € $3 2 satisfying rank(G) < d, there exists a H € R>+2) guch
that G = H'" H. The argument is further detailed in [5, §3.2]. This formulation is not yet a

convex SDP due to the rank constraint rank(G) < d.

SDP representation. Next, we make the following large-scale assumption.

Assumption 2.1. We have d > N + 2.

Under this assumption, the constraint rank G < d becomes vacuous, since G € SSFNH). We

drop the rank constraint and formulate (O™"") as a convex SDP

R(M,E,F,C)
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maximize trG (Cny + p?Bn () — 2uA, y(a))
subject to
=| Fa;i; +trGA;;(a)+ ﬁtr GC;; <0, 4,jely:i#7, >dualvar. )\;; >0

—G <0, >dualvar. Z >0

trGBy, < R*, > dualvar.v >0

(2.12)

where F € R>*WV+D and G € RWV+2X(V+2) are the decision variables. We denote the
corresponding dual variables on the right hand side of the constraints with > dual var. for

later use.

We emphasize that dropping the rank constraint is not a relaxation; the optimization problem
(2.12) and its solution is independent of the dimension d, provided that the large-scale

assumption d > N + 2 holds. See [5, §3.3] for further discussion.

Dualization. Next we use convex duality to formulate (O™), originally a maximization

problem, as a minimization problem. Take the dual of (2.12) to get

R(M,E,F,C)
minimize vR?
subject to

2o jers sy Nijiyj =0,

= | vBox— Cnu — °By () +2pA, n(a)+ (2.13)
Zmelj*vzi;éj Aij (Ai,j(a) + mC@j) =7,
Z =0,

VZO, )\i,jzoa 27‘76[]):/27&]7
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where v € R, A = {/\Z-J}Z-’je[f\r:#j, and Z € Sf“ are the decision variables. (Note, we write

R rather than R here.) We call )\, v, and Z the inner-dual variables.

By weak duality of convex SDPs, we have
R(M,E,F,C) <R(M,E, F,C).

In convex SDPs, strong duality holds often but not always. For the sake of simplicity, we

assume strong duality holds.

Assumption 2.2. Strong duality holds between (2.12) and (2.13), i.e.,

R(M,E,F,C) = R(M,E, F,C).

This assumption can be removed in most cases using the line of reasoning of [74, Claim 4],
but the technique is tedious. Since strong duality for convex SDPs “usually” holds, we
argue there is little utility in pursuing this direction. Nevertheless, in a strict sense, the
assumption constitutes a gap in our mathematical arguments. We detail the implication of
this gap in §2.A.2 of the appendix. In any case, strong duality holds for “generic” FSFOMs
[5, Theorem 6], so one can safely use the BnB-PEP methodology with confidence that the

obtained FSFOM will be optimal among the “nice” generic FSFOMs.

Now we have arrived at the end of the formulation based on prior works [4, 6], and, at this

point, our formulations diverge.
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2.3.1.2 Formulating the outer problem (O°"°") as a QCQP

With (O™¢) formulated as a minimization problem, the outer optimization problem (Q°"*)
becomes a joint minimization over the inner dual variables and the FSFOM parameters a.
However, the outer minimization problem is not convex in all of the variables, even though

the inner problem is.

Prior work circumvents this nonconvexity within the scope of convex optimization. Prior
work on OGM [4, 8], ITEM [9], ORC-F, [74, §4], and OBL-F, [74, §5.1] convexify (O°"*") into
an SDP through appropriate relaxations and changes of variables. The relaxation discards
certain inequalities, a process discussed in §2.4.3. Due to the relaxation, the solution FSFOM
of the relaxed SDP is not necessarily the exact optimal FSFOM. Exact optimality of OGM
[39] and ITEM [41] were proved through separate exact matching complexity lower bounds.
Even though ORC-F}, and OBL-F}, are optimal solutions of the relaxed SDP, they are not
optimal FSFOMSs, as their guarantees are worse than that of OGM. Prior work on OGM-G
[34], M-OGM-G [75], OBL-G, [74], APPM [35, 36], and SM-APPM [76] formulate (O°"*")
as bi-convex optimization problems, as problems with bilinear matrix inequalities (BMlIs),
after relaxations discarding certain inequalities. Although bi-convex problems (which are
nonconvex) do not have provably efficient algorithms, prior work have obtained FSFOMs
using the alternating minimization heuristic. Exact optimality of APPM and SM-APPM
were proved through separate exact matching complexity lower bounds [76]. OGM-G is
presumed but not proven to be exactly optimal. M-OGM-G and OBL-G, are not optimal
FSFOMs in the usual sense as their guarantees are worse than that of OGM-G. For the setups
we consider, especially the setup of §2.6.2 and §2.6.3, these prior techniques do not apply
and the optimization over the FSFOM cannot be formulated as a convex nor a bi-convex

optimization problem (to the best of our knowledge) even after appropriate relaxations.
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Formulating (O°"°") as a QCQP. The nonconvex outer optimization problem (O°"*r)
minimizes over « in addition to the inner dual variables of (2.13). We confront the noncon-
vexity directly by formulating (O°"") as a (nonconvex) QCQP and solving it with spatial
branch-and-bound algorithms. We do not discard constraints or use any relaxation. To this
end, we replace the semidefinite constraint with a quadratic constraint via the Cholesky

factorization.

Lemma 2.3 ([77, Corollary 7.2.9]). A matriz Z € $™ is positive semidefinite if and only if it
has a Cholesky factorization PP = Z, where P € R™" is lower triangular with nonnegative

diagonals.

In raw index form, the conditions of Lemma 2.3, applied to the present setup, have the

following equivalent representations:

P is lower triangular with nonnegative diagonals,
PP" =Z.
P20, jell:N+2,

&| Py=0, 1<i<j<N+2

St PxPin =25, 1<j<i<N+2

We now formulate (O°""), the problem of finding an optimal FSFOM, as the following
QCQP

R*(Mn,E,F,C)
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minimize vR>

subject to

i jery iz Migtij = 0,

_ VB, — Oy — 12 B (@) + 2pA, n(a)+ (2.14)
2oijert i Nisj (Ai,j(o‘) + mCM) =2,

P is lower triangular with nonnegative diagonals,

PPT =7,

Vzoy/\i,jzoy Z,]EIRIZ%‘%

where A\, v, Z, P, and « are the decision variables. We name this optimization problem the

BnB-PEP-QCQP.

2.3.2 Solving the BnB-PEP-QCQP using the BnB-PEP Algorithm

We now solve the BnB-PEP-QCQP (2.14) to certifiable optimality in a practical time scale
via the BnB-PEP Algorithm, stated as Algorithm 1. The algorithm has 3 stages: Stage 1
finds a feasible point, Stage 2 uses an interior-point solver to find a locally optimal solution,

and Stage 3 uses a spatial branch-and-bound solver to find a globally optimal solution.

Details of the BnB-PEP Algorithm. Stage 1 computes a feasible solution of (2.14) by
taking advantage of the structure that (2.13) is a convex SDP when the FSFOM is fixed. We

set the stepsize to represent gradient descent (GD)
1 ,
i = Tij—1 — va(xiil), 1€ [1 . N]

which is a suboptimal but reasonable algorithm. By Lemma 2.1, this corresponds to aﬁﬁl =1

for i € [1: N] and o} =0 for j # 1 — 1.
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Algorithm 1 BnB-PEP Algorithm: Given (u, L, R), solves (2.14) to global optimality
Stage 1. Compute a feasible solution.

« Set %) <= 1and o <~ 0for forie [1:NJ], j#i—1.

o Set a + oM in (2. 13) and solve the convex SDP. Denote the computed optimal solution

to (2.13) by {p™Mit \init 7Zinith
« Compute Cholesky decomposition ZMit = pinit( pinit)T
Stage 2. Compute a locally optimal solution by warm-starting at Stage 1 solution.

o Warm-start (2.14) with {qMit pinit \init zinit pinitl - anq solve it to local opti-
mality using the nonlinear interior-point method. Denote the solution by
{alopt’ Vlom, )\lopt’ Zlopt7 Pbpt}.

Stage 3. Compute a globally optimal solution by warm-starting at Stage 2 solution.

o Warm-start (2.14) with {a!°Pt, ploprt )\lopt Zlopt ploptl and solve it to global optimality
using a customized spatial branch-and-bound algorithm described in §2.4. Denote the
solution by {a*, v*; \*, Z*, P*} and the optimal objective value by p*.

Return: {a*, v*, \*, Z*, P*} and p*.

Stage 2 computes a locally optimal solution to (2.14) using an interior-point algorithm,
warm-starting at the feasible solution corresponding to GD that was produced by Stage 1.
When a good warm-starting point is provided, interior-point algorithms can quickly converge
to a locally optimal solution [70, 78], [71, §3.3]. If the interior-point algorithm fails to converge,
we return the feasible solution from Stage 1. Fortunately, we observe that Stage 2 consistently

provides a locally optimal solution.

Stage 3 computes a globally optimal solution using a customized spatial branch-and-bound
algorithm, warm-starting at the solution produced by Stage 2. We detail our BnB-PEP-
QCQP-specific customization in §2.4. A good warm-starting point provides a tight upper
bound of the optimal value and, therefore, significantly accelerates the spatial branch-and-
bound algorithm of Stage 3. In our experience, Stage 2 often provides an excellent, even

nearly optimal, warm-starting point.

In principle, one can simply use an off-the-shelf implementation of spatial branch-and-
bound algorithm such as Gurobi [68] to solve (2.14). Spatial branch-and-bound algorithms

do compute globally optimal solutions in “finite time”, but the default implementation
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is impractically slow, as Table 2.4 illustrates. Customizing the spatial branch-and-bound

algorithm with problem-specific insights is essential, as discussed in §2.4.

Numerical results. We conduct numerical experiments on the computational environment
described in §2.1.3 with parameters ¢ = 0.1, L = 1, and R = 1.  Due to the scale
invariance discussed in [5, §3.5], it suffices to solve the BnB-PEP-QCQP for L = 1 and
R = 1 and find the corresponding optimal stepsize vector a* (or h*) and the associated
optimal worst-case performance measure ||V f(zy)||?>. More specifically, for any other L >
0 and R > 0, the new optimal stepsize vector will be scaled as o*/L (or h*/L) with
corresponding performance measure scaled as L? R?||V f(zy)||*>. The homogeneity relations
for other performance measures and initial conditions can be found at [5, §3.5] and [73,
§4.2.5].2 Tables 2.2 and 2.3 present the results of the BnB-PEP Algorithm. The optimal
algorithm indeed outperforms other known algorithms in terms of the worst-case performance
measure ||V f(zy)||* with initial condition ||zq — z,|| < R?. Table 2.4 presents runtimes of
the BnB-PEP Algorithm. The BnB-PEP-QCQP can be solved in a practical time scale with
the BnB-PEP Algorithm, but only when we use the customized spatial branch-and-bound

solver of §2.4.

A notable empirical observation is that the FSFOM produced by Stage 2, expected to be
locally optimal, is often globally optimal or near-optimal. In this case, Stage 3 serves mainly
to certify the global optimality of the warm-starting solution of Stage 2. This fortuitous
behavior was observed consistently in our experiments of §2.6 as well. Because Stages 1 and
2 tend to be faster than Stage 3 and because the output of Stage 2 is often globally optimal,
one can use the output of Stage 2 as a heuristic without running Stage 3. This can be useful

when the goal is to obtain a good method, and there is no need to certify that the method is

2The journal version of [5, §3.5] contained a typo in the homogeneity relations, which was later corrected
in a subsequent arXiv update https://arxiv.org/pdf/1502.05666.pdf.
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# # Worst-case ||V f(zx)]|?

N variables  constraints Optimal GD ITEM OGM-F, 1
1 20 33 0.1473 0.2244 0.6695 0.2122
2 36 56 0.0409 0.0893 0.3770 0.0835
3 57 85 0.0145 0.0449 0.1933 0.0378
4 83 120 0.005766 0.0257 0.0945 0.0178
5 114 161 0.002459 0.0159 0.0451 0.0085
10 410 456 4.89 x 107 258 x 1073 1.03x 1073 1.97 x 1074
25 2135 2241 542 x 10719 589 x 107° 5.5 %1077 7.21 x 1078

Table 2.2: Comparison of the optimal method obtained by solving (2.14) with the
BnB-PEP Algorithm against other known methods.

optimal.

Table 2.2 compares the performance of the optimal method, obtained with the BnB-PEP
Algorithm, against GD (plain gradient desent), ITEM [9], and OGM-F,, 1, [9]. (ITEM and
OGM-F,, , are optimal with respect to different performance measures and therefore are
suboptimal when the goal is to reduce the gradient magnitude. The stepsizes of ITEM were
taken from page 21 of the first arXiv version of [9], and the stepsizes of OGM-F,, ;, were
taken from [9, §E.1].) We also show the total number of variables and constraints of (2.14)
that the BnB-PEP Algorithm works with after the mathematical model described in JuMP
gets converted to the MathOptInterface format [79], which is the standard data structure

for representing optimization models in JuMP.

Table 2.3 shows the globally optimal stepsizes found by the BnB-PEP Algorithm. To clarify,
we obtain the optimal a* from the BnB-PEP Algorithm, solve for A* with Lemma 2.1, and

present A* in the table.

Table 2.4 presents the runtimes with and without the customized spatial branch-and-bound
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N h*

1 [ 1.3837 ]
, 1.5018
0.0494 1.5018

1.5308

3 0.0889 1.7229
0.0109 0.0889 1.5308

1.5403
A 0.1038 1.7926

0.0229 0.1751 1.7926
0.003 0.0229 0.1038 1.5403

1.5439
0.1097 1.8187
) 0.0286 0.2132 1.8842
0.0069 0.0514 0.2132 1.8187
0.0009 0.0069 0.0286 0.1097 1.5439

[ 1.5465

0.1141 1.8377

0.033 0.2426 1.9488

0.0107 0.0786 0.3072 1.995

0.0036 0.0265 0.1037 0.3357 2.0122

0.0012 0.009 0.0352 0.114 0.3437 2.0122

0.0004 0.003 0.0117 0.0378 0.114 0.3357 1.995

0.0001 0.0009 0.0036 0.0117 0.0352 0.1037 0.3072 1.9488

0.0  0.0002 0.0009 0.003 0.009 0.0265 0.0786 0.2426 1.8377
0.0 0.0  0.0001 0.0004 0.0012 0.0036 0.0107 0.033 0.1141 1.5465 |

10

25 See Supplementary Information or Github repository

Table 2.3: Globally optimal stepsizes obtained by solving (2.14) with the BnB-PEP
Algorithm.
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BnB-PEP Algorithm runtime Off-the-shelf Gurobi runtime

Algorithm
Stage 1 Stage 2 Stage 3 on MIT Supercloud

N=1 0.004 s 0.130 s 0.081 s 5h17m

N =2 0.007 s 0.147 s 0.110 s 1d3h

N =3 0.007 s 0.153 s 0.512 s 4d13h

N =4 0.015 s 0.192 s 4.602 s More than a week
N=5 0.017 s 0.330 s 456.685 s More than a week

N =10 0.26 s 2m 37s 1d22h Does not finish in 2 weeks
N =25 3.2s 6 m22s 3d10h Does not finish in 2 weeks

Table 2.4: This table compares the runtimes of the BnB-PEP Algorithm executed
on a standard laptop with the off-the-shelf spatial branch-and-bound algorithm of
Gurobi executed on MIT Supercloud for N =1,...,5,10. For the case N = 25, both
the BnB-PEP Algorithm and off-the-shelf Gurobi were executed on MIT Supercloud.

solver of §2.4. The off-the-shelf spatial branch-and-bound algorithm of Gurobi was very slow
despite running on the MIT Supercloud Computing Cluster with 24 Intel-Xeon-Platinum-
8260 nodes (has 1152 cores) and 384 GB of RAM running Ubuntu 18.04.6 LTS with Linux
4.14.250-11grid-10ms kernel [80]. On the other hand, our BnB-PEP Algorithm ran efficiently
on both a standard laptop and on MIT Supercloud. For N = 25, we run both the BnB-PEP
Algorithm and the off-the-shelf Gurobi on the MIT Supercloud. The cases for which the
off-the-shelf spatial branch-and-bound algorithm terminated, the results agreed with the
results of the BnB-PEP Algorithm.

2.4 Efficient implementation of the BnB-PEP Algorithm

As Table 2.4 illustrates, an off-the-shelf spatial branch-and-bound algorithm applied to
BnB-PEP-QCQP is very slow. In this section, we customize the spatial branch-and-bound

algorithm to exploit specific problem structure and obtain a speedup that enables us to run
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the BnB-PEP Algorithm on a laptop.

In §2.4.1, we briefly review the standard spatial branch-and-bound algorithm. We present
the customization that provide significant speedups in §2.4.2. In §2.4.3 we show how to
compute the effective index set of the inner-dual-variable and thereby reduce the size of the

BnB-PEP-QCQP without losing optimality.

2.4.1 How the spatial branch-and-bound algorithm solves QCQPs

We briefly review the standard spatial branch-and-bound algorithm [68, 72, 81, 82]. We
assume the optimization problem admits a finite optimal value, as this is the case in the

setups we consider.?

The spatial branch-and-bound algorithm uses a divide-and-conquer approach to solve (2.1).
The algorithm starts with the presolve phase, solving a linear relaxation of (2.1) to obtain
valid bounds | < x < u, with [,u € R?, that are satisfied by optimal solutions. Then the
algorithm performs branching, partitioning the feasible region of (2.1) into a finite collection
of subregions Fj, ..., Fx and considering the subproblems

minimize ¢’z 4+ 2" Qox

r€RY
subject to az + 2T Qux < b;, i€ [l:m],

aij+xTij =b;,, je€m+1:p|,

x € Fy,

for k € [1: K|. The best (smallest) among the optimal values p}, ..., p} is p*, by definition.

The bounding part is about how to efficiently solve these subproblems via solving relaxations

3The setups of §2.3 and §2.6 satisfy p* < oo, since any FSFOM (such as the method that has all 0 stepsizes
and therefore does not move) achieves a finite performance measure, and 0 < p*, since the objectives are
nonnegative. In general, however, there could be pathological BnB-PEPs such that p* = —oo or p* = co.
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and how to split these subproblems into smaller subproblems if necessary; we discuss this

next.

The central idea is that, while solving a particular subproblem (also a QCQP albeit over
a smaller region) might be as hard as solving the original problem, a lower bound and an
upper bound of that subproblem is much easier to solve via linear relaxations. Using this
idea, first, at the root node of the spatial branch-and-bound tree, a linear relaxation of (2.1)
is constructed and solved, which gives a lower bound on p*, denoted by p*. The tighter
this relaxation, the closer p* is to p*. In addition to that, the user can warm-start the
branch-and-bound algorithm by providing a known initial feasible solution to (2.1), which
gives an upper-bound on p*, denoted by p*. Efficient warm-starting procedure that exploit the
problem structure can massively speed up branch-and-bound-solvers. The branch-and-bound
algorithm during its execution keeps updating p*, p*. The difference p* — p* is called the
gap, and when this gap is equal to zero (or less than some tolerance €) at some point of
the algorithm, we have found the globally (near-)optimal value p* of (2.1) along with one
(approximately) optimal solution, and the algorithm is terminated. We next discuss how the

gap is improved over the course of the algorithm.

Once the subregions have been created, the algorithm picks an active subregion, say Fy, (which
k to select can be arbitrary, though, in practice, it is usually done via different heuristics
in modern solvers), and constructs two linear optimization problems on Fy. These linear
formulations are constructed using the McCormick envelopes [83], which provide lower and
upper bounds for the quadratic objective and constraints in (2.1), whereas the the linear
constraints in (2.1) are kept unaltered. Then three types of linear cuts are added to the linear
optimization problems to remove regions that are certain to not contain any optimal solutions
[84-86]. Solving these linear optimization problems along with the cuts provides valid lower

and upper bounds on the optimal values of (2.1) for the active subregion Fj. Solving these

29



linear optimization problems on Fj leads to one of the three possibilities below:

1. If the linear optimization problem associated with the lower bound is either infeasible or
has an objective value greater than the global upper bound p*, then F}, cannot contain
the optimal solution to (2.1). Hence, without solving the QCQP on Fy, we can discard
or prune the subregion. Such a pruned subregion becomes a permanent leaf of the
branch-and-bound tree.

2. If both the lower and upper bounds for the subregion are the same, then without
directly solving the QCQP on F}, we have found this subproblem’s optimal solution
with optimal value pj. This optimal solution on F} is a feasible solution to the main
problem (2.1). It is not necessary to branch on this subregion anymore, and it becomes a
permanent leaf of the search tree. If the objective value associated with this new feasible
solution leads to an improved upper bound p* compared to the current incumbent, then
the feasible solution on Fj becomes the new incumbent solution. Otherwise, updating
the incumbent is not necessary and we simply proceed with the search.

3. If 1 or 2 does not happen, then the subregion F} is partitioned into smaller subregions

by branching again, which are then added to the list of active subregions.

In addition to that, at any point, the algorithm keeps an updated value of the lower bound
on p* by taking the minimum of the best objective values of all the current leaf nodes. On
the other hand, the upper bound p* corresponds to the incumbent solution. As the algorithm
explores the active subregions, the gap p* — p* keeps getting smaller, and once it is zero or
smaller than a certain tolerance €, we have found the global optimal value p* of (2.1) along

with one optimal solution subject to the tolerance, and the algorithm terminates.
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2.4.2 Efficient implementation of the spatial branch-and-bound algo-

rithm

We now customize the spatial branch-and-bound algorithm to efficiently exploit problem
structure of the BnB-PEP-QCQP. Our customization of Gurobi’s branch-and-bound algorithm

[57] uses solver-independent callback functions, an interface provided by JuMP [53].

Callback functions are user-defined functions provided to the optimization solver that query or
modify the state of the optimization process of a solver. Examples of such callback functions
include providing custom heuristics to compute better feasible solutions, changing the default
branching decision of the branch-and-bound algorithm, or applying on-demand separators to

add new constraints only if they are violated by the current solution.

We discuss the generalization of our customization of the spatial branch-and-bound algorithm
for arbitrary £, F, and C in §2.5. We first present the customizations in §2.4.2.1, §2.4.2.2

and §2.4.2.3, and then discuss the observed speedups in §2.4.2.4.

2.4.2.1 Bounds on optimal solutions

Branch and bound algorithms require bounds on the optimization variables to partition the
feasible region. If no bound information for a variable is provided in the original formulation
(2.1), then the solver obtains a bound by solving a generic linear relaxation during the presolve
phase. However, this bound can be of poor quality as a generic solver does not have any
problem-specific insight, and a loose bound can cause the solver to waste time in unimportant
regions. We show how to significantly speed up the branch-and-bound algorithm by exploiting

the structure of (2.1) to obtain tighter bounds.
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Implied linear constraints. The constraint Z = PPT implies that Z is symmetric positive

semidefinite. This in turn implies

7—7,
diag(Z) > 0, (2.15)

Ziit+Zj; < ZiitZi
- 2 S Z’L,_] S 2 .

where diag(Z) > 0 means the Z;; > 0 for ¢ € [1 : N + 2]. To explain, Z > 0 implies that
every 1 x 1 principal submatrix of Z is positive-semidefinite [77, Observation 7.1.2], and this
in turn implies the second constraint. Also, Z > 0 implies that every the 2 x 2 principal

submatrix of Z is positive-semidefinite, and this in turn implies

for i,j € [1: N +2]. Chaining the AM-GM inequality

Zii+ Zj;

ZiiZs; < ,
) — 2

)

we get the third constraint.

While these implied constraints are indeed mathematically redundant, they are algorithmically
indispensable as they provide crucial information that the solver cannot deduce directly.
Explicitly incorporating these implied constraints provides significant speedups. Instead
of incorporating the tighter convex second-order cone (SOC) constraint (2.16), we opt for
the third linear constraint (2.15) in our BnB-PEP-QCQP formulation. This choice avoids a
slowdown in the spatial branch-and-bound algorithm, which solves only linear relaxations
at each node, as detailed in §2.4.1. The linear relaxations are derived from McCormick

convex envelopes, which are constructed without considering underlying convexity and are
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computationally expensive [72, 81, 82]. Using the SOC constraint (2.16) would result in
the spatial branch-and-bound algorithm treating it as a generic quadratic constraint and
spending extra time constructing McCormick convex envelopes for it [68, pp. 10-15]. Since
the positive semi-definiteness of Z is already modeled by the quadratic constraints Z = PPT,
and their associated convex envelopes are tighter than the ones for SOC constraints, the
additional SOC constraints would ultimately lead to a net slowdown. Conversely, the third
constraint in (2.15) is linear and can be directly incorporated into the linear relaxations at the
nodes without any extra processing time. These constraints differ from those automatically
generated by the McCormick convex envelopes, ultimately resulting in a speed-up due to their
low computational cost and provision of valuable bound information that is not automatically

inferred through the McCormick convex envelopes.

Variable bounds via SDP relaxation of (2.14). Next, we compute bounds My, M,, M,,
and M, such that
Nijg S My, i jely:i# ],
Z;j| < My, d,5€[l:N+2],
|P;| < Mp, i,j€[l:N+2, (2.17)
;| < My, i€[1:N), jef0:i—1],

v< My,
are satisfied by global minimizers of (2.14).
Let w = vec(a, v, \) denote the column vector stacking the elements of «, v, and A. Let
W = ww'. Then we can construct a lifted nonconvex semidefinite representation of the

constraint set of (2.14), which includes the nonconvex rank-1 constraint W = ww’ [87]. The

specific form is quite tedious, so we present it in §2.A.3 of the appendix. We then relax the
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rank-1 constraint W = ww' to an implied convex constraint

W w
W= ww' < =0, (2.18)

w1
where we have used the Schur complement. Since any feasible (and optimal) solution of

(2.14) must lie in this larger relaxed convex set, we compute bounds by optimizing over this

set, as follows.

The feasible point provided by Stage 1 of the BnB-PEP Algorithm establishes an upper

bound v < M, = v since v is the scaled objective function. Next, solve

maximize c My + cz My + co M,

subject to semidefinite relaxation of (2.14),
constraint (2.18),
Nij <My, i,j €Ty, (2.19)
|Zij| < My, i,je[l:N+2,

;| < My, i€[l:N],j€[0:i—1],

init
)

v<v

where \, v, Z, a, W, My < |A|l1, Mz < tr Z, and M, < ||a||; are the decision variables,
with

(cx,cz,cq) € {(1,0,0),(0,1,0),(0,0,1)}

to obtain My, Mz, and M, respectively.® (Since we restrict our search to points satisfying

v < v our bounds may exclude some suboptimal feasible solutions. However, all optimal

4As a note of caution, solving (2.19) with (cy,cz,ca) = (1,1,1) does not provide a valid bound for all
My, Mz, and M,; maximizing My + Mz + M, may reduce one bound below a valid threshold to increase
another bound.
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solutions will satisfy the bound.) Finally, we set Mp = /M based on
P} <> P} =1Z; <My (2.20)
k=1

forallé,j € [1: N +2].

To clarify, this approach is a relaxation in the sense that it is guaranteed to produce variable
bounds that will include all globally optimal solutions. (However, there is no guarantee on

the tightness of the bounds, so the bounds could be very loose and not useful.)

Besides computing valid bounds on the variables, we also investigated the quality of the
solutions of the SDP relaxations, for this setup and all other examples in this chapter.
Unfortunately, we found that the solutions of the SDP relaxations to be of very poor quality
in every case: the optimal value of the SDP relaxation was far from the optimal value of
the BnB-PEP-QCQP. Additionally, we observed that the SDP relaxations failed to generate
feasible solutions for the underlying BnB-PEP-QCQPs, even when we considered a rank-1
projection of the solution matrix. In other words, it was not possible to reconstruct valid

first-order methods from the solutions of the SDP relaxations.

Heuristic bounds. However, the SDP relaxation to compute the variable bounds is quite
cumbersome. Therefore, we present a simpler alternative, a heuristic that estimates the

variable bounds based on the Stage 2 solution.

The premise of the heuristic is as follows. First, we make the informal assumption that the
Stage 2 solution is near-optimal, which, again, happened very often in our experiments. In
§2.4.3, we discuss that optimal inner-dual variables A = {\; ;}; je 15,5 and Z are sometimes
not unique and that sparse A and low-rank Z are more valuable. Following the literature

on sparse signal processing [17, §2], we promote sparsity of A by reducing its ¢;-norm
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D jels iti Ai; and low rank of Z by reducing its nuclear norm tr Z. To do so, we need our
variable bounds to include the global solutions with the minimum #;-norm of A and minimum

nuclear norm of Z.

Based on the constraint set of (2.13), consider the following convex SDP

maximize Cx Zi,je[&:i;ﬁj )\l,] + Cyz tr Z
subject to Z,L-’jem:#j Aijai; =0,
VB, — Cny — 2By (aPY) + 2uA, n(aloPh)+

Zi,jel;vsi;éj Aij (Ai,j(abpt) + 2(L1—u) Ci,j) =7

(2.21)
Z =0,

)\Z'J‘ZO, Z,je[ﬂl;’éj,

v >0,

I/R2 S l/lOPtRQ,

where v, \, and Z are the decision variables, (cy,cz) € {(1,0),(0,1)}, and a!°P* are v'°P* are
set to be values from the Stage 2 solution. Let M Dbe a user-defined parameter greater than 1.

With (cy, cz) = (1,0), we mazimize the £, norm of A\ and get AP, Set

My =M max {AMste},

igelyity - "

With (cy, cz) = (0, 1), we mazimize the nuclear norm of Z and get Z"s. Set
My, =M max {Z;‘;m}

i€[1:N+2]

based on the reasoning that (2.15) implies that every entry of Z is bounded by the maximum
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of the diagonal entries. Set Mp from My using (2.20). Set

M, =5M max {a/?"}.

0<j<i<N - "

A note of caution is that when the Stage 2 solution is far from optimal, it is unclear whether
this heuristic is even likely to produce a valid bound. When the Stage 2 solution is, in fact,
near-optimal, the heuristic should help the BnB-PEP Algorithm to find the globally optimal

solution quickly, and this is what we observe in our experiments.

Another note of caution is that the heuristic fails silently when it fails; there is no reliable
mechanism to detect whether the heuristic bounds include or exclude global solutions. After
solving (2.14) using the bounds, we verify if the solution lies within the interior of those
bounds. Furthermore, empirically we always found that the solutions computed using the
heuristic-based bound were well within the interior of the imposed bounds, though this is not
a guarantee that the associated solution is globally optimal, as there is a possibility that a
strictly better global solution lies far outside of the boundary since the BnB-PEP-QCQP is
nonconvex. Finally, in all our experiments, we additionally verified that the heuristic-based

bound produced the same optimal solutions as the SDP-based bounds.

Remark. We clarify that the heuristic bound offers no guarantee of correctness and that
the SDP relaxation, which is guaranteed to be correct, is the superior choice. However, SDP
relaxations can be cumbersome to formulate and implement. Therefore, one may first try out
the heuristic bound in a prototyping phase and then decide to implement the SDP relaxation

if the preliminary results are sufficiently interesting.
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2.4.2.2 Tighter lower bounds via lazy callback

When an incumbent or warm-starting solution is already near-optimal, i.e., when the upper
bound is already good, the work in certifying global optimality mostly lies in improving the
lower bound. Indeed, in our experiments, Stage 2 of the BnB-PEP Algorithm consistently
found near-optimal solutions, and Stage 3 spent most of its time improving the lower bound to
certify or polish the solution of Stage 2. If we can compute a good lower bound and provide it
to the spatial branch-and-bound algorithm, Stage 3 can terminate very quickly as the number
of subregions to be explored is substantially reduced. To that goal, we compute a tighter
lower bound of (2.14) via the lazy constraint callback method. Unlike normal constraints, lazy
constraints are not generated upfront but are rather generated and added one by one when

needed.

Consider a variant of (2.14), where we model Z = PP" < Z = 0 equivalently as
tr(Zyy') >0,  VyeRN™

Since this formulation uses an infinite set of linear constraints, we relax it with a finite set of

linear constraints

tr(Zyy') >0,  Vyev, (2.22)

where Y is initialized to be a randomly generated set of 2(N + 2)? unit vectors in RV +2
following the prescription of [88, §5.1]. In (2.14), we relax Z = PPT into the constraint (2.22)
and obtain a simpler QCQP. Then, update Y lazily by repeating the following steps (i)—(iii)

a finite number of times (1 x 10® times in our implementation):

(i) Solve the relaxation of (2.14), where (2.22) is used instead of Z = PP, to obtain Z

and a lower bound.
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(ii) Find the minimum eigenvalue eig ; (Z) and corresponding normalized eigenvector u of
Z. 1f eig,,,(Z) > 0, terminate.

(iii) If eig,;,(Z) < 0, then add u to Y, i.e., add the constraint tr(Zuu') > 0. (Note,
tr(Zuu') < 0. So the added constraint makes the current Z infeasible for the updated

relaxation (2.22).)

In step (ii), if eig,;,(Z) > 0, then the solution Z of the relaxation (2.22) is in fact optimal
for the original unrelaxed problem, so we terminate. We use the lazy constraint callback
interface of JuMP to implement this scheme. After adding one additional linear constraint in
step (iii), updating the solution in step (i) is efficient since Gurobi and all modern solvers
based on the simplex algorithm can quickly update a solution when one linear constraint is

added [89, pp. 205-207].

2.4.2.3 Improved upper bounds via SDP solves

As a heuristic to obtain improve upper bounds, we utilize the fact that the optimization
of (2.14) reduces to an SDP when the stepsize « is fixed. This is a structure that the

branch-and-bound solver cannot infer by itself.

When the branching process reaches a new node, we access (via a callback feature of JuMP)

the solution (o™, v \rx| Zrlx | prix) of the relaxation and quantify its infeasibility with

: rlx  rlx yrlx rlx rlx
merit(a™, v N Z5X ) P

= > Aaislee+|

i,jE€I} i£]

VrlXBO,* o CN,* o /,L2BN’*<OCr1X) 4 2,UA*,N(04rlx) N

+ |min{eigmin(zrlx>’ O} |’
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N M)y, M, My Mp M, Runtime (S)

1 1.00 2.00 1.00 1.00 0.2244 0.068
2 100 45175 1.00 1.00 0.0893 0.181
3 1.00 3.672 1.00 1.00 0.0449 0.736
4 1.00 3.5166 1.00 1.00 0.0257 3.173
5 100 3.7919 1.00 1.00 0.0159 11.380

Table 2.5: Valid bounds on the decision variables in (2.14) obtained via the SDP
relaxation of (2.19). The runtime describes to the total time spent compute all the
bounds of the row.

where eig, .. (Z™) is the minimum eigenvalue of Z™*. If

merit(arlx’ Vrlx’ )\rlx7 Zrlx7 Prlx) S €,

then we fix the stepsize in (2.13) to o™ and solve the convex SDP. (We take ¢ = 0.01 in
our implementation.) We submit the solution to the SDP as a heuristic solution (via a
callback feature of JuMP). If the heuristic solution improves the best upper bound p*, then it

is accepted by the solver, else it is rejected.

2.4.2.4 Numerical evaluation of the customizations

In our experiments, we found that that the customization of §2.4.2.1 provided the largest
speedups, §2.4.2.2 substantial speedups, and §2.4.2.3 no speedups. We further describe our

observations here.

Variable bounds of §2.4.2.1. Tables 2.5 and 2.6 show the bounds obtained through the
SDP relaxation. As an aside, we found that these valid bounds substantially improve not

only the branch-and-bound algorithm of Stage 3, but also the local solve of Stage 2.
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N M,\ Ma MZ Mp MV Runtime (S)

1 0.8789 7.6105 0.4233  0.6506 0.1473 0.082
2 09504 82597  0.1934  0.4397 0.0409 0.093
3 09767  9.4761 0.1009  0.3177 0.0145 0.105
4 0.9853 9.8591 0.0599  0.2448  0.005766 0.114
5 09886 10.3633 0.0383  0.1958  0.002459 0.121

Table 2.6: Heuristic bounds on the decision variables in (2.14) with M =1.01. The
runtime describes the total time spent compute all the bounds of the row. Compared
to the results of Table 2.5 the bounds tend to be tighter, the runtime is faster, and
the implementation is much simpler. However, there is no theoretical guarantee that
the bounds are valid.

N p* D* P* —p*  Runtime (s)
1 0.1432 0.1473 0.0041 0.135
2 0.0374 0.0409 0.0035 0.232
3 0.0121 0.0145 0.0024 2.530
4 0.00178 0.005766  0.003986 2.7

5 0.000517  0.002459  0.001941 336.341

Table 2.7: Lower bound p* of (2.14) computed from the lazy constraint callback
method. The upper bound p* is the objective value from Stage 2 of the BnB-PEP
Algorithm.

Tighter lower bound of §2.4.2.2. Table 2.7 shows the lower-bounds for (2.14) computed
from the lazy constraint callback method. The customization produces a high quality lower
bound, which, combined with the near-optimal solution of Stage 2 of the BnB-PEP Algorithm,

enables the branch-and-bound algorithm to terminate quickly.

Improved upper bound of §2.4.2.3. In our experiments, the submitted upper bounds were
all rejected by the solver and therefore provided no speedup. This is not surprising, as it

is likely due to the warm-starting solution from Stage 2 being near-optimal. To verify this
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hypothesis, we ran Stage 3 without Stage 2. In this case, the submitted heuristic solution
was often accepted by the solver, but the overall performance was slow as Stage 3 started
from a poor warm-starting solution. We recommend that users of the BnB-PEP Algorithm
always perform Stage 2 before Stage 3. However, when the warm-starting solution is not

near-optimal, we can expect this customization to provide a speedup.

2.4.3 Structured inner-dual variables

The family solutions to (2.14) with N = 1,2,... exhibits an exploitable structure: the
optimal \* is sparse and the optimal Z* is low-rank. A computational benefit of this structure
is that it reduces the problem size of the BnB-PEP-QCQP. A theoretical benefit is that
the structured inner-dual variable corresponds to simpler and therefore more analytically

tractable proofs, which we seek in §2.6.3.

In this section, we describe a heuristic strategy for identifying such structure. The general
idea is to solve the problem exactly for smaller values of N, say N =1,...,5, and infer the
pattern. This heuristic is based on the expectation that the observed patterns will continue

to hold for N =6,7,....

Sparsity pattern of A. Denote the support of \* as

supp(\) = {(i,) | 6,5 € I # . Af; > 0}

(Note that A7; > 0 for all 4, j.) If we know supp(A\*) in advance, then we can simplify (2.14)

by replacing both instances of

> Ailer)

i, GEIK i)
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with

> igle)

(4,5)€supp(A*+)

and obtain a smaller QCQP.

First solve (2.14) for N = 1,...,5 using the BnB-PEP Algorithm. At this point, solutions
may already reveal their pattern in supp(A*). However, optimal inner-dual variables for a
given FSFOM are not always unique (see [90] or Table 2.8), and, if so, the solution returned
by the spatial branch-and-bound solver will likely not be a sparse one. Therefore, following
the literature on sparse signal processing [17, §2], we promote sparsity of A by reducing its

¢1-norm® as follows

minimize  [|A[l1 = 35 jers i Aij
subject to vR? < p*,
2lijels isti Aijaij =0,
vBoyx — Cnx — 2B (a*) 4+ 2pA, n(a*)+
« 1 _
Zi,jell*\,:i;éj Aij (Ai,j(a ) + 2(L—p) CM) =7
Z = 0,

(2.23)

)\i,jZOa 7’7]6‘[]’{/2#]7

v >0,

where v, A, and Z € Y2 are the decision variables. The constraint set of (2.23) is almost
identical to (2.13), except we impose the constraint vR? < p* and fix o* to the optimal
stepsize computed with the BnB-PEP Algorithm. This way, our search is confined to the set
of optimal solutions to (2.14) and, with the FSFOM fixed, the problem is efficiently solved
as an SDP. Denote the solution to (2.23) by {v*, \=sparse 7xsparsel - Hopefully, the optimal

Aoparse for N =1, ...,5 are sparse and their structure reveals a pattern.

®One could consider further advanced approaches for promoting sparsity such as [91].
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N Optimal A with Optimal A with

minimum #; norm maximum #¢; norm
1 2.642 3.594
2 2.434 3.114
3 2.369 2.925
4 2.339 2.823
5 2.320 2.757

Table 2.8: Solutions to (2.23) with minimum and maximum ¢;-norm on optimal A
for the setup of §2.3 and §2.4. The gap demonstrates that the optimal inner-dual
variable is not unique and therefore that the ¢;-norm minimization is necessary for
obtaining a sparse solution.

Low rank of Z. When r = rank(Z*) with r < n, then we can use the factorization
Z = PPT, where P € R™" has n — r columns constrained to be zero. Such constraints

significantly reduce the effective size of the QCQP.

Lemma 2.4 ([92, Theorem 10.9]). A matriz Z € 8" is positive semidefinite with rank r <n
if and only if it has a Cholesky factorization Z = PP, where P € R™™ is lower-triangular,

has r positive diagonal entries, and n — r columns containing all zero.

We solve (2.23) for N = 1,...,5 and infer the rank. (In principle, one could perform a
separate nuclear norm minimization or further advanced approaches such as [93] to reduce
the rank of Z, but this was not necessary in our experiments.) In our current setup, Z**sparse
has rank 1, as Table 2.9 indicates. Other optimized method throughout the literature such
as OGM, ITEM, OGM-G [4, 8, 9, 34] also have corresponding low-rank Z*.

For N = 6,7,..., we obtain Z* and P* from Stage 2 of the BnB-PEP Algorithm. If we
expect a certain value of r = rank(Z*), keep r columns of P* with the largest magnitude and

constrain the remaining n — r columns to be 0 in the subsequent Stage 3.
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Structured inner-dual variables represent simpler proofs. A feasible point of the dualized

problem (2.13) can be interpreted as a convergence proof combining inequalities

1

m”gi - 9]‘”2 (2.24)

fi > fi+ (g | o —x5) +

for i,j € Iy, and the value of A7, corresponds to the value used in forming a weighted
combination of the inequalities [48, §3.3]. Therefore, A}, = 0 for some (i, j) is equivalent to
not using the corresponding inequality in the convergence proof. A sparse A corresponds to a

proof using fewer inequalities, which tend to be simpler proofs.

On the other hand, rank(Z*) corresponds to the excess quadratic terms arising within a proof.

For convergence proof of FSFOMs of the form,

A<SB—|al* - el < B,

r = rank(Z*) corresponds to the number of quadratic terms {||¢;||*}i=1....., roughly speaking.
Since rank(Z*) corresponds to the number of excess terms to deal with in a proof, an optimal

solution Z* with small rank tends to correspond to simpler proofs.

Numerical results. Table 2.9 presents supp(A*%P#™¢) rank(Z**P**¢) and the non-zero
columns of P**P*™¢ from solving the convex SDP (2.23). We use p=0.1, L =1, and R = 1.

From the results, we infer the pattern

Supp()\*,Sparse> = {(*7 i)}iE[O:N} Y {(Z7Z + 1)}1‘6[0:N—1} U {N7 i}ie{*}U[OIN—l]a

which has only 3N + 2 components compared to the (N + 2)(N + 1) of the full index set.

Furthermore, rank(Z*P#=¢) = 1. For N = 1,...,5, we verified that there are globally optimal
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N supp(A*) Rank of Index of Runtime (s)

7> sparse nonzero for solving
column of (2.23)
P*-sparse
{(x,0),(x1),
1 (0,1), 1 Column # 1 0.0021
(1,%),(1,0)}
{(x,0),(x, 1), (x2),
2 (0,1),(1,2), 1 Column # 1 0.0056
(2,%),(2,0),(2,1)}
{(%,0), (x, 1), (%, 2), (x,3),
3 (0,1),(1,2),(2,3), 1 Column # 1 0.0071
(3,%),(3,0),(3,1),(3,2)}
{(,9) Yiego:a)Y
4 {(G,i+ 1) }icjo:gU 1 Column # 1 0.0097

{4,i}ieayuio:3)

{(*v 7;)}1?6[0:5] U
5 {(ivi+ 1) }icpou U 1 Column # 1 0.0140

{5, i}ie (xyujo:a)

Table 2.9: Structure of the inner-dual variables obtained from the convex SDP (2.23).
The last column shows the runtime to solve (2.23). (Table 2.4 shows the runtime to
solve (2.14), a prerequisite for solving (2.23).)

solutions satisfying these patterns. For N = 6,7,...,25, we verified that there are locally

optimal solutions satisfying these patterns.

Discussion. Prior work on optimized FSFOMs such as OGM, ITEM, and OGM-G [4, 8,
9, 34] discard certain inequalities in their formulations. The choice of which inequality to
discard, which is equivalent to identifying supp(A*), was likely carried out through ad-hoc
trial and error. As no reasoning or intuition was provided behind the choice and as the set
of discarded inequalities are different from one work to another, the process is opaque. Our

approach provides a systematic process for making this choice.

To clarify, we solve the exact, unrelaxed (2.14) with BnB-PEP Algorithm for N =1,...,5.

The methodology for N = 6,7,... is a heuristic in the sense that our solution is exactly only
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under the condition that the observed sparsity pattern continues. If the pattern changes, the
QCQP becomes a relaxation, and the produced FSFOM becomes suboptimal. However, one

can be reasonably confident in the sparsity pattern as it is based on the exact solutions for

N=1,...,5.

2.5 Generalized BnB-PEP methodology

We now discuss the generalization of the BnB-PEP methodology for general £, F, and C.

Generalized BnB-PEP-QCQP. The BnB-PEP-QCQP formulation for general £, F, and C

follows steps analogous to those of §2.3.1.

(i) Infinite-dimensional inner optimization problem. Construct an infinite-dimensional
representation of (O™ analogous to (2.6) of §2.3.1. When =, exists, set z, = 0 and
f(z,) = 0 without loss of generality.

(ii) Interpolation argument. Using a reparametrization (if necessary) and an interpo-
lation argument, formulate the infinite-dimensional inner problem of (i) as a finite-
dimensional problem analogous to (2.7) of §2.3.1.

(iii) Grammian formulation. By introducing Grammian matrices and using a large-scale
assumption, formulate the finite-dimensional inner maximization problem of (ii) as an
SDP, analogous to the problem (2.12) in §2.3.1. When the FSOM is fixed, the SDP is
a convex optimization problem.

(iv) Dualization. Form the dual the SDP of (iii) analogous to (2.13) of §2.3.1. Assume
strong duality.

(v) Formulating (O°"***) as a QCQP. Using Lemma 2.3, replace the SDP constraint
Z > 0 of the dual SDP with Z = PP, where P is lower triangular with nonnegative

diagonals. This formulates (O°*") as a QCQP analogous to (2.14) of §2.3.1. When f
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is nonconvex, certain cubic or trilinear terms may arise, whereas for a convex f the
nonlinear terms are bilinear or quadratic. If so, for such a nonconvex f, formulate such
terms as quadratic or bilinear constraints by introducing dummy variables, a process
illustrated in §2.6.2 and §2.6.3. We call the resultant QCQP the BnB-PEP-QCQP. The
variables of the dual SDP of (iv) are present in the BnB-PEP-QCQP, and we refer to

them as the inner-dual-variables.

Generalized BnB-PEP Algorithm. We solve the BnB-PEP-QCQP to certifiable global
optimality with the following generalized BnB-PEP Algorithm, a generalization of Algorithm
1.

« Stage 1: Compute a feasible solution. Fix the stepsizes in the dual SDP of Step
(iv) of the formulation of BnB-PEP-QCQP to a reasonable h™* and solve the resultant
convex minimization problem to obtain a feasible the BnB-PEP-QCQP. Table 2.10 lists
reasonable stepsizes.

o Stage 2: Compute a locally optimal solution by warm-starting at Stage 1
solution. Warm-start the BnB-PEP-QCQP with the feasible solution found in Stage 1
and solve the problem to local optimality using a nonlinear interior-point method.

o Stage 3: Compute a globally optimal solution by warm-starting at Stage 2
solution. Warm-start the BnB-PEP-QCQP with the locally optimal solution found
in Stage 2 and solve the problem to global optimality using a customized spatial

branch-and-bound algorithm described in the following.

Efficient implementation of the generalized BnB-PEP Algorithm. We customize the
spatial branch-and-bound algorithm to exploit specific problem structure of the generalized
BnB-PEP-QCQP. The techniques are analogous to those described in §2.4. We find bounds

on optimal solutions through implied linear constraints, SDP relaxation, and a heuristic. We
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Function Fixed stepsize h™t for Stage 1 of the BnB-PEP

class Algorithm
. 1/L, ifj=i-—1
Fo ppie = M BI=imh o
’ 0, else,
Fu.L Same as Fo.r..
FoLL Same as Fo r,.
. Bp_1 ifj=i—1
Wy P = ¢ EVART DT TET R g <jci,
’ 0, else,

Table 2.10: Fixed stepsize vector h™® to use in step 1 of the BnB-PEP Algorithm.
For Fo s, and W, ., R>0 is the upper bound associated with the initial condition.

find tighter lower bounds via lazy callback by replacing Z = PP T with
tr (Zny) >0, VyeY

and lazily updating Y. We improve upper bounds via SDP solves by constructing a merit
function to measure the infeasibility at the nodes of the branch-and-bound tree and solving
the convex SDP with the stepsizes fixed when the merit function value falls below some
tolerance. We exploit the structure of the inner-dual variables by observing the sparsity and

low-rank pattern for small N (e.g., N < 5) and extrapolating the patterns to larger V.

2.6 Applications

In this section, we demonstrate the strength of the BnB-PEP methodology by applying it
to three setups for which the prior methodologies do not apply. Numerical experiments of
this section were performed in the computational setup described in §2.1.3. We empirically
observed that, among the two approaches of §2.4.2.1 for computing variable bounds, the

heuristic-based bounds were tighter and lead to runtimes faster by factor of 2-5 compared to
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using the SDP-based bounds. We report the faster runtimes in our tables. In all instances,

the two approaches produced the same optimal solutions.

2.6.1 Optimal gradient method without momentum

In optimization folklore, momentum is considered essential for accelerating first-order gradient
methods. Indeed, prior FSFOMs minimizing smooth convex functions such as Nesterov’s
method [30], OGM [4, 8], ITEM [9], and many others [94, 95] all achieve accelerated rates
with momentum. However, a little known fact is that simple gradient descent, without
momentum, can achieve an accelerated rate for minimizing strongly convex quadratics [96,
97]. Whether a similar acceleration without momentum is possible for convex non-quadratic

functions is not known.

In this section, we investigate whether the simple gradient descent method

1
Ty =X — Zhi—1vf($i—1) (Gn)

with i € [1: N] can achieve an accelerated rate for minimizing L-smooth convex functions
when the stepsize {hi}ie[& ~—1] is chosen optimally. We denote the class of FSFOM of this

form as Gy C My.

As we discuss in §2.6.1.1, it is relatively straightforward to show that the unaccelerated
O(1/k) rate cannot be surpassed if {h;}icjo.n—1] stays within the “standard” range (0,2).
However, Young’s method [96] uses long steps satisfying 1 < h; < L/u for some i to achieve
an accelerated rate for L-smooth and p-strongly convex quadratics. The question is whether

a similar use of long steps can provide an acceleration in the smooth convex setup.
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Formally, we choose the function class

F={f|f € For, [ has a minimizer x,},

performance measure £ = f(zy) — f(z,), and initial condition C = ||xg — z,||* — R? < 0 with
R > 0. We solve the following instance of (O°""):

R* (Gn, &, F,C) = minimize R (M,E,F,C) .

MeGn

Derivation of BnB-PEP-QCQP. Following §2.5 Step (i), formulate the inner optimization

problem (O™ as

R(M,E,F,C)

maximize f(xy) — f(zy)

subject to  f € For,
Vf(z.) =0,
r;=xi1 —hiAVf(zr;io1) i€[1:N],
lzo — 2> < R?,

Ty = 07 f(x*) :Ou

where f and xo,...,zy are the decision variables. Write h = {h;}:cjo.n—1). Following §2.5

Step (ii), use the interpolation argument to formulate the inner problem as

R (M€, F,C)
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maximize fn — fx

subject to

fi > fi+Agj | wi— ) + 5pllgi — gsllP, i,5 € I ti # 5,
9« =0,2, =0, f, =0,

vy = w0 — (1/L) X2 hygs, i€ [1:N],

||170 - w*HQ S R2>

where {z;, gi, fi}iers, C R? x R% x R are the decision variables. Following §2.5 Step (iii),
implement the Grammian transformation. Define the Grammian matrices H € R¥>*N+2)
G € S&™ and F € R+ using the same equations in (2.8), {xi, i, fi}ier;, using the
same encoding as (2.9), except for {x;};cp.n], which we define as

i—1

x; =x9— (1/L)Y h;g; e RN™ ie[l:N].
j=0

Note, x; is linearly parameterized by h. The matrices A, ;, B, j, C;;, and a;; are the same as
in (2.10) except that they are now parameterized by h. Under the large-scale assumption

d > N + 2, we equivalently formulate the inner problem as the SDP

R(M,E,F,C)

maximize Fa, n

subject to

=| Fa;;+trGA;;(h) + 5: tr GC;; <0, i,je€ly:i#j, ©>dualvar. \;; >0
—G <0, >dualvar. Z >0

tr GBy, < R* > dualvar.v >0
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where F' € R+ and G € RWH2x(V+2) gre the decision variables. Following §2.5 Step

(iv), construct the dual:

R(M,E,F,C)

minimize vR>

subject to

Y jens izt Nijliy — Gxn =0,

vBy, + Zi,jelj*vzi;éj Aij (Ai,j(h> + ﬁ@',j) =Z,
Z =0,

VZO,)\i’jZO, Z,]GIX/Z?Q],

where v, A\, and Z are the decision variables. Assume that strong duality holds. Finally,

following §2.5 Step (v), use Lemma 2.3 to pose (O°"*") as the following BnB-PEP-QCQP:

R*(Gn,E, F,C)

minimize vR>

subject to

Dijery iz Nijliy — Gxn =0,
= | vBos+ Lijeryuiri Mg (Aij(h) + 5:Cij) = 2, (2.25)
P is lower triangular with nonnegative diagonals,

PPT =7,

VZO,/\i,jZO, lJJEIJ,{]Z#L%
where A\, v, Z, P, and h are the decision variables.

Numerical results. Tables 2.11 and 2.12 present the results of solving (2.25) with L = 1,

R=1, N=1,...,510,25 using the BnB-PEP Algorithm. We compare the optimal stepsize

83



=)
TS T T 1] T T 171 . N 1/L ‘ ‘ ‘ ‘ | |
— STEpsize
:0 10_1 = m— Stepsize in [5] H /KIJ\ 400 o
Q B = BnB-PEP || ~
= I / @
= o) . = 200 .
= 10 ‘S o
| [ 1 + ° %
s [ - .—15 .'o
@) “....o“o
= 10 10 0 10 20 30 40 50
N (log scale) N
(a) (b)

Figure 2.1: Numerical results for computing locally optimal stepsizes by solving
(2.25) with the first two stages of the BnB-PEP Algorithm. Global optimality of
the stepsizes are verified for N = 1,2,...,25. (Left) Worst-case performance of
f(zn) — fi vs. iteration count N. (Right) Runtimes of the BnB-PEP Algorithm
(including Stages 1 and 2 but excluding Stage 3).

N # # Worst-case f(zn) — f(2x) Runtime of the
variables  constraints . . BnB-PEP
For stepsize For stepsize )
Optimal  in [5, §4.1.1] hi =1 Algorithm
1 20 33 0.125 0.125 0.1667 0.03 s
2 34 56 0.065946 0.067355 0.1 0.252 s
3 54 85 0.042893 0.045364 0.0714 0.375 s
4 7 120 0.03117 0.033976 0.0555 17.602 s
5 104 161 0.024071 0.0270701 0.0454 86.904 s
10 365 456 0.010622 0.0132692 0.0238 1d18h
25 1835 2241 0.0034757 0.0051754 0.0098 2d20h

Table 2.11: Comparison between the performances of the optimal method obtained by
solving (2.25) with the BnB-PEP Algorithm, the method with constant normalized
stepsize h; = 1, and the method with constant normalized stepsize h; prescribed
in [5, §4.1.1]. The BnB-PEP Algorithm was executed on a standard laptop for
N =1,2,...,10, and on MIT Supercloud for N = 25.
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N h*

1 [15]

[ 1.414214 ]
1.876768

[ 1.414215
3 2.414207
1.500001

[ 1.414214

1.601232

3.005144
1.5

[ 1.414214

2.0

5 1.414214

3.557647
1.5

10  See Supplementary Information or Github repository

25 See Supplementary Information or Github repository

Table 2.12: Globally optimal stepsizes obtained by solving (2.25) with the BnB-PEP
Algorithm.
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with the constant normalized stepsize h; = 1 for all ¢, which is known to be optimal among

h; € (0,1] [98, Corollary 2.8, Theorem 2.9], and constant normalized stepsize h satisfying

1

which is conjectured by Taylor, Hendrickx, and Glineur to be the optimal constant normalized
stepsize [5, §4.1.1]. The stepsizes presented in Table 2.12 are certified to be globally optimal.
Interestingly, we observe that the locally optimal stepsizes obtained at Stage 2, denoted by

h'°P* were already near-optimal.

This observation motivates us to apply just the first two stages of the BnB-PEP Algorithm
for N upto 50. In Figure 2.1, we again compare the performance guarantees of the locally
optimal stepsizes h'°P* with that of the constant normalized stepsizes h; = 1 and the constant
normalized stepsizes h; satisfying (2.26). We verified global optimality of these stepsizes
hl°Pt for N = 1,...,25. While hl°P* for N = 26, ...,50 are not certifiably globally optimal
(although we suspect that they are near-optimal), their computed performances are certifiably

accurate.

Figure 2.1 shows that the computed stepsizes h'°P' outperforms both constant stepsizes.
Figure 2.2 presents a linear fit of the rate in the log-log scale. The fit 0.156/N11™ indicates

that the asymptotic rate may be faster than O(1/k).

Figure 2.3 shows h'°P* for N = 5,10,25,50. The optimal stepsizes h'°P* for N = 1,2,...,50
(global optimality verified for N = 1,2,...,25) are provided as Supplementary Information

and as a data file at:

https://github.com/Shuvomoy/BnB-PEP-code/blob/main/Misc/stpszs. jl
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https://github.com/Shuvomoy/BnB-PEP-code/blob/main/Misc/stpszs.jl

However, finding an analytical form of the computed stepsizes seems difficult. Therefore, we

leave inconclusive the question of whether acceleration without momentum is possible.

o
T@ T T T T 7T r
8 | I —— 0.156/N 1178 T T I —0.156/N 1178
0 10 ? N --- memrEp | —~ 0.15 |- R —
- I ] =
~ | : “T 0.1 a
& -2 L .
~—~ ]_O = El
= E ] "= - a
| i ] é 0.05
— r b ~
§ 1073 pulo | \\\\\11 L ()71 | | | | | ]
= 10 10 0 10 20 30 40 50
N (log scale) N
(a) (b)

Figure 2.2: Fitting the worst-case performance of f(zy) — fi corresponding to the
locally optimal stepsizes obtained by solving (2.25) with the first two stages of the
BnB-PEP Algorithm yields 0.156/ N1, The asymptotic rate may be faster than
O(1/k).

2.6.1.1  Acceleration is impossible without long steps

Consider the univariate functions

2 .
fulz) = 2]\€lﬁl|x| - 2(2]6211)2 if |z > 2N}l3+1
Ly? otherwise
L
fZ(x) - 5%‘2,

which are L-smooth convex functions minimized at x, = 0.

Consider gradient descent z; = x;_1 — (h;—1/L)V fj(x;_1) where for j =1,2 and ¢ € [1: N]|
with starting point o = R. For the sake of simplicity, consider the constant stepsize h; = h

for all i € [0 : N — 1]. It is straightforward to check that the objective values at iteration N
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Figure 2.3: Locally optimal stepsizes h'°P! vs. iteration number for N = 5,10, 25, 50
with L = 1. These optimized methods utilize long steps h; > 2/L for some i, much
alike how Young’s method [96] uses long steps satisfying 1 < h; < L/u for some i to
achieve an accelerated rate for L-smooth and p-strongly convex quadratics.
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are

LR? 1
2 2Nh+1

Falan) = 21— B)?

filzn) = (for 0 < h <2)

The analysis of f; shows that acceleration, if possible, would require the algorithm to take
long steps exceeding the range h < 2. On the other hand, the analysis of f; shows that the
constant-step gradient descent cannot use a stepsize exceeding h < 2 as otherwise one gets

divergence.

For the general case when h; is not constant, a similar line of reasoning with f; shows that
acceleration without momentum is possible only if {h;}icjo.n—1] exceeds h; < 2 for some
i € [0: N —1]. The reasoning and the counter examples f; and f, are based on [4, Theorem 2]

and [5, §4.1.1].

2.6.2 Optimal method for reducing gradient of smooth nonconvex

functions

In this section, we construct an optimal FSFOM for decreasing the gradient of L-smooth

nonconvex functions. Formally, we choose the function class

F={f|f € F_rr, f has a global minimizer z,},

performance measure’

— ; 312
€= min Vi@l

In the nonconvex setup, performance measures such as f(zy) — f(zx) or |V f(zn)||? may not converge
to zero as N — oo [52, page 3, paragraph 2|[99, Remark after Theorem 1].
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and initial condition C = f(x¢) — f(z,) — (1/2)R?* < 0 with R > 0. We parameterize FSFOMs

in My as
i1 p. Gy
Ty = Tj—1 — Z ) Vf(l']) =Ty — Z ) Vf(l']), (227)
7=0 L 7=0 L

for i € [1: N]. We solve the following instance of (Q°"*"):

R* My, E, F,C) = minimize R (M,E,F,C) .
MeMy

Derivation of BnB-PEP-QCQP. Following §2.5 Step (i), formulate the inner optimization

problem (O™ as

R (M, E,F,C)
maximize min;ep.ny ||V f(2:)])
subject to f € F_p 1
f(x) > f(x,), forall z € RY
ri =20 — 1 2o hi;V[f(x;) iel:N],
fxo) = f(z.) < RZ,
2. =0, f(z.) =0,

where f and zo,...,zy are the decision variables. Write h = {h; j}o<j<i<n. To follow the

interpolation argument of §2.5 Step (ii), we use the following interpolation result.
Lemma 2.5 (Interpolation inequality for F_p ). Let I be a finite index set, and let

{(zi,9i, fi) Yieropy € RYx R? x R. Let L > 0. There exists f € F_r 1 satisfying
f(x) > f(z,) = fi for all z € RY, f(z;) = f; for alli € I, and g; = Vf(x;) for all
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i € I if and only if 7

L 1 1 .
fi>fi— ZH%‘ —zj]]* + 5 (9i +gj | v —x5) + Eng‘ —gil*, Vijelu{x},

1
w < 1T 5T i2 Vi [7
fo<hi-pllel? vie

ge = 0.

Proof. The result follows from translating [99, Theorem 7] into the form of [6, Theorem 3.10].
(Note that journal version of [6, Theorem 3.10] has a sign error that was corrected in its

updated arXiv version.) O

Now formulate the inner problem as

R(M,E,F,C)

maximize ¢

subject to

t<|Vf()ll*, i€[0:N],

fiz i =Sl — a5l + 5 (g + g5 | w0 — a5) + - llgi — g511°, 6J €Iy i # ],
fo < fi—gpllall?, ie€[0: N,

9 =0, 2. =0, f, =0,

Ti = T — %Z;;%)Ei,ij(xj), ie[l:N],

fo—fo < R?,

where {z;, g, fi }iery € R?x R4 xR and ¢ € R are the decision variables. Following §2.5 Step

"The first condition can be viewed as a discretization of the following condition [6, Theorem 3.10]:
f € F_r, if and only if

F) 2 5(@) ~ e~ 9l + 5 (VF@) + V) [y =2 + 1 IVF@) - VI, Yoy € R
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(iii), implement the Grammian transformation. Define the Grammian matrices H € R4*(N+2),
G € 8Y*? and F € R™*W+Y using the same equations in (2.8), {x;,g;,f;}icr;, using the

same encoding as (2.9), except for {x;}icpi.n], which we define as
1 1—1 .
Xi:XD_ZZhiJng]RNJ’_Q; ZE[lN]
=0

Note, x; is linearly parameterized by h. The matrices B, ;, Ci;, and a; ; are the same as in

(2.10) except that they are now parameterized by h. For 4, j € I, define

Aij(h) = (g +8)) © (xi — %),

so that

tr GA,;(h) = (g: + g; | 7 — )

holds. Under the large-scale assumption d > N + 2, we equivalently formulate the inner

problem as the SDP:

R(M,E,F,C)

maximize ¢

subject to

t<trGC;,, i€[0:N] > dualvar.n;>0

=| Fai; — LtrGB;j(h) + Ltr GA, j(h) + L tr GC,; <0, i,j € I§ i # j, > dual var. \;; >0
Fa;, + itrGCL* <0, i€[0:N], >dualvar.7;,>0

—G <0, ©>dualvar. Z >0

Fa.n < R?, > dual var. v > 0

where FF € R+ and G € RWH2x(V+2) gre the decision variables. Following §2.5 Step
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(iv), construct the dual:

R(M,E,F,C)

minimize vR?

subject to

2ligert iz Nijliy + 2iery, TiGlix + Vawo = 0,
— 2ie[0:N] niCix + Z”ep it i ( %

- +57 Yicio-n TiCix = Z,

> \

+14;5(R) + £Ciy)

l\D\»—l

EiE[O:N] i = L,
Z =0,

I/ZO,TZ'ZO,AZ‘,J'ZO, ’l,jEIX;Z#.],

>0, i€l0:N],

where v, A\, n, 7, and Z are the decision variables. Assume that strong duality holds. Finally,

following §2.5 Step (v), use Lemma 2.3 to pose (O°"*") as the following BnB-PEP-QCQP:

R* (Mn,E,F,C)
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minimize vR?

subject to

Yoigers iz Nigij + Yiersy, Titlix + Vaxg =0,

— 2icfo:N) N0 + 2ijers izj N (—§9¢,j + %Am(ﬁ) + ﬁci,j)
+ﬁ icjo:N] TiCix = Z,

= | Zicon i =1, (2.28)

P is lower triangular with nonnegative diagonals,

PP" =7,

©ij = Bi;(h), i,j €I i+ ],

I/ZO,TZ'EO,)\Z'JEO, Z,jEIX[Z%j,

>0, i€[0:N]

where v, A\, n, 7, Z, P, and {@i’j}i,jef;\]:#j are the decision variables. Note that {@i,j}i,jelj*vri#j
is introduced as a separate decision variable to formulate the cubic constraints arising from

B; j(h) as quadratic constraints.

Numerical results. Tables 2.13 and 2.14 present the results of solving (2.28) with L = 1,
R=1,and N =1,...,5 using the BnB-PEP Algorithm. We compare the computed optimal
FSFOM with the FSFOMs defined by

1)L ifj=i—1,
hi; = (GD)

0 ifjel0:i—2,
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which is gradient descent and

o 2/(v3L) ifj=1i-1, AK2)

0 ifjel0:i—2,

which was proposed by Abbaszadehpeivasti, de Klerk, and Zamani and has the prior state-
of-the-art rate [51]. To clarify, the stepsizes h = {h; }o<j<i<y and h = {h; j}o<j<i<n are
as defined in (2.27). We obtain the optimal A" from the BnB-PEP Algorithm, solve for h*
with (2.4), and present h* in the table. The stepsizes presented in Table 2.14 are certified
to be globally optimal by Stage 3. We again observe that the stepsizes obtained at Stage 2,

denoted by Elom, were already near-optimal.

Figure 2.4(a) shows that the computed stepsizes h* outperforms (AKZ) on the worst-case

guarantee of min;epo.n1 ||V f(2;)]|?. To ensure the comparison is precise, we set the precision
of the solver to 1071, We observe in Figure 2.4(a) that the performance improvement
diminishes as NV increases, which suggests that it will go to zero as N — co. This observation

leads conjecture that (AKZ) has the exact optimal constant for the leading order term.

Conjecture 2.1. The optimal FSFOM for reducing gradient of smooth nonconvex functions

satisfies
6v3L(f(z0) — f)
8N +3V/3

in ||V f(z;)]]* < 1/N
min [V < +ol1/N)
where the leading term corresponds to the rate for (AKZ) [51, Theorem 2].

Also, Figure 2.4(b) shows the solution time to compute the locally optimal stepsizes h'°Pt.

Momentum form of optimal FSFOM. An interesting observation is that the optimal

FSFOM computed by the BnB-PEP Algorithm can be equivalently written in the “momentum
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N # # Worst-case min;eo.n [|V f () ||? Runtime of the
variables  constraints Optimal GD AK7 BnB-PEP Algorithm

1 60 70 0.7875254 0.8 0.7875254 0.04 s

2 162 177 0.4902031 0.5 0.4902920 0.41 s

3 365 386 0.3558535 0.363636 0.3559478 9.79 s

4 723 751 0.2793046 0.285714 0.2793919 69.2 s

5 1302 1338 0.2298589 0.235294 0.2299378 607.52 s

10 4138 4128 0.1219308 0.125 0.1219809 2d15h

25 118653 118433 0.0506221 0.051948 0.0506457 4d18h

Table 2.13: Comparison between the performances of the optimal method obtained
by solving (2.28) with the BnB-PEP Algorithm, (GD), and (AKZ). The BnB-PEP
Algorithm was executed on a standard laptop for N = 1,2,...,10, and on MIT
Supercloud for N = 25. The performance difference between the optimal method
and (AKZ), while small, is genuine, as the difference is greater than precision of the
solver, set to 10710,

N h*

1 [1.154700]

) 1.157583

0.023142 1.146857

1.15762

3 0.023577 1.149576
0.003462 0.021945 1.146719

1.15762
A 0.023584 1.149611

0.003535 0.022356 1.149436
0.000549 0.003276 0.021922 1.146717

1.15762

0.023586 1.149611
) 0.003546  0.02236

1.149469

0.00061 0.003334 0.022329 1.149433

0.000149 0.000527 0.003263 0.02192 1.146717
10 See Supplementary Information or Github repository
25 See Supplementary Information or Github repository

Table 2.14: Globally optimal stepsizes obtained by solving (2.28) with the BnB-PEP

Algorithm.
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Figure 2.4: Numerical results associated with the stepsizes by solving (2.28) with
the BnB-PEP Algorithm. (Left) Improvement in the worst-case guarantee of
mingep.ny || V.f(2;)||? vs. iteration count N. (Right) Runtimes of the BnB-PEP Algo-
rithm to compute locally optimal solutions (including Stages 1 and 2 but excluding
Stage 3).

form”:

1
v/ (2.29)

Tiy1 = Yir1 + Gr1 (Vi1 — ¥i) + M1 (Vi1 — @)

Yi+1 = Tq —

for i € [0: N —1], with coeflicients {(;}iepi:n) and {n; }icp:n. Table 2.15 shows the equivalent

optimal coefficients.

The class of FSFOMs in momentum form is a strict subset of the class of FSFOMs [5, §4.2].
Nesterov’s fast gradient method is expressed in the momentum form (2.29) with n; = 0 for all
i. Many other accelerated gradient methods such as OGM [4, 8], OGM-G [34], Simple-OGM
and SC-OGM [100], FISTA [101], FISTA-G [94], EAG [37, 102], TMM [33, 94], ITEM [9],
ORC-F,, OBL-F,, and OBL-G, [74], and M-OGM-G [75, 94] can all be expressed in the

momentum form (2.29).

Furthermore, we observe that the optimal FSFOMs for N =6, ...,25 also admit momentum

forms. The list of the stepsizes in the momentum form coefficients {(}icp.vy and {n] Ficpan
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N ¢r n

1 [0.0] [0.1547]

2 [0.0,0.146858 [0.157583, 0]
3 [0.0,0.149583, 0.146717] 0.157619, 0, 0]
4 [0.0,0.149626, 0.149426, 0.146702] [0.15762, 0,0, 0]

5 [0.0,0.149622,0.149464,0.149417,0.146707]  [0.15762,0,0,0, 0]

Table 2.15: Momentum form coefficients {(} }icji.n and {9 }icp.n for (2.29) of the
optimal method obtained by solving (2.28) with the BnB-PEP Algorithm.

for N =6,...,25 are provided as Supplementary Information and also as a data file at:

https://github.com/Shuvomoy/BnB-PEP-code/blob/main/Misc/zetaeta. jl

2.6.3 Efficient first-order method with respect to a potential function

in weakly convex setup

Consider the problem of constructing an FSFOM that efficiently reduces the subgradient
magnitude of p-weakly convex functions with L-bounded subgradients. Formally, we choose

the function class
F=A{f|f€W,r, f has a global minimizer z,}.

Consider FSFOMs of the form

for i € [0 : N|, where f'(z;) € 0f(x;) and h € R is the stepsize to be determined. Let
L= L/p. Since f €e W, & f/p €W, 3, consider f € W, 7 and set p = 1 without loss of

generality.
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In this section, we show how to construct an efficient FSFOM by obtaining potential function
analyses of FSFOMs and minimizing the guarantee. Unlike in previous sections, our goal
here is not to construct an optimal FSFOM but rather is to construct an efficient FSFOM

with an analytically tractable potential function analysis.

Using optimization to find potential function analyses of FSFOMs has been studied by Lessard,
Recht, and Packard [10] and Taylor, Van Scoy, and Lessard [7] and the philosophy goes further
back to the classical Lyapunov stability problem of control theory [103]. Our approach, in
particular, closely follows and generalizes the work of Taylor and Bach [38, Appendix C|,
which finds potential function analyses of FSFOMs and optimize a certain span-search based
relaxation of the FSFOMs. The relaxation retains convexity of the optimization, but it is
restricted to the convex minimization setup with performance measure f(zy) — f(x4). Our
proposed methodology removes this restriction; we can construct efficient FSFOMs in the
convex and nonconvex setup with various performance measures. The concrete instance of
this section illustrates our methodology and improves upon the prior state-of-the-art rate of

Davis and Drusvyatskiy in [52, 104, 105].

2.6.3.1 Measuring stationarity via Moreau envelope

In the nonsmooth nonconvex setup, performance measures commonly used in the convex
setup, such as f(zy) — f(z,) or dist(0; f(zx)), may not go to zero as N — oo [52, page
3, paragraph 2|. Therefore, we define a notion of approximate stationarity via the Moreau

envelope.
Consider f € W, 7 and let p > 1. The proximal operator and Moreau envelope of f are
respectively defined as

A

. p . p
Prox () = argmin {f(y) +35lly = xll2} . fap () = Inin {f(y) + Sy — $H2} :
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The Moreau envelope f(1/;) is global underestimator of f that is continuously differentiable:

with y = prox ;) (), we have
1
v =y =3V (z) € 0f(y)

[106, (2.13), (2.17)]. If z, is a global minimizer of f, then f(1 /5 (x,) = f(z.) and [|V fa 5 (z.)]| =
0. The gradient of the Moreau envelope serves as a measure of suboptimality since, with

Y = Prox ; (), we have

1
ly — x| = EHW@/@(ZE)II,

fy) < flo),

dist(0,0f(y)) < |V fusp ()],

for any x € R [52, page 4]. In other words, if ||V f1/5 ()| is small, then x is near some

point y that is nearly stationary for f.

We set p = 2, the simplest choice. For a given sequence of iterates {z;}icp.nju(s}, define

Yi = prox(l/Q)f(xi)

f/<yi> = 2(%‘ - yi)'

(2.31)

Choose the performance measure

2 2
£ = N+12va1/2 )" = N+1Z||f vi)|I”,
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which was also used in [52]. Note that

1 N
i II? < 312
in IV fayz) ()| < N+1§||Vf(1/2) () |12,

so any guarantee on & translates to a guarantee on min;eo.ny |V f1/2)(2:)]?-

Finally, we provide a few points of clarification. The parameter p is not used in the method
(2.30) and only appears in the analysis of the algorithm. Since p is strictly larger than 1, the
weak convexity parameter, y = prox (x) is defined as a minimizer of a strongly convex
function and therefore uniquely exists. While f'(x;) € 0f(x;) is chosen arbitrarily in the
method (2.30) (the i-th iteration of the method may use any subgradient at x;) the choice of

f'(y;) € Of (y;) (used in the analysis) is specified by (2.31) and therefore is not arbitrary.

2.6.3.2 Potential function analysis via BnB-PEP

Consider the potential function

U = b (foyo(@e) = fap (@) = b (Fle) = fl@) + o —wel®), R e€[0:N+1],

where z, is a global minimizer of f, {by}rcjo:n41] are parameters to be determined, and

{Yk}kep:v41) are as defined in (2.31). Choose the initial condition C as

fayz(@o) = fayp (@) = f(yo) — fz) + llzo — ol < R

Again, let z, = 0 and f(x,) = 0 without loss of generality. If we show

1 () II? + 1 — e < el f ()P (2.32)
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for k € [0 : N|, where {bx}reco.n+1) and {cx}reo:n) are nonnegative parameters to be deter-

mined, then a telescoping sum provides the rate

<L2 Z ¢+ o — ¢N+1>

1 ~
< 2 ' 2|
_N+1<L E cz—l—boR)

1=0

In a potential function analysis, we effectively choose to be oblivious to how x; was generated
and to the method’s prior evaluations of f; we establish the potential function inequality
(2.32) one iteration at a time. Due to this restriction, our efficient FSFOM is not expected to

be optimal, but it is expected to have a simpler analytically tractable analysis.

Potential function analysis. Let

Vilh) = {(Buess b ) |1 )2+ s < — eull F (@l Vau € RY, £ €W, 5}

where x4 =z — hf'(xr), yp = T — %f’(yk), and Ygi1 = Tpy1 — %f’(ykﬂ), be the set of

(bgs,, by, i) such that (2.32) holds for all 7, € R? and f € W, ;. Then, one could consider

optimizing the FSFOM by solving

it (Lo ei + b R2)
subject to  (bgt1, bk, cx) € Vi(h), ke]0: N +1],

minimize

(2.33)

where {b; }icjo:n+1], {¢i}iep:n, and h € R are the decision variables.

However, checking (byy,, bi, cx) € Vi(h) is difficult and (2.33) is difficult to solve, because
Wz isa function class without a known interpolation result. In the following, we find

Vie(R) C Vi(h) such that membership with respect to Vi(h) is easy to check. Then we
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optimize the FSFOM by solving

minimize 1/(N +1)) (L2 Zfi ¢; + by R?
(1/(N +1)) ( TRt ) 230
subject to  (bg+1,bk, cx) € Vi(h), ke[0:N+1]

where {b; }icjo:n+1), {¢i}icjon), and b € R are the decision variables. Note, (2.33) is upper

bounded by (2.34), since Vi(h) D Vi(h).

In the following, we show that each constraint (bgy1, bk, cx) € Vi(h) in (2.34) k€ [0: N + 1]
can be formulated into a QCQP feasibility problem. We then apply the feasibility problem
formulations & € [0 : N + 1] to obtain the BnB-PEP-QCQP (2.42).

Sufficient SDP for potential function inequality. Note, (b1, b, cx) € Vi(h) if and only

if the optimal value of the following problem is less than or equal to 0:

maximize || (yi) I + bx1 (f (War1) — f(@2) + [[2601 — yrga|?)
=i (f () — f@e) + l2n — well?) — cill £ () I
subject to  xpy1 = xp — hf'(xy)
Yo = e — 5.1 (k) (2.35)
Yrr1 = Tra1 — 5.1 (Yrr),
f(x) =0, 2, =0, f(z,) =0,
fw) = f(@e),  w € {@p Tpsr, Ys Yot}

f S Wl,f’

where f € Wl,Z and Ty, Tri1, Ui, Yer1 € R? are the decision variables.

Define Vy(h) C Vi(h) such that (bgyq, by, ¢x) € Ve(h) if and only if the optimal value of the
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following problem is less than or equal to 0:

maximize

subject to

L Wi 1P + brr (f (Warr) — F(@0) + lzeer — Yo [?)

=i, (f(y) = fl@) + ok — yll®) — cll £ (i) |12

Tpy1 = xp — hf' (xg)

yr = o — 5./ (Yk)

Yk+1 = Tht1 — %f’(ykﬂ),

f(x) =0, 2, =0, f(z,) =0,

fw) = f(@e),  w € {@k; Tprr, Yos Yur}

fw') = f(w) + (f'(w) | w' —w) = [ —w|?,
w,w' € {@k, i1, Y Yor1}y

Hf/(w)H2 S z27 w e {xk7xk+1uykayk+1}7

(2.36)

where f, xp, Tpy1, Yk, and ygyq are the decision variables. Since the constraints of (2.35)

imply the constraints of (2.36), the optimal value of (2.35) is upper bounded by (2.36) and

Vi(h) D Vi(h). (Since W, ;7 is a function class with no known interpolation result, two

optimal values and the sets are not necessarily equal.) For notational convenience, define

(@, f'(@0), f(22) = (Wi, s f),
(@x, f' (), [ (1)) = (wo, 9o, fo),
(@r1s f1(@n41), f(@41)) = (w1, 91, 1),
(s ()5 [ () = (w2, g2, fo),

(yk+17f/(yk+1>>f<yk+1)) = (ws, g3, f3).
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Then we can express (2.36) equivalently as

maximize |[|g2|* + br1 (fs — fi + w1 — ws]|?)
— (b (fo = fu + llwo — wal?) — cxllgol1?
subject to w; = wy — hgo
Wy = Wy — %927
w3 = wi — 303, (2.37)
(ws, g, f+) = (0,0,0),
flwi) = fz.), i€0:3],
fi = [+ g5 | wi —wy) = gllwi = w45 €[0:3JU{x} i #j,
lg:l> < L*, i€ 0:3]u{x},

where {w;, g;, fi}icjo:sjug«) are the decision variables.

Next, we use the Grammian formulation to formulate (2.37) as an SDP. For k € [0 : N], let

H™ =Twy | go | 91192 g5] € R,
G — AT ) ¢ g3 (2.38)

FE = [fo| fi| fo| f5] € RPA

Note that rank G* < d. Define the following notation for selecting columns and elements of
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H¥ and FI*.
g, =0€R’ gi=en€R’ ic|0:3],

f,=0cR*fi=c €¢R* ic[0:3],
w*:()E]RE’,
wy = e; € R®,
wi = wo — hgo € R,
1

W2 =Wo — 582 € R,

1
W3:W1—§g3 GIR5.

Furthermore, define

for i,j € [0: 3] U {x}. Note that A; ;(h) and B; ;(h) are affine and quadratic as functions of

h. This notation defined so that

w; = }[[k]wi7 g = H[k}gi’ fi = F[k}fi
||U)z - ij2 =tr G[k}BZ’](h), and

lg: — g;]|* = tr G T ;.

for i,j € [0: 3] U {x}. Finally, define

Q™ = QU (R, by, b, er) = Cos + bra Bra(h) — bieBoa(h) — cxCoss,

q[k] = q[k]<bk+1, bk) = bk+1a*,3 - bka’v?
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for k € [0 : N]. Assume the large-scale assumption d > 5. Using the new notation,

equivalently formulate (2.37) as

maximize tr GFIQI 4 FFlgl]

subject to FiMa;, <0, i€[0:3], > dualvar. 7" >0
FMag; +tr G (A j(h) — 3B, j(h)) <0, 4, €[0:3]U{x}:i#j, © dualvar. Al >0
trGFICO; , < L2 ie[0:3]U{«}, © dualvar n[k] >0

%

—G <0, >dualvar. Z>0
(2.39)

where GI¥ € $> and F Kl € R4 are the decision variables.

Next, we dualize. Define Vi,(h) C Vi, (h) such that (byi1, by, cx) € Vi(h) if and only if the

optimal value of the following problem is less than or equal to O:

minimize L2 2i[0:3)u{x} nl[k]

subject to —Q™ + 3, i oa1upe)iny /\Ekg] (Ai,j(h) - %Bz',j(h)) + Yicioajugx MCix = ZH,
—q™ 4+ Yicp Ti[k}ai,* + 20 e[0:3Ufx i )\Elﬁai,j =0,
NI >0, >0, ijel0:3lulstiig

>0, iel0:3]

T

ZH =0,
(2.40)

where {n[k]}ie[(]ﬁ]u{*}, {Aﬁ’f}}i,e[&g]u{*};i#, {Ti[k]}ie[g;g], and ZW e S are the decision variables.
By weak duality, the optimal value of (2.39) is upper bounded by (2.40) and Vi(h) D Vi(h).
(While we expect strong duality to usually hold, we do not need to assume it.) Observe that

for the optimal value of (2.40) to be less than equal to zero, we must have n*! = 0. Hence,
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(2.40) simplifies into the feasibility problem

minimize 0

subject to —QI + (08U e} i )\Ekj] (AiJ(h) — %Bi,j(hD = 7K,
—q™ + Tico M.+ 2. je[03]0{x} i )‘%ai’j = (2.41)

NG =0, i je0:3lUf{x}:i#], |

M>0, ie 03],

ZH =0

for k € [0: N].

Optimizing potential function analysis. We have shown that existence of a feasible point

for (2.41) implies (bpi1, bk, cx) € Vie(h), which in turn implies (2.32) holds. Finally, use

Lemma 2.3 to formulate (2.34) as the following BnB-PEP-QCQP:

minimize  L? {ﬁ ( Noci+ %jbo)}

subject to —Q + 5, coauquping My (Aij(h) — 3018) = Z2H, ke 0: N,
—q[k] + 2icj0:3) Ti[k]ai,* + 20 je[0:3)Ufx i )\y;]ai,j =0, kel0:N],
MI>0, ijef0:3/u{x}:i#4 kel0:N] 2.42)

M>0, iel0:3, kel0:N] '

P is lower triangular with nonnegative diagonals, &k € [0: N],

PH(PENT = ZIkl ke [0: N],

O =B,(h), i,jel0:3]U{x}:i#j. kel0:N],

where the decision variables are {by }rejo.n+1], {Ck }rejo:n]s {)\[k]}ke[O:N]7 {T[k]}ke[O;N], {Z[k]}ke[ow],
{P[k]}ke[&m, {G[k]}ke[ow}, and h. We call \* 781 and Z¥ the inner-dual variables. Note

that {G)[k]}ke[[): n] is introduced as a separate decision variable to formulate the cubic con-
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straints arising from B; ;(h) as quadratic constraints. A feasible solution of (2.42) provides a

performance guarantee on the FSFOM defined by the stepsize h.

2.6.3.3 Numerical results and analytical convergence proofs

Tables 2.16 and 2.17 shows the results of solving (2.42) with L = 1, R = 0.1 and N =
1,...,5,10,25 using the BnB-PEP Algorithm. Similar to our previous experiments, we
empirically observe that the locally optimal stepsizes obtained at Stage 2, denoted by h'°Pt,
were already near-optimal. This motivates us to apply just the first two stages of the BnB-
PEP Algorithm for N = 26,...,100. In Figure 2.5, we compare the locally optimal stepsizes

hlrt with the stepsize h = R/(Ly/(N + 1)) reported in the proof of [52, Theorem 3.1].

In the following, we use the numerical results to obtain an analytical form of the stepsize and

its convergence proof.
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Figure 2.5: Numerical results for the locally optimal stepsizes by solving (2.42)
the BnB-PEP Algorithm. We have verified global optimality of the locally optimal
stepsizes for N = 1,2,...,25. (Left) Objective value L*[(SN c;4+(R?/L?)by) /(N +1)]
for h = R/(L\/(N + 1)) (as prescribed by [52]) and for the stepsizes computed by
the BnB-PEP Algorithm vs. iteration count N. (Right) Runtimes of the BnB-PEP
Algorithm (including Stages 1 and 2 but excluding Stage 3).

109



# # Worst-case L2[(XN ¢; + (R2/L*)bo)/(N + 1)] Runtime of the

N variables  constraints Optimal h— ﬁ BnB-PEP Algorithm
1 735 780 0.0398 0.04717 0.01s

2 1102 1170 0.0396 0.04837 0.22 s

3 1469 1560 0.0394 0.048415 0.34 s

4 1836 1950 0.0392157 0.0480887 0.81s

5 2203 2340 0.039026 0.0476315 2.6 s

10 4038 4290 0.038113 0.0451378 8 h 40 m

25 9543 10140 0.035692 0.0397182 19h 15m

Table 2.16: Comparison between the performances of the optimal method obtained by
solving (2.42) with the BnB-PEP Algorithm and the method with h = R/(L\/(N + 1))
as prescribed by [52]. The BnB-PEP Algorithm was executed on a standard laptop
for N =1,2,...,10, and on MIT Supercloud for N = 25.

N h*

1 0.01

2 0.0099664
3 0.0099331
4 0.0099

5 0.00986714

10 0.0097061

25 0.0092553

Table 2.17:  Globally optimal stepsize obtained by solving (2.42) with the BnB-PEP
Algorithm.
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Structured inner-dual variables. To find an analytical proof of an FSFOM defined by h,
i.e., to find a feasible solution of (2.42), we use the methodology of §2.4.3 to we find the

following pattern of the optimal inner-dual variables A** 7*l and Z* for all k € [0 : N]:

e Only A;Eg], )\EEIS], and )\6[5] are nonzero. Furthermore, )\’2:“5] = AS[?.

e Only 7 M is nonzero.

e Only Z;ﬁ[f], Zzgﬁ] = ;}f}, Z;[g] = 2*7[51, Z;:] = 2}5}, Zm, and ZE[)ké are Nonzero.
Furthermore, ngﬁ = —Zi[g}, ZZE] = ng[@, and ZZ’%] =—Z5,

Since the pattern is the same for all k, we enforce this pattern for a given k in the constraint
set of (2.42). This leads to a system of equations, and after some tedious but elementary

calculations, we get the simplified form

4+ (1= 2h)bysy = by,

)‘[ngi = bk+17 (2 43)

= by — by,
for all k € [0 : N]. We share Mathematica code for calculating (2.43) symbolically as follows:
https://github.com/Shuvomoy/BnB-PEP-code/blob/main/Misc/potential.nb

The solution numerically produced by BnB-PEP Algorithm have by, = 0, so we use that
terminal value. Furthermore, from the numerical results, we also empirically observe that cj,

h*, and b}, follow the relationship ¢ = h?bgyq for all k € [0: N].
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Convergence proof 1: Analytical solution to the BnB-PEP QCQP. We restrict® our
consideration to h € (0,1/2]. The recursive relationship 4 + (1 — 2h)bg; = by of (2.43) with

the terminal condition by, = 0 implies

b= (1= (1 =2m)NF) for ke [0: N +1]. (2.44)

S o

This formula and the resulting values from (2.43) indeed make {bi}rco:n+1]s {Ck}repo:n;
{/\[M}ke[o:N], and {T[k]}ke[():]v] non-negative. Plugging values from (2.43) and ¢, = h?by, into

(2.42) we get

— q[k] + Z Tl-[k]ai,* + Z )\E{Zlai,j =0,
1€[0:3] 1,j€[0:3]U{*}:i#£]
1
—QME S A (i) - 5Bis)) = 21,
§,F€[0:3]U{x}:ij

0 0 0 0 0

0 $h%ksr 0 —Ihbepr Thbe

ZM=10 0o 0 0 0
0 —thbiyr 0 Sbpyr  —sbe
0 %hbk-i—l 0 —%bkﬂ ébkﬂ

for all k£ € [0 : N]. The eigenvalues of Z* are {0,0,0,0, (1/4)(1 4 2h?)bgy1}, so ZK = 0.
Thus the values of {b, ¢, A\, 7} defined by (2.43) and (2.44) is a feasible solution of (2.42), and

we have proved the following theorem.

Theorem 2.1. Let N € IN. Let f € W, 7 have a global minimizer x,. Let R > 0, and let

8While unlikely, it is possible that a stepsize h ¢ (0, 1/2] achieves a better performance for some parameter
values. (Our numerical experiments indicate that this is not the case.) If so, our choice of h € (0,1/2]
excludes this better choice. Regardless, our resulting choice of h and its performance guarantee are valid.
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zo € R? satisfy the initial condition f(yo) — f(x,) + ||xo — wol|?> < R2. Consider the method
xk—f—l = Tk — hf/(fbk)

for k € [0: N, where f'(xx) is an arbitrary subgradient of f at ). Let y, = Proxy o) ¢(Tx)
and

U= b (F(r) = F(@) + llw — wel)
forke[0: N+1]. If h € (0,1/2], 4+ (1 — 2h)bg1 = by for k € [0: N], byr1 = 0, and

cx = h?byq for k €0 : NJ, then

1 () 1* + s — e < el f/ (@) )

for all k € [0 : NJ, and

1 X ) 1 & ,
N 1 ; H f(1/2) (l‘z) H =N 1 ( ;:0 C; bOR )

To find the optimal h*, one can minimize the bound of Theorem 2.1. For notational simplicity,

define k = R/L. With (2.44), the analytical performance measure minimizes is

P> (i :
C + K bo)
N+1\iZ
__L { L (1= 2™ 4 9R(N + 1)+ 22 (1- (1 Qh)N“ﬂ (2.45)
TN+ " ‘ ‘

As an aside, one can directly verify the nonnegativity of (2.45) with Bernoulli’s lower bound
inequality, which states that (14 )" > 1 + ra for any positive integer r > 1 and any real

x > —1[107, page 1]. Plotting (2.45) for different values x and N reveals that it has a unique
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minimum in h. Hence, the optimal h* can be found by setting the derivative equal to zero:

267 (1= 2n)V = 1) AN (-2
h? h

—2(N+1) ((1-2m)N 1) =0.

However, this equation does not seem to admit a simple algebraic solution.

To find a simpler analytical stepsize, we construct an upper bound of (2.45) that does admits

a closed-form minimizer:

‘Z2 [ N+1 22 N+1
oot +2h(N+1)+/sﬁ(1—(1—2h) )
a) EQ [ 1 2
~1 2h(N + 1 2=
Vet Tawangr T )+Kh]
L2 [ 1 2
I+ 42N+ 1)+ K22
Nyt | Mo gn PO A D A h]
_L 1<+4 )+2h(zv+1)} (2.46)
el T " ' '
Here, a) uses 1 — (1 —2h)N*1 < 1 and
(1_2h)N+1< 1
T2(N+1Dh+1

that follows from Bernoulli’s upper bound inequality (14+a)” < 1/(1—ra) fora € [-1,0],r € N
[107, page 1] along with h € (0,1/2] and b) uses 1/ (2(N +1)h+1) < 1/(2(N + 1)h). The

minimum of (2.46) is achieved at
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Plugging this back into (2.46), we have the following analytical performance guarantee:

72 1 1 L2 (2\/452(]\/' +1)+1-— 1)
—1 — 44 2) 2h% (N +1) | = .
N+1< +2h§b(N+1+H 2 +)> N+1

We have proved the following corollary.

Corollary 2.1. In the setup of Theorem 2.1, the choice

VARA(N +1) +1
(N +1)

h

yields the rate

b
N+1

L2 (2y/42(N+ 1)+ 1-1)
N+1 '

YoV fa@)l* <

1=0

The result of Corollary 2.1 strictly improves upon the prior state-of-the-art rate [52, Theorem

3.1]
1

N ~y 4K
— v JIP< 2=t
ESPS IV @)l” < Lo

for large enough N satisfying N > (9 — 64x?)/(64x%). (This stated rate is obtained by
plugging the stepsize found in the proof of [52, Theorem 3.1] into [52, Equation 3.4] in the

noiseless setup. The claimed rate [52, Equation 3.5] has an error in the constant.)

Convergence proof 2: Classical analytical proof. While the previous analytical proof is
rigorous, its reliance on the BnB-PEP-QCQP formulation makes it inaccessible to those who
do not already understand the PEP methodology. Therefore, we translate the proof into a

classical form that does not depend on the PEP methodology.
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To clarify, the discovery of the previous proof was assisted by numerical solutions, but its
correctness can be verified by humans without the aid of any numerical solvers. The benefit
of the following alternate proof is its accessibility; the previous equivalent proof was equally

correct and rigorous.

Alternate proof of Theorem 2.1. The proof forms nonnegative combinations of valid inequali-
ties and organizes the terms to establish the stated result. The arguably mysterious weights
of the nonnegative combinations correspond to the values of the inner-dual-variables listed in

(2.43).

Note that

F@rn) = F) + (P @) Lo = ) — 5l — v | <0,
Flan) = £+ () [ — ) — 3 s =l < 0,

F) = ) + () | =) = 5l — el <,

by weak convexity of f, and

f(ze) = flye) <0

by the assumption that z, is a global minimizer. Multiplying the last four inequalities with
the nonnegative weights byy1, 2hbgi1, 2hbgi1, and by — bpr1 = 4 — 2hb, 1 (nonnegativity

follows from (2.44)), respectively, and then adding them together, we obtain

0 >bj11 (f(yk+1) — ) + (' W) | 9 — Yoesr) — ;Hyk - yk+1||2> +
2hbiss (Flae) = Flge) + (o) L= 20) = 3l — ) +

2hbiss (F) = Fon) + () | = ) = 5l = ) +
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(1= 20 (F(2) — £(31)
Db () = I (@) = bl f () = @)+
S = A @IPIE = 207 () | 20 (@) + o)
4 @) | ) b+ (@0 = DI @)+ 316 )

=01 (f (Wrt1) = F(2) = o(f (k) — ()

+ 30k (17 el = 4217 @) = (1 = 20| ) +

1

b5 (= 41 @R K2 = 2(F 1) | 288 (@) + F )

F AL @) | £ e B W= DI ol + 315 () I?) -
(17 ) = 4025 )P = (= 201 )P
=bi1 (f (i) = F (@) = be(f () — f())
- flb (I omr)I* = 4B £ () |12 = (1 = 2B) 1 ()|
+ g2 (@) = £/w) + £ )P
s (F(gsn) — F(22) — belf () — f(2)
+ e (17 )P = 40207 ) 2 = (1= 20) 1))
Dby (Flnen) — F()) = bl F (o) = F(@)) + £/ I
L ) = 2 P — el 5 )l
=1F )lla + brsr (Flunsn) = L@+ llyrsr —wi]?)
= b (S (we) = f @) + llaw = well?) = exllf (eI
L I+ trr — e — call £ ()%
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where a) uses (2.43) and

Yk — Ykt = hf' (z) — ;f/(yk) + ;f/(yk-i-l)a

1
T — Y = if’(yk)a

b) removes the non-negative term in the previous line (the last term), ¢) uses (2.43), and d)

uses the definition of . O

Remark. The convergence proof above nowhere utilizes the assumption that x, exists; it
only requires that f, = inf, f(z) > —oo. There was no a priori guarantee that we would get
such a proof since the BnB-PEP-QCQP was allowed to use the existence of x,. However,

BnB-PEP-QCQP chose not use that assumption in producing an optimal solution.

2.7 Conclusion

The contribution of the BnB-PEP methodology is threefold. First, BnB-PEP poses the
problem of finding the optimal fixed-step first-order method for convex or nonconvex, smooth
or nonsmooth optimization as a nonconvex but practically tractable QCQP called BnB-
PEP-QCQP. Second, our methodology presents the BnB-PEP Algorithm that solves the
BnB-PEP-QCQP to certifiable global optimality. Through exploiting specific problem
structures, the BnB-PEP Algorithm outperforms the latest off-the-shelf implementations by
orders of magnitude, reducing the solution-time from hours to seconds and weeks to minutes.
Third, we test the BnB-PEP methodology on a variety of problem setups for which the prior
methodologies failed and obtain first-order methods with bounds, some numerical and some

analytical, that improve upon prior state-of-the-art results.

As the BnB-PEP offers significantly more flexibility compared to the prior performance
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estimation methodologies, we expect there to be many fruitful future directions of work
utilizing the BnB-PEP methodology. In particular, using the BnB-PEP to analyze and
generate composite optimization methods [6, 45, 46], randomized and stochastic methods
[38, 108], monotone operator and splitting methods [35, 36, 48, 49], mirror descent methods
[50], and adaptive methods [109] are all interesting directions of future work. Recently, novel
worst-case convergence rates for nonlinear conjugate gradient methods were established in [2]

using the BnB-PEP methodology.

2.A Appendix for Chapter 2

2.A.1 Function class

The BnB-PEP methodology applies to quadratically representable function classes. We say
F is quadratically representable if the membership f € F is defined by an inequality of the

form

where

gz, y,u,v) Sea (e | ) +es(y | y) +ealuu)+es(vlv) +csle|y) +er (e ] u)

+eg (@ v) +eo(y | w) + ey | v) +en (ufv) + e,
with ¢; € R for ¢ € [0 : 12] along with an optional inequality of the form

lulla < M, Yuedf(z), r € R,
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for some M > 0. Many of the commonly considered function classes are quadratically
representable; and we list a few in the following. The class of L-smooth convex functions

Fo.r, satisfies [59, Theorem 2.1.5, Equation (2.1.10)]

F) 2 £@)+ (V) |y =)+ 5 IVF@) = VI Ve, € RY

(L-smooth functions are differentiable everywhere.) The class of L-smooth p-strongly convex

functions F,,  satisfies [9, Theorem 1]

16) = f(@) + (V@) |y =)+ 5 V@) = VS W)
+ grsle =yl = 5 (V@) = Vi) 2=y Ve e R

The class of L-smooth nonconvex functions F_p, 1, satisfies [99, Theorem 6]

£) 2 F@HT @) |y~ b5 9@ - @I~ oy (VAT Yoy € R

which is also equivalent to [6, Theorem 3.10]

L 1 1
f) = f(@) = Fle=ylP+5 (V@) + V@) |y = o)+ Z V@) = VWP, Yoy e R
The class of p-weakly convex functions W,  is satisfies [52, Lemma 2.1]

)2 f@) + (uly—a) = Slle —yl’, Vueof(a), v,y € R"
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The class of nonsmooth convex functions with L-bounded subgradient F&Oo satisfies |6,

Definition 3.1]

f) > fl@)+ (uly—=), Vuedf(r),z,yeR’

lulls < L, VYue€df(z), z€R%

The class of p-weakly convex functions with L-bounded subgradients W, ;, satisfies [52,

Lemma 2.1], [6, §3.1 (c)]

f4) > f@)+ uly—o) = Lo =y’ Vuedf(a), 2,y R,

lulla < L, Vu€df(x), v € R%

Some, but not all, of the quadratically representable functions classes have interpolation
results analogous to Lemma 2.2. In particular, For, Fur, F-r1,0, Wy, and F&OO have
interpolation results ([5, Theorem 4], [6, Theorem 3.10], [6, Theorem 3.5]), while W, 1, does
not. We can still use the BnB-PEP methodology without an interpolation condition, as we

do in §2.6.3, but we loose the tightness guarantee.

2.A.2 Discussion on the strong duality assumption

Consider the setup of §2.3, and let us not assume strong duality. Then, by weak duality, we

have

R(M(a),E,F,C) < R(M(a),&,F,C),

where R is as given by (2.12), R is as defined in (2.13), and M () is the FSFOM parameterized

by the stepsize list & = {a; ; }o<j<i<n-
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Strong duality does provably hold generically. Let
Anice = {Oz|0€i7i_1 7é 0, Vi= 1,,N}

be the set of “nice” stepsize lists.

Lemma 2.6. [5, Theorem 6] If a € A", then strong duality holds, i.e.,

R(M(a),E,F,C) =R(M(a),&,F,C), Vaec A",

Note that a is an N(NN + 1)/2-dimensional and the set of o ¢ A" is lower-dimensional. In

this sense, strong duality holds generically. When we solve the BnB-PEP-QCQP, we find
ar € arg;ninﬁ(M(a),S,f,C).
In all of our experiments, we observe, a posteriori, that a* € A™. So
R(M(a*),E,F,C) =R(M(a*),E,F,C).
However, the actual problem we wish to solve is
minimize R(M(a),&,F,C)

and it is possible that a* ¢ R(M («), &, F,C). This would be the case if there is a*"e ¢ Anice

such that

R(M (o), E, F,C) < R(M (o), &, F,C) (2.47)
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R(M ("), €, F,C) < R(M(a*),E, F,C) (2.48)

R(M(a*),E,F,C) < R(M(a™"™), &, F,C) (2.49)

Condition(2.47) states that for o', the duality gap is positive. Condition (2.48) states
that ™" has a better performance than a*. Condition (2.49) reaffirms that o* is optimal
for dual problem. Figure 2.6 illustrates this circumstance. While this pathology is probably

extremely unlikely, its possibility is a consequence of the gap in the reasoning.

R and R

* a*,true

) /

«

Figure 2.6: Illustration of R(M(«a), &, F,C) and R(M(«), &, F,C) in a pathological
setup. Even if o* € argmin R(M (), &, F,C) satisfies a* € A" it is possible that
o ¢ argmin R(M(«), E, F,C).

One can rigorously exclude this pathology in most well-behaved setups using the arguments

of Park and Ryu [74, Claim 4]:

(i) Prove R(M(w),&,F,C) is a continuous function of a.

(ii) Observe, a posteriori, that a* € A,
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(One need not show that strong duality holds for o ¢ A.) Then, we have

inf  R(M(a),&,F,C) Y inf R(M(a),&, F,C)

(XE]RN(N+1)/2 aeAnice

—~
=

= inf R(M(a),&,F,C)

OcEA"ice

—~

< inf  R(M(a),E,F.C)

Q€ERN(N+1)/2

~

DR(M(a"), &, F,C).
where (a) follows from continuity of R(M(a), &, F,C) and denseness of Avice C RNWV+D/2 ()
follows from strong duality on A™® and (c¢) and (d) follows from the a posteriori observation
that a* € A", In this case, we would have o* € argmin R(M (), &, F,C), even if there is
a duality gap, as illustrated in Figure 2.7. Showing that R(M(«), &, F,C) is a continuous
function of o can be done by carefully arguing that, for the particular setup, the performance

continuously depends on the FSFOM'’s stepsize.

2.A.3 Exact rank-1 nonconvex semidefinite representation of the BnB-
PEP-QCQP
In this section, we derive the exact rank-1 nonconvex semidefinite representation of (2.14).

For the other BnB-PEP-QCQPs, the steps to construct such a nonconvex semidefinite

representation are identical.

First, we define:

w = vec(a, v, \), (2.50)

which stacks the elements of a, v, A in a column vector w, and denote its number of elements
by |w|. Then we can define an one-to-one and onto index selector function «(-) that takes

@; j, V, or A; ; as an input, and provides the unique index of that element in w with the range
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R (M(a), &, F,C)
R (M(a),E,F,C)

R and R

*

(8

Figure 2.7:  Tlustration of R(M(a),&,F,C) and R(M(«a),&,F,C) when
R(M(«), &, F,C) is continuous. If o* € argmin R(M («), &, F,C) satisfies a* € Amice,
then o € argmin R(M (), &, F,C), even if there is a duality gap.

{1,2,...,|w|} ie.,

Qij = Wi(ay ), ¥V = Wiw)s Aijj = Wy(x; ;)

Next, define W = ww' € §!. For notational convenience define, |xo| = N + 2. Defining the
map ¢ mathematically can be quite tedious and does not provide any insight, but it very easy
to implement through the Julia packages OrderedCollections and JuMP. Recall that for

i € [1: NJ, we have:

N (1 (/L) Za) (/1) éai,jgj
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i1 . X0
= | ixolxlxol | 7 | 22 (1%0 + 85)eya,

Jj=0 w

JlileRIxolx (Ixgl+|w])

AISO, define 3[*} = O\x0|><(|xo\+|w|)a and 3[0] = []|XO|><\X0| | 0|xo\><|w|]‘ Then, forall z € ]X/, we have:

L x
X; = 3[Z] ’
w

Hence, we have for any i, € I},

. X
x; —x; = (3 — 3y |77
w

— | sl | i | [

~—
eRIxolxIx0l  cRIxolx[w| w

%o
— g[M][k}TXO +h[i,j}[k}Tw
[ —
cli:d1[K] k=1

o . 0]
= [C[L]Hk} + h[2>]”k]—|—w:| k:Ol ,

i,g][K] T

where bl and g/l correspond to the k-th rows of H9 and &7 respectively. Thus,

for any i,j € Ix, k, 0 € [1:|xo]] :

[Bij()]ke = [(xi = %) © (xi = %5)];.
= [xi — xy];, [xi — x5,

— [eli1) 4. pIEIAT o] [y gléliT )
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_ il il R pEaAT 4 R,

+ (h[iyﬂ[k]Tw)(b[z}j][Z]Tw)
= IR LN o LdlR AT Ty 4 AT [ANRTT
|w| |w]

i 711K] . [4,5][¢
D) S

=1 j=1

il lidll) | alglidllT 4 el ik,

AL PR I JAC () [ A ) [ L7

+tr (HIW) (2.51)
where HBFA ¢ §lvl with its entries defined by

i.4][k,¢ 1711k . [3,7]1¢ i 711K . [3,7]1¢
B (b%an1%]][@%31[}[]@[})’

)

N | —

for 4,7 € [1 : |w|]. Also, for i,5 € I%, and k,£ € [1 : [xo]] :

[Aij(@)]ke = [85 © (xi — %5)];.

1
Tt §(Xi - x;)g]

1

= | =8\ X; — X
|:2g.7( ]) kot
1

= 2 Lol b =i + 5 b = L,

o ()|

1ro. y
=3 [C[ A0 [g,], + [gj]e] +
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|w|

1 i 1 i1k
> (2 [gj]kbi*j”] + 5 [gj]zb%]” ]) wy

=1
]
2 1 2
Glidlled Z( plialld 4 - [, h%a][ﬂ) ws
ekl

i

|
_ gledlled) | 3 iy,

=1

Next, denoting e, ;) = = dl"7), we have for k, £ € [1 : |xo]]

Aij [Ai,j (Oz)]k Y

= () Taw) (A{”][ke] + ZA'{ZJ] le)

] |w
zg[id][kl](gli,jﬁw)_F u] (ZE]{ A1k, )
\w\ |w]

_ il (Gl T, "’ZZ{ (}{;J]kﬂ]w

=1 j5=1

= bl (@A T ) 4 qp T SRy,
= AR (T ) + tr ( S[i7j][k7é}w> :
where: Sk ¢ Glvl with its entries defined by

SEAlkAT 5] =

for 4,7 € [1 : |w|]. Hence, we have

ijely i) ijely i) ijely
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Using (2.51) and (2.52), we have the following nonconvex semidefinite representation of

(2.14):

R* (Mn,E, F,C)
minimize vR?
subject to
2ijer, Nijti; =0,
V[Boul ke = [Cnul ke — 117 [By (@) et
20 [Aen ()] ke + Xiagrers, i [Aig(@)]g, +
ﬁ Ygers, Mg [Ciglie = Zie, k€ [L:|xol], £ €[1:k],
=| [By(a)]re= cNAE N AE C[Nv*“k}h[Nv*”aTw + C[N,*][flb[N,*][k]Tw+ (2.53)
tr (HVARAW) ke [ Jxof], €€ [1: 4],
2 i jely iz M [Ai,j(a)]k,e - (Zi,jEI]*V:i;éj éi’j”k’g]gﬂi’ﬂT) w+
tr (S jery, SEIE) W, ke [1:[xoll, £€[1: k],
70,

W=wuw',

(Vl,] - IX[) /\i,j Z 0, 1% Z O,

where A\, v, Z, and W are the decision variables, and w = vec(«, v, A) as defined in (2.50).

The constraint W = ww "

is nonconvex, but if we replace this constraint with the implied
constraint W > ww', then by using Schur complement, a convex semidefinite relaxation of

(2.14) is given by:
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minimize vR?
subject to
Zi,je];v )\z',jai,j =0,
V[Bou ke = [Cna ke — 17 [Bru(@)] et
2 [Au N ()] ke + Xagyers, Aig [Aig(@)]g, +
s Dagery Nig [Ciglie = Zre, k€[ |xol], £ € [1: K],
[BM*(Q)] ht = VAR GINAE 4 ([N A] [k}[][Nv*][ﬂTw + C[N,*W]b[N,*][k]Tw+ (254)
tr (HVARAW) ke [1 Jxof], €€ [1: 4],
S gensuizi Mg [Aig (@] = (Sijerypy @A) w

tr (Sijer, SN W ke [1: ol L€ [L: A,

Z =0,

W w
=0,

w' 1

Vi,jeTy) A; >0, v>0,
N 5]

where \, v, Z, and W are the decision variables. The optimal objective value of (2.54) will

provide a lower bound to (2.53).
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Chapter 3

Nonlinear conjugate gradient methods:
worst-case convergence rates via

computer-assisted analyses

3.1 Introduction

We consider the standard unconstrained convex minimization problem

fr = min f(x), (3.1)

zeR”

where f is L-smooth (i.e., it has an L-Lipschitz gradient) and p-strongly convex. We study
the worst-case performances of a few famous variants of nonlinear conjugate gradient methods
(NCGMs) for solving (3.1). More specifically, we study Polak-Ribiere-Polyak (PRP) [11, 12]
and Fletcher-Reeves (FR) [13] schemes with exact line search. With exact line search, many

other NCGMs such as the Hestenes and Stiefel method [14], the conjugate descent method
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due to Fletcher [15], and the Dai and Yuan method [16] reduce to either PRP or FR. Under

exact line search, PRP and FR can be presented in the following compact form:

vk € argmin f(zy — v dg),
vyER

Tpt1 = Tk — Vi,

B, = IV f (k)] — 0 (Vf(zr1) | V()
|V f ()2 ’

A1 = Vf(xkﬂ) + Brdk,

where PRP and FR are respectively obtained by setting n = 1 and n = 0. NCGMs have a long
history (see, e.g., the survey [110] and monograph [111]), but are much less studied compared
to their many first-order competitors. For instance, even though FR is generally considered
the first NCGM [110, §1], we are not aware of non-asymptotic convergence results for it. On a
similar note, some variants of NCGMs are known for their generally good empirical behaviors
(which we illustrate in Figure 3.1) with little of them being backed-up by classical complexity
analyses. In this work, we apply the performance estimation approach [4, 5] to (M) for filling
this gap by explicitly computing some worst-case convergence properties of PRP and FR with
exact line search. This work focuses on exact line search, as it is arguably the most logical
starting point to understand the non-asymptotic convergence behavior of NCGMs. In certain
cases, the minimizer associated with exact line search has an analytical form, while in others, it
can be computed efficiently [58, §9.7.1]. However, in many practical implementations, inexact
line searches are employed that try to either approximately minimize f(xy — v d) or even
just reduce f enough along the ray xy — vd;. These inexact methods can be either monotone,
which ensures a decrease in f but converges slowly, or nonmonotone, which may allow faster
convergence but risks nonrobust tuning [111, §1.2]. Examples of notable monotone inexact
line search schemes include backtracking [112], Goldstein [113], and Wolfe line searches [114,

115], and their variants [116]. Nonmonotone schemes include [117-119] and many others;
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see [111, pp. 10-14] for a brief review. Despite the computational differences between the
two types of line searches, both aim to emulate the exact line search method. Consequently,
when using an inexact line search process, any convergence guarantees—defined in terms of
iteration numbers—are likely to be worse compared to the exact line search (neglecting the

cost of performing exact line search).

100 - 100
. E Gradient
A Nesterov
107 g = = = Nesterov (SC version)
- 103 —— Optimized gradient
| s i | — FR
O PRP
—
| i 10—6
1073 | E
10—4 | I I I I ] 10-9 I I I °s I
0 200 400 600 800 1,000 0 200 400 600 800 1,000
iterations iterations

Figure 3.1: Convergence of a few first-order methods on a logistic regression problem
on the small-sized Sonar dataset [120]. Experiments with normalized features (zero
mean and unit variance). Left: without regularization. Right: with an ¢, regularization
of parameter 107*. All methods were featured with an ezact line search ( performed
numerically using the bisection method with a tolerance of 1078): (i) gradient descent,
(ii) Nesterov’s accelerated gradient [121] (exact line search instead of backtracking),
(iii) Nesterov’s accelerated method for strongly convex problems, version [122, Algo-
rithm 28] with exact line search instead of the gradient step, (iv) optimized gradient

method [40, Algorithm (OGM-LS)], (v) FR, and (vi) PRP.

3.1.1 Contributions

The contribution of this chapter is twofold. First, we compute worst-case convergence bounds
and counter-examples for PRP and FR. These bounds are obtained by formulating the
problems of computing worst-case scenarios as nonconvex quadratically constrained quadratic
optimization problems (QCQPs), and then by solving them to global optimality. Second,
these computations enable us to construct mathematical proofs that establish an improved

non-asymptotic convergence bound for PRP, and, to the best of our knowledge, the first
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non-asymptotic convergence bound for FR. Furthermore, the worst-case bounds for PRP and
FR obtained numerically reveal that there are simple adversarial examples on which these
methods do not perform better than gradient descent with exact line search (GDEL), leaving
very little room for improvements on this class of problems. Since we demonstrate that the
convergence results of NCGMs associated with exact line search are already disappointing,
we conclude that inexact line searches, which approximate exact line search, are unlikely to

offer improvement.

From a methodological point of view, our approach to computing worst-case scenarios and
bounds through optimization is part of what is often referred to as performance estimation
framework. This framework models the computation of the worst-case performance of a
first-order method as an optimization problem itself; such optimization problems are called
performance estimation problems (PEP). While these PEPs are usually amenable to convex
semidefinite programs [4-6], this is generally not the case for adaptive first-order methods such
as PRP and FR [123, 124]. To study these methods, we evaluate the worst-case performances
of (M) by solving nonconvex QCQPs, extending the standard SDP-based approach from [4-6]
developed for non-adaptive methods. This contribution aligns with the spirit of Chapter 2
of this thesis (the content of that chapter was published in Mathematical Programming in

2023 [1]), developed for devising optimal (but non-adaptive) first-order methods.

Organization. The chapter is organized as follows. In Section 3.2, we establish non-
asymptotic convergence rates for PRP and FR by viewing the search direction dj, in (M) as
an approximate gradient direction. In Section 3.3, we compute the exact numerical values
of the worst-case f@n)=f«/f(@o)—f. and f@r+n)=F/f(@,)—f. for PRP and FR by formulating the
problems as nonconvex QCQPs and then solving them to certifiable global optimality using

a custom spatial branch-and-bound algorithm. The solutions to these QCQPs allow us to
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construct low-dimensional (dimension 4) counter-examples indicating that there is essentially
no room for further improvement of the rates that we provide. In Section 3.4, we discuss the

implementation details for solving the nonconvex QCQPs in this chapter.

Code. All the numerical results in this chapter were obtained on the MIT Supercloud
Computing Cluster with Intel-Xeon-Platinum-8260 processor with 48 cores and 128 GB of
RAM running Ubuntu 18.04.6 LTS with Linux 4.14.250-1lgrid-10ms kernel [80]. We used
JuMP—a domain specific modeling language for mathematical optimization embedded in the
open-source programming language Julia [53]—to model the optimization problems. To solve
the optimization problems, we use the following solvers: Mosek 9.3 [54], KNITRO 13.0.0 [56],
and Gurobi 10.0.0 [125], which are free for academic use. The relative feasibility tolerance
and relative optimality tolerance of all the solvers are set at le-6. We validated the “bad”
worst-case scenarios produced by our methodology using the PEPit package [126], which is
an open-source Python library allowing to use the performance estimation problem (PEP)
framework. A PEP is an optimization problem to compute the worst-case performance of a

first-order method.
The code used to generate and validate the results in this chapter is available at:

https://github.com/Shuvomoy /NCG-PEP-code.

3.1.2 Related works

Conjugate gradient (CG) methods are particularly popular choices for solving systems of
linear equations and quadratic minimization problems; in this context, they are known to
be information-optimal in the class of first-order methods [32, Chapter 12 & Chapter 13|
or [127, Chapter 5]. There are many extensions beyond quadratics, commonly referred to

as nonlinear conjugate gradient methods (NCGMs). They are discussed at length in the
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textbooks [128, Chapter 5 & Chapter 7] and [129, Chapter 5] and in the nice survey [110].
In particular, when exact line searches are used, many variants become equivalent and can
be seen as instances of quasi-Newton methods, see [128, Chapter 7, §“Relationship with
conjugate gradient methods”] or [129, Chapter 5, §5.5]. For instance, it is well known that
standard variants such as Hestenes-Stiefel [14] and Dai-Yuan [16] are equivalent to (M) when
exact line searches are used, while being different in the presence of more popular line search
procedures (such as Wolfe’s [128, Chapter 3]). Beyond quadratics, obtaining convergence
guarantees is often reduced to the problem of ensuring the search direction to be a descent
direction, see for instance [127, §5.5 “Extensions to non-quadratic problems”] or [116, 130].
Without exact line searches, even when f is strongly convex, there are counter-examples
showing that even popular variants may not generate descent directions [131]. Note that
NCGMs are often used together with restart strategies, which we do not consider here; see,
e.g., [132] and the references therein. Also, in [133, §5], the authors empirically demonstrate

that NCGMs work very well in training deep learning problems.

In this work, we use the performance estimation framework, which models the computation
of the worst-case performance of a first-order method as an optimization problem called
PEP [4-6]. This PEP methodology is essentially mature for analyzing “fixed-step” (i.e.,
non-adaptive) first-order methods (and for methods whose analyses are amenable to those
of fixed-step methods), whose stepsizes are essentially chosen in advance. This type of
methods include many common first-order methods and operator splitting schemes, including
the heavy-ball method [134] and Nesterov’s accelerated gradient [101, 121]. Only very few
adaptive methods were studied using the PEP methodology, namely gradient descent with
exact line searches [47], greedy first-order methods [40], and Polyak stepsizes [123]. A premise
to the study of NCGMs using PEPs was done in [124, §4.5.2], where an upper bound on

the worst-case (f(#2)=F)/(f(x0)—f.) of FR was numerically computed for two iterations and
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two condition number values, ¢ = 0.1 and ¢ = 0.01, where ¢ = #/L. This was achieved
by numerically solving an SDP relaxation through a grid search on f. In comparison, we
compute the worst-case (f(@n)=f)/(f(z0)—f.) by solving the nonconvex PEPs associated with
both FR and PRP to global optimality across a broader range of condition numbers over
q € [0,1] for N = 1,2,3,4. Furthermore, for both methods, we also compute “Lyapunov”-type
bounds on (f(zk+n)=F<)/(f(z)—rf.) that holds for any k for N = 1,2,3,4, and also establish
their analytical complexity bounds offering a more comprehensive understanding of their
performance.  We run our numerical experiments for N = 1,2,3,4, as the qualitative
behaviors of both PRP and FR become clear after 3-4 iterations. Our work is also closely
related in spirit with the technique developed in [1] for optimizing coefficients of fixed-step

first-order methods using nonconvex optimization.

3.1.3 Preliminaries

In this section, we recall the definition and a result on smooth strongly convex functions, as

well as a base result on steepest descent with an exact line search.

Properties of smooth strongly convex functions. We use the standard notation (- |
-y : R" x R™ — R to denote the Euclidean inner product, and the corresponding induced
Euclidean norm || - ||. The class of L-smooth pu-strongly convex functions is standard and can

be defined as follows.

Definition 3.1. Let f : R" — IR be a proper, closed, and convex function, and consider two

constants 0 < p < L < oo. The function f is L-smooth and p-strongly convex (notation

f € .FH’LGRn)), if

e (L-smooth) f is differentiable and for all z,y € R™, it holds that ||V f(z) — V f(y)|| <
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Lilz =yl
o (p-strongly convex) for all z,y € R", it holds that f(x) > f(y) + (Vf(y) | = —y) +

Sllz =yl

We simply denote f € F, 1, when the dimension is either clear from the context or unspecified.
We also denote by ¢ £ % the inverse condition number. For readability, we do not explicitly

treat the (trivial) case L = p.

Smooth strongly convex functions satisfy many inequalities, see e.g., [135, Theorem 2.1.5].
For the developments below, we need only one specific inequality characterizing functions in

Fyur- The following result can be found in [5, Theorem 4] and is key in our analysis.

Theorem 3.1. /5, Theorem 4, F,, 1-interpolation] Let I be an index set and S = {(z;, gi, fi) bier
R" xR™ xR be a set of triplets. There exists f € F, 1, satisfying f(x;) = f; and Vf(z;) = g,
for alli € I if and only if

1 1 "
fiz fi+ (95| mi_$j>+2<1_z)(LHgi_gj’|2+u‘|xi_$j”2_2L (9i — g5 | @i — l“j>) (3.2)

holds for alli,j € I.

Another related result from [41, §2.1] that we record next involves constructing a strongly-
convex smooth function from a given set of triplets. In this theorem, number of elements of

index set [ is denoted by |I|.

Theorem 3.2. [41, §2.1, strongly convex and smooth extension] Suppose I is a set of indices

and S = {(x;, gi, fi) bier CTR™xIR™ xR is a set of triplets such that (3.2) holds for alli,j € I
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for some 0 < p < L < oo. Then the function f: R™ — R defined by

L L —,u
f(y) =max [||y||2 - - Zaz i :uxz ||2

acA 2 ZEI

+ (it 5 )ngz inn?—anin?)] (33

el

where ={aeR!'| a>0, " a =1}, satisfies f € F,(R"), f(z;) = fi and
Vf(x;)=g; foralliel.

Approximate steepest descent method. Consider a function f € F, ; and the approximate

steepest descent method:

v, = argmin f(xp — ydy),
v€E€R

(ASD)
Tpy1 = T — Vrdr,
where the search direction d satisfies a relative error criterion:
lde — Vf(z)|| < €||Vf(zg)] where € € [0, 1). (REC)

Note that the relative tolerance e needs to satisfy € € [0,1) for (ASD) to converge. If € > 1,
then dp = 0 becomes feasible and (ASD) cannot be guaranteed to converge anymore, because

in such a case we can select dj to be orthogonal to V f(xy) in practice [47, §5].

The iterates of (ASD) satisfies the following two necessary (weaker) conditions for ;4 to
follow (ASD):
(Vf(wrs) [ di) =0

(Vf(@rs1) | T — Tp42) = 0,

(AS Drelaxed )
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where the first condition follows from optimality of 7 in the line search condition in (ASD)

as follows

0= [Vyf(er —vdi)l,_,,
= —(Vf(@r — wdi) | di)

= — (Vf(rer) | i) (3.4)

and the second condition comes from putting d = @t—zr+1)/y, in (3.4).

Convergence of approximate steepest descent method. We will use the following result
in our analysis. Note that similar results (without line searches) to that of Theorem 3.3 can

be found in [44], which might help in future analyses of NCGMs without exact line searches.

Theorem 3.3 ([47, Theorem 5.1]). Let f € F,.(R"), =, £ argmin, g f(z) be the
minimizer of f, and f, = f(x,). For any x) € R™, search direction dj, € R", and x4, € R"

computed using (ASD) such that the relative error criterion (REC) holds, we have

o) = £ = (T2 G- £, 35)

where g, = p(1=e)/L(1+e).

Next, we show that the relative error criterion (REC) can be interpreted in simple geometric
fashion in the context of exact line searches in (ASD). As (ASD) uses exact line search,
it is the direction of d; that influences the convergence, not the magnitude. Scaling the
magnitude of dy by a suitable nonzero factor o = (V/(@k)lde)/a, |12, i.e., the scaled direction
being ady,, leads to 7y, getting scaled to v /a, but this scaling does not alter xy, x4 and we

have |sin Z(V f(xy), ady)| = | sin Z(V f(z), dx)| (details in the proof to Corollary 3.1 below);
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here we have used the notation Z(a,b) to denote the angle between two vectors a, b. Hence,
by appropriate scaling of search direction to ady, we can ensure that |sin Z(V f(z), ady)| =
ladi =V f(@i)ll/||v f(zx)|. Since the iterates remain the same, under the angle condition, we will
have the same convergence guarantees that hold for (REC) in Theorem 3.3. In short, (REC)
is equivalent to |sinf| < e in the context of exact line search used in (ASD), which we
detail in Corollary 3.1 below.

dy;

‘ sin 9k| = W (dy, — Vf(xk)
Th

dk = (Yd,r‘»
—"\/\

- \

- \

\

- \

,"" d;\: - Vf(ilf,r‘»s““
—’)’ 01{: \\\

Vf(xk)
Figure 3.2: This figure illustrates how for any z; € R", search direction d;, € R",
and xpy, € R” satisfying (ASD), one can scale dj appropriately without altering
T, Tpe1 such that the scaled search direction dj, = ady with o = (V/(@r)ldk)/)q, )2

ensures | sin 0| = 4.~V (@oll/|v f(y)| with 0, being the angle between V f(xy) and d.

Corollary 3.1. Let f € F,.(R"), x, £ argmin,cg. f(z) be the minimizer of f, and
fo & f(z,). Consider any x;, € R™, search direction d,, € R, and zj,, € R™ computed using
(ASD) such that |sin 0| < € with 0y being the angle between V f(xx) and dy, and € € [0,1).

Then we have

P - o= (15 5) () - 1) 39

where g = p(1=e)/L(1+e).

Proof. The proof sketch is as follows. As (ASD) uses exact line search, it is only the direction

of d;. that influences the convergence, not its magnitude. Hence, we can appropriately scale the
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search direction dy to dj, = ady (with a = (V/(@r)ldk)/|a, 2 # 0) so that the algorithm iterates
remain the same and we can ensure |sinfy| = |sin Z(V f(xy),d},)| = ld=VI@I/|vr@y).
Since the iterates remain the same, under the angle condition |sin ;| < € we have the same

convergence guarantees that hold for (REC) in Theorem 3.3.

Now we start the proof earnestly. Consider the following method, where the search direction
dr in (ASD) is scaled by some factor o # 0 with the scaled search direction denoted by

d% = Oédki

Vi = argmin f(zx —'dy),
K (ASDscaled)

x;ﬁrl =Tk — fyl{c ;ca
and we denote 6}, to be the angle between V f(z) and dj,. We now show that (ASD) and
(ASDqcarea) are equivalent in the sense that they generate an identical sequence of iterates

Tg, Trp1 along with |sin O] = | sind,|. This is so because

v, = argmin f(z;, — +'d),) = argmin f (xk _ Ok adk) - %7
' ¥ o «a

i.e., the optimal stepsize v}, in (ASDgcaled) is the optimal step-size vy in ASD scaled by /a,
leading to

/ ! 7/
Lpy1 = Tk — ’Yk;dk =Ty — Vil = Thi1.

Finally,

|sin 6| = /1 — cos? 0,
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(V£ (i) | dj)*
IV (o) 121t |12

A (V) | di)’
22|V f ()| |2

=4/1 — cos? 6,

= \SmGk]

—.]1=

|
_—
—

Hence to establish our convergence result (3.6), we can work with (ASDgealea). Next, we
carefully select a nonzero « that ensures (dj, | d, — Vf(zg)) =0, i.e., d, — V f(xx) would be
perpendicular to dj, (see Figure 3.2); this yields a = (V/(zr)ldk)/ |, 2 which is nonzero because
€ € [0,1) implies (V f(xy) | di) # 0. For this value of o, we have | sin 0| = ld =V @l /|v f (@),
which can be shown geometrically in Figure 3.2 in the right triangle (colored red) involving

V f(xy), d, and dj, — V f(xy,).

Now we are given that |sinf| < e, hence setting a = (Vf(@1)ldi)/|ja, |2 ensures that the
relative error criterion Ild,=V/@ll/|v f@y))| < € is satisfied for (ASDgeared). Finally by applying
Theorem 3.3 to (ASDgcaleq), We arrive at (3.6). n

3.2 Base descent properties of NCGMs

In this section, we analyze NCGMs as approximate steepest descent methods satisfying
(ASD) through a computer-assisted approach, where only the generated search directions
matter, and not their magnitudes. This renders the analysis somewhat simpler, and we argue

that this is a reasonable setting for improving the analysis and understanding of NCGMs.

This section builds on the intuition that when |sin 0|, where 6y, is the angle between the

gradient and the search direction dj, at iteration &, is upper bounded in an appropriate fashion,
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one can use Theorem 3.3 for obtaining convergence guarantees. In particular, we get nontrivial
convergence guarantees as soon as ¢y can be bounded away from £7, i.e., sin ¢y should be
bounded away from 1 for ensuring that d’s are descent directions. Of course, viewing NCGMs
as approximate steepest descent methods is adversarial by nature, as it misses the point
that the directions of NCGMs are meant to be better than those of vanilla gradient descent,
while such analyses can only provide worse rates. Additionally, in Section 3.2.1, we provide
additional justification behind analyzing NCGMs as approximate steepest descent methods
through the lens of performance estimation problem (PEP), where we formulate the process

of computing the worst-case f(@r+1)=f+/f(z,)—f. as optimization problems.

Albeit being pessimistic by construction, the analyses of this section are, to the best of our
knowledge, novel for FR (for which we provide the first non-asymptotic convergence bound)
and significantly better than the state-of-the-art bound for PRP. Furthermore, we show in
Section 3.3.3 and Section 3.3.4 that there is actually nearly no room for improving those

analyses.

Properties of NCGMs with exact line search. Before going into the detailed approach,
let us review a few properties of the iterates of (M). Note that the iterates of (M) satisfy

the following equalities:

(Vf(zpsa) | di) =0,
(Vf(@rs1) | @k — Tp41) =0, (3.7)
(Vf(zp) | di) = [V ()]

where the first two equalities are the same as (ASD,eaxed) following from exact line search.

The last equality in (3.7) follows from applying the first equality to

(Vf(@r) | de) = (Vf(@r) | V) + Beordi-r) = |V f ()] (3.8)
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Combining (3.8) with (V f(xy) | di) = ||V f(xk)|l||dk]| cos Ok, we obtain that IVS(@ul/)jd,| =
cos 0, thereby reaching sin? 0, = 1 — IV/@WI/ja, 2. If we have ll1?/)v fz))2 < ¢ (¢ > 1 due

to (3.7)), then sin? @), = 1 — (IV/@)I?/ja,2) < 1 — (1/e), yielding

|sin9k| é \/1—1/0. (39)

The first two equations of (3.7), in conjunction with (3.9), satisfied by NCGMs, correspond
to the same set of conditions required to apply Theorem 3.3. Thus, if we can establish an
upper bound for the ratio lldkll/||v ()| in the context of NCGMs, we can translate this into

their worst-case convergence rates using Theorem 3.3.

Section organization. In Section 3.2.1, we provide PEP-based perspective behind analyzing
NCGMs as methods satisfying (ASD). Section 3.2.2, first frames the problems of computing
the worst-case ldkll/|v f(z))| for PRP and FR as optimization problems for obtaining the desired
bounds measuring the quality of the angle 6, as PEPs. These PEPs are nonconvex but
practically tractable QCQPs and can be solved numerically to certifiable global optimality
using spatial branch-and-bound algorithms (detailed in Section 3.4), which allows (i) to
construct “bad” functions serving as counter-examples on which the worst-case ldkll/||v f(z)|
for PRP and FR is achieved, and (ii) to identify closed-form solutions to the PEPs leading to
proofs that can be verified in a standard and mathematically rigorous way. The convergence

rates for PRP and FR are provided and proved in Section 3.2.3.
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3.2.1 A PEP perspective behind viewing NCGMs as approximate steep-

est descent method

In this section, we provide a PEP-based perspective behind analyzing NCGMs as approximate
steepest descent methods satisfying (ASD) through the lens of PEP. In this PEP approach,
we formulate the problems of computing the worst-case ratios of f(@k+1)=f/f(;)—1. as the

following optimization problem:

maximize f@ry)—fe
fvny-’ﬂk7xk+1,dk7dk+1, f(:vk)—f*
VB
subject to ne€N, f € Fur(R"), dy,zp, € R™,

(V () | di) = ||V f(xr)]?, (3.10)

il < e[V f (i),

(Tgs1, dka1, Br) generated by (M) from z, and dy.

In Section 3.3.1, we will illustrate how we can formulate and solve (3.10) by casting it as a
nonconvex QCQP. Note that in (3.10), the second constraint corresponds to third equation of
(3.7) and the third constraint ||dg||* < c||V f(zx)||* models that if V f(zy) = 0 then dj = 0 for
(M). Note that llde1?/|v ()2 > 1 because ||V f(xr)]|* < ||di]|?, which follows from applying

Cauchy—-Schwarz inequality to (3.8).

While solving the nonconvex QCQPs equivalent to (3.10) for different values of ¢, u, and
L, we found that the worst-case f(@r+1)=f/f(z,)—f. is strictly monotonically increasing in c.
Naturally, assigning an arbitrary value to ¢ would not be reasonable to get the best bound,
because the search direction generated by (M) may not admit such a value. For example,
for PRP, c is always upper bounded by 1+ £%/u2 as ld&ll*/|v ()2 < 1+ £%/u2 for PRP [11,

Theorem 2]. As we are interested in obtaining the tightest upper bound on f(@k+1)=f+/f(z))— .,
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the natural question is: What is the smallest admissible value of ¢, i.e., what is the least upper
bound on the ratio I4x1?/|v @) generated by (M)? To that end, we numerically computed
the least upper bound on ¢ by solving a problem similar to (3.10), except we replaced the
objective f@r+1)=fe/ f(y)—f, With lde+1l?/|v f(z441)12 and then replaced the indices k, k + 1 with
k — 1, k, respectively. In Section 3.2.2, we provide the details on formulating the problems of
computing the worst-case ratios of ldl*/|v (2,2 as nonconvex QCQPs. After we computed
the least upper bound on ¢ numerically, we put them in (3.10). We then solved the associated
nonconvex QCQP to global optimality, which numerically provided us with the tightest
upper bound on worst-case f(@x+1)=f+/f(@;)-f.. Remarkably, at this stage, we found that these
numerically computed worst-case f(@r+1)=f+/f(x,)—f. for (M) exactly matched the analytical
bound prescribed in Corollary 3.1. This PEP-based observation provides us a justification for
analyzing NCGMs as approximate steepest descent methods and demonstrates the viability

of this approach.

3.2.2 Computing worst-case search directions

In this section, we formulate the problems of computing the worst-case ratios of ldell/||v s ().
Following the classical steps introduced in [5, 6], we show that it can be cast as a noncon-

vex QCQP.

For doing that, we assume that at iteration £ — 1 the NCGM has not reached optimality,
so Vf(zp_1) # 0. Because |V f(xx_1)|*> < ||dp_1|* (follows from applying Cauchy—Schwarz
inequality to (3.8)), without loss of generality we define the ratio ¢;_1 £ ldx—11%/|v f(ax_1)|
where ¢;_; > 1. Then, denoting by c; the worst-case ratio l41?/|v ()2 arising when
applying (M) to the minimization of an L-smooth p-strongly convex function, we will
compute ¢ as a function of L, u, and cx_;. In other words, we use a Lyapunov-type point

of view and take the stand of somewhat forgetting about how dj_; was generated (except
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through the fact that it satisfies (3.7)). Then, we compute the worst possible next search
direction dj, that the algorithm could generate given that dj_; satisfies a certain quality.
Thereby, we obtain an upper bound on the evolution of the quality of the search directions

(quantified by ¢;) obtained throughout the iterative procedure. Formally, we compute

S llde |2
maximize T~ 7/ N2
Foanor,dp 1, IVF@Rl?

xkvdkvﬁkflvn
subject to n €N, f e F,(R"), dy_1, 251 € R",
s

L,c,_
et L c-1) Ty, dy and By generated by (M) from z;_; and dj_1,

(Vf(@p-1); de1) = IV f(xr-1)|?,
[dr—11]> = cra IV f(zr-1)[]%.

(3.11)

For computing ¢ (i, L, cx_1), we reformulate (3.11) as follows. Denote I = {k — 1,k}. An

appropriate sampling of the variable f (which is inconveniently infinite-dimensional) allows
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us to cast (3.11) as:

maximize TR
{di}icr, Vk—1,Bk-1, !9
{(24,9:,f3) Yicr, m

subject to n €N, Br_1 € R, di_1,d; € R,
{(zi, g, fi) bier CR™ x R X R,
f(zi) = fi
Vf(zi) = gi

. 3.12
Ye—1 = argmin f(xg_1 — vy dg_1), ( )
v

ce(py Ly cg—1) =

Tp = Tp—1 — Ve—1dr—1,

By = loull®—nlgesgi1)
N llgr—1l? ’

di = gr + Br—1dk_1,

<9k—1; dk—1> = Hgk—1\|27

ldr—1]* = ce1|gr—1]*.

Using Theorem 3.1, the existence constraint can be replaced by a set of linear/quadratic
inequalities (3.2) for all pairs of triplets in {(z;, g;, fi) }ier without changing the objective
value. So, applying Theorem 3.1 to (3.12) followed by an homogeneity argument and a few

substitutions based on (3.7), we arrive at:
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maximize |y ||?
{diYicr, Ye—1,Br—1,
{(=i,9i,fi) Yicr,n

subject to n €N, dy_1,r,_1 € R",
i -+ g = )+ g (s — P
bl — P 28 (g5 — g5 we—23) ), ijel
(gh-1; dik—1) = llgr-l?,
cx(p, Lycg—q) = (g5 dx-1) =0,
(gr; Tp—1 — ) = 0,

Tp = Th—1 — Ve—1dk—1,

By _ lgkl>—ntgk: gx—1)
-1 loe—al>

dr = g + Br—1dk—1
lde-11* = ce-1llgr-1ll?,

lgell* = 1.

(3.13)

We now show how to transform (3.13) into a finite-dimensional nonconvex QCQP based on
PEP methodologies developed in [4-6]. To that goal, note that (3.13) contains function
values, inner product, and norm-squared involving {(z;, g;, f;) }ier and {d; }ics, to model such

terms in a compact manner, we introduce the following Grammian matrices:

H=[vp-1 | gr-1 | gr | dea] € R™,
G=H"HeS,, rankG <n, (3.14)

F=fi1] fu] € R™2
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We next define the following notation for selecting columns and elements of H and F"

Xg—1 = €1, 8k—1 = €2, 8 = €3, dk—l = €4, (all in R4)
f._1 = e1, fi = es, (all in R?),
(3.15)

X = Xp_1 — Ye—1dp_1, (all in R?),

dk = gk + Bk)—ldk‘—lv (all in ]R4)

This ensures that x; = Hx;, g; = Hg;, d; = Hd;, f; = Ff;, for all i € I. Next, for appropriate
choices of matrices A; ;, B j, C; ;, @7]-, D, ;, EM, E; ;, and vector a; ;, we can ensure that the

following reformulations hold for all 7,5 € I:

<g], T — ZL‘j) =1tr GAZ'J‘,
||l’Z — l‘j||2 =tr GBZ‘,]',
lg: — g5|I> = tr GCij, |lgill> = tr GCi,
|d; — d;||> = tr GC;;, ||di||* = tr GO,
(3.16)
(95 9;) = tr GD;,
(gi; dj) = tr Gﬁm,
<gi —3gj, T; — 33j> = trGEi,ja

fi—fi=Fay,

where, using (3.15), and using symmetric outer product notation (- ® -) : R” x R" — R™*"
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such that for any z,y € R", x © y = 1/2 (:L‘yT + ymT), we define

Aij =8 O (xi —x5)
Bij = (xi — %) © (% — x;)
Ci,j = (gi - gj) O] (gi - gj)a Ci,* =g, g,

Cv’ivj = (dl o d]) © (dl - dj)? Ci,* =d;® di,
(3.17)

Using (3.17), we can write (3.13) as a finite-dimensional optimization problem with a positive-

semidefinite constraint:
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maximize  tr GCj .
G7 F7 Ye—15 Bk717 n

subject to tr GlN)k,Lk,l =trGCi_1 .,

tr Gﬁk,k—l = O,

tr GAk—l,k = 0,

Br—1 X tr GCh_1 4 = tr G (Cy e — NDpj—1) ,
et Ly cp) = _
tr GCk_1 4 < o1 tr GOl 4,

Fag; +tr G[Ai,j
+-1 (Lo 4+ uB. . —2LE. )| <0.i.i¢el
21—y \zVig T HPiy ttij)| =V %) ;

tr GC}W( = 1,

G €8}, rank G < n.
(3.18)

In the optimization problem above, the only constraint involving n is rank G < n, where
the optimal value of the problem is monotonically nondecreasing in n. As G € Si (implying
rank G < 4), at the optimal solution, we have rank G < n satisfied automatically without
impacting the optimal objective value, and the worst-case function would have a dimension

of less than or equal to 4.

Next, we model the positive semidefinite constraint G € 4 using Cholesky factorization.
Recall that a matrix Z € §™ is positive semidefinite if and only if it has a Cholesky factorization
P"P = Z, where P € R™™ [77, Corollary 7.2.9]. Hence, positive semidefiniteness of G can

be reformulated as G = H' H, where H € R4 ie., for G = H H in (3.14), we can let
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H € R**. Thus, we can write (3.18) as the following nonconvex QCQP:

maximize tr GO
G7F7 H?’yk—l7ﬁk’—lv
0,{O,5}i jer

subject to tr Gﬁk_lﬁk_l =trGCi_1 4,
tr Gﬁk;,k;—l = 0,
tr GAkfl,k = 0,

Br—1 X tr GCy_1, =tr G (Cy — NDpp—1),
ot Ly cx1) = tr Gék—l,* < o1 tr GOy 4,
Fa,; +trG [Ai,j
= (£Cij+ 10s; — 25Ei,j)} <0,i,j€el,
0 =Ch,, ©i,=DBi, i,jel,
G=HTH,

tr GCk,* =1.
(D)

Note that in the problem above, © and {O;;}; e 1z, are introduced as separate decision
variables to formulate the cubic constraints arising from C~’k7* and B, ; as quadratic constraints,
respectively. This nonconvex QCQP can be solved to certifiable global optimality using a

custom spatial branch-and-bound algorithm described in Section 3.4.

Finally, we recall that numerical solutions to (D) correspond to worst-case functions that can
be obtained through the reconstruction procedure from Theorem 3.2. In addition, numerical
solutions can serve as inspirations for devising rigorous mathematical proofs, as presented

next.
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3.2.3 Worst-case bounds for PRP and FR

In this section, we provide explicit solutions to (D) for PRP and FR. Those results are
then used for deducing simple convergence bounds through a straightforward application of

Theorem 3.3.

The main benefit of our proof structures is that they are verifiable through both calculations
by hand and also by symbolic computer algebra systems. Our proofs to the lemmas in this
section (Lemmas 3.1, 3.2, 3.3) are obtained by linearly combining the constraints of associated
performance estimation problems with appropriate weights, where the weights themselves
correspond to dual variables for the performance estimation problems. This makes our proofs
independently verifiable programmatically using open-source symbolic computation libraries
such as SymPy [136] and Wolfram Language [137]. We have provided notebooks for the
symbolic verifications of our proofs to Lemmas 3.1, 3.2, 3.3 in the Symbolic_Verifications

folder of our open-source code available at

https://github.com/Shuvomoy/NCG-PEP-code.

3.2.3.1 A worst-case bound for Polak-Ribiére-Polyak (PRP)

Solving (D) with n = 1 to global optimality allows obtaining the following worst-case bound

for PRP quantifying the quality of the search direction with respect to the gradient direction.

Lemma 3.1 (Worst-case search direction for PRP). Let f € F, 1, and let xj_y,dx_1 € R”

and xy., di be generated by the PRP method (i.e., (M) with n = 1). It holds that:

a1+

IVf(ze)|? = 4q (3.19)
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with ¢ = #/L. Equivalently, |sin 0| < e holds, where 0}, is the angle between V f(xy) and dj,

and € = (1=0)/(1+q).
Proof. Recall that xy = x;_1 — Yx_1 dr—1 and dy = V f(xx) 4+ Br_1dk_1. The proof consists of
the following weighted sum of inequalities:

1+q .
Lyg_1q°

« optimality condition of the line search, with weight \; = —37_,

(Vf(wg) | dp—1) =0,

BZ_ (1+9)%

« smoothness and strong convexity of f between x;_; and xj, with weight Ay = o (a7
k—1

F(@r1) > () + (V) | w1 — ) + 52 |V (meo1) — V() )2
+ st o1 — o — T(V f(zr-1) — V()|
=f (k) + -1 (Vf(r) | dic1) + 52 IV f (@re1) — V f () |

T g e dio — (V@) - V@)

o smoothness and strong convexity of f between x;, and xp_q, with weight A3 = As:

Flan) > flana1) + (Vi (@ro1) | 2p — 2ea1) + 52 1V (2ro1) = V()|
+satigp e — 2k — L(Vf(xr-1) = V()|
=f(@r-1) = W1V f(@r-1), dio1) + 52 IV f(@ro1) — V() ||?

Tt adios — 2V (@) = V(@)
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o definition of §,_; with weight \y = %3

0= (Vf(@r-1) | VF(@r)) = IVF@)l* + Be-r |V (@)

= (V) | V) — 195 @I + BerlV () | dor).
We arrive at the following weighted sum:
020 (V1) | dy )
#3 as) = o) £ 01 (TF @) [ docs) + &IV ) = Vo)
ki = HVF) - Vi)l
#3a| r1c1) = Jon) = (S n0) | ) + 29 ) = V)
 atplbucadies = HVF) = r@)l

+ M (V@) | V@) = IV @l + Ber(V f (i) | dies)]

which can be reformulated exactly as (by expanding both expressions and then observing that

all terms match, we have shown the calculation for this reformulation in Appendix 3.A.3.1)

(149)°

0 >|dx* — Tq||vf($k)||2
407 _14q - . )
" (1 - q1)2 Hd’“—l — oV f () + Pt ) Vf(xk)’ :
(1+¢)?
>||d||* — i IV f(z)]|%,

thereby arriving at (3.19). Finally, using (3.9), we have |sin ;| < e where e = 1-9/(149). O

In Appendix 3.A.2; we numerically showcase the tightness of the worst-case bounds (3.19) for

PRP. By tightness, we mean that we verified numerically that there exist n € IN, functions
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f € Fur and zp_1,dx—1 € R" such that ||dg|* = ((49?/aq) |V f(zx)||*>. This is done by
exhibiting feasible points to (D) (obtained by solving (D) numerically for n = 1) for different
values of the inverse condition number ¢ and c;_;. Those feasible points were verified through

other (existing) software [126, 138].

The following rate is a direct consequence of Lemma 3.1 and Theorem 3.3. Perhaps surprisingly,
the following guaranteed convergence rate for PRP corresponds to that of gradient descent

with an exact line search (Theorem 3.3 with ¢ = 0) when the condition number is squared.

Theorem 3.4 (Worst-case bound for PRP). Let f € F, 5, and xy,d;, € R" and zy4q,
dii1 € R™ be generated by respectively k > 0 and k + 1 iterations of the PRP method
(i.e., (M) withn =1). It holds that

1—q2

1+q2> (f(zx) = f+)

f(xk—&—l) - f* < (
with ¢ = n/L.

Proof. The desired claim is a direct consequence of Corollary 3.1 with € = }fg. That is, the
PRP scheme can be seen as a descent method with direction dy satisfying ||dy — V f(xx)]] <
e[V f ()l O

As a take-away from this theorem, we obtained an improved bound on the convergence rate of
PRP, but possibly not in the most satisfying way: this analysis strategy does not allow beating
steepest descent. Furthermore, this bound is tight for one iteration assuming that the current
search direction satisfies Ildkl1?/|v f(z,)(2 = (1+9)°/1q. However, it does not specify whether such
an angle can be achieved on the same worst-case instances as those where Theorem 3.3 is

achieved. In other words, there might be no worst-case instances where the bounds (3.6)
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and (3.19) are tight simultaneously, possibly leaving room for improvement in the analysis of
PRP. We show in Section 3.3 that we could indeed slightly improve this bound by taking
into account the history of the method in a more appropriate way by examining multiple

iterations of (M) rather than a single one.

Polyak [11, Theorem 2]
= == Theorem 3.4 of this work

o
o0

f@rp1—Fx)
Fleg)=7F

0.6

0.4

Upper bound on

0.2

Figure 3.3: Comparison between the upper bounds on f(@k+1)=f+/f(z;)—f. vs. condition
number ¢ = #/1 for PRP by Polyak [11, Theorem 2] and Theorem 3.4 of this chapter.

Remark 3.1. The only worst-case complexity result that we are aware of in the context of

PRP for smooth strongly convez problems was provided by Polyak in [11, Theorem 2:

q
f@re) = fo < (1_1+1) (f(zk) = fi)-

(12

Figure 3.3 shows that the upper bound on f(@k+1)=f/ @)1, for PRP (for different values of
q) provided by [11, Theorem 2] is significantly worse compared to that of Theorem 3.4. From
what we can tell, this is due to two main weaknesses in the proof of Polyak [11, Theorem 2J: a
weaker analysis of gradient descent, and a weaker analysis of the direction (and in particular

that 1de1?/) v )2 < 14 1/q2). That is, whereas gradient descent with exact line searches is
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guaranteed to achieve an accuracy f(xg) — fo < e in O(Yqlogl/e), our analysis provides an
O(Y/q?log /<) guarantee for PRP, where Polyak’s guarantee for PRP is O(1/¢*log1/c). As a
reference, note that the lower complexity bound (achieved by a few methods, including many

variations of Nesterov’s accelerated gradients) is of order O(y/1/qlog1/e).

3.2.3.2 A worst-case bound for Fletcher-Reeves (FR)

Similar to the obtaining of the bound for PRP, our bound for FR follows from solving (D) (for
n = 0) in closed-form. We start by quantifying the quality of the search direction with respect
to the steepest descent direction. Unlike PRP, where the worst-case ratio ldell®/||v f(ay)|2
depends only on the condition number ¢, in FR, the ratio I41?/|v )2 depends also on the
previous ratio ldk-1l?/|v (@, 1)|2. To show this dependence, we first establish the following

bound on the FR update parameter 3;_; in terms of ldk-1lI?/|vf(z,_,))? and gq.

Lemma 3.2 (Bound on f;_; for FR). Let f € F, 1, and let xy_1,dr—1 € R™ and xy, dj, be

generated by the FR method (i.e., (M) where cx—1 > 1, it holds that:

2
1 (1-g+2/(cemr — 1)a)
Ck—1 4q

0 < B < : (3.20)

A
where ¢ = /L.

Proof. First, note that $;_; > 0 by definition. The other part of the proof consists of the

following weighted sum of inequalities:

o relation between V f(xy_1) and dj_; with weight A\; = y,_1(L + p) — _ 2P

(ck—1—1)cr—1

0= (Vf(zr_1) | drr) — V(@)
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optimality condition of the line search with weight Ay = —2 Ye—1(L + p):

Ck—1

0= (Vf(xg)|dp-1),

definition of ,_; with weight \3 = \/7%
k—1Ck—1

0= VFf(ze)|* = Berl|Vf(zr1)]?,

[ld—1I>

. ) T
T ferDIE with weight Ay = —Z Lu+ vV Br—1

initial condition on the ratio :
-1/ (ck—1—1)ck 1

0= lldi—1* = crrllge—]l*

smoothness and strong convexity of f between z;_; and xj, with weight \s = L — p:

0> — fzea1) + fax) + (Vf (@) | 2hor — 20) + 52|V f (@r-1) — V()]
+satigp e — 2k — L (Vf(zro1) = V()|
=f(@r)—f(@r-1) + -1 (V f(r) | dior) + 57 IV (@r-1) — Vi (a)|)?

+ 2(1—#N/L) [ Ve—1dk—1 — %(Vf(xk,l) — V f(aw)|?

where going from the first line to the second, we used x_1 — z) = Vr_1dg_1,

smoothness and strong convexity of f between xp and x;_1, with weight \g = A5:

0> — flae) + flaro1) + (Vi (@ro1) | 26 — 2e1) + 52 1V (2p-1) — V()|
+satrpllae- — 2k — $(VF(@e-1) = Vf(@)]?
=f(zi1)—f(@r) = -1 (V f (@he1) | dicr) + 52 |V f (@r1) — V()]

s 1y = (VS (@em) = V@I

where going from the first line to the second, we again used zy_1 — T = Vp_1dg_1,
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The final weighted sum of inequalities is:

M (V@) [ der) = IV F @) 7] + X [(VF (@) | din)]
Ay [IIVf ee)* = B IV F () [1P] + A [ldka |? = excallge ]

s [ f ) = fan-1) + 91 (VS (@) [ dior) + 52 IV (1) = VI (@)1

+ g ieadins = £V (i) = VS @)
06| F(@e0) = @) = 1 (V@) [ dicr) + VS @) = T )|

+ g edins = H(9 fanr) = VF @) ],

which can be reformulated exactly as (by expanding both expressions and then observing that

all terms match, we have shown the calculation for this reformulation in Appendix 3.A.3.2):

0>V f(@e)ll? = v(Be1, Y1, cho1, s L)V f (1) |I”

4 —1
4 Br-1 P g Bklckl $k1 4Ck1 v
(k-1 — Vg4 V Cr—1 — 1 Br—1Ck—1

2V @)l = v(Br-1, Ye-1s o1, 11, LIV f ()7,

+

where

/ 1
V(ﬁk—l; Ve—1, Ck—1, M, L) =24/1— 07\/5k71 - Ckfl’quLM + kal(L + M) - L
k—1
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So, we have:

Br—1 < v(Br-1, Vk—1, Ch—1, 14, L

& B 1—2\/1—7 Br1 < —chrVpo L+ v (L+p) — 1
Cr—1

= Or_1 — 21 [1— ——1/Br_1 < max (—ck,lfy,%flLu + ’kal(L + /L) — 1) .
Cl—1 v

Because, —ck,lfy,%flL,u + Ye—1(L + p) — 1 is a concave function in ~y,_1, its maximum can be
achieved by differentiating the term with respect to vx_1, equating it to 0, and then solving
for yx_1. The corresponding maximum value is equal to (L+1)?/ac, 1y — 1 and achieved at

Ye—1 = L)/ (2e,_yLu). Hence, the last inequality becomes:

L+u
—2 1—7 _ +1<0
Br-1 \/ Ch—1 Y dep Ly
2 2
[ 1 L+ p)? 1
5k1 —2 1—7 5k1+< 1—) _(,u)_< 1—) +1<0
Ch—1 Ch—1 dep Ly Ch—1
/ (L + p)? 1 1 ((L+ p)? )
\/ < +l-——1= -1
( Pim1 = 1) dep_ Ly Ch—1 Ck—1< 4Lp
L+ p)? 1
= A/ .
Pt \/ \J40k Lit

Thereby, squaring both sides (which are nonnegative) of the last inequality and then through

some algebra, we reach

B, <1 (cp— 1—1 ,u—6uL+L2
1S \/
Ck—1 46,1€ 1ML

@—q+z/%1—1

Ck—1

which completes the proof.
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Next, we prove a bound quantifying the quality of the search directions of FR.

Lemma 3.3 (Worst-case search direction for FR). Let f € F, 1, and let xj_1,dy—1 € R”
and xy, dy be generated by the FR method (i.e., (M) with n =0). For any c,_1 € R such

that lde—11?/||v f(zx_1)|2 = cx_1, where ¢y > 1, it holds that:

x| A

2
|| }(JI )||2<Cl<:—|_ ( : <Ck 1 >2)
V k

4q ’

(3.21)

with ¢ £ #/L.

Equivalently, |sin 0| < e holds, where 0y, is the angle between V f(xy) and dy holds with

€ = \/1_1/019-

Proof. The proof consists of the following weighted sum of equalities:

« optimality condition of the line search with weight A\ = 25, _;:

0= (Vf(zx) | dp-1),

o the quality of the search direction with weight Ay = 87_;:

0 = [ldx-1]I* = ce—a |V f (@r-1)II*,

o definition of By with weight A3 = —cp_18k_1:

0=V f(@i)ll* = Bre-a IV f (wr-)|I*.

164



The weighted sum can be simplified as (calculation shown in Appendix 3.A.3.3)

0 =M1 [(VF(za); di—1)] + X2 [l dial? = cxmaIVF (@) [1P] + As [[IVF@)l? = Beoa |V £ (i) 2]

= [ldi]l* = (1 + o1 o) IV f (i) P

Hence,

ldill* = (1 + cr-1Be-0) IV f (i) I

(1 —q+2y/(cp1 — 1)q)2

<1+ I

IV.f (@)%,

where in the last line we have used the upper bound on f;_; from (3.20). This gives us

(3.21). Finally, using (3.9), we have |sin ;| <€, where € = /1 — 1/¢,. O

Similar to PRP, in Appendix 3.A.2, we compare this last bound with the worst example that
we were able to find numerically (i.e., worst feasible points to (D)). Thereby, we conclude
tightness of the bound on the quality of the search direction (3.21). That is, we claim that
for all values of ¢ and c,_;, there exist n € IN, functions f € F,; and z;_1,d,—1 € R" such

that the bound from Lemma 3.3 is achieved with equality.

That being said, this bound only allows obtaining unsatisfactory convergence results for FR,

although not letting much room for improvements, as showed in the next sections.

Theorem 3.5 (Worst-case bound). Let f € F, 1, and xy,d;, € R™ and xy11, diyq € R™ be
generated by respectively k > 0 and k + 1 iterations of the FR method (i.e., (M) withn =0).
It holds that

1 — 1—¢p 2
f(xk—&-l) — fi < (qii_::) (f(xk) — fx)s



with €, = \/(1*Q)2(k*1)2/4q+(1—q)2(k_1)2‘

Proof. The desired claim is a direct consequence of Corollary 3.1 with Lemma 3.3. Indeed, it

follows from

cp, <1+ 1

(the guarantee from Lemma 3.3 for the quality of the search direction) which we can rewrite

as

1—q+2y/(cx — 1)g
Ve — 1 < NG

with ¢g—1 = 0, thereby arriving to ¢, < 1+ k*(1=9)/4q by recursion. For applying Theorem 3.3,

we compute €, = \/1 — e, < \/(1—Q)2k2/4q+(1—q)2k2 and reach the desired statement. O

It is clear that the statement of Theorem 3.5 is rather disappointing, as the convergence rate
of the FR variation can become arbitrarily close to 1. While this guarantee clearly does not
give a total and fair picture of the true behavior of FR in practice, it seems in line with the

practical necessity to effectively restart the method as it runs [110].

The next section is devoted to studying the possibilities for obtaining tighter guarantees
for PRP and FR beyond the simple single-iteration worst-case analyses of this section (which
are tight for one iteration, but not beyond), showing that we cannot hope to improve the

convergence rates for those methods without further assumptions on the problems at hand.

3.3 Obtaining better worst-case bounds for NCGMs

In the previous section, we established closed-form bounds on ratios between consecutive
function values for NCGMs by characterizing worst-case search directions. Albeit being tight

for the analysis of NCGMs for one iteration, the bounds that we obtained are disappointingly
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inferior to those of the vanilla gradient descent. In this section, we investigate the possibility
of obtaining better worst-case guarantees for NCGMs. For doing this using our framework,
one natural possibility for us is to go beyond the study of a single iteration (since our results
appear to be tight for this situation). Therefore, in contrast with the previous section, we

now proceed only numerically and provide worst-case bounds without closed-forms.

More precisely, we solve the corresponding PEPs in two regimes. In short, the difference

between the two regimes resides in the type of bounds under consideration.

1. The first type of bounds can be thought of as a “Lyapunov” approach which studies
N iterations of (M) starting at some iterate (xy,dy) (for which we “neglect” how
it was generated). In this first setup, we numerically compute worst-case bounds
on f@ien)=fe/f(ay)—f. for different values of N (namely N = 1,2,3,4). As for the
results of Section 3.2, we quantify the quality of the couple (z,dy) by requiring that
ldel]? < |V f(x)||?>. When N = 1, this setup corresponds to that of Section 3.2.
Stemming from the fact that the worst-case behaviors observed for N = 1 might not
be compatible between consecutive iterations, we expect the quality of the bounds to
improve with N. Of course, the main weakness of this approach is the fact that we
neglect how (xy, dy) was generated.

2. As a natural complementary alternative, the second type of bounds studies IV iterations
of (M) initiated at zo (with dy = V f(x0)). Whereas the first type of bounds is by
construction more conservative, it has the advantage of being recursive: it is valid for
all £ > 0. On the other side, the second type of bounds is only valid for the first NV
iterations (the bound cannot be used recursively), but it cannot be improved at all.
That is, we study ezact worst-case ratio f(@n)=/f«/f(zo)—f. for a few different values of
N (namely N € {1,2,3,4}). In this setup, we obtain worst-case bounds that are only

valid close to initialization. However, it has the advantage of being unimprovable, as
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we do not neglect how the search direction is generated.

Section organization. This section is organized as follows. First, in Section 3.3.1 we present
the performance estimation problems for (M) specifically for computing the worst-case ratios
F@irn)=Fe/ f(ap)—f. and f@N)=fs/p(z0)—f.. In Section 3.3.2, we describe the steps to arrive at
the nonconvex QCQP formulations for the performance estimation problems considered.
Then, Section 3.3.3 and Section 3.3.4 presents our findings for respectively PRP and FR. In
Appendix 3.A.4, we discuss how to generate the counter-examples from the solutions to the

nonconvex QCQPs.

3.3.1 Computing numerical worst-case scenarios

Similar to (3.11), the problem of computing the worst-case ratio f(@k+n)=f«/f(z))—f, is framed
as the following nonconvex maximization problem (for ¢ > 1 and ¢ = #/1):
maximize fentn)—fo

fndeeyibAdiritir CORE
{hyitidBrriti

subject to neN, f e F,(R"), dy, zr, € R",
(Vf () [ di) = [V (@)%,

A
puler ) = Idell? < eIV f )l
Th+1 TryN
dis1 | >---»| depn | generated by (M) from x; and dy.
Br BrenN-1

Lyapunov
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We proceed similarly for f(@n)=fs/f(ze)—f.:

L f@n)—f«
maximize LEN)
Fndwns b ddisite, @)1
{Wk+i}i{Brriti
subject to neN, f e F,(R"), zo € R",
prola) = do =V f(0),
T IN
di|,---s| dy | generated by (M) from x; and dj.
Bo Br-1

exact )

Obviously, pn(q,c) > pno(q) for any ¢ > 1. We solve the nonconvex QCQP reformulations
of (BLyapunov) and (Bexact) numerically to high precision (reformulation details shown in
Section 3.3.2) for N € {1,2,3,4} and report the corresponding results in what follows. In
the numerical experiments, we fix the values of ¢ using Lemma 3.1 for PRP in (BLyapunov)
thereby computing py (g, (1+9)°/19) whose results are provided in Figure 3.4 of Section 3.3.3.
For FR, ¢ can become arbitrarily bad and we therefore only compute pyo(q) via (Bexact)-
The numerical values for py(q) respectively PRP and FR are provided in Figure 3.5 and

Figure 3.6, located in Section 3.3.3 and Section 3.3.4, respectively.

In the next section, we describe the nonconvex QCQP formulations for (Bpyapunov) and (Bexact)-
Readers interested in the findings of our numerical experiments by solving the nonconvex

QCQPs can skip to Section 3.3.3 (for PRP) and Section 3.3.4 (for FR).

3.3.2 Nonconvex QCQP reformulations of (Biyapunov) and (Bexact)

Similar to the reformulations from (D), (Bryapunov) and (Bexact) can be cast as nonconvex

QCQPs, where the number of nonconvex constraints grows quadratically with N. Thereby,
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solving them to global optimality in reasonable time for N = 3,4 is already challenging.

Therefore, rather than solving the nonconvex QCQP reformulations of (Bryapunoy) and (Bexact)
directly, we compute upper bounds and lower bounds by solving more tractable nonconvex
QCQP formulations. We then show that the relative gap between the upper and lower
bounds is less than 10% which thereby indicates that there is essentially no room for further

improvement.

3.3.2.1 Nonconvex QCQP reformulation of (Byyapunov)

This section presents the nonconvex QCQP formulations for our upper bound 5y (g, ¢) and
lower bound p, (g, ¢) on pn(g,c). We use the notation [a : b] = {a,a+1,a+2,...,b—1,b}

where a, b are integers.

Computing py(g,c). Using (3.7), we have the following relaxation of (Bpyapunov), Which

provides upper bounds on py(g, ¢):

maximize J@rrn)=fe (;C(’jE*])Vz;f x
Fndzryiticiony {dktitico:N k)
subject to neN, feF,.(R"),

Thyi, dgri ER™, 1€ [0: N]
1 ]|* < e[V f(x)]I?,

(VI (i) [ disi) =0, i€ [0: N~ 1, (3:22)
(VFf(@rrir1) | Thvi — Thyiv) =0, 1€[0: N —1],
(Vf(@hsi) | diri) = IV flapea) |2 i€ [0 N —1],
Aitiv1 = Ghriv1 + Brridpgs, 1€ [0: N —2],

Bkﬂ' — gt ll*=1{gh-+it1|gn-+i) = [O - N — 2].

llgr+all? ’
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L

Using the notation ¢g; £ Vf(x;) and f; = f(x;) again, and then applying an homogeneity

argument, we write (3.22) as:

maximize frin — fx
subject to n € N, f € F,(R"),

Thyi, g ER™, 1€ [0: N]

ldill* < cllgell?,
5 (0.0) = (grrit1 | drsi) =0, 1€]0: N—1], (3.23)
(Grrivt | Trgi — Tpgigr) =0, 1€[0: N 1],
(Grri | dii) = gl i€ [0 N —1],

ditit1 = Grtit1 + Bretidiyi, 1€ [0: N —2],

_ Mgk il>—nlgntilgrii—1) . .
= Toxsioil? , e[l N1,

/8k+’i71

fk:_f*:la

where f,n, {Zki ficjo:n]5 {dk+i Jicjo:n] are the decision variables. Define I3, = {%,k, k+1,... k+
N}. Next, note that the equation dyiiv1 = grrir1 + Brridgri for i € [0 : N — 2], can be

written equivalently as the following set of equations:

Xjﬂ':Xj’i,lﬂkJri,l, ie [1 IN—l],je [OZ—Q],

Xi-1i = Bryi-1, 1€ [L: N —1], (3.24)
1—1

dreyi = Gri + D Xjik+s + Xoadr, 1€ [1: N —1],
=1

where we have introduced the intermediate variables y;;, which will aid us in formulating
(3.23) as a nonconvex QCQP down the line. In absence of these intermediate variables in
(3.24), the resultant constraints in the final optimization problem will involve polynomials

of degree three or more in the decision variables, and such optimization problems present a
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significantly greater challenge in solving to global optimality compared to a QCQP. Next,

using (3.24) and Theorem 3.1, we can equivalently write (3.23) as:

ﬁN(qa C) =

maximize

karN - f*

subject to n € IN,

fiz fi+{g; @i — ) + 2(1£Z)(i”gi - g;ll?
bpllos =yl = 24 g = g5 | v = 33) ), g€ I,
1de]* < cllgr 1,
(Grvit1 | drsi) =0, i€]0: N —1],
(Gktit1 | Thpi — Thizn) =0, 1€ [0: N —1],
(G | dirs) = llgrsall® i€ [0: N —1],

_ grril®>—n{grtilgrri—1) : .
Bori = Bt PE LN ),

Xji = Xji—1Bk4ic1, 1€[L:N—=1,5€[0:1—2],
Xi-1i = Bryic1, 1€ [1:N—1],

diti = Grri + 2528 XjiGhss + Xodi, i€ [1: N —1],
fe—fe=1,

g =0,2,=0, f. =0,

{2i, i fitiery CR" X R" xR, {d;}icr\preny C R,

{Bk+i}ie[0:N—2] CR, {Xj,i}je[O:N—2],ie[O:N—l] CR,

(3.25)

where {14, Grtis frtitis M {diti bi, { Bri bir { X5}, are the decision variables. Note that we

have set g, = 0, z, = 0, and f, = 0 without loss of generality, because both the objective and

the function class are closed and invariant under shifting variables and function values. We
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introduce Grammian matrices again:

H=1dy|gr| gt | grra |- [ gron | Tr | Thpr | Tpsa |- | Tran] € ]RW(QN%)’
G=HH 8™, rankC <n, (3.26)
F=1[fi| fex1| | fran] € RIX(N+1)

Using the same arguments described in Section 3.2.2, we can ignore the constraint rank G < n,
and confine H to be in REGNT3)xCN+3) without loss of generality. Next, define the following

notation for selecting columns and elements of H and F"

_ 2N 13 _ 2N +3 _ 2N 43
x,=0€R ,dpy =€ €R , Chti = €2 ER ;

2N+3
Xpti = €(N42)+(i41) € R,

3.27
f* = 0, fk—i—z’ =e€i41 € R(N+1)7 ( )
i—1
dy+i = 8rri + Z X;,i8k+j T XO,idk S ]R2N+3,
j=1

where ¢ € [0 : N]. This ensures that we have x; = Hx;, g; = Hg;, d; = Hd,;, f; = Ff; for all
i € If,. For appropriate choices of matrices A; ;,B;;, Ci;, C;;, Dij, D;;, E;;, and vector
a;; as defined in (3.16), where x;, g;, f;, d; are taken from (3.27) now, we can ensure that
the identities in (3.17) hold for all 4, j € I%. Using those identities and using the definition

of G = HTH, where H € REN*)XCN+3) " we can write (3.25) as the following nonconvex
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QCQP:

maximize Fa, N
subject to Fa;; +trG [Ai,j + 2(%_%) <%Ci,j +uB;j — QZE”)] <0, 1i,j€ly,
tr GCy,, < ctr GOy,
tr GDpyisippi =0, i€[0:N—1],
tr GAptiprisn =0, 1€[0: N —1],
tr GDpyipsi = tr GChysy i€ [0: N —1],
pn(g,c) = Brsicr X tr GClyioy = tr G (Chpin — MDpyiprio1), 1€ [1:N—1],
Xji = Xji—1Pk+i-1, 1€[L:N—1],j€[0:i-2],
Xi—1,i = Bryi-1, 1€ [1:N—1],
Fa =1,
G=H"H,

Fe ]RN+1, G e 82N+3, H € ]R(2N+3)X(2N+3),

{6k+i}z‘e[0:N—2} CR, {Xj,i}je[O:N—Q],ie[O:N—l} CR,
(3.28)

where F, G, H,{xji}ji{Bk+i}: are the decision variables.

Computing p, (g, c) and corresponding counter-examples . We now discuss how we can
calculate BN(q, ¢) and construct the corresponding “bad” function. This function serves as a
counter-example, illustrating scenarios where (M) performs poorly. Once we have solved
(3.28), it provides us with the corresponding CG update parameters, which we denote by
B3,. If we can solve (Bryapunov) With the CG update parameters fixed to the B, found from
(3.28), then it will provide us with the lower bound p (u, L, c). This process also yields a
“bad” function that acts as a counter-example, which we explain next. Using the notation

L

gi = Vf(x;) and f; & f(x;), then applying the homogeneity argument, we can compute
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BN(Q7 ¢) by finding a feasible solution to the following optimization problem:

maximize frin — fx

subject to n € N, f € F, (R"),
Thyi, g ER™, 1€ [0: N]
1 ]I* < cllgrll?,
Veri = argmin, f (v — Ydpyi), 1€ [0: N —1], (3.29)
Thyitl = Thpi — Yorideri, 1€ [0: N —1],
ditit1 = Grtit1 + Brpidpri, 1€[0: N —2],
Brrin = lgrill®=n{gr+rilgrri-) 5 o [1:N—1],

lgrti-1l? ’
fk - f* = 17

where f,n, {xgyi}, {dk+i}i, {7k+i}i are the decision variables. Next, note that the NCGM

iteration scheme in (3.29) can be equivalently written as:

Xji = Xji1Bpeiot, 1€ :N—1,5€[0:i—2]
Xi—1,i = Bkﬂ,l, ie[l:N—1]

Qi1 = Viti-1, 1 € [1:N],

1—1
Qg =Y+ Y Yeroxie, i€[1:N] jel0:i—2], (3.30)
l=j+1
i—1
Thyi = Tk — Y 0G0ty — Qiody, 1€ [1:N],
j=1
1—1
dk+i = Qk+i T+ ij,igkﬂ- -+ XO,z’dk; 1€ [1 N — 1].
7j=1

where we have introduced intermediate variables x;; and «; ; which will aid us in formulating

(3.29) as a nonconvex QCQP. Define I} = {x,k,k+1,...,k+N}. Now using (3.30), Theorem

175



3.1, and (3.7), we can equivalently write (3.23) as:

maximize

fk+N - f*

subject to n € IN,

fiz fi+ g | wi— ) + M(i”gi - gil?

bpllzi =P = 28 (g = gy | v =33} ), g € I,
i ]l* < cllgrl?,

(Grtit1 | dgi) =0, 1€[0: N —1],

(Grrit1 | Thei — Thriz1) =0, 1€ [0: N —1],

(Gryi | devi) = llgesall®, 1€[0: N —1],

Xji = Xj,i—1gk+i—1a i€[l:N—1],j€[0:i—2]
Xi-1i = Bpri1, G€[1:N—=1]

Qii1 = Yevi-1, 1€ [1:N],

Qi = Verj + Xicbo1 VeaeXge, 1 E€[L:N], j€0:i—2]
Tpti = T — Zé;ll Q;jGk+j — Qiody, 1€ [1:N],

iti = Grgi + Zé;ll XjiGk+j + Xo0idk, 1€[1:N—1].

7 _ Mgrril®>—n{grrilgryi1) . .
5k+z‘—1 = Torti1l2 , lE [1 : N — 1]7

fk_f*zla
g*:O,ZII*:O,f*IO,

{wi, g5 fitiery; CR™ X R X R, {di}iepyr:e4n-1) C R,

{Xj,z'}je[O:N—Q},ie[o:N—l} CR,

{Vewi ticp:n) C R, {aijbiep:ngjeo:n—1] C R,

(3.31)

where {Tyti, Grris frti bio 7 { Vi bir X, }iis { @i }ij are the decision variables. We introduce

the Grammian transformation:
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H=[zr| ge | grsr |- [ gren [ di] € R (N+3)
G=H"He Si\’+3,rankG <n, (3.32)

F=ful| fosr] .| frorn] € RO+,

Using the same arguments described in Section 3.2.2, we again ignore the constraint rank G' <
n and can let H € ROH3)X(N43) without loss of generality. We next define the following

notation for selecting columns and elements of H and F"

g, =0eRY? g, =€, e RV i€ [0: N},
dy = enys € RV,
x, =e € RV x, =0 e RV*?,

S Nis (3.33)
Xppi(Q) = x5 — Zai,jngrj —a;ody € RM G € [1: N,
j=1
i1
dk+i(X> = 8k+i + Z Xj,i8k+j T XO,idk, 1€ [1 N — 1],
j=1

f.=0c R fi,,=e 1 e RY™ ie[0:N],

which ensure x; = Hx;, g; = Hg;, f; = Ff;, d, = Hd, for ¢ € I},. For appropriate choices
of matrices A, ;,B;;, C; ;, @J, D; ;, Em, E; j, and vector a; ; as defined in (3.16), where x;,
gi, fi, d; are from (3.33), we can ensure that the identities in (3.17) hold for all i,5 € I}.

Using those identities and using the definition of G = H' H, where H € RIN+3)x(N+3) e
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can write (3.31) as the following nonconvex QCQP:

maximize

where G, F,{©; ;}ijery,, H,7, a, x are the decision variables. Note that {©; ;}; jers is intro-
duced as a separate decision variable to formulate the cubic constraints arising from B; ; as
quadratic constraints. Also, to compute BN(q, c), it suffices to find just a feasible solution to

(3.34), in Section 3.4 we will discuss how to do so using our custom spatial branch-and-bound

algorithm.

Fa*,N

subject to Fa,;; +trG [Ai,j + 2(%%) (%Cm +u0;,; — QQE”)] <0, 4,7€ly,

©,; = Bi;, i,j€lf,

tr GCy. < ctr GOy,

tr GDjyisipsi =0, i€[0:N—1],

tr GAptigrisn =0, i€[0: N —1],

tr GDppiprs = tr GChys i€ [0: N — 1],

Xji = Xji1Bpyicts 1E€[L:N=1],5€[0:i—2]

Xi-1i = Bpiic1, GE€[1:N—=1]

Qi1 = Vhti-1, € [1:N],

Qij = Vetj + Spmji1 ereXge, 1€ [L:N], jel0:i—2]
Brgict X tv GChiiz1 = tv G (Cryin — NDpyigyio1), 1€ [1:N—=1],
Fa, =1,

G=HTH,

Fe RN G eVt [ ¢ RVH3)X(N+3).
{Xji}ieo:n—2icon-1] C R,

{7k+i}ie[o:N] CRR, {az‘,j}ie[lzN],je[o:Nq} C R,

(3.34)
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3.3.2.2 Nonconvex QCQP reformulation of (Bexact)

Now we discuss how we compute the upper bound py ((¢) and lower bound BMO(q) to pno(q)
defined in (Bexacet). The bound computation process is very similar to that of (Bryapunov)-
Observe that, in (Bryapunov), if We remove the constraint ||dg||?> < ||V f(zy)||% set & £ 0
, and then add the constraint dy = V f(xo), then it is identical to (Bexact) (the constraint

(Vf(xo) | do) = |V f(20)]]* in (BLyapunov) is a valid but redundant constraint for (Bexact))-

So, to compute the upper bound py (¢), we can follow a transformation process very similar
to Section 3.3.2.1 but with a few changes. In (3.23) and (3.25), we remove the constraint
|dr||? < c|lgr||?, and then add the constraint gy = d. Second, the Grammian matrices defined
in (3.26) stays the same, and in (3.27) the vectors {x;, g, fi }icrs stays the same except we set
d, = g, = e; € R?¥*3 which ensures that d, = F'd; = g;,. We then remove the constraint
tr Gé’k,* < ctr GOy, from (3.28) and finally set k £ 0 in the resultant QCQP. The solution

to the nonconvex QCQP will provide us the upper bound py (¢) in (Bexact)-

To compute the lower bound p,, 0(q), we follow the same set of changes described in the last

paragraph but to (3.29) in Section 3.3.2.1.

3.3.2.3 The relative gap between the lower bounds and upper bounds

Tables 3.1, 3.2, 3.3 record the relative gap between lower bounds and upper bounds for a
few representative values of ¢ obtained by solving the aforementioned nonconvex QCQPs
associated with (Bryapunov) and (Bexact) using our custom spatial branch-and-bound algorithm
described in Section 3.4. Note that the tables contain a few negative entries close to zero
which are due to the absolute gap being of the same order as the accuracy of the solver
(le — 6). For the full list for all values, we refer to our open-source code, which also allows

for computing these bounds for a user-specified value of ¢ as well. In all cases, the relative
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gap is less than 10%. In most cases, it is significantly better.

0.001  0.005 0.02 0.04 0.06 0.08 0.1 0.3 0.5

3e—8 —le—6 3e—9 6e—8 9e—8 2e—7 2e—7 le—6 3e—7
2e—6 6e—7 —3e—8 9e—8 1le—7 8e—8 3e—7 8e—3 4de—4
be—6 He—4 Te—3 2¢—2 3e—2 4e—2 2e—2 be—2 —3e-7
2e—4  3e—3 2e—2  Te—2 le—1 3e—2 4de—2 4e—2 4e—2

=222
I [l
=~ W N

Table 3.1: Relative gaps Pn(4:6)=2y(0:9/5,(q,c) for PRP with ¢ = (140)?/4q.

0.001 0.005 0.02 0.04 0.06 0.08 0.1 0.3 0.5
Te—6 2e—4 2e—3 Te—3 1le—2 1le—2 2¢—2 1le—2 1le—6
5e—5H 9e—4 le—2 3e—2 be—2 6e—2 6e—2 5He—3 —Te—6
3e—4 4e—3 3e—2 4e—2 9e—2 9¢e—2 Te—2 3e—2 Te—2
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Table 3.2: Relative gap Pnv.o@—2y(@/5y o(q) for PRP where N = 2,3,4. The case
N =1 is omitted, as PRP is equivalent to GDEL in this case.

0.001 0.005 0.02 0.04 0.06 0.08 0.1 0.3 0.5
9¢—6 2¢—4 1le—3 Te—3 le—2 1le—2 2e—2 1le—2 Re—7
Te—5 le—3 1le—2 2e—2 3e—2 3e—2 3e—2 3e—-7 —1le—7
2e—4 3e—3 2e—2 3e—2 3e—2 2e—2 le—2 1le—6 4e—2

==
Lo

Table 3.3: The relative gap Pvo@=ry ((@/5y4(q) for FR where N = 2,3,4. The case
N =1 is omitted again, as in this case FR is equivalent to GDEL.

The next sections discuss and draw a few conclusions from the numerical worst-case conver-

gence results for PRP and FR.

3.3.3 Improved worst-case bounds for PRP

Figure 3.4 reports the worst-case values of the “Lyapunov” ratio f(@k+n)=fs/f(z,)—f. as a
function of the inverse condition number ¢ = #/r and for ¢ = 1+9°/4g and N = 1,2, 3, 4. This

worst-case ratio seems to improve as N grows, but does not outperform gradient descent
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with exact line search (GDEL). The diminishing improvements with N also suggests the
worst-case performance of PRP in this regime might not outperform GDEL even for larger
values of N > 4, albeit probably getting close to the same asymptotic worst-case convergence

rate.

== GDEL : fr41—F+/f1—fu
= = PRP:N=1
====PRP:N =2
=== PRP:N =3

1-va?

Figure 3.4: This figure reports the worst-case values for the “Lyapunov” ratio
I\V/f(f’fkw)*f*/f(xk)—f* vs. the condition number ¢ £ #/1 for PRP. We compute py (g, c)
with ¢ = (1+q)2/4q for N =1,2,3,4. As N increases, the worst-case {/fe+n=Ffe/f—f,
improves, but remains worse than that of gradient descent with exact line search

(GDEL). The curve (1—,/q)* (orange) corresponds to the rate of the lower complexity
bounds for this class of problems [41].

As a complement, Figure 3.5 shows how PRP’s worst-case ratio /~—f«/f,—r. evolves as a
function of ¢ for N = 1,2, 3,4. The worst-case performance of PRP in this setup seems to be
similar to that of GDEL. Further, for small ¢ (which is typically the only regime of interest
for large-scale optimization), PRP’s worst-case performance seems to be slightly better than

that of GDEL. On the other hand, for larger ¢, PRP performs slightly worse than GDEL.

As a conclusion, we believe there is no hope to prove uniformly better worst-case bounds
for PRP than those for GDEL for smooth strongly convex minimization. However, we might

be able to prove improvements for small values of ¢ at the cost of possibly very technical
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Figure 3.5: This figure reports the worst-case values for the ratio {//~n—F/f—r. vs. q
for PRP for N =1,2,3,4. For N = 1, PRP and GDEL perform the same iteration.
For N = 2,3, 4, the worst-case ratio of PRP is better than that of GDEL for ¢ < 0.1.
The curve (1 —/g)? (orange) corresponds to the rate of the lower complexity bounds
for this class of problems [41].

proofs. As for the Lyapunov approach, the numerical results from this section could be
improved by further increasing N, but we believe that the transient behavior does not
suggest this direction to be promising. We recall that we computed the bounds by solving an
optimization problem whose feasible points correspond to worst-case examples. Therefore, the
numerical results provided in this section are backed-up by numerically constructed examples

on which PRP behaves “badly”.

3.3.4 Improved worst-case bounds for FR

Figure 3.6 reports the worst-case values for the ratio /v—/+/f—f. as a function of ¢, for
N € {1,2,3,4}. The convergence bounds appears to be marginally better than GDEL for
some sufficiently small inverse condition numbers. Further, the range of values of ¢ for which

there is an improvement appears to be decreasing with N > 2. Beyond this range, the
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worst-case values become significantly worse than that of GDEL. Though apparently not as
dramatic as the worst-case bound from Theorem 3.5, the quality of the bound appears to be

decreasing with N, which stands in line with the practical need to restart the method [110].

—_— Rl Y
GDEL : fL=L:

== FR: N=1

===« FR: N =2

0.8 ! === FR: N=3

N/pn,o(q)

04

0.2 |

Figure 3.6: This figure reports the worst-case values for the ratio {//~=f/f—f. vs. q
for FR for N =1,2,3,4. For N =1, FR and GDEL perform the same iteration. For
N = 23,4, the worst-case bound for FR is slightly better than that of GDEL for
small enough values of ¢, and gets larger than GDEL for larger values of g. The range
of ¢ for which FR is better than GDEL gets smaller as N > 2 increases. The curve
(1 —/9)* (orange) corresponds to the rate of the lower complexity bounds for this
class of problems [41].

As in the previous section, we recall that those curves were obtained by numerically con-
structing “bad” worst-case counter-examples satisfying our assumptions. In other words,
there is no hope to obtain better results without adding assumptions or changing the types

of bounds under consideration.
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3.4 Custom spatial branch-and-bound algorithm

This section discusses implementation details for solving the nonconvex QCQPs of this
chapter (namely (D), (3.28), or (3.34)) using a custom spatial branch-and-bound method.

This strategy proceeds in three stages, as follows.

o Stage 1: Compute a feasible solution. First, we construct a feasible solution to the
nonconvex QCQP. We do that by generating a random p-strongly convex and L-smooth
quadratic function, and by applying the corresponding nonlinear conjugate gradient
method on it. The corresponding iterates, gradient and function values correspond to a
feasible point for the nonconvex QCQPs under consideration.

o Stage 2: Compute a locally optimal solution by warm-starting at Stage 1
solution. Stage 2 computes a locally optimal solution to the nonconvex QCQPs using
an interior-point algorithm, warm-starting at the feasible solution produced by Stage 1.
When a good warm-starting point is provided, interior-point algorithms can quickly
converge to a locally optimal solution under suitable regularity conditions [70, 78],
[71, §3.3]. In the situation where the interior-point algorithm fails to converge, we go
back to the feasible solution from Stage 1. We have empirically observed that Stage 2
consistently provides a locally optimal solution.

« Stage 3: Compute a globally optimal solution by warm-starting at Stage
2 solution. Stage 3 computes a globally optimal solution to the nonconvex QCQP
using a spatial branch-and-bound algorithm [68, 81], warm-starting at the locally-
optimal solution produced by Stage 2. For details about how spatial branch-and-bound

algorithm works, we refer the reader to [1, §4.1].

Remark 3.2. In stage 3, the most numerically challenging nonconvexr quadratic constraint
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in (D), (3.28) or (3.34) is G = H"H. To solve those problems in reasonable times, we use

the lazy constraints approach, [1, §4.2.5].

In short, we replace the constraint G = H'H by the infinite set of linear constraints
tr (nyT) > 0 for all y, which we then sample to obtain a finite set of linear constraints (we

recursively add additional linear constraints afterwards if need be). More precisely, we use
tr (Gyy') >0, yev, (3.35)

where the initial Y is generated randomly as a set of unit vectors following the methodology
described in [88, §5.1]. By replacing G = H"H by (3.35) we obtain a simpler (but relazed)
QCQP. Then, we update the solution G lazily by repeating the following steps until G = 0 is
satisfied subject to a termination criterion. Practically speaking, our termination criterion
is that the minimal eigenvalue of G is larger than e =~ —le — 6; until then, we repeat the

following procedure:

1. Solve the relaxation of the nonconvex QCQPs, where (3.35) is used instead of G = H'H,
which provides us an upper bound on the original nonconvex QCQP.

2. Compute the minimal eigenvalue eig, ;. (G) and the corresponding eigenvector u of G.
If eig i, (G) > 0, we reached an optimal solution to the nonconvex QCQP and we
terminate.

3. If eig i, (G) < 0, we add a constraint tr(Guu') > 0 lazily, which makes the current G
infeasible for the new relaxation. We use the lazy constraint callback interface of JuMP
to add constraints lazily, which means that after adding one additional linear constraint,
updating the solution in step 1 is efficient since Gurobi and all modern solvers based

on the simplex algorithm can quickly update a solution when only one linear constraint

is added [89, pp. 205-207].
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3.5 Conclusion

This works studies the iteration complexity of two variants of nonlinear conjugate gradients,
namely the Polak-Ribiere-Polyak (PRP) and the Fletcher-Reeves (FR) methods. We provide
novel complexity bounds for both those methods, and show that albeit unsatisfying, not
much can a priori be gained from a worst-case perspective, as both methods appear to
behave similar or worse to regular steepest descent in the worst-case. Further, those results
suggest that explaining the good practical performances of NCGMs might be out of reach for

traditional worst-case complexity analyses on classical classes of problems.

This work considers only somewhat “ideal” variants of nonlinear conjugate gradient methods,
as we make explicit use of exact line search procedures. However, there is a priori no reason
to believe that inexact line search procedures would improve the possibly bad worst-case
behaviors. Further, the performance estimation methodology allows taking such inexact line
search procedures into account, so the same methodology could be applied for tackling those

questions. We leave such investigations for future work.
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3.A Appendix for Chapter 3

3.A.1 Organization of the appendix

In what follows, we report detailed numerical results and computations that are not presented

in the core of the chapter. Table 3.4 details the organization of this additional material.

Section Content

Numerical illustration of tightness of the worst-case search direction

Appendix 3.A.2
(3.19) for PRP and (3.21) for FR.

Appendix 3.A.3 Reformulation for weighted sum of inequalities for Lemmas 3.1, 3.2, 3.3

Appendix 3.A 4 Constructing counter-examples

Table 3.4: Organization of the appendix.

3.A.2 Tightness of the worst-case search directions

Figure 3.7 and Figure 3.8 illustrate the tightness of the bounds (3.19) and (3.21) for PRP
and FR respectively. That is, we compare the absolute relative difference between the
numerical bounds and closed-form bounds for a few different values of ¢ and ¢,_;, where
numerical bounds are obtained by solving (D) with n = 1 for PRP and n = 0 for FR. These

numerical examples strongly suggest that our bounds cannot be improved in general.
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Figure 3.7: Absolute relative differences in the worst-case analytical bound (3.19)
and numerical bounds from (D) with n = 1 (for PRP) for different values of ¢ and
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Figure 3.8: Absolute relative differences in the worst-case analytical bound (3.21)
and numerical bounds from (D) with n = 0 (for FR) for different values of ¢ and ¢;_;.
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3.A.3 Reformulation for weighted sum of inequalities for Lemmas 3.1,
3.2,33
3.A.3.1 Reformulation for weighted sum of inequalities for Lemma 3.1

For notational ease, define f(xy) 2 fi f(xr-1) £ fie,Vf(2r) £ gr, VF(ae_1) 2 e,

Bic1 2 B, ve_1 2 7, and ¢;_1 = ¢. We want to show that

2
- 5(;1;(;1)@1@ ’ qu)
2 1 2
m] [fk — foo1 + (g | di1) + 32 lgr—1 — gnll”

+ 2(1%/@ [vey—1 — %(Qk—l - gk)”2]

B g +1)°

M Je-1— fr — /V(gk—l | dk—1> + i”gk_l — ngQ
 akplhdios = oot - a0l

Blqg+1
+ 2D i1 g) — oul? + B | do)] 3.36)

is equal to
gl — D2
4q
462q 1 28(14-q)—Ly(1—q)2 2
W Hdk*1 - 2L7:iq9k*1 + ZBL’Y’; . ng : (3.37)

We show this by expanding both terms and do term-by-term matching.
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Expand the second summand of (3.36). First, we expand the second summand of (3.36)

as follows.
Bg+1)°
S e fi 2t ) + Sl — ol
et decs = Hoes - a0l
B(g +1)*
::72111__;)q fo = foer (g | dia) + 5z (lge—all* = 2 (gn | ge—r) + llgwll*)
2 2 d 2 1 2 1 2 2
+ ot \V =1l + 5 llge—all” + 75 llgell” = 75 {9n [ g5-1)
2 2
+ % (de—1| gr) — % (dr—1| gr-1) )]
B*(u+ L)? WW+Lff
p— — ki
VUL(L = p)"" PuL(L —p)'*
B*(n+ L)? o Bp+L)? o, Bp+ L) 2
S L d _ B
+ 2(L — )2 i1l + 2'72ML(L_M)2Hgk 1]* + 2’72,ML(L—M)2Hng
2 + 1) 2 2 + L 2 2 + L 2
_‘iigi“l"@kJ|9H‘+ELQL“L’ Pt L) (ge_1 | di—1), (3.38)

ULl — o) (L= e Ve = R

where on the second line we expand the squares and on the third line we collect the terms.

Expand the third summand of (3.36). Next, we expand the third summand of (3.36) as

follows:
B%(qg+ 1)
M Jo1— fe — 7(91%1 | dk71> + i”gkfl _ ng2

+ 2(112/@ lvdi-1 — %(Qk—l —g)I?

B%(q+1)?
:72L((1 — q))q S = fro = v gk—1 | i) + 32 (=1 > — 2 (gx | ge—1) + llgxll?)
ot (Pl P+ gl + gl — 2 (o | o)
(1—p/L) L L L
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2 2
+ % (dr—1 | gr) — % (dg—1 ] gr-1) )1

P+ L) P B*(p+ L) ;

T 2pL(L— )" y2uL(L— )t

p D ey LR e SR
2L — w2 " T a2 (L — 22L< )2
B*(p+ L)? B (p+ L)? P+ L)3?

T 2uL(L - p)? (ge-1 | gr) + SL(L—p)? (gr | dr—1) — (L = )2 (gr—1 | dx—1) (3.39)

where again on the second line, we expand the squares and on the third line, we collect the

terms.

Expanded form of (3.36). Now putting (3.38) and (3.39) in (3.36), and then collecting the

terms, we arrive at the following expanded form of (3.36):

52(#—+L) ) M )

N 6(/~L+L)( (8 —yp) = yL?* + L(B + 2y))

2 EAY gl
V2 uL(L — )
B+ L) (u(yp — 28) +vL* — 2L(B + 1)) 4p*(p + L)
T VuL(L — )2 (g1 | gr) + L2 (9k | di-1)
4P (p+ L)
~(L = )2 (gk-1 | di—1) - (3.40)

Expand the first two summands of (3.37).
(3.37) as follows:

Now, we expand the first two summands of

||dk:H2 _ (1 + (“/L))Q

4(#/1/) HQkHQ
s + anl? — g
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=2+ gl + 28 (o ) — g

L — 2
el = L g+ 25 (e | ). (3.41)

Expand the third summand of (3.37). Next, we expand the third summand of (3.37) as

follows:
2
A
__APA/L) {Hd 2+ (u(yp — 28) +vL2 — 2L(8 +vp))* T (p+L)? g6l
(= (/p) T 1632722 L IRl ¥z ez 1981
_ o 2
N (1(28 — yu) ngu; 2L(B +p)) (r | dir) — (MVZLD (o | dis)
+ L —28) +~L? —2L(B +
+ (i ) (O 1 57)%2’22 ( 1) (gk—1 | 9)
APl i + (1(y u—25)+7L2—2L(6+W))2“ I MII I
(L' A2 puL(L — p)? VAL (L — )2 19t
208(p+ L) 482%(p+ L)
r2a (S0 1) o - SR
L - L?—2L
N Blp+ )<M<Wy2u2Lﬁ()L+—7/L)2 2L(3 +yp)) (G | a0) (3.42)

Expanded form of (3.37). Finally, putting the expanded expressions from (3.41) (3.42) in

(3.37) and then collecting the terms, we get:

I — 2
B lds | — Mngkw 128 (dis | o)

4l
(L—pp"™ 49 pL(L — p)? VuL(L = )2
26(u+ L) 48%(u+ L)
o ((u) 1) el o) = S =g (e [

Blu+ L) (ulyp — 2B) + yL? = 2L(B + )

" YUL(L — p)? (-1 | 1)
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_ B+ L) B+ L)

B UV 2 2
L Blet L) (w8 = ) = vL* + L(B + 2yu)) o]
VUL(L — p)? g
Blee+ L) (o — 28) + 9L — 2L(B + 1)) 462+ L)
+ UL — )2 (gr—1 | gr) + BT (gr | o)
_ 4Pt L)

(L — p)? (Gr—1 | dr—1),

where the last line is identical to (3.40).

The calculation shown above can also be independently verified using open-source symbolic
computation libraries SymPy [136] and Wolfram Language [137] using the following notebooks

available at

https://github.com/Shuvomoy/NCG-PEP-code/blob/main/Symbolic_ Verifications/Verif
y_PRP.ipynb

and

https://github.com/Shuvomoy/NCG-PEP-code/blob/main/Symbolic_ Verifications/Verif

y_PRP_Wolfram Language.ipynb
, respectively.

3.A.3.2 Reformulation for weighted sum of inequalities for Lemma 3.2

For notational ease, define f(xy) L f f(z—1) £ fee1,Vf(zr) = gr, V(ar1) L gu1,

AL

Br1 = B, Ye_1 = v, and ¢,_1 £ ¢. We want to show that the weighted sum
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(7 (L + p) ) g1 | 1) = [lgn-a ]

(24 m) e ] du)

C
Y ol = Bl

+ ( QLf“L 5 Je—1e ) [lldi1* = ellgn—11I?]

+ (L —p) [fk — oo + (g | dimr) + 5 Ml g1 — gxll

c—l)c

_l_

+ gt s = o — 90|
(L= ) [ = fe =gt i) + 3 lgos =

+ st vdi—1 — 2(ge-1 — gk)||2] (3.43)

is equal to

c—1
Be gk

g lI” — (2\/1 - i\@ — ey’ Lpp+ (L + p) — 1) gk
2
s

(3.44)

C
I A— P — _ 4
c—1)& k-1 19k 1+

We show this by expanding both terms and doing term-by-term matching.
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Expand the fifth summand of (3.43). First, we expand the second summand of (3.43) as
follows:

(L — ) [fk = fim1 + gk [ dimr) + 5z llgr-1 = gll® + s Idi—1 = £(9k-1 — gu)II?

(L= ) | oo+ 2 ge | i) + 5 (a2 40 ger) + lonl?)
2

1 1 2y
+ sty (Pt + S llgeal + S5llarl® = =5 (9 | ges) + = (decr | g0

- 23 (dr—1| gr—1) )]

1 1 1
=L —p)fe +(p— L) fr—1 + §’YQMLHdk71H2 + 5“91%1“2 + §Hng2

—(Gr—1 | gr) + 7L g | dr—1) — 1 (Gr-1 | di—1) (3.45)
where on the second line, we expand the squares, and on the third line, we collect the terms.

Expand the sixth summand of (3.43). Next, we expand the sixth summand of (3.43) as

follows:

(L —p) [fk—l = Jo = g1 | i) + 5pllger = gull* + gtz Ivdi-1 — 2961 — gu)|I”

= (L —p) [fk—l — fi = (g1 [ di1) + 55 (lgeall® = 2(gi | gnr) + llgxll?)
L 2 o, 1 o, 1 s 2
+ 20—/ \ ldk—1 " + ﬁHgkAH + EHQkH T2 {9k | gr—1)
2y 2y ﬂ
— {dj_ — —{ds_ _
+L<k1|gk> L<k1|gk1>
1 1 1
=(L = p) fr—1+ (u— L) fr + 572MLHdk—1H2 + §\|gk—1||2 + §||91c||2

—(gk—1 | gr) + v gk | dk—1) — YL (gr—1 | dx—1) (3.46)

where again on the second line, we expand the squares and on the third line, we collect the

terms.
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Expanded form of (3.43). Now putting (3.45) and (3.46) in (3.43), and then collecting the

terms, we arrive at the following expanded form of (3.43):

VB 2 ve—1 2 _\/B(C —2) 2ol — 2
Je—tan (\ﬁ\/@ + 1> llgill? + ( VeTue Ternt Y+ L)+ 1) g1l
—2(gk—1 | gr) + i {9k | dr—1) — \/CQT\/?\/E (gr—1 | dx-1) (3.47)

Expand the third summand of (3.44). Next, we expand the third summand of (3.44) as

follows:

2

/ J [c—1
Y Bl)cdkl - Cﬂ_clgkl + 1 Cﬁc Ik

o
— \/B 2 \/B\/E 2 vC—l 2
—W’\quH +\/C_—1Hgk71\| + Jo/B 1%l
~ 200 L)+ 2 | )~ 2 G ) (3.5)

Expanded form of (3.44). Finally, putting the expanded expressions from (3.47) in (3.44)

and then collecting the terms, we get:

1
lgill? — (2\/1 — E\@ — eV L+~ (L+ p) - 1) g1l
5 B =1 |
. g Be o fe—
(C_l)ckl \/:gk 1+ Be Ik
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1
=||gi||? — (2\/ 1— E\@ — YLy +y(L+ p) — 1) lgk—1>

+ = 2 e + 2 g+

g g + 2 ~ {gu | dir) — 2\/ﬁf (r-1 | dir)

(g ¥ 1) s> + <072Lu AL+ )+ 1+ B - WF> el

+ \/CT\/?CWHCJ“HQ = 2(gk—1 [ g) + i 9k [ di—1) — 2\/0%/_1ﬁ (g1 | i)
:\/cTﬂicw”d“”z + (% + 1) lg®

+< 2D | i - 7(u+L)+1> g ?

= 2(gk-1 | gr) + (2: (g | dr—1) — \/C2T\/_f\/5 (Gre-1 | dr—1)

where the last line is identical to (3.47).

This symbolical calculation shown above can be independently verified using open-source
symbolic computation libraries SymPy [136] and Wolfram Language [137] using the following

notebooks available at

https://github.com/Shuvomoy /NCG-PEP-code/blob/main/Symbolic_ Verifications/Verify FR.i

pynb

and

https://github.com/Shuvomoy /NCG-PEP-code/blob/main/Symbolic_ Verifications/Verify FR.i

pynb

(in the cells titled Lemma 2.2 of the notebooks), respectively.
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3.A.3.3 Reformulation for weighted sum of inequalities for Lemma 3.3

For notational ease, define Vf(zx) = gr, Vf(74-1) = ge_1, Br_1 = B, and ¢,_; = c¢. The

reformulation of the weighted sum is as follows:

26 (i1 | gi) + 5 (Ildis|* = clge-all?) — cB (lgell* = Bllgr- )
=26 {d—1 | gi) + B(ldu—1|1* — cB2Hgi=rT” — cBllgull* + cB2Hgrml”
=28 (d—1 | g) + Bl dr—1]* = Bl gxl”
=2(Bdy—1 | gr) + |Bdr[* = cB]lgkl®
=2(d — g | g) + [l — grll* — cBllgs?
=2 (ditge) — 2l gll* + ldil1® — 24ditgi) + lgxll* — Bllgrl®
=[|del|* = llgell* — cBllgell”

=ldill* — (1 + ¢B) llgeI*,

thus arriving at the simplified form used in the proof.

This symbolical calculation shown above can be independently verified using open-source
symbolic computation libraries SymPy [136] and Wolfram Language [137] using the following

notebooks available at

https://github.com/Shuvomoy/NCG-PEP-code/blob/main/Symbolic_ Verifications/Verify FR.i

pynb

and

https://github.com/Shuvomoy/NCG-PEP-code/blob/main/Symbolic_ Verifications/Verify FR.i

pynb
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(in the cells titled Lemma 2.3 of the notebooks), respectively.

3.A.4 Constructing counter-examples

Once we have solved the nonconvex QCQPs associated with (Bryapunoy) O (Bexact), We can
construct the associated triplets {z;, g, fi }ie 1z, and then apply Theorem 3.2 to construct the
corresponding “bad” function. This “bad” function serves as a counter-example, illustrating
scenarios where (M) performs poorly. One can access the numerically constructed triplets
{4, gi, fi e 1z, associated with the counter-examples by following the instructions provided
in our github repository. Next, we provide a concrete example of how to construct a “bad”
function for (Bpyapunoy) from our provided code and datasets located in the folder titled
‘Code_for_NCG_PEP’ of the github repository. Constructing counter-examples for (Bexact) 1S

analogous.

4 Zo T o

0 1.67262 0.354109 —0.140817

0 0 —0.810313 —0.322955

0 0 0.0775561 —0.138845

0 0 0.000222477 0.000244795

Table 3.5: Numerical values of {$i}i€{*7071,2} for constructing the counter-example of
Example 3.1.

Gx 9o ) 92

0 1.08734 0.303362 —0.158567
0 0.237212 —0.47567 —0.205519
0 0 0.187527 —0.100196
0 0 0 0.000166564

Table 3.6: Numerical values of {g;}icfs01,2) for constructing the counter-example of
Example 3.1.

Example 3.1 (How to construct counter-examples for (Bpyapunov)). Suppose we are inter-
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f* fO fl f2
0 1 0.267353 0.056104

Table 3.7: Numerical values of { fi}ie{*,mlg} for constructing the counter-example of
Example 3.1.

ested in constructing a “bad” function aka counter-example for the worst-case bound on
F@rs2)=F+/ (@)~ 1. (steps for other values of N are identical) for PRP with ¢ = #/L = 0.5.
The resultant “bad” function from R* to R is completely characterized by the triplets

{z4, gi, fi}ie{*7071,2}, where the triplets can be generated or accessed in two ways:

1. we can run ‘1.Example_Julia.ipynd’ with the input parameters and generate the
function by solving the nonconvex QCQP directly and generate the triplets, or
2. we can directly access the triplets from the saved datasets in the folder Saved_Output_Files

with instructions provided in the file ‘2. Using_the_saved_datasets_Julia.ipynb’

For the sake of completeness, we provide the numerical values of {%;}ic(x01,2}, 19i bic{x0,1,2}5
and { fi}ictro0,2y of the function in this setup in Table 3.5, Table 3.6, and Table 3.7, re-
spectively. From the numerical values of the triplets, we can construct the “bad” function
using Theorem 3.2. For this constructed function, we have the performance guarantee
F@rr2)=fs [f(@r)—f. > 0.056104, which closely matches the bound provided in Figure 3.4. Addi-
tionally, this guarantee can be verified through other existing open-source software [126, 138];

we provide code for this independent verification in the file called

‘3.PEPIt_verification_Python.ipynbd’
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Chapter 4

Exterior-point Optimization for Sparse

and Low-rank Optimization

4.1 Introduction

This chapter studies optimization problems involving a strongly convex and smooth cost
function over a closed nonconvex constraint set X involving sparse or low-rank constraints.
We propose a first-order algorithm nonconvex exterior-point optimization solver (NExOS) to
solve such problems numerically. We can write such problems as:

minimize T 2) |||
f(z) + (8/2) ||| P)

subject to = € X,

where x takes value in a finite-dimensional vector space [E over the reals, f is a strongly
convex and smooth function. In Appendix 4.A.2.1, we generalize our framework to the case

when f is non-smooth convex.
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The regularization parameter g > 0 is commonly introduced in statistics and machine learning
problems to reduce the generalization error without increasing the training error [139, §5.2.2].
In this chapter, there is also a theoretical consideration behind including the term §||$||2 in
problem (P). NExOS finds a locally optimal point of problem (P) by solving a sequence of
penalized subproblems with strictly decreasing penalty parameters, where each penalized
subproblem is solved by a first-order algorithm. Under the presence of §||ac||2 with 8 > 0, we
can prove that each penalized subproblem is locally strongly convex and smooth admitting a
unique local minimum (see Proposition 4.1), which in turn ensure linear convergence of the
first-order method to that local minimum (see Theorem 4.1). In the Numerical Experiments
section, we demonstrate that 3 can be set to a value as small as 1078, This empirical evidence
suggests that, in practice, the impact of § on the objective value can be made negligible,
yet one can still reap the theoretical benefits. Therefore, while £ plays a crucial role in the
theoretical aspects of our algorithm, its influence on the problems considered in the Numerical

Experiments section is minimal and can be adjusted as per the problem’s requirements.

Furthermore, E is equipped with inner product (- | -) and norm || - || = y/(z | z). For E = R
we have (z | y) = 2"y for x,y € R, and for E = R™*", we have (X |Y) = tr(X'Y), for
X,Y € R™*™. The constraint set X is closed and nonconvex and can be decomposed as
the intersection of a compact convex set and a nonconvex set involving sparse or low-rank
constraints. Sparse and low-rank constraint sets are very important in modeling many machine
learning problems, because they allow for high interpretability, speed-ups in computation,

and reduced memory requirements [18].

Sparsity-constrained optimization. Sparsity constraints have found applications in many
practical settings, e.g., gene expression analysis [17, pp. 2-4|, sparse regression [18, pp.

155-157], signal transmission and recovery [19, 20], hierarchical sparse polynomial regression
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[21], and best subset selection [22], just to name a few. In these problems, the constraint set

X decomposes as X = CNN, where C is a compact convex set, and

N ={z € R?| card(z) < k}, (4.1)

where card(z) counts the number of nonzero elements in z. In these optimization problems, C
can be a polyhedron, infinity-norm ball, box constraint set, or probability simplex; these sets
usually show up in applications involving econometrics, housing price prediction, air-quality

prediction, signal processing, and meteorology [140-143].

In this chapter, we apply NExOS to solve the sparse regression problem for both synthetic and
real-world datasets in §4.4.1, which is concerned with approximating a vector b € R™ with a
linear combination of at most k columns of a matrix A € R™*? with bounded coefficients.
This problem has the form:

minimize || Az — b||3 + (3/2)||z||3

(SR)
subject to card(z) <k, || <T,

where z € R? is the decision variable, and A € R™*? b € R™, and I" > 0 are problem data.

Low-rank optimization. We can write low-rank optimization problems in the form of
problem (P), which are common in machine learning applications such as collaborative filtering
[18, pp. 279-281], design of online recommendation systems [23, 24], bandit optimization
[25], data compression [26-28], and low rank kernel learning [29]. In these applications, the

constraint set X' decomposes as X = CNN, where C is a compact convex set, and

N ={X € R™*¢ | rank(X) < r}. (4.2)
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In these optimization problems, C can be matrix-norm ball, Frobenius-norm ball, hyperplane /half-
space induced by trace [144, 145]. In this chapter, we apply NExOSto solve the affine rank
minimization problem:

minimize || A(X) — b||§ + (B2 X% (RM)

subject to rank(X) <r, | X|.<T,
where X € R™*? is the decision variable, b € RF is noisy measurement data, and A :
R™¢ — R* is a linear map. The parameter I' > 0 is the upper bound for the spectral
norm of X. The affine map A is determined by k matrices A;,..., A, in R™*? where
A(X) = (tr(ATX),..., tr(AT X)). We present several numerical experiments to solve (RM)

using NExOSfor both synthetic and real-world datasets in §4.4.2.

4.1.1 Related work

Convex relaxation approach. Due to the presence of the nonconvex set X', the nonconvex
problem (P) is N'P-hard [146]. A common way to deal with this issue is to avoid this inherent
nonconvexity altogether by convexifying the original problem. The relaxation of the sparsity
constraint leads to the popular LASSO formulation and its variants [17], whereas relaxation

of the low-rank constraints produces the nuclear norm based convex models [147].

The basic advantage of the convex relaxation technique is that, in general, a globally optimal
solution to a convex problem can be computed reliably and efficiently [58, §1.1], whereas for
nonconvex problems a local optimal solution is often the best one can hope for. Furthermore,
if certain statistical assumptions on the data generating process hold, then it is possible to
recover exact solutions to the original nonconvex problems with high probability by solving

the convex relaxations (see [17] and the references therein).
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However, when stringent assumptions do not hold, then solutions to the convex formulations
can be of poor quality and may not scale very well [18, §6.3 and §7.8]. In this situation, the
nonconvexity of the original problem must be confronted directly, because such nonconvex
formulations capture the underlying problem structures more accurately than their convex

counterparts.

First-order methods. To that goal, first-order algorithms such as hard thresholding al-
gorithms, e.g., IHT [148], NIHT [149], HTP [150], CGIHT [151], address nonconvexity in
sparse and low-rank optimization by implementing variants of projected gradient descent

with projection taken onto the sparse and/or low-rank set.

While these first-order methods have been successful in recovering low-rank and sparse
solutions in underdetermined linear systems, they too require assumptions on the data such
as the restricted isometry property for recovering true solutions [18, §7.5]. Furthermore, to
converge to a local minimum, hard thresholding algorithms require the spectral norm of the

measurement matrix to be less than one, which is a restrictive condition [148].

Besides hard thresholding algorithms, heuristics based on first-order algorithms such as the
alternating direction method of multipliers ADMM have gained a lot of traction in the last few
years. Though ADMM was originally designed to solve convex optimization problems, since
the idea of implementing this algorithm as a general purpose heuristic to solve nonconvex
optimization problems was introduced in [152, §9.1-9.2], ADMM-based heuristics have been
applied successfully to approximately solve nonconvex problems in many different application

areas [141, 153].

However, the biggest drawback of these heuristics based on first-order methods comes from

the fact that they take an algorithm designed to solve convex problems and apply it verbatim
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to a nonconvex setup. As a result, these algorithms often fail to converge, and even when they
do, it need not be a local minimum, let alone a global one [154, §2.2]. Also, empirical evidence
suggests that the iterates of these algorithms may diverge even if they come arbitrarily
close to a locally optimal solution during some iteration. The main reason is that these
heuristics do not establish a clear relationship between the local minimum of problem (P)
and the fixed point set of the underlying operator that controls the iteration scheme. An
alternative approach that has been quite successful empirically in finding low-rank solutions is
to consider an unconstrained problem with Frobenius norm penalty and then using alternating
minimization to compute a solution [155]. However, the alternating minimization approach

may not converge to a solution and should be considered a heuristic [155, §2.4].

Discrete optimization approach. For these reasons above, in the last few years, there
has been significant interest in addressing the nonconvexity present in many optimization
problems directly via a discrete optimization approach. In this way, a particular nonconvex
optimization problem is formulated exactly using discrete optimization techniques and then
specialized algorithms are developed to find a certifiably optimal solution. This approach has
found considerable success in solving machine learning problems with sparse and low-rank
optimization [67, 156]. A mixed integer optimization approach to compute near-optimal
solutions for sparse regression problem, where problem dimension d = 1000, is computed in
[22]. In [142], the authors propose a cutting plane method for a similar problem, which works
well with mild sample correlations and a sufficiently large dimension. In [157], the authors
design and implement fast algorithms based on coordinate descent and local combinatorial
optimization to solve sparse regression problem with a three-fold speedup where d ~ 10°.
In [144], the authors propose a framework for modeling and solving low-rank optimization

problems to certifiable optimality via symmetric projection matrices.
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However, the runtime of these discrete optimization based algorithms can often become
prohibitively long as the problem dimensions grow [22]. Also, these discrete optimization
algorithms have efficient implementations only for a narrow class of loss functions and
constraint sets; they do not generalize well if a minor modification is made to the problem
structure, and in such a case they often fail to find a solution point in a reasonable amount of
time even for smaller dimensions [67]. Furthermore, one often relies on commercial softwares,
such as Gurobi, Mosek, or Cplex to solve these discrete optimization problems, thus making

the solution process somewhat opaque [22, 156].

4.1.2 Contributions

The main contribution of this work is to propose NExOS: a first-order algorithm tailored for
nonconvex optimization problems of the form (P). The term ezterior-point originates from
the fact that the iterates approach a local minimum from outside of the feasible region; it is
inspired by the convex exterior-point method first proposed by Fiacco and McCormick in the
1960s [71, §4]. By exploiting the underlying geometry of the constraint set, we construct an
iterative method that finds a locally optimal point of the original problem via an outer loop
consisting of increasingly accurate penalized formulations of the original problem by reducing
only one penalty parameter. Each penalized problem is then solved by applying an inner

algorithm that implements a variant of the Douglas-Rachford splitting algorithm.

We prove that NExOS, besides avoiding the drawbacks of convex relaxation and discrete
optimization approach, has the following favorable features. First, the penalized problem has
strong convexity and smoothness around local minima, but can be made arbitrarily close
to the original nonconvex problem by reducing the penalty parameter. Second, under mild
regularity conditions, the inner algorithm finds local minima for the penalized problems at

a linear convergence rate, and as the penalty parameter goes to zero, the local minima of
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the penalized problems converge to a local minimum of the original problem. Furthermore,
we show that, when those regularity conditions do not hold, the inner algorithm is still
guaranteed to subsequentially converge to a first-order stationary point of the penalized

problem at the rate o(1/vk).

We implement NExOS in the open-source Julia package NEx0S. j1 and test it extensively
on many synthetic and real-world instances of different nonconvex optimization problems of
substantial current interest. We demonstrate that NExOS very quickly computes solutions
that are competitive with or better than specialized algorithms on various performance

measures. NEx0S. j1 is available at https://github.com/Shuvomoy/NExOS jl.

Organization of the chapter. The rest of the chapter is organized as follows. We describe
our NExOS framework in §4.2. We provide convergence analysis of the algorithm in §4.3.
Then we demonstrate the performance of our algorithm on several nonconvex optimization

problems of significant current interest in §4.4. The concluding remarks are presented in §4.5.

4.2 Our approach

The backbone of our approach is to address the nonconvexity by working with an asymptoti-
cally exact nonconvex penalization of problem (P), which enjoys local convexity around local
minima. We use the notation ¢y (z) that denotes the indicator function of the set X at z,
which is 0 if x € X and oo else. Using this, we can write problem (P) as an unconstrained
optimization problem, where the objective is f(z) 4+ (3/2)]|z]|? 4+ tx(x). In our penalization,

we replace the indicator function ¢ with its Moreau envelope with positive parameter p:

“u(@) = min{u(y) + (1/2p) |y — ="} = (1/2p)d* (@), (4.3)
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where d(x) is the Euclidean distance of the point x from the set X.

Properties of Moreau envelope for a nonconvex set. The function #¢, though nonconvex,
has many desirable attributes that greatly simplify design and convergence analysis of our
algorithm. We summarize these properties below; See [158, Proposition 12.9] for the first

four properties, and Proposition 4.1 in §4.3 for the last one.

1. Bounded. The function #¢ is bounded on every compact set. In contrast, ¢ is an
extended valued function that takes the value +oo outside the set X.

2. Finite and jointly continuous. For every y > 0 and = € [E, the function #¢(x)
is jointly continuous and finite. Therefore, #; is continuous on [E. In contrast, the
indicator function ¢ is not continuous.

3. Accuracy of approximation controlled by . With decreasing p, the approximation
#1 monotonically increases to ¢, i.e., for any positive 1, o such that 0 < uy < pg, we
have

0 <#(z) <HMu(z) < i(x)

for any x € E.
4. Asymptotically equal to .. The approximation #; is asymptotically equal to ¢ as u
goes to zero, i.e., we have the point-wise limit

13?8 Pu(z) = uo(x)

forall z € FE.
5. Local convexity and differentiability around points of interest. Adding any
quadratic regularizer to #+ makes the sum locally convex and differentiable around

points of interest. To be precise, if at x, the set X is prox-regular, then for any value of
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Figure 4.1: An illustration of how the penalized cost function in problem (P,)
compares against the original cost function in problem (P) for different values of p.
Note that the regularization parameter 3 is kept fixed at its initial value 1 throughout.

B> 0, the function #u(z) + £||z||? is convex and differentiable on a neighborhood of z.

The favorable features of #+ motivate us to consider the following penalization formulation of

problem (P) denoted by problem (P, ), where the subscript p indicates the penalty parameter:
minimize f(x)+* (z), (Pu)

where # = *1+(8/2)||-]]?, € E is the decision variable, and p is a positive penalty parameter.
We call the cost function in problem (P,) an exterior-point minimization function; the term
is inspired by [71, §4.1]. The notation # = #¢+ (3/2)| - ||* introduced in problem (P,) not
only reduces notational clutter, but also alludes to a specific way of splitting the objective
into two summands f and # ;| which will ultimately allow us to establish convergence of our
algorithm in §4.3. Because ¢ is an asymptotically exact approximation of 1y as u — 0,
solving problem (7P,) for a small enough value of the penalty parameter p suffices for all

practical purposes.

To provide intuition on how the exterior-point minimization function in problem (P,) com-
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Algorithm 2 Nonconvex Exterior-point Optimization Solver (NExOS). Here TI(x)
denotes the Euclidean projection of x on the nonconvex set X.

given: regularization parameter 8 > 0, an initial point zj,;, initial penalty parameter pup;,
minimum penalty parameter pi,,, tolerance for the fixed point gap e for each inner
iteration, tolerance for stopping criterion ¢ for the outer iteration, and multiplicative
factor p € (0,1).
Initialization. p = ping, and 2° == zpni.  Quter iteration. while stopping criterion is not
met do
Inner iteration. Using Algorithm 3, compute z,,y,, and z, that solve problem (P,) with
tolerance €, where 22 = 2% is input as the initial point.  Stopping criterion. quit if
(F(Ta,) + (3/2) [T, [2) = (£(a,) +* (2,)] < 6.
Set initial point for next inner iteration. 2° = z,. Update p. p = pp.
end
return z,,y,, and z,

pares against the original minimization function in problem (P), we provide an illustrative
one-dimensional example in Figure 4.1. Figure 4.1 captures all the key properties of our
penalization scheme. In this figure, f = (1/2)(-)?, 3 =1, X = [-2,—1] U2, 3]. The problem
has two local minima, one at —1 and one at —2. We see that for larger values of u, problem
(P,) is not a good approximation of problem (P), but around each local minimum there
is a relatively large region where f +# is strongly convex and smooth. As u gets smaller,
problem (P,) becomes a more accurate approximation of problem (P), though the regions
of convexity and smoothness around local minima shrink. For ;4 = 10~*, problem (P,) is
identical to problem (P) for all practical purposes. Note that the regularization parameter

is kept fixed at its initial value 1 throughout.

Now that we have intuitively justified intuition behind working with (7,), we are in a position

to present our algorithm.

Algorithm description. Algorithm 2 outlines NExOS. The main part is an outer loop that
solves a sequence of penalized problems of the form problem (P,) with strictly decreasing

penalty parameter g, until the termination criterion is met, at which point the exterior-point
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Algorithm 3 Inner Algorithm for problem (P,). Here IT(z) denotes the Euclidean
projection of z on the nonconvex set X, and prox,; denotes the proximal operator
of f with parameter v > 0 as defined in (4.4).

given: starting point 2%, tolerance for the fixed point gap €, and proximal parameter v > 0.
Initialization. n =0, k = 1/(By+ 1), 0 == pu/(vx + p).
while ||2" — y"|| > € do
Compute z" = prox_; (2").
Compute g™ = k (22" — 27).
Compute y™* = 0" + (1 — 0) I (™).
Compute 2"t = 2" 4yl — gntl
Update n :=n + 1.
end
return ", y", and 2".

minimization function is a sufficiently close approximation of the original cost function. For

each p, problem (P,) is solved by an inner algorithm, denoted by Algorithm 3.

One can derive Algorithm 3 by applying Douglas-Rachford splitting (DRS) [158, page 401] to
problem (P,) as follows. If we apply Douglas-Rachford splitting [158, page 401] to problem

(P,) with penalty parameter p, we have the following variant with three sub-iterations:

2" = prox_; (")

yn+1 = prox., <2wn+1 _ Zn) (DRS)

Zn+1 ="t yn+1 _ $n+1.

The computational cost for prox. . is the same as computing a projection onto the constraint
set X, as stated in Lemma 4.1 below; this result follows from [159, Theorem 6.13, Theorem
6.63]. It should be noted that [159, Theorem 6.13, Theorem 6.63] assume convexity of the
functions in the theorem statements, but its proof does not require convexity and works for

nonconvex functions as well.
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Lemma 4.1 (Computing prox. . (x) ). Consider the nonconvex compact constraint set X
in problem (P). Denote k =1/(fy+1) € [0,1] and 0 = u/(vk + p) € [0,1]. Then, for any

r € B, and for any u, 3,7 > 0, we have prox, . () = 0kx + (1 — ) II (k).

Finally, combining (DRS), [159, Theorem 6.13], and Lemma 4.1, we arrive at Algorithm 3.

Algorithm subroutines. The inner algorithm requires two subroutines, evaluating (i)
prox. ;(x), which is the proximal operator of the convex function f at the input point
x, and (ii) II(x), which is a projection of z on the nonconvex set X. We discuss now how
we compute them in our implementation. To that goal, we recall that, for a function g (not
necessarily convex) its proximal operator prox., and Moreau envelope 7g, where v > 0, are

defined as:

prox ,(x) = argmin (g(y) + (1/27)|ly — =),
ven (4.4)

Tg(x) = minges (9(y) + (1/29) |y — =[*) -

Computing proximal operator of f. For the convex function f, prox,; is always single-
valued and computing it is equivalent to solving a convex optimization problem, which often
can be done in closed form for many relevant cost functions in machine learning [159, pp.
449-450]. If the proximal operator of f does not admit a closed form solution, then we solve
the corresponding convex optimization problem (4.4) to a high precision solution. For this
purpose, we can select any convex optimization solver supported by MathOptInterface,

which is the abstraction layer for optimization solvers in Julia.

Computing projection onto X. The notation IT(z) denotes the projection operator of x

onto the constraint set X', defined as

ILy(x) = prox,,, (z) = argmin,c y (|ly — 2|*).
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A list of nonconvex sets that are easy to project onto can be found in [141, §4], this includes
nonconvex sets such as boolean vectors with fixed cardinality, vectors with bounded cardinality,
quadratic sets, matrices with bounded singular values, matrices with bounded rank etc. If X

is in this list, then we project onto X directly.

Now consider the case where the constraint set X decomposes as X = C NN, where N is a
nonconvex set with tractable projection and C is any compact convex set. In this setup, let
te and ¢y be the indicator functions of C and N, respectively. Defining ¢ = f + ic, we write

problem (P) as: min,cg ¢(z) + (8/2)]|z]|* + tn(2).

For any convex function ¢, its Moreau envelope “¢, for any v > 0, has the following three

desirable features.

1. For every z € E we have "¢(z) < ¢(x) and "¢(z) — ¢(x) as v — 0 [60, Theorem 1.25].

2. we have z* € argmin . ¢(x) if and only if 2* € argmin, g ”¢(z) with the minimizer
x* satisfying ¢(z*) = "¢(2*) [158, Corollary 17.5].

3. the Moreau envelope "¢ is convex, and smooth (i.e., it is differentiable and its gradient
is Lipschitz continuous) everywhere irrespective of the differentiability or smoothness
of the original function ¢. The gradient is: “¢(x) = <x - proxl,¢(:c)) /v, which is

(1/v)—Lipschitz continuous [158, Proposition 12.29].

These properties make “¢ a smooth approximation of ¢ for a small enough v. Hence, we
work with the following approximation of the original problem: min, ¢ + (3/2)||x||? + ta(x),
where we replace f with “¢ and 1y with ¢y in Algorithms 2 and 3. The proximal operator
of Y¢ can be computed using prox..,(r) = z + (v/(y + v))(Prox(,;,)4(z) — r), where
computing prox () corresponds to solving the following convex optimization problem

argmin, . ¢(y) + 1/(2(y + v))|ly — z||*, which follows from [158, Proposition 24.8].
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Remark 4.1. Problem (P,) involves minimizing the sum of two functions: a convex function
f and a nonconvex function * . As the objective is split into two parts in problem (P,),
selecting any other two-operator splitting algorithm (e.g., forward-backward splitting [160,
page 25], Chambolle-Pock algorithm [160, page 32/, ADMM [161] etc.) can work as the
inner algorithm in principle. However, in the context of our problem setup, Douglas-Rachford

splitting might be the most suitable choice for the following reasons.

1. We have picked Douglas-Rachford splitting over ADMM, because Douglas-Rachford
operates on the original nonconvexr problem, whereas ADMM can be viewed as Douglas-
Rachford splitting on the dual of the original nonconvex problem [162]. As strong duality
usually does not hold when the primal problem is nonconvez, it seems more intuitive to
work with the nonconvex problem directly over its dual.

2. We favored Douglas-Rachford splitting over proximal gradient method, because even
when the problem is convex, Douglas-Rachford splitting converges under more general
conditions, whereas prorimal gradient method require more restrictive conditions to
converge [61, page 49]. Hence, we believe that Douglas-Rachford splitting represents the
most natural choice for the inner algorithm over the proximal gradient method.

3. Douglas-Rachford splitting is favorably unique in contrast with other two-operator
splitting methods, as Douglas-Rachford splitting is the only two-operator splitting method
that satisfies the following properties simultaneously [163]: (i) it is constructed only
with scalar multiplication, addition, and proximal operators, (ii) it computes proximal
operators only once every iteration, (1ii) it converges unconditionally for mazimally
monotone operators, and (iv) it does not increase the problem size.

In §4.3, some of these desirable properties of Douglas-Rachford splitting are exploited to
establish convergence. While other operator splitting algorithms may work to establish

convergence as well, some of the unique features of Douglas-Rachford splitting will be

215



lost [163].

4.3 Convergence analysis

This section is organized as follows. We start with the definition of the key geometry property
of sets involving sparse and low-rank optimization problems. Then we define the local minima
of such problems, followed by the assumptions we use in our convergence analysis. We next
discuss the convergence roadmap, where the first step involves showing that the exterior
point minimization function is locally strongly convex and smooth around local minima, and
the second step entails connecting the local minima with the underlying operator controlling
NExOS. Then, we present the main result, which shows that, under mild regularity conditions,
the inner algorithm of NExOS finds local minima for the penalized problems at a linear
convergence rate, and as the penalty parameter goes to zero, the local minima of the penalized
problems converge to a local minimum of the original problem. Furthermore, we show that,
when those regularity conditions do not hold, the inner algorithm is still guaranteed to

subsequentially converge to a first-order stationary point at the rate o(1/vk).

The key geometric property of sparse and low-rank constraint sets that we use in our
convergence analysis is prox-reqularity at local minima, i.e., having single-valued Euclidean

projection around local minima [164]. Prox-regularity of a set at a point is defined as follows.

Definition 4.1 (Prox-regular set [164]). A nonempty closed set S C E is prox-regular at
a point x € § if projection onto S is single-valued on a neighborhood of x. The set S is

prox-regular if it is prox-regular at every point in the set.

If the constraint set X' decomposes as X = CN, where C is a compact convex set, and

N is prox-regular around local minima, then the feasible set X" inherits the prox-regularity
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property around local minima from the set A/ (see Lemma 4.4 in §4.3). The set A in (4.2) is
a prox-regular set at any point X € R™*¢ where rank(X) = r [165, Proposition 3.8]. One
can show that X' inherits the prox-regularity property at any X with rank(X) = r from the
set NV; a formal proof is given in Lemma 4.4 in Appendix 4.A.1.1. Similarly, N in (4.1) is
prox-regular at any point z satisfying card(z) = k because we can write card(z) < k as a
special case of the low-rank constraint by embedding the components of x in the diagonal

entries of a matrix and then using the prox-regularity of low-rank constraint set.

In our convergence analysis, we use the prox-regularity property of sparse and low-rank
optimization to establish our convergence results, hence NExOS can be applied to problems
involving other constraint sets that are prox-regular at local minimal. Some other notable
prox-regular sets are as follows. Closed convex sets are prox-regular everywhere [60, page
612]. Examples of well-known prox-regular sets that are not convex include sets involving
bilinear constraints [166], weakly convex sets [167], proximally smooth sets [168], strongly
amenable sets [60, page 612], and sets with Shapiro property [169]. Also, a nonconvex set
defined by a system of finitely many inequality and equality constraints for which a basic

constraint qualification holds is prox-regular [106, page 10].

We next provide the definition of local minimum of problem (P). Recall that, according to

our setup the set X is prox-regular at local minimum.

Definition 4.2 (Local minimum of problem (P)). A point z € X" is a local minimum of
problem (P) if the set X is prox-regular at z, and there exists a closed ball with center

7 and radius 7, denoted by B(Z;r) such that for all y € X N B(z;r) \ {Z}, we have
F@) + (B/2)1Z01* < fly) + (B/2)Nyl*.

In the definition above, the strict inequality is due to the strongly convex nature of the
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objective f + (8/2)]| - ||* and follows from [170, Proposition 2.1] and [60, Theorem 6.12]. We

now state and justify the assumptions used in our convergence analysis.

Assumption 4.1 (Strong convexity and smoothness of f). The function f in problem (P,)
is a-strongly conver and L-smooth where L > o > 0, i.e., f — (a/2)| - ||* is conver and

f—(L/2)|| - ||* is concave.

Assumption 4.2 (Problem (P) is not trivial). The unique solution to the unconstrained

strongly convex problem min, f(z) + (8/2)||z||* does not lie in X.

Assumption 4.1 corresponds to the function f + (3/2)]| - ||* being (a4 3)-strongly convex and
(L+ [3)-smooth. In our convergence analysis, 5 > 0 can be arbitrarily small, so it does not fall
outside the setup described in §4.1. The L-smoothness in f is equivalent to its gradient V f
being L—Lipschitz everywhere on [E [158, Theorem 18.15]. In our convergence analysis, this

assumption is required in establishing linear convergence of the inner algorithms of NExOS.

Assumption 4.2 imposes that a local minimum of problem (P) is not the global minimum
of its unconstrained convex relaxation, which does not incur any loss of generality. We can
solve the unconstrained strongly convex optimization problem min, f(z) + (3/2)|/z||* and
check if the corresponding minimizer lies in X’; if that is the case, then that minimizer is also
the global minimizer of problem (P), and there is no point in solving the nonconvex problem.
This can be easily checked by solving an unconstrained convex optimization problem, so

Assumption 4.2 does not cause any loss of generality.

To discuss our convergence roadmap, we introduce some standard operator theoretic notions
as follows. A set-valued operator A : E = [E maps an element z in E to a set A(z)

in [E; its domain is defined as dom A = {z € E | A(z) # 0}, its range is defined as
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ran A = U, A(z), and it is completely characterized by its graph: gra A = {(u,z) €
E x E | u € A(x)}. Furthermore, we define fix A = {x € E |z € A(z)}, and zer A = {x €
E | 0 € A(x)}. For every z, addition of two operators Ay, A, : E = E, denoted by A;+ Ao, is
defined as (A;+ Az)(z) = Ai(x)+ As(x), subtraction is defined analogously, and composition
of these operators, denoted by A;A,, is defined as A;Ay(z) = Ai(Az(x)); note that order

matters for composition. Also, if S C E is a nonempty set, then A(S) = U{A(z) | z € S}.

We next discuss our convergence roadmap. Convergence of NExOS is controlled by the DRS

operator of problem (P,):
T, = prox.,, (2pr0x7f — ]I) + I — prox., (4.5)

where > 0, and I stands for the identity operator in [E, i.e., for any x € E, we have

I(z) = x. Using T, the inner algorithm—Algorithm 3—can be written as
Zn+l — Tu (Zn) (AH)

where p is the penalty parameter and 2" is initialized at the fixed point from the previous

inner algorithm.

To show the convergence of NExOS, we first show that for some fiya, > 0, for any g € (0, fimax),
the exterior point minimization function f +# is strongly convex and smooth on some open
ball with center z and radius 7.y, denoted by B(Z; Tmax), where it will attain a unique local
minimum z,. Then we show that for ;1 € (0, fimax, the operator T,(z) will be contractive
in z and Lipschitz continuous in p, and connects its fixed point set fix T, with the local
minima z,,, via the relationship z,, = prox. ,;(fixT,). In the main convergence result, we

show that for a sequence of penalty parameters 9 = {1, u2, i3, - - ., v } and under proper
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initialization, if we apply NExOSto 901, then for all u,, € 91,the inner algorithm will linearly
converge to z,,,, and as uy — 0, we will have z,, — z. Finally, we show that, when the
regularity conditions of the prior result do not hold, the inner algorithm is still guaranteed to
subsequentially converge to a first-order stationary point (not necessarily a local minimum)

at the rate o(1/vk).

We next present a proposition that shows that the exterior point minimization function
in problem (P,) will be locally strongly convex and smooth around local minima for our
selection of penalty parameters, even though problem (P) is nonconvex. Furthermore, as the
penalty parameter goes to zero, the local minimum of problem (P,) converges to the local
minimum of the original problem (P). So, under proper initialization, NExOS can solve the
sequence of penalized problems {P,},.c(0 ) Similar to convex optimization problems; we

will prove this in our main convergence result (Theorem 4.1).

Proposition 4.1 (Attainment of local minimum by f +# ). Let Assumptions 4.1 and 4.2

hold for problem (P), and let T be a local minimum to problem (P). Then the following hold.

(i) There exist fimax > 0 and rpax > 0 such that for any p € (0, pmax], the exterior point
manimization function f+* in problem (P,) is strongly convex and smooth in the open
ball B(Z;Tmax) and will attain o unique local minimum x, in this ball.

(it) As p— 0, this local minimum x,, will go to T in limit, i.e., x, — .

Proof. See Appendix 4.A.2.2. O

Because the exterior point minimization function is locally strongly convex and smooth,
intuitively the DRS operator of problem (P,) would behave similar to that of a DRS operator

of a composite convex optimization problem, but locally. When we minimize a sum of two
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convex functions where one of them is strongly convex and smooth, the corresponding DRS
operator is contractive [171, Theorem 1]. So, we can expect that the DRS operator for
problem (P,) would be locally contractive around a local minimum, which indeed turns out
to be the case as proven in the next proposition. Furthermore, the next proposition shows
that T,(x) is locally Lipschitz continuous in the penalty parameter ;¢ around a local minimum
for fixed . As T,(x) is locally contractive in = and Lipschitz continuous in fx, it ensures
that as we reduce the penalty parameter p, the local minimum z, of problem (P,) found by

NExOSdoes not change abruptly.

Proposition 4.2 (Characterization of T,). Let Assumptions 4.1 and 4.2 hold for problem

(P), and let T be a local minimum to problem (P ). Then the following hold.

(i) There exists a contraction factor k' € (0,1) such that for any x1,x9 € B(Z; Tmax) and
1€ (0, ), we have [[Tu(ar) — T(aa)| < # s — o]l

(it) For any © € B(Z;rmax), the operator T, (x) is Lipschitz continuous in p, i.e., there
exists an € > 0 such that for any pi,p2 € (0, pimax] and © € B(Z;Tmax), we have

[Ty () = Ty ()| < £l — paa]-

Proof. See Appendix 4.A.2.3. O]

If the inner algorithm (A,) converges to a point z,, then z, would be a fixed point of the
DRS operator T,. Establishing the convergence of NExOS necessitates connecting the local
minimum z,, of problem (P,) to the fixed point set of T, which is achieved by the next
proposition. Because our DRS operator locally behaves in a manner similar to the DRS
operator of a convex optimization problem as shown by Proposition 4.2, it is natural to
expect that the connection between z, and z, in our setup would be similar to that of a

convex setup, but in a local sense. This indeed turns out to be the case as proven in the next
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proposition. The statement of this proposition is structurally similar to [158, Proposition
25.1(ii)] that establishes a similar relationship globally for a convex setup, whereas our result

is established around the local minima of problem (P,).

Proposition 4.3 (Relationship between local minima of problem (P) and fixT,). Let
Assumptions 4.1 and 4.2 hold for problem (P). Let T be a local minimum to problem (P),
and p1 € (0, fimax]. Then, x, = argming.,. . f(r) +* (v) = prox ; (fix T,), where the sets

fixT,, and prox.; (fixT,) are singletons over B(T; rmax)-
Proof. See Appendix 4.A.2.4. n

Before we present the main convergence result, we provide a helper lemma, which shows how
the distances between z,, 2, and Z change as 1 is varied in Algorithm 2. Additionally, this
lemma provides the range for the proximal parameter 7. If X is a bounded set satisfying
|z|| < D for all x € X', then term maxX,cp (. || V.f ()| in this lemma can be replaced with

L x D.

Lemma 4.2 (Distance between local minima of problem (P) with local minima of problem
(P.)). Let Assumptions 4.1 and 4.2 hold for problem (P), and let T be a local minimum to
problem (P) over B(Z;rmax). Then the following hold.

(1) For any p € (0, pmax], the unique local minimum x,, of problem (P,) over B(Z;rmax)
satisfies ||z, — Z|| < Tmax/n for somen’ > 1.

(it) Let z, be the unique fized point of T, over B(Z;rmax) corresponding to x,. Then for
any f1 € (0, fimax), we have rmax — ||z, — Z|| > (1" — 1)rmax/n" and rmax — ||z, — Z|| > 9,

where Y = (0 — 1)Tmax/17 — 7 MaXae B@mma) [|Vf(2)|| > 0 with the proximal parameter
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v taken to satisfy

0 <7< (7 = 1)rmax/ (W' MaXaeB(Emmn | VF(@)]]) -
Furthermore, minc (o jma] 1 (Tmax — |2, — Z||) — ¥} > 0.
Proof. See Appendix 4.A.2.5. O]

We now present our main convergence results for NExOS. For convenience, we denote the

n

n-th iterates of the inner algorithm of NExOSfor penalty parameter p by {xu

»Ys 2y} In the
theorem, an e-approximate fixed point Z of T, is defined by max{||zZ — T,(2)||, ||z, — Z||} <€,

where z, is the unique fixed point of T, over B(Z; "max). Furthermore, define:

e=min{ min ((rmax — ||z, — 2[]) —¥)/2, (1 — &)Y} >0, (4.6)

Me(ovﬂ‘max]

where ' € (0,1) is the contraction factor of T, for any 1 > 0 (cf. Proposition 4.2) and the
right-hand side is positive due to the third and fifth equations of Lemma 4.2(ii). Theorem
4.1 states that if we have a good initial point zy,; for the first penalty parameter gy,
then NExOS will construct a finite sequence of penalty parameters such that all the inner
algorithms for these penalty parameters will linearly converge to the unique local minima of

the corresponding inner problems.

Theorem 4.1 (Convergence result for NExOS). Let Assumptions 4.1 and 4.2 hold for problem
(P), and let & be a local minimum to problem (P). Suppose that the fized-point tolerance € for
Algorithm 3 satisfies € € [0,€), where € is defined in (4.6). The prozimal parameter -y is selected
to satisfy the fourth equation of Lemma 4.2(ii). In this setup, NExOS will construct a finite

sequence of strictly decreasing penalty parameters M = {1 = Linit, o = Pl1, 43 = PH2, - - -},
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with fins < Hmax and p € (0,1), such that we have the following recursive convergence

property.

For any € M, if an e-approximate fized point of T, over B(Z; max) is used to initialize the
inner algorithm for penalty parameter pu, then the corresponding inner algorithm iterates

2}, linearly converges to z, that is the unique fized point of T,, over B (T, max), and the

n
pH

to (P,u) over B(Z; rmax)-

iterates x .y, linearly converge to x,, = Prox. ;(2,.), which is the unique local minimum

Proof. See Appendix 4.A.2.6. O]

From Theorem 4.1, we see that an e-approximate fixed point of T,, over B (Z; Tmax) can
be computed and then used to initialize the next inner algorithm for penalty parameter
p?; this chain of logic makes each inner algorithm linearly converge to the corresponding
locally optimal solution. Finally, for the convergence of the first inner algorithm we have
the following result, which states that if the initial point zj,;; is not “too far away" from
B(Z; Tmax), then the first inner algorithm of NExOSfor penalty parameter j; converges to a

locally optimal solution of (P, ).

Lemma 4.3 (Convergence of the first inner algorithm). Let x be a local minimum to problem
(P ), where Assumptions 4.1 and 4.2 hold. Let zy be the chosen initial point for pq == init
such that B(zu,; || ziit — 2 ||) € B(Z; 'max), where z,, be the corresponding unique fized point
of Ty,. Then, z; linearly converges to z,, and both xj; and yy linearly converge to the

unique local minimum x,, of (P,,) over B(Z; rmax).

Proof. See Appendix 4.A.2.7. O]
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We now discuss what can be said if the initial point z;,;; does not necessarily satisfy the
conditions stated in Theorem 4.1 or Lemma 4.3. Unfortunately, in such a situation, we can

only show subsequential convergence of the iterates.

Theorem 4.2 (Convergence result for NExOS for z,;; that is far away from B(Z;rmax)).
Suppose, the proximal parameter «y is selected to satisfy 0 <y < 1/L and let zy; be the any
arbitrarily chosen initial point that does not satisfy the conditions of Lemma 4.3. Then, in
this setup, NExOS will construct a finite sequence of strictly decreasing penalty parameters
M = {1 = Linit, P2 = P, 43 = Pla, - .-}, and p € (0,1), such that we have the following
recursive convergence property. For any p € M, if an e-approximate fized point of T,

over B(Z;Tmax) 15 used to initialize the inner algorithm for penalty parameter pu, then the

n

corresponding inner algorithm iterates z,,

subsequentially converges to z,, that is a fized point

n

of Ty, and the iterates x7),,

YpuSubsequentially converge to a first-order stationary point to

(Pou) denoted by x,, = prox. ;(2,,) with the rate min, <, [V (f +*#) (z3,)[| < S o(1/VE).

Proof. See Appendix 4.A.2.8. O]

4.4 Numerical experiments

In this section, we apply NExOS to the following nonconvex optimization problems of
substantial current interest for both synthetic and real-world datasets: sparse regression
problem in §4.4.1, affine rank minimization problem in §4.4.2, and low-rank factor analysis
problem in §4.4.3. We illustrate that NExOS produces solutions that are either competitive or
better in comparison with the other approaches on different performance measures. We have
implemented NExOS in NEx0S. j1 solver, which is an open-source software package written

in the Julia programming language. NEx0S.jl can address any optimization problem of
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the form of problem (P). The code and documentation are available online at: https:

//github.com/Shuvomoy /NExOS.jl.

In our numerical experiments, we present a comprehensive evaluation of NExOS, showing both
statistical and optimization-theoretic evaluations. This dual approach is deliberate—while our
primary contribution is in developing optimization methodology, the optimization problems
considered in this section—such as sparse regression, affine rank minimization, matrix
completion, and factor analysis—are deeply rooted in the fields of statistics and machine
learning [17, 18, 147, 172-174]. Therefore, our numerical experiments are constructed not
only to demonstrate NExOS efficiently computing local minima for nonconvex problems but
also to highlight its ability to provide statistically robust solutions, which are also important
in the application context. This dual capacity is of paramount importance for practical
applications in statistics and machine learning, underlining the algorithm’s versatility and
effectiveness. By addressing these aspects, we aim to illustrate the broad applicability of

NExOS across optimization-theoretic and applied statistical or learning domains.

To compute the proximal operator of a function f with closed form or easy-to-compute
solution, NEx0S. j1 uses the open-source package ProximalOperators.jl [175]. When f is a
constrained convex function (i.e., a convex function over some convex constraint set) with
no closed form proximal map, NEx0S. j1 computes the proximal operator by using the open-
source Julia package JuMP [53] and any of the commercial or open-source solver supported
by it. The set X can be any prox-regular nonconvex set fitting our setup. Our implementation
is readily extensible using Julia abstract types so that the user can add support for additional
convex functions and prox-regular sets. The numerical study is executed on a MacBook Pro
laptop with Apple M1 Max chip with 32 GB memory. The datasets considered in this section,

unless specified otherwise, are available online at: http://tinyurl.com/NExOSDatasets.
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In applying NExOS, we use the following values that we found to be the best performing
based on our empirical observations. We take the starting value of u to be 2, and reduce
this value with a multiplicative factor of 0.5 during each iteration of the outer loop until the
termination criterion is met. The value of the proximal parameter v is chosen to be 1073,
We initialize our iterates at 0. Maximum number of inner iterations for a fixed value of p is
taken to be 1000. The tolerance for the fixed point gap for each penalized problem is taken

to be 10~* and the tolerance for the termination criterion is taken to be 1076.

Value of 3 is taken to be 107® for the following reasons. In §4.3, we showed that the presence
of § > 0, ensures that each penalized subproblem is locally strongly convex and smooth,
having a unique local minimum. This, in turn, helps to establish linear convergence of
the inner algorithm for each subproblem. We empirically demonstrate in this section that
the impact of the condition § > 0, despite being critical in the theoretical analysis of our
algorithm, seems to only be marginal as it can be made to be as small as 1078. We use this
extremely small value of 5 to stress-test NExOS empirically and show that even for such a

small value of 3, our algorithm still works well in practice.

4.4.1 Sparse regression

In (SR), we set X := {z | ||7]|oc £ T,card(z) < k}, and f(z) := ||[Az — b||3. A projection
onto X' can be computed using the formula in [18, §2.2], whereas the proximal operator for
f can be computed using the formula in [161, §6.1.1]. Now we are in a position to apply

NExOS to this problem.

4.4.1.1 Synthetic dataset: comparison with elastic net and Gurobi

We compare the solution found by NExOS with the solutions found by elastic net (glmnet

used for the implementation) and spatial branch-and-bound algorithm (Gurobi used for the

227



implementation). elastic net is a well-known method for computing an approximate solution
to the regressor selection problem (SR), which empirically works extremely well in recovering
support of the original signal. On the other hand, Gurobi’s spatial branch-and-bound
algorithm is guaranteed to compute a globally optimal solution to (SR). NExOS is guaranteed
to provide a locally optimal solution under regularity conditions; so to investigate how close
NExOS can get to the globally minimum value we consider a parallel implementation of
NExOS running on multiple (20) worker processes, where each process runs NExOS with
different random initialization, and we take the solution associated with the least objective

value.

Elastic net. elastic net is a well-known method for solving the regressor selection problem,

that computes an approximate solution as follows. First, elastic net solves:

minimize || Az — blf3 + Allz[ls + (8/2)]1z3, (4.7)

where ) is a parameter that is related to the sparsity of the decision variable z € R¢. To

solve (4.7), we have used the open-source R pacakge glmnet [176].

To compute A corresponding to card(z) < k we follow the method proposed in [172, §3.4] and
[58, Example 6.4]. We solve the problem (4.7) for different values of A, and find the smallest
value of A for which card(z) < k, and we consider the sparsity pattern of the corresponding
solution Z. Let the index set of zero elements of & be Z, where Z has d — k elements. Then
the elastic net solves:

minimize || Az — b5 + (8/2)||]3

(4.8)
subject to (Vj € Z) z; =0,

where z € R? is the decision variable. Solving this problem corresponds to solving a positive
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semidefinite linear system, which we solve using the built-in LinearAlgebra package in

Julia.

Spatial branch-and-bound algorithm. The problem (SR) can also be modeled equivalently

as the following mixed integer quadratic optimization problem [22]:

minimize  [|Az — b[3 + (5/2)|=|3
subject to |x;| <Twy;, i=1,...,d

Zgzl Yi S k7 VIS Rd7 Yy S {07 1}d7

which can be solved to a certifiable global optimality using Gurobi’s spatial branch-and-bound

algorithm.

Data generation process and setup. The data generation procedure is similar to [141]
and [173]. We consider two signal-to-noise ratio (SNR) regimes: SNR 1 and SNR 6, where
for each SNR, we vary m from 25 to 50, and for each value of m, we generate 50 random
problem instances. We limit the size of the problems because the solution time by Gurobi’s
spatial branch-and-bound algorithm becomes too large for comparison if we go beyond the

R™*?™m is generated from an

aforementioned size. For a certain value of m, the matrix A €
independent and identically distributed normal distribution with A/(0, 1) entries. We choose
b= AZ + v, where 7 is drawn uniformly from the set of vectors satisfying card(z) < [m/5]
and ||Z||oc < T’ with I' = 1. The vector v corresponds to noise, and is drawn from the
distribution N(0,02I), where o = || AZ||2/(SNR?/m), which keeps the signal-to-noise ratio
to approximately equal to SNR. We consider a parallel implementation of NExOS where we
have 100 runs of NExOS distrubuted over 20 independent worker processes on 10 cores. Each

run is initialized with a random initial points chosen from the uniform distribution over the

interval [—I",I']. Gurobi’s spatial branch-and-bound algorithm also uses 10 cores.
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Figure 4.2: Sparse regression problem: comparison between NExOS (shown in blue),
glmnet (shown in red), and Gurobi (shown in green). The first and second rows
correspond to SNR 6 and SNR 1, respectively. For each SNR, the first column
compares support recovery, the second column shows how close the objective value of
the solution found by each algorithm gets to the optimal objective value (normalized
as 1), and the third column shows the solution time (s) of each algorithm.
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Results. Figure 4.2 compares NExOS (shown in blue), glmnet (shown in red) and Gurobi
(shown in ) for solving (SR). The results displayed in the figures are averaged over 50
simulations for each value of m, and also show one-standard-error bands that represent one

standard deviation confidence interval around the mean.

Figures 4.2(a) and 4.2(d) show the support recovery (%) of the solutions found by NExOS,
glmnet, and Gurobi for SNR 6 and SNR 1, respectively. Given a solution z and true signal

2T the support recovery is defined as Zle Lisign(as) Trueyy /d, where 1} evaluates to 1

—sign(z
if (+) is true and O else, and sign(t) is 1 for ¢ > 0, —1 for ¢ < 0, and 0 for ¢ = 0. So, higher
the support recovery, better is the quality of the found solution. For both SNRs, NExOS
and Gurobi have almost identical support recovery. For the high SNR, NExOS recovers most
of the original signal’s support and is better than glmnet consistently. On average, NExOS
recovers 4% more of the support than glmnet. However, this behaviour changes for the low

SNR, where glmnet recovers 1.26% more of the support than NExOS. This differing behavior

in low and high SNR is consistent with the observations made in [173].

Figures 4.2(b) and 4.2(e) compare the quality of the solution found by the algorithms in
terms of the normalized objective value (the objective value of the found solution divided
by the otimal objective value) for SNR 6 and SNR 1, respectively. As Gurobi’s spatial
branch-and-bound algorithm finds certifiably globally optimal solution to (SR), its normalized
objective value is always 1, though the runtime is orders of magnitude slower than glmnet and
NExOS (see the next paragraph). The closer the normalized objective value is to 1, better
is the quality of the solution in terms of minimizing the objective value. We see that for
the high SNR, on average NExOS is able to find a solution that is very close to the globally
optimal solution, whereas the solution found by glmnet has worse objective value on average.
For the low SNR, on average the normalized objective values of the solutions found by both

NExOS and glmnet get worse, though NExOS does better than glmnet in this case as well.
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Finally, in Figures 4.2(c) and 4.2(f), we compare the solution times (in seconds and on log
scale) of the algorithms for SNR 6 and SNR 1, respectively. We see that glmnet is slightly
faster than NExOS. This slower performance is due to the fact that NExOS is a general
purpose method, whereas glmnet is specifically optimized for the convexified sparse regression
problem with a specific cost function. For smaller problems, Gurobi is somewhat faster than
NExOS, however once we go beyond m > 27, the solution time by Gurobi starts to increase
drastically. Beyond m > 50, comparing the solution times is not meaningful as Gurobi cannot

find a solution in 2 minutes, whereas NExOS takes less than 30 seconds.

4.4.1.2 Experiments and results for real-world dataset

Description of the dataset. We now investigate the performance of our algorithm on a real-
world, publicly available dataset called the weather prediction dataset, where we consider
the problem of predicting the temperature half a day in advance in 30 US and Canadian
Cities along with 6 Israeli cities. The dataset contains hourly measurements of weather
attributes e.g., temperature, humidity, air pressure, wind speed, and so on. The dataset has
m = 45,231 instances along with d = 1,800 attributes. The dataset is preprocessed in the
same manner as described in [140, §8.3]. Our goal is to predict the temperature half a day in
advance as a linear function of the attributes, where at most k attributes can be nonzero.
We include a bias term in our model, i.e., in (SR) we set A = [A | 1]. We randomly split

80% of the data into the training set and 20% of the data into the test set.

Results. Figure 4.3 shows the RMS error for the training datasets and the test datasets for
both NExOS and glmnet. The results for training and test datasets are reasonably similar for
each value of k. This gives us confidence that the sparse regression model will have similar
performance on new and unseen data. This also suggests that our model does not suffer

from over-fitting. We also see that, for £ > 20 and k& > 5, none of the errors for NExOS and
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Figure 4.3: RMS error vs k (cardinality) for the weather prediction problem.

glmnet drop significantly, respectively. For smaller £ < 10, glmnet does better than NExOS,

but beyond k£ > 10, NExOS performs better than glmnet.

4.4.2 Affine rank minimization problem

Problem description. In (SR), we set X := {X € R™*¢ | rank(X) <, | X|], < T}, and
F(X) := |JA(X) = b||5. To compute the proximal operator of f, we use the formula in [161,
§6.1.1]. Finally, we use the formula in [141, page 14] for projecting onto X. Now we are in a

position to apply the NExOS to this problem.

Summary of the experiments performed. First, we apply NExOS to solve (RM) for
synthetic datasets, where we observe how the algorithm performs in recovering a low-rank
matrix given noisy measurements and also compare NExOS with NCVX-—an ADMM-based
algorithm [141]. Second, we apply NExOS to a real-world dataset (MovieLens 1M Dataset)

to see how our algorithm performs in solving a matrix-completion problem).

4.4.2.1 Experiments and results for synthetic dataset

Data generation process and setup. We generate the data as follows similar to [141]. We
vary m (number of rows of the decision variable X') from 50 to 75 with a linear spacing of 5,
where we take d = 2m, and rank to be equal to m/10 rounded to the nearest integer. For

each value of m, we create 25 random instances as follows. The operator A is drawn from
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an iid normal distribution with AV/(0,1) entries. Similarly, we create the low rank matrix
Xrue With rank 7, first drawn from an iid normal distribution with A/(0, 1) entries, and then
truncating the singular values that exceed I' to 0. Signal-to-noise ratio is taken to be around

20 by following the same method described for the sparse regression problem.
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Figure 4.4: Affine rank minimization problem: comparison between solutions found

by NExOS and NCVX algorithm by [141].

Results. The results displayed in Figure 4.4 average over 50 simulations for each value of m

and also show one standard error band. We compare NExOS, with NCVX—an ADMM-based

algorithm [141].

Fig 4.4a plots the normalized fixed point gap of the iterates for both algorithms computed by
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[ XA — Yaell/ | Xt [with Alg € {NEzOS, NCV X} and X}, Y3, representing the final
iterates produced by the algorithms. This plot shows that NCVX iterates have a fixed point
gap larger than 0.17, i.e., the iterates do not converge within a reasonable fixed point gap.
On the other hand, NExOS iterates converge with a normalized fixed-point gap reaching the

desired tolerance of less than or equal to 10~ for each instance.

Figure 4.4b shows how well NExOS and NCVX recovers the original matrix Xr,.. To
quantify the recovery, we compute the max norm of the difference matrix || Xmue — X314 [Imax =
max; j | Xrrue (7, j) — XA1(4,7)[, where the solution found by Alg is denoted by X3,,. We see
that the worst-case component-wise error is very small (smaller than 0.005 for each instance)
in all the cases for NExOS, but for NCVX, it is larger than 0.5 for each instance. In other

words, the solution found by NExOS is much closer to the ground truth as compared to

NCVX.

Finally, we show how the training loss of the solutions computed by NExOS and NCVX
compare with the original matrix X, in Figure 4.4c. Note that for NExOS, the ratio
Phvue/De 18 larger than one in most cases, i.e., NExOS find a solutions with smaller cost
compared to Xme. This is due to the fact that under the signal-to-noise ratio that we
consider, the problem data can be explained better by another matrix with a lower training
loss. That being said, Xy 5,0 is not too far from X, component-wise as we saw in Figure
4.4b. On the other hand, for NCVX algorithm, the ratio p},../p%, is smaller than 0.05 for
each instance, i.e., the objective value of the solutions is 20 times worse than that of the

original signal.

4.4.2.2 Experiments and results for real-world dataset: matrix completion problem

Description of the dataset. To investigate the performance of our problem on a real-world

dataset, we consider the publicly available MovieLens 1M Dataset. This dataset contains
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1,000,023 ratings for 3,706 unique movies; these recommendations were made by 6,040
MovieLens users. The rating is on a scale of 1 to 5. If we construct a matrix of movie ratings
by the users (also called the preference matrix), denoted by Z, then it is a matrix of 6,040
rows (each row corresponds to a user) and 3,706 columns (each column corresponds to a
movie) with only 4.47% of the total entries are observed, while the rest being missing. Our
goal is to complete this matrix, under the assumption that the matrix is low-rank. For more

details about the model, see [18, §8.1].

To gain confidence in the generalization ability of this model, we use an out-of-sample
validation process. By random selection, we split the available data into a training set
(80% of the total data) and a test set (20% of the total data). We use the training set as
the input data for solving the underlying optimization process, and the held-out test set
is used to compute the test error for each value of r. The best rank r corresponds to the
point beyond which the improvement is rather minor. We tested rank values r ranging in
{1,3,5,7,10,20,25,30,35}. We compute the RMS error as follows. Let Qs be the index
set corresponding to the test data. If Xy FExOS* is the matrix returned by NExOS, then the

corresponding RMS error is computed by using the formula

2

E(itj)esztcst ((XNE'IOS*>1] —_ Zz‘])
|g2test| !

RMS =

where [Qest| is the number of elements in Q.

Matrix completion problem. The matrix completion problem is:

minimize > jeo(Xiy — Zi)® + (B/2)[1 X%

subject to rank(X) <r, || X|:<T,
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where Z € R™*? is the matrix whose entries Z;; are observable for (i, j) € 2. Based on these

observed entries, our goal is to construct a matrix X € R™*? that has rank r. The problem

above can be written as a special case of affine rank minimization problem (RM).
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Figure 4.5: Matrix completion problem: comparison between solutions found by
NExOS and NCVX algorithm by [141].

Results. Figure 4.5 compares the solutions found by NExOS and NCVX.

Fig 4.5a plots the normalized fixed point gap of the iterates for both algorithms calculated by

[ XA — Yaell/ | X1 [with Alg € {NEzOS, NCV X} and X}, Y3, representing the final

iterates produced by the algorithms. This plot shows that NCVX iterates do not converge

within a reasonable fixed point gap, whereas NExOS iterates converge for all the instances
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with a normalized fixed-point gap less than or equal to 107% for each instance.

Figure 4.5b shows the RMS error of NExOS for the training datatest and test dataset for
each value of rank r. The results for training and test datasets are reasonably similar for
each value of r. We observe that beyond rank 15, the reduction in the test error is rather
minor and going beyond this rank provides only diminishing returns, which is a common
occurrence for low-rank matrix approximation [177, §7.1]. Thus we can choose the optimal

rank to be 15 for all practical purposes.

Figure 4.5¢ shows the RMS error of NCVX for the training dataset and test dataset for each
value of rank r. We see that, unlike NExOS, the test error for NCVX keeps increasing with 7,
whereas the training error NCVX is smaller. Here we note that, because NCVX iterates do
not reach a reasonable fixed point gap, the training or test error of NCVX may not provide

meaningful information.

4.4.3 Factor analysis problem

Problem description. The factor analysis model with sparse noise (also known as low-rank
factor analysis model) involves decomposing a given positive semidefinite matrix as a sum of
a low-rank positive semidefinite matrix and a diagonal matrix with nonnegative entries [17,

page 191]. It can be posed as [174]:

minimize ||~ X — DIz + (8/2) (IX|7 + 1DI7)
subject to D =diag(d), d>0, X >0, rank(X)<r (FA)
X-D=0, [X][2<T,

where X € S? and the diagonal matrix D € S? with nonnegative entries are the decision

variables, and X € S r € Z,, and I" € R, ; are the problem data. A proper solution for
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(FA) requires that both X and D are positive semidefinite. The term ¥ — D has to be positive

semidefinite, else statistical interpretations of the solution is not impossible [178, page 326].

In (FA), weset X := {(X,D) € S? x S | || X || < T',rank(X) <r, D = diag(d),d > 0}, and
f(X,D) = ||X = X — D||% + I»(X, D),where I denotes the indicator function of the convex
set P={(X,D) e S"x S| X = 0,D =diag(d),d > 0,d € RP}. To compute the projection
onto X, we use the formula in [141, page 14] and the fact that ILg,> oy(z) = max{z,0},
where pointwise max is used. The proximal operator for f at (X, D) can be computed by

solving:

minimize ||£ — X — DI} + (1/29)| X — X% + (1/29)|D — DI}
subject to X =0, D = diag(c?), Y»—D =0, JZ 0,

where X € 87, and d € R% (i.e., D = diag(d)) are the optimization variables. Now we are

in a position to apply NExOS to this problem.

Comparison with nuclear norm heuristic. We compare the solution provided by NExOS
to that of the nuclear norm heuristic, which isthe most well-known heuristic to approximately

solve (FA) [179] via following convex relaxation:

minimize ||X — X — D% 4+ X || X]],
subject to D = diag(d), d>0, X >0, (4.9)
X-D=z0, [X[2=T,

where )\ is a positive parameter that is related to the rank of the decision variable X. Note

that, as X is positive semidefinite, we have its nuclear norm ||X |, = tr(X).
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Figure 4.6: Figure showing performance of NExOS in solving factor analysis problem
for different datasets. Each column represents one dataset. The first and second
row compares training loss and proportion of the variance explained of the solutions
found by NExOS (shown in blue) and the nuclear norm heuristic (shown in red).
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Performance measures. We consider two performance measures. First, we compare
the training loss ||~ — X — D% of the solutions found by NExOS and the nuclear norm
heuristic. As both NExOS and the nuclear norm heuristic provide a point from the feasible
set of (FA), such a comparison of training losses tells us which algorithm is providing a
better quality solution. Second, we compute the proportion of explained variance, which
represents how well the r-common factors explain the residual covariance, i.e., ¥ — D. For
a given r, input proportion of variance explained by the r common factors is given by:
Sr_10i(X)/ 3P 0:(X — D), where X, D are inputs, that correspond to solutions found by
NExOS or the nuclear norm heuristic. As r increases, the explained variance increases to 1.
The higher the value of the explained variance for a certain solution, the better is the quality

of the solution.

Description of the datasets. We consider three different real-world bench-mark datasets
that are popularly used for factor analysis. The bfi, neo , and Harman74 datasets contain
(2800 observations, 28 variables), (1000 observations, 30 variables), and (145 observations, 24

variables), respectively.

Setup. In applying NExOS for the factor analysis problem, we initialize our iterates with
Zy = 2 and zg := 0. All the other parameters are kept at their default values as stated
in the beginning of §4.4. For each dataset, we vary the number of factors from 1 to |p/2],

where p is the size of the underlying matrix 3.

Results. Figure 4.6 shows performance of NExOS in solving the factor analysis problem
for different datasets, with each row representing one dataset. The first row compares the
training loss of the solution found by NExOS and the nuclear norm heuristic. We see that
for all the datasets, NExOS finds a solution with a training loss that is considerably smaller

than that of the nuclear norm heuristic. The second row shows the proportion of variance
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explained by the algorithms considered for the datasets considered (higher is better). We
see that in terms of the proportion of explained variance, NExOS delivers larger values than
that of the nuclear norm heuristic for different values of r, which is indeed desirable. NExOS
consistently provides solutions with better objective value and explained variance compared

to the nuclear norm heuristic.

4.5 Conclusion

In this chapter, we have presented NExOS, a first-order algorithm to solve optimization
problems with convex cost functions over nonconvex constraint sets— a problem structure
that is satisfied by a wide range of nonconvex optimization problems including sparse and
low-rank optimization. We have shown that, under mild technical conditions, NExOS is able
to find a locally optimal point of the original problem by solving a sequence of penalized
problems with strictly decreasing penalty parameters. We have implemented our algorithm in
the Julia package NEx0S.jl and have extensively tested its performance on a wide variety
of nonconvex optimization problems. We have demonstrated that NExOS is able to compute

high quality solutions at a speed that is competitive with tailored algorithms.

4.A Appendix for Chapter 4

4.A.1 Proof and derivation to results in §4.1

4.A.1.1 Lemma regarding prox-regularity of intersection of sets

Lemma 4.4. Consider the nonempty constraint set X = CON C E, where C is compact

and convex, and N is proz-reqular at x € X. Then X is proz-reqular at .

242



Proof to Lemma 4.4. To prove this result we record the following result from [180], where
by ds(z) we denote the Euclidean distance of a point z from the set S, and S denotes closure

of a set X.

Lemma 4.5 (Intersection of prox-regular sets [180, Corollary 7.3(a)]). Let S1, Sy be two
closed sets in E, such that S = S; NSy # 0 and both Sy, S, are proz-reqular at v € S. If S is
metrically calm at x, i.e., if there exist some ¢ > 0 and some neighborhood of x denoted by B

such that ds(y) < s(ds,(y) + ds,(y)) for ally € B, then S is proz-reqular at x.

Proof. (proof to Lemma 4.4) By definition, projection onto A is single-valued on some open
ball B(x;a) with center x and radius a > 0 [164, Theorem 1.3]. The set C is compact and
convex, hence projection onto C is single-valued around every point, hence single-valued on
B(z;a) as well [158, Theorem 3.14, Remark 3.15]. Note that for any y € B(x;a), dx(y) =0
if and only if both d¢(y) and dy(y) are zero. Hence, for any y € B(x;a) (N X, the metrically
calmness condition is trivially satisfied. Next, recalling that the distance from a closed set is
continuous [60, Example 9.6], over the compact set W, define the function h, such
that h(y) = 1if y € X, and h(y) = dx(y)/(dc(y) + da(y)) else. The function h is upper-
semicontinuous over B(x;a)\ X, hence it will attain a maximum ¢ > 0 over B(z;a)\ X
[181, Theorem 4.16], thus satisfying the metrically calmness condition on B(z;a) \ X as well.

Hence, using Lemma 4.5, the constraint set X’ is prox-regular at x. O

4.A.2 Proofs and derivations to the results in §4.3

4.A.2.1 Modifying NExOSfor nonsmooth and convex loss function

We now discuss how to modify NExOS when the loss function is nonsmooth and convex. The

key idea is working with a strongly convex, smooth, and arbitrarily close approximation of f;
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such smoothing techniques are very common in optimization [159, 182]. The optimization
problem in this case, where the positive regularization parameter is denoted by B , is given by:
min, ¢(z) + (8/2)||z||2 + tx(z), where the setup is same as problem (P), except the function
¢ E — RU{+o0} is lower-semicontinuous, proper (its domain is nonempty), and convex.
Let 8:= 73 /2. For a v that is arbitrarily small, define the following ( strongly convex and
(v~ 4 B)-smooth function: f :="¢(-)+ (B/2)| -||> where "¢ is the Moreau envelope of ¢ with
paramter v. Following the properties of the Moreau envelope of a convex function discussed
in §4.2, the following optimization problem acts as an arbitrarily close approximation to the
first nonsmooth convex problem: min, f + (3/2)||z||> + tx(x), which has the same setup as

problem (P).

We can compute prox, (z) using the formula in by [159, Theorem 6.13, Theorem 6.63].
Then, we apply NExOS to min, f + (3/2)||z]|* + tx(z) and proceed in the same manner as

discussed earlier.

4.A.2.2 Proof to Proposition 4.1

Proof to Proposition 4.1(i). We prove (i) in three steps. In the first step, we show that for
any >0, f +# will be differentiable on some B(Z;rqiz) with rqi¢ > 0. In the second step,
we then show that, for any p € (0,1/8], f +# will be strongly convex and differentiable on
some B(Z; Teyxair)- In the third step, we will show that there exist pimax > 0 such that for any
€ (0, pimax], f+*# will be strongly convex and smooth on some B(T; rpa,) and will attain

the unique local minimum z,, in this ball.

Proof of the first step. To prove the first step, we start with the following lemma regarding

differentiability of #..
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Lemma 4.6 (Differentiability of #i). Let z be a local minimum to problem (P), where
Assumptions 4.1 and 4.2 hold. Then there exists some rqg > 0 such that for any p > 0: (i)
the function *v is differentiable on B(Z;rqg) with derivative V*i = (1/p)(I — II), and (i)

the projection operator II onto X is single-valued and Lipschitz continuous on B(Z;rgg).

Proof. From [164, Theorem 1.3(e)], there exists some rqg > 0 such that the function d? is
differentiable on B(Z;Tqig). As #t = (1/2u)d? from (4.3), it follows that for any u > 0, #¢ is
differentiable on B(Z;rqi) which proves the first part of (i). The second part of (i) follows
from the fact that Vd?(z) = 2 (z — II(x)) whenever d? is differentiable at = [164, page 5240)].
Finally, from [164, Lemma 3.2], whenever d” is differentiable at a point, projection IT is

single-valued and Lipschitz continuous around that point, and this proves (ii). O]

Due to the lemma above, f +# will be differentiable on B(Z; rqig) with rg;z > 0, as f and
(B/2)|l-||? are differentiable. Also, due to Lemma 4.6(ii), projection operator T is L-Lipschitz

continuous on B(Z; rqig) for some L > 0. This proves the first step.

Proof of the second step. To prove this step, we are going to record: (1) the notion of
general subdifferential of a function, followed by (2) the definition of prox-regularity of a
function and its connection with prox-regular set, and (3) a helper lemma regarding convexity

of the Moreau envelope under prox-regularity.

Definition 4.3 (Fenchel, Fréchet, and general subdifferential). For any lower-semicontinuous
function A : R" — R U {o0}, its Fenchel subdifferential 0h is defined as [183, page 1]:
u € Oh(z) < h(y) > h(x) + (u|y—x) for all y € R™. For the function h, its Fréchet
subdifferential O*'h (also known as regular subdifferential) at a point z is defined as [183,

Definition 2.5]: uw € 0¥h(x) < liminf, o (h(z +y) — h(z) — (u | y))/|ly]| > 0. Finally,
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the general subdifferential of h, denoted by 9%h, is defined as [106, Equation (2.8)]: u €
O%h(x) & u, — u,x, — x, f(x,) = f(x), for some (x,,u,) € gradFh. If h is additionally

convex, then Oh = 0" h = 9h [183, Property (2.3), Property 2.6].

Definition 4.4 (Connection between prox-regularity of a function and a set [184, Definition
1.1]). A function h : R™ — R U {oo} that is finite at Z is prox-regular at Z for v, where
7 € 9%h(%), if h is locally Ls.c. at # and there exist a distance ¢ > 0 and a parameter
p > 0 such that whenever |2/ — Z|| < o and ||z — Z|| < o with 2’ # z, ||h(x) — h(Z)] < o,
|v — 7|| < o with v € 9%h(x), we have h(z') > h(z) + (v | 2’ — x) — (p/2)||2’ — z||*. Also, a
set § is prox-regular at ¥ for © if we have the indicator function ts is prox-regular at = for
7 € 0%s(7) [184, Proposition 2.11]. The set S is prox-regular at 7 if it is prox-regular at

for all 7 € 9%.5(%) [60, page 612].

We have the following helper lemma from [184].

Lemma 4.7 ([184, Theorem 5.2]). Consider a function h which is lower semicontinuous at 0
with h(0) = 0 and there exists p > 0 such that h(z) > —(p/2)||z||* for any = # 0. Let h be

proz-reqular at T = 0 and 7 = 0 with respect to o and p (0 and p as described in Definition

4.4), and let X € (0,1/p). Then, on some neighborhood of 0, the function

Yt /(2= 220)]| - | (4.10)

is convex, where *h is the Moreau envelope of h with parameter \.

Now we start proving step 2 earnestly. To prove this result, we assume & = 0. This does not
cause any loss of generality because this is equivalent to transferring the coordinate origin

to the optimal solution and prox-regularity of a set and strong convexity of a function is
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invariant under such a coordinate transformation.

First, note that the indicator function of our constraint closed set X is lower semicontinuous
due to [60, Remark after Theorem 1.6, page 11], and as Z, the local minimizer lies in X, we
have tx(Z) = 0. The set X is prox-regular at z for all v € 9%,y (x) per our setup, so using
Definition 4.4, we have 1y prox-regular at 7 = 0 for 7 = 0 € 9%.x(Z) (because T € X, we will

have 0 as a subgradient of dvx(z)) with respect to some distance ¢ > 0 and parameter p > 0.

Note that the indicator function satisfies tx(x) = ctx(x) for any ¢ > 0 due to its definition,
sou € 0%y (x) & cu € cO%y(x) = 0(a§(z)) = 0§ (z) [60, Equation 10(6)] In our setup,
we have X prox-regular at z. So, setting h = tathcalX, 2 = x = 0, 7 := v = 0, and
v = u/(f/2p) in Definition 4.4, we have ¢y is also prox-regular at £ = 0 for v = 0 with

respect to distance o min{1, 5/2p} and parameter [5/2.

Next, because the range of the indicator function is {0, 00}, we have tx(z) > —(p/2)| z||* for
any x # 0. So, we have all the conditions of Theorem 4.7 satisfied. Hence, applying Lemma

4.7, we have (1/2u) (d* + Bu/(2 — Bu)]| - ||*) convex and differentiable on
B (z;min {o min{1, 8/2p}, raiz})

for any p € (0,2/f), where rqig comes from Lemma 4.6. As rgg in this setup does not
depend on p, the ball does not depend on p either. Finally, note that in our exterior-point

minimization function we have * = (1/2u) (d*> + Bul| - ||?).

So if we take 1 < %, then we have (5/2)u/ (1 — u(8/2)) < Bu, and on the ball B (Z; min {o min{1, 5/2p}, rais
the function # will be convex and differentiable. But f is strongly-convex and smooth, so
f +*# will be strongly convex and differentiable on B (Z; min {o min{1, 5/2p}, raiz}) for

w € (0,1/5]. This proves step 2.
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Proof of the third step. As point z € X is a local minimum of problem (P), from

Definition 4.2, there is some r > 0 such that for all y € B(Z;r), we have f(Z) + (8/2)|z]]* <
Fy) + (B/2)llylI* + 1(y)-

Then, due to the first two steps, for any p € (0, 1//5], the function f+# will be strongly convex
and differentiable on B (z; min {o min{1, 3/2p}, ras}). For notational convenience, denote
Tmax ‘= min {omin{1, 5/2p}, rag} , which is a constant. As f +* is a global underestimator
of and approximates the function f + (8/2)|| - ||* + ¢ with arbitrary precision as g — 0, the
previous statement and [60, Theorem 1.25] imply that there exist some 0 < piax < 1/6 such
that for any g € (0, fimax], the function f+# will achieve a local minimum z, over B(Z; rmax)

where V(f + # ) vanishes, i.e.,

V(I +" )N ww) = V(@) + Br,+ (1/p) (2y — T (2,)) = 0 (4.11)

= @ = (1/(Bu+ 1)) (T(x,) — 1V £ () (4.12)

As the right hand side of the last equation is a singleton, this minimum must be unique.

Finally to show the smoothness f +# | for any x € B(Z; ryax), we have

V(f+4) @) L)+ B+ (1/w) e — (1/m) T(z), (4.13)

where a) uses Lemma 4.6. Thus, for any x1, 2o € B(Z; max) We have ||[V(f + (8/2)] - |* +
1) (1) = Y + (B2 - [P +2)(@2)]| < (L+ B+ (/) + D)llas — ], where we have used
the following: V f is L-Lipschitz everywhere due to f being an L—smooth function in E
([158, Theorem 18.15]), and TT is L-Lipschitz continuous on B(Z; rmax), as shown in step 1.

This completes the proof for (i).
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(ii): Using [60, Theorem 1.25], as 4 — 0, we have z, — z, and (f+*)(z,) — f(Z)+

(8/2)||z||*. Note that z,, reaches T only in limit, as otherwise Assumption 4.2 will be violated.

4.A.2.3 Proof to Proposition 4.2

Proof to Proposition 4.2(i). We will need the notions of nonexpansive and firmly nonex-
pansive operators in this proof. An operator A : [E — E is nonexpansive on some set S if
it is Lipschitz continuous with Lipschitz constant 1 on S; the operator is contractive if the
Lipschitz constant is strictly smaller than 1. On the other hand, A is firmly nonexpansive on
S if and only if its reflection operator 2A — I is nonexpansive on §. A firmly nonexpansive

operator is always nonexpansive [158, page 59].
We next introduce the following definition.
Definition 4.5 (Resolvent and reflected resolvent [158, pages 333, 336]). For a lower-

semicontinuous, proper, and convex function h, the resolvent and reflected resolvent of its

subdifferential operator are defined by J,o, = (I + vf)h)_l and R,an, = 2] o, — I, respectively.

The proof of (i) is proven in two steps. First, we show that the reflection operator of T,,
defined by
R, =2T, -1, (4.14)

is contractive on B(Z, "'max), and using this we show that T, in also contractive there in the

second step. To that goal, note that IR, can be represented as:

R, = (2prox., —I)(2prox ; —1I), (4.15)

which can be proven by simply using (4.5) and (4.14) on the left-hand side and by expanding

the factors on the right-hand side. Now, the operator 2prox,, — I associated with the
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a-strongly convex and L-smooth function f is a contraction mapping for any v > 0 with the
contraction factor k = max {(yL —1)/(yL + 1), (1 —ya)/(ya+ 1)} € (0,1), which follows
from [171, Theorem 1]. Next, we show that 2prox . — I is nonexpansive on B(Z; "max)
for any p € (0, fimax|- For any p € (0, fimax], define the function g as follows. We have
9ly) = * () if y € B(Z;7max),9(y) = liminfz, * () if |ly — Zl| = rmax, and g(y) = oo
else. The function g is lower-semicontinuous, proper, and convex everywhere due to [158,
Lemma 1.31 and Corollary 9.10 |. As a result for p € (0, fimax], we have prox_, = J 5, on E
and prox., is firmly nonexpansive and single-valued everywhere, which follows from [158,
Proposition 12.27, Proposition 16.34, and Example 23.3]. But, for y € B(Z; rpax), we have
" (y) = g(y) and V* (y) = dg(y). Thus, on B(Z;max), the operator prox,,. = J v« , and it
is firmly nonexpansive and single-valued for p € (0, fimax]. Any firmly nonexpansive operator
A has a nonexpansive reflection operator 2A — I on its domain of firm nonexpansiveness
[158, Proposition 4.2]. Hence, on B(Z; "max), for p € (0, fimax] the operator 2prox. . — I is

nonexpansive using (4.15).

Now we show that IR, is contractive for every x1,22 € B(Z; 7 max) and g € (0, fimax], We
have [R, (21) — R, ()] < [[(2prox, — I)(1) — (2prox,; — I)(ws)]| < lls — 2] where
the last inequality uses r-contractiveness of 2prox., — I thus proving that R, acts as a
contractive operator on B(Z; rimax) for g € (0, fimax|. Similarly, for any x1, 29 € B(Z; "max),
using (A,,) and the triangle inequality we have || T, (x1) — T, (z2)|| < (1+£)/2||z1 — 22| and as

k' = (14 k)/2 € 0,1); the operator T, is x'—contractive on on B(Z; rmax), for pt € (0, fimax]-

Proof to Proposition 4.2(ii). Recalling T, = (1/2)R,, + (1/2)I from (4.14), using (4.15),
and then expanding, and finally using Lemma 4.1 and triangle inequality, we have for any

ts i € (0, fmax]; © € B(¥;Timax), and y = 2prox. ((z) — x:

T () = Wa() | < 1w/ (v + p(By + 1)) = i/ (v + 2By + D) Iyl
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+[[(v/ (v + By + 1)) =/ (v + @By + DI T (y/(By +1))|| . (4.16)

Now, in (4.16), the coefficient of ||y|| satisfies ||p/(y + u(By + 1)) — /(v + @(By + 1)) <

(/e = Al

and similarly the coefficient of || IT (y/(8y + 1)) || satisfies

17/ (v + 1By + 1) =~/ (v + 2By + D) < (B + (/) = -

Putting the last two inequalities in (4.16), and then replacing y = 2prox. ;(r) — x, we have

for any x € B, and for any u, it € R4,

T () = Ta() || < (/) e = Al lyll + (5 + /) [l = AT/ (B + D)

={(/N2prox, ;(z) — x| + (6 + (1/y) | T((2prox, ;(x) — x)/(By + D)[I}|p — all (4.17)

Now, as B(Z; Tmax) is @ bounded set and # € B, norm of the vector y = 2prox. () — x can
be upper-bounded over B(Z;Tmax) because 2prox.; — I is continuous (in fact contractive)
as shown in (i). Similarly, || IT ((Qproxvf(:v) —x)/(By + 1)) || can be upper-bounded on
B(Z; 7 max ). Combining the last two-statements, it follows that there exists some ¢ > 0 such

that

sup  (1/7)]12prox ;(z) — x| + (8 + 1/%) I ((2prox ;(z) — 2) /(87 + 1)) | < ¢,

2E€B(Z;rmax)

and putting the last inequality in (4.17), we arrive at the claim.
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4.A.2.4 Proof to Proposition 4.3

The structure of the proof follows that of [158, Proposition 25.1(ii)]. Let p € (0, fimax]-

Recalling Definition 4.5, and due to Proposition 4.1(i), z, € B(Z; "max) satisfies

x, = argmin f(z) +" (v) = zer(Vf+VH#)
B@?”Iﬂ%)

&3y € E) 2, = Lyvs Ryvs(y) and 2, = Jos(y), (4.18)

where a) uses the facts (shown in the proof to Proposition 4.2) that: (i) J,vs is a single-
valued operator everywhere, whereas JJ,v» is a single-valued operator on the region of
convexity B(Z;Tmax), and (ii) z, = J,v(y) can be expressed as z, = J,vs(y) © 2z, —y =
(2Jyvs — D)y = Ryvs(y). Also, using the last expression, we can write the first term of (4.18)
as Jyvr Ryvs(y) = 2, © y € fix(Ryvx Ryyy). Because for lower-semicontinuous, proper,
and convex function, the resolvent of the subdifferential is equal to its proximal operator
[158, Proposition 12.27, Proposition 16.34, and Example 23.3|, we have J,o; = prox, , with
both being single-valued. Using the last fact along with (4.18), y € fix(R v« R,yy), we have
T, € ProX,; (ﬁx (IRWVH R'yaf)), but z, is unique due to Proposition 4.1, so the inclusion
can be replaced with equality. Thus z,, satisfies x, = prox. ; (ﬁx (]vau R,s f)) where the
sets are singletons due to Proposition 4.1 and single-valuedness of prox, ;. Also, because T,
in (4.5) and IR, in (4.14) have the same fixed point set (follows from (4.14)), using (4.15), we

arrive at the claim.
4.A.2.5 Proof to Lemma 4.2
(i): This follows directly from the proof to Proposition 4.1.

(ii): From Lemma 4.2(i), and recalling that ' > 1, for any pu € (0, fimax], we have the first

equation. Recalling Definition 4.5, and using the fact that for lower-semicontinuous, proper,
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and convex function, the resolvent of the subdifferential is equal to its proximal operator
[158, Proposition 12.27, Proposition 16.34, and Example 23.3], we have J,5; = prox.; with
both being single-valued. So, from Proposition 4.3: z,, = prox_;(z,) = (I + NOf) ! (2,) &

2, =1, +7V f(z,). Hence, for any p € (0, tmax):

1zu = 2l = 2w + 7V f () = 2| < [z = 2|+ AV f (2]

_ _ a)
Srmax = 120 = Z[ 2 Tmax = [lzu = Z[ =YV (@)l = (0 = Drmax/n" = AV f (@),

where a) uses the first equation of Lemma 4.2(ii). Because, for the strongly convex and
smooth function f, its gradient is bounded over a bounded set B(Z;yayx) [185, Lemma 1,
§1.4.2], then for v satisfying the fourth equation of Lemma 4.2(ii) and the definition of ¢ in
the third equation of Lemma 4.2(ii), we have the second equation of Lemma 4.2(ii) for any

i € (0, fimax]- To prove the final equation of Lemma 4.2(ii), note that

}}L% (Tmax — qu —zl]) =

a) ;. _
= I (rmae = [l + 9V f (@) = 2l) = (7" = Drmax/0" + 7 MaXee B |V f(@)]]

b _ _ — / /
= (Tmax — |2+ 7V [(@) = Z|) = (0" = 1)7max/n 4+ 7 MaXse (@m0 |V f(2) ]

=

= (1) + 7 (M () [V (@) = [V F@)]) > 0, (4.19)

where in a) we have used z, = z, + 7V f(z,) and the third equation of Lemma 4.2(ii), in )
we have used smoothness of f along with Proposition 4.1(ii). Inequality (4.19) along with

the second equation of Lemma 4.2(ii) implies the final equation of Lemma 4.2(ii).

4.A.2.6 Proof to Theorem 4.1

We use the following result from [186] in proving Theorem 4.1.
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Theorem 4.3 (Convergence of local contraction mapping [186, pp. 313-314]). Let A : [E — E
be some operator. If there exist , w € (0,1), and r > 0 such that (a) A is w-contractive on
B(z;r), i.e., for all x1,x9 in B(Z;r), and (b) |A(z) — Z|| < (1 —w)r. Then A has a unique
fized point in B(Z;r) and the iteration scheme x,.1 = A(x,) with the initialization xo = T

linearly converges to that unique fized point.

Furthermore, recall that NExOS (Algorithm 2) can be compactly represented using (A,,) as

follows. For any m € {1,2,..., N} (equivalently for each p,, € {u1,...,un}),

=T, (2.), (4.20)

0

where z
Hm

is initialized at z,,, ,. From Proposition 4.2, for any p € 9, the operator T, is
a k'-contraction mapping over the region of convexity B(Z; 7 max), where £’ € (0,1). From
Proposition 4.1, there will be a unique local minimum z,, of problem (P,) over B(Z; rmax)-

Suppose, instead of the exact fixed point z,, , € fixT,

wm_1» We have computed z, which is an

e-approximate fixed point of T, | in B(Z;Tmax), i.e., [|[Z=T,, (Z)]| < eand [|Z—z,, || <,

where € € [0,€). Then, we have:

- - .
T2 (2) = 2 sl = M1 (B) = Ty G DN < K12 = 2,0l <6 (4.21)

<e

where a) uses /-contractive nature of T over B(Z; rmax). Hence, using triangle inequality,

Hm—1

~ B a) _ _ _ B b) a
- = = m—t Hm—1 T Plum—1 Pm—1 = Hm—1 5
12 =2 <12 = Ty O + (T2 (2) = 2 s | + 112 Zl| <2+ |z z||

where a) uses triangle inequality and b) uses (4.21). As e € [0,€), where € is defined in (4.6),

due to the second equation of Lemma 4.2(ii), we have rp.x — ||Z — Z|| > .
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Define A = ((1 — )1 — €) /¢, which will be positive due to € € [0,€) and (4.6). Next, select
6 € (0,1) such that A = #A < p;, hence there exists a p € (0,1) such that A = (1 — p)u;.

Now reduce the penalty parameter using

fim = ftm—1 — P2 = ppim1 = " (4.22)

for any m > 2. Next, we initialize the iteration scheme ZZ:;I =T,, (zZm) at zgm = Z.
Around this initial point, let us consider the open ball B(z,v). For any x € B(Z;v), we
have ||z — z|| < ||z — Z|| + [|Z — Z|| < ¥ + ||Z — Z|| < rmax, Where the last inequality follows
from rp.x — ||Z2 — Z|| > ¥. Thus we have shown that B(Z;v¢) C B(Z;Tmax). Hence, from
Proposition 4.2, on B(Z; ), the Douglas-Rachford operator T, is contractive. Next, we have
T, (2) = 2l < (1= )i, becase [Ty, (2) = 2 2 [Ty (2) = Ty (B)] + [T, (5) — 2] 2
Ol o, — pm—1]| + € CS) €+ (A dg) (1 — &')1, where a) triangle inequality, b) uses Proposition

4.2(ii) and ||z — T,, ,(2)]| < € ¢) uses (4.22) and || — pm-1]] < A < A d) uses the

m—1
definition of A. Thus, both conditions of Theorem 4.3 are satisfied, and z;; in (4.20) will
linearly converge to the unique fixed point z,,,of the operator T,,,, and zj, ,y; will linearly

converge to z,,. . This completes the proof.

4.A.2.7 Proof to Lemma 4.3

First, we show that, for the given initialization of z, the iterates zj;, stay in B(z,; || 2init —
2, ||) for any n € IN via induction. The base case is true via given. Let, 21 € B(2p,; || 2init —
- Then, 122 = 20,1 2 1T, () = Ty (Il € #1122 = 23l S Kz — 2, where a)
uses z,,, € fix T, and b) uses Proposition 4.2, and c) uses ||2]}, — 2., || < [|2init — 2, [|- So, the
iterates zj;, stay in B(2u,; [|2imie — 2 [|). As, " € (0,1), this inequality also implies that 2}

linearly converges to z, with the rate of at least . Then using similar reasoning presented in

the proof to Theorem 4.1, we have z}; and y;; linearly converge to the unique local minimum
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x,, of problem (7P,). This completes the proof.

4.A.2.8 Proof to Theorem 4.2

The proof is based on the results in [187, Theorem 4] and [162, Theorem 4.3]. The function
f is L-Lipschitz continuous and strongly smooth, hence f is a coercive function satisfying
lim inf|;| 0 f(2) = 0o and is bounded below [158, Corollary 11.17]. Also, * (x) is jointly
continuous hence lower-semicontinuous in z and g and is bounded below by definition. Let
the proximal parameter v be smaller than or equal to 1/L. Then due to [187, (14), (15)
and Theorem 4], {z},,yy, 2} (iterates of the inner algorithm of NExOS for any penalty
parameter p) will be bounded. This boundedness implies the existence of a cluster point
of the sequence, which allows us to use [187, Theorem 4 and Theorem 1] to show that for
any ziit, the iterates z; and yj; subsequentially converges to a first-order stationary point x,,
satisfying V (f +# ) (z,) = 0. The rate min, < [|V (f +#) (z,)[ < ((1 - yL)/2L)o(1/Vk)
is a direct application of [162, Theorem 4.3] as our setup satisfies all the conditions to apply

it.
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