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ARTICLE OPEN

Thermodynamics of multi-sublattice battery active materials:
from an extended regular solution theory to a phase-field
model of LiMnyFe1-yPO4
Pierfrancesco Ombrini 1, Martin Z. Bazant 2,3, Marnix Wagemaker1 and Alexandros Vasileiadis1✉

Phase separation during the lithiation of redox-active materials is a critical factor affecting battery performance, including energy
density, charging rates, and cycle life. Accurate physical descriptions of these materials are necessary for understanding underlying
lithiation mechanisms, performance limitations, and optimizing energy storage devices. This work presents an extended regular
solution model that captures mutual interactions between sublattices of multi-sublattice battery materials, typically synthesized by
metal substitution. We apply the model to phospho-olivine materials and demonstrate its quantitative accuracy in predicting the
composition-dependent redox shift of the plateaus of LiMnyFe1-yPO4 (LFMP), LiCoyFe1-yPO4 (LFCP), LiCoxMnyFe1-x-yPO4 (LFMCP), as
well as their phase separation behavior. Furthermore, we develop a phase-field model of LFMP that consistently matches
experimental data and identifies LiMn0.4Fe0.6PO4 as a superior composition that favors a solid solution phase transition, making it
ideal for high-power applications.

npj Computational Materials           (2023) 9:148 ; https://doi.org/10.1038/s41524-023-01109-1

INTRODUCTION
Li-ion batteries are fundamental to the upcoming transition
toward sustainable energy production, electric mobility, and
energy storage1. Although the early storage requirements were
satisfied by active materials such as graphite and LiCoO2

2,3, higher
energy densities, sustainability, cheaper elements, and improved
safety require developing more sophisticated battery active
materials. Li-ion battery electrode materials also have other
emerging applications4, such as electrochromic displays5, ion-
tunable electrocatalysis6, resistive switching memory7–9, water
desalination and purification10, and lithium extraction from
brines11,12. In all of these applications, the design space for
electrode materials with various desired properties has hardly
been explored.
Blending or modifying existing electrode materials is a

promising method to improve properties, which is gaining
attention, albeit with limited theoretical guidance. While the
anode materials are moving toward silicon13, silicon/graphite
composites, or Li-metal14, cathode development is running
behind, with most advancements focusing on substituting cobalt
in layered oxide materials with Ni, Mn, or Al developing
LiNixMnyCo1-x-yO2 (NMC) and LiNixAlyCo1-x-yO2 (NCA) cathodes15,16.
These approaches show the advantages of modifying the
composition of an existing cathode with well-established lithiation
mechanisms to reduce its cost and environmental impact and to
improve energy density and cycle life. Applying the same
approach to LiFePO4 (LFP), a phospho-olivine material introduced
by Goodenough and co-workers in 199717, which has advantages
over the layered oxides in lower cost and toxicity with greater
stability and recyclability18, various partial or complete substitu-
tions of Fe with Mn, Co, and Ni have been attempted. Higher
redox potential and similar specific capacities can be obtained,
improving the overall energy density19–21 while sustaining decent

diffusivity and cycle life. Currently, LiMnyFe1-yPO4 (LFMP)21–23

exhibits the most promising characteristics and is rapidly being
incorporated into commercial batteries. Therefore, it is crucial to
gain a deep understanding of the basic physics of LFMP through
modeling. Other materials in the same family, such as
LiCoyFe1-yPO4 (LFCP)24–29 and LiCoxMnyFe1-x-yPO4 (LFMCP)19,20,30,
also display intriguing properties and merit further investigation
as well.
First-principles calculations struggle to provide a complete

picture of the underlying mechanisms, in part due to the heavy
impact of the practical choice of the pseudopotentials on the
predicted redox potential31,32 and partly because the use of
Monte Carlo simulations aided by cluster expansion33 prevent the
understanding of the behavior of the material in a realistic battery
system at finite temperature.
Mesoscale modeling, based on mean-field theories of electro-

chemical nonequilibrium thermodynamics34, is instead a suitable
tool to investigate the effects of different chemistries, morphol-
ogies, and cycling strategies in Li-ion batteries due to its low
computational costs and flexibility. Different models have been
developed depending on the goal and the required precision35–39.
Progress has been made in modeling phase-separating active
materials regarding single particle behavior40–46 and collective
dynamics in a battery environment35,47–54.
In order to develop an accurate thermodynamic description, it

was essential to model the behavior of individual particles using
phase-field methods, which generalize the Cahn-Hilliard formal-
ism55–61 for driven electrochemical systems34,48,52. This approach
has led to realistic models of diffusion and reaction models for
materials such as graphite62,63, anatase TiO2

45, LTO46, LCO9 and
LFP64–68, showing excellent agreement with experiments, guiding
researchers to properly understand the reasons for various
peculiar behaviors occurring in phase-separating materials and
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helping companies in the optimization of these kinds of batteries.
Recently, phase-field modeling of LFP has succeeded in reprodu-
cing a vast dataset of operando x-ray images of nanoparticles
cycling at different rates pixel by pixel69, while learning the two-
phase free-energy landscape, the reaction kinetics of coupled ion-
electron transfer70, and the heterogeneity of surface reactivity,
correlated with variations in carbon coating thickness. An open-
source code, MPET (Multiphase Porous Electrode Theory)48 has
been developed to facilitate the implementation of these models
for specific cells and control algorithms71. With its modular design,
users can quickly incorporate phase-field models of the studied
material within a porous electrode theory framework, providing
insights into both the individual particle and the collective system
responses.
In this study, we applied a thermodynamic-based approach to

investigate the impact of composition on the performance of
phospho-olivine materials. We extended the regular-solution
theory61,72, originally applied to single-lattice LFP34,73, to consider
the presence of multiple sublattices for the intercalated species,
which have distinct properties and redox potentials. Our theory
reveals how interactions between sublattices explain the compo-
sition dependence on redox potential and phase transition
behavior. By applying the theory to a phase-field simulation of
an LFMP half-cell, we gain fundamental insights into the optimal
transition metal ratio, which demonstrate the possibility of using
mean-field phase-field models to design active materials.

RESULTS
Multi-sublattice regular solution theory
The mathematical modeling of a closed thermodynamic system
starts by defining the Helmholtz free energy F, given by
F ¼ E � TS61,72. To determine the properties of a solid solution,
we need the temperature T, a function for the entropy S, linked to
all possible configurations the system can have, and the internal
energy E, representing interactions between the particles of the
system. The regular solution model, which is equivalent to a
mean-field lattice-gas model with pair interactions, offers an
elegant and straightforward way to describe solid solutions, and it
was implemented successfully in various battery active materi-
als34,40,44–46,48,63,73. However, its application is mainly limited to
materials where the intercalated species encounter one lattice
type, such as LFP or LTO46, or two non-interacting sublattices, such
as TiO2

45. Phase-field models of staging phase transitions in
graphite have been developed with multiple, periodic interacting
crystal layers40, but the parameters must be fitted to experimental
data to describe the complex phase diagram of the material62,63,74.
To summarize this mean-field theory, we can start considering

an active material containing N lattice sites that can host
intercalating species (e.g., lithium) whose relative concentration
is defined as ec ¼ Noccupied=N. The entropy S ¼ �kBN½ecln ecð Þþ
1� ecð Þln 1� ecð Þ�, where κB is the Boltzmann constant, is derived
from the possible configurations of the intercalated system, and
the internal energy E ¼ Nz 1

2 εooec þ 1
2 εvv 1� ecð Þ þ Ω

z
ec 1� ecð Þ� �

is
obtained considering only pair interaction energies, εoo, εvv , εvo
between two occupied sites, two vacancies, or a vacancy and an
occupied site, respectively61. These are then multiplied by the
number of atoms and the number of closest neighbors z. To apply
the model is therefore not necessary to know all the interaction
energies, but it is sufficient to know Ω ¼ z εvo � 1

2 εoo � 1
2 εvv

� �
,

which represents the mixing enthalpy, determining whether the
material will favor phase separation during (de)intercalation. In the
context of rechargeable battery materials, the absolute value of
the energy carries no physical meaning, while the difference
between the completely intercalated state and the empty state

provides the standard chemical potential μΘ ¼ E ec¼1
� �

�E ec¼0
� �� �

N .

The standard chemical potential can so be associated with the
interaction energies, μΘ ¼ z εoo

2 � εvv
2

� �
, and the total energy can be

rewritten as E ¼ N Ωec 1� ecð Þ þ μΘec� �
. A connection is so estab-

lished between the approximation governing the regular solution
theory and the redox potential as intrinsic physical property of the
material. The regular solution theory finally provides the
occupation-dependent chemical potential of the intercalated

materials as μðecÞ ¼ 1
N
∂F
∂ec ¼ kBT ln ec

1�ec þ Ω 1� 2ecð Þ þ μΘ.
One way to obtain the parameters introduced above is by

performing first-principles calculations, attaining the energies of
the structure at different fractions of intercalation, and subse-
quently determining the mixing energy and the redox potential75.
Moreover, it is possible to measure the chemical potential
experimentally during close-to-equilibrium (de)intercalation; fit-
ting the voltage hysteresis gap will then capture the difference
between the local minima and maxima of the Ω dependent
chemical potential44,76.
A practical example of the application of this model is LiFePO4,

in which for every intercalated Li-ion, an adjacent Fe is reduced
from Fe3+ to Fe2+ so that an occupied site consists of an
ensemble of Li+, Fe2+, and PO4, forming what is approximated as
a neutral specie, while a vacancy consists of Fe3+, PO4 and an
empty lattice position. The standard chemical potential is then
usually redefined with respect to the redox potential of the redox
reaction Li metal - Li+.
Aiming to describe a general multi-sublattice material in which

the lattice sites are mixed uniformly, the usual regular solution
model must be modified to account for the various interactions
that the intercalated species can have in the material.
We consider a lattice composed of N intercalating sites, divided

into n sublattices, of which Ni ¼ yiN belong to the sublattice i.
Assuming that the lattice sites of different types are fixed in space
after the synthesis of the entropy for the sublattice i, having an
occupation eci ¼ Noccupied i=Ni , is calculated using the solid solution
approach, resulting in

S ¼ �
Xn
i¼1

kBNi eci ln ecið Þ þ 1� ecið Þln 1� ecið Þ½ � (1)

The internal energy of the general system with n different
sublattices E is computed using a mean-field pair interaction
approach so that the effect of the sublattices interactions arises
naturally.
Using the same logic behind the regular solution model, we

can start considering a scheme represented in Fig. 1, in which,
for clarity, only two types of sites are considered. It shows how
an intercalated particle in the occupied lattice site i will interact
with other occupied sites of type i, the vacancies of the sites i,
but also with the vacancies and the occupied sites of type j,
leading to 9 different interaction energies for a 2-sublattice
material.
The evaluation of the interaction energies between different

sites εij, in such complex systems, is challenging and would involve
atomistic quantum mechanical computations. As a first approx-
imation, we calculate them as an average between the same-site
interactions εij ¼ ðεii þ εjjÞ=2.
Assuming that the site-site interactions εij are not influenced by

the ratio between the compounds yi, the total internal energy will
so be obtained considering that an atom or a vacancy in the
sublattice i, having z close neighbors, will interact with zi ¼ yiz
neighbors with an energy εooii , εvv ii or εvoii depending on their
occupation state, but also with zj ¼ yjz neighbors with an energy
εooij , εvv ij or εvoij . Applying this concept and considering all the
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possible combinations, the internal energy is

E ¼
Xn
i¼1

Xn
j¼1

Nizj
2

εooij
eci þecj

2

� �
þ εvvij 1� eci þecj

2

� �
þ Ωij

z
eci þecj � 2eciecj� �� 	

(2)

Where Ωij can be calculated as

Ωij ¼
Ωii þ Ωjj
� �

2
(3)

and it will coincide with Ωii ¼ z εvoii � 1
2 εooii � 1

2 εvvii
� �

, the value for
the single lattice structure where only one kind of interaction is
present. A complete derivation of Eq. (2) is presented in the
section 1.1 of the supplementary information.
Equation (2) links the properties of the original materials, which

are summarized in Ωii, Ωjj; ¼ ;Ωnn, to the properties of the mixed
compound. We can thus conclude that this one equation
describes the system in all its possible compositions, becoming
a powerful tool for alloy engineering.
Distinguishing now between the absolute energy dependence

on concentration (first two terms in Eq. 2) and the enthalpy of
mixing (last term in Eq. 2), the free energy of the system can be
rewritten as

F ¼ N
Xn
i¼1

Xn
j¼1

yiyjΩij
eci þ ecj

2
� eciecj� �

þ
Xn
i¼1

yikBT eci ln ecið Þ þ 1�ecið Þln 1� ecið Þ½ � þ
Xn
i¼1

yieciμΘi
( )

(4)

Where μΘi is the standard chemical potential for the sublattice i,
which is related, as described above, to the standard half-cell
potential of the reacting sublattice VΘ

i , and conserve the intrinsic
physical property of the redox potential for the specific sublattice.
Once the regular solution theory has been reformulated for a

multi-sublattice active material, it is crucial to analyze the
analytical solution to gain insight into the impact of various
alloying elements on the material’s behavior before obtaining the
free energy functional needed to construct a comprehensive
phase-field model.
To predict the behavior of the system is necessary to build an n

dimensional energy space and follow the concentration path that

minimizes the energy extracted to transform the system from a
completely deintercalated state, where ec1;ec2; ¼ecn ¼ 0, to a fully
occupied system where ec1;ec2; ¼ecn ¼ 1. In this way, it is possible
to numerically obtain a solution for FðecÞ, and from it, a voltage
curve for a homogenous single particle system can be obtained
VðecÞ.
If the difference in standard chemical potential between the

lattice sites is significant compared to Ωij we will observe a series
of redox plateaus in the voltage curve. Conversely, a more
complicated energy path will be followed (see supplementary
information, section 2.1). Limiting ourselves to the first case, we
can analytically calculate the chemical potential, and so the
voltage curve of the various plateaus as

μi ¼
1
yiN

∂F
∂eci (5)

μi ¼ kBT ln
eci

1� eci
� �

þ
Xn
j¼1

yjΩijð1� 2ecjÞþμΘi (6)

This simple formulation allows us to analytically capture how
the system behaves depending on the compositions yi ; yj ; ¼ ; yn
and the known factors Ωii;Ωjj; ¼ ;Ωnn .
In fact, considering an intercalation process, we can deduce that

in case μΘ1 < μΘ2;3;¼ the intercalated species will initially sit in the
lattice sites here defined as “1” keeping ec2;3;¼ ¼ 0, and then, onceec1 � 1 the second lattice sites will react, and so on. Therefore, the
effective standard chemical potentials measured will be

μΘ1eff ¼ μΘ1 þ
Xn
j¼2

yjΩ1j (7)

From Eq. (7), we can conclude that, due to the enthalpic
contributions of the surrounding sublattices, the effective
chemical potential, and so the measured redox potential VΘ

i , will
be decreased by a value corresponding to the sum of the pair
mixing energy coefficients, weighted by their corresponding
stoichiometry. For the second plateau, we instead expect that
since ec1 � 1 the redox potential will increase by a factor y1Ω12 and
be reduced by a factor

Pn
i¼3yiΩ2i .

Moreover, it is worth noticing how the effective enthalpic
interaction Ωi eff ¼ yiΩii is now a function of the stoichiometry of
the compound. In the case of phase-separating materials, this will
impact the voltage hysteresis gap and the overall phase
separation behavior with respect to the pure original lattice.
Knowing that if Ωi eff < 2kBT no phase separation will occur during
the plateau of the specie “i”, we can directly calculate the
compositions that assure a solid-solution transition yiss< 2kBT=Ωii
depending directly on temperature and the mixing energy of the
original compound.
The theory can so be straightforwardly applied to intercalating

electrode materials. Following the example of the phospho-olivine
materials, a single sublattice position will be composed by the
ensemble of an intercalated specie, a transition metal and the PO4

tetrahedron. The stoichiometry of the transition metal “i” will thus
correspond to yi, while eci indicates the fraction of transition metal
which lattice spot is occupied.
Moreover, the presented theoretical structure can also be

compared with the compound energy formalism (CEF)77 of the
CALPHAD approach to solution modeling78. Specifically, to
develop the theory, we followed the point of view of intercalated
atoms so that we defined a sublattice as a set of lattice positions
composed of the inserted specie and the corresponding reduced
transition metal. From another perspective, the system can be
seen as a single lattice having 2n species: a vacancy and an
occupied spot for each insertion site. In this context, Eq. (4) can be
considered as an expression of the free energy, including the
excess free energy, in terms of the site interactions within the

Fig. 1 Schematic representation of the interaction of a
2-sublattice material according to the extended regular solution
model. The empty and full circles indicate vacancies and occupied
sites, respectively. The species in the sublattice “i” (blue) interact
with themselves through interaction energies εooii ; εov ii ; εvv ii (full dark
blue arrow, dotted blue arrow, full light blue arrow). Same for the
species in the sublattice “j” (orange) εoojj ; εov jj; εvv jj (full dark orange
arrow, dotted orange arrow, full light orange arrow). The intra-
sublattice interactions are represented in green: εooij ; εov ij; εvv ij (full
dark green arrow, dotted green arrow, full light green arrow). The
squared crystal structure and number of interactions of each type
are for visual intent, not representative of the physics of the system.
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same sublattice, and Eq. (3) as a generalized approximated form of
the bond energy model for multiple species79. Finally, it must be
stated that we do not expect the obtained model to be able to
predict the complete phase diagram since, differently from the
CALPHAD approach, the parameters are directly taken from the
regular solution model interpretation of electrochemical data
rather than fitted to experimental phase diagrams. While for
general solid compounds, the CALPHAD approach is feasible and
necessary, its application to battery materials requires a wide set
of experiments and strongly depends on the choice of the end-
members model80. Our approach is instead applicable to
electrochemical data making it more suitable for active material
battery modeling.

Application to phospho-olivine cathodes
The available literature and the need for a reliable electrochemical
model make phospho-olivine cathodes an excellent candidate for
a critical verification of the developed theory by testing its
implications on the redox potential shift and the order of the
phase transition. We focus on the most promising iron substitu-
tions in LiFePO4 (LFP) by Mn and Co. Cyclic voltammetry and
voltage curve data from the literature can provide the necessary
information to implement in the model. For obtaining the
enthalpies of mixing of the single sublattice of LiFePO4 (ΩFeFe in
our multi-sublattice notation) and μΘFe, we can rely on previous
regular solution models for LFP were ΩFeFe ¼ 4:63kBT and μΘFe ¼�3:422eV per Li atom. However, for LiMnPO4 (LMP) and LiCoPO4

(LCP), no previously developed models are available, so we must
obtain ΩMnMn ¼ 7:44kBT and μΘMn ¼ �4:09eV per Li atom from
fitting the voltage curve from Tasaduk et al.20 and the cyclic
voltammetry of Kobayashi et al.81, respectively. Obtaining values
for LiCoPO4 presents particular challenges due to its instability

with the current electrolyte24, limiting the available data. Never-
theless, we note that the peak separation of the cyclic
voltammetry in the work of Jalkanen et al.82 is close to that of
LFP. Since the peak separation is proportional to the voltage gap
due to phase separation, we can assume that ΩCoCo � ΩFeFe and
that μΘCo ¼ �4:78eV per Li atom can be determined from the peak
midpoint.
Starting by analyzing the shift in redox potential, we can

compare the midpoints of the cyclic voltammetry results at
different Fe substitutions from refs. 57,59 with the redox shift
obtained from the theory. The expected dependence of the redox
potential on the Mn content y for the plateaus in LiMnyFe1-yPO4

will so be

VΘ
Mneff ¼ VΘ

Mn þ yΩFeMn

VΘ
Feeff

¼ VΘ
Fe � ð1� yÞΩFeMn

Making the same calculations for the LFCP, we can see in Fig. 2
how the theory predicts the experimental values without any
fitting parameters. A strong indication of the validity of the theory
is in the quantitative prediction of the shift in the Fe plateau
ΔVΘ

Fe ¼ ðy � 1ÞΩFeX which clearly does not depend on the original
redox potential but only on the value of the average enthalpic
interaction ΩFeX, which is different for the case of Co and Mn
substitution. For the LiCoPO4 case, we could have been more
precise by considering the double redox plateau present,
seemingly linked to a staging behavior28,29. At present, we chose
to neglect this effect, assuming it would pose minimal effect on
the pair interaction energies, therefore, the chemical potential of
LCP can be approximately modeled in the same fashion as that of
LFP and LMP.
These results establish a strong foundation for the mean-field

theory and offer a clear explanation for how the redox shift can be
attributed to the interaction between surrounding lattice sites, in
agreement with the Monte Carlo calculations of Malik et al.33 in
which the shift in redox potential was attributed to the effect of
the pair interaction energies. It is remarkable that the straightfor-
ward assumption of averaging the two interaction energies, as
demonstrated in Eq. 3, continues to hold true, even when the
phenomenon is rooted in atomistic behavior.
Exploiting now the predictive capabilities of the model, in

particular, the possibility of calculating the solid-solution composi-
tions yiss< 2kBT=Ωii , we can analyze the previously mentioned
olivine phosphates, creating a ternary phase diagram (Fig. 3)
revealing the order of phase transition (solid-solution or phase
separation) for the corresponding plateau based on the composi-
tions of LiCoxMnyFe1-x-yPO4. Explicitly considering the mixing
energies described above, we calculate the solid-solution compo-
sition at ambient temperature of the Mn sublattice to be
yMnss ¼ 0:26, where for every other composition of Fe or Co, the
particle transforms as a solid solution during the Mn plateau.
Applying the same concept to Fe and Co, we obtain
yCoss ¼ yFess ¼ 0:43.
The predicted equilibrium phase transition behavior aligns with

the available data in the literature. The experiments of Jalkanen82

and Kobayashi81 show the CV peak separation of the correspond-
ing plateau to be linearly dependent on the composition of the
olivine material. Further, the works of Ravnsbæk83–85 and
Strobridge29 analyze the operando XRD profiles of different
compositions of LFMP and LFCP, exposing the absence of phase
separation for the corresponding sublattice if the composition is
below the one calculated from the model.
Therefore, the mathematical theory and the associated phase

diagram can become tools for the practical engineering of these
alloys. For example, they enable the selection of a composition
range in which the material behaves as a complete solid solution
(red triangle), at least from an equilibrium thermodynamics

Fig. 2 Experimental vs. calculated redox potentials. Comparison
between the calculated (lines) and the measured (empty dots) redox
potential at various Mn and Co substitutions (y). The green line is the
redox potential shift of the Co plateau in LiCoyFe1-yPO4, while the
dark orange is its counterpart in the Fe plateau. The blue line is the
redox potential shift in LiMnyFe1-yPO4, and the light orange one is
the redox shift in the corresponding Fe plateau.
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perspective. We expect a wider zone (light red) in which the real
system could behave as a solid solution due to the stabilizing
effects of coherency strain41, auto-inhibitory intercalation reac-
tions52, and the relation between the particle dimensions and the
phase separation front29,86. To specifically characterize this wider
zone a full phase-field model of each composition should be
created. Within the solid solution region, it is also possible to
select the composition that minimizes the Co content (orange
curve for LFCMP in Fig. 3). The complete solid-solution behavior is
confirmed by experiments on both LiMn1/3Co1/3Fe1/3PO4

30, and
LiMn0.3Co0.2Fe0.5PO4

87 in which the systems show a monotonically
decreasing voltage curve.
These conclusions come directly from the analytic application of

the extended regular solution theory and the consistent calcula-
tions of ΩFe, ΩMn and ΩCo without the need for ab-initio
simulations. The mean-field model also helps in the phenomen-
ological description of the system. The dilution of a sublattice, and
its consequent reduction in first neighbors, weakens the attractive
interaction between the intercalated atoms allowing the entropic
contribution to take over, leading to a solid solution. Since this
effect is subtle, a temperature change will also lead to different
behavior (see supplementary information, section 2.2). This
conclusion differs from the one reported by Malik et al.33 in
which the disappearance of the phase separation for certain

compositions was attributed to the reduction in the Li composi-
tion difference between the initial and the final state.
Finally, the combination of the predictions for the redox

potential shift and the phase transition naturally leads to the
possibility of calculating the voltage curves for every composition,
including LFMP, LFCP, and LFMCP, in good accordance with the
previously cited experimental results.

Phase field modeling
Having demonstrated a correspondence between experimental
data and the analytical solution of the model, it is now interesting
to investigate other factors that may come into play when the
system is out of equilibrium. This can be accomplished by
employing a complete phase-field simulation, which takes into
account factors such as coherency strain and gradient penalties.
Beginning with a simulation of a single particle, the behavior will
be observed during both charging and discharging, with the aim
of gaining insight into the collective dynamics that arise at various
compositions.
Given the wealth of available experimental data in the literature

and the potential for commercial applications88, we have
narrowed our focus to LFMP simulations. We implement our
model in the open-source code MPET48, freely available in its
GitHub repository. The complete set of equations and the

4
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Fig. 3 Ternary phase transition diagram and corresponding voltage profiles. Voltage curves of LiMnyFe1-yPO4, LiCoyFe1-yPO4,
LiCoxMnyFe1-x-yPO4 (a, c, e) originated from analytical calculations of the ternary phase transition diagram (b). The dark red zone indicates the
compositions in which a thermodynamically consistent solid solution behavior is expected during the entire (de)lithiation. The light red zone is a
qualitative extension indicating that the solid solution zone may be wider due to other stabilizing effects, such as coherency strain and lattice
mismatch. Demonstration of the possible phase transition combinations (d, f) depending on the stoichiometry of the various metals.
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parameters of the phase-field simulations can be found in section
1.2, 1.3 of the supplementary information, alongside a comparison
of the simulated and measured voltage curves at equilibrium
(section 2.3).

Single particle simulations
The single particle simulations in equilibrium (C/1000) (Fig. 4)
show how modifying the enthalpic contribution at different
compositions affects the system. Given y the fraction of Mn in
LiMnyFe1-yPO4, for the cases of y= 0.6 and y= 0.8, we obtain
ΩFeeff< 2kBT at ambient temperature so that the particle, as
expected from the analytical calculations, behaves as a solid
solution during the (de)intercalation of the Fe plateau and phase
separate when in the Mn plateau. In contrast, for intermediate
values of y within the range of 0.2–0.4, although the effective
interaction energies ΩFeeff and ΩMneff exceed the critical threshold
of 2kBT for phase separation, the coherency strain provides a
stabilizing effect that leads to the transformation of the particle
into a solid solution. The insertion direction in our one-
dimensional model is the one in which the coherency strain is
minimum, which coincides with the preferential direction for
phase separation41. This implies that the observed solid-solution
behavior will remain consistent when considering a three-
dimensional particle.
This claim requires further experimental verification, keeping in

mind that the composition where we experience suppression of
the phase separation may slightly differ from the one observed in
simulations due to the documented sensitivity of the calculated
coherency strain values on ab-initio simulation parameters89,90.
However, the single-particle simulations rationalize how the
composition LiMn0.4Fe0.6PO4 with its probable solid-solution
behavior can limit the problems due to the measured low Li
diffusivity91.

Porous electrode simulations
We used our single-particle model in a multiparticle simulation in
which the simulated particles are considered part of a porous
electrode regulated by the porous electrode theory43,48,92,93. We
can so include the electrolyte transport limitations, described by
the Stefan-Maxwell concentrated electrolyte theory48, obtaining a
realistic representation of the distribution of the Li concentration
along the depth of a cathode.

In particular, it is interesting to simulate the effect of the
composition on the possible suppression of phase separation,
already known for LFP, and on the lithium distribution along the
depth.
We distinguish the phenomena by performing simulations at

two different Mn content: the first consists of simulating the
charge and discharge process of a thin electrode at C/10 to assess
the collective dynamic, and the second involves a 1 C discharge of
a thicker electrode to focus on the transport limitations. All the
simulations are done on an ensemble of 400 particles with
lognormal size distribution.
The computed evolution of the concentration during the C/10

cycle was collected in a probability distribution and converted to
normalized volume expansion (see supplementary information,
section 1.4) to better compare the result with the work of
Ravnsbæk et al.84

The results, shown in Fig. 5, not only strongly agree with the
work of Ravnsbæk et al.84, but they also offer a thermodynamically
consistent explanation of them. Both in experiments and
simulations, a bimodal volume distribution is present in the
plateaus where the theory predicts phase separation. Moreover, it
is essential to state that, considering the cases of LiMn0.2Fe0.8PO4

and LiMn0.4Fe0.6PO4 where, as discussed in the previous para-
graph, we predict a solid solution transition for the single particle,
the collective dynamics are dominated by the non-monotonic
shape of the chemical potential and its subsequent concentration-
dependent exchange current density52. Since we are close to
equilibrium conditions (C/10), we can conclude that the origin of
this bimodal distribution is established by the inter-particle
separation (mosaic lithiation) in which the smaller particles are
more lithiated than, the bigger ones, as also observed for LFP94.
Focusing on the asymmetry between charge and discharge, for

LiMn0.4Fe0.6PO4, both in simulations and experiments, the phase
separation of the Fe plateau is present only during charging. From
this observation, Ravnsbæk et al.83 suggested that the intrinsic
order of the phase transition in LiMn0.4Fe0.6PO4 depends on the
direction of the transition and attributed the reason to coherency
strain effects. Our consistent thermodynamic model enables us to
reinterpret these conclusions offering a physical explanation for
the observed experimental behavior. Our simulations indicate the
significance of the collective auto-inhibitory and auto-catalytic
behavior upon lithiation and delithiation, respectively52. Due to
the asymmetric concentration dependence of the exchange
current density upon delithiation, an enhanced particle-by-
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particle reaction is observed, while during lithiation, the inter-
particle separation is suppressed, as previously observed in
LFP93–101 and NMC54 porous electrodes. While this phenomenon
is only observed when cycling LFP at high rates, it is instead
already present at C/10 in the Fe plateau of LFMP due to the low
ΩFeeff . The only observed mismatch in Fig. 5 occurs in the
discharge case of LiMn0.2Fe0.8PO4 and can be attributed to various
phenomena not included in the model such as a possible
metastable phase for the Fe plateau102,103, effect of particle
size86,104 or non-linear dependence of the volume on the Li
concentration.
Finally, it is expected that already at 1 C, in the case of a thin

cathode, in the range 0:2< y < 0:4, the inter-particle separation is
completely suppressed during lithiation (see supplementary
information, section 2.5), even if low intra-particle diffusivity may
lead to different experimental results.
To complete the picture, we studied the effect of the

composition on the lithium depth profile during a 1 C discharge
of a commercial-like cathode. The simulated half-cell has a
cathode thickness of 80 μm a porosity of 30%, the transport
limitations of Li in the electrolyte are therefore not negligible
anymore. Due to the absence of the nucleation barrier, solid
solution materials tend to lithiate relatively uniformly along the

depth, even in the case of strong transport limitation. On the other
hand, phase-separating materials show steeper gradients in the Li
concentration105,106. The mixed phase separation—solid solution
behavior of LFMP makes it an exciting candidate to evaluate this
effect since the different compositions affect the phase transition.
As shown in Fig. 6, if LiMn0.8Fe0.2PO4 is used, the Mn plateau will
show an inhomogeneous redox activity, typical of phase-
separating materials, while the last 20% of the discharge,
corresponding to the Fe plateau, will have a uniform reaction
along the depth. Similar considerations can be made on
LiMn0.4Fe0.6PO4 in which a small but visible peak in redox activity
can be seen in both plateaus due to the non-monotonicity of the
chemical potential, which is still present even if the single particle
is not phase separating.
We can so conclude that the Li distribution along the depth of

the electrode at different states of charge is severely affected by
the concentration of Mn. Taking LFP as a reference, it is clear that
the change in the degree of phase separation helps guarantee
uniform lithiation along the depth, and the case of LiMn0.4Fe0.6PO4

is the one that most favors homogeneity. This result significantly
impacts the cycle life, thanks to the possibility of reducing current
hot spots, and offers a route for a composition-based optimization
of a commercial electrode.

Filling fraction Filling fraction
Fig. 5 Volume evolution for LiMnyFe1-yPO4 during charge and discharge compared to experiments. The heatmaps represent the simulated
probability of the normalized calculated volume evolving during a charge-discharge cycle at C/10 from fully lithiated ðΔVnΔVmax ¼ 1Þ to fully
delithiated ðΔVnΔVmax ¼ 0Þ. The simulated data are broadened, applying a Gaussian convolution for visual intent54. The empty squares are the
experimental data points of the Rietveld refinement from the work of Ravnsbæk et al.84.
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Fig. 6 Effect of composition on transport limitations. Voltage curves of a 1 C discharge of LiFePO4, LiMn0.4Fe0.6PO4, LiMn0.8Fe0.2PO4 (a).
Normalized Lithium concentration along the depth of the simulated cathodes at various states of the discharge (b), the separator is posed on
the left side (x ¼ 0μm), while the current collector is on the right (x ¼ 80μm). Reaction rate along the depth of the simulated cathodes at
various states of the discharge (c).
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DISCUSSION
In this study, we expanded the regular solution theory to explain
and predict the behavior of phospho-olivine cathodes. The
inclusion of multiple sublattices and their interactions provided
an elegant explanation for the shift in redox potential and phase
separation behavior. The mean-field theory formalization offers an
intuitive understanding of these phenomena, which can enable
research on new active materials. This approach can serve as a
valuable alternative to computationally extensive ab-initio calcula-
tions, delivering clear insights starting from simple concepts
instead. Our phenomenological description of the mathematical
derivation demonstrates that the redox shift is due to the
interactions of the non-reacting sublattice. Furthermore, we found
that a redox plateau that previously showed phase separation can
transform into a solid solution. This transformation occurs due to
the reduced number of closest neighbors within the same
sublattice, which lowers the effective interactions of the inter-
calated species.
The application of our model to well-studied materials such as

LFMP, LFCP, and LFMCP and their possible compositions shows how
quantitative and accurate this theory is, even if the examined system
is considered complex. The subsequent application in a phase-field
framework was able to reproduce and explain various experimental
results whose interpretations were incomplete and lacked mathe-
matical support. The firm conclusion about the absence of phase
separation in low Mn content LFMP is still to be confirmed
experimentally. However, the proposed mechanism to explain the
operando XRD peak shift sheds light on the importance of
considering multi particles behavior when experimenting with a
collective system such as a half-cell.
Finally, this model strongly indicates the optimal composition

for a high-power cathode, showing how LiMn0.4Fe0.6PO4 may be
an excellent candidate thanks to its solid solution behavior and
low transport-induced inhomogeneity. To verify this claim, further
experiments are necessary, and a two-dimensional model, able to
capture the known transport limitation in the particle, is also
advised. The interplay between the concentrations of the two
sublattices may play an essential role in explaining the out-of-
equilibrium behavior opening the route for optimization of the
(dis)charging procedure to exploit these effects107. We expect that
the presented theory may be applied to other popular active
materials such as LiMn1.5Ni0.5O4 (LMNO) or the various composi-
tions of NMC, explaining the effect of metal ratios on the
performances. To do so, it will be necessary to consider the
structural modifications occurring in the spinel or the layered
structure that, at the moment, are not taken into account in the
theory. It is finally hoped that overcoming these limitations may
expand the domain of this theory in such a way that, as particle
dimension, porosity, and thickness, also the composition of the
materials can be included in the parameters to optimize when a
battery is designed, improving cycle life and energy efficiency.

DATA AVAILABILITY
The open-source nature of the code also makes it possible to reproduce the
described simulations using the parameters described in Supplementary Table 1 of
the method section of the supplementary information.

CODE AVAILABILITY
MPET is available as a Bitbucket repository: https://bitbucketorg/mpet/src/master/,
but at the moment, it does not contain the LFMP model in the master branch. The
reader is thus invited to visit the GitHub repository of the code to explore the
different branches: https://github.com/TRI-AMDD/mpet.git.
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