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ABSTRACT

Numerous fundamental problems in operations research, machine learning, and statis-
tics exhibit natural formulations as cardinality or rank constrained optimization problems.
Sparse solutions are desirable for their interpretability and storage benefits. Moreover, in
the machine learning setting, sparse solutions exhibit superior model generalization and have
a natural interpretation as conducting feature extraction in high-dimensional datasets. On
the other hand, since the rank of a matrix is equivalent to the cardinality of the matrix’s
vector of singular values, rank can be interpreted as the matrix generalization of sparsity.
Accordingly, low rank solutions inherit similar desirables properties as sparse solutions while
allowing for very flexible modelling capability. Unfortunately, optimizing over cardinality
and rank constraints is non-convex and NP-Hard in general which has led to strong reliance
on convex relaxations and heuristic methods which yield sub-optimal solutions.

This thesis advances both the theory and application of sparse and low rank matrix
optimization, focusing on problems that arise in statistics and machine learning. We develop
algorithmic approaches to problems exhibiting cardinality and rank constraints by leveraging
techniques from mixed-integer and mixed-projection optimization. The proposed algorithms
outperform existing convex relaxations and heuristics. Our rigorous analysis and empirical
validation aim to contribute to both the theoretical foundations of optimization and the
development of practical tools for complex challenges in statistics and machine learning.

Chapter 2 studies the Sparse Plus Low Rank Matrix Decomposition problem. We present
an alternating minimization algorithm that computes high quality feasible solutions and out-
performs benchmark methods, scaling to dimension n = 10000 in minutes. We additionally
design a custom branch and bound algorithm to globally solve problem instances of dimen-
sion up to n = 25 in minutes. Chapter 3 examines the Compressed Sensing problem, for
which we present a custom branch and bound algorithm that can compute globally opti-
mal solutions. Our approach produces solutions that are on average 6.22% more sparse on
synthetic data and 9.95% more sparse on real world ECG data when compared to state of
the art benchmark approaches. Moreover, our approach outperforms benchmark methods
when used as part of a multi-label learning algorithm. Chapter 4 explores the problem of
learning a partially observed matrix that is predictive of fully observed side information,
which consists of an important generalization of the Matrix Completion problem. We refor-
mulate this problem as a mixed-projection optimization problem and present an alternating



direction method of multipliers algorithm that can solve problems with n = 10000 rows and
m = 10000 columns in less than a minute. On large scale real world data, our algorithm
produces solutions that achieves 67% lower out of sample error than benchmark methods in
97% less execution time.
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Title: Boeing Leaders for Global Operations Professor of Management
Associate Dean for Business Analytics
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Chapter 1

Introduction

Numerous central problems from the operations research, machine learning, and statistics
literatures exhibit natural formulations as cardinality and/or rank constrained optimization
problems. Among others, sparse regression/classification, sparse principal component anal-
ysis and sparse inverse covariance matrix estimation are canonical statistics and machine
learning problems that exhibit cardinality constraints to reflect model parsimony. Further-
more, fundamental problems such as factor analysis, low rank kernel learning and optimal
control contain explicit rank constraints to enforce low complexity or low dimensionality.
Sparse solutions to optimization problems are desirable due to their increased inter-
pretability and storage benefits. Moreover, in the machine learning setting, sparse solutions
exhibit superior model generalization properties and have a natural interpretation as con-
ducting feature extraction for high-dimensional datasets. On the other hand, since the rank
of a matrix is equivalent to the cardinality of the matrix’s vector of singular values, rank
can be interpreted as the matrix generalization of sparsity. Accordingly, low rank solutions
inherit the previously mentioned desirable properties of sparse solutions. Furthermore, rank
constraints allow for very flexible modelling power. For example, any non-convex quadratic
optimization problem can be equivalently reformulated as a convex optimization problem

intersected with a rank 1 constraint. This framework captures all binary quadratic opti-
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mization problems |72] as well as problems that involve optimizing the dynamics of certain
physicals systems like power grids through the alternating current optimal power flow prob-
lem [96].

Techniques for sparse optimization have been well studied by the mixed-integer optimiza-
tion community. Most approaches reformulate cardinality constrained optimization problems
as binary optimization problems with "big-M" constraints and obtain globally optimal so-
lutions via branch and bound, branch and cut or a similar algorithmic framework. Despite
recent efforts [22], the machine learning community has yet to widely adopt such approaches
due to poor scaling of their worst case asymptotic computational complexity. This, however,
is a poor reason to discount these methods, since average case wall clock runtime is in general
a far more relevant measure of computational complexity than worst case asymptotic scaling.
On the other hand, although rank constrained optimization has previously been regarded
as intractable by the optimization and machine learning communities in part because it
cannot be modelled using mixed-integer convex optimization [100], recent efforts have made
substantial progress in obtaining tractable reformulations of rank constraints [16, 19, 20].

In this thesis, we make theoretical and applied contributions to further the state of sparse
and low rank matrix optimization with a specific focus on statistics and machine learning
problems. We continue to bridge the gap between the mixed-integer optimization literature
and the machine learning literature by leveraging techniques from binary optimization to
tackle machine learning problems that previously have been solved using approximate tech-
niques. Whereas cardinality constraints and rank constraints have previously been treated
independently by the global optimization community, we tackle problems that simultaneous
enforce both constraints and develop methods that outperform existing convex relaxations
and heuristics. Through rigorous analysis and empirical validation, the proposed work aims
to contribute not only to the theoretical foundations of optimization but also to the devel-
opment of practical tools that can be applied to address complex challenges in statistics and

machine learning.
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In the remainder of this chapter, we provide an overview of the structure of this thesis
while highlighting the core contributions of each chapter. We also introduce the notation we

use throughout this thesis.

1.1 Thesis Structure and Contributions

Chapter 2 In this chapter, we consider the Sparse Plus Low Rank (SLR) decomposition
problem which is the problem of approximately decomposing a corrupted data matrix D €
R™™ into a sparse matrix Y that models the data corruptions of D plus a low-rank matrix
X that models the uncorrupted principal components of D.

Formally, given a target rank ky and a target sparsity level ki, we solve:

min |[D—X - Y2+ M X2+ uY]% st Rank(X) < ko, |Y]jo < k1, (L.1)

X,Y eRnxn

where A\, u > 0 are parameters that control sensitivity to noise and are to be cross-validated
by minimizing a validation metric to obtain strong out-of-sample performance. Our formula-
tion (1.1) is well-justified from an information-theoretic perspective. Indeed, several authors
[2, 67] have demonstrated that, for special cases of Problem (1.1), when the ground truth is
sparse and/or low-rank, exact sparse and /or low-rank formulations recover the ground truth
at least as accurately as any polynomial time method, and indeed there is a gap between
the amount of data required for an “exact” sparse plus low-rank formulation to recover the
ground truth, and the amount of data required for a polynomial time approach [67].

A key characteristic of Problem (1.1) is that it directly employs a sparsity constraint
on Y and a rank constraint on X. These constraints are non-convex, which make (1.1) a
difficult problem to solve exactly, both in practice—where the best-known exact algorithms
cannot certify optimality beyond n = 10 [97]—and in theory, where the problem is NP-hard
by reduction from low-rank matrix approximation [70].

In this chapter, we present three main contributions.
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e First, we introduce a novel formulation (1.1) for the SLR decomposition problem that
directly exploits the underlying discreteness of the problem. Our formulation is inspired
by incorporating robustness against adversarial perturbations in the input data in SLR,

which is useful in noisy settings.

e Our second main contribution is the development of a heuristic that obtains high
quality feasible solutions to Problem (1.1) and the derivation of a convex relaxation
of (1.1) that provides high quality bounds for the solutions returned by our heuristic.
Our relaxation can be interpreted as a novel reverse Huber penalty which penalizes
the sparse and low-rank matrices in a convex manner. Moreover, we present a branch
and bound framework that solves (1.1) to certifiable near-optimality for small problem

instances.

e Third, we extensively benchmark our proposed algorithms and demonstrate that they
outperform state-of-the-art methods by obtaining sparser and lower rank matrices with
a lower mean-squared error than via prior attempts, in a comparable amount of com-
putational time. Moreover, our approach scales to successfully solve problem instances

with 10000 x 10000 matrices.

The work in this chapter is based on the paper “Sparse Plus Low Rank Matrix Decompo-
sition: A Discrete Optimization Approach" [15], which is joint work with Dimitris Bertsimas

and Ryan Cory-Wright.

Chapter 3 We consider the Compressed Sensing (CS) problem in this chapter, a funda-
mental problem in statistics and machine learning which arises in numerous applications
such as medical resonance imaging, holography, climate monitoring, natural resource mining
and electrocardiogram signal acquisition among many others. CS seeks to find the sparsest

vector € R™ that is consistent with a collection of m linear equalities.
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Formally, given a matrix A € R™*" and a vector b € R™, CS is given by [62]:
min ||z|y s.t. Az =b. (1.2)
xcR"”

In the presence of noisy measurements, it is necessary to relax the equality constraint in

(1.2), leading to the following formulation for e > 0:
m%Rn lxllo s.t. ||Az —b|3 <e. (1.3)
reR™?

The vast majority of existing approaches to CS either rely on ¢; based convex approximations
to (1.3) or are greedy heuristics whereas the use of integer optimization techniques has gone
relatively unexplored. In this chapter, we formulate CS as:

1 2
mi - 1. [|Az — b2 < 1.4
meg}lelloJrvllez st. Az —b|l; <, (1.4)

where v > 0 is a regularization parameter that in practice can either take a default value
(e.g. /n) or be cross-validated by minimizing a validation metric to obtain strong out-of-
sample performance. A defining characteristic of the approach we present in this work is
that we leverage techniques from mixed-integer second order cone optimization to exploit
the inherent discreteness of formulation (1.4) rather than relying on more commonly studied
approximate methods.

In this chapter, we present three main contributions.

e First, we derive a second order cone relaxation of (1.4) and show that under mild
conditions on the regularization parameter, the resulting relaxation is equivalent to

the well studied basis pursuit denoising problem and the closely related Lasso problem

[131].

e Second, we present a semidefinite relaxation that strengthens our second order cone

relaxation and develop a custom branch and bound algorithm that leverages our second
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order cone relaxation to solve instances of CS to certifiable optimality.

e Third, we benchmark our approach extensively on both synthetic and real world data.
When compared against solutions produced by three state of the art benchmark meth-
ods on synthetic data, our numerical results show that our approach produces solutions
that are on average 6.22% more sparse. On real world ECG data, for a given /5 recon-
struction error our approach produces solutions that are on average 9.95% more sparse
than benchmark methods, while for a given sparsity level our approach produces solu-
tions that have on average 10.77% lower reconstruction error than benchmark meth-
ods. When used as a component of a multi-label classification algorithm, our approach

achieves greater classification accuracy than benchmark compressed sensing methods.

The work in this chapter is based on the paper “Compressed Sensing: A Discrete Opti-

mization Approach" [24], authored with Dimitris Bertsimas.

Chapter 4 In this Chapter, we study the problem of learning a partially observed matrix
under the low rank assumption in the presence of fully observed side information that depends
linearly on the true underlying matrix. This problem consists of an important generaliza-
tion of the Matrix Completion problem that arises in applications such as recommendation
systems, signal processing, system identification and image denoising. We formalize this
problem as an optimization problem with an objective that balances the strength of the fit
of the reconstruction to the observed entries with the ability of the reconstruction to be
predictive of the side information.

Formally, let 2 C [n] x [m] denote a collection of revealed entries of a partially observed
matrix A € R™™ let Y € R™ denote a matrix of side information and let k£ denote a
specified target rank. We consider the problem given by

min Z (Xij — 4ij)* + MY — Xal7 + 7] X ||, s.t. rank(X) <k, (1.5)

X eRnxm aeRmxd
(1,7)€Q
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where \,v > 0 are hyperparameters that in practice can either take a default value or can
be cross-validated by minimizing a validation metric [114]| to obtain strong out-of-sample
performance [34]. We assume that the ground truth matrix A has low rank and that the
side information can be well approximated as Y = Aa + N for some weighting matrix a
and noise matrix IN.

In this chapter, we present three main contributions.

e First, we derive a mixed-projection reformulation of (1.5) and present a strong semidef-

inite cone relaxation.

e Second, we design an efficient, scalable alternating direction method of multipliers

algorithm that produces high quality feasible solutions to (1.5).

e Third, we benchmark our approach extensively on synthetic and real world data. Our
numerical results demonstrate that on synthetic data in the small rank regime (k < 15),
our algorithm outputs solutions that achieve on average 79% lower objective value and
90.1% lower /5 reconstruction error than the solutions returned by the best performing
benchmark method on a per experiment basis. The runtime of our algorithm is com-
petitive with and often superior to that of the benchmark methods. Our algorithm is
able to solve problems with n = 10000 rows and m = 10000 columns in less than a
minute. On large scale real world data, our algorithm produces solutions that achieves

67% lower out of sample error than benchmark methods in 97% less execution time.

The work in this chapter is based on the preprint “Predictive Low Rank Matrix Learn-
ing under Partial Observations: Mixed-Projection ADMM" [25], authored with Dimitris

Bertsimas.
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1.2 Notation

We let nonbold face characters such as b denote scalars, lowercase bold faced characters
such as @ denote vectors, uppercase bold faced characters such as X denote matrices, and
calligraphic uppercase characters such as Z denote sets. We let [n] denote the set of running
indices {1,...,n} and (-,-) denote the Euclidean (Frobenius) inner product between two
vectors (matrices) of the same dimension. We let 0,, denote an n-dimensional vector of all
0’s, 0, denote an n X m-dimensional matrix of all 0’s, and I,, denote the n x n identity
matrix. We let §" denote the cone of n x n symmetric matrices and S denote the cone of

n X n positive semidefinite matrices.
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Chapter 2

Sparse Plus Low Rank Matrix
Decomposition: A Discrete Optimization

Approach

The work in this chapter is based on [15] which is joint work with Dimitris Bertsimas and

Ryan Cory-Wright.
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2.1 Introduction

The Sparse Plus Low Rank (SLR) decomposition problem, or the problem of approximately
decomposing a data matrix D € R™" into a sparse matrix Y plus a low-rank matrix X,
arises throughout many fundamental applications in Operations Research, Machine Learning,
and Statistics, including collaborative filtering [122], medical resonance imaging [51], and
economic modeling [8] among others. Formally, given a target rank ko and a target sparsity

k1, we solve:

min |[D — X = Y5+ A X5 + ull Y% s.t. Rank(X) < ko, [Ylo < k1, (2.1)

X, YeRnxn

where A, u > 0 are parameters that control sensitivity to noise and are to be cross-validated
by minimizing a validation metric [see, e.g., 114] to obtain strong out-of-sample performance
in theory and practice [34].

In SLR decomposition problems, the sparse matrix Y accounts for a small number of
potentially large corruptions in D, while X models the leading principal components of
D after this corruption is removed. This is well justified, because SLR robustifies Princi-
pal Component Analysis (PCA), a leading technique for finding low-rank approximations
of noiseless datasets [116], which performs poorly in high-dimensional settings and in the
presence of noise [108]. In an opposite direction, SLR robustly accounts for noise via the
sparse matrix Y, while X recovers the uncorrupted principal component directions of D.
Correspondingly, SLR decomposition schemes, which are also called Robust PCA since at
least the work of [44], are widely regarded as state-of-the-art approaches for high-dimensional
matrix estimation problems [50, 108].

Our formulation (2.1) is also well-justified from an information-theoretic perspective.
Indeed, several authors |2, 67] have demonstrated for special cases of Problem (2.1) that

when the ground truth is sparse and /or low-rank, exact sparse and/or low-rank formulations
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recover the ground truth at least as accurately as any polynomial time method, and indeed
there is a gap between the amount of data required for an “exact” sparse plus low-rank
formulation to recover the ground truth, and the amount of data required for a polynomial
time approach [67].

A key characteristic of Problem (2.1) is that it directly employs a sparsity constraint
on Y and a rank constraint on X. These constraints are non-convex, which make (2.1) a
difficult problem to solve exactly, both in practice—where the best-known exact algorithms
cannot certify optimality beyond n = 10 [97]—and in theory, where the problem is NP-hard
by reduction from low-rank matrix approximation [70].

In this chapter, we develop an alternating minimization heuristic and convex relaxation
which collectively provide very small bound gaps for (2.1) and scale to high-dimensional
settings. Our heuristic scales to n = 10000 in minutes and our convex relaxation scales
to n = 200 in hours. A key feature of the approach is that it leverages the underlying
discreteness of the problem to obtain tight yet computationally cheap lower bounds. We
further demonstrate that the alternating minimization heuristic and convex relaxation can
be embedded within a branch and bound tree to solve (2.1) to certifiable near-optimality for

instances of size up to n = 25.

2.1.1 Contribution and Structure

The key contributions of this chapter are threefold:

e First, from a methodological perspective, we introduce a novel formulation (2.1) for the
SLR decomposition problem that directly exploits the underlying discreteness of the
problem. Our formulation is inspired by incorporating robustness against adversarial

perturbations in the input data in SLR, which is useful in noisy settings.

e Second, from an algorithmic perspective, we develop a heuristic that obtains high

quality feasible solutions to Problem (2.1) in Section 2.3 and derive a convex relaxation

33



of (2.1) that provides high quality bounds for the solutions returned by our heuristic in
Section 2.4. We also interpret the convex relaxation as a novel reverse Huber penalty
which penalizes the sparse and low-rank matrices in a convex manner. Further, we
present a branch and bound framework that solves (2.1) to certifiable near-optimality

for small problem instances in Section 2.5.

e Third, from a computational perspective, we extensively benchmark our proposed ap-
proach. Across a suite of numerical experiments, we demonstrate in Section 2.6 that
our approach outperforms state-of-the-art non-convex methods like AccAltProj, GoDec
and ScaledGD by obtaining sparser and lower rank matrices with a lower mean-squared
error than via prior attempts, in a comparable amount of computational time. More-
over, our approach scales to successfully solve problem instances with 10000 x 10000

matrices.

2.1.2 Applications

We briefly overview several applications of the SLR matrix decomposition problem.

Medical Imaging Medical Resonance Imaging (MRI) is a medical imaging technique
in which images of structures and organs in the human body are obtained using strong
magnetic fields and radio waves. Dynamic MRI is a technique that allows for the imaging of
functional changes of structures in the body over time, for instance the beating of a heart.
A dynamic MRI is performed by repeatedly sampling spatial frequencies and reconstructing
the final output through a Fourier Transform. It has been shown that SLR decomposition
can facilitate the reconstruction process where output low rank matrix consists of the static
background of the structure being imaged and the sparse matrix consists of time varying
features [51] [112]. Having high quality, scalable algorithms for SLR is then helpful to reduce
the number of spatial frequencies needed to be sampled, thereby reducing imaging time, and

to improve image resolution.
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Economic Modeling Many problems in economics and finance require modeling high
dimensional time series for the purposes of forecasting and policy making. When vector
autoregression is employed to this end and causal interactions are sought to be made between
observed time series, it has been shown that SLR can effectively approximate the transition

matrix of the model in the presence of a small number of unobserved latent factors [8].

Video Surveillance When performing video surveillance, the static background of a sur-
veyed area must be separated from the fluid foreground. Given a series of frames, if we
stack the flattened frames into a matrix and perform SLR, the returned low rank matrix
will correspond to the background while the sparse matrix will correspond to objects that

dynamically move along the background.

Facial Recognition It has been shown that the set of all images of a Lambertian surface
under varying illuminations spans a low dimensional subspace |7|. In particular, this implies
that the set of images of an individual’s face under varying sources of lightning can be
approximated by a low dimensional subspace. Accordingly, given a series of images of an
individual’s face, the images can be flattened and stacked into a matrix. Applying SLR, the
output sparse matrix would consist of the image by image variations resulting from different
sources of lightning while the output low rank matrix would extract the underlying features

on the individual’s face.

2.2 Literature Review and SLR Formulation Properties

In this section, we judiciously characterize Problem (2.1) and state-of-the-art approaches for
addressing it. First, in Section 2.2.1, we cast a deliberate eye over existing attempts at solving
Problem (2.1) that are currently considered to be state-of-the-art and establish that these
approaches are either heuristics that do not provide performance guarantees or branch and

bound methods that do not scale to even moderate problem sizes. Next, in Section 2.2.2,
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we establish several key properties of Problem (2.1)’s objective function that we invoke
throughout this chapter. Further, in Section 2.2.3, we justify the regularization terms in
our formulation by interpreting our formulation through the lens of robust optimization.
Finally, in Section 2.2.4, we characterize the conditions under which Problem (2.1) admits
a reduction to matrix completion, a famous and frequently studied cousin of Problem (2.1)

which is notoriously computationally challenging [45].

2.2.1 Literature Review

In this section, we selectively review several formulations from the literature that have been
employed to solve the sparse plus low-rank decomposition problem and are currently con-
sidered to be state-of-the-art. Most of these approaches are heuristic in nature and do not

provide valid lower bounds to certify the (sub) optimality of the output solution.

Stable Principal Component Pursuit

Optimizing over low-rank matrices is notoriously computationally challenging in both theory
and practice |19, 122|. Accordingly, a popular approach is to replace the rank and sparsity
terms with their nuclear norm and ¢; norm surrogates, as advocated by [44, 50| among
others. In the presence of noise, this substitution leads to the following formulation, which

was originally proposed by [155] and is called Stable Principal Component Pursuit (S-PCP):

1
W ikl L
x i X

¥+ 51D~ X ~ Y. (2:2)

Problem (2.2) can either be reformulated as a semidefinite problem over a 2n x 2n matrix
as advocated by [44], solved in the original space using a nonsymmetric interior point method
as proposed by [128] or solved in a semidefinite free fashion using an augmented Lagrangian

approach as advocated by Yuan und Yang [151]|. Unfortunately, all three approaches require

repeatedly performing operations such as a singular value decomposition or a Newton step,
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which has an O(n?) or higher time/memory cost. Correspondingly, all such semidefinite opti-
mization approaches require too much memory to be successfully implemented in a standard
computational environment when n = 200, at least with current technology [see 103, for
a review of the state-of-the-art in semidefinite optimization|. Moreover, these methods are
usually only guaranteed to recover a ground truth model under a mutual incoherence condi-
tion (or similar) on the ground truth [see 132, for a review|, which implies that performance

guarantees for such semidefinite methods are challenging to obtain indeed.

GoDec

Many existing formulations for SLR employ convex relaxations of the rank function and
the ¢y norm function rather than exploiting the inherent discreteness of the problem. An
exception to this pattern is the work of [154|, who leverage discreteness to obtain higher

quality solutions to SLR. Their formulation is given by:

min  |D — X — Y% s.t. Rank(X) < ko, |V [lo < k1. (2.3)

X,Y cRnxn

Note that (2.3) differs from (2.1) by the absence of regularization terms on X and Y. [154]
obtain a feasible solution to (2.3) by performing alternating minimization on X, Y. Their
algorithm, called GoDec, is similar in structure to the algorithm we develop in Section 2.3
to obtain high quality solutions to Problem (2.1). In a related direction, [149] adopt a
similar approach to GoDec in the special case where their design matrix is taken to be the
identity. [91| adopt a similar formulation as GoDec, however, they instead minimize the
reconstruction error between an observation vector and a vector-valued linear map of the
sum of the low-rank and sparse matrices. In a somewhat different vein, [152] consider an
explicit rank constraint but not a sparsity constraint and proceed by leveraging manifold

optimization techniques.
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Low Rank Matrix Parameterization

An extensively studied family of methods parameterizes the low-rank matrix X as X =
UVT where U,V € R™* and performs alternating minimization on U, V. Originally
proposed in the context of low-rank semidefinite optimization by [39, 40| [see also 84], it
has since evolved into an extensively used and practical approach for SLR problems [41,
56, 75, 110]. This approach eliminates the rank constraint and can substantially reduce
the number of variables when n < kg at the expense of introducing non-convexity in the
objective. Remarkably, in many circumstances, the induced non-convexity is benign and the
resulting Burer-Monteiro reformulation can be solved efficiently from both a theoretical and
a practical perspective. We refer readers to [57| for a detailed overview.

Two important parametrization-based approaches to SLR are Fast RPCA [150] and
Scaled Gradient Descent [133|. In Fast RPCA, after parametrizing the low-rank matrix, [150]
augment the objective with a regularization term on the norm of (UTU — VIV') € Rkoxko
before performing alternating minimization on U and V. In an alternate direction, [133]
performs iterative gradient descent updates on U and V in Scaled Gradient Descent after
designing an effective gradient preconditioner that results in desirable convergence behav-
ior even for ill-conditioned problems. However, existing performance guarantees for these
approaches rely on assumptions on the structure of the ground truth, such as mutual inco-
herence, that are difficult to verify without independent access to the ground truth or on
being initialized within a “basin of attraction” which similarly is difficult to verify. We point
out, however, that one could either use the dual bounds derived in this chapter, or side
information such as scoring by humans (e.g., in video background separation applications)

to provide performance guarantees when the ground truth is not known.

Branch and Bound

To our knowledge, the only existing work that provides guarantees on the quality of solutions

to Problem (2.1) is [97], who propose a branch and bound algorithm for solving Problem
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(2.1) to near-optimality. Specifically, they assume that the spectral norm of X is bounded
from above by 3, i.e., 5 > || X||,, and invoke the following inequality to obtain valid lower

bounds for each partially specified sparsity pattern [see also 66]:
v 1
a||YHl+BHXH* <9|Y]lo + Rank(X), (2.4)

where o« > [|Y|| is @ bound on the ¢, norm of Y, which can either be taken to be
equal to some large fixed constant M [71] or treated as a regularization parameter [17].
Unfortunately, while Lee und Zou [97]’s bound is often reasonable, it was not developed by
taking the convex envelope of an appropriate substructure of Problem (2.1), and therefore is
not strong enough to solve Problem (2.1) to optimality at even small problem sizes [see also
31, for a related discussion on the weakness of big-M bounds|. Indeed, the authors reported
bound gaps but not optimal solutions for SLR problems when n = 10. Nonetheless, this
lower bound is potentially interesting in its own right, since it demonstrates that the PCP
formulation supplies a valid lower bound on Problem (2.1) if one is willing to either make a
big-M assumption on the spectral norm of the low-rank matrix or compute a valid M [c.f.

19, Section 3.5].

2.2.2 Objective Function Properties

We now derive several key properties of Problem (2.1) that we leverage throughout this
chapter and present a probabilistic interpretation of (2.1) which is motivated by Bayesian
inference. Specifically, we establish that (2.1)’s objective is strongly convex, Lipschitz con-
tinuous, and the Maximum A Posteriori (MAP) estimator of a suitably defined probabilistic
model under a Gaussian prior. Recall that a function f(Z) is said to be strongly convex
with parameter m (m-strongly convex) if the function f(Z)—%2||Z||% is convex. Similarly, a
function f(Z) is said to be Lipschitz continuous with constant L (L-Lipschitz) if the function

L\ Z||% - f(Z) is convex. Formally, we have the following results (proofs deferred to Section
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2.8):

Proposition 1 The function f(X,Y)=|D - X =Y ||%+ M| X||% + p||Y||% is jointly m-
strongly convex in (X,Y) over R™" x R™" e, g(X,Y)= f(X,Y)—-2(|X|%+[Y]?)

is jointly convex in (X,Y), for m = 2 - min(\, p).

Proposition 2 The function f(X,Y) = ||D—-X =Y |2+ )| X||%+ p||Y||% is L-Lipschitz

continuous in (X,Y) over R™™ x R™*™ for L = 2 - max(\, u) + 6.
Note that Propositions 1-2 collectively imply that the condition number  of f(X,Y) is

L 2 -max(\ pu)+6
= = ) 2.5
A 2 - min(A, p) (2:5)

We now provide a probabilistic interpretation of f(X,Y’). Suppose the data D € R™*"™

are sampled from

D=X+Y +e, (2.6)

where X, Y € R"*" are unknown parameters to be estimated and € € R™*", ¢;; ~ N(0,0?) is
i.i.d Gaussian noise with variance o?. If we adopt independent Gaussian prior beliefs X;; ~
N(0, "72) and Y;; ~ N(0, %) over the parameters X,Y, then the Maximum A Posteriori
(MAP) estimate of X, Y after observing D is given by argminy y f(X,Y).

To see this, note that the posterior probability after observing D is given by

P(D|X,Y)P(X)P(Y)

P(X,Y|D) = D)

x P(D|X,Y)P(X)P(Y). (2.7)

We can now obtain the MAP estimate by maximizing the posterior probability as follows

—(Dij = X5 =Yij)? NG\ x5 —nYG
o2 e 202 o2

argmax P(D|X,Y)P(X)P(Y) = argmax H ¢ ’  VAeE e
XY XY oV 2T oV 2T oV 2

= argmin |D — X — Y|z + M| X[ + p| Y7 = argmin (X, Y)
XY XY
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where the second equality follows by taking a log transformation and multiplying by —202.

2.2.3 Equivalence Between Regularization and Robustness

Real-world datasets are replete with inaccurate and missing data values, which prevents
machine-learning models that do not account for these inconsistencies from generalizing
well to unseen data. Accordingly, robustness is a highly desirable attribute for machine
learning models, in both theory and practice [23, 145]. In this section, we demonstrate that
our regularized problem (2.1) is equivalent to a robust optimization (RO) problem. This
result motivates the inclusion of the Frobenius regularization terms within (2.1) and verifies
that (assuming the hyperparameters in (2.1) are correctly cross-validated), regularization
improves (2.1)’s out-of-sample performance.

We remark that our results should not be too surprising to readers familiar with the RO
literature. Indeed, [13| have already derived a similar result for regularized linear regression
problems. However, our main result is strictly more general. Indeed, [13] prove that aug-
menting an ¢, loss function with an ¢ regularization penalty is equivalent to solving a RO
problem, and conjecture (but do not prove) that their result can be extended to ordinary
least squares regression and ridge regularization (with £3 rather than ¢, penalties). On the
other hand, we prove a matrix analog of their result and generalize their result to the matrix
analog of (3 regularization. Accordingly, this section may be of independent interest to the
RO community.

We now connect our work with the work of [13]| by deriving a conceptually simple ana-
log of their characterization of the equivalence of regularization and robustness for sparse
plus low-rank problems. This result sheds insight into the nature of regularization as a
robustifying force in Problem (2.1). Subsequently, we derive an (admittedly more opaque)
characterization of Problem (2.1) itself as a RO problem.

Formally, we have the following results (proofs deferred to Section 2.8):
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Proposition 3 Let Uy(X) = {A € R™™ . ||Allr < N|X||r} for X € R™™ X > 0.

Consider the robust optimization problem:

min max HD+A1+A2—X—Y||FS.t.XEV,YGW, 2.8
X, YeR Ajely(X) ( . )
Azl (Y)

where V and W are arbitrary subsets of R"*™. Then, (2.8) is equivalent to (2.9).

min ~ |[|[D—X -Y||p+A|X||r+pl|Y]rst. X €V,Y € W. (2.9)

XY eRnxn

Proposition 4 Problem (2.1) is equivalent to the following robust optimization problem:
. 1

min - max [|[D—X - Y7+ (X, A1) + (Y, Ay) — ﬁllAlllfw — A%

1
X, YER" X A1,Az @ (2 10)

st. XeVYeWw.

Taking V to be the set of matrices with rank at most kg and W to be the set of matrices
with ¢y norm at most k;, Proposition 3 implies that performing SLR decomposition with
Frobenius regularization is equivalent to solving a RO problem that allows for adversarial
errors in the input data matrix ID. Moreover, Proposition 4 implies that solving Problem
(2.1) is equivalent to solving a RO problem with a soft robust penalty term in the objective,
rather than a hard constraint on the size of the uncertainty set, as such robust equivalent
problems usually consist of. This result is perhaps unsurprising in retrospect, since dual
problems to quadratically constrained quadratic problems involve quadratic terms in the

objective [see also 124, Section 6.3].

2.2.4 Connection to Matrix Completion

Low-rank matrix completion is a canonical problem in the Statistics and Machine Learning
communities that has been employed in control theory [36], computer vision [45], and signal
processing [85] among other applications. Given a partially observed matrix D € R™*"

where Q C {(i,7) : 1 < 4,5 < n} denotes the set of indices of the revealed entries, the
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low-rank matrix completion problem is to compute a low-rank matrix X that approximates
D. Low-rank matrix completion solves
i Dy; — X;;)? s.t. Rank(X) < k

XIean}?m Z (Ds; ig)” 8-t Rank(X) < ko, (2.11)

(3,5)€Q

where kg is a predefined target rank.
Although we require A, i > 0 in our formulation of SLR given by (2.1), we now show that
if we take u = 0 and also fix a sparsity pattern for the sparse matrix Y, then (2.1) reduces to
regularized matrix completion. Let Z € {0, 1}"*" be a matrix such that if Z;; = 0, we must

have Yj; = 0. We refer to Z as a valid sparsity pattern for (2.1) if >, Zi; < k;. Formally,

we have (proof deferred to Section 2.8):

Proposition 5 Given a valid sparsity pattern Z, if we take p = 0 then (2.1) reduces to

regularized matriz completion with Q = {(i,7) : Z;; = 0}.

2.3 An Alternating Minimization Heuristic

In this section, we propose an alternating minimization algorithm that obtains high qual-
ity feasible solutions to (2.1) in Section 2.3.2, by iteratively fixing the sparse or low-rank
matrix and optimizing the remaining matrix. This is a reasonable strategy, because alter-
nating minimization (AM) strategies are known to obtain high quality solutions to low-rank
problems [84] and, as we demonstrate in Section 2.3.1, when one matrix is fixed the other
matrix can be optimized in closed form. Consequently, Problem (2.1) is amenable to AM
techniques. Further, in Section 2.3.2, we bound the number of iterations required for AM
to converge. Finally, in Section 2.3.3, we establish that for a fixed sparsity pattern and a
sufficiently large amount of regularization, AM yields a globally optimal solution to (2.1).

This result provides the basis for the branch and bound algorithm we develop in Section 2.5.
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2.3.1 Two Natural Subproblems

In this subsection, we derive two subproblems of (2.1) by fixing either the sparse matrix Y’
(to obtain a low-rank subproblem) or the low-rank matrix Y (to obtain a sparse subproblem).

Further, we establish that both subproblems admit closed-form solutions.

Low-Rank Subproblem: First, suppose that we fix a sparse matrix Y* in Problem (2.1).
Then, (2.1) becomes:

min  ||D — X||% + M| X% st. Rank(X) < ky, (2.12)

X cRnxn

where D = D — Y* and we omit the regularization term on Y since it does not depend on
X. We refer to Problem (2.12) as the low-rank subproblem. We now demonstrate that this

problem admits a closed-form solution, via the following result:

Proposition 6 Let X* be a matrix such that

1 _
=——D
L\ ko

*

where Dy, is a top-ky SVD approzvimation of D, i.c., Dy, = Uy, g, V;fg where D = UXVT

is a singular value decomposition of D. Then, X* is an optimal solution to Problem (2.12).

Proof It is well known that the solution of the problem

min  ||A - X3 st. Rank(X) < ko

XeRan

is given by X* = Ay,, a projection of A onto its first ko principal components [144]. More-

over, since

hY 2

D — X|%+ )| X|% -
1B = X+ AIX I3 -

Y

_ 1 _
DI = (143 5D~ x|
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it follows that Problem (2.12) is equivalent to (has the same optimal solution set as) solving

2

1 =
min ‘ ——D-X s.t. Rank(X) < k. (2.13)

X cRnxn 1+ A

F

In Section 2.9, we provide an alternate proof of Proposition 6 via strong duality which reveals

that (2.12) exhibits hidden convexity in the sense of [10].

Remark 7 Observe that X* can be computed exactly in O(nk) time, since we need not

compute a full SVD of D. Alternatively, it can be computed approzimately using randomized

SVD in O(n?*logk) time [80].

Sparse Subproblem: Now, suppose we fix a low-rank matrix X* in Problem (2.1). Then,

(2.1) problem becomes:

S ID =Y+ ulYIE st Yo <k, (2.14)

where D = D — X* and we have omitted the regularization term on the low-rank matrix be-
cause it does not depend on Y. We refer to Problem (2.14) as the sparse matrix subproblem.

We now demonstrate that this problem also admits a closed-form solution:

Proposition 8 Let Y* be a matriz such that

Y*:S*O(L),
1+ p

where 8* is anxn binary matriz with ky entries Sj; = 1 such that Sf; > Sy, if |Dij| > | Dyl
and o denotes the Hadamard product operation ((A o B);; = A;j X B;;). Then, Y™* solves

Problem (2.14).
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Proof It is straightforward to show that the solution of:

min  |B-Y|% st Yo <k
Y eRnxn

is given by Y* = T o B where T is a n X n binary matrix with k; entries 77> = 1 such that

T}, > T, if | Bij| > [Bg,|- Moreover, since

1 2

IT+u

D-Y]| ,

—~ /”L —~
1D = Y2+ ul Y| — | D2 = (1+u)’
F

1+p

it follows that Problem (2.14) is equivalent to (i.e., has the same optimal solution set as):

2

1 ~
min ’ —D-Y st Yo < k. (2.15)

Y cRnxn 1 —+ 7

F

In Section 2.11, we provide an alternative proof of Proposition 8 via strong second-order cone
duality which may be of independent interest as it reveals that Problem (2.15) is equivalent

to a convex optimization problem.

Remark 9 Observe that Y* can be computed in O(n?) time, by forming D and partitioning
around its kth largest absolute element via quicksort. Correspondingly, this step is compu-
tationally cheaper than computing an optimal low-rank matrixz. Moreover, since D e R,

this operation is linear in the number of entries of D.

2.3.2 An Alternating Minimization Algorithm

By iteratively solving the sparse matrix subproblem and the low-rank matrix subproblem
until we either converge to a stationary point or exceed a prespecified number of iterations,

we arrive at a feasible solution to (2.1). We formalize this iterative procedure in Algorithm
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1, and let

FX,Y) =D - X =Y+ X5+ pl Y[,

be our overall objective function and ¥V = {X € R™*" : Rank(X) < ko}, W ={Y € R"":

> H{Yij # 0} < ki} denote our respective feasible regions.

Algorithm 1: Alternating Minimization Heuristic
Data: D € R™" X\, u > 0, kg, ki € Z™, tolerance parameter € > 0.
Result: (X,Y) feasible and stationary for Problem (2.31)
Xo+0;Y, 0
fo < f(Xo, Yo);
t <+ 0;
do
t+—t+1;
Y, « argminy¢yy, f(X¢-1,Y);
X < argminyey, f(X, Y});
fo— (X, Y7);
while f;, > 0 and % > €
return X = X,, Y =Y,

We note that the initialization strategy X, < 0 and Yy < O is arbitrary and any
initialization strategy could equivalently be employed. For instance, one could employ a
greedy rounding of the solution to the semidefinite relaxation we derive in Section 2.4 as an
initialization [see also 19, Section 4.3]. Moreover, Algorithm 1 can be executed multiple times
for different initializations of X and Y to obtain an even higher quality feasible solution to
(2.31). This could be performed in parallel to avoid significantly increasing computational
time.

It is well-documented in the optimization and machine learning literature that alternat-
ing minimization schemes such as Algorithm 1 produce a sequence of non-increasing iterates
that converge to a local minimum; for Algorithm 1, this can be shown as a straightforward
corollary of [154, Theorem 1|. Building upon this, we now demonstrate that, for a given
relative improvement tolerance e, Algorithm 1 terminates in a finite number of iterations.

Indeed, Algorithm 1 terminates at iteration t if either f, =0 or f; > (1%6) fi—1. For any iter-
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ation t, the update rules for X;,; and Y, ; imply that f; 11 = f( X1, Y1) < f( X4, Vi) <
f(X:,Y;) = f;. This implies that the sequence {f;} is strictly non-increasing.

s

log . .
X gterations.

Proposition 10 Algorithm 1 terminates after at most Toglic

Proof Assume that D # 0. The case when D = 0 is trivial as in this setting, Algorithm
1 terminates immediately because f; = 0. Suppose Algorithm 1 has yet to terminate after

iteration ¢. This implies that
o< (25 < (1)
T\l T T e T
Recall that fo = £(0,0) = || D||%. Moreover, for all ¢ we must have

fi> min f(X,)Y)> min f(X,Y).

T Xev,yew X,Y eRnxn

. . o . . . . . o N/\ 2 . .
Simple unconstrained minimization gives minx yernxn f(X,Y) = 5= D|[. Combining

the above inequalities, we obtain

pA 2 IR} 2
IDIE < £ < () IDI

WA+ pA
log pAEAF LA
The result follows by noting that the above inequality is violated if ¢ > bg—ﬁ?e' [ |

In Section 2.4, we complement this result by introducing a lower bound that can be used
to certify the quality of the solution returned by Algorithm 1. Moreover, in Section 2.6, we

demonstrate numerically that Algorithm 1 produces high-quality solutions to (2.31).

2.3.3 Optimality of Algorithm 1 for a Fixed Sparsity Pattern

In this section, we establish the optimality of Algorithm 1 for a fixed sparsity pattern

under certain easy-to-verify conditions that often hold in practice. Accordingly, here and
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throughout this section, we assume we are given a collection of indices Zg C {(4,j) : 1 <
i,j < n}, |Zo|| = n* — ki that correspond to entries of the sparse matrix Y that must take
value 0, and that S* is a binary matrix that encodes this sparsity pattern. The collection
T, specifies a complete feasible sparsity pattern for the matrix Y.

Given the sparsity pattern specified by Zy, Problem (2.1) reduces to

min D - X =Y|[i+ A [ X5+ 1Y
Xoyerm (2.16)
s.t. Rank(X) < ]{50, }/;j =0 V(Z,]) € I().

Algorithm 1 can be easily adapted to produce a feasible solution to Problem (2.16). Indeed,

by Proposition 8, an optimal binary matrix Y* in (2.16) is given by

Y*:S*O(D_X).
1+ p

Moreover, applying Algorithm 1 with a fixed sparsity pattern and fixed low-rank matrix

recovers this sparse matrix automatically. Thus, applying Algorithm 1 to Problem (2.16) is

equivalent to solving the following non-convex optimization problem:

2 2

min HD—X—S*O(

X eRnXn

D—X)
L+p

D—-— X
+A-||X||%+u-Hs*o( )

1+ p

F F

(2.17)

s.t. Rank(X) < k.

Let us now define some additional notation: let g(X') denote the objective value function
of (2.17), Q@ = {X € R™"™ : Rank(X) < ko} denote the set of n-by-n matrices with rank
at most ko, Px(-) denote the projection operator onto a set X C R™" ie., Py(Y) =
argminycy [|Y — X ||%, and let v, (X) = %ﬁg) < 1 denote the ratio between the (k+ 1)th

and the kth singular values of X.

We have the following result (proof deferred to Section 2.8):
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Proposition 11 Given a full sparsity pattern Iy C {(i,7) : 1 < 4,5 < n}, || Zo|| = n® — k,
if we constrain the binary matriz S* in the solution of the sparse matriz subproblem (2.14)
to satisfy Si; = 0 <= (i,j) € Lo, then Algorithm 1 is equivalent to performing Projected
Gradient Descent on (2.17) given by X1 = Pao(Xy — nVg(X,)) with step size n = m
By equivalent, we mean that the two algorithms produce the same sequence of feasible low-

rank iterates X; and that we have f(X;,Y;) = g(X;) for all iterations t where Y; denotes

the sparse matrix iterates produced by Algorithm 1.
We are now ready to establish the main result. We have:

Theorem 12 Given a full sparsity pattern Iy C {(i,7) : 1 < i,5 < n}, | Lol = n* — ky, let

S* be the binary matriz satisfying Sj; = 0 <= (1,7) € Zy. Let X* denote the optimal

low-rank matriz for (2.17) and define D = (1% [D —-S8*o (DHf*ﬂ )

Assume Rank(X™*) = ko and suppose that the following two conditions hold:

LA+ —1>0;

2. (D) < Hﬁ(wrl—i&u - 1.).

Alternatively, assume Rank(X™*) < ko and suppose only the first condition listed above holds.
In both of these two settings, Algorithm 1 converges linearly to the unique optimal solution
of Problem (2.16) (where we constrain the binary matriz S* in the solution of the sparse
subproblem (2.14) to satisfy Sj; = 0 <= (i,j) € Ly). Specifically, letting {(X:,Y?)}2,
denote the sequence of iterates generated by Algorithm 1 and (X*,Y™*) denote the optimal

solution of (2.16), we have

f( X1, Vo) — f(X*,YT) 1

XY — (XY @0 men "

Note that the first condition on the regularization parameters A and g in Theorem 12 is

equivalent to requiring that the objective function of (2.17) has a small condition number.
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The second condition is a more technical one that requires that the gradient of the objective

function at the optimal solution of (2.17) is never too large.

Remark 13 Theorem 12 implies that there is a phase transition in Problem (2.1)’s difficulty
as the amount of reqularization increases. Indeed, when p = 0 and the sparsity pattern is
fized, Problem (2.1) is equivalent to matriz completion (Proposition 5), which is a problem
that may admit multiple local minima [19], and this may cause Algorithm 1 to converge
to a non-global local optimum. On the other hand, our main result implies that, with a
sufficiently large regularization term, Problem (2.1) can be solved to certifiable optimality
by enumerating the sparsity patterns and running alternating minimization on each fized

sparsity pattern. Thus, reqularization partially controls the complexity of (2.1).

Proof We establish the result by invoking Theorem 3.3 from [79]. We prove the result for
the more involved case where Rank(X™*) = k. The proof for the case where Rank(X™*) < kg
follows similar reasoning by combining Proposition 11 with |79, Theorem 3.3|. We observe
that the objective function g(X) of (2.17) is m-strongly convex and L-Lipschitz continuous

with m = 2\ + 1—3{”—# and L = 2\ + 2. To see this, note that we have

m m o
9(X) = SIXIE= (A= 5)IXIE+ D0 (Dy =X+ 3 (Dy =Xy 1
(4,4)€Zo (,3)¢Zo

which is convex when m = 2\ + 12+_“u Similarly, we have

L L 1

SIXIE = 9(X) = (5 -A)IXIE = D Dy —Xu)* = > (Dy— Xy)* 72—,

2 2 £ < L+p
(z»])eIO (Z7J)¢IO

which is convex when L = 2\ 4+ 2. Suppose that X* is a global minimizer of (2.17). We

claim that gradient of g(X) at X* satisfies:

IVg(X™)lo = 2(1 + A) ko (D)o, (X7,
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where || X ||, = 01(X) denotes the spectral norm of X. To see this, note that since X* is

an optimal solution, it must be a fixed point of (2.37). Thus, we have

. L1 . (D-X*
||Vg(X )’|0—2(1+/\)HX 1—}——/\(D S o( 1+N >)

=2(1+ \)||X* - D|,

= 2(1+ Mok, 11(D)

= 2(1 + A) e (D)o (D)

= 2(1 4 A)yio (D) oke (X7),

where the third and fifth equalities follow from X* being a fixed point of (2.37) and the
fourth equality follows from the definition of ~,, (D). It is easy to verify that when the
first condition of Theorem 12 holds, the condition number x = % of g(X) satisfies k < 2.

Moreover, when the second condition of Theorem 12 holds, it can similarly be verified that
the gradient of g(X) at X* satisfies ||Vg(X*)|, < (2m — L)og,(X*). Invoking the result
of Theorem 3.3 from [79], X™* is the unique fixed point of Projected Gradient Descent with
step size n = m Invoking Proposition 11, this immediately implies that Algorithm 1
converges to X*.

Finally, it is known that Projected Gradient Descent converges linearly with rate Z—;} for

strongly convex functions [121]. Combining this with Proposition 11, we have

9(Xi1) — 9(X7) _ f(Xir, Yior) = S(XY") _ k=1 _ 1
9(Xy) — g(X¥) fXeY) = f(X2Y") T+l @A+D([0+p) +p
which holds for all ¢. This completes the proof. [ |
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2.4 A Convex Relaxation

In this section, we reformulate (2.1) as a mixed-integer, mixed-projection optimization prob-
lem. We then employ the (matrix) perspective relaxation [19, 20, 77| to construct a convex
relaxation of (2.1). We illustrate the power of our convex relaxation in Section 2.4.1, by
demonstrating that it reflects the hidden convexity of the low-rank subproblem we derived
in the previous section and allows this subproblem to be solved via convex optimization.
Further, we compare our convex relaxation to the previously derived relaxation of [97] in
Section 2.4.2 and demonstrate that when both relaxations make the same assumptions, our
relaxation is at least as powerful, and sometimes strictly more powerful. Finally, in Section
2.4.3, we interpret (a slightly modified version of, where the sparsity and rank are penalized
rather than constrained) our convex relaxation as a convex penalty.

To model the sparsity pattern of the sparse matrix Y, we introduce binary variables
Z € {0,1}™" and require that Y;; = 0 if Z;; = 0 by imposing the nonlinear constraint
Yij = Yi;Zij, and also require that » .. Z;; < ki. To model the column space of X, we
introduce an orthogonal projection matrix P € P and require that tr(P) < ky and X =
PX. Let 2, ={Z € {0,1}"": zij Zii <k} and Py, ={P € 8" : P> = P, tr(P) < ko}.
This gives the following reformulation of (2.1):

min min |D =X =Y+ A [ X5+ (1Y)

ZeZy,, ,PEPy, X,Y cRnxn
k1 ko (2.18)

st. X=PX,Y=2ZoY.

We now have the following result (proof deferred to Section 2.8):
Proposition 14 Problem (2.18) is a valid reformulation of Problem (2.1).

The constraints X = PX and Y = Z oY in (2.18) are complicating because they are
non-convex in the decision variables (Z, P, X,Y ). Accordingly, to model these constraints in

a convex manner, we invoke the (matrix) perspective reformulation [19, 20, 77|. Specifically,
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to model the sparse matrix Y, we introduce variables o € R"*" where a;; models Yg, and

the constraint a;;Z;; > Y72

;7> which is second-order cone representable. To model the low-

rank matrix X, we introduce a variable ® € R™" that models X7 X, and the constraint

(xr ) =0

This yields the following reformulation of (2.18):

ZEBPeP X YeRnxn I %+ A tr(®) +p-(E, )

e X (2.19)
st. YoY <aoZ, >~ 0,
XT p

where E denotes a matrix of all ones of appropriate dimension.

Problem (2.19) is a reformulation of Problem (2.1) where the problem’s non-convexity is
entirely captured by the non-convex sets Zj, and Py,. We now obtain a convex relaxation
of (2.1) by solving (2.19) with Z € conv(Z,) and P € conv(Py,) where conv(X) denotes
the convex hull of the set X. It is straightforward to see that conv(Zy,) = {Z € [0, 1] :
i Zij < ki}. Moreover, we have conv(Py,) = {P € S} : 1-P = 0,tr(P) < ko }[113]. This
gives the following convex optimization problem:

X,Y,Z,IIJI,l(iBI,laeR"X" |ID-X-Y|%+ X\ -t1(©)+ - (E,a)

st. YoY<aoZ (E.Z)<k,0<Z<E,
(2.20)

® X
P>0,1-P>x0, tr(P) <k, = 0.
XT P
We now have the following result (proof deferred to Section 2.8):

Theorem 15 Problem (2.20) is a valid convex relazation of (2.1).

Note that Problem (2.20) only produces a nontrivial lower bound to (2.1) when the

regularization parameters satisfy A\, u > 0. If either A = 0 or u = 0, it can easily be shown
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that the optimal value of (2.20) is 0. In Section 2.6, we employ this convex relaxation to
produce bounds for feasible solutions returned by Algorithm 1. Moreover, we show that

(2.20) can be embedded within a branch and bound framework.

2.4.1 Hidden Convexity in the Low Rank Subproblem

In this section, we demonstrate that the low-rank subproblem derived in the previous
section exhibits hidden convexity in the sense of [10]. This result allows us to establish the
strength of our overall convex relaxation in the next section. Formally, we have the following
result (proof deferred to Section 2.10):

Theorem 16 Consider the semidefinite optimization problem:

] » 2 . — . »
poli o, IDIE+(1+X)- (@) 2 (X, D)
o x (2.21)
st. tr(P) < ko, I— P =0, = 0.
X p

Solving Problem (2.12) is equivalent to solving Problem (2.21) in that both problems have
the same optimal objective value and given an optimal solution to either problem, an optimal

solution to the other problem can be constructed efficiently.

2.4.2 Comparison With the Relaxation of Lee and Zou

To illustrate the power of our convex relaxation, we now present a formal comparison
between (2.20) and the relaxation proposed by [97] and demonstrate that our relaxation is at
least as powerful and sometimes strictly more powerful. Accordingly, here and throughout
this subsection, we assume that the spectral norm of the low-rank matrix X and the infinity
norm of the sparse matrix Y are bounded as otherwise the relaxation proposed by [97]
yields a lower bound of zero. Explicitly, we assume that || X||, = max;0;(X) < [ and

|Y || = max; |Y;;| < v where 0;(X) denotes the i singular value of X for 8,7 € R;.
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[97] obtain their relaxation by noting that under the spectral and infinity norm bounded-
ness assumptions, convex lower bounds of the non-convex rank and ¢, norm functions can be
obtained as Rank(X) > %HXH* and ||[Y||o > %||Y||1 respectively. Noting that the ¢; norm
can be trivially linearized and that the nuclear norm of a matrix X admits a well-known

semidefinite characterization given by

1 w, X
min _ Str(Wi + Wa) s.t. =0,
Wi1,We€eS 2 XT WQ
we can express [97]’s relaxation of (2.1) as follows:
min ID =X =Y+ X [ XI5+ p- [Y]E

XY, V.W; WoeRnxXn

1
st. — V<Y<V, (E,V)<k,
%t (2.22)

1 W, X
W) + 55tr(Wa) < o = 0.

itr(
26 X" w,|

To allow for a fair comparison between our relaxation and that given by (2.22), we note

that under the assumptions || X ||, < 8 and ||Y ||oo <7, we can strengthen (2.20) as follows:

' D-X-Y|3+X tx(© (E
X,Y,Z,PCI,’II}i’n@7a€Ran H ”F + r( ) + /,l, < ’a>

st. YoY<aoZ (E,Z)<k,0<Z<E, —~Z<Y <~vZ,
PCEO7H_PCEO7 tr(Pc)§k07
PTEO’H_PTE[:)? tr(Pr)§k07

e X AP, X
)

X7 P, X" BP,
(2.23)

The constraint —vZ;; < Y;; < vZ,;; in (2.23) emerges immediately from the bound on
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the infinity norm of the sparse matrix. The last four constraints in (2.23) follow from the
bound on the spectral norm of the low-rank matrix. The variable P, plays the role of P
in (2.20) and models the ko dimensional column space of X as before while the variable P,
models the ko dimensional row space of X. To see that these four constraints are valid,
consider any matrix X satisfying || X ||, < 8 and Rank(X) < ko, and let X = UXVT be

its singular value decomposition. Define P. = UUT and P. = VV”. We have 5P, >

o BP, X _ _

PX"X =X"P.X = XTPCTX so we have [ _ | = 0. Feasibility of P, and P, for
X" BP.

the remaining constraints follows the same reasoning employed in Theorem 15. Note that

if we restrict X to be symmetric, we can take P, = P, in (2.23) as the row space and the

column space of X will be the same.

Proposition 17 For any input data D, kg, ki and hyperparameters \, i, the optimal value

of (2.23) is no less than the optimal value of (2.22).

Proof To establish the proposition, we show that for any feasible solution to (2.23) we can
construct a feasible solution to (2.22) that achieves the same or lower objective value.

Fix any input data D € R™" kg, k; € N, and any hyperparameters A\, u > 0. Consider
an arbitrary feasible solution S; = (X,Y,Z, P., P,,©, &) to (2.23). Let V = yZ, W, =
BP, and Wy = SP,. We will show that the solution S, = (X,Y, V, Wy, W) is feasible to
(2.22) and achieves an objective value that is no larger than the objective value achieves by S,
in (2.23). From feasibility of S; in (2.23), we have —vZ;; < Y;; <~Z;; = —Vi; <Y,; <V

and (E,Z) <k, = %(E,VU) < k. Moreover, we have

1 - - 1 _ _ 1 = 1 - ko ko
—ir(W1 + Wh) = —tr(BP. + BP,) = -tr(P.) + ctr(P) < — + — =k
55 (Wit Wa) = 5otr(BPe + fPr) = Str(Pe) 4 gtr(Pe) < 5 4 5 = ko

We conclude that S, is feasible to (2.22) by noting that the last constraint in (2.22) reduces
to the fourth from last constraint in (2.23) after substituting the definitions of Wy and W.
We observe that Sy achieves an objective value in (2.22) no greater than that achieved by &;

in (2.23) by noting that feasibility of S; implies that tr(®) > || X||% and (E,&) > ||Y|.
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Since this construction holds for every feasible solution to (2.23), it must hold for any opti-
mal solution, which implies that the optimal value of (2.22) is no greater than the optimal

value of (2.23). This completes the proof. [

Proposition 17 establishes that our relaxation is at least as strong as (2.22), but does not
in and of itself demonstrate its utility since it does not preclude the possibility of the optimal
value of (2.23) always coinciding with the optimal value of (2.22). To address this, Proposi-
tion 18 which establishes the existence of problem instances for which the optimal value of
(2.23) is strictly greater than the optimal value of (2.22). Taken together, Propositions 17

and 18 show that (2.23) is a (strictly) stronger convex relaxation to (2.1) than (2.22).

Proposition 18 There exists input data D, kg, k; and hyperparameters A, i such that the

optimal value of (2.23) is strictly greater than the optimal value of (2.22).

Proof We establish the result constructively. Let n =2, D =15, kg = 1,k; = 0,A = 1 and

i = 1. With these values, (2.1) reduces to

min ||, — X|[|% + || X]|% s.t. Rank(X) < 1. (2.24)
XGRZXZ

It follows immediately from Proposition 6 that the optimal solution to (2.24) is X* =

0.5 0
and the optimal objective value is % Let § = 2 and v = 1. Note that ~ can be

0 O

chosen arbitrarily since the optimal sparse matrix is Y* = 0. Consider solving (2.23) and
(2.22) for this problem data. From Theorem 16, it follows that the optimal value of (2.23)
coincides with the optimal value of (2.24). Next, note that if we ignore the rank constraint,
it can easily be verified that the unconstrained minimum of (2.24) is given by X = T and
achieves an objective value of 1. Finally, observe that taking Y=V=0W, =W,=1,
the solution (X,Y,V, Wy, W,) is feasible to (2.22) and achieves an objective value of 1.

This completes the proof. [ |
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2.4.3 Penalty Interpretation of Relaxation

We now consider instances where the sparsity and rank of the matrices are penalized
in the objective rather than constrained and interpret the resulting relaxation as a penalty
function in the tradition of [19, 66, 118, 122] among others. Formally, we have the following
result!, which can be deduced by combining [118, Corollary 3] with [19, Lemma 6:

Proposition 19 The following two optimization problems are equivalent:

1 _— _— 2 . . . .
ey B D= X =YX w(8) 4 i (Boa) +py - 6(P) + o (B 2)
® X
st. YoY<aoZ 0<Z<E, P>0,1-Px0, > 0.
X7 P
(2.25)
wmin D~ X - Y[+ Z min ( pnai(X), p1 + )\ai(X)2>
et (2.26)
+ Z min (\/1p2Yi g, p2 + pY) -
i,5€[n]

The above result demonstrates that our regularized relaxation generalizes the reverse
Huber penalty [c.f. 118] to sparse plus low-rank optimization problems. This is quite different
from unregularized low-rank problems. Indeed, it follows directly from [19, Lemma 7| that

under a standard big-M assumption on the /., norm of the sparse matrix and the spectral

'Note that the statement of our result is slightly different to the statement in [118], because, as noted by
Dong u. a. [61], the original result contains some minor typos.
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norm of the low-rank matrix, an unregularized relaxation of the form

: . . 2
oy Sn |D — X = Y|[p+ pitr(P) + p2(E, Z)

s.t. ‘Y;J| < mZZ-j VZ,j S [TL], 0< VA < E,

(2.27)
MP X
P>0,1-P>0, =0
X' MP
is equivalent to the Lasso and nuclear norm regularized problem
min ID— X Y2+ 21 x). + 2y (2.28)
XY ,Z,PeRnxn M m

Moreover, as demonstrated by [28, 118] among others, reverse Huber penalties outperform
Lasso penalties for sparse regression problems both theoretically—by requiring fewer data to
recover the ground truth under a restricted isometry model [118|, and empirically—by pro-
viding a significantly lower false discovery rate and comparable accuracy rate after observing
the same amount of data [29]. This is because Lasso-type penalties are robust estimators
but not sparse estimators [13], while reverse Huber penalties are sparse estimators that re-
cover the ground truth after observing slightly more data than via an exact approach [c.f.
4]. Since SLR decomposition is a generalization of sparse regression, this partially explains
the superior numerical performance of our alternating minimization method compared to

GoDec, as reflected in Section 2.6.

2.5 Branch and Bound

In this section, we propose a branch and bound algorithm in the sense of [92, 98| that
computes certifiably (near) optimal solutions to Problem (2.1) in a practical amount of time.
Specifically, we state explicitly our subproblem strategy in Section 2.5.1, before stating our

overall algorithmic approach in Section 2.5.2. We also provide a sufficient condition for

60



branch and bound to obtain a globally optimal solution in Section 2.5.2. We remark that
branch and bound strategies have previously been leveraged for matrix optimization problems
[14, 97].

Let h(Z, P) denote the optimal value of the inner minimization problem in (2.18), i.e.:

MZ,P)i= min = [D=X=Y[p+ A |X[F+u[YIE

st. X=PX,Y=ZoY.
Proposition 14 established that solving (2.1) is equivalent to solving mingez, | PePy, hZ,P).
In Section 2.4, we illustrated how to obtain a lower bound for the optimal value of (2.1) by
solving minzecony( Z4,),Peconv(Py,) h(Z, P) which we formulated as a semidefinite program in
(2.20). Suppose we wanted to compute a stronger lower bound for (2.1). Two natural
Lagrangean relaxations to consider are:

min h(Z,P), (2.29)

Z'Econv(Zk1 ),PE'PkO

min h(Z,P). (2.30)

ZeZy,, ,Peconv(Py,)
It is not immediately clear which of these two problems produces a stronger lower bound
for (2.1). However, as there does not yet exist an efficient method to branch over the set of n x
n orthogonal projection matrices with trace at most kg [19], we focus on developing a branch
and bound algorithm that can solve the second problem, (2.30). Moreover, Theorem 12
provides sufficient conditions under which we can exactly compute minpep, h(Zy, P) for any
fixed Zy € Z,. Thus, provided these conditions hold, we can solve minzez, pep,, h(Z,P)

to optimality by branching over the set Zj,.

2.5.1 Subproblems

We construct an enumeration tree that branches on the entries of the binary matrix Z, which

models the sparsity pattern of the sparse matrix Y. Each node in the tree is defined by a
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(partial or complete) sparsity pattern, described by collections Zo, Z; C {(i,7) : 1 <i,57 < n}
where we have |Zo| < n?—ky, |Z,| < ky and ZyNZ; = (), and has an accompanying subproblem.
We note that [11] use a similar notion of partially-determined support when developing a
custom branch and bound algorithm for the Sparse Principal Component Analysis problem.
For indices (i, j) € Zy, we constrain Z;; = 0 and for indices (7, j) € Z;, we constrain Z;; = 1.
We say that Zy and Z; define a complete sparsity pattern if either |Zo| = n? — ky or [Z;] = ki,
otherwise we say that Z, and Z; define a partial sparsity pattern. A terminal node is a node
in the tree that can be described by a complete sparsity pattern.

At any given node in the enumeration defined by collections Zy and Z;, we consider the

subproblem given by:

min D - X -Y[p+A [ X5+ [Y]E

X,YGR”X"
(2.31)
st. Rank(X)<ko, » LYy #0} <k —|Ll Yi;=0V(,j) €L
(4,5) € ZoUT1
This subproblem can equivalently be expressed as
min h(Z,P) s.t. Zij =0 V(Z,]> € I(), Zij =1 V(Z,]> S Zl. (232)

ZGZkl 7PE771€0

Note that if Zy = Z; = 0, (2.31) and (2.32) are equivalent to (2.1).

Subproblem Upper Bound

We adapt Algorithm 1 to compute feasible solutions to (2.31). Suppose that we fix a sparse
matrix Y* in Problem (2.31). Then, the problem exactly reduces to (2.12), which we know

how to solve by Proposition 6. Suppose we fix a low-rank matrix X* in Problem (2.31).
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Then, the problem becomes:

i D-Y|%+u-|Y|>
Juin ] I+ p- 1Y%

s.t. > Y #£0} <k — T, Vi =0V(i,j) € L.

(4.9) ¢ ZoUTh

(2.33)

where D = D — X* and we have omitted the regularization term on the low-rank matrix

because it does not depend on Y. Similarly to (2.14), (2.33) admits a closed-form solution:

Proposition 20 Let Y* be a matrix such that

B
Y"=8"0o| —|,
1+ p
where S* is a n x n binary matriz with k; entries Sj; = 1 such that Sj; = 0V (i,j) €

To, S5 = 1V (i,j) € Ty and Si; > St if |Dij| > |Dig| ¥ (i), (k1) ¢ Ty UT,. Then, Y*
solves Problem (2.33).

Thus, by replacing the update Y; <— argminy ., f(X;—1,Y") in Algorithm 1 by the update
Y; < argminycy, (X1, Y) where W = {Y € R . Y WYy # 0} <k — || Yy =
0V (i,j) € Zo} using the result of Proposition 20, Algorithm 1 can be readily adapted to

obtain high quality feasible solutions to (2.31).

Subproblem Lower Bound

To obtain a lower bound for the objective value of a subproblem given by (2.32), we solve

the relaxation given by

i h(Z,P)st. Z;; =0V(i,7 Lo, Ziy; =1V(i,7 1. .
ZGCOHV(ZkS}lgECOHV(’PkO) ( ’ ) i ! (Z ]) €t / (Z j) €4 <2 34)
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From Section 2.4, it follows that (2.34) can be expressed as the following semidefinite prob-
lem:
X,Y,Z,g}(l)r}aeRan || ||F + r( ) + [1/ I“( , a>

st. YoY<aoZ, (E,Z)<k, 0<Z<E,
6 x (2.35)
P=0,1-P =0, tr(P) < ko, -0,
X7 p

Zij =0V(i,j) € Lo, Zij =1V(i,j) € L.

2.5.2 Branch and Bound Algorithm

Having specified the subproblem we consider at each node in the tree and how we compute
upper bounds (feasible solutions) and lower bounds by leveraging Algorithm 1 and the convex
relaxation given by (2.35), it remains to specify the branching rule and the node selection
rule. Algorithm 2 describes our approach. Branching and node selection rules for branch
and bound form a rich literature [106]. In our current implementation of Algorithm 2, we
employ the most fractional branching rule. Specifically, for an arbitrary non-terminal node p,
let Z* be the optimal matrix Z of the node’s convex relaxation given by (2.35). We branch
on entry (i, j*) = argming ;g7 7, |Zi; — 0.5]. When selecting which node to investigate in
the tree, we choose a node having a lower bound equal to the current global lower bound.
Let {(X;,Y:)}: denote the collection of feasible solutions produced by Algorithm 1 across
all nodes that are visited during the execution of Algorithm 2 and let g(Zy,Z;) denote the
optimal value of Problem (2.35). The final upper bound returned by Algorithm 2 is given
by min; f(X;,Y;), the smallest objective value achieved by the feasible solution returned by
Algorithm 1 for any subproblem explored during the execution of Algorithm 2. The final
lower bound returned by Algorithm 2 is given by minz, 7,)en 9(Zo, Z1) where N denotes the

set of nodes that have not been discarded upon the termination of Algorithm 2.
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Theorem 21 Algorithm 2 terminates in a finite number of iterations and either returns an

€ globally optimal solution to (2.1) or returns the solution of (2.30).

Proof To see that Algorithm 2 terminates in a finite number of iterations, it suffices to note
that Algorithm 2 can never visit a node more than once and that there is a finite number of
partial and complete sparsity patterns (each corresponding to a possible tree node) because
the set Z, is discrete.

Upon termination, we must have either 22 < ¢ or |[N| = 0 (or both). Suppose that
%_blb < e. Then, by definition, the output solution (X,Y") is € globally optimal to problem
(2.1) since Ib consists of a global lower bound and (X,Y) is feasible to (2.1). Suppose
instead that |N| = 0. Algorithm 2 partitions the space of feasible solutions to (2.30) and
only discards elements of the partition that are guaranteed not to contain the globally optimal
solution. If |[A| = 0 upon termination, then Algorithm 2 has explored (or pruned) the entire

space of feasible solutions so the output value [b is the optimal objective of (2.30). [ |

Theorem 22 Suppose \ + 12+—“u — 1> 0 and for every full sparsity pattern Zo C {(i,7) : 1 <

iaj < n}: HIOH = n2 - kl; we have

~ 1 20
D) < (A _ 1),
o (D) 1+ A - 1+p
where D is defined in Theorem 12. Then Algorithm 2 returns an e-optimal solution to (2.1).

Proof Upon termination of Algorithm 2, we must have either “=2 < ¢ or [N| = 0 (or
both). Suppose that % < e. Then, by definition, the output solution (X,Y") is € globally
optimal to problem (2.1). Suppose instead that |[A| = 0. Then it must be the case that
ub = [b. To see this, note that Algorithm 2 partitions the space of feasible solutions to (2.1)

and only discards elements of the partition that are guaranteed not to contain the optimal

solution. Moreover, at nodes that correspond to complete sparsity patterns, Theorem 12
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guarantees that Algorithm 2 computes the exact solution of (2.16). Thus, if |[A| = 0 upon
termination, Algorithm 2 has explored (or pruned) the entire space of feasible solutions so

the output value [b is equal to ub and is the optimal objective of (2.1). [ |

Algorithm 2: Near-Optimal SLR Decomposition
Data: D € R™" \,u € R", ko, ky € Z* . Tolerance parameter € > 0.
Result: (X,Y) that solves (2.1) within the optimality tolerance e.
po  (Zo, Ih) = (0,0);
N < {po};
(X,Y) < solution returned by Algorithm 1;
ub <+ f(X,Y);
Ib < optimal value of (2.20);
while “=2 > ¢ and [N > 0 do
select (Zy,Z,) € N;
select some element (i, 7) & Zy U Zy;
for k. =0,1do
[+ (k+1) mod 2;

newnode ((Ik U (i,j)),Il>§

upper < upperBound(newnode) with feasible point (X*, Y™);
lower < lowerBound(newnode);
if upper < ub then
ub < upper;
(X,Y) — (X Y");
remove any node in N with lower > ub;
end

if lower < ub then
| add newnode to N

end

end

remove (Zy,Z;) from N;

update [b to be the lowest value of lower over N;

end
return (X,Y), Ib
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2.6 Computational Results

In this section, we evaluate the performance of our alternating minimization heuristic (Al-
gorithm 1) and our branch and bound method (Algorithm 2) implemented in Julia 1.5.2
using the JuMP. j1 package version 0.21.7 and solved using Mosek version 9.2 for the semidef-
inite subproblems (2.20). We compare our methods against GoDec given by (2.3), Stable
Principal Component Pursuit (S-PCP) given by (2.2), Fast RPCA (fRPCA) [150] , Acceler-
ated Alternating Projections (AccAltProj) [41] and Scaled Gradient Descent (ScaledGD)
[133]. All experiments were performed using synthetic data, and run on MIT’s Super-
cloud Cluster [123], which hosts Intel Xeon Platinum 8260 processors. The maximum RAM
used across all trials was 192GB. To bridge the gap between theory and practice, we have
made our code freely available on GitHub at https://github.com/NicholasJohnson2020/
SparseLowRankSoftware. For experiments involving AccAltProj, we employ the MAT-
LAB implementation of the method written by [41] which is available publicly at https:
//github.com/caesarcai/AccAltProj for RPCA /tree/master.

We aim to answer the following questions:

1. How does the performance of Algorithm 1 compare to state-of-the-art convex and non-

convex methods such as GoDec, S-PCP, AccAltProj, fRPCA and ScaledGD?

2. How does the performance of the accelerated implementation of Algorithm 1 (described

in Section 2.6.4) compare to its exact implementation?

3. How is the performance of Algorithm 1 affected by the dimension of the data matrix D,
the signal-to-noise level, the rank of the underlying low-rank matrix, and the sparsity

of the underlying sparse matrix?

4. How does the performance of Algorithm 2 compare to Algorithm 17
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2.6.1 Synthetic Data Generation

All experiments were performed using synthetic data. To generate a synthetic data matrix
D, we first fix a problem dimension n, a desired rank for the low-rank matrix kg, a desired
sparsity for the sparse matrix k; and a value ¢ > 0 that controls the signal to noise ratio.
Next, we generate a random rank kg matrix and k; sparse matrix. To generate the low-rank
matrix L € R™", we set L = VV7 where V € R and V;; ~ N(0, "—:) To generate the
sparse matrix S € R™ ", we randomly select a symmetric set of indices S C {(,j) : 1 <
i,7 < n} with cardinality |S| = k; and let S;; ~ U(=5,5) if (i,j) € S and S;; = 0 otherwise.
Finally, we set D = L + S + N where N;; = Nj; ~ N(0,1). Note that this data generation

process is similar to that employed by [44].

2.6.2 Hyperparameter Tuning

We tune the hyperparameters of Algorithm 1, fRPCA, and ScaledGD using 30-fold cross-
validation, as proposed by [114]. For each fold, we randomly sample | columns and rows

from the input data matrix D and permute the columns and rows of D to obtain D =

Dval DUR Ix1 - . :
where D,,,; € R is the submatrix corresponding to the randomly sampled

DLL Dtrain
rows and columns of D, Dyin € RO=DX(=D " and Dyr, DY, € RX(=D We set | =

[n - (1 —+/0.7)] so that the training set Dy, contains at least 70% of the input data.
For a given choice of hyperparameters, we perform a SLR decomposition on Dy,4;,. Letting

X denote the estimated low-rank matrix, we compute the validation score for a single fold

| Dvat—DurXtDpp|p?
”Dval ”F2

as . The final validation score for a given set of hyperparameters is the
average over 30 folds.

For experiments reported in Section 2.6.3 and Section 2.6.4, we tune the hyperparam-

eters (A, u) for Algorithm 1 from the collection (%, 1\0/%1, %, %) (%, 1\0/;, %, %)

and we set the hyperparameter v = oz% for fRPCA and ScaledGD where « is tuned (in-
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dependently for each method) from the collection (0.01,0.05,0.1,0.5,1,2,4,6,8,10). For
subsequent experiments in Section 2.6.1 and beyond, the hyperparameters of Algorithm
1, fRPCA, and ScaledGD are fixed respectively to the best-performing hyperparameters
selected via cross-validation in Section 2.6.3 and Section 2.6.4. For experiments employing
Algorithm 2, we set A = u = \/Lﬁ We terminate Algorithm 1, GoDec, fRPCA, and ScaledGD
when % < 0.001 where f; denotes the objective value achieved by the estimate of the

low-rank matrix X and the sparse matrix Y at iteration .

2.6.3 A Comparison Between the Performance of Algorithm 1, GoDec,
S-PCP, AccAltProj, fRPCA and ScaledGD

We present a comparison of Algorithm 1, GoDec, S-PCP, AccAltProj, fRPCA, and
ScaledGD as we vary the dimension n of the input data matrix D, the rank ky of the
underlying low-rank matrix L and the sparsity level k; of the underlying sparse matrix S.
We report results for the exact implementations of Algorithm 1 (“Alg 1 Exact") and GoDec
where the singular value decomposition is computed exactly at each step. We fix ¢ = 10
across all trials. For each value of (n, ko, k1), we perform 10 trials.

In Table 2.2, we report the low-rank matrix reconstruction error (L Error) of each method
and the rank and sparsity of the solution returned by S-PCP. Let L denote the low-rank

matrix returned by one of the five methods. We define the low-rank matrix reconstruction

IL-L|%
IL]%

PCP. We define the rank of a solution returned by S-PCP to be 327 1{c;(L) > 102}, the

error to be . Let L and S denote the low-rank and sparse matrices returned by S-

number of singular values of L that are greater than 1072. Similarly, we define the sparsity
of a solution returned by S-PCP to be }_,; 1{S;; > 1072}, the number of entries of § that
are greater than 1072

For every parameter configuration explored, Algorithm 1 outperforms all benchmark
methods by producing a solution that has a comparable although slightly lower low-rank

matrix reconstruction error and a lower sparse matrix reconstruction error. Moreover, the
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solutions returned by S-PCP always have an average rank that is far greater than the target
rank ko and a sparsity level that is far greater than the target sparsity level k. Further,
the numerical threshold used to compute the rank and sparsity of S-PCP solutions, 1072,
is quite generous. Indeed, using a more common, more restrictive threshold for numerical
tolerance would further amplify this discrepancy.

In Table 2.3, we report the low-rank matrix reconstruction error of each method, the
bound gap between the solution returned by Algorithm 1 and the solution of (2.20), and the
time required to solve (2.20). Letting f denote the objective value achieved by the solution
returned by Algorithm 1 and letting f* denote the optimal value of (2.20), we define the
bound gap as % Thus, not only does Algorithm 1 outperform S-PCP, GoDec, fRPCA and
ScaledGD, but, by using the relaxation given by (2.20), we obtain a certificate of Algorithm

1’s instance-wise quality.
2.6.4 An Accelerated Implementation of Algorithm 1 and its Per-

formance

As noted in Section 2.3, the main bottleneck in our implementation of Algorithm 1 is the
singular value decomposition step that must be performed at each iteration. One commonly
proposed technique in the literature to circumvent this difficulty is to employ a randomized
SVD |[c.f. 80|, which computes a low-rank matrix less accurately but in significantly less time
than via an exact SVD. Accordingly, in this section, we investigate the use of a randomized
SVD in Algorithm 1 (“Alg 1 Acc”) against an exact SVD step (“Alg 1 Exact”). In the
accelerated implementation of Algorithm 1, we compute a randomized SVD at every iteration
except the final one, where we employ an exact SVD.

We now present a comparison of the exact and accelerated implementations of Algorithm
1 as we vary the dimension n of the input data matrix D, the rank ko of the underlying
low-rank matrix L and the sparsity level k; of the underlying sparse matrix §. We fix 0 = 10

across all trials. For each value of (n, ko, k1), we performed 10 trials.
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In Table 2.4, we report the low-rank matrix reconstruction error and the execution time
of the exact and accelerated implementations of Algorithm 1. The execution time reported
is the average total runtime of each method which includes the time required to perform
cross-validation for the hyperparameters A\ and p. The exact implementation of Algorithm
1 produces a lower reconstruction error than the accelerated implementation across all tri-
als. This behavior is expected given that at each iteration, the exact implementation of
Algorithm 1 solves the low-rank subproblem (2.12) to optimality, whereas the accelerated
implementation only computes a high quality solution to this subproblem (except at the
last step). Further, across all trials, the accelerated implementation of Algorithm 1 has a
faster average execution time than the exact implementation, which is consistent with the
O(n*log k) complexity of the low-rank update in the accelerated implementation compared

to the O(n?k) complexity in the exact implementation.

2.6.5 Scalability of Algorithm 1

We present a comparison of Algorithm 1 with GoDec, AccAltProj and ScaledGD as we
vary the dimension of the input data matrix D € R"*". We report results for the exact
implementations of Algorithm 1 and GoDec. For the first experiment, we fixed kg = 5,
ki = 500, 0 = 10 across all trials, considered values of n € {200,250, 300, ...,1000}, and
performed 50 trials for each n. For the second experiment, we fixed kg = 2, ky = 500,

o = 10, considered values of n € {2000,4000, ..., 10000}, and performed 5 trials for each n.

01 10
Vvn' \/n

ScaledGD) for these and all subsequent experiments.

We fixed the hyperparameters (A, p) = < ) (resp. 7 = 2%) for Algorithm 1 (resp.

We report the low-rank matrix reconstruction error, the sparse matrix reconstruction
error, the sparse support discovery rate, and the execution time for each method in Figures
2.1-2.2. We additionally report the low-rank matrix reconstruction error, the sparse matrix
reconstruction error and the execution time for Algorithm 1, GoDec and ScaledGD in Table
2.5 of Section 2.11. Let S denote the sparse matrix returned by either Algorithm 1 or

GoDec. We define the sparse matrix reconstruction error analogously to the low-rank matrix
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I1S—S|1%
1S11%

reconstruction error as . Let Z(S) = {(4, ) : Sij # 0} denote the support of the sparse
matrix S, i.e., the set of indices for which the matrix S takes non zero values. Then, we define
the sparse support discovery rate to be % Z(i, ) ]l(S’ij # 0). The execution time reported
is the average runtime for a single trial of a given method. We note that if AccAltProj were
implemented in Julia, it would very likely exhibit more favorable runtimes than its publicly

available MATLAB implementation [30]. The performance metric of greatest interest is the

low-rank matrix reconstruction error followed by the sparse matrix reconstruction error.

Low Rank Matrix Error Sparse Matrix Error
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Figure 2.1: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus n with ky = 5, k; = 500 and o = 10. Averaged over 50 trials for each parameter
configuration.

Our main findings from this set of experiments are:

1. Algorithm 1 outperforms GoDec, AccAltProj and ScaledGD across most trials by ob-

taining lower sparse and low-rank reconstruction errors, while having a comparable
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execution time.

. The low-rank matrix reconstruction error scales linearly with matrix dimension for
Algorithm 1, AccAltProj, ScaledGD, and GoDec. It can be shown that for our data
generation process, lim,, ., E[||L||%] = C(ko,o) where C(kg, o) is a constant that de-
pends only on the rank of L and the signal-to-noise level. This implies that for all
methods, E[|| L — L|2] is ©(n).

. The sparse matrix reconstruction error appears to scale linearly with matrix dimension
for Algorithm 1, ScaledGD, and GoDec, while scaling superlinearly with the matrix
dimension for AccAltProj. Note that AccAltProj does not allow the cardinality of the
sparse matrix to be explicitly constrained. Accordingly, AccAltProj tends to return
a sparse matrix that is considerably denser than the desired level. This produces a
high sparse support discovery rate (true positive rate) at the expense of a high false
discovery rate.. The sparse support discovery rate declines as the matrix dimension
increases for GoDec and Algorithm 1in the regime investigated in Figure 2.1. ScaledGD
underperforms GoDec and Algorithm 1 with respect to sparse support discovery rate
in low-dimensional settings (Figure 2.1) but outperforms in high-dimensional settings
(Figure 2.2). This is to be expected as with increasing matrix dimension while k; is

held fixed, it becomes increasingly difficult to identify the underlying sparsity pattern.

2.6.6 Sensitivity to Noise

We present a comparison of Algorithm 1 with GoDec, AccAltProj and ScaledGD as we vary

the signal to noise level o of the input data matrix D. Large values of ¢ correspond to a

greater signal in the low-rank matrix L compared to the perturbation matrix IN. We report

results for the exact implementations of Algorithm 1 and GoDec that exactly compute the

singular value decomposition step. We fixed n = 100, ky = 5, k1 = 500 across all trials and

considered values of o € {1,2,3,...,30}. For each value of o, we performed 50 trials.
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Figure 2.2: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus n with kg = 2, k; = 500 and o = 10. Averaged over 5 trials for each parameter
configuration.

We report the low-rank matrix reconstruction error, the sparse matrix reconstruction
error, the sparse support discovery rate, and the execution time for each method in Figure
2.3. Figure 2.3 includes only results for values of ¢ € [10,30] to aid visualization due to
significant differences in scale between these results and those for o € [1,10]. We report the
results for the full range o € [1,30] in Figure 2.8 of Section 2.11.

Our main findings from this set of experiments are:

1. Consistent with previous experiments, Algorithm 1 outperforms GoDec, AccAltProj
and ScaledGD across most trials by obtaining a lower sparse and low-rank matrix
reconstruction error while maintaining a comparable execution time and exhibiting

superior sparse support discovery rates (compared to GoDec and ScaledGD). The su-
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Figure 2.3: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus o with n = 100, kg = 5 and k; = 500. Averaged over 50 trials for each parameter
configuration.

perior performance of Algorithm 1 relative to GoDec becomes more extreme as the

signal-to-noise ratio increases.

2. The low-rank reconstruction error of Algorithm 1 decreases as o increases. This is
consistent with the intuition that larger values of o correspond to easier problem in-
stances, so it should be easier to recover the low-rank matrix. Further, the plotted
trend suggests that should o be further increased, Algorithm 1 would exactly recover
L. Somewhat surprisingly, the performance of GoDec appears to break down at higher
levels of 0. The sparse matrix reconstruction error of Algorithm 1 also declines as o
increases, whereas that of GoDec again breaks down. ScaledGD exhibits a poor sparse

recovery rate in these experiments.
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3. The sparse support discovery rate of Algorithm 1 slightly declines as ¢ increases,
whereas that of GoDec drops sharply. Though one might expect the sparse support
discovery rate to increase with the signal-to-noise level, recall that ¢ controls the signal-
to-noise level of the low-rank matrix compared to the noise matrix and not that of the
sparse matrix. Consequently, as ¢ increases, it should become easier to recover the

low-rank matrix but more difficult to recover the sparse matrix.

2.6.7 Sensitivity to Rank

We present a comparison of Algorithm 1 with GoDec, AccAltProj and ScaledGD as we
vary the rank £y of the underlying low-rank matrix L. We report results for the exact
implementations of Algorithm 1 and GoDec that exactly compute the singular value decom-
position step. We fixed n = 100, k; = 500, o = 10 across all trials and considered values of
ko € {2,4,6,...,50}. For each value of kg, we performed 50 trials.

We report the low-rank matrix reconstruction error, the sparse matrix reconstruction
error, the sparse support discovery rate, and the runtime for each method in Figure 2.4.

Our main findings from this set of experiments are:

1. Consistent with previous experiments, Algorithm 1 outperforms GoDec, AccAltProj
and ScaledGD across all trials by obtaining a lower low-rank matrix reconstruction er-
ror and sparse matrix reconstruction error while having a lesser (in the case of GoDec
and AccAltProj) or comparable (in the case of ScaledGD) execution time and exhibit-
ing superior sparse support discovery rates than GoDec and ScaledGD. The superior

performance of Algorithm 1 becomes more extreme as the rank increases.

2. The low-rank reconstruction error of Algorithm 1 and that of AccAltProj decrease as kg
increases whereas the low-rank reconstruction error of GoDec increases with increasing

ko and that of ScaledGD remains roughly constant.
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Figure 2.4: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus ko with n = 100, k&; = 500 and ¢ = 10. Averaged over 50 trials for each
parameter configuration.

3. Algorithm 1’s and ScaledGD’s sparse matrix reconstruction error increases slightly,

while GoDec’s error increases significantly and AccAltProj’s decreases slightly.

2.6.8 Sensitivity to Sparsity

We present a comparison of Algorithm 1 with GoDec, AccAltProj and ScaledGD as we
vary the sparsity level k; of the underlying sparse matrix S. We report results for the
exact implementations of Algorithm 1 and GoDec that exactly compute the singular value
decomposition step. We fixed n = 100, kg = 5, 0 = 10 across all trials and considered values
of k; € {50,100, 150, ...,1000}. For each value of k;, we performed 50 trials.

We report the low-rank matrix reconstruction error, the sparse matrix reconstruction
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error, the sparse support discovery rate, and the runtime for each method in Figure 2.5.
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Figure 2.5: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus k; with n = 100, kg = 5 and 0 = 10. Averaged over 50 trials for each parameter
configuration.

Our main findings from this set of experiments are:

1. Consistent with previous experiments, Algorithm 1 outperforms GoDec, AccAltProj
and ScaledGD across all trials by obtaining a lower low-rank matrix reconstruction
error and sparse matrix reconstruction error while having a lesser execution time.

Algorithm 1 also exhibits a superior accuracy rate than GoDec and ScaledGD.

2. The low-rank reconstruction error of Algorithm 1, GoDec, AccAltProj and ScaledGD
increase as ky increases. This is consistent with the intuition that as the sparsity of
the underlying spare matrix increases, it becomes more difficult to identify the true

low-rank matrix.
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Table 2.1: Performance of Algorithm 2 for e = 0.05. Reported root node gap is a percentage.

N ko ki || Root Node Gap Nodes Explored Time (s)
10 1 10 5.66 3 41
10 1 15 2.94 1 43
10 2 20 2.37 1 43
15 1 22 7.34 33 o8
15 2 33 5.08 3 47
15 3 45 3.26 1 40
20 1 20 5.48 5) 44
20 2 40 6.44 123 126
20 3 60 4.33 1 40
20 4 80 4.15 1 41
25 1 31 7.43 205 479
25 2 62 8.30 14709 28977
25 3 93 6.60 1053 2485
25 5 125 7.50 653 1631

3. The sparse matrix reconstruction error of Algorithm 1, ScaledGD, AccAltProj and

GoDec decline as k; increases.

2.6.9 Performance of Algorithm 2

We report the performance of Algorithm 2 on several problem instances. In these ex-
periments, calls that Algorithm 2 make to Algorithm 1 employ the exact implementation
of Algorithm 1. We fix ¢ = 10 and set ¢ = 0.05, meaning that Algorithm 1 terminates
when it has computed a solution to (2.1) that is certifiably within 5% of the globally optimal
solution. We report the optimality gap between the root node upper bound and the root
node lower bound, the total number of nodes explored, and the execution time of Algorithm
2 for 14 problem instances in Table 2.1.

As expected, when the root node optimality gap is less than €, no additional nodes are
explored. The total number of possible terminal nodes in any branch and bound instance
is equal to the number of distinct sparsity patterns, given by (’Ii) This implies that the

total number of possible nodes in any branch and bound instance is given by 2 - (Zf) —1. In
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the case of the last instance given in Table 2.1, this quantity is roughly equal to 5.3 x 10134,
Thus, the results of Table 2.1 indicate that Algorithm 2 is able to prune the vast majority
of possible nodes in the branch and bound tree. We note that the execution time explodes
as the number of nodes explored increases. One of the main limitations of the current
implementation of Algorithm 2 is that it requires solving (2.35), a semidefinite optimization
problem, at every node that is explored. This becomes a computational bottleneck as the

most efficient interior point solvers for SDPs exhibit poor scaling.
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Figure 2.6: Algorithm 2 upper and lower bound evolution (for a single instance) for ¢ = 5
(top left), o = 10 (top right), o = 15 (bottom left) and o = 20 (bottom right) with n = 15,
ko = 1, kl = 22 and ¢ = 0.01.

Figure 2.6 illustrates that Algorithm 2 only occasionally updates the global upper bound
and that the vast majority of computational time is spent certifying optimality. This behavior
is consistent across all problem instances in which the root node upper bound is not already
€ optimal. Moreover, Figure 2.7 illustrates that Algorithm 2 successfully solves instances

where n = 15 for all values of o, and is fastest when there is the least amount of noise.
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Figure 2.7: Algorithm 2 root node upper and lower bound (top left), root node optimality
gap (top right), number of nodes explored (bottom left) and execution time (bottom right)
versus o with n = 15, kg = 1, k; = 50 and ¢ = 0.01.

2.6.10 Summary of Findings From Numerical Experiments

We are now in a position to answer the four questions introduced at the start of this section.

Our findings are as follows:

1. Algorithm 1 outperforms GoDec across all trials by obtaining a lower low-rank ma-
trix reconstruction error and sparse matrix reconstruction error while having a lesser
execution time and exhibiting superior sparse support discovery rates. The superior
performance of Algorithm 1 is most extreme in regimes where the signal-to-noise level
o is high and separately when the rank kg of the underlying low-rank matrix is high.
Further, Algorithm 1 outperforms S-PCP, AccAltProj and fRPCA across all trials
by obtaining lower low-rank and sparse matrix reconstruction errors. With cross-

validation, Algorithm 1 obtains low-rank matrices with a lower rank and a comparable
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3.

reconstruction error than ScaledGD, and with a rank constraint on both methods it

obtains a lower low-rank error that ScaledGD on all but 3 trials. Moreover, it always

achieves a lesser sparse matrix reconstruction error than ScaledGD.

The exact implementation of Algorithm 1 outperforms the accelerated implementation

by achieving a lower reconstruction error across all trials. However, across all trials, the

accelerated implementation of Algorithm 1 has a faster average execution time than

the exact implementation.

(a)

Increasing the matrix dimension n results in linear increases in the low-rank matrix
reconstruction error and the sparse matrix reconstruction error for Algorithm
1, GoDec and ScaledGD. Increasing the matrix dimension n results in a linear
increase in the low-rank matrix reconstruction error and a superlinear increase
in the sparse matrix reconstruction error for AccAltProj. The sparse support
discovery rate decreases with n for Algorithm 1 and GoDec while the execution

time of each method scales superlinearly with n.

The low-rank matrix and sparse matrix reconstruction errors of Algorithm 1,
AccAltProj and ScaledGD decrease with increasing values of o and that of Al-
gorithm 1 appears to converge towards 0. The sparse support discovery rate of
Algorithm 1 decreases slightly with ¢ while its execution time remains roughly
constant. Conversely, the low-rank matrix and sparse matrix reconstruction er-
rors of GoDec explode for large values of 0. GoDec’s sparse support discovery
rate declines sharply in the high signal-to-noise level regime. ScaledGD generally
has poor sparse support discovery.AccAltProj tends to exhibit high sparse sup-
port discovery rate because the sparse matrix selected by AccAltProj is in general

substantially more dense than the ground truth sparse matrix.

Increasing the rank of the low-rank matrix results in a slight decrease in the

low-rank matrix reconstruction error and a slight increase in the sparse matrix
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reconstruction error for Algorithm 1 and ScaledGD. In contrast, the low-rank
matrix and sparse matrix reconstruction errors grow superlinearly for GoDec with
increasing rank. The sparse support discovery rate , of Algorithm 1, GoDec and

ScaledGD, and the execution time of all methods grow with increasing rank.

(d) Algorithm 1, ScaledGD and GoDec exhibit similar behaviour as a function of
sparsity k1. As the sparsity level of the underlying sparse matrix increases, the
low-rank matrix reconstruction error, sparse support discovery rate, and execution
time of each of these methods increase while the sparse matrix reconstruction error

decreases.

4. Algorithm 2 solves (2.1) to certifiable optimality for small problem instances (up to
n = 25) in reasonable wall clock time. The majority of Algorithm 2’s execution time is
spent certifying optimality. This implies that the final solution returned by Algorithm

2 is, in general, only marginally better than the solution returned by Algorithm 1.

2.7 Concluding Remarks

In this chapter, we introduced a novel formulation (2.1) for SLR that exploits discreteness and
leverages regularization. We presented Algorithm 1, an alternating minimization heuristic
that can compute high quality feasible solutions to (2.1) and can scale to n = 10000 in
minutes. We developed a strong semidefinite relaxation (2.20) that can certify the quality
of the solutions returned by Algorithm 1. Finally, we presented Algorithm 2, a branch
and bound method that solves (2.1) to certifiable near-optimality and scales to n = 25 in
minutes. Moreover, we established sufficient conditions under which Algorithm 2 is optimal.
Further work could focus on increasing the scalability of our branch and bound method.
When executing Algorithm 2, a semidefinite optimization problem must be solved at every
node in the branch and bound tree to compute a lower bound. This computation is quite

costly. A possible extension would be to compute a second-order cone lower bound at each
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node which would be more scalable at the expense of being less tight. Algorithm 2 can also

potentially be further improved by adopting an alternate branching rule.

2.8 Appendix: SLR Formulation Properties Omitted
Proofs

Recall that Proposition 1 states that f(X,Y) = [|[D — X — Y||% + M| X||% + ul|Y||% is
jointly m-strongly convex in (X,Y"). We prove this fact below:
Proof Consider any two points (X1, Y1), (Xo,Y2) € R™™ x R™™ and any t € [0, 1]. We

have

GEX 1+ (1= )Xo, tYs + (1= )Y3) = | D — tX1 + (1 — )Xo — tY; + (1 — 1) Vs |2+
(= min(y )X, + (1= X 2+ (u — min(, 1) [£; + (1 — Y512
(A = min(A, p))[[t X7 + (1 — ) Xo||% + (1 — min(\, 0))[|tY7 + (1 — 1) Yo7
<t- [IID - Xi = Y% + (A —min(\, )| X1 ||% + (2 — min(A, u))lli’llli} +
(11 [HD — Xy — Yo% (O — min(\ )| X2+ (4 min(A,munn%}

:t~g(X1,l/1)+(l—If)'g(X2, 1/v2) |

Recall that Proposition 2 states that f(X,Y) = |D — X =Y |2 + M| X||% + pl|[Y]|% is
L-Lipschitz continuous in (X,Y’). We prove this fact below:

Proof To establish Proposition 2, it suffices to show that A(X,Y) = £(| X% + |Y||%) —
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f(X,Y) is convex for L = 2 - max(A, u) + 6. We have

L
WX, Y) = S(1XF+ 1Y 1R = MXNE = ulYE - I1D - X =Y

(g _a- 1) IX 2 + (5 . 1) IY[3+2((D. X) + (D.Y) (X, ¥)) - |DJ;

2
(L) xpe Lo v x — Y2
- (3 IX1E+ (5 =0 —=2) 1Y 15+ 11X - Y3+
2((D, X) + (DY) + |D|3) - 3| DI}
= E—A—S X|3 L -3YF+ X -Y|3
- (3 IX1E+ (5 =0 =3) 1Y 15+ X - Y3+

IX = Dz +[IY — DIl — 3[|1D|l%.

Taking L = 2 - max(\, p) + 6, we have £ — X — 3 = max(A\,u) — A > 0 and £ — py— 3 =
max(A, u) —pu > 0. Thus, we have written A(X,Y") as the sum of convex quadratic functions

of (X,Y) which immediately implies h(X,Y)’s joint convexity. [

Recall that Proposition 3 states if we let U\(X) = {A € R™" : ||Allp < M| X||p} for
X € R™™ X > 0, then (2.8) is equivalent to (2.9). We prove this result below:
Proof Consider the inner maximization problem in (2.8) and first note that by applying

the triangle inequality for the Frobenius norm, we have

max D+ A1+ A~ X —Y|p<|D—-X-Y|r+AX|p+pul|Y]r
A eUy(X)
A€l (Y)

Next, note that by taking

D-X-Y
Af = X d
1T ID-X Y| IXlp, an
D-X-Y
AL = ullY
2= p-x vy, MYl
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the upper bound on the maximization problem is attained:

A X F+ pl|Y
HD+A1‘+A§—X—YHF:H(D—X—Y)-(1+ 1 Xl + u HF)

ID—X—=YlFr /llp
=D =X =Y|[r + X[+ plY]r
The proof is concluded by noting that we have A} € Uy(X) and A € U,(Y). |

We now provide a formal proof of Proposition 4:
Proof Let us rewrite Problem (2.1) as
. Y V2 2 2
i 1D =X — Y+ AU+ VI

s.t. Rank(X) < /{0, HYHO < kl,X = U,Y = V,

and associate matrices of dual multipliers «, 3 with the linear constraints X = U and

Y = V respectively. Then, this problem can be rewritten as

: : _ _ 2 2 2 _ _
minminmax D — X = Ylr + MUz + p[| Ve + (o, X ~U) +{8,Y — V)

s.t. Rank(X) S k’(), ||Y”0 S ]{?1.

Therefore, let us fix X,Y and use a standard minimax theorem [see, e.g., 12, Chap. 6]
to exchange the order of minimizing U,V and maximizing a, 3. This gives the following

subproblem in U,V for a fixed o, 3:
min MU+ VI3 + (@ ~U) + (8, ~V).

By differentiating and setting the gradient to zero, it is not too hard to see that this sub-

problem takes the value 7y[le||3 — 7-]|8|[% This implies the result. |
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Recall that Proposition 5 establishes that (2.1) reduces to regularized matrix completion
with Q = {(4,j) : Z;; = 0} where Z denotes a valid sparsity pattern and we take ;o = 0. We
prove this result below:

Proof Given a valid sparsity pattern Z and letting Q = {(¢,j) : Z;; = 0}, Problem (2.1)

can be expressed as

] 2 ¢ — .. 2
X’}I,rél]élnxn A X7 + Z (Dij — Xij — + Z - Y ) + NY
(1,7)€Q (4,5)¢2

st. Rank(X) <k, Y;; =0V (i,j) € Q.

Simple unconstrained minimization gives Y;; = D” X for (i, §) ¢ Q. Using this relationship,

Problem (2.1) can be further simplified to

' 1
in A X+ D (D 2+ T > (D — Xiy)*
e o (2.36)

s.t. Rank(X) < k.
The result then follows by observing that the last term in the objective function of (2.36)

disappears when p = 0. Moreover, if we take A\ = 0, then (2.36) exactly becomes (2.11). H

We now provide a formal proof of Proposition 11:

Proof First, note that given the full sparsity pattern, the iterates (XM, Y;*M) produced

by Algorithm 1 satisfy Y,/ = S*o (DiX?M) and XY = S Po(D —Y,/4). This implies

144 1+/\
that
1 D — XAM
XAM D-—S"o —t . 2.37
" P”(HA[ SO( T+u )D 230

Next, note that the gradient of g(X;) is given by

Vg(X,) = 2((1 +NX, - D+ S o (%))
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The result follows by noting that the Projected Gradient Descent update X; 1 = Po(X; —

nVg(X,)) is the same as the update given by (2.37) when n = o1 |

CTEVE
We now provide a formal proof of Proposition 14:
Proof We show that given a feasible solution to (2.18), we can construct a feasible solution
to (2.1) that achieves the same objective value and vice versa.
Consider an arbitrary feasible solution (X,Y,Z, P) to (2.18). Since Z € Z;, and

Y = ZoY, we have ||[Y|o < k. Moreover, since P € P, and X = PX, we have
Rank(X) S 0

ko. Thus, (X,Y) is feasible to (2.1). Since both (2.18) and (2.1) have the
same objective function, (X,Y’) achieves the same objective in (2.1) as (X,Y, Z, P) does
in (2.18).

Consider an arbitrary feasible solution (X,Y) to (2.1). Let Z € {0, 1}"™*" be the binary
matrix such that Zij =1if Yij # 0 and Zz-j = 0 otherwise. Further, let P = UU” where
X = UXVT is a singular value decomposition of X. By construction, we have Z € 2,

and P € Py, since ||Y||p < k; and Rank(X) < ko. Thus, (X,Y, Z, P) is feasible to (2.18)

and achieves the same objective as (X,Y’) does in (2.1). This completes the proof. |

We now provide a formal proof of Theorem 15:

Proof Clearly Problem (2.20) is a convex optimization problem. We will show that given
any feasible solution to Problem (2.1), we can construct a feasible solution to (2.20) that
achieves the same objective value.

Consider an arbitrary feasible solution (X,Y) to (2.1). Let Z € {0,1}™*" be the binary
matrix such that Z-j =1if Y;-j # 0 and Z,;j = 0 otherwise and let & € R™*" be the matrix such
that a;; = Y;3. Further, let P = UU” where X = UXV7 is a singular value decomposition
of X and let ® = X7 X. By construction, we have Z € Z;, and P € Py, since |Y||o < k;
and Rank(X) < ko which implies that tr(EZ) < k,,0 < Z < 1,P = 0,1 — P = 0 and

tr(P) < ko. It is straightforward to see that we have 175 < &;;Zi; ¥ (i, 7). Finally, we have
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o e X

©=X"X=X"PX =X"P'X sowehave | | = 0. Thus, we have shown that
X P

(X,Y,Z,P,0O,a&) is feasible to (2.20). This achieves an objective of

ID — X — Y3+ Mr(©) + ptr(B&) = |D — X = V|3 + Mr(X7X) + > V3
1j

=D - X = Y[z + MXI5 + 1Y

which is the same objective achieved by (X,Y’) in (2.1). This completes the proof. |

2.9 Appendix: Alternative Proof of Proposition 6

Proof Clearly, X* is feasible for (2.12). Let P* = U U/ and ©@* = X*TX* As
established in the proof of Theorem 16, (X*, P* ©%*) is feasible to (2.21) and achieves
the same objective as X™* does in (2.12). We prove Proposition 6 by deriving the dual of
(2.21) and constructing a dual feasible solution that achieves the same objective value as
(X*, P*,©*) achieves in (2.21). By duality, this then implies that (X*, P* ©*) is optimal
for (2.21) which in turn implies that X™* is optimal for (2.12).

The dual of (2.21) is given by

L
a2 DI+ oln — ko)~ tx(B)

A D (2.38)
st. 1+MI>= A, B>ol ~ = 0.
DT B
Let {¢;}", denote the collection of singular values of D in non-increasing order (so that

¢i > dip1 Vi). Let 0 = 1507, Let vf = =507 Vi < ko and let v} = 0* Vko <4 < n. Let

A* = (1 + M1 and B* = UDiag(v)UT where D = U®UT is a spectral decomposition of
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D and Diag(v) denotes the n x n diagonal matrix with diagonal entries given by the entries
of v. Note that the solution (A*, B*, o) is feasible to (2.38). To see this, observe that by
construction, we have A*, B* € 8%, 0* > 0, and (1 4+ A\)I = A*. Moreover, since {¢;},

are in non-increasing order, we have min; ; > ¢* which implies B* > ol. Finally, we have

_ _ A* D
v, > 1%\@2512 V4 which implies that B* = DT A*"'D and > 0. The feasible
DT B*

solution (A*, B* o*) achieves an objective of:

ko—1

| D3 + 0" (n — ko) — tr(B*) = §j¢+]+ﬁ¢% 1+A§j¢—1+A§Z%O

i=ko
)\ 0
:ﬂ3;ﬁ+§3ﬁ

i=ko+1

n (2.38). Moreover, the solution (X*, P* ©@*) achieves the same objective in (2.21):

ko kO
_ - 2
D+ (1 ) -2 : SO
DI+ 04 (6) 2 (R-D) =Yt i > ot - 1y 3
A -
=T D el
1+/\i:1 i=ko+1

By duality, the objective value of any feasible solution to (2.38) provides a lower bound on
the objective of (2.21). Since (X*, P*, ®*) is primal feasible and achieves the same objective
as a feasible dual solution, it must be optimal for (2.21). This in turn implies that X™* is

optimal to (2.12) by Theorem 16. This completes the proof. [ |
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2.10 Appendix: Proof of Convexity in the Low-Rank
Subproblem

Proof We prove the equivalence in two steps. First, we show that given a feasible solution to
(2.12), we can construct a feasible solution to (2.21) that achieves the same objective value.
Second, we show that given a feasible solution to (2.21), we can construct a feasible solution
to (2.12) that achieves the same or lower objective. Given an arbitrary feasible solution to
(2.21), we construct a linear optimization problem in which feasible solutions correspond to
feasible solutions to (2.21) and extreme points of the feasible set of the linear optimization
problem correspond to feasible solutions to (2.12). The initial feasible solution to (2.21) is
feasible to this linear optimization problem, so there is an extreme point corresponding to a
feasible solution to (2.12) that achieves an equal or lower objective value.

Consider an arbitrary feasible solution X to Problem (2.12). Since D is symmetric, we

can restrict ourselves to considering symmetric feasible solutions. Since we have Rank(X) <
k and X is symmetric, we can factor X as X = UXU? where U € R™%, UTU = 1T,
3 € RFoxko and X is diagonal. Let P = UU?'. P is the orthogonal projection matrix onto
the ko dimensional column space of U. This implies that P > 0, I — P > 0 and tr(15) < ko.
Let ® = XTX > 0. Note that PX = X and P = P, where P' denotes the pseudo-inverse
of P, since P is an orthogonal projection matrix. Thus, we have ® — X"P'X =0 —
® X o
= 0. We have shown that (X, P,®) is feasible to (2.21). To see that this

XT P
solution achieves the same objective as X achieves in (2.12), note that

1D = X[z + M XI5 = DI+ 1+ N[ X[E -2 (X D)

= |D||% + (14 Mtr(©) — 2 tr(X D).

Now, consider an arbitrary feasible solution (X, P,®) to (2.21). Since the objective

function of (2.21) includes the term tr(®) and feasibility requires ® = XTPTX, we can
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take ® = XTPTX and the solution (X, P,®’) will be feasible to (2.21) with an objective
value no greater than that of the original feasible solution. Since P is PSD, it can be written
as P =" duul where ulu; = 1 for all 4, ulu; = 0 for all i # j and the feasibility of

P implies 0 < ¢; < 1 for all i. Moreover, we have PT = Do 140 d)iuzuzT Further, since the
Q@ X _
feasibility condition > 0 implies that X = PTPX by the generalized Schur

XT P
complement lemma (see Boyd et al. 1994, Equation 2.41) and X is symmetric, without loss
of generality it can be written as X = >_""  oyu;ul. The solution (X, P,©’) achieves an

objective of

h(X,P,0) =|D|3+ (1+Mtr(®') —2-tr(XD)

_ 14\ _
— DI+ Y [ 2572 atrual D).
i:¢;#0 !

Note that if we view the above as a function of o; and ¢; (denoted f(¢,0)), then this
expression corresponds to the objective value achieved by some feasible solution to (2.21)

provided we constrain 0 < ¢; < 1 and >, ¢; < ko. h(¢,0) is a convex quadratic in o;.

It is minimized when V, h(¢,0) = %ai —2tr(uul D) = 0 = oy = l‘ii/\tr(uiuiTD).

Substituting the optimal value of o; into h(¢, o), we obtain

1(6) =min (6. = DI = 3= 5l DI = D~ 3 5 Syt D

i:¢; 70

h(¢) is a linear function of ¢. Therefore, the minimum of h(¢) over the set 0 < ¢; < 1
for all 7, >, ¢ < ko is achieved at some ¢* € {0,1}"*". Let P* = Y "  o¢fuul, X* =
S gitr(wiul D)u;ul and ©F = X*TP*X. Then (X*, P*,0©%) is feasible to (2.21) and

achieves objective h(¢*). By construction, we have

h(¢") < WX, P,0) <hX,P,0).
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Further, since ¢* € {0,1}"*" and ), ¢ < ko, we have Rank(X™*) < ky which means that

X* is feasible to (2.12) and achieves objective h(¢*). This completes the proof. |

2.11 Appendix: Alternative Proof of Proposition 8

Proof Let f(Y) = ||D — Y%+ |Y]/%, the objective function of Problem (2.14). We can

rewrite f(Y) as:
FY) = D= Y|+ Y% = Z( 5~ Ui +u2ym

—Z[ — ¥ij) +yﬂ Zfzg

where we define f;;(y) = (Jz] —y)? + y>. We have shown that the objective function is
separable, so Problem (2.14) can be solved by minimizing each function fi;(y). fi;(y) is

a convex quadratic function, and simple univariate calculus allows us to conclude that it

. The minimum value of f;; is therefore f;;(y*) = t£-d2.

achieves its minimum when y* = T

1+
However, due to the sparsity constraint on Y, at most k; entries of Y can be non-zero. By
introducing binary variables s;; and noting that f;;(0) = d”, we can rewrite the objective of

problem 2 as a function of the binary matrix S:

f(8) = Z {Sz’j ' ﬁj?j + (1= sy) - dij |-
ij
Due to the sparsity constraint, at most k; of the variables s;; can be 1 while all others must
be 0. If s;; = 0, the objective increases by d whereas if s5;; = 1, the objective only increases
by 7 = d2 It follows immediately that the objective will be minimized when s;; = 1 if and
only if dij is one of the k; largest entries in absolute value of the matrix D. Note that in the

case that the k" largest entry in absolute value and the (k; + 1) largest entry in absolute
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value are not distinct, the tie can be broken arbitrarily. Letting S* represent the binary ma-

trix formed by an optimal choice of the binary variables s;;, the solution to Problem (2.14)

T+p

is given by Y* = §* o <£> |

2.12 Appendix: Supplemental Computational Results

Low Rank Matrix Error Sparse Matrix Error
I T
500 j 30 |- GoDec L
400 % ----- Alg 1 Exact T}'
S 300 | S 20 |- ScaledGD ok
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— 200 ¢t | 0] —
\ 10 -1
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ot A oL —==
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Figure 2.8: Low-rank matrix reconstruction error (top left), sparse matrix reconstruction
error (top right), sparse support discovery rate (bottom left) and execution time (bottom
right) versus o with n = 100, ky = 5 and k; = 500. Averaged over 50 trials for each parameter
configuration.
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Chapter 3

Compressed Sensing: A Discrete

Optimization Approach

The work in this chapter is based on [24] which is joint work with Dimitris Bertsimas.
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3.1 Introduction

The Compressed Sensing (CS) problem seeks to find a most sparse vector & € R"™ that
is consistent with a set of m linear equalities. CS is a fundamental problem in Statistics,
Operations Research and Machine Learning which arises in numerous applications such as
multi-label learning [82], medical resonance imaging [101], holography [38], climate monitor-
ing [81], natural resource mining [139] and electrocardiogram signal acquisition [52] among

many others. Formally, given a matrix A € R™*" and a vector b € R™, CS is given by [62]:

min ||z s.t. Az =b. (3.1)

xeR”

In the presence of noisy measurements, it is necessary to relax the equality constraint in

(3.1), leading to the following formulation for e > 0:
m%Rn lxllo s.t. ||Az —b|3 <e. (3.2)
xreR™

This problem is sometimes referred to as sparse approximation in the literature [135] and
trivially reduces to (3.1) for e = 0. CS allows signals to be reconstructed surprisingly well
after sampling at a rate far below the Nyquist sampling rate by leveraging the inherent
sparsity of most signals, either in the signal’s latent space or in an appropriately defined
transform space. For example, natural images tend to have a sparse representation in the
wavelet domain, speech can be represented using a small number of coefficients in the Fourier
transform domain and medical images can be represented sparsely in the Radon transform
domain [120].

In Section 3.2, we will see that the vast majority of existing approaches to CS either
rely on /1 based convex approximations to (3.2) or are greedy heuristics whereas the use of

integer optimization techniques has gone relatively unexplored. In this work, we formulate
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CS as:

1 2
1 .t- A b 2 < 3-3
mnel%énl ||£IZ||0 ’}/”m||2 S || T ||2 >6 ( )

where v > 0 is a regularization parameter that in practice can either take a default value
(e.g. /n) or be cross-validated by minimizing a validation metric [see, e.g., 114] to obtain
strong out-of-sample performance [34]. A defining characteristic of the approach we present
in this work is that we leverage techniques from integer optimization to exploit the inherent
discreteness of formulation (3.3) rather than relying on more commonly studied approximate

methods. Note that Problem (3.3) is a special case of the formulation given by:
. 1
gelﬁgHwHoJr;HWwH% st Az —b]l; < e (3-4)

where W € R™ " is a diagonal matrix with nonnegative diagonal entries that should be
interpreted as coordinate weights on the vector . Indeed, (3.4) reduces to (3.3) when we

take W = 1.

3.1.1 Contributions and Structure

In this chapter, we approach CS using mixed-integer second order cone optimization. We
derive a second order cone relaxation of this problem and show that under mild conditions on
the regularization parameter, the resulting relaxation is equivalent to the well studied basis
pursuit denoising problem. We present a semidefinite relaxation that strengthens the second
order cone relaxation and develop a custom branch and bound algorithm that leverages our
second order cone relaxation to solve instances of CS to certifiable optimality. Our numerical
results show that our approach produces solutions that are on average 6.22% more sparse
than solutions returned by three state of the art benchmark methods on synthetic data
in minutes. If we restrict the comparison to the best performing benchmark method on
each problem instance, our approach produces solutions that are on average 3.10% more

sparse. On real world ECG data, for a given ¢y reconstruction error our approach produces
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solutions that are on average 9.95% more sparse than benchmark methods (3.88% more
sparse if only compared against the best performing benchmark), while for a given sparsity
level our approach produces solutions that have on average 10.77% lower reconstruction
error than benchmark methods in minutes (1.42% lower error if only compared against the
best performing benchmark). On a real world multi-label classification task, our approach
outperforms existing approaches in terms of accuracy, precision and recall. This increase
in accuracy, precision and recall comes at the expense of a significant increase in running
time of several orders of magnitude. Thus, for applications where runtime is not of critical
importance, leveraging integer optimization can yield sparser and lower error solutions to
CS than existing benchmarks.

The rest of this chapter is structured as follows. In Section 3.2, we review existing
formulations and solution methods of the CS problem. In Section 3.3, we study how our
regularized formulation of CS (3.3) connects to the commonly used formulation (3.2). We
reformulate (3.3) exactly as a mixed-integer second order cone problem in Section 3.4 and
present a second order cone relaxation in Section 3.4.1 and a stronger but more computa-
tionally expensive semidefinite cone relaxation in Section 3.4.2. We show that our second
order cone relaxation is equivalent to the Basis Pursuit Denoising problem under mild condi-
tions offering a new interpretation of this well studied method as a convex relaxation of our
mixed-integer second order cone reformulation of (3.3). We leverage our second order cone
relaxation to develop a custom branch and bound algorithm in Section 3.5 that can solve
instances of (3.3) to certifiable optimality. In Section 3.6, we investigate the performance of
our branch and bound algorithm against state of the art benchmark methods on synthetic

data, real world ECG signal acquisition and real world multi-label classification
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3.2 Literature Review

In this section, we review several key approaches from the literature that have been employed
to solve the CS problem. As an exhaustive literature review is outside of the scope of this
chapter, we focus our review on a handful of well studied approaches which will be used as
benchmarks in this work. For a more detailed CS literature review, we refer the reader to
[135].

The majority of existing approaches to the CS problem are heuristic in nature and gen-
erally can be classified as either convex approximations or greedy methods as we will see in
this section. For these methods, associated performance guarantees require making strong
statistical assumptions on the underlying problem data. Integer optimization has been given
little attention in the CS literature despite its powerful modelling capabilities. [89] and
[33] explore formulating Problem (3.2) as a mixed-integer linear program for the case when
€ = 0. However this approach relies on using the big-M method which requires estimating

reasonable values for M and cannot immediately generalize to the setting where € > 0.

3.2.1 Basis Pursuit Denoising

A common class of CS methods rely on solving convex approximations of (3.2) rather than
attempting to solve (3.2) directly. A popular approach is to use the ¢; norm as a convex
surrogate for the ¢y norm [47, 53, 54, 62, 69]. This approximation is typically motivated by
the observation that the unit ¢; ball given by By, = { € R" : ||z||; < 1} is the convex hull
of the non-convex set X = {x € R" : ||z||o < 1,||x||o < 1}. Replacing the 5 norm by the

/1 norm in (3.2), we obtain:

min st Az —b]} < e (3.5)
TR
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Problem (3.5) is referred to as Basis Pursuit Denoising and is a quadratically constrained
convex optimization problem which can be solved efficiently using one of several off the
shelf optimization packages. Basis Pursuit Denoising produces an approximate solution to
Problem (3.2) by either directly returning the solution of (3.5) or by post-processing the
solution of (3.5) to further sparsify the result. One such post-processing technique is a
greedy rounding mechanism where columns of the matrix A are iteratively selected in the
order corresponding to decreasing magnitude of the entries of the optimal solution of (3.5)
until the selected column set of A is sufficiently large to produce a feasible solution to (3.2).

Basis Pursuit Denoising is very closely related to the Lasso problem which is given by:

min ||Az — b5+ Al|lz| 1, (3.6)

xreR™

where A > 0 is a tunable hyperparameter. Lasso is a statistical estimator commonly used
for sparse regression as empirically, the optimal solution of Problem (3.6) tends to be sparse
[131]. More recently, strong connections between Lasso and robust optimization have been
established [13|. Basis Pursuit Denoising and Lasso are equivalent in that Lasso is obtained
by relaxing the hard constraint in (3.5) and instead introducing a penalty term in the ob-
jective function. It is straightforward to show that for given input data A, b and € in (3.5),
there exists a value \* > 0 such that there exists a solution «* that is both optimal for (3.5)
and (3.6) when the tunable parameter takes value A = \*.

Note that by taking ¢ = 0, Problem (3.5) reduces to the well studied Basis Pursuit
problem where the equality constraint Axz = b is enforced. A large body of work studies
conditions under which the optimal solution of the Basis Pursuit problem is also an optimal
solution of (3.1). For example, see [65], [63], [74], and [134]. One of the most well studied
conditions under which this equivalence holds is when the input matrix A satisfies the

Restricted Isometry Property (RIP). Formally, a matrix A € R™*" is said to satisfy RIP of
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order s and parameter &5 € (0, 1) if for every vector & € R™ such that ||x||p < s, we have

(1= a9l ]l < | Az[l2 < (1+0,)=[.

It has been established that if A satisfies RIP of order 2s and parameter dos < 1/3, then
the optimal solution of the Basis Pursuit problem is also an optimal solution of (3.1) where
s denotes the cardinality of this optimal solution [46]. While it has been shown that certain
random matrices satisfy this desired RIP property with high probability [6, 76], RIP in

general is not tractable to verify on arbitrary real world data.

3.2.2 Iterative Reweighted L1

Iterative Reweighted ¢; minimization is an iterative method that can generate an approxi-
mate solution to (3.2) by solving a sequence of convex optimization problems that are very
closely related to the Basis Pursuit Denoising problem given by (3.5) [3, 49, 107]. This ap-
proach falls in the class of convex approximation based methods for solving CS. The approach

considers the weighted ¢; minimization problem given by:

min [|[Wz|; st.|Az —b|; <e, (3.7)

xceR™

where W € R™ " is a diagonal matrix with nonnegative diagonal entries. Each diagonal
entry W;; = w; of W can be interpreted as a weighting of the i'* coordinate of the vector x.
Interpreting the ¢; norm as a convex surrogate for the ¢y norm, Problem (3.7) can be viewed

as a relaxation of the non-convex problem given by

min [|[Wz|, st Az —b|; <e (3.8)

xreR™

It is trivial to verify that when W = oI, where a@ > 0 and I is the n-by-n identity matrix,

(3.8) and (3.7) reduce exactly to (3.2) and (3.5) respectively. Assuming the weights never
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vanish, the non-convex Problems (3.2) and (3.8) have the same optimal solution, yet their
convex relaxations (3.5) and (3.7) will generally have very different solutions. In this regard,
the weights can be regarded as parameters that if chosen correctly can produce a better

solution than (3.5). Iterative Reweighted ¢; minimization proceeds as follows [49]:

(0)

1. Initialize the iteration count ¢ < 0 and the weights w; "~ <+ 1.

2. Solve (3.7) with W = W® . Let ® denote the optimal solution.

(t+1)

3. Update the weights as w; — m where 0 > 0 is a fixed parameter for numerical

stability.

4. Terminate if ¢ reaches a maximum number of iterations or if the iterates £® have

converged. Otherwise, increment ¢ and return to Step 2.

It has been shown empirically that in many settings the solution returned by Iterated
Reweighted ¢; minimization outperforms the solution returned by Basis Pursuit Denois-
ing by recovering the true underlying signal while requiring fewer measurements to be taken
[49]. We note that this approach is an instance of a broader class of sparsifying iterative

reweighted methods [55, 140, 141].

3.2.3 Orthogonal Matching Pursuit

Orthogonal Matching Pursuit (OMP) is a canonical greedy algorithm for obtaining heuristic
solutions to (3.2) [104, 115]. Solving Problem (3.2) can be interpreted as determining the
minimum number of columns from the input matrix A that must be selected such that the
residual of the projection of the input vector b onto the span of the selected columns has ¢
norm equal to at most y/e. The OMP algorithm proceeds by first selecting the column of
A that is most collinear with b and subsequently iteratively adding the column of A that
is most collinear with the residual of the projection of b onto the subspace spanned by the

selected columns until the norm of this residual is at most \/e. Concretely, OMP proceeds
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as follows where for an arbitrary collection of indices Z, C [n], we let A(Z;) € R™*%l denote
the matrix obtained by stacking the |Z;| columns of A corresponding to the indices in the

set Z;:
1. Initialize the iteration count ¢ < 0, the residual ry <= b and the index set Zy < 0.

2. Select the column that is most collinear with the residual i; — argmax;cp,z, lalr|

and update the index set Z;,1 < Z; U 44.

3. Compute the projection of b onto the current set of columns
Liy1 [A(Itﬂ)TA(ItH)]TA(ItH)Tb,

and update the residual 71 b — A(Zy11)@41.
4. Terminate if ||y, || < ¢, otherwise increment ¢ and return to Step 2.

Conditions under which the solution returned by OMP is the optimal solution of (3.2)
(either with high probability or with certainty) have been studied extensively [42, 134, 142].
Unfortunately, these conditions suffer from the same limitation as RIP in that in general
they are not tractable to verify on real world data. A closely related method to OMP is
Subspace Pursuit (SP) which is another greedy algorithm for obtaining a heuristic solution
to (3.2) in the € = 0 setting but has the additional requirement that a target sparsity value
K must be specified in advance [59]. SP is initialized by selecting the K columns of A that
are most collinear with the vector b. At each iteration, SP first computes the residual of
the projection of b onto the current column set and then greedily updates up to K elements
of the column set, repeating this process until doing so no longer decreases the norm of the

residual.
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3.3 Formulation Properties

In this section, we rigorously investigate connections between formulations (3.3) and (3.2)
for the CS problem in the noisy setting. The only difference between formulations (3.2) and
(3.3) is the inclusion of a /5 regularization term in the objective function in (3.3). We will see
in Section 3.4 that the presence of this regularization term facilitates useful reformulations.
Moreover, in the case of regression, [13| show that augmenting the ordinary least squares
objective function with a £5 regularization penalty produces regression vectors that are robust
against data perturbations which suggests the presence of such a regularization term may
result in a similar benefit in (3.3). A natural question to ask is: under what conditions do

problems (3.2) and (3.3) have the same solution? We answer this question in Theorem 23.

Theorem 23 There exists a finite value vy < oo such that for all ¥ > o, there exists a
vector &* such that x* is an optimal solution of (3.2) and also an optimal solution of (3.3)
where we set v = 7. Letting & denote a minimum norm solution to (3.2), we can take

Yo = ||Z||3 and z* = .

Phrased simply, Theorem 23 establishes that there exists a finite value vy such that if the
regularization parameter 7 in problem (3.3) is at least as large as 7y, then there is a vector «*
that is optimal to both problems (3.2) and (3.3). We note that this finite value 7o depends
on the input data A,b and e.

Proof Consider any matrix A € R™*", vector b € R™ and scalar € > 0. Let €2 denote the
set of optimal solutions to (3.2) and let X denote the feasible set of (3.2) and (3.3). We have
X ={z:||[Az —b||3 < ¢} and Q C X. Let & € argmin,q, ||z|/3 and let 7o = ||Z]|3. Since
& € Q, x is an optimal solution to (3.2). It remains to show that @ is optimal to (3.3) for
all v > 7.

Fix any v > 7. To show that & is an optimal solution of (3.3), we will show that for all
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x € X, we have

~ Loe - L2
Zlo+ —x|l5 < ||T|lo + —||2|5-
]| 7H 13 < [|]| 7H I3

Fix an arbitrary @ € X. Either £ € X \ Q or & € Q. Suppose & € X' \ Q. The definition of

) and the fact that & € () implies
[2]lo < lzllo = [l&[lo +1 < [[2[|o-
Next, note that since v > 7o = ||Z||3, we have

o1 N , A
1(]o + ;leli < [lzflo + 1 < l[2]o < [[2]o + ;leli-

Suppose instead that & € Q. The definition of Q and & imply ||Z||o = ||Z||o and ||Z||3 < ||Z]|3.

It then follows immediately that [|2[lo+ 3 [|Z3 < [[]lo+ 3 [|2[3. Thus, & is optimal to (3.3).

This completes the proof. [ |

Though Theorem 23 is useful in establishing conditions for the equivalence of problems (3.2)
and (3.3), it is important to note that computing the value of 7 specified in the Theorem
requires solving (3.2) which is difficult in general. Suppose we are solving problem (3.3) with
some regularization parameter v in the regime where 0 < v < vy. A natural question to ask
is: how well does the solution of (3.3) approximate the solution of (3.2). We answer this

question in Theorem 24.

Theorem 24 Let  and vy be as defined in Theorem 23, and let X denote the feasible set
of (3.2) and (3.3). Specifically, & denotes a minimum norm solution to (3.2), v = ||Z||3

and X = {x : ||[Az — b||3 < €}. Let \c > 0 be a value such that

arg min ||w||§ = argmin | Az — b||§ + >\€||:c||§
xeX x
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Fiz any value v with 0 < v < 9. Suppose & is an optimal solution to (3.3). Then we have
~ - - 1 ~ 112 1 74\ arnll?
I#lo <zl < 2o+~ (213~ || (-1 + A74) A"8]| ).

Proof Fix any value v with 0 < 7 < =y and consider any optimal solution & to (3.3).
The inequality ||Z]|o < ||®]|o follows immediately from the optimality of & in (3.2). By the

optimality of &, we must have
- | . Lo - - | 112
12[lo + ;Hsz < llzllo + ;HCL‘HQ = [lzllo < [[2]lo + §(HwH2 — [l]12)-

Thus, to establish the result we need only derive an upper bound for the term (||z||2 —||Z||3),
or equivalently to derive a lower bound for the term ||&||3. Since & € X, such a lower bound

can be obtained by solving the optimization problem given by

m%Rn |z|[3 st. xeX ={x:|Ax—b|; <e}. (3.9)
xzeRn?

This optimization problem has the same optimal solution as the ridge regression problem
given by
min || Az — blf3 + A\ ||z |3 (3.10)
xrcR™

for some value A > 0. To see this, we form the Lagrangian for (3.9) L(x,u) = ||z|j3 +

u(||Az — b||3 — €) and observe that the KKT conditions for (x, 1) € R” X R are given by
1. ||Az — b3 < ¢
2. p=>0;
3. (|l Az —bJ3— ) =0 = p=0or Az — b3 =e
4. Vol(z,p) =0 = x= (I +ATA)'ATbif p#0and x =0 if p = 0.

We note that if 0 € X, then 0 is trivially an optimal solution to (3.9) with optimal value
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given by 0. This corresponds to the degenerate case. In the nondegenerate case, we have
0 ¢ X. This condition, coupled with the first and fourth KKT conditions implies that at
optimality, we have 1 # 0 and = (ﬁI +ATA)"tATb. Next, we note that the unconstrained
quadratic optimization problem given by (3.10) has an optimal solution &* given by x* =
(A + ATA)"'ATb. Finally, we observe that the two preceding expressions are the same

when A\, = %L > (. Thus, we have

@[3 > min| |3 - H( I+A7A)"

which implies that
T 5 1 T T
Il < f1&flo+ = Hw||2—H< I+A A) A bH

This completes the proof. [ |

Remark 25 Though the statement of Theorem 24 is made for any fived v satisfying 0 <
v < o with vy given by Theorem 23, we note that the proof of Theorem 24 in fact generalizes
to any v > 0. This implies that the result of Theorem 23 holds for any ~{ satisfying v >

(13 - [ (31 + ara)”

by Theorem 23 but has the drawback of depending on the value \. which in general cannot

2
). This is a stronger condition than the one established
2

be computed easily.

Theorem 24 provides a worst case guarantee on the sparsity of the solution of (3.3) when

the regularization parameter v satisfies 0 < v < 7.
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3.4 An Exact Reformulation and Convex Relaxations

In this section, we reformulate (3.4) as a mixed-integer second order cone optimization
problem. We then employ the perspective relaxation |77] to construct a second order cone
relaxation for (3.4) and demonstrate that under certain conditions on the regularization
parameter 7, the resulting relaxation is equivalent to the Weighted Basis Pursuit Denoising
problem given by (3.7). As a special case, we obtain a convex relaxation for (3.3) and
demonstrate that it is equivalent to (3.5) under the same conditions on 7. Finally, we present
a family of semidefinite relaxations to (3.4) using techniques from polynomial optimization.

To model the sparsity of the vector @ in (3.4), we introduce binary variables z € {0,1}"

and require that x; = z;x;. This gives the following reformulation of (3.4):

n

: L~ 22 2 » »
Join > 2 + 5 lei z; st ||[Ax —0b|; <€ v, =z, Vi, € {0,1} Vi. (3.11)

The constraints z; = z;x; in (3.11) are non-convex in the decision variables (x, z). To deal
with these constraints, we make use of the perspective reformulation [77]. Specifically, we
introduce non-negative variables @ € R where #; models 27 and introduce the constraints
0;2; > x?, which are second order cone representable. Thus, if z; = 0, we will have z; = 0.

This results in the following reformulation of (3.11):

. 1
zygggw Z zi + ; Z wf@i

A2
s.t. |Az — b3 <e, 22 < 20; Vi, (3.12)

Theorem 26 The mized-integer second order cone problem given by (3.12) is an ezxact re-

formulation of (3.4).

Proof We show that given a feasible solution to (3.4), we can construct a feasible solution
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0 (3.12) that achieves the same objective value and vice versa.
Consider an arbitrary solution & to (3.4). Let Z € R™ be the binary vector obtained by
setting z; = 1{%; # 0} and let @ € R" be the vector obtained by setting 6; = z2. We have

|AZ —bl|2 <e¢, z0; = 1{z; # 0} - 72 = 2, 2 € {0,1}" and §; > 0 so the solution (Z, 2, 0) is

feasible to (3.12). Lastly, notice that we have

IEEED ML S 0yt Zw = lallo+ W3
=1 =1

=1

where W = diag(wy, ..., w,). Thus, the solution (&, z,0) is a feasible solution to (3.12)
that achieves the same objective value as & does in (3.4).
Consider now an arbitrary solution (Z, z, ) to (3.12). Since we have ||AZ — b||2 <€, &

is feasible to (3.4). Next, we note that the constraints z? < z;6; and z; € {0,1} imply that

z; > 1{z; # 0} and 6; > 72. Finally, we observe that

Il -+ Wl = S gm0y L wa <>oa+ > ulh
=1 =1

=1

Thus, the solution & is a feasible solution to (3.4) that achieves an objective value equal to

or less than the objective value that (&, 2, 0) achieves in (3.12). This completes the proof.

3.4.1 A Second Order Cone Relaxation

Problem (3.12) is a reformulation of Problem (3.4) where the problem’s non-convexity is
entirely captured by the binary variables z. We now obtain a convex relaxation of (3.4) by
solving (3.12) with z € conv({0, 1}") = [0, 1]". This gives the following convex optimization

problem:
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n 1 n
: 2
min g Zi + — g w;0;
z,x,0€R™ - v 4
=1 =1

st Az -bli<e 22 <20V, (3.13)

A natural question to ask is how problem (3.13) compares to the Weighted Basis Pursuit
Denoising problem given by (3.7), a common convex approximation for CS in the noisy
setting. Surprisingly, under mild conditions on the regularization parameter 7, it can be
shown that solving (3.13) is exactly equivalent to solving (3.7). This implies that though
Basis Pursuit Denoising is typically motivated as a convex approximation to CS in the
presence of noise, it can alternatively be understood as the natural convex relaxation of the
mixed-integer second order cone problem given by (3.12) for appropriately chosen values of

~v. We formalize this statement in Theorem 27.

Theorem 27 There exists a finite value vy < oo such that for all ¥ > 7o, any vector x*
that is an optimal solution of (3.7) is also an optimal solution of (3.13). Let X = {x :
|Az — b||3 < €}, the feasible set of (3.7). We can take o = max,cx |[Wea|%, where

[oops

W = diag(wy, ..., wy,).

Proof Rewrite (3.13) as the two stage optimization problem given by (3.14).

n 1 n
min  min Zi + — wa@i st. 27 <z0; Vi, 0<,<1Vi, 6; >0V 1. (3.14)
xeX z,0cR™ — y pry

Let 7o = max,cx ||z]|%. To establish the result, we will show that for any & € X the optimal
value of the inner minimization problem in (3.14) is a scalar multiple of the ¢; norm of W
provided that v > ~,.

Fix v > 79 and consider any € € X. We make three observations that allow us to

reformulate the inner minimization problem in (3.14):
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1. The objective function of the inner minimization problem is separable.

2. For any 7 such that z; = 0, it is optimal to set z; = 6; = 0 which results in no

contribution to the objective function.

3. For any i such that z; # 0, we must have z; > 0 and it is optimal to take §; = 3;—

We can therefore equivalently express the inner minimization problem of (3.14) as:

72

i i+ — - —= b 0<z <1V
mp X [+ 52| e 0<asiv 13

N

2

Let fi(z) = z+ wT . % We want to minimize the function f;(z) over the interval (0, 1] for all

8

AN

i such that ; # 0. Fix an arbitrary ¢ satisfying z; # 0. We have d%fi(z) =1— U’TQ % and

a8
2

Lf(z) =0 <= z*= +2%4|2;[. The condition v > 7o = maxex |[Wz|? and the fact

that & € X implies that 1 > YiTi for all i. Thus, we have 0 < “t|z;| < 1. Let z = “
v Vel Vel

Noting that lim,—so+ fi(2) = oo, the minimum of f;(z) over the interval (0, 1] must occur

zi.

either at 1 or 2. We have

wiz? 2w

il = 1),

+1>
Nai

(f/”%ﬁﬂ—l)zzo = fi(l) =

Therefore, the minimum of f;(z) on (0, 1] occurs at z = :“j—%|f,| and is equal to f;(z) = %|jz|

This allows us to conclude that the optimal value of (3.14) is given by:

n

2w; 2w; 2
— |z = |7y = —=|Wal),.
PR LD v v

We have shown that for fixed @ € X, the optimal value of the inner minimization problem

of (3.14) is a scalar multiple of the ¢; norm of Wx. We can rewrite (3.14) as

.2 _
rzr1€1§(1ﬁ|]Ww||1, (3.16)

which has the same set of optimal solutions as (3.7) because this set is invariant under scaling
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of the objective function. This completes the proof. [ |

Remark 28 Note that by taking W = I, it immediately follows from Theorem 27 that any
vector x* that is an optimal solution of (3.5) is also an optimal solution of (3.13) when we

set v 2 Yo = MaXgex ||33||go

Convex relaxations of non-convex optimization problems are helpful for two reasons. Firstly,
a convex relaxation provides a lower (upper) bound to a minimization (maximization) prob-
lem which given a feasible solution to the non-convex optimization problem provides a certifi-
cate of worst case suboptimality. Secondly, convex relaxations can often be used as building
blocks in the construction of global optimization algorithms or heuristics for non-convex op-
timization problems. Strong convex relaxations are desirable because they produce tighter
bounds on the optimal value of the problem of interest (stronger certificates of worst case
suboptimality) and generally lead to more performant global optimization algorithms and
heuristics. Let X; = {(z,,0) € R" x R" x R" : | Az — b||3 < ¢,2? < 2,0, V 1,0; > 0V i}
and X} ={(z,xz,0) e R* x R" xR" : z € {0,1}"}. We can equivalently write (3.12) as:

n

1 n

min E Zi + — E w?ﬁi.

(Z7$70)€X1m)(2 i—1 ,‘)/ i—1
1= 1=

The strongest possible convex relaxation to (3.12) would be obtained by minimizing the
objective function in (3.12) subject to the constraint that (z,,0) € conv(X; N Ay). Since
the objective function is linear in the decision variables, solving over conv(AXx; N A5) would
produce an optimal solution to (3.12) since the objective would be minimized at an extreme
point of conv(X; N X,) which by definition must be an element of X} N A5. Unfortunately, in
general it is hard to represent conv(X;NA5) explicitly. The relaxation given by (3.13) consists
of minimizing the objective function of (3.12) subject to the constraint that (z,x,0) €

(conv(X)) Nconv(Ay)) = &) Nconv(Ay) D conv(A N AL).
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Stronger convex relaxations to (3.12) can be obtained by introducing additional valid
inequalities to (3.12) and then relaxing the integrality constraint on z. For example, suppose
we know a value M > vy = maxgey |[Wez|%. We can use this value to introduce Big-M
constraints similar in flavour to the formulation proposed by [89]. Under this assumption,
it follows immediately that any feasible solution to (3.12) satisfies —M z; < wyx; < Mz; V i.
Thus, we can obtain another convex relaxtion of (3.12) by minimizing its objective function
subject to the constraint (z,x,0) € X, N conv(Xy) 2 conv(X; N X,) where we define X; =
Xin{(z,z,0) e R" x R* x R" : —Mz; < wx; < Mz; ¥V i}. Explicitly, with knowledge of

such a value M we can solve

n 1 n
. 2
min E Zi+ — E w; 0,
Z7$796Rn . ,y .
=1 =1

st. JAz—bli<e a2 <6,V (3.17)

Remark 29 Given any input data A,b,e, if M satisfies M > vy = maxgey |[We|%,
then the optimal value of (3.17) is no less than the optimal value of (3.13). This follows

immediately by noting that under the condition on M, the feasible set of (3.17) is contained
in the feasible set of (3.13).

The mixed-integer second order cone reformulation and convex relaxation introduced
in this section lead to two approaches for solving (3.4) to certifiable optimality. On the
one hand, solvers like Gurobi contain direct support for solving mixed-integer second order
cone problems so problem (3.4) can be solved directly. On the other hand, it is possible
to develop a custom branch and bound routine that leverages a modification of (3.7) to
compute lower bounds. We illustrate this in Section 3.5. This custom, problem specific
approach outperforms Gurobi because (3.5) is a more tractable problem than (3.13) due in
part to the presence of fewer second order cone constraints which decreases the computational

time spent computing lower bounds.

117



3.4.2 A Positive Semidefinite Cone Relaxation

In this section, we formulate (3.4) as a polynomial optimization problem and present a
semidefinite relaxation using the sum of squares (SOS) hierarchy [93]. We show that this
semidefinite relaxation is tighter than the second order cone relaxation presented previously.

Let f(z,@) = 37, 2+ 2 Y21, w6; denote the objective function of (3.12). Notice that
the constraint z € {0, 1}" in (3.12) is equivalent to the constraint zoz = z (where o denotes
the element wise product). With this observation, we can express the feasible set of (3.12)

as the semialgebraic set given by:
Q={(z,2) ER"xR": ¢~ ||Ax —b||2> 0,22 — 2, =0V i,2} — 2, =0V i}.

Thus, we can equivalently write (3.12) as min , g)co f(2, ). It is not difficult to see that

the preceding optimization problem has the same optimal value as the problem given by

max As.t. f(z,x) —A>0V (z,x) € Q. (3.18)

AER

Problem (3.18) is a polynomial optimization problem that has the same optimal value as
(3.4).

We can obtain tractable lower bounds for (3.18) by leveraging techniques from sum of
squares (SOS) optimization [94, 95]. A polynomial ¢ € R[z| is said to be sum of squares
(SOS) if for some K € N there exists polynomials {g}/<, C R[z] such that g = S5 | ¢2. We
denote the set of all SOS polynomials as ¥?[x]. Moreover, we denote the set of polynomials
of degree at most d as Ry[z] C R[z] and we denote the set of SOS polynomials of degree at
most 2d as X3[z] C X?[z]. Tt is trivial to see that any polynomial that is SOS is globally
non-negative. More generally, SOS polynomials can be utilized to model polynomial non-

negativity over arbitrary semialgebraic sets. The quadratic module associated with the
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semialgebraic set () is defined as:

QM(Q) = {so(z, x) + s1(z,x)(e — ||Az — b|3) + th‘(Z, x)(xiz; — ;)

=1

n (3.19)
+ Zri(z,w)(ziz — 2) @ 80,81 € X2z, x), t;, 1 € Rz, 2] V z}

i=1

It is straightforward to see that if a function h(z,x) is an element of QM (Q2), then h(z, x)
is non-negative on € (since for points in 2, h(z,x) takes the form of the sum of two SOS
polynomials). Thus, membership in QM (2) is a sufficient condition for non-negativity on

. We further define the restriction of QM (2) to polynomials of degree at most 2d as:

QMy(Q) = {sg(z, x) + s1(z,x)(e — ||[Az — b||3) + th‘(Z, x)(xiz; — 14)

=1

" (3.20)
+ Z?“i(z,:l,')(zi2 —2) 180 € B3z, x|, 51 € X5, [z, 2], ti, 7 € Rog o]z, x| Vi
i=1

It is immediate that QMy(2) C QM () and membership in QMy(2) provides a certificate
of non-negativity on €. Importantly, given an arbitrary polynomial h(z,x) it is possible to
verify membership in QQMy(£2) by checking feasibility of a semidefinite program. Thus, for
any d € N, we obtain a semidefinite relaxation of (3.4) by solving:

max Ast. f(z,x) — A € QMy(Q). (3.21)

Since QM4(2) C QMyy41(2), (3.21) produces an increasingly strong lower bound with in-
creasing values of d. A natural question to ask is how the relaxation given by (3.21) compares

to that given by (3.13). We answer this question in Theorem 30.

Theorem 30 For every d > 1, the optimal value of (3.21) is no less than the optimal value
of (3.13).

Proof Without loss of generality, we take W = I. We prove the result for v > o =
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maxzey |Z||% though the result extends naturally to the case of arbitrary v. Fix any € > 0,
A € R™™and b € R™. By Theorem 27, (3.13) has the same optimal value as (3.7). Consider
the dual of (3.7) which for W = I is given by

2
max bTv — e||v|s st [vTAl < —= Vi, 3.22
V]2 s.t. | | Ve (3.22)

veR™
where A; denotes the i column of A. Strong duality holds between (3.22) and (3.7)
since v = 0 is always a strictly feasible point in (3.22) [35]. Fix d = 1. We will show
that for any feasible solution to (3.22), we can construct a feasible solution to (3.21) that
achieves the same objective value. Let ¥ € R™ denote an arbitrary feasible solution

o (3.22). Define 7i(z,z) = —1,i(z,x2) = Alv for all i, 5(z,x) = 211/ and define

50(z, ) = monomial(z, z, 1)T Smonomial(z, x, 1) where monomial(z, z,1) € R[z, z]>"! is

the vector of monomials in R[z, z] of degree at most 1 and § € R?"+1x2n+1 ig oiven by

L, + WhATA | ding(=472) | 1A7(v - [Zlb)
S = diag(f‘f’}) I, 0,
(o7 - ket)a| of (52 + ) Izl — o7b

Clearly, we have t;,7; € Ry[z, ] for all i and 5, € 33z, x| because ”2'1‘[‘2 > 0. We claim that

50 € ¥2[z,x]. To see this, note that by the generalized Schur complement lemma (see Boyd

I, 0,
et al. 1994, Equation 2.41), S > 0 if and only if > 0 and 1I + ||”||2ATA

T
0, o

N 2 _ _ T
diag(_AQT") —LAT <D— HV”2b> (17— ”\")fb) A > 0 where we let o = (g\T/If—l— )HVHQ_ vlh.

The first condition is satisfied if o > 0. To see that this is always the case, notice that we

can equivalently express o as

bTb—i—e) T
o= |———||bllo||l7|ls =" b
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By Cauchy-Schwarz, we have |[7b| < ||b|2]|7||2. Moreover, we have 0 < (||bls — /€)? =
bTbtre : .
NG > 1. It follows immediately that o > 0.

To establish the second condition, we first rewrite the Schur complement of S as the sum

of two matrices:

T_

[%In — diag<_é V>2

where we let @ denote the first matrix in the sum and we let W denote the second matrix.

. ||17||2ATA_$AT(V_ ||17||2b> (,;_

1Z][2,\T
NG e 0) A]’

Ve

It suffices to show that ® and W are both positive semidefinite. The eigenvalues of ® are

given by {%v — w " .. Thus, @ is positive semidefinite as long as |pT A;] < % for all i
which is guaranteed by the feasibility of  in (3.22). To see that ¥ > 0, note that we can

write W as

v :AT<H2'7};Im_ o 1Py o “;leb)T)A.

Since any matrix of the form X7Y X is positive semidefinite provided that Y is positive

2¢/e

left hand side term of the matrix inequality has m eigenvalues of the form

_ _ T
semidefinite, it suffices to show that ”””21 - L <17 — %b) (17 — %b) . Notice that the

2'7 while the

right hand side term of the inequality is a rank 1 matrix with % (17 — %b) (D — %b)

as its only non-zero eigenvalue. Recalling the definition of ¢, it can be easily verified that

-

_ T _
|””2b> (17 — %b) \‘;”2 by simple algebraic manipulation. Accordingly, we have

_ _ T
”;iﬂ?I ﬁ(l) — %b) (17 — %b) — W > 0. Thus, we have established that
S =0 = 5 € X[z, z]. Finally, we note that

n

So+51(e — Az = b|3) + Y Gilwizi —w:) + > _Ti(2 — ) = f(z,@) = b0 + Ve||2.
=1

i=1

We have shown that given an arbitrary feasible solution to (3.22), we can construct a solution
that is feasible to (3.21) that achieves the same objective value. Note that this construction

holds for any d > 1. Thus, for any d € N the optimal value of (3.21) is at least as high as
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the optimal value of (3.13). |

We have shown that for any value of d, (3.21) produces a lower bound on the optimal
value of (3.4) at least as strong as the bound given by (3.13). Unfortunately, (3.21) suffers
from scalability challenges as it requires solving a positive semidefinite program with PSD
constraints on matrices with dimension (Q”Jd) X (2"+d) We further discuss the scalability of

(3.21) in Section 3.6. Note that since (3.21) is a maximization problem, any feasible solution

(in particular a nearly optimal one) still consists of a valid lower bound on the optimal value

of (3.4).

3.5 Branch and Bound

In this section, we propose a branch and bound algorithm in the sense of [92, 98] that
computes certifiably optimal solutions to Problem (3.3) by solving the mixed-integer second
order cone reformulation given by (3.12). We state explicitly our subproblem strategy in

Section 3.5.1, before stating our overall algorithmic approach in Section 3.5.2.

3.5.1 Subproblems

Henceforth, for simplicity we will assume the weights w; take value 1 for all . What fol-
lows generalizes immediately to the setting where this assumption does not hold. Notice
that (3.12) can be equivalently written as the two stage optimization problem given by

min,c(o13» h(z) where we define h(z) as:

n

h(z) = min E zi + E 0;
mOGR" —
1=

(3.23)
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Note that in general, there exist binary vectors z € {0,1}" such that the optimization
problem in (3.23) is infeasible. For any such Z, we define h(Z) = oco. We construct an
enumeration tree that branches on the entries of the binary vector z which models the
support of &. A (partial or complete) sparsity pattern is associated with each node in the
tree and is defined by disjoint collections Zy, Z; C [n]. For indices i € Z,, we constrain z; = 0
and for indices j € Z;, we constrain z; = 1. We say that Z; and Z; define a complete sparsity
pattern if |Zy| + |Z1| = n, otherwise we say that Zy and Z; define a partial sparsity pattern.
A node in the tree is said to be terminal if its associated sparsity pattern is complete.
Each node in the enumeration tree has an associated subproblem, defined by the collec-

tions Zy and Z;, which is given by:
%1111} h(Z), s.t. Z; = 0Vvie I(), zZj = 1 Vj S Il. (324)
z€{0,1}"

Note that if Zy = Z; = 0, (3.24) is equivalent to (3.12) (under the assumetion that w; = 1

for all 7).

Subproblem Lower Bound

Let Z = Zy UZ;. We obtain a lower bound for (3.24) by relaxing the binary variables that
are not fixed (z; such that i ¢ 7) to take values within the interval [0, 1]. The resulting lower

bound is given by

2
s.t. HAw—ngge, xfgziQiVi, 0<z<1Vi¢ZI (3.25)

zi:OViEIo, zi:1Vi€L, 9120VZ

Notice that for an arbitrary set Zy C [n], problems (3.24) and (3.25) are infeasible if and
only if the set {z : ||[Az — b||2 < e,7; = 0Vi € Iy} is empty. Moreover, observe it

immediately follows that if (3.24) and (3.25) are infeasible for Zy, then they are also infeasible
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for any set 7, C [n] satisfying Z, C Zo. We use this observation in section 3.5.2 to generate
feasibility cuts whenever an infeasible subproblem is encountered in the branch and bound
tree. Using a similar argument as in the proof of Theorem 27, it can be shown that when
¥ > 9 = maxgex |2||%, (3.25) is equivalent to the convex optimization problem given by

(3.26):

1 2
min || + =) 274+ =Y |zi| st ||[Az —b|3<e 2, =0V ie L, 3.96
e APV AN (3.26)

where if * is optimal to (3.26), then (z*,x*,0*) is optimal to (3.25) taking 2} = % and

07 = x7?. Problem (3.26) is a second order cone problem that emits the following dual:

Imax 1T, |+ b"v — ez — %I/T Z(AZ-A;F)I/ st. vt A < % VigT. (3.27)
i€y

Strong duality holds between (3.26) and (3.27) since v = 0 is always a strictly feasible point

in (3.27) for any collections Zy,Z; [35]. In our branch and bound implementation described

in 3.5.2, we compute lower bounds by solving (3.26) using Gurobi. We note that depending

on the solver employed, it may be beneficial to compute lower bounds using (3.27) in place

of (3.26).

Subproblem Upper Bound

Recall that solving Problem (3.2) can be interpreted as determining the minimum number
of columns from the input matrix A that must be selected such that the residual of the
projection of the input vector b onto the span of the selected columns has ¢ norm equal to
at most y/e. The same interpretation holds for Problem (3.3) under the assumption that the
{5 regularization term in the objective is negligible.

Consider an arbitrary node in the branch and bound algorithm and let x* denote an
optimal solution to (3.26). To obtain an upper bound to (3.24), we define an ordering on

the columns of A and iteratively select columns from this ordering from largest to smallest
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until the 5 norm of the residual of the projection of b onto the selected columns is less than
V€. The ordering of the columns of A corresponds to sorting the entries of * in decreasing
absolute value. Specifically, we have A; = A; <= |z}| > [z}|. Algorithm 3 outlines this
approach. For an arbitrary collection of indices Z, C [n], we let A(Z,) € R™* /%l denote the
matrix obtained by stacking the |Z;| columns of A corresponding to the indices in the set
T;. Specifically, if i, denotes the k™ entry of Z;, then the k' column of A(Z;) is A;. Let z*
denote the output of Algorithm 3. The objective value achieved by z* in (3.3) is the upper
bound.

Algorithm 3: branch and bound Upper Bound
Data: A € R™*" b € R™ e > 0. An optimal solution x* of (3.26).
Result: z is feasible to (3.3).
Ty + @,
Ty < b,
t <+ 0;
do < [[roll3;
while 9, > ¢ do
by <= arg MaX;cp,\z, |7 ;
Tit < Ly Uiy

@i [AZ1) AT)] AZ) b

Tiv1 < b— AL )T,

Ops1 = [[rega[l3;

t<+—t+1;

end

Define € € R" as Z(ix) = (k) for ix, € Z; and Z(ix) = 0 otherwise;
return x.

The computational bottleneck of Algorithm 3 is computing the matrix inverse of
A(T)TA(T,) € REIXITI at each iteration. Doing so explicitly at each iteration ¢ would
require O(|Z;|*) operations. Letting k* = ||z"*||o where "’ is the output of Algorithm 3, the

total cost of executing these matrix inversions is

k* k* 2
k*(k* 4+ 1)
3 _ 3 _ _ 4
I S I
t=1 t=1
However, it is possible to accelerate the computation of these matrix inverses by leveraging

125



the fact that A(Z;) and A(Z;,,) differ only by the addition of one column and leveraging block

matrix inversion which states that for matrices C € R™*™ D € R™*™ and U,V € R™"*"2,

we have:
T
CcC |U Ct+ CTU(D — VTC'TU)_IVTC’T —CTU(D — VTCTU)_1
vl | D —(D — VTC’TU)_lVTC'Jr (D — VTC’TU)_1

where it is assumed that the matrix (D —VTCTU) is invertible [117]. Letting n; = |Z;|,ny =
1,C = A(L)"A(Z,),U = V = A(T))"a;,, and D = afa;,, we can compute the matrix
inverse of A(Z;11)" A(Zy41) using O(|Zy|*> + m|Z;|) operations. With this implementation,

the total cost of executing matrix inversions in Algorithm 3 becomes

k*

k* k*
ST+ mlT) =3 2+ m >t = Ok + mk*?)
t=1 t=1

t=1

which is a significant improvement over the naive O(k*!) approach.

3.5.2 Branch and Bound Algorithm

Having stated how we can compute upper and lower bounds to (3.23) at each node in
the enumeration tree, we are now ready to present the branch and bound algorithm in its
entirety. Algorithm 4 describes our approach which is based on the implementation by [15].
Though branching rules and node selection rules for branch and bound algorithms form a
rich literature [106], we follow the design of [15] and employ the most fractional branching
rule and least lower bound node selection rule.

Explicitly, for an arbitrary non-terminal node p, let z* be the optimal vector z of the node
relaxation given by (3.25). We branch on entry i* = arg min,z, 7, |2:—0.5]. When selecting a
node to investigate, we select the node whose lower bound is equal to the global lower bound.

If multiple such nodes exist, we choose arbitrarily from the collection of nodes satisfying this
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condition. Suppose that a given node produces a subproblem (3.26) that is infeasible where
we let Zy correspond to the zero index set of this node. Note that this implies that all
child nodes of this node will also produce infeasible subproblems. Accordingly, to prune this
region of the parameter space entirely, we introduce the feasibility cut Zz‘eio z; > 1. Let
f(x) = |||+ %Haf:H%, the objective function of (3.3) and let g(Zo,Z;) denote the optimal
value of (3.26) for any collections Zy, Z; C [n],ZoNZ; = (. The final objective value returned
by Algorithm 4 is given by min; f(x;) where {x;}; denotes the collection of feasible solutions
produced by Algorithm 3 at any point during the execution of Algorithm 4. The output
lower bound of Algorithm 4 is given by minz, z,)en 9(Zo, Z1) where N denotes the set of
non-discarded nodes upon the termination of Algorithm 4.

Let [b denote a lower bound to a given arbitrary minimization problem and let ub denote
the objective value achieved by a feasible solution @ to the minimization problem. We call

the solution @& a ¢ globally optimal solution to the given minimization problem if we have

Ib < ub < (1+0)ib.

Theorem 31 Algorithm 4 terminates in a finite number of iterations and returns a o globally

optimal solution to (3.2).

Proof The proof follows the proof of Theorem 21 in [15]. Note that Algorithm 4 can
never visit a node more than once and that there is a finite number of partial and complete
sparsity patterns (each corresponding to a possible node in the tree) because the set {0,1}"

is discrete. Thus, Algorithm 4 terminates in a finite number of iterations. Moreover, upon

ub—1b
ub

termination we must have < ¢, therefore the output solution & is ¢ globally optimal
to problem (3.3) by definition since (b consists of a global lower bound and & is feasible to

(3.3). m

We conclude the discussion of Algorithm 4 by describing two modifications that accelerate

its execution time (or equivalently, improve its scalability) at the expense of sacrificing the
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Algorithm 4: Optimal Compressed Sensing

Data: A € R™*" b e R™, ¢,v € RT. Tolerance parameter § > 0
Result: Z solves (3.3) within the optimality tolerance 4.
if ||(I — A[ATA]'AT)b|2 > € then
return
end
if ||b||2 < € then
| return O
end
po < (Zo, 1) = (0,0);
N+ {po};
b < optimal value of (3.26);
& < solution returned by Algorithm 3;
ub + f(&);
while % > e do
Select (Zy,Z;1) € N according to the node selection rule;
Select an index ¢ ¢ Zy U Z; according to the branching rule;
for k=0,1do
[ + (k+1) mod 2;

newnode ((Ik U i),Il>;

if newnode violates an existing feasibility cut then
‘ Continue;
end
if newnode is infeasible then
‘ Add the feasibility cut >, ., 2 > 1;
end
lower < lowerBound(newnode);
upper < upperBound(newnode) with feasible point x*;
if upper < ub then
ub < upper;
T+ x*;
Remove any node in N with lower > ub;
end
if lower < ub then
| Add newnode to N;
end

end

Remove (Zy,Z;) from N;

Update b to be the lowest value of lower over N;
end

return &, [b.
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universal optimality guarantee by drawing on techniques from the high dimensional sparse

machine learning literature [21] and the deep learning literature |73].

Backbone Optimization

Note that the total number of terminal nodes in the branch and bound tree is at most
> ory (Z) = 2" in the worst case so the total number of nodes can be upper bounded by
271 — 1. Since the runtime of Algorithm 4 (and the feasible space) is proportional to the
number of nodes explored which grows exponentially in n, reducing n leads to reduced run
time. Observe that if we knew in advance that the support of the optimal solution to (3.3)
was contained within a set of cardinality less than n, then we could run Algorithm (4) on the
corresponding reduced feature set which would result in improving the runtime of (4) while
preserving its optimality guarantee. Formally, let * denote an optimal solution to (3.3).
If we know a priori that support(x*) C Z C [n], then we can pass A(Z) to Algorithm 4 in
place of A without discarding x* from the feasible set. The speed up can be quite significant
when |Z| < n.

Knowing with certainty that support(x*) C Z C [n] a priori is too strong an assumption,
however a more reasonable assumption is knowing a priori that with high probability there
exists a good solution & with support(€) C Z C [n]. In this setting, we can still pass A(Z) to
Algorithm 4 and benefit from an improved runtime at the expense of sacrificing optimality
guarantees. In this setting, the columns of A(Z) can be interpreted as a backbone for (3.3)
[21]. In practice, Z can be taken to be the set of features selected by some heuristic method.

In Section 3.6, we take Z = {i : |Z;| > 107} where & is an optimal solution to (3.5).

Early Stopping

A common property of branch and bound algorithms is that the algorithm quickly arrives at
an optimal (or near-optimal) solution early during the optimization procedure and spends the

majority of its execution time improving the lower bound to obtain a certificate of optimality.
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Accordingly, this motivates halting Algorithm 4 before it terminates and taking its upper
bound at the time of termination to be its output. Doing so is likely to still yield a high quality
solution while reducing the Algorithm’s runtime. In Section 3.6, we place an explicit time
limit on Algorithm 4 and return the current upper bound if the Algorithm has not already
terminated before reaching the time limit. Note that this approach shares strong connections
with early stopping in the training of neural networks [73]. A well studied property of over-
parameterized neural networks is that as the optimization procedure progresses, the error on
the training data continues to decrease though the validation error plateaus and sometimes
even increases. Given that the validation error is the metric of greater import, a common
network training technique is to stop the optimization procedure after the validation error has
not decreased for a prespecified number of iterations. To illustrate the connection in the case
of Algorithm 4, the upper bound loosely plays the role of the validation error while the lower
bound loosely plays the role of the training error. Note that the neural network literature
suggests an alternate approach to early stopping Algorithm 4 (instead of an explicit time
limit) by terminating the algorithm after the upper bound has remained unchanged after

visiting some prespecified number of nodes in the enumeration tree.

3.6 Computational Results

We evaluate the performance of our branch and bound algorithm (Algorithm 4, with v =
v/n), our second order cone lower bound (3.13) (with v = y/n) and our semidefinite lower
bound (3.21) (with v = \/n and d = 1) implemented in Julia 1.5.2 using the JuMP.jl
package version 0.21.7, using Gurobi version 9.0.3 to solve all second order cone optimization
(sub)problems and using Mosek version 9.3 to solve all semidefinite optimization problems.
We compare our methods against Basis Pursuit Denoising (BPD) given by (3.5), Iterative
Reweighted ¢; Minimizaton (IRWL1) described in Section 3.2.2 and Orthogonal Matching

Pursuit (OMP) described in Section 3.2.3. We perform experiments using synthetic data
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and two real world data sets. We conduct our experiments on MIT’s Supercloud Cluster
[123], which hosts Intel Xeon Platinum 8260 processors and cores with 4GB RAM. To bridge
the gap between theory and practice, we have made our code freely available on GitHub at

https://github.com/NicholasJohnson2020 /DiscreteCompressedSensing.jl.

3.6.1 Synthetic Data Experiments

To evaluate the performance of Algorithm 4, BPD, IRWL1 and OMP on synthetic data,
we consider the sparsity of the solution returned by each method, its accuracy (ACC), true
positive rate (TPR) and true negative rate (TNR). Let "¢ € R" denote the ground truth
and consider an arbitrary vector & € R”. Let Zt™ = {i : |z/™¢| > 107*}, T = {i : |&;| >
10~*}. The sparsity of & is given by |f |. We define the accuracy of & as

ZieItme ]1{"@1‘ > 10_4} + Zi¢_’[tme 1{‘-%1’ < 10_4}

ACC(&) = -

Similarly, we define the true positive rate of & as

2 iegerwe 1{|&i] > 1077}
2]

TPR(z) =

)

and we define the true negative rate of & as

2igzeree L{|2: <1077}
n—|Z|

TNR(&) =

To evaluate the performance of (3.13) and (3.21), we consider the strength of the lower

bound and execution time of each method. We seek to answer the following questions:

1. How does the performance of Algorithm 4 compare to state-of-the-art methods such

as BPD, IRWL1 and OMP on synthetic data?

2. How is the performance of Algorithm 4 affected by the number of features n, the
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underlying sparsity k of the ground truth, and the tolerance parameter €?

3. How does the strength of the lower bound produced by (3.21) compare to that produced
by (3.13)?

Synthetic Data Generation

To generate synthetic data @ € R"; A € R™*" and b € R™, we first select a random subset
of indices Z"“¢ C [n] that has cardinality k& (|Z"“¢| = k) and sample z; ~ N (0,"—;) for
i € It (for i ¢ I've, we fix »; = 0). Next, we sample A;; ~ N(0, %2) where 0 > 0 is a
parameter that controls the signal to noise ratio. We fix ¢ = 10 and m = 100 throughout
all experiments unless stated otherwise. Next, we set b = Ax + n where n; ~ N(0,0?).
Finally, we set € = a|b||3. a € [0,1] is a parameter that can be thought of as controlling the

proportion of observations that are allowed to go unexplained by a solution to (3.3).

Sensitivity to n

We present a comparison of Algorithm 4 with BPD, IRWL1 and OMP as we vary the
number of features n. In these experiments, we fixed & = 10, and o = 0.2 across all
trials. We varied n € {100, 200, 300, 400, 500, 600, 700,800} and we performed 100 trials
for each value of n. We give Algorithm 4 a cutoff time of 10 minutes. For IRWL1, we
terminate the algorithm after the 50" iteration or after two subsequent iterates are equal up
to numerical tolerance. Formally, letting @, denote the iterate after iteration ¢ of IRWLI,
we terminate the algorithm if either ¢ > 50 or if ||@&; — @;_]s < 107%. Additionally, we
further sparsify the solutions returned by BPD (respectively IRWL1) by performing a greedy
rounding following the procedure defined by Algorithm 3 where we pass the solution returned
by BPD (respectively IRWL1) as input to the algorithm in place of an optimal solution to
(3.26).

We report the sparsity, accuracy (ACC), true positive rate (TPR) and true negative

rate (TNR) for each method in Figure 3.1. We additionally report the sparsity accuracy
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and execution time for each method in Tables 3.1, 3.2 and 3.3. The performance metric of

greatest interest is the sparsity. Our main findings from this set of experiments are:

1. Algorithm 4 systematically produces sparser solutions than OMP, IRWL1 and BPD.
This trend holds in all but one trial (see Table 3.1). Algorithm 4 on average produces
solutions that are 2.71% more sparse than OMP, 16.62% more sparse than BPD and
6.04% more sparse than IRWL1. BPD is the poorest performing method in terms of
sparsity of the fitted solutions. We remind the reader that sparsity is computed only
after a greedy rounding of the BPD (respectively IRWL1) solution. The sparsity of the
BPD (respectively IRWL1) solution prior to rounding is much greater. Indeed, before
further sparsifying the BPD (respectively IRWL1) solution, the solution returned by
Algorithm 4 is on average 66.33% (respectively 6.21%) more sparse than the BPD
(respectively IRWL1) solution. The sparsity of solutions returned by all methods

increases as the number of features n increases.

2. Algorithm 4 marginally outperforms the benchmark methods on accuracy with the
exception of the first two parameter configurations (n = 100 and n = 200, see Table

3.2). The accuracy of all methods tends to trend upwards with increasing n.

3. The TPR and TNR of all methods are roughly comparable across these experiments.
The TPR of all methods decreases while the TNR increases as the number of features
n is increased. The sharp drop off in the TPR of all methods as n increases from 100
to 400 is consistent with the number of features selected by each method increasing
sharply as n increases from 100 to 400. The latter results in the denominator used in

the TPR computation to grow sharply which produces the observed behavior.

Sensitivity to k

We present a comparison of Algorithm 4 with BPD, IRWL1 and OMP as we vary k the

sparsity of the underlying ground truth signal. In these experiments, we fixed n = 200 and
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Figure 3.1: Sparsity (top left), accuracy (top right), true positive rate (bottom left) and true
negative rate (bottom right) versus n with & = 10, and o = 0.2. Averaged over 100 trials for
each parameter configuration.

a = 0.2 across all trials. We varied k € {10, 15, 20, 25, 30, 35, 40, 45, 50, 55} and we performed
100 trials for each value of k. We give Algorithm 4 a cutoff time of 10 minutes.

We report the sparsity, accuracy (ACC), true positive rate (TPR) and true negative rate
(TNR) for each method in Figure 3.2. We additionally report the sparsity, accuracy and
execution time for each method in Tables 3.4, 3.5 and 3.6. Our main findings from this set

of experiments are:

1. Consistent with the results in the previous section, Algorithm 4 systematically produces
sparser solutions than OMP, IRWL1 and BPD. This trend holds across trials (see Table

3.4. Algorithm 4 on average produces solutions that are 4.78% more sparse than OMP,
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Table 3.1: Comparison of the sparsity of solutions returned by (4), OMP, IRWL1 and BPD
for different values of n. Averaged over 100 trials for each parameter configuration.

Sparsity
N || Algorithm 4 OMP IRWL1 BPD
100 5.0 50 5.0 5.0
200 11.9 123 125 136
300 15.5 162 166 188
400 17.1 179 185 213
500 17.5 179 187 219
600 17.3 177 184 216
700 16.9 172 183 211
800 16.7 170 181 210

Table 3.2: Comparison of the accuracy of solutions returned by (4), OMP, IRWL1 and BPD
for different values of n. Averaged over 100 trials for each parameter configuration.

Accuracy
N | Algorithm 4 OMP IRWL1 BPD
100 0.944 0.947 0.946  0.945

200 0.949 0.948 0948 0.944
300 0.944 0.942  0.943 0.938
400 0.948 0.945 0.946 0.941
200 0.955 0.954 0.954 0.949
600 0.960 0.959 0.960 0.955
700 0.965 0.964 0.963 0.960
800 0.969 0.969 0.967 0.964

10.73% more sparse than BPD and 4.20% more sparse than IRWL1. Before further
sparsifying the BPD (respectively IRWL1) solution, the solution returned by Algorithm
4 is on average 62.97% (respectively 4.29%) more sparse than the BPD (respectively
IRWL1) solution. BPD is again the poorest performing method in terms of sparsity
of the fitted solutions. IRWL1 and OMP produce comparably sparse solutions. The
sparsity of solutions returned by all methods initially decreases than subsequently

increases as the sparsity level k of the ground truth signal increases.

2. Algorithm 4 is competitive with OMP and IRWL1 on accuracy and slightly outperforms
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Table 3.3: Comparison of the execution time of solutions returned by (4), OMP, IRWL1 and
BPD for different values of n. Averaged over 100 trials for each parameter configuration.

Execution Time (milliseconds)
N || Algorithm 4 ~ OMP  IRWL1  BPD

100 2048.646 5.717 463.636  146.111
200 || 334804.020  13.212 1109.263 234.263
300 || 574501.859  25.141 1630.212 297.849
400 || 601792.939  42.919 2181.636 351.717
000 || 601424.020 72.535 2435.141 405.131
600 || 601451.838 110.364 3118.465 433.626
700 || 601572.848 166.525 3674.980 504.626
800 || 601716.929 231.980 3865.788 540.859

BPD on accuracy for larger values of k The accuracy of all methods trends downwards
with increasing k, suggesting that the feature identification problem becomes more

challenging for larger values of k in this regime.

3. The TPR and TNR of Algorithm 4, OMP, and IRWL1 are comparable across these
experiments. The TPR and TNR of BPD is competitive with the other methods for
small values of k, but slightly deteriorates for larger values of k.

Table 3.4: Comparison of the sparsity of solutions returned by (4), OMP, IRWL1 and BPD
for different values of k. Averaged over 100 trials for each parameter configuration.

Sparsity
K | Algorithm 4 OMP IRWL1 BPD
10 11.7 122 123 134
15 10.4 107 11.0 117
20 10.4 108 107 113
25 11.3 118 118 125
30 11.5 120 119 128
35 12.1 128 126 135
40 12.4 132 13.0 139
45 13.4 143 141 152
50 13.8 148 144 156
55 14.6 156 154 1638
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Figure 3.2: Sparsity (top left), accuracy (top right), true positive rate (bottom left) and true
negative rate (bottom right) versus & with N = 200 and « = 0.2. Averaged over 100 trials
for each parameter configuration.

Sensitivity to €

We present a comparison of Algorithm 4 with BPD, IRWL1 and OMP as we vary « which
controls the value of the parameter €. Recall we have ¢ = a|[b||3, so a can loosely be
interpreted as the fraction of the measurements b that can be unexplained by the returned
solution to (3.3). In these experiments, we fixed n = 200 and k = 10 across all trials. We
varied @ € {0.05,0.1,0.15,...,0.9} and we performed 100 trials for each value of . We give
Algorithm 4 a cutoff time of 10 minutes.

We report the sparsity, accuracy (ACC), true positive rate (TPR) and true negative rate

(TNR) for each method in Figure 3.3, and we report the sparsity, accuracy and execution time

137



Table 3.5: Comparison of the accuracy of solutions returned by (4), OMP, IRWL1 and BPD
for different values of k. Averaged over 100 trials for each parameter configuration.

Accuracy
K | Algorithm 4 OMP IRWL1 BPD

10 0.948 0.948 0.947  0.943
15 0.945 0.944 0.945 0.942
20 0.935 0.934 0.936 0.933

25 0.915 0911 0.917 0.915
30 0.893 0.887 0.896  0.895
35 0.872 0.866 0.875 0.873
40 0.851 0.840 0.852  0.850

45 0.825 0.815  0.827  0.827
50 0.801 0.791  0.803 0.804
%) 0.772 0.764 0.777 0.780

for each method in Tables 3.7, 3.8 and 3.9. Consistent with previous experiments, Algorithm
4 outperforms the benchmark methods in terms of sparsity of the returned solution while
having comparable performance on accuracy, TPR and TNR. Here, Algorithm 4 on average
produces solutions that are 2.40% more sparse than OMP, 5.92% more sparse than BPD and
2.54% more sparse than IRWL1. Before further sparsifying the BPD (respectively IRWLI)
solution, the solution returned by Algorithm 4 is on average 59.23% (respectively 2.62%)

more sparse than the BPD (respectively IRWL1) solution.

Lower Bound Performance

In Section 3.4, we reformulated (3.3) exactly as a mixed-integer second order cone problem
and illustrated multiple approaches to obtain lower bounds on the optimal value of the
reformulation. In this Section, we compare the strength of the second order cone relaxation
given by (3.13) and the semidefinite cone relaxation given by (3.21). We fixed k£ = 10 and
we varied o € {0.05,0.1,0.15,...,0.9}. We report results for (n,m) = (25,100) in Figure
3.4 and (n,m) = (50,25) in Figure 3.5. We performed 100 trials for each value of a. Letting
1b59¢ denote the optimal value of (3.13) and [6°° denote the optimal value of (3.21), we

define the SOS lower bound improvement to be ”’SO;S;OZZW
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Table 3.6: Comparison of the execution time of solutions returned by (4), OMP, IRWL1 and
BPD for different values of k. Averaged over 100 trials for each parameter configuration.

Execution Time (milliseconds)
K || Algorithm 4 OMP  IRWL1  BPD

10 || 305993.475 13.182 1270.000 341.454
15 || 199128.374 12.556 1144.818 284.071
20 || 119282.667 12.646 1080.535 278.596
25 || 139224.525 13.263 1081.202 327.151
30 || 171844.485 12.909 1169.798 314.192
35 || 193257.535 12.798 1163.121 361.485
40 || 231721.737 13.404 1151.455 277.647
45 || 314269.394 13.495 1142.374 308.919
o0 || 351790.071 13.727 1219.707 315.081
o5 || 412429.717 14.010 1260.899 289.616

Consistent with the Theorem 30, Problem (3.21) produces a stronger lower bound than
Problem (3.13) at the expense of being more computationally intensive to compute due to
the presence of positive semidefinite constraints. On average, the bound produced by (3.21)
is 8.92% greater than the bound produced by (3.13). These results suggests that if Problem
(3.21) can be solved to optimality or near optimality efficiently at scale, it could potentially
be used to accelerate Algorithm 4 by producing stronger lower bounds than the current
approach, thereby allowing for a more aggressive pruning of the feasible space. Off the
shelf interior point methods suffer from scalability challenges for semidefinite optimization

problems.

3.6.2 Electrocardiogram Signal Acquisition

We seek to answer the following question: how does the performance of Algorithm 4
compare to state-of-the-art methods such as BPD, IRWL1 and OMP on signal processing
using real world data? To evaluate performance, we consider the problem of compressed
sensing for electrocardiogram (ECG) acquisition [52|. We obtain real ECG recording samples

from the MIT-BIH Arrhythmia Database (https://www.physionet.org/content/mitdb/1.0.
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Figure 3.3: Sparsity (top left), accuracy (top right), true positive rate (bottom left) and true
negative rate (bottom right) versus o with n = 200 and k& = 10. Averaged over 100 trials for
each parameter configuration.

0/) and consider the performance of the methods in terms of sparsity of the returned signal
and reconstruction error between the returned signal and the true signal.

ECG Experiment Setup

We employ the same 100 ECG recordings sampled at 360 Hz from the MIT-BIH Arrhyth-
mia Database that are used in [52]. These recordings collectively originate from 10 distinct
patients (each contributing 10 independent recordings) and the recording length of an indi-
vidual record is 1024. In keeping with [52], we use 30 ECG recordings as a training set to
fit an overcomplete dictionary D via the K-SVD method [1]. We fit a dictionary with 2000

atoms, meaning that D € R1924x2000 3nd X'train ~ DO where X" ¢ R1024%30 ig g matrix
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Table 3.7: Comparison of the sparsity of solutions returned by (4), OMP, IRWL1 and BPD
for different values of a. Averaged over 100 trials for each parameter configuration.

Sparsity
a || Algorithm 4 OMP IRWL1 BPD
0.05 31.6 328 332 374
0.10 21.9 229 233 26.2
0.15 15.6 161 165 183
0.20 12.2 127 128 141
0.25 8.8 9.1 91 9.7
0.30 6.6 6.9 6.9 72
0.35 5.8 5.9 6.0 6.2
0.40 4.6 A7 47 48
0.45 3.8 3.9 39 39
0.50 3.2 3.3 33 34
0.55 2.8 2.8 28 28
0.60 2.2 2.2 22 22
0.65 2.0 2.1 21 21
0.70 1.7 1.8 18 18
0.75 1.5 15 1.5 15
0.80 1.2 13 1.2 1.2
0.85 1.1 1.1 1.1 1.1
0.90 1.0 1.0 1.0 1.0

whose columns are the training ECG signals and @ € R2000x30

is a sparse matrix. Each
column of @ should be thought of as a (sparse) representation of the corresponding column
of X in the dictionary given by D (||O|l¢ < || X*"||;). We employ the Bernouilli

sensing matrix B € R0*1024 considered by [52]. Given an ECG signal x's! € R1% we

consider the perturbed observations s = B(z'**" + 1) where 7 € R!%*! is a vector of mean 0

[
4-1024

2
normal perturbations with variance < ) I. Figure 3.6 illustrates the ECG signal and
perturbed ECG signal for record 31 of the dataset. With these preliminaries, we consider
the reconstruction problem given by

. Lo
min |60 + ;Hellz

6 cR2000

(3.28)
s.t. |BD6 — s|5 < e.
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Table 3.8: Comparison of the accuracy of solutions returned by (4), OMP, IRWL1 and BPD
for different values of a. Averaged over 100 trials for each parameter configuration.

Accuracy
a || Algorithm 4 OMP IRWL1 BPD

0.05 0.858 0.856  0.855  0.838
0.10 0.901 0.898  0.898  0.887
0.15 0.933 0932 0.932 0.925
0.20 0.946 0.944  0.946  0.940
0.25 0.959 0.958  0.959  0.957
0.30 0.964 0.964 0.965 0.963
0.35 0.962 0.964 0.965 0.964
0.40 0.963 0.963 0.964 0.964
0.45 0.963 0.963 0.965 0.964

0.50 0.962 0.963 0.963  0.963
0.55 0.961 0.962 0.962  0.962
0.60 0.959 0.960  0.960  0.960

0.65 0.959 0.959 0.959 0.959
0.70 0.958 0.959 0.958  0.958

0.75 0.956 0.957 0.957  0.957
0.80 0.956 0.956 0.956  0.956
0.85 0.955 0.955 0.955 0.955
0.90 0.955 0.955 0.955 0.955

where we set € = 1.05-||s — Bz'**!||2. Note that (3.28) is equivalent to (3.3) where (8, BD, s)
play the role of (x, A, b) and we have (n, m) = (2000,40). Letting 6 denote a feasible solution

to (3.28) returned by one of the solution methods, we employ 10~* as the numerical threshold

[ DO —w'e=t |3

to compute the sparsity HéHo of 6 and we define the ¢, reconstruction error of 0 as Ea
q

for ¢ € {1,2}.

ECG Computational Results

We present a comparison of BPD, IRWL1, OMP and Algorithm 4 as we vary the regular-

ization parameter v in (3.28). We considered values of 7 in the set

T = {(8a+0.01)f(n) : a € [14], f(n) € {v/n,n,n*}},
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Table 3.9: Comparison of the execution time of solutions returned by (4), OMP, IRWL1 and
BPD for different values of a. Averaged over 100 trials for each parameter configuration.

Execution Time (milliseconds)
a || Algorithm4 OMP  IRWL1  BPD

0.05 || 603205.808 22.798 5164.919 934.717
0.10 || 577124.980 18.061 2158.465 522.212
0.15 || 454366.242 15.535 1801.596 636.172
0.20 || 343487.778 14.636 2013.323 967.657
0.25 || 181672.232 13.970 1477.374 654.091
0.30 | 81074.212  14.253 1087.737 510.162
0.35 || 61929.838 13.475 1503.990 904.788
0.40 || 41775.950 13.838 1213.343 684.101
0.45 15927.495  18.939 1056.717 531.091
0.50 10387.101  13.687 1384.343 872.040
0.55 7032.818 18.091 1001.253 530.556
0.60 858.253 13.212 1118.929 640.242
0.65 1012.121 18.404 1280.869 926.727
0.70 494.808 18.333 783.697 514.081
0.75 499.677 19.899 696.495 511.717
0.80 749.626 20.283 965.010 910.485
0.85 479.091 20.606 539.768 537.869
0.90 462.808 13.394 485.869 514.566

and we evaluate performance on the 70 ECG recordings that are not part of the training set
used to fit the overcomplete dictionary D. We give Algorithm 4 a cutoff time of 5 minutes.
As in the synthetic experiments, we terminate IRWL1 after the 50" iteration or after two
subsequent iterates are equal up to numerical tolerance. Moreover, we sparsify the solutions
returned by BPD and IRWLI1 using the procedure given by Algorithm 3 as done in the
synthetic experiments.

Figure 3.7 illustrates the average ¢; error (left) and average ¢y error (right) versus the
average sparsity of solutions returned by each method. Each red dot corresponds to the
performance of Algorithm 4 for a fixed value of v € I". Given that more sparse solutions and
solutions with lesser ¢; (respectively ¢5) error are desirable, Figure 3.7 demonstrates that as
we vary -y, the solutions returned by Algorithm 4 trace out an efficient frontier that dominates

the solutions returned by BPD, IRWL1 and OMP. Indeed, for all benchmark methods (BPD,
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Figure 3.4: Problem (3.3) lower bound (left) produced by Problem (3.13) (SOC) and Problem
(3.21) (SOS) with d = 1. Percent improvement of Problem (3.3) lower bound of compared
to (right). n = 25,m = 100 and k = 10.

IRWL1 and OMP), there is a value of v such that Algorithm 4 finds solutions that achieve
lower sparsity and lower reconstruction error than the solution returned by the benchmark
method. For the same /5 reconstruction error, Algorithm 4 can produce solutions that are
on average 3.88% more sparse than IRWL1, 6.29% more sparse than BPD and 19.70% more
sparse than OMP. For the same sparsity level, Algorithm 4 can produce solutions that have
on average 1.42% lower 5 error than IRWL1, 2.66% lower ¢y error than BPD and 28.23%
lower ¢5 error than OMP. Thus, Algorithm 4 outperforms BPD, IRWL1 and OMP on this

real world dataset.

3.6.3 Multi-Label Classification

We seek to answer the following question: how does the performance of Algorithm 4 compare
to state-of-the-art methods such as BPD, IRWL1 and OMP when used as part of a learning
task on real world data? To evaluate the performance of the aforementioned algorithms in
this setting, we consider the problem of multi-label classification (MLC) [82]. In MLC, given
a dataset {(x;,y;)}", where z; € R™ denotes a feature vector and y; € {0,1}¢ denotes a

label vector, we seek to learn a function f: R™ — {0,1}¢ that can correctly classify unseen

144



SOS Lower

Lower Bound vs a Bound Improvement

61 — SOC

5 1 ~_~
b=} X 121
9 S
24 £
M g 10
=, E-

6 4
1 4
0 4
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
a a

Figure 3.5: Problem (3.3) lower bound (left) produced by Problem (3.13) (SOC) and Problem
(3.21) (SOS) with d = 1. Percent improvement of Problem (3.3) lower bound of compared
to (right). n = 50, m = 25 and k = 10.

True Signal s Perturbed Signal
1.0 1.0
0.5 0.5
0.0 J M 0.0
-1.01 —1.04
15 -15
-2.0

0 200 400 60 800 1000 0 0 200 400 600 800 1000
Figure 3.6: Ground truth ECG signal (left) and perturbed signal (right) for ECG record 31.

examples. Note that this is a more general problem than a typical multi-class classification
problem with d classes since in this setting each example can be a member of multiple classes
simultaneously. When the number of classes d is very large, training d individual classifiers
in a one-against-all approach becomes prohibitively expensive. In this regime, if the label
vectors tend to be sparse relative to the size of the latent dimension d, one approach is
to project the labels into a smaller dimension & < d using a linear compression function
and then to learn k predictors mapping the feature space to the projected label space.

Predictions can then be made by applying the k£ learned predictors on a given example and
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Figure 3.7: ¢; reconstruction error (left) and ¢, reconstruction error (right) versus ¢, norm
(Sparsity) for ECG reconstructions obtained using OMP, BPD, IRWL1 and Algorithm 4 for
varying values of 7. n = 2000 and m = 40.

subsequently using a compressed sensing based reconstruction algorithm to transform the
prediction from projected label space to the latent label space [82, 87, 88, 129|. Explicitly,
given a linear map P € R¥*? where k < d, we form a transformed dataset {(x;, Py;)}™,
and for each j € {1,...,k} learn a regression function h; : R™ — R using the data given
by {(z;, [Pyi];)}";. Given a reconstruction function g : R¥*? x R* — R? that outputs a
sparse vector such that Plg(P,1)] ~ I, we make predictions on a test point @;.s; by returning
9(P,[h1(@iest), - - -, hi(@est)]). In Sections 3.6.3 and 3.6.3, we evaluate the performance of
this approach when Algorithm 4, BPD, IRWL1 and OMP are used as the reconstruction

function g.

MLC Experiment Setup

We obtain a text data set consisting of web pages and descriptive textual tags from the
former social bookmarking service del.icio.us that was originally collected by [137]. The
dataset consists of roughly 16000 web pages having d = 983 unique labels. Each web page
on average is associated with 19 labels. The web pages are each represented as a bag-of-
words feature vector. Further details can be found in [137|. We use 80% of the data for

training and withhold 20% for testing. We fix k& = 100 during our experiments. We fix the
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linear map P = \/LEH where H € R**? is a matrix obtained by choosing k¥ random rows
from the d x d Hadamard matrix in keeping with the approach taken by [82]. We use ridge
regression as our base learning algorithm for the regression functions {h; }9?:1 and tune the
ridge parameter via leave one out cross validation over the training set. Given a test data

point &, € R™, we output a predicted label § € R? by solving

: ) 2 2
min o + ﬁllyllz st [Py — h(@iest )z < € (3.29)

where [h(@iest)]; = hj(@iest) and we set € = 0.25 - |[|h(@sest)||3. Letting g denote a feasible
solution to (3.29) returned by one of the solution methods, we are interested in measuring
the accuracy, precision and recall of the support of gy relative to the true label y;.s. Let
T = {i : [yYpest]s = 1} and Z = {i : || > 107*}. We define the accuracy of § as

ZieItrue ]]-{|y7,’ > 10_4} + Zigz’true ﬂ{‘yz| S 10_4}
d .

ACC(g) =

Similarly, we define the precision of y as

Zieztrue 1{|ﬁgz| > 1074}
|Itrue| ’

Precision(y) =

and we define the recall (true positive rate) of y as

Zieztrue ﬂ{|?)z| > 1074}

TPR(3) = G

MLC Computational Results

We present a comparison of test set classification performance when each of BPD, IRWLI,
OMP and Algorithm 4 are used as the reconstruction algorithm g. We give Algorithm
4 a cutoff time of 10 minutes. As in the synthetic and ECG experiments, we terminate

IRWL1 after the 50" iteration or after two subsequent iterates are equal up to numerical
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tolerance. Moreover, we sparsify the solutions returned by BPD and IRWL1 using the
procedure given by Algorithm 3 as done in the synthetic and ECG experiments. Figure
3.8 illustrates the average accuracy achieved by each method on the test set. We see that
that Algorithm 2 achieves slightly greater average accuracy than the benchmark methods.
Moreover, Table 3.10 illustrates the percentage of test examples on which each method has
the best performance for accuracy, precision and recall. We see that Algorithm 2 exhibits

superior performance than the baseline methods across all metrics of interest.
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0.97350
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0.97275 A
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Figure 3.8: Test set prediction accuracy obtained using OMP, BPD, IRWL1 and Algorithm
4 as the label reconstruction algorithm.

3.6.4 Summary of Findings

We now summarize our findings from our numerical experiments. In Sections 3.6.1-3.6.1, we

see that across all experiments using synthetic data, Algorithm 4 produces solutions that
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Table 3.10: Comparison of the accuracy of solutions returned by (4), OMP, IRWL1 and BPD
for different values of a. Averaged over 100 trials for each parameter configuration.

Top Performing Algorithm Frequency (%)
Metric | Algorithm 4 OMP IRWL1  BPD

Accuracy 53.47 28.78  11.66 6.09
Precision 49.39 21.42 15.26 13.93
Recall 54.90 14.14 3.20 27.76

are on average 6.22% more sparse than the solutions returned by state of the art benchmark
methods after they are further sparsified by greedy rounding. If we omit greedy rounding,
Algorithm 4 produces solutions that are on average 17.17% more sparse in our synthetic
experiments. In Section 3.6.1, we find that the bound produced by (3.21) is on average
8.92% greater than the bound produced by (3.13). In Section 3.6.2, we see that for a given
level of /5 reconstruction error, Algorithm 4 produces solutions that are on average 9.95%
more sparse than the solutions returned by state of the art benchmark methods after they
are further sparsified by greedy rounding on the real world ECG dataset we experiment with.
Furthermore, for a given sparsity level, Algorithm 4 produces solutions that have on average
10.77% lower {5 reconstruction error than benchmark methods. Finally, in Section 3.6.3,
we see that Algorithm 4 outperforms benchmark methods when used as the reconstruction
algorithm for compressed sensing multi-label classification in terms of accuracy, precision

and recall.

3.7 Concluding Remarks

In this chapter, we introduced an /¢y regularized formulation (3.3) for CS which emits a
natural reformulation as a mixed-integer second order cone program (3.12). We presented
a second order cone relaxation (3.13) and a stronger but more expensive semidefinite cone
relaxation (3.21) to (3.12). We presented Algorithm 4, a custom branch and bound algorithm

that can compute globally optimal solution for (3.3). We find that our approach produces
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solutions that are on average 6.22% more sparse on synthetic data and 9.95% more sparse on
real world ECG data when compared to three state of the art benchmark approaches. This
improvement in accuracy comes at the cost of an increase in computation time by several
orders of magnitude. When comparing only against the experiment-wise best performing
benchmark method, our approach produces solutions that are on average 3.10% more sparse
on synthetic data and 3.88% more sparse on real world ECG data. Moreover, our approach
outperforms benchmark methods when used as part of a multi-label learning algorithm.
Further work might focus on strengthening our convex relaxations by deriving additional
valid inequalities for (3.12) or increasing the scalability of our branch and bound method.
Algorithm 4 currently uses our second order cone relaxation to compute lower bounds. If
fast problem specific solution methods could be derived for our positive semidefinite cone
relaxation, employing the latter for lower bounds in Algorithm 4 could potentially lead to

important scalability gains.

150



Chapter 4

Predictive Low Rank Matrix Learning

under Partial Observations:

Mixed-Projection ADMM

The work in this chapter is based on the preprint [25] which is joint work with Dimitris

Bertsimas.
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4.1 Introduction

In many real world applications, we are faced with the problem of recovering a (often large)
matrix from a (often small) subset of its entries. This problem, known as Matrix Completion
(MC), has gained significant attention due to its broad range of applications in areas such as
signal processing [45], system identification [99] and image denoising [85]. The fundamental
task in MC is to accurately reconstruct the missing entries of a matrix given a limited number
of observed entries. The challenge is particularly pronounced when the number of observed
entries is small relatively to the dimension of the matrix, yet this is the common scenario in
practice.

One of the most prominent uses of MC is in recommendation systems, where the goal is
to predict user preferences for items (e.g., movies, products) based on a partially observed
user-item rating matrix [119]. The Netflix Prize competition highlighted the potential of
MC techniques, where the objective was to predict missing ratings in a user-movie matrix to
improve recommendation accuracy [9]. The success of such systems hinges on the assumption
that the underlying rating matrix is low rank, meaning that the preferences of users can be
well-approximated by a small number of factors. Indeed, it has been well studied that many
real world datasets are low rank [138].

In many practical applications, in addition to a collection of observed matrix entries we
additionally have access to auxiliary side information that can be leveraged when performing
the reconstruction. For example, in a recommendation system, side information might consist
of social network data or item attributes. The vast majority of existing approaches to MC
in the presence of side information incorporate the side information by making additional
structural restrictions on the reconstructed matrix beyond the usual low rank assumption
(see, for example, [26, 58, 146]). In this work, we take an alternate approach by assuming
that the side information can be well modelled as a linear function of the underlying full

matrix. In this setting, the side information can be thought of as labels for a regression
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problem where the unobserved matrix consists of the regression features. This assumption is
in keeping with ideas from the predictive low rank kernel learning literature [5] (note however
that low rank kernel learning assumes a fully observed input matrix).

Formally, let 2 C [n] x [m] denote a collection of revealed entries of a partially observed
matrix A € R™™ let Y € R™ denote a matrix of side information and let k£ denote a
specified target rank. We consider the problem given by

min Z (Xij — A+ A|Y — Xalz + 7| X |, st rank(X) <k, (4.1)

XER”X"",OLER’"Xd
(,4)€Q

where A, > 0 are hyperparameters that in practice can either take a default value or can
be cross-validated by minimizing a validation metric [114]| to obtain strong out-of-sample
performance [34]. We assume that the ground truth matrix A has low rank and that the
side information can be well approximated as Y = Aa + IN for some weighting matrix o
and noise matrix IN. The first term in the objective function of (4.1) measures how well
the observed entries of the unknown matrix are fit by the estimated matrix X, the second
term of the objective function measures how well the side information Y can be represented
as a linear function of the estimated matrix X and the final term of the objective is a
regularization term. To the best of our knowledge, Problem (4.1) has not previously been

directly studied despite its very natural motivation.

4.1.1 Contribution and Structure

In this chapter, we tackle (4.1) by developing novel mixed-projection optimization tech-
niques [19]. We show that solving (4.1) is equivalent to solving an appropriately defined
robust optimization problem. We develop an exact reformulation of (4.1) by combining a
parametrization of the X decision variable as the product of two low rank factors with the in-
troduction of a projection matrix to model the column space of X. We derive a semidefinite

cone convex relaxation for our mixed-projection reformulation and we present an efficient,
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scalable alternating direction method of multipliers (ADMM) algorithm that produces high
quality feasible solutions to (4.1). Our numerical results show that across all synthetic data
experiments in the small rank regime (k£ < 15), our algorithm outputs solutions that achieve
on average 79% lower objective value in (4.1) and 90.1% lower ¢ reconstruction error than
the solutions returned by the best performing benchmark method on a per experiment ba-
sis. For the 5 synthetic data experiments with & > 15, the only benchmark that returns a
solution with superior quality than that returned by our algorithm takes on average 3 times
as long to execute. The runtime of our algorithm is competitive with and often superior to
that of the benchmark methods. Our algorithm is able to solve problems with n = 10000
rows and m = 10000 columns in less than a minute. On large scale real world data, our
algorithm produces solutions that achieve 67% lower out of sample error than benchmark
methods in 97% less execution time.

The rest of the chapter is laid out as follows. In Section 4.2, we review previous work that
is closely related to (4.1). In Section 4.3, we study (4.1) under a robust optimization lens
and investigate formulating (4.1) as a two stage optimization problem where the inner stage
is a regression problem that can be solved in closed form. We formulate (4.1) as a mixed-
projection optimization problem in Section 4.4 and present a natural convex relaxation. In
Section 4.5, we present and rigorously study our ADMM algorithm. Finally, in Section 4.6
we investigate the performance of our algorithm against benchmark methods on synthetic

and real world data.

4.2 Literature Review

In this section, we review a handful of notable approaches from the literature that have been
employed to solve MC and to solve general low rank optimization problems. As an exhaustive
literature review of MC methods is outside of the scope of this chapter, we focus our review

on a handful of well studied approaches which we will employ as benchmark methods in this

154



work. We additionally give an overview of the ADMM algorithmic framework which is of
central relevance to this work. For a more detailed review of the MC literature, we refer the

reader to [119] and [111].

4.2.1 Matrix Completion Methods

Iterative-SVD

[terative-SVD is an expectation maximization style algorithm [60] that generates a solution
to the MC problem by iteratively computing a singular value decomposition (SVD) of the
current iterate and estimating the missing values by performing a regression against the low
rank factors returned by SVD [136]. This is one of a handful of methods in the literature
that leverage the SVD as their primary algorithmic workhorse [32, 126]. Concretely, given
a partially observed matrix {Xj;} jjeo where Q C [n] x [m] and a target rank k € N,

Iterative-SVD proceeds as follows:

1. Initialize the iteration count ¢ <— 0 and initialize missing entries of X;;, (i, 7) ¢ Q with

'
the row average X;; = %

2. Compute a rank k SVD X; = U;%,V,T of the current iterate where U, € R™* 3, €

kak7 W c Rka.

3. For each (i,j) ¢ 0, estimate the missing value (X;1;);; by regressing all other entries
in row ¢ against all except the j** row of V;. Concretely, letting & = (X;); . ; € R™ !
denote the column vector consisting of the i** row of X, excluding the j* entry, letting
V= (Vi)wuix € R™=Dxk denote the matrix formed by eliminating the j** row from V;
and letting & = (V;);, € R* denote the column vector consisting of the j row of V;,

we set (Xt+1)ij = QA)T(‘}TV)_IVTj.

4. Terminate if the total change between X; and X,;,; is less than 0.01. Otherwise,

increment ¢ and return to Step 2.
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Soft-Impute

Soft-Impute is a convex relaxation inspired algorithm that leverages the nuclear norm as a
low rank inducing regularizer [105]. This approach is one of a broad class of methods that
tackle MC from a nuclear norm minimization lens [43, 48, 66]. Seeking a reconstruction
with minimum nuclear norm is typically motivated by the observation that the nuclear norm
ball given by B = {X € R™™ : || X||, < k} is the convex hull of the non-convex set
X ={X € R : rank(X) < k,|| X, < 1}, where || - ||, denotes the spectral norm.
Moreover, several conditions have been established under which nuclear norm minimization
methods are guaranteed to return the ground truth matrix [43, 48] though such conditions
tend to be strong and hard to verify in practice. Soft-Impute proceeds by iteratively replacing
the missing elements of the matrix with those obtained from a soft thresholded low rank
singular value decomposition. Accordingly, similarly to Iterative-SVD, Soft-Impute relies on
the computation of a low rank SVD as the primary algorithmic workhorse. The approach
relies on the result that for an arbitrary matrix X, the solution of the problem ming %HX —
Z||% 4+ M| Z|, is given by Z = Sy(X) where S(-) denotes the soft-thresholding operation
[64]. Explicitly, Soft-Impute proceeds as follows for a given regularization parameter A > 0

and termination threshold € > 0:
1. Initialize the iteration count t < 0 and initialize Z; = 0,,5,,.

2. Compute Z; 1 = S\(Po(X)+Pa(Z;)) where Po(+) denotes the operation that projects
onto the revealed entries of X while P () denotes the operation that projects onto

the missing entries of X.

|Z:—Ze1|1%

3. Terminate if | AT Otherwise, increment ¢ and return to Step 2.
F

Fast-Impute

Fast-Impute is a projected gradient descent approach to MC that has desirable global con-

vergence properties [26]. Fast-Impute belongs to the broad class of methods that solve MC
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by factorizing the target matrix as X = UV where U € R™* V € R™** and performing
some variant of gradient descent (or alternating minimization) on the matrices U and V
[83, 86, 90, 153]. We note that we leverage this common factorization in the approach to (4.1)
presented in this work. Gradient descent based methods have shown great success. Despite
the non-convexity of the factorization, it has been shown that in many cases gradient descent
and its variants will nevertheless converge to a globally optimal solution [26, 56, 68, 102, 130].
Fast-Impute takes the approach of expressing U as a closed form function of V' after per-
forming the facorization and directly performs projected gradient descent updates on V' with
classic Nesterov acceleration [109]. Moreover, to enhance scalability of their method, [26]
design a stochastic gradient extension of Fast-Impute that estimates the gradient at each

update step by only considering a sub sample of the rows and columns of the target matrix.

4.2.2 Low Rank Optimization Methods

ScaledGD

ScaledGD is a highly performant method to obtain strong solutions to low rank matrix
estimation problems that take the following form:

1
min  f(X) = =[|A(X) —y|3 s.t. rank(X) <k,
X eRnxm 2

where A() : R™™ — R! models some measurement process and we have y € R’ [133].
ScaledGD proceeds by factorizing the target matrix as X = UVT and iteratively performing
gradient updates on the low rank factors U,V after preconditioning the gradients with an
adaptive matrix that is efficient to compute. Doing so yields a linear convergence rate that is
notably independent of the condition number of the low rank matrix. In so doing, ScaledGD
combines the desirable convergence rate of alternating minimization with the desirable low

per-iteration cost of gradient descent. Explicitly, letting L(U,V) = f(UVT), ScaledGD
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updates the low rank factors as:

U,y < U —nVy LU, V)(VIV)™

Vi < Vi — Vv L(U,, Vt)(UTU)_la

where 17 > 0 denotes the step size.

Mixed-Projection Conic Optimization

Mixed-projection conic optimization is a recently proposed modelling and algorithmic frame-
work designed to tackle a broad class of matrix optimization problems [19, 20]. Specifically,

this approach considers problems that have the following form:

min (C, X) + A -rank(X) +Q(X) st. AX =B, rank(X) <k, X ek, (42

X cRnXm

where C € R™™ is a cost matrix, A > 0, k € N_, A € R>" B € R™>*™ K denotes a proper
cone in the sense of [35] and €(-) is a Frobenius norm regularization function or a spectral
norm regularization function of the input matrix. The main workhorse of mixed-projection
conic optimization is the use of a projection matrix to cleverly model the rank terms in
(4.2). This can be viewed as the matrix generalization of using binary variables to model the
sparsity of a vector in mixed-integer optimization. [19] show that for an arbitrary matrix

X € R™™ we have

rank(X) <k < JPcS": P’=P Tr(P) <k, X = PX.

Introducing projection matrices allows the rank functions to be eliminated from (4.2) at the
expense of introducing non-convex quadratic equality constraints. From here, most existing

works that leverage mixed-projection conic optimization have either focused on obtaining
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strong semidefinite based convex relaxations [19, 20| or have focused on obtaining certifiably
optimal solutions for small and moderately sized problem instances [15, 16]. In this work, we
leverage the mixed-projection framework to scalably obtain high quality solutions to large

problem instances.

4.2.3 Alternating Direction Method of Multipliers

Alternating direction method of multipliers (ADMM) is an algorithm that was originally

designed to solve linearly constrained convex optimization problems of the form

min f(x)+g9(2) st. Az + Bz =c, (4.3)

xR zcR™

where we have A € R>", B € R™*™, ¢ € R! and the functions f and ¢ are assumed to be
convex [37|. The main benefit of ADMM is that it can combine the decomposition benefits of
dual ascent with the desirable convergence properties of the method of multipliers. Letting

y € R! denote the dual variable, the augmented Lagrangian of (4.3) is given by
L(2,2,y) = f(2) + g(2) + y" (Az + Bz — ) + £ | Az + Bz — |},

where p > 0 is the augmented Lagrangian parameter. ADMM then proceeds by iteratively
updating the primal variable &, updating the primal variable z and taking a gradient ascent

step on the dual variable y. Explicitly, ADMM consists of the following updates:
1. @ « argming, LA(x, 2, yy),
2.z < argmin, L4z, 2, 1,),
3. Y1 < Y + p(Axy 1 + Bz — ).
Under very mild regularity conditions on f,g and £4, it is well known that ADMM is

guaranteed to produce a sequence of primal iterates that converges to the optimal value of
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(4.3) and a sequence of dual iterates that converge to the optimal dual variable (note that
there is no guarantee of primal variable convergence) [37]. Importantly, although ADMM was
originally designed for linearly constrained convex optimization, it has often been applied
to non-convex optimization problems and yielded empirically strong results [148]. This
observation has motivated work to explore the theoretical convergence behavior of ADMM

and its variants on specific classes of non-convex optimization problems [78, 141, 143].

4.3 Formulation Properties

In this section, we rigorously investigate certain key features of (4.1). Specifically, we estab-
lish an equivalence between (4.1) and an appropriately defined robust optimization problem.
Moreover, we illustrate that (4.1) can be reduced to an optimization problem over only X and
establish that the resulting objective function is not convex, not concave and non-smooth.
Finally, we study how efficient evaluations of the reduced problem objective function can be

performed.

4.3.1 Equivalence Between Regularization and Robustness

Real-world datasets frequently contain inaccuracies and missing values, which hinder the
ability of machine learning models to generalize effectively to new data when these incon-
sistencies are not appropriately modelled. Consequently, robustness is a crucial quality for
machine learning models, both in theory and application [23, 145]. In this section, we show
that our regularized problem (4.1) can be viewed as a robust optimization (RO) problem.
This finding justifies the inclusion of the nuclear norm regularization term in (4.1) and is in
a similar flavor as known results from the robust optimization literature in the case of vector

[13] and matrix [15] problems.
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Proposition 32 Problem (4.1) is equivalent to the following robust optimization problem:

i X — Aii)? Y — Xal? X, A .t. X) <
XGRHXI}nITgeRmxd %2}2{(( )€Q< ? l]) + )\H aHF + < ) > s.t mnk( ) = kOa
2y}

(4.4)
where U = {A € R™™ : ||A|l, < v}

Proof To establish this result, it suffices to argue that maxaey (X, A) = || X]||«. This
equivalence follows immediately from the fact that the nuclear norm is dual to the spectral
norm. So as to keep this manuscript self contained, we present a proof of this equivalence
below.

Consider any matrix A € R™™ such that ||All, < 7. Let X = UXVT be a singular
value decomposition of X where we let = rank(X) and we have U € R"*", ¥ € R™" V €

R™*"  We have

(X,A)=Tr(A"ULV") = Ty(VTA'UX) = (UTAV.X) = Y S,(UTAV);

i=1

=1 =1 =1

where we have used the fact that X is a diagonal matrix and the columns of U and V have
unit length. Thus, we have shown that || X ||, is an upper bound for maxacy, (X, A). To
show that the upper bound is always achieved, consider the matrix A = AUVT ¢ Rvm

where U and V are taken from a singular value decomposition of X. Observe that
|All, =yUVT |, <y = AclU.
We conclude by noting that

(X,A) =Tr(VEUTAUVT) = yTr(VIVEUTU) = yIx(IZI) = 7| X |
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Proposition 32 implies that solving the nuclear norm regularized (4.1) is equivalent to solving
an unregularized robust optimization problem that protects against adversarial perturbations
that are bounded in spectral norm. This result is not surprising given the duality of norms,

yet is nevertheless insightful.

4.3.2 A Partial Minimization

Let g(X,a) denote the objective function of (4.1). Note that g(X,a) is bi-convex in
(X, ) but is not jointly convex due to the product Xa. Observe that we can simplify
(4.1) by performing a partial minimization in . For any X, the problem in « requires
finding the unconstrained minimum of a convex quadratic function. The gradient of g with
respect to a is given by Vog9(X,a) = 2AXT(Xa —Y). Setting V,g9(X,a) to 0 yields
a* = (XTX)'XTY as a minimizer of g over .. Note that M denotes the pseudo-inverse
of a (possibly rank deficient) square matrix M € R™!. Specifically, letting r = rank(M)
and M = UXVT be a singular value decomposition of M with U,V € R>*" and 3 € R*!,
we have MT = UX"'VT. Letting f(X) correspond to the partially minimized objective

function of (4.1), we have

f(X) =ming(X, a) = (X — Ayl A - X(XTX) XY+ y(1X .
(4,7)€

= D (X — Ay + AT (Y (I, - X(X"X)IXT)Y) + 9] X ..
(4,5)€Q
We note that a* corresponds to the well studied ordinary least squares solution. When X7 X
has full rank, « is the unique minimizer of g. If X7 X is rank deficient, a* corresponds to
the minimizer with minimum norm.
Though we have simplified the objective function of (4.1), f(X) is not a particularly well

behaved function. We formalize this statement in Proposition (33).

Proposition 33 The function f(X) is in general neither convex nor concave and is non-
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smooth.

Proof To illustrate that f(X) is in general neither convex nor concave, suppose that Q = (),
n=2and m =d= \ =+~ = 1. In this setting, we have x,y € R**!. Assuming that x # 0,

we can write the objective function as

flx) = Tr(y" (L — x(x' =) 2" )y) + |z,
—y'y —

=yly — (yTw) +VaTe.
T

For = 0,, the objective value f(0) is equal to y’y. Let y = 1, and consider the line in
R? defined by X = {x € R?* : x5 = 1 + 1}. The restriction of f(x) to the line defined by X

is a univariate function given by

2t +1)2
fx(t) =2 @t + V212 2t + 1,

2242t + 1

where ¢t € R is a dummy variable. Observe that we have fy(—1) = f+(0) = 2, fx(—0.5) =
2+ \/75 and fy(—4) = fx(3) = 5.04. Thus, the point (—0.5, f+(0.5)) lies above the chord
connecting (—1, fx(—1)) and (0, fx(0)), so fx(t) is not a convex function. Moreover, the
point (—1, fx(—1)) lies below the chord connecting (—4, f+(—4)) and (—0.5, f+(—0.5)), so
fx(t) is not a concave function. Since a function is convex (respectively concave) if and
only if its restriction to every line is convex (respectively concave), we have established that
f(X) is neither convex nor concave since fx(t) is neither convex nor concave. To conclude
the proof of Proposition 33, note that the non-smooth property of f(X) follows immediately

from the non-smooth property of the nuclear norm function. [ |

Although the above closed form partial minimization in a eliminates m x d variables

form (4.1), this comes at the expense of introducing a m X m matrix pseudo-inverse term
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into the objective function which can be computationally expensive to evaluate. Efficient
evaluation of an objective function is crucial in many optimization problems to quickly
measure solution quality. A plethora of modern optimization techniques require iterative
objective function evaluations. As a result, the computational cost of evaluating an objective
function can quickly become the bottleneck of an algorithm’s complexity. Directly evaluating
f(X) naively requires O(|Q|) operations for the first term, O(m?n+m?+n?d) for the second
term (forming the matrix X7 X is O(m?n), taking the pseudo-inverse is O(m?), computing
the products involving Y is O(n?d)) and requires O(mnmin(m,n)) for the third term (the
nuclear norm can be evaluated by computing a singular value decomposition of X). We
observe that computing the second term of f(X) involving the pseudo-inverse dominates
the complexity calculation. Indeed, the overall complexity of evaluating f(X) naively is
O(m?*n +m? 4+ n2d).

Fortunately, it is possible to make evaluations of f(X) without explicitly forming the
product X7 X or taking a pseudo-inverse. Proposition 34 illustrates that it suffices (in terms
of computational complexity) to take a singular value decomposition of X. Moreover, a large
class of optimization algorithms require only function evaluations for feasible solutions. If
we consider only those values of X that are feasible to (4.1), it is sufficient (in terms of
computational complexity) to take a rank k truncated singular value decomposition of X to

make functions evaluations of f(X).

Proposition 34 The function f(X) can equivalently be written as

FX)= Y (X — Ay + AT (Y (L, —UU)Y) + 71X |,,
(4,5)€Q

where X = UXVT is a singular value decomposition of X where we let r = rank(X) and

we have U € R™" 3 € R,V € R™*",
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Proof To establish the result, it suffices to show that
Tr(Y'X(X"X)' X"Y) =Tr(Y'UU"Y).

Let X = UXVT be a singular value decomposition of X where r = rank(X) and U €
R™" 3 € R™" V € R™*". Observe that

Tr(Y'X(X'X)'X"Y) =Tr(Y'USVT(VEUTUEVT) 'VEUTY)

Tr(Y'UsSVH(VvEVT)IvEUTY)

(
(
Tr(Y'USV'VEVIVIU'Y)
Tr(Y'USE’2U"Y)

(

T (Y'UU"Y),

where we have repeatedly invoked the property that UTU = VTV = 1I,. [ |

In light of Proposition 34, evaluating f(X) for feasible solutions still requires O(|€2|) oper-
ations for the first term, but the second term can be evaluated using O(kn(m + d)) opera-
tions (performing a truncated singular value decomposition is O(knm) and computing the
products involving Y is O(knd)) and the third term can be evaluated using O(knm) opera-
tions (by performing a truncated singular value decomposition) for an overall complexity of
O(kn(m + d)). This is significantly less expensive than the O(m?n + m? + n%d) complexity

of naive direct evaluation of f(X) introduced previously.

4.4 An Exact Mixed-Projection Formulation

In this section, we reformulate (4.1) as a mixed-projection optimization problem and further
reduce the dimension of the resulting problem in a commonly studied manner by parame-
terizing X as the matrix product of two low dimensional matrices. Thereafter, we illustrate

how to employ the matrix generalization of the perspective relaxation [15, 19, 20, 77| to

165



construct a convex relaxation of (4.1).
We first note that given the result of Section 4.3.2, we can rewrite (4.1) as an optimization

problem only over X as follows:

min § (Xij — Ay + 2 Te (YL, - X (XTX)IXT)Y) + || X
X Rnxnz
© (i,])€9 (4.5)

s.t. rank(X) < k.

Observe that the matrix X (X7 X)'X7T is the linear transformation that projects vectors
onto the subspace spanned by the columns of the matrix X. Drawing on ideas presented
in [15, 19, 20|, we introduce an orthogonal projection matrix P € Pj to model the column
space of X where P, = {P € 8" : P> = P,tr(P) < n} for n > 0. We can express the
desired relationship between P and X as X = PX since projecting a matrix onto its own

column space leaves the matrix unchanged. This gives the following reformulation of (4.1):

] PR — .. 2 T J—
S (X A AT (YL~ PIY) X,
()0 (4.6)
s.t. (In - P>X = Onxm, P e 7)min(k,ramk(X))'

Observe that the matrix pseudo-inverse term has been eliminated from the objective function,
however we have introduced the bilinear constraint X = PX which is non-convex in the
optimization variables as well as the non-convex constraint P € Ppin(k,rank(X))- We now have

the following result:
Proposition 35 Problem (4.6) is a valid reformulation of (4.5).

Proof We show that given a feasible solution to (4.6), we can construct a feasible solution

to (4.5) that achieves the same objective value and vice versa.
Consider an arbitrary feasible solution (X, P) to (4.6). Since PX = X and P €

Prin(k,rank(X)), We have rank(X) < k. We claim that X achieves the same objective value
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in (4.5) as (X, P) achieves in (4.6). To show this, it suffices to illustrate that for all (X, P)
feasible to (4.6) we have H(X) = X(XTX)'XT = P. The matrix P is an orthogonal
projection matrix since it is symmetric and satisfies P2 = P. Moreover, since rank(P) =
rank(X) and PX = X we know that P is an orthogonal projection onto the subspace
spanned by the columns of X. Similarly, it can easily be verified that H(X) is symmetric
and satisfies H(X)? = H(X), rank(H (X)) = rank(X) and H(X)X = X. Thus, H(X) is
also an orthogonal projection matrix onto the subspace spanned by the columns of X. To
conclude, we invoke the property that given a subspace V C R" the orthogonal projection
onto V is uniquely defined. To see this, suppose P, and P», are two orthogonal projections
onto V. Let | = dim(V). Let {e;}'_, be an orthogonal basis for V and let {e;},, be an
orthogonal basis for V+. Since P, is an orthogonal projection onto V, we have P,e; = e; for
all1 <i<land Pie; =0, for all [ +1 < i < n. However, the same must hold for P, which
implies that P, = Ps.

Consider an arbitrary feasible solution X to (4.5). Let r = rank(X) and X = UEXVT
be a singular value decomposition of X where we have U € R, & € R,V € R™*".
Define P = UU”. By construction, we have P € Pnin(k,rank(X)) Since r < k. Moreover, it is

easy to verify that

where we have used the property UTU = I,. Finally, Proposition 34 immediately implies
that (X, P) achieves the same objective in (4.6) as X achieves in (4.5). This completes the

proof. [ |

Optimizing explicitly over the space of n X m matrices can rapidly become prohibitively
costly in terms of runtime and memory requirements. Accordingly, we adopt the common
approach of factorizing X € R™™ as UV for U € R™* V € R™*. This leads to the

following formulation:
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: b
min o (UVT)y = Ay + AT(Y (L = PYY) + S (IU]F + [ VI[E)
UeR™*" VER™XF, -

PcRnXn (i,5)€Q

s.t. (In - P)U = Onxku P c 7)min(k,ranl«:(UVT))'
(47)

Notice that we have replaced n x m optimization variables with k x (n 4+ m) optimization
variables, an often significant dimension reduction in practice. Attentive readers may object
that though this is true, we have introduced n? decision variables through the introduction
of the projection matrix variable P which nullifies any savings introduced through the fac-
torization of X. Note, however, that it is possible to factor any feasible projection matrix as
P = MMT for some M € R"**_In Section 4.5, we leverage this fact so that the presence
of the projection matrix incurs a cost of n x k additional variables rather than n? variables.

We have the following result:
Proposition 36 Problem (4.7) is a valid reformulation of (4.6).

Proof We show that given a feasible solution to (4.7), we can construct a feasible solution
to (4.6) that achieves the same or lesser objective value and vice versa.

Consider an arbitrary feasible solution (U, V', P) to (4.7). Let X = UVT. We will show
that (X, P) is feasible to (4.6) and achieves the same or lesser objective as (U, V', P) does

in (4.7). Feasibility of (4.7) implies that P € Prin(k,rank(@VT)) = Prin(k,rank(x)) and also that
(In - P)X = (In - p)l_]‘_/T = Onxk‘_/T = 0n><m7

thus the solution (X, P) is certainly feasible for (4.6). To see that (X, P) achieves the same
or lesser objective value, it suffices to argue that || X[, < 3(|U||% + ||[V||%). This follows
immediately from the following lemma established by [105] (see Appendix A.5 in their paper

for a proof):
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Lemma 37 For any matriz Z, the following holds:

1
Z|, = i —(||U]? V|[2).
1Z]]. vairglanVTQ(ll 1%+ [VIIF)

If rank(Z) = k < min(m,n), then the minimum above is attained at a factor decomposition
Unkafok. Letting Zpwm = LnxkEkkaﬁxk denote a singular value decomposition of Z,

1 1
the minimum above is attained at Upxp = Lyxk 27 1 Vinxk = Boxk 27 k.-

Consider now an arbitrary feasible solution (X, P) to (4.6). Let X = LXRT be a
singular value decomposition of X where L € R™* ¥ € R** R ¢ R™* and define
U = LX:,V = RS:. Feasibility of (X, P) in (4.6) implies that P € P rani(x) =
Prin(k rank(@vTy)- Moreover, since the columns of L form an orthogonal basis for the columns

space of X, the condition (I, — P)X = 0,,,, implies that
(I, — PYU = (I, - P)LY? = 0,,3,5? = 0,4

Thus, the solution (U, V, P) is feasible to (4.7). Moreover, by Lemma 37 we have 1 (||U |3+
|IV]|2) = || X ||« so (U, V, P) achieves the same objective in (4.7) as (X, P) does in (4.6).

This completes the proof.

In the remainder of the chapter, we will relax the constraint P € Ppykrankwv)) t0
P € Py, and develop a scalable algorithm to obtain high quality feasible solutions. Explicitly,

we consider the problem given by:
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: b
min o (UVT)y = Ay + AT(Y (L = PYY) + S (IU]F + [ VI[E)
UeR™*" VER™XF, -

PcRnXn (i,5)€Q

5.t (I, — P)U = 0,;,, P € Py.
(4.8)

It is straightforward to see that the optimal value of (4.8) is no greater than the optimal
value of (4.7). Unfortunately, the converse does not necessarily hold. To see why the optimal
value of (4.8) can be strictly less than that of (4.7) in certain pathological cases, suppose
we had k = n = m, Q = 0. In this setting, letting P = I,,, U = 0,,5;; and V = 0,,,5, the
solution (U, V', P) would be feasible to (4.8) and achieve an objective value of 0. However
the optimal value of (4.7) would be strictly greater than 0 in this setting as long as Y # 0.
Although (4.8) is a relaxation of (4.1), we will see in Section 4.6 that the solutions we will

obtain to (4.8) will be high quality solutions for (4.1), the main problem of interest.

4.4.1 A Positive Semidefinite Cone Relaxation

Convex relaxations are useful in non-convex optimization primarily for two reasons. Firstly,
given the objective value achieved by an arbitrary feasible solution, strong convex relax-
ations can be used to upperbound the worst case suboptimality of said solution. Secondly,
convex relaxations can often be used as building blocks for global optimization procedures.
In this section, we present a natural convex relaxation of (4.8) that leverages the matrix
generalization of the perspective relaxation [15, 19, 20, 77|.

Rather than working directly with (4.8), consider the equivalent formulation (4.6) with
Prin(krank(x)) replaced by Py. Before proceeding, we will assume knowledge of an upper
bound M € R, on the spectral norm of an optimal X to (4.6). Tighter bounds M are
desirable as they will lead to stronger convex relaxations of (4.6). We note that it is always
possible to specify such an upper bound M without prior knowledge of an optimal solution

to (4.6). To see this, note that setting X = 0,x,, in (4.6) produces an objective value
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of Z(z‘,j)eﬂ -+ A|Y||%. Thus, any X such that v|| X, > > 5+ AlY]|F cannot

(4,9) EQ
possibly be optimal to (4.6). Finally, since the nuclear norm is an upper bound on the

spectral norm of a matrix, we must have

e Af AY (R
’}/ Y

1 Xlo <

A = Staen AN

for any matrix X that is optimal to (4.6). We can therefore take >

Notice that the non-convexity in (4.6) is captured entirely by the bilinear constraint
(I, — P)X = 0,,, and the quadratic constraint P? = P. In keeping with the approach
presented in [15, 20|, we leverage the matrix perspective to convexify the bilinear term and
solve over the convex hull of the set P,. Recalling that the nuclear norm is semidefinite

representable, we have the following formulation:

i Xii— A2+ ATH(YT(I, — P)Y) + (T T
pin ’Z( i = Ay F AT (YT (L = P)Y) + S (Te(W)) + Te(W2)
X eRnxm WoeRmxm  (1,])€Q

MP X
>~ 0.
X7 X7 W,

We now have the following result:
Proposition 38 Problem (4.9) is a valid convex relaxation of (4.8).

Proof Problem (4.9) is clearly a convex optimization problem. We will show that the
optimal value of (4.9) is a lower bound on the optimal value of (4.8) by showing that given
any optimal solution to (4.8), we can construct a feasible solution to (4.9) that achieves the
same objective value.

Consider any optimal solution (U, V', P) to (4.8). From the proof of Proposition 36, we

know that the solution (X, P) where X = UV is feasible to (4.6) (where we replace the
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constraint P € Pk rankwvr)) With P € P;) and must also be optimal. Let X =LYXR"
be a singular value decomposition of X with L € R™* ¥ € R¥** and R € R™*. Let
W, = LXYL" and W, = RXR”. We claim that (X, P, W;, W,) is feasible to (4.9) and
achieves the same objective value as (X, P) does in (4.6).

From the feasibility of P in (4.8), we know that P € P;, which implies I,, = P > 0 and
Tr(P) < k. By the generalized Schur complement lemma (see [36], Equation 2.41), we know
that

MP X _ _
B =0 <= MI,, =0, and MI,, - X" (MP)'X > 0.
X" M1,
We trivially have MI,, = 0. To see that the second condition holds, note that since P
is a projection matrix and PX = X, we have X' (MP)'X = LX"PX = L X"X.
Furthermore, since X is optimal to (4.6), we have || X||, < M by assumption. Thus, we

have
_ L o 1 .
X, <M = | XTX|, < M? = MI, = XX — MI,, > MXTX.

Finally, observe that

T
W, X LYXLT LYR" L - L
XT W, RYXLT RXRT R
W, X
Since ¥ is a diagonal matrix with non negative entries, the matrix is certainly
X7 w,

positive semidefinite. Thus we have shown that (X, P, W;, W5) is indeed feasible to (4.9).

To conclude the proof, we note that

b |2

(Te(LELT) + Te(RER")) = L(Ty(LTLE) + Tr(RTRY))

(Te(Wh) + Tr(Wa)) = .

N2 N2

(Tr(2) + T (%)) = [ X,
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thus (X, P, W}, W,) achieves the same objective value in (4.9) as (X, P) achieves in (4.6).
|

In general, an optimal solution to (4.9) will have P ¢ P,. We briefly note that to ob-
tain a stronger convex relaxation, one could leverage eigenvector disjunctions [16, 127] to
iteratively cut off solutions to (4.9) with P ¢ P, and form increasingly tighter disjunctive

approximations to the set Py.

4.5 Mixed-Projection ADMM

In this section, we present an alternating direction method of multipliers (ADMM) algorithm
that is scalable and obtains high quality solutions for (4.8) and we investigate its convergence
properties. Rather than forming the augmented Lagrangian directly for (4.8), we first modify
our problem formulation by introducing a dummy variable Z € R"** that is an identical
copy of U. Additionally, rather than directly enforcing the constraint P € P, we introduce
an indicator function penalty Ip, (P) into the objective function where Iy(z) =0 if x € X,

otherwise Iy(x) = oco. Explicitly, we consider the following problem:

min 3 (UVT)y A XY~ PYY) 4 20+ (V) + 1, (P)
‘}eRka77 (7’7.7)69

PeR'I’L Xn

s.t. (In—P)UZOHXk, U—ZZOnXk.
(4.10)

It is trivial to see that (4.10) is equivalent to (4.8). We will see in this section that working
with formulation (4.10) leads to an ADMM algorithm with favorable decomposition prop-
erties. Introducing dual variables ®, ¥ € R™** for the constraints (I, — P)U = 0,,»; and

U — Z = 0,,,;, respectively, the augmented Lagrangian £ for (4.10) is given by:
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LYNU,V,P,Z, & V) = (UVT");; — Ay)? + AT (Y (I, — P)Y)
(i) €92

+ (UL + V) + Tp, (P) + TH(@" (I, ~ P)Z)

S

(4.11)
+Tr(¥T(Z -U —i——pl I—F’ZQ—f——p2 Z -U|?

where py, po > 0 are non-negative penalty parameters. In what follows, we show that per-
forming a partial minimization of the augmented Lagrangian (4.11) over each of the primal
variables U,V , P, Z yields a subproblem that can be solved efficiently. We present each
subproblem and investigate the complexity of computing the corresponding subproblem so-

lutions.

4.5.1 Subproblem in U

First, suppose we fix variables V', P, Z, ®, ¥ and seek to minimize £LA(U,V,P,Z,®, )

over U. Eliminating terms that do not depend on U, the resulting subproblem is given by
. g P2

min »  (UVT); - Ay)* + U5 - T(®70) + 512 - U (4.12)

UeRnxk
(1,5)€Q

We now have the following result:

Proposition 39 The optimal solution U for (4.12) is given by
[ji,* = [QVTVVzV + ('7 + p2>Ik]71[2VTVViAi,* + \Iji,* + pQZi,*]7 (413>

for each i € {1,...,n} where each W; € R™*™ is a diagonal matriz satisfying (W;);; = 1
if (i,5) € Q, otherwise (W;);; = 0. Here, the column vectors U, € RF A;, € R™ ¥, €
R* Z;, € R* denote the i row of the matrices U, A, ¥, Z respectively, where the unknown

entries of A are taken to be 0.
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Proof Let f(U) denote the objective function of (4.12). With {W;}!, defined as in

Proposition 39, observe that we can write f(U) as

fU) =Y IWiVUis = Al + 5 D IUall3 = Y WU+ 5 Y 11 = Uil
i=1 i=1 i=1 =1

- Y p2 -
=>. {vaz-(VUi,* = A3 + SNVl = VUi + 112 Ui,*||§] =>_a(U),
i=1 =1

where we define ¢;(U) = |W;(V U, — Ai) |3 + N Uixl

% - \I/g:*Ui’* + %HZZ’* — Uz,*”% Thus,
we have shown that f(U) is separable over the rows of the matrix U. Each function g;(U)
is a (strongly) convex quadratic. Thus, we can minimize g;(U) by setting its gradient to 0.

For any fixed row i € {1,...,n}, we can differentiate and obtain
vUi,*gi<U> = 2VTVV1‘(VUZ;* - Ai*) +Wis — Vs — pQ(Zi,* - Ui,*)-

By equating the gradient Vy;, , g;(U) to 0 and rearranging, we obtain that the optimal vector

Ui« is given by (4.13). This completes the proof. [

Observe that since the matrix VI W,V is positive semidefinite and «y+ p; > 0, the matrix
inverse [2VI W,V +(y+p2)I;,] ! is well defined for all i € {1,...,n}. Computing the optimal
solution to (4.12) requires computing n different k& x k& matrix inverses (where in general
k < min{m,n}). Computing a single k X k matrix inverse requires O(k?*) time and forming
the matrix product VIW;V requires O(k*m) time for a given i. Thus, the complexity of
computing the optimal solution for a single column is O(k3+ k*m). Notice that each column
of U can be computed independently of the other columns. We leverage this observation
by developing a multi-threaded implementation of the algorithm presented in this section.
Letting w denote the number of compute threads available, computing the optimal solution

min{w,n}

U of (4.12) requires O <M> time (the term min{w,n} in the denominator reflects that

fact that increasing the number of available compute threads beyond the number of columns
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of U does not yield additional reduction in compute complexity).

4.5.2 Subproblem in V

Now, suppose we fix variables U, P, Z,®, ¥ and seek to minimize £4(U,V,P,Z,®, ¥)

over V. Eliminating terms that do not depend on V', the resulting subproblem is given by
. Y

min Y (UV7"); — Ay)* + SIVIE (4.14)

VeRmxk
(6,)€Q

We now have the following result:

Proposition 40 The optimal solution V' for (4.14) is given by
Vie = [2U"W,U + 1] '2UTW;A, ], (4.15)

for each j € {1,...,m} where each W; € R"*" is a diagonal matriz satisfying (W;); =1 if
(i,7) € Q, otherwise (W;); = 0. Here, the column vector V;, € R¥ denotes the j* row of V
while the column vector A, ; € R" denotes the j™ column of A where the unknown entries

of A are taken to be 0.

Proof This proof follows the proof of Proposition 39. Let f(V') denote the objective
function of (4.14). With {W;}7, defined as in Proposition 40, observe that we can write
f(V) as

- v

> IWY. — A+ Zuvj*uz

> [HW Vie = A)IE + ||v;,*||§} —Y (v
=1 j=1

where we define ¢;(V) = |W;(UV;. — A, ;)|I3 + 2||V;«|3. Thus, we have shown that f(V)

is separable over the rows of the matrix V. Each function ¢;(V) is a (strongly) convex

quadratic. Thus, we can minimize g;(V') by setting its gradient to 0. For any fixed row
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j€{1,...,m}, we can differentiate and obtain
Vv,.9i(V) =2U" WUV, — Aj) + Vs

By equating the gradient Vy,  g;(V') to 0 and rearranging, we obtain that the optimal vector

Ui« is given by (4.15). This completes the proof. |

Observe that since the matrix U W,U is positive semidefinite and v > 0, the matrix
inverse 2UTW,U + vI;;]~! is well defined for all j € {1,...,m}. Computing the optimal
solution to (4.14) requires computing m different k X k matrix inverses. Forming the matrix
product U WU requires O(k*n) time for a given j. Thus, the complexity of computing the
optimal solution for a single column is O(k® + k?n). Notice that, similarly to the solution of
(4.12), each column of V' can be computed independently of the other columns. As before, we
leverage this observation in our multi-threaded implementation of the algorithm presented
in this section. Letting w denote the number of compute threads available, computing the
optimal solution V' of (4.14) requires O(%) time.

The optimal solution V to (4.14) reveals that the Frobenius norm regularization term
on V in (4.8) (which emerges from the nuclear norm regularization term on X in (4.1)) has
computational benefits. Indeed, if we had v = 0, it is possible that the matrix UTW;U
be singular at certain iterates of our ADMM algorithm, in which case the corresponding
matrix inverse would be undefined. This observation is in keeping with several recent works
in the statistics, machine learning and operations research literatures where the presence of

a regularization penalty in the objective function yields improved out of sample performance

as well as benefits in computational tractability (see for example [15, 18, 20, 24, 27]).
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4.5.3 Subproblem in P

Now, suppose we fix variables U,V , Z, ®, ¥ and seek to minimize £L4(U,V,P,Z,®, )

over P. Eliminating terms that do not depend on P, the resulting subproblem is given by

min ~ATH(YTPY) — Te(@TPZ) + %H(In ~P)Z|% st. P’=P, Te(P) <k (4.16)

PeST

We now have the following result:

Proposition 41 Let MXM7" be a rank k truncated singular value decomposition for the
matrix given by:
1
()\YYT + %ZZT +5(@2"+ Z@T)),
where & € RF*k M € R™* MTM = I,.The optimal solution P for (4.16) is given by
P=MMT".
Proof Let f(P) denote the objective function of (4.16). Observe that for any P that is

feasible to (4.16), we can write f(P) as:

f(P) = —ATx(YTPY) — To(®TPZ) + %H(In —P)Z|%
= —ATH(YYTP) - Te(Z®"P) + %Tr(ZZT(In —P)

- %Tr(ZZT) —OYYT + ZeT + %ZZT, P).

Thus, it is immediately clear that a solution will be optimal to (4.16) if and only if it is

optimal to the problem given by:

max(C,P) st. P?>=P, Tr(P) <k, (4.17)

Pest

where we define the matrix C € R"™" as C = \YY 7+ Z®"+2ZZ". Let C = J(C+C7)

denote the symmetric part of C'. Observe that for any symmetric matrix P, we can consider
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(C, P) in place of (C, P) since we have

= Z Z PijCzy Z Pzzsz + Z Z H] C’Lj + C]z

=1 j=1 i=1 j=i+1

= Z-Puou +QZ Z P’L]Cl] ZZPLJOZJ = <C’, P>

i=1 j=i+1 =1 j=1

Let C = MXMT be a full singular value decomposition of C with M, ¥ € R™" MTM =
MM?" = I,. The matrix ¥ is the diagonal matrix of (ordered) singular values of C and
we let o; denote the i singular value. Any feasible matrix P to (4.17) can be written as
P = LL" where L € R™* LTL = I;. Thus, for any P feasible to (4.17) we express the

objective value as:

(C,P) = Tt (MSMTLLT) = Te(S(MTLLTM)) = Z il (MTL),., |2

=1

Let N = MTL € R™*. Note that we have N'N = L"TMM?"L = L"L = I,, which
implies that the columns of IN are orthonormal. This immediately implies that we have

N N;. = [(M"L);,||3 < 1. Moreover, we have
n k k n k
SULTEINEED SIVATED 3 SITED ) ST WS
i=1 j=1 j=1 i=1 j=1
We can therefore upper bound the optimal objective value of (4.17) as
n k
(C.P)=) a(M"L)i.|5<) o
i=1 i=1
To conclude the proof, notice that by taking P = M M7 where M € R™* is the matrix
that consists of the first & columns of M we can achieve the upper bound on (4.17):
k

(C,P) =Te(MEM"MM") = Tx(M"MSM"M) =) o,

=1
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To compute the optimal solution of (4.16), we need to compute a rank k singular value
decomposition of the matrix C = (AYY? + £ZZ7 4+ L(®Z" + Z®")) which requires
O(kn?) time since C' € R™". Moreover, explicitly forming the matrix C in memory from
its constituent matrices Y, Z, ® requires O(n?(d + k)) operations. Thus, naively computing
the optimal solution to (4.16) has complexity O(n?(d + k)) where the bottleneck operation
from a complexity standpoint is explicitly forming the matrix C.

Fortunately, it is possible to compute the optimal solution to (4.16) more efficiently.
Observe that we can equivalently express the matrix C as C = F\F] where F|, F, €

R (d+3k) are defined as

F1=<ﬁY VEZ | \Jie \@Z)
(v | vez | iz | Vie)

Computing a truncated singular value decomposition requires only computing repeated ma-
trix vector products. Therefore, rather than explicitly forming the matrix C in memory at
a cost of O(n*(d + k)) operations, in our implementation we design a custom matrix class
where matrix vector products between C and arbitrary vectors & € R"™ are computed by
first evaluating the matrix vector product v = FJx and subsequently evaluating the matrix
vector product Cx = Fiv. In so doing, we can evaluate matrix vector products Cx in
O(n(d + k)) time rather than O(n?) time (in general, we will have d + k < n). Computing
a truncated singular value decomposition of C with this methodology of evaluating matrix
vector products requires only O(k*n + knd) operations. Thus, our custom matrix class im-
plementation avoids needing to explicitly for C in memory and allows the optimal solution

to (4.16) to be computed in O(k*n + knd) time.
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4.5.4 Subproblem in Z

Now, suppose we fix variables U,V , P, ® ¥ and seek to minimize £L4(U,V,P,Z,®, )

over Z. Eliminating terms that do not depend on Z, the resulting subproblem is given by

min Te(®7 (I, — P)Z) + Tr(¥7Z) + %H(In _P)Z|% + %Hz _UE (418)

ZcRnxk

We now have the following result:

Proposition 42 The optimal solution Z for (4.18) is given by

z-_ ! (In+ﬂp) <,02U— (I, — P)® —\If)

- <p2U—<I>+P<I>—\I:+p1PU—ﬂP\II>.
p1+ P2 P2

Proof Let f(Z) denote the objective function of (4.18). The function f(Z) is a convex
quadratic, thus it can be minimized by setting its gradient to 0. Differentiating f(Z), we

obtain:
V2f(Z)= (I, = P)'®+ ¥ + py(I, — P)"(I, - P)Z + pso(Z ~ V).

Moreover, for any matrix P for which the augmented Lagrangian (4.11) takes finite value,
we will have P € P, which implies that P = P and P? = P. We can therefore simplify
Vzf(Z) as:

Vzf(Z)=(I,—P)®+ ¥ +p(I,— P)Z + p:(Z - U).

By equating the gradient Vzf(Z) to 0 and rearranging, we obtain that the optimal matrix
Z is given by:

Z = (,01([” _P)+ ngn> - (ng (I, - P)® — \11>
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To conclude the proof, it remains to show that (p1 (I, — P)+ ngn)_l = plim (In + Z—;P).

Let P = MM7 where M € R™* MTM = I,. Such a matrix M is guaranteed to exist
for any P € Pj. We have

pr(I, = P)+ poI,, = pi (I, = MM™) + po 1,

= (p1 + po) I, + M(—p,I,)M"

1 1 1 1. \"
= I, - 2M( M"M — —Ik> 7
p1+ p2 (p1+ p2) p1+ p2 p1
1 1 -
_ I, - 2M( pl(p1+p2)1k>MT
p1+ P2 (p1+ p2) P2
1
= (In + &P>7
p1+ P2 P2

where the third equality follows from the Woodbury matrix inversion lemma (see [117], Sec-

tion 3.2.2). As a sanity check, one can verify that the product of (pl(In —P)+ ngn) and

1
p1+p2

(I, + Z—;P) is indeed the n dimensional identity matrix. [

Evaluating the optimal solution to (4.18) requires only matrix-matrix multiplications.
Computing the products of P®, PU, PW¥ in the definition of Z from (4.19) requires O(kn?)
operations. Thus, the naive cost of forming Z is O(kn?). However, notice that if we had
a factored representation of the matrix P as P = M M7 with M € R™*, for any matrix
R ¢ R™* we could compute matrix-matrix products PR by first computing S = MTR
and thereafter computing PR = M S for a total complexity of O(k?n). One might object
that this ignores the time required to compute such a matrix M. However, observe that in
computing a matrix P that is optimal to (4.16), we in fact must already generate such a
matrix M (see proposition 41). In fact, in our implementation we never explicitly form a
n X n matrix P as it suffices to only store a copy of its low rank factorization matrix M.

Thus, the optimal solution to (4.18) can be evaluated in O(k?n) time.
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4.5.5 An ADMM Algorithm

Having illustrated that the partial minimization of the Lagrangian (4.11) across each of the
primal variables (Problems (4.12), (4.14), (4.16), (4.18)) can be solved efficiently, we can

now present the overall approach Algorithm 5.

Algorithm 5: Mixed-Projection ADMM
Data: n,m,k € Z*,Q C [n] x [m], {Ai;} i e, A,y € RT. Tolerance parameter
e > 0. Maximum iteration parameter 7' € Z*
Result: (U, V, P) that is feasible to (4.8).
(Uy, Py, Vi, Zy) + (LX2, LLT, R®2, LX?) where LR is a rank k truncated SVD
of A and missing entries are filled in with 0;
(@0, ‘I’O) <~ (]—nxka ]-n><k)7
t <+ 0;
while t < T and max{||(I,, — P,) Z;||%, || Z; — Uy||%} > € do
(Uty1, Piy1) < argming p LAU,V, P, Z,, ®,,¥,);
(Vi41, Ziy1) + argminy, LAU 1,V Py, Z,®,,0,);
D — D+ pi(I — Piya)Zya;
Wi <~ W+ pa(Ziy1 — Uppa);
t+—1t+1;
end
return (U, V,, P,)

We initialize primal iterates Uy = Z, = LE%7P0 = LL" )V, = RY5 where LYR
denotes a rank k truncated singular value decomposition of A (the missing entries of A
are filled in with 0s) and we initialize dual iterates ®y = Wy = 1,.. Observe that the
subproblems (4.12) and (4.16) can be solved simultaneously. Similarly, the subprobems
(4.14) and (4.18) can be solved simultaneously. At each iteration of Algorithm 5, we first
update the iterates Uiy, Piy1 by solving problems (4.12) and (4.16) with (V;, Z;, &, ¥,)
fixed. Next, we update the iterates Vi1, Z;11 by solving problems (4.14) and (4.18) with
(Uis1, Piy1, B4, W) fixed. Finally, we update the dual iterates ®, ¥ by taking a gradient
ascent step. The gradients of the augmented Lagrangian (4.11) with respect to ® and W are
given by the primal residuals (I, — P,y1)Z; 1 and Z;,1 — Uy respectively. We use p; and

po respectively as the step size. We proceed until the squared norm of each primal residual
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is below a numerical tolerance parameter € or until we reach an input maximum number of

iterations T'. We know have the following result:

Proposition 43 Assume that the number of compute threads w is less than min{n, m}. The

per iteration complexity of Algorithm 5 is O(kzn + knd + M)

w

Proof The result follows from the complexity analysis of problems (4.12), (4.14), (4.16)

and (4.18). |

Having presented Algorithm 5 in extensive detail, it is natural to consider what types of
guarantees can be made on the final output solution (Ur, Vi, Pr). We explore this in the

following theorem:

Theorem 44 Let {(U;, V;, Py, Z;, ®;, W,)} denote a sequence generated by Algorithm 5 (as-
suming we allow Algorithm 5 to iterate indefinitely). Suppose the dual variable sequence

{(®y, ¥y)} is bounded and satisfies

o0

(@111 — @47 + | @111 — ©][7) < oo (4.20)
t=0
Let (U,V,P,Z,® W) denote any accumulation point of {(U,, Vi, P, Z,, ®,,W,)}. If the
set of k leading eigenvectors of the matriz [N\YYT + %(CTJZT + Z®T)| is the same as the
set of k leading eigenvectors of the matriz ZZ", then (U,V,P,Z,®, W) satisfies the first

order optimality conditions for (4.10).

Proof We leverage a proof technique similar to the technique used to establish Theorem 2.1
from [147]. Note that from (4.20), we immediately have ®;,1 — ®; — 0 and ¥, ; — ¥; — 0.
We will first show that we also have Uy, —U; — 0,V;,1 — V;, - 0 and Z;,,; — Z; — 0.
Let LAU;V,P,Z,® ¥) denote the augmented Lagrangian (4.11) viewed as a func-
tion of U. Notice that LA(U;V, P, Z,®,¥) — 2£2|U||% is a convex function, which im-

plies that £LA(U; V, P, Z,®, W) is a strongly convex function of U with parameter v + py.
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Similarly, £A(V;U, P, Z,®, W) is a strongly convex function of V' with parameter v and
LAZ,; U,V ,P,®,¥) is a strongly convex function of Z with parameter p,. By strong

convexity, we know that for any matrices U, AU,V , P, Z, ®, ¥ we have

LAU + AU) - LAU) > (Vo LY (U), AU) + (v + po) | AU I3, (4.21)

where the shorthand notation £4(U) is understood to denote the augmented Lagrangian
(4.11) viewed as a function only of U with the other variables held fixed. Letting U =
U,,1,AU = U, — Uy, 1, and noting that (VyLA(Uyy1), AU) > 0 since Uy,; minimizes
LAU) at iteration t, from (4.21) we have LA(U;) — LA(U1) > (v + p2)|Us — Ui ||%.
Similarly, we have £LA(V;) — LA(Vi41) > Y||Vi — Visil|% and LAZ,) — LA Zi1) > po| Z: —
Z,1||%. Moreover, since P,,; minimizes £4(P) at iteration ¢, we have £LA(P;) — LA(P,,,) >
0. Observe that we can express the difference in the value of the augmented Lagrangian

between iteration ¢ and iteration ¢ 4+ 1 as

£A(Ut7 Vlé? ‘PtJ Zt) - EA(Ut-‘rh W-ﬁ-la -Pt-l-la Zt+1) -
LA, = LY Upa) + LYV) = LY Vi) + LYPR) — LY(Piya)

+ LYNZ) — LY Zyy) + LYD®)) — LY Prn) + LYW, — LA(T).
(4.22)

Recognizing that we have £L4(®;) — LA(®yy1) = —p1||®r — Pri]|%, LAP,) — LA(T,y) =

—pa|| ¥, — W, 1|4, (4.22) implies that

LUV, Py, Zy) — LYUiia, Vier, Pty Ziegr) >
(v + p)U: = U7 + Vi = Vi3 + 021l Z: — Zisa |17 (4.23)

— 01| @ — a7 — pol ¥ — Wy |7

We claim that the augmented Lagrangian is bounded from below. To see this, note that £4
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can equivalently be written as
LNU,V,P,Z,®,¥) = (UV"); — Ay + ML, — P)Y )%

7 p P
+ 5 (U + V1) +Ip, (P) + 31”(1” _P)Z+ E”% (4.24)

P2 v 1 2 1 2
+=Z-U+—|7— D% + vz,
u gl

and recall that by assumption the dual variables ® and ¥ are bounded. Thus, the bounded-

ness of £ coupled with summing (4.23) over ¢ implies that

a(lU: = Uil + Ve = Viallp + 1122 — Zeaa |17

WMg

(e~

(4.25)

o[ ®¢ — Boalli + ¥ — T [[}) < oo,
t=0

where ¢; = min{~, po} and ¢y = max{p;, p2}. By assumption, the second term of (4.25) is
finite which implies that the first term must also be finite. This immediately implies that
U, —-U -0,V —V,—0and Z;,1 — Z; — 0 as desired.

We are now ready to prove the main result of the theorem. The (unaugmented) La-

grangian £ for (4.10) is given by

LU, V,P.Z®¥)= Y (UV");— A+ \Tx(Y'(I, - P)Y)
(i,§) €N (4.26)

+ 5 (IUIE +IVIE) +Ip, (P) + Te(®" (I, — P)Z) + Te(®'(Z —U)).

|2
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The corresponding first order optimality conditions can be expressed as

2VIW,V + LU, = 2VIW, A, + 0, i € [n], (4.27a)
RUTW,U + IV, = 2U"W,A,; j € [m], (4.27D)

1
P = MM"where MXM" is a rank k SVD of \YY ' + 5(q>ZT +Z®T),  (4.27¢c)

®+ V=P, (4.27d)
Z=PZ, (4.27¢)
Z=U, (4.27f)

where the diagonal matrices W;, W; are defined as in Propositions 39 and 40 respectively.
Let (U,V,P,Z,® ¥) denote any limit point of {(U,, V;, P, Z;, ®;,¥,)}. Recalling the
Algorithm 5 updates for ® and ¥, the conditions ®;,; — ¢, — 0 and ¥;,; — ¥, — 0
imply that (4.27e) and (4.27f) hold at (U, V, P, Z,®, ¥). Moreover, when (4.27f) holds the
Algorithm 5 update for U given by Proposition 39 reduces to (4.27a) while the update for
V given by Proposition 40 enforces (4.27b). From the proof of Propsition (42), we know

that Algorithm 5 updates Z to satisfy the following
(pl(In ~P)+ ngn)Z - (ng (I, - P)® — \I:) (4.28)

Since (4.27e) and (4.27f) hold, (4.28) immediately implies (4.27d) is satisfied by (U, V, P, Z, ®, ¥).
It remains to verify that (U, V, P, Z, ®, W) satisfies (4.27c). By Proposition 41, we know
that we have P = LLT where LY LT is a rank k truncated SVD of the matrix [\Y Y7 +
BZZ7 + L(®ZT + ZPT)]. If the set of k leading eigenvectors of the matrix ZZ7 is the
same as the set of k leading eigenvectors of \Y Y7+ 2(®Z7 + Z®T)], it follows immediately
that LY LT will be a rank k SVD of \YY” + L(®Z7 + Z®")] for some diagonal matrix

/. Thus, in this setting, (U, V, P, Z, ®, ¥) satisfies (4.27c). this completes the proof.
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In words, Theorem 44 states that if the sequence of dual variable iterates produced by
Algorithm 5 is bounded and the primal residuals converge to zero quickly enough (specifically,
it is required that the norm of successive dual variable differences is summable), then any
accumulation point (U,V, P, Z,®,¥) of the sequence of iterates produced by Algorithm
5 satisfies the first order optimality conditions of (4.10) if the rank & approximation of the
matrix [(\YY7T + %(@ZT + Z®T)] shares the same column space as the matrix Z. We note
that this condition can only be verified upon termination of Algorithm 5 since it depends on
the algorithm output in addition to the problem data. Accordingly, Theorem 44 provides an
a posteriori convergence result. We note that this condition was satisfied in our numerical

experiments.

4.6 Computational Results

We evaluate the performance of Algorithm 5 implemented in Julia 1.7.3. Throughout, we fix
p1 = p2 = 10, set the maximum number of iterations 7" = 20 and set the number of compute
threads w = 24. Note that given the novelty of Problem (4.1), there are no pre-existing
specialized methods to benchmark against. Accordingly, we compare the performance of
Algorithm 5 against well studied methods for the very closely related MC problem as well
as a highly performant generic method for low rank matrix optimization problems. The MC
methods we consider are Fast-Impute [26], Soft-Impute [105] and Iterative-SVD [136] which
we introduced formally in Section 4.2.1. We utilize the implementation of Fast-Impute made
publicly available by [26] while we use the implementation of Soft-Impute and Iterative-SVD
from the python package fancyimpute 0.7.0 [125]. The matrix optimization method we con-
sider is ScaledGD (scaled gradient descent) [133] which we introduced formally in Section
4.2.2 and implement ourselves. We perform experiments using both synthetic data and real
world data on MIT’s Supercloud Cluster [123], which hosts Intel Xeon Platinum 8260 proces-

sors. To bridge the gap between theory and practice, we have made our code freely available

188



on GitHub at https://github.com/NicholasJohnson2020/LearningLowRankMatrices.

To evaluate the performance of Algorithm 5, Fast-Impute, Soft-Impute, Iterative-SVD
and ScaledGD on synthetic data, we consider the objective value achieved by a returned
solution in (4.1), the ¢5 reconstruction error between a returned solution and the ground
truth, the coefficient of determination (R?) when the returned solution is used as a predictor
for the side information, the numerical rank of a returned solution and the execution time of
each algorithm. Explicitly, let X € R™™ denote the solution returned by a given method
(where we define X = UVT if the method outputs low rank factors U, V') and let A" ¢
R"™*™ denote the ground truth matrix. We define the the ¢5 reconstruction error of X as

|X _ Atrue”%
| Afrue|| 3

ERR,,(X) =

We compute the numerical rank of X by calling the default rank function from the Julia

LinearAlgebra package. We aim to answer the following questions:

1. How does the performance of Algorithm 5 compare to existing methods such as Fast-

Impute, Soft-Impute, Iterative-SVD and ScaledGD on synthetic and real world data?

2. How is the performance of Algorithm 5 affected by the number of rows n, the number
of columns m, the dimension of the side information d and the underlying rank £ of

the ground truth?
3. Empirically, which subproblem solution update is the computational bottleneck of

Algorithm 57

4.6.1 Synthetic Data Generation

To generate synthetic data, we specify a number of rows n € Z,, a number of columns
m € Z,, a desired rank k € Z, with £k < min{n, m}, the dimension of the side information

d € Z., a fraction of missing values a € (0,1) and a noise parameter ¢ € R that controls
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the signal to noise ratio. We sample matrices U € R™* V € R™** 3 ¢ R™*? by drawing
each entry U;;,Vi;, B;; independently from the uniform distribution on the interval [0, 1].
Furthermore, we sample a noise matrix N € R"*¢ by drawing each entry N;; independently
from the univariate normal distribution with mean 0 and variance o2. We let A = UV7T
and we let Y = AB + N. Lastly, we sample |« - n - m| indices uniformly at random from
the collection Z = {(i,j) : 1 < i < n,1 < j < m} to be the set of missing indices, which
we denote by I'. The set of revealed entries can then be defined as = Z \ I'. We fix
a = 0.9, 0 = 2 throughout our experiments and report numerical results for various different

combinations of (n,m,d, k).

4.6.2 Sensitivity to Row Dimension

We present a comparison of Algorithm 5 with ScaledGD, Fast-Impute, Soft-Impute and
Iterative-SVD as we vary the number of rows n. In these experiments, we fixed m = 100, k =
5, and d = 150 across all trials. We varied n € {100,200, 400,800, 1000, 2000, 5000, 10000}
and we performed 20 trials for each value of n. For ScaledGD, we set the step size to be
n= m where 01(A) denotes the largest singular value of the input matrix A where we

fill the unobserved entries with the value 0. Letting f(U, Vi) denote the objective value

achieved after iteration ¢ of ScaledGD, we terminate ScaledGD when either ¢ > 1000 or

fUs—1,Vie1)—f(Us,

O Vi Vi) <1073, In words, we terminate ScaledGD after 1000 iterations or after

the relative objective value improvement between two iterations is less than 0.1%.

We report the objective value, ¢, reconstruction error, side information R? and execution
time for Algorithm 5, Fast-Impute, Soft-Impute and Iterative-SVD in Figure 4.1. We addi-
tionally report the objective value, reconstruction error, side information R? and execution
time for ScaledGD, Algorithm 5, Fast-Impute, Soft-Impute and Iterative-SVD in Tables 4.1,
4.2, 4.3 and 4.4 of Section 4.8. In Figure 4.2, we plot the average cumulative time spent
solving subproblems (4.12), (4.14), (4.16), (4.18) during the execution of Algorithm 5 versus

n. Our main findings from this set of experiments are:
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Figure 4.1: Objective value (top left), {5 reconstruction error (top right), side information R?
(bottom left) and execution time (bottom right) versus n with m = 100,k = 5 and d = 150.
Averaged over 20 trials for each parameter configuration.

1. Algorithm 5 systematically produces higher quality solutions than ScaledGD, Fast-

Impute, Soft-Impute and Iterative-SVD (see Table 4.1), sometimes achieving an ob-

jective value that is an order of magnitude superior than the next best method. On

average, Algorithm 5 outputs a solution whose objective value is 86% lesser than the

objective value achieved by the best performing alternative method (Fast-Impute). We

remind the reader that Fast-Impute, Soft-Impute and Iterative-SVD are methods de-

signed for the generic MC problem and are not custom built to solve (4.1) so it should

not come as a surprise that Algorithm 5 significantly outperforms these 3 methods in

terms of objective value. ScaledGD however has explicit knowledge of the objective
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function of (4.1) along with its gradient, yet surprisingly produces the weakest average
objective value across these experiments. We note that we use the default hyperpa-
rameters for ScaledGD recommended by the authors of this method [133]. We observe
that the objective value achieved by all methods increases linearly as the number of

rows n increases.

. In terms of /5 reconstruction error, Algorithm 5 again systematically produces solutions
that are of higher quality than ScaledGD, Fast-Impute, Soft-Impute and Iterative-SVD
(see Table 4.2), often achieving an error that is an order of magnitude superior than the
next best method. On average, Algorithm 5 outputs a solution whose /5 reconstruc-
tion error is 92% lesser than the reconstruction error achieved by the best performing
alternative method (Soft-Impute in all but one parameter configuration). This is espe-
cially noteworthy since Algorithm 5 is not designed explicitly with reconstruction error
minimization as the objective, unlike Fast-Impute and Soft-Impute, and suggests that
the side information Y is instrumental in recovering high quality low rank estimates

of the partially observed data matrix.

. With the exception of the experiments for which n = 100, Algorithm 5 always produced
solutions that achieved a superior R? value when used as a predictor for the side
information compared to Fast-Impute, Soft-Impute, Iterative-SVD and ScaledGD. This
observation supports the notion that encouraging that the reconstructed matrix is a
good linear predictor of the side information is instrumental in producing higher quality

estimates of the partially observed matrix.

. The runtime of Algorithm 5 is competitive with that of the other methods. The runtime
of Algorithm 5 is less than of Soft-Impute and Iterative-SVD but greater than that
of Fast-Impute. For experiments with n < 2000, Table 4.4 illustrates that ScaledGD
was the method with the fastest execution time (however as previously mentioned the

returned solutions were of low quality). The runtime of Algorithm 5, Fast-Impute,
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Soft-Impute and iterate SVD appear to grow linearly with n.

5. Figure 4.2 illustrates that the computation of the solution for (4.12) is the computa-
tional bottleneck in the execution of Algorithm 5 in this set of experiments, followed
next by the computation of the solution for (4.16). Empirically, we observe that the so-
lution time of (4.12), (4.14), (4.16) and (4.18) appear to scale linearly with the number
of rows n. This observation is consistent with the computational complexities derived

for each subproblem of Algorithm 5 in Section 4.5.
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Figure 4.2: Cumulative time spent solving each subproblem of Algorithm 5 versus n with
m = 100,k = 5 and d = 150. Averaged over 20 trials for each parameter configuration.
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4.6.3 Sensitivity to Column Dimension

Here, we present a comparison of Algorithm 5 with ScaledGD, Fast-Impute, Soft-Impute
and Iterative-SVD as we vary the number of columns m. We fixed n = 1000,k = 5, and

d = 150 across all trials. We varied m € {100, 200, 400, 800, 1000, 2000, 5000, 10000} and we

performed 20 trials for each value of m.
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Figure 4.3: Objective value (top left), ¢, reconstruction error (top right), fitted rank (bottom
left) and execution time (bottom right) versus m with n = 1000, £ = 5 and d = 150. Averaged
over 20 trials for each parameter configuration.

We report the objective value, {5 reconstruction error, fitted rank and execution time
for Algorithm 5, Fast-Impute and Soft-Impute in Figure 4.3. We additionally report the
objective value, reconstruction error and execution time for ScaledGD, Algorithm 5, Fast-

Impute, Soft-Impute and Iterative-SVD in Tables 4.5, 4.6 and 4.7 of Section 4.8. In Figure
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4.4, we plot the average cumulative time spent solving subproblems (4.12), (4.14), (4.16),
(4.18) during the execution of Algorithm 5 versus m. Our main findings from this set of

experiments are a follows:

1. Here again, Algorithm 5 systematically produces higher quality solutions than ScaledGD,
Fast-Impute, Soft-Impute and Iterative-SVD (see Table 4.5). On average, Algorithm 5
outputs a solution whose objective value is 62% lesser than the objective value achieved
by the best performing alternative method (Fast-Impute). Here again, ScaledGD pro-
duces the weakest average objective value across these experiments. We observe that
the objective value achieved by each method appears to increase super-linearly as the

number of columns m increases.

2. In terms of /5 reconstruction error, Algorithm 5 again systematically produces solutions
that are of higher quality than ScaledGD, Fast-Impute, Soft-Impute and Iterative-
SVD (see Table 4.6), often achieving an error that is an order of magnitude superior
than the next best method. On average, Algorithm 5 outputs a solution whose /¢y
reconstruction error is 90% lesser than the reconstruction error achieved by the best

performing alternative method (Soft-Impute in all but one parameter configuration).

3. We observe that the fitted rank of the solutions returned by Algorithm 5, ScaledGD
and Fast-Impute always matched the specified target rank as would be expected, but
surprisingly the solutions returned by Soft-Impute and Iterative-SVD were always of
full rank despite the fact that these methods were provided with the target rank ex-
plicitly. This is potentially due to a numerical issues in the computation of the rank

due to presence of extremely small singular values.

4. The runtime of Algorithm 5 exhibits the most favorable scaling behavior among the
methods tested in these experiments. For instances with m > 2000, Table 4.7 shows

that Algorithm 5 had the fastest runtime. For instances with m < 2000, ScaledGD
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had the fastest execution time but produced low quality solutions. The runtime of all

methods tested grow super-linearly with m.

5. Figure 4.4 illustrates that the computation of the solution for (4.12) and (4.14) are the
computational bottlenecks in the execution of Algorithm 5 in this set of experiments
while the computation of the solution for (4.18) and (4.16) appear to be a constant
function of m. This observation is consistent with the complexity analysis performed
for each subproblem of Algorithm 5 in Section 4.5. Indeed, this analysis indicated that
solve times for (4.18) and (4.16) are independent of m while the solve times for (4.12)

and (4.14) scale linearly with m when the number of threads w satisfies w < m.
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Figure 4.4: Cumulative time spent solving each subproblem of Algorithm 5 versus m with
n = 1000,k = 5 and d = 150. Averaged over 20 trials for each parameter configuration.

196



4.6.4 Sensitivity to Side Information Dimension

We present a comparison of Algorithm 5 with ScaledGD, Fast-Impute, Soft-Impute and
Iterative-SVD as we vary the dimension of the side information d. In these experiments, we
fixed n = 1000, m = 100 and k = 5 across all trials. We varied d € {10, 50, 100, 150, 200, 250, 500, 1000}

and we performed 20 trials for each value of d.

Objective Value L2 Reconstruction Error
700000 0251
—— Algorithm 5
6000001 fastimpute
5000001 — softlmpute ) 0.201
] SVD m
— =
S 400000 A . 0.151
15 Q
Z 2
3 3000001 £ 0.10- v \
g 3
© 200000 [~
N
— 0.05 1
100000 1
0+ 0.00 1
0 200 400 600 800 1000 0 200 400 600 800 1000
d d
Side Information R2 500 Execution Time (ms)

0.975 1
450+

 0.950

0.850 1

0.825 1 /\/\—"/ 200

0 200 400 600 800 1000 0 200 400 600 800 1000
d d

i
)
]
G

3
(=3
(=}

Execution Time (ms)
(98]
W
S

Side Information R’
=)
o0 o)
3 3
& 3

N
D
(=}

Figure 4.5: Objective value (top left), {5 reconstruction error (top right), side information
R? (bottom left) and execution time (bottom right) versus d with n = 1000, m = 100 and
k = 5. Averaged over 20 trials for each parameter configuration.

We report the objective value, £, reconstruction error, side information R? and execution
time for Algorithm 5, Fast-Impute, Soft-Impute and Iterative-SVD in Figure 4.5. We addi-
tionally report the objective value, reconstruction error, side information R? and execution

time for ScaledGD, Algorithm 5, Fast-Impute, Soft-Impute and Iterative-SVD in Tables 4.8,
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4.9, 4.10 and 4.11 of Section 4.8. In Figure 4.6, we plot the average cumulative time spent
solving subproblems (4.12), (4.14), (4.16), (4.18) during the execution of Algorithm 5 versus

d. Our main findings from this set of experiments are:

1. Just as in Sections 4.6.2 and 4.6.3, Algorithm 5 systematically produces higher quality
solutions than ScaledGD, Fast-Impute, Soft-Impute and Iterative-SVD (see Table 4.8).
On average, Algorithm 5 outputs a solution whose objective value is 85% lesser than
the objective value achieved by the best performing alternative method (Fast-Impute).
ScaledGD produces the weakest average objective value across these experiments. The
objective value achieved by each method appears to increase linearly as the dimension

d of the side information increases.

2. In terms of ¢y reconstruction error, just as in Sections 4.6.2 and 4.6.3 Algorithm 5 pro-
duces solutions that are of higher quality than ScaledGD, Fast-Impute, Soft-Impute
and Iterative-SVD (see Table 4.9), often achieving an error that is an order of magni-
tude superior than the next best method. On average, Algorithm 5 outputs a solution
whose #5 reconstruction error is 93% lesser than the reconstruction error achieved by
the best performing alternative method (Soft-Impute). The performance of Algorithm
5 improves as d increases, consistent with the intuition that recovering the partially

observed matrix A becomes easier as more side information becomes available.

3. Here, Algorithm 5 always produced solutions that achieved a strictly greater R? value
when used as a predictor for the side information compared to the benchmark methods.

The R? achieved by each method is roughly constant as the value of d increases.

4. The runtime of Algorithm 5 is competitive with that of the other methods. The runtime
of Algorithm 5 is less than of Soft-Impute and Iterative-SVD but greater than that of
Fast-Impute. Table 4.11 illustrates that ScaledGD was the fastest performing method,
however its solutions were of the lowest quality. The runtime of Algorithm 5 and

ScaledGD grows with d while Fast-Impute, Soft-Impute and iterate SVD are constant
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with d which should be expected as these methods do not act on the side information

matrix Y.

5. Figure 4.6 illustrates that the computation of the solution for (4.16) is the computa-
tional bottleneck in the execution of Algorithm 5 in this set of experiments, followed
next by the computation of the solution to (4.12). The solution times for (4.12), (4.14)
and (4.18) appear constant as a function of d. This is consistent with the complexity
analysis from Section 4.5 which found that the solve time for (4.16) is linear in d while

the solve time for the 3 other subproblems are independent of d.
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Figure 4.6: Cumulative time spent solving each subproblem of Algorithm 5 versus d with
n = 1000, m = 100 and k& = 5. Averaged over 20 trials for each parameter configuration.
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4.6.5 Sensitivity to Target Rank

We present a comparison of Algorithm 5 with ScaledGD, Fast-Impute, Soft-Impute and
Iterative-SVD as we vary the rank of the underlying matrix k. In these experiments, we fixed
n = 1000, m = 100 and d = 150 across all trials. We varied & € {5, 10, 15, 20, 25, 30, 35,40}

and we performed 20 trials for each value of d.
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Figure 4.7: Objective value (top left), ¢, reconstruction error (top right), fitted rank (bottom
left) and execution time (bottom right) versus k& with n = 1000, m = 100 and d = 150.
Averaged over 20 trials for each parameter configuration.

We report the objective value, ¢5 reconstruction error, fitted rank and execution time for
Algorithm 5, Fast-Impute, Soft-Impute and Iterative-SVD in Figure 4.7. We additionally
report the objective value, reconstruction error and execution time for ScaledGD, Algorithm

5, Fast-Impute, Soft-Impute and Iterative-SVD in Tables 4.12, 4.13 and 4.14 of Section 4.8.
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In Figure 4.8, we plot the average cumulative time spent solving subproblems (4.12), (4.14),

(4.16), (4.18) during the execution of Algorithm 5 versus k. Our main findings from this set

of experiments are as follows:

1.

Unlike in Sections 4.6.2, 4.6.3 and 4.6.4, Algorithm 5 only produced higher quality
solutions than all benchmark methods in 3 out of 8 of the tested parameter configura-
tions where k < 15 (see Table 4.12). Fast-Impute was the best performing method in 3
configurations and Soft-Impute was best in the remaining 2 configurations. ScaledGD

produces the weakest average objective value across these experiments.

. In terms of /5 reconstruction error, Algorithm 5 again produced higher quality solutions

than all benchmark methods in 3 out of 8 of the tested parameter configurations where
k <15 (see Table 4.13). Fast-Impute produced solutions achieving the lowest error in

the other 5 parameter configurations.

The fitted rank of the solutions returned by Algorithm 5, ScaledGD and Fast-Impute
always matched the specified target rank, but the solutions returned by Soft-Impute
and Iterative-SVD were always of full rank despite the fact that these methods were

provided with the target rank explicitly.

The runtime of Algorithm 5 is competitive with that of the other methods. Table 4.14
illustrates that ScaledGD was the fastest performing method, however its solutions
were of the lowest quality. The runtime of Algorithm 5 is most competitive with
Soft-Impute and Iterative-SVD for small values of k. Though Fast-Impute is the best
performing method in terms of objective in 3 out of 8 configurations and the best in
terms of /5 error in 5 out of 8 configurations, it takes on average 3 times as long as

Algorithm 5 to execute.

Figure 4.8 illustrates that the computation of the solution for (4.12) is the computa-
tional bottleneck in the execution of Algorithm 5 in this set of experiments, followed

next by the computation of the solution to (4.14) and (4.18).
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Figure 4.8: Cumulative time spent solving each subproblem of Algorithm 5 versus k& with
n = 1000, m = 100 and d = 150. Averaged over 20 trials for each parameter configuration.

4.6.6 Real World Data Experiments

We seek to answer the following question: how does the performance of Algorithm 5 compare
to Fast-Impute on real world data? We consider the Netflix Prize Dataset augmented with
features from the TMDB Database.

The Netflix Prize Dataset consists of greater than 10 million user ratings of movies spread
across more than 450000 users and 17000 movies. To prepare data for our experiment, we

first pull the following numerical features from the TMDB database:

1. Total Budget;
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2. Revenue;

3. Popularity;

4. Average Vote;
5. Vote Count;

6. Total Runtime.

Note that many movies did not have all 6 features available from TMDB. We constructed
two datasets for our experimentation. In Dataset 1, we restricted the dataset to movies that
had all 6 features present and to users who had given at least 5 ratings across those movies.
After performing this filtering, we were left with n = 3430 movies and m = 467364 users. In
Dataset 2, we considered the 4 most frequent features (popularity, average vote, vote count,
total runtime) and restricted the dataset to movies that had all 4 of these features present
and to users who had given at least 5 ratings to any of these movies. After performing this
filtering, we were left with n = 10574 movies and m = 470706 users. For each dataset, we
conducted experiments for values of the target rank & in the set k € {3,4,5,6,7,8,9,10}. For
each value of k, we conducted 5 trials where a given trial consisted of randomly withholding
20% of the data as test data, estimating a low rank matrix on the 80% training data and
evaluating the out of sample /5 reconstruction error on the withheld data.

We report the in sample {5 reconstruction error, out of sample /5 reconstruction error and
execution time for Algorithm 5 and Fast-Impute in addition to the average cumulative time
spent solving subproblems (4.12), (4.14), (4.16), (4.18) during the execution of Algorithm 5
versus k on Dataset 1 and Dataset 2 in Figures 4.9 and 4.10 respectively. We additionally
report the in sample /5 reconstruction error, out of sample ¢, reconstruction error and ex-
ecution time for Algorithm 5 and Fast-Impute on Dataset 1 and Dataset 2 in Tables 4.15
and 4.16 of Appendix 4.8 respectively. We report only results for Fast-Impute as a bench-

mark because Soft-Impute, Iterative-SVD and ScaledGD failed to terminate after a 20 hour
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time limit across all experiments involving Dataset 1 and Dataset 2. Fast-Impute failed to
terminate after a 20 hour time limit across all experiments involving Dataset 2 and across
experiments involving Dataset 1 for which the target rank was greater than 6. Note that
Fast-Impute was the best performing benchmark method across the synthetic data experi-
ments so it consists of a reasonable method to compare against. In Figure 4.11, we report
the coefficient of determination (R?) achieved by Algorithm 5 on the side information both
overall and on individual features in Dataset 1 and Dataset 2. Our main findings from this

set of experiments are as follows:
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Figure 4.9: In sample ¢ reconstruction error (top left), out of sample ¢, reconstruction error
(top right), execution time (bottom left) and subproblem execution time (bottom right)
versus k on Netflix Prize Dataset 1. Averaged over 5 trials.

1. Fast-Impute in general produced solutions that achieved slightly lower in sample error
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Figure 4.10: In sample /5 reconstruction error (top left), out of sample ¢y reconstruction
error (top right), execution time (bottom left) and subproblem execution time (bottom
right) versus k on Netflix Prize Dataset 2. Averaged over 5 trials.

but significantly higher out of sample error than the solutions produced by Algorithm
5. Out of sample error is a much more important metric than in sample error as out
of sample error captures the ability of a candidate solution to generalize to unseen
data. Across the experiments in which Fast-Impute terminated within the specified
time limit, Algorithm 5 produced solutions that on average achieved 68% lower out of
sample error than Fast-Impute. The high out of sample error (relative to in sample
error) of Fast-Impute suggests that this method is likely over-fitting the training data.
As is expected, in sample error decreased as the rank of the reconstruction increased.

In the case of Algorithm 5, out of sample error increased as the reconstruction rank
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Figure 4.11: Algorithm 5 side information R? on Netflix Prize Dataset 1 (left) and Dataset
2 (right) versus k. Averaged over 5 trials.

increased, suggesting that Algorithm 5 was over-fitting the data as rank increased.
The out of sample error of Fast-Impute initially decreased before increasing as the

reconstruction rank increased.

2. Algorithm 5 exhibited significantly superior scalability than Fast-Impute. Across the
experiments in which Fast-Impute terminated within the specified time limit, Algo-
rithm 5 required on average 97% less time to execute than Fast-Impute. The execution
time of Algorithm 5 on the largest tested instance (Dataset 2,k = 10) was less than

the execution time of Fast-Impute on the smallest tested instance (Dataset 1,k = 3).

3. The computational bottleneck of Algorithm 5 is the solution time of subproblems (4.12)
and (4.14). Solving these two subproblems requires an order of magnitude more time

than solving subproblems (4.16) and (4.18)

4. Figure 4.11 illustrates that the reconstructed matrix produced by Algorithm 5 becomes
a better predictor of the side information as the value of k increases. This is to be
expected as increasing k increases model complexity. We see that popularity and run-

time are the most difficult features to predict as a linear function of the reconstructed
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matrix while vote average and budget are the easiest features to predict.

4.6.7 Summary of Findings

We now summarize our findings from our numerical experiments. In Sections 4.6.2-4.6.5,
we see that across all experiments using synthetic data and target rank k£ < 15, Algorithm
5 produces solutions that achieve on average 79% lower objective value and 90.1% lower /5
reconstruction error than the solutions returned by the best performing benchmark method.
In the regime where k > 15, we see in Section 4.6.5 that Fast-Impute outperforms Algorithm
5. We see that the execution time of Algorithm 5 is competitive with and often notably
faster than the benchmark methods on synthetic data. Importantly, in the regime £ > 15,
although Fast-Impute returns higher quality solutions than Algorithm 5, the former has an
execution time that is on average 3 times as long as our method. Our computational results
are consistent with the complexity analysis performed in Section 4.5 for Problems (4.12),
(4.14), (4.16) and (4.18). We observe that solution time for (4.16) becomes the bottleneck
as the target rank k scales, otherwise the solution time for (4.12) is the bottleneck. On real
world data comprised of the Netflix Prize Dataset augmented with features from the TMDB
Database, Algorithm 5 produces solutions that achieve 67% lower out of sample error than

Fast-Impute in 97% less execution time.

4.7 Concluding Remarks

In this chapter, we introduced Problem (4.1) which seeks to reconstruct a partially observed
matrix that is predictive of fully observed side information. We illustrate that (4.1) has a
natural interpretation as a robust optimization problem and can be reformulated as a mixed-
projection optimization problem. We derive a semidefinite cone relaxation (4.9) to (4.1)
and we present Algorithm 5, a mixed-projection alternating direction method of multipliers

algorithm that obtains scalable, high quality solutions to (4.1). We rigorously benchmark the
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performance of Algorithm 5 on synthetic and real world data against benchmark methods
Fast-Impute, Soft-Impute, Iterative-SVD and ScaledGD. We find that across all synthetic
data experiments with & < 15, Algorithm 5 outputs solutions that achieve on average 79%
lower objective value in (4.1) and 90.1% lower ¢y reconstruction error than the solutions
returned by the best performing benchmark method. For the 5 synthetic data experiments
with & > 15, Fast-Impute returns superior quality solutions than Algorithm 5, however the
former takes on average 3 times as long as Algorithm 5 to execute. The runtime of Algorithm
5 is competitive with and often superior to that of the benchmark methods. Algorithm 5 is
able to solve problems with n = 10000 rows and m = 10000 columns in less than a minute.
On real world data from the Netflix Prize competition, Algorithm 5 produces solutions that
achieve 67% lower out of sample error than benchmark methods in 97% less execution time.
Future work could expand the mixed-projection ADMM framework introduced in this work
to incorporate positive semidefinite constraints and general linear constraints. Additionally,
future work could empirically investigate the strength of the semidefinite relaxation (4.9)

and could explore how to leverage this lower bound to certify globally optimal solutions.

4.8 Appendix: Supplemental Computational Results
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Table 4.1: Comparison of the objective value of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus n with m = 100,k = 5 and d = 150. Averaged over 20 trials for
each parameter configuration.

Objective
N H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute SVD
100 249262.99 655.46 5530.48 19893.08 28677.73
200 306738.68 1280.82 9756.14 24251.93 44054.89

400 417643.27 2483.49 14321.46 28932.85 61112.62
800 421032.49 4813.05 31520.96 41179.38 93119.34
1000 || 522586.08 6010.34 33557.75 47701.68  107851.28
2000 | 563033.20  11975.48 83669.84 76566.52  167458.68
5000 || 1226489.68 30060.61 273747.04 172093.66  364065.64
10000 || 1973665.62  60082.27 521189.88 319915.98  642759.84

Table 4.2: Comparison of the reconstruction error of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus n with m = 100,k = 5 and d = 150. Averaged over 20 trials

for each parameter configuration.

¢y Reconstruction Error

N H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute  SVD

100 100.22460  0.01520 0.07540 0.21330 0.30090
200 58.37210 0.00695 0.12800 0.11770 0.21050
400 33.92500 0.00412 0.08980 0.07390 0.15980
800 14.97890 0.00328 0.23990 0.05160 0.13010
1000 12.66500 0.00312 0.18600 0.04950 0.12620
2000 5.54420 0.00304 0.07990 0.04410 0.11670
2000 2.47260 0.00282 0.15040 0.03720 0.10550
10000 1.32070 0.00267 0.10920 0.03510 0.10240
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Table 4.3: Comparison of the side information R? of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus n with m = 100,k = 5 and d = 150. Averaged over 20 trials
for each parameter configuration.

Side Information R?

N H ScaledGD Algorithm 5 Fast-Impute Soft-Impute SVD

100 0.157 0.983 0.868 1.000 1.000
200 0.193 0.984 0.878 0.837 0.740
400 0.167 0.985 0.912 0.866 0.780
800 0.441 0.985 0.911 0.905 0.826
1000 0.328 0.985 0.896 0.906 0.829
2000 0.557 0.985 0.924 0.920 0.862
5000 0.525 0.985 0.889 0.928 0.879
10000 0.582 0.985 0.840 0.932 0.888

Table 4.4: Comparison of the execution time of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus n with m = 100,k = 5 and d = 150. Averaged over 20 trials for

each parameter configuration.

Execution Time (ms)

N H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute  SVD

100 10.84 53.47 99.95 141.42 115.26
200 41.11 73.84 121.05 187.26 163.11
400 54.95 113.89 152.16 262.95 246.42
800 68.00 184.11 195.05 389.63 334.16
1000 44.11 241.16 211.63 442.05 366.53
2000 124.47 340.84 311.32 759.58 575.79
2000 813.53 770.11 484.58 1795.58 1298.63
10000 || 18828.21 1730.00 863.84 3871.53 2713.26
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Table 4.5: Comparison of the objective value of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus m with n = 1000,k = 5 and d = 150. Averaged over 20 trials for

each parameter configuration.

Objective

M H ScaledGD Algorithm 5 Fast-Impute Soft-Impute SVD

100 530097.31 6014.93 44337.08 47334.20 103403.04
200 2483913.82 6131.52 12159.08 29560.77 114448.43
400 14226534.31 6361.90 13875.31 21942.31 90652.40
800 99356634.18 6800.63 22152.43 37924.99 87895.33
1000 105451997.06 7126.60 24435.40 46327.69 128499.51
2000 || 591164404.77  13964.62 44333.51 95044.30 815807.16
5000 || 4002087935.12  41679.23 96985.27 308044.93  11294104.83
10000 || 9826251365.01 117558.76 197362.37 968255.00  60913874.17

Table 4.6: Comparison of the reconstruction error of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus m with n = 1000,k = 5 and d = 150. Averaged over 20 trials
for each parameter configuration.

¢y Reconstruction Error

M H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute ~ SVD
100 13.68740 0.00322 0.14530 0.04960 0.12560
200 40.58900 0.00154 0.00590 0.01260 0.06640
400 127.71450 0.00075 0.00340 0.00340 0.02240
800 508.24550 0.00036 0.00340 0.00310 0.00460
1000 || 443.26620 0.00029 0.00310 0.00300 0.00350
2000 || 1292.61610  0.00012 0.00330 0.00290 0.00300
5000 || 3658.18810  0.00004 0.00310 0.00270 0.00540
10000 || 4559.27360  0.00002 0.00320 0.00270 0.00650
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Table 4.7: Comparison of the execution time of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus m with n = 1000,k = 5 and d = 150. Averaged over 20 trials for

each parameter configuration.

Execution Time (ms)

M H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute SVD

100 44.16 22221 193.16 444.89 365.74
200 54.32 237.37 223.32 953.32 760.11
400 80.95 311.32 315.47 1466.32 1511.79
800 121.37 637.53 360.53 2198.21 2564.00
1000 154.89 728.58 434.47 2611.58 3009.21
2000 4652.11 1181.47 0127.37 5308.16 6062.89
2000 28587.11 12645.16 40526.16 32824.79  35015.21
10000 || 108255.05  39569.37 156399.42 82361.37  86762.84

Table 4.8: Comparison of the objective value of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus d with n = 1000,m = 100 and k£ = 5. Averaged over 20 trials for

each parameter configuration.

Objective
D H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute SVD
10 11691.78 475.17 4222.64 3367.41 7710.45

20 96771.27 2067.20 14565.83 16511.97 37203.79

100 229740.41 4033.46 28967.06 31000.81 68634.31

150 532018.26 6057.23 37244.64 45581.92 106504.32
200 734648.30 7994.51 42289.45 64771.47  141252.05
250 1195065.81 9984.20 71433.91 83752.90  183720.00
500 || 4165782.61 20094.24 120114.14 158458.64  361740.57
1000 || 13578263.54  40191.29 230467.93 294273.13  668550.27
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Table 4.9: Comparison of the reconstruction error of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus d with n = 1000, m = 100 and k = 5. Averaged over 20 trials
for each parameter configuration.

{5 Reconstruction Error

D H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute  SVD

10 0.60780 0.00690 0.15210 0.04840 0.12530
50 1.41600 0.00471 0.09780 0.05020 0.12730
100 5.03590 0.00382 0.24280 0.05130 0.12790
150 14.00330 0.00326 0.19790 0.05030 0.12650
200 || 22.26870 0.00276 0.08640 0.04840 0.12510
250 || 39.41630 0.00245 0.19210 0.04830 0.12580
500 || 177.68800  0.00165 0.15700 0.04860 0.12640
1000 || 679.11770  0.00104 0.09360 0.04990 0.12660

Table 4.10: Comparison of the side information R? of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus d with n = 1000, m = 100 and k = 5. Averaged over 20 trials
for each parameter configuration.

Side Information R?

D H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute SVD

10 0.912 0.988 0.907 0.903 0.821
20 0.528 0.986 0.899 0.903 0.825
100 0.533 0.985 0.914 0.911 0.840
150 0.303 0.985 0.925 0.905 0.831
200 0.411 0.985 0.909 0.907 0.836
250 0.291 0.986 0.913 0.908 0.834
200 0.151 0.985 0.906 0.905 0.826
1000 0.292 0.984 0.891 0.909 0.838
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Table 4.11: Comparison of the execution time of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus d with n = 1000, m = 100 and k = 5. Averaged over 20 trials for
each parameter configuration.

Execution Time (ms)

D H ScaledGD Algorithm 5 Fast-Impute Soft-Impute SVD

10 84.00 199.89 222.68 465.11 386.53
20 80.79 193.05 226.00 459.53 385.00
100 108.63 245.11 226.53 457.84 380.11
150 113.47 246.16 218.47 452.21 380.79
200 117.32 318.26 243.05 455.32 387.05
250 152.79 362.63 229.63 487.21 412.79
500 176.21 365.37 274.26 439.05 358.95
1000 138.74 449.42 255.32 467.95 392.00

Table 4.12: Comparison of the objective value of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus k with n = 1000, m = 100 and d = 150. Averaged over 20 trials for
each parameter configuration.

Objective
K H ScaledGD  Algorithm 5  Fast-Impute  Soft-Impute SVD
5 514330.09 6021.76 41376.50 45858.20 106390.58
10 || 1892278.99 7393.65 255228.60 318398.98 805396.86

15 || 5213393.44 14104.62 115383.43 1112396.97 2495972.46
20 || 10196279.89  328671.00 101812.52 2628073.04 4910386.51
25 || 16816442.74  1069103.04 116005.02 4526388.13 7541300.54

30 - 34567679.83  10695127.17  6864577.33 10634436.81
35 || 39536651.09 187701091.79  144464.25 9424715.13  14192827.60
40 - 723504611.03 191276652.97 12529277.05 18290215.22
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Table 4.13: Comparison of the reconstruction error of ScaledGD, Algorithm 5, Fast-Impute,
Soft-Impute and SVD versus k& with n = 1000, m = 100 and d = 150. Averaged over 20 trials

for each parameter configuration.

{5 Reconstruction Error

K H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute  SVD

2 12.95500 0.00314 0.10940 0.05090 0.12900
10 || 5.41720 0.00288 0.24270 0.08970 0.22520
15 || 3.45210 0.00871 0.01940 0.14010 0.30200
20 || 2.34590 0.04900 0.00903 0.18270 0.34220
25 1.73610 0.11890 0.00678 0.21480 0.36130
30 - 0.20030 0.00562 0.23810 0.37240
35 1.16780 0.17330 0.00488 0.25260 0.37740
40 - 0.22320 0.00452 0.26550 0.38020

Table 4.14: Comparison of the execution time of ScaledGD, Algorithm 5, Fast-Impute, Soft-
Impute and SVD versus k with n = 1000, m = 100 and d = 150. Averaged over 20 trials for
each parameter configuration.

Execution Time (ms)

K H ScaledGD  Algorithm 5 Fast-Impute Soft-Impute  SVD

d 55.79 227.47 205.16 460.11 374.79
10 80.79 298.63 823.21 477.95 361.95
15 107.89 502.21 1817.16 509.68 346.05
20 95.53 713.42 2420.89 533.79 324.79
25 111.53 1110.89 3586.05 569.68 297.58
30 - 1353.95 4435.63 991.21 280.37
35 107.21 1822.16 6212.63 640.05 271.00
40 - 2281.95 8168.68 645.11 263.37
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Table 4.15: Comparison of the in sample ¢y reconstruction error, out of sample ¢y recon-
struction error and execution time of Algorithm 5 and Fast-Impute versus k& on Netflix Prize

Dataset 1. Averaged over 5 trials.

In Sample Error

Out of Sample Error

Execution Time (hr)

K H Algorithm 5 Fast-Impute Algorithm 5 Fast-Impute Algorithm 5 Fast-Impute
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0.0507

0.0490
0.0476
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0.0442
0.0434
0.0427

0.0516
0.0486
0.0460
0.0438

0.0573
0.0604
0.0651
0.0676
0.0718
0.0759
0.0811
0.0839

0.2264
0.1942
0.1835
0.1867

0.2512
0.2760
0.3136
0.3654
0.4637
0.4941
1.0262
0.8503

6.4907
8.8641
11.8207
17.4471

Table 4.16: In sample ¢y reconstruction error, out of sample ¢ reconstruction error and
execution time of Algorithm 5 versus k£ on Netflix Prize Dataset 2. Averaged over 5 trials.

K In Sample Error Out of Sample Error Execution Time (hr)
3 0.0518 0.0591 0.5773
4 0.0502 0.0607 0.6581
5 0.0488 0.0652 1.3482
6 0.0475 0.0680 1.9273
7 0.0463 0.0715 2.7246
8 0.0454 0.0718 2.8198
9 0.0446 0.0782 2.8945
10 0.0439 0.0812 2.3311

Table 4.17: Algorithm 5 side information R? on Netflix Prize Dataset 1. Averaged over 5

trials.

K H Overall Popularity Vote Average Vote Count Runtime Budget Revenue
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© 00 N O Ut =~

—_
e}

0.136
0.142
0.299
0.335
0.336
0.382
0.388
0.398

0.003
0.02
0.144
0.167
0.163
0.248
0.248
0.25

0.413
0.41
0.561
0.598
0.599
0.63
0.636
0.64

0.005
0.007
0.234
0.302
0.302
0.384
0.379
0.385

0.134
0.137
0.209
0.245
0.252
0.257
0.277
0.287

0.192
0.221
0.406
0.398
0.403
0.421
0.441
0.462

0.064
0.055
0.227
0.295
0.291
0.36
0.355
0.37
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Table 4.18: Algorithm 5 side information R? on Netflix Prize Dataset 2. Averaged over 5
trials.

K H Overall Popularity Vote Average Vote Count Runtime

3 0.072 0.018 0.227 0.016 0.03
4 0.069 0.019 0.194 0.026 0.036
5 0.187 0.177 0.312 0.213 0.047
6 0.198 0.19 0.319 0.231 0.059
7 0.206 0.187 0.344 0.223 0.07
8 0.259 0.298 0.361 0.302 0.074
9 0.264 0.3 0.37 0.304 0.086
10 || 0.271 0.304 0.367 0.317 0.095
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Chapter 5

Conclusion

In this thesis, we considered a collection of fundamental statistics and machine learning prob-
lems that exhibit cardinality or rank constraints and designed algorithms that outperform
existing convex relaxations and heuristics by leveraging techniques from mixed-integer and
mixed-projection optimization. We make important theoretical and applied contributions.

Chapter 2 considered a novel formulation of the Sparse Plus Low Rank Matrix Decom-
position problem that exploits discreteness and leverages regularization. We designed an
alternating minimization heuristic that computes high quality feasible solutions and outper-
forms benchmark methods, scaling to dimension n = 10000 in minutes. We additionally
designed a custom branch and bound algorithm that leverages a strong semidefinite relax-
ation to globally solve problem instances of dimension up to n = 25 in minutes.

In Chapter 3, we introduced a /¢y regularized formulation of the Compressed Sensing
problem which we reformulated exactly as a mixed-integer second order cone problem. For
this problem, we presented a custom branch and bound algorithm that can compute globally
optimal solutions. We found that our approach produced solutions that were on average
6.22% more sparse on synthetic data and 9.95% more sparse on real world ECG data when
compared to state of the art benchmark approaches.

Chapter 4 studied an important generalization of the well known Matrix Completion
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problem where we seek to reconstruct a partially observed matrix that is predictive of fully
observed side information. We reformulated this problem as a mixed-projection optimization
problem and presented an alternating direction method of multipliers algorithm that can
solve problems with n = 10000 rows and m = 10000 columns in less than a minute. We
found that in the low rank regime, this algorithm outputs solutions that achieve on average
79% lower objective value in and 90.1% lower ¢ reconstruction error than the solutions
returned by benchmark methods.

Together, our rigorous analysis of the algorithms presented across these chapters con-
tributes to advancing the theoretical foundations of optimization theory over cardinality and
rank constraints while our high performance open-source implementation of these algorithms

consists of a practical tool set that can be used by practitioners to tackle these problems in

the field.
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