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ABSTRACT

In 1988, D. Kazhdan and G. Laumon constructed the Kazhdan-Laumon category, an abelian
category A associated to a reductive group G over a finite field, with the aim of using it
to construct discrete series representations of the finite Chevalley group G(F,). The well-
definedness of their construction depended on their conjecture that this category has finite
cohomological dimension. This was disproven by R. Bezrukavnikov and A. Polishchuk in
2001, who found a counterexample for G = SLs.

Since the early 2000s, there has been little activity in the study of Kazhdan-Laumon cat-
egories, despite them being beautiful objects with many interesting properties related to the
representation theory of G and the geometry of the basic affine space G/U. In the first part
of this thesis, we conduct an in-depth study of Kazhdan-Laumon categories from a modern
perspective. We first define and study an analogue of the Bernstein-Gelfand-Gelfand Cate-
gory O for Kazhdan-Laumon categories and study its combinatorics, establishing connections
to Braverman-Kazhdan’s Schwartz space on the basic affine space and the semi-infinite flag
variety. We then study the braid group action on D°(G/U) (the main ingredient in Kazh-
dan and Laumon’s construction) and show that it categorifies the algebra of braids and ties,
an algebra previously studied in knot theory; we then use this to provide conceptual and
geometric proofs of new results about this algebra.

After Bezrukavnikov and Polishchuk’s counterexample to Kazhdan and Laumon’s original
conjecture, Polishchuk made an alternative conjecture: though the counterexample shows
that the Grothendieck group Ky(.A) is not spanned by objects of finite projective dimen-
sion, he noted that a graded version of Ky(A) can be thought of as a module over Laurent
polynomials and conjectured that a certain localization of this module is generated by ob-
jects of finite projective dimension. He suggested that this conjecture could lead toward
an alternate proof that Kazhdan and Laumon’s construction is well-defined, and he proved
this conjecture in Types A;, Ay, A3, and By. We prove Polishchuk’s conjecture for all types
and prove that Kazhdan and Laumon’s construction is indeed well-defined, giving a new
geometric construction of discrete series representations of G(IF,).

Thesis supervisor: Roman Bezrukavnikov
Title: Professor of Mathematics
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Chapter 1

Introduction

1.1 Historical overview

The perspective and tools provided by geometric representation theory have been remarkably
useful in studying the representations of finite groups of Lie type, i.e. groups of the form
G(F,) for G areductive Lie group and I, a finite field. A crowning achievement was made in
1976 when P. Deligne and G. Lusztig [19] identified irreducible representations of G(F,) using
the cohomology of Deligne-Lusztig varieties. In 1988, a different and more explicit geometric
construction of these representations was proposed by D. Kazhdan and G. Laumon in [32].

1.1.1 Kazhdan and Laumon’s construction

In their 1988 paper [32], Kazhdan and Laumon described a gluing construction for perverse
sheaves on the basic affine space associated to a semisimple algebraic group G split over a
finite field F,, defining an abelian category A of “glued perverse sheaves” consisting of certain
tuples of perverse sheaves on the basic affine space indexed by the Weyl group. They aimed
to use these categories to provide a new geometric construction of representations of the
group G(F,).

Their proposal was to use A to construct representations as follows. First, they observed
that the discrete series representations they sought to construct arise from characters of the
non-split tori 7T'(w) of G, which are indexed by the Weyl group. For each w € W, they
defined a category A, r, in a way such that Ky(A,r,) carries commuting actions of G(IF,)
and T'(w).

They expected that the infinite-dimensional representation

Ko(Aw,]Fq) ® C

of G(F,) admits a finite-dimensional quotient whose T'(w)-isotypic components are the dis-
crete series representations they sought to construct. Following the same philosophy as in
Grothendieck’s sheaf-function dictionary, Kazhdan and Laumon knew that the appropriate
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subspace of Ky(Ayr,) ® C by which one should take the quotient should be the kernel of
a certain “Grothendieck-Lefschetz pairing” on Ky(A,F,), which is defined in terms of the
Ext groups in the category A. They then made the following conjecture and proved that it
implies the well-definedness of their representations.

Conjecture 1.1.1 (Kazhdan-Laumon, [32]). The category A has finite cohomological di-
mension. In other words, for any two objects A and B of A, there is an n for which
Ext’(A, B) = 0 whenever i > n.

1.1.2 A counterexample and a conjecture

More than a decade later, R. Bezrukavnikov and A. Polishchuk found a counterexample to
this conjecture in the case G = SLs.

Proposition 1.1.2 (Bezrukavnikov-Polishchuk, Appendix to [48]). Conjecture 1.1.1 is false.

In [48], Polishchuk put forward the idea that although Conjecture 1.1.1 is false as stated in
[32], it is not strictly necessary in order to prove the more important assertion that Kazhdan
and Laumon’s construction of representations is well-defined. He notes that Ky(A,r,) carries
the structure of a Z[v,v™']-module using the formalism of mixed sheaves where v acts by
a Tate twist, and then frames Conjecture 1.1.1 as the claim that Ky(A,,) is spanned by
objects of finite projective dimension. In this situation, the Grothendieck-Lefschetz pairing
defined on Ky(Ayr,) ® C can be thought of as taking polynomial values in Z[v,v™'] and
then specializing at v = q%, which is one way to see why Conjecture 1.1.1 would imply the
well-definedness of this pairing and therefore the well-definedness of Kazhdan and Laumon’s
construction.

Although Proposition 1.1.2 shows that this is false, Polishchuk instead proposes that this
pairing is still well-defined if one allows it to take values in a certain localization of the ring
Z[v,v7']. Letting A, = Acp,, i.e. the category of “Weil sheaves” in the Kazhdan-Laumon
context, Polishchuk proposes the following more precise conjecture as a first step toward this
goal.

Conjecture 1.1.3. There exists a finite set of polynomials which are nonzero away from
roots of unity such that the localization of Ko(Ag,) at the multiplicative set generated by
these polynomials is generated by objects of finite projective dimension.

In [48], Polishchuk develops a framework toward answering this conjecture, resolving
it himself in Types Ay, Ay, A3, and Bs. He observes that Kazhdan and Laumon’s gluing
construction relies on an action, defined in [32|, of the generalized braid group By on
the constructible derived category D°(G/U) of the basic affine space. He suggests that
a deeper understanding of this braid action could lead to a proof of his Conjecture 1.1.3 in
full generality.
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1.1.3 Other work on Kazhdan-Laumon categories

Around the same time, in [16] A. Braverman and Polishchuk showed that there is a way
to work around this issue (with the main insight being to use Radon transforms in place of
Kazhdan and Laumon’s Fourier-Deligne transforms) but only to construct those representa-
tions corresponding to characters T'(w) which satisfy the strict condition of quasi-regularity
(c.f. Definition 3 in loc. cit.) At this point, the question of whether Polishchuk’s conjecture
could be proven and used to complete Kazhdan and Laumon’s construction in general was
left behind and not revisited in the literature until the results of this thesis.

The only other study of Kazhdan-Laumon categories which appeared in the literature
since these results occured in [9]. In this paper, Bezrukavnikov-Braverman-Positselskii study
the D-module analogue of the Kazhdan-Laumon construction. They observe that this
Kazhdan-Laumon category is equivalent to the category of modules over the ring of global
differential operators D(G/U) on the basic affine space. Their results were used fruitfully to
study this ring by Levasseur and Stafford in [35]. This line of research marked the beginning
of the study of Kazhdan-Laumon categories for their own sake as interesting objects which
encode information about the representation theory of G and the geometry of the basic affine
space.

1.2 The definition of Kazhdan-Laumon categories

In this section, we explain Kazhdan and Laumon’s definition from [32], which was further
expanded on and explained very clearly in [48, Section 1]. We will not need most of the
technical details in this construction until Chapter 4. However, since Kazhdan-Laumon
categories are the main object of study throughout most of this thesis, we provide the
definition here in the introduction to give a sense of how the construction works.

General setup

Let G be a split semisimple group over a finite field IF,. Let T" be a Cartan subgroup split
over F,, B a Borel subgroup containing 7', and U its unipotent radical. Let X = G/U be
the basic affine space associated to G considered as a variety over [F,. Let W be the Weyl
group W. We let S denote the set of simple reflections in W. Writing ¢ = p™ for some prime
number p, we choose ¢ to be a prime with ¢ # p.

£-adic sheaves, Tate twists, and Grothendieck groups

We work with the category Perv(G/U) of mixed f-adic perverse sheaves on the basic affine
space GG/U, and more generally with the constructible derived category D?(G/U) of mixed
(-adic sheaves on G /U. We choose an isomorphism Q, = C and work with C going forward.
Pick a square root q% of ¢ in C once and for all, and define the half-integer Tate twist (%)
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on D°(G/U). We then view Ky(G/U) = Ko(D’(G/U)) as a Z[v,v~*]-module where v~!
acts by (%) When C is any category for which Ky(C) is a Z[v,v™']-module, we denote by
Ko(C) ® C the specialization K(C) ®zy,,-1) C at v = ¢2. We use D to denote the Verdier
duality functor. We let PH* be the perverse cohomology functors for any i € Z.

We also choose once and for all a nontrivial additive character ¢ : I, — Qy, and let Ly
be the corresponding Artin-Schrieier sheaf on G,. The variety G/U comes with a natural
Frobenius morphism Fr : G/U — G/U; we can then consider the category of Weil sheaves
Pervy, (G/U) on G/U, i.e. sheaves K € Perv(G/U) equipped with a natural isomorphism
Fr*Kk 2 K.

Elements of G indexed by W

For every simple root a, of G corresponding to the simple reflection s, we fix an isomorphism
of the corresponding one-parameter subgroup U, C U with the additive group G,. This
uniquely defines a homomorphism ps : SLs — G which induces the given isomorphism of G,
(embedded in SLs as upper-triangular matrices) with Ug; then let

0 1
Ng = Ps 10

For any w € W, writing a reduced word w = s;, ...s;,
can check that this does not depend on the reduced word. We also define for any s € S the

we set ny = ng, ... N, and one

subtorus Ty C T obtained from the image of the coroot ) and define T, for any w € W to
be the product of all T; (s € S) for which s < w in the Bruhat order.

1.2.1 The category A

Fourier transforms on Perv(G/U)

In [32] and [48], to each w € W the authors assign an element of D*(G/U x G /U) which, up
to shift, is perverse and irreducible. Following [48], let X (w) C G/U x G/U be the subvariety
of pairs (gU,¢g'U) C (G/U)? such that g~'¢’ € Un,T,U. There is a canonical projection
pr, : X(w) — T, sending (gU, ¢'U) to the unique t,, € T, such that g~'¢’ € Un,t,U. In the
case when w = s € S, the morphism pr, : X(s) = Ty = G, extends to pT, : X (s) = Gz
and we have

K(w) = K(s;y) % x K(s;,) (1.2.1)

18



whenever w = s;, ...s;, is a reduced expression, where * denotes the convolution of sheaves
on G/U x G/U as defined in [32]. One can take this as the definition of Kazhdan-Laumon
sheaves, which is well-defined by the proposition below, or refer to the explicit definition of
K (w) which works for all w € W at once given in [32] or [48].

Proposition 1.2.1 ([32]). The Kazhdan-Laumon sheaves K (s) for s € S under convolution
satisfy the braid relations (up to isomorphism).

For any s € S, they note that the endofunctor K — K * K(s) of D*(G/U) can be
identified with a certain “symplectic Fourier-Deligne transform” defined as follows. Let P
be the parabolic subgroup of G associated to s, and let Q5 = [Py, Ps]. The map G/U — G/Q;
has all fibers isomorphic to A%\ {(0,0)}, and it is shown in Section 2 of [32] that there exists
a natural fiber bundle 7 : V; — G/Q, of rank 2 equipped with a G-invariant symplectic
pairing which contains G/U as an open set, with inclusion j : G/U — V, with 7 o j being
the original projection G/U — G/Qs. There is then a symplectic Fourier-Deligne transform
®, on D*(V,) defined by

O,(K) = pa(L£ @ pi(K))[2](1), (1.2.2)

where the p; are the projections of the product V; x¢/q, Vs on its factors, and £ = Ly((,))
is a smooth rank-1 Q-sheaf which is the pullback of the Artin—Schreier sheaf Ly under the
morphism (, ), c.f. Section 4 of [48]. We then define the endofunctor ®, of D*(G/U) By

D (K) = j 0,5 K. (1.2.3)

Proposition 1.2.2 ([32], [48]). The functors ®; and — * K(s) are naturally isomorphic.

For any w € W, we let &, = &, ...P, where s;, ...s; is a reduced expression for w
Y i1 if 1

k
as a product of simple reflections. The functors ®,, are the gluing functors which Kazhdan

and Laumon use to define the so-called glued categories A.

Definition 1.2.3. Using the six-functor formalism, one can check that each ®; has a right
adjoint which we call W, following the setup of Section 1.2 of [48]. The functors ¥, also
form a braid action on D°(G/U). We then define ¥,, similarly.

The functors ®,, (resp. ¥,,) are each right (resp. left) t-exact on D’(G/U) with respect
to the perverse t-structure. For any w € W, let ®° =P?H°®,, and ¥2, =?H°V,,, noting that
o, = L3, U, = RU°,

Proposition 1.2.4 (|48|, Section 4.1). For any s € S, there are natural morphisms c; :
®? — 1d and c, : Id — U2 satisfying the associativity conditions

P oc,=c,0P,: PP — D, Vocd =col: U, — U2 (1.2.4)

Corollary 1.2.5. For any y',y € W, there is a natural transformation vy, : ©,, @, — @,y
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Proof. We go by induction on ¢(y)+£4(y"). If {(y'y) = £(y')+{(y), then v, , is the tautological
map arising from the fact that the ®,, form a braid action. If instead ¢(y'y) < £(y') + £(y),
then there exists some s € S such that y = 3's and y = sy for some ¢,y € W with
0(y's) =L0(y')+ 1 and £(sy) = £(y) + 1, and so we have maps

D soc50P il i
By, = 0y d20; — s Bpdy 0 By,
the former coming from ¢, and the latter coming from our induction hypothesis. O

Definition of the Kazhdan-Laumon category

Definition 1.2.6 ([32], [48]). The Kazhdan-Laumon category A has objects which are tuples
(Aw)wew with A, € Perv(G/U) and equipped with morphisms

Oy B2 Ay — Ay (1.2.5)

for every y,w € W such that the diagram

10y,w

@, o
0,0 A, LY B2 A,,

lyy,vy l Yy yw

0,

y'yw

commutes for any y,vy',w € W.
A morphism f between objects (Ay)wew and (By)wew is a collection of morphisms
fw : Aw — B, such that

o q)gfw o
BA, " 2B,

A
l@w lei“’

Ay EITEN Byy.

It is shown in [48] that this category is abelian, and that the functors j¥ : A — Perv(G/U)
defined by j* ((Aw)wew) = A, are exact.

Remark 1.2.7. We could have instead asked for morphisms A,,, — ¥y A,,, making reference
to the functors Wy rather than the ®;. Later, we will discuss an alternate and more elegant
definition of A as coalgebras over a certain comonad on @,,cy Perv(G/U) which is assembled
from the functors W7. In Definition 1.2.6 though, we present the definition of the Kazhdan-
Laumon category as it was originally formulated in [32] and later explained in more detail
in [48].
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Definition of the w-twisted categories A, r,

We note that the category A carries an action of the Weyl group W as follows. For any
w e W, welet F, : A — A be the exact functor defined by right translation of the indices
in the tuple, i.e. Fu((Ay)yew) = (Ayw)yew-

Definition 1.2.8. For any w € W, let A, F, be the category with objects (A,v4) where
Ae Aand ¢y : F,Fr*A — A is an isomorphism. We call these w-twisted Weil sheaves in
the Kazhdan-Laumon category.

For any two such objects (A,¢4) and (B,¢p), we let Homy, , (A, B) be the set of
morphisms f € Homy (A, B) such that f o1 = ¢p o F,Fr*f.

Remark 1.2.9. When w = e is trivial, we will write Ar, = A, r,. In this case, it is shown
in [48] that Ap, is equivalent to the category obtained by applying the Kazhdan-Laumon
gluing procedure described in Definition 1.2.6 to the category Pervg, (G/U) of Weil perverse
sheaves on G/U, i.e. perverse sheaves K equipped with an isomorphism Fr*K — K.

1.3 A summary of this thesis

In this thesis, which comprises the three papers [44], [47], and [46], we revisit Kazhdan-
Laumon categories using objects and tools which have appeared in modern geometric repre-
sentation theory. We now give a brief overview of each chapter and the main results therein,
followed by a general summary of the philosophy of (and potential future directions entailed
by) the work in this thesis.

Each of the three remaining chapters (Chapter 2, 3, and 4) corresponds to a paper (|44],
[47], and [46] respectively). To stay consistent with the conventions of these papers, we
include in each chapter a short overview of setup, preliminaries, and notation which will be
used in a self-contained way throughout each chapter.

1.3.1 An analogue of Category O

We begin by defining and studying a subcategory of the Kazhdan-Laumon category which we
call Ag, the Kazhdan-Laumon Category 0. Much like the usual Bernstein-Gelfand-Gelfand
Category O of representations of a semisimple Lie algebra, this category has some beautiful
combinatorial properties, which we explore and use to establish novel connections between
Kazhdan-Laumon categories and other objects of study in geometric representation theory.
In particular,

(i) in Theorem 2.1.1, we explicitly classify the simple objects of the Kazhdan-Laumon
Category O in combinatorial terms.
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(ii) In Theorem 2.1.2, we give an injective morphism of Hecke algebra modules from the
Grothendieck group Ky(Ap) of the Kazhdan-Laumon Category O to Lusztig’s pe-
riodic Hecke module M, (thereby giving a combinatorial interpretation and a sort of
“Kazhdan-Lusztig theory” for important objects in the Kazhdan-Laumon Category O).

(iii) In Theorem 2.1.3, we exhibit Ky(Ap) in terms of functions on the basic affine space
over a local field, i.e. as a subspace of the Iwahori invariants on Braverman-Kazhdan’s
Schwartz space of the basic affine space,

(iv) In Theorem 2.1.4, we categorify these results via a functor from D?(Ap) to a suitably-
defined constructible derived category on the semi-infinite flag variety, which also gives
a description of Ap as a full subcategory of perverse sheaves on the semi-infinite flag
variety.

1.3.2 The braid group action on D?(G/U) and connections to knot
theory

We then build on these results to start directly addressing the conjectures of Kazhdan-
Laumon and Polishchuk toward the construction of representations. Following Polishchuk’s
philosophy that there are insights to be found in a deeper understanding of the braid group
action on D°(G/U) via symplectic Fourier-Deligne transforms, we study this action in depth
in Chapter 3, which is adapted from the paper [47]. Here, we establish an unexpected
connection to knot theory, which both elucidates the behaviour of the braid group action for
the sake of studying Kazhdan-Laumon categories, and also allows us to prove some algebraic
results which were previously unknown. In particular, we show that symplectic Fourier-
Deligne transforms on D°(G/U) give a categorification of a subalgebra (defined in [42]) of
the algebra of braids and ties (defined in [3]), which is related to the Yokonuma-Hecke algebra
of [53]. This yields

(i) an understanding of all the relations satisfied by this action of the braid algebra, and
a concrete explanation for the one cubic relation which had been previously identified
by Polishchuk in [48],

(ii) a short, type-independent, geometric proof of the braid relations for Juyumaya’s gen-
erators of the Yokonuma-Hecke algebra, previously only known by a case-by-case com-
putation across the two papers [28] and [30] (see Corollary 3.1.2),

(iii) a computation of the dimension of Marin’s subalgebra from [42] (see Theorem 3.1.4),
previously only known in Type A,, for n < 4, and

(iv) an answer to a conjecture of Marin about a Kazhdan-Lusztig-style canonical basis in
the algebra of braids and ties (see Theorem 3.1.3).
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1.3.3 The completion of Kazhdan and Laumon’s goal via a proof of
Polishchuk’s conjecture

Finally, we use all of the above results to directly address Polishchuk’s conjecture and
Kazhdan-Laumon’s original goal. These results appear in Chapter 4, which is adapted from
the paper [46]. In this section,

(i) we prove Polishchuk’s Conjecture 1.1.3 in full generality (see Theorem 4.1.1).

(ii) We use monodromic sheaves to prove a similar conjecture for “twisted” Kazhdan-
Laumon categories which correspond to characters of the non-split tori T'(w) of G(F,)
(see Theorem 4.1.2).

(iii) We explain how to use these results to complete Kazhdan-Laumon’s goal, showing
that their proposed construction indeed gives a well-defined geometric construction of
representations of G(F,) (see 4.1.3 and Section 4.8).

1.3.4 Conclusion

We emphasize that this thesis has two main purposes. First, to further the study of Kazhdan-
Laumon categories and elucidate properties which we hope may be used fruitfully in other
areas of representation theory in the future. Secondly, to use the understanding gained from
these results to complete Kazhdan and Laumon’s goal of constructing representations of
G(F,).

We hope that both of these goals will lead to interesting future research. In particular, the
connection between Kazhdan-Laumon categories and the semi-infinite flag variety situates
the Kazhdan-Laumon construction in the context of a local geometric Langlands correspon-
dence, and provides connections to other areas of current activity in representation theory.
We expect that this relationship should have more ramifications beyond the results already
obtained in this thesis. For example, the results of Chapter 2 establish the Kazhdan-Laumon
category as a player in the circle of ideas relating the small quantum group, the semi-infinite
flag variety, and affine Springer fibers, c.f. [5] and [§].

Finally, Corollary 4.1.3 on the well-definedness of Kazhdan and Laumon’s construction
of representations of G(F,) now opens the door to studying these representations more
concretely. A natural future direction would be an in-depth study of the characters of
Kazhdan-Laumon representations. In [16], Braverman and Polishchuk explain an explicit
correspondence between Kazhdan-Laumon representations and Deligne-Lusztig representa-
tions in the special case of a quasi-regular character, and it would be interesting to compute
the characters of Kazhdan-Laumon representations explicitly and compare them directly to
Deligne-Lusztig characters in case of an arbitrary character.

In summary, we hope that these new connections and possibilities will make the results
contained in this thesis the beginning of a new story in addition to the conclusion of an old
one.
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Chapter 2

Kazhdan-Laumon Category O,
Braverman-Kazhdan Schwartz space,
and the semi-infinite flag variety

2.1 Introduction

Let G be a semisimple algebraic group split over a finite field or its algebraic closure, and let
A denote the associated Kazhdan-Laumon category defined in [32]. In this chapter, we study
a subcategory Apg (and its mixed analogue Ap) of A corresponding to B-equivariant perverse
sheaves; this is a natural analogue of Category O in the context of Kazhdan and Laumon’s
construction. We begin by studying this category in its own right and describing its simple
objects explicitly. To state the following theorem, for any element w in a Weyl group W let
P(w) be the standard parabolic subgroup of W generated by all simple reflections s with
l(ws) > l(w).

Theorem 2.1.1. The Kazhdan-Laumon Category O associated to the group G with Weyl
group W has

S P\ (2.1.1)

weW

irreducible objects, described explicitly in Theorem 2.4.7. For any choice of w € W and
coset P(w)z, the corresponding simple object can be written as a tuple (G,)yew of irreducible
objects in Pervg(G/U) such that

G, = {ICw y € P(w)z
o y & P(w)z '

The fact that objects of A are tuples of perverse sheaves indexed by W means that
translation of the indices gives a natural action of W on A (and therefore also on Ag and
Ap) by functors F,, for w € W. Further, we show that Ap admits a left action of the Hecke

24



algebra H by convolution with mixed B-equivariant perverse sheaves on the flag variety G/B.
These actions give Ky(Ap) ® C the structure of a H, ® C[W]-module. We then describe this
module explicitly in terms of a more familiar combinatorial object, namely Lusztig’s periodic
Hecke module defined in [36].

Theorem 2.1.2. There is an isomorphism Ko(Ap)@C = My, of H,@C[W]-modules, where
M 37(1 is a submodule (introduced in Definition 2.5.8) of Lusztig’s periodic Hecke module from

/36].

In [15], Braverman and Kazhdan defined the Schwartz space S of the basic affine space
associated to an algebraic group over a non-Archimedean local field, equipped with a C[W]-
action by Fourier transform operators. They, too, found a combinatorial connection between
S and Lusztig’s module M,,, proving in loc. cit. that the subspace S'*T(©) of Iwahori-
invariants in S is isomorphic to My, as a H, ® C[W]-module. Combining their result with

our Theorem 2.1.2 yields a description of Ky(Ap)® C as a certain natural subspace Sé XT(©)
of ST xT(0)

Theorem 2.1.3. Composing the isomorphism from Theorem 1.2 with the morphism
SIXT((’)) — qu
from [15] gives an isomorphism
Ko(Ap) ® C =2 §*T©)

of H, ® C[W]-modules. Further, the isomorphism can be described directly in terms of
Grothendieck’s sheaf-function dictionary: the diagram

Ko(Ap) ® C y SIXT(0)

~

Mg,
commutes, where the left and right maps are the morphisms from Theorem 2.1.2 and [15]
respectively, and the top map is described in Section 2.6.3 in terms of lifts to the local field
setting of functions obtained by taking the trace of a Frobenius endomorphism on objects of

Ap.

In [5], building off of work in [23], [22], and [14], the authors define a certain analogue of
a category of perverse sheaves on the semi-infinite flag variety associated to G. In 6.1.8 of
[5], the authors discuss how the category of Iwahori-monodromic objects of their category
can be viewed as a categorification of S™*T(®) Using their main result which relates such
Iwahori-monodromic objects to graded modules over the small quantum group, they define
a W-action via functors F,, which categorify the Fourier transforms appearing in [15]. With
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this in mind, we conclude this chapter by upgrading Theorem 2.1.3 to an equivalence of
categories.

Theorem 2.1.4. There exists a certain subcategory P of Iwahori-monodromic perverse
sheaves on the semi-infinite flag variety with K0(75) ®C = SéXT(O). There is an equivalence
of categories between Ap and P which categorifies the isomorphism Koy(Ap) @ C = SéXT(O).

This equivalence is compatible with convolution by perverse sheaves on G /B, which cat-
egorifies the H,-action on each side, and intertwines the W-action by functors F,, on Ap
and F,, on P.

We hope that Theorem 2.1.4 will serve as a new perspective related to one of the goals
stated in [5] to provide a geometric description of Braverman-Kazhdan’s Fourier transforms.
In loc. cit., Fourier transform functors on perverse sheaves on the semi-infinite flag variety
are only defined in the case of Iwahori-monodromic objects, as these functors come from
the equivalence in loc. cit. to modules over the small quantum group. If suitable functors
could be defined on the full category of perverse sheaves on the semi-infinite flag variety, we
hope that Theorem 2.1.4 might generalize to a suitable equivalence of categories to the full
Kazhdan-Laumon category A, thereby elevating Kazhdan and Laumon’s construction from a
tool intended for the study of finite Chevalley groups to an object with interesting connections
to current objects of study related to a local geometric Langlands correspondence.

2.2 Preliminaries

Let G be a semisimple algebraic group over Z. Letting x = [F, where ¢ = p" for p prime,
we write G = G, for the base change to F,. We assume that G is split, connected, and
simply-connected. Let T be a Cartan subgroup, B a Borel subgroup containing T, and U
its unipotent radical. We use similar notation 7', B, and U for their respective base changes
to k. Let X = G/U be the basic affine space associated to G, considered as a variety over
F,. Let W be the Weyl group, and let W be the affine Weyl group associated to G, with
S c W and S C W their respective subsets of simple reflections. We denote by wq the
longest element of W. In Section 2.6, we will consider a local field k£ with residue field k.
In this setting, we will denote by Gy the base change of G to k, and by X}, the basic affine
space over k. Let II be the set of simple roots, let I' (resp. I'V) be the coroot (resp. weight)
lattice of G.

Let H be the usual Hecke algebra over Z[v,v!] generated by {7}, }wew, normalized so
that the quadratic relation satisfied by any T for s € S takes the form

T? = (v* = )T, +v*. (2.2.1)
For any w € W, let T}, = v=“®T,, so that for any s € S,

(Ts —v)(Ts +v7 1) = 0. (2.2.2)
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Following the conventions of Section 3.5 of [52], recall the canonical basis C,, of H given in
terms of the Kazhdan-Lusztig polynomials P, ,, by

Cp = 3 (—1)f -yt p o

r<w

We will sometimes consider H as a subalgebra of H, where H is the affine Hecke algebra
generated by {T;}aew with T, satisfying the same relations as in (2.2.2) for any s € S.
Choosing once and for all a square root q% of ¢, we let H, (resp. 7:[(1) be the specialization
of M (resp. H) at v = g¢=.

Throughout, when C is an abelian category we will denote by Ky(C) the Grothendieck
group of the derived category D’(C), and we will freely consider the action of left- or right-
exact functors on Ky(C) by identifying them with their right- or left-derived functors. When
C is an appropriate highest-weight category of perverse sheaves, we can use Corollary 3.3.2
of [6] to freely identify its bounded derived category with the corresponding underlying
constructible derived category.

2.3 Lusztig’s periodic Hecke module

In this section, we recall the periodic Hecke module considered in [39] and [36], following
the notational conventions of the latter. Our main object of study is the related module M,
defined in loc. cit. The module M, and its specialization M, will appear in every subsequent
section, serving as the combinatorial data which underlie all three of the main objects of
study in this chapter (the Kazhdan-Laumon Category O, the Schwartz space of the basic
affine space, and perverse sheaves on the semi-infinite flag variety).

2.3.1 Background and setup

To begin, we follow the setup of Section 4.2 of [15]. Let = denote the collection of all alcoves
for the group W in the real Lie algebra tg of T. The set = admits two commuting actions of
the group W, one on the left and the other on the right. We will follow the conventions of [36]
so that the left action of any s € S takes an alcove A to some neighboring alcove sA, with
the right action defined so that each s € S reflects an alcove around the corresponding affine
hyperplane Hy in tg, so that A and As are not, in general, neighboring. Let C* C tg denote
the dominant Weyl chamber. For any v € I'V, let A denote the unique alcove A € v +C*
for which v € A, and let A* = A7, the “fundamental alcove.” We will also write A, = wA*
for any w € W.

We also denote by d : = x = — Z (and d, for a € II) the “relative distance” functions
defined in [36], and we use also the definition of £(A) from 1.2 of loc. cit.; informally, for
A € 2, L(A) is the subset of S for which A is “above” sA, where the direction is determined
by that of C*.
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Definition 2.3.1. The module M, is the Z[v,v™']-span of = with an action of H defined for
se S by
- A if L(A
T(A) =14 ° ifs ¢ L(A), (2.3.1)
sA+ (v—v A ifse L(A),

and extended naturally into a left action. It also has an action of I' commuting with the
‘H-action defined by v- A=A+ vy foryeTl.

Definition 2.3.2. Let M- be the “upward semi-infinite completion” of M., consisting of all
formal sums } ,.- m4A such that the set {A € Z | m4 # 0} is bounded below (in the sense
of 4.13 of [36]).

2.3.2 An action of W

For any « € II, an operator 0, : M> — M is defined in [36] as follows. First any A € =,
a € 11, a sequence A", n > 0 is defined by the conditions that A’ = As,,, and d, (A", A"™!) >
0, in addition to the condition that A" lie in the same “a-strip” as A (c.f. [36] for a more
precise definition). Then

Oa(A) = v " A"+ (=) o — oA (2.3.2)
n=1

We define for w € W the operator 0, = 0,, - - - 0,, for w = s,, - - - 54, a reduced expression,

k

which yields a well-defined action of the Weyl group W on M.

2.3.3 The modules M,; and Mg

In [36], Lusztig defines a duality operator b on M- and exhibits a “canonical basis” for M~
invariant under this operator.

Proposition 2.3.3 (Theorem 12.2 in [36]). For each A € =, there exists an associated
element A* € Ms which satisfies A* = A+v™' >, Zv™'B and b(A*) = A%

Definition 2.3.4. The module My C Ms is the Z[v,v™!] span of {A*}4c=. It is invariant
under the natural actions of H and T obtained by extending the actions defined on M,. Let
Mgy = My ®z[,-11 C be the specialization of My at v = q%.

We now introduce Lusztig’s *-action of W on =, which we will then use to describe the
action of the 6, on M.

Definition 2.3.5 ([39]). Let F* be the set of I'V-translates of the hyperplanes in the bound-
ary of C*. For any v € I'V, let II, be the unique connected component of tg \ UpgerH
containing AY.
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For any s, € S and A € =, we then define an alcove s, *x A as follows. First, choose
the unique v € I'V such that A € IL,, and choose w € W so that A = wAZF. Then define
Sq ¥ A= wA:am. We then define w x A for any w € W by induction on ¢(w).

Proposition 2.3.6. For any s, € 5,
o (A2) = (50 % AV, (2.3.3)

Proof. Recall the elements A” € My defined in [36], noting that in our setup they agree with
the elements D4 defined in 8.9 of [39]. Additionally, recall the bilinear pairing (—, —) on
M, defined in Section 9 of [36]. Corollary 8.9 of [39] gives that for any s, € 5, A € Z,
0, (A°) = (54 * A)*. The elements A* are defined such that (A", B¥) = §4 . One can check
directly that (6,,A, B) = (A, 0,,B) for any alcoves A and B. So the continuity property in
3.3 of [36] and the well-definedness of the #,, on A* guaranteed by 12.2 of loc. cit. means
(0,A°, BY) = (A°,0,B*) for any alcoves A, B. This means

(A%,0,,(B) = (0:,(A"), BY)
= ((Ax sa)b, Bﬁ)
= 05,4A.B

= 5A,SQ*B-

Since 6, (B*) satisfies the other defining properties in 12.2 of [36], 0, (B*) = (s * B)F,
yielding (2.3.3). O

Definition 2.3.7. For any z € W and @ € W, let €,() be the element of W such that
Z * A@ = Aez(ﬁ))'

Definition 2.3.8. Let M) be the Z[v,v~!]-submodule of M, generated by the finitely-
many elements {A, }wew and their images under the operators {0y, }wew. Let M fi)’q be the

specialization of MY at v = q%.
Lemma 2.3.9. My is a finite-dimensional H, @ C[W]-submodule of My

Proof. The fact that My, is a finite-dimensional C[W]-submodule follows by definition. Since
for any w € W C W and any y € W we have T,A,, € span{A,},cw by the definition of
the Hg-action. Since this action commutes with the action of C[W], it follows that M, is
closed under the action of H,. O

2.3.4 Example in Type A,

For G = SL, we can identify = with the set of intervals (n,n+ 1) C R for n € Z, which we
denote by A,. With this convention, A, = Ay and A, = A_;. It follows from the definitions
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in [36] that
s1x A, =A_, (2.3.4)

A=A+ (1) v Ay € My, (2.3.5)
=1

A computation then shows that

oA Anp if n is odd,
e Ay i+ (v—v1A, ifniseven,

F oAt —v LAY if n is odd,
e vAL 4 AF 4 ABLH if n is even.

Further,

0, (A}) = A%,

2.4 Kazhdan-Laumon Category O

In this section, we recall the Kazhdan-Laumon construction for gluing perverse sheaves on
the basic affine space described in [32]. We define a subcategory Apg of the Kazhdan-Laumon
category A analogous to Category O along with a mixed version Ap, and describe its simple
objects explicitly.

2.4.1 Category O, mixed sheaves, and the Hecke algebra

In this subsection, we recall the derived category DY (X, Q) (for ¢ a prime number not
equal to p) of B-equivariant mixed ¢-adic sheaves on X, with heart Pervp ,,(X, Q,) under the
perverse t-structure. We will follow the setup of Chapter 7 of [2], adapted to G/U instead
of G/B as is treated in loc. cit. Recalling our choice of a square root q% of g, we define the
half-integer Tate twist (3) on D% (X, Q). We then view Ko(Pervp (X, Q,)) as a Z[v, v
module where v~ acts by (). When C is any category for which K¢(C) is a Z[v, v~!]-module,
we denote by Ky(C) ® C the specialization Ky(C) ®zp,,,-1 C at v = q2. We use D to denote
the Verdier duality functor and P H® to denote the zeroth perverse cohomology functor.
Recall that X is stratified by affine cells { X, }wew, and for each w € W we let j, :
X, — X be the inclusion. We will use the following definitions of standard, costandard,
and simple perverse sheaves in Pervp (X, Q,) with Tate twists (here our notation differs by
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a Tate twist from that of [2]).

Ay = jur(@,[0(w)]) (42)

Vi = Jus (@, [ (w)]) (42) (2.4.1)

ICy = juns(Q,[6(w)]) (12)

The same notation will be used when referring to sheaves on GG/ B depending on the context.
As in 7.2 of [2], we also have left and right convolution operators

* DbB,m(G/Ba@Z) X DbB,m(Xa @K) — DbB,m(X7@€)7 (242)
* DbB,m(X7 @Z) X D%,m(G/Ba QZ) — Dll)?,m<X7 QZ)
Note that for the right convolution operator in (2.4.3), we first identify object lying in
Dlé,m(G/B,@e) with their pullbacks to D} . (G/U, Q) and then take the usual convolu-
tion. Convolution gives a ring structure on Ky(Pervp ,(G/B,Q,)), and it gives the space

Ko(Pervp m(X,Q,)) the structure of a bimodule over the former. For Y = G/Bor Y = X,
we make the following definition.

Definition 2.4.1. Let P(Y) be the full subcategory of Pervp (Y, Q,) generated by objects
of the form IC, (%) for w € W, m € Z. When Y = X, we will write P = P(X) for short.

Proposition 2.4.2 (c.f. Ex. 7.4.3 in |2]). There is a unique isomorphism of rings
ch: Ko(P(G/B)) = H

such that ch([Vy]) = T., for all w € W. Moreover, this map satisfies

ch([F(3)]) = v ch([F]), ch([D(F)])
ch([ICy]) = Cu, ch([V(=552)])

2

ch([F]),

. (2.4.4)

Similarly, Ko(P(X)) is isomorphic to H as a left module over itself via the convolution
action of Ko(P(G/B)), where this isomorphism again respects the equations in (2.4.4) for
elements of Ky(P(X)).

2.4.2 Kazhdan-Laumon categories

In [32], the authors construct an abelian category A by “gluing” |WW|-many copies of the cat-
egory Perv(X, Q) (which we henceforth denote simply by Perv(X)) via Fourier transforms
F, indexed by simple reflections s € S. These are referred to in Section 1.2 by the alternate
notation ®7, but we refer to them by Fj in this chapter to stay consistent with the notations
of [44], on which this chapter is based. We refer the reader to Section 1.2 (or to [48]) to a
detailed explanation of these Fourier transforms.
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It is shown in [48] that the functors { F;,}scs assemble to give an action of the generalized
braid group By on Perv(X). Objects of A are then tuples indexed by W of elements of
Perv(X) equipped with the additional structure explained in [48]. For each w € W, there is
an exact functor 5 : A — Perv(X) defined by j ((Gu )wew) = Gw. Each of the functors j
has a left adjoint j,, and a right adjoint j,., each of which is a functor from Perv(X) — A.
For a simple object G of Perv(X) and a choice of w € W a simple object j,1.(G) is defined in
loc. cit. as the image of the natural map j,1(G) — ju«(G) obtained by adjunction. Finally,
we also have the exact functors {F, }wew, which act by Fo,((Guw )wew) = (Gurw)wew -

In [48, Section 9], the same gluing construction is applied to the category Pervy, (X, Q,)
of mixed perverse sheaves on X to construct a category A,,. We will say an object (Gy)wew
of A, is B-equivariant if each G, is B-equivariant.

The following result follows from 6.3 of [48].

Proposition 2.4.3. The functors F,,, are well-defined on Pervp (X, Q,) and on P. Indeed,
for any G € Pervy (X,Q,), and s € S,

F1(G) =PH"(G = V4(3)).

Definition 2.4.4. Let Ap,, (resp. Ap) be the Kazhdan-Laumon category obtained by ap-
plying the gluing procedure described in [32] and [48] to Pervg (X, Q,) (resp. Pervp(X,Q,))
and the functors F,,,. Alternatively, Theorem 1.2.1 in [48] ensures that Ap is the full sub-
category of B-equivariant objects in A.

Similarly, let Ap be the category obtained in this same way from P.

We now recall that Ky(P) admits an H-action on the left by convolution.

Lemma 2.4.5. There is a left action of H on Ko(P) given for s € S by
Ts -[G] = [V x G

Since this action commutes with convolution on the right by costandard objects and
therefore with the functors F,, ), it is straightforward to conclude that this left H-action lifts
to K() (./473)

Proposition 2.4.6. There is a left action of H on Ko(Ap) given for s € S by

Ts : [(Aw)wEW] = [(vs * Aw)wEW]
for any s € S.

2.4.3 Simple objects in Ap

We will now classify the simple objects in Ap up to Tate twist, which correspond to the
simple objects in Ap. We first state our main result. To do so, for any w € W, let P(w)
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denote the standard parabolic subgroup of W generated by the simple reflections s € S for
which ¢(ws) > ((w).

Theorem 2.4.7. Up to Tate twist, any simple object in Ap is of the form j,..(1C,) for some
w,z € W. Two such objects j.,1.(I1Cy, ) and j.,i.(ICy,) are isomorphic if and only if wy = woy
and z3 € P(wy)z.

Accordingly, simple objects in Ap up to Tate twist are in bijection with pairs (w,w’),
where w € W, and w' is an element of P(w)\W .

To prove Theorem 2.4.7, we will need an intermediate result, Proposition 2.4.9. In the
following, we freely use Lemma 1.3.1 in [48], which guarantees that if G € A is simple, then
for all w € W, j*(G) is either zero or simple in Perv(X), and G = j,i.(j:(G)) for any w for
which it is nonzero. We begin with a lemma about Kazhdan-Lusztig polynomials P, ,, which
we will need for our result. This is well-known; one concise proof is given in 4.3.2(ii) of [52].

Lemma 2.4.8. Ifw € W and s is a simple reflection such that {(ws) < {(w), then Py, =
Py for all y < w.

Proposition 2.4.9. If G € Ap is simple and jiG = 1C,, for some z € W (in other words,
G = j..1Cy, ), then for any y € W,

o {Icw ify € P(w)
Jy-9 = ‘
0 if y & P(w).

Proof. Suppose G = j,1.1C,,. Pick some s € P(w), and following [48] let ¢ denote the action
of the convolution — % V4(3) on Ko(Pervg(G/U)). By Lemma 1.3.1 in loc. cit., j:G € P is
either simple or zero for every a € W. Writing [F] = (¢4)aew for ¢, € Ko(P), Theorem 5.6.1
of [48] ensures ¢sc, — cs. € pE(Ko(Perv(G/Qs))), where Qg = [Ps, Ps] (for P; the parabolic
subgroup associated to s) and ps : G/U — G/Qs the projection. Further, an element of
Ky(P) is in p¥(Ko(Perv(G/Qs))) if and only if it is in the subspace K of Ky(P) spanned by
Tate twists of [IC,,] for w’ with £(w's) < £(w').
Using Lemma 2.4.8, it is easy to check that if {(ws) > £(w), then

¢s[IC,] — [IC,] € K.

Since ¢y, — ¢, and ¢[IC,] — [IC,] both lie in K, it follows that ¢y, — [IC,] € K. Since
Cs 1s the class in Ky(P) of a simple object, we must have ¢,, = [IC,], and so j£F = 1C,,.
By induction on {(y), this shows that jr G = IC,, whenever y € P(w).

If instead y ¢ P(w), we can write a reduced expression y = y;sys where y; € P(w),
Y2 € W and s is a simple reflection with {(vs) < £(v). We know that jr . .G = ji .G by
the previous case, so without loss of generality we can assume y; is trivial. We now claim
that

Fuyt(IC,) = PHO(IC,, * V,, (2522))) = 0.

2
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This will prove the result, since by the definition of j..., ji,,.(j2«(ICy)) is the image of
Tz (321(ICy)) = Flay, 1(ICy,) in g7, - (724(IC,,)) under the natural map obtained by adjunction.

Indeed, IC,, * V(3) = IC,(1)[1] (see, e.g. 7.2.5 in [2]), and — * V,, is right t-exact,
meaning 1C,, * V,, = IC,(1)[1] * V,, can lie in perverse degrees at most —1. This means

PHO(IC,, * Vyy, (122))) = 0 as desired. O

Proof of Theorem 2.4.7. The first statement follows from Lemma 1.3.2 of [48] (since twists
of 1C,, are the simple objects of P), so it remains only to determine when simple ob-
jects of the form j,,(IC,) are isomorphic. Proposition 2.4.9 tells us that j,1.(IC,) and
Jawx(ICy,) are isomorphic for any z € P(w). Further, no other isomorphisms exist among
the {juw1(ICy) bwwew, since for any fixed w, the same proposition tells us that the set of
z € W for which j}(juw.(ICy)) is nonzero depends only on the image of w' in P(w)\W. O

Example 2.4.10. When G = SLj3, Table 2.1 is an explicit list of the simple objects in Apg.
In this case wg = 15981 = $251 3.

2.4.4 Counting simple objects

We now use Theorem 2.4.7 to give an explicit formula for the number of simple objects in

Ap.

Corollary 2.4.11. The number of simple objects in Ap is

> |P(w)\W]. (2.4.5)

weWw

Remark 2.4.12. In Type A,,, we can interpret the quantity in Corollary 2.4.11 as the
number of pairs of permutations in the symmetric group S, ; with no common rises in the

sense of [1]. This is A000275 in the OEIS:
1,3,19,211,3651,90921, 3081513, 136407699, . . .

As a result, a generating function for the number of simple objects in Ag in this case is
provided by the coefficients of a Bessel function, i.e. the reciprocal of Jy(z) as in loc. cit.

2.5 Kazhdan-Laumon categories and the module M,
The Grothendieck group Ko(Ap) carries a natural W-action along with an action of the

Hecke algebra H. In this section, we use the description of simple objects in Ap to show
that there exists an isomorphism 7 : Ko(Ap) ® C — MY of H, ® C[W]-modules.
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Table 2.1: The 19 simple objects in Ag when G = SLs.

Ge(=) [ 35 () | 05 (=) | d5e(5) | Jaa (5) | da (=)
o (IC.) Ic. | 1C. | IC. IC, IC, IC,
o (IC,,) | 1C, 0 IC,, 0 0
jor(1C,) | 0 |10, | 0 0 1C,,
Jorsate(ICs,) 0 0 0 IC,, 0 IC,,
G (IC,,) || IC,, | IC,, 0 0 0
Jue(1C,) || 0 o | 1c, | 1C, 0
Joase(ICy) || 0 0 0 0 I, | 1C,
Gon(ICs) [ 1Co | 0 [1C,. | 0 0
Ja(ICus) | 0 [1C,, | 0 0 | IC,.
Jansae(ICos) | 0 0 0 | IC,., | 0o [1C,.
jo(ICas,) [ ICs | ICay | O 0 0 0
Jore(1Cosy) | 0 0 | 1C, | 10, 0 0
Jorse(ICasy) | 0 0 0 0 | 1C,., |IC..,
jon(ICu) || ICw, | O 0 0 0 0
Gyt (1Cuy ) 0 | IC,, 0 0 0 0
Jaute(I1Cu, ) 0 0 | IC,, 0 0 0
Jorsate(ICuy) || 0 0 0 ICy, 0 0
Jorsie(ICuy) || 0 0 0 0 ICy, 0
Juots (ICw, ) 0 0 0 0 0 ICy,

2.5.1 The modules M;"q and Mg,q

Definition 2.5.1. Let M, be the H,®C[W]-submodule of Mg, generated by AL forw e W
with the property that for any z € W, e.(w) can be written as w - A for some w € W, A > 0.
It follows from [36] that M, C M.

Let M?m be the quotient of M ;r , by the span of the elements Aﬁb such that there is no pair
z,w € W for which €,(w) = w. Since it is easy to see that this is a H, ® C[W]-submodule,
we will continue to refer to the H,-action and the W-action by {6,},ew on the quotient
module Mg,q.

We use 7 to refer to the quotient map from M, or MJ  to Hiq, and we write A° for
m(A*) whenever A* € M .
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2.5.2 The bijection

By the preceding section, recall that we can consider Ko(Ap) as a H ® Z[v, v~ '][W] module,
with v acting by the half-Tate twist (—%), ‘H acting as in Proposition 2.4.6, and W acting
by the functors F,,. We will then consider Ky(Ap) ®zjp,-1) C where v — q%.

Theorem 2.5.2. There is a well-defined isomorphism n : Ko(Ap) ®zp-1) C = Mg, of
H, @ C[W]-modules such that for any w € W,

N([Jer(Aw)]) = Auw. (2.5.1)

Further,

(m o) ([jen(1C,)]) = A, (2.5.2)
n M‘;’q for any w e W.
We illustrate in Figure 2.1 the morphism won : Ko(Ap)®C — Mqu in the case G = SLs.

The next subsection will be devoted to the proof of this result.

2.5.3 Proof of Theorem 2.5.2

We begin by defining 7' : Ky(Ap) @ C — Mg’q for any w,y € W by

7 ([ (1C) = 0, (AL (2.5.3)

To prove Theorem 2.5.2, we will first prove that 1’ is a well-defined and bijective morphism
of C[W]-modules onto ngq. Then we will show that 7, too, is an isomorphism of C[W]-
modules from ng to ngq. Then we will show that m o n = 7/, which gives that n is
well-defined and bijective. From this, we will deduce the fact that n is a morphism of
H,-modules.

Lemma 2.5.3. The map 7' is a well-defined isomorphism of C[W]-modules.

Proof. This follows from the claim that the stabilizer of any [je.(IC,)] under the action of
the {Fy}wew is equal to the stabilizer of Afu under the action of the {0, },ecw. Note that
Proposition 2.3.6 shows that the stabilizer of A% under the latter action corresponds to the
stabilizer of A, under the x-action of W on Z. One can check that this stabilizer is P(w),
which is the stabilizer of [j..(IC, )] under the action of the {F, },ew by Theorem 2.4.7. O

Lemma 2.5.4. The morphism 7 : Mg — Mg,q is an isomorphism of C[W]-modules.
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Figure 2.1: A figure illustrating the definition of 7’ in the case G = SLj3. For every alcove

A € Z in the picture which is labelled with the tuple (v, w), we have 7'(j.(IC,)) = Af. The
colors indicate the orbits of the A* under the operators 6,,. The set Zg, is in bold, and the
fundamental alcove A, has a red label.

Proof. Note first that 7 is clearly a surjective morphism of C[W]-modules. To show it is
an isomorphism, it is sufficient to check that dim Mg’q < dimﬁg,q. By Lemma 2.5.3 and
Corollary 2.4.11,

dim My, = > |[P(w)\W|. (2.5.4)

weW

We now claim that M, 37 , 1s spanned by elements of the form 6,-1(A,,) where y is a the minimal-
length representative of some coset P(w)y of P(w) in W. Since there are ) . |[P(w)\W|
such elements, this will prove the inequality above.

We do this by induction on the Bruhat order: we claim that for any w € W, the space
span{f,-1(Aw ) }yew,w>w is spanned by the subset of these elements with minimal-length y
in the coset P(w)y as above. For w = wy, this is trivial as P(w) = &.

Suppose now that it is true for some w. Then by further induction on the length of y it
is enough to show that for any s € P(w), 05(A,) is a linear combination of A,s, A,, and
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0s(Ays). Indeed, by the definition of 6, in 2.3.2, one can check that, since ¢(ws) > (w),
0,(Ay) = Ay +v Ay — v10,(Ay), (2.5.5)

completing the proof. O]

Now we define n = 7' on/. By Lemmas 2.5.3 and 2.5.4, we know 7 is an isomorphism of
C[W]-modules. The following proposition will follow from Proposition 2.5.9, which is proved
in the next subsection, and so we will delay its proof until then.

Proposition 2.5.5. For any w € W,

n([jer(Aw)]) = Aw

Before we use Proposition 2.5.5 to show that 7 is a morphism of H,-modules to prove
Lemma 2.5.7 below, we need the following straightforward consequence of Polishchuk’s work
on “good representations” in [48].

Lemma 2.5.6 ([48], Theorem 11.5.1). The elements {[j.(Aw)]}.wew generate the space
Ko(Ap) ®zjpv—1) C whenever v is specialized to a value which is not a root of unity (in
particular, in our situation where v — q% ).

Proof. In Theorem 11.5.1 of [48], it is shown that K((Ap) must be generated by objects of
the form [j,1(A)] for A € P so long as the action defined by the F,, functors factors through
the Hecke algebra H,. Although this is not true for the action of these functors on Ky(.A),
it holds for Ky(Ap) by Proposition 2.4.3. Since D?(P) is generated by standard objects
{Ay }wew and their Tate twists, this proves the lemma. O

Note that it is not true that the elements in Lemma 2.5.6 generate K(Ap) alone before
specializing at g2 this follows from the example provided in Section 2.8 to [48]. The question
of whether the Grothendieck group Ky(.A) of the full Kazhdan-Laumon category is generated
by a similar collection is the subject of much of the work in [48]; in future work, we hope to
work beyond the case of Kazhdan-Laumon Category O to address some of these conjectures
in general.

Lemma 2.5.7. 1 is a morphism of H,-modules.

Proof. By Section 2.4.1,

1(Ts - [jer(Aw)]) = 1([Ja (Vs * Aw)])

_ {n([je!(Asw)]) ((sw) < £(w),
N([Jar(Asw)] + Ga(Auw(=3)] = [a(Au(3)])  sw) > £(w)

B Ay l(sw) < l(w),

B {Asw (g2 — VA, L(sw) > L(w).
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Comparing this with (2.3.1), we conclude

U(Ts ' [je!(Aw)]) = Ts ' n([]e'(Aw)]) (256)

for any w e W, s € S.

By Lemma 2.5.6, the elements [j,1(A,)] for z,w € W span the space Ky(Ap) ® C. Since
the W-action commutes with the action of #,, the equation (2.5.6) implies that 7 is a
H,-module homomorphism on all of Ky(Ap) ® C, as desired. ]

Combining Lemmas 2.5.3 and 2.5.7 (which, to recall, show together that n is a C[W]-
module isomorphism) with Proposition 2.5.5, Theorem 2.5.2 is proved. It remains to prove
Proposition 2.5.5; this will be our main focus in the next subsection.

2.5.4 Restriction to fundamental alcoves

Let Zg, denote the set of alcoves { A, }wew which we call the fundamental alcoves. In this
subsection, we define a map ./, : Miq — Ko(P) ®z[p,p-1) C (which can be interpreted as a
sort of restriction to Zg,) such that the diagram

Ko(Ap) ®zpp,011 C — Mg,
2.5.7
- s 257)
KO(P) ®Z[U,v—1] C

commutes. This gives an interpretation of the functor j* on the MY side of the bijection
from Theorem 2.5.2, and will allow us to prove Proposition 2.5.5.

Definition 2.5.8. We define the map J, : Miq — Ko(P) ®zpp,p-1) C as the unique C-linear
map satisfying

A, fweW

J.(Ay) = i
(4) {0 if we W\ W,

extending linearly to the domain MJ,,.

Let J! : Ko(P) Qzpw-1 C — Mqu be the unique section of J, whose image lies in the
subspace of M? spanned by {A, }wew. Let & = J, o J. be the projection onto the subspace
of M 37 , spanned by {A, }uew. Finally, let p = id — & be the projection onto the subspace of
Mg, spanned by {As}gernw-

Proposition 2.5.9. The diagram (2.5.7) commutes, i.e. J.on = jr.

Proof. By the linearity of each of these maps, it is enough to check this statement on the
elements {[j.1.(ICy)]}..wew, which span Ko(P) under Z[v,v™!] by Theorem 2.4.7. By the
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same result, we know that

[IC,] z€ P(w)

]:([]z'*(lcw>]) = {O z e P(w)7

while J.(7([j.1+(ICw)])) = Jo(0.-1(A%)). Since m o = 7 and it is easy to check that J, is
zero on any objects in the kernel of 7 by the definition of M?lm it is enough to show that

IO (45)) = {mw] S

0 z & P(w).
In the case where z € P(w), we know by the proof of Lemma 2.5.3 that 0, (A% ) = A% | so this
reduces to showing J.(A%) = [IC,]. By the Kazhdan-Lusztig conjectures, formula (1.5.b) in
[33] holds, and so our claim follows from the remark following 13.10 in [39] combined with
11.19 of loc. cit. (for e = 0).

On the other hand, if z &€ P(w), then 6,-1(A4%) = (27! x A,)*. It is easy to see that if
ax A, # A, for a,w € W, then a x A, is not dominated by any alcove in { A, }ew under
the partial ordering of alcoves given in [39]. As a result, we cannot have any of the alcoves
in { Ay }urew occurring with nonzero coefficient in (2 * A,)*, and so J,(6,-1(A%)) = 0 in this
case, as desired. O

Corollary 2.5.10. An element C' € MY is zero if and only if J.(6.(C)) =0 for all z € W.

Proof. By the previous proposition and the fact that 1 is an isomorphism of C[W]-modules,
this reduces to the fact that [F] = 0 for F € Ap if and only if j5(F) =0forall z ¢ W. O

Now to prove Proposition 2.5.5, we will need the following; it is an easy computation
from the definition of 6,.

Lemma 2.5.11. For anyw € W, s € S,
Je(05(Aw)) = [Ay * VS(%)]

We now wish to upgrade this result by induction and show that J.(0,(A,)) = [A, *
VZ(@)] for any w,z € W. To do so, we will need to keep track of possible positions of
alcoves after applying 6, to an alcove in Zg,,. To make this precise, we introduce the following
definition and subsequent lemmas.

Definition 2.5.12. For any v € W and reduced word v for v, recall that we can define a
subset of positive roots R(v). If v =s;, ... s;,, we set

R(E) = {Oéil, Siy (OZiQ), vy Sip e Sik—1 (O{Zk)}
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Note that if v is reduced and s is a simple reflection with ¢(sv) > ¢(v), then
R(sv) = sR(v) U{as}.
We will sometimes use R(v) to denote R(v) for some choice of reduced word v for v € W.

Definition 2.5.13. Given any subset R of positive roots, we define Z*(R) C = to be the set
of alcoves A satisfying the following two conditions. First, we require that A € =g,. Second,
we require that A lies in the same Weyl chamber as some element of R. By this definition,
each each =7 (R) will be a union of Weyl chambers but with =g, excised.

One can easily check for any two reduced expressions w and w’ for w € W that we have

EN(R(w)) = ET(R(@)).

Definition 2.5.14. For any w € W, let Ef = =" (R(w)) for a choice of reduced expression
w for w.

The following is a straightforward computation which follows from the definition of 6,.

Lemma 2.5.15. Ifv € W and s € S with {(sv) > {(v), then

0,(span(Z) U Zg,)) C span(Zf U Z4qy),
£(Os(span(Z1))) = 0.

Corollary 2.5.16. For any w,z € W,
p(0:(Ay)) € span(=7).

Proof. We go by induction on ¢(z). For {(z) = 0, there is nothing to prove. Now suppose
the result holds for z, and let s € S be such that ¢(sz) > ¢(z). Then since p + £ = id,

p(0s:(Aw)) = (p00s)[p(0.(Aw)) + £(0-(Aw))]-

Clearly £(6.(Ay)) € span(Zg,), and by our induction hypothesis, p(6.(A,)) € span(Z}). So
Lemma 2.5.15 guarantees that 0s[p(0,(Ay)) + £(0,(Ay))] lies in the span of =, U =4, and
therefore its image under p lies in span(Z7). O

With these new definitions and lemmas in hand, we can now provide an inductive proof
of Proposition 2.5.5.

Proof of Proposition 2.5.5. By the definition of j.,

TEF(a(Aw)]) = Ay * Voor (42,
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so by Corollary 2.5.10, to show that n([ja(Aw)]) = A, it is enough to show that

Je(0.(Aw)) = [Ay % V.1 (2], (2.5.8)

2

for all w,z € W. We will fix w and proceed by induction on ¢(z). For ¢(z) = 0, this is
immediate from the definition of J,.

Suppose then that we know (2.5.8) holds for some z. Suppose s € S is such that
l(sz) > ((z). Then by this assumption along with Lemma 2.5.11 (extended by linearity,
using linearity of the convolution — * V(3)) that

— (A Vo (1) £ V(1)

2

(JooBs0600.)(Ay) = J(O0s(JL([Aw * V.1 (“E)))))
) *
= [Aw*V(SZ) 1( (52

D).

To complete the proof, it remains to show that
Je(esz(Aw)) = (Je o 98 o 5 © 92)(Aw)

By Corollary 2.5.16, we know p(6.(A,)) € span(=7). By the first part of Lemma 2.5.15, we
then have

Je(052(Aw)) = Je(05(£(0:(Aw)))) = (Je 0 05)[0=(Aw) — £(62(Aw))]
= (Je 0 05)(p(0-(Aw)))
€ Je(0s(span(Z7))),

which is zero by the second part of Lemma 2.5.15. O]

2.6 The Schwartz space of the basic affine space

In this section, we recall the definition of the Schwartz space of the basic affine space S
as defined in [15]. We then focus on Iwahori-invariants ST<T(©) of this space, and revisit a
claim made in loc. cit. about its connection to M,;. This will then serve as a bridge to a
more direct connection, which we will consider in the final subsection, between S and the
Kazhdan-Laumon category A.

2.6.1 Preliminaries from [15]

In this section, let k£ be a non-Archimedean local field with residue field x = F,;, and O its
ring of integers. Let m be a uniformizer of k£, and suppose the norm on £ is chosen so that
7|l = ¢~

In this section only, we write GG, for the base change of G to k; we will consider the basic
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affine space X(k) = (G/U)(k). Let I C G(k) be an Iwahori subgroup. The setup of [15]
begins with considering the space S, of locally constant compactly supported functions on
X(k); let S D S, be the Schwartz space of the basic affine space defined in loc. cit.

Definition 2.6.1. For any n € Z, let 1,, be a choice of additive character of conductor n of
the field & (i.e. a character for which 7O C ker ¢, but 7" 1O ¢ ker1,).

In [15], a W-action on S is defined via Fourier transforms ®,, associated to any s, € S as
follows. Let P, (k) be the parabolic subgroup of G(k) naturally corresponding to s,, and let
Qa(k) = [P.(k), Py(k)]. Then 7, : X(k) = G(k)/Q.(k) is a fibration with fibers isomorphic
to A2\ {(0,0)}; the Fourier transform ®,, is defined fiberwise. Because the definition in [15]
(c.f. the more explicit definition in [31]|, which we will now slightly modify for our choice
of the character ;) depends on a choice of character and normalization, in the following
definition we choose conventions explicitly for the purposes of the present chapter.

Definition 2.6.2. Define the Fourier transform operator @, : S — S associated to a simple
root s, € S by

@@ =a [ Ly Bl S (26.1)
where we use the identification of the fiber 7! (7,(z)) with V,(z) — {0}, where V,(z) is a
two-dimensional vector space with a volume form defined by the pairing (,)s, : V xV — k
(following the setup and notation of Section 1.1.2 of [31]).

We define ®,, for any w € W by &, = ®,, ---®,, where w = 54, ...5,
expression.

. is a reduced

Remark 2.6.3. The definition of the Fourier transform endomorphism ®,, in [15] depends
on a choice of additive character of k. From now on, we will always use the character ¢y and
the normalization (by ¢) chosen in Definition 2.6.2. This is the only choice of character for
which Theorem 2.6.5 will hold as it is written. The usual choice of character in the literature
(as is used in Example 3.2 of [15] and throughout [31] and [17], for example) is ¢. However,
this choice is not compatible with the normalizations chosen in the statement of Theorem
2.6.5, as we explain in Example 2.6.4. The reader should beware that our nonstandard choice
of v is such that, in the SL, case,

(I)a(XOXﬂ'O) = XOx710,
Qo (XOx0) = @XrOxr0 F XOXO

which does not agree with the computation in Example 3.2 of [15] due to the discrepancy
between the characters 1, and 1)y, as well as the constant ¢ by which we multiply the integral
in Definition 2.6.2.

The Iwahori subgroup I acts naturally on X (k) on the left, while T(O) acts on the right.
We consider now the I-invariant subspace S™*T(©) as is studied in Section 4 of [15]. Recall,
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as explained in loc. cit., that the I-orbits on X (k) are indexed by W; for any w € W we can
associate the I-orbit TwU(k) € X (k). We also know that for all w € W and f € ST*T(©),
we can define the convolution yr,r * f, where Y, is the indicator function on the I-orbit
Twl € G(k)/I. This defines an action of the affine Hecke algebra H,, with T, acting such
that

T () = (=) @ * f. (2.6.2)

2.6.2 Connection to My

In Lemma 4.3 and Corollary 4.6 of [15], it was claimed that My, = S(X)*T(©) as H,C[W]-
modules, where on the Schwartz space side the H,-action is given by convolution and the
W-action on the given by the ®,,, while on the M, side the WW-action is given by the 0,,.
We reiterate that this result is not true if the “usual” definition of the Fourier transforms
using the character g is used, as we explain in the following example.

Example 2.6.4. Suppose G = SLj, so X (k) = A2\ {(0,0)}. For cach w € A; = (51, o),
there is an Iwahori-orbit JwU(k) C X(k). These sets are either of the form 7O x 7#"O \
70 x 7O or 7O x 7" TLO N\ 71O x 71O for some n € Z.

Lemma 4.3 in [15] asserts that the map v : S(X)*T(©) — M, , takes some multiple of
the indicator function on each Iwahori orbit JwU (k) to some alcove A € . Accordingly, set
A = 7(—q_%X131U(k))- (Note that Is;U(k) = O x O\ O x 70.)

Following the computations in Section 2.3.4, one can compute that we must have that
”y(—q*%XoX@) = (A*)!. Since Yoxo is G(O)-invariant, we know Ty, (xoxo) = —¢7*xoxo.
So if 7 is to be an isomorphism of H,-modules, we must have that Ty, ((4%)%) = —q~1/2(A*)F,
meaning A* = A, for some odd n, by the computations in Section 2.3.4.

This is impossible, however, since if the character v is used, then ®,(yox0) = Yoxo, and
so we expect 0, (A¥) = A%, But this only holds for n = 0, which is not odd, contradicting the
existence of such a . This example is intended to justify Definition 2.6.2, and specifically our
nonstandard choice of additive character, showing that such a choice is necessary if Corollary
4.6 in [15] is to hold.

We can fix this by our use of the character v, in Definition 2.6.2, thereby yielding the
following result. For ease of notation, we denote by &, the function (—g'/?)%Ae:Aw)y TwU(k) €

SIXT(O)‘
Theorem 2.6.5 ([15]). The map ¥ : M, — ST defined on alcoves Ay, by
U(Ay,) = 6w,

extends to an isomorphism between My, and S™T©) of H, @ C[T' x W]-modules.

Example 2.6.6. We now explain this bijection explicitly in the case of SLsy; its proof in
general follows from this computation. In this case, W = (s;); we also denote by sy the
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simple reflection associated to the affine root. Let A, be the alcove (n,n+1). Note that for
any n, Asy, = A(s 50y, While Aoy = Ay (5,50)n-

The action of H, on M, is given by the formulas of Section 2.3.4 specialized at v = q%.
Comparing these with the action of Ty, on ST*T(©) whose inverse is given by convolution
with —¢~'/2xs,1, one can check that the actions agree; the same goes for the action of T

It remains to check that the IW-actions agree, which is only true when using the character
11 in the definition of ®, . By applying ¥ to the formula (2.3.5),

(AL = {(_ql/Q)nX(w"/QO)x(wn/2+1@) if n is even,
—q

(

1/2)nX(7r(n+1)/2(9)X(ﬂ(n+1)/2@) if n is odd.

Since for (z,y) € k x k,

By, (Yorormiiio) (T, y) = 4 / / dn(ab — ya)
aenkO Jberk+10O

=1 0700) (g 0)

=q- ¢ " Naro(2)Xarr10(y)
= q_QkXTr*kOXTr*’ﬁLlO(xa y)a

which implies that
O, W(AL) = W(AL,) = W(h,,(AL,))

for n even, while a similar proof works for n odd.

2.6.3 Schwartz space and Kazhdan-Laumon categories

We now translate Theorem 2.5.2 into a statement about the Schwartz space of the basic
affine space, since we can relate My, to S’ xT(0) by Theorem 2.6.5.

Theorem 2.6.7. There is an injection © : Ko(Ap) @z -1 C — STO) of H, @ C[W]-
modules given by

O([jar(Aw)]) = du (2.6.3)

for allw e W.

Proof. This follows directly from Theorems 2.6.5 and 2.5.2. The last part follows in particular
by comparing equation (2.5.1) with Theorem 2.6.5 and the definition of &,,. ]

Now we place Theorem 2.5.2 in this context, rephrasing the result in terms of a more direct
connection between the Kazhdan-Laumon category A containing Ag, and the Schwartz space

SO SIXT(O).
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Grothendieck’s sheaf-function correspondence tells us that for any F € P, we can produce
a function tr(F) : (G/U)(F,) — Q,. Applying this to the standard sheaves A, € P, it
follows that tr(A,,) = (=g /2)*®)y,,, where y,, is the indicator function on the F,-points of
the Bruhat cell BwU C G/U. Returning to the setting where k is a local field, O its ring
of integers, m the uniformizer, and x the quotient, one can construct an “Eisenstein map” as
follows.

Let X(O)sn C X(O) denote the union of the Bruhat cells JwU across all w in the finite
Weyl group W. The subset X(O)g, has the property that the projection O — & induces a
well-defined and surjective map X(0)g, — X (k).

We then have the diagram

X(O)fin
PN
X (k) X (k

which we obtain from the natural maps k <= O — k. One can then consider ¢ o p* as a map
from the space C(X(k)) of functions on X(k) to S, = S.(X(k)).

)

Definition 2.6.8. Let Sy be the subspace of S generated under the Fourier transforms ®,,
by the image of ¢ o p*.

Then (2.6.3) in Theorem 2.6.7 tells us the following.

Proposition 2.6.9. The map © is an isomorphism onto SéXT((’))' For F e P,
O([jr(F)]) = (110 p*)(tx(F)) € ST,

This concludes the proof of Theorem 2.1.3 from the introduction, giving a direct inter-
pretation of the composition Ko(Ap) @ C — My, — S*T©) (each of which is originally
described combinatorially) in terms of Grothendieck’s sheaf-function dictionary via the map
L o p*.

2.7 Perverse sheaves on the semi-infinite flag variety

2.7.1 Preliminaries

In this section, we follow the technical setup of [5]. In loc. cit., the authors define a category
Perv(ff%)lo, intended to be an analogue of a category of Iwahori-monodromic perverse
sheaves on the semi-infinite flag variety by using the Drinfeld space Buny-. (In this section,
we use the notation N~ for the maximal unipotent subgroup opposite U to be consistent
with loc. cit.) This construction builds off of earlier work in [23], [22] and [14].
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It is shown in [5] that the category Perv(]-"ﬁ%)lo has simple objects IC; indexed by
w € W. For each such w, the standard and costandard objects V3 and Ay are also
defined using maps 44 corresponding to inclusion of the appropriate stratum indexed by w
(we use bold symbols for standard and costandard objects in Perv(F¢% ) to distinguish
them from the usual standard and costandard objects A, and V, in Pervg(G/B); note
also that their labelling as standard and costandard sheaves respectively, as opposed to the
reverse, is nonstandard but follows the conventions of [5]). One of the main results in loc.
cit. is an equivalence between the category of Artinian objects in Perv(F E%)I * and a certain
category of graded modules over the small quantum group. This result categorifies a known
connection between the Grothendieck group of the latter category and Lusztig’s periodic
Hecke module which appears in [4], c.f. Theorem 17.8. The latter category admits a W-
action given in Lemma 1.1.16 of loc. cit. As a result, there is a natural W-action on simple
objects in Perv(F(% )" given as follows. We note that equation (55) in Section 6.1.8 of loc.
cit. describes this same result in terms of “restricted irreducible” objects, but there is a typo
in the indices in the equation referenced, so we reproduce a corrected version here employing
instead the conventions and notation of the present chapter.

Proposition 2.7.1 (Section 6.18 in [5|). The category Perv(F0Z)" admits a W-action
by endofunctors {Fy}wew. These functors send simple objects to simple objects, and in
particular

Fs(ICia)) = 1Ci(e,(a))

for any s € S, w € w (c.f. Definition 2.5.7), where i : W — W denotes the involution
sending w- A — w - (=A) forwe W, A eT.

In Section 6.13 of [22], the authors explain a direct connection between perverse sheaves
on the semi-infinite flag variety and Lusztig’s periodic Hecke module A/-. This is made
precise for the category Perv(F¢= )" by [5], c.f. Theorem 4.3.6. In 6.1.8 of loc. cit., the
authors remark that there exists a category P2 consisting of “mixed D-modules of Hodge-
Tate type in Perv(Fﬁ%)Io” equipped with a half-Tate twist endofunctor (%) corresponding
to ¢~ /2 generated by the simple objects ICy (%) for all w € W and m € Z. As before, the
corresponding Grothendieck group is then a Z[v, v™!]-module where v~ acts by (3).

Note that in the original result of [22] loc. cit., the setup and notation of the periodic
Hecke module follows the conventions of [50], which differs from those of [39] which we use,
hence the presence of the sign change on A in the results in this section. We also make
reference to the H action on Ko(Perv(F£%)!) discussed in [5] and [22]. Translating the

result to our conventions, we arrive the following.

Theorem 2.7.2 ([22]). There is an isomorphism of H, @ C[W]-modules

Ky ('P%) ®Z[v,v*1} C— Mdﬂ
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such that for any W =w -\ (forw e W, X el),

- #
[1Cz] — Aw.(_A),
[V,;}] — Aw~(—>\)-

Definition 2.7.3. Let W< C W be the set of @ € W such that for any y € W, ¢,(d) can
be written as w - ¥ for some w € W, and some coweight © for which 7 < 0.

Let W' C W< C W be the set of all @ € W such that there exists w,z € W with
ICs = F.(ICiw)). In other words, it is the orbit of W in W under the action defined by
i(W) — €y (i(w)) for w e W.

Finally, let T'= W< — W' be the subset of W< consisting of all elements which do not lie
in W’.

Definition 2.7.4. Let 753 (resp. T) be the Serre subcategory of P2 generated by half-
integer twists of {ICg taew. (resp. {ICz}aer) under extensions. Let Q be the Serre quotient
P/T.

Let P°, 7°, and Q° be the non-mixed analogues, e.g. P° is the Serre subcategory of
Perv(F(%)! generated by {ICq}gew:.

Our aim in the subsequent sections will be to categorify Theorem 2.7.2 by showing that
Q° and Ap (resp. Q and Ap) are equivalent as categories, and then showing that the Serre
quotient map 7 : 753 — 75§ /T admits a fully faithful right adjoint. By composing this adjoint
functor with the equivalence of categories claimed above, we will then get an equivalence of
categories between Ap (resp. Ap) and a full subcategory P of P% as claimed in Theorem
2.1.4.

2.7.2 Setup

We will continue to refer to the setup and notation of [5]. In loc. cit., the authors define
the category Perv(F(7)! * as the subcategory of sheaves in Perv(gzm]vf) satisfying certain
conditions. For any coweight 7, they define éOB_uan C ng_uan, denoting by i, the inclusion
map. We will use this map in the case where 7 = 0. Similarly, they define QOpB_unN— C
" Buny.. -

For any @ € W, it is easy to see that the strata indexed by 7 on which IC; is supported
must be such that 7 < 0. (This is the statement that W’ C W<, which follows purely from
the combinatorics of My and the definition of the operators #,; note that the orderings <
and > are switched when translating from Perv(F¢%)"" to My, as we explain in Section
2.7.1.)

Lemma 2.7.5 ([5], Section 4.1.3). The closure of I’ Buny- in I Buny- is ISOOBunN—.

Corollary 2.7.6. The functor iy : 73% — Perv(}"Buny-) is ezact.
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Proof. By the preceding discussion, any element of 75% is supported in ISOOBun ~—-. It is shown
in [5] that {"Buny- is an open subset of ISOOBuan, from which the result follows. O

Now the following result, also shown in [5], will be crucial for our purposes.

Proposition 2.7.7 ([5], Section 4). There is an equivalence of categories
Pervy(G/U) — Perv(} Buny-),

where /Perv({)oBuan) C Perv(éoBuan) 1s the subcategory satisfying the same conditions
as in the definition of Perv(FIZ)!" C Perv(_Buny-). This equivalence sends the standard
sheaves A, to the sheaves V., described in 4.4.3 of [5].

From now on, by means of the equivalence in this proposition, we will implicitly identify
Pervy(G/U) with ‘Perv({'Buny-), viewing Pervg(G/U) as the target (resp. source) of the
functor 7, (resp. ig).

Proposition 2.7.8. The functor E; is zero when restricted to T. Further, the category T is
closed under the action of the {Fy }wew. As a result, the functor iy and the functors {Fuy, }wew
are each well-defined on the quotient category Q.

Proof. By the definition of 7T, it is generated by a collection of irreducible objects 1Cg, each
of which having the property that w = w - 7 for w € W and ¥ some coweight with 7 < 0.
This means i,/Cgz = 0 for each such irreducible, and therefore i,(7) = 0.

Next, note that by the definition of W', irreducible objects ICy for w € W< — W' are
sent to other such irreducible objects under the functors {F,},ew; i.e. these functors send
irreducible objects in 7 to other irreducible objects in 7. Since these functors are exact,
this shows that 7T is closed under each of them. n

2.7.3 An equivalence of categories

Here, we recall the following result from [48] (specialized to the case of Ap); see also [9] for
a more general statement.

Theorem 2.7.9 ([48]). Suppose K is an abelian category equipped with exact functors ji :
K — Pervg(G/U), each of which has a left adjoint j,i. Suppose that these functors satisfy
Judot = Fuyp-11. Assume also that if an object A € K satisfies ji,A = 0 for all w € W, then
A =0. Then there is a natural equivalence K = Apg.

By the previous section, we know that 58 can be considered as a functor from Q to P.
Further, it is exact by Lemma 2.7.6. Accordingly, we make the following definition.

Definition 2.7.10. Let j : Q — P be the functor 33. Further, for any w € W, let

kL -k
Iy, =10 Fu,

jw! = Fw*1 o Z.O!
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Proposition 2.7.11. Each functor j;, has a left adjoint given by
7o Fyu1 0% (2.7.1)

where T : 7530 — Q 1is the Serre quotient functor.

Proof. First note that for any F € P and any Y € O, we have a functorial isomorphism
Homp (F, (ij 0 Fy)(Y)) = Homp_((Fy-1 0 i) (F),Y) (2.7.2)
by adjointness of (ig, iy). It remains to show that
Homp_((Fy-1 0ig1)(F),Y) = Homg((Fy-1 0 igr)(F), Y). (2.7.3)

But note that (F,-10ig)(F) admits no nontrivial quotient which lies in 7, by the adjointness
of (Fy-1014g, Fy 0 53) and by the fact that ZS is trivial on 7. By the definition of morphisms
in Serre quotient categories, this means any morphism f € Homg((F,1 o ig)(F),Y) lifts
to a genuine morphism f : (F,-1 0ig)(F) — Y/Y’, where Y’ is some subobject of ¥ lying
in 7. But again by the adjointness of (F,-1 o ig, Fy 0 7y) and by the fact that 7, is trivial
on 7T, any such morphism lifts to a morphism from (F,,-1 0ig)(F) to Y, and this gives the
bijection in (2.7.3). O

We know that the functors j¥ are exact (since the F,, are exact), that 7o j,, are their left
adjoints, and that

jfu.jv! = ES o va*1 o g0!- (274)

So to show that the functors {j¥ }wew as defined here satisfy the conditions in Theorem 2.7.9,
it remains to show Lemmas 2.7.12 and 2.7.13 below.

Lemma 2.7.12. When considered as endofunctors of P, Zg oF, 0o and F,, are naturally
1somorphic.

Proof. Recall that for any F € P, we can write F,,(F) = F * Vw(&;”)). By 4.4.1 of [5],
I-convolution on the left (which is the convention for convolution we use) with objects of
Perv(G/U) commutes with the functors i and i,. By the definition of the F,, in loc. cit.,
it is also clear that they too commute with convolution on the left (on the level of K, this is
simply the fact that the W and H-actions on the periodic Hecke module M; commute with
one another). This means

i 0 Fyoig(F) =g o Fyoig(F * A) (2.7.5)
= F % (ES oF, o Eog(Ae)),

20



s0 it remains only to show that iy o Fy, 0 igi(A) = Vw(e(Q—w)). Note that since the action of

F. on the Grothendieck group agrees with Lusztig’s 6,, operator on My,

[Au (=48 % (i 0 Fyy 0 ign(Ae))] = [ig 0 Fu 0 in(Au(—42))] = [AL].

2

Since A, is irreducible and the left-hand side is perverse (since ig(A,) = V,, and F,, is

t-exact), this means Aw(—@) % (ig 0 Fy 0ig(A.)) = A,, which gives a natural isomorphism

ip 0 Fu 00 (Ac) 2 Vo (“2), as desired. -

Lemma 2.7.13. If A € Q satisfies j;, A= 0 for allw € W, then A = 0.

Proof. Note that K(Q) = Mg’q. Our discussion in Section 2.5.2 shows that for any nonzero

B e Miq, there exists at least one w € W for which J.(0,(B)) # 0 which is equivalent to
the desired statement under this identification. O

As a result, all of the conditions for Theorem 2.7.9 are satisfied, yielding the following as
a corollary.

Proposition 2.7.14. There is an equivalence of categories between Ag and Q° (resp. Ap
and Q). This categorifies the morphism ' : Ko(Ap) @ C — Mg,q.

Now we use the following result to upgrade this result and obtain a fully faithful functor
from Ag to P%.

Proposition 2.7.15. The Serre quotient functor m : 753 — Q admits a right adjoint 5, and
a left adjoint &y, each of which s fully faithful.

Proof. Using Proposition 2.7.14, we can let ¢ : Q@ — Ap be the equivalence of categories
described therein. To complete the proof of this proposition, it is enough to show that ¢ on
admits a right adjoint o, and a left adjoint 0.

First, we claim that for any w € W, 52 ¢mF, -1 = 53 as functors from 75% — P°. Indeed,
by the definition of ¢ we have j; ¢ = 53 oF,, and so the result follows from Proposition 2.7.8
which says that F,, descends to a map on Q and therefore commutes with .

By the dual result to Lemma 0793 in [51], it is enough to show that there exists a subset
J C Ob(Apg) such that

1. Every object of Ap is a subobject of an object in 7,

2. For every J € J there exists a choice of object o,(J) in 75§ such that one has functorial
isomorphisms Homp_(X, 0.(J)) = Homu, (¢(X), J) for every X in Pe.

Let J C Ob(Ag) be the collection of objects of the form j,.(F) for w € W, F € P°. First
note that (1) holds because for any A € Ap, the adjunctions (j;, ju«) give a morphism

A= B ju.gpA (2.7.7)
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which is easily seen to be an inclusion.
Now to meet condition (2), for any object of the form j,.(F), we let 0. (jus(F)) =
Fu-1(i0«(F)). Then for any X € P,

Homp_ (X, 0. (jux(F))) = Homp_(X,F w-1(i0+(F)))
= Homp_ (Fy(X), %0.(F))
= Homp(iy(Fu (X)), F)
= Homp (5 o7 (X), F)
= Homy, ((¢ 0 7)(X), ju(F))

*
'LU

with the step from the third to the fourth line using the fact that j; ¢7F,-1 = ES as functors
from P~y to P, with each of the isomorphisms in the above being functorial.

This means the assignment o, above extends to a functor o, : Ag — 75§ which is right-
adjoint to the Serre quotient functor 7. Since the quotient functor 7 is a localization functor
and o, is its right adjoint, we then have that o is necessarily fully faithful.

Finally, we construct a left adjoint o, to ¢7. By the same result as used above, we can
repeat the above argument with quotients rather than subobjects, using the fact that for
any A € Ap, there is a surjective morphism

BuwewjutinA — A. (2.7.8)

We then define 01(ju1(F)) = Fu-1(io(F)). Now to meet the dual version of condition (2)
above we proceed with the same argument but dualized, and conclude that indeed o is
left-adjoint to ¢m. O]

Definition 2.7.16. Let P be the image of the functor &,, which is a full subcategory of P%
by Proposition 2.7.15.

As a corollary to Proposition 2.7.15, we get the following elaboration on Theorem 2.1.4.
Note that the fact that the equivalence of categories induced by the left derived functor to
the fully faithful right-exact functor o, described in Proposition 2.7.15 categorifies the iso-
morphism 7 follows from the fact that 01(jea(Ay)) = V. Its compatibility with convolution
follows from the fact that i commutes with !-convolution by 4.4.1 of [5].

Theorem 2.7.17. There exists an equivalence of categories between Ag and P° (resp. Ap
and 75) This categorifies the isomorphism 1 : Ko(Ap) @ C — M2, and respects convolution
on the left by the standard and costandard objects A, and V., of Pervg,(G/B) for all
w € W. The W-action on Ap by functors F,, is mapped to the W-action on P by the
functors F,,.
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2.8 Illustrations for MS and Ky(Apg) in rank 2

Expanding on Figure 2.1 but suppressing the labels, we now provide illustrations in rank
2 for MS and Ky(Ag). More precisely, in the figures below, the shaded alcoves are the
alcoves A € = for which A° ¢ MS. By Theorem 2.5.2, the shaded alcoves index a basis
for Ko(Ag). The colors indicate the orbits of the A in MZ under the operators {0y }wew,
which correspond to the orbits of simple objects in .4z under the operators {F,, bwew. As in
Figure 2.1, the alcove A, is always pictured in red, and the fundamental alcoves { A, }wew
are outlined with a bold stroke. (To draw these pictures, we used Proposition 2.3.6 which
provides a description, in terms of alcoves and reflections along root hyperplanes, of the
orbits of {A? },ew under the operators {0, }wew.)

By Theorem 2.5.2, the number of shaded alcoves in each example is the number of simple
objects in Ap. We hope that these rank 2 illustrations demonstrate the underlying alcove
geometry behind the formula in Corollary 2.4.11.

Figure 2.2: A schematic for Ky(Ag) in Type Ay
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Figure 2.3: A schematic for Ky(Ag) in Type By

Figure 2.4: A schematic for Ky(Ap) in Type G
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Chapter 3

Symplectic Fourier-Deligne transforms
on G/U and the algebra of braids and
ties

3.1 Introduction

In [32], given a semisimple simply-connected algebraic group G split over a finite field F, with
associated Weyl group W, the authors define an action of the generalized braid group By, on
the constructible derived category D%(G/U) of mixed f-adic sheaves on the basic affine space
associated to G via so-called “symplectic Fourier-Deligne transforms.” In [48], this action was
studied in further detail, where Polishchuk showed that each of the standard braid generators
for By, satisfies a cubic relation when acting on Ko(G/U) = Ky(D?(G/U)). In doing so,
Polishchuk shows that the action of By, factors through the “cubic Hecke algebra” Hf;, given
by the quotient of C(v)[Bw]| by a certain cubic relation in each simple braid generator. In
loc. cit., Polishchuk asks which algebra is really acting: are there other relations satisfied
by the action of C(v)[Bw] on K¢(G/U), and can we identify the quotient of #$, by these
relations more explicitly? The central result of this chapter is an answer to this question.
Another perspective on symplectic Fourier-Deligne transforms can be given via convo-
lution with “Kazhdan-Laumon sheaves” on G/U x G /U as follows. In [32], Kazhdan and
Laumon define for each w € W a stratum X (w) C G/U x G/U along with a perverse sheaf
K(w) on X(w) and its Goresky-MacPherson extension K (w) to the closure X (w). They
then show that the action of the symplectic Fourier-Deligne transform on D?(G/U) corre-

sponding to any simple reflection s is given by convolution on the right with K(s); further,
each of these sheaves K (w) is a pullback under a multiplication map G/U x G/U — U\G/U,
with their convolution agreeing with a suitably-defined convolution of sheaves on U\G/U.
As a result, the subalgebra of endomorphisms of Ky(G/U) generated by symplectic Fourier-
Deligne transforms is isomorphic to the algebra KL(v) C K¢(U\G/U) generated by classes

of Kazhdan-Laumon sheaves under convolution, and this is the perspective we will take on
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this algebra for the purposes of this chapter.

In [3], the authors define a certain diagrammatic algebra called the algebra of braids
and ties (or sometimes the “bt-algebra”) over the field C(v), generalizing certain properties
of the Yokonuma-Hecke algebra of Type A, to the case of a generic parameter. In [42],
the author constructs a generalization (called C{ in loc. cit.) of this algebra to arbitrary
Coxeter type, which we call the generalized algebra of braids and ties and denote by £(v).
In loc. cit., the author also considers a natural subalgebra which we call C(v) C £(v) which
is the image of a natural homomorphism C(v)[By] — £(v). In the next result, we show that
Kazhdan-Laumon sheaves under convolution categorify C(v), answering the aforementioned
question asked in [48|. Further, we show that the whole algebra £(v) can be obtained by the
convolution algebra generated by a modest enlargement of this Kazhdan-Laumon algebra,
i.e. by Kazhdan-Laumon sheaves in addition to certain other sheaves F(s) introduced in
Definition 3.2.3 for each simple reflection s.

Theorem 3.1.1. Let KL(v) be the algebra sitting inside Ko(G/U) @ C(v) generated by the
classes of Kazhdan-Laumon sheaves W for all w € W under convolution. Let ﬁ(v) be
the algebra generated by the classes of Kazhdan-Laumon sheaves in addition to the sheaves
E(s) foralls € S.
(a) The algebra ﬁ(v) is isomorphic to the generalized algebra of braids and ties E(v),
which has generators and relations given in Definition 3.2.5.
(b) The algebra KL(v) is isomorphic to the distinguished subalgebra C(v) of £(v) generated

only by the generators gs, s € S.

This upgrades Polishchuk’s observation that KL(v) is a quotient of {;, and provides an
explicit description of this algebra.

The generalized braids and ties algebra £(v) was defined as a generic-parameter version
of the Yokonuma-Hecke algebra Y, over F i, as defined in [53]. In [29] and [30], the authors
gave a new presentation of Y,; which has since been used fruitfully in the study of this
algebra and the algebra of braids and ties (e.g. in [49] and [20]). This presentation uses a
generating set { L }ses U {Rt}teT(Fqk) with relations given in Proposition 3.3.5.

We note that in [29] and [30], to complete their proof of the relations satisfied by their
new generators for Y, the authors prove case-by-case that the generators L, satisfy braid
relations, proving this for simply-laced types in [29] and then for all other types in [30]. On
the other hand, combining our Theorem 3.1.1 with a result from [32] gives a type-independent
proof of this fact using the geometry of perverse sheaves on G/U xG /U, avoiding the algebraic
calculations done in loc. cit.

Corollary 3.1.2 (First proved in [29], [30]). The generators {Ls}ses of Yy introduced by
Juyumaya in [29] satisfy braid relations.

The following is a diagram summarizing the relationship between the algebras discussed
so far, where the two vertical isomorphisms are from Theorem 3.1.1, the arrow £(v) = Y
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is the specialization map at v = ¢*/2, and the rightmost vertical arrow is the Frobenius trace
map tr,. which we will describe in Section 3.3.1.

KL(v) —— KL(v) —— Ko(G/U)

[ [

C(v) —— &(v)

l

Yo — Cl(G/U)(Fg)]

We conclude by explaining two more algebraic consequences, both of which arise from
questions posed in [42]. One of the motivating facts about the algebra C(v) is that it admits a
natural quotient map to the Hecke algebra ‘H by sending g, — — A, where A, is the standard
generator of the Hecke algebra associated to s € S. In the next result, we show that actually
this algebra admits a morphism to each monodromic Hecke algebra H, associated to a WW-
orbit o of character sheaves on T" as described in [41].

Theorem 3.1.3. Let H, be the monodromic Hecke algebra associated to an orbit o.
(a) For any character sheaf L, convolution with [A(e).] induces a morphism wp : KL(v) —
H,. In particular, m = 7, . s the quotient map to the usual Hecke algebra.
(b) There exists a natural lift c,, in KL(v) of the Kazhdan-Lusztig basis C,, under the map
7 which satisfies a self-duality condition with respect to a natural involution on KL(v).

Finally, in [42], the author studies the algebra C(v) more explicitly in Type A and dis-
cusses some connections to the Links-Gould invariant and its defining algebra which was
studied in [43]. In Section 4.3 of [42], Marin computes that dimC,, = 3, dimCyu, = 20,
and provides some computational evidence that dimCyu,(v) = 217, dimCa,(v) = 3364, not-
ing that this sequence does not exist in the OEIS and asking whether a general formula
exists for the dimension. We conclude this chapter by confirming Marin’s computational
results and extending them by providing a general formula for the dimension of C4, (v) (and
therefore also of the symplectic Fourier transform algebra KL(v); note that even its finite-
dimensionality is not obvious a priori without Theorem 3.1.1) in Type A, for all n > 1.

Theorem 3.1.4. When considered as an algebra over C(v), there is an explicit formula for
the dimension of the algebra C(v) given by

dimC(v) = W[ D;/N; (3.1.1)
IcS

where Ny is the size of the normalizer of the standard parabolic subgroup of W associated
toI C S, and Dy is the number of elements of w € W such that for each contiguous block
I' C I, there is a simple reflection s € I' for which {(ws) < {(w).
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This gives a general formula which continues the sequence of dimensions
1, 3, 20, 217, 3364, ...

given in [42].

In conclusion, we hope that the results of this chapter will serve two purposes. First, it
serves as an explicit algebraic identification of the algebra generated by symplectic Fourier-
Deligne transforms in terms of a known finite-dimensional algebra — a project begun by
Polishchuk’s identification of the cubic relations in KL(v) more than two decades ago. In the
next chapter, we exploit this identification to prove some of the conjectures about represen-
tations of the braid group factoring through the symplectic Fourier transform algebra which
were originally posed in [48|. Secondly, our main result gives a geometric interpretation for
some algebras familiar to experts in the theory of braids and knots with potential for appli-
cations to some purely algebraic questions. This chapter contains some basic examples of
such algebraic questions which we answer via this geometric perspective, and we hope that
further study of this algebra will be enhanced by this interpretation which links the algebraic
perspective to the rich set of tools which become available in the context of perverse sheaves
and algebraic geometry.

3.2 Preliminaries

Let ¢ be a power of some odd prime p, let k = F,, and let G be a split semisimple simply-
connected algebraic group over k. Let T be a Cartan subgroup split over k, B a Borel
subgroup containing 7', and U its unipotent radical. Let X = G /U be the basic affine space
associated to GG considered as a variety over k. Let W be the Weyl group, with S C W a
set of simple reflections. We let ® be the set of roots, and we fix a choice of identification of
simple reflections s € S with simple roots oy € S. For any two simple reflections s,s" € S,
we let mgy be the order of ss’ in W.

For every simple root a, we fix an isomorphism of the corresponding one-parameter
subgroup U, C U with the additive group G, . This uniquely defines a homomorphism
ps : SLoy — G which induces the given isomorphism of G, (embedded in SLyy as upper-
triangular matrices) with Us; then let

0 1
-1 0

Ns = Ps

For any w € W, writing a reduced word w = s;, ...s;, we set n, = ns, Ty and one

k
can check that this does not depend on the reduced word. We also define for any s € S the
subtorus Ty C T obtained from the image of the coroot o) and define T, for any w € W to

be the product of all T (s € S) for which s < w in the Bruhat order.
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Once and for all, we pick a square root q% of ¢, and an additive character ¢ : F, — C*.
Note that this induces natural additive characters of [F, for all powers ¢ of p by composing
with the field trace; we will also denote these characters by 1. Let L, be the associated
Artin-Schreier sheaf on G, .

We let Ko(G/U) denote the Grothendieck group of the constructible derived category
DY(G/U) of mixed f-adic sheaves on G/U. The “half Tate twist” (3) corresponding to qz
gives Ky(G/U) the natural structure of a Z[v, v~!]-module. We choose now an isomorphism
Q, = C and choose to work only with the field C from now on; in doing so, we will then be
able to make reference to complex conjugation. By abuse of notation, we will write simply
Ko(G/U) when referring to Ko(G/U) ®z[,-1) C(v) going forward.

Later we will consider character sheaves £ on the torus, and relatedly multiplicative
characters 6 : T'(F ) — C*. To either of these objects we can associate a reflection subgroup
W7 or Wy of W generated by reflections corresponding to coroots on which £ or 6 is trivial;
c.f. [41] for more details.

Let H be the usual Hecke algebra over Z[v,v™!] (which we sometimes consider over C(v))
generated by {A, }wew, normalized so that the quadratic relation satisfied by any A, for
s € S takes the form

AZ = (v® = 1)As + 0% (3.2.1)

s =

For any w € W, let A, = v=*® A, so that for any s € S,

(As —v)(As +v7 1) =0. (3.2.2)

1

There is a natural involution on A given by A4, — A;L and v = v~ . Following the

conventions of Section 3.5 of [52], recall the canonical basis C,, of ‘H given in terms of the
Kazhdan-Lusztig polynomials P, ,, by

Cp = z:(_1)4(111)—€(ac)U@(m)—é(w)j:)%wA;E1

z<w

which satisfy C,, = C,,.

3.2.1 Kazhdan-Laumon sheaves and convolution

In [32] and [48], the authors associate to each w € W an element of D%(G/U x G/U) which
is perverse up to shift and irreducible.

Following [48], let X (w) C G/U x G/U be the subvariety of pairs (gU, g'U) C (G/U)?
such that ¢g~'¢’ € Un,T,U. There is a canonical projection pr,, : X(w) — T,, sending
(gU, ¢'U) to the unique t,, € T, such that g~'¢g’ € Unyt,U. In the case when w = s € S,
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the morphism pr, : X (s) = Ty = G, 1, extends to pr, : X(s) = G, and we have

K(s) = (—PL.) Ly

and in the case of general w € W

K(w) = K(s;y) %% K(s;,) (3.2.3)

where w = s;, ... s;, is a reduced expression. One can take this as the definition of Kazhdan-
Laumon sheaves (as it is well-defined by the proposition below and therefore does not depend
on the reduced word given the proposition below) or refer to the explicit definition which
works for all w € W at once given in [32] or [48].

The following was proved by a geometric argument by Kazhdan and Laumon in their
original paper on the subject; it will be the main tool we use to (re)prove the braid rela-
tions for Juyumaya’s generators of the Yokonuma-Hecke algebra once we show that these
generators are categorified by Kazhdan-Laumon sheaves.

Proposition 3.2.1 ([32]|). The Kazhdan-Laumon sheaves K (s) for s € S under convolution
satisfy the braid relations (up to isomorphism).

In [21] it is observed that the sheaves K (w) can be obtained by pullback from a canonical
multiplication map m : G/U x G/U — U\G/U, and that this equivalence respects convo-
lution. As a result, from now on we will consider K (w) as an element of D*(U\G/U) and

we will work directly with convolution of sheaves on U\G/U in the sense of Definition 2.3
of loc. cit.

We also refer to Definition 2.4 of loc. cit. for the action of DS(U\G/U) on D%(G/U) by
convolution on the right, which we will use going forward when we consider the defining action
of Kazhdan-Laumon sheaves on D?(G/U), which for K(s) agrees with the corresponding
symplectic Fourier-Deligne transform on D%(G/U) as we explain in 3.2.2.

Note that for any g € G/U, we obtain an endomorphism of D’%(G/U) by pullback along
the natural action of g on G/U by multiplication; it is shown in [32] that convolution by

K (w) commutes with this action.

Remark 3.2.2. In [32] and [48], the authors study symplectic Fourier-Deligne transforms
on the basic affine space corresponding to simple reflections s € S. It is shown in loc.
cit. that the symplectic Fourier-Deligne transform of sheaves on G /U associated to s € S
agrees with convolution by the Kazhdan-Laumon sheaf m, and so the “symplectic Fourier
transform algebra” generated by the induced endomorphisms of Ky(G/U) under composition
is the same as the subalgebra of Ky(G/U) generated by Kazhdan-Laumon sheaves under

convolution which we study at present.

In addition to the Kazhdan-Laumon sheaves K (s) introduced above (which in the next
section we will show categorify the generators g, of the generalized algebra and braids and
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ties which we will introduce later), it will be useful to introduce another collection of sheaves
E(s) which will categorify the other generators e, of this algebra.

Definition 3.2.3. For any s € S, note that there is a natural inclusion ir, : Ty — G /U with
ir,(ts) = tU. Let Cp, be the constant sheaf on T and define the sheaf E(s) = ip,Cy, .

Definition 3.2.4. Let KL(v) be the algebra generated by the images in Ko(G/U) of the
classes [K(s)] of Kazhdan-Laumon sheaves for all s € S under convolution. Let KL(v) be
the subalgebra of Ky(G/U) generated by KL(v) along with the [E(s)] for all s € S.

We use the notation a,, = [K (w)] for any w € W and e, = [E(s)] for any s € S.

Alternatively, KL(v) could also be defined as the subalgebra of Ko(G/U x G/U) gener-
ated by the Kazhdan-Laumon sheaves on G/U x G/U (as originally defined in [32]) under
convolution.

3.2.2 The algebras £(v) and C(v)

We now recall the definition of the “generalized algebra of braids and ties.” This was defined
in Type A by Aicardi and Juyumaya in [3], and subsequently generalized to all types by
Marin in [42]. Here, to unify notation we use £(v) (originally used in [3] to refer only to the
original definition in Type A) to denote the generalized algebra in the sense of Marin (which
is called C{% in his paper), whose definition is very similar and agrees in Type A with the
original algebra of braids and ties.

Definition 3.2.5. The generalized algebra of braids and ties £(v) is the algebra generated
as follows. For each s € S, we have a generator gs, for each r € W a reflection, we have a
generator e,.. We begin with the relations.

959tGs - - - = GtGsGs ... S, t €S
—_—

eg = e, for all reflections r € W

€r1€ry = Ery€py

€r Cry = € € for all reflections rq,79 € W

7'1_17'27‘1
gs€, = €495 for all reflections r and all s € S

@ =1+ —1)es(l+gs) s€8

Now for any w € W with reduced expression s;, ...s;,, the braid relation above shows
that g, = gs,, ---9gs, 1s well-defined. Further, for any reflection subgroup J C W, set
ej = € ...e, where {ry,..., 7} is a generating set of reflections for J. In Section 3.4 of
[42], a map p from the set of reflection subgroups of W to the set of closed symmetric root
subsystems of ® is defined. We now impose the additional relation

e;=cey, p(J)=p(J) (3.2.4)
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to complete the definition of £(v). We note that clearly this algebra is also generated only
by {gs, €s}ses.t We then define the algebra C(v) to be the “braid image” subalgebra of £ (v),
i.e. the subalgebra generated by the g,, s € S.

3.3 Categorification theorems

3.3.1 Sheaves and functions

Since G/U is defined over F,, any object lying in D%(G/U) comes equipped with a natural
Frobenius endomorphism. For any power ¢* of ¢ for k > 1, taking the trace of the kth power
of the Frobenius morphism yields a well-defined map

trgs : Ko(G/U) — C[(G/U)(F )]
These assemble to a map

tr: Ko(G/U) = [ CUG/U)(F )]

k>1
Proposition 3.3.1 ([34]). tr is injective.

Definition 3.3.2. For any k > 1, let KL, x, an algebra which is a subspace of C[(G/U)(F )],
be the image of KL(v) C Ky(G/U) under the morphism trg.. Similarly, let KL, ; be the
image of KL(v). We let a; and &; denote the images in KL, ;. of the corresponding generators.

3.3.2 Symplectic Fourier transforms on functions

As mentioned in Remark 3.2.2, it is shown in [32] and [48| that convolution with K'(s) agrees
with the symplectic Fourier-Deligne transform defined in loc. cit. In particular, one can then
deduce the following description.

Given a simple reflection s € S, let P, be the corresponding parabolic subgroup of
G, and let Qs = [P, Ps]. As explained in detail in Section 1 of [31], there is a natural
(AZ \ {(0,0)})-fibration G/U — G/Q, which can be completed to form a 2-dimensional
vector bundle equipped with a G-invariant symplectic form (,). With this in mind, the

equivalence between — x K (s) and the symplectic Fourier-Deligne transform gives that for
any k > 1 and any f € C[(G/U)(Fux)], x € (G/U)(F ),

(s (9 211 (KO) ) 0 = 2 3wl ) (331)

yeTQs (Fqk )

INote that the algebra generated by the first six relations is called Cy in [42] and our algebra &(v)
obtained by adding in the relation (3.2.4) is called C in loc. cit. We also note that (3.2.4) is redundant in
Type A, and therefore doesn’t occur in the original definition of the algebra of braids and ties.
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Further, it is a straightforward computation using Grothendieck’s sheaf-function dictio-
nary that for any x € (G/U)(F ),

(trge (f) * trgs (E(s))) (2) = > fy). (3.3.2)

1y €T(F 1) CX (F k)

We include the above formulas to note that the main computations in this chapter (Proposi-
tions 3.3.6 and 3.4.1) can be (and indeed were, in a previous version of [47]) done explicitly
on the level of functions using the formulas (3.3.1) and (3.3.2) and then appealing to Propo-
sition 3.3.1, but we will instead prove them on the level of sheaves using the six-functor
formalism.

3.3.3 Connection to the Yokonuma-Hecke algebra

We will sometimes write elements of C[(G/U)(F )] as functions on (G/U)(F), and other
times as linear combinations of elements in (G/U)(F ). For any g € G(F ), let o, be the
indicator function on g € (G/U)(F ).

Definition 3.3.3. Let Y, (the Yokonuma-Hecke algebra) be defined as the algebra
Endg(,) (C(G/U)(Fg)])
under composition.

As explained in [30], the Bruhat decomposition G = [] r ) UnU gives that

neNG@ ) (T(

the standard basis of Y, is parametrized by n € N(;(]Fqk)(T (Fqk>)q. For any s € S, we can

define R, € Y, (the standard basis element corresponding to s) as in loc. cit., and for any

t € T(F,x) we can define R; similarly. In this way, we can identify Y, = C[U\G/U(Fz)],

where the endomorphisms R, R, € Y, become identified with the indicator functions at s

and t respectively, and composition of endomorphisms is identified with convolution.
Following [30], for any r € F . we define

where p, 1 SLy(F ) — G(F ) is the morphism corresponding to the simple root a;. When
t = hy(r) for some s € S, r € F,, we write Hy(r) = R;. We then define for each s € S the
element

E,= Y _ H(r).

X
TGIFQk
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Now we recall the original presentation of the Yokonuma-Hecke algebra, given by Yokon-
uma in [53].

Proposition 3.3.4. The Yokonuma-Hecke algebra Y, is generated as an algebra by the R
(s € S); and the Ry (t € T(Fx)) moreover, these generators along with the relations

R? = qH,(—1) + R,E,
R.RsR.Ry...= RyR.RyR,..., s, €8
RiRy = RyRy, t =ngtn;' t € T(Fu)
RthtQ = Rt1t2, tl, tQ € T(Fqk)

define a presentation of Y.

In [29] and [30], the authors introduced an alternative set of generators and relations;
this new set of generators will be the ones directly categorified by Kazhdan-Laumon sheaves.
For any s € S, let

U,o= > () H(r),
re(F 1)*
and let L, = ¢ *(E, + R,V,).

Proposition 3.3.5 ([30]). The algebra Yy, is generated by L, s € S, and Ry, t € T(F ),
and a presentation of this algebra is given by imposing the relations

L?=1-q¢*E, - L,E,)
LsLtLSLt .. — LthLth P
RiLy = LyRy,t' = sts™' (t € T(Fy))
Rt1 RtZ - Rtth (tl, tz € T(Fqk))

The action by convolution gives rise to a natural morphism
Yo - KLgx — End(C[(G/U)(F ).

Convolution of sheaves descends under the map trg to the convolution of functions in the
space C[(G/U)(F )]

Proposition 3.3.6. The image of Vg lies in Y. We have

7wbq,k<as) = Ls
¢q,k (es) - Es-
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Proof. We first note that under the identification Y, = C[U\G/U(FF )], we can think of the
map 1), as having target C{lU\G /U (F;)]. In doing so, 4, can be thought of as the natural
inclusion KVLM — C[U\G/U]. Accordingly, it is enough to show that tr (K (s)) = L, and
tre(E(s)) = E; as elements of CIlU\G/U (F)].

By the definition of E(s) = ir,C, this is clear for E(s). It remains to show that
trye (m) = L, for any s € S. Since in this computation we only consider a single simple re-
flection, it is enough to check this in the case where G = SLs. In this case, let B be the Borel
subgroup of upper-triangular matrices with unipotent radical U, and let ps : U\SLy/U — G,
be the map

a b

— (3.3.3)
c d

It follows from the description of K(s) in Section 5.2 of [48] that K(s) = piL,[2](1). Now
note that any element of Ng(qu)(T(Fqk)) can be written as either ¢ or st for some ¢t € T'(F ).
For any such element, we have that

L(t) = ¢ "Ey(t) + ¢ "RV, (1) (3.3.4)
=q¢F+0 (3.3.5)

Ly(st) = ¢ *E,(st) + ¢ * R, W (st) (3.3.6)
=0+q * (). (3.3.7)

Similarly, by our description of K(s) and the six-functor formalism for functions, we have
that, as elements of C[U\G/U], try(K(s)) = ¢ *trpx(Ly) o ps. So, when identifying the
target of 1, with C{lU\G /U], for any t € T'(F ) we have

Vor(as)(t) = ¢ *(0) = ¢,
Uan(as)(st) = g (1),

which guarantees that ¢, x(as) = Ls. O
3.3.4 Algebras with a generic parameter

We now use Proposition 3.3.6 to prove our main result.

Proof of Theorem 3.1.1. Consider the diagram

KL(v) E(v)

[Lis1 CUG/U) (Fgr)] :
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where 7 is assembled from the composition of the natural maps
EW) = Ep = Y = C[(G/U)(F )],

where £(v) — &, is the specialization map at v = g2,

The fact that tr is injective follows from Proposition 3.3.1. We now argue that i is
injective. In Section 3.4 of [42], which relies on the proof from the end of Section 2.1 of loc.
cit., it is stated that the natural map from &, (called C{},ﬂ in loc. cit.) to Y, is an embedding
for “generic” ¢’. Following the proof of this fact in Section 2.1 of loc. cit., one recovers a
more precise statement: there exists some ry depending on W such that the natural map
&y — Y, sending g; — —Lj is injective whenever ¢’ — 1 has a prime factor larger than r.
For ¢ = p* any prime power, there exists an a for which ¢ = ¢® satisfies this condition.
Indeed, let p’ be a prime number greater than ry and distinct from p, and set a = p’ — 1;
then by Fermat’s little theorem, p’ divides ¢ — 1. Further, we can take large enough a so
that the specialization map v + ¢%/? taking &(v) — Eqe 1s itself injective.

Now note that Proposition 3.3.6 (applied to all powers of ¢ at once) shows that the images
of tr and i are equal, and that

tr(as) = i(=9gs),
tr(es) = i(es).

Since we have just identified both KL(v) and £(v) as the very same subalgebra of
[Ii>1 CUG/U)(F,)], it follows that the map

¥ KL(v) = E(v)

defined on generators by ¢ (as) = —gs, ¥(es) = e, is a well-defined algebra isomorphism. The
same proof works to show that there is a well-defined isomorphism ¢’ : KL(v) — C(v) with

¢/<as> = —Ys. O

3.3.5 Connection to Polishchuk’s cubic relation

As we have explained, since Theorem 3.1.1 gives a full description of the algebra KL(v)
can be thought of as an enhancement of previous results on some relations satisfied by the
generators of this algebra.

Namely, in addition to the braid relations shown by Kazhdan and Laumon in [32], Pol-
ishchuk found the additional relation

(@l - D(as+0v*) =0 (3.3.10)

for any s € S. We now explain how this relation can be recovered from our description.
By Theorem 3.1.1, recalling that a, can be identified with —g,, it is enough to show that
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(g2 — 1)(gs — v*) = 0 in &£(v), so we can work with the relations in Definition 3.2.5. The
last relation shows that g — 1 = (v — 1)es(1 + gs), so (3.3.10) becomes equivalent to
(g9s —v?)(1+gs)es = 0. This is is then obtained by multiplying the last relation in Definition
3.2.5 by es.

An informal interpretation of the relation is that (3.3.10) is the least common multiple
of the two expressions a? — 1 and (a; — 1)(ay + v?), the former of which is present in the
Weyl group, and the latter in the Hecke algebra. Since we expect any relation in KL(v) to
act trivially on C[(G/U)(F,)], the relation (3.3.10) is then natural since it is the minimal
relation among powers of a, which acts trivially on C[(G/U)(F )]s both when s & Wy
and when s € Wy (with the Weyl group and Hecke algebra relations holding in these two
situations respectively). In this sense, the algebra KL(v) can be thought of as the “minimal”
algebra containing all a;, s € S which encodes the relations of all monodromic Hecke algebras
at once.

3.4 Connection to monodromic Hecke categories

3.4.1 The monodromic Hecke algebra

For a W-orbit o of character sheaves on 7', Lusztig and Yun define in Section 3.14 of [41]
a unital associative Z[v, v~ !]-algebra with generators A,, (called T, in loc. cit.) for w € W
and 1, (£ € o) satisfying the relations

lelp =0p 01,  for L,L' € o;

ApAy = A,  fw,w’ €W and L(ww') = f(w) + £(w');
Al =1,,A,, forweW, L€ o;

A2 =0? A+ (¥ - 1) Z A,lp, for simple reflections s € W,

L;sEWE
A1 =1= Z 1£.

LEo

As in [41], we set A, = v{®A, € H,. In section 3.14 of [41], the authors discuss
a connection between this algebra and Ko(®, reo(2Dr)), where the elements A1, be-
come associated with classes in the Grothendieck group of the standard monodromic sheaves
A(w), defined and studied in loc. cit. As a result, we can identify H, with a subalgebra of
Ko(U\G/U) under convolution generated by the [A(w),] for w € W, L € o.
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3.4.2 Monodromic sheaves from Kazhdan-Laumon sheaves

Proposition 3.4.1. Convolution with A(e)s induces a surjection wp from KL(v) — H,.
We have

—vA11 cW?
wﬁ(as):{ Tl e o= (3.4.1)

—Aslg S Q/WZ

Proof. Since the claim only concerns a single simple reflection, it is enough to prove the result
for G = SLy. Let j; : U\BsB/U — U\G/U and j. : U\B/U — U\G/U be the inclusions of
the open and closed Bruhat strata. Recall the projection to T" given by pr, : U\BsB/U — T
as defined in Section 3.2.1.

Convolving the usual open-closed distinguished triangle for the maps j, and j. with Az(e)
gives the distinguished triangle

(Goii K (s) % Ap(e) = K(s) % Az(e) = (el K (s)) x As(e). (3.4.2)

Since U\B/U = T and so Az(e) = ja(L) = jex(L), proper base change and the projection
formula imply

(erd? K (5)) * Aze) = (jou £) ® RT (T, L), (3.4.3)
(jod K (5)) % Ag(e) = japri(£[2](1)) @ RTL(T, L ® Ly). (3.4.4)

In this rank-one situation, if s € W2, then L is constant. In this case, in (3.4.3) we get the
tensor product of Az (e) itself with the compactly supported cohomology of T' = G,,,, whose
class in Ky is (v*—1). The factor RI'.(T, L& L) in (3.4.4) is 1-dimensional and concentrated
in cohomological degree 1, and has weight zero by Remark 4.4 of [18, Applications de la
formule des traces aux sommes trigonométriques|. Taking the class in the Grothendieck
group, and then summing the terms obtained from (3.4.3) and (3.4.4), we then get —’1}145_115.

Similarly, if s ¢ W2, then in this case £ is not constant. So the term (3.4.3) is zero
since R['.(T,L£) = 0. Further, the same remark from [18] gives that R['.(T, L ® L) is
still concentrated in cohomological degree 1, is one-dimensional, but this time has weight 1.
This leaves only a single term, whose class in the Grothendieck group gives —A,1. in the
monodromic Hecke algebra. O]

From now on, let m = 7, be the surjection KL(v) — H.

3.4.3 Lifting the Kazhdan-Lusztig basis of the Hecke algebra

We now recall the Kazhdan-Lusztig basis C, of the Hecke algebra and its interpretation
in terms of simple perverse sheaves IC(w) on G/U. The Kazhdan-Lusztig basis {Cy, }wew
of the Hecke algebra H is a basis which is uniquely characterized by the conditions that
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Cyp€ Ay + > y<w vZ[v]A, and C,, = C,,.
The following lemma is well-known (for instance, c.f. (3.5.3) of [52]):

Lemma 3.4.2. For any w,w' € W with {(ww') = {(w) + {(w'), we have
Ow(]w/ — Oww/ & spanZ{Cy}y<ww/

There is a well-known geometric interpretation of the generators A, and C,, of H. In-
deed, there are standard sheaves A(w) and IC(w) on G/U which categorify these generators
respectively, c.f. Chapter 7 of [2] for a very clear exposition of this setup in the case of G/B;
a version of this with a different normalization relevant to the Kazhdan-Laumon context was
explained in Section 4.1 of [45] for G/U. With this in mind, Lemma 3.4.2 shows that the
span of {[IC(w)]}wew is a subalgebra of Ko(U\G/U).

Proposition 3.4.3 (Proposition 3.8 in [42]). The assignment

_ -1
S_gs
:es

ST IS

= U_l

extends to well-defined ring automorphism of £(v). We will use the same bar notation to
denote the corresponding involution on C(v), KL(v), and KL(v) using the isomorphisms of
the previous section.

Proposition 3.4.4. There exists a linearly independent set {c,}wew of KL(v) satisfying
Cw = Cyw. It has the property that

7(cy) = Cy.

Proof. We will first show that for any w # 1, [IC(w)] € Ko(G/U) actually lies in KL(v);
once we do that, we will define ¢; = 1 and ¢, = [IC(w)] for any w # 1, and then check the
properties in the proposition.

We begin in the case where w = s € S. In this case, we define

2
a: —1

v—v3

Cs =

(3.4.5)

It is easy to check by working on the level of functions on (G/U)(F,) that ¢, as defined
above is equal to [IC(s)].
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We have

v2A72 -1
e ==
(v =) A, + (2= 1+0?)) -1

v — 3

= A, —v=c,.

Using the relation (a? — 1)(a, + v?) = 0, it is a straightforward computation that

which implies

- a;2—1
ST oyl p-3
1—a?
- v4(v—1 _ U—S)
= C,.

For the case of general w € W, suppose for induction that [IC(y)] € KL(v) for all y
with ¢(y) < f(w). Choose some s € S such that ¢(sw) < ¢(w). By Lemma 3.4.2 and
by our induction hypothesis along with the fact that KL(v) is a subalgebra, this implies
[IC(sw)] € KL(v). Now we can define ¢; = 1 and ¢,, = [IC(w)] for all w # 1, and this clearly
defines a linearly independent subset of KL(v).

We now show that ¢, = c,,. Indeed, this is trivial for c;, and checked this for c, above
for any s € S. By the definition of the duality on KL(v), it is multiplicative and Z-linear,
and so ¢, = ¢, follows again by induction on ¢(w) using Lemma 3.4.2

Finally, we show that 7(c,) = C,, for all w € W. First note that clearly the bar involution
has the property that it lifts the usual bar involution on the Hecke algebra, so 7(cy) = 7(Cy).
Now once again, Lemma 3.4.2 implies the other defining property of C',; this means we must
have 7(c,) = C,. Alternatively, we could have simply observed that by the definition of
Cw, T(Cy) s [IC(w)] € H = Ko(B\G/U) which corresponds to the canonical basis element
Cu. O

3.5 Dimension formula

In this section, assume that we are in Type A,,, i.e. G = SL,41. This is the case where £(v)
becomes the usual algebra of braids and ties as originally defined in [3]. The subalgebra
Ca, (v) C €4, (v) was studied in more detail in this case in Section 4 of [42]. In loc. cit., the
author used a computer to compute the sequence of dimensions of C4, (v) for a few rational
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values of v, obtaining the table below.

n 11 2 3 4
dimCy, (v) | 3 |20 | 217 | 3364

In this section, we give an explicit formula for dimCy, (v) for all values of n, extending
this table.

3.5.1 A formula in terms of reflection subgroups of W

Definition 3.5.1. We call a reflection subgroup R’ € W contiguous if its Dynkin type
is connected. For any reflection subgroup R C W, we can write R = Hle R; for some
contiguous reflection subgroups R, uniquely up to permutation of the R;; we call these the
contiguous components of R.

Definition 3.5.2. For any reflection subgroup R of W, let Jg be the vector subspace of
&(v) spanned by all terms of the form

Gu(l+gr) - (L4 gr,), (3.5.1)

where 71, ..., 7, are reflections lying in distinct contiguous components of R.
Lemma 3.5.3. For any reflection subgroup R of W, Jregr C C(v).

Proof. By induction on the number of contiguous components of R, it is enough to show
that for any contiguous reflection subgroup R (i.e. one of type Ay, for some k < n) of W and
any reflection r € R, we have (g, + 1)eg € C(v).

Suppose for induction (the case k = 1 is tautological) that this result holds for all
reflection subgroups of type Ay, k < k. We will first show that for any reflections r, 7" € R
for which (r,7’) is itself a reflection subgroup of type A, that (g, + 1)(g, + 1)eq,y € C(v).
To do this, using the fact that all reflection subgroups R of type A, are conjugate, we
can choose a set of reflections {ry,...,r,_2} in R such that {rqy,...,rx_o,7’,7} generates
R and for which {ry,..., 72,7’} is of type Ax_1. So applying our induction hypothesis,
(97 +1)e,..rp o € C(v), and so (g + 1)(gr + 1)eg is too. Similarly we can reverse the
roles of r and 7’ to obtain (g, + 1)(g» + 1)er as well.

Now using again the conjugacy in R of reflection subgroups of type A, let y € R be such

1

that yry=t = s;,yr'y~! = s5. Then we can deduce that

9y (s + 1) (Gss + 1)€(s1,50) 9y y-1 (9so + 1)(gsr + 1)e(sy,50) -

Since the g = gs,€(s,,50) OF § = Js,€(s,.s,) Satisfy the usual quadratic Hecke relation (g—v?)(g+
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1) =0, it is a straightforward computation in the Hecke algebra of type As to observe that
(951 — D)€(s1,50)5 (952 — 1)€(s1,50)

S Span{g2<981 + 1)(982 + 1)€<81782)7gw(982 + 1)(981 + 1)6(51,32>}we<51,52)-

By conjugating back by g,, we deduce that (g, + 1)eq.,y, (g + 1)epmy € C(v).

Now in the general case, note that for any reflection r € W, (g, + 1)e(y € C(v) by the
quadratic relation satisfied by g,. So for the rank k reflection subgroup R in question, we
have

(gTil + 1)61%'1 e (gnk + 1)6nk = (gnl +1)... (grik +1)er € C(v)

for {ry,...,r} a generating set of reflections for R and (i;)¥_, any permutation of the indices.
By then applying our rank 2 result to pairs of reflections in this generating set, the result
that (g, + 1)eg € C(v) for any r € R follows too by induction. O

Lemma 3.5.4. As vector spaces over C(v), we have
C(v) = B Jner. (3.5.2)

where R ranges over all reflection subgroups of W'.

Proof. The algebra C(v) is, by definition, spanned by words in {g¥'},cs. Using the quadratic
relation g = 1+ (v? — 1)(1 + g;)es, we then see that any element of C(v) is in the C(v)-span
of words in the set of terms {g;'}ses U {(1 + gs)estses. For any s,t € S, we have

(1+g)ews ' = g5 (1 + 959095 st

By repeatedly using this relation along with the quadratic relation on a given word to move
all g, terms to the left and reducing any powers g2, s € S which occur we are left with a
spanning set consisting of words of the form

o' (L4 b1ge by ey gy - (1+ bfgtzbzl)ebetgb;17 (3.5.3)

where b; is some product of the {g;}ses and each t; lies in S. We want to reduce this further
to show that C(v) is spanned by the set of elements of the form

9o (L4 gr) .. (14 gr)er (3.5.4)

for R a reflection subgroup and r; reflections, each of which lies in a distinct contiguous
component of R.

To reduce terms of the form (3.5.3) to those of the form (3.5.4), by induction on the
number of terms it is enough to show that each term of the form (1 + bg;b~')e,-14 can be
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written in the form (3.5.4). This fact follows from induction on the number of terms in b
once one shows it for b = g, for some s € S. In this case,

(1 + gsgtgs_l)ests = (1 + gsts)ests + (U_2 - 1)gsgt(1 + gs)e(s,t>a

which is of the desired form. By following the induction as mentioned and using this relation,
one obtains that all elements of C(v) can be written as a C(v)-linear combination of elements
of the form (3.5.4).

To see that this sum is direct, we note that each er, when specialized to C[(G/U)(F )],
can be thought of as an idempotent projection to the subspace of functions monodromic with
respect to all 6 for which R C Wj. So every R determines a subset Mp of multiplicative char-
acters of T'(F ) such that eg-C[(G/U)(Fx)]g = C[(G/U)(F )], with er-C[(G/U)(F)]or =
0 for every 0 & Mp. There is a direct sum decomposition

CUG/U)(F )] = @oCUG/U) (Fgr)lo,

and recall that we can choose & large enough so the specialization map C(v) — C[(G/U)(F )]
is injective by Section 3.3.4. So since each R determines a distinct such subset Mg, there
can be no nontrivial linear relations between elements of C(v)eg for distinct R. O]

Definition 3.5.5. For any subset I C S, let D; be the number of elements w € W such that
for each contiguous block I" C I, there is a simple reflection s € I’ for which ¢(ws) < ¢(w).

Since we are in Type A, any reflection subgroup is conjugate to a parabolic subgroup
P; C W corresponding to some I C S.

Lemma 3.5.6. Let R be any reflection subgroup of W conjugate to P;. Then dim Jrer = Dj.

Proof. By invariance of dimension under conjugation, it is enough to prove this for R = Py
for some I C S. In this case, we recall the fact that for s € P;, each g, P satisfies a quadratic
relation, ie.. (gs — v?)(gs + 1)ep, = 0. This implies that dim Jrep is equal to the dimension
of the left ideal of the group algebra C[W] generated by

(1+7)...(1+r) € CW], (3.5.5)

where each r; is in a distinct contiguous component of I. If we let J; be this ideal, it is
straightforward to check that C[W]/J; is spanned by equivalence classes w of w € W such
that there exists a contiguous block I’ of I for which no reduced expression for w has an
element of I” as a suffix. Thus, the dimension of C[W]/J;] is exactly the complement of the
set described in the statement of the lemma, and so the size of this latter set agrees with
dim J; = dim Jre; = dim Jgepg. O
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3.5.2 An explicit formula
Definition 3.5.7. Let P(n) be the set of all partitions (\;)%_, for which

(Z AZ-> +k—1<n. (3.5.6)

We can identify P(n) with a choice of contiguous blocks I C S of the Dynkin diagram of
type A, whose size is decreasing, e.g. when n = 7, the partition (2,2, 1) corresponds to the
choice pictured here.

(CaCm aaCaC O

Given any subset I C S, we can reorder its contiguous blocks so that their size is decreasing,
and define \! to be the associated partition. Finally, for any i > 1 let n;(I) be the number
of parts of A! which are equal to i.

Lemma 3.5.8 ([27]). Given any subset I C S, the normalizer of the parabolic subgroup Wy
of W generated by the simple reflections in I has order

<n +1-) (i+1 ) an (i + 1)), (3.5.7)

%

Lemma 3.5.9. For any I C S,

D= Y (-1 (n+1)! (3.5.8)

TC{A} HAgGT(/\f +1)!

where the sum is taken over all subpartitions of N, including \' itself.
Proof. Indeed, this follows by the principle of inclusion-exclusion, since the quantity

(n+1)!
HA{ET(/\i + 1)!

is equal to the number of elements w € W having no reduced expression ending with any of
the simple reflections in any of the blocks A! in a given subset T of blocks. O]

Theorem 3.5.10. For any I C S, let R; be the number of reflection subgroups of W con-
jJugate to Py (which is |W| divided by the quantity in Lemma 3.5.8), and let Dy be as above.
Then the dimension of C(v) in Type A, is given by

dimC(v) =Y Ry Dy. (3.5.9)

IcS
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3.5.3 Examples and comparison with [42]

We conclude by giving three examples of how these formulas work in practice by verifying
the computations done by Marin in Section 4.3 of [42] in types Ay, A3, A4. Note that the
sequence of dimensions obtained in loc. cit. in these cases is 20,217,3364 (it is clear that
dim Cy, (v) = 3). We will now show how this sequence arises from our computations.

In Figure 3.1, we write N; for the dimension of the normalizer of Wy, i.e. the quantity
given in Lemma 3.5.8. Then R; is obtained by R; = (n + 1)!/N; as explained previously,
with D; being given by the formula in Lemma 3.5.9.

I N, | R | Dy
I | N;|R;| D; eo®® | 120 | 1 | 119
I | N;|R;| Dy so® | 24| 1 |23 so®e | 24 | 5 | 115
s®| 6 | 1|5 @ | 6 | 4|20 s®ew® | 12 | 10 | 50
®s| 3|21 3 oe®| 8 | 3| 6 e®es | 12 | 10 | 100
6
1

12 ©—®— 8 15 | 30
24 ©—e—o—0 12 10 60
oo | 120 | 1 | 120

dimCu,(v) =1-54+2-3+1-6

=20
dimCa,(v) =1-23+4-20+3-6+6-12+1-24
=217
dim Cy,(v) =1-119+5- 115+ 10 - 50 + 10 - 100 + 15 - 30 + 10 - 60 + 1 - 120
= 3364

Table 3.1: Quantities determining the dimension of C4, for n = 2,3, 4.

Going beyond these small rank computations, using a computer we were able to compute
the dimension of C4, for all for n < 43, and we list the first 12 in Figure 3.2.
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n dimCa, (v)

1 3

2 20

3 217

4 3364

) 71098

6 1960867

7 67886033

8 2871659468

9 145498348666
10 8683447971439
11 | 601843453126056
12 | 47875219836485209

Table 3.2: The dimension of C4, for 1 <n < 12.
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Chapter 4

Polishchuk’s conjecture and
Kazhdan-Laumon representations

4.1 Introduction

In this chapter, we return to Kazhdan and Laumon’s original goal of using the category A
associated to a semisimple algebraic group G split over [, to provide a new geometric con-
struction of discrete series representations of G(F,). To do so, recall that although Conjecture
1.1.1 on the finiteness of cohomological dimension fails by [16], Polishchuk suggested in [48]
that his Conjecture 1.1.3 could repair this issue as a crucial step toward well-definedness of
Kazhdan and Laumon’s construction.

In [48], Polishchuk resolves this conjecture himself in Types As, A, A3, and Bs. In this
chapter’s first main theorem, we use this framework along with the algebraic understanding
of symplectic Fourier transforms provided in Chapter 3 to prove this conjecture in general.

Theorem 4.1.1. Conjecture 1.1.8 is true. In particular, the localization of the Z[v,v™!]-
module Ko(Ag,) at the polynomial

£(wo)

p(v) = H (1—0*) (4.1.1)

i=1

1s generated by objects of finite projective dimension.
As Polishchuk expected, the resolution of Conjecture 1.1.3 brings us very close to showing
that Kazhdan and Laumon’s construction of discrete series representations is well-defined.
The principal result of the present chapter is that by using the formalism of monodromic

perverse sheaves, we can prove a similar theorem which indeed completes the necessary
technicalities to carry out Kazhdan and Laumon’s construction in general.

Theorem 4.1.2. For any character sheaf L of T' and element w € W, the localization of
the Zlv,v~']-module KO(-Af:U,IFq) at p(v) is spanned by classes of objects of finite projective
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. . . l:
dimension in Ay g .

This monodromic approach to Kazhdan and Laumon’s construction was already success-
fully carried out in [16], in which Braverman and Polishchuk explain how to carry out a
well-defined version of Kazhdan and Laumon’s construction in the case where £ corresponds
to a quasi-regular character. So one can think of the following corollary to Theorem 4.1.2 as
a generalization of Braverman and Polishchuk’s result to the case of an arbitrary character.

Corollary 4.1.3. The Kazhdan-Laumon construction proposed in [32] is well-defined for
monodromic sheaves corresponding to any character.

4.1.1 Layout of the chapter

In Section 4.2, we explain some background on Kazhdan-Laumon categories. In Section 4.3,
we then explain the monodromic setting required to state Theorem 4.1.2 and discuss the
categorical center of the monodromic Hecke category, which will be an important tool in the
proof. Then in Section 4.4 we use dg formalism to explain why the derived category of the
Kazhdan-Laumon category admits an action of this categorical center. This is followed in
Section 4.5 by an explanation of a crucial tool in the study of Kazhdan-Laumon categories
proposed by Polishchuk [48] called the canonical complex. We then complete the proofs of
our results: in Section 4.6 we prove Theorem 4.1.2, and in Section 4.7 we recall the results
of [47] and explain how it, combined with the previous setup, allow us to prove Polishchuk’s
original conjecture and establish Theorem 4.1.1 independently of the monodromic setting.
Finally, in Section 4.8, we explain how to carry out the construction of Kazhdan-Laumon
representations explicitly given our theorems.

4.2 Preliminaries

4.2.1 Background and notation

For the rest of this chapter, we recall the setup for derived categories, gluing, and Kazhdan-
Laumon categories exactly as it was laid out in Section 1.2. We recall that G is the split
semisimple group over F, with associated Kazhdan-Laumon category A. We recall also
from Section 1.2 the functors ®,, and ¥, along with the W-action on A used to define the
categories A, -

Adjoint functors on D%(A)

Definition 4.2.1. For any w € W, let j* : D*(A) — D*(G/U) be the functor arising from
the same-named exact functor j; : A — Perv(G/U) given by ji ((Ay)yew) = Au.
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We then define a functor °j,, : Perv(G/U) — A by
Jan(K) = (@1 K ) yew (4.2.1)
One can check that the morphisms v, , for y,y’ € W introduced in Corollary 1.2.5 endow

the tuple (®7
let j. be the left-derived functor to jy,.

K),ew with the structure morphisms required to define an object of A. We

Proposition 4.2.2 (Proposition 7.1.2, [48|). For any w € W, there is an adjunction
(581, 7%). Further, the functor j, : D*(G/U) — D°(A) has the property that

PH (jur(K)) = (PH'@y1 (K) ) yew, (4.2.2)
and there is also an adjunction (j.,ji) on derived categories.
Analogously, acting instead by the functors W,,,—1 in (4.2.2) defines a right-adjoint jg,,
to ji and its right-derived functor j,. in the very same way, as is also explained in [48].

The functor ¢

Definition 4.2.3. We define an endofunctor ¢« of A by

L((Aw)wEW) = (q)fquwow)wGW (423)

with the structure morphisms described in 7.2 of [48].

It is shown in loc. cit. that we can also abuse notation and view ¢ as a functor on D°(A)
(by replacing ®;, with ®,,,); for our purposes we will only need the functor +*, which we will
later describe as an endofunctor of D’(.A) more conceptually in Lemma 4.6.2.

Objects of the form j,,(A)

Proposition 4.2.4. For any B € D*(G/U) and any w € W, the object j, B € D°(A) has
finite projective dimension.

Proof. By Proposition 7.1.2 of [48], the functor j,, : D*(G/U) — D’(A) is left-adjoint to
the restriction functor j. Hence for any A € A,

Ext? (ju(B), A) = Exthery (@0 (B, JuA), (4.2.4)

and the latter is a finite-dimensional vector space because the category Perv(G/U) has finite
cohomological dimension. O

Polynomials and localization

Fix the Weyl group W and choose wy its longest element.
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Definition 4.2.5. Define P(z,v), P(x,v) € Z[z,v,v™!] by

£(wo)

P(z,v) = H (z —v*) (4.2.5)

P(z,v) = H (z — v?) (4.2.6)

and let p(v) = P(1,v).

Definition 4.2.6. For any abelian category C such that K,(C) has the structure of a
Z[v,v~-module, let VP C Ky(C) be the submodule spanned by all objects of finite projective
dimension. Further, let fog) ) denote the localization of this module at p(v), or equivalently
at all of the linear factors (1 — v*") for 1 <1 < £(wyp).

4.3 Monodromic sheaves, character sheaves, and the cat-
egorical center

Rank one character sheaves on T

We let Ch(T') be the category of rank one character sheaves on T'; we refer to Appendix A
of [54] for a detailed treatment. We note that Ch(7T") carries a natural action of the Weyl
group W.

For any £ in Ch(T"), we let W2 be the normal subgroup of the stabilizer of £ in W which
is the Weyl group of the root subsystem of the root system of W on which £ is trivial; see
2.4 of [40] for details.

Monodromic version of the Kazhdan-Laumon category

In [16, Sections 2.1.3, 2.3.4|, the authors explain how to define a category Perv.(G/U) of
monodromic sheaves on G /U with respect to the monodromy £. We then let D%(G/U) =
D*(Perv;(G/U)) be its derived category.

Remark 4.3.1. We note that in this definition, monodromic perverse sheaves are defined
such that the extension of two L-equivariant sheaves may not be L-equivariant, only L-
monodromic. In other words, for £ trivial, this reduces to the category of perverse sheaves
on G /U with unipotent monodromy (c.f. [13]) on the right rather than simply to Perv(G/B).

We use this to define the £-monodromic Kazhdan-Laumon category.

Definition 4.3.2. For any £ € Ch(T), we define A* to be the category obtained by applying
the gluing procedure in Definition 1.2.6 to the category Perv,(G/U). We further define Afu,Fq
in analogy to Definition 1.2.8.
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4.3.1 The monodromic Hecke category and its center

The monodromic Hecke category

In [25], the author defines for any £ a category P, (called D?B)(G/U)t in loc. cit., where ¢
is a parameter determined by L) such that for £ trivial, this reduces to the familiar derived
category D?B)(G JU) of B-constructible sheaves on G/U. Elements of P, are £-monodromic
with respect to the right action of 1", while their left monodromies may correspond to any
character sheaf in the W-orbit of L.

For any w € W, this category contains monodromic versions ., A(w), and ..V (w),
of standard and costandard sheaves; we emphasize that extensions of such objects in this
category may not be L-equivariant with respect to the right T-action even when they remain
L-monodromic, so this category also contains monodromic versions of tilting objects 7 (w).
for any w € W.

We let P, be the triangulated subcategory of objects generated by the standard and
costandard objects corresponding to w € W7, in other words, the subcategory of objects in
P, which are also left-monodromic with respect to L.

Free-monodromic Hecke categories

In [13], in the unipotent monodromy case where L is trivial, the authors define a cate-
gory formed from a certain completion of D%(G/U) called the category of unipotently free-
monodromic sheaves.

In [25], the case of non-unipotent monodromy was treated carefully. In loc. cit., the
author defines a category P, (which is called ﬁ?B)(G /U); in loc. cit. where t is a parameter
determined by £), which is a certain completion of the category P, defined in Section 4.3.1,
equipped with a monoidal structure which we also denote by * in this context.

This category contains elements ¢, 0 and o, introduced in Corollary 5.3.3 of [12]. The
object ) ¢ is the monoidal unit for the convolution product on 755, whereas convolution with
the objects €, can be thought of as a sort of projection to the subcategory of objects
whose corresponding “logarithmic monodromy operator” is nilpotent of order at most n; c.f.
Appendix A of [13] for an explanation of this perspective.

Finally, we recall that P, contains for all w € W free-monodromic versions U,gA(w) c
weV(w)ye of standard and costandard sheaves, c.f. [13] for the unipotent case, [40] for a
description of these objects in P, for arbitrary £, and [25] for their free-monodromic versions
in Pz. We define the subcategory P analogously to the subcategory P, of P,.

The center of the monodromic Hecke category

To define the notion of categorical center which will be useful in this setting, we will closely
follow the conventions of [11] in this section. We begin by recalling some definitions from
loc. cit.
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Definition 4.3.3 ([11]). Let Y = (G/U x G/U)/T where T acts by the right-diagonal
multiplication. Let Y = (G/U)*/T? where the right T?-action on (G/U)* is defined by

(U, 2oU, 23U, 24U) - (t, 2) = (21tU, 292U, 232U, 24tU ), (4.3.1)
and is equipped with a G? action by
(ga h) ’ (xan x2U7 $3U7 [L’4U) = (gx1U7 ngQU, hl’gU, hl‘4U) (432)

Let HV = D*(G\Y) and H® = DP(G*\Y®). It is shown in [11] that H? is equipped
with a convolution product which makes it a monoidal category, and that H® is a module
category over H(? via the “two-sided convolution” described in 2.2 of loc. cit.

Finally we recall the definitions of H) ) and HE, from loc. cit. as the full unipotently
monodromic subcategories of H") and H® with respect to the projections ) — (G/B)?
and Y — (G/B)* respectively. For an arbitrary £ € Ch(T'), we define the categories H(ﬁl)
and 7—[22) similarly but replacing unipotent monodromy with £-monodromy.

Definition 4.3.4 ([11], Definition 5.2.1). Let
ZH(ED = Funﬁ% (”Hg),”Hg)),
L
fd (1) A,y - (1) 4,(1) —
where Fun o) (K", H ;") is the full subcategory of Fun, ) (#,", ") consisting of functors
L L
F such that the limit F(0.) exists in H(Ll).

Going forward, if Z € Hg), we will sometimes write — * Z to denote the functor Z, since
the functor Z is equivalent to convolution with the object Z(d.).

The Harish-Chandra functor and the equivalence from the center to character
sheaves

Following 3.2 of [11], consider the diagram

G xG/B
G/ \y

where 7 is the projection and ¢ is the quotient of the map ¢’ : G x G/U — G /U x G/U given
by ¢'(g,2U) = (U, gxU) by the free right T-action, with respect to which ¢’ is equivariant.

Definition 4.3.5. The Harish-Chandra transform is the functor

he=qom* : D'(G/aqdG) — D*(G\Y), (4.3.3)
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which is monoidal with respect to the natural convolution product on each side by [24], c.f.
2.2 of [11] for a detailed exposition of these convolution products.

Definition 4.3.6. For any £ € Ch(T), let D} »(G) C D*(G/aaG) be the full triangulated
subcategory with objects F satisfying he(F) € ”H(EI).

The following proposition is proven for the case of unipotent monodromy in Theorem
5.2.2 of [11], and a version for arbitrary monodromy £ is similar and will appear in a future
version of loc. cit.

Proposition 4.3.7 ([11], Theorem 5.2.2). There is an equivalence a, of semigroupal cate-
gories

ar: Db p(G) — ZHY (4.3.4)
such that € o ay = he where € is the evaluation of a functor at 5.

Two-sided cells and character sheaves

In this and subsequent sections, we use the notion of two-sided Kazhdan-Lusztig cells in the
Weyl group; see e.g. [52] for a clear exposition.

Definition 4.3.8. For any £, let C' denote the set of two-sided cells in W ;. For any w € Wp,
we let ¢, denote the corresponding cell. We let ¢, be the top cell which corresponds to the
identity element. There is a well-defined partial order < on C for which ¢, is maximal.

Two-sided Kazhdan-Lusztig cells give a filtration on the category D§ »(G) (c.f. [37]),
and so for each ¢ € C, there are triangulated subcategories Dg .(G)<. and D ,(G)<, of
D} »(G). We then define D} -(G), as the quotient category D} »(G)<c/Dg ;(G) <., referring
to the unipotent case treated in Section 5 of [10] for details. Let G,q be the adjoint quotient
of G; the following is a consequence of the classification of irreducible character sheaves in
terms of cells given in [37], c.f. Corollary 5.4 of [10].

Proposition 4.3.9. For any £ € Ch(T),

Ko(Dg (Gaa)) = €D Ko(Dg.(Gaa)e) (4.3.5)

QEQE

as vector spaces. Further, for any c € C, the preimage of the subspace

@ Ko(Dg £(Gaa) ) (4.3.6)

c'<c

in Ko(Dy ;(Gaa)) under this isomorphism is a monoidal ideal.
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The big free-monodromic tilting object and K,

In [25] Section 9.4, the author defines free-monodromic tilting sheaves with general mon-
odromy, analogous to the ones appearing in [13] for the case of unipotent monodromy.

Definition 4.3.10. Given £ € Ch(T), let T (wo)z be the free-monodromic tilting object
in P; corresponding to the longest element w, » of W7. We will denote it simply by 7, for
convenience.

In [12], working in the case of unipotent monodromy, the authors construct from T(wo)

A

an object they call K, defined as K = p*p/T (wg) where p : U\G/U — (U\G/U)/T where T
acts on U\G/U by conjugation.

They also define a character sheaf = whose details are explained in 1.4 of [12] obtained by
averaging the derived pushforward of the constant sheaf on the regular locus of the unipotent
variety of G to obtain an element of D(G/xqG).

Proposition 4.3.11 (Theorem 1.4.1, [12]). There exists an object = € D°(G/xqG) such
that, if = % § is the projection of = to the derived category of unipotent character sheaves,
then be(Z % 6) = K.

We now define an anologue for arbitrary monodromy generalizing the unipotent case.

Definition 4.3.12. Let K, = p*pﬂ?. Then by the same argument as in the proof of
Theorem 1.4.1 of [12], he(E * 0z) = K, where Z % d, is the analogous projection to the
derived category of character sheaves with monodromy L. As a result, K, can be considered
as an element of Z”H(ﬁl).

By abuse of notation, in the future when we use the convolution functor —*K,, we will of-
ten identify K, with the character sheaf it comes from under the Harish-Chandra transform,
e.g. as in the convolution action of character sheaves which we describe in Proposition 4.4.7.

Fourier transform and convolution with costandard sheaves

Proposition 4.3.13. Let F € D%(G/U) where £ € Ch(T). Then for any s € S,

o, (F) = {f* eV)elz) €W (4.3.7)

JT"* gﬁ(s)sg S ¢ Wz

Proof. In the case where s € W7, this follows for equivariant sheaves by Proposition 4.3 of
[44], c.f. 6.3 of [48], while the second case follows from a similar computation. The proof then
generalizes to arbitrary extensions of L-equivariant sheaves, and therefore to all monodromic
sheaves as in the claim. O]
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4.4 Coalgebras and dg enhancements

4.4.1 Coalgebras over comonads and Kazhdan-Laumon categories

The Kazhdan-Laumon category as coalgebras over a comonad

We recall a result from [9] exhibiting the Kazhdan-Laumon category A as the category of

coalgebras over a certain comonad on the underlying category B = Perv(G/U)®W.

Definition 4.4.1. Let ¥ : B — B be the endofunctor defined for any A = (Ay)wew € B by
(V°A)y = Byew ¥y, 1 4y (4.4.1)
It has right-derived functor ¥ = RW° given by
(VA)y = Byew Vyy-1 A4, (4.4.2)

Theorem 4.4.2 (|9]). The Kazhdan-Laumon category A is equivalent to the category of
coalgebras over the left-exact comonad V° : B — B.

Remark 4.4.3. We can just as easily see that the Kazhdan-Laumon category A is equivalent
to the category of algebras over the right-exact monad ®°, where ®° is defined as in (4.4.1)
but using the ¥? functors.

dg enhancements of derived categories

Given an abelian category C, let C44(C) be the dg category with objects complexes of sheaves
and morphisms the usual complexes of maps between complexes. We define the dg derived
category Dgg(C) to be the dg quotient of C4y(C) by the full subcategory of acyclic objects;
its homotopy category is the usual derived category D(C).

The bounded dg derived category Dgg(C) is defined to be the full dg subcategory of
Dyg(C) consisting of objects which project to D?(C) when passing to the homotopy category.

Barr-Beck-Lurie for dg categories applied to the Kazhdan-Laumon category

Note that the comonad ¥° : B — B can be enhanced to a comonad ¥ = RV¥° : Dgg(B) —
D}, (B); i.e. the right-derived functor of ¥° has a dg enhancement (since it arises from the
functors W,, which are themselves defined using the six-functor formalism). We can then
consider the dg category Dgg(B)\y of coalgebras over the comonad W¥. The following is an
application of the Barr-Beck-Lurie theorem for dg categories.

Proposition 4.4.4. The dg categories D4 (Bye) and D (B)y are equivalent.

Proof. We first check the conditions of the Barr-Beck-Lurie theorem for the functor F' :
Dyg(Bye) = Dag(B) obtained from the forgetful functor Byo — B. This functor has a right
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adjoint given by the dg enhancement of the right-derived functor of the cofree coalgebra
functor B — Byeo.

Indeed, we check this adjunction explicitly: this cofree coalgebra functor sends an element
(Bw)wew € D5 (B) to the direct sum @yew Ry, (Ay) where RjS, = ju. is the right-adjoint
to jX. It is then clear from the adjunction (j,j..) that the forgetful functor is its left
adjoint. Now notice that in a similar way, we observe that the forgetful functor F' has a
left adjoint: it follows from the opposite adjunction (j,1,7) that the functor sending any
(Bw)wew € Dgg([)’) t0 Buwew Ju!(Byw) (where again j,» = Ljg,) is left adjoint to F.

We are now in the setup of Example 2.6 of [26] (by Remark 4.4.3 we can even work
monadically rather than having to dualize the argument in loc. cit.), where F' and its right
adjoint both preserve small limits since each is itself a right adjoint. Since Dgg(Bye) and
Dgy(B) are compactly-generated, the result of loc. cit. gives that the hypotheses of the Barr-
Beck-Lurie theorem will be satisfied as long as F' is conservative. It then only remains to
check that F'is conservative, but this is clear by its exactness and the fact that the forgetful
functor Byo — B on the abelian level is faithful.

To conclude, we then note that the equivalence Dgg(Byo) — Dag(B)w provided by the
Barr-Beck-Lurie theorem then restricts to an equivalence of bounded derived categories
Dgg(B\po) — Dgg(B)\p since cohomology in both categories is computed in the underlying
category D(B) after forgetting the coalgebra structure. O

4.4.2 The center of the monodromic Hecke category
dg-enhancement for the monodromic Hecke category

In Section 5.3 of [11], the authors explain how to construct a dg enhancement of HE&ZH, and a
similar construction works for the category ’H(El); this will be treated in a future version of loc.
cit. Going forward, when we consider the convolution action of Hn on DP(Perv,(G/U)),
we will use the fact that this functor has a dg lift and therefore can be considered as a dg
functor which preserves distinguished triangles in any of its arguments.

Action of the center on the Kazhdan-Laumon dg-category

For any £ € Ch(T), let By = @yewPervy,(G/U).

Definition 4.4.5. Given Z € Z’H(ﬁl), we consider Z as a functor on the direct sum of
categories @, ew Perv, (G /U) as follows. Given any object A = (Ay) in ®yew Pervy,(G/U),
let Z(A) = A% Z € ®yewPervy,(G/U) be defined such that Z(A), = (Ax 2Z), = A, *
weAW) g % Z % 2NV (w™ ) e

By the definition of Z?—[(El), for any B € cPr, the functors — x Z « B and — % B * Z on
Perv.(G/U) are naturally isomorphic. The following lemma is a consequence of this fact.

Lemma 4.4.6. For any Z € Z?—[(El), there 1s a natural isomorphism Z oV = W o Z of
endofunctors of A-.
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Proof. By Proposition 4.3.13, for any w € W, there exists some Tate twist (d) such that
((Z o W)(A))w(d) is isomorphic to

Byew (Wypy-14,) * weAW) e % Z % NV (w s ( )
= A, ygﬁ(yw_l)wg s weNw) g * Z % NV (w s ( )
> Ay e AW)e * eV )y * ye V™ Ve * weA(w)e % Z % £V (w ) (4.4.5)
~ A, yLA(y)ﬁ x 7 % gﬁ(y_l)yﬁ * ygﬁ(yw_l)wg * wEA(w)E * L@(w_l)wg (4.4.6)
Ay e AW+ 75 T e 5T (e (147)
By Uyt (Z(4)) () (1.48)
= (Vo Z)(A))w(d), (4.4.9)

and these isomorphisms across all w € W assemble together to give a natural isomorphism
Z oW =WVo/Z. A conceptual explanation for the existence of this isomorphism is explained
in Lemma 11.12 of [40]. O

In the following, let m,q : G — G.q be the natural map from G to its adjoint quotient.

Proposition 4.4.7. There is an action of the monoidal category Dgﬁ(Gad) on the category
DP(AF), which we denote by convolution on the right.

Proof. Given an element Z € Dg (Gaq), we first pull back along m,q to obtain an element
in Dg +(G), then pass to Z’H(El) via the isomorphism @, obtaining a new element Z. We can
then act by the usual convolution —Z. By abuse of notation, for any element Z € Dg (Gaq)
we will define the endofunctor of Perv.(G/U) which we just described by the same symbol
— % Z. We note that Df (G,q) has a dg enhancement discussed for the unipotent case in [7]
but analogous in general. Further, the functors we use are built from compositions of those
occuring in the six-functor formalism and therefore each has a dg enhancement as well.

For any B € D}, (B)y and Z € Dg (Gaa), we define the new object B Z by F(B) * Z
as a tuple of elements of Perv,(G/U) where F is the forgetful functor. We then define the
coalgebra structure map B x Z — V(B % Z) by the composition

BxZ — U(B)xZ =~ U(BxZ) (4.4.10)

where the first map comes from the coalgebra structure on B and the subsequent isomorphism
is the natural isomorphism described in Lemma 4.4.6. One can then check that this defines
a coalgebra structure on B * Z. [

We note that we get a similar action of Dy ,(Gaq) on Db(Aﬁqu) since any object Z here
is a sheaf on the variety G,q and therefore has a natural isomorphism Fr*Z — Z; this means
— % Z commutes with Fr*, and therefore the action in 4.4.7 also gives an action in the setting
of w-twisted Weil sheaves.
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4.5 Polishchuk’s canonical complex

4.5.1 Parabolic Kazhdan-Laumon categories

Definition of the categories A{U’Fq

We will now define certain parabolic analogues of the Kazhdan-Laumon category which
correspond to subsets I C S. We first recall the definition of the categories Ay, from [48],
build off of this definition to define the categories A’ which we will need in the present work,
and finally define A{U,Fq for any w € W.

Definition 4.5.1 ([48], Section 7). For any I C S, the category Ay, is the category of
tuples of elements of Perv(G/U) indexed by W with morphisms and compatibilities as in
Definition 1.2.6 but only for w € Wy, s € I.

For any J C I C S, and any right coset Wz of W; in Wy, there is a restriction functor
j%ﬁ -~ Aw, — Aw, remembering only the tuple elements and morphisms for w € Wz,
s € J. When I = S, we write only jj;, ., and in this case we omit superscripts similarly for

all functors introduced in this section.

Proposition 4.5.2 ([48], Proposition 7.1.1). For any J C I C S, and any Wz, the functor
'WI*

Jwhe admits a left adjoint j&gx!.

Definition 4.5.3. For I C S, let A’ be the category whose objects are tuples (Ay)wew

equipped with morphisms ®;A, — Ay, for any w € W, y € W; satisfying the same

conditions as in Definition 1.2.6 but only for y € W;. Morphisms in A’ are morphisms in

Perv(G/U)®W satisfying the compatibilities in Definition 1.2.6 but only for y € W7.
Alternatively, A/ = ®w\wAw, with a reindexing by W on the tuples in this category.

Just like A, the category A’ admits an action of W by functors {F, },ew which are
defined by Fu,((Ay)yew) = (Ayw)wew. We define the category Al as in Definition 1.2.8
but with A replaced by A’.

Adjunctions between these categories

For any J C I, there is an obvious restriction functor j7 ; : Al — A’ which is the identity
on objects but which remembers only the morphisms ®;A, — Ay, for y € W;. As in
Proposition 4.2.2, there is an analogous derived version of this morphism and the following
adjunction.

Proposition 4.5.4. For any J C I, the functor j; ; admits a left adjoint jrn. For any
Ae A7, 57 1(A) is the direct sum

@ jII//II;j;!((Aw)'LUEWJI)a (4.5.1)

IEWJ\W[
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where (Ay)wew, . 18 considered as an element of Aw,. Further, the adjoint pair (j7 5, j7 ;)
gives also an adjunction between A{U,Fq and Ai}Fq.

Proof. The direct sum in (4.5.1) has the natural structure of an object of A!, as each sum-
mand object jvvgjzl(/lw)wewﬂ has such a structure by Proposition 4.5.2. We then note that
for any such A € A7 and any B € Af,

Hom 4 @ jé[?Jx!((Aw)wEWﬂ% B

xEWJ\WI

P Hom g (i, (Au)uewso), B)

IEWJ\W]

@ HOIHAWJI((Aw)wEW(]maj;VJl‘B)

Z‘eWJ\W]

I

I

= HomAJ ((Aw)wgw, @erJ\WIj;VJxB)
= Hom s ((Aw)wew, j7.7B)-

To see that the adjoint pair (j7 ;,j7 ;) gives also an adjunction between A{U’]Fq and .A;{j’ﬂ;q,
we note that the morphisms on both sides of the equation above which are compatible with
the morphism ¢4 : F,,Fr*A — A are preserved by these isomorphisms. n

4.5.2 Polishchuk’s complex for A, F,

Polishchuk’s canonical complex in [48]

For a fixed A € A and a choice of J C S, Polishchuk writes A(J) = js_njé_;A. In 7.1
of [48], Polishchuk explains that for any A € A, adjunction of parabolic pushforward and
pullback functors (jw;a1, jiy,.) gives a canonical morphism A(J) — A(J') whenever J C J'.
He then defines the complex C,(A) as

Cot = A(S) —— ... —— C1 =@y, A(J) —— Co = @y, AlJ),

where n = |S].
Recalling the morphism ¢ : A — A sending (Ay)wew to (5, Awgw)wew, he describes
natural morphisms Cy — A and +(A) — C,,_1, and shows that

A i=0,
Hi(Ce(A)) =40 i#0,n—1, (4.5.2)
(A) i=n-—1.

He then describes a 2n-term complex C, formed from attaching Cy(1A) to Cy(A) via the
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maps Co(tA) = tA — C,_1(A) with the property that

A Q=0
0 #0201, (4.5.3)
(A) i=2n-1.

Compatibility of the complex with w-twisted structure

Proposition 4.5.5. If A € A, r,, then the complex C,(A) is compatible with the w-twisted
Weil structures, i.e. is a complex of objects in A, .

Proof. For any k, components of the map Cy(A) — Cx_1(A) are each maps of the form

where J' C J C S are such that |J| = k, |J'| = k—1, which we now describe. By adjunction
the data of such a map is equivalent to a map

Js—gA = Js_yis—nis— A, (4.5.5)

and compatibility with the w-twisted structure is preserved under this adjunction. By the
definition of jg_ 1, we have that

Jo sis—mis s A D Ji s mis A, (4.5.6)
IEWS,J\W

and one can check that the map in (4.5.4) appearing in the definition of Polishchuk’s com-
plex in [48] comes in (4.5.5) from a natural injection in A%~/ from j% ;A into this direct
sum defined by sending the yth tuple entry to the yth tuple entry in the direct summand
corresponding to the unique x for which y € Wg_; x. It is straightforward to check that this
injection preserves w-twisted Weil structures on both sides coming from the w-twisted Weil
structure on A, and therefore the map in (4.5.4) is a map in A, . ]

Parabolic canonical complexes

We remark how that the content appearing in 4.5.2 can be generalized to provide complexes
in "4'111),]Fq for any I C S with |I| = k and any w € W. Namely, if we fix I C S, w € W,
and A € A{mq, we let AT(J) = jL_;j& ;A whenever J D S — I, and we define the complex
CJ(A) by

Al(S) AERE ’ @\J\:n—k—i—QAI(‘]) — @m:n—kﬂAI(J)a
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indexed such that Cj_; is the first term and Cj is the last term in the above. The results
in Section 4.5.2 then still hold, giving a version of the canonical complex associated to an
object A € A{wq.

Equations in the Grothendieck group

The following is a consequence of the fact that the full twist is central in the braid group,
along with the fact that the symplectic Fourier transforms ®,, form a braid action.

Lemma 4.5.6. For any J C I C S there is a natural isomorphism
ot =ito gt (4.5.7)
of functors from D°(A”) to D°(AT).

Theorem 4.5.7. For any w € W and A € Aw,Fq the element
(& = 1)"[A] € Ko(Aup,) (4.5.8)

lies in V', forn = |S|.

Proof. By the derived category version of the canonical complex construction in combination
with the observation about its homology provided in 4.5.2, for any A € A, r, we have the
following equation in Ko(AyF,):

A+ (=)A= Y (DTG AL (4.5.9)

/

Icrcs

c.f. the proof of Theorem 11.5.1 in [48] where the analogous equation is used in the case
where w = e, I = S. By the “doubled” canonical complex C,(A) and the description of its
homology in 4.5.2, this means that [1>A] — [A] is a linear combination of elements lying in
the image of the functors j%,j* for J C I.

Now by induction on the |I| appearing in the equation above, it follows from Lemma
4.5.6 that («* —1)"[A] is a linear combination of elements lying in the image of the functors
Jorjs. We have that for any B € A7

w,Fg?

Joris = Pyew jy By, (4.5.10)

and each of these direct summands has finite cohomological dimension by Proposition 4.2.4,
completing the proof of the theorem. O
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4.6 Central objects and the full twist

4.6.1 Cells, the big tilting object, and the full twist
The full twist
Definition 4.6.1. Let £ € Ch(7"). Then we define the element

FT, = V(W0)wyr * werV(wo)z (4.6.1)

of £75£. The object FT, admits a central structure and arises comes from a character sheaf
in D§ +(Gaq) via pullback composed with the Harish-Chandra functor, see [12] for an explicit
description of this character sheaf in the unipotent case, whose proof can be adapted similarly
for arbitrary monodromy. As with K., we will identify FT, as an element of Z’H(Ll) with
its underlying character sheaf in Dg} (Gaq), and by — x FT, we will denote the action as
described in Proposition 4.4.7.

By the definition of FT, combined with Proposition 4.3.13, we obtain the following.

Lemma 4.6.2. The functors — « FT, and (* on Db(.Ag,Fq) are naturally isomorphic.

The action of the full twist on cells

Proposition 4.6.3. For any ¢ € C,, there exists an integer d.(c) between 0 and 2¢(wy)
such that for any a € Ko(Dg ;(G),),

[FT,] % a = v¥%©q (4.6.2)

Proof. We follow the same argument as in Proposition 4.1 and Remark 4.2 of [10]; in other
words, we begin with the observation that [FT,] acts trivially on the non-graded version of
the Grothendieck group Ko(Dg (G).). Continuing to follow the argument of loc. cit., we
then know that for any object A in the heart of D} .(G),, the object FT, * A € D§ .(G), is
perverse up to shift, and furthermore has the property that [FT, * A] = v¢[A] for some d.
To compute the value of d, we can pass back along the Harish-Chandra transform and
work in the category ’H(ﬁl). The Grothendieck ring K O(H(ﬁl)) is the monodromic Hecke algebra
H,. By [40], this is isomorphic to the usual Hecke algebra associated to the group Wp C
W, with FT, being identified with the usual full-twist Tl%o,ﬁ’ By [38, p. 5.12.2], the full
twist in the usual Hecke algebra acts on the cell subquotient module of the Hecke algebra
corresponding to a cell ¢ by the scalar v where d(c) is described in loc. cit. Passing this
fact back along the monodromic-equivariant isomorphism from [40], the result follows. [

Definition 4.6.4. For any two-sided cell ¢, let d.(c) be the integer between 0 and 2¢(wy)
for which the equation in Proposition 4.6.3 holds.

92



K, in the top cell subquotient

Definition 4.6.5. Let Ko(D"(Aj g ))<., be the submodule of Ko(D"(Afy, )) spanned by
the image of the ideal Ko(Dg ;(Gaa)<c,) under the action described in Proposition 4.4.7.

Definition 4.6.6. For any £ € Ch(T), let q-(v) be the Poincaré polynomial

weW

of the group W3. Note by the Chevalley-Solomon formula that g, (v) can be expressed as the
product of some linear factors each of which is a factor of (v* — 1) for some 1 <7 < £(wy).!

Lemma 4.6.7. The multiplicity with grading of the irreducible object 1IC(e). in the Jordan-
Holder decomposition of Tr is qc(v).

Proof. In [55], Yun computes the Z[v, v™!]-graded multiplicity of any standard object A(y)
in a filtration of T'(w), where w,y € W and A(y) and T'(w) are standard and tilting objects
respectively in the usual Hecke category. The main equivalence of categories in [40] allows
us to extend these results to the monodromic Hecke category by replacing W with W73,
whose combinatorics in terms of tilting, standard, and irreducible objects matches exactly
the combinatorics of the completed category P, (c.f. 9.3.3 of [25] for an explicit description
of the standard filtration on a tilting object in the monodromic setting).

Combining Theorem 5.3.1 of [55] with the expression of standard objects in terms of irre-
ducible objects via inverse Kazhdan-Lusztig polynomials, we compute that the multiplicity

~

of IC(e), is exactly

Z (_Uz)e(wo)—é(w) = Z (_U2)e(w) = qc(v). (4.6.3)

]

For the next proposition, we recall the definition of the character sheaves ¢, » from
Section 4.3.1.

Proposition 4.6.8. For any n, the element
len.c ¥ Ke] — (07 = 1) Dgr(v)[en ] (4.6.4)

of Ko(D2(Gaq)) lies in the subspace Ko(Db . (Gaq)).

¢,<c,

Proof. First note that Ko(Dg (Gaa)e,) is of rank 1 as a Z[v,v™']-module. This means we
have that the classes of the images of ¢, * Kz and €, under the cell quotient map to
D5 £ (Gaa)e, are scalar multiples, so [g,,c * Kz] — ¢/(v)[en,c] for some ¢'(v) € Z[v,v™].

!The variable u used throughout [48] is replaced in the present work by v2.
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By [12], [K.] = (v2—1)T)[T;] in the full Grothendieck group Ky(P;). Note that in the
corresponding top cell subquotient module for the monodromic Hecke algebra KO(H(LD), the
equation [Tz]—qz(v)[dz] holds by Lemma 4.6.7. This means that ¢/(v) = (v2—1)%D g, (v) is
the only value for which [e,, £ *Kz]—¢ (v)[en, ] lies in a lower cell submodule of Ko(Dg (Gaa)),

and therefore [e, 2 * K] = (v2 — 1) g, (v)[e, 2] -

Convolution with K, for Kazhdan-Laumon objects

Lemma 4.6.9. For any s € S, the map
cs * Kp - g@(s)sﬁ * SL@(S)E * Ky, — K, (4.6.5)

s an isomorphism.

Proof. It is enough to show that the corresponding map ¢; : s[/@(s)ﬁ * Ky — sﬁA(S)L * K,
(obtained by convolving ¢, with ,,A(s).) is an isomorphism. If s£ # £, then by Lemma 3.6
in [40], 55@(5)5 = SLA(S)L, and so this becomes immediate. We now consider the case when
sL = L. Note that ¢ = (i o p) * K, where i’ and p are as in the canonical exact sequences

0 —— IC(s); —— V(s)y —— IC(e)y — 0,

0 —— 10(e)r —2 oA(s)e —2 1C(s), — 0.

It is then enough to show that p x K, and ¢’ * K, are each isomorphisms. This follows from
the fact that IC(s), * Kz = 0. Indeed, IC(s), * K = 0 if and only if IC(s), * Tz = 0, which
follows from the fact that its class in the Grothendieck is zero combined with the fact that
7Tz is convolution-exact, since it is tilting. O]

Corollary 4.6.10. For any A € Ayr,, the object A*x K of Ay, has the property that for
any y,z € W, the composition

szl,zy o (<I>§_1«9z,y) : Ay * K, — Ay * K, (466)

18 an isomorphism.

Proof. By Proposition 4.3.13, the morphism in question can be written, up to Tate twist, as
a morp?ism from Ay %, A(Y) e *Kex eV (Y™ ) ye %0 V(™) oy * 2yeVI(2)ye 10 Ay % e A(y) o
Kz * cV(y')yc. In particular, it is a Tate twist of the morphism
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Ay * yﬁA(y)E * KE * E@(y_l)yﬁ * yﬁﬁ(z_l)zyll * zyll@(z)yﬁ

~

Ay # eV (2 oy % e A(2y) e * K % 2y e V(Y 2 oye %5 Vi(2) e

ez,y*zyLA(zy)ﬁ*K[,*L@(yi1Z71)zy£*zy£@(z)y[,

~

Azy * zyEA(Zy)E * Kﬁ * E@(yilzil)zyﬁ * zy[l@(z)yﬁ

2

~

Azy * Zyﬁﬁ(z)yﬁ * e A(Y) e Kp * L@(y_l)yﬁ

0,-1 Ly *yeAW) Ko eV(y™)ye

~

Ay % e AW) e * Ko * V(g Ve,

where the unlabeled arrows are the isomorphisms given by the central structure on K,; these
extend to similar central morphisms for conjugates of of K, by standard/costandard sheaves
by the same argument as in Lemma 11.12 of [40].

We note that since the second and third morphisms above clearly commute with these
central morphisms, the above morphism agrees with the composition

Ay * yﬁA(y)ﬁ * KC * E@(yil)yﬁ * yﬁﬁ(zil)zyﬁ * Zyﬁﬁ(z)yﬁ

2

Ay * yﬂﬁ(z_l)zy[l * zy[,@(z)yﬁ * yﬁA(y)E * KC * ﬁﬁ(y_l)yﬁ

92,y*zyﬁﬁ(z)yﬁ*yﬁA(y)L*Kﬁ*E@(y_l)yﬁ

~

Ay * Zyﬁﬁ(z)yﬁ * yﬂA(y)E * K * L@(y_l)yz

92—1Yzy*yLA(y)ll*KC*C@(y_l)yL

~

Ay * e Ay) e * Ke % V(™) e,
where the first morphism is again the isomorphism coming from centrality of K, The compo-

sition of the last two morphisms in the sequence above must, by the definition of Kazhdan-
Laumon categories, be equal to the morphism

Ay #ca ke Ay) e x K x V(Y Yy,
where ¢, is the morphism y[,@(zil)zyﬁ * zyﬁﬁ(z)yﬁ — Id which is obtained by applying the

morphisms ¢, successively for every simple reflection s in a reduced expression for z. By the
functoriality of the central morphisms discussed above, they also commute with this c,, and
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so the entire composition above actually agrees with the morphism

Ay x yLA(y)E * K, * gﬁ(y_l)yﬁ * Cy,

By our inductive definition of ¢, along with the same argument as in Lemma 4.6.9,
Kz % cV(y™1)yc * ¢, is an isomorphism, and therefore 6,-1 ., o (99,6, ,) must be, too. [

Proposition 4.6.11. For any A € A,r,, A* K, has finite projective dimension.

Proof. We can forget the w-twisted Weil structure on A x K, and consider it as an object in
A. In A, the adjunction (je, j}) gives a morphism

a:jaji(AxKp) — Ax K. (4.6.7)

We claim that this is an isomorphism.

It is enough to show that the component morphisms a,, : jjeji (A*Ke) — ji(AxK,) are
each isomorphisms. By definition, these are the structure morphisms ¢, . : ®;(A4 * K.). —
(A*xKg),.

By Corollary 4.6.10, the morphisms

Oy1y0 (Py-10yc) : @y 1 PyA, — A, (4.6.8)

ey,e (¢] (@;,19y—17y) . @Z®;71Ay — Ay
are both isomorphisms. This tells us that 6, . is both a monomorphism and an epimorphism.
This means a : jujf(A*K;) = AxK, is an isomorphism as we claimed. The proposition

then follows since all objects in the image of j. have finite cohomological dimension by
Proposition 4.2.4. O

4.6.2 Completing the proof of Theorem 4.1.2

Proof of Theorem 4.1.2 by the action of the full twist on cells

Lemma 4.6.12. For any a € Ko(Af g ), there exists some v > 1 for which
P(FTz,0)-a=0 (4.6.10)

in Kg(.Aﬁ’Fq), where P" is the polynomial for which P"(x,v) = P(z,v)" for any x.
Further, if a € Ko(A~ )<c,, then

w,Fg

P"(FT.,v)-a=0. (4.6.11)

Proof. By and Propositions 4.4.4 and 4.4.7, the category D ;(Gaq) acts on Dgg(AﬁFq) in
a way which respects distinguished triangles, therefore giving an action of the Z[v,v!]-
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algebra D} -(Gaa) on Ko(Ayp,). It is then enough to show that there exists r for which
P7([FT,],v) = 0in Ko(D} ;(Gaq)) and that P7([FT;],v)-b = 0foranyb € Ko(Dg (Gaa)<c,)-

Indeed, since by Proposition 4.6.3 and Proposition 4.3.9, the eigenvalues of the map
[FTz] % — on Ko(Dg (Gaa)) are each of the form v* for 0 < i < £(wp) and of the form v* for
1 < < l(wy) on Ko(Dy (Gad)<c,), we must only choose r to be the maximum multiplicity
occuring in the characteristic polynomial of [FT] % — on Ko(Dg ;(Gaq)), since each degree
1 term of this characteristic polynomial is a factor of P(x,v) (resp. P(z,v)) by definition
of the latter. Choosing r in this way, we get that the polynomials in the lemma vanish, as
desired. O

Corollary 4.6.13. For any a € Ko(D*(A5y ))<c,, a € v

p(v)”
Proof. Let a € Ko(Afmq)@e. By Theorem 4.5.7, (12 —1)" - a € V' while by Lemmas
4.6.2 and 4.6.12, P(:2,v) - a = 0. We claim that this implies that (:> — 1)" % . a € V(U)
for all 0 < k& < n. Indeed, suppose for induction that (12 — 1)" %! .q € pr;), and let
a = (*=1)""%.a Then (\2—1)-d € V;)fa) and P(:2,v)" - a’ = 0, so by the Euclidean
algorithm, p(v)"-a’ = P(1,v)" -’ is in the Z[?,v,v"|-span of (1* — 1) - @, and therefore lies
in V;(‘; - Dividing by p(v)" gives a’ € V;(‘; )» and so we can proceed by induction until £ = n

where we conclude that a € foa ) O

Proof of Theorem 4.1.2. Let A € Aivmq. By Proposition 4.6.8,
[AxKz] — (02 — 1) D g (v)[A] (4.6.12)

is an element of KO(Db(Aﬁ,Fq))@e

By Corollary 4.6.13, this means (v? — 1)) ([A x K] — g (v)[A]) € V;a).

By Proposition 4.6.11, A x K, itself has finite projective dimension, and so in combi-
nation with equation (4.6.12), this means (v? — 1) g, (v)p(v)[A] € V;Dfa). Note that by
Definition 4.6.6 each degree 1 factor of ¢.(v) is also a factor of p(v), so we can divide by

qc(v) in the localization fo(%) to get [A] € VP

o(0)? , completing the proof. n

4.7 Polishchuk’s rationality conjecture

4.7.1 A general study of Ko(Ag,)

Polishchuk’s description of K (.Ar,)

A crucial tool which we will use in the proof of Theorem 4.1.1 is the following description of
Ko(Ar,) provided by Polishchuk.
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Theorem 4.7.1 ([48], Proposition 3.4.1). The map

Ko(Ag,) = €D Ko(Perve, (G/U)) (4.7.1)

weWw

induced by the functor @,ew s is injective. Its image is the subset
{(aw)wew € Ko(Pervy, (G/U)) | asw — Psa, € im(P2 —1),s € S,w € W}.

Recalling [47]

In [47], we study the subalgebra KL(v) of endomorphisms of Ky(G/U) generated by the
symplectic Fourier transforms {®,}scs. By Section 1.2.1, this is the same as the subalgebra
of Ko(G/U x G/U) generated under convolution by classes of Kazhdan-Laumon sheaves; we
denote the generator of KL(v) corresponding to w € W by a,. In this section, we use the
monodromic Hecke algebras H, and H, with the standard generators Tw as defined in [40],
see [47] for a more precise outline of our conventions.

In Section 4 of [47], we show that for any character sheaf £ with W-orbit o, there is a
surjection 7, : KL(v) — H,. The following result follows from the main result of loc. cit.
which explicitly identifies the algebra KL(v) as a subalgebra of a generic-parameter version
of the Yokonuma-Hecke algebra.

Proposition 4.7.2 ([47]). The following properties are satisfied by the morphisms {m }..
1. If wy,we € W, then mr(aw,aw,y) = Tuwyr(Qw, )Te(aw,) 0 H.
2. If w e W3R, then mz(ay,) = T, € H,.
3. If s € S is not in W2, then m(a%) = 1.

Finally, the morphism [], 7 is injective, so if a € KL(v) is such that mz(a) = 0 for all
character sheaves L, then a = 0.

Lemma 4.7.3. For any £ with W-orbit o, the algebra morphism 7y : KL(v) — H, is such
that

me(al,) =12 (4.7.2)

Wo,L”
where wy . 1s the longest element of Wp7.

Proof. Recall that if s € S is such that s ¢ W, then 7.(a?) = 1 in H,. For induction, we
claim that if y € W is such that {(y)+{(wz) = ((ywe ), and if s € S such that ((sy) < {(y),
then s & W, i.e. y~tsy & W2.

Indeed, if we had y~'sy € W, then we since wg o dominates all elements of W7 in the
Bruhat order, we could pick z € W such that y~'syz = wp ¢ with £(y~tsy) +£(z) = £(wg, L).
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But then we would have syz = ywg with ((sy) + ((z) = l(syz) = {(yw,p). But since
((sy) < l(y) and ¢(z) < £(wp ), this is impossible.

Now choose some y for which ywq o = wo with £(y)+£(wo,z). We will show that 7z (a2, ) =
Tfjm by induction on the length of y. Choosing s € S such that ¢(sy) < £(y), this induction
hypothesis along with the fact proved in the previous paragraph gives that

mr(al,) = T2 (u, ay-13yau, ) (4.7.3)
= T (A £ (sy)-1 3235y ) (4.7.4)
= Moy (Qug £ A(sy)—1 )Ty (a2) T2 (Asyaug ) (4.7.5)
= T2 (Qwp, £ A(sy)~1AsyAwg. ¢ ) (4.7.6)
= 72(a% ) (4.7.7)
2 (4.75)

The action of the full twist on Pervy (G/U)

Proposition 4.7.4. The endomorphism 1* on Ky(A) satisfies P(1%,v) = 0.

Proof. By Theorem 4.7.1, it is enough to show that P(@ﬁm,v) = 0 as an endomorphism of
the space Ky(Pervy, (G/U)).

Now recall that the endomorphism ®,, : Ko(G/U) — Ko(G/U) agrees with right
convolution with the Kazhdan-Laumon sheaf K (wp). Since the convolution D°(G/U) x
DY(GJU xGJU) — Db(G/U) is a triangulated functor, it is enough to show that P([K (wg)*
K(wp)],v) =01in Ko(G/U x G/U).

Letting 1, be the idempotent in H, corresponding to the £-monodromic subalgebra, then
in loc. cit. we show that

—oT; 1, seWg
Wg(as):{ Vls 2L S £ (4.7.9)

~TJa,  s¢gWg

It is a straightforward calculation from the above to show that 7, ([K(wo) * K(wp)]) =
v%(y)fy’ng € H, where y is the longest element of W7. By the main result of [40], the
monodromic Hecke algebra H . is isomorphic to Hyye, with full twists on each side being
identified as in Lemma 4.7.3. By 5.12.2 of [38] which identifies the eigenvalues of the full
twist in the regular representation, we have that P(—v%(y)T;, v) =0in H,.

Finally, we note that by Proposition 4.7.2, if a polynomial is satisfied by 7 ([K (wg) *
K (wp)]) in each H,, then it is also satisfied in Ky(G/U x G/U); this completes the proof of
the proposition. O
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4.7.2 Completing the proof of Theorem 4.1.1

Proof of Theorem 4.1.1

Let a € Ko(Ag,). We can write p(v) = P(1,v) = P(z,v) + r(z,v)(z — 1) for some r(z,v) €
Z|z,v]. So if

ap = P(1*,v)a (4.7.10)
ay = (%, 0)(1* = 1a, (4.7.11)

then ag + a1 = p(v)a, so it suffices to show that ag, a; € V;a) (Ag,).
First we show this for ag. We claim that for any w € W and s € S, ®2((ag)w) = (ag)w-

Since ag = P(®2,, v)a, this will follow from the fact that for any s € I, (22—1)P(®2 ,v) =0
as an endomorphism of Ky(G/U). By Proposition 4.7.2, this relation holds if and only if it
holds after applying m, for any character sheaf £. By Lemma 4.7.3, this reduces to showing
that if P(T2,,v) # 0, then (T2 — 1)P(T2,,v) = 0 for any s € S. We can rephrase this as
saying that if the full twist acts by the eigenvalue 1, then so does T? for every s € S. Indeed,
this follows from the classification of irreducible representations of Hecke algebras, and it is
shown directly in 11.5.3 of [48].

Now note that by Theorem 4.7.1, we have (ag)sw — Ps(ag)w = (2 —1)b for some b. Using
the relation (&, + v?)(®? — 1) = 0 from Proposition 6.2.1 of [48] and applying ®, to both
sides, we then get

(@2 — 1)((ag)ws — (ao)w) = (@2 —1)% (4.7.12)
= (v! = 1)(®F - 1)b, (4.7.13)
= (" = 1)((a0) sw — Ps(a0)w), (4.7.14)

so (vt — 1)((ag)sw — Ps(ap)w) = 0, meaning (ag)sw = Ps(ag)w. This means ag = j,175 (ap) in
Ko(Ap,) for any w € W, and so ag € foFv)'

Now it only remains to observe that a; € V;)fa - By the definition of ay, p(CI)?UO, v)a; = 0.
This means we can then apply the exact same argument as in the proof of Corollary 4.6.13
to get that a; € V;&). Then since ag and a; both lie in V;a) and p(v)a = ag + a1, we have

fp
that a € Vp(v).
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4.8 Construction of Kazhdan-Laumon representations

4.8.1 The Grothendieck-Lefschetz pairing
The original proposal in [32]

In Section 3 of [32], the proposed construction of representations is as follows. The authors
begin by making Conjecture 1.1.1, which we now know to be false by Bezrukavnikov and
Polishchuk’s appendix to [48|. However, for objects of finite projective dimension, one can
still define the Grothendieck-Lefschetz-type pairing in the manner they describe

First, they define a Verdier duality functor D : Ay, — A,-1, where Ay = A as we have
been using it throughout this chapter, while A,-1 is the same category but using the additive
character ¢! instead of ¢ (where v is the additive character we chose in Section 1.2).

They note that for any A € A, r, and B € (Ay-1)wr, and any i € Z, the isomorphisms
Uy FuFr*A — A and ¢ : F,Fr*B — B give an endomorphism wil, g of the vector space
Ext’(A,DB) given by the composition,

Ext’y(A,DB) — Exty(F,Fr* A, F,Fr*DB)
— Ext’y(F,A, F,DB) — Ext (A, DB)

where the first map arises from the morphisms ¢4 and g, the next from the canonical
isomorphisms Fr*A — A and Fr*B — B, and the last from the fact that F,, is invertible.
This map is also described explicitly in 4.3.1 of [16].

We can then define, for A having finite projective dimension and arbitrary B, the value

([Al,[B]) = Z(—l)itr(%ﬁ, Exty(4,DB)). (4.8.1)

This is clearly well-defined at the level of Grothendieck groups. We will now explain how
to use the result in Theorem 4.1.2 to extend Kazhdan and Laumon’s pairing, which as of
this point is only defined for objects of finite projective dimension, to the full Grothendieck
group in the monodromic case.

It is a straightforward computation that for any such A and B, we have

(A=), [B]) = (A}, [B)), (4.8.2)

so the pairing is Z[v, v™!|-linear where Z[v,v™!] acts on the target field such that v is multi-
plication by q%.

A pairing on KO(Afu,qu) ®C

We can do the same construction on the monodromic Kazhdan-Laumon category .Ag,]Fq and
its Grothendieck group. Then using Z[v, v~!]-linearity, the above definition gives us a pairing
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which is well-defined on elements of V.
Now we note that the polynomial p(v) evaluated at v = q% is nonzero, so we can extend

this pairing linearly to the localization V;,f(‘; ) This then gives that the pairing is well-defined
on all of V;& ) ® C, where in the tensor product we send v — q%. But by Theorem 4.1.2,

fp
Vatw
we will now explain how to use this to construct the Kazhdan-Laumon representations.

)®(C is all of K| O(Aﬁ’Fq)@)(C, so we can indeed define the pairing on this entire vector space;

4.8.2 Construction of representations

As Kazhdan and Laumon explain in [32|, the category Ay, is defined so that Ko(A.,r,)
carries commuting actions of G(F,) and T'(w), where T'(w) is the (usually non-split) torus
of GG corresponding to w € W, defined by

T(w) = {t € T(F,) | Fr*(t) = w(t)}. (4.8.3)

We note that KO(Aﬁqu) then also carries commuting actions of G(F,) and T'(w) where T'(w)
acts by its character 6 which corresponds to the data of the character sheaf L.

As we explained, the pairing (,) is well-defined on Ko(AfUJFq) ® C, and so we can define
KE to be its kernel. Then the Kazhdan-Laumon representation corresponding to the pairing
(T'(w), #) which was originally sought in [32] is the vector space V,, o = (Kg(.Ai’Fq) ®C)/KE.
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