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ABSTRACT

An analysis is presented for heat transfer and fluid flow about

a heated horizontal cylinder which is vibrating vertically. The basic

laws of conservation of mass, momentum and energy have been used to

derive the governing equations for the velocity and temperature fields

in the boundary layers.

The method of solution utilized here is the pertubation technique.

By means of this perturbation technique and suitable transformations,

the basic partial differential equations have been reduced to solvable

systems of ordinary differentisl equations. The first set of equations,

representing the free-convective flow and heat transfer, have been

solved numerically by utilizing the IBM 704 Computer. “he second set

and third set of equations are respectively the first-order and second-

order perturbation equations.

On the basis of the results obtained, it can be deduced that there

is a steady secondary flow which is due to the interaction of free-

convective flow and external forced vibrations. This steady flow, if

larze enough, will affect the temperature distribution and hence the

heat-transfer rate considerably.

The solutions for {first-order and second-order perturbation equa-

tions have not been obtained; however, these systems of equations can

also be solved numerically. These solutions will determine quantitatively

the temperature and velocity fields about a heated horizontal cylinder

which is vibrating vertically. In particular, these solutions would

permit the calculation of the local heat-transfer coefficient.
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NOMENCLATURE

Displacement Amplitude of Oscillation

Function defined by (29)

Function defined by (29)

1

D

}

3

T

&gt;

Tr,

Ps

Specific heat at constant

Function defined by (30)

Function defined by (30)

Function defined by (26)

Function defined by (26)

Grashof Number, gpl

Gravitational acceleration

Surface coefficient of heat transfer

Imaginary unit, =|

Function defined by (41)

Function defined by (41)

Thermal Conductivity

Dimensionless stream function

Pressure

&lt;

Prandtl Number, ER

Radius of the cylinder

Temperature

Wall temperature

Ambient temperature

Time

Dimensionless time, t= wt»

Dimensional velocity
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J

wk

Dimensional free-—stiream velocity

Dimensional coordinates

Dimensionless coordinates

Coefficient of expansion

Boundary layer thickness

a

Perturbation parameter,

T «Ta

Dynamic viscosity

Kinematic viscosity

Density

TT

Tw To

Stream function

LL

a)

wR Vi

Frequency Number, (G5e)

Circular frequency of oscillation

Subscripts

 5 Quantity at infinity

Quantity at wall

Partial differentiation

Partial differentiation

Partial differentiation



I. STATEMENT OF THE PROBLEM

l.1] Introduction and Review of Literature

During the past decades, there was a considerable interest in

studying the interaction of vibrations and convective heat transfer.

The convective flow and heat transfer from a heated solid body can be

effected either by mechanical vibrations of the body, or by an external

sound field on a stationary solid boundary. These phenomena have been

observed by many investigators. Martinelli and Boelter (1)* investi-

gated the effect of vertical vibrations upon the heat-transfer rate

from a horizontal cylinder in water. For sufficiently intense vibra-

tions, the coefficient of heat transfer was reported to increase by as

much as four times its value without vibrations. Kubanskii (2,3) made

experimental studies on the effect of stationary sound fields on free

convection from a horizontal cylinder in air. The direction of sound

propagation was parellel to the axis of the cylinder. The influences

of vibrations on heat transfer have also been studied experimentally by

Lermlich (4), Tsui (5), and Shine (6).

Fand and Kaye (7) at Research Laboratory of Heat Transfer in Elec-

tronics, at Massachusetts Institute of Technology, made experimental

investigations on the effect of high intensity stationary and progres=-

sive sound fields on free convection from a heated horizontal cylinder.

Their data show that in the presence of intense sound (sound pressure

lever = 151 db) the heat-transfer rate increases by a factor of

* The numbers in parentheses refer to the bibliography.



approximately 3 over the free-convection rate without sound at the. same

thermal potential, Teleki, Fand and Kaye (8) studied experimentally

the effect of vertical mechanical vibrations on free convection from a

heated horizontal cylinder. Again, under intense vibrations, the heat-

transfer rate has been observed to increase by a factor of approximately

2.5. Teleki's case is the one which will be studied by analytical

methods in this thesis.

Stokes (9) analyzed the case of an infinitely long plate executing

harmonic oscillations, parellel to its own plane, in a viscous fluid at

rest. This case is simple because there is no temperature difference

between the plate and the surrounding fluid and also because the motion,

being independent of the coordinate along the plate, satisfies a linear

differential equation. Stokes! solution is known as "shear-wave" flow.

Schlichting (10) considered analytically the case of a cylinder executing

harmonic oscillations in a fluid at rest. He used boundary layer appro-

ximations, and then applied perturbation technique against a steady mean

which is identically zero to solve the governing equations. He found

that the first-order perturbation solution represents a periodic flow

and the second-order perturbation sclution contains a steady-flow term

which is independent of time. Schlichting's analytical results explained

the acoustic streaming phenomena observed by Andrade (ll). Andres and

Incard (12, 13, 14) made a combined theoretical and experimental inves-

tigations of the acoustic streaming around a circular cylinder for high

and low Renolds numbers. For hich Renclds number, their work consisted

of an extension of Schlichting's analysis; they solved the third-order



and fourth-order perturbation equations and modified Schlichting's

solution. The effect of free-stream oscillations on laminar boundary

layer have been considered by Ostrach (15), Moore (16), Cheng and

Elliott(17).

Lighthill (18) studied the laminar boundary-layer response to

fluctuations in stream velocity by using an approximste boundary-

layer method. Nickerson (19) in a combined theoreticaland experi-

mental investigation considered the effect of free-stream cscillations

on the laminar boundary layer from a flat plate and the associated

forced-convective heat-transfer problem, Nickerson's analysis pre-

dicted a negligible change in the coefficient of heat transfer from

the plate surface; experimental data corraborated this analytical

result. In Nickerson's analysis, the fluctuations in free stream were

nseumed to be small compared to the steady mean velocity. Lin (20)

nede a theoretical analysis on the motion in the boundary layer with

a rapidly oscillating external flow over a flat plate. His analysis

was not limited to small oscillations in the free stream. Lin's results

predicted the possibility of a temporary back flow and the influence of

the oscillating motion on the mean flow.

le2 Statement of the Problem

A review of the literature shows that experimental investigations

have been performed on the effect of vibrations on both natural and

forced-convective heat transfer; also, theoretical analyses of the in-

fluence of vibrations on forced-convective heat transfer have been

carried out. However, there is no theoretical analysis on the effect

of vibrations on natural convection. This thesis presents an analysis



for the case which has not yet appeared in the literature, namely, an

analysis of free-convective heat transfer in the presence of vibrations.

The present work deals specifically with a heated horizontal

cylinder at constant surface temperature which executes vertical har-

monic oscillations. This is the case studied experimentally by Teleki.

Fand and Kaye (8). Because of the non-linearity of the governing

equations which describe the coupling between thermal and acoustic

quantities, superposition of results obtained flor the two seperate

uncoupled effects, that is, uncoupled free convection and acoustic

streaming, is not permitted.



II. ANALYSIS

2,1 Yathematical Formulation of the Problem

The system of differential equations for the velocity and tempera-

ture distributions near a heated horizontal cylinder executing vertical

harmonic oscillations will be determined in this section. It will be

assumed that the cylinder is sufficiently long so that there is no flow

in the axial direction; hence the problem is two-dimensional. Also, the

fluid will be assumed to be essentially incompressible. The density

variation will be introduced exclusively in the buoyancy term in the

momentum ecuations.

An oscillating reference frame which is fixed to the cylinder will

be used for analysis; thus, for an observer standing on the cylinder, the

cylinder appears stationary and the fluid at infinity executes vertical

harmonic oscillations. This oscillating frame of reference will give re=

sults which are equivalent to thoss using a reference frame fixed in

space, due to the fect that any inertia force per unit volume is balanced

by an equal pressure gradient. This point has been explained by Lighthill

(18).

A curvilinear orthogonal system of coordinates is introduced to sim=

plify the enelysiss the x-axis is along the wall of the cylinder, and the

y-axis is perpendicular to it, as shown in Figure 1. Tollmien (21)

derived expressions for the complete Navier-Stokes equations in this

system of coordinates. These equations will be used in a modified form

in the analysis which follows.

By applying boundary-layer approximations and adding the buoyancy-



force term in the momentum equations derived by Tollmien, the boundary

layer equations become:

continuity 3u, + 3oF = 0

2

2 + whe + ¥ 35 = 32% + gt 936 sin X_
. *

23 —~ = = -425 ~9p6 cosX
2

nergy ot ul + Vas rere
From equation (3), an order-of-magnitude argument shows that the

pressure variation across the boundary layer is small. Having served

this purpose, the y-momentum equation (3) may now be discarded. Hence.

there remain three equations, (1) (2) and (4), to solve for three

unknown, namely, u, v and T.

The boundary conditions for equations (1) (2) and (4) are,

u=vs_0 T = Ty

U =» U(x*, t*) T=» T,

[ 2 \

\

Applying Bernoulli Theorem to the free stream,

_l2p _ OU UU
Ff ox* D1* TU ox*

where U is the frece-stream velocity.

'y

Substituting equation (6) into equation (2),

QU BU you_QU AU| ,U in XT
oFTU VouF = ort Unyr Vogr* 9pé sinZ

Introducinz the stream function W by which the continuity

([

equation is automatically satisfied,

_ RY _ _ 2

U=23=Y% i = V= "5% = “ha
» J)

ote that the subscripts x7, y* and t¥* represent partial differentiation.



Then,

_ QU Wl

ie tise fp = 25 UZ 4 rr + ipo sing 9)

K

Op + Yr Op — Prt Oy = FG OE yhyr

The boundary conditions to be satisfied by and

af Y*=o W= r= Yyx=0
x *

Y'~&gt; Vx =&gt; U(x+h)

are.

© = 6,

 bd —~&gt; Oo

(It

Define the following dimensionless quantities:

a Ls 47

g = (280)
=) g'=

M = 1

(ape)
a

o.,

(12)

Assuming that the flow in the free stream is potential flow, and

therefore can be approximated by,

U(x, t) - 2 aw sinXt 3inX
\ yy

[t follows thet.

oF = 2 aw Cost sin

ud = 4 (awy sin t SiNx CosX

(14)

Substituting (12) (13) and (44) into equations ($) and (10),



2 AX.

C2Mye+MyMyx~MxMyy=22$0cost

. 42(%F) sint sinx cesx + Myyy + $ sinx

|

Q b+ My dy —Mxty = 5 Dy,

(15)

( Tr

i ls

WR VE

where ()= (3p8.)= Frequency number

2 = € = Perturbation parameter

The boundary cornd®tions are,

at v

XD

PD = 1
ove (17;

My &gt; 2¢Slsint sin x $b=~0

M Sart

»

The dimensionless variable x is the dimensionlesd distance (in radians,

along the wall stating from the lower stagnation point; and y is the

dimensionless distance normal to the wall and modified by the factor

of at, It may be seen from the momentum equation (15), the energy

equation (16) and equation (12) which defines the dimensionless quanti-

ties, that the mechanism of free-convective heat transfer in the presence

of vibrations are controlled by four parameters, namely, the Grashof

number Gr, the Frequency numberf), the Perturbation parameter €, and the

Prandtl number Pr.

2.2 Method of Solution

The method of solution utilized here is the perturbation technique

which involves the expansion of the stream function and temperature

function in power series of &amp;
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MaM,+€M + € MN

=F +€0, +
4 1 *

where M4, and @, are functions of x and y only,

M,, M,, &amp;,, #, are, in general, functions of x, y and t.

It is convenient to use complex notation for the harmonic functions,

sin t = 1 At

cos t Ht

sin®t zg = At, i220 -21ty

Only the real part of the complex functions hes physical significance;

the imaginary part will be discarded after it has served its purpose.

Inserting expression (18) into equations (15) and (16) and grouping

terms of the same power of , the momentum and energy equations take the

following form:

[1 - MM vr" M _— @ sin x

t€ [© Mpg * HM HMM = HMM

_olettsin x - My - g,sin x |

¢ “la Mat, + MoyMoyy + Moyulloy = Moglloy = Mo Mo,

My + QM =) - 2- et _ oY y5inx cos x

-@,8in x [+ coo= 0

N - A 1

[oxox = Moxley Pr ory) t€ [= ¢ 1t + MY + g ox ly
2 3

~ MoxP1y - 9 i - &amp; g 139] te [as ot + Hor? ox Ft ? oxo,
 A -— WM ~i - Mc eos 0

¥oxPoy ?oytlox P- Bory t (24 i 2,Jp
120)
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Since € is, in general, different from zero, the coefficients of

€ 'g must vanish. Thus,

Mortoyx — Moxtloyy = Hoyyy + Fosin x

|

HoyPox = MoxBoy = Pr J
r

My = Mog= My, = 0 Bo= i

g,»0-

Q Mit + bag ly + Hoya y — 0 _ My boy
2 =»

= 2Qeitsin x + Ml yvy + g)sin x

ERY 2 1“ ,

L014 + Honfix t+ Portlly = Moxy ~ Poytlix= BA P1yy

Hy = Mix = My - 0 gy= 0

k A
ig? -2Qie” "gin x #10

CLMpg, + Moyoyy + MoyxMoy = Moxtoyy - MoyyMox

=My Myoy — My Moy LSE - Hit. e~2it) sin x cos

t Moy + @osin X

Lg + Moy Pox t PoxMoy = My

= Hy ofye = Myof1g + —&amp;
1x¥1ly 1y¥1lx = 2vy

M,

2

»

fis

—™

(21)

f

| 22)

(23)

Set (21) represents the free-convective flow and heat transfer

around a heated horizontal cylinder in the absense of vibrations. This

free convection is then perturbed by vertical harmonic oscillations;

sets (22) and (23) are respectively the first-order and second-crder

perturbation equations.
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2.3 The Steady Velocity and Temperature Distributions

Rewriting system (21),

at v

Moy loyx - Mostoyy = HM yyy g sin x

Moy? ox HoxPoy = + g oyy

M = My o = Hoy -

¥oy™ .

(21)

As indicated in Section 2.2, set (21) represents the free-convective flow

and heat transfer around a horizontal cylinder at uniform surface tempsr-

ature in the absence of vibrations. A solution to tixis problem was

obtained by Hermann (22). He found ingeniously a similarity variable

which reduces the partisl differential equations to a system of ordinary

differential equations which can be integrated numerically.

However, if we adopt Hermann's solution for set (21), it will be

Pound, unfortunately, thet Hermann's similarity variable is no longer

applicable to those equations. The partial differential equations for the

first-order and second-order perturbation cannot be transformed into

systems of. ordinary differential equations by means of Hermann's simi-

larity variable,

A new solution to system (21) has been proposed¥. It will be shown

in the next section that this new solution permits perturbations by

vertical harmonic oscillations, and thereby allows further progress in

the theoretical analysis of coupled free convection and vibrations.

The last term of the first equation in svstem (21) contains sin x

expanding it as a power series of x,

 emo dB, LS

sin Xx -~ X 37 FtF7X

EC cet ee ee a ka Ce a ee rl Ae—

’

4)

£L 1 y -\® . Fi ter on a / Die I. I .4 8 scl Fyx zo 8 d 4] te
P R i
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‘hen x is small, sin x is approximately equal to x. Let sin x = x, and

assuming Mg = x Fo( 1)

Zs = Gol n )

then system (21) is reduced to

FAM 4 FF! — FO4Go=C

BGO + FoG4=0

N=0 Fo =F) =0 Gq

hw FO Go

Jie 1
i

oy

(25)

where primes denote differentiation with respect to

then x becomes larger, sin x has to be approximated by equation (24).

A reduction of system (21) to ordinary differential equations can be

achieved by setting,

 a= x F(R)+XB(0)+ £Fa(n)

b= G,(N) + x3(1)+x's, (n)

where N is identically equal to y.

Substitution of equations (24) and (26) into system (21) gives

squation (25) and the following:

LFF] — FF] — 3F3F; — F{" +

1 - 1 — znd _ Jan

2F Gy F Gq 56% Pr G-

N= © Fp =F =0 C

N-&gt;o F{ + 0

(27)

1 1 n _ epitp _zpiph min __1 A -rt

6F4F4 + ZF! ~- F Fj — SFUF,- 3F;F} -F} o0cte0) G,= 0
rR nn _ vr ' _ 1 =

hFlG, + 2F{Gy — FG} — 5Fy6] — DFG! ar G3 0

G, = 0no TY da h=v

~Y)
Fl &gt; 3)

5)

tI a

(28)



&gt;

.

fumerical solutions to equations (25) (27) and (28) are described

in Appendix I. An IBM 704 Computer was utilized to perform numerical

calculations. Solutions are expressed in tabular form in Appendix II.

2.4 First-order Perturbation

As shown in Section 2. the solutions of i. and have been
’ 0 0

obtained; and they will be utilized in this section to analyzed the

first-order perturbation equation (22).

Assume that the stream function and temperature function, ij and #1

respectively, are of the forms,

My(x, v, t) = (B +10) o®

B1(x, y, t) = (D +1E) &amp;**

29;

(30)

where B, C, D and E are functions of x and y only.

Substituting (29) and (30) into system (22),

~S2Cy + Moy Buy + MoyyBy — MoxByy = MouBy=Buoy

= 2.5 (x — Lx + hres x%) + D(x mete 3 + es x

Q By + MoO + HoyOy—~HoyOyy = HopCx=Cyn

= E (x-+x’+ hs x)

—SE +1 Dy + BoxBy — MoxDy— FoyBx = Fo Diy

ALD + MyBy+FoxCy—HoyEy—FouCy== Egy

with boundary conditions,

(31)

(32)

(33)

(34)

at vy = B=C = B, =0C =B,=0C, =o

B.,— O, Co -2Q sin x

(35)
N=%8-&gt;0

D=E =0

The above system is a linear simultaneous ordinary differential

equations with coefficients which are derivatives of Mgyand fg. If the

functions B, C, D and E can be expressed in terms of expressions which

are functions of 0 only, the partial differential system (31) (32) (33)

and (34) with boundary conditions (35) can be reduced to solvable system

vf ardinarv differential equations ++ settino
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B=x B.(N) *x'B,(1) +x By( 1)

c=x G,(N)+xc(n)+x°Cn)

Do(M)*x*D,(1)+x'D,(n)

Bo() + XE, (n) + x'E,(n)

Substituting (38) into equations (31) to (34), and grouping terms with

equal power of x, then setting the cor”ficients of x's equal to zero,

the following results were obtained:

-Q.C! + 2MIB! - FB"—F¥B, — Bi"—250°— D,

Q.B!+ 2F)CL— FC} — FlC,— CM —E,=0

SLE,+F,DL+G!B,+3 Di = ¢

2p,- FE,- alc,—fFEl = 0

with boundary conditions,

RB =

at N=0 Bp=C,=B!=0!=0 Dy=E,=C

| — oo BQ Clw-24  D,= EC

~-SL¢! + 4FIB!+ 4F!BL - FB" — 3F BY—3FiB,—F|B,~ BY!

4Lta*+Lp —p=0

.B! + 4Flc! + 4P'C!—FCY - 3F Cf — 3FpC — Flc, — CY®

++E,~ E = 0

~QU E, + 2F!D,+ 26,8! — F,D! — 3F,D!—3G!B, — G'B_— BDF =C

QD, + 2F'E + 26,0}—FE! — 3FE' — 3610,— G!C—7E'=C

with boundary conditions,

(38)

at |=0 B,=C,=B!=0=0 D,=E,=0

=&gt; ce BI—0 clita D,= E,~»0



=

~QCh + 6F!BS + 6FB] + SFB! — F By — 3F,B} — SFB — 5FIB,

-3F9B, — FB, — BY"—La kee D_+5D-Dy= 0

1B} + EFC) + 6F1Cy + 6FiC! = F C3 - 5F,C} — SF Ca - SFC,

— 3FjC, — F350, —~ ci" — ole E +E — E, = 0

0 E, + 4plD, + 2FID, + 2G,B1 + 46,8} — F DJ — 3F,DJ — 5F,D}

mB,=Fh OR PET ©
£L1D, + 4FIE, + 2F{E, + 26,C) ‘hac! - FE} — 5F EB] — SFB!

- 5elc, —36iC; — GiC—+E} = 0

with boundary conditions,

B,=C,=B} =C} =0 D,=E,=0

ro B 0 clr -F D,=E,&gt;0

(39)

2.5 Second-order Perturbation

System (23) will be analyzed with the previous solutions of lj, #,

and My, §, « In system (23), the term My Moy has the followinz gorms

2 4 3 5

My yyy = £(B, + 3x By + 5x B,)(x By + x B] +x 33)
2 4 3 5

+ 3(C,+3x0; + 5x C,)(X CF + x°Cf +x c3)

v e2it(ieee) + om2t(..nl) «eo )

Also, the terms My My,.,MyyPyyond MyyP1x have the similar form of

equation (40). These sugzest that each of the solutions of lM, and g,

would contain a steady part and an oscillatory part at twice the

frequency in the free stream. Only the steady part will be considered.

Assume that M, and @, ere of the form,

My= x J,(N) £x33,( 0) + x20,(1)

g, = K (MN) + x26, (1) + x*Ko(n)

(41)
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Substituting (41) and the derivatives of 1 , §, and Mj, @ into system

(23) and grouping terms of equal power of x,

« | JIW-2F1J1 4F JN + FAI+20%+ (BBY +C,08 —BY—C1¥)+X,

4 5 [ 3] 4F3] - HEIL + FI + 3F 8 + 5FRI+FLT, - 2 a

+ (3_BY + 3B,BY+CC}+ 30, C1) — 2(B2B} + clo] )-LK + X |

+ x° | 33% - 6(RLIL+ FI] + FAIL) +F J8 +378+58,08 + SPAT 5+5FY3)

+ FRI+LQ'£(B,BY+3B,BY+5B,BE+C,C8+356,Cf + 50,05)

- 3(6818L +3B{*+ 6clch+ 301%) + 1p Ky —£ Ky | = 0
(42)

[2x FKL +6 + (B,D)+CEL)|
+ [1 KY = 2F!K,=26,8 + FK] + 3F Kk} +3630,+617,

+ 3(B_DI+3B,Di+ CE} +3C,E!) — (BID+CIE))]

+ x" Kg- ARIK, RIK) ~ 26,3] —HG,TL HF Kh + SF K] + SFX]

 5610, +3613,+G5+%(B_D4+3B,Df+5B,D}+CEJ+350;E{+5C,E2)

~ (2B!D,+BID,+2C}E,+CJ,)]= 0 (43)

Acain, the coefficients of x's in equations (42) and (43) must vanish,

2 1 2 2

JIN-2F1J} + F J% +FAJ +20 + $(B By +C,C—BY = C3 )+K,=0

FEF KG+B(B,DL+CEL)= 0

N= o- J, =J=0 K,= 0

 =&gt; =&gt;
!

J.» vu K—=+»0

(44)



17.

JIn = LPL] -4FIT! +F JY +3F 30+ 5600) + FI, ~ tat

+ 3(B_BI+ 35,B"+C_C}+3;C3) — 2(B3B] + C30] )-% K+ K,

L x8 —opix,—26,38HFK] +3F KL +3610, + C10,

+ %(B_D} +3B,D}+ CE] + 30,E!) ~ (BJD; + ClE,)

at N=0 Jy =di=0 F.=

n -» ao J}+&gt;-0

wt

1 0

(45)

hb

JAM = 6(FAI} + FI]~+Fd1)AFJ +3F 34DF I0 + SFI 5+ SF]J,

4 FAT + ital + 3(p B+ 38,BY+5B,Bl-FCCB+3) C+ 50,CF)

- (6818 +381+60104+301") 7p K,~EK+Kp= ©

3 K8 = 4PIK,—2F]K)— 26,3] = AGp04 + Fok) + SF K] + SESE]

y 5610, + 3617+ G3J ot £(8,Dh+3BDj+58,08+CEL+3C;Ej+5C,E})

~ (2B!D,*+ BD+2C!E, +C{E,) = 3

at N=0 Jo= J5 = 0

J} ~ 0

(46)

Equations (44) (45) and (46) can be used to solve for the functions,

Jos Kos J1, K1, Jo, Ko
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IIT SUMMARY

The results from the analysis performed in Chapter II can be

summarized as follows:

l . The governing equations for free-convective flow and heat transfer

around a horizontal cylinder in the presence of vibrations have

been analyzed and converted into 3 sets of differential equations

(21) (22) and (23) representing the free convection, the first-order

perturbation and the second-order perturbation equations.

A new solution to free-convective flow and heat transfer from a

horizontal cylinder at uniform surface temperature was obtained by

means of a transformation defined by equation (26). The similarity

variable "| is identically equal to y. This new solution gives

velocity and temperature fields which agree well with both Hermann's

calculation (22) and Jodlbauer's experimental data (23).

Sample calculations of velocity and temperature distributions at

x = 30, 60; 90; from computer solution are shown in Appendix III.

Results are plotted in Figures 3 to &amp;.

This new solution of free convection was then successfully perturbed

by the vertical harmonic oscillations. The similarity variable "|

is still applicable to the first-order perturbation and second-order

perturbation equations which, by means of suitable transformations

(equations (36) and (41) ), were reduced to solvable systems of ordi-

nary differential equations.
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A The solution of the second-order perturbation equations contains

steady terms which represent modifications in free-convective

velocity and temperature distributions.

5 The numerical solutions for first-order and second-order perturbation

equations have not been obtained; however, these systems of equations

can also be solved by the numerical methods described in Appendix I.

These numerical solutions, once obtained, will determine the steady

velocity and temperature distributions around a heated horizontal

cylinder in the presence of vertical harmonic oscillations. In

particular, these results would permit the calculation of the steady

local heat=transfer coefficient.
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APPENDIX I

NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

The equations to be solved in this section are equations (25) (27)

and (28). These equations must be solved in order, starting from (25),

then (27) and finally (28). System (25) is a set of coupled nonlinear

iifferential ecuations; the two succeeding systems are linear. The

boundary conditions are specified both at N=0 and agymtotically at large

values of 1]

The method utilized for the solution is that of numerical integration

of differential equations. An IBM TO4 Program (24), in SAP (Share

Assembly Program) Language, was written at the i, I. T. Computation

Jenter, Four Library subroutines were used in the IBM-TO4 Program.

These were the generalized print program UABDC 1, the BDC tape writing

program UASTH 1, the general binary card loesder PKCSB4 and the differen-

tial equations integration subroutine PKNID2 (Ref.25, 26, 27)s This

intecration subroutine, using the modified Adams method (28), is able

to solve any number of simultaneous ordinary differential equations

(only limited by the storage capacity of the computer) of any order,

linear or nonlinear, with boundary conditions expressed in the form of

intial conditions.

The boundary conditions of system (25) are,

1b n=yv Fg = Fia=0 G, =

h&gt;o Fl» Cc
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In order to start numerical integration, two intial conditions at n= C

have to be assumed: Fa=d ¢é=@ . Then a "trial and error"

procedure was used to check the boundary conditions at large value of h

It was found that Fo = 0,85945, and Gl = -0,37020 were the correct

initial conditions. The results are tabulated in Appendix II; the values

of Fl and Gare plotted in Figure 2.

System (27) and system (28) were solved by the same method described

above. The results are also tabulated in Appendix II.

The complete program, punchéd cards, and printout results are in

the Files of Professor Joseph Kaye, Department of Mechanical Engineering,

agsachusetts Institute of Technology.
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APPENDIX II. TABULATION OF FUNCTIONS

TABLE I

|

b 1

)
»

&amp;
r4

»8

9
LeO
lel

1.2

le?
Lodi

le
1.6

le?
Le&amp;

l.9
200

2el

Ce2

2e3
24k
2¢5
2.6

21
268

2¢9

300

Je2
Jedd
506
%e8

Ne)
2

heli
heb
he8

oe

0.859%
«7614
 6677
+5789
» 4953

4171
» 3446

 2778
. 2166

»1611

»1109
. 0661

.0263
=e 0088

-« 0393

~e 0655

“e 0878

eo 1066

"eo 1219

-o 1345

-o 1439

=e 1511

-+ 1560

“eo 1591

ee 1605

-e 1604

“eo 1590

~e 1566

~e 1534

"eo 1493
“eo 1448
~e 1543

~e 1226

-e1111

=e 0995

-, 0883

“eo 0778

“eo 0681

=. 0593

=e 0514

“9o443

!

0. 0000

.0810

. 1524

«2147
. 2684

«3140

» 3831

, 4078

W266
4401

 » 4490

4535
A544
C4519
467
4390
4292
4178
4049
+3910
03762
. 5609

» 3451

3291
«3130
«2971
, 2813

, 2658

, 2506

» 2359

, 2080

, 1822

» 1588

«1378
«1160
. 1024

. 0879

.0751
«0641
» OBA

Fg

0. 0000

«0041
. 0159

. 0343

,0585
 . 0877

.1211

«1579
1975
2393
, 2826

3271
» 3725

A177
4630
» 5080

«D025
«5957
+6381
6792
«7190
7574
» 7943

. 8296

«8633
. 8954

09259
9543
«9821

1.0080

1.0320
1.0770

1.1500
1.1790

1.2050
1.2270
1. 2460

1.2620

1.2760
1.2880

e3]

(Pr = 0, 70)
24 —

043702
“eo 3702
-« 3699

» 5693

. 3681

‘eo 3662

3636
-+ 3600

-+ 3556

“e 3502

-s 5439
“eo 3366
=e 3285

=e 3195

-¢ 3098

—e 2965

-o 2886

-e 2772

= 2655

=e 2232

=e 2414

~e 2292

-~e 2171
atJ 2051

=. 1933
~e 1818

=e 1703

=. 1597

a 1492

=e 1392

“eo 1296

-.1118
=. 0959

eo 0818

~+ 0695

=e 0588

-. 0496

-o O17

~. 0350
=e 0293

- 0245

~~

Rs

1.0000

«9260
«5890
« 5521

«8154
«7789
 « T427

. 7069

6716
«6369
« 6029

» 5696

5372
» 5057

4753
4459
yA176
» 3904

» 3645

» 3397

» 3162

» 2959

«2728
«2529

@® 2341

«2165
« 2000

. 1846

.1701
«1567
«1326
«1119

«0941
.0790
«0662

«0554
« 0463

«0386
«0322
. 0269
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TABLE I (cont'd)

(Pr=0.70)

1

Ded

Selb
5¢6
368

20

565
7.0

[ed
Se0
BeS
9.0

9.5
10,0

10.5

Fd

~e 0381

-s 0326

-+ 0278

~e 0237

-e 0202

=e 0133

-. 0087

-. 0057

-.0037
“eo 0025
“e 0017

“eo 0011

-. 0008

-. 0006

«0467
,0%92
»0332
»0281

«0237
» 0154

.0100

0064
. 0041

.0026

.0016
» 0009

. 0004

, 0000

F,

1.2980

1.3070
l. 3140

1.3200
L. 3250

2250
3410

3480

2490

3500
3510

L. 3510

1.3510

eR
Fn

~+ 0204

“9 0170

-. 0142

~e 0118

~. 0098
~e 0061

=e 0038

J 0024

-. 0015

-. 0009

“eo 0006
-. 0004

=. 0002

-. 0001

Go

00224
«0186

.0155
«0129
.0108
. 0069

« 0044

«0029

+0013
. 0009

. 0007

. 0006

«0005
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TABLE II

(Pr=0.70)

12 ~P

»

» J

 7

5
Ay

Sd

Le?
1.6

le7
1.8

Ll.©
2,0

2e2

2eL
2.6
Ped

3.0

342

Zod
36
308
4eO
bo?
helt
heb
4,8

5¢0

55
50

505
7.0
[oD
8,0

Be5
8.7

-0, 09342
-- 0772

eo 0620

=e0481

=. 0354

-s 0242

a J 0143

=e 0058

.0013
+0073
«C122

0160
.0189
»0210
» 0224

.0232

.0234
» 0233

» 0227

 » 0219

.0208

.0182

0153
»0124
«0096
» 0070

. 0048

« 0029

.0013
«0001

“e 0009

~e 0016

-. 0021

=a 0024

-. 0026

~e 0027

“eo 0025
=. 0021

“eo 0016

=e 0012

-+ 0008

“e 0005

~e 0003

-—e 0Cco2

0. 0000

eo 0085

~e 0155

“eo 0210

-. 0251

“e 0281

-. 0300

~e 0310

-, 0312

-. 0308

~e 0298

“e 0284
~e 0266

-. 0246

-. 0224

-+ 0202

-.0178
=e 0155

-.0132
“eo Ol 10

e 0088

~e 0049

= 0016

0012

 0034
0051
«0062
» 0070

0074
«0075
«0074
+0072

«0064

.0058

.0053
«0040
» 0028

+0019
«0012

« 0007

« 0004

«0002
, 0001

0.0000
=. 0004

-+ 0017

~e 0035

=e 0058

“eo 0085
-. 0114

=. 0144

-. 0176

=o 0207

“e 0237

“es 0266
~e 0294

eo 0319

-. 0343

-. 0364

=e 0283

=e0400

~eo414
-, 0426

-. 0436

i 0450

-e 0456

~e 0456

-. 0452

- 0443

e 0432

~e0418

=eo404

“eo 0389
~. 0374

-« 0359
-+ 0345

-. 0332

-. 0320
~e 0308

-+ 0286

~e 0269

a 0257

=e 0249

~e 0244

=e 0242

a 0241

-e 0240

0.01609

«0160

0159
. 0157

«0154
«0149
0143
.0136
«0127
.0118

«0107

«0095
0083
«0070

«0057
«0045
.0032
» 0020

«0008

"e 0003

-.0023
=. 0039
“e 0051

“eo 0060
-. 0065
at 0068

-+ 0068
~e 0066

~e 0063
=e 0060

-. 0055
-« 0051

-. 0046

~e 0041

“eo 0037
~e 0027

"eo 0020

“eo 0014

-. 0010

=e 0007

-+ 0004

-. 0003

-— 0002

0.0000

.0016

«0032
. 0048

«0064
. 0080

«0095
«0109

«0123
.0136
.0149
.0160
.0170
.0179

.0187
«0193
.0198
.0202

«0205
«0206
«0206
«0204

.0197

. 0188

«0177

.0165

.0151
«0138
0124
0111

. 0099

«0088

«0077
. 0067

. 0055

.0035
«0023
.0015
«0009
» 0005

.0002

.0001

. 0000
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J.0
» 4

)
»

6

 4

8

+9

leO
lo1

le2
le3
oh

ce

06

oT
8

9 |
2.0

Pel

Pe2

26 3

Bl

0, 00245
. 00165

. 00094

00034
=e 00015

-e 00053
“eo 00081
=o 00099

=e 00108

-.00111

-. 00107

-. 00099

-, 00087

-, 00072

ht] 00055
"e 00036

-. 00017
» 00002

» 00022

» 00042

. 00061

. 00080

» 00099

,00118

0. 00000

» 00020

00033
. 00040

. 00041

. 00037

00030
. 00021

.00011
=. 00000

-. 00011

~e 00021

-. 00031

—-e 0003%9
-e 00045

-. 00050

-. 00052

=e 00053

-o 00052

-o 00049

~~ 00044
-. 00036

=e 00027

-e 00017

TABLE III

Fy

0. 00000

. 00001

» 00004

. 00008

, 00012

. 00016

. 00019

. 00022

«00023
. 00024

,00023
. 00021

. 00019

. 00015

.00011
» 00006

00001
~e 00004

-. 00009
-o 00014

-. 00019

-. 00023

—e 00026

-, 00028

-

-0, 00007
-. 00007

-+ 00007

-. 00007

~+ 00006

-+ 00005

-. 00003
~e 00001

» 00001

00003
« 00005

« 00007

 » 00008

« 00009

« 00009

« 00009

«00008
 + 00006

« 00004

«C0001

-. 00003

-. 00007

=e 00012

-o 00017

(Pr= 0.70)

~§

ht

0. 0C00C

~o 00001

-4 00001

-. 00002

-. 00003

-+ 00003

“eo 00Q04

“eo 00004
-+ 00004

“eo 00004
-. 00003

-. 00003
-o 00002

-+ 00001

-. 0000C

.000C1

».00001
» 00002

00003
. 00003

. 00003

» 00002

«00001

00000
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APPENDIX III

SAMPLE CALCULATION ON FREE CONVECTION

From equations (12) and (26), it can be shown that the Nusselt

umber and the dimensionless velocity and temperature are respectively,

4

Nu=HR = |. 3702+ x20,0161 + x (=O. 00007) art (47)
ur _ ' 3 5 1

hv = *Fotx F{+xF} (48)

L-Te _ q+ x%Gy+x*0,
Tw—Teo

For given } , the corresponding values of F's and G's can be read from

tables in Appendix II. Then,calculate the local heat-transfer coefficient,

the velocity and temperature from equations (47) (48) and (49). These

equations will give correct values from lower stagnation point up to

x =120. Beyond that, more terms are required for the series solution.

Since seperation may occur beyond 120°, the assumption of laminar boundary

layer is no longer valid.

results in that region.

Sample calculation: at x =60=1,047, 1=1

from tables, Fl =0.4401 F{=-0.0298 Fj =-0.0001

Go= 046369  Gy= 0.0149 G,= =0, 00002

Jig = 1,047 (0.4401) + 1.047 (0.0298) +1.046°(&lt;0. 0001) =0.4266

LT= = 0.6369 + 1,047" (0, 0149) + 1. 047 ¥(~0. 00003) = 0. 6532

The dimensionless velocity and temperature distributions for x =30 °

50° and 90° are shown in Figures 3 to 8, Hermann's results and Jodlbauer's

sxperimental data are also shown in the corresponding figures for

comparison.
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