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DEVELOPMENT OF AN ANALYSIS OF A REGENE RATIVE PUMP
by John A. Oelrich

Submitted to the Department of Mechanical Engineering
on Auguet 24, 1953 in partial fulfiliment of the require-
ments for the degree of Mechanical Enginer.

Development of the regenerative pump, although 1t is
industrially attractive because of 1ts unigue operational
features and design, has trailed far behind that of other
hydrodynamic units. This is mainly so becausée a sultable
analytical theory has not been avallable to predict and
improve performnce.

This thesis presents a theory and equations satisfy-
ing details of the experimentally observed performnce.
A hypotheslis of operation is stated, end a frictionless
"jdeal” model amalyzed. It is shown that the equat ions
for such a model without jrreversibilities are incompat-
1ble with the known mechanics. Without abandoning the
original assumptlons, the idealization is then modified
to include friction in the differential equations of motion.
However, this is shown to complicate the mathematics un-
reasonably. These amlytlcal difficulties are circumvent-
ed ueing the equations previously derived for the "ideal"
model in conjunction with a2 theory for the effect of shear
on the tangential velocity profile and a theory on the
form of the losses. The remarkable agreement between the
theoretical solution and the experimental data is demon-
gstrated for the pump used in the tests for air at 3600 rpm,
and for both air and water on a dimensionleee basis.

The analysis is more complete than that for other
turbomschinery in that the theoretica 1 solution deflnes
the complete range of operation. It 1s unusual slnce
only three independent constants, uninfluenced by speed
or fiuid medium, are introduced. Correlation of the theory
and experiment shows that the three constante, solved for
simultansously from data of only the head-capacity curve,
result in theoretical equations defining the efficiency
and horsepower curves ag well as the head curve to equal
accuracy.

A program 18 outlined for further analytical and
experimental study of the regenerative pump.
Thesis Supervisor: W. A. Wilson

Title: Associate Professor of
Mechanical Englneering
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I. INTRODUCTION

For decades the regenerative pump has excited the
interest of inventors, engineers, and manufacturers in
Europe, the Far East, and in this country, because of its
unique deeign and operational features. Through the years
ingenious inventors and clever engineers have developed
the several excellent char;cteristice of this class of pump
by variatlions 1n.design, often enough very complicated.
However, desplite the sale of thousande of this type pump
throughout the world each year, very little previous in-
vestigation of the operating theory has been reported.

And those papers which have been submitted far from sat-
isfy the easlily determined mechanics. In this thesle is
presented a step by step development of equations meeting
the experimentally obeerved performance. First, the
equations are derived for an "1deel" model, that is, one
restricted to specific assumptilons and known facts but
without the influence of frictlon. Friction is then in-
troduced and found to result immediately in complicated
Bessel functions not warranted in the light of the previous
assumptions. Using the equations for the "jdeal" model,
the real pump 1e next approached by the use of two further
assumptions, and the close agreement of the theoretical
equations for total head, efficiency, and horsepower input
demonstrated agaeinst experimental data.

Although general recognlition may not be conceded, 2ag

a class regenerative pumps f211 into the vacancy between



rotary posltive displacement and low specific speed cen-
trifugal pumpe. FPundamentally, the regenerative pump ie

a hydrodynamic unlt obeying the same laws of similitude
governing axial flow; mixed flow and centrifugal turbo-
machinery. In 1lte performance, however, it cloeely
challenges the rotary pump, having a sharply rising head
curve, low maximum capaclity, and excellent self-priming
cheracteristice. The flow through the type of regenerative
unit estudied is shown in Flgure 1, page 3. In thise design
the suction divides the fluid to curved, diverging channels
leading tangentially into the sides of the impeller. As

in other turbomachlnery, 2 free-rotatingwimpeller is
utilized. The impeller, 1in general (see photograph in
Appendix), has radial teeth or vanes machined into each
pide at its periphery which produce a series of helical
"rlows, returning the fluid repeatedly through the vanes

for additional energy as it passes through an open annular
chamber. It is from this internal mlti-staging or re-
generative flow pattern, shown for a high capacity in
Figure 1, that the pump properly derives ite name. Closlng
the circuit between inlet and discharge 1s the stripper or
septum. Through thie region the open channel closes to
within a few thousandths of an inch of the sides and tip
of the rotor and allows only the fluld then within the

impeller to pass through to the suction.
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The major characteristic of the regenerative flow
pattern ie the establishment of extremely large total,
heads at very low flow rates. This feature, combined
with the benefits of rotating machinery construction,
mokes 1t very attractive for use in control, filtering,
and booster systems, and potentially as & boiler feed
pump for mar ine and other smaller units. Application
nas been wide and varied in both domestic and industrial
installations. Designe have been developed to meet the
need where & large presgure rise, high suction-1ift, or
the abllity to handle fluid-vapor mixtures have been of
prime importance. Future uses may well be as & compressor
and possibly as 2 turbine.

The name "regenerative pump" has been ueed religiously
go far in this discusslion. Historically, the names by which
these pumps were and are known are at least as numerous
ag the ingenious ldeas which have been awarded patents.

The Spoor Pump and Lupfer Pump took their namee from the
inventors, as have many others. In England they come under
the heading of "Self-Priming Domestic Pumps" of one manu-
facturer. Further, and more descriptive, names which have
been given the regenerative class are "furbine pump, "
"fpriction pump," "vortex pump," "self-priming pump, "
"potary turbine pump," and, Dy one enthusiastic manufac-

turer, the "Maglc Wonder Pump."



Diesadvantages of the regeneratlve pump are the
reiatively low efficlencies obtained, lack of theoretical
information to predict and improve performance, and its
inability to handle flulds contalning 80olids since abras-
jon would soon open the extremely emall clearances. The
gide clearance and the radlal clearance through the stripper,
which are generally of the order of .001 inch to .003 inch,
produce a further disadvantage. Excellent workmanship
and close quality control become necessary in manufacture
and limit mass production posslbilities. This fact, coupled
with low efficiency, has been the major reason why Europe
has made more use of the regenerative clase than has the
United States.

Theorstical and experimental investigation was begun
in the fall of 1952, using as a model the Sta-Rite 13-TH-7
regenerative pump. At this time a group of four senlors
elected the project as their undergraduate theeie. One
palr, Daniel A. Lippman and Theodore Taylor, Jr., designed
and constructed the test equipment and made certain mod-
ifications in the pump. The second palr, Luis R. lazo
and Thomae J. Hopkins, attempted a general theoretlcal
and experimental analysis in conjunction with myself.

The work of Lazo and Hopkins will be referred to frequently,
particularly in comparison with the theoretical solution.
Gilbert F. Lutz, another senior, continued the experimental

work in the spring of 1953. As with Lazo and Hopkins,



hie work was directed toward an undefatanding of the
operational characteristics of the regenerative pump and
the verification of assumptione used in the theoretical
analysis. Alding in the develorment of the arelysis
during this period was Miguel A. Santalo, a teaching
assistant, who elected to pursue one of the phases of
the overall project as his meeter's thesis.

It became apparent from the first experimental in-
vestigations that the few previously reported analyses
are not compatible with the present conception of the
pump's mechanics. The moet complete analysls in the
current literature is that of Yasutashi Senco.* In
Mr. Senoo's paper the unit is labeled a "friction pump”
and turbulent friction between the moving impeller and
the fluid is considered the primary force causing the
pumping action. The flow is assumed to be two-dimensional
in cylindrical planes abaut the pump axis, which are
straightened for simplicity. The veloclty profile 1s
tfurther assumed not to vary between blade root and tip.
For this turbulent process Mr. Senoo appllee Prandtl'n'
mixing length theory, estimating the turbulent vliscosity.
This analysis may, in part, explain the mechaniem in the

3 "Theoretical Research on Friction Pump," Reports of

the Research Institute for Fluld Engineering, Vol.5, No.l,
Japan, 1948.
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radisl area of the open channel. However, 1t completely
ignores the more fund amental circulatory motion imposed

by the centrifugal field and so gives no information on

the mechanics of motion as & hydrodynamic unit.

A second paper, written by Warren E. Wilson,?
director of research of the Sundstrand Machine Tool
Company, aghin points to the fact that theoretical in-
vestigation of the regenerative class has not besn based
on 1ts own merits, even though the principali operating
characteristics were noted by the firet inventors. In
agreement with a Japanese investigator, A. Mizadzu,®
Mr. Wilson claseifies the "turbine pump" as & rotary
pump, asserting that "thie claesiflcation is sound since
the theory of operation of the rotary pump is adequate to
account for the performance characteristics." Mr. Wllson
then analyzes the regenerative pump in a fashion similar
to a hydrodynamic bearing, assuming only the radial area
of the open channel to be worthy of note.

Such has been the scanty investigation of the regen-
erative pump. The author and his colleagues believe that
in this paper a closer approach to the true nature of the

complicated mechanics of the regenerative pump is oftrered.

i "Anslyeis of Turbine Pumps,” Product Engineering,
October, 1947.

% "Pheory of Wesco Rotary Pump," Transactions of the
hanical Engineers of Japan, VO .15, No.18,

Society of Mec
February, 1939



II. HYPOTHESIS OF OPERATION

The following paragraphs describe a hypothesei zed
mechanism of the internal functloning of the pump. This
mechanism is describeé in terms of a circulatory or
meridional flow, Qc’ superposed on a tangential or
through flow, Q. It is sssumed that these two tflows are
independent of circumferential position in the working
section of the pump.

Ae the circulatory flow passee radially through the
rotor its angular momentum in the directlon of rotor
motion is materially increased by the work of the impelier.
In order to maintain a tangential pressure gradient, the
angular momentum of the circulatory flow as 1t traverses
the stream path in the open channel must continually de-
crease from its original value on leaving the rotor to
provide the necessary lmpulse. Thererore, as we follow
the circulatory flow along the flow path its tangential
velocity component must decrease (or reverse). Qualitatively,
this indicates that the sharply rising pressure gradlient,
experimentally observed as thru-rlow is decreased, depends
on either an increase in the rate of the circulatory tlow
or greater reduction of the tangential veloclty of the
circulatory tiow from the exit of the rotor to its entrance,

or both.



9.

The net thru-flow or capacity, Q, 18 the integral over
the area of the open channel of the tangential veloclty
times the assoclated differential element of area. (Fluid
enclosed by the vanes of the rotor vwhen 1t reaches the
stripper is carried through into the pump suction.) Re-
ductions in the tangential velocity outside the rotor result
in reductions in capacity. On this basis alone higher
pressures may be anticipated at reduced capacity as observed.
In addition, however, it can be shown that the circulatory
flow varies with decreasing capaclty to lncrease further
the tangential pressure gradlent. Since the centrifugal
field creating the radial pressure gradient inside the
rotor is constant, whereas the field due to the external
vortex weakens as the tangential velocitles decrease, the
rate of the cireculatory flow may be expected to increase
continuously as we approach zero thru-flov.

Experimental results also show that povwer requirements
increase with decreasing capacity. Assuming the angular
momentum of the fluid leaving the rotor ls comstant, or
nearly so, the hypothesis of operatlion stated satlsfies
this condition since the change in angular momentum per unit
of circulatory flow which the rotor must produce increases

with reduced capacity, and Qc is simultaneously increasing.

III. THE "IDEAL" MODEL
The actual three-dimensional character of the fluid

motion within the regenerative pump can be described only
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generally in qualitative statements; The working equatlons
from the solution of the differential equations of motion
for the three-dimensional case of this complex flow, assum-
ing they could be obtained, would be 8o oxtrémely complicated
as to make themr of doubtful value for uee &8 an engineering
solution. We therefore introduce the concept of an "1deal”
model similar in principle to those used elsewhere in the
field of fluid mechanics and other flelds. The selection
of a representative stream line, the use of one- or two-
dimensional flow, and the assumption of velocity diagrams
unaffected by friction are common in the study of turbines,
compresgsors, and pumps.

One underlying purpose in assuming an "1deal" model
is the development of a standard for the ultimte perform-
ance of the regenerative pump. In Seetion XIit is shown
that the assumption of a linear pressure gradient tangen-
tially which 1s consistent with the known mechanics of the
actual unit, and which must then be applicable to a "true"
model, is not compatible with the assumption of frictlion-
leee processee in an "i1deal" regenerative pump. It 1s
deduced there that irreversibilities must be considered
in order to obtain a solution compatible with the known
performance. The question legitimately arises as to the
usefulness of the detalled analyesis of the "ideal" fric-
tlonless model, which immediately follows this section,
if performance characteristics of the fully "ideal" pump



cannot be obtained. Again referring to later sections
of this thesie, 1t 1s demonstrated that the introductlon
of friction directly in the differential equations of
motion results in extreme mathematical complications.
The answer to the question of the usefulness of the analysis
without friction is that these complicatlons are circum-
vented by a modification of the jdealization which allows
the inclusion of irreversibilitiee 1n simple terms Ain the
equations derived for the "ideal" model.

In our study of the "ideal" regenerative pump we
assume that -

8) fluid shear 1s negligible;

b) flow is steady and fluld incompressible;

c) there is no internal leakage;

d) all processes within the pump are adlabatlc;

e) pharacteristic flow is one-dimeneional in each
major direction (radial, tangential, «nd axial);

£) there are no end effects due to suction, discharge,

and stripper.

From experiments by Lazo and Hopkine and by Lutz, we also
have the facts that the -

g) tangential pressure gradient is independent of
radiua{

h) tangential pressure gradient about the periphery

is linear;
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i) unit 18 governed"by the same lawe of similitude

as other fluld dynamic apparatus.

Figure 2 on page 13 1lllustrates that the agsumption
of one-dimeneionality reduces the flow to & mean stream
surface circling a hypothetical barrier. Actually, ex-
teneive exper1ments show that fluld leaves or enﬁere the
rotor aiong the entire radial length of the vane, and the
radiue beyond which there is a net outflow changes wlth
capacity. We define a mean stream line on the stream
surface as the path of the average tangential anmd radlal
(or axial) velocities of the absolute motion. That 1s,
the circulatory flow following a meridional projection of
a mean stream line has, point by point along the flow path
projection, the tangential velocity of the thru-flow. A
mean stream line is shown through the working section of
the pump in Figwe 1, page 3, and again in Figure 4 a),
page 15.

Since pressure mesasurements taken about the periphery
of a teet pump have shown that the tangential pressure
gradient is essentially linear, the analysis of any
meridional section of the working portion of the pump will
give the equations of motion characteristic of the entlre
unit. We therefore select for analyslis an arbitrary element

de of the working section of the pump.* We further subdivide

% This analysis applies to a single flow pump whereas com-
mercizal units are characteristically dauble flow, 1i.e.,
consist of two single flow units back to back.
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the open channel volume included in this element into

four subdivisions for each of which the differential equa-
tions can be set up by consldering a typical differential
control volume. Typical meridiomal surfaces of the dif-
ferential control volumes are shown in Figure 4 b) on page
15. The control volumes have differential extent.in the
meridional and tangential directions, such as dr and r 40
or dz and r 40, and a finite meridional width which must
be based on the local dimension normal to the circulatory
flow path, such as 4 in the main gection of the open channel.
To avold analytic complication, the projection of the
meridional mean etream surface is taken as rectilinear

as shown in Figure 4 b) rather than curvilinear as in
Figures 2 and 3. The kind of complication which would
ensue from the latter cholce ie apparent in Figure 3.

The consequence of the assumption actually made is
that two flow patterns are actually attributed to eingle
meridional areas m, n, and o as shown in Figure 5, page 16,
whereas the areas w, x, and y have no flows assigned to
them. It has been assumed that the dual inclusion of the
former areas very nearly compensates for the exclusion of
the latter. The propriety of the assumptlion may be adjudged
from the fact that each of the small areas in question is
approximately 0.01 esquare inches as compared to the total
meridional ocroes seetion of the pump of 0.75 equare lnches

for the test model.
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IV. TANGENTIAL VELOCITY EQUATIONS OF THE "IDEAL" MODEL

To satisfy the condition of jdentica). mechanics through-
out the working section of the pump, the absolute fluid
velocity must be independent of circumferential position.
Accelerations in the tangential veloclity between two similar
meridioral points are therefore excluded and the mases rate
of the tangential flow through all corresponding meridional
areas 1s constant. Consider a typlcal differential control
volume within an arbitrary element of the pump, &8 described
in the last section: since the mase entering and leaving
the volume tangentially must be the same, the principle of
conservation of mass or continuity demands that the mess
rate of the circulatory flow, dM, through the volume must
be independent of the position radially or axially.

The differential equations of the tangential motlon
are obtained by applying Newton's second law, formulated
for angular momentum, to & differential control volume of
each of the previously defined subdivisions of a meridional
element. We will first investigate the control volume
‘b dr 46 between pointe 2 and 3 of the meridional projection
of & mean stream line (mee Figure 4, page 15, and Figure 6,
pege 18), using only those forces pertaining to the tan-
5ent1a1‘motion. Since as we move radially outward in the
direction of the circulatory flow the angular momentum must
decrease to support a positive pressure gradlent, Newton's

second law gives us:
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"ig
"

pbdr ( r + %g ) -(p +-g§:ﬁﬂb ar (r +
%
aMm (Vu + 87 ar ) (r +4dr) ~aM Vv, r

Performing the indicated operations and neglecting

guantities small to the second order reduces this equation
tos
R A b

a differential equation for V (the tangential velocity)
as a functlon of the radius, r, since by assumption and
experimentation the tangential pressure gradient, ae well
as the mass rate of the circulatory flow, AM, is independent
of radius. It is interesting to note that if the tangential
pressure gradient is zero the solution of this differentlal
equation gives the relation for a free or potential vortex,
V r = constant.

Before solving this eguation we introduce at this
point the concept of the "coefficient of slip" similar to
the Busemann factor* or Stodola correction® for runner head
used in centrifugal pumps. These investigators assumed a
£1luid motion through centrifugal pump impellers uninfluenced

by stationary guide-vane systeme or casing. Under this

assumption, which eliminates the otherwise unsteady character

i gee Chapter 10, paragraph 53, Fluid Mechanice of Turbo-
§;chinegx, by George F. Wlslicenus, McGraw-Hill, New York,
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of the absolute motion, the tangentilal velocity at the
rotor periphery of radlal-flow impellers was determined to
be dependent only on the design; that is, number, length,
spacing, and angle of the vanes. For impellers with a
vane length equal to or greater than the gpacing at the
periphery, the work of both Busemann and Stodola indicates
that the velocity correction is independent of capaclty.
The "coefficient of eslip", which we will call e, and which
will be assumed constant, relates the actual tangential
velocity of the fluid leaving the impeller, Vu., %0 the
tip speed of the rotor, Us:

\'f

us
For future convenience in the derivatlone we also

=0 Ug (’-’

define,

d
.y (2)
Solving the above differential equation with the

condition that Vu. = o Ug when r = Iy,

Va(s-s) = 2o Uy - 8 3. -’:'——;.—’-".] (3)

a function for the tangential velocity between points 2
and 3.

In accordance with our one-dimensionzl assﬁmptions,
the tangential velocity does notvary with radius from
point 3 to point 4 along the meridional projection of a
mean stream line, but decreases as we move in the axlal,

z, direction. For the element ¢ dz d8, shown in Figure T,
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pcr369-7 /—dM \

dz
(p+° d0) o dz

‘\ja\o:(vu 9—“ dz)

Z au (v, -3Y 3Vz dz)
(p dz)cr,de

CONTROL VOLUME BETWEEN POINTS 3 8 4

FIGURE 7
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page 21, angular momentum in the tangential direction gives

us, av

pcrs dz - (p +$gde).cr. dz = dM (Vu-a-fdz) rs
- M Vurg
from which we determine,
- gp 48
avu = gg'dn ¢ dz
Noting that the pressure gradient and dM are also

independent of z and that Vu = Vua at point 3, that 1s,

when z = zg, we integrate:

Vu 2
j‘ av, = g c j dz
Vu. Zg

Vo = Ve -~ P c(zs - Z)

The veloclity vu. is determined from equation (3)

when r = ry,

rs b (rs® - ra®)
Vu’=i_-.—6'U.-¢[ T 2rs ]
Substituting in the relation. above,
r's b (re® - re®)
= — oUs 'ﬁ[ 2rs ~+ c(zs - 2) (4)

The'a‘nsular momentum must again decrease as we move
radially inward in the direction of the circulatory flow
along the projection of a mean stream line from point 4
to point 5 to support & positive pressure gradient. Ap-
plied to thedifferential volume d dr d@ of Figure 8§,

page 2%, Newton's second law in terms of angular momentum
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) av
(p*sg dr)d(r+dr)d@ | [ dM (V. +Z " dr)

ed dr(v.,+-°-! gr

ddr(v, + &udr )t
r 2 é u 2

Or

CONTROL VOLUME BETWEEN POINTS 48 S

FIGURE &
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gives us the relation:

pddr (r«+ %g ) - (p +.§§-de) d dr (r + > ) =

G

Vv
dnvur-au(vu+ﬁ,-2ar)l (r + dr)
Again neglecting quantities emall to the second order,

this relation reduces to,

v, Yy a8

dr *r Tde aM
To determine the constant of integration in solving

this differential equation we use the end condltlon,

Vu = Vuo when r = rg

which gives us,

rs a rs® - r®
V. ==—1V -9 [ ¥ ]

nl

For the velocity Vu‘ we turn to equation (4). From
Figure 4 b) the length (24 - z4) from point 3 to‘point 4
is denoted'by L, so that the taﬁgential veloclty at polint

4 becomes,

Ts b (re® - re®)
Vu‘zgﬁl’.’ﬁ[ 5Ts .~«+CL]

Substituting in the previous equation,

rs b(re®- rg®) c L rg d(rs®-r ®)
z-fb[ r + ] (5)

Vu(4-5) =77V F* T

Along the iast segment of the projection of a mean
stream line in the meridiona. plans, from point 5 to point

1, we again assume the tangential velocity varies only in
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v
(p+R dIbr do—  —dM(Vy+ 3z dz)

op
(p-i-ae dO)b dz

dM V,

Pb/r|d°

CONTROL VOLUME BETWEEN POINTS 581

FIGURE 9
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the direction of the circulatory flow, 1in this case de-
creasins as we move axially toward the rotor. If we

further sssume the circulatory flow entere the rotor at
point 1 over a radial height equal to the maximum blade
width, b, the tangentlal impulse-momentum relation for

the control volume b dz 40 in Figure 9, page 25, becomes,

o &,
pbrydz - (p+ A‘g d8) b ry dz = AM(V + g-= dz)ra- AM Vra

which reduces to,

_ _op de
av, = - ;g Eoas

At point 5, z = z5 and Vu = vuS’ which can be deter-

mined from equation (5). With tnis condition tor our lower

limits,

\'g z
I u v, =-PDb I az
vu5 Zg

<
]

<
'

p v(z - zS)

From equation (5),

re ‘b(ra' -rg®) cLrs a(rs® - r®)
Vu5 - F; OUs -.¢ 2ry -+ T3 + 2r; ]

so that substitution in the equation above gives us,

Ts b(rs®- ra®) c¢ L re
- p[ 2rs

Vu(5-1) = r; 9Us *Tr *

(6)

d(rs® - r;®) b(z -
5o _+ b(z zs)]

+
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~ The four equations (3) through (6) give us tne thru-
flow velocity profile of the "ideal" model along the sep-
arate segments of the projJection of & mean gtream line
on the meridional plane. Before using the velocity rela-
tions themselves, we note that 1f the tangential velocity

at point 1 is defined, equation (6) can be solved for
¢p de
=3 a

V. TANGENTIAL PRESSURE REIATION OF THE "IDEAL" MODEL

In the last section the tangentisl fluld and rotor
velocities at the impeller periphery were related by the
coefficient 0. This factor was assumed a constant dependent
primarily on rotor design. At the blade entrance, point 1,
we introduce a strong and useful varlable into our develop-
ment as the coefficient relating the tangential veloclity of
the fluid to the velocity of the lmpeller:

V, =€ U (7).

Unlike o, the coefficient o« (alpha) must be dependent
on the point of operation on the head-capacity curve because
of the variation in the velocity profile as operating con-
ditione are changed.

Denoting the length, (zi- zs), between point 5 and
point 1 by | (see Figure & b), page 15), from equation (6),
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b(rs® - re®)

T's g_g ae
Vm = €Uy = E—OU. - 36 aM T - *
cLrg d(rs® - nrit) \]
+ Ta + 5Ta - 4+ b

Solving for the tangentlal pressure gradient,

dM(re OUg - ry €Us)

gg a8 = s s s s
b(rg® - res*) - " d(rs® - r.®)
5" .+ cC L Tg + 3 +blr

This equation may first be simplified by substituting

for the dimensions in the denominator the areas A3 to Ag

referred to in Figure 5, page 16.

rg + I's s + T

dM(re 0Ug - ry CU;)
gg de =
A + Agrs + Ag 3 + Agry

: 2
Further comperison with Figure 5 dlescloses that the
denominator is the sum of the first moments of these areas
about the pump axis. That thie is a natural result may be
ressoned from our stipulation, based on experiment, that
the tangential pressure gradient 1s independent of radius.
A8 a consequence of this fact the differential external
torque, 4T, acting on the fluid between two surfaces of the

open channel, may be written as,

a1 = (gg 48) 1 A - AM(rs OUs - TacCls)

where rcs 18 the radius to the center of gravity of the

area A of one-hzlf the pump. Through the working section

of the "ideal" pump, however, the external torque 1s zero
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on the boundaries (casing) of the open channel. This

reduces the tangential pressure gradient relatlon to:

dM(rg oUg - ry CU,)

dp 4 - 8
3 Tog & )

As this is a hydrodynamic unit, we are interested
in the total head developed and volume rate of flow of
any fluid pumped, not the pressure rise and mass rate
of a particular medium. We define as ‘the volume rate

of the circulatory flow:
= a4
Q'c - pde (9¥

With this substitution, and considering the change
in head over the angle, ©, of the working section of the
pump, the theoretical total head developed by the "ideal"
model becones:

Qc(rn oUg - r; oCUs)

&R =
tang rcs A

(10)
where Qc 1s the radial or circulatory flow of halfthe pump.

VI. CAPACITY EQUATION OF THE "IDEAL" MODEL

The capacity or thru-flow, Q, is equal to:

os [ rom

Equations for the tangential velocity were derived

for each segment of the projection of the mean stream line
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on the meridiomal plane, so rather than a single operation

individual integrations are performed along each section.

ve b a .
Q= jr.vu(--t) r +j:‘vu(0-t) c dz +

T's 23

As in the previous section, the areas A to Ag¢ are substi-
tuted as thelr dimensions occur.

Between points 2 and 3, using equation (3) from page

20, rs

Q(s-s) =I Vu('_‘,b dr

. Ys

I's dr é!: Ts ¢b'r.' X'y dr

Q(s-s) = rg DOU I = = £ I r dr + I —
(s-s) s L] ra T 2 ra 2 re T

re bSrg® rs Aib(rs+ ry)

Q‘._.) =rgb U'U' in 'r-.' + [ ) 1n ‘i;‘.' - % ] (11’

Between points 3 and 4, using equation (4) from page

22, Zs

Q(a-o) = J Vu(‘_‘) ¢ dz
. Ze .

Q _ rgc oUg ¢ Azc(rs+ 3‘.) s
(o-f) = -;;—-f' z"d.z - Eru z.d.z -

- @ c® z'(z. - g) dz
2¢
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rgAy TUs AsjAg(ra+ re) Ag*
UL AR R
Between points 4 and 5, using equation (5) from
page 24,
s
Q. =r V. (a_cy 4 4r
(4 5)’ rs "u(4 5)’
Ts ar B Ay A(re+ ry) 8 ap
Q(4_5) = rged oUs Irl il 5 j\:‘ -
) a%re® s . Ty
-8 A drrg!- rg'r--rg—frdr
s 8 rs T 2 ry T 2 rs
o Aid(rs+ rg)
Q(4_5) = red clUsln Tr [ ( 5 + Ag d rs +
(13)
d%rs* ra Asd(rs+ ri)
v g - ]

Between points 5 and 1, ueing equation (6) from

page 26,
23,
5-1) = L Vu(s-1) P 92
: 5
!‘.b O'U. ¢ A;b(!"'&' r.) ¢ A. b X's
Q'(5'l) = [ ry - 2r;y - ry -
P Agb(re+ r1) Jz" Ih
M ]zdz-gsbcz(z-zs)az
5 5
_ rahe Uy AjAg(ra+ Ta) AgAery
%(5-1) =~ - ¢[ 2r; R TN

(14)
Aghg(ra+ Ta)  Al® '
-2ry "+ 3

+
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Summing equatione (11), (12), (13) and (14) to obtain
the total capacity, |

Trs Ag s Aeg

Q=r2002['bln;-‘-+;.—+dln§;:+-r—; - (18)
Aib(re+ rg) AjAg(rs+ rg) Agd(re+ ri)
- [ 4 -+ 2rs $ T & +

A;A.,(r.+ l‘.) A.AQ(I‘Q-O- r;) A.. A.A¢!‘a A‘.

* T or; *t— 725, *2 *tr, *t72°
b*ry® s Ayd(rg+ rs) d%rg® rs
<2 in '!'.';' + ( 5 + Agd ry + 5 ) 1n oy

where, from equations (2) and (8),

rg €Uy - ricCUy

rch

a very untidy relatilon.

VII. RADIAL PRESSURE RISE THROUGH ROTOR OF "IDEAL" MODEL

So far the equations for the theoretical head and
capacity have been derived. The total head developed,
however, was shown to be a function of the circulatory
Tlow, Qc’ as well as the chosen coefflicients, & and ¢,
the pump dimensions, and the angular velocity. It 18 to
the derivation of the function for the circulatory flow
we now turn our attention. To accomplish this, the radial
pressure rise through the rotor is first determined, using

the steady flow energy equation and continuity. Returning
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to the control volumee previously used, we then write
the governing equations of the radial motion and solve
for the radial pressure rise in the open passage. Com-
bination of these two relatione gives us the solution we
desire.

Referring to Figure 10 a), page 34, for steady flow
the resulting exterml torque‘on the fluld momentarily
occupying a2 fixed differential control volume by Newton's
second law 1s:

dT = dM(rg olUs - ry oCUL) + R ag-g de

Since the forces acting on the rotor by Newtomn's
third law must be equal, opposite, and collinear to those

acting on the fluid enclosed by the rotor at any instant,

dWB = dwin = 4Tw

where dws is the shaft work, and dwin is the work input
to the fluid.

aw, = aM (o Ua® - ccua')’ +Raa g-g ae (16)'

i
The first term on the right of equation (16) 1s the
work as given by Euler's pump and turbine equation. The
second term is known as the turbine work and temds to

drive the rotor counter to its rotation through the working
section of the pump. Through the stripper between the
suction and discharge, however, the pressure gradlent is
reversed, and the turbine work is slmost completely re-

covered.
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Figure 10 b) on page 34 shows typical velocity dia-
grams at the blade entrance and exit for a high capacity.
Since the rotor blades are radial it can be seen that at
point 1 the relative veloclity, vi, will suffer an abrupt
change in direction upon entering the blades, with a re-
sultant energy loss. For this loss, which we will call
the blade entrance loss rather then the long-misused term
"shock loss," we assume that the kinetic energy assoclated
with the tangential component (U, - «€Uy) of the relative
velocity 1s comwverted into unavallable energy:

aMm (1 - w)' U,®
Blade entrance loss = 5

In the "ideal" model this is the only loss considered.
With this term the steady flow energy relation for the con-

trol volume of Figure 10 a) becomes,

Ve®-Vi® ps-p2 (1 - cC)®u;®
=d4aM | 5 + + 5 ]+

f

+Raowo gg ae

From continuity we derive, (see eguation (9)),

awin

(17)

dM:,:b r; 48 Vn=/obr. de Vr' =/o Qc de

g0 that,
v 23‘-’- and V_, = %
ra P ry’ rs b rs

From the velocity triangles of Figure 10 b),

s _ t TOO ] ]
Vi® = €%0, +Vm
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and, s 8y ® s
V" =6O U. + Vr.

Equating equation (17) to equation (16), performing
the above substltutions, aﬁd solving for the pressure rise

between points 1 and 2:

Q. rl_r.
- m = Gl(2-0) ot -0t e g ()] (8

VIII. RADIAL PRESSURE RISE IN OPEN CHANNEL OF "IDEAL" MODEL

The projection of a mean stream line on the meridional
plane will again be followed in a clockwlse direction.
Continuity in the radial direction, considered for the
control volume between pointe 2 and 3 of Figure 6, page
18, glves us:

P brads v, =p b (r + dr) de (vr +-a;r-dr)

avr + XE =0
or r
Also from continuity and the definition of Qc,
M = o brds v, =p0 Q. 48 (19{
The relation above then tells us,
oV Q
r.._S_
ar - b r. (20)

Considering the forces pertaining to the radial motion
acting on this control volume, Newton's second law in terms

of momentum gives the relatlon:



(p+$§dr)b(r+dr)de-pbrde-pbdr%Q-

\'J
- (p-l--%'gde)bdrgg-:dmvr-dM(Vr-rg-;!dr)+

v
+/obdr(vu+:-;,-‘l%-’-'

which reduces to,

. av
32 /° r r dQ 45?_

Using equations (19) and (20).
Q.
g'p- ‘%r‘l;‘t +/°-— (21)

Since we have already derived an equation for the
tangentlial veloclty, Vu' as a function of the radius,
thie relation may be treated as an ordimry integral
eguation to determine the pressure rise between points

2 and 3. That 1is,

Pe L (Tar Ir. Vu"a-l!
dp ='—w— dr
J‘p' P b Ir. ?. +P I's r '
Solving in part,
5 _ ot sy ®
Po'Po-/DQ. (":1"—1"'")"'/0‘[' 'B{.::udr (22)
. ' ra ’

For the last term on the right side of this equatlon,

the tangential veloclty, V from equation (3), page

u(s-s)’

20, 1is,
rs b re® - r*
=37 0Us -8 3 [ ¥

vu(a-a)
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and,

¢lb.r.6
Vuz.-a) = ["'r"" + 0 b rgPcUs+ ra® cu.'] -11:. -

lblr.l o8
-[g-é-—.——-q-ﬁbr.O‘U.] +én2—r'

Referring to equations (2), page 20, and (8), page 29,

we Tind that,
(rq oUgs - rycCU;)

rcs A
Since,
Uy = rao, and Ug = regw
let, (o3 r.' - oCr;,’
P = A o = i @ (23)
cg .

Also, we define
C =@brs + 20 rs

With these substitutions the previous equation sim-

plifies to:

8 3 8 L ]
Vll(;"l) - [C; rs _ ib rg Ca . § z r] m.

4 rg 2 r

We next perform the integration of the remalning term

of evuation (22).

Ts v 8 ) Cs®ren® T's ar
/’jr.—u_(%-l)‘dr=/o 4 J rs -

I's Ts

pR it [y ot [

- 5 re r“.r dr

[ ] 3,0 a8 ]
_/O Ci1"rg”om s = ¥s 1 . ry
=/ (w5 ) -5, @b raCio® Inghs

+ %/OQ' b A30®%(rs+ rys)

Wit equation (22) this solution gives the equation
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for the radial pressure rise between ry and rs:

Q! Q_r Gﬂrlml rl_r.
b pa = Gob (i) ¢ L ()
p! 8 g, Lt
-3 p § b reCio® 1n s (24)’

+% P §° b Aso®(rs+ ry)

The pressure variation in the direction of the cir-
culatory flow between points 3 and 4 and also points 5 and
1 will be governed by the forces acting in the axial direc-
tion. Comparison of the control volumes of Filgure 7, page
21, and Figure 9, page 25, shows that in both cases the
differential equations are of the same form and have lden-
tical solutions. Considering the control volume of Flgure T,
by continuity,

ov
P crs a_e v, = f ©Ts de (Vz-a-;&dz)

or, v,
/o cr de 3-— dz =
so that,
ov
a-z—z =0 (25)

By momentum in the axial direction,

av,
pCre de-(p-c-g-sdz) cr,dG:dM(Vz-az—dz) -aMv,

sgcrdedz=0

e-o | (26)
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That 18, neilther the velocity nor the pressure varies as
we move axlally along the projection of a mean stream line
between points 3 and 4 and points 5 and 1. From this we

may conclude that:

Pe Pe (27)

and '

P = ps (28)
For the control volume of Figure 8 on page 23 con-
tinuity along the projection of a mean stream line on the

meridicnal plane between points 4 and 5 is satisfied 1if,

oV
- r
/odrdevr- /od(r-t-dr),de (Vr+a-1—,-dr)
which again gives ue the relation,

oy Vr
a-;.-'l--i;—zo

Since also from continuity and the definition of Qc,
d.M-./od.rdQVr:/chdG (29)
we have by substitution,
V. Q%
g =T (30
By Newton's second law of motion in terms of momentum,

in the radial direction:
(p+g-¥d.r) d(r 4 dr) 8 - pd r de - p d dr a8 =

ov |
- r
aM v, dM(Vr+a;—dr) + pddrae v,"*
Dropping those quantities small to thesecond order and
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substituting from the continuity relations above,
]

s
R R o)
Since we ageln have an equation for the tangential
velocity as 4 function of the radius, r, equation (31)
may be integrated between proper limits vo determine the
pressure difference. Noting from Figure 4 b) on page 15
that re¢ = rg and rg = ry, and ueing equations (27) and (28),

. ] )y
jp' dp = ﬁaﬁs_ j:° Lep L. v_“Zi‘—‘ﬂ_ ar (32)

Pa r
The square of the relation for vu(#-S)’ equation (5)

on page 24, is quite long.
vu?#-S) = { re® 0 Uy®- @ re oUs [ Ag(rs+ rg) + 2 Agrs +

]
+ 4 r.'] K4 g- [A&'(!‘.'I- r.)’-a- &4 A.'I‘g.-# 4 A;A.r.(r,+ r.)+
+ 2A; 4 I‘g‘(!‘g-# rs) + 4 Ag 4 !‘g. + dg 1’.‘] } %. -
[ ]
- { % [2 Ay d(r.-&- I‘.) + 4 A; A rg+ 2 4% l‘.‘]" ¢ T's O'U.d} +
.d.

+ r?

To simplify, 1let,

g

Ca

§o, as defined by equation (23)

Ay(rg+ Tg) + 2 Agrg + d rs®
1 4

and Cpg =§§C. - I'Q.U'
Wizh these substitutions,

V’_ CQ' !ng }'d"r
FEN R LN A E
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and the solution of equation (32) glves us,

Ce®@® 1rgf- r,® . rs
Pe- P2 = 3 ( rli*;;r~) -p $ 4 Coo® In o+

{33)

Q ] r\.u r .
. %/, §° A As(re+ ra)fﬂ' /; av— | r:.' 1‘::—)‘

To determine the radial pressure rise in the open
channel between pcinte 1 and 2 we subtract equation (33)
from equation (24):

v~ Pa = (Pz Pa) - (ps- Pn)

8,8 ..

Vi Ca'® rg?- ry® o £:> (34)
7 (rﬂ.-r‘r) /o§dcam in + .

S ra'- ry®

Pes- P1 =

+ % P 8 a Ra(ras ra)o® + 5 - ( v Y T
jp Q, rg® - gt P Calre®e® 1re®- pr,®
Lk r'r‘;;I'—) - 5 S ar~e b

Ts
+ % P § b rsCie® 1n Fo " %/o §°b Ai(rs+ re)o®

IX. CIRCULATORY FIOW EQUATION OF "IDEAL" MODEL

Equation (34) above and equation (18) on page 36 are
independent equatione expressing the radiﬁl pressure 4if-
ference between pointe 1 and 2 on the meridional projection
of a mean stream line. Equating these relations, we obtain
the desired equation far the circulatory flow, Qc’ as a
function of €, @, pump dimensions, and the angular velocity

of the rotor. Combining terms in a convenient form,
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(35)
ch re®- 1a®  Ta®- ra®  Te® - 1yt . . .
S Lo¥s 95" ~ T 0rs® t Dratre® 4 T T (2-0) ors” +
rg®-r,% rs Ci%rg® 1ra®- re®
+ Cg® (-;::—;;1-) -294C Ingm -3 T Ty *
+ i' %Agd (r3+ r;) - % A;b (I‘3+ r.) + i b rg Cs 1n f:‘

where, as previously defined:

G‘l‘"- oCry®

$=
Tog A
Co =@ brg+ 20 rs
Cg = A;(ra*' r.) + 2 Agrs+ d ra‘

and Cs = 'é]‘ ! Ca- r.' (=2

X. EFFICIENCY OF "IDEAL" MODEL

The inerement of work input to the fluid in a dif-
ferential angle d6 was glven by equation (16) on page 33.
For the total working angle of both sides of the impeller,
using the definition of Qc and the derived relation for

&H

tang,
- 8. 9
W, =2 Q,( U™ CUs®) + 2R ao &Hy,
Sinece, Qc(r. ocUg- ry CU1)
OHyong = r. A

cg
by substituion,

Wy, =271, Ao aH + 2R ao OH

in 8 tang tang



We define: 1
Q. =2r, Aw (36)
and,

Qr=2R&0 (37)

The first term, Qs, is seen to be the flow the pump would
deliver if solid body rotation with respect to rotor veloc-
i1ties was obtained. The second term, Qr’ represents the
f£luld within the vanes carried through the stripper. With

theae definitions,
Win = ‘Htang + Q ‘Htans (38)

Before the efficlency equation can be written the
concept of useful work must be cons idered. An accepted
definition of the useful work of a pump or compressor is
the product of the capacity and the total head. Under
this definition the turbine work, which ic the second term
on the right of ecuation (38), must neceesarily be treated
es an internal phenomenon. As gstated before, the turbine
work acting against rotation through the working section
1s belanced in large part by the torque it proauces at the
stripper between discharge and suctlion. To be consistent
in the definition of hydraulic eZficlency of the overall
pump, only the lose in this internal transfer of energy
shouid be considered. In the "ideal" model, of course, no

such lose occurs. By this reasoning the work input 1is eimply,

Win = Q4 ‘Htang : (39)
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and the hydraulic efficiency,

flh=.:_f%§25

8 4 tang

My = § (40)

XI. ANALYSIS OF AN "IDEAL" MODEL

In the amlysis we have determined relations for the
me jor quanf.it.ies which describe ths operation of our "ideal"
mudel: capacity, Q; total headq, AHtans; work input, 'vlm;
circulatory flow, Qc; and efficliency, flh. Each of these
terms can be shown to reduce to functions of the chosen
coefficients, € and o, which relate the tangentlal veloc~
1ty of the fluid to that of the rotor at points 1l and 2
respectively; of the rotor speed, ®; and of the pump dimen-
sions. Two of these equations as derived are much too long
and involved to be repeated at this point for easy reference.
Without loss of meaning we may, however, reduce these equa-
tions using the dimensions of the unit investigated in the
experiments, the Sta-Rite 1& TH-7, and a chosen speed of
3600 rpm. The dimensions of the test model are given in
the Appendix. Our fundamental relatlone are:

Qc(ra. oUy~- recCUs)

(10) 8H., = Todh = (1129.77 & = 591.77 «€)Q,
ft.-t

® 00 00 1b.
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(15) Q = 2187 ¢ + .1394 oc..........5.......rt‘/seo

(35) 364Q% = 124.3 ¢+ 21.77 € o~ 223.2 0+ 12.94 o€ %- 58.45

(39) Win = Q’ AHtans = e3947bﬁtang...........ft-*/ﬂec ’

(40) nh = %‘ =3

(We retain original equation designations for easy back
reference.)

From the similitude relations it is known that the
mechanics of operation are independent of the viscous
forcee. That is, the ratio of any characteristlc pressure
force to dynamic farce 1s depsndent only on & characteristic
kinematic perameter. In our derivations, sinee o is as-
sumed to be constant, the characteristic parameter is .
Referring to equation (15), 1t 1s seen that capacity in-
creases with ¢C. From observaticn, using a dlrectional
probe, it was faund thet oCls positive at high flows.
Again from equation (15) at shut off (maximum head) where
the capacity, Q, 1s zerd, o must necessarily be negative.
This reversal in direction of the tangential veloclity at
the blade entrance as capacity varies is in agreement
with observation. A comparison of the thearetical end
experimental flow angles for the actual pump is shown in

the results.
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In equation (10) for the total head this varliatlon
in tangential velocity as represented by «C 1s seen as
the apparent cause of the sharply rising head curve as
capacity decreases. However, &as discussed in the hypothess
of operation, the rate of the circulatory flow may be ex-
pected to increase contimiously as we approach shut off,
thereby further steepening the head curve.

Unlike the centrifugal pump, the regenerative pump
demands more rather than less power as shut off condltions
are approached. Along with the total head, thie charac-
teristic also parallels the performance of a rotary
positive displacement pump. Equation (39) qualltatively
satisfies the observed performance since the work input
is proportional to the total head.

It 418 known that the maximum capacity as a pump cor-
responds to zero pressure rise. In our discussion iﬁ has
been reasoned that pressure rise is directly proportional
to circulatory flow. Returning to equation (10), we see
that the total head will equal zero when the circulatory

flow is zero, or when
ra o Ug =ry oCUy

that 1s, ueing the definitions of o and &, when

T's

Vas = 77 Ve

This relationship states that the forward tangentlal
velocity of thefluid at the blade entrance is greater



than the velocity leaving the blade tip. This would
result in an extermal centrifugal field stronger than
that produced by the rotor, resulting in a reversed cir-
culatory flow. The only occasion when V,, may be greater
than Vu. is when it is reversed from the direction of the
rotation (low capacity) under the influence of the pres-
sure gradient. The point of zero head must then occur
in the "ideal" model when the circulatory flow is zero.

For the cese of no circulatory flow, the centrifugal
head developed by the radial legs of the flow path within
and without the rotor must be equal and opposite. Setting
Qc equal to zero in equation (35) satisfles this condition.
The value of ¢ for the "ideal" moael of the test pump may
be reasonably assumed as unity in this equation, that ls,
we propose in the "ideal" case a rotor having an infinite
number of blades of infinitesimal thickness. Solving
equation (35) with these conditions gives us at maximum
capacity,

12.94 «C® + 21.77 & - 40.45 =0
o€ = 1.115; - 2.801

where only the positive value is the root of interest,
since from equation (15) at shut off (Q = 0) o equals
-1.569, the lowest value in the operating range of the
pump.

Substitution of equation (15) in equation (40) dis-
closes that the efficiency 1s a straight line function
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increasing with ¢, therefore reaching meximum efficlency
as & pump at maximum capacity. The flow Q found from
equation (15) for the upper value of o€ (1.115), con-
sidering the effect of the blade entrance loss, corres-
ponds to the expected hypothetical flow rate for zero
pressure, that 1s, for an "ideal" efficlency of nearly
100 percent.

Solutions for the capacity and efficiency over the
operﬁting range of the "ideal" model can be seen to be
possible. Substitution of permissible values within the
range of the variable o« in equatlon (35), however, re-
sults in imaginary answers for the circulatory flow over
most of the hypothetical operating range of the pump.
Therefore & complete solution for values of the clircu-
latory flow, and hence the total head, ie not possible.

A preliminary amlysis, assuming coampletely revers-
ible processes within the pump (including no blade entrance
loss) produced no real solutions at all for the circulatory
flowiin the working range. This was clearly related to
the incompatibility of the efficliency relation, equatlion
(40), which indicates efficlencies less than unity for a
modél without irreversibilities. Since the efficiency
is directly dependent on the assumption of identical
mechanics throughout the working section of the pump,

this assumption must be incompatible with 2zero
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jpreversibilities. That is, a constant value for the
circulatory flow per unit angle cannot exist. Rather
than abandon this assumption, however, which is consistent
with the observed linear tangential pressure gradient, we
choose to modify our conceptlion of an "{denl" model by

introducing further irreversibilitles.

XII. INTRODUCTION OF FRICTION IN ECUATIONS OF MOTION

Irreversibilities are first introduced in the analysis
by the addition of shear forces to the typical differential
control volume. The hypothesis of operation and the re-
maining assumptions pertaining to the "4 deal"” model are
retained. As shown in the Appendix, page 77, the new air-
ferential equations of motion written in their simplest
form are non-linear first-order functions. In thie ex-
ample, the equation for the tangential veloclty between
points 2 and 3 is derived and 1s determined as the ratlo
of Bessel functions, or series solutions. Later deriva-
tione require the squaring and integration of this already
complicated result. This involvement is inconsistent
with our original eimplifying assumptione, and physical
interpretation of the resulting equations cannot readlly
be made.
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XIII. ANALYSIS QF A "REAL" MODEL

Although it was not possible to obtain a solution
of the "ideal" model compatible with the known mechanics,
the analysis informed us that the equations for capaclty,
head, and work input were basically sound in the light
of nbserved performence. A modification of our ldeallza-
tion to & "real" regenerative pump with irreversibllitles
was deduced to be necessary. However, it was determined
that the addition of shear forces in the original d4if-
ferentlial equations of motion wae analytically impractical.

Theoretical performance curves which are in remark-
able agreement with those obtained by experiment are
reached quite readily if we assume shear eoffects will
not alter the mean tangential veloclity profile.

Let us consider a unit where we have shear losses
in the inlet and discharge and through the rotor at all
times. However, in the first step it is assumed there
is no fluid shear affecting the motion in the open channel.
The pump 18 then operating at some value of head and
capacity, and o« and ¢ have particular values. Next,
aasume shear forces are added in the open channel. The
unit ie now operating at a new value of head and capacity,
and o has changed. Since this is an actual pump, some
"slip" occurs and @ has a value lees than unity. However,
o is assumed 2 function of only the design of the rotor

and 1te value is constant in all cases. We next open
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or close the pump discharge valve, as required, to adjust
the flow conditions until of is again the same value as
before friction is added in the open channel. Again the
head and capacity will alter. If fluid shear has n.t
changed the tangential velocity distrlibution to a great
extent, the capacity will have approximately the same value
as without friction.

To investigate this possibility we first consider
identical meridional eectlons of the open channel for
the case without friction and for the case with friction
after the flow has been adjusted to the original <.
The losses associated with the thru-flow will be largely
caused by the inlet, discharge, and channel surfaces,
while the losses sssoclated with the circulatory flow,
other than the blade entrance loss, will be mainly caused
by irreversibilities through the rotor. We therefore
sssume that the radial and tangential losses are inde-
pendent, and that the radial shear losses in the open
channel are very small in comparison with the blade entrance
loss and the radlal shear loss through the rotor. That is,
1f the tangential velociti®s outside the rotor are
relatively unchanged, so that the external centrifugal
fleld 1s the same, the quantitative value of the circu-
latory flow will be essentially unaltered by a small
addition of friction. With this stipulation, since oC
and o are identical with and without friction, the total
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angular momentum clange through both meridional sections
will be the same. In terms of the tangential pressure

gradlents, we find,

(41)
gg) with
d

dp,|without .
[(de’] 9/friction| friction

friction - [(%g)uaerul 1

Consider next any typical differzsntiasl control volume
within each of the identical meridional sections. From
experiment for an actual pump and by assumption for an
"{deal" model we have stated that the tangential pressure
gradlent, %g, is not only independent of angular posltlon,
8, but also independent of radius, r. From the latter
condition we conclude that the tangential pressure gradient
across a differential control volume 1ls the same as that
across a meridional section, and so equation (41) per-
tains to compared differentlal control volumes as well.
The change in angular momentum through a differential
control volume with and without frictlion must then be the
same, and we may finally deduce that the tangentlal
velocity profile is not altered by shear effects.

The accuracy of the above conclusion is dependent on
the assumptions, which we will apply in the analysis, con-
cerning the losses in the unit. Under these conditions,
the tangential velocity equations of the "ideal" model are
retained. The previous equation for the capaclty must then
apply equally well to the "real" pump. Repeating from
page 46 for the Sta-Rite 13-TH-7 at 3600 rpm,



(15) Q= .21870C + .1394 C.........,.ft%/seC
(Original equation designations will again be used wher-
ever applicable for easy back reference.)

As another consequence of keeping the 1deal veloclty
profile, the centrifugal field set up in the open channel
is unaltered. Equation (34) on page 42 for the radial
pressure rise in the open channel then differs from that
actually obtained only in a shear loes term in the radlial
direction. Adding a radial loss term and using the dimen-
sions of the test pump in equation (34), we obtaln:

AHy_g = 12.75 0% 21.77 C @ + 12.94 o€ ®+ 400.87 Qc'-
fto" # (*2)

- 8Bp raa, iDL
Blade entrance losses through the rotor have already
been taken into account. Introducing & head loss term in
the relation derived using the steady flow energy equation
changes equation (18) on page 36 only to the extent of the
addition of the radial shear losse. Introducing pump dimen-
sions:

AHi.s = 111.58(2- o) o~ 58.45 + T64.84 Q *-

fto"& ‘
- AHp, rag. cc 1b. ( 3’.

Combining equations (42) and (43) and adding the two

radial shear losses,
AHfr.rad. - 364 Qc' = 223'2 o - 124‘3 q.‘ e 21077 Cﬂ T - (“)

ft.-#
1b.

- 12094 CC‘ - 58045 EEEE
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Within our hypothesis this equation will determine Qc
once OHp., noa. and the "coefficient of slip," o, are
evaluated.

Turning our attention to the relation for the total

head of the "ldeal" model on page 45,

ft s .

(10) s = (1129.T7 & - 591.77 €) Q --- 4

Htang.
we conclude that use of the value of Qc from equation (44)
in thie expreseion now gives us the total head developed

by the pump after radial losses are considered but before

tangential losses are accounted for. That is,
AHy o ng.= TH + OHey tang. (43)

where TH 1s the total head actually developed by the "real"
pump,* and the loss term includes inlet and discharge
losses, irreversibilitles throaugh the stripper assoclated
with the turbine work, and head drop through the vorking
sectlon.

The work input at the rotor of the "real" pump 1s
again only the Euler work as determined on page &b,

(39) Win = Qg B8Hi o,

Substituting equation (44),

Wyp = QqTH +8Hpy yong.) (46)

* The change in "velocity heed" across the test model
is zero 2nd the change in "gravity head" 1s negligible.
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With the previous definition for useful work output the
efficiency relation of page 45 418 altered to,

) _TH
nh - qs [ TH + Hfr.tang.] (‘7)‘

The new relations, (44) through (47), along with
equation (15), now describe, within our two-dimenslonal
analysis, the theoretical operation of the regenerative
pump used in experiments by lazo and Hopklin~ and by Lutz--
once the form of the radial and tangential loss terms 1s
dctermined. Since the nature of the radlal loeses 18
unknown at this point very little can be deduced as to
the variation of the circulatory flow from equation (44).
Qualitatively, however, it may be reasoned that the cir-
culatory flow of the "real" pump 1e quite large over the
entire range of operation, including the maximum capacity
point where the total head delivered is zero. At thils
point, the tangential shear loss through the inlet, working
section, and discharge, would be maximum while at the same
time the difference in tangentlal velocity between blade
tip and root would be minimum. For the necessary change
in angular momentum to overcome the shear loss, the clrcu-
latory flow must be still quite active at maximum capacity.
We conclude that the flow pattern is always of & very
turbulent nature, although well ordered in the mean.
Further, similitude has demonstrated that the mechanics

are independent of Reynolds number. We therefore assume
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that the radial and tangential losases are proportional

to the square of the flows 1in the respective directlions:

Aafr.tang.z Kt Q* (“’,

AHe. rad.” 364 Qo::'.""’ K, Qc' (”,,

where Kt and Kr are the proportionality constante. In
equation (49) we refer to the "net loss,"” that ie, the
actual radial head loss after momentum changes. An anal-
ogy would be the pressure loss through & pipe of varylng

cross-gsection, or a sudden expansion.

XIV. CORRELATION OF THEORY AND EXPERIMENTAL DATA

The theoretical analysies of the "real" pump cannot
predict performance until the methods of pre-evaluating
the constants Kt’ Kr' and @ are studied. This theoretical
study will be considered in detail in the next phase of
the regenerative pump project.

The validity of the theory can be satisfactorily
substantiated, however, using experimental data to deter-
mine the three constante simultaneously, and comparing the
resulting theoretical eauations in all respects with ex-
perimental performance. These data are taken from results
of air tests at 3600 rpm by lazo and Hopkins. Since only
three independent items of data are required, results
from three pointe of the head-capacity curve are selected

as the most important characteristic. Chosen are the
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meximum capacity point where the actual total head 1is
'zero (Q = .305 £t%/sec), the shut off polnt where capacity
1s zero (TH = 1210 ft.-%/1b.), and a third point at ap-
proximately fifty per cent capacity (Q = .130 rt3/sec;

TH = 740 ft.-#/1b.). The expressions obtained for the

three constants arse:

(2058.14 ¢ - 636.T4) /=122 o¥ + 243.47 o - 224;
1.700T o /- 122 ¢

S——

- 4 b - . 4.4 - - 740
+ 22302 - ﬁo%%

from which,
G = 0844

K= (1.7007)® o%/-122 0%+ 223.2 o~ 58.45 = 88.66

K= gg58.140%3 1224.13/-122 ol gzxk.4 o- 120.39 _ 5011.46
* r

The values of these constants when used in the orig-

inal relations supply the following theoretical equations
for the performance of the Sta-Rite 1}-TH-7 at 3600 rpm:

(15) Q= .1846 + .1394 C

(44) Q" = .4668 - .2072 oC- .1460 oc®

(45) TH = (953.53 - 591.77 &) Q, - 2011.46 Q°®
(46) {-0745) (.394T) -

(47)

— ..Qz TH
rzh T 3987 TH + 2011.246 QF
where of varies between .8637 at maximum capacity (.305
rt3/sec) and -1.3242 at shut off. (To follow accepted
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convention the capacity, Q, was used as the independent
varisble in Graphs 1, 5 and 6. and the dimensionless flow
rate, Q/wD®, in the remaining grarhs.)

Correlation of theory and experiment 1s very remark-
able, as demonstrated by Graphs 1 to 4. It 1s a signifi-
cant fact that data were taken at widely separated points
from only one of the primary performance curves to determine
three independent ccnstante. And yet, the theoretical
equations agree with experimental data for the two inde-
pendent characteristics, total head and horeepower input,
as clearly shown in Graph 1, page 60, for the alr tests
conducted here at the Institute. This graph also 1ln-
dlcates the experimental scatter which might be expected
in a limited number of points at a particular speed. The
fiml data used in evaluating the constante were adjusted
to effect the same compromise among the scatter of the
three curves as would be achieved using French curves.

It has been stated previously that the regenerative
pump 1s & hydrodynamic unit. We can take advantage of
this tact for a better comparison of the theoretical
solution. Plotting the performance on a dimensionlese
basis allows the use of all data regardless of fluid
pumped or speed. From the work by lLazo and Hopkins re-
sults are available from air tests at seven speeds ranging
from 1200 rpm to 4800 rpm. The indicated points from the
air tests on Graphs 2, 3, and 4, which immediately follow,
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are taken from the curve based on this wealth of informa-
tion, thus reducing the sxperimental error. Pointe from
an experimental curve made by the mamufacturer, using an
jdent ical unit, are also shown. sta-Rite's teet was con-
ducted at 1750 rpm, using water, with a constant 15-toot
suction lift. The theoretical curves of these graphs are
those of Graph 1 converted to a dimensionleess basis.
Correlation of the theoretical esolution and the air and
water tests can be seen to be excellent. One of the im-
portant facts substantiated by the results is that the
constants may be consldered independent of capaclity as
assumed, and unaffected by speed or fluid medium. The
performance curves would, of course, break sharply if
cavitation occurred, so epeed and the type of fluid
pumped are still important factors.

On page 19 the work of Busemann and of Stodola was
referred to in comection with the "coefficient of slip"
o. The value of @ obtained from the thecretical solutlion
agrees surprisingly well quantitatively with the work of
these investigators as reported by Dr. Wislicenus.* From
this source the Busemann factor for a radial-flow impelier
with forty 90-degree blades is approximately 0.87 and the
Stodola correction approximately 0.80. For both tractore

the effect of fluld shear was disregarded in the analysis

1
Fluid Mechanics of Turbomachinery McGraw-Hill, nNew York
19?7,' et 9 » 9
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or the investigators, ana the values sre hlgh for a real
impeller. The value of ¢ determined by our theoretical
solution was 0.844.

A number of assumptione are required to apply the
work of these investigators to the regenerative pump.
Comparison is based on the conditions that -

(1) The rotor may be considered shrouded. In the
theoretical analysis the flow 1s assumed as though a
barrier or shroud does exist.

(2) The ratio of blade length to spacing ls great
enough so that the coefficient of slip le determined en-
tirely by the discharge portion of the vanes. For the
test unit the ratio is 1.75:1.

(3) The coefficient of slip ie independent of
capacity.

The apparent agreement with these investigations for
the regenerative unit studied may be coincidence. This 1s
particularly so since the effects of dimensione and shape
of liquid passage were not coneidered by Busemann and
Stodola, and of course the actual regenerative rotor 1is
unshrouded.

In Graph 5, page 66, a number of internal performance
parameters from the theoretical solutlion are plotted at
3600 rpm for the test unit. The values for Qc are for a
double-sided or commercial pump, rather than for a single-

flow unit used in the derivations. The trend of this curve
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shows that for the test unit Qc does not continually
increase as shut-off conditions are approached, but

reaches s maximum at a capacity of about .09 ft%/sec.

As indicated by the curve for o, the tangentlal veloclity
of the fluld outside the rotor near the blade root decreases
and then reverses under the influence of the pressure
gradient. Near shut-off the centrifugal field produced

by reversed tangential flow agaln approaches that produced
by the rotor, reducing the circulatory flow.

From the study of the "ideal" model, the ideal ef-
ficlency was determired as the ratio of the capacity to
the maximum capacity at solid body rotation, Q/Q,- Thie
curve on Graph 5, then, 1s an indication of the maximum
efficiency that could be attained by the test model with
1te present design. The hydraulic efficiency of the "real"
pump is the product of the values of the Q/Q8 curve and
the TH/AHtans_ curve. This latter curve depicts the ratio
of the useful total head to the head developed after blade
entrance and radial losses are considered, and reflects
the effect of tangential losses in the pump.

A better pilcture of the losses is given by the power
dietribution curves of Graph 6, page 68. These curves are
a result of the theoretical solution and may prove the most
immediately useful in the lmprovement of the regenerative
pump. The valueg of the horsepower are given for air with
a specific mass of 0.0745 lbs/ft® from the experiments of

Lazo and Hopkins.
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As shown, the blade entrance loss 1s the greatest
consumer of power over most of the range of operation,
and its decrease would reduce power input and increase
head most effectively. This loss might be reduced some-
what by rounding the radial edges of the vanes, particu-
larly the back edge. However, without guide-vanes in
the now open channel, substantlial decrease of the blade
entrance loes cannot be expected. The galn, 1f any, would
be over a very limited range of operation.

Moet of the tangential losses, from the theory 1n
the analysis, are due to irreversibilitlies in the inlet
and discharge rather than in the working section of the
pump. Their reduction, therefore, 1s dependent mainly
on improved design of the inlet and discharge--not on
improved internal performance. From this discussion we
conclude that the most feasible method of improving per-
formance 1s the reduction of the radial locsees.

Because of the two-dimensional treatment in the
analysis, with its approximations and assumptions, it
cannot fully and accurately predict all internal mechanice
of the true three-dimensional flow. To be valld it must
nevertheless qualitatively agree with the internal flow
pattern. Perhaps the most significant mechanism of the
flow is the reversal of the tangential veloclty near the
blade root as shut off is approached. This is represented
in the theory by the negative values of o, as shown in
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Graph 5. The tangential flow angles 1h the open channel
at the side of the rotor were measured at various radil
and flowe by Lazo and Hopkine. Graph 7, page 70, shows
very satisfactory qualitative agreement between the three-
dimensional data of the experimental curves end the curves
calculated from the two-dimensional theoretical solution.
Unfortunately, because of the construction of the test pump,
1t wae necessary to read these angles by looking into a
forty-five degree mirror set 1in a specially machined
recess. The resulting experimental scatter, even after
collecting the data on a dimensionless plof, is evident

in Graph 8, page Tl.

Xv. SUMMATION

The amelysis developed in this paper for a regenerative
pump is more complete than that of other turbomachinery.
Generally, the theory of centrifugal pumps, turblnes,
axial-flow compressors, and other hydrodynamic units, is
best sulted to the maximum efficiency point and uses quite
s number of empirical constants determined by experience.
The theory we have proposed has been verified over the
complete range of operation. Only three constants, each
independent of capacity and uninfluenced by speed or fluid
medium, were introduced.

Of course, the analysis has weaknesses due to the

assumpsions and approximations necessary. Omne of the
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weaknesses is that while variation in the experimental
4date collected will only slightly alter the resulting
experimentgl curves, & reasomable change in any one of
the data points used in determining the constants causes
a significant change in the resulting theoretical curvee.
This means that to predict the operation of a unit over
its complete range the three constants must be pre-evaluated
quite accurately. From a practical point of view, future
study might be best directed toward prediction of the
meximum efficiwncy point. My next plan is to study tﬁis
phase of the overall project.

Two forms of losses were not consldered in the solu-
tion--mechanical friction and internal leakage. All loeses
due to mechanical friction, except disk-friction losses,
were eliminated from the experiments by the nature of the
test set-up. The disk-friction losses, on & percentage
basis, are very small and would alter the efficiency curve
less than consideration of experimental error. internal
leakage through the side clearancee and through the
stripper apparently has a very noticeable effect. 1In
the experiments by Lazo and Hopkins the sum of the side
clearances was 0.003 to 0.005 inches. The clearance was
opened to a total of 0.012 inches in later experiments,
and 1t was found that the similitude characteristics were
significantly altered. The real effect of internal leakage
is yet to be studied.
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The amalysis certainly satisfies oﬁr primary object-
jve. Now that the governing equations are determined, the
problems of pre-evaluating the "coefficient of slip" and
the radial and tangential loss coefficlents, and improving
performance, can be studied. Many experimental problems
were encountered in using a test model bullt for the com~
mercial market. On several occaslions, exporiments were
not feasible because of the small dimensione of the unit,
as shown by the list in the appendix, or because of the
design. To offset thie handicap, and at the same time
give versatility and greater visibility, a speclally de-
signed plestic model is now in production. This model,
which ie actually & "half-pump," is a 3} to 1 scale version
of the present test unit. The increased dimensions may
allow the use of probes in the fluld stream, which was
not possible before, and will increase the accuracy in
measuring flow angles. Just as important is the new
model's versatility. It has been designed eo that axial
snd radial dimensional changes can be made and blades of
various design can be used in the rotor. It is anticipated
that experimental results from this unit, in conjunction
with the theory, will lead to a greater understanding of
the influence of dimensional changes. The findings of this
phase of the project will be reported in a thesis by
Miguel A. Santalo.
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DIMENSIONS OF THE STA-RITE_1§-TH-7 REGENERATIVE PUMP:

b of |
I's

Ts

Q

- U &

e o o o o o o 1.952 in.

e s o o s o o 2.697 in.

e o« o o o o o 2,787 in.

e o o o o o o 0.2295 1n.
e + o o o o o 0.1810 in.
e o« s o o o » 0.3080 in.
e + o« o o o o« 0.2688 in.
e o o o o o o 0.1540 1in.
o o e o o o o 2,392 in.

« s ¢ o « o« « 0.02066 in®
e « « « o« . 0.04865 1n*
e« + o s o o » 0.25718 in®
e e s e o o o 0.03534 in*
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DERIVATION OF TANGENTIAL VEIDCIT;'EQUAfION WITH
FRICTION INTRODUCED IN_EQUATIONS QF MOTION

gshear forces are experienced at all surfaces of a
control volume of a viscous fluid where a velocity gradient
exists. For simplification, however, we follow the gen-
erally accepted practice of assuming all shear effecte
act as a single force at the solid boundaries. Even with
this simplification, taking the true componente of the
shear force acting in the absolute direction of the flow
ljeads to differertial equations out of the scope of most
engineering methematical texts. We further simplify by

assuming the shear forces are of the form -

9
Tangential shear force = o $. 'é%' r de ar

s
Radial shear force =p }“r 2—;— r 40 ar

We select for this example the control volume between
points 2 and 3 on page 18. Each of the shear forces above,
of course, i1s assumed acting against fluid motlon. The new
differential equations of motion, derived as before, are
now:

In the tangential direction,

ov \' § ,
or r 2Q° u /ch )
In the radial direction,

v' Q. g
(2) g§=/0;3—+b° (1-;—%:-)
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These equations are non-linear first-order functlions

of the form of Riccatl's Equation:?

(3) & 4+ p(x)y + Q(x)y* = R(x)

where P(x), Q(x), end R(x) are functions of the independent
variable. Equations of thie form can be solved by the sub-

stitution,
I S '}
(4) = lei u dax
which reduces Riccati's Equation to & linear second-order
relation.
(5) [P(x) - —-(-—) QQ..(E). dx R(x)Q(x)u = 0

Since we are interested in the equation for the tan-

gential velocity, in equation (1) let,

A

k2 = 2q,

and, 3
_ b

ke = 3q; 36

Using r as the independent variable:
P(r) Q(r) = k3 r; and R(r) = -ks

Equation (5) becomes,

8
(6) %‘;‘ll"i-k;k.ru:O

1 gee problem 34, page 50, of Advanced Calculus for Engineers
by F. B. Hildebrand. Prentice-Hall, New York, 9.
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The simplest solution of this equatlion ls found using

Bessel functions, J, and is,
(7) u = r‘[C; J* ("2'5)'\’ !“) + Cg J_g ('2‘36‘ r‘)]

where N = /K ks, and C; and Cg are arbitrary constants.
Comparison of the equations (1) and (3) shows that,

- v = au
(8) vu"y"Qr u dr

Substituting in equation (8) after the indicated
operations, amd simplifying,

(9) v K -i[J-l(K. 2") - C Jl(K. I‘g)]
= r
, u : Ji(K. r‘) -C J_* (Kq rt)

where now, C = arbitrary corstant
/ 2b
Ky =
£ P h
nd
ancs Kg = 2 b t
R, @2p

To carry on the ansalysis,. 1t would first be necessary
to determine the arbltrary constant from a& known boundary
condition. In solving the differential relation of equa-
tion (2), the square of equation (9) would be substituted
for Vu' before integrating. As stated in the text, the
mathematical complication of this attack is unwarranted

in the light of the original assumptlons.
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