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ABSTRACT

Atomic vibrations and electronic states of amorphous solids

and surfaces are investigated using silicon dioxide as a prototype.
A new theory of the lattice vibrations in amorphous Si02 is presented
in which the randomness in the solid is treated separately from its
chemistry. The theory attributes all measurable properties of
phonons in silica to the nearly crystalline nearest-neighbor geometry
of the lattice and the disruptive effects of bond-angle disorder.
Neutron, infrared and Raman spectra are calculated and compared with
experiment. A new theoretical approach to studying surface vibrations
in amorphous solids is then developed. The method entails modeling
the surface as a Bethe lattice with a dangling bond, and treating the
two-dimensional nature of the surface and the surface topography as
small perturbations. The theory successfully describes the nature
and origin of the surface states, as well as their relative intensities
as observed in recent infrared reflectivity and Raman scattering
experiments. Both intrinsic surface effects and those caused by the
presence of adsorbates are discussed. The electronic structures of
crystalline and amorphous Si02 are then examined via the tight-binding
method. A realistic description of the electronic structure of
a-quartz, consistent with experiment and with the pseudopotential
band structure and charge densities, is developed. An important
aspect of this description is the identification of oxygen 2s states
as the prime cause of the large gap in Si02. The cluster-Bethe-
lattice method is used to examine the energy distribution and
character of the electronic states for non-periodic systems. It is
found that most of the features in the density of states of Si02 are
insensitive to topology, and are thus universal among all allotropes
in which the integrity of the Si04 tetrahedra is preserved. This
universality is shown to lead to a dipole selection rule forbidding
the lowest energy optical transitions. The effects of topological
and bond-angle disorder in the glass are discussed. Bond-angle
fluctuations are shown to induce approximately 0.5 eV band tailing

at the conduction band edge. A new method for studying interfaces



theoretically which allows one to deal directly with disorder at the
interface is then discussed. Using tight-binding Hamiltonians which
give good descriptions of the valence and conduction states of a-quartz
and silicon, Bethe Tattices are constructed for each material and then
bonded together in a variety of configurations. The method enables

one to avoid the problem of lattice mismatch and to deal individually
with the effects of different bonding configurations. The principal
result of the theory is that there are no interface states in the
silicon gap for an interface which is perfectly bonded and undistorted.
Bond-angle distortions induce a tail of gap states near the bottom

of the Si02 conduction band, an effect which occurs in bulk Si02 as
well. Broken-bond defects, on the other hand, lead to distinct
interface states in the gap. We specifically identify a state

observed experimentally as being due to a silicon dangling-bond

defect at the interface.

Thesis Supervisor: John D. Joannopoulos

Title: Associate Professor of Physics
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INTRODUCTION

Surfaces and amorphous materials are active sub-fields of
physics which are similar in a number of respects. Both deal with
systems which are nonperiodic but infinite -- systems to which
Bloch's theorem cannot be applied except in a contrived manner, yet
which are still, for the most part, weakly correlated fermi systems
described in the one-electron picture. Both deal with systems which
can be structurally complex or indeterminate yet have measurable
properties which are fairly well defined. Both deal with systems
in which localized and extended states can coexist. Both present
the same computational difficulties.

Although in principle the two-dimensionality of surfaces
sets them apart from the amorphous bulk, in practice the questions
usually asked about surfaces (e.g. What are the surface states?
What is the effect of chemisorbtion? etc.) are not sensitive to
dimensionality. This experimentally verified fact embodies the
spirit of the main tenet of this work: that virtually all the
measurable properties of these systems can be traced to local
atomic structure. The experimental significance of a point of
view in which the differences between surfaces, crystals and
amorphous materials are subtle is that results from one type of

‘system may be brought to bear on another. The theoretical
significance is that the ability to draw analogies between systems

is a sign one understands them.
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The theoretical approach appropriate to these systems is
that of modeling and extrapolating, rather than first-principles
calculation. While the latter (self-consistent pseudopotential) has
been performed for both types of system in the past, it has proved
equivalent in most respects to simpler, less expensive methods, such
as emperical tight binding. Furthermore, first-principles calculations
are not possible for many of these systems. Aside from the use of
model Hamiltonians, the theoretical technique binding this work
together is the cluster-Bethe-lattice method. This is a procedure
for approximatihg the structure of amorphous solids and surfaces
which relates to the more precise random-network approach as tight-
binding relates to pseudopotential.

A1l the results presented in this work invo1vé silicon
dioxide. 3102 is the archtypal amorphous material, it is of
enormous technological importance, and it is in every way adequate
for demonstrating the principles just mentioned. Two main problems
are dealt with: (i) the atomic vibrations at S1'02 surfaces and
(ii) the electronic structure of the S1’-S1'02 interface. Chapters
I and III provide the groundwork for these by describing phonons
and electrons in bulk amorphous 5102. Chapters II and IV deal with

the surface and the interface, respectively.
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CHAPTER I
BULK PHONONS IN AMORPHOUS SILICA

The cluster-Betke lattice method]’2 is a powerful new tool for
studying the electronic and vibrational properties of amorphous solids.
Its basic precept is that embedding a cluster of atoms in a solid is
nearly equivalent to applying to the cluster a simple dynamic boundary
condition characterizing the chemical composition of the host. It has
significantly improved our understanding of amorphous solids by
simplifying the mathematics used to study them theoretically.

L]

Amorphous silicon dioxide has attracted considerable
attention recently in its capacity as a medium for surface studies.3
Silica is transparent, which means that its phonons are accessible by
means of light scattering, and it is also available in a very porous
state -- porous enough that the contribution to the scattering
intensity from the vibrations of the surfaces of the pores can be
detected. Light scattering studies of surface chemistry are practical
in silica, and this practicality has stimulated substantial experimental
activity.

As yet, no simple theory has arisen to compliment these
experiments which can address the dynamic interaction between the surface
and the substances adsorbed on it. Such a theory is needed to interpret

and clarify the experimental results for heavy, weakly-bonded adsorbates,

especially those whose vibrational bands coincide with those of the



-15-

substrate. We propose to use the cluster-Bethe lattice method to
synthesize a suitable theory, capitalizing on the similarity between
pores i the solid and structural defects. The cluster-Bethe lattice
method was developed for the express purpose of investigating structural
defects and is ideally suited to constructing a theory of surface
vibrations based on them.

In this chapter, we will be concerned primarily with the
preliminary aspects of the synthesis: constructing the Bethe lattice,
obtaining its solution and testing its predictions for bulk amorphous
silicon dioxide against experiment. Since the behavior of surfaces is
so closely tied to the behavior of the bulk, we will also concentrate

in this chapter on improving our understanding of the bulk, particularly

the relative importance of the various kinds of disorder. In addition
to spelling out how the Bethe lattice is constructed, we wish to
establish the following:
1. What in the Hamiltonian causes the features in the
vibrational density of states to be where they are?
2. How are the atoms moving?
3. What causes the matrix elements associated with a given
measurement to assume the values they do?
The plan of presentation is as follows. We will first describe the
Bethe lattice and explain how it functions as a boundary condition for
clusters. We will then show that if it is constructed using sensible
interaction parameters, the Bethe lattice possesses a vibrationa]

density of states similar enough to that of the actual solid to imply
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that local geometry is primarily responsible for the character of the

vibrations. We will provide evidence that most of the disparity between
the two densities of states is due to bond-angle disorder. To establish
how the atoms are moving, we will calculate local densities of states,

and use them to establish how the displacements of nearby atoms

correlate at low temperatures. We will then use the correlation functions
to calculate neutron, infrared and raman spectra directly, rather than
multiplying the density of states by the square of the appropriate

matrix element, in order to explain from a local point of view why

the spectra l1ook as they do. We conclude with a summary.

1.1. The Bethe Lattice

Silicon dioxide is a bonded solid. It is approximately true
in borded solids that the bonds provide the springs which connect the
atoms together, in the sense that two atoms are connected if the
displacement of one produces a force on the other. The rules by which
atoms are connected in a lattice is referred to as the lattice topology.

A Bethe lattice is a bonded network of atoms which has the
topology of a tree. Every atom interacts with its nearest neighbors
by virtue of being bonded to them, just as would occur in the actual
solid, but the ordinary necessity of having rings of bonds in the struc-
ture and fluctuations in the interaction parameters due to disorder is
arbitrarily abolished. The Bethe lattice itself is a poor model for
the structure of the actual amorphous solid, except in cases where

lattice topology is unimportant. Its virtue lies in its exceptional
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simplicity and in the "transfer matrix" feature of its solution, this
transfer matrix being identical to the simple boundary condition
mentioned previously. The tree-like topology characterizes the Bethe
lattice and is responsible for its simplicity and usefulness.

The transfer matrix feature of the Bethe lattice is best
illustrated with an example. We consider a tetrahedrally bonded crystal,
such as Germanium, which we will transform into a Bethe lattice
axiomatically. We postulate that each bond may be characterized by a
3 x 3 matrix of spring constants D, which connects the atoms at either
end of the bond. The index v runs from 1 to 4 and indicates into which
of the four possible directions the bond points. Dv is to be a symmetric
matrix.

We now label the atoms. We pick any atom and label it 0. We

latel its 15%

nearest neighbors by 1 and Vi where vy runs from 1 to 4

and indicates the direction from the central atom to the one addressed.
We label the an nearest neighbors by 2, V] and Vs where V1 and vo NOW
indicate the sequence of directions used in going from the central atom

rd nearest neighbors are labeled by 3,

to the one in guestion. The 3
v1s vy and v, and so on. In the actual solid, this labeling scheme
eventually becomes redundant, as it specifies a particular path of bonds
leading to the labeled atom, which cannot be unique. However, we can
conveniently convert the solid into a Bethe lattice simply by declaring

every atom indexed in this manner distinct. If this is done, the

vibrational Green's function of the new tree-l1ike lattice satisfies

a simple, repeating set of equations.
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If we let Gyo denote the part of the Green's function connecting
atom 0 to itself, GOlvl the part connecting to a 1St nearest neighbor,

and so on, then we have

(w? - A)Ggp = ) Dv1 GOIvl +1 (1)
V1
(w? = A)Go1™* = D, Goo + ) D, Gopt*2 (2)
! vofvy 2
(mz - A)Gozvlavz =D GO].VI + z D 603V15V29V3 (3)

where A is the matrix of spring constants connecting an atom with

itself, given from translational invariance of the Hamiltonian by
A=-]D, (4)

We have set the masses of the atoms to 1. These equations have a

solution of the form

Goy ! = ?,,Go0 (5)

Gop 1772 = ‘1’\,2(501\)1 (6)

provided that the four transfer matrices e, satisfy
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(0?2 - A)e = D, + ) D2 o (7)

Finding the transfer matrices is a difficult task, but once they are
found, the Green's function is relatively easy to construct. For

example, from equation (1) we obtain the diagonal term

G =[m2-A- D@]-] : (8)
00 E TRt

from which the remainder of the Green's function may be constructed
by repeatedly applying the transfer matrices.

Possessing the vibrational Green's function of any large
mechanical system greatly simplifies determining the vibrational

behavior of molecules when they are bonded to the system. The Green's

th th

atom to the j~ may be thought of as the

atom to an harmonic force applied to the jth.

th

function connecting the i

response of the 1th
Suppose an extra atom is bonded to the j~ atom with a spring having
a force constant k. If we denote the displacement of this atom by Xg

and that of the jth

atom by xj, then we have
M X = Fg = =k xg + k x; (9)

and if the motion is harmonic, then

(02 - w?) x5 = wf X; (10)
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th

However, since ij describes the response of the j“ atom to forces, we

have

=G,
X j

J Fj/M = G--wz[XO - Xj] . (]])

J ji%o

so that w must satisfy the equation

w
+ G..
1+ w jil

Wl - ———] Xg = 0 (12)

ot | ol

If we want to calculate the Green's function of the new system, the
analysis proceeds along the same lines and leads to

-1
(13)

Ggg = |w? -
The "molecule" in this example has vibrations which are shifted and
broadened with respect to the natural vibration at w = 0 because
the lattice "loads" the harmonic oscillator as though it were a
transmission 1ine. The diagonal Green's function matrix element ij
corresponds to the impedancelof the line.

The loading of a molecule by the solid becomes more
complicated when the molecule bonds to the solid in more than one
place. If the molecule is connected tc both atoms j and j', then the
off-diagonal Green's function matrix elements ij, must be taken into
account, and this necessitates inverting a matrix of rank two in this

case, and of rank equal to the number of connections between the
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molecule and its host generally. The spirit of the cluster-Bethe lattice
method is that these off-diagonal matrix elements are relatively
unimportant, so that each connection can be loaded independently of the
others, and that the Bethe lattice Green's function, which is much
simpler to calculate than that of the actual solid, models the impedance
of the solid adequately. The validity of these approximations has been
borne out in numerous theoretical investigations of electronic and
vibrational states in amorphous so]ids.]

The silicon dioxide Bethe lattice we have constructed differs
from the elementary one just described only in that it is made up of
two different kinds of atoms. Its topology is illustrated in figure 1.
Its solution is conceptually the same as that of the monatomic Bethe
lattice, but is sufficiently complicated that we have elected to address
its details in Appendix A.

We have used a Born mode]4 Hamiitonian in our calculation
because it was used previously with great success by Bell and Dean5 in
their random-network calculation for silicon dioxide. The Born

Hamiltonian assigns to each bond a potential energy of the form

U= -2+ Bl & - 9 (14)

where X and y are the displacements of the atoms at either end of the

bond, and r is a unit vector pointing along the bond. o and g are

5

respectively 4 x 105 dynes/cm and .7 x 10° dynes/cm. We have also

employed bond angles and bond lengths approximately the same as those
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Figure 1: Topology of the Bethe lattice. Every pair of atoms is

connected by one and one path of bonds.
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found in quartz. The practice of incorporating crystal parameters into
Bethe lattices is well estab]ished,] the philosophy being that the

amorphous solid is very similar to the crystal over short distances.

1.2. Properties of the S10, Bethe Lattice: Densities of States

We generate the density of states of the Bethe lattice from
the transfer matrices using the re]ation]

m

ow) = = ] £ Gy, (0)] (15)
J

where ij is the diagonal Green's function matrix element associated with

the jth

degree of freedom. Each term in the sum is referred to as a
"local density of states" because it represents the actual density of
states weighted according to how much the particular degree of freedom
participates in the state. We rely heavily upon local state calculations
because they give us an excellent feel for the nature of the atomic
motions while being relatively easy to perform.

In our silicon dioxide Bethe lattice, atoms of a given species
are all equivalent, so that there exist only six independent elementary
degrees of freedom. Of these, the three associated with the oxygen atoms
are particularly 1mpqrtant because they are customarily used to identify
the major features in the infrared absorbtion spectrum. In their early
work on silicon dioxide, Bell and Dean5 suggested that the three primary

features in the density of states could be characterized as bond-rocking,

bond-bending or bond-stretching, according to whether the oxygen atoms
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were moving primarily so as not to compress bonds, so as to bisect the
S1-0-Si angle, and parallel to a line joining the two silicon neighbors
respectiveiy. Their classification, though correct, has never been
supported quantitatively, and for this reason we are particulariy
interested in the bond-rocking, bond-bending and bond-stretching local
densities of states.

In figure 2, we show the calculated local densities of states,
comparing the three characteristic oxygen local densities of states with
that of a silicon atom and with the total density of states. The three

1 and 1080 cm'] are each enhanced in the

features at 450 cm'], 800 cm”~
appropriate oxygen spectrum, except for the bending peak, which is accom-
panied by spurious features in the "bending" spectrum. The peak at

800 cm'] 5

was found by Bell and Dean™ to correspond to a complex vibratijon
involving substantial silicon motion in addition to "bending" oxygen
motion, a behavior reflected in the Bethe lattice results. This feature
is accompanied by a smaller triangle-shaped band peaking at 550 cm']
which is also predominantly "bending" in character but which does not
involve substantial silicon motion. It is important that this latter
band is the only one which is exclusively bond-bending in character.

The bond-bending local density of states also manifests large
features in the "rocking" bands at 450 cm'l. This is most easily
understood from the standpoint that "rocking” and "bending" are
distinguished from one another only by the presence of the Si-0-Si
"bend", which in silicon dioxide has an angle of about 140°. The "bend"

is a perturbation to the 180° Bethe lattice previously solved by Thorpes,



Figure 2:

Local densities of states in the silicon dioxide Bethe

lattice.

(a) Average of local densities of states associated with
the three degrees of freedom on a silicon atom.

(b) Average of local densities of states associated with

the three degrees of freedom on an oxygen atom.

(c) Average density of states.

(d) "Bond-rocking" local density of states.
(e) "Bond-bending" local density of states.
(f) "Bond-stretching" local density of states.
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in which "rocking" and "bending" are degenerate. The bend causes part of
the "rocking" bands to split off and become the 550 cm'] feature, while
it mixes the 800 cm’] silicon-silicon motion with "bending" oxygen
motion, causing this feature to show up in the "bending" spectrum. At
180° this feature has no oxygen character. The rocking features in the
bending spectrum are the states left behind when the 550 cm'] bands

split off.

In figure 3, we compare the Bethe lattice density of states
with experiment. The neutron data shown in the figure, that of
Leadbetter and Stringfe110w7, represents the density of states of
amorphous silicon dioxide modulated by a fairly uniform matrix element.
In order to obtain good agreement with experiment, we have artificially
broadened the Bethe lattice density of states by convolving it with a

gaussian of width 75 em V.

The amount of broadening was determined from
disorder considerations. For completeness we have also included in
figure 3 the density of states calculated by Bell and Dean5 for their
random network. The agreement of the Bethe lattice density of states
with experiment is tolerably good, except for the feature at 1233 cm']
in the experiment. There are three oxygen features with proper widths
and intensities, and a low-frequency shoulder coinciding with the
acoustic-1ike bands of the Bethe lattice. Galeener and Lucovsky8 have

i Teature results from a Lyddane-Sachs-

pointed out that the 1233 cm™
Teller splitting of the band at 1080 cm"] which, since it is due to long-
range coulomb interactions, we expect to be absent in the theory.

In addition to Bell and Dean's classification scheme, there
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Comparison of calculated density of states with neutron

measurement,

(a)

(b)

(c)

Neutron data of Leadbetter and Stringfellow, showing
density of states of silica modulated by a fairly
uniform matrix element.

Solid curve: calculated average density of states of
silicon dioxide Bethe lattice broadened by 75 em V.

Dotted curve: density of states of silicon dioxide

weighted as discussed in the text for comparison with

neutron data.
Theoretical density of states for silica from random

network modeil of Bell and Dean.



-30-

1400

FREQUENCY (CM)

s ——

S31VIS 4O ALlISNIQ

. 0 |



-31-

exists a scheme recently proposed by Galeener and Lucovsky8 in which

the vibrational bands in amorphous silicon dioxide can be viewed as
dispersively broadened vibrational modes of S1’04 molecules. Since the
normal modes of an 5104 tetrahedron are as acceptable degrees of

freedom for the Bethe Tattice as the atomic displacements, we can
investigate the SiO4~nature of the vibrations by calculating the Tocal
densities of states associated with the four fundamental vibrations of

a SiO4 mo]ecu]e,9 In figure 4 we show the results of such a calculation,
in which we use theoretical normal modes deriving from the same Born
Hamiltonian used in constructing the Bethe lattice. The 5104 local
densities of states do not emphasize the major features in the density
of states. The high-frequency mode sees no rocking, but leaves the high-
frequency part of the density of states intact. The symmetric-stretch
mode is similarly insensitive to rocking, but it is insensitive to
silicon motion as well, causing the 800 cm"] peak to disappear and the

1080 cm”!

peak to undergo distortion. The two low-frequency modes

select out the rocking motions, but are distinct from one another only
in which half of the peak at 450 cm'] they suppress. It is clear that
the vibrations of the Bethe lattice are not well characterized as 5104

normal modes.

A "molecular” model more in keeping with Bell and Dean's5
already successful classification scheme is that of triatomic 5120
units. Triatomic "bent" molecules such as H,0 have three fundamental
vibrations which correspond crudely to rocking, bending and stretching

oxygen motions. The local densities of states of the Bethe lattice
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Figure 4: Bethe Tattice density of states projected onto normal
modes of 51'04 molecule. The modes are identified in
ref. 9 in order (a) through (d) as vz vy vy v,. Averages

were performed over the degenerate modes.
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Figure 5: Bethe lattice density of states projected onto normal
modes of 5120 molecule. The modes are identified in

ref. 9 in order (a) through (c) as v3,vs,vj.
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corresponding to these modes of an 5120 molecule are shown in figure 5.
The projections are much more systematic for these molecules than for
5104 units. Each local density of states properly emphasizes one of
the three major features in the density of states, and the agreement is
good enough te indicate that silica may possibly be thought of as an

array of weakly-interacting 5120 molecules.

1.3. Disorder

In a bonded amorphous solid, such as silicon dioxide, we expect
to find two kinds of structural disorder: topological and angular.
Bond-length variations are forbidden because the distortion energies are
too large, whereas bond-angle and connectivity variations are expected

10

and observed experimentally in x-ray data. Si-0-Si bond angle

fluctuations of about 10° ‘are typical for amorphous silicon d1‘ox1‘de,10
and are particularly important because the positions of the features in
the spectrum, especially the silicon-silicon and bond-stretching peaks,
are very sensitive to this angle. In figure 6 we show the effect on the
Bethe lattice density of states of increasing or decreasing every Si-0-~Si
angle by 10°. The most important change induced in the spectrum by this
distortion is lateral dispersion of the silicon-silicon and bond-
stretching peaks by about 75 cm']. This displacement of the states by
bond angle fluctuations should cause a smearing of the density of states
in the actual amorphous solid, and was our basis for broadening the

Bethe lattice density of states by 75 cm'1 when comparing it with

experiment in figure 3. The sensitivity of the density of states to very
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Figure 6: Density of states of silicon dioxide Bethe Tattice
with every Si-0-Si angle (a) closed or (b) opened by

10° with respect to the nominal value of 138°.
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large Si-0-Si bond angle distortions has recently been investigated by
Sen and Thorpe]]n In figure 7 we show the effect on the Bethe lattice
density of states of increasing or decreasing the dihedral angles by 10°.
Dihedral angles have smaller distortion energies than the Si-0-Si angle
and are consequently more 1ikely to fluctuate in the amorphous solid,
but the density of states is relatively insensitive to these fluctuations,
so that the most important angle disorder still resides in the Si-0-Si
angles.

In figure 8 we compare the Bethe lattice density of states with
that of quartz calculated using the same Hamiltonian. Auartz has a
predominance of 12-fold rings of bonds in its structure which is
responsible for the disparity between the two spectré. Since the types
of rings of bonds most likely to form in the amorphous solid are those
which form in the crystal, we expect tepology to introduce features in

1 1

regions, such as that between 100 cm ' and 400 cm™ ', where large

disparities occur. However, we expect the features to be smaller than

1 that the effect

those induced by the crystal topology, as it is known
of topological disorder is generally to make the density of states more
closely resemble that of the Bethe lattice.

The most important aspect of the features induced by the
crystal topology is that they are sharp and narrow, so that when the
spectrum is broadened to account for bond-angle disorder, they disappear
completely, causing the spectrum to be indistinguishable from the

broadened Bethe lattice density of states. As can be seen from figure

3, however, the broadened Bethe lattice density of states is itself
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Figure 7: Density of states of silicon dioxide Bethe Tattice with
every dihedral angle (a) closed or (b) opened by 10°

with respect to the nominal value of 22°.
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Figure 8: Comparison of Bethe lattice density of states with that

of quartz calculated using the same Hamiltonian.
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virtually indistinguishable from that of the random network of Bell and

Dean5, so we have established the important principle that bond angle

disorder destroys any explicit manifestations of the network topology

in the density of states of amorphous silica. This might alternatively

be viewed as a consequence of the absence of 'small rings of bonds in

the solid.

1.4. Infrared and Raman Spectra

The other two phonon-sensitive experiments for which data on
amorphous silicon dioxide are readily available are infrared absorbtion
and raman scattering. Neither of these is a particularly good measure
of the density of states. We will test theory against these experiments
by calculating theoretical spectra using the mechanisms for these
processes presumed to be valid for quartz.

The usual procedure of obtaining the normal modes of the
lattice and evaluting the matrix elements directly is impractical in
the Bethe lattice because the normal modes are highly degenerate and
difficult to orthogonalize. We surmount this problem by calculating
spectra direct1y from the Green's function, using a simple relation
between the Green's function and the displacement-displacement
correlation function.

The Green's function is a sum over the normal modes of the
form

6y4(0) = A% (16)
EA P WA
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where an) is the displacement of the 1th atom when the lattice oscillates

in its nth normal mode. Wy, is the frequency of this mode. Gij is again

a 3 x 3 matrix which operates on a force at j to produce a displacement
at i:

+(n)

. =3 X " ———i (17)
! n w? - m%

¥

Since any displacement can be expanded in terms of the normal modes

> 3(n)
X; = ¥ anx] (18)
n
we have
> - n)s(m) _ 3(n)>(n)
<X1-5(*3!’> = Zm <anar’[‘;> Ys )x‘_J = g <[an12> X3 Xj (19)
therefore

l{ <S<*1.(0)§<':_l!r(1;)><a"‘*’t dt = J -‘—[ <a,(0)ax(t)>e'“%ldt -25“)1(")

2x n 2 J
= ] Fladolo - wp) TR (20)

where f(w) is a function of frequency which depends on the temperature.
However, the imaginary part of the Green's func*ion also takes this

form

(G5 ()} = - 2 T 6l = ap) z{mzén) (21)
n
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s0 we have

2r

1 J F;(00%3(t)> elot g = - @iwfﬂ In {6;(0)} (22)

Referring back to figure 2, we see that the diagonal
correlations of the Bethe lattice are already quite different from one
another, these differences being associated with the slight enhancement
of the 450 cm'1 peak in the neutron spectrum of figure 3 over the
theoretical value. Inelastic neutron scattering measures the dynamical

structure factor S(a,w),12 which is related to the correlation function

by

ig- (R, - R,
e1q(1 5)

S@w) = ] Ap J <G%; (0)%;(t) G et at (23)

1,J

th

where ﬁi is the position vector of the i“" atom. This may also be

written in terms of the Green's function

S(Gow) « - Im{ J G-Gi:eq e (24)
LEN)
The particular experiment we have referenced evaluates S(4d,w) at high
momentum transfers g, in the so-called "incoherent limit", where
configurational fluctuations in nearest-neighbor distance cause the
off-diagonal correlations to contribute nothing to the scattering
cross-section. Since the Tocal densities of states derive from the

reduced Green's function, they are converted to mean square displacements
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by dividing by the mass of the atom. This implies that the oxygen local
densities of states are weighted more in the neutron spectrum than they
are in the total density of states. The difference in the neutron
cross-sections for the different nuclei enters in as well, the net result
being to overemphasize the oxygen local density of states by about a
factor of two. The dotted curve in figure 3 is a theoretical neutron
spectrum.

While the off-diagonal correlations do not contribute to the
neutron spectrum, they are extremely important in the other two
experiments. For example, in figure 9(a) the trace of the nearest-
neighbor correlation matrix reveals strong negative correlations between
silicon and oxygen displacements at 450 cm'1, 800 cm™! and 1080 cm-1,
which causes the infrared activity of these bands. Modes of heteropolar
solids are infrared active when dissimilar atoms vibrate out of phase.

1

The strong positive correlation at 200 cm™' is associated with the

acoustic-1ike bands of the Bethe lattice and suppresses their infrared

activity. In figure 10(c) we see very strong "bending-bending"

1 associated with a very intense raman band.

13

correlation at 500 cm”
The proposed mechanism for raman scattering ~ in quartz is the dialation
of the electronic polarizability by the oxygen atoms when‘they move in
the "bending" direction.

The infrared experiment measures the phonon contribution to
the dielectric function in a solid. We evaluate this theoretically by

means of the formula
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Nearest-neighbor correlation functions in the Bethe lattice.

(a) Trace of the correlation matrix, showing negative
correlation in the infrared-active bands.

(b) Silicon motion along the bond correlated with "bending"

1 for silicon

oxygen motion, showing tendency at 800 cm

atoms to squeeze oxygen atoms in the bending direction.
(c) Silicon motion along the bond correlated with

"stretching" oXygen motion, showing tendency of atoms

to move together in the acoustic-like bands.



CORRELATION

-49-

0 -]
FREQUENCY (CM™')

1400



Figure 10:
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Second-nearest neighbor correlation functicns in the

Bethe lattice.

(a) Silicon-silicon correlation showing squeezing effect
at 800 cm .

(b) Stretching-stretching correlation.

(c) Bending-bending correlation showing strong positive
value at 550 cm™| associated with Raman activity.

(d) Rocking-rocking correlation.

A11 oxygen-oxygen correlations are between "1" and "2"

atoms as defined in the text.
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_ 4n
e= 1+ izj ;83395 * 4™Xelectrons (25)
where v is the volume of the solid and Q; is the charge on the ith atom.

Rather than viewing G as a correlation function in this expression, it
is convenient to think of it as describing the dipole moment induced on
atom i resulting from applying a force Qj? to atom j.

In figure 11 we compare with experiment the imaginary part of
the phonon contribution in (25) summed not over the entire solid, but
over a 33-atom nucleus in the Bethe lattice. The Bethe lattice is
topologically identical to quartz up to fifth nearest neighbors, due to
the absence of rings of bonds in quartz smalier than 12-fold. If we
assume that the same holds true for the amorphous solid, we can
approximate the actual Green's function with the Bethe lattice Green's
function for fifth nearest neighbors and closer. The 33-atom cluster
just includes fifth nearest neighbors of the central atom. Restricting
the sum (25) to such a cluster in the actual solid would lead to large
errors; however, the trends would be right. If the cluster were
diminished to one atom, the sum would produce a local density of states.
If it were extended to the whole solid, the sum would produce the correct
spectrum. If we discover how the density of states is weighted when
the sum is taken over an immediate system, we can infer how it will be
weighted when the sum is done correctly. In the calculatior. we use the
effective charge tensors Q; bound by Kleinman and Spitzer to be

13

appropriate for quartz. The theory has been artificially broadened
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Figure 11: Theoretical versus experimental values for the phonon

contribution to ez(w) silica.



«54-

Theory | . ' A o

Experiment i

0 o 1400
 FREQUENCY {cm1)



-55.

1

by 75 cm . 8

The experimental spectrum is that of Galeener and Lucovsky.
The agreement between theory and experiment is excellent, except for the
excessive width of the peak at 450 cm'], which we believe to be due to
the small size of the cluster over which the sum was taken. We conclude
that the Bethe lattice is consistent with the infrared data.

Agreement of the Bethe lattice with existing raman data is
less good. The mechanism used with moderate success by Kleinman and

Sp1'1:zer]3

to account for the intensities of the four A] raman lines in
quartz involves an isotropic dialation of a scalar polarizability by the
atoms when they move so as to compress bonds. Kleinman and Spitzer
observed that the raman intensities were harder to fit than the infrared

intensities. They did not address the eight E lines in the raman

spectrum.
The raman cross-section is given by14
> >
) id-(R; - R.)
%%-a ) J <6a1(0)6a-(t)> et gtl e ! J (26)

iy J

where Sy is the change in the electronic polarizability at atom i.
If we let (3&1) denote the gradient of o, with respect to ;i’ we obtain

j
for the small momentum transfers q of Tight scattering

do _ 3 (Fag) - I <x1(0)x;(t)> elot gy .(%j)

2uf(w > ~ 3
- - 2uflo) 3 Fag) 10 (650003 (Fag) (27)
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We approximate this expression as before by summing over a 33-atom
cluster in the Bethe lattice.

In figure 12 we compare our results with the experimental
spectrum of Galeener and Lucovsky.8 The theory has again been artificially

broadened by 75 an !,

1

The agreement is terrible. The intense peak at

1

550 cm ' in the theory is probably the feature at 500 cm” ' in the

experiment. It is too strong and in the wrong place in the theory. The

1

band between 100 c:m"1 and 400 cm  is shifted upward and is too weak in

the theory. We can rectify this problem by adopting the more sophisti-

15 1

cated Keating ~ Hamiltonian -- however, the 550 cm~ ' peak seems to be

a property of bond-oriented Hamiltonians. The rest of the features in

1

the experimental spectrum, except for one at 600 cm ', may be

- reproduced by adopting an additional small depolarizing mechanism for

the raman effect. It has been suggested8 that this feature at 600 cm'1

is a defect state. We have not been able to identify it as such. We
conclude from the raman calculation that the Bethe lattice is somewhat

1 1

inaccurate in the region of 200 cm”™' and very inaccurate at 550 cm”

because it is constructed using nearest-neighbor interactions only.

1.5. Summary

The Bethe lattice provides a simple means of investigating
explicitly the effects of local geometry, topology and disorder on the
vibrational spectrum of an amorphous solid. Using Born model interactions
and the configurations of nearest neighbors found in quartz, we have

constructed a Bethe lattice for silicon dioxide and have used it both
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Figure 12: Theoretical versus experimental values for the reduced
Raman spectrum of silica. The dotted curve is the H-V
spectrum, which is identically zero in the theory.

The solid curve is the V-V spectrum.
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to analyze neutron, infrared and Raman experiments, and to investigate

the effects of disorder. From this study several new facts about

amorphous silica have emerged, the most important of which may be

summarized as foliows:

1.

The vibrational properties of amorphous sitica are
completely dominated by local effects, particularly the
values of the bond angles in the immediate vicinity of
an atom.

Bond angle fluctuations are important only in that they
broaden features in the spectra that would otherwise be
sharp.

The topology of amorphous silica is not manifested in
any available data.

Phonons in amorphous silica are not characteristically
5104-1ike.

Matrix element effects in neutron, infrared and raman

experiments are local phenomena.
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CHAPTER I1

SURFACE PHONONS IN AMORPHOUS SILICA

The current widespread interest in solid surface is due, in
part, to the development of a number of new analytical tools adapted
specifically to surface studies and distinct from those applied
successfully in the past to studies of the bulk. While studies of
surface vibrations have always had enormous potential for improving
our understanding of the surface, the difficultyof the experiments has
discouraged their use in surface analysis. Unlike surface electrons,
surface phonons are extremely difficult to measure. Photons and
neutrons, the probes traditionally used to detect phonons, are weakly-
interacting particles which tend to penetrate deeply into the material
and sample its interior. Surface phonons represent a rich, untapped
source of information about the surface which is just beginning to be

exp]oited.]6

17,18 several experiments have been performed which

Recently,
overcome the problem of inherent bulk-sensitivity of the probe by
substituting an extremely porous sample for an ordinary homogeneous
one. A sufficiently large fraction of the atoms inside the sample are

surface atoms that the surface phonon spectrum, superimposed on that

of the bulk, may be detected using conventional spectroscopic techniques.

The principal disadvantage of the approach is that the surfaces are

poorly characterized, in that they are irregular and disoriented as a
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consequence both of the preparation methods and of the amorphous
nature of the substrate. Feasible surface-phonon-sensitive experiments
are so rare, however, that these experiments are important despite the
poor surface characterization.

Stimulated by the experimental situation, we have developed
a theory of surface phonons in amorphous solids. The theory is
constructed using methods recently developed for describing bulk amor-
phous soh’ds,]9 and is based on the idea that the first- and second-
nearest-neighbor environment of the surface atcms and the presence of
an infinite substrate alone can account for the behavior of most of the
surface phonons regardless of the surface topography. The theory is
relatively simple. is realistic, and can be compared readily with
experiment.

on this chapter, we present a detailed discussion of the
theory using silicon dioxide as a prototype. We have chosen silicon
dioxide because of its technological importance and because of the
relative abundance of experimental information on porous glass. The
methods and ideas we discuss, however, are applicable to any amorphous
material. The chapter is organized as follows. In the first section,
we discuss what problems are involved in constructing a theory of
surface phonons in amorphous silica, what approximations are appropriate
and what we expect the theory to do. In the second section we deal with
mathematical aspects of the theory. In the third section, we investigate
the behavior of the surface predicted by the theory and compare this

behavior with experiment. In the fourth section, we study a
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chemisorption which drastically changes the surface behavior. We

conclude with a summary.

2.1. Preliminary Considerations

The approach we follow in trying to understand a disordered
silicon dioxide surface is motivated by our understanding of the effects
of disorder in the bulk. 1In bonded solids, the two fundamental types
of disorder, bond-angle fluctuations and topological disorder, disrupt
the Tong-range order of the solid while leaving its local structure
intact. As a consequence, the behavior of the amorphous and crystalline

20 Both

phases of bonded solids tend to be very similarly locally.
kinds of disorder tend to broaden the crystal density of states some-
what and to perturb the character of states within the first few
neighbors of an atom only slightly. In addition, topological disorder
can introduce rings of bonds of various sizes into the material whose
effects can be traced to the occurrence of resonances about the rings.zo
It has been shown in Chapter 1, however, that phonons in bulk amorphous
silica are adequately described when the structure of the material is
modeled as a Bethe lattice, a bonded network of atoms which has the
same local geometry as the crystal but which has no rings of bonds.
The Bethe lattice is effective in this function, despite the fact that
it lacks the rings of bonds which any real material must have, because
it is similar to the actual solid locally.

The two major problems impeding a simple view of the disordered

surface are the poorly defined relationship of adjacent atomic sites on
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the surface and the disorder of the substrate itself. Since disorder
in the substrate is essentially disorder in the bulk, it follows that
the substrate can be understood, 1ike the bulk, in terms of the bonding
arrangement of the atoms locally. The approach we use to overcome the
remaining problem, that of intrasurface interactions, relies on the

21 tendency in bonded solids for the surface effects to be

observed
highly localized. The high degree of localization causes the effect

of adjacent surface sites on one another to be small, and the states
induced by the presence of the surface to be characteristic of an
isolated site bonded to an infinite substrate. The principal approxi-
mation of our theory is that the surface sites do not interact at all --
that the surface can be accurately modeled as one site, so long as the
infinity of the substrate is accounted for.

The aspect of the material with which we are primarily
concerned is the nature and origin of the Tocalized surface states. We
want to know why surface states occur, how the structure of the surface
affects them and what they tell us about the surface. In order to
build a theory which is tractable and at the same time capable of
describing the surface states realistically, we need approximations for
both the structure and the Hamiltonian of the surface which are suited
to the question we are asking.

Because of the localization of the surface states and the

21 realtive unimportance of intra-surface interactions, we

established
need not deal initially with the effects of surface two-dimensionality.

To obtain a suitable structural model for the surface, therefore, we



-64-

need only break a bond in the Bethe lattice. The atom with the dangling
bond becomes the site, while the structure to which it is attached
becomes the substrate. The bond-breaking procedure is illustrated in
Fig. 13. The scission of a bond produces two fundamental types of
surface, one terminating on a silicon atom, and a similar surface with
an oxygen atom attached. Since native silicon dioxide surfaces are
presently thought to terminate in hydroxyl groups,22 the oxygen-
terminated surface is most likely more representative of real materials.
However, both kinds of surface site should be formed when a sample

is broken or cut.

The Hamiltonian appropriate for the theory is the one we have
used for studying the nature and origin of phonons in the bulk. The
primary disadvantages of the Born4 Hamiltonian are that it does not
properly account for the jonicity of the atoms and that it is not
rotationally invariant. While neither of these problems prevents the
bulk from being described qualitatively, they do introduce up to 30%
inaccuracy in the frequencies of the states. A more sophisticated
Hamiltonian can eliminate this inaccuracy; however, the correct
Hamiltonian is not known and the physically reasonable Born Hamiltonian
is the simplest one which suits our purpose. It should be emphasized
that the only adjustable parameters in theory are the two which

characterize the Born Hamiltonian in the bulk.
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Figure 13: Transformation of Bethe lattice from model for the bulk
to model for the surface. Breaking a bond generates

two fundamental kinds of surface.
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2.2. Manipulating the Bethe Lattice

Modeling the surface as a Bethe lattice with a broken bond has
the great advantage that the solution of the bulk problem is also the
solution of the surface problem. Both rely on the existence of a set
of transfer matrices o, which must be calculated before the density of
states of the bulk can be obtained. As has been discussed previously,
the transfer matrix is basically the mechanical impedance of the atom
at the base of a broken-bond Bethe lattice when the restoring forces on
the atom itself are artificially maintained at their bulk values.
Ordinarily, removing a neighbor diminishes these restoring forces. The
transfer matrix is obtained by satisfying a self-consistency relation,
which is the mathematical equivalent of requiring that bonding three
broken~bond Bethe lattices to a silicon atom creates a new broken-bond
Bethe lattice. The transfer matrices are used to invert the dynamical
matrix and produce the vibrational Green's function of the system. The
imaginary part of the diagonal Green's function matrix elements are
proportional to the Tocal densities of states of the problem.

The notation we use is the same used to discuss the bulk.

If we let

=

-1
= w2 - - 2 _
© A zDv(w Bv) D, » (28)
and

< -1
B =D (w2-B)7 MD .y - (29)

then the transfer matrices 9 are given by
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. -1
o = |A - B o Bt | 30
v [ u#;%v) ¥ ”J v (30)

and the Green's function confined to a silicon atom in the bulk by

. -1
Gy = {A -7 Du%} (31)
u

If we define additional transfer matrices v, in the manner

v, = (w2 - Bv)'1{Dv + Mch(v)év} (32)

then we have equivalently for the Green's function confined to silicon

in the bulk
: -1
G0 = [mz - A~ g Dv¢v] (33)

To determine the analogous quantity for the silicon atom at a silicon-
terminated surface, we first construct the reduced restoring force

matrix A0 on the surface atom
= - — - n_-l

where m and M are the oxygen and silicon masses respectively. u denotes

the direction of the dangling bond. We then have
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: -1
Gy = (w2 - Ay~ ] Dy (35)
0 0 V#U AVER ]
for the surface Green's function submatrix.
To determine the Green's function submatrix connecting a

neighbor oxygen atom with itseif, we make use of the fact that the

Green's function is its own transpose. If we let

_ -1
n, T ob (36)

then the Green's function confined to the oxygen neighbor in the pth

direction is given by

-1
o _ > - S.t
90 [w B, MpDc(o)np) {] ¥ Dp[prO] }
St
= + 49 G 37
bp v Gov, (37)
where
-1

= [.2 _ - 38
bp {m B, MpDc(p)np] (38)

Similarly, the Green's function confined to the next silicon atom down

is given by

[x]
o0
{

2~ A D e Mtn g21°
R e “wv} el

(39)

1
=
+
3
(o]
[ev R o)
3
©
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where

-1
A = w2 -A- 7§ D, (40)

and so on. In this manner, the Green's function confined to a layer
beneath the surface is generated in terms of its value on the previous
layer.

I1f we now chemisorb an atom onto the surface, for example,
an oxygen atom to form an oxygen-terminated surface, the Green's function
may be propagated into the bulk exactly as before. It remains only to
calcu]até it for the first two atoms. If we define the dynamical
matrix confined to the adsorbate as B', we then construct its inter-

action D' with the surface silicon atom

B' (41)

=7

D' = =/
and the new restoring force matrix for the silicon atom
- L . Y

where m' denotes the mass of the adsorbate. We then have for the

surface silicon atom

65 < fw2 - A" - D'(w2 -B)TD - ] Dy, (43)



-77-

and for the adsorbate
g = (u? - B')_]{l + D'[(u? - B')']D'Gg]-t} (44)

2.3. Results

In Fig. 14 we show local densities of states for both a
silicon-terminated and an oxygen-terminated surface. The top frame
in each case refers to the surface atom, the next frame to the atom
below, and so on, layer-by-layer into the bulk.

As we approach the silicon-terminated surface from below we
see two major changes in the local density of states: a buildup of

T and a sharp surface state at the

upper edge of the band peaking at 450 cm'].

low-frequency states around 200 cm™
The first effect is the
consequence of the presence of acoustic-Tike surface states. The gap
from 0 to 100 cm'1 is a pathology of the Bethe lattice which stems

from its unphysical long-range behavior. Low-frequency acoustic
phonons are long-wavelength excitations which the Bethe lattice cannot
describe. Short-wavelength acoustic phonons have frequencies around
100 <:m"1 and are described correctly by the Bethe lattice. We call
these vibrations acoustic-like because the distinction between acoustic
and optic phonons is ill-defined in a material with no periodicity.

The presence of these low-frequency vibrations may also be viewed as a
consequence of the reduction of the restoring forces acting on the
surface silicon atom. Removing an oxygen neighbor to make the surface

diminishes these forces, which causes the atom to tend to vibrate



Figure 14:
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Local densities of states versus frequency for silicon-
terminated (left) and oxygen-terminated (right) surfaces,
starting from the surface atom and proceeding layer-by-
layer down into the bulk. The features caused by the

surface are marked with arrows.
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slower. The feature at 450 cm']

is a genuine surface state which
involves primarily vibration of the surface silicon atom. Surface
relaxation increases the frequency of this state and causes it to be
more distinct, particularly if it falls outside the bulk bands. Both
of these effects disappear by the fourth layer into the bulk.

Near the oxygen-terminated surface we see three effects.
Again, there is the buildup of states near 200 cm'] associated with
acoustic-1ike surface vibrations. In addition, there is a sharp
surface state near 850 cm'] associated with bond-stretching motion of
the surface oxygen atom and a band peaking at 300 cm'] associated with
a wagging motion of this atom. Again, the surface effects are by-and-
large gone by the fourth atomic layer.

In Fig. 15 we have broken the surface local densities of
states down into components parallel and perpendicular to the surface,
in order to show the extent to which the surface states are directed.
We find that the surface state at 450 cm'] is a motion of the surface
silicon atom normal to the surface. The stretching and wagging peaks
of the oxygen-termined surface are appropriately normal and paraliel to
the surface respectively, with a small amount of mixing due to the
asymmetry of the SiO4 unit caused by the silicon neighbors. The low-

frequency surface states are in both kinds of surface fairly isotropic.

1

It is interesting that the wagging state at 300 cm™  1involves reduced

motion of the silicon atom immediately below the surface oxygen atom,
an effect which is partially responsible for the large infrared activity

of the state.
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Figure 15: Local densities of states versus frequency for silicon-
terminated (top frame) and oxygen-terminated (bottom
frames) surfaces broken down into components perpendicular

to (left) and parallel to (right) the surface.
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When the surface atoms are allowed to relax, we find generally
that the surface states do not change substantially in character, but
tend to increase in frequency. The effect of relaxing the Si-0 bond at
any oxygen-terminated surface is shown in Fig. 16. As the Si-0 force
constants at the surface are "increased, the very low frequency local
densities of states remain relatively unchanged, as do the bulk-1ike
features, while the stretching and wagging features move steadily upward.

One other atomic configuration which might occur in actual
silica surfaces is that of two oxygen atoms dangling into the vacuum.
In Fig. 17, we show the first two local densities of states associated
with such a surface. Both the stretching and wagging peaks split
slightly into doublets, the stretching more so than the wagging because
it couples more strongly to the silicon atom immediately below. However,
the most pronounced effect is the introduction of a sharp surface state
at about 100 cm'] which corresponds to motion of the surface S1'02 unit
as a whole against the rest of the substrate.

Some of the changes induced by the presence of the surface in

17,18

the theory have been observed in experiment. In Fig. 18 we show

Raman and infrared reflectivity measurements performed by Murray et

18 on samples of porous Vycor glass. Porous Vycor is a sponge-like

al.
form of amorphous silicon dioxide containing 28% voids roughly 40 R
in diameter. This material has surface-to-volume ratio sufficiently
large that these measurements are sensitive to the suyrface phonons.
The features in these spectra which are characteristic of the porous

material we have marked with arrows. Those marked with b have been



Figure 16:
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Local densities of states versus frequency for oxygen-
terminated surface with successively stronger relaxations.
The surface oxygen local density of states is on the

left, and that of the silicon atom below it is on the
right. The Si-0 force constants are multiplied
respectively by 1.0 (top), 1.25 (middle) and 1.45
(bottom).
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Figure 17: Comparison of surface terminated with two oxygen atoms

with one terminated with only one oxygen atom.
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Figure 18:
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Experimental infrared and Raman spectra of porous Vycor
glass (solid lines) and bulk fused silica (dashed lines).
The surface-induced features marked b are due to the

presence of Boron impurities, those marked s are due to

surface phonons, and the one marked d to a defect mode.
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identified conclusively as being due to boron impurities in Vycor.ls’23
Those marked s are due to surface phonons characteristic of a simple
oxygen-terminated surface. The one marked d has properties consistent
with what one would expect for a silicon-terminated surface state. We
identify the peak at 980 cm".i in the Raman spectrum as the oxygen-
stretching vibration, the peak at 380 cm'] in the infrared a: the
oxygen-wagging vibration, and the buildup of Raman intensity below

100 cm'] at the expense of intensity at 250 cm'] as a signature of the
acoustic~like surface states. A1l of the features in the theory appear
at slightly higher frequencies in the experiment because of the
increase of the interatomic forces at the surface caused by relaxation.

22 to be

The peak at 980 cm™! has been thought for some time
the stretching vibration of an hydroxyl group bound to a silicon atom.
The other identifications, however, are new ones based in part on
calculations we have performed to depermine the theoretical
intensities of the peaks. The model we have constructed explains why
the stretching peak is visible only in the Raman effect, why the
wagging peak is visible only in the infrared and why the acoustic-1ike
surface states alter the Raman spectrum the way they do. None of these
effects can be explained in terms of symmetry, and only can be
explained trivially in terms of the bonding arrangement.

Using the procedures detailed in Chapter 1, we have
calculated approximate infrared and Raman spectra for both a silicon-

terminated and an oxygen-terminated surface. These are compared with

identical calculations performed for the bulk in Fig. 19. As with



Figure 19:
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Approximate Raman (top) and infrared (bottom) spectra
calculated for an oxygen-terminated (left) and a

silicon-terminated (right) surface. The dotted lines
refer to the same calculation performed for a 5-atom
cluster in the bulk. Arrows indicate surface-induced

features.
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the bulk, we restrict the sums (25) and (27) to a small cluster of atoms
at the surface, the size of which is limited by the extent to which

the Bethe lattice structure approximates that of the actual solid.
Because the surface states are confined to the first few atomic layers,
we have found it suitable to restrict the sums to an 5104 Qnit, except
in the case of the silicon-terminated surface, where an SiO3 unit was
used. Each spectrum has been renormalized by the number of atoms in
the cluster, so that its integral, weighted by w, is one.

In the theoretical Raman spectra, we see that both kinds of
surface tend to increase the very low frequency signal associated with
the acoustic-like vibrations. The oxygen-stretching peak is pronounced
in the spectrum of the oxygen-terminated surface, while the wagging
peak is not. This is easily understood from the point of view that only
the stretching vibration compresses the bond. However, the wagging peak
is additionally suppressed by the tendency of the silicon atom

immediately below it to sit still at 300 em ).

The surface state at
450 cn”! in the silicon-terminated surface is not enhanced in the Raman
effect. For this reason we believe that silicon-terminated surfaces

do not produce the peak labelled d in the experimental Raman spectrum.
However, we believe the two are intimately related. Since the surface

site is identical in our model with a broken-bond defect, the Raman

calculation indicates that a silicon atom with a dangling bond is

24

probably not the cause of the peak, as has been proposed. If two

such defects are bonded together to form a Si-Si defect, however, there

arises a defect state near the proper frequency which derives from this
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surface state. The Raman scattering from this defect could be quite
large if the polarizabiiity derivative of the Si-Si bond were
sufficiently large, and the state would be invisible in the infrared
because of symmetry.

In the theoretical infrared spectrum, we see a strong
enhancement of the okygen-wagging vibration and a complementary
reduction of the stretching peak. If the surface oxygen atom were
considered by itself, both of these vibrations would be infrared-active.
The cooperative motion of the substrate atoms, however, in conjunction
with the particular effective charge tensors used, causes the
stretching peak to be suppressed. The silicon-terminated surface has
1ittle effect on the infrared spectrum. There is a siight enhancement

], but the enhancenent is

of e, near the surface state at 450 cm
probably too small to be observed in experiment. The enhancement of
the low-frequency surface states in the infrared is again a cluster

effect.

2.4. Chlorine Chemisorption

Since we have found the model to be completely consistent
with existing experimental information about silicon dioxide surfaces,
we may use it to investigate the effects of chemical impurities on

the surface. In Fig. 20 we show the result of bonding a chlorine atom

25

onto a silicon-terminated surface, the situation which is thought™ to

prevail when porous glass is chlorinated. The force constants

connecting the Chlorine atom to the surface silicon atom are taken to be
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Figure 20: Local densities of states versus frequency for a
chlorinated silica surface starting from the surface
atom (top) and proceeding layer-by-layer down into the

bulk.
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the same as those connecting oxygen to silicon. The force constants
are & little too large, the bending constant more so than the
stretching constant, but the amount is not significant, especially in
light of relaxation effects. As with an oxygen-terminated surface,
we see stretching and wagging states of the surface atom. However,
because of the greater mass of the Chlorine atom, the mixing of these
states into the bulk bands is very pronounced. The wagging vibration
is now found to have merged into the acoustic-like bands and to be

no longer distinguishable from them. The stretching vibration moves

downward only as far as the top of the silicon-like bands at 750 cm'],

and becomes very silicon-1ike. This calculation indicates that the
adsorbate rather than the substrate, is tending to remain stationary.
The stretching vibration is no longer an adsorbate motion but one of
the silicon atom underneath it. This explains why the vibration is

stuck at the top of the silicon-1ike bands at 750 cm']. Increase of the

adsorbate mass cannot move the stretching vibration below these bands.

Of course, if the bending is weakened, this state will soften and

1

eventually become the 450 cm ' surface state of the silicon-terminated

surface. However, we believe a fully Chlorinated surface should show

1

up in Vycor glass as an augmentation of the 800 cm ' bulk band in the

Raman effect, perhaps a similar effect in the infrared, and a complete

1

disappearance of the 980 cm™ ' and 380 cm'] hydroxyl-induced surface

states.
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2.5, Summary

We have presented a theory of surface phonons in amorphous
silicon dioxide based on the use of the Bethe lattice as a model for
the structure of the amorphous material. The theory treats the surface
as an isolated atomic site which is bonded to the Bethe lattice
everywhere the site ordinarily bonds to the substrate. The theory is
motivated by the observed tendency in bonded solids for the two-
dimensional nature of the surface to be less imporant, in most respects,
than the bonding arrangement near the surface and the infinity of the
substrate. We have constructed our model using a simple nearest-
neighbor Hamiltonian containing two parameters which are fit to the bulk.
We have used it successfully to interpret and clarify infrared and Raman
scattering experiments performed on samples of porous Vycor glass. We
have also predicted the effects on the Raman and infrared spectra of
chlorinating the glass.

The most important accomplishment of the theory is the
demonstration that the potentially complicated surface of an amorphous
solid can be understood almost completely in terms of the bonding on
and near a surface site. We have isolated the various effects of the
substrate, identified the most important one, namely the substrate's
infinity, and found a way of including it in the model so that the
important local effects can be identified. Since the tendency of the
surface states to be localized at the surface is a property of all
bonded solids, cyrstal and amorphous, the theory and the simplifications

inherent in it are also applicable to crystal surfaces. Accordingly,
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the methods discussed in this paper can be applied to an enormous
variety of materials. We feel that the approach holds great promise

for clarifying some of the fundamental problems of surface physics.
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CHAPTER III
BULK ELECTRONIC STRUCTURES OF CRYSTALLINE AND AMORPHOUS 5102

In this chapter, we shall be concerned with the electronic
properties of bulk amorphous 5102. The goal of this chapter is to
pave the way towards an understanding of disorder, defects, surfaces
and interfaces in 5102 using the cluster-Bethe-lattice technique.
Despite the fact that crystaliine forms of 5102 have been studied

extensive]y%'37

in recent years, disordered 51'02 systems have not
received adequate theoretical attention because of their extreme
complexity. As was demonstrated in the previous two chapters, however,
the cluster-Bethe-lattice method is an excelient approach for
calculating excitations of these structurally indeterminate, infinite,

non-periodic systems realistically.

An important step in the application of the c]uster-Befhe-
lattice method is the development of a realistic tight-binding
description of the bulk. In this chapter, we therefore concentrate
on developing a tight-binding Hamiltonian for a-quartz and using it
to extrapolate to the most fundamental disordered system, the bulk
amorphous material. In doing so, we develop a picture of 5102 which
stresses the importance of the local atomic environment, and in which
features of the electronic structure universal among all allotropes
of 5102 are identified. We go beyond previous local descriptions in

that we explain the widths and shapes of the major bands as well as
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their centers of mass. This enables us to obtain a quantitative
understanding of the formation of the fundamental gap in 5102, and
necessitates a new picture of bonding in S1'02 in which oxygen 2s states
play a crucial role. It a1so/enab1es us to understand quantitatively
the Toca1 symmetries of the states at the valence and conduction band
edges, and thus shed 1ight on the nature of the optical absorbtion
edge. In addition to discussing the similarities between the crystalline
and amorphous phases, we also discuss differences, in particular
those resulting from topological and bond-angle disorder in the glass.
~The plan of the chapter is as follows. 'In the first section,
we discuss the solution of the electronic Bethe lattice. In the
second section, we discuss bonding in 5102, starting with the bond-

orbita127

picture, which serves as a useful guide in constructing other
types of localized description of the electronic states. In the
fourth section, we compare the results for o-quartz and its Bethe
lattice counterpart. In the fifth section, we discuss: (i) the
relation between the shapes of the major bands, (ii) the symmetries
of the states about the silicon centers, (iii) the disallowed nature
of the first optical transitions, and (iv) the role of the various
tight-binding parameters in shaning the density of states. In the
sixth section, we discuss the ionicity of 5102 in the context of

the formation of the fundamental gap, and the significance to the
formation of the gap of the oxygen 2s wave function admixture in

the lowest conduction states. In the seventh section, we discuss

the effects of topological and bond-angle disorder in the glass. MWe
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conclude with a summary.

3.1. The Electronic Bethe Lattic«

We shall illustrate the Bethe lattice formalism with an
idealized form of 5102 in which each atom possesses only one s state.
If the silicon and oxygen wavefunctions are denoted Vg and Yo then

the simplified Hamiltonian is summarized as

“bsilHlvsi> = e (45)
<y IHlvg> = g (46)
<bgilHlvg> = V (47)
<pp|Hyy> = V! (48)

where only nearest-neighbor interactions are nonzero.
To solve the Bethe lattice, we first renormalize away the
silicon degree of freedom, effectively transforming the Hamiltonian

into that of Weaire and Thorpe38:

- e - 2\’2

<VolHlug> = &g = g9 * 7 e5q (49)
-~ ~ 2

aglfijpg = V= vt + (50)

E-Es-i

This 1s depicted schematically in Fig. 21(a). We then confine the
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Figure 21: Interaction diagram.for the model Bethe lattice.
(a) With silicon degree of freedom removed, and
(b) with each oXygen orbital replaced formally with

two orbitals strongly bonded together.
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Hamiltonian to an 04 molecule. As this has tetrahedral symmetry,
the Hamiltonian is diagonalized trivially with one A] and three Fz

states:

- %-(lw]> + |¢2> + l¢3> + |w4>) (51)

=
-—
v
}

1
|Fp> = 7'(|w]> + |¢2> - 3> - [¢4>) (52)

the eigenvalues of which are

€ = €
A] 0

and

€F2 = EO - \7 . (54)

The intra-molecular Green’s function is thus given by

AP EE PN

€'EA

1 ;3
. ) gFg><F2| (55)
1 2 J

Attaching the rest of the Bethe lattice is equivalent to adding an

energy-dependent self-energy Z to each orbital. In the Bethe lattice,

one then has for the Green's function confined to a molecule:

1 3 pd

£ = £
Ay 2
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The diagonal Green's function matrix element associated with an
oxygen orbital is thus

= 1/4 + 3/4 (57)
£ = er -7

Similar reasoning, however, may be applied to an isolated orbital. In
the absence of the rest of the system, the Green's function of an orbital

is

Gy, = . (58)

Gy, = —] (59)
0

‘The self-energy, Z, is thus determined by the condition

Do
] _ 4
e~ &y - 22 € - EA1 - 27 + e - er -7 (60)

Equation (60) may be solved iteratively or as a polynomial. The

Bethe lattice density of states is then given by

pw)=-%mkf757ﬁ). (61)
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The significance of the eigenvalues appearing in the
denominators of equation (60) may be easily understood in terms of
the unbonded Weaire-Thorpe system, shown in Fig. 21(b). This Bethe
lattice, which is a system of interacting 04 molecules, is equivalent
to the one on the left in the 1imit of large A. Up to a self-energy
shift of -A counteracting the shift due to bonding, the A1 and F2

eigenvalues of a molecule are

EA'I = 25A1 - EO (62)
el =2 =g, . (63)
F2 F2 0
Substituting
€ = £
L= —g2ty (64)
into equation (60) we obtain
7 7
L + . . (65)

Thus, the parameters of the system influence its density of states

only through the eigenvalues of the isolated 04 molecule. This may
be shown by explicit solution of equation (65) to delimit the band

edges.

When a more realistic Hamiltonian is substituted for the
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simplified one, the analysis in the foregoing section remains basically
unchanged but for the substitution of matrices for scalars. An

equivalent method of solution is outlined in Appendix B.

3.2. Bonding in 5102

27 that the

It was shown originally by Pantelides and Harrison
electronic structure of S1‘O2 could be understood simply in terms of
the electronic levels of a small bonding unit containing an oxygen
atom and one sp3 hybrid from each adjacent silicon atom. Their
picture is illustrated in the upper half of figure 22. The three 2p
orbitals on the oxygen interact with the hybrids to form five bond-
orbitals. The oxygen p state perpendicular to the bending plane
becomes the lone-pair bond-orbital at the 02p~1eve]. The remaining
nonbonding oxygen p interacts with the symmetric combination of hybrids
to form the weak-bonding and weak-antibonding bond-orbitals. As this
interaction reduces to zero when the Si-0-Si angle is increased to
180°, the amount of miXing Ts.fair]y small. The oxygen p pointing
along the bond interacts with the antisymmetric combination of hybrids
to form the strong-bonding and strong-antibonding bond-orbitals. The
six electrons available for bonding then fill the system up to the
lone-pairs, which thus form the upper valence banrds. The gap lies
between the lone-pair and weak-antibonding energies, which is approxi-
mately the difference between the oxygen 2p and silicon hybrid levels.

If the interaction between adjacent hybrids on the same

silicon, as well as those between nearest-neighbor oxygen atoms, are



Figure 22:
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Bond-orbital picture of band formation in SiOz. Silicon
hybrids and oxygen 2p states interact (top) to form

five bond-orbitals, each of which subsequently broadens
(bottom) into a band of characteristic shape. The width
of this band scales with the nearest-neighbor interaction,

V.



-104-

s\

YJOMION
papuog

; . _
AY
/I

ID}IQJO
puog

Buipuog bBuouils u@@n .
W\

Buipuog soam
Jio4d 3uo"

BuipUOgiUY HDIM

Bupuoanuy Buons s _—

(=)




-105-

sufficiently weak, bond-orbitals will interact effectively only with
others of the same species. This is illustrated in the lower half of
figure 22. To an excellent approximation, bond-orbitals interact only
when they are adjacent, and always with the same interaction Vi Thus
the Hamiltonian which describes the broadening of a bond-orbital into
a band is always the same, up to the magnitude of V, which determines
the band's width. By inspection, assuming no odd-fold rings of bonds,
the completely bonding state is lowered by 6V, while the antibonding
state is raised by -2V. This delimits the band. As the center of
mass is unshifted, the antibonding states must be always more dense
than the bonding states.

In the section on the bending nature of the gap, we shall
criticize the bond-orbital picture just described vn the grounds that
it excludes oxygen 2s states. We remark at this point that inclusion
of oxygen s states does not alter the picture qualitatively. Even
if bonding between these states and silicon hybrids is important, by
symmetry only the weak-antibonding bond-orbital will acquire
significant oxygen s character. In principal, the weak-bonding
state is also affected, but in practice the amount of silicon
chagécter in it is too small. The primary effect, therefore, of
including oxygen 2s - silicon hybrid interactions is to push the oxygen
s and weak-antibonding levels apart while mixing their characters

slightly. This has been noted previously by Yndurain.39
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3.3. Densities of States

Experimenta11y?6’37’40'43 the electronic structures of

crystalline and amorphous 51‘02 are known to be very similar. In figure

23, we show X-ray photoemission spectra40

of the crystal and the glass,
in which this similarity is quite pronounced. In each case, one sees
two distinct bands, one composed of both weak-bonding and lone-pair
states (0-5 eV) and another which is strong-bonding (6-11 eV). The
widths of these bands are the same in both materials, as are their
overall shapes. There is structure in the strong-bonding band of
a-quartz near 9 eV which is absent in amorphous silica, but the peak
at 6 eV is invariant. The lone-pair-like band tends to lose some
fine structure and peak up slightly in the center as the material is
made amorphous. Overall, however, the differences between these two
spectra are subtle.

In figure 24, we show theoretical densities of states for
a-quartz and the Bethe lattice calculated using an empirical tight-
binding Hamiltonian fit to the self-consistent pseudopotential band

28 nd to experiment40. In each case one sees

structure of a-quartz
four distinct bands: the oxygen s states (-22 to -19 eV), the
strong-bonding states (-11 to -6 eV), the lone pair-1ike band

(-5 to 0 eV), and the weak-antibonding conduction states (10 eV and
above). There is structure in the center of the strong-bonding

band of a-quartz near 9 eV wHich is absent in the Bethe lattice, but

the spike near -6 eV is invariant. This effect is also seen in the

oxygen 5 and lower conduction bands. There is virtually no change in
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Figure 23: X-ray photoemission spectra of a-gquartz (top) and
amorphous silica (bottom) taken from Reference 40. The
solid curves are smoothed versions of the data, shown

in dots.
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Figure 24: Densities of states of a~quartz and the Bethe lattice

calculated using the Hamiltonian listed in Table I.
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the Tone-pair-Tike band when the Bethe lattice is substituted for
a-quartz.

The calculated band structure of a-quartz along the principal
symmetry directions of the Brillouin zone is shown in figure 25. As
the pseudopotentia]28 calculation gives the wrong splitting between
the oxygen s and strong-bonding bands, this distance has been fit

43 40 data. The gap is indirect (A to r) and

to X-ray emission™™ and XPS
has a magnitude of 9.2 eV. The ordering of the degeneracies at
symmetry points agrees with the pseudopotential except in the lone-pair-
1ike bands. The density of bands in this region is so great that
simultaneously fitting the density of states and the ordering of the
degeneracies is impossible with the parameterization we have chosen.
The dispersion of the remaining bands shows considerable duplication.
The oxygen s, strong-bonding and lower conduction regions all contain
six bands, only three of which disperse significantly. These three
clearly scale between the oxygen s and lower conduction bands but have
their degeneracies reversed in the strong-bonding bands. This
reversal is due to the negative phase between the silicon hybrids in
the bond-orbital. In each of these three regions, the remaining
non-dispersive bands induce a large density of states at the upper
edge of the band.

The parameters used in the tight-binding Hamiltonian are
summarized in Table 1. The basis set consists of 5135, Si3p, 025,

and OZp states only. All possible nearest-neighbor Si-0 interactions

are included, as are small nearest-neighbor 0-0 interactions. These
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Figure 25: Band-structure of a-quartz calculated using the Hamiltonian

Tisted in Table I.
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Table I:
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Tight binding parameters for Si02: Oxygen-oxygen parameters
are defined relative to the 0-Si-0 bonding plane. Oxygen

p orbitals in the plane may 1ie either along the bond or
perpendicular to it. The possible in-plane interactions

allowed by symmetry are parameterized by V? through V§.
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<SigHISis> = 495 <OgHIO> = -16.4
<SiglHlsip> = 1.2 <OgHop> = -1.3
<SiglHIO> = -305 <OH|O>
<SipHIOg> = -7.0 V.= 0.574
<SiglHlOp> = -54 V5= -0.548
<SipHIOR> = 54 V5= -075
<SigHIOp> = 1.4 . Vi= 026
| Vo = -045

NS
A K P o
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latter are described in Table 1. The criteria for determining the

parameters are discussed in the next section.

3.4. Shapes of Bands

The oxygen s, strong-bonding and lower conduction bands have
in common a characteristic shape in the Bethe lattice which carries
over to a«-quartz, up to additional superimposed structure. These
bands all derive from a single bond-orbital and are thus described

38 The solution

by the bonding part of the Weaire-Thorpe Hamiltonian.
of the Bethe lattice using this Hamiltonian has been outlined in
equations (45) through (65). If G is the energy of the bond-orbital
and V is the interaction between two bond-orbitals in the same

tetrahedron, then one may substitute
g, * 6V (66)

v (67)

n
m

1
nN
-

into equation (65) to obtain the density of states. The symmetry of
the states about the silicon centers is reflected in the local
densities of states, the density of states weighted by the square of
the amplitude of each state on an A] or F2 combination of bond-

orbitals. These are given by



-117-

: 2 .| 1
pA]‘ (E) s - p Im E_'—E_R—:_S—J (68)
1
pp (e) = - 2 In — (69)
F2 ™ e - EFZ -6 )
We have
ole) = xop () + 3 op () (70)
T Pa, 7 °F,

In figure 26, we show the solutions to these equations for o = 0 and
V = ~1. The characteristic asymmetry seen in these three bands is
accurately reproduced. The states at the bonding edge may be seen to
have pure A] character, while the antibonding states are pure F2.

43 which probes the local densities of

X-ray emission spectroscopy,
states, verifies this A] - F2 asymmetry for both the oxygen s and
strong-bonding bands:* The lower edges of both are enhanced in the
Si L2’3 spectrum, while the upper edges are enhanced in the Si KB'
It is clear from figure 24 that the three-peak structure

of the lone-pair-like band also results from local symmetries which
are preserved in the Bethe lattice. This can be understood in terms
of a model similar to that used to describe the strong-bonding band.
The width of the lone-pair-1ike band, which is due almost entirely
to the oxygen-oxygen interactions, is much greater than the
splitting between the lone-pair and weak-bonding bond-orbitals. It

is appropriate, therefore, to treat this splitting as a perturbation

to the system in which the Si-0-Si angle is 180°. This approximate
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Figure 26: Solutions of equations (68) - (70), representing the
density of states and orbital symmetries of an idealized

bond~orbital-derived band.
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system may be further idealized by formally removing all unnecessary
orbitals: all those except the oxygen p states perpendicuiar to the
bond. The model thus formed may be solved by analogy with equetions
(45) through (65). Each oxygen orbital is split into two, and ore
half assigned to each adjacent 04 molecule. The transformed
Hamiltonian, confined to a molecule, then splits the molecule into
energy eigenstates, the eigenvalues of which appear in the denominators
of equation (65). 1In this case, however, there are eight degrees of
freedom in the molecule and three energy eigenvalues: a doubly-
degenerate E state, a triply-degenerate F2 state, and a triply-
degenerate F] state. The analog of equation (65) for the lone-pair-

1ike band is thus

2/8 3/8 3/8
26 a-e'—6+€-€'-6+e-€'-6' (71)
E F F,

In figure 27 we show the solution to equation (71) together with the
E, F] and F2 local densities of states. The eigenvalues are those
resulting from the oxygen-oxygen interactions listed in Table 1, with
the 02p energy set to zero. The shape is very similar to that seen
in figure 24, up to excessive strength near 2 eV and the lack of a
discernable peak at -2 eV. Both of these disparities result from the
absence of the Si-0-Si bend. These differenceg notwithstanding, the
calculation shows clearly that the three-peak structure results from
the integrity of the 3104 tetrahedra.

The oxygen-oxygen interactions have peen fit to order the
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Figure 27: Solution of equation (71), representing the density of
states and orbital symmetries of an idealized lone-pair-

1ike band.
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eigenvalues in the manner

€F (72)

as this is the ordering found in two less empirical calculations

29,34

performed for the S1‘04 moiecule. We emphasize, however, that

this ordering is also consistent with the pseudopotential resu]ts.28
The pseudopotential density of states in this region is asymmetric,

the low-energy side being smaller. This would indicate that the
eigenvalue with the smallest degeneracy is the most deeply bound. 1In
addition, the first direct optical transitions in the pseudopotential
calculation appear to be dipole-forbidden, despite the lack of any
obvious svmmetry of a-quartz which should prevent them. As the

lowest conduction states have s-1ike symmetry about the silicon centers,
a reasonable explanation for this selection rule is that the states

at the valence band maximum have F] symmetry. The orbital densities

of states in the lower half of figure 27 show this to be the case

with the ordering we have chosen. The F2 state is p-like about the
silicon centers, while the F] and E states together form a d-like
manifold. Based on this interpretation, we predict that the first

direct transition will be forbidden in any allotrope of Si02 in which

the Si04 tetrahedra remain intact.

The model calculations discussed in this section demonstrate
that parameterizing the density of states of S1'02 effectively reduces

to parameterizing a set of eleven eigenvaiues, which 1ie at the major
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band edges and at peaks in the density of states. These include the A1
and F, eigenvalues of the oxygen s, strong-bonding, weak-antibonding
and strong-antibonding bands as well as the E, Fy, and F, eigenvalues
of the Tone-pair-like band. They may be obtained as eigenvalues of
five small matrices having tight-binding parameters as elements. These
are listed in Table 2. Although the table is strictly valid only when.
the Si-0-S1 angle is 180°, it is generally helpful in showing the
approximate functions of the various parameters. For example, the «
interaction, which is not included in the bcnd-orbital picture at all,
may be seen from Table 2 to couple silicon p states to the F2 combination
of lone-pair-like orbitals. It primarily causes the latter to interact
virtually with itself and with the p-1ike spike of the strong-bonding
band. This results in an apparent shift of its energy and a shifting
and severe broadening of the spike. Table 2 also shows that the
oxygen-oxygen parameter Vg has a similar effect. The fact that this
spike is fairly sharp in the pseudopotential results indicates that
either these parameters are small or their effects cancel.

A1l of the necessary eigenvalues but two may be obtained
from the pseudopotential density of states or from experiment. The
remaining two fall somewhere in the upper conduction bands beyond 15 eV,
where both the pseudopotential and tight-binding calculations are
unreliable. For want of a better value, we have set them both to
roughly 17 eV. As the pseudopotential resuits show that the peak at
15 eV is not weak-antibonding in character, we have made it strong-

antibonding. This is not completely correct either, however, and thus
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Table II: Six small matrices, the eigenvalues of which determine
peaks and band edges in the Bethe lattice density of

states.
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the character of our conduction bands is probably unreliable above

14 eV. With the eigenvalues established in this manner, we have 11
constraints on the Hamiltonian and 14 parameters. To constrain the
parametrization completely, we set the orbital self-energies to their
atomic values, but allow the silicon levels to shift together relative
to the oxygen levels. We find that in order to fit the density of
states, particularly to open up the gap, the silicon levels must be
shifted upward between 4.5 and 7 eV, depending on what one takes for

the atomic levels.

3.5. The Bonding Nature of the Gap

One of the oldest controversies about Si0, is whether it is
ionic or covalent. In the sense of charge transfer, there is no
controvery: the amount of charge on an oxygen atom is usually
estimated to be -1, placing 5102 easily in the category of ionic
materiais. In the sense of the gap, however, the issue is far from
resolved. In a classical ionic materials, such as NaCl, the electronic
Tevels of the neutral anion and cation are very different, so that
qualitatively, as the atoms are brought together to form the solid,
relatively 1ittle bonding occurs, and the size of the gap reflects
primarily the disparity in the atomic levels. In a classical covalent
material, such as silicon, the anion and cation levels are so similar
(equal) that the size of the gap reflects primarily the strength of
the bonding interaction. Which of these pictures is more appropriate

for describing 5102 bears heavily on the question of inhomogenities
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and defects. If one breaks a bond in a covalent material, for example,
the gap region will be severly perturbed, and the result will be a
dangling-bond state in the gap. 1In an ionic material, on the other
hand, the perturbation is small and there will be no state in the gap.

The charge densicies produced by the pseudopotential

calculation show that the Towest conduction states of a-quartz have
considerable oxygen s character. This is usually interpreted as
oxygen 3s, the implicit understanding being that there is an accidental
degeneracy of these states with the excited oxygen 3s resonance, which
thus mixes in without significantly altering the energies. There are
two strong arguments in favor of this picture:

a) Assuming that the 02p level 1lies at the center of the
lone-pair-like band, the O3S state Ties at roughly this
energy.

b) The 025 states and lower conduction bands are separated
by 30 eV, an excessively large range over which to find
significant oxygen 2s character.

Despite these arguments, however, we believe that the significant
oxygen character is not 3s but 2s, and that is presence is crucial
to the formation of the gap in 3102. The reasons are the following:

a) The atomic silicon 3s and oxygen 2p levels are approximately
equal. Unless bonding of silicon s states with oxygen 2s
is introduced, the gap can be opened only by raising the
silicon levels between 7 and 9 eV. This is very

unphysical, in light of the enormous charge transfer in
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5102. We have, in fact, been able to take matrix

elements of atomic wavefunctions across the pseudopotentia]44
and find, not surprisingly, that the silicon 3s Tevel
lies slightly below the oxygen 2p.

b) The pseudowavefunction of the lTowest conduction state is

antibonding.44

The negative phase between silicon and
oxygen amplitudes appears to be necessary in order to have
orthogonality to the oxygen s bands.

c) The size of the interaction needed to open the gap, the
amount of oxygen s character this places in the conduction
bands, and the amount of silicon character mixed into
the oxygen s bands are all reasonabie.

This last statement may be shown to be true by constructing a

reasonable tight-binding model which gives charge densities similar

to those of the pseudopotential. For this purpose, we have pseudized

Herman-Ski]]man45 wavefunctions by fitting to two gaussians outside

the core (distances in a.u.):
b = exp(-0.180r2) (73)
U, = exp(-0.514r2) (74)
With the Si-0-Si angle set to 180°, one obtains the two-level problem

for the energies and wavefunctions of the lowest conduction band

lowest oxygen s state indicated in the first matrix in Table 2. 1In
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Table 3, we Tist an alternate set of parameters in which the 5135 and

02 levels are reordered, but which gives the same energies as the

p
parameters in Table 1. This is made possible by the inclusion of

a small nearest-neighbor overlap. Using the amplitudes produced by
these parameters, we make bonding and antibonding combinations of the
wavefunctions (73) and (74), square to produce charge densities, and

compare these with the pseudopotential resu1t528

in Figure 28. The
spacing between contours is unform within a frame, but cannot be
compared between frames. Figure 28 shows that the charge densities
of both the oxygen s and lower conduction bands are consistent with
the idea that the gap in S1‘02 is completely covalent. Despite the
fact that the oxygen s states contain 12% silicon character, they
Took free of silicon because the silicon orbitals are so much more
diffuse than the oxygen orbitals. The antibonding state is also in
excellent agreement with pseudopotential. It contains less oxygen
character than it should, however, which seems to indicate that
oxygen 3s is participating in the state as well.

We have been able to construct an entire Hamiltonian based
on atomic levels which produces densities of states virtually identical
to those in Figure 24. We have not Tisted its parameters, however,
because including the non-orthogonality causes the Hamiltonian to
be severely overparameterized. It is clear, however, that such

nonorthogonal Hamiltonians are closer to the truth as regards the

silicon dangling bond states than is the one listed in Table 1.
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Table III: Partial Tisting of a Hamiltonian including nearest-
neighbor overlaps which produces the same density of
states as the one Tisted in Table I. These are the

parameters pertinent to Figure 28.
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_<op|H|op> = -1.3 <SigHISis> = -4.28

<O H|IOs> =-16.88

<{SigH|IOg> = -531 {Sig|Og> = 014
Vo = -0.45 |
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Figure 28: Comparison between pseudopotential charge densities and
those calculated using the Hamiltonian Tisted in
Table III and the model wavefunctions (73) and (74).
The dot in each frame is a silicon atom and the circles

are oxygen atoms.
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3.6. Disorder

The major differences between the densities of states of
crystalline and amorphous silicon have been attributed conc]usive]y46
to differences in topology. As was discussed in chapter 1, the
topological randomness of the disordered system tends to be modeled
well by the topological neutrality of the Bethe lattice, so that one
can assess the effects of disorder by comparing the crystal and Bethe
lattice densities of states. Amorphous silicon is described

38 which was discussed in

approximately by the same Hamiltonian
section 3.1. Thus, the differences one sees in Figure 24

between the crystal and Bethe lattice strong-bonding bands are exactly
analogous to the differences between crystalline: and amorphous silicon.
The three-peak structure seen in this band in a-quartz has been shown

47

by Thorpe™ to be due to the presence of six- and eight-bold rings

of bonds. In silicon, one has only six-fold rings, and this reduces

46 Nevertheless, the disappearance of this

the number of peaks to two.
structure when the material is made amorphous, which is evident in
Figure 23, is the same phenomenon in both materials, and thus provides
additional evidence that the bonding picture of S1‘O2 is the correct
one. While this structure has not yet been resolved in either the
oxygen s or lower conduction bands, it should also be found to
disappear in these bands when the solid is made amorphous.

While bond-lengths remain fairly constant in the amorphous
material, bond-angle fluctuations, particularly of the Si-0-Si angle,

48

are known - to be prevalent. An obvious question to ask is whether
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these fluctuations are the cause of the disparity in the lone-pair-like
bands between the upper and lower halves of Figure 23. To the extent

a nearest-neighbor description is accurate, this is not the case.

The effect of opening and closing the Si-0-Si angle, for example, may
be assessed by comparing the lone-pair-like region in Figure 24 with
the top of Figure 27. Qualitatively, changing this angle robs states
from one edge of this band and transports them to the other, without
changing the band's width or putting states in the center. This is
caused by a change in the splitting between the weak-bonding and
lone-pair bond-orbitals. In addition, distorting the S1’04 tetrahedron
tends to increase the mean-square splitting of the lone-pair orbitals,
and thus the width of the band. As the tight-binding density of states

40 than that of the crystal, a 1likely

looks more 1like the amorphous XPS
explanation is that these effects are caused by distant-neighbor
interactions which are disrupted in the glass.

The region of the density of states which should be severely
affected by bond-angle disorder is the conduction band edge. When
the Si-0-Si angle is 180°, the weak-antibonding bond-orbital, which
forms the bottom of the conduction band, contains no oxygen p character.
As this angle is bent, progressively more oxygen p is incorporated into
the state, resulting in upward motion of this state by 2 eV upon
reaching the nominal a-quartz angle of 144°. The magnitude of this
effect is determined by the strength of the bonding interaction, which
can be determined fairly unambiguously from the splitting between the

strong-bonding and lone-pair-1ike bands. Pantelides and Harrison

have shown that the interaction of this state with the oxygen p states
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should scale as cos [%J. Thus the fluctuations of about +10° seen in

28 should result in roughly 0.5 eV band

this angle in amorphous 3102
tailing at the conduction band edge. We cannot, however, describe

the localization, if any, of these states at this time.

3.7. Summary

In this chapter, we have developed a picture of the electronic
states of 5102 in which pericdicity plays no role. Using the Bethe
lattice as a structural model for the material, we have been able to
attribute quantitatively a number of its properties to the integrity
of the local atomic environment, particularly the 3104 tetrahedron,
in its structure. The most significant of these are the overall
shapes of the bands and the dipole selection rule forbidding the first
optical transitions. We have also shown that S1'02 has a classically
covalent gap, the great size of which is directly attributable to the
presence of oxygen 2s character in the lower conduction bands. As
regards disorder, we have made two major points: (a) the major
differences between the densities of states of crystalline and
amorphous 3102 have analogs in silicon, and (b) there should unquestionably

be considerable band-tailing from the conduction bands in the gﬂass.
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CHAPTER IV
ELECTRONIC STATES OF THE 51-510? INTERFACE

MOS technology is made possible, to a large extent, by the
ability of a layer of silicon dioxide to stabilize a silicon surface,
and to eliminate the surface states from it without introducing a
large density of interface states in or near the silicon gap.
Unfortunately, this elimination is not perfect. There typically

remains a residual density of interface states between 10]] and 10]2

per cmz.49 These remaining states impeded the operation of the device,
and it is therefore of great interest to understand their chemical
origin. In this chapter, we introduce a new theory of 51-5102
interfaces we have developed which can shed some 1ight on this problem.
The great disparity between the lattice constants of Si and
5102 necessarily causes the interface region between them to be highly
disordered; this, in turn, causes the theoretical problem to be
extremely difficult. In particular we expect to find regions in the
1nterfdce in which the bonding is ideal, regions where the bonds are
distorted slightly, and regions where bonds are actually broken, and
all three types of regions must be included in any realistic theory.
Clearly, it would be of great advantage to somehow isolate these
regions and study them separately. The method we have used to study

the bulk, the cluster-Bethe-lattice method, is ideally suited to this

task.
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4.1. 1Ideal Interfaces

The behavior of the interface when it is ideal can be
understood very simply in terms of what happens to a silicon surface
when it js oxidized. 1In Fig. 29, we compare local densities of
states near a silicon surface when it is bare (left) and after an
oxygen atom has been bonded to the surface (right). As one comes up
from the interior towards the bare surface, one sees a sharp surface
state growing in the middle of the silicon gap and deriving from the

dangling sp3

hybrid orbital at the surface. This contrasts sharply
with the behavior when the surface is oxidized. Now as one approaches
the surface, one finds no surface in or near the gap, but four
oxygen-derived surface states away from the gap. These include the
oxygen s level (-28 eV), the oxygen non-bonding p level (-13 eV) and

a bonding (-16 eV) and antibonding (5 eV) pair formed by the
interaction of an oxygen p state with the dangling hybrid at the
surface. Similar features have been seen in ultraviolet photo-

50 Now, as the oxide

emission spectra of oxidized silicon surfaces.
is allowed to thicken, these four surface states broaden and shift
slightly to become the three major valence bands and the conduction
band of the oxide.

In Fig. 30, we show local densities of states calculated
for several atoms in and near an ideal interface. The energy difference
between the silicon valence band maximum and the oxide conduction band

51

minimum has been fit to experiment. On the oxygen atom deepest

in the oxide we see the three major valence bands and the conduction
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Figure 29: Local densities of states versus energy for bare Si
surface (left) and for the same surface with an

oxygen atom attached (right).
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Figure 30: Local densities of states versus energy for an ideal
interface, starting at the top with an oxygen atom,
and proceeding layer-by-layer through the interface

and down into the silicon.
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band just mentioned. Again, as we approach the interface from the
silicon side, we see no interface state growing in or near the

silicon gap. There are, however, interface resonances, in particular
one at ~18 eV and one at -14 eV. These can be understood simply in
terms of the bond-orbital approach of Pantelides and Harrison27 in

that they derive from the incomplete (3-fold) coordination of the
strong-bonding and weak-bonding bond-orbitals contained in the isolated

Si-0-Si unit at the interface. However, the most important result in

Fig. 30 is that there are no interface states near the silicon gap.

4.2. Disordered and Defective Interfaces

Given that an ideal interface is free of states near the
gap, the observed states must be caused by deviations from ideal
behavior - by disorder in the interface or by bonding defects.

In Fig. 31, we investigate explicitly the effects of
distorting the Si-0-Si angle at the interface. The Teft column is
the ideal interface with this angle closed down by 30° from its
nominal value of 140°; the right §o1umn is the ideal interface
with the angle opened by 30°. Concentrating on the region near the
silicon gap, we see that very Tittle happens at the valence band
edge as the angle is opened. Something very important happens afk
the conduction band edge, however. The small tail near the
conduction band edge iﬁ the upper panels grows as the angle is
increased, indicating that opening the angle pulls states down out

of the conduction band and places them on silicon atoms in the
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Figure 31: Local densities of states versus energy for an interface
with the same bonding configuration, but with the
Si-0-Si angle at the center distorted by -30° (left)
and +30° (right).
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oxide. The effect is small because only one angle is distorted. In
a real interface, many angles can be opened, causing the state to
grow and eventually pop out into the gap. Therefore, we expect that
distortions of the Si-0-Si angle near the interface will cause a tail
of localized states near the conduction band edge. This pulling

down of states occurs because the region is becoming more 1like
g-Cristobalite, which has a smaller gap than a-quartz, given the
same Hamiltonian. Opening the angle also causes states to shift away
from the gap at -16 eV. This is because the bonding interaction is
increasing (moving the strong-bonding states near -18 eV downward)
while the weak-bonding bands (near -14 eV) are moving upward to
become degenerate with the Tone-pair bands at 180°. However, the
most important result in Fig. 31 is that distortion of this angle

can generate a tail of states near the silicon conduction band edge
but not near the valence band edge.

Another bond-angle distortion one might investigate is that
of the 0-Si-0 angle in the oxide. This would tend to make a tail of
states near the oxide valence band edge, since the upper part of the
valence band is lone-pair-like and sensitive to nearest-neighbor
oxygen-oxygen interactions. However, this kind of bond-angle disorder

. L s 48
is much less prevalent in vitreous silica

and it is not of
immediate interest since it does not effect the silicon gap. One
might also have bond-angle disorder in the silicon. We know, however,
from studies52 performed on bulk silicon that this kind of disorder

generates a tail of states near the valence band edge due to
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dehybridization, and a much weaker tail of states near the conduction
band edge due to fluctuations in the second-neighbor distance.
Therefore, we have established that bond-angle disorder tends to
generate states near both band edges, those near the valence band
being localized in the silicon, those near the conduction band being
Tocalized in the oxide. |

Localized states can also be generated by bonding defects.
There are two major types of bonding defect one might find in the
interface region: those deriving from dangling oxygen bonds and
those deriving from dangling silicon bonds. The former tend to
generate localized states near the oxide valence band edge because
they are non-bonding p-like. They are thus not relevant to the
problem of interface states in the silicon gap. Dangling silicon
bonds, on the other hand, tend to generate state in and near the
silicon gap.

In Fig. 32, we show the ideal interface discussed earlier,
but with a missing atom on the silicon side. The local densities
of states of the various atoms are practically identical with those
of the ideal interface, except in and around the dangling-bond
defect. There, we see a sharp interface state, highly localized
and situated in the middle of the silicon gap at the same energy
where the dangling-bond surface state appeared on the bare silicon
surface. This state also derives from the dangling sp3 hybrid at
the defect site and is so localized that it is essentially the

same state as appears at the silicon surface. From Fig. 32, therefore,
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Figure 32: Local densities of states versus energy for an interface
region containing a dangling Si bond on the silicon

side of the interface.



‘Local Density of States

Interface with Dangling Silicon Bond

~150-

Lo

p {"

20 -0
Energy (eV.)




-151-

we conclude that dangling bonds on the silicon side of the interface
can generate localized states deep in the gap. A sharp interface

state similar to this one has been observed ekperimentaﬂy.53

4.3. Summary

In this chapter, we have established the following:

1. If the interface is ideal (containing no broken or
distorted bonds), there are no interface states in or
near the silicon gap.

2. Bond-angle disorder in the oxide tends to generate a
tail of states near the silicon conduction band edge,
but not near the valence band edge.

3. The only bonding defect which causes a sharp state

deep in the silicon gap is a dangling Si bond.
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APPENDIX A
THE SILICON DIOXIDE BETHE LATTICE

We first set up local coordinates on each silicon atom and
make them identical by requiring that the coordinates of the rzarest-
neighbor oxygen atoms always be the same. The oxygen neighbors are
positioned at the vertices of a perfect tetrahedron and numbered 1
through 4. For convenience, we introduce a 3 x 3 matrix S which
rearranges the bonds according to a cyclic permutation o. Letting Dv
denote the dynamical matrix connecting the central silicon atom and

h

the vt oxygen atom, we have

-1 _
o5 =0, (A1)

We also introduce four orthogonal matrices MV which transform vectors
from the four neighbor silicon coordinate systems into the central
silicon coordinate system, and which contain the bond angle information.
These are taken to be symmetries of crystalline silicon dioxide, and

have the following properties:

52 -] (A2)

v a(v)

—
=
1]

(A3)

~
=
—]
1]
—

3. My = M, S (A4)
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These are two symmetries of the crystal which send a silicon atom to its
neighbor. The first rule expresses the arbitrary selection of one of
these which attaches a v bond and a o(v) bond to the same oxygen atom.
There 1s no symmetry which attaches the same bond to both sides. The
bond matching convention is illustrated in figure Al. The second rule
expresses the translational symmetry connecting atoms 1 and 2. These
axioms are guite sufficient to generate the four transformations, and

lead to a Si-0-Si angle given by

cos (o) = - %? (A5)
and a dihedral angle given by
cos (y) = 2105 (A6)
42

The dynamical matrix connecting the silicon atom with itself is

constrained by transiational invariance of the total Hamiltonian to be

A=-T0D (A7)

th

and the matrix Bv connecting the v~ oxygen atom with itself is

similarly given by

-1
B, = - [Dv + MvDo(v)Mv 1 (A8)
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Figure Al: Bond-matching rules for silicon dioxide Bethe lattice.
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Using these dynamical matrices appropriately reduced by the silicon and
oxygen masses we generate a repeating sequence of equations describing

the vibrational Green's function in the frequency domain. If we let Gg
denote the 3 x 3 submatrix of the Green's function connecting a silicon
atom with itself, F¥1 the submatrix connecting the silicon atom with

th

the vlth oxygen neighbor, G;l the submatrix connecting to the v,

silicon neighbor, and so on, then we have

(w2 - A)Gy = 1+ J D F\])l (A9)
Vi 1
2 - V] - Vi
(w Bvl)F] DleO + leno(\)l)e | (A10)
“lev V1]V
(w? = MGy =D ( GMUFPE T D Pyl (A1)
(vl) vzfc(vl) 2
- ViV = \)1 \)1’\)2
(w2 sz)le 2 D G1 + Mszc(vz)G (A12)
- Vis-++>5VN -1 Vl,-..,\)n
(mz A)Gn Do(vn)Mvn Fn
+ ; D F:)]_}_.i""vnﬂ (A]S)
Y+l c(vn) Vn+1
Vi v
(m2 - B )Fvl,...,vn =D G l,..., n-1
Vn n Vn n-1
+M D gV1s---ovn+l (A14)
vn G(vn) n

To solve this system we first eiiminate every other equation to obtain
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Vi sVn =t Vi svn-1 o VigeoosV
AG D> &y n-1 4 ; B Gy N+
n V] U(Vn) n+1
(A15)
where
A=u?-A-]0[2-81"D (A16)
Ay
and
~ -1
= 2 .
D\) D\)[m B\)] M\)DO'(\)) (A]7)
A solution of the form
v,oao,v - V’...’\)
LR Nt n (A18)

is then substituted, which leads to recursion relations for the

transfer matrices @v of the form form

-1
_ T = st
o, = l: u#cz(v)ouqi{ ot (A19)

These equations are solved numerically by iterating the continued
fraction starting from 2, = 0. Once the transfer matrices are found,

GO may be calculated using the relation

S
g = E ) Duqﬂ (A20)

and the remainder of the Green's function constructed from GO.
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APPENDIX B

EFFECT OF SECOND-NEAREST-NEIGHBOR FORCES ON THE
VIBRATIONS OF AMORPHOUS Si0,

In Appendix A, we showed how a continued-fraction technique
could be used to calculate the vibrational Green's function of a
silicon-dioxide Bethe lattice constructed using a nearest-neighbor
Born force law. In this Appendix, we show how a similar technique can
be used when the force law involves second-nearest-neighbor interactions
as well.

The inclusion of non-nearest-neighbor interactions into a
Bethe lattice increases its complexity considerably by introdqcing rings
of interactions into the Hamiltonian. For example, two oxygen atoms
bonded to the same silicon atom can now interact with each other, as
well as with the siicon atom to which they are bonded, to form a
threefold ring. It is ordinarily the absence of rings of interactions
in the Bethe lattice which facilitates its solution, rather than the
absence of rings of bonds. There is no distinction between these two
when only nearest-neighbor interactions are included. Even though it
contains rings of interactions, however, such a system may generally
be solved, provided the atoms are consolidated into larger units
which interact only when they are adjacent. This procedure regularly
produces an intractable numerical problem. In silicon dioxide, however,

the twofold coordination of the oxygen atoms makes a solution with
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second-nearest-neighbor interactions practical.

In Fig. Bl we show the silicon-dioxide Bethe lattice
partitioned into units which we will henceforth refer fo as bubbles.
Each bubble interacts only with itself and with its nearest neighbors.
Interaction in this case means an atom in one unit interacting with any
atom in the other one. If one now thinks of a bubble as a site with
12 degrees of freedom, then the system transforms into an ordinary
tetrahedrally coordinated Bethe lattice with the exception that there
are now four distinct kinds of directed sites. The four oxygen atoms
in a tetrahedron are distinguisable, causing there to be four distinct
kinds of bubble. The bubbles also point outward in a way that is
evident in Fig. Bl.

In Fig. B1 there is a central bubble with is different from
all the rest. The inclusion of a central bubble is necessitated by the
artificial directionality induced by the partitioning. The atoms in
the central bubble are not physically distinguishable from the atoms
in the periphery, and it is important to emphasize that the solution
to the vibration problem is independent of the location of the central
bubble. The physical system, in this case, has more symmetry than the
formalism would indicate.

Since the bubbles are basically tetrahedra, we assign to
them local coordinates as discussed previously. As before, we number
the bond directions in a tetrahedron 1-4, and pick an outward bond-
matching convention v - o(v), where v runs from 1 through 4 and ¢ is

a cyclic permutation. We now number the four kinds of bubble by the
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Figure B1: Diagram of silicon-dioxide Bethe lattice showing how
it can be partitioned to remove second-nearest-neighbor

interactions.
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direction of the bond which points into them. For example, if the
cyclic permutation is 1 +2 ~3 >4 > 1, then a bubb]e which is missing
a 2 oxygen atom is a 1 bubble, one that is missing a 3 oxygen atom is

a 2 bubble, and so on.

Given that the displacements of the atoms in a bubble are
expressed in the bubble's local coordinates, the dynamical matrix
elements are well defined and can presumably be obtained. The part
of the dynamical matrix connecting the central bubble with itself we
denote A. The part connecting the central bubble with its nearest
neighbor in the v; direction we denote Dvl. The part connecting this
nearest-neighbor bubble with itself we denote Avl. The part connecting
this bubble with its nearest neighbor in the v, direction we denote

V1vp Since the Bethe lattice repeats from this point out, there are
no more independent matrix elements. Note that v, cannot be o(v;}),

so that there are only twelve matrices Dvlvz' A is a 15 x 15 matrix,
the D_ are 15 x 12 matrices, and all the rest are 12 x 12.

As before, we index the submatrices of the vibrational
Green's function by the sequence of directions V1sV2s.essV used in
traveling from the central bubbie to the one in question. Gy denotes
the part of the Green's function connecting the central bubble with
itself. G)! denotes the part connecting the central bubble to its
neighbor in the v; direction. Ggl’vz denotes the part connecting to
a second-nearest neighbor, and so on. G, is a 15 x 15 matrix, and

all the rest are 12 x 15.

We now have the following sequence of equations:
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(w2- A)Gg = 1+ § D_GYI,
V]_ V1

t V1,5V
(w2- A_ )6} = D" Gg+ § D Gyi*V2
Vi V1 voto(vy) V1V2

(w2- A )617V2 = DF 4 D gy1°V2:Vs3
v2

VY2 yafo(v,) V23

(w2_ A )Gr\:l’--o:\’n = Dt GVi,...,Vn_]
AY

+ D
vn+]2g(vn) “n¥n+1 ]

This sequence has a solution of the form

G:i’-."vn+] ) Qv v G:1,~--’Vn
n+1Vn

provided that 12 transfer matrices ¢uv satisfy

t
(w2 - Ao =D+ ]

v ' Dqu vap
P u#o(v) H

or

\)lgc--

(B1)
(B2)

(B3)

>Vn+]

(B4)

(B5)

(86)

(87)
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These equations may be solved as before by integrating the continued
fraction starting at qu = 0. Note that the quantity in parentheses
depends only on v. There are thus only four independent guantities,
these corresponding physically to the Green's function of a terminated

Bethe lattice restricted to the bubble at the terminus. If we let

-1 ‘
F o= w2 - A - D , B8
v [ v u#g%v) vu¢uv] (B8)

then we have

=1 '
_ t
F o= [wz - A, - u#g%v) DquuDvu} : (89)

For the central bubble we have
£
G= w2 ~ A - Z DFD . (B10)
poHe

In order to illustrate the validity of the method we have
constructed and solve a Bethe lattice for silicon dioxide using a
Keating Hamiltonian. The Keating Hamiltonian assigns a quadratic
potential energy to bond-length and bond-angle distortions, rather than
to bond-length and bond-directions distortions, as-does the simpier
Born Hamiltonian. For this reason it is rotationally invariant, and
therefore more realistic than the Born Hamiltonian. For a bond length

distortion A we have
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1

AU = Kr(Ar)2 . (B11)

™|

while for every 0-Si-0 angle distortion A cos 6 we have

AU = %-Ks(b A cos 8)2 , (B12)

where b is the bond length. Following Kleinman and Spitzer, we set
the Si-0-Si angle distortion energy to zero as a fitted parameter. We
use Kleinman and Spitzer's value for Kr’ 4.32 x 105 dyn/cm, and a
value for KS of 0.27 x 105 dyn/cm. This value, slightly Tower than
the 0.29 x }05 dyn/cm suggested by Kleinman and Spitzer, was picked
to make the frequency of the third A; mode of quartz agree with
experiment.

In Fig. B2, we compare the density of states of the
Keatiing Bethe Tattice with that of quartz constructed using the
same Hamiltonian, and with previous calculations performed using the
Born Hamiltonian. The distinctions between the crystal and Bethe-
lattice densities of states are again due to the presence of 12-fold
rings in the crystal. The high-frequency band peaking at 1080 e
is virtually identical to that produced by the Born Hamiltonian.
These vibrations are dominated by the bond-stretching forces, which
are the same in both models. The siliconlike states at 750 cm'] are

unchanged for the same reason. On the other hand, the low-frequency

bands are broadened and shifted downwards slightly in the Keating
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Figure B2: Comparison of Keating Bethe-lattice density of states
against that of a-quartz constructed with the same
Hamiltonian, and against similar calculations

performed using a Born Hamiltonian.
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Bethe lattice. These bands are predominantly angle-distorting vibrations
and are sensitive to changes in the angular force constants. The fact
that they move downward when the Keating Hamiltonian is substituted

for the Born Hamiltonian indicates that the S1'04 units in the glass

tend to be rigid at these frequencies and that the bond directions tend
to vary without distorting 0-Si-0 angles. The Keating model agrees more
closely with experiment at these frequencies.3 Overall, however, the
Keating and Born Bethe lattices are remarkably similar, and it is clear
that in most respects the simpler theory is an excellent approximation

to the more realistic one.



