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ABSTRACT

Let K be the function field of a smooth curve B over a finite field k£ of arbitrary
characteristic. We prove that the average size of the 2-Selmer groups of elliptic curves E/K
is at most 1 + 2(5(2)(5(10), where (p is the zeta function of B. In particular, in the limit
as ¢ = #k — oo (with the genus g(B) fixed), we see that the average size of 2-Selmer
is bounded above by 3, even in “bad” characteristics. This completes the proof that the
average rank of elliptic curves, over any fixed global field, is finite. Handling the case of
characteristic 2 requires us to develop a new theory of integral models of 2-Selmer elements,
dubbed “hyper-Weierstrass curves.”

Thesis supervisor: Bjorn Poonen
Title: Distinguished Professor in Science






Acknowledgments

I would like to express extreme levels of gratitude towards my advisor, Bjorn Poonen. I have
been consistently astounded by the depth of your knowledge and the generosity of your time.
Your advice and guidance have been an invaluable part of my graduate career, and I have
been privileged to learn much new mathematics from you and your suggestions these past
five years. It is also evident that your supportive nature leaves a lasting impact on others. As
you know, I have been fortunate to meet many of your previous students, and I have found
them all incredibly inviting, encouraging, and patient. You all make me feel honored and
blessed to be part of Bjorn’s army, so thank you as well to Tony, Bianca, Isabel, Padma,
DZB, and all of Bjorn’s students, past, current and future.

I would also like to thank the various collaborators I have had these past five years. I
always find myself enjoying mathematics even more when done with others, so thank you
to Deewang Bhamidipati, Aashraya Jha, Caleb Ji, Rose Lopez, and Jackson Morrow for
mathing with me.

I am also superbly grateful for all my friends, both in Boston and beyond, and all the
members of number theory and wider mathematical communities in the Boston area. I
have found the mathematics community here to be vibrant and engaging, with endless
opportunities to learn. I am especially grateful for all my fellow graduate students — not only
here at MIT but at Harvard and BU as well. There have been too many of you to name
everyone, but let me at least thank Grant, Amanda, Trajan, Keeley, Aash, Alice, Taeuk,
Vijay, Natalie, and Katy. It has been a joy to learn with you all, to be confused with you all,
and to joke around with you all. I would also like to thank my non-mathematician friends for
helping to keep me sane/grounded and giving me a community beyond the department. I
especially thank Rohan, Eura, and Logan for all the fun times we have had together.

Of course, none of this would have been possible with the continuing love and support of
my family. You all have been a treasure to me for as long as I have been around, you all
are some of the best people and I know, and I would not be where I am now without y’all.
Mommy, Daddy, Roland, Joyce, Nadine, Gilmore, I love y’all.

Finally, with all my heart, I thank my partner, Amanda Burcroff. You are actually the
best person I know, and it has been wonderful to support each other as we have gone through
this journey together. You are a constant source of pride, inspiration, and encouragement,
and you are the greatest partner I could ask for. I cannot imagine what grad school would
have been like without you, and I could not be more glad I didn’t have to find out.






Contents

List of Figures

1 Introduction
1.1 Notation & Conventions . . . . . . .

2 Background & Geometric Preliminaries
2.1 Asymptotic Bounds on 2-Selmer Groups . . . . . . .. ... .. ... ....

2.1.1 Bound in Characteristic # 2 .
2.1.2 Bound in Characteristic 2 . .
2.1.3 Summary of all Obtained Boun

ds . . .

2.2 Some Recurring Applications of Cohomology and Base Change . . . . . . . .

2.3 Global Theory of Weierstrass Curves

2.4 Global and Local Theory of Hyper-Weierstrass Curves . . . . .. ... ...

2.4.1 Definitions and Local Theory
2.4.2 Global Theory . . . . . . ...

3 Counting Elliptic Curves

3.1 Counting Generically Singular Weierstrass Curves . . . . . . . ... ... ..
3.2 Counting Non-Minimal Weierstrass Curves . . . . . . . ... ... ... ...

3.3 Counting Elliptic Curves . . . . . . .

4 Counting 2-Selmer Elements
4.1 Relation to Hyper-Weierstrass Curves
4.1.1 Selmer Groupoid . . ... ..
4.1.2  Proof of Proposition 4.1.8 . .
4.2  Counting Minimal hW Curves . . . .

5 Proof of the Main Theorem

5.1 Counting Curves with Non-trivial 2-torsion . . . . . . . .. .. .. ... ...

5.1.1 Characteristic #2 . . . . ..
5.1.2  Characteristic2 . . . . . . ..
5.2 Bounding the Average Size of 2-Selmer

References

11

13
17

21
21
22
25
31
33
35
41
41
20

65
65
66
67

71
71
71
75
78

85
85
86
87
88

91



10



List of Figures

1.1 A graph of the logical dependencies between sections of this thesis

11



12



Chapter 1

Introduction

This thesis is concerned with extending results about the average rank of elliptic curves to
the bad characteristic setting, namely to characteristic 2. To further explain the context,
first let K denote a global field. One is interested in studying the distribution of ranks of
elliptic curves E/ K, with the first step usually being to bound the average rank E[rank F(K)]
of elliptic curves E/K (formally defined in Section 1.1). A folklore conjecture, going back
at least to work of Goldfeld [Gol79] states that this average should be exactly 1/2, but it
is a propri not even necessarily finite. In this thesis, we will exhibit an explicit bound on
E[rank F(K)] whenever K is a global function field, continuing a long history of work on
such problems.

Remark 1.1. The results of this thesis appeared previously in [Ach23]. o

The average rank of elliptic curves over K = F (¢) was initially investigated by Brumer
[Bru92|, who showed its finiteness when charF, > 5. His bound was strengthened and
extended to all ¢ by de Jong [Jon02|, and an average rank bound over Q was later obtained
by Bhargava and Shankar [BS15a|. While Brumer used analytic techniques to obtain his rank
bound, de Jong and Bhargava—Shankar pioneered the approach of producing average rank
bounds by first bounding the average size of the n-Selmer groups of elliptic curves E/K, for
some fixed value of n. Their work and subsequent investigations have led to the following
conjecture, which appears for example in [Jon02, Section 2|, [PR12, Conjecture 1.4], [BS13a,
Conjecture 4], and [Bha+15, Section 5.7].

Conjecture A. Let K be a global field. When all elliptic curves E/K are ordered by height,
the average size of their n-Selmer groups is de d.

The main purpose of this paper is to verify the 2-Selmer case of Conjecture A for arbitrary
global function fields K, up to a limit as “q — 00.”

Setup 1.2. Let k = F, be a finite field, let B/k be a smooth k-curve of genus g = g(B), and
let K = k(B) be its function field. Let
. 1
CB(S) = H —1 — q—sdegv’

veEB

with v ranging over closed points of B, be the zeta function of B.

13



Additionally, let E[# Sely(E/K)] (resp. E[rank F(K)]) denote the “average size of 2-Selmer
groups (resp. average rank) of elliptic curves over K” (see Section 1.1 for a precise definition).

Theorem B (= Corollary 5.2.4). With notation as in Setup 1.2,
E[# Sely(E/K)] < 1+ 2(5(2)(5(10).
Corollary C. With notation as in Setup 1.2,

lim sup E[# Sely(E/Fn K)] < 3.

n—oo

Corollary D (= Corollary 5.2.6). With notation as in Setup 1.2,

E[rank F(K)] < %—k (8(2)¢p(10) and so limsup E[rank E(F,» K)] <

n—oo

[\ ROV

Warning 1.3. The weighting used to define E[# Sels(E/K)] is slightly different from that
used to defined E[rank E(K)], Corollary D is not as immediate a corollary of Theorem B as
it may seem on first glance. This will be further explained in Remarks 1.6 and 1.7. °

In his thesis, Shankar bounded the average rank of elliptic curves over any number field
(see [Shal3, (1.1) and (5.4)| for a precise definition). Given this, Theorem B completes the
proof that the average rank of elliptic curves, over any global field, is finite.

Theorem E (Corollary D + [Shal3, Theorem 1.0.1]). Let K be an arbitrary global field.
When all elliptic curves E/K are ordered by height, their average rank is finite.

Remark 1.4. We can be more precise about how the bound produced in Theorem B

compares to the predicted value of 3. Use notation as in Setup 1.2. By the Weil conjectures,

(p(s) = [122,(1 —aig™®)/ (1 — ¢*)(1 — ¢*=*) for some « € C with |a;| = ¢"/2. Thus, for
s> 11 -
—5\2g

CB(S) S (1 —i:sq ) 1-s

(1—g¢)(1—q")

Thus, the bound in Theorem B implies

=1+¢"+0,, (ql/Q_s) as ¢ — 00.

E[# Sela(E/K)] < 1+ 2¢p(2)¢5(10) =3 + 2 + Oy (q7%%). (1.0.1)

Similarly, the bound in Corollary D implies

3 1
E[rank F(K)] < §+—+Og(q_3/2) . o
q
Along the road towards establishing Theorem B, we obtain the following counts for elliptic
curves of bounded height. Below, ht(E) denotes the height of an elliptic curve as defined in
Section 1.1.

"When B = Py , ¢p(s) =[(1 - ¢ *)(1 - ql_s)]_l =1+¢'""*+ 04(¢*) as ¢ — co. Thus, in this case,
Theorem B shows that E[# Sels(E/F,(t))] <3+ 2/q+ O(¢72) as ¢ — <.

14



Theorem F. With notation as in Setup 1.2,

1 Pi(B q10d+2(lfg)
;; Fauw(m) " T hGm)
ht(E)=d

as d — oo. See Theorem 3.3.4 for a more precise asymptotic.

Remark 1.5. When B = Py , de Jong [Jon02] gave an ezact weighted count of (isomorphism
classes) of elliptic curves of height d (his result is recalled in Remark 3.3.3), so the utility
of Theorem F is that it applies to more general bases. Prior to de Jong, Brumer [Bru92|
computed an asymptotic count of the (unweighted) number of elliptic curves over K = F(t)
(using a slightly different height function) when char K > 5. o

Theorem G (= Theorem 5.1.2 4 Theorem 5.1.4). Use notation as in Setup 1.2. Then,

6 if char K # 2

O(qu) where C' = ,
9 if char K =2

1
Z #Aut(E)
ht(E)=d
B[2)(K)£0

as d — oo.

Prior Work As previously mentioned, bounds on the average size of Selmer groups of
elliptic curves go back to work of de Jong [Jon02|, where he verified Conjecture A, up to a
limit as “g — 00", in the case of 3-Selmer groups over K = F,(t). A number field case of
Conjecture A was first handled by Bhargava and Shankar [BS15a|] who computed the average
size of 2-Selmer groups over K = Q. Since then, many new works have been produced
verifying cases of Conjecture A (or variations of it); a non-exhaustive list of such papers
includes [Jon02; BS15a; Shal3; BS15b; BS13a; BS13b; HLHN14; Thol9; Lan2lc; FLR23;
PW23; EL24|. However, to the best of the author’s knowledge, [Ach23| (on which this thesis
is based) was the first paper to investigate Conjecture A for an arbitrary global function field
K (and fixed n). More commonly, authors will at least require that char K { 2n and/or that
K =F,(t). In contrast, this paper allows for any choice of K in Theorem B/Setup 1.2; this
extra permissiveness is what allows us to deduce Theorem E.

In the case of 2-Selmer groups over function fields, Corollary C was previously attained
by Ho, Lé Hung, and Ngé [HLHN14] when char K > 5. The methods of their paper and the
present paper have a common ancestor in the work of de Jong [Jon02], but new complications
in small characteristic have required us to introduce new ideas, as we explain below.

New Ideas in Small Characteristics From a zoomed out perspective, the proof of
Theorem B follows the usual “parameterize and count” strategy often employed in arithmetic
statistics. However, because we wish to allow function fields of characteristic 2 in this
paper, new complications arise in several steps of the arguments previously used to count
2-Selmer elements (see [BS15a; Shal3; HLHN14|). In fact, we cannot even use the same
parameterization as employed by previous authors. Below, we enumerate a couple of the
extra hurdles we must overcome to obtain Theorem B; we use the notation of Setup 1.2.

15



(1)

(2)

To parameterize 2-Selmer elements, we define and develop a theory of “hyper-Weierstrass
curves” (see Section 2.4).

In good characteristics (see [BS15a; Shal3; HLHN14|), one parameterizes 2-Selmer
elements (of elliptic curves over K') via binary quartic forms f(z,2). One reduces to a
problem of counting “integral” (think: existing over B) such forms of bounded invariants
which one handles by leveraging a classically developed theory of such forms. When
char K = 2, these objects no longer parameterize 2-Selmer elements. Instead, one needs
to study certain relative curves H/B which serve as “integral models” of genus 1 double
covers of P!; these are our hyper-Weierstrass curves (see Definition 2.4.2). These curves
naturally live in certain P(1, 2, 1)-bundles over B, but they are not cut out by a global
equation in the same way that usual Weierstrass curves are (see Proposition 2.3.9 for the
Weierstrass case), which ultimately means one has to count them by counting sections
of some non-split rank 8 vector bundles on B, the vector bundles ¥ = p,0p(H) of
Proposition 2.4.30.

In order to understand the rank 8 vector bundles " which arise as above, we need to
use the theory of rational singularities.

As mentioned above, one is interested in counting sections of certain rank 8 vector
bundles #". When char K > 5, the role of ¥ is played by an analogous rank 5 vector
bundle, called ‘V(&,.Z)" in [HLHN14|, which splits as a sum of line bundles in the
large height case, and so which can be more easily analyzed. In the present paper, our
¥’s are generally non-split. To count their sections, we exploit the fact that they arise
geometrically from a (possibly singular) relative curve H — B in order to ultimately
bound their h'’s in terms of some intersection theory on a desingularization of H, at
least when H has at worst rational singularities (this is the goal of Section 2.4.2, which
is exploited in Section 4.2).

Paper Organization For ease of notation, here and throughout the body of this thesis,
when in the context of Setup 1.2, we use ASp (resp. ARp) in place of E[# Sely(E/K)] (resp.
E[rank F(K)]) to denote the “average size of 2-Selmer groups (resp. average rank) of elliptic
curves over K,” as defined in (1.1.3).

The body of this thesis is split between four chapters.

e In Chapter 2, we collect various results which will be instrumental in carrying out the

counting happening in later chapters. The four sections of this chapter are largely
independent of one another (except the brief Section 2.2 which is used by the two
after it), with each one directly related to one of the later chapters, as described at
the beginning of Chapter 2. Of note, in Section 2.4 we define and develop a theory
of so-called “hyper-Weierstrass curves,” a certain hyperelliptic analogue of Weierstrass
curves that serve as both our main object of study and our geometric model of 2-Selmer
elements.

In Chapter 3, we count elliptic curves of bounded height, proving Theorem F. Our
method of counting is based on generalizing the work in [Jon02, Section 4] and makes
heavy use of the results in Section 2.3. In the end, we are able to establish an asymptotic

16



count for the number of height d elliptic curves over a global function field K, including
an explicit secondary term.

e In Chapter 4, we count 2-Selmer elements. We begin by explicitly describing the
relationship between these and the hyper-Weierstrass curves (hW curves) of Section 2.4,
in Section 4.1. Being precise about this relation involves defining a ‘2-Selmer groupoid’
(see Definition 4.1.1) which is then used to define a modified average count MASp which
is closely related, but a priori not exactly equal, to ASg. Afterwards, by leveraging the
relationship between 2-Selmer elements and hW curves, we are able to prove the bound
MASg <1+ 2(5(2)(p(10) in Theorem 4.2.16, up to minor caveats to be dealt with in
the last chapter.

e In Chapter 5, we address a few technical caveats not handled by previous sections, and
so complete the proofs of Theorem B and Corollary D. As will be explained in the
body of this thesis, the main point here is to show that 0% of elliptic curves have a
non-trivial point of order 2, which we do in Section 5.1, proving Theorem G. This alone
suffices to complete the proof of Theorem 4.2.16 that MASp < 1+ 2(¢5(2)(5(10) (see
Corollary 5.2.3). It will be an easy consequence of their definitions that ASp < MASp,
so this completes the proof of Theorem B (see Corollary 5.2.4). Finally, to deduce
Corollary D, one has to contend with the fact that the the definitions of ASp and ARp
weight elliptic curves with non-trivial 2-torsion differently. We use the fact that there
are few such curves (verified in Section 5.1) along with the Selmer bounds obtained
earlier in Section 2.1 to show that such curves do not contribute to ARp, allowing us
to deduce Corollary D from Theorem B (see Corollary 5.2.6).

The dependencies between the various sections/chapters of this thesis are recorded in Fig. 1.1.

/—\

23— 3

7 \\

22 —— 24.1 > y 4.2 —— 5.2

\//

24.2

Figure 1.1: A graph of the logical dependencies between sections of this thesis.

1.1 Notation & Conventions

In this paper, we work throughout in the fppf topology. All unadorned cohomology groups
should be interpreted as fppf cohomology. For G a sheaf of groups, we say (G-torsor to
mean an fppf-locally trivial right G-torsor sheaf.

17



Vector bundles Let 7 be a vector bundle (by which, we mean locally free sheaf of finite
rank) on a scheme B. We write ¥ := Jtom(¥,Op) for the dual bundle. If £ is a line
bundle, we also denote this by £~ := £V,

If ¥ is a vector bundle on a scheme B, we write GL(?') to denote its group of &'z-linear
open

automorphisms. We write GL(¥7") to denote its automorphism sheaf on B, i.e., for U C B,
we set I'(U, GL(7)) = GL(7|p).

Finally, for ¥ a vector bundle on a scheme B, its associated projective bundle is P(¥") :=
Projs(Sym(7)).

Duality Let f: X — Y be a morphism of schemes. The dualizing sheaf, when it exists, of
this morphism will be denoted wx/y. If Y = Spec I is the spectrum of a field, then we often
simply denote this by wx := wx/r := Wx/spec F-

Curves Let B be an arbitrary scheme. We say that a B-scheme C' — B is a B-curve (or
curve over B or simply a curve) if it is flat, proper, and finitely presented over B with
Gorenstein, connected, 1-dimensional geometric fibers. Note that, for C' — B a curve, the
dualizing sheaf wc/p exists and is invertible.

If £y, E5 are elliptic curves (so, in particular, they are equipped with choices of identity
points), then by an isomorphism E; = E,, we always mean an isomorphism of group schemes.

Heights Let B be a smooth curve over a field F. Let X 5 B be a curve over B such
that m,0x = O and whose relative dualizing sheaf wy,p is isomorphic to 7*.Z for some
Z € Pic(B). Then, we define the height of X/B to be

ht(X/B) := deg(.Z) = deg(mwx,p) € Z,

with the latter equality holding by the projection formula. In this situation, we call .Z =~
m.wx/p the Hodge bundle of the curve.

Let K be a global function field, with corresponding curve B. If C'/K is a curve of genus
at least 1, then we define its height to be

ht(C/K) := ht(C/B),
with €/B the minimal proper regular model of C. In this situation, the Hodge bundle of C'

is defined to be the Hodge bundle of its minimal proper regular model.

Global Function Fields Let K be the function field of a smooth curve B/F,. We implicitly
identify places v of K with closed points v € B. Given such a place, we let K, denote the
completion of K at v, and we let €, denote the valuation ring of K, i.e. the completion of
the stalk 0p,. We let k(v) denote the residue field at v.

Selmer Groups Let K be a global field, and let £/K be an elliptic curve. For any n > 1,
its n-Selmer group is

Sel,,(E) := ker (Hl(K,E[n]) — HHI(Kv,E)> ;

18



where v ranges over all places of K. Recall that Sel, (F) fits into the short exact sequence
0 — E(K)/nE(K) — Sel,(F) — II(E)[n] — 0, (1.1.1)

where III(E)[n] denotes the n-torsion in the Tate-Shafarevich group of E.

Averages Use notation as in Setup 1.2. Given a nonnegative integer d, we define

# Sely(E) rankz E(K)
;}; HEP)(K) - # Aut(E) Z # Aut
ASp(d) = ME= - and ARp(d) = by . (112)
g;{ # Aut(FE) g;{ # Aut(F)
ht(E)<d ht(E)<d

the average size of 2-Selmer (resp. average rank) of elliptic curves over K of height < d. We
furthermore define

E[# Sely(E/K)] = ASp = limsup ASg(d)

d—0o0

E[rank F(K)] = ARp = limsup ARp(d). (1.1.3)

d—0o0

Remark 1.6. The definition of ASg(d) weights each 2-Selmer element by

1
#E[2](K) - # Aut(E)’

whereas it is more common to see that weighted simply by 1/# Aut(E). It is the opinion
of the author that the weighting in (1.1.2) is more natural. This will be better justified by
the discussion in Section 4.1, but in brief, since 2-Selmer elements are E[2]-torsors, E[2](K)
contributes to their automorphism groups, so it feels natural to include this quantity in their
weighting. o

Remark 1.7. The choice of weighting in (1.1.2) is ultimately cosmetic. It is a consequence
of [Ach23, Propositions 5.4.27 and 6.2.4] that

Z #Selg E
#Aut (E)

ht(E)<d

ASp = limsup

18U 1
X FRam

E/K
ht(E)<d

: (1.1.4)

morally because there are too few elliptic curves with E[2](K) # 0. The proof of (1.1.2) is a
bit delicate in characteristic 2 (see [Ach23, Section 5.4|), so in this thesis, we have opted to
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avoid this by not proving (1.1.4); instead, we only prove the easier equality

ranky F(K)
2 #ER2](K) - # Aut(E)

E/K
ARp = limsup hE)=d i (1.1.5)
S e
P # Aut(FE)
ht(E)<d

This can be proven by separately bounding the number of elliptic curves with E[2](K) # 0
as well as the sizes of their 2-Selmer groups. Furthermore, (1.1.5), while weaker than (1.1.4),
still suffices to deduce Corollary D; this is explained in Chapter 5. o

Asymptotics When working within the context of Setup 1.2, we allow our big-O constants
to depend on the function field K. That is, when we write f(z) = O(g(z)) we mean that
there exists some C' = C(K) > 0 such that |f(x)| < Cg(z) for all large values of x.

Groupoids Let G be a groupoid. We write |G| to denote the set of isomorphism classes of
its objects. Its groupoid cardinality (or simply cardinality) is

1
#9= 2

z€|S|

If we say that §’ — § is a subgroupoid, we always mean that it is a full subgroupoid, i.e.
Auty (z) = Auty(z) for any x € §'.
Of note to the present paper are the following groupoids.

Notation 1.8. For K a global function field, we let M ; (K') denote the groupoid of elliptic
curves over K. For any d > 0, we let MT{(K), M%?(K) — My 1(K) denote, respectively, the
(full) subgroupoids consisting of those elliptic curves of height = d and those of height < d.

Note that, with this notation established, the denominators in (1.1.2) are both equal to
#MEI(K).
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Chapter 2

Background & Geometric Preliminaries

In this chapter, we collect some foundational results which will be used in Chapters 3 to 5
when we perform our counts. It is recommended that the reader initially skims this section,
only referring back to it later as the need arises. For the reader’s convenience, we include the
following brief description of each sections purpose:

e Section 2.1 establishes an asymptotic bound for the dimension of the 2-Selmer group of
an elliptic curve in terms of the height of the curve. This material is not referenced
until Chapter 5, where it is used to prove Corollary D. In particular, while this bound is
relatively weak, it suffices to prove (1.1.5) and so to deduce Corollary D from Theorem B.

e Section 2.2 gives a statement of Grothendieck’s ‘cohomology and base change’ theorem.
This result is needed at several points throughout Sections 2.3 and 2.4 and so we found
it convenient to collect a few of its standard applications in one place.

e Section 2.3 sets up the basic theory of Weierstrass curves over a general base. While
the results contained within are not new, the author was unable to find a reference
which included them stated in the form needed for later applications. The statements
here are used in Chapter 3 to count elliptic curves, i.e. to compute ‘the denominator of

ASp’.

e Section 2.4 defines and develops a theory of the main objects of study us this thesis:
hyper-Weierstrass curves. These curves serve as our choice of integral models of 2-Selmer
elements; this choice will be justified in Section 4.1. Needing to develop enough of a
theory of these curves to be able to parameterize and count them is the main difficulty
of proving Theorem B in characteristic 2. This material is used throughout Chapter 4
to compute ‘the numerator of ASg’.

2.1 Asymptotic Bounds on 2-Selmer Groups

In this section, we will prove bounds of the form

Lt (E)

. < _HWE)
lel]F2 SGIQ(E) ~ O <log ht(E)

) or dimg, Sely(E£) < O(ht(E))
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for elliptic curves E'/K in various situations. Our bounds will require different arguments
in characteristics 2 and # 2. First, when char K # 2, we bound dimp, Sely(F) (under the
additional assumption that F[2](K) # 0) using an argument in the spirit of [Sil09, Exercise
VIII.1|. In characteristic 2, our main technical tool is an extension of [Lan2lc, Proposition
3.26| to all characteristics (see Proposition 2.1.10). We combine this with some computations
with fppf cohomology in order to bound dimg, Sely(E).

Carrying out the arguments referenced above produces bounds expressible in terms of the
conductor of F. In Section 2.1.3, we show how to convert these into bounds in terms of the
height of E. Afterwards, in Theorem 2.1.25, we summarize all the bounds obtained in this
section.

Before separating into cases, we include a lemma which will be used in both of the
following sections.

Lemma 2.1.1. Let S be an arbitrary scheme, and let &/S be an elliptic scheme. Let o — &
be a finite locally free S-group scheme of order n, and let ¥ := Hom(«, G,,) be its Cartier
dual. Then, there is a short exact sequence

0—a— &N —a’ —0
of abelian sheaves on Styps-

Proof. Consider the quotient map ¢ : & — & /a =: & as well as its dual ¢¥ : & — &. Since
q'qg=[n]: & — &, we get a short exact sequence of kernels

0 — kerq — &[n] — kerq’ — 0.

Now, ker ¢ = « by construction, and so ker ¢¥ ~ o by [0da69, Corollary 1.3(ii)]. [

Throughout the remainder of this section, we work within the context of Setup 1.2.

2.1.1 Bound in Characteristic # 2

Setup 2.1.2. In addition to Setup 1.2, we fix an elliptic curve E/K. Furthermore, we assume
that p := char K # 2.

Lemma 2.1.3. Let

fi 91
A1 > > Cl > D1 > E1

IR

f2 g2
AQ > > CQ > DQ > E2

be a homomorphism of exact sequences of abelian groups. Then,

#kery < #ker - #(kerd Nkergy) - #coker(im(fl) LN 1m(f2)> < #ker-#kerd-#im fs.
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Proof. Consider the following homomorphisms of short exact sequences:

0 —— coker f; > (4 > kergg —— 0
|5 lw lo :

0 —— coker f5 > Oy > kergg —— 0

0 —— im f; > B > coker fi —— 0
L [

0 —— im fo > By » coker fo —— 0

Applying the snake lemma to both of them immediately shows that

#Hkery < #ker B - #(kerd Nker g;) and # ker B < # ker 3 - # coker(im(f;) — im(f;)). W

Lemma 2.1.4. Let S C B be the set of places of bad reduction for E, let U = B\ S, and let
& /U be E’s Néron model, an elliptic scheme. Then, the restriction map identifies H* (U, &[2])
with a subgroup of H' (K, E[2]) and

Sely(E) C {c € H'(U,£[2]) : ¢, € im§, for all v e S} Cc H'(K, E[2)),
where §,: E(K,)/2B(K,) — H'(K,, E[2]) is the local Kummer map.

Proof. InJect1V1ty of H(U, £[2]) — HY(K, E[2]) follows from [Ces16, Proposition A.5|. Fix
c € HY(U,&[2]) ¢ HY(K, E[2]) as well as any place w € U. It suffices to show that
cw € HY (0, &[2]) € HY(K,, E[2]) lies in im d,,, i.e. that it restricts to 0 in H' (K, ). This
follows from the claim that H'(&,, &) = 0. Indeed, let T/&,, be an &-torsor. Then, T is a
smooth &,-scheme, so Hensel’s lemma implies that T( w) #0 <= T(k(w)) # 0. However,
T, is a torsor under the connected group &, over the finite field x(w), so Lang’s theorem

[Lan56, Theorem 2| shows that T'(k(w)) = T, (k(w)) # 0. [

'—'\_.

Proposition 2.1.5. Let S C B be the set of places of bad reduction for E. Assume that
E[2](K) # 0. Then,

dimp, Sely(E) < 3#S + 2dimp, Pic®(B)[2] + 2 < 3#S + 49 + 2.

Proof. Let U = B\ S be the locus of good reduction for £, and let &/U be E’s Néron model.
Note that [2] : & — & is a flat (even étale) cover, so we can form the following commutative
diagram with exact rows:

0 ; » HY(U, &[2]) ——— HY(U,&)[2) ——— 0
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By Lemma 2.1.4, there is an injection
Sely(E) — {c € H'(U,&[2]) : ¢, € im§, for all v € S} =: G.

Hence, it suffices to bound dimp, G. For this, we observe that it sits in an exact sequence

2E(K,)

veES veES

0 — ker (Hl(U, &2)) — HHI(KU,E[Q]O —a—T]] E(K,)

-

A

We separately bound the dimensions of A (defined in the above displayed sequence) and
HveS E<Kv)/2E<Kv)-

e For A, we first remark that, by Lemma 2.1.1, we have a short exact sequence 0 —
Z/ 22, — & [2] — po — 0. Comparing this with the analogous sequences over K, for
v € S, taking cohomology, and observing that Z/ QZU >~ [y 7, We obtain

7.)27 (Z.)27.)°

\ l

HY(U, Z/zz) = T\ (K.. 2/22)

veES

! !

H'(U,&[2]) —— [[H'(K., E[2))

veS

! !

H'(U,z/22) —— [[H"(K,,Z/2Z)

veES

! !

H*(U,Z/22) — [ H*(K,,Z/2Z)

veES

We now apply Lemma 2.1.3 to conclude that
dimp, A = dimp, ker v < dimp, ker § + dimg, ker 6 + #S = 2 dimp, ker 5 + #5, (2.1.1)
so we are reduced to bounding

B := ker (Hl(U, z/2z) - T H'(K., Z/QZ)) .

vES

Note that

H'(U,Z/27Z) ~ Hom(Gg v, Z/2Z) and HY(K,,Z/27Z) ~ Homys(Gx,, Z/27),
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where Gk, is the absolute Galois group of K and Gk = Gal(Ky/K) is the Galois
group of the maximal extensions Ky /K of K unramified above U. Thus, any element of
B is represented by an everywhere unramified continuous homomorphism Gy — Z /27,
so B C Homg(Pic(B),Z/2Z) by class field theory. As Pic(B) = Pic(B) x Z, this says
that B C Hom(Z, Z/27) x Hom(Pic’(B), Z/27). The first factor here is = Z /27, while
the second factor has dimension dimg, Pic’(B)[2]. Recalling (2.1.1), we conclude

dimp, A < 2 + 2dimg, Pic’(B)[2] + #8S.

o For [[,cq E(K,)/2E(K,), we simply use the fact that, for each v, F(K,) is a profi-
nite group with a finite index pro-p subgroup (recall p = char K' # 2), and so
#L(K,)/2E(K,) = #E(K,)[2] < 4. Thus, dimg, [[,cq E(K,)/2E(K,) < 2#8S.

The claim follows from combining these two bullet points. [ |

2.1.2 Bound in Characteristic 2

Setup 2.1.6. In addition to Setup 1.2, we fix an elliptic curve E/K. We let &/B denote its
Néron model, and we let & < & denote the identity component of its Néron model. We
also let N, A € Div(B) respectively denote the conductor and minimal discriminant of £. At
this point, we make no restrictions on char K.

We begin by extending [Lan2lc, Proposition 3.26] to the “bad characteristic” case. Fol-
lowing ideas of [Lan2la; Lan21b|, our main technical tool for doing so will be to replace the

cohomology of the sheaf &[2] with the (hyper)cohomology of the two term complex & NV

Proposition 2.1.7. Let € := [F 5 4] be a two term complex of abelian sheaves over an
arbitrary scheme S, with F in degree 0 and & in degree 1. Write H'(S,.7 % &) = HY(S,¥)
and H' (S, F)[¢] = ker(H'(y) : H'(S, #) — H'(S,9)). Then,

(a) There are distinguished triangles
G[-1] — € — .7 and kerp — € — (coker p)[—1].

In particular, these give rise to eract sequences

H(S,9) .
0= s L HY(S,.F B9 — HY(S,F)e] —0  (2.1.2)
0 —H'(S, ker p) —s H'(S,.7 £ @) —H"(S, coker ). (2.1.3)

(b) HY(S,.7 & ) is in natural bijection with pairs (T, : 0, T — 4) — where T is an
F -torsor and 1 is an isomorphism of ¢ -torsors — up to isomorphism of torsors.

Proof. Part (a) is an exercise in unpacking definitions. Part (b) is [Lan21b, Lemma 2.3.8].
In that lemma, (b) is stated only in the case that .#,% are both (represented by) smooth,
commutative group schemes, but the proof given works in general.® [ |

'Recall that, for us, ‘torsor’ means fppf-locally trivial right torsor sheaf
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The proposition we wish to generalize is the following.

Proposition 2.1.8 ([Lan2lc, Proposition 3.26]). Fiz n > 1 such that char K { n. Then,
#8Sel,(E) < #H°(B, &) - #H'(B, &%n)).

We want a version of this result which works in arbitrary Characteristics. As previously

alluded, the key will be to replace H'(B, &°[n]) with H'(B, &0 I, (5‘0) resulting in Propo-
sition 2.1.10. We prove this generalization by simply making the necessary adjustments to
Landesman’s proof of Proposition 2.1.8. We first remark that [Lan2lc, Lemma 3.29] holds as
stated in arbitrary characteristic with exactly the same proof (the main point is that [66816,
Proposition 4.5] does not require any characteristic assumption).

Lemma 2.1.9 ([Lan2lc, Lemma 3.29]). Fiz any n > 1. Then, #111(E)[n] < # HY(B, &°)[n]

Proposition 2.1.10. Fix anyn > 1. Then,
#Sel, (E) < #H(B, &[n]) - # H'(B, &° L £

Proof. For a sheaf .# on B, let Q, (%) := H*(B,.%)/nH"(B,.Z#). Consider the following
exact sequences, the former coming from [Sil09, Theorem X.4.2] (as H°(B, &) = E(K)) and
the latter coming from (2.1.2).

00— Qn(&) — Sel,(E) — HI(E)[n] —0
0 —Qn(6°)—HY(B, & 1 69— HY(B, £°)[n]— 0,
From these, it follows that

#Sely(B)  #Qu(&)  #I(E)[n]
#H'(B, &0 1L g0y #En(7) #H( L E0)[n]’

Now, [Lan2lc, (3-17) in the proof of Lemma 3.28| shows that

#Qu(E) _ #HBSE)  #Scl(B) _ #H(B.SW) #I(E)]
#Qn(6°)  #H'(B,&%n)) #HY(B, &0 ﬂ)éoO) #H°(B,&%n]) #H'(B,&°)[n]

The claim now follows by appealing to the bounds #II(E)[n]/# H'(B,&%)n] < 1 (by
Lemma 2.1.9) and 1/# H°(B,&%[n]) < 1. |

Corollary 2.1.11. Fiz any n > 1. Then
# Sel,(E) < #E(K)[n] - #Hl(B, é"o[n]) . #HO(B,éaO/n@@O).

Proof. This follows from Proposition 2.1.10, noting that H°(B, &[n]) = E(K)[n] by the

Néron mapping property and that # H'(B, &° , &%) < #HYB,&n)) - HY(B, & /n&) by
(2.1.3). n
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Remark 2.1.12. When char K { n, or when E has everywhere semistable reduction, [n] :
&° — &0 is surjective, so in these cases, Corollary 2.1.11 states

#Sel,(E) < #E(K)[n] - #HY (B, &%n)) = # H° (B, &[n)) - # H(B, £°[n)).
In particular, it recovers [Lan21lc, Proposition 3.26]. o
Assumption. For the remainder of the section, assume that char X' = 2 and set r := [k : Fy].

As suggested by Corollary 2.1.11, in order to bound # Sely(E), we work out upper bounds
for # H'(B, £°[2]) and # H°(B, £°/2&°). Our strategy for obtaining these upper bounds will
be to stratify B according to the reduction type of F, and so reduce ourselves to bounding
the cohomology of various well-understood finite group schemes.

Notation 2.1.13. Let D = >_F  n,[p;] be a divisor on B, so deg D = 3 n, degp;. Define

k
rdeg(D) := Z deg p;.
i=1
Lemma 2.1.14. Let i : Sy — B be the (reduced) closed subscheme consisting of points of
additive reduction for E, and let U' = B\ Sy. Then,
dimp, HY(B, £°/2£°) = dimg, H(Sp, G,) < [k : Fy]rdeg(N) = 7 - rdeg(N).
Proof. Note that [2] : &) — &9, is surjective and that £ ~ G,_g, since S is a disjoint union
of spectra of perfect fields. Hence, £°/26° ~ iy, 6 /263 ~ i9+Gq,s,- The claim follows. M
Lemma 2.1.15. Let p = 2. Then,
dimp, H'(B,  p,) <
dimp, H'(B,Z/pZ) < g+ 1
dimp H'(B, «,) <[k:Fylg=rg

9
9

Proof. These can all be deduced from [Mil80, Section II1.4|; we briefly indicate the relevant

computations here. The short exact sequences 0 — p, — Gy, R, Gn —0,0—Z/pZ —

TP —1 —)P . .
G, N Gy — 0,and 0 — o, — G, Q G, — 0 induce the following exact sequences
on cohomology:

X
0— G — ) — PEBE —0
0 —>coker<k intidn R k) —HY(B,Z/pZ)—H'(B, O)F — 0
k
0— o — HY(B,a,) —H'(B,0p).

The claimed bounds now follow from the facts that k is perfect, dimg, Pic”(B)[p] < g,
dimy H'(B, 65) = g, dimg, coker <k incatmR k) — dims, ker <k Kl k) = dimg, F, = 1,

dimp, H'(B, 05)F < g (by [Mum08, Corollary on Page 133]), and dimg, H'(B, 05) = [k :
F,] dim, H'(B, 0p) = rg. u
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Lemma 2.1.16. Let S be a finite, reduced k-scheme. Then, H'(S, uz) = 0 = H'(S, as).

Proof. 1t suffices to prove this when S = Spec F for a finite (so perfect) field F' of characteristic
2. Then,

)2 _\2
()—>,u2—>GmL>Gm—>O and 0—>oz2—>(Gai>Ga—>0,

show that H'(F, jup) = F*/(F*)? and H'(F, ) = F/F?. Both of these vanish because F is
perfect. [

Lemma 2.1.17. Let i : Sy — B be the (reduced) closed subscheme consisting of points of
additive reduction for E, and let U' = B\ Sy with open embedding j' : U' — B. Then,

#H'Y(B,£%[2]) < #H'(B, ji&[2)),
where j| is the usual extension-by-zero functor.?
Proof. Consider the exact sequence
0 — ji&p[2] — E°2] — i, 86 [2] — 0 (2.1.4)

of abelian sheaves on B,pe. Note that £ ~ G, g,, so also &9 [2] ~ G 5,[2] = Ga,5,. The
Leray spectral sequence for &9 [2] relative to g : Sy < B gives an inclusion H' (B, 4. &5, [2]) —
H'(Sp, £°[2]) = H'(Sy, G,) = 0. From (2.1.4), we obtain an exact sequence H'(B, j/&%[2]) —
H'(B,&°[2]) — 0, from whence the claim follows. |

Proposition 2.1.18. Suppose that E/K is ordinary. Let § be the number of places of
supersingular or bad reduction for E. Then,

dimg, H' (B, £°[2]) < 29 + max{1,§} <29+ 1+6.

Proof. Let ig : Sg < B and j' : U’ — B be as in Lemma 2.1.17. By that lemma, it suffices
to bound dimg, H'(B, ji6%[2]). Let iy : S; — B (resp. iy : Sy — B) be the reduced
closed subscheme consisting of points of multiplicative (resp. supersingular) reduction. Let
U=U"\ (5 US;) with open embedding j : U — B. Consider the exact sequence

0 — H6P[2] — 160 2] — 11,63, [2] @ i2.E9,[2] — 0,
from which we deduce that
h (5160 [2]) < h'(5:6912]) + h' (11,69, [2]) + h' (i2.64,[2]) (2.1.5)

where h'(F) := dimp, H'(B,.#) for any 2-torsion abelian sheaf on By, For n = 1,2, the
Leray spectral sequence for 559” [2] relative to the inclusion i, : S, — B gives an embedding
H' (B, i, &8 [2]) — H'(S,, &3 [2]), so

h' (in. 63, [2]) < dimg, H' (S, £°[2)). (2.1.6)

We now estimate each summand in (2.1.5) separately.

*For any sheaf .F on Uy, , ji-Z is the sheafification of the presheaf on By,pr given by

(X = B) — F(X-U) if im(X—B)cU
0 otherwise.
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e Since &° has multiplicative reduction over S, é"sgl [2] is a twist of uy over Sp, and so
must be isomorphic to uy as Aut(yu,) is trivial. Thus, H'(S;, £°[2]) = H*(Sy, p2) = 0
by Lemma 2.1.16.

e Since &° has supersingular reduction over Sy, the kernel of the Frobenius isogeny
is isomorphic to ay (e.g. by [Ulm91, Proposition 2.1]), and so Lemma 2.1.1 pro-
duces an exact sequence 0 — oy — &9,[2] — ap — 0. Hence, dimg, H' (S5, £°[2]) <
2 dimp, H' (S5, o) = 0 with the equality by Lemma 2.1.16.

e This leaves the good, ordinary locus U. In this case, the kernel of the Frobenius isogeny is
a twist pg, so itself isomorphic to pp. Lemma 2.1.1 gives 0 — py — &9[2] — Z/27Z — 0,
SO

W (hépl2]) < b (i) + b (HWZ/22) (2.1.7)

To bound these summands, we appeal to the exact sequences

2 2
0 — jipty — piz — ) inpta — 0 and 0 — JZ/2Z — Z/2Z — @) in L/2Z — 0.

From the first of these, we deduce that (see Lemma 2.1.15)
W' (Gipz) < B'(p2) < g. (2.1.8)
The second of these gives rise to the sequence
L)27 — (Z)2Z)#5H #5145 — HY(B, jiZ/2Z) — H'(B, Z/21Z)
from which we deduce

hl(jIZ/2Z) < h1<Z/2Z)+maX{O,#So+#S1+#SQ—1} < g+maX{1,#S0+#Sl,#SQ}

(2.1.9)
(with later inequality by Lemma 2.1.15). Finally, combining (2.1.7), (2.1.8), and (2.1.9)
shows
K (1 é012]) < B (i) + W (HZ/2Z) < 29 4+ max{1, #S + #51 + #5Sa}.
To finish, combine the above three bullet points with (2.1.5) and (2.1.6). |

Proposition 2.1.19. Suppose that E/K is supersingular and recall r = [k : Fy]. Then,
dimp, H'(B, £°[2]) < 2rg.

Proof. Let ig: Sg — B and j': U’ — B be as in Lemma 2.1.17. By that lemma, it suffices
to bound dimg, H' (B, j/&%[2]). Note that, because F/K is supersingular, it has constant
j-invariant and so has everywhere potentially good reduction. Hence, all of its bad reduction
is additive, so & is an elliptic scheme over U’. Let o be the kernel of the Frobenius isogeny
on &Y, and let " be its Cartier dual. By applying ji to Lemma 2.1.1, there is an exact
sequence

0 — jia — jiép[2] — jia’ — 0,
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so dimg, H'(B, ji&%[2]) < dimg, H'(B, jla) + dimg, H'(B, jia). Now, let U C U’ be an
open such that PicU =0, and let Z := U’ \ U with its reduced scheme structure. Note that
Pic Z = 0 as well, since Z is finite. Hence, [Ulm91, Proposition 2.1| tells us that ay ~ as
and az ~ ag 7. Letting j : U — B and i : Z — B be the natural immersions, we get an
exact sequence

0 — jiaoy — jloo — Qwan z — 0,

as well as a similar one with j/a" in place of ja. Thus,
dimp, H' (B, ji&})[2]) < 2(dimy, H' (B, jiow,) + dimg, H' (B, i.as,7)) . (2.1.10)
We separately bound the two summands in (2.1.10).
e The exact sequence 0 — Jiagy — o p — 1.0z D 1o 025, — 0 shows that
dimp, H' (B, jiao ) < dimg, H' (B, ap) + dimg, H(Z U Sy, az) < 7g,
with the latter inequality by Lemma 2.1.15.

e From the Leray spectral sequence, we get an embedding H' (B, i,as) — H'(Z, ay), and
H'(Z, ay) = 0 by Lemma 2.1.16.

The two above bullet points combined with (2.1.10) give the desired result. |

Corollary 2.1.20. Let ¢ be the number of places of supersingular or bad reduction for E.
Then,

20+2+4+d+r-rdeg(N) if E ordinary
(29 + rdeg(N))r if E supersingular,

Sely(E) < {

Proof. Combine Corollary 2.1.11, Lemma 2.1.14, and Propositions 2.1.18 and 2.1.19. [

Corollary 2.1.20 will suffice for our purposes, but we note that it can be improved if £
has everywhere semistable reduction.

Proposition 2.1.21. Suppose that E has everywhere semistable reduction. Then,

204+2+6 if E ordinary

dimp, Sely(F) <
F Sela( )—{ 2rg if E supersingular,

where 0 is the number of places of bad or supersingular reduction for E.

Proof. Combine Remark 2.1.12 and Propositions 2.1.18 and 2.1.19. [ |
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2.1.3 Summary of all Obtained Bounds

We obtained above, in various situations, bounds for the size of 2-Selmer groups of elliptic
curves over global function fields. In this section, we summarize said bounds and reinterpet
them in terms of ht(F£).

Lemma 2.1.22. Let D C B be an effective divisor. Fix x € R such that every point in the
support of D has degree < x. Then,

29 + 2
# supp D < g+1 gt
q_

Proof. One can deduce from the Hasse-Weil bound that #B(F,-) < (29 + 2)¢" for any r > 1.
Hence,

[z]
r 29 + 2 r+1
#supp D < Z #B(qu)§(29+2)2q < s 1° ]
1<r<zx r=1
Proposition 2.1.23. Let D C B be an effective divisor of degree d > 2. Then,
2dlogqg (29 +2)q d
D < O . 2.1.11
#supp D < log d * q—1 Vi = log d ( )
Proof. Write D = 3 ny[p], so d = degD = > n,degp. Consider the function f(z) :=
%}Ziz = log,(v/7), and split D as D = Dy + D, where
D, = Z ny[p] and Dy = Z np[p].
degpif(d) degpgf(d)
By Lemma 2.1.22, we have
2 2 2 2
supp Dy < 2@+ (29+2)a 75
—1 qg—1
Furthermore,
d 2d1
d=degD > deg Dy > f(d Z np d)-# supp Dy and so # supp Dy < = 08 q
f(d) logd
degp>f(d

The claim follows, as # supp D < # supp Dy + # supp D;. [ |

Lemma 2.1.24. Let E/K be a non-isotrivial elliptic curve with j-invariant j : B — P'. Let
N, A € Div(B) denote, respectively, the conductor and minimal discriminant of E. Then,

< 6(deg N +2g —2),

where deg,(j) (resp. deg;(j)) denotes the separable (resp. inseparable) degree of the j-map.
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Proof. We first remark that the usual formula for the j-invariant (see [Sil09, Section III.1]),
applied to minimal models of E at every place of K, directly shows that j*[oo] < A, so
deg(7) < deg A. Furthermore, “Szpiro’s conjecture for functlon fields” [PS00, Théoréme 0.1]
asserts that deg A < 6deg;(j)(deg N 4+ 2g — 2). Taken together, these say

deg(j) < deg A < 6deg;(j)(deg N +2g — 2).

Divide by deg;(j) to conclude. [

Theorem 2.1.25. Use notation as in Setup 1.2. Furthermore, set p := char K and r := [k :
F,]. Let E/K be an elliptic curve with conductor N € Div(B). Let n := deg N.

(a) Assume char K = 2 and that E is ordinary and non-isotrivial. Then,

M1 12(n + 29 — 2)1 29 +2)g
dimp, Sely(E) < rnt+ 284 ¢ (n+29—2)logq  (29+2) (\/‘Jm/ n—|—29—2)+2g—|—2

logn log(n+2g—2)+log6 qg—1

if n > 2. If E has everywhere semistable reduction, then

21 12(n + 29 — 2)1 29 + 2)q
dimg, Selo(EB) < 212984, (n+29—2)logqg , (29+2) <\/‘+\/ n—|—2g—2>—|—29—|—2

— logn log(n+29—2)+log6 g—1

when n > 2, 1.e. one can omit the ‘rn’ term.

(b) Assume char K = 2 and that E is ordinary and isotrivial. Then,

2nl 29 + 2
dimg, Sely(F) < rn + 211084 294200 o oo
logn q—1
if n > 2. f E has everywhere semistable reduction, then
2nl 29 + 2
dimg, Sely(E) < 21084 | Q92 o oo
logn q—1
when n > 2, i.e. one can omit the ‘rn’ term.
(c) Assume char K = 2 and that E is supersingular. Then,
dimg, Selo(E) < r(n + 2g).
If E has everywhere semistable reduction, then
dimp, Sely(F) < 2rg.
(d) Assume char K # 2 and that E[2](K) # 0. Then,
2nl 29 + 2
dimg, Sel,(B) < 3| 2118 Q9+ 2)a ol 0o

logn q—1

ifn > 2.
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In any of the above cases,
dimp, Sels(F) = O(n) < O(ht(E)) as n — oo.

When in case (¢) or when only considering everywhere semistable E in cases (a), (b), or
(c), one even has

: n ht(E)
— o ) <o 22 ,
dimp, Sely(E) O(logn) < O(log ht(E)) as n— o0

Proof. We start with (d). This follows simply from combining Proposition 2.1.5 with (2.1.11)
along with the observation that the set of bad places for E is precisely supp N. Parts
(c), (b), and (a) follow from combining Corollary 2.1.20 (resp. Proposition 2.1.21) with
Proposition 2.1.23. The only subtlety is in bounding the quantity § when applying these
results in case (a). One does this by appealing to (2.1.11) twice. To bound the number of
places of bad reduction, one applies (2.1.11) to the conductor of E. To bound the number of
places of supersingular reduction, one first recalls that, when char K = 2, these are precisely
the zeros of the j-invariant j: B — P!. Assume j is nonconstant (as is the case for all curves
to which part (a) applies). Let Z := j*[0] € Div(B) with reduction Z,q. We bound the
number of zeros of j by applying (2.1.11) to Z,.q, making use of the observation

degZ deg(j) B

deg Zieq < = deg,(j) < 6(n+29 —2),

= deg;(j)  deg;(y)
with final inequality holding by Lemma 2.1.24. This proves (a). Let A € Div(B) denote
the minimal discriminant of E. The final claim of the theorem statement is clear once one
notes that n < deg A = 12 ht(FE), with the inequality following from Ogg’s formula [Ogg67,
Theorem 2|, and the equality holding by Remark 2.3.5. |

Remark 2.1.26. Use notation as in Setup 1.2. For an elliptic curve £/ K, let N(E) € Div(B)
denote its conductor. Brumer [Bru92, Proposition 6.9] has already shown that, if char K > 5,

one has
deg N(E)
log deg N(E)) '
He proved this via analytic means, bounding the analytic rank of F via “Weil’s explicit
formula”. Theorem 2.1.25 gives an algebraic proof of similar looking bounds, at least for
certain classes of elliptic curves, which can apply in low characteristics. Techniques similar

to the ones used to prove Theorem 2.1.25 have appeared before e.g. in the papers |GL22;
BGL23|. o

ranky E(K) = O <

2.2 Some Recurring Applications of Cohomology and
Base Change

We will need to apply the theorem of cohomology and base change in several places throughout
this thesis, especially in Sections 2.3 and 2.4. In order to limit how much we repeat ourselves,
we collect some standard consequences in this appendix.
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Theorem 2.2.1 (Cohomology and Base Change). Let f : X — B be a proper, finitely
presented morphism of schemes, and let F be a finitely presented sheaf on X which is flat
over B. Suppose that for a point b € B and an integer i, the comparison map

o R fo.7 @ k(b) — H' (X}, %)
is surjective. Then, all of the following hold.

(0) ¢} is an isomorphism.

(1) there is an open neighborhood V. C B of b s.t. for any morphism B' 2V of schemes,
the comparison map A . .
¢ g RT — RfU(g"F)

is an isomorphism. Above, f’, g are the morphisms in the Cartesian square

X L x
f'l lf
B —— B.
In particular, if @} is surjective for all b € B, then formation of R f..# commutes with
arbitrary base change.
(2) goz_l is surjective if and only if R'f..# is a vector bundle in an open neighborhood of b.

In particular, o} " is surjective for all b € B if and only if R'f..F is a vector bundle on
B.
Proof. See [Vak23, Theorem 25.1.6], [Mum08, Section I1.5], and/or [Gro63, Section 7.7]. W

Lemma 2.2.2. Let f : X — B be a morphism of schemes. Let £ be a line bundle on X
such that f,.Z is a vector bundle on B whose formation commutes with arbitrary base change.
Suppose that, for each b € B, the fibral line bundle £, == Z|x, on X is globally generated.
Then, the natural map

[ 'hi — 2
18 surjective.

Proof. Surjectivity can be checked on stalks. Applying Nakyama to the cokernels of the maps
on stalks, we see that surjectivity can even be checked on the fibers of the line bundles. Thus,
it also suffices to check that (f* f..Z) |x, — Z|x, = -% is surjective for each b € B. Note

that the left hand side is the pullback of f,.Z along the composition X, — X ENyS , which is

b
equivalently the composition X, LN Spec k(b) — B, so we are asking for surjectivity of the
induced map

HO(X,, %) ® Ox, = f; (H&ﬁ%)) ~ L D RD) — 2

where the second isomorphism holds since the formation of f,.Z commutes with base change

b
along Speck(b) — B. The above map is surjective since %, is globally generated by
assumption, so we win. |
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Lemma 2.2.3. Let m: C — B be a B-curve (see Section 1.1 for our definition of ‘curve’).
Furthermore, assume that, for all b € B, one has H(Cy, O¢,) = k(b) and we, ~ O¢,. Then,
m.0¢ = Op holds after arbitrary base change, and wx/p = 7% for a unique £ € Pic(B).
In fact, £ ~ mwe B, whose formation will also commute with arbitrary base change.

Proof. We wish to apply cohomology and base change, Theorem 2.2.1. We will first apply it
to # = Op (with i = 0). The comparison map

©h T Op @ k(b)) — H°(Cy, Op,) = x(D)

is nonzero (e.g. since it’s a ring map, so 1 — 1) and so surjective (for all b € B). Therefore,
by Theorem 2.2.1, it is an isomorphism and 7, 0% is a line bundle whose formation commutes
with arbitrary base change. Now, the natural map 0 — m,0¢ is an isomorphism on fibers
since it fits into the below commutative diagram (recall ¢} is itself an isomorphism)

id

T

k(b)) —— m.0¢ ® k() — k(D).

Thus, Oy = m,0¢ as desired.

Now, since h?(Cy, O¢,) = 0 for all b € B, Theorem 2.2.1 with i = 2 applied to .F = O¢
shows that R? f,0¢ = 0 and so (by part (3) of that theorem) ¢} is surjective for all b € B. Since
we saw above that also ¢ is surjective for all b € B, another application of Theorem 2.2.1,
this time with i = 1, to .% = O, shows that R'7,0¢ is a vector bundle on B of rank

hl(Gb, ﬁ@b) = h0<eb,w€b) = hO(Gb, ﬁ@b) =1

whose formation commutes with arbitrary base change. By duality, we then conclude that
& = muwesp ~(Rlm, ﬁe)v is a line bundle whose formation commutes with arbitrary base
change as well. We claim that 7*.2 ~ we/p. This is because Lemma 2.2.2 gives a surjection
7% —» wesp and a surjective map between equal rank vector bundles is necessarily an
isomorphism. Finally, uniqueness of this choice of .Z follows from the projection formula,
which guarantees that, if we,p >~ 7*.#, then m.we/p ~ 7.0 @ M ~ M . [ |

2.3 Global Theory of Weierstrass Curves

In Chapter 3, following [Jon02, Section 4], we will count elliptic curves by exploiting the
fact that each one has a unique minimal Weierstrass model. With this goal in mind, here
we collect the facts about Weierstrass curves which will be needed to carry out a counting
argument.

Definition 2.3.1. For an arbitrary base scheme B, a Weierstrass curve (W = B, S) over
B is a curve W/B whose fibers are geometrically integral of arithmetic genus 1, equipped
with a section S C W of m which is contained in 7’s smooth locus. o
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Theorem 2.3.2 (Summary of the theory of Weierstrass curves). Let B be an arbitrary base
scheme, let (W 5 B, S) be a Weierstrass curve, and let £ := m.ww/p be its Hodge bundle.
Then,

(1) 7.0w ~ Op and R'7,Ow ~ L1 both hold after arbitrary base change.
(2) For any integer n > 1,

o T.0w(nS) is a locally free sheaf of rank n on B whose formation commutes with
arbitrary base change.

e R'm. O (nS) = 0.
(3) Formn > 2, there are exact sequences
0 — mOw((n—1)S) — m.Ow(nsS) — £ " — 0. (2.3.1)
Furthermore, m,0w (S) ~ Op.
(4) The natural map 7w m.Ow (3S) — Ow(3S) is a surjection, and induces an embedding
W — P(m, 0w (35)) := Projg(Sym(m.Ow(35)))
over B such that Ow (1) := Op(x, 0y 39)(1)|lw = Ow(395).

(5) There is a canonical section A € H'(B, £'?), called the discriminant of W, whose
zero scheme is supported exactly on the points with non-smooth fiber.

Proof. All of this can be found e.g. in [Del75]. Technically, [Del75| only claims that (4) holds
Zariski locally on the base, but this suffices to conclude the claim as stated above. |

Remark 2.3.3. In connection with Theorem 2.3.2(4) above, we remark that for a vector
bundle # on B (an arbitrary base scheme) with associated projective bundle P(¥) £ B, one

has
P« Op(yy(n) ~ Sym" (V)

for any n > 0 (see [Har77, Proposition I1.7.11(a)]. o

We next attach global equations to Weierstrass curves. It is these equations that we will
be able to count most easily. The existence and shape of these equations is well-known, but
we include a treatment here because of their importance to the count.

Proposition 2.3.4. Let (W = B, S) be a Weierstrass curve with Hodge bundle £ = TWW/B-

Let P := P(m,Ow(3S)) & B, so there is a natural embedding W — P. Then, W < P is the
zero scheme of some global section of

Op(W) = Os(3) @ p*(£°) = (" £°) (3).
Hence, we may via W — P as being cut out by some global section of

Pp.Op(W) ~ £° @ Sym®(r, Oy (39)) .
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Proof. The main content of the above proposition is the computation of the line bundle
Op(W) on P. Once we know Op(W) =~ (p*.£°) (3), the claimed computation of p,Op(W)
follows from the projection formula and Remark 2.3.3.

We will find it more natural to directly compute its dual Op(—W) instead. It is classical
that, on fibers, X < P is cut out by a cubic equation, so the line bundle Op(—WW)(3)
on P is trivial on each fiber. Thus (e.g. by [Vak23, Proposition 25.1.11]), Op(—W)(3) ~
P*pOp(—W)(3). Hence, it will suffice to compute that

pOp(—W)(3) ~ £6.
With this in mind, consider the exact sequence
0 — Op(—W)(3) — Op(3) — Ow(3) — 0,

and push forward along p. Since Oy (1) ~ Oy (3S) by Theorem 2.3.2(4), we obtain the exact
sequence

0 —— pOp(—W)(3) ————— p.Op(3) ————— p.Ow(3) —— Rlp.Op(—W)(3)

Remark 2.3.3 H H

Sym?® (7, 0w (3S)) T Ow(9S) 0.

(2.3.2)
Above, Rl'p,Op(—W)(3) = 0 by Theorem 2.2.1 since Op(—W)(3) restricts to the trivial bundle
on P? in each fiber. Observe that the kernel p,&p(—W)(3) above is a line bundle, so it can
be computed by taking determinants. That is, p.Op(—W)(3) =~ det(Sym® (7. Ow (39))) ®
det(m, 0w (95))”". By repeatedly taking determinants in the exact sequence (2.3.1), one
computes that

det(m. Ow (nS)) ~ 207 for all n > 1.

Therefore, det(m, Oy (95)) ~ £~ and det (7, 0w (35)) ~ £, so det(Sym® (. Ow (39))) ~
L7 and p,Op(—W) ~ L6 as desired. [

Assumption. For the rest of this section, we work within the context of Setup 1.2. In
particular, k is a finite field, and B is a smooth k-curve of genus ¢ with function field
K = k(B).

Remark 2.3.5. Let E/K be an elliptic curve. Let €/B denote its minimal proper regular
model, and let W/B denote its minimal Weierstrass model. Then, € and W have isomorphic
Hodge bundles. One can deduce this e.g. from [Con05, Theorem 8.1|. In light of Theo-
rem 2.3.2(5), this in particular means that 12ht(E) = deg A, where A denotes E’s minimal
discriminant. o

Definition 2.3.6. An equation of the form
Y2Z + a1 XYZ +a3YZ? = X+ ayX*Z + ay X 2% + ag Z°, (2.3.3)

i.e. the data of a tuple (.Z, a1, as, as, a4, ag) with .2 € Pic(B) and a; € H°(B, £"), is called
a Weierstrass equation. We call . the Hodge bundle of the equation. As explained in
the below Remark 2.3.7, such an equation cuts out a curve in P(0p & L2 & £ 73). o
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Remark 2.3.7 (See the discussion after Theorem 1 of Section 3 of [MS72]). To correctly
interpret equation (2.3.3), one should regard X,Y, Z are sections of various line bundles;
specifically,

X e HOP,p"(£2)(1), Y € H(B,p'(£%)(1)), and Z € H(B,p"(05")(1)).

Above, P :=P(0p & £ 2@ £73). This way (2.3.3) — or rather, the difference of its two
sides — defines a section of the line bundle p*(.£%)(3) on P (as should be expected by
Proposition 2.3.4), and the zero scheme of this section in P is “the curve cut out by (2.3.3).”

Let us indicate where these sections X, Y, 7 come from. To ease notation, set ¥ =
Op ® L7720 L3 Note that Hom( L2 7)) ~ ¥ @ L2, and let ny € HY(B, 7 ® £?) be
the global section corresponding to the natural inclusion 2 — O L 20 L3 =7
Note that, by definition of P = P(¥'), it comes with a morphism p*¥ — 0Op(1). Now,
X € H°(P, p*(£?)(1)) is the image of nx under the induced map

p (V@ L?) ~pV @p (L7) — p (L))

We similarly define Y € H°(p*(£?3)(1)) using the inclusion .3 — ¥ and define Z €
H°(0p(1)) using Op — V. o

Notation 2.3.8. We set N(g) := max{—1,2¢ — 2}. Note that if .Z is a line bundle on B of
degree > N(g), then H'(B,.%#) = 0 and deg.Z > 0.

Proposition 2.3.9. Let (W = B, S) be a Weierstrass curve of height > N(g). Then, (W, S)
is isomorphic to the curve cut out by some Weierstrass equation (2.3.3) whose Hodge bundle
is £ = m.ww/B, equipped with the subscheme {Z = 0}.

Proof. The exact sequences (see Theorem 2.3.2(3))

0 — Op — mO0w(25) — £ 2 — 0 and 0 — 7,0 (2S) — 7,0 (3S) — L — 0
(2.3.4)

both split since they represent elements of
Exty, (£72,05) ~H(Z?) =0 and Ext'(ZL % .0y (25)) ~H(Z®) @ H'(L) =0,

respectively. In particular, w0y (35) ~ Op & £ 2 & £ ~3. In this case, Proposition 2.3.4
tells us that W — P is given as the zero scheme of some global section of

P Op(W) ~ p,0p(3) @ £° ~ Sym?*(, Oy (39)) @ £°
PP PP L L OO LT LR L.

Symbolically, this is telling us that W < B is given by an equation of the form
NY?Z + a1 XY Z 4 asYZ? = uX3 + au X*Z + ay X 7% + as 2°

and a; € HY(B, #"). Finally, it is classic that we can always take A = 1 = y above and that
S C W is the subscheme {Z = 0}. |
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Recall that we are attempting to compute (an asymptotic) for

< 1
#MT?(K) - Z # Z Z #Aut

E/K:ht(E)<d Z€Pic(B) E/K
deg$<d L~

where .Zg denotes the Hodge bundle of the elliptic curve E. In order to capture the relationship
between counts of elliptic curves and Weierstrass curves, we introduce the following notation.

Notation 2.3.10. For any .Z € Pic(B),

e let UW & denote the (unweighted) number of isomorphism classes of generically smooth,
minimal Weierstrass equations with Hodge bundle isomorphic to .Z.

e Let WE & denote the weighted number of isomorphism classes of elliptic curves with
Hodge bundle isomorphic to .Z, i.e.

Z #Aut

fE"’f

Proposition 2.3.11. Fiz £ € Pic(B) with d := deg ¥ > N(g). Let E/K be an elliptic
curve, and let (W — B,S) be a Weierstrass curve with generic fiber = E and Hodge bundle
=~ . The number of Weierstrass equations (2.3.3) cutting out Weierstrass curves isomorphic
o (W — B,S) is

(q _ 1)q6d+3(1—g)

#Auwt(W/B,S)

Proof. From the previous discussion (in particular, Remark 2.3.7), we see that the Weierstrass
equation (2.3.3) one obtains is determined up to scaling (i.e. up to choosing an isomorphism
mwww/p =~ Z) by the choice of splitting in the proof of Proposition 2.3.9. Such splittings
give rise to the coordinates X, Y, Z in Remark 2.3.7, and once these are determined, there
will be a single equation they satisfy. The set of splittings for the short exact sequence
0 — Op — 0w (2S) — L2 — 0 form a torsor for Hom(Z 2, 03) ~ H°(B, £?) while
splittings for 0 — m, Oy (2S) — 10w (3S) — £~ — 0 form a torsor for

Hom (L3 m,0w(2S)) ~ Hom(ZL 3 0 © %) ~ H(B, £*) @ H'(B, Z).
Thus, including scaling, we have a total of
(#K) - #H(B,£?%) - #H(B, £°) - # H(B, Z) = (¢ — 1)¢**"9

choices of data leading to Weierstrass equations for (W — B,S). Changing the choice
of splittings and scaling corresponds to modifying (2.3.3) by an automorphism of P(0p &
L2 @ £73), and so two choices give the same equation if and only if they differ by an
automorphism of the Weierstrass curve, i.e. if and only if they differ by an automorphism of
P:=P(0p & L@ £ 3) which carries W — P onto itself. |
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Lemma 2.3.12. Let R be a dur, let F = Frac(R), and let (W1/R,S1), (Wa/R,Ss) be two
Weierstrass curves over R with smooth generic fibers. Let ¢ : Wi g — Wy g be an isomorphism
between their generic fibers such that ¢(S1p) = So p. Suppose that Wi, Wy have discriminants
with equal valuation. Then, ¢ uniquely extends to an isomorphism ® : Wi = Wy of R-schemes

satisfying ®(S1) = Ss.

Proof. Uniqueness of ® holds simply because W r is (schematically) dense in W;. For
1= 1,2, we can write W; as the zero set of some Weierstrass equation

Y2Z+ad"XYZ +a'Y 22 = X°> + o) X?Z + o) X Z* + o’ Z® with o\ € R
inside P%. Having done so, the isomorphism ¢ will be of the form
o([X:Y: Z]) =[*X +7Z :°Y + u*sX +tZ : Z]

for some u € F* and r,s,t € F. By using the change of variables formula in [Sil09, Table
I11.3.1] and arguing as in [Sil09, Proposition VII.1.3(b)|, since Wi, W5 have discriminates
with the same valuation, we must in fact have u € R* and r,s,t € R. Thus, ¢ does in fact
extend to a ® : W, = W, as desired. |

Corollary 2.3.13. Let (W,/B,S1), (W2/B,S,) be two Weierstrass curves with smooth
generic fibers, and let ¢ : W1 x — Wax be an isomorphism between their generic fibers such
that ©(S1,kx) = So,k. Suppose that Wy, Wy have equal discriminant divisors. Then, ¢ uniquely
extends to an isomorphism ® : Wy = Wy of B-schemes satisfying ®(S1) = Ss.

Proof. Uniqueness of ® holds simply because W f is (schematically) dense in W;. Existence
holds because ¢ automatically spreads out out to an isomorphism over some open U C B,
and then further can be extended over the remaining points by Lemma 2.3.12. |

Corollary 2.3.14. Let (W/B,S) be a Weierstrass curve with smooth generic fiber E := Wi,
an elliptic curve. Then, the restriction map Aut(W/B,S) — Aut(E) is an isomorphism.

Corollary 2.3.15. Fiz E be an elliptic curve. Let (W/B,S) be a Weierstrass curve with
generic fiber = E and height d > N(g). Then, the number of Weierstrass equations cutting
out a Weierstrass curve isomorphic to (W/B,S) is

(q _ 1)q6d+3(17g)
# Aut(FE)

Proof. This follows from combining Corollary 2.3.14 with Proposition 2.3.11; note that
the denominator of the count given by Proposition 2.3.11 had # Aut(W/B, S) in place of
# Aut(FE). [

Corollary 2.3.16. Choose .£ € Pic(B) of degree > N(g). Then,

UW ¢y

WEg = (¢ — 1)gbat30-9)°
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Proof. For any elliptic curve E/K, let Zr € Pic(B) denote its Hodge bundle. By Corol-
lary 2.3.15, we have

-1 6d+3(1—g)
UWZ —_ Z (q )q _ (q . 1)q6d+3(1*9) WEg .

P # Aut(E)
fEﬁf
Rearrange to get the claimed equality. [ |

At this point, we would like to determine the number UW & of generically smooth minimal
Weierstrass equations over B with Hodge bundle isomorphic to .. We do so by counting
Weierstrass equations which are generically singular or which are non-minimal, and then
subtracting these from the total number.

Remark 2.3.17. Fix .Z € Pic(B) of degree > N(g). By Riemann-Roch, the number of
Weierstrass equations with Hodge bundle = % is

6
H#HO(B,XZ) _ q16d+5(1—g). o

=1
i#5

2.4 Global and Local Theory of Hyper-Weierstrass Curves

In some respects, this section forms the technical heart of this thesis. In it, we define and
study so-called ‘hyper-Weierstrass curves’ (hW curves), which one can think of as being
a hyperelliptic analogue of the Weierstrass curves of Section 2.3. As will be explained in
Section 4.1, these objects can and will be used to parameterize 2-Selmer elements, even in low
characteristics. The main difficulty in proving Theorem B is needing to develop the theory of
these curves far enough to make them amenable to counting. Consequently, this section is
longer and more involved than the others in this chapter.

It is recommended that the reader reads Section 2.4.1 before reading Section 4.1, but they
may safely postpone reading Section 2.4.2 until right before they read Section 4.2.

2.4.1 Definitions and Local Theory

The definition of the titular objects of this section is inspired by the following description of
2-Selmer elements.

Remark 2.4.1. Let K be as in Setup 1.2. Let E//K be an elliptic curve, and fix any n > 1.
Every a € Sel,(E) C H'(K, E[n]) can be represented by a pair (C, D) where C is locally
solvable E-torsor, and D C C'is an effective divisor of degree n. Explicitly, given such a pair,
one associates to it the E[n]-torsor ' C C consisting of points P € C for which nP ~ D.
Put another way, T is the preimage of ¢ (D) € Pic"(C') under the multiplication-by-n map

C = Picg e — Pict k-
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Two such pairs (C}, Dq) and (Cy, D) represent the same n-Selmer element if and only if there
is an isomorphism ¢ : C; — Cy of E-torsors for which O¢,(D;) ~ ¢*Oc,(Ds). Finally, a pair
(C, D) represents the identity element of Sel,,(E) if and only if D ~ nO for some O € C(K).

This description of n-Selmer elements can be obtained, for example, by combining [Cre+08,
Section 1.1] with [O’N02, Remark after Proposition 2.3]. o

Recall from Section 1.1 that a ‘curve’ over a base scheme B is a flat, proper, finitely pre-
sented B-scheme C'/B whose geometric fibers are Gorenstein, 1-dimensional, and connected.

Definition 2.4.2. For an arbitrary base scheme B, we let H(B) denote the groupoid whose
e objects are pairs (H = B, D) of a curve H/B along with a subscheme D C H satisfying

(a) 7.0y ~ Op holds after arbitrary base change.

(b) wy/p ~ n*.Z for some £ € Pic(B).

(c) D C H/B is an effective relative Cartier divisor which is locally free of degree 2
over B.
We often abbreviate this by simply saying that D C H is “of degree 2”.

(d) The line bundle Oy (D) is relatively ample over B.

e (iso)morphisms (H = B, D) — (H' LR B, D') are isomorphisms ¢ : H — H' over B
such that
0O (D) ~ Oy (D) @ m° M for some A € Pic(B).

We call an element of H(B) a hyper-Weierstrass curve (or simply an hW curve) over

B. o
Remark 2.4.3. Condition (b) implies that that each fiber has trivial dualizing sheaf, and so
can be thought of as saying that H/B is a family of genus 1 curves. o

Remark 2.4.4. The definition of H(B) was greatly inspired by the definition of the class
A4 of curves appearing in [Jon02, Paragraph 5.2|. o

Remark 2.4.5. Classes of curves which satisfy the criteria of Definition 2.4.2 have been
studied before, e.g. in [Liu96; Liu22| (where they are called “Weierstrass models”) and also
|[CFS10; Sad11]| (where they are called “Degree 2 models of genus 1 curves”). None of these
citations considers them over an arbitrary base, and they each only consider such models
whose generic fiber is smooth. Here, we allow of arbitrary bases and singular generic fibers,
at least in setting up their basic geometric properties. Finally, since usual Weierstrass models
of elliptic curves play a role in this paper, we opted to give these particular curves a different
name. o

Recall that we aim to develop a theory of hyper-Weierstrass curves akin to the theory of
Weierstrass curves described in Section 2.3 and summarized in Theorem 2.3.2. Our first goal
in such a development will be to show, analogous to Theorem 2.3.2(4), that any hW curve
can, locally on the base, be embedded in P(1,2,1) where it can be cut out by an equation of
the form

Y24 (aoX? + a1 XZ + ay Z%)Y = coX* 4+ 1 XPZ + o X2 2% + 3 X 7% + ey 7%
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Fundamental Exact Sequences

Lemma 2.4.6. Let k be a field, and let X/k be a k-curve with trivial dualizing sheaf
w = wx; = Ox and with H(X,0x) = k. Let D C X be a Cartier divisor, and let
d = h%(Op). Assume that d > 1. Then, h(Ox (D)) = 0, h°(Ox(D)) = d. If furthermore
d > 2, then Ox (D) is globally generated.

Proof. Consider the exact sequences
0—Ox(—D)— Ox — Op— 0 and 0 —» Ox — Ox(D) — Op(D) — 0. (2.4.1)

By duality, x(Ox) = h°(Ox) — h°(w) = h°(Ox) — h°(Ox) = 0 since w = Ox. Hence, the

exact sequence on the right of (2.4.1) gives
X(Ox(D)) = x(Ox) + x(Op(D)) = x(Op(D)).
Since Op is a skyscraper sheaf, we must have &p ~ Op(D). The above thus says
x(Ox(D)) = x(0p(D)) = x(€p) = d. (2.4.2)

We now claim that H'(Ox (D)) = 0. By duality, h°(Ox(D)) = h’(wx ® Ox(—D)) =
h%(Ox(—D)). At the same time, the exact sequence on the left of (2.4.1) gives rise to

0 — H%X, Ox(—D)) — H(X, 0x) — H°(D, Op).

The restriction map k = HY(X, 0x) — H°(D, Op) is nonzero, so we conclude that H°(X, Ox(—D))

0; hence also H'(X, &x (D)) = 0. Combining this with (2.4.2), we must have h°(0x (D)) =
X(Ox (D)) = d. Finally, that Ox (D) is globally generated when d > 2 now follows from
[Jon02, Lemma 8.4(a)]. |

Setup 2.4.7. Fix an arbitrary base scheme B.

In developing a theory of hW curves, we will find it useful to also consider pairs (X/B, D)
satisfying properties (a) — (c¢) (but not necessarily (d)) of Definition 2.4.2. Hence, we now
name such curves.

Definition 2.4.8. A hyper almost-Weierstrass curve (or simply hawc) is a pair (X =
B, D) consisting of a curve X/B along with a subscheme D C X satisfying properties (a) —
(c) of Definition 2.4.2. o

Remark 2.4.9. We will see in Corollary 2.4.16 that hawcs give rise to hW curves. In
Section 4.1.2, we will apply this to show that every 2-Selmer element can be represented by
an hW curve. In brief, Remark 2.4.1 will let us represent a 2-Selmer element by a pair (C, D)
with C a locally solvable genus 1 curve, and D C C' a degree 2 divisor. In Section 4.1.2, we
will show that the minimal proper regular model of C' can be given the structure of a hawc,
and so will give rise to an hW curve with (C, D) as its generic fiber. o

Lemma 2.4.10. Let 7 : X — B be a curve satisfying m.0x ~ Op and wx/p ~ n*.Z for
some £ € Pic(B). Let E C X be an effective relative Cartier divisor of degree n > 1. Then,
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o T.0x(F) is a locally free sheaf of rank n on B, whose formation commute with arbitrary
base change; and

L] Rlﬂ'*ﬁx(E) = 0.

Proof. Since E is degree n over the base, ‘Riemann-Roch of the fibers’ (i.e. Lemma 2.4.6)
shows that h'(Ep) = n and h'(E}) = 0 for any b € B. We now apply cohomology and base
change, Theorem 2.2.1, with .% = Ox(F) and ¢ = 1. Part (0) of Theorem 2.2.1 implies that
Rl7m.Ox(E) = 0, so part (2) implies that ¢} (with notation as in the theorem statement) is
surjective for all b. Given this, we can apply Theorem 2.2.1 a second time, now with ¢ =0
and .# = Ox(F). Part (2) shows that m.0x(FE) is a vector bundle on B, part (1) shows
that its formation commutes with arbitrary base change, and part (0) shows that it has rank

hO(Eb) = N. [ |

Remark 2.4.11. Let (X = B, D) be a hawc. We will most commonly apply Lemma 2.4.10
to the divisors nD C X, for n > 1. In this context, Lemma 2.4.10 says, among other things,
that m,0x(nD) is a vector bundle of rank 2n. o

Proposition 2.4.12. Let (X = B, D) be a hawc with Hodge bundle £ := mwx,p. For any
integer n > 2, there is an exact sequence

0 — mOx((n—1)D)®det(m.0x (D)) — mOx(nD)@m.Ox (D) — m.0x((n+1)D) — 0

(2.4.3)
of vector bundles on B, where the right map above is the natural multiplication map. When
n =1, there is an exact sequence

0 — Sym?*(m,Ox(D)) — 7.0x(2D) — £~ ' @ det(m,Ox (D)) — 0 (2.4.4)
of vector bundles on B, where the left map is the natural multiplication map.

Proof. Note that Ox,(D,) is globally generated for all b € B by Lemma 2.4.6. Hence,
Lemmas 2.2.2 and 2.4.10 tell us that the natural counit map is a surjection 7*m.Ox (D) —
Ox (D). Consider the exact sequence

0 — H# — 1'm.0x(D) — Ox(D) — 0, (2.4.5)

and note that £ is a kernel of a surjection between vector bundles, and so a vector bundle
itself. Since Ox (D) is a line bundle while 7*7,.0x (D) is rank 2 (by Lemma 2.4.10), Z is a
line bundle, so we can take determinants to compute % ~ Ox(—D) ® n* det(m,.Ox (D)).

Now, fix an integer n > 1. Twisting (2.4.5) by Ox(nD), pushing forward the result-
ing sequence, and applying the projection formula® to both ¢ (nD) ~ Ox((n — 1)D) @
7 det(m.Ox (D)) and Ox(nD) @ n*m,Ox (D), we obtain the exact sequence

0 — mOx((n—1)D) ® det(r,Ox (D)) —— m,.0x(nD) @ 1,6x(D) — m.0x((n +1)D)

—— R'1.0x((n —1)D) ® det(n,0x(D)) — R'm,0x(nD) @ 7,0x(D).

SR, (F @ m9) ~ RFm.# ® 4 when ¢ is a vector bundle, [Har77, Exercise I11.8.3]
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By Lemma 2.4.10, R'm,Ox(nD) = 0. If n > 2, then also R'7,0x((n — 1)D) = 0, so the
sequence becomes

0 — m.0x((n—1)D)®det(m.Ox (D)) — m.Ox(nD)m,Ox (D) — m.0x((n+1)D) — 0,

as claimed. If n = 1, then the map 7.0x(D) ® m.0x(D) — m.0x(2D) factors through
Sym?(m,Ox(D)) and — recalling that R'7,0x ~ Z~! by duality — we obtain the exact
sequence

Sym?*(m,Ox (D)) — m.0x(2D) —— £~ ' @ det(n,0x(D)) —— 0

Now, we claim that the map Sym?(r,0x (D)) — m,.Ox(2D) is injective. This follows from
the fact that the kernel of a surjection between vector bundles is a vector bundle. Indeed,

exactness of the sequence tells us that the image of this map is the rank 3 vector bundle
ker(m.Ox(2D) — £~ @ det(m.0x(D))), and so its kernel is the rank 0 vector bundle

ker (Sym®(m.Ox (D)) — ker(m,0x(2D) — £ 7' ® det(n.0x(D)))) = 0.
Hence, the sequence above is exact on the left, finishing the proof of the claim. [ |

Corollary 2.4.13. Let (X = B, D) be a hawc with Hodge bundle £ := mwx/p. Let
P :=det(m.Ox(D)). Then,

det(m, Ox(nD)) ~ 2" @ L™ for all n > 1.

Proof. This is true for n = 1 by definition. For n = 2, this then follows from taking
determinants in (2.4.4). For n > 2, one inductively takes determinants in (2.4.3). [

Proposition 2.4.12 (in particular, surjectivity of the relevant multiplication morphisms

when n > 2) is our main workhorse for obtaining local equations for hyper-Weierstrass curves.

Local Projective Embeddings

We now obtain our local models for hW curves (Theorem 2.4.14), as mentioned above
Section 2.4.1.

Theorem 2.4.14. Let (X — B, D) be a hawc. Let
H := Proj (@ mm(m)) :
n>0

Let p : X — H be the natural map, induced by the surjections 7*m.Ox(nD) — Ox(nD) (see
[Sta25, Tag 0108]), and let Dy C X be the (scheme-theoretic) image of D under p.

Then, each point of the base B has an affine neighborhood U = Spec R such that Hy — U
is isomorphic over U to the subscheme of P(1,2,1)y defined by

Vi (uX?+0XZ +wZ?)Y =aX* +bX3Z + cX?* 72 +dX 7% + eZ* (2.4.6)
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for some u,v,w,a,b,c,d,e € R. Furthermore, we may choose the coordinates X,Y, Z above
so that Z extends to a global section of Og(1), and so that Dy is the divisor {Z = 0}; hence,
Ouy(1) ~ Oy(Dy).

Finally, if D C X is relatively ample over B, i.e. if (X — B, D) € H(B), then X ~ H
as B-schemes, so (X — B, D) itself satisfies the above properties.

Proof. Each point of B has an affine neighborhood U = Spec R above which both 7,0 (D)
and .Z trivialize, so we may and do assume wlog that B = U = Spec R. Even after passing
to this case, we continue to write U for the base instead of B in order to emphasize the fact
that we're working over an affine.

We want to carefully construct z, z € I'(U, 7. Ox (D)) and y € I'(U, m.0x(2D)) which will
give the coordinates on our weighted projective space. For this, we first consider the exact
sequence 0 — Oy — Ox (D) — Op(D) — 0 which pushes forward to

0 — Oy — 7,0x(D) — m.0p(D) — L1 — 0.

Let Q := coker(0y — m.0x(D)) = ker(m.0p(D) — £~'), and note that this is a vector
bundle. Consider the exact sequence (recall that U = Spec R is affine)

0 — U, 0y) —— T(U,mn.0x(D)) — T'(U,2) —— 0.

H
R R?

We let z € T'(U, m.0x (D)) ~ R? be the image of 1 € R under the first map above. Since
I'(U, 2) is a projective R-module, taking determinants shows that I'(U, £) ~ R is free, so
we can and do fix some x € I'(U, Ox (D)) with image generating I'(U, £). Hence, z,z €
LU, m.0x (D)) give a basis. We went through the trouble of carefully choosing a particular

2 to be part of our basis in order to know that the subscheme {z = 0} C X is equal to D.

Now, by Proposition 2.4.12, the cokernel of the map Sym? I'(U, w,Ox (D)) — T'(U, 7,0x(2D))

is free, so we can find some y € T'(U, 7,0x(2D)) such that 2% xz, 2%y form a basis for
(U, m.0x(2D)). We want to use these to produce a basis for I'(U, m.0x (3D)). First note
that the multiplication map

DU, 7.6x(2D)) @ (U, 7,0x (D)) — D(U, 1.0x(3D))

is surjective due to Proposition 2.4.12. Since the domain is R (2% xz, 2%, y) ® R (z, 2), we see
by inspection that this map factors through a map

R <ac3, w2z, x2% xy, 22, zy> — (U, m.0x(3D))

which is moreover necessarily a surjection. At the same time, Lemma 2.4.10 tells us that
m.Ox(3D) is a rank 6 vector bundle on U, so the above is a surjection of equal rank projective
R-modules, and hence an isomorphism. A similar argument shows that

R <:1:4, 23z, 0222 w23 2 2Py, ez, z2y> — I'(U, 7, 0x(4D)).
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Since we have y? € T'(U, m,0x(4D)) as well, there must be some relation of the form
y? + (uz® + vz + w2y = ar + b’z + ca?2? + doz® + et (2.4.7)

with u, v, w,a,b,c,d, e € R.
Now, a straightforward induction argument using logic as above shows that the natural
map
B,:= P (Sym"I'(U,m0x(D)) @ Ry’) — I(U,m.0x(nD)) =: A,
a+2b=n
is surjective for all n > 0. Thus, letting # := @, ., B, and & = ., A, the natural
surjection & — o7 of graded R-algebras gives rise to a closed embedding

H = Proj.o/ — Proj# ~P(1,2,1)y

upon taking Proj. Above, Proj# ~ P(1,2,1)y since it is easy to check that the natural
graded map
RIX)Y,Z] — A sending X — x,Y — y,Z +— z

(in particular, X, Z are degree 1, while Y is degree 2) is an isomorphism, e.g. since it is
visibly surjective and its graded pieces have the same rank. Combining this observation with
the relation (2.4.7), we see that we have a natural surjection

RIX,Y, Z] ~
4
(Y2 + (uX?2+0vXZ +wZ?)Y — (aX*+0X3Z + X222 +dX 73 + eZ*))

which is once more an isomorphism as both sides have nth graded piece of rank 2n. This
exactly says that H = Proj &7 is the subscheme of P(1,2, 1)y cut out by an equation of the
form (2.4.6), as desired.

Finally, in the case that X is hyper-Weierstrass, we have X ~ H = Proj </ by [Sta25,
Tag 01Q1] (+ X being proper) since D C X is relatively ample. [ |

Among other things, Theorem 2.4.14 describes a local model (2.4.6) for hyper-Weierstrass
curves. We now establish a converse by showing that hyper-Weierstrass curves are exactly
those with such a local model.

Theorem 2.4.15. Let H = B be a B-scheme equipped with a closed subscheme D C H
satisfying the following property: FEvery point of B has an affine neighborhood U = Spec R

above which Hy — U becomes isomorphic to a subscheme of P(1,2,1) defined by an equation of
the form (2.4.6) such that Dy C Hy is the subscheme {Z = 0}. Then, (H = B, D) € H(B).

Proof. Every part of Definition 2.4.2 is local on the base, so we may and do assume that
B = Spec R is affine, that

H={Y"+uX*+vXZ+wZ?)Y =aX*"+bX’Z +cX*Z° +dX 2+ eZ'} C P(1,2,1)x

(for some u,v,w,a,b,c,d,e € R), and that D = {Z = 0} C H. Note H is visibly proper and
finitely presented over R. We first show that H is flat over R. Note that it is covered by the
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open sets {X # 0} and {Z # 0}. By symmetry, to show that it is flat over R, it suffices to
show that

Rz, y]
(f(z,9))

is a flat R-module. This is the case simply because A & R[z] ® R[z]y = R[z]®? as an
R-module, and R|x] is R-flat.

We next show that the fibers of 7 are Gorenstein curves with trivial dualizing sheaves.
For any b € B, we simply note that the open subset {X # 0} U{Z # 0} C P(1,2,1),) is a
regular scheme containing H,, so Hy is a local complete intersection, and hence a Gorenstein,
1-dimensional scheme. In particular, each Hj is a ‘weighted hypersurface of degree 4’ in the
sense of [Dol82], so [Dol82, Theorem 3.3.4]* tells us that wy = €. Furthermore, from our
explicit description of Hj < P(1,2,1).), one can show that H(Hy, Oy,) = k(b), e.g. by
computing Cech cohomology with respect to the affine open covering {X #0}U{Z # 0} = H,.
Thus, Lemma 2.2.3 tells us that 7,0y = Op holds after arbitrary base change, and that
WH/B € " PlC(B)

What remains is to show that D C X/B is a relatively ample effective Cartier divisor of
degree 2 over B. Since D = {Z =0} C H, it is certainly an effective Cartier divisor on H.
Furthermore, D is flat over B by essentially the same argument used to show that H is flat
over B, so D is in fact an effective relative Cartier divisor over B. As D C {X # 0} C H,
we see that for any b € B

A= where f(z,y) = y* + (ua® + v +w)y — (az* + ba® + ca® + dz + )

b
Db ~ Spec H(—)[y]
(v* + uy — a)
is a degree 2 scheme, so D is of degree 2. Finally, Oy (D) ~ Oy(1) := Op@2,1)(1)|# is indeed
a relatively ample line bundle over B. [ |

Corollary 2.4.16. Let (X — B, D) be a hawc. Then,

H := Projg <ED W*ﬁx(nD)>

n>0

equipped with the scheme-theoretic image of D under the natural map X — H is a hyper-
Weierstrass curve over B such that Oy (1) ~ Oy(D).

Proof. Combine Theorems 2.4.14 and 2.4.15. |

Finally, for later use in Section 4.1.2, we establish a few facts about the map p of
Theorem 2.4.14 when the base B is (the spectrum of) a field.

Proposition 2.4.17. Let F be a field, and let (C,D) be a hawc over F. Let S :=
@D, -, H(C, Oc(nD)) and X := ProjS. Consider the natural morphism p : C — X in-
duced by the identity map S = @, ., H°(C, Oc(nD)) via [Sta25, Tag 01NS] with d = 1; in
applying this citation, we use Lemma 2.4.6 to know that O (D) is generated by global sections.
Then,

“Which holds in characteristic 2 by [Ach23, Corollary B.3]
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(a) The locus Uy := @ g, D+ (f) referenced in the citation is all of X. Consequently, the

citation gives an isomorphism a : p*Ox (1) = Oc(D).
(b) The induced maps H°(X, Ox(n)) — H°(C, Oc(nD)) are isomorphisms for alln > 1.
(¢) The accompanying map Ox — p.Oc is an isomorphism of sheaves.

(d) The induced map H(C,we) — H°(X,wx), dual to H'(X, Ox) — HY(C, Op), is an
1somorphism.

Proof. First, let Dy C X be the scheme-theoretic image of D C C under p : C' — X.
Note that Corollary 2.4.16 tells us that (XFk, Dx) € H(Spec F') is an hW curve with
Ox(Dx) ~ Ox(1). In particular, by applying Lemma 2.4.6 twice,

RO(X, Ox(n)) = h°(X, Ox(nDx)) = 2n = h*(C, Oc(nD)) for all n > 1.

Similarly, we have h°(X,0x) = 1 = h%(C, O¢) by assumption on C and since X is hyper-
Weierstrass over k. Hence, h°(X, Ox(n)) = h°(C, Oc(nD)) for all n > 0.

(a) We first show that X is covered by distinguished affines coming from elements in degree
1, i.e. that X = U;. Theorem 2.4.14 gives an embedding X — P(1,2,1); ~ Proj k[ XY, Z|,
with X, Z in degree 1 and Y in degree 2, so that X is cut out by an equation of the form
(2.4.6). Consequently, X = D, (X)UD,(Z) CU; C X, so X = U as claimed. [Sta25, Tag
01N8]| then tells us that p*Ox (1) ~ Oc(D).

(b) By taking powers, p*Ox(n) ~ Oc(nD) for all n € Z. We tensor the map Ox — p.O¢
with Ox(n), apply the projection formula, and then apply this isomorphism p*@x(n) ~
Oc(nD) in order to obtain

Ox(n) — p.O0c @ Ox(n) ~ p.(Oc @ p*Ox(n)) ~ p.Oc(nD). (2.4.8)
Taking global section, we obtain a map
L(X, Ox(n) — T(C, Oc(nD))

for all n > 0, which is furthermore surjective as [Sta25, Tag 01N8| shows it fits in a
commutative diagram

id

S, = [(X, Ox(n)) —— T(C, Oc(nD)).

We proved earlier that dimg I['(X, Ox(n)) = dimg ['(C, Oc(nD)), so we in fact have isomor-
phisms T'(X, Ox(n)) = T'(C, Oc(nD)) for all n > 0.

(c) To show that the induced map &x — p.O¢ is an isomorphism. we simply observe that
(b) tells us that (2.4.8) induces the following isomorphism of coherent sheaves on X = Proj S
(see [Sta25, Tag 0AGH] for the outer isomorphisms)

Ox ~ (@ I(X, ﬁxm))) = (@ (X, p.0c ® ﬁxm))) ~ p, 0.

n>0 n>0
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(d) Finally, we will show that p induces an isomorphism H%(C,w¢) = H°(X,wx). The
Leray spectral sequence H?(X, R, 0p) = HPT(C, O¢) gives an embedding H (X, p.O¢) —
HY(C,0¢). By (c), this is H'(X, 0x) — HY(C,0¢). The dual of this is a surjection
H(C,we) — HY(X,wx). HY(C,we) = HY(C, Op) = k by assumption on C and similarly
H°(X,wy) = H°(X,0x) = k since X is hyper-Weierstrass over k, so we conclude that
HO(C, we) — HY(X,wx) is in fact an isomorphism. |

Lemma 2.4.18. Let F be a field, and let (C, D) be a hawc over F. Set S = @D, -, H(C, Oc(nD))
and H = ProjS. Consider the natural map p: C — H. -

Let {C;}icr denote the irreducible components of C which D does not meet, and set
open

U:=C\U;; Ci C C. Then, p restricts to an open immersion U — H with dense image.
In other words, p: C'— H s a contraction of the components of C not meeting D.

Proof. By Proposition 2.4.17(c), the induced map 0y — p.O¢ is an isomorphism; in
particular, p has connected fibers. Therefore, by Zariski’s Main Theorem [BLRI0, Theorem
2.3/2] (see also [Matll, Proposition 3.8|), to prove the claim, it suffices to show that
plv: U — H is quasi-finite. Let Cy — C denote an irreducible component which does meet
D; we only need to show that Cj is not contracted by p. Fix a point € CyN D. Lemma 2.4.6
tells us that @ (D) is globally generated, so there exists a section o € H(C, O (D)) which
is nonvanishing at z. On the other hand, the section ¢’ := 1 € H’(C, 6(D)) does vanish at
x. Thus, the sets p~ (D, (o)) N Cy and p~1 (D (o)) N Cy — i.e. the loci Cy, and Cp, on C
where o, 0" are nonvanishing — are nonempty and distinct, forcing p|¢, to not be constant. W

2.4.2 Global Theory

We now turn our attention to studying hW curves over a base B. To aid in counting such
curves in Chapter 4, our first goal will be, informally speaking, to understand ‘the shape of
the equation cutting out an hW curve’. This will be made more literal in Remark 2.4.34.

Global Equations for hW Curves

Setup 2.4.19. Fix an arbitrary base scheme B.

Recall (Theorem 2.4.14) that an hW curve (H = B, D) € H(B) can locally (on B) be
embedded into P(1,2,1). In this section, we globalize this result by embedding H into a
P(1,2,1)-bundle P over B and then studying the line bundle Op(H) (see Propositions 2.4.30
and 2.4.33). The proof of Theorem 2.4.14 suggests that H should embed into a P(1,2,1)-
bundle whose homogeneous coordinate ring is generated, as a graded ¢'p-algebra, by 7,0y (D)
(in degree 1) and 7.0y (2D) (in degree 2). Inspired by this, we make the following definition.

Definition 2.4.20. Let D = (&1, &, 1) be a tuple consisting of
e a rank 2 vector bundle & on B,
e a rank 4 vector bundle & on B, and

e a monomorphism g : Sym?(&}) — & whose cokernel is a line bundle.
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We call such a tuple a (1,2,1)-datum (over B) as it will allow us to define a P(1,2,1)-
bundle over B (see Lemma 2.4.24). We say D is isomorphic to another (1,2,1)-datum
(71, ¥, V) is there exists a line bundle .# € Pic(B) and isomorphisms ¢ : & @ .# — ¥; and
WV & @ M?* — V5 such that

Sym?(& @ M) 1L & @ M*

Sym? (w)l lzb

Sym*(#1) ———— %
commutes, where y1 4 is the natural composition Sym?(& ® .#) ~ Sym*(&) @ 4> LN
EQ M?. o

Construction 2.4.21. Let D = (&,65, 1) be a (1,2,1)-datum over B. Form the sheaf of
graded Op-algebras 7 (&1, &) := Sym(& @ &) graded by declaring &7,85 to be in degrees
1,2, respectively, i.e.
T (61, E)p = EB Sym® (&) @ Sym’(&3)
a+2b=n

for any n > 0. Let Z (&1, &, 1) C T (&1, 8,) be the (graded) ideal sheaf generated by sections
of the form af — u(af) with a, 8 both local sections of &;. Finally, set

9(517 (9@2)

D) = =
‘@( ) ‘%(éal?éa%:u) f(éal,é(’z,,u)

and P(D) := Projz #(D). O

Example 2.4.22. Say (H = B, D) is an hW curve. Then, by Lemma 2.4.10 and Proposi-
tion 2.4.12, the triple

D(H/B,D) :=(m.0x(D), 7.0y (2D), 1),

where p : Sym?(m,0y(D)) — .0y (2D) is the natural multiplication map, is a (1,2,1)-
datum, called the curve’s associated (1,2,1)-datum. In this case, we write P(H/B, D) :=
P(D(H/B, D)), and we similarly define . (H/B, D), ¥ (H/B, D), and #8(H/B, D). A

Definition 2.4.23. Inspired by the above example, along with Proposition 2.4.12, given
any (1,2,1)-datum D = (&, &5, 1), we define its Hodge bundle to be & := det(&)) ®
coker ()7L, o

Lemma 2.4.24. Let D := (&, &, 1) be a (1,2,1)-datum. Then,
P(D) 2> B
is a Zariski-locally trivial P(1,2,1)-bundle over B.

Proof. We may assume without loss of generality that & ~ 0%?, & ~ 05", and coker () ~
O's since these all hold Zariski locally on B. Let X, Z be a global basis for &, and let
Y € I'(B, &) restrict to a global basis for coker(u). Then,

9(£1,£2) ~ ﬁB [X,YV,Z,IU(XZ),/AXZ),,U(ZQ)}
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is a polynomial algebra with X, Z in degree 1, and Y, u(X?), u(X Z), u(Z?) all in degree 2.
Furthermore, the ideal .# (D) is generated by

X% - N(X2)7XZ - M(XZ),ZZ - ILL(Z2)7
so B(D) ~ 0p[X,Y, Z] and P(D) ~ P(1,2,1)p. |

Remark 2.4.25. Let D be a (1,2,1)-datum. As a consequence of (the proof of) Lemma 2.4.24,
we see that the rank of Z(D),, is equal to the number of (monic) degree n monomials in
Z|X,Y, Z] where X, Z have degree 1 and Y has degree 2. We will see below (Lemma 2.4.27)
that Z(D),, ~ p,Opmp)(n), so this also computes the rank of p,Opp)(n). o

We will need the following basic fact about the cohomology of weighted projective space.
Lemma 2.4.26. Consider P(1,2,1) over any field k. For anyn € Z, H*(P(1,2,1), 6(n)) = 0.

Proof. See [Dol82, Theorem 1.4.1(ii)| (which technically assumes chark # 2) or [Ach23,
Lemma B.4]. [

Lemma 2.4.27. Let D = (&, &, u) be a (1,2,1)-datum over B, and consider P := P(D) % B.
For any n > 0, the natural map

#A(D)n — p.Op(n)
s an isomorphism.
Proof. We will apply cohomology and base change, Theorem 2.2.1. By Lemma 2.4.26,

H'(P,, Op,(n)) = 0 for all b € B, so Theorem 2.2.1(0,2) applied to .# = Op(n) with i = 1
shows that R'p,0p(n) = 0 and that the comparison map

@) p.Op(n) ® k(D) — HO(Py, Ops(n))

is surjective for all b € B. Thus, a second application of Theorem 2.2.1(0,2), now to
F = Op(n) with i = 0, shows that p.0p(n) is a locally free sheaf on B. Hence, one can
check that the natural map #Z(D),, — p.Op(n) is an isomorphism by checking this on fibers,
where it becomes the classical fact that k[X,Y, Z],, = H°(P(1,2,1), &(n)), see e.g. [Dol82,
Theorem 1.4.1(i) and Notations 1.1]. [

Lemma 2.4.28. Let (H = B, D) € 3(B) be a hyper-Weierstrass curve. Then, there is a
natural embedding

H < P(H/B,D) =:P,
for which Oy (n) := Op(n)|g ~ Oy(nD) for alln > 0.

Proof. Since D C H is relatively ample, H =~ Projs D, ., m0u(nD), and the claimed
embedding comes from the natural morphism

Sym*(m.Oy(D) & 7.0 (2D))
ABH/B,D) = «Og(nD
n>0
(induced by the multiplication maps 7,0 (D)% @ 71,04 (2D)®* — 7,0y ((a + 20)D)). This
morphism is surjective (and so induces a closed embedding upon taking Projz) because this
was verified locally in the proof of Theorem 2.4.14. [ |
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Lemma 2.4.28 provides us with an embedding of an hW curve H into some P(1, 2, 1)-bundle
P. We now want to understand “the shape of the equation cutting out H,” i.e. to understand
the line bundle Op(H) supporting a section cutting out H, as well as its pushforward to B.

Lemma 2.4.29. Let D = (&1, &, 1) be a (1,2,1)-datum, and let % := coker(p : Sym*(&) — &).
Then, there is a short exact sequence

0 — Sym*(&) - B(D)y — &Y — 0. (2.4.9)
Above, v is the composition Sym*(&) — T (&1, &)s — B(D),.

Proof. We construct (2.4.9) locally, and then glue by observing that the locally constructed

maps are independent of any choices. That being said, let U °C" B be small enough that
Sl =2 0P and &y =2 OF* (so then also ¥ |y = Oy). Let X,Z € T'(U, &) be a basis for
& |v, and choose Y € T'(U, &) so that u(X?), u(XZ),(Z?),Y form a basis for &|y. Let
Y € T(U, %) be the image of Y. Then, it is not difficult to see that the images of

Xt X37 X272 X73 7' X?QY XZQY Z°QY Y®Y

under the quotient map 7 (&7, &)4 — HB(D), form a basis over U. Define a map #(D)4|y —
&|u ® # |y by sending

X2QY — uXHRY, XZRY — uXZ2)Y,
720Y — wZ)eY, YeY — YRV,

and sending all other basis elements to 0. By construction, the kernel of this map is (isomorphic
to) Sym*(&1)|y, i.e. we have an exact sequence

0— Sym4(<§1)]U — BD)yly — Sl @ Xy — 0

over U. Finally, one can check that the above maps are independent of the choice of
Y € T'(U, &) making u(X?), u(XZ), u(Z%),Y a basis for &|y and are independent of the
choice of basis X, Z € T'(U, &) for &|y. Therefore, the above short exact sequence globalizes
to give the claimed sequence (2.4.9). [

Proposition 2.4.30. Let (H = B, D) € H(B) be an hW curve, and consider the natural
embedding H — P(H/B,D) =: P, constructed in Lemma 2.4.28. Then, H — P is a
Cartier divisor, and so is the zero scheme of some global section of the line bundle Op(H).
Furthermore, we compute this line bundle to be

Op(H) ~ Op(4) @ p* (272 @ L%) =p*(27% ® £%) (4),

where 9 := det(m.0y (D)), £ = mwwu/p, and p : P — B is the structure morphism. That
is, we can view H — P as being cut out by some global section of

p.Op(H) ~ B(H/B,D), ® 27% @ L.
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Proof. Once we know Op(H) =~ p*(27% ® £?) (4), the claimed computation of p,Op(H)
follows from the projection formula and Lemma 2.4.27.

We will find it more natural to instead directly compute the dual Op(—H). First note
that H — P is Cartier by Theorem 2.4.14, which shows that it is locally cut out by a single
equation. That same theorem also shows that the fibers of H < P (over B) are cut out
by weighted degree 4 equations, so the line bundle &p(—H)(4) on P is trivial on each fiber.
Thus, e.g. by [Vak23, Proposition 25.1.11|, Op(—H)(4) ~ p*p.Op(—H)(4). Hence, it will
suffice to compute that

p.Op(—H)(4) ~ 9* @ L.

With this in mind, consider the exact sequence
0 — Op(—H)(4) — Op(4) — Ogx(4) — 0,

and push forward along p. We know that &y (4) ~ €y (4D) by Lemma 2.4.28, that p,Op(4) ~
#B(H/B, D), by Lemma 2.4.27, and that R'p,0p(—H)(4) = 0 by Theorem 2.2.1 combined
with Lemma 2.4.26. Hence, we obtain

0 — p.Op(—H)(4) — B(H/B, D)y — 7,01(4D) — 0. (2.4.10)

Because rank #(H/B, D), = 9 (by Remark 2.4.25) and rank 7,05 (4D) = 8 (by Lemma 2.4.10),
the kernel p,Op(—H)(4) above must be a line bundle, and so it can be computed by taking
determinants. Corollary 2.4.13 tells us that

det(m,05(4D)) ~ 2'° @ £~3 and det(r,0x(2D)) ~ 2* @ L.

Taking determinants in the exact sequence (2.4.9) with & = 71,0y (D) and & = 7.0 (2D)
(and note that % ~ Z~1 ® 2 by Proposition 2.4.12), one computes that det Z(H/B, D),
92" ® £75. Finally, taking determinants in (2.4.10) shows that p,Op(—H)(4) ~ 2° @ £ 72,
proving the claim.

o2

o N

The last thing we want to take care of here is improving our understanding of the rank

vector bundle
pOp(H) ~ B(H/B,D), ® 97> @ £*

appearing in Proposition 2.4.30. We will do this by endowing it with a filtration, all of whose
graded pieces are line bundles.

Definition 2.4.31. Let D = (&3, &, 1) be a (1,2,1)-datum. We say that D is normalized if
either

(1) & has Harder-Narasimhan filtration of the form
00— 0O — & — 9 —0,
necessarily with v := deg & < 0. In this case, we call v the unstable degree of D.

(2) & is semistable. In this case, we say D has unstable degree u = 0. o
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The above definition was inspired by [HLHN14, Section 6.1], though our “unstable
degree” is the negation of the one appearing there. This is to allow for easier application of
Corollary 2.4.58 when we do the actual counting.

Lemma 2.4.32. Every hW curve is isomorphic to one whose associated (1,2,1)-datum is
normalized.

Proof. Let (H = B, D) be an hW curve, and let & := 7,0y (D). If & is semistable, then
D(H/B, D) is already normalized. Hence, assume that &} is unstable. Let .# — & be a
destabilizing line subbundle, so €z is destabilizing line subbundle of .# = & @ .#~'. Let

S :=Projg (@(ﬂ*ﬁH(nD) ® ///_”)) L B,

n>0

and let f : S = H be the natural isomorphism [Sta25, Tag 02NB|. Let P := P(H/B,D) % B
and consider its line bundle p*(.#~!)(1). By the projection formula and Lemma 2.4.27,
pp (A1) =2 E @ M7 = F; thus, H(P,p*(.#~1)(1)) = H°(B,.Z) is nonzero (recall
Op — #). Embed S LH < P, and let £ C S be the zero scheme of some nonzero
section of p*(.#~')(1). One can use Theorem 2.4.15 to show that (S/B, F) is an hW curve
over B. By construction, this hW is isomorphic to H and its associated (1,2,1)-datum is
normalized. |

Proposition 2.4.33. Let D = (8,8, 1) be a (1,2,1)-datum. Let 9 = det(&1), and let
% .= coker(u). Then, there is a filtration 0 = Fy C F5 C Fy C Fo = B(D), such that F;
18 a rank 1 vector bundle on B, where

Fs = Sym* (&), 7 >~ Sym?*(&) @ %, and % ~ 2

78
eggg, 8
Furthermore, if D is normalized with & unstable, then this filtration extends to a filtration

Ozyocc.glC"'Cnggg:@(D)zl

by vector bundles on B with graded pieces

~ 7" if0<i<4

JiJrl,l 97;_5 @ 5<<7

7, & if 5 <1<
A% ifi=S8.

Proof Sketch. This follows from the existence of the exact sequences

0 — Sym*&) — %D), — &EX% — 0 by Lemma 2.4.29;

0 — Sym*(&) — & — v — 0 by definition of (1,2,1)-datum; and

0 — Op — & — 9 — 0 1if &} is unstable and D is normalized.
[ |
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Remark 2.4.34. Let (H/B,D) be an hW curve with Hodge bundle .. Suppose that
m.Op(D) is unstable and that the (1,2,1)-datum D(H/B, D) is normalized. Let ¥ :=
det(m.0y(D)). If the filtration of Proposition 2.4.33 applied to D(H/B, D) splits, then
P :=P(H/B, D) has global coordinates X,Y, Z with Y defined using the splitting of 0 —
Sym*(&1) — & — L7'® 2 — 0, and X, Z defined using the splitting of 0 — O —
& — 2 — 0 (analogously to Remark 2.3.7). Defined appropriately, these global coordinates
X, Y, Z are sections

X eH(Pp"(05") (1), YeH (Pp'(L®2")(2), and Ze H'(P,p*(2") (1)) .

With this in mind, in this case, the vector bundle p,Op(H) naturally splits as a sum of line
bundles (compare Propositions 2.4.30 and 2.4.33), and H < P can be described as the zero
scheme of an equation

N2+ (aoX? + a1 X Z + ay Z%)Y = coX* 4+ 1 XPZ + o X2 2% + s X 2% + ey 74

with A € H(B, 0), a; € H'(B,2""' ® £) and ¢; € H(B, 2772 @ £?) (note that both
sides above are sections of p*(272? @ £?) (4)). Furthermore, by comparing with the local
equations of Theorem 2.4.14, we see that A above must be nonzero, so after scaling, H <— P
is cut out by an equation of the form

Y24 (aoX?+ a1 XZ 4+ a3 Z°)Y = coX* + 1 X Z + o X?Z% 4+ 3 X Z° + ey 7%, (2.4.11)

akin to the Weierstrass equations of Definition 2.3.6. o

Properly Embedded hW Curves

In order to count hW curves, we will partition them according to their (1,2,1)-data. To that
end, we begin by fixing such a choice of datum and studying the hW curves which embed
into the corresponding P(1, 2, 1)-bundle.

Setup 2.4.35. We continue to let B denote an arbitrary base scheme. We also fix any choice
of (1,2,1)-datum D := (&1, &, ) over B. Finally, we write P := P(D) and let p : P — B
denote its structure map.

Definition 2.4.36. We say that an hW curve (H/B, D) equipped with an embedding H — P
is properly embedded if Oy (1) := Op(1)|y ~ Oy (D). o

Lemma 2.4.37. Every hW curve is isomorphic to one which properly embeds into a P(D)
with D normalized.

Proof. This follows immediately from Lemmas 2.4.28 and 2.4.32. [

Lemma 2.4.38. Let (H 5 B, D) be an hW curve properly embedded in P. Then, the natural
map
P+ Op(n) — 1.0 (n) ~ w0 (nD)

s surjective for all n € Z. Furthermore, it is an isomorphism forn =0,1,2, 3.
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Proof. Consider the exact sequence 0 — Op(—H)(n) — Op(n) — Oy(n) — 0. By
Lemma 2.4.26 and the isomorphisms Op(—H)(n)y ~ Opa21),, (n — 4), we must have

H'(P(1,2,1)y, Op(—H)(n)y) = 0 for all b € B. Thus, Theorem 2.2.1 now tells us that
Rlp,.Op(—H)(n) = 0. Given this, our short exact sequence induces a surjection

pOp(n) — 1.0y (n) ~ 1.0y (nD).

When n € {0,1,2,3}, p.Op(n) and 7.0y (n) are vector bundles of rank the same rank (by
Remark 2.4.25 and Lemma 2.4.10), so this must be an isomorphism. |

Corollary 2.4.39. An hW curve (H/B, D) properly embeds into some P(D) for a unique,
up to isomorphism, (1,2,1)-datum D, necessarily D = D(H/B, D).

Lemma 2.4.40. Let (H 5 B, D) and (S % B, E) be two hW curves properly embedded in P.
Let f: H = S be a hyper-Weierstrass isomorphism. Then, f*Os(nE) ~ Oy (nD) for all n.

Proof. Since pullbacks commute with tensor products, it suffices to prove the claim when
n = 1. By definition, there exists some .# € Pic(B) such that f*0O¢(E) ~ Oy(D) @ m* 4 .
Pushing forwards along m, we see that p.0s(E) ~ m,.0y(D) @ .#. At the same time,
Lemma 2.4.38 shows that 7,0y (D) ~ p.Op(1) ~ p,Os(E). Taken together, these two
statements imply that .# ~ O'g, from which the claim follows. [ |

Notation 2.4.41. Let G(D) denote the (abstract) group of pairs (¢, 1)) of automorphisms
of &1, & which are compatible with multiplication, i.e.

Sym*(&) —— &
G(D) == ¢ (¢, ¢) € GL(&1) x GL(&3) Symz((p)l lw commutes.

Sym?(&) —— &

We let PG := PG(D) denote the quotient of G(D) by the scalar subgroup £* — G(D), A —
(A, A?), where k :=T'(B, Op).

Remark 2.4.42. If you imagine you have an hW curve H — P(1,2,1) with degree 1
coordinates X, Z and degree 2 coordinate Y, then ¢ : & = & as above corresponds to some
linear change of variables (X, Z) ~ (aX + 3Z,7X + §Z) and the extension to v : & — &
corresponds to also choosing Y ~» \Y 4+ rX? 4+ sX 7 +tZ2. o

Remark 2.4.43. We remark that G(D) acts on P. Indeed, elements of G(D) induce (graded)
automorphisms of the sheaf #(D) of graded &'p-algebras (recall Construction 2.4.21), and so
induce automorphisms of P ~ Projz #(D). Furthermore, this action descends to one of PG
on P. o

Proposition 2.4.44. Let (H 5 B, D) and (S & B, E) be two hyper-Weierstrass curves
properly embedded in P. Then, there is a natural isomorphism

Homs)((H/B. D), (S/B. E)) * {g € BG : g(H) = S}

(Above, ‘g(H) = S’ means equality as subschemes of P).
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Proof. We simply construct maps in both directions.
(=) Let f: H = S be an hW isomorphism. Since H, X are both properly embedded in P,
Lemma 2.4.40 tells us that f*0s(nE) ~ Oy (nD) for any n € Z, so f induces isomorphisms

an(f) : psOs(nE) = m,0n(nD).

At the same time, Lemma 2.4.38 tells us that the proper embeddings H,S <— P induce
isomorphisms &, = p.Op(n) ~ 1,0y (nD) and &, = p.Op(n) ~ p.Os(nE) when n = 1, 2.
Composing these with a,,(f) then shows that f induces automorphisms

o(f): & — & and U(f) : & — &.

The map in one direction is f — (p(f), ¥ (f)).

(«) Fix some g € PG carrying H — P onto G — P. Then, by assumption, g give an
isomorphism f, : H = G over B. To see that is an hW isomorphism, we note that the action
of PG on P preserves Op(1), so

ffOs(E) ~ f*Os(1) ~ Oy(1) ~ Oy (D).
The assignment g — f, gives the inverse map. [ |

Let us now introduce/recall some notation. Let 0 = .%, C --- C %y = A(D), denote
the filtration of Proposition 2.4.33. Let ¢ := coker(u) and & := det(&}) as usual, and let
L =2 ® %! be the Hodge bundle of D. Let %, := .%;, @ £* @ 2% ~ .%; @ % 2 for all i.

Note in particular that
gg = %(D);l (%9 .@72 ®$2 and gg/gg ~ ﬁB-

We next count the (weighted) number of hW curves properly embedded in P = P(D), see
Proposition 2.4.47.

Assumption. Assume from now on that k := I'(B, Op) is a field, and let g := #k. This is
not strictly necessary for what comes below, but it does simplify some statements.

Construction 2.4.45. Let G denote the groupoid whose objects are global sections s € H°(B, %)
with nonzero image in H(B, % /%), and whose Hom-sets are the transporters

Homg(sy, s2) :={g € G(D) : g - 51 = s2}

where G(D) ~ %, via its action on P.

Assume that h%(&) > 0, and implicitly fix a choice of nonzero section oy € H(B, &).
Recall (Lemma 2.4.27) that & ~ p.Op(1). Let L C P denote the hyperplane cut out by
oo € HY(P, 0p(1)). There is a functor F : G — H(B) given on objects by F(s) := (Z(s), D,),
with Z(s) < P the zero scheme of s and D, := Z(s) N L. That F(s) is an hW curve over B
can be deduced from Theorem 2.4.15. O

Notation 2.4.46. Whenever we write

> ),

H—P

we mean that the sum ranges over isomorphism classes of hW curves properly embedded in P.
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Proposition 2.4.47. The weighted number of hW curves properly embedded in P = P(D) is

#H°(B, %)
4#PG

Z #Autg{(B ) - #9 =

with equality if the left hand side is nonzero. As indicated in Notation 2.4.46, the sum above
ranges over isomorphism classes of hW curves properly embedded in P.

Proof. Suppose the left hand side is nonzero, i.e. that there exists some hW curve properly
embedded in P. Note that this forces h°(&1) > 0. We first claim that the image of the
functor F' of Construction 2.4.45 consists exactly of the hW curves which can be properly
embedded in P. By definition, any curve in the image is properly embedded in P. Conversely,
if H — P is properly embedded, then Proposition 2.4.30 shows that H is the zero set of
some global section s of ¢%,. Furthermore, the local models in Theorem 2.4.14 show that
the “Y? coefficient” of the equation cutting out H is always nonzero, i.e. that s has nonzero
image in H°(B,%/%). As a consequence of Proposition 2.4.44, given s,s' € G, the induced
map Homg(s, s") — Homgp)(F(s), F'(s')) is bijective. Thus, G is equivalent to the groupoid
of hW curves properly embedded in P, proving the first equality in the claim. Since G is
the groupoid associated to action of G := G(D) on the set X := ob §, one easily computes
#G = #X/#G. Finally % /% = O and #G = (¢ — 1) - #PG, from which the rest of the
claim follows. [ |

Assumption. From here on out, assume we are working within the context of Setup 1.2. In
particular, k = F, is a finite field and B/k is a smooth k-curve of genus g = g(B).

Proposition 2.4.48. Let d := deg ., and let ¥ := H#om(% ,Sym?(&1)). Then,
#GL(&)g* 079 < #PG(D) < #GL(&) - #H(B,7)

Proof. We first compute #G(D), and then we divide by (¢ — 1) = #k*. To do this, we
upgrade G(D) by considering the (Zariski) sheaf G on B defined by

Sym2(51|U) L) Co@2|U
GU) = { (p,¥) € GL(&|v) x GL(&|v) symz(sa)l l¢ commutes

Sym2(51|U) L) gg|U

with the obvious restriction maps. In particular, G(B) = G(D). We next note that there is

a map G — GL(&)) x G, given, on sections over some U c B, by (¢,1) — (¢, A) where
A € G, (U) is uniquely chosen so that

0 —— Symz( ’U) e (gglU — @|U — 0

[

0 —— Sym*(&|y) —— &ly —— Xy —— 0

29



commutes. Finally this map fits into a sequence

0 — Jtom(% ,Sym*(&)) — G — GL(&) x G,,, — 0

J/

v
which is furthermore exact, as can be checked over an open cover trivializing &7, &. Recall we
are interested in computing the order of G(D) = H°(B, G). The utility of phrasing things as
above is that |Gir71, Proposition 3.3.2.2 + Corollaire 3.3.2.3] now gives us an exact sequence

0 — H(B,?) — HYB,G) - GL(&) x k¥ - HY(B,¥) (2.4.12)

of pointed sets whose differential d induces an injection (of sets) im(F')\(GL(&;) x k%) —
H' (B, 7). Because im(F) = ker(d) acts freely on GL(&) x k*, we can take an alternating
product of cardinalities in (2.4.12) to conclude that

#H'(B,7)

(B g HOMA) <K = #im(d).

The trivial inequalities 1 < #im(d) < # H*(B, ¥) thus give

#H'(B,7)

(—1)# GL(&) ") = (¢—1)# GL((E’l)'W

< #H(B,G) < (¢-1)# GL(&)-#H'(B, 7).

One easily computes deg? = 3deg.Z = 3d, so the claimed lower bound follows from
Riemann-Roch. [ ]

Minimal hW Curves

Recall that hW curves are intended to serve as integral models for 2-Selmer elements, akin
to how Weierstrass curves serve as integral models for elliptic curves. With this in mind,
when counting in Chapter 4, we will want to focus attention on ‘minimal’ hW curves (just
as Chapter 3 will want to focus attention on minimal Weierstrass curves). The first step in
doing so is defining our notion of minimality.

Definition 2.4.49. Let (H ER B, D) € H(B) be an hW curve. We say that it is minimal
if it is normal, its generic fiber is smooth, and it has at worst rational singularities, i.e. for
some (equivalently, any) proper birational map p : € — H with @€ regular, the sheaf R'p, ¢
vanishes; see [Art86] for more on rational singularities. o

Remark 2.4.50. A Weierstrass model of an elliptic curve is minimal (in the usual sense) if
and only if it has at worst rational singularities [Con05, Corollary 8.4]. o

Warning 2.4.51. Even in good characteristics, the question of how many minimal hW
models a given elliptic curve has is a subtle one, see e.g. [Sadll, Theorem 4.2]. °

For later use in Section 4.2, we now prove a technical lemma (Corollary 2.4.58) involving
minimal hW curves.
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Setup 2.4.52. We continue to work within the context of Setup 1.2. Let (H EN B, D) be a
minimal hW curve, and let p : € — H be a minimal resolution of singularities (so € regular,
and Cx — Hg). Let D :=p*D, and let 7 = f o p. Thus, we have a commutative triangle

e P s H
B.

Remark 2.4.53. We remark that C is the minimal proper regular model of its generic
fiber Cx = Hg. Indeed, [Art86, Proposition (5.1)| shows that we/p ~ p*wu/p, S0 we/p ~
7 (pswpyp) is fibral and hence minimality of € follows from [Liu02, Corollary 3.26]. o

Lemma 2.4.54. p.we/p ~ why/p and p,Oe(D) ~ Oyx(D). Consequently, m.we/p ~ fiwn/B
and m,0¢(D) ~ f.0y(D).

Proof. Because H has rational singularities, the first of these follows from the short exact
sequence 0 — p.we/p — WH/B — gxtz(Rlp*ﬁ@,wH/B) — 0, |[Art86, (3.3)]. For the second, we
use the projection formula to compute

P+Oe(D) >~ p, (O @ p" Oy (D)) ~ p.Oc @ Oy(D) ~ Oy(D). [

In the below lemmas, we define the degree of a vector bundle ¥ on a possibly singular
curve Y/k to be deg ¥ := deg(v*¥’), where v : Y — Y is its normalization. Note that
Riemann-Roch tells us that deg ¥ = x(¥) — rank(¥")x(Oy ).

Lemma 2.4.55. Let Y/k be an irreducible curve equipped with a finite map f:Y — B.
Choose any A € Pic(Y'). Then,

deg(fot) = deg(f.Oy) + deg A .
Proof. Riemann-Roch on B, [Har77, Exercise 111.4.1], and then Riemann-Roch on Y yields
deg(f.tl ) — deg(f.Ov) = x(futl ) — X(f:Ov) = X(M) — x(Oy) = deg A . L

Lemma 2.4.56. Let Y/k be an irreducible curve equipped with a finite map f:Y — B. Let
v:Y — Y beits normalization. Then,

degwy/p > degwg/B.

Proof. [Kle80, Remark (26)(vii)] applied to the composition Y — Y — B, and then to the
composition Y — Y — Spec K tells us that

Wy g ® (V*WY/B)_1 Wy )y Z Wy, @ (V*“)Y//’f)_1 :

Taking degrees, we see that

degwy p—degwyyp = degwyy = degwy ,—degwy/k = (2pa(Y)~2)— (2pa(Y)—2) = 2(pa(Y) —pa(Y)),

with the penultimate equality holding by Riemann-Roch for possibly singular curves (e.g

[Har77, Exercise IV.1.9]). The claim now holds as p,(Y) > p.(Y). |
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Proposition 2.4.57. Use notation as in Setup 2.4.52. Suppose that D C € is the closure of
its generic fiber Di. Let & = m,0¢(D), £ := mwe/p, and let d := deg.Z. Then, one of the
following holds:

(1) Dy = 2P for some P € C(K). In this case ,det(&) ~ £ 72, so deg& = —2d.
(2) deg& > —d.
(3) char K = 2, Dy is a closed point with residue field inseparable over K, and deg& >
1—(d+yg).
Proof. Keep in mind that 2 ~ (R'7,0¢)" by duality. To prove that one of (1),(2),(3) above
holds, we break into cases depending on the form of the divisor Dy C Cx =: C.
e Case 1: Dg = P+ @ for some (possibly equal) P,Q € C(K).

Extend P, to sections P, Q € C(B), respectively (so D = P + Q). The exact sequence
0 — O¢ — Oc(P) — Op(P) — 0 pushes forward to

0 — Op — m0p(P) — 1,05(P) — R71,0¢ — R'm, Op(P) =0,

with last equality holding by Lemmas 2.4.10 and 4.1.14. An easy cohomology and base
change argument shows that every object above is a line bundle, so we quickly conclude
that

T.05(P) = R'm,0p = £, and so Op = 7.06(P). (2.4.13)

By symmetry, the same is true with Q in place of P. Note that 7 restricts to an
isomorphism P — B, so m, preserves tensor products of sheaves supported on P. With
this in mind, the exact sequence 0 — 0¢(Q) — Oe(D) — Op(P + Q) — 0 pushes
forward to
0 — Op — & — 1,.0p(P) @1, 05(9) — 0.

If Q=2 (ie. if Q = P, ie. if D = 2P), then det & ~ £ ~2 (recall (2.4.13)), which is
(a) of the proposition. If Q # P, then n := deg m,.0p(Q) = deg Op(Q) = P-Q > 0 (since
it is the intersection number of distinct irreducible curves), so deg& =n —d > —d,
which is (b) of the proposition.

e Case 2: D is a closed point with residue field L quadratic over K.
The sequence 0 — Og — Og(D) — Op(D) — 0 pushes forward to

0— O — & — 71,0p(D) — L1 — 0.

Note 7.0p(D) is a vector bundle, as its the pushforward of a line bundle along a
finite map of curves, so we can compute det & by taking determinants above: det & ~
det(m,Op(D)) ® £. Lemma 2.4.55 then gives

deg & = deg 1. Op + deg On(D) + deg L = degm,.Op + D - D + d. (2.4.14)

We are now interested in computing det 7, 0p. For this, we turn to the exact sequence
0 — Oe¢(—=D) — O¢ — Op — 0, which pushes forward to

0 — m.0¢(=D) — Op — 7,0p — R'm,0p(—D) — L1 — 0.  (2.4.15)
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Note that, on each fiber, H(Cy, O¢,(—Dy)) is the subset of H’(C,, Op,) vanishing
along Dy, but H(C,, O¢,) = x(b) by Lemma 4.1.14, so H°(€y, O¢,(—Dy)) = 0. Hence,
Theorem 2.2.1 implies that m,0c¢(—D) = 0. By Lemma 4.1.14, we/p ~ 7*.%, duality
and the projection formula tell us that

R, Oc(—D) =~ [1.(0e(D) @ wesp)] =~ &Y @ L7,

Hence, (2.4.15) becomes 0 — O — m,0p — &Y @ L' — ' — 0. Taking
determinants (and using that rank & = 2), we have

det m,0p ~ det(&) ' @ L. (2.4.16)

Combining (2.4.14) and (2.4.16),
1 1

Thus, it suffices to show that deg 0 (D) is either > —2d or > 2 — 2(g + d). Recalling
that we/p ~ 7%, we apply adjunction [Kle80, Corollary (19)] to D < €, which tells
us that

LU@/B ~ WC/B(®)|® Z(W*g) |@ & ﬁ@('D)

Taking degrees, we see that
degwp/p =2deg L +D-D=2d+D-D. (2.4.17)

Now, let D be the normalization of D. If D — B is generically separable, then
deg W5 = 0 because it is the degree of the ramification divisor of D — B (e.g. by

[Har77, Proposition IV.2.3]), so Lemma 2.4.56 and (2.4.17) tell us that
2d+D D = degwp/p > degwﬁ/B >0, so D-D > —2d,

which is (b) of the proposition. Finally, if D — B is generically inseparable, then
DL Bis Frobenius, so g(D) = g(B), which means (by [Kle80, Remark (26)(vii)]) that

degwi/B = degwﬁ/k —deg ffwp/, = degwﬁ/k —2degwp/, =2 — 2g.
Hence, Lemma 2.4.56 and (2.4.17) tell us that
2d+D-D =degwp/p > degwg,zp =2—29g = D-D>2-2(g+d),

which is (c) of the proposition. |

Corollary 2.4.58. Use notation as in Setup 2.4.52. Let & := f.Oy (D), let £ = m.we/B,
and let d := deg. L. Assume that Dy is not twice a point. Then, deg& > —(d + g).
Furthermore, if char K # 2, then deg& > —d.
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Proof. By Lemma 2.4.54, .Z ~ mwe/p and & ~ m,0c¢(D). Write D = D" + V, where
D’ is the closure of Di in € and V is an effective vertical divisor. The exact sequence
0 — Oe(D') — (D) — Oy(D) — 0 pushes forward to

0 — m,.0c(D) — & — 1,0y(D) — 0 = R'7,06(D'), (2.4.18)

where the last equality holds by Lemma 2.4.10 (whose hypotheses are satisfied by combining
Remark 2.4.53 and Lemma 4.1.14). Furthermore, m,0¢(D’) is a rank 2 vector bundle by
Lemma 2.4.10 while 7,0y (D) is a skyscraper sheaf supported on the (finite) image of V in B.
Thus, taking Euler characteristics in (2.4.18) and applying Riemann-Roch shows that

deg & = deg m,06(D') + RO (. Oy(D)) > deg 7, Oc(D').

The claim follows from applying Proposition 2.4.57 to D', recalling that (D) = Dy is not
twice a point. [ |
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Chapter 3

Counting Elliptic Curves

In this chapter, we compute “the denominator of E[# Sely(E/K)],” i.e. we obtain an asymp-
totic count of elliptic curves £/ K; see Theorem 3.3.4. We do this by leveraging the theory of
Weierstrass curves described in Section 2.3.

Throughout this section, we work within the context of Setup 1.2; in particular, B/F,
is a smooth curve over a finite field with function field K. Furthermore, we freely use the
results, definitions, and notation of Section 2.3. For example, recall that we set N(g) =
max{—1,2g—2}, chosen so that any line .Z on B of degree > N(g) satisfies both H'(B,.#) = 0
and deg . > 0.

3.1 Counting Generically Singular Weierstrass Curves

To count Weierstrass curve over B with singular generic fiber, one argues exactly as in [Jon02,
Section 4.11].

Proposition 3.1.1. Let £ € Pic(B) satisfy deg & > N(g). Then, the number of generically
singular Weierstrass equations with Hodge bundle = £ is

#H'(B, &) - #H(B, £%)? HYB, £%) = ¢8+101-9),

Proof. Suppose (W = B, S) is a Weierstrass curve with singular generic fiber and Hodge
bundle .Z. Then, every fiber of W — B has exactly one singular point, and so these are the
image of a unique section T € W(B), the section extending the singular K-point in the generic
fiber. The composition B <» W < P :=P(0p ® £ 2 ® £~3) shows that T corresponds to
a line bundle quotient 0p @& ¥ ~2? ® £ ~3 — 4. However, the image of T is disjoint from
the (smooth) zero section S C W, so the composition Op — O & £ * & L3 — .# must
be everywhere nonzero, i.e. O — .#. Thus, we may view T as a triple [Tx, Ty, 1] where
tx € I'(B,.%?) = Hom(£ 2, 0p) and 1y € I'(B,.%?) = Hom(£ 3, 0p). Since T lands in
the singular locus, above every point b € B, it must both satisfy the equation (2.3.3) as well
as be a zero of its partial derivatives. Hence, it must satisfy

Tf/ + A TxTy + a3Tx = T§< + a2’t§( + a4Tx + ag
—a1Ty = 3T + 2a9Tx + a4 (3.1.1)
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2Ty + asTx +asg = 0.

Conversely, a tuple (ay, as, as, as, ag, Tx, Ty ), with a; € H*(Z?), ox € H*(Z?) and oy €
H°(#?), satisfying (3.1.1) determines a generically singular Weierstrass equation whose
(unique) singular section is given by T = [Tx, Ty, 1]. Thus, counting generically singular
Weierstrass equations (2.3.3) amounts to counting such tuples. By (3.1.1), any such tuple is
uniquely determined by the choice of ay, as, Tx, Ty from whence the claim follows. [ |

3.2 Counting Non-Minimal Weierstrass Curves

Our main tool for counting non-minimal Weierstrass curves is the following description of
their origin.

Remark 3.2.1. All non-minimal Weierstrass curves of height d > 0 arise in the following
manner. ,

Start with a minimal Weierstrass curve (W’ = B, S’) of height d’ < d along with an
effective divisor D € Div(B) of degree d — d’, write D = >"'_ n;[b;]. Consider also the
embedding f : W' — P(n, 0Oy (35")). Choose open neighborhoods U; C B of b;, for each
ie{l,...,r} =:[r], which satisfy

e f restricts to an embedding Wy, — Pf, with image cut out by
V224 d"XYZ +dPY 22 = X3+ di X2Z + dPX 7% + ol 7
(af” € T(U;, Op)); and

e There exists some w® € I'(U;, Op) restricting to a uniformizer of Op,, but to a unit
of ﬁB,b for all b € U,L \ {bz}, and

Let Uy = B\ {b1,..., b} and @© := 1. For each i € [1], let ¢!’ := (@®)"™ o\ € T(U;, Op),
and consider the curve

W = {Y2Z + "Xy Zz+ v 22 =X+ X7+ VX727 + cg>z3} C P2

Also, let Wy := W'|y,. By construction, for distinct 7,5 € {0,1,...,r}, there is a natural
isomorphism ;1 Wilu,nu, = Wj|U¢nt which is given in coordinates as

(wo))?“j (w<j>)3”a'

: Y : 7
(@)™ (@)™

;i [X:Y: Z]—

(note above that w® @) € T'(U;NU;, Op)*). These isomorphisms visibly satisfy the cocycle
condition, and so these W;’s glue to form a global curve W/B. Furthermore, the «;;’s all
respect the distinguished section ([0 : 1 : 0]) of each W; and so one obtains a corresponding
section S C W. This (W/B,S) is, by construction, a non-minimal Weierstrass curve of
height d; in fact, if £’ is the Hodge bundle of W’ then W has Hodge bundle .Z’(D).
Furthermore, the resulting (W/B, S) is, up to isomorphism, independent of the choices made
by Corollary 2.3.13. o
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The upshot of the above remark is that each generically smooth non-minimal Weierstrass
curve (say, of height d) is determined by a unique choice of minimal Weierstrass curve (say,
of height e < d) along with an effective divisor D of degree d — e keeping track of the
non-minimality of the equation. We use this observation to obtain a recursive count as in
[Jon02, Proposition 4.12].

Proposition 3.2.2. Fiz some £ € Pic’(B) with d > N(g). The number of non-minimal
(generically smooth) Weierstrass equations with Hodge bundle = £ is

O30~ g)z Z #HOB$®%V)—1)WE%

e=0 .# ePic®(B)

Proof. As remarked above, each non-minimal (generically smooth) Weierstrass curve with
Hodge bundle = . is determined by a unique minimal Weierstrass curve (W’/B,S’), say
with Hodge bundle .#”, along with an effective divisor D such that £ = £”(D). Recall each
Weierstrass curve is cut out by (q — 1)¢%30-9) /2 Aut(E) different Weierstrass equations,
by Corollary 2.3.15. Thus, the total number of (generically smooth) non-minimal Weierstrass
equations with Hodge bundle =2 .Z is

S Y X

e=0 pepivi©(B)  E/K
fEﬁf(—D)

d—1
q-— 1 q6d+3(1—g) B
( #/iut(E) = (g1 Y, WEzp,

e=0 peDivi=*(B)

(3.2.1)
where Div'} (B) is the set of effective divisors of degree n on B. Note that if # ~ £ (-D),
then 0(D) ~ £ @ .#", so there are (#H°(B,.¥ @ .#") —1)/(q — 1) different effective
divisors D' ~ D. Thus, (3.2.1) equals

V) _
(g — 1)gt+30~ g)Z Z #H(B, 2 ®.47) 1WE///. [ |

—1
e=0 .# ePic®( q

3.3 Counting Elliptic Curves

Proposition 3.3.1. Fiz any £ € Pic*(B) with d > N(g). Then,

UWZ — q16d+5(lfg) q8d+4(1 g) 6d+3 1—g) Z Z #HO B Z® e%V> - 1) WE///,
e=0 .#€Pic®(B)

and

UW ¢
(g — 1)gb4+3(1-9)"

Proof. The part after the word “and” is simply a restatement of Corollary 2.3.16. To compute
UW ¢, we make the simple observation that the (unweighted) number of generically smooth
minimal Weierstrass equations is the total number of all Weierstrass equations minus the
number of those which are generically singular minus the number of those which are generically
smooth but non-minimal. With this in mind, the proposition follows combining Remark 2.3.17,
Proposition 3.1.1, and Proposition 3.2.2. [

WEy =
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Notation 3.3.2. We set

Zs(T) = ]] T Tdss = > #Sym*(B)-T",

closed z€B n>0

so Cg(s) = Zp(q™).

Remark 3.3.3. In the case that B = P!, we have Zp (T) =[(1 — T)(1 — ¢T)] ", and [Jon02,
Proposition 4.12] gives an exact count

—18 10d+2 2d+1

1—qg®—q¢+g¢

FME(0) = 0 [14 T

—8d—1 —8d—3| __ q — q
—q¢ Tty } (¢ — DG (10) (¢ — 1) (2)

when d > 2. o

Theorem 3.3.4. For any € > 0, we have

¢10d+2(1-9) 24+ 01-9)

#6100 = # P [ - ) o0+ )

as d — oo, with implicit big-O constant dependent on . In particular,

q10d+2(1=9)

(¢ —1)¢p(10)
Proof. We may and do assume throughout that d > 1. First note that

#M{(K) ~ # Pic’(B) -

- Qq
AMTHK) = ) WEg = [ Dy Where aa = > UWg,  (33.1)
ZLePict(B) ZLePict(B)

by Corollary 2.3.16. Noting Pic’(B) = Pic’(B), e.g. by Lang’s [Lan56, Theorem 2|, Proposi-
tion 3.3.1 yields

ag = # PICO(B) [q16d+5(l—g) . q8d+4(1—g):| _q6d+3(l—g) Z Z Z # HO B LM ) . 1) WE//[ |

ZePict(B) €=0 .4 cPic*(B)
(3.3.2)
We simplify the triple sum at the end of (3.3.2):

Ey = g™t0-9 3y~ Z > (#H(B,.Lo.#7')-1)WE,

ZePict(B) €=0 .4 cPic*(B)

d—1 0 -1
B 4HY B, L@ #471)—1
= 030-9) (g — 1) E E E ( — ) WE
e=0 gePicd(B) M EPic®(B) q
d—1 0
B #H' (B, /) -1
_ q6d+3(1 g)(q —1) E E (q — ) WE 4,

e=0 _y ePict—¢(B) # €Pic*(B)
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&
H

_ SH00) Z Z #H(B,.A) -1 Z WE.,
=0 \ _#ePict—( ¢-1 MEPICE(B)
1
= 8309 (4 — 1) ST #Sym?4(B) - Z WE._, (3.3.3)

e=0 M €Pic®(B)

We aim to relate ae to 3° cpice(py WE.#. We first deal with the case deg.# < N(g):

N(g) N(g)
D #Sym(B)- Y WE, =Y #P"9k)-#Pic"(B)- > WE,
e=0 M €Pic®(B) e=0 M €Pic®(B)
N(g)
<#PI(B)-> ¢ Y WE,
e=0 M €Pic(B)

= 0(¢") (3:3.4)
if d = deg.Z > 1. Thus, (3.3.3) further simplifies to

Ey = q6d+3 (1- g Z#Sym e<B> . Z WE

M €Picc(B)

— ¢030-9) (g _ Z # Sym?¢(B) - Z WE//[ by (3.3.4)

e= N(g )+1 M EPic(
7d 6d+3(1—g) —<( UW.«

= 0(q") +¢ Z #Sym (B) Z (7 1)g 30 by Corollary 2.3.16

e=N(g aepice(s) 1
D S R S
e= N(g )+1 A €Pic(B)
— () + 3 # Syt (B) - 9, (33.5)

where we implicitly used that

N(g)
> #Sym ™ (B)" Y > UW, =0(¢"),
e=0

MEPict(B)
via reasoning as in (3.3.4), in the final equality. As E; was defined so that aq + E; =
# Pic”(B) [¢!61+5(1=9) — g8d+4(1-9)] (3.3.5) shows that

Z#Sym —e 6(d e) #PICO(B) [q16d+5(1—g) . q8d+4(1—g)} + O(q7d) . (336)
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At this point, we introduce the sequence ¢4 defined by ay = # Pic’(B)q'%+°0=9) ¢, and remark
that (by (3.3.1)) the theorem statement is equivalent to the claim that

= (p(10)"" — ¢ U9I¢(2) 7 4 O, (((f9 + e)d) (3.3.7)

for any e > 0. To prove (3.3.7), consider the generating function C(T) := 7., caT?. From
(3.3.6), one obtains:

d
Z # Symdfe(B) . q—IO(d—e)ce -1 q—Sd—(l—g) + O(q—Qd) )
Multiplying both sides by 7'¢ and then summing them over d > 0, this becomes

C(T)Zp(q71°T) =) Z#Sym ~¢( 0d=e) . ¢, | T4

d>0 Le=0

_ —(1-g) —9d\1 d 1 ¢! ~0a) d
S [1-¢ +0(g )] T = +> O0(q :

1—-T 1-Tq38
d>0 d>0

as formal power series in T. Hence, C(T) = Zg(q°T) "' M(T) + E(T), where

1 qg_1
1—-T 1-Tg3

M(T) = and E(T) = Zg(q~"°T)" ZO -9

d>0

Note that, by the Weil conjectures, Zg(T') = P(T)/[(1 — T)(1 — ¢T")] for some polynomial
P(T) € C[T] all of whose roots a € C satisfy |a| = 1/,/g. Thus, Zg(¢~'°T) " is holomorphic
on a disk of radius ¢°®, so E(T) above is holomorphic on a disk of radius ¢°. Now, set

Zp(@ )" ¢ Zp(q2)
1-T 1—q8T

_ _o\—1 _ —1
Zola )" — Zalg ) 9 |20 = Znta )

B 1-T + 1—q3T

F(T):=Zg(¢~"°T)  M(T) -

Above, note that the zeros of the numerators at T = 1 and T = ¢®, respectively, cancel out the
simple zeros of the denominators there. Therefore, F(T)) has poles only where Zg(q~0T) "
has poles, so F(T) is holomorphic on a disk of radius ¢*°. Consequently,

-1 Zp(¢) " ¢ Zs(¢)

C(T) = Zp(q°T)  M(T)+ E(T F(T)+ E(T).
(T) = Zu(q™°7) " M(T) + B(T) = 2 - T2 4 P(7) + B(T)
Since F(T') + E(T) is holomorphic on a disk of radius ¢, comparing Taylor coefficients shows
that
_10\— —8d—(1— o\ — _ d
= Z(a™) " = 00 25(57) 7+ 0. (07" +2)")
for any € > 0, proving the claim. |
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Chapter 4

Counting 2-Selmer Elements

In this chapter, we bound “the numerator of E[# Sely(E/K)],” i.e. we obtain an asymptotic
bound of the number of 2-Selmer elements of elliptic curves E/K of bounded height; see
Theorem 4.2.16. After some preliminary work describing the relationship between these
elements and the hyper-Weierstrass curves (hW curves) of Section 2.4 — see Proposition 4.1.8
— we leverage the theory developed in Section 2.4 to count these hW curves.

In the subsequent Chapter 5, we address the few remaining small, technical necessities
needed to deduce Theorem B and Corollary D.

4.1 Relation to Hyper-Weierstrass Curves

Throughout this section, We work in the context of Setup 1.2. In particular, k is a finite field,
and (unless otherwise stated) B is a smooth k-curve of genus ¢g with function field K = k(B).

4.1.1 Selmer Groupoid

We want to reduce counting Selmer elements to counting hyper-Weierstrass curves. In either
case, when counting these objects, we do so in a weighted fashion, e.g. for E an elliptic
curve, we will count some « € Sely(F) with weight 1/# E[2](K) - # Aut(F), see (1.1.2). Thus,
these Selmer elements are best thought of as belonging not to some set, but instead to some
groupoid. With that in mind, we take a moment to set up this language before formally
relating 2-Selmer elements to hyper-Weierstrass curves.

The following definition is inspired by the description of 2-Selmer elements given in
Remark 2.4.1.

Definition 4.1.1. Fix an integer n > 1. The n-Selmer groupoid (over K) is the groupoid
whose

e objects are tuples (C, E, p, D) where

— E/K is an elliptic curve.

— (/K is a locally solvable genus 1 curve.
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— p:C x E— Cis a group action making C' into an E-torsor.
We will write ¢ - 2 := p(c,x) when ¢ € C(S) and x € E(S) for any K-scheme S.

— D C Cis a degree n effective divisor, defined over K.
e (iso)morphisms (C, E, p, D) — (C', E', p/, D) are pairs (ap 0S5 C W ES E’> where

— 1) is an isomorphism of K-group schemes.
— p(c-z) =p(c) - Y(x) forallce C,x € B!
- @*ﬁC/(D/> ~ ﬁc(D)

We denote this groupoid by Sel, = Sel,, k. Given, any (C, E, p, D) € Sel,, we define its height
to be the height of E, i.e. ht(C, E, p, D) := ht(E). Furthermore, we say (C, E, p, D) € Sel,
is trivial if D ~ nP for some P € C(K), i.e. if (C, D) represents the identity element of
Sel,,(E). o

Example 4.1.2. Say (C, E, p, D) € Sel, is trivial, and choose P € C'(K) such that D ~ nP.
Let O € E(K) denote the identity element. Then, (C,E,p,D) ~ (E, E, pg,n0O), where
pe . E x E — E is E’s multiplication map. Indeed, one can ¢ : C = E to be the “subtract
P” map defined by the relation

P-¢(c)=c forany c € C,
and can take ¢ = idg. A

Remark 4.1.3. Let E/K be an elliptic curve, and let C'//K be a locally solvable E-torsor.
Then, ht(E) = ht(C). This is shown in [Jon02, Section 5.12] when B = P!, but the argument
there works for any B. o

Lemma 4.1.4. Fiz some n > 1 as well as some (C,E,p,D) € Sel,. Let « = [(C,D)] €
Sel,(E) be the corresponding Selmer element. Then, there is an exact sequence

0 — En|(K) — Autse, (C, E, p, D) — Stabaug) (o) — 0,
where Aut(E) ~ Sel,,(E) in the natural way.

Proof. Consider the map f : Auts,, (C, E, p, D) — Aut(E), (¢, ) — 1. We will show that
is has kernel E[n](K) and image Stabaugg) ().

First say (p,¢) € Aut(C, E, p, D) is an automorphism with ¢ = idg. Then, ¢(c-x) =
o(c) - x for any ¢ € C,x € F, so ¢ is an isomorphism of E-torsors. Thus, there is some
xo € E(K) so that ¢(c) = ¢z for all ¢ € C. We claim that xy must be n-torsion. The
action p : C x £ — C induces an isomorphism f : B = EOC/K so that E’s action on C
correspond to Picl, /i’S natural action on Picg, /x = C (coming from adding a degree 0 line

bundle). Thus, ¢ acts on Pict, 3 Oc(D) via translation by nao. This action is trivial if
and only if zy € E[n](K).

by which we really mean ¢ € C(S) and z € E(S) for S any K-scheme
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Fix some ¢ € Aut(F). When is ¢ in the image of f7 Well, consider some FE-torsor
structure Cy = (C, p1) on C, by which we mean an action p; : C' x E — C making C into
an E-torsor. Let Cy = (C, p2) be another E-torsor structure on C. By definition, given an
automorphism ¢ : C' = C, the pair (¢,v) € Aut(C, E, p, D) if and only if ¢ : C; — Cy is
an E-torsor map preserving Oc(D). Thus, ¢ € im(f) if and only if there exists such a ¢ if
and only if (C}, D) and (Cy, D) represent the same element of H' (K, E[n]). By construction,
(Cy, D) represents the element ¢*[(Cy, D)], so we get the claimed description of im(f). W

Remark 4.1.5. When n = 2, H'(K, E[2]) is 2-torsion, so {£1} C Stabaum) (C, E, p, D)
always. Thus, Lemma 4.1.4 implies that we always have

{£1} C im(Auts., (C, E, p, D) — Aut(E)) o.

With Sel, introduced, recall the groupoid H(B) of hyper-Weierstrass curves over B
(Definition 2.4.2). We are going to show that for every 2-Selmer element (C, E, p, D) € Sel,,
there is some minimal (in the sense of Definition 2.4.49) hW curve (H/B, Dy) € H(B) whose
generic fiber is (C, D). This will allow us to relate counting 2-Selmer elements to the problem
of counting minimal hW curves.

Notation 4.1.6.

o Let Hy(B) — H(B) denote the full subgroupoid consisting of minimal hW curves.

o Let Hyrnr(B) — Hp(B) denote the full subgroupoid consisting of minimal hW curves
(H = B, D) such that D is not twice a point (on the generic fiber).

These curves will correspond to non-trivial Selmer elements.

o Let Hypg(B) — Hy(B) denote the full subgroupoid consisting of minimal hW curves
(H — B, D) whose generic fiber H is locally solvable.

o Let Hysnr(B) — Hps(B) denote the full subgroupoid Hpsnyr(B) = His(B) N
Hnr(B).

Notation 4.1.7. Given d € Z, we write Sel>%, H=4(B), H3*(B), etc. to denote the cor-
responding full subgroupoid consisting of objects of height < d. We similarly use a =¢
superscript to denote the full subgroupoid of objects of height = d.

Proposition 4.1.8 (To be proven in Section 4.1.2). There is an essentially surjective, faithful
functor F' : Hps(B) — Sely such that for every a € Seb, there exists some (minimal)
B € Hyps(B) satisfying F(8) ~ o and ht(5) = ht(«). Furthermore, if « is non-trivial, then
we may choose B lying in Hps nr(B).

Accepting this proposition for now, let us explain its utility by giving an overview of the
ultimate proof of Theorem B. Recall the quantity ASg(d) defined in (1.1.2), and that our
goal is to produce an upper bound for ASg = limsup,_,., ASg(d). In place of ASg(d), we
will find it more convenient to study the following modified average size of 2-Selmer:

#Sel%d )
MASg5(d) ;= ——*— and MASg = limsup MASg(d). 4.1.1
2@ = et = limsup MAS 5 (d) (4.1.1)
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This will be explained further in Chapter 5, but it is an (easy) consequence of Lemma 4.1.4
that ASg(d) < MASg(d), for all d, so it suffices to focus our efforts on obtaining an upper
bound for MASg. As Proposition 4.1.8 suggests, we will find it helpful to separately bound
the contributions coming from trivial and non-trivial 2-Selmer elements.

Notation 4.1.9. Let Sely 1 (resp. Sel y7) denote the full subgroupoid of Sely consisting of
trivial (resp. non-trivial) objects.

Note that #Selgd =# Sel%dT +# Selﬁw. Let us separately analyze each summand.
e We begin with # Selﬁw. This is the summand which makes use of Proposition 4.1.8.

Corollary 4.1.10 (of Proposition 4.1.8). #5612< < #fHLS nr(B) < #fHM 4 (B)

Proof. The first inequality follows directly from Proposition 4.1.8. The second inequality
holds simply because .‘J—Cfgy Nr(B) — fH]%fNT(B) is a full subgroupoid. |

As this corollary suggests, we will bound #Sel%jw by bounding #ﬂ{]%ijT, that is, by
counting hW curves. This count will be carried out in Section 4.2, culminating in
Corollary 4.2.15, which states that

- #3Gne(B)
hzn_igp W < 2¢p(2)¢(10). (4.1.2)

e For the trivial Selmer elements, we use a separate argument. Note that (e.g. by
Example 4.1.2)

1
S@lgd == 9
# >T EX/;{ # AutSelg (Ea Ea PE, 20)
ht(E)<d

where, for an elliptic curve E/K, pg : E x E — E is the multiplication map, and
O € E(K) is the identity element. By Lemma 4.1.4, there is a short exact sequence

0 — E2|(K) — Autse, (E, E, pg,20) — Aut(E) — 0,

so # Autse, (F, E, pg,20) = #E[2](K) - # Aut(F). Consequently,

< 1
# Sel5 = Z FERR) FAn(E) (4.1.3)

ht(E)<d

In Chapter 5 (see Proposition 5.2.2), we will show that

<d _
#SeEr= 2 I #Aut( B~

E/K
ht(E)<d ht(E)<d

Using the observation that ASp < MASg, once we have established (4.1.2) in Corollary 4.2.15
and (4.1.4) in Proposition 5.2.2, Theorem B (= Corollary 5.2.4) will immediately follow.
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4.1.2 Proof of Proposition 4.1.8

We want to construct an essentially surjective, faithful functor
F J'CLs(B) - 8612

along with a choice of nice preimage for any object in Sels.

Construction 4.1.11. The desired functor F' is defined on objects by
F(H — B, D) := (Hg, Pic};, p,., Di),

with the g subscript denoting the generic fiber, and pp, : Hix X Pic(l){K — Hyg being the
natural action (coming from identifying Hyx — Pic}{K). That this is functorial, i.e. defined
on morphisms, comes from the fact that E(I){K is the Albanese variety of Hyx. Hence, any
morphism ¢ : (H/B, D) — (H'/B,D') in H(B) will induce a ¢ : Pic}, — E?{}( so that
(¢, ) : F(H/B,D) — F(H'/B, D). O

With F' defined, to prove Proposition 4.1.8, we still need to construct nice preimages and
show faithfulness. We begin with faithfulness.

Proposition 4.1.12. For (H — B,D) € H;s(B) with (C,E,p,D) = F(X/B,D), the
induced map
F. : Autyp(H — B, D) — Autse, (C, E, p, D)

is injective. That is, F': Hyg(B) — Sely is faithful.

Proof. Fix any hW automorphism ¢: H = H such that F.(¢) = (g, ) is the identity.
Because H — B is flat with reduced generic fiber Hx = C, |[Liu02, Proposition 4.3.8] tells us
that H is reduced. Thus, H is schematically dense in H, so px =idy, = ¢ =idy. N

essential surjectivity of F' The proof that F' is essentially surjective will occupy us for
the next several pages. The rough idea is to first start with a Selmer element (C, D), consider
the minimal proper regular model €/B of C, and then to extend D to a divisor D on €. We
will do this in such a way that the pair (€, D) becomes a hawc (Definition 2.4.8). Using
Corollary 2.4.16, we can then construct from this a particular hW model H/B of C'. This H
will be our choice of nice preimage. The bulk of the remainder of this section will be spent
verifying H has all the properties claimed in the statement of Proposition 4.1.8.

Setup 4.1.13. Fix any (C, E, p, D) € Sely. Let m: € — B denote the minimal proper regular
model of C, and let D C € denote the scheme-theoretic closure of D C C'= Cx C C. Note
that D is a Cartier divisor because C is regular.

Lemma 4.1.14. The pair (C, D) is a hawc over B. That is, C/B is a curve satisfying (a)
T.0c ~ Op, (b) we/p € m" Pic(B), and (c) D C C is an effective relative Cartier divisor of
degree 2. In fact, we/p ~ L, where £ = m,we/p € Pic(B).

Proof. 1t is clear that C is a curve over B.
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(a,b) Because C has a K,-point for every place v of K, [Jon02, Lemma 9.1| shows that
(a),(b) hold fiberwise, i.e. that

H°(@y, O¢,) = x(b) and we, ~ Ok,

for every closed b € B. By Lemma 2.2.3, we conclude that % = m,we/p is a line bundle,
and that
m,0c = Op and we/p ~ 1%L

(both holding after arbitrary base change).

(c) Given the definition of D, to prove that it is an effective relative Cartier divisor of
degree 2, it suffices to show that it is flat over B. Thus, for any scheme point d € D,
we need to show that the ring map Op @) — Op 4 is flat. Because B is a Dedekind
scheme, this holds if and only if Op 4 is Op r)-torsion-free. Note that, by definition,
Op = Oc/ ker(Oe — i,.0p), where i : D — C is the natural inclusion. Hence, Op 4
is contained in the K-vector space €p, and so is certainly Op (q)-torsion-free (note
K = Frac Op r(a))- [ |

Now, let

H = Projg <@ mﬁ’dn@)) AN B,

n>0

and let Dy C H be the scheme-theoretic image of D under the natural map p: € — H. Then,
Lemma 4.1.14 and Corollary 2.4.16 together tells us that (H, Dy) is an hW curve over B.
Keep in the mind the diagram

C P s H
B.

Remark 4.1.15. Note that Hx = Proj (®n20 H’(C, 0c(nD))) = C because D C C' is
ample. o

Remark 4.1.16. Let {F}};c; be the (finite) set of fibral components F; C C/B not meeting
ope

D, and let U := C\ U, Fi c e Then, D C U by definition, and
U-LspU)c H

is an open immersion with dense image. Indeed, Lemma 2.4.18 proves this holds on each
fiber over B. Thus, the fibral open immersion criterion |Gro67, Corollaire 17.9.5] says the
same is true of p globally. In particular, Dy C p(U) C X can alternatively be described as
the pullback of D C U along the isomorphism (p|y) ™" : p(U) = U. o

Remark 4.1.17. We remark that H is normal. Indeed, H is Gorenstein because Theo-
rem 2.4.14 shows that it is locally a hypersurface in P(1,2,1). Further, Remark 4.1.16 above
shows that H is isomorphic to € away from a codimension 2 subset (the images of the finitely
many fibral components F; not meeting D), so H is regular in codimension 1. Thus, H must
be normal by Serre’s criterion. o
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At this point, it is clear that the (H, D) just constructed is an hW curve whose generic
fiber is (C, D). To finish the proof of Proposition 4.1.8, we still need to prove the following:

e ht(H) = ht(C, E,p, D) := ht(E). By Remark 4.1.3, it is equivalent to prove that
ht(H) = ht(C) := ht(€). We show this in Proposition 4.1.18.

e (H,Dy) is minimal in the sense of Definition 2.4.49. We show this in Corollary 4.1.19.
Given this, it follows from definitions that if (C, E, p, D) is non-trivial, then (H, Dy) €
Hers,nr(B).

Proposition 4.1.18. The above constructed (H EN B, Dy) satisfies both
(1) mwe/p =~ fiwn/p; and
(2) 1.0c(D) ~ f.On(Dpy).
In particular, by (1) above, the height of X equals the height of C.
Proof. (1) The Grothendieck spectral sequence R?f,(Rip,0¢) = RPTi7,0p gives us a

morphism R! f,(p.O¢) — Rlm,Op. Dualizing, and recalling also the map Oy — p. O, below
we define ¢ : m,we/p — fiwp/p as the composition

TWe/B = (Rlﬂ*ﬁe)v - (le*(p*ﬁe))v - (le*ﬁH)v = f*wH/B-

For each b € B, one has we/ple, = we, (and similarly for wy,p) by [Sta25, Tag OEGR], so one
obtains a commutative diagram

mwe/p & K(b) 2 frwx/p ® k(D)

| |

HO(Gb, wa) — HO(Xb, wXb)

whose bottom horizontal map is an isomorphism by Proposition 2.4.17(d). Furthermore,
both vertical maps above are isomorphisms as well, e.g. by Lemma 2.2.3. We also remark
that m,we/p, fswh/p are both line bundles, e.g. by Lemma 2.2.3. Hence, ¢ is a map of line
bundles inducing isomorphisms on the fibers, and so is itself an isomorphism.

(2) The argument that 7,0¢(D) ~ f.0Oy(Dy) is even simpler. It follows from Re-
mark 4.1.16 that D = p*Dy. Hence, p induces a natural map f,0y(Dy) — m.0e(D). Since
both sides of this map are vector bundles whose formations commute with arbitrary base
change (e.g. by Lemma 2.4.10), this map is an isomorphism if and only if it is an isomorphism
on fibers, and on fibers, this map is the isomorphism of Proposition 2.4.17(b). [ |

Corollary 4.1.19. The above constructed (H EN B, Dy) is minimal in the sense of Defini-
tion 2.4.49.

Proof. Note that H is normal by Remark 4.1.17 and has smooth generic fiber by construction.
Hence, it suffices to show that H has at worst rational singularities, i.e. that R'p, ¢ vanishes.
Because H is normal, |[Art86, (3.3)] provides a short exact sequence

0 — puwe/p — Wh/B — gﬂﬁtzﬁH (Rlp*ﬁe,wH/B) — 0.
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As a consequence of Proposition 4.1.18(1), we/p ~ 7% and wy/p ~ f*Z for the same
& € Pic(B). Hence, p.we/p — wp/p, s0 &t (Rp. O, wi/p) = 0. By [Art86, (1.5)], this
means that R'p,0e = 0. [ |

This completes the proof of Proposition 4.1.8.

4.2 Counting Minimal hW Curves

We continue to work in the context of Setup 1.2.

Recall 4.2.1 (see Notation 4.1.6). Recall that 3, (B) — H(B) denotes the full subgroupoid
consisting of minimal hW curves, and that 3, yr(B) — Hp(B) denotes the full subgroupoid
consisting of those minimal hW curves (H = B, D) for which Dy is not twice a point. ©

Recall that every hW curve is isomorphic to one which can be properly embedded in the
projective bundle associated to some unique (up to isomorphism), normalized (1,2,1)-datum
(Lemma 2.4.37 and Corollary 2.4.39). In order to bound the number of minimal hW curves, we
will partition them according to their normalized (1,2,1)-datum, and then count the number
of curves with given (1,2,1)-datum using a combination of Propositions 2.4.47 and 2.4.48.
In order to compute the quantities appearing in these propositions, we will make use of the
filtration constructed in Proposition 2.4.33. That being said, let us first name the objects
which will appear in our analysis.

Notation 4.2.2. Given a normalized (1,2,1)-datum D = (&}, &, u), define the following
myriad of objects.

e Let 7 = 2(D) :=det(&)). If & is unstable, it has Harder-Narasimhan filtration
00— 0O — & — 29— 0. (4.2.1)

e Let u = u(D) be the unstable degree of &. This is 0 if &) is semistable, but is otherwise
deg ¥ < 0, see Definition 2.4.31.

o Let ¥ = _Z(D) :=det(&1) ® coker(u) ' be the Hodge bundle of the datum.
o Let d =d(D) :=deg Z.

o Let 0 =.%, C --- C .Zyg = B(D), denote the filtration of Proposition 2.4.33. Only
Fo, Fs, Ty, Fy are defined if & is semistable.

o Let Y, = .Z, ® £?® 27?2 for all i. By Proposition 2.4.33, we always have an exact
sequence

0— Sym*(&)® 220 L? — % — Sym*(&) R 2 ' ®.% — 0, (4.2.2)

Ys

and if &) is unstable (i.e. if u < 0), we further have
7P L” if0<i<4
>~ P if5<i<T (4.2.3)
Op ifi=38.
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Motivated by Proposition 2.4.47, our first task will be to find an upper bound for
#H%(B,%). Equivalently, in light of Riemann-Roch, we first bound # H*(B, %) for the
(1,2, 1)-data relevant to our count. For later use, we also bound # H'(B, % /%).

Remark 4.2.3. By Corollary 2.4.58, all normalized (1,2,1)-data associated to an hW curve
in Hynr(B) satisfy —(d + g) < u. Recall also that v < 0 always, by definition, and
that every hW curve is isomorphic to one whose associated (1,2,1)-datum is normalized, by
Lemma 2.4.32. o

Lemma 4.2.4. Let D be a normalized (1,2,1)-datum with —(d + g) < u < 0. Furthermore,
assume d > 3g. Then, h* (%) < 7g and h'(% /%) < 3g.

Proof. The existence of the filtration & of Notation 4.2.2 shows that h' (%) < 27 A (%11/%))
and h' (% /%) < ZZZS h'(%:41/%;). With our bounds on u, for i # 4,7, deg(%;11/%;) > 2g—2
(see (4.2.3)), so h'(%i41/%:;) = 0 unless i = 4,7 (i.e. excluding the graded pieces 2* ® £>
and 7 ® Z). Recalling that u + d > —g by assumption, for these pieces, one has
hl(@Z ®$2) — hO(wB ® @—2 ®$—2)

< max(deg(wB RP 1R L +1, 0)

=max((2g — 2) — 2(u +d) + 1,0)

< max((2g —2) +2g+ 1,0) since —2(u + d) < 2g

< 4g,

and similarly h'(2 ® Z) < 3g. |
We still need to bound h'(%) when u = 0, i.e. when & is semistable.

Lemma 4.2.5. Let & be a rank r > 1 semistable vector bundle on B, and fix an integer
k> 1. Let A be a line bundle on B with deg .# > 2grk — 1. Then,

Jig (B, Sym™ (&) @ (det &) @ ///) ~0.

Proof. First note that the vector bundle Sym™ (&) @ (det &)™" is unchanged under the
substitution & ~» & ® A4 for any line bundle .4 on B. Thus, we may twist & in order to

assume that
(29 — 1)r < deg(&') < 2gr,

in particular, that it has slope p(&) > 2¢g — 1. Since & is semistable of high slope, [Muk03,
Proposition 10.27] tells us that it is globally generated. Fix a surjection ﬁgN — &. From
this, one obtains a surjection &N = £ (ﬁgN)@)(rk_l) — & ® 2R o Sym™(&).
Tensoring with (det &) ™" @ .4 then gives the surjection

SN(rk—1)

Filsoets) o] — Sym™ (&) ®(det &) F @ .. (4.2.4)

Because H?(B, ker F) = 0, (4.2.4) induces a surjection on H'’s, so it suffices to show that
HY(B, & @(det &) * @ 4) = 0. Because & @(det &) " @ .4 is semistable with slope

w(&) — kdeg(&) + deg(A) > (29 — 1) — 291k + 297k — 1) = 29 — 2,
we win by [Muk03, Proposition 10.26]. [ |
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Corollary 4.2.6. Let D be a normalized (1,2,1)-datum with uw = 0. Furthermore, assume
d > 4g. Then, h' (%) = 0 and h'(%/%;) = 0.

Proof. That v = 0 means that & is semistable. Thus, this follows from (4.2.2) along with
Lemma 4.2.5. |

Given some (1,2, 1)-datum D, Propositions 2.4.47 and 2.4.48 tell us that

#H'(B, %) #H(B, %)
Z #Autg{(B (H) = #PG = # GL(&)pt30-9)

Recall (Definition 2.4.20) that &) above is not an isomorphism invariant of D, but its associated
PGLy-torsor is. Thus, we would like a bound given only in terms of this PGLs-torsor.

Lemma 4.2. 7 Let & be a rank 2 vector bundle on B, with associated PGLg-torsor P =
Isom(0%2, &) g PGLy. Then,

# GL(&)

# Aut(P) = p—

Proof. Taking inner twists in 1 — G,, — GLy — PGLy — 1 by a cocycle defining & gives
the exact sequence

0 — G,, — GL(&) — Aut(P) — 0.

To prove the claim, it suffices to show that this sequence remains exact after taking global
sections. Consider the following commutative diagram with top row exact:

aL(#) —s Aut(P) —— HY(B,G,,) —2+ HY(B,GL(&)) 5 T
(3) l GL(&)

H'(B,G,,) —— H'(B,GLy) > T x Isom(0% &)

Surjectivity of (1) is equivalent, by exactness of the top row, to injectivity of (2). Commuta-
tivity tells us that (2) is injective if (3) is. Finally, (3) is injective because it can be identified
with the map sending a line bundle £ to the rank 2 vector bundle . ¢ .Z. [ |

Corollary 4.2.8. Let D be a normalized (1,2,1)-datum. Then,

#HO(Bug8>
Z #Autg{(B (H) = (¢ — 1) - # Aut(P)g3d+30-9)"

H—P(D
Proof. This follows from Propositions 2.4.47 and 2.4.48 and Lemma 4.2.7. [ |

In the end, we will need to understand the sum of the above expressions as D varies over
isomorphism classes of (1,2,1)-data.

Notation 4.2.9.
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e Let P be a PGLy-torsor on B. We let #(P) denote the rank 3 vector bundle (asso-
ciated the to the GL3-torsor) obtained by pushing P along the PGLy-representation
Sym?(taut) ® det™! : PGLy — GLs.

e Furthermore, extending Notation 4.2.2, given a (1,2,1)-datum D = (&1, &, 1), we let
P = P(D) denote the PGLy-torsor associated to &;.

Note that, in this context, ¥ (P) = Sym*(&}) ®@(det &) = Sym?(&) ® 2.

Lemma 4.2.10. There is a bijection between isomorphism classes of (1,2, ) ata and
triples (P,.Z,¢), where P € H'(B,PCGLy), £ € Pic(B), and ¢ € Ext' (L, ¥ (P)) =
HY(B,7(P)® .%).
Proof. Let D = (&, &, 1) be a (1,2,1)-datum. Then, #(P(D)) = Sym*(&) ® 27, so
the extension 0 — Sym*(&) & & — Z(D)"' ® 2 — 0, after tensoring with 27!, gives
rise to a class ¢(D) € Ext'(Z~!, 7 (P)). In one direction, the bijection is given by D
(P(D),Z(D),e(D)). This triple is easily checked to be an isomorphism invariant.
Conversely, suppose we're given (P,.%,¢). Because H?(B,G,,) = 0 by [Mil80, Example
[11.2.22 Case (g)], we can choose some rank 2 vector bundle & lifting P. Having made such a
choice, & defines an extension 0 — Sym?(&) @ (det &)™ & — £ 0. Observe that
(&, 8" @det &, 1/ ®1) is a (1,2,1)-datum and that its isomorphism class is independent of the
choices made. This gives the other direction of the bijection. [ |

Notation 4.2.11. Given P,.Z ¢ as in Lemma 4.2.10, let % = %(P,.Z,¢) denote the
(isomorphism class of the) rank 8 vector bundle % (D) associated to any (1,2,1)-datum D
associated to the triple (P,.%Z, ¢) via Lemma 4.2.10. We similarly define ¢, = ¥;(P, %, ¢) for
all other ¢ € {0,5,8,9}.

Notation 4.2.12. Let Bunpgr, (k) denote the groupoid of PGLo-torsors over B, and set
M := |Bunpgy, (k)| = H (B, PGLy),

the set of isomorphism classes of PGLs-torsors over B. Endow M with the discrete measure
m where each [P] € H'(B, PGL,) is weighted by 1/# Aut(P).

Lemma 4.2.13. # Bunpgr, (k) = [,, dm = 2¢°071(5(2)

Proof. Note that the first equality is by definition. Siegel’s formula [BD09, Theorem 4.8 +

Proposition 4.13] tells us that the Tamagawa number T(PGLy) of PGL; is related to the
groupoid cardinality of Bunpgr, (k) via

T(PGLy) _q(lfg)dimPGLg H # PGLy(k(z)) _ 3(1—g) H (1_q72degm> :q3(1fg)<B(2)71.

# Bunpgr, (k) (##(2))dimPGL2

It is well-know that T(PGLs) = 2; this can be deduced e.g. from the main result of [GL19]
(see also [BD09, Theorem 6.1]). Thus, we conclude that # Bunpgr, (k) = 2¢°0"1(5(2). ®

Theorem 4.2.14. Use notation as in Setup 1.2. Then,

closed z€B closed z€B

H=e (B
ligaj)ljp ﬁ?}()) < 2¢p(2)¢B(10).
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Proof. We begin with a bit of notation. For any u € Z., let M= C M denote the subset
consisting of isomorphism classes of PGLy-torsors over B which lift to a rank 2 vector
bundle ¥ on B which is either semistable or has Harder-Narasimhan filtration of the form
0— Op — YV —det? — 0, with deg ¥ > u.

Below, when we write > 1, we mean that the sum is over isomorphism classes of normalized
(1,2,1)-data.

1

#IGi(B) = Y # Autous) (@)

a€|Har,nr(B)|
ht(a)=d

1
= by Lemma 2.4.32
Z Z - Autg{(B)(H) Y

H€|ﬂ‘fM NT(B)|
D(H)~D

1
= by Corollary 2.4.39
Z H; D) +# Alltg{(B) (H) y y

H€|9‘f1w NT(B)|

1
= by Remark 4.2.3
Z Z 4 Autg{(B)(H) y

H—P(D)
Helg{IV[,NT(B)|

d(D)

d(D) d

D
d(D)=d
—(d+g)<u(D)<0

#H'(B, %)
Z (g — 1) - # Aut(P)g3d+3(1-9) by Corollary 4.2.8

IA

d(D)=d
—(d+g)<u(D)<0

= > > > # H(B, %) by Lemma 4.2.10

—1). 3d+3(1—g)
PeMz2-(d+9) 2cPict(B) e€H!(B,7 (P)®.2) (q 1) #AUt(P)q

_ #H"(B, %)
N /M>—<d+g> Z Z (g — 1)g3d+3(-9) dm

2¢ePict(B) eeHY(B,7(P)®Y)

1 H’(B, %

q -1
ZePict(B) ecHY(B,7 (P)®L)

where x4 : M — {0,1} is the characteristic function of M=~(4*9) By Theorem 3.3.4,
H#MIAK) ~ #Pic®(B) - ¢1°2179) /[(q¢ — 1)¢5(10)]. Thus,

: #H i nr(B) L Hyinr(B)
lim sup TIIE) hgiigp(q - 1)<B(10>#Pic0(B) )
¢5(10) #H"(B, %)
= # Pic’(B )dlﬂoo Xa(P) Z Z 3H5(1—9) dm

ZePict(B) ecHY(B,7 (P)RL)
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3(1—g)
q ¢5(10) . / h (%)

1 5B\ P E E *d
#Pic’(B) i MXd( ) 9 s

£ePict(B) ecH(B,7(P)®.Z)

J/

-~

I4(P)

(4.2.6)

with last equality holding by Riemann-Roch (note that deg% = 13d). We would like to
commute the limit and integral in (4.2.6), so we will bound I;(P) (defined as indicated in
(4.2.6)) and then apply dominated convergence. Observe (4.2.2) ¥ (P) ® £ = % /%, so
Lemma 4.2.4 and Corollary 4.2.6 tell us that h'(%) < 7g and h' (¥ (P) ® Z) < 3g whenever
d >, 1. Putting these together, whenever d >, 1 and P € M=7(4+9)  we have

I;(P) < #Pic’(B) - ¢*71 - ¢" = # Pic’(B)¢'% L. (4.2.7)

Observe that [, # Pic’(B)¢'% 'dm < oo and [, limy_ Ls(P)dm = [, # Pic’(B)dm < oo
(with equality by Serre vanishing) by Lemma 4.2.13. Thus, (4.2.7) allows us to apply the
Dominated Convergence Theorem (DCT) below:

. #H5inr(B) ¢ 9¢p(10)
| : < 1 P)I,(P)d by (4.2.6

~ PU9(5(10) :
— #TO(B) /M lim xq(P)14(P)dm by DCT

3(1-9) (1
= —q# 5 COE(;(B;)) / # Pic’(B)dm by Serre vanishing
ic M

B q3(1—g)CB(10)
- #Pic"(B)
= 2(5(2)¢(10). (4.2.8)

- #Pic®(B) - 2¢°9V¢5(2) by Lemma 4.2.13

This was the claimed inequality. [ |

Corollary 4.2.15. Use notation as in Setup 1.2. Then,

<d
fim sup % < 2¢p(2)¢B(10).
Proof. This is a consequence of Theorems 3.3.4 and 4.2.14. [ |
Theorem 4.2.16 (= Corollary 5.2.3). Use notation as in Setup 1.2. Then,

MASg <1+ 2(5(2)(5(10).

We postpone a proof of Theorem 4.2.16 until Chapter 5. In light of (4.1.3), the key to
deducing Theorem 4.2.16 from Corollary 4.2.15 is showing that 0% of elliptic curves have
a nonzero 2-torsion point. We will verify this in Section 5.1, and then afterwards prove
Theorem 4.2.16 (see Corollary 5.2.3).
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Chapter 5

Proof of the Main Theorem

In this final chapter, we complete the proofs of Theorem B and Corollary D. Recall that
Theorem B states that

E[# Sely(E/K)] = ASp < 14 2(5(2)¢5(10),

with notation as in Setup 1.2. Most of the hard work towards obtaining this inequality
was completed in the prior chapters, so all that remains now is to complete the proof of
Theorem 4.2.16, which states that

MASy < 14 2¢5(2)¢5(10).

The inequality ASp < MASg is an easy consequence of their definitions, so this will prove
Theorem B. After achieving this, we proceed by deducing Corollary D from Theorem B.

To begin, we need to extend the work of Chapter 3 by obtaining an upper bound for the
number of elliptic curves (of bounded height) which possess a nontrivial 2-torsion point. In
particular, we will show that 0% of elliptic curves have such a point. This is first used to
complete the proof of Theorem 4.2.16 (see Proposition 5.2.2). Afterwards, this is used again,
now in conjunction with the bounds obtained in Section 2.1, in order to prove Corollary D.

5.1 Counting Curves with Non-trivial 2-torsion

In this section, we once again adopt the notation of Setup 1.2. We will bound the number
of elliptic curves F/K with E[2](K) # 0. We will be able to obtain a better bound in
characteristic # 2 than in characteristic 2, so we split into two cases. In both cases, our
bound will be based on the existence of Weierstrass equations, so we first recall the following.

Recall 5.1.1 (Proposition 2.3.9). Any Weierstrass curve W/B of height > N(g) =
max{—1,2g — 2} is cut out by some Weierstrass equation

Y22+ XYZ +a3YZ? = X3+ au X?Z + ayn X Z? + ag 2

inP:=P(0p® L ?® L), where .Z is W’s Hodge bundle and each a; € H(B, Z%). ©®
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5.1.1 Characteristic # 2
Assumption. Assume char K # 2.

Let /K be an elliptic curve with Hodge bundle £ of height d := deg.Z > N(g). Let
(W 5 B, S) be its minimal Weierstrass model, so W is given by some Weierstrass equation

Y2Z + a1 XYZ+a3YZ? =X+ ayX*Z + ayXZ* + aZ* with a; € T'(B, <)
(inside of P:=P(0p & L2 ® £73)). Note that negation on E extends to the morphism
—1:[X,)Y, Z] —[X, =Y —a1 X — a3Z, 7]

on W C P. Suppose that E has a non-trivial 2-torsion point P € E[2](K). By the valuative
criterion of properness, P extends to a section o : B — W. Using the universal property of P,
the map B = W — PP corresponds to some line bundle .# € Pic(B) along with a surjection

Opd L 03 > .

We first observe that, in fact, .# must be trivial. Indeed, it follows from [Sil09, Proposition
VII.3.1(a)| that, because char K # 2, the image o(B) C W is disjoint from the zero section
S C W, ie. P does not reduce to the identity at any place. Thus, o misses the subscheme
{Z = 0} C W, so the surjection O & L ® L3 — A defining o restricts to a map
O — ./ which is non-vanishing in every fiber. Since g, .# are line bundles, this must in
fact be an isomorphism.

The upshot is that we may view the section o as the triple [ox, oy, 1] where oy €
['(B,%?) = Hom(£ 2, 0p) and oy € I'(B, %¢?) = Hom(£ 3, 0). Since o lands in W C P,
these are required to satisfy

032/ + a10x0y + a30y = ai’( + agai + a40x + ag.
Furthermore, since P is 2-torsion, i.e. since P = —P, they must also satisfy
oy = —0y — a10x — a3 and so a3 = —20y — a10x. (5.1.1)
Combining the previous two equations, we get that
2 3

—0y = 0% + ay0% + a,0x + ag and 50 a5 = —0v — T — 0% — A40x. (5.1.2)

Theorem 5.1.2. Assume char K # 2. The weighted number of elliptic curves E/K of height
d with E[2)(K) # 0 is O(¢*?) as d — oc.

Proof. Consider a pair (F, P) of an elliptic curve F/K of height d > N(g) along with a
choice of non-identity point P € E[2](K). The above discussion shows that (£, P) arises
from some tuple

(XL, ay,a9,a3,a4,a6,0x,0y) satisfying (5.1.1) and (5.1.2),
with . € Pic*(B), a; € HY(B, "), ox € H*(B, £?), and oy € H*(B,.#?). Furthermore,

(5.1.1) shows that ag is completely determined once a1, 0x, oy are chosen. Similarly, (5.1.2)
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shows that ag is determined once as, a4, ox, oy are chosen. Thus, the entire tuple is determined
once one chooses .Z followed by choosing ay, as, as, 0x,oy. Therefore, the total number of
possible tuples is bounded above by

#PICH(B) - #H(L) # H(L2) 4 H(LY) 4 H(L?) 4 H(L5) = 4 Pic(B) - ¢*+509)

with equality by Riemann-Roch since d > N(g). Finally, arguing as in Corollary 2.3.16, we
conclude that the count of pairs (E, P), weighted by 1/# Aut(E), of height d is at most

. 0 . 12d+5(1—g)
# Pic’(B) - ¢
(q — 1)gba+30~9)

:O(qfsd)_ m

5.1.2 Characteristic 2

Assumption. Assume char K = 2.

In characteristic 2, we no longer have [Sil09, Proposition VII.3.1(a)] telling us that the
line bundle .Z of the previous section is trivial. Without a bound on its degree, the strategy
of the previous section no longer works. Instead, we proceed by directly writing down a
condition, on just the Weierstrass coefficients a;, which is necessary for the corresponding
curve to support a section preserved by negation.

Lemma 5.1.3. Fiz a line bundle £, and suppose that a; € H*(B, ") are such that
WY Z+a XYZ+asYZ* = X° + a X?Z + ay X Z° + a6 Z°
supports a non-identity section o : B — W C P(Op & L2 @ £ 73) preserved by negation
—1:[ XV, Z] — [X,)Y + 1 X + a3Z, 7].
Then, there exists some z € HY(B, £°) such that
2

3 2 2 3 4
z° = a1ay + ajazaz + ajazas + ayae.

Proof. Fix an embedding . C K into the sheaf of meromorphic functions on B. This induces
embeddings .Z" C K for all n, so we may treat the a;’s as elements of K. Let n € B denote
the generic point. Since o is not the identity section, we may write o(n) = (z,y) € A*(K).
Thus, we have

y2+a1xy—|—a3y:x3+a2:p2+a4x+a6 and y =y + a1+ as

for some x,y,a1,as,a3,a4,a6 € K. The second equation tells us that 0 = ayx + as, so
y? + ayzy + azy = y*. Hence, multiplying the above displayed equation by af, we see that

(a3y)? = ai(a17)® + afas(a12)? + aay(a17) + afag = ara3 + ajaqsas + alazay + ajag.

Set z = a?y. Note that z € H°(B, .£") since the above equation shows that z? € H°(B, Z').
[
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Theorem 5.1.4. Assume char K = 2. The weighted number of elliptic curves E/K of height
d with E[2](K) # 0 is O(¢*) as d — .

Proof. Consider an elliptic curve E/K of height d > N(g) for which E[2](K) # 0. Letting
Z € Pic(B) denote E’s Hodge bundle, Lemma 5.1.3 thus tells us that any minimal
Weierstrass equation

Y2Z +a XY Z+a3YZ? = X2+ au X?Z + ay X 7?% + ag Z°

for E must satisfy
2_ .3, 2 2 3 4
z% = a1a3 + ajagaz + ajazay + a ag

for some z € H(B, £°). Note that we must have a; # 0 above since E[2](K) # 0. Indeed,
if a; = 0, then the existence of a point fixed by negation would force a3 = 0; however, in
this case, F, the generic fiber of this equation, would be singular, a contradiction. Because
ay # 0, we see that ag is determined by the choices of z, aq, as, az, ay. Hence, the total number
of Weierstrass equations cutting out curves with Hodge bundle = . and which support a
non-trivial 2-torsion point is at most

4
# H0($5) . H # H0($4) _ q15d+5(1—g)'
i=1

Finally, arguing as in Corollary 2.3.16, we conclude that the count of elliptic curves E /K,
weighted by 1/# Aut(E), of height d with E[2](K) # 0 is at most

# PICO(B) . q15d+5(1—g)

 A(.9d
(q— Dgodsti-a) O(q™) . u

Combined with Theorem 5.1.2, this proves Theorem G.

5.2 Bounding the Average Size of 2-Selmer

We are now in a position to prove Theorem B. We begin by completing the proof of
Theorem 4.2.16, which we will restate below for the reader’s convenience.

Recall 5.2.1. Let K be the function field of a smooth curve B/F,. Recall that M, ;(K)
denotes the groupoid of elliptic curves over K, and that Mff(K ) denotes its full subgroupoid
consisting elliptic curves of height < d. Furthermore, recall the functions

# Sely(F)
2 FERK)- # An(E)
ASp(d) = M=

<d
and MASg(d) := # Sl

#MT(K) C#MY(K)

defined in (1.1.2) and (4.1.1), respectively. ©)

88



Proposition 5.2.2. The groupoid Sely 1 of trivial 2-Selmer elements (Notation 4.1.9) satisfies

. #Sefd
Proof. Observe
d 1
S = by (4.1.
#SeEr =D ERIR) - Aw(E) v (4.13)
E/K
ht(E)<d
1 1
I #E 4 Aut(E) P # Aut(E)
ht(E)<d ht(E)<d
E[2](K)#0 BE2](K)=0
1 ) 1
S D Ol (B
2 #Aut 2 ( ZERI(K)) #Au(E)
ht(E)<d ht(E)<d
E[2)(K)#0
1
> i 1——— <1,
= Z #Aut Z #Aut ST U ER(K) =
ht(E)<d ht(E)<d
E[2)(K)#0

It is clear from (4.1.3) that # Sel5§. < #:M%j(K). Combined with the above, we have

- > #Aut < #Sel < #FMTT(K). (5.2.1)
E/K

ht(E/)<d

B[2](K)#0

The claim now follows from dividing (5.2.1) by #Mf‘lj(K ) and comparing the asymptotics
obtained in Theorem 3.3.4 and Theorem G. [ |

Corollary 5.2.3 (= Theorem 4.2.16). Fiz notation as in Setup 1.2. Then,
MASp <1+ 2¢5(2)(p(10).

Proof. #Selzsd = #SelidT +# Sel%?VT, so combine Proposition 5.2.2 with Corollaries 4.1.10
and 4.2.15. -

Corollary 5.2.4 (= Theorem B). Fiz notation as in Setup 1.2. Then,
ASp <1+ 2(p(2)¢p(10).

Proof. Tt suffices to observe that ASg(d) < MASg(d) for every d. For this, one simply
observes that the numerator of ASg(d) can be expressed as a sum over isomorphism classes of
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objects of Sely and that Lemma 4.1.4 shows that # Auts., (C, E, p, D) < #E[2](K)-# Aut(E).
Put together, these say that

#SGIQ( ) . 1
g;( #E[2](K) - # Aut(E) [(CVE}D):]E&M #E[2](K) - # Aut(E)
ht(E)<d ht(E)<d
< ¥ 1 = #8eF,

[(C,E,p,D)|€|Selz| # AutSelz (07 E7 Py D)

ht(E)<d

from which the claim follows. [ |

Finally, we prove Corollary D. As mentioned in Warning 1.3 this is not quite an immediate
corollary of Theorem B simply because the weighting in the numerator of AR differs from
that used in the numerator of AS; see (1.1.2). To address this, define the following modified
average rank:

N<(C(l1l) where N(d Z rank E(K)

#MEUK) #ER|(K) - # Aut(E)

E/K
ht(E)<d

MARB (d) =

Theorem 5.2.5.
lim MARg(d) = lim ARg(d).

d—oo

Proof. We first observe that ARg(d) — MARg(d) = E(d )/#M 4(K), where

1 1
Bd)= 2, (#Am(E)‘#E[Q](K)-#Aut<E>)ra“kE(K)

E/K

ht(E)<d
B[2)(K)#0

_ Z (#E[2)(K) — 1) rank E(K)
FERIK) # Aui(E)

E/K
ht(E)<d
E[2](K)#0

<3 ) rank B(K).

E/K
ht(E)<d
E[R)(K)#0

By Theorem 3.3.4, it suffices to show that E(d) = o(qlod) as d — oo. For this, we appeal to
Theorem G and Theorem 2.1.25 which together tell us that

E(d) < O(qu) -0(d) = O(dqu) = o(qlod) ) [ |
Corollary 5.2.6 (= Corollary D). Use notation as in Setup 1.2. Then,
1
ARp < 5 + (5(2)(B(10).

Proof. The inequality limsup,_,. MARg(d) < 1/2+(p(2)(5(10) follows from Corollary 5.2.4,
the existence of embeddings E(K)/2 < Sely(E) (see (1.1.1)), and the inequality 2z < 2%,
Apply Theorem 5.2.5. |
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