E-RECURSIVELY ENUMERABLE DEGREES
by

Edward R. Griffor
o

B.A., Michigan State University
(1973)

SUEMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS OF THE
DEGREE OF

DOCTOR OF PHILOSOPHY
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June, 1980

® Edward R. Griffor 1580
The author hereby grants to M.I.T. permission to reproduce and

to distribute copies of this thesis document in whole or in
part.

Signature of Author
, 1980

Certified by X

Thesis Supervisor

Accepted by
Chairman, Departmental as

ARCHIVES
MASSACHUSITTS INSTITUTE
CF TECRUCLOGY

JuLnio LD 1980
LIRRARIES



E-Recursively Enumerable Degrees

by

Edward R. Griffor

Submitted to the Department of Mathematics in May, 1980
in partial fulfillment of the requirements for the degree
of Doctor of Philosophy.

ABSTRACT

Normal Kleene recursion is considered in the general
setting of a universe of sets, a formulation due to
Normann and Moschovakis. In Chapter 0 Kleene's original
definitions are reviewed and reformulated as an iteration
of first order definability relative to a predicate. The
theory of the Kr—function for the ncrmal Kleene theory is
reviewed.

Chapter 1 defines E-recursion and recasts it in

terms of hierarchies and constructibility. The Moschovakis

Phenomenon is defined and the k .—theory developed on

initial segments of L.
In Chapter 2, using the parameters n and p first

defined by G. Sacks, we prove

Theorem. p RE-regular —> d minimal pairs of E-RE

degrees.



In Chapter 3, working in E(A)-recursion on

E -closed L(x), we prove

Theorem: A, B C «x, RE with A “<”IE B, but B 5‘1:-: A,

then nA = pA and oA E (A)-RE regular —> § C € k RE

with A <IE C<IE: B. In particular, this shows that the
E -RE degrees are dense, if the assumptions of the

theorem are satisfied for every incomplete RE A.

Chapter 4 reviews absolute notion of degree for non-
L-1ike E-closed sets and indicates changes necessary in
Chapters 2 and 3 to prove the analogous results for these
RE degrees.

The Appendix contains the proofs of two selection

theorems used in the proofs of Chapters 2 and 3.

Thesis Supervisor: Gerald E. Sacks

Title: Professor of Mathematics
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Chapter 0: Recursion in Higher Types

§0. Normal Kleene Recursion

In preparation for our study of recursion in a universe
of sets, we return to the original definition of Kleene
[1959]. The partial recursive functions for recursion in a
normal object of finite type are generated by induction via

a list of nine schemata.

Notation:
a number variable
o function variable of type (1)
q natural number
Y,y functions of indicated variables
® the function being defined.

For the reader's convenience Kleene's schemata are given
below with their "indices" and intended meaning on the
right.

Definition 0.0.0:

s1 p(a,b) = a' = a+l <l,<n -on >>

0’

{successor function)

52 ¢(b) = g <2,<n4,...,n_>,q>

(constant function)



s3 p(a,b) = a <3,<n0,...,nr>>
(projection)
54 9 (b) = vix(b),b) <4,<n0,_..,nr>,g,h>
(composition)
$(0,b) = ¥(b) <5,<n0,...,nr>,g,h>
85
¢(a',b) = y(a,¢p(a,b),b) (primitive recursion)
se6  ¢(a) = ylay) <6,<ngs...,n.>,j.kK,g>

(permutation of

arguments)
s7 pl(a,a,b) = a(a) <7,<n0,...,nr>>
{application)
s8  o(ad,b) = oI (Aa? "%y (a?, 0?7, b)) <8,<ng,...,n.>,3,h>

(application of

type (3))

Kleene adds a scheme 59 in section 3.7 of Kleene [1959]
which we shall consider in a moment.
Let F be a type (2) variable. 1In computing ¢ (F)

we allow ourselves to ask, at any step in computing, F(R)



if a procedure for computing Rg(y) for any y has

arisen.

Remark: (i) ¢(F) 1is computed via a preassigned procedure;

(i1} The only "non-mechanical" step is 8 —> F(B).

Here Kleene departs from classical recursion theory
{(CRT) in that the oracle for F (B} (using computations of
Bly) for y € w) will not, in general, be a finite object.

Returning to Kleene's schemata we note that we need,
in giving an adequate definition of computability, elemen-
tary operations (primitiwve recursive functions) as well as
the ability to "reflect" upon computation procedures
(already set up) as objects. This is to say, we need a
mechanism by which we are allowed to treat procedures al-

ready defined as parts of new computing procedures.

Remark: (i) This added feature of reflection will insure
that there is no means of deciding in general whether a
computaticn procedure terminates.
{(ii) To make precise this notion of reflection,

Kleene assigns numbers or indices (as above} to the recur-
sive functions (used as Gddel numbers) following the con-
ventions: For a primitive recursive function (a),

(a) r = maximum type of aj;

(b) Dgre..,n,_are the numbers of variables

of each type;
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(c) for S4, S5, 86 g and h are the
indices already determined for ¢ and
¥ by descriptions of them as part of

the description of ¢.

Finally, Kleene adds the scheme,

S9 ¢(a,b,c) = {al(b) <9,<n L en _>>

Or.-

<m0,...,ms>
{reflection),

where s = max type of b; m AU the numbers of

O'.-
variables in b of types 0,...,s respectively.
To obtain the partial recursive functions, use
schemata S1-S9 using = as usual and interpreting,
j=2

31,6372, b))

ad (had T x (0,

in S8 to be undefined when Aaj—zx(aj,a]—z,b) is incom-

rletely defined. Since ol is integer valued we may as

well assume that it takes wvalues in {0,1} and hence is,
J . 3 .
a” C tp(j-1) (a” € tp(])).

Nowhere in S8 do we have a3 in its entirety, we are only

allowed to ask questions about its value at particular



11

arguments. Notice that we are not even allowed this
guestion at arbitrary arguments (i.e. elements of
tp(j_z)tp(j-Z)), but only those computed in their entirety
at some "previcus" stage (the height of a computation is
intuitively, the strict upper bound on the heights of its
subcomputations—--our ability to effectively compare the
heights of computations will prove indispensable).

If one views Kleene recursion in a normal object of
type (j) as a hierarchy of objects of type (j-1), then
it is the scheme 58 which embodies the distinction between
recursicon relative to an element of (or "set" in) that
hierarchy and recursion relative to a subset of (or predi-
cate on) that hierarchy. For each predicate ¢(x} on
tp(j-2), given by an integer c¢code and a parameter already
computed, we see what it has given us so far (those X
such that ¢ (x) has already been computed) and this is a
typical element of tp(j-1) available to us for applica-
tion of aj.

The point of view that we are iterating first order
definability relative to a predicate is instructive and was
presented in detail first by Harrington [1973]. This
answers, in part, the "conceptual" questign raised by
Kechris-Moschovakis [1977], namely the relation between

higher types recursion and other work in foundations as

well as its "proper place within definability theory".
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81. Hierarchies and First Order Definability

In this section we endeavor to make explicit the
models of Kleene's S1-S9 where uj is of type (j). We
use symbols F, G or E for functionals and add a
superscript to indicate their type, for example, n+2E‘

is a functional of type (n+2). This notation should

n+2

serve to remind the reader that Ir takes elements of
type(n)type(n) = {f : £ : type(n) —> type(n)} as argu-
ments, i.e. dom(n+2mﬂ C type(n+l). We fix, for n € u,
x € type{(n+l), the functional

0, 41if X # @

n+21E(X) -
l, if ¥ = 2.
. n+2 . .

Definition 0.1.1: iy is normal, if for some e an

index generated by S1-59,

{e}(n+2]F) - n+2IE .

We shall be concerned only with normal higher type objects.
Normality will be the source of our ability to compare
heights of computations and of a "bounding principle" or

limited replacement in models for S1-59. The hierarchy
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defined below, focllowing Harrington [1973], has precursors

in hyperarithmetic theory introduced by Shoenfield [1968].
n+2

Fix an n =2 0 and a normal F. Let I = type{(n),
the individuals. Given an X C I, let {e}s denote the
et—h- type (n+l}) functional primitive recursive in X and
n+21E . If I is R{w+n) = the collection of sets of rank

< w+n, then consider the structure <I,€,X>. Fix a Gddel
numbering of formulae and let {e}§ be the eEll function

from I into w which is first order definable over

<I,€,X>. Let

X X
We = {a €1 | {e}p(a) = 0}.
Definition 0.1.2: Define O0F C I and | F OIF —>
ordinals and o € range |- IJF ’ HCIIF C I. By simultaneous
induction for each a € I, define Of and
Ir F .
|+l : 0, —> ordinals:
OIF={<m,a> |m€O]F/\ a € I}
T F F _
|<m,a>|" = im[] ; Hy =2
i Hy
H ;1 = {<e,a,0> [ a€wW_ "~ }u
<«a¥ >
{<e,a,x+1> | JF({e}p 93y = x1, and
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H)\]F = {<b,c> | b € (}IF N [b]]F<l N c e H]F IE‘}
|B]
Remark: From now on we write TF  for n+2E‘ and omit
superscripts where understood.
(1) 1 € Oa’ |l|a =0
(ii) xe 0, =2%e ¢ and |2%|_ = |x]_. +1
a a a a
(1ii) m, e € w, if me 0, [m[, =0 and if
<H > m m _e
W gra C 0, then 3 -5% e Oa' 3757 | = least

limit ordinal > ¢ and > |b|, for each

cg,a
b € W

From this definition we can give sense to the expression

{e}7(a) =x for e€w, a€I i.e. let e = <eyreq >,
e, € 0, and {el} (a) = x. Then {el}l  (a)i
(defined) simply means that for some x, {e}Ewa) = X.
Definition 0.1.3: (i) ¢ : type(n+2) —> w 1is REC in
F, if FZ e and VY G € type(n+2),
(6) = {e3*F % (0).
(ii) A C type(n+2) is RE in T (recursively enumer-
able), if (3 e)(¥ G € type(n+2))
Gea= {e}F (0.
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There are some ordinal parameters associated with this
. i . . +

hierarchy. That these definitions of recursion in n 215‘

agree with those of Kleene can be verified as in Schoenfield

[1968].

Definition 0.1.4: Fix normal n+2:|F and let,

KOIF = sup{|m]]0F | m € O(I)F}, for 1 <n

. r
Kj]i? = sup{|m|f | a € type(i) A m € Oa}
= sup{K;]F'a> | a € type(i)}

iy IF \
n I N ordinals.

For ¢ € On’ g recursive in T iff H0 recursive in

¥ .
o constructive in F 1iff o = Im|OIF, for some
F
S .
m 00
Remark: (i) From now on omit ¥ as superscript where
. <
understood and denote for a € I, 1 € n Ki]F'a> by
a
K
1

{(ii) Definition 0.1.4 can easily be relativized to

a € I.



16
Recall the meaning given above to the expression {e}X
as the eEE function from I into w which is first
order definable over the structure «I,€,X>. Then the
"sets" of the form,

Wz = {a €1 | {e}i(a) = 0}

as e ranges over a fixed G&del numbering of formulae are
nothing more than the collection of subsets of I first
order definable over <I,€,X>. With this in mind it's
clear that the universe for Kleene recursion in normal
n+2E‘ is nothing more than the result of iterating first
order definability over a set of individuals, passing
through limit stages only when we have defined an effective
procedure which generates ordinals unbounded in that limit.
What is called T above is the first limit ordinal

where we fail to generate such a procedure. The following

precise expression of this is due to Harrington.

Definition 0.1.5: For o € On, define LG{Ej as:

LO[EW =TI
Loy [F1 = {x c L, [F] | X is first order definable

with parameters over
SL,(F] ,&,F [ (type(n+l) N1 [F])>}

L, [F = U L.,[F]. Let M [F] denote the structure,
A §<3 ) o
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<LU[IIF] ,€,F |* (type(n+l) ﬂLU[JF])>

and | be the first order language appropriate to the

structures MO[EG . L:F[Eﬂ is then the structure for

K

, . + . "
normal Kleene recursion in n ZE‘. The above is Godel's

constructible hierarchy relativized to a predicate T,
constructing over I. For details the reader is directed

to Harrington [1973].

Remarks: (i) There is a one-to-one correspondence

e <—> ¢e between integers and Zl formulae of L, such

that ¥ G € type(n+2),

(e} TS0 1 = <F,6 (<F,G>) b o

0 e

(ii) A C I 1is RE in ¥ 1iff there is a Zl p € L

such that ¥ a € I,

a€EA+M a[E1|= ¢ (a).
“0

Here and in many similar situations we will have

< >
KOa,E‘ < KE1. Thus, writing Kg for K;a,mb , the
study of RE subsets of I for L:F[Eﬂ is the study of
©
the function a —> Kg for a € I. For n=1 the

structures LKEJ

F] will not be El—admissible and it is



18

this theme of inadmissibility that gives this theory its
peculiar flavor. There 1is, in fact, a Zl formula

¢{x) € L such that (¥ a € I)

MKIF[ZIF] = ¢(a)

however

M a[m],[e bia).
Ko

§2. Zl—Reflecting Ordinals and Selection

In general we say that a theory of recursive
enumerability admits of full selection just in case for
any RE set A defined by ¢e (for some G&del number e),
if A # @, then there is a uniform way of passing from e
to a non-empty REC subset 2 C A. In CRT this amounts to say-
ing that given an index e for a non-empty, recursively enumer-
able set of natural numbers We’ there is a recursive
function £ such that f(e) € We. The procedure £ will,
of course, diverge if We = f and can be taken to equal
3

the least integer in We' Even for L [

|€3JE

much to hope for since we cannot even make sense of the

IE] this is too

"least" a € 2“ in the absence of well-ordering of 2%,

In this section we will review the limited selection theorems
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for L EJIF] and develop the theory of Zl-reflecting
K

ordinals that results from the failure of full selection.
It is this reflection phenomenon which will form the basis

for the priority method here and in more general settings.

Definition 0.2.1: {i) For ae€ I and g < KE‘ call «a

an a-reflecting ordinal, if for all Zl—formulae,

dp(x) € L

M IFlE o(a) = M [F] F ¢(a);
K
0
(ii) the limit of a-reflecting ordinals is clearly

a-reflecting so let Ki = greatest a-reflecting ordinal

(i.e. there is a Zl formula ea(x) in L such that

M _IFlf 8 (a), but M _ [FlF 6_(a)).

K<
Ko r 1

The following proposition gives a hint of the connec-
tion between reflecting ordinals and selection principles.
If X = L:F[Eﬂ, we say that a € I selects over X, 1if

K
whenever A € X, non-empty and RE in <a,x>, then there

is a 2 ¢ A, non-empty and REC in <a,x>.

Proposition 0.2.2: Let X € L [F] and a € I, then the

F
K
following are equivalent:
(i) a selects over X.
(11) (¢ £ e x) [J3HE = (S

Proof. (i) —> (ii). Suppose (ii} fails, then
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is RE in <a,x>, non-empty and clearly a does not select

on R,
(ii) —> (i). Let RC X be RE in <a,x>, via e,
then (I t € X) (T y <y X
LY[EW  v'[|{e}(t,a,x)| < y'], but
K<a,x,t> < K<a,x,t> - K<a,x>' so
0 r r
LK<a’x>[Eﬁ}= (4 te x)(Fy)[l{et(t,a,x)] =v],
r
so by reflection,
L <a’x>[JF]I= (Tt e x)(T y)[{{e}lt,a,x)] = v].
0
Then Gandy Selection computes such a . O

Thus the presence of an effective selection operator
over a set X 1s equivalent to a crude ordinal bound on
computations in elements of X.

The following two results establish selection princi-

ples for particular X € L ]F[JF] .
K

(Gandy Selection). There is a partial recursive operator ¢
such that for A C w A RE in <a,TF> via e for ae€ I,
(i) ¢(e,a)l <—> A # g and if A # 7,

{ii) ¢ (e,a) € A,

This result is proved using stage comparison and the
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recursion theorem for normal Kleene recursion. One conse-
quence of Gandy selection is that the union of RE sets is
RE. It states, in effect, that the family of RE sets is

closed under existential quantification over integers.

(Grilliot Selection). Let n =1 and TF of type (n+2)
normal and J = type(n-1) (subindividuals}. There is a
partial recursive operator ¢ such that for A C J, A RE
in <a,I>» via e for a € I,

(1) ¢(e,a)d <—> A # @F and 1f A # 4,

(i) z ={je J | |<e,aj>|]F < |¢(e,a)|md is a non-

empty REC in <a,¢,F> subset of A.

Grilliot's selection principle tells us that for any

a€ I and any I formula ¢(X) in L, if

1

M [F] = o(a), then
n-1

n _[F] = ¢(a).
<0
In other words, if ¢(a) 1is true at some ordinal recursive
in a, F and some subindividual 3j € I, then ¢(a) 1is
true at some ordinal recursive in a, F . As a consequence,
the RE in a, TF (for a € I) subsets of I are closed
under the quantifier 3 j € J. The proof of Gandy Selection
can be found in Moldestad [1977] and that of Grilliot selec-

tion in Harrington-MacQueen [1976].
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A natural question is then whether the family of RE in
<a,IF> (for some a € I) subsets of I are closed under
¥ b € I. The answer, due to Moschovakis [1967], 1s a re-

sounding "not".

Lemma 0.2.3 (Kechris [1973]): For a € I, 1if B 1is a non-

empty subset of I, c¢o-RE in <IF,a>, then there is a

<a,b> a
k! € k

b € B such that r

Proof. Suppose not and take I formula 4(x) in [

1
such that
Mo IF] E ¢(a), but
K +1
r
M _IF] f ol(a).
“0
For all b € B, by assumption K;a'b> > Ki and so

MK<a’b> [F] F 9(a).
r

By reflection

Mo, ps [F1E ().
“0

Since B 1is co-RE in <TF,a>, there is a El formula

v({x,y) of L such that
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(¢ be I)[b & B iff M 'b>[IE‘]I= v(a,b}]l. Thus,

<a

“0
(¢be DM , ,,[FlF ylab) Vela)l
K ’ .
0

and by bounding

(v b€ I)M [F] = w(a,b) Vé(a)].
K
0

Since B # @8, 3 b € I such that

M IF] E w(a,b) and so
K
0

M _IF] F ¢(a),
Ko

contradicting the choice of ¢(x). O

Results of this sort are often called basis thecrems,
the point here is that if a co-RE set has an element, then

it has an element whose I.,-reflecting ordinals are

1
bounded by those of its defining parameter.

Intuitively, a computation is convergent iff its
computation tree is well-founded. Through the computation
tree of a divergent computatiocon is an infinite descending

path of subcomputations and divergence is a c¢o—-RE phenom-

enon. The next theorem states that, with sufficient
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coding and the basis result of the previous lemma, that

witness to divergence will be in L:F[Iﬂ.
K

Theorem 0.2.4 (Moschovakis [1967]): For any subset A of

I RE in <a,IF> for a € I, there is a relation R(Xx,vy)

on I RE in <a,IF> such that,

(f a€ I)[agA iff (I b € I)R{a,b)].
Proof. Consider A = O]F the universal RE in T
subset of I. Define an RE in F predicate

R'(x,y) €I x I by: R'(b,c} =

(i) b = <2m,a'> for some a' € I and for some
me w, then ¢ = <m,a'>;
(ii}) b = <3m-5e,a'> for some a' € I and some
m, e€yw and if ¢ # <m,a'>, then <m,a'> € OE‘,
< '>
lm|gi =g and c¢ € WeHU’a

(iii) if Y a' €I ¥ m, e € wlb # <2™,a'> and
b # <3m-5e,a'>], then ¢ =0
(iv) ¥ a' € 1[b # <l,a'>].
Then R'(x,y) gives the relation of being an immediate

subcomputation in L [F]. In the case that some b & O]F

[ KJF

we can then use R'(x,y) to assert that fact by asserting
that there is an encoding of path through the tree of
subcomputations. R'(x,y) fails to be REC because of

clause (ii). More precisely,
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(a) if R'(b,c) and b€ 0F, then c € 0F and

H and
b) if b & 0F, then (T ce I)ic & 0FAR (b,c)].

Define R by:
R{a,b) « [b € I A (b)y =a A

(¢ i € w) [R'((b);, (D) 11.

i+l

To see that R(a,b) defines a ¢ 0f : If ac 0 and

R(a,b), then by (a)

r

¥ F
lal™ = [(B)yl” > [® 7 > ...,

an infinite descending chain of ordinals, which is absurd.

If a & OE‘, then one can find (bo,b such that

l,.--

). 1.e. taking b = <b,,b >

b, = a and R (bi,bi+ grPqrey

0 1
then R(a,b) holds. O

A path through the computation tree of a divergent

a EI will be called a Moschovakis Witness to its diver-

gence. As a consequence of Theorem 0.2.4, L:F[Eﬂ is
K

not El-admissible for n+2E‘ normal with n = 1. And

the IF=-RE subsets of I are not closed under the

quantifier I b € I.
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The next result, due to Harrington [1973], brings
together the basis theorem of Kechris and the apparently
negative result of Moschovakis to characterize the rela-
tion between I reflecting ordinals and this failure of

1

selection over 1I.

)

Theorem 0.2.5 (Harrington): There is a formula (not I

1
in [, 8(x), such that for all a € I,

M _IF] k= o(a),

K
r

but for all o < Ki ’
M [F] F 6(a).

Remark: We include Harrington's proof of this theorem to
make 6(x) explicit. This result will allow us to turn a
failure of selection into a powerful tool in preserving
computations relative to an oracle in the setting of a
priority argument. The import is that looking down from

a

K. is the same as looking down from KE‘ when it comes

tce facts REC in <a,IF> .

Proof. Since the predicate R'(x,y} of Thecrem
0.2.4 is RE in T, +there is a El formula ¢(x,y}) 1in

such that,
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(¢ b, ¢ € I)[R(b,c) iff M . _ (F] } ¢(b,c) iff
K r

0
MIE.[ZIF]|= ¢(b,c)]. Let y(x) be a £, formula of |
< |
such that, (Ya€ I)[ae 0F iff M _[Fl} y(a)l. Let
K
0

8 (x) be the following formula of L:
B(x) ¢« (¥m¢€ w)[p{<mx>) VI DbeTI

[b = <b0,b > and b. = <m,x>

l;o-- 0

and (¥ i € w)¢(bi,b )11,

i+l
Thus for o € On and a € I, if

M_[F] F 6(a), then

(¥ m€ w)m € Of‘ iff M_[F] F wi<m,a>)]

and therefore ¢ > Kg and o = Ki , for otherwise this

fact would reflect below Ki , a contradiction.

Claim: For any a € I, M a[Eﬂ = 6(a).

K
r

Procf of Claim. Given m € w such that <m,a> & OE:

find b = <b0,bl,...> € I such that R{<m,a>,b) and

<bijbi1” A
(¢ i € w)[Kr < Kr]. Construct b as follows:
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b,
. Ir i a
= s.,<_‘ ’
b0 <m,a> and given bi g 0 such that < K
find bi+l & (0 such that R (bi,bi+l) and
<b.,b.+l>
K- 1 < Ki- As was already remarked, this presents no

m' e

problem except in the case that bi = <3 «57,a'> for some

a' € I, m'e€w and <m',a'> € ¢, an "I-branching" in
Ir

the computation tree. Let o = jm']a. and

T <H0,a'>
B={ceIlI | cgo¢ Nce W, } which is co-RE in
<bi,E5 . B # @, for otherwise bi € OE1, contradicting
the choice of bi' By Lemma 0.2.3 of Kechris, d bi+l € B
such that

<b"'b:.+l> < i¢ 2

K'r K = r*
b = <b0,bl,...> is the desired Moschovakis Witness (MwW). O

The following facts are easily verified using Theorem

0.2.5.
. g _
Facts: Let Kr = Kr ’
. =1
A4 € <
(1) (¥ a I) K K.
(i1) (¥ a € I) [k, < Ki H_~ is REC in <F,a>]

r
(iii) B S I, B # @ co-RE, then there is a non-empty

subset of B primitive recursive in HI< (so H'< can
r r

select from a non-empty co-RE set).
{iv) {Kechris) A C I, RE in T has non-empty REC

-

in =¥ subset iff (4 a € A)[KO .
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Remark: The reader can consult Harrington [1973] for the

proofs of (i) - (iv).

Notice that fact (iv) gives the precise connection

between selection and I.-reflecting ordinals. Relativiz-

1
ing fact (ii) to a € I and using Thecrem 0.2.5 H

K
r

contains all information needed to decide the predicate

11 JE"“
m € Ua .

Proposition 0.2.6: Let F € type(n+2) be normal with

n>1, then if X € L:F[Ej and, sup Kt = KE‘, then

K teX r

sup KE = ¥,
teX

Proof. Notice first that Theorem 0.2.4 implies that,
a Ir

(¥ a € I)[Kr < k] . Suppose the proposition fails and
fix X e L JF[IE‘] such that,
K
sup K; = KE‘, but

teX

sup KS < 8§, <k
tEX

We know that sup Ki = KE1, so take ag € I such that
acsl

I > §,.. Then there exists a o0 < KE1 such that,

M_[TF) = 8 (ag),
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where 8 (x) is the formula of L constructed in Theorem

0.2.5. By reflection,

Mg (F] - 6(ay)

a
and so Kro < 60, which contradicts the choice of ao. 0

This proposition will allow us to make use of the
upper bound, given uniformly by Harrington's 6(x), in
preserving a computation {e}A(a) where A 1is an oracle
for some predicate on I, e € w and a € I. Through pre-
serving the value of the characteristic function of A we
will not only be able to insure that {el}™(a)’ for the

final A, but, in fact, that {e}®(a)? for the final A,

<@a,a>
ANk 7 a

{e} r {a)t. The fact that K. <k for a € I tells
us that we need only preserve A's values through K;e’a>
to insure the behavior of {e}®(a)! The details of this

preservation strategy will be given in our chapter on RE

degrees.
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Chapter 1: E-Recursion

80. Background

This section is intended as an introduction to the
thecry of recursion on a universe of sets which was intro-
duced independently by D. Normann [1978] and Y. N.
Moschovakis [1976]. E-recursion will be the theory of
partial recursive set functions, that is, functions whose
domain is contained in a universe of sets and which take
sets as values.

The thought behind Normann's introduction of "Set
Recursion” was that the companion for Kleene recursion in
normal objects of finite type was easily identified with
a natural universe for set recursion. Thus priority
arguments can be carried out in this much more familiar
set-theoretic setting and hence one can draw conclusions
about the degrees of functionals. The success of that pro-
gram is evidenced by Normann's results on Post's Problem
and the existence of a minimal pair [1975] for Kleene
recursion in a normal function TF of type-{(n+2) for
n = 1. Set recursion was the result of Normann's study of
the companion of a normal functional of finite type.

The computation theory that resulted was far more
general in nature than had been suggested by the intended

application. 1In contrast to a- and R-recrusion
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theories, one is given a priori search only over the
integers. As a result it is a theory based on the notion
of a computation and this notion is absolute between
models of the theory, provided one insists that they be
transitive. That is, given a domain M which is E-
closed (closed with respect to IE-REC functions, a
notion which will be made precise momentarily) and given
e € w and x € M, then the computation ({e}(x}) is
convergent in M 1f and only if it is in V. Associated
with such an e and x in M is a computation tree,
where branching is given by the relation of being a
subcomputation and to say that {el}l(x) converges is
simply to assert that the associated computation tree is
well-founded. Thus, just as in classical recursion
theory, a set x will be put into an RE collection of
sets just in case there is a well-founded computation tree
on X which is "computable" from x and a definition of
that RE collecticon. A typical step in such a computation
will compute a set W and then apply a preassigned pro-
cedure to each element y of W. So, unlike CRT, the
branching in a computation tree is potentially infinite
depending on the "size" of W. As a result the very exis-
tence of solutions to many priority arguments will depend
on the character of the power set operation and the exis-
tence of intimate ties between the sets of the recursion-

theoretic universe and its ordinals.
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§l. E-Recursive Functions

The domain for E-Recrusion will be the universe of
sets. If R C V, the universe, and R & V, then computa-
tion relative to R means that we may ask if a given x € V
is an element of R in the course of computing. In other
words, if we have generated a set x in the process of
computation we are allowed to compute x N R and treat it
as a set. By this we simply mean that we are allowed to
treat x N R as a finite entity, we may use all information
about x N R or information uniformly derived from elements
of it at the same time. The notion of relative computabil-
ity is reflected in scheme (vi). E-recursion is nothing
mere than the rudimentary set functions of Jensen (cf.
Devlin [1973]) augmented by a reflection (Kleene [1959]) or
diagonalization (Normann {1978]) scheme.

Let R C V be a relation. Define the functions par-
tial recursive relative to R with index e by the

following schemes:

Definition 1.1.1:

(1) f(xl,...,xn) = Xy e = <1,n,1i>
{projection)
{i1) f(xl, ..,xn) = xi\xj e = <2,n,i,Jj>

(difference)



(1ii)

(1v)

(v)

(vi)

(vii)

Remark:

is defined for all vy € x

34

f(xl,...,fn) = {xi,xj} e = <3,n,i,j>
(unordered pair)
f(xl,.. ,xn) = h(y,xz,...,xn)
YEX,
i
e = <4,n,e'>,
where e is an
index for h.
ftxlr---rxn) = h(gl(xlr---rxn)r---rgm(xlr---rxn))
e = <5,n,m,e',el,...,em>,
where e is an index for h
and el,...,em are 1ndices
for Gyreeer9s respectively.
f(xl,...,xn) ~ xi N R e = <6,n,i>
Ele, X X .y vy ) = {etR(x %)
l’ lf"'r nl’ l!"'l m l!"'l’ n
e = <7,n,m>.
Scheme (iv) is defined just in case h(y,xz,...,xn

1
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The partial functions defined by these schemes are

called IE-recursive relative to R and are denoted {e}R.

All functions that are rudimentary in R will be E-

recursive relative to R (E(R}- recursive). Since the con-

stant functions n, for n € w are rudimentary, they will
be E-recursive. Arguments may be commuted via schemata
(1) and (v).

Because the I E-recursive (IE-REC} functions are
generated inductively via these schemata, canonical notions
of length of computation, subcomputation and computation
tree are easily derived from Definition 1.l1.1. Standard
provfs yield the recursion theorems and the s;—theorem.
The following two results are due to Normann [1978] in
E- recursion and are two important aspects of the theory's

flavor.

Lemma 1.1.2 (Nermality). There is in E-recursion an index

e such that for arbitrary R, x, e, X3

( ; R -
0, if (¥ y € X)[{el} (y,x) = 0]

fe}f(x,e,x) = <

1, if (W y € x)f{el}R(y,;)¢] and

(2 y € x){{el}R(y,Q) # 0]

where "1" 1indicates "is defined".
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Proof. Take ¢ rudimentary such that

li
o

and

¢ (0)

¢ (x) 1, for all x # #4.

Sc assume that {el}R is a characteristic function taking

values in {0,1} and let

{e}R(x.el,§) = \J {el}R(y,i*)
vEX

using scheme (iv). O

This lemma justifies the use of the term "IE-Recursion”
in analogy to the source of normality of a functional

n+2 n+ . . . n+2
IF, namely ZE: 1s recursive 1n F where,

e

0, 4f (¥ o) [{e}(ad,a) = 0]

n+2EHla{e}(aj,a)) = <

1, if (¥ a)[{e}(dj,u) ] and

L (T o) [{e}(ad,a) # 0]

The computability of the {e}R of Lemma 1.1.2 demonstrates

sense in which
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arguments or sets are "finite" in the tradition of many
generalized recursion theories. Information uniformly

derived from a set can be used in its entirety.

Lemma 1.1.3 (Stage Comparison). There is an E-REC func-

tion p{x,y) such that p(a,b) iff al or bi, where

a and b are computations and

0 if fal < Ibl
pla,b) =
1 if lalb > Ibl.

(I -l refers to the canonical function giving the length of

its argument, a computation.)

Proof. (Sketch) Apply recursion theorem to the
definitions of a and b via the schemes. For the de-
tails of a similar argument see Moldestad [ 1977 ], where

. . . n+2 .
this result for recursion in a normal IF is proven. 0O

An immediate corcollary of Lemma 1.1.3 is what we

called Gandy Selection in the previcous chapter.

Corollary l.1.4 (Gandy Selection). There is in  E-~-recur-

. . —>
sion an index e such that for any R, e X,

ll’

fe}¥(e,X)¢ = (@ n € w) [{ey 3, 3)41,
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and then
(e R (le}R ey /) 3.

Again we refer the reader to Moldestad [1977] for proof.
There are two points we would like to emphasize before

making explicit the relation between [E-recursion and the

hierarchies of Chapter 0. First is that Scheme (iv)

embodies what we will refer to as an effective bounding

principle, a notion familiar to generalized recursion
theory (for example, hyperarithmetic theory). Secondly,
and as a conseguence of this bounding principle, one can
regard [E-recursion as a minimal formalization of the
notion of Effective Transfinite Recursion (ETR). It is
the presence of ETR, provable from schemata (i) - (vii),
which gives a normed theory, i.e. an effective means of
measuring the length of computation. For the moment let us
say that a set M 1is 1IE-closed 1iff M is transitive,
closed under pairing and if e is an index for an E-~-REC
function on M, X € M, then {el{x)} —> {el}l(x)E M
{recall the E-REC functions are set-valued). We cannot
yet give the precise definition of being E-closed, but

this intuition should motivate much of what follows.
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§2. Hierarchies of Computations

This section will present a definition of IE-recursion
in terms of hierarchies of computations. This definition is
a straightforward generalization of the hierarchies for re-
cursion in higher types of the last chapter as pioneered by
Schoenfield [1968]1, Grilliot [1969]. The equivalence of
this definition for normal Kleene recursion to that via
schemata can be found in Normann [1978]. The hierarchical
definition serves to make explicit both the definition of
computable set function and our choice of the domain for
E- recursion. The reader should keep in mind the hierarchy
for Kleene recursion in a normal n+2E‘ as we proceed.

Preliminary to our final notion of computability is
that of primitive recursions. Let X € V and fix a Godel

}X be the e—t‘i-11

numbering of first order formulae. Let {e
function from the TC(X) into w, which is first order
definable over the structure <TC(X),e,X> (TC(X) denotes
the transitive closure of X). Then Wé = {a € TC(X)
{e}x(a) = 0} 1is the eE}l subset of TC(X}) which is
primitive recursive in X.

Define now by simultaneous effective transfinite re-

cursion for each <a,X> with a € TC(X) a set of

<a, X> |_|<a,x> . <a,X>

integers, and a map —> On,

the ordinals. For each ordinal number ¢ 1in the range of

<a,X> .
{«]"%"*", as a ranges over TC(X), define sets H?.
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OX

Let <a,X>}

|e[<a,x>.

= {<n,a> | n € ¢ and |<e,a>[X =

For A an E-closed set let (& = J OX, then the

X<A
induction proceeds as follows,
Definition 1.2.0:
. > < >
(i) 1€ 0% 1% % <0 ana Hg = g;
. < >
(ii) If n € o< x> ana In| arx> _ o, then
< > < > <
2R e A%, B arx> o |n| a&%> L1 =0+ 1 and
X Hy
Hc+l = {<e,a,0> : a € We j

and finally,

. , . <m %> n w5
(iii) Given m, e € w, if m € 03 X> Im] a,X> _
X
H ,a,X
< >
and W7 c 0%, then 3™.5% € 09X et

m e|<a,x>

[37-5 = first limit ordinal X

Hx,a,X

A > supfol U {|b|* |pew_° }.

H§ = {<b,c> | b€ AN b|¥ <A Ac g t,

the effective disjoint union of the Hﬁ'

s foxr o < A,
From this hierarchy of primitive recursive set opera-

tions we define the usual recursion theoretic notions.
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Definition 1.2.1:

(1) A set Y C TC(X) is E~-recursive {(IE-REC) in
a,x
H
. |<m,a>[X
a, X for some a € TC(X) if Y = We for some
<a,X> . . .
me 0 and some e € . This relation is denoted by

¥Y< a, X.

(i1) Y < TC(X) is E-recursively enumerable (IE-RE)
<b,X>
}.

in a, X if d e € w Y = {b &€ TC(X) : e € ¢

We now turn to two notions of relative computability

over a fixed E-closed set A, where

Definition 1.2.2: A set M is E-closed, if M 1is

transitive, closed under pairing and given any X € M and
N4 IE-REC in X, 1if Y 1is an effective code for a set
2, then 2 & M.

By an effective code we mean that every element of Y
is an ordered pair and the partial order computed from Y
is the diagram for the €&-relation in TC(Z). Thus 1.2.2
says simply that any 2 E-recursively constructed from
some X € A is an element of A. Call the least E-
closed set with X as an element the [E-closure of X
(E-cl{(X)} . 1In analogy with the previous chapter, there
are some important ordinal parameters associated with X

and its E-closure.
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Definition 1.2.3:

<a > <a > <a,xX> .
7 e o X }; Ko ' is

the supremum of the heights of prewellorderings of TC(X)

which are recursive in a, X.

{1ii) & = sup{|<m,a>|x : <m,a> € Ox}; then Kx is the

height of the E-closure of X.

Fix an E-closed set M E~cl(X) and z € M then,

Definition 1.2.4: A set Y € TC(X) is [E-recursive in a,

a,%,a
. H[<m a>| %2
X, Z for some a &€ TC(X), 1if Y = We ' for some
<a,¥,?> . . .
me 0 & x and some e € w. This relation is expressed
by ¥ éﬂa X, a, Z.

Proposition 1.2.5: Suppose M = E-cl(X) and z € M, then
OX

OX,Z

. . . . X
is recursively isomorphic to above |z]|”.

Proof. (Sketch) We have trivially that Kx = KX'Z.

Using a2 new definition of the hierarchy with H?'Z = z and

proceeding by ETR on X yields the result. Intuitively,

X, 2

there is a natural embedding of OX into ¢ and with

the parameter z € E-closure of X that embedding can be

reversed. The details of the proof are omitted. 0O

This situation is altered radically if we consider

OX’A for A some unbounded subclass of Ox or if

A = IE-cl(X). For such an A we will have that KA'X > KX,

since by the above this corresponds to the IE-closure
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(A,X). Thus for purposes of relative IE-computability on
Ox we give a definition based on 1.2.0 relativized to

predicate on OX. This corresponds to the effect of scheme
(vi}. It may still be the case that KX'A > KX, however

for an interesting recursion-thecretic choice of A we will

have that E(A)-cl(X) E-cl(X) and x> = «X'®. These RE
A's will be called hyperregular.
Definition 1.2.6: A C TC(X), a € TC(X),
(i) 1 & O<a’X'A>; ]l[<a’X’A> = 0 and
X,A _
HO =g
(i1) If n e 0% XB> tnen 27 e o XB> .19 if
l |<a,X,A> s  then I2nl<a,X,A> - | |<a,X,A> +1=g+1;
and
X,A
’ ,A
Hgi? = {<e,a,0> ¢ a € Wec 1
Finally,

. , . < > < >
(iii) Given m, e € w if m€e ¢ arX,a , |m| a,XA> _

HX'A

2., X,A
and Weo < OX'A, then 3M.5% € <3 %B> 1.
> . . .
|3m_5e|<a,X,A = first limit ordinal A, X > sup{cl U
HX'A,a,X,A

{b|*® | b e W’ }. Let
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X'A /\ [ |X’A

H = {<b,c> : b € ( b <A Nce€H

the effective disjoint union of the H?’A's for o < A.

From this hierarchy of primitive recursive set opera-
tions relative to A we can now derive the relative notions

of computability.

Definition 1.2.7: (1) A set Y C TC(X) 1is E (A) -recur-

sive (IE(A)-REC) in a, X for some a € TC{X) if

Ha,X,A
w |<mea>

e

XA

<a,X,A>

Y = for some m € ¢ and some e € y.

This relation is expressed by Y < X, a.

E(a)
(ii) A set Y C TC(X) is E(A)-recursively enumer-

able (E(A)=-RE) in a, X if T e € @

<b,X,A>}

<
I

{b € TC(X) : ¢ € (

This will be our choice of relative computability and
before the end of this section we focus on the case of =E-
closed initial segments of L, Godel's constructible uni-
verse. Before that we note two facts about certain IE-RE

subsets of TC(X).

Definition 1.2.8: K C TC(X) 1is complete E-RE over

A = E-cl(X), if for all E-RE 2 C TC(X), I < X, K.
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Remark: For this choice of K, KX’K > Kx since

0% € E(K)-cl(X). K can be thought ¢f as the canonical

complete IE-RE subclass of TC(X), 1i.e.
x'a
K = {<g,a> : e € ( Nae TC(X) Ne € uwl.

Definition 1.2.9: (i) A € TC(X) is regular, if for all

x € E-cl{X), AN x € E-cl(X).

(ii) A C TC(X) is hyperregular, if E(A}=-cl(X) =

E-cl(¥X) .

Proposition 1.2.10: Let A C TC{X) be E-RE and

incomplete, then A 1is hyperregular, in particular,
AX X
K = g,

Proof. First observe that any incomplete RE A 1is

regular, for otherwise take 2z, € E-cl(X} = M such that,

0
AN zZg Z M.
Now with zy as a parameter define f : 2 — On " M by,
OX,<b,a>
le| , if a&an zg
f(a) =
0 ;, if a &€ ANz

O r
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where e € u and b TC(X) and <e,b> 1is an index for

A as an RE set. Then using z, € M and the fact that

f Z4 (viewing f as a set), we have,

SE(A)

Claim: A 1is complete.

Proof of Claim. Suffices to show that Ox QE: A, z

oxr OX < £, z but

E 0’

be 90X «<—> (@ 0 < sup(rng(£)))[b € o;‘].

Suppese A is non-hyperregular and so, in particular,
On M E(A)-cl(X) > On N E-cl(X).

Thus g § < KX and IE-REC f such that
(i) f \N§ total, and
(ii) sup f£ly) = «.

y<§
But, as before

be 0X <—> (3 0 <sup £(y)) [b € ofjl,

v<§
contradicting A incomplete.l

Remark: Suppose there is an IE-REC well-ordering of TC(X).
That there is a regular complete E-RE set was first noticed

by G. Sacks [1980].
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Proposition 1.2.11: The RE predicates in E-recursion are

closed under the gquantifier T n € w.

Proof. Immediate from Gandy Selection. O

Corollary 1.2.12: If K;a'x> = ¢X for some a € TC(X),

then E-cl(X} 1is Zl—admissible.

Proof. Since the integer notations relative to <a,X>

are unbounded in OX an arbitrary guantifier I t < X

can be converted into T e € w I t < |<e,a>| x- Then apply

¢
Gandy Selection. O

Proposition 1.2.13 (Moschovakis): There is a r.e. in X
relation <R C TC(X) x TC(X) such that
¥ e € w¥Y b € TC(X)[<e,b>EEOx <==> <_ , restricted to

"R

{b € TC(X) : b <R <e,b>} 1is well-founded].

Proof. <R is defined inductively. Say that y 1is

an immediate subcomputation of x, if

(i) x = <0,a> then x has no immediate subcomputa-

tions.
(i1) x = <2n,a> and y = <n,a>.
(iii) x = <3™5%,a> and y = <m,a> or <m,a> € 0%
gXra
|<m,a>|x
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(iv) none of the above then y = x.

Let z <R Yy 1f there is a finite sequence Ygre--1¥p, such

that Yis1 is an immediate subcomputation of Y 1 Yo T Y
and Y, = z- <R is r.e. since 0% is. Given y, then
y € Ox iff <R is wellfounded below v.

(=>) by ETR on [y[ox and

(¢<=) by ETR on |y|<R which is well defined if <, is

wellfounded below y. O

Definition 1.2.14: An IE-closed set A satisfies the

Moschovakis Phenomenon (MP) if: Taking < as in 1.2.13,

R

if <R is not well-founded below a point b, then there

is an infinite descending <R—chain below b in A. Such

a sequence will be referred to as a Moschovakis Witness

for b.

Among the examples of E-closed sets satisfying MP are:

(1) The companion structure for Kleene recursion in
K*2E  (Normann [1978] and Moschovakis [1976]);

(ii) an inadmissible =E-closed L(x), and

{(iii} any E-closed set A modelling the CO-RE

dependent choice scheme, i.e. A DCw(R), where R 1is
CO-RE, and DC@(R):

(¥ x} (@ y}IR(x,y) —> (@ z)(¥ i € w) [R((Z)i'(Z) y1.

i+l
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As in Chapter 0 we will now recast 0% in the setting
of constructibility. The reader familiar with Gddel's L
will notice that this amounts to constructing over some

set TC(X).

Definition 1.2.15: For an ordinal ¢, define LO(X) by,
Ly(X) = TC(X)

Lo+l(x) = {y € LU(X) : Y is first order definable

over <LO(X),E,X> with

parameters from Lg(x)}

L(x) =\U L (xX).
A o< o1
Let Mc(x) = <Lg(X),e,x>. KX = sup Kg'b ; then as

bETC (S)

before the relationship between L x(X) and Ox is very
K

close. There is a one~to~one correspondence, e <—> ¢e ’

between integers e and Zl formulae ¢e such that,

X
<g@,a> € (07 <=> M <a’X>(x)f==¢e(a).

Ko

X

The definition of ¢ at limit stages 1s analegous to the

following bounding principle in L y(X).
K
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Proposition 1.2.16 (Bounding Principle): Suppose

¥ b € TC(X)

M <‘_:“b'X)(x)l= $(a,b)
0

<a, X>

0 such

for some ¢ € r. (L X(x)). Then there is a o0 < k

K
that Y b € TC(X),

1

MO(X)F= ¢(a,b).

If | 1is the language appropriate to M X(X), we have
K

Definition 1.2.17: For a € TC(X) and a < k* say that «o

is <a,X>-reflecting, if for all Zl formulae ¢(y) in L:

M (X)F ¢(a) iff M a, x> XV FE d(a).
<a,X> . .
Let Ko be the greatest <a,X> reflecting ordinal

< KX.
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£3. E-closed Ordinals

We now focus our attention on a special class of IE-
closed sets whose structure is closely tied to the ordinals.
One can think of them either as the result of applying the
E-REC functions to ordinals or, alternatively, as domains

which compute well-orderings of themselves.

Definition 1.3.0: Let « € On, then x 1is IE-closed if

L{k} (G6del's constructible universe through «) 1is an

E-closed set.

The following results provide the basis for the prior-

ity method on E-closed ordinals.

Proposition 1.3.1: Let « be E-closed and suppose there

is no greatest cardinal in Li(k). Then L{k) 1is El—

admissible.

Proof. By the standard procf in o-recursion theory,

the cardinals of an initial segment of L are Zl-

reflecting. The Zl~admissibility of Li(k) follows

immediately. 0O

We now focus on inadmissible {not £ZI,-admissible),

1
E -closed L(k). Thus L{(k) has a greatest cardinal by
1.3.1 which we denote by gc(k) = greatest cardinal of
L(k). By 1.2.12, k& <k for a € L(k). The next two

0
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results establish that every inadmissible, E-closed ordinal

satisfies MP.

Proposition 1.3.2: Suppose k 1is E-closed and X € L{k)

is well-ordered in type gc(k). For each e & Ox,

Moschovakis witness for <e,x> 1is constructed at K§ + 1.

Proof. Suppose e £ 0%, then the following procedure
generates the leftmost path through <R restricted to
<e,X>. By the well-ordering of X all computations are
indexed by ordinals less than gc(x). The computation tree
for <e,x> 1is ill-founded and breaks up into two parts,
namely, those subcomputations which are convergent and those
which are divergent. At a branching in the tree we can
imagine the subcomputations as well-ordered in type cg (k)
since x 1is. Thus we compute along that well-ordering.
Since {el(x)t there is a least, in the sense of that well-
ordering, point in the branching where we have divergence.
By leftmost we then mean leftmost among the divergent
subcomputations. Thus everything to the left of the result-
ing path will be convergent subcomputations and, hence,
serve to define that path at a sufficiently large ordinal.
We construct the w-sequence f : w —> R as follows:

(i) If £(n) = <2™,6>, then f(n+l) = <m,§>.

(ii) If f£(n) = <3™.5%,8>, then either £ (n+l) = <m,3>

and <m, 6> £ 0% or «<m,8> € 0 and
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H
X
fint+tl) € 1.?~Ie|<m'5>I and ¥ &' < f(n+1)
g
{ <m 6>’X X
§' € We f —> g§' € (0.
If we let WF(R)(e x> be the well-founded portion of

this tree such that in any branching at level n,

WF(R)<e <> restricted to that branching contains only

points less than f(n). WF(R)<e <> is E-RE and well-
r
X

founded. Then a = sup{height(WF(R)<e'x>) | e € w} > K. 7

for an a < Ki and would reflect the complete subset of

w relative to X to some ¢ SEE X, which is absurd.

Likewise o cannot be greater than K? for otherwise an
enumeration of an unbounded subset of o chopped off at

X . X . . X X
K. would witness K. QE: X, contradicting Ko < K Thus

o = K? and the preceding gives a definition of £ at

X
Ky + 1. d

Corollary 1.3.3: Under the assumptions of 1.3.2, there is

a Zl formula ¢(z) for a € TC(X), such that
M (X)F ¢{a,X) and
Ka’x+l
MKa'X(X)}= $(a,X) and
r

this formula is uniform in a, X.
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Proof. ¢(z) says that there is a Moschovakis witness

for all divergent computations in 2z, X for z € TC(X). O

The analogy of this for Kleene recursion in normal

n+2m, (n » 1) was first obtained by Harrington [1973,
where he considered Ki’I , for a € I.

Proposition 1.3.4: Suppose k 1s inadmissible and E-

¢losed, then for every <a,X> € L(k), a € TC(X) we have
;a,X> < .

Proof. Take a, X as above and suppose K;a'X> = Ky
then (¥ b)[K;a’b’X> = ¢]. We get that «k 1is El—admis-
sible since the witnesses for Zl formulae with parameters
in X are contained in L X by reflection. Since Kg < K

“0
by 1.2.12 and « 1is inadmissible. But then « is Zl‘

admissible, a contradiction. O

Corollary 1.3.5: If « is inadmissible and E-closed,

then L{k)E MP.
Proof. Immediate from 1.3.2 and 1.3.4. O

As we will see later when we consider much more
general E-closed sets than E-closed L(k)}, the
Moschovakis phenomenon is a consegquence of dependent choice
along CO-RE set relations. The next two chapters contain

results on the RE degrees of an E-closed, inadmissible
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L(x) which make heavy use of 1.3.5. 1In our final chapter
we describe the changes necessary for extending these

. . . +
methods to Kleene recursicn in a normal functional, n 2EU

for n = 1.
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Chapter 2: IE -RE Degrees and the Priority Method
§0. Preserving Computations

We now narrow our study to IE-closed L{k), «k € On,

which are not Zl-admissible. By 1.3.5, such an E-closed

set satisfies the Moschovakis Phenomenon. In fact if
{e}(x)t for e € w and X € L{k), then as we saw in the

last chapter a Moschovakis Witness to divergence is con-

structed at Kf + 1 and K§ + 1 < k. Thus for e € w the

question whether {el}l(x)!{ or {el}(x)t 1is completely

determined at Kf + 1 and can therefore be used in the

course of a construction in «-many stages.

Now suppose we are constructing an E-RE A C L{k) in
the sense that at stage T C « we consider certain
X € L(k) and if X satisfies a condition defined in

Li{k) we enumerate X intoc A (= amount of A enum-

T+1
erated through stage T + 1}. Further suppose that as we

construct A we consider the values of the indices for

E ~recursion applied to A as an oracle, i.e. {e}A

using scheme ( vi ) of relativization. Thus at stage
A

T < k {e}TT(x) may appear to converge or diverge using

positive and negative information about AT (vy < T and

Yy € A or Yy & AT). Suppose that A preserves the IE-

T

closure of Lik), 1i.e. LK[A] is IE-closed over A

(briefly L{x) 1is E(A)-closed). Then
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K?[A} = suply <« | vy X} < « and, as we shall see,

<E(a)

Ki_c[A] = (greatest X-reflecting ordinal over A) < .

Thus, as before in the unrelativized case, if e € w then

either
(1) L, (alk {e}*t0s  or
Ky [A]
(i) L, [Alk (e}?ot
Kp (Al

and in case (ii) a Moschovakis witness for {e}A(x)T is
definable in LK[A] at level Ki[A].
Therefore information about A& used in {e}A(x) is
. , X X
contained in A [ «[A] (actually yx, [ «,[A] where
Xp ¢ K > {0,1} given by

0, 1if vy € A

xA(Y) =
l, if v & A .

However as we construct an E-RE A, A P Kﬁ[A] may well

change by our enumerating some v < K?[A] into A. If

A A
{e}TT(x)¢ we can insure that {e}oc(x)¢ for o & T by

A
freezing that portion of used in {e}TT(x) (and all

Aa
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A
of its subcomputations, of course). If {e} '(x)?! we can

A
insure that {e}oo(x)r for o > v by doing the same.

Note: 1. «k7[A] < (for this choice of A},

H R

2. «x_[A] 1is an upper bound on restraint for the

A
sake of preserving {e}TT(x).

Unlike classical or ordinal recursion theory divergence
is Zl(L(K)) or in the above El(LK[A]). Thus given
f : «— {0,1} the condition Re : {e}A # £ can be satis-
fied in one of two ways. Find x such that

(i) {e}®(x)¢ and f£(x)! where
{e}P(x) # £(x); or

(ii) {e}A(x)T and f(x){

and preserve through Ki[A] to extablish (i) or (ii)

XA

once and for all. Thus, we have established,

Lemma 2.0.0 (Persistence Lemma): Let A C L(k) and suppose
L{k) 1is E(A)-closed and not Zl-admissible. Then for
e € w,
A . A
LK[A]F= {e}™(x)}+ iff L X AlE {elT(x}i.
K [A]
r
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§l. IE -RE Projecta

Conditions such as R, ¢ {e}A # £ above are indexed by
codes for the E-recursive functions on L(k). As in ordi-
nal recursion theory we use the shortest possible listing of
these codes in a priority argument whose goal it is to
satisfy R<e,x> for each <e,x»> , e € w and x <k a

code for a parameter in Li{k).

Definition 2.1.0: Let

(1) ") sy <k @y <O <K@ T <Y
(de € w)6 =|{e}(Y0,c)|] and
(1] L(k) _ . .
ii) n = uy < g (g g <x)[R Sy is RE in Yo v

but R 5‘15: 8 for any § < k]

Remark: These parameters were first defined by G. Sacks
[1980] for the special case of E-cl(2¥) where E = 3E:
and there is a REC well-ordering of 2%, They correspond
roughly to the two notions of Zl~projectum defined by
Jensen [cf. Devlin [1973]]1. Sacks called them the
"greater" and "lesser" RE projectum, respectively. His

intention is implicit in (i) of the following proposition.
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the superscript from now

60
n and p be as in 2.1.0

on), then

cardinals in L(k);
p = gclk).
{(T)O}(YO,(T)1)¢ A\ (T)O

is an index in E-recursion},

(i) n < p; and
(ii) n and p are
(Lii) p < k 1implies
Proof. (i) Define
N = <
o = {t <o |
where Yo

Np is simply the set of ordinals less than p

notations for ordinals less than

could be written (r)0 e

sup{ | (T)Ol

by the definition of p.

Thus Np is

(ti1) If T s <n &

then if R C n

-1

{£ ~(8)

is RE\REC,

RE\ REC

witnesses the definition of

contradicting n

is the parameter in the definition of

kK, 1l.e.
<Y01 (T)l)

0 . Then we have

€N} =
| T p}

in Yo and n € P

f : § <—> n

n.,

| § <nAé e R}

least such.

{we omit

Then

which are

L(T) o} (yge (1))

such that £f € L (k)

then
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If 386 <p A Ef : 8 <—>p such that £ € L{k), then

(¥ o <k)(@y<8)(@e€wlo=({ellyy,£ly)) ]

where Yo defines p, contradicting p least such.

{iii) (ii) — p < ge(k). If p < geclk), the func-
tion £ : k —> p given by
£(o) = uy < o(¥ e € w) [[{e}lyy, )] = ol
is REC and total. Thus {£f(0) | o < gec(xk)} € L(x)
contradicting gci(x) a cardinal. O

We shall use p to list the E-recursive functions.
The assumption n = p, sometimes termed "adegquacy" in
abstract recursion theories (cf. Fenstad [1980¢]), has
played an important role in most generalizations of the

priority method to abstract recursion theories.

Lemma 2.1.2: Suppose Lik) 1s E-closed, not Zl"

< k, then

admissible and n, p as above. Then if 94

<0,0,>
§ < n = [sup Kr < k].
a<d
Procf. Suppose not and fix 9y < k and 60 < n such

that,
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<OgsY>
sup K = K.
y<6

Let

N(dy) = {y <3¢ | 2 e € wi{e}(o,,y)+}

0

is RE in some e, € w by Gandy Selection. If N(GO) were

REC in some 71 < Kk, then the function £ : 60 —> K given

by
i S
I{eo}(GO,I,Y)), if v € N(§4)
£(y) =
0 , Otherwise
would contradict L(k) FE-~closed. But this contradicts n

least such. O
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§2. Effective Cofinalities

Let L(x) be E-closed and not Zl—admissible.

Definition 2.2.0: Let A < ¢ be a cardinal of L{k) (i.e.
L(c)E "X 1is a cardinal"), then
(1) REC-cf()\) = uy € A[Z IE-REC £ : v —> 2}
with range (f) unbounded in X]; and

(i1} A 1is a regular cardinal of L{x) iff

REC-cf ()} = A.

Remark: 2.2.0 (ii) has been called "recursive regularity"

by Normann [1975].

For «  E-closed obviously there is no E-REC f with

dom(f) = X < ¢k and range (f) unbounded in «. However it
can happen that gc(x), for example, is recursively singu-
lar, i.e. E-cf(gcik)) < gc(k). Examples of this are

K = E-cl(&w) and k = ZE—cl(Nw Y, where in E—cl(Nw)

1

E-cf(¥ ) = w and in E-cl(® ) E-cf(® )} = wu,.

w @ W 1

1 1
Remark: E-cl(Nm) is Zl-admissible (cf. Kirousis [1979])
and E--cl(HUJ ) is not Zl—admissible {cf. Moschowvakis
1
[1967]).
Since we demand that an IE-REC function f : On —> On

satisfy

£(8) <, S, o,
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where p 1is a parameter encoding £, problems non-existent
in admissibility theory crop-up. For example there can be

RE sequences cofinal in kK of order type less than «.

Definition 2.2.1: Let X be a cardinal of L(x), then

(i) RE-cf(X) Wy < XA [there is an RE X C A
cofinal in X N o.t.(X) = 1]

(ii) A is RE-regular iff RE-cf(A) = A.

Proposition 2.2.2: RE-cf{xk}) < n.

Proof. Recall that
n = uy € «(d R)REY[(E 0 < k)[R 1is RE in o] N (¥ T < x)
[R 1is not REC in 1]
and fix the parameter <e,¢> defining A. Then
W= {<y,7> | Yy <nAz1<xA|{eto,y)| = 1}

is RE of order type < n and U W = «k, by the definition

ocf n. O

There are cases where RE-cfixk) < p.
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Proposition 2.2.3: Let k = IE-cl(Rw ) then
1
RE~cf (k) = wy < p = Ntu .
1
Proof. p < Hw by the choice of &k, however we can-
1
not have p < Hm since Rm is an L-cardinal. In addi-
1 1
tion RE-cfik) > w since Nw cannot be cofinalized with
1

w. For o< w, let

Y.P>

r

<
B = sup «
o r
o
Y<¥,
where p 1s the parameter in the definition of p. As
before n = p = Nm implies that (¥ a)[Ba < k] and by

1
the definition of

<< > a < w,>
B8, | 1

is E-REC (hence RE) and cofirnal in k. O

Since we plan to index the partial E-REC functions by
p, in the course of the argument for the existence of
minimal pairs that follows, fortunately «k and n have the

same RE-cofinality.

Lemma 2.2.4 (Sacks): Lk} E-closed, not El—admissible

and n as above, then

RE-cf{n) = RE-cf (k).
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Proof, If n =k, the lemma is trivial so assume

n < k. RE-cf(n) = RE-cf (k) for let R(x) € « witness

RE-cf{k), 1i.e. (4 g4 < k) {32 e € w) [R(k) = {y <k |
{eo}(oO,Y)¢}], with U R{k) = k. Let R Cn witness the
definition of n, i.e. (Fo; <«k)(Fe € wlR=1{y<n [
{e;}(oy,v)4}] and U [I{el}(clfy)ll = ¢ by R non-REC.

YER
Then define an RE subset S of n as follows: If Y1 is
first element enumerated into R{k), then enumerate § € R
into S least such that, i{eo}(oo,yl)| < T{el}(cl,a)].
Continue in this fashion insuring that the element enumer-
ated into S at a given stage is also larger than all pre-
vious elements enumerated into S. S 1is then RE in

parameters <co,0 > and unbounded in n by 2.1.2. Hence

L
RE-cf(n) <€ RE-cf(k). RE-cf(k) < RE-cf(n): Let R(n) Cn
witness the RE-cf(n), i.e. (F 94 < k) (g e, € w)
[R(n) = {y < n | {ejt{oy,¥)¢}] and U [[{egtlog,y) |1 =
YER(n)

k by R(n) non-REC. Define for vy € R(n),

<G .. 0>
0

B. = sup k
d<y

r

r

then (¥ y € R(n)) Y/ [BY < k] by 2.1.2. Then the sequence

s = <BY | Y € R(n})> 1is RE with parameter o, , has order

0
type that of R(n) and is unbounded in «, by

) [l{egtlog,y) |1 = «. o
YER(N)
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In the course of the construction of the next section,
we will proceed in «k-many stages to satisfy conditions
listed in order type p. We will make use of the assumption
RE=cf{p}) = p to insure that the construction succeeds.

The final Lemma of this section tells us in terms of

Levy definability exactly what the RE-cf{k) 1is.

Definition 2.2.5: Fix B € Cn a limit ordinal and let (in

L{g)),

Zl—cf(s) = py < B[ £ : vy — BNEE El(L(B))

A range (f) unbounded in «].
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Remark: Zl—cf(B) =g 41iff £ is Zl-admissible.

Since we are considering E-closed L(x) which are not

El—admissible, by the remark, Zl—cf(K) < K.

Lemma 2.2.6: Zl-c(K) = RE-cf k).

Proof. That RE-cfik) € I.,-cfik) is immediate from

1

the fact that RE C A,(L{(x)). To see that Zl—cf(K) <

1

RE-cf{x), choose £ : Zl-Cf(K) —_> K f e El(L(K)) and

consider

5 = <<y, £(y),w > |y < Iymcf(k)>,
where WY € L(k), ¥ yv and is the "witness" to the Zl
definition of f£. (Here we have suppressed the possible

parameter in the definition of £f}. Then § 1is E-REC

{hence RE)} and cofinal in « since range (f) is. O

Definition 2.2.7: Let « be E-closed and not El—

admissible, then let
. 1-1
(i) Zl—pr(K) = pyy < k[@ £ : ¢k =—> vy N f E Zl(L(K))]:

then

(ii) «k 1is weakly inadmissible, iff
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- < -
Zl prix) Zl cf(x)

and « 1is strongly inadmissible, iff

z.—cf(k) < El—pr(K).

1

Proposition 2.2.8: Zl-pr(K) < p.

Proof. Recall that,
p=uy Sk Fyyl@o<k)(@Bs<y)@ec w) [o =|{e}(_y0,6)|JJ

and consider f : ¥« —> p given by, for vy < k,

f(y) = us < pl[(FT e € m)|{e}(Y0;5)l = ¥]

where Yo is the parameter defining p. Then £ 1is

E-REC via Y and hence (L{(k)}. Thus

I

Li=prix) < p. O
Proposition 2.2.8 tells us that, in the case that «
is strongly inadmissible, there are RE sequences of order
type less than p which are cofinal in p. This should

motivate the following definition.
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Definition 2.2.9: Let R C « be RE, then R 1is

scattered, if
(i} R 1is not REC; and

(ii) o.t.(R}) = "order type of R" p.

There are scattered sets which are complete (cf.

T. Slaman [1981]). To see this consider the example of

E:~cl(Rw ) and define the following sequence of ordinals,
1
indexed by wysoY < Wy
Ba = sup k1;
Y<Ha

a = index below p for R .
a o

At limits take supremums. Then obviously
(v o <w)lB, <« and

sup Ba = K.

a<wl

Finally take A to be {<Ba'aa+l> : o < wl}, then a

straightforward ETR shows that there is an £ <E: A and

£ —> Kk unboundedly, where f(a) = 8

Ll)l o

Stable sequences of this sort are familiar in

admissibility theory and, in fact, give easy solutions to

Post's Problem for some Zl—admissible o {cf. Simpson-

Hrbacek [1979]).
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§3. Minimal Pairs of RE Degrees

Given a notion of relative computability <R '

(classically for A, RC w A QT R read "A 1is Turing

reducible to B"), which is reflexive, antisymmetric and
transitive, one takes the R-degree of a set A to be its

equivalence class under < Intuitively, the degree of

R
A 1is a measure of the difficulty of 'computing' member-
ship facts about A. The relation QKE satisfies these
conditions as a relation between hyperregular subsets of

Lk},

Definition 2.3.0: (Recall for A, R C L(x) A SE: R

allows a parameter in L(k), then for A RE and incom-
plete,
(i) IE-dg(A) = {B C L(x) | B RE and
<
[B iﬂg AN A E B]}
(ii) Let A, B € L{(x) RE such that
(a) A%E B and B%IE A; and
'~'~<...
(b) [C RE such that C E A and CQJE B]
—> C REC. Then dg(A) and dg(B)

(omitting E in E-dg(+)) form a minimal

air of RE degrees.

Minimal pairs of Turing degrees were constructed
independently by Yates [1966] and Lachlan [1966] using a

strengthening of the finite-injury priority method, dubbed
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the "finite-~injury-infinite preservation" method. If «

is a I,—-admissible ordinal, then for many o there exist

1
minimal pairs of g-recursively enumerable degrees (cf.
Lerman-Sacks {1972] and later Shore [1978]). Below we
demonstrate there existence for E-recursion on E-

closed, inadmissible L(x}, assuming that p is RE-~-

regular (see 2.2.1 (ii)).

Thecrem 2.3.1: Let Li{k) be E-closed, not Zl-admis-

sible and suppose n = p and p 1is RE-regular. Then
there are RE A, B C L(x} such that,
(i) A, B are non-REC; and

(ii) ¥ C S L(k)[(CREANCS<, AANCS<, B) = C REC].

Proof. As the partial REC functions on L(x) can be

indexed by ¢, s0 too will our conditions. Assume
{We}e<p is a listing of the domains of partial REC func-
tions.

Positive Conditions: For e < p, let

P W unbounded —> A N W_ # & <1l,e>
e e e

B s,
Pe: We unbounded —> B N We # g <2,e>.

These conditions are called positive since they entail our

putting elements into A and B. If Pé and PE are
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satisfied, then obviously neither A nor B 1is REC.

Negative Conditions: For e < p, let

N : [{(e) .1} }B

e 0 = £ total]

={(e)l

= f is E-REC <3,e>.

(Here £ 1is treated as the characteristic function of some
subset of L(x) and free use is made of a REC pairing
function) .

These conditions are called "negative" since our
strategy for satisfying them will be to preserve negative

information about A and B.

Ordering of Conditions:

For e, £ < p we let Re have higher priority than
Rf just in case e < £ as ordinals less than p. The
partial REC functions have a standard indexing via vy < «k.

Recall that

p=uy S«[(¥o<k)@S<y)(Tee€ wl|l{edip,d)] = 0]

where p is the defining parameter. Using this parameter
we have a partial REC f : ¢ —> k (onto) which, in turn,
can be used to interpret a partial REC function ix{ol}(x),

indexed by o < k, as a function Ax{c'l}(x), where
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¢! < p and £{g') = ¢g. The tameness of this indexing is

the content of the next lemma.

Lemma 2.3.2: Assume n = p and let y < p and

£ : p —» x (partial REC, onto) be given by the defini-
tion of p. Then

dom(f) N vy € Lik).

Proof. Suppose not and let o < p witness the fail-

ure of the lemma. Then

{6 [ 6§ <y ANEM@IVY Sy

is RE and not REC. But this contradicts 2.1.0 (ii). O

Thus the indexing of the partial REC functions by o
has the property that we eventually (at an ordinal less
than «k} are correct about an initial segment. As
changes in our guess (i.e. f_ NS ={y <8 | Loy £(y)i}
for v < p, o < k) appear, we drop all preservations
created on the basis of false information about a given
initial segment, that is, we respect the new priority
ordering. By Lemma 2.3.2 these errors made in preserva-
tion will eventually stop (before «).

We will define length of agreement and restraint
functions. The first will measure the degree to which

some index appears at any stage to be computing the same
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set from A and B. The restraint function will monitor
the values of the length of agreement function and, under
certain circumstances, preserve negative information about
A and B needed in the associated computations giving

agreements. If for some index @ = <e,f> we have that
{e}A = {f}B

is total, then the length of agreement function will in-
crease unboundedly in «k for that index. If the negative
information about A and B were to remain unchanged, we
could then use d to read off the values of
g = {e}A = {f}B in an E-REC way. This won't happen,
of course, since we will put elements into A and B in
order to satisfy the positive conditions Pi, and PE,.
A and B will be RE by the construction, since we will
only put x 1into A or intc B at an ordinal REC in
<x,p> for some p € L(x). Neither A nor B will be
REC provided Pi and Pg are satisfied for all e < p.
The basic conflict is between preserving negative
information about A and B for the sake of some Ng

and enumerating elements into A and B for the sake of

Pé and Pz. Our restraint function will resoclve this

difficulty by ignoring all but the negative restraint

regquired by conditions of higher priority.
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This strategy would still be our undoing, since
bounded initial segments of negative conditions could
successfully thwart all our attempts to satisfy positive
conditions of lower priority. Thus the restraint function
will also allow us to enumerate elements into one of A
or B at stage ¢ for the sake of positive conditions of

lower priority provided both sides of the computation

fet? = (£}

associated with N<e,f> are defined and equal on a longer
initial segment of «k that at any stage before ¢. For

an entire initial segment of negative conditions of higher
priority than a given positive condition, they are brought

to drop back restraint simultaneously be a simple hand-

over-hand argument.

Remark: This is a departure from the proof of Lachlan
[1966] and Yates [1966] in CRT, since there are no limit

ordinals less than uw.

In so doing, if we destroy a computation
{e}A(x) for some argument less than the length of agree-
ment, then we preserve {£1B(x) until fe}?(x) returns
and the length ¢f agreement advances still further (this

will happen, 1if {e}A = {f}B is total). We will then act



77

to satisfy the positive condition of highest priority as
yet unsatisfied. Our strategy for N, will nonetheless
succeed for those e such that {(e)0
total, since at any given stage beyond the activity of Pz,
and Pz; for e' < &, one or the other side of the
computation is present and computes the correct value.

The parameter that then gives £ as a total E-REC func-
tion will be an encoding of that stage which bounds both
the activity of Pg, and Pg. for e' < e and bounds the

stages at which computations, destroyed as a result of this

activity, return if they ever will.

Definition 2.3.3: If e < p, we say that Ne is an

A-injured at stage o + 1, 1if there is an active A-

requirement for e at stage ¢, i.e. 2z < é < g such
that z N A = a z used negatively in {(e)O}A(y) for
some vy, and for some x € z, x € Ao+l\A0 (similarly

for B-injuries).

Auxilliary Functions:

Definition 2.3.4: For d < p, 4 = <e,f> and o < k,

let
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" AU Bo
sup a < §[{e} “"(a)} = {£} “"(a)1,
§<a o g

if there is such a §.
2(d,o) = {
L o, otherwise;
and
m(d,og) = sup 2{d,1).

<0

Note: We write Ao and B0 to be the portion of A and

B enumerated by stage ¢ < k.

Proposition 2.3.5: If e < p, o < k, then 2L{e,c) and

m{e,g) are REC functions of e and oa.

A
Proof. By convention all information in {e}gg(a) is

less than o¢. The proposition then follows from stage

comparison for IE-recursion. 0O

Thus if we have that £(d,0) = m(d,0}), it appears
that d 1is defining a total function on A and B giving
the same set. If so we act to preserve the corresponding
positive and negative facts about A and B, tempered by
our need to satisfy positive conditions.

X

Since <. < k¢ for all x € L(x), there will be two

ways of achieving the inegquality
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{e}? # (£}8,

if it is to be achieved, namely,

{i) for some v < k,
tey®(y) # (£18(x);  or
(ii) for some y < k, either
Pt or {£)Bt,

If either of (i) or (ii) obtains then we preserve A (or

B) through K;e' >[A] (K;e' >[B]) and, in so doing,
satisfy N<e £
’

Definition 2.3.6: For e < p, 0o <k, let

4 T
U {K"Q’(e T

' L(e',q)
r e' < a A €L < o},

if f(e,0) > m(e,q)

r(e,g) = X

U {x <o : 2(e,x) = m(e, )},

\
otherwise

and

R(e,0) = U {r(e',0) | e' < e}.
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Remark: To insure that 2{(e,}) is defined and = & for
A a limit ordinal, if it is so unboundedly in X, we

restrict further injury to individual computations:

A
If {e}oc(y) is destroyed by enumerating some x into
A
7. . T
A1 for the sake of Ry s then if {e}T (yv) for

T>g + 1, we only allow {e}A(y) to be destroyed

again at stage § > t for the sake of Pi"’ where

e" < e. (Similarly for {£}%(z)).
With this constraint on the construction, if a fixed compu-
tation were injured infinitely often, we would thereby
generate an infinite descending chain of ordinals below e'
(the source of the initial injury). Therefore injury to

a fixed A- or B-computation is truly finite.

Remark: This will not stop our satisfying the positive

conditions Pz and Pg , Since the amount of A used in

<e >
k SrY

{e}®(y) is bounded by [A].

Construction: Set

Definition 2.3.7: Let e < ¢ and g < k¢ and say that e

requires attention at stage o + 1, if
(i) e = <l,1> or e = <2,1> and
(I x<o | [x>R(e,0) No €, x]; or

E
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(11) e = <3,4,f>, 1f T y < g and there is no active

A- or B-requirement at stage g for Nd at argument vy,

where y satisfies either,
AO BU
(a) [{d}0 (y) = 0 A {f}U {(y) =11 V
Ag BG
[{d}U (y) = 1AM {f}0 (y) = 01;
or

AG BCr
(b)  11ar Tt A (£} Tyt

Note: An A-requirement z for N is active at stage

g, 1if Ao Nz = 4g.

Stage g + 1: Check to see whether there is an element of

{y <o | Lig)E £(y)i}

which requires attention. If no, proceed to the next
stage.

If yes, let e be the least Yy < ¢ such that
L(o}F f(y)} and (identifying e with f(e)) proceed
by cases depending on the form of e.

Case 1. e 1is of the form <l,e.> i.e. we consider

0

condition Pi and since it requires attention I x < ¢
0
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such that x € W (x € W }. For some x € W
e0 eys0 eo,o

x > R(e,0) so check to see whether enumerating x into

A will destroy any previously destroyed computation

g+l
for the sake of scome Pg.. If there is no such computa-
tion, let A_ ., =A_ U {xo} and go to the next stage,

where x is least such. If there is, then if e < e!

0
let Ayl = A U {xo} for lease such x and go to the
next stage. If e' < e, let Ao+l = ACI and proceed to

the next stage.

Case 2. e 1is of the form <2,e.>, then proceed as

0

in Case 1 with the roles of A and B interchanged.
Case 3. e 1is of the form <3,f,g>. This case

breaks up into two subcases depending on whether e re-

quires attention because of 2.3.7 (i) or 2.3.7 (ii).

Subcase 2.3.7 (i}): 8So there is no active A U B-

requirement for e at argument vy, where

AO’ BO’
£} %) = 0 A (g} y) = 1]

Qr

By Bs
[{f}U (y) 1 A A{gr " {y) 0].
Then let U\AO Y B, be an A U B-requirement for e at

argument Yo the least such v.
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Subcase 2.3.7 (ii): There is no active A-regquirement

(B~requirement) for e at argument vy, where

Ao By
{f}0 (yit ({g}o (y)1)
(If both give preference to A-computation.) Suppose

A
{f}UG(y)T and let c\AO be an A-requirement for e at

argument Vg the least such vy.

Stage A (A a limit ordinal): Let

and proceed to the next stage.

Finally let,

A=UA5 and B=UB6.
<k §<k

End of Construction. 0O

The following sequence of lemmata establish that A
and B as constructed satisfy the conclusion of Theorem
2.3.1. This first lemma states that &(e,0) behaves as

desired at limit stages.

Lemma 2.3.8: Let e < p and i, 6 <k, where A 1is a

limit ordinal. If {o < A | 2(e,oc) > 6} 1is unbounded in
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A, then &(e,A) > §. Thus
{o | (e,g) = m(e,q)} and so
{g | rl{e,0) = 0}

are clesed in the usual set theoretic sense.

Proof. (The proof follows R. Shore [1978].) Fix an
argument x < § and assume that A, §, e satisfy the
hypotheses of the lemma. By the constraint put on cases 1
and 2 of the construction, there are finitely many stages

T such that a computation
(£1*(x) or {g}B(x)

is injured. So if {£f}*(x) and {g}B(x) are defined
unboundedly in A, they must eventually be constant,
i.e. the same computations are uninjured from scme stage

onward; thus it is a computation of

B

Ay
{f}A (x) and {g}k

(x).

Since they agree unboundedly often at =2, they agree at

the limit, so
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A A

Y o= (gl o),

(£,

for all x < §. The second assertion is immediate for if

Q(e,dB) = m(e,dB) for increasing {OB}B<Y such that
A = sup OB ’
B<y
then £ (e,x) = mie,x) = U m(e,aB). 0
B<Y

Lemma 2.3.9: A and B are not REC, i.e. (¥ e < p)

[Pé and Pz are satisfied].

Proof. Proceed by induction on p. Fix e < p and

A .
suppose all e' < e of the form Pe' or Pz, are satis-
fied by stage Tq < k. Without loss of generality assume

that e 1is of the form <l,e0> {symmetric for the case

e = <2,e0>), thus we are concerned with putting an ele-
ment of W into A to satisfy PA .
0 0

By lemma 2.3.2 dom(f) N e, € L{k) where

f : p —> onto (partial, onto) given by the definition of

p- Thus take =

such that 2 uyl[dom(f) N e, €

Oy 0

the information we have concern-

91 7 9o

L{y}]. After stage 0y

ing dom(f) N e is correct. Therefore we know condi-

0

tions Re' for e' < e in particular, Ne' for

0 r
e' < e. These Ne' for e' < e break into two cases:

Case 1. Those e' such that for some y < ¢ we have at
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§ € g,
A B
(e} %(v)s and {(e") },°(y)y
and
A Bs
[e") 12w # (e 3,° ()

corresponding to subcasgse 2.3.7 (i) of the construction; or
such that for some y < g we have at § <€ o,

A

§ Bs
} T (y)t or {l(e )1}6 (y)?t

{(e')o 5

corresponding to subcase 2.3.7 (ii) of the construction;

and

Case 2. Those e' < e such that for all y < g,

A
1 g 1 g
{(e )O}o (y)i,. {(e )1}CT (v)i
and
AG AO
{(E')O}Or {(y) = {(e‘)l}O (y).

For fixed e' < e the restraint imposed is bounded

<e',y0>
above by K. , where Yo is least such. The set
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X = {<e',y> | e'< e /Ny < g and Case 1l obtains

for e' at y in L(o)}

satisfies X éﬂg g, e and so, by n = p,

<T,0,e> <

sSu K
P r

TEX

K

<T,0,€>
r .

Take = such that o, 2 sup k

o4 e}
2 1 2 T€X

By W unbounded there is an X € W with X = o,.
ey ey 2

Now a hand-over-hand argument on
{e' | e" < e N Case 2 obtains for e'}

will vield an ordinal 05 such that
(1) o35 QEI X and
(11) X > R{e,03).
At that stage Pg has highest priority among unsatis-

fied positive conditions, reguires attention and is there-

fore satisfied by our enumerating X into A, 41- a
3

Lemma 2.3.10: Let e < p of the form e = <3,f,g> and

suppose

(£12 = {g}” =h is total.
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Then h 1s REC.

Procf. e < p =n so by lemma 2.3.2,
dom{f) N e & Lk},

where f : p —>« (partial, onto) E-REC map given hy the

definition of p. Take such that

%
poldom(f) N e € Lik)].

Thus beyond stage o we are correct about the ordering

0
below e.
By lemma 2.3.9 each PQ‘ and Pg, is eventually

satisfied. Consider the sequences

. A
XA = {<e',x> | e' is of the form Pel and
X 1s enumerated into A to satisfy Pz,} and
B ‘ ' . B
X° = {<e',x> e is of the form Pt and

X 1s enumerated into B to satisfy le}.

They are clearly RE and s¢ by Gandy Selection their union

B . . .
XA U X 1s RE. Since put at most one x 1into A or
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into B to satisfy such a Pi. or Pz,
o.t.(XAUXB) < e.
By RE-cf(k) = p and e < p, there exists an ordinal
9, > 9 bounding
{o <k | T <e',x> € *uxB x s

enumerated at stage

Now let,

g into A or B}.

K = {<e', {d}C(y),x,0> | e' <eN(d=£Vds=g) A

(C=AaVC=2B)A {d}c(q) is injured due

toc e' by enumerating x

into C and

{d}c(y) returns at stage 0o},

then by the assumption that

{(£12 = (q}® = n

such o0's exist and K 1is RE. By

is total

the constraint on
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Cases 1 and 2 of the construction and the fact that we

enumerate at most one X into A or B to satisfy Pi,

or PE,. We have
o.t.(RK) < e < p.
Thus by RE-cf(k) = p, there exists o, = a4 such that,

g, 2 sup{m, (1) | 7 € K}.

With the parameter <e,02> = p, we show that REC in x,

we can compute
h= (£} = ()° (total) .

(We have 'translated' the computation of h(x) by 0,
representing interference posed by positive conditions of

higher priority.)
Claim: L2{e,q) is unbounded as ¢ wvaries over k.

Proof of Claim. Suppose not and let

B=wyl@ > Ty) (Rle,T) <y)l. Fix 1, as in the

definition of 8.
g =4 +1: since A and B are regular
2 1, > T

1 0
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A
(¢ T > 1) [LE)_T(8)

(£12¢5

and since B

but then by definition 2(e,T)

B = A a limit ordinal, then consider

§le) = {o | 2{e,0) = &}
for § < x. &(e) is IE-REC and unbounded, hence for
§ < A there is a common limit point 1 > To and by lemma
2.3.8, i(e,1) =2 §, a contradiction. claim O
Sublemma 2.3.11: If p 1is REC regular and § < p, then
{6 | ¢ <8} is 4&-reflecting, i.e. for p < k, a para-
meter,

sup Kép,0,6> < K<p,5>.

0<8§ T

Proof. This is essentially due to Normann [1979], for

normal Kleene recursion in k+2E:, where he proves the
analogous result for p = |<|, < a recursive

was minimal g Tt > T

BT
= {g}T (§) =
) = {g}2(8)]
such that,
a contradiction.

=2 6 + 1,
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well-ordering of I (individuals)}. Proceed as in Normann,
but do an effective version of Grilliot Selection on L(k)

(see Appendix for details). Sublemma O

We now proceed by induction to show that for every

T > 02 at least one of

A BT
{£}_"(x) or {g} ' (x)

is defined. Then we show by ETR on p that there is such

a 1 < X, Ty

A
If &(e,7) =m(e,1) > x, then both of (£} _(x) and
BT
{g}T (x) are correct by induction. Otherwise let v <
be the last stage greater than O, such that
L(e,vy) = m{e,y) > X.

By lemma 2.3.8 only one was injured at stage vy, say

A
{f}YY(x). By the definitions of r(e,oc) and R(e,0)

nothing has been allowed to injure the computation of
AY
£} X
{ ¥ (%)

and it is preserved through 1 by the choice of .

Thus,
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AY AT
{f}Y (x) = {f}T (x).
A B
But {f}YY(x) = {g}YY(x) by the choice of y and one is
correct by induction.
To compute h(x): suppose we have computed hiy) for

all y < x. Considered as pairs <01rY> by sublemma

2.3.11,
sup Ko < K
y<x
<02,x>
Thus at some g < Ky all h(y) have been computed.
B, BU
At ¢ we can ask {f}U (x) or {g}U (x) for a value

and be correct since from ¢ onward we protected with

highest priority the computations {f}A(x) and {g}B(x)

<gg x>
associated with e. By reflectien 3 ¢ < g at
which this is true and, hence, at any 1 2 o, 1T QE: <04, %>

we compute h{x) and get the correct value.

This completes the proof of Theorem 2.3.1. O

Remark: A closer look at the proof of Theorem 2.3.1

reveals that the following strengthening is possible.

Theorem 2.3.12: Let C C k¢ be RE, non-REC and incomplete

and RE-cf(p) = p. Then there exist A, B C x, RE and

non—-REC such that,
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(i} If D <k is RE, D < A and D < B, then

IE IE
D is REC; and
(ii) both (A %IE cCAC gIE Al and
Bl.

[BséIE c/\c<IE

The proof of 2.3.12 proceeds as in Theorem 2.3.1 with

additional conditions:

. A C . =
R : {eo} # C A {eg}” # A; e = <4,e,>
B B C , -
R, * legt” # C A {eo} # B: e = <5,e,>.

For clause one of each Rz and Rz introduce preserva-
tions which will insure that if, say, {e}A = C, then C
is REC, contradicting the choice of C. For clause two of
each of Ri and Rz which are positive, introduce

constraints on putting x into A or B for RA or

e

Rg similar to those on Pé and Pz in the construction
of 2.3.1. The proof of this will appear in E. Griffor
[1L980]. (At this writing the author has noticed that the
assumption of RE-regularity on p can be eliminated by

an entirely different proof for another choice of the

parameter o (see E. Griffor {[1980)).) i
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Chapter 3: E (A)-Recursion and the Density Theorem
§0. E(A)-Recursion

In Chapter 2 we made use of the Kr-function in the
setting of IE-closed, inadmissible L{k) to carry out a
priority argument yielding a minimal pair of RE-degrees.
As remarked, this minimal pair can be taken to be incompar-
able with an arbitrary incomplete RE A C k. The K.~
function has also been used by G. Sacks [1980] to give a
positive solution to Post's Problem for every E-closed,
inadmissible Li{k). His solution uses a 'wait—-and see'
argument without injuries. Thus what was a finite-injury
priority argument in ORT and o-recursion theory can be
done without injury. We will see in this chapter that the
density theorem for RE-degrees is, in many cases, a
'finite-injury' argument, i.e. injuries bounded below «.
Again Zl—reflecting ordinals will play the key role in

our strategy, where here we are concerned with I, ({A)-

1

reflecting ordinals for A C «k RE and incomplete. For

this choice of A, LK[A] = L|< and LK is E(A)-closed,

i.e. A does not viclate the E-closure of L(k). If
L(k) %s inadmissible, then so is LK[A] and this fact
combined with L{x) E(A}-closed provide the basis for

an argument using Zl(A)—reflecting ordinals.



96

Proposition 3.0.0: A C x, then

Zl(A)—Cf(K) < Zl~cf(K).

Proof. Immediate from the definition of El(A)-cf(K)

We will see that the RE(A)~-cfik) 1is Zl(A)*Cf(K).

Definiticon 3.0.1: For &6, ¢ < k, Lik) E-closed and

AC«k, call o 8(A)-reflecting, if for all Zl(A)-

formulae, ¢(x), of L(A)

LylAlfFo(8) = L o [AlF6(8).
KAl
Remark: (i) L(A) is the language L of Chapter 1 with
an additional predicate letter A to be interpreted as a
chosen subset of «.
(ii) Recall from Chapter 1 that Kg[A] = "supremum

of those r < k which are REC(A) via some integer in

8
0"

§". Obviously Kg[A] 2 K
As before, the limit of dJ(A)-reflecting ordinals is

§(A)-reflecting. Let Ki[A] be the last §(A)-reflecting

ordinal. For A € ¢k RE and incomplete we will have

LK[A] = L(k) E(A)~closed and, hence, by 3.0.0 for each

§ < k there is a Zl(A) formula eé(x) of L(A) such

]
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that, L | (Al & 8,(8), but L , (Al | 95(8) i.e.
<q [A] < [Al+1

Ki[A] < k. For such an A we exhibit the same uniformity
which Harrington [1968] demonstrated in the setting of

higher types.

Lemma 3.0.2: For § <k and A RE and incomplete, if

B C « non-empty and c¢o-RE(A} via §, then there is a

Yy € B such that K;S'Y>[A] < Ki[A].

Proof. Suppose not and pick Zl(A) ¢ (x) in L (A)
such that L [A]= ¢(8) and L 5 [Alf= 4(8).
Kr[A]+l KO[A]

This can be done, since by the choice of A Ki[A] < k

K<5,Y>

)
r [A] > Kr[A] and so

for o < k. For all y € B

L [Al = ¢(8). By reflection
PRNIALESN
r
L [A] | 9 (3).
K;é,y>[A]
Since B 1s Cco-RE(A) via &, there is a Zl(A) formula
Y({x,y) of L{(A) such that
(Fy <)y B iff L o o [Al} ¥(8,7)].
g [A]

Thus ¥ vy < k,
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L (Al ¢(8,y) V ¢{(8) and so ¥ y < g,
cg® Y 1)

L (Al ¢(8,y) V ¢(8). We have used the bounding prin-
ko (Al

ciple relativized to A, which holds since A does not
violate the E-closure of Lix).

Since B # f#, T yv < « such that L 5 (Al ¢ (8,7)
kg A)
and so L [AlE= ¢(8), contradicting the choice of ¢.

Kg[A]

Theorem 3.0.3: L(k) E-closed, inadmissible and A C «

RE and incomplete. For any B C « . RE(A) there is a

relation <R(A) on k which is RE{A), such that

(¥ vy <) v€B 1iff (T 8§ < k)[8§ encodes a <R(A)_

infinite descending path through the computation tree re-

sulting by applying the definition of B (rel. to A) to

yl.
Proof. Suppose B RE(A) wvia e, 1i.e.
v € B <—> {e}?(y)}
(suppressing parameters). Then if y € B, {e}A(Y)i and
|{e}A(Y)|A = ¢ < k and the computation uses positive and
negative informaticn about A N g € L(x). Similarly, 1if

vy € B, then {e}®(y)t, so repeat the argument of Chapter
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1 relative to A to get an infinite descending path through

<R(A) below <e,y> (the subcomputation relation relative

to A). By the fact that A preserves the E-closure of

L(k) there will be o < k, such that

LO[A]F="H inf descending path

through {e}A(Y)“. C

We now have our uniformity,

Theorem 3.0.4: Take A C ¥k RE and incomplete, then there

is a formula BA(x) of L (&) {not ., (A)) such that

1
9 § <k

L, (A} 8™ (),

Kr[A]

but for all o < «O[Al, L_[alf 6™(6).

Proof. Take as in 3.0.3 RE(A), so there is

“R(a)

a I,{A) formula ¢(x,y) of [(A) such that,

l(

(¥ g,T < k) [o < iff L [AlkE o¢(o,T)

T
R({A) ,50,T>[A]

iff LK[A]F= $(o,t)].

By our choice of A, there is a Zl(A) formula y({x}) 1in
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L{A} such that

(¥ g < k)[g 4 iff L (Al wi(a)1,
g
KO[A]

viewing ¢ as a code for an E(A)-computation. Let BA(x)

be the following formula of L (A4).

D
b
n

(¥me wly<m,x>) VI S§ <k
(8§ encodes f : w —> kN £(0) = <m,x>
and (¥ n € W)Y{f(n),L£(n+l))].
Thus for any o, 8§ < «: |if
LU[A]}= o®(8), then
(¥ m e w [{m}(8)4 1iff L_[AlF y(<m,6>)]
s g = Kg[A] and, in fact, o = Kﬁ[A], for otherwise

this fact could be reflected to some 7T < Kg[A], which is

absurd.

Claim: For § <x L , [AlF 0%(8).
k. [A]
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Proof of Claim. It suffices to find, given m € w

wush that {m}A(S)T, an f : w —> k such that

£f(0) = <m,8> and (I n € w) [¢(f(n),£f(n+l))] and

<f(n),f(n+l)>[A] < Kf(O)

(d n € m)[Kr "

and given f(n)t such that

Kf(n)

c (al] < Kr[A],

find f(n+l)t with

1. ¢(f(n}),f£({n+l), subcomputation

5. K<f(n),f(n+l)>[A] < Ké[A].
r r
L]
The hard case is a branching i.e. f(n) = <3™ '5e,T> for
some T <k, m', e€w and {m'}(1)}. Let o = [m']?

then

<HA,T>
g

B={y<+<]y¢/\yewe }

is co-RE(A}) wvia f(n) and so by 3.0.2 there is

f(n+l}) € B such that

£

8
[A] < KL

(<Em), fn+l) > n)[A] < k. [A]

r

take f(n+2) to be least such. ]

[A]]. Let £f£(0) = <m,éd>
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Remark: 1In the case that the universe is effectively
well-ordered (as in L) we can actually piece together the
infinite descending path. In general, as we will see in

Chapter 4, we can only designate several paths.
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§1. Relativized RE Projecta

In order to show that the RE degrees are dense for
L{k) we will need to work in IE(A)-recursion, that is, in
the structure LK[A], where A 1is RE and incomplete. As
we saw in the case of Theorem 2.3.1 (Minimal Pair) of the

nL(K), pL(nc)

last chapter parameters such as and

RE-cf (k) played important roles. As we will work in
: . , L.[A] L. [A]
LK[A] we will instead be concerned with n r P

and RE(A)-cf (k) among others.

Definition 3.1.0: Recall that the E(A)-REC functions are

denoted {e}A and let

LK[A]
(1) p = uy < ¢ I oo[(V g < k)(¥ § < vy){(T e € w)
[0 = [{et(0y,8) P
a "notation map relative to A"; and
LK[A]
(1i) n = Uy < gk 4 GO[R €Yy 1s RE(A) in 99

but Yo <k R is not REC(A) in o].

Then as before we have,
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L_IA] A L. [A]
Lemma 3.1.1: (Abbreviate »p as o and n as

fii) nA and pA are cardinals in LK[A].

Proof. (i} By the definition of pA there is a

Ty < ¥k such that
(Fo <) (Zs<pM@ecwlo= {1
Let
N - IR U COIS S NPT

then OA is clearly RE(A)\REC(A).
(1i) Suppose & f € L_[A] such that £ : B s vy
for some y < nA and let R C nA witness the definition

of nA. Then

{£(8) | 6§ € R} C v

is RE(A)\REC(A) by the choice of R, contradicting the
choice of nA as least.

Similarly suppose 9 f € LK[A] such that
£ : pA <—> v for some vy < pA. By the definition of pA,

d 00 < k such that,
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(¥ o < x)(3T & < pA) (2 e € w)[o = He}A(OO,S)!A]-
Then clearly,
(V0 <<)@s<y)@ecwlo=|{eoy £ (8

namely fix ¢ < k¢ and take § < pA and e € y with

A A a A
g = |[{e} 0y £(8)) | and then g = |{e} (Go,f(G))l . But

this contradicts the choice of pA as least. ]

Definition 3.1.2: Let A C «k, then

{i) A 1is regular iff (Vo < k)[A N o € Lik)]

(ii) A is hyperregular iff LK[A] is E-closed.

Proposition 3.1.3: Let A C k RE, then

{i} A hyperregular —> A regular,
(i) A is complete RE <—> A is not hyperregular

{(recall that an RE A is complete just in case B gﬂi A

for all RE B c ).

Proof. (i) Suppose A is not regular and let %y <

witness the non-regularity of A, i.e. A N 9 € Lik).
Define £ : 9% —> K, by

[{e}tyv)|, if yean 7,

£{v)

0 , o©Otherwise.
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Then £ SHE A and range(f) is unbounded in

otherwise & ¢ < « such that range(f) C g.

A
AN T4 éna <0gre,0> and hence A a4 € Lik)

ing the choice of GO' But now f witnesses
E -closed, contradicting A hyperreqular.

(ii) Case 1: p < k, then let,

0 =iy <o [ {tMydlogsty) )i,

«, for

But then

contradict-

L [A] not
K

where %9 is the parameter in the definition of p. Re-
call that {|Y[O | vy € 0} are unbounded in « and let
f : p —> « be defined by,
v1%, if yeo
fly) =
0 , otherwise.
Then since (¢ 1is RE, ¢ SE A and hence f SIE: A. Then
f witnesses A not hyperregular (note that by (i)
LK[A] = LK).
Case 2: Assume that if s <k 1is E-
closed, then the function .
Li{k.)
Ks NECHEN p 8 ’ where
k = K 7 is constant.
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Define for p = G(Ké), ¥ 3§ by ETR £ : p —> «

f(8) = sup gG(T)p

™<p
where in L(KG) we let
0K = {y < p | {(Y)O}(pK ,(Y)l)}
8 §
L(KG)
and p defines p . Also g, : p — k., by
Ks 8 )
0
g
(1) ’ if 1 €0
K
)
gs(T) =
0 ; otherwise.

Then f SE: A and witness LK[A] not E-closed. Hence
A 1is not hyperregular.

Now suppose A is not hyperregular, i.e. there is
§ <k and f : § —> k unbounded with £ SEI A, then

{e}ly) <—>

(1 0 < sup f(Y))[|<e,Y>|O < g].
v<§

Hence A 1is complete RE. O
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Remark: Recall (Sacks [1980]) there is a
regular complete RE subset of k. We will use this and
the fact that every incomplete RE subset of « is regular

(by 3.1.3) in our argument for density of the RE degrees.

Lemma 3.1.4: Suppose A C ¢ 1is RE and incomplete, then

(i) LK[A] = LK ‘ and

(ii) LK[A] is E-closed.

Proof. (i) By 3.1.3 A 1is regular and hence
LK[A] = LK. (ii) by 3.0.3 A incomplete iff A
hyperregular iff LK[A] is IE-closed. a

Remark: For incomplete RE A C k we will often write
L(k}) for LK[A], noting that we are still concerned

with those functions E(A)-REC on Lik).

Lemma 3.1.5: Let nA and pA be as in 3.0.0, where

A C k 1is RE and incomplete, then
(1) o = p®; and

(ii) 4 « E-closed such that

Proof. {i) pA < p by definition so assume pA < p

then the map

g s ny < DA[U = |{e}A(UOfY)|];
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where Ty is the parameter in the definition of pA is

E(A) -REC and total on «k. By the definition of this

notation map for fixed o < k

(*) y < o | (2 e€wls = [{e}(co,Y)IA]}

S LK[A] = L(k) and so consider
A
£ F P p —> p.

By (*) f ['p uses at most A N p € L(k), by regularity

of A and, therefore, £ P p € L(k). But this contra-

dicts p a cardinal in L(k). (i) O
(i1) By part (i) p = pA so suffices to give E -
closed Kk where n < p: Let L(x) = ]E-closure(Nuj ) and
1
in Li{k) form
E-cl (w

U {R }) =M
w

1 1

and let M be the Mostowski collapse of M. Now
Lk) M

p = R and hence p = = R , however clearly
w W
1 1
E —
[ sup KE] =0n N M
Y<wy

and hence nM < pM. Hence
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for any incomplete RE A C On N M. (ii) O

Remark: M 1s E-closed since M is closed under

X —> K?. To see this notice that any infinite descending

path through a divergent computation in L(k) can be taken
to be a countable sequence of countable ordinals, hence REC
encodable as a countable ordinal. At a branching at level

n, simply take the least a < wy such that for some

Y s Ra the computation procedure diverges on Y. This

example was first noticed by T. Slaman.
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§2. Relativized RE Cofinalities

As in Chapter 2 an obstacle to the priority method is
the existence of RE sequences of short order type cofinal
in «, so-called scattered sets. Such sequences arise
naturally in the argument for the existence of a minimal
pair of RE-degrees. Associated with a fixed negative
condition are computations which are injured for the sake
of positive conditions of higher priority. The set of
such computations which eventually return form an RE
sequence which may or may not be REC. Essential to the
'recovery' argument there was our ability to bound these
sequences below «. Working in LK[A] we are concerned
with sequences RE(A)\REC(A) of order type less than nA
{and hence less than pA since we will assume that

A A
n=0 ).

Definition 3.2.0: Let A C k and A a cardinal of

LK[A], then

(i) RE(A)-cf()) = uyl[y is the order type of some

XCa RE(A) and unbounded in ]

(ii) A is RE(A)-regular iff RE(A)-cf()) = .

Proposition 3.2.1: Let A C k be RE and incomplete, then
(i) RE(A)-cf{xk) € RE-cf(k); and

(ii) RE{(A)-cf(k) = Zl(A)‘Cf(K).
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Proof. (i) Immediate since any R C x which is RE

is RE(A). (i) 0O

(ii) Zl(A)-cf(K) < RE(A)-cf(x) since any R C «

RE(A) 1s IL.(A), where the witness in the I, (A) defini-

1 1
tion is the computation {e}A(Y) =W, e, v < k.
W e LK[A] by the fact that A preserves the E-closure

of Lik), i.e. if {e}A(Y)¢, then 9 o < gk such that
|<e,v>|® =0

and the information about A used in the computation, say
AN g, 1s an element of Lik) (since A regular).

Thus,

{e}A(é) <—> [there is an ordinal ¢ < x
and a neighborhcod A n vy for
some Y < g such that

{e}ﬁn‘f(a);] X

The right hand side is Zl(A), i.e. Zl treating A as

a AO predicate with some parameter less than «k.
RE(A)~-cf (k) < El(A)—cf(K): let f : vy —> ¢ witness

Zl(A)—cf(K) and for each § < v, let W6 be the witness

to f£(8d) = o0 < k. Then the sequence
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<<§,£(8),W> | & < y>

3

is RE(A) and has order type y. Thus

RE(A)-cf (x) = El(A)‘Cf(K):

as desired. (ii) O
A A .
If we use op {(p”" = p for our choice of A by
3.1.5 (i)) to index the conditions of our argument, then

RE(A})-cf (k) 1is scomewhat well behaved.

Lemma 3.2.2: Let n°* be as in 3.1.0 (ii), then for
c <k and v < nA
<g,8>
sup K [A] < k.
<y

Proof. Suppose not and let Y and 99 witness,

sup K;U'6>[A] = K.
§<y
Sublemma 3.2.3: sup K;U'6>[A] = g —> sup KSU’6>[A] =
8<y 8<y
<g,d>
Proof of Sublemma. Suppose that sup « (a] = «x,
<5. 8> §<y
but sup k. ' < k and take XA, < k such that for all

§<y 0 0

§ < vy
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K<G'6>[A] < A

By assumption there is a 60 < ¥ such that

<0,60>
AO < S (a] < k.

Without loss of generality vy 1s closed under pairing, so

take Gl < v such that

<Gp50> <g,86,.>
K. [Aa] € « f[a] < «

and let &=<§.,8.>. Then 6§ < y and

07%1

<g,68 . >

" 0" (a1 < «%9%% (a1 < «,
r r

so L (Al "d o LU[A]}= 8™(5 )", where 6 (x)

<g,8>
r

[A] 0

is the formula of Theorem 3.0.4. By reflection,

1] A n
L o5 8> [AlE "2 o L Al 87 (5",
K [A]
0
but then
<g,8_.>
"0 <g,6> <
Kr [A] < KO fa] = AO ’
contradicting the cheice of ¢ |

0"
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Returning to 3.2.2, by the choice of ' and 99

and 3.2.3
<gnrG>
sup K, [A] = k, but
6<Y0
R = {6 <v, | (Teecuwlea,y)i}
v To 0’

0

is by Gandy Selection an RE (A)\ REC(A) subset of Yo

contradicting the definition of nA and Yo < nA. Thus

A
vo<«, wvY<N

<o,6>[

sup « Al < k.

§<y

g
A

With this lemma we can now show that « and n

have the same RE(A)-cofinality.

Theorem 3.2.4: A C k RE and incomplete, then

RE (A)-Cf (k) = RE(A)~-cf(n?).

Proof. RE(A)-cf(x) < RE(A)—cf(nA): Let R(nA) < nA
witness the RE(A)-cf(nA), i.e. for some e € w and

T, < Kg

0

R(nA) = {y < nA | {e}A(oO,Y)¢}
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is RE(A) and Uy | y € Rt™} = nP. For y € RM™,

let

<<00;01>15>

B, = Sup « (Al

Y §<y T

where is the parameter in the definition of nA.

9
Then by lemma 3.2.2,

(¢y € R(™)) (8, < k]
and the sequence

S = <BY [ Y € R(nA)>

is RE(A) via <o4,0,>. By the definition of 2 s s

also unbounded in «k and also has order type that of

A

R(n®). Thus RE(A)-cf(k) < RE(A)-cf(n).

To show RE(A)~cf(n®) < RE(A)-cf(k), let R(x) C «

witness the RE(A)~cfik), 1i.e. (T e w)(T o, < k),

0

R(k) = {y <k | {e}A(oo.Y)L}

is RE(A) and U R(k}) = k and R(k) has order type

RE-cf (k).

Fix a witness to the definition of nA, i.e.

R Cn RE(A) wvia e' € w and oy < k. Define S C nA
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as follows: Run algorithms for computing R and Ri{x).,
if x 1is enumerated into R(x) 1i.e. {e}A(UO,x)i, then

enumerate into [ the first element y € R satisfying
I{e}A(co,X) | < |{e’ }A(ol,y) l.

Continue this process each time enumerating y into ¢
just in case y 1is greater than all y' previously

enumerated inte . Then 1§ is RE(A) and of order type

that of R(k) by construction. U g = nA, for otherwise

d vy < nA

<g

18> -
0 [A] = K

sup «
&<y

for some ¢ < k, contradicting Lemma 3.2.2. 0
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§3. The Density Theorem

To carry out the preservation-recovery strategy in
Chapter 2, we made use of what is called in the Appendix
Normann Reflection, i.e. p REC-regular iff (v g < k)

(¥ & < p)

sup KSO.G,Y> < K;o.-cS>_
<48
An analogous result holds for LK[A] for A Ck RE and

incomplete with minor changes in the proof. We state the

result here with a sketch of the proof.

Theorem 3.3.0: Let A C « be RE and incomplete, then

pA is E(A)-REC regular iff ¥ o < ¢ ¥ vy < pA

<g,8,Y> [A] < K<GIY> [A].

Sup «, r

§<y
Proof (Sketch): The proof of 3.3.0 proceeds as in
the Appendix with some changes. Instead of the collapsing

argument used to produce the parameter

Bg = {f : 86— 0 | £ € Lik)},

first notice that for £ : § —> o>, f € L [A]

U rng(f) < pA by the E(A)-REC regularity of pA say

U rng(f) = 0. Then f uses at most A N ¢ in its
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computation and A& N g € L(k) by regularity of A. By

the lemma cf the Appendix and p = pA,

(Ano | o<o™ eLp+l) C Lik).

Thus, using A&,

: A
BG[AJ ={f:8 — p~ | £€ LK[A]} € Lp+l[A] C Lik).

Then use BG[A] to carry out the selection argument to

get TA(X) partial REC(A).
As before, suppose o 94 <k 2 60 < pA such that,
<g pd;G > <Qg ,(S >
sup g 0 (2] > Ky 0°"0 [A] .
6<60
Now let
R=1{6<6,| (Fecwieb.,0.,804]
0 Ol OI ’

then R 1is RE(A) subset of & via <60,00>. Let

0
<ga,0.>
Re> . O 0 qa)) = (6<6. | (@ ee wlel(s.,0.,8)
. r 0 0’0’
<g.,8 . >
0’"0 A A
N Kr [A) < !{e]’ (60I00!6)| }I
<00,60>
then R(> K. [Al) 1s RE(A) subset of 60 via



120

<60,00>, say via the integer ey Then F<6O’ddje0)¢
min |z]| < [T (es) |
<GO'60> <60,00> 0
ZER (> <L {al)
But by the definition of T[2,
<8 ,0,> <E s Ta>
A 0’0 0'-0
<
I‘<6 e >(eo) <o [a] < K. [A],
0"~ 0
contradicting the definition of R(> K. [A]).

Theorem 3.3.1l: Let L{k) be E-closed and not Zl—

admissible. Let A, CC ¢k RE and A be incomplete with

A <E C but C %IE: A and further suppose that nA
and pA is E(A)-RE-regular. Then there exists B C

such that
(i) B 1is RE

(ii) [A < B/AB %Ei A] and [B <

E E

Proof. Strategy.

CNC %E: Bl.

A

In proving 3.3.1 we employ the basic idea first used

by G. Sacks [ 1964 ] to prove that the Turing degrees of

recursively enumerable subsets of the integers are dense.

To insure that A < B we plant with highest priority &

IE

into B as A 1is enumerated on L(x). B QE: C by the
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construction and the fact that A <Ea C. To insure that
B gﬁﬂ 2 we will monitor, for each index e, the length
of agreement between {e}A and B and if this length
appears to be increasing unboundedly in «k, then we will
plant information about € as it appears into B 1in an
E(A) -REC way. If we then had B = {e}A finally, then
we would have C éﬂg A contradicting the choice of A
and €. To insure that CC %E: B we monitor, again, for
each index e, the length of agreement between {e}® ana
C. If this length appears to be increasing unboundedly
in k, then we will preserve information about B used
in those computations. If we then had {e}® = ¢

finally, then again we would have C éﬂg A contradicting
the choice of A and C. Without loss of generality we
can assume that both A and C are regular. The fact

that A 1is incomplete insures that LK[AJ = L, and that

LK is E(A)-closed.

Conditions and the Ordering

The conditions to be satisfied will be indexed by
pA = p. By the definition of pA there is a partial
IE(A) ~REC function from pA onto L(k) and a total
E(A) -REC map of «k into pA. This latter map is given

by, for o < kg,
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> {uy < DA)(H e € w)

G
(o = |{e}P (o, v) |1,
where 9y is the parameter in the definition of pA. For
e < o®,
PA: A gﬂﬂ B
Pz'B {e}B # A e = <l,e'>
A A,B

We write P and Pe' to indicate that these conditions
are positive, i.e. they entail our putting elements into
B to satisfy them. For e < oo,

Ng’c; {e'}B # C e = <2,e'>
We write Ng'c to indicate that these conditions are
negative, i.e. they entail our restraining certain elements

from B in order to preserve {e}B on longer and longer

initial segments of «. The priority ordering will be

given by the ordering as ordinals of indices less than pA:
1. PA has highest priority
2. For e, e' < pA if Re ' Re‘ range over positive

and negative conditions then Re has higher priority than
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Re' iff e < e (provided e and e' are indices for

conditions).

Proposition 3.3.2: Under the assumptions of the theorem,

if v < o®, then
(1) pA indexes the E({A)-REC functions;

(ii) {f | £ E(A)-REC with index § < y} = P(y) is

an element of L

<Yr00>
K [A]
Proof. (i) The E(A)-REC function have a natural
indexing via ordinals ¢ < k. Using closure of pA under

A

pairing and the definition of o there is a § < pA

such that for scme e € w,

g = I{e}A(GO,G)I,

(00 the parameter defining pA) i.e. ¢ 1s constructive

in & wvia <e,04>- (1) 0O
(ii) That P(y) € L{k} follows from nA = pA and

the fact that P (y) 1is an RE(A) subset of vy < pA.

However Theorem 3.3.0 gives that

LT, 8,v> <UOJY>
sup « [A] < K. [A]
§<y
and hence P(y) € L . (ii)y O O
<0'01Y>
K [A]

r



124

The proposition asserts the strong 'tameness' of or

reindexing of the E(A)-RE functions via pA

Auxilliary Functions

Definition 3.3.3: For o <« and e < p® if e = <l,e'>,
then let
A,B Bg
"  (o,e) = max (¥ a < y)[{e'} “(a) = A (a)],
g g
Y=O

and if e = <2,e'>, then let

B,C Bo
27" (g,e) =max v < o(¥ a < Y)[{e'}O () = CY(a)].

Remark: (a) D_ = {y <« | {e}(y)d A [{e}y)]| < v}
where e defines D C k RE.
(b} Subscript o on {e}U(Y) indicates that it

is evaluated in L(g) and, by convention, all information

is coded by ordinals less than ¢.

Definition 3.3.4: If o <k and e < o™, then if

e = <l,e'>, let
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n®Ce,0) = U 2B, )
<o
"longest initial segment of agreement before stage o".

Suppose that,

pl(e,o) = uy[y bounds negative facts about

B used in evaluating RB’c(e,U)].

A bound on ple,c) will arise in one of two ways:

1. (T a <k){e'}B(a) , in which case

p(e) = lim ple,q) < K;e ’a>[B]; where
T+K
kB’c(e) = lim RB'C(e,o) = a; Or
a+K B
2. (@ a<xk)[C(a) # {e'} 7 (a)] in which case
p(e} = 1lim p(e,q}) < 1 < K;e 'a>[B], where
oK
2B Ce) = 1im 2B C(e,0) = a.
g-+K

Roughly, we will be able to conclude that 1. or 2.

obtains after the fact by an ETR on Yy < e.

Definition 3.3.5: For e < pA and 0 < k¥ say that e

reguires attention at stage ¢ 1if e 1is least such that

either,
(i) e = <l,e'> and 12 Bie,0) > n®Ble,q); or
(ii) e = <2,e'> and 22'C(e,0) > mP'C(e,q).
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Construction

Stage 0: Set B = J}

Stage A: A € LOR, then let

Stage 0: o € SOR. Let e be the least index less

than o which requires attention, then:

Substage 1. Check to see whether AO\AT # g,

where ¢ = 1+l. If so for each v € AG\AT , enumerate

<Q0,y> 1into B and proceed to substage 2.

Substage 2.
- ' A,B
Case (a)., e = <l,e'> (Pe ) and suppose that
EA’B(e,c) = z. Consider the truth wvalue of the sentence:
aA,B BG :
¢ ! (z,e,0) = (¥V x € k) [Ao,(x) = {e'}Cf (x) 1]
. . A,B
in Lik) {i.e. 0 or 1) and let ¢ (vy,e,0) be that
truth value. Let p(z,e,0) = "the number of changes in
c(z,e,7) for =t < g"; say that pl(z,e,0) = §. Form the

pair <z,8>, then I a < p such that {(a)o}((a)l)¢ and
l{(a)o}((a)l)| = ¢g. Form <a,<z,8>> and check to see

whether <q,<2z,6>> > R(e,q), where
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QB,C(

R(e,0) = U{Kr d,o)

l d<eAn (@ a')[d = <2,4'>]}.

If <a,<z,8>> < R(e,0), then go to the next stage. If

<g,<z,8>> > R{e,g), then let
[<a,<z,8>> € B 1iff =z € CO]

and go to the next stage.

Case (b). e = <2,e'> (Ng'C

), then proceed to
the next stage.

Finally, let B = \_ B

Y<K Y

End of Construction.

We now show that the constructed B satisfies the

statement of the theorem.

Lemma 3.3.6: (1) B 1is RE

i = = .
{ii) A]EB andBIEC

Proof. (i} By the construction the elements of A
were enumerated into B as they were enumerated into A,

say A defined via parameter a < k, 1i.e.

Y € A <—> <0,vy> € B.

In addition, in Substage 2, Case (a) we had elements of B

of the form <¢,<z,8>> and o was an index less than o
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for the stage at which we enumerated <a,<z,§>> 1into B,

if we d4id it at all. (i) O
(ii) A QE: B by construction and B QE: C by
construction and the fact that A < C. ii O

E

Lemma 3.3.7: B gﬂz A and <C %E: B (allowing parameters

in Li{k)).

Proof. We proceed by induction on e < pA and the
form e (i.e. e = <l,e'> or e=<2,e> corresponding to
PQ’B and Nz’c). Fix e and assume that for d4d < e we
have that

(i) B # {(d}®, if 4 = <1,d'> and

(1i) c # {@"1B, if d = <2,4a'>.

Case 1. e = <l,e'>(P2'B). Pl(e) € L(k) so let
Oy = WO < k[ P(e} € L(o)]. For d < e corresponding to
(i) and (ii) we have: {(1') d = <1,d4'>(d oo < k) such

that [{d"}®(a) # B(a)] or [{a'}*(a)t]; or
(1ii') 4d = <2,d'> (3 a < k) such that [{d'}B(a) # Cla)]
or [{d'}B(a)T]. In either case let ao(d) be the least

such. By XE(A)-closure of L(x) this disagreement or

divergence is established by ¢ < K;d ’a(d)>[A] or
K<d',u(d)>

r [B]l]. Let for d4d < e:



~

sita'Pa@)| = ol, if {d'}*(a(d)) # Bla(d)) Aad = <1,d'>
($atal@> g g @@t Ad = <1,4
r -
B(d) = 9 @
sf({a'1B(a(@)| = o1, if (a'1°(a(d) # cla(d)) Ad = <2,d"
LK;C’i'f<>l(d’>[1;;], if {da'1P(afd)nt A d = <2,d'>
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Then the sequence,
<B(X) | 4 < e>

is RE{A) and of order < e, hence bounded by some

A

{(IE(A) -RE-cf (k) P7). For d<e d = <1,d'> we

9 = T9
planted falsely in B, consider F(e) = {<z,d>|d < e N z
planted for the sake of P?’B} E(A)-RE of order type < e,
hence bounded by some Sq > Gq- At 0, we can compute that
false planting activity and ¥ tv 2 0,, assuming {e'}A = B,
we plant for the sake of e with highest priority in an

E(A) -REC way. Suppose we have computed C(y) ¥ vy < z

E(A) -REC'ly via fA and show that fA(z) = C(z) can be
computed. Now e enumerated in C then |["e € C"| < Ksp'2>,

p defining C, and

sup £, ()| < « 777 (A (by 3.3.0).
y<z
<O4,Y>
Thus 3 o < K9 [A], by which time we have
{f£,(v) | vy <z} and 1 = |{p}(z)| (assuming 0, = <0',p>)

and at stage =z was E(A)-REC coded into B, thus

fA(z)t and correct. But with fA , C glﬂ A, contradic-
tion. a
— ' B,C
Case 2. e = <2,e >(Ne } 1 Ple) € Li{x}, let
Oy = HO[P(e) € L(k)}. Take <a(d) | d < e> as in Case 1

and also B(4d) and the bound ¢ and consider,

2
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I(e) = {<z,w> | z planted for the sake of

Pg'B Nd< e injuring w associated with

e and some argument o}

which is E(A})-RE in Gy of order type < e and hence

<g<Z,W> } <z,w> € I(e)>
where o(z,w) = stage at which w returns is also
E(A) -RE and, hence, bounded by some o > g, (assuming
c={e'}® for a contradiction). We show by ETR

that C QE: A with parameter Oqe Suppose we have de-

fined fA(Y), ¥ v < 2. By construction we preserved

{e'}B = C with highest priority after O3 hence
<04,2>
sup £, (v)| < x_ [a]

Y<z

using IE(A)-closure of L(k) and 3.3.0 hence by reflec-
<g
0

defines C. For all 71 > ¢ we preserved {e'}B(z) with

P22

3 fa]l] with |[{pl}(z)| € g, where p

tion 4 g < «

B
highest priority and £,(2z) = {e'}cd(z) is correct.

Thus, C SI: A, a contradiction. 0
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Thus B satisfies the statement of the theorem.

O
Corollary 3.3.8: (Density). Let L{x) be E-closed,
not Zl—admissible and assume nA = pA and oA IE(A)-RE
regular for each A, C C k« RE with A QIE C, but

C iéIE‘. A. Then the E-RE degrees on L(x) are dense.

Proof. Apply Theorem 3.3.1 to each pair A, C and
take a = IE -degree {(A), b = [E -degree (B) and

¢ = IE -degree (C), where for D C «

E-degree (D) = {BC« | D<p BABS< D} =4d.

Then a < b < c. O

Remark: At this writing the author has found a means of
eliminating the assumption of pA E(A)-RE regular by
an entirely different proof using a shorter 'tame' listing
of the E(A)-REC functions. Independently, T. Slaman

has given a proof of density using his techniques for

'splitting' E-RE sets (Griffor-Slaman [1980]).
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Chapter 4: Absolute Degree Theory: Normal Kleene-

Recursion Revisited

§0. Absolute Degrees

This last chapter will consider another particular

case of an IE -closed set, namely the universe for normal

Kleene recursion in k+2E‘ : Tp(k+l) —> Tp{k+l), k = 1,

reviewed in Chapter 1. There we described a hierarchy
k+2

for IF which amounted to iterated constructibility
relative to a predicate contained in Tp(k+1l), L:F[Eq,
K
where KE, was the least ordinal not recursive in
<IF,a> for some a € I = Tp(k). As Normann [1978] has

shown, this theory can be shown equivalent to E-Recursion
on E-cl(Tp(k)) with an additional predicate or relation,
i.e. E(R)-Recursion R C Tp(k+l). 1In this case

R = k+2E‘ C Tp(k+l). There may or may not be a well-
ordering of Tp(k) in what we will call F-cl(Tp(k)).,
read the 'F -closure of Tp(k)'. However the ordinals
less than KE‘ form the spine of this universe and since
IF-cl(Tp(k)) is indexed by elements of Tp(k), it makes
sense to focus our attention on those elements of

Tp (k) which have the same degree in the sense of F as
an ordinal < KE‘ modulo scme integer. If we narrow our

attention then to those elements of F-cl(Tp(k)) which

have the same degree (T) as an ordinal meodulo an
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integer, then the resulting domain will prove sufficiently

"L-like' to allow the arguments of the previous chapters.

Definition 4.0.0: For k 2 1 and k+2E‘ normal consider
F -cl(Tp(k})} and let KI1 = On N E-cl(Tp(k)), then
OA(F -cl(Tp(k)) = {X€ F-cl(Tp(k)) | (Tecuw) (T y<kl)

OA

"ordinal absolute part" [X QI‘ e,a N o QE‘ e, X]} = F .
Remark: We write QE‘ rather than :SE(R)’
R = k+2E‘ C Tp(k+l) for convenience.
OAF
Now Tp (k) = OA(F ~cl(Tp(k))) N Tp(k) C Tp{k)

and, in general, may not be all of Tp(k), however, the

OA
least order type of a well-ordering of Tp (k) F o oyill

ke a cardinal in OAE" If we then restrict our attention

to the functions of I.IF[F] F-REC on OAE"
K

something can be said about the TF-RE degrees on OAE"

then

Definition 4.0.1: (1) £ : OAE‘ — OAE‘ is T -REC on

OAE" if T e an index in E(R) -recursion for R = TF

and some 2z € QA

T’ WEOA]F

f(w) = {e}mﬂ(z,WJ:
if

(ii) A C OA is TF-RE on O& in a € OAE"

e € w, 2 € 0A
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2 € A <—> {e}IF (a,z)4: and

{iii) ASOAIE. is F-REC on OAIE" if A and

OAIF\A are I -RE on OAIF {(suppressing parameters in

OAL ).

It remains only to make sense of relative T -recur-

sion and, hence, F-degree (A) for A C OA

F-
Definition 4.0.2: (i) A, B C OAIE" then A gIF B on
OA]F (‘A is T -REC in B'") if e € w@ ace OA]F) :
(« z € oap) [{e}® F (a,2) = a(2)],
viewing A as its characteristic function;
(ii) T -degree () = {B C OA | A sF B on
OA]F and B gIF A on OA]‘E'} .

Remark: We will omit the phase on OAIE‘ and assume that
parameters in QA are allowed unless stated otherwise.

F
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§l. The Kr-Function

In this section we review the results necessary for

the use of the Kr—function in this setting.

Lemma 4.1.0 (Kechris): If a € Tp(k) and B C Tp(k)

CO-F-RE 1in a, then there is a b € B such that

Theorem 4.1.1 (Moschovakis): For any subset A of Tp(k)

F -RE, there is a relation R(x,y) on Tp(k) which is
F-RE such that v a € Tp(k)[a € A iff g

b e Tp(k}R(a,b)].

Remark: The reader may consult Harrington [1973] for the
proofs of 4.1.0 and 4.1.1. 4.1.0 is used in the proof of

4.1.1, which actually asserts that L T
K

[F] is not Zl-

admissible.

Finally Harrington's characterization of «

"

Theorem 4.1.2 (Harrington): There is a formula (not

Zl(L TE.[IIE'])) 8(x} in L such that for all a € Tp(k)
K

M [F] = 8(a), but for all ¢ < Ki , MO[IF']/F= 8 (a)

K
r

(MO[EW denotes the structure
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<LG[JF] €, F [ (Tp(k+1l) N L [F])>
and L 1is the first order language appropriate to the

structures MO{Ej) .

Finally we state the result, due to Normann [1978],
which combines a Skolem Hull argument with a result on

selection to exhibit a regularity of the k,~function.

Definition 4.1.3: A subset A C Tp(k) is reflecting, if

0 r
ach

OAE‘ and incomplete, as in the next section).
Let =< be a wellordering of Tp(k) and assume that
~< € F-cl(Tp(k)).

Definition 4.1.4: =< is T -REC regqular if there is no

function F-REC in some a € Tp(k) mapping an initial

segment of < onto a —<<-cofinal subset of Tp(k).

Theorem 4.1.5 (Normann): The following are equivalent:

{i) < is T -REC regular
(ii) All proper initial segments of < are reflect-

ing.

Proof. [See Normann [1980]]. O

The results of this section provide the tools for

proving the results of the next section.
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§2. Absclute RE Degrees

k+2

Fix r and work in OA]F .
Definition 4.2.0: Recall that KIE‘ is the ordinal of
OA]F and let
= E-- 1 - -
n uy ICIE, (2 R)REY[R is I ~RE/TF -REC on OAIE,]
o= wy Sk (@ E | [f ;v SBED )
F ' F
f partial F -REC
on OAE‘
OAE‘
Remark: 1In this setting p = |Tp(k) f, where we simply

mean the well-ordering inherited from the ordinals. Thus

there will exist a total inverse of f taking any

QA
T < kp to its least index in |Tp(k} T| = shortest
OA
order type of the wellorderings of TP (k) ¥ in OAIE‘ .
Obviously n s oo,
Definition 4.2.1: Let o be a cardinal of O&a and let

r

F-RE-cf (o) = uy < o[y is the order type of

an TF-RE X C ¢ A UX = g].
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Theorem 4.2.2 (Minimal Pair): Working in OA]F for
normal k+21F‘ . Assume that n = p and p 1is F-RE
regular (i.e. I -RE-cf(p) = p). Then there exists a
minimal pair of IF-RE degrees, i.e. T A, B c K

F -RE/E -REC such that ¥ C C «p F-RE

[(C <]F ANC g]F B) —> ¢ 1is T -REC].

Proof. This proof proceeds just as in Chapter 2 on
L(k) using the tocols of 4.1. We need that
]F-RE-Cf(K]F) = IF -RE-cf({n), the proof of which proceeds

as those of the analogous fact in Chapter 2. 4,2.2 0O

For the density theorem we work in E(TF ,A)-recursion

(or simply TF (A)-recursion) on OAIE‘ as before.

Definition 4.2.3: A C K 15 and let
. A ,
= = - -
(1) n7 = ny Kp (3 R)RSY[R is TF (A)-RE\ F (A) -REC
on OAIE' (A)]
o A _ onto
(ii) p~ = uy < K (@ £ | [£ > KJF‘]'
f partial F(A) -REC
on OAIF (A)
Remark: Take A ¢ K F ~-RE and incomplete, then as
_ _ A
before OAIE‘ = OA:IF(A) and p = p°. Then

nA~<~n~<~p=pA for this A.
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Remark: Take A C K F -RE and incomplete, then as
A

before OA]F =0 and p = p~°. Then

Ar(a)
nA~<-n < p =pA for this A.

Definition 4.2.4: Let o be a cardinal of OAIE‘(A) and

let

F{A)-RE-cf (o) = puy < ofy 1s the order type

of an TF(A)}-RE XEO/\UX=U].

Theorem 4.2.5: Work in OAIE‘ for normal k+2IE". Take
A, CC < I -RE such that A g]F C, but C %IE' A:

and assume that nA= pA and pA is ¥ (A)-RE regular
(i.e. TF(a)-RE-cf(p®) = o®). Then there exist B C «

r

F -RE such that:
(i) A<]F B, but B%F A; and

(ii) B <F C, but C ﬁIE‘ B.

Proof. The proof proceeds as in the analogous result

of Chapter 3 using the tools of 4.1. By the above Remark,

OAIE‘(A) = OAp and OATE‘ is IF(A)-closed. The proof
that F(a) -RE-cf(KIF)=IE’(A) -RE—cf(nA) proceeds as in
Chapter 3. a

. k+2
Corocllary 4.2.6: Work in OA]F for normal F . Assume

that nA = pA and IF (&) -RE-c:f(oA) = QA for all A
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F -RE and incomplete. Then the TF-RE degrees on OAE‘

are dense.

Proof. Apply the theorem to each pair A, CC K g

IF-RE with A QE‘ C, but C %E, A to construct B.
Then the required degrees are a = TF-degree (A) < b =

At

T -degree (B) < T -degree (C). )

Remark: Analogs to 4.2.2 and 4.2.5 can be proved for an
absoclute notion of degree on arbitrary E-closed sets M,
Griffor [1980]}, which are not El-admissible and satisfy
DCm(RE), the scheme for dependent choices of length w

along relations R which are IE-RE on M.
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AEEendix: Selection Theorems in IE-Recursion

We include here the procfs of two selection theorems
for E-recursion on E-closed L{x), Gandy Selection and
an effective version of Grilliot Selection for L(k)
where p < k and REC-regular. This second result was
used in Chapters 2 and 3 in the procfs of Theorems 2.3.1 and
3.3.1. The proof of Gandy Selection is based on the
proof given by Moschovakis [1967] in the setting of normal
Kleene recursion in a functional of higher type. It
should function as a 'warm-up' for the second result which

we call Normann Selection [1980].

Theorem A-0 (Gandy Selection): Let L(k) be IE-closed.

Then there exists a partial recursive function ¢yl(e),

e € w such that:

v

(@ n € w)[{e}l{n) ]

(¢ n € wl|{ely(e))]| < [{e}m)]].

Remark: Parameters are suppressed for clarify of exposi-

tion. If we are considering e € w, T < k such that,

(I n € w)l{er(t,n)i]

then the value of ¢ will also depend on T.
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Proof. Let (¢ be the complete RE subset of w in

Lk} 1i.e
0 = {<e,n> | {el(m)}}
and make use of g : w x w —> (0 such that
{e}(n){ <—> g(e,n) € 0.
0

].

superscript. Using this norm

is simply height of computation and we omit the

on computation one can

define < : w x w —> {0,1} partial REC

< (x,y}¢ iff =x¢ or vyi

(i.e. viewing =x as a pair {(x)o}((x)l)i) and if either

is defined, then

0, if |x! < |yl

1, if |yl < [x]

Remark: For xt, |x| = =, « larger than any OR.

We shall define ¢(e) by induction on min(e),

where
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Definition A-1: min(e) = un(y m) [|{e}j(n)]| < [{e}(m)]

("the least integer which gives rise to the least height
of computation"). ©Note that min(e) will be defined,
just in case (Z n) [{el(n)!].

Let e' be primitive recursive function of e such

that,

W

{e"}(v) {e} (t+1).

Proposition A-2: min(e) > 0, then

min(e") = minf{e) - 1.
Proof. Since min(e)i, let
min(e) = Sq AR ¥ t[|{el(s)] < [{e}(&)]],

then so~l = min(e'), for: fix t, then

I{e'}(so—l)| = l{e}(so)[ < [{e}{(t+l)]| < |{e'}(t) |
S0 t[[{e'}(so-l)l < [{e'}(t)]].
If so-l were not least such, then n < so-l

min(e')

I
=]
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and min(e) = n+l # s contradiction. A-2 O

0’
Remark: This method can't succeed for RE W Syi w<y
since for limit ordinals X < y, "A-1" is meaningless.
The idea is, however, still sound. One actually builds up
to min(e) € ON wusing the set of e' for which min(e')
has already been defined by effective transfinite recur-

sion (cf. Harrington-MacQueen [1976]).

Keep in mind that y(e) = min(e), which is defined

if (I n € w)[{el(n)i]. Also

v(e)y iff q(¥,e) € 0,

where Y is an index for ¢ obtained by the recursion
theorem.
To compute y(e) from V:

Try to compute < ({e}(0),q(¥,e')):

Case 1l: If < ({e}l(0),q(y,e')) = 0, then {e}(0)} so

< ({e},(0}),2z)} for any 2z, so ask whether

¥ t(< ({e}(0),{e}(t)],

i.e. if 0 gives computation of minimal height. If yes,

output 0. If no, output yY(e') + 1.



146

Case 2: < ({e}(0),q(y,e")) = 1, then compute

< ({e} (0),{el(y(e')+1))

(this is defined since q(y,e')l = y(e')} = {e'}(p(e")}}

—> {e}(y(e')+1)
If < ({e}l(0),{e}l(y(e')+1)) = 0, then as above ask

whether ¥ t[< ({e}(0),{e}(t)}]. If yes, cutput 0. If

no, output yfe') + 1.

If < ({e}(0),{el(y(e")+1)) = 1, output yle') + 1.

Claim: (I n)[{e}(n)i], then

y{e) = min(e).

Proof of Claim. By induction on min{(e} € w.

min(e) = 0 i.e.

(v ) [|[{e}(0)]| < [{e}{t)]]

and since {el}l(0){, < ({el}(0),q(y,e'})é: if

0, then by assumption,

n?

< ({e}(0),q(g,e"))

(¥ t)[< ({e}(0),{e{(t)) = 0],

so we gave output, 0 as desired.
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If < ({e}(0),q(y,e')) =1, then

g @@,e"y| < {{el(0)],

and so q(y,e')y so y(e')d and it must be that

< ({e}(0),{el(yp(e")+l)) = 0

and hence 0 1is output, the min(e), since

| {e}(0)] < |{e}(p(e"}+1)].

min(e) > 0; by induction hypothesis

y(e') = min{e')
since min(e') < min(e), by the proposition. Thus we show
that,

vie) = Y(e') + 1

vle')d = q(y,e')

= < ({e}(0),g(¥,e")}}

if < ({e}(0),q(¥,e")) = 0, by assumption
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(g t) < ({e}(0),{e}(t))], SO
ple) = v(e') + 1, as desired.
If < ({e}(0),q(y,e')) =1, then if
< ({e}(0),{e}(y(e")+1)) = 0

and we output y(e') + 1, as desired; or

< ({e}(0),{e}(yle")+1)) =1 and again

ple) = ple') + 1, as desired.

claim O

Thus 1y is our desired selection operator. a

In the following version of Grilliot Selection we

assume that p < k. In the case that p Kk and we have

RE X C 6§ <p, let

M = E-cl(gci{k) U § U p+l)

where p 1is the parameter defining X. Then M is

transitive and hence M = L(x') for some k' < k
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(ow, L(k) = E-cl(y) for some v < ¢ and, hence,

p < k} and so carry out this argument inside L{(x').

Theorem A-3: L(x) E-closed not I.-admissible, p < k

1

and o REC-regular iff

<y, 8> $

¥ 4&8[8 < p = sup KO = Kr].

v<5

Remark: Parameters are suppressed for the sake of clarity.

One actually proves, for Yo < K

<<YO,Y>6> <YO,5>
§ < p = sup g < K.
v<§
Proof. (<=) Suppose ¢ 1is REC-singular and let

6§ < p, £ : 6 —>p witness this singularity with f REC
and rg{f} unbounded in o¢.

Note that by Theorem 1.2.13 due to Moschovakis, the
RE subsets of «k are not closed under the quantifier

4 1 < p. But, using f, we can write ¥ t < p as
vy <8){H o < fy)).
Thus RE sets cannot be closed under less than o bounded

existential quantification, so it must be that for some

§ < p and YO < K
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Yr¥qge 6> <Ygr8>
sup g > K.
v<&

To show p REC-regular implies

<Yr6> < K'GJ .

(¥ 8§)Y[{(8 < p) = sup Kg -

v<8§

Lemma A-4: If p 1s REC-regular and & < p then there

is a partial REC [ (suppressing parameters) such that if
(v < &) [{e}(y)}t] <— T (e)
and then if T(e)d,

min[|{e}(y) |1 < |T(e)
v<8§

We can now complete the proof of the theorem. Suppose

d ¢ < p

sup KSY’6> > Ki

Y<é
then let

R = {<e,a> e € why <8 AN {e}y)i}.

Then
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sup !{(z)o}((z)l)l = sup KSY'6> > Ki.
Z€R Y<§
Now define
Sy, _ A $
R(> k) = {<e,y> [ {e,¥y> € RN [{e}(y)] >« }.
Certainly R(> Ki) is RE in 6§ say via ey w and con-

tained in &§. By assumption R(> Ki) # B, 8O
F(eO,G)L and

min[[{eo}(y)|] < |T(e0,6)|.
¥<$

But |F(e0,6)| <% ana by the definition of R(> Ki)

0
8
(v y < 8) kg < [Leghy) |1,
a contradiction. 0

It remains only to prove the lemma.

Proof of Lerma:
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Proposition A-5: Suppose p 1is REC-regular, § < p and

ACdéd and A € Lik). Then A € L(p).

Proof of Proposition: Fix 6§ < p and A C §,

A € L(k) then 3 o € A€ L{g). Then in L(g) let

M= E-cl(§ U {y})

where v < p such that ¢ <_ y. Let M be the Mostowski

E

collapse of M., M < <§,v> and is indexed by ordinals in

E
w X §. By p REC-regular M N ¢ 1is bounded. Since

A ¢ § and the collapse is the identity on §, A is
mapped to A, so A € M.

Let Yy, = On M, then Yo <P and
M= L(YO)

and so A € L(yg) € Lip).

By the proposition, if 4§ < p,

By = {£ : § —> p | £ € L{x)IL(p+l) C Lix).
We will use this fact in defining T (e).
Note that by the definition of p we can view the

E -REC functions as being indexed by ordinals less than
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If a<p 1is a code for a computation, then g(a) < p

is an immediate subcomputation of a. Ra = {immed.

subcomputations of a} 1is, in general, RE\REC in a.
Let X C § be RE via e with X # g. By closure

under pairing we can imagine ¢( Co

0 = {<e,8> | {e}(8)+1},
then there is REC h : § —> p such that b < §

b€ X <—> h(b) € 0.
These are the functions we'll consider in our proof. Our
goal is to product a non-empty REC subset of X, W.
Naturally enough

W= {be X | |{e}(b)| 4is minimal}.

Keeping in mind the proof of Gandy Selection, for

£f : 8§ —> p, let

min £ = min {{f(b)| +» [b < §}

where £(b) is an instruction for computation.

We define y(£,b) : %9 x p —> {0,1}, by
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0, if |f(b)| = min f < =
$(£,0) = <1, if [£(b)| > min £
T, if min £ = o,
.
So given f : § —> p with min f < o,
{b <é6 | [£(b)| = min £} <g f

¢ will be defined by ETR on min f. Say f given and

is correctly defined for all g, b, b < § such that,
min g < min £,
then we will define ¢(f,b) for all b < §. Assume
0 <min £ < =,
Define ¢ : p x § —> {0,1} an approximation to
{b <8 | |glE(b))] < min £},

where, recall, g(a) 1is an immed. subcomputation of a,

which must be evaluated before the remaining

¢
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subcomputations can be determined. This corresponds to an
application of scheme (iv).

vig,b) = 0 iff we know that
g(f(b)}i,

hence the set of immed subcomputations is known and we can
proceed.
p(o,b) 1is defined by ETR on ¢ simultaneously for

all b,
Stage 0: y{o,b) = 1 for all b < 4.

Stage 0 > 0: ¢y (g,b) 1is defined as follows, 1if

y{1,b) has been defined b« §, let

g{f£(b)) if

¢l{t,b) =1

M_ = {g:6—>p:g€L(t)Ag(b) = <
some element of
Rf(b) if

. Y{(t,b) =0

where R, = {immed subcomputations of a} € RE(a).
Intuitively these functions g : § —> p "lie

under" f at stage 1T constructible by rt. Clearly
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M < £, 1 since

< b].

Notice: g € M= min g <min £ and so ¢ h MT x § 1is

available i.e. the min's of g € MT. Using ¢ define

NT = {g(b) : g€ MT ANb < §Avylg,b) = 0}.

Finally assume y(t,b)! defined ¥ 1 < ¢ and all

b < &, then
plo,b) =0 iff
(1 1 <ag)(d c e NT)[Iq(f(b))l < |c]]

in particular g(f(b))!.

<U=’¢'(T:b) >lb(01b)r ¥ b <34,

—

Facts: 1.
2. 1T <g=M CM and N CN..
T =0 T =0

3. g € MT = min g < min £ so

cEN_ = |c] = min g for some g € M_.
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4. Y(o,b) = 0= |q(f(b))] < min £.

Intuitively, #%(o,b) = 0 tells us that in our effort to
effectively generate the ordinal min £, gq(f(b)) gives
a "false minimum".

There exists o < p such that ¥ b < §
Y(og,b) = pl(g+l,b),

for otherwise using § and p and BS as parameters and

assuming such a ¢, say o¢(y) has been determined for

v < &, the map

Y —> o (y) is I -REC.

0(y) 1is increasing as a function of v so if there were

no o(é) <p themap h : § —> p given by
hiy) = o(y)

would give an E-REC singularity in p, contradicting p
REC-regular. Thus g{(8§) < p and if 9 is the least
such, w(oo,b) is E-REC(b) and hence MU and NG

0 0
are IE-REC.
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For b < 3, define ¢(f,b), by
p(£,b) = 0 = w(GO,b) = 0A (v d€E Rf(b))
(2 ceN_)la] < |efl.
0
To show that ¢(£f,b) is correctly defined, we show
Claim: min f = sup{|c|] + 1 | c € N}
0

Proof of Claim. Assume not. We know

c € N —> |c| < min £
90

50, W& assume

min £ > sup{|c| + 1 [ c € L
0

Let ¥ = {b < ¢ | Viog,b) = 0}, then b € Y implies

w(co+l,b) = w(oo,b) = 1, so by the definition of vy,

lg(f£(b))| £ |c] for any ¢ € N, -
0

If b &Y, then I[f(b)| > min £ > sup{|c| + 1 ] ¢ € N, 1,
0

so @ d € Rgy such that |ld] £ |lec| for any ¢ € N,

0
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Define g § —> p by
{ d € Rg(y,y such that ld| £ |e| for
any ¢ € N_ , if bey
%0
g(b) = ﬁ
g(f£(b)), if b ¢ Y.
N
Then g € MG r S0 for some b < §, g(b) € Nc ; but by
t] 0
the definition of g,
|]g(b)| £ |c| for any c¢ € N,
0
a contradiction. O

This shows that ¢(£f,b) is correctly defined. Now
if min £ < =, then ¢(f,b) is defined for all b < §
and if we let e be an index for f,

{b | ¢(f,b) = 0} SE: £ so let
l(eg,8) = U {b <38 | ¢(£,b) = 0}, then

[T{e ., 8)] = U {[$(£,b)Y]| + 1
£

:bC 6N $(£,b) = 0}
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and, then

Y<4 £ £

as desired. O
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