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Improving Generative Models for 3D Molecular Structures
Ameya Daigavane

ABSTRACT

Generative models have recently emerged as a promising avenue for navigating the high-

dimensional space of molecular structures. Such models must be designed carefully to respect

the rotation and translation symmetries of molecules. In this thesis, we first provide an overview

of existing methods and techniques in this rapidly developing field. Next, we present Symphony,

an � „3”-equivariant autoregressive generative model for 3Dmolecular geometries that iteratively

builds a molecule from molecular fragments, improving upon existing autoregressive models for

molecule generation and approaching the performance of diffusion models.

The material in this thesis is primarily sourced from the publication “Symphony: Symmetry-

Equivariant Point-Centered Spherical Harmonics for 3D Molecule Generation" [13] authored by

Ameya Daigavane, Song Kim, Mario Geiger and Tess Smidt, and published at the International

Conference on Learning Representations (ICLR), 2024.
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Chapter 1

Introduction

In silico generation of atomic systems with diverse geometries and desirable properties is impor-
tant to many areas including fundamental science, materials design, and drug discovery [4]. The
direct enumeration and validation of all possible 3D structures is computationally infeasible and
does not in itself lead to useful representations of atomic systems for guiding understanding or
design. Thus, there is interest in `generative models' that can generate 3D molecular structures
using machine learning algorithms.

E�ective generative models of atomic systems must learn to represent and produce highly-
correlated geometries that represent chemically valid and energetically favorable con�gurations.
To do this, they must overcome several challenges:

1. The validity of an atomic system is ultimately determined by quantum mechanics. Genera-
tive models of atomic systems are trained on 3D structures relaxed through computationally-
intensive quantum mechanical calculations. These models must learn to adhere to chemical
rules, generating stable molecular structures based solely on examples.

2. The stability of atomic systems hinges on the precise placement of individual atoms. The
omission or misplacement of a single atom can result in signi�cant property changes and
instability.

3. Atomic systems have inherent symmetries. Atoms of the same element are indistinguish-
able, so there is no consistent way to order atoms within an atomic system. Additionally,
atomic systems lack unique coordinate systems (global symmetry) and recurring geometric
patterns occur in a variety of locations and orientations (local symmetry).

Taking these challenges into consideration, the majority of generative models for atomic sys-
tems operate on point geometries and use permutation and Euclidean symmetry-invariant or
equivariant methods. Thus far, two approaches have been emerged as e�ective for directly gen-
erating general 3D geometries of molecular systems: autoregressive models [15, 16, 30, 47, 49]
and end-to-end di�usion and �ow-matching models [20, 31, 51].

A related (but simpler) problem is that of molecular conformer generation, where a 3D con-
formation must be generated corresponding to a 2D molecular graph. Many approaches for gen-
erating such conformers based on the probabilistic modelling techniques discussed here have
emerged over the past few years [14, 19, 22, 46, 48, 53, 55, 57�59], but the problem setting re-
mains quite di�erent.
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Chapter 2

Related Work

Here, we provide an overview of relevant techniques for 3D molecular generation.

2.1 Di�usion and Flow-Matching Models

Figure 2.1: Di�usion and �ow-matching models work by gradually denoising a noisy version of
a 3D molecular structure.

Di�usion models describe the 3D structure of a molecule as a matrixG0 2 R# ¹3¸ 3º, where we
specify the 3 spatial coordinates and3 auxiliary features (indicating atom types and charges, for
example) for each of the# atoms. In practice,# is sampled from a learned distribution based on
the training set. Of course, the ordering of the# atoms is arbitrary, and generative models should
ideally be invariant to permutations of these# atoms. Further, because the molecule lives in 3D
space, the action of rotations and translations on this group must also be respected. As de�ned
in Hoogeboom et al. [20], this is termed� ¹3º-equivariance of the learned probability distribution
over 3D structures" :

?model¹6" º = d¹6º?model¹" º for all 6 2 � ¹3º• " 2 M (2.1)

As discussed, in the context of di�usion models,M = R# ¹3¸ 3º.
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� ¹3º refers to the Euclidean group in3 dimensions, consisting of all rotations, translations
and re�ections of 3D space. (In case the enantiomers of a chiral molecule need to be treated
di�erently, our models should instead be(� ¹3º-equivariant, where re�ections do not play a role.)

Di�usion models can be described as trying to learn the time-reversal of a stochastic process.
Let G¹Cº 2 R# ¹3¸ 3º denote the `noisy' state at timeC. With G¹0º = G0, the state follows the

stochastic di�erential equation (SDE) given by the Itô process:

3G= 5¹G• Cº3Ç � ¹Cº3F

where 5 : R# ¹3¸ 3º � R¸ ! R# ¹3¸ 3º and � : R¸ ! R¸ are the known `drift' and `di�usion'
functions.F is a standard vector Weiner process withFC2 R# ¹3¸ 3º. The corresponding reverse-
time SDE was derived by Anderson [3]:

3 �G= ¹5¹G• Cº � � ¹Cº2r Glog?C¹Gºº3Ç � ¹Gº3 �F

As demonstrated by Song et al. [50], one can construct5 and� such that as timeC! 1 , the
distribution ?C¹Gº converges to a �xed prior distribution.

Di�usion models aim to learn the score functionB\ ¹G• Cº � r Glog?C¹Gº, which allows simu-
lating the process in reverse, starting from samples from the prior distribution. In practice, this
SDE is solved numerically (for example, with the Euler�Maruyama scheme), starting from some
large but �nite time ) .

To ensure the� ¹3º-equivariance property (Equation 2.1), it is su�cient to ensure that the score
function is � ¹3º-equivariant and the prior distribution is rotationally-invariant. Translations are
handled by representing all positions in the center-of-mass (CoM) frame.� ¹3º-equivariant neural
networks have become a popular choice for modelling the score function; many network designs
for guaranteeing� ¹3º-equivariance with graph neural networks (GNNs) [12, 40] have been de-
signed recently [2, 6�8, 17, 33, 41, 45].

The �rst successful application of di�usion models for the task of generating 3D molecular
structures was performed by Hoogeboom et al. [20], with several improvements to the noise
scheduler and geometric message-passing schemes followed up by Le et al. [28], Morehead and
Cheng [31], Vignac et al. [54].

Flow-matching [29] has emerged as an alternative approach to di�usion. In �ow-matching,
one attempts to learn the velocity �eld of an ordinary di�erential equation (ODE) transforming
noise to data, which is signi�cantly easier to sample from [1]. The application of �ow-matching
to molecular generation was �rst demonstrated by Song et al. [51], showing competitive results
with di�usion models.

The main limitation of both di�usion and �ow-matching models is the requirement of using
fully-connected graphs in the underlying GNN model for the score prediction. Furthermore,
di�usion models are signi�cantly slower to sample from, because the underlying neural network
is invoked� 1000times when sampling a single molecule. This limits the size of the systems that
can be represented by these models. An attractive option is to apply a distance-based cuto�2 to
the edges:

¹8• 9º 2 � () j j® r8 � ®r 9j j � 2”

In Figure 2.2, we measured the `atom stability' as computed by Hoogeboom et al. [20] on the
EDM-generated molecules as the cuto�2 is varied when trained on QM9. The legend shows the

13



Figure 2.2: Atom stability on QM9 as measured by Hoogeboom et al. [20] as a function of radial
cuto� 2 in angstroms, showing a sharp drop in performance as the cuto� is decreased.

percentage of edges in the original graph that are preserved by the cuto�. We notice a sharp
drop-o� in this metric as the cuto� 2 (and hence, the number of edges) reduces, despite the use
of many message-passing layers in the underlying graph neural network. Even for cuto�2 = 5
A, where93%of the edges in the graph still remain, the quality of the EDM-generated molecules
drops signi�cantly. On observing the trajectories of the individual atoms, we noticed that the
system tends to explode for lower values of cuto�2. Thus, scaling up di�usion and �ow-matching
models to large systems remains an important open problem. Randomized graph construction,
such as long-range graph connections explored by Chroma [21] for protein design, could be a
path forward. Distillation of di�usion models as introduced by Salimans and Ho [39] to reduce
the number of sampling steps has been explored in the molecular generation space as well [23, 26].

2.2 Autoregressive Models

Figure 2.3: Autoregressive models gradually build up a molecule atom-by-atom.

Another class of models that has possibly been overshadowed by the recent developments in
di�usion and �ow-matching models are auto-regressive models. Auto-regressive models model
the distribution of a molecule described as a sequencefG8g=

8=1 whereG8 2 R3¸ 3, of atom positions
(3-dimensional) and features (3-dimensional):

?¹fG8g=
8=1º = ?¹G1º

#Ö

8=1

?¹G8 j G0• ” ” ” • G8� 1º (2.2)

14



The sampling process is depicted in Figure 2.3, showing ancestral sampling starting from
G1 to generate an entire molecule. Essentially, the model learns how to place the `next' atom
conditioned on all of the previously placed atoms. Of course, it is essential to guarantee the� ¹3º-
equivariance property (Equation 2.1), which will be guaranteed if the marginals?¹G8jG0• ” ” ” • G8� 1º
are� ¹3º-equivariant:

?¹d¹6ºG8 j d¹6ºG0• ” ” ” • d¹6ºG8� 1º = ?¹G8jG0• ” ” ” • G8� 1º for all 82 »=¼•62 � ¹3º (2.3)

Figure 2.4:� ¹3º-equivariance under rotationsRand translationsT for each marginal distribution
?¹G8jG0• ” ” ” • G8� 1º guarantees the� ¹3º-equivariance of?¹fG8g=

8=1º.

A disadvantage of autoregressive models is that the loss of permutation equivariance, because
an order has been imposed on the generated atoms.

One of the �rst autoregressive model for generating 3D molecular structures was G-SchNet,
introduced by Gebauer et al. [15]. To handle the translation equivariance, they �rst predict a
focus atom5 amongst already placed atoms.

Figure 2.5: De�ning the target position relative to a focus atom guarantees translational invari-
ance.

A 3D grid is constructed and queried to predict occupation probabilities for the next atom to
be placed. Because Gebauer et al. [15] uses rotationally-invariant features, many atoms need to be
queried to compute the probability for each grid point. To break the symmetry when only a few
atoms are present in the fragment, auxiliary tokens are added to the fragment. The SchNet [45]
� ¹3º-invariant graph neural network is used to learn these probabilities. A conditional variant
of the G-SchNet architecture [16] was later developed to condition the generation on desired
chemical and physical properties, such as a small HOMO-LUMO gap.
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Figure 2.6: The triangulation procedure to place the next atom as depicted in Simm et al. [47] and
G-SphereNet [30].

G-SphereNet by Luo and Ji [30] builds o� the ideas in G-SchNet by learning an autoregressive
�ow over atom types. Further, it uses a triangulation procedure (Figure 2.6) to predict the position
of the next atom relative to the focal atom and its two nearest neighbors using a distance3, angle
\ and dihedral anglei . The triangulation procedure avoids querying a large dense 3D grid as in
G-SchNet. The main drawback of this procedure is its lack of robustness to small deviations in
inputs, causing the set of nearest neighbors to change, making the predicted angles meaningless.
A similar triangulation procedure was used in Simm et al. [47].

Simm et al. [49] attempts to improve the parametrization of the target position, by using
spherical harmonic projections. In particular, the density is expressed in spherical coordinates
¹A• \• qº as:

?¹Aj 5º =
"Õ

< =1

c< ¹5ºN ¹ `< ¹5º• f< ¹5º2º (2.4)

?¹\• q j A• 5º =
1
/

exp©
­
«

�
V

p
:

�
�
�
�
�

;maxÕ

;=1

;Õ

< =� ;

2;< ¹A• 5º. ;< ¹\• qº

�
�
�
�
�

2
ª
®
¬

(2.5)

where 5 is the focus atom and: =
Í ;max

;=1

Í ;
< =� ; j2;< ¹5ºj2 is chosen to regularize the distribution

away from a delta distribution. To guarantee� ¹3º-equivariance, the coe�cients2;< need to be
� ¹3º-equivariant:

2;< ¹d¹' º5º =
;Õ

< 0=� ;

� ;
<< 0¹' º2;< 0¹5º

Simm et al. [49] predicts these coe�cients with a E(3)-equivariant graph neural network, Cor-
morant [2]. However, similar to [47], their setting is quite di�erent from the setting of G-SchNet
and G-SphereNet. They assume access to a `bag' of atoms to be placed, and use a reinforcement
learning algorithm � Proximal Policy Optimization [44] � to learn a policy to place atoms. The
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additional complexity of learning only by sampling possible actions restricts their approach from
scaling up to larger datasets with more interesting molecules. Further, [49] proposes rejection
sampling to sample from the angular probability distribution de�ned in Equation 2.5, which is
quite ine�cient. Finally, an issue is that the angular frequency of the learned probability distri-
bution is strictly bounded by the cuto�;max of the spherical harmonics.
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Chapter 3

Background

3.1 K¹3º-Equivariant Features

We say a� ¹3º-equivariant featureI = 5¹Gº 2 R2;¸ 1 transforms as the irreducible representation
; (ie, as a; `irrep') under rotationR and translationT:

5¹RG¸ Tº = � ; ¹Rº) 5¹Gº (3.1)

where � ; is the irreducible representation of($ ¹3º of degree2; ¸ 1. � ; ¹Rº 2 R¹2;¸ 1º�¹ 2;¸ 1º is
referred to as the Wigner D-matrix of the rotationR. As � 0¹Rº = 1 and � 1¹Rº = R, invariant
`scalar' features correspond to degree; = 0 features, while `vector' features correspond to; = 1
features. Note that these features are invariant under translationT.

3.2 Spherical Harmonics

The real spherical harmonics. ;•< ¹\• qº are a set of real-valued orthogonal functions de�ned on
the sphere( 2, indexed by two integers; and< such that; � 0•j< j � ;. Here\ andq come from
the notation for spherical coordinates, whereAis the distance from an origin,\ 2 »0• c¼is the
polar angle andq 2 »0•2cº is the azimuthal angle. The relation between Cartesian and spherical
coordinates is given by:

G= Asin\ cosq

~ = Asin\ sinq

I = Acos\

The �rst few spherical harmonics. ;•< ¹\• qº are shown in Figure 3.1 below.; corresponds to
an angular frequency: the higher the;, the more rapidly. ;•< changes over( 2.

; corresponds to an angular frequency: the higher the;, the more rapidly. ;•< changes over( 2.
This can intuitively be seen by looking at the functional form of the spherical harmonics. In their
Cartesian form, the spherical harmonics are proportional to simple polynomials. In one common
choice of basis,; = 0 is proportional to1, ; = 1 is proportional to¹G•~• Iº and; = 2 is proportional
to ¹G~•~I•2I 2 � G2 � ~2• IG• G2 � ~2º, as seen in Figure 3.1.
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Figure 3.1: Plots of. ;•< ¹\• qº as; varies from0 to 2, and< varies from� ; to ;. The radial compo-
nent and color intensity is proportional to the amplitude of. ;•< ¹\• qº at each point¹1• \• qº.

One important property of the spherical harmonics is that they can be used to create� ¹3º-
equivariantfeatures. Let. ; ¹\• qº = ». ;•� ; ¹\• qº• ” ” ” • .;•;¹\• qº¼ 2R2;¸ 1 represent the collection of
all spherical harmonics with the same;. Then,. ; ¹\• qº transforms as an� ¹3º-equivariant feature
of degree; under rotation:

. ; ¹R � ¹\• qºº = � ; ¹Rº) . ; ¹\• qº (3.2)

whereR is an arbitrary rotation, and¹\• qº is interpreted as the coordinates of a point on( 2.

Figure 3.2: Decomposing a function into a linear combination of spherical harmonics.

The second important property of the spherical harmonics that we employ is the fact that they
form an orthonormal basisfor functions on the sphere( 2. Thus, for any function5 : ( 2 ! R,
we can express5 as a linear combination of the. ;•< . Formally, there exists unique coe�cients
2; 2 R2;¸ 1 for each; 2 N, such that

5¹\• qº =
1Õ

;=0

2;
) . ; ¹\• qº” (3.3)

We term these coe�cients2; as the spherical harmonic coe�cients of5 as they are obtained by
projecting5 onto the spherical harmonics.
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Chapter 4

Methods

4.1 Building Molecules via Sequences of Fragments

First, we create sequences of fragments using molecules from the training set viaCreateFragmentSe�ence
(Algorithm 1). Given a molecule" and random seedA, Algorithm 1 constructs a sequence of in-
creasingly larger fragmentsfS 1• ” ” ”S j" jgsuch thatjS=j = = for all = 2 f1• ” ” ” •j" jgandS j" j = "
exactly. Of course, there are many ways to create such sequences of fragments; Algorithm 1 sim-
ply builds a molecule via a minimum spanning tree.

Symphony attempts to recreate this sequence step-by-step, learning the (probabilistic) map-
ping S= ! S =¸ 1. In particular, we ask Symphony to predict the focus node5=¸ 1, the target atomic
number/ =¸ 1 and the target position®r=¸ 1, providing feedback at every step.

Algorithm 1 CreateFragmentSe�ence

Input: Molecule" , PRNG SeedB
Sample an atom¹®r1• / 1º from " using the PRNG seedB.
S1  f¹® r1• / 1ºg
function NextFragment (S=•B)

¹5 • 0º  Closest atom pair s.t.5 2 S= and0 2 " � S =

(Ties are broken randomly using seedB)
5=¸ 1  The index of the atom5 in S=

/ =¸ 1  The atomic number of atom0
®r=¸ 1  The relative position of atom0 w.r.t. atom5
S=¸ 1  S = [ f¹®r=¸ 1• / =¸ 1ºg
B0  Update PRNG SeedB
return ¹S=¸ 1•B0º

for =  1 to j" j � 1 do
¹S=¸ 1•Bº  NextFragment (S=•B)

return fS 1• ” ” ”S j" jg
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Figure 4.1: Fragments fromCreateFragmentSe�ence applied to methane (CH4). Note the two
options available to complete the initial fragmentS=.

4.2 Handling the Symmetries of Fragments

Here, we highlight several challenges that arise becauseS= must be treated as an unordered set
of atoms that live in 3D space. In particular, let

RS= ¸ T = f¹ R®r1 ¸ T• / 1º• ” ” ” •¹R®r= ¸ T• / =ºg

be the description of the same set of atoms inS= but in a coordinate frame rotated byR� 1 and
translated byT� 1. Similarly, letc be any permutation off 1• ” ” ” •=gand

cS= = f¹®rc ¹1º• / c ¹1ºº• ” ” ” •¹®rc ¹=º• / c ¹=ººg

. Fundamentally,RS= ¸ T, S= andcS= all represent the same set of atoms. Thus, we would like
Symphony to naturally accommodate the symmetries of fragmentS=, under the group� ¹3º of
Euclidean transformations consisting of all rotationsR and translationsT, and the group of all
permutations of constituent atoms. Formally, we wish to have:

ˆ Property (1): The focus distribution?focusand the target species distribution?speciesshould
be� ¹3º-invariant:

?focus¹5=¸ 1;RS= ¸ Tº = ?focus¹5=¸ 1;S=º (4.1)

?species¹/ =¸ 1 j 5=¸ 1;RS= ¸ Tº = ?species¹/ =¸ 1 j 5=¸ 1;S=º (4.2)

ˆ Property (2): The target position distribution?pos should be� ¹3º-equivariant:

?pos¹R®r=¸ 1 ¸ T j 5=¸ 1• / =¸ 1;RS= ¸ Tº = ?pos¹®r=¸ 1 j 5=¸ 1• / =¸ 1;S=º (4.3)

ˆ Property (3): With respect to the ordering of atoms inS=, the map?focusshould be permutation-
equivariant while?speciesand?pos should be permutation-invariant.

We represent?focus• ?speciesand?posas probability distributions because there may be multiple
valid choices of focus5=¸ 1, species/ =¸ 1 and position®r=¸ 1.
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4.3 The Design of Symphony

The overall working of Symphony is shown graphically in Figure 4.2. Symphony �rst computes
atom embeddings via an� ¹3º-equivariantEmbedder. Here, we assume thatEmbedder¹S=º =
f � E•; j E 2 S=•0 � ; � ;maxg returns a set of� ¹3º-equivariant features� E•; of degree; upto a
prede�ned degree;max, for each atomE in S=. In Appendix A, we show that Symphony can
guarantee Properties (1), (2) and (3) as long asEmbedderis permutation-equivariant and� ¹3º-
equivariant.

Figure 4.2: One iteration of the Symphony molecular generation process, in which one atom is
sampled given the positions and atom types of an un�nished molecular fragmentS= to create
the next fragmentS=¸ 1.

From Property (1),?focus and?speciesshould be invariant under rotation and translations of
S=. Since the atom types and the atom indices are discrete sets, we can represent both of these
distributions as a vector of probabilities. Thus, we compute?focusand?speciesby applying a multi-
layer perceptronMLPon only the rotation and translation invariant features ofEmbedder¹S=º:

?focus¹5=¸ 1;S=º = MLP¹Embedder¹S=º5=¸ 1•0º (4.4)

?species¹/ =¸ 1 j 5=¸ 1;S=º = MLP¹EmbedAtomType¹/ =¸ 1º � Embedder¹S=º5=¸ 1•0º (4.5)

Alongside the node-wise probabilities for?focus, we also predict a global STOP probability, indi-
cating that no atom should be added.

On the other hand, Property (2) shows that?pos transforms non-identically under rotations
and translations. We describe a novel parametrization of 3D probability densities such as?pos

with spherical harmonic projections.
The position®r is represented by spherical coordinates¹A• \• qº whereAis the distance from

the focus5, \ is the polar angle andq is the azimuthal angle. Any probability distribution?pos

over positions must satisfy the normalization and non-negativity constraints:
¹



?pos¹A• \• qº 3+ = 1 (4.6)

?pos¹A• \• qº � 0 (4.7)

where3+ = A3Asin\3\3q is the volume element and
 = fA 2 »0•1º • \ 2 »0• c¼• q 2 »0•2cºg
represents all space in spherical coordinates. Since these constraints are hard to incorporate
directly into a neural network, we predict the unnormalized logits5pos¹A• \• qº instead, and take
the softmax over all space:

?pos¹A• \• qº =
1
/

exp5pos¹A• \• qº (4.8)
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To model these logits, we �rst discretize the radial componentAinto a set of discrete values. We
choose64uniformly spaced values from0”9A to 2”0A, which covers all of the bond lengths in
QM9. For each �xed value ofA, we obtain a function on the sphere( 2, which we represent in
the basis of spherical harmonic functions. ;•< ¹\• qº, as described in chapter 3 and similar to the
construction of Cohen and Welling [11]. As we have a radial componentAhere, the coe�cients
2; also depend onA:

5pos¹A• \• qj 5=¸ 1• / =¸ 1;S=º =
1Õ

;=0

2; ¹A; 5=¸ 1• / =¸ 1•S=º) . ; ¹\• qº (4.9)

Symphony predicts these coe�cients2; from the degree; features of the focus nodeEmbedder¹S=º5=¸ 1•;,
and the embedding of the target species/ =¸ 1:

2; ¹A; 5=¸ 1• / =¸ 1•S=º = Linear ¹Embedder¹S=º5=¸ 1•; 
 EmbedAtomType¹/ =¸ 1ºº (4.10)

By explicitly modelling the probability distributions?focus• ?speciesand?pos, Symphony learns to
represent all possible options of completingS= into a valid molecule.

4.4 Bypassing the Angular Frequency Bottleneck

For computational reasons, we are often limited to using a �nite number of spherical harmonic
projections (ie, up to some;max). Due to the way the spherical harmonics are constructed, this
means we can only represent signals upto some angular frequency. For example, to represent a
signal on the sphere with peaks separated by3 radians, we need spherical harmonic projections
with ;max � 2c

3 . This is similar how we cannot represent high frequency components using the
only the �rst few Fourier components. To bypass the bottleneck of angular frequency, we propose
usingmultiple channels of spherical harmonic projections, which are then summed over after a
non-linearity:

5pos¹A• \• q;S=º = log
Õ

channel ch

exp
1Õ

;=0

2ch
; ¹A;S=º) . ; ¹\• qº (4.11)

In Appendix B, we show a concrete example where adding multiple channels e�ectively increases
the angular frequency capacity of our model.

4.5 Training and Inference

We utilize teacher forcing to train Symphony. At training time, the true focus5=¸ 1 and atomic
number/ =¸ 1 are provided as computed inNextFragment . Thus, no sampling occurs at training
time. The true probability distributions@focus and @speciesare computed empirically from the
set of un�nished atoms inS= and their corresponding neighbors in" . The true probability
distribution@position is computed by smoothly approximating a Dirac delta distribution upto some
cuto� frequency ;max at the target position®r=¸ 1 around the focus atom. Further details about
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the training process and representing Dirac delta distributions are provided in Section E.1.2 and
Section C.3.

@pos¹®rº =
1
/

exp
�
�

k®rk � k®r=¸ 1k
2f 2

true
� X;max ¹r̂ � r̂=¸ 1º

�
(4.12)

At inference time, both the focus5=¸ 1 and atomic number/ =¸ 1 are sampled from?focus¹�;S=º
and?species¹� j 5=¸ 1;S=º respectively. These are used to sample®r=¸ 1 from ?pos¹� j 5=¸ 1• / =¸ 1;S=º.
Molecules are generated by starting from an initial fragmentS1, a single H atom at the origin, and
repeatedly sampling from?focus, ?speciesand?posuntil a STOP is predicted or# max = 35iterations
have occurred, based on the maximum size of molecules in the QM9 dataset as30atoms.
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Chapter 5

Experimental Results

A major challenge with generative modelling is evaluating the quality of generated 3D structures.
Ideally, a generative model should generate physically plausible structures, accurately capture
training set statistics and generalize well to molecules outside of its training set. We propose a
comprehensive set of tests to evaluate Symphony and other generative models along these three
aspects.

5.1 Validity of Generated Structures

All of the generative models considered here output a set of atoms with 3D coordinates; bonding
information is not generated by the model. Before we can use cheminformatics tools designed
for molecules, we need to assign bonds between atoms. Multiple algorithms exist for bond order
assignment:xyz2mol[24] implemented in RDKit [27], OpenBabel [5] and a simple lookup table
based on empirical pairwise distances in organic compounds [20]. Here, we perform the �rst
comparison between these algorithms for evaluating machine-learning generated 3D structures.
In Table 5.1, we use each of these algorithms to infer the bonds and create a molecule from gen-
erated 3D molecular structure. We declare a molecule as valid if the algorithm could successfully
assign bond order with no net resulting charge. We also measure the uniqueness to see how many
repetitions were present in the set of SMILES [56] strings of valid generated molecules. Ideally,
we want both the validity and the uniqueness to be high.

While EDM [20] is still superior on the validity and uniqueness metrics, we �nd that Sym-
phony performs much better on both validity and uniqueness than existing autoregressive mod-
els, G-SchNet [15] and G-SphereNet [30], for thexyz2moland OpenBabel algorithms. Note that
the lookup table does not account for aromatic bonds and is quite sensitive to exact bond lengths;
we believe this penalizes Symphony due to its coarser discretization compared to EDM and G-
SchNet. Of note is that onlyxyz2mol �nds almost all of the ground truth QM9 structures to be
valid.

Recently, Buttenschoen et al. [10] showed that the predicted 3D structures from machine-
learned protein-ligand docking models tend to be highly unphysical. For Table 5.2, we utilize
their PoseBusters framework to perform the following sanity checks to count how many of the
predicted 3D structures are reasonable. We see that the valid molecules from all models tend
to be quite reasonable, with Symphony performing better than all baselines on generating struc-
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Metric " QM9 Symphony EDM G-SchNet G-SphereNet

Validity via xyz2mol 99.99 83.50 86.74 74.97 26.92
Validity via OpenBabel 94.60 74.69 77.75 61.83 9.86

Validity via Lookup Table 97.60 68.11 90.77 80.13 16.36

Uniqueness viaxyz2mol 99.84 97.98 99.16 96.73 21.69
Uniqueness via OpenBabel 99.97 99.61 99.95 98.71 7.51

Uniqueness via Lookup Table 99.89 97.68 98.64 93.20 23.29

Table 5.1: Validity and uniqueness (among valid) percentages of molecules with di�erent bond
assignment methods, withbestandsecond-bestmodels highlighted.

tures with reasonable UFF [36] energies and respecting the geometry constraints of double bonds.
Further details about the PoseBusters tests are provided in Section E.2.1.

Test" Symphony EDM G-SchNet G-SphereNet

All Atoms Connected 99.92 99.88 99.87 100.00
Reasonable Bond Angles 99.56 99.98 99.88 97.59
Reasonable Bond Lengths 98.72 100.00 99.93 72.99
Aromatic Ring Flatness 100.00 100.00 99.95 99.85
Double Bond Flatness 99.07 98.58 97.96 95.99

Reasonable Internal Energy 95.65 94.88 95.04 36.07
No Internal Steric Clash 98.16 99.79 99.57 98.07

Table 5.2: Percentage of valid (as obtained fromxyz2mol) molecules passing each PoseBusters
test.

5.2 Capturing Training Set Statistics

Next, we evaluate models on how well they capture bonding patterns and the geometry of lo-
cal environments found in the training set molecules. In previous work [20, 30], models were
compared based on how well they capture the true bond length distributions observed in QM9.
However, such statistics only deal with pairwise bond lengths and cannot capture the geometry
of how atoms are placed relative to each other. Here, we utilize thebispectrum[52] as a rotation-
ally invariant descriptor of the geometry of local environments. Given a local environment with
a central atomD, we �rst project all of the neighbors ofD according to the inferred bonds onto
the unit sphere( 2. Then, we compute the signal5 as a sum of Dirac delta distributions along
the direction of each neighbor:5¹r̂º =

Í
E2# ¹Dº X;max ¹r̂ � r̂EDº. The bispectrumB¹ 5º of 5 is then

de�ned as:

B¹ 5º = ExtractScalars ¹5 
 5 
 5º (5.1)

Thus,5 captures the distribution of atoms aroundD, and the bispectrumB¹ 5º captures the ge-
ometry of this distribution. The advantage of the bispectrum is that it varies smoothly when
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5 is varied and is guaranteed to be rotationally invariant. We compute the bispectrum of local
environments with atleast2 neighboring atoms. Note that we exclude the pseudoscalars in the
bispectra.

For comparing discrete distributions, we use the symmetric Jensen-Shannon divergence (JSD)
as employed in Hoogeboom et al. [20]. Given the true distribution& and the predicted distribution
%, the Jensen-Shannon divergence between them is de�ned as:

� � ( ¹& k%º =
1
2
�  ! ¹& k" º ¸

1
2
�  ! ¹%k" º (5.2)

where�  ! is the Kullback�Leibler divergence and" = &¸ %
2 is the mean distribution. For con-

tinuous distributions, estimating the Jensen-Shannon divergence from samples is tricky with-
out further assumptions on the distributions. Instead, we use the Maximum Mean Discrepancy
(MMD) score from Luo and Ji [30] instead to compare samples from continuous distributions.
The MMD score is the distance between means of features computed from samples from the true
distribution & and the predicted distribution%. A model with a smaller MMD score captures the
true distribution of samples better. We provide details about the MMD score in Section E.2.2.

From Table 5.3 we see that Symphony and other autoregressive models struggle to match the
bond length distribution of QM9 as well as EDM. This is the case except for the single C-H and
single N-H bonds. On the bispectra, however, Symphony attains the lowest MMD for several
environments. To gain some intuition for these MMD numbers, we also plotted the bond length
distributions, samples of the bispectra, atom type distributions and other statistics in Section 5.5
for each model.

5.3 Generalization Capabilities

All of the metrics discussed so far can be maximized by simply memorizing the training set
molecules. Now, we propose a new metric to evaluate how well the models have actually learned
to generate valid chemical structures. We compare models by asking them to complete fragments
of 1000unseen molecules from the test set, with one hydrogen atom removed. We then check how
many �nal molecules were deemed valid. Since the valid completion rate (VCR) depends heavily
on the quality of the model, we compute the valid completion rate for fragments of molecules
from the training set as well. If the performance is signi�cantly di�erent between the two sets of
fragments, this indicates that the models do not generalize well. Di�usion models such as EDM
are more challenging to evaluate for this task, since we would need a way to �x the initial set
of atoms, so we compare only Symphony and G-SchNet. Encouragingly, both models are able to
generalize well to unseen fragments, but Symphony's overall completion rate is higher for both
seen and unseen fragments. We notice that the performance of Symphony on this task seems
to decrease as training progresses, which might be attributed to the bias of Algorithm 1 towards
completing fragments in a particular sequence.

5.4 Molecule Generation Throughput

One of the major advantages of autoregressive models (such as Symphony) over di�usion models
(such as EDM) is signi�cantly faster inference speeds. As shown in Table 5.5, Symphony is much
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slower than existing autoregressive models because of the additional tensor products for gen-
erating higher-degree� ¹3º-equivariant features, but is still approximately3� faster than EDM.
However, our sampler is currently bottlenecked by some of the limitations of JAX [9]; we be-
lieve that Symphony's inference speed reported here can be signi�cantly improved to match its
training speed.

5.5 Statistics of Generated Molecules

For all of the analyses performed in this section, we used all the valid molecules for each model
as computed byxyz2mol.

5.5.1 Bispectra of Local Environments in Sampled Molecules

As seen in Figure 5.1, we see that Symphony's sampled bispectra (second from left) have a slightly
di�erent distribution relative to those from QM9 in the two most frequent local environments.

Figure 5.1: Bispectra of local environments of type C: C2,H2 and type C: C1,H3 respectively.
Each row corresponds to a sample of the bispectrum (an array of length 15). Every entry of the
bispectra is colored by value according to the colorbar on the right.
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5.5.2 Bond Lengths in Sampled Molecules

From Figure 5.2 and Figure 5.3, we see that Symphony's bond length distribution tends to be
wider than those of QM9, hurting its MMD score relative to EDM. Improving this aspect is an
ongoing e�ort; but we believe that the bond lengths are still quite reasonable.

5.5.3 Atom Type Counts

As seen in Figure 5.4, all models are able to reasonably capture the distribution of atom types in
QM9; Symphony performs especially well here.

5.5.4 Ring Sizes

We also extracted all rings using RDKit [27] and counted their relative frequency, in Figure 5.5.
G-SphereNet seems to produce either very large or very small rings. The other models seem to
capture the distribution of ring sizes well.
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