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ABSTRACT

Nonlinear optimization has become the workhorse of machine learning. However, our the-
oretical understanding of optimization in machine learning is still limited. For example,
classical optimization theory relies on assumptions like bounded Lipschitz smoothness of
the loss function which are rarely met in machine learning. Besides, existing theory cannot
well explain why adaptive methods outperform gradient descent in certain machine learning
tasks like training transformers. In this thesis, to bridge this gap, we propose more general
smoothness conditions that are closer to machine learning practice and study the convergence
of popular classical and adaptive methods under such conditions. Our convergence results
improve over existing ones and also provide new insights into understanding the role of
adaptivity in optimization for machine learning applications.

First, inspired by some recent works and insights from deep neural network training, we
propose a generalized non-uniform smoothness condition with the Hessian norm bounded
by a function of the gradient norm almost everywhere. We develop a simple, yet powerful
analysis technique that bounds the gradients along the trajectory, thereby leading to stronger
results for both convex and non-convex optimization problems. In particular, we obtain the
classical convergence rates for gradient descent (GD), stochastic gradient descent (SGD), and
Nesterov’s accelerated gradient method (NAG) in the convex or non-convex settings under
this general smoothness condition.

In addition, the new analysis technique also allows us to obtain an improved convergence
result for the Adaptive Moment Estimation (Adam) method. Despite the popularity and
efficiency of Adam in training deep neural networks, its theoretical properties are not yet
fully understood, and existing convergence proofs require unrealistically strong assumptions,
such as globally bounded gradients, to show the convergence to stationary points. In this
thesis, we show that Adam provably converges to stationary points under far more realistic
conditions. In particular, we do not require the strong assumptions made in previous works
and also consider the generalized smoothness condition.

However, the above results can not explain why adaptive methods like Adam significantly
outperform SGD in machine learning applications like training transformers, as the conver-
gence rate we have obtained for Adam is not faster than that of SGD. Previous research
has empirically observed that adaptive methods tend to exhibit much smaller directional
smoothness along the training trajectory compared to SGD. In this thesis, we formalize
this observation into a more rigorous theoretical explanation. Specifically, we propose a



directional smoothness condition, under which we prove faster convergence of memoryless
Adam and RMSProp in the deterministic setting. Notably, our convergence rate is faster than
the typical rate of gradient descent, providing new insights into the benefits of adaptivity in
training transformers.
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Chapter 1

Introduction

Over the past few decades, machine learning, particularly deep learning, has revolutionized
numerous application fields, including computer vision, natural language processing, and
sequential decision making. A crucial step in developing a successful machine learning model
is optimization, which is essential for achieving high performance. However, despite its
importance, our theoretical understanding of optimization in the context of machine learning
remains limited.

Classical optimization problems have been extensively studied, with well-established upper
and lower bounds on convergence rates. Nevertheless, these theoretical analyses rely on certain
assumptions, such as Lipschitz smoothness, that are rarely satisfied in machine learning
applications. Moreover, empirical optimization techniques like batch normalization, adaptive
stepsizes, and momentum significantly enhance optimization speed, yet these improvements
cannot be fully explained by existing theory.

This thesis makes a step towards bridging the gap between optimization theory and
machine learning practice by delving into the smoothness condition and adaptivity in non-

linear optimization for machine learning applications. In particular, we study the following
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unconstrained optimization problem

minxeé‘(f(x)7 (11)

where X C R? is the domain of f.

Classical textbook analyses [Nemirovskij and Yudin, 1983, Nesterov, 2003] of (1.1) often
require the Lipschitz smoothness condition, which assumes ||V2f(z)|| < L almost everywhere
for some L > 0 called the smoothness constant. This condition, however, is rather restrictive
and only satisfied by functions that are both upper and lower bounded by quadratic functions.
Recently, Zhang et al. [2019] proposed the more general (Lg, L;)-smoothness condition,
which assumes |V?f(z)|| < Lo+ Ly ||V f(z)|| for some constants Ly, L1 > 0, motivated by
their extensive language model experiments. This notion generalizes the standard Lipschitz
smoothness condition and also contains e.g. univariate polynomial and exponential functions.
For non-convex and (Lo, L1)-smooth functions, they prove convergence of gradient descent
(GD) and stochastic gradient descent (SGD) with gradient clipping and also provide a
complexity lower bound for constant-stepsize GD/SGD without clipping. Based on these
results, they claim gradient clipping or other forms of adaptivity provably accelerate the
convergence for (Lg, L;)-smooth functions. Perhaps due to the lower bound, all the follow-up
works under this condition that we are aware of limit their analyses to adaptive methods.
Most of these focus on non-convex functions.

In this thesis, we significantly generalize the (Lo, L1)-smoothness condition to the /-
smoothness condition which assumes [|[V2f(z)|| < ¢(||Vf(x)||) for some non-decreasing
continuous function ¢. We develop a simple, yet powerful technique, which allows us to
obtain stronger results for both convexr and non-conver optimization problems when ¢ is
sub-quadratic (i.e., lim, o £(u)/u* = 0) or even more general. The (-smooth function
class with a sub-quadratic ¢ also contains e.g. univariate rational and double exponential

functions. In particular, we prove the convergence of classical non-adaptive methods including

16



constant-stepsize GD/SGD and Nesterov’s accelerated gradient method (NAG) in the convex
or non-convex settings. For each method and setting, we obtain the classical convergence
rate, under a certain requirement of /. In addition, we relax the assumption of bounded noise
to the weaker one of bounded variance with the simple SGD method. See Table 1.1 for a
summary of our results and assumptions for each method and setting.

Our approach analyzes boundedness of gradients along the optimization trajectory. The
idea behind it can be informally illustrated by the following “circular” reasoning. On the one
hand, if gradients along the trajectory are bounded by a constant (G, then the Hessian norms
are bounded by the constant /(G). Informally speaking, we essentially have the standard
Lipschitz smoothness condition and can apply classical textbook analyses to prove convergence,
which implies that gradients converge to zero. On the other hand, if gradients converge, they
must be bounded, since any convergent sequence is bounded. In other words, the bounded
gradient condition implies convergence, and convergence also implies the condition back,
which forms a circular argument. If we can break this circularity of reasoning in a rigorous
way (induction or contradiction), both the bounded gradient condition and convergence are
proved.

The idea of bounding gradients along the trajectory also allows us to derive an improved
convergence result for the Adaptive Moment Estimation (Adam) method proposed in [Kingma
and Ba, 2014], which has become one of the most popular optimizers for solving (1.1) when
f is the loss for training deep neural networks. Owing to its efficiency and robustness to
hyper-parameters, it is widely applied or even sometimes the default choice in many machine
learning application domains. It is also well known that Adam significantly outperforms
stochastic gradient descent (SGD) for certain models like transformers [Zhang et al., 2020b,
Kunstner et al., 2023, Ahn et al., 2023].

Despite its success in practice, theoretical analyses of Adam are still limited. The original
proof of convergence in [Kingma and Ba, 2014] was later shown by Reddi et al. [2018] to

contain gaps. The authors in [Reddi et al., 2018] also showed that for a range of momentum
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parameters chosen independently with the problem instance, Adam does not necessarily
converge even for convex objectives. However, in deep learning practice, the hyper-parameters
are in fact problem-dependent as they are usually tuned after given the problem and weight
initialization. Recently, there have been many works proving the convergence of Adam for non-
convex functions with various assumptions and problem-dependent hyper-parameter choices.
However, these results leave significant room for improvement. For example, [D’efossez et al.,
2020, Guo et al., 2021] prove the convergence to stationary points assuming the gradients are
bounded by a constant, either explicitly or implicitly. On the other hand, [Zhang et al., 2022,
Wang et al., 2022] consider weak assumptions, but their convergence results are still limited.
See Section 1.2 for more detailed discussions of related works.

In this thesis, we develop a new convergence analysis for Adam. Our analysis does not
assume the strong assumption of bounded gradients, but prove that gradients are bounded
along the trajectory of Adam with high probability. In addition, we consider the generalized
(-smoothness with a sub-quadratic ¢, and obtain the O(¢™*) gradient complexity in the
stochastic setting assuming noise is sub-Gaussian, as shown in Table 1.1. Besides, we also
propose a varaince-reduced version of Adam and obtain the accelerated O(¢™3) gradient
complexity.

However, although our convergence result of Adam improves over existing ones for this
method, it is still not better than that of SGD. Specifically, Adam achieves the same O(e™*)
gradient complexity as SGD, but requires a stronger bounded noise condition. In fact, the rate
of SGD is already not improvable among first-order methods under the classical smoothness
or our (-smoothness condition, as it matches the lower bound in [Arjevani et al., 2023].
Therefore, the above results can not explain why adaptive methods like Adam outperform
SGD in some deep learning tasks like training transformers. To bridge this gap, we provide
new insights into the benefits of adaptivity to optimization for machine learning applications
by delving into the concept of directional smoothness.

For a given vector u € R? and a point z € X, the directional smoothness at z along u is

18



Table 1.1: Summary of the convergence results under /-smoothness. € denotes the sub-
optimality gap of the function value in convex settings, and the gradient norm in non-convex
settings. “x” denotes optimal rates.

Method Convexity {-smoothness Gradient complexity
O(log(1/€)) (Theorem 3.1.3)

1
Strongly convex No requirement

oD Convex O(1/¢) (Theorem 3.1.2)
Sub-quadratic ¢ O(1/€?)* (Theorem 3.2.2)
Non-convex
Quadratic £ Q(exp. in cond #) (Theorem 3.2.4 )
NAG Convex Sub-quadratic ¢ O(1/+/€)* (Theorem 3.1.4 )
SGD Non-convex  Sub-quadratic ¢ O(1/€*)* (Theorem 3.2.3)

Adam Non-convex Sub-quadratic £ O(1/€*) (Theorem 4.2.1 and 4.2.2)

defined as €, (u) ;== u' V2f(x)u/ ||u|’. Recently, [Pan and Li, 2023] empirically computed the
directional smoothness ¢, (z;11 — x;) along the trajectories of various optimizers including
SGD, Adam, etc. They found that adaptive methods usually have much better (smaller)
directional smoothness along the optimization trajectory for training transformers, which
they believe may explain why adaptive methods converge faster, as a smaller directional
smoothness allows a larger stepsize and potentially faster convergence. In this thesis, we
formalize the empirical observations in [Pan and Li, 2023] into a rigorous convergence theory
to gain new insights on why and when adaptivity accelerates optimization. In particular,
assuming that the directional smoothness around the update direction of memoryless Adam
is bounded by some constant Ly, we can obtain a gradient complexity of O(Lye?) for two
special cases of Adam, memoryless Adam and RMSProp, in the deterministic setting. If
L) < L, which is supported by the empirical observations in [Pan and Li, 2023] and our
experiments, our convergence results show acceleration of these adaptive methods compared
to the typical O(Le™?) gradient complexity of gradient descent, providing new insights into

the benefits of adaptivity in training transformers.
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1.1 Overview of results

Before delving into the detailed problem formulations and convergence analyses, we first

provide an overview of our results and summarize the content of each chapter.

o First, we generalize the standard Lipschitz smoothness and also the (L, L1)-smoothness
condition to the f-smoothness condition. In Chapter 2, we will present its formal
definitions in more detail. Moreover, we will show some useful properties of /-smooth
functions and briefly discuss how they can be applied in the convergence analysis.
Finally, we provide several interesting examples of ¢-smooth functions corresponding to

different ¢s.

e We develop a new approach for analyzing convergence under this generalized (-
smoothness condition by bounding the gradients along the optimization trajectory. In
Chapter 3, we apply this approach to prove the convergence of constant-stepsize GD,
SGD, and NAG in the convex or non-convex settings, and obtain the classical rates for
all of them, as summarized in Table 1.1. Our convergence results of constant-stepsize
methods challenge the folklore belief on the necessity of adaptive stepsize for generalized
smooth functions. Notably, we also relax the assumption of bounded noise to the weaker

one of bounded variance of noise in the stochastic setting with the simple SGD method.

o In Chapter 4, we further apply the new approach to show that Adam converges to
stationary points under relaxed assumptions compared to existing works. In particular,
we do not assume bounded gradients or Lipschitzness of the objective function. Fur-
thermore, we also consider the more general /-smoothness condition. Under these more
realistic assumptions, we obtain dimension free gradient complexities of O(e~*) if the
gradient noise is centered and bounded, or O(e*log®**(1/¢)) if the gradient noise is
centered and has sub-Gaussian norm. Finally, we propose a variance-reduced version of

Adam (VRAdam) with provable convergence guarantees. In particular, we obtain the
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accelerated O(e?) gradient complexity.

« In Chapter 5, we propose a directional smoothness condition and analyze the convergence
of memoryless Adam and RMSProp under this condition in the deterministic setting.
In particular, assuming that the directional smoothness along the update direction of
memoryless Adam is bounded by some constant L), we show that memoryless Adam
converges with a gradient complexity of O(Lye~2). We can also obtain essentially the
same convergence rate for RMSProp under stronger assumptions. Compared to the
typical O(Le~?) complexity of gradient descent, our results clearly achieve a faster rate
when L) < L, which is supported by the the empirical observations in [Pan and Li,
2023] and our experiments. We also provide an example for which Ly < L holds and

memoryless Adam or RMSProp does converge faster than gradient descent.

1.2 Related work

In this section, we discuss the relevant literature related to various aspects of this thesis.

Gradient-based optimization. The classical gradient-based optimization problems for
the standard Lipschitz smooth functions have been well studied for both convex [Nemirovskij
and Yudin, 1983, Nesterov, 2003, d’Aspremont et al., 2021] and non-convex functions. In the
convex setting, the goal is to reach an e-sub-optimal point z satisfying f(x) — inf, f(z) <e.
It is well known that GD achieves the O(1/¢) gradient complexity and NAG achieves the
accelerated O(1/4/€) complexity which is optimal among all gradient-based methods. For
strongly convex functions, GD and NAG achieve the O(klog(1/€)) and O(y/klog(1/e))
complexity respectively, where x is the condition number and the latter is again optimal. In
the non-convex setting, the goal is to find an e-stationary point x satisfying ||V f(z)|| < e,
since finding a global minimum is NP-hard in general. It is well known that GD achieves

the optimal O(1/€?) complexity which matches the lower bound in [Carmon et al., 2017]. In
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the stochastic setting for unbiased stochastic gradient with bounded variance, SGD achieves
the optimal O(1/¢?) complexity [Ghadimi and Lan, 2013], matching the lower bound in
[Arjevani et al., 2023]. In this thesis, we obtain the classical rates in terms of e for all the

above-mentioned methods and settings, under a far more general smoothness condition.

Generalized smoothness. The (L, L;)-smoothness condition proposed by Zhang et al.
[2019] was studied by many follow-up works. Under the same condition, [Zhang et al., 2020a]
considers momentum in the updates and improves the constant dependency of the convergence
rate for SGD with clipping derived in [Zhang et al., 2019]. [Qian et al., 2021] studies gradient
clipping in incremental gradient methods, [Zhao et al., 2021] studies stochastic normalized
gradient descent, and [Crawshaw et al., 2022| studies a generalized SignSGD method, under
the (Lo, L1)-smoothness condition. [Reisizadeh et al., 2023] studies variance reduction
for (Lo, L1)-smooth functions. [Chen et al., 2023] proposes a new notion of a-symmetric
generalized smoothness, which is roughly as general as (Lg, L1)-smoothness. [Wang et al.,
2022] analyzes convergence of Adam and provides a lower bound which shows non-adaptive
SGD may diverge. In the stochastic setting, the above-mentioned works either consider
the strong assumption of bounded gradient noise or require a very large batch size that
depends on €, which essentially reduces the analysis to the deterministic setting. [Faw et al.,
2023] proposes an AdaGrad-type algorithm in order to relax the bounded noise assumption.
Perhaps due to the lower bounds in [Zhang et al., 2019, Wang et al., 2022], all the above
works study methods with an adaptive stepsize. In this thesis, we further generalize the
smoothness condition and analyze various methods under this condition through bounding

the gradients along the trajectory.

Convergence of Adam. Adam was first proposed by Kingma and Ba [2014] with a
theoretical convergence guarantee for convex functions. However, Reddi et al. [2018] found a
gap in the proof of this convergence analysis, and also constructed counter-examples for a

range of hyper-parameters on which Adam does not converge. That being said, the counter-
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examples depend on the hyper-parameters of Adam, i.e., they are constructed after picking
the hyper-parameters. Therefore, it does not rule out the possibility of obtaining convergence
guarantees for problem-dependent hyper-parameters, as also pointed out by [Shi et al., 2021,
Zhang et al., 2022].

Many recent works have developed convergence analyses of Adam with various assumptions
and hyper-parameter choices. Zhou et al. [2018b] show Adam with certain hyper-parameters
can work on the counter-examples of [Reddi et al., 2018]. De et al. [2018] prove convergence
for general non-convex functions assuming gradients are bounded and the signs of stochastic
gradients are the same along the trajectory. The analysis in [D’efossez et al., 2020] also
relies on the bounded gradient assumption. Guo et al. [2021] assume the adaptive stepsize is
upper and lower bounded by two constants, which is not necessarily satisfied unless assuming
bounded gradients or considering the AdaBound variant [Luo et al., 2019]. [Zhang et al.,
2022, Wang et al., 2022| consider very weak assumptions. However, they show either 1)
“convergence” only to some neighborhood of stationary points with a constant radius, unless
assuming the strong growth condition; or 2) convergence to stationary points but with a
slower rate. In a concurrent work [Wang et al., 2023], the authors show the convergence of
Adam without assuming strong conditions like bounded gradients. They also consider the
bounded varaince assumption on the gradient noise, weaker than our sub-Gaussian noise
condition. However, their convergence rate is dimendion-dependent and only considers the

standard smoothness condition.

Benefit of adaptivity. Some recent works attempt to provide explanations on why adaptive
methods outperform SGD for machine learning tasks like training transformers. For example,
[Zhang et al., 2019, Wang et al., 2022] study the (Lo, L, )-smoothness condition motivated by
language model experiments, and claim this condition can theoretically explain the benefit
of adaptivity based on their convergence results. However, their claims are undermined by

our convergence results of GD/SGD in Chapter 3, which will be discussed in more detail
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in Section 3.2.3. [Ahn et al., 2024] studies the framework called online learning of updates
and connects both SGD and Adam to well-known online learning methods to understand
why Adam is better than SGD. [Zhang et al., 2020b] provides both empirical and theoretical
evidence that heavy-tailed noise distribution may be one cause of the poor performance
of SGD, which they show can be improved with gradient clipping. [Kunstner et al., 2024]
empirically shows heavy-tailed class imbalance may lead to difficulty in optimization, which
they believe can be counteracted by the normalization used in Adam. [Jiang et al., 2023]
shows that adaptive methods bias their trajectories towards regions with a smaller condition
number defined in their paper. [Zhang et al., 2024] empirically observe block heterogeneity
in the Hessian spectrum of training transformers, and provide evidence showing this may
be the reason why SGD performs worse. Finally, [Pan and Li, 2023] empirically shows that
adaptive methods like Adam may have a smaller directional smoothness, which may lead to

faster convergence. It also motivates our work shown in Chapter 5.

Variants of Adam. After Reddi et al. [2018] pointed out the non-convergence issue with
Adam, various variants of Adam that can be proved to converge were proposed [Zou et al.,
2018, Gadat and Gavra, 2022, Chen et al., 2018, 2022, Luo et al., 2019, Zhou et al., 2018b].
For example, AMSGrad [Reddi et al., 2018] and AdaFom [Chen et al., 2018] modify the
second order momentum so that it is non-decreasing. AdaBound [Luo et al., 2019] explicitly
imposes upper and lower bounds on the second order momentum so that the stepsize is also
bounded. AdaShift [Zhou et al., 2018b] uses a new estimate of the second order momentum
to correct the bias. There are also some works [Zhou et al., 2018a, Gadat and Gavra, 2022,
liduka, 2023] that provide convergence guarantees of these variants. One closely related work
to ours is [Wang and Klabjan, 2022], which considers a variance-reduced version of Adam by
combining Adam and SVRG [Johnson and Zhang, 2013]. However, they assume bounded

gradients and can only get an asymptotic convergence in the non-convex setting.

24



Variance reduction methods. The technique of variance reduction was introduced to
accelerate convex optimization in the finite-sum setting [Roux et al., 2012, Johnson and Zhang,
2013, Shalev-Shwartz and Zhang, 2013, Mairal, 2013, Defazio et al., 2014]. Later, many
works studied variance-reduced methods in the non-convex setting and obtained improved
convergence rates for standard smooth functions. For example, SVRG and SCSG improve the
O(e~*) gradient complexity of stochastic gradient descent (SGD) to O(¢~'%/3) [Allen-Zhu and
Hazan, 2016, Reddi et al., 2016, Lei et al., 2017]. Many new variance reduction methods [Fang
et al., 2018, Tran-Dinh et al., 2019, Liu et al., 2020, Li et al., 2021, Cutkosky and Orabona,
2019, Liu et al., 2023] were later proposed to further improve the complexity to O(e~?), which
is optimal and matches the lower bound in [Arjevani et al., 2023]. Recently, [Reisizadeh et al.,
2023, Chen et al., 2023] obtained the O(e~3) complexity for the more general (Lg, L;)-smooth
functions. Our variance-reduced Adam is motivated by the STORM algorithm proposed by
[Cutkosky and Orabona, 2019], where an additional term is added in the momentum update

to correct the bias and reduce the variance.

1.3 Preliminaries

Notation. For any given vector x, we use zj; to denote its i-th coordinate and z*, /,
|z| to denote its coordinate-wise square, square root, and absolute value respectively. For
any two vectors x and y, we use x ® y and z/y to denote their coordinate-wise product and
quotient respectively. We also write x <y or z > y to denote the coordinate-wise inequality
between x and y, which means z}; < yj; or z;) > yj; for each coordinate index 7 respectively.
Similarly, for any scalar a and vector x, the coordinate-wise inequality * < a or & > a means
xp; < a or x> a for each coordinate index ¢ respectively.

For any real-valued function f, we use dom(f) to denote its domain. We also use B(z, R)
to denote the Euclidean ball with radius R > 0 centered at point . Let ||-|| denote the ¢y

norm of a vector or spectral norm of a matrix. We also use [|-||; and ||-||, to denote the ¢; and
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l, norms of a vector respectively. For any positive semi-definite matrix A and vector z, we
denote ||z|| , := V2T Az as the weighted norm of x with respect to A. For two symmetric real
matrices A and B, wesay A < Bor A »= Bif B— A or A— B is positive semi-definite (PSD).
For any vector z, we use diag(z) to denote the diagonal matrix whose principle diagonal
entries are the coordinates of x. Given two real numbers a,b € R, we denote aAb := min{a, b}
for simplicity. Finally, we use O(-), ©(-), and §(+) for the standard big-O, big-Theta, and

big-Omega notation, with O(-), ©(-), and Q(-) further hiding logarithmic factors.

1.3.1 Standard assumptions on the objective function

Next, we present the following two standard assumptions in the literature of unconstrained

optimization. These will be assumed throughout Chapters 3, 4 and 5.

Assumption 1.1. The objective function f is differentiable and closed within its open

domain X.

Assumption 1.2. The objective function f is bounded from below, i.e., f* :=inf,cx f(z) >

—0OQ.

A function f is said to be closed if its sub-level set {x € dom(f) | f(z) < a} is closed for
each a € R. A continuous function f with an open domain is closed if and only f(z) tends
to positive infinity when z approaches the boundary of its domain [Boyd and Vandenberghe,
2004]. Assumption 1.1 is necessary for our analysis to ensure that the iterates of a method with
a reasonably small stepsize stays within the domain X. Note that for X = R? considered in
most unconstrained optimization papers, the assumption is trivially satisfied as all continuous
functions over R? are closed. We consider a more general domain which may not be the
whole space because that is the case for some interesting examples in our generalized function
class of interest (see Section 2.3). However, it actually brings us some additional technical
difficulties especially in the stochastic setting, as we need to make sure the iterates do not go

outside of the domain.
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Chapter 2

Generalized smoothness

In this chapter, we formally define the generalized smoothness condition, presenting its
properties and examples. In Section 2.1, we introduce two equivalent definitions of the
generalized smoothness condition, termed f-smoothness and (r, £)-smoothness, respectively.
The (7, £)-smoothness definition represents a local smoothness condition, which we will utilize
to derive useful properties for the convergence analysis under our generalized smoothness
conditions in Section 2.2. These properties will be extensively applied in our analyses of
classical methods and Adam in Chapters 3 and 4. Conversely, the /-smoothness definition is
intuitive and mathematically straightforward. We will employ it to explore several interesting
examples in Section 2.3. For all lemmas and propositions in this chapter, we present only

their statements and defer the proofs to Appendix A.

2.1 Definitions

Definitions 1 and 2 below are two equivalent ways of stating the definition, where we use

B(z, R) to denote the Euclidean ball with radius R centered at .

Definition 1 (/-smoothness). A real-valued differentiable function f : X — R is f-smooth for

some non-decreasing continuous function ¢ : [0, +00) — (0, +o00) if | V2f(x)|| < L(||V f(2)])
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almost everywhere (with respect to the Lebesgue measure) in X'.

Remark 2.1.1. Definition 1 reduces to the classical L-smoothness when ¢ = L is a constant
function. It reduces to the (Lo, L;)-smoothness proposed in [Zhang et al., 2019] when

l(u) = Lo+ Lyu is an affine function.

Definition 2 ((r,¢)-smoothness). A real-valued differentiable function f : X — R is (r,{)-
smooth for continuous functions r, ¢ : [0,4+00) — (0,+00) where ¢ is non-decreasing and

r is non-increasing, if it satisfies 1) for any = € X, B(z,r(||Vf(x)|])) C &, and 2) for any
1,29 € B, r([[Vf(2)])), IV (1) = V@)l < LAV @) - N1 — 2]

The requirements that ¢ is non-decreasing and r is non-increasing do not cause much
loss in generality. If these conditions are not satisfied, one can replace ¢ and r with the
non-increasing function 7(u) := info<y<, 7(v) < r(u) and non-decreasing function f(u) :=
SUPg<y<y £(v) > £(u) in Definitions 1 and 2. Then the only requirement is 7 > 0 and { < 0.

Next, we prove that the above two definitions are equivalent in the following important

proposition, whose proof is involved and deferred to Appendix A.2.

Proposition 2.1.2. An (r,£)-smooth function is (-smooth; and a closed -smooth function
over an open domain is (r,m)-smooth where m(u) := €(u + a) and r(u) := a/m(u) for any

a > 0.

The condition in Definition 1 is simple and one can easily check whether it is satisfied for
a given example function. On the other hand, Definition 2 is a local Lipschitz condition on
the gradient that is harder to verify. However, it is useful for deriving several useful properties

in the next section.

2.2 Properties

First, we provide the following lemma which is very useful in our analyses of most methods

considered in this thesis. Its proof is deferred to Appendix A.3.
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Lemma 2.2.1. If f is (r,{)-smooth, for any x € X satisfying |V f(z)|| < G, we have 1)
B(z,r(G)) C X, and 2) for any x1,z2 € B(x,r(G)),

IV f (1) =V f(@2) | S L[|z — ] f($1)§f($2)+<vf($2),I1—$2>+§||SC1—$2||2, (2.1)

where L := ((QG) is the effective smoothness constant.

Remark 2.2.2. Since we have shown the equivalence between (-smoothness and (r,/)-
smoothness, Lemma 2.2.1 also applies to f-smooth functions, for which we have L = ((2G)

and r(G) = G/ L if choosing a = G in Proposition 2.1.2.

Lemma 2.2.1 states that, if the gradient at x is bounded by some constant G, then
within its neighborhood with a constant radius, we can obtain (2.1), the same inequalities
that were derived in the textbook analysis [Nesterov, 2003] under the standard Lipschitz
smoothness condition. With (2.1), the analysis for generalized smoothness is not much harder
than that for standard smoothness. Since we mostly choose x = 29 = z; and xy = x4, in
the analysis, in order to apply Lemma 2.2.1, we need two conditions: ||V f(z;)|| < G and
|zii1 — 2¢]] < r(G) for some constant G. The latter is usually directly implied by the former
for most deterministic methods with a small enough stepsize, and the former can be obtained
with our new approach that bounds the gradients along the trajectory.

With Lemma 2.2.1, we can derive the following useful lemma which is the reverse direction

of a generalized Polyak-Lojasiewicz (PL) inequality, whose proof is deferred to Appendix A.3.

Lemma 2.2.3. If f is (-smooth satisfying Assumption 1.1, then ||V f(x)||> < 202 ||V f(z)|)) -

(f(x) —inf, f(x)) for any z € X.

Lemma 2.2.3 provides an inequality involving the gradient norm and the sub-optimality
gap. For example, when ¢(u) = u” for some 0 < p < 2, this lemma suggests ||V f(z)| <
O (( f(z) — f9Y (2”))), which means the gradient norm is bounded whenever the function
value is bounded. The following corollary provides a more formal statement for general

sub-quadratic £ (i.e., lim, . £(u)/u* = 0), and we defer its proof to Appendix A.3.
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Corollary 2.2.4. Suppose f is {-smooth satisfying Assumption 1.1 and 1.2 where £ is sub-
quadratic. If f(x) —inf, f(z) < F for some x € X and F > 0, denoting G := sup{u > 0 |
u? < 20(2u) - F}, then they satisfy G* = 20(2G) - F and we have |V f(z)|| < G < co.

Therefore, in order to bound the gradients along the trajectory as we discussed below

Lemma 2.2.1, it suffices to bound the function values, which is usually easier.

2.3 Examples

The most important subset of ¢-smooth (or (r, ¢)-smooth) functions are those with a polyno-

mial ¢, and can be characterized by the (p, Lo, L,)-smooth function class defined below.

Definition 3 ((p, Lo, L,)-smoothness). A real-valued differentiable function f is (p, Lo, L,)-

smooth for constants p, Lo, L, > 0 if it is -smooth with ¢(u) = Lo + L,u”.

Definition 3 reduces to the standard Lipschitz smoothness condition when p =0or L, =0
and to the (L, L1)-smoothness proposed in [Zhang et al., 2019] when p = 1. We list several
univariate examples of (p, Ly, L,)-smooth functions for different ps in Table 2.1 with their
rigorous justifications in Appendix A.1. Note that when = goes to infinity, polynomial and
exponential functions corresponding to p = 1 grow much faster than quadratic functions
corresponding to p = 0 . Rational and logarithmic functions for p > 1 grow even faster as
they can blow up to infinity near finite points. Note that the domains of such functions
are not R%, which is why we consider a general open domain X instead of simply assuming
X =R9

Aside from logarithmic functions, the (2, Lo, Ls)-smooth function class also includes other
univariate self-concordant functions. This is an important function class in the analysis of
Interior Point Methods and coordinate-free analysis of the Newton method [Nesterov, 2003].
More specifically, a convex function h : R — R is self-concordant if |h"(x)| < 2h"(x)3/? for all

x € R. Formally, we have the following proposition whose proof is deferred to Appendix A.1.
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Table 2.1: Examples of univariate (p, Lo, L,) smooth functions for different ps. The parameters
a, b, p are real numbers (not necessarily integers) satisfying a,b > 1 and p <1 or p > 2. We
use 11 to denote any real number slightly larger than 1.

—2

p 0 1 11t 1.5 2 -
Examples Quadratic Polynomial a® a®) Rational Logarithmic a?

3

iS]
—_

Proposition 2.3.1. If h: R — R is a self-concordant function satisfying h"(z) > 0 over the

interval (a,b), then h restricted on (a,b) is (2, Lo, 2)-smooth for some Ly > 0.
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Chapter 3

Convergence of classical methods

In this chapter, we analyze the convergence of classical methods in both convex and non-
convex settings under the generalized ¢-smoothness condition introduced in Chapter 2.
Section 3.1 details the analysis approach and convergence results of gradient descent (GD)
and Nesterov’s accelerated gradient method (NAG) in convex and strongly convex settings.
Then in Section 3.2, we present the results for gradient descent (GD) and stochastic gradient
descent (SGD) in the non-convex setting. All the results recover the classical convergence
rates under the standard Lipschitz smoothness condition up to constant factors, where NAG is
optimal in the convex setting, and GD or SGD achieves the optimal rate in the deterministic
or stochastic non-convex setting. We have no additional requirement on ¢ for GD in the
convex setting but require £ to be sub-quadratic in all other cases. For GD/SGD in the
non-convex setting, we are able to show such a requirement is necessary by providing an
exponential lower bound on the iteration complexity when ¢ is not sub-quadratic. However,
it is not clear whether it is also necessary for NAG in the convex setting. See Table 1.1 for a
summary of their convergence rates.

Notably, we are considering non-adaptive or constant-stepsize GD/SGD unlike in most
existing works on generalized smoothness. Our results challenge the folklore belief on the

necessity of adaptive stepsize for generalized smooth functions. In addition, we also relax the
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assumption of bounded noise to the weaker one of bounded variance of noise in the stochastic

setting with the simple SGD method. See Section 1.2 for detailed discussions.

3.1 Convex setting

In this section, we present the convergence results of gradient descent (GD) and Nesterov’s
accelerated gradient method (NAG) in the convex setting. Formally, we define convexity as

follows.

Definition 4. A real-valued differentiable function f : X — R is p-strongly-convex for p > 0
if X is a convex set and f(y) — f(z) > <Vf(x),y — x> + 5y — z||* for any z,y € X. A

function is convex if it is p-strongly-convex with p = 0.

We assume the existence of a global optimal point x* throughout this section, as in the
following assumption. However, we want to note that, for gradient descent, this assumption

is just for simplicity rather than necessary.

Assumption 3.1. There exists a point * € X’ such that f(z*) = f* = inf,cr f(2).

3.1.1 Gradient descent

The gradient descent method with a constant stepsize n is defined via the following update

rule

T =2 — NV f(xy). (3.1)

As discussed below Lemma 2.2.1, the key in the convergence analysis is to show |V f(z,)]| < G
for all t > 0 and some constant G. We will prove it by induction relying on the following

lemma whose proof is deferred to Appendix B.1.
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Lemma 3.1.1. For any © € X satisfying |V f(2)|| < G, define ™ := x —nVf(x). If f

is convex and (r,l)-smooth, and n < min{ﬁ, rég)}, we have T € X and ||V f(zT)| <

IVf()ll <G.

Lemma 3.1.1 suggests that for gradient descent (3.1) with a small enough stepsize, if
the gradient norm at x; is bounded by G, then we have |V f(z1)]] < [[Vf(ze)|| < G, i.e.,
the gradient norm is also bounded by G at t + 1. In other words, the gradient norm is
indeed a non-increasing potential function for gradient descent in the convex setting. With
a standard induction argument, we can show that |V f(z,)|| < [|[Vf(zo)]| for all t > 0. As
discussed below Lemma 2.2.1, then we can basically apply the classical analysis to obtain
the convergence guarantee in the convex setting as in the following theorem, whose proof is

deferred to Appendix B.1.

Theorem 3.1.2. Suppose f is conver and (r,{)-smooth satisfying Assump-
tions 1.1, 1.2, and 3.1. Denote G = ||[Vf(xo)|| and L = ((G), then the iterates

generated by (3.1) with n < min {%, Tég)} satisfy ||V f(z:)|| < G for allt >0 and

o llzo—a*|”
TT) — < —.
flar) = < T

Since 7 is a constant independent of € or 7', Theorem 3.1.2 achieves the classical O(1/T")
rate, or O(1/¢) gradient complexity to achieve an e-sub-optimal point, under the generalized
smoothness condition. Since strongly convex functions are a subset of convex functions,
Lemma 3.1.1 still holds for them. Then we immediately obtain the following result in the

strongly convex setting, whose proof is deferred to Appendix B.1.

Theorem 3.1.3. Suppose f is p-strongly-convexr and (r,l)-smooth satisfying Assump-

tions 1.1, 1.2, and 3.1. Denote G := ||V f(x0)|| and L := ¢(G), then the iterates generated by

(3.1) with n < min {%, TQ(g)} satisfy ||V f(z:)|| < G for allt >0 and

e p(L—mp)®
fler) = f SQ(l—(l—nu)T) 2o [
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Theorem 3.1.3 gives a linear convergence rate and the O((nu) ' log(1/¢)) gradient com-
. . . . . T(G) o 1
plexity to achieve an e-sub-optimal point. Note that for -smooth functions, we have =7~ = +
(see Remark 2.2.2), which means we can choose = 5-. Then we obtain the O(x log(1/¢))

rate, where k := L/p is the local condition number around the initial point z,. For standard

Lipschitz smooth functions, it reduces to the classical rate of gradient descent.

3.1.2 Nesterov’s accelerated gradient method

Algorithm 1 Nesterov’s accelerated gradient method (NAG)
1: Input: A convex and /-smooth function f, stepsize 7, initial point xg
2: Initialize zy = 2o, By = 0, and Ay = 1/7.
3: for t=0,... do
4: Bt+1=Bt+§(1+\/W)
: A1 = By +1/n

5

6: Y=+ (1 — A/ Arr) (20 — x4)
T Tir1 =Y — NV f(ye)

8: zep1r = ze — (A — AV f (0e)
9: end for

In the case of convex and standard Lipschitz smooth functions, it is well known that
Nesterov’s accelerated gradient method (NAG) achieves the optimal O(1/T?) rate. In this
section, we show that under the f-smoothness condition with a sub-quadratic ¢, the optimal
O(1/T?) rate can be achieved by a slightly modified version of NAG shown in Algorithm 1,
the only difference between which and the classical NAG is that the latter directly sets
Ayi1 = Byyq in Line 4. Formally, we have the following theorem, whose proof is deferred to

Appendix B.2.

Theorem 3.1.4. Suppose [ is conver and (-smooth satisfying Assumptions 1.1, 1.2, and 3.1
where ( is sub-quadratic. — Then there always exists a constant G satisfying G >

max {8\/@(2G)((f(x0) — ) + [z — z*]%), HVf(a:O)H} . Denote L := ((2G) and choose
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7 < min {16%, i} The iterates generated by Algorithm 1 satisfy

A(f (o) = ) + 4 flwo — 27|”

fler) — f7 < 7% 4 4

It is easy to note that Theorem 3.1.4 achieves the accelerated O(1/T?) convergence rate,
or equivalently the O(1/4/€) gradient complexity to find an e-sub-optimal point, which is
optimal among gradient-based methods [Nesterov, 2003].

In order to prove Theorem 3.1.4, we also use induction to show the gradients along the
trajectory of Algorithm 1 are bounded by G. However, unlike gradient descent, the gradient
norm is no longer a potential function or monotonically non-increasing, which makes the
induction analysis more challenging. Suppose that we have shown ||V f(ys)|| < G for s < t.
To complete the induction, it suffices to prove |V f(y:)|| < G. Since x; = yi—1 — NV f(y—1) is
a gradient descent step by Line 6 of Algorithm 1, Lemma 3.1.1 directly shows ||V f(z:)]| < G.
In order to also bound ||V f(y;)||, we try to control ||y; — x||, which is the most challenging
part of our proof. Since y; — x; can be expressed as a linear combination of past gradients
{V f(ys)}s<t, it might grow linearly with ¢ if we simply apply [V f(ys)|| < G for s < t.
Fortunately, Lemma 2.2.3 allows us to control the gradient norm with the function value.
Thus if the function value is decreasing sufficiently fast, which can be shown by following
the standard Lyapunov analysis of NAG, we are able to obtain a good enough bound on
|V f(ys)|| for s < t, which allows us to control |y — z¢||]. We defer the detailed proof to
Appendix B.2.

Note that Theorem 3.1.4 requires a smaller stepsize n = O(1/L?), compared to the
classical O(1/L) stepsize for standard Lipschitz smooth functions. The reason is we require a
small enough stepsize to get a good enough bound on ||y; — x¢||. However, if the function
is further assumed to be f-smooth with a sub-linear ¢, the requirement of stepsize can be
relaxed to n = O(1/L), similar to the classical requirement. See Appendix B.2 for the details.

In the strongly convex setting, we can also prove convergence of NAG with different

37



{A;}+>0 parameters when f is f-smooth with a sub-quadratic ¢, or (p, Lo, L,)-smooth with
p < 2. The rate can be further improved when p becomes smaller. However, since the
constants G and L are different for GD and NAG, it is not clear whether the rate of NAG is
faster than that of GD in the strongly convex setting. We will present the detailed result and

analysis in Appendix B.3.

3.2 Non-convex setting

In this section, we present convergence results of gradient descent (GD) and stochastic

gradient descent (SGD) in the non-convex setting.

3.2.1 Gradient descent

Similar to the convex setting, we still want to bound the gradients along the trajectory.
However, in the non-convex setting, the gradient norm is not necessarily non-increasing.
Fortunately, similar to the classical analyses, the function value is still non-increasing and
thus a potential function, as formally shown in the following lemma, whose proof is deferred

to Appendix B.4.

Lemma 3.2.1. Suppose f is (-smooth satisfying Assumptions 1.1 and 1.2 where £ is sub-
quadratic. For any given F >0, let G :=sup{u > 0| u? < 2((2u) - F'} and L := ((2G). For
any © € X satisfying f(x) — f* < F, define o™ := x — nV f(x) where n < 2/L, we have
zt e X and f(zh) < f(x).

Then using a standard induction argument, we can show f(x;) < f(xg) for all ¢ > 0.
According to Corollary 2.2.4, it implies bounded gradients along the trajectory. Therefore, we
can show convergence of gradient descent as in the following theorem, whose proof is deferred

to Appendix B.4.
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Theorem 3.2.2. Suppose f is {-smooth satisfying Assumptions 1.1 and 1.2 where { is sub-
quadratic. Let G := sup{u >0 | u? < 20(2u) - (f(zo) — f*)} and L := ((2G). Ifn < 1/L,

the iterates generated by (3.1) satisfy ||V f(z:)|| < G for allt > 0 and

LS 19 s 2 = L),

t<T n

It is clear that Theorem 3.2.2 gives the classical O(1/¢?) gradient complexity to achieve an

e-stationary point, which is optimal as it matches the lower bound in [Carmon et al., 2017].

3.2.2 Stochastic gradient descent

In this part, we present the convergence result for stochastic gradient descent defined as

follows.

Ti41 = Tt — va(l'ty 515)7 (3‘2)

where V f(zy, &) is an estimate of the gradient V f(x;) parametrized by the random variable &.

We consider the following standard assumption on the gradient noise €; := V f(x, &) — V f ().

Assumption 3.2. E;, ;[¢] = 0 and E;_4 [HetHz} < ¢? for some o > 0, where E,_; denotes

the expectation conditioned on {&}s<;.
Under Assumption 3.2, we can obtain the following theorem.

Theorem 3.2.3. Suppose f is {-smooth satisfying Assumptions 1.1, 1.2, and 3.2 where

¢ is sub-quadratic. For any 0 < § < 1, we denote F' := 8(f(xo) — f*+ 0)/0 and G =

sup{u > 0 | u* < 20(2u) - F} < oo. Denote L := ((2G) and choose n < min {i, 16522F} and

n—g <T< ﬁ for any € > 0. Then with probability at least 1 — 0, the iterates generated by

(3.2) satisfy |V f(x)|| < G forallt <T and

Vi@ <

t<T
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As we choose n = O(1/+/T), Theorem 3.2.3 gives the classical O(1/€*) gradient complexity,
where we ignore non-leading terms. This rate is optimal as it matches the lower bound
in [Arjevani et al., 2023]. The key to its proof is again to bound the gradients along the
trajectory. However, bounding gradients in the stochastic setting is much more challenging
than in the deterministic setting, especially with the heavy-tailed noise in Assumption 3.2.
We briefly discuss some of the challenges as well as our approach below and defer the detailed
proof of Theorem 3.2.3 to Appendix B.5.

First, due to the existence of heavy-tailed gradient noise as considered in Assumption 3.2,
neither the gradient nor the function values is non-increasing. The induction analyses we
have used in the deterministic setting hardly work. In addition, to apply Lemma 2.2.1, we
need to control the update at each step and make sure ||z, — z¢|| = ||V f(x,&)|| < G/L.
However, V f(x;, &) might be unbounded due to the potentially unbounded gradient noise.

To overcome these challenges, we define the following random variable 7.

T1 :mln{t ’ f(fﬂtJrl) - f* > F} N T,

G
lle|l > } AT, (3.3)

Ty :=min {t 5L

T :=min{7y, 12},

where we use a A b to denote min{a, b} for any a,b € R. Then at least before time 7, we
know that the function value and gradient noise are bounded, where the former also implies
bounded gradients according to Corollary 2.2.4. Therefore, it suffices to show the probability
of 7 < T is small, which means with a high probability, 7 = T" and thus gradients are always
bounded before T'.

Since both the gradient and noise are bounded for ¢t < 7, it is straightforward to bound the
update ||x;41 — ||, which allows us to use Lemma 2.2.1 and other useful properties. However,
it is still non-trivial to upper bound E[f(x,) — f*] as 7 is a random variable instead of a

fixed time step. Fortunately, 7 is a stopping time with nice properties. That is because both
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f(xes1) and €, = V (2, &) — Vf(2y) only depend on {&}s<s, i.e., the stochastic gradients
up to t. Therefore, for any fixed ¢, the events {7 > ¢} only depend on {&;}s<;, which show 7
is a stopping time. Then with a careful analysis, we are still able to obtain an upper bound
on E[f(z;) = f*] = O(1).

On the other hand, 7 < T means either =7 <T orT =1 <T. If =7 <T, by its
definition, we know f(x,.1) — f* > F. Roughly speaking, it also suggests f(z,) — f* > F/2.
If we choose F' such that it is much larger than the upper bound on E[f(x,) — f*] we just
obtained, by Markov’s inequality, we can show the probability of 7 = 71 < T is small. In
addition, by union bound and Chebyshev’s inequality, the probability of 7, < T can also be
bounded by a small constant. Therefore, we have shown 7 < T is unlikely. Then the rest of

the analysis is not too hard following the classical analysis.

3.2.3 Reconciliation with existing lower bounds

In this section, we reconcile our convergence results for constant-stepsize GD/SGD in the
non-convex setting with existing lower bounds in [Zhang et al., 2019] and [Wang et al., 2022],
based on which the authors claim that adaptive methods such as GD/SGD with clipping
and Adam are provably faster than non-adaptive GD/SGD. This may seem to contradict
our convergence results. In fact, we show that any gain in adaptive methods is at most by
constant factors, as GD and SGD already achieve the optimal rates in the non-convex setting.

[Zhang et al., 2019] provides both upper and lower complexity bounds for constant-stepsize

GD for (L, L1)-smooth functions, and shows that its complexity is O(Me~?2), where

M = sup{[[Vf(2)[ | f(z) < f(z0)}

is the supremum gradient norm below the level set of the initial function value. If M is very
large, then the O(Me~?) complexity can be viewed as a negative result, and as evidence that

constant-stepsize GD can be slower than GD with gradient clipping, since in the latter case,
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they obtain the O(e~?) complexity without M. However, based on our Corollary 2.2.4, their
M can be actually bounded by our G, which is a constant. Therefore, the gain in adaptive
methods is at most by constant factors.

[Wang et al., 2022] further provides a lower bound which shows non-adaptive GD may
diverge for some examples. However, their counter-example does not allow the stepsize
to depend on the initial sub-optimality gap. In contrast, our stepsize 1 depends on the
effective smoothness constant L, which depends on the initial sub-optimality gap through G.
Therefore, there is no contradiction here either. We should point out that in the practice
of training neural networks, the stepsize is usually tuned after fixing the loss function and

initialization, so it does depend on the problem instance and initialization.

3.2.4 Lower bound

For (p, Lo, L,)-smooth functions with p < 2, it is easy to verify that the constant G' in both
Theorem 3.2.2 and Theorem 3.2.3 is a polynomial function of problem-dependent parameters
like Lo, L,, f(zo) — f*, 0, etc. In other words, GD and SGD are provably efficient methods
in the non-convex setting for p < 2. In this section, we show that the requirement of
p < 2 is necessary in the non-convex setting with the lower bound for GD in the following
Theorem 3.2.4, whose proof is deferred in Appendix B.6. Since SGD reduces to GD when

there is no gradient noise, it is also a lower bound for SGD.

Theorem 3.2.4. Given Ly, Ly, Go, Ag > 0 satisfying Loy > 10, for any n > 0, there exists
a (2, Lo, Ly)-smooth function f that satisfies Assumptions 1.1 and 1.2, and initial point x
that satisfies ||V f(zo)|| < Go and f(xg) — f* < Ao, such that gradient descent with stepsize
n (3.1) either cannot reach a 1-stationary point or takes at least exp(LaAo/8)/6 steps to

reach a 1-stationary point.

42



Chapter 4

Convergence of Adam

In this chapter, we analyze the convergence of Adam under our generalized smoothness
condition presented in Chapter 2 in the stochastic non-convex setting.

First, in Section 4.1, we introduce the Adam algorithm and present the key assumptions in
our analysis. In particular, we consider the (p, Lo, L,)-smoothness condition with 0 < p < 2
defined in Definition 3. It is essentially very similar to assuming ¢-smoothness with a sub-
quadratic ¢, but can better characterize the dependence on p in our results. We need to
impose a stronger assumption on the gradient noise for Adam compared to that for SGD
in Chapter 3 due to additional technical difficulties in the analysis of Adam. In particular,
we assume the gradient noise has sub-Gaussian norm, which is stronger than the bounded
variance assumption we considered for SGD.

Next, we present the convergence results of Adam in Section 4.2. We can obtain the
@(6’4) gradient complexity as in existing analyses of Adam, under relaxed assumptions.
However, since we consider a stronger noise condition than that in the lower bound [Arjevani
et al., 2023], it is not clear whether the complexity is optimal or not. Also note that it is not
better than that of SGD as the latter is optimal, although Adam outperforms SGD in many
deep learning applications like training transformers. We will revisit this gap between theory

and practice in Chapter 5.
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In Section 4.3, we briefly discuss our analysis approach, bounding gradients along the
optimization trajectory. As a warm-up, we show the analysis in detail in the simple deter-
ministic setting to better illustrate our approach. Then we also talk about how to extend the
analysis to the stochastic setting.

Finally, in Section 4.4, we proposed a variance-reduced version of Adam which we call
VRAdam, inspired by the STORM algorithm in [Cutkosky and Orabona, 2019]. Under
stronger assumptions, we are able to obtain an accelerated gradient complexity of O(e™3).
We also present the formal convergence guarantee and discuss how we analyze its convergence

in this section.

4.1 Preliminaries

In what follows below, we provide necessary preliminaries for this chapter, including the
formal definition of the Adam algorithm and required assumptions for our convergence

analysis.

4.1.1 Description of the Adam algorithm

Algorithm 2 Adam
1: Input: B, Bsq, 7, A\, T', Tinit
2: Initialize my = v9 = 0 and x; = Tinit
3 fort=1,---,T do
4: Draw a new sample & and perform the following updates

5: my = (1 — B)my_1 + BV f (241, &)

6: vp = (1 = Boq)Vi—1 + Bsq(V f (21, &))?
7 mgy = 1_(Ti )

8: @t — 71—(1?,35(1)’5

9: $t+1:$t—ﬁ®mt

10: end for

The formal definition of Adam proposed in [Kingma and Ba, 2014] is shown in Algorithm 2.

Lines 5-9 describe the update rule of iterates {z; }1<;<r where all the operators are coordinate-
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wise. Lines 56 are the updates for the first and second order momentum, m; and vy,
respectively. In Lines 7-8, they are re-scaled to m; and ?; in order to correct the initialization
bias due to setting my = vg = 0. Then the iterate is updated by x;11 = x; — hy © m; where
hs = n/(v/0; + A) is the adaptive stepsize vector for some parameters 7 and A. Note that the
algorithm starts at time ¢ = 1 instead of ¢ = 0 as in the classial methods in Chapter 3 for
convenience.

The bias correction steps in Lines 7-8 make Algorithm 2 a bit complicated for analysis.

In the following proposition, we provide an equivalent yet simpler update rule of Adam.

ﬁsq

Tt Then the update rule in

sq __
:and o =

Proposition 4.1.1. Denote oy = ﬁ

Algorithm 2 is equivalent to

my = (1 — ap)my—1 + oV f(x, &),

0 = (1= "o + & (V f (1, 6))%, (4.1)

where initially we set my = V f(x1,&) and 9 = (Vf(x1,&))%. Note that since 1 — oy =

1 —aj" =0, there is no need to define 1y and ¥y.

Proof of Proposition 4.1.1. Denote Z; = 1—(1—/3)". Then we know ay = 3/Z; and m; = Z1h.

By the momentum update rule in Algorithm 2, we have
Zynyg = (1 = B)Z_1iy—1 + BV f(24,&).

Note that Z; satisfies the following property

(1=8)Z1=1-—-(1—-p)=2—8.
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Then we have

N s
my = tZt 'mt—l‘f'z'vf(ftaft)
=(1 — )11 + 'V f (24, &)
Next, we verify the initial condition. By Algorithm 2, since we set my = 0, we have

my = BV f(x1,&). Therefore we have g = my/Z; = Vf(x1,&) since Z; = B. Then the

proof is completed by applying the same analysis on v; and ¥;. O

4.1.2 Assumptions

Next, we state our main assumptions for the analysis of Adam. First, we still require
Assumptions 1.1 and 1.2, the two standard assumptions on the objective function. Besides
these, the only additional assumption we make regarding the objective function is the
(-smoothness condition with a sub-quadratic ¢. In particular, we consider the (p, Lo, L,)-
smoothness condition in Definition 3 with 0 < p < 2 to explicitly show the dependence on p

in the analysis. We state the assumption below for convenience.
Assumption 4.1. The objective function f is (p, Lo, L,)-smooth with 0 < p < 2.

In addition, we consider one of the following two assumptions on the stochastic gradient

V f(z,&) in our analysis of Adam.

Assumption 4.2. The gradient noise is centered and almost surely bounded. In particular,

for some ¢ > 0 and all £t > 1,

B a[Vf (@, &) = Vi), Vf(2,&) = V(z)] <o, as.,

where E;_1[-] :=E[-|&,...,&-1] is the conditional expectation given &,...,& .
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Assumption 4.3. The gradient noise is centered with sub-Gaussian norm. In particular, for

some R >0andall t > 1,
B 1[Vf(2,&)] = VI (xe), Peoa (IVF(@e.&) — V()| > 5) < 2732, Vs €R,

where B, 1[-] :=E[-[&,...,& 1] and Py_q[-] :=P[-|&,...,& 1] are the conditional expec-

tation and probability given &;,...,& 1.

Assumption 4.3 is strictly weaker than Assumption 4.2 since an almost surely bounded
random variable clearly has sub-Gaussian norm, but it results in a slightly worse convergece
rate up to poly-log factors (see Theorems 4.2.1 and 4.2.2). Both of them are stronger than
the most standard bounded variance assumption E[||V f(x, &) — V.f(2,)||] < o2 for some
o > 0, although Assumption 4.2 is actually a common assumption in existing analyses under
the (Lo, L1)-smoothness condition (see e.g. [Zhang et al., 2019, 2020a]). The extension to the
bounded variance assumption is challenging and a very interesting future work as it is also
the assumption considered in the lower bound [Arjevani et al., 2023]. We suspect that such
an extension would be straightforward if we consider a mini-batch version of Algorithm 2
with a batch size of S = Q(e?), since this results in a very small variance of O(e?) and thus
essentially reduces the analysis to the deterministic setting. However, for practical Adam

with an O(1) batch size, the extension is challenging and we leave it as a future work.

4.2 Convergence results

In the section, we provide our convergence results for Adam under Assump-
tions 1.1, 1.2, 4.1, and 4.2 or 4.3. To keep the statements of the theorems concise, we
first define several problem-dependent constants. First, we let A; := f(z1) — f* < oo be the

initial sub-optimality gap. Next, given a large enough constant G > 0, with slight notation
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abuse, we define
L:=Ly+ L,(2G)", r:=r(G)=G/L (4.2)

where L can be viewed as the effective smoothness constant along the trajectory if one can
show [|[Vf(z:)]] < G and ||x141 — x¢|| < 7 at each step (see Section 4.3 for more detailed
discussions). We will also use ¢;, ¢ to denote some small enough numerical constants and
C1, Cy to denote some large enough ones. The formal convergence results under Assump-
tions 1.1, 1.2, 4.1, and 4.2 are presented in the following theorem, whose proof is deferred in

Appendix C.1.

Theorem 4.2.1. Suppose Assumptions 1.1, 1.2, 4.1, and 4.2 hold. Denote ¢ :=log(1/9) for
any 0 < § < 1. Let G be a constant satisfying G > maX{Z)\,QJ, VC1 A Ly, (ClAle)ﬁ}.
Choose

. 1 \€? AN oA )\3/2,6’
< <1 < 1, ——— < — .
0<hast, ﬁ—mm{ ’aQG\/Z}’ ”—CQmm{G’ LGVD  LVG

Let T = max {é, C?ﬁf;G}. Then with probability at least 1 — &, we have ||V f(x1)|| < G for

every 1L <t < T, and 51, [V f(x)|* < €.

Note that G, the upper bound of gradients along the trajectory, is a constant that depends
on A, o, Ly, L,, and the initial sub-optimality gap A;, but not on €. There is no requirement
on the second order momentum parameter [y, although many existing works like [D’efossez
et al., 2020, Zhang et al., 2022, Wang et al., 2022] need certain restrictions on it. We
choose very small 3 and 7, both of which are O(e?). Therefore, from the choice of T, it is
clear that we obtain a gradient complexity of O(¢~*), where we only consider the leading
term. We are not clear whether the dependence on ¢ is optimal or not, as the Q(¢~*) lower
bound in [Arjevani et al., 2023] assumes the weaker bounded variance assumption than our

Assumpion 4.2. However, it matches the state-of-the-art complexity among existing analyses
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of Adam.

One limitation of the dependence of our complexity on A is O(A72), which might be
large since \ is usually small in practice, e.g., the default choice is A = 107® in the PyTorch
implementation. There are some existing analyses on Adam [D’efossez et al., 2020, Zhang
et al., 2022, Wang et al., 2022] whose rates do not depend explicitly on A or only depend
on log(1/)). However, all of them depend on poly(d), whereas our rate is dimension free.
The dimension d is also very large, especially when training transformers, for which Adam is
widely used. We believe that independence on d is better than that on A, because d is fixed
given the architecture of the neural network but A is a hyper-parameter which we have the
freedom to tune. In fact, based on our preliminary experimental results on CIFAR-10 shown
in Figure 4.1, the performance of Adam is not very sensitive to the choice of X\. Although the

default choice of X is 1078, increasing it up to 0.01 only makes minor differences.
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Figure 4.1: Test errors of different models trained on CIFAR-10 using the Adam optimizer
with 5= 0.9, Bsq = 0.999, 7 = 0.001 and different As. From left to right: (a) a shallow CNN
with 6 layers; (b) ResNet-Small with 20 layers; and (c) ResNet110 with 110 layers.

As discussed in Section 4.1.2, we can generalize the bounded gradient noise condition in
Assumption 4.2 to the weaker sub-Gaussian noise condition in Assumption 4.3. The following

theorem formally shows the convergence result under Assumptions 1.1, 1.2, 4.1, and 4.3,

whose proof is deferred in Appendix C.1.5.

Theorem 4.2.2. Suppose Assumptions 1.1, 1.2, 4.1, and 4.3 hold. Denote v := log(2/0)
and o = R,/2log(4T /o) for any 0 < 6 < 1. Let G be a constant satisfying G >
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max {2/\, 20,/ C1A1 Ly, (C’lAle)flp}. Choose

. 1 A€ _[rA oA N3
< <1 < 1, ——— < — .
O_ﬁsq_ ) 6_mln{702G\/z}7 n_Clen{G,LG\/Z’ L\/@

Let T = max {é, 0277%210}_ Then with probability at least 1 — 0, we have |V f(x;)|| < G for

every 1 <t < T, and 51, ||V f(z,)||* < €.

Note that the main difference of Theorem 4.2.2 from Theorem 4.2.1 is that o is
now O(y/logT) instead of a constant. With some standard calculations, one can show
that the gradient complexity in Theorem 4.2.2 is bounded by O(¢ *logP(1/¢)), where

P = max {3, %} < 3.25.

4.3 Analysis

4.3.1 Bounding the gradients along the optimization trajectory

We want to bound the gradients along the optimization trajectory mainly for two reasons.
First, as discussed in Section 1.2, many existing analyses of Adam rely on the assumption
of bounded gradients, because unbounded gradient norm leads to unbounded second order
momentum o, which implies very small stepsize, and slow convergence. On the other hand,
once the gradients are bounded, it is straightforward to control 9, as well as the stepsize, and
therefore the analysis essentially reduces to the easier one for AdaBound. Second, informally
speaking, under Assumption 4.1, bounded gradients also imply bounded Hessians, which
essentially reduces the (p, Lo, L,)-smoothness to the standard smoothness. See Section 2.2
for more formal discussions.

In this thesis, instead of imposing the strong assumption of globally bounded gradients,
we develop a new analysis to show that with high probability, the gradients are always
bounded along the trajectory of Adam until convergence. The essential idea can be informally

illustrated by the following “circular" reasoning that we will make precise later. On the one
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hand, if ||V f(z)|| < G for every ¢t > 1, it is not hard to show the gradient converges to zero
based on our discussions above. On the other hand, we know that a converging sequence
must be upper bounded. Therefore there exists some G’ such that ||V f(z;)]| < G’ for every
t > 1. In other words, the bounded gradient condition implies the convergence result and the
convergence result also implies the boundedness condition, forming a circular argument. This
circular argument is of course flawed. However, we can break the circularity of reasoning and
rigorously prove both the bounded gradient condition and the convergence result using a
contradiction argument which we will briefly introduce below.

Define the function ((u) := #;u) over u > 0 where ((u) = Lo+ L,u’. It is easy to verify
that if p < 2, € is increasing and its range is [0, 00). Therefore, ¢ is invertible and ¢~ is also

increasing. Then, for any constant G > 0, denoting F' = ((G) = G2 L Corollary 2.2.4

2(L0+Lp(2
suggests that if f(z) — f* < F, we have |V f(x)|| < G. In other words, if p < 2, the gradient
is bounded within any sub-level set, even though the sub-level set could be unbounded. Then,

let 7 be the first time the sub-optimality gap is strictly greater than F', truncated at 7"+ 1,

or formally,
Ti=min{t | f(zy) — f* > F} N (T +1). (4.3)

Then at least when ¢ < 7, we have f(x;) — f* < F and thus ||V f(z;)|| < G. Based on our
discussions above, it is not hard to analyze the updates before time 7, and one can contruct
some Lyapunov function to obtain an upper bound on f(z,) — f*. On the other hand, if
7 < T, we immediately obtain a lower bound on f(x,), that is f(z,) — f* > F, by the
definition of 7 in (4.3). If the lower bound is greater than the upper bound, it leads to a
contradiction, which shows 7 =T"+ 1, i.e., the sub-optimality gap and the gradient norm are
always bounded by F' and G respectively before the algorithm terminates.

Before concluding this part, we want to note that our analysis relies on the inequalities in

Lemma 2.2.1 for (p, Lo, L,)-smooth functions. Since Lemma 2.2.1 is a local condition, we
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need to make sure the udpate ||x;;1 — ;]| is small enough before applying it. Fortunately, at
least before time 7, such a requirement is easy to satisfy for a small enough 7, according to

the following lemma whose proof is deferred in Appendix C.1.4.

Lemma 4.3.1. Under Assumption 4.1 and 4.2, if t < T and choosing G > o, we have

i1 — x]| < D where D = 2G/\.

Then as long as n < r(G)/D, we have |41 — 2¢|| < r(G) which satisfies the requirement
in Lemma 2.2.1. Then we can apply the inequalities in it in the same way as the standard
smoothness condition. In other words, most classical inequalities derived for standard smooth

functions also apply to (p, Lo, L,)-smooth functions.

4.3.2 Warm-up: analysis in the deterministic setting

In this section, we consider the simpler deterministic setting where the stochastic gradient
Vf(xy, &) in Algorithm 2 is replaced with the exact gradient V f(z;). As discussed in
Section 4.3.1, the key in our contradiction argument is to obtain both upper and lower
bounds on f(z,;) — f*. In the following derivations, we focus on illustrating the main idea
of our analysis technique and ignore minor proof details. In addition, all of them are under
Assumptions 1.1, 1.2, 4.1, and 4.2.

In order to obtain the upper bound, we need the following two lemmas. First, denoting
€ == my — V f(x;), we can obtain the following informal descent lemma for deterministic

Adam.

Lemma 4.3.2 (Descent lemma, informal). For any t < 7, choosing G > X and a small

enough n,

J@er) = J@e) § = 76 IVF@)IP+ 55 el (44)

a
4G
where “3” omits less important terms.

52



Proof Sketch of Lemma 4.3.2. By the definition of 7, for all ¢ < 7, we have f(z;) — f* < F
which implies |V f(x;)|| < G. Then from the update rule (4.1) in Proposition 4.1.1, it is easy
to verify 9; < G? since 9 is a convex combination of {(V f(x,))?}s<s. Let hy :=n/(v/0r + \)

be the stepsize vector and denote H; := diag(h:). We know

Ui
G+ A

U
—1= I < H =+ 4.
LT (4.5

>3

As discussed in Section 4.3.1, when 7 is small enough, we can apply Lemma 2.2.1 to obtain

f($t+1) - f(l“t) é <Vf(xt)7 Ti41 — fEt>
= — |V (@), = V(@) Hyer

IN

1 SR ST
IV A @, + 5 e,
n 2 N 2
<—— |V —
< LTI @I + 2L el
where in the first (approximate) inequality we ignore the second order term 1 L ||z,41 — e ||” o
n? in Lemma 2.2.1 for small enough 7; the equality applies the update rule x4 — 2, =

—Hyny = —Hy(V f(z,) + €); in the second inequality we use 2a” Ab < ||a]|’, + [|b]|%, for any

PSD matrix A and vectors a and b; and the last inequality is due to (4.5). ]

Compared with the standard descent lemma for gradient descent, there is an additional

term of ||e;]|* in Lemma 4.3.2. In the next lemma, we bound this term recursively.

Lemma 4.3.3 (Informal). Choosing 3 = ©(nGr+Y/2), if t < 1, we have

M

SG Vsl (16)

e ll® < (1= 8/4) [ledll” +
Proof Sketch of Lemma 4.3.3. By the update rule (4.1) in Proposition 4.1.1, we have

€1 = (1= ) (6 + V(@) = V(2i41)) - (4.7)
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For small enough n, we can apply Lemma 2.2.1 to get

IV f(z1) = V(@) |? <L lwer —2]|” < O0PG™) ||

<OPG*)(IV f(a)I” + lledll®), (4.8)

where the second inequality is due to L = O(G?) and ||xy11 — z¢]| = O(n) ||7||; and the
last inequality uses ri, = Vf(z) + ¢ and Young’s inequality [|a + b]* < 2]a|* + 2|0

Therefore,

lera]® <(1 = arn) (1 + aug1/2) el + (1 + 2/aer) [V (2e1) = V()]
<(1 = ap1/2) el + OWPG? fain) (IIV £ ()2 + [leel®)
B

<= B/ el + £ 5 IV I,

where the first inequality uses (4.7) and Young’s inequality |la + b]|* < (1 +u) ||a||® + (1 +
1/u) ||b]|* for any u > 0; the second inequality uses (1 — ayy1)(1 4 app1/2) < 1 — ayqq/2 and
(4.8); and in the last inequality we use 3 < a;4; and choose 3 = ©(nG*+/2) which implies

O(PG for) < 22 < /4. =

Now we can combine the above two lemmas to get the upper bound on f(x,) — f*. Define

the function ®; := f(zy) — f* + z—g lle:||”. Note that for any t < 7, (4.4)+§—gx(4.6) gives
N LA (49)

The above inequality shows ®, is non-increasing and thus a Lyapunov function. Therefore,

we have
flaz:) = fF <P, <Py = Ay,

where in the last inequality we use ®; = f(x1) — f* = Ay since ¢; = my; — V f(x1) = 0 in the
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deterministic setting.
As discussed in Section 4.3.1, if 7 < T, we have F' < f(z,) — f* < A;. Note that we

are able to choose a large enough constant G so that F' = 51 G is greater than A,

Lo+Lp(2G)?)
which leads to a contradiction and shows 7 = T"+ 1. Therefore, (4.9) holds for all 1 <¢ <T.
Taking a summation over 1 < ¢ < T and re-arranging terms, we get

8G(®y — Oy q) - 8GA, <o
nT - o -

ES\IIE

8GA

ez i.e., it shows convergence with a gradient complexity of O(¢~?) since

if choosing T >

both G and 7 are constants independent of € in the deterministic setting.

4.3.3 Extension to the stochastic setting

In this part, we briefly discuss how to extend the analysis to the more challenging stochastic
setting. It becomes harder to obtain an upper bound on f(z,) — f* because ®; is no longer
non-increasing due to the existence of noise. In addition, 7 defined in (4.3) is now a random
variable. Note that all the derivations, such as Lemmas 4.3.2 and 4.3.3, are conditioned on
the random event ¢ < 7. Therefore, one can not simply take a total expectation of them to
show E[®;] is non-increasing.

Fortunately, 7 is in fact a stopping time with nice properties. If the noise is almost
surely bounded as in Assumption 4.2, by a more careful analysis, we can obtain a high
probability upper bound on f(z,) — f* using concentration inequalities. Then we can still
obtain a contradiction and convergence under this high probability event. If the noise has

sub-Gaussian norm as in Assumption 4.3, one can change the definition of 7 to

Ti=min{t | f(z) = f7 > Fy Amin{t | [V () = V (2, &) > o} AT +1)

for appropriately chosen F' and o. Then at least when ¢t < 7, the noise is bounded by o.

Hence we can get the same upper bound on f(z,) — f* as if Assumption 4.2 still holds.
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However, when ¢ < T', the lower bound f(x,) — f* > F does not necessarily holds, which
requires some more careful analyses. The details of the proofs are involved and we defer them

in Appendix C.1.

4.4 Varaince-reduced Adam

In this section, we propose a variance-reduced version of Adam (VRAdam). This new
algorithm is depicted in Algorithm 3. Its main difference from the original Adam is that in
the momentum update rule (Line 6), an additional term of (1 — ) (V f(24,&) — Vf(21-1,&))
is added, inspired by the STORM algorithm [Cutkosky and Orabona, 2019]. This term
corrects the bias of m; so that it is an unbiased estimate of V f(x;) in the sense of total
expectation, i.e., E[m;] = Vf(z;). We will also show that it reduces the variance and
accelerates the convergence.

Aside from the adaptive stepsize, one major difference between Algorithm 3 and STORM
is that our hyper-parameters 1 and 8 are fixed constants whereas theirs are decreasing as a
function of t. Choosing constant hyper-parameters requires a more accurate estimate at the
initialization. That is why we use a mega-batch & to evaluate the gradient at the initial
point to initialize m; and v, (Lines 2-3). In practice, one can also do a full-batch gradient
evaluation at initialization. Note that there is no initialization bias for the momentum,
so we do not re-scale m; and only re-scale v;. We also want to point out that although
the initial mega-batch gradient evaluation makes the algorithm a bit harder to implement,
constant hyper-parameters are usually easier to tune and more common in training deep
neural networks. It should be not hard to extend our analysis to time-decreasing n and 3
and we leave it as an interesting future work.

In addition to Assumption 1.1 and 1.2, we need to impose the following assumptions

which can be viewed as stronger versions of Assumptions 4.1 and 4.2, respectively.

Assumption 4.4. The objective function f and the component function f(-,¢) for each
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Algorithm 3 Variance-Reduced Adam (VRAdam)
L: Input: 3, Bsq, 7, A\, T, S1, Zinit

2: Draw a batch of samples &) with size S; and use them to evaluate the gradient
Vf(l‘init, 51)-

3: Initialize m; = Vf(xinit, 81)7 V1 = Bsqm%, and T9 = Tinit — %

4: fort=2,---,T do

5: Draw a new sample & and perform the following updates:

6: my = (1 = B)my_1 + BV f(x4, &) +(1 — B) (V (2, &) — Vf(ri-1,&))

& vy = (1 = Bq) V-1 + 5sq<vf(xt7£t>>2

8: Uy = ﬁt&q)t

9: Ti41 = Ty — \/%r/\@mt

10: end for

fixed £ are (p, Lo, L,)-smooth with 0 < p < 2.

Assumption 4.5. The random variables {&; }1<;<7 are sampled i.i.d. from some distribution

P such that for any z € X,

Eewp[Vf(2,0)] =V f(x), V(2,6 = V@)l <o, as.

Remark 4.4.1. Assumption 4.5 is stronger than Assumption 4.2. Assumption 4.2 applies only
to the iterates generated by the algorithm, while Assumption 4.5 is a pointwise assumption
over all z € X and further assumes an i.i.d. nature of the random variables {&;}1<;<7. Also
note that, similar to Adam, it is straightforward to generalize the assumption to noise with

sub-Gaussian norm as in Assumption 4.3.

4.4.1 Analysis

In this part, we briefly discuss challenges in the analysis of VRAdam. The detailed analysis
is deferred in Appendix C.2. Note that Lemma 2.2.1 requires bounded update ||z;11 — x¢]| <
r(G) at each step. For Adam, it is easy to satisfy for a small enough n according to
Lemma 4.3.1. However, for VRAdam, obtaining a good enough almost sure bound on the

update is challenging even though the gradient noise is bounded. To bypass this difficulty, we
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directly impose a bound on ||V f(x;) — m,|| by changing the definition of the stopping time
7, similar to how we deal with the sub-Gaussian noise condition for Adam. In particular, we

define
r=min{t | ||Vf(z)] > G} Amin{t | ||V f(z:) —mu| > G A (T +1).

Then by definition, both ||V f(x;)| and ||V f(z:) — m|| are bounded by G before time 7,
which directly implies bounded update ||z;11 — x¢||. Of course, the new definition brings new
challenges to lower bounding f(x,) — f*, which requires more careful analyses specific to the

VRAdam algorithm. Please see Appendix C.2 for the details.

4.4.2 Convergence guarantees for VRAdam

In the section, we provide our main results for convergence of VRAdam under Assump-
tions 1.1, 1.2, 4.4, and 4.5. We consider the same definitions of problem-dependent constants
Aq,r, L as those in Section 4.2 to make the statements of theorems concise. Let ¢ be a
small enough numerical constant and C' be a large enough numerical constant. The formal

convergence result is shown in the following theorem.

Theorem 4.4.2. Suppose Assumptions 1.1, 1.2, /.4, and 4.5 hold. For any 0 < § < 1,
let G > 0 be a constant satisfying G > max {2>\,20, \VOA Ly /6, (CAle/(S)Q%P}. Choose
0 < By < 1 and B = a®n?, where a = 40LVGA™/2. Choose

PAA A AVee| L 64GA, .
G L' AL oGL [~

ngc-min{

Then with probability at least 1 — §, we have |V f(x)|| < G for every 1 < t < T, and

LT IV F()|? < €

Note that the choice of G, the upper bound of gradients along the trajectory of VRAdam,

is very similar to that in Theorem 4.2.1 for Adam. The only difference is that now it also
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depends on the failure probability §. Similar to Theorem 4.2.1, there is no requirement
on Sy and we choose a very small 3 = O(e?). However, the variance reduction technique
allows us to take a larger stepsize n = O(¢) (compared with O(€?) for Adam) and obtain an
accelerated gradient complexity of O(e~3), where we only consider the leading term. We are
not sure whether it is optimal as the Q(¢73) lower bound in [Arjevani et al., 2023] assumes
the weaker bounded variance condition. However, our result significantly improves upon
[Wang and Klabjan, 2022], which considers a variance-reduced version of Adam by combining
Adam and SVRG [Johnson and Zhang, 2013] and only obtains asymptotic convergence in the
non-convex setting. Similar to Adam, our gradient complexity for VRAdam is dimension free
but its dependence on X is O(A™2?). Another limitation is that, the dependence on the failure

probability d is polynomial, worse than the poly-log dependence in Theorem 4.2.1 for Adam.
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Chapter 5

Directional smoothness

In this chapter, we propose a directional smoothness condition and analyze the convergence of
two special cases of Adam, memoryless Adam (Adam with § = 5, = 1 in Algorithm 2) and
RMSProp (Adam with § =1 in Algorithm 2), to better understand why adaptive methods
outperform (stochastic) gradient descent for machine learning tasks like training transformers.
First, in Section 5.1, we present our main assumption, which essentially assumes that the
directional smoothness along the update direction of memoryless Adam is bounded by a
constant Ly, motivated by the empirical observations in [Pan and Li, 2023]. Then we show
the convergence of memoryless Adam under this assumption in the deterministic setting in
Section 5.2. In particular, we obtain the O(Lye~?) gradient complexity for memoryless Adam
to converge to e-stationarity points, which is better than the typical gradient complexity
of O(Le™?) of gradient descent when Ly < L. Under a stronger directional smoothness
condition, we are also able to generalize the convergence results to RMSProp and obtain
essentially the same gradient complexity. Next, in Section 5.3, we show an example for which
L, < L holds and memoryless Adam or RMSProp converges faster than gradient descent
if all of them use the stepsizes suggested by theory. Finally, we present some experimental

results in Section 5.4 to support our theory.
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5.1 Preliminaries

In this section, we provide the formal definition of directional smoothness as well as the
assumptions on the objective function f considered in this chapter. First, we consider the

following assumption on f.

Assumption 5.1. The objective function f : R? — R is twice differentiable and bounded

from below, i.e., f*:=inf,cpa f(x) > —o0.

Note that Assumption 5.1 is a stronger version of Assumptions 1.1 and 1.2 considered
in previous chapters, as here we further assume that f is twice differentiable and that its

domain is the entire space R?. Next, we formally define directional smoothness below.

Definition 5 (Directional smoothness). Given a twice differentiable function f : R? — R
and any non-zero vector v € R?, the directional smoothness of f along the direction of u at
any point x € R? is defined as

u' V2 f(x)u

65(“) = 2 )
[

where we usually drop the superscript f when it is clear from the context. We also define

07(0) := || V2 f(z)]| for convenience.

[Pan and Li, 2023] empirically computed ¢,,(x¢ 11 — x;), the directional smoothness along
the trajectories of training transformers with various optimizers such as SGD, SignSGD, Adam,
etc. They found that adaptive methods tend to have much better (smaller) ¢, (z;11 — ;)
compared to SGD, which they believe may intuitively explain why adaptive methods converge
faster. In this thesis, we will develop a more rigorous theory based on this observation. In
what follows, we first briefly explain why a smaller ¢, (2,1 — x;) is preferred.

For ease of exposition, we denote oy = ||x441 — 2¢|| and v, = ‘I”#’“ as the length and

|ze+1—z¢l

direction of the update respectively. Then we can write x;,1 — 2y = oy - v, and apply Taylor’s
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theorem to get the following informal inequality.

gﬁ?t (xt+l —l’t) |

F(xeen) = f(22) <{VF(@n), mopn—a) + :
14

2\ L —X
~ Oét<Vf(ZEt), Ut> + “—;11:)06152,

w1 —ai]® + O (| —zl*) (5.1)

where we have ignored the term O <||xt+1 —xt||3> whose detailed expression can be found in
Lemma D.1.1. Minimizing the RHS over a; > 0, assuming <V f(zy), vt> < 0 without loss of

generality, we obtain

1 2
AV, v . 5.2
20y, (41 —74) w (52)
— gradient correlation

f($t+1) - f(l"t) é -

effective stepsize

The above inequality can be viewed as a descent lemma which bounds the decreased function
value at each step. Therefore, to achieve fast convergence, we want to choose a good direction
of update v; so that the RHS is as small as possible. In other words, we want both the terms
of effective stepsize and gradient correlation to be large.

If we plug in the expression of /., (x;41—2;) and minimize the RHS over v;, then we should
choose v, = (V2f(z)) "'V f(x;), which gives us Newton’s method. However, this requires to
compute the Hessian V2 f(x;), which is usually very expensive for training neural networks.
Therefore, we will focus on first-order methods for which v; only depends on the current and
past gradients. For first-order methods, we will see that there is actually a trade-off between
the effective stepsize and gradient correlation when choosing v;.

For example, gradient descent takes the so-called “steepest descent” direction v; =

Vf(ze)

- I*
IV .

which maximizes the gradient correlation term with <V f(zy), vt>2 = ||Vf(x)

However, it may have a very large ¢, (z;11—x;) compared to adaptive methods as suggested
by the empirical findings in [Pan and Li, 2023]. As a result, it may have a small effective
stepsize which leads to slow convergence. On the other hand, the update direction of SignGD

isv, = —%\/g(“)), which may have a smaller /., (z;,1—x;) and thus a large effective stepsize.
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However, it has a much worse gradient correlation term <V f (xt),vt>2 =1V (z)|?. As
a result, the convergence rate will depend on the dimension d, which is usually very large
for practical transformers. Therefore, it is also hard to obtain a fast convergence rate for
SignGD.

To achieve the best of both worlds, we consider an interpolation between the directions
of the gradient V f(z) and its coordinate-wise sign sign(V f(z)). Specifically, we define the

following soft sign of the gradient

o) @

EIGEDS (5:3)

where the operators of absolute value and division are coordinate-wise and A > 0 is a small

constant. It is an interpolation between the gradient and its sign because one can easily

u(@) _ Vi)
w@l — Vi@

verify that limy_,« i and limy_,o uy(z) = sign(V f(x)). Therefore, informally
speaking, for a very small A, u,(x) is close to sign(V f(z)), and thus we call it a soft sign.
For this reason, we also define uy(z) := sign(V f(z)) when A = 0 just for convenience. That
being said, a non-zero \ is quite essential in our analysis to achieve the best of both worlds
and obtain a dimension-free convergence rate. As we will see in Section 5.2, A could be as
small as the level of stationarity € in our analysis.

If viewing —nyuy(z;) as the update of an algorithm at time ¢, where 7, is the stepsize, we

obtain

B 400
OIS

Tt41 = Tt

which is essentially the Adam algorithm without memory or momentums, i.e., Algorithm 2
with 8 = fBsq = 1, in the deterministic setting. Informally speaking, this means memoryless
Adam can be viewed as a generalization of SignGD or a good interpolation between GD
and SignGD. Note that the update of memoryless Adam is a function of the gradient at the

current time and does not depend on the history of the algorithm, which allows us to obtain
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a condition on the objective function itself, as stated below.
Assumption 5.2. Ly := sup,cpa - (upr(2)) < 00.

We are mostly interested in the scenario where the directional smoothness along u,(z) is
much smaller than that along V f(z) or the standard Lipschitz smoothness constant L, or

more formally,

Ly < Ly <L < oo, (5.4)

where we also define

L, := sup (,(Vf(z)), L:=sup

z€R4 zeRd

v? f(x)H :

We will present our empirical results in Section 5.4 to show that (5.4) can characterize certain
properties of the loss landscape of training transformers. Note that we only assume L) is
finite as in Assumption 5.2, whereas L, and L could be potentially very large or even infinite.

In addition to Assumption 5.2, we also need the following condition which essentially

bounds the third-order derivative of the objective function.
Assumption 5.3. |V2f(z) — V2f(y)|| < M ||z — y|| for all z,y € R%

With Assumption 5.3, we are able to derive the formal expression of the Taylor’s expansion

in (5.1), as will be shown in Lemma D.1.1.

5.2 Convergence results

In this section, we formally show the convergence results of memoryless Adam and RMSProp
under the assumptions in Section 5.1. We will compare the obtained rates with that of
gradient descent to show the benefit of adaptivity. As the analysis is challenging, we only

consider the deterministic setting and leave the extension to the stochastic setting as an
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interesting future direction. Finally, we also briefly discuss some possible extensions of our

results.

5.2.1 Memoryless Adam

We first analyze the convergence of memoryless Adam formally defined by the following
update rule. Note that here we assume the iteration starts at ¢ = 1 instead of ¢t = 0 as in

Chapter 3 for convenience.

V()

M - NZICAIESS vt > 1. (5.5)

Tpp1 = T — Neun(zy) = a4 —

In the following theorem, we present the convergence result of the above method with a
constant stepsize 7, = n under our directional smoothness assumptions. Its detailed proof is

deferred to Appendix D.2.

Theorem 5.2.1. Suppose Assumptions 5.1, 5.2, and 5.3 hold. Denote Ay := f(x1) — f*. For

any € >0, choose ny = n = 2 {L ;/12/3A1/3} "
max As 1
2A, (e + A A
TZ ﬁ :4maX{L)\A1,M2/3A111/3}‘ (€+ )
ne? Ae2

Then the iterates generated by (5.5) satisfy 7 31—, |V f(z,)]] < e.

Theorem 5.2.1 shows that constant-stepsize memoryless Adam always converges to an
e-stationary point for any € > 0. If choosing A > €, the gradient or iteration complexity is
O (max {LAAl, M2BAY 3} 6*2>, which has the same ¢ dependency as gradient descent. For
the dependency on problem-dependent constants, when M or A; is very large, M?% 3A11/ % will
dominate L)A1, and hence it can not show the benefit of a small Ly in this case. Fortunately,
we will show in the following theorem that the iteration complexity can be further improved

if allowing 7, to depend on the gradient V f(x;). We also defer its proof to Appendix D.2.
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Theorem 5.2.2. Suppose Assumptions 5.1, 5.2, and 5.3 hold. Denote Ay := f(x1) — f*. For

any € > 0, choose n; = min {22x’ MHV‘?}%}, where H, = diag (m), and

> 4L>\A1(€ + /\) M2A1

T
Ae? * L3

Then the iterates generated by (5.5) satisfy ming<r ||V f ()| < €.

For any A > €, Theorem 5.2.2 gives an iteration complexity of O (Lifl + MLQ;;,Al) When
e < L—;} is small enough, one can ignore the non-leading constant term and the complexity
becomes O (L A€~ ?). Recall that the typical gradient complexity of gradient descent is
O (LA1e?) which could be potentially improved to O (LgAje?). We can see that memoryless
Adam has a faster convergence rate if Ly < L, < L. To support this statement, we will

present an example function in Section 5.3, for which Ly < Ly < L does hold and memoryless

Adam can achieve a faster rate.

5.2.2 RMSProp

In this section, we will generalize the convergence result to RMSProp (Adam with 5§ =1 as in
Algorithm 2). For completeness, we present the definition of RMSProp in the deterministic
setting below in Algorithm 4. Note that here we slightly abuse the notation and use S to

denote the 1 — 3, in Algorithm 2 for simplicity.

Algorithm 4 RMSProp
1: Input: 5, A, T, Tinie, {4 fr<e<r
2: Initialize vg = 0 and x; = T
3: fort=1,--- T do
4. Ve = th—l + (1 - 5)(Vf<xt>>2
5
6
7

@t = 13%t
_ Vf(zt)
Ter1 = Tt — e 750N
. end for

The key idea in the extension to RMSProp is to show that /9, is close to |V f(z;)|, which
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means that the updates of RMSProp and memoryless Adam are close, i.e., U; &~ u; where we

define 4, := % and u, = =t @)

= N However, Assumption 5.2 is a very weak condition,

which bounds the directional smoothness only along a single direction at each point. As a
result, we are not able to bound the directional smoothness along %; no matter how close it
is to u; unless they exactly align. Therefore we need the following stronger condition which

essentially bounds the directional smoothness along all directions near ;.

Assumption 5.4. There exist numerical constants r, R > 1 such that for any vector v

satisfying %v < up(z) = rv, we have £, (v) < RL,.

Under Assumption 5.4, we can prove the convergence of RMSProp as formally shown in
the following theorem, whose proof is deferred to Appendix D.3. Note that here we only
consider the convergence result for RMSProp with time-varying stepsizes, although one can

also show the convergence of it with a constant stepsize, similar to that of memoryless Adam.

Theorem 5.2.3. Suppose Assumptions 5.1, 5.3, and 5.4 hold. Denote Ay := f(x1) — f*. For

1 _ 2 i by RVALy (1-1/r)\?
any € >0, choose 3 < (1 —1/r)*, n, = min {2RLA, Vilocla, > 3 REn ot }, and

T Z 47“RL)\A1(6 + )\) + 67’4RL)\A1 i 7”2M2A1
A2 r—1)X2 " RIL3

Then the iterates generated by Algorithm 4 satisfy ming<r ||V f(z:)]] < €.

Ignoring the dependency on numerical constants » and R, we can see that Theorem 5.2.3
gives an iteration complexity of O (Lifl + J\4L2§A1) when A > €, which is the same as that of
memoryless Adam. Therefore, for a small engouh €, it is also better than the typical O(Lge?)
complexity of gradient when Ly < L.

The key idea in our analysis is to bound the following quantity at each time .

Et =

Uy
Uy

_ el + A
o VO AL
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If we can show 1/r < E; < r for all t > 1, then we can apply Assumption 5.4 to bound the
directional smoothness along ,, and essentially reduce the analysis to that of memoryless
Adam. However, bounding E; is challenging and requires very careful analyses, as we need
a very tight and dimension-independent bound on each coordinate of ©; — g2. Please see

Lemma D.3.2 and its proof for the detailed analysis.

5.2.3 Potential extensions

In this part, we briefly discuss some potential extensions of our convergence results. First, we
want to note that uy(x) defined in (5.3) is not the only way of interpolation between V f(z)

and sign(V f(z)). For example, if we define the coordinate-wise gradient clipping as
vA(z) = sign(V f(x)) min{|V f(z)], A}
where the operators are all coordinate-wise, then it is straightforward to verify that
1 1
§u,\(x) = XU,\(x) = 2uy ().

Therefore, uy and v, are essentially equivalent up to a constant factor, meaning that mem-
oryless Adam and gradient descent with coordinate-wise clipping are also equivalent. In
fact, [Pan and Li, 2023] uses coordinate-wise gradient clipping as a universal technique to
improve the directional smoothness of various algorithms. Then, if assuming ¢, (vy(x)) is
globally bounded by some constant Ly, following our analysis for memoryless Adam, one
can show that gradient descent with coordinate-wise clipping also converges with a gradient
complexity of O(Lye~?2), which is also better than that of gradient descent without clipping
when L, < Ly < L. Actually, if Assumption 5.4 holds with r > 2, it directly implies

L\ < RL,.
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Also note that for any A\; > Ay > 0, we have

A A
ﬁum(l‘) = U)\2<$) = )\7;“)\1 (l’),

which means wu,, and wu), are also essentially equivalent. Therefore, the parameter A in the
algorithm could be different than that in our assumption. Specifically, if i—; < r, then one
can use one of them in Assumption 5.4 and the other in memoryless Adam or RMSProp.
We did not show the convergence of Adam defined in Algorithm 2 in this chapter. It is
possible to extend our result to Adam by combining our analyses in both this chapter and
Chapter 4. However, the analysis will be very messy and we leave it as an interesting future

work. It would also be interesting to extend our analysis to the stochastic setting. The main

[V fze) |+

challenge is to bound XIS

or something similar in order to apply Assumption 5.4,
where V f(x;,&) is the stochastic gradient. One possible way to overcome this challenge is
to apply the stopping time analysis as in Chapter 3 or 4. We also leave it as an interesting

future direction.

5.3 Example

In this section, we provide a simple example objective function satisfying all of Assump-
tions 5.1, 5.2, 5.3, and 5.4. We will also show that for this example, Ly < L, < L, and that
memoryless Adam or RMSProp converges faster than gradient descent.

Before presenting the example, we first define the auxiliary function ¢ : R — R as follows.

e? if 2 <0,
¢(2) ==
%zz—i-z—i-l if z>0.

It is easy to verify that ¢ is twice continuously differentiable. Then the example objective
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function f :R? — R with d > 2 is defined as
1 1
flx) = agb(a ~w(x)), where o > 0 and w(x) := xp; + 1 (ff[z] 4t $[d]) _ (5.6)

First, in the following lemma, we show that the example satisfies all of our assumptions and

also bound the constants L, Ly, M, Ly, r, R for it. The proof is deferred to Appendix D.4.

Lemma 5.3.1. For any A\ < %, the function defined in (5.6) satisfies Assump-

tions 5.1, 5.2, 5.3, and 5.4 with the following constants.

2. M < 3a?.

3. Ly < Samax {\Vd—1,2}.
4. Any R,r > 1 satifying R > r*.

Next, we will show in the following theorem that, with appropriate choices of A, «, d, the

example satisfies Ly < L, < L and memoryless Adam converges faster than gradient descent.

Theorem 5.3.2. For any given constants C' > ¢ > 0, there exist some X\, «,d such that the

function defined in (5.6) satisfies L = Ly = C' and Ly < c. Let T,q and Ty, be the minimum

number of iterations required for gradient descent with 1, = % and memoryless Adam with
N = L% to achieve an e-sub-optimal point respectively. Then for any small enough ¢ > 0 and

inttial point x1 satifying w(zy) < 0, we always have Tyq/Tma = Q(C/c).

The proof of the above theorem is deferred to Appendix D.4. Since Theorem 5.3.2 holds for
arbitrary C' and ¢, if we choose ¢ < €', then it shows that memoryless Adam can convergence
much faster than gradient descent on this example and that the ratio between their required
numbers of iterations is exactly lower bounded by Q(C/c) = Q(L/L,).

One limitation of the above theorem is that it only works for fixed stepsize choices for

1

both methods. For gradient descent, % =7
g

is the stepsize suggested by classical analyses of
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gradient descent. For memoryless Adam, L% is the constant term of the stepsize choice in
our Theorem 5.2.2. Note that for this simple example, there is no need to use the complex
stepsize choice in our theorem. However, one can actually easily show that the stepsize choice
in Theorem 5.2.2 results in essentially the same bound on 73,, following a similar analysis as
in the proof of Theorem 5.3.2 in Appendix D.4. In fact, it is also straightforward to show that
RMSProp with the parameter choices in Theorem 5.2.3 also converges faster than gradient
descent with Tyq/Timsprop = 2(C/c).

It is challenging to show a complexity lower bound for gradient descent with arbitrary
stepsizes. Therefore, rigorously speaking, Theorem 5.3.2 does not totally rule out the
possibility that gradient descent may converge much faster than its typical rate for functions

with a small L). We leave it as an interesting future work to derive a more rigorous lower

bound for gradient descent.

5.4 Experimental results

In this section, we provide some empirical results from our experiments on simple transformers
to support our theory. To show that (5.4) may characterize certain properties of the loss
landscape of training transformers, we will empirically compare £, (uy(z)) with £,(V f(z)). In
particular, as we are not able to enumerate all z € R?, we will compute the smoothness ratio
ra(x) = Ly (ux(2)) /L (V f(z)) where x is either from the initialization or the optimization
trajectories of certain algorithms. Note that the algorithms are just used to generate a sequence
of points to evaluate £, at. The smoothness ratio function r) is algorithm-independent and
only depends on the objective function itself.

We mainly consider two optimization problems in this section. The first problem is the
training of linear transformers on random instances of linear regression, a recently proposed
model for understanding in-context learning. For this problem, we follow the setting and

parameter choices in [Ahn et al., 2023]. The second problem we consider is nanoGPT on
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character-level Shakespeare datal.

1.6 —_— A=1 1.6 —_— A=1 1.6 —_— A=1
A=1le-2 1.4 A=le-2 1.4 A=le-2
— A=led —— A=led —— A=led

50 100 150 200 250 300 50 100 150 200 250 300 50 100 150 200 250 300
Trial Iteration Iteration

(a) Initialization (b) SGD trajectory (¢) Adam trajectory

Figure 5.1: Smoothness ratio ry(z) for the loss of linear transformer on a random instance
of linear regression for different values of A, where x is from the initialization with different
seeds or the trajectories generated by SGD or Adam.
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Figure 5.2: Smoothness ratio ry(x) for the loss of nanoGPT on character-level Shakespeare
data for different values of A, where x is from the initialization with different seeds or the
trajectories generated by SGD or AdamW.

Our results on the smoothness ratio ry with different values of A for both problems are
shown in Figures 5.1 and 5.2. Recall that we defined ug(x) := sign(V f(z)). We can see that
when A decreases to zero, the smoothness ratio also decreases, and £, (uy(x)) essentially goes
to £, (sign(Vf(z))), consistent with our intuition that wu,(x) is close to sign(V f(x)) for a
small \. When A is small, £,((V f(x))) is a couple of times larger than ¢, (uy(z)) for all the
random initialized points and most points from the trajectories of both SGD and Adam(W),

which supports our conjecture that L) < L.

thttps://github.com/karpathy /nanoGPT
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Chapter 6

Conclusion and future work

6.1 Summary

We will conclude this thesis by first summarizing what we have discussed. We investigated the
smoothness condition and adaptivity in nonlinear optimization to gain a better understanding
of the training behaviors in machine learning applications that can not be well explained by
classical optimization theory. In particular, the classical Lipschitz smoothness condition is not
only far from being satisfied by the loss function in machine learning applications, but also
can not explain why adaptive methods like Adam outperform stochastic gradient descent in
tasks like training transformers. To bridge this gap, we proposed a generalized /-smoothness
condition and a more fine-grained directional smoothness condition, both motivated by
language model experiments, and analyzed the convergence of classical and adaptive methods
under such conditions.

First, in Chapter 2, we proposed a generalized /-smoothness condition based on existing
works and empirical observations from language model experiments. We provided two
equivalent definitions of it for the convenience of both verification and application. To
show how general this condition is compared to the standard smoothness condition and

the recently proposed (Lg, L;)-smoothness condition, we provided various examples and
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theoretical justifications. We also showed some useful properties for ¢-smooth functions and
discussed how they are helpful in the convergence analyses.

Then we developed a new approach for the convergence analysis under our generalized
l-smoothness condition. The key idea of our approach is to bound the gradient along the
optimization trajectory, which also bounds the Hessian based on the /-smoothness condition
and thus essentially reduces the analysis to that under standard smoothness. In Chapter 3,
we applied this approach to classical methods including gradient descent, stochastic gradient
descent, and Nesterov’s accelerated gradient method in convex and/or non-convex settings.
For all of them, we achieve the classical convergence rates under the generalized smoothness
condition. In Chapter 4, we also applied this approach to Adam and obtained improved results
compared to previous works. In particular, we did not assume globally bounded gradients
as in some previous works, but use our approach to show gradients are bounded along the
trajectory with high probability. In addition, we considered the more general /-smoothness
condition for Adam. With this new approach, we also proposed a variance-reduce version of
Adam and showed an accelerated convergence rate.

Although the generalized ¢-smoothness condition is closer to the machine learning practice,
we are not able to explain why adaptive methods outperform SGD for certain tasks like
training transformers based on this condition. In Chapter 5, to better understand why and
when adaptivity accelerates training, we proposed a more fine-grained directional smoothness
condition. Instead of assuming the Lipschitzness of the gradient, we only assume directional
smoothness around the direction of a soft sign of the gradient, motivated by empirical results
from both our experiments and those in previous works. Under this condition, we are able to
show the convergence of memoryless Adam and RMSProp in the deterministic setting and
obtain convergence rates better than the typical rate of gradient descent. We also provide an
example and experimental results to support our theory.

We hope the theoretical and empirical results in this thesis could provide researchers

with new ideas and inspire them to gain a better understanding of the training behaviors
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in real-world machine learning problems and to design more efficient and robust optimizers.
However, we know that this work is not perfect, and will discuss some future directions in

the next section.

6.2 Future works

In this section, we briefly discuss some possible next steps and directions for future research.

Improving the results for NAG in Chapter 3. First, in Theorem 3.2.4, we provided
a lower bound to justify the necessity of requiring a sub-quadratic ¢ for the convergence of
constant-stepsize GD on /-smoothness functions. However, it is not clear if such a requirement
is also necessary for NAG in the convex setting. It would be interesting if one could either
develop a lower bound for NAG or relax this requirement. In addition, we have mentioned
below Theorem 3.1.4 that the stepsize we choose for NAG might be too small due to technical
difficulties, which may result in a worse dependency on problem-dependent constants. We

also leave possible improvement as an interesting future work.

Relaxing the noise condition for Adam in Chapter 4. In Assumption 4.2 or 4.3,
we assumed the gradient noise is bounded or sub-Gaussian for our convergence analysis of
Adam. However, these conditions are stronger than the bounded variance assumption for
SGD in Assumption 3.2, where the latter is also the assumption considered in the lower
bound [Arjevani et al., 2023]. As a result, it is not clear whether the O(¢™*) complexity
we have obtained is optimal or not. It would be interesting to see if one can relax the
noise condition. Note that the concurrent work [Wang et al., 2023] obtained the O(e™*)
complexity under the bounded variance assumption. But their rate is dimension dependent
and they consider the standard smoothness condition. That being said, their analysis may

be potentially helpful in improving our results.
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Potential applications of our technique for bounding gradients along the trajec-
tory. Another interesting future direction is to see if the technique developed in this thesis
for bounding gradients in the optimization trajectory can be generalized to improve the
convergence results for other optimization problems and algorithms. We believe that with
this technique, one can generalize most existing optimization works that assume standard
smoothness to those with our generalized /-smoothness functions. In fact, we believe it is
also possible to apply this technique to even more general problems to obtain improved
convergence results, so long as the function class is well-behaved and the algorithm is efficient
enough so that f(z,) — f* can be well bounded for some appropriately defined stopping time

T.

Limitations of our results in Chapter 5. There are some limitations in our results on
directional smoothness in Chapter 5. First, we only analyzed the convergence of memoryless
Adam and RMSProp, both of which are simplified versions of Adam in Algorithm 2. It would
be very interesting if one can generalize our results to Adam, by e.g. combining our analysis
in both Chapters 4 and 5. In addition, we only considered the deterministic setting, as the
coordinate-wise condition in Assumption 5.4 is much harder to be satisfied by the algorithm
updates when there is noise. One possible way to tackle this challenge is to apply our stopping
time analysis developed in Chapters 3 and 4. Finally, we are only able to obtain a lower bound
on the ratio between the gradient complexities of gradient descent with the theoretically
suggested stepsize and memoryless Adam in Theorem 5.3.2. It would be interesting to see if

we can also get a stepsize-independent lower bound to make the comparison more rigorous.

Other explanations on why adaptivity helps. In Chapter 5, we provided an explanation
on why adaptive methods outperform SGD for training transformers, motivated by the
empirical observations in [Pan and Li, 2023]. However, there are definitely other potential
explanations for researchers to explore. For example, we have discussed some of them in

Section 1.2, such as heavy-tailed noise distribution or class imbalance, condition number along
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the trajectory, and heterogeneity of the Hessian spectrum. In fact, the last one may be related
to directional smoothness, as the Hessian of the example we considered in Section 5.3 is
indeed highly heterogeneous. It would interesting if one could find other interesting empirical
observations, or develop more rigorous theoretical understandings based on existing or their

own empirical observations.
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Appendix A

Proofs for Chapter 2

In this chapter, we provide the proofs of propositions and lemmas related to the generalized
(-smoothness condition presented in Chapter 2. First, in Appendix A.1, we justify the
examples we presented in Section 2.3. Next, we provide the detailed proof of Proposition 2.1.2
in Appendix A.2. Finally, we provide the proofs of the useful properties of generalized
smoothness in Appendix A.3, including Lemma 2.2.1, Lemma 2.2.3, and Corollary 2.2.4

stated in Section 2.2.

A.1 Justification of examples in Section 2.3

In this section, we justify the univariate examples of (p, Lo, L,)-smooth functions listed in
Table 2.1 and also provide the proof of Propositions 2.3.1.

First, it is well known that all quadratic functions have bounded Hessian and are Lipschitz
smooth, corresponding to p = 0. Next, [Zhang et al., 2019, Lemma 2] shows that any
univariate polynomial is (Lg, L;)-smooth, corresponding to p = 1. Then, regarding the
exponential function f(z) = a® where a > 1, we have f'(z) = log(a)a® and f"(z) =
log(a)?a® = log(a)f’(x), which implies f is (1,0,log(a))-smooth. Similarly, by standard
calculations, it is straight forward to verify that logarithmic functions and P, p # 1 are

also (p, Lo, L,)-smooth with p =2 and p = Z%f respectively. So far we have justified all the
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examples in Table 2.1 except double exponential functions a**) and rational functions, which
will be justified rigorously by the two propositions below.
First, for double exponential functions in the form of f(z) = a®*) where a,b > 1, we have

the following proposition, which shows f is (p, Lo, L,)-smooth for any p > 1.

Proposition A.1.1. For any p > 1, the double exponential function f(x) = a®*), where
a,b>1, is (p, Lo, L,)-smooth for some Ly, L, > 0. However, it is not necessarily (Lo, L1)-

smooth for any Lo, Ly > 0.

Proof of Proposition A.1.1. By standard calculations, we can obtain
['(x) = Tog(a) log(b) ba™),  f"(x) = log(b)(log(a)b* + 1) - ['(x). (A1)

Note that if p > 1,

im |f’<m)|p — lim ‘f/(x)|p_1 — lim (log(a) log(b)y)p_l ale—=Dy i
s=foo |f(x)]  a—+oc log(b)(log(a)b® +1)  y—+o  log(b)(log(a)y + 1) ;

where the first equality is a direct calculation based on (A.1); the second equality uses change
of variable y = b*; and the last equality is because exponential functions grow faster than
affine functions. Therefore, for any L, > 0, there exists zo € R such that | f"(z)| < L, |f'(z)|”
if z > xy. Next, note that lim,, ., f”(x) = 0. Then for any \; > 0, there exists x; € R such
that |f"(x)] < Ay if x < x1. Also, since f” is continuous, by Weierstrass’s Theorem, we have
|7 (x)] < Ay if 27 < < 2 for some Ay > 0. Then denoting Lo = max{A;, A2}, we know f is
(p, Lo, L,)-smooth.

Next, to show f is not necessarily (Lo, L )-smooth, consider the specific double exponential

function f(x) = ). Then we have
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For any x > max {log(Lo + 1),log(L; 4+ 1)}, we can show that

|f"(@)] > (L + 1) f'(x) > Lo + Ly [f'()]

which shows f is not (Lg, L;) smooth for any Ly, L; > 0. O

In the next proposition, we show that any univariate rational function f(z) = P(x)/Q(x),

where P and @) are two polynomials, is (p, Lo, L,)-smooth with p = 1.5.

Proposition A.1.2. The rational function f(x) = P(x)/Q(x), where P and @ are two
polynomials, is (1.5, Lo, L1 5)-smooth for some Lo, L15 > 0. However, it is not necessarily

(p, Lo, L,)-smooth for any p < 1.5 and Ly, L, > 0.

Proof of Proposition A.1.2. Let f(z) = P(x)/Q(x) where P and @) are two polynomials.

Then the partial fractional decomposition of f(x) is given by

fla) = wla) + 3 24y

i=1r=1

where w(z) is a polynomial, A;., By, Ci,, a;, b;, ¢; are all real constants satisfying b7 — 4¢; < 0
for each 1 <4 <n which implies 2% + bz + ¢; > 0 for all z € R. Assume j; > 1 and 4;;, # 0
without loss of generality. Then we know f has only finite singular points {a; }1<i<n and has
continuous first and second order derivatives at all other points. To simplify notation, denote

Air

pir() = G—a) Gir(2) = (

Birx + Cir
22+ bix + )"

Then we have f(z) = w(z) + X™, 370 po(z) + 27, 2F, ¢ir (). We know that 2 <15

for any r > 1. Then we can show that

1.5
a1

P )| gt

/ 1.5
lim L (=)l = lim
T—a; f”(l’)| T—ra;
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where the first equality is because one can easily verify that the first and second order

derivatives of p;;, dominate those of all other terms when x goes to a;, and the second equality

J

is by standard calculations noting that ﬁ < 1.5. Note that (A.2) implies that, for any
L, > ji + 1, there exists §; > 0 such that
@) <Ly f (@), i |r—a;] < 6. (A.3)
Similarly, one can show lim,_, % = oo, which implies there exists xy > 0 such that
(@) < L /(@) if |z] > 0. (A4)

Define
B:={xeR||z|] <xand |z —a;| > d,Vi}.

We know B is a compact set and therefore the continuous function f” is bounded within B,

i.e., there exists some constant Ly > 0 such that
I/ (x)] < Ly, ifzeB. (A.5)
Combining (A.3), (A.4), and (A.5), we have shown
[F"@) € Lo+ Ly (@), Vo € dom(f),

which completes the proof of the first part.
For the second part, consider the ration function f(z) = 1/x. Then we know that

f'(z) = —1/2% and f"(z) = 2/23. Note that for any p < 1.5 and 0 < z < min{(Ly +
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1)~Y3, (L, +1)~Y3=29}  we have

1 1
F@) = 5+ gy 1@ > Lo+ L | f @),
which shows f is not (p, Lo, L,) smooth for any p < 1.5 and Ly, L, > 0. O

Finally, we complete this section with the proof of Proposition 2.3.1, which shows self-

concordant functions are (2, Ly, Ls)-smooth for some Ly, L, > 0.

Proof of Proposition 2.3.1. Let h : R — R be a self-concordant function. We have h"'(z) <

2h"(x)?2. Then, for x € (a,b), we can obtain
;h”(a:)_l/2h”’(x) < 1(x).
Integrating both sides from zq to y for zg,y € (a,b), we have
()" = W (20)" < () — W (w0)
Therefore,
() < (0" () 72 — () + K )? < 20" (o) 72 — W' (20)” + 20 (4"

Since h”(y) > 0, we have |h"(y)| = h"(y). Therefore, the above inequality shows that h is
(2, Lo, Ly)-smooth with Ly = 2(h"(20)"/? — h'(20))? and Ly = 2. O

A.2 Proof of Proposition 2.1.2

In order to prove Proposition 2.1.2, we need the following several lemmas. First, the lemma

below partially generalizes Gronwall’s inequality.
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Lemma A.2.1. Let o : [a,b] — [0,00) and (3 : [0,00) — (0,00) be two continuous functions.
Suppose o/ (t) < (a(t)) almost everywhere over (a,b). Denote function ¢(u) = fﬁdu.
We have for all t € [a,b],

¢a(t)) < olafa)) —a+t.

Proof of Lemma A.2.1. First, by definition, we know that ¢ is increasing since ¢’ = % > 0.

Let function 7 : [a,b] — R be the solution of the following differential equation

V() = B(y(t)) Vt € (a,b), ~(a)=ala). (A.6)
Then we have
_ dy(@)

Integrating both sides, noting that vy(a) = a(a) by (A.6), we obtain

d(y(1)) — p(afa)) =t — a.

Then it suffices to show ¢(a(t)) < ¢(y(t)), Vt € [a,b]. Note that the following inequality

holds almost everywhere.

where the inequality is because /() < f(«(t)) by the assumption of this lemma and ~'(t) =

A((t) by (A.6). Since ¢(ar(a)) — ¢(v(a)) = 0, we know for all £ € [a, b], ¢(a(t)) < ¢(v(1)),

which completes the proof. ]

With Lemma A.2.1, one can bound the gradient norm within a small enough neighborhood

of a given point as in the following lemma.
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Lemma A.2.2. If the objective function f is (-smooth, for any two points x,y € R? such
that the closed line segment between x and y is contained in X, if ||y — x| < iNZIGIED)] for

any a > 0, we have

IV < IVF (@)l + a.

Proof of Lemma A.2.2. Denote z(t) := (1 —t)x + ty for 0 <t < 1. Then we know z(t) € X
for all 0 < ¢ < 1 by the assumption made in this lemma. Then we can also define «(t) :=

IV f(z(t))|| for 0 <t < 1. Note that for any 0 < ¢t < s < 1, by triangle inequality,

a(s) —a(t) <|[Vf(z(s)) = VF0)]- (A7)

We know that a(t) = ||V f(2(t))] is differentiable almost everywhere since f is second order
differentiable almost everywhere (Here we assume «a(t) # 0 for 0 < t < 1 without loss of
generality. Otherwise, one can define t,,, = sup{0 < ¢t < 1 | a(t) = 0} and consider the

interval [t,,, 1] instead). Then the following equality holds almost everywhere

o (t) —tin @) 00 _ 1 IVIC(S) = VG

st s—t slt s—t slt s—t

V() = VIG0) ”
=V £ @) - o) < [V )|y - 2l < ) Iy - =],

where the first inequality is due to (A.7) and the last inequality is by Definition 1. Let

B(u) = L(u) - |y — || and ¢(u) := [y Bgv)dv. By Lemma A.2.1, we know that

(VW) = o(u(l)) < ¢(u(0)) +1 = o ([VFf(2)]) + 1.
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Denote (u) = [ ﬁdv = ¢(u) - ||y — z||. We have

(V@) < (V@) + lly = =
<V IV @D+ fre 7w e

</||Vf(z>|| L +/||Vf(r)||+a 1
—Q av —Q av
= Jo {(v) Vi@l 4(v)

=p(IV ()] + a).

Since v is increasing, we have ||V f(y)|| < ||V f(z)| + a. O
With Lemma A.2.2, we are ready to prove Proposition 2.1.2.

Proof of Proposition 2.1.2. We prove the two directions in this proposition separately.
1. An (r,/)-smooth function is /-smooth.
For each fixed x € X where V2 f(z) exists and any unit-norm vector w, by Definition 2,

we know that for any ¢ < r(|Vf(z)]]),
IV f(z+tw) = V()| <t-L(IVf()]).
Then we know that

[ -

lim 1(Vf(x + tw) — Vf(:c))H

:%11 [(Vf(w+ tw) = V()| < LIV F@)]),

which implies ||V2f(x)| < £(]|V f(z)]|) for any point x if V2 f(z) exists.

Then it suffices to show that V2f(z) exists almost everywhere. Note that for each
x € X, Definition 2 states that the gradient function is ¢(||V f(x)||) Lipschitz within the
ball B(z,r(||Vf(z)||)). Then by Rademacher’s Theorem, f is twice differentiable almost

everywhere within this ball. Then we can show it is also twice differentiable almost everywhere
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within the entire domain X as long as we can cover X with countably many such balls.
Define S, := {z € X | n < [|[Vf(2)|| < n+ 1} for integer n > 0. We have X = U,>¢S,.
One can easily find an internal covering of S,, with balls of size r(n + 1)!, i.e., there exist
{2n,iti0, where z,,; € Sy, such that S, C UjsoB(2y,7(n 4 1)) € UisoB(2n:, 7(||V f (zna) )
Therefore we have X' C U,y ;0B (i, 7(||V f(2,,)]])) which completes the proof.

2. An /-smooth function satisfying Assumption 1.1 is (r,m)-smooth where
m(u) = l(u+a) and r(u) := a/m(u) for any a > 0.

For any y € R? satisfying ||y — z|| < r(||Vf(2)]) = , denote z(t) := (1—t)x+ty

[V f(@)]+a)
for 0 <t < 1. We first show y € X by contradiction. Suppose y ¢ X, let us define
tp :=1inf{0 <t <1|2(t) ¢ X} and 2y, := z(t,). Then we know z, is a boundary point of X
Since f is a closed function with an open domain, we have

lim f(2(t)) = oc. (A.8)

Tty

On the other hand, by the definition of t,, we know z(t) € X for every 0 < ¢t < t,. Then
by Lemma A.2.2, for all 0 <t < t,, we have ||V f(z(t))|| < ||V f(z)| + a. Therefore for all

0<t<ty,

FG0) <F@) + [(TF(:(5))y — ) ds

<f@@) + (V@) +a)-lly =]

<00,

which contradicts (A.8). Therefore we have shown y € X. Since y is chosen arbitrarily
with the ball B(z,r(||[Vf(x)|)), we have B(z,r(||Vf(z)||)) € X. Then for any x;,z5 €
B(z,r(||Vf(2)|)), we denote w(t) := txy + (1 —t)zy. Then we know w(t) € Bz, r(||Vf(x)]))

We can find an internal covering in the following way. We first cover S,, with countably many hyper-cubes
of length r(n+1)/ V/d, which is obviously doable. Then for each hyper-cube that intersects with S,,, we pick
one point from the intersection. Then the ball centered at the picked point with radius r(n + 1) covers this
hyper-cube. Therefore, the union of all such balls can cover S,,.
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for all 0 < ¢ <1 and can obtain

IV Gen) = Vo)l = | [ 92 wle)) - o — o) |
<ller =2l - [ VI + o)

—m([VS(@)]) -l — o]l

where the last inequality is due to Lemma A.2.2. m

A.3 Proofs of properties of generalized smoothness

In this part, we provide the proofs of the useful properties stated in Section 2.2, including

Lemma 2.2.1, Lemma 2.2.3, and Corollary 2.2.4.

Proof of Lemma 2.2.1. First, note that since ¢ is non-decreasing and r is non-increasing, we
have ((||Vf(z)||) < ¢(G) = L and r(G) < r(||Vf(z)]]). Then by Definition 2, we directly
have that B(z,r(G)) C B(z,r(||[Vf(z)]])) C X, and that for any z1, x5 € B(z,r(G)), we have

IV (1) = V()| < LVF@)) 21 = 2ll < Loy — 22

Next, for the second inequality in (2.1), define z(t) := (1 — t)xg + tzy for 0 <t < 1. We

know z(t) € B(z,r(G)). Note that we have shown

IVF(2(t) = Vf(z2)ll < L[2(t) = wal| = tL |21 — 22| - (A.9)
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Then we have

where the inequality is due to (A.9). O

Proof of Lemma 2.2.5. If f is f-smooth satisfying Assumption 1.1, by Proposition 2.1.2,
f is also (r,m)-smooth where m(u) = ¢(2u) and r(u) = u/¢(2u). Then by Lemma 2.2.1

where we choose G = ||V f(z)||, we have that B (:v, %) C X, and that for any

V£l
T1,T9 € B (x, 4(2\\Vf(w)H)>’ we have

{2V (=@)I)

S o —

f(z1) < flz2) + <Vf(3?2),931 - $2> +

Choosing x5 = x and x1 = x — mfvfiﬁi)'”, it is easy to verify that x1, 29 € B (a@ %).

Therefore, we have

. . Vi) R A2/ €3)]
f§f< €(2||Vf(w)ll)>_f() X V@)

which completes the proof. O

Proof of Corollary 2.2.4. We first show G < oo. Note that since ¢ is sub-quadratic, we
know lim,_,« 2¢(2u)/u? = 0. Therefore, for any F > 0, there exists some M > 0 such that
20(2u)/u* < 1/F for every u > M. In other words, for any u satisfying u? < 20(2u) - F, we
must have u < M. Therefore, by definition of G, we have G < M < o0 if F' > 0. If F' =0, we
trivially get G = 0 < oo. Also, since the set {u > 0 | u? < 20(2u) - F'} is closed and bounded,

we know its supremum G is in this set and it is also straightforward to show G* = 2((2G) - F.
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Next, by Lemma 2.2.3, we know

IVF@)* < 202V f(@)) - (f() = 1) < 202V f(2)]) - F.

Then based on the definition of G, we have ||V f(x)| < G.
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Appendix B

Proofs for Chapter 3

B.1 Analysis of GD for convex functions

In this section, we provide the detailed convergence analysis of gradient descent in the convex
setting, including the proofs of Lemma 3.1.1 and Theorem 3.1.2, for which the following

lemma will be helpful.

Lemma B.1.1 (Co-coercivity). If f is convexr and (r,{)-smooth, for any x € X and y €
B(z,r(|Vf(2)|)/2), we have y € X and

(Vi) = V)2~ o) > 7 V@)~ VW)

where L = ((||V f(z)]]).

Proof of Lemma B.1.1. Define the Bregman divergences ¢, (w) := f(w) — (Vf(x),w) and
oy(w) == f(w) — (Vf(y),w), which are both convex functions. Since V¢, (w) = V f(w) —
V f(x), we have V¢, (x) = 0 which implies min,, ¢, (w) = ¢.(x) as ¢, is convex. Similarly we
have min, ,() = 6, (y).

Denote r, := r(||Vf(x)]|). Since f is (r, £)-smooth, we know its gradient V f is L-Lipschitz

locally in B(z,7,;). Since V¢, (w) — V f(w) = Vf(z) is a constant, we know V¢, is also

93



L-Lipschitz locally in B(x,r,). Then similar to the proof of Lemma 2.2.1, one can easily show

that for any z1, 25 € B(x,r,), we have

¢z($1) S ¢x($2> -+ <V¢x(x2),x1 — LE2> + g ||l’1 — IQHQ . (Bl)

Note that for any y € B(z,r(||Vf(2)||)/2) as in the lemma statement,

lv—7V6u0) =] <My = ol + 2197 0) - Vi@ < 2y -2l <

where the first inequality uses triangle inequality and V¢,(y) = Vf(y) — Vf(z); and the
second inequality uses Definition 2. It implies that y — %V@(y) € B(z,r,). Then we can

obtain

0() = min o0 () < 6. (3~ 1V0)) < 00(0) — 5 IV6. W),

where the last inequality uses (B.1) where we choose x; =y — %ngm(y) and xo = y. By the

definition of ¢,, the above inequality is equivalent to

S 195) — V@I < )~ F@) — (V(x), 2~ ).

Similar argument can be made for ¢,(-) to obtain

S 197 ) — V@) < F@) — o) (Y ()y — ).

Summing up the two inequalities, we can obtain the desired result. O

With Lemma B.1.1, we prove Lemma 3.1.1 as follows.
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Proof of Lemma 3.1.1. Let L = ¢(G). We first verify that 2 € B(z,r(G)/2). Note that
|o* =z = IV @)l <nG <r(G)/2,
where we choose n < r(G)/(2G). Thus by Lemma B.1.1, we have

[ViH)|* = IV F@I2 + 24V f@h) - VI@), V@) + |[ViE) - Vi)

= |Vf(@)|* - 727<Vf(x+) ~ V@)t )+ [Vt - V@)
I

< IVI@)IP + (1- )|Vt - V@)
nL

< IV f()]*,

where the first inequality uses Lemma B.1.1 and the last inequality chooses n < 2/L. O]
With Lemma 3.1.1, we are ready to prove both Theorem 3.1.2 and Theorem 3.1.3.

Proof of Theorem 3.1.2. Denote G := ||V f(z)||. Then we trivially have ||V f(zo)| < G.
Lemma 3.1.1 states that if |V f(z;)|| < G for any ¢ > 0, then we also have ||V f(zi )] <
|V f(x:)]| < G. By induction, we can show that |V f(z;)|| < G for all t > 0. Then the rest
of the proof basically follows the standard textbook analysis. We still provide the detailed
proof below for completeness.

Note that ||z:11 — x| = ||V f(x)| < nG < r(G), where we choose n < r(G)/(2G).

Thus we can apply Lemma 2.2.1 to obtain

L
0> f($t+1) - f(33t) - <Vf(95t)>33t+1 - fl?t> - 5 th+1 - 5151:”2
> flae) — f(e2) — (V@) 2eer — 22) — ;n s — ol (B.2)

where the last inequality chooses n < 1/L. Meanwhile, by convexity between z; and x*, we
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have

0> flze) = [+ (Vf(xe), 2" — 24). (B.3)

Note that (¢ + 1)x(B.2)+(B.3) gives

0> flz) = f*+ (V@) 2" —20)

+u+w(ﬂﬁﬂwaﬂ@wwVﬂ%»mﬂ—x»—;waﬂ—wmﬁ.

Then reorganizing the terms of the above inequality, noting that

lzesr — 2" = llze = 2"|° = llwers = 2el)” + 2@ — 202 — 27)

= th+1 - xt”2 + 277<Vf($€t),l‘* - xt>7

we can obtain
* 1 * (12 * 1 * (12
(t+ ) (f(zea) — f7) + o |ze1 — 2" < t(f(ze) — f) + o7 |z — 2]

The above inequality implies ¢(f(z;) — f*) + % |z; — 2*||* is a non-increasing potential

function, which directly implies the desired result. O

Proof of Theorem 3.1.3. Since strongly convex functions are also convex, by the same argu-
ment as in the proof of Theorem 3.1.2, we have |V f(x;)|| < G := ||V f(xg)]|| for all ¢ > 0.
Moreover, (B.2) still holds. For p-strongly-convex function, we can obtain a tighter version

of (B.3) as follows.

0> f(e) = f*+ (Vf(a),a* =) + 5 [l = ][> (B.4)
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Let Ag =0 and A4y = (1 + A;)/(1 —nu) for all ¢ > 0. Combining (B.2) and (B.4), we have

0> (At—H - At)(f(xt) -+ <vf(xt>»$* - xt))

1

+ A <f(33t+1) = f(ze) = (V (@), 031 — 24) — % [ l"t||2>-

Then reorganizing the terms of the above inequality, noting that

lwesr — 2 |1* = o — 2°|1° = lwipr — @” + 2{@es1 — 2, 1 — 27)
= ”xt+1 - 37tH2 + 277<Vf(]?t),$* - xt>7
we can obtain

1+ nuAi
2n

1+ npAy
2n

A (f (@) — ) + lesn — a7 |* < Au(f (@) = f7) + v — 2|

The above inequality means A;(f(z:) — f*) + Hgij;’qt |2y — 2*||* is a non-increasing potential

function. Thus by telescoping we have

o (1 —np)”
R (e

B.2 Analysis of NAG for convex functions

In this section, we provide the detailed analysis of Nesterov’s accelerated gradient method in
the convex setting. As we discussed in Section 3.1.2, the stepsize size choice in Theorem 3.1.4
is smaller than the classical one. Therefore, we provide a more fine-grained version of the

theorem, which allows the stepsize to depend on the degree of /.

Theorem B.2.1. Suppose f is convex and (-smooth satisfying Assumptions 1.1, 1.2, and 3.1.
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For a € (0,2], if £(u) = o(u®), i.e., limy o0 £(u)/u® = 0, then there must exist a constant G

such that for L = ((2G), we have

G = max {Smax{ LY 1 L((F(wo) = 1) + oo — o P IV fG0) I} (BS)

Choose 1 < min{m, ﬁ} Then the iterates of Algorithm 1 satisfy

Ao — 1) + 4o — o)

flar) = f7 < T

Note that when a = 2, i.e., £ is sub-quadratic, Theorem B.2.1 reduces to Theorem 3.1.4

which chooses n < min{lﬁ%, i} When a = 1, i.e., £ is sub-linear, the above theorem

1

oz @s in the classical textbook analysis up to a numerical constant factor.

chooses n <

Throughout this section, we will assume f is convex and f-smooth, and consider the
parameter choices in Theorem B.2.1, unless explicitly stated. Note that since f is ¢-smooth,
it is also (r,m)-smooth with m(u) = ¢(u + G) and r(u) = ﬁ by Proposition 2.1.2.
Note that m(G) = ¢(2G) = L and r(G) = G/L. Then the stepsize satisfies n < 1/(2L) <

. r(G
mln{—m(ZG), 2(G) }.

Before proving Theorem B.2.1, we first present several additional useful lemmas. To start
with, we provide two lemmas regarding the weights {A; }1>0 and {B;}:>¢ used in Algorithm 1.

The lemma below states that B, = O(t?).
Lemma B.2.2. The weights {Bi}i>o in Algorithm 1 satisfy 5t < By < t* for all t > 0.

Proof of Lemma B.2.2. We prove this lemma by induction. First note that the inequality

obviously holds for By = 0. Suppose its holds up to t. Then we have

1 1 1 1
Biii=B+-(1+ /4B, + 1) > >+ —(1+ V2 + 1) >
t+1 t+2( + + + )_4 +2( + +1) >

(t+1)°

W~ |
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Similarly, we have

1 , 1 )
Bt+1:Bt+§(1+\/4Bt+1)§t +§(1+\/4t2+1)§(t+1).

Lemma B.2.2 implies the following useful lemma.

Lemma B.2.3. The weights {A;}i>0 in Algorithm 1 satisfy that

A 1 t—1
(1— At;)E S Agi (A — Ay — 1) < 4.
s=0

Proof of Lemma B.2.3. First, note that it is easy to verify that Ag,1—A;—1 = Bs,1—Bs—1 >

0, which implies each term in the LHS of the above inequality is non-negative. Then we have

At 1 t—1
1-— - As AS - AS —1
( At—i—l)At 82:%\/ +1(Ast1 )
< — (A1 — A Agp1 — A, —1 A > A,
-~ At_,’_l\/xt( t+1 t) Sz:%)( +1 ) ( t +1)
1 t—1
=—— (B, — B Bsi1—Bs—1 Ay =B, +1
At—&-l\/zt( 1 t) SZ:;)( +1 ) ( +1/n)
1 1 t—1 1
= . Z(1+ /4B, +1) Z(—l + —(1+ 4B, + 1)) (by definition of By)
At+1\/xt 2 s=0 2
t2
< gm (t+ 1)5 (by A; > By and Lemma B.2.2)

< 4.

O

The following lemma summarizes the results in the classical potential function analysis of
NAG in [d’Aspremont et al., 2021]. In order to not deal with the generalized smoothness
condition for now, we directly assume the inequality (B.6) holds in the lemma, which will be

proved later under the generalized smoothness condition.
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Lemma B.2.4. For any t > 0, if the following inequality holds,
1
Fe) + (V[ (ye), mer1 — ye) + B i1 = well* > flaep), (B.6)
then we can obtain
* 1 *2 * 1 * (|12
A (f (@) — 1) + o7 [zt — 27|17 < Ae(f () = f7) + o lze —2*[|7. (B.7)

Proof of Lemma B.2.4. These derivations below can be found in [d’Aspremont et al., 2021].
We present them here for completeness.

First, since f is convex, the convexity between x* and y; gives
22 Fye) +(Vf(ye), 2™ — w).
Similarly the convexity between z; and y; gives
f(@e) = fye) +{V f (), 20 — w).

Combining the above two inequalities as well as (B.6) assumed in this lemma, we have

0> (A — A)(f(ye) — [+ (Vf(we), 2" —u)
+ Ae(f(ye) = f(@e) +(VF (o), 20 — yr))

+ A (f($t+1) — [(ye) =V f(), ogr — ye) — 2177 241 — yt||2>' (B.8)
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Furthermore, note that

1

%(nml —2"|* = [z — 2|*)

1
= %(Hzt—&-l — ZtH2 + 2(2e41 — 26, 20 — 55*))

1 .
= 5 (1At = A IV S = 20(Av = AN (TS (). 21— 27))
_n

2(At+1 — A IV w)ll? = (A — ANV f (), 2 — 2).

Meanwhile, we have

A1 = Ay — 77At+lvf(yt) = Ay + (At+1 - At)(Zt - It) - nAtHVf(yt).

Thus we have

(A1 — Ap)ze = Az — Ay + A Vi (ye).

Plugging back in (B.9), we obtain

[\D‘)—k

<||Zt+1 - $*||2 = [l — $*||2)
Y

= 3 (Avss = AP VI + (A = ANV F (), 2")
+ (= A1 T + Ay — A V() V()

Thus

(A1 — AV (o), 27) + (A — Avrze1, V()
1

1
277(||Zt+1 — P = [z = 2" |*) + n(Avss - 5 (A = A4)°) IV £ e
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So we can reorganize (B.8) to obtain

02 Apa (f(we1) = 7)) = Au(f (20) — )

+ (Appr — ANV (), 27) + (Asre — A1 i1, V()

1 2
— A _
oy t+1 ||35t+1 ?Jt”

= Ap1(f(xeg1) = f7) — A(f (@) — f7)

1
+ g (o =27 = llze = 27%) + 5 (Auss = (Aea = A IV T )

Then we complete the proof noting that it is easy to verify

1

Appr — (A — At>2 =B+ 5 — (Byy1 — Bt)2 =—->0.

I | =

[
In the next lemma, we show that if |V f(y;)|| < G, then the condition (B.6) assumed in
Lemma B.2.4 is satisfied at time ¢.

Lemma B.2.5. For any t > 0, if ||Vf(y)| < G, then we have ||V f(zi1)|| < G, and

furthermore,

f@»ﬂVﬂmﬂﬂrﬂm+;ﬂaﬂ—%wquwa

Proof of Lemma B.2.5. As disccued below Theorem B.2.1, the stepsize satisfies n < 1/(2L) <

min{ﬁ, ng)}. Therefore we can apply Lemma 3.1.1 to show ||V f(ze1)]| < |Vf(w)| < G.

For the second part, note that ||z.41 — yl| = nl|[Vf ()| < & < r(G), we can apply

Lemma 2.2.1 to show

(i) < flye) + (VW) zeo — ye) + s 241 — yt||2

1
< fe) + (Vf(e), e — ye) + o [E—TA L
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]

With Lemma B.2.4 and Lemma B.2.5, we can show that |V f(y)|| < G for all t > 0, as

in the lemma below.
Lemma B.2.6. Forallt >0, ||Vf(y)| < G.

Proof of Lemma B.2.6. We will prove this lemma by induction. First, by Lemma 2.2.3 and
the choice of G, it is easy to verify that |V f(zo)|| < G. Then for any fixed ¢ > 0, suppose
that ||V f(xs)]| < G for all s <t. Then by Lemma B.2.4 and Lemma B.2.5, we know that

IV f(xs)]] <G for all 0 < s <t and that for all s <,

Asi(f(@si1) = 1) + o 21 — @[ < As(f () — f7) + o7 25 — 2| (B.10)
By telescoping (B.10), we have for all 0 < s < ¢,
* 1 * *
Flasn) = f7 = ——((f(@o) = ) + 20 — 2 ). (B.11)
NAsy1
For 0 < s <'t, since ||V f(zs)|| < G, then Lemma 2.2.3 implies
IV f@)ll” < 2L(f(zs) = £7). (B.12)

Note that by Algorithm 1, we have

(21 — 1) = n(Ae — A )V (Y1) + 0V f (Y1)

1 t—1
2t — Xy = Ao Z NAsi1(Asr — A — D)V f(ys).

l s=1
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Therefore

1t1

Ay
- - As s -
Yy — a1 = —(1— At At Z NAsi1(Asi

Thus we have

tltl

- <(l1- As s -
e — 2|l < ( Ay AtZﬁ 11(Aspa

As - l)vf(ys)

A = D[V f(ys)ll = Z.

Since |V f(ys)|| < G and ||zs11 — ysl| = [0V f(ys)|| < r(G) for s < ¢, by Lemma 2.2.1, we

have
t 1 t—1
I<(1- ZWAS—H st1— As = DIV (@) + L [V £(ys)l)
Ay At
At 1 t—1
<nLlT+(1- ZUAsH Ag1 = As = 1) [V f (i) ] -
Ay At
Thus
lye — 4|
1 1 t—1
<T < A A1
- 1—77L< At+1 AtZ:IU s1{Aonn ° JIVIGs)l
R N A= )\2L (e - 1) (by (B.12)
s s — s — Ty - .
=1L At At NAsi1(Asi +1 y
1 A, 1 2L 1 2
< 1-— — Agi1(Agpr — Ay —1 - — f* —*
—1_,7L( At+l)At;n sr1(Aspr — As )\/AS+1 77((f(l“o) )+ llzo — %)
(by (B.11))
_2\/7][/ At 1 t ! . 2
—1_%( ) 2 VA (e = A= 1Y (Fao) = 7)o+ 1z — ]
—1_ L\/L ) + [l20 — 2*|%) (by Lemma B.2.3)
<¥ LYV = g <r(G) (by the choices of n and G)
—=973/2—1/a 97, = : y Ul
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Since |V f(z:)]] < G and we just showed ||z; — y|| < r(G), by Lemma 2.2.1, we have

VIl < IV @)l + Ly — o

L 9 G
<2 =) =)+ Lo (b (B12) and (BAD)
< G(jL + ;) < (. (by A; > 1/n and choice of G)

Then we complete the induction as well as the proof.

With the three lemmas above, it is straight forward to prove Theorem B.2.1.

Proof of Theorem B.2.1. Combining Lemmas B.2.4, B.2.5, and B.2.6, we know the following

inequality holds for all ¢ > 0.

1
A1 (f(@e40) = f7) + 2177 e — a1 < A(f(xe) = f*) + o 7 = i

Then by telescoping, we directly complete the proof. O

B.3 Analysis of NAG for strongly convex functions

In this section, we provide the convergence analysis of the modified version of Nesterov’s
accelerated gradient method for p-strongly-convex functions defined in Algorithm 5.

The convergence results is formally presented in the following theorem.

Theorem B.3.1. Suppose f is p-strongly-conver and (-smooth satisfying Assump-
tions 1.1, 1.2,
and 3.1. For a € (0,2], if £(u) = o(u®), i.e., limy, o l(u)/u® = 0, then there must exist

a constant G such that for L := ((2G), we have

G > 8max{LY*"1/2, 1}\/L((f(:c0) — )+ pllzo — 2*||*)/ min{p, 1}. (B.13)
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Algorithm 5 NAG for u-strongly-convex functions
1: Input A p-strongly-convex and ¢-smooth function f, stepsize n, initial point xg
2: Initialize zy = 2o, By = 0, and Ay = 1/(nu).
3: for t=0,... do

2Bi+1++/4Bi+4nuB2+1
4: Bt+1 ==

2(%—%)
Avpr = B + w

(A1 —Ag) (I+npAL) _ A —A
and 5t T 14npAisa

T A +2npAiAs 1 —npA?
Y = Xy + (2 — x4)
: T =Y — NV f(y)
9 zer = (1= npde)z + npdeye — 10V f (ye)
10: end for

5
6: Tt —
7
8

If we choose

. 1 1
]S min { 144]3-2/ 10g4 (e + 144L;—2/a> ’ 2L} : (B.14)

The iterates generated by Algorithm 5 satisfy

(1= /mm)" (f (o — f*) + pellz0 — 56*H2)'

flar) =1 < np+ (1= /)™t

The above theorem gives a gradient complexity of O (\/% log(1/ e)) Note that Theo-
rem 3.1.2 shows the complexity of GD is O (i 10g(1/e)>. It seems NAG gives a better rate
at first glance. However, note that the choices of G, L, n in these two theorems are different,
it is less clear whether NAG accelerates the optimization in this setting. Below, we informally
show that, if £(u) = o(y/u), the rate we obtain for NAG is faster than that for GD.

For simplicity, we informally assume £(u) < z* with p € (0,1). Let Gy = ||V f(z0)||. Then
for GD, by Theorem 3.1.2, we have ngqp < p1/0(Go) =< p/Gf. For NAG, since ¢ is sub-linear we
can choose o = 1 in the theorem statement. Since f is u-strongly-convex, by standard results,
we can show that f(xg) — f* < I%G% and ||zo — z*|| < iGo. Thus the requirement of G in

(B.13) can be simplified as G' 2> (G) - Go/u, which is satisfied if choosing G =< (Gg/u)*/1=7).
Then we also have 7y, < ﬁ = (11/Go)?/A=P) . Thus | /Moaght =< (11/GE)Y/2727). This means
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whenever 1/(2 —2p) < 1,1ie., 0 < p < 1/2, we have ,/Mnaglt 2 Ngaft, Which implies the rate
we obtain for NAG is faster than that for GD.
In what follows, we will provide the proof of Theorem B.3.1. We will always use the

parameter choices in the theorem throughout this section.

B.3.1 Useful lemmas

In this part, we provide several useful lemmas for proving Theorem B.3.1. To start with, the

following two lemmas provide two useful inequalities.
Lemma B.3.2. For any 0 < u < 1, we have log(1 + u) > %u

Lemma B.3.3. For all0 <p <1 andt >0, we have

2

t < % log(e + ;)(p(l +vp)' +1).

Proof of Lemma B.3.5. Let

£(t) = jﬁ log(e + ;><p<1 Y-

It is obvious that f(¢) > 0 for t < % log(e + %) For t > % log(e + %), we have

f'(t) = 2y/plog(e + ;> log(1+ vp)(1+p) — 1

>p(l+4/p)f —1 (by Lemma B.3.2)
~ pexp(tlog(1+ 7)) — 1

> pexp(ty/p/2) — 1 (by Lemma B.3.2)
>ple+1/p)—1>0. (since t > %log(e—i—%))
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Thus f is non-decreasing and

f(t) > f(jﬁ log(e + ;)> > 0.

O

In the next four lemmas, we provide several useful inequalities regarding the weights

{At}+>0 and {B:}i>0 used in Algorithm 5.
Lemma B.3.4. For all s <t, we have

By — By By — By <1
By L+nuBs =

which implies 4 - 6, < 1.

Proof of Lemma B.3.4. By Algorithm 5, it is easy to verify

(Bst1 — Bs)? = By (1 + npBisa).

This implies

B, = By — \/Boni (1 + 0uByi).

Thus

Do it —— 21— ot —— =
By s By — s By

By
Bs+1 ’

where in the inequality, we use the fact that B, is non-decreasing with s. Therefore

By~ Bi By~ B, _ By~ B, By~ B,

B L+nuBer = By L+nuBen
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Thus we have

6 = (A1 — A +npAy) A — A
T Av + 20p A A — p AR 1+ pAan
< A — A Agpn — A,

T A 1+ npAsia

_ B =By By — B

A 14+ npAsi

<« B =B Benn—Bs _ L

= B L +nuBsi —

Lemma B.3.5. If0 < nu < 1, then for any t > 1, we have

B < By < 3B

L—/mue— L—nu

Thus

1 .
= > (L+ /)™

SRR

Proof of Lemma B.3.5. For t > 1, we have B; > 1 thus

2B+ 1+ 4B+ B 1 2B, 4+ 1 _

3B,

(by Apy1 > Ay)

(by As—l—l - As - Bs—l—l - Bs)

(by As+1 2 Bs+1)

t+1 =~ =~ .
’ 2(1 —nu) L—nu = 1—pun

On the other hand, we have

2B, + 1+ /4B, + 4quB? + 1
e 2(1 = np)
_ 2B: +/(2Bry/M)’

- 2(1 —np)
B,

-/
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Thus

1 t—1 1 t—1
B, > (1_> By > (1_> > (1+ \/nﬂ)t_l.

N N
O
Lemma B.3.6. For 0O <nu <1 andt > 1, we have
t
> Bs < (1 —np)Bia < 3By
s=0
Proof of Lemma B.3.6.
2B+ 1 \AB, + 4guB? + 1
T 2(1—np)
VB
> B, + !
1 —np
> .
t /
> e
=ol—mu
Combined with Lemma B.3.5, we have the desired result. O
Lemma B.3.7. Fort > 1, we have
t—1 7/ 45 1
> L <3+ 4logle+ —).
= A u
Proof of Lemma B.3.7. By Lemma B.3.5, we have
A =B+ >(1+,/_)t‘1+1 (B.15)
=B +— 2> 0 — :
T 0
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Thus, we have

Z \/71_ t ;\/Bm;lrtl/ ni)
_Zm t

Ay VIRA
+ ! 2 log(e + 1)( (1+ )t +1)
- —_— e PR
VA /M np s s

(by Lemma B.3.6 and Lemma B.3.3)

1
< 3+4log(e + —). (by Inequality (B.15))
Nk

B.3.2 Proof of Theorem B.3.1

With all the useful lemmas in the previous section, we proceed to prove Theorem B.3.1, for
which we need several additional lemmas. First, similar to Lemma B.2.4, the following lemma
summarizes the results in the classical potential function analysis of NAG for strongly convex

functions in [d’Aspremont et al., 2021].

Lemma B.3.8. For anyt > 0, if the following inequality holds

) + (VL) 2ss — 1)+ —— et — el = Flas),

2n
then we can obtain

1+ npAi
2n

1+ npAy

e
n

A1 (f(wgn) — f7) + lzer1 — 2% )1* < Au(f (@) — £) +

Proof of Lemma B.3.8. These derivations can be found in d’Aspremont et al. [2021]. We

present it here for completeness.
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The strong convexity between z* and ¥, gives

2 F) + (Ve =) + 5 2" =l

The convexity between z; and y,; gives

f(xe) = fye) + (VF(ye)s 2o — ye).

Combining the above two inequalities and the one assumed in this lemma, we have

02 (A = A)(f* = flu) = (VS @)a" =) = 5 la* =l
+ A(f () = fla) = (VI (), 20 — i)

+&Huuﬁn—ﬂ%wwVﬂmﬂﬂrwm—;ﬂmﬂ—%W»

Reorganizing we can obtain

Ava (o) = %)+ =5 = o — 2|
S AT (@) = S+ =5 = e

(A — At+1)2 — Ap1 — WA§+1 n 2
N v
St LIV s
(Aps1 — A (1 + npAy) (1 + npAs)
(A1 + 2npAL Ay — nuA7)?

— 4 Ellae — =l
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Then we complete the proof noting that

(A — At+1)2 — A1 — WA?H

1
= (B; — Bi41)> — Byy1 + ﬁ — np(Bes1 + 1/ (np))?

1 1
= UMBt2+1 + % - UMBt2+1 — 2B — %

= —2By4 <0.

]

Next, note that Lemma B.2.5 still holds in the strongly convex setting. We repeat it

below for completeness.

Lemma B.3.9. For any t > 0, if |Vf(y)| < G, then we have |V f(zi41)]] < G, and

furthermore,

f(yt) + <Vf(yt)7$t+1 — ) + 2177 ||$t+1 - yt||2 > f(-TtJrl)-

With Lemma B.3.8 and Lemma B.3.9, we will show that ||V f(y:)|| < G for all ¢t > 0 by

induction in the following lemma.
Lemma B.3.10. For allt >0, we have |V f(y:)]| < G.

Proof of Lemma B.53.10. We will prove this lemma by induction. First, by Lemma 2.2.3 and
the choice of G, it is easy to verify that |V f(zo)|| < G. Then for any fixed ¢ > 0, suppose
that ||V f(xs)|| < G for all s <t. Then by Lemma B.3.8 and Lemma B.3.9, we know that

IV f(x,)|| < G for all 0 < s < ¢, and that for all s < ¢,

1+ npAs

ap e =" S Af @) = 1)+ —5 = |z

Acp1(f(zgpr) = f7) +
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By telescoping (B.16), we have for all 0 < s < ¢,

1
As+177ﬂ

flag) — fr < (f(zo) — f* + p |20 — z*|%).

For 0 < s <, since |V f(zs)|| < G, then Lemma 2.2.3 implies

Note that by Algorithm 5, we have

(B.17)

(B.18)

2t — Ty = (1 - 77,U5t—1)(1 - Tt—l)(Zt—l - th—l) + 77(1 - (5t—1)vf(?/t—1)-

Thus
t—1
2 — T = 772 (1=0)Vf(ys) II (0 —npo)(1—m).
1=s+1
Therefore
t—1 t—1
Y — T = nTtZ (1=09)Vf(ys) IT O —=nus)(d—m).
1=s+1
Moreover
A 1 A
| s =1~ A = A) L npd;
1+ nuAiv 1+ npAiq
and
{r A = A)A A+ pudy) Ai(1+ npAip) Ai(1+ npAig)

Aip1 + 20pAiAipy — nuA? Ay + 20pAi A — npA?
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Thus we have

t—1 t—1
. As+1 As+1

lye — o]l < mm D (6 IV f(ys)] nZ
s=0

IVF(ys)ll = Z,

t

where the second inequality follows from Lemma B.3.4. We further control term Z by

t—lA
I<ny, ;;rl(va(xs—i-l)H + LIV f(ys)ll)
s=0 t

t—1 As
<L 403 = IV @)l
s=0

Thus we have

t—1 A
lye = ll < < ”UL SZO i IVl
S 7z nL Z T \/2L (Ts1) = f*) (by (B.18))
t—1 As 1
< S A b () - S bl (b BaD)
s=0 t S
_ VPG — T+l =) L VA
(1 - UL)\/E s=0 At
V20L(f(x0) — f* + pllz0 — %) |
< (=L} <3 + 4log(e + W)> (by Lemma B.3.7)
G . [1/2-1/a
< 1_¢77L <3+410g(e+nlu)> — (by (B.13))
3+41 + L aQ
s ngim 2/3) et (by (B.14)
G
ﬁ <r(G).
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Since |V f(z:)]] < G and we just showed ||z; — y|| < r(G), by Lemma 2.2.1, we have

IVl < IV @)l + Lllye — 24l

2L 9 G
< _ * — ¥ [p— .
e (aw) = ) bl =) + L o (by (B.17))
1 1
fga(4+2)f;a. (by A > 1/(yp) and (B.13))
Then we complete the induction as well as the proof. O

Proof of Theorem B.3.1. Combining Lemmas B.3.8, B.3.9, and B.3.10, we know the following

inequality holds for all ¢ > 0.

o LH+nuA . o L+ nuA .
Ava () = £+ = o = £ Af () = )45 = =0
Then by telescoping, we get
o 1+nuA . o 1L+ nuA .
A ) = )+ =gl = 27l Ao( o) = )+ 2 o — 7|

Finally, applying Lemma B.3.5, we have A; = By +1/(nu) > 1/(1 — /np)*t +1/(nu). Thus

completes the proof. O

B.4 Analysis of GD for non-convex functions

In this section, we provide the proofs related to analysis of gradient descent for non-convex

function, including those of Lemma 3.2.1 and Theorem 3.2.2.

Proof of Lemma 3.2.1. First, based on Corollary 2.2.4, we know ||V f(2)|| < G < 0o. Also

note that

o+ — || = InV £@)] < nG < G/L.
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Then by Lemma 2.2.1 and Remark 2.2.2, we have 7 € X and

Fat) <7@) + (Vi) at —a)+ 7 ot — o
— () = n(1 —nL/2) |V £(2)|
<f(x).

]

Proof of Theorem 3.2.2. By Lemma 3.2.1, using induction, we directly obtain f(x;) < f(zo)
for all ¢ > 0. Then by Corollary 2.2.4, we have ||V f(x;)|| < G for all ¢ > 0. Following the

proof of Lemma 3.2.1, we can similarly show

feees) = fe) <n(L=nL/2) = L[V F@)]P < =2 IV F ).

Taking a summation over ¢t < T" and rearanging terms, we have

1 s 2f (o) = fr) _ 2f(wo) = 1)
7 LIV < SR < SER L

t<T

B.5 Analysis of SGD for non-convex functions

In this section, we provide the detailed convergence analysis of stochastic gradient descent
for /-smooth and non-convex functions where ¢ is sub-quadratic. We first state the Optional

Stopping Theorem below useful for our analysis.

Lemma B.5.1 (Optional Stopping Theorem). Let {Z;:}i>1 be a martingale with respect to a
filtration {F;}i>0. Let T be a bounded stopping time with respect to the same filtration. Then
we have E[Z.] = E[Z].
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Next, we present some useful inequalities related to the parameter choices in Theorem 3.2.3.
Lemma B.5.2. The parameters choices in Theorem 3.2.3 are valid and the following in-
equalities hold.

nGV2T <1/2, n*cLT <1/2, 100n*To*L* < 6G>.

Proof of Lemma B.5.2. The parameter choices are valide because we have n% < ﬁ

by

the choice of 1. Then, note that by Corollary 2.2.4, we know

G* =2LF = 16L(f(x¢) — f* +0)/6 > 16Lo /6,

i.e., oL < G%§/16. Note that n < 401\5 by the choice of T', we have

nGV2T <v/2/4 < 1/2,
o LT <n’TG*§/16 < §/256 < 1/2,

100n*To?*L* <100n*T'G*6%/256 < §G=.

]

Next, we show the useful lemma which bounds E[f(z,) — f*] and E |3, |V f(2,)]%]

simultaneously.

Lemma B.5.3. Under the parameters choices in Theorem 3.2.3, the following inequality

holds

E|f(er) = f* + 5 L IVF@IF| < fwo) = +o.

t<T

Proof of Lemma B.5.53. If t < 7, by the definition of 7, we know f(z;) — f* < F and

el < 5%, and the former also implies |V f(x;)|| < G by Corollary 2.2.4. Then we can
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bound

G (G
— < =,
L

lwerr — @l = nlIVf (e, €Il < n(IVF @)l + lleell) <0G+ 7 <

where we use the choice of n < ﬁ Then based on Lemma 2.2.1 and Remark 2.2.2, for any

t < 71, we have

Flen) = (o) <(VF(),viar = 20) + ¢ e — P
2
= (V@) VI (&) + [V (&)
< =0V F@I = 0V (), ec) + LIV + P L e

< - g IV f()])* - 77<Vf(£13t), €t> + 7L ||e]|?, (B.19)

where the equality is due to (3.2); the second inequality uses g, = ¢; + V f(x;) and Young’s
inequality [y + z||> < 2||y[|* + 2||z||* for any vectors y, z; and the last inequality chooses

n < 1/(2L). Taking a summation over ¢ < 7 and rearanging terms, we have

flaz) = f* + g SV < flwo) = £ =X (V@) ) +° LY [lel”.

t<T t<t t<tT

Now we bound the last two terms on th RHS. First, for the last term, we have

<E

S laf

t<t

5 HetIIZ] <o,

t<T

where the first inequality uses 7 < T by its defnition; and in the last inequality we use
Assumption 3.2.
For the cross term, note that E;_; KVf(a:t), et>} = 0 by Assumption 3.2. So this term

is a sum of a martingale difference sequence. Since 7 is a stopping time, we can apply the
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Optional Stopping Theorem (Lemma B.5.1) to obtain

E

t<rt

SV f($t),et>] =0. (B.20)

Then we have

E [— SV F(), et>] =E [(V(z.),e:)] < GE[[le.]] < GVE[l &[]

t<T
<G |E|> le|I’| < oGVT +1 < oGV2T,
\ <7

where the equality is due to (B.20); the first inequality uses ||V f(z,)|| < G by the definition

of 7 in (3.3) and Corollary 2.2.4; the fourth inequality uses E[X]?* < E[X?] for any random
variable X; and the last inequality uses Assumption 3.2.

Combining all the bounds above, we get

E | f(z:) = "+ 3 S IVF@)IP| <flwo) = f* +noGVRT + 20’ LT

t<t

<f(xo) = f* + o,

where the last inequality is due to Lemma B.5.2. [
With Lemma B.5.3, we are ready to prove Theorem 3.2.3.

Proof of Theorem 3.2.3. We want to show the probability of {r < T'} is small, as its comple-
ment {7 =T} means f(x;) — f* < F for all ¢ <T which implies ||V f(x;)|| < G forall t <T.

Note that
{7' < T} = {7'2 < T}U{Tl < T,TQ :T}

Therefore we only need to bound the probability of each of these two events on the RHS.
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We first bound P(m < T'). Note that

<) =2 (U {llel > 507 })

t<T
G

sZP@m>)

t<T 5nL

25m°To? L*
Pl
<=
<6/4,

where the first inequality uses union bound; the second inequality applies Chebyshev’s
inequality and E[||e,]|’] = E[E,_1[||e]|’]] < 02 for each fixed ¢ by Assumption 3.2; the last
inequality uses Lemma B.5.2.

Next, we will bound P(my < T, = T'). Note that under the event {r < T, 7 =T}, we
know that 1) 7 = 7y < T which implies f(z,41) — f* > F; and 2) 7 < T = 75 which implies
e | < 57% by the definition in (3.3). Also note that we always have f(x,) — f* < F which
implies |V f(z,)|| < G by Corollary 2.2.4. Then we can show

“

lorir = 2o ll = 0V 20, &I < 0V f (@)l + llec ) <0G+ o

<

)

=~ Q

where we choose 1 < ﬁ Then based on Lemma 2.2.1 and Remark 2.2.2, we have

J(@rsr) = flar) < = SNV @) = n(VF (e, er) + 7L e

<[V f(@) - el +n*L e |
GQ

<

4L
F

2 Y

where the first inequality is obtained following the same derivation as in (B.19); the last

equality is due to Corollary 2.2.4. Therefore we can show that under the event {r < T, 75 =
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T,

flxr) = = fzr) = f(2r1) + f(2ra) = f7 > F/2.

Hence,

Elf(z-) = f7] < 2(f(xo) = f* +0)

Pin <T,m=T) <P(f(z;) = [* > F/2) < F/2 F

= 5/4,

where the second inequality uses Markov’s inequality; the third inequality uses Lemma B.5.3;
and in the last inequality we choose F' = 8(f(xo) — f* + 0)/0.

Therefore we can show
Pr<T)<P(rn<T)+Pn<T,n=T)<d§/2
Then we also know P(t =7T) > 1 —§/2 > 1/2. Therefore, by Lemma B.5.3,

) S

2(f(zo) = f* +o
n

> Hw@twﬂ

SB(r = T)E [z 19 £ ()

t<T

r=1]

>3 | X 19

t<T

T = T] .
Then we have

=T

A 1 v0) _IF 5

1
E [T S IV £ 7 i

t<T

where the last inequality uses the choice of T. Let & := {1 3,7 ||V f(z4) | > €2} denote the
event of not converging to an e-stationary point. By Markov’s inequality, we have P(€) < §/2.

Therefore we have P({7 < T} U &) < 4, which completes the proof. O
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B.6 Lower bound

In this section, we provide the proof of Theorem 3.2.4.

Proof of Theorem 3.2.4. Let ¢,ng > 0 satisfy 1y < ¢?/2. Consider

log(|z| — ¢), lz| >y

f(@) =1{2log(y — ¢) —log(2y — |z| —¢), ¢/2<|z| <y

kx? + b, lz] < ¢/2,

where ¢ > 0 is a constant and y = (¢ + v/c? + 219)/2 > 0 is the fixed point of the iteration

o
Ty — C

Ti41 = [Tt —

Y

and k, b are chosen in such a way that f(z) and f'(x) are continuous. Specifically, choose
k=c1f'(c/2) and b= f(c/2) — cf'(c/2)/4. Since f(—z) = f(x), f(x) is symmetric about
the line z = 0. In a small neighborhood, f(z) is symmetric about (y, f(vy)), so f'(z) is
continuous at y.

Let us first consider the smoothness of f. By symmetry, it suffices to consider x > 0.

Then,
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Its Hessian is given by

Hence, f(z) is (2, 2k, 1)-smooth.

Note that f(z) has a stationary point 0. For stepsize n; satisfying ny < ny < ¢?/4, there
exists z = (c+ M) > y such that —z = z —ny(y — ¢)~! and by symmetry, once z, = z,
xy = 2z for all ¢ > 7, making the GD iterations stuck. Now we choose a proper xy such that
f'(xp) and f(zo) — f(0) are bounded.

We consider arriving at y from above. That is, o > 1 > ... 2, = z > ¢ > 0. Since in

each update where x4 =z, — ny(x, — €)' > ¢,

2y — w1 = 2 — (2 —np(ze — ¢) ) = (e — o)~ < /iy
Hence, we can choose 7 in such a way that 3¢/2 <z < 3¢/2 + ,/7;. Then,
log(c/2) < f(xo) <log(c/2+/m5),  2/(c+2y/1y) < f'(xo) <2/c
By definition, y — ¢ = no(c + v/ + 2m9) ! Hence,
F(e/2) = 2log(y — c) — log(2y — ¢/2 — )

= 2log(no) — 2log(c +y/c? 4 2mo) — log(y/c? + 29 — ¢/2),

, B 1
f(C/Z)— m_c/z
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Then,

f(@o) = f(0) = f(zo) — f(c/2) + cf'(c/2)/4
< log(c/2 4+ /m7) + 2log(ny ') + 2log(c + M)
+log(m—0/2)+zm_c/2

1
< log(c) + 2log(my*) + 21log(2v'2¢2) + log(V'2c?) + 3

7 1
= 4log(c) + 2log(ny ') + 5 log(2) + 5
For stepsize ny < 1, reaching below 4c/3 takes at least

(w0 — 4¢/3) /77 = ¢/ (6:/777) > ey /2 /6

steps to reach 4c¢/3, where f'(4c/3) = log(c/3).

Now we set ¢ and 7y and scale function f(x) to satisfy the parameter specifications
Lo, Ly, Go, Ag. Define g(x) = Ly'f(z). Then, g(z) is (2,2kLy*, Ly)-smooth. Since the
gradient of g(z) is Ly times f(x), the above analysis for f(x) applies to g(z) by replacing
no with 11 = Lang and ny with n = Lany. To ensure that

2 1

4
ok Ly' = 2(cLs) " f(c/2) = = s L
2 (cL2)™ f'(c/2) Lo E T2 —c/2 = Ly —

it suffices to take ¢ > 2//LoLy. To ensure that

it suffices to take ¢ > 2/(LaGp). To ensure that

g(x0) — g(0) < (41og(c) + 2log(ny*) +3.5log2 + 0.5) Lyt < Ay,
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it suffices to take

N 2

log(n; ") — 2log(c).

Since we require n; < ¢?/2, parameters Ly and Ay need to satisfy

log2 — 2log(c) < 5

— 2log(c),

that is, LoAg > 5.5log2 + 0.5, which holds because LA, > 10. Take ¢ =
max{2/v/LoLa,2/(L2Go), /8/Lo}. Then, as long as n < 2/Lg, the requirement that n < ¢?/4
is satisfied. Therefore, on ¢g(z) with initial point z¢, gradient descent with a constant stepsize

either gets stuck, or takes at least

_ LoAg—3.5log2 —0.5
ey 1/2/6: gexp( 2720 4og —log(c))
16 (L2A0—3510g2—05)
= —ex
6P 4
1 Lo A
> éexp( 28 0)

steps to reach a 1-stationary point.
On the other hand, if > 2/Lg, consider the function f(z) = £z For any z; # 0, we

always have |z4y1] /|z¢] = |1 — nLo| > 1, which means the iterates diverge to infinity. O
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Appendix C

Proofs for Chapter 4

C.1 Covergence Analysis of Adam

In this section, we provide detailed convergence analysis of Adam. We will focus on proving
Theorem 4.2.1 under the bounded noise assumption (Assumption 4.2) in most parts of this
section except Appendix C.1.5 where we will show how to generalize the results to noise with
sub-Gaussian norm (Assumption 4.3) and provide the proof of Theorem 4.2.2.

For completeness, we repeat some important technical definitions here. First, we define
€ = mt — Vf(i[ft) (Cl)

as the deviation of the re-scaled momentum from the actual gradient. Given a large enough

constant G defined in Theorem 4.2.1, denoting F' = 2(L0+§7§(2G)P)’ we formally define the

stopping time 7 as
ri=min{t | f(x) — f* > F} AN (T + 1),

i.e., 7 is the first time when the sub-optimality gap is strictly greater than F', truncated at

T + 1 to make sure it is bounded in order to apply Lemma B.5.1. Based on Corollary 2.2.4
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and the discussions in Section 4.3.1, we know that if t < 7, we have both f(z;) — f* < F and
|V f(z,)|| < G. Tt is clear to see that 7 is a stopping time' with respect to {& }i>1 because

the event {7 >t} is a function of {&}s<; and independent of {&;}s>¢. Next, let

hy = —
VB

be the stepsize vector and H, := diag(h;) be the diagonal stepsize matrix. Then the update

rule can be written as
Tipr = 2 — hy © My = 2 — Hyy.

Finally, as in Lemma 2.2.1 and Lemma 4.3.1, we define the following constants with slight

notation abuse.

L:=Ly+ L,(2G)?,
r:=r(G)=G/L,

D :=2G/\.

C.1.1 Useful lemmas for Adam

In this section, we list several useful lemmas for the convergence analysis. Their proofs are
all deferred in Appendix C.1.4.
First note that when ¢ < 7, all the quantities in the algorithm are well bounded. In

particular, we have the following lemma.

ndeed, 7 — 1 is also a stopping time because V f(x;) only depends on {£,}s<¢, but that is unnecessary
for our analysis.
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Lemma C.1.1. Ift <7, we have

Vi) <G, V(e < G+o, || <G +o,
by < 2 <
Ut_(G+O'), G+0_+>\_h )\

Next, we provide a useful lemma regarding the time-dependent re-scaled momentum

parameters in (4.1).

Lemma C.1.2. Let oy = then for all T > 2, we have Y., a? < 3(1 + 3°T).

=i

In the next lemma, we provide an almost sure bound on ¢; in order to apply Azuma-

Hoeffding inequality (Lemma C.1.10).

Lemma C.1.3. Denote ;-1 = (1—au)(€-1+V f(24-1) =V f(2¢)). Choosingn < min {%, g—i},

if t <7, we have ||&|| <20 and ||| < 20.

Finally, the following lemma hides messy calculations and will be useful in the contradiction

argument.

Lemma C.1.4. Denote

I : if <A A+ 802 (Z + nﬁT) + 20021,/ (1/32 +T)L> ,
SGF  4G3
L=—" ="
n nL

Under the parameter choices in either Theorem 4.2.1 or Theorem 4.2.2, we have Iy < Iy and

[1/T S 62.

C.1.2 Proof of Theorem 4.2.1

Before proving the main theorems, several important lemmas are needed. First, we provide a

descent lemma for Adam.
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Lemma C.1.5. Ift <1, choosing G > o + X and n < min {%, }, we have

2l

f@er) = flae) < = 5 IV@IP+ el

-
4G
Proof of Lemma C.1.5. By Lemma C.1.1, we have if ¢t < 7,

nl nl nl
R G Y : ARy C.2
G~ G+o+A~ "7 (C2)

Since we choose n < 5, by Lemma 4.3.1, we have [|z;1, — 24| < rif t < 7. Then we can

apply Lemma 2.2.1 to show that for any ¢ < 7,

L
f(@e) = flae) < <Vf($t), Tyl — $t> + 5 e = Al
. L .
= — (Vf(xy))" Hyy + 5 m, H2my,
L.

<= IVF @)y, — (V) Heeo+ 25 3,

2 3 nL
< = S IVF @I, + 5 e, + 5 (195 @), + lal,)

1
<=5 IVF@)I5, + el

U
< — o7 IV f@)I + " lecl®

T
4G
where the second inequality uses (C.1) and (C.2); the third inequality is due to Young’s
inequality a” Ab < § llall? + 3 16]1% and |la + b||%, < 2|al’ + 2]b|| , for any PSD matrix A;

the second last inequality uses n < £r; and the last inequality is due to (C.2). O

The following lemma bounds the sum of the error term ||¢|* before the stopping time 7.

Since its proof is complicated, we defer it in Appendix C.1.3.

Lemma C.1.6. If G > 20 and n < min {%, é\z/\;g, g—ﬁL}, with probability 1 — 9,
T—1 )\
>l = 55 IV (@)* < 80 (1/8 + BT) +200°/(1/8% + T) log(1/9).
t=1
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Combining Lemma C.1.5 and Lemma C.1.6, we obtain the following useful lemma, which

simultaneously bounds f(xz;) — f* and 7= [ V.f (2|

Lemma C.1.7. If G > 2max{\, 0} and n < min{ )‘3/26,%}, then with probability at

r
D’ 6L

3

least 1 — 9,

Z IV ()2 + Ef(f(:zrf) s

< (AlA +80° (Z ! ”5T> + 200y (15 + T)logl 5)> |

Proof of Lemma C.1.7. By telescoping, Lemma C.1.5 implies

ZQW}” el = el < 5 (o) - o) < 252

(C.3)

Lemma C.1.6 could be written as

S 5 el IV 7P < 5 (0 (1/8 -+ 57) + 200 (172 1 T)1os(1/5)) . (C.4)

t=1
(C.3) + (C.4) gives the desired result. O

With Lemma C.1.7, we are ready to complete the contradiction argument and the

convergence analysis. Below we provide the proof of Theorem 4.2.1.

Proof of Theorem /.2.1. According to Lemma C.1.7, there exists some event £ with P(£) >

1 — ¢, such that conditioned on £, we have

8G 8G

7(][(1‘7) — ") < Iy (A A+ 807 (Z +776T> +200277\/(1/52+T) log(l/é)) =: 1.

(C.5)
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By the definition of 7, if 7 < T, we have

Based on Lemma C.1.4, we have I < Iy, which leads to a contradiction. Therefore, we must

have 7 = T + 1 conditioned on £. Then, Lemma C.1.7 also implies that under &,

1Tl

= Z |V f ()] ?<

L <e

N[

where the last inequality is due to Lemma C.1.4. [

C.1.3 Proof of Lemma C.1.6

In order to prove Lemma C.1.6, we need the following several lemmas.

Lemma C.1.8. Denote ;-1 = (1 — ay)(e—1 + Vf(xi-1) — Vf(x)). If G > 20 and n <

. /
min {%, é\l?:\jg}’ we have for every 2 <t <,

el < (1= ) el S5 9 ool + 0%+ 20 (301 V(a0 = V(20

Proof of Lemma C.1.8. According to the update rule (4.1), we have

€t :(1 - Oét)(ﬁt—l + Vf(%f—l) - Vf(fft)) + at(vf(xtaft) - Vf(xt))

=1+ ar(Vf(z,&) — V(). (C.6)

Since we choose n < 5, by Lemma 4.3.1, we have ||z, — x,_1|| < r if t < 7. Therefore by

Lemma 2.2.1, for any 2 <t < 7,

L L
IV @) = Vol < Llas = o] < 2 e < 52 AVF @)+ lemll), (C1)
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Therefore

It ll? =1L = a)ers + (1 = an)(V(wr) — Vf ()
(1= (L a) e+ (1= a0)? (14 ;) IV (ier) — Vf ()|

<(1 = ay) [lep—]|* + i IV f (i) = V ()|

277 L?
)\26

(1—> ||€:— 1|| + — 16G ||Vf($t 1)“ ;

<(1—a) el + S5 (IVF @) + lleall®)

where the first inequality uses Young’s inequality ||a + b||* < (1+u) ||a||” + (1 + 1/u) ||b||* for

any u > 0; the second inequality is due to

(IT—a)’ (T+a) = (1—a)(1 —af) <(1—ay),
1 1

(1_at)2(1+%):;(1—at>2(1+ )<at(1_0‘t)§;

the third inequality uses (C.7) and Young’s inequality; and in the last inequality we choose

n < é\z/\jg, which implies 22 Z < 1’%% <8 <@ Then by (C.6), we have

||€t||2 = ||%—1||2 + 2at<%_1, V(e &) — Vf(ft)> + 04? IV [, &) — Vf(l"t)HZ

(1 - ) € 1H +—= 16G va(fﬂt 1)“ + Oé o? + 2at<%1,vf($t,ft) - Vf($t)>

]

Lemma C.1.9. Denote ;-1 = (1 — ay)(€t—1 + Vf(2—1) = Vf(xy)). If G > 20 and n <

min {%, g—i}, with probability 1 — 0,

i at<%1, V(&) — Vf(a:t)> < 50%\/(1 + 32T) log(1/9).

In order to prove Lemma C.1.9, we need the Azuma-Hoeffding inequality stated below
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without proofs.

Lemma C.1.10 (Azuma-Hoeffding inequality). Let {Z;}:>1 be a martingale with respect to
a filtration {F;}i>0. Assume that |Z; — Z;—1| < ¢ almost surely for allt > 0. Then for any

fixed T, with probability at least 1 — 6,

T
t=1

Now we are ready to prove Lemma C.1.9.

Proof of Lemma C.1.9. First note that

i@t<%—1avf($taft) Vf(x > Zat<% 11>, Vf(24, &) — Vf(l"t)>-
t=2

t=2

Since 7 is a stopping time, we know that 1,>; is a function of {{;}s<¢. Also, by definition, we

know ~;_; is a function of {&}s<;. Then, denoting

X = Oét<%—1lrzt, Vf(w, &) — Vf(l't)>a

we know that E;_;[X;] = 0, which implies {X;}:<r is a martingale difference sequence. Also,

by Assumption 4.2 and Lemma C.1.3, we can show that for all 2 <t < T,
|1 Xy < o [|yim11ese]] < 20007

Then by the Azuma-Hoeffding inequality (Lemma C.1.10), we have with probability at least

1-4,
T T
SX| < 20% |23 a?log(1/6) < 50°\/(1 + 52T) log(1/5),
t=2 t=2
where in the last inequality we use Lemma C.1.2. ]
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Then we are ready to prove Lemma C.1.6.

Proof of Lemma C.1.6. By Lemma C.1.8, we have for every 2 <t < 7,

M
16G

+ 204t<%17 Vf(x, &) — Vf($t)>

ﬁ 2 ay 2 2 2 2
§||€t—1|| < 5 lee—rl|” < lee—all” — [lec]|” + IV f(ze)||” + o’

Taking a summation over ¢ from 2 to 7, we have

T /6 )\/8 T
> 5 e ll? = S5 IV F @) P < llall = ller > + 02 3= o + 100 /(1 + BT log(1/3)
t=2 t=2

<40®(1+ B°T) + 100%/(1 + B2T) log(1/9),

where the first inequality uses Lemma C.1.9; and the second inequality uses Lemma C.1.2
and ||e1||> = ||V f(21,&) — Vf(21)|* < 0% Then we complete the proof by multiplying both

sides by 2/0. ]

C.1.4 Omitted proofs for Adam

In this section, we provide all the omitted proofs for Adam including those of Lemma 4.3.1

and all the lemmas in Appendix C.1.1.

Proof of Lemma 4.3.1. According to Lemma C.1.1, if t < 7,

n(G+ o) < 2nG
A - A

laesr — ze]) < 2 [lring]| <

]

Proof of Lemma C.1.1. By definition of 7, we have |V f(z)|| < G if ¢ < 7. Then As-
sumption 4.2 directly implies ||V f(zt,&)|| < G + 0. ||| can be bounded by a standard

induction argument as follows. First note that ||| = ||V f(21,&)| < G + 0. Supposing
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|7u—1|| < G + o for some k < 7, then we have

[l < (1= aw) 17 [| + an |V (2, )| < G+ o

Then we can show & < (G4 0)? in a similar way noting that (Vf(z;,&))? = [V f(z, &) <

(G + 0)%. Given the bound on 4, it is straight forward to bound the stepsize h;. O

Proof of Lemma C.1.2. First, when t > 1/, we have (1 — 3)" < 1/e. Therefore,

> (1-(1-p)")2<(1-1/e)°T <3T.

1/B<t<T

Next, note that when ¢t < 1/, we have (1 — 8)' <1 — %5& Then we have

4
> -1 Yo
2<t<1/8 B 122 p
Therefore we have Y%, a? < 3(1 + 5°T). O

Proof of Lemma C.1.3. We prove ||&:|| < 20 for all ¢ < 7 by induction. First, note that for
t =1, we have

el = [[VF(21,&) = V(z)]| <o < 20

Now suppose ||€;—1]] < 20 for some 2 < ¢ < 7. According to the update rule (4.1), we have

e =(1 —ap)(er-1 + Vf(@io1) = V(@) + au(Vf(x, &) — V()

which implies

lecll < 2 =)o + [V () = V(@)

Since we choose n < ;, by Lemma 4.3.1, we have |z, — ;|| <nD <rif t < 7. Therefore
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by Lemma 2.2.1, we have for any 2 <t < 7,
IVf(ze) = V(x| < Lllze — x| <nDL < oy,

where the last inequality uses the choice of n and 8 < ;. Therefore we have ||¢;|| < 20 which

completes the induction. Then it is straight forward to show
lve-1ll < (1 —aw) (20 + o) < 20.

]

Proof of Lemma C.1.4. We first list all the related parameter choices below for convenience.

1 ) A€
G > max {2)\7 20’, \/ ClAlL(), (ClAle) Q—P} , B < min {1, O;G\/Z} y
S oA AR (1 GAG
1 — PR = X —_— e — .
1S em G TG VG ) 7 e

We will show I;/1; <1 first. Note that if denoting W = f—GLQ, we have

LI, = WA+ 8Wo? (Z + nﬁT) + 20Wa2\/ (n?/6% + n°T)e,

Below are some facts that can be easily verified given the parameter choices.

(a) By the choice of G, we have G* > 4A; (Lo +4L,G*) > 4A, L for large enough C4, which
implies W < ﬁ.

(b) By the choice of T', we have nST < % + 702%2@5.
2 2
: 2 _ n\° CamhiG 1 G106 1
(c) By the choice of T, we have n*T = max{<5> , 2 } < (ﬁ) + =5 5 =
2 CaAi0B)?

(d) By the choice of 7, we have n/g < LCQGG\%, which implies Wo2,/¢ - 3 < 3cé§3 < 555 for

small enough cs.
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(e) By the choice of 8 and (a), we have Wo™ AlG*/”B < COVIB <

1
e < Tooc; for small enough ¢;
Therefore,

1 o2 Co\GB ) 52 1 (CooB\°
LI, <-— Wo ) it
/I <5 +38 <5+ > >+ 0Wo?y/e @ ol a

1 24 2A
§2+48W02\ﬂ-g+ CWo A GyiS

2
<1

—

where the first inequality is due to Facts (a-c); the second inequality uses ¢ < G, ¢ > 1, and
Va+1b < y/a+ b for a,b> 0; and the last inequality is due to Facts (d-e)

Next, we will show I;/T < €. We have

2
Il/T :8GA1 640 G

640°GS  1600°G\E [ 1 1
+ + + + =
0T AT hy ) B2 T
<8762 2240%G\/1  640*GB  1600°G+/t
Oy AT A WT
2 2
<8i N 4500°G/1

—Cy A

where in the first inequality we use T" > @ff;G
second inequality uses T' > =

and va+0b < \/5+\/5for a,b > 0; the
/82’

the second equality uses the parameter choice of 3; and in
the last inequality we choose a large enough C5 and small enough ¢,

]
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C.1.5 Proof of Theorem 4.2.2

Proof of Theorem 4.2.2. We define stopping time 7 as follows

mo=min{t | f(z) — f* > F}A(T + 1),
o i=min{t | [|[Vf(2e) — Vf(ze,&)|| > o} AT+ 1),

T :=min{7, o }.

Then it is straightforward to verify that 71, 7, 7 are all stopping times.
Since we want to show P(7 < T') is small, noting that {r < T} ={r=7 <T}U{r =
15 < T}, it suffices to bound both P(7 =7 < T) and P(1 =75 < T).

First, we know that

Plr=mn<T)<P(rn<T)

=P ( U IV f(z) =V f (2, &) > U)

1<t<T

< > P(IVf(z) = V(x, &) > 0)

1<t<T

< Y EP (|Vf(2e) = Vi, &)l > o)

1<t<T

2
<> E {262132]
1<t<T

2
=2Te 2r?

<6/2,

where the fourth inequality uses Assumption 4.3; and the last inequality uses o =

Ry/210g(4T/5).
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Next, if 7 =7 < T, by definition, we have f(z,) — f* > F, or equivalently,

8G 8GF 4G?
_ — > =

=: ]2.
n n nL

On the other hand, since for any ¢t < 7, under the new definition of 7, we still have

) =< B f@)ll <G, [IVF(@) = V@, &)l <o

Then we know that Lemma C.1.7 still holds because all of its requirements are still satisfied,

i.e., there exists some event € with P(£) < 6/2, such that under its complement &€,

8G .. 8@
Z||fotr+7<< A=< S

I/\

<A A+ 802 (Z + nﬁT) + 200204/ (1/8% + T)L)

= [1.

By Lemma C.1.4, we know I; < I, which suggests that EcN{r = < T} =0, ie,

{r =71 <T} C & Then we can show
PEU{r<T}H <PE)+P(r=n<T)<é.
Therefore,
PEN{r=T+1})>1-PEU{r<T})>1-74,

and under the event £N {7 =T + 1}, we have 7 =T + 1 and

¢

Z IVfa)ll” < L/T < &,

=1

where the last inequality is due to Lemma C.1.4. O
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C.2 Convergence Anlaysis of VRAdam

In this section, we provide detailed convergence analysis of VRAdam and prove Theorem 4.4.2.

To do that, we first provide some technical definitions®. Denote
€ =My — Vf(l})

as the deviation of the momentum from the actual gradient. From the update rule in

Algorithm 3, we can write
a=1-7p5)e+ W, (C.8)
where we define

Wi =V f(24,6) — V() — (1= 8) (Vf(2e-1,6) — V(2i1))

Let G be the constant defined in Theorem 4.4.2 and denote F := Z(Lﬁfij(zc)p) We define the

following stopping times as discussed in Section 4.4.1.

c=mind{t | f(xy) — f* > F} AN (T + 1),
o r=min{t | |&| > G} AN (T + 1), (C.9)

7 :=min{7m, 72 }.
It is straight forward to verify that 7, 7, 7 are all stopping times. Then if ¢ < 7, we have

fla) = - < F, V@) <G, el <G

2Note that the same symbol for Adam and VRAdam may have different meanings.
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Then we can also bound the update ||x;4; — 2¢|| < nD where D = 2G/X\ if t < 7 (see
Lemma C.2.3 for the details). Finally, we consider the same definition of r and L as those for

Adam. Specifically,

L:=1Ly+L,(2G)", r:=r(G)=G/L. (C.10)

C.2.1 Useful lemmas

We first list several useful lemmas in this section without proofs. Their proofs are deferred
later in Appendix C.2.3.
To start with, we provide a lemma on the local smoothness of each component function

f(+, &) when the gradient of the objective function f is bounded.

Lemma C.2.1. For any constant G > o and two points x € X,y € R? such that |V f(z)|| <

G and ||y — z|| <r/2, we have y € X and

IVF(y) = V@)l < Llly — x|,
IV, &) = V(@) <ALlly — x|, V¢,

Fl) < @)+ (VF()y—a) + 5Ll — ]

where r and L are defined in (C.10).

With the new definition of stopping time 7 in (C.9), all the quantities in Algorithm 3 are

well bounded before 7. In particular, the following lemma holds.

Lemma C.2.2. Ift <1, we have

1 <

IVi(z)|| <G, [[Vflz, &) <G+o, |m <2G,
_n n
G+o+ X\~ A

>
IA

@tj(G+U)27 t
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Next, we provide the following lemma which bounds the update at each step before time

Lemma C.2.3. ift < 7, ||xt1 — || < nD where D = 2G/\.
The following lemma bounds ||[W;|| when ¢ < 7.

Lemma C.2.4. Ift <7, G > 20, and n < 35,
onL
IWell < Bo + == (IVF (@e-)ll + llee-al])

Finally, we present some inequalities regarding the parameter choices, which will simplify

the calculations later.

Lemma C.2.5. Under the parameter choices in Theorem 4.4.2, we have

pVAN \3/2 6]
<—F, < —/=.
802 0LV @

0
7<,
F — 4

C.2.2 Proof of Theorem 4.4.2

Before proving the theorem, we will need to present several important lemmas. First, note

that the descent lemma still holds for VRAdam.

Lemma C.2.6. Ift <7, choosing G > o + A and n < min {%, &}, we have

Flaen) = f@) < = 72 IVF@IE+ 5 .

Proof of Lemma C.2.6. The proof is essentially the same as that of Lemma C.1.5. m

Lemma C.2.7. Choose G > max {20,2\}, S;

1 . /\3/2
> ggegs and 1) < mln{QTD, 40L\/g}. We have

T— 1

E |32 el — 2 19w

t=1

< 40 2T E[HET“]
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Proof of Lemma C.2.7. By Lemma C.2.4, we have

100n2 L2
IWil? <2028 + —= (IIV f (20 |? + e |
A
AB
<20 252+@(va($t DI+ lleca )

where in the second inequality we choose 1 < ’L\;]/L \/> Therefore, noting that 16G < B/2, by

(C.8), we have

el =(1 = B2 lers P + HWtH2 . 6><et_1, Wt>

<(1= B/2) fersP + 22V flar )P + 2028 4+ (1 6><et1,wt>.

16G

Taking a summation over 2 < ¢ < 7 and re-arranging the terms, we get

T—1 T
> Dl = 2NV < P ~ el + 2028 — 1) + (1 - ) <w>
t=1 t=2

Taking expectations on both sides, noting that

[ -

by the Optional Stopping Theorem (Lemma B.5.1), we have

T— 1

Z 5 || t|| - R va(xt)“

t=1

< 20°6°T + Ell|ea]|”] — Ellle "] < 405°T — E[lle-|I°],

where in the second inequality we choose S which implies E[|le,||] < 02/S; <

1
2 g7
202 5%T. O]

Lemma C.2.8. Under the parameter choices in Theorem 4.4.2, we have

<108 ey <on, E[”@mg%f |

E [Z IV £
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Proof of Lemma C.2.8. First note that according to Lemma C.2.5, it is straight forward to
verify that the parameter choices in Theorem 4.4.2 satisfy the requirements in Lemma C.2.6

and Lemma C.2.7. Then by Lemma C.2.6, if t < 7,

Fae) = fla) < = JEIVF@OIP + § llell

Taking a summation over 1 < ¢ < 7, re-arranging terms, multiplying both sides by %, and

taking an expection, we get

5 85 (A —E[f(z,) — f7)). (C.11)

E E 2|V f()l* - 85 ||et||2] < 7IE:,[f(xl) — flz)] <

By Lemma C.2.7, we have

—18G 64Ga2[3T 16G 8GA, 16G
E> leell* = IV f (o)l — 7 Ellle "] < - — —E[H e,
=1 A DY)
(C.12)
where the last inequality is due to Lemma C.2.5. Then (C.11) 4 (C.12) gives
8G 16G 16GA
E | 19| + Enlpter) - 11+ mle ) < 2,
n n
which completes the proof. 0

With all the above lemmas, we are ready to prove the theorem.

Proof of Theorem 4.4.2. First note that according to Lemma C.2.5, it is straight forward to
verify that the parameter choices in Theorem 4.4.2 satisfy the requirements in all the lemmas
for VRAdam.

Then, first note that if 7 = 7 < T, we know f(z,) — f* > F by the definition of 7.
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Therefore,

Elf(e) ~ [ 201

P(r=n <T) SB(f(er) - /' > F) s 2D =Tl < 20 &

where the second inequality uses Markov’s inequality; the third inequality is by Lemma C.2.8;
and the last inequality is due to Lemma C.2.5.

Similarly, if » =7 < T, we know ||¢,|| > G. We have

2
P, =7 < T) <P(|e,]| > G) = P(|le]|> > G?) < Ellle-l"] o AP

<0
G2 T nG* — 4

where the second inequality uses Markov’s inequliaty; the third inequality is by Lemma C.2.8;
and the last inequality is due to Lemma C.2.5. where the last inequality is due to Lemma C.2.5.
Therefore,

Pr<T)<P(rn=7<T)+Prn=7<T)<

|

Also, note that by Lemma C.2.8

16GA, SE

5 ||Vf<xt>||2]

T
>P(r =T+ 1)E [ZHW )|

T—T—l—ll

1 T )
>-E | > [V f(z)]
t=1

T:T+1],

where the last inequality is due to P(r =T +1)=1—-P(r <T)>1-§/2 > 1/2. Then we

can get

32GA1 562
< 5

=T+1 <
T + T

B

Let F := {% ST V()| > 62} be the event of not converging to stationary points. By
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Markov’s inequality, we have

N

P(Flr=T+1)

IN

Therefore,
P(FU{T <T} <P(r<T)+P(F|lr=T+1) <9,
i.e., with probability at least 1 — 4, we have both 7 =T + 1 and + Y/, IVf(z)|* <e. O

C.2.3 Proofs of lemmas in Appendix C.2.1

Proof of Lemma C.2.1. This lemma is a direct corollary of Lemma 2.2.1. Note that by
Assumption 4.5, we have ||V f(z,§)|| < G+ 0 < 2G. Hence, when computing the locality size
and smoothness constant for the component function f(-,&), we need to replace the constant
G in Lemma 2.2.1 with 2@, that is why we get a smaller locality size of r/2 and a larger

smoothness constant of 4L. O

Proof of Lemma C.2.2. The bound on ||m| is by the definition of 7 in (C.9). All other
quantities for VRAdam are defined in the same way as those in Adam (Algorithm 2), so they

have the same upper bounds as in Lemma C.1.1. O]

Proof of Lemma C.2.5.
[ 2041 — el < nllmell /A < 20G/A = 0D, (C.13)

where the first inequality uses the update rule in Algorithm 3 and h; < n/A by Lemma C.2.2;

the second inequality is again due to Lemma C.2.2. [
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Proof of Lemma C.2.4. By the definition of W4, it is easy to verify that

Wi = B(Vf(2e, &) = Vf(2r)) + (1 = B)dy,

where

0 = V (2, &) — Vf(a-1,&) — Vf(x) + V().

Then we can bound

||5t” < va(mtaft) - Vf(ift—l, ft)” + ||Vf(:vt) - Vf(l"t—l)H

<5L th — T— 1H

<2 (19 f )l + e ).

where the second inequality uses Lemma C.2.1; and the last inequality is due to ||z — x| <

nllmesl /A < (I f ()| + le-1]) /A Then, we have

57}L

Wil < Bo+ —= (IVF (@)l + [lecall) -

Proof of Lemma C.2.5. These inequalities can be obtained by direct calculations. O
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Appendix D

Proofs for Chapter 5

D.1 Useful lemmas on directional smoothness

In this section, we present two useful lemmas related to directional smoothness along with
their proofs. First, the following lemma essentially shows Taylor’s expansion in terms of
directional smoothness, which is very useful for obtaining descent lemmas in our convergence

analyses.

Lemma D.1.1. Under Assumptions 5.1 and 5.3, the following inequalities hold for all

z,y € R4,

(V) = Vi@)y—2) < Caly=) Iy — ol + 5y —

) — f(2) < (Vfa)y—a) + le(y—2)

M
=l + - ly =l
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Proof of Lemma D.1.1. Denote z, := (1 — o)z + ay for 0 < o < 1. Then we have

(Vf(y) = VI(z),y—z)

= [ ) )y~ ) da

(s~ ) V@ - 2) + [ (=2 (V) - VA - 2)da (D)
<tu(y=2) ly =2l + [ by = 2]} da

M
2 3
<t(y=a) ly - ol + 5 lly = o

where the first inequality uses the definition of directional smoothness in Definition 5 and

Assumption 5.3. Therefore we can also obtain

£9) ~ @) = [ (9 f(wa).y — ) da

1 <Vf(xa) — f(x), 24 — a:> do
o’ M
2

1
o a
<(V@)y—x)+ [ alaly—) |y - >+

=<Vf(x),y—x> + fx(yz—x)

ly — || da

M
2 3
Iy = ol + 5 lly =«

where the inequality uses (D.1). O

The next lemma can be viewed as a generalized reversed Polyak-Lojasiewicz (PL) inequality

for functions satisfying our directional smoothness condition.

Lemma D.1.2. Suppose Assumptions 5.1, 5.2, and 5.3 hold. For any x € R, denoting

H)(z) := diag (m), we have

IV @)l < 75 - moe { I @) = £, MY9(10) = ).

Proof of Lemma D.1.2. Note that by Lemma D.1.1, for any 2 € R? and a =
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. A A\3/2
min § -, | e (» We have
{L,\’ va(x)H/\(z)}’

2 3
Flo — aus(@) — F(@) < — a{VF(@), ur(@) + T fur (@) + 2 fun ()
27 SM
< = VS @) 0 + G IV @) o) + 25375 IV @) e

«
<= IV

where in the second inequality we use <Vf(x),u,\(x)> = HVf(x)HZA(m) and |luy(x)] <
% IV £ ()|l g, () by the definition of uy(x) and Hy(z); and the last inequality is due to the

choice of a. Then noting that f(z) — f(x — auy(x)) < f(x) — f*, we can show that

2 x)— f* . L M|V f @
V@ < 2O I g(pw) - ) ma {;, AELITN >} |
which implies
73 * 1/3 %\2/3
IVF@) 1y ) < 5y : max{\/LA(f(x) — ), MY3(f(z) — ) }

D.2 Convergence of memoryless Adam

In this section, we provide the proof of Theorem 5.2.1 on the convergence of memoryless

Adam under directional smoothness assumptions. To simplify the notation, we denote

, 1
90 =V (), w=uxr) = !gt!gjr/\’ Hy := Hj(z;) = diag <|gt|+>\> ) (D.2)

where H) is defined in Lemma D.1.2. In what follows, we first present a descent lemma for

memoryless Adam.

Lemma D.2.1. Suppose Assumptions 5.1, 5.2, and 5.3 hold. Denote Ay := f(x1) — f*. For
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' =pn= A — mind A _YALy
any € > 0, choose either ny =1 zmax{LA,MQ/?»A}/?’} or m; = min {2%, Mol } Then the

iterates generated by (5.5) satisfy
Ui
(@) = fla) <= §t lgellz, , VE>1.
Proof of Lemma D.2.1. By Lemma D.1.1, for all ¢ > 1, we have

(o) — fla) < = 77t<gt,ut>

2 Ui 2 7)
< = HgtHHt + ;A ||Ht i\g/g ||gt||Ht (D.3)

3 M
2
< = l|gell, <4 ;\3/2 Hgt“Ht>

where the first inequality uses Lemma D.1.1; in the second inequality we use < 9t ut> = || gtHiIt
and |lu| < \% |94l ¢, by the definition of u; and H; in (D.2); the third inequality is due to
n < ﬁ based on either of our two choices of 7;. Next, we will bound 77 atarz ||9ell y, for each

choice of n; below.

o — mi A VAL
If n; = min {2[/,\7 Wlorlo, }, then we know

M 1
)\3/2 ||gtHHt ST 1o

< <
- 12

3\9
.-MH

which implies

fle) = fla) < = Tlaily,, V=1
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_ A
o Ifmpy=n= we have
K " Zmax{LA,M2/3A1/3}7

1

n; M

MvVX||g
ooz 19l < ol

24max {13, M43AT )

<max {M\/Lk(f(xt) — f*), M¥3(f(20) — f*>2/3}
>~ S max {L§\7M4/3A§/3} )

(D.4)

where the last inequality uses Lemma D.1.2. Then we will show f(z;) < f(x) for all

t > 1 by induction. First note that f(z;) < f(x1). Suppose f(zx) < f(z1) for some
k > 1. Also note that

13 if Ly > M*3A1,
My LA, <

MABAY®if L, < M2BAY3,

In other words, M+/L\A; < max {Li, M4/3Af/3}, and thus we have

max { M/La(F () = 1), MY2(f (1) = £
< max {M LA, M4/3A§/3}

2/3
<max{L}, M3AY?}.
Therefore, we have

2
n; M 1

A

which implies

Ui
f(@pgn) = flon) < — Ek gk I, <O
Then we know f(zx41) < f(21) as well. By induction, the above inequality holds for
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all £ > 1, which completes the proof.

Proof of Theorem 5.2.1. By Lemma D.2.1, we have for all t > 1,

o gl
Define function a(z) := 2 we obtain

1< 2(f(z1) = floryr)) _ 244
= allgl) < - <

< afe),
t=1

where the last inequality uses the choice of T'. By standard calculations, we have

22 42Xz 202
/ - =~ > 0 " - _ - > O
o/(z) (z+A)2 — 7 o’(z) (z4+ M3 —

In other words, « is non-decreasing and convex. Since « is convex, by Jensen’s inequality, we

have
1 <& 1<
o(F 10l ) < 7 Xallal) < (o)
t=1 T
Since « is increasing, the above inequality implies

1L 1L
- ; ieal T ;:1 |V f(z)]| <€

Proof of Theorem 5.2.2. By Lemma D.2.1, we have for all ¢ > 1,

fe) = flae) <= Tl
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_ o x ALy
Note that 7, = min {QLA’ Mlgell g, }

VAL
M||gtl g,

o Mgy > %, then n, = . Therefore,

VAL, L3

f(xi) = floy) <=

o Otherwise if ||| ,;, < %, then n = ﬁ Then we know that

O 171 O S
ALy [|gel| + A 4L |

A
f(@e1) = fla) <= 1L, lgellZ, <

where we denote «(z) := i\ for z > 0 as in the proof of Theorem 5.2.1.

z

Therefore we can show that for 1 <¢ < T

) — fa < —min{ B 2ol } < min] EL 2 (min o))
Tt41 Ty) S —min M2’4L>\a gt < —min M2’4L)\a 1%1,}1 gt ;

where the last inequality uses the fact that the function « is increasing. By telescoping,

noting that f(x1) — f(xr) < Ay, we have

LY A : , AT .
A; > T'min {]\42’ a0, @ (rt%l%l ||gtH>} 2 min {Al, a0, @ ({%1%1 ||gt||>} :

Therefore,
: 4L
o (mipllal) < 52 < a(e),
which implies min;<7 ||g:|| < € since « is increasing. O
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D.3 Convergence of RMSProp

In this section, we provide the rigorous proof of Theorem 5.2.3 on the convergence of RMSProp
under our directional smoothness assumptions. To simplify the notation, we denote the

following quantities in addition to (D.2).

~ gt 7 . 1
=, H,:=d — . D.5
Uy \/@_t“— )\7 t l1ag (\/@_t“‘ >\> ( )

In order to apply Assumption 5.4 on the direction of update ;, we need to bound the

following quantity.

< Byi=

|9t|+)\ <
\/_+/\ -

Once FE; is bounded as in the above inequality, we are able to obtain a desent lemma similar

to Lemma D.2.1 for memoryless Adam. Formally, we can show the following lemma.

Lemma D.3.1. If 1/r < E;, <r for allt < k and choose 1, = min{QR)‘LA, ﬁ%@fm{ }, we
t

have

(@) — fla) < —;% HgtH?{t , Vi<k.

Proof of Lemma D.3.1. For any givent < k, since 1/r < E; < r, we know that %'&t < up 2 riy

by definition, which implies ., (2141 —x¢) = €, (4:) < RL) based on Assumption 5.4. Then
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similar to what we have done in the proof of Theorem 5.2.1, we can show that

R RL
f@egr) — flay) < — 77t<9t;“t> + e
2
N R 77
< — ||9t||§§rt + I\ “gt”Ht 6;\3/2 HgtHHt
3 n:M
<= lady, (3 - s oz, ) 05)

3 mirM
<= nllally (3 - B tal,

where the first inequality uses Lemma D.1.1; in the second inequality we use < 9t @t> = || gtH%h
and ||| < % lg¢ll 5, by the definition of @, and H, in (D.5); the third inequality is due to

< \/_||gt||Ht as 1/r < E; <r.

Then note that by the choice of 17, = min {2 R/\Ly ﬁ%@fmf }, we have
t

n <

2RL ; the fourth inequality uses \[ g2l g, < Mgt

2
T Mol <me Tt <5 <

qM»—'

which implies

ur 2 un 2
f(wgr) = flzy) < — Bl g:ll 7, < 5 941l 7,

where the last inequality again use % Ngell g, < llgellg, < Vrllgelly, as 1/r < By <.
[

Next, we will bound E; in the following lemma, which is the most challenging part in our

analysis of the convergence RMSProp.

_ I RVAL (1-1/7r)A2
Lemma D.3.2. Choose § < 3(1—1/r)* and n, = mln{\/;M”gtl)l\Ht’ S RLA 0T, }, then we

have 1/r < Ey <7 for allt > 1.

Proof of Lemma D.3.2. We will prove this lemma using induction. First note that 9, = g7

by the update rule in Algorithm 4, which implies 1/r < F; =1 <r. Suppose 1/r < E, <r
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for t < k. Based on the update rule in Algorithm 4, we also know

U = 1— 5k Z Bzgk—i‘

Therefore we have

k—1

1
gk 1_ ﬁﬁk Zﬂz
1-p8% =l
1
1—

5k Z 5 Z gkqu - glzfj)

j=0 1=7+1

6 k—1 )
1 Bk Z(Qk —j—1 g}ij) Z o
fe—

[\

1 — ﬂkfjfl

g i —j—1 " ij)'ﬁjﬂ 1— gk

Then we can show

k—2

A 2 i+l ] 2 2

‘Uk - gk’ < Z & ‘gk—i—l — Gk—i| -
i=0

Therefore, to bound |9, — g7|, it suffices to bound ‘gf - gfﬂ‘ for each t < k.
o If |g;| < |gss1|, then obviously ‘gf — gfﬂ‘ < g7iq.

o Otherwise if |g;| > |gi+1], then we have

’9,:2 - 9t2+1‘ <2((ge41 — 9¢) 9]

=2 [(gr+1 — g¢) ] (\/@7 + )\)
2
~ (911 — ge)(Ter1 — 24) (\/74' )\>

2r
<? [(Gee1 — 96) (g1 — 20)| (|ge] + A,

where the last inequality is due to 1/r < E, < r for all t < k. Note that by Lemma D.1.1,
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as {(x;—x441) < RLy, we have

2r QRTL)\

rM
" [(Ge1 — 9e) (w41 — 2¢)| <

||$t—$t+1||2+ ||ﬂ7t—$1t+1||3

=20RrLy || @|” +PrM ||a)*

2777“RL/\ 2 7727"M 3
Sf g:ll, + YR 19:1I'3,
2n1r2 RL) 5 NP M 3
<P o+ T
3777”2RL)\ 2
<SR o,
<(I—=1/r)A.

where the first inequality uses Lemma D.1.1; in the second inequality is due to ||| <

A

% 1g¢]l 7, by the definition of @; and H, in (D.5); the third inequality uses # 19¢ll 1,

gl g, < V7llgelly, as 1/r < By < r; the fourth inequality is due to 7, < _BVALy

VrM|\gell g,
(1-1/7))2

and the last inequality is due to 7, < SR,

. Therefore, we know that
1
9 = G| < (L= 1/P)(Agel + X%) < 2% 4+ 2(1=1/r) Ja*.
So far, we have shown that

1
97 = 71| < max{gfyn, (1= 1/ (N + [g])} < gy +207 + S (1= 1/r)? gl

Note that

2o el 1— gk o
(2 1 A

Z B0 i41) < Z Bg_i = —— Uk <

1=0 =0

k—2

k— ~
1,2 3 P2 < B
ZB gt—i_ﬂzﬁgt—i—
i=0

i=0 1_5’

k—2

i B
Dt

1=0
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Then we have

% — gl < <7 i 3 (@(zv + ) + i(l - l/r)Qf)k)

<(1—1/7)2(tp + N?).

Therefore,
T e Y T TN T L
* N D N D VoE+ A ’

which implies

S| =
VAN
&=
(VAN
[\
|

S| =

Then we complete the proof by induction. O
With the above two lemmas, we are ready to prove Theorem 5.2.3.

Proof of Theorem 5.2.3. Combining Lemma D.3.1 and Lemma D.3.2, we know that for all

t>1,

Fer) = Flae) < =2 gl

Note that

7y = min A RVALy, (1—1/r))\ > mi A ¢
_ 7 ’ > min ;
! 2RL) /TM ||gelly,  3r2RL, ||9t||§1t 2RLy’ Hgth

where we denote

2RI (1= 1/r)N
C_mm{ PM? T 3°RL, |
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Then we have

« If ||9t||?{t >C - 2RAL*, then 7, > Therefore,

loel, ||Ht

C
f(xea) — flo )<—27

« Otherwise if ||g||7 < C- 2RLA , then n, > . Then we know that
A 2 A el A
_ < _ < _ — _

where we denote a(z) = 7

Therefore we can show that for 0 <t < T

C A C A
o) = 1) < = min{ &2 alla ) < -min {8 (wplal )}

where the last inequality uses the fact that the function « is increasing. By telescoping,

noting that f(x1) — f(xr) < Ay, we have

C A . T
Ay > Tmm{2 "1 RL, <t<1%l||gt||)} > mln{Ah 4R, <t<T ||9t||)}

Therefore,

) ArRLy < a(e)

o (minllgll) < = <

t<T

which implies mins<r ||g:|| < € since « is increasing.
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D.4 Proofs related to the example defined in Section 5.3

We first repeat the definition of the example below for completeness. Let

e? if 2 <0,
¢(z) =
224241 ifz>0.

Then our example objective function f : R — R with d > 2 is defined as

1 1
f(zx) = agb(a ~w(x)), where o > 0 and w(x) := xp; + T (;[[2] NS f[do . (D.7)
Denote a := (1, ﬁ, e ﬁ)T. By standard calculations, we have
af(x)-a if w(z) <0,
Vf(z) =max{af(z),cw(x) + 1} -a = (D.8)

(aw(z)+1)-a if w(z)>0.

a?f(x)-aa’ ifw(z) <0,
V2f(z) = max{a’f(z),a} -aa’ = (D.9)

a-aa’ if w(x) > 0.

Then we are ready to prove Lemma 5.3.1 below.

Proof of Lemma 5.53.1. First note that V f(x) oc a. Then by standard calculations, we can

show that for any « € R,

(:(V () = max{a’f(x), o} [la]* = |[V*f ().

Therefore, by the definition of L and L,, it is easy to verify that

ad

L=1,=alal’ =%
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Next, it is also easy to see that the following choice of M satisfies Assumption 5.3.

sl — (N 0 < 502
M = o |a|” = 1 a® < 3a”.

Next, we prove the bound on L,. Note that based on (D.8), we can denote

V()

(p>Q7"'aQ) = UA(f) = W

First, for any 2 € R? such that w(z) > 0, we have
Vi) =a>=\...,\)".

Then it is easy to see that 3 < p,¢ < 1. Note that V2f(z) = a - aa” when w(z) > 0. We
have

ale'uy()? _ alpt+q¢? _ 16a

Next, we will bound /¢, (uy(z)) when w(z) < 0. To simplify the notation, we denote y :=

af(x)/A. Then according to (D.8), it is easy to verify that

Note that p > ¢ > 0, we can show that

_a?f(z)- (a"ux(x))? aMy(p+9)? dayp?
L) =GO R0 S PR - e

Note that w(z) < 0 corresponds to 0 < y < 1/X. We will bound ¢, (uy(x)) in the following

three cases.
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o« If 0 <y <1, we have

Cr(upn(z)) < daly < 4da.

. Iflgygd—l,weknowthat%Spglanquﬁ. Then we have

16aA 16aA
Uy(up(z)) < a Zj < 'sup a QZ < 8aAvd — 1.
L+75 =01+ 5
. Ifd—lgygl/)\,weknowthat%gp,qgl
dap®  16c
Ce(up(z)) < e < R

Therefore, we have
2
Ly = sup/l,(ux(z)) < 8amax {)\\/d -1, d} .

Finally, we will show that Assumption 5.4 holds for any r, R > 1 satifying R > r*. For any

v € R? satisfying %v < up(z) < rv, we have

(o)’

o
4maX 052 ), 7(a—ru>\(x))2

<rtwax{a®f(e), o} S

(,(v) =max {oz2f(x), oz}

:r4€x(u>\(x)) <7riLy < RL,,

where the equality uses the fact that v > %U)\(l') > 0and a > 0. O

Now we are ready to prove Theorem 5.3.2.
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Proof of Theorem 5.3.2. First, note that if we choose

2 —1 1
dzgc; +17 a:d 'C, )\:77
c d

then based on Lemma 5.3.1, we have
L=L,=C, Ly<e¢ M <30

Now, we will bound the iteration complexities of gradient descent and memoryless Adam.
First, we formally define the minimum required number of iterations for an algorithm A to

achieve an e-sub-optimal point as

T'a 321{121{1{t‘f($t+1)—f*§6}7

where {x;}:>1 are the iterates generated by A. To simplify the notation, we define the

following quantities for each time step ¢t > 1.
T 1
wyr=w(xy) =a' xy,  fii= flo) = agb(awt), Op = - (wy — Wyy)-

First, we will show a lower bound on Ty4 for gradient descent defined by the following

update rule when w; < 0.

d—1
d

Ji-a.

Tip1 = Ty — va($t> =T —
Therefore, we have

6t = Q- (wt — wt+1) = OéCLT(I‘t - l’t+1) = Oéft Z 1. (Dl())

Then by induction, we know that if w; < 0, then wy; < w;_1 < --- < w; < 0. Therefore, we
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can also show that d; = a.f; <1 for all £ > 1, which implies

1§L=e5t§e<4. (D.11)
t+1

w

Since f; = iqﬁ(awt) = iea“’f when w; < 0, applying Taylor’s theorem on the function iea

as a function of w, we have

et

2

fo = fron Se™ (0 — wig) + (wy — wys1)?
1
=fi410; + iftétg
1
<« <ftft+1 + 2ft2)

<Bafifii1,

where the equality is by the definition of f; and d;; the second inequality uses (D.10) and the
fact that §; < 1; and the last inequality is due to (D.11). Dividing both sides by f;fi11, we

have

1 1 <3
Jier fe T
which implies
1 1
S —_ —f- 30éT d-
It — N &

Therefore, to achieve ng 141 < €, we must have
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For a small enough € < f;/2, we have

Next, we will prove an upper bound on T},,, for memoryless Adam defined by the following

update rule.
Tep1 = T — Nup(Ty),

A <

where n = = ﬁm < 8%. With standard calculations, we can obtain

no? fy N no? f, S no? fy

afi+ A afit(d—1A " afi+ A (D12)

0 = - (wy — wyq) =

It is easy to see that 0 < §; < 2na < i. Then similar to our analysis for gradient descent,
we can easily show that both w; and f; are non-increasing with ¢ by induction. Then, by
Taylor’s theorem on the function éea“’ as a function of w, we have

aw:
e t

2

Jo — fr1 =€ - (wy — wigr) + (Wi — wis1)?
1
=fi0; — §ft5t2

1
2§ft5t
o et f? |
_Q(Oéft+>\>

where the equality is by the definition of f; and d;; the second inequality is due to §; < 1/4;

and the last inequality is due to (D.12). Define

T =min{t | f; < \/a}.
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Then when ¢ < 7, we have f; > A/a and therefore

«
fi= i 2 T

which implies
Ji1 < <1 - TT) fi < e‘"a/‘lft <. ... < e—noc(t+1)/4f1.

Also note that f._1 > A/a. We can show that

4L,\ log(ozfl/)\)

T<1+ .

al

On that other hand, if ¢ > 7, we know that f; < A/« and thus

2 192 2

na f; no fi frm

— > > .
Jo=fin 2 4N 4\

Dividing both sides by f;f;11, we have

1 1>77a2

o1 fr T AN
Therefore we have
1 1 2
> (T - 7).
mea fT 4)\

As fr.. > €, we have

Toe <1+7+ ;22 (6_1 — /\_1)

32

SQ + 32\/ d—1 10g(04(d - 1)f1) + m
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1

(d—1)log(a(d—1)f1)’ we have

For a small enough e satifying € < — T e
Tpo <— 02 32 C

“aey/d—1 " ae C

Therefore we have shown Tyq/T1,, > 96C/c which completes the proof.
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