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Abstract

Three different autopilot design techniques have been applied to a tail controlled, coupled

missile model. The three techniques are Linear Quadratic, He, and H».

The closed loop performances of these three designs have been analyzed using both
classical and multivariable techniques at the nominal design point and at a number of

different operating points. This analysis involved both the time and the frequency domain

performance of the different designs. Particular comparisons involved how the system

performance degraded as the operating point changed in altitude, speed. angle of attack and
wind angle from the nominal design point.

The results show that all three design techniques result in a controller that satisfy the design

specifications. The LQ controller is approximately one fifth the size of the H,, and Hy

controllers. As the operating point is changed from the nominal design point, the

performance of all three systems degrades. No one design was consistently better than any

other. The LQ design showed potentially the greatest sensitivity to perturbations in the
design model and the greatest sensitivity to disturbances.

Thesis supervisors:

Professor M. Athans Professor Electrical Engineering and Computer Science

Dr. F. S. Kramer Raytheon Co.

Page: 10



Acknowledgments

I would like to thank Raytheon Company for giving me the opportunity to continue my

studies at MIT.

I would also like to extend my gratitude to Professor M. Athans and to Dr. F. Kramer for

their support and guidance during the course of my studies.

To my friends and family: Thanks for all the help and concern. You gave me more than 1

can ever repay.

A special thanks to Dr. R. M. Sanner: Thank you for all your help and thanks for

entertaining Jen and keeping her from being anymore of a delightful pain than she already

is. Without that aid. I could never have completed this thesis.

To Jen: No mere words can suffice, so simply thanks

And finally to Dr. FW. Nesline Jr. Thank you. An engineer could never ask for or have a

better mentor or friend.

Page: 11



Chapter 1 Introduction

1.1 Introduction

Recent developments in missile technology has made the interception of tactical ballistic

missiles an operational reality for defensive forces. These technical advances were the

results of improvements in:

Radar system

Estimation algorithms

Guidance algorithms

Airframes and propulsion systems

Processing speed and storage capability of computational resources

In addition these interceptions require the use of rapidly responding flight control systems.

Figure 1-1 shows how relationships between the missile seeker, estimator, guidance

algorithms and the flight control system interact to enable the missile to intercept its target.
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Figure 1-1 Overall Engagement Components
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The central component of any flight control system is the autopilot. The basic function of

an autopilot 1s to take commands from the guidance system and determine the correct

control actions to force the missile to follow the commands while maintaining stability

The resulting force on the fins (from the airflow around the missile) rotates the missile

body to an angle of attack relative to the free stream velocity. This lift force acting on the

missile body generates the achieved accelerations.

Autopilots accomplish command following and ensure stability by using a linear

combination of predetermined gains with measurements of a portion of the missile’s

dynamic state. The usual portions of the missile’s dynamic state used for an autopilot are

accelerations, rotational rates, fin deflections and angles of attack. The gains in the

autopilot are often a tabular function of the missile’s altitude and speed or of its dynamic

pressure.

1.2 Motivation

Recent advances in modern control theory allow the designer unparalleled flexibility in the

choice of methods to determine these gain sets. However there has been very little

published literature comparing the time domain characteristics of these controllers. The

purpose of this thesis is to contrast and compare the designs resulting from two of the

modern linear design techniques: Linear Quadratic and H,,. One additional autopilot

design will be completed. This design will be an Hy design which combines several of the

features of the LQ theory with those of the H., theory

The autopilot designed for this thesis differs from conventional autopilots by having the

additional capability of controlling the missile’s roll orientation. This control is in the form

of command following, allowing for continual commanded changes in the missile’s roll

orientation.
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1.3 Background

As shown in Figure 1-2 the missile autopilot converts commands into fin deflection

commands. There are two basic autopilot configurations that are currently in wide use.

They are: bank to turn (BTT) and skid to turn (STT). [1],[2],[3],[4] The bank to turn

autopilots originally evolved from aircraft and are primarily used on asymmetric airframes

with a preferred flight orientation. In a BTT maneuver, the missile rolls around the velocity

vector, then accelerates along the plane of the velocity vector and the body axis. The skid

to turn systems are used most often on symmetric airframes. [5],[6],[7] In a STT

maneuver, the missile maneuvers without first rotating around the velocity vector. These

maneuvers are typically faster than a BTT maneuver, but they do not control the roll angle

of the missile. [81,[9]1,[10]

Commands a
 nad

Hl —- Actuator
1

re;
y

13) |
- ml Airframe

LL

—g» Achieved

Autopilot Reference Variables
 —_—

Figure 1-2 An Autopilot Converts Commands into Fin Deflection Commands

The most common type of autopilot for an anti-aircraft or a tactical ballistic missile defense

system is a skid to turn, command following autopilot. Those are the type of autopilots

designed and evaluated in this thesis.

In a missile autopilot there are three independent control directions which are used to

satisfy the performance requirements. These are roll, yaw and pitch. The roll control is

concerned chiefly with the rotational dynamics of missile. The pitch and yaw controls relate

primarily to the lateral dynamics of the airframe.
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Traditional classical autopilot design techniques require the use of three independent

controllers to provide the system’s performance. The controller for the roll dynamics has

historically been designed to be the fastest, with the lateral controllers being somewhat

slower. The roll controller is required to be fastest in order to prevent the induced roll

motion from coupling back into the lateral dynamic responses. Required stability margins

dictate how fast the roll controller can be, and this in turn dictates the acceptable bandwidth

of the lateral controllers. However this three independent controller system approach has

proven to be too slow to accommodate the fast response times and robustness required of

current missile autopilot designs. [11],[12]

Modern control theory techniques have shown that multivariable control techniques offer

better performance and posses better stability margins and disturbance rejection properties

than classical controller techniques. In a multivariable design, the three missile channels

(roll, yaw, and pitch) are coupled. This coupling allows greater flexibility in meeting the

performance and stability goals than is possible with classical techniques. These

performance improvements are attainable with individual loop crossover frequencies

comparable to that of a classical design. [13]

Several types of modern multivariable control theory have evolved. Three will be used in

this thesis. The first of these is the Linear Quadratic (LQ) theory using full state feedback

developed in the 1960’s. The second is Hy control developed in the early 1980’s as LQ

control theory with frequency dependent performance weights. The third is He, control

theory developed in the latter half of the 1980’s. [14],[15],[16],[17],[18],[19] The

purpose of this thesis is to contrast and compare these types of control theory for missile

autopilot design.
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Analysis contained in similar work to date has largely been restricted to planar design

cases. [13],[20],[1],[2] These preliminary designs have not been conducted on the full

cross-coupled models representative of those actually needed for the design of missile

autopilots. In addition the current design of tail controlled missiles do not have explicit roll

angle control incorporated into their autopilot architecture’s and do not have the capability

of simultaneously following a roll angle command and a combination of lateral acceleration

commands. The proposed autopilot design effort will attempt to satisfy these goals and to

demonstrate the performance differences resulting from these different design techniques.

The basic design consideration for the autopilots is the speed of response to commands

while maintaining stable operation. Stability in the face of variations from the nominal

design values is also a requirement in order to ensure the system’s operational capability in

the face of uncertainties in available information or design models.

H.,. theory attempts to minimize the peak value of a weighted sensitivity function across all

frequencies. Hy theory attempts to minimize the squared area under the weighted

sensitivity function. By limiting this peak value or total area, the Ho, and Hj theory result

in more robustness to parameter variations and improved disturbance rejection properties

than the LQ design methodology. However these improvements are at the expense of a

much higher order, more complex compensator. An additional difference between the He

and H~ theories and Liner Quadratic theory is that H., and Hy are frequency based design

techniques while the LQ theory is time domain based. [21],[22].[231,1241,[251,[26]

Little analysis to date has compared the time domain performances of an H,, controller with

that of an LQ.[27]
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One important point to remember in evaluating the different designs is that: while there may

be perturbation combinations that result in instabilities in the simpler LQ controller, the

performance characteristics of the He, or Hp autopilot may have degraded to such an extent

that their responses are unacceptable from the performance perspective. If the time domain

performance degrades so much so that the interceptor misses its target then the design is a

failure.

Instrumentation has improved to such an extent that good quality instruments are becoming

commonplace onboard modern missiles. These instruments give a good estimate of the

missile’s current operating point thereby alleviating the wide robustness range required in

controller design as recently as even 10 years ago. Improvements in onboard computer

speed and the quantity of available data storage has provided the means for the rapid

interpolation of autopilot gains and the use of gain scheduled controllers. This combination

of advancements has to some extent eliminated the requirements for such a wide range of

parameter robustness that was required in earlier autopilot designs.

1.4 Contribution of Thesis

The purpose of this thesis is to design autopilots for a non-minimum phase, tail controlled

missile using three different modern design techniques. Once the designs are complete, the

closed loop time domain performance, and the frequency domain performance will be

evaluated. This thesis shows that there is no one technique which is clearly better for the

analysis conditions. All three designs fulfill the nominal requirements and all three suffer

performance degradations at the perturbed flight conditions. In general the LQ design was

more susceptible to changes in the flight condition. The LQ design usually had the best

single loop classical Bode gain and phase margins, and had a greater sensitivity to
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disturbances. The Ho design generally had the poorest Bode margins, but did have the

least variation in those margins at the different operating points

{.s Proposed Analysis

The basic task covered in this thesis is the design of three acceleration command following,

skid to turn autopilot configurations and a comparison of their closed loop performances.

Each of the three autopilot designs: LQ, Ho, and Hy will be synthesized at the same

nominal condition. At that flight condition their time domain performances will have the

same basic performance characteristics and their Bode crossover frequencies will match.

The performance measures used for this verification of the frequency domain characteristics

are the classical single loop crossover frequencies of the controller with the loop broken at

the plant input. Figure 1-3 shows an example for the yaw channel of one such block

diagram. The time domain performance measure is the step response risetime.

Figure 1-3

To»

Bm

Signal Input Signal Output

ee=Autopilot Airframe

er ———————————————————— — — vd

The Setup for a Single Loop Frequency Analysis at the Control. With

Only One Loop Broken

When this design has been completed, the autopilots will be contrasted. This comparison

will involve:
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1) Comparison of the time domain and frequency domain performances of the

systems using the nominal design plants.

2) Perturbing the nominal plant and again evaluating their performances

Such perturbations will include:

a) Using an airframe from a different flight condition (Mach, altitude,

angle-of-attack and wind angle, and different combinations of these)

3) Evaluating the impact on computational requirements (floating point operations

and required storage)

The design procedure will be a three step process. The first design will be an LQ design.

Once this LQ design has been completed, the Ho, design will be performed. The Heo

design must fulfill the same performance requirements as the LQ design. Finally the Hp

controller will be designed. This design too will undergo iterations to satisfy the same

performance requirements as used in the other designs.
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1.6 Thesis Overview

This thesis consists of 12 chapters. Chapter Two contains a general discussion of

autopilots and their function. It also covers some of the early decisions that must be made

in any autopilot design task. Chapter three contains the derivation of the missile model

used in the design phase. Chapter four covers the design specifications for the autopilot

designs. Chapters five, six and seven contain the autopilot design for the LQ, Ho, and Hy

controllers respectively. Chapter eight compares the nominal performance of the

autopilots. Chapters nine and ten cover comparisons of the systems’ closed loop

performance when the design is used at a flight condition other than the design point. In

particular chapter nine covers variations in altitude and speed, while chapter ten covers

variations in the angle of attack and wind angle. Chapter eleven covers simultaneous

variations in the flight condition. Finally chapter twelve summarizes some of the results,

extends one earlier comparison and recommends directions for future research.
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Chapter 2 Autopilots

2.1 Autopilots and Their Functions

As mentioned in the previous chapter the function of an autopilot is to determine the correct

set of control actions that will not only ensure stability but also track the reference

commands from guidance. The autopilot must accomplish this function for the duration of

the flight. regardless of the missile’s flight condition.

During the course of an engagement the missile can cover an extremely wide range of

operating environment and flight conditions. The missile starts at rest on the ground (if

ground launched) or at an initial speed and altitude (if air launched). From this initial

condition the missile’s operating environment will change to some different combination of

speed and altitude. Engagement speeds may run from subsonic to supersonic speeds

greater than Mach 6 and altitudes range from sea level to more than 30 kilometers.

Additionally at launch the missile is flying at a total angle of attack (the angle between the

missile’s centerline and the missile’s velocity vector) of zero and with an undefined wind

angle (the angle that the relative wind makes with the number 1 fin, see Figure 2-1). At

intercept the angle of attack can be expected to be anything from zero to the airframe’s

maximum limit, and the wind angle can be anywhere from 0° to 360°. (Certain operational

requirements may preclude some combinations of angle of attack and wind angle. For

example the angle of attack may be limited to allow for airflow to a RAM jet etc.)
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I'he autopilot must maintain its performance within a specified narrow range despite these

wide variations in the flight conditions.

2.1 An Overview of Aerodynamics and It’s Effects

During an engagement four crucial parameters (altitude, speed, angle of attack and wind

angle) will undergo significant variations. These four parameters are amongst the most

influential in determining the aerodynamic characteristics of the missile. However the rate

of these changes varies. A typical missile processor runs at several hundred Hertz. On this

time scale the rates of change of missile altitude and speed are slow. On the other hand the

rates of change of angle of attack and of wind angle are much faster.

The altitude and speed are generally well known in a missile (calculated by onboard

instruments or determined on the ground and broadcast to the missile). The angle of attack

can be determined from the onboard instruments or based upon estimates using onboard

data. The wind angle is determined from estimates and onboard instrument readings.

Page: 22



Typical errors for missile speed and altitude are on the order of 1 - 2 percent, while angle

of attack errors of + 5° can be expected. Wind angle errors of + 30% or more are not

anusual.

The nature of angle of attack is such that the smaller the value of the angle of attack, the less

variations in it affect the missile’s performance. Therefore an error of 3° on a total angle of

3° represents a 100% variation, but because the total actual angle is small, (3%), it’s effects

are small. The most sensitive design areas for angle of attack variations are in the region of

approximately 15°.

Most tail controlled missiles that utilize a skid to turn philosophy are symmetric in either

180° or 90° quadrants. This means that if the missile’s wind angle is rotated by either 180°

or 90° degrees, the aerodynamic behavior is approximately the same as that at the original

condition although the responses of the lateral channels may have been switched for a 90°

rotation. Wind angle effects are least noticeable at 45°, 135°, 225°, and 315° angles for a

missile possessing 4 quadrant (90°) symmetry. The most sensitive areas for perturbation

analysis are between 0° and 45° (45° or to 90%)

The altitude and speed of the missile determine its dynamic pressure as well as several

other kev aerodynamic properties. The effects of angle of attack and wind angle are

twofold. First, they determine several of the important aerodynamic characteristics of the

missile and secondly they create the cross-coupling inherent in missiles.

When the missile is flying at a non-zero angle of attack, the body of the missile shields

some portion of the missile from the airflow. The larger the angle of attack, the greater the

effects of this shading. This shading creates an area of low pressure and an induced roll
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moment as shown in Figure 2-2. The wind angle determines which portion of the missile

is shielded from the free stream airflow. This shielding and its induced moments result in

cross-coupling and a difference in the effectiveness of the control surfaces. Because of the

extreme sensitivity of the missile’s aerodynamics to this wind angle it 1s important that any

missile autopilot design evaluate these effects. See Figure 2-3.
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2.1 Missile Model Considerations

Of crucial importance to the design of any control system is the plant model. Important

decisions involved in the preliminary phases of the design effort involve the tradeoff

between model size and model realism. The more realistic the model, the larger and more

complex it becomes. The designer must determine what level of fidelity is justified and

form his model based upon this analysis. An additional important constraint is

computational complexity. A large and complex model requires more time to perform

control calculations , and more time to perform the required analyses . As the model size

increases, the number of required mathematical operations increases by approximately the

square of the number of states in the model.

in order to design a missile autopilot, several decisions must be made. These include:

The type of autopilot.

The expected operational envelope.

The type of gain scheduling (if any).

The quality and type of the available measurements and information.

The size and speed of the autopilot processor.

Only after this information is known can the designer begin the model derivation and

development process.

Perhaps the most fundamental question is the type of autopilot. This question covers more

than just is choice between a linear and a nonlinear design. It also includes the such

choices as between: command following or attitude control, and bank to turn or skid to turn

philosophies.
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The missile’s motion is characterized by a set of nonlinear coupled differential equations.

These equations are used to analyze the trajectories followed by the missile in space and

determine the missile’s speed, altitude, orientation, etc. If a nonlinear autopilot is being

designed, then a suitable subset of these nonlinear equations may be used as the design

model. If a linear autopilot is being designed then these equations must be linearized about

an operating point. The theory necessary to develop a nonlinear autopilot that is capable of

tracking acceleration commands has not been developed as of yet for aerodynamically

controlled missiles.

The autopilots (controllers) will accept yaw acceleration, pitch acceleration and roll angle

commands. The output from the autopilots will be fin deflection commands. These

commands will be the inputs to the actuator models of the airframe model. The resultant

body motions will be fed back to the autopilot, thereby forming a closed loop system.
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Chapter 3 Plant Model Derivation

The model used in a control design must include all of the relevant dynamics of the plant.

For this missile design the important components are the missile airframe and the control

actuation system (CAS). The dynamics of the sensors (gyros and accelerometers) are high

frequency (typically with natural frequencies on the order of at least 700 radians per

second) and do not need to be accounted for at this stage of the design.

The basic design plant that will be used for this thesis represents a linearized, generic tail

controlled missile. These equations comprise a 9 state model derived from the coupled

aerodynamic equations. The inputs to this model are the fin angle commands (roll, yaw

and pitch). Its outputs are the two lateral accelerations and the roll angle. Internal state

variables are: the roll angle, the two planar angles of attack, the three body rates, and the

three fin angles. The model assumes first order actuators to translate the fin commands into

fin deflections. The airframe in question is evaluated at a nominal condition of Mach 4.0,

medium altitude. 15° angle of attack. and a wind angle of 22.5".

3.1 Basic Plant Equations

[ne plant model for this design contains two principal pieces, the airframe and the CAS.
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3.1.1 Missile Equations of Motion

As mentioned previously, the missile model is that is used to design the autopilot is of

fundamental importance. The missile’s operating condition and dynamic motion is

characterized by an infinite set of coupled, nonlinear, time varying differential equations. A

full treatment on the nonlinear dynamic motion of missiles can be found in reference [29]

In order to design an autopilot, simplifications must be made. This resulting set of

differential equations determines the design plant or model.

Several simplifying assumptions are made. First it is assumed that the missile is in

burnout. This results in the simplification that the mass properties are constant and the

location of the center of gravity (CG) is fixed.

Second it is assumed that the missile possesses four quadrant mass symmetry. This

ensures that the cross products of inertia: Ixy, Ix, and ly; are identically zero and that the

principal lateral moments of inertia Iyy and I, are equal.

The coordinate system to be used for the following derivations is a “3 down” system.

Figure 3-1 and Table 3-1 show the axis definitions and summarizes some of the

nomenclature.
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Figure 3-1 The Design System is a 3 Down Coordinate System

Given these simplifications the missile kinematics can be characterized by 6 coupled

differential equations. The three equations for the translationial dynamics expressed in

vector form as:

F = a (17

(mV,
2

-—r L }

When expanded out, and the effects of the missile’s rotation included this gives:
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F.=m(U+QW—RV)

F,=m(V+RU-PW)

F,=m(W+PV-QU)

(3.2)

(3.3)

(3.4)

[he three equations for the rotational dynamics are expressed in vector form as;

M =
a —

—(H (-.5)

When expanded out, this results in:

M=1,0-(I,,—-1,)PR

N=I,R-(I—1,)PQO

(3.6)

(3.7)

(3.8)

However for autopilot design it is more useful to express these equations using the

derivatives of the components of the total angle of attack, i.e. alpha and beta, than the

derivatives of the pitch and yaw lateral velocities (V and W).

Accordingly the side slip angle of attack B and the planar angle of attack o can be defined

d.-

p=tan™ (1)

or = ian”! (¥)

(3.9)

(3.10)

The time derivatives of and Ol are:

f==VU+ uv
[72+v2 (5.11)
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__WU+UW
a= 2 2

Us+W
(3.12)

Defining two velocity combinations as,

1) A

+

V. = = (U2+V2)?

V —a= (U2 + W)?

(3.13)

(3.14)

nultiply equation (3.3) by U and (3.2) by V subtract, and then rewrite equation (3.11) as

Dr cos(B)- Fring) v
f=_gs FI + Q 2 sin (csin

‘a sin (e)cos (B)
3.15)

Similarly, multiply equation (3.5) by U, equation (3.3) by W and subtract them. Equation

(3.12) may then be rewritten as:

F,
Fe cos (0) — 3 sin (a) _ P M sin (B)cos (¢)

&amp;=0 + HM" Vo

_R A sin (Blsin (0)
(3.16)

The equations (3.3), (3.15), (3.16), (3.6), (3.7), and (3.8) are now linearized about a

nominal operating point by assuming small perturbations about the nominal. The nominal

operating point values are denoted by a subscript O.

{inearizing equations (3.9) and (3.10) about 0, and 3 yields respectively:
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mlpr Jutan(f,+Ap0 ja.TC
Vp

IW = ~~ utan(c,)+Va, do
cos(ax,

(3.17)

(3.18)

Where

Ao=a—- a, (3.19)

“7

AB=B-0, (3.20)

Linearization of the dynamics then gives:

VA
oT

hl

Vv

i = ar da ~[Q,tan(e,) - R,tan(f,)]u

RV

‘ soca 146 [V,sin(@)lg + [Vg sin(B,)Ir

Ca
Va, . . Va, 2

+ sine singg Ol + Fessintageos(B)

V, Bo)| + Setan(By)a, H SIn(f, “mmAPo)
V5 Qocos(ar,) Act [L]AB + vg 2

{U

F . Fy ;

_ 25sin(Bo) — pt{cos(B,) — sin(B tan(B))

HU = Va.
Bo

7. Qosin(@rg){cos(B,) —sin(f )tan(8,)}

(3.21)

(3.22)

(4.23)
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sins sine)
‘VB, ., sin(e,)
To Rocos5 148+ [v]Ax +

"sin(cr,)
mV lar,

"VB, .

YPBogin(B.)cos(ar,) p
| Va,

"F, F,
gl nr tan( op)

v.,*

(2.24)

Wil

F. F,

_ —25rsin(a) - —2{cos(ax,) —sin(e,)tan(c,,)

yes —— ——vv.
a,

Va,» 1
=R,sin( a, )— F{cos(o,)—sin(a, )tan(o,)}

p= AL
I...

: | 1
yvV

Ly AN

P= = 70, + T=

(3.25)

(3.26)

(3.27)

3.28)

Using partial differentiation and incremental analysis the aerodynamic force and moment

perturbations are simplified to the following

OF, OF, OF,
AF, = =; Au + oA + 2p AP

a, I oF,
25. A0; + 35. 20 + 36.2%

(3.29)
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OF, dF, OF,
AF, = = Au + oA + 2p AB

oF, OF OF
6,40: 55,00, + 55a,

oF oF oF

AF, = =, Au + Sg Ac + op AB

oF, OF, oF,
5.40; +3,0 + 35.20

a

_ dL oL oL

AL = ou Au + 302 + opaP

JL OL oL
55.0 + 26.20 ab 26. 2%

_ OM oM oM

AM = 75 ~Au + Shot ap AP

oM aM oM
25.20: + 26,20 25, 2%

_ oN oN aN
AN = 7 Au + SoA op AP

IN ON. ON35, 0 + 55.20 + 25.2%

(3.30)

(3.31)

(3.32)

5.33)

(3.34)

The nominal operating values are found by trimming out the airframe at a specified flight

condition. The definition of trim for this analysis is that there are no net moments acting on

the vehicle and that the roll rate is zero. In addition the further stipulation is made that the

planar angles of attack are constant at trim (i.e. ¢¢ and B are zero).

The aerodynamic forces and moments are the results of several components. Both the

body and the fins generate lift and drag, while the moments on the body are primarily the

results of the fins and the aerodynamic shading (see Figures 2-2 and 2-3). To determine

the trim level forces the fin deflections are incrementally changed until there are no net

moments acting on the airframe.
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One final simplification results from the time span that the linearization is desired to be valid

for. All time histories of the simulations are for a maximum of 1 second. On this time

scale all perturbations and changes of the forward velocity U can be neglected.

[his gives a nominal state space model of

x = Ax+Bu

y=Cx+Du
(3.35)

xe R ue RM ve RP

With

c=[Aax ABP QR]

T= Adr Adv Adp

(3.36)

(3.37)

 yu

y zn, n, « BP QR] (3.38)

The seven outputs from the plant are the two accelerations (My and Mp) the two planar

angles of attack (a and B) and the three body rates (P, Q and R). The desired autopilot

configuration however is to maintain and follow not only acceleration commands. but a roll

angle command also. This requires that the model be augmented with an integral of the roll

rate to form the roll angle 0. The final state vector is therefore:

 xX Ac AB 8 P QR] 1-.39)
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3.1.2 Actuators

The state equations derived in section 3.1 are a function of perturbations in the three fin

angles (8p, Oy and Op). The output of the autopilot is fin commands (8yc, yc and Spc)

These fin commands are converted into fin deflections by the actuators. For this portion of

the analysis the three required actuators are assumed to be identical and are each modeled

by a linear first order transfer function:

ss)=(200265) (2.40)

I'he gain and phase of the actuators are shown in Figure 3-2.
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3.2 Open Loop Plant Characteristics

For simplicity the A in the angles of attack and fin deflections terms are now dropped. It is

assumed that when the trim data is generated, initial angles and fin deflections are required.

In the time domain analysis resulting deflections and changes are assumed to be

perturbations on these trim and initial values.

The chosen operating point for the nominal design model is Mach 4, medium altitude, a

wind angle of 22.5% and an angle of attack of 15°. This condition represents a highly

cross-coupled flight condition. The open loop airframe poles and zeros are found in Table

3-2 and diagrammed in Figure 3-3. The open loop singular values from the fin angles to

the three controlled outputs are shown in Figure 3-4.

There are a total of 9 states in the final open loop plant model. They are:

plant = AC AB oP 0 R Op Oy Sp)’
(3.41)

There are 11 outputs of the basic open loop plant for feedback to the autopilot. They are:

Yplant = (7, n, Ao AB 6 P 0 R Op Oy Sp] (3.42)

The three controlled variables are:

Ycontrolled = n,n, 0 I (3.43)

The three inputs to the model are:

— T

Uplant = [0,. Oye Ope (3.44)
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The actual numeric values used for this design can be found in Appendix 1. The

accelerations are in m/sec2. The fin angles, roll angle and rotational rates are in radians and

radians per second respectively.

Airframe Poles

Real | Imag wy Freq. 1 Damp

0 — 00 0

. 0.1206 0.0 | 0.1206 |

_ 0.4913 7.993 © _8.008 i

-0.4913 7.993 | 8.008 0.061

-0.4574 | -11.45 | _11.46

-0.4574 | 11.45 | 11.46 _0.040_
-200 0.0 | 200

-200 | 0.0 200
-200 : 0.0 200 tn EE

_ Airframe Zeros _

_ Real T fe fee | Damp

_ _=359 0.0 35.9 oo

-31.82 0.0 31.82 lo

31.48 0.0 3148

. 35.69 00 35.69

Table 3-2 Open Loop Airframe Poles and Zeros

As can be seen in Table 3-2 the Nominal system is stable. It contains a pole at the origin

from the roll angle (the integral of the roll rate). There are two complex pairs, near the

origin that are lightly damped. Table 3-2 also shows the location of the two non-minimum

phase zeros. This non-minimum phase is characteristic of tail controlled missile. In a tail

controlled missile, the initial fin deflection first generates a force in the opposite direction

from the command. This force rotates the missile body, and the resultant body lifting force

provides the commanded acceleration.
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Chapter 4 Autopilot Performance Requirements

In order to provide a realistic comparison between the 3 autopilot designs, both time

domain and frequency domain constraints are expressed. These constraints involve the

required 63% rise times for external commands and the crossover frequencies of the three

systems evaluated from a single loop point of view. The time domain constraint specifies

the time required for the control output to reach 63% of its specified value as shown in

Figure 4-1. In order to limit the autopilot bandwidth, all three autopilots are designed with

the same open loop crossover frequencies with the loop broken at the control and the

remaining loops closed.
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Figure 4-1 Control System Transient Performance Measures
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4.1 Time Domain Requirements

The autopilots are to follow external commands (presumably generated by some other

subsystem such as an optimal guidance system). The form that these commands take in an

operational missile is a series of step commands that are held constant from update to

update. The rate of these commands varies from missile to missile and typically cover a

range from 1 to 100 Hertz. The magnitude of the command variation from one update to

the next depends on the type of guidance law, the time to go until intercept, and the

missile’s rate of closure with the target.

A typical measure of control system performance is the time required for a variable to attain

63% of its step-commanded value. Another measure of performance is the amount of

overshoot a system exhibits to a step input.

The expected responsiveness of an aerodynamically controlled missile is a function of the

dynamic pressure and the fin effectiveness. The greater the dynamic pressure and the more

effective the fins are, the more responsive the missile is. For the nominal design condition

the design goals are a 63% risetime of 0.20 seconds for lateral acceleration commands and

0.10 seconds for the roll channel angle command. It is important not to have too fast a

risetime because of the inherent maximum fin rate capabilities in any actuator. Those

nonlinear limitations are not modeled.
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The total risetime requirement imposed on all the autopilot designs is to have no more than

a 0.01 sec root sum squared error. That is; if the individual channel time errors are defined

4

Croll = 10.10 - 163,01]

yaw =|0.10-163,,,|
€pitch = 0.10 — t63 isch

§

a"

Ta 1)

then the root sum square error is defined as:

— [2 2 2
Rss Cintal = N €ron + Caw + €hitch Lr.2)

The requirement is to that the RSS error must be less than 0.01 seconds. The overshoot is

desired to be less than 2% in both lateral channels.

4.2 i‘requency Domain Req nirements

The missile model used in the design stage models the short period, roll and actuator

modes. Neglected in this model are instrument dynamics, computational lags, and body

bending modes. These high frequency dynamics contribute considerable phase lag as the

open loop frequency increases. In addition, as a missile flies through the atmosphere; the

buffeting it experiences during its passage through the air, the vibrations introduced by the

movements of the fins, and any number of other disturbances will excite the vibrational

modes of the missile. These modes cause high frequency accelerations and body rates to

be detected by the flight control system instruments. If these parasitic dynamics are not

accommodated for in the controller design the closed loop system may go unstable.[28]

For this reason the crossover frequencies of the autopilot broken at the control input are

constrained to values well below the CAS natural frequency and well below the frequency

of the lowest structural modes. Typically the maximum design crossover frequency is 5-10
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times smaller than the lowest significant structural mode. If the crossover frequency is too

large, these flexible body modes may be detected by the onboard instruments, fed back to

the autopilot and amplified by the closed loop flight control system. In order to separate the

roll dynamics from the lateral dynamics, the roll channel crossover frequency is typically

higher than the lateral crossover frequencies.

For all three designs it will be assumed that there are high frequency flexible body modes at

frequencies beginning at 320 rad/second for the lateral channels and 600 rad/second for the

torsional channel. These high frequency modes are the reason that the controllers’

bandwidth are limited to the specified values. The nominal design the desired crossover

frequencies of the lateral channels with the respective loop broken at the input to the control

and the remaining loops closed are 30 rad/sec. and the desired value for the roll channel is

60 rad/sec..
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Chapter 5 Linear Quadratic Autopilot Design

The goal of this autopilot is to force the airframe to track the pitch and yaw lateral

acceleration and roll angle commands. As shown in Figure 5-1 the inputs to a full state

controller are the missile states and the reference commands; the outputs are the fin

deflection commands.

Nye )

Commands[1pe-T Autopilot
OF

Spe | 1%)
—i + Actuator Airframe

— irm—

Internal State Variables

Primary Autopilot Variables

fn,]
n

1

'o|
lo

Op

a

o,

Wp
d

S

]

Controlled

Outputs

Ny

Figure 5-1 Conceptual Diagram of an Autopilot/Airframe Interconnection

The Linear Quadratic autopilot is a full state feedback design. It is to have zero steady state

error and must satisfy the performance goals as discussed in Chapter 4.

5.1 Methodology

A Linear Quadratic design is constructed by solving for the solution an algebraic Ricatti

equation that results from the standard multivariable control quadratic cost function

minimization.

The missile airframe and CAS are modeled by the following linear state space

representation.
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Xx =Ax+Bu

y = Cx + Du

X € R"u e R™  ve RP

CN 9

where x is the state vector, u the control vector and vy is the controlled output vector. The

LO full state control law

A i pp 2)

that satisfies the performance goals is found using an optimal full state gain matrix. The

optimal full state feedback gain matrix is:

I +
:

 ) K
I,

where K is the solution to the steady state algebraic Ricatti equation:

0=ATK+ KA —- KBR'BTK + © (5.4)

(his Ricatti equation results from the minimization of the linear quadratic performance cost:

J = | ) (xTQx + puTRu)d! (5.5)

where the state weighting matrix Q is positive semi-definite, and the control weight R is

positive definite. The time and frequency domain specifications are met by careful

adjustment of the Q and R state and control weighting matrices. The scalar parameter p

determines how much control action is penalized in the final solution.
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The final full state solution F* composed of the following elements:

fr *

y 2r  3r

pl EgiFixpe
328] pal 335,c 42x24 2x2 |

The individual gain blocks (Fl, F2r, F21 etc.) multiply states of the airframe. The

subscripts on each block denote the dimension of that block. The interconnections of these

blocks and what signals are fed to each set can be seen in Figure 5-3.

5.2 Desien Plant

As discussed in Chapter 4 the time domain goals for the autopilot design is to have a 63%

rise time of 0.20 seconds for both the yaw and the pitch channels and a 63% rise of 0.10

seconds for the roll channel. The frequency domain requirement is to have a crossover

frequency of 30 radians per second for the yaw and pitch channels and a crossover

frequency of 60 radians per second for the roll channel.

One additional unique requirement for the LQ autopilot design is to have zero steady state

error. See Figure 4-1. This is accomplished by putting integral compensation on the errors

between the commands and the attained signals. The effect of this block of integrator is to

independently force the errors to zero. See Figure 5-2.

Block

Integrators

put + error

Commands —»()— fw
A

Attained

Signal

Figure 5-2 Block Integrators Assure Zero Steady State Tracking Error
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This augmentation however must be done to the design plant that is used by the LQ

algorithms. In order to avoid the nonlinear effects of the too rapid fin deflections, a strictly

integral type of controller will be used. Experience has shown that a strictly integral

controller (I) results in smoother performance characteristics in the time domain than does

a proportional + integral controller (PI) for the acceleration channels. Therefore to obtain a

strictly I type controller for the lateral channels, the states for the accelerations must not be

included in the design model. However their integrals must be included. The resulting

states for the design model are:

1

0 desi tant = | m | Mp |e o po pP Q R Or Oy 6) 1 ,.6)

There are several ways to accomplish this state reorganization. The easiest conceptually is

to recognize that the first two outputs from the nominal plant model are the accelerations. If

these are added to the A matrix. then these states will represent the integrals of the

accelerations.

Aro design plant =lS

B LO design plant =

'D Nominal plant

| B Nominal plant

Cro design plant = |1 J

D; desion plant = [0]

C Nominal plant
A Nominal plant

(5.7)

(5.8)

(5.9)

(5.10)

The addition of the integral of roll angle will provide the final needed state for the LQ

design model. The actual numeric values used for this design can be found in Appendix 2.

The architecture of such a full state controller is shown in Figure 5-3.
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Figure 5-3 Full State LQ Autopilot Architecture

5.3 Design Process

The performance of an LQ autopilot is determined by the Q and R matrices of equation

(5.4). The task of determining the elements of the Q and R matrices required to satisfy the

design specifications however is a complex process requiring numerous iterations. The

total number of elements in the Q matrix is the square of the number of the states. For the

proposed design this results in 144 elements. In general the size of the R matrix is much

smaller than the Q matrix. The R matrix has a total number of elements equal to the square

of the number of controls or in this case 9. However these matrices must be positive semi:

definite and positive definite respectively. This limits the total free elements of the Q matrix

to 78 and a total of 6 for the R matrix.

[n order to efficiently design the autopilot, several key assumptions were made:
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1) The principal assumption was that the Q matrix did not need to fully populated.

2) The assumption was made that the channels performance could be determined

independently at first to arrive at a preliminary design and then the final tuning

could be performed.

3) The control weighting factor p was embedded in the R matrix.

4) The R matrix was assumed to have a diagonal shape.

Once these assumptions were made the Q and R matrices were adjusted by a two pass

nonlinear optimization process. See Figure 5-4. The first or outer level of optimization

was done on the Q matrix. The elements of the Q matrix under analysis were changed, a

new Q matrix was formed and then the R matrix optimization was conducted. The R

matrix was used to control the crossover frequencies of the single loops broken at the

control, and when the frequency domain requirements were fulfilled, the time domain

response was checked. Based on the results of the time domain analysis, the Q matrix was

modified and the process repeated. This optimization was performed separately for each

channel.
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When preliminary values had been determined for each channel, the optimization process

was again performed with the results of the first iteration used as the starting point for the

second iteration. The final Q and R matrices from this iteration were then used to generate

the full state LQ autopilot gains. This final controller design is in no way a unique design.

and different choices of weighting parameters could result in a controller which would

satisfy all the performance requirements but have different performance characteristics..

5.4 Nominal Performance

The final values for the Q and R matrices for the LQ Autopilot are shown in Tables 5-1 and

5-2. The LQ autopilot poles are shown in Table 5-3.
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_ Real Imag Freq.

— 1 0.0 0.0 0.0

- 2 ~ 0.0 oo 0.0

- 3 a 0.0 00 0.0

Table 5-3 LQ Autopilot Poles

_Damp_

The closed loop performance of the system is summarized in Tables 5-4 and 5-5. The

risetime requirement is satisfied exactly, and the single loop bode crossover frequencies are

within the total allowed error. The overshoot in the roll channel is larger than was desired

and showed a very slow decay rate.

Yaw Pitch

Crossover Frequency 30.7 | 30.2 |

rad/sec

63% Rise time (sec 0.10

Overshoot (% za Ll an | 5.5
Table 5-4 LQ Autopilot Nominal Performance Results

— BA ————————————————————

_ __ ___GainMargin (dB) Phase Margin (deg)

| Roll © 106

Yaw | = 73

Pitch 00 i 93 _
Table 5-5 LO Autopilot Nominal Bode Stability Margins

—————

The time domain responses to steps are shown in Figures 5-6 through 5-11. As shown in

Figure 5-11 the roll channel has good 63% risetime performance but a slow settling time.

The is particularly noticeable in the acceleration step response (Figures 5-7 and 5-9). The
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Bode plots of the individual yaw, pitch and roll channels are shown in Figures 5-12

through 5-13. For these plots, the loop was broken at the plant input and the remaining

feedback loops were closed. See Figure 2-2. As defined in Figure 5-5 there are three

distinct places where signals can enter the system. They are the normal commands, the

perturbations to the plant which are modeled as disturbances at the plant input and

disturbances which are reflected at the plant output. From these three inputs, four types of

transfer functions can be evaluated. They are the:

Loop Transfer

Sensitivity

Perturbation to Control

Complementary Sensitivity

These transfer functions show respectively: the open loop transfer function from the

commands to the controlled outputs; the sensitivity of the closed loop system to

disturbances at the plant output, the transfer function from perturbations at the plant input to

the controlled output, and the closed loop transfer function from the commands to the

output. The derivation for these transfer functions is shown in Appendix 8.

Perturbations

mn TTyc

Commands [1 pc autopilot |— s+
0,

™

Actuator u

Disturbances

[7 Y ; Pl Controlled
Airframe oO Outputs

r

dd

Figure 5-3

————————————————enee]

Definitions of the Inputs and Outputs for Singular Value Analysis
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Figure 5-15 shows the loop gain of the LQ autopilot. Figure 5-16 shows the sensitivity to

disturbances of the LQ design. As can be seen in Figure 5-17 the LQ design can amplify

perturbations that occur with a frequency of approximately 1 to 60 Hertz, depending upon

their direction. The singular values from the commands to the controlled outputs are

shown in Figure 5-18
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Chapter 6 Hoo Autopilot Design

In contrast to the relatively simple structure of the LQ autopilot from Chapter 5, an He, or

an Hy autopilot is much more complex. The number of states of an He, or Hp autopilot is

equal to the number of the states in the design model plus the number of states in the

frequency weighting filters. As shown in Figure 6-1 the reason for this relatively large

number of states is that these types of autopilots contain a sub-optimal filter to enhance the

disturbance rejection properties and robustness to parameter variations of the autopilot.

| Control Weighting
Filter

——

Perturbations

Nominal Design Plant
cre rr rere

Yom orf&gt; B—o® Yr

Measurement Noises

Disturbances

Y
O-

]Performance
Filter

Y

O&lt;«#—Commands

Figure 6-1

aa a

__ Controller4

| a A [ septaGain y Noise Filter

H__ and HH Autopilot/Airframe Interconnection

The design goal for the Ho, and Hy autopilots are the same as those for the LQ autopilot

that were originally discussed in Chapter 4. To reiterate those goal were:

0.20 second 63% rise times for the yaw and pitch channels

0.10 second 63% rise times for the roll channel

30 radians per second crossover frequencies for the yaw and pitch channels

60 radians per second crossover frequency for the roll channel

As usual it is desired to limit the amount of overshoot and to have as little steady state error

as possible. The requirement for zero steady state error in the lateral channels that was
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imposed on the LQ design is relaxed for this design because of the additional difficulty

imposed by the integrator dynamics near the origin

5.1 H. Control Law synthesis

The Hy and H,, control algorithms used in this thesis implement full output feedback

controllers based on the interconnection model shown in Figure 6-2. [21],[23]

/.

"w-

G(s)
Te

ro
i

J

a

1

)

Figure 6-2 H., and H» Interconnection Model

| \

The vector w contains the exogenous inputs, the vector z is the controlled output, the vector

y is the internal states available for feedback, and the u is the control vector for the plant.

The state space equations for the augmented system are:

x7) = Ax(t) + B;w(t) + Boul?)

At) = Cit) + Dy ft) + Djul?)

Wt) = Cox{t) + Dy w(t) + Dy,ult)

vel)

[he generalized plant model G(s) is defined as.

G(s) =

"Ai{B, B,’

&lt; 0. Dj,C2iD;; Dy;
1.
52)
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This generalized plant includes not only the nominal design plant as derived in Chapter 3

but any performance weighting functions that are used in the design process.

An H, controller minimizes the infinity norm of the generalized plant G(s). The infinity

norm is defined as:

1G, = sn 0dGj O)]
r-

3

rN 23)

“yl

[he minimizing solution involves two Hamiltonian matrices:

71

Ao}

a

v2BB,” —-B
je ,B,!

Sh

v2CIC,-C,'C, |
_B,RT “A

(6.4)

(6.5)

These Hamiltonians expand into the following Ricatti equations:

0 = ATX + XA + X(y2B,B,"-B,B,")x + C,’C,

0 = AY + YAT + y(v2cTc,-c,’c,)y + B,B,T

(6.6)

(6.7)

(f the following terms are defined:

F, = -B,’X, L_, =-YC,

Z = (I-v2yx)!

A_ =A + v?B,B,”X + B,F_. + Z.L.C,

w.8)
co.

(6.9)

then a controller which satisfies the constraint is:
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A, -Z.L,
KO=l 5 (6.10)

The equations documented in the previous sections were evaluated using routines

commercially available. The inputs to these routines are a design plant and a minimum

gamma to evaluate. The algorithm then search for the minimum attainable y in the specified

range.

6.2 Design Plant

The airframe design plant for both Ho, and Hy autopilots are the same. The airframe states

are those in the basic plant. They are:

XH and H, desien plant = [Acc ABO P QR Og Oy Sp (6.11)

There are 11 outputs for the design plant. They are:

Yo and H, design plant = [n, n, Ao Ap OP 0 R OgOy Sp’
(6.12)

In addition, the design algorithms acknowledge the potential for plant perturbations at the

input and disturbances at the output as shown in Figure 6-3.

Uncertainties

Nominal Design Plant

5! x CE: Or»[BI—0 S [c}:

Measurement Noises

Disturbances

Lydl =

Figure 6-3 H., and H» Autopilot/Airframe Interconnection
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The type of uncertainties that are reflected at the input are usually multiplicative in nature.

T'his means that the airframe has been scaled by some unknown possibly frequency

dependent quantity. That is:

(5( 3 Actual = (1 + A)G(S) Nominal ‘A.13)

Theses types of errors are associated with the plant model and typically result from poor

model derivations, hardware problems, and inexact knowledge of the local operating point.

The types of errors that are modeled by the disturbances are usually additive in nature.

They are readily envisioned as noises on instruments, exogenous disturbances such as

wind, etc..

The performance filters discussed in the following section are augmented to the airframe to

form the final state space design model. This final model has 15 states and 17 inputs. The

inputs are the three commands, the three perturbations and the 11 measurement noises.

The state space A. B. C, and D matrices are shown in Appendix 3.

6.3 Desien Process

The performance of an Ho, controller is determined indirectly by the weighting filters that

are used in the design process. These filters can be made frequency dependent thereby

offering the designer great flexibility in the design process. There are two basic types of

filters that are used to control the bandwidth of the controller and regulate its performance.

These two filters are the control weighting filter and the performance weighting filter

respectively.

The control weighting filter is used to control the bandwidth of the system, the higher the

penalty at a given frequency the more that frequency component will be penalized. This
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penalty has the effect reducing the level of activity at the frequency in the final solution. It

is used to regulate the control activity also. Generally the magnitude of the penalty

increases as the frequency increases. This is to reflect the growing uncertainty in most

models as the frequency increases and the desire to have less high frequency control

activity. (The effects of unmodeled dynamics, low order design models, etc. are most

prevalent at the higher frequencies.)

The performance weighting filter is used for the controller’s closed loop performance. At

low frequencies this filter has an effect on the steady state error. The crossover of this filter

indirectly controls the rise time of the autopilot.

The actual design process requires numerous iterations of the filter structure. These

iterations result from a comparison of the resultant closed loop system’s performance in

both the time and frequency domains and the performance specifications.

6.3.a H.. Filters

The control weighting filter for the Ho, autopilot was designed with the idea of limiting

high frequency control action, but allowing low frequency actions and particularly allowing

for steady state fin deflections. This steady state allowance 1s to account for the steady state

fin deflections required to satisfy step input requirements. There are three 18! order filters

for the H., design. One filter each for the roll, yaw and pitch channels. The final filters

ased for the autopilot design are:
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20
G(s ) Roll Control = es

20
G(s ) Yaw Control = Ee

20s
G(s) Pitch Control = s+350

(6.14)

(6.15)

(6.16)

Their respective frequency responses can be found in Figures 6-4 and 6-5.
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There are also three first order performance filters used in the He, design. One each for the

roll, yaw and pitch channel. The inputs to these filters are the roll angle 6. and the two

lateral accelerations Ny and Np- The performance weighting filters used are as follows:

0.5(s + 35)
G(s) Roll Performance = s+ 1.4

(6.17)

0.5(s + 3.5)
G(s) Yaw Performance — s+0.035

(6.18)

_0.5(s+3.5)
G(s ) Pitch Performance — e+0035

(6.19)

Their respective frequency responses can be found in Figures 6-6 and 6-7

The values of the A. B, C and D matrices after the augmentation of the filters can be found

in Appendix 4.
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6.4 Nominal Performance

The final Ho. autopilot has 15 states. The minimum achievable gamma for this condition

using these filters is 3.6719. The Ho, autopilot poles are shown in Table 6-1. The actual

values of the A, B, C matrices for the compensator are shown in Appendix 5

Real — _ fre. Damp

-0.035 1 0.0 I _0.035_

-0.035 | 00 | 0.035
-0.9805 00 0.9805

1.4 I 0.0 14
0

 8.999 00 __  _8999

-10.56 0.0 ' jose

-53.59 2949 61.17

-53.59 | 29.49 beg

-76.01 | 3734 84.68

-76.01 3 37.34 A 84.68
291.1 | 0.0. 291.1

-303.9 | 0.0 3039

515.9 -386.4 644.6 ]

 S159 644.6 0.8004

_11290 oo 11290
Table 6-1 H.., Autopilot Poles

The closed loop performance of the system is summarized in Tables 6-2 and 6-3. The

risetime requirement is satisfied exactly for the lateral channels, and is slightly too fast in

the roll channel. The single loop bode crossover frequencies are within the total allowed

error. The roll and pitch channels exhibit a steady state undershoot, while the yaw channel

exhibits a slight overshoot. This steady state error is a direct consequence of the design

decision not to augment the design plant with integrators. As long as this steady state error

is small. it will not affect the missile’s performance.
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I

Yaw Pitch

30.1 | 60.2

Roll

Crossover Frequency |
rad/sec a

63% Rise time (sec 0.20 | 0.20 0.097

esi on 1
Table 6-2 H,, Autopilot Nominal Performance Results

29.6

_ _ Gain Margin (dB)

Roll

 Yaw | oe _

__Pitch | 10 oo 46 ,

Table 6-3 H.. Autopilot Nominal Bode Stability Margins

Phase Margin (deg)

The Time domain responses to steps are shown in Figures 6-9 through 6-14. The Bode

plots of the individual yaw, pitch and roll channels are shown in Figures 6-15 through 6-

17. For these plots, the loop was broken at the plant input and the remaining feedback

loops were closed. See Figure 2-2. As defined in Figure 6-8 there are three distinct places

where signals can enter the system. They are the normal commands, the perturbations to

the plant which are modeled as disturbances at the plant input and disturbances which are

reflected at the plant output.

Perturbations Disturbances

Nye J
Commands |1 pc Ob Autopilotx -

v Me Controlled
—O—1T" |My] Outputs

O,
| _O» Actuator - 1 J Airframe

B

Figure 6-8

-

Definitions of the Inputs and Outputs for Singular Value Analysis
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From these three inputs, four transfer functions may be derived. These are the loop

transfer function (Figure 6-18), the sensitivity transfer function (Figure 6-19), the

perturbation to the controlled output transfer function (Figure 6-20), and the

complementary sensitivity function (Figure 6-21)
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Figure 6-9 Heo Autopilot Acceleration Responses Due to a Yaw Step Command
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Chapter 7 H2 Autopilot Design

Like the H theory used in the previous chapter, Hy control theory results in a controller

with the same number of states as the augmented design model. The reason for this

relatively large number of states is that these types of autopilots contain a sub-optimal filter

to enhance the disturbance rejection properties and robustness to parameter variations of the

autopilot.

I'he design goals for the Hy autopilots are the same as those for the LQ autopilot that were

originally discussed in Chapter 5. To reiterate those goals were:

0.20 second 63% rise times for the yaw and pitch channels

0.10 second 63% rise times for the roll channel

30 radians per second crossover frequencies for the yaw and pitch channels

60 radians per second crossover frequency for the roll channel

As usual it is desired to limit the amount of overshoot and to have as little steady state error

as possible. The requirement for zero steady state error in the lateral channels that was

imposed on the LQ design is relaxed for this design because of the additional difficulty

imposed by the integrator dvnamics near the origin

7.1 | 2 Control Law Synthesis

The Hy control algorithms used in this thesis implement full output feedback controllers

pased on the interconnection model shown in Figure 7-1. [21],[23]
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Figure 7-1 H,, and H» Interconnection Model

The vector w contains the exogenous inputs, the vector z is the controlled output, the vector

y is the internal states available for feedback, and the u is the control vector for the plant.

I'he state space equations for the augmented system are:

x(t) = Ax(t) + Bw(z) + B,u(t)

At) = Cx) + Dy w(t) + Dut)

Wt) = Cox(t) + Dyyw(t) + Dour)

(7.1)

[he generalized plant model G(s) is defined as:

G(s) =

i

 A 5, B,|
CD; Dy
lc; iDy; Dy,

(7.2)

This generalized plant includes not only the nominal design plant as derived in Chapter 3

but any performance weighting functions that are used in the design process.

An H» controller minimizes the two norm of the generalized plant G(s). The two norm is

defined as:

5 172

|G, = (£ | trace[ G(jm) “Gj uv | (:.3)
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The minimizing solution involves two Hamiltonian matrices:

I

Jy =

| A —B,B,]-c,fc, -AT

AT
\-BB;" “f

2

-A |

74)

“7 5)

hese Hamiltonians expand into the following Ricatti equations:

0 = A™ + XA + X(-B,B,)X + C,’C,

0 = AY + YAT +Y(-C,’C,)Y + B,B,T

(7.6)

(7.7)

Define

F, = -B,’X, L, = -Y,C)

A, —_ A + B,F, + L,C,

(7.8)

(7.9)

[hen the optimal controller is:

K(s) =
A, -L,!

re (7.10)

As can be seen by comparing these equations with those from Chapter 6, if the parameter

is set to large value, the resulting controller from an H., design algorithm will serve as an

Ho» controller.
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These control methodologies result in systems with the same number of states and very

similar performance and robustness properties. For a given application an H., controller

will have the smallest peak singular value while a Hy controller will have the minimum total

area under the peak singular value curve.

7.2 Design Plant

The design plant airframes for both Ho, and Hy autopilots are the same. The airframe

states are those in the basic plant. They are:

— 1

Xy_ and H, design plant — [Ac AB oP 0 R OR Oy Op]
(7.11)

There are 11 outputs for the design plant. They are:

YH_ and H, design plant = In, n, Ao AB OP Q R OR Oy Sp)!
(7.12)

The performance filters discussed in the following section are augmented to form the final

state space design model. This final model has 15 states and 17 inputs. The inputs are the

three commands, the three perturbations and the 11 measurement noises. The state space

A, B, C, and D matrices are shown in Appendix 6.

7 34 Design Process

As in the Ho, design the performance of an Hy controller is adjusted by its weighting

filters. These filters can be made frequency dependent thereby offering the designer great

flexibility in the design process. There are two basic types of filters that are used to control

the bandwidth of the controller and regulate its performance. These two filters are the

control weighting filter and the performance weighting filter respectively.

Despite the similar structure of the H, and Hy controllers and the similar function of the

performance weighting filters the same filters that were used for an H,, design do not yield
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equivalent performance when used to design an Hy controller. If the filters used for the

H,, autopilot design from Section 6.3 are used for an Hy design both the time domain and

frequency domain properties change. The time domain properties and Bode crossover

frequencies of such a controller are summarized in Table 7-1.

Table 7-1

Yaw Pitch

244 | 258 |

Roll

Crossover Frequency

(rad/sec)

63% Rise time nN 0.24 | 0.11
Overshoot (% -1.7

H~ Autopilot Nominal Performance Results Using H... Filters

T'his performance does not satisfy the performance criteria required of the design and

therefore the Hy design requires modifications to the filters used for its design.

As in the Ho, design the control weighting filters are used to control the bandwidth of the

system, the higher the penalty the more that frequency will be penalized. It is used to

regulate the control activity also. Generally the magnitude of the penalty increases as the

frequency increases.

The performance weighting filter is used for the controller’s closed loop performance. At

low frequencies this filter has an effect on the steady state error. The crossover of this filter

controls the rise time of the autopilot.

The actual design process requires the iteration of the filter structure depending upon the

resulting closed loop system’s performance in both the time and frequency domains.
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7.3.a Ho Filters

The control weighting filters for the Hy autopilot were designed with the idea of limiting

high frequency control action, but allowing low frequency actions and particularly allowing

for steady state fin deflections. This steady state allowance is to account for the steady state

fin deflections required to satisfy step input requirements. There are three 15t order filters

for the Hy design. One filter each for the roll, yaw and pitch channels. The final filters

ased for the autopilot design are:

__ 15s

G(S) rou Control — ¢ 4 725
(7.13)

15s
G(s ) Yaw Control = s+875 (7.14)

15s
G(s ) Pitch Control = s+625 (7.15)

Their respective frequency responses can be found in Figures 7-2 and 7-3. These final

values were chosen based on an iterative search method. A controller was designed and its

closed loop Bode bandwidth was examined. If the system had too low of a crossover

frequency, the filter pole was increased in frequency, if the crossover was too high, the

bandwidth of the filter was decreased. The Hy controller performance required that there

be less penalty applied to the controls over a wider frequency range than did the He.

design.
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There are three first order performance filters used in the Hy design. One each for the roll.

yaw and pitch channel. The inputs to these filters are the roll angle 6, and the two lateral

accelerations My and Ny. The performance weighting filters used are as follows:
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_0.5(s + 35)
G(S) Rou Performance —  ¢ 4 ] 4

0.5(s + 3.5)
G( SJ Yaw Performance — s+0.035

0.5(s + 3.5)
G(S pier, Performance =“s+0.035

(7.16)

(7.17)

(7.18)

Their respective frequency responses can be found in Figures 7-4 and 7-5. It is worth

noting that the values needed for these filters are the same as those that were chosen for the

Ho, design.
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The values of the A, B, C and D matrices after the augmentation of the filters can be found

in Appendix 6.

7.4 Nominal Performance

The final Hy autopilot has 15 states. The Hy autopilot poles are shown in Table 7-2. The

state space A. B, C, and D matrices of the compensator are shown in Appendix 7.
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= Real Jed.
-0.035 00 _ 0.035

0.035 0.0 | 0.035

09787 00 0.9787

1.4 0.0 1.4
 008.977 0.0 8.977

-10.62 I 00 "le
51.98 | -30.96 60.5

.51.98 | 30.96 | 60.5

7048 3085 80.97

7048 3985 8097 | 08705

133 00 133

289.8 0.0 2898

 302.1 0.0 | 300

483.9 | 441.6 | ss

-483.9 | 441.6 | 655.1 | 0.7387
Table 7-2 H» Autopilot Poles

Image Damp

The closed loop performance of the system is summarized in Tables 7-3 and 7-4. The

risetime requirement is satisfied exactly for the lateral channels, and is slightly too fast in

the roll channel. The single loop bode crossover frequencies are within the total allowed

error. The roll and pitch channels exhibit a steady state undershoot, while the yaw channel

exhibits a slight overshoot. This steady state error is a direct consequence of the design

decision not to augment the design plant with integrators. As long as this steady state error

is small. it will not affect the missile’s performance.
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[
Yaw Pitch Roll

Crossover Frequency |
rad/sec —_—

 63% Rise time i ov 0.20 | 0.097
Overshoot (% -1.5

Table 7-3 Hy Autopilot Nominal Performance Results

304 602

Gain Margin (dB) Phase Margin (deg)

__Roll 23.4

 Yaw 22.4
!

| Pitch -16.5, 28.2 42

Table 7-4 H, Autopilot Nominal Bode Stability Margins

The Time domain responses to steps are shown in Figures 7-7 through 7-12. The Bode

plots of the individual yaw, pitch and roll channels are shown in Figures 7-13 through 7-

15. For these plots, the loop was broken at the plant input and the remaining feedback

loops were closed. See Figure 2-2. As defined in Figure 7-6 there are three distinct places

where signals can enter the system. They are the normal commands, the perturbations to

the plant which are modeled as disturbances at the plant input and disturbances which are

reflected at the plant output.

Nyc [ =

Commands[7pc FT Autopilot
0,

Perturbations

Si Actuator

Disturbances

Controlled

—( &gt; mn4 Airframe ¥ Outputs
r

_—
Figure 7-6 Definitions of the Inputs and Outputs for Singular Value Analysis
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From these three inputs, four transfer functions may be derived. These are the loop

transfer function (Figure 7-16), the sensitivity transfer function (Figure 7-17), the

perturbation to the controlled output transfer function (Figure 7-18) and the complementary

sensitivity function (Figure 7-19)
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Figure 7-7 H» Autopilot Acceleration Responses Due to a Yaw Step Command
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Chapter 8 Nominal Comparisons

8.1 Closed Loop Comparisons

The time domain and frequency domain properties of the three autopilots are different as

expected. The Ho, and Hp controllers performance is almost identical for the nominal

design case. Tables 8-1 and 8-2 and Figures 8-1 through 8-3 compare the closed loop

performance of the three systems. The LQ design has the largest Bode margins at the

nominal design point but also has the most persistent settling time problems in the roll

channel. In addition the LQ design has the most cross channel motion resulting from lateral

acceleration steps. The H» autopilot has the smallest Bode margins for both gain and phase

variations.

TO Heo H,

 oo [nn ve —.Yaw Pitch . Roll = Yaw Pitch Yaw | Pitch Roll

30.7 | 30.2 | s90 | 206 | 301 ' 602 V 304 | 300 | 602Crossover

Frequency (rad/sec) . ]

63% Rise time | 0.20 | 0.20 0.10 | 020 | 020 | 0.007 ) 020 | 020 ) 0.097

r 1 |

Overshoot (% 22 0.0 5.5 0.77 -0.71 -14 0.89 -0.62 -1.5

Table 8-1 Autopilot Nominal Performance Results Comparison

(sec!

" LQ He Hy

" Gain Margin Phase Margin Gain Margin| Phase Margin Gain Margin | Phase Margin

dB i (deg) dB de (dB) _ (deg)

Roll oo 106 eo 74 23 34

El 2
——— — — a

_ Pitch &gt; | 9 -19, °° 46 -17, 28 42

Table 8-2 Autopilot Nominal Bode Stability Marein Comparison

The poles of the Ho, and Hy design are shown in Table 8-3. The two autopilots low

frequency poles are approximately the same. It is only after 100 rad/second that the value

of the poles substantially disagree.
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[ ¥ * -y

___Real I Imag; Freq. !'Damp Rea | Imag | Freq | amp

-0.035 | 0.0 | 0.035 -0.035 ' _0.0 0.035

-0.9805 0.0 0.9805 -0.9787 | 0.0 0.9787

 aa bo baa as) 00 14

—=5990 0.0 | 8.999 -8.977 | 0.0 | 8.977

-10.56 0.0 10.56 _ -10.62 0.0 10.62

-53.59 -29.49 61.17 _ ; -51.98 -30.96 | 60.5 -

-53.59 61.17 0.8761 -51.98 30.96 | 60.5 0.8591

-76.01 84.68 -70.48 -39.85 | 80.97

-76.01 37.34 84.68 | 0.8075! -70.48 39.85 80.97 0.8705

-291.1 291.1 | -133 0.0 | 133

__-303.9 0.0 303.9 | -289.8 ] 0.0 | 289.8 ]

__-515.9 -302.1 | 00 | 3001

5159 ssi

Coo ooo Lio | | asso |ane | oessi Jom
Table 8-3 H,, and Hy Autopilot Poles

Examination of Figure 8-4 shows that at frequencies below one radian per second, the LQ

autopilot has a larger loop gain maximum and minimum singular values than do the Hy,

and Hy designs. This is the result of the integral compensation in the LQ design. In the

region between 1 and 10 radians per second the loop gain is approximately the same. At

frequencies above 100 radians per second, the minimum singular values of the loop gain

for all three designs are indistinguishable, while the maximums are quite different. Figure

8-5 shows how above frequencies of two radians per second the maximum and minimum

singular value of the sensitivity transfer functions of the Hp and H., designs are

indistinguishable. The LQ design on the other hand can clearly be distinguished from

them. At extremely low frequencies, the LQ design has superior disturbance rejection

properties, however at higher frequencies it disturbance rejection properties are inferior to

the Hy and H., designs. As expected, and shown in Figure 8-5 the disturbance properties
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of the LQ system and its robustness to plant perturbations are not as good as the Ho, and

H» designs (Figure 8-6). The complementary sensitivity plots of the three systems shown

in figure 8-7 reveals how similar the maximum singular values of the H&gt; and H,, designs
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8.2 Computational Requirements

Most onboard processors are implemented in a digital computer. A constraint that is more

applicable to missile than most control designs is the complexity of the control system. In

general the onboard processors that are in a missile do not have the capacity (in terms of

processing speed) of ground based systems. There is a very real premium placed on

weight, power and size. Also due to the extremes of temperature and the vibrational levels

that an onboard processor experiences, the types of processors carried by missiles have

very limited capacities. Because of the premiums placed on weight and size, the amount of

storage in a missile is often more limited than that found on the ground.

A digital control law is of the form:

X;, = Ax, ; + Bu,

y, = Cx, + Du, (8.1)

xe R" mnueR™"ve RP

This gives the total number of multiplies to be:

Bu Cx Du

# oT na + n*ty + m*n + m*u +n
multiplies

A

(2.2)

and the total number of adds to be:

Ax Bu Cx Du

# = n¥n-1) + n*u + m¥n-1) * m*u +n
v0.3)
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This computational requirement is required for every pass through the code, so if an

autopilot is to run at 100 Hertz, the processor must have the resources available to allocate

approximately 100 this number of multiplies and adds per second Further requirements are

imposed requiring a factor of at most 50% for the processor loading. For sizing purposes

this doubles the operation count.

Finally the elements of the A and B matrices are typically stored in double precision

(anything to do with accumulations over time such as integrations are usually double

precision), and the elements of the C and D matrices are single precision. Each double

precision number requires 16 bits and each single precision number is eight bits. This

gives a total storage requirement of:

Storage...
B C D (8 4)

= n*n=l6 + n*u*l6 + m*n*8 + mF uF + n

An estimate of the processing requirements of the three candidate designs is summarized in

Table 8-4. The total number of states for the LQ controller is 3 and there are 15 states for

the Hy and H, controllers. For all designs there are 11 inputs and 3 outputs

-Autopilot "#ofmultiplies ' #ofadds | Storage (bits) )

— Te a 00s

Hr | 483 465 _ 6864
a: 483 465 6864 |

Table 8-4 Approximate CognosRe icenont for the Nominal Autopilot

Because of the simpler structure and smaller total size of the LQ compensator, the LQ

autopilot requires approximately one fifth of the resources of either the Hy or He,

controllers.
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Chapter 9 Perturbation Results (Altitude and Speed)

The three autopilot designs demonstrate excellent performance at the nominal flight

condition as expected. However the performance of the three systems degrades when the

designs are evaluated at off nominal flight conditions.

The original nominal design condition was Mach 4, medium altitude, a total angle of attack

of 15° and a wind angle of 22.5°. The designs’ performance have been evaluated at a

number of flight conditions found by varying the altitude by £10% and by varying the

speed by £10%. The missile’s angle of attack and wind angle were not changed from the

nominal values.

9.1 Variations in Altitude

The autopilot designs were done using a nominal plant linearized around a medium altitude

flight condition. However in operation the current missile altitude cannot be exactly

known. To evaluate the performance changes of the three designs, linearized airframes

were generated for the same missile speed, angle of attack and wind angle, but with the

altitudes changed by 10%. This 10% variation is a conservative number, in an

operational situation an Inertial Measurement Unit (IMU) should provide estimates of

missile altitude that are better than £10%.

The autopilots developed in Chapter 5, 6 and 7 were then connected to the perturbed

airframes to form a closed loop system and their performances were evaluated.
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9.1.1 Decrease Altitude by 10%

When the systems were connected to airframes linearized about an altitude 10% lower than

the design point the results changed as shown below in Tables 9-1 and 9-2:

Crossover

Yaw | Pitch! Roll Yaw | Pitch | Roll

37.0 372 732 | 340 | 33.0 | 70.8

ITN H. Hy
Yaw | Pitch | Roll

34.7 | 32.9 | 70

, Frequency (rad/sec)

63%Rise time | 0.18 | 0.16

(sec)

Overshoot (%) | 7.0 22 | 51 | 14 06 | -14 ) 16 -0.2 -0.9 |

Table 9-1 Autopilot -10% in Altitude Performance Results Comparison

10 © Hee Hy

Gain Margin | Phase Margin Gain Margin| Phase Margin | Gain Margin | Phase Margin

dB deg dB deg dB deg

] Roll a 106 oo 82 21 34

__Yaw[ow 76 oe 46 | 18 41

Pitch | wo] 95 -19, ©0 40 -17, 27 37

Table 9-2 Autopilot -10% in Altitude Bode Stability Margin Comparison

The closed loop time domain performances are high lighted by Figures 9-1 through 9-6.

The maximum singular value of the complimentary sensitivity of the three systems is

shown in Figure 9-7
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9.1.2 Increase Altitude by 10%

When the systems were connected to airframes linearized about an altitude 10% higher than

the design point the results changed as shown below in Tables 9-3 and 9-4. The time

domain performances are highlighted in Figures 9-8 through 9-13. The maximum singular

values of the autopilots complimentary sensitivity function are shown in Figure 9-14.
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LQ

Yaw | Pitch Roll

255 | 245 | 489 |Crossover

_Frequency (rad/sec)|

63% Rise time | 0.24 1 022 | 0.10

(sec)

Yaw J Pitch|Roll

25.7 | 27.6 | 52.0 |

Ho

024 | 0924 0.097 |

Yaw

26.4

0.24

Hn

Pitch Roll

27.6 | 51.6

024 | 010

__Overshoot (%) | 0 | 031 62) 04a] ay 12) 07 1 081 04
Table 9-3 Autopilot +10% in Altitude Performance Results Comparison

10 Heo Hy

Gain Margin Phase Margin Gain Margin | Phase Margin! Gain Margin Phase Margin
| dB de _ __ (dB deg (dB) _ (deg)

[ Roll oo 106 £0 67 | 26 33

Yaw 0 70 co 54 ! 27 50

pin|eo|oo ove | so | az | a
Table 9-4 Autopilot +10% in Altitude Bode Stability Margin Comparison
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9.1.3 Conclusions

All three autopilots can handle this 10% variation in altitude. The LQ design shows the

greatest change in the Bode crossover frequencies, and its risetime performance changes

the most. The single loop stability margins of the LQ design are still the best. The Hy

design still has the smallest single loop gain and phase margins. The H» design exhibits a

much changed roll channel performance. It now has the greatest roll cross channel motion

due to a lateral step

0 2 Variations in Missile Speed

The autopilot designs of the previous chapters were done using a nominal plant linearized

around a flight condition at Mach 4. However in operation the current missile speed cannot

be exactly known. To evaluate the performance changes of the three designs, linearized

airframes were generated for the same missile altitude, angle of attack and wind angle, but

with the missile velocity changed by £10%. This 10% variation is a conservative number.

in an operational situation an IMU should provide estimates of missile speed that are better

than the allocated +10%.

The autopilots developed in the previous chapters were connected to the perturbed

airframes to form a closed loop system and their performances were evaluated.
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9.2.1 Decrease Missile Velocity by 10%

When the systems were connected to airframes linearized about a missile velocity 10%

lower than the design point the results changed as shown below in Tables 9-5 and 9-6.

T

Yaw Pitch | Roll

272 1 274 | 542

Heo

Yaw | Pitch Roll

270 | 2905 | saz

Hj
-——

Yaw Pitch Roll

27.8 ' 293Crossover

Frequency (rad/sec)

63%Rise time | 022 | 0201 0.10 022 | 022 | 0.097 022 | 022 010

Overshoot (%) 0.3 | -0.06 | 56_ 1 35 2.2 | -1.0 | 3.7 2.5 | 089
Table 9-5 Autopilot -10% in Speed Performance Results Comparison

(sec)

O
A _ ,

| Phase Margin! Gain Margin | Phase Margin | Gain Margin | Phase Margin

_ @ (den) Bde @® (des)

Roll | oo 102 oo 68 os 3

Yaw J 2D } a1 © 52 | 25 48

 Pitch | 0 89 21, 44 -18. 29 41

Table 9-6 Autopilot -10% in Speed Bode Stability Margin Comparison

The time domain performances are high lighted in Figures 9-15 through 9-20. The

maximum singular value of the complementary sensitivity function is shown in Figure 9-

) |
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0.2.2 Increase Missile Velocity by 10%

When the systems were connected to airframes linearized about a missile velocity 10%

greater than the design point the results changed as shown below in Tables 9-7 and 9-8

The time domain performances are shown in Figures 9-22 through 9-27. The maximum

singular value of the complementary sensitivity function is shown in Figure 9-28.
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LQ

Yaw Pitch | Roll

340 | 363 | 715

Heo

Yaw Pitch Roll

317 | 328 | 700 } 326

Hy

Pitch Roll

32.8 69.4Crossover

Frequency (rad/sec)

63% Rise time 0.18 0.16 | 0.099

(se) . - : .

Overshoot (%) | so | 17] si, 20 | 88 | c1a | 16 ' 028 | 086
Table 9-7 Autopilot +10% in Speed Performance Results Comparison

TQ H.. Hy

Gain Margin * Phase Margin Gain Margin | Phase Margin Gain Margin | Phase Margin

- : dB deg) _ dB deg —(dB)___(deg)

Roll hig 107 00 31 21 | 34

Yaw 00 75 __ © 47 19 42

pen| eo |ou | Me | aw | mx | ow
Table 9-8 Autopilot +10% in Speed Bode Stability Margin Comparison
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9.2.3 Conclusions

All three autopilots can handle this 10% variation in speed. The LQ design again shows the

greatest change in the Bode crossover frequencies, and its risetime performance changes

the most. This change in speed results in more of an overshoot than was specified in the

design specifications. The single loop stability margins of the LQ design are still the best.

The Hy design still has the smallest single loop gain and phase margins. The Hj design

continues to exhibit the largest cross channel motion in the roll channel.
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Chapter 10 Perturbation Results (Angle of Attack and

Wind Angle)

The three autopilot designs demonstrate excellent performance at the nominal flight

condition as expected. However the performance of the three systems degrades when the

designs are evaluated at off nominal flight conditions.

The original nominal design condition was Mach 4, medium altitude, a total angle of attack

of 15° and a wind angle of 22.5°. The designs’ performance have been evaluated at a

number of flight conditions found by varying the angle of attack by £5° (10° and 20°) and

using wind angles of 11.25°, 22.5% and 45°. The altitude and speed remained at the

nominal values.

10.1 Variations in Total Angle of Attack

The autopilot designs of the previous chapters were done using a nominal plant linearized

around a flight condition 15° degrees total angle of attack. However in operation the

current missile angle of attack cannot be exactly known. To evaluate the performance

changes of the three designs, linearized airframes were generated for the same altitude.

missile speed and wind angle, but with the angle of attack changed by £5°. This 5 degree

variation is a conservative number. In an operational situation an Inertial Measurement Unit

(IMU) should provide estimates of missile total angle of attack that are better than £5°.

The autopilots developed in from the previous chapters were then connected to the

perturbed airframes to form a closed loop system and their performances were evaluated.
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10.1.1 Decrease Angle of Attack by 5°

When the systems were connected to airframes linearized about an angle of attack of 10° (5°

lower than the design point) the results changed to those shown below in Tables 10-1 and

10-2. The time domain performances are high lighted in Figures 10-1 to 10-6. The

maximum singular value of the complementary sensitivity function is shown in Figure

10-7

r ) LQ

Yaw Pitch Roll

247 | 252 | 643
Crossover

Frequency (rad/sec)

63%Rise time | 0.19 | 0.18 | 010

Heo H»

Yaw | Pitch | Roll | Yaw ' Pitch Roll
256 | 282 | 54.2 258 | 275 1 544

0.19 | 020 | 010 | 0.18 | 020 | 0.11

(sec)
a _— —— a
. _Overshoot (%) 9.7 | 6.1 | 5.4 l 11.6 15.4 5.6 11.6 | 15.2 | 5.5

Table 10-1 Autopilot Performance Results Comparison 10° oy

Hoo Hy

Gain Margin | Phase Margin Gain Margin | Phase Margin Gain Margin | Phase Margin

dB) _(deg) | (dB) (deg) dB de

J Roll oo 88 lo 58 } 24 31

| Yaw °° 61 . oS 47 ! 25 40

oo 75 -27, oo 33 -22. 29 _28

Table 10-2 Autopilot Bode Stability Margin Comparison 10° oy
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10.1.2 Increase Total Angle of Attack by 5

When the systems were connected to airframes linearized about an angle of attack of 20

degrees (5° greater than the design point) the results changed to those shown below in

Tables 10-3 and 10-4. The time domain performances are high lighted in Figures 10-8 to

10-13. The maximum singular value of the complementary sensitivity function is shown in

Figure 10-14.

- -4 —

Yaw Pitch | Roll ~~ _Yaw | Pitch Roll = _ Yaw | Pitch Roll

ose | 365 | aoa * aso | mss losin § oar Vara | goaCrossover

Frequency (rad/sec)

63% Rise time 0.19 0.16 0093 | 019 017 0094 ° 019 n17 | 010

r _(se) _ ~ oo | -.

_ _Overshoot (%) | 4.7 | 25 | 6.4 | 1.4 | 21.6 | -1.5 2.0 | 20.5 | -0.92__

Table 10-3 Autopilot Performance Results Comparison 20° or.
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10.1.3 Conclusions

All three autopilots can handle this 5° variation in angle of attack and still remain stable.

The LQ design shows changes comparable to the H,, and Hy designs in the Bode

crossover frequencies, and its risetime performance is approximately the same as theirs.

On the other hand the LQ design consistently has less over shoot than either of the other

two designs. All three designs suffered some single loop stability margin degradation at

the 10° flight condition. The single loop stability margins of the LQ design are still the

best. The Hy design still has the smallest single loop gain and phase margins. The Hj

design continues to exhibit the largest cross channel motion in the roll channel.

10.2 Variations in Wind Angle

The autopilot designs of section 4 were done using a nominal plant linearized around a

wind angle of 22.5°. However in operation the current missile wind angle cannot be

exactly known. To evaluate the performance changes of the three designs, linearized

airframes were generated for the same altitude, missile speed, and angle of attack, but with

the wind angles changed. The deltas chosen for the analysis are -11.25" and +22.5°. They

yield respectively 11.25° and 45° degrees. The 11.25° value gives a more planar airframe

design in one channel, however the cross-coupling into the other channel has increased.

The 45° angle is the most symmetric flight condition.

The autopilots developed in section 4 were then connected to the perturbed airframes to

form a closed loop system and their performances were evaluated.
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10.2.1 Wind Angles of 11.25°

When the systems were connected to airframes linearized about a wind angle of 11.25 ° the

responses changed to those shown in Figures 10-15 to 10-20 and summarized in Tables

10-5 and 10-6. Figures 10-21 through 10-24 show the singular values of the four transfer

functions. The LQ design exhibits a strong resonance in the vicinity of 10 radians per

second.

Crossover

P-

LO Heo

Yaw | Pitch | Roll _Yaw ! Pitch |_Roll
28.8 29.9 | 54.6 288 | 309 | 568 |

Hy

Yaw ' Pitch | Roll

279 1 316 | 566

_Frequency (rad/sec  _ oo

63% Rise time 0.17 | 0.18

 (sec

| ——— | 67.2 | 5.2 9.2 | 53.1 0.03 -1.25 | 40.8 | 0.3 | 1.4
Table 10-5 Autopilot Performance Results Comparison 11.25" Wind Angle

 0 He nn

Gain Margin | Phase Margin | Gain Margin | Phase Margin' Gain Margin | Phase Margin

dB deg _ (dB) (deg) _ dB deg

Roll 102 -11.00 | 74 -13, 24 35

EE ES a 2

(pin|0|goa|ase, sa 2
Table 10-6 Autopilot Bode Stability Margin Comparison 11.25" Wind Angle
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10.2.2 Wind Angles of 45°

When the systems were connected to airframes linearized about a wind angle of 45° the

responses changed to those shown in figures and summarized in Tables 10-7 and 10-8,

The time domain performances are high lighted in Figures 10-25 to 10-30. The maximum

and minimum singular values of the loop transfer function are shown in Figure 10-31.

Figure 10-32 shows the sensitivity plot, and 10-33 shows how perturbations may be

reflected at the controlled output. The maximum singular value of the complementary

sensitivity function 1s shown in Figure 10-34.

iO

Yaw | Pitch|Roll

30 | 33 | 555

Heo

Yaw | Pitch "Roll

201 | 324 | 600

H»

Yaw | Pitch Roll

30.3 | 325 | 60.2Crossover

Frequency (rad/sec) | }

63% Rise time | 0.19 | 0.21

(sec) - : - ~

Overshoot (%) | 8.3 | 1.7 | 6.9 | 3.8 22 -14 3.4 | 2.8 | -0.7
Table 10-7 Autopilot Performance Results Comparison 45° Wind Angle

 0 zr nC

Gain Margin | Phase Margin Gain Margin | Phase Margin | Gain Margin| Phase Margin

 LL dB)! (des dB deg) (dB deg)

__Roll © 86 be 62 23.3 34

Yaw[ . 83.2 I oo 41 57 _

Pitch 112 oo 72 -33. 28 38

Table 10-8 Autopilot Bode Stability Margin Comparison 45° Wind Angle
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10.2.3 Conclusions

All three autopilots can handle these changes in wind angle and still remain stable. The LQ

design shows changes comparable to the H,, and Hy designs in the Bode crossover

frequencies, and its risetime performance is slightly slower than theirs for the 11.25" flight

condition for a yaw step. All three designs showed excessive overshoot in the step

responses for the 11.25% condition. The overshoot in the LQ design was the worst. All

three designs suffered significant single loop stability margin degradation at the 11.25

flight condition, particularly in terms of the low frequency gain reduction. The single loop

gain margins of the LQ design are the worst, but its phase margins are the best. The Hp

design’s single loop gain and phase margins changed the least. At the 45° condition the LQ

design shows the most overshoot and the best single loop stability margins. The roll

channel crossover frequency changed the most for the LQ design. The Ho design

continues to exhibit the largest cross channel motion in the roll channel,
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Chapter 11 Simultaneous Variations

During a missile engagement it is an unreasonable assumption to assume that only one of

the four parameters investigated in sections 6.1 to 6.4 will be in error at a time. In reality

all of the estimates of the operational parameters will be in error. However an IMU should

provide estimates that are at least as good as + 10% in altitude, £ 10% in missile speed and

+ 5° in missile total angle of attack. To evaluate the performance changes of the three

designs, linearized airframes were generated for simultaneous variations in these

parameters. Two comparisons are shown, decreasing the altitude by 10%, decreasing the

velocity by 10% and reducing the angle of attack to 10°, and increasing the altitude by

10%. increasing the velocity by 10% and increasing the angle of attack to 20°. A wind

angle of 22.5° was used for both analyses.

The autopilots developed in section 4 were then connected to the perturbed airframes to

form a closed loop system and their performances were evaluated.

11.1 Decreases in Missile Parameters

When the systems were connected to airframes linearized about an altitude decreased by

10%, velocity decreased by 10% and the angle of attack decreased by 5° than the design

point the open loop poles and the zeros from the commands to the controlled outputs

changed to the values shown in Table 11-1. As can be seen in the table or in Figure 11-1

or Figure 11-2 this point possesses an lightly damped unstable pole pair at approximately

8.5 radians per second.
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Table 11-1

Airframe Poles

a | Freq ! Damp
0 00 0

 ose | 00 0.5667

0.8514 I 8.483 8.526
08514 | gas 8.526 _-0.09986

 1721 8.453 8.626

am gu4s3 8.626 | 0.1995

200 oo 200.

200 0.0 200 Lo
L200 0.0 _200 emai

Airframe Zeros

Real : Imag Freq.

-36.76 | 0.0 36.76

-31.14 0.0 31.14

30.62 0.0 30.62

61 |00|aa
Open Loop Perturbed Airframe Poles and Zeros (All Flight Parameters

Decreased)

The closed loop performance changed to those shown in Figures 11-3 through 11-8 and

summarized in Tables 11-2 and 11-3. The loop transfer function is shown in Figure 11-9,

the sensitivity function is shown in Figure 11-10. The perturbations to the plant output is

shown in Figure 11-11 and the commands to the controlled outputs transfer function is

shown in Figure 11-12.
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[i Heo

Yaw ' Pitch [Rol

31.1 | 57.0

Hh

Yaw ! pitch Roll
— 1

Yaw ' Pitch = Roll

286 | 303Crossover | 27.6 | 0a | 698 283

, Frequency (rad/sec | J

63%Rise time | 0.19 | 018 | 0.10 | 0.1R

gee “ - -

| eld[5| 71.5 | 4.7 11.4 | 17.6 4.22 11.1 | 17.5 | 3.6
Table 11-2 Autopilot Performance Results (All Flight Parameters Decreased)

0 Heo H,

Gain Margin | Phase Margin | Gain Margin | Phase Margin' Gain Margin | Phase Margin

_ dB deg dB deg dB . deg
:

' Roll on] 86 co 61 46,23 31

Yaw[x 65 = 45 22 37

beh | eo |om | ose | a0 | amas | a
Table 11-3 Autopilot Bode Stability Margin Comparison (All Flight Parameters

—
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11.1.1 Conclusions

All three autopilots can handle this simultaneous decrease in altitude, speed and angle of

attack. This change in the flight condition results in more overshoot in all three controllers

and some degradation of the Bode single loop margins. The responses of the LQ design

are the best and the LQ does not show as much loss of damping in the roll channel as do

the other designs. The LQ continues to have the best Bode margins and the Hy the worst.

11.2 Increases in Missile Parameters

When the systems were connected to airframes linearized about an altitude increased by

10%, velocity increased by 10% and the angle of attack increased by 5° than the design

point the open loop poles and the zeros from the commands to the controlled outputs

changed to the values shown in Table 11-4. As can be seen in the table or in Figure 11-13

or Figure 11-14 this point possesses an unstable pole at approximately 10 radians per

second.
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Airframe Poles

Real mae | Freq | Damp
0 0.0 0

-0.9846 | 0.0 | 0.9846

-0.3903 | -9.634 | 9.642

-0.3903 | 9.634 | 9.642

-10.13 | 0.0 | 10.13

tl
 10.14 | 0.0 10.14
—_ -200 0.0 200

200 0.0 200

B -200 | 0.0 200

0.04048

_ Airframe Zeros BN

|Real I Imag Freq. Damp

-39.44 0.0 3944

on |00|wi
sos |00|aioe
39.38 IY 39.38

Table 11-4 Open Loop Perturbed Airframe Poles and Zeros (Increase All Flight
Parameters

The closed loop performance changed to those shown in Figures 11-15 through 11-20 and

summarized in Tables 11-5 and 11-6. The loop transfer function is shown in Figure 11-

21, the sensitivity function is shown in Figure 11-22. The perturbations to the plant output

is shown in Figure 11-23 and the commands to the controlled outputs transfer function is

shown in Figure 11-24
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LO He

Yaw | Pitch| Roll Yaw Pitch Roll
202 | 29.6 | ssa 1 30.0 | 327 658 |

Hy

Yaw re Roll
30.7 33.0 65.2Crossover

Frequency (rad/sec) } ]

63% Rise time | 0.18 | 0.16 | 0.008

sec .

Overshoot (% 17.7 3.5 5.5 15.8 -1.4 5.5 15.2 -0.9

Table 11-5 Autopilot Performance Results Comparison (All Flight Parameters

Increased)
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Figure 11-24 Maximum Singular Value Commands to Controlled Output (All Flight
Parameters Increased)

11.2.1 Conclusions

All three autopilots can handle this simultaneous increase in altitude, speed and angle of

attack. This change in the flight condition results in more overshoot in all three controllers

and some degradation of the Bode single loop margins. The LQ continues to have the best

Bode margins and the H» the worst although the roll channel Bode margin of the LQ

design has the smallest gain reduction margin.

11.3 Simultaneous Variations Including Wind Angle

When the systems were connected to airframes linearized about an altitude decreased by

10%. velocity decreased by 10% and the angle of attack decreased by 5° or about an
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altitude increased by 10%, velocity increased by 10% and the angle of attack increased by

5° than the design point values and the wind angles were changed to 11.25% and 45° the

results changed to those summarized in Tables 11-7 through 11-14.

11.3.1 Decrease Missile Parameters, @ Wind Angles of 11.25° and 45

-

LQ

Yaw | Pitch | Roll Yaw | Pitch = Roll

266 | 2831 672 | 28 | 309 540

Hoo Hy

Yaw 1 Pitch Roll

28.6 30.6 55.6Crossover

Frequency (rad/sec)

63% Rise time | 0.16 | 0.17 | 0.099  0.15 0.18 098 * 014 | 018 | 0.10

— (sec) | .

| Overshoot (%) | 573 | 13.9 | 5.3 55. | 20.2 3.7 | 48 20 | 2.2

Table 11-7 Autopilot Performance Comparison Decrease Flight Parameters ¢vy, =

11.25°

EE Hy
Gain Margin Phase Margin| Gain Margin | Phase Margin + Gain Margin Phase Margin

i dB (deg) (dB) (deg) __ _(@B ) deg)

Roll | -7, ©0 84 -13, 00 61 | -16, 23 33

| | I
Yaw -21, 14 61 oo 44 22 35

pith TE isos | 2
Table 11-8 Autopilot Bode Stability Margin Comparison Decrease Flight

Parameters Ow = 11.25°

my

LQ Heo
 co

Yaw Pitch | Roll Yaw] Pitch Roll

284 | 207 | 718 1 28s | 31

Hj

Yaw Pitch Roll

201 | 303 | 5309Crossover

 Frequency (rad/sec)
63% Rise time | 0.18 0.19

sec _ _

| Sella | 127 | 4.7 | 4.3 | 14.3 | 16.1 4.5 | 15 | 16.3 | 3.6
Table 11-9 Autopilot Performance Comparison Decrease Flight Parameters ¢w =
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H. Fo

Gain Margin Phase Margin | Gain Margin | Phase Margin Gain Margin | Phase Margin

dB deg | (dB) | (deg) _ (dB) (deg)
Roll 0 89 ! 0 62 23 | 32

yaw | eo | 73 Vas 350 08 1 91s | 42

oo 71 -27,-11, 12 17 -23. 26 22

Table 11-10 Autopilot Bode Stability Margin Comparison Decrease Flight
Parameters Ow = 45

11.3.2 Increase Missile Parameters, @ Wind Angles of 11.25° and 45

LQ Heo

Yaw |] Pitch | Roll '| Yaw | Pitch | Roll

28 | 89|sis | 298 | 351 | 65.8

Hy
—_— TT
Yaw Pitch . Rol!

30.8 | 38.2 | 64.7
Crossover

Frequency (rad/sec)

63% Rise time 017 | 015 | 0.093 } 0.16 0.16 0.095 0.15 | 0.16 0.10

QOvershoot (%) | 41.1 | 257 | 8.9 30.1 | 18.9 -14 | 24.2 | 18.3 | 0.8 |
Table 11-11 Autopilot Performance Comparison Increase Flight Parameters dw =

11.25°

(sec)

Hoo Hy
Gain Margin | Phase Margin | Gain Margin | Phase Margin | Gain Margin Phase Margin

_ (dB | (deg) . dB deg (dB) (deg) ._

Roll | 3:50 98 =16, 29 85 17,23 39

Yaw oo 61 __ 44 ._ 20 38

Pitch|e 120 oo 58 26 54 _

Table 11-12 Autopilot Bode Stability Margin Comparison Increase Flight
Parameters Oy = 11.25°
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] LQ

Yaw Pitch Roll

32.1 | 374 | 578 |

Ho. : H,

Yaw |_Pitch |_Roll | _Yaw ' Pitch | Roll

30.5 | 347 | 689 | 319 | 351 | 667Crossover

Frequency (rad/sec)

63% Rise time | 0.16 | 0.17 | 0.094 |

(sec)

Overshoot (%) | 15 | 10 6.4 | 13 10.7 -1.4 11.9 10.9 | -0.5

Table 11-13 Autopilot Performance Comparison Increase Flight Parameters ¢yy =

45°

Hoo

Gain Margin | Phase Margin | Gain virgo | Phase Margin Gain Margin
i @B) (deg) dB deg @B) (deg)

Roll -14, © 109 © 80 | 22 35

}Yaw|w] 86 oo 57 19 53

beh | oo | se | ome | om | 006 | a
Table 11-14 Autopilot Bode Stability Margin Comparison Increase Flight

Parameters ¢y = 45°

Phase Margin

11.3.1 Conclusions

All three autopilots can handle this simultaneous changes in altitude, speed, angle of attack.

and wind angle. These changes in the flight condition results in significant overshoot in all

three controllers and degradation of the Bode single loop margins. The L.Q controller

continues to have the best Bode phase margins and usually the best gain margins. The Hy

usually has the worst Bode margins although the roll channel Bode margin of the LQ

design has the smallest gain reduction margin.
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Chapter 12 Conclusion and Recommendations

12.1 Conclusions

The design of a flight control system for a modern interceptor missile is a complex task.

The designer must concern himself with a whole plethora of issues including: expected

operating environment, performance requirements, instrument quality and capability,

robustness issues and compensator complexity. There is no one best solution. Three types

of control design methods have been investigated. They are: Linear Quadratic control

theory, Hy control theory and H,, control theory.

All three design methods work well, and all three provide excellent performance at the

nominal design condition. As the actual missile operating point changes from the design

point the performance of all three systems degrades. The amount of degradation varies

from operating point to operating point and from controller to controller. In general, for the

design point analyzed (medium altitude, Mach 4, 15° angle of attack, and a wind angle of

22.57%) all three designs can accommodate changes of 10% in missile altitude, 10% in

missile speed, and £5° angle of attack from the design point. In general the LQ design

showed the most performance variation due to changes in the altitude, speed or wind angle.

On the other hand it was the most robust to variations in the angle of attack. However all

three design show sensitivity to wind angle variations. This sensitivity is such that, while

the frequency domain performance is still adequate the time domain performances of the

three designs has degraded to such an extent that the controller’s performance is at best

marginal if the wind angle is changed to 11.25".

Interceptor missile require unique time domain performance characteristics. The final

measure of performance for such an interceptor is simple, the target is hit or not. This

simple criteria requires that the time performance must not degrade too much. The
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guidance algorithms that are used for an engagement are carefully tuned to the flight control

system performance. Excessive mismatches render the system useless.

One possible method to avoid the performance degradation is to schedule the autopilot

gains on a much smaller grid, and to interpolate between the discrete gain sets. The

downside to this gain scheduling and interpolation is an increase in the required storage and

through put

As discussed in Chapter 8 there are significant differences between the autopilot designs in

terms of their computational requirements. Current military computer design regulations

require that the loading of a processor be limited to only 50% to allow for future growth

and expansion. The upshot of this is that an H., or Hy controller should be allocated at

least 100K adds and multiplies in the processor sizing phase and 7K bits per operating

point of the autopilot design for a 100 Hertz autopilot rate. The LQ design by contrast

needs only 20K adds and multiplies and 1K storage per operating point.

Most autopilot processors are concerned with frequencies up to 200 Hertz. The minimum

autopilot rate for this frequency is 400 Hertz according to the Nyquist criteria. This in turn

changes the requirements to approximately. This data is summarized in Table 12-1.

| #of adds

per SEC _

[Q 70K 65K 1008

CH 400K 6864

He, 400K 375K 6364
Table 12-1 More Realistic Computational Requirements for the Autopilot Designs

Autopilot Storage (bits)

For many existing MIL-SPEC processors this can easily become prohibitive particularly the

H» and H, requirements. The use of extensive gain scheduling and interpolation of the
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gain sets adds overhead to the existing computation count. A one variable interpolation

requires 4 adds and 2 multiplies. A two variable interpolation requires 12 adds and 6

multiplies. The operation counts for these types of interpolations grows geometrically with

the number of interpolation variables. Because of the simple structure of the L.Q autopilot

its design most readily be used with a fin mesh of gain scheduling.

12.2 Recommendations for Future Reseach

All three of these autopilot design techniques show good performance at their design

points. No one technique can be said to be the best technique as all three have their good

points and their bad. The p—synthesis techniques was not evaluated in this thesis. The

added performance from such a p—synthesis autopilot may justify the added complexity

induced by its optimal scaling filters. One additional topic for study is the development of a

computerized, systematic method for determining the shaping filters of an Ho or He,

autopilot that satisfy time domain requirements for a first iteration of autopilot design. The

controller’s dependence and sensitivity to wind angle must be further evaluated.
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Appendix 1 Nominal Plant State Space Model
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Appendix 2 LQ Design Plant State Space Model
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Appendix 3 LQ Compensator

LQ Compensator A Matrix

[able A3-1

T7000 } 0.00 ' 0.00
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. = — _—
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Appendix 4 Hoo Design Plant State Space Model

Ho, Design Plant A Matrix
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Ho, Design Plant C Matrix
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Table A4-3 H__ Design Plant C Matrix

o a

Heo Design Plant D Matrix

0.00 Ril 0.00 | 1.00 | 0.00 | 0.00 + 0.00 ror oe oe oor 0.00 |
0.00 oo 0.00 0.00 on | 0.00 0.00 |000 | 8.001 0.00 0.00 | 0.00 0.00 i

0.00[000]000| -1.00 "0.00 |0.00| 0.00 0.00 ror roo 0.00 0.00 0.00 | 0.00 0.00

0.00 0.00 0.00 I 0.00 1 0.00 " 0.00 0.00 * 000 7 000 | 0.00 ¥ 0.00 I 0.00 0.00 | -1.00 I 0.00 I 0.00 0.00
i

Table A4-4 H__ Design Plant D Matrix
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Appendix 5 Hoo. Compensator

H., Compensator A Matrix
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Table AS-1 H_ Compensator A Matrix

H., Compensator B Matrix
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[able AS-2 H_, Compensator B Matrix
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Ho, Compensator C Matrix
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en ———— A ~~;

Table A5-3 H,, Compensator C Matrix
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Appendix 6 Ha Design Plant State Space Model

Hy Design Plant A Matrix
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Table A6-1 H» Design Plant A Matrix

H» Design Plant B Matrix
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Table AG-2 H» Design Plant B Matrix
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H» Design Plant C Matrix
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Hy Design Plant D Matrix
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Appendix 7 Hp Compensator

Hy Compensator A Matrix
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Table A7-1 H» Compensator A Matrix

H» Compensator B Matrix
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H» Compensator C Matrix
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Appendix 8 Transfer Function Derivations

Four types of transfer functions will be used to evaluate the autopilots’ properties. They

are the:

Loop Transfer

Sensitivity

Complementary Sensitivity

Perturbation to Output

Loop Transfer

The loop transfer function shows how the various inputs to the autopilot result in values at

the output of the plant. There are 3 inputs to the compensator and 3 controlled outputs

from the plant. The remaining internal loops are closed. As seen in Figure A8-1 there is

no feedback for this transfer function.

[nout

r(s)

Figure A8-1

Compensator Plant Controlled

Output

—  y(3)~£Jeebelce
| DR 1

Block Diagram Setup for Compensator Loop Transfer Function

Denoting the compensator as K and the plant as G the transfer function is derived as:

vis) = G(s)K(s)r(s)

where r is the input vector to the compensator and vy is the controlled output vector of the

nlant
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Sensitivity

The sensitivity function shows how disturbances (such as instrument noise, wind gusts.

etc.) are reflected in the plants controlled outputs. There are 3 disturbance inputs and 3

controlled outputs from the plant. As seen in Figure A8-2 the disturbances are injected at

the plant output and fed back to the compensator. The remaining internal feedback loops

are closed.

Disturbance

Input

d(s) Controlled
Output

—fkofefoc] ede vo

Figure A8-2

=

a -1
|S|

Block Diagram Setup for Compensator Sensitivity Transfer Function

The transfer function may be derived as follows:

y(s)=d(si—G(s)K(s)y(s)

y(si+ G(s)K(s)y(s) = d(s)

vis) = (I + G(s)K(s))d(s)
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Complimentary Sensitivity

The complementary sensitivity function shows how commands are reflected in the plants

controlled outputs. There are 3 commands and 3 controlled outputs from the plant. As

seen in Figure A8-3 The commands are injected at the plant input.

Figure A8-3

"efa r= Compensator Plant Controlled

Output

 TT y(s)
r

OKO-&gt;G6)
 er ————————————————————————

Block Diagram Setup for Compensator Complementary Sensitivity
Transfer Function

I'he transfer function may be derived as follows:

y(s) = G(s)K(s)(r(s) — ys)

y(s) = G(s)K(s)r(s) — G(s)K(s)y(s)

y(s) + G(s)K(s)y(s) = G(s)K(s)r(s)

(Ss) -
r

1 - G(s)K(s))'G(s)K(s)r(s)
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Perturbation Sensitivity

The final transfer function shows how perturbations at the plant input are reflected in the

controlled outputs. There are 3 perturbation inputs and 3 controlled outputs. As shown in

Figure A8-4 the inputs are injected at the input to the plant.

Perturbation

Input

p(s)

Figure A8-4

Plant Controlled
Output

cold YoB

. —_— .

Block Diagram Setup for Compensator Perturbation Sensitivity

The transfer function may be derived as

y(si = G(s)(p(s) — K(s)y(s))

y(s) = G(s)p(s) — G(s)K(s)y(s)

v(s) + G(s)K(s)v(s)= G(s)p(s)

v(s) = (I+G(s)K(s)VG(s)p(s)
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