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EVALUATION OF ELECTROMAGNETIC INTERFERENCE FRINGES
FOR TWO-LAYER MEDIA
by
WENG CHO CHEW

Submitted to the Department of Electrical Engineering and
Computer Science on January 20, 1978 in partial fulfillment
of the requirements for the Degrees of Master of Science and
Electrical Engineer,
ABSTRACT

The asymptotic approximation of the electromagnetic
interference fringes due to a time-harmonic dipole source on top
of two-layer media is derived from integral representations of
the solutions. An introduction on past analysis and its limi-
tation is presented. The geometrical-optics approximation (GOA),
where the reflections from the subsurface layer are approximated
by a series of image-source contributions, is used throughout the
analyses. Difficulties are encountered in obtaining asymptotic
expansion of the integral representation of each term of the
GOA series using ordinary saddle-point analysis due to the pro-
ximity of algebraic singularities to the saddle-point. For
transverse electric (TE) waves, the singularity is a branch-point.
This difficulty is surmounted by three different approaches:

(1) numerical integration of each term in the GOA series, (2)
modified saddle-point method where the singularity is factored out
in the integrand to facilitate approximation of the integrand, and
(3) multiple-saddle-point method where the singularity is removed
by a transformation resulting in three saddle-points on the com-
plex plane. The first approach is numerical whereas the latter
two approaches are asymptotic-approximation analyses making use
of parabolic cylinder functions. All three approaches give con-
sistent results for TE waves. For transverse magnetic (TM) waves,
in addition to a branch-point singularity, there is a Sommer-

feld pole which can be near the saddle-point. The use of Gen-
eralized Weber's function results in a satisfactory asymptotic
approximation of the T™M waves. Multiple-saddle-point method, used
in deriving an asymptotic expansion of an integral where an al-
gebraic branch-point of any fractional order is in the neighbor-
hood of a saddle-point, is also discussed.

Thesis Supervisor: Jin Au Kong
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CHAPTER 1. INTRODUCTION

1.1 Historical Perspective

In electromagnetic-interference-fringe method, a dipole
antenna is placed over a stratified medium, possibly on top
of the lunar surface, glacier, desert, etc. A receiver is
placed at a distance from the source and the intensity of the
electromagnetic field is measured as a function of distance
from the source. An interference pattern of the electromag-
netic field is obtained and this provides subsurface informa-
tion about the area surveyed. This method was first used by
El-Saidl in the prospection of underground water in the desert.
Its application to geophysical probing of lunar surface is
described by Simmons et al2 and by Rossiter et a1.3'4 Appli-
cation to the study of terrestial glaciers is described by
Strangway et al.5 The main thrust of interest lies in the
geophysical probing of high resistivity media.

Electromagnetic-interference field of a dipole antenna

over a stratified medium has been studied for decades (Banos,6

Brekhovskikh,7 Ott,8 and Sommerfeldg) and recently been pur-
sued by severals authors (Wait,la_12 Kong,l3—15 Tsang,16_19
. 20 21,22 . ;
Sinha, Annan, etc ). Propagation of electromagnetic

waves along a half-space medium was first studied by Sommer-
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feld as it would be important to the propagation of radio
wave along the earth surface. He employed the Hertzian po-
tential function and formulated the solution in terms of an
integral representation. The complex nature of the solution
is exemplified by a sign error committed by Sommerfeld in his
original memoir (1909). His sign error resulted in an extra
spurious term that caused the validity of his solution to be

L3285 4 e attempted

assailed for decades.6 A number of writers
to disqualify the existence of Sommerfeld's electromagnetic
surface wave. Other writers noted that Sommerfeld's solution
was in error but failed to pin-point the exact reason for the
occurrence of a spurious term. This celebrated controversy,
having been assailed by numerous writers for more than half a
century after it was published, was finally settled once and
for all by Banos® (1966).

Past studies, as did Sommerfeld, have employed the
Hertzian potential functions in the formulation of the solu-
tion. ZKong (1972) abandoned the conventional use of the po-
tential functions and expressed the field components directly
in term of integral representations. This elegant approach
simplifies the evaluation of the integral analytically and
numerically. TSang16 did a numerical integration of the in-
tegral representation of the solution. Due to fast oscilla-

tion of the integrand, the integration consumes a lot of
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computer time. However, numerical integration serves as the
most convenient method of solving the integral. An analytical
solution using both the normal-mode expansion and geometrical
optic approximation was done by several authors.l5’l7'20’21
The normal-mode approach and GOA method proved to be good
For thin and thick stratified medis respectively. Chan’
applied analysis of Tsang17 to a horizontal magnetic dipole
and found sharp peaks in field intensity at the critical angle.

We shall see that the peaks are not justified physically, but

rather due to the inadequacy of the mathematical analysis.
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1.2 Field Solution of a Horizontal Dipole

Horizontal dipoles are used more effectively in geophysi-
cal probing as more energy from the broadside radiation of
the dipoles are coupled into the lower half-space as compared
to vertical dipoles. Moreover, when a dipole is placed hori-
zontally on the interface of a half-space, the radiation pat-
tern shows high directivity in the direction of the critical
angle for the two media. The integral representations of the
field components of horizontal electric dipole and horizontal
magnetic dipole will be presented here. (A dipole in this
case refers to a Hertzian dipole. Physically, it is a dipole
antenna whose effective length is much smaller than the wave-
length of the operating frequency. A magnetic dipole can be
represented by a small current loop.) The dipoles assume a
position on the interface of the upper half-space and the

first medium. It points in the positive x-direction [Fig.

Ls@slle

(a) Horizontal Electric Dipole (HED)

. ik =z
iTg TM) e 2 H{l)(kpp) BEE

J dk k 2(1 - R
8Twe 4 - S

(l.241)
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x| dipole antenna

medium 1 dl €1, U1

medium 2 c% €2, U2

Fig. 1.2.1. A dipole antenna over stratified

n-layer medium.
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(b) Horizontal Magnetic Dipole (HMD)

wpIa [ 7 k* ™, 1¥2Z (1)
- =____f dk -2 (1 + ™y ¢ H." ' (k p) sin ¢ (1.2.7)
. - _ 0 % 1 P
iis o0
Z
. fes) ik Z
_ 1WUIA ™ z (1)| i
E = —= k
P g J_m Fpfg il TR 1 ® Ay (kpp) sin o
. o ik =z
+ 1WUIA J dk (1 - RTE) e Z H(l) (k_p) sin ¢ (1.2.8)
_g;;“ e o 1 P
. o ik _z
g, = 1wpIA J ak (1 + Ry & 2 51 (x o) cos ¢
, o ik =z ¥
G 1TWUIA J dk k (l - RTE) e Z H(l) (k p) coOSs ¢) (1.2.9)
- 9Kk 1 P
oo ik =z
fz = [ IA” ak k 2(1 - R'E) e 2 mM(k p) cos ¢ (1.2.10)
z 8T . PP 1 P
o 5 o ik =z
H - iIAk J ax, 1 o4 r™y Tz Hl(1) (k. B) Go8 o
8mp < k i
Z
_a e ik =z .
e mad J ak kk (1-©rRE) e ? ul'(x o) cos o
Gy duem P P EZ 1 P

(1211}
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ik

iTAk?
) e

o k
Hy = ————-I dk L (1 + R
8m - k

Z 1
o & H{l) (kpp) sin ¢

ik

A
TEy o 2 H{l)(kpp) sim B, (L1

. oo
3 B10 J dk k_(1 - R
8mp /- P

The above results are derived by Kong.13 For a two-

layer medium, the reflection coefficients are given by

1+ R exp (i2k,_d)
1+R-= = =2 X

1+ R01R12 exp(lzklzd)

01 {L2a13)

where Rij and Xij are reflection coefficient and trans-

mission coefficient respectively between media i and j.

kiz - b..k.Z 2kiz
L= L3 18 X.. = (1.2.14)
) k. + b..k. 1) k. + b..k.
1Z l] jZ 12Z 1] jZ
where
ui/uj for TE waves
b = (1.2.15)

13
ei/ej for T waves.

kiZ = ki2 - kpz, {L+2lB)
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(For kiz’ we omit the subscript i when 1 = 0.) and d
is the thickness of medium 1.

In the normal-mode approach, the poles of 1 + R on the
complex kp—plane is found by solving for roots of 1 + R01R12
exp(iZklZd) = 0. The original path of integration is deformed
to the steepest-descent path passing through the saddle-point.
The contribution of the original integral is the sum of the
saddle-point contribution and the contribution from all the
singularities enclosed in the course of deforming the path of
integration. When d is large, 1 * R as can be seen from
(1.2.13) is rapidly varying with respect to kp. This makes
the calculation of the saddle-point contribution difficult.19
The geometrical-optics approximation serves as a complement

of normal-mode approach for large d, a fact that we shall

see later.



Page 17

1.3 Geometrical-Optics Approximation (GOA)

In the geometrical-optics approximation, the reflection
coefficient is expanded in a power series. It can be shown

easily that

® m-=1 _m .
1+ R=X,I[1+ _ E . X6 Big Ry, exp(i2k,, md)] (L.3.1la)
s m- 1 _m .
p R = X,,[1 - _ E . X501 Rio Ry exp (i2k, md)]. (1.3.1b)
For a typical integral
w k (1) ikzz
T = J £ 4+ r B & p e dk (1.3.2)

substitution of (1.3.1la) into T yields

o k ik =z
_ B (1) z
T = J_m N X01 H0 (kpp) e dkp
z
o o k ik =z
p m-1 _m Z
+ P J — X _ . X R R e
me 1 Jew g 01710 710 12

A
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ik. 2md
1z (1)
e HO (kpp) dkp. (1.3.3)

iklZZmd
The series in (1.3.1) converge for IRlORlz e | < 1.

This criterion is satisfied over the range of integration of
kp. Thus the interchanging of the summation and integral sign
in (1.3.3) is valid. The series converges quickly for large
d, as we shall see.

Physically, the first term of (1.3.3) corresponds to the
half-space solution without the subsurface layer. The second
term which is a summation of series corresponds to waves which
have reached the surface through multiple reflections from the
subsurface layer. It can also be thought of as field radiating
from the image sources of the dipole source [Fig. 1.3.1].

The integration path in (1.3.3) is taken to be the Sommer-
feld integration path, which is above the real axis when kp <
0, passes above the origin and is below the real axis when
k_ > 0. This avoids the branch-point singularities at kp =0,

+ k, =* k and * k

1 and the integral is well defined [Fig.

2’

(a) Half-Space Solution

To obtain the asymptotic expansion of the half-space

solution, a transformation of kp = k sin B 1is done to sim-
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Fig. 1.3.1. Dipole source and its images for

a two-layer medium.



Page 20

Im[kp]

Fig.1.3.2. Sommerfeld path of integration.
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(1) ~ (1) ke
plify the analysis. We replace H_ (kpp) by HO (kpp) e P
ﬁ(l)
o

where (kpp) = H(l)(k p) e P . After the kp—plane to

B-plane transformation, the integral becomes

.

T = J k sin R H ikR cos(f - o)
P O

(kp sin B) XOl(B) e ag

HS

(1.3.4)

where

6 = tan * £ . R = (p? + 22)1/2.
z

The path of integration T on the g-plane is shown in
Fig. 1.3.3. There is a saddle-point at B8 = a, the angle of
observation. The steepest-descent path passing through o 1is

as shown. The path of integration can be deformed to the

steepest-descent path and the saddle-point method7'14

employed to approximate (1.3.4) if k sin B Hél)(kp sin B)

can be

XOl(B) is slowly varying in the neighborhood of the saddle-

eikR cos(B - a)

point compared to when kR » ., This can be

& (L)

shown to be true if the argument of HO (x) is large in the

neighborhood of the saddle-point by using the asymptotic expan-

sion of Hél)(x) when x =+ «,

Note that the branch-point at kp = k does not exist on
the PR-plane but the branch-point at kp = kl is mapped to

By = sin"l kl/k. As shown in Fig. 1.3.3, the branch-point
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contribution will have to be included if

X
%
In actual experiment, the receiver is placed near the surface.

Thus, o =~ w/2 > 60, and the branch-point contribution cannot

including
3

be neglected. The asymptotic approximation of THS’

the branch-point contribution, and neglecting terms of O(R™

iS14,17

)

2 eikR
T ay 2 X.q () + [cot a X', (a) + XN, (a)]
HS 5 R 0l 2ikR 01 01
-az + ik.p
4kl - 1
= i kR + o (1.3.5a)
2.2 3/2
bp“a kl cot o
1 + 1
a
where
ul/p for TE waves
b = (1.3.5b)

el/e for TM waves,

a = (k,? - k)12,

The first term is the saddle-point contribution and it
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corresponds to the direct wave. The second term is the
branch-point contribution and is identified as the lateral
wave or inhomogeneous wave decaying away from the surface.
When =z =0, XOl(a) = 0. Thus the direct wave becomes

a term of 0(0-2) and propagates with a phase velocity of
w/k. The lateral wave, also of O(puz) propagates with a
phase velocity of w/kl. The two waves give rise to a spatial
beat frequency of kl - k¥ which can be used to determine the

electrical properties of the lower half-space. When b > 1,

there is a Sommerfeld pole of order 1 at

L[k /)2 - b2 1/2
- 1

B = gin .
P 1 - b?

but it is not enclosed when the path of integration is def-

ormed to the steepest-descent path.

(b) Reflected-Wave Contribution

Since when 2z = 0, the half-space solution is of 0(0-2)

when p - ©, the reflected-wave contribution becomes important.
As in the case of half-space solution, the analysis of the re-
flected-wave contribution is done by performing a transformation.

If we let kp = kl sin 6, the expression for reflected waves

is
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- : 2 (1) : m - 1
Ty = E J k, sin 8 H ™ (k,psin 6 ) Xy (0) Xy ,(8) Ry (8)
m=1"7T
ik (8)z ik R_cos(6 - a_)
R (8) e 2 e 1M ™ ag (1.3.6)
12
where
g W R = [p? + (2ma)?1%/2.
m m
2md
There is a saddle-point at 06 = O due to exp[ikl Rm
cos (06 - um)}. Thus, we can use the saddle-point analysis if
the coefficient function of exp[ikl R cos(b - am)] is slowly

varying in the neighborhood of the saddle-point when klRm is
large. This is true if the argument of ﬁél)(x) is large
in the neighborhood of the saddle-point, and 2z << A, the
free space wavelength.

The transformation from kp—plane to f6-plane removes

The branch-point at kp = k

the branch-point at kp = kl'
maps into 60 = sin_l k/k1 while the branch-point at kp = k2
maps into 62 = sin-l kz/kl' There is a Sommerfeld pole of

order m+ 1 at

. (1 - (k/k, D)2
8 = sin X 1
P 1 - b2

where b 1is defined in (1.3.5b).



Page 26

When the path of integration is deformed from T to the
steepest-descent path through the saddle-point Oy contribu~-
tions from singularities enclosed have to be included. When
k2 % kl,
wave which decays exponentially away from the boundary between

the branch-point at 6, gives rise to a lateral

media 1 and 2. So if the thickness of medium 1 is large,
it can be safely neglected. When oL < eo, the branch-point
at 0, is not enclosed (see Fig. 1.3.4). The Sommerfeld pole
is not enclosed too since it is on the upper Riemann sheet
which is different from that on which the steepest-descent
path passes through. When O > 6,r @as can be seen from
Fig. 1.3.5, we have to include the branch-point contribution.
To understand why the Sommerfeld pole does not contribute,
we draw the steepest-descent path around the branch-point
on the two different Riemann sheets of kz. Since the
asymptotic approximation to the branch-point contribution is
derived by performing the integration along this path, we can
deform the original path T to the path around the branch-
point along the steepest-descent path and then to the steepest-
descent path through the saddle-point. We see that the Sommer-
feld pole, which is on the upper Riemann sheet, is not enclosed.
Using the ordinary saddle-point analysis, it can be shown
that the m-th term of T for 0 < eo and for large Rm

R

is
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Im[6]
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o
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»Re [6]

g-plane showing branch-points and

Pig. 1.3.5.

steepest-descent paths when o > 60.
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iklRm

o0 g 2 8 A (0 ) + —E— (A "(a) + cot a_ A_' (a_))
R . m S m i m m m m m

i R 2ik. R

m 1"m
(1.3.7a)
where
o m-1 m

Bolag) = Xgq (o) Xpglap) Ry “lop) Ryplog).
When a > 80, the branch-point contribution has to be in-
cluded. It is

ik,R_ cos(a - 0 )

1" m m o
~16 & Xy Ry, (0,) (iz - zmb] ”_fﬁ)
VTP a Rm
c:os?’/2 BO
. (L3 ThY
: 3/2
[51n(am 60)]

In arriving at the above, terms of O(R;B) has been

neglected. The large-argument approximation to Hél)(x) is

used. The saddle-point contribution in this

to spherical waves which have been reflected
surface medium through multiple reflections.

contribution is a lateral wave in medium 1

case corresponds
off from the sub-
The branch-point

leaving the first
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boundary and is reflected back to the upper half-space due
to the presence of subsurface medium. Note that the lateral
wave has a conical wave-front. Also, the waves have a propaga-

tion constant of kl and Rm is the distance travelled by

the waves in medium 1. Thus, if kl is lossy, and Rm is

large (which is true for thick layer and large m), the wave
reaching the surface is vanishing small. Thus the first few

terms of TR form a good approximation to it if d is large

and kl is lossy.
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1.4 Conclusions

We saw, in the previous sections, the analysis of the
half-space solution and the reflected waves as it existed in
the past literatures. In the analysis of the reflected waves,
usually, only the term of O(R;l) is considered.t’

The half-space solution is of O(p—z) when z=0. Since there
is no singularities in the neighborhood of the saddle-point
unless b >> 1, the requirement that the coefficient function
be slowly varying is satisfied. Thus (1.3.5) is a good appro-
ximation to the half-space solution for large p and small b.

For slightly lossy media, the dominant field comes from
the reflected wave. However, the reflected-wave approximation
as given by (1.3.7) has several inadequacies. When O is
near 60, the coefficient function becomes rapidly varying
and thus the saddle-point analysis breaks down. The steepest-
descent method used in obtaining the branch-point contribution
also breaks down. In fact, the branch-point contribution is
infinitely large when 6 _ = o Furthermore, when b is

o]

large, Bp = eo. The proximity of the Sommerfeld pole of
order m + 1 for the m-th image to the branch-point cannot
be ignored. We will see in subsequent chapters how these

difficulties can be overcome.
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CHAPTER 2. GOA BY NUMERICAL METHOD

2.1 Introduction

Numerical integration of the integral representations
of the field components of a dipole antenna over stratified
media was carried out by Tsang.l6 The integration was achieved
without replacing the reflection coefficient with its geometri-
cal-optics series. Using the Hankel transformation formulation,
the range of integration is halved; that is from zero to in-
finity. For example, in the broadside direction, the Hz

component of an HED has as its integral representation

. w k 2 ik z
H, = ﬁf P (1 + rTE) Hl(l) k p) e 2 dk_ . (2.1.1)
87 ‘-o k p o
A
By noting that Hl(l)(elTr xX) = H{z)(x), this can be reduced
to
ity (© % TE ik, z
H, = J B_ {1 + 7™ Jy(k p) e dk._ . (2.1.2)
ar Jo x, P 2

The fast oscillating Bessel function when p 1is large,

coupled with the presence of kZ in the denominator which
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results in a singularity of order =-1/2 at kp = k, makes
the numerical integration of this integral difficult.28 More-
over, z has to be greater than zero for the integral to
converge near the real axis. Thus when 2z = 0, the solution
of this integral cannot be obtained by numerical integration
along the real axis.

However, for a two-layer stratified medium, when the
thickness of the first layer is large, the field solution is
dominated by the first few terms of the geometrical-optics
series. Physically, it means that the first few images con-
tribute to the field solution in the upper half-space. More-
over, when (2.1.1) is expressed in terms of the geometrical-
optics series, each term has a distinct stationary point.

This is advantageous since the integrand is varying slowly in

the neighborhood of a stationary point.
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2.2 GOA

The substitution of the geometrical optics series (1.8.1)

into (2.1.2) yields

ite | (7 kpz 1K, 9
H = J —+— X J.(k p) e dk
A 47 0 k 01 "1 p o)
zZ
oo o k 2 ik, 2md ik =z
-1 _m 1z Z
O I =Bx ¥ . R R e e J, (k_p)dk
m=11lo K, 01710 10 12 1% o

(221D

(a) Half-Space Solution

The first term, which is the half-space solution, can be
approximated sufficiently well by its asymptotic approximation
when the Sommerfeld pole is far from the saddle-point (see

Section 1.3(a)).

H g & = = sin o [ik - —] XOl(a) + — cos a Xj; (a)
‘ 5% 2 -az + ikjp
, sin o X2, (@) | - Iz 71 e . (2.2.2)
2R

1 + 1 — cot a

41 bp2a? k 3/2
a
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This can be derived from (1.3.5a) by noting that

When 2z = 0, this reduces to terms of O(p-z) for large op.
2 i k £ ik e}
Hope v b 2 |k2 et - Lo ] (2.2.3)
21 p2a? b?
When b - «, this approximation of HzHS becomes infinitely

large. This is because that the Sommerfeld pole coalesces
with the saddle-point when b = ~» (see Section 1.3(a)). Thus
the effect of the Sommerfeld pole cannot be neglected when b
is large.27 However, for our application, b = ul/uo =1 for
TE waves propagating in non-magnetic materials. For TM waves,
b = el/eo ~ 3 for glacial ice. The Sommerfeld pole, which is
of order 1, 1is at B =« and B = 150° respectively for
the two cases. It can be shown by numerical integration that
(2.2.3) is a good approximation to the half-space solution for
2z = 0. The half-space solution for Hz is given by

ik _z

(1) z
XOl H1 (kpp) e dkp' (2.2.4)

2
_ iTg J « kp
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When =z = 0, the above integral does not converge near
the real axis but its solution can be obtained by deforming
the path of integration to + iw., The contribution comes
solely from the two branch points at kp = k and kl (see
Fig. 2.2.1). The first branch point gives rise to the first

term of (2.2.3).14 The Sommerfeld pole is at

1/2
1 = (kb/kl)2

p 1 - b?

and on the region of a Riemann sheet where Re[klz] > 0 and
Re{kZ] < 0. Thus, it can only be near the first branch-point
when b + . This means that the second term but not the first
term of (2.2.3) is a good approximation to the contribution of
branch point kl for all 1 < b < «», The locus of the Somer-

feld pole when b increases from 1 to « is shown in Fig.

2.2:1.

e
1

large argument, and noting that kz assumes opposite signs

By using the asymptotic approximation of H (kpp) for

on different sides of the branch-cut, the integration around

the branch-point k can be reduced to

. T
—l i
4 k % im k72 k ik p
b? [ P Z e P oax (2.2.5)
k kZ - bzk 2 p
1z Z
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I
m[kp]
|
eformed path of
integration
k
2 = Rel[k ]
—kl original path
of integration
‘*-..._‘_

locus of Sommerfeld pole

Fig. 2.2.1. The deformed path of integration and the

Sommerfeld pole's locus when b increases from 1 to «.
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where Re[kz] > 0 and ki/z assumes its priciple value along
this path of integration. The integrand varies slowly along
this path of integration and thus numerical integration can

be readily performed. The result is shown in Fig. 2.2.2. Note
that for Fig. 2.2.2(b), the vertical scale is exaggerated and
thus the error is relatively small, considering the fact that
most of the field intensity would come from the reflected wave

for our applications.

(b) The Reflected-Wave Contribution

The dominant field of a dipole antenna over a stratified
medium comes from the reflected wave when the medium is slightly
lossy, e.g. glacial ice. For large d and lossy kl’ the
first few terms of the series in (2.2.1) will be sufficient
to approximate Hz. Note that kz in the denominator of the
integrand now cancels with the kZ in the numerator of Xqq
The convergence of the integral now depends on exp(iklz 2md)
rather than exp(ikzz). Thus when =z = 0, the solution can
be obtained by numerical integration of the reflected-wave
terms near the real axis.

To study the oscillatory behavior of the Bessel function,
we replace it by its asymptotic form for large argument

-3 T
-ik p
P& Y. (2.2.6)

ik p .

T
Jl(kpp) - ¢l72ﬂkpp e P e ¢ 4 e



Page 39

E
2 --=-- Asymptotic approximation.
—— Numerical integration.
1.} z=0.0
(a) £,=3.3(1+10.005)
b=sl/eo

4 5 o 7 8 9 10 o dn
free-space
wavelengths.

H
Z
! --=-Asymptotic approximation.
——Numerical integration.
z=0.0
Vsl ¥ (b) £,=3.3(1+10.005)
Fg ‘\‘ b=1-ll/]-10=l-0

4 5 6 7 8 9 10 p in
free-space
wavelengths.

Fig. 2.2.2. (a) Half-space solution of the E_, component of

an HMD. (b) Half-space solution of the HZ component of an

HED.
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iklz2md in the in-
The product of the first term with e
tegrand results in a stationary point (or saddle point) at

k = k. sin o_ where o = tan Y(p/2md). The product of
P 1 m m
lkl 2md

e = with the second term in (2.2.4) does not give rise
to a stationary point within the range of integration. There-
fore, the second term causes the integrand to oscillate rapidly
for large p while the product of the first term and the rest
of the integrand have a region of slow variation in the neigh-
borhood of the stationary point. Thus if the path of integra-
tion is deformed to one such that the second term in (2.2.6)
is much smaller than the first term, computation time can be
reduced. The deformed path of integration is shown in Fig.
2423

Along such a path, the ratio of the magnitude of the first

eZOA >> 1 for A >> 1/2p.

term to that of the second term is

As such, the rapid variation of the integrand is reduced. The

deformed integration path has an added advantage in that it is

far from k, kl and k2. Though these are mild singularities,

they are still points where the derivatives of the integrand

vary rapidly. Also A should not be chosen too large lest

the first term of (2.2.6) becomes exponentially large which is

undesirable in numerical integration. The constant-phase curves
i(klZZmd + kpp) ‘ ' _

of e is shown in Fig. 2.2.4.

Fig. 2.2.5(a) shows the integrand as a function of Re[kp]/k
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Im[kp]

Re [k, ]

Fig. 2.2.3. Path for numerical integration.



I}Il[kpl

saddle=-point

Fig.2.2.4. Constant-phase paths showing steepest-descent
path on the kp—plane. The arrows show directions of

steepest descent.

zv obeda



---- real part of integrand.

—— imaginary part of
integrand.
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Fig. 2.2.5(a). Integrand of (2.1.2) as a function of

kp'/k when A = 0.06(27/)).
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---- real part of integrand.

imaginary part of integrand.

Fig. 2.2.5(b). Integrand of (2.1.2) as a function of

kp'/k for A= 0.001(2w/X). The other parameters remains
the same as (a). Note that the horizontal scale has

been expanded c.f. (a).
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for A = 0.06k. Note that the integrand varies slowly around
the stationary point, and that the period of oscillation is
ik p

much bigger than that of e P

(which has a period of Ep =
0.25k). Fig. 2.2.5(b) shows the rapid variation of the inte-
grand as a function of Re[kp]/k for A = 0.001k. Note that
the horizontal scale has been expanded. Thus a judicious choice

of A is 3/2p, which is the value chosen in Fig. 2.2.5(a).
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2.3 Integration Program

Tt was shown earlier that computation time can be saved
by deforming the path of integration. The value of each re-
flected-wave term in (2.2.1) can be obtained by first inte-
grating from kp =0 to -iA and then from kp = —-iA to
-iA + . The second range of integration need not be to
-iA 4+ «» as the integrand diminishes quickly after kp' passes
the branch point kl' This is because of the presence of

ik ZZmd

e 1 factor in the integrand (see 2.2.1).

As the integrand is still oscillating, it is advisable
to section the range of integration to subsections of length
2n/p. This length is chosen because the period of oscillation
is always greater than 2mw/p, the period of oscillation of
the Bessel function. Within each subsection, the function
is slow varying, but there are occassional "wiggles" as can
be seen from Fig. 2.2.5(a). As the occurrence of the wiggles
is a local phenomenon, we want to design a program that can
intelligently detect such wiggles, and apply a more accurate
routine, e.g. by sectioning the subsection into smaller sec-
tions. This can be achieved with a recursive program written
in a high level programming language. For example, by using
29

Simpson's rule, it is
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INTEGRATE (F(x) FROM X = a to x b): =

A = SIMPSON (F(x) FROM X = a to x = b),
B = SIMPSON (F(x) FROM x = a to x = {(a+b) /2)
+ SIMPSON (F(x) FROM x = (a+b)/2 to x = b),
IF |A - B| < TOLERANCE THEN B
ELSE INTEGRATE (F(x) FROM x = a to x = (a+b)/2)
+ INTEGRATE (F(x) FROM x = (a+b)/2 to x = b).

The above program is written in a comprehensive form and
can be translated to high level programming languages easily.
It says that when integrating a function from a to b,
Simpson's rule can be applied to the interval (a, b) to obtain
A and to the halved intervals (a, (atb)/2) and ((atb)/2, b)
to obtain B respectively. If the difference of A and B is
less than the tolerance, it indicates that B 1is a good appro-
ximation to the integration of F(x) from x =a to x = Db,
or else, the INTEGRATE function can be applied recursively
to the halved intervals again until a good approximation is
obtained.

Simpson's rule is used here because the number of func-
tional evaulation needed for subsequent sectioning of the range
of integration does not increase as fast as say if Gaussian

30

integration formula is used. The use of recursion here is
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is important as it enables the numerical integrator to in-
telligently section ranges of rapid variation into smaller
subsections. Another kind of recursive method commonly used

is the Romberg's method.29 Romberg's method has the disadvan-
tage that it indiscriminately sections the range of integration
by half even if some part of the integration range varies slowly,
thus causing unnecessary functional evaluations. However, the
concept of Richardson's extrapolation used in Romberg's method
can be applied here. The first iteration of Romberg's method
gives rise to Simpson's rule. The second iteration of Romberg's
method, which is equivalent to the use of Richardson's extra-
polation on Simpson's rule gives rise to a value of integration

which is exact for a polynomial of degree five. This more ac-

curate result is given by

B' = B + (B - A)/15. (2.3.1)

This value of B' should replace B of the fifth line of the

program. So the fifth line should be

IF |A - B| < TOLERANCE THEN B + (B - A)/15.
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2.4 Conclusions

The integration program presented in the previous section
was written in MACSYMA (Project MAC's Symbolic Manipulation
System).31 It was used to derive the numerical field solutions
of a dipole antenna over two-layer media. The results are
shown in Fig. 2.4.1 and in the next chapters alongside with
the analytical approach. They agree well for the values of
parameters within which the analysis is correct. However,
numerical integration provides only an unsophisticated approach
in deriving the field solutions. It does not improve our under-
standing of behaviors of the spherical wave generated by the
dipole antenna over stratified media. Its merit is that it
provides a counter-check for the correctness of an analytical
solution. We shall see in the next chapters the derivations
of the analytical solutions using various approaches.

It is to be noted that the numerical method presented
here is by no means the best. Though the use of recursion
has made the numerical integrator foolproof, it still consumes
much computer time. For computers with large storage, the
Fast Fourier Transform (FFT) method used by Tsang19 and Kong
et a127 is far superior in speed. 1In the FFT method, the
ingenious use of the Laplace transform of the Bessel function

removes the rapid variation of the integrand due to the Bessel



Page 50

function. It also removes the p dependence of the Discrete
Fourier Transform (DFT) of the integrand. However, the rapid
variation of the integrand due to exp[iklz2md] for large m
and d causes the number of sampling points for the DFT to

increase resulting in proportionately large storage requirement.
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— Oordinary saddle-
point analysis
with O(l/Rm) terms

for the reflected
waves,

T numerical GOA.

\ 1= 3.3(1+0.011)€O
\ 2_'i°°

4
o

5 6 7 8 9 10 11

p in free-space
wavelengths.
Fig. 2.4.1(a). H,  component in the broadside direction
of an HED, normalized with respect to Ii/4ﬂk2. The

discrepancies between the two results are high when

0"m = eo'
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——ordinary saddle-
ﬂ point.

----- numer ical GOA.

€1 = 3.3(1+0.0051)eO
€2 = 80€o
d = 4\
o]
z =0

————

p in free-space
wavelengths.

Pigs 2a4,110), E_ component in the broadside direction of
an HMD normalized with respect to 1% /47wer?. The
proximity of the branch-point and Sommerfeld pole to the

saddle-point causes the solution to be invalid.
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Chapter 3. MODIFIED SADDLE-POINT METHOD

3.1 Introduction

We have seen the use of the ordinary saddle-point method
in the asymptotic expansions of integrals in Chapter 1. 1Its
use in deriving the asymptotic expansions of the integral
representations of the field solution becomes invalid when
there is a singularity in the coefficient function which is in
the neighborhood of the saddle-point, therefore a modified
saddle-point method has to be used for such cases. For singu-
larities which are poles6'7, they can be subtracted from the
integrand and ordinary saddle-point analysis can be performed
on the integral whose integrand is pole-free. The contributions
of the poles can then be expressed in terms of known functions.
But when the algebraic singularities are of fractional order,
the above method does not apply. The discussion here involves
a modified saddle-point analysis that is valid for an algebraic
singularity of finite, arbitrary order in the vicinity of the
saddle-point. This is important in the study of anomalous

wave behaviors in electromagnetic field problems.
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3.2 Asymptotic Expansions of Integrals

The asymptotic expansion of an integral with an exponen-

AL(t) 45 a part of the integrand, and whose path

tial factor e
of integration lies on the complex plane is best facilitated by
the saddle-point method. In such method, the original path

of integration is deformed to the steepest-descent path passing
through the saddle-point. The contribution from the saddle-
point together with the contributions from singularities en-
closed in the course of deformation is equal to the original
integral. For integrals with finite end-points, the end-

point contributions have to be considered. There are two ad-
vantages in deforming the path of integration; firstly, the
asymptotic approximation of the contributions from the critical
points (i.e. saddle-points and singularities) can be obtained,
and secondly, physical interpretation can often be associated
with their contributions. A discussion of the asymptotic
expansions of the critical-point contributions when an algebraic

singularity which can be arbitrarily close to the saddle-point

is given here.

(a) Saddle-Point Contribution

A typical integral where an algebraic singularity is in

the neighborhood of a saddle-point can be expressed as
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M) 4¢ (3.2.1)

I = J (£ - )" gl(t) e
c

where r can be fractional as well as negative integers and
A is a big parameter. We shall consider the case where C,
the integration path, extends to infinity. Without loss of gen-
erality, the saddle-point is assumed to be at the origin, i.e.
£'(0) = 0. Thus tb measures the distance of the singularity
from the saddle-point.

To find the saddle-point contribution, the path of integra-
tion C is deformed to the steepest-descent path that passes
through the saddle-point. Contributions from singularities en-

closed have to be included according to Cauchy's theorem. With

the following transformation;

£(t) = £(0) - s?, (3.2.2)

the steepest-descent path that passes through the saddle-point
on the t-plane is mapped into the real axis on the s-plane.

Thus, the saddle-point contribution of (3.2.1) is given by

co

I, = e ~AE(0) J (s = 5,)F G(s) e 8 as (3.2.3)
where
N
G(s) = bl gy 4t
s - s ds
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G(s) 1is analytic in the neighborhood of the saddle-point

since t =t when s = s i.e. the singularity at t =t

b b’
is mapped onto the singularity at s = Sy, - Therefore, from

S

(3.2.2)

s, =+ VE(t) - £(0) . (3.2.4)

b

The branch of square-root of (3.2.4) can be determined as
follows. Since the mapping from the t-plane to the s-plane
is conformal, the angle between two lines is preserved. For
a straight line that joins the saddle point at t = 0 to the
branch point at t = tb' the angle it makes with the steepest-
descent path passing through t = 0 is preserved on the s-

plane. When t and s are small, this angle corresponds

b
to the argument of s

b
Hence, we can decide the branch of

b
square-root of Sy, -

Note that as A » «, the dominant contribution of IS
comes from around s = 0; consequently, G(s) is Taylor-series
expanded around s = 0 to approximate I,. We let

(n) el
9___LQL sn e - ds.
0 nt

H>

= ¢ E(0) J (s - sb)r
-0 n

o~ 8

{3.2.5)
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~

Strictly speaking, I # I since G(s) is replaced by a
power series, which is valid over a finite region in general,
while the range of integration extends to infinity. The series

I does not necessarily converge, but we will show that the

~

series I is asymptotic to IS in generalized Poincare's

sense. ad

With the change of variable to u = V2X (s - sb) the

n—-th term of I is

-A[£(0) + sbz]

~ (n} e
- e G (0) N n _r
In N n + 1+ r - I_w (u + A sb) L

- [E—-+ Y2A sbu]
e du. (3-2-6)

~

(u + V/2X sb)n can be expanded binomially, and I~ can be

expressed as

-A[f(0) + s, 2]

H >
I
[ Jlnelt=]

n L
) CR(JZK sb) Wn - b

(V2X sb) {3+2.7)
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where

W (V2X ) = J o 8 du. (3.2.8)

-0

In (3.2.8), the path of integration is above the singularity
at the origin when the saddle-point is above the real axis, and
it is below the singularity at the origin when the saddle-point
is below the real axis. The location of the saddle-point on
the u-plane is at u = =v2) Sy, - By taking the principle value
of u® when u is on the positive real axis, and using the

linear relation of parabolic cylinder function33’34

2

( Tri A b

/7T e? e 2 Dk(i/?X sp) - Im[s, ] < 0
W, (V2X s,) = 9 ST i A Egi

/3T e 2 e 2 Dk(-i/fT s,) Im[sb] > 0.

(3:2.9)

Using the small argument approximation of Dk(x), it is

A

seen that I~ O(In _ 2/J\) when V2X |s << 1 and A

bl

large. Using the large argument approximation of Dk(x), it

~

is also noted that I~ O(In _ 2/A) when J2k15b|>> 1 and

A large. Since Dk(x) is of finite order when its argument
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~

/\) when A » ©

is moderately large, therefore I~ O(I ~_ ,
is always true. Thus if we let Sn = Ion ¥t Tom+ 17 then
Sy ™ O(sm _ l/1) when A » «©, As a cogsequence, IS of
(3.2.2) is asymptotic to the series b3 S, ©OF
m =0
0o A ~
IS uv i (I2m Ton + l) A > o (3.2:10)

in the generalized Poincare's sense for all values of Sy, *

In can also be evaluated by repeated integration by parts,

resulting in

-A[f(0) + s, 2]
I =& * ™ o) iin, ) (3.2.11)
n l1 +r +n 1 ! e

2

(22)

where A(n, r) satisfies the recursion relation

A(n, r) = (n - 1) A(h -2, r) +rAn-1, r - 1)
A(0, r) = wr{/§X s.) - (3.2.12)

Using the above, we obtain



o>

H >

From

-A[£(0) + sb2]

= & G(0) W_(V2X sp)

1l + r
2

(2X)

-A[£(0) + s.2]

(=

b

= G'(0) Wr

2 +r
2

(2x)

(3.2.3) and using

ak = J2I7E7(07,
ds _

s =0
dzt - z fu!(o)
ds? 3 [£*{0)]*

_ 102X s) .

which are obtained from power series inversion,7'14
G(0) (tb/sb)r g(0) VZ/E"(0)
r |r tb
G'(0) = (tb/sb) = g(0) |—= /2/E"(0)| v2/£"(0)
“b b
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{3:2.13)

(3.2.14)

{3:2.15)
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+ g' (0) p— _.23_.@_} . S, B

£ (0) 3[£"(0)]1%

In the above expressions, the choice of the branch of
square-root for dt/ds is such that its argument gives the
correct rotation under the conformal mapping of a point on
the t-plane to the s-plane. This is because that arg(dt/ds)

measures the angle of rotation of the mapping.

(b) Contribution from Algebraic Singularities

In (a), we have shown the approach to approximate the
saddle-point contribution with an asymptotic expansion. When
the original path of integration is deformed to the steepest-
descent path passing through the saddle-point, contributions
from singularities enclosed have to be included. For algebraic
singularities which are poles, their residue contributions are
included. For branch-points, the branch-cut integrals are in-
cluded. One can always choose a branch-cut so that it can be
deformed to the steepest-descent path passing through it. As
such, the asymptotic expansion of the branch-cut integral can
be obtained by the method of steepest descent. We will include
here a derivation of the asymptotic expansion of the branch-cut
integral which is uniformly valid when it is in the neighbor-

hood of a saddle-point.
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The general form of a branch-cut integral is

~ApE) ae . (3.2.17)

I =J t¥ h(t) e
b C

Without loss of generality, the branch-point is assumed to be

at the origin. C 1is the path of integration from zero to
complex infinity such that (3.2.17) converges. C can also be
deformed to the steepest-descent path passing through the
branch-point, ¢'(a) = 0 so that there is a simple saddle-point
at t = o where J|a| can be arbitrarily small. With the

following transformation,

p(t) - ¢(0) = s? + ys. (3.2.18)
2

(3.2.17) becomes

2
” -2 [;— + ys}
Ty, = "2 (0) J st H(s) e 2 ds (3.2.19)
0
where
f(e) = (&/s)F hiey 2E (3.2.20)

ds
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dt _s+y
ds o' (t)
The saddle-point is at s = -y. Thus from (3.2.18), the

relation between a and Yy 1is

y = = V2[¢(0) + ¢ ()] . (3.2.21)

The branch of square-root for (3.2.21) is decided as
follows. On the s-plane, the constant-phase path passing

through the origin is given by

52
Im |— + ys| = 0. {3822}
2

Solving this, we obtain

Relyl | Imiy] _ _ 4 (3.2.23)
Re[s] Im[s]

The branch-cut integral is from 0 to « on the s-plane.
For this path of integration to be deformable to the steepest-
descent path passing through the origin, |arg[y]l < m/2. This
provides the criterion for choosing the branch of square-root

in (3.2.21).
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Im[s]

branch-point

Aoz

™~
saddle-point

T S

Fig. 3.2.1. The constant-phase path that passes through

the branch-point when |argl[yl| < w/2.
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Since the path of integration is along the steepest-descent
path on the x-plane (which is the same as integrating from 0
to ), most of the contribution to the integral comes from
around s = 0 when A » ». Thus if H(s) in (3.2.19) is
Taylor-series expanded around s = 0, and the integration is
carried out for each term, we obtain a series which does not

necessarily converge but is asymptotic to Ib'

sz
(n) co B el
H (0) J ofi + E 2 ds. (3.2.24)
0 n! 0

H
Z
(0]

1
>
i=s
o
e 8

Noting that the above integral is the integral representa-

tion of parabolic cylinder function,

g™ ) r(n+r+ 1)
0 - A(n + r + 1)/2

It~ 8

D_(p+r+ 1) YAV (3.2.25)

Using the large-argument approximation of parabolic cylin-

Ib' we note that Ibn e

when VX y »>> 1 and |arglyl| < n/2. Using

der function, the n-th term of

O()\—(n + r + l))
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the small-argument approximation,

(n + r + 1)
2

when VX vy << 1. Since the parabolic cylinder function is of
finite order when its argument is moderately large, Ibn N

o(I for all y when )\ - . Thus, the series in

bn - 1)

(3.2.27) is asymptotic to Ib in generalized Poincare's sense.

The following formula is useful for evaluating the first

two terms of the expansion:

r + 1
H(0) = [ ¥ } h(0) (3.2.26)
¢"(0)

r
H' (0) = h(0)[£+ 1][ Y } [ R i ¢"(o>}
2 $'(0)] Lo'(0) [6'(0)]°3

r + 2
+h'(0)[ Y } ) (3.2.27)

' (0)
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3.3 An Example of the Asymptotic Expansions of Integrals

A commonly encountered example of a saddle-point analysis
in the field evaluation of a dipole antenna over stratified

media is

co iR(k sin o + klz cos ao)
I = J k, Alk)) e P e dk (3.3.1)

where kiz = (ki2 - kp"')l/2 and A(kp) is an analytic function

of k .
P

There is a saddle-point at kp = kl sin - The branch-

s
point at kp = k can be arbitrarily close to the saddle-point
for differing values of g (see Fig. 3.3.1). Branch-cuts of
Im[kz] = 0 and Im[klZ] = 0 are chosen for the double-valued
function kz and klz respectively. The original path of
integration is on the Riemann sheet where Im[kz] > 0 and
Im[klz] > 0. The path of integration can be deformed to the

steepest-descent path passing through the saddle-point as shown.

When

. =
a, > sin ,

k.
ky

the branch-cut contribution, as shown in Fig. 3.3.2 has to be



. steepest-
6 descent path

original path
of integration

=Re [k
el p]

saddle-point
klsln o kl/51n oy

Fig. 3.3.1. The original path of integration, steepest-descent path

and branch-cuts for integral I.

g9 abeg



deformed path
of integration

\M\\ E::—T:_.__
—
et
~
~
| g
a
o

saddle-point original path of
integration

Fig. 3.3.2. The branch-cut contribution and saddle-point contribution

e
when oy > sin k/kl.
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included. The branch-point k1 does not contribute to the

integral as it is never enclosed.

(a) Saddle-Point Contribution

We will first calculate the saddle-point contribution to

the integral I. Letting

A = R, t = kp - k., sin Ogr t k - k., sin Oy

1 b 1

(3.3.2)

£(t) = - ilsin ag k + (k2 - kp2)1/2 cos o] (3.3.3)
i I

gle) =e 2 (k + kp)l/2 Alk). (3.3.4)

(3.3.1) becomes the form of (3.2.1). Hence, we can apply the
asymptotic analysis described in the previous section to the

integral (3.3.1). On the s-plane,

_ 4 : Y _ 1/2
S + e [k sin a, + (k1 k<) cos o kl]

{3:3.53)
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where Sb is the location of branch-point. Letting

1

80 = sin X i
k

1

and with proper choice of signs, (3.3.5) becomes
B
8. — o
s, =e *¢ /2k] sin {-O——O-} . (3.3.6)

To find the asymptotic expansion to the integral (3.3.1),

we make use of (3.2.13) and (3.2.14) with r = 1/2. 1In (3.2.13)

2

s
A — L i ] a_ < 6
/3T 8.3 = 2~ 4 p. (% i/ZX 5.) ° °
Wy /a(V2X 8) = e T |® 1/2+l>‘bJ
u'O>eO
(3.3.7)

where the notation means that the upper sign is chosen when

oy < eo and the lower sign is chosen when o, > 80. Thus
ik, R g L 1/2
# o 1 8 (k? - klz sinzao) .
Is = — 377 e k., cos oy A(kl sin uo)
[k, R]

B - a L
V2 sinl/2 [—9———43]
2
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2
e
132 B, ~ &, By % 8y
D Fe 2vk.R sin |—m——— (3.3.8)
1/2 1 .
Oy 7 eo
In (3.2.14),
g 2
_ 2 4 .
w_l/z(/zx S,) = e v2m {e D_y o (7 iv2x sb)}
Py = eo
(3.3.9)
and from (3.2.16)
_j oW
k - k., sin a 1ra 8 vk, cos o
G'(0) = [ 1 o] e g(0) 1 o
1/4 ~ .
(2k1) V2 k k, sin a_

- 2g(0) sin o

1

- ' 2
1/2kl cos &o} + g'(0) 2k, cos oy

{3.3.10}%
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where

. T

l i

_ 2 : 1/2 .
g(0) = e (k + kl sin ao) A(kl sin ao) (3.3.11)
i I
> |1 A(k1 sin uo)

g'(0) = e = 173 + (k + kl sin o ) A'(kl sin ao)

2 (k + k, sin o) 2

1 o
(3.3.12)
Therefore
ao = B
ik,R  -ik,R sin? 5
1, == =77 © 2 G'(0) V772
(2R)
+ £ i o < 0
4 . . O ~ % ? 2
e D—l/2 F i2 {klR sin ___E_—_
%o o eo
(3.3.13)

The above expression for the saddle-point contribution is
uniformly valid for the saddle-point arbitrarily close to the

branch-point.
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(b) Branch-Point Contribution

When

. -1
& > sin ’
o

k
K

the branch-point contribution has to be included (see Fig. 3.3.2).

The branch-cut integral is given by

_ iR(k, sin & + k cos O )
I, = J k" -k 7)) Ak e . °© 1z ° ax
b BC Z z o} 0

(3.3.14)

where BC is a path of integration which starts from kp = k,

and follows along the branch-cut to *. k ~ means that kZ is

evaluated to the left to the branch-cut and thus Re[kz] < 0.

g a + -
kz+ implies the converse. On the branch-cut, kz = kz i

which means that (3.3.14) can be written as

i in & + o
+ iR(k . sin b k , COS o)

I = - J 2, ack)) e P 1 dk,.
BC

(3.3.15)

The path of integration BC can be deformed to the steepest-
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descent path that passes through the branch-point at kp = k.

With the following transformation,

A =R, t = kp -k, o = kl sin a_ - k (3.3.16)
$(t) = — i[sin a_k_ + (k.2 - k 2)*2 cos o] (3.3.17)
o P 1 o o) '
. T
l ——
h(t) =2 e 2 (k + kp)l/2 Alk) . (3.3.18)

(3.3.15) is cast into the form of (3.2.17). On the s-plane,
B~ By
Yy = 2 e vk, sin |—| . (3.3.19)

Therefore, the leading term of the asymptotic expansion to Ib

is

{33, 20)

o — 06
s . 0] O
ik R cos(a_ = 6.) iksR sdin [ ] [ cos 6 ]3/2
o o o
: }
o

3m .

e P a - 6
e % oyt vmmam by, [2 e * VKR sin [0___9_”
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The first correction term to the above, with H'(0) given

by (3.2.27) where r = 1/2, 1is given by

1klR cos(ozO o

|
(@v]
—

\S]
M
>
=
d
)
n
P
o
——
=
o]
1
D
(o]
s s
| EEES———

8 (3.3.21)



Page 77

3.4 Interference Fringes of a Dipole Antenna Over Two-Layer Media

The evaluation of the field components of a dipole antenna

over two-layer media can be reduced to the evaluation of a typical

integral
o k ik =
T = f L a+r B %) e % ax.. (3.4.1)
- k o p P
Z
In geometical-optics approximation, (1 + R) is expanded

in terms of a series (see Section 1.3). Therefore

o k (1) 1kzz © o k
T = L x B (% p) e ak  + I £ _a (x)
01 "o p o} _ m P
- k m=1 7-» k
Z lz
ik 2md
lz (1)
e H k dk 3.4.2
e (po) 5 ( )
where
k ik z
_ 1=z m-1 _m z
Am(kp) = ;:—-XOleO RlO R12 e . (3.4.3)
A

As discussed previously (Section 1.3), the saddle-point in

the second integral, i.e. the reflected-wave term, can be
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arbitrarily close to branch-point. After replacing Hél)(kpp)
p ik _p
by Hél)(kpp) e P , the exponential factor of the second

integrand is of the form (3.3.1). To cast it into the form of

(3.3.1), we have to factor out the kz-dependence in Am(

kp).
since the branch-point at kz = 0 is in the wvicinity of the
saddle-point. To do this, we expand Am(kp) in a power series

in kz. First we obtain, after some algebraic manipulation,
a2 =hx2 BP-Llgh o % (3.4.4)

where b equals ul/uo for TE wave and z—:l/eO for TM

wave. By multiplying the denominators of XlO and R10 by

klz - b kz, kZ in the denominator is not a double-valued

function anymore. Expanding the numerator using binomial ex-

pansion and the identity

X ® %
e=z_"
n =0n}
A _(k ) can be written as
m P
m
_ 4b R12 2m om e i3 .
A (k) = b} Cc | — k
m o e >ym + 1 r = 0 r X Z
1 - |p -2 ] } lz
klz
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f——
n
Il o1 8

. .8
(iz) kzs} (3.4.5)
0 sl

for kzz << 1. Multiplying out the series, and separating

terms with even and odd powers of kz, we obtain

i min
~ 4b R12 o on (2n, 2m) om
m-even m+ 1 z kz E cr
{ bk 2} n=20 r =
z
1 - |—=
klz
. 2n -
'b}r (1) 7 F (3.4.6)
klz (2n - r)!
" min
4b R12 o0 on (2n + 1, 2m) om
Am-—odd = m+ 1 kz X kz 5 Cr
lbk 21 n=20 r =0
Z
" ) |
klz
[—b 1= (iz)Zn + 1 - r -
klz (2n + 1 - r)!

Thus it can be seen that only A _odd has a branch-point
at k= 0. Therefore ordinary saddle-point analysis can be
applied to Am—even term. For the Am-odd term, we rewrite

it as
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- 4.
Am—odd kz Amo L3 By

where Amo is branch-point free at kZ = 0. Therefore, the

odd term can be cast into the form of (3.3.1). Consequently

the m—-th reflected-wave term due to odd powers at kz is

oo k ~ i(k . p + 2md k., )
mn = _D (l) 1lz
TR*odd J_m kz Amo - Ho (kpp) e dkp.
1z
(3.4.9)
. 1/2 -1 m
Letting R_ = [p? + (2md)?] / ; @ = tan (p/2md) , Tp_oa4
becomes
co k iR(k_ sin a_ + k cos o_)
B - P il m lz m
Tr-0aa J_m kz Ao X i, (kpp) = dkp
1z

(3.4.10)

which is of the form (3.3.1). From (3.3.8), the leading term

of the saddle-point contribution is

f2

. 1
sin am) '
173 F(kl sin am)

< T
-1 - 1™"m
e (k - k
e (0) 2/mp e 8 1

R-odd
3/4 6 - o
(klRm) [2 sin [—EL———JE }
2




_ ) . 3T
F i — i =— 6
4 B 4 ;
e D1/2 [+ e 2/k1Rm sin [
where
Yk (k + k)
F(k ) = —FP b &
o mo
k
1z
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(3.4.11)

The first correction to the above is given by (3.3.13).

Hence
o &)
1 c 2 m O
i T ik R 1k Ry sin [
L) o s e B E alal G'(0) v27
R-odd KR 5/4 1/4
(R_) 2
m
m 3
+ i ; i —4 | eo o o < 60
e D—l/2 Fe 2‘/k1RIn sin
%m 7 eo

(3.4.12)
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where
g 5T
k - k., sin o 1/2 8 cos o
1 s 1 m e m
GhL0r = 1/4 : 2
' 60 - ay (Zkl) sin eo - sin a_
sin
2
sin 80 - sin o
A - cos o |- 2 sin o F(kl sin am)
. o m
sin |——
1 i 2.
+ F (kl sin am) 2kl cos®a_t - (3.4.13)

When ordinary saddle-point analysis is applied to the

term in the reflected-wave term, it gives rise to

l) and O(R%z) (see Section 1.3). The

A
m-even
leading terms of O(R;

modified saddle-point analysis when applied to Am—odd term

5/4)  ana O(R;7/4) for

gives rise to leading terms of O(R;
the branch point in the vicinity of the saddle-point. Conse-

guently, the first two leading terms to the reflected-wave term

are of O(R;l) and O(R;5/4). In general, for the computation
of the field components of a dipole antenna, the terms of O(R;l)
and O(R;5/4) sufficiently approximate the reflected wave com-

ponent when the branch-point is close to the saddle-point. When
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the branch-point is far away from the saddle-point, the above
analysis is still correct but cumbersome, whereas the use of
(1.3.7a) saves computation time.

Furthermore, (3.4.9) gives rise to a branch-point contri-
bution when ao_ > 60. In accordance with (3.3.20), the leading

m
term of the branch-point contribution of the reflected-wave term

is
L
ik.R_ cos(a_ - 8_)
m(0) _ _ 8 9 m fo) 3/4
il = V270 e e F(k)(kl/Rm)
cos 60 3/2 iklRm By = SO
X exp sin? D_3/,
On " 80 2 2
cos
2
T
l-—
4 OLm - eo
e 2VklR sin |—— . (3.4.14)
m 2

The first correction to the branch-point contribution is

|

v

5/4

1k1Rm cos(am - 8 )

T = -2 V2/mp e 4 e © H'(0)

oo W
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i = o — 6
2 2 4 ; m )
e D-5/2 {e 2/klRm sin [ - ]}
(3.4.15)
where
a. = 0 1/2
i In sin [ L o] cos 6
5
H'(0) = e © k;'][/é’ 2 F(k) 2
L sin(a - 6,) &
2
B - a
4 sin? I
-Ccos 80 2
+ - cos o
51n(am - 60) sin (am - 80)
a. = 0
4k1 51n2[ = O] coszeo
+ F' (k) 2 ) (3.4.16)
sin® (a_ - 60)

In general, (3.4.14) sufficiently approximates the branch-point

contribution. It is of O(R%5/4) when o, = 60 and is of

2

O(R; )  when o is not close to 6 _.

o
The asymptotic approximation to the typical integral T

can be used to evaluate various components of a dipole field
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over two-layer media. For example, for an HED (see Section

1.2), its Hz—field component is given by

o k 2 ik_z
Hz = i I&-J i (1 + RTE) e 2 H{l)(k p) sin ¢ dk .
gr J-w k P P
z
(3.4.17)
It is related to the typical integral as follows:
H =-i 2 2 7 gin¢. (3.4.18)
z
8T 3p

Since we know that similar asymptotic approximation to H,

exists, we can obtain such approximation to Hz by differenti-
ating the asymptotic approximation to T, and neglecting higher
order terms. Fig. 3.4.1 shows the Hz component of an HED as
compared with numerical integration and ordinary saddle-point

L 5/4) is included in

analysis. Only terms of O(R; ) and O(R;
the reflected-wave terms. In the computation, (1.3.7a), is used
when the saddle-point is far away from the branch-point at

kz = 0 in order to save computation time.
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3.5 Bleistein's Approach

For an integral of the form of (3.2.1)

-Af(t)

I = I (t - tb)r g(t) e at (3.5.1)
C

without deforming the path of integration to the steepest-

descent path, a transformation of (3.2.2) results in

- - 2
T = @ M0 J (s - sp)F a(s) e as (3.5.2)
Cl
where
r
t =t
G(s) = [—2P2| gy & .
8 — Sy ds
C' 1is the image of the integration path C on the s-plane

extending from -« to 4,

For an asymptotic expansion of (3.5.2), Bleistein35 suggests
that the leading order approximation to (3.5.2) can be obtained
by approximating G(s) by a first order polynomial that inter-
polates the critical points, i.e. the branch-point and the

saddle-point. For instance, G(s) can be written as
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G(s) = vy_ + Yl(S - 5) t s(s - s.) Gl(s) (3.5.3)

o]

where Gl(s) is analytic in a region around the saddle-point.

Solving for ¥ and Yq gives

Yo = Glsp) (3.5.4)
G(s,) - G(0)
Yy = . (3.5.5)
b
Consequently,

s AT (0] _ r _ -As?
I =¢ Ic' (s sb) [YO + yl(s sb)] e ds

2
+ (s - sb)r + B ds. (3.5.6)

e_kf(o) J s Gl(s) e-

C?

The second integral can be shown to be of 0(1/)) smaller

than the original integral using integration by parts.

r + 1 -is?

K ) s Gl(s) e ds

(s - s

Cl

- o M(0) J 5
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S _ r _ ;
= IC' (s sb) [(s sb) Gl (s) + (r + 1) Gl(s)]

e ds. (3.5.7)

In arriving at the above, we make use of the fact that the

integrand vanishes at the end-points of C', 1i.e. at s = %«,

I.

When A 1is large, (3.4.7) is of order 1/) smaller than

For this reason,

-)\g?
(s - sb)r[yo +y,(s - 5)1 e S ds. (3.5.8)

With change of variable to u = V2) (s - sb),

I

at

e-l[f(O) + sbz] J | Yy ut . Y gt
e (2A)r/2 (2A)(r+l)/2
u2
—[—— + V/2) sbu]
e ? du. (3.5.9)

In (3.5.9), the path of integration is above the singularity

the origin if the original path is above the singularity at
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the origin, and it is below the singularity at the origin for

the converse. Using (3.2.8),

-x[£(0) + Sb2] Yo Y1
Inve ——= W_(¥2) s, ) + W
(2A)r/2 h b (zx)(r+l)/2 r +1
(V2 sb)} (3.5.10)
where
52
( A M W - D, (-iv2X s,) for integration
ST e 2 o 2 path above the
. origin,
SN — ]
W (VZX By) = 1 +Tpi B
V2T e 2 e 2 Dk(+iJ2A sb) for integration
. path below the
origin.
(3.5.11)

Note that distinct difference in definition between (3.5.11)
and (3.2.9). 1In (3.5.11) the signs are decided by the original
path of integration whereas in (3.2.9), they are decided by the
location of the branch-point with respect to the saddle-point.
Once the signs in (3.5.11) is confirmed, they remain the same

for all possible values of s In Bleistein's approach, there

b*
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is no distinction between the saddle-point and branch-point
contributions as they are all inclusive in the expression
(3.5.10). The correspondence to the singularity contribution
in the author's earlier analysis is exhibited in the Stoke's
phenomenon of the parabolic cylinder function for wvarious

33,34 Bleistein's approach has the advantage that

arguments.
the leading order approximation to I does not involve the
derivatives of G(s). This is particularly useful when G(s)
is a complicated expression.

Applying Bleistein's approach to obtain the asymptotic
approximation of (3.3.1) we obtain a solution which gives

numerically equivalent answer when compared with the author's

analysis as shown in Fig. 3.5.1.
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Fig. 3.5.1. ©Normalized Hz component of an HED using Bleistein's approach

and the author's approach in the modified saddle-point analysis.
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3.6 Conclusions

=

In Section 3.4, it is demonstrated that terms of O(R;
and O(R;5/4) in the author's analysis sufficiently approximate
the Hz—field component of an HED where b = uo/ul = 1. The
above analysis also shows that the wave that is associated with
the saddle-point contribution has a spherical wavefront. Also
when a. > 80, an additional kind of wave is observed; namely,
the lateral wave which has a conical wave-front. This is attri-
buted to the branch-point contribution. These properties of
the wave can be confirmed by using the small and large argument
approximation of the parabolic cylinder functions. As for
Bleistein's approach, these anomalous behavior of the wave is
associated with the Stoke's phenomenon in parabolic cylinder
function.

When the saddle-point is close to the branch-point, in

other words, o_ = 80, the spherical wave and lateral wave

m
that is due to Am—odd becomes physically the same wave and
is indistinguishable from each other when Oy = eo. Furthermore,
-5/4

this wave diminishes with a rate of R from the source.

m

This forms an important correction to the spherical wave gen-

erated by the A term which diminishes with a rate of
m—-even

r~1
m

This analysis sheds light on the behavior of the wave
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when a spherical wave source is placed on top of a half-space.
The transmitted wave behaves just like the reflected wave for
the two-layer problem. A typical integral representation of the

transmitted wave can be written as

(L
— bkz) Ho (kpp) e
{3.6.k)

This resembles the reflected-wave expression since there is also
a term even in kz and one which is odd in kz. The transmitted
wave is shown in Fig. 3.6.1. The lateral wave is observed only
when the angle of observation in the lower half-space is greater
than 60 the critical angle. The lateral wave is phase-matched
to the spherical wave at the place where it merges with the spher-
ical wave. At the boundary, the lateral wave is phase-matched

to the spherical wave in the upper half-space. 1In the upper
half-space, the inhomogeneous wave decays exponentially away from
the boundary. In the analysis discussed in Chapter 1, it is,
associated with the branch-point contribution. The fact that

it is observed only when the angle of observation is greater

than the critical angle is a requirement for phase matching as
this inhomogeneous wave has a wavelength Al propagating

in the p-direction.
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4 . .
spherical wave in
upper half-space

inhomogeneous
wave

1 lateral
1 wave

spherical wave in
lower half-space

Fig. 3.6.1. The behavior of waves generated by a

spherical-wave source placed on top of a half-space.
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The analysis presented in this chapter nevertheless has
its limitation. Having Am(kp) in the form of (3.4.6) and

(3.4.7) introduces a pole at

(k /K)? = b? 1/2
kK =k
pp l_bZ

which occurs on both the Riemann sheets of kz. When b &,

= =, but for TM waves, b = ¢,/e > 1 and b? can be large

Kop ’

so that the pole, which is of order m + 1 for the m-th
image, will be close to the saddle-point. As such, the above
analysis cannot be applied to compute the field of TM waves.
The locus of the pole is the same as that of the Sommerfeld
poles shown in Fig. 2.2.1 except that now it is on both Riemann
sheets. The failure of the modified saddle-point analysis is

alluded to the proximity of two singularities in the vicinity

of the saddle-point.
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Chapter 4. MULTIPLE-SADDLE-POINT METHOD

4.1 Introduction

The modified saddle-point method discussed in Chapter 3
presupposes that the singularity of the integrand exists in
the form of an algebraic factor which multiplies the rest of
the integrand. For singularities which are poles, the integrand
can always be expressed in such form. In the case of algebraic
singularities of fractional order, though it is possible to
put the integrand into the desired form, objectionable effects
often ensued. For instance, in its application to field analy-
sis of a dipole antenna over layered media, the introduction
of a pole is undesirable when it can be arbitrarily near the
saddle-point.

For an algebraic singularity of fractional order, the
singularity can be removed by a transformation. Such trans-
formation results in multiple saddle-points on the transformed
plane. In this chapter, we shall discuss the case of an alge-
braic singularity of order 1/2. On the transformed plane,
this corresponds to three colinear saddle-points. The case of
an algebraic singularity of general fractional order shall be

discussed in the appendix.
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4.2 Asymptotic Expansion of Integrals with Three Colinear

Saddle—-Points

Ordinary saddle-point method only applies to the case of
one simple saddle-point without singularities and other saddle-
points in the vicinity of the saddle-point. For three colinear
saddle-points which can be arbitrarily close together or can
coalesce, the ordinary saddle-point method becomes invalid.
Thus a new analysis has to be used to treat such a case.

An integral with three colinear saddle-points is of the
form
~&E [&)

I = [ g(t) e at (4.2.1)
C

where g(t) is analytic in a region around the origin, C is

the contour of integration extending to infinity, and £'(t)
equals zero at t = 0, ﬂtb and tb. Without loss of generality,
we have assumed one saddle-point to be at the origin. The saddle-

points coalesce when tb = 0 giving rise to a third-order saddle-

point. To facilitate an asymptotic expansion of (4.2.1) which

is uniformly wvalid for all t the transformation,

bl

(s, s)?
£(t) - £(0) = S- - b (4.2.2)
4

2
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simplifies the exponential factor in (4.2.1). As such,

A[Sh (sbs)z]

T = o M) J G(s) e 4 2 ds (4.2.3)
Cl
where
G(s) = g(t) 2&, (4.2.4)
ds
and C' is the image of C on the s-plane. From (4.2.2),

differentiating with respect to s, we obtain

at _ . (4.2.5)

Since the saddle-points are mapped from the t-plane to the

s-plane, it follows from (4.2.2) that

s. = V2 [£(0) - f(tb)11/4.

b (4.2.6)

We can choose the branch of (4.2.6) so that S is in

the fourth gquadrant. The steepest-descent paths that pass
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through the three saddle-points on the s-plane are shown in
Fig. 4.2.1. The asymptotic approximation of (4.2.3) can be ob-
tained in several ways. One way is to approximate G(s) with
a polynomial that interpolates the saddle—points.36 Another
approach is to approximate G(s) with its Taylor series expan-
sion about the saddle-points that contribute most. For instance,
if the original path of integration C' extends from s = -i«
to to s = » as shown in Fig. 4.2.1, C' can be deformed to
the steepest-descent path that passes through Sy, - Hence, the
saddle-point at s = Sp contributes most to the integral. An
asymptotic approximation to I 1is obtained by approximating
G(s) by its Taylor-series expansion about Sy, - Consequently,

for large X,

e-Af(O)

o8

(4.2.7)

I is asymptotic to such a series only because the Taylor series
representation of G(s) 1is valid only within its radius of
convergence while the range of integration extends to infinity.
The integral in (4.2.7) can be expressed in terms of parabolic

cylinder functions by making use of the following identity [see
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Im[s]

Fig. 4.2.1. Steepest-descent paths passing through

the three saddle-points on the s-plane. The arrows

show directions of descent. C' 1is the original path

of integration.
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Appendix, eq. (4A.1.19)];
I 2 1 s, !
_ _A[g_ - 5, g_] n -1 _(n + ] \ b
f s e 4 2 ds = 2 2 (212) 4 e 8 V2T
—jw
- (n-1i
4 . 5
e Din = 1) /2 (iv)/2 sy, - (4.2.8)
Therefore, the n-th term of the series in (4.2.7) is given by
(n) r - 1 e + 1]
- _ G (s.) n _
I = M0 b. 3 T " Ty 2 gy o 4
n i - r b
n! r =0
S L
g =2 - L (r-1i
8 4 . 2
e V21 e D(r - 1)/2 (ivV1/2 Sy, }s (4.2.9)
-(n + 1) /4

It is of O[(2)) 1=

~ ~ ~

The asymptotic approximation to

~

I can be approximated with IO + Il + I2 + I3 so that the
error is of O(A_5/4) when ) »> o for all values of sb. Hence
I~ Io + Il + 12 + 13. (4.2.10)
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We shall next consider the case where the original path
of integration C' ranges, from s = - to s = -i» as shown
in Fig. 4.2.2. C' can now be deformed to the steepest-descent

paths that pass through the saddle-points at s =0 and s = s

b*
As a consequence, (4.2.3) can be broken into the sum of two
integrals:
4 2
..-)\ _.S....._.. - sz .S_..._]
I e_kf(o){J G(s) e 4 2 ds
N )
_)\ .S_ - g 2 _]
® 4 B
- J G(s) e ds} (4.2.11)
—jco

The asymptotic expansion to the above can be obtained by
Taylor series expanding G(s) around s = 0 for the first

integral and around s = s for the second integral. Using

b
the following identity [see Appendix, eg. (4A.1.13)],

s 2 8° n -1 [n + l]

2 4

s? e 27 4s = [1 + (—1)“][2 (22)

As, *
r[ﬂ—i—l] exp{ b ] D_(n 4 1,2 "7A72 sbz)} (4.2.12)
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Im[s]

Fig. 4.2.2, The case where the original path of

integration ranges from s = - to s = -i» .



and that for large A,

_ o (n)
r n a—MNELD) y G (0) J . 4 24
n =20 n! -0
= , s2?
¢ ™ (sp) = I —;]
= f (s - sb) e ds| .
n! —iw
the n-th term of this series is given by
n -1 n+ 1
~ ~A£(0) ¢™ (0 n 2 L
In e —— [1 + (-1)71]2 (22)
n!

2 8
-1 r + 1
(n) = 2 ]
G (s..) n _
_ b 5 nC gD r 5 2 (2)) 4
y _ r b
n! r =0
4
S
A L -1 r - 1)i
8 4 . 2
e V2T e Dy - 1)/2 (ivA/2 s.7)
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(4.2.13)

. (4.2.14)
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To obtain the leading order asymptotic appfoximation of I such
that the error is of O(h_5/4) when A » =, we take the first
four terms of the series as in (4.2.10).

The discussion above will suffice for the analysis of a
dipole antenna interference field over layered media. 1In the
analysis, we have chosen the Taylor-series approximation of
G(s) as opposed to a polynomial approximation so that we can
associate different waves with different saddle-points. This

will enhance our physical understanding of the wave behaviors.
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4.3 Application to Evaluating Interference Fringes of Dipole

Antennas

We have shown earlier that in geometrical-optics approxima-
tion, complication arises in the evaluation of the reflected-
wave contribution, because of the proximity of a branch-point.

A typical reflected-wave contribution from (1.3.3) is

© o k A ik, 2md
?, = I J 2B x)e % 5Pk ) ax (4.3.1)
m=1"’ -k P °© P P
=
where
& ik =z
_ m-1 _m z
Bm(kp) = X01X10 R0 Ry, € . (4.3.2)
The definition of Xij and Rij are given in (1.2.14).
There is a branch-point at k =k because k, = k? - kpz.

Since this branch-point can be arbitrarily close to the saddle-
point, a transformation of kp = k sin B 1is used to remove it.
After such transformation, the m-th reflected-wave term be-

comes

. = J k sin 8 B_(p) H(g) (4.3.3)
T

iR_[cos a_ (k,2- kzsin26)1/2 + k sin o_ sin R]
e W m' 1 m dg.
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In the above,

"m tan 2;:1 '

R, = [p* + (2ma) 21372,

B_(8) = B_(k sin B),

fp) = 8.1 (ko sin p) e"iKP Sin B

and T 1is the image of the original integration path on the
B-plane. The contour T is shown in Fig. 4.3.1.
The transformation gives rise to three colinear saddle-

points at

k
-1 ("1 . ]
R = sin — sin a
ml lk !
Bm2 = /2 and
k
_ I 1 .
Bm3 =7 sin [;; sin amJ.

The steepest-descent paths that pass through these saddle-points
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o Im[B]
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]
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Fig. 4.3.l1la. Steepest-descent paths on B-plane
that pass through three colinear saddle-point when

o' <
m eo'
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>

a
m

4.,3.1b. Same as (a) except that

Fids
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and the branch-cut for Re[klz] = 0 are shown in Fig. 4.3.1
(see Appendix also). The three saddle-points can be arbitrarily
close to each other and coalesce when sin a, = k/kl, i.e.

B =8

- = Bm3 = /2. Hence, the method discussed in Section

m2

4.2 can be used to derive the asymptotic approximation of TRm.

With the following transformation,

t=8-21, A =R, £, = (4.3.4)
5

g(t) = H(B) k sin g B_(8) (4.3.5)

£(t) 2

]

i B . e Rii® iy L . .
i[cos ozm(kl k4sin“R) + k sin a, sin R1

(4.3.6)

(4.3.3) becomes the form of (4.2.1). From (4.2.6),

, i 6 - a_|l
s, = ,3/4 ~i 31/8 kll/4 sinl/z{i [.,9_,_____“_‘” (4.3.7)
2

where 60 = sin-l k/kl. In the above, the + sign is chosen

when Oy < 80 and the - sign is chosen for the converse. This

ensures that the saddle-points at B in Fig. 4.3.l1la and Fig.

ml

4.3.1b are both mapped into s such that s is always in the

b b
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This enables us to use the analysis of Section

4.2 directly to derive our approximations.

When < 0 we
%m o'

saddle-point at Bml

integration can be deformed to pass through

lar to the first case in Section 4.2.

contributes,

infer from Fig. 4.3.l1la that only the

since the original path of

Bml' This is simi-

Hence, from (4.2.9) and

(4.2.10), the leading order approximation to TRm is given by
m m m m m
Tp © Tpo ¥ Tpp + Tpy ’]:'R3 (4.3.8)
where
ix.r_¢™(s) n =2
m 1" m b n n-r 2 1
TRn = e L Cr Sy 2
n! r =20 (r + 1)/4
(2R )
m
0. - o
- L (r-1)i —:'LklRm 51n2[ 2 L
4 2
V2T e e D(r - 1172
I
-t 5 - a
e 42k r)1? sin[~9——mH (4.3.9)
1m 2
After replacing H(R) with its approximation when kp 1is

large, G(sb) is given

by
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. N
-1 —

4 ; dt
p—ay _ -
G(sb) vV2/Tp e /kl sin a_ Bm(Bm) " (4.3.10)

In (4.3.9), the parabolic cylinder function has exponential

m

. . _ T
dependence of exp{lkl Rm sin [(8O um)/2]}. Therefore, TRn
has exp(ikl Rm) dependence which is that of a spherical wave.

When o > eo, we infer from Fig. 4.3.1lb that both saddle-
. . m . .
points at Sml and Bm2 contribute to Tp - This is similar

to the second case of Section 4.2 if we choose Sb to be in

the fourth quadrant. Thus, the leading order approximations

are given by (4.3.8) where Tgn' from (4.2.14), is
n -1
ik,R_cos(a_ - 0_) ~(n) '
Tm = g 1 m m (@] G (0) [1 + (_l)n] 9 2
Rn fil

1 rn+1] 1
e

d
(2R )(n + 1)/4 4
m

1
D_(n + 1)/2 [e

ik

(n)
R_ G (s..) .
-, 1'm b n n-r, 2 1

(2R )(r + 1)/4
m

| g o]
0

n! r
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B - a
- T (r - 1)i =-ik.R sinz[—g————ﬂl
4 m

1 2
/21 e e
-1 o, — 6
4 1/2 . m o
D(r - 1)/2 [% 2(klRm) sin [———;———}] " (4.3.11)

In the above, the first term, which is the contribution
from the saddle-point at w/2, 1is non-zero only for n = 2
since G(0) = 0. Its exponential dependence is exp[iklRm
cos (o ~ 80)] which is that of a conical wavefront. The second
term is similar to (4.3.9), giving rise to a spherical wave.
In fact the contribution due to the saddle-point at w/2 cor-
responds to the branch-point contribution discussed in Chapter
3, which gives rise to the lateral wave.

A remark is in order here on the sign of dt/ds. Since
arg(dt/ds) mresures the angle of rotation of the mapping from

the t-plane to the s-plane, the sign is chosen so that

arg(dt/ds) gives the correct rotation. Since

= N/——jlﬁﬁ 8r (4.3.12)
f (tb)

for the correct rotation, we choose

dt
ds

,

. k
i(n/4) z
e /kl , ¥ o < 60
[f"(tb)]l/2 = 4 L (4.3.13)
. k
_el('ﬂ'/4) o Z , o > B
L 1y m o

1z
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Also,

sb cosl/2 90
ool = e o > eo. (4.3.14)

1/2
0,)]

s =0 [k 51n(um =

(4.3.12) and (4.3.13) are imperative in deciding the right

value of G(sb) in (4.3.10) and subsequently G(n)(sb).
(4.3.14) when applied to G"(0) gives
. 37
l_—
e s; cos?’/2 80
G" (0) = g"(0) . (4.3.15)

[k sin(o_ - 80)]3/2

Having seen the application of the three-saddle-point
analysis on deriving the asymptotic approximation of a typical
reflected-wave integral, we can use it to derive the field
components of a dipole antenna over stratified media. We make
use of a similar concept exemplified by (3.4.17) and (3.4.18)
of Chapter 3. 1In Fig. 4.3.2, three-saddle-point analysis was
used to calculate the Hz component of an HED, and compared
with the case of ordinary saddle-point and numerical integra-
tion. 1In Fig. 4.3.3a and b, E component of an HED was

¢

calculated and compared with ordinary saddle-point analysis.
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Fig. 4.3.2. Three-saddle-point analysis as compared with numerical

integration and ordinary saddle-point analysis (AO is the free-space wavelength).
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source receiver

----- three-saddle-point
— —ordinary saddle-point d €l=2.16€O,LT=0.0022

——experimental

10 1 E
og | ¢|

15 db/division

0 3 6 9 12 15 18 21
p/lo

Fig. 4.3.3. E, component of an HED in its broadside

¢

direction using three-saddle-point analysis as compared

with experimental result and ordinary saddle-point analysis.
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The result shows marked improvement when the thickness of the
first layer is 5 free-space wavelengths. When the thickness
is 2.5 A, there is improvement in the near field, but when
o gets large, the result deteriorates. This is because that
when p 1is large, the number of images that contribute to E¢
is large. The saddle-point analysis is unsatisfactory for large
m since gm(kp) is a rapidly varying function then.

In the above, the dominant-wave contributions are TE
waves. We saw excellent agreement between our analysis, ex-
permental result and numerical integration. This is because
the Sommerfeld pole is at infinity for TE waves propagating

in non-magnetic material. The location of the Sommerfeld pole

on Pf-plane is given by

% {4:5.3.16)

 [ky/m2 - 212
B = sin
P 1_b2

Fig. 4.3.4 shows the locus of this pole for different values
of b. When b > kl/k, the pole can be near to the saddle-
point at B = w/2, thus adversely affecting our analysis given
above. For TM waves, b = El/EO S kl/k for most media. Fig.
4.3.5 shows the failure of our analysis, when applied to calcu-
late the E_  component of an HMD. Fig. 4.3.6a-c shows the

effect of varying b, that is varying the location of the
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Sommerfeld pole on the computed value of "EZ". It shows that
when the pole is far away, the argreement with numerical inte-
gration improves. The only singularities that are near the
saddle-points then are the branch-point singularities which

are relatively "mild".
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Im[B]

| 1<b<ky/k

! Iocus of

B —_—

0 2F=” B L/,b=k1/k

Re [B]
?t b>kl/k

Fig. 4.3.4. Locus of Bp when b increases from 1 to .
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normalized €, = 3.3(l+0.01i)€O
B €y = iw
g1 f| — — three-saddle-point d = 4}
\ numerical GOA b = €l/Eo
c =0
I

Fig. 4.3.5. Normalized E, component of an HMD in its
broadside direction using three-saddle-point analysis
and numerical GOA. The failure of the analysis is due

to the proximity of the Sommerfeld pole to the saddle-points.
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Fig. 4+3.0a. "Ez" with b kl/k. Solution does not converge to correct value.

All parameters are the same as Fig. 4.3.5 except that b = 2,

zzZ1 obed
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Fig, 4.3.6kb, “EZ“ component for b = 1.5. Solution does not converge
well for large p because then, the dominant contributlon comes from

the second image source whose Sommerfeld pole is of order two.

€Z1 =beqg
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Pig. 4.3.6e. "EZ" component for b = 1.1. The solution agrees well with

numerical GOA because the Sommerfeld pole is far away.
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4.4 Conclusions

In Chapter 3, we saw that the use of modified saddle-point
analysis, when applied to field evaluation, gave rise to poles
on both Riemann Sheets. These poles can be arbitrarily close
to or coalesce with the saddle point. This is undesirable for
calculating interference fringes due to TM waves. In this
Chapter, the use of a transformation results in the need for
three-saddle-point analysis. In the three-saddle-point analysis,
the pole does not coalesce with the saddle-points. Hence, for
spacial cases, it can be used to analyze the field interference
fringes due to TM waves.

However, the analysis left much to be desired as the
approximation involves high derivatives of G(s). Therefore,
the effect of a high-order pole is easily felt as exemplified
by Fig. 4.3.6. We shall introduce the concept of generalized
Weber's function in the next chapter to take into account the
pole at Bp'

In this Chapter, we also saw the same behavior of waves
generated by a spherical-wave source on top of a layered medium.
The waves are sufficiently characterized by parabolic cylinder

i l.es

functions when they are TE waves. When o_ = 5

S)
m
s. =0, and G(0) = 0, the largest term of TRm

b is given by



Page 126

ik.R
™ - e 1M g (0)/(2Rm)1/2.

/2), therefore T_.™ n O(RI;l

R ) for large

Since G'(0) O(R_l
m
Rm. The first correction to the above is of O(R;?/4). This

is similar to that obtained by modified saddle-point analysis.

6/4

However, the next correction term is of O(R; )  which does

not have a counterpart in the modified saddle-point analysis.

When oo = eo, the leading order approximation of TRm is of

O(R;l) for charge Rm' followed by correction terms of

-2
O(Rm ) .
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Appendix to Chapter 4

4A.1 Uniform Asymptotic Expansions of Integrals with an Algebraic

Singularity of Any Fractional Order

An integral with an algebraic singularity of any fractional

order can be represented by

e—Af(t)

I = f gl(t - tb)l/p1 dt (4A.1.1)
c

where p = 2, 3, 4, ..., g(z) is analytic in a region |z] < R
and the path of integration C extends to infinity. There is

a branch-point singularity at t =t where | t
further that £'(0) = 0 so that there is a simple saddle-point

b| < R. Assume

at t = 0. The branch-point at t can be removed with the

b
following transformation

vP = (¢ - ty) - (47.1.2)
As such,
o P
_ g w1 AE(VE + t)
I = g (V) pv e av (4A.1.3)
CI

where C' is the image of C on the V-plane. The saddle-points
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occur at V where

o (4A.1.4)

I
o

£ (VP + ty) vP

Hence, there are simple saddle-points at locations where vP
+ tb = 0 and a saddle-point of order p -1 at V = 0. Thus
there are p + 1 saddle-points at V = (—tb)l/p and at V = 0.

To obtain an asymptotic expansion of I which is uniformly

valid for all t we seek the following transformation

bl’

2p (Sbs)p

£(VP + £, ) - £(t,) = =— - X (4A.1.5)
b b
2p P
As a consequence,
P
_K[szp _ (ss)
-Af(t,) _
I = e b [ sP 1 G(s) e Zp ¥ ds (42.1.6)
Cll
where
G(s) = g(V) p(V/s)p = L gy (4A.1.7)
ds

and C" is the image of C' on the s-plane. The transformation
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(4A.1.5) maps all the saddle-points on the V-plane to the

s-plane. From (4A.1.5)

_ _ 1/2p
sy, = {2p[f(t)) £(0)1} : (4A.1.8)

Furthermore,

sP ~ l(sp - sbp)
— = . (4A.1.9)

£ (VP + t,)P vP — 1

The location of the saddle-points on the s-plane is given

s = 0 and Sy, © , m=20, +1, +*2, +£3, ... (4A.1.10)

where we have chosen the value of s in (4A.1.8) to have its

b
principle value. Thus the saddle-points are as shown in Fig.
4A.1.1. Also the valleys of the exponential factor in (4A.1.6),
i.e. the asymptotes extending to infinity where the exponential
factor will wvanish is given by

s =q o¥/P  y =0, 21, +2, ... (4A.1.11)
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Im[s]

Rels]

Fig. 4A.1.1. Location of saddle-points on the s-

plane and the asymptotes to the valleys of the integrand.
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where o + © along the asymptotes. For the integral I to
converge, the end-points of C" must at least be deformable
to two of these valleys.

To obtain the leading order approximation of I, we shall

approximate G(s) with a polynomial such that

2p - 1
G(s) = Z vy s™ + sP(sP - s, P) G, (s). (4A.1.12)
o n b 1
n=2~0
Substituting (4A.1.12) into I, we obtain
P
_Alszp _ (sy5)
-rf(t, ) 2p - 1 _
C" n=20
P
,A[s2p _ (5ys)
+ s?P - L(sP _ 5Py g (s) e L°P P ds
111 b 1
C
(4A.1.13)

The order of magnitude of the latter integral can be estimated

using integration by parts;
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' P
_A[SZP el }
=XxE () _
K =¢e 2 J 52p 1(sp = sbp) Gl(s) e 2B p ds
C“’
P
SZp (sbs)
-Af(tb) -\ -
=8 sP ~ 1[pGl(s) + sGl'(s)] e P P ds.
A c"
(4Aa.1.14)

Since Gl(s) in (4A.1.12) is an analytic function in a
region around the origin, therefore K 1is of order 1/X smaller
than the original integral. Consequently, when A »+ «, the

leading order approximation of I 1is

-AE(t,) 2p

I v e ds.

e
o
=<
=}
"‘_——b
Q
0

n

(4A.1.15)

We can obtain higher-order approximation to I by repeating
the same procedure on K, thus obtaining an approximation to
K with an error term that is of 1/A? smaller than 1I.

The integral in (4A.1.15) can be expressed in terms of

parabolic cylinder function uniquely if we know the original
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path of integration. Say C" can be deformed to two valleys

given by (4A.1.11) where k = kl and k2. Thus the integra-

tion path C" in I can be replaced by one which ranges from
i(klﬂ/p)
s =0 e to the origin and from the origin to s =
i(k,m/p)
o e where o 1is real and o + @, We shall assume

that no singularities are enclosed when C" 1is deformed to the
above defined path as they only give rise to some additive terms.

As such, we let

P
_A[SZP _ imyE)
D(n + p - 1) = J st tP -l 2p P ds
C"
P
ik, (1/p) -A[Szp ) (s, s) ]
o e
= 1lim J o <p ds.
QL0 ik, (7/p)
1
o e
(4Aa.1.16)

Fig. 4A.1.2 shows the paths of integration. To express D in

terms of parabolic cylinder function (4A.1.16) can be divided

ikl(ﬂ/p)
into two integration one ranges from e to 0 and
ik, (1/p)
the other one ranges from 0 to e where o - «.
Hence
_n+tp ) o 2p 1k2 — (n + p)
D(n +p - 1) = | (A/p) 2P FLE—i—E] exp u-—E——][e P
p P 4p
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Im(s]

oualk2ﬁ/p

Ref;]

o eJ.ler /p

Fig. 4A.1.2. The original path of integration C" and

the deformed path of integration.
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ik.m

5 s P e 2
Pon + py2l” P Sy e )

- P 1
D_(n + p)/2( VA/p s, © )| - (4A.1.17)

If the original path of integration in (4A.1.1) is on the

same or adjacent Riemann sheet or is deformable to it, then

|k, - kl| =2 or 1. In evaluating Ik, - kl|, we have as-
sumed the least possible value of |k2 - kl| since adding
22p (where £ 1is an integer) to kl and k2 does not change

the locations of the valleys they denote. If we let u = sgn
(k2 - kl), and C in (4A.1.1) is on the same Riemann sheet

and |k, - k| =2, then (4A.1.17) simplifies to

2p
A s
P 4p

ik.mw
(-vA/p s e

-(n + p)/p b

ik, T (n+p) ip 2T (0 o+ p)
- 1} . (4A.1.18)

When |k, - k.| =1, (4A.1.17) simplifies to



Page 136

ik, + k

n__-t_E 2p 1 m(n + p)

1 2 . 2

D(n + p-1) == (A/p) P /2T exp e P

P 4p
iy — .
e 20D, (~i/i/Z s, F elklTr u) (4A.1.19)
n/p b :

The above identity has been arrived at using the linear relations

of parabolic cylinder functions. Henceforth, we can write
“Af(tb) 2p - 1
I~ e I Yy, D(n+p-1). (4A.1.20)
n=20

The values of Y, can be solved from (4A.1.12). By noting

that the first p - 1 derivatives of the latter term vanish at

s = 0, we know that
(n)
Y = G 18) 5 04 8 €8~ . (4A.1.21)
n!

The values of Ta for p<n < 2p - 1 can be obtained by no-

ticing that the latter term in (4A.1.12) vanishes at p points

given by s = Sy, e1(2mﬂ/p)' m=20,1, ..., p - 1. Thus we can

set up p linear equations and solve for Y, for n=p, p + 1,

...+ 2p - 1. Hence (4A.1.18) can be determined uniquely.
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4A.2 The Steepest-Descent Paths That Pass Through the Saddle-

Points

To show that the steepest-descent paths are asymptotic to
the asymptotes as shown in Fig. 4.3.1 and Fig. 4A.2.1 when
Im[B] - *«, and that they are on the correct Riemann sheets,
it suffices to show that exp{iRm[cos am(kl2 - k? sinzs)l/2 +
k sin o sin B]} vanishes along such paths at «, and that
its phases remain the same as that of the saddle-points along
such asymptotes.
We can show that the asymptotes are in fact those shown in
Fig. 4A.2.1. When Im[B] » #=, |[sin g| - =, thus k,, 6 = (kl2
- k? sinze)l/2 =~ + jk sin B. Consequently, the exponential
factor can be approximated by exp{ik Rm sin B[sin o * i cos um]}.
The positive sign is chosen when we are on the Riemann sheet
where Im[klz] > 0 and conversely for the negative sign. Letting

B = B' + iR" where PRB' and PR" are real, the exponential factor

can be written as

exp{ik Rm cosh B"[sin o sin B' 3 cos o COoS ' tanh B"

Im[klz] > 0
+ i(tanh B" cos R' sin o * sin B' cos um)]}
Im[klz] < 0

(4A.2.1)
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Fig. 4A.2.1. The steepest-descent paths that pass
through the saddle-points and the regions where

Im[klz] < 0 and Im[klzl > 0.



The notation means that the upper sign is chosen when
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Im[klz]

> 0 and the converse for Im[klZ] < 0. At the saddle-points

and R the phase of the exponential factor is

6ml
and at

m3’

Bmo

exp(lklRm)

it is exp[lklRm cos(am - 80)]. Thus for (4A.2.1)

to have the same phase when 8" =+ f«=, the following must be

true.

+l

lim sin oa_ sin B!
|B"|—}oo m

cos o cos R ' tanh B&" = 0

Im[k, 1 > 0

1z
Im{klz] < 0.

When B" » 4o, tanh B" - 1, as such,

Im[klz] > 0
tan RB' = + cot am,
Im[klz] < 0,
or
; + nm - O s Im{klzl > 0
' =
bl

(4A.2.2)

(4A.2.3)

(4A.2.4)

where n =0, *1, 2, ... . Hence the asymptotes of interest
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to us where (4A.2.1) would vanish when B" - += are at B' =
n/2 - o and BR' = -m/2 + o Along the first asymptote, the
steepest-descent path has to be on the Riemann sheet where
Im[klz] > 0 and along the second asymptote, it has to be on
the Riemann sheet where Im[klz] < 0.

Similarly, when B" + =-», the asymptotes of interest to
us are at B' = 1/2 + a and R' = 37/2 - o - Along the first
asymptote, the steepest-descent path has to be on the Riemann
sheet where Im[klz] > 0 and along the second asymptote, it
has to be on the Riemann sheet where Im[klz] < 0.

The choice of branch-cuts of Re{klz] = 0 are shown in
Fig. 4A.2.1. The loci of the points where Im[klz] = 0 are
shown as dashed lines joining the branch-cuts of Re[klz] = 0.
This is consistent with the observation that the locus of
Im[klz] = 0 on the kp-plane is a hyperbolic curve that joins
the Re[klz] = 0 locus (see Fig. 3.3.1).

On the upper Riemann sheet, Re[klz] > 0. To distinguish
the sians of klz on the two sides of the branch-cut passing
through Bl' we Tavlor-series expand klz around Bl' Hence,

for IB = B],|<<l'

Ky, = te 4orak 2 - k)2 - 012 (42.2.5)

Letting g - Bl = g elc, the value of k on the top Riemann

1z
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sheet is
-i I g &
k. =e 4 2k (kz—kz)l/ze]l/ze 2, -n/2 < o < 3m/2.
1z 171
(4A.2.6)
By setting o = -1/2 and 3m/2 successively, we see that

Im[klz] < 0 on the right side of the branch-cut and Im[klz]
> 0 on the left side of the branch-cut. As such, on the upper

Riemann sheet, we can determine the region where Im[klz] > 0.

It is a simply-connected region. The region where Im[klz] < 0
consists of disjoint regions. The boundaries between the two
regions are the branch cuts and the locus of Im[klz] = 0 (see
Fig. 4A.2.1). This verifies the locations of the steepest-
descent path when R + *=» as shown in Fig. 4A.2.1. The shape
of the steepest-descent paths in the neighborhood of the saddle-
points can be determined by Taylor-series expanding the argument

of the exponential function around them.
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Chapter 5. GENERALIZED WEBER'S FUNCTION

5.1 Introduction

We have seen in the previous chapters that in finding
the asymptotic expansion of an integral, we expand the inte-
grals in terms of simpler integrals which can be expressed in
terms of known functions. For ordinary saddle-point analysis,
such functions are gamma functions. For modified saddle-point
and three-saddle-point analyses, they are parabolic cylinder
functions or Weber's functions.

However, when the number of saddle-points and singularities
increases, it is impossible to express our simplified integrals
in terms of known functions. The corresponding functions are
dubbed generalized Weber's functions by Bleistein.36 Uniform
asymptotic expansion of an integral where there are many sin-
gularities in the neighborhood of many saddle-points can be
represented in terms of such functions. In their applications
to wave propagation, they characterize the behaviors of the
waves just as Bessel functions characterize spherical and
cylindrical waves. We shall see their applications in deriving

the interference fringes of a dipole antenna over stratified

media.
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5.2 Asymptotic Expansions of Integrals with a Singularity

Near Three Colinear Saddle-Points

An integral with a singularity in the neighborhood of

three colinear saddle-points can be expressed as

-2 f(t)

T = J (t - t)F g(t) e dt (5.2.1)
& p

where f'(t) = 0 at t =0 and = tb, r 1is fractional or
a negative integer, g(t) 1is analytic in a region around the
origin and tp is the location of the singularity. C 1is
the path of integration extending to infinity such that I
converges. If the above is obtained by a transformation to
remove a branch-point singularity, it is generally true that
g(t) has a zero at t = 0. We shall make use of this fact
in our analysis.

With a transformation of the following kind,

(5,.8)%
£(t) - £(0) = 8- - b~ (5.2.2)
4 2

(5.2.1) becomes

- -A[s*/4 - (s.s)?%/2]
I = e A£(0) J (s - sp)r sG(s) e & ds (5.2.3)
Cl
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where
r
t =t
G(s) = Bl giEl GF | (5.2.4)
s - s s ds
p
G(s) 1is analytic in a region around the origin. The steps

for finding dt/ds, Sy and Sp resembles that described in

Chapter 4. From (5.2.2)

s(s? - s, 2)
at _ b (5.2.5)
ds £f'(t)
s, = /2 [£(0) - f(tb)]l/4 (5.2, 68)
s, = V2 [£(0) - f(tp)]l/4 (5.2.6b)

which means that the saddle-points and the singularity on the
t-plane are mapped into their counterparts on the s-plane.

To obtain the asymptotic approximation of I for all sp
and Sy, Wwe shall approximate G(s) with a polynomial that

interpolates the critical points; namely, the singularity and

the saddle-points. As such, we can write G(s) as
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G(s) =y, + vys + stz + Y3s3 + s(s? - sbz)(s ~ sp) G, (s).

(5:2:7)
Solving the above for Y, We obtain
Yo . G(O) (5.2.8&)
2s, 3[G(s )= v_ = v,5.%2] - s 3[G(s,) - G(-s,)]
v, = —2 B0 20 P 2 2 (5.2.8b)
2 _ 2
ZSpsb[sb S5 1
G(-s,) + G(s,) - 2y
Y, = b b o (5.2.8c)
Zsb2
2s, [G(s.) - yv_ - v,5_2%2] - s_[G(s,.) - G(-s,.)]
v, = —=—2F > z2p p__b 2, (5.2.8d)
2sbsp[sp - sy ]

Substituting (5.2.7) into (5.2.3), we obtain

_ —A£(0) _ x 2 3
I =¢ [JC' (s sp) s(yo + YqS + Y st o+ y3s )

-A[s*/4 - (sbS)z/Z]

e ds + [ (s - s_)
ok P

r + 1
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-A[s%/4 - (sbs)z/Z]
s?(s? - sbz) Gl(s) e ds]. (5.2.9)

Using integration by parts, we can estimate the magnitude of

the latter integral.

K = e_lf(o) fc' (s - sp}r + 1 s?(s? - sbz) G, (s)

-A[s"/4 - (sbs)2/2]

e ds
-A£(0) -A[s*/4 - (s.s)?2/2]
== J (s - s )r L(s) e B ds
A & 3
(5.2.10)
where

L(s) = (r + 1)s Gl(s) + (s - sp) Gl(s) + (s - sp)s Gl'(s).

(5.2.11)

We see that K is of order 1/) smaller than I if
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g(t) does not vanish at t = 0. In the actual problem, g(t)
vanishes at t = 0, which means that the contribution of the
saddle-point at t = 0 is of lesser importance. However, we
shall see that the error in estimating I by the first integral
in (5.2.9) is tolerable. Otherwisé, to derive an approximation
whose error is of order 1/X smaller than I rigorously, we
have to use a fourth order polynomial approximation. This will

require finding derivative of G(s) which is a formidable task

if G(s) is a very complicated function. Thus when X 1is
large,
_ 3 -A[s"/4 - (s,.s)?/2]
I e AE(0) J (s - s )Fs 3 Y s™ e . ds.
&’ n=0 0
(5:2:12)
If C' 1is as shown in Fig. 5.2.1, we can deform C' so that

it extends from =-i» to 0 and then from 0 to «. We assume,
for this case, that sp is in the second quadrant so that the
pole is not enclosed in the course of deforming the path of

integration. Letting s = u/kl/4, (5.2.12) becomes

- 5 no_ _ 2
I~ ETEF;?) J uf{u - ll/4 s )r g ZEE— e WSS o (sbu) /2]
AT s P’ n =0 "4

du. (52,13}
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Im[s]

Re[s]

Fig. 5.2.1. The original path of integration

with respect to saddle-points and pole on the s-plane.
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If we define
Wg(d, §; n, r) = J (u - ¢8) u e du, (5.2.14)
—joo

which we shall call generalized Weber's function, then

e—XE(O) 3
I~ 2
N r+2) /4 n =

(5+2.15)

when A =+ o,

A subtle point need to be emphasized here. When the branch
of Sy, and Sp in (5.2.5) is chosen such that C' extends
from -i®» to +x, the same branch has to be chosen for all
tb so that C' remains unchanged; that is it still extends
from -i® to +« on the s-plane. This will cause the gen-
eralized Weber's function to exhibit Stoke's phenomenon in its
asymptotic approximation similar to the parabolic cylinder

function when s varies.

b
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5.3 Application to Evaluating Interference Fringes of Dipole

Antennas

An integral which has a singularity in the neighborhood
of three colinear saddle-points in the evaluation of interference
fringes is given by (4.3.3). It is the integral representation
of the reflected wave for a dipole antenna over two layer media.

Reproduced here, it is

m \ o
Ty = fr k sin B Bm(B) H(B)
iRm[cos oam(kl2 - kzsin*’“B)l/2 + k sin o sin B8]
e dg (5.3.1la)
where
o = tant £, R = [p? + (2ma) 21172 (5.3.1b)
2md
B (g) = x..x. R® -1 gD g (5.3.1c)
m 01°10 “10 12 © . e
kp = k sin R
. (1) -ikp sin B
H(B) = H0 (kp sin B) e " (5.3.1d)

After some algebraic manipulation, we can write Bm(s) as
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2m _m
B () = a0 B K, Ky = BT Ryg
m (b2 - l)m + 1(k _ kp )m + l(kp & kp )m + 1
P P P
ik _z
e {5:3:2)
k =k sin B
p
where
bzkz k21/2
kK = 1
Pp b? - 1
There is a pole of order m + 1 at
L B2 - kw22
R = sin
p bZ_l
which can be near to the saddle-points at Bml’ Bm2 and
Bm3 as shown in Fig. 4.3.1. With the following transformation,
m i m
t=6—'_l A=R' t=B -y t=8——-—
5 m b ml 5 p P >
(5.3.3a)
_ -(m + 1) _
(t tp) g(t) = Bm(B) (5.3.3b}
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2

£(t) = -ilcos a_(k,? - k2sin28)Y/2 + k sin o sin g. (5.3.3c)

(5.3.1la) becomes the form of (5.2.1) where r = -(m + 1). We

obtain from (5.2.5) and (5.2.6) that

. 37
e B - a
Sy, = 23/4 e 8 ki/4 sinl/2 [_EL___E% (5.3.4)
2
m
i 2. (0, - a . 1/2
s_ = 23/4 8 ki/4 sin| -2 Bl o= gin|-R-F
P | 2 2
(5.3.5)
where
. -1 i -
ep = sin [—— sin B ] = eo = sin -_— .
kl kl
In the above, we have chosen the branch for Sb such
that it is in the fourth quadrant when 80 > o . This will

cause the image of T on the s-plane to extend from -i» to

4o, To leave the image of T unchanged on the s-plane when

60 < O’ we choose the branch for sb such that
.
= a_ - 6
g, =238 o Bl /2 9 (5.3.6)
b 1 >
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This also causes B to correspond to s and B to
ml b m3
correspond to =Sy always.
Note that the above choice of branch for s is different

b
from that of (4.3.7). For clarification, Fig. 5.3.1 shows the

locus of Sb for real kl when am increases from 0 to

iy CW is the path of integration for the generalized Weber's
function. It is immaterial to know the exact location of the
original path of integration on the s-plane as long as we can
deform it to CW without enclosing sp. This is true for the
integral TRm which enables us to make use of (5.2.15).

Making use of (5.2.4) and the large p approximation for

ﬁ(B), we obtain

. T
1 - 2
s cos 60 B_(B)
G(0) = - (—sp)m w2 v2k/Tp e 4 .| 2 L
31n(am - 80) k cos B B = m/2
(5.3.7a)
il
k, cos a
Glsy) = (sy = s )" " te 2 e S |
k cos Bml
(5.3.7b)
L
k, cos a
— [ _ m+ 1 2 1 m
G( sb) = [ Sy sp) e Bm(BmB) e

k cos Bm3

(5.3.7¢)
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Im[s]
'
a =0
o_=m/2
oy = 60 Re[s]
am=ﬂ/2 Sy,
«C
w
o =0
m
Fig. 5.3.1. The locus of Sy, and -Sy when o increases

from 0 to w/2. CW is the path of integration for the

generalized Weber's function.
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flkl sin(g_ - a )™
m
= fm, & I kl cos Sp
G(s_ ) = (k cos RB_) V2/mp
P p s (S 2 s 2)
PP b
T
-1 = ; m+ 1
B (B )(k, sin 6_ - k )
s g .mlp 1 B .BD : (5.3.7d)
PP s
P

Using the above, we can obtain Yo from (5.2.8), and thus the
uniform asymptotic approximation from (5.2.15). The approxima-
tion will be wvalid for all wvalues of Sy and sp. Similarly,
we can obtain the asymptotic approximation of all field compon-
ents, regardless of the fact that they arise from either TE
or TM waves. The value of generalized Weber's function can
be obtained by numerical integration.

Figure 5.3.2a shows the use of the above analysis to
compute the Ez component of an HMD. The improvement is
remarkable compared with Fig. 4.3.5. Fig. 5.3.2b is similar
except that the subsurface reflector is metallic. Fig. 5.3.3
and Fig. 5.3.4 shows the effect of the location of the Sommer-
feld pole on the approximation. There is no noticeable effects
as in Fig. 4.3.6a and b. Note that the vertical scale for the la-
tter two diagrams are exaggerated; thus the larger discrepancies

with numerical GOA are artificial.



normalized

EZ €, = 3.3(l+0.05i)€0
r ~— — generalized Weber's function
€, = 80e:O
numerical GOA
| b = el/eo
c = el/s2
2.0} d = 4)\0

0

4 5 6 7 8 ) 10 11 12 p/A,

Fig. 5.3.2(a). E, component of an HMD using generalized Weber's functions

in the asymptotic expansion of the integral representation.

9gT abed



normalized

Ez e, = 3.3(l+0.01i)eO
— T generalized Weber's function - o
numerical GOA g =
d = 4)

A

N

4 5 6
Fig. 5.3.2(b). Same as

is now metallic.

7 8 9 10 11 12 p/}\O

(a) except that the subsurface reflector

LST =bed



— — generalized Weber's function

numerical GOA

4 3 6 7 8 9 10 1l 12 p/A

Fig. 5.3.3. Same as Fig. 5.3.2(b) except that b = 2.0

86T obega



[ — — generalized Weber's function

numerical GOA

e

4 5 6 7 8 9 10 11 12 p/A

Fig. 5.3.4. Same as Fig. 5.3.2(b) except that b = 1l.5.

6GT =bea
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5.4 Conclusions

We see in this chapter the analysis of the interference
fringes of an HMD. In previous chapters, we have pretended
to ignore the effect of the Sommerfeld pole on TM waves gen-
erated by an HMD. This is only true for cases when the Som-
merfeld pole is far away from the saddle-points of our interest,
i.e. when generalized Weber's function can be approximated by
parabolic cylinder function. For most cases, the effect of
the Sommerfeld pole cannot be neglected, and it affects the
angular dependence of the wave observed. However, the effect
of the Sommerfeld pole is peripheral, i.e. if we are to carry
out the saddle-point analysis similar to that of Chapter 4,
the pole is never enclosed when we deform the original path of
integration to the steepest-descent path passing through the
saddle-points. In other words, we cannot associate any charac-
teristic wave with the Sommerfeld pole. Moreover, generalized We-
ber's function can be approximated by parabolic cylinder func-
tion always when ) = «. Thus, the effect of the pole is not
noticeable in the far-field.

The generalized Weber's functions, like parabolic cylinder
functions also exhibit Stoke's phenomenon. Thus there is the
existence of the lateral wave and the spherical wave as before.
This is more apparent if we were to follow the analysis in the

line of Chapter 4. We also see that the use of polynomial ap-
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proximation for G(s) circumvents the difficulties of dif-
ferentiating G(s), which in our problem, is relatively com-
plicated and formidable.

Though we have shown that the field of a dipole source
over stratified media can be approximated by special functions,
one must be aware that this is not the same as the mode-expansion
method. Our approximation by a series is only true in the asym-
ptotic sense. This is because G(s) ({the notation of which
we have used throughout our analysis) in general has other sin-
gularities on the finite complex plane which are distant from
the saddle-points. Thus the approximation of G(s) by polyno-
mials or Taylor series is only valid over a finite region. We
have previously emphasized that such an approximation of G(s)
for an integral whose range of integration extends to infinity
results in an asymptotic approximation. This also means that
all the singularities of the integrand on the complex plane have
some effects on our approximation. Some of these are of lesser
effect than the others. Thus, in our approximation, we have
taken into account only the singularities of immediate signifi-
cance. We can imagine that if we have taken into account all
the effects of the singularities, our series representation
would be exact.

We have seen in the above that the value of the integral

I isonly determined by the values of the integrand at some
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critical points; namely, the saddle-points and singularities.

This is similar to the concept of singularity expansion. Our
original integral in our problem is complicated to the extent

of being intractable if we seek to derive from it physical
feelings for the behaviour of the wave. We see that by expanding
our original integral in terms of its critical point contribution,
we have gained physical insight in the behaviour of the wave.
This justifies our representation of the integral in terms of

a series of special or little-known functions.
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