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I. STATEMENT OF THE PROBLEM

l.1 Introduction and Review of Literature

During the past decades, there was a considerable interest in
studying the interaction of vibrations and convective heat transfer.
The convective flow and heat transfer from a heated solid bedy can be
effected either by mechanical vibrations of the bedy, or by an external
sound field on a stationery solid boundary. These phenomena have been
observed by many investigators. Hartinelli and Boelter (1)* investi-
gated the effect of vertical vibrations upon the heat-transfer rate
from a horizontal cylinder in water. For sufficiently intense vibra=-
tions, the coefficient of heat transfer was reported to increase by as
much as four times its value without vibrations. Kubanskii (2,3) made
experimental studies on the effect of stationary sound fields on free
convection from a horizontal cylinder in air. The direction of sound
propazation was parellel te the axis of the cylinder. The influences
of vibrations on heat transfer have alsec been studied experimentally by
Lemlich (4), Tsui (5), and Shine (6).

Fand and Kaye (7) at Research Laboratory of Heat Transfer in Elec-
tronics, at Massachusetts Institute of Technology, made experimental
investigations on the effect of high intensity stationary and progres-
sive sound fields on free convection from a heated horizontal cylinder.
Their data show that in the presence of intense sound (sound pressure

lever = 151 db) the heat-transfer rate increases by a factor of

* The numbers in parentheses refer to the bibliography.
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approximately 3 over the free-convection rate without sound at the. same
thermal potential. Teleki, Fand and Kaye (8) studied experimentally
the effect of vertical mechanical vibrations on free convection from a
heated horizontal cylinder. Again, under intense vibrations, the heat=-
transfer rate has been observed to increase by a factor of approximately
2.5. Teleki's case is the one which will be studied by analytical
methods in this thesis.

Stokes (9) eanalyzed the case of an infinitely long plate executing
harmonic oscillations, parellel to its own plane, in a viscous fluid at
rest. This case is simple because there is no temperature difference
between the plate and the surrounding fluid and also because the motion,
being independent of the coordinate along the plate, satisfies a linear
differential equation. Stokes' solution is known as "shear-wave" flow.
Schlichting (10) considered analytically the case of a cylinder executing
harmonic oscillations in a fluid at rest. He used boundary layer appro-
ximations, and then epplied perturbation technique against a steady mean
which is identically zero to sclve the governing equations. He found
that the first-order perturbation solution represents a periodic flow
and the second-order perturbation solution contains a steady-flow term
which is independent of time, Schlichting's analytical results explained
the acoustic streaming phenomena observed by Andrade (11). Andres and
Ingard (12, 13, 14) made a combined theoretical and experimental inves-
tigations of the acoustic streaming around a circular cylinder for high
and low Renolds numbers., For high Renolds number, their work consisted

of an extension of S8chlichting's analysis; they solved the third-order



and fourth=order perturbation equations and modified Schlichting's
solution. The effect of free-stream oscillations on laminar boundary
layer have been considered by Ostrach (15), Moore (16), Cheng and
Elliott(17).

Lighthill (18) studied the laminar boundary=-layer response to
fluctuations in stream velocity by using an approximate boundary-
layer method. Nickerson (19) in a combined theoreticaland experi-
mental investigation considered the effect of free-stream oscillations
on the leminar boundary layer from a flat plate and the associated
forced-convective heat-transfer problem, Nickerson's analysis pre-
dicted a negligible change in the coefficient of heat transfer from
the plate surface; experimental data corraborated this analytical
result. In Nickerson's analysis, the fluctuations in free stream were
assumed to be small compared to the steady mean velocity. Lin (20)
mede a theoretical analysis on the motion in the boundary layer with
a rapidly oscillating external flow over a flat plate. His analysis
was not limited to small oscillations in the free stream. Lin's results
predicted the possibility of a temporary back flow and the influence of
the oscillating motion on the mean flow.

l.2 3tatement of the Problem

A review of the literature shows that experimental investigations
have been performed on the effect of vibrations on both natural and
forced-convective heat transfer; also, theoretical anelyses of the in-
fluence of vibrations on forced-convective heat transfer have been
carried out, However, there is no theoretical analysis on the effect

of vibrations on natural convection. This thesis presents an analysis



for the case which has not yet appeared in the literature, namely, an
analysis of free-convective heat transfer in the presence of vibrations.
The present work deals specifically with a heated horizontal
cylinder at constant surface temperature which executes vertical har-
monic oseillations. This is the case studied experimentally by Teleki,
Fand and Kaye (8). Because of the non-linearity of the governing
equations which describe the coupling between thermal and acoustic
quantities, superposition of results obtained for the two seperate
uncoupled effects, that is, uncoupled free convection and acoustic

streaming, is not permitted.



II. ANALYSIS

2,1 lathematicel Formulation of the Problem

The system of differential equations for the velocity and tempera-
ture distributions near a heated horizontal cylinder executing vertical
harmonic oscillations will be determined in this section. It will be
assumed that the cylinder is sufficiently long so that there is no flow
in the axial direction; hence the problem is two-dimensional. Also, the
fluid will be assumed to be essentially incompressible., The density
variation will be introduced exclusively in the buoyancy term in the
momentum equations.

An oscillating reference frmme which is fixed to the cylinder will
be used for analysis; thus, for an observer standing on the cylinder, the
cylinder appears stationary and the fluid at infinity executes vertical
harmonic oscillations. This oscilleting frame of reference will zive re=
sults which are equivalent to those using a reference frame fixed in
space, due to the fact that any inertia force per unit volume is balanced
by an equal pressure gradient. This point has been explained by Lighthill
(18).

A curvilinear orthogonal system of coordinates is introduced to sim-
plify the analysis: the x-axis is along the wall of the cylinder, and the
y=axis is perpendicular to it, as shown in Figure 1. Tollmien (21)
derived expressions for the complete Navier-Stokes equations in this
system of coordinates. These equations will be used in a modified florm
in the analysis which follows.

By applying boundary-layer approximations and adding the buoyancy-



force term in the momentum equations derived by Tollmien, the boundary

layer equations become:

continuity oY - 5 i
ot oy (
Ly
x-momentum du ou QU Seal: BP 2_';".. 0 sin X~ 2
oye: t Wt oy F o 7“j,,h+ 9¢ = (
y-momentum _OV_ _ w 12k _ B cos o (3)
'a_t:\' R f 35* 9? R
kS
energy _'.QI + ulf:. + oT = £ % T‘_ (4)
ot ox oy pcp dy*
From equation (3), an order-of-magnitude argument shows that the
pressure variation across the boundary layer is small. Having served
this purpose, the y-momentum equation (3) may now be discarded. Hence,

there remain three equations, (1) (2) and (4), to solve for three

unknown, namely, u, v and T,
The boundary conditions flor equations

at y* = O u=vs=20

U —» U(x*, t*)

y*—rﬂﬂ‘

(1) (2) and (4) are,

wesis 1k

Applying Bernoulli Theorem to the free stream,

_12p aU
fox*  otf 7 UBX*

where U is the free-stream velocity.

(6)

Substituting equation (6) into equation (2),

ou . ou 2oU
at* N uax*‘ t*

Introducing the stream function \// by

+ Uay* + Uax*‘ oY

equation is automatically satisfied,

=

=

u....—._

2y* v

U

+
in X

Py + gpé sin-3 P)

which the continuity

2¥

5 - ")/;,,r (8)

Note that the subscripis x*, y* and t* represent partial differentiation,



Then,

Yoex + 3 BU U >
ot 7”91‘7%“# 5[&*715*3*=3,5**Uax#+”7§'3*y*‘+7(3“;”k§‘ 9

) ~ o wm
The boundary conditions to be satisfied by and are,
af Y*=o ¥ = %t = Hyx=0 O = Ow :
H)
Y* > > U(xt +%) Bl
Define the following dimensionless quantities:
r = wd
TR
R
B 2 %oy ®
= (j_LL) 6*: G J
RV y R (12)
L &, T
M= (gpae) ¥ = & &
(P - e
QW

Assuming that the flow in the free stream is potential flow, and

therefore can be approximated by,

U(X,'t) = 2 aw S.'n?(j Sr'nx (,3)
It follows that,

U = 2 aw Lost siny
ot (%)
U%Xg =0 4 (aw)l Sinlf SiNnx Cos x

Substituting (12) (13) and (14) into equations (§) and (10),



- -
Myt + MyMyx ~MxMyy = 22 g Sinx cost

-+ 4SLL(%)L sint sinx cesX + Myyy + P sinx (15)
|
Q&+ Mydy — Mty = B Dy, (16)
)
where ()= (w gw) = Frequency number
o

= € = Perturbation parameter
The boundary conditions are,

at y = 0 M = My =My =0 ¢P=1 e

Yy - My » 2 €X2gin t sin x =0

The dimensicnless variable x is the dimensionlesd distance (in radians)
along the wall stating from the lower stagnation point; and y is the
dimensionless distance normal to the wall and modified by the factor
of G:q'. It may be seen from the momentum equation (15), the energy
equation (16) and equation (12) which defines the dimensionless quanti-
ties, that the mechanism of free-convective heat transfer in the presence
of vibrations esre controlled by four parameters, namely, the Grashof
number Gr, the Frequency numberf), the Perturbation parameter €, and the
Prandtl number Pr.

2.2 Method of Soluticn

The method of solution utilized here is the perturbation technique
which involves the expansion of the stream function and temperature

function in power series of €,



Moa M+ €M+ €M,

g = ¢°+€ gy + 62532 (280

where M, and @, are functions of x and y only,
M,, M,, #,, @, are, in general, functions of x, y and t.

It is convenient to use coumplex notation for the harmonie functions,

Gt g ~ 1 60"

cos t eit

sint = 3( - 1 o

it i e-it)2 aX (2 = eZit_ e-Zit)

Only the real part of the complex functions has physical significance;

the imaginary part will be discarded after it has served its purpose.
Inserting expression (18) into equations (15) and (16) and grouping

terms of the same power of , the momentum and energy equations take the

following forms

[MoyMoyx M, Moy = Mgy = Fosin x]

+€ [n My 4 M b MM - MM - MM
~2cfe¥sin x - Mlyyy - lein x ]
I "
e [n Moyt F Yoylloyx + Moyxllay = Moxllagy = Moyylox
s - 2 2it -2it
Worry + (Mly,Mlyx - Mlxhlw) - (2 - ¢ -e

~fosin x]+...= 0 s v sw (19)

)sinx cos x

[Moygiox n Moxg!o;;r ¥ —Fl’: ¢oyy-] e [-Q. ¢lt + X yﬂlx i ¢ox ly

Moxgﬂly o ¢oyM1x - "L ¢ 1yy] t € [-0-5521: o I"'ol,rsz‘ 2x+ ¢ ox 2y

ox¢2y Fi 52’u:):,r e S P,. + (“lyglx 'Elﬁcgaly)]* Nl

e e o 120}

9e
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Since € is, in general, different from zero, the coefficients of

€ 's must vanish. Thus,

Mortorx = Mogllooy = Moy + Foein x
[
l'Ic:yﬁox Moxﬂoy = Fr ¢oyy (21)
at y = 0 My = Moy= Mypy= 0 Bo=1
y @ M, = O g,»0
s

Qiyy + Moty + Mopadlyy = Moy ~ My Moo
2
= 2Qeltsin x + Elyyy + Qflsin x
T V3 A ! 22
Q glt e mc:y“?’lx + ¢ox"*1y il *'10}:¢1y = ¢oyMlx= I SEIlj,r'y (22)
at y = 0 Ml = Mlx = Mly =0 [31: 0
V> @ I"ily" -ZQieitsin X ¢1—P0 |
Ilmbyt 4'MoyMéyx +‘MbyxM2y i beMny T MoyyM2x
2 2it  _-2it
=M1xM1yy - Mlymlyx-l-g (2 - e“*“= ¢ ) sin x cos x
Y o Mz,m + ¢asin %
Qg + Moygzx t goxM2y'_ Mox¢2y — Poytoy (23)
W % I
= "‘lxgly - l'1].}/5‘.'!1}: + ?ngw
at y = O My = Mpy= M= O g, =0

Set (21) represents the free-convective flow and heat transfer
around a heated horizontal cylinder in the absense of vibrations. This
free convection is then perturbed by vertical harmonic oscillations;
sets (22) and (23) are respectively the first-order and second-order

perturbation equations.



2.3 The Steady Velocity and Temperature Distributions

Rewriting system (21),

I M — M = ¥ — i
h%yhoyx “oxMoyy Moyyy ¢091n x
[
= o= et
Mo oxX lIoxgoy" =3 ¢oyy (21)
at y = 0 M= Moyp= Moy = 0 ;afo =1
y -0 Moy+0 ﬂo - 0

As indicated in Section 2.2, set (21) represents the free-convective flow
and heat transfer around a horizontal cylinder at uniform surface temper-
ature in the absence of vibrations. A solution to this problem was
obtained by Hermann (22). He found ingeniously a similarity variable
which reduces the partiasl differential equations to a system of ordinary
differential equations which can be integrated numerically.

However, if we adopt Hermamn's solution for set (21), it will be
found, unfortunately, that Hermann's similarity variable is no longer
applicable to those equations. The partial differential equations for the
first-order and second-order perturbation cannot be transformed into
systems of. ordinary differential equations by means of Hermann's simi-
larity variable.

A new solution to system (21) has been proposed*. It will be shown
in the next section that this new solution permits perturbations by
vertical harmonic oscillations, and thereby allows further progress in
the theoretical analysis of coupled free convection and vibrations.

The last term of the first equation in system (21) contains sin x ;
expanding it as & power series of x,

o B k) B
8in x X 3!x+5.!x

(24)

* This solution was suggested by Professor R.J. Nickerson, at M. I. Te
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When x is small, sin x is approximately equal to x. Let sin x = x, and
assuming Mg = x Fo(n)
s = Gs(7) where Y=y
then system (21) is reduced to
FI® + FF? - F' 4 Go=0
T G8 + FoB4=0
at N=0  Fo=Fl =0 Go = 1 (25)

e Bl -»0 Go—> O

where primes denote differentiation with respect to .
When x becomes larger, sin x has to be approximated by equation (24).
A reduction of system (21) to ordinary differential equations can be
achieved by setting,
’ : Ly
Mo=x Fo(h )+ x F,(h) + xFa(n)
2, 4,
¢a= Gp('}) +X*:l('])+x\:l("|)

vhere Y is identically equal to y.

(26)

Substitution of equations (24) and (26) into system (21) gives
equation (25) and the following:
LF4F} - PP} — 3FYF) - F{"+ L e -G, =0

(o]
- N =
2F!G, - F G — 3G!F; - -1; ¢ =0

P

at =0 Fp=Ff =0 Gy = 0 (27)

N> F{1 >0 Gy >0 ]

1 $ 0o ospip _zpiph _pan _ 1 sl AT |

SPERL + 3FY - TS - SEIT-BEI < RIR -8 di-G 0 0

ik ] 1 o B = ¥ : pre A =

brle, + 2FiG, — F G} — 3F,6] — 5Ps6} ar gy =0 -

28

at h=0 F,=F), = 0 G, =0




Numerical solutions to equations (25) (27) and (28) are described
in Appendix I. An IBM 704 Computer was utilized to perform numerical

calculations. Solutions are expressed in tabular form in Appendix II.

2.4 First-order Perturbation

As shown in Section 2.3, the solutions of lf; and 5210 have been
obtained; and they will be utilized in this section to analyzed the
first-order perturbation equation (22).

Assume that the stream function and temperature function, M; and #

respectively, are of the forms,

(8 +140) o** (29)

My(x, v, t)

B1(x, v, t) = (D +1iE) o'* (30)
where B, C, D and E are functions of x and y only.
Substituting (29) and (30) into system (22),

=510y + MoyByy + MoyxBy ~ MoxByy = MoyyBx = Byyy
2-9-():——(’3{4-—1—3.)4-1)(:: J—x—l——'—-xr) N 629

20 |20

€2 By MyyCy + MoyyCy — HoxCyy = MogyCy — Gy
:E(x—J—x+ ) o & o s & 8 s s @ (52)
=SB + M, Dy + BoxBy — MoxDy— FoyBy = P Dyy d = i« saw 535

nD+hoyEx+¢oxy HoxBy — oy Oy = P By #la's w o | KSR

with boundary conditions,

at y =0 B:‘—C-TB},""-"-CY“'_—'B:{:CX:O D=E =0

v —=co By_' 0, Cy"'" -2Q sin x

(35)
E—>O0

o
I

The above system is a linear simultaneous ordinary differential
equations with coefficients which are derivatives of Mgand @,. If the
functions B, C, D and E can be expressed in terms of expressions which
are functions of N only, the partial differential system (31) (32) (33)
and (34) with boundary conditions (35) can be reduced to solvable system

of ordinary differential equations by setting,

13,



x B.(N) *xB,(1) + x By( 1)

(v}
I

C=x G( 1)+ xC(n)+x°0,(n) .
D= Do(N)* xD, (1) +xD,(n) i
E= Eo(1) +xE(q)+xE ()
Substituting (36) into equations (31) to (34), and grouping terms with
equal power of x, then setting the coefficients of x's equal to zero,
the following results were obtained:
_Q Cl + 2F!BL - F,B%— F'B, — BL"— 200"~ D, = O |
Q. B!+ 2Fic! — FC? - FJC,— CV"'— E, =0

SLE, + F,DL+ G'B + 3= D = 0

r

— L "
2 B, ~ FuF‘:;—- G;co Pr Et = 0 (37)
with boundary conditions,
at =0 Bo=C,=B!=Cl=0 D~E,=0
1aw Bi+0 Clr=-2<2 %zhaoJ

-0} + 4F!B! -+ 4F!BL - FB% — 3F BY — 3FiB, — FiB~ B!
$La*++p,— D=0
SLBt 4 ApI0! 4 Aptol — Rogh- 3F OF — 3Pi0 - Mo — . off
++E,~ E,= 0
~QE, + 2R!D,+ 28,B! — F,D! — 3F,D} — 3G!B — G'B — A DM =0
Q. D, + 2F)E + 26 ClL- F_E!— 3FE! - 36lC — G!C— E'= 0
with boundary conditions,

at =0 B,=C=B=0f=0 D,~E,=0

ity Bl—=0 clm»ta D,= E,»0

(38)

14,
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~€10} + 6F!BS + 6F{B] + 6FAB! — F B - 3F, B} — S5F_BY — 5PBEB,
—5ejey - 75, - 3"~ 90 e 0, + 0,0y 0

11135 + 65‘;05 o 6Fi°i + 6Fécé - F005 - 5Flc; — 5cm: = 5?302
— 30, — T30, - O - i KA - By = 0

- E, + 4P!D, + 2F1D, t+ 2G;B] + ke B! — F D} —3F,D] — 5F,D}

- Baln tp — atn _Lpn=
5B, — 5618y — @B ~p D= © (39)
1 i ] i B | ST s i
_Q.Dz + 4F05:2 + 2F{E, + 26,01 +46,C - F E} 5F,E} — 5F,E}
- ! _zalag _alog =L pn =
56,0, —3410; — 60~ 5 E; = 0

with boundary conditions,

= = =R! =¢! = = =
at q- 0 B2 02 B2 02 0 D2 E2 0]
1 theoys ] ey £
n-»wo By Go> =g o By 2 ’

2.5 §3cond-order Perturbation

System (23) will be analyzed with the previous sclutlons of I, ¢°

and M, @, » In system (23), the term ¥y, My, has the following gorms

JY
2 4 3 5
WMy oo = #(B, + 3x By + 5x B,)(x By + x B} + x B3)
2 4 3 5
+#(c, + 3x°Cp + 5x 02)(X cf 4+ x°C} +x c3)
+ ezit(....) + e-2it(I...) . L] - » . L] L] '(40)
Also, the terms My My ., Mlxﬁlyand Mlyglx have the similar form of

equation (40). These suggest that each of the solutions of M, and 912
would contain a steady part and an oscillatory part at twice the

frequency in the free stream. Only the steady part will be considered,

Assume that M, and @, are of the form,

My = x J (1) +x5J1('1)+ X5J2(‘?) (41)
B, = k() + =2 (1) + Ry( )



Substituting (41) and the derivatives of 1, @, end My, @ into system
(23) and grouping terms of equal power of x,
x [ JIW - 2F1I) +F 38 4+ FRJ + 20"+ $(BB] +C,0f —Bt*—ct*)+ Ko]
+ 5 [ 91" -4FL3] - BRLIL 4 P IY+ 3F I8+ 3FRI + FYY, - % 0
+ (8B + 3B, BY +C 08 + 30,C1) — 2(BJB] + 010 -G Ko+ 1{1]
+ o[ 40 -SRI RLIL FRIL) RIS 4 3F) I 45F 00+ SERI5SFLS,
+ T30 +£.Q't (B, BY + 38, BY + 5B, + C 04 + 50, 0f + 50,C)

- 3(68184 + 38+ 60103 +301" )+ 15 K ~F Kyt Kz] =0 oo (%2

P o
2 L —oply — 1 1 1 1
3 x*[ = K8 - 2F 1K) — 26,3} + F K] +3F KL+ 3600+ 63

+ 3(B,D + 3B,D1+ C_EJ +30,E}) — (8D, + ClE, )]

[—LK“ +F_K! +G1J_+%(BD!+ COE('))]

+ x“[‘F‘; Kg— 4F!K,— 2F{K, - 26,97 —4G, 3! +F K3 + 3F, K{ +5F,K}
1 1] 1 1 1 1 1 : 8 1
¥ 5613, + 3610, + @4J 2t £(B oD3+3B,D} + 5B,D! + C B3 + 5013i+ 502E°)
] 1 tw = o & & & & @ ® ® @ 4
+B{D, + 2C}E, + CJE, )] 0 (43)

- 1
(2B!D,

Acain, the coefficients of x's in equations (42) and (43) must vanish,

;3 J:. 2 2 » i

JIN-2FlIL + F I8 +FRI +20 °+ (B By +C,C0 —B — O )+ K= 0
"é; K& +F K+ Gl + %(BDDé-F coE;) =0
(44)
at ?]=o J°=J;=0 K°=0

1
']-a»ao Jl»>0 X, ~+0

16.



N _ LRt Tl — 4R) " " " ny 4% 2
Jl J-I»FOJ1 }-I-F]_Jc""'FoJl+5F1J°+5F°J1+F130 3_.0.

n n " ] _L =
+ 3(B_B{+ 3B, B] +C 0y +3¢,C8) —2(B}B] + Clef)-g K+ K =0
-1- " | :

+ %(B_D] +3B,D; + C o +3C, E') (B!D, +C'E1)

N=0

Yl-arc:)

- !
2G1J' a2 K{ +§F1K' 5 5 5G—'J1+ Gyd,

1= 0

at 1

J, =4

‘.
Jl-»o

1J]+F)d )-\-F J3 +3FJ 1+5F,

piigs )
+ PRI ¢ n—+%(3 B! +531B“ +58, B3+ C .03 +30C,C}+ 5C,C

N+ 5F,+ 5749,
cy)

--6(F J3+F

- 3(6B!B} +5B]'_ + 6¢! 0'4—501 )4 Y o"eKl"' K= 0
\
— il - i -—
P K3 4 !X, — 2F{Ky
] 1 1 1 1 1 1 ]
T 56, + 36]T)+ G2J 5 %(BOD?_-I- 531D1+ 5}321)0 + C,E} +3C,E] +5C,E 2)

-— 1 1 1 Iw =
(2B°D2+ B{Dy+ 2C°E2+Clr.1) = 0
= = -
at N=0 J,=J5 =0 Ky=
)]-+oo Jé - 0 K2-70 )

Equations (44) (45) and (46) can be used to solve for the functions,

Jos Koy I3, K3, J2, Kpe

17.
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(46)



III SUMMARY

The results from the analysis performed in Chapter II cen be

summarized as follows:

1.

2.

The governing ecuations for free-convective flow and heat transfer
around a horizontal eylinder in the presence of vibrations have

been analyzed and converted into 3 sets of differential equations
(21) (22) and (23) representing the free convection, the first-order
perturbation and the second-order perturbation equations.

A new solution to free-convective flow and heat transfer from a
horizontal cylinder at uniform surface temperature was obtained by
means of a transformation defined by equation (26). The similarity
variable " is identically equal to y. This new solution gives
velocity and temperature fields which agree well with both Hermann's
calculation (22) and Jodlbauer's experimental data (23).

Sample calculations of velocity and temperature distributions at

x = 305 605 905 from computer solution are shown in Appendix III.
Results are plotted in Figures 3 to &.

This new solution of free convection was then successfully perturbed
by the vertical harmonic oscillations. The similarity variable
is still epplicable to the first-order perturbation and second-order
perturbation equations which, by means of suitable transformations
(equations (36) and (41) ), were reduced to solvable systems of ordi-

nary differential equations.

18.
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The solution of the second-order perturbation equations contains
steady terms which represent modifications in free-convective
velocity and temperature distributions.

The numerical solutions for first-order and second-order perturbation
equations have not been obtained; however, these systems of equations
can also be solved by the numerical methods described in Appendix I.
These numerical solutions, once obtained, will determine the steady
velocity and temperature distributions around a heated horizontal
cylinder in the presence of vertical harmonic oscillations. In
particular, these results would permit the calculation of the steady

local heat-transfer coefficient.



APPENDIX I
NUMERICAL SCLUTION OF DIFFERENTIAL EQUATIONS
The equations to be solved in this section are equations (25) (27)
end (28). These equations must be solved in order, starting from (25),
then (27) and finally (28). System (25) is a set of coupled nonlinear
differential equations; the two succeeding systems are linear. The
boundary conditions are specified both at 1=0 and asymtotically at large

values of q ~

The method utilized for the solution is that of numerical integration

of differential equations. An IBM 704 Program (24), in SAP (Share
Assembly Program) lLanguage, was written at the 14, I. T. Computation
Center., Four Library subroutines were used in the IBNM-704 Program,
These were the generalized print program UABDC 1, the BDC tape writing
program UASTH 1, the general binary card loasder PKCSB4 and the differen-
tial equations integration subroutine PKNID2 (Ref.25, 26, 27)s This
integration subroutine, using the modified Adams method (28), is able
to solve any number of simultaneous ordinary differential equations
(only limited by the storage capacity of the computer) of any order,
linear or nonlinear, with boundary conditions expressed in the form of
intial conditions.
The boundary conditions of system (25) are,
at \'\:O Fo= B0 G,=1

n#w Fé*O G .=+ 0

20,



21,

In order to start numerical integration, two intial conditions at N=20

have to be assumed: Fil=d Gl=F . Then a "triel and error®
o o

7

procedure was used to check the boundary conditions at large value of ) .
It was found that F; = 0,85945, and Gé-ﬂ -0,37020 were the correct
initiel conditions. The results are tabulated in Appendix II; the values

of F; and G are plotted in Figure 2.

System (27) end system (28) were solved by the same method described
above. The results are also tabulated in Appendix II.

The complete program, punchéd cards, and printout results are in
the Files of Professor Joseph Kaye, Department of lMechanical Engineering,

Masgsachusetts Institute of Technology.



APPENDIX II. TABULATION OF FUNCTIONS

TABLE I
(Pr = 0.70)
L F F4 Fo Go Go
0 0.8595 | 0.0000 | 0,0000 [=0.3702 1,0000
ok « 7614 0810 . 0041 - 3702 +9630
.2 6677 1524 . 0159 - 3699 « 9260
be 5789 . 2147 . 0343 -+ 3693 . 86890
oh +4953 . 2684 0585 | -.3681 .8521
aD 4171 «3140 . 0877 -+ 3662 . 8154
o6 « 3446 3520 .1211 -+ 3636 . 7789
o <2778 « 3831 «1579 - 3600 . 7427
.8 . 2166 . 4078 1975 -+ 3556 . 7069
9 .1611 4266 « 2393 -+ 3502 + 6716
1.0 .1109 <4401 .2826 | -.3439 . 6369
L1 . 0661 « 4490 «32T1 -s 3366 +6029
1.2 . 0263 4535 3723 -+ 3285 « 5696
1-3 -00088 04544 ."'}‘177 -.5195 05572
lad | -,0393 4519 4630 | -43098 « 5057
10 5 - 0655 . MGT ® 5080 e 2995 '] 4755
1.6 -, 0878 4390 «5523 -. 2886 LJLA59
ll-{ bt ] 1066 .4292 !5957 ~a 2772 .4176
1.8 | =.1219 4178 «6381 - 2655 « 3904
1.9 - 1343 L4049 6792 - 2535 « 3645
20 O - 1459 L 5910 ] 7190 = 2’4‘14 » 5597
2.1 -.1511 « 3762 7574 -, 2202 « 3162
2.2 -+ 1560 « 3609 « 7943 - 2171 « 2939
2' 5 e 1591 . 51}51 . 8296 - 2051 L] 2728
2.4 -. 1605 . 3291 «8633 -+1933 « 2529
2.5 - 1604 3130 . 8954 -.1818 2341
2.6 | =.1590 «2971 09259 | =,1703 . 2165
2.7 - 1566 .2813 . 9543 -« 1597 + 2000
2,8 | =,1534 . 2658 .9821 | -.1492 . 1846
249 | =.1493 « 2506 1.0080 | -.1392 <1701
3.0 - 1448 .« 2359 1,0320 -. 1296 . 1567
Je2 -e 1343 « 2080 1.0770 -.1118 1326
3 | =41229 .1822 | 1,1160 | -.0959 .1119
3.6 | -41111 .1588 | 1.1500 | -.0818 0941
348 | =,0995 <1378 | 1.1790 | -.0695 .0790
4,0 | -,0883 .1190 1.2050 -.0588 « 0662
4.2 | -,0778 .1024 1.2270 | -.0496 . 0554
b | -,0681 .0879 | l.2460 | -.0417 L0b63
be6 | -.0593 L0751 | 1.2620 | -.0350 .0386
4.8 | -.0514 L0641 | 1.2760 | -.0293 .0322
5.0 -. 0443 - 0545 1.2880 -, 0245 « 0269

22



TABLE I (cont'd)

(Pr=10.70)

—

Gt G,

=
O OV 0=~ O\O\JI\J1\n\n

- L ] ® *® L] - [ ] L] - L] L - o
oo ogm oo oD

-. 0381 <0463 1,2980 -. 0204 . 0224
- 0326 «0%92 1.3070 -.0170 .0186
-, 0278 «0332 1.3140 - 0142 10155
-. 0237 .0281 1. 3200 -.0118 .0129
-+ 0202 .0237 1.3250 -. 0098 .0108
-.0133 <0154 1.3350 - 0061 « 0069
-.0087 .0100 1.3410 -.0038 . 0044
- 0057 « 0064 1.3450 -, 0024 . 0029
-. 0037 . 0041 1.3480 -. 0015 .0019
-. 0025 . 0026 1. 3490 -. 0009 +0013

-.0017 .0016 1. 3500 -. 0006 + 0009
-.0011 «0009 1.3510 -. 0004 . 0007
e 000& 2 0004 1| 5510 bt 0002. ® 0006
-, 0006 . 0000 1.3510 -.0001 . 0005




TABLE IX
(Pr=0,70)
! M Fi F & Gy
0 -0,09342 | 0,0000 000000 0.01609 | 0,0000
| -.0772 -. 0085 -2 0004 .0161 . 0016
o -. 0620 -, 0155 -, 0017 .0160 +003%2
o3 -. 0481 -.0210 -, 0035 .0159 . 0048
a 1*‘ bt ] 0554 ] 0251 - 0058 . 0157 o 00611‘
+5 - 0242 -.0281 -+ 0085 «0154 .0080
o6 -, 0143 -. 0300 -, 0114 0149 . 0095
g -.0058 -.0310 -. 0144 .0143 .0109
o8 .0013 -.0312 -.0176 .0136 .0123
o9 .0073 -.0308 -.0207 .0127 .0136
1.0 .0122 -. 0298 - 0237 .0118 0149
1s1 «0160 -. 0284 -, 0266 .0107 . 0160
1i2 .0189 -+ 0266 -, 0294 «0095 .0170
1.5 00210 - 0246 bt } 0519 .0085 00179
1.4 . 0224 -. 0224 -, 0343 .0070 .0187
15 .0232 -. 0202 -, 0364 «0057 .0193
1.6 -0254 et 0178 b 0585 .0011-5 00198
1.7 .0233 -, 0155 -, 0400 .0032 .0202
1.8 «0227 -.0132 - 0414 . 0020 . 0205
1.9 .0219 -,0110 -, 0426 «0008 . 0206
2.0 .0208 -. 0088 -. 0436 -. 0003 . 0206
2.2 .0182 -, 0049 -. 0450 -.0023 »0204
2.4 .0155 g 0016 - 0456 - 0059 00197
2.6 .0124 .0012 - 0‘456 - 0051 00188
2.8 .0096 «0034 -. 0452 -+ 0060 <0177
3,0 .0070 . 0051 - 0443 -. 0065 .0165
3,2 « 0048 « 0062 - 0432 -+ 0068 .0151
3ok . 0029 .0070 -. 0418 -+ 0068 «0138
3.6 .0013 . 0074 -, 0404 -, 0066 .0124
3.8 «0001 .0075 -. 0389 -, 0063 20111
4,0 -, 0009 0074 -. 0374 -+ 0060 . 0099
4,2 -.0016 .0072 -+ 0359 -. 0055 .0088
Lok -, 0021 . 0068 - 0345 -+ 0051 .0077
L4e6 -. 0024 0064 -.0532 -, 0046 . 0067
4,8 -, 0026 0058 -.0320 -, 0041 « 0059
Bl -. 0027 .0053 -.0308 - 0037 .0051
5e5 -.0025 . 0040 -. 0286 -. 0027 .0035
6.0 -.0021 .0028 | =-.0269 -.0020 .0023
645 -+ 0016 .0019 -, 0257 -. 0014 . 0015
7.0 -, 0012 .0012 -, 0249 -, 0010 « 0009
7‘ 5 e 0008 ® 0007 - on - 0007 @ 0005
8.0 -. 0005 « 0004 -. 0242 - 0004 .0002
845 -+ 0003 .0002 ~. 0241 -. 0003 .0001
8.7 -, 0002 .0001 -+ 0240 -, 0002 » 0000

24



TABLE III (Pr=o0.70)

1 FY K} Fa Gl Ga
0.0 0, 00245 0. 00000 0, 00000 |=0. 00007 0. 00000
ok .00165 . 00020 00001 -. 00007 -. 00001
.2 « 00094 « 00033 » 00004 -+ 00007 =, 00001
o3 . 00034 . 00040 . 00008 -. 00007 -. 00002
ol -. 00015 . 00041 .00012 | -,00006 -. 00003
o5 -. 00053 . 00037 .00016 -+ 00005 -+ 00003
.6 -. 00081 . 00030 . 00019 -. 00003 - 00004
ol -. 00099 .00021 . 00022 -, 00001 -, 00004
8 -. 00108 .00011 . 00023 »00001 -+ 00004
9 -,00111 -, 00000 . 00024 00003 -« 00004
-.00107 -. 00011 . 00023 . 00005 -. 00003
Tal -, 00099 -, 00021 » 00021 .00007 -. 00003
12 -. 00087 -.00031 . 00019 . 00008 -2 00002
1s3 -.00072 -+ 00039 . 00015 . 00009 -. 00001
1.4 =. 00055 -+ 00045 . 00011 . 00009 -, 00000
15 -+ 00036 -. 00050 » 00006 » 00009 .00001
1.6 -. 00017 -. 00052 «00001 . 00008 .00001
1.7 . 00002 -. 00053 -+ 00004 » 00006 . 00002
18 .00022 -, 00052 -. 00009 « 00004 . 00003
1.9 . 00042 -, 00049 -, 00014 . 00001 00003
2.0 . 00061 - 00044 -. 00019 -, 00003 00003,
2,1 . 00080 -, 00036 -. 00023 -, 00007 . 00002
2.2 . 00099 -, 00027 -+ 00026 -, 00012 . 00001
25 .00118 -, 00017 -, 00028 -. 00017 . 00000




APPENDIX III
SAMPLE CALCULATION ON FREE CONVECTION
From equations (12) and (26), it can be shown that the Nusselt

number and the dimensionless velocity and temperature are respectively,

Nu=hl_<R =_[.-0.5702+ x20.0161+xw(-0.00007)](}r)§' i » o (4T)
éféj‘=’ﬁé+ngi+xsFé e © 8 & & ® o ® @ ¥ & & 3 T @ (48)

r
Md%=G°+sz1+x4GQ e 8 6 & ® 5 8 8 & ® 8 O e & @ (49)

For given 1 , the corresponding values of F's and G's can be read from
tables in Appendix II. Then,calculate the local heat-transfer coefficient,
the velocity and temperature from equations (47) (48) and (49).  These
equations will give correct values from lower stagnation point up to
x =120, Beyond that, more terms are required for the series solution.
Since seperation may occur beyond 120° , the assumption of laminar boundary
layer is no longer valid. Further calculations would not yield correct
results in that region.

Sample calculation: at x =60%=1,047, 7= 1

from tables, Fl = 0. 4401 Fi = =0, 0298 Fé =-0,0001

Go= 046369 Gy= 0. 0149 G,= =0, 00003

2
then, wR 3 I
W=1.047 (0.4401) + 1. 047 (=0,0298) +1,046 (-0,0001)=0,4266

7
T-Te _, 6569 + 1,047 (0.0149) + 1. 047 (=0, 00003) = 0. 6532

Tw-Ta

The dimensionless velocity and temperature distributions for x =30 °,
60° and 90° are shown in Figures 3 to 8, Hermann's results and Jodlbauer's

experimental data are also shown in the corresponding figures for

comparison,

26



0.8 1

0.0

04-

027

Figure 1., System of Coordinates

Fo

2 4 5

Figure 2. Function Graph

-

27



- Jodlbauer - experiment
Hermann's Analysis
Present Analysis

0.1

o ; : i ;
0 2 4 6 8 A4
"R
Figure 3. Dimensionless Velocity Distribution
at x =30°
£
Ow
.01

0.61 o Jodlbauer - Experiment
— — — Hermenn's Analysis

od Present Analysis

oz

Figure 4, Dimensionless Temperature Distribution
at x =30°

i
R

28



29

uwr
GrV
0.51 *
; Jodlbauer - Experiment
041 o . — — — Hermann's Analysis
Present Analysis
0.3 1
L]
[ ]
021 \
N
N .
o.l 1 \\
X
== o~
¢ o ‘L A‘l- .C:-- " 8 4 y*
G!‘ R
Figure 5. Dimensionless Velocity Distribution
at x=60°
£
6w
.01 3 Jodlbauer - Experiment
— —— Hermann's Analysis
0.81 —— Present Analysis
0.b7
04 1
021
o :
o 3 G‘ft_f
Fr

Figure 6. Dimensionless Temperature Distribution
at x=60°



ur
G 01. ’
0.0
i Jodlbauer - Experiment
0.5 - — — — Hermann's Analysis
3 Present Analysis
04
0.3. [}
0.2
L]
0.l N\
o 1 L ' 1
o 2 4 6 8 Y *
G
Figure 7. Dimensionless Velocity Distribution
at x=290°
e
Ow
1.0 ¢ Jodlbauer - Experiment
— — — Hermann's Analysis
08 - ——— Present Analysis
001
04
021
O 1 i

2 4 6 8 L
G-

Figure 8, Dimensionless Temperature Distribution
at x=90°

30



1.

2.

3,

4

De

Te

9e
10,

11,

12,

15.

14,

15,
16,

BIBLIOGRAPHY

Martinelli, R, C., and Boelter, L. M. K. The Effect of Vibration
upon the Free Convection from a Horizontal Tube. Proec. 5th
Inter. Congr. Appl. Mech. 578 (1938)

Kubansgkii, P, Ne Currents Around a Heated Solid in a Standing Acous-
tic Wave. Zh. tekh. Fiz (J. Tech. Phys., Moscow) 22, 585 (1952)

Kubanskii, P. N. Currents Around a Heated Solid in a Standing
Acoustic Wave. Trans, U.S.8.R. Academy Sc. 82, (1952)

Lemlich, R. Effect of Vibration on Natural Convection Heat Transfer.
Symposium on Pulsatory and Vibrational Phenomena., Industrial and
Eng. Chem., 47, No. 6 (1955)

Tsui, Y. Ts The Effect of Vibration on Heat Transfer Coefficients,
Ph.D. Thesis, Ohio State University (1953)

Shine, A. J. The Effect of Transverse Vibrations on the Heat Transfer
Rate from a Heated Vertical Plate, M.S. Thesis, Air Inst. of Tech.
Wright=-Patterson Air Force Base, Ohio (1957)

Feand, R. M., and Kaye, J. The Effect of High Intensity Stationary
And Progressive Sound Fields on Free Convection from a Horizontal
Cylinder. WADC Tech. Note 59-18 (1959)

Teleki, C., Fand, R. M. and Kaye, J. The Eff'ect of Vertical Mecha-
nical Vibrations on Free Convection Heat Transfer from a Horizontal
Cylinder in Air. WADC Tech., liote (to be published)

Rayleigh, J. "Theory of Sound" Dover Publications, (1945)

Schlichting, He, Phys. Zeits., 33, 327 (1932)

Andrade, Es N., On the Circulations Caused by Vibration of Air in
a Tube, Proc, ROY. Soc. Lond, Al ﬂ, ""I‘A5 (1951)

Andres, J. M., Steady Flow and Circulations in Sound Fields.
Ph.D. Thesis, M.I.T. Dept. of Phys. (1953)

Andres, J. M. and Ingard, U., Acoustic Streaming at High Reynolds
Numbers. J. Acoust. Soc. Am. 25, 928 (1953)

Andres, J. Mo and Ingard, U, Acoustic Streaming at Low Reynolds
lumbers. J. Acoust. Soc. Am. 25, 932 (1953)

Ostrach, S. NACA TN 3569.

Moorﬂ, F. K. NACA TN 24710

31.



17.

18.

19.

20,

21.

22,

23,
24,

25,

26,

Cheng, S. I. and Elliott, D. Proc. Heat Transfer and Fluid Mechanics
Institute. (1956)

Lighthill, M, Je« The Response of Laminar Skin Friction and Heat
Transfer to Fluctuations in the Stream Velocity. Proc. Roy. Soc.
Lond. A224, 1 (1954)

Nickerson, R. Js The Effect of Free-stream Oscillations on the
Laminar Boundary Layers on a Flat Plate. WADC Tech. Note 57-481

(1958)

Lin, C. C. Motion in the Boundary lLayer with a Rapidly Oscillating
External Flow. 9th Inter. Congr. Appl. llech, p.155 (1957)

Tollmien, We Grenzschichttheorie. Handb. d. Exper.-Physik. IV,
Part I, 248 (1931)

Hermann, R. Heat Transfer by Free Convection from Horizontal
Cylinder in Diatomic Gases., NACA TM 1366.

Jodlbauer, K. Forsch. Ing.-Wes., Bd. &4, 157 (1933)

Coding for MIT-IBM 704 Computer, The Technology Press, lassachusetts
Institute of Technology (1958)

Share Distribution Catalog Nos. 72 and 99, Document Room, M.I.T.
Computation Center,

Share Distribution Catalog No. 279 and 19, Document Room,
MeI.Ts Computation Center.

27.8hare Distribution Catalog No. 525, Document Room, M.I.T. Computation

28

29,

20,

31,

Center,

Hildebrand, P, B. "Introduction to Numerical Analysis® lMcGraw-Hill
Book Co., Inc. (1956)

Jacob, M. "Heat Transfer" John Wiley & Sons, Inc. (1949)

Goldstein, S. "Modern Development in Fluid Dynamics®
Oxford University Press (1938)

Schlichting, He "Boundary Layer Theory" Pergamon Press (1955)

52



