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ABSTRACT

COMPARISON OF EXISTING METHODS OF

STUDYING TYE STABILITY OF EARTH SIOPES

Salvador La Casta

Submitted in partial fulfillment of the requirements for the

degree of Master of Science at the Massachusetts Institute of Technology,

August 24, 1959.

The ok oct of this thesis has been to compare the most recent

developments in studying the stability of earth slopes. A theoretical

study is presented of the gereral conditions of equilibrium that mst

be fulfilled for the rroblem to becomz statically determined. These con-

siderations have led to a procedure having the above characteristicr.

From the ¢»plication of different methols to practical exromylze, it ic

conclrdad that the Method of Bishop in its most sirplified form is simple,

reliable, and involves an error that is small when compared to a more

rigorous method.

The results provided by a more exact procedure, such as the

one presented here, seem to be &amp; reason for further investigstion.

Thesis Supervisor:
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Robert V. Whitman

Associate Professor of Soil Mechanics
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SECTION I

ORJECT OF THE THESIS AND CONCLUSICNS IN BRIEF

This thesis has been an attempt of comparison cf different existing

methods of studying the stability of earth slopes, with special emphasis

on the procedure published tyr Bishop in 1954,

It has been the author's aim to give some thought to the mechanics

nf the analysis, as well as to the conditions of static equilibrium

that the slopes must fulfill. It has been concluded that care must be

taken in making only the necessary assumptions to overcome tle indeter-

mination of the problem since, otherwise, there exists the possibility

of the problem to become overdetermined.

It, is a general principle of errineering that any method of calcu-

lation will be accepted by practical engineers if it is simple, reliatle

in practice, and if the error involved is small as compared to a more

rigorous procedure,

A method of the above characteristics is even more desirable in the

analysis of stability of earth slopes by means of any of the slip circle

procedures, in which a complicated calculation may lead to a number of

trials unsafely small,

Since the accuracy of the Method of Bishop, when applied to homo-

geneous slopes, has been proved to be satisfactory in previous studies

(Sevaldson, 1955; Bjerrum and Kjaerneli, 1956), more attention is given

to a case on non-homroeneous slore.



The conclusion to be drawn from the examples presented herein is

that the method of Pishop in its most simplified form is the procedure

tc be recommended sirre the error involved, in the safe side, as com-

pared to a more rigorous one, seems to justify its use due to the fact

that the time spent is much shorter,



SECTION II

GENERAL CONSIDERATIONS

The methods of analyzing stability of earth slopes may te classified

in two groups: (1) methods in which the state of stresses are investi-

gated in the whole earth mass, and (2) methods in which the state of

stresses is only investigated along an assumed surface of failure,

The procedures of the first group, mostly based on the theory of

Elasticity have been investigated and compared by Carrillo (Ref, 4),

Terzaghi (Ref. 10), Bishop (Ref. 1), and FrBhlich (Ref. 5), whose general

conclusions are that these methods are reither simple nor reliable,

Furthermore, the theoretical assumptions and simplifications do not,

in general, justify such painstaking ard involved calculations,

The second group is based on the theory of limit design.

It is a well-known fact (Refs. 1 and 5) that when in a point of an

earth mass the stresses reach its limit values, fallure does not take

place. On the contrary, a plastic behavior begins to develop. A further

strain takes place withent change in stress and a progressive phenomenon

of relaxation is present in such a manner that only when the condition

of flow has been reached along a continuous path across the earth mass

does a real failure havven.

It, appears from the above considerations that the limit design

group of methods gives a better inside picture of the problem, originat-

ing simpler methods as well, Nevertheless, two shortcomings are apparent:

(1) the use of an approximate surface of failure makes inexact any of



the methods; and (2) the conditions of limit equilibrium are only valid

when the slope is in the verge of failure that is precisely the situa-

tion that must be prevented.

It is at this second stage that the concept of factor of saietly

appears, being its definition a rather hard task.

First of all, a mathematical choice 1s open, being it usually

jefined as against shear strength (see Ref, 8, Chap. 16).

C
~ SBS _ Co = tan

F -F ° pp o0fe

But a more subtle point is here involved, which must be considered,

referring to the mode of failure, which gives raise to two defiritions:

first, it can be sssumed that the slope is on the verge of failure and

the study of bare equilibrium will provide the shearing resistance re-

quired to maintain it; or second, the actual stable state is studied,

thus obtaining the mobilized shear resistance required to this equilibrium,

Both approaches involve a knowledge of the pore pressures set up in the

slope and also depend upon the knowledge of shear strength, As the sub-

ject is rot the scope of this thesis, no further discussirn is given

(see Ref. 11).

Furthermore, the problem of stability analysis is indetermined, as

will be seen later, and an exact solution is not possible. Consequently,

some assumptions must be done to obtain a feasible procedure and some

conditions to be fulfilled are usually neglected, thus leading to differ-

ent defiritions of the factor of safety.



[t is the author's feeling that any comparison of methods will be

meaningless if one does not keep in mind how the factor of safety is

actually defined.



SECTION III

MECHANICS OF THE ANALYSIS

Let it be assumed that a trial circle has been chosen, thus defining

1 free bedy whose equilibrium has to be studied, and let this body be

divided into n slices by means cf n = 1 vertical lines,

In Figure 1 the forces acting on a sample slice are shown as well

as the corresponding polygon of force equilibrium,

The polygon of forces provides two of the three conditions necessary

for the slice to be in equilibrium, These equations are obtained by

projection on two non-parellel directions of the plane and are any two

of Tquations la, 1b, lec, 1d shown in Figure 2. Tre third condition is

obtained by taking moments stout ary voint vlich is chosen to be the

center of the circle 0, and it is given by Equation le,

The number of equations will be three by slice, thus totaling 3n.

The unknowns will be Eg, X35, v3 (1 =17, 2, J oe Il = 1), that is,

3 (n= 1); Ny (£+1,2, ....n), that is, n rcre unknowns, rlus tte

factor of safety F.

Therefore, the total number of unknowns is:

3(n-2)+n+1l= hn = )

and being 3n the number of equations the degree of indetermination is

(in = 2) = 3n
——-

Two things will be noticed in the above considerations: (1) the

reasoning is valid regardless of the shape of the assumed surface of



failure; «nd (2) the moment equation is necessary for the slice equili-

brium regardless of th2 existance of the actual center of rotation.

Some mathematical process is done to make the obtaiacd equations

of practical value, Hrst, Ts and KX. are eliminated by means of Eqs. 3.

and second, the cet of equations (7.¢) may he substituted by tte result

of summing up these equations after giving tn i the values 1, 2, 3,

++ 1. No change in the compatibility conditions is caused by the

lest operation that is merely a linear substitution,

']

The so-celled Fundamental equations (4) are thus obtained.



SECTION IV

SLIP CIRCLE METEOQLS

In the previous section it has been seen that, being the problem

indetermined, sore distributional assumption must be done to overcome

this situation (see Ref. 9, Art. 16.15), thus giving rise to a variety

of methods,

(a) Method of Fellenius

Th= fcrces on the sides are neglected and 2N =
\

1s ntilized

to ~ttain the valve of the direct stress on the base of the slice, thus

leading to Iquation 5 that defines the factor of safety. It 1s seen that

there is no static f&gt;uilibriuvm,

(b) Mot:
’

" Tighe

By substituting Equation 3a in Le the general definition of

the factor of safety is owteined, Equatioa €a. As a further condition

of compatibility, E54 4 ~ Ey, is calculated in Equation 6b.

A general discussion of the procedures that may be followed

is presented in Reference 2 although no detail is given. This refers

to the kind of assumptions that must be done as well as to the success-

ive approximations involved.

Py making X37 - Xs = 0 Hquation 6c is set up, defining the

simplified method of Bishop.

(¢) Method of Janbu

In Reference f it may be shown how Janbu did obtain its

expression for the safety factor, derived from Equation 6b. To rin



the successive approximations a moment equation is utilized in whieh

the forces on the sides are assumed to be applied at the third point.

(d) Modified Method of Slices

A gererel expression for the so-called modified methods (Ref.

12) may be obtained by intreducinz the angle 4; in Eq. 4b and Eq. 8

is obtained,

Different assumptions may be done:

(1) The forces on the sides are applied in a direction bi-

secting the angle formed by the slope direction and the teargent tec the

slip circle at th? bottom oF the corresponding vertical.

It can be seen that the problem becomes overdetermined since n - 1 new

equations are introduced and only 1 - 2 were recesrcary for the equilibrium

to k= possible.

Anyway, this method is applied to the Example 3, showing how the moment

equation (6a) gives a different factor of sefety in spite of the fact

that Eg, 6b ia fulfilled,

(11) If the forces on the sides are assumed to be parallel,

a solution 7s possible which establishes the static eouilitrium since

ore more urknown 1s introduced, g, but the number of additional equations

is n- 1, Tre zreral formula for this methed is given by Eq. 9.

After a value of © is assumed, different values are given to F until

it is obtained L(E;;= E;) = O. The obtainad values of F and X, are

then introduced in Hg. 6a. If the @y, 6a holds good, the problem is

solved. Otherwise, more trials are necessary,



No special recommendation may bz done about the choice of the angle lo

Tt must be kept in mind that it must be reasonable with regard to the

physical properties of the soil involved.

Qe



SECTICN V

EXAMPLES AND PROCEDURE

Two practical cases have been studied:

CASE A: Homogeneous Section

This case wes thoroughly studied by Sutherland in Reference 8.

Some additional analyses were made:

The parallel assumption of Metkod d-ii was re-

peeted and Sutherland's results rechecked.

+ The simplified method of Bishop was utilized.

By utilizing the forces on the sides provided by

Method d-ii, the line of thrust was obtained by

means of Eq. Aa.

The physical and geometrical characteristics of the section

as well as all calculations are presented in Appendix I, and Figure 3,

CASE Bs: Non-homoreneous Section

The section presented in Figure 4, pertaining to Hilfanli Tem

in Turkey was obtained through the kirdness of Mr. John Lowe,

The following methods were applied:

1. Method of Fellenius.

2. Simplified method of Bishop.

Methed d-i with further vse of Eq. 6a in order to

determine the error involved in the procedure.

Method d-ii.

3 By utilizing the results obtained in Steyr No. 4,



the line of thrust was determined by means of

Eq. Za.

The cheracteristics of the section as well as calculations

are presented in Appendix II, For the sake of brevity the different

trials done for the determination of the angle A are not presented and

only the final solution is calculated here.

In both cases some graphical proceltre would provide simpler

study. It has not been done so because, this being an attempt of in-

vestigation, more accurecy was desired.

Vm



SECTION VI

CONCIUSICNS AND RECOMMENDATIONS

The following table summarizes the factors i salcty as obtained

ww the various methods:

CASE A

le Fellenius

2, Method b-ii ( sg = 14.4°)

3. Simpliified Bishop

Factcr of

Safety

1.38

1.53

1.52

Fouiliobrium

Ys

Yes

No

CASE B

l. Fellenius

2. Simplified Bishop

3. Metlod b-i

) Method b-ii ( g = 23°)

1 J Rae

1.77 NO

1.91 (FyF1.83) No

1 5 Vee

The conclusions to be drawn from the thecretical consideretions and

the practical examples may be surmmarixed as follows:

1, Vhen the free body defined by trial circle is divided into n

slices, the degree of indetermination is p —- 2. This conclusion holds

also good for any shape of the assumed surface of failure.

Therefore care must be taken that the number of assumptions

does not succeed the degree of indetermination.

2. The method of Fellenius must be discarded as giving results too

conservetive,



»&gt;, The method b-1 does not give a large error but it must be kept

in mind the meaning of the sefety factor which is provided by the ecui-

librium of forces, regardless of the moment equilibrium,

to From the obtained lines of thrusts it is concluded that Method

b-1i seems to be the most exact of all procedures utilized in this

thesis. It not only establishes the static equilibrium but also gives

a thrust reasonably distributed, thus confirming the method indicated

by Jarbu (Ref. 6).

5. The simplicity of the method as well as the errors involved

as compared to more rigorous procedures makes the Simplified Bishop the

method to be recormended.

5. It is the author's feeling that more investigation should be

done in methods like b-ii in order to provide a more simple mathematical

treatment to the problem, The reasonability of the results here obtained

seems to make this study worthy of further research.
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APPENDIX I

HOMOGENEOUS SECTICN



PARLE A-T: CHARACTERISTICS OF THE BODY
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[ABLE A-TI: AUXILIARY COEFFICIENTS
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PARTIE A-TIT: FORCES ON THE SIDES OF SLICES
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CABLE A-TV: MOMENT EQUILIBRIUM

CEIERAL BISHOP)
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ABLE A-V: POINTS OF APPLICATICH OIF FORCES ON TIE SIDES
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ABLE A-VI: ORDINARY BISHOP
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"ADLE B-T: CHARACTERISTICS OF THE FREER BODY
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