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ABSTRACT

Let K be the function field of a smooth curve B over a finite field k of arbitrary
characteristic. We prove that the average size of the 2-Selmer groups of elliptic curves E/K
is at most 1 + 2ζB(2)ζB(10), where ζB is the zeta function of B. In particular, in the limit
as q = #k ! ∞ (with the genus g(B) fixed), we see that the average size of 2-Selmer
is bounded above by 3, even in “bad” characteristics. This completes the proof that the
average rank of elliptic curves, over any fixed global field, is finite. Handling the case of
characteristic 2 requires us to develop a new theory of integral models of 2-Selmer elements,
dubbed “hyper-Weierstrass curves.”

Thesis supervisor: Bjorn Poonen
Title: Distinguished Professor in Science

5



6



Acknowledgments

I would like to express extreme levels of gratitude towards my advisor, Bjorn Poonen. I have
been consistently astounded by the depth of your knowledge and the generosity of your time.
Your advice and guidance have been an invaluable part of my graduate career, and I have
been privileged to learn much new mathematics from you and your suggestions these past
five years. It is also evident that your supportive nature leaves a lasting impact on others. As
you know, I have been fortunate to meet many of your previous students, and I have found
them all incredibly inviting, encouraging, and patient. You all make me feel honored and
blessed to be part of Bjorn’s army, so thank you as well to Tony, Bianca, Isabel, Padma,
DZB, and all of Bjorn’s students, past, current and future.

I would also like to thank the various collaborators I have had these past five years. I
always find myself enjoying mathematics even more when done with others, so thank you
to Deewang Bhamidipati, Aashraya Jha, Caleb Ji, Rose Lopez, and Jackson Morrow for
mathing with me.

I am also superbly grateful for all my friends, both in Boston and beyond, and all the
members of number theory and wider mathematical communities in the Boston area. I
have found the mathematics community here to be vibrant and engaging, with endless
opportunities to learn. I am especially grateful for all my fellow graduate students – not only
here at MIT but at Harvard and BU as well. There have been too many of you to name
everyone, but let me at least thank Grant, Amanda, Trajan, Keeley, Aash, Alice, Taeuk,
Vijay, Natalie, and Katy. It has been a joy to learn with you all, to be confused with you all,
and to joke around with you all. I would also like to thank my non-mathematician friends for
helping to keep me sane/grounded and giving me a community beyond the department. I
especially thank Rohan, Eura, and Logan for all the fun times we have had together.

Of course, none of this would have been possible with the continuing love and support of
my family. You all have been a treasure to me for as long as I have been around, you all
are some of the best people and I know, and I would not be where I am now without y’all.
Mommy, Daddy, Roland, Joyce, Nadine, Gilmore, I love y’all.

Finally, with all my heart, I thank my partner, Amanda Burcroff. You are actually the
best person I know, and it has been wonderful to support each other as we have gone through
this journey together. You are a constant source of pride, inspiration, and encouragement,
and you are the greatest partner I could ask for. I cannot imagine what grad school would
have been like without you, and I could not be more glad I didn’t have to find out.

7



8



Contents

List of Figures 11

1 Introduction 13
1.1 Notation & Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 Background & Geometric Preliminaries 21
2.1 Asymptotic Bounds on 2-Selmer Groups . . . . . . . . . . . . . . . . . . . . 21

2.1.1 Bound in Characteristic ̸= 2 . . . . . . . . . . . . . . . . . . . . . . . 22
2.1.2 Bound in Characteristic 2 . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.3 Summary of all Obtained Bounds . . . . . . . . . . . . . . . . . . . . 31

2.2 Some Recurring Applications of Cohomology and Base Change . . . . . . . . 33
2.3 Global Theory of Weierstrass Curves . . . . . . . . . . . . . . . . . . . . . . 35
2.4 Global and Local Theory of Hyper-Weierstrass Curves . . . . . . . . . . . . 41

2.4.1 Definitions and Local Theory . . . . . . . . . . . . . . . . . . . . . . 41
2.4.2 Global Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Counting Elliptic Curves 65
3.1 Counting Generically Singular Weierstrass Curves . . . . . . . . . . . . . . . 65
3.2 Counting Non-Minimal Weierstrass Curves . . . . . . . . . . . . . . . . . . . 66
3.3 Counting Elliptic Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 Counting 2-Selmer Elements 71
4.1 Relation to Hyper-Weierstrass Curves . . . . . . . . . . . . . . . . . . . . . . 71

4.1.1 Selmer Groupoid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.1.2 Proof of Proposition 4.1.8 . . . . . . . . . . . . . . . . . . . . . . . . 75

4.2 Counting Minimal hW Curves . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5 Proof of the Main Theorem 85
5.1 Counting Curves with Non-trivial 2-torsion . . . . . . . . . . . . . . . . . . . 85

5.1.1 Characteristic ̸= 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.1.2 Characteristic 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.2 Bounding the Average Size of 2-Selmer . . . . . . . . . . . . . . . . . . . . . 88

References 91

9



10



List of Figures

1.1 A graph of the logical dependencies between sections of this thesis. . . . . . . 17

11



12



Chapter 1

Introduction

This thesis is concerned with extending results about the average rank of elliptic curves to
the bad characteristic setting, namely to characteristic 2. To further explain the context,
first let K denote a global field. One is interested in studying the distribution of ranks of
elliptic curves E/K, with the first step usually being to bound the average rank E[rankE(K)]
of elliptic curves E/K (formally defined in Section 1.1). A folklore conjecture, going back
at least to work of Goldfeld [Gol79] states that this average should be exactly 1/2, but it
is a propri not even necessarily finite. In this thesis, we will exhibit an explicit bound on
E[rankE(K)] whenever K is a global function field, continuing a long history of work on
such problems.

Remark 1.1. The results of this thesis appeared previously in [Ach23]. ◦

The average rank of elliptic curves over K = Fq(t) was initially investigated by Brumer
[Bru92], who showed its finiteness when charFq ≥ 5. His bound was strengthened and
extended to all q by de Jong [Jon02], and an average rank bound over Q was later obtained
by Bhargava and Shankar [BS15a]. While Brumer used analytic techniques to obtain his rank
bound, de Jong and Bhargava–Shankar pioneered the approach of producing average rank
bounds by first bounding the average size of the n-Selmer groups of elliptic curves E/K, for
some fixed value of n. Their work and subsequent investigations have led to the following
conjecture, which appears for example in [Jon02, Section 2], [PR12, Conjecture 1.4], [BS13a,
Conjecture 4], and [Bha+15, Section 5.7].

Conjecture A. Let K be a global field. When all elliptic curves E/K are ordered by height,
the average size of their n-Selmer groups is

∑
d|n d.

The main purpose of this paper is to verify the 2-Selmer case of Conjecture A for arbitrary
global function fields K, up to a limit as “q !∞.”

Setup 1.2. Let k = Fq be a finite field, let B/k be a smooth k-curve of genus g = g(B), and
let K = k(B) be its function field. Let

ζB(s) :=
∏
v∈B

1

1− q−s deg v
,

with v ranging over closed points of B, be the zeta function of B.

13



Additionally, let E[# Sel2(E/K)] (resp. E[rankE(K)]) denote the “average size of 2-Selmer
groups (resp. average rank) of elliptic curves over K” (see Section 1.1 for a precise definition).

Theorem B (= Corollary 5.2.4). With notation as in Setup 1.2,

E[# Sel2(E/K)] ≤ 1 + 2ζB(2)ζB(10).

Corollary C. With notation as in Setup 1.2,

lim sup
n!∞

E[# Sel2(E/FqnK)] ≤ 3.

Corollary D (= Corollary 5.2.6). With notation as in Setup 1.2,

E[rankE(K)] ≤ 1

2
+ ζB(2)ζB(10) and so lim sup

n!∞
E[rankE(FqnK)] ≤ 3

2
.

Warning 1.3. The weighting used to define E[# Sel2(E/K)] is slightly different from that
used to defined E[rankE(K)], Corollary D is not as immediate a corollary of Theorem B as
it may seem on first glance. This will be further explained in Remarks 1.6 and 1.7. •

In his thesis, Shankar bounded the average rank of elliptic curves over any number field
(see [Sha13, (1.1) and (5.4)] for a precise definition). Given this, Theorem B completes the
proof that the average rank of elliptic curves, over any global field, is finite.

Theorem E (Corollary D + [Sha13, Theorem 1.0.1]). Let K be an arbitrary global field.
When all elliptic curves E/K are ordered by height, their average rank is finite.

Remark 1.4. We can be more precise about how the bound produced in Theorem B
compares to the predicted value of 3. Use notation as in Setup 1.2. By the Weil conjectures,
ζB(s) =

∏2g
i=1(1− αiq

−s)
/
(1 − q−s)(1 − q1−s) for some α ∈ C with |αi| = q1/2. Thus, for

s > 1,1

ζB(s) ≤
(1 + q1/2−s)2g

(1− q−s)(1− q1−s)
= 1 + q1−s +Og,s

(
q1/2−s

)
as q !∞.

Thus, the bound in Theorem B implies

E[# Sel2(E/K)] ≤ 1 + 2ζB(2)ζB(10) = 3 +
2

q
+Og

(
q−3/2

)
. (1.0.1)

Similarly, the bound in Corollary D implies

E[rankE(K)] ≤ 3

2
+

1

q
+Og

(
q−3/2

)
. ◦

Along the road towards establishing Theorem B, we obtain the following counts for elliptic
curves of bounded height. Below, ht(E) denotes the height of an elliptic curve as defined in
Section 1.1.

1When B = P1
Fq

, ζB(s) =
[
(1− q−s)(1− q1−s)

]−1
= 1 + q1−s + Os(q

−s) as q ! ∞. Thus, in this case,
Theorem B shows that E[# Sel2(E/Fq(t))] ≤ 3 + 2/q +O(q−2) as q !∞.

14



Theorem F. With notation as in Setup 1.2,∑
E/K

ht(E)=d

1

#Aut(E)
∼ #Pic0(B) · q10d+2(1−g)

(q − 1)ζB(10)

as d!∞. See Theorem 3.3.4 for a more precise asymptotic.

Remark 1.5. When B = P1
Fq

, de Jong [Jon02] gave an exact weighted count of (isomorphism
classes) of elliptic curves of height d (his result is recalled in Remark 3.3.3), so the utility
of Theorem F is that it applies to more general bases. Prior to de Jong, Brumer [Bru92]
computed an asymptotic count of the (unweighted) number of elliptic curves over K = Fq(t)
(using a slightly different height function) when charK ≥ 5. ◦

Theorem G (= Theorem 5.1.2 + Theorem 5.1.4). Use notation as in Setup 1.2. Then,

∑
E/K

ht(E)=d
E[2](K )̸=0

1

#Aut(E)
= O

(
qCd
)

where C =

{
6 if charK ̸= 2

9 if charK = 2

as d!∞.

Prior Work As previously mentioned, bounds on the average size of Selmer groups of
elliptic curves go back to work of de Jong [Jon02], where he verified Conjecture A, up to a
limit as “q ! ∞”, in the case of 3-Selmer groups over K = Fq(t). A number field case of
Conjecture A was first handled by Bhargava and Shankar [BS15a] who computed the average
size of 2-Selmer groups over K = Q. Since then, many new works have been produced
verifying cases of Conjecture A (or variations of it); a non-exhaustive list of such papers
includes [Jon02; BS15a; Sha13; BS15b; BS13a; BS13b; HLHN14; Tho19; Lan21c; FLR23;
PW23; EL24]. However, to the best of the author’s knowledge, [Ach23] (on which this thesis
is based) was the first paper to investigate Conjecture A for an arbitrary global function field
K (and fixed n). More commonly, authors will at least require that charK ∤ 2n and/or that
K = Fq(t). In contrast, this paper allows for any choice of K in Theorem B/Setup 1.2; this
extra permissiveness is what allows us to deduce Theorem E.

In the case of 2-Selmer groups over function fields, Corollary C was previously attained
by Hồ, Lê Hùng, and Ngô [HLHN14] when charK ≥ 5. The methods of their paper and the
present paper have a common ancestor in the work of de Jong [Jon02], but new complications
in small characteristic have required us to introduce new ideas, as we explain below.

New Ideas in Small Characteristics From a zoomed out perspective, the proof of
Theorem B follows the usual “parameterize and count” strategy often employed in arithmetic
statistics. However, because we wish to allow function fields of characteristic 2 in this
paper, new complications arise in several steps of the arguments previously used to count
2-Selmer elements (see [BS15a; Sha13; HLHN14]). In fact, we cannot even use the same
parameterization as employed by previous authors. Below, we enumerate a couple of the
extra hurdles we must overcome to obtain Theorem B; we use the notation of Setup 1.2.

15



(1) To parameterize 2-Selmer elements, we define and develop a theory of “hyper-Weierstrass
curves” (see Section 2.4).

In good characteristics (see [BS15a; Sha13; HLHN14]), one parameterizes 2-Selmer
elements (of elliptic curves over K) via binary quartic forms f(x, z). One reduces to a
problem of counting “integral” (think: existing over B) such forms of bounded invariants
which one handles by leveraging a classically developed theory of such forms. When
charK = 2, these objects no longer parameterize 2-Selmer elements. Instead, one needs
to study certain relative curves H/B which serve as “integral models” of genus 1 double
covers of P1; these are our hyper-Weierstrass curves (see Definition 2.4.2). These curves
naturally live in certain P(1, 2, 1)-bundles over B, but they are not cut out by a global
equation in the same way that usual Weierstrass curves are (see Proposition 2.3.9 for the
Weierstrass case), which ultimately means one has to count them by counting sections
of some non-split rank 8 vector bundles on B, the vector bundles V := p∗OP(H) of
Proposition 2.4.30.

(2) In order to understand the rank 8 vector bundles V which arise as above, we need to
use the theory of rational singularities.

As mentioned above, one is interested in counting sections of certain rank 8 vector
bundles V . When charK ≥ 5, the role of V is played by an analogous rank 5 vector
bundle, called ‘V (E ,L )’ in [HLHN14], which splits as a sum of line bundles in the
large height case, and so which can be more easily analyzed. In the present paper, our
V ’s are generally non-split. To count their sections, we exploit the fact that they arise
geometrically from a (possibly singular) relative curve H ! B in order to ultimately
bound their h1’s in terms of some intersection theory on a desingularization of H, at
least when H has at worst rational singularities (this is the goal of Section 2.4.2, which
is exploited in Section 4.2).

Paper Organization For ease of notation, here and throughout the body of this thesis,
when in the context of Setup 1.2, we use ASB (resp. ARB) in place of E[# Sel2(E/K)] (resp.
E[rankE(K)]) to denote the “average size of 2-Selmer groups (resp. average rank) of elliptic
curves over K,” as defined in (1.1.3).

The body of this thesis is split between four chapters.

• In Chapter 2, we collect various results which will be instrumental in carrying out the
counting happening in later chapters. The four sections of this chapter are largely
independent of one another (except the brief Section 2.2 which is used by the two
after it), with each one directly related to one of the later chapters, as described at
the beginning of Chapter 2. Of note, in Section 2.4 we define and develop a theory
of so-called “hyper-Weierstrass curves,” a certain hyperelliptic analogue of Weierstrass
curves that serve as both our main object of study and our geometric model of 2-Selmer
elements.

• In Chapter 3, we count elliptic curves of bounded height, proving Theorem F. Our
method of counting is based on generalizing the work in [Jon02, Section 4] and makes
heavy use of the results in Section 2.3. In the end, we are able to establish an asymptotic

16



count for the number of height d elliptic curves over a global function field K, including
an explicit secondary term.

• In Chapter 4, we count 2-Selmer elements. We begin by explicitly describing the
relationship between these and the hyper-Weierstrass curves (hW curves) of Section 2.4,
in Section 4.1. Being precise about this relation involves defining a ‘2-Selmer groupoid’
(see Definition 4.1.1) which is then used to define a modified average count MASB which
is closely related, but a priori not exactly equal, to ASB. Afterwards, by leveraging the
relationship between 2-Selmer elements and hW curves, we are able to prove the bound
MASB ≤ 1 + 2ζB(2)ζB(10) in Theorem 4.2.16, up to minor caveats to be dealt with in
the last chapter.

• In Chapter 5, we address a few technical caveats not handled by previous sections, and
so complete the proofs of Theorem B and Corollary D. As will be explained in the
body of this thesis, the main point here is to show that 0% of elliptic curves have a
non-trivial point of order 2, which we do in Section 5.1, proving Theorem G. This alone
suffices to complete the proof of Theorem 4.2.16 that MASB ≤ 1 + 2ζB(2)ζB(10) (see
Corollary 5.2.3). It will be an easy consequence of their definitions that ASB ≤ MASB,
so this completes the proof of Theorem B (see Corollary 5.2.4). Finally, to deduce
Corollary D, one has to contend with the fact that the the definitions of ASB and ARB

weight elliptic curves with non-trivial 2-torsion differently. We use the fact that there
are few such curves (verified in Section 5.1) along with the Selmer bounds obtained
earlier in Section 2.1 to show that such curves do not contribute to ARB, allowing us
to deduce Corollary D from Theorem B (see Corollary 5.2.6).

The dependencies between the various sections/chapters of this thesis are recorded in Fig. 1.1.

2.3 3 5.1

2.2 2.4.1 4.1 4.2 5.2

2.4.2 2.1

Figure 1.1: A graph of the logical dependencies between sections of this thesis.

1.1 Notation & Conventions

In this paper, we work throughout in the fppf topology. All unadorned cohomology groups
should be interpreted as fppf cohomology. For G a sheaf of groups, we say G-torsor to
mean an fppf-locally trivial right G-torsor sheaf.

17



Vector bundles Let V be a vector bundle (by which, we mean locally free sheaf of finite
rank) on a scheme B. We write V ∨ := Hom(V ,OB) for the dual bundle. If L is a line
bundle, we also denote this by L −1 := L ∨.

If V is a vector bundle on a scheme B, we write GL(V ) to denote its group of OB-linear
automorphisms. We write GL(V ) to denote its automorphism sheaf on B, i.e., for U

open
⊂ B,

we set Γ(U,GL(V )) = GL(V |U).
Finally, for V a vector bundle on a scheme B, its associated projective bundle is P(V ) :=

ProjB(Sym(V )).

Duality Let f : X ! Y be a morphism of schemes. The dualizing sheaf, when it exists, of
this morphism will be denoted ωX/Y . If Y = SpecF is the spectrum of a field, then we often
simply denote this by ωX := ωX/F := ωX/SpecF .

Curves Let B be an arbitrary scheme. We say that a B-scheme C ! B is a B-curve (or
curve over B or simply a curve) if it is flat, proper, and finitely presented over B with
Gorenstein, connected, 1-dimensional geometric fibers. Note that, for C ! B a curve, the
dualizing sheaf ωC/B exists and is invertible.

If E1, E2 are elliptic curves (so, in particular, they are equipped with choices of identity
points), then by an isomorphism E1

∼
−! E2, we always mean an isomorphism of group schemes.

Heights Let B be a smooth curve over a field F . Let X π
−! B be a curve over B such

that π∗OX = OB and whose relative dualizing sheaf ωX/B is isomorphic to π∗L for some
L ∈ Pic(B). Then, we define the height of X/B to be

ht(X/B) := deg(L ) = deg(π∗ωX/B) ∈ Z,

with the latter equality holding by the projection formula. In this situation, we call L ≃
π∗ωX/B the Hodge bundle of the curve.

Let K be a global function field, with corresponding curve B. If C/K is a curve of genus
at least 1, then we define its height to be

ht(C/K) := ht(C/B),

with C/B the minimal proper regular model of C. In this situation, the Hodge bundle of C
is defined to be the Hodge bundle of its minimal proper regular model.

Global Function Fields Let K be the function field of a smooth curve B/Fq. We implicitly
identify places v of K with closed points v ∈ B. Given such a place, we let Kv denote the
completion of K at v, and we let Ov denote the valuation ring of Kv, i.e. the completion of
the stalk OB,v. We let κ(v) denote the residue field at v.

Selmer Groups Let K be a global field, and let E/K be an elliptic curve. For any n ≥ 1,
its n-Selmer group is

Seln(E) := ker

(
H1(K,E[n]) −!

∏
v

H1(Kv, E)

)
,

18



where v ranges over all places of K. Recall that Seln(E) fits into the short exact sequence

0 −! E(K)/nE(K) −! Seln(E) −!X(E)[n] −! 0, (1.1.1)

where X(E)[n] denotes the n-torsion in the Tate-Shafarevich group of E.

Averages Use notation as in Setup 1.2. Given a nonnegative integer d, we define

ASB(d) :=

∑
E/K

ht(E)≤d

#Sel2(E)

#E[2](K) ·#Aut(E)

∑
E/K

ht(E)≤d

1

#Aut(E)

and ARB(d) :=

∑
E/K

ht(E)≤d

rankZE(K)

#Aut(E)

∑
E/K

ht(E)≤d

1

#Aut(E)

, (1.1.2)

the average size of 2-Selmer (resp. average rank) of elliptic curves over K of height ≤ d. We
furthermore define

E[# Sel2(E/K)] = ASB := lim sup
d!∞

ASB(d)

E[rankE(K)] = ARB := lim sup
d!∞

ARB(d). (1.1.3)

Remark 1.6. The definition of ASB(d) weights each 2-Selmer element by

1

#E[2](K) ·#Aut(E)
,

whereas it is more common to see that weighted simply by 1/#Aut(E). It is the opinion
of the author that the weighting in (1.1.2) is more natural. This will be better justified by
the discussion in Section 4.1, but in brief, since 2-Selmer elements are E[2]-torsors, E[2](K)
contributes to their automorphism groups, so it feels natural to include this quantity in their
weighting. ◦

Remark 1.7. The choice of weighting in (1.1.2) is ultimately cosmetic. It is a consequence
of [Ach23, Propositions 5.4.27 and 6.2.4] that

ASB = lim sup
d!∞

∑
E/K

ht(E)≤d

#Sel2(E)

#Aut(E)

∑
E/K

ht(E)≤d

1

#Aut(E)

, (1.1.4)

morally because there are too few elliptic curves with E[2](K) ̸= 0. The proof of (1.1.2) is a
bit delicate in characteristic 2 (see [Ach23, Section 5.4]), so in this thesis, we have opted to

19



avoid this by not proving (1.1.4); instead, we only prove the easier equality

ARB = lim sup
d!∞

∑
E/K

ht(E)≤d

rankZE(K)

#E[2](K) ·#Aut(E)

∑
E/K

ht(E)≤d

1

#Aut(E)

. (1.1.5)

This can be proven by separately bounding the number of elliptic curves with E[2](K) ̸= 0
as well as the sizes of their 2-Selmer groups. Furthermore, (1.1.5), while weaker than (1.1.4),
still suffices to deduce Corollary D; this is explained in Chapter 5. ◦

Asymptotics When working within the context of Setup 1.2, we allow our big-O constants
to depend on the function field K. That is, when we write f(x) = O(g(x)) we mean that
there exists some C = C(K) > 0 such that |f(x)| ≤ Cg(x) for all large values of x.

Groupoids Let G be a groupoid. We write |G| to denote the set of isomorphism classes of
its objects. Its groupoid cardinality (or simply cardinality) is

#G :=
∑
x∈|G|

1

#AutG(x)
.

If we say that G′ ↪! G is a subgroupoid, we always mean that it is a full subgroupoid, i.e.
AutG ′(x) = AutG (x) for any x ∈ G′.

Of note to the present paper are the following groupoids.

Notation 1.8. For K a global function field, we let M1,1(K) denote the groupoid of elliptic
curves over K. For any d ≥ 0, we let M=d

1,1(K),M≤d
1,1(K) ↪!M1,1(K) denote, respectively, the

(full) subgroupoids consisting of those elliptic curves of height = d and those of height ≤ d.

Note that, with this notation established, the denominators in (1.1.2) are both equal to
#M≤d

1,1(K).
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Chapter 2

Background & Geometric Preliminaries

In this chapter, we collect some foundational results which will be used in Chapters 3 to 5
when we perform our counts. It is recommended that the reader initially skims this section,
only referring back to it later as the need arises. For the reader’s convenience, we include the
following brief description of each sections purpose:

• Section 2.1 establishes an asymptotic bound for the dimension of the 2-Selmer group of
an elliptic curve in terms of the height of the curve. This material is not referenced
until Chapter 5, where it is used to prove Corollary D. In particular, while this bound is
relatively weak, it suffices to prove (1.1.5) and so to deduce Corollary D from Theorem B.

• Section 2.2 gives a statement of Grothendieck’s ‘cohomology and base change’ theorem.
This result is needed at several points throughout Sections 2.3 and 2.4 and so we found
it convenient to collect a few of its standard applications in one place.

• Section 2.3 sets up the basic theory of Weierstrass curves over a general base. While
the results contained within are not new, the author was unable to find a reference
which included them stated in the form needed for later applications. The statements
here are used in Chapter 3 to count elliptic curves, i.e. to compute ‘the denominator of
ASB’.

• Section 2.4 defines and develops a theory of the main objects of study us this thesis:
hyper-Weierstrass curves. These curves serve as our choice of integral models of 2-Selmer
elements; this choice will be justified in Section 4.1. Needing to develop enough of a
theory of these curves to be able to parameterize and count them is the main difficulty
of proving Theorem B in characteristic 2. This material is used throughout Chapter 4
to compute ‘the numerator of ASB’.

2.1 Asymptotic Bounds on 2-Selmer Groups

In this section, we will prove bounds of the form

dimF2 Sel2(E) ≤ O

(
ht(E)

log ht(E)

)
or dimF2 Sel2(E) ≤ O(ht(E))
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for elliptic curves E/K in various situations. Our bounds will require different arguments
in characteristics 2 and ̸= 2. First, when charK ̸= 2, we bound dimF2 Sel2(E) (under the
additional assumption that E[2](K) ̸= 0) using an argument in the spirit of [Sil09, Exercise
VIII.1]. In characteristic 2, our main technical tool is an extension of [Lan21c, Proposition
3.26] to all characteristics (see Proposition 2.1.10). We combine this with some computations
with fppf cohomology in order to bound dimF2 Sel2(E).

Carrying out the arguments referenced above produces bounds expressible in terms of the
conductor of E. In Section 2.1.3, we show how to convert these into bounds in terms of the
height of E. Afterwards, in Theorem 2.1.25, we summarize all the bounds obtained in this
section.

Before separating into cases, we include a lemma which will be used in both of the
following sections.

Lemma 2.1.1. Let S be an arbitrary scheme, and let E /S be an elliptic scheme. Let α ↪! E
be a finite locally free S-group scheme of order n, and let α∨ := Hom(α,Gm) be its Cartier
dual. Then, there is a short exact sequence

0 −! α −! E [n] −! α∨ −! 0

of abelian sheaves on Sfppf .

Proof. Consider the quotient map q : E ↠ E /α =: E ′ as well as its dual q∨ : E ′ ! E . Since
q∨q = [n] : E ! E , we get a short exact sequence of kernels

0 −! ker q −! E [n] −! ker q∨ −! 0.

Now, ker q = α by construction, and so ker q∨ ≃ α∨ by [Oda69, Corollary 1.3(ii)]. ■

Throughout the remainder of this section, we work within the context of Setup 1.2.

2.1.1 Bound in Characteristic ̸= 2

Setup 2.1.2. In addition to Setup 1.2, we fix an elliptic curve E/K. Furthermore, we assume
that p := charK ̸= 2.

Lemma 2.1.3. Let

A1 B1 C1 D1 E1

A2 B2 C2 D2 E2

f1

α β γ

g1

δ ε

f2 g2

be a homomorphism of exact sequences of abelian groups. Then,

#ker γ ≤ #ker β ·#(ker δ ∩ ker g1) ·#coker
(
im(f1)

β
−! im(f2)

)
≤ #ker β ·#ker δ ·# im f2.

22



Proof. Consider the following homomorphisms of short exact sequences:

0 coker f1 C1 ker g1 0

0 coker f2 C2 ker g2 0

β γ δ ,

0 im f1 B1 coker f1 0

0 im f2 B2 coker f2 0

β β .

Applying the snake lemma to both of them immediately shows that

#ker γ ≤ #ker β ·#(ker δ ∩ ker g1) and #ker β ≤ #ker β ·#coker(im(f1)! im(f2)) . ■

Lemma 2.1.4. Let S ⊂ B be the set of places of bad reduction for E, let U = B \ S, and let
E /U be E’s Néron model, an elliptic scheme. Then, the restriction map identifies H1(U,E [2])
with a subgroup of H1(K,E[2]) and

Sel2(E) ⊂
{
c ∈ H1(U, E [2]) : cv ∈ im δv for all v ∈ S

}
⊂ H1(K,E[2]),

where δv : E(Kv)/2E(Kv) ↪! H1(Kv, E[2]) is the local Kummer map.

Proof. Injectivity of H1(U,E [2])! H1(K,E[2]) follows from [Čes16, Proposition A.5]. Fix
c ∈ H1(U,E [2]) ⊂ H1(K,E[2]) as well as any place w ∈ U . It suffices to show that
cw ∈ H1(Ow,E [2]) ⊂ H1(Kw, E[2]) lies in im δw, i.e. that it restricts to 0 in H1(Kw, E). This
follows from the claim that H1(Ow,E ) = 0. Indeed, let T/Ow be an E -torsor. Then, T is a
smooth Ow-scheme, so Hensel’s lemma implies that T (Ow) ̸= ∅ ⇐⇒ T (κ(w)) ̸= ∅. However,
Tw is a torsor under the connected group Ew over the finite field κ(w), so Lang’s theorem
[Lan56, Theorem 2] shows that T (κ(w)) = Tw(κ(w)) ̸= ∅. ■

Proposition 2.1.5. Let S ⊂ B be the set of places of bad reduction for E. Assume that
E[2](K) ̸= 0. Then,

dimF2 Sel2(E) ≤ 3#S + 2dimF2 Pic
0(B)[2] + 2 ≤ 3#S + 4g + 2.

Proof. Let U = B \S be the locus of good reduction for E, and let E /U be E’s Néron model.
Note that [2] : E ! E is a flat (even étale) cover, so we can form the following commutative
diagram with exact rows:

0
E (U)

2E (U)
H1(U,E [2]) H1(U,E )[2] 0

0
∏
v∈S

E(Kv)

2E(Kv)

∏
v∈S

H1(Kv, E[2])
∏
v∈S

H1(Kv, E)[2] 0.
∏

v δv
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By Lemma 2.1.4, there is an injection

Sel2(E) ↪!
{
c ∈ H1(U,E [2]) : cv ∈ im δv for all v ∈ S

}
=: G.

Hence, it suffices to bound dimF2 G. For this, we observe that it sits in an exact sequence

0 −! ker

(
H1(U,E [2]) −!

∏
v∈S

H1(Kv, E[2])

)
︸ ︷︷ ︸

A

−! G −!
∏
v∈S

E(Kv)

2E(Kv)
.

We separately bound the dimensions of A (defined in the above displayed sequence) and∏
v∈S E(Kv)/2E(Kv).

• For A, we first remark that, by Lemma 2.1.1, we have a short exact sequence 0 !
Z/2Z

U
! E [2]! µ2,U ! 0. Comparing this with the analogous sequences over Kv for

v ∈ S, taking cohomology, and observing that Z/2Z
U
≃ µ2,U , we obtain

Z/2Z (Z/2Z)S

H1(U,Z/2Z)
∏
v∈S

H1(Kv,Z/2Z)

H1(U,E [2])
∏
v∈S

H1(Kv, E[2])

H1(U,Z/2Z)
∏
v∈S

H1(Kv,Z/2Z)

H2(U,Z/2Z)
∏
v∈S

H2(Kv,Z/2Z)

β

γ

δ

We now apply Lemma 2.1.3 to conclude that

dimF2 A = dimF2 ker γ ≤ dimF2 ker β + dimF2 ker δ +#S = 2dimF2 ker β +#S, (2.1.1)

so we are reduced to bounding

B := ker

(
H1(U,Z/2Z) β−−!

∏
v∈S

H1(Kv,Z/2Z)

)
.

Note that

H1(U,Z/2Z) ≃ Homcts(GK,U ,Z/2Z) and H1(Kv,Z/2Z) ≃ Homcts(GKv ,Z/2Z),
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where GKv is the absolute Galois group of K and GK,U = Gal(KU/K) is the Galois
group of the maximal extensions KU/K of K unramified above U . Thus, any element of
B is represented by an everywhere unramified continuous homomorphism GK ! Z/2Z,
so B ⊂ Homcts(Pic(B),Z/2Z) by class field theory. As Pic(B) ∼= Pic0(B)×Z, this says
that B ⊂ Hom(Z,Z/2Z)×Hom(Pic0(B),Z/2Z). The first factor here is ∼= Z/2Z, while
the second factor has dimension dimF2 Pic

0(B)[2]. Recalling (2.1.1), we conclude

dimF2 A ≤ 2 + 2 dimF2 Pic
0(B)[2] + #S.

• For
∏

v∈S E(Kv)/2E(Kv), we simply use the fact that, for each v, E(Kv) is a profi-
nite group with a finite index pro-p subgroup (recall p = charK ̸= 2), and so
#E(Kv)/2E(Kv) = #E(Kv)[2] ≤ 4. Thus, dimF2

∏
v∈S E(Kv)/2E(Kv) ≤ 2#S.

The claim follows from combining these two bullet points. ■

2.1.2 Bound in Characteristic 2

Setup 2.1.6. In addition to Setup 1.2, we fix an elliptic curve E/K. We let E /B denote its
Néron model, and we let E 0 ↪! E denote the identity component of its Néron model. We
also let N,∆ ∈ Div(B) respectively denote the conductor and minimal discriminant of E. At
this point, we make no restrictions on charK.

We begin by extending [Lan21c, Proposition 3.26] to the “bad characteristic” case. Fol-
lowing ideas of [Lan21a; Lan21b], our main technical tool for doing so will be to replace the
cohomology of the sheaf E [2] with the (hyper)cohomology of the two term complex E

[2]
−! E .

Proposition 2.1.7. Let C := [F
φ
−! G ] be a two term complex of abelian sheaves over an

arbitrary scheme S, with F in degree 0 and G in degree 1. Write H1(S,F
φ
−! G ) := H1(S,C )

and H1(S,F )[φ] := ker
(
H1(φ) : H1(S,F )! H1(S,G )

)
. Then,

(a) There are distinguished triangles

G [−1]! C ! F and kerφ! C ! (cokerφ)[−1].

In particular, these give rise to exact sequences

0 −!
H0(S,G )

φH0(S,F )
−! H1(S,F

φ
−! G ) −! H1(S,F )[φ] −! 0 (2.1.2)

0 −!H1(S, kerφ) −! H1(S,F
φ
−! G ) −!H0(S, cokerφ). (2.1.3)

(b) H1(S,F
φ
−! G ) is in natural bijection with pairs (T, ψ : φ∗T ! G ) – where T is an

F -torsor and ψ is an isomorphism of G -torsors – up to isomorphism of torsors.

Proof. Part (a) is an exercise in unpacking definitions. Part (b) is [Lan21b, Lemma 2.3.8].
In that lemma, (b) is stated only in the case that F ,G are both (represented by) smooth,
commutative group schemes, but the proof given works in general.1 ■

1Recall that, for us, ‘torsor’ means fppf-locally trivial right torsor sheaf
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The proposition we wish to generalize is the following.

Proposition 2.1.8 ([Lan21c, Proposition 3.26]). Fix n ≥ 1 such that charK ∤ n. Then,

#Seln(E) ≤ #H0(B,E [n]) ·#H1(B,E 0[n]).

We want a version of this result which works in arbitrary characteristics. As previously
alluded, the key will be to replace H1(B,E 0[n]) with H1(B,E 0 [n]

−! E 0), resulting in Propo-
sition 2.1.10. We prove this generalization by simply making the necessary adjustments to
Landesman’s proof of Proposition 2.1.8. We first remark that [Lan21c, Lemma 3.29] holds as
stated in arbitrary characteristic with exactly the same proof (the main point is that [Čes16,
Proposition 4.5] does not require any characteristic assumption).

Lemma 2.1.9 ([Lan21c, Lemma 3.29]). Fix any n ≥ 1. Then, #X(E)[n] ≤ #H1(B,E 0)[n]

Proposition 2.1.10. Fix any n ≥ 1. Then,

#Seln(E) ≤ #H0(B,E [n]) ·#H1(B,E 0 [n]
−! E 0)

Proof. For a sheaf F on B, let Qn(F ) := H0(B,F )/nH0(B,F ). Consider the following
exact sequences, the former coming from [Sil09, Theorem X.4.2] (as H0(B,E ) = E(K)) and
the latter coming from (2.1.2).

0 −!Qn(E )−! Seln(E) −! X(E)[n] −! 0

0 −!Qn(E
0)−!H1(B,E 0 [n]

−! E 0)−!H1(B,E 0)[n]−! 0,

From these, it follows that

#Seln(E)

#H1(B,E 0
[n]
−! E 0)

=
#Qn(E )

#Qn(E 0)
· #X(E)[n]

#H1(B,E 0)[n]
.

Now, [Lan21c, (3-17) in the proof of Lemma 3.28] shows that

#Qn(E )

#Qn(E 0)
=

#H0(B,E [n])

#H0(B,E 0[n])
and so

#Seln(E)

#H1(B,E 0
[n]
−! E 0)

=
#H0(B,E [n])

#H0(B,E 0[n])
· #X(E)[n]

#H1(B,E 0)[n]
.

The claim now follows by appealing to the bounds #X(E)[n]/#H1(B,E 0)[n] ≤ 1 (by
Lemma 2.1.9) and 1/#H0(B,E 0[n]) ≤ 1. ■

Corollary 2.1.11. Fix any n ≥ 1. Then

#Seln(E) ≤ #E(K)[n] ·#H1(B,E 0[n]) ·#H0(B,E 0/nE 0).

Proof. This follows from Proposition 2.1.10, noting that H0(B,E [n]) = E(K)[n] by the
Néron mapping property and that #H1(B,E 0 [n]

−! E 0) ≤ #H1(B,E [n]) · H0(B,E /nE ) by
(2.1.3). ■
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Remark 2.1.12. When charK ∤ n, or when E has everywhere semistable reduction, [n] :
E 0 ! E 0 is surjective, so in these cases, Corollary 2.1.11 states

#Seln(E) ≤ #E(K)[n] ·#H1(B,E 0[n]) = #H0(B,E [n]) ·#H1(B,E 0[n]).

In particular, it recovers [Lan21c, Proposition 3.26]. ◦

Assumption. For the remainder of the section, assume that charK = 2 and set r := [k : F2].

As suggested by Corollary 2.1.11, in order to bound #Sel2(E), we work out upper bounds
for #H1(B,E 0[2]) and #H0(B,E 0/2E 0). Our strategy for obtaining these upper bounds will
be to stratify B according to the reduction type of E, and so reduce ourselves to bounding
the cohomology of various well-understood finite group schemes.

Notation 2.1.13. Let D =
∑k

i=1 ni[pi] be a divisor on B, so degD =
∑k

i=1 ni deg pi. Define

rdeg(D) :=
k∑
i=1

deg pi.

Lemma 2.1.14. Let i0 : S0 ↪! B be the (reduced) closed subscheme consisting of points of
additive reduction for E, and let U ′ = B \ S0. Then,

dimF2 H
0(B,E 0/2E 0) = dimF2 H

0(S0,Ga) ≤ [k : F2] rdeg(N) = r · rdeg(N).

Proof. Note that [2] : E 0
U ′ ! E 0

U ′ is surjective and that E 0
S0

≃ Ga,S0 since S0 is a disjoint union
of spectra of perfect fields. Hence, E 0/2E 0 ≃ i0,∗E 0

S0
/2E 0

S0
≃ i0,∗Ga,S0 . The claim follows. ■

Lemma 2.1.15. Let p = 2. Then,

dimFp H
1(B, µp) ≤ g

dimFp H
1(B,Z/pZ) ≤ g + 1

dimFp H
1(B, αp) ≤ [k : Fp]g = rg

Proof. These can all be deduced from [Mil80, Section III.4]; we briefly indicate the relevant
computations here. The short exact sequences 0! µp ! Gm

(−)p

−−! Gm ! 0, 0! Z/pZ!
Ga

x 7!xp−x
−−−−−! Ga ! 0, and 0! αp ! Ga

(−)p

−−! Ga ! 0 induce the following exact sequences
on cohomology:

0 −!
k×

(k×)p
−! H1(B, µp) −! Pic0(B)[p] −! 0

0 −!coker
(
k

x7!xp−x
−−−−−! k

)
−!H1(B,Z/pZ)−!H1(B,OB)

F−! 0

0 −!
k

kp
−! H1(B,αp) −!H1(B,OB).

The claimed bounds now follow from the facts that k is perfect, dimFp Pic
0(B)[p] ≤ g,

dimk H
1(B,OB) = g, dimFp coker

(
k

x 7!xp−x
−−−−−! k

)
= dimFp ker

(
k

x 7!xp−x
−−−−−! k

)
= dimFp Fp = 1,

dimFp H
1(B,OB)

F ≤ g (by [Mum08, Corollary on Page 133]), and dimFp H
1(B,OB) = [k :

Fp] dimk H
1(B,OB) = rg. ■
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Lemma 2.1.16. Let S be a finite, reduced k-scheme. Then, H1(S, µ2) = 0 = H1(S, α2).

Proof. It suffices to prove this when S = SpecF for a finite (so perfect) field F of characteristic
2. Then,

0 −! µ2 −! Gm
(−)2

−−! Gm −! 0 and 0 −! α2 −! Ga
(−)2

−−! Ga −! 0,

show that H1(F, µ2) ∼= F×/(F×)2 and H1(F, α2) ∼= F/F 2. Both of these vanish because F is
perfect. ■

Lemma 2.1.17. Let i0 : S0 ↪! B be the (reduced) closed subscheme consisting of points of
additive reduction for E, and let U ′ = B \ S0 with open embedding j′ : U ′ ↪! B. Then,

#H1(B,E 0[2]) ≤ #H1(B, j′!E
0
U ′ [2]),

where j′! is the usual extension-by-zero functor.2

Proof. Consider the exact sequence

0 −! j′!E
0
U ′ [2] −! E 0[2] −! i0,∗E

0
S0
[2] −! 0 (2.1.4)

of abelian sheaves on Bfppf . Note that E 0
S0

≃ Ga,S0 , so also E 0
S0
[2] ≃ Ga,S0 [2] = Ga,S0 . The

Leray spectral sequence for E 0
S0
[2] relative to i0 : S0 ↪! B gives an inclusion H1(B, i0,∗E 0

S0
[2]) ↪!

H1(S0,E 0[2]) ∼= H1(S0,Ga) = 0. From (2.1.4), we obtain an exact sequence H1(B, j′!E
0
U ′ [2])!

H1(B,E 0[2])! 0, from whence the claim follows. ■

Proposition 2.1.18. Suppose that E/K is ordinary. Let δ be the number of places of
supersingular or bad reduction for E. Then,

dimF2 H
1(B,E 0[2]) ≤ 2g +max{1, δ} ≤ 2g + 1 + δ.

Proof. Let i0 : S0 ↪! B and j′ : U ′ ↪! B be as in Lemma 2.1.17. By that lemma, it suffices
to bound dimF2 H

1(B, j′!E
0
U ′ [2]). Let i1 : S1 ↪! B (resp. i2 : S2 ↪! B) be the reduced

closed subscheme consisting of points of multiplicative (resp. supersingular) reduction. Let
U = U ′ \ (S1 ∪ S2) with open embedding j : U ↪! B. Consider the exact sequence

0 −! j!E
0
U [2] −! j′!E

0
U ′ [2] −! i1,∗E

0
S1
[2]⊕ i2,∗E

0
S2
[2] −! 0,

from which we deduce that

h1
(
j′!E

0
U ′ [2]

)
≤ h1

(
j!E

0
U [2]

)
+ h1

(
i1,∗E

0
S1
[2]
)
+ h1

(
i2,∗E

0
S2
[2]
)
, (2.1.5)

where h1(F ) := dimF2 H
1(B,F ) for any 2-torsion abelian sheaf on Bfppf . For n = 1, 2,, the

Leray spectral sequence for E 0
Sn
[2] relative to the inclusion in : Sn ↪! B gives an embedding

H1(B, in,∗E 0
Sn
[2]) ↪! H1(Sn,E 0

Sn
[2]), so

h1
(
in,∗E

0
Sn
[2]
)
≤ dimF2 H

1(Sn,E
0[2]). (2.1.6)

We now estimate each summand in (2.1.5) separately.
2For any sheaf F on U ′

fppf , j
′
!F is the sheafification of the presheaf on Bfppf given by

(X ! B) 7−!

{
F (X ! U ′) if im(X ! B) ⊂ U ′

0 otherwise.
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• Since E 0 has multiplicative reduction over S1, E 0
S1
[2] is a twist of µ2 over S1, and so

must be isomorphic to µ2 as Aut(µ2) is trivial. Thus, H1(S1,E 0[2]) = H1(S1, µ2) = 0
by Lemma 2.1.16.

• Since E 0 has supersingular reduction over S2, the kernel of the Frobenius isogeny
is isomorphic to α2 (e.g. by [Ulm91, Proposition 2.1]), and so Lemma 2.1.1 pro-
duces an exact sequence 0 ! α2 ! E 0

S2
[2] ! α2 ! 0. Hence, dimF2 H

1(S2,E 0[2]) ≤
2 dimF2 H

1(S2, α2) = 0 with the equality by Lemma 2.1.16.

• This leaves the good, ordinary locus U . In this case, the kernel of the Frobenius isogeny is
a twist µ2, so itself isomorphic to µ2. Lemma 2.1.1 gives 0! µ2 ! E 0

U [2]! Z/2Z! 0,
so

h1
(
j!E

0
U [2]

)
≤ h1(j!µ2) + h1(j!Z/2Z) (2.1.7)

To bound these summands, we appeal to the exact sequences

0 −! j!µ2 −! µ2 −!
2⊕

n=0

in,∗µ2 −! 0 and 0 −! j!Z/2Z −! Z/2Z −!
2⊕

n=0

in,∗Z/2Z −! 0.

From the first of these, we deduce that (see Lemma 2.1.15)

h1(j!µ2) ≤ h1(µ2) ≤ g. (2.1.8)

The second of these gives rise to the sequence

Z/2Z! (Z/2Z)#S0+#S1+#S2 ! H1(B, j!Z/2Z)! H1(B,Z/2Z)

from which we deduce

h1(j!Z/2Z) ≤ h1(Z/2Z)+max{0,#S0+#S1+#S2−1} ≤ g+max{1,#S0+#S1,#S2}
(2.1.9)

(with later inequality by Lemma 2.1.15). Finally, combining (2.1.7), (2.1.8), and (2.1.9)
shows

h1(j!E
0
U [2]) ≤ h1(j!µ2) + h1(j!Z/2Z) ≤ 2g +max{1,#S0 +#S1 +#S2}.

To finish, combine the above three bullet points with (2.1.5) and (2.1.6). ■

Proposition 2.1.19. Suppose that E/K is supersingular and recall r = [k : F2]. Then,

dimF2 H
1(B,E 0[2]) ≤ 2rg.

Proof. Let i0 : S0 ↪! B and j′ : U ′ ↪! B be as in Lemma 2.1.17. By that lemma, it suffices
to bound dimF2 H

1(B, j′!E
0
U ′ [2]). Note that, because E/K is supersingular, it has constant

j-invariant and so has everywhere potentially good reduction. Hence, all of its bad reduction
is additive, so E 0

U ′ is an elliptic scheme over U ′. Let α be the kernel of the Frobenius isogeny
on E 0

U ′ , and let α∨ be its Cartier dual. By applying j′! to Lemma 2.1.1, there is an exact
sequence

0 −! j′!α −! j′!E
0
U ′ [2] −! j′!α

∨ −! 0,
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so dimF2 H
1(B, j′!E

0
U ′ [2]) ≤ dimF2 H

1(B, j′!α) + dimF2 H
1(B, j′!α

∨). Now, let U ⊂ U ′ be an
open such that PicU = 0, and let Z := U ′ \ U with its reduced scheme structure. Note that
PicZ = 0 as well, since Z is finite. Hence, [Ulm91, Proposition 2.1] tells us that αU ≃ α2,U

and αZ ≃ α2,Z . Letting j : U ↪! B and i : Z ↪! B be the natural immersions, we get an
exact sequence

0 −! j!α2,U −! j′!α −! i∗α2,Z −! 0,

as well as a similar one with j′!α∨ in place of j′!α. Thus,

dimF2 H
1(B, j′!E

0
U ′ [2]) ≤ 2

(
dimF2 H

1(B, j!α2,U) + dimF2 H
1(B, i∗α2,Z)

)
. (2.1.10)

We separately bound the two summands in (2.1.10).

• The exact sequence 0! j!α2,U ! α2,B ! i∗α2,Z ⊕ i0,∗α2,S0 ! 0 shows that

dimF2 H
1(B, j!α2,U) ≤ dimF2 H

1(B,α2) + dimF2 H
0(Z ⊔ S0, α2) ≤ rg,

with the latter inequality by Lemma 2.1.15.

• From the Leray spectral sequence, we get an embedding H1(B, i∗α2) ↪! H1(Z, α2), and
H1(Z, α2) = 0 by Lemma 2.1.16.

The two above bullet points combined with (2.1.10) give the desired result. ■

Corollary 2.1.20. Let δ be the number of places of supersingular or bad reduction for E.
Then,

Sel2(E) ≤

{
2g + 2 + δ + r · rdeg(N) if E ordinary

(2g + rdeg(N))r if E supersingular,

Proof. Combine Corollary 2.1.11, Lemma 2.1.14, and Propositions 2.1.18 and 2.1.19. ■

Corollary 2.1.20 will suffice for our purposes, but we note that it can be improved if E
has everywhere semistable reduction.

Proposition 2.1.21. Suppose that E has everywhere semistable reduction. Then,

dimF2 Sel2(E) ≤

{
2g + 2 + δ if E ordinary

2rg if E supersingular,

where δ is the number of places of bad or supersingular reduction for E.

Proof. Combine Remark 2.1.12 and Propositions 2.1.18 and 2.1.19. ■
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2.1.3 Summary of all Obtained Bounds

We obtained above, in various situations, bounds for the size of 2-Selmer groups of elliptic
curves over global function fields. In this section, we summarize said bounds and reinterpet
them in terms of ht(E).

Lemma 2.1.22. Let D ⊂ B be an effective divisor. Fix x ∈ R such that every point in the
support of D has degree < x. Then,

#suppD ≤ 2g + 2

q − 1
qx+1.

Proof. One can deduce from the Hasse-Weil bound that #B(Fqr) ≤ (2g + 2)qr for any r ≥ 1.
Hence,

#suppD ≤
∑

1≤r<x

#B(Fqr) ≤ (2g + 2)

⌊x⌋∑
r=1

qr ≤ 2g + 2

q − 1
qx+1. ■

Proposition 2.1.23. Let D ⊂ B be an effective divisor of degree d ≥ 2. Then,

#suppD ≤ 2d log q

log d
+

(2g + 2)q

q − 1

√
d = O

(
d

log d

)
. (2.1.11)

Proof. Write D =
∑

p np[p], so d = degD =
∑

p np deg p. Consider the function f(x) :=
1
2
log x
log q

= logq(
√
x), and split D as D = D1 +D2, where

D1 =
∑
p

deg p<f(d)

np[p] and D2 =
∑
p

deg p≥f(d)

np[p].

By Lemma 2.1.22, we have

#suppD1 ≤
2g + 2

q − 1
qf(d)+1 =

(2g + 2)q

q − 1

√
d.

Furthermore,

d = degD ≥ degD2 ≥ f(d)
∑

deg p≥f(d)

np = f(d)·#suppD2 and so #suppD2 ≤
d

f(d)
=

2d log q

log d
.

The claim follows, as #suppD ≤ #suppD2 +#suppD1. ■

Lemma 2.1.24. Let E/K be a non-isotrivial elliptic curve with j-invariant j : B ! P1. Let
N,∆ ∈ Div(B) denote, respectively, the conductor and minimal discriminant of E. Then,

degs(j) ≤
deg∆

degi(j)
≤ 6(degN + 2g − 2) ,

where degs(j) (resp. degi(j)) denotes the separable (resp. inseparable) degree of the j-map.
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Proof. We first remark that the usual formula for the j-invariant (see [Sil09, Section III.1]),
applied to minimal models of E at every place of K, directly shows that j∗[∞] ≤ ∆, so
deg(j) ≤ deg∆. Furthermore, “Szpiro’s conjecture for function fields” [PS00, Théorème 0.1]
asserts that deg∆ ≤ 6 degi(j)(degN + 2g − 2). Taken together, these say

deg(j) ≤ deg∆ ≤ 6 degi(j)(degN + 2g − 2) .

Divide by degi(j) to conclude. ■

Theorem 2.1.25. Use notation as in Setup 1.2. Furthermore, set p := charK and r := [k :
Fp]. Let E/K be an elliptic curve with conductor N ∈ Div(B). Let n := degN .

(a) Assume charK = 2 and that E is ordinary and non-isotrivial. Then,

dimF2 Sel2(E) ≤ rn+
2n log q

log n
+

12(n+ 2g − 2) log q

log(n+ 2g − 2) + log 6
+
(2g + 2)q

q − 1

(√
n+

√
6(n+ 2g − 2)

)
+2g+2

if n ≥ 2. If E has everywhere semistable reduction, then

dimF2 Sel2(E) ≤
2n log q

log n
+

12(n+ 2g − 2) log q

log(n+ 2g − 2) + log 6
+
(2g + 2)q

q − 1

(√
n+

√
6(n+ 2g − 2)

)
+2g+2.

when n ≥ 2, i.e. one can omit the ‘rn’ term.

(b) Assume charK = 2 and that E is ordinary and isotrivial. Then,

dimF2 Sel2(E) ≤ rn+
2n log q

log n
+

(2g + 2)q

q − 1

√
n+ 2g + 2

if n ≥ 2. f E has everywhere semistable reduction, then

dimF2 Sel2(E) ≤
2n log q

log n
+

(2g + 2)q

q − 1

√
n+ 2g + 2.

when n ≥ 2, i.e. one can omit the ‘rn’ term.

(c) Assume charK = 2 and that E is supersingular. Then,

dimF2 Sel2(E) ≤ r(n+ 2g).

If E has everywhere semistable reduction, then

dimF2 Sel2(E) ≤ 2rg.

(d) Assume charK ̸= 2 and that E[2](K) ̸= 0. Then,

dimF2 Sel2(E) ≤ 3

[
2n log q

log n
+

(2g + 2)q

q − 1

√
n

]
+ 4g + 2

if n ≥ 2.
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In any of the above cases,

dimF2 Sel2(E) = O(n) ≤ O(ht(E)) as n!∞.

When in case (c) or when only considering everywhere semistable E in cases (a), (b), or
(c), one even has

dimF2 Sel2(E) = O

(
n

log n

)
≤ O

(
ht(E)

log ht(E)

)
as n!∞.

Proof. We start with (d). This follows simply from combining Proposition 2.1.5 with (2.1.11)
along with the observation that the set of bad places for E is precisely suppN . Parts
(c), (b), and (a) follow from combining Corollary 2.1.20 (resp. Proposition 2.1.21) with
Proposition 2.1.23. The only subtlety is in bounding the quantity δ when applying these
results in case (a). One does this by appealing to (2.1.11) twice. To bound the number of
places of bad reduction, one applies (2.1.11) to the conductor of E. To bound the number of
places of supersingular reduction, one first recalls that, when charK = 2, these are precisely
the zeros of the j-invariant j : B ! P1. Assume j is nonconstant (as is the case for all curves
to which part (a) applies). Let Z := j∗[0] ∈ Div(B) with reduction Zred. We bound the
number of zeros of j by applying (2.1.11) to Zred, making use of the observation

degZred ≤ degZ

degi(j)
=

deg(j)

degi(j)
= degs(j) ≤ 6(n+ 2g − 2),

with final inequality holding by Lemma 2.1.24. This proves (a). Let ∆ ∈ Div(B) denote
the minimal discriminant of E. The final claim of the theorem statement is clear once one
notes that n ≤ deg∆ = 12 ht(E), with the inequality following from Ogg’s formula [Ogg67,
Theorem 2], and the equality holding by Remark 2.3.5. ■

Remark 2.1.26. Use notation as in Setup 1.2. For an elliptic curve E/K, let N(E) ∈ Div(B)
denote its conductor. Brumer [Bru92, Proposition 6.9] has already shown that, if charK ≥ 5,
one has

rankZE(K) = O

(
degN(E)

log degN(E)

)
.

He proved this via analytic means, bounding the analytic rank of E via “Weil’s explicit
formula”. Theorem 2.1.25 gives an algebraic proof of similar looking bounds, at least for
certain classes of elliptic curves, which can apply in low characteristics. Techniques similar
to the ones used to prove Theorem 2.1.25 have appeared before e.g. in the papers [GL22;
BGL23]. ◦

2.2 Some Recurring Applications of Cohomology and
Base Change

We will need to apply the theorem of cohomology and base change in several places throughout
this thesis, especially in Sections 2.3 and 2.4. In order to limit how much we repeat ourselves,
we collect some standard consequences in this appendix.
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Theorem 2.2.1 (Cohomology and Base Change). Let f : X ! B be a proper, finitely
presented morphism of schemes, and let F be a finitely presented sheaf on X which is flat
over B. Suppose that for a point b ∈ B and an integer i, the comparison map

φib : R
if∗F ⊗ κ(b) −! Hi(Xb,Fb)

is surjective. Then, all of the following hold.

(0) φib is an isomorphism.

(1) there is an open neighborhood V ⊂ B of b s.t. for any morphism B′ g
−! V of schemes,

the comparison map
φiB′ : g∗Rif∗F

∼−−! Rif ′
∗(g

′∗F )

is an isomorphism. Above, f ′, g′ are the morphisms in the Cartesian square

X ′ X

B′ B.

g′

f ′ f

g

In particular, if φib is surjective for all b ∈ B, then formation of Rif∗F commutes with
arbitrary base change.

(2) φi−1
b is surjective if and only if Rif∗F is a vector bundle in an open neighborhood of b.

In particular, φi−1
b is surjective for all b ∈ B if and only if Rif∗F is a vector bundle on

B.

Proof. See [Vak23, Theorem 25.1.6], [Mum08, Section II.5], and/or [Gro63, Section 7.7]. ■

Lemma 2.2.2. Let f : X ! B be a morphism of schemes. Let L be a line bundle on X
such that f∗L is a vector bundle on B whose formation commutes with arbitrary base change.
Suppose that, for each b ∈ B, the fibral line bundle Lb := L |Xb

on Xb is globally generated.
Then, the natural map

f ∗f∗L −! L

is surjective.

Proof. Surjectivity can be checked on stalks. Applying Nakyama to the cokernels of the maps
on stalks, we see that surjectivity can even be checked on the fibers of the line bundles. Thus,
it also suffices to check that (f ∗f∗L ) |Xb

−! L |Xb
= Lb is surjective for each b ∈ B. Note

that the left hand side is the pullback of f∗L along the composition Xb ↪! X
f
−! B, which is

equivalently the composition Xb
fb−! Specκ(b)

b
↪! B, so we are asking for surjectivity of the

induced map

H0(Xb,Lb)⊗ OXb
= f ∗

b

(
˜H0(Xb,Lb)

)
≃ f ∗

b (f∗L ⊗ κ(b)) −! Lb,

where the second isomorphism holds since the formation of f∗L commutes with base change
along Specκ(b)

b
↪! B. The above map is surjective since Lb is globally generated by

assumption, so we win. ■
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Lemma 2.2.3. Let π : C! B be a B-curve (see Section 1.1 for our definition of ‘curve’).
Furthermore, assume that, for all b ∈ B, one has H0(Cb,OCb

) = κ(b) and ωCb
≃ OCb

. Then,
π∗OC = OB holds after arbitrary base change, and ωX/B = π∗L for a unique L ∈ Pic(B).
In fact, L ≃ π∗ωC/B, whose formation will also commute with arbitrary base change.

Proof. We wish to apply cohomology and base change, Theorem 2.2.1. We will first apply it
to F = OC (with i = 0). The comparison map

φ0
b : π∗OC ⊗ κ(b) −! H0(Cb,OCb

) = κ(b)

is nonzero (e.g. since it’s a ring map, so 1 7! 1) and so surjective (for all b ∈ B). Therefore,
by Theorem 2.2.1, it is an isomorphism and π∗OC is a line bundle whose formation commutes
with arbitrary base change. Now, the natural map OB ! π∗OC is an isomorphism on fibers
since it fits into the below commutative diagram (recall φ0

b is itself an isomorphism)

κ(b) π∗OC ⊗ κ(b) κ(b).

id

φ0
b

Thus, OB
∼
−! π∗OC as desired.

Now, since h2(Cb,OCb
) = 0 for all b ∈ B, Theorem 2.2.1 with i = 2 applied to F = OC

shows that R2f∗OC = 0 and so (by part (3) of that theorem) φ1
b is surjective for all b ∈ B. Since

we saw above that also φ0
b is surjective for all b ∈ B, another application of Theorem 2.2.1,

this time with i = 1, to F = OC shows that R1π∗OC is a vector bundle on B of rank

h1(Cb,OCb
) = h0(Cb, ωCb

) = h0(Cb,OCb
) = 1

whose formation commutes with arbitrary base change. By duality, we then conclude that
L := π∗ωC/B ≃(R1π∗OC)

∨ is a line bundle whose formation commutes with arbitrary base
change as well. We claim that π∗L ≃ ωC/B. This is because Lemma 2.2.2 gives a surjection
π∗L ↠ ωC/B and a surjective map between equal rank vector bundles is necessarily an
isomorphism. Finally, uniqueness of this choice of L follows from the projection formula,
which guarantees that, if ωC/B ≃ π∗M , then π∗ωC/B ≃ π∗OC ⊗ M ≃ M . ■

2.3 Global Theory of Weierstrass Curves

In Chapter 3, following [Jon02, Section 4], we will count elliptic curves by exploiting the
fact that each one has a unique minimal Weierstrass model. With this goal in mind, here
we collect the facts about Weierstrass curves which will be needed to carry out a counting
argument.

Definition 2.3.1. For an arbitrary base scheme B, a Weierstrass curve (W
π
−! B, S) over

B is a curve W/B whose fibers are geometrically integral of arithmetic genus 1, equipped
with a section S ⊂ W of π which is contained in π’s smooth locus. ⋄
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Theorem 2.3.2 (Summary of the theory of Weierstrass curves). Let B be an arbitrary base
scheme, let (W π

−! B, S) be a Weierstrass curve, and let L := π∗ωW/B be its Hodge bundle.
Then,

(1) π∗OW ≃ OB and R1π∗OW ≃ L −1 both hold after arbitrary base change.

(2) For any integer n ≥ 1,

• π∗OW (nS) is a locally free sheaf of rank n on B whose formation commutes with
arbitrary base change.

• R1π∗OW (nS) = 0.

(3) For n ≥ 2, there are exact sequences

0 −! π∗OW ((n− 1)S) −! π∗OW (nS) −! L −n −! 0. (2.3.1)

Furthermore, π∗OW (S) ≃ OB.

(4) The natural map π∗π∗OW (3S)! OW (3S) is a surjection, and induces an embedding

W ↪! P(π∗OW (3S)) := ProjB(Sym(π∗OW (3S)))

over B such that OW (1) := OP(π∗OW (3S))(1)|W ≃ OW (3S).

(5) There is a canonical section ∆ ∈ H0(B,L 12), called the discriminant of W , whose
zero scheme is supported exactly on the points with non-smooth fiber.

Proof. All of this can be found e.g. in [Del75]. Technically, [Del75] only claims that (4) holds
Zariski locally on the base, but this suffices to conclude the claim as stated above. ■

Remark 2.3.3. In connection with Theorem 2.3.2(4) above, we remark that for a vector
bundle V on B (an arbitrary base scheme) with associated projective bundle P(V )

p
−! B, one

has
p∗OP(V )(n) ≃ Symn(V )

for any n ≥ 0 (see [Har77, Proposition II.7.11(a)]. ◦

We next attach global equations to Weierstrass curves. It is these equations that we will
be able to count most easily. The existence and shape of these equations is well-known, but
we include a treatment here because of their importance to the count.

Proposition 2.3.4. Let (W π
−! B, S) be a Weierstrass curve with Hodge bundle L := π∗ωW/B.

Let P := P(π∗OW (3S))
p
−! B, so there is a natural embedding W ↪! P. Then, W ↪! P is the

zero scheme of some global section of

OP(W ) ≃ OP(3)⊗ p∗(L 6) =
(
p∗L 6

)
(3).

Hence, we may via W ↪! P as being cut out by some global section of

p∗OP(W ) ≃ L 6 ⊗ Sym3(π∗OW (3S)) .
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Proof. The main content of the above proposition is the computation of the line bundle
OP(W ) on P. Once we know OP(W ) ≃ (p∗L 6) (3), the claimed computation of p∗OP(W )
follows from the projection formula and Remark 2.3.3.

We will find it more natural to directly compute its dual OP(−W ) instead. It is classical
that, on fibers, X ↪! P is cut out by a cubic equation, so the line bundle OP(−W )(3)
on P is trivial on each fiber. Thus (e.g. by [Vak23, Proposition 25.1.11]), OP(−W )(3) ≃
p∗p∗OP(−W )(3). Hence, it will suffice to compute that

p∗OP(−W )(3) ≃ L −6.

With this in mind, consider the exact sequence

0 −! OP(−W )(3) −! OP(3) −! OW (3) −! 0,

and push forward along p. Since OW (1) ≃ OW (3S) by Theorem 2.3.2(4), we obtain the exact
sequence

0 p∗OP(−W )(3) p∗OP(3) p∗OW (3) R1p∗OP(−W )(3)

Sym3(π∗OW (3S)) π∗OW (9S) 0.

Remark 2.3.3

(2.3.2)
Above, R1p∗OP(−W )(3) = 0 by Theorem 2.2.1 since OP(−W )(3) restricts to the trivial bundle
on P2 in each fiber. Observe that the kernel p∗OP(−W )(3) above is a line bundle, so it can
be computed by taking determinants. That is, p∗OP(−W )(3) ≃ det

(
Sym3(π∗OW (3S))

)
⊗

det(π∗OW (9S))−1. By repeatedly taking determinants in the exact sequence (2.3.1), one
computes that

det(π∗OW (nS)) ≃ L 1−(n+1
2 ) for all n ≥ 1.

Therefore, det(π∗OW (9S)) ≃ L −44 and det(π∗OW (3S)) ≃ L −5, so det
(
Sym3(π∗OW (3S))

)
≃

L −50 and p∗OP(−W ) ≃ L −6, as desired. ■

Assumption. For the rest of this section, we work within the context of Setup 1.2. In
particular, k is a finite field, and B is a smooth k-curve of genus g with function field
K = k(B).

Remark 2.3.5. Let E/K be an elliptic curve. Let C/B denote its minimal proper regular
model, and let W/B denote its minimal Weierstrass model. Then, C and W have isomorphic
Hodge bundles. One can deduce this e.g. from [Con05, Theorem 8.1]. In light of Theo-
rem 2.3.2(5), this in particular means that 12 ht(E) = deg∆, where ∆ denotes E’s minimal
discriminant. ◦

Definition 2.3.6. An equation of the form

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3, (2.3.3)

i.e. the data of a tuple (L , a1, a2, a3, a4, a6) with L ∈ Pic(B) and ai ∈ H0(B,L i), is called
a Weierstrass equation. We call L the Hodge bundle of the equation. As explained in
the below Remark 2.3.7, such an equation cuts out a curve in P(OB ⊕ L −2 ⊕ L −3). ⋄
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Remark 2.3.7 (See the discussion after Theorem 1 of Section 3 of [MS72]). To correctly
interpret equation (2.3.3), one should regard X, Y, Z are sections of various line bundles;
specifically,

X ∈ H0(P, p∗(L 2)(1)), Y ∈ H0(P, p∗(L 3)(1)), and Z ∈ H0(P, p∗(O−1
B )(1)).

Above, P := P(OB ⊕ L −2 ⊕ L −3). This way (2.3.3) – or rather, the difference of its two
sides – defines a section of the line bundle p∗(L 6)(3) on P (as should be expected by
Proposition 2.3.4), and the zero scheme of this section in P is “the curve cut out by (2.3.3).”

Let us indicate where these sections X, Y, Z come from. To ease notation, set V :=
OB ⊕ L −2 ⊕ L −3. Note that Hom(L −2,V ) ≃ V ⊗ L 2, and let ηX ∈ H0(B,V ⊗ L 2) be
the global section corresponding to the natural inclusion L −2 ↪! OB ⊕ L −2 ⊕ L −3 = V .
Note that, by definition of P = P(V ), it comes with a morphism p∗V ! OP(1). Now,
X ∈ H0(P, p∗(L 2)(1)) is the image of ηX under the induced map

p∗
(
V ⊗ L 2

)
≃ p∗V ⊗ p∗(L 2)! p∗(L 2)(1).

We similarly define Y ∈ H0(p∗(L 3)(1)) using the inclusion L −3 ↪! V and define Z ∈
H0(OP(1)) using OB ↪! V . ◦

Notation 2.3.8. We set N(g) := max{−1, 2g − 2}. Note that if L is a line bundle on B of
degree > N(g), then H1(B,L ) = 0 and degL ≥ 0.

Proposition 2.3.9. Let (W π
−! B, S) be a Weierstrass curve of height > N(g). Then, (W,S)

is isomorphic to the curve cut out by some Weierstrass equation (2.3.3) whose Hodge bundle
is L := π∗ωW/B, equipped with the subscheme {Z = 0}.

Proof. The exact sequences (see Theorem 2.3.2(3))

0 −! OB −! π∗OW (2S) −! L −2 −! 0 and 0 −! π∗OW (2S) −! π∗OW (3S) −! L −3 −! 0
(2.3.4)

both split since they represent elements of

Ext1OB
(L −2,OB) ≃ H1(L 2) = 0 and Ext1(L −3, π∗OW (2S)) ≃ H1(L 3)⊕ H1(L ) = 0,

respectively. In particular, π∗OW (3S) ≃ OB ⊕ L −2 ⊕ L −3. In this case, Proposition 2.3.4
tells us that W ↪! P is given as the zero scheme of some global section of

p∗OP(W ) ≃ p∗OP(3)⊗ L 6 ≃ Sym3(π∗OW (3S))⊗ L 6

≃ L 6 ⊕ L 4 ⊕ L 3 ⊕ L 2 ⊕ L ⊕ OB ⊕ OB ⊕ L −1 ⊕ L −2 ⊕ L −3.

Symbolically, this is telling us that W ↪! B is given by an equation of the form

λY 2Z + a1XY Z + a3Y Z
2 = µX3 + a2X

2Z + a4XZ
2 + a6Z

3

and ai ∈ H0(B,L i). Finally, it is classic that we can always take λ = 1 = µ above and that
S ⊂ W is the subscheme {Z = 0}. ■
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Recall that we are attempting to compute (an asymptotic) for

#M≤d
1,1(K) =

∑
E/K:ht(E)≤d

1

#Aut(E)
=

∑
L∈Pic(B)
degL≤d

∑
E/K

LE≃L

1

#Aut(E)
,

where LE denotes the Hodge bundle of the elliptic curve E. In order to capture the relationship
between counts of elliptic curves and Weierstrass curves, we introduce the following notation.

Notation 2.3.10. For any L ∈ Pic(B),

• let UWL denote the (unweighted) number of isomorphism classes of generically smooth,
minimal Weierstrass equations with Hodge bundle isomorphic to L .

• Let WEL denote the weighted number of isomorphism classes of elliptic curves with
Hodge bundle isomorphic to L , i.e.

WEL :=
∑
E/K

LE≃L

1

#Aut(E)
.

Proposition 2.3.11. Fix L ∈ Pic(B) with d := degL > N(g). Let E/K be an elliptic
curve, and let (W ! B, S) be a Weierstrass curve with generic fiber ∼= E and Hodge bundle
∼= L . The number of Weierstrass equations (2.3.3) cutting out Weierstrass curves isomorphic
to (W ! B, S) is

(q − 1)q6d+3(1−g)

#Aut(W/B, S)
.

Proof. From the previous discussion (in particular, Remark 2.3.7), we see that the Weierstrass
equation (2.3.3) one obtains is determined up to scaling (i.e. up to choosing an isomorphism
π∗ωW/B ≃ L ) by the choice of splitting in the proof of Proposition 2.3.9. Such splittings
give rise to the coordinates X, Y, Z in Remark 2.3.7, and once these are determined, there
will be a single equation they satisfy. The set of splittings for the short exact sequence
0 ! OB ! π∗OW (2S) ! L −2 ! 0 form a torsor for Hom(L −2,OB) ≃ H0(B,L 2) while
splittings for 0! π∗OW (2S)! π∗OW (3S)! L −3 ! 0 form a torsor for

Hom(L −3, π∗OW (2S)) ≃ Hom(L −3,OB ⊕ L −2) ≃ H0(B,L 3)⊕ H0(B,L ).

Thus, including scaling, we have a total of

(#k×) ·#H0(B,L 2) ·#H0(B,L 3) ·#H0(B,L ) = (q − 1)q6d+3(1−g)

choices of data leading to Weierstrass equations for (W ! B, S). Changing the choice
of splittings and scaling corresponds to modifying (2.3.3) by an automorphism of P(OB ⊕
L −2 ⊕ L −3), and so two choices give the same equation if and only if they differ by an
automorphism of the Weierstrass curve, i.e. if and only if they differ by an automorphism of
P := P(OB ⊕ L −2 ⊕ L −3) which carries W ↪! P onto itself. ■

39



Lemma 2.3.12. Let R be a dvr, let F = Frac(R), and let (W1/R, S1), (W2/R, S2) be two
Weierstrass curves over R with smooth generic fibers. Let φ : W1,F

∼
−! W2,F be an isomorphism

between their generic fibers such that φ(S1,F ) = S2,F . Suppose that W1,W2 have discriminants
with equal valuation. Then, φ uniquely extends to an isomorphism Φ : W1

∼
−! W2 of R-schemes

satisfying Φ(S1) = S2.

Proof. Uniqueness of Φ holds simply because W1,F is (schematically) dense in W1. For
i = 1, 2, we can write Wi as the zero set of some Weierstrass equation

Y 2Z + a
(i)
1 XY Z + a

(i)
3 Y Z

2 = X3 + a
(i)
2 X

2Z + a
(i)
3 XZ

2 + a
(i)
6 Z

3 with a
(i)
j ∈ R

inside P2
R. Having done so, the isomorphism φ will be of the form

φ([X : Y : Z]) =
[
u2X + rZ : u3Y + u2sX + tZ : Z

]
for some u ∈ F× and r, s, t ∈ F . By using the change of variables formula in [Sil09, Table
III.3.1] and arguing as in [Sil09, Proposition VII.1.3(b)], since W1,W2 have discriminates
with the same valuation, we must in fact have u ∈ R× and r, s, t ∈ R. Thus, φ does in fact
extend to a Φ : W1

∼
−! W2 as desired. ■

Corollary 2.3.13. Let (W1/B, S1), (W2/B, S2) be two Weierstrass curves with smooth
generic fibers, and let φ : W1,K

∼
−! W2,K be an isomorphism between their generic fibers such

that φ(S1,K) = S2,K . Suppose that W1,W2 have equal discriminant divisors. Then, φ uniquely
extends to an isomorphism Φ : W1

∼
−! W2 of B-schemes satisfying Φ(S1) = S2.

Proof. Uniqueness of Φ holds simply because W1,K is (schematically) dense in W1. Existence
holds because φ automatically spreads out out to an isomorphism over some open U ⊂ B,
and then further can be extended over the remaining points by Lemma 2.3.12. ■

Corollary 2.3.14. Let (W/B, S) be a Weierstrass curve with smooth generic fiber E := WK ,
an elliptic curve. Then, the restriction map Aut(W/B, S)! Aut(E) is an isomorphism.

Corollary 2.3.15. Fix E be an elliptic curve. Let (W/B, S) be a Weierstrass curve with
generic fiber ∼= E and height d > N(g). Then, the number of Weierstrass equations cutting
out a Weierstrass curve isomorphic to (W/B, S) is

(q − 1)q6d+3(1−g)

#Aut(E)
.

Proof. This follows from combining Corollary 2.3.14 with Proposition 2.3.11; note that
the denominator of the count given by Proposition 2.3.11 had #Aut(W/B, S) in place of
#Aut(E). ■

Corollary 2.3.16. Choose L ∈ Pic(B) of degree > N(g). Then,

WEL =
UWL

(q − 1)q6d+3(1−g) .
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Proof. For any elliptic curve E/K, let LE ∈ Pic(B) denote its Hodge bundle. By Corol-
lary 2.3.15, we have

UWL =
∑
E/K

LE≃L

(q − 1)q6d+3(1−g)

#Aut(E)
= (q − 1)q6d+3(1−g) WEL .

Rearrange to get the claimed equality. ■

At this point, we would like to determine the number UWL of generically smooth minimal
Weierstrass equations over B with Hodge bundle isomorphic to L . We do so by counting
Weierstrass equations which are generically singular or which are non-minimal, and then
subtracting these from the total number.

Remark 2.3.17. Fix L ∈ Pic(B) of degree > N(g). By Riemann-Roch, the number of
Weierstrass equations with Hodge bundle ∼= L is

6∏
i=1
i ̸=5

#H0(B,L i) = q16d+5(1−g). ◦

2.4 Global and Local Theory of Hyper-Weierstrass Curves

In some respects, this section forms the technical heart of this thesis. In it, we define and
study so-called ‘hyper-Weierstrass curves’ (hW curves), which one can think of as being
a hyperelliptic analogue of the Weierstrass curves of Section 2.3. As will be explained in
Section 4.1, these objects can and will be used to parameterize 2-Selmer elements, even in low
characteristics. The main difficulty in proving Theorem B is needing to develop the theory of
these curves far enough to make them amenable to counting. Consequently, this section is
longer and more involved than the others in this chapter.

It is recommended that the reader reads Section 2.4.1 before reading Section 4.1, but they
may safely postpone reading Section 2.4.2 until right before they read Section 4.2.

2.4.1 Definitions and Local Theory

The definition of the titular objects of this section is inspired by the following description of
2-Selmer elements.

Remark 2.4.1. Let K be as in Setup 1.2. Let E/K be an elliptic curve, and fix any n ≥ 1.
Every α ∈ Seln(E) ⊂ H1(K,E[n]) can be represented by a pair (C,D) where C is locally
solvable E-torsor, and D ⊂ C is an effective divisor of degree n. Explicitly, given such a pair,
one associates to it the E[n]-torsor T ⊂ C consisting of points P ∈ C for which nP ∼ D.
Put another way, T is the preimage of OC(D) ∈ Picn(C) under the multiplication-by-n map

C
∼
−! Pic1C/K −! PicnC/K .
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Two such pairs (C1, D1) and (C2, D2) represent the same n-Selmer element if and only if there
is an isomorphism φ : C1

∼
−! C2 of E-torsors for which OC1(D1) ≃ φ∗OC2(D2). Finally, a pair

(C,D) represents the identity element of Seln(E) if and only if D ∼ nO for some O ∈ C(K).
This description of n-Selmer elements can be obtained, for example, by combining [Cre+08,

Section 1.1] with [O’N02, Remark after Proposition 2.3]. ◦

Recall from Section 1.1 that a ‘curve’ over a base scheme B is a flat, proper, finitely pre-
sented B-scheme C/B whose geometric fibers are Gorenstein, 1-dimensional, and connected.

Definition 2.4.2. For an arbitrary base scheme B, we let H(B) denote the groupoid whose

• objects are pairs (H π
−! B,D) of a curve H/B along with a subscheme D ⊂ H satisfying

(a) π∗OH ≃ OB holds after arbitrary base change.
(b) ωH/B ≃ π∗L for some L ∈ Pic(B).
(c) D ⊂ H/B is an effective relative Cartier divisor which is locally free of degree 2

over B.
We often abbreviate this by simply saying that D ⊂ H is “of degree 2”.

(d) The line bundle OH(D) is relatively ample over B.

• (iso)morphisms (H
π
−! B,D) ! (H ′ π′

−! B,D′) are isomorphisms φ : H
∼
−! H ′ over B

such that
φ∗OH′(D′) ≃ OH(D)⊗ π∗M for some M ∈ Pic(B).

We call an element of H(B) a hyper-Weierstrass curve (or simply an hW curve) over
B. ⋄

Remark 2.4.3. Condition (b) implies that that each fiber has trivial dualizing sheaf, and so
can be thought of as saying that H/B is a family of genus 1 curves. ◦

Remark 2.4.4. The definition of H(B) was greatly inspired by the definition of the class
An,d of curves appearing in [Jon02, Paragraph 5.2]. ◦

Remark 2.4.5. Classes of curves which satisfy the criteria of Definition 2.4.2 have been
studied before, e.g. in [Liu96; Liu22] (where they are called “Weierstrass models”) and also
[CFS10; Sad11] (where they are called “Degree 2 models of genus 1 curves”). None of these
citations considers them over an arbitrary base, and they each only consider such models
whose generic fiber is smooth. Here, we allow of arbitrary bases and singular generic fibers,
at least in setting up their basic geometric properties. Finally, since usual Weierstrass models
of elliptic curves play a role in this paper, we opted to give these particular curves a different
name. ◦

Recall that we aim to develop a theory of hyper-Weierstrass curves akin to the theory of
Weierstrass curves described in Section 2.3 and summarized in Theorem 2.3.2. Our first goal
in such a development will be to show, analogous to Theorem 2.3.2(4), that any hW curve
can, locally on the base, be embedded in P(1, 2, 1) where it can be cut out by an equation of
the form

Y 2 + (a0X
2 + a1XZ + a2Z

2)Y = c0X
4 + c1X

3Z + c2X
2Z2 + c3XZ

3 + c4Z
4.
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Fundamental Exact Sequences

Lemma 2.4.6. Let k be a field, and let X/k be a k-curve with trivial dualizing sheaf
ω = ωX/k ∼= OX and with H0(X,OX) = k. Let D ⊂ X be a Cartier divisor, and let
d = h0(OD). Assume that d ≥ 1. Then, h1(OX(D)) = 0, h0(OX(D)) = d. If furthermore
d ≥ 2, then OX(D) is globally generated.

Proof. Consider the exact sequences

0! OX(−D)! OX ! OD ! 0 and 0! OX ! OX(D)! OD(D)! 0. (2.4.1)

By duality, χ(OX) = h0(OX) − h0(ω) = h0(OX) − h0(OX) = 0 since ω ∼= OX . Hence, the
exact sequence on the right of (2.4.1) gives

χ(OX(D)) = χ(OX) + χ(OD(D)) = χ(OD(D)).

Since OD is a skyscraper sheaf, we must have OD ≃ OD(D). The above thus says

χ(OX(D)) = χ(OD(D)) = χ(OD) = d. (2.4.2)

We now claim that H1(OX(D)) = 0. By duality, h0(OX(D)) = h0(ωX ⊗ OX(−D)) =
h0(OX(−D)). At the same time, the exact sequence on the left of (2.4.1) gives rise to

0 −! H0(X,OX(−D)) −! H0(X,OX) −! H0(D,OD).

The restriction map k = H0(X,OX)! H0(D,OD) is nonzero, so we conclude that H0(X,OX(−D)) =
0; hence also H1(X,OX(D)) = 0. Combining this with (2.4.2), we must have h0(OX(D)) =
χ(OX(D)) = d. Finally, that OX(D) is globally generated when d ≥ 2 now follows from
[Jon02, Lemma 8.4(a)]. ■

Setup 2.4.7. Fix an arbitrary base scheme B.

In developing a theory of hW curves, we will find it useful to also consider pairs (X/B,D)
satisfying properties (a) – (c) (but not necessarily (d)) of Definition 2.4.2. Hence, we now
name such curves.

Definition 2.4.8. A hyper almost-Weierstrass curve (or simply hawc) is a pair (X π
−!

B,D) consisting of a curve X/B along with a subscheme D ⊂ X satisfying properties (a) –
(c) of Definition 2.4.2. ⋄

Remark 2.4.9. We will see in Corollary 2.4.16 that hawcs give rise to hW curves. In
Section 4.1.2, we will apply this to show that every 2-Selmer element can be represented by
an hW curve. In brief, Remark 2.4.1 will let us represent a 2-Selmer element by a pair (C,D)
with C a locally solvable genus 1 curve, and D ⊂ C a degree 2 divisor. In Section 4.1.2, we
will show that the minimal proper regular model of C can be given the structure of a hawc,
and so will give rise to an hW curve with (C,D) as its generic fiber. ◦

Lemma 2.4.10. Let π : X ! B be a curve satisfying π∗OX ≃ OB and ωX/B ≃ π∗L for
some L ∈ Pic(B). Let E ⊂ X be an effective relative Cartier divisor of degree n ≥ 1. Then,
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• π∗OX(E) is a locally free sheaf of rank n on B, whose formation commute with arbitrary
base change; and

• R1π∗OX(E) = 0.

Proof. Since E is degree n over the base, ‘Riemann-Roch of the fibers’ (i.e. Lemma 2.4.6)
shows that h0(Eb) = n and h1(Eb) = 0 for any b ∈ B. We now apply cohomology and base
change, Theorem 2.2.1, with F = OX(E) and i = 1. Part (0) of Theorem 2.2.1 implies that
R1π∗OX(E) = 0, so part (2) implies that φ0

b (with notation as in the theorem statement) is
surjective for all b. Given this, we can apply Theorem 2.2.1 a second time, now with i = 0
and F = OX(E). Part (2) shows that π∗OX(E) is a vector bundle on B, part (1) shows
that its formation commutes with arbitrary base change, and part (0) shows that it has rank
h0(Eb) = n. ■

Remark 2.4.11. Let (X
π
−! B,D) be a hawc. We will most commonly apply Lemma 2.4.10

to the divisors nD ⊂ X, for n ≥ 1. In this context, Lemma 2.4.10 says, among other things,
that π∗OX(nD) is a vector bundle of rank 2n. ◦

Proposition 2.4.12. Let (X π
−! B,D) be a hawc with Hodge bundle L := π∗ωX/B. For any

integer n ≥ 2, there is an exact sequence

0 −! π∗OX((n−1)D)⊗det(π∗OX(D)) −! π∗OX(nD)⊗π∗OX(D) −! π∗OX((n+1)D) −! 0
(2.4.3)

of vector bundles on B, where the right map above is the natural multiplication map. When
n = 1, there is an exact sequence

0 −! Sym2(π∗OX(D)) −! π∗OX(2D) −! L −1 ⊗ det(π∗OX(D)) −! 0 (2.4.4)

of vector bundles on B, where the left map is the natural multiplication map.

Proof. Note that OXb
(Db) is globally generated for all b ∈ B by Lemma 2.4.6. Hence,

Lemmas 2.2.2 and 2.4.10 tell us that the natural counit map is a surjection π∗π∗OX(D)↠
OX(D). Consider the exact sequence

0 −! K −! π∗π∗OX(D) −! OX(D) −! 0, (2.4.5)

and note that K is a kernel of a surjection between vector bundles, and so a vector bundle
itself. Since OX(D) is a line bundle while π∗π∗OX(D) is rank 2 (by Lemma 2.4.10), K is a
line bundle, so we can take determinants to compute K ≃ OX(−D)⊗ π∗ det(π∗OX(D)).

Now, fix an integer n ≥ 1. Twisting (2.4.5) by OX(nD), pushing forward the result-
ing sequence, and applying the projection formula3 to both K (nD) ≃ OX((n − 1)D) ⊗
π∗ det(π∗OX(D)) and OX(nD)⊗ π∗π∗OX(D), we obtain the exact sequence

0 π∗OX((n− 1)D)⊗ det(π∗OX(D)) π∗OX(nD)⊗ π∗OX(D) π∗OX((n+ 1)D)

R1π∗OX((n− 1)D)⊗ det(π∗OX(D)) R1π∗OX(nD)⊗ π∗OX(D).

3Rkπ∗(F ⊗ π∗G ) ≃ Rkπ∗F ⊗ G when G is a vector bundle, [Har77, Exercise III.8.3]
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By Lemma 2.4.10, R1π∗OX(nD) = 0. If n ≥ 2, then also R1π∗OX((n − 1)D) = 0, so the
sequence becomes

0 −! π∗OX((n−1)D)⊗det(π∗OX(D)) −! π∗OX(nD)⊗π∗OX(D) −! π∗OX((n+1)D) −! 0,

as claimed. If n = 1, then the map π∗OX(D) ⊗ π∗OX(D) ! π∗OX(2D) factors through
Sym2(π∗OX(D)) and – recalling that R1π∗OX ≃ L −1 by duality – we obtain the exact
sequence

Sym2(π∗OX(D)) π∗OX(2D) L −1 ⊗ det(π∗OX(D)) 0

Now, we claim that the map Sym2(π∗OX(D))! π∗OX(2D) is injective. This follows from
the fact that the kernel of a surjection between vector bundles is a vector bundle. Indeed,
exactness of the sequence tells us that the image of this map is the rank 3 vector bundle
ker(π∗OX(2D)↠ L −1 ⊗ det(π∗OX(D))), and so its kernel is the rank 0 vector bundle

ker
(
Sym2(π∗OX(D))↠ ker

(
π∗OX(2D)! L −1 ⊗ det(π∗OX(D))

))
= 0.

Hence, the sequence above is exact on the left, finishing the proof of the claim. ■

Corollary 2.4.13. Let (X
π
−! B,D) be a hawc with Hodge bundle L := π∗ωX/B. Let

D := det(π∗OX(D)). Then,

det(π∗OX(nD)) ≃ Dn2 ⊗ L 1−n for all n ≥ 1.

Proof. This is true for n = 1 by definition. For n = 2, this then follows from taking
determinants in (2.4.4). For n > 2, one inductively takes determinants in (2.4.3). ■

Proposition 2.4.12 (in particular, surjectivity of the relevant multiplication morphisms
when n ≥ 2) is our main workhorse for obtaining local equations for hyper-Weierstrass curves.

Local Projective Embeddings

We now obtain our local models for hW curves (Theorem 2.4.14), as mentioned above
Section 2.4.1.

Theorem 2.4.14. Let (X ! B,D) be a hawc. Let

H := ProjB

(⊕
n≥0

π∗OX(nD)

)
.

Let p : X ! H be the natural map, induced by the surjections π∗π∗OX(nD)↠ OX(nD) (see
[Sta25, Tag 01O8]), and let DH ⊂ X be the (scheme-theoretic) image of D under p.

Then, each point of the base B has an affine neighborhood U = SpecR such that HU ! U
is isomorphic over U to the subscheme of P(1, 2, 1)U defined by

Y 2 + (uX2 + vXZ + wZ2)Y = aX4 + bX3Z + cX2Z2 + dXZ3 + eZ4 (2.4.6)
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for some u, v, w, a, b, c, d, e ∈ R. Furthermore, we may choose the coordinates X, Y, Z above
so that Z extends to a global section of OH(1), and so that DH is the divisor {Z = 0}; hence,
OH(1) ≃ OH(DH).

Finally, if D ⊂ X is relatively ample over B, i.e. if (X ! B,D) ∈ H(B), then X ≃ H
as B-schemes, so (X ! B,D) itself satisfies the above properties.

Proof. Each point of B has an affine neighborhood U = SpecR above which both π∗OX(D)
and L trivialize, so we may and do assume wlog that B = U = SpecR. Even after passing
to this case, we continue to write U for the base instead of B in order to emphasize the fact
that we’re working over an affine.

We want to carefully construct x, z ∈ Γ(U, π∗OX(D)) and y ∈ Γ(U, π∗OX(2D)) which will
give the coordinates on our weighted projective space. For this, we first consider the exact
sequence 0! OX ! OX(D)! OD(D)! 0 which pushes forward to

0 −! OU −! π∗OX(D) −! π∗OD(D) −! L −1 −! 0.

Let Q := coker(OU ! π∗OX(D)) = ker(π∗OD(D) ↠ L −1), and note that this is a vector
bundle. Consider the exact sequence (recall that U = SpecR is affine)

0 Γ(U,OU) Γ(U, π∗OX(D)) Γ(U,Q) 0.

R R2

We let z ∈ Γ(U, π∗OX(D)) ≃ R2 be the image of 1 ∈ R under the first map above. Since
Γ(U,Q) is a projective R-module, taking determinants shows that Γ(U,Q) ≃ R is free, so
we can and do fix some x ∈ Γ(U,OX(D)) with image generating Γ(U,Q). Hence, x, z ∈
Γ(U, π∗OX(D)) give a basis. We went through the trouble of carefully choosing a particular
z to be part of our basis in order to know that the subscheme {z = 0} ⊂ X is equal to D.

Now, by Proposition 2.4.12, the cokernel of the map Sym2 Γ(U, π∗OX(D)) ↪! Γ(U, π∗OX(2D))
is free, so we can find some y ∈ Γ(U, π∗OX(2D)) such that x2, xz, z2, y form a basis for
Γ(U, π∗OX(2D)). We want to use these to produce a basis for Γ(U, π∗OX(3D)). First note
that the multiplication map

Γ(U, π∗OX(2D))⊗ Γ(U, π∗OX(D))↠ Γ(U, π∗OX(3D))

is surjective due to Proposition 2.4.12. Since the domain is R ⟨x2, xz, z2, y⟩ ⊗R ⟨x, z⟩, we see
by inspection that this map factors through a map

R
〈
x3, x2z, xz2, xy, z3, zy

〉
−! Γ(U, π∗OX(3D))

which is moreover necessarily a surjection. At the same time, Lemma 2.4.10 tells us that
π∗OX(3D) is a rank 6 vector bundle on U , so the above is a surjection of equal rank projective
R-modules, and hence an isomorphism. A similar argument shows that

R
〈
x4, x3z, x2z2, xz3, z4, x2y, xzy, z2y

〉 ∼−−! Γ(U, π∗OX(4D)).
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Since we have y2 ∈ Γ(U, π∗OX(4D)) as well, there must be some relation of the form

y2 + (ux2 + vxz + wz2)y = ax4 + bx3z + cx2z2 + dxz3 + ez4 (2.4.7)

with u, v, w, a, b, c, d, e ∈ R.
Now, a straightforward induction argument using logic as above shows that the natural

map
Bn :=

⊕
a+2b=n

(
Syma Γ(U, π∗OX(D))⊗Ryb

)
−! Γ(U, π∗OX(nD)) =: An

is surjective for all n ≥ 0. Thus, letting B :=
⊕

n≥0Bn and A =
⊕

n≥0An, the natural
surjection B ↠ A of graded R-algebras gives rise to a closed embedding

H = ProjA ↪! ProjB ≃ P(1, 2, 1)U

upon taking Proj. Above, ProjB ≃ P(1, 2, 1)U since it is easy to check that the natural
graded map

R[X, Y, Z] −! B sending X 7! x, Y 7! y, Z 7! z

(in particular, X,Z are degree 1, while Y is degree 2) is an isomorphism, e.g. since it is
visibly surjective and its graded pieces have the same rank. Combining this observation with
the relation (2.4.7), we see that we have a natural surjection

R[X, Y, Z]

(Y 2 + (uX2 + vXZ + wZ2)Y − (aX4 + bX3Z + cX2Z2 + dXZ3 + eZ4))

∼
↠ A

which is once more an isomorphism as both sides have nth graded piece of rank 2n. This
exactly says that H = ProjA is the subscheme of P(1, 2, 1)U cut out by an equation of the
form (2.4.6), as desired.

Finally, in the case that X is hyper-Weierstrass, we have X ≃ H = ProjA by [Sta25,
Tag 01Q1] (+ X being proper) since D ⊂ X is relatively ample. ■

Among other things, Theorem 2.4.14 describes a local model (2.4.6) for hyper-Weierstrass
curves. We now establish a converse by showing that hyper-Weierstrass curves are exactly
those with such a local model.

Theorem 2.4.15. Let H π
−! B be a B-scheme equipped with a closed subscheme D ⊂ H

satisfying the following property: Every point of B has an affine neighborhood U = SpecR
above which HU ! U becomes isomorphic to a subscheme of P(1, 2, 1) defined by an equation of
the form (2.4.6) such that DU ⊂ HU is the subscheme {Z = 0}. Then, (H π

−! B,D) ∈ H(B).

Proof. Every part of Definition 2.4.2 is local on the base, so we may and do assume that
B = SpecR is affine, that

H =
{
Y 2 + (uX2 + vXZ + wZ2)Y = aX4 + bX3Z + cX2Z2 + dXZ3 + eZ4

}
⊂ P(1, 2, 1)R

(for some u, v, w, a, b, c, d, e ∈ R), and that D = {Z = 0} ⊂ H. Note H is visibly proper and
finitely presented over R. We first show that H is flat over R. Note that it is covered by the
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open sets {X ̸= 0} and {Z ≠ 0}. By symmetry, to show that it is flat over R, it suffices to
show that

A :=
R[x, y]

(f(x, y))
where f(x, y) = y2 + (ux2 + vx+ w)y − (ax4 + bx3 + cx2 + dx+ e)

is a flat R-module. This is the case simply because A ∼= R[x] ⊕ R[x]y ∼= R[x]⊕2 as an
R-module, and R[x] is R-flat.

We next show that the fibers of π are Gorenstein curves with trivial dualizing sheaves.
For any b ∈ B, we simply note that the open subset {X ̸= 0} ∪ {Z ̸= 0} ⊂ P(1, 2, 1)κ(b) is a
regular scheme containing Hb, so Hb is a local complete intersection, and hence a Gorenstein,
1-dimensional scheme. In particular, each Hb is a ‘weighted hypersurface of degree 4’ in the
sense of [Dol82], so [Dol82, Theorem 3.3.4]4 tells us that ωH ∼= OH . Furthermore, from our
explicit description of Hb ↪! P(1, 2, 1)κ(b), one can show that H0(Hb,OHb

) = κ(b), e.g. by
computing Čech cohomology with respect to the affine open covering {X ≠ 0}∪{Z ̸= 0} = Hb.
Thus, Lemma 2.2.3 tells us that π∗OH = OB holds after arbitrary base change, and that
ωH/B ∈ π∗ Pic(B).

What remains is to show that D ⊂ X/B is a relatively ample effective Cartier divisor of
degree 2 over B. Since D = {Z = 0} ⊂ H, it is certainly an effective Cartier divisor on H.
Furthermore, D is flat over B by essentially the same argument used to show that H is flat
over B, so D is in fact an effective relative Cartier divisor over B. As D ⊂ {X ̸= 0} ⊂ H,
we see that for any b ∈ B

Db ≃ Spec
κ(b)[y]

(y2 + uy − a)

is a degree 2 scheme, so D is of degree 2. Finally, OH(D) ≃ OH(1) := OP(1,2,1)(1)|H is indeed
a relatively ample line bundle over B. ■

Corollary 2.4.16. Let (X ! B,D) be a hawc. Then,

H := ProjB

(⊕
n≥0

π∗OX(nD)

)

equipped with the scheme-theoretic image of D under the natural map X ! H is a hyper-
Weierstrass curve over B such that OH(1) ≃ OH(D).

Proof. Combine Theorems 2.4.14 and 2.4.15. ■

Finally, for later use in Section 4.1.2, we establish a few facts about the map p of
Theorem 2.4.14 when the base B is (the spectrum of) a field.

Proposition 2.4.17. Let F be a field, and let (C,D) be a hawc over F . Let S :=⊕
n≥0H

0(C,OC(nD)) and X := ProjS. Consider the natural morphism p : C ! X in-
duced by the identity map S =

⊕
n≥0H

0(C,OC(nD)) via [Sta25, Tag 01N8] with d = 1; in
applying this citation, we use Lemma 2.4.6 to know that OC(D) is generated by global sections.
Then,

4Which holds in characteristic 2 by [Ach23, Corollary B.3]
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(a) The locus U1 :=
⊕

f∈S1
D+(f) referenced in the citation is all of X. Consequently, the

citation gives an isomorphism α : p∗OX(1)
∼
−! OC(D).

(b) The induced maps H0(X,OX(n))! H0(C,OC(nD)) are isomorphisms for all n ≥ 1.

(c) The accompanying map OX ! p∗OC is an isomorphism of sheaves.

(d) The induced map H0(C, ωC) ! H0(X,ωX), dual to H1(X,OX) ! H1(C,OC), is an
isomorphism.

Proof. First, let DX ⊂ X be the scheme-theoretic image of D ⊂ C under p : C ! X.
Note that Corollary 2.4.16 tells us that (XFk,DX) ∈ H(SpecF ) is an hW curve with
OX(DX) ≃ OX(1). In particular, by applying Lemma 2.4.6 twice,

h0(X,OX(n)) = h0(X,OX(nDX)) = 2n = h0(C,OC(nD)) for all n ≥ 1.

Similarly, we have h0(X,OX) = 1 = h0(C,OC) by assumption on C and since X is hyper-
Weierstrass over k. Hence, h0(X,OX(n)) = h0(C,OC(nD)) for all n ≥ 0.

(a) We first show that X is covered by distinguished affines coming from elements in degree
1, i.e. that X = U1. Theorem 2.4.14 gives an embedding X ↪! P(1, 2, 1)k ≃ Proj k[X, Y, Z],
with X,Z in degree 1 and Y in degree 2, so that X is cut out by an equation of the form
(2.4.6). Consequently, X = D+(X) ∪D+(Z) ⊂ U1 ⊂ X, so X = U1 as claimed. [Sta25, Tag
01N8] then tells us that p∗OX(1) ≃ OC(D).

(b) By taking powers, p∗OX(n) ≃ OC(nD) for all n ∈ Z. We tensor the map OX ! p∗OC

with OX(n), apply the projection formula, and then apply this isomorphism p∗OX(n) ≃
OC(nD) in order to obtain

OX(n) −! p∗OC ⊗ OX(n) ≃ p∗(OC ⊗ p∗OX(n)) ≃ p∗OC(nD). (2.4.8)

Taking global section, we obtain a map

Γ(X,OX(n)) −! Γ(C,OC(nD))

for all n ≥ 0, which is furthermore surjective as [Sta25, Tag 01N8] shows it fits in a
commutative diagram

Sn Γ(X,OX(n)) Γ(C,OC(nD)).

id

We proved earlier that dimF Γ(X,OX(n)) = dimF Γ(C,OC(nD)), so we in fact have isomor-
phisms Γ(X,OX(n))

∼
−! Γ(C,OC(nD)) for all n ≥ 0.

(c) To show that the induced map OX ! p∗OC is an isomorphism. we simply observe that
(b) tells us that (2.4.8) induces the following isomorphism of coherent sheaves on X = ProjS
(see [Sta25, Tag 0AG5] for the outer isomorphisms)

OX ≃

(⊕
n≥0

Γ(X,OX(n))

)∼
∼
−!

(⊕
n≥0

Γ(X, p∗OC ⊗ OX(n))

)∼

≃ p∗OC .
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(d) Finally, we will show that p induces an isomorphism H0(C, ωC)
∼
−! H0(X,ωX). The

Leray spectral sequence Hp(X,Rqp∗OC) =⇒ Hp+q(C,OC) gives an embedding H1(X, p∗OC) ↪!
H1(C,OC). By (c), this is H1(X,OX) ↪! H1(C,OC). The dual of this is a surjection
H0(C, ωC) ↠ H0(X,ωX). H0(C, ωC) = H0(C,OC) = k by assumption on C and similarly
H0(X,ωX) = H0(X,OX) = k since X is hyper-Weierstrass over k, so we conclude that
H0(C, ωC)

∼
↠ H0(X,ωX) is in fact an isomorphism. ■

Lemma 2.4.18. Let F be a field, and let (C,D) be a hawc over F . Set S :=
⊕

n≥0H
0(C,OC(nD))

and H := ProjS. Consider the natural map p : C ! H.
Let {Ci}i∈I denote the irreducible components of C which D does not meet, and set

U := C \
⋃
i∈I Ci

open
⊂ C. Then, p restricts to an open immersion U ↪! H with dense image.

In other words, p : C ! H is a contraction of the components of C not meeting D.

Proof. By Proposition 2.4.17(c), the induced map OH ! p∗OC is an isomorphism; in
particular, p has connected fibers. Therefore, by Zariski’s Main Theorem [BLR90, Theorem
2.3/2] (see also [Mat11, Proposition 3.8]), to prove the claim, it suffices to show that
p|U : U ! H is quasi-finite. Let C0 ↪! C denote an irreducible component which does meet
D; we only need to show that C0 is not contracted by p. Fix a point x ∈ C0∩D. Lemma 2.4.6
tells us that OC(D) is globally generated, so there exists a section σ ∈ H0(C,OC(D)) which
is nonvanishing at x. On the other hand, the section σ′ := 1 ∈ H0(C,OC(D)) does vanish at
x. Thus, the sets p−1(D+(σ)) ∩ C0 and p−1(D+(σ

′)) ∩ C0 – i.e. the loci C0,σ and C0,σ′ on C0

where σ, σ′ are nonvanishing – are nonempty and distinct, forcing p|C0 to not be constant. ■

2.4.2 Global Theory

We now turn our attention to studying hW curves over a base B. To aid in counting such
curves in Chapter 4, our first goal will be, informally speaking, to understand ‘the shape of
the equation cutting out an hW curve’. This will be made more literal in Remark 2.4.34.

Global Equations for hW Curves

Setup 2.4.19. Fix an arbitrary base scheme B.

Recall (Theorem 2.4.14) that an hW curve (H
π
−! B,D) ∈ H(B) can locally (on B) be

embedded into P(1, 2, 1). In this section, we globalize this result by embedding H into a
P(1, 2, 1)-bundle P over B and then studying the line bundle OP(H) (see Propositions 2.4.30
and 2.4.33). The proof of Theorem 2.4.14 suggests that H should embed into a P(1, 2, 1)-
bundle whose homogeneous coordinate ring is generated, as a graded OB-algebra, by π∗OH(D)
(in degree 1) and π∗OH(2D) (in degree 2). Inspired by this, we make the following definition.

Definition 2.4.20. Let D = (E1,E2, µ) be a tuple consisting of

• a rank 2 vector bundle E1 on B,

• a rank 4 vector bundle E2 on B, and

• a monomorphism µ : Sym2(E1) ↪! E2 whose cokernel is a line bundle.
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We call such a tuple a (1,2,1)-datum (over B) as it will allow us to define a P(1, 2, 1)-
bundle over B (see Lemma 2.4.24). We say D is isomorphic to another (1,2,1)-datum
(V1,V2, ν) is there exists a line bundle M ∈ Pic(B) and isomorphisms φ : E1 ⊗M

∼
−! V1 and

ψ : E2 ⊗ M 2 ! V2 such that

Sym2(E1 ⊗ M ) E2 ⊗ M 2

Sym2(V1) V2

µM

Sym2(φ) ψ

ν

commutes, where µM is the natural composition Sym2(E1 ⊗ M ) ≃ Sym2(E1) ⊗ M 2 µ⊗id
−−−!

E2 ⊗ M 2. ⋄

Construction 2.4.21. Let D = (E1,E2, µ) be a (1,2,1)-datum over B. Form the sheaf of
graded OB-algebras T (E1,E2) := Sym(E1 ⊕ E2) graded by declaring E1,E2 to be in degrees
1,2, respectively, i.e.

T (E1,E2)n =
⊕

a+2b=n

Syma(E1)⊗ Symb(E2)

for any n ≥ 0. Let I (E1,E2, µ) ⊂ T (E1,E2) be the (graded) ideal sheaf generated by sections
of the form αβ − µ(αβ) with α, β both local sections of E1. Finally, set

B(D) := B(E1,E2, µ) :=
T (E1,E2)

I (E1,E2, µ)
and P(D) := ProjB B(D). 8

Example 2.4.22. Say (H
π
−! B,D) is an hW curve. Then, by Lemma 2.4.10 and Proposi-

tion 2.4.12, the triple

D(H/B,D) :=(π∗OH(D), π∗OH(2D), µ) ,

where µ : Sym2(π∗OH(D)) ! π∗OH(2D) is the natural multiplication map, is a (1,2,1)-
datum, called the curve’s associated (1,2,1)-datum. In this case, we write P(H/B,D) :=
P(D(H/B,D)), and we similarly define T (H/B,D),I (H/B,D), and B(H/B,D). △

Definition 2.4.23. Inspired by the above example, along with Proposition 2.4.12, given
any (1,2,1)-datum D = (E1,E2, µ), we define its Hodge bundle to be L := det(E1) ⊗
coker(µ)−1. ⋄

Lemma 2.4.24. Let D := (E1,E2, µ) be a (1,2,1)-datum. Then,

P(D)
p−−! B

is a Zariski-locally trivial P(1, 2, 1)-bundle over B.

Proof. We may assume without loss of generality that E1 ≃ O⊕2
B , E2 ≃ O⊕4

B , and coker(µ) ≃
OB since these all hold Zariski locally on B. Let X,Z be a global basis for E1, and let
Y ∈ Γ(B,E2) restrict to a global basis for coker(µ). Then,

T (E1,E2) ≃ OB

[
X, Y, Z, µ(X2), µ(XZ), µ(Z2)

]
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is a polynomial algebra with X,Z in degree 1, and Y, µ(X2), µ(XZ), µ(Z2) all in degree 2.
Furthermore, the ideal I (D) is generated by

X2 − µ(X2), XZ − µ(XZ), Z2 − µ(Z2),

so B(D) ≃ OB[X, Y, Z] and P(D) ≃ P(1, 2, 1)B. ■

Remark 2.4.25. Let D be a (1,2,1)-datum. As a consequence of (the proof of) Lemma 2.4.24,
we see that the rank of B(D)n is equal to the number of (monic) degree n monomials in
Z[X, Y, Z] where X,Z have degree 1 and Y has degree 2. We will see below (Lemma 2.4.27)
that B(D)n ≃ p∗OP(D)(n), so this also computes the rank of p∗OP(D)(n). ◦

We will need the following basic fact about the cohomology of weighted projective space.

Lemma 2.4.26. Consider P(1, 2, 1) over any field k. For any n ∈ Z, H1(P(1, 2, 1),O(n)) = 0.

Proof. See [Dol82, Theorem 1.4.1(ii)] (which technically assumes char k ̸= 2) or [Ach23,
Lemma B.4]. ■

Lemma 2.4.27. Let D = (E1,E2, µ) be a (1,2,1)-datum over B, and consider P := P(D)
p
−! B.

For any n ≥ 0, the natural map

B(D)n −! p∗OP(n)

is an isomorphism.

Proof. We will apply cohomology and base change, Theorem 2.2.1. By Lemma 2.4.26,
H1(Pb,OPb

(n)) = 0 for all b ∈ B, so Theorem 2.2.1(0,2) applied to F = OP(n) with i = 1
shows that R1p∗OP(n) = 0 and that the comparison map

φ0
b : p∗OP(n)⊗ κ(b) −! H0(Pb,OPb(n))

is surjective for all b ∈ B. Thus, a second application of Theorem 2.2.1(0,2), now to
F = OP(n) with i = 0, shows that p∗OP(n) is a locally free sheaf on B. Hence, one can
check that the natural map B(D)n ! p∗OP(n) is an isomorphism by checking this on fibers,
where it becomes the classical fact that k[X, Y, Z]n

∼
−! H0(P(1, 2, 1),O(n)), see e.g. [Dol82,

Theorem 1.4.1(i) and Notations 1.1]. ■

Lemma 2.4.28. Let (H π
−! B,D) ∈ H(B) be a hyper-Weierstrass curve. Then, there is a

natural embedding
H ↪! P(H/B,D) =: P,

for which OH(n) := OP(n)|H ≃ OH(nD) for all n ≥ 0.

Proof. Since D ⊂ H is relatively ample, H ≃ ProjB
⊕

n≥0 π∗OH(nD), and the claimed
embedding comes from the natural morphism

B(H/B,D) =
Sym∗(π∗OH(D)⊕ π∗OH(2D))

I (H/B,D)
−!

⊕
n≥0

π∗OH(nD)

(induced by the multiplication maps π∗OH(D)⊕a⊗ π∗OH(2D)⊕b −! π∗OH((a+ 2b)D)). This
morphism is surjective (and so induces a closed embedding upon taking ProjB) because this
was verified locally in the proof of Theorem 2.4.14. ■
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Lemma 2.4.28 provides us with an embedding of an hW curve H into some P(1, 2, 1)-bundle
P. We now want to understand “the shape of the equation cutting out H,” i.e. to understand
the line bundle OP(H) supporting a section cutting out H, as well as its pushforward to B.

Lemma 2.4.29. Let D = (E1,E2, µ) be a (1,2,1)-datum, and let Y := coker
(
µ : Sym2(E1) ↪! E2

)
.

Then, there is a short exact sequence

0 −! Sym4(E1)
ν−−! B(D)4 −! E2 ⊗ Y −! 0. (2.4.9)

Above, ν is the composition Sym4(E1) ↪! T (E1,E2)4 ↠ B(D)4.

Proof. We construct (2.4.9) locally, and then glue by observing that the locally constructed
maps are independent of any choices. That being said, let U

open
⊂ B be small enough that

E1|U ∼= O⊕2
U and E2|U ∼= O⊕4

U (so then also Y |U ∼= OU). Let X,Z ∈ Γ(U,E1) be a basis for
E1|U , and choose Y ∈ Γ(U,E2) so that µ(X2), µ(XZ), µ(Z2), Y form a basis for E2|U . Let
Y ∈ Γ(U,Y ) be the image of Y . Then, it is not difficult to see that the images of

X4 X3Z X2Z2 XZ3 Z4 X2 ⊗ Y XZ ⊗ Y Z2 ⊗ Y Y ⊗ Y

under the quotient map T (E1,E2)4 ↠ B(D)4 form a basis over U . Define a map B(D)4|U !
E2|U ⊗ Y |U by sending

X2 ⊗ Y 7−! µ(X2)⊗ Y , XZ ⊗ Y 7−! µ(XZ)⊗ Y ,
Z2 ⊗ Y 7−! µ(Z2)⊗ Y , Y ⊗ Y 7−! Y ⊗ Y ,

and sending all other basis elements to 0. By construction, the kernel of this map is (isomorphic
to) Sym4(E1)|U , i.e. we have an exact sequence

0 −! Sym4(E1)|U −! B(D)4|U −! E2|U ⊗ Y |U −! 0

over U . Finally, one can check that the above maps are independent of the choice of
Y ∈ Γ(U,E2) making µ(X2), µ(XZ), µ(Z2), Y a basis for E2|U and are independent of the
choice of basis X,Z ∈ Γ(U,E1) for E1|U . Therefore, the above short exact sequence globalizes
to give the claimed sequence (2.4.9). ■

Proposition 2.4.30. Let (H π
−! B,D) ∈ H(B) be an hW curve, and consider the natural

embedding H ↪! P(H/B,D) =: P, constructed in Lemma 2.4.28. Then, H ↪! P is a
Cartier divisor, and so is the zero scheme of some global section of the line bundle OP(H).
Furthermore, we compute this line bundle to be

OP(H) ≃ OP(4)⊗ p∗(D−2 ⊗ L 2) = p∗
(
D−2 ⊗ L 2

)
(4),

where D := det(π∗OH(D)), L := π∗ωH/B, and p : P! B is the structure morphism. That
is, we can view H ↪! P as being cut out by some global section of

p∗OP(H) ≃ B(H/B,D)4 ⊗ D−2 ⊗ L 2.
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Proof. Once we know OP(H) ≃ p∗(D−2 ⊗ L 2) (4), the claimed computation of p∗OP(H)
follows from the projection formula and Lemma 2.4.27.

We will find it more natural to instead directly compute the dual OP(−H). First note
that H ↪! P is Cartier by Theorem 2.4.14, which shows that it is locally cut out by a single
equation. That same theorem also shows that the fibers of H ↪! P (over B) are cut out
by weighted degree 4 equations, so the line bundle OP(−H)(4) on P is trivial on each fiber.
Thus, e.g. by [Vak23, Proposition 25.1.11], OP(−H)(4) ≃ p∗p∗OP(−H)(4). Hence, it will
suffice to compute that

p∗OP(−H)(4) ≃ D2 ⊗ L −2.

With this in mind, consider the exact sequence

0 −! OP(−H)(4) −! OP(4) −! OH(4) −! 0,

and push forward along p. We know that OH(4) ≃ OH(4D) by Lemma 2.4.28, that p∗OP(4) ≃
B(H/B,D)4 by Lemma 2.4.27, and that R1p∗OP(−H)(4) = 0 by Theorem 2.2.1 combined
with Lemma 2.4.26. Hence, we obtain

0 −! p∗OP(−H)(4) −! B(H/B,D)4 −! π∗OH(4D) −! 0. (2.4.10)

Because rankB(H/B,D)4 = 9 (by Remark 2.4.25) and rank π∗OH(4D) = 8 (by Lemma 2.4.10),
the kernel p∗OP(−H)(4) above must be a line bundle, and so it can be computed by taking
determinants. Corollary 2.4.13 tells us that

det(π∗OH(4D)) ≃ D16 ⊗ L −3 and det(π∗OH(2D)) ≃ D4 ⊗ L −1.

Taking determinants in the exact sequence (2.4.9) with E1 = π∗OH(D) and E2 = π∗OH(2D)
(and note that Y ≃ L −1 ⊗ D by Proposition 2.4.12), one computes that detB(H/B,D)4 ≃
D18 ⊗ L −5. Finally, taking determinants in (2.4.10) shows that p∗OP(−H)(4) ≃ D2 ⊗ L −2,
proving the claim. ■

The last thing we want to take care of here is improving our understanding of the rank 9
vector bundle

p∗OP(H) ≃ B(H/B,D)4 ⊗ D−2 ⊗ L 2

appearing in Proposition 2.4.30. We will do this by endowing it with a filtration, all of whose
graded pieces are line bundles.

Definition 2.4.31. Let D = (E1,E2, µ) be a (1,2,1)-datum. We say that D is normalized if
either

(1) E1 has Harder-Narasimhan filtration of the form

0 −! OB −! E1 −! D −! 0,

necessarily with u := degD < 0. In this case, we call u the unstable degree of D.

(2) E1 is semistable. In this case, we say D has unstable degree u = 0. ⋄
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The above definition was inspired by [HLHN14, Section 6.1], though our “unstable
degree” is the negation of the one appearing there. This is to allow for easier application of
Corollary 2.4.58 when we do the actual counting.

Lemma 2.4.32. Every hW curve is isomorphic to one whose associated (1,2,1)-datum is
normalized.

Proof. Let (H
π
−! B,D) be an hW curve, and let E1 := π∗OH(D). If E1 is semistable, then

D(H/B,D) is already normalized. Hence, assume that E1 is unstable. Let M ↪! E be a
destabilizing line subbundle, so OB is destabilizing line subbundle of F := E ⊗ M−1. Let

S := ProjB

(⊕
n≥0

(
π∗OH(nD)⊗ M−n)) ρ

−! B,

and let f : S
∼
−! H be the natural isomorphism [Sta25, Tag 02NB]. Let P := P(H/B,D)

p
−! B

and consider its line bundle p∗(M−1)(1). By the projection formula and Lemma 2.4.27,
p∗p

∗(M−1)(1) ∼= E ⊗ M−1 = F ; thus, H0(P, p∗(M−1)(1)) = H0(B,F ) is nonzero (recall
OB ↪! F ). Embed S

f
−! H ↪! P, and let E ⊂ S be the zero scheme of some nonzero

section of p∗(M−1)(1). One can use Theorem 2.4.15 to show that (S/B,E) is an hW curve
over B. By construction, this hW is isomorphic to H and its associated (1,2,1)-datum is
normalized. ■

Proposition 2.4.33. Let D = (E1,E2, µ) be a (1,2,1)-datum. Let D := det(E1), and let
Y := coker(µ). Then, there is a filtration 0 = F0 ⊂ F5 ⊂ F8 ⊂ F9 = B(D)4 such that Fi

is a rank i vector bundle on B, where

F5 = Sym4(E1),
F8

F5

∼= Sym2(E1)⊗ Y , and
F9

F8

∼= Y 2.

Furthermore, if D is normalized with E1 unstable, then this filtration extends to a filtration

0 = F0 ⊂ F1 ⊂ · · · ⊂ F8 ⊂ F9 = B(D)4

by vector bundles on B with graded pieces

Fi+1

Fi

∼=


D i if 0 ≤ i ≤ 4

D i−5 ⊗ Y if 5 ≤ i ≤ 7

Y 2 if i = 8.

Proof Sketch. This follows from the existence of the exact sequences

0 −! Sym4(E1) −! B(D)4 −! E2 ⊗ Y −! 0 by Lemma 2.4.29;
0 −! Sym2(E1) −! E2 −! Y −! 0 by definition of (1,2,1)-datum; and
0 −! OB −! E1 −! D −! 0 if E1 is unstable and D is normalized.

■

55

https://stacks.math.columbia.edu/tag/02NB


Remark 2.4.34. Let (H/B,D) be an hW curve with Hodge bundle L . Suppose that
π∗OH(D) is unstable and that the (1,2,1)-datum D(H/B,D) is normalized. Let D :=
det(π∗OH(D)). If the filtration of Proposition 2.4.33 applied to D(H/B,D) splits, then
P := P(H/B,D) has global coordinates X, Y, Z with Y defined using the splitting of 0 !
Sym2(E1) ! E2 ! L −1 ⊗ D ! 0, and X,Z defined using the splitting of 0 ! OB !
E1 ! D ! 0 (analogously to Remark 2.3.7). Defined appropriately, these global coordinates
X, Y, Z are sections

X ∈ H0
(
P, p∗

(
O−1
B

)
(1)
)
, Y ∈ H0

(
P, p∗

(
L ⊗ D−1

)
(2)
)
, and Z ∈ H0

(
P, p∗

(
D−1

)
(1)
)
.

With this in mind, in this case, the vector bundle p∗OP(H) naturally splits as a sum of line
bundles (compare Propositions 2.4.30 and 2.4.33), and H ↪! P can be described as the zero
scheme of an equation

λY 2 + (a0X
2 + a1XZ + a2Z

2)Y = c0X
4 + c1X

3Z + c2X
2Z2 + c3XZ

3 + c4Z
4

with λ ∈ H0(B,OB), ai ∈ H0(B,D i−1 ⊗ L ) and cj ∈ H0(B,D j−2 ⊗ L 2) (note that both
sides above are sections of p∗(D−2 ⊗ L 2) (4)). Furthermore, by comparing with the local
equations of Theorem 2.4.14, we see that λ above must be nonzero, so after scaling, H ↪! P
is cut out by an equation of the form

Y 2 + (a0X
2 + a1XZ + a2Z

2)Y = c0X
4 + c1X

3Z + c2X
2Z2 + c3XZ

3 + c4Z
4, (2.4.11)

akin to the Weierstrass equations of Definition 2.3.6. ◦

Properly Embedded hW Curves

In order to count hW curves, we will partition them according to their (1,2,1)-data. To that
end, we begin by fixing such a choice of datum and studying the hW curves which embed
into the corresponding P(1, 2, 1)-bundle.

Setup 2.4.35. We continue to let B denote an arbitrary base scheme. We also fix any choice
of (1,2,1)-datum D := (E1,E2, µ) over B. Finally, we write P := P(D) and let p : P ! B
denote its structure map.

Definition 2.4.36. We say that an hW curve (H/B,D) equipped with an embedding H ↪! P
is properly embedded if OH(1) := OP(1)|H ≃ OH(D). ⋄

Lemma 2.4.37. Every hW curve is isomorphic to one which properly embeds into a P(D)
with D normalized.

Proof. This follows immediately from Lemmas 2.4.28 and 2.4.32. ■

Lemma 2.4.38. Let (H π
−! B,D) be an hW curve properly embedded in P. Then, the natural

map
p∗OP(n) −! π∗OH(n) ≃ π∗OH(nD)

is surjective for all n ∈ Z. Furthermore, it is an isomorphism for n = 0, 1, 2, 3.
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Proof. Consider the exact sequence 0 ! OP(−H)(n) ! OP(n) −! OH(n) ! 0. By
Lemma 2.4.26 and the isomorphisms OP(−H)(n)b ≃ OP(1,2,1)κ(b)(n − 4), we must have
H1(P(1, 2, 1)b,OP(−H)(n)b) = 0 for all b ∈ B. Thus, Theorem 2.2.1 now tells us that
R1p∗OP(−H)(n) = 0. Given this, our short exact sequence induces a surjection

p∗OP(n)↠ π∗OH(n) ≃ π∗OH(nD).

When n ∈ {0, 1, 2, 3}, p∗OP(n) and π∗OH(n) are vector bundles of rank the same rank (by
Remark 2.4.25 and Lemma 2.4.10), so this must be an isomorphism. ■

Corollary 2.4.39. An hW curve (H/B,D) properly embeds into some P(D) for a unique,
up to isomorphism, (1,2,1)-datum D, necessarily D ∼= D(H/B,D).

Lemma 2.4.40. Let (H π
−! B,D) and (S

ρ
−! B,E) be two hW curves properly embedded in P.

Let f : H
∼
−! S be a hyper-Weierstrass isomorphism. Then, f ∗OS(nE) ≃ OH(nD) for all n.

Proof. Since pullbacks commute with tensor products, it suffices to prove the claim when
n = 1. By definition, there exists some M ∈ Pic(B) such that f ∗OS(E) ≃ OH(D)⊗ π∗M .
Pushing forwards along π, we see that ρ∗OS(E) ≃ π∗OH(D) ⊗ M . At the same time,
Lemma 2.4.38 shows that π∗OH(D) ≃ p∗OP(1) ≃ ρ∗OS(E). Taken together, these two
statements imply that M ≃ OB, from which the claim follows. ■

Notation 2.4.41. Let G(D) denote the (abstract) group of pairs (φ, ψ) of automorphisms
of E1,E2 which are compatible with multiplication, i.e.

G(D) :=

(φ, ψ) ∈ GL(E1)×GL(E2)

∣∣∣∣∣∣∣∣∣∣
Sym2(E1) E2

Sym2(E1) E2

µ

Sym2(φ) ψ

µ

commutes.


We let PG := PG(D) denote the quotient of G(D) by the scalar subgroup k× ↪! G(D), λ 7!
(λ, λ2), where k := Γ(B,OB).

Remark 2.4.42. If you imagine you have an hW curve H ↪! P(1, 2, 1) with degree 1
coordinates X,Z and degree 2 coordinate Y , then φ : E1

∼
−! E1 as above corresponds to some

linear change of variables (X,Z)⇝ (αX + βZ, γX + δZ) and the extension to ψ : E2
∼
−! E2

corresponds to also choosing Y ⇝ λY + rX2 + sXZ + tZ2. ◦

Remark 2.4.43. We remark that G(D) acts on P. Indeed, elements of G(D) induce (graded)
automorphisms of the sheaf B(D) of graded OB-algebras (recall Construction 2.4.21), and so
induce automorphisms of P ≃ ProjB B(D). Furthermore, this action descends to one of PG
on P. ◦

Proposition 2.4.44. Let (H
π
−! B,D) and (S

ρ
−! B,E) be two hyper-Weierstrass curves

properly embedded in P. Then, there is a natural isomorphism

HomH(B)((H/B,D), (S/B,E))
∼
−! {g ∈ PG : g(H) = S}

(Above, ‘g(H) = S’ means equality as subschemes of P).
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Proof. We simply construct maps in both directions.
(!) Let f : H

∼
−! S be an hW isomorphism. Since H,X are both properly embedded in P,

Lemma 2.4.40 tells us that f ∗OS(nE) ≃ OH(nD) for any n ∈ Z, so f induces isomorphisms

αn(f) : ρ∗OS(nE)
∼
−! π∗OH(nD).

At the same time, Lemma 2.4.38 tells us that the proper embeddings H,S ↪! P induce
isomorphisms En = p∗OP(n) ≃ π∗OH(nD) and En = p∗OP(n) ≃ ρ∗OS(nE) when n = 1, 2.
Composing these with αn(f) then shows that f induces automorphisms

φ(f) : E1
∼
−! E1 and ψ(f) : E2

∼
−! E2.

The map in one direction is f 7! (φ(f), ψ(f)).
( ) Fix some g ∈ PG carrying H ↪! P onto G ↪! P. Then, by assumption, g give an

isomorphism fg : H
∼
−! G over B. To see that is an hW isomorphism, we note that the action

of PG on P preserves OP(1), so

f ∗OS(E) ≃ f ∗OS(1) ≃ OH(1) ≃ OH(D).

The assignment g 7! fg gives the inverse map. ■

Let us now introduce/recall some notation. Let 0 = F0 ⊂ · · · ⊂ F9 = B(D)4 denote
the filtration of Proposition 2.4.33. Let Y := coker(µ) and D := det(E1) as usual, and let
L := D ⊗ Y −1 be the Hodge bundle of D. Let Gi := Fi ⊗ L 2 ⊗ D−2 ≃ Fi ⊗ Y −2 for all i.
Note in particular that

G9 = B(D)4 ⊗ D−2 ⊗ L 2 and G9/G8 ≃ OB.

We next count the (weighted) number of hW curves properly embedded in P = P(D), see
Proposition 2.4.47.

Assumption. Assume from now on that k := Γ(B,OB) is a field, and let q := #k. This is
not strictly necessary for what comes below, but it does simplify some statements.

Construction 2.4.45. Let G denote the groupoid whose objects are global sections s ∈ H0(B,G9)
with nonzero image in H0(B,G9/G8), and whose Hom-sets are the transporters

HomG(s1, s2) := {g ∈ G(D) : g · s1 = s2}

where G(D) ↷ G9 via its action on P.
Assume that h0(E1) > 0, and implicitly fix a choice of nonzero section σ0 ∈ H0(B,E1).

Recall (Lemma 2.4.27) that E1 ≃ p∗OP(1). Let L ⊂ P denote the hyperplane cut out by
σ0 ∈ H0(P,OP(1)). There is a functor F : G! H(B) given on objects by F (s) := (Z(s), Ds),
with Z(s) ↪! P the zero scheme of s and Ds := Z(s) ∩ L. That F (s) is an hW curve over B
can be deduced from Theorem 2.4.15. 8

Notation 2.4.46. Whenever we write ∑
H↪!P

(∗),

we mean that the sum ranges over isomorphism classes of hW curves properly embedded in P.
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Proposition 2.4.47. The weighted number of hW curves properly embedded in P = P(D) is

∑
H↪!P

1

#AutH(B)(H)
= #G ≤ #H0(B,G8)

#PG
,

with equality if the left hand side is nonzero. As indicated in Notation 2.4.46, the sum above
ranges over isomorphism classes of hW curves properly embedded in P.

Proof. Suppose the left hand side is nonzero, i.e. that there exists some hW curve properly
embedded in P. Note that this forces h0(E1) > 0. We first claim that the image of the
functor F of Construction 2.4.45 consists exactly of the hW curves which can be properly
embedded in P. By definition, any curve in the image is properly embedded in P. Conversely,
if H ↪! P is properly embedded, then Proposition 2.4.30 shows that H is the zero set of
some global section s of G9. Furthermore, the local models in Theorem 2.4.14 show that
the “Y 2 coefficient” of the equation cutting out H is always nonzero, i.e. that s has nonzero
image in H0(B,G9/G8). As a consequence of Proposition 2.4.44, given s, s′ ∈ G, the induced
map HomG(s, s

′)! HomH(B)(F (s), F (s
′)) is bijective. Thus, G is equivalent to the groupoid

of hW curves properly embedded in P, proving the first equality in the claim. Since G is
the groupoid associated to action of G := G(D) on the set X := obG, one easily computes
#G = #X/#G. Finally G9/G8

∼= OB and #G = (q − 1) ·#PG, from which the rest of the
claim follows. ■

Assumption. From here on out, assume we are working within the context of Setup 1.2. In
particular, k = Fq is a finite field and B/k is a smooth k-curve of genus g = g(B).

Proposition 2.4.48. Let d := degL , and let V := Hom(Y , Sym2(E1)). Then,

#GL(E1)q
3d+3(1−g) ≤ #PG(D) ≤ #GL(E1) ·#H0(B,V )

Proof. We first compute #G(D), and then we divide by (q − 1) = #k×. To do this, we
upgrade G(D) by considering the (Zariski) sheaf G on B defined by

G(U) :=

(φ, ψ) ∈ GL(E1|U)×GL(E2|U)

∣∣∣∣∣∣∣∣∣∣
Sym2(E1|U) E2|U

Sym2(E1|U) E2|U

µ

Sym2(φ) ψ

µ

commutes


with the obvious restriction maps. In particular, G(B) = G(D). We next note that there is
a map G! GL(E1)×Gm given, on sections over some U

open
⊂ B, by (φ, ψ) 7! (φ, λ) where

λ ∈ Gm(U) is uniquely chosen so that

0 Sym2(E1|U) E2|U Y |U 0

0 Sym2(E1|U) E2|U Y |U 0

Sym2(φ) ψ λ
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commutes. Finally this map fits into a sequence

0 −!Hom(Y , Sym2(E1))︸ ︷︷ ︸
V

−! G −! GL(E1)×Gm −! 0

which is furthermore exact, as can be checked over an open cover trivializing E1,E2. Recall we
are interested in computing the order of G(D) = H0(B,G). The utility of phrasing things as
above is that [Gir71, Proposition 3.3.2.2 + Corollaire 3.3.2.3] now gives us an exact sequence

0 −! H0(B,V ) −! H0(B,G)
F−−! GL(E1)× k×

d−−! H1(B,V ) (2.4.12)

of pointed sets whose differential d induces an injection (of sets) im(F )\(GL(E1)× k×) ↪−!
H1(B,V ). Because im(F ) = ker(d) acts freely on GL(E1)× k×, we can take an alternating
product of cardinalities in (2.4.12) to conclude that

#H0(B,V )

#H0(B,G)
·#(GL(E1)× k×) = # im(d).

The trivial inequalities 1 ≤ # im(d) ≤ #H1(B,V ) thus give

(q−1)#GL(E1)q
χ(V ) = (q−1)#GL(E1)·

#H0(B,V )

#H1(B,V )
≤ #H0(B,G) ≤ (q−1)#GL(E1)·#H0(B,V ).

One easily computes degV = 3degL = 3d, so the claimed lower bound follows from
Riemann-Roch. ■

Minimal hW Curves

Recall that hW curves are intended to serve as integral models for 2-Selmer elements, akin
to how Weierstrass curves serve as integral models for elliptic curves. With this in mind,
when counting in Chapter 4, we will want to focus attention on ‘minimal’ hW curves (just
as Chapter 3 will want to focus attention on minimal Weierstrass curves). The first step in
doing so is defining our notion of minimality.

Definition 2.4.49. Let (H
f
−! B,D) ∈ H(B) be an hW curve. We say that it is minimal

if it is normal, its generic fiber is smooth, and it has at worst rational singularities, i.e. for
some (equivalently, any) proper birational map p : C! H with C regular, the sheaf R1p∗OC

vanishes; see [Art86] for more on rational singularities. ⋄

Remark 2.4.50. A Weierstrass model of an elliptic curve is minimal (in the usual sense) if
and only if it has at worst rational singularities [Con05, Corollary 8.4]. ◦

Warning 2.4.51. Even in good characteristics, the question of how many minimal hW
models a given elliptic curve has is a subtle one, see e.g. [Sad11, Theorem 4.2]. •

For later use in Section 4.2, we now prove a technical lemma (Corollary 2.4.58) involving
minimal hW curves.
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Setup 2.4.52. We continue to work within the context of Setup 1.2. Let (H
f
−! B,D) be a

minimal hW curve, and let p : C! H be a minimal resolution of singularities (so C regular,
and CK

∼
−! HK). Let D := p∗D, and let π = f ◦ p. Thus, we have a commutative triangle

C H

B.

p

π f

Remark 2.4.53. We remark that C is the minimal proper regular model of its generic
fiber CK = HK . Indeed, [Art86, Proposition (5.1)] shows that ωC/B ≃ p∗ωH/B, so ωC/B ≃
π∗(p∗ωH/B) is fibral and hence minimality of C follows from [Liu02, Corollary 3.26]. ◦

Lemma 2.4.54. p∗ωC/B ≃ ωH/B and p∗OC(D) ≃ OH(D). Consequently, π∗ωC/B ≃ f∗ωH/B
and π∗OC(D) ≃ f∗OH(D).

Proof. Because H has rational singularities, the first of these follows from the short exact
sequence 0! p∗ωC/B ! ωH/B ! Ext2(R1p∗OC, ωH/B)! 0, [Art86, (3.3)]. For the second, we
use the projection formula to compute

p∗OC(D) ≃ p∗(OC ⊗ p∗OH(D)) ≃ p∗OC ⊗ OH(D) ≃ OH(D). ■

In the below lemmas, we define the degree of a vector bundle V on a possibly singular
curve Y/k to be degV := deg(ν∗V ), where ν : Ỹ ! Y is its normalization. Note that
Riemann-Roch tells us that degV = χ(V )− rank(V )χ(OY ).

Lemma 2.4.55. Let Y/k be an irreducible curve equipped with a finite map f : Y ! B.
Choose any M ∈ Pic(Y ). Then,

deg(f∗M ) = deg(f∗OY ) + degM .

Proof. Riemann-Roch on B, [Har77, Exercise III.4.1], and then Riemann-Roch on Y yields

deg(f∗M )− deg(f∗OY ) = χ(f∗M )− χ(f∗OY ) = χ(M )− χ(OY ) = degM . ■

Lemma 2.4.56. Let Y/k be an irreducible curve equipped with a finite map f : Y ! B. Let
ν : Ỹ ! Y be its normalization. Then,

degωY/B ≥ degωỸ /B.

Proof. [Kle80, Remark (26)(vii)] applied to the composition Ỹ ! Y ! B, and then to the
composition Ỹ ! Y ! SpecK tells us that

ωỸ /B ⊗
(
ν∗ωY/B

)−1 ≃ ωỸ /Y ≃ ωỸ /k ⊗
(
ν∗ωY/k

)−1
.

Taking degrees, we see that

degωỸ /B−degωY/B = degωỸ /Y = degωỸ /k−degωY/k = (2pa(Ỹ )−2)−(2pa(Y )−2) = 2(pa(Ỹ )−pa(Y )),

with the penultimate equality holding by Riemann-Roch for possibly singular curves (e.g
[Har77, Exercise IV.1.9]). The claim now holds as pa(Ỹ ) ≥ pa(Y ). ■
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Proposition 2.4.57. Use notation as in Setup 2.4.52. Suppose that D ⊂ C is the closure of
its generic fiber DK . Let E := π∗OC(D), L := π∗ωC/B, and let d := degL . Then, one of the
following holds:

(1) DK = 2P for some P ∈ C(K). In this case ,det(E ) ≃ L −2, so deg E = −2d.

(2) deg E ≥ −d.

(3) charK = 2, DK is a closed point with residue field inseparable over K, and deg E ≥
1− (d+ g).

Proof. Keep in mind that L ≃(R1π∗OC)
∨ by duality. To prove that one of (1),(2),(3) above

holds, we break into cases depending on the form of the divisor DK ⊂ CK =: C.

• Case 1: DK = P +Q for some (possibly equal) P,Q ∈ C(K).

Extend P,Q to sections P,Q ∈ C(B), respectively (so D = P+ Q). The exact sequence
0! OC ! OC(P)! OP(P)! 0 pushes forward to

0 −! OB −! π∗OC(P) −! π∗OP(P) −! R1π∗OC −! R1π∗OC(P) = 0,

with last equality holding by Lemmas 2.4.10 and 4.1.14. An easy cohomology and base
change argument shows that every object above is a line bundle, so we quickly conclude
that

π∗OP(P)
∼
−! R1π∗OC

∼= L −1, and so OB
∼
−! π∗OC(P). (2.4.13)

By symmetry, the same is true with Q in place of P. Note that π restricts to an
isomorphism P! B, so π∗ preserves tensor products of sheaves supported on P. With
this in mind, the exact sequence 0 ! OC(Q) ! OC(D) ! OP(P + Q) ! 0 pushes
forward to

0 −! OB −! E −! π∗OP(P)⊗ π∗OP(Q) −! 0.

If Q = P (i.e. if Q = P , i.e. if DK = 2P ), then detE ≃ L −2 (recall (2.4.13)), which is
(a) of the proposition. If Q ̸= P, then n := deg π∗OP(Q) = degOP(Q) = P ·Q ≥ 0 (since
it is the intersection number of distinct irreducible curves), so deg E = n − d ≥ −d,
which is (b) of the proposition.

• Case 2: DK is a closed point with residue field L quadratic over K.

The sequence 0! OC ! OC(D)! OD(D)! 0 pushes forward to

0 −! OB −! E −! π∗OD(D) −! L −1 −! 0.

Note π∗OD(D) is a vector bundle, as its the pushforward of a line bundle along a
finite map of curves, so we can compute detE by taking determinants above: detE ≃
det(π∗OD(D))⊗ L . Lemma 2.4.55 then gives

deg E = deg π∗OD + degOD(D) + degL = deg π∗OD +D ·D+ d. (2.4.14)

We are now interested in computing detπ∗OD. For this, we turn to the exact sequence
0! OC(−D)! OC ! OD ! 0, which pushes forward to

0 −! π∗OC(−D) −! OB −! π∗OD −! R1π∗OC(−D) −! L −1 −! 0. (2.4.15)
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Note that, on each fiber, H0(Cb,OCb
(−Db)) is the subset of H0(Cb,OCb

) vanishing
along Db, but H0(Cb,OCb

) = κ(b) by Lemma 4.1.14, so H0(Cb,OCb
(−Db)) = 0. Hence,

Theorem 2.2.1 implies that π∗OC(−D) = 0. By Lemma 4.1.14, ωC/B ≃ π∗L , duality
and the projection formula tell us that

R1π∗OC(−D) ≃
[
π∗
(
OC(D)⊗ ωC/B

)]∨ ≃ E ∨ ⊗ L −1.

Hence, (2.4.15) becomes 0 ! OB ! π∗OD ! E ∨ ⊗ L −1 ! L −1 ! 0. Taking
determinants (and using that rankE = 2), we have

detπ∗OD ≃ det(E )−1 ⊗ L −1. (2.4.16)

Combining (2.4.14) and (2.4.16),

deg E =
1

2
D ·D =

1

2
degOD(D).

Thus, it suffices to show that degOD(D) is either ≥ −2d or ≥ 2− 2(g + d). Recalling
that ωC/B ≃ π∗L , we apply adjunction [Kle80, Corollary (19)] to D ↪! C, which tells
us that

ωD/B ≃ ωC/B(D)|D ≃(π∗L ) |D ⊗ OD(D).

Taking degrees, we see that

degωD/B = 2degL +D ·D = 2d+D ·D. (2.4.17)

Now, let D̃ be the normalization of D. If D ! B is generically separable, then
degω

D̃/B ≥ 0 because it is the degree of the ramification divisor of D̃ ! B (e.g. by
[Har77, Proposition IV.2.3]), so Lemma 2.4.56 and (2.4.17) tell us that

2d+D ·D = degωD/B ≥ degω
D̃/B ≥ 0, so D ·D ≥ −2d,

which is (b) of the proposition. Finally, if D ! B is generically inseparable, then
D̃

f
−! B is Frobenius, so g(D̃) = g(B), which means (by [Kle80, Remark (26)(vii)]) that

degω
D̃/B = degωD̃/k − deg f ∗ωB/k = degωD̃/k − 2 degωB/k = 2− 2g.

Hence, Lemma 2.4.56 and (2.4.17) tell us that

2d+D ·D = degωD/B ≥ degω
D̃/B = 2− 2g =⇒ D ·D ≥ 2− 2(g + d),

which is (c) of the proposition. ■

Corollary 2.4.58. Use notation as in Setup 2.4.52. Let E := f∗OH(D), let L := π∗ωC/B,
and let d := degL . Assume that DK is not twice a point. Then, deg E ≥ −(d + g).
Furthermore, if charK ̸= 2, then deg E ≥ −d.
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Proof. By Lemma 2.4.54, L ≃ π∗ωC/B and E ≃ π∗OC(D). Write D = D′ + V, where
D′ is the closure of DK in C and V is an effective vertical divisor. The exact sequence
0! OC(D

′)! OC(D)! OV(D)! 0 pushes forward to

0 −! π∗OC(D
′) −! E −! π∗OV(D) −! 0 = R1π∗OC(D

′), (2.4.18)

where the last equality holds by Lemma 2.4.10 (whose hypotheses are satisfied by combining
Remark 2.4.53 and Lemma 4.1.14). Furthermore, π∗OC(D

′) is a rank 2 vector bundle by
Lemma 2.4.10 while π∗OV(D) is a skyscraper sheaf supported on the (finite) image of V in B.
Thus, taking Euler characteristics in (2.4.18) and applying Riemann-Roch shows that

deg E = deg π∗OC(D
′) + h0(π∗OV(D)) ≥ deg π∗OC(D

′).

The claim follows from applying Proposition 2.4.57 to D′, recalling that (D′)K = DK is not
twice a point. ■
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Chapter 3

Counting Elliptic Curves

In this chapter, we compute “the denominator of E[# Sel2(E/K)],” i.e. we obtain an asymp-
totic count of elliptic curves E/K; see Theorem 3.3.4. We do this by leveraging the theory of
Weierstrass curves described in Section 2.3.

Throughout this section, we work within the context of Setup 1.2; in particular, B/Fq
is a smooth curve over a finite field with function field K. Furthermore, we freely use the
results, definitions, and notation of Section 2.3. For example, recall that we set N(g) :=
max{−1, 2g−2}, chosen so that any line L on B of degree> N(g) satisfies both H1(B,L ) = 0
and degL ≥ 0.

3.1 Counting Generically Singular Weierstrass Curves

To count Weierstrass curve over B with singular generic fiber, one argues exactly as in [Jon02,
Section 4.11].

Proposition 3.1.1. Let L ∈ Pic(B) satisfy degL > N(g). Then, the number of generically
singular Weierstrass equations with Hodge bundle ∼= L is

#H0(B,L ) ·#H0(B,L 2)2 · H0(B,L 3) = q8d+4(1−g).

Proof. Suppose (W
π
−! B, S) is a Weierstrass curve with singular generic fiber and Hodge

bundle L . Then, every fiber of W ! B has exactly one singular point, and so these are the
image of a unique section τ ∈ W (B), the section extending the singular K-point in the generic
fiber. The composition B

τ
↪! W ↪! P := P(OB ⊕ L −2 ⊕ L −3) shows that τ corresponds to

a line bundle quotient OB ⊕ L −2 ⊕ L −3 ↠M . However, the image of τ is disjoint from
the (smooth) zero section S ⊂ W , so the composition OB ↪! OB ⊕ L −2 ⊕ L −3 ↠M must
be everywhere nonzero, i.e. OB

∼
−!M . Thus, we may view τ as a triple [τX , τY , 1] where

τX ∈ Γ(B,L 2) = Hom(L −2,OB) and τY ∈ Γ(B,L 3) = Hom(L −3,OB). Since τ lands in
the singular locus, above every point b ∈ B, it must both satisfy the equation (2.3.3) as well
as be a zero of its partial derivatives. Hence, it must satisfy

τ2Y + a2τXτY + a3τX = τ3X + a2τ
2
X + a4τX + a6

−a1τY = 3τ2X + 2a2τX + a4 (3.1.1)
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2τY + a2τX + a3 = 0.

Conversely, a tuple (a1, a2, a3, a4, a6, τX , τY ), with ai ∈ H0(L i), σX ∈ H0(L 2) and σY ∈
H0(L 3), satisfying (3.1.1) determines a generically singular Weierstrass equation whose
(unique) singular section is given by τ = [τX , τY , 1]. Thus, counting generically singular
Weierstrass equations (2.3.3) amounts to counting such tuples. By (3.1.1), any such tuple is
uniquely determined by the choice of a1, a2, τX , τY from whence the claim follows. ■

3.2 Counting Non-Minimal Weierstrass Curves

Our main tool for counting non-minimal Weierstrass curves is the following description of
their origin.

Remark 3.2.1. All non-minimal Weierstrass curves of height d ≥ 0 arise in the following
manner.

Start with a minimal Weierstrass curve (W ′ π′
−! B, S ′) of height d′ < d along with an

effective divisor D ∈ Div(B) of degree d − d′, write D =
∑r

i=1 ni[bi]. Consider also the
embedding f : W ′ ↪! P(π′

∗OW ′(3S ′)). Choose open neighborhoods Ui ⊂ B of bi, for each
i ∈ {1, . . . , r} =: [r], which satisfy

• f restricts to an embedding W ′
Ui
↪! P2

Ui
with image cut out by

Y 2Z + a
(i)
1 XY Z + a

(i)
3 Y Z

2 = X3 + a
(i)
2 X

2Z + a
(i)
4 XZ

2 + a
(i)
6 Z

3

(a(i)j ∈ Γ(Ui,OB)); and

• There exists some ϖ(i) ∈ Γ(Ui,OB) restricting to a uniformizer of OB,bi , but to a unit
of OB,b for all b ∈ Ui \ {bi}; and

• bj ̸∈ Ui if j ̸= i.

Let U0 = B \ {b1, . . . , br} and ϖ(0) := 1. For each i ∈ [r], let c(i)j :=
(
ϖ(i)

)j·ni a
(i)
j ∈ Γ(Ui,OB),

and consider the curve

Wi :=
{
Y 2Z + c

(i)
1 XY Z + c

(i)
3 Y Z

2 = X3 + c
(i)
2 X

2Z + c
(i)
4 XZ

2 + c
(i)
6 Z

3
}
⊂ P2

Ui
.

Also, let W0 := W ′|U0 . By construction, for distinct i, j ∈ {0, 1, . . . , r}, there is a natural
isomorphism αij : Wi|Ui∩Uj

∼
−! Wj|Ui∩Uj

which is given in coordinates as

αij : [X : Y : Z] 7−!

[(
ϖ(j)

)2nj

(ϖ(i))
2ni

X :

(
ϖ(j)

)3nj

(ϖ(i))
3ni

Y : Z

]
(note above that ϖ(i), ϖ(j) ∈ Γ(Ui∩Uj,OB)

×). These isomorphisms visibly satisfy the cocycle
condition, and so these Wi’s glue to form a global curve W/B. Furthermore, the αij’s all
respect the distinguished section ([0 : 1 : 0]) of each Wi and so one obtains a corresponding
section S ⊂ W . This (W/B, S) is, by construction, a non-minimal Weierstrass curve of
height d; in fact, if L ′ is the Hodge bundle of W ′, then W has Hodge bundle L ′(D).
Furthermore, the resulting (W/B, S) is, up to isomorphism, independent of the choices made
by Corollary 2.3.13. ◦
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The upshot of the above remark is that each generically smooth non-minimal Weierstrass
curve (say, of height d) is determined by a unique choice of minimal Weierstrass curve (say,
of height e < d) along with an effective divisor D of degree d − e keeping track of the
non-minimality of the equation. We use this observation to obtain a recursive count as in
[Jon02, Proposition 4.12].

Proposition 3.2.2. Fix some L ∈ Picd(B) with d > N(g). The number of non-minimal
(generically smooth) Weierstrass equations with Hodge bundle ∼= L is

q6d+3(1−g)
d−1∑
e=0

∑
M∈Pice(B)

(
#H0(B,L ⊗ M ∨)− 1

)
WEM .

Proof. As remarked above, each non-minimal (generically smooth) Weierstrass curve with
Hodge bundle ∼= L is determined by a unique minimal Weierstrass curve (W ′/B, S ′), say
with Hodge bundle L ′, along with an effective divisor D such that L ∼= L ′(D). Recall each
Weierstrass curve is cut out by (q − 1)q6d+3(1−g)/#Aut(E) different Weierstrass equations,
by Corollary 2.3.15. Thus, the total number of (generically smooth) non-minimal Weierstrass
equations with Hodge bundle ∼= L is

d−1∑
e=0

∑
D∈Divd−e

+ (B)

∑
E/K

LE≃L (−D)

(q − 1)q6d+3(1−g)

#Aut(E)
= (q − 1)q6d+3(1−g)

d−1∑
e=0

∑
D∈Divd−e

+ (B)

WEL (−D),

(3.2.1)
where Divn+(B) is the set of effective divisors of degree n on B. Note that if M ≃ L (−D),
then O(D) ≃ L ⊗ M ∨, so there are (#H0(B,L ⊗ M ∨) − 1)/(q − 1) different effective
divisors D′ ∼ D. Thus, (3.2.1) equals

(q − 1)q6d+3(1−g)
d−1∑
e=0

∑
M∈Pice(B)

#H0(B,L ⊗ M ∨)− 1

q − 1
WEM . ■

3.3 Counting Elliptic Curves

Proposition 3.3.1. Fix any L ∈ Picd(B) with d > N(g). Then,

UWL = q16d+5(1−g) − q8d+4(1−g) − q6d+3(1−g)
d−1∑
e=0

∑
M∈Pice(B)

(
#H0(B,L ⊗ M ∨)− 1

)
WEM ,

and
WEL =

UWL

(q − 1)q6d+3(1−g) .

Proof. The part after the word “and” is simply a restatement of Corollary 2.3.16. To compute
UWL , we make the simple observation that the (unweighted) number of generically smooth
minimal Weierstrass equations is the total number of all Weierstrass equations minus the
number of those which are generically singular minus the number of those which are generically
smooth but non-minimal. With this in mind, the proposition follows combining Remark 2.3.17,
Proposition 3.1.1, and Proposition 3.2.2. ■
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Notation 3.3.2. We set

ZB(T ) :=
∏

closed x∈B

1

1− T deg x
=
∑
n≥0

#Symn(B) · T n,

so ζB(s) = ZB(q
−s).

Remark 3.3.3. In the case that B = P1, we have ZP1(T ) =[(1− T )(1− qT )]−1, and [Jon02,
Proposition 4.12] gives an exact count

#M=d
1,1(k(t)) = q10d+1

[
1 +

1− q−8 − q−9 + q−18

q − 1
− q−8d−1 + q−8d−3

]
=

q10d+2

(q − 1)ζP1(10)
− q2d+1

(q − 1)ζP1(2)
,

when d ≥ 2. ◦

Theorem 3.3.4. For any ε > 0, we have

#M=d
1,1(K) = #Pic0(B)

[
q10d+2(1−g)

(q − 1)ζB(10)
− q2d+(1−g)

(q − 1)ζB(2)

]
+Oε

(
(q + ε)d

)
as d!∞, with implicit big-O constant dependent on ε. In particular,

#M=d
1,1(K) ∼ #Pic0(B) · q10d+2(1−g)

(q − 1)ζB(10)
.

Proof. We may and do assume throughout that d≫ 1. First note that

#M=d
1,1(K) =

∑
L∈Picd(B)

WEL =
ad

(q − 1)q6d+3(1−g) where ad :=
∑

L∈Picd(B)

UWL , (3.3.1)

by Corollary 2.3.16. Noting Picd(B) ∼= Pic0(B), e.g. by Lang’s [Lan56, Theorem 2], Proposi-
tion 3.3.1 yields

ad = #Pic0(B)
[
q16d+5(1−g) − q8d+4(1−g)]−q6d+3(1−g)

∑
L∈Picd(B)

d−1∑
e=0

∑
M∈Pice(B)

(
#H0(B,L ⊗ M−1)− 1

)
WEM .

(3.3.2)
We simplify the triple sum at the end of (3.3.2):

Ed := q6d+3(1−g)
∑

L∈Picd(B)

d−1∑
e=0

∑
M∈Pice(B)

(
#H0(B,L ⊗ M−1)− 1

)
WEM

= q6d+3(1−g)(q − 1)
d−1∑
e=0

∑
L∈Picd(B)

∑
M∈Pice(B)

#H0(B,L ⊗ M−1)− 1

q − 1
WEM

= q6d+3(1−g)(q − 1)
d−1∑
e=0

∑
N ∈Picd−e(B)

∑
M∈Pice(B)

#H0(B,N )− 1

q − 1
WEM
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= q6d+3(1−g)(q − 1)
d−1∑
e=0

 ∑
N ∈Picd−e(B)

#H0(B,N )− 1

q − 1

 ∑
M∈Pice(B)

WEM

= q6d+3(1−g)(q − 1)
d−1∑
e=0

#Symd−e(B) ·
∑

M∈Pice(B)

WEM (3.3.3)

We aim to relate ae to
∑

M∈Pice(B) WEM . We first deal with the case degM ≤ N(g):

N(g)∑
e=0

#Symd−e(B) ·
∑

M∈Pice(B)

WEM =

N(g)∑
e=0

#Pd−e−g(k) ·#Picd−e(B) ·
∑

M∈Pice(B)

WEM

≤ #Pic0(B) ·
N(g)∑
e=0

qd+1−g ·
∑

M∈Pice(B)

WEM

≤ #Pic0(B) · qd+1−g
N(g)∑
e=0

∑
M∈Pice(B)

WEM

= O
(
qd
)

(3.3.4)

if d = degL ≫ 1. Thus, (3.3.3) further simplifies to

Ed = q6d+3(1−g)(q − 1)
d−1∑
e=0

#Symd−e(B) ·
∑

M∈Pice(B)

WEM

= q6d+3(1−g)(q − 1)

O(qd)+ d−1∑
e=N(g)+1

#Symd−e(B) ·
∑

M∈Pice(B)

WEM

 by (3.3.4)

= O
(
q7d
)
+ q6d+3(1−g)(q − 1)

d−1∑
e=N(g)+1

#Symd−e(B)
∑

M∈Pice(B)

UWM

(q − 1)q6e+3(1−g) by Corollary 2.3.16

= O
(
q7d
)
+

d−1∑
e=N(g)+1

#Symd−e(B)
∑

M∈Pice(B)

q6(d−e) UWM

= O
(
q7d
)
+

d−1∑
e=0

#Symd−e(B) · q6(d−e)ae, (3.3.5)

where we implicitly used that
N(g)∑
e=0

#Symd−e(B)q6(d−e)
∑

M∈Pice(B)

UWM = O
(
q7d
)
,

via reasoning as in (3.3.4), in the final equality. As Ed was defined so that ad + Ed =
#Pic0(B)

[
q16d+5(1−g) − q8d+4(1−g)], (3.3.5) shows that

d∑
e=0

#Symd−e(B) · q6(d−e)ae = #Pic0(B)
[
q16d+5(1−g) − q8d+4(1−g)]+O

(
q7d
)
. (3.3.6)
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At this point, we introduce the sequence cd defined by ad = #Pic0(B)q16d+5(1−g)cd and remark
that (by (3.3.1)) the theorem statement is equivalent to the claim that

cd = ζB(10)
−1 − q−8d−(1−g)ζB(2)

−1 +Oε

((
q−9 + ε

)d) (3.3.7)

for any ε > 0. To prove (3.3.7), consider the generating function C(T ) :=
∑

d≥0 cdT
d. From

(3.3.6), one obtains:

d∑
e=0

#Symd−e(B) · q−10(d−e)ce = 1− q−8d−(1−g) +O
(
q−9d

)
.

Multiplying both sides by T d and then summing them over d ≥ 0, this becomes

C(T )ZB
(
q−10T

)
=
∑
d≥0

[
d∑
e=0

#Symd−e(B)q−10(d−e) · ce

]
T d

=
∑
d≥0

[
1− q−8d−(1−g) +O(q−9d)

]
T d =

1

1− T
− qg−1

1− Tq−8
+
∑
d≥0

O
(
q−9d

)
T d,

as formal power series in T . Hence, C(T ) = ZB(q
−10T )

−1
M(T ) + E(T ), where

M(T ) :=
1

1− T
− qg−1

1− Tq−8
and E(T ) := ZB

(
q−10T

)−1
∑
d≥0

O
(
q−9d

)
T d.

Note that, by the Weil conjectures, ZB(T ) = P (T )/[(1− T )(1− qT )] for some polynomial
P (T ) ∈ C[T ] all of whose roots α ∈ C satisfy |α| = 1/

√
q. Thus, ZB(q−10T )

−1 is holomorphic
on a disk of radius q9.5, so E(T ) above is holomorphic on a disk of radius q9. Now, set

F (T ) := ZB
(
q−10T

)−1
M(T )−

[
ZB(q

−10)
−1

1− T
− qg−1ZB(q

−2)
−1

1− q−8T

]

=
ZB(q

−10T )
−1 − ZB(q

−10)
−1

1− T
+
qg−1

[
ZB(q

−2)
−1
]
− ZB(q

−10T )
−1

1− q−8T
.

Above, note that the zeros of the numerators at T = 1 and T = q8, respectively, cancel out the
simple zeros of the denominators there. Therefore, F (T ) has poles only where ZB(q−10T )

−1

has poles, so F (T ) is holomorphic on a disk of radius q9.5. Consequently,

C(T ) = ZB
(
q−10T

)−1
M(T ) + E(T ) =

ZB(q
−10)

−1

1− T
− qg−1ZB(q

−2)
−1

1− q−8T
+ F (T ) + E(T ).

Since F (T ) +E(T ) is holomorphic on a disk of radius q9, comparing Taylor coefficients shows
that

cd = ZB
(
q−10

)−1 − q−8d−(1−g)ZB
(
q−2
)−1

+Oε

((
q−9 + ε

)d)
for any ε > 0, proving the claim. ■
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Chapter 4

Counting 2-Selmer Elements

In this chapter, we bound “the numerator of E[# Sel2(E/K)],” i.e. we obtain an asymptotic
bound of the number of 2-Selmer elements of elliptic curves E/K of bounded height; see
Theorem 4.2.16. After some preliminary work describing the relationship between these
elements and the hyper-Weierstrass curves (hW curves) of Section 2.4 – see Proposition 4.1.8
– we leverage the theory developed in Section 2.4 to count these hW curves.

In the subsequent Chapter 5, we address the few remaining small, technical necessities
needed to deduce Theorem B and Corollary D.

4.1 Relation to Hyper-Weierstrass Curves

Throughout this section, We work in the context of Setup 1.2. In particular, k is a finite field,
and (unless otherwise stated) B is a smooth k-curve of genus g with function field K = k(B).

4.1.1 Selmer Groupoid

We want to reduce counting Selmer elements to counting hyper-Weierstrass curves. In either
case, when counting these objects, we do so in a weighted fashion, e.g. for E an elliptic
curve, we will count some α ∈ Sel2(E) with weight 1/#E[2](K) ·#Aut(E), see (1.1.2). Thus,
these Selmer elements are best thought of as belonging not to some set, but instead to some
groupoid. With that in mind, we take a moment to set up this language before formally
relating 2-Selmer elements to hyper-Weierstrass curves.

The following definition is inspired by the description of 2-Selmer elements given in
Remark 2.4.1.

Definition 4.1.1. Fix an integer n ≥ 1. The n-Selmer groupoid (over K) is the groupoid
whose

• objects are tuples (C,E, ρ,D) where

– E/K is an elliptic curve.

– C/K is a locally solvable genus 1 curve.

71



– ρ : C × E ! C is a group action making C into an E-torsor.
We will write c · x := ρ(c, x) when c ∈ C(S) and x ∈ E(S) for any K-scheme S.

– D ⊂ C is a degree n effective divisor, defined over K.

• (iso)morphisms (C,E, ρ,D)! (C ′, E ′, ρ′, D′) are pairs
(
φ : C

∼
−! C ′, ψ : E

∼
−! E ′

)
where

– ψ is an isomorphism of K-group schemes.

– φ(c · x) = φ(c) · ψ(x) for all c ∈ C, x ∈ E.1

– φ∗OC′(D′) ≃ OC(D).

We denote this groupoid by Seln = Seln,K . Given, any (C,E, ρ,D) ∈ Seln, we define its height
to be the height of E, i.e. ht(C,E, ρ,D) := ht(E). Furthermore, we say (C,E, ρ,D) ∈ Seln
is trivial if D ∼ nP for some P ∈ C(K), i.e. if (C,D) represents the identity element of
Seln(E). ⋄

Example 4.1.2. Say (C,E, ρ,D) ∈ Seln is trivial, and choose P ∈ C(K) such that D ∼ nP .
Let O ∈ E(K) denote the identity element. Then, (C,E, ρ,D) ≃ (E,E, ρE, nO), where
ρE : E × E ! E is E’s multiplication map. Indeed, one can φ : C

∼
−! E to be the “subtract

P ” map defined by the relation

P · φ(c) = c for any c ∈ C,

and can take ψ = idE. △

Remark 4.1.3. Let E/K be an elliptic curve, and let C/K be a locally solvable E-torsor.
Then, ht(E) = ht(C). This is shown in [Jon02, Section 5.12] when B = P1, but the argument
there works for any B. ◦

Lemma 4.1.4. Fix some n ≥ 1 as well as some (C,E, ρ,D) ∈ Seln. Let α = [(C,D)] ∈
Seln(E) be the corresponding Selmer element. Then, there is an exact sequence

0 −! E[n](K) −! AutSeln(C,E, ρ,D) −! StabAut(E)(α) −! 0,

where Aut(E) ↷ Seln(E) in the natural way.

Proof. Consider the map f : AutSeln(C,E, ρ,D)! Aut(E), (φ, ψ) 7! ψ. We will show that
is has kernel E[n](K) and image StabAut(E)(α).

First say (φ, ψ) ∈ Aut(C,E, ρ,D) is an automorphism with ψ = idE. Then, φ(c · x) =
φ(c) · x for any c ∈ C, x ∈ E, so φ is an isomorphism of E-torsors. Thus, there is some
x0 ∈ E(K) so that φ(c) = c · x0 for all c ∈ C. We claim that x0 must be n-torsion. The
action ρ : C × E ! C induces an isomorphism f : E

∼
−! Pic0C/K so that E’s action on C

correspond to Pic0C/K ’s natural action on Pic1C/K ≃ C (coming from adding a degree 0 line
bundle). Thus, φ acts on PicnC/K ∋ OC(D) via translation by nx0. This action is trivial if
and only if x0 ∈ E[n](K).

1by which we really mean c ∈ C(S) and x ∈ E(S) for S any K-scheme
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Fix some ψ ∈ Aut(E). When is ψ in the image of f? Well, consider some E-torsor
structure C1 = (C, ρ1) on C, by which we mean an action ρ1 : C × E ! C making C into
an E-torsor. Let C2 = (C, ρ2) be another E-torsor structure on C. By definition, given an
automorphism φ : C

∼
−! C, the pair (φ, ψ) ∈ Aut(C,E, ρ,D) if and only if φ : C1 ! C2 is

an E-torsor map preserving OC(D). Thus, ψ ∈ im(f) if and only if there exists such a φ if
and only if (C1, D) and (C2, D) represent the same element of H1(K,E[n]). By construction,
(C2, D) represents the element ψ∗[(C1, D)], so we get the claimed description of im(f). ■

Remark 4.1.5. When n = 2, H1(K,E[2]) is 2-torsion, so {±1} ⊂ StabAut(E) (C,E, ρ,D)
always. Thus, Lemma 4.1.4 implies that we always have

{±1} ⊂ im(AutSel2(C,E, ρ,D)! Aut(E)) ◦.

With Seln introduced, recall the groupoid H(B) of hyper-Weierstrass curves over B
(Definition 2.4.2). We are going to show that for every 2-Selmer element (C,E, ρ,D) ∈ Sel2,
there is some minimal (in the sense of Definition 2.4.49) hW curve (H/B,DH) ∈ H(B) whose
generic fiber is (C,D). This will allow us to relate counting 2-Selmer elements to the problem
of counting minimal hW curves.

Notation 4.1.6.

• Let HM(B) ↪! H(B) denote the full subgroupoid consisting of minimal hW curves.

• Let HM,NT (B) ↪! HM (B) denote the full subgroupoid consisting of minimal hW curves
(H

π
−! B,D) such that DK is not twice a point (on the generic fiber).

These curves will correspond to non-trivial Selmer elements.

• Let HLS(B) ↪! HM(B) denote the full subgroupoid consisting of minimal hW curves
(H ! B,D) whose generic fiber HK is locally solvable.

• Let HLS,NT (B) ↪! HLS(B) denote the full subgroupoid HLS,NT (B) = HLS(B) ∩
HM,NT (B).

Notation 4.1.7. Given d ∈ Z, we write Sel≤dn ,H≤d(B),H≤d
M (B), etc. to denote the cor-

responding full subgroupoid consisting of objects of height ≤ d. We similarly use a =d

superscript to denote the full subgroupoid of objects of height = d.

Proposition 4.1.8 (To be proven in Section 4.1.2). There is an essentially surjective, faithful
functor F : HLS(B) ! Sel2 such that for every α ∈ Sel2, there exists some (minimal)
β ∈ HLS(B) satisfying F (β) ≃ α and ht(β) = ht(α). Furthermore, if α is non-trivial, then
we may choose β lying in HLS,NT (B).

Accepting this proposition for now, let us explain its utility by giving an overview of the
ultimate proof of Theorem B. Recall the quantity ASB(d) defined in (1.1.2), and that our
goal is to produce an upper bound for ASB = lim supd!∞ ASB(d). In place of ASB(d), we
will find it more convenient to study the following modified average size of 2-Selmer:

MASB(d) :=
#Sel≤d2

#M≤d
1,1(K)

and MASB := lim sup
d!∞

MASB(d). (4.1.1)
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This will be explained further in Chapter 5, but it is an (easy) consequence of Lemma 4.1.4
that ASB(d) ≤ MASB(d), for all d, so it suffices to focus our efforts on obtaining an upper
bound for MASB. As Proposition 4.1.8 suggests, we will find it helpful to separately bound
the contributions coming from trivial and non-trivial 2-Selmer elements.

Notation 4.1.9. Let Sel2,T (resp. Sel2,NT ) denote the full subgroupoid of Sel2 consisting of
trivial (resp. non-trivial) objects.

Note that #Sel≤d2 = #Sel≤d2,T +#Sel≤d2,NT . Let us separately analyze each summand.

• We begin with #Sel≤d2,NT . This is the summand which makes use of Proposition 4.1.8.

Corollary 4.1.10 (of Proposition 4.1.8). #Sel≤d2,NT ≤ #H≤d
LS,NT (B) ≤ #H≤d

M,NT (B)

Proof. The first inequality follows directly from Proposition 4.1.8. The second inequality
holds simply because H≤d

LS,NT (B) ↪! H≤d
M,NT (B) is a full subgroupoid. ■

As this corollary suggests, we will bound #Sel≤d2,NT by bounding #H≤d
M,NT , that is, by

counting hW curves. This count will be carried out in Section 4.2, culminating in
Corollary 4.2.15, which states that

lim sup
d!∞

#H≤d
M,NT (B)

#M≤d
1,1(K)

≤ 2ζB(2)ζB(10). (4.1.2)

• For the trivial Selmer elements, we use a separate argument. Note that (e.g. by
Example 4.1.2)

#Sel≤d2,T =
∑
E/K

ht(E)≤d

1

#AutSel2(E,E, ρE, 2O)
,

where, for an elliptic curve E/K, ρE : E × E ! E is the multiplication map, and
O ∈ E(K) is the identity element. By Lemma 4.1.4, there is a short exact sequence

0 −! E[2](K) −! AutSel2(E,E, ρE, 2O) −! Aut(E) −! 0,

so #AutSel2(E,E, ρE, 2O) = #E[2](K) ·#Aut(E). Consequently,

#Sel≤d2,T =
∑
E/K

ht(E)≤d

1

#E[2](K) ·#Aut(E)
. (4.1.3)

In Chapter 5 (see Proposition 5.2.2), we will show that

#Sel≤d2,T =
∑
E/K

ht(E)≤d

1

#E[2](K) ·#Aut(E)
∼

∑
E/K

ht(E)≤d

1

#Aut(E)
= #M≤d

1,1(K). (4.1.4)

Using the observation that ASB ≤ MASB, once we have established (4.1.2) in Corollary 4.2.15
and (4.1.4) in Proposition 5.2.2, Theorem B (= Corollary 5.2.4) will immediately follow.
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4.1.2 Proof of Proposition 4.1.8

We want to construct an essentially surjective, faithful functor

F : HLS(B)! Sel2

along with a choice of nice preimage for any object in Sel2.

Construction 4.1.11. The desired functor F is defined on objects by

F (H ! B,D) := (HK ,Pic
0
HK
, ρHK

, DK),

with the K subscript denoting the generic fiber, and ρHK
: HK × Pic0HK

! HK being the
natural action (coming from identifying HK

∼
−! Pic1HK

). That this is functorial, i.e. defined
on morphisms, comes from the fact that Pic0HK

is the Albanese variety of HK . Hence, any
morphism φ : (H/B,D)! (H ′/B,D′) in HLS(B) will induce a ψ : Pic0HK

! Pic0H′
K

so that
(φ, ψ) : F (H/B,D)! F (H ′/B,D). 8

With F defined, to prove Proposition 4.1.8, we still need to construct nice preimages and
show faithfulness. We begin with faithfulness.

Proposition 4.1.12. For (H ! B,D) ∈ HLS(B) with (C,E, ρ,D) := F (X/B,D), the
induced map

F∗ : AutH(B)(H ! B,D) −! AutSel2(C,E, ρ,D)

is injective. That is, F : HLS(B)! Sel2 is faithful.

Proof. Fix any hW automorphism φ : H
∼
−! H such that F∗(φ) = (φK , ψ) is the identity.

Because H ! B is flat with reduced generic fiber HK = C, [Liu02, Proposition 4.3.8] tells us
that H is reduced. Thus, HK is schematically dense in H, so φK = idHK

=⇒ φ = idH . ■

essential surjectivity of F The proof that F is essentially surjective will occupy us for
the next several pages. The rough idea is to first start with a Selmer element (C,D), consider
the minimal proper regular model C/B of C, and then to extend D to a divisor D on C. We
will do this in such a way that the pair (C,D) becomes a hawc (Definition 2.4.8). Using
Corollary 2.4.16, we can then construct from this a particular hW model H/B of C. This H
will be our choice of nice preimage. The bulk of the remainder of this section will be spent
verifying H has all the properties claimed in the statement of Proposition 4.1.8.

Setup 4.1.13. Fix any (C,E, ρ,D) ∈ Sel2. Let π : C! B denote the minimal proper regular
model of C, and let D ⊂ C denote the scheme-theoretic closure of D ⊂ C = CK ⊂ C. Note
that D is a Cartier divisor because C is regular.

Lemma 4.1.14. The pair (C,D) is a hawc over B. That is, C/B is a curve satisfying (a)
π∗OC ≃ OB, (b) ωC/B ∈ π∗ Pic(B), and (c) D ⊂ C is an effective relative Cartier divisor of
degree 2. In fact, ωC/B ≃ π∗L , where L = π∗ωC/B ∈ Pic(B).

Proof. It is clear that C is a curve over B.
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(a,b) Because C has a Kv-point for every place v of K, [Jon02, Lemma 9.1] shows that
(a),(b) hold fiberwise, i.e. that

H0(Cb,OCb
) = κ(b) and ωCb

≃ OCb
,

for every closed b ∈ B. By Lemma 2.2.3, we conclude that L := π∗ωC/B is a line bundle,
and that

π∗OC = OB and ωC/B ≃ π∗L

(both holding after arbitrary base change).

(c) Given the definition of D, to prove that it is an effective relative Cartier divisor of
degree 2, it suffices to show that it is flat over B. Thus, for any scheme point d ∈ D,
we need to show that the ring map OB,π(d) ! OD,d is flat. Because B is a Dedekind
scheme, this holds if and only if OD,d is OB,π(d)-torsion-free. Note that, by definition,
OD = OC/ ker(OC ! i∗OD), where i : D ↪! C is the natural inclusion. Hence, OD,d

is contained in the K-vector space OD, and so is certainly OB,π(d)-torsion-free (note
K = FracOB,π(d)). ■

Now, let

H := ProjB

(⊕
n≥0

π∗OC(nD)

)
f−−! B,

and let DH ⊂ H be the scheme-theoretic image of D under the natural map p : C! H. Then,
Lemma 4.1.14 and Corollary 2.4.16 together tells us that (H,DH) is an hW curve over B.
Keep in the mind the diagram

C H

B.

p

π f

Remark 4.1.15. Note that HK = Proj
(⊕

n≥0H
0(C,OC(nD))

)
= C because D ⊂ C is

ample. ◦

Remark 4.1.16. Let {Fi}i∈I be the (finite) set of fibral components Fi ⊂ C/B not meeting
D, and let U := C \

⋃
i∈I Fi

open
⊂ C. Then, D ⊂ U by definition, and

U
p−−! p(U) ⊂ H

is an open immersion with dense image. Indeed, Lemma 2.4.18 proves this holds on each
fiber over B. Thus, the fibral open immersion criterion [Gro67, Corollaire 17.9.5] says the
same is true of p globally. In particular, DH ⊂ p(U) ⊂ X can alternatively be described as
the pullback of D ⊂ U along the isomorphism (p|U)−1 : p(U)

∼
−! U . ◦

Remark 4.1.17. We remark that H is normal. Indeed, H is Gorenstein because Theo-
rem 2.4.14 shows that it is locally a hypersurface in P(1, 2, 1). Further, Remark 4.1.16 above
shows that H is isomorphic to C away from a codimension 2 subset (the images of the finitely
many fibral components Fi not meeting D), so H is regular in codimension 1. Thus, H must
be normal by Serre’s criterion. ◦
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At this point, it is clear that the (H,DH) just constructed is an hW curve whose generic
fiber is (C,D). To finish the proof of Proposition 4.1.8, we still need to prove the following:

• ht(H) = ht(C,E, ρ,D) := ht(E). By Remark 4.1.3, it is equivalent to prove that
ht(H) = ht(C) := ht(C). We show this in Proposition 4.1.18.

• (H,DH) is minimal in the sense of Definition 2.4.49. We show this in Corollary 4.1.19.
Given this, it follows from definitions that if (C,E, ρ,D) is non-trivial, then (H,DH) ∈
HLS,NT (B).

Proposition 4.1.18. The above constructed (H
f
−! B,DH) satisfies both

(1) π∗ωC/B ≃ f∗ωH/B; and

(2) π∗OC(D) ≃ f∗OH(DH).

In particular, by (1) above, the height of X equals the height of C.

Proof. (1) The Grothendieck spectral sequence Rpf∗(R
qp∗OC) =⇒ Rp+qπ∗OC gives us a

morphism R1f∗(p∗OC)! R1π∗OC. Dualizing, and recalling also the map OH ! p∗OC, below
we define φ : π∗ωC/B ! f∗ωH/B as the composition

π∗ωC/B ≃
(
R1π∗OC

)∨
!
(
R1f∗(p∗OC)

)∨
!
(
R1f∗OH

)∨ ≃ f∗ωH/B.

For each b ∈ B, one has ωC/B|Cb
= ωCb

(and similarly for ωH/B) by [Sta25, Tag 0E6R], so one
obtains a commutative diagram

π∗ωC/B ⊗ κ(b) f∗ωX/B ⊗ κ(b)

H0(Cb, ωCb
) H0(Xb, ωXb

)

φb

∼

whose bottom horizontal map is an isomorphism by Proposition 2.4.17(d). Furthermore,
both vertical maps above are isomorphisms as well, e.g. by Lemma 2.2.3. We also remark
that π∗ωC/B, f∗ωH/B are both line bundles, e.g. by Lemma 2.2.3. Hence, φ is a map of line
bundles inducing isomorphisms on the fibers, and so is itself an isomorphism.

(2) The argument that π∗OC(D) ≃ f∗OH(DH) is even simpler. It follows from Re-
mark 4.1.16 that D = p∗DH . Hence, p induces a natural map f∗OH(DH)! π∗OC(D). Since
both sides of this map are vector bundles whose formations commute with arbitrary base
change (e.g. by Lemma 2.4.10), this map is an isomorphism if and only if it is an isomorphism
on fibers, and on fibers, this map is the isomorphism of Proposition 2.4.17(b). ■

Corollary 4.1.19. The above constructed (H
f
−! B,DH) is minimal in the sense of Defini-

tion 2.4.49.

Proof. Note that H is normal by Remark 4.1.17 and has smooth generic fiber by construction.
Hence, it suffices to show that H has at worst rational singularities, i.e. that R1p∗OC vanishes.
Because H is normal, [Art86, (3.3)] provides a short exact sequence

0 −! p∗ωC/B −! ωH/B −! Ext2OH

(
R1p∗OC, ωH/B

)
−! 0.
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As a consequence of Proposition 4.1.18(1), ωC/B ≃ π∗L and ωH/B ≃ f ∗L for the same
L ∈ Pic(B). Hence, p∗ωC/B

∼
−! ωH/B, so Ext2(R1p∗OC, ωH/B) = 0. By [Art86, (1.5)], this

means that R1p∗OC = 0. ■

This completes the proof of Proposition 4.1.8.

4.2 Counting Minimal hW Curves

We continue to work in the context of Setup 1.2.

Recall 4.2.1 (see Notation 4.1.6). Recall that HM (B) ↪! H(B) denotes the full subgroupoid
consisting of minimal hW curves, and that HM,NT (B) ↪! HM (B) denotes the full subgroupoid
consisting of those minimal hW curves (H

π
−! B,D) for which DK is not twice a point. ⊙

Recall that every hW curve is isomorphic to one which can be properly embedded in the
projective bundle associated to some unique (up to isomorphism), normalized (1,2,1)-datum
(Lemma 2.4.37 and Corollary 2.4.39). In order to bound the number of minimal hW curves, we
will partition them according to their normalized (1,2,1)-datum, and then count the number
of curves with given (1,2,1)-datum using a combination of Propositions 2.4.47 and 2.4.48.
In order to compute the quantities appearing in these propositions, we will make use of the
filtration constructed in Proposition 2.4.33. That being said, let us first name the objects
which will appear in our analysis.

Notation 4.2.2. Given a normalized (1,2,1)-datum D = (E1,E2, µ), define the following
myriad of objects.

• Let D = D(D) := det(E1). If E1 is unstable, it has Harder-Narasimhan filtration

0 −! OB −! E1 −! D −! 0. (4.2.1)

• Let u = u(D) be the unstable degree of E1. This is 0 if E1 is semistable, but is otherwise
degD < 0, see Definition 2.4.31.

• Let L = L (D) := det(E1)⊗ coker(µ)−1 be the Hodge bundle of the datum.

• Let d = d(D) := degL .

• Let 0 = F0 ⊂ · · · ⊂ F9 = B(D)4 denote the filtration of Proposition 2.4.33. Only
F0,F5,F8,F9 are defined if E1 is semistable.

• Let Gi := Fi ⊗ L 2 ⊗ D−2 for all i. By Proposition 2.4.33, we always have an exact
sequence

0 −! Sym4(E1)⊗ D−2 ⊗ L 2︸ ︷︷ ︸
G5

−! G8 −! Sym2(E1)⊗ D−1 ⊗ L −! 0, (4.2.2)

and if E1 is unstable (i.e. if u < 0), we further have

Gi+1

Gi
∼=


D i−2 ⊗ L 2 if 0 ≤ i ≤ 4

D i−6 ⊗ L if 5 ≤ i ≤ 7

OB if i = 8.

(4.2.3)
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Motivated by Proposition 2.4.47, our first task will be to find an upper bound for
#H0(B,G8). Equivalently, in light of Riemann-Roch, we first bound #H1(B,G8) for the
(1, 2, 1)-data relevant to our count. For later use, we also bound #H1(B,G8/G5).

Remark 4.2.3. By Corollary 2.4.58, all normalized (1,2,1)-data associated to an hW curve
in HM,NT (B) satisfy −(d + g) ≤ u. Recall also that u ≤ 0 always, by definition, and
that every hW curve is isomorphic to one whose associated (1,2,1)-datum is normalized, by
Lemma 2.4.32. ◦
Lemma 4.2.4. Let D be a normalized (1,2,1)-datum with −(d+ g) ≤ u < 0. Furthermore,
assume d > 3g. Then, h1(G8) ≤ 7g and h1(G8/G5) ≤ 3g.

Proof. The existence of the filtration Gi of Notation 4.2.2 shows that h1(G8) ≤
∑7

i=0 h
1(Gi+1/Gi)

and h1(G8/G5) ≤
∑7

i=5 h
1(Gi+1/Gi). With our bounds on u, for i ̸= 4, 7, deg(Gi+1/Gi) > 2g−2

(see (4.2.3)), so h1(Gi+1/Gi) = 0 unless i = 4, 7 (i.e. excluding the graded pieces D2 ⊗ L 2

and D ⊗ L ). Recalling that u+ d ≥ −g by assumption, for these pieces, one has

h1(D2 ⊗ L 2) = h0(ωB ⊗ D−2 ⊗ L −2)

≤ max
(
deg(ωB ⊗ D−2 ⊗ L −2) + 1, 0

)
= max((2g − 2)− 2(u+ d) + 1, 0)

≤ max((2g − 2) + 2g + 1, 0) since −2(u+ d) ≤ 2g

≤ 4g,

and similarly h1(D ⊗ L ) ≤ 3g. ■

We still need to bound h1(G8) when u = 0, i.e. when E1 is semistable.

Lemma 4.2.5. Let E be a rank r ≥ 1 semistable vector bundle on B, and fix an integer
k ≥ 1. Let M be a line bundle on B with degM ≥ 2grk − 1. Then,

H1
(
B, Symrk(E )⊗(detE )−k ⊗ M

)
= 0.

Proof. First note that the vector bundle Symrk(E ) ⊗ (detE )−k is unchanged under the
substitution E ⇝ E ⊗ N for any line bundle N on B. Thus, we may twist E in order to
assume that

(2g − 1)r < deg(E ) ≤ 2gr,

in particular, that it has slope µ(E ) > 2g − 1. Since E is semistable of high slope, [Muk03,
Proposition 10.27] tells us that it is globally generated. Fix a surjection O⊕N

B ↠ E . From
this, one obtains a surjection E ⊕N(rk−1) = E ⊗

(
O⊕N
B

)⊗(rk−1)
↠ E ⊗ E ⊗(rk−1) ↠ Symrk(E ).

Tensoring with (detE )−k ⊗ M then gives the surjection

F :
[
E ⊗(detE )−k ⊗ M

]⊕N(rk−1)

↠ Symrk(E )⊗(detE )−k ⊗ M . (4.2.4)

Because H2(B, kerF ) = 0, (4.2.4) induces a surjection on H1’s, so it suffices to show that
H1(B,E ⊗(detE )−k ⊗ M ) = 0. Because E ⊗(detE )−k ⊗ M is semistable with slope

µ(E )− k deg(E ) + deg(M ) > (2g − 1)− 2grk + (2grk − 1) = 2g − 2,

we win by [Muk03, Proposition 10.26]. ■
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Corollary 4.2.6. Let D be a normalized (1,2,1)-datum with u = 0. Furthermore, assume
d ≥ 4g. Then, h1(G8) = 0 and h1(G8/G5) = 0.

Proof. That u = 0 means that E1 is semistable. Thus, this follows from (4.2.2) along with
Lemma 4.2.5. ■

Given some (1, 2, 1)-datum D, Propositions 2.4.47 and 2.4.48 tell us that

∑
H↪!P(D)

1

#AutH(B)(H)
≤ #H0(B,G8)

#PG
≤ #H0(B,G8)

#GL(E1)q3d+3(1−g) .

Recall (Definition 2.4.20) that E1 above is not an isomorphism invariant of D, but its associated
PGL2-torsor is. Thus, we would like a bound given only in terms of this PGL2-torsor.

Lemma 4.2.7. Let E be a rank 2 vector bundle on B, with associated PGL2-torsor P =

Isom(O⊕2,E )
GL2

× PGL2. Then,

#Aut(P ) =
#GL(E )

q − 1
.

Proof. Taking inner twists in 1 ! Gm ! GL2 ! PGL2 ! 1 by a cocycle defining E gives
the exact sequence

0 −! Gm −! GL(E ) −! Aut(P ) −! 0.

To prove the claim, it suffices to show that this sequence remains exact after taking global
sections. Consider the following commutative diagram with top row exact:

GL(E ) Aut(P ) H1(B,Gm) H1(B,GL(E )) T

H1(B,Gm) H1(B,GL2) T
GL(E )

× Isom(O⊕2,E )

(1) (2) ∈

(3) ∈

Surjectivity of (1) is equivalent, by exactness of the top row, to injectivity of (2). Commuta-
tivity tells us that (2) is injective if (3) is. Finally, (3) is injective because it can be identified
with the map sending a line bundle L to the rank 2 vector bundle L ⊕ L . ■

Corollary 4.2.8. Let D be a normalized (1,2,1)-datum. Then,

∑
H↪!P(D)

1

#AutH(B)(H)
≤ #H0(B,G8)

(q − 1) ·#Aut(P )q3d+3(1−g) .

Proof. This follows from Propositions 2.4.47 and 2.4.48 and Lemma 4.2.7. ■

In the end, we will need to understand the sum of the above expressions as D varies over
isomorphism classes of (1,2,1)-data.

Notation 4.2.9.
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• Let P be a PGL2-torsor on B. We let V (P ) denote the rank 3 vector bundle (asso-
ciated the to the GL3-torsor) obtained by pushing P along the PGL2-representation
Sym2(taut)⊗ det−1 : PGL2 ! GL3.

• Furthermore, extending Notation 4.2.2, given a (1,2,1)-datum D = (E1,E2, µ), we let
P = P (D) denote the PGL2-torsor associated to E1.

Note that, in this context, V (P ) ∼= Sym2(E1)⊗(detE1)
−1 = Sym2(E1)⊗ D−1.

Lemma 4.2.10. There is a bijection between isomorphism classes of (1, 2, 1)-data and
triples (P,L , ε), where P ∈ H1(B,PGL2), L ∈ Pic(B), and ε ∈ Ext1(L −1,V (P )) ∼=
H1(B,V (P )⊗ L ).

Proof. Let D = (E1,E2, µ) be a (1,2,1)-datum. Then, V (P (D)) ∼= Sym2(E1) ⊗ D−1, so
the extension 0 ! Sym2(E1)

µ
−! E2 ! L (D)−1 ⊗ D ! 0, after tensoring with D−1, gives

rise to a class ε(D) ∈ Ext1(L −1,V (P )). In one direction, the bijection is given by D 7!
(P (D),L (D), ε(D)). This triple is easily checked to be an isomorphism invariant.

Conversely, suppose we’re given (P,L , ε). Because H2(B,Gm) = 0 by [Mil80, Example
III.2.22 Case (g)], we can choose some rank 2 vector bundle E lifting P . Having made such a
choice, ε defines an extension 0 ! Sym2(E ) ⊗(detE )−1 µ′

−! E ′ ! L −1 ! 0. Observe that
(E ,E ′ ⊗ detE , µ′ ⊗ 1) is a (1,2,1)-datum and that its isomorphism class is independent of the
choices made. This gives the other direction of the bijection. ■

Notation 4.2.11. Given P,L , ε as in Lemma 4.2.10, let G8 = G8(P,L , ε) denote the
(isomorphism class of the) rank 8 vector bundle G8(D) associated to any (1,2,1)-datum D
associated to the triple (P,L , ε) via Lemma 4.2.10. We similarly define Gi = Gi(P,L , ε) for
all other i ∈ {0, 5, 8, 9}.

Notation 4.2.12. Let BunPGL2(k) denote the groupoid of PGL2-torsors over B, and set

M := |BunPGL2(k)| = H1(B,PGL2),

the set of isomorphism classes of PGL2-torsors over B. Endow M with the discrete measure
m where each [P ] ∈ H1(B,PGL2) is weighted by 1/#Aut(P ).

Lemma 4.2.13. #BunPGL2(k) =
∫
M
dm = 2q3(g−1)ζB(2)

Proof. Note that the first equality is by definition. Siegel’s formula [BD09, Theorem 4.8 +
Proposition 4.13] tells us that the Tamagawa number τ(PGL2) of PGL2 is related to the
groupoid cardinality of BunPGL2(k) via

τ(PGL2)

#BunPGL2(k)
= q(1−g) dimPGL2

∏
closed x∈B

#PGL2(κ(x))

(#κ(x))dimPGL2
= q3(1−g)

∏
closed x∈B

(
1− q−2 deg x

)
= q3(1−g)ζB(2)

−1.

It is well-know that τ(PGL2) = 2; this can be deduced e.g. from the main result of [GL19]
(see also [BD09, Theorem 6.1]). Thus, we conclude that #BunPGL2(k) = 2q3(g−1)ζB(2). ■

Theorem 4.2.14. Use notation as in Setup 1.2. Then,

lim sup
d!∞

#H=d
M,NT (B)

#M=d
1,1(K)

≤ 2ζB(2)ζB(10).
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Proof. We begin with a bit of notation. For any u ∈ Z<0, let M≥u ⊂M denote the subset
consisting of isomorphism classes of PGL2-torsors over B which lift to a rank 2 vector
bundle V on B which is either semistable or has Harder-Narasimhan filtration of the form
0! OB ! V ! detV ! 0, with degV ≥ u.

Below, when we write
∑

D, we mean that the sum is over isomorphism classes of normalized
(1,2,1)-data.

#H=d
M,NT (B) =

∑
α∈|HM,NT (B)|

ht(α)=d

1

#AutH(B)(α)

=
∑
D

d(D)=d

∑
H∈|HM,NT (B)|

D(H)∼=D

1

#AutH(B)(H)
by Lemma 2.4.32

=
∑
D

d(D)=d

∑
H↪!P(D)

H∈|HM,NT (B)|

1

#AutH(B)(H)
by Corollary 2.4.39

=
∑
D

d(D)=d
−(d+g)≤u(D)≤0

∑
H↪!P(D)

H∈|HM,NT (B)|

1

#AutH(B)(H)
by Remark 4.2.3

≤
∑
D

d(D)=d
−(d+g)≤u(D)≤0

#H0(B,G8)

(q − 1) ·#Aut(P )q3d+3(1−g) by Corollary 4.2.8

=
∑

P∈M≥−(d+g)

∑
L∈Picd(B)

∑
ε∈H1(B,V (P )⊗L )

#H0(B,G8)

(q − 1) ·#Aut(P )q3d+3(1−g) by Lemma 4.2.10

=

∫
M≥−(d+g)

∑
L∈Picd(B)

∑
ε∈H1(B,V (P )⊗L )

#H0(B,G8)

(q − 1)q3d+3(1−g)dm

=
1

q − 1

∫
M

χd(P )
∑

L∈Picd(B)

∑
ε∈H1(B,V (P )⊗L )

#H0(B,G8)

q3d+3(1−g) dm, (4.2.5)

where χd : M ! {0, 1} is the characteristic function of M≥−(d+g). By Theorem 3.3.4,
#M=d

1,1(K) ∼ #Pic0(B) · q10d+2(1−g)/[(q − 1)ζB(10)]. Thus,

lim sup
d!∞

#H=d
M,NT (B)

#M=d
1,1(K)

= lim sup
d!∞

(q − 1)ζB(10)
#H=d

M,NT (B)

#Pic0(B) · q10d+2(1−g)

≤ ζB(10)

#Pic0(B)
lim
d!∞

∫
M

χd(P )
∑

L∈Picd(B)

∑
ε∈H1(B,V (P )⊗L )

#H0(B,G8)

q13d+5(1−g) dm
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=
q3(1−g)ζB(10)

#Pic0(B)
lim
d!∞

∫
M

χd(P )
∑

L∈Picd(B)

∑
ε∈H1(B,V (P )⊗L )

qh
1(G8)

︸ ︷︷ ︸
Id(P )

dm,

(4.2.6)

with last equality holding by Riemann-Roch (note that degG8 = 13d). We would like to
commute the limit and integral in (4.2.6), so we will bound Id(P ) (defined as indicated in
(4.2.6)) and then apply dominated convergence. Observe (4.2.2) V (P ) ⊗ L ∼= G8/G5, so
Lemma 4.2.4 and Corollary 4.2.6 tell us that h1(G8) ≤ 7g and h1(V (P )⊗L ) ≤ 3g whenever
d≫g 1. Putting these together, whenever d≫g 1 and P ∈M≥−(d+g), we have

Id(P ) ≤ #Pic0(B) · q3g−1 · q7g = #Pic0(B)q10g−1. (4.2.7)

Observe that
∫
M
#Pic0(B)q10g−1dm <∞ and

∫
M
limd!∞ Id(P )dm =

∫
M
#Pic0(B)dm <∞

(with equality by Serre vanishing) by Lemma 4.2.13. Thus, (4.2.7) allows us to apply the
Dominated Convergence Theorem (DCT) below:

lim sup
d!∞

#H=d
M,NT (B)

#M=d
1,1(K)

≤ q3(1−g)ζB(10)

#Pic0(B)
lim
d!∞

∫
M

χd(P )Id(P )dm by (4.2.6)

=
q3(1−g)ζB(10)

#Pic0(B)

∫
M

lim
d!∞

χd(P )Id(P )dm by DCT

=
q3(1−g)ζB(10)

#Pic0(B)

∫
M

#Pic0(B)dm by Serre vanishing

=
q3(1−g)ζB(10)

#Pic0(B)
·#Pic0(B) · 2q3(g−1)ζB(2) by Lemma 4.2.13

= 2ζB(2)ζB(10). (4.2.8)

This was the claimed inequality. ■

Corollary 4.2.15. Use notation as in Setup 1.2. Then,

lim sup
d!∞

#H≤d
M,NT (B)

#M≤d
1,1(K)

≤ 2ζB(2)ζB(10).

Proof. This is a consequence of Theorems 3.3.4 and 4.2.14. ■

Theorem 4.2.16 (= Corollary 5.2.3). Use notation as in Setup 1.2. Then,

MASB ≤ 1 + 2ζB(2)ζB(10).

We postpone a proof of Theorem 4.2.16 until Chapter 5. In light of (4.1.3), the key to
deducing Theorem 4.2.16 from Corollary 4.2.15 is showing that 0% of elliptic curves have
a nonzero 2-torsion point. We will verify this in Section 5.1, and then afterwards prove
Theorem 4.2.16 (see Corollary 5.2.3).
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Chapter 5

Proof of the Main Theorem

In this final chapter, we complete the proofs of Theorem B and Corollary D. Recall that
Theorem B states that

E[# Sel2(E/K)] = ASB ≤ 1 + 2ζB(2)ζB(10),

with notation as in Setup 1.2. Most of the hard work towards obtaining this inequality
was completed in the prior chapters, so all that remains now is to complete the proof of
Theorem 4.2.16, which states that

MASB ≤ 1 + 2ζB(2)ζB(10).

The inequality ASB ≤ MASB is an easy consequence of their definitions, so this will prove
Theorem B. After achieving this, we proceed by deducing Corollary D from Theorem B.

To begin, we need to extend the work of Chapter 3 by obtaining an upper bound for the
number of elliptic curves (of bounded height) which possess a nontrivial 2-torsion point. In
particular, we will show that 0% of elliptic curves have such a point. This is first used to
complete the proof of Theorem 4.2.16 (see Proposition 5.2.2). Afterwards, this is used again,
now in conjunction with the bounds obtained in Section 2.1, in order to prove Corollary D.

5.1 Counting Curves with Non-trivial 2-torsion

In this section, we once again adopt the notation of Setup 1.2. We will bound the number
of elliptic curves E/K with E[2](K) ̸= 0. We will be able to obtain a better bound in
characteristic ̸= 2 than in characteristic 2, so we split into two cases. In both cases, our
bound will be based on the existence of Weierstrass equations, so we first recall the following.

Recall 5.1.1 (Proposition 2.3.9). Any Weierstrass curve W/B of height > N(g) :=
max{−1, 2g − 2} is cut out by some Weierstrass equation

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

in P := P(OB ⊕ L −2 ⊕ L −3), where L is W ’s Hodge bundle and each ai ∈ H0(B,L i). ⊙
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5.1.1 Characteristic ̸= 2

Assumption. Assume charK ̸= 2.

Let E/K be an elliptic curve with Hodge bundle L of height d := degL > N(g). Let
(W

π
−! B, S) be its minimal Weierstrass model, so W is given by some Weierstrass equation

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 with ai ∈ Γ(B,L i)

(inside of P := P(OB ⊕ L −2 ⊕ L −3)). Note that negation on E extends to the morphism

−1 : [X, Y, Z] 7−! [X,−Y − a1X − a3Z,Z]

on W ⊂ P. Suppose that E has a non-trivial 2-torsion point P ∈ E[2](K). By the valuative
criterion of properness, P extends to a section σ : B ! W . Using the universal property of P,
the map B σ

−! W ↪! P corresponds to some line bundle M ∈ Pic(B) along with a surjection

OB ⊕ L −2 ⊕ L −3 ↠M .

We first observe that, in fact, M must be trivial. Indeed, it follows from [Sil09, Proposition
VII.3.1(a)] that, because charK ≠ 2, the image σ(B) ⊂ W is disjoint from the zero section
S ⊂ W , i.e. P does not reduce to the identity at any place. Thus, σ misses the subscheme
{Z = 0} ⊂ W , so the surjection OB ⊕ L −2 ⊕ L −3 ↠ M defining σ restricts to a map
OB !M which is non-vanishing in every fiber. Since OB,M are line bundles, this must in
fact be an isomorphism.

The upshot is that we may view the section σ as the triple [σX , σY , 1] where σX ∈
Γ(B,L 2) = Hom(L −2,OB) and σY ∈ Γ(B,L 3) = Hom(L −3,OB). Since σ lands in W ⊂ P,
these are required to satisfy

σ2
Y + a1σXσY + a3σY = σ3

X + a2σ
2
X + a4σX + a6.

Furthermore, since P is 2-torsion, i.e. since P = −P , they must also satisfy

σY = −σY − a1σX − a3 and so a3 = −2σY − a1σX . (5.1.1)

Combining the previous two equations, we get that

−σ2
Y = σ3

X + a2σ
2
X + a4σX + a6 and so a6 = −σ2

Y − σ3
X − a2σ

2
X − a4σX . (5.1.2)

Theorem 5.1.2. Assume charK ̸= 2. The weighted number of elliptic curves E/K of height
d with E[2](K) ̸= 0 is O

(
q6d
)

as d!∞.

Proof. Consider a pair (E,P ) of an elliptic curve E/K of height d > N(g) along with a
choice of non-identity point P ∈ E[2](K). The above discussion shows that (E,P ) arises
from some tuple

(L , a1, a2, a3, a4, a6, σX , σY ) satisfying (5.1.1) and (5.1.2),

with L ∈ Picd(B), ai ∈ H0(B,L i), σX ∈ H0(B,L 2), and σY ∈ H0(B,L 3). Furthermore,
(5.1.1) shows that a3 is completely determined once a1, σX , σY are chosen. Similarly, (5.1.2)
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shows that a6 is determined once a2, a4, σX , σY are chosen. Thus, the entire tuple is determined
once one chooses L followed by choosing a1, a2, a4, σX , σY . Therefore, the total number of
possible tuples is bounded above by

#Picd(B) ·#H0(L ) ·#H0(L 2) ·#H0(L 4) ·#H0(L 2) ·#H0(L 3) = #Pic0(B) · q12d+5(1−g),

with equality by Riemann-Roch since d > N(g). Finally, arguing as in Corollary 2.3.16, we
conclude that the count of pairs (E,P ), weighted by 1/#Aut(E), of height d is at most

#Pic0(B) · q12d+5(1−g)

(q − 1)q6d+3(1−g) = O
(
q6d
)
. ■

5.1.2 Characteristic 2

Assumption. Assume charK = 2.

In characteristic 2, we no longer have [Sil09, Proposition VII.3.1(a)] telling us that the
line bundle M of the previous section is trivial. Without a bound on its degree, the strategy
of the previous section no longer works. Instead, we proceed by directly writing down a
condition, on just the Weierstrass coefficients ai, which is necessary for the corresponding
curve to support a section preserved by negation.

Lemma 5.1.3. Fix a line bundle L , and suppose that ai ∈ H0(B,L i) are such that

W : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

supports a non-identity section σ : B ! W ⊂ P(OB ⊕ L −2 ⊕ L −3) preserved by negation

−1 : [X, Y, Z] 7−! [X, Y + a1X + a3Z,Z].

Then, there exists some z ∈ H0(B,L 5) such that

z2 = a1a
3
3 + a21a2a

2
3 + a31a3a4 + a41a6.

Proof. Fix an embedding L ⊂ K into the sheaf of meromorphic functions on B. This induces
embeddings L n ⊂ K for all n, so we may treat the ai’s as elements of K. Let η ∈ B denote
the generic point. Since σ is not the identity section, we may write σ(η) = (x, y) ∈ A2(K).
Thus, we have

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 and y = y + a1x+ a3

for some x, y, a1, a2, a3, a4, a6 ∈ K. The second equation tells us that 0 = a1x + a3, so
y2 + a1xy + a3y = y2. Hence, multiplying the above displayed equation by a41, we see that

(a21y)
2 = a1(a1x)

3 + a21a2(a1x)
2 + a31a4(a1x) + a41a6 = a1a

3
3 + a21a2a

2
3 + a31a3a4 + a41a6.

Set z = a21y. Note that z ∈ H0(B,L 5) since the above equation shows that z2 ∈ H0(B,L 10).
■
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Theorem 5.1.4. Assume charK = 2. The weighted number of elliptic curves E/K of height
d with E[2](K) ̸= 0 is O

(
q9d
)

as d!∞.

Proof. Consider an elliptic curve E/K of height d > N(g) for which E[2](K) ̸= 0. Letting
L ∈ Picd(B) denote E’s Hodge bundle, Lemma 5.1.3 thus tells us that any minimal
Weierstrass equation

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

for E must satisfy
z2 = a1a

3
3 + a21a2a

2
3 + a31a3a4 + a41a6

for some z ∈ H0(B,L 5). Note that we must have a1 ̸= 0 above since E[2](K) ̸= 0. Indeed,
if a1 = 0, then the existence of a point fixed by negation would force a3 = 0; however, in
this case, E, the generic fiber of this equation, would be singular, a contradiction. Because
a1 ̸= 0, we see that a6 is determined by the choices of z, a1, a2, a3, a4. Hence, the total number
of Weierstrass equations cutting out curves with Hodge bundle ∼= L and which support a
non-trivial 2-torsion point is at most

#H0(L 5) ·
4∏
i=1

#H0(L 4) = q15d+5(1−g).

Finally, arguing as in Corollary 2.3.16, we conclude that the count of elliptic curves E/K,
weighted by 1/#Aut(E), of height d with E[2](K) ̸= 0 is at most

#Pic0(B) · q15d+5(1−g)

(q − 1)q6d+3(1−g) = O
(
q9d
)
. ■

Combined with Theorem 5.1.2, this proves Theorem G.

5.2 Bounding the Average Size of 2-Selmer

We are now in a position to prove Theorem B. We begin by completing the proof of
Theorem 4.2.16, which we will restate below for the reader’s convenience.

Recall 5.2.1. Let K be the function field of a smooth curve B/Fq. Recall that M1,1(K)
denotes the groupoid of elliptic curves over K, and that M≤d

1,1(K) denotes its full subgroupoid
consisting elliptic curves of height ≤ d. Furthermore, recall the functions

ASB(d) :=

∑
E/K

ht(E)≤d

#Sel2(E)

#E[2](K) ·#Aut(E)

#M≤d
1,1(K)

and MASB(d) :=
#Sel≤d2

#M≤d
1,1(K)

defined in (1.1.2) and (4.1.1), respectively. ⊙
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Proposition 5.2.2. The groupoid Sel2,T of trivial 2-Selmer elements (Notation 4.1.9) satisfies

lim
d!∞

#Sel≤d2,T

#M≤d
1,1(K)

= 1.

Proof. Observe

#Sel≤d2,T =
∑
E/K

ht(E)≤d

1

#E[2](K) ·#Aut(E)
by (4.1.3)

=
∑
E/K

ht(E)≤d
E[2](K )̸=0

1

#E[2](K)
· 1

#Aut(E)
+

∑
E/K

ht(E)≤d
E[2](K)=0

1

#Aut(E)

=
∑
E/K

ht(E)≤d

1

#Aut(E)
−

∑
E/K

ht(E)≤d
E[2](K )̸=0

(
1− 1

#E[2](K)

)
1

#Aut(E)

≥
∑
E/K

ht(E)≤d

1

#Aut(E)
−

∑
E/K

ht(E)≤d
E[2](K )̸=0

1

#Aut(E)
since 1− 1

#E[2](K)
≤ 1.

It is clear from (4.1.3) that #Sel≤d2,T ≤ #M≤d
1,1(K). Combined with the above, we have

#M≤d
1,1(K)−

∑
E/K

ht(E)≤d
E[2](K )̸=0

1

#Aut(E)
≤ #Sel≤d2,T ≤ #M≤d

1,1(K). (5.2.1)

The claim now follows from dividing (5.2.1) by #M≤d
1,1(K) and comparing the asymptotics

obtained in Theorem 3.3.4 and Theorem G. ■

Corollary 5.2.3 (= Theorem 4.2.16). Fix notation as in Setup 1.2. Then,

MASB ≤ 1 + 2ζB(2)ζB(10).

Proof. #Sel≤d2 = #Sel≤d2,T +#Sel≤d2,NT , so combine Proposition 5.2.2 with Corollaries 4.1.10
and 4.2.15. ■

Corollary 5.2.4 (= Theorem B). Fix notation as in Setup 1.2. Then,

ASB ≤ 1 + 2ζB(2)ζB(10).

Proof. It suffices to observe that ASB(d) ≤ MASB(d) for every d. For this, one simply
observes that the numerator of ASB(d) can be expressed as a sum over isomorphism classes of
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objects of Sel2 and that Lemma 4.1.4 shows that #AutSel2(C,E, ρ,D) ≤ #E[2](K)·#Aut(E).
Put together, these say that∑

E/K
ht(E)≤d

#Sel2(E)

#E[2](K) ·#Aut(E)
=

∑
[(C,E,ρ,D)]∈|Sel2|

ht(E)≤d

1

#E[2](K) ·#Aut(E)

≤
∑

[(C,E,ρ,D)]∈|Sel2|
ht(E)≤d

1

#AutSel2(C,E, ρ,D)
= #Sel≤d,

from which the claim follows. ■

Finally, we prove Corollary D. As mentioned in Warning 1.3 this is not quite an immediate
corollary of Theorem B simply because the weighting in the numerator of AR differs from
that used in the numerator of AS; see (1.1.2). To address this, define the following modified
average rank:

MARB(d) :=
N(d)

#M≤d
1,1(K)

where N(d) :=
∑
E/K

ht(E)≤d

rankE(K)

#E[2](K) ·#Aut(E)
.

Theorem 5.2.5.
lim
d!∞

MARB(d) = lim
d!∞

ARB(d).

Proof. We first observe that ARB(d)−MARB(d) = E(d)/#M≤d
1,1(K), where

E(d) :=
∑
E/K

ht(E)≤d
E[2](K )̸=0

(
1

#Aut(E)
− 1

#E[2](K) ·#Aut(E)

)
rankE(K)

=
∑
E/K

ht(E)≤d
E[2](K )̸=0

(#E[2](K)− 1) rankE(K)

#E[2](K) ·#Aut(E)

≤ 3
∑
E/K

ht(E)≤d
E[2](K )̸=0

rankE(K).

By Theorem 3.3.4, it suffices to show that E(d) = o
(
q10d

)
as d!∞. For this, we appeal to

Theorem G and Theorem 2.1.25 which together tell us that

E(d) ≤ O
(
q9d
)
·O(d) = O

(
dq9d

)
= o
(
q10d

)
. ■

Corollary 5.2.6 (= Corollary D). Use notation as in Setup 1.2. Then,

ARB ≤ 1

2
+ ζB(2)ζB(10).

Proof. The inequality lim supd!∞ MARB(d) ≤ 1/2+ζB(2)ζB(10) follows from Corollary 5.2.4,
the existence of embeddings E(K)/2 ↪! Sel2(E) (see (1.1.1)), and the inequality 2x ≤ 2x.
Apply Theorem 5.2.5. ■
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