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LARGE GENUS BOUNDS FOR THE DISTRIBUTION OF
TRIANGULATED SURFACES IN MODULI SPACE

SAHANA VASUDEVAN

ABSTRACT. Triangulated surfaces are compact Riemann surfaces equipped with a conformal
triangulation by equilateral triangles. In 2004, Brooks and Makover asked how triangulated
surfaces are distributed in the moduli space of Riemann surfaces as the genus tends to
infinity. Mirzakhani raised this question in her 2010 ICM address. We show that in the
large genus case, triangulated surfaces are well distributed in moduli space in a fairly strong
sense. We do this by proving upper and lower bounds for the number of triangulated
surfaces lying in a Teichmiiller ball in moduli space. In particular, we show that the number
of triangulated surfaces lying in a Teichmiiller unit ball is at most exponential in the number
of triangles, independent of the genus.
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1. INTRODUCTION

In this paper, we consider compact Riemann surfaces obtained by gluing together equi-
lateral triangles. We call such surfaces triangulated surfaces. We give genus independent
bounds for the distribution of triangulated surfaces in the moduli space of Riemann surfaces.

Brooks and Makover started the study of triangulated surfaces in the context of hyperbolic
geometry. In [5], they asked the following question.

Question 1. What are the geometric properties of a large genus random triangulated surface?

Here, the triangulated surface is assumed to have genus at least 2, and is equipped with
the hyperbolic metric. Randomness is with respect to the counting measure on the discrete
set of triangulated surfaces. Brooks and Makover studied T-triangle genus ¢ triangulated
surfaces in the range T' ~ 4¢g, and showed that the systole of a random triangulated surface
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is asymptotically almost surely bounded below by a constant. The Cheeger constant and
first eigenvalue of the Laplacian are also asymptotically almost surely bounded below by
a constant. The diameter is asymptotically almost surely bounded above by around the
logarithm of the genus. Subsequently Guth, Parlier and Young [22] studied Question 1
with respect to the canonical flat metric on triangulated surfaces and showed that a random
triangulated surface asymptotically almost surely has large total pants length. Budzinski and
Louf [10] also studied the flat metric on triangulated surfaces when 7' ~ g (for constants
0 > 4). They showed that a random point on a random triangulated surface asymptotically
almost surely does not lie close to a short loop of nontrivial homotopy class.
A related question is:

Question 2. What are the geometric properties of a large genus random hyperbolic surface?

Here, randomness is with respect to the Weil-Petersson measure on moduli space M,.
Mirzakhani studied Question 2 in [37] (following [34] and [35]). The systole of a surface
is bounded below by a constant with positive probability in the large genus limit. The
Cheeger constant and first eigenvalue of the Laplacian are asymptotically almost surely
bounded below by a constant. The diameter is asymptotically almost surely bounded above
by around the logarithm of the genus. Mirzakhani also proved in [37] that a random point
on a random hyperbolic surface almost surely does not lie close to a short loop of nontrivial
homotopy class. Guth, Parlier and Young [22] studied Question 2 and showed that a random
hyperbolic surface asymptotically almost surely has large total pants length.

Further results on the geometry of random surfaces have been obtained in [8], [9], [11], [30],
[39], [40], [41], [42], [48] and [49]. Similarities between answers to Question 1 and Question
2 motivate the following question.

Question 3. How are triangulated surfaces distributed in the moduli space of Riemann
surfaces, quantitatively?

Question 3 was first asked by Brooks and Makover in [5]. Subsequently it has been raised
in Mirzakhani’s 2010 ICM address [36] as well as in [8], [13], [22] and [37].

We answer Question 3 by proving well distribution results for triangulated surfaces. Our
answer is with respect to the Teichmiiller metric (see Remark 7). One consequence of our
main results (stated in Section 1.1) is the following simplified answer to Question 3.

Theorem 1.1. In a Teichmiiller 1-ball in M, there are at most C* number of T-triangle
genus g triangulated surfaces where C' is a constant independent of g and T

Henceforth, all generic universal constants will be denoted by C'. In [18], Fletcher, Kahn
and Markovic showed that the number of Teichmiiller 1-balls needed to cover the thick part
of M, is around ¢*. For g = O(T), the number of T-triangle genus g surfaces is around
g% C7T, which was computed by Budzinski and Louf in [10]. In this range, for triangulated
surfaces to be well distributed in moduli space means there are around C7 surfaces in each
1-ball. Theorem 1.1 gives such an upper bound. We also prove a lower bound (with different
constants), which is stated in Section 1.1.

Note that the sphere admits a unique conformal structure, and the number of distinct
T-triangle triangulations of the sphere is also around CT. In this sense, Theorem 1.1 is
genus independent. When we fix the conformal class, the higher genus case behaves just like
the genus 0 case.
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Triangulated surfaces are combinatorial objects, while moduli space parametrizes geomet-
ric objects. The difficulty in proving Theorem 1.1 lies in the difficulty of distinguishing if two
particular triangulated surfaces are close in moduli space. Moreover, given a triangulated
surface, it is difficult to explicitly determine the hyperbolic metric on it. Given two marked
hyperbolic surfaces, it is difficult to determine if they are close in moduli space. Indeed, the
results of Mirzakhani on random hyperbolic surfaces show that the usual geometric quantities
like systole, diameter and Cheeger constant fail to distinguish most hyperbolic surfaces.

1.1. Statement of main results. We prove two results which describe the distribution of
triangulated surfaces in M,. The following lower bound describes when a surface in moduli
space can be approximated by a triangulated surface.

Theorem 1.2. Let g > 2. Let X € M, equipped with the conformal hyperbolic metric. Let
R= > length(y)~".

~ simple closed geodesic on X
length(y)<2 arcsinh(1)
Then for r € (0,1], there exists a T(r)-triangle triangulated surface inside a Teichmiiller
r-ball around X, where T(r) < C(R + g)r—2. Here, C' is a universal constant (independent
ofg, T, r and R).

Remark 1. In particular, if X lies in the thick part of M,, meaning sys X > 2arcsinh(1),
then there exists a Cgr—2-triangle triangulated surface within Teichmiiller distance r from
X.

Remark 2. The condition that there should not be too short geodesics on X is necessary,
as we shall see in Lemma 2.4.

We also have the following upper bound regarding the distribution of triangulated surfaces

in M,.

Theorem 1.3. There exists at most CTT"9 number of T-triangle triangulated surfaces in a
Teichmiiller r-ball in M. Here, C is a universal constant (independent of g, T and r).

Remark 3. By Euler characteristic conditions, g = O(T). So substituting » = 1 in Theo-
rem 1.3 we obtain Theorem 1.1.

Remark 4. In a Teichmiiller 1-ball in the thick part of Mg, the lower and upper bounds
for the number of triangulated surfaces given by Theorem 1.2 and Theorem 1.3 differ by a
multiple of exp(O(T)) for T'//g sufficiently large.

Remark 5. It is useful to first ask the combinatorial question: what is the number of T-
triangle genus ¢ triangulated surfaces, as a function of T and g7 The best bounds for this
question in the linear range are proved in [10, Theorem 3]. This bound has a multiplicative
error term of exp(o(7)), in contrast to our slightly worse error of exp(O(T')) as stated in
Remark 4. (The constants in both error terms are independent of the genus.)

Remark 6. Theorem 1.3 is most interesting in the range T' ~ g where 6 > 4 is a constant.
In this range, we obtain that the number of triangulated surfaces in a Teichmiiller 1-ball
grows roughly exponentially in ¢ as ¢ — oo. This is similar to how integer points are
distributed in high dimensional Euclidean space (which is a useful toy example). In R™, a
radius ~ n'/? ball has volume ~ 1. Such a ball contains around C" integer points. It is not
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possible to give a better bound for the number of integer points as a small translation of the
ball can change this number by an exponential multiplicative factor.

Remark 7. There are several possible choices of metrics on moduli space. In Teichmiiller
theory, the Teichmiiller metric is a natural choice. Since we are also interested in the hyper-
bolic geometry of individual surfaces in moduli space, we may also consider the bi-Lipschitz
metric on moduli spaces. In this metric, the distance between two surfaces measures how far
apart their hyperbolic metrics are. It turns out that the bi-Lipschitz metric is comparable to
the Teichmiiller metric, with genus independent constants (see Proposition 3.9). So Theo-
rem 1.2 and Theorem 1.3 hold with respect to the bi-Lipschitz metric also. Another natural
choice of metric on moduli space is the Weil-Petersson metric. Note that the Weil-Petersson
volume of M, is around ¢?9, as computed by Penner in [43] and Grushevsky in [21], and
subsequently improved by Mirzakhani and Zograf in [38]. Up to an exponential factor of T
this number is also the approximate number of T-triangle genus ¢ triangulated surfaces. So
we may ask if an analogue of our main results hold for the Weil-Petersson metric as well.
However, we do not know the answer to this question because we do not yet understand the
large genus local geometry of the Weil-Petersson metric in a sufficiently detailed manner.

1.2. Key ideas in the proof of Theorem 1.2. Our approach is based on a characterization
of the Teichmiiller metric in [26] using extremal length and Jenkins-Strebel differentials,
which we explain in Section 3. To show Theorem 1.2, given a surface in moduli space
we construct a certain nicely behaved triangulation of it, take the associated triangulated
surface. We use the characterization of the Teichmiiller metric above to show that the
triangulated surface is close to the original surface in moduli space. We do this in Section 4.

1.3. Key ideas in the proof of Theorem 1.3. There are roughly four parts to our proof:

(1) Riemann surfaces equipped with a holomorphic 1-form are called translation surfaces.
We first consider the subset of triangulated surfaces that are actually translation sur-
faces where the associated holomorphic 1-form is compatible with the triangulation.
We call such surfaces combinatorial translation surfaces, a term we define precisely
in Section 2. In this situation, the 1-form gives us a cohomology class, which we then
deal with using Hodge theory. Suppose two combinatorial translation surfaces are
close together in moduli space and so are their cohomology classes. Then, we show
that constraints coming from Hodge norms imply geometric constraints on how close
or far apart vertices, edges, and faces of the two surfaces must be to each other. A
combinatorial argument shows that these geometric constraints imply that the two
triangulations are close except on a part of the surface with much smaller genus. So
we reduce the counting problem for combinatorial translation surfaces to the count-
ing problem for triangulated surfaces in a lower dimensional moduli space. As a
result, we get bounds on combinatorial translation surfaces in terms of bounds on
triangulated surfaces. We do this in Section 6.

(2) Given any triangulated surface, there exists a degree six branched cover which is a
combinatorial translation surface. We enumerate the number of possibilities for such
covers and study the possibilities for where the branch points lie, to get bounds on
triangulated surfaces given bounds on combinatorial translation surfaces. Combining
with our previous bounds described in (1), we obtain recursive upper bounds for the
number of triangulated surfaces lying in a ball in moduli space. We solve these
recursive bounds to show Theorem 1.3. We do this in Section 7.
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(3) For the technicalities in (1) and (2) to work, we require the use of bounded degree
triangulations instead of arbitrary triangulations. In Section 5, we show that any
triangulated surface may be approximated by a bounded degree triangulation in a
way that increases the number of triangles by at most a constant factor.

These three sections contain the key steps of the proof of Theorem 1.3. Before that, in
Section 2, we introduce various definitions and prove several preliminary results. In Section 3,
we prove results related to quasiconformal maps and the large genus geometry of Teichmiiller
space.

1.4. Comments and references. Non-quantitative versions of Question 3 have been stud-
ied in number theory. Belyi’s theorem states that Riemann surfaces defined over the algebraic
numbers Q are exactly the Riemann surfaces which admit a branched cover (Belyi map) to
P! branched only at 0, 1 and co. Belyi maps give triangulations on the Belyi surface, and
conversely, triangulations give Belyi maps. Note that Riemann surfaces defined over Q are
dense in Mg, which is a non-quantitative answer to Question 3. Given this context, The-
orem 1.2 may be interpreted as a quantitative version of this statement. It describes how
well one can approximate an arbitrary surface in M, by a Belyi surface with respect to the
Teichmiiller metric, in terms of the degree of the Belyi map. Another approach to approx-
imating arbitrary Riemann surfaces by Belyi surfaces is described by Bishop in [3] and [4,
Section 15].

The study of random triangulations is a central topic of research in probability theory. In
the large genus setting, progress has been made in the study of local limits of triangulations.
In the range T' ~ 4g (which is the probabilistically expected range, as shown by Gamburd
in [19]), local limits do not exist since the expected surface has very few vertices and very
high degrees of vertices. In the range T' ~ g where 6 > 4, convergence does occur. Planar
stochastic hyperbolic triangulations introduced by Curien in [14] are a family of random
triangulations in the plane. These were conjectured by Benjamini and Curien to be local
limits of high genus random triangulations. This was proved by Budzinski and Louf in [10].
However, global questions, such as scaling limits, are difficult to understand in the large
genus case. See [28], [31] and [33] for some results on scaling limits of random maps in the
planar setting.

In [7], Buser and Sarnak related the homological systole of a hyperbolic Riemann surface
to the systole of its Jacobian. In [12], Balacheff, Parlier and Sabourau gave a way to find
a minimal homology basis on a hyperbolic Riemann surface, and used that to deduce more
general results about the geometry of its Jacobian. The original method to prove Theo-
rem 1.3 involved bounding the number of ways to express a hyperbolic Riemann surface as
a triangulated surface by studying the geometry of its Jacobian, using [12]. Then, it turned
out that these ideas were not necessary to prove Theorem 1.3, so they do not appear in the
proofs henceforth.

Acknowledgments. I thank my advisor Larry Guth for many inspiring discussions and
enormous help with this paper. I thank Curt McMullen for many comments on the geometry
of Teichmiiller space. I thank Chris Bishop for correspondence on quasiconformal maps. I
have learned a lot from conversations with Morris Ang, Scott Sheffield and Yilin Wang on
random triangulations in probability theory. I thank the referee for communicating to me
the proof of Proposition 3.9 due to Maxime Fortier Bourque. I thank Robert Burklund, Yilin
Wang and the referee for helping me improve the writing. This research was supported by
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1745302) and the Simons Foundation (under Larry Guth’s Simons Investigator award).

2. PRELIMINARIES

2.1. Triangulated surfaces. Let S, be a genus g surface, and S, a genus g surface with
b boundary components. Let S be a metrized simplicial 2-complex wherein each 2-simplex
is an oriented unit equilateral triangle and gluings of faces preserve orientations. We call S
a triangulated surface if it is homeomorphic to Sy for some g > 0 and a triangulated surface
with boundary if it is homeomorphic to S, for some g,b > 0. If S is a triangulated surface
with or without boundary, we may consider each equilateral triangle as embedded in C with
vertices at 0, 1 and % + \/752 The complex structure on each equilateral triangle of S is
preserved when edges are glued. Extending the complex structure over the interior vertices
of S, we obtain a canonical complex structure on S. In this way, we consider S as a Riemann
surface.

Remark 8. The construction of triangulated surfaces (without boundary) in [5] is done
slightly differently. Instead of gluing together equilateral triangles, hyperbolic ideal triangles
are used, and the resulting surface with cusps is compactified. One may check that these
two constructions result in the same Riemann surface.

Given a triangulated surface S (with or without boundary), we denote by V' (S) the vertices
of S, E(S) the edges of S, and F(S) the triangular faces of S. Given v € V'(S) the degree of
v is the number of edges emanating from v. We also denote by Vig(S), Vie(S) and Veg(S)
the set of vertices of S of degree strictly greater than 6, not equal to 6 and strictly less than
6, respectively.

2.2. Space of triangulated surfaces.

Definition 1. Comb” (M,) is the set of all triangulated surfaces of genus g with 7" triangles,
up to simplicial isomorphism.

We have a map
® : Comb” (M,) — M,
which takes a triangulated surface to its underlying Riemann surface in M,. We also have
canonical biholomorphisms ®g : S — ®(S) for all S € Comb” (M,).

Note that T" > 2 for CombT(Mg) to be nonempty; moreover, Euler characteristic con-
ditions imply that T > 4g — 4. Together these imply ¢/T < 1/2. In the future we will
implicitly assume this condition.

Finally, we denote by M, the union of My over all ¢’ < ¢g. Similarly, we denote by
Comb="(M,) the union of Comb” (M) over all ¢’ < g, T' < T. We will use this type of
notation with respect to other spaces we will define later as well.

2.3. Translation surfaces and combinatorial translation surfaces.

Definition 2. A translation surface is a pair (X,w) where X is a Riemann surface and w is
a holomorphic 1-form on X.

The metric |w| is a flat metric on X with singularities at zeros of w. See [47] for an
introduction to translation surfaces. The following result gives an alternative definition of
translation surfaces.
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Proposition 2.1 ([47], Proposition 1.6 and Proposition 1.8). Any translation surface (X,w)
can be expressed in the following manner: X is the union of a collection of polygons Py, ..., P,
in C together with a choice of identification of parallel boundary edges of equal length on
opposite sides, and w is the 1-form dz on each polygon. Similarly, any collection of polygons
Py, ..., P, C C with edge identifications as above defines a translation surface.

We shall see that some triangulated surfaces are canonically translation surfaces as well.
To this end, we define a combinatorial translation structure on a triangulated surface. Let
S be a triangulated surface.

Definition 3. A combinatorial translation structure on S is an assignment, to each edge
e € E(S) and vertex v € V(S) such that e emanates from v, a 6th root of unity ((e,v)
(called a directional weight). Directional weights must satisfy the following two properties:

(1) if e contains the vertices v and w, then ((e,v) = —((e,w) and
(2) if e; and ey are two edges emanating from a vertex v that lie on a triangle of S
such that e; lies counterclockwise from es; according to the orientation on S, then

((e1,v) = €™/3¢(ea,v).

Conditions 1 and 2 imply that for each triangle, there are only two possibilities for di-
rectional weights, which we label as Type A and Type B as seen in Fig. 1 and Fig. 2,
respectively.

e 1

FIGURE 1. Type A triangle FIGURE 2. Type B triangle

Then, we have the following proposition.

Proposition 2.2. Each triangulated surface S that admits a combinatorial translation struc-
ture is a translation surface wherein the associated flat metric agrees with the flat metric
coming from the triangulation. Moreover, the associated holomorphic 1-form is canonical in
the sense that it only depends on S and the combinatorial translation structure.

Proof. Rotating as necessary, we identify Type A triangles with the equilateral triangle in

C having vertices at 0, 1 and % + ‘/TP:i, and Type B triangles with the equilateral triangle in

C having vertices at 0, 1 and % — \/752 Conditions 1 and 2 in the definition of combinatorial
translation surface imply that all edge identifications must be of a Type A triangle with a
Type B triangle on opposite sides along parallel edges. By Proposition 2.1, S is a translation
surface. Under the identification of Type A triangles and Type B triangles with triangles in
C described above, the 1-forms dz on each triangle glue to give a 1-form ¢ on S. The 1-form
¢ only depends on S and the combinatorial translation structure. Finally |dz| is simply the

Euclidean metric on each triangle. 0J



8 VASUDEVAN

Note that given a combinatorial translation structure on .S, then for 0 < i < 6 we have
another combinatorial translation structure on S obtained by multiplying each directional
weight by e™/3. These six structures are the only valid combinatorial translation structures
on S: once we assign directional weights to one triangle on S, there is only one choice for all
other directional weights.

Definition 4. A combinatorial translation surface is a triangulated surface equipped with
a combinatorial translation structure.

Definition 5. Comb” (#,) is the set of combinatorial translation surfaces of genus g with
T triangles.

By Proposition 2.2, any S € CombT(’Hg) determines a canonical holomorphic 1-form on
S that we denote by ¢g. We call the flat metric on S the S-metric. Its length element is
dss = |¢s|, and area element is |¢pg|?. Distances in this metric shall be denoted by dg(-, ).
As in the case of triangulated surfaces, we denote by

® : Comb” (H,) — T,
the map which sends a combinatorial translation surface to the underlying Riemann surface.

2.4. Extremal length on annuli. Let A be a Riemann surface that is topologically an
annulus. By the uniformization theorem A is biholomorphic to

Alry={z€eC|l < |2z| <r}

for some 7 > 1. The modulus of A, denoted mod(A), is the quantity (1/27)logr.
Now, denote by v a generator of Hi(A,Z).

Definition 6. Given a Riemannian metric p on A, the quantity

length p('y)
is defined to be the infimum of lengths in the p-metric over all curves representing ~.

Definition 7. The extremal length of v on A is
length 2
Exta(vy) = su 8th, (7)

p areay(A)

where the supremum is taken over all conformal metrics p on A.
The following result is proved in [1, Section 1.D].

Proposition 2.3. We have, Ext(y) = mod(A)~.

2.5. Hyperbolic metric on a triangulated surface. In this section we prove two lemmas
about the hyperbolic metric on a triangulated surface. The first lemma is about short
geodesics.

Lemma 2.4. Let S be a T-triangle triangulated surface of genus g, and X = ®(S). Denote
by px the hyperbolic metric on X. Then

Z length, (v)™' < CT

~ simple closed geodesic on X
length,,  (v)<2arcsinh(1)

where C' is a universal constant.
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Proof. Let v be a simple closed geodesic on X with length , (v7) < 2arcsinh(1). By the collar
theorem [6, Theorem 4.1.1], v has an associated hyperbolic annular collar A, of width

C'log(length, (v)7").

Moreover, the collars A, associated to the short geodesics are all mutually disjoint. The
modulus of A, is

C'length, (v)™".
By Proposition 2.3,
sysg(4,)?
——— < ('length .
areag(A,) — Clength,, ()

Since sysg(A,) > 1, we have
areag(A,) > Clength, (v)~".

Since the A, are all disjoint,

Z length, (vy)™' <C Z areag(A.,)

~ simple closed geodesic on X ~ simple closed geodesic on X
length,,  (v)<2arcsinh(1) length,, (v)<2arcsinh(1)

<CT
as desired. 0

Next, we show that the hyperbolic metric on a triangulated surface admits a nicely behaved
covering by hyperbolic balls.

Lemma 2.5. Let X be a hyperbolic surface, with metric px. Suppose
Z length, (v)™" < R.

7 simple closed geodesic on X
length,,  (v)<2arcsinh(1)

Then, there exist hyperbolic disks Uy, ...,Un, Vi,...,VN and Wy, ....Wx on X such that the
following conditions are satisfied:

(1) The {W;} together cover X.

(2)

center(U;) = center(V;) = center(W;)

and
radius(U;) = 2radius(V;) = 4radius(W;) < arcsinh(1)/2.

(3) If U; nontrivially intersects U;, then radius(U;) < C'radius(U;).

(4) Any point x € X is contained in at most C' of the U,.

(5) Any U; nontrivially intersects at most C' of the U;.

(6) N <C(R+g).
Here, C' is a universal constant.
Remark 9. Once the U; and W; are constructed, the existence of the V; is clear. Lemma 2.5

will be used to prove Theorem 1.2 in Section 5, and in that proof the V; will become relevant.
Lemma 2.5 will also be used in Section 7.5.
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Proof. We divide X into the thick part and thin part. The thick part has injectivity radius
at least arcsinh(1). The thin part is the union of disjoint annuli around each short geodesic.

The thick part has area at most C'g. On this part, we take a maximal arcsinh(1)/16-
separated set. This set has around Cg points. Let the W; be radius arcsinh(1)/8 disks
around the points in the separated set, the V; radius arcsinh(1)/4 disks around these points
and the U; radius arcsinh(1)/2 disks around these points.

Next, we construct the disks on the thin part. Let v be a geodesic on X with length less
than 2arcsinh(1). Let A, be the annulus associated to 7, which is a connected component
of the thin part. By the collar theorem, each annulus A, has width approximately

C'log(length, (v)™").

We have coordinates (r,6) on A; where r = 0 on v and r € [w(A,)/2,w(A,)/2] such that
the hyperbolic metric on A, is

dp% = dr® + cosh® rdf?>.
The injectivity radius of A, at any point (r,6) (denoted injrad, 4(A,)) is around
C'length,, (7)coshr.
Now, for s € NN [—w(A,)/2,w(A,)/2], let
A=A, n{rel[s—1,s+1]}

Denote by injrad(A3) the injectivity radius of AZ. Choose a injrad(A3)/16-separated set
on Af to be the centers of W;, so that the W; are radius injrad(A3)/8 disks around these
centers, the V; are radius injrad(A?)/4 disks, and the U; are radius injrad(A3)/2 disks. In
each A7 there are at most

(C'length, () coshs)™*

centers. In total, there are at most

[w(Ay)] 0o
C Z (length, (v)coshs)™' < Clength, (7)_1/ (coshs)™*
s=1 s=0

< Clength, (y)™

centers in A.,.

We simply take all the U;, V; and W; constructed on the thick part and thin part. By
construction, conditions 1, 2, 3, 4 and 5 are satisfied. The total number of U; (or V; or W;)
is at most

C|lg+ Z length,, (V)1 <C(R+9)

7 simple closed geodesic on X
length,, (y)<2arcsinh(1)

which shows condition 6. [
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2.6. Conformal doubles and triangulated surfaces. Denote by S;; a surface of genus
g with b boundary components. Let X be a Riemann surface of genus g with b boundary
components, meaning that X is homeomorphic to S .

Definition 8. The conformal mirror X ! of X is the Riemann surface whose local coordi-
nates are obtained by composing each local coordinate z on X with the anti-holomorphic
map z — Z.

We may construct another Riemann surface, X¢, by gluing X and X! along their bound-
aries 9X and 0X ! which are canonically identified. The complex structure on X% in a
neighborhood U of a point p € 0X is given as follows. If z is a local coordinate on X under
which U N X is conformally a half-disk around p, then the local coordinate on U which is z
on UNX and 7 on U N X! identifies U with a disk. This gives a complex structure on U
which can be checked to be independent of the choice of local coordinate z. In this way, we
obtain a complex structure on X¢.

Definition 9. The conformal double of X is the surface X? constructed above.

Then X% is a compact genus 2g + b — 1 surface which has an anti-holomorphic involution
fixing X = 0X~! ¢ X9 We have the following statement about conformal doubles of
triangulated surfaces.

Proposition 2.6. Suppose S is a triangulated surface with boundary. Then S? is canonically
a triangulated surface without boundary.

Proof. Denote by S™! the triangulated surface wherein each triangle of S is equipped with
the opposite orientation. Since 9S and dS~! are naturally identified, gluing S and S—!
under this identification produces a triangulated surface S? which can be checked to be the
conformal double of S. 0J

2.7. Triangulated surfaces with boundedness properties. In this section we define
several subsets of Comb” (M,) that shall be useful in the proof of Theorem 1.3.
Let E be an equilateral triangle in C of side length ¢.

Definition 10. A k-subdivision of £ is the unique triangulation by k? equilateral triangles
of side length ¢/k.

Let T be a triangulation of a surface (possibly with boundary).

Definition 11. The k-subdivision of T" is the new triangulation constructed by replacing
each triangle in 7" with its k-subdivision.

FI1GURE 3. A 3-subdivision of an equilateral triangle.
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Definition 12. A locally bounded triangulated surface is a triangulated surface S which
satisfies the following two properties.

(1) The maximum degree of any vertex of S is 7 and
(2) There exists a triangulation Sy, of the surface S into equilateral triangles of side
length 5 such that the triangulation S is a 5-subdivision Sy,.

The set of locally bounded triangulated surfaces with 7" triangles and genus g (resp. < 7T
triangles and genus < g) is denoted Combij, (M,) (resp. Comby" (Mc,)).

Similarly, we also define locally bounded combinatorial translation surfaces. First, we have
a preliminary lemma that motivates the definition.

Lemma 2.7. Let S be a combinatorial translation surface. Let V.g(S) be the set of vertices
of S with degree greater than 6. If vy is an arc representing an element of Hy(S,Vs¢(S),Z),
then

/¢S €7+ ™37,
i

Proof. Note that any arc v on S with 9y C V56(S) is homotopic to a piecewise smooth arc
wherein each piece is an edge of S. Since dz integrates to an element of Z + ¢™/3Z along
sides of the equilateral triangle with vertices 0, 1, % + ‘/732 in C,

/9255 €7+ €m/3Z,
-

as desired. n

Definition 13. A locally bounded combinatorial translation surface is a combinatorial trans-
lation surface S that satisfies the following two properties.

(1) The maximum degree of any vertex of S is 42 and
(2) Given any two vertices z,y € V54(S) (not necessarily distinct) and v any arc from z
to y,

/ bs € 5Z + 5e™/* 1.
.,

The set of locally bounded combinatorial translation surfaces with T triangles and genus
g (resp. < T triangles and genus < g) is denoted Comby. (H,) (resp. Comby" (H<,)).

Remark 10. Given Lemma 2.7, one would expect condition 2 in Definition 13 to be the
translation surface version of condition 2 in Definition 12. More rigorously, we shall see in
Section 7.4 that triangulated surfaces have a canonical branched 6-cover which is a combi-
natorial translation surface. Locally bounded combinatorial translation surfaces are defined
so that the canonical branched 6-covers of locally bounded triangulated surfaces are locally
bounded combinatorial translation surfaces. See Proposition 7.2.

It is also useful to consider triangulated surfaces for which the number of vertices of
degree other than 6 is bounded. (Note that combinatorial translation surfaces of genus g
automatically satisfy the property that the number of vertices of degree other than 6 is
bounded by Cg.)

Definition 14. The set Comb=""=""(M,) consists of S € Comb="(M,) which satisfy the
property that |V.6(5)| < m.
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Definition 15. The set Comby; =" (M<,) consists of S € Comb;;" (M<,) which satisfy the
property that |Vs(S)| < m.
Euler characteristic conditions imply that |V (S)| < T/2 when g > 1, so in the future, we
will implicitly assume the condition m /7T < 1/2 when g > 1.
2.8. Counting functions for the image of ® and roadmap to prove Theorem 1.3.

Definition 16. Let

NM(T, g,r) = sup{#({S € Comb<T(M<g)]®(S) € Ba, (X, r)}|X € M<,},
[2(5)
)

Niy (T g,7) = sup{#({S € Combj" (M<,)|®(S) € Bay (X,7)})|X € My},
NM(T, g, m,r) = sup{#({S € Comb<T<m(./\/l<g |®(S) € Bap(X,7)})|X € Moy},
N (T, g,m,7) = sup{#({S € Combj,"="(M<,)|®(5) € By (X,7)})|X € My}

and
N (T, g,r) = sup{#({S € Combyi" (H<,)|®(S) € Ba, (X, r)}IX € M<,}.

Remark 11. Here, dr denotes the Teichmiiller metric on moduli space M,. The Teichmiiller
metric is only defined for g > 2. For the purpose of notation, in our counting functions when
we count genus g triangulated surfaces for g = 0, 1 we simply count all the surfaces and omit
the radius variable.

To show Theorem 1.3, it is necessary to find an upper bound for NM(T, g,r). We do by
proving several bounds related to the other counting functions introduced in Definition 16.
In Section 5, we bound N** in terms of Nj!. In Section 6, we bound Nt in terms of NM.
In Section 7, we bound Nj¥! in terms of Nﬁj Meanwhile, in Sectlon 3 we prove bounds about
the geometry of Teichmiiller balls in M, which shall be useful for the bounds in Section 6
and Section 7 as well. Finally, in Section 7, we combine all these bounds and use a recursive
argument to prove Theorem 1.3.

3. GEOMETRY OF TEICHMULLER SPACE

In this section we give a brief review of definitions in Teichmiiller theory and describe the
large genus geometry of Teichmiiller space. Detailed exposition can be found in [1], [20] and
[24]. We also prove some results about quasiconformal maps.

3.1. Quasiconformal maps. Let U and V' be Riemann surfaces and K > 1.

Definition 17. An orientation preserving diffeomorphism f : U — V is K-quasiconformal
if it satisfies
af of

<k|l=
oz 0z

where k = (K —1)/(K + 1) and z is a holomorphic coordinate on U.

Given conformal metrics on U and V/, this means locally there exist oriented orthonormal
bases on U and V with respect to which df has singular values \; and A, satisfying K—! <
A1/A2 < K. The smallest such quantity K is called the quasiconformal dilatation.

Remark 12. Quasiconformal maps are generally required to be homeomorphisms only. See
[24, Sections 4.1 and 4.5] for definitions in this setting. In future sections, we explicitly
use only the definition we have given above, but we implicitly use the definition in the
homeomorphism setting in Section 3.4 and Section 3.7.
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3.2. Hodge norm on H!(X,C). Let X be a compact Riemann surface of genus g > 2 and
px the hyperbolic metric on X. In this section we record certain constructions from Hodge
theory on Riemann surfaces. See [15] for a detailed exposition. Let £'(X,C) denote the
space of complex valued differential 1-forms on X; also denote closed and exact 1-forms by
ZY(X,C) and B'(X, C), respectively. The Hodge star

x: £1(X,C) = (X, C)
is an C-linear map which fixes the space of harmonic 1-forms H!(X,C) c £Y( X, C).

Definition 18. The Hodge inner product (a Hermitian inner product) on £'(X, C) is defined
as

(w1, wa) x :/ W1A*w_2:/<OJ1,0J2>dep§(.
X X
The Hodge norm on £'(X, C) is defined as

ol = [ wn@
X
for w, wy,wy € E1(X,C).

By the Hodge decomposition theorem, the space of closed complex valued differential
1-forms on X splits as

ZHX,C) =HY(X,C)® B'(X,C),
and the splitting is orthogonal with respect to the Hodge inner product.
Definition 19. The Hodge norm of a cohomology class
u€ ZH(X,C)/BY(X,C) ~ H'(X,C),
is
Jullx = inf -
The infimum in Definition 19 is attained by the unique harmonic representative of w.

3.3. Quasiconformal maps and Hodge norm. In this section we study how the Hodge
norm behaves under a quasiconformal map. All quasiconformal maps in this section are
assumed to be diffeomorphisms. Let X and Y be compact Riemann surfaces of genus g > 2,
with hyperbolic metrics px and py, respectively.

Lemma 3.1. If f : X — Y is a K-quasiconformal map and w is a complex valued differential
1-form on Y, then
(1/K)wlly < Ifwlix < K2 |wlly-

Proof. We have,
|WW§=LUWJWM&

s[ﬂMWWwMMMMM|W@

SK/wwm&
Y

= Klw]ly-
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Applying an analogous argument to f~!, which is also K-quasiconformal, we obtain
lwlly < EV2[| fwllx. N
As a corollary, we have:
Corollary 3.2. Let f : X — Y be a K-quasiconformal map. Let u € H'(Y,C). Then
(L/E) Plully < fullx < K72 |ully.
Proof. Let w be the harmonic form on Y representing u. Then by Lemma 3.1,
[/ ullx < I/ wllx
< KY2||wlly
— K2 uly.

The analogous argument applied to f~', gives |Jully < KV2||f*ulx. O

Finally, we show that the pullback of a harmonic form under a quasiconformal map is
close to its harmonic representative.

Lemma 3.3. Let f : X — Y be a K-quasiconformal map. Let w be a harmonic 1-form on
Y. Denote by (f*w)" the unique harmonic 1-form on X cohomologous to f*w. Then

1f*w = (frw)*lx < (K2 = 1)/K)Y?||w]ly.
Proof. We have,
1fw = (Fw)k = (fw—(f) fw-(fw)x
= (f'w, frw)x = ((ff )", (fw)")x = 2(f'w = (fw)" (fw))x.
By Lemma 3.1 and Corollary 3.2,
(frw, frw)x = ((ffw)" (fw))x < (B = 1)/K)|wl3.

Exact forms are orthogonal to harmonic forms, so since f*w — (f*w)" is exact and (f*w)" is
harmonic,

2(f'w = (f'w)", (f'w)")x =0.

The lemma follows. O

3.4. Quasisymmetric maps and quasicircles. In this section, we introduce some defini-
tions related to quasiconformal maps.
Let (U,dy) and (V,dy) be metric spaces bi-Lipschitz to domains in C.

Definition 20. An embedding f : U — V is called K-weakly-quasisymmetric if for all
x,y,z €U,

dv(f(z). f(y)) < Kdv(f(z), f(2))
if
dy(z,y) < dy(z, 2).

When U and V' are oriented topological manifolds, we will assume f is orientation preserv-
ing. When U and V' are simply domains in C, the metrics on U and V' are taken to be the
restrictions of the Fuclidean metric to U and V', respectively. Then weakly-quasisymmetric
maps of the unit circle may be extended to quasiconformal maps of the unit disk:
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Proposition 3.4 ([1], Theorem IV.B.2). Suppose f': S = S is K-weakly-quasisymmetric.
Then " extends to a C(K)-quasiconformal map f : 1D — D where C(K) only depends on K.
Definition 21. A simple closed curve (resp. simple arc) in C is a K-quasicircle (resp. K-

quasiarc) is the image of the unit circle (resp. unit line segment) under a K-quasiconformal
homeomorphism of the plane.

Let (U, dy) be a metric space bi-Lipschitz and homeomorphic to a domain in C. When U
is simply a domain in C, dy is taken to be the restriction of the Euclidean metric to U.

Definition 22. A simple arc v in U is a K-bounded-turning curve if it satisfies the following
condition: for all z,y, z € v lying in order,

dU<x7 y) + dU(Z/u Z) < KdU(xa Z)'
A simple closed curve v in U is a K-bounded-turning curve if every point of v lies in the

interior of a subarc of v that is a K-bounded-turning curve.

In the rest of this section, we note some results about quasicircles, quasiarcs, bounded-
turning curves and quasisymmetric maps that shall be useful in later sections.

The following statement relates quasicircles and quasiarcs to the bounded-turning prop-
erty. A proof can be found in [29, Sections 2.8.7, 2.8.8 and 2.8.9].

Proposition 3.5. Suppose a simple closed curve (resp. simple arc) v in C is a K-bounded-
turning curve. Then 7y is a C(K)-quasicircle (resp. C(K)-quasiarc) where C(K) is a con-
stant only depending on K. Similarly, suppose a simple closed curve (resp. simple arc) 7y is
a K-quasicircle (resp. K-quasiarc). Then it is a C(K)-bounded-turning curve.

We have the following extension result about quasisymmetric maps.

Lemma 3.6. Let U; C C and Uy C C be simply connected open domains such that OUy is a
Ki-quasicircle and 0Uy is a Ks-quasicircle. Suppose

f/ : 8U1 — (9U2

is a K3-weakly-quasisymmetric homeomorphism. Then [’ extends to a map

[0 — Uy
that is C'(K;, Ko, K3)-quasiconformal. Here, C(K;, Ko, K3) is a constant that depends only
on Ky, Ky and K.
Proof. Let

f:C—=C
be a K;-quasiconformal mapping taking U; to D. Then f; is C(K)-weakly-quasisymmetric
for some C'(K;) only depending on K (see [46, Theorem 18.1]). Similarly, let

fo:C—C
be a Ky-quasiconformal mapping taking U, to D. Then f, is C(Ks)-weakly-quasisymmetric.
Then identifying 0D ~ S', the map

f2oflof1—1:5«1_>sl

is C(K;, K3, K3)-weakly-quasisymmetric (note that compositions and inverses of weakly-

quasisymmetric maps of the plane are weakly-quasisymmetric by Theorem 10.6 and Theorem
10.19 in [23]). By Proposition 3.4,

fao fro fit
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extends to a C'(Ky, K», K3)-quasiconformal map

f":D—D.
Taking
f=ftof"of
gives a C'(K1, Ky, K3)-quasiconformal map from U; to U, that is an extension of f’. |

3.5. Teichmiiller space and Teichmiiller metric. Let g > 2 and S, a smooth oriented
genus g surface. A marked Riemann surface is a Riemann surface X along with a diffeomor-

phism S, — X.
Let X and Y be marked Riemann surfaces of genus g, with markings
fX : Sg — X
and
fy : Sg — Y,

respectively. The marked surfaces X and Y are considered equivalent if there is a biholo-
morphism
f: X—=Y

satisfying the property that fy;' o f o fx is isotopic to the identity.

Definition 23. Teichmiiller space 7, is the set of equivalence classes of marked Riemann
surfaces. The Teichmiiller distance, denoted dr, is given by

1
dr(X,Y) = inf {5 logK|f : X =Y is K—quasiconformal}

where f satisfies the property that f,,' o f o fy is isotopic to the identity.

Teichmiiller’s theorem asserts that the infimum in Definition 23 is attained by a homeo-
morphism and is unique. The unique map that attains the infimum is called a Teichmiiller
map.

The space 7, admits a natural complex structure under which it is a complex manifold
of dimension 3g — 3. The cotangent space at a point X may be naturally identified with
Q(X), the space of holomorphic quadratic differentials on X. Under this identification, the
Teichmiiller metric is the L'-norm on Q(X), given by

6]l = /X 9

for a holomorphic quadratic differential ¢ on X.
Moduli space M, can be obtained from 7, by quotienting by the action of the mapping
class group Mod,. The Teichmiiller metric also descends to M.

3.6. Extremal length and Teichmiiller metric. The Teichmiiller metric has a descrip-
tion in terms of extremal length, as we shall explain now. Let X be a Riemann surface of
genus ¢g. Let v a free homotopy class of a simple closed curve on X.

Definition 24. Given a Riemannian metric p on X, the quantity

length,, ()

is defined to be the infimum of lengths in the p-metric over all curves representing ~.
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Definition 25. The extremal length of v on X is defined to be

length (7)?
Extx(7) = sup 2 1
Xlx (7) SI/J;p areap(X)

where the supremum is taken over all conformal metrics p on X.
The next theorem describes when the supremum in Definition 25 is achieved.
Theorem 3.7 (Jenkins [25], Strebel [45], see also Theorem 3.1 in [26]). The supremum of
length,,(v)?
Sgp area,(X)
is achieved when p is the flat metric |p| associated to a holomorphic quadratic differential
¢ € Q(X).
The Teichmiiller distance has the following description due to Kerckhoff [26, Theorem 4].
Theorem 3.8. For X,Y €7,
1 Ext
dr(X,Y) = 3 log Slip Wig;,
where the supremum is taken over all free homotopy classes of a simple closed curve on X.

Remark 13. Since X and Y are marked surfaces,  (which was initially defined as a free
homotopy class on X) is also automatically a free homotopy class on Y.

3.7. Bi-Lipschitz metric. Let g > 2.
Definition 26. The bi-Lipschitz metric d;, on M, is
dp(X,Y) =inf {log K|f : X — Y is a K-bi-Lipschitz diffecomorphism} .

Here, the bi-Lipschitz constant is measured with respect to the unique hyperbolic metrics
on X and Y.

The following result establishes a comparison between dr and d,.
Proposition 3.9. There exists a universal constant C such that for all g,
dpr <dp < Cdp
on M,.

Proof. The inequality dr < dj, follows from the fact that any K-bi-Lipschitz map is auto-
matically K 2-quasiconformal.
In the other direction, we must show that d;, < C'dr. The following proof is due to Maxime
Fortier Bourque. Fix Ky > 0. Let X,Y € M, such that
dr(X,Y) =log K.

Cut the Teichmiiller geodesic from X to Y into around
log K
n =
log K

log K

segments of length around

n
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Let Zy = X, Z4, ..., Z, = Y be the endpoints of these segments. Since
dT<Zia Zi-l—l) S log K07
there is a quasiconformal map
fi : Zz — Zi+1
with dilatation at most K2. Using the Douady-Earle extension [16, Theorem 5.2], f; may
be replaced with a map g; that is C(K2)-bi-Lipschitz between the hyperbolic metrics on Z;
and Z; ;. Take
g=0gn10...0090: X =Y.
Then g is C(Kg)"-bi-Lipschitz between the hyperbolic metrics on X and Y. Therefore,
log C'(K7)
IOg KO
< (Clog K

for a universal constant C. O

dp(X,)Y)<C log K

3.8. Kobayashi metric. Let M be a complex manifold of arbitrary dimension. Roughly
speaking, the Kobayashi pseudometric is the largest pseudometric on M such that all holo-
morphic maps into M are distance decreasing. See [27, Section 4.1] for a rigorous construc-
tion. In general, the Kobayashi pseudometric may not be a metric (i.e. may not separate
points). However, we shall see that in all cases of M relevant to us, the Kobayashi metric
exists. In particular, the Kobayashi metric exists when M is a bounded domain in C" [27,
Corollary 4.4.6]. The Kobayashi metric satisfies the following important property.

Proposition 3.10 ([27], Proposition 4.1.1). Let M and N be complex manifolds. Suppose
they admit Kobayashi metrics dy; and dy, respectively. Let f : M — N be a holomorphic
map. Then for all z,y € M,

If f is a biholomorphism, then equality holds.

We also have the following theorem due to Royden [44, Theorem 3].
Theorem 3.11. On 7T,, the Kobayashi metric exists and is the Teichmiller metric dr.

3.9. Bers embedding of 7;. Let g > 2 and fix X € 7,. Recall from Definition 8 that X1
denotes the conformal mirror of X. Let Q>°(X ') denote the space of quadratic differentials
on X!, equipped with the norm

16l = sup 122

zeX 1 |PX—1|2.
(Here, px-1 is the hyperbolic metric on X~!.) The Bers embedding [20, Section 5.4] is a
holomorphic embedding of 7, into @*(X ') sending X € T, to the origin in Q>°(X ).
Theorem 3.12 ([20], Theorem 5.4.1). The Bers embedding
Bx Ty = Q%(X7)
satisfies
B« (0,1/2) C Bx(T,4) C Bxo(0,3/2)
where By, (0,1) denotes the norm ball of radius r in the space Q> (X 1),
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Remark 14. The constants in [20, Theorem 4.5.1] are different because the normalization
of the Teichmiiller metric is different. See [32, Theorem 2.2] for normalization and constants
that agree with ours.

3.10. Asymptotic geometry of Teichmiiller space. In this section, we use the Bers
embedding to obtain bounds on the geometry of dr on 7,. This technique has been used to
prove [32, Theorem 8.2] and [18, Theorem 1.5]. Our bounds are variations of the bounds in
the latter.

Fix X € 7,. Denote by @ = By(0,1) the open unit norm ball in @>*(X~!). Since
Q> (X 1) is 3g — 3-dimensional, @ is an open 3g — 3 complex manifold. Let dg denote the
Kobayashi metric on (). Putting together Proposition 3.10, Theorem 3.11 and Theorem 3.12,
we have the following two metric comparison results.

Lemma 3.13. Let Y, Z € 7,. Then
1Bx (Y)]loo < 3/2

and
18x(Z2) oo < 3/2.
Moreover,
do((2/3)Bx(Y), (2/3)8x(Z)) < dr(Y, X).
Lemma 3.14. There exists a holomorphic map
By': Bo(0,1/2) = T,
such that
Bx o By =id
on B (0,1/2). Moreover, for ¢, ¢s € Bs(0,1/2),

dr(Bx' (1), Bx' (62)) < do(261,2¢2).
The following lemma gives us an approximation for dg.
Lemma 3.15. For ¢y, ¢y € Bo(0,1/8),
Cil|¢1 — Palloo < dq(d1, d2) < Caf[P1 — P2l

for universal constants C7 and Cs.
Proof. First, we show that
do(91, ¢2) = Cil|d1 — d2l|oc-

To see this, let z € X! (the conformal mirror of X), and let v be a unit tangent vector at
x with respect to the hyperbolic metric px-1 on X 1. We define a map

I,:Bo(0,1) =+ D
that sends ¢ to the evaluation of ¢ at v ® v. Note that for all ¢ € B, (0, 1),
¢
()] = (z)

[Pkl
<1

Also, for all ¢ € B,(0,1/2),
[L(8)] < 1/2.
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Furthermore, I, is affine, thus holomorphic. Therefore, by Proposition 3.10, I, is distance
decreasing with respect to dg on By (0,1) and the Kobayashi metric on D) which is the
Poincare metric. So for ¢, ¢2 € By (0,1/2),
dQ(¢1>¢2) > po(Le(d1), L:(P2))
2 C1]L(¢1) — Lo(¢2)]
— Cl ‘Qsl - f2| (I’)
lpx|

Since this is true for all z € X1,

do(¢1, 02) > Cill¢ — d2|o

as desired.
Next, we show that for ¢, ¢ € Boo(0,1/8),

do(¢1, ¢2) < Cal|d1 — P2|oo-
To do this, consider the map I : D — B, (0,1) sending ¢ € D to

P2 — 1
o1+ Qo
' 2||p2 — P1| oo
The image of I is contained in B (0, 1) because
P2 — b1 'C‘
+ 7| < ot |z
< 1.

Note that [ is affine and therefore holomorphic. Moreover, I(0) = ¢; and
1(2]|¢1 = dalloo) = P2.

By Proposition 3.10, I must be distance decreasing with respect to the Poincare metric on
D. Since ¢1, ¢2 € Bso(0,1/8),
2[|p1 — ¢2lloc < 1/2.
Therefore,
dQ(¢1a ¢2) < dpn)(ov 2‘(251 - ¢2HOO)
< Collr — ¢2lfoo
as desired. 0

Lemma 3.13, Lemma 3.14 and Lemma 3.15 together imply:

Lemma 3.16. Let
o1, qbz € BOO(O, 1/16).
Then
Csllp1 — b2l < dr(By'(01), By (¢2)) < Culldr — d2l|oo-

Proof. By Lemma 3.14,
dr(B5 (d1), B (62)) < dg(261,26).

Since
2¢17 2¢2 S BOO(Ov 1/8)7
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by Lemma 3.15,
dq(2¢1,2¢2) < Cyl|2¢1 — 2¢2[|0e < Culldr — P2l|co-

This gives one direction of the comparison in the lemma statement. To obtain the other
direction, by Lemma 3.13,

dr(Bx' (¢1), Bx' (62)) > do((2/3)61, (2/3)¢2).
Since
(2/3)¢1,(2/3)p2 € Bw(0,1/8),
Lemma 3.15 implies
dq((2/3)¢1,(2/3)¢2) = C5|(2/3)d1 — (2/3)¢2llec = Csl|d1 — P2l
as desired. 0

Finally, we have:

Lemma 3.17. There ezist universal constants Cs and Cy such that for

Y, Z € By, (X, C3/20),

G| Bx(Y) = Bx(Z)|leo < dr(Y, Z) < Co|Bx(Y) = Bx(Z)||oo-
Proof. Consider the map
Bx' : Boo(0,1/20) — T,.
This is a biholomorphism onto its image. Note that
Cs) o1 — b2l < dr(Byx'(61), By (62))
for
o1, 02 € Boo(0,1/16)
by Lemma 3.16. In particular,

for
¢ € Bo(0,1/16).

Thus Bx"'(Bao(0,1/20)) contains the point X € Ty, but 985" (Bs(0,1/20)) does not intersect
By, (X, C3/20). This means fx'(Bs(0,1/20)) contains By,.(X,C3/20). Now Lemma 3.16
gives the desired inequalities. 0J

Lemma 3.18. Let C5 be as in Lemma 8.17 and suppose ri,r5 € Ry such that r; < C3/20
and ry <ry. Let Xy,...,Xn € By, (X,12) C T, such that

dp(Xi, X;) >
for alli,j € {1,..., N} distinct. If ro < C3/20, then
N S (C/T1)6976.

For all roy > C5/20,
N < (C/Tl)Cm(Gg*G)_

Here, C is a universal constant.
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Proof. First we treat the case where ro < C3/20. For all 4, j € {1,..., N} distinct,

r1/Ca < [|Px (X3) = Bx (Xj) oo

by Lemma 3.17. Therefore norm balls of radius r,/(2C}) around the Sx(X;) are disjoint.
Again by Lemma 3.17,

18 (Xi)lloo < 72/C3

for alli € {1,..., N}. Now, Q*(X ') ~ C33 as a vector space. Hence it admits a Euclidean
volume. Denote by V (r) the Euclidean volume of a norm ball of radius r in Q> (X ~!). Then

V(r1/(2C1)) > ((4Cur)/(Car1)) "7V (2ro/ Cs)
since a ball of radius 2ry/Cj is simply a scaled copy of a ball of radius r;/(2Cy). Note that
Boo(Bx(Xi),m1/(2C1)) C Bo(0,2r2/C3)

because fx(X;) € Bwo(0,72/C3) for alli € {1,..., N} and r; < 1y, C35 < Cy. The former balls
are also mutually disjoint, so

V(QTQ/Cg) Z N - V(?”l/(204)>
Therefore
N < (C/r1)%975.

This proves the first part of the lemma.

Now, to prove the second part, let us assume that ro > C5/20. We have that at most
(C/r1)%97% of the X; are contained in By, (X, C5/20). Also, at most (C/r1)%~° of the X are
contained in By, (X;, C3/20) for all X;. By induction we obtain the desired result. O

As a corollary, we have:

Corollary 3.19. Let C3 be as in Lemma 3.17 and suppose r1,rs € Ry such that r1 < C3/20
and ry < ry. If

ro < C3/20,
then any ro-radius ball in M in the Teichmiiller metric can be covered by
(C/ry)®"
number of ri-radius balls. If
ro > C3/20,
then any ro-radius ball in M, can be covered by
(C/ry)Cr2(69=6)
number of r1-radius balls. Here, C' is a universal constant.

Proof. By Lemma 3.18, these statements are true on 7,. Thus they are true on M, also. 0
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4. LOWER BOUNDS

In this section, we prove Theorem 1.2.
Let X € M,. Let px be the conformal hyperbolic metric on X. Assume

Z length, (v)™' < R.

~ simple closed geodesic on X
length,, (v)<2arcsinh(1)

Choose Uy, ...,Un, V1, ..., Vy and Wy, ..., Wy as in Lemma 2.5. Here, N < C(R+g). Recall
that the {W;} each cover X by condition 1 of Lemma 2.5. The circles OW; divide X into
M connected components that we label Py, ..., Py. By construction, each P; is contained
in some W;. Moreover, each 0F; is a union of hyperbolic circular arcs. There are at most
C such arcs in O0P;: P; is contained in some W;, which in turn is contained in U;, which
intersects at most C' of the other Uy, ...,Uy (by condition 5 of Lemma 2.5). For the same
reason, each W; is a union of at most C of the Py, ..., Py.

Let

Dtanhradius(w;)/2) = 12 € D||z| < tanh(radius(W;)/2)}.
Let
fi : Wz — Dtanh(radius(Wi)/2)
be a conformal map (unique up to rotation) that sends center(W;) to 0, that is C-bi-Lipschitz
between W; with px and Diann(radius(w;)/2) With the Euclidean metric.

Now, we construct triangulations 7, of X by triangulating each P; as follows. Fix r > 0

sufficiently small.

(1) For each P;, choose an arbitrary W, such that P; C Wy;.
(2) Divide fy(;)(P;) into

PJB = BEuc(a(fs(j) (P]))a T l"adiU.S(Ws(j)))

and
P = fu)(P) \ Py,

We triangulate each P; separately.

(3) Triangulate a subset of fy;)(P;) by the standard hexagonal triangulation with side
length

r - radius(Wy(;))

such that ij is covered by the triangulation.

(4) Pullback by fy;) to obtain a partial triangulation of a subset Xp C X.

(5) In the triangulation of Xpg, replace all border edges between two vertices by the
shortest hyperbolic geodesic connecting these two vertices.

(6) Choose a set of vertices on X \ Xg that is a Cr-radius(W;)-separated set and a Cor -
radius(W;)-net on each W;. Using these chosen vertices, complete the triangulation
of X \ Xg by hyperbolic triangles such that each triangle is contained in some V;,
and within V; is contained in a Csr - radius(WW;)-radius hyperbolic ball.

We have the following lemma regarding Step 5 of the triangulation process described.

Lemma 4.1. There exists a universal constant ro such that for all r < 1y, the following
statements hold. Let x,y € W; such that f}dguc(z,y) < r-radius(W;). Let yguc be the geodesic
in W; connecting x and y in the metric f]dgy., and yx be the geodesic in W; connecting
and y in the metric px. The angles between f;(vx) and fi(Vgue) are at most w/7. Moreover,
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FIGURE 4. Two of the P; contained in the same W;, with the partial trian-
gulation constructed in Step 3. The gray edges are replaced in Step 5.

the curvatures of fi(vx) and fi(yEu) are bounded above by a universal constant.

Proof. The map f; maps W; conformally to the disk Dyann(radius(w;)/2) (Sending center(W;) to
0) such that the restriction of the Poincare metric pp on D is py on W,;. Geodesics with
respect to dgy. correspond to straight lines in Diann radius(w;)/2), Whereas geodesics with respect
to pp are circular arcs which meet 0D at a right angle. Since radius(W;) < arcsinh(1)/8 (see
condition 2 of Lemma 2.5), tanh(radius(W;)/2) is bounded away from 1. So a geodesic
of pp passing through Diannadius(v;)/2) must have curvature bounded above by a universal
constant C. If two points in D are sufficiently close, then the line between them and constant
curvature arc (of curvature at most C') between them meet at an angle of at most 7/7. The
lemma follows. 0]

Thus we obtain, for each 0 < r < rg, a triangulation of X that we label T,. There are
two types of edges in T,: those constructed in Step 3 and left unchanged (which we call
flat edges), and those constructed in Step 5 or 6 (which we call hyperbolic edges). There
are three types of triangles: those constructed in Step 3 and left unchanged (which we call
equilateral triangles), those constructed in Step 5 (which we call semi-equilateral triangles),
and those constructed in Step 6 (which we call hyperbolic triangles). We denote by Tx the
union of the equilateral triangles of 7)., Tsg the union of the semi-equilateral triangles of T;.,
and Ty the union of the hyperbolic triangles of T,..

Denote by T.' the 1-skeleton of the triangulation T,. We define a metric dr on T as
follows. On a hyperbolic edge, we define dy1 to the restriction of d, (the hyperbolic distance
on X) to the hyperbolic edge. On a flat edge that was constructed by triangulating f,;)(F;)
in Step 3, we define dy1 to be the restriction of the pullback under fy;) of the Euclidean
distance dguc on fy(;)(P;) C D to the flat edge.

We let S, be the unique triangulated surface with the same underlying triangulation as
T,. Note that T, has at most Cr~2(R + g) triangles, since the number of equilateral and
semi-equilateral triangles is bounded by CNr~2 and the number of hyperbolic triangles is

bounded by
Cr—? Zlengtth(Li) radius(W;)~t < Nr—L.
Hence )
S, € Comb=C"""(FrI(Aq ).
Let

X, =®(S,) € M,.
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We will now show:
Theorem 4.2. For 0 <r < rg, dpr(X,X,) < Cr. Here, C is a universal constant.
This directly implies Theorem 1.2. First, we have a preliminary lemma.

Lemma 4.3. Let Q be a hyperbolic triangle contained in a hyperbolic ball of radius r < 1/4.
Then there exists a Cr? area(Q) ! -quasiconformal map from Q (equipped with the hyperbolic
metric) to the unit equilateral triangle T (equipped with the Fuclidean metric) which sends
vertices of Q) to vertices of T and is a scaling map on each of the three boundary edges.

Proof. The hyperbolic triangle () admits a C-quasiconformal map to some flat triangle ()1,
as follows. Consider @) as contained in D (equipped with the Poincare metric pp) with one
of the vertices the origin.

Let

H={z,y,zeR2*+ ¢y’ + (2 —1/2)* =1/4,2 < 1/2}
be a hemisphere in R?. View D as a unit disk in the z, y-plane in R3, centered at the origin.
Taking the inverse stereographic projection of () to H, then the orthographic projection back
to the x, y-plane gives a map from ) to a Euclidean triangle ;.

Away from 0D and OH, the stereographic projection is C-bi-Lipschitz between the spher-
ical metric on H and the hyperbolic metric on ID. The orthographic projection is C-bi-
Lipschitz between the spherical metric on H and the Euclidean metric on its image. Since
@ is contained in a hyperbolic ball of radius r < 1/4, we have a C-bi-Lipschitz map F; from
@ (with the hyperbolic metric) to @1 (with the Euclidean metric). Let @y be @ scaled
by r~2; then we have a map F5 : Q1 — @, that is conformal. The map F, satisfies the
property that F is r~2-Lipschitz and F; ' is r2-Lipschitz. Finally, note that @, is contained
in a C-radius ball in the Euclidean metric. There exists an area(Qy)'-quasiconformal affine
map F3 from @5 to T, which sends vertices of ()5 to vertices of vertices of T" and is scaling
on each boundary edge of Q5. Now, since area(Q-) is around Cr~2 area(Q),

FgOFQOFliQ%T
is C'r? area(Q)!'-quasiconformal. Let
sc:0Q — T

be a map that sends vertices to vertices and is scaling on each boundary edge, with respect
to the hyperbolic metric on 9@ and the Euclidean metric on dT. Then by construction,

sco(Fz3o0 Fyo F) ™' : 0T — 0T

is C-bi-Lipschitz with respect to the Euclidean metric, therefore C-weakly-quasisymmetric.
By Lemma 3.6, it extends to a C-quasiconformal map from 7" to 1. Precomposing this map
with Fjo Fy o I} gives the map desired in the lemma statement. U

Proof of Theorem 4.2. We construct a map F, : X — X, triangle-by-triangle as follows.
On vertices, F, is naturally defined. On edges, we define F, to be scaling (with respect
to the metrics dz on T! and dg,, the canonical flat metric given by S,, on X,). Then F,
conformally extends to all equilateral triangles (triangles in Tx) of T,.. To define F,. on Tsg,
note that by construction each semi-equilateral triangle () is contained in V; for some i.
By Lemma 4.1, Step 6 of the triangulation construction, and conformal property of f;, the
triangular region f;(Q) has angles bounded below by 7/21. By Lemma 4.1, Step 6 of the
triangulation construction and the C-bi-Lipschitz property of f;, the edges of the triangular
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region f;(@) have lengths bounded above and below by Cr radius(W;) and curvature bounded
above by C. Therefore f;(0Q) is a C-quasicircle. Let

sc:0Q — T

denote a scaling map, with respect to the metric dry on Q) and Euclidean metric on 07T,
that sends vertices of 9Q) to vertices of OT'. Since

scof, ™t fi(0Q) — OT

is Cr~!radius(W;)~!-Lipschitz with a Crradius(W;)-Lipschitz inverse (with respect to the
Euclidean metrics), it is C-weakly-quasisymmetric. Hence by Lemma 3.6, scof; ' extends to
a C-quasiconformal map from f,;)(Q) to 7" which means F, extends to a C-quasiconformal
map on Q. Finally, by Lemma 4.3, F, extends to a Cr? area(Q) !-quasiconformal map on
each hyperbolic triangle ) in Ty. In this way, we construct a map F, : X — X,.

We use the characterization of the Teichmiiller metric in terms of extremal length from
Theorem 3.8. We have on M,,

1
dr(X, X,) = 5 log ir}f sup

where the infimum runs through all quasiconformal maps f : X — X, and the supremum
runs through all free homotopy classes of simple closed curves v on X. To show this quantity
is bounded by C'r, it suffices to show that for all free homotopy classes v of a simple closed
curve on X,

Extx, (F.(7)) > (1 — Cr) Extx (7).
Recall that

where the supremum ranges over all conformal metrics p, on X,. Similarly,
length (v)?
Ext — I AN
X X(7> Sl;p areap(X)

where the supremum ranges over all conformal metrics p on X. By Theorem 3.7, the p which
achieves this supremum is given by |¢|'/? for a holomorphic quadratic differential ¢ on X.
To show

Exty, (F.(v)) = (1 = Cr) Extx(7),
it suffices to exhibit a conformal metric p, on X, such that

length, (F:(7))? (1 Cr)lengthdv)z.
area,, (X, ) areas(X)

To do this, we consider the metric (F}.),|¢|"/? (which is not a conformal metric on X,.), and
let p, be the smallest conformal metric on X, such that p, > (F,).|#|'/2. Then

lengthpT(F,n('y))2 > length¢(7)2
by construction. It remains to see that

area,, (X,) < (1+ Cr) areay(X).
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To see this, for each 1 <i < N let

m; = su @
i p D) (Q?)
zeV; Px

By the mean value property,
|| > C radius(U;)*m;.
U;
Therefore, by condition 4 of Lemma 2.5,

N
(1) areay(X) > C’Z radius(U;)*m;.
i=1
Now, for any equilateral triangle () that is a face of T, area,, (F,(Q))) = areas(Q)) because
F, is conformal on (). Therefore,
(2) area,, (F,.(Tg)) < areay(X)

Any triangle @ in Tsg is contained in W; for some 1 < ¢ < N. By C-quasiconformality of

F, on Q,
area,, (F,(Q)) < Careas(Q)
(3) S Omz area, (Q)

Now, by Step 5 in the triangulation construction semi-equilateral triangles contained in V;
are actually contained in a Crradius(U;) hyperbolic neighborhood of (Uf\ilLi) NV;, and the
latter has length at most C radius(U;) in the hyperbolic metric by condition 3 and condition
5 of Lemma 2.5. Summing Eq. (3) over all semi-equilateral triangles () we obtain

N

n area,, (F,.(Tsg)) < Cr Z radius(U;)*m;
i=1

< Crareay(X)
by Eq. (1).
Finally, any triangle Q in Ty is contained in V; for some 1 < i < N. By Cr?area,, (Q)
quasiconformality of F,. on @), we have

area,, (F,.(Q)) < Cr* area,, (Q) " areas(Q)
(5) < Cr*m,.

_1_

Since by Step 6 of the triangulation construction at most C radius(U;)?r~! hyperbolic trian-
gles @) are contained in any V;, summing Eq. (5) over all hyperbolic triangles ) we obtain

N

(©) area,, (F,(Ty)) < Cr Z radius(U;)*m;
i=1

< Crareag(X)

by Eq. (1).
Eq. (2), Eq. (4) and Eq. (6) together give

area,, (X,) = area,, (F,(Tg)) + area, (F.(Tsg)) + area, (F.(Tx))
< (14 Cr)areas(X)
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which completes the proof. O

5. APPROXIMATING TRIANGULATED SURFACES WITH BOUNDED DEGREE
TRIANGULATIONS

5.1. Approximation theorem. The goal of this section is to show the following theorem:

Theorem 5.1. There exists a map B : Comb’ (M,) — Comb=""(M,), and universal
constants C, o, > 0, such that:
(1) There is a C-quasiconformal map fs:S — B(S5),
(2) The mazimum degree of any vertex of B(S) is 7,
(3) Given any two vertices x,y € Vis(B(S)) (not necessarily distinct), and v any arc
from x to y that is homotopically nontrivial in B(S) \ {z,y}, we have

/|¢B(S)|l/6 > 3,
8

(4)
[V6(B(S9))| < ul|Vz(S) + 9),
and
(5) The fiber of B over B(S) has cardinality at most C1V#6(B()),

Here, C, o and i are universal constants.

To show Theorem 5.1, we first construct a local replacement for high degree vertices as
follows.

For d € N, define the triangulated disk T'Dy to be the following triangulation of a topo-
logical disk by unit equilateral triangles: d unit equilateral triangles are glued together to
form a topological disk with one interior vertex of degree d. The boundary of T'D,, denoted
0T Dy, consists of d edges. We thus obtain a triangulated surface with boundary that we
also call T'Dy, which comes with a flat metric that may have a singularity at the interior
vertex.

Lemma 5.2. There is a conformal map f : TDy — D such that f : 9T Dy — S* is a scaling
map with respect to the restriction of the flat metric on T Dy to 0T Dy, and the Euclidean
metric on S*.

Remark 15. Scaling map here means all distances get scaled by a constant factor which is
length(0T D,)
length(S1)

Proof. Denote by W3 the closed sector of the unit circle with angle 7/3, and denote by 7" the
unit equilateral triangle. By Lemma 3.6, there exists a C-quasiconformal map W, 3 — T that
sends boundary vertices of W /3 to boundary vertices of 17" and is scaling on each boundary
edge. Gluing, we obtain a conformal map from 7'D, to the unit cone of angle dr/3, which is
scaling on the boundary. The unit cone of angle dr/3 admits a conformal map to D which
is scaling on the boundary. Composing these two maps, we obtain the statement in the
lemma. ([l

For d > 8, we now construct the triangulated hyperbolic disk T'H,; to be another topolog-
ical disk formed by gluing unit equilateral triangles satisfying 0T Hy ~ 0T D, (that is, THy
also has d boundary edges). However, TH,; will have more interior points, and therefore
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more triangles. The number of triangles in T'H; will be bounded above by C'd. We construct
T H,; inductively by constructing annular layers starting from its boundary.

Label the boundary points of 0T'H; ~ 0T D4 by o0, ..., o.4—1. If d > 8, construct T'4,, a
triangulated annulus with outer and inner boundaries 9T A and 0T Ay, respectively, such
that

(1) OT A} = oTH,,
(2) degrya, (w0 ) = 3 if j is even and 4 if j is odd,
(3) T'A; has no interior vertices.

(Recall that the degree of a vertex of a triangulated surface with boundary is the number
of edges emanating from the vertex.) These conditions determine T'A; uniquely. That is,
JT AT consists of d; edges and vertices where d; = |d/2|. The vertices of 0T'A] may be
labelled x4, ..., 1,4,—1 (in cyclic order), such that the following holds.

When d is even, in T'A;, zo; is connected by an edge to 1/, if j is even, and zg;
is connected by an edge to xy (j—1)/2 and 1 j11y2 if 7 < d —11is odd. Finally, x¢q—; is
connected by an edge to z1 (4_2)/2 and z1 .

When d is odd, wg; is connected by an edge to xy ;s if j < d —11is even, and zg; is
connected by an edge to 1 (j—1)/2 and @y j11y2 if j < d — 2 is odd. Moreover, xgq_1 is
connected by an edge to z; 9, while zg 45 is connected by an edge to z; (4—3)/2 and z; .

T1,1 T12 T3 T14 T1,5 T1,6 L7

) )

L2,1 T2 T3

FIGURE 5. A piece of T A, with the triangles not to scale.

We now describe the second inductive step, constructing another annulus 7T'A; with outer

and inner boundaries 9T A and 9T A, , respectively, such that
(1) OTAS = 0T A7,
(2) degpa,(w1,;) = 3if j is even and 4 if j is odd,
(3) T'As has no interior vertices.

We continue this inductive process. At the ith inductive step, wherein the vertices of
TA; | are denoted x;_1,...,2; 14, ,—1 in cyclic order (where d;_; ~ d/2"""), we construct
annulus T'A; with outer and inner boundaries 9T A} and T A; such that

(1) OTAf =0T A; |,
(2) degpy,(wi;) = 3 if j is even and 4 if j is odd,
(3) A; has no interior vertices.

Here, OT'A; consists of d; edges and vertices where d; = |d;—1/2]. The vertices of 0T A;
may by labelled ; 0, ..., z; 4,—1 (in cyclic order) such that the following holds.

When d;_; is even, in T'A;, x;,_1 j is connected by an edge to x;;/, if j is even, and z;_; ;
is connected by an edge to z; (j_1)/2 and x; j11y2 if j < d;—1 — 1 is odd. Finally, z;_14, , 1
is connected by an edge to x; 4, ,—2)/2 and ;.
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When d;_; is odd, x;_; ; is connected by an edge to x; ;2 if j < d;_; — 1 is even, and z;_; ;
is connected by an edge to x; j_1y/2 and x; (j;1)/2 if j < d;—1 — 2 is odd. Moreover, z;4, , 1
is connected by an edge to w; 0, while x;_1 4, ,_» is connected by an edge to x; 4, ,—3)/2 and
Zi,0-

We continue until we reach the kth step wherein d;,_; < 7. We let T'A, = T'Dy, , and glue
T Ay to T' Ay along the boundary T'0A, ;. Our construction of the T'A,, ..., T'A;, naturally
identifies OT'A;; with 0T A;. We define TH, to be the union of the T' Ay, ..., TA;. We call
the unique interior vertex of T'A;, the center of T'Hy. From the construction described above,
the following lemma is evident.

Lemma 5.3. Let v be the center of TH,. For 2 < i < k, the closed star of the union of
TA,;, ..., TAy is the union of TA;_1,...,T Ay, and T Ay is the closed star of v. In particular,
the kth successive closed star of v is T Hy.

We also have the following lemma.

Lemma 5.4. There are at most C'd vertices of THy. All interior vertices of T Hy have degree
at most 7 and all boundary vertices have degree at most 4. Moreover, each T A; for2 <i <k
contains at least one outer boundary vertex that has degree 7 in TH,.

Proof. The total number of vertices of T'A; is at most C'd/2", so the number of vertices of
TH, is at most C'd. By construction, outer boundary vertices of T'A; have degree at most
4 (in particular, x;_; o has degree 3). Inner boundary vertices of T'A; have degree at most
5, except for vertex z;o which has degree 6. From this we obtain the second claim in the
lemma. Finally, for 2 <17 <k, x;_1 ¢ has degree 7 in T'H,. [

Our next goal is to show the following lemma.

Lemma 5.5. There exists a C-quasiconformal map
f:TH; — TDy
which on the boundaries agrees with an identification 0T Hy ~ 0T D,.
To do this, we have the following preliminary lemma.

Lemma 5.6. Fach triangulated annulus T A; admits a C-quasiconformal map to a closed
annulus

Ar, 1) ={z e Clr <|z| <1}
whose restriction T A; — 0A(r, 1) is a scaling map. Here, C' is a universal constant inde-
pendent of T'A;.

Proof. We will construct a quasiconformal map to
A, f) ={z € Cla < |z] < B}

Then, composing with a scaling map gives the lemma statement. We will choose o and 3
later. We first partition A(«, ) into triangular regions. Each triangular region consists of
three boundary components, two of which are straight lines and one which is a circular arc.
Let (r,0) be polar coordinates on C centered at 0. Denote by

C.=A{(r0)lr=a}

and

Cy ={(r,0)lr =5}
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the two boundary circles of A(a, 3) of radius o and f3 respectively. Recall that the vertices of
OT A are x;_10,...,2;4,_, 1 and the vertices of 0T A; are z;y, ..., T; 4,1, where d; = |d;_1/2].
Now, let y;_1 ; denote the vertex

(r,0) = (8,2mj/d;—1)
(for 0 < j <d;—y —1). Let y; ; denote the vertex

(r,0) = (o, 2mj /d;)
(for 0 < j <d; —1). We construct a triangulation of A(a, ) as follows. We let the vertices
of the triangulation be the y;—1; and y; ;. Two vertices y;_; ; and y;;, are connected by

an edge if z;,_1 ;, and z; j, in T'A; are connected by an edge. In this case, the edge between
Yi—1;, and y; ;, is a straight line.

Yi—-1,2

Yi—1,1

Yi—1,0

Yi—1,7

Yi—1,6

FIGURE 6. Triangulation of A(«, ) when d;_; = 8, which is combinatorially
equivalent to T'A; when d;_; = 8.

For d; sufficiently large, we take o = d;_; — 1 and 8 = d;_;, and this decomposition
of A(a, ) into vertices and edges gives a triangulation of A(a, ). This is true since by
the construction of T'A;, two vertices y;_; ;, and y; j, are connected by an edge only if the
distance between them is at most C. For small d; but still greater than 7, we take o = 1/10
and $ = 1 to obtain a triangulation where the angles of each triangular region are nonzero.
We claim that when d; is large, the angles of each triangular region are bounded below by a
universal constant. We also claim that when d; is large, the lengths of the triangular sides
are bounded below and above by universal constants. To see this, note that each triangular
region () consists of two straight lines along with a circular arc. Associated to () is a genuine
flat triangle " which may be obtained by replacing the circular arc with a straight line,
which we call the base of (). By construction, the circular arc has length bounded below
and above by universal constants, and since d; is assumed to be sufficiently large, the straight
line approximates the circular arc. So the length of the base of the triangle is bounded below
and above by universal constants. Since the two circles C, and Cjs are distance 1 apart,
the height of each triangle is also bounded below and above by universal constants. Hence,
0@ has three sides, two of which are straight lines and the third a circular arc, each with
lengths bounded below and above by universal constants. Moreover the angles of 0Q) are
bounded below by a universal constant because the angles of Q)" are bounded below by a
universal constant. Therefore for all d;, each triangular region () is a C-quasicircle, where
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C' is independent of d;. The map from 9Q to 0T (the boundary of an equilateral triangle)
which sends vertices of to vertices and is a scaling map on each of the three sides is C-
bi-Lipschitz with respect to the Euclidean metric, therefore also C-weakly-quasisymmetric.
Using Lemma 3.6 on each triangular region, we obtain a map to the unit equilateral triangle
that is scaling on each boundary component. Gluing the inverses of these maps together, we
obtain a map from T'A; to A(«, ) which is a scaling map on the boundary. 0J

Proof of Lemma 5.5. We already have shown that there exists a C'-quasiconformal map
TD; — D

which is a scaling map on the boundary. To show Lemma 5.5, it suffices to construct a
C-quasiconformal map
THy; — D

that is a scaling map on the boundary. We do this inductively as follows. First, by
Lemma 5.6, T'A; admits a C-quasiconformal map to the annulus A(ry, 1) which is a scaling
map on the boundary. Then T'A, admits a C-quasiconformal map to the annulus A(ry72,7)
which is a scaling map on the boundary. In general, for i € {1,....k — 1}, TA; admits a
C-quasiconformal map to the annulus A(ry...r;,71...r;,_1) which is scaling on the boundary.
Finally, by Lemma 5.2 T'A;, (which is a triangulated disk) admits a C-quasiconformal map
to the Euclidean disk of radius r...r;_; which is a scaling map on the boundary. These maps
(after possible rotations) glue together to give the desired map THy — D. U

Proof of Theorem 5.1. First, we replace S with a surface S; in ComblﬁT(Mg) which is the
4-subdivision of S rescaled. Then we may replace the closed star around every vertex in
Sy of degree d greater than 7 (which is a copy of T'Dy) by THy to obtain a triangulated
surface Sy. (These closed stars are all disjoint.) Then, take the rescaled 5-subdivision of S,
to obtain B(S), a genus g triangulated surface with at most o7 triangles, for a constant o
independent of 7" and g. By construction, conditions 2 and 3 in the statement of Theorem 5.1
are satisfied. Applying Lemma 5.5 for each triangulated disk replacement and gluing, we
have a C-quasiconformal map f : S — S, and S, is naturally conformally equivalent to
B(S). This shows condition 1 in the statement of Theorem 5.1.
Now,
[Vz6(S)] = [Ves(S1)|
and
[V6(B(S))] = [Vz6(S2)].
Since Sy is formed by replacing disjoint copies of T'Dy in S; with T H,, by Lemma 5.4, we
have
Vis(S2) < [Vas(SD)|+C > deg.
€V>6(S1)
By Euler characteristic considerations,

Y degz < C[Ves(S)] + Cy.
$€V>6(Sl)
So
[Vi6(S2)| < ClVs(S1)| + Cyg
< O|Vis(S1)] + Cg.
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Hence
[Ves(B(S)| < C(IVzs(S)] + 9),

showing condition 4 in the statement of Theorem 5.1.

It remains to bound the cardinality of the fibers of B. Given B(S), we may recover S,
in the following way. We start by choosing a vertex of B(S) with degree strictly greater
than 6 (which must exist by Euler characteristic considerations). This vertex must also be
a vertex of S5, and from this vertex we may inductively reconstruct S;. Recall that S; may
be constructed from Sy by replacing certain (disjoint) copies of T'H, by copies of T'Dy. Each
copy T'Dy contains its center, which is a vertex of degree d > 6, and these centers must be
distinct. There are therefore at most C!V#6(B)l total choices for the set of centers, and the
set of centers has cardinality at most |V.s(B(5))].

Lemma 5.7. Suppose v € V(Sy) is the center of a copy of THy. Given Sy and v, there are
at most two possible choices for d.

Proof. Suppose that THy, THy and THyr, with d < d < d” are all contained in Sy and
centered at v. By construction of Sy, all the boundary vertices of the closed star of T"Hy have
degree 6 in Sy. (This is true because S; is the rescaled 4-subdivision of S, and to construct
Sy from S; we only replace stars of vertices of degree d > 8 by copies of T'Hy.) Since T'Hy
and T Hy» are also subsets of S5 centered at v and d < d < d”, by Lemma 5.3 we must
have that the closed star of T'H, in S is contained in the interior of T'Hy». In other words,
boundary vertices of the closed start of T'H,; are interior vertices of T'Hy». This contradicts
Lemma 5.4. L]

We continue with the proof of Theorem 5.1. Given a set of centers, by Lemma 5.7 there are
at most C1V26(BEDI possibilities for the choice of triangulated hyperbolic disks TH,; centered
at these centers. Once these disks are chosen, there is a unique choice of replacement (7'Dy)
for each triangulated hyperbolic disk, hence S; may be reconstructed. Finally, given S;, S
can be recovered by choosing a vertex of S; with degree strictly greater than 6, which must
also be a vertex of S, and inductively reconstructing S starting from this vertex. Thus,
given B(S), there are at most CV#6(B()) possibilities for S. This shows condition 5 in the
statement of Theorem 5.1. U

5.2. Upper bounds for triangulated surfaces in terms of locally bounded surfaces.
We have the following corollary of Theorem 5.1.

Corollary 5.8. There exists a universal constant C' such that
NM(T,g,m,r) < "IN (0T, g, p(m + g),r + C)
for g > 2. Here, 0 and p are the constants defined in the statement of Theorem 5.1.

Proof. Let X € T,. Suppose S € Comb=""=""(M,) such that ®(S) € Bq,(X,r). By Theo-
rem 5.1, there exists a triangulated surface B(S) in Comby " =" (m+) (M,) such that

dr(®(B(S)), (5)) < C.
Here, B is the map defined in statement of Theorem 5.1. Since
Vs (B(S)) < p([V(S)| + 9)
< p(m+g),
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the fibers of B have cardinality at most C™9. Summing over all ¢’ < g, we have
as desired. 0

6. UPPER BOUNDS FOR COMBINATORIAL TRANSLATION SURFACES VIA TRIANGULATED
SURFACES

In this section, we shall prove the following result.

Lemma 6.1. There exists a universal constant C' such that

Ni(T, g,7) < (T/Q)C(Hr)g Z HNM(Tiagi,mi,T+C)

n<(ijl00)g -1
Ty +.. 4T, <2T
g1+ +gn<p~1(1/100)g

mi+...+mp<p~1(1/100)g

for g > 2. Here, p is the constant defined in the statement of Theorem 5.1.

6.1. Hodge norms and roadmap to prove Lemma 6.1. Let X € M,. We will first
compute

[{Sy € Comby,(H,)|®(Sy) € Bap (X, 7)}].
To do this, we will first compute

[{Sy € Comby,(H,)|2(Sy) € Ba, (X, (9/T)™)}

for an appropriate integer ko € N to be chosen later. Then we will use Corollary 3.19 to
compute

[{Sy € Comby, (#,)|®(Sy) € Bay (X, 7)}].
For any
Y € Ba, (X, (9/T)%),
there exists a diffeomorphism surfaces
f: X—=Y

such that f is 1+ 8(g/T)"°-quasiconformal.
We define a map

Hx : {Sy € Comby,(H,)|®(Sy) € Bar (X, (9/T)™)} — H'(X,C)
that sends Sy to the cohomology class represented by f*¢gs,. We count the quantity
[{Sy € Comby,(H,y)|®(Sy) € Ba, (X, (9/T))}|
in two steps. First, we compute the number of Sy € Comby, (H,) such that
®(Sy) € Bay (X, (9/T)")

and Hx(Sy) is close in the Hodge metric to a fixed cohomology class in H'(X,C). Then we
bound the number of cohomology classes, quantitatively.
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Lemma 6.2. Let X € M, and suppose Sx € Combyj, (H,) such that ®(Sx) = X. Then
there are at most

n

(T/9)° > [IVM@T, giymi,r + C)
n<(1/100)g i=1
TV ¥..+T,<T
g1+-+gn<p~1(1/100)g
g15--+5 gn>2
mi+...4+mn<p~1(1/100)g

number of Sy € Combﬁ;(’Hg) that satisfy the following properties:

(1)

Y = ®(Sy) € By, (X, (9/T)"™)
and
(2)
”¢SX - f*(bSYHX < al(g/T)mgl/2-
Here, oy is a sufficiently small universal constant and Kk, is a sufficiently large universal
constant. We choose these constants in Section 6.9.
As a corollary:

Corollary 6.3. We have,
[{Sy € Comby,(H,)|®(Sy) € Bar (X, (9/T)™)}|

n

S (T/g)cg Z HNM(2E7gl7mZ7T+C)
n<(1/100)g i=1
g1+ +gn<p~1(1/100)g

1oy gn =2
mi+...4+mn<p~1(1/100)g

where Ky 18 a sufficiently large universal constant chosen in Section 6.9, satisfying ko > Ko,
(ke —1)/2 > K1 and
1000 H(1/2)m2=1/2mm < 1,

First, a preliminary lemma.

Lemma 6.4. The Hodge norm squared of ¢g is
/ ds N xds = (V3/T.
b's

Proof. On the equilateral triangle with vertices 0, 1, % + ‘/731 in C, the Hodge norm squared
of dz is ‘/Tg. Since there are T triangles in S, the lemma follows. 0J

Proof of Corollary 6.3. The key idea is to reduce Corollary 6.3 to Lemma 6.2 by using
Lemma 3.3. Lemma 3.3 allows us to deduce, from a condition about cohomology classes
being close (condition 2 of Lemma 6.2), a much stronger condition about the individual
forms being close averaged over the surface.

Let Sy € Comby, (H,) satisfying

®(Sy) € Bar (X, (9/T)"™).
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By Lemma 6.4 and Corollary 3.2,
1Hx (Sy)ll < OT2.

Now, cover the C'T"/? radius Hodge norm ball in H!(X, C) centered at 0 by (T/¢)“? number
of (g/T)"#¢g"/? radius balls B, <o Birjgcs. Here, k3 is a constant to be chosen, and we
assume that k3 > (ke — 1)/2. Given

Sy, Sz € Comby (H,)
satisfying
(I)(SY>7 q)(SZ) € BdT (X7 (g/Ty@)
and
Hx(Sy), Hx(Sz) € By,
let f: X =Y and g:Y — Z be 1+ 8(g/T")"-quasiconformal maps. Let

(f*¢sy>h
be the harmonic form on X representing Hx (Sy ), the cohomology class of f*¢g,. . Let

((g ° f)*¢52)h

be the harmonic form on X representing Hx(Sz), the cohomology class of (g o f)*¢s,.
By Lemma 3.3 and Lemma 6.4,

|f*bsy — (f*qbsy)hHX < 4(\/5/4)1/2(9/T)52/2T1/2
and
(9o £)0s, — (90 )"6s,)"|x < 8(/3/4)(g/T)=T'/2
Since Hx (Sy), Hx(Sz) € By,
(b )" = (F7b5,)" ]| < 2(9/T)" 9",

Summing, we obtain

1f*bsy — (g0 f) ds,|l < (20(g/T) "> D/% +2(g/T)"2)g"/?

<
< 40(g/T) "> 0%g'
assuming k3 > (ko — 1)/2. Pulling back to Y under f~!, by Lemma 3.1 we obtain

65, — 9”05, || < 100(g/T)=" D212,
Since g/T < 1/2, the assumptions 1 < (kg — 1)/2 and

10007t (1/2)F20/2=m <

imply condition 2 of Lemma 6.2 is satisfied. Assuming ko > K¢, condition 1 of Lemma 6.2 is
satisfied. Applying Lemma 6.2, we obtain
(Hx) ™ (By)| < (T/g) S T[] NCT gimir + C)

n<(i/100)g =1
T1+---+Tn§T
g1+ 4+gn<p~1(1/100)g
g1,-,9n>2
mi+...+m,<p~1(1/100)g

for all k € {1,...,(T/g)¢?}. The lemma statement follows. O

Corollary 6.3 now implies Lemma 6.1:
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Proof of Lemma 6.1. By Corollary 3.19, we may cover By, (X,r) with (T/g)¢®2(+7)9 many
B, (-, (g/T)") balls. Applying Corollary 6.3 to each ball, then summing over all 7" < T
and ¢’ < g gives the desired bound on N*(T, g, 7). O

We now turn to the proof of Lemma 6.2, which will take the rest of Section 6. Condition
2 in the statement of Lemma 6.2 can be written as

(7) /X £ b5y — DB |0s: P < anlg/T)™g.

Here, ay = of and k4 = 2k;. Also, | - |s, here denotes the operator norm of a 1-form at a
particular point of X with respect to the Sx-metric.

Remark 16. Roughly speaking, Eq. (7) gives a measure of how Lipschitz the map f is with
respect to the metrics dg, and dg,, averaged over the entire surface X. However, Eq. (7)
also implies that on most of X, the integral of ¢x on a curve is close to the integral of the
1-form ¢y on the image of the curve.

The first step to prove Lemma 6.2 is to show that Eq. (7) implies most vertices of Sx and
Sy of degree strictly greater than 6 must be close to each other under f. Then we show
that Eq. (7) implies many edges of Sx and Sy must be close to each other under f. Finally
we show that many faces of Sy and Sy must be close to each other under f. We do this
precisely in Section 6.2, Section 6.3 and Section 6.4 below.

The second step to prove Lemma 6.2 is to show that the geometric conditions about many
vertices, edges and faces being close together under f imply that f is close to a simplicial
isomorphism on all of Sx except for a part that has much lower genus. To do this, we
decompose Sy into around g parallelograms of length and width at most around 7'/g. We
use the geometric conditions to say that f is close to a simplicial isomorphism on most of the
parallelograms. The remaining parallelograms form a surface of much smaller genus. This
allows us to reduce the problem of counting combinatorial translation surfaces in moduli
space to the problem of counting triangulated surfaces in a lower dimensional moduli space.
We do this in Section 6.5, Section 6.6 and Section 6.7. Finally in Section 6.8 we prove
Lemma 6.2.

6.2. Vertices. In this section, we show that most vertices of Sx of degree strictly greater
than 6 are close under f to vertices of Sy of degree strictly greater than 6.
Let 0 < g9 < 1/2, to be chosen in Section 6.9. Assume that

8- (1/2)% < (1/10)™.

Let Vx be the set of vertices © € V(Sx) such that there exists y € V(Sy) satisfying
ds, (y, f(z)) < eo-(g/T). Note that there is at most one choice of such y, since vertices of
Sy are at least distance 1 apart in the Sy-metric.

Lemma 6.5. We have, [Vog(Sx) \ Vx| < asg where az = 10%ay(g/T)" 0, .

Note that a3 is not a universal constant, since it depends on T'/g. To show Lemma 6.5,
we first show the following lemma.

Lemma 6.6. Suppose xz € Vo¢(Sx) and

/ Fds, — bse 2 ldscl? < B.
Bsy (#,1/2)
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Then there ezists y € Vs¢(Sy) satisfying

dsy (y, f(x)) <n(B).
Here,
n(8) = 1081° < 1/2.

Proof. In the following argument we write n = n(). Suppose the contrary, that f(z) is not
within a 7-neighborhood of any vertex in V.g(Sy). Let a = degz/6. Since Sx is a locally
bounded combinatorial translation surface, a < 7. Let (rx,f0x) (where 0 < 0x < 2ma) be
polar coordinates on Bg, (x,n) around x such that

D5y = % dry + irxe®dby.
Let (ry,0y) (where 0 < 0 < 27) be polar coordinates on Bg,, (f(z),n) around y such that
¢SY = €i9Y d?"y + iTyeiGY d@y

Let
Cr = {(Tx,ex)|’l"x = T}.
By assumption,

1/100
/ / |f*bsy — ¢SX|2SX7‘Xd7‘Xd9X <B.

=n/200 JC
Therefore for some u € [1/200,7r/100], we have
|[f* sy — Psxl, dx < 40000872
Cu
By Cauchy-Schwarz,
1/2
/C |[f sy — dsilsxdfx < (/C [ osy — ¢SX|%Xd6X) (2man)*/?

< 4002 (raB) V2.

(8)

Therefore,
1 0 1 0
( 39X)‘dex_/cu Pox (TX39X)’d9X
1 0 1 0
< * -
>~ /u f ¢SY <T 86X> ¢SX (TX aex)‘de)(
|f*¢sy - ¢Sx|SXd0X
Cu
< 4000~ Y2 (waB) V2.
Now,
lth(C)—/qS SR P
g sy \tu) = U ., S \rx 00x *
and

lengthg, (f(Cu))

9\

u

9]
f ¢SY ( 86’X) ‘ CZHX
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Thus

2mau — 400n 2 (raB)"/? < lengthg (f(C.)) < 2mau + 400n~%(raB)Y/2.
Since u € [/200,7/100], a <7 and § < n'°/10', f(C,) is contained in Bg, (f(z),n).

For v € [0, 2ar), let x, be a point on C,, wherein rx = u and 0x = v. Letting C, (0, x,)
be an arc of C, from z( to x,, we have

[ * 1 8
fue )~ [ e (- aex)’
) 19 19
/c:u(x()vxv) f ¢SY (TX an) Lu(107xv) ¢SX (TX 80)() ‘

1 0 1 0
< * - ) = — S
- /Cu(wo,wv) Ios (TX 69){) Pox (TX 89)()‘

S/C |f*bsy — sy |sxdOx

< 4000~ Y2 (maB)V?.

by Eq. (8). Hence,

|f(@a) = flao) — (ue™ —u)|s, < 400y~ (ma)!/?.

This means f(C,) lies in a 400n~'/?(ma3)"/?-neighborhood of a radius u-ball passing through
f(zo) (in the Sy-metric). Therefore,

(9) areas, (f(Bsy (v, u))) < 7(u +400n~"/%(7aB)!/?)%.

Finally, by 1+ 8(g/T)"°-quasiconformality of f,

areas, (Bsy (v, u))!/? — (1 48(g/T)™)"/? areas, (f(Bsy (z,u)))"/?

1/2 1/2
< ( / wsxr?) - ( / |f*¢sy|§x|¢sxw2>
Bsy (z,u) Bsy (zu)

1/2
< (/ ‘f*¢SY - ¢SX’%X|¢SX|2>
Bsy (z,u)

< B2
Therefore
areag, (f(Bsy (z,u)))"/? > (1 = 8(g/T)™)"*((ar)"*u — 5'/?).

Since a > 2, g/T < 1/2, 8 < n'/10'° and u € [1/200,7/100], assuming 8-(1/2)" < (1/10)*
we have a contradiction with Eq. (9). O

Proof of Lemma 6.5. Combining Eq. (7) and Lemma 6.6, we obtain the desired result. [
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6.3. Edges. In this section, we show that many edges of Sx and Sy are close to each other
under f.

Lemma 6.7. Let 0 < ¢ < 1/1000. Suppose xo € V(Sx) and f(zo) € Bs, (yo,€) for a vertex
yo € V(Sy). Suppose e(xg,x1) is an edge in Sx from xy to x1. Suppose further that

(10 / 765y = s fosy [ < B
BSX (e(a)o,azl),l/Q)

where B satisfies
(g, B) = 1008171 + & < 1/1000.
Then
f(@1) € Bsy (y1,7(2, 9))
for some vertex yy in Sy. Also, y1 is connected to yo by an edge e(yo,y1) such that

f(e(wo, 1)) C Bsy(e(yo, y1), 107 (e, B)).

Proof. Let T be a triangle in Sx containing edge e(xg, z1), and let 7" be the other triangle
containing edge e(xg, r1). As shown in Fig. 7, identify 7" with the triangle in C with vertices

1 3
at 0, 1 and 5 + gi, with xg and z; identified with 0 and 1. Then 7" is naturally identified

V3

with the triangle in C with vertices at 0, 1 and = — 7@ Let (rg,0y) be polar coordinates

on T'UT’ centered at 0, and (71, 6;) be polar coordinates on T'UT" centered at 1. Note that
the form ¢g, may be written as

¢ e®dre + 14 roe'?df,
in the (rg, ) coordinates and
—Ce "0 dry 4 iCroe " db,

in the (rq,6;)-coordinates, for some 6th root of unity . Let v < 1/4 be sufficiently small,
to be chosen later in this proof. For 6 € [—n/3,7/3], define

Lo = {(r0,60) € T|0 = 0,0 <19 < (1/2)(cos )},

and
Ra — {(7’1,61) c T|91 =TT — Q,U S T1 S (1/2)(008‘9)71}.
We assume that Ly (resp. Ry) is oriented so that r¢ (resp. r1) is increasing.
By elementary trigonometry, we see that for 6 € [—¢,¢], Ly U Ry C Bgs, (e(xo,21),€). By
the co-area formula along with Eq. (10),

/ / T’0|f*¢5'Y — ¢SX|%«XdT0d90 +/ / 7”1|f*¢,5’y - ¢SX|§XdT1d01 S B
0=0 J Lg 0=0 J Ry

This means for some u € [0, £],

/ rol f* sy — dsy | dro +/ 1| sy — dsxledrr < Bet

u u

By Cauchy-Schwarz,

(11) |f*bsy — dsxlsxdro +/ [ b5y — Psy|sxdri
Ly Ry
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1 V3
5"‘72
T
Ly Ry
0 &0 1
T/
1 V3
27 2t

FIGURE 7. A diagram of T" and T" with Ly and Ry in bold.

1/2 (1/2)(cos )1 1/2
< (/ Tol f*psy — ¢sx|§xd7“0) / o'
w ro=v
1/2 (1/2)(cos 6) 1 1/2
+(/ T1|f*¢sy—¢sX|§Xd7”1) / rt
U T1=vV

thus
(12) 1" dsy — dsilsedrot /R F*bsy — sy lsxdr < 487272 (log(1/v))"?.
Since ) f
fos, (a%) . (%) < |f*dsy — dsilsy
on L, and

0 0
S )| < | _
[«®sy (37“1) Psx (87“1) < |f 0sy — dsxlsx
on R,, combining with Eq. (12) we obtain

0 0 0 0
(13) /L F@sy <3_7”o) — Psx <8_ro) dro +/ ftsy (8_7*1> — Osx (8—7,1>

< 4p1 22 log(1/v)) 2.
For an appropriate 6th root of unity (,

dT’l

on L, and

9 —iu
oo (ar) =
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on R,. Plugging into Eq. (13) we have

* a i * (9 —iu
/Lu fcbsy(a—m)—e CdTO‘l-/Ru f¢sy<a—r1)+€ ¢

This means
/ Fés, — / e Cdr - / e Cdr,
LuURu u U

Note that when integrating over L, U R, the orientation of R, switches, hence there is a
sign change. By construction of L, and R,,

/ e™Cdrg = ((1/2)(cosu) ™t —v)Ce™

u

dry < 48272 (log(1/v))Y2.

(14) < 482712 (log(1/v)) 2.

and

/ 6*1‘qu7‘1 = ((1/2) (COS u)fl N U)Cefilﬂ

u

hence combining with Eq. (14) we obtain

(15) ¢ - Frosy| < ABY2e72(log(1/v))Y2 + 2v.
LyUR,,

Pushing forward to Y we have

(16) ¢ — b, | < 48Y2712(log(1/v))Y? + 2v.

J(LuURy)
. 0

From Eq. (15) we also have
0
* — || d
/Lu F o5 (8r0> r0+/Ru
The left-hand-side is the length of f(L, U R,) in the Sy-metric. Hence,
(17) lengthg (f(Ly,UR,)) <14 458Y2712(log(1/v))"? + 2v.
Now, let Cy, be the circle of radius r around z,, with respect to the Sx-metric. Similarly,

let C, be the circle of radius r around z;, with respect to the Sx-metric. By assumption,
for v < 1/4 we have

dry < 1+48Y2712(log(1/v))V? + 20.

2v
/ / | b5y — sxley rodrodby < .
r=v J Cp,r

Therefore for some w € [v, 2v], we have

/ |f*¢3y - ¢Sx’2§,‘xd90 S /81}72‘
C(J,w
By Cauchy-Schwarz,

1/2
/C |f*¢SY - ¢SX |SXd00 < </C |f*¢SY - ngX |§’Xd€0) (27TU)1/2
0,w 0,w

< (QW)l/QUfl/Zﬁl/Q_

Moreover,
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/10 19
/Co,w I 05 ( 890) ‘ o - /co,w P (7'0 390) ‘ @
1 0 1 0
< *
- /CO,w I sy (7’0 06y > P (7” 390)‘6190

< / |f*bsy — dsy|sxdbo
CO,w

< (2m)Y2 V2512,

Now,
leth(C)_/ s (o) |0
nethsx(Cow) =w 1255\ 1 5g, )|
and
i} 1 0
ety (1Co) = | [, (00|
Co,w 0
Thus

2mw — (2m)207 2812 < lengthg (f(Cow)) < 2mw + (2m) Y20~ 1/212,
Since w € [v,2v] and assuming 8 < v?, f(Cp,) is contained in Bg, (f(z1),20v). Since
f(Co.) is enclosed by f(Co.w), f(Co.) is also contained in Bg,, (f(z),20v). Analogously, we
may show that f(C},) is contained in Bg, (f(z1),20v).
The arc L, U R, has two endpoints, one wherein 7o = v and 6, = u, which we label z,,
and the other wherein r; = v and 6, = © — u, which we label z;,. Since f(zo,) lies on

f(Co) and f(x1,,) lies on f(Ch,),
f(l'o,u> € BSY (f(iL'o, 201)))

and

f(z14) € Bsy (f(21,200)).
By Eq. (16) we have,

dsy (f (o), f(1)) <1+ 45272 (log(1/v))"* + 500,
SO

dsy (Yo, f(21)) < dsy (yo, f(20)) + dsy (f (x0), f(z1))

< 1+48Y272(log(1/v))? + 500 + ¢.
Let y; be a vertex of Sy nearest to f(z1). Since f(x1) lies on a triangle in Sy,
(18) ds, (o, F(21) < V3
Therefore
dsy (Yo, y1) < ds, (yo, f(21)) + dsy (Yo, f(21))
< 1446272 (log(1/v))Y? + 500 + € + V3
Choose v later such that
461272 (log(1/v))% + 500 + ¢ < 1/1000.

We must have that either
ds, (Y0,11) =0
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or

dsy (Yo, 11) = 1.
The former possibility is ruled out by Eq. (16), therefore the latter equation is true. This

necessarily means that yo and y; are adjacent vertices on Sy.
We must show that

d(x1, f(y1)) < 7(e, B)
and also find an edge of Sy connecting yo and ;. To do this, letting ¢ be a shortest path

<3

by Eq. (18). Let p be a shortest path from yo to f(zo) in Sy. Then

/p bs,

Let so be a shortest path from f(zo,) to f(zo) and s; be a shortest path from f(xy,) to
f(x1). Finally, let ¢ be a shortest path from y, to y; that is homotopic to the path

pUsoU f(L,UR,)Usi Ugq

(19)

(20)

<e.

(which also has the endpoints yy and ;). By construction ¢ is homotopic to
t'UpUsoU f(LyUR,) Usy,

where here ¢! denotes the path ¢ with the opposite orientation. So to compute

/¢Y:
q
it suffices to compute

/ ov=[ove [ore [ ot [ors [ o
t=1UpUsoUf (LuUR.,)Us1 P 50 f(LuURy) t 81

Since sy C B(f(z1),20v0),

(21) / oy | < 200.
Similarly,
(22) / oy | < 200.

From Eq. (16), Eq. (19), Eq. (20), Eq. (21) and Eq. (22), we have

k—[@

< 48212 (log(1/0))Y? + 500 + £ + V3 .

Since

/gby CZ+ 6m/3Z,
t
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Jor=c

Combining with Eq. (16), Eq. (20), Eq. (21) and Eq. (22) we obtain

/¢y

/ by
t—1UpUsoUf(LyURy,)Us1
< 462712 (log(1/0))Y? 4 500 + ¢,

as desired. Finally, since ¢ is a shortest path from g, to y; and

[¢y=<,

t must be an edge which we denote e(yo, y1).
It remains to show that

we must necessarily have

d ylv

<

fle(xo,z1)) C Bsy (e(yo,y1),107(g, B)).
To do this, we have shown by Eq. (17) the existence of u € [0, €] such that
lengthg (f(L, U R,)) <1+ 48Y2e712(log(1/v))"/? + 2v.
Analogously, there exists u' € [—¢, 0] such that
lengthg (f(Lw URy)) <1+ 48Y2%712(log(1/v))"/? + 2v.

Now, the endpoints of f(L,UR,) and f(L, U R, ) are contained in a 20v-ball around f(zo)
or f(xy) in the Sy-metric. Also,

f(z0) € Bsy (yo,€)
while
f(x1) € Bs, (y1,46% 712 (log(1/v))"? + 500 + ¢).
Thus both f(L,U R,) and f(L, U R,/) must be contained in
Bs, (e(yo,y1), 40322 (log(1/v))? + 5000 + 10¢).

The L,UR,, and L,,UR,,, along with arcs of Cy, and (' ,, bound a closed simply connected
region R in Sx such that

e(xo, x1) C Bsy (v9,v) U RU Bg, (21,v).
Hence,
fle(wo,21)) C f(Bsy (w0,v)) U f(R) U f(Bsy (21, v))
C Bsy (f(0),200) U f(R) U Bs, (f (1), 200)).
Therefore,
f(e(zo, 1)) C Bs, (e(yo, y1), 40822 (log(1/v))Y? + 5000 + 10¢)

as well. Finally, choosing
v = 51/4
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satisfies
B<ut,
481272 (log(1/0))/% + 500 + ¢ < 100847 + ¢
< 1/1000,
and
v<1/4,
which we assumed in the proof. 0

6.4. Faces. In this section, we note that if vertices and edges of Sx are close to vertices and
edges of Sy under f, then so are the faces they bound.

Lemma 6.8. Let 0 < e < 1/4. Suppose x1,x9,x3 € V(Sx) and y1,y2,ys € V(Sy) such that
f(xl) € BSy(ylag)a
f(z2) € Bs, (y2,¢),

and
f(x3) € Bsy (y3,€).

Suppose 1, xa, 3 are the vertices of a triangle in Sx. Let e(x;, ;) be the edge of the triangle
that connects vertices x; and x;. Suppose additionally that for each 1,5 € {1,2,3} satisfying
i # j, there is an edge e(y;,y;) in Sy such that

f(@(l’i, ZE])) - BSY (e(yia yj)v 5)'
Then the y1,ys,ys along with the e(y;,y;) bound a triangle in Sy.
Proof. Consider the space

P = Bs, (e(y1,42),€) U Bs, (e(y2,y3),€) U Bs, (e(ys3, y1), €).

Note that P is homotopy equivalent to S*. In particular, 7 (P) ~ Z. The groupoid version
of Van Kampen’s theorem, along with our hypotheses, implies that

fle(wy, w9)) U fle(we, x3)) U fle(ws, 21))
is a generator of m;(P). Note that
e(y1,y2) Ue(yz, ys) U e(ys, y1)
is also a generator of 71 (P). So
fle(ay, 22)) U f(e(w, 25)) U f(e(xs, 1))
and

e(y1,y2) Ue(yz,y3) Ue(ys, y1)
are freely homotopic in P. Since P C Sy, they are freely homotopic in Sy as well. The
former loop is contractible in Sy since

e(xy, o) Ue(xa, x3) Ue(s, 1)
is contractible in Sx. Therefore

e(y1,y2) Ue(ya, y3) Ue(ys, y1)
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is contractible in Sy. Gauss-Bonnet along with the fact that Sy is a combinatorial translation
surface implies that

e(y1,y2) U e(yz, y3) Ue(ys, y1)
bounds a triangle in Sy with vertices ¥, y» and ys. U

6.5. Parallelogram decomposition. In this section, given S € Comby, (H,), we decom-
pose S into parallelograms wherein each parallelogram contains a vertex of degree greater
than 6. This decomposition applied to Sy will allow us to use Lemma 6.5 and Lemma 6.7
repeatedly to show (in Section 6.6) that most edges of Sx are close to edges of Sy under f.

The translation surface structure of S determines foliations (with singularities) on S whose
leaves are constant trajectories for ¢g. In particular, the horizontal foliation is the foliation
obtained in this way satisfying ¢s = £1 on each leaf. The skew vertical foliation is the
foliation obtained in this way satisfying ¢s = £e™/3 on each leaf. Both these foliations have
singularities at the zeros of ¢g, but are otherwise nonsingular.

Lemma 6.9. All leaves of the horizontal and skew vertical foliations of S are closed.

Proof. Let

T =C/(Z+e™7).
The combinatorial translation structure of S is equivalent to a branched cover S — T
branched only over 0. The form ¢g is simply the pullback of dz on 7" under the branched
covering map. Since the leaves of the horizontal and skew vertical foliations of T are closed,
so are the leaves of horizontal and skew vertical foliations of S. 0

The singular leaves of the horizontal foliation are the leaves that travel through a vertex
of degree strictly greater than 6. Label them L, ..., Ly. Note that each L; is the union of
some edges of the triangulation S.

Lemma 6.10. The surface S\Uf:1 L; is a disjoint union of annuli. Moreover, the S-metric
restricted to each annulus is flat (with no singularities).

Proof. Let A be a connected component of .S \Uf:1 L;. The geodesic curvature of a boundary
component of A with respect to the S-metric on A is 0. The curvature at any point in the
interior of A is also 0. By Gauss-Bonnet, x(A) = 0. Therefore, A is a torus or an annulus.
However, by construction, A must have at least one boundary component, so A cannot be a
torus. The lemma follows. U

Denote by A the set of annular components of S\ Ule L;. Let Ae A
Lemma 6.11. Each component of OA contains at least one vertex in Vsg(5).

Proof. Suppose the contrary. Let L be a boundary component of A which does not contain
any vertices in V54(5). Then L is a closed leaf of the horizontal foliation on S. But L does
not contain any singularities, which is a contradiction. 0

We now further decompose S into parallelograms. Let A € A. Consider the skew vertical
foliation on S restricted to A. Let M4 1, ..., M4 ;, be the leaves of the restricted foliation that
pass through 0A N V.4(S). Note that the M; 4 are the union of some edges of triangulation
S. By construction and Lemma 6.11:

Lemma 6.12. Each component of A\ Ufil My, is a parallelogram.
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Such a parallelogram has four corner vertices and four edges. Two parallel edges are
segments of leaves of the horizontal foliation. We call these horizontal edges. The other
two parallel edges are segments of leaves of the skew vertical foliation. We call these skew
vertical edges. By construction, we have:

Lemma 6.13. Let R be parallelogram in A\ fil Ma ;. Each skew vertical edge of a par-
allelogram contains a vertex in V=g(S) as one of its endpoints. In particular, R contains at
least two corner vertices in V=g(S).

We have decomposed S into annuli, and further decomposed each annulus into parallelo-
grams. The union of the boundaries of these parallelograms is naturally a 1-complex on S
which we will denote Bj.

That is,

k Jja
Bl:ULlUUUMA’Z
i=1 AcAi=1
The 1-complex B; naturally decomposes into a horizontal component

k
By = JL;
1=1

and a skew vertical component

B = | J | Ma

AcAi=1
By construction:

Lemma 6.14. B is the union of some leaves of the horizontal foliation.

Let B be the 2-polytope homeomorphic to S whose 1-skeleton is By. That is, the vertices
of B (denoted V(B)) are the intersection points B2 N B5<Y. (Note that this set contains
V=6(S).) Away from these points, Bj is locally a leaf of either the horizontal or skew vertical
foliation. The edges of B (denoted E(B)) are the connected components of By \ V(B).
Each such edge is contained in either BM" or B%%V. The faces of B (denoted F(B)) are the
connected components of S\ By. By construction, B is a polytope. Note that the faces of
B are geometrically parallelograms, but need not be quadrilaterals as faces of a polytope.

Lemma 6.15. Let v be an edge of the polytope B. Suppose v C BiX. Then + is the edge of
a rectangle R € F(B).

Proof. Since v € E(B), v must not intersect BI" except at its endpoints. Therefore, ~ is
contained in some annulus A in the annular decomposition. By construction, the lemma
follows. 0J

We have some additional combinatorial properties of B. Recall the construction of direc-
tional weights from Definition 3.

Lemma 6.16. The polytope B satisfies the following properties.
(1) If e € E(S) is contained in By and x € V(S) is a vertex which is an endpoint of e,
then ((e,x) =1, —1, e™/3 or —e™/3,
(2) If v € Vo6(S) and e € E(S) is an edge emanating from x satisfying ((e,x) =1, —1,
e™/3 or —e™/3 then e C By.
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(3) If v € V(B) and e € E(S) is an edge emanating from x satisfying ((e,x) =1 or —1,
then e C Bjy.
(4) Given two vertices x,y € V(B) and a path y from z toy on S,

/qbs € 57 + 5e™/*Z.
.,

Proof. Property 1 is true since each edge of B is a segment of a leaf of the horizontal or skew
vertical foliation. Property 2 is true by construction.
To see property 3: if z € V(B), then x € B, so property 3 follows from Lemma 6.14.
Finally, we show property 4. By condition 2 of Definition 13, it suffices to show that for
all z € V(B), there exists y € V54(S5) and a path v from z to y, such that

/ bs € 5Z + 5e™/*Z.
8

Suppose x € V(B). Then there is a segment in B emanating from x, which by Section 6.5
is a skew vertical edge 7 of a parallelogram R. By Lemma 6.13, the other endpoint y of ~ lies
in V.¢(S). The parallelogram R is contained in an annulus A € A. The annulus A has two
boundary components, one of which contains x and the other y. The boundary component
which contains x must contain another vertex x’ € V.4(5), by Lemma 6.11. Let p be a path
from z to 2’ in A along the boundary component of A. Since p lies on a boundary component

of A, it lies in B, so
/gbs SYA
p

Since 7 is a skew vertical edge of R, it lies in B;%", so

/¢S € ™37,
Y

However,
/ bs = /¢S+/¢s € 57 + 5e™/*7.
pUY P 2l
Therefore
/ bg € BZ + 5e™/37
v
which completes the proof of property 4. O

Given a parallelogram R € F(B), let /(R) denote the length of its horizontal edges. Let
w(R) denote the length of its skew vertical edges. Property 4 of Lemma 6.16 implies:

Lemma 6.17. We have, {(R),w(R) > 5.
Finally, we bound the number of parallelograms in our decomposition.

Lemma 6.18. We have, |F(B)| < 12(g — 1).
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Proof of Lemma 6.18. Since S is a combinatorial translation surface, all vertices of S have
degree a multiple of 6, so

> dega < —12[V(S)| + 4| E(S)]
r€V>6(S5)
(23) — —12y(9)
<24(g —1).
By Lemma 6.13, the lemma follows. U

6.6. Lower genus triangulated surface from parallelogram decomposition. In Sec-
tion 6.5, we constructed a parallelogram decomposition for locally bounded combinatorial
translation surfaces. In this section, we apply this decomposition to Sy. We show that f
is close to a simplicial isomorphism on most of the parallelograms. As a consequence, we
show that the part of Sx on which f is not close to a simplicial isomorphism is a lower genus
surface.

Decompose Sy into parallelograms as in Section 6.5 and let Bx denote the corresponding
2-polytope. Enumerate the parallelograms in F'(Bx) by Ry, ..., Ry. Recall that Vx is the set
of vertices x € V(Sx) such that there exists y € V(Sy) satistying ds, (v, f(z)) < &0 - (9/T).
Let Ey be the set of R; which contain a vertex in V.

Lemma 6.19. We have, N — |Ey| < 42a3g.
Proof. By Lemma 6.5 we have that

[Va6(Sx) \ Vx| < asg.

Now, if R; ¢ Ejy, then by Lemma 6.13, R; contains a vertex in V4(Sx) \ Vx, which means
R; also contains a triangle with a vertex belonging to V.¢(Sx) \ Vx. Since Sx is locally
bounded, the number of such triangles is at most 42a3¢. Since the interiors of the R; are all
disjoint, at most 42a.3g number of R; can contain such a triangle. The lemma follows. [

Let 0 € N, to be chosen later. Let Fy C Ej be the subset of R; in Ey which satisfy the
additional property that

U(Ry), w(R;) < 6(T/g).
Lemma 6.20. We have, |Ey| — |E1| < 67 1g/2.
Proof. If either ¢(R;) or w(R;) is greater than §(7'/g), then
areag, (R;) > (v/3/2)6(T/g).
Since

areag, (Sx) = (vV3/4)T,
there can be at most 6 'g/2 such R;. U

Let 0 < &1 < 1/1000 also satisfy gy < £,671/40, to be chosen in Section 6.9. Let Ey C E);
be the subset of R; in F; which satisfies

/ s, — sy 2los, |2 < (1671/80)%(g/T)".
B,y (Ri,3+¢1)

Lemma 6.21. If R; € Es, then R; satisfies the following two properties:



52 VASUDEVAN

(1) If
z € V(Sx) N Bs, (R;,3),
then there exists a unique vertex y € V(Sy) such that

f(x) € Bsy (y, 1)
This vertex will henceforth be denoted f(x).
(2) Let
21,29 € V(Sx) N Bsy (Ri, 3)
be vertices and
e(ry,x2) € E(Sx) N R;
an edge connecting 1 and xo. Then there exists a unique edge

e(f(z1), f(z2)) € E(Sy)

connecting the vertices f(x1) and f(x2) and satisfying,

f(e(xy, x3)) C Bsy (f(e(w1,22)), 1)
This unique edge will henceforth be denoted f(e(xy,x3)).

Remark 17. The uniqueness condition in property 1 automatically follows from the exis-
tence condition in property 1 since any two distinct vertices in Sy are at least distance 1
apart in the Sy-metric. Because Sy is a locally bounded combinatorial translation surface,
two vertices of Sy cannot have two distinct edges between them. Thus the uniqueness con-
dition in property 2 automatically follows from property 1 and the existence condition in
property 2.

Proof. Suppose R; € E, and does not satisfy one of the properties in the lemma statement.
Let

£ =¢e10"1/80.
Since 6 > 1 and ¢g/T < 1/2 by construction,
(24) (9/T)(8+20(T/g))¢ < €1/10.
Define
& = (9/T)(1 + k)¢
and

B=¢g/T)".
It is easy to check that

(25) T(&ﬁﬁ) < gk-‘rlv

where 7 is as defined in Lemma 6.7. Now, since R; € E;, there exists a vertex z € Vy N R;.
For all

7 e V(Sx) N BSx(Ri’ 3),
denote by

dg(2', x)

the graph distance between x and z’ with respect to the 1l-skeleton of Sy restricted to
Bs, (R;,3). Note that for all

= V(Sx) N BSX(Ria 3),
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(26) do(z,2') <26(T/g) + 6
since R; € Ey. Eq. (24) and Eq. (26) imply that for all
x & (Sx) N BSX (Rz> 3),

(27) Sdg(zayr1 < €1/10.

We will show a stronger condition than the lemma statement. Namely, we will show that:

Lemma 6.22. (1) If
T € V(Sx) M BSX(Ri7 3),
then there exists a unique vertex f(x1) € V(Sy) such that

f(z1) € Bsy (F(21), Ldg(w,01)+1)-
(2) Let
x1, 29 € V(Sx) HW
be vertices and
e(xy,z2) € E(Sx) N R;

an edge connecting x1 and xo. Then there exists a unique edge f(e(x1,x3)) € E(Sy)
connecting the vertices f(x1) and f(z2) and satisfying,

fle(zy,22)) C Bsy (f(e(1,2)), 10846 (2,21)+1)-
By Eq. (27), Lemma 6.22 implies Lemma 6.21. So it suffices to prove Lemma 6.22.

Proof of Lemma 6.22. First, because of our assumption that
g9 < €1671/40,
we have
g0 (9/T) <&
Since x € Vy, there exists vertex f(z) € V(Sy) satisfying
f(@) € B, (f(z),e0 - (9/T)) C Bs, (j(x), &)

Now, assume that the lemma statement is false. Then there is a vertex closest to x with
respect to the graph distance at which either property 1 or property 2 fails. More precisely,
there exist adjacent

X1, To € V(Sx) N BSX(Ri73)a

with edge e(z1, x2) between them in R;, with a unique vertex y; € V(Sy) such that

f<x1> S BSY (ybgdc(ﬂvl,m))
and satisfying:
(1) there does not exist a vertex yo € V(Sy) such that
f(x2) € Bg, (y27£dc(x1,w)+1)

or
(2) condition 1 holds but there does not exist an edge e(y1,y2) € E(Sy) connecting i,
and g such that

fle(z1,22)) C Bgy (e(y1,92), 104 (21,2)+1)-
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Then by Lemma 6.7

(28) |f*¢SY - ¢SX‘2|¢SX|2 > ﬁ

/BSX (e(®1,22).8dq (21 ,2))

(Note that Lemma 6.7 requires 5 to be sufficiently small compared to &4, (s, ) Which holds
in this case because of Eq. (24), Eq. (25) and Eq. (26) combined.) Eq. (28) implies that

/ |f*bsy — b5y P|0sy|> > B
Bsy (R;,34+€1)

=&%g/T)*
— (167 /80)%(g/T)".
Therefore R; ¢ F5, which is a contradiction. O
This completes the proof of Lemma 6.21 as well. 0

Lemma 6.23. We have,
|Er| — | Es| <10°(€1671/80) Paa(g/T)™*g.
Proof. By Eq. (7),
[ 15765, = o5 Plos? < aslo/ ).
By definition, if R; € F; \ EXQ,

/ |f* b5y — bsy Pdsy|* > (1071 /80)%(g/T)*°.
Bsy (Ri,3+¢1)

Since Sx € Comby,(H,), degrees of vertices in Sx are bounded above by 42 and distances
between distinct vertices of degree strictly greater than 6 are bounded below by 5. Therefore,
any radius 3+e¢1-ball in the flat metric on Sx centered at a vertex of Sx nontrivially intersects
at most 10° vertices, edges and triangles. Combined with the fact that the R;s are disjoint,
this means any point in Sy is contained in at most 10° of the Bg, (R;,3 + ;). The lemma
follows. O

Given a subcomplex @) C Sy, let ST(Q) denote its closed star. Let
Gx = |J ST(ST(ST(R)))).
R;€E>
Lemma 6.24. There exists a 2-subcomplexr Gy of Sy along with a simplicial map
f:Gx — Gy
such that

(1) § is an isomorphism,
(2) for every vertex x € V(Gy),

f(‘Q:) < BSY(f(‘(E)’gl)?
(3) for every edge e € E(Gx),
f(e) € Bs, (f(e), 1)

and
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(4) for every triangular face t € F(Gy),
f(t) C B, (§(t), €1)-

Proof. In Lemma 6.21 we already constructed f on vertices and edges of Gx. By Lemma 6.8,
f extends to faces of Gx as well, is a simplicial map, and satisfies conditions 2, 3 and 4 in
the statement of the lemma. We show now that f is injective onto its image. Suppose the
contrary. Then there are distinct triangular faces tx1,tx2 € F(Gx) such that

f(tx1) = f(tx2) =ty € F(Sy).
Conditions 2 and 3 imply that
f(atX,l)a f(ﬁth) C BSy(atY7€1)

while condition 4 implies that
f(txa), f(txz2) C Bs, (ty,e1).
As a result the intersection
f(interior (tx 1)) N f(interior (tx2))

must be nonempty. However, this implies f is not injective, which is a contradiction. There-
fore § is injective onto its image. Let Gy = f(Gx). The lemma follows. O

Let
Vcor(F<BX> \ E2)
the set of corner vertices of R; over all R; € F(Bx) \ E». Let

(U ) U ST

Ri€Ey mchor(F(Bx)\Ez)ﬂ(auRieEQ R'L)

(By Lemma 6.17, these stars are all disjoint.) Let

Jx = Sx \ G.
Also, let
y =f(G%),
and B
Jy = Sy \ G%.
Lemma 6.25. (1) Each connected component of the simplicial complezes Gy, G, Jx

and Jy 1s a triangulated surface with boundary.
(2) Let x be a vertex of G'y contained in OG'y. Then

ST(ST(ST(z)))) C Gx.

Here, the closed stars are taken in Sx.
(3) Let x be a vertex of G'y contained in OG'y. Then

ST(ST(ST(j(x)))) € Gy

Here, the closed stars are taken in Sy .
(4) The simplicial complex

Sx \ (Urier, 1)
18 homotopy equivalent to Jx.
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Proof. First, we show that each connected component of G’y is a triangulated surface with
boundary. To do this, it suffices to show that each vertex in V(Bx) lying on 0G’ has a
neighborhood in dG’y homeomorphic to a half-disk. (Neighborhoods of the other boundary
points are automatically homeomorphic to half-disks by construction.) Suppose the contrary.
Then 0G'y contains a vertex v € V(Bx), whose 1/4-neighborhood in G’ is not homeomor-
phic to a half-disk. By property 4 of Lemma 6.16, v is not contained in the closed star of
any other vertex in V(Bx). Therefore, locally near v, G’y looks like Ug,cg, R;. This means
there are edges eq, €5, e3 and e, emanating from v, such that

€1, €, 63,64 C O U R, =0 U R;.

R;eE> R;eF(Bx)\E2
Now, we divide into two cases. In the first case, v € V_g(Sx). Let
R; € F(Bx) \ E;

be a parallelogram containing the vertex v (which exists since v lies on the boundary of
Ur,er, R;). Suppose v is not a corner vertex of R;. Then there exists e € E(Sx) emanating
from v such that (e, v) = 41 or £e™/3 e C R; but e does not lie on OR;. By property 1 of
Lemma 6.16, ¢ must be one of the e, ey, 3 or e4. Since

eC O U R;,

R,€F(Bx)\E2

e C OR;, which is a contradiction. For the second case, suppose v € Vi4(Sx). Then by
properties 1 and 2 of Lemma 6.16, v is a corner vertex of all parallelograms that contain it,
which means that

v € Veor(F(Bx) \ E»).
This is also a contradiction. Thus, connected components of G’y are triangulated surfaces
with boundary.

Since Jx = Sx \ G'y, connected components of Jy are also triangulated surfaces with

boundary. Since Gy ~ G% and Jy = G% \ Jy, connected components of Gy and Jy are
triangulated surfaces with boundary as well.

Next, since
Gx = |J ST(ST(ST(R))))

Ri€E>
and

Gy C U R;,

Ri€Es
ST(ST(ST(GY))) C Gx.

Since

f:Gx — Gy
is an isomorphism,
ST(ST(ST(}(G)))) C Gy
Finally, we show the last statement in the lemma. The subcomplex Jx is obtained by
adding the closed star of some boundary vertices of Sx \ (Ug,cg, R;) to it. These additions are
all disjoint and deformation retract onto subsets of 0Sx \ (Ug,er, R;), hence Jx deformation
retracts onto Sx \ (Ug,cm, Ri)- O
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Now, suppose Jx has n connected components. Let J% be the ith connected component,
a surface of genus h; with b; number of boundary components. By Lemma 6.24, since
&]}( C Gy,
fUJx) C Sy
is isotopic to a connected component of Jy that we label J¥. Also by Lemma 6.24, all
connected components of Jy arise in this manner. Similarly, f(G'y) is isotopic to G.
Therefore and G’y and G% are homeomorphic, and Jx and Jy are homeomorphic.

Lemma 6.26. The Fuler characteristic of Jx satisfies

X(Jx) =2 —aug
where
g = 96(42a3 + 071 /2 4+ 10°(2,071/80) B (g/T)"~39).
Similarly,
X(Jy) = —aug.
Moreover, Jx and Jy each have at most aug connected components.
Proof. By Lemma 6.19, Lemma 6.20 and Lemma 6.23,
|F(BX) \ E2| =N-— |E2|

(29) < (4203 + 671 /2+ 10°(e107 1 /80) Paa(g/T)")g.

Now, Sx \ (Ug,cr, R;) is naturally a subpolytope of Bx. We denote this subpolytope by B.
The vertices of B’y (denoted V(BY)) are the vertices of By in Sx \ (Ug,ecr, Ri), the edges of
B’ (denoted E(BY)) are the edges of Bx in Sx \ (Ug,er, R;), and the faces of BY are the
R; € F(Bx) \ E>. As in the case of By, the faces of B’ are not necessarily quadrilaterals
as polytope faces since not every vertex in V(B ) is a corner vertex of every parallelogram
that contains it.

Given a vertex v € V(BY), let the degree of v in B’ denote the number of edges of B
emanating from it (with loops contributing 2 to the degree). Denote by V_y(BY ) the set of
vertices of BY that have degree 2 in B, and Vso(BY ) the set of vertices of B’ that have
degree strictly greater than 2 in BY.

We claim that

Voo (BY) C Veor(F'(Bx) \ E).
To see this, note that if v € Viy(BY%) and v € Vig(Sx), then by properties 1 and 2 of
Lemma 6.16, v is a corner vertex of every R; in F(Bx) \ F> containing v. Now suppose
v € Vao(BYy) and v € V_g(Sx). Because v € Voo(BY), there are at least two distinct R;
and R; parallelograms in F'(Bx) \ E, containing v. If v is a corner vertex of neither, then
R; U R; contains a neighborhood of v, which would be a contradiction to the fact that that
degree of v strictly greater than 2. So v is a corner of one of the parallelograms.
Since each R; has at most 4 corner vertices, Eq. (29) implies

[Vaa(BY)| < 4(4205 +37'/2 + 10°(2157"/80) Sas(g/T)"~*)g.

The total number of edges of B is half the sum of the degrees of all the vertices in V' (BY).
Since Sy is locally bounded, the sum of the degrees of all the vertices in V(B ) is at most

2|V_o(BY)| + 42|Voa(BY)|.
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(Note that since B is a polytope, it does not have any vertices of degree 1.) Thus,
x(Bx) = |V(Bx)| — |[E(BY)|
> —24|V5(BY))|
> —96(42a3 + 571 /2 +10° (1071 /80) Ban(g/T) "™ %) g
= —Qug.
By Lemma 6.25, B, and Jx are homotopy equivalent, so
X(Jx) = —aug.
Since Jy is homeomorphic to Jy, we have
X(Jx) = —aug

as well. The number of connected components of Jy is at most |F(Bx) \ E»| since each face
in F'(Bx) \ E, belongs to at most one connected component. Hence this number, along with
the number of connected components of .Jy, is at most ayg. 0

Let
Ky = (Jy)*,
the conformal double of J% as in Definition 9. Since J% is a triangulated surface of genus
h; with b; boundary components, its conformal double is a triangulated surface (without
boundary) of genus g; = 2h; + b; — 1. By construction, dJ% is identified with 9(J% )~ which
in turn is identified with 9(J¢)~1. Let

Ky = Jy U (Jx)
glued along this identification. Then K. is also a triangulated surfaces of genus g; = 2h; +
b; — 1.

Recall that n is the number of connected components of Jx (and therefore also Jy, Ky
and Ky)

Lemma 6.27. We have,
Zgi < asg
i=1

where g; denotes the genus of K% which is equal to the genus of Ki,. Here, as = 2ay.
Proof. By Lemma 6.26,
X(Kx) =2x(Jx) =2 —20ug.
NOW7 X(Kg() =2- 29’&7 S0
2n — QZgi = x(Kx)
i=1

> —204g.

Since n < ayg by Lemma 6.26, we have

Zgi < 2aug
i—1

as desired. n
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Next, we bound the number of vertices of Ky and Ky that have degree not equal to 6.

Lemma 6.28. We have,

Vi (Kx)| < g
and

[Vas(Ky)| < asg

where ag = 5000y.

Proof. First, we compute |V_¢(Kx)|. Since Kx is the double of Jy and Jx is a subset of Sx
(which, being in Comby (H,), does not have any vertices of degree strictly less than 6), all
vertices of Kx having degree strictly less than 6 must lie on 0Jx C Kx. Such a vertex will
have degree strictly less than 4 considered as a vertex of Jx, so it suffices to compute the
number of vertices in 0Jx that have degree strictly less than 4 in Jy. Denote by V_4(0Jx)
the set of vertices in 0Jx that have degree strictly less than 4 in Jx. (Recall that degree for a
vertex in a triangulated surface with boundary is defined as the number of edges emanating
from the vertex. For a vertex on the boundary, this quantity is different from the number of
faces containing the vertex.)

Since Jx = Sx \ Gy and G are created by removing stars of boundary vertices of
Ur,er, R; that are also in Vo (F(Bx) \ Ea), any vertex in V4(0Jx) is either in Vo, (F(Bx) \
E5) or adjacent to a vertex in Vo, (F(Bx) \ E). Since by Eq. (29),

[Veor(F(Bx) \ E2)| < 4[F(Bx) \ Ex|

< aug
and each vertex in Jx has degree at most 42, |V_4(0Jx)| < 43a4g. Therefore
(30) |V<6(Kx)| S 43@49
as well. Note that
X(Kx) = |V(Kx)| = |E(Kx)| + [F(Kx)|
= [V(Kx)| = (1/3)[E(Kx)|.
Since there are at least
3IVoe(Kx)| + (7/2)[Vas(Kx)|
edges in Ky,
X(Kx) < [Veo(Kx)| = (1/6)[Vae(Kx)|
which means
Voo (Kx)| < —6x(Kx) + 6[Vas(Kx)|-
From Lemma 6.27 and Eq. (30), we obtain
Ve (Kx)| < [Veo(Ex)| + Voo (Kx)|
< 50004g.
Since 0Jx is identified with 0Jy, a similar argument shows that |V_¢(Ky )| < 43ay4g. Since
X(Kx) = x(Ky), we obtain
|V¢6(Ky)| S 5000[49
too. ]
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6.7. Quasiconformal extension on a triangulated surface. The goal of this section is
to show:

Lemma 6.29. There exists a universal constant C' such that
dr(®(KY), ®(Ky)) < C
for all i satisfying g; > 2.
We will do this by using the description of the Teichmiiller metric via extremal length.
First, we consider ®(K%) and ®(Kj ) as points in 7,. To do this, it suffices to fix a

marking of ®(K%) and construct a diffeomorphism K% — K%. To do this, we first construct
a diffeomorphism

F:Jy— J.
On
Tx \ ST(9J%),
we let
F=f.
On 9J%, we let
F =j.

By Lemma 6.24 and Lemma 6.25, we may extend F to ST(9.J%) so that
F(z) € By (f(x), 1).
Gluing F with the identity map (J%)™' — (J%)™!, we obtain the desired diffeomorphism
Ki — K.
Let v be a free homotopy class on K%. Since we have constructed a diffeomorphism

K% — Kl ~ also corresponds to a free homotopy class on K7, that we will also denote by
~. By Theorem 3.8, to show Lemma 6.29, we need to show,

Extr; (7) <C
Exty (v) =

Now,

length (v)?
Extr (7) = sup ———2—,
Xt (7) pp area, (K1)
where p ranges over conformal metrics on Ki,. By Theorem 3.7, the supremum is achieved
by the flat metric |¢|'/? associated to a holomorphic quadratic differential ¢ on Kj..

We have,

Extgi () = su M.
x p area,(Ky)
We will show that
Extyi () 2 C Extr (v)
by constructing a conformal metric p on K% for which
length ,(v) > C'length ()

and
area, (K% ) < Careay(KYy).
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Let . ‘ .
Ay = Jx \ ST(0Jx)
and . ' ‘
Ay = Jx \ ST(9Jy).
Let A ‘
AZX,1/4 - BA"X(aAgo 1/4)
and

Ay = Bag (04, 1/4)
By construction and Lemma 6.17, A% | /4 and Ay /4 are both the union of disjoint annuli.

Now, we construct a conformal metric on K% as follows. On A, let py be the smallest
conformal metric such that pgy > f*(|¢|'/2). This is well defined since

f(AzX) C Bsy(Aéz,&) C J}l/ - Kgf
by Lemma 6.24 and Lemma 6.25. Extend py to the rest of K% (for instance, multiplying by
a partition of unity) so that the area increases infinitesimally.
Define
Cy =Jx N BK%(ST(ST({?J;()), 1)
and
CY = Ji O By (ST(ST(0J1)), 21).
By Lemma 6.17, C% and C% are the disjoint union of annuli. By Lemma 6.24 and Lemma 6.25
f:C% — Ch
is an isometry onto its image, and agrees with the identity map on d.J%. Hence, there is an
isometry
idUf: (Je) P uCy — (J)) tu Oy
On (Ji) U C%, we let p, be the pullback of |¢|!/? defined on (J%)~' U CY.. As before, we
may extend py to the rest of K% so that the area increases infinitesimally.

Cover C'% by balls {U,} of radius 1/4 in the Sx-metric such that every 1/16-radius ball
on C% is contained in some Uj,. Because Sx is a locally bounded combinatorial translation
surface, we may choose the cover so that each ball Uy, is either flat, or a cone with center(Uy)
the cone point. We may also assume that every 2-ball in Bx nontrivially intersects at most

C' of the Uygs. For each Uy, there is a holomorphic map g : D — Uy, sending 0 to center(Uy).
Take

UjNBsy (Ux,2)70 |dz|
By the mean value property,
(32) my < max | ol
UijSy (Uk,2)750 Uj

Let
pr = (91)"(Mk * PEuc)
on Uy, and extend it to the rest of K% as before.
Finally, we let

P=Py+ps+ Y Pr
k
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By construction,

area,(KY) < area, , (KY) + area,, (K%) + Z area,, (K%)
K

< Careag(Ky) + Z area,, (K%) quasiconformality of f
K

< Careag(Ky) + CZ g |8 Eq. (32)
L k

< Careag(Ky).

It remains to show that
length,,(v) > C'length (7).
Let a be a length minimizing curve on K% the free homotopy class v. We divide « into
disjoint pieces in the following way.

Now, K% may be decomposed as

((J3) 7" U ST(0%)) | A aga [ A%\ A
Decompose « into arcs aq U...U ap such that each «; is contained in one of A’ 140 (Je)tu
ST(0J%) or A%\ AiXJ/4 with endpoints on its boundary. Label the arcs so that o; and ;44
share an endpoint, and a, and a; share an endpoint.

We now construct a curve § on K. We do this by constructing arcs i, ..., B¢, where each
arc (3; will be constructed from the arc a; on K%. We will construct the 3; so that it shares
an endpoint with 3;,1, and 3; and B, also share an endpoint. Thus, the 3; will glue together
to form S.

If o C A \ Ay )y, we let

B; = flay).
If a; C (J%) tUST(9J%), we let

B = (idUf)(ay).
By construction, in both these cases,
length,(3;) < length,(ay;).

Next, we treat the case wherein o; C Agﬂ /1 The region Agf,l /4 has two types of boundary
components. Let 60A1X71 /4 be union of the boundary components of AfXJ /4 which are also
boundary components of (J%)™' U ST(dJk). Let 01/4A% ,,, be the union of the boundary
components which are also boundary components of A% \ AfXJ /- If a; has both endpoints
on 80AZX71/4, we let

Bi = f(ay).
If a; has both endpoints on 81/4A§(’1/4, we let
B; = f(%’)-

In these situations,
length,(53;) < length,(a;)

as before.
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It remains to treat the case wherein «; has one endpoint z on 0; /4A§( 1/4 and the other
endpoint y on 9y A’y 1/a- Given a point z on «y, let f denote the arc of a; from z to z, and
oz]y- denote the arc of «; from z to y. By construction,

a; = aj Uaj.

Now, there exists

z € a; N By (2,1/16)
such that

lengthg (af) > 1/16.
By construction of the Uys, there is some Uy, containing x and z. Since Uy, is a radius 1/4-ball
and x € 0 /4A1X71 /45 Uy is flat. Hence, g : D — Uy is an isometry from the Euclidean metric
on D to the Sx-metric on Uy. Thus,

lengthp, (g7 (a2)) = 1/16.

This means

length (af) > C - my.

Since Uy is a radius 1/4-ball in the Sx-metric containing x, Uy C C%.
By construction, f(z) € C%. Note that f(z) € C} by Lemma 6.24 and Lemma 6.25. Again
by Lemma 6.24 and Lemma 6.25,

ds, (f(2),f(z)) < 1.
Let
B C Bs, (f(x),1) N Cy

be an arc from f(x) to f(2). We may construct 37 so that it passes through at most C' of
the f(Uy). For each §(U,) through which 57 passes, we may assume

lengthg,((f o gn) ™' (87 NF(Un))) < 1/2
by replacing with an another arc with the same endpoints if necessary. By Eq. (31), on each
such §(Uy),
length, (85 N f(Un)) < my/2.

Therefore,
length,(37) < C - my.
Now, define
i = ()
and
Bi= U B

By construction, f; is well defined with endpoints f(z) and f(y). Also,
length(3;) < C'length,(a;).

Let g = 1 U...U B,. By construction, under the identification of free homotopy classes
coming from the diffeomorphism K% — K%, a and § belong to the same free homotopy
class. Finally, we have

length,, () < C'length ()
which implies
length (v) > C'length ()



64 VASUDEVAN

as desired. This completes the proof of Lemma 6.29.

6.8. Proof of Lemma 6.2. We must compute the number of possible Sy. To do this, it
suffices to compute the number of possible G, the number of possible Jy and the number of
possible gluings of Jy with G%. Now, G admits a simplicial isomorphism to G'y, which itself
is a subcomplex of Sx that is uniquely determined by the subset Ey C F(Bx). (Note that
E; depends on Sy, but F(By) does not.) So the number of possibilities of G% is the number
of possibilities of G’y, and this quantity is bounded above by the number of possibilities for
FE5. Since
|F(Bx)| < Cyg

by Lemma 6.18, the number of possibilities for F5 is bounded above by CY.

To compute the number of possibilities for .Jy-, we first compute the number of possibilities
for Ky. We start by treating the case of the connected components which have genus 0 or
1. Relabelling as necessary, we may assume that

g1, -5 gn/ € {07 1}
and

gn/+17 "'7gn Z 2'
Here, g; denotes the genus of K% and K&

Lemma 6.30. There are at most (T/g)°9 total choices for the K-,..., K.
Proof. To do this, we first construct a graph A’ on each K3 for i € {1,...,n’}. We construct
a graph A% on Ji and a graph A% on (J%)7!, then glue them together.
First, we construct A% on Ji. Let
Vaottiat (J) = (interior(Jy,) N Vig(Jy)) U (03 N Ve (Jy)) -

Recall from Section 6.5 that Sy has a horizontal foliation. Restrict this foliation to J3,. Let
L be the set of leaves of this restricted foliation which pass through a vertex in Vigtgas(J4)-

Define . .
Ay =o5 .
Lec
Now, A% is naturally a graph on Ji-. The vertices of A% in interior(.Ji.) are
interior(.J3,) N Vi (J5).
The vertices of A% in 0J} are
annlJ.
LeL
Let

V(AL) = (interior(Jf/) N V¢6(J§)) U (&]{, N U) _
LeL
The edges of A% are the connected components of A%\ V(A% ). Each edge of A% is contained

in either

0.

U

LeLl

or
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If an edge of A% is contained in
oJy,

we call it a boundary edge; otherwise, an interior edge. Each edge of A% is the union of some
parallel edges of Ji-, and therefore has both a length and a directional weight associated to
it. By construction,

VAV < C - Viotar (Jy)-
Moreover, since Sy is locally bounded, the degrees of vertices of A% is bounded by C.
Therefore the number of edges is bounded by C|V;etiat (J3-)]-

We claim that each face of F of Ji, \ A% is a flat cylinder, or embeds isometrically in the
plane. To see this, first note that by construction, the angles of JF are at most 7, and the
interior of F' is flat. Hence, by Gauss-Bonnet, x(F') > 0 which means x(F) = 0 or x(F) = 1.
In the case x(F) = 0, OF must not contain any angles less than 7, hence F is a flat cylinder.
In the case x(F) = 1, F is a flat topological disk with piecewise geodesic boundary such
that OF does not contain any angles strictly greater than w. So F' is geodesically convex.
Therefore the exponential map gives an isometry between a planar domain and F'.

Analogously, we may construct a graph A% on (J%)~! which satisfies the same vertex and
edge bounds as above. Taking the union of A% and A%, we obtain a graph A’ on K%. Since

ST(9Jy) = ST(dJy ),
we have
Viotttat ((J5) ™) U Vaotar (J5) = Vo (K ).
Thus, A’ has at most |Ve(K% )| edges.

The number of topological possibilities for A* as a graph embedded in a torus or sphere
is at most C!"#¢(E¥)l This is true because A’ is contained in a rooted map on the sphere or
torus with at most C - [Vi(K3)| edges. There are at most C1V#6U) possibilities for such
a rooted map (see [2], in which a bound for the number of rooted maps with prescribed
number of edges on a surface is given). Now, A* may be obtained from the rooted map by
removing some edges and vertices. There are at most C V26 (K3)l ways to do this. Therefore,
there are at most C1"#6(5%)| topological possibilities for A. This means, there are at most
CIV# (K5l topological possibilities for A%. By Lemma 6.28, there are at most C'9 possibilities
for all the A% for i € {1,...,n'}. To reconstruct Ji., it suffices to assign directional weights
and lengths to each edge of each Ai.. There are at most (T/g)“? choices to do that. Hence
there are at most (1'/g)¢? choices for the Ji for i € {1,...,n'}. There are at most (1'/g)°?
ways to glue all the Ji to the (J%)~!. The lemma follows. O

By Lemma 6.27, Lemma 6.29, Lemma 6.28 and Lemma 6.30 there are at most

n
C M
(T/g) g Z HN (E?giamiar—i_c)
n<agg =1
Ti+.. +T,<2T
91+...+gnS&5g
g1,3gn>2
mi1+...+mnp<aeg

choices of Ky.

We must compute how many choices for Jy there are given Ky. Since Ky is formed by
gluing Jy and (Jx)™*, it suffices to count the number of embeddings from (J%)™! to Ki for
i € {1,...,n}. Such an embedding is determined by its values on one triangle. Thus there
are at most (7'/g)“Y such embeddings.
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The gluing of Jy and G is determined by the decomposition of Sx as G’y U Jx, the
isomorphism G} to G’, and the embedding of (Jx)™! into Ky

Finally, as long as ay < 1/100 and a5, a6 < p~1(1/100) (see Section 6.9), the number of
choices for Sy is at most

n

(T/g)cg Z HNM(ZrlyglvaT_‘_C)
n<(1/100)g i=1
Ti+..4+T,<2T
g1+-+gn<p~1(1/100)g
gil,--es gn>2
mi+..+m,<p~1(1/100)g

This completes the proof of Lemma 6.2.

6.9. Constants. In this section, we show that the constants a1, 6, €g, €1, Ko, K1, ko and k3
can be appropriately chosen. We list the relationships between these constants below:

(1) p € N is a universal constant, introduced in Theorem 5.1

(2) ko € N, to be chosen, introduced in the beginning of Section 6.1
(3) k1 € N, to be chosen, introduced in statement of Lemma 6.2

(4) k2 € N, to be chosen, introduced in statement of Corollary 6.3

(5) k3 € N, to be chosen, introduced in proof of Corollary 6.3

(6) ay > 0, to be chosen, introduced in statement of Lemma 6.2

(7) ay = o, introduced in Eq. (7)

(8) k4 = 2Ky, introduced in Eq. (7)

(9) 0 < g¢ < 1/2, to be chosen, introduced in the beginning of Section 6.2
10) a3 = 10%ay(g/T)" 0, introduced in statement of Lemma 6.5
11) 0 < &, < 1/1000, to be chosen, introduced before Lemma 6.21

12) 0 € N, to be chosen, introduced in the beginning of Section 6.6
13) ay = 96(42a3 + 6 1/2 + 10°(e16'/80) Ban(g/T)"+3%), introduced in statement of
Lemma 6.26

a5 = 2ay, introduced in statement of Lemma 6.27

6 = 500ay, introduced in statement of Lemma 6.28

go < £1071/40, assumed in Section 6.6 before Lemma 6.21

ay < 1/100, assumed in proof of Lemma 6.2 in Section 6.8

as < (1/100)~", assumed in proof of Lemma 6.2 in Section 6.8
ag < (1/100)p~1, assumed in proof of Lemma 6.2 in Section 6.8

< (kg — 1)/2, assumed in statement of Corollary 6.3

00c; *(1/2)k2=1/2=%1 < 1 assumed in statement of Corollary 6.3
K3 > (ke — 1)/2, assumed in proof of Corollary 6.3

K9 > Ko, assumed in statement of Corollary 6.3

24) 8- (1/2)%0 < (1/10)' assumed in the beginning of Section 6.2

Noting that ¢g/T < 1/2, it is clear that ko, k1, K2, K3, a1, €0, €1 and d can be chosen to
satisfy conditions 16 through 24, in the following way. First, choose ¢, sufficiently small.
Then, choose ¢ sufficiently large. Then, choose ¢, sufficiently small so that condition 16 is
satisfied. Finally, choose a; sufficiently small and x; sufficiently large so that x4 > 36, as,
ay, a5 and ag are sufficiently small. Then choose k¢ sufficiently large such that condition 24
is satisfied. Finally, choose ko and k3 sufficiently large so that conditions 20 through 23 are
satisfied.

Q

ke

S N N e e S e S N
—_
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7. UPPER BOUNDS FOR TRIANGULATED SURFACES VIA COMBINATORIAL TRANSLATION
SURFACES

The first goal of this section is to show:

Lemma 7.1. For g > 2, we have,
Ny (T, g,m,r) < CUFI9(T fm) " N (6T;, 69 + 5m, r + C)
for a universal constant C'.

Note that if m = 0, then g = 1. See also Remark 11.

To show Lemma 7.1, in Section 7.1 and Section 7.2 we associate to each triangulated surface
a branched 6-cover which is a combinatorial translation surface. In Section 7.3 we enumerate
the number of combinatorial possibilities for the branched 6-cover given the branch points.
In Section 7.4, Section 7.5, Section 7.6 and Section 7.7, we study where the branch points
lie. In Section 7.8, we prove Lemma 7.1 by showing that the connected components of the
branched 6-cover of a triangulated surface lie in the union of a relatively small number of
balls of radius around a constant in a higher dimensional moduli space.

The second goal of this section is to complete the proof of Theorem 1.3, which follows
from Corollary 5.8, Lemma 6.1 and Lemma 7.1. We do this in Section 7.9.

7.1. Triangulated surfaces and 6-differentials. Given a Riemann surface X, a meromor-
phic 6-differential is a global section of the sixth tensor power of the sheaf of meromorphic
differentials on X. Locally, in a neighborhood in X with holomorphic coordinate z, a 6-
differential behaves like f(z)dz® where f is a holomorphic function. Although generally
triangulated surfaces may not admit a combinatorial translation structure (and therefore
do not admit a canonical holomorphic 1-form), they do admit a canonical meromorphic 6-
differential. Given a triangulated surface S, we may associate a meromorphic 6-differential
g as follows: we identify each triangle of S with the unit equilateral triangle in C with

vertices at 0, 1 and % + ‘/752', and define

77/}5 = dZG
under this identification. Gluings of triangles must preserve the form dz%, and g extends
holomorphically over vertices of S, therefore g is a globally defined 6-differential on S. It has
a zero/pole of order (degx) — 6 at a point x € V,6(S). The flat metric on S (equivalently
denoted S-metric) coming from the Euclidean metric on each individual unit equilateral
triangle has length element given by

dSS = |¢S|1/67
and area element
[¥s]'/?.
Distances in this metric shall be denoted by dg(-,-).

7.2. Canonical cover. A triangulated surface S has an associated canonical holomorphic
differential on an appropriate 6-degree branched cover that we construct as follows. We cover
S\ Vz6(S) (which is also S\ {zeros and poles of ¢g}) by open balls {U;} with transition
functions f;» on U; N Uy whenever the latter is nonempty. Let ¢ = e™/3. To each U;, we
associate U, 1, ..., U; 6, each consisting of the pair (U;,w; ;) where

1/6
wij = ¢’ s/
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for some branch of wé/ﬁ on U;. We glue U; ; and Uy j if
UNUy # 0
and
frvwij = wi g
on U; N Uy. Compactifying, we obtain a (possibly disconnected) degree 6 branched cover
F:S—8
such that
F*(1s) = 6%
for some holomorphic 1-form 55 on S. Furthermore, the surface S is equipped with a
canonical degree 6 automorphism

A:S—S
defined by
A:U,; = U j
is the canonical identification if
Wij = QWi jr.
The surface S may be recovered from the cover by quotienting by A, i.e.
S=5/A.

Proposition 7.2. Let S be a locally bounded < T'-triangle triangulated surface of genus at
most g with

Vs (9)] < m.

Then S has at most siz connected components that we label §1, o 56 (where some components

may be empty). For each i € {1,...,6}, S is a locally bounded < 6T -triangle combinatorial
translation surface of genus at most 6g + 5m.

Proof. Since Sisa degree 6 branched cover of S, S has at most six connected components.
If S*is a connected component, then F g is a degree d branched cover for some d < 6.
Denote by

Cly veey Cpyt
the critical points on S of this covering map, and
P13 Pn
the branch points on S. Since branch points must be vertices of S of degree not equal to 6,
n <m.
Since each branch point has a preimage which is a critical point,
n >n.
By the Riemann-Hurwitz formula,

2 genus(S?) — 2 +n' = d(2g — 2) + dn.
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Thus S° has genus at most 6g+5m. Since all branch points of F' are vertices of S, the pullback
of the triangulation S under F' gives a triangulation of S with corresponding 1-form gzﬁs by
construction. Hence S’ is a combinatorial translation surface. Since

F:558
is a degree 6 branched cover, S has at most 67 triangles.

Finally, we claim that St is locally bounded. To see this, note that if x is a vertex of the
triangulation of %, then F(z) is a vertex of S. If F(x) is not a branch point, then

degx = deg(F(x)) <7

as S is locally bounded. If F'(x) is a branch point, then the ramification index of =, denoted
e(x), is at most 6, so
degx = e(x) deg(F(x)) < 42.

Thus S satisfies condition 1 in Definition 12 definition of local boundedness for combinatorial
translation surfaces. Next we show condition 2 in Definition 12. Since S is locally bounded,
we also have a triangulation Sy, of S by equilateral triangles of side length 5 in the flat
metric, such that S is a 5- subdivision of Slb The pullback of the triangulation Sy, under
F gives a triangulation i of the surface S¢ wherein each trlangle has side length 5, such
that the triangulation S is the 5-subdivision of the triangulation S},. Thus Siis a locally
bounded combinatorial translation surface. 0

Given such a canonical cover, we can reconstruct the original surface up to a factor.

Lemma 7.3. Let S’ be a locally bounded < 6T -triangle combinatorial translation surface of
genus at most 6g +m. There are at most CT' number of triangulated surfaces S for which
S’ is a component of the canonical cover of S. Here, C is a universal constant.

Proof. The automorphism on the canonical cover of S determines a degree 1, 2, 3 or 6
automorphism

A5 = 5
Since A’ preserves 1z, A" is a simplicial isomorphism. Furthermore, A’ is determined by its
value on one triangle. Thus there are at most CT" number of choices for A’. Finally,

S~ 5 /A,
so there are at most C'T" number of choices for S. O

7.3. Combinatorics of branched 6-covers. In this section, we enumerate the number of
degree 6 branched covers of a fixed surface with fixed branched points.

Lemma 7.4. Let S, be a topological surface of genus g and P C S a nonempty set of n

marked points on Sy. There are at most C9™ choices of branched 6-covers S, — S, (up to
isomorphism of branched covers), such that the branch points are contained in the set P.

Proof. Cut S along elements of H,(S,, P,Z) until we obtain S}, a simply connected surface
with boundary such that P C 05;. The boundary 05_; may be decomposed into 4g + 2n — 2
curves which come in pairs

+,1 —,1 +,2g4+n—1

s —,2g+n—1
YT Y

Y
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that are glued together to form S7. Here, each 7** represents one element of Hy(S,, P,Z).

Any degree 6 branched cover §g with branched points in the set P necessarily admits a
decomposition into isomorphic copies of S; denoted by S’;, ey S’g. Boundary curve 7J+Z
(for j € {1,..6} must necessarily be glued to v," for some j* € {1,...,6}) under this
decomposition of §g, Each decomposition corresponds to an isomorphism class of branched

6-covers S, — S,;. For a fixed ¢, there are C choices to glue all the %ﬂ and 7;,’1‘, and 17

ranges from 1 to 2g +n — 1. Hence, the total number of gluing choices (and total number of
branched covers) is bounded by C9*™. O

For n > 1, we denote by F,, the set of topological branched covers enumerated above.

7.4. Mean value property and 6-differentials. In this section, we show a rough mean
value property for 6-differentials arising from triangulated surfaces, which will be useful in
Section 7.5.

Lemma 7.5. Let S be a triangulated surface and let X = ®(S). Suppose v,w € V(S),
v#w and let D C X a conformal identification of D with a subset of X containing v and w
such that 0 is identified with v. Suppose further that

lw| <r < 3/4
i D. Then
/ s|V? > Cr 2.
D

Proof. Denote by C, the circle of radius « around 0 in ID. Note that for » < a < 1 the
length of C,, in the dg metric must be at least 1. Thus, writing

¥ = g(2)dz°
for a meromorphic function g on D, we have that
l9(20)[V/¢ > Cr™!

for some zy € C,.. Let

a = g(z0)"".
Define
/ g(Z) 6
= ————d
v (2 — 20)8 =
a meromorphic 6-differential on ID. On a small neighborhood around z,
w/ — (bIG
for a 1-form ¢'. Locally,
¢l — g(z)1/6 dz
(z — 20)

(note that g(z)'/% makes sense on a small neighborhood of z;). Therefore the residue of ¢’ at

29 is a. Let f : X — X be the canonical 6-cover associated to ¢ (constructed in Section 7.1).
This means that

@) = ¢
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for a meromorphic 1-form ¢ defined on f~'(D). The 1-form (E’ is holomorphic except for a
pole at f71(2). On a neighborhood of f~1(2),

) =¢

so the residue of ¢ at f~1(z) is a. Since r < 3/4, for 7/8 < a < 1 we have

/ ¢ = 2mia.
F(Ca)

/ ¥'| > Ca.
f=1(Ca)

Pushing forward this integral to D we obtain

S)[L/6
/C 9(2)[/0)de] > C /C 9N )

|z — 20|

So

> Ca,

since for z € C,, |z — 29| > 1/8. By Jensen’s inequality, we have

/ o e > C ( / & |g(z>|1/6ldz|)2

> Ca?.
Then,
1
[la@rear= [ [ g d:ida
D a=T7/8 JCq
1
>C a’da
a=T7/8
> Ca?
> COr?
as desired. 0

We also have a quantitative version:

Lemma 7.6. Let S be a triangulated surface and let X = ®(S). Denote by px the hyperbolic
metric on X, and pp the Poincare metric on D. Suppose

v,we V(5)
with v # w. Let U C X be a region containing v and w and
f:U— BPD(O, s)

a K-bi-Lipschitz diffeomorphism (with respect to metrics px on U and pp on B, (0, s)) such
that f(v) = 0. Let r < 3/4 and suppose that

dyy (v, w) < (1/100)rs/K.
Then
/ Ws|'® > Cr?
U
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where C is a universal constant.

Proof. Since
f:U—= B,(0,s)
is a K-bi-Lipschitz map, U contains
By (v, s/K),
the ball of radius s/K around v. Note that
we B, (v,5/K)
too. This ball may be isometrically identified with
Dtann(s/2i) = {2z € D||2| < tanh(s/2K)}
(with v identified with 0) equipped with the restriction of the Poincare metric pp. Now,
d,y (v,w) < (1/100)rs/K
< 2tanh™!(r tanh(s/(2K)))
since s <1,r <3/4 and K > 1. So in Dyann(s/(2)) (under our isometric identification),
|w| < rtanh(s/(2K)).

/ Y3 > Cr=2.
Bpy (v,s/K)

Since B, (v,s/K) C U, the lemma statement follows. O

By Lemma 7.5,

7.5. Location of branch points. Fix an arbitrary constant ry > 0. Let X € 7,. In this
section, to each locally bounded triangulated surface whose conformal class lies in By, (X, o),
we associate combinatorial data that is a discrete measure of where the vertices of degree
not equal to 6 are located.

Denote by px the hyperbolic metric on X. We take hyperbolic disks Uy, ...,Un, Vi, ..., VN
and W1y, ..., Wy as in Lemma 2.5. By Lemma 2.4 and Lemma 2.5, we may assume N < CT.

Definition 27. For each i € {1,..., N} and M > 1, define

to be a collection of hyperbolic balls on X satisfying the following properties:
(1) For all j,5" € {1,..., M},
radius(W

i)j

) = radiuS(Wi{\;f,) < C M2 vadius(W;)
where C' is a universal constant,
(2)
wMcv
and
center(W,) € W,
(3) the

cover W; and
(4) each x € U; is contained in at most C' of the Wl]\f for a universal constant C.
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Such a collection may be constructed by taking ~ M~/2radius(W;) radius balls around

a maximal ~ (1/8)M~1/2 radius(W;)-separated set on Wi.

Definition 28. Define D to be the set of all values of the following data of (I, L, Wp):

(1) subset
Ic{l,..,N}
with
|| < am
(2) function
L:I—-N
such that
> L(i) <aT
i€l
and
(3) subset
W < WV Y e
with

[Wr| < am.

Here, a, k > 1 are sufficiently large universal constants which will be chosen in the proofs

of Lemma 7.7 and Lemma 7.8 later in this section.

Lemma 7.7. We have
D] < (wT/m)Co.

Proof. The number of subsets I is bounded above by (7//m)¢®™. Given I, the number of

functions L is bounded above by (T'/m)¢®™. Given I and L,

U{ )}|ye{1 ..... L@y | < arT.

i€l
Trivially, m < 3T. Thus for x > 10, the number of subsets of

UV ieqmzon

with cardinality at most am is bounded above by (kT /m)®®™. Therefore
D] < (5T/m)“*™,
as desired.

For all Y € By,.(X, ), by Proposition 3.9, we choose a e‘"-quasiconformal map

f: X—>Y

that is ef"0-bi-Lipschitz with respect to the hyperbolic metrics px on X and py on Y. Here,

¢ is a universal constant from Proposition 3.9.
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Lemma 7.8. Let
S € Comb™™(M,)
and suppose
Y = @(S) S dT(X, ’l”o).
Then there exist an element
(I,L,W;)eD

associated to S satisfying

(1) i € I if and only if W; contains a vertex in f~1(Vie(S)),

(2) each ball

B e W,

contains a unique vertex in [~ (Ve(S)), and this vertex lies in
B, (center(B), radius(B)/2),

3) each vertex in f~1(Vis(S)) is contained in a unique B € Wy, and
#
(4) each point x € X is contained in at most C of the W € Wr.

Proof of Lemma 7.8. We let I be the subset of i € {1,..., N} for which f(W;) contains an
element of V.4(S5). Condition 1 in the statement of Lemma 7.8 is automatically satisfied.

We also let
vy =| [ st
F(U:)
Note that
1] < Va(S)] < m.
Now,

/ [s|'? < CT.
Y
Also, each point of Y is contained in at most C' of the f(U;), by condition 4 of Lemma 2.5.

Therefore,
> L(i) <aT
iel
for a sufficiently large constant a.
Finally, we let W, be the subset of B in

iel
which satisfy the property that
B, (center(B), radius(B)/2)

contains a vertex in f~(Vi(9)).

We now show the uniqueness part of condition 2 in the statement of Lemma 7.8. Suppose
the contrary; that there exists B € Wy containing f~!(z) and f~!(y) for vertices z,y €
V6(S). Then

fH @), [N (y) e Vi

for some i € {1, ..., N}. For sufficiently large &,
radius(B) < radius(W;),
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implying
' (y) € B, (f'(z), 2radius(W;)) C U;.
Now, Lemma 7.6 applied to
f71 (B (f (), 2radius(W5))) — B,y (f'(z), 2 radius(W;))
implies
d,y (z,y) > CL(i)"Y? radius(U;) /e&™.

Thus

dp (f (@), f7H(y)) = CL() "1 radius(U;) /e
> CL(i)" Y2k~ Y2 radius(U;)
> CL(i)~Y2k~Y2 radius(W;)
> 2radius(B) condition 2 in Definition 27

for x sufficiently large. Hence we have a contradiction to the assumption that

@), f(y) € B
This completes the proof of condition 2 in the statement of Lemma 7.8.
Now, condition 4 in the statement of Lemma 7.8 follows from condition 4 of Lemma 2.5
along with condition 4 in Definition 27. Condition 3 in the statement of Lemma 7.8 can be
ensured by deleting unnecessary elements of Wp. U

For
S € Comb™(M,)
such that
Y =®(S5) € By.(X,19),
we choose an element
(I,L,W.)eD
as in Lemma 7.8. We label this particular choice of element in D by
(Is, Ls, Wrg).

7.6. Quasiconformal map between surfaces with marked points. In this section, we
associate to triples in D a set of marked points on X. Then, given a triangulated surface S
whose conformal class lies near X, we construct a quasiconformal map from X to S which
take the marked points on X to V().

Let (I, L,W;) € D and suppose it arises as the triple associated to a triangulated surface.
Enumerate the elements By, ...., By in Wy. For each i € {1, ..., N}, choose

x; € B, (center(B;), radius(B;)/2)
so that no element of W, contains x;. Such a choice can be made because of Lemma 7.8 and
our assumption that (I, L, W) arises as the triple associated to a triangulated surface. Let
0 = {$i}|ie{1 ..... N}-
Suppose
S € Comb™™(M,)

and
@(S) € BT(X, T()).
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Let

f: X =S8
be the associated ef™-quasiconformal, e¢70-bi-Lipschitz map. Suppose

(Is,Ls,Wrg) = (I,L,Wp).

Let

P =V,4(9).
There is a natural identification

0:0—P

which sends z; € O to the unique p; € Vi6(S) satisfying ¢; = f~'(p;) € B; (unique by
Lemma 7.8).

Lemma 7.9. There is a C-quasiconformal map

F:X—S
1sotopic to f such that
FO)=P
and
Flo = 0.

Here, C' is a universal constant.
First, we prove an elementary lemma.

Lemma 7.10. For all zy, zo € D with

|21, 2] < 3/4,
there exists a diffeomorphism

fozm :D—D
satisfying the following conditions:

(1) f. 2lop is the identity map,
(2) Df., ..|op is the identity map,

(3) le,ZQ(Z1) = 29 and
(4) [ ts C-quasiconformal.

Here, C' is a universal constant.
Proof. We first treat the case where z; = 0. Denote by fy3/4 any chosen diffeomorphism
D — D satisfying conditions (1), (2) and (3) above for z = 3/4. Let C be the quasiconformal

dilatation of fy3/4. Note that C' is finite since f is defined on a compact set. Now, suppose
z € R such that z < 3/4. The function

foslw) = { W)sfuapd(3170) 1 Il < (415

satisfies the conditions in the lemma statement. Suppose next that z € D with |z] < (3/4).
We have already constructed fy .|, since |z| € R. We take

o) = S ((H)w) |
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Now removing the assumption that z; = 0, we simply take

fZl,ZQ = fO,zz o f(izlla
and note that f,, ., satisfies the desired properties. U

Proof of Lemma 7.9. 1t suffices to construct a C-quasiconformal diffeomorphism
FliX—X

isotopic to the identity such that

Then, taking
F=foF

gives the desired map in the lemma statement.

To do this, recall that By, ..., By are the elements of W. By Lemma 2.5 and condition 2 in
Definition 27, the B; are hyperbolic disks of maximal radius arcsinh(1). Recall that each B;
contains exactly one element of O (which is z;), and exactly one element of f~(P) (which
is ¢;). By condition 2 in Lemma 7.8 along with the upper bound on radius(B;), under a
conformal identification of B; with D sending its center to 0, both z; and ¢; lie inside

Thus there exists f,, 4, satisfying the conditions in the statement of Lemma 7.10. The map
fz..q. €xtends to a C-quasiconformal map

X=X

that is the identity outside B;. Composing all such maps f* (for i € {1, ..., N}) in an arbitrary
order we obtain a map

F' X —X
such that

Fl(z:) = q;.
Now, by condition 3 of Lemma 7.8, the set By, ..., By satisfies the property that any z € X
is contained in at most C' of the B;. Therefore F’ is C-quasiconformal. 0J

7.7. Distance between covers in higher dimensional moduli space. In this section,
we show that if a triangulated surface S has conformal class close to X, then a component
of its canonical cover is close to a branched cover of X in a higher dimensional moduli space.

Let

(I,L,W.)eD
and assume that (I, L, W) arises as the triple associated to a triangulated surface. Recall
that
OcCcX

is a subset, depending on the triple (I, L, Wp), generated in Section 7.6.

The set Fj,, enumerates the combinatorial 6-covers over X whose branch points are a
subset of O. That is, associated to § € F,,, is a topological branched cover Xf — X. The
holomorphic structure of X determines a holomorphic structure on Xf Note that Xf may

be disconnected. Choose a connected component and label it X f’ .
Suppose
S € Comb™™(M,)
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and
®(S) € Br(X,ro).
Let f: X — S be the associated ef°-quasiconformal, e*"°-bi-Lipschitz map. Suppose
(Is,Ls, Wprg) = (I,L,Wp).
The composition
Sosihx
is a topological branched cover over X having O as the set of branch points. Hence, there is
an element § € F,,, such that the diagram

Xf—>§

|

X .9

commutes and the top vertical map (henceforth denoted F ) is a homeomorphism. By
Lemma 7.9, F'is C-quasiconformal. Also, the vertical maps are conformal. Therefore F
is C-quasiconformal. Let 5" be the connected component of S determined by F'(Xj).

Lemma 7.11. We have,
dr (X}, ®(S") < C.

7.8. Proof of Lemma 7.1. Let m > 0 and X € M,. We must count the number of locally
bounded triangulated surfaces lying in By, (X, ry) that have at most m vertices of degree not
equal to 6. Any such triangulated surface has associated to it a triple (I, L, W) satisfying
the conditions in Lemma 7.8. By Lemma 7.7, there are at most (T/m)®™ such triples.

Fixing a triple (I, L, W), it suffices to count triangulated surfaces with this particular triple
as its associated triple. By Proposition 7.2, any such triangulated surface has associated to
it a topological branched cover in F, <,,,. By Lemma 7.4, there are at most C9"™ such
topological branched covers.

It suffices to count triangulated surfaces with a fixed underlying topological branched
cover. In this situation, by Lemma 7.11, a connected component of the canonical cover must
be closed to a fixed branched cover of X in a higher dimensional moduli space. By Proposi-
tion 7.2, this connected component is a combinatorial translation surface. By Lemma 7.3 it
suffices to count combinatorial translation surfaces lying in a ball in the higher genus moduli
space. Thus we obtain

Nljg/( (Ta g, m, TO) S OQ(T/m)Cle?;(GE7 69 + 5m7 C)
Combining with Corollary 3.19 gives Lemma 7.1.

7.9. Proof of Theorem 1.3. Recall that for g > 2,
NM(T, g,m,r) < C™INR (0T, g, p(m + g), 7+ C)
by Corollary 5.8,
NMT, g, m,r) < CUII(T /m) ™ NI (6T, 69 + 5m,r + C)
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by Lemma 7.1 and

n

Ni(T,g,7) < (T/Q)C(Hr)g Z HNM(Eugiamiar+O)

n<(1/100)g i=1
Ti+..+Tn<2T
g1+ +gn<p~'(1/100)g
1y gn>2
mi+..+mp<p~1(1/100)g

by Lemma 6.1.

Choosing 7, sufficiently small (independent of 7" and ¢), we may apply Corollary 3.19 to
obtain

(33) NM (T,g,m,r) < C’m+9Nﬁ§/‘(aT, g, p(m+g),m),
(34) Nﬁ(T, g,m, 7“1) < Cg(T/m>CmN19§(6Ta 6g + dm, 7"1)
and

n

N1b<T g7T1) (T/g) Z HNM(T;?giumivrl)'
n<(1/100)g i=1
Th+..+1T,<2T
g1+ +gn<p~'(1/100)g
g1,y gn=>2
mi4...4+mn<p~1(1/100)g

Together, these three bounds give
(35) Ny (T.g,m1)

n

< (T/9)“ Z HNM(Ti,gz‘ymi,ﬁ)

n<(1/100)g i=1
Ti+..+T,<2T
g1+ +gn<p~1(1/100)g
Glsesgn>2
mi+...+m, <p~1(1/100)g

n
C m;+g; A\TM
S (T/g) g Z HC +9 N]b (O—Eaghmiarl)
n<(1/100)g  i=1
Ti+..+T,<2T
g1+..+9n<(1/100)g
gi,-. 1gn>2
mi1+..+mp<(1/50)g

< (T/g)“* Z H(Tz/mz)c N} (607T;, 6g; + 5m;, 1)
n<(1/100)g 1=1
T +.. +T<2T
g1+...+gn<(1/100)g
91y5gn>2,
mi+...4mp<(1/50)g

mi,....,Mmp>1

< (T/g)og Z HNlb T, gi, 1)

n<(1/100)g  i=1
Ti4 ATy <120T
g1+ 49n<g/4
where the last inequality follows from renaming variables along with the arithmetic mean-
geometric mean inequality.
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We claim that
qul;L(Ta 9, Tl) < GQ(T/g)Qg
for universal constants €2 and © that we choose later. We prove this by induction. The

quantity NJY(T,4,7;) is bounded by a polynomial in T. (See [17] for more precise results.)
To show the induction hypothesis, assume

qul;[(Ta glv Tl) < @g'(T/g/)Qg’

for all ¢ < g. We have,

Nlrik-)[(Tﬂgvrl) S (T/g)cg Z HNI’};(Eagiarl) Eq (35)
n<(1/100)g  i=1
Ty+. A Tn<126T
g1+-..+gn<g/4

n
< T/ Y [[e%(T/e)™
n<(1/100)g  i=1
Ti+..+1Th<120T
91+.--+9n§9/4

<(T/g)% Y evisoT/g)t aiiimetlc mean-
n<(1/100)g

Ty 4+ AT <120T
g1+..+gn<g/4

< (T/g)?09*(480T/ g)"9/*

where the last inequality follows since the sum contains at most (7//¢)“? terms. Noting that
T /g > 2, there exists a choice of constants © and € such that

(T/9)“?©%*(480T/g)™/* < ©9(T/g)™.
This completes the induction step. Therefore, we have

Ni(T, g,m1) < ©9(T/g)"

(36) < T
Finally,
NM(Tugarl) S NM(T7973T7 Tl)
< CT' N (0T, g,3uT, ) Eq. (33)
< CTN} (60T, 69 + 15uT, 1) Eq. (34)
<cT Eq. (36)

where the second inequality follows from the fact that a T-triangle triangulated surface has
at most 37T vertices. Combining with Corollary 3.19 gives

NM (T7 g? /r.) S CT+Tg7

which completes the proof of Theorem 1.3.
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