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ABSTRACT

TheAdvanced LIGO detectors are themost precise displacement sensors evermade, operating
at the cutting edge of quantum noise limited sensitivity. The introduction of non-classical
squeezed states to reduce quantum shot noise during the third gravitational wave observing
run O3 ushered in the era of quantum-enhanced gravitational wave interferometry. This
was, however, accompanied by an increase in measurement back-action, in the form of
quantum radiation pressure noise which degraded detector sensitivity at low frequencies
below 100Hz. In the early 2000s, Kimble et. al. [1] proposed the use of optical filter cavities to
prepare frequency dependent squeezed states which circumvent measurement back-action
by suppressing radiation pressure noise at low frequencies while continuing to reduce shot
noise across the rest of the gravitational wave signal band.

In this thesis, we explore frequency dependent squeezing for gravitational wave detectors,
with an emphasis on optimal filter cavity design, and characterization of squeezing in optical
systems. We then describe the commissioning of a 300m filter cavity for the first realiza-
tion of frequency dependent squeezing in gravitational wave interferometer for the fourth
gravitational wave observing run O4. Along with significantly enhancing the astrophysical
sensitivity of the LIGO detectors, this is also the latest milestone in several decades of research
in quantum noise reduction.

We conclude the thesis by extending frequency dependent squeezing to alternate in-
terferometer configurations by studying the feasibility of detuning the signal cavity of the
interferometer to enhance sensitivity to kilohertz signals from neutron star post-mergers.

Thesis Supervisor: Matthew Evans

Title: Professor of Physics
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1
CHA P T E R

INTRODUCTION

Since their initial detection by the Advanced Laser Interferometer Gravitational Wave
Observatory (LIGO) in 2015 [2], gravitational waves have provided a new window into
the cosmos. These ripples in the fabric of space-time have significantly advanced
our comprehension of the most extreme phenomena in the universe and have also
provided strong confirmation of Einstein’s theory of general relativity [3].

Described by Einstein’s field equations, gravitational waves emanate radially out-
wards from a source with a spherically asymmetric mass-quadrupole moment. How-
ever, the oscillating strain∆L/L associated with a gravitational wave reaching Earth
from a distant astrophysical source is exceedingly minute. Only the most exceptional
astrophysical events can generate gravitational waves detectable by terrestrial instru-
ments. Until now, we’ve observed signals from colliding black holes and neutron stars.
In its first three observing runs, the gravitational wave detector network identified 90
compact binary mergers [4], enabling us to explore key questions in astrophysics.

The observation of the binary neutron star merger GW170817 [5], with an electro-
magnetic counterpart [6], marked the beginning of a new era in multi-messenger
astronomy [7]. It provided insights into the origin of heavy elements [8] and deepened
our understanding of the extreme matter constituting neutron stars [9, 10]. Other
noteworthy detections include a ∼ 150M⊙ binary black hole merger [11] offering
evidence for intermediate mass black hole formation [12], neutron star-black hole
mergers [13], and a highmass ratio compact binarymerger [14]. These detections have
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also shed light on the population properties of compact objects [15] and contributed
to our understanding of cosmic expansion history [16].

Looking forward, gravitational wave astronomy holds vast untapped potential.
Numerous sources remain undetected, such as rotating pulsars [17] and core-collapse
supernovae [18]. Gravitational waves can also provide insights into profound mys-
teries like dark matter [19] and quantum gravity [20]. Thus, it is crucial to advance
technologies and push the limits of our ability to detect gravitational waves, ensuring
continued exploration of the abundant knowledge they have to offer.

1.1 GRAVITATIONAL WAVE DETECTORS

The Advanced LIGO detectors are dual-recycled Fabry-Perot Michelson interfome-
ters with 4 km arms [21]. They are located in Hanford, Washington, USA (H1), and
Livingston Louisiana, USA (L1). In addition to the LIGO detectors, the international
gravitational wave detector network also consists of the 3 km Advanced Virgo detector
in Cascina, Italy [22], a cryogenic detector, KAGRA, located in the Kamioka Obser-
vatory, Japan [23], and a 600 m prototype detector, GEO600, located in Hannover,
Germany [24]. The current observing run, O4, started in May 2023, with the two LIGO
detectors. The Virgo detector joined the observing run in 2024. GEO600 has been
instrumental to prototyping many new technologies that have been implemented in
gravitational wave detectors. LIGO India, which is under construction, aims to join
the detector network within the next decade [25].

Fig. 1.1 shows a top-level layout of the O4 configuration of the Advanced LIGO
detectors. A pre-stabilized laser source supplies up to 110W of power at 1064 nm1.
Before injection into the interferometer, the laser passes through pre-mode cleaner
and input mode cleaner cavities to strip off higher-order modes which can contami-
nate the signal and stabilize the laser’s frequency. 40 kg input and end mirrors of the
interferometer arms, also known as test masses, form the 4 km Fabry-Perot cavities
which amplify the gravitational wave signal by a factor of ∼ 300. The power in the
arms is further amplified by a factor of ∼ 40 by a power-recycling cavity on the input

1The nominal input power for the detectors during O4 is 60 W
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Figure 1.1: Advanced LIGO Interferometer layout during observing run O4.
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port of the interferometer. A signal extraction cavity2 on the output port of the inter-
ferometer, operated on carrier anti-resonance, increases the interferometer’s signal
bandwidth through resonant sideband extraction [26]. The beam from the interfer-
ometer then passes through the output Faraday Isolator. This is also the point, where
non-classical light known as frequency dependent squeezed vacuum, the subject of
this thesis, is injected to reduce noise from quantum fluctuations. A bow-tie output
mode cleaner cavity then, removes all higher order modes and RF sidebands from
the output, which is then split in two and read out as a sum of two photodetector
signals.

A gravitational wave modulates the path length difference between the two arms,
also known as the differential arm (DARM) degree of freedom. This modulates the
power at the output port of the detector. Feedback is used to maintain DARM at a
fixed operating point (∼10 pm), and the signal associated with this feedback loop is
calibrated into units of strain to measure a gravitational wave signal [27, 28]

In order to measure gravitational wave strains of the order of 10−23, we need to
have a comprehensive understanding of the noise in the detector. Fig. 1.2 shows
a noise budget of LIGO A+3 which contains the modelled4 spectral densities of var-
ious sources of noise in the detectors. We see that the detector is designed to be
maximally sensitive around 100Hz which is the region in which most stellar mass
compact binary merger signals are emitted. The LIGO mirrors are mounted on four
stage pendulums [29], which ensure that seismic noise falls off rapidly over 10Hz.
However, this is dominant at low frequencies, along with Newtonian noise which is
due to fluctuations in local gravity (for e.g. from Rayleigh waves). At high frequencies,
the dominant sources of noise are due to the thermal motion of the mirror coatings
and the quantum fluctuations of the laser light at the interferometer readout. Un-
derstanding and improving on these various sources of noise is key to achieving

2In literature, this is also commonly referred to as a signal recycling cavity. However, the term
‘signal recycling’ specifically refers to a resonant cavity which amplifies the gravitational wave signal
which reducing the interferometer bandwidth.

3A+ is an upgraded version of Advanced LIGO with frequency dependent squeezing and reduced
coating Brownian noise

4In addition to the modelled noises in the design curve, there are several sources of technical noise
such as sensor noise, laser frequency and intensity noise, etc.
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Figure 1.2: LIGO A+ Design Noise Budget.
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LIGO’s design sensitivity and is also essential for the development of 3rd generation
detectors such as Cosmic Explorer [30, 31] and Einstein Telescope [32], which aim to
out-perform current detectors by an order of magnitude in sensitivity. In this thesis,
we specifically study quantum noise and the use of frequency dependent squeezed
states of light to break existing limits in its reduction.

1.2 QUANTUM NOISE

The purple trace in Fig. 1.2 is the contribution from quantum noise to LIGO’s total
strain noise. This noise is linked to quantum fluctuations in the electromagnetic
vacuum field entering the interferometer through its readout port. These fluctuations
interact with the interferometer and subsequently manifest as noise on the readout
photodetectors when they return to the readout port. This noise is linked to uncer-
tainty in the phase and amplitude quadratures of the field (see Section 2.1), giving
rise to two conceptually distinct components:

• Shot noise, caused by phase quadrature fluctuations, or equivalently, photon
counting statistics at the interferometer readout. This dominates at high fre-
quencies.

• Radiation pressure noise, caused by amplitude quadrature fluctuations, or
equivalently, fluctuations in the photon flux impinging on the interferometer
mirrors. This is dominant at low frequencies.

Fig. 1.3 depicts the contributions from shot noise and radiation pressure noise to the
total quantum noise, which is usually described by a power spectral density. This
can be normalized to get a spectrum calibrated in units of interferometer strain, SQNh ,
which is the sum of shot noise and quantum radiation pressure noise:

SQNh = SSNh + SRPNh . (1.1)
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1.2.1 Shot Noise

The laser in a gravitational wave interferometer can be best described by a coherent
state of light. A coherent state is defined as an eigenfunction of the annihilation
operator

â|α⟩ = α|α⟩. (1.2)

In the photon number state basis, a coherent state can be written as

|α⟩ = e−|α|2/2
∞∑

0

αn√
n!
|n⟩. (1.3)

We introduce a ‘displacement operator’, D̂(α) which transforms an electromagnetic
vacuum state into a coherent state,

D̂(α)|0⟩ = |α⟩, D̂(α) = exp(αâ† − α∗â). (1.4)

In theHeisenberg picture, the displacement operator transforms the ladder operators
as,

D̂(α)âD̂†(α) = â+ α, D̂(α)â†D̂†(α∗) = â+ α. (1.5)

For a coherent state, the expected photon number and standard deviation are given
by

⟨n⟩ = ⟨α|n|α⟩ = |α|2, ∆n = α, (1.6)

and the probability of detecting n photons follows a Poisson distribution

P (n) = e−|α|2 |α|2n
n!

= e−⟨n⟩ ⟨n⟩n
n!

. (1.7)

From Eq. (1.6), we can see that the shot noise limited signal to noise ratio, which
is equivalent to the relative error in photon number, is given by∆n/⟨n⟩ = 1/

√
⟨n⟩,

i.e. it scales with the inverse square root of the expected photon number. Calibrated
into units of gravitational wave strain, shot noise SSNh decreases inversely with optical
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power P and is given by [33]5,

SSNh (Ω) =
ℏγ

4kLP

(
1 +

Ω2

γ2

)
, (1.8)

where Ω is the angular measurement frequency, k is the wavenumber of 1064 nm
interferometer light, L is the arm cavity length.

1.2.2 Quantum Radiation Pressure Noise

In order to calculate the quantum radiation pressure noise, we can start with Heisen-
berg’s uncertainty principle written in terms of spectral densities [34, 35],

SSNx SRPNF = ℏ2. (1.9)

Where SSNx and SRPNF are the displacement power spectrum of the shot noise and the
force power spectrum of radiation pressure noise respectively. Here, the uncertainty
principle is saturated for a coherent state. We can convert displacement to strain
noise using,

SSNh = 1/L2SSNx . (1.10)

Additionally, we can assume that the pendulum resonance of the test mass is much
lower than the signal band which lets us approximate the force-strain transfer func-
tion of the reduced mass of the four test masses to−4/(LmΩ2), wherem = 40 kg is
the mass of the suspended mirrors. This gives us,

SRPNh =
16SRPNF

(mLΩ2)2
. (1.11)

Combining Eqs. (1.9) to (1.11) gives us the following expression for the power spectral
density of quantum radiation pressure noise, which scales linearly with optical power
P :

SRPNh (Ω) =
64ℏkP
m2L3γ

1

Ω4

(
1 +

Ω2

γ2

)−1

. (1.12)

5See Appendix B.3 for a derivation of the following expression
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1.2.3 The Standard Quantum Limit

Eqs. (1.8) and (1.12) show that increasing or decreasing the optical power in a gravita-
tional wave detector leads to a trade-off between shot noise and radiation pressure
noise. Fundamentally, in terms of a continuous quantummeasurement, this is due
to the fact that increasing the strength of a measurement also increases the amount
of measurement back-action [35–37]. When the measurement noise is uncorrelated
with the back-action, this produces a lower bound in the total measured noise known
as the standard quantum limit (SQL). The free mass SQL (plotted in Fig. 1.4) for a
Fabry-Perot Michelson Interferomter, in units of strain, is given by [38],

SSQL(Ω) =
8ℏ

mΩ2L2
. (1.13)

Eq. (1.1) can also be written as,

SQNh = SSNh (1 +K(Ω)2), (1.14)

where the optomechanical coupling, K, is defined as,

K =
16ℏkP
mL2γΩ2

(
1 +

Ω2

γ2

)
=

Ω2
SQL

Ω2

(
1 +

Ω2

γ2

)
. (1.15)

ΩSQL is the frequency where the detector saturates the standard quantum limit. This
frequency also sets a scale for the crossover between shot noise and radiation pressure
noise.

The standard quantum limit can, however, be surpassed by correlating shot noise
and radiation pressure noise [39]. The LIGO detectors have wielded the correla-
tions arising from optomechanical interactions to show sub-standard quantum limit
performance [40].
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1.3 OVERVIEW

Along with increasing the optical power in the interferometer, the injection of non-
classical squeezed vacuum states has been pursued as a parallel means to reduce
shot noise [41, 42]. These states are introduced in Chapter 2 of this work, along with
the mathematical formalism that forms the foundation for the rest of the thesis. The
improvement in detector sensitivity that can be achieved through squeezing, however,
is limited by an increase in radiation pressure noise [40, 43]. Chapter 3 introduces
the use of optical filter cavities to produce frequency dependent squeezed states
which are capable of simultaneously reducing both shot noise and radiation pressure
noise in the interferometer [44–46]. The design of these filter cavities is described
in Chapter 4. Chapter 5 covers an experimental procedure to characterize squeezed
vacuum sources and squeezing in optical systems using an auxiiliary audio band
field. The first realization of frequency dependent squeezing in a gravitational wave
interferometer is detailed in Chapter 6. In Chapter 7, we shift our focus to detuned
inteferometers, with high frequency dips in quantum noise enhanced by frequency
dependent squeezing, and the prospects of detecting neutron star post-mergers with
them.
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CHA P T E R

SQUEEZED STATES OF LIGHT

Instead of introducing the coherent vacuum state into the interferometer, squeezed
vacuum states, commonly referred to as ‘squeezing’, can be injected into the readout
port. This approach reduces quantum noise and enhances the interferometer’s sensi-
tivity [47]. The idea of using squeezed states in gravitational wave detectors was first
proposed by Caves in the 1980s [48]. While GEO600 has employed squeezing since
2009 [41, 49, 50] and LIGO Hanford first demonstrated squeezing injection in 2011
[51], the first gravitational wave detections in squeezing enhanced interferometers
were made during the observing run O3 [42, 52], nearly four decades after Caves’
initial proposal. In this chapter, we lay out the mathematical formalism required to
describe squeezed states and how they interact with gravitational wave detectors.

2.1 SIDEBANDS AND QUADRATURES

In the frequency domain, gravitational waves signals can be thought of as (phase)
modulations around a carrier frequency ω0. To understand quantum noise in an
interferometer, it is necessary for us to introduce the quantummechanical operators
associated with the measurement of these modulations. After quantization, the elec-
tric field operator can be written in terms of the annihilation and creation operators,
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âω and â†ω, where ω refers to the mode frequency of the operator.

Ê(t) =
∫ ∞

0

√
2πℏω
Ac

(
âωe

−iωt + â†ωe
iωt
) dω
2π
, (2.1)

whereA is the effective cross sectional area of the electromagentic field and c is the
speed of light. The ladder operators satisfy the usual commutation relations

[âω, â
†
ω′ ] = 2πδ(ω − ω′), [âω, âω′ ] = [â†ω, â

†
ω′ ] = 0. (2.2)

We define sideband operators around the carrier frequency by re-scaling the ladder
operators

â±(Ω) =

√
ω0 ± Ω

ω0

âω0±Ω (2.3)

where Ω is the sideband frequency. For a gravitational wave detector, Ω ranges from
10 to 1000Hzwhile the carrier frequency of the laser is around 3×1013Hz. This allows
us to make the approximation ω0 ± Ω ≈ ω0 inside the square root. The sideband
operators obey the following commutation relations

[â+(Ω), â
†
+(Ω

′)] ≈ [â+(Ω), â
†
+(Ω

′)] ≈ 2πδ(Ω− Ω′), (2.4)

[â±(Ω), â±(Ω
′)] = [â±(Ω), â∓(Ω

′)] = [â±(Ω), â
†
∓(Ω

′)] = 0. (2.5)

Writing the electric field in terms of sideband operators yields

Ê(t) =
√

2πℏω0

Ac e−iω0t

∫ ∞

0

(
â+(Ω)e

−iΩt + â−(Ω)e
iΩt
) dΩ
2π

+ h.c. (2.6)

To describe amplitude and phase modulations around a carrier frequency, which
are combinations of positive and negative sidebands, we introduce the following
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quadrature operators1

â1(Ω) =
â+(Ω) + â†−(Ω)√

2
, â2 =

â+(Ω)− â†−(Ω)

i
√
2

(2.7)

This can be written concisely as
[
â1

â2

]
= A

[
â+

â†−

]
, or a⃗ = Aa (2.8)

where we use the matrixA to change basis between sideband (a) and quadrature (⃗a)
vectors.

A =
1√
2

[
1 1

−i i

]
, A−1 =

1√
2

[
1 i

1 −i

]
. (2.9)

For brevity, we have made the frequency dependence of the quadrature operators
implicit. In terms of these operators, the electric field can be written as

Ê(t) = cos(ω0t)Ê1(t) + sin(ω0t)Ê2(t) (2.10)

where

Êj(t) =
√

2πℏω0

Ac e−iω0t

∫ ∞

0

(
âje

−iΩt + âje
iΩt
) dΩ
2π

j = 1, 2 (2.11)

From Eq. (2.10), we can see that two quadratures, Ê1,2 of the electric field can
be associated with the amplitude and phase of the field. Consequently, the noise
in the phase and amplitude of a field are directly related to the uncertainties in the
quadrature operators â1,2 [1]. These operators are canonically conjugate and obey
Heisenberg’s uncertainty principle.

σ2
a1
σ2
a2

≥ 1

4
(2.12)

1The time domain quadrature operators are given by â1(t) = (â(t) + â†(t))/
√
2, â2(t) = (â(t) −

â†(t))/
√
2i
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For a coherent state, the variances of the quadrature operators are equal and their
product is minimized.

σ2
a1

= σ2
a2

=
1

2
(2.13)

Using theWiener-Khinchin theorem [53], we can also calculate the (two-sided) power
spectral densities of the quadrature operators,

Sâ1(Ω) =

∫ ∞

−∞
dte−iΩt⟨â1(t)â1(0)⟩, Sâ2(Ω) =

∫ ∞

−∞
dte−iΩt⟨â2(t)â2(0)⟩ (2.14)

For a coherent vacuum state, it can be shown that ⟨â1(t)â1(0)⟩ = ⟨â2(t)â2(0)⟩ = δ(t),
and it follows that the quadrature spectral densities are equal to 1,

Sâ1(Ω) = Sâ2(Ω) = 1 (2.15)

The quantumresponse of any optical systemcanbe encoded in a frequency dependent
2×2matrix which acts on a sideband/quadrature vector. This is known as the ‘two-
photon formalism’[54].

2.2 INTRODUCTION TO SQUEEZED STATES

Just like coherent states, squeezed states are also minimum uncertainty states which
saturate Heisenberg’s uncertainty principle, the main difference being that the un-
certainty in one quadrature is reduced. As a result, the uncertainty in the other
quadrature is increased. In order to mathematically describe squeezed states, we
extend the scope of Eq. (1.2) to consider the eigenfunctions of a generalized operator
b̂, which is defined as follows,

b̂|β⟩ = β|β⟩, b̂ = ν1â+ ν2â
†, (2.16)

where
|ν1|2 − |ν2|2 = 1 ν1, ν2 ∈ C, (2.17)
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which is a Bogoliubov transformation of the ladder operators. Expanding |β⟩ in terms
of photon number states yields

|β⟩ =
∞∑

0

cn|n⟩, (2.18)

where the coefficients cn are given by the following recursive relations,

c1 = βν1c0, (2.19)

c2 =
βc1 − ν2c0√

2ν1
, (2.20)

cn =
βcn−1 − ν2

√
n− 1cn−2√

nν1
. (2.21)

For β = 0, this state is known as a squeezed vacuum state, and can be written as

|0⟩b =
1√

cosh z

∞∑

0

(−e2iψ tanh z)n
√
2n!

2nn!
|2n⟩, (2.22)

where |z| = tanh−1(ν2/ν1) and arg z = 2ψ = arg ν2/ν1. Note that this is a state that
only contains an even number of photons. Analogous to Eq. (1.4), we introduce a
squeezing operator which transforms quantum vacuum to a squeezed vacuum state.

Ŝ(z)|0⟩ = |0⟩b, Ŝ(z) = exp

(
z∗â2 − zâ†2

2

)
, (2.23)

Note that the quadratures described in Section 2.1 are composed of two distinct optical
modes (sidebands). In order to understand squeezing in the sideband picture, we
must extend the definition of Ŝ to that of a two-mode squeezing operator,

S(z, ψ) = exp
[
z(â+â−e

2iψ − â†+â
†
−e

−2iψ)
]
. (2.24)
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The evolution of the sideband operators in the Heisenberg picture is given by the
following Bogoliubov transformation (2.17),

S

[
â+

â†−

]
S† = HS

[
â+

â†−

]
, (2.25)

where

HS =

[
cosh z e−i2ψ sinh z

ei2ψ sinh z cosh z

]
. (2.26)

Converting the above expression to the quadrature picture shows us that the
squeezer matrix is diagonal and is given by

HS = A†Rψ

[
ez 0

0 e−z

]
R†
ψA = A†RψHSR

†
ψA (2.27)

where the rotation matrixRψ is defined conventionally as

Rψ =

[
cosψ − sinψ

sinψ cosψ

]
. (2.28)

We can see the effect of squeezing on quadrature variances by applying HS to the
quadrature operators [

b̂1

b̂2

]
= RψHSR

†
ψ

[
â1

â2

]
(2.29)

b̂1 = ezâ1, b̂2 = e−zâ2, (ψ = 0) (2.30)

b̂1 = e−zâ1, b̂2 = ezâ2, (ψ = π/2) (2.31)

From Eq. (2.30) and Eq. (2.31), we see that after squeezing is applied to a state, one of
the quadratures in scaled down (squeezed) by a factor of ez, and the other is scaled
up by the same factor (anti-squeezed). The quadrature being squeezed depends on
the squeezing angle ψ and, in general, any linear combination of the two quadratures
can be squeezed, with the orthogonal quadrature combination being anti-squeezed.
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Consequently, the noise in the two quadratures is also squeezed/anti-squeezed,

σ2
a1
(Ω) =

e2z

2
, σ2

a2
(Ω) =

e−2z

2
, ψ = 0, (2.32)

σ2
a1
(Ω) =

e−2z

2
, σ2

a2
(Ω) =

e2z

2
, ψ = π/2. (2.33)

Similarly, the two-sided power spectral densities of the quadrature operators for a
squeezed vacuum state are given by,

Sâ1(Ω) = e−2z, Sâ2(Ω) = e2z, ψ = 0, (2.34)

Sâ1(Ω) = e2z, Sâ2(Ω) = e−2z, ψ = π/2. (2.35)

To achieve sensitivity beyond quantum noise limits, squeezed vacuum states are
injected into gravitational wave detectors, where the interferometer carrier laser
is the local oscillator/mean field for the measurement. Mathematically, this can be
represented as applying a displacement operator to the squeezed vacuum state,

|α, z⟩ = D̂(α)Ŝ(z)|0⟩. (2.36)

These are known as bright squeezed states. With respect to the phase reference of the
local oscillator, it is now possible to introduce the concept of phase and amplitude
squeezed states. Fig. 2.1 represents states with the uncertainty (ball) in the phase
space defined by the two quadratures; we call these ball and stick figures. These are
time-dependent and rotate around the origin at the optical frequencyΩ (in the rotating
frame of the carrier). A coherent state is represented by a circular distribution while
squeezed states have elliptical distributions. The vector from the origin to center of the
distribution (stick) corresponds to the displacement, D̂(α), and can be interpreted as
having the magnitude and phase of the α. From Fig. 2.1, we see that depending on the
squeezing angle and local oscillator phase, the electric field obtain can have reduced
uncertainty in amplitude or phase, at the expense of increased uncertainty in the
other. We will henceforth refer to â1 and â2 as the amplitude and phase quadratures.
For a bright squeezed state in the limit where the amplitude of the local oscillator
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â2
<latexit sha1_base64="r2z9lHmvUTAXZxp0i9AxgoPn3j4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMF+4FtKJPtpl262YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlx94ITYbTfrXYL5XdijsHWSVeTsqQo9EvffUGMU0jJg0VqHXXcxPjZ6gMp4JNi71UswTpGIesa6nEiGk/m188JedWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqRZCN7yy6ukVa14l5Xafa1cv8njKMApnMEFeHAFdbiDBjSBgoRneIU3RzsvzrvzsWhdc/KZE/gD5/MH8tKQcQ==</latexit>

Bright Squeezed States
<latexit sha1_base64="z+vuCJvZEfou3QaaIZSJolw6TDQ=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoPgKcxoQI8hXjxGYhZIQujpVJImPYvdNWIccvLir3jxoIhXv8Gbf2NnOWjig4LHe1VU1fMiKTQ6zreVWlpeWV1Lr2c2Nre2d+zdvaoOY8WhwkMZqrrHNEgRQAUFSqhHCpjvSah5g8uxX7sDpUUY3OAwgpbPeoHoCs7QSG37sIlwj0lRiV4fafk2BniADi0jQ9Cjtp11cs4EdJG4M5IlM5Ta9lezE/LYhwC5ZFo3XCfCVsIUCi5hlGnGGiLGB6wHDUMD5oNuJZM3RvTYKB3aDZWpAOlE/T2RMF/roe+ZTp9hX897Y/E/rxFj96KViCCKEQI+XdSNJcWQjjOhHaGAoxwawrgS5lbK+0wxjia5jAnBnX95kVRPc+5ZLn+dzxaKszjS5IAckRPiknNSIFekRCqEk0fyTF7Jm/VkvVjv1se0NWXNZvbJH1ifP7P1mUY=</latexit>

Vacuum Squeezed States
<latexit sha1_base64="URNltxa5pOzB+jiLvDx6sQCh8gw=">AAACBnicbVC7SkNBEN3rM8ZX1FKExSBYhXs1oGXQxjIS84AkhL2bSbJk78PdWTFeUtn4KzYWitj6DXb+jZtHoYkHBg7nzDAzx4+l0Oi6387C4tLyympqLb2+sbm1ndnZrejIKA5lHslI1XymQYoQyihQQi1WwAJfQtXvX4786h0oLaLwBgcxNAPWDUVHcIZWamUOGgj3mFQYNyagpVsD8ABtWkKGoIetTNbNuWPQeeJNSZZMUWxlvhrtiJsAQuSSaV333BibCVMouIRhumE0xIz3WRfqloYsAN1Mxm8M6ZFV2rQTKVsh0rH6eyJhgdaDwLedAcOenvVG4n9e3WDnvJmIMDYIIZ8s6hhJMaKjTGhbKOAoB5YwroS9lfIeU4yjTS5tQ/BmX54nlZOcd5rLX+ezhYtpHCmyTw7JMfHIGSmQK1IkZcLJI3kmr+TNeXJenHfnY9K64Exn9sgfOJ8/zxGZVw==</latexit>

Figure 2.1: Squeezed states of light. The plots on the extreme left and right are ‘ball
and stick’ figures which show the uncertainty in the phase space defined by the two
quadratures. A darker shade corresponds to higher probability in phase space. The
location of the center of the uncertainty blob corresponds to the phase andmagnitude
of the local oscillator (mean field). This is time-dependent and rotates around the
origin at the optical frequency ω. The plots in the center are simulations of the
electric field corresponding to these states. We can see that phase squeezed states
have reduced uncertainty in phase and increased uncertainty in amplitude, while the
opposite is true for amplitude squeezed states. The right half of the figure corresponds
to vacuum states, which the left corresponds to bright states. It is important to note
here that phase and amplitude squeezing can only be defined with respect to a local
oscillator (phase reference). This is evident from the observation that the electric
fields corresponding phase and amplitude squeezed vacuum are identical up to a
phase shift.
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is large (α ≫ sinh z), we calculate the expectation value and the uncertainty of the
measured photon number,

⟨α, z|n|α, z⟩ = |α|2, ∆n = |α|
√

sinh2 z + cosh2 z − 2 sinh z cosh z cos 2ϕ. (2.37)

Where the squeezing angle ϕ, is the relative phase between the squeezed vacuum and
local oscillator. The relative error in the photon number is then given by,

∆n/⟨n⟩ = e−z/|α|, (ϕ = 0), (2.38)

∆n/⟨n⟩ = ez/|α|, (ϕ = π/2). (2.39)

This shows that bright squeezed states can have their relative photon number errors
suppressed/amplified by a factor of ez compared to a coherent state with the same
amplitude. Henceforth, we shall also use the terms ‘squeezing’ and ‘anti-squeezing’
to specifically refer to the squeezing angles ψ = 0, and ψ = π/2 respectively. The
probability of detecting n photons for a bright squeezed state given by [55],

P (n) = |⟨n|α, z⟩|2 = (1
2
tanh z)n

n! cosh z
exp

[
−|α|2 − 1

2
(α∗2e−2iψ + α2e2iψ) tanh z

]

×
∣∣Hn

[
(α cosh z + α∗e−2iψ sinh z)(e−2iψ sinh(2z))−1/2

]∣∣2 ,
(2.40)

where Hn is the nth Hermite Polynomial. This distribution is plotted for squeezed,
anti-squeezed and coherent states Fig. 2.2. In terms of photon counting, squeezing
and anti-squeezing correspond to sub-Poissonian ((∆n)2 < ⟨n⟩) and super-Poissonian
((∆n)2 > ⟨n⟩) statistics respectively.

Since the quantum noise is suppressed or amplified by a certain factor, it is com-
mon to quote squeezing levels in units of decibels (NdB = 10 log10(P/P

′), where P/P ′

is a ratio of powers).
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Figure 2.2: Photon number distributions for bright squeezed states with the same co-
herent amplitude |α| = 6. The green distribution corresponds to a coherent state with
a Poisson distribution, while the red and blue distributions correspond to squeezed
and anti-squeezed states, with sub-Poissonian and super-Poissonian distributions
respectively.
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2.3 GENERATION OF SQUEEZED STATES

A variety ofmethods can be used to generate squeezed states of light [56–61]. However,
themost common and reliable method of creating high levels of squeezing is by using
nonlinear crystals with a second order non-linearity2 [63]. The induced polarization
P in a non-linear material can be expressed as a power series in the electric field
strength,

P = ϵ0(χ
(1) + χ(2)|E|+ χ(3)|E|2 + ...)Ê . (2.41)

χ(2) is known as the second order susceptibility of the material, and the term associ-
atedwith it creates oscillations at the sumanddifference of the frequency components
in the electric field. This effect is used to generate squeezing through a process known
as spontaneous parametric down conversion (SPDC)3. In SPDC, a pump photon with
higher energy breaks into a pair of entangled photons, known as the signal and idler,
with energies (frequencies) that add up to that of the pump. SPDC can be classified
into three types

• Type 0 : The signal and idler photons are same polarization, and are aligned
with the pump polarization.

• Type 1 : The signal and idler photons are same polarization, but are orthogonal
to the pump polarization.

• Type 2 : The signal and idler photons have orthogonal polarizations.

This process can also be classified into collinear and non-collinear based on whether
the signal and idler beams are spatially aligned with each other; and into degenerate
and non-degenerate based on whether the signal and idler photons have the same or
different frequencies.

For the generation of squeezing, we consider collinear, non-degenerate Type 0
SPDC. We can represent the pump mode (at frequency 2ω0) by the ladder operator α̂

2This method also holds the current record for the maximum amount of measured optical squeez-
ing[62]

3The third order susceptibility χ(3) of a material can also be used to generate squeezed states of
light through a different process known as the Kerr effect
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and the pair of generated photons (at ω0 ± Ω) by the sideband ladder operators â±4

(Eq. (2.3)).

To derive the time evolution of the sideband operators in the Heisenberg picture,
we begin with the interaction Hamiltonian [64] of the second order non-linearity.

Ĥint = ℏ
κ

2
(α̂†â+â− − α̂a†+a

†
−), (2.42)

where κ is the non-linear interaction strength. The first term corresponds to sum
frequency generation where the two sideband photons are annihilated to produce a
pump photon, while the second term corresponds to SPDC where a pump photon is
annihilated to create the two sideband photons. Due to its high intensity, the pump
field α can be treated classically (α† = α∗). The equations of motion for the sideband
operators are then given by

dâ+
dt

=
i

ℏ
[Ĥint, a+] = iκαâ†−, (2.43)

dâ†−
dt

=
i

ℏ
[Ĥint, a

†
−] = −iκα∗â+. (2.44)

This can be condensed into a matrix equation,

d

dt

[
â+(t)

â†−(t)

]
=

[
0 iκα

−iκα∗ 0

][
â+(t)

â†−(t)

]
. (2.45)

Assuming that the pumpfieldα = |α|eiθ is approximately constant(undepleted) across
the material, the solution to this equation is given by.

[
â+(t)

â†−(t)

]
= exp

([
0 iκα

−iκα∗ 0

]
t

)[
â+(0)

â†−(0)

]
(2.46)

= exp

[
0 iκL

c′
|α|eiθ

−iκL
c′
|α|e−iθ 0

][
â+(0)

â†−(0)

]
(2.47)

4The frequency dependence of these operators is implicit
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Where we have set α = |α|eiθ and have fixed t = L
c′
for a crystal of length L. c′ is

the speed of light in the crystal.
Setting 2ψ = −(θ + π/2) and κ|α|L/c′ = z, we can write the evolution of the

sideband operators after propagating through the entire length of the crystal as,

[
â+(L)

â†−(L)

]
=

[
cosh z e−i2ψ sinh z

ei2ψ sinh z cosh z

][
â+(0)

â†−(0)

]
= HS

[
â+(0)

â†−(0)

]
(2.48)

whereHS is the squeezer matrix (Eq. (2.26)). z is called the single pass squeeze
factor of the squeezer’s nonlinear crystal, and 2ψ is the squeezer pump phase. Note
that the single pass squeeze factor of the crystal is proportional to the circulating
pump intensity, or alternatively to the square root of pump power Ppump,

z ∝ |α| ∝
√
Ppump (2.49)

2.3.1 Phase Matching

In order to efficiently down-convert pump photons, the non-linear material must
satisfy the phase-matching condition, i.e the wave-vector mismatch between the
pump and the down-converted fields must be minimized to satisfy the conservation
of momentum,

∆k = ksignal + kidler − kpump (2.50)

This mismatch, however, is increased by dispersion as the fields propagate through
the non-linear material. When this phase mismatch exceeds π, energy starts flowing
back into the pump from the down-converted frequencies. Advanced LIGO uses
periodically poled potassium titanyl phosphate (PPKTP) crystals as a squeezed vac-
uum source. Periodically poled materials are manufactured with domains that have
alternating optic axis directions, and are used for a technique known as quasi-phase
matching. This technique ensures a positive flow of energy from the pump to the
converted frequencies in the presence of a wave-vector mismatch [65]. The optimal
poling period is given by

Lp = 2π/∆k (2.51)
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The phase mismatch is sensitive to temperature and regular operation of a crystal
squeezer requires active temperature stabilization in order to maximize non-linear
interaction strength [66, 67].

2.4 CAVITY ENHANCEMENT OF SQUEEZING

The model described in this section corresponds to a sub-threshold optical paramet-
ric oscillator (OPO)5 shown in Fig. 2.3, consisting of a squeezer crystal resonantly
enhanced in an optical cavity. The cavity round-trip phase shift, in matrix form, is
given by

Θcav =

[
e−i∆ 0

0 ei∆

]
(2.52)

where the cavity detuning angle∆ is

∆ =
2πf

fFSR
, (2.53)

f is the sideband frequency, and fFSR is the free spectral range of the OPO cavity.
The OPO pump field and quantum vacuum, are injected viaM1, and the squeezed

vacuum is obtained on reflection at M1. For our specific OPO configuration, the
effective OPO reflection matrix atM1 is given by

HO = r1I− t21ΘcavHS(I− r1ΘcavHS)
−1. (2.54)

The cavity is operated at resonance for the squeezed vacuum carrier frequency, i.e.
∆ = 0. Solving forHO (and comparing with Eq. 2.27) produces an modified squeezer
matrix,

HO = A†Rψ

[
t21e

z

1−r1ez − r1 0

0
t21e

−z

1−r1e−z − r1

]
R†
ψA (2.55)

5The term optical paramteric amplifier (OPA) is more appropriate, but we use the term OPO to be
consistent with squeezing literature
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<latexit sha1_base64="qqlPKvg+x9IUD1m/rZIUwtTEOYo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqoR6LXrwIFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFxKgn1SMxj2QuwopwJ6mmmOe0lkuIo4LQbTG9zv/tEpWKxeNSzhPoRHgsWMoK1kbz7Yd22h5WqU3MWQOvELUgVCrSHla/BKCZpRIUmHCvVd51E+xmWmhFO5/YgVTTBZIrHtG+owBFVfrY4do4ujDJCYSxNCY0W6u+JDEdKzaLAdEZYT9Sql4v/ef1Uh9d+xkSSairIclGYcqRjlH+ORkxSovnMEEwkM7ciMsESE23yyUNwV19eJ516zb2qNR4a1dZNEUcZzuAcLsGFJrTgDtrgAQEGz/AKb5awXqx362PZWrKKmVP4A+vzBzeMjaQ=</latexit>

HO
<latexit sha1_base64="c1bQpmerPcxi2mLKNwOJ1cJerSM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRmBWsL3aVk02wbmk2WJCuUpX/DiwdFvPpnvPlvzLZ70NaBwDDzHm8yYcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRo5apIrRDJJeqF2JNORO0Y5jhtJcoiuOQ0244uc397hNVmknxYKYJDWI8EixiBBsr+X6MzTiMstbgbjao1ty6OwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mGfWyl4v/ef3URNdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq+Txou5d1hv3jVrzpqijDCdwCufgwRU0oQVt6ACBBJ7hFd6c1Hlx3p2PxWjJKXaO4Q+czx8QLpG0</latexit>

HS
<latexit sha1_base64="KrFy4lPIgW2eNi4g/Rt853dWcfU=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRY0dpCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCO0QyaXqhVhTzgTtGGY47SWK4jjktBtObnO/+0SVZlI8mGlCgxiPBIsYwcZKvh9jMw6jrDW4nw2qNbfuzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5Rr3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKnm8qHuX9cZdo9a8Keoowwmcwjl4cAVNaEEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wcWQpG4</latexit>

Figure 2.3: Cavity enhancement of squeezing. The transfer matrix of the cavity
reflection fromM1, corresponding to the block diagram depicted here, is given by
Eq. (2.54).

= A†Rψ

[
eZ 0

0 e−Z

]
R†
ψA (2.56)

where Z is the effective squeeze factor. Assuming the cavity is lossless and r21 + t21 = 1,
Eq. (2.55) and Eq. (2.56) then give

Z = log
( ez − r1
1− r1ez

)
. (2.57)

Z diverges as the internal squeeze factor z approaches z = log(1/r1); this is
known as threshold. Note that the above calculations do not depend on the specific
configuration of the crystal in the squeezer cavity.

Dual Resonance : In order to maximize the squeeze factor Z, the OPO must be
resonant for both the squeezed vacuum carrier frequency, ω0, and the pump fre-
quency, 2ω0. The cavity length can be adjusted by changing the crystal temperature
but consequently, phase-matching might not be satisfied (Section 2.3.1). In order to
overcome this constraint, the crystal is manufactured with a wedged side. As a result,
translating the crystal in the transverse direction provides an additional degree of
freedom to adjust cavity length [67].
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CHAPTER 2. SQUEEZED STATES OF LIGHT

2.4.1 Auxiliary Field Transfer Matrix

LIGO’s squeezer uses various auxiliary sideband fields in order to control and char-
acterize its squeezing system. These fields are injected into the OPO through an
auxiliary portM2. Unlike the squeezing enhancement, the transfer matrix fromM2

toM1 depends on the configuration of the crystal within the cavity. We consider three
cases (shown in Fig. 2.4) :

a) The auxiliary field exits the OPO viaM1 before passing through the squeezer
crystal.

b) The auxiliary field exits the OPO via M1 after passing through the squeezer
crystal.

c) The auxiliary field passes through the crystal twice, before and after exiting the
OPO viaM1 .

The first two cases represent two bowtie OPO configurations and the third corre-
sponds to a linear OPO.

For the following calculations, it is assumed that the OPO is lossless, and the
reflectivity of M3 and M4 is 1 in the bowtie cavities. It is also assumed that the
reflectivity of auxiliary portM2 is very close to 1 (r2 ≈ 1).

For the first case, a), the transfer matrix from the transmission fromM2 toM1 is
given by

H′
O = t1t2(I− r1ΘcavHS)

−1 (2.58)

H′
O = t1t2

[
1− ei∆r1 cosh z r1e

−i(2ψ+∆) sinh z

r1e
i(2ψ+∆) sinh z 1− e−i∆r1 cosh z

]

r21 − 2r1 cosh z cos∆ + 1
, (2.59)

up to an overall phase, which has been omitted.
In the second case, b), the transfer matrix from the transmission fromM2 toM1

is given by
H′

O = t1t2HS(I− r1ΘcavHS)
−1 (2.60)
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2.4. CAVITY ENHANCEMENT OF SQUEEZING

M1

M2

M1M3

M4 M2

M1M3

M4 M2 M1
<latexit sha1_base64="BvwBKPEDKOYPwzjKFl14wQH8qtI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiFy9CBfsBbSib7aZdursJuxOhlP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF8RSWHTdb6ewtr6xuVXcLu3s7u0flA+PWjZKDONNFsnIdAJquRSaN1Gg5J3YcKoCydvB+Dbz20/cWBHpR5zE3Fd0qEUoGMVMuu97pX654lbdOcgq8XJSgRyNfvmrN4hYorhGJqm1Xc+N0Z9Sg4JJPiv1EstjysZ0yLsp1VRx60/nt87IWaoMSBiZtDSSufp7YkqVtRMVpJ2K4sgue5n4n9dNMLz2p0LHCXLNFovCRBKMSPY4GQjDGcpJSigzIr2VsBE1lGEaTxaCt/zyKmldVL3Lau2hVqnf5HEU4QRO4Rw8uII63EEDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wcBDY2P</latexit>

M2
<latexit sha1_base64="qqlPKvg+x9IUD1m/rZIUwtTEOYo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqoR6LXrwIFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFxKgn1SMxj2QuwopwJ6mmmOe0lkuIo4LQbTG9zv/tEpWKxeNSzhPoRHgsWMoK1kbz7Yd22h5WqU3MWQOvELUgVCrSHla/BKCZpRIUmHCvVd51E+xmWmhFO5/YgVTTBZIrHtG+owBFVfrY4do4ujDJCYSxNCY0W6u+JDEdKzaLAdEZYT9Sql4v/ef1Uh9d+xkSSairIclGYcqRjlH+ORkxSovnMEEwkM7ciMsESE23yyUNwV19eJ516zb2qNR4a1dZNEUcZzuAcLsGFJrTgDtrgAQEGz/AKb5awXqx362PZWrKKmVP4A+vzBzeMjaQ=</latexit>

M1
<latexit sha1_base64="BvwBKPEDKOYPwzjKFl14wQH8qtI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiFy9CBfsBbSib7aZdursJuxOhlP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF8RSWHTdb6ewtr6xuVXcLu3s7u0flA+PWjZKDONNFsnIdAJquRSaN1Gg5J3YcKoCydvB+Dbz20/cWBHpR5zE3Fd0qEUoGMVMuu97pX654lbdOcgq8XJSgRyNfvmrN4hYorhGJqm1Xc+N0Z9Sg4JJPiv1EstjysZ0yLsp1VRx60/nt87IWaoMSBiZtDSSufp7YkqVtRMVpJ2K4sgue5n4n9dNMLz2p0LHCXLNFovCRBKMSPY4GQjDGcpJSigzIr2VsBE1lGEaTxaCt/zyKmldVL3Lau2hVqnf5HEU4QRO4Rw8uII63EEDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wcBDY2P</latexit>

M2
<latexit sha1_base64="qqlPKvg+x9IUD1m/rZIUwtTEOYo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqoR6LXrwIFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFxKgn1SMxj2QuwopwJ6mmmOe0lkuIo4LQbTG9zv/tEpWKxeNSzhPoRHgsWMoK1kbz7Yd22h5WqU3MWQOvELUgVCrSHla/BKCZpRIUmHCvVd51E+xmWmhFO5/YgVTTBZIrHtG+owBFVfrY4do4ujDJCYSxNCY0W6u+JDEdKzaLAdEZYT9Sql4v/ef1Uh9d+xkSSairIclGYcqRjlH+ORkxSovnMEEwkM7ciMsESE23yyUNwV19eJ516zb2qNR4a1dZNEUcZzuAcLsGFJrTgDtrgAQEGz/AKb5awXqx362PZWrKKmVP4A+vzBzeMjaQ=</latexit>

M1
<latexit sha1_base64="BvwBKPEDKOYPwzjKFl14wQH8qtI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiFy9CBfsBbSib7aZdursJuxOhlP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF8RSWHTdb6ewtr6xuVXcLu3s7u0flA+PWjZKDONNFsnIdAJquRSaN1Gg5J3YcKoCydvB+Dbz20/cWBHpR5zE3Fd0qEUoGMVMuu97pX654lbdOcgq8XJSgRyNfvmrN4hYorhGJqm1Xc+N0Z9Sg4JJPiv1EstjysZ0yLsp1VRx60/nt87IWaoMSBiZtDSSufp7YkqVtRMVpJ2K4sgue5n4n9dNMLz2p0LHCXLNFovCRBKMSPY4GQjDGcpJSigzIr2VsBE1lGEaTxaCt/zyKmldVL3Lau2hVqnf5HEU4QRO4Rw8uII63EEDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wcBDY2P</latexit>

M2
<latexit sha1_base64="qqlPKvg+x9IUD1m/rZIUwtTEOYo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqoR6LXrwIFUxbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFxKgn1SMxj2QuwopwJ6mmmOe0lkuIo4LQbTG9zv/tEpWKxeNSzhPoRHgsWMoK1kbz7Yd22h5WqU3MWQOvELUgVCrSHla/BKCZpRIUmHCvVd51E+xmWmhFO5/YgVTTBZIrHtG+owBFVfrY4do4ujDJCYSxNCY0W6u+JDEdKzaLAdEZYT9Sql4v/ef1Uh9d+xkSSairIclGYcqRjlH+ORkxSovnMEEwkM7ciMsESE23yyUNwV19eJ516zb2qNR4a1dZNEUcZzuAcLsGFJrTgDtrgAQEGz/AKb5awXqx362PZWrKKmVP4A+vzBzeMjaQ=</latexit>

HS
<latexit sha1_base64="KrFy4lPIgW2eNi4g/Rt853dWcfU=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRY0dpCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCO0QyaXqhVhTzgTtGGY47SWK4jjktBtObnO/+0SVZlI8mGlCgxiPBIsYwcZKvh9jMw6jrDW4nw2qNbfuzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5Rr3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKnm8qHuX9cZdo9a8Keoowwmcwjl4cAVNaEEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wcWQpG4</latexit>

⇥cav
<latexit sha1_base64="QDAtEjQJWMwDwqZ+fN59ZBc+s+w=">AAACA3icbVBNS8NAEN34WetX1ZtegkXwVBIt6LHoxWOFfkETwmY7aZduPtidFEsoePGvePGgiFf/hDf/jZu2B219MPB4b4aZeX4iuELL+jZWVtfWNzYLW8Xtnd29/dLBYUvFqWTQZLGIZcenCgSPoIkcBXQSCTT0BbT94W3ut0cgFY+jBo4TcEPaj3jAGUUteaVjJ6Q48IPMaQwAqecgPGDG6Ggy8Uplq2JNYS4Te07KZI66V/pyejFLQ4iQCapU17YSdDMqkTMBk6KTKkgoG9I+dDWNaAjKzaY/TMwzrfTMIJa6IjSn6u+JjIZKjUNfd+YXq0UvF//zuikG127GoyRFiNhsUZAKE2MzD8TscQkMxVgTyiTXt5psQCVlqGMr6hDsxZeXSeuiYl9WqvfVcu1mHkeBnJBTck5sckVq5I7USZMw8kieySt5M56MF+Pd+Ji1rhjzmSPyB8bnDyZxmH8=</latexit>

H0
O

<latexit sha1_base64="zdPcfvYXXTc+dFuvNDbW5pTE2fs=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRa0GXRTXdWsA9oQ5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKRz2LqBvgkWA+I1gbye0HWI89P2mcD+7ng3LFrtoZ0CpxclKBHM1B+as/DEkcUKEJx0r1HDvSboKlZoTTeakfKxphMsEj2jNU4IAqN8lCz9GZUYbID6V5QqNM/b2R4ECpWeCZyTSkWvZS8T+vF2v/xk2YiGJNBVkc8mOOdIjSBtCQSUo0nxmCiWQmKyJjLDHRpqeSKcFZ/vIqaV9Wnatq7aFWqd/mdRThBE7hAhy4hjo0oAktIPAEz/AKb9bUerHerY/FaMHKd47hD6zPH3RKkeU=</latexit>

HS
<latexit sha1_base64="KrFy4lPIgW2eNi4g/Rt853dWcfU=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRY0dpCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCO0QyaXqhVhTzgTtGGY47SWK4jjktBtObnO/+0SVZlI8mGlCgxiPBIsYwcZKvh9jMw6jrDW4nw2qNbfuzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5Rr3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKnm8qHuX9cZdo9a8Keoowwmcwjl4cAVNaEEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wcWQpG4</latexit>

HS
<latexit sha1_base64="KrFy4lPIgW2eNi4g/Rt853dWcfU=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRY0dpCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCO0QyaXqhVhTzgTtGGY47SWK4jjktBtObnO/+0SVZlI8mGlCgxiPBIsYwcZKvh9jMw6jrDW4nw2qNbfuzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5Rr3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKnm8qHuX9cZdo9a8Keoowwmcwjl4cAVNaEEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wcWQpG4</latexit>

HS
<latexit sha1_base64="KrFy4lPIgW2eNi4g/Rt853dWcfU=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7KrBT0WvfRY0dpCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCO0QyaXqhVhTzgTtGGY47SWK4jjktBtObnO/+0SVZlI8mGlCgxiPBIsYwcZKvh9jMw6jrDW4nw2qNbfuzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5Rr3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKnm8qHuX9cZdo9a8Keoowwmcwjl4cAVNaEEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wcWQpG4</latexit>

H0
O

<latexit sha1_base64="zdPcfvYXXTc+dFuvNDbW5pTE2fs=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRa0GXRTXdWsA9oQ5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKRz2LqBvgkWA+I1gbye0HWI89P2mcD+7ng3LFrtoZ0CpxclKBHM1B+as/DEkcUKEJx0r1HDvSboKlZoTTeakfKxphMsEj2jNU4IAqN8lCz9GZUYbID6V5QqNM/b2R4ECpWeCZyTSkWvZS8T+vF2v/xk2YiGJNBVkc8mOOdIjSBtCQSUo0nxmCiWQmKyJjLDHRpqeSKcFZ/vIqaV9Wnatq7aFWqd/mdRThBE7hAhy4hjo0oAktIPAEz/AKb9bUerHerY/FaMHKd47hD6zPH3RKkeU=</latexit>

H0
O

<latexit sha1_base64="zdPcfvYXXTc+dFuvNDbW5pTE2fs=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRa0GXRTXdWsA9oQ5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKRz2LqBvgkWA+I1gbye0HWI89P2mcD+7ng3LFrtoZ0CpxclKBHM1B+as/DEkcUKEJx0r1HDvSboKlZoTTeakfKxphMsEj2jNU4IAqN8lCz9GZUYbID6V5QqNM/b2R4ECpWeCZyTSkWvZS8T+vF2v/xk2YiGJNBVkc8mOOdIjSBtCQSUo0nxmCiWQmKyJjLDHRpqeSKcFZ/vIqaV9Wnatq7aFWqd/mdRThBE7hAhy4hjo0oAktIPAEz/AKb9bUerHerY/FaMHKd47hD6zPH3RKkeU=</latexit>

r1, t1
<latexit sha1_base64="F4RCY44HsbnIU6WBVGqHmRlzWeQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNjVgB6DXjxGMA9IlmV2MpsMmX040yuEJT/hxYMiXv0db/6Ns8keNLGgoajqprvLT6TQaNvf1srq2vrGZmmrvL2zu7dfOThs6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0gJOEuyEdRiIQjKKRuspzztFzyl6latfsGcgycQpShQJNr/LVH8QsDXmETFKte46doJtRhYJJPi33U80TysZ0yHuGRjTk2s1m907JqVEGJIiVqQjJTP09kdFQ60nom86Q4kgvern4n9dLMbh2MxElKfKIzRcFqSQYk/x5MhCKM5QTQyhTwtxK2IgqytBElIfgLL68TNoXNeeyVr+vVxs3RRwlOIYTOAMHrqABd9CEFjCQ8Ayv8GY9Wi/Wu/Uxb12xipkj+APr8wehJY8M</latexit>

⇥cav
<latexit sha1_base64="QDAtEjQJWMwDwqZ+fN59ZBc+s+w=">AAACA3icbVBNS8NAEN34WetX1ZtegkXwVBIt6LHoxWOFfkETwmY7aZduPtidFEsoePGvePGgiFf/hDf/jZu2B219MPB4b4aZeX4iuELL+jZWVtfWNzYLW8Xtnd29/dLBYUvFqWTQZLGIZcenCgSPoIkcBXQSCTT0BbT94W3ut0cgFY+jBo4TcEPaj3jAGUUteaVjJ6Q48IPMaQwAqecgPGDG6Ggy8Uplq2JNYS4Te07KZI66V/pyejFLQ4iQCapU17YSdDMqkTMBk6KTKkgoG9I+dDWNaAjKzaY/TMwzrfTMIJa6IjSn6u+JjIZKjUNfd+YXq0UvF//zuikG127GoyRFiNhsUZAKE2MzD8TscQkMxVgTyiTXt5psQCVlqGMr6hDsxZeXSeuiYl9WqvfVcu1mHkeBnJBTck5sckVq5I7USZMw8kieySt5M56MF+Pd+Ji1rhjzmSPyB8bnDyZxmH8=</latexit>

⇥cav
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Figure 2.4: Auxiliary field transfer. The transmission matrix of the cavity squeezer
from reflection fromM2 toM1 depends on the configuration of the squeezer crystal
in the OPO cavity. The optical layouts for the three cases are depicted on the left. The
block diagrams on the right correspond to Eqs. (2.59), (2.61) and (2.63) respectively.
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H′
O = t1t2

[
ei∆ cosh z − r1 e−i(2ψ+∆) sinh z

ei(2ψ+∆) sinh z e−i∆ cosh z − r1

]

r21 − 2r1 cosh z cos∆ + 1
. (2.61)

In the third case, c), the transfer matrix from the transmission fromM2 toM1 is given
by

H′
O = t1t2HS(I− r1ΘcavHS

2)−1, (2.62)

H′
O = t1t2

[
cosh z(1− ei∆r1) e−i2ψ sinh z(1 + e−i∆r1)

ei2ψ sinh z(1 + ei∆r1) cosh z(1− e−i∆r1)

]

r21 − 2r1 cosh(2z) cos∆ + 1
. (2.63)

Non-Linear Gain : A quantity known as non-linear gain g, commonly used to
characterize a squeezed vacuum source, refers to the gain in power of a transmitted
seed field at the carrier frequency, with respect to no non-linearity.

In the sideband picture, a carrier field is represented as a sum of both upper and
lower sidebands at f = 0.

a = H′
O

[
e−iΦ

eiΦ

]
, (2.64)

g =
max(|a|2)

limez→1(|a|2)
. (2.65)

For the two bowtie OPO configurations, a) and b), the non-linear gain g is related
to the single pass squeeze factor z as,

ga =

(
1− r1
1− r1ez

)2

, gb =

(
1− r1
e−z − r1

)2

, (2.66)

Typical usage of g relates the transmission gain to the squeezing level using the
Collett-Gardiner model [68] for the OPO. This model uses a Hamiltonian formulation
that linearizes the internal squeezing operation within the cavity. The frequency-
domain input-output model of Section 2.4 does not linearize the internal squeezing,
which is why Eq. (2.66) is not exactly the same as in the references. For finite finesse
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Figure 2.5: Characterizing an OPO using non-linear gain measurements at LIGO Han-
ford. In the top plot, themeasured non-linear gain g is plotted against the trasnmitted
pump power from the OPO. Case b) of Eq. (2.66) is used to calculate the single pass
squeeze factor from themeasured data (r1 =

√
0.93). This is plotted against the square

root of the transmitted pump power in the bottom panel, with a linear fit according
to Eq. (2.49). At high g, the measured data deviates from the linear fit due to pump
depletion caused by the high gain in seed power.
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OPO’s with the parameters used in this paper, the model used provides a few percent
correction in its estimate of the squeezing level e−2Z over the linearized model, but
requires formulas that depend on the specific layout of the OPO. In the high finesse
r1 → 1 limit, the two models are consistent.

Fig. 2.5 shows an OPO characterization measurement made at LIGO Hanford.
The top plot shows the meausred non-linear gain g as a function of the pump power
transmitted through the OPO. The bottom plot uses Eq. (2.66) to calculate the single
pass squeeze factor z from themeasured non-linear gain. We see that z is proportional
to the square root of the OPO’s pump power, thus being proportional to the squeezer
pump intensity. This measurement, in addition to verifying the mathematical model
described above (Eq. (2.49)), provides a direct calibration between transmitted pump
power and the non-linear gain, whichmakes it possible tomake in-situmeasurements
of the squeezing level, e−2Z, without the use of a bright seed field, which disrupts
regular operation of the squeezer.

2.5 HOMODYNE DETECTION

In order to measure and characterize squeezed vacuum, we interfere it with a bright
local oscillator phase reference to create a bright squeezed state and measure the
variance inpower [69]. Fig. 2.6 shows the schematic for a balancedhomodynedetector,
a signal â is measured by interfering it with a bright local oscillator α on a 50/50
beamsplitter and the difference between the powers (photo-currents) is measured at
the output. The states on the output state of the detector b̂1, b̂2 are given by,

[
b̂1

b̂2

]
=

1√
2

[
1 1

1 −1

][
â

α

]
, (2.67)

wherewe can treat the local oscillator as a classical field. Themeasured photo-current
IHD is given by,

IHD = ⟨b̂†1b̂1⟩ − ⟨b̂†2b̂2⟩. (2.68)
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Figure 2.6: Homodyne Detection Scheme.

Combining Eq. (2.67) and Eq. (2.68) yields

IHD = ⟨α∗â+ αâ†⟩ = i|α|⟨eiζ â− e−iζ â†⟩, (2.69)

where α = i|α|e−iζ is the local oscillator phase6. Using the two-photon formalism, we
can replace â and â† with â+ and â†− respectively,

IHD = |α|
[
ieiζ −ieiζ

] [â+
â†−

]
= v†a, (2.70)

or equivalently, in the quadrature basis,

IHD = 2|α|
[
sin ζ cos ζ

] [â1
â2

]
= v⃗† .⃗a. (2.71)

The local oscillator field is represented by v and v⃗ in the sideband and quadrature
pictures respectively. We have made the expectation value implicit for any scalar in

6We choose this phase convention so that ζ = 0 corresponds to reading out the phase quadrature
ζ = π/2 corresponds to the amplitude quadrature
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Figure 2.7: Block diagram of coherent control in the sideband picture. The CLF and
LO signals are demodulated and used for feedback control of the squeezing angle.

the two-photon formalism. Eq. (2.71) shows that choosing a local oscillator phase
allows us to choose a signal quadrature to probe. For squeezed vacuum, we can write
the variance of the photo-current σ2

HD, normalized to no-squeezing as,

σ2
HD = sin2(ϕ)σ2

+ + cos2(ϕ)σ2
−, (2.72)

where σ± are the correspond to the variances of the two quadratures or, alternatively,
the squeezing and anti-squeezing levels. Like Eq. (2.37), the squeezing angle ϕ is the
relative phase between the squeezer pump and local oscillator.

2.6 COHERENT CONTROL OF SQUEEZED STATES

In the preceding sections, we have established that, for a measurement of squeezing,
the squeezed quadrature or squeezing angle is dependent on the relative phase be-
tween the squeezed vacuum (squeezer pump) and local oscillator. In this section, we
describe a widely used technique known as coherent control [70–72]. This control
scheme uses an auxiliary field, which in our case is an RF-sideband of the carrier,
to achieve this phase lock. This field is known as the ‘coherent locking field’ (CLF).
In this method, the CLF is a single sideband injected into the OPO via an auxiliary
port, as described in Section 2.4.1. The non-linearity in the OPO produces a copy
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sideband on the other side of the carrier frequency. These sidebands beat with the
squeezing measurement’s local oscillator and produce a beat-note and the CLF detun-
ing frequency ΩCLF. They also beat with each other on reflection from the OPO to
produce a beat-note at twice the CLF detuning frequency 2ΩCLF. These beat-notes are
demodulated to produce error signals for feedback control. Together the two control
loops, which we will call the CLF and LO loops respectively, are used to stabilize
the squeezing angle. A block diagram of the coherent control scheme is depicted in
Fig. 2.7.

In the sideband picture, the incoming CLF field can be represent by a single
sideband with amplitude a0 and phase Φ,

ain = a0

[
e−iΦ

0

]
. (2.73)

For the CLF loop error signal, while it is possible to calculate the entire expression
for the 2ΩCLF beat-note, we only need to know the phase of the signal, which is is
proportional to the phase difference between the CLF and squeezer pump (Eq. (2.58)
of [73]),

arg(eCLF) ∝ 2ψ − 2Φ. (2.74)

Demoduating this signal provides an error signal of the form sin(2ψ− 2Φ+C), which
can be driven to 0 using feedback control. Here, C is the demodulation phase. This
allows us to lock the CLF phase to the squeezer pump phase,

Φ = ψ + C/2, (2.75)

where C can be chosen to be 0. To model the LO loop error signal, we can apply the
auxiliary field transfer matrixH′

O (Section 2.4.1) to ainto obtain the transmitted CLF
field,

aC = H′
Oain. (2.76)

Note that this will depend on the specific configuration of the OPO. While we only
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calculate this for Case b)7 of Section 2.4.1, the same procedure can be used to model
the error signals in the other cases. Using Eq. (2.61), we get,

aC =
a0t1t2e

−iΦ

r21 − 2r1 cosh z cos∆ + 1

[
ei∆ cosh z − r1

ei(2ψ+∆) sinh z

]
. (2.77)

Beating this with a local oscillator field (Eq. (2.69)) yields

eLO(ϕ) = v†.aC ∝ − i√
2
((ei∆ cosh z − r1)e

iϕ − (ei∆ sinh z)e−iϕ), (2.78)

where we have omitted a constant pre-factor and ϕ = ζ−ψ is the squeezing angle and
we have used the phase stability between the squeezer pump and CLF to set Φ = ψ

(Eq. (2.75)). We can then use the demodulated signal for feedback control of the
squeezing angle ϕ. The lock-point is given by the solution to the following equation,

arg(eLO(ϕ))− θD = 0 (2.79)

The squeezing angle can be set by choosing the demodulation phase θD according to
the above equation. The CLF detuning relative to the OPO, ∆ contributes an extra
phase shift to the error signal, which scales with the squeezing level z. Consequently,
in the left plot of Fig. 2.8, we see that the ellipse spanned by the error signal in
polar coordinates becomes increasingly skewed as the level of generated squeezing
increases. Note that the error signal magnitude also changes with squeezing angle.
Operationally, this means that the bandwidth of the feedback also changes as a
function of squeezing angle. The right plot of Fig. 2.8 shows the squeezing angle as a
function of the chosen demodulation phase. The deviation from linearity increases
with the level of generated squeezing. The experimental details of the coherent
control scheme are described in Sections 3.3.2 and 6.3.

7This OPO configuration is identical to that used in Advanced LIGO
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Figure 2.8: CLF-LO error signal model for various levels of generated squeezing. The
left plot depicts the CLF-LO beat-note, eLO (Eq. (2.78)) in polar coordinates. The axes
represent the demodulated components of the beat-note. The signal is normalized
to be equal to 1 for squeezing (ϕ = 0) . Different points on the ellipse correspond
to different squeezing angles, which can be scanned through by changing the de-
modulation phase (Eq. (2.79)). The dots correspond to squeezing while the crosses
correspond to anti-squeezing. The plot on the right shows the squeezing angle ϕ as a
function of the demodulation phase θD. The OPO and CLF parameters used for this
simulation are the same as those used at LIGO during O4 (see Table 6.1).
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2.7 DEGRADATION OF SQUEEZING

The effective quantum noise reduction with squeezing, or the observed squeeze level,
is affectedbydegradationmechanisms; optical loss, phasenoise, andmode-mismatch.
In this section, we discuss the first two effects. Mode-mismatch is discussed in more
detail in Section 6.4.2.

2.7.1 Loss

Optical losses replace squeezed vacuum with coherent vacuum. The source with
loss equal to Λ can be modelled as a beam-splitter with transmissitivity

√
1− Λ. The

effective quantum noise of a squeezed/anti-squeezed state is then given by

σ2
∓ = (1− Λ)σ2

∓ + Λ. (2.80)

Note that Λ can depend on frequency (which is generally the case for lossy optical
systems that have a frequency response).

2.7.2 Phase Noise

Eq. (2.72) shows that the measured level of squeezing is dependent on the squeezing
angle or the relative phase between the squeezer and local oscillator. Generally, a
system would depend on feedback control, or passive isolation to stabilize this phase
difference. The residual phase noise, however, mixes squeezing and anti-squeezing,
thus reducing the level of measured (anti)squeeing [74, 75]. For a gaussian-distributed
phase with a small standard deviation (rms) δϕ, the measured (anti)squeezing level is
approximately given by

σ2
± ≈ cos2(δϕ)σ2

± + sin2(δϕ)σ2
∓, (2.81)

For a system with phase noise, there is an optimum level of generated squeezing e−2Z

after which the degradation from anti-squeezing becomes larger than the improve-
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Figure 2.9: Best possible squeezing in dB as a function of loss and phase noise calcu-
lated using Eq. (2.84).

ment in squeezing. Since Eq. (2.80) and Eq. (2.81) can be applied to a state in any
order without changing the final result, we can ignore the effect of loss and minimize
the following expression to obtain the optimum squeezing level,

min
Z

(cos2(δϕ)e−2Z + sin2(δϕ)e2Z), (2.82)

which yields,
e−2Zopt = tan(δϕ). (2.83)

Using the optimal value of Z for a given phase noise and loss yields the following
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Figure 2.10: Non-linear gain sweep in an OPO to constrain loss and phase noise for the
squeezed vacuum source at LIGO Hanford. Eqs. (2.57), (2.66), (2.80), (2.81) and (2.85)
are used to model squeezing, anti-squeezing and mean squeezing levels as a function
of non-linear gain g. The noise model also assumes a flat techincal noise floor which
is inferred from fitting to data.

expression for the maximum possible squeezing achievable,

min(σ) = (1− Λ) sin(2δϕ) + Λ. (2.84)

Fig. 2.9 shows the maximum possible squeezing that can be measured for a given
amount of loss and phase noise.

Phase noise is closely related to a more general frequency dependent quantity
known as de-phasing which is observed in systemswith frequency dependent loss[76].
Phase noise and dephasing are usually quoted in units of (m)rad.

Mean Squeezing - In the absence of any stabilzation mechanism, the squeezing
angle fluctuates randomly between 0 and π. The net effect of this is known as mean
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squeezing and is given by the average of squeezing and anti-squeezing

σ2
m =

1

2
(σ2

− + σ2
+). (2.85)

A measurement of mean-squeezing is helpful for characterizing squeezing loss, be-
cause it is not sensitive to phase noise, the effect of which can be degenerate with loss.
Fig. 2.10 shows a non-linear gain sweep measurement made on a homodyne detector
in LIGOHanford, where themeasured squeezing, anti-squeezing andmean squeezing
are plotted against various levels of non-linear gains. The generated squeezing is
calculated from the non-linear gain g using Eqs. (2.57) and (2.66). The data are then
fit to Eqs. (2.80), (2.81) and (2.85), with the addition of a flat technical noise floor to
constrain the loss and phase noise in the system.

2.8 SQUEEZING IN OPTICAL SYSTEMS

The quantum response of any optical system to the injection of squeezed states can
be described by four frequency dependent parameters [76]: rotation, θ(Ω); dephasing,
Ξ(Ω); readout-quadrature parametric gain, Γ(Ω), and efficiency, η(Ω). These char-
acteristics relate to the observed quantum noise spectrumN , normalized such that
N = 1 for shot noise8,

N ≈ ηΓ
(
σ2
− cos2(ϕ+θ) + σ2

+ sin2(ϕ+θ)
)
+ 1−η, (2.86)

σ2
± ≡ (1− Ξ)e±2Z + Ξe∓2Z , (2.87)

where σ2
− and σ2

+ are expressions for the squeezed and anti-squeezed noise power, de-
graded by dephasing. The parameter Ξ includes all effects which create mixed states
of the squeezed and anti-squeezed quadratures. This includes phase noise δϕ (note
that Eq. (2.81) and Eq. (2.87) have the same form). Ξ also has "intrinsic" contributions
that occur as squeezed states are created or manipulated by off-resonance optical
cavities or lossy optomechanics. The squeezing efficiency η is related to optical loss Λ

8The approximation indicates that the loss term 1− η is not exact, as it depends on the location of
the losses along the squeezing path. It is accurate when Γ ∼ 1.
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(Eq. (2.80)) as η = 1− Λ.

Let us assume that the optical system can be described by a generic complex 2×2
matrix in the quadrature basis, HR, representing the linear frequency-dependent
response of the system. Homodyne detection of the squeezed state injected into the
optical system can be mathematically written as,

e = v⃗†HRRϕHS(Z)R
†
ϕa⃗, (2.88)

where HS(Z) andRϕ are defined in Eq. (2.27). The combined response of the optical
system HR and local oscillator v⃗† gives us the homodyne observable with frequency-
dependent quadratures,mq andmp,

[
mq mp

]
≡ v⃗†HR, or

[
sin ζ cos ζ

]
HR, (2.89)

where ζ is the local oscillator angle (where 0 corresponds to phase quadrature read-
out and π/2 corresponds to amplitude quadrature readout),mp andmq can be used
to calculate the frequency-dependent loss η(Ω), rotation θ(Ω) and dephasing Ξ(Ω)

experienced by the squeezed state as it interacts with an optical system HR. From
Sec. IV and App. A of Ref. [76], the squeezing parameters relate to the quadrature
observables as9

ηΓ = |mp|2 + |mq|2, (2.90)

θ =
1

2
arg

(
mp + imq

mp − imq

)
, (2.91)

Ξ =
1

2
−
√

(|mp|2 − |mq|2)2 + 4(ℜ{mqm∗
p})2

4(|mp|2 + |mq|2)2
. (2.92)

9The expression for θ differs from the approximation of Eq. 37 in Ref. [76]. It is nearly numerically
equivalent to the frequency-dependent rotation given by the singular value decomposition in App. A
of Ref. [76]. Together, Eqs. 2.90-2.92 obviate the need for a decomposition.
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2.8.1 Squeezing in LIGO

The total quantum noise in an interferometer contains contributions from uncertain-
ties in both amplitude and phase quadratures. The displacement in the interferometer
arms creates a signal that is measured as a phase shift. Uncertainty in the phase
quadrature, thus, shows up as optical shot noise at the readout of the inteferometer,
which can also be interpreted as photon number fluctuations at readout (Section 1.2).
The mechanical pendulum response of the interferometer mirrors to the radiation
pressure imparted by photons in the interferometer transforms amplitude fluctua-
tions into phase fluctuations. As a result, fluctuations in the amplitude quadrature are
also converted into phase errors at readout in form of quantum radiation pressure
noise.

From Eqs. (2.34) and (2.35), we can see that, squeezing either phase or amplitude
will suppress one of these noises by a factor of e2Z while amplifying the other by the
same amount. And, in general, when the shot noise sees squeezing with an angle ϕ,
radiation pressure noise will be squeezed at the orthogonal angle π/2−ϕ. Adding the
squeezed shot noise (Eq. (1.8)) and radiation pressure noise (Eq. (1.12)) for a simplified
lossless interferometer model yields,

SSQZh = SQNh
[
e−2Z cos2(ϕ− θ(Ω)) + e2Z sin2(ϕ− θ(Ω))

]
, (2.93)

where SQNh is the quantum noise without squeezing (Eq. 1.1), ϕ is the squeezing angle
relative to the readout quadrature, and θ(Ω) is an effective rotation that arises from
the opto-mechanical response of the interferometer:

θ(Ω) = tan−1

[
16kP

mLγ

1

Ω2

(
1 +

Ω2

γ2

)−1
]
. (2.94)

Note that Eq. (2.93) can also be written as Eq. (2.86), where the dephasing Ξ and
squeezing efficiency η are both equal to zero for the idealized interferometer model.
The optomechanical gain Γ is equivalent to 1 + K(Ω)2 (Eq. (1.14)). A more detailed
description of the interferometer in the two photon formalism is discussed in Sec-
tion 5.4.2. At low frequencies, where radiation pressure noise is dominant, Eq. (2.94)
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can be rewritten as

θ(Ω) = tan−1

[
Ω2

SQL

Ω2

(
1 +

Ω2

γ2

)−1
]
≈ tan−1

[
Ω2

SQL

Ω2

]
, (2.95)

where ΩSQL is defined in Eq. (1.15). When frequency-independent phase squeezing is
injected, the above two equations simplify to

SSQZh (ϕ = 0) = e−2ZSSNh + e2ZSRPNh , (2.96)

analogous to increasing the laser power by a factor of e2Z . In this case, SSQZh > SQNh for
frequencies below∼100Hz due to interferometer back-action from the e2Z enhanced
radiation pressure term. When the injected squeezed states are instead prepared
with frequency-dependent squeezing angles, ϕ(Ω) = θ(Ω), the total quantum noise
SSQZh can be minimized to e−2ZSQNh across the detection band, analogous to increasing
both laser power P and mirror massm by a factor of e2Z.

The appropriate frequency-dependent squeezing angles can be produced by re-
flecting the squeezed states off anoptical filter cavity, detuned from the interferometer
laser carrier frequency at Ω = 0, before injection in the interferometer [1]. The next
chapter introduces frequency dependent squeezing by providing a mathematical
description of an optical filter cavity along with experimental results from a 16m filter
cavity experiment in MIT.
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3
CHA P T E R

FREQUENCY DEPENDENT SQUEEZING

The limitations of frequency independent squeezing in precision measurement can
only be overcome by mitigating the increase in back-action (radiation pressure noise)
accompanied by the injection of squeezing [37]. The term ‘quantum nondemolition’
was introduced to describe techniques that can circumvent back-action to surpass the
standard quantum limit [77, 78]. Durings the 1980s, state preparation emerged as a
nondemolition technique [79, 80] that can achieve a broadband reduction of quantum
noise [81]. This involves preparation of squeezed vacuum state with a frequency
dependent quadrature such that it has phase squeezing in the shot-noise-limited
region and amplitude squeezing in the region where radiation pressure noise is
dominant.

The seminal work by Kimble et al. [1] proposed using a low-loss optical filter
cavity, detuned from carrier resonance, to provide the required quadrature rotation
to produce a frequency dependent squeezed state. Since then, this technique has
been developed and demonstrated experimentally by several groups [44–46, 82]. After
several decades of research and development, frequency dependent squeezing was
first deployed in the Advanced LIGO detectors during the fourth gravitational wave
observing run, O4 (see Chapter 6). Apart from a single input filter cavity, there have
been several studies of a variety configurations of input and output filter cavities
[83–86].

In addition to the use of filter cavities, several groups have also demonstrated
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alternative methods of circumventing back-action in squeezing enhanced [87–89] and
optomechanical systems [90].

In this chapter, we detail a mathematical model of filter cavities and frequency
dependent squeezing. We also introduce a scheme for the control of filter cavities.
We conclude by reporting the first experimental realization of a frequency dependent
squeezed vacuum source at gravitational wave frequencies in a 16 m prototype filter
cavity.

3.1 FILTER CAVITY MODEL

In the high finesse limit, the reflectivity of an optical cavity for a sideband at frequency
Ω is given by [91] 1,

rfc(Ω) = 1− 2γ

γ + λ+ i(Ω−∆ωfc)
, (3.1)

where,
γ =

cTin
4Lfc

, λ =
cΛ

4Lfc

, (3.2)

are the coupler-limited bandwidth and loss-limited bandwidth respectively. Tin is the
inputmirror transmissivity,Λ is the filter cavity round trip loss,Lfc is the cavity length,
∆ωfc is the filter cavity detuning from the carrier frequency.

In the two-photon picture’s sideband basis, an optical cavity can be represented
by the following matrix In the quadrature basis, the filter cavity transfer matrixHfc

is given by

Hfc =

[
r+ 0

0 r−

]
, using

r+ = rfc(Ω)

r− = r∗fc(−Ω),
(3.3)

where r+ and r− are the complex filter cavity reflectivity at frequencies corresponding

1also see Appendix B.1
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to the upper and lower sideband, respectively. In the quadrature basis, we have,

Hfc = AHfcA
−1 =

1

2

[
r+ + r− i(r+ − r−)

−i(r+ − r−) r+ + r−

]
. (3.4)

For Hfc, the quadrature observables can be calculated using Eq. (2.89), for phase
quadrature readout, (ζ = 0) are given by

mp =
1

2
(r+ + r−) mq = − i

2
(r+ − r−). (3.5)

We can use Eq. (2.91) to calculate the rotation applied to the squeezed state by the
filter cavity,

θ =
1

2
arg

(
r+
r−

)
. (3.6)

For a lossless filter cavity, λ = 0, this equates to,

θ(Ω) = tan−1

(
2γ∆ωfc

γ2 + Ω2 −∆ω2
fc

)
. (3.7)

Physically, this corresponds to a squeezing rotation within the bandwidth of the filter
cavity. Fig. 3.1 shows the frequency dependent squeezing rotation for various filter
cavity detunings. For large detunings (∆ωfc ≫ γ), this rotation is maximum at the
resonant frequency of the filter cavity. The maximum rotation provided by a filter
cavity is equal to π/2, which is a squeezing rotation into to the orthogonal quadrature.
Far from resonance, the filter cavity has no effect and does not rotate squeezing.

To calculate the frequency dependent loss in a filter cavity, we use Eq. (2.90),

ηΓ = |mp|2 + |mq|2. (3.8)

Here, the noise gainΓ is 1 for a filter cavity. Substituting Eq. (3.5) in the above equation
for a lossless cavity yields,

η =
1

2
(|r+|2 + |r−|2) = 1 (3.9)
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0 1 2 3 4 5 6 7 8
Ω/γ

−π/2

−π/4

0

π/4

π/2

θ

∆ωFC/γ = 1

∆ωFC/γ = 3

∆ωFC/γ = 5

∆ωFC/γ = 7

Figure 3.1: Squeezing rotation for various detunings in a lossless filter cavity. All
freuqencies are normalized to the filter cavity bandwidth. Cavity resonance is repre-
sented by a star.
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This is expected as squeezing loss in the cavity is due to optical loss, which is assumed
to be 0. For a lossy filter cavity, the squeezing loss increases as the cavity approaches
resonance.

For frequency dependent squeezing in an interferometer, we can compare Eq. (3.7)
with Eq. (2.95), which gives us,

2γ∆ωfc

γ2 + Ω2 −∆ω2
fc

=
Ω2

SQL

Ω2
. (3.10)

This condition is satisfied when,

Ω = ∆ωfc =
ΩSQL√

2
. (3.11)

Eq. (3.11) is, however, only valid for a lossless filter cavity. A detailed analysis for
optimal filter cavity design with loss is provided in Chapter 4.

3.2 FILTER CAVITY CONTROL

Controlling filter cavity’s length (detuning) is an essential part of producing frequency
dependent squeezed states. Locking filter cavities for frequency dependent squeez-
ing typically relies on the use of an auxiliary field propagating with the squeezed
vacuum[45, 82, 92] that is resonant in the filter cavity. Since frequency dependent
squeezing at gravitational wave frequencies requires filter cavities with a low band-
width and high finesse, it is common to acquire lock using a frequency for which the
cavity is lower finesse. In our case, we use the Pound-Drever-Hall locking method
with a second harmonic (532 nm) field. Adjusting this green frequency allows the
cavity to then be brought into resonance for the desired frequency for frequency de-
pendent squeezing. However, for operation in a gravitational wave detector, there are
strict constraints of residual length noise due to back-scatter isolation requirements
(see Appendix D)[93]. In order to meet these requirements, the length noise in the
filter cavity should be less than 10−16 m/

√
Hz above 10Hz. However, any differential

phase noise between the auxiliary field and squeezed field is re-injected into the
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Figure 3.2: Block diagram of the resonant sideband locking scheme.

length feedback as controls noise. For a 532 nm field injected into the LIGO vacuum
chamber via fiber, this noise is of the order of 10−2 rad/

√
Hz or 5 × 10−14 m/

√
Hz

[94]. Therefore, locking the filter cavity only using a second harmonic field requires
control loops that roll off aggressively at above 10Hz, which is impractical for length
control. In order to address limitation, we introduce a resonant sideband locking
scheme. This method uses a sideband called the resonant locking field (RLF), which
is generated and injected into the OPO’s auxiliary port along with the CLF (Section 2.6).
The frequency of this sideband is chosen to be resonant around the desired filter
cavity detuning,

ΩRLF ≈ ∆ωfc + nΩFSR, n ∈ N, (3.12)

where ΩFSR is the free spectral range of the cavity. The filter cavity imparts a phase
shift to the RLF sideband(s), while reflecting the CLF sidebands with no phase shift.
The beat-note between the CLF and RLF contains information about this phase shift
and can be demodulated at their different frequency to generate a signal that can
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3.2. FILTER CAVITY CONTROL

be used for filter cavity length/detuning control. Additionally, beating the RLF with
the squeezing measurement’s local oscillator, produces a signal at the RLF detuning
frequency which is alternative control signal for the filter cavity.

To mathematically model these signals in the sideband picture, we can use a
procedure similar to that described in Fig. 2.7. Assuming that the RLF and CLF
detuning frequencies are similar (∆RLF ≈ ∆CLF = ∆) and making use of the fact that
the RLF and CLF are generated and injected into the OPO together, we can assuming
that the RLF exiting the OPO is identical to the CLF, aC (Eq. (2.76)). On reflection from
the filter cavity, the RLF vector is,

aR = HFCaC. (3.13)

Combining Eq. (2.77) and Eq. (3.3) yields,

aR =
a0t1t2e

−iΦ

r21 − 2r1 cosh z cos∆ + 1

[
(ei∆ cosh z − r1)r+(ΩRLF)

(ei(2ψ+∆) sinh z)r−(ΩRLF)

]
. (3.14)

Beating the RLF with the CLF gives us the following signal,

eRLF−CLF(ΩRLF,∆ωfc) = aC
†aR ∝ (cosh2 z + r21 − 2r1 cos∆ cosh z)r+ + (sinh2 z)r−,

(3.15)
while the RLF-LO beatnote is given by

eRLF−LO(ϕ,ΩRLF,∆ωfc) = v†.aR ∝ ((ei∆ cosh z − r1)r+e
iϕ − (ei∆ sinh z)r−e

−iϕ), (3.16)

where we have modified the Eq. (2.78) to include the filter cavity response. Note that
the RLF-CLF signal does not depend on the squeezing angle, while the RLF-LO signal
does Both these signals can be normalized to 1 for frequencies that are off-resonant
for the filter cavity, where r+ = r− = 1. The beatnotes are demodulated and feedback
is used to the drive the imaginary part of the signal to 0. The lock-point of the filter
cavity detuning is then given by the solution to the equation,

arg(eRLF(∆ωfc))− θD = 0, eRLF = eRLF-CLF, eRLF-LO. (3.17)
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Figure 3.3: Numerical simulation ofRLF-CLF signal (Eqs. (3.15) and (3.17)) , normalized
to 1 off-resonance. The colormap corresponds to the demodulation phase θD required
to achieve the given given filter cavity detuning. (a) The detuning is constant at 40
Hz, and the demodulation phase is plotted as a function of RLF detuning frequency
(with respect to carrier resonance, i.e. nΩFSR), and the generated squeezing at the
output of the OPO. (b) The squeezing level has been held constant at 15dB and the
demodulation phase has been plotted as function of the RLF and filter cavity detuning
frequencies. The OPO, CLF and RLF parameters used for this simulation are the same
as those used at LIGO during O4 (see Table 6.1). Additionally, a filter cavity loss Λfc of
60 ppm has been assumed.
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Figure 3.4: Numerical simulation of RLF-LO signal (Eqs. (3.16) and (3.17)), normalized
to 1 off-resonance. The colormap corresponds to the demodulation phase θD required
to achieve the given given filter cavity detuning. In the first two plots, the detuning is
constant at 40Hz, and the demodulation phase is plotted as a function of RLF detuning
frequency (with respect to carrier resonance, i.e. nΩFSR), and the generated squeezing
at the output of the OPO. This is plotted for squeezing (a) and anti-squeezing (b). In
(c), the squeezing level has been held constant at 15 dB (ϕ = 0) and the demodulation
phase has been plotted as function of the RLF and filter cavity detuning frequencies.
In (d), the filter cavity detuning and generated squeezing have been held constant
and θD has been plotted against the RLF frequency and the squeezing angle. The
OPO, CLF and RLF parameters used for this simulation are the same as those used at
LIGO during O4 (see Table 6.1). Additionally, a filter cavity loss Λfc of 60 ppm has been
assumed.
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θD is the demodulation phase. This lock point depends on a various parameters
including the level of generated squeezing, the RLF detuning frequency, the demodu-
lation phase and the squeezing angle (for the RLF-LO signal). In order to achieved a
filter cavity detuning, we can either choose a fixed ΩRLF (for e.g. = ∆ωfc), and set the
demodulation phase θD according to Eq. (3.17) or, alternatively fix θD, (for e.g = 0)
and set ΩRLF.

Numerical simulations of the RLF-CLF and RLF-LO signals have been plotted
in Figs. 3.3 and 3.4 respectively. Note that for a demodulation phase of 0 in both
these signals, the RLF detuning frequency is close to but not equal to the filter cavity
detuning frequency. This would be equal when the only phase shift being sensed
is that which is imparted to the resonant RLF sideband. However, when the filter
cavity resonance is close to the carrier frequency, the negative RLF sideband that is
generated by the OPO also experiences a non-zero phase shift from the filter cavity.
Additionally, the phase shift from the OPO detuning∆ also contributes to a shift in
the lock point of the RLF-LO signal.

Given an operating point for a filter cavity, we can also calculate the change in
demodulation phase or the RLF frequency required to account for changes in any
other squeezing parameters. We plot these in Figs. 3.5 and 3.6. This ‘online tuning’
only normalizes the signal for the operating point, as opposed to the ‘setup tuning’
plotted in Figs. 3.3 and 3.4.

Briefly touching upon the relativemerits and demerits of the two signals, note that,
compared to the RLF-LO signal, the RLF-CLF signal is not sensitive to fluctuations
in the level of generated squeezing, in addition to having no dependence on the
squeezing angle. This makes it a good candidate for long term operation. However,
measuring the RLF-CLF beat-note requires a pick-off in the squeezing path which
contributes to squeezing loss. Additionally, the RLF and CLF are very weak fields and
measuring their beat-note requires a high-gain transimpedance amplifier in order to
be useful for feedback control.

The experimental details of the resonant sideband locking scheme are described
in Sections 3.3.2 and 6.3
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Figure 3.5: Numerical simulation of online tuning of the RLF-CLF signal, normalized
to 1 off-resonance, only for the operating point which is described in the text box. The
colormap corresponds to change in the demodulation phase∆θD required to achieve
the given given filter cavity detuning. ∆θD, along with the required adjustment to the
RLF frequency ΩRLF is plotted for a variable squeezing level. The OPO, CLF and RLF
parameters used for this simulation are the same as those used at LIGO during O4
(see Table 6.1). Additionally, a filter cavity loss Λfc of 60 ppm has been assumed.
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Figure 3.6: Numerical simulation of online tuning of the RLF-LO signal, normalized
to 1 off-resonance, only for the operating point which is described in the text box.
The colormap in both plots corresponds to change in the demodulation phase∆θD
required to achieve the given givenfilter cavity detuning. ∆θD, alongwith the required
adjustment to the RLF frequency ΩRLF is plotted for a (a) variable squeezing level (b)
variable squeezing angle. The OPO, CLF and RLF parameters used for this simulation
are the same as those used at LIGO during O4 (see Table 6.1). Additionally, a filter
cavity loss Λfc of 60 ppm has been assumed.
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3.3 16 M PROTOTYPE FILTER CAVITY

This section describes the experimental realization of frequency dependent squeezing
at gravitational wave frequencies using a 16 m filter cavity.

3.3.1 Experimental Setup

An overview of the experimental apparatus is shown in Fig. 3.7 and the key parameters
of the system are listed in Table 3.1. The laser source for the experiment is a nonplanar
ring oscillator (NPRO) at 1064 nm. A portion of the 1064 nm is frequency doubled to
∼ 90mW of 532 nm light via cavity enhanced second harmonic generation (SHG).
A portion of the 532 nm light is used to pump the frequency-independent squeezed
vacuum source, which is nearly identical to the one in used in Advanced LIGO during
O3 [42]. The OPO is a bowtie cavity containing a wedged PPKTP crystal mounted on a
translation stage [95, 96]. This beam is passed through an electro-optic modulator,
driven at 78.9MHz, to produce sidebands to lock the OPO cavity, using the Pound-
Drever-Hall (PDH) scheme, to be dually resonant for the squeezer pump and the
carrier frequencies. Around 15–20mW of the 532 nm beam is injected into the OPO to
produce squeezed vacuum. The squeezed vacuum source is located in a seismically-
isolated, ultra-high vacuum chamber identical to those used in Advanced LIGO [97].

The squeezed beam is reflected off the 16mdetuned filter cavity. Two relaymirrors
with remotely controllable picomotor mounts, and a translation stage mounted lens
are used to optimize between the mode-matching and alignment between OPO and
filter cavity. The filter cavity storage time is 2.8ms and has a finesse of ∼80000 for
1064 nm light. The inferred cavity round-trip loss, excluding input mirror transmissiv-
ity, is Λ = 19 ppm, corresponding to a decoherence time of 5.7ms [98]. The input and
end mirrors of the filter cavity are 2 inch super-polished fused-silica optics with radii
of curvature of 18m, mounted on tip-tilt suspensions [99]. These suspensions provide
a single stage of seismic isolation and can be steered in pitch and yaw. The input
mirror of the filter cavity is located in the same vacuum chamber as the squeezed
vacuum source, while the end mirror is located in another vacuum chamber. The
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Figure 3.7: Schematic overview of the optical and electronic layout for the 16 m fil-
ter cavity experiment. Panel A): The output of a 1064 nm laser is used to produce
a 532 nm field via a second harmonic generator (SHG), a local oscillator (LO) for
homodyne detection, and two frequency-shifted fields (CLF and RLF) for generat-
ing error signals to control the squeeze angle and the filter cavity detuning. The
squeezing angle is sensed using the coherent locking field (CLF), and the filter cav-
ity detuning is sensed by the resonant locking field (RLF). The 532 nm field is split
into two components, one for generating squeezing as well as controlling the length
of the OPO, and the other for controlling the length of the filter cavity. Panel B):
frequency-independent squeezed vacuum generated by the OPO is injected into the
filter cavity, and experiences frequency-dependent rotation upon reflection. panel C):
the frequency-dependent squeezing is measured on a balanced homodyne detector.
Panel D): how the filter cavity will integrate optically with the LIGO interferometer.
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two chambers are connected by a 16 m vacuum tube. A Faraday isolator then steers
the returning squeezed beam from the filter cavity through a viewport towards an
in-air balanced homodyne detector [69], where the frequency-dependent squeezed
state is characterized. A portion of the laser source is used as the local oscillator of
the homodyne measurment. A mirror mounted on a piezo-electric actuator is used
to modulate the phase of the local oscillator.

3.3.2 Squeezing Control

The remaining 532 nm light from the output of the SHG is doubled passed through an
acousto-optic modulator (AOM3 in Fig. 3.7) to shift it in frequency by 220MHz. This
beam is injected into the vacuum chamber via a viewport. This beam is co-aligned to
the squeezed vacuum using a dichroic mirror, and is used for the initial PDH sensing
of the filter cavity. The PDH signal signal is fed back to the 1064 laser frequency (slow)
and AOM3 drive frequency (fast path). The frequency of AOM3 can be offset to scan
the effective length of the cavity and bring it into resonance for the squeezed vacuum.

A part of the 1064 nm laser is also split off to produce auxiliary fields for coherent
control (Section 2.6) and resonant sideband locking (Section 3.2). The beam is passed
through two AOMs (AOM1 and AOM2 in Fig. 3.7) to produce sideband fields at 8.9MHz

for the coherent locking field (CLF) and 9.3MHz for the resonant locking field (RLF).
These fields are transmitted to the OPO via fiber and injected via an auxiliary port.
The reflection from the OPO is directed to an in-air photodiode where the 17.8MHz

beatnote between the two CLF sidebands is sensed and demodulated. This is then
fed back to the voltage controlled oscillator (VCO) driving AOM1 to lock the CLF
phase to the squeezer pump. The CLF beats with the local oscillator at 8.9MHz on
the homodyne detector. The demodulated beat-note is fed back to the local oscillator
phase to lock the squeezing angle. The RLF also beats with the local oscillator at
9.3MHz, and the demodulated signal is fed back to the drive for AOM3. The resulting
feedback loop locks the laser frequency to the filter cavity, stabilizing the effective
filter cavity length (detuning).
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Table 3.1: Experimentally determined parameters of the frequency-dependent
squeezed vacuum source. Entries marked by an asterisk were determined most
accurately through fitting to the data. In all cases fitting produced values in agree-
ment with independent measurements and their uncertainties.

Parameter Value
Filter cavity length 16.06m

Filter cavity storage time 2.8(1)ms
OPO nonlinear gain 4.5(1)
OPO escape efficiency 98(1)%
Propagation loss∗ 17(1)%

Homodyne visibility 91.9(4)%
Photodiode quantum efficiency 99(1)%
Filter cavity round-trip loss 19(1) ppm

Freq. indep. phase noise (RMS) 10(5)mrad
Filter cavity length noise (RMS)∗ 0.7(1) pm
Filter cavity mode matching 92(1)%

3.3.3 Results

Fig. 3.8 shows squeezing measurements for various configurations of the filter cavity.
First, a reference measurement without squeezing is taken to determine the shot
noise. All subsequent measurements are normalized to this shot noise level. Next, a
measurement of frequency-independent squeezing is taken by holding the filter cavity
far from resonance (brown). The measured squeezing level of 4.4 dB establishes the
parameters of the squeezed vacuum source, independent of the filter cavity.

All measurements of frequency-dependent squeezing shown are performed with
a∼30Hz filter cavity detuning. With this detuning, measurements are taken at five
different homodyne angles: one for measuring the squeezed quadrature at frequen-
cies outside the filter cavity bandwidth (purple), one for measuring the antisqueezed
quadrature (blue) and intermediate homodyne angles (orange, green, red).

We use a detailed quantum noise model to verify our understanding of the system
and the measured parameters [39]. Decoherence and degradation mechanisms aris-
ing from experimental imperfections are also included[91]. For each measurement,
parameters that are difficult to measure directly (marked with asterisks in Table 3.1),
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are determined from the model fits.
Under normal operating conditions in Advanced LIGO, the filter cavity will rotate

the squeezed state to compensate the optomechanical interaction in the interferom-
eter [40]. While this measurement does not include the LIGO interferometer, our
model allows us to compute the maximum quantum noise reduction that could be
measured if the interferometer’s optomechanical interaction were present. This is
shown in the black trace in Fig. 3.8. At frequencies near the rotation frequency (e.g.,
30Hz), the loss in the cavity causes this model projection to go above the shot-noise
level. This is expected, given the finesse and optical losses of the 16m cavity [100],
and is part of the motivation for the 300m long filter cavity for A+. Optics of similar
quality in a 300m filter cavity will result in little degradation of squeezing even at
frequencies near the filter cavity resonance [93] (see Chapter 6).

83



CHAPTER 3. FREQUENCY DEPENDENT SQUEEZING

10 102 103

Frequency [Hz]

−7.5

−5.0

−2.5

0.0

2.5

5.0

7.5

10.0

N
oi

se
re

la
ti

ve
to

sh
ot

n
oi

se
[d

B
]

φ = 90◦, δ = 24 Hz

φ = 41◦, δ = 20 Hz

φ = 22◦, δ = 29 Hz

φ = 9◦, δ = 29 Hz

φ = 3◦, δ = 40 Hz

φ = 0◦, no FC

Model

Freq.-indep. squeezing in interferometer (modeled)

Minimum noise quadrature (modeled)

Figure 3.8: Frequency-dependent squeezing at gravitational-wave detector frequen-
cies. Measured noise (solid) is plotted alongside models (dashed). Shot noise (gray) is
shown to give a baseline of unsqueezed vacuumfluctuations. Frequency-independent
squeezing (brown) shows the performance of our squeezer to low frequencies. The
action of the cavity on the squeezed vacuum is demonstrated in both squeezed (pur-
ple) and anti-squeezed (blue) quadratures, as well as intermediate homodyne angles
ϕ (orange, green, red). The cavity detunings δ were selected to be appropriate for
gravitational-wave detectors (20-40 Hz). The detuning variations are from a nonlinear
relationship between the squeezing angle and operating point of the RLF control
scheme (Section 3.2). The black line shows the minimum relative quantum noise
possible in an interferometer by squeezing after reflection by this cavity (detuned
30Hz). For a relative comparison, the gray curve models the quantum noise change
expected from injecting only the frequency independent source of this experiment
into a matched interferometer [40]. Data coinciding with acoustic peaks have been
excluded from the frequency-binned data, but are presented in the faded traces. The
turn-up in each curve starting at 20Hz is due to a mechanical resonance of the optical
table.
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4
CHA P T E R

OPTIMAL FILTER CAVITY DESIGN

In order to maximize quantum noise reduction through frequency dependent squeez-
ing, a filter cavity must be designed with a bandwidth and detuning corresponding
to a squeezing rotation, which most effectively matches the optomechanics in the
interferometer. In the previous chapter, we calculated the optimal bandwidth and
detuning for ideal lossless filter cavity (Eq. (3.11)). We showed that the squeezing rota-
tion from this cavity almost perfectly matches that of the interferometer. However,
realistic filter cavities are affected by degradation mechanisms such as optical loss
and detuning fluctuations. Computing optimal design parameters for filter cavities
needs to account for the constraints set by these mechanisms [91, 100, 101].

In this chapter, we compute a concise form for quantum noise reduction in an
interferometer, in the presence of realistic degradation mechanisms. We also run
in-depth numerical optimization for the 300 m filter cavity in LIGO. We explore the
choice of filter cavity detuning and input mirror transmissivity for varying round
trip losses and interferometer arm powers in order to maximize the benefit from
frequency-dependent squeezing. We conclude by considering a special case of an
un-detuned, critically coupled cavity, known as an ‘amplitude filter cavity’ [86, 102].
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CHAPTER 4. OPTIMAL FILTER CAVITY DESIGN

4.1 MODEL

We start by calculating the optimal input mirror transmissivity and optimal detuning
for a low-loss filter cavity. Here, low loss implies a round-trip loss Λmuch smaller
than the input mirror transmissivity Tin, i.e. Λ ≪ Tin.

From Eq. (3.1), the phase of a reflected sideband at frequency Ω is given by,

αfc(Ω) = arctan

(
2γ(Ω−∆ωfc)

−γ2 + λ2 + (Ω−∆ωfc)2

)
. (4.1)

The quadrature rotation angle (Eq. (3.6)) of the input light after reflection from the
cavity is calculated as

αp =
αfc(+Ω) + αfc(−Ω)

2

=
1

2
arctan

(
A

B + 2(γ2 + λ2)Ω2

)
, (4.2)

using

A = 4γ∆ωfc(γ
2 − λ2 + Ω2 −∆ω2

fc), (4.3)

B = (−γ2 + λ2)2 + 2(−3γ2 + λ2)∆ω2
fc + (Ω2 −∆ω2

fc)
2. (4.4)

From our low-loss assumption, the coupler-limited bandwidth ismuch larger than the
loss-limited one (γ ≫ λ). This permits rewriting γ2 + λ2 ≃ γ2 − λ2 and subsequently
simplifies the expression for the rotation significantly:

αp ≃ 1

2
arctan

(
A

B + 2(γ2 − λ2)Ω2

)

= arctan

(
2γ∆ωfc

γ2 − λ2 + Ω2 −∆ω2
fc

)
. (4.5)

The objective of thefilter cavity is to apply an appropriate rotation to the squeezed state
such that the optomechanical action of the interferometer results in reduced noise
rather than enhanced radiation pressure noise [1]. Eq. (2.95) gives us the following
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condition for optimal filter cavity design

arctan

(
2γ∆ωfc

γ2 − λ2 + Ω2 −∆ω2
fc

)
= arctan

(
Ω2

SQL

Ω2

)
, (4.6)

with the assumption that the interferometer bandwidth γifo is much larger than
ΩSQL. Solving this equation yields the filter cavity parameters required for phase
matching at all frequencies:




2γ∆ωfc = Ω2

SQL

γ2 − λ2 −∆ω2
fc = 0.

(4.7)

Thus, the optimal input transmissivity and detuning for matching a low-loss filter
cavity to an interferometer with a known ΩSQL can be written in terms of the filter
cavity loss-limited bandwidth λ as





γ =

√√√√λ2 +
√
λ4 + Ω4

SQL

2

∆ωfc =

√√√√ − λ2 +
√
λ4 + Ω4

SQL

2
.

(4.8)

While Eq. (4.8) explicitly states the optimal phase-matching conditions of a filter
cavity in the low-loss limit, to examine the generality of Eq. (4.8), we need go beyond
the low-loss limit and optimal phase-matching conditions and derive the sensitivity
enhancement from squeezing by a factor e−z in a more general parameter space.
To do this, we break our calculation down into the contributions of the squeezing,
anti-squeezing, and unsqueezed vacuum terms to the total quantum noise.

Defining two new parameters as

µ =
rfc(+Ω) + r∗fc(−Ω)

2
, (4.9)

ν = −irfc(+Ω)− r∗fc(−Ω)

2
, (4.10)
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the quantum noise measured at the readout port of a gravitational-wave interferome-
ter (normalized to shot noise) can be written as

Ntot = Csqze
−2z + Cantie

2z + Closs, (4.11)

where

Csqz = |Kν + µ|2, (4.12)

Canti = | − Kµ+ ν|2, (4.13)

Closs =
(
1− |µ|2 − |ν|2

) (
K2 + 1

)
. (4.14)

These equations can be used to estimate the enhancement for any input transmissivity,
loss, and detuning.

We now numerically compute the overall sensitivity enhancement resulting from
frequency-dependent squeezing as a function of these three parameters: γ/ΩSQL,
ℓ ≡ λ/ΩSQL and ∆ωfc/ΩSQL. The enhancement factor is defined using a frequency-
weighted integral ofNtot from Eq. (4.11), normalized by the same frequency-weighted
integration of quantum noise with frequency-independent squeezing. It can be
written as

I =

∫∞
0
dΩ

[
Ω−7/3N−1

tot KΩ2
]

∫∞
0
dΩ [Ω−7/3(K2e2z + e−2z)−1KΩ2]

. (4.15)

An integration weighted by Ω−7/3 can be used as a proxy for the enhancement of
the signal-to-noise (SNR) ratio for gravitational waves detected from a binary inspi-
ral. The −7/3 frequency exponent comes directly from the power spectrum of a
binary inspiral [103]. Additionally, we now also incorporate detuning fluctuations
as a squeezed state degradation mechanism. These fluctuations arise from residual
cavity length noise and create a form of frequency-dependent phase noise. We give
this noise in a dimensionless form ξ = δωfc/ΩSQL by normalizing the r.m.s. detuning
fluctuation δωfc by the SQL frequency.

Fig. 4.1 shows the enhancement factor with varying∆ωfc and γ, while fixing the
loss ℓ and detuning fluctuation ξ. An optical loss as large as ℓ = 0.5 limits the sensi-
tivity enhancement to below 1 dB, and should remain smaller than 0.15 in order to
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Figure 4.1: Sensitivity enhancement for the detection of binary inspirals relative
to using frequency-independent squeezing for various cavity detunings and input
transmissivities. From left to right, the three plots have round-trip losses and detuning
fluctuations of (ℓ, ξ) = (0.5, 0.2), (0.15, 0.1), and (0, 0). The enhancement factors are
calculated by integrating the quantum noise spectrum over frequency, weighted by
the gravitational-wave spectrum (Eq. (4.15)). The injected squeezing level is 10 dB
(e−2z = 0.1). The gray point in each plot shows the input transmissivity and detuning
calculated from the phase-matching condition (Eq. (4.8)), which assumes low loss,
for the given parameters. The black points mark the numerical maxima.
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Figure 4.2: Sensitivity enhancement factor for binary inspirals (Eq. (4.15)) using
filter cavities with various detunings and losses at a given input transmissivity
γ/ΩSQL = 1/

√
2 and detuning fluctuation ξ = 0.1. The black and gray lines represent

the best detuning at a given optical loss from numerical optimization and Eq. (4.8)
respectively. The lower panel shows the ratio between the numerically-optimized
and analytically-optimized sensitivity enhancements, calculated along each of the
curves in the top panel. The optimal detuning decreases with larger losses. We also
find that the detuning derived from the analytical equation gives almost the same
factor of improvement as the numerical maximum.
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achieve around 3 dB. When ℓ ≲ 0.15 is enforced, the optimal input transmissivity and
detuning given by Eq. (4.8)—for which the low-loss and low-noise limit is assumed—is
very close to the numerical maximum.

For operational purposes, it is important to investigate the flexibility of a filter
cavity with a fixed input transmissivity, but varying round trip losses. We calculate
the enhancement factor for a variable∆ωfc and λ in Fig. 4.2. As expected, the loss-less
filter cavity with∆ωfc/ΩSQL = 1/

√
2 gives the most squeezing. The black dashed line

shows the optimal detuning of the cavity at each optical loss. The optimal detuning
decreases with increasing optical losses. The gray line shows the analytical optimal
detuning computed using Eq. (4.8). Despite deriving our analytical model assum-
ing ideal conditions, it also appears valid in more general scenarios of filter cavity
operation.

4.2 APPLICATION TO THE LIGO A+ FILTER CAVITY

Here we apply the above formalism to to the A+ filter cavity design [93] parameters
as a worked example 1. This design has a length of 300m with a budgeted 60 ppm

round-trip loss. An input optic with 1000 ppm transmissivity was chosen to optimize
detector performance up to the target A+ arm power of 750 kW. We now explore this
choice of input coupler, as well as the optimal detuning of the filter cavity. We use the
binary neutron star (BNS) inspiral range of the detector as our metric of performance,
defined as the distance to a coalescence of two 1.4M⊙ neutron stars that is detected by
the interferometer with an SNR of 8, averaged over the entire sky [104]. A+ is designed
to reach a BNS range of 345Mpc. Similar to Eq. (4.15) used in Figs. 4.1 and 4.2, this
metric uses anΩ−7/3-weighted integration, but now casts the result in an astrophysical
context. We now also include the full array of A+ classical noise curves alongside the
varying quantum noise. We present this as a percentage improvement over the range
of an equivalent interferometer with only frequency-independent squeezing: a 100%
increase in range corresponds to a 6 dB enhancement of sensitivity.

We first explore the selection of a filter cavity input transmissivity. Fig. 4.3 shows
1The actual experimental parameters of the LIGO filter cavity are described in Chapter 6
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Figure 4.3: The relative percentage range improvement obtained with the installation
of a filter cavity in A+ for various filter cavity input transmissivities and SQL frequen-
cies. The arm power corresponding to each SQL frequency is shown in the twin
axis. We assume the A+ budgeted round-trip loss Λ = 60 ppm. The dashed black line
indicates the optimal transmissivity at each arm power, while the gray line shows that
derived from Eq. (4.8). The yellow star indicates the A+ design, using a filter cavity
with Tin = 1000 ppm and a 750 kW arm power. The cyan star marks the operating
power that was planned for the fourth observing run (O4), 400 kW, at least twice that
measured for O3. This plot shows that a 1000 ppm input coupler is close to optimal
for a wide range of prospective arm powers.
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the optimal choice for varying interferometer arm powers and, correspondingly, SQL
frequencies. The range improvement for a given arm power and input coupler is
calculated by optimizing the filter cavity detuning and squeezing level. This plot
is particularly relevant for interferometers undergoing iterations of upgrades; the
usage of highly-transmissive input couplers to target high-power operation penalizes
operation at lower powers. For Advanced LIGO progressing into A+, we see that a
choice of 1000 ppm is within 5% of optimal BNS range for arm powers in the range
400–800 kW. We also consider this choice with a signal extraction cavity adjusted
for higher power in Section 4.2.1. Upon realizing the A+ design, the filter cavity
input optic can be optimized for long-term observation at the final interferometer
configuration. Finally, we note that the analytical solution from Eq. (4.8) is valid in
this regime.

Suppose we use Fig. 4.3 to design our filter cavity and arrive at the A+ design input
transmissivity of 1000 ppm with a budgeted loss of 60 ppm and a 300m filter cavity
(0.2 ppm/m), we can now consider sensitivities achieved from the application of this
fixed filter cavity to interferometers with varying SQL frequencies. Fig. 4.4 shows
how the filter cavity detuning should be adjusted to compensate for interferometer
powers for which the cavity was not designed. The detuning must change to approxi-
mately offset the varying interferometer rotation frequency. As expected, the greatest
improvement in performance—nearly doubling the BNS inspiral range—is reserved
for the designed interferometer power.

The second derivative of range with respect to detuning gives a scale for the loss
of sensitivity due to detuning noise. We can use the narrow region of optimum perfor-
mance in Fig. 4.4, centered on the dashed line, to infer a detuning noise requirement
for the filter cavity. For instance, if we demand that the standard deviation of the
detuning remains within 1% of the maximum range, we derive an upper limit for
the detuning noise RMS of 1.2Hz (1.3Hz) for A+ (O4), or equivalently an effective
length noise RMS of 1.3 pm (1.4 pm). The A+ filter cavity design chooses a detuning
noise constraint that limits the injected anti-squeezing noise to be no greater than the
squeezed shot noise itself, leading to a slightly more restrictive length noise upper
bound of 0.8 pm [93]. Ref. [91] discusses detuning noise requirements based on the
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Figure 4.4: Relative percentage binary neutron star (BNS) inspiral range improvement
gained by installing a filter cavity with A+ parameters (Tin = 1000 ppm, Λ = 60 ppm)
at various interferometer SQL frequencies. The arm power corresponding to each
SQL frequency is shown in the twin axis. The vertical axis explores possible filter
cavity detunings, with the black dashed line highlighting the optimal such value for
each ΩSQL. The yellow star marks the designed A+ arm power. We see that small
adjustments in operating point can be used to mostly compensate for deviations from
the designed arm power from 50Hz to 70Hz SQL frequencies.
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Figure 4.5: The required detuning to accommodate increasing losses or detuning
fluctuations. The yellow star marks the budget for the A+ filter cavity design. For any
realistic round-trip loss or detuning noise, only small changes in∆ωfc are required.

resulting frequency-dependent phase noise in more detail.

We additionally explore the required detuning shifts to compensate for more
severe squeezing degradation. In particular, Fig. 4.5 shows the required change
in filter cavity detuning given varying round-trip loss and detuning fluctuations. In
general, we find that worse filter cavities require operation closer to carrier resonance.
This is consistent with the trend shown in Fig. 4.2. Further, we note that the A+ design
filter cavity is highly tolerant of a range of degradations, requiring a detuning shift of
only a few Hz for losses of up to a few hundred ppm and∼ 15Hz of detuning noise.
Compare these to the measured values of 19 ppm and 12Hzmeasured using a 16m
filter cavity with a comparable bandwidth in Section 3.3.1.
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4.2.1 Choice of signal extraction mirror

The existing signal extractionmirror (SEM) in Advanced LIGOwas chosen to optimize
for a low power operation. Moving from 400 kW to 750 kW, the detector becomes
more limited by quantum noise than thermal noise in the∼100Hz region. Insofar as
it is quantum noise limited, the range hits a maximum as radiation pressure noise
and shot noise trade off due to the ΩSQL nearing merger frequencies.

Furthermore, while we can reduce the quantum noise with frequency-dependent
squeezing, quantum radiation pressure noise also acts to enhance any optical scat-
tering noises above the squeezed vacuum, scaling with ΩSQL. This effect motivates
lowering ΩSQL to diminish the impact of technical noises. Such a change amounts to
modifying the interferometer bandwidth, in turn changing ΩSQL as

ΩSQL = 4

√
Parmω0

cmLarmγifo
, (4.16)

where Parm is the intra-cavity arm power, ω0 is the carrier frequency, m is the test
mass and Larm is the arm length. These factors additionally manifest in the overall
differential displacement due to quantum noise as [40]

∆x2(Ω) = Ntot
γ2ifo + Ω2

γifo

ℏcLarm

4ω0Parm

. (4.17)

At design power, a decrease in SEM transmission from 35% to 20% is being con-
sidered [21]. This increases the interferometer bandwidth from 429Hz to 751Hz. As a
result, ΩSQL is shifted from 61.4Hz down to 49Hz. In Fig. 4.6, we show that the choice
of Tin = 1000 ppm similarly achieves great range improvement for the A+ design in
this configuration, as well as even higher arm powers.

4.3 AMPLITUDE FILTER CAVITY

Fig. 4.2 shows us that as the round trip loss in a filter cavity increases, its optimal
detuning trends towards zero. This zero-detuning cavity is known as a amplitude
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Figure 4.6: The range improvement as a function of arm power and filter cavity input
transmissivity, now using an SEM transmissivity of 20%. We see that 1000 ppm is
again a good choice for this configuration, giving near-optimal range improvement
for powers at and extending beyond the A+ design goal.
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filter cavity [86, 102]. While a detuned filter cavity counters the increase in radiation
pressure by rotating the squeezing angle, an amplitude filter cavity (AFC) is concep-
tually distinct, effectively replacing squeezed vacuum with un-squeezed vacuum in
radiation pressure dominated regions. This is maximally effective when the cavity
is critically coupled, i.e. γ = λ. An AFC can be used as an alternative to a conven-
tional detuned cavity in situations where it is not practically feasible to meet the very
stringent cavity round trip loss requirements for frequency dependent squeezing.
There are other technical advantages of using an AFC, which we are described in
Section 4.3.4.

For a critically-coupled cavity on resonance, and∆ωfc = 0Hz, so the reflectivity is
given by

rafc(Ω) =
iΩ

2γ + iΩ
=

iΩ

γafc + iΩ
, (4.18)

where γafc = 2γ is the bandwidth of the filter cavity. On resonance, the +Ω and
−Ω sidebands encounter a symmetric response [91] which prevents squeezed state
rotation, and allows us to simplify the analysis by only considering the amplitude
of the reflectivity ηafc(Ω). The phase of the reflectivity does not affect the quantum
noise. This efficiency is given by

ηafc(Ω) = |rafc|2 =
(Ω/γafc)

2

1 + (Ω/γafc)2
. (4.19)

To determine the merits of the amplitude filter cavity technique, we consider the
change of the quantum noise in an interferometer with an AFC with and without
squeezing. Assuming no losses other than those from the AFC, the reduction in noise
is given by

IGW(Ω) =
N(Ω, z)

N(Ω, z = 0)
(4.20)

=
[1 + ηafc(e

2z − 1)]K2 + 1 + ηafc(e
−2z − 1)

K2 + 1
.

IGW(Ω) demonstrates the following two limits: at high frequencies, where K ≪ 1,
squeezing is achieved based on the squeezing level and residual efficiencies where,
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ideally, ηafc ≃ 1 and IGW ≃ e−2z. At low frequencies, where K ≫ 1, only the radiation
pressure term remains and this is where ηafc ≃ 0 and IGW ≃ 1.

Without the interferometer, we measure the amplitude filter cavity using a bal-
anced homodyne detector to record the noise spectrum of the squeezed field. The
two limits of Eq. (4.20) are established by making separate measurements of the
squeezing and of the anti-squeezing. The spectrum relative to the coherent-state
vacuum is given by

NHD(Ω,±z) = ηafce
±2z + 1− ηafc, (4.21)

where squeezing and anti-squeezing quadrature observations correspond to −z and
+z, respectively. Together, the two measurements allow one to construct the interfer-
ometer relative quantum noise as the weighted average of the homodyne measure-
ments:

IGW(Ω, z) =
NHD(Ω,+z)K2 +NHD(Ω,−z)

K2 + 1
. (4.22)

Fig. 4.7 shows the modeled interferometer quantum noise and its subsequent im-
provement upon the introduction of an amplitude filter cavity.

4.3.1 Experimental setup

The 16m filter cavity setup at MIT was used to demonstrate an amplitude filter cavity.
The experimental layout is identical to the one described in Section 3.3.1. In order to
change the cavity from the over-coupled cavity (γ > λ) required to rotate squeezing,
to critically coupled, the alignment of the cavity was changed and the new beam spot
on the cavity mirrors experienced higher optical loss. The experimental parameters
of the amplitude filter cavity experiment are listed in Table 4.1

4.3.2 Results

Fig. 4.7 shows the measured squeezing spectra normalized to quantum shot noise.
First, the noise spectrum is measured in the absence of squeezed vacuum with
the local oscillator to determine the shot noise (0 dB) reference. Next, frequency-
independent squeezing and anti-squeezing data are taken to estimate the squeezing
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Figure 4.7: Demonstration of an amplitude filter cavity at gravitational-wave fre-
quencies. The measured data (solid) are plotted alongside the quantum noise model
(dashed). The noise is plotted relative to quantum shot noise (0 dB). We demon-
strate the effect of a near critically-coupled filter cavity on both squeezed (red) and
anti-squeezed (green) states. We see that the curves fall toward shot noise at low
frequencies as expected from a critically-coupled cavity on resonance. The slight
excess with respect to shot noise at low frequencies is due to detuning noise coupled
with the fact that the cavity is slightly overcoupled. For reference, we have also plotted
frequency-independent squeezed (blue) and anti-squeezed (yellow) data. The noise
excess over the model at lower frequencies is due to modulated back-scattered light
from the homodyne detector. We observe that the amplitude filter removes some
of this back-scattered light at low frequencies through loss, an effect not observed
for detuned filter cavities. The acoustic peaks in the data have been excluded from
frequency-bin averaging but have been included in the plot as faded traces. The black
and gray solid traces are modeled noise improvements when squeezing is applied to
an interferometer with ΩSQL and signal bandwidth equal to those of the test interfer-
ometer described in Table 4.2.
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4.3. AMPLITUDE FILTER CAVITY

Table 4.1: Parameters for our amplitude filter cavity experiment. Entries marked by
an asterisk were determined by fitting to recorded data. In all cases fitting produced
values consistent with independent measurements and their uncertainties.

Parameter Value
Filter cavity length 16.0611(2)m

Filter cavity storage time 2.1(1)ms
OPO nonlinear gain∗ 4.6(1)
OPO escape efficiency 98(1)%
Propagation loss∗ 15(1)%

Homodyne visibility 96.8(7)%
Photodiode quantum efficiency 99(1)%
Input mirror transmission 51.5 ppm
Filter cavity round-trip loss 46 ppm

Freq. indep. phase noise (RMS)∗ 10(5)mrad
Detuning fluctuation (RMS)∗ 12.5Hz
Filter cavity mode matching 94(1)%

level generated (e±2z) and injection/readout optical loss. We measure 5 dB squeez-
ing and 9 dB anti-squeezing respectively, which implies 11 dB generated squeezing
and 21% total optical loss. For the above measurements, we hold the filter cavity
far from resonance with respect to the carrier using the 532 nm light to avoid any
resonant effects. Lastly, we repeat the squeezing and anti-squeezing measurements
with the filter cavity resonant for the carrier. Our measured data (solid traces) fit our
model (dotted traces) well. Except for the detuning and squeezer angle which are
inferred from the fit, all other parameters of the setup are measured independently
(see Table 4.1). Fig. 4.7 also shows the modeled interferometer quantum noise and
its subsequent improvement upon the introduction of an AFC. The red trace, corre-
sponding to the squeezingwith the AFC, slightly exceeds shot noise at low frequencies
due to a combination of detuning fluctuation and the fact that the cavity is slightly
overcoupled.

Some technical noise artifacts are visible in our measured spectra. The peak
around 10Hz is due to a mechanical resonance in the optics table. Harmonics of the
power supply and acoustic peaks appear above 100Hz. There is a broad excess below
several tens of Hz that is attributed to back-scattered local oscillator light reflecting
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Figure 4.8: Squeezing spectra with the filter cavity detuned 1 kHz. The detuning
fluctuation of the filter cavity and the propagation loss of the squeezed vacuum are
inferred by fitting our model to the measured data. The other parameters used in the
model were measured directly. Acoustic peaks have been omitted for fitting to the
quantum noise.
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Table 4.2: Assumed parameters of an interferometeric GW detector.

Parameter Value
Arm power 750 kW
Signal bandwidth 450Hz
Scale ΩSQL 63Hz
Classical noises Thermal noise [100]
Injected squeezing 12 dB
Injection loss 5%
Readout loss 10%

off the homodyne optics. This light propagates through the squeezed vacuum path,
leaking through the Faraday isolator before being reflected from the filter cavity to
return to the homodyne detector along with the squeezed vacuum field. We note that
the back-scatter noise apparent in the spectra taken without the filter cavity (e.g., the
blue curve Fig. 4.7) is diminished in the spectra measured with the AFC due to the
attenuation of the cavity.

We additionally measured spectra with the filter cavity detuned at around 1 kHz

(See Fig. Fig. 4.8) to characterise the detuning fluctuation, arising from residual cavity
length noise and frequency noise on the laser, which is difficult to measure indepen-
dently. The cavity linewidth and mode-matching into the cavity were determined
from independent measurements. We infer the detuning fluctuation in our cavity to
be 12± 4Hz, implying a residual length noise of 0.7± 0.2pm. This measurement is
performed at high frequency to avoid bias from the back-scatter noise present at low
frequencies.

4.3.3 Improvement in detector range

In this section, we discuss advantages of the amplitude filter cavity when integrated
into a gravitational-wave detector. Fig. 4.9 shows the increase/decrease in the binary
inspiral detection range when a filter cavity with∆ωfc = 0Hz is applied to an interfer-
ometer with parameters listed in Table 4.2. We see that, for a resonant cavity with a
given bandwidth, the improvement in range is maximumwhen it is critically coupled.
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Additionally, the improvement in range also increases with bandwidth to a point.
This is expected; anti-squeezing, which enhances radiation pressure noise caused by
interferometer back-action, is destroyed by greater cavity losses. For binary neutron
stars however, increasing the AFC bandwidth can become detrimental to the range
by degrading squeezing at frequencies which are not affected by radiation pressure
noise. Heavier binary inspirals, such as those of two 75M⊙ black holes, merge at lower
frequencies and are completely dominated by radiation pressure noise, resulting in
the detection range continuing to improve with increasing filter cavity bandwidth.

4.3.4 Technical advantages of an amplitude filter cavity

The AFC configuration has a number of technical advantages. Firstly, it relies on
larger optical losses in the cavity for critical coupling and consequently, considerably
shorter cavities are sufficient to achieve the desired bandwidth. For optomechanical
detectors with limitations on the length or losses of a filter cavity, an amplitude filter
can therefore offer low-frequency improvements with more forgiving requirements
with respect to a detuned filter cavity.

Secondly, AFCs attenuate classical as well as quantum noise, relaxing scatter noise
requirements on the optics relaying beams between the cavity, squeezed-state source,
and interferometer. It is possible to mitigate scattered light noise by using optical
isolation elements, but this comes at the cost of increasing broadband propagation
loss on the squeezed vacuum path. As we have observed in our data, an amplitude
filter cavity partially solves the back-scatter problem by destroying back-scattered
light within its bandwidth through loss.

Finally, AFCs have relaxed detuning noise requirements relative to detuned filter
cavities as they do not need to be precisely held on resonance to achieve attenuation.
Detuning fluctuation causes some of the squeezed vacuum to rotate into the orthog-
onal anti-squeezed quadrature, thereby increasing noise. In order to compare the
impact of the detuning fluctuation to the filter cavities, we compute the derivative of
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Figure 4.9: Enhancement in 1.4-1.4M⊙ binary neutron star (top) and 75-75M⊙ binary
black hole (bottom) inspiral detection range for filter cavities with detuning ∆ωfc
set to 0Hz. The colorbar represents the relative increase/decrease in binary inspiral
range when the AFC is applied versus a squeezing-enhanced interferometer (pa-
rameters listed in Table 4.2) without an AFC. The black dashed line corresponds
to critically-coupled AFCs and the white marker corresponds to the setup that we
have demonstrated in this paper, the parameters of which are listed in Table 7.1.
Filter cavity bandwidths are constant along the red dashed lines. It is evident that,
for a given bandwidth, the range enhancement is maximum when the detector is a
critically coupled AFC.
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the phase shift of a reflected beam (Eq. (4.1)) with respect to filter cavity detuning,

∂αp

∂∆ωfc

(Ω) =
2γ (γ2 +∆ω2

fc − 2∆ωfcΩ− λ2 + Ω 2)

((γ − λ)2 + (∆ωfc − Ω)2) ((γ + λ)2 + (∆ωfc − Ω)2)
. (4.23)

At cavity resonance for a lossless detuned filter cavity, i.e. Ω = ∆ωfc = γ, this is given
by,

∂αp

∂∆ωfc

∣∣∣∣
∆ωfc=γ,λ=0

=
2

γ
, (4.24)

whereas, for an AFC, at Ω = ∆ωfc = 0 , this evaluates to,

∂αp

∂∆ωfc

∣∣∣∣
∆ωfc=0,λ=γ

=
1

2γ
. (4.25)

The factor-of-4 difference between the two quantities makes it clear that an AFC
is significantly less sensitive to fluctuations in detuning than a detuned filter cavity.
Numerical simulations of the quantumnoise at 100Hz show that detuning fluctuations
degrade noise by 2 dB with the detuned filter cavity, but only 0.06 dB with the AFC,
using the parameters from Table 4.2 and an RMS detuning of 10Hz.
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5
CHA P T E R

CHARACTERIZING SQUEEZING WITH AN
AUDIO-BAND FIELD

Probing and controlling interactions of the squeezed vacuum field with the optical
systems it propagates is difficult, because excess light at the main carrier frequency
readily contaminates and degrades the level of observed squeezing. Therefore, the
control of the squeezed field relies on off-resonant auxiliary coherent fields that co-
propagate with the squeezed states from their source and through subsequent optical
systems. Injecting a single off-resonant sideband through the squeezer produces
two phase-stable sidebands centered about the carrier frequency. Phase-sensitive
detection of these two sidebands after the optical system is then sensitive to the
path traversed by the squeezed vacuum light, as well as the amount and quality of
squeezing.

The frequency-independent squeezed light source installed in the Advanced LIGO
detectors [42] already utilizes one such off-resonant auxiliary field, the coherent lock-
ing field (CLF) [70], to actively stabilize path length fluctuations between the squeezed
vacuum carrier, the squeezer pump, and an external local oscillator fields. However,
to enable continuous squeezer operation without contaminating the astrophysical
signal band, the CLF is typically detuned by a significant fraction of the linewidth of
the optical parametric oscillator (OPO). As a result, the CLF is not representative of
the squeezed carrier field itself, and does not directly sense the astrophysical signal
band.

Here, we introduce a new auxiliary field which is generated at a small audio-
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frequency offset, well within the linewidth of the OPO and signal band. The small
offset allows the transmitted audio field to experience the same transformations and
degradations as the generated squeezed state.

5.1 EXPERIMENTAL SETUP

For the first experimental demonstration of our diagnostic scheme, we utilized the
prototype frequency dependent squeezed vacuum source at MIT, which is described
in Section 3.3.1. Fig. 5.1 contains the experimental setup of a squeezed vacuum
source along with an injected audio sideband. The audio diagnostic field (ADF) is a
single-frequency field that is shifted at acoustic frequencies from the 1064 nm carrier
field, and it is generated using two acousto-optic modulators (AOMs). This allows
for the creation of sidebands at arbitrary audio band frequencies and suppresses
contamination by carrier frequency light[71]. The ADF is generated along with the
CLF field and other auxiliary control beams. The ADF and the CLF are injected into
the OPO viamirrorM2, and they co-propagate with the squeezed vacuum after exiting
the OPO through mirrorM1.

Using the reflection of the CLF from the OPO, the CLF phase is stabilized with
respect to the phase of the squeezer pump field using the AOM2 drive frequency as
an actutator. As the ADF and CLF are generated simultaneously, the coherent control
scheme also stabilizes the ADF phase with respect to the squeezer pump phase. The
ADF and the squeezed vacuum field then beat with a local oscillator at the readout,
generally after passing through an optical system. The local oscillator can be provided
explicitly, as for the balanced homodyne readout used for the experimental data in
this chapter, or it can be supplied by the optical system, as done for Michelson-fringe
readout used by gravitational-wave interferometers. While the local oscillator phase
can be changed freely in the former case, it is generally fixed during the latter.

The beatnote between the ADF and the local oscillator is measured on a pho-
todetector, where it is demodulated at the ADF sideband frequency into real (I) and
imaginary (Q) quadratures. The nonlinear optical interaction of the OPO which gen-
erates squeezing also modifies the injected ADF. As a result, the I and Q signals carry
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Figure 5.1: Experimental layout of a squeezer system with an audio diagnostic field.
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information about the squeezing angle, squeezing level, local oscillator angle, and
the optical system, all of which can be measured specifically at any chosen frequency.

5.2 MATHEMATICAL DESCRIPTION

The audio sideband field can be generated at a frequency offset±f above or below
the squeezed vacuum carrier field. In the sideband basis, the upper and lower audio
fields incident on the OPO are

a↑ = a

[
e−iΦ

0

]
a↓ = a

[
0

eiΦ

]
, (5.1)

where a is the (real) sideband field amplitude, and Φ is a global phase of the audio
field. Note that in these and future expressions, the ADF offset frequency f that the
injected amplitude, phase, and responses may depend upon, is implicit.

After interacting with the OPO, the audio field emitted with the squeezing is

d↑↓ = H′
Oa

↑↓, (5.2)

whereH′
O is the transfer matrix from the ADF injection port to the transmission port

of the OPO, derived for our cavity configuration in Section 2.4.1. Because the audio
sideband is generated at small detuning relative to the squeezer bandwidth, it can be
treated as on-resonance in the OPO cavity.

Injecting a single audio sideband, a↑↓, through the squeezer produces the output
field, d↑↓, occupying frequencies above and below the carrier

d↑ = δ

[
αe−iΦ

βei(2ψ−Φ)

]
d↓ = δ

[
βe−i(2ψ−Φ)

αeiΦ

]
, (5.3)

with an overall scale factor

δ = a
t1t2

r21 − 2r1 cosh z + 1
(5.4)
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and relative sideband amplitudes

α = 1− r1 cosh z β = r1 sinh z (5.5)

that depend on the level of generated squeezing. Here, z is the single-pass squeeze
factor through the OPO’s internal crystal, ψ is the phase of squeezer pump field, t1 and
t2 are the transmissivities of mirrorsM1 andM2, respectively, and r1 is the reflectivity
ofM1.

Note that the above expression specifically corresponds to case (a) described in
Section 2.4.1 (Fig. 2.4). For case (b), the ADF exiting the OPO is modified to

d↑ = a
t1t2e

−iΦ

r21 − 2r1 cosh z + 1

[
cosh z − r1

ei2ψ sinh z

]
. (5.6)

This can also be written as Eq. (5.3) with the modified parameters

α = cosh z − r1 β = sinh z. (5.7)

For a linear OPO described in case (c), injecting upper an audio sideband into the
OPO produces the transmitted audio field,

d↑ = a
t1t2e

−iΦ

r21 − 2r1 cosh(2z) + 1

[
cosh z(1− r1)

ei2ψ sinh z(1 + r1)

]
. (5.8)

Here, a cavity round-trip involves passing the squeezer crystal twice. We can
replace this with an effective single pass through a crystal with double the original
squeeze factor and scale z down to z/2. In this case,

α = (1− r1) cosh
(z
2

)
β = (1 + r1) sinh

(z
2

)
, (5.9)

Beating the transmitted audio field against a local oscillator field v† with phase ζ
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v† =
[
−ieiζ ie−iζ

]
/
√
2 (5.10)

produces the audio beatnote e↑↓ in the photodetector readout of

e↑↓ = v†d↑↓. (5.11)

Consider homodyne detection of the upper audio sideband after injection through
the squeezer. This ADF-LO beatnote is given by

e↑ = − i√
2
δ
(
αeiϕ − βe−iϕ

)
, (5.12)

here expressed as a function of the squeezing angle ϕ. Reducing this equation to a
function of ϕ is possible because we use the coherent control scheme (Section 2.6),
which stabilizes the relative phase between the audio diagnostic, local oscillator, and
squeezer pump fields. As a result, the audio field is phase-stable with the pump field,
setting ψ = Φ. Coherent control also maintains the squeeze angle with respect to
the pump field as ϕ = ζ − ψ. By our conventions, ϕ = 0 corresponds to squeezing
(suppression of quantum shot noise) while ϕ = π/2 corresponds to anti-squeezing
(amplification of quantum shot noise).

The ADF-LO beatnote expression contains the factors δ, α, and β which vary by
the squeezing amplitude. Calibrating these factors and the overall magnitude of δ
enables in-situ measurements of the squeezing parameters and intervening losses
using the ADF beatnote.

5.3 CHARACTERISING THE SQUEEZED VACUUM SOURCE

Before probing mechanisms which degrade the observable levels of squeezing, one
can first characterise the squeezed vacuum state generated by the source. The audio
field can provide an accurate and in-situ probe of the squeezed vacuum source due
to its co-propagation and close detuning with the squeezed vacuum field. The level
of squeezing generated at the output of the squeezer, and the angle of the squeezed
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Figure 5.2: Demodulation space spannedby theADF-LO signal e↑ for various squeezing
levels. In both plots, the different colors correspond to different levels of generated
external squeezing (expressed in dB of noise reduction; see Eq. (5.20)) by an OPOwith
a reflectivity r1 of 0.935. The upper plot shows the real (ℜ) and imaginary parts (ℑ)
of the signal as a function of squeezing angle ϕ in degrees. The crosses correspond
to squeezing (ϕ = 0) while the dots correspond to anti-squeezing (ϕ = π/2). The
lower shows a parametric plot of the real and imaginary quadratures of demodulated
ADF-LO beatnote signal. Here, the dot and cross markers also correspond to the
respective major and minor axes of the ellipse. Their ratio can be used to compute
the external squeezing level generated by the OPO (Eq. (5.19)). The units of e↑ have
been chosen to normalize the case of no squeezing, z = 0, to a unit circle.
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state are key in calculating the maximum possible reduction in quantum noise that
the squeezer can offer.

To begin, the ADF-LO beatnote from Eq. (5.12) can be expressed in terms of
squeezer parameters as

e↑ =
δ√
2

(
(1− e−zr1) sinϕ− i(1− ezr1) cosϕ

)
, (5.13)

Demodulating the beatnote signal into real (I) and imaginary (Q) quadratures, one
can parametrically plot the two quadrature signals as a function of squeezing angle ϕ
to produce the ellipse shown in Fig. 5.2.

5.3.1 Squeezing Angle

The location of the signal on the ADF-LO ellipse corresponds to the squeezing angle ϕ

ϕ = − arctan

(
1

G

ℜ(e↑)
ℑ(e↑)

)
, (5.14)

where G is the ratio between the largest (anti-squeezing) and smallest (squeezing)
magnitude signals on the ellipse

G =
α + β

α− β
=

1− r1e
−z

1− r1ez
. (5.15)

This quantity can be easily measured experimentally by rotating the squeezing angle
ϕ using the control system, while recording the minimum and maximum of the I and
Q demodulation magnitude given by |e↑|.

For the alternate bowtie OPO (Eq. (5.7)), this modifies to,

G =
ez − r1
e−z − r1

, (5.16)
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and for a linear OPO (Eq. (5.8)), this is,

G =
ez − r1
1− ezr1

. (5.17)

5.3.2 Generated squeezing level

The level of squeezing generated by the OPO at its output is related to the shape of the
ADF-LO beatnote ellipse from the ratio G. Inverting Eq. (5.15) allows one to calculate
z from a measurement of G

z = log

(
G− 1 +

√
(G− 1)2 + 4Gr12

2Gr1

)
. (5.18)

This internal squeezing level z is then used to calculate parameters of fields transmit-
ted through the squeezer, such as δ, α, and β for the propagated audio field.

In terms of the ADF-LO beatnote ratio G, the effective squeeze factor Z, derived
in Eq. (2.57) is

Z = log

(
G− 1 +

√
(G− 1)2 + 4Gr21
2r1

)
, (5.19)

which corresponds to a quantum noise reduction in decibels of

NdB = 10 log10(e
−2Z) = −8.6Z. (5.20)

Similar expressions can be derived for the alternate OPO configurations. The
transmission ratio G ( Eq. (5.15)) of an injected near-carrier field is similar to the
“nonlinear gain,” g described in Section 2.4.1. The main difference between the two is
that G is a ratio of the maximum to minimum quadrature gain in field units while g
is a ratio of the maximum quadrature power to the “gain-free” z = 0 transmission
power.

A practical advantage of using the ADF transmission ratio G as opposed to the
non-linear gain g is that measurements of the latter usually require a significant
amount of carrier power. This can lead to pump-depletion and deviation from the
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squeezer model. On the other hand, accurate measurements of G do not require a
high ADF power, as the ADF-LO beatnote can be made arbitrarily large by increasing
the LO power.

The ADF is transmitted from M2 to M1 of the OPO, while the squeezed field is
obtained in reflection fromM1. As a result, the OPO transforms the coherent ADF and
squeezing ellipses differently. This distinction is notable when calculating external
squeezing levels based on normalization of the ADF-LO beatnote ellipse. In brief, the
ellipses differ because a field transmitting through the OPO can only be maximally
squeezed by 6 dB in power (corresponding to a minimum normalized minor axis of
1/2) unlike the vacuum field reflected from the OPO, which ideally reaches arbitrary
squeezing levels (sending the minor axis to 0).

Mathematically, this can be seen by calculating the minor axis magnitude (i.e.,
with ϕ = 0) of the ADF-LO beatnote e′↑s in the limit of high and negligible squeezing,
respectively:

lim
ez→r−1

1

|e↑s| =
a√
2

t2
t1
, lim

ez→1
|e↑s| =

a√
2

t1t2
1− r1

. (5.21)

The ratio of the two gives the high squeezing limit of the normalized minor axis of
Fig. 5.2. As the OPO’s nonlinear gain nears the threshold of oscillation (e−Z → 0, or
ez → r−1

1 ), the maximal external squeezing level is reached; here, the normalized
ADF minor axis reduces to a minimum value of 1/2 when 1 − r1 ≈ t21/2, while the
major axis increases continuously as δ diverges.

This indicates that ADFmeasurements ofG are primarily determined by themajor
axis at high squeezing levels, and are not limited by the ability to resolve the minor
axis above noise.

5.3.3 Loss

Optical loss, described in Section 2.7.1, is a dominant source of squeezing degradation.
Losses reduce the ADF-LO beatnote magnitude e↑↓ by a factor of

√
1− Λ, where Λ is

the total fraction of squeezed vacuum that is replaced with coherent vacuum due to
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loss. With Λ, the ADF-LO beatnote from Eq. (5.12) (setting ϕ = 0) is modified to

e↑ = −iδ(α− β)
√
1− Λ. (5.22)

Making independent estimates of propagation and readout loss is usually done
ex-situ by budgeting optical loss via power measurements throughout the system.
Calibrating the ADF signal to a known or estimated level of frequency independent
loss Λ and a known level of squeezing, corresponding to fixed α and β, allows us to
monitor losses as they drift over time. Using α′, β′ and δ′ to account for drifts in the
generated squeezing level over time, the loss at a later time Λ′ is

√
1− Λ′ =

√
1− Λ

δ

δ′
α− β

α′ − β′ . (5.23)

5.3.4 Phase Noise

In addition to loss, phase noise (Section 2.7.2) is another important mechanism of
squeezing degradation.

The ADF provides a convenient way to experimentally measure squeezer phase
noise, by way ofmeasuring small angle fluctuations in the squeezing ellipse described
by Eq. (5.13). Measuring angle fluctuations provides an estimate of the phase noise
along the squeezing path. By setting the quadrature angle to squeezing (ϕ = 0),
Eq. (5.14) can be expanded in the limit of small angle fluctuations∆ϕ≪ 1 to obtain
an expression for the RMS squeezer phase noise,

∆ϕ =
1

G

√〈(ℜ(e↑)
ℑ(e↑)

)2〉
. (5.24)

Experimentally, this would involve rotating the ADF-LO beatnote signal completely
into one demodulation quadrature, and measuring the RMS fluctuations in the or-
thogonal quadrature.

In the above section, we have shown that ADF provides a rapid and convenient way
of making accurate in-situ measurements of the squeezer and time-varying system
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losses. Traditional methods of characterizing the squeezed vacuum source are based
on injecting a strong field at the carrier frequency through the squeezer, which cannot
be used during regular squeezing operation, or using photodetector quantum noise
spectra, which requires long averaging times [42]. Additionally, as loss and phase
noise both effectively lower the levels of measured squeezing and anti-squeezing, it
is hard to separate those effects using quantum noise spectra alone.

5.4 CHARACTERIZING OPTICAL SYSTEMS

After characterizing the squeezed state source parameters, the audio diagnostic field
can probe how squeezed states rotate, dephase, and mix with vacuum via losses
as they propagate through an optical system. In Section 2.8, we introduced the
idea of describing an optical system by a transfer matrix, HR, in the two photon
picture. Gravitational-wave interferometers are the key target of study using the
ADF technique, and they have several properties that our study of squeezing must
accommodate. First, interferometers typically read with a fixed local oscillator angle,
ζ ≈ 01, to measure phase shifts of the light in their arms. Second, because of their
high arm power, they affect optical states through quantum radiation pressure noise,
which applies a frequency-dependent parametric gain to the squeezed state or fields
incident on the interferometer.

With a model of the optical system being probed, ADF measurements can be used
to estimate model parameters. However, fully characterizing an arbitrary optical
system in a model independent way requires both readout quadratures (ζ = 0, π/2)
and both the upper and lower ADF signal injections to measure all of the terms
of HR. Thus, one cannot fully characterize the optical response of interferometers
due to the fixed readout quadrature; however, for a known local oscillator angle,
ADF measurements at squeezing and anti-squeezing can be used to compute the
quadrature observables of the optical system, mq,mp, defined in Eq. (2.89). Using
Eqs. (2.90) to (2.92), these observables can be used to measure all the quantities that

1The local oscillator angle of an interferometer using DC homodyne readout is determined by the
amount of excess light at the dark fringe of the interferometer. This is discussed further in Section 6.4.3
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are relevant to squeezing. To calculate the ADF-LO beatnote, the previously defined
fields must first be expressed in the quadrature basis.

v⃗† = v†A−1 =
[
sin(ζ) cos(ζ)

]
, (5.25)

The ADF is driven and demodulated at a specific frequency f , and can measure
mp andmq at Ω = 2πf . Propagating the ADF through an optical system HR modifies
the ADF-LO beatnote from Eq. (5.12) to

e′↑↓ = v⃗†HRAd↑↓ (5.26)

in the quadrature basis. The following calculations assume a constant local oscillator
angle ζ = 0.

The audio beatnote can be then calculated at squeezing (ϕ = 0),

e′↑s =
δ√
2
(mq(α + β)− imp(α− β)) (5.27)

e′↓s =
δ√
2
(mq(α + β) + imp(α− β))) (5.28)

and anti-squeezing (ϕ = π/2),

e′↑a =
δ√
2
(mp(α + β) + imq(α− β)) (5.29)

e′↓a =
δ√
2
(mp(α + β)− imq(α− β)). (5.30)

Rearranging the above equations, the squeezing parametersmp andmq can be ob-
tained in terms of the measured ADF-LO beatnote,

mp =
e′↓a + e′↑a√
2δ(α + β)

= − e′↑s − e′↓s√
2δi(α− β)

. (5.31)

mq =
e′↑s + e′↓s√
2δ(α + β)

=
e′↑a − e′↓a√
2δi(α− β)

. (5.32)

After passing theADF through anunknownoptical system, theADF ismodified and
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the ADF-LO beatnote ellipse (Sec. Section 5.3) measurement of the level of generated
squeezing becomes biased. Instead, these modified ADF-LO beatnote signals e′↑↓ can
be combined to make an unbiased measurement ofG that is applicable to any system
using

G =
α + β

α− β
= −ie

′↑
a + e′↓a

e′↑s − e′↓s
= i

e′↑s + e′↓s

e′↑a − e′↓a
, (5.33)

which can then be put into Eq. (5.19) to calculate the generated squeezing level. This
generalizes Eq. (5.15) for systems that may affect sideband balancing from nonlinear
interactions, like radiation pressure.

It is worthwhile here to point out the significance of the “symmetrization” implied
by the sums and differences of Eq. (5.31) and Eq. (5.32). The ADF, as proposed,
is created by injecting a single upper or lower sideband into the OPO. At cost of
increased complexity, one could alternatively inject balanced sidebands with relative
phases chosen to create pure amplitude or phase quadrature modulations in the
coherent field. Such injections would more directly measuremp,mq in two separate
measurements. The sums and differences above achieve the same goal, but avoid the
experimental complexity of stably creating and phasing two audio field frequencies
into a signal AOM.

Normalized beatnote measurements. The audio field can serve as an intermediary
diagnostic for a single optical system embedded in a larger composite system. The
response of an individual system can be isolated by normalizing the ADF-LO beatnote
measurements between experimental configurations where the ADF does, or does
not, pass through the optical system HR using

e↑↓ =
v⃗†HRAd↑↓

v⃗†Ad↑↓√ηrel
. (5.34)

Realistically, when the ADF is not passing through the optical system, it is redirected
to a diagnostic readout that has a simple response including only the relative detection
efficiency ηrel. That simple response is indicated in the denominator of Eq. (5.34).
The normalized ADF-LO beatnote is calibrated to be unity on the diagnostic refer-
ence. The quadrature observables can then be calculated from the normalized ADF
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measurements as

mp√
ηrel

=
e↑s + e↓s

2
=
e↑a + e↓a

2
(5.35)

mq√
ηrel

=
(e↑s − e↓s)

2i

(α− β

α + β

)
=

(e↑a − e↓a)

2i

(α + β

α− β

)
. (5.36)

Eq. (5.33) can also be re-written in terms of the normalized signals and used similarly
to measure generated squeezing levels

G =

√
(e↑s − e↓s)

(e↑a − e↓a)
. (5.37)

However, when using a reference readout, the squeezer characterization of Sec-
tion 5.3 is convenient and sufficient. The above expressions are useful to check if the
squeezing levels are changing between reference measurements and optical system
measurements.

Using the normalized ADF-LO signal is advantageous because it simplifies calibra-
tions. For instance, this normalization cancels scale factors from the beatnote signal,
such as the transmitted audio field amplitude δ, or the propagation and readout
losses that constitute Λ. While cancelling these factors also allows minute dura-
tion drifts (i.e. drifts over the ADF scan) in generated squeezing levels δ and system
losses Λ to influence the beatnote measurement, these drifts are expected to be small.
More importantly, the normalized beatnote signal is practical because it factors
out frequency-dependent phase delays that the ADF picks up for technical reasons,
from e.g. propagation delay and electronics. For our audio field measurements,
we measure the normalized beatnote signal to remove such phase delays from our
measurements of the system response.

Note that the above method is only valid for measurements taken at squeezing
and anti-squeezing. Operationally, however, sometimes it is difficult to exactly know
the squeezing angle, e.g. due to squeezing rotation from detuned cavities in an
interferometer. In such a situation, rather than estimatingmq andmp, it is usually
more practical to treat the squeezing angle as an independent parameter in models

121



CHAPTER 5. CHARACTERIZING SQUEEZINGWITH AN AUDIO-BAND FIELD

2000 2500 3000 3500 4000
Frequency [Hz]

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

m
p

2000 2500 3000 3500 4000
Frequency [Hz]

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

m
q

φ = 0

φ = π/2

<
=

Figure 5.3: Characterization of a 16-mfilter cavity using a sweepof the audio diagnostic
field. Quadrature observables mp and mq are calculated from measurements of
the normalized ADF-LO beatnote e↑↓ at two different squeezing angles, squeezing
(ϕ = 0, blue) and anti-squeezing (ϕ = π/2, red), using Eqs. (5.35) and (5.36). The
normalized beatnote data is compared to the filter cavity model from Eq. (3.5). The
plot presents the experimental data, demodulated into real (solid) and imaginary
(dashed) parts, along with the model curves fit to the data. The generated squeezing
level measured by demodulating the ADF after the filter cavity (Eq. (5.37)) was verfied
against the squeezing level measured by demodulating the ADF directly after the
squeezer (Eq. (5.19)). The fit parameters are given in Table 5.1.

of the ADF-LO beatnote (Eq. (5.26)).
The following analysis focuses on two specific examples; experimental measure-

ments of a 16m filter cavity, and a simplified theoretical model of a gravitational-wave
interferometer with frequency-dependent squeezing.

5.4.1 Filter Cavity

We use the filter cavity model described in Section 3.1, modifying the sideband reflec-
tivity to include a simplified expression for mode matching efficiency Υfc,

r′fc = Υfcrfc + (1−Υfc)rfc (5.38)

122



5.4. CHARACTERIZING OPTICAL SYSTEMS

Parameter Value
Independently
Measured

OPOM1 Reflectivity (r21) 0.875
OPOM2 Reflectivity (r22) 0.9985
Filter cavity length (Lfc) 16 m
Filter cavity input mirror 63.7 ppm
transmissivity (Tin)

Estimated using
the ADF

Generated Squeezing in OPO 5.5 dB
Filter cavity round-trip loss (Λ) 181 ppm
Filter cavity mode matching (Υfc) 0.80
Filter cavity detuning (∆ωfc/2π) 2879 Hz (ϕ = 0)

2830 Hz (ϕ = π/2)

Table 5.1: Experimentally determined parameters of the OPO and 16 m filter cavity
used for frequency-dependent squeezing.

In the experimental results that follow, these quantities are evaluated at Ω = 2πf ,
where the ADF is generated at frequency f . Combined with Eqs. (5.35) and (5.36), our
analysis connects measurements of the normalized ADF-LO beatnote e↑↓ to both the
optical response of the filter cavity Hfc, and squeezed state propagation through the
cavity.

Fig. 5.3 shows the use of audio field diagnostics of our 16-m filter cavity, and
its preparation of a frequency-dependent squeezed state. To characterize the filter
cavity at 3 kHz detuning, the ADF frequency f was swept from 2 kHz to 4 kHz. mp

andmq are calculated from the normalized ADF-LO beatnote signals e↑↓ ( Eq. (5.34)),
obtained by balanced homodyne detection of the audio field after passage through the
16-m filter cavity. To normalize the ADF sweep and isolate the filter cavity response,
the audio sweep was performed with the filter cavity locked near-resonance with
the squeezed field, and then again with the cavity off-resonance; the on- and off-
resonance responses were divided to yield the normalized beatnote signals e↑↓. mp

andmq were then calculated frommeasurements of e↑↓ using Eqs. (5.35) and (5.36).
Table 5.1 summarizes the filter cavity parameters extracted from fits to these
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audio sweep measurements. Data obtained from the normalized LO beatnote were
converted tomp andmq using Eqs. (5.35) and (5.36) and fit to the filter cavity model
described in Eq. (3.5) in order to estimate the cavity detuning∆ωfc, round trip loss Λ,
andmode-matchingΥfc with the squeezed vacuumfield. The squeezing level was also
measured using the normalized ADF-LO beatnote e↑↓ (Eq. (5.37)). The precise filter
cavity detuning has percent-level variations between squeezing and anti-squeezing,
due to technical challenges in stabilizing the filter cavity length at kilohertz detunings
(cite RLF). Relevant parameters measured independently without the audio field
include the filter cavity’s input mirror transmissivity Tin, and the reflectivity of mirror
M1 in the OPO r1.

In Fig. 5.4, the squeezing degradation is calculated from themp andmq data using
Eqs. (2.90) to (2.92) to determine the frequency-dependent squeezing efficiency ηΓ,
rotation θ, and dephasing Ξ introduced by the filter cavity. From this plot it is easy to
see that the high round trip loss in the filter cavity limits the squeezing rotation to
less than 10◦ while adding considerable dephasing and squeezing loss. As the these
specific degradation mechanisms affect the frequency-dependent squeezing spectra
in degenerate ways, it is difficult to distinguish between them using photodetector
noise spectrummeasurements.

5.4.2 Interferometer

We now consider the response of an ideal, Fabry-Perot interferometer, with a filter
cavity for frequency dependent squeezing. The following calculations assume on-
resonance operation in a lossless interferometer, which has no mode mismatch
with the injected squeezed beam. Such an interferometer can be represented by the
following two-photon matrix,

HIFO ≃
[

r 0

−K r

]
(5.39)
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Figure 5.4: Filter cavity loss, rotation, and dephasing calculated from mp and mq

(from Fig. 5.3) using Eqs. (2.90) and (2.91) and Eq. (2.92) plotted along with model
curves (solid). The top plot corresponds to the squeezing efficiency ηmultiplied by
the noise gain Γ which is 1 for the filter cavity. The middle plot shows the squeezing
rotation θ in degrees. The bottom plot contains the square root of the frequency-
dependent dephasing Ξ.

√
Ξ has a similar effect on squeezing as phase noise∆ϕwith

the same RMS value, and therefore it has been represented in units of radians. Blue
corresponds to squeezing while red corresponds to anti-squeezing.
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Figure 5.5: Simulation of quadrature observables and squeezing degradation metrics
for an ideal interferometer with (blue) and without (red) a filter cavity. The left
curves correspond to the rotation θ and dephasing Ξ (

√
Ξ has been represented

as equivalent RMS phase noise in radians) of the two configurations. The center
plots contain the squeezing efficiency η along with the optomechanical gain from
the interferometer Γ. For an interferometer with losses, the efficiency and gain
cannot be measured independently. However, models of the frequency dependence
of these effects would allow us to discriminate between and make independent
estimates of the two quantities. Following this, we can also back out the loss of
the inteferometer-filter cavity combination by normalizing to the gain, Γ, fit from
the measured interferometer. The right plots show the quadrature observablesmp,
mq which have been generated using Eq. (5.43). Eqs. (2.90) and (2.92) are used to
convert the quadrature observables into squeezing metrics. It is assumed that the
interferometer reaches the standard quantum limit at a frequency ofΩSQL = 2π ·60Hz.
Simulation parameters, representing design specifications for frequency-dependent
squeezing in LIGO [93], assume round trip filter cavity losses of 60 ppm, input mirror
transmissivity of 1200 ppm, cavity detuning of 43 Hz, and mode matching efficiency
of 0.99.
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where r is related to the signal bandwidth γA of the interferometer

r ≃ γA − iΩ

γA + iΩ
, (5.40)

andK is the interaction strength of the interferometer, defined in Eq. (1.15). The trans-
fer matrix for propagation through a filter cavity followed by an ideal interferometer
is

HR = HIFOHfc, (5.41)

from which Eq. (2.89) yields the quadrature observables

mp =
r

2
(r+ + r−)−

iK
2
(r+ − r−) (5.42)

mq = −ir
2
(r+ − r−)−

K
2
(r+ + r−). (5.43)

Fig. 5.5 contains simulation results of quadrature observables and squeezing
metrics for an inteferometer with and without a filter cavity. We observe that the
interferometer (red curve), through its optomechanics, produces a squeezing rotation
of around 90◦ at low frequencies, which is equivalent to rotating squeezing into
anti-squeezing. The addition of an optimally detuned filter cavity (blue curve) seeks
to reverse this rotation (Chapter 4). However, the filter cavity also introduces loss
and dephasing, which can degrade the squeezing measured at the readout. The
parameters of the simulation have been chosen to be representative of the frequency-
dependent squeezing upgrade to LIGO [93]. The filter cavity has been designed to
optimize squeezing rotation while keeping squeezing degradation to aminimum. The
ADF can help diagnose these effects, which would be difficult to measure otherwise,
and consequently inform operational choices for filter cavities in interferometers.

ADF measurements of the interferometer alone, without the filter cavity, also
provide valuable insight into how squeezing degrades in the interferometer’s various
coupled cavities, which itself is not precisely understood due to lack of intermedi-
ary diagnostics in the system. For eg. we can better constrain degradation arising
from losses and mode-mismatch of the signal extraction and arm cavities. With and
without a filter cavity, the ADF directly measures the interferometer noise gain and
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efficiency ηΓ. This parameter can be used to determine the true local oscillator angle
of the readout by its effect on the noise gain, as was done using an involved squeezing
measurement [76]. We anticipate the ADF can provide additional diagnostics while
commissioning a balanced homodyne detection upgrade in gravitational-wave in-
terferometers. Such an upgrade enables freely changing the local oscillator angle,
but only implicitly knowing the angle from a control system error point and the
calibrated signal sensitivity. The noise gain is useful to know precisely, as it scales
the magnitude of certain classical noises in the interferometer, such as backscatter.

Time-resolved fluctuations. In addition to jointly characterizing the interferometer
and filter cavity, the ADF also enables a time-resolved view of how large-RMS inter-
ferometer motions will degrade squeezing. In particular, insufficiently controlled
motions of the interferometer andfilter cavitieswill cause drifting squeezing rotations
inside the resonance of the drifting cavities, leading to frequency-dependent phase
noise. This form of degradation is difficult to resolve using squeezing alone, because
squeezing spectrum measurements require integrating for longer than drift time-
scales and at multiple squeezing levels. The ADF can probe for changing squeezed
state rotation at specific frequencies.

The first such example is using the ADF above the interferometer arm bandwidth
γA ≈ 2π·430Hz (for LIGO) but within the signal cavity bandwidth γS ≈ 2π·80 kHz. At
these frequencies, the signal extraction cavity may have residual motion as its length
Ls drifts, which causes the squeezed state to rotate. The frequency dependence of
that rotation, given length fluctuations, is given by Eq. (69) of [76], which can be
expressed

dθIFO(Ω)

dLs
≈ −8k

Ts

(
γ2S

γ2S + Ω2
− γ2A
γ2A + Ω2

)
, (5.44)

where k is the wavenumber of the carrier light. Similarly, length changes of the
filter cavity will cause its rotation to change. For a lossless filter cavity at its optimal
detuning, the sensitivity of the squeezed state rotation to length changes is given by
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the derivative of Eq. (18) in [91], which can be written

dθFC(Ω)

dLfc
≈ −8k

Tfc

(
γ2fcΩ

2

Ω4 + 4γ4fc

)
≤ −4k

Tfc
. (5.45)

Here γfc is the HWHM bandwidth of the filter cavity, optimal at γfc ≈ ΩSQL/
√
2, and

the cavity is detuned by its bandwidth γfc to cause a 90◦ rotation. This expression
indicates the high sensitivity of the detuned filter cavity to length noise, due to its
small input transmissivity required to create its small bandwidth.

For the interferometer phase drift measurement, where γA < Ω < γS, the normal-
ized beatnote measurement can be used. There, the interferometer should not be
changing the sideband balancing, so e↑ = e↓. Under that condition, it is possible to
measure the fluctuations in the effective squeezing angle caused by these changes
using the methods described in Sec. Section 5.3.

For a lossy, detuned filter cavity with or without the interferometer in series,
e↑ ̸= e↓, so the methods of Section 5.4 are required to calculate θ. This poses a
problem for time resolved measurements, as both the upper and lower ADF cannot
be simultaneously driven. In this case, the effects of length fluctuations of a specific
system model on the ADF is required to relate independent upper and lower ADF
measurements along with measurements during squeezing and anti-squeezing.
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6
CHA P T E R

FREQUENCY DEPENDENT SQUEEZING IN
LIGO

As part of the A+ upgrade to Advanced LIGO, frequency dependent squeezing was
deployed for the first time in a working gravitational wave interferometer during the
observing runO4. This chapter describes the implementation of frequency dependent
squeezing at the LIGO Hanford (H1) detector.

6.1 EXPERIMENTAL SETUP

Fig. 6.1 shows the experimental implementation of frequency-dependent squeezing
via a filter cavity in LIGO, with an overview of the full interferometer. The entire
squeezing setup consists of in-air optics on two tables; SQZT0 and SQZT7, and in-
vacuum optics in two seimsically isolated vacuum chambers; HAM7 and HAM81.
The control scheme for frequency dependent squeezing is described in Section 6.3.
Measured and inferred values of experimental parameters are listed in Table 6.1

The squeezer pump light and auxiliary control fields are generated on SQZT0,
which houses the 1064 nm squeezer pump laser. Similar to the setup described in
Section 3.3.1, the pump beam is generated using second harmonic generation, which
is also used to produce a 532 nm beam for filter cavity control. All the beams from
SQZT0 are carried to the in-vacuum optics in HAM7 via optical fiber. The squeezed

1HAM = Horizontal Access Module
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Figure 6.1: Detailed optical and controls layout of frequency-dependent squeezing
instrumentation in the LIGO detectors.

131



CHAPTER 6. FREQUENCY DEPENDENT SQUEEZING IN LIGO

vacuum source is a sub-threshold bowtie OPO which is nearly identical to the one
used in O3 [42]. However, with the expectation that backaction could be mitigated by
frequency-dependent squeezing injection, the OPO cavity finesse and green pump
optics were upgraded to generate higher squeezing levels in preparation for O4.

Squeezed vacuum then undergoes a frequency-dependent phase shift upon reflec-
tion from a 300m, in-vacuum, optical filter cavity, producing a frequency-dependent
rotation of the squeezed state for frequencies within the cavity resonance. The fil-
ter cavity has a full-width-half-maximum linewidth of∼74Hz and a detuning from
carrier of∼35Hz to impart a squeezing rotation that counters the opto-mechanical
response of the interferometer, while minimizing squeezing loss [93] (Chapter 4).
Both cavity mirrors use triple pendulum suspensions [105] mounted on isolated in-
vacuum optical tables [97] for vibration isolation, while relay optics use either single
or double suspensions [106]. Measured filter cavity parameters are presented and
discussed in Section 6.4.1. The input mirror is located in HAM7 while the end mirror
is located in HAM8, with a 300m vacuum tube connecting the two. The system is
engineered [93] to suppress noise from stray interferometer light that is misdirected
along the squeezing injection path, and subsequently scattered back to the inter-
ferometer readout, modulated by vibrations of the filter cavity and squeezer optics
(see Appendix D). Along with extremely high levels of isolation, three custom high-
efficiency Faraday isolators were installed in preparation for O4 [107], decreasing total
loss, which limited squeezing during O3 [42, 76], and improving stray light isolation.

After reflection from the filter cavity, the frequency dependent squeezed vacuum
is sent through a relay tube into the main interferometer’s vacuum enclosure where it
is injected via the interferometer’s output Faraday isolator. Before the relay tube, there
is a switchable beam diverter than that be used to direct the squeezed vacuum onto
a diagnostic balanced homodyne detector on SQZT7 via a periscope. The reflected
532 nm beams from the OPO and the filter cavity are also sent to SQZT7 via periscopes
for sensing and control.

In addition to optical losses, mode mismatch between the squeezer and inter-
ferometer beams also limited squeezing efficiency in O3 [76]. Piezo-deformable
mirrors [108] were installed as relay optics on the squeezing propagation path to
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improve mode matching between the squeezer, interferometer, and filter cavity. A
thermally deformable mirror [109] was installed on the interferometer’s output path
to optimize the mode-matching between the interferometer and output mode cleaner
(OMC).

6.2 FREQUENCY DEPENDENT SQUEEZING AT H1

We present data from the H1 LIGO detector during the commissioning period pre-
ceding O4 (February 2023). For this data, the detector operated with approximately
360−380 kW of circulating power in its interferometer arm cavities. The strain noise
amplitude spectral density of the detector is shown in Fig. 6.2.

With frequency-dependent squeezing, we achieved a quantum enhancement of
the detectors that simultaneously reduced both shot noise and quantum radiation
pressure noise. Compared to themeasured detector noise without squeezing (Fig. 6.2,
black), and the detector noise with frequency-independent squeezing (Fig. 6.2, green),
frequency-dependent squeezing provided broadband improvement (Fig. 6.2, purple),
with measurable reductions in the total detector noise from several kHz down to
frequencies as low as 60Hz.

In the shot-noise-limited region around 1 kHz, both detectors measured higher
squeeze levels than O3, due to the higher generated squeezing levels and reduced
cumulative optical losses along the squeezing path. In the H1 detector, squeezing
reduced the shot noise amplitude by a factor of 1.6 (4.0 dB) near 1 kHz. Since shot
noise is the largest noise source in the kHz frequency band, the total interferometer
noise was similarly reduced.

While these kHz noise improvements are essential to study the post-merger
physics of binary neutron stars [110, 111], the injection of frequency-independent
squeezing significantly degraded detector performance around 100 Hz, which is
detrimental to standard metrics of astrophysical sensitivity. For gravitational-wave
detectors, a standard figure-of-merit is the distance to which a binary neutron star
(BNS) or binary black hole (BBH) merger can be detected [112]2; such metrics heavily

2Calculation of the BNS range uses a standard 1.4M⊙ template for the coalescence of two 1.4M⊙
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Figure 6.2: Observation of frequency-dependent squeezing in LIGO. The top and
bottom plots show strain noise spectra of the LIGO Hanford (H1) detector in ampli-
tude spectral density units, measured in the commissioning period leading up the
fourth observing run, O4. Reference measurements of detector noise spectra without
squeezing are shown in black, and measured with the squeezed beam diverted away
from the detector. Without squeezing, the classical noise estimate (gray), i.e., the sum
of non-quantum noises, is obtained by subtracting the calculated quantum noise (red)
from the measured detector noise (black). Frequency-independent squeezing spec-
tra (green) are measured with the squeezed beam injected and the filter cavity end
mirror misaligned, to have the input mirror act as a high-reflector. With frequency-
independent squeezing, shot noise reduction of 4.0 dB is observed around 1 kHz,
alongside the corresponding increase in quantum radiation pressure noise below
a few hundred Hz. Frequency-dependent squeezing spectra (purple) are obtained
by locking the filter cavity near-resonance, demonstrating the broadband reduction
of detector quantum noise. In addition to the squeezed shot noise reduction, the
filter cavity reduces total detector noise by 1-2 dB from 60-100 Hz, with quantum
enhancement visible from kHz down to tens of Hz.
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Table 6.1: Detailed summary of interferometer and squeezer parameters at LIGO
Hanford (H1). The observed squeezed shot noise reduction at 1 kHz is used to infer a
lower bound on the total squeezing throughput. Entries marked by an asterisk were
determined by comparing measured squeezing data to a quantum noise model.

Interferometer parameters
Arm power 360−380 kW∗

SEC detuning (round-trip phase) 0.54◦

Readout angle -27◦

Readout efficiency
Optical throughput (SEC to OMC) 97.5%
OMC transmission 95.7%
Photodiode quantum efficiency 98%

Total readout efficiency 91%
Squeezing parameters
Generated squeezing 16.9 dB

Measured squeezing -4.0 dB
Measured anti-squeezing 14.4 dB

OPO input mirror (M1) reflectivity r21 0.935
OPO throughput 98.5%
Injection efficiency (OPO to SEC) 91.6%
CLF Frequency 3.125MHz

RLF Frequency 3.020MHz

Phase noise (RMS) < 20 mrad
Total expected throughput 84%
Inferred throughput > 63%

Filter cavity parameters
Filter cavity length 297.77 m
Filter cavity detuning -36 Hz∗

Filter cavity full-linewidth 74 Hz
Filter cavity finesse 6700
Filter cavity round-trip loss < 50 ppm
Filter cavity mode-matching 98%
Filter cavity length noise (RMS) < 0.5Hz 135
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weigh the detector noise around 100 Hz. As a result, the frequency-independent
squeezing spectra corresponded to a 10− 15% reduction in BNS range, compared to
no squeezing.

In contrast, frequency-dependent squeezing recovered low frequency sensitivity,
improving the BNS inspiral range by 15% and the BBH inspiral range by 12%, with
respect to no squeezing. Since event rates scale with the volume of the observed
Universe, this corresponds to an increase of up to 65% in BNS detection rates and
40% in BBH detection rates.

6.3 SQUEEZING AND FILTER CAVITY CONTROL

Figure 6.1 shows the in-air preparation (yellow) of squeezer control signals before
their delivery to the vacuum system (blue) via optical fibers. Arrows indicate how
various alignment and length control signals are sensed and actuated across the
squeezer system.

Squeezer controls are largely the same as in O3 [42]. The squeezer pump laser
is a 1064 nm laser that is frequency-stabilized to the main interferometer laser with
100 kHz bandwidth using a table-top frequency stabilization servo (TTFSS). A pick-off
from themain interferometer laser is frequency shiftedby 160MHz and fed to an in-air
squeezer optics tables via an optical fiber. Here, the beat-note between the squeezer
laser and the frequency-shifted interferometer laser is sensed and demodulated to
provide the error signal for the TTFSS loop. This signal is fed back to the frequency
of the squeezer pump laser.

Both OPO and SHG cavities are locked to the squeezer laser using Pound-Drever-
Hall (PDH) sensing. The open loop transfer functions of the OPO and SHG locks are
plotted in Figs. 6.3 and 6.4 respectively. The output from the SHG is split off into two
beams which serve as the OPO pump and the filter cavity locking fields respectively.
Before injecting into the squeezer, the OPO pump is passed through an acousto-optic
modulator (GAOM3) for intensity control. The reflected 532 nm power from the OPO

neutron stars. Calculation of the BBH range uses a 30M⊙ template, which is representative of a typical
BBHmerger [113].
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Figure 6.3: SHG open loop transfer function.

is used as an error signal to feed back to the amplitude of GAOM3’s drive voltage for
the OPO’s intensity stabilization loop.

Two acousto-optic modulators (AOM1 and AOM2), in series, generate two RF
sidebands, the coherent locking field (CLF) and resonant locking field (RLF) at de-
tunings of 3.125MHz and 3.020MHz, for coherent control of the squeezing angle
(Section 2.6) and filter cavity length (Section 3.2). To sense the relative phase between
the squeezed field and the interferometer’s local oscillator field, the CLF sideband
is injected through the OPO’s auxiliary port and co-propagates alongside squeezed
vacuum through to the detector readout. The reflected CLF sidebands from the OPO
beat with each other at 6.25MHz. This beat-note is sensed in-air on SQZT7 and de-

137



CHAPTER 6. FREQUENCY DEPENDENT SQUEEZING IN LIGO

−50

0

50

M
ag

n
it

u
d

e
[d

B
]

OPO
Unity Gain
Frequency = 1768 Hz

101 102 103 104 105

Frequency [Hz]

−100

0

100

P
h

as
e

[◦
]

Phase Margin = 69◦

Figure 6.4: OPO open loop transfer function.
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modulated to produce the error signal for the CLF loop, which then actuates on
the frequency of the electronic input to AOM2 to lock the CLF phase to that of the
squeezer pump. The open loop transfer function of this loop is plotted in Fig. 6.5. The
beat-note between the interferometer laser and the CLF is sensed at the detector’s
output photodetectors in order to generate the LO error signal. This signal is then
fed back as an offset to the TTFSS signal in order to lock the squeezer pump to the
interferometer laser’s phase at output, thus controlling the squeezer angle. Fig. 6.6
shows the open loop transfer function of the LO loop. The residual in-loop phase
noise in the coherent control loops is plotted in Fig. 6.7. The DC power level of the
reflected CLF is fed back to AOM2’s drive voltage to stabilize the CLF’s intensity.

After exiting the output Faraday isolator, 1% of the squeezed output is picked off
and redirected to a pair of quadrant photodetectors (QPDs). These are used to sense
the relative alignment between the injected squeezed vacuum and interferometer
laser by measuring the 42MHz beat-note between the CLF and a 45MHz sideband
field used for interferometer control. These signal are fed back to two relay mirrors
(ZM4, ZM5) between the filter cavity and interferometer for alignment control.

The filter cavity length is controlled using the resonant sideband locking scheme
described in Section 3.2. Length control of the 298m high-finesse filter cavity is
initially acquired using a part of the 532 nm output from the SHG, for which the cavity
is lower finesse. The control is subsequently transferred to 1064 nm during nominal
operation. Before injecting into the filter cavity, the 532 nm is passed through two
acousto-optic modulators (GAOM1, GAOM2) in order to provide a tunable frequency
offset. With green PDH sensing, this light is first frequency-locked to stabilize the
cavity-laser detuning with high bandwidth. This enables the low-bandwidth feedback
to the filter cavity mirror suspensions to then bring the physical cavity length under
control with length actuation via electro-magnetic coils along the mirrors’ triple
suspensions [105]. Fig. 6.8 shows the open loop transfer function of the green PDH
lock.

After locking the cavity length in green, the cavity is made to be resonant for the
RLF by changing the green frequency offset. The RLF frequency is chosen to be near
the CLF frequency such that it largely inherits the phase stability of the CLF with
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Figure 6.5: CLF open loop transfer function.
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Figure 6.6: LO open loop transfer function.
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Figure 6.8: Filter cavity green open loop transfer function.
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respect to interferometer light while still resonating in the filter cavity. This puts the
RLF at a 105 kHz offset from the CLF, which is about six free spectral ranges (FSR)
above carrier resonance in the filter cavity (6×FSR + δ). TheRLF andCLF co-propagate
through the OPO to reach the filter cavity. The filter cavity length is then locked onto
the RLF resonance such that the CLF is off-resonant; past the filter cavity, the resonant
RLF beats against the off-resonant CLF, producing an error signal at the beat-note
frequency of 105 kHz. A 1% optical pick-off for fast, high-gain QPDs is installed in
the squeezer path on reflection from the filter cavity; these QPDs have a >120 kHz
response and are shot-noise-limited with only 10 nW per quadrant. These QPDs are
demodulated to provide error signals for both length (i.e., detuning) and alignment
control of the filter cavity. Length control actuates on the filter cavity end mirror
suspension. Alignment control actuates on pitch and yaw of the filter cavity mirrors,
aligning the cavity axis to the incident beam from the OPO. The open loop transfer
function and in-loop length noise (calibrated into picometers) are plotted in Figs. 6.9
and 6.10. The filter cavity length is stabilized by the RLF locking scheme to within
1Hz RMS (equivalently, ∼1 pm RMS). The servo bandwidth to the filter cavity length
control servo is cut-off at as low frequency as possible (<50Hz) such that the sensing
noise of the RLF error signal, injected through the servo, does not compromise the
vibration isolation of the triply-suspended filter cavity mirrors.

6.4 CHARACTERIZING FREQUENCY DEPENDENT SQUEEZING

6.4.1 Filter Cavity

There are standard methods to characterize a high-finesse optical cavity [98], and
subsequently its application to frequency-dependent squeezing in gravitational-wave
interferometers [76, 91].

Tables 6.1 lists key optical properties of the high-finesse filter cavity atH1. Thefilter
cavity length is precisely measured by sweeping an optical sideband to measure the
free spectral range [114, 115]. The optical storage time in the cavity, which determines
the full-width-half-maximum linewidth, is measured using a ringdown technique
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Figure 6.9: Filter cavity RLF lock open loop transfer function.
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Figure 6.11: Ringdown measurement of the 300m filter cavity. The left and right plots
show the transmitted and reflected power (in units of ADC counts) respectively of a
bright carrier field resonant in the cavity until it is shuttered at t = 0. The red traces
correspond to exponential fits to the data. The time constant of the exponential decay
of the power gives the storage time of the cavity.

in both cavity transmission and reflection [98]. For the ringdown measurement, we
make the filter cavity resonant for a bright carrier field. The beam is then shuttered,
and the transient decay of power is measured on transmission and reflection from
the filter cavity. An example of a ringdown measurement is given in Fig. 6.11. The
results from a collection of ringdownmeasurements are presented in Fig. 6.12. There
is significant variance between measurements but the average value of the inferred
storage time and linewidth are close to expected design parameters [93], and those
measured by audio field sweeps, which are discussed later in this section.

Mode-mismatch between the squeezed beam from the OPO and the filter cavity is
measured by scanning the filter cavity length and measuring the optical modes in
transmission using a camera and photodiode power sensor [116]. For this, a bright
carrier beam is resonantly transmitted through the OPO in place of the squeezed
vacuum beam. Using this method, the mode-mismatch is constrained to be less than
2%.

An auxiliary audio field, ADF (Section 5.1), is used to further constrain mode-
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Figure 6.13: Audio field measurements of the 300m filter cavity at LIGO Hanford (H1).
The model curves are plotted along with the data.

matching and round-trip loss in the filter cavity. From themeasured cavity linewidths
and the vendor-specified input coupler power transmissivities of 910 ppm, we estimate
filter cavity round-trip power losses of 25–50 ppm. Normalized ADF measurements
(Eq. (5.34)) along with model inferred parameters are shown in Fig. 6.13.

In order to verify the measured parameters by the ADF, frequency-dependent
squeezing is measured on the diagnostic homodyne detector (Fig. 6.14) described in
Section 6.1, and compared to amodel [91]. From the figure, we observemeasured data
is highly consistent with the the independently measured filter cavity parameters.

During normal operation, the filter cavity detuning in-situ is inferred by compar-
ing detector noise spectra to a quantum noise model.

149



CHAPTER 6. FREQUENCY DEPENDENT SQUEEZING IN LIGO

600 700 800 900 1000 1100 1200 1300 1400
Frequency [Hz]

−5

0

5

10

15

N
oi

se
re

la
ti

ve
to

u
n

sq
u

ee
ze

d
sh

ot
n

oi
se

[d
B

] φ = −1◦ , ∆ωfc = 1002 Hz

φ = 91◦ , ∆ωfc = 1002 Hz

φ = −1◦ , No FC

φ = 91◦ , No FC

Unsqueezed Shot Noise

Model
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locked at a detuning of δ ∼ 1 kHz from the local oscillator. The quantum noise model
with independently measured parameters is shown by the dotted lines. The plot
legend gives the corresponding squeeze angle, ϕ, and filter cavity detuning, δ, for
each trace.
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6.4.2 Squeezing injection

As discussed in Section 2.7, the effective quantum noise reduction with squeezing, or
the observed squeeze level, is determined by the amount of generated squeezing and
by degradation mechanisms such as phase noise, optical loss, and mode-mismatch.

Phase noise - In H1, the phase noise is controlled to less than 20mrad in both detec-
tors, as inferred from in-loop error signals (Fig. 6.7) and from sweeps of the generated
squeezing levels using diagnostic homodyne measurements (Fig. 2.10). Addition-
ally, filter cavity detuning fluctuations contribute an additional frequency-dependent
phase noise within the cavity bandwidth. This detuning is stabilized to within 1Hz

or equivalently 1 pm (Fig. 6.10), adding ∼5mrad of excess phase noise around the
detuning frequency. Overall, at the measured levels of generated squeezing, 20mrad

of RMS phase noise reduces measured squeezing by less than 0.2 dB.

Optical losses - Losses can be separated into two categories: the injection losses that
affects the squeezed beam before entering the interferometer, and the readout losses
in the optical path from the signal extraction mirror to the readout photodetectors.

Optical losses in the injection path start from the squeezing generation in the non-
linear crystal. These injection losses include OPO cavity losses, filter cavity losses,
and four passes through Faraday isolators before reaching the interferometer, i.e.,
arriving at the signal extraction mirror. The in-chamber squeezer injection losses are
externally measured by injecting a bright carrier field through the OPO in place of the
control sidebands; we measure the OPO cavity’s optical throughput to be 98.5–98.7%,
in addition to the in-chamber throughput of 93%. Custom low-loss Faraday isolators
were implemented in preparation for O4, with measured single-pass throughput
on the order of 99–99.5% [107]. With four isolator passes, through two isolators on
the squeezer injection platform (one more than O3) and the interferometer’s output
Faraday isolator, the O4 isolators provide a significant reduction in losses over those
used in O3, which each had 96–97% single-pass efficiency. In total, known optical
losses limit the maximum squeezing injection efficiency to about 91%.

Filter cavities at both sites are measured to have<50 ppm of round-trip loss which,
near resonance (∼40Hz), contributes an additional 10% of squeezing loss (see Eq. 53
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and 57 of [76]). At the interferometer output, readout losses limit throughput of both
the interferometer signal and the measured squeeze level. These losses are largely
common to the interferometer and squeezer, and inform our estimate of classical
noise. Based on independently measured optical losses at the output port, readout
efficiencies of up to 91% at H1.

Given knownoptical losses, the total expected throughput is around 84%. However,
a minimum squeezing throughput of 63% is inferred frommeasured squeezing levels,
i.e., the measured shot noise power reduction with squeezing at 1 kHz of 4.0 dB3.

Mode-mismatch - Unlike optical loss, which incoherently mixes squeezed vacuum
with unsqueezed vacuum, mode-mismatch is a coherent mechanism. Due to mis-
match between cavities, a part of the squeezed vacuum is scattered into higher order
spatial modes, which accumulate extra Gouy phase shifts during propagation (see
Eq. 72 of [76]). When these modes are scattered back into the fundamental mode
with a different squeezing angle, the resulting loss has a frequency dependent sig-
nature. Along with the magnitude of mode-mismatch, the squeezing degradation
also depends on the phase of the mismatch which quantifies the relative amount of
mismatch in beam waist size and waist location.

The remaining unknown losses are likely dominated by residual mode-mismatch
and misalignment between the squeezed field, the interferometer cavities, and the
output mode cleaner cavity. In H1, this hypothesis is supported by estimations of the
squeeze level after classical noise subtraction, where the quantum noise reduction
from 100–200Hz is higher, at 4.8 dB, suggesting that unknown losses are frequency-
dependent and thus likely due to mode-mismatch of the squeezer and interferometer.

Tooptimizemode-matchingon the squeezing injectionpath, threedoubly-suspended
active optics elements, realized by piezo-deformable mirrors [108], were installed.
The first deformablemirror optimizesmode-matching between the OPO and the filter
cavity, while the other two mirrors optimize the mode-matching of the frequency-
dependent squeezed vacuum beam to the interferometer.

3Part of this discrepancy has since been resolved after discovering extra loss in the OPO crystal
[117]. See Appendix E for more details.
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6.4.3 Interferomter parameters

Readout losses - Readout losses impact both the shot-noise-limited interferometer
sensitivity without squeezing, and the total quantum noise reduction achievable with
injected squeezing. From the detailed schematic in Fig. 6.1, readout losses from the
output of the signal extraction mirror to the readout photodetectors include one
outgoing pass through the output Faraday isolator, several optical pick-offs required
to stabilize alignments between the interferometer and the output mode cleaner
(OMC), optical round-trip losses in the OMC cavity, and the quantum efficiency of the
readout photodetectors. Separately, the squeezer and interferometer beamsmay have
different mode-matching through the OMC, leading to possible differences in readout
loss between the interferometer and squeezer beams. Excluding mode-mismatch,
the expected readout efficiency is 91% in H1.

Readout losses without squeezing -Many readout losses are common to the squeezer
and interferometer, and thus estimating the shot noise level requires knowledge of
the interferometer’s output losses independent of squeezing. Without squeezing,
detector noise around 1 kHz is dominated by shot noise; this level can be compared
to a shot noise model (e.g. Eq. (1.8)) to estimate the in-situ readout losses, beyond the
known optical losses in the path. The shot noisemodel is primarily determined by the
interferometer laser power and optical response, both of which can be independently
measured.

Key parameters that characterize the interferometer optical response are the
interferometer readout angle and the detuning of the signal extraction cavity (SEC).
Differential losses in the interferometer’s arms lead to an imperfect dark fringe with
excess field at the output, known as the contrast defect. Since this excess field does
not contain information about the differential arm length signal, it results in a non-
zero angle between the signal and readout quadratures, which increases the shot
noise levels at high frequency [39]. Measuring the residual optical power at the dark
fringe of the interferometer provides an upper limit on the readout angle, given in
Table 6.1 [118].

Next, the SEC detuning, often quoted as the round-trip phase shift through the
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cavity in degrees, can be estimated by measuring the interferometer response to an
external drive of the end mirrors [28, 119]. Given this optical response, the shot noise
modelwithout squeezing [39, 76] (Fig. 6.2, red) canbe compared to themeasurednoise
spectra without squeezing (Fig. 6.2, black) to estimate the interferometer readout
losses.

For H1, an analysis of readout losses is complicated by uncertainty in the arm
power, a larger SECdetuning, and a larger readout angle as constrained by the contrast
defect. For the reported parameters in Table 6.1, we estimate less than 20% additional
interferometer readout losses compared to known losses.

For both detectors, the additional interferometer readout losses can be related to
mode-mismatch. For instance, mode-matching of the interferometer output beam
through the OMC is imperfect, and highly dependent on the thermal state of the
interferometer [76]. Another source of mode-mismatch is intra-cavity mismatch
between the signal extraction cavity and the two arm cavities, which varies with
the thermal state of the interferometer and optical defects across the LIGO’s core
optics [120]. The strong dependence of measured squeezing that results from this
can be seen in the long term squeezing trend in O4 (Fig. 6.15), where we note that
reducing the laser power injected into the interferometer led to a significant increase
in measured squeezing.

Quantum noise spectra can also be compared to a model to estimate interfer-
ometer parameters, especially those which are difficult to measure independently,
for e.g. mode-mismatch. Removing non-quantum noise from interferometer noise
spectra is important to get an accurate picture of quantum noise. Classical noise can
be estimated by assuming basic interferometer parameters and subtracting modelled
shot noise from the interferometer spectrum without squeezing. This classical noise,
can then be subtracted from the interferometer noise spectra with varying squeezing
angles to provide several quantum noise curves. An example is shown in Fig. 6.16,
where interferometer parameters are roughly estimated from noise spectra [121]
using an interactive script [122]. More accurate estimations would require rigorous
methods such as Markov-Chain Monte Carlo (MCMC), which are beyond the scope of
this work.
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Figure 6.15: Squeezing trends for the first 5 months of O4. The legend corresponds to
the laser power injected into the interferometer.
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Figure 6.16: Measured squeezing data [121] compared with a quantum noise model.
Model parameters are not obtained from fitting but instead are manually adjusted
using sliders in an interactive squeezing code [122].
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7
CHA P T E R

TUNING LIGO TO BINARY NEUTRON STAR
POSTMERGERS

The discovery of a binary neutron star (BNS) merger by LIGO and Virgo in 2017
(GW170817) [5], and the electromagnetic followup observations of a kilonova [7], have
heralded a new era of observational neutron star physics. Information about the
tidal deformability of the constituent objects [123] is encoded in the gravitational
waveforms of binary mergers, both in the inspiral phase before coalescence [124],
and in the post-merger phase promptly thereafter [125].

While the inspiral effects occur primarily below 1 kHz, the post-merger signal is
expected at kilohertz frequencies [110, 111]. Understanding the post-merger physics
therefore requires improving or targeting detector sensitivity at these higher frequen-
cies. In particular, post-merger waveforms have been simulated for various models
of the neutron star equation of state (EoS) and their Fourier spectra typically show a
narrow band of signal energy concentrated around 2 kHz [125].

In a scenario where multiple gravitational-wave detectors are operational, it may
be beneficial to maximize one or more detectors for sensitivity to these BNS post-
merger signals, while relying on other detectors in the network for inspiral detection
and source localization. Optimizing detectors at high frequencies has been investi-
gated in the context of future major upgrades in current and new facilities [126, 127],
and in a proposal for a new dedicated high-frequency gravitational-wave interferome-
ter [128]. Here we quantify the sensitivity to high-frequency, narrowband post-merger
signals for modified “tunings” of the LIGO interferometers and their upcoming “A+”
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upgrade [129, 130].
Two modifications are considered, with their strain spectra densities shown in

Fig. 7.1. The first is the “wideband” configuration, where the interferometer band-
width is increased to encompass the expected post-merger resonances, and the
second is the “detuned” configuration, where the A+ interferometer is operated with
a high-frequency, narrow-band dip. The only physical changes to the optical system
associated with these new configurations are the transmissivity of the LIGO signal
extraction mirror and filter cavity input mirror. Neither of these new configurations
requires modifying the facility, vacuum envelope or suspension design, so either
could be readily adopted as a near-termmodification to an A+ LIGO interferometer.

7.1 INTERFEROMETER CONFIGURATIONS

The sensitivity of existing gravitational-wave interferometers at frequencies above
a few hundred hertz is limited almost exclusively by quantum shot noise [33, 131].
Quantum shot noise can be reduced by increasing power in the arms of the interfer-
ometer [1], injecting squeezed vacuum states into the output port [42], and by trading
sensitivity at some frequencies for others by changing the optical parameters of the
interferometer [132].

The LIGO detectors [33] use arm cavities to both increase the arm power and
shape the interferometer frequency response, with the addition of a signal extraction
mirror (SEM) to implement the “resonant sideband extraction” scheme [26]. The SEM
forms a signal extraction cavity (SEC) that determines the detector bandwidth. In the
baseline A+ configuration the SEC is operated to resonantly couple the signal out of
the arm cavities, broadening the bandwidth of the detector from 40Hz to 450Hz.

The parameters of the A+ design, shown in Table 7.1, are optimized for detecting
inspiral signals, with quantum noise and classical thermal noise similarly affecting
the detection range. The detector bandwidth, adjusted by the SEM transmissivity, is
chosen to balance the peak sensitivity determined by shot noise and the degradation at
low frequencies caused by radiation pressure noise. Frequency-dependent squeezing
is employed to enhance the interferometer sensitivity at all frequencies. For the
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Figure 7.1: Interferometer configurations under comparison. Representative strain
noise curves of the “A+”, detuned, and wideband configurations are plotted for ref-
erence. Both altered configurations sacrifice sensitivity at low frequencies in order
to increase high-frequency sensitivity. The sensitivity improvement for the detuned
configuration is across a relatively narrow band, and is achieved by detuning the
signal extraction cavity in order to obtain a high-frequency resonant enhancement.
In the wideband configuration, the input transmission of the signal extraction cavity
is reduced in order to increase the interferometer bandwidth. The dashed black curve
corresponds to the strain h̃DS(f) of a lorentzian post-merger signal (Eq. (7.1)) with
f0 = 1798Hz and Q = 28.32, observed at 100Mpc with 0.1M⊙ converted to gravita-
tional wave energy during post merger (see Eq. (7.8)). It is plotted in spectral density
units using the form 2

√
f |h̃DS(f)|. Using Eq. (7.10), the signal-to-noise ratio is calcu-

lated to be around 3 for the baseline A+ configuration.
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various configurations described, an injected squeezing of 12 dB is assumed. Taking
into account the injection and readout losses, which are assumed to be 5% and 10%
respectively, the effective broadband quantum noise suppression in A+ is estimated
to be around 7dB. As radiation pressure noise is not an observable effect at the
frequencies of interest for a post-merger, the relative phase between the squeezed
field and the main interferometer field has been chosen to minimize shot noise.

Representative strain noise curves for the wideband and detuned configurations
described below are shown along with the A+ curve in Fig. 7.1. Notably, squeezing
enhancement plays a crucial role when comparing these alternative configurations.
At post-merger signal frequencies of∼2 kHz, squeezed vacuum states are temporarily
stored in the signal extraction cavity, experiencing its roundtrip loss, ΛSEC, repeatedly
over multiple traversals. For A+, this amounts to a loss of ∼10ΛSEC. The wideband
and detuned configurations change the storage time of the signal extraction cavity,
which can result in strongly degraded squeezing as the SEC loss becomes comparable
to other loss in the system.

Wideband - The wideband configuration increases the bandwidth of a LIGO in-
terferometer by further reducing the SEM transmissivity. We consider TSEM = 0.05,
reducing the peak strain sensitivity, but extending the bandwidth beyond 3 kHz. This
value is chosen so that the interferometer is sensitive to a wide range of frequencies
where BNS post-merger signals are expected to lie. This configuration is not opti-
mized for any particular post-merger model, so it is effective for detecting a variety
of signals.

The decrease in peak sensitivity additionally reduces quantum radiation-pressure
noise, requiring the filter cavity bandwidth to be decreased. This only affects sensitiv-
ity below 100Hz and is not important for the analysis of post-merger signals. Similarly
to A+, squeezing provides a broadband enhancement to the wideband configuration.
Because the arms and SEC stay on resonance, the wideband configuration adds no
additional frequency dependence to squeezing; however, decreasing TSEM modifies
how the loss ΛSEC limits the squeezing enhancement.

In the wideband configuration, the loss added by the interferometer becomes
∼20ΛSEC to ∼40ΛSEC, increasing for signals approaching the detector bandwidth. The
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Table 7.1: Parameters of LIGO configurations. TSEM and TFC are the signal extraction
mirror and filter cavity input mirror transmissions respectively, while ϕSEC and∆ωFC
are the SEC and filter cavity detuning in units of phase and frequency respectively.

Parameter Value
Arm power 750 kW
Power on beam-splitter 5.4 kW
Classical noises Thermal noise [100]
SEC length 55 m
SEC loss (ΛSEC) 0.1%
Injected squeezing 12 dB
Injection loss 5%
Readout loss 10%
Filter cavity length 300 m
Filter cavity loss 60 ppm

A+ Wideband Detuned
SEM transmission (TSEM) 0.325 0.05 Table 7.3
SEC detuning (ϕSEC) 0◦ 0◦ Table 7.3
Signal 3dB bandwidth 450Hz 4.8 kHz Fig. 7.3
Filter cavity transmission (TFC) 0.0012 0.0004 Table 7.3
Filter cavity detuning (∆ωFC) 46 Hz 16 Hz Table 7.3

161



CHAPTER 7. TUNING LIGO TO BINARY NEUTRON STAR POSTMERGERS

loss changes with frequency as the squeezing field transitions from being stored in
the arms to being stored in the SEC, and the increased loss is due to the lower SEM
transmissivity and correspondingly longer storage time. Even so, this increased loss
is still subdominant to the input and output path losses, so squeezing performance is
similar between the A+ and wideband configurations.

Detuned- The SEC can alternatively be operated in a “detuned” state, where it is
held slightly off of resonance by maintaining an optical phase shift ϕSEC using feed-
back control. In this state, the interferometer optical response forms a resonant peak,
resulting in a dip in the quantum noise spectrum in units of strain. This increases
sensitivity at high frequencies at the expense of sensitivity at lower frequencies [33,
39, 133]. When the detuning is optimized for resonances in the kilohertz region, an ad-
ditional narrowband optomechanical spring resonance is formed at low frequencies
(10–30Hz), but overall, this configuration is substantially less sensitive for inspiral
detection and source localization.

The choice of detuning phase ϕSEC affects the frequency of the quantum noise
dip; additionally, the transmissivity of the SEM narrows the resonance of the signal
response and correspondingly deepens the dip in the noise spectrum. In the detuned
configuration, TSEM and ϕSEC must be optimized to achieve maximum signal-to-noise
ratio (SNR) given a distribution of center frequencies and signal bandwidths for
post-merger signals. The configuration will depend on the particular post-merger
model and the performance is computed for several parameter distributions which
are described in Section 7.2.1.

Balanced homodyne readout of the gravitational-wave signal is proposed for A+ as
an improvement over LIGO’s current fringe-offset readout [134, 135]. For the detuned
case, the interferometer signal sidebands are strongly imbalanced above and below
the laser frequency at the resonant dip, so there is not a preferred readout angle for
the post-merger signal detection. Varying the readout angle does not significantly
improve the results or impact the discussion for post-merger signals, and does not
improve low frequency sensitivity, for the detuned case, beyond what is shown in
Fig. 7.1.

The detuned configuration considerably affects squeezing in two ways. First, the

162



7.2. BINARY NEUTRON-STAR POST-MERGER TEMPLATES

unbalanced optical response of the interferometer results in a frequency-dependent
rotation of the phase of the squeezed field relative to the main interferometer field,
whichmust be compensated using a similarly unbalanced filter cavity. Along with the
SEC parameters, this analysis optimizes the filter cavity input mirror transmission
and resonance frequency ∆ωFC to maximize average SNR (see Eq. (7.11)) for each
parameter model. The filter cavity roundtrip loss is kept constant at the A+ design
level of 60 ppm.

Second, for the parameters of Table 7.1, the lower SEM transmissivity required for
detuning causes the interferometer to inflict a squeezing loss of ∼200ΛSEC within the
narrow frequency band of the optical resonance. This loss is equal or greater than
the expected total input and output losses, which prevents squeezing from providing
as large a benefit to the peak strain sensitivity in the detuned case as for the wideband
or A+ cases, even with optimized filter cavity parameters. Instead, the frequency
dependence of the effective loss outside the interferometer bandwidth causes the
squeezing to increase the effective band of the dip in strain spectral noise density.
This effect is shown in the noise curves in Fig. 7.3, where optimized configurations
with and without squeezing have been plotted together.

7.2 BINARY NEUTRON-STAR POST-MERGER TEMPLATES

Binary neutron star post-merger waveform models consistently show that much
of their gravitational strain signal energy is contained within a limited frequency
band [125]. For the purpose of comparing the SNR of detections, we approximate
each post-merger narrowband signal as a damped sinusoid (DS) [136], which has a
frequency-domain representation that is the symmetric composition of positive and
negative frequency complex lorentzian damped envelopes (DE):

h̃DS(f) = h̃DE(f) + h̃∗DE(−f), (7.1)

h̃DE(f) =

√
H

4π
· eiθ(f)

√
f0/Q

f0/2Q+ i(f − f0)
. (7.2)
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Here f0 is the signal’s central frequency, and its bandwidth is set by its Q factor. H
is the total energy of the strain signal. eiθ(f) indicates additional parameters in the
phase response [136], but these do not affect the SNR calculations, which rely only
on the magnitude of the frequency-domain signal. For the detuned configuration,
the interferometer’s optical resonance bandwidth and dip frequency produces the
greatest SNRwhen it iswellmatched to thewaveformbandwidth and center frequency,
but due to loss, the interferometer dip is generally of lower Q than the templates.

The ability to match the detector to the signals is limited by the natural variability
in the center frequency of post merger waveforms. Simulations of neutron star inspi-
ral models have informed phenomenological relations between astrophysical system
parameters and parameters of the resulting post-merger signal [136, 137]. These
relations lead to a varying waveforms with distribution function p(f0), resulting from
the distribution of binary neutron star systems. Table 7.2 shows seven such distribu-
tions and their associated optimized interferometer parameters. These distributions,
derived in the following section, are not tied to specific neutron star models, but
instead span the uncertainty of the phenomenological waveform parametrizations.

7.2.1 Astrophysical Distributions of Model Parameters

This section establishes the phenomenological parameterizations used for the wave-
form template distributions. The form for the templates and their underlying phe-
nomenological fits is derived from a set of numerical binary neutron star inspiral
simulations [136]. The simulations and fits provide the general form for relating BNS
systemmassM to the post-merger waveform central frequency, f0. The cited work
does not provide relations for the waveform Q, and this is discussed below.

In Section 7.2 the BNS post-merger signal wasmodeled as a lorenztian with central
frequency f0 and quality factorQ. From Eq. (7.2), the peak frequency-domain strain
amplitude for the lorenztian is

hpeak-f = |h̃DS(f0)| ≈
√
QH

πf0
, (7.3)
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which may be related to the peak strain in the time-domain waveform as

hpeak-t ≈
2πf0
Q

hpeak-f. (7.4)

These peak strain formulas in time and frequency domains can be applied to Table 1.
of [136] to derive the waveform Q value for each numerical simulation.

Using the peak strain values and the Q, one can then determine the waveform
signal energy, normalized by total mass and distance. The strain signal energy for a
general template is

H =

∞∫

−∞

|h(t)|2dt =
∞∫

−∞

|h̃(f)|2df. (7.5)

For signals with a bandwidth small enough that the interferometer noise spectrum
can be considered approximately constant in frequency, this expression leads to
SNR2 ≈ 4H/PSD(f0). This approximation is why strain signal energy provides a
particularly morphology independent SNRmetric to be computed from numerical
simulations. Additionally,H can be related to the total energy emitted in the form of
gravitational waves into the ringing post-merger signal. The energy in a strain signal
is [111]

EGW =
c3

G

4

5
π2D2

+∞∫

−∞

f 2|h̃(f)|2 df, (7.6)

whereD is the distance to the source. This expression has an unphysical divergence
if integrated to frequencies above 2f0 for the damped-sine model. When the integral
is confined to frequencies where hDS is a good approximation, then in the limitQ≫ 1,
the energy of a damped sine can be approximated as

EGW =
c3

G

4

5
π2D2f 2

0H. (7.7)

MPM is the amount of mass that is converted to gravitational wave energy during the
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post-merger

H = (2πf0D)−2 5G

c
MPM. (7.8)

These waveform properties are used to formulate the dependence of the model
templates on astrophysical parameters. The center frequency f0 of the lorentzian
template model depends only on the total massM of the binary [137]:

f0(M, q) =
C1

M
. (7.9)

The constant C1 parameterizes this dependence, and it is related to the tidal de-
formability constant Λ̃ of the binary. The distribution of f0 then depends on the
astrophysical distribution of masses of neutron stars in merging binary systems. For
this, we assume a gaussian distribution of neutron star masses [138] centered around
1.35M⊙ with a width of 0.05M⊙.

In principle, the Q is expected to depend on the binary’s parameters, such as the
mass ratio, the tidal deformability, and the equation of state. For a given post merger
model, it could be assumed that the EoS and tidal deformability are constant, with
the only important parameter varying astrophysically being the mass ratio q. Using
Eq. (7.4), I of [136] is used to calculate Q and plot it against these parameters. Fig. 7.2
shows that the dependence of Q on the mass ratio q does not appear to follow any
particular functional form, but Q lies between 15 and 60 for mass ratios q < 1.6. In
order to remain within this range,Q is unlikely to be a strong function of q. Because
the expected mass ratio makes typical values of q < 1.2, the astrophysical variability
of Q is sufficiently small that it does not affect this analysis, so it is fixed in each
distribution. As a result, each distribution has only an astrophysical variation of f0.
The choice of constants, C1 and Q for each distribution is listed in Table 7.2.

The SNR of each signal is calculated from each configuration’s power spectral
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Figure 7.2: Lorentzian Q factors inferred from simulation data contained in I of [136]
plotted against the mass ratio q of the binary. The colorbar shows the mass weighted
tidal deformability Λ̃. The solid lines correspond to the values of Q that have been
chosen for the astrophysical distributions (see Table 7.2) of lorentzian signals in the
analysis. These value are chosen in order to cover the range that is seen in simulation
results.
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Table 7.2: Different astrophysical distributions for various choices of constants
C1in Eq. (7.9). The second last M(f0) represents the most likely f0 for the distri-
bution. Values of C1 have been chosen in accordance with Table 1 of [137] to cover a
range of frequencies (and tidal deformations). The distributions use fixedQs which
have been chosen to cover the range of values that are obtained from simulation
results (See Fig. 7.2)

Distribution C1 M(f0) Q
(kHzM⊙) (Hz)

LQLF 4.86 1800 15
MQLF 4.86 1800 30
HQLF 4.86 1800 60
LQMF 7.02 2600 15
MQMF 7.02 2600 30
HQMF 7.02 2600 60
HQHF 9.10 3333 60

density (PSD) and the signal’s waveform, h̃DS(f), using

SNR2
config = 4

∞∫

0

|h̃DS(f)|2
PSDconfig(f)

df, (7.10)

where h̃DS depends on the waveform’s central frequency f0 and its Q factor. The
average ratio of the detuned SNR to the wideband SNR, weighted over the distribution
p(f0, Q), provides a figure of merit, η, to compare configurations:

η2 ≡
∫
p(f0, Q)

SNR2
detuned

SNR2
wideband

df0 dQ. (7.11)

Similarly, the efficacy of the wideband configuration compared to the baseline of A+
is expressed as

η2WB/A+ ≡
∫
p(f0, Q)

SNR2
wideband

SNR2
A+

df0 dQ. (7.12)
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Table 7.3: Optimal interferometer configurations and improvement factors, η (see
Eq. (7.11)) for various astrophysical distributions, which are described in Table 7.2.
The SEC is 55m long with a roundtrip loss ΛSEC of 0.1%. The filter cavity is 300m
long with a roundtrip loss of 60 ppm. ηWB/A+ (see Eq. (7.12)) shows the average SNR
improvement provided by the wideband configuration with respect to A+. The last
column fpeak is the frequency (in Hz) that corresponds to the peak sensitivity in the
detuning dip.

Dist. TSEM ϕSEC TFC ∆ωFC(Hz) η ηWB/A+ fpeak
LQLF 0.72% 2.38◦ 0.30% 1843 1.29 1.38 1741
MQLF 0.70% 2.36◦ 0.29% 1846 1.34 1.41 1748
HQLF 0.69% 2.36◦ 0.28% 1850 1.37 1.42 1753
LQMF 0.83% 1.37◦ 0.62% 2766 1.04 1.76 2505
MQMF 0.78% 1.37◦ 0.59% 2765 1.07 1.81 2519
HQMF 0.76% 1.36◦ 0.56% 2764 1.09 1.83 2527
HQHF 1.13% 0.76◦ 1.04% 3783 1.00 2.10 3227

7.3 RESULTS

Table 7.3 shows the optimal interferometer parameters and relative improvement that
is achieved by detuning the SEC for various astrophysical distributions of BNS post-
merger signals. The wideband configuration provides an average SNR improvement
ηWB/A+ of 1.38− 2.10 over A+. The average SNR improvement from detuning, η, lies
between 1.00 and 1.37 relative to the wideband for the optical parameters of Table 7.1.

The improvement provided by detuning the interferometer is generally lower
for distributions that center around higher frequencies and lower Q factors. The
case in which detuning is most favorable, corresponding to the distribution labelled
HQLF (high-Q low-frequency), is presented in Fig. 7.3, which shows strain noises and
the SNR improvement over a range of lorentzian signals. This configuration has an
η = 1.37.

From the shaded magenta region in Fig. 7.3, which encloses 90% of the signals
under the HQLF model, the detector dip is sufficiently wide to provide a benefit over
the entire range of expected parameters. This is noas the astrophysical distribution
of the center frequencies has a spread of approximately 200Hz, which makes the
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distribution cover a wider band than the templates themselves forQ > 10. Because of
this spread, even if the interferometer were lower loss and could obtain higher peak
strain sensitivity in the detuned configuration, it cannot be configured to optimally
match the interferometer resonance to the template resonance due to the distribution
of center frequencies. Instead, loss widens the sensitive band to cover the distribution
of templates, but reduces the peak sensitivity and relative SNR improvement.

The relative benefit for the detuned interferometer, reported independently for
each model distribution, provides a best-case analysis where the astrophysical model
of BNS post-mergers is assumed to be sufficiently constrained to allow interferometer
optimization. The relative SNR can be cubed to represent the relative improvement to
the detection volume or, relatedly, the relative rate of detections. The largest η = 1.37

corresponds to a factor of 2.57 increase in post-merger signal detection rate over the
wideband configuration. If the post-merger model is not known, the detuning center
frequency must be scanned by tuning the SEC roundtrip phase, distributing time
amongst potential detection frequencies. Scanning can thus significantly reduce the
rate benefit of detuning. The wideband optimization has improved sensitivity at all
of the potential models and avoids the need for scanning.

7.4 ADDITIONAL CONISDERATIONS

7.4.1 Loss in the signal extraction cavity

Fig. 7.4 shows the effect of SEC loss on the relative performance improvement of
the detuned configuration over the wideband configuration. This figure indicates
how severely the SEC detuning method is limited by optical loss within the SEC.
The decreased SEM transmissivity required for a narrowband response creates an
optical cavity where signal field crosses several optic surfaces and substrates such
as the beamsplitter many more times than in the A+ or wideband configurations.
Because of its use of optical resonance, the detuned configuration can nearly saturate
the sensitivity available given the loss [139], and squeezing tends to simply increase
the bandwidth at peak sensitivity, as shown in the strain curve in Fig. 7.3. On the
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Figure 7.3: Performance comparison between the detuned and wideband configura-
tions for the high-Q-low-frequency (HQLF) distribution of BNS post-merger signals
(Table 7.2) which peaks at f0 = 1.8 kHz, and has Q = 60. The left plot shows the
strain noise curves for wideband, detuned and purely detuned (without squeezing)
configurations. For the detuned configurations, the enhancement provided by squeez-
ing in the resonant dip is degraded due to the roundtrip loss of the SEC. However,
the width of the dip is broadened significantly. The plot on the right shows the
signal-to-noise ratio (green trace) of the detuned configuration with respect to the
wideband configuration over a range of lorentzian central frequencies. The dashed
blue trace corresponds to the probability distribution of signals as a function of cen-
tral frequency. The detuned interferometer has been optimized to maximize η for the
distribution HQLF. The parameters of the detuned configuration are given in the third
row of Table 7.3. The shaded magenta region corresponds to the region containing
90% of the signal probability. The overall SNR improvement η is calculated to be 1.37
for this configuration.
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other hand, because of squeezing, the wideband configuration also approaches the
maximum possible sensitivity, given loss, without sacrificing signal bandwidth.

A roundtrip power loss of 0.1% in the SEC is used for the interferometer models in
this analysis. This value is optimistic and results from adding assumed losses from all
anti-reflection (AR) coating transmissions (500 ppm), reflections (200 ppm), clipping
on the beam splitter and other optics (100 ppm), and imperfect interference at the
beam splitter (200 ppm). Measurements from the LIGO interferometers in the third
observing run (O3) establish an upper bound of 0.3% loss.

The A+ upgrade intends to address issues that impact loss, but is unlikely to drive
the SEC loss below the optimistic value used herein, reiterating that the relative
improvements quoted for detuning represent best-case scenarios. Further improve-
ments, or future detectors, may achieve lower loss in the SEC by reducing the number
of AR-coating transmissions (e.g., by flipping the beam splitter to favor the SEC and
removing compensation plates), reducing the number of reflections (e.g., by avoiding
telescope optics in the SEC), and by reducing wavefront phase distortion (e.g. better
compensating substrate index variations during polishing).

7.4.2 Operational Challenges

Both the wideband and detuned configurations require lowering the SEM transmissiv-
ity from TSEM ≈ 30%, which will alter the operating parameters of the interferometer
and require time to implement. In addition to the signal fields, the interferometers
also employ radio-frequency sideband fields to sense internal degrees of freedom
related to the the power and signal extraction cavities, as well as the alignment of
optics. The wideband configuration maintains the same operating modes for these
fields and cavities, adjusted only by SEM transmission becoming TSEM → 5%.

The detuned configuration requires amore extreme adjustmentwithTSEM → 0.8%.
In addition, detuned operation results in imbalanced sidebands that not only impact
the signal, but also the RF control fields used for alignment control and stabilizing
internal degrees of freedom. Maintaining detuning using the current configuration of
auxiliary fields requires adding control-point offsets, which can impact the reliability
of continuous operation [140, 141]. In total, detuning requires a considerable alteration
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Figure 7.4: The effect of SEC loss on BNS post-merger sensitivity. The plot on the left
demonstrates how the relative improvement factor for optimized interferometers
(Eq. (7.11)) is limited by the roundtrip SEC loss ΛSEC for various distribution models
used for interferometer optimization. The A+ SEC loss limits sensitivity improvement
to around 50% of the zero loss case. The right plot shows optimum strain curves
for distribution model MQMF as SEC loss ΛSEC is varied. Loss lowers the Q of the
resonant band and squeezing widens the band to create a flat response. To maintain
optimal performance, the resonance and squeezing effects of loss on dip bandwidth
are balanced using the SEM transmission.
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of the operating controls and electronics, which would require significant time to
implement.
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OUTLOOK

In this thesis, we have described the latest improvement to quantumnoise limited sen-
sitivity in inteferometric gravitational wave detectors. After four decades of research
in quantum noise reduction in gravitational wave detectors, frequency dependent
squeezing was deployed in the LIGO detectors deployed for the first time during the
fourth gravitational wave observing run. This technique, which is routinely used in
both LIGO detectors at the time of writing, has been instrumental in significantly
increasing the detection rate of gravitational wave events. In addition to astrophysical
impact, this has also ushered in the era of quantum non-demolition gravitational
wave detectors that operate at sensitivities which surpass the standard quantum limit
[142].

Optical loss and transverse mode-mismatch, however, severely limit the total
noise reduction provided by squeezing. In order to achieve high levels of measured
squeezing, it is imperative to understand and mitigate these sources of degradation.
Future observing runs and third generation detectors aim to reach 10 dB of squeezing.
Achieving this would require the total effective loss to be limited to less than 10%.
The sum of the known losses is currently a factor of 2 above this and it is necessary to
develop high quality optics in order to minimize propagation and intracavity losses.
Of particular interest is a careful study of the effect of squeezer crystal losses and
degradation which becomes dominant as other losses are reduced. Additionally,
minimizing effective loss requires achieving near perfectmode-matching between the
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various cavities of the interferometer. This is especially challenging in the presence
of thermal effects that are exacerbated by the increasing power circulating in the
arm cavities. Addressing this requires significant advances in our mode sensing and
actuation capabilities; this is a highly active area of research in gravitational wave
detection [120, 143, 144].

Beyond improvements to frequency dependent squeezing, there are also several
proposals to explore novel techniques in quantum noise reduction [145–149]. In order
to apply these techniques to working gravitational wave interferometers would, how-
ever, require significant progress in overcoming technical and operational challenges
that currently limit the feasibility of these methods.

Finally, we also note that the technologies developed in the pursuit of improving
quantum noise reduction in LIGO can have a far reaching impact in the field of optical
precisionmeasurement in general, where reducing imprecision and subsequent back
action to overcome the standard quantum limit plays a pivotal role in the future of
such experiments [150–154].
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LIST OF ACRONYMS AND SYMBOLS

Acronym Description
ADF Audio Diagnostic Field
AFC Amplitude Filter Cavity
AOM Acousto-Optic Modulator
ASD Amplitude Spectral Density
BBH Binary Black Hole
BNS Binary Neutron Star
CLF Coherent Locking Field
DARM Differential Arm Length
DE Damped Envelope
EOM Electro-Optic Modulator
FC Filter Cavity
FCG Filter Cavity Green
HAM Horizontal Access Module
HD Homodyne
H1 LIGO Hanford Detector
HWHM Half-width half-maximum
IFO Interferometer
L1 LIGO Livinsgton Detector
LIGO Laser Interferometer Gravitational Wave Observatory
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Acronym Description
LO Local Oscillator
OPO Optical Parametric Oscillator
OMC Output Mode Cleaner
PDH Pound Drever Hall
PPKTP Periodically Poled Potassium Titanyl Phosphate
PSD Power Spectral Density
QPD Quadrant Photodiode
RMS Root Mean Square
RLF Resonant Locking Field
SEC Signal Extraction Cavity
SEM Signal Extraction Mirror
SHG Second Harmonic Generation
SNR Signal to Noise Ratio
SPDC Spontaneous Parameter Downconversion
SQL Standard Quantum Limit
SQZ Squeezing
TTFSS Table Top Frequency Stabilization Servo
VCO Voltage Controlled Oscillator
WB Wideband
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Symbol Description
â, â† Optical mode ladder operators
â+, â

†
− Sideband ladder operators

â1, â2 Quadrature ladder operators
a/⃗a Sideband/Quadrature vector
b̂ Generalized ladder operator
c Speed of light, c = 299 792 458m/s

e Scalar quantity/Error signal
E Energy
E Electric Field
f Frequency
g Nonlinear gain
G Gravitational Constant, G = 6.674× 10−11m3kg−1s−2

G ADF transmission gain (Chapters 5 and 6)
h Strain
ℏ Reduced Planck constant, ℏ = 1.055× 10−34Js

Ĥ Hamiltonian
H Strain signal energy
H/H Optical system transfer matrix (sideband/quadrature basis)
I Photocurrent
k Wavenumber
K Optomechanical coupling
L Length
m Mass
mp,mq Quadrature observable
N Noise
P Power
P Induced polarization
Q Quality Factor
r Optical field reflectivity
R Optical power reflectivity
Sx Power spectral density of quantity x
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Symbol Description
t Optical field transmissivity
T Optical power transmissivity
z Squeeze factor
Z Cavity enhanced squeeze factor
α Coherent field amplitude
γ Bandwidth
∆ Detuning angle
η Squeezing efficiency
Λ Optical loss
θ Squeezing rotation
θD Demodulation angle
ω Angular frequency ω = 2πf

Ω Angular sideband frequency
ϕ Squeezing angle
ψ Squeezer pump phase
σ2
X Variance of operatorX

Υ Mode matching efficiency
χ Susceptibility
Ξ Dephasing
ζ Local oscillator phase
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OPTICAL CAVITIES

B.1 FABRY-PEROT CAVITY

An optical Fabry-Perot cavity, shown in Fig. B.1, consists of an input and an output
mirror. We denote the field reflectivities of the input and output mirrors by r1 and
r2 respectively. Similarly, the field transmissivities are denoted by t1 and t2. The
roundtrip phase of the cavity is given by 2ϕ, where ϕ = kL for a cavity length L and
wavenumber k. The relation between the incoming and reflected fields is given by
[155],
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Figure B.1: Fabry-Perot cavity.
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r =
ar
ain

= r1 −
t21r2e

−2iϕ

1− r21r2e
−2iϕ

. (B.1)

For a resonant cavity, the round trip phase is a multiple of 2π, i.e., e2iϕ = 0. Using
this, ϕ can also be written in terms of the frequency detuning from resonance, Ω,

ϕ = ΩL/c. (B.2)

In the following calculations, we assume that the output mirror is completely
reflective (r2 = 1, t2 = 0) and the cavity mirrors do not have loss, i.e. r21 + t21 = 1. For a
small detuning, we can expand the exponential in Eq. (B.1) to write,

rc =
r1 − (1− 2iϕ)

1− r1(1− 2iϕ)
. (B.3)

Using the high finesse approximation where t1 ≪ 1, we can write,

rc =
√

1− t21 ≈ 1− T1/2, (B.4)

where T1 = t21, is the power transmissivity of the input mirror. This gives us the
following expression for the cavity reflectivity:

rc =
−T1/2 + 2iϕ

T1/2 + 2iϕ− iT1ϕ
≈ −1− 4iϕ/T1

1 + 4iϕ/T1
= −1− iΩ/γ

1 + iΩ/γ
, (B.5)

where γ = cT1/4L is known as the cavity half bandwidth or cavity pole. The transfer
function between the circulating and output fields of a cavity is given by,

tc =
t1

1− r1e−2iϕ
≈

√
T1

T1/2 + 2iϕ
=

√
cγ

L

1

γ + iΩ
. (B.6)

B.2 INTERFEROMETER OPTICAL GAIN

In this section, we calculate the transfer from a displacement signal in a Fabry-
Perot Michelson interferometer (Fig. B.2) to the output power at the interferometer’s
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Figure B.2: Fabry-Perot Michelson Interferometer.
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antisymmetric port. The arm cavity power, bandwidth and length are given by P , γ
and L respectively. At a sideband frequency Ω, a displacement modulation ∆x(Ω)

provides a phase shift of e−2ik∆x to the circulating field in the cavity. The field exiting
one of the arm cavities is given by

E1(Ω) ≈ tc(Ω)
√
P (1− 2ik∆x(Ω)), (B.7)

where tc is the cavity field output given in Eq. (B.6). Similarly, the field exiting the
other arm cavity sees the same phase shift but with an opposite sign, and is given by,

E2(Ω) ≈ tc(Ω)
√
P (1 + 2ik∆x(Ω)). (B.8)

The field at the anti-symmetric port of the interferometer is then given by,

Eas(Ω) =
E2 − E1√

2
= 4ik

tc(Ω)√
2

√
P∆x(Ω). (B.9)

The output field in the interferometer beats with a bright field with power Po at
the carrier frequency known as a local oscillator. In LIGO’s DC homodyne readout,
this local oscillator is generated by operating the interferometer slightly offset from
the dark fringe. The beatnote between the signal and local oscillator at the output
photodetector is given by

Psig(Ω) =
√
PoEAS(Ω) (B.10)

The optical gain at frequency Ω is thus, given by,

g(Ω) = Psig(Ω)/∆x(Ω) = 4k
√
PPo

√
cγ

2L

1

γ + iΩ
(B.11)

B.3 INTERFEROMETER SHOT NOISE

The optical power measured by photo-detector is related to the photon flux,

Ppd = ℏω0N̂ = ℏω0â
†â (B.12)
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For a homodyne measurement of a signal with a local oscillator, this can be written
as

Ppd = ℏω0N̂ = ℏω0(α
∗ + δâ†)(α + δâ), (B.13)

where δâ corresponds to the signal/noise field. Writing the local oscillator α = |α|eϕ.
We can then write the above expression as

PPD = Po +
√
2ℏω0|α|(â1 cosϕ+ â2 sinϕ) +O(â21) +O(â22), (B.14)

where Po = ℏω0|α|2 is the local oscillator’s DC power on the photodiode, and â1, â2
are the quadrature operators of the signal field. For a bright local oscillator, we can
ignore the higher order terms in â1. The power spectral density of the measured
power can be calculated using the Wiener-Khinchin theorem [53],

SP (Ω) =

∫ ∞

−∞
dte−iΩt⟨PPD(t)PPD(0)⟩. (B.15)

Without loss of generality, we can set ϕ = π/2 1. The spectral density of the measured
power is, then, given by,

SP (Ω) = 2ℏ2ω2
0|α|2

∫ ∞

−∞
dte−iΩt⟨â2(t)â2(0)⟩ = 2ℏω0PoSâ2(Ω) (B.16)

From Eq. (2.15), we know that the spectral density of a quadrature for a coherent
vacuum state is equal to to 1. Thus, we can write Eq. (B.16) as,

SSNP = 2ℏcKPo. (B.17)

We can then use the optical gain calculated in Eq. (B.11) to convert this expression
into units of strain

SSNh = SSNP /|Lg(Ω)|2 = ℏγ
4kLP

(
1 +

Ω2

γ2

)
(B.18)

1We choose this value so that the measurement probes the phase quadrature. Choosing ϕ ̸= 0 will
yield a combination of the spectral densities of the two quadratures, which are equal for a coherent
vacuum state
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FILTER CAVITY INITIAL ALIGNMENT

This appendix describes the initial alignment of 300m filter cavities at the LIGO
detectors. The cavitymirror alignments are initially estimated from the survey results
obtained during the construction of the cavity infrastructure [156, 157]. After this,
the following procedure (Fig. C.1) is followed to align the cavity to the 532 nm locking
field,

a) The steering mirrors before the filter cavity are adjusted to make sure that the
cavity single pass beam exits the vacuum chamber’s view port. Both filter cavity
mirrors’ transmissivity in 532 nm is 1%, and a 1mW input beam would result in
a single pass transmission power of 10 µW, which is bright enough to be used
for alignment.

b) The filter cavity input mirror is adjusted such that the incoming beam and the
retro-reflection are co-aligned with each other.

c) A retro-reflector is installed on the single path transmission from the filter
cavity. This beam undergoes another reflection from the filter cavity endmirror.
The filter cavity end mirror is then adjusted so that all the reflections line up
with each other. At this point, cavity flashes should be visible on transmission
and can be used for precise alignment of the filter cavity.
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Figure C.1: Filter cavity initial alignment procedure
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FILTER CAVITY BACKSCATTER IN LIGO

Light leaking from the LIGO interferometer’s output Faraday isolator into the squeez-
ing injection path is modulated by residual length noise in the filter cavity to produce
parasitic signals that contaminate the measured gravitational wave signal with noise.
In this appendix, we roughly compute the contribution of the this backscattered light
to the noise curve of the interferometer.

In other to measure the conversion between filter cavity length modulations and
the displacement signal observed on the interferometer, the filter cavity end mirror
position was driven with a large 40Hz excitation [158] with an rms of 9 pm. This in
turn, produced a excess in noise in a 2.5Hz band around 40Hz with an r.m.s. noise of
6.8× 10−20 m. From this measurement we can roughly calculate that the conversion
between filter cavity length and excess noise in DARM is around 7.5× 10−19 m/pm.
After accounting for the radiation pressure gain in the interferometer arms which
can be approximated as a 1/f 2 response below 35Hz, we can make an model a rough
conversion between filter cavity length noise and excess noise in DARM (Fig. D.1).

The filter cavity length noise shown in Fig. 6.10 is measured in-loop. In order to
compute the true length noise of the filter cavity, we need to account for the sensing
noise that is re-injectedby the control loop. After removing the loop suppressionof the
RLF length control (Fig. 6.9), we observe in Fig. D.2 that themost of the environmental
noise in the filter cavity length is at low frequencies below 10Hz1. Since the sensor is

1For these computations, the gain of the measured transfer function has been adjusted in order to
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Figure D.1: Conversion between filter cavity length noise and excess noise in the
interferometer.
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Figure D.2: Filter cavity open loop length noise. The flat shot noise at high frequencies
is the sensor’s noise floor.

shot-noise limited, it follows that the sensing noise is flat.

After applying the loop suppression to the environmental noise and the closed
loop gain to the sensing noise, we can estimate the true length noise of the filter
cavity (Fig. D.3). Projecting this length noise to the interferometer (Fig. D.1) gives
us an estimate of the contribution of the backscatter from the filter cavity to the
interferometer’s noise spectrum. This is shown in Fig. D.4. We see that while this
noise is below the interferometer’s noise floor, this difference is less than two orders
of magnitude below. For future upgrades to the LIGO detectors which include higher

account for changes in the plant
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Figure D.3: Filter cavity true length noise.
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Figure D.4: Filter cavity length noise projected to the interferometer.

levels of power and squeezing, it is imperative to mitigate the effect of backscatter
and further minimize residual filter cavity length noise.
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OPO CRYSTAL DEGRADATION

E.1 CRYSTAL LOSS AT 532 NM

Green losses present an operational issue as LIGO moves towards higher generated
squeezing levels.

E.1.1 Gray Tracking in KTP

Gray tracking refers to laser induced photochromic and electrochromic damage
in KTP that lead to the formation of visible ‘gray tracks’ [159]. Irradiation by laser
power (which contains energy that is mostly above the crystal bandgap) leads to
the formation of electron/hole pairs in the crystal. In most case, these pairs rapidly
recombine without altering the material. However, some of these electrons and holes
are captured by Fe3+ and Ti4+ impurities, which leads to the creation of absorption
centers in the crystal.

E.1.2 Green OPO losses in LIGO

Green loss studies at LIGO Livingston (L1) [160] and LIGO Hanford (H1) [161] suggest
the presence of gray tracking effects. Both sites show a rapid degradation in 532
nm transmission through the OPO in the first 1-2 weeks following a crystal position
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movement (Fig. E.1), which asymptotically flattens out soon after. The intensity
of pump light in the crystal is of the order of 10-100 kW/cm2. This short timescale
is consistent with gray tracking related green loss reported in literature. Higher
intensities result in degradationwith timescales as short as 15minutes being recorded
for 100 MW/cm2 intensities [162–164]. Apart from pump intensity, damage from gray
tracking depends on other factors too. Higher crystal temperatures correspond to
lower damage related loss, with gray tracking vanishing for crystals that are operated
above 150◦C [162]. Additionally, themethod of crystal growth also affects gray tracking,
withhydro-thermally grownKTPbeingmore resistant to gray tracking thanflux grown
KTP [165]. Annealing KTP in air has also been shown to make it more resistant to
gray tracking [166]

Because of the cavity enhancement for generating 1064 nm squeezed light, the
amount of green pump power required to produce high levels of squeezing is signifi-
cantly lower than what is required for single pass crystals. As a result, LIGO’s 532 nm
pump intensity is 3-4 orders of magnitude below those studied in literature and a
direct comparison between the different timescales is not very informative.

E.2 CRYSTAL LOSS AT 1064 NM

Red crystal losses directly limit usable squeezing levels. Such losses can be observed
as OPO intracavity loss, and are often referred to as the OPO escape efficiency.

E.2.1 GRIIRA

Studies of GRIIRA (GReen Induced InfraRed Absoprtion) show that while green light
does induce infrared loss in KTP, this too happens on fast timescales that are similar to
those of the green degradation. Additionally, once the crystal ceases to be illuminated
by green light, the infrared losses reduce over relatively short timescales, with the
absorption reducing to unmeasureable levels after relaxation for a few days [163].
The cited study used 320 MW/cm2 of green light.

GRIIRA thus suggests that green light can indeed introduce red absorption losses,
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Figure E.1: OPO 532 nm transmission at H1 during O4 after crystal movement in Oct.
2023.
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but that these red losses quickly return to almost unmeasurable levels after turning
off green pump light for a few days. It is unknown whether this effect is a limitation
for squeezing at the low pump intensities used in LIGO.

E.2.2 LIGO squeezing losses from OPO red cavity losses

No evidence of a slow degradation of IR loss in the OPO is clear from looking at
long term squeezing trends in O4 (Fig. 6.15). For the LIGO OPO, there are limited
measurements of red crystal losses after installation, as no 1064 nm light is coupled
in throughM1 port (the squeezed light out-coupler). Making this path available would
allow in-situ red cavity scans sensitive to intracavity squeezing losses. Due to the high
reflectivity of the 1064 nm in-coupler (M2), measurements of the ratio of transmitted
OPO seed power to reflected OPO seed power are not very sensitive to small changes
in 1064 nm intracavity losses [167].

E.2.3 Crystal spot movement at H1

In an attempt to track down unknown squeezing loss, the OPO pump beam spot on
the squeezer crystal at H1 was moved in October 2023 [117]. The crystal movement
resulted in an increase in the amount of measured squeezing in both the diagnostic
homodyne detector and interferometer (Fig. E.2). However, there is no evidence to
suggest that the excess loss before the crystal move was related to the green light
induced absorption loss in the crystal. It ismore likely that the previous beamposition
on to lie in a region of the crystal with excess optical loss. Further study to understand
squeezing loss after long term squeezer operation in LIGO is ongoing.



E.2. CRYSTAL LOSS AT 1064 NM
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Figure E.2: Normalized distribution of measured squeezing at H1. As discussed
in Section 6.4.3, the amount of measured squeezing increased after reducing the
interferometer’s input laser power. Moving the beam spot on the crystal further
increased the measured squeezing by a significant amount.
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