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Abstract
Computing distances and finding shortest paths in massive real-

world networks is a fundamental algorithmic task in network anal-

ysis. There are two main approaches to solving this task. On one

end are traversal-based algorithms like bidirectional breadth-first

search (BiBFS), which have no preprocessing step but are slow

on individual distance inquiries. On the other end are indexing-

based approaches, which create and maintain a large index. This

allows for answering individual inquiries very fast; however, index

creation is prohibitively expensive. We seek to bridge these two

extremes: quickly answer distance inquiries without the need for

costly preprocessing.

We propose a new algorithm and data structure, WormHole, for
approximate shortest path computations. WormHole leverages struc-
tural properties of social networks to build a sublinearly sized index,

drawing upon the core-periphery decomposition of Ben-Eliezer et

al [10]. Empirically, WormHole’s preprocessing time improves upon

index-based solutions by orders of magnitude: indexing billion

edges graphs takes only a few minutes. Real time performance is

consistently much faster than in BiBFS. The acceleration comes

at the cost of a minor accuracy trade-off. We complement these

empirical results with provable theoretical guarantees.

CCS Concepts
• Information systems→Web mining; • Information system
→ Data mining.
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1 Introduction
Scalable computation of distances and shortest paths in a large

network is one of the most fundamental algorithmic challenges in

graph mining and graph learning tasks, with applications across

science and engineering. Examples of such applications include the

identification of important genes or species in biological and ecolog-

ical networks [18], driving directions in road networks [1–3], redis-

tribution of task processing from mobile devices to cloud [58], com-

puter network design and security [24, 30, 31, 57], and identifying a

set of users with the maximum influence in a social network [32, 56],

among many others. Thus, a long line of work [4, 21, 25, 28, 61]

has developed over the years, constructing scalable algorithms for

distance computation for a variety of real-life tasks.

The simplest methods for answering a shortest path inquiry (𝑠, 𝑡)
are based on traversals, with breadth first search (BFS) as the most

basic example. A popular modification, Bidirectional BFS ( BiBFS),
runs BFS from both 𝑠 and 𝑡 , alternating between the two until both

ends meet. It has well been observed in the literature that BiBFS
performs surprisingly well for shortest path inquiries on a wide

range of networks (see, e.g., [8, 12, 61] and the many references

within). Still, pure traversal-based approaches like BiBFS are too
slow for practical purposes that require answering a large number

of shortest pair inquiries.
1

Index-based approaches (e.g., [4, 37, 61]) sit at the other end of

the spectrum. The basic idea is to preprocess the network (before

any inquiries arrive) to create an index. The index, in turn, supports

extremely fast real-time computation of distances. This line of work

has been investigated extensively in recent years, with Pruned

Landmark Labeling (PLL, Akiba et al. [4]) being perhaps the most

influential approach.

1
To avoid confusion, throughout this paper we use the term inquiry to indicate a

request (arriving as an input in real-time to our data structure) to compute a short

path SP(𝑠, 𝑡 ) between 𝑠 and 𝑡 . The term query refers to the act, taken by the algorithm

itself, of retrieving information about a specific node. For more details on the query

model we consider, see §1.2.)
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Figure 1: Average running time per shortest path inquiry for three variants of WormHole, as compared to index-based (MLL [61]
and PLL [4]), and traversal-based (BiBFS) methods. PLL only finds distances, not paths. DNF marks that the preprocessing (index
construction) step did not finish. All three of our variants outperformed BiBFS consistently. Index-based methods have inquiry
time comparable to WormHole𝑀 on smaller networks, but did not finish on larger networks.

Although index-based approaches have been useful in practice

due to their extremely fast inquiry time, these approaches have a

number of significant shortcomings. The most central weakness is

a very high space (memory) cost. Typically, an index-based method

selects a subset of nodes, called landmarks; computes all shortest

paths among them; and keeps an index of the distance of every

node in the network to every landmark. Naively, the space (mem-

ory) requirement can be as bad as quadratic in 𝑛. Despite several

improvements to beat the quadratic footprint, existing hub and

landmark-based approaches methods continue to have high cost,

and can become infeasible even for moderately-sized graphs [40].

Additionally, most index-based approaches only return distances

in the graph, and not the paths themselves. Zhang et al. [61] showed

how index-based solutions can be adapted to also output shortest

paths, albeit at a very high space cost. They proposed a new ap-

proach called Monotonic Landmark Labelling (MLL) for saving on
the index construction space cost. While MLL is the current state of

the art for computing shortest path queries at scale, it is again index-

based, meaning that the preprocessing cost is still high. Beyond the

computational constraints, index-based approaches assume access

to the whole network during preprocessing, an assumption that is

simply unrealistic in numerous applications [10, 14, 26, 27, 59].

The limitations of indexing-based and traversal-based methods

give rise to a natural question of whether there is a middle ground

solution, with preprocessing that is more efficient than in index-

based approaches and inquiry time that is faster than in traversal-

based approaches. Namely, we ask:

Can we answer shortest-path inquiries very quickly, without
constructing an expensive index, or even seeing the whole graph?

A general solution that works for all graphs seems impossible;

however, real-world social and information networks admit struc-

ture that can be exploited. In this work, we address this question

positively for a slightly relaxed version of the shortest path problem

on such networks. Inspired by the core-periphery structure of large

networks [43, 50, 52, 62], we provide a solution which constructs a

sublinearly-sized index that does not need to access the whole net-

work during its construction. The algorithm returns approximate
shortest paths, where the approximation error is additive and very

small (almost always zero or one).

1.1 Our Contribution
We design a new algorithm, WormHole, that creates a data structure
allowing us to answer multiple shortest path inquiries by exploiting

the typical structure of many social and information networks. The

algorithm utilizes these insights to cleverly decompose the graph

and calculate approximate shortest paths. We discuss the algorithm

and various steps in detail in §3.

WormHole is simple, easy to implement, and theoretically backed.

We provide several variants of it, each suitable for a different setting,

and conduct extensive empirical evaluation. Below are some of the

key features of WormHole:

• Performance-accuracy tradeoff. To the best of our knowl-

edge, WormHole is the first approximate sublinear shortest paths
algorithm in large networks. We have a trade-off between pre-

processing time/space and per-inquiry time, which we explore

in detail. Our most accurate (but slowest) variant, WormHole𝐸 ,
has near-perfect accuracy: more than 90% of the inquiries are

answered with no additive error, and in all networks, more than

99% of the inquiries are answered with additive error at most 2.

See Table 1 for more details.

• Extremely rapid setup time. Our longest index construction
time was just two minutes even for billion-edged graphs. PLL
and MLL timed out on half of the networks that we tested. In

moderately sized graphs where PLL and MLL did finish their runs,

WormHole index construction was ×100 faster. This rapid setup

time is achieved due to the use of a sublinearly-sized index, which

may be as small as 1% of the vertices.
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(b) Fraction of vertices seen by WormHole. The dotted lines represent

BiBFS and solid lines are WormHole.

Figure 2: (a) Disk space use for different methods. The in-
dexing based methods did not terminate on graphs larger
than these. For WormHole, we consider the sum of Cin and Cout
binary files. PLL solves the easier problem of computing the
distances. The red bar “Input” is the size of the edgelist. (b)
The number of unique vertices queried by BiBFS (dotted lines)
and WormHole (solid lines) . BiBFS ends up seeing between 70%
and 100% of the vertices in just a few hundred inquiries; we
are well below 20% even after 5000 inquiries.

• Fast inquiry time. Compared to BiBFS, the vanilla version

WormHole𝐸 (without any index-based optimizations) is ×2 faster
for almost all graphs and more than ×4 faster on the three largest

graphs that we tested. A simple variant WormHole𝐻 achieves an

order of magnitude improvement at some cost to accuracy: con-

sistently 20× faster across almost all graphs, and more than 180×
for the largest graph we have. See Table 1 for a full comparison.

• Combining WormHole and the state of the art. We also im-

plement a variant of WormHole that runs MLL on the core (only).

We call this variant WormHole𝑀 . This variant achieves a “best of

all worlds” performance in terms of running times. The inquiry

times of WormHole𝑀 are comparable to MLL (with the same ac-

curacy guarantee as WormHole𝐻 ), while its setup cost is orders

of magnitude smaller. In particular, WormHole𝑀 runs on mas-

sive graphs in which MLL does not terminate. We explore this

combined approach in §5.3.

• Sublinear query complexity. The query complexity refers to

the number of vertices visited by the algorithm. In a query access

model where querying a node reveals its list of neighbors (see

§1.2), the query complexity of our algorithm scales very well

with the number of distance/shortest path inquiries. To answer

5000 approximate shortest path inquiries, our algorithm observes

between 1% and 20% of the nodes for most networks. In com-

parison, BiBFS sees more than 90% of the graph to answer a few

hundred inquiries. See Figure 2 and Figure 4 for a comparison.

• Provable guarantees on error and performance. In §4 we

prove a suite of theoretical results complementing and explaining

the empirical performance.We show that for the Chung-Lumodel

of random graphs with a power-law degree distribution [15–17],

WormHole incurs very low error (𝑂 (log log𝑛)) and is provably

sublinear in query complexity (𝑛𝑜 (1) ). Moreover, anymethod that

avoids preprocessing must have 𝑛Ω (1) query cost per inquiry.

1.2 Setting
We consider the problem of constructing a data structure for ap-
proximately answering shortest-path inquiries between vertex pairs

(𝑠, 𝑡) in an undirected graph 𝐺 , given query access to 𝐺 .

Querymodel:Access to the network is given through the standard
node query model [10, 14], where we start with an arbitrary seed

vertex as the “access point” to the network, and querying a node

𝑣 reveals its list of neighbors Γ(𝑣). Unlike existing index-based

solutions, which perform preprocessing on the whole graph, we

aim for a solution that queries and stores only a small fraction of

the nodes in the network.

Objective: Following the initialization of the data structure, the

task is to answer multiple shortest path inquiries, where each in-

quiry SP(𝑠, 𝑡) needs to be answeredwith a valid path 𝑠 = 𝑝0𝑝1 . . . , 𝑝ℓ
= 𝑡 , and the objective is to minimize the mean additive error mea-

sured over all inquiries. The additive error for an inquiry SP(𝑠, 𝑡)
is the difference between the length of the returned 𝑠–𝑡 path and

the actual distance. Depending on the specific application, one

would like to minimize (a subset of) the additive error, running

time, memory and/or node queries.

Core-periphery structure: The degree distribution in social and

information networks often follows a power-law distribution with

exponent 2 < 𝛽 < 3, which results in a core-periphery structure [9,

43, 50, 52, 62]. The core is a highly connected component with high

degree nodes and good expansion properties, while the periphery is

a collection of small, poorly connected components of low degree.

2 Related Work
There is a vast body of research on shortest paths and distance com-

putations. Here we review some of the most closely related works to

ours. For a more comprehensive overview, see the surveys [42, 55]

and references therein.

Index-based approaches: As mentioned earlier, a ubiquitous set

of algorithms are based on landmark/sketch approaches [38, 60,

61], with Pruned Landmark Labeling (PLL) [4] being perhaps the
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most influential one. These algorithms follow a two-step procedure:

the first step generates an ordering of the vertices according to

importance (based on different heuristics), and the the second step

generates labeling from pruned shortest path trees constructed

according to the ordering. Then the shortest distance between an

arbitrary pair of vertices 𝑠 and 𝑡 can be answered quickly based on

their labels. However, even with pruning, PLL requires significant
setup time. Hence, there have been many attempts to parallelize

it [29, 38, 39].

Embedding based approaches: Recent approaches leverage embed-

dings of graphs to estimate shortest paths. Like in representation

learning, they seek to find efficient representations of distances be-

tween pairs of nodes [11, 33, 63, 64] and explore extensions utilizing

deep learning [35, 47, 48].

BFS-based approaches: Another set of algorithms is based on

BFS or BiBFS, as they are exact methods with no preprocessing

step. There has been substantial work in the last few years proving

that BiBFS has sublinear 𝑛1−Ω (1) ) time with high probability for

several graph families [8, 11, 12]. The work of [8] also proves query

lower bounds of the form 𝑛Ω (1) for traversal-based algorithms in

Erdős-Renyi and 𝑑-regular random graphs.

Routing in road networks: Finding the shortest path is a funda-

mental problem for routing tasks on maps. There is a rich family of

work using approaches based on the highway dimension [1–3] for

routing in road networks. We emphasize that the road networks

are nearly planar, and structural characteristics of these network

types differ considerably from our setting.

Core-periphery based approaches: Allavena et al. [7] had simi-

lar observations about a small core in random power law graphs.

Several other works exploit the core-periphery structure of net-

works [5, 13, 37]. Brady and Cohen [13] use compact routing

schemes to design an algorithm with small additive error based on

the resemblance of the periphery to a forest. Akiba, Sommer and

Kawarabayashi [5] exploit the property of low tree-width outside

the core, and in [37], the authors design a Core-Tree based index in

order to improve preprocessing times on massive graphs. We note

that in all these results, the memory overhead is super-linear.

Worst case graphs: On the theoretical side, there have been many

results on exact and approximate shortest paths in worst-case

graphs, e.g., [19, 20, 22, 49, 51, 66]. We point the readers to Zwick’s

survey [65] on exact and approximate shortest-path algorithms,

and Sen’s survey [53] on distance oracles for general graphs with

an emphasis on lowering pre-processing cost. Notably, because we

make a structural assumption that is common in large networks,

namely, a core-periphery structure, both our results and algorithm

substantially differ from the worst-case theoretical literature.

3 Algorithm
WormHole builds a hierarchical core-periphery structure with a sub-

linear inner ring. It uses this structure to answer shortest path

inquiries. There are two phases: (i) A preprocessing step where we

decompose the graph into three partitions, storing only the small-

est one: an inner core which consists of a highly dense subgraph

of sublinear size; and (ii) answering inquiries: here the algorithm

(approximately) answers shortest path inquiries of the form SP(𝑠, 𝑡)
for arbitrary vertex pairs (𝑠, 𝑡).

The Structural Decomposition Phase. To capture the inner-core
in sublinear time, we follow the structural decomposition provided

in [10] and denote it as the CoreGen procedure. This decomposition

stratifies our graph into three sections: the inner ring, Cin, a dense
component with the highest degree nodes, the outer ring ,Cout,
the set of neighbors of the inner ring, and the rest of the vertices

which form the periphery, P. The procedure iteratively expands

the inner ring, starting from an arbitrary seed vertex, given as input

𝑣 . The second parameter, 𝑝 , controls the size of inner ring, in terms

of a percentage of the vertex set, and the process is iterated till

that size is reached. The psuedocode is given in Algorithm 2 in the

supplement.

We emphasize that this step is done only once; all subsequent
operations are done using this precomputed decomposition.

Algorithm 1 WormHole(𝑠, 𝑡, Cin, Cout,𝐺): final algorithm
1: 𝑇 (𝑠) = Γ(𝑠),𝑇 (𝑡) = Γ(𝑡)
2: 𝐶 (𝑠),𝐶 (𝑡) ← ∅
3: while 𝑇 (𝑠) ∩𝑇 (𝑡) = ∅ or if both 𝐶 (𝑠),𝐶 (𝑡) = ∅ do
4: for both 𝑠 and 𝑡 (denoted by 𝑖 in the next block) do
5: if 𝐶 (𝑖) = ∅ and Γ(𝑇 (𝑖)) ∩ Cin ≠ ∅ then
6: Expand 𝑇 (𝑖) by a single level

7: 𝐶 (𝑖) ← Γ(𝑇 (𝑖)) ∩ Cin
8: stop further expansion of 𝑇 (𝑖)
9: else if 𝐶 (𝑖) = ∅ then
10: Expand 𝑇 (𝑖) by a single level

11: end if
12: end for
13: end while
14: if 𝑇 (𝑠) ∩𝑇 (𝑡) ≠ ∅ then
15: return SP(𝑠, 𝑡) through 𝑇 (𝑠) ∩𝑇 (𝑡)
16: else
17: Expand the BiBFS tree from 𝐶 (𝑠),𝐶 (𝑡) in 𝐺 [Cin]
18: return SP(𝑠, 𝑡) through 𝑇 (𝑠) ∪𝐺 [Cin] ∪𝑇 (𝑡)
19: end if

The Routing Phase. The approach is simple: assume the prepro-

cessing phase acquires the inner ring. Upon an inquiry (𝑠, 𝑡), the
algorithm starts two BFS trees from both 𝑠 and 𝑡 . It then expands

the tree at each step till one of the followings happens:

• the two trees intersect, or

• the trees reach the outer ring.

If the search trees in the former do not intersect, WormHole
mandatorily routes shortest paths through the inner ring. Once in

the inner ring, it computes the exact shortest path through it.

Variants of WormHole. In the default variant of Algorithm 1,

WormHole𝐸 , we use BiBFS as a primitive to compute the shortest

path between two vertices in Cin; see [46] for a full description of

BiBFS. The theoretical analysis in §4 considers this variant.

WormHole𝐻 is a simple variant where we start the expan-

sion of the BiBFS trees in 𝐺 [Cin] only from the vertex 𝑣𝑠 =

argmax𝑣∈𝐶 (𝑠 )𝑑𝑒𝑔(𝑣) (and similarly 𝑣𝑡 for 𝐶 (𝑡), the highest degree
vertices). We note that for this variant, the theoretical accuracy

bound in §4 no longer holds. An empirical comparison of the two

is done in §5.1 and Table 1.
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Figure 3: An example of our algorithm’s traversal from source
𝑠 to target 𝑡 in two separate peripheral components. The
colored blue, green, and purple regions respectively represent
Cin, Cout, and P. If the true shortest path (in green) passes
through the core, our algorithm finds it (in black). Other
cases are illustrated in the supplement.

In WormHole𝑀 , we combine WormHole with an index-based al-

gorithm restricted to the core. While indexing-based algorithms

are quite expensive, in terms of both preprocessing and space cost,

they lead to much lower times per inquiry. Therefore this variant is

suitable when faster inquiry times are preferred. WormHole𝑀 makes

the index creation cost substantially lower (compared to generat-

ing it for the entire graph) while providing massive speedups for

answering shortest path inquiries. We discuss this briefly in §5.3.

4 Theoretical Analysis
It is a relatively standard observation that many social networks

exhibit, at least approximately, a power-law degree distribution (see,

e.g., [9] and the many references within). The Chung-Lu model [41]

is a well studied random graphmodel with this property.We provide

a proof-of-concept for the correctness and fast performance of

WormHole on graphs generated according to this model.

Preliminaries. A network is said to have a power-law degree

distribution when for sufficiently large 𝑘 , the fraction of nodes with

degree 𝑘 , denoted 𝑝 (𝑘), follows a power-law. That is, 𝑝 (𝑘) ∝ 𝑘−𝛽 .
Multiple studies have shown that real world graphs indeed follow

(or approximately follow) a power-law degree distribution, and the

exponent 𝛽 is typically in the range 2 < 𝛽 < 5 or so [6, 23, 44, 54].

Theoretically, the regime 2 < 𝛽 < 3 is the most interesting, and

thus we focus our study on this regime.

In a series of works, Chung and Lu suggested a model to gener-

ate graphs according to a power-law degree distribution, in order

to generate massive graphs that capture properties of real-world

graphs [15–17]. In this model, one is given a list of 𝑛 expected

degrees, 𝑤1 ≥ 𝑤2 ≥ . . . ≥ 𝑤𝑛 , where in our case we assume that

the expected degrees follow a power-law degree distribution with

2 < 𝛽 < 3. Then, for each pair of nodes 𝑖, 𝑗 , the edge between them

is instantiated with probability

𝑤𝑖 ·𝑤𝑗

𝑊
, where𝑊 =

∑𝑛
𝑖=1𝑤𝑖 (and

it is assumed that for any 𝑖, 𝑗 , 𝑤𝑖 ·𝑤𝑘 ≤ 𝑊 ). Note that indeed by

this definition, it holds that for every vertex 𝑣 , E[𝑑 (𝑣)] = 𝑤 (𝑣), and

therefore that E[|𝐸 (𝐺) |] = 𝑊 /2. We denote this distribution on

graphs as G𝛽
𝐶𝐿

, and denote a graph drawn from it by 𝐺 ∼ G𝛽
𝐶𝐿

.

In all that follows we assume that𝐺 ∼ G𝛽
𝐶𝐿

, and the probabilities

are taken over the generation process. We let 𝛾 = 1/log log𝑛, and
let CCL denote the set of vertices with degree at least 𝑡 = 𝑛𝛾 .

Theorem 4.1 (Theorem 4 in [16]). Suppose 𝐺 ∈ G𝛽
𝐶𝐿

for 2 <

𝛽 < 3, with average degree 𝑑 strictly greater than 1, and maximum
degree 𝑑𝑚𝑎𝑥 > log𝑛/log log𝑛. Then almost surely the diameter is
Θ(log𝑛), the diameter of the CCL core is 𝑂 (log log𝑛) and almost all
vertices are within distance 𝑂 (log log𝑛) to CCL.

Claim 4.2 (Fact 2 in [15]). With probability at least 1 − 1/𝑛,
for all vertices 𝑣 ∈ 𝑉 such that 𝑤 (𝑣) ≥ 10 log𝑛, 𝑑 (𝑢) ∈[
1

2
𝑤 (𝑢), 2𝑤 (𝑢)

]
, |𝐸 (𝐺) | ∈ [𝑊 /4,𝑊 ], and for all vertices with

𝑤 (𝑣) ≤ 10 log𝑛, 𝑑 (𝑣) ≤ 20 log𝑛.

Sublinearity of Inner Ring. Chung and Lu proved [15–17] that
for graphs 𝐺 ∼ G𝐶𝐿 and 2 < 𝛽 < 3, there exists a core with small

diameter, so that most of the vertices in the graph are close to it.

We extend their result to show that this core is of sublinear size

and that CoreGen indeed captures it; i.e., CCL ⊆ Cin.

Theorem 4.3 (WormHole inner ring ⊇ Chung-Lu core). Con-
sider a graph 𝐺 generated according to the Chung-Lu process with
𝛽 > 2, and suppose we run WormHole on 𝐺 with an inner ring of size
𝑛1−Θ(1/log log𝑛) . Then with high constant probability, Cin contains
all vertices with degree greater than 𝑛1/log log𝑛 .

Proof Sketch. Consider a process 𝑃 which simultaneously con-

structs 𝐺 as the core grows as outlined in CoreGen: Initially the

graph 𝐺 has no edges, and Cin is an empty set. Every time a vertex

𝑣 is added to Cin, 𝑃 iterates over all nodes 𝑢 ∈ 𝑉 \ Cin and draws

a coin with probability
𝑤 (𝑣) ·𝑤 (𝑢 )

2𝑊
to determine whether the edge

(𝑢, 𝑣) is in 𝐸 or not. Once Cin is acquired (i.e., when Cin is of size

𝑡 = 100 log𝑛 ·𝑛1−1/log log𝑛), 𝑃 iterates over all pairs of vertices that

were not yet examined and determines their edges. Clearly this

process generates a graph according to the distribution 𝐺 ∼ G𝛽
𝐶𝐿

(since we only changed the order in which the edges were decided).

Let 𝑑 denote the expected average degree in the graph, and let

Cℓin denote the set of vertices added to Cin after ℓ steps of the above

process. Finally, let 𝛾 = 1/log log𝑛. It is easy to show that with high

probability, except for a negligible fraction, all vertices added to the

core have expected degree 𝑤 (𝑉 ) ≥ 𝑑 . Conditioned on this event,

for every 𝑢 with𝑤 (𝑢) ≥ 𝑛𝛾 , every time a vertex 𝑣 is added to the

core, 𝑣 creates an edge with 𝑢 with probability

𝑑 (𝑢) · 𝑑 (𝑣)
𝑊

≥ 𝑛𝛾 · 𝑑
𝑛𝑑

=
1

𝑛1−𝛾
.

Let 𝜒𝑖 denote the event that the 𝑖-th vertex added to Cin creates

an edge with 𝑢. Then by the above, E[𝜒𝑖 ] ≥ 1

𝑛1−𝛾 . Observe that

𝑑Cin (𝑢) =
∑
𝑖 𝜒𝑖 =

| Cℓin |
𝑛1−𝛾 , and set 𝜇 :=

| Cℓin |
𝑛1−𝛾 . Note that the 𝜒𝑖 variables

are independent {0, 1} random variables, and that for ℓ = 𝑐 log𝑛 ·
𝑛1−𝛾 , 𝜇 ≥ 𝑐 log𝑛. Therefore, by Chernoff,

Pr

[���𝑑Cℓin (𝑢) − 𝜇��� > 1

4

𝜇

]
< 2 exp

(
− 1

16
· 𝜇

3

)
≤ 1

𝑛2
.
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That is, we get that with probability 1 − 1/𝑛, all vertices with
expected degree 𝑤 (𝑢) ≥ 𝑛𝛾 have 𝑑Cin (𝑢) ≥

3

4
𝑛𝛾 . A similar analy-

sis can be used to prove that all vertices 𝑢 with expected degree

𝑤 (𝑢) < 𝑛𝛾/8 will have𝑑C2ℓin (𝑢) ≤
1

2
𝑛𝛾 with high probability. Hence,

after performing additional ℓ steps, we will have that with high

probability, all vertices with expected degree at least 𝑛𝛾 will be

added to C2ℓin before any vertex with expected degree less than 𝑛𝛾/8.
Finally, using Lemma 4.2, the degrees of all vertices will either be as

expected up to a constant multiplicative factor, or have an expected

degree below, say 𝑛𝛾/8, and actual degree not higher than 𝑛𝛾/2. □

Approximation Error. Now that we have a sublinear inner ring

that contains the Chung-Lu core, it remains to show that routing

paths through it incurs only a small penalty. Intuitively, the larger

the inner ring, the easier this is to satisfy: if the inner ring is the

whole graph, the statement holds trivially. Therefore the challenge

lies in showing that we can achieve a strong guarantee in terms of

accuracy even with a sublinear inner ring. We prove in Section 6

of the supplement that WormHole incurs an additive error at most

𝑂 (log log𝑛) for all pairs, which is much smaller than the diameter

Θ(log𝑛).

Theorem 4.4 (Good additive error). If CCL ⊆ Cin, then with
high probability, for all pairs (𝑠, 𝑡) of nodes, the additive error of our
algorithm for the inquiry SP(𝑠, 𝑡) is at most 𝑂 (log log𝑛) .

The proof of Theorem 4.4, together with the proofs of Theo-

rems 4.5 and 4.6 below, appear in the supplementary material.

The above result holds with high probability even in the worst
case. Namely, for all pairs (𝑠, 𝑡) of vertices in the graph, the length

of the path returned by WormHole is at most 𝑂 (log log𝑛) higher
than the actual distance between 𝑠 and 𝑡 . This trivially implies that

the average additive error of WormHole is, with high probability,

bounded by the same amount.

Query Complexity. Recall the node query model in this paper

(see §1.2): starting from a single node, we are allowed to iteratively

make queries, where each query retrieves the neighbor list of a

node 𝑣 of our choice. We are interested in the query complexity,

i.e., the number of queries required to conduct certain operations.

Using the inner ring as our index, and routing the shortest paths

through it, we get small additive error and sublinear setup query

cost: we also prove that our query cost per inquiry is subpolynomial

(i.e., of the form 𝑛𝑜 (1) , where the 𝑜 (1) term tends to zero as 𝑛 →∞).

Theorem 4.5 (Subpolynomial qery complexity for short-

est paths). Suppose that the preprocessing phase of our algorithm
acquires Cin. The average query complexity of computing a path
between a pair of vertices is bounded by 𝑛Θ(1/log log𝑛) .

Finally, we prove that preprocessing is necessary to achieve such

query complexity per inquiry.We prove that anymethod for finding

a path between two nodes 𝑢 and 𝑣 in a Chung-Lu random graph

that does not employ preprocessing, requires 𝑛Ω (1) node queries
to succeed with good probability. Due to space considerations, we

defer the proof sketch to Section 6 in the supplement; for a more

complete proof of similar results for Erdős-Renyi and other random

graphs, see Alon et al. [8].

Theorem 4.6 (Lower bound). Fix 2 < 𝛽 < 3 and let 𝐺 ∈ G𝛽
𝐶𝐿

with average expected degree 𝑑 (possibly depending on 𝑛, but satis-
fying 𝑑 = 𝑛𝑜 (1) ). Further let 𝑢 ≠ 𝑣 be a random pair of nodes in 𝐺 .
Any algorithm that receives node query access to 𝐺 starting at 𝑢 and
𝑣 must make, with high probability, 𝑛Ω (1) queries to 𝐺 in order to
find a path between 𝑢 and 𝑣 .

5 Experimental Results
In this section, we experimentally evaluate the performance of

our algorithm. We look at several metrics to evaluate performance

in different aspects. We compare with BiBFS, a traversal-based

approach, and with the indexing algorithms PLL and MLL. We test

several aspects, summarized next. Detailed results are provided in

the rest of this section.

• Query cost: By query cost, we refer to the number of vertices

queried by WormHole, consistent with our access model (see §1.2).

We show that WormHole actually does remarkably well in terms

of query cost, seeing a small fraction of the whole graph even

for several thousands of shortest path inquiries. See Figures 2(b)

and 4.

• Inquiry time: We demonstrate that WormHole𝐸 achieves con-

sistent speedups over traditional BiBFS, even while using it as

the sole primitive in the procedure. More complex methods such

as PLL and MLL time out for the majority of large graphs. We

also provide variants that achieve substantially higher speedups.

Finally, in §5.3, we show how using the existing indexing-based

state or the art methods on the core lets us achieve indexing-level

inquiry times. See Figure 1.

• Accuracy: We show that our estimated shortest paths are accu-

rate up to an additive error 2 on 99% of the inquiries for the default

version WormHole𝐸 ; a faster heuristic, WormHole𝐻 , shows lower

accuracy, but still over 90% of inquiries satisfy this condition. See

§5.1 and Table 1 for details.

• Setup: We look at the setup time and disk space for each method.

Perhaps as expected, WormHole𝐸 beats the indexing based algo-

rithms by a wide margin in terms of both space and time: see Fig-

ure 5. In §5.3 we further show that using these methods restricted

to Cin results in a variant WormHole𝑀 with much lower setup

cost (Table 4 in the supplement).

Datasets. The experiments have been carried out on a series of

datasets of varying sizes, as detailed in Table 2. The datasets have

been taken either from the SNAP large networks database [36] or

the KONECT project [34]. We organize the results into two broad

sections: we first introduce two variants of our algorithm. We then

compare it with BiBFS as well as indexing based methods – PLL
and MLL. The latter two did not terminate in 12 hours for most of

the graphs, while BiBFS completed on even our largest networks.

We classify the examined graphs into three different classes and

use a fixed percentage as the ‘optimal’ inner ring size for graphs of

comparable size (where the inner core size as % of the total size de-

creases for larger networks, an indication for the sublinearity of our

approach). This takes into account the tradeoff between accuracy

and the query/memory costs incurred by a larger inner ring. The

last column of Table 2 notes the sizes of 𝑙𝑧. For the experimental

section, we default to these sizes unless mentioned otherwise.
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BiBFS WormHole𝐸 WormHole𝐻
Network MIT MIT SU/I +0(%) ≤ +1 (%) ≤ +2 (%) MIT SU/I +0(%) ≤ +1 (%) ≤ +2 (%)
epinions 144 41 4.5 98.06 99.99 100.00 20 24 66.97 99.54 100.00

slashdot 99 46 2.8 73.43 95.37 99.28 24 14 63.09 98.78 99.98

dblp 247 110 2.4 97.02 99.96 100.00 48 11 44.72 82.42 96.53

skitter 3004 1439 2.3 94.71 99.89 100.00 660 24 58.99 96.78 99.98

large-dblp 3041 1447 2.3 85.37 99.10 99.95 417 21 47.61 89.74 99.04

pokec 2142 1317 1.8 51.37 92.15 99.63 506 11 14.52 59.51 90.71

livejournal 8565 4318 2.1 71.98 97.95 99.86 1054 29 28.86 77.93 97.83

orkut 14k 3213 4.4 58.50 94.56 99.64 1030 35 20.66 68.11 93.93

wikipedia 35k 17k 2.4 94.94 99.92 100.00 3394 36 44.65 98.74 100.00

soc-twitter 204k 81k 3.4 93.30 99.98 100.00 12k 181 35.13 99.30 99.99

Table 1: Accuracy and speedup for the variants WormHole𝐸 and WormHole𝐻 (see §5.1). We note the mean inquiry times per inquiry
(MIT) in microseconds, and average speed up per inquiry (SU/I) compared to BiBFS for each method. We also note the percentiles
of inquiries by absolute additive error.

0 1000 2000 3000 4000 5000
Queries

0.0

0.2

0.4

0.6

0.8

1.0

Fr
ac

tio
n 

of
 v

er
tic

es
 se

en

Query cost comparison

epinions
slashdot
dblp
skitter

(a) Query cost of WormHole. (b) Mean rel. error with varying Cin . (c) Mean rel. error with varying Cin (large graphs).

Figure 4: (a) Query cost of WormHole and BiBFS on several datasets, measured as fraction of the graph seen by WormHole vs BiBFS
over the first 5k inquiries in small and medium graphs (see Figure 1(b) for the results on large and huge graphs). The dotted
lines refer to the query cost by BiBFS while the solid lines are due to WormHole. The latter two are accuracy of WormHole𝐸 in
different settings across different datasets. We plot relative error at different inner ring sizes for the datasets.

Network |𝑉 | |𝐸 | BiBFS PLL MLL |Cin |
epinions 7.6 · 104 5.1 · 105 ✓ ✓ ✓ 6%

slashdot 7.9 · 104 5.2 · 105 ✓ ✓ ✓ 6%

dblp 3.2 · 105 1.0 · 106 ✓ ✓ ✓ 6%

skitter 1.7 · 106 1.1 · 107 ✓ ✓ ✓ 6%

large-dblp 1.8 · 106 2.9 · 107 ✓ ✓ ✗ 4%

soc-pokec 1.6 · 106 3.1 · 107 ✓ ✗ ✗ 4%

soc-live 4.8 · 106 6.8 · 107 ✓ ✗ ✗ 4%

soc-orkut 3.1 · 106 1.2 · 108 ✓ ✗ ✗ 4%

wikipedia 1.4 · 107 4.4 · 108 ✓ ✗ ✗ 1%

soc-twitter 4.2 · 107 1.5 · 109 ✓ ✗ ✗ 1%

Table 2: Network datasets used for experimental evaluation.
The ✓ and ✗ symbols mark whether each method finished
its run on the specified dataset within 12 hours.

Implementation details. We run our experiments on an AWS

ec2 instance with 32 AMD EPYC™ 7R32 vCPUs and 64GB of RAM.

The code is written in C++ and is available on github at https:

//github.com/Nadianw36/WormHole/. The backbone of the graph

algorithms is a subgraph counting library that uses compressed

sparse representations [45].

5.1 WormHole𝐸 , WormHole𝐻 and BiBFS
We run two separate versions of WormHole: the one, as described
in Algorithm 1, is what we refer to as WormHole𝐸 (exact). Another

variant we consider is where we pick just the highest degree ver-

tices from 𝐶 (𝑠) and 𝐶 (𝑡) respectively, and do a BFS from those.

This cuts down on the inquiry time, but also reduces the accuracy.

We call this variant WormHole𝐻 . We take a deeper look into this

tradeoff in the following sections. Note that both of these methods

have the same query cost per shortest path inquiry, and the only

difference is in running time (as all vertices in Cin have already

been queried during CoreGen). For all runs, we do approximately

10,000 inquiries of uniformly chosen source and destination pairs

(discarding disconnected pairs and other invalid inquiries). Our pro-

gram runs on a compressed sparse representation (CSR) graph, and

we store binary arrays for both Cin and Cout for practical purposes.
Query Cost. To examine query cost, we look at the number of

vertices seen by the algorithm over the first 5000 inquiries and

compare it to BiBFS. We direct the reader to Figure 2(b) for a sum-

mary of the query cost for our larger graphs, and Figure 4(a) for

the same in the smaller ones. Consistently across all graphs, BiBFS
quickly views between 70% and 100% of the vertices in just a few

hundred inquiries. In comparison, the query cost of WormHole is
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Figure 5: Comparison of setup times. The index-based meth-
ods did not terminate on graphs larger than these.

quite small for all networks: in the smaller networks, we see less

than 30% of the vertices even after 5000 inquiries, and in the larger

ones this number is less than 10% (in the largest ones, wikipedia

and soc-twitter, it is <2%).

Accuracy. We consider two error measures, absolute (additive)

and relative (multiplicative). Clearly, an additive error of, say, 2,

is less preferable for shorter paths than for longer ones. The rel-
ative error 𝑟𝑒 (𝑠, 𝑡) is more refined, as it measures the error with

respect to the actual distance of the pair at question. Formally,

𝑟𝑒 (𝑠, 𝑡) = 𝑑 (𝑠, 𝑡) − 𝑑 (𝑠, 𝑡)
𝑑 (𝑠, 𝑡) , where for a vertex pair (𝑠, 𝑡), 𝑑 (𝑠, 𝑡) is

the true distance and 𝑑 (𝑠, 𝑡) is the approximate distance estimated

by WormHole. We investigate the relative error as a function of

the core size – see Figure 4. In general, the accuracy drops as we

decrease the size of the core. Moreover, we observe that larger

graphs give comparably good results at much smaller inner ring

sizes, keeping in line with our hypothesis of a sublinear inner ring.

Speedups over BiBFS in inquiry time. The main utility of

WormHole𝐻 is in exhibiting efficiency at the expense of some accu-

racy; see Table 1. WormHole𝐸 already achieves speedups per inquiry

over BiBFS. The variant WormHole𝐻 further speeds up each inquiry

by another order of magnitude, up to a massive 181× in case of

our largest network, soc-twitter (while utilizing the same decom-

position and data structure). BiBFS does not have any setup cost,

while WormHole does (for both variants). However, we show that

our setup costs are typically very low: our highest setup time is

about two minutes, and the highest setup space requirement is

under 100MB. The complete statistics are provided in Table 3 in the

supplement.

5.2 Comparison with index-based methods
As discussed, index construction allows for much faster inquiry

times, but setup times that can take up to several hours even for

relatively small-sized graphs. We attempt to benchmark our algo-

rithm against two state of the art methods, PLL and MLL. PLL solves
the easier task of finding distances, while MLL does explicit shortest
path construction (the authors note that PLL may be extended to

output paths, but no code is publicly available). However, once the

graphs hit a few million vertices, these methods either take too

long to run the setup, or even if they succeed in index construction,

they may be too large to load into memory.

Mean inquiry time. In the cases where index based methods do

succeed (graphs with fewer than 30 million edges), they have a

clear advantage in per inquiry cost. Their typical inquiry time is in

microseconds, where PLL is faster since it only computes distances,

and MLL is about 3 times slower than PLL.

Setup cost. In terms of setup times, both WormHole𝐸 and

WormHole𝐻 have a massive advantage over the index-based meth-

ods. Both PLL and MLL failed to complete setup for any graph with

more than 30 million vertices in 12 hours. In comparison, even for

our largest graph, soc-twitter (1.5 billion vertices), the setup time for

WormHole𝐸 is just minutes. Even in the cases where these methods

do terminate, the storage footprint is massive. We observed that

if allowed to run, MLL completes index construction on soc-pokec

in a little under 24 hours, but the constructed files are almost a

combined 45 gigabytes in size; in comparison, the input COO file is

only 250 megabytes! A detailed comparison of the space footprint

is given in Figure 2 in §1, and the time comparisons can be found

in the supplement.

5.3 WormHole as a primitive: WormHole𝑀
WormHole𝐸 and WormHole𝐻 perform well in terms of query cost

and accuracy. The inquiry times, especially in the latter variant, are

also huge improvements over BiBFS, but lag behind indexing based
methods. However, as evident from our experiments, landmark

based index creation may even be impossible for large networks.

The success of WormHole𝐸 comes from exact shortest paths com-

puted solely on a small core. In practice, a traversal based algorithm

takes very little time to reach Cin; the bulk of the cost comes from

the exact path computation inside Cin. How much faster can we

make our algorithm if we speed this process up, perhaps by doing

indexing solely on the core?

To this end, we propose as a third alternative, WormHole𝑀 : it

functions almost identical to WormHole𝐻 , but instead of running

BiBFS to find the shortest paths in Cin, it sets up MLL on all of Cin and
then uses the MLL index to compute shortest paths inside Cin. This is
an illustrative example to show how our decomposition can be used

in combination with existing techniques. The accuracy guarantees

of this variant as presented will be identical to WormHole𝐻 ; however,

we do not analyze the index size theoretically.

We conduct similar experiments for WormHole𝑀 . Remarkably,

while MLL fails to complete setup onmost of the graphs, WormHole𝑀
successfully runs it on the core in all cases. As noted in Table 4 in the
supplement, the cost in both time and space is orders of magnitude

smaller than for the full graph, though still significantly larger than

the default WormHole𝐻 . We note about two orders of magnitude of

improvement in time per inquiry over WormHole𝐻 but are higher

in both setup time and space by two orders of magnitude. Notably,

even in cases where MLL does complete on the full graph, we are

able to answer inquiries in roughly the same time (see Figure 1) at

a fraction of the setup cost (Figure 5). We leave a more systematic

investigation of this approach to future work.
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