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ABSTRACT

We prove the arithmetic Siegel-Weil formula in co-rank 1, for Kudla—Rapoport special
cycles on exotic smooth integral models of unitary Shimura varieties of arbitrarily large even
arithmetic dimension. We also propose a construction for arithmetic special cycle classes
associated to possibly singular matrices of arbitrary co-rank. Our arithmetic Siegel-Weil
formula implies that degrees of Kudla—Rapoport arithmetic special 1-cycles are encoded in
near-central first derivatives of unitary Eisenstein series Fourier coefficients.

The key input is a new limiting method at all places. On the analytic side, the limit
relates local Whittaker functions on different groups. On the geometric side at nonsplit
non-Archimedean places, the limit relates degrees of 0-cycles on Rapoport—Zink spaces and

local contributions to heights of 1-cycles in mixed characteristic.
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1 Introduction

The landmark work of Gross and Zagier [GZ86] showed that Néron—Tate heights of Heegner
points on elliptic curves over Q are encoded in the first central derivatives of associated
Rankin—Selberg L-functions. After the work of Gross and Keating [GK93| on arithmetic
intersection numbers for modular correspondences, Kudla proposed to recast such formulas
in the language of special cycles on higher-dimensional Shimura varieties. This was originally
formulated for integral models of orthogonal Shimura varieties in low dimensions by Kudla
[Kud97a; Kud97b; Kud04| and the subsequent work of Kudla and Rapoport [KR99; KR00],
where they pioneered the moduli definition of special cycles on integral models. Later, the
attention was shifted to unitary Shimura varieties by Kudla-Rapoport in [KR11; KR14].
Along with other closely related predictions about special cycles (e.g. modularity of generating
series), these ideas are now called Kudla’s program. Kudla’s program has played a role in
a range of works, such as Gross—Zagier formulas on Shimura curves [YZZ13|, the averaged
Colmez conjecture [AGHMP18; YZ18|, the arithmetic fundamental lemma |[Zha21]|, results
on the Beilinson-Bloch conjecture [LL21|, and Picard rank jumps for K3 surfaces [SSTT22].
We refer to Li’s excellent surveys |Li23; Li24] for more.

Our work is about arithmetic Siegel-Weil formulas in Kudla’s program [Kud04, Problem
6], which (conjecturally) relate the first derivatives of Siegel Eisenstein series for unitary
(resp. symplectic) groups with “arithmetic theta series” formed from special cycles on integral
models of unitary (resp. orthogonal) Shimura varieties (see Eq. (1.3.3) below). These are
closely parallel to the classical (resp. geometric) Siegel-Weil formulas, which state that
special values of Eisenstein series encode representation numbers (resp. complex volumes) for
lattices (resp. complex special cycles on Shimura varieties).

Our main results are stated in Section 1.4. Our proof is local in nature; we deduce
our global arithmetic Siegel-Weil formula by formulating and proving key “local arithmetic
Siegel-Weil formulas” at all places.

We now outline the rest of the introduction. Section 1.2 contains some background on
classical and geometric Siegel-Weil. This is for comparison with arithmetic Siegel-Weil,
and helps fix some notation. The material in Section 1.2 is mostly expository, but some of
our formulations may be new, particularly in our normalizations for Eisenstein series. The
same normalization choices play an amplified role in our main arithmetic Siegel-Weil results.
We also mention other results (comparison of complex volume and degrees of complex zero
cycles to Eisenstein series) which seem to be new or at least not explicit in the literature; see
discussion following Egs. (1.2.6) and (1.2.10).
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Section 1.3 contains background on arithmetic Siegel-Weil formulas, and a brief overview
of our main results. Section 1.4 contains more detailed statements of our main results,
and Section 1.5 contains a comparison with existing literature on arithmetic Siegel-Weil.
Sections 1.7 to 1.9 contain an overview of the new ideas in the formulation and proofs of our

main theorems. Section 1.10 outlines the structure of the remainder of this paper.

1.1 Eisenstein series

In our work, we focus on the unitary/Hermitian case. For the introduction, fix an imaginary
quadratic field F'/Q with ring of integers Op and odd discriminant A. Given m € Zs, and

an even integer n € Z, we consider the (normalized) Siegel Eisenstein series

det(y)*—*°
B ° = A, (s)°
(2r ) = Am(s) 2 det(cz + )| det(cz + d)Fe—s0)

(4 5)eP@\SUm.m)2)

(1.1.1)

for the group

— 1 1
H:=U(m,m) = {h € Reso,./z GLay, = 'h ( 2 6") h = < (1) 6”) } (1.1.2)

where A,,(s)? is the normalizing factor

m(m—1)/2
Am(s)2 = (2m) (m-1)/ ﬂ_m(ferso)‘A|m(m71)/4+tm/2j(s+so) (1.1.3)

T (—2mi)nm

m—1
~ (H Dls — 50+ j). L<2s+m—j,nf+">> .
=0
In (1.1.2), the notation 1,, stands for the m x m identity matrix, we wrote SU(m,m) C
U(m,m) for the determinant 1 subgroup, and we set P, := P N SU(m, m) for the Siegel
parabolic P C U(m,m) (consisting of m x m block upper triangular matrices). The variable
s € C is a complex parameter, we set so = (n —m)/2, and the element z = = + iy lies in
Hermitian upper-half space (i.e. # € Herm,,(R) and y € Herm,,(R)-¢; the latter means
that y is positive definite).! The symbol 7 denotes the quadratic character associated to
F/Q (via class field theory). The sum in (1.1.1) is convergent for Re(s) > m/2, and admits
meromorphic continuation to all s € C. When m = 1, the expression in (1.1.1) is a classical

Eisenstein series on the usual upper-half plane.

'Here, the notation Herm,, denotes a scheme over SpecZ, e.g. Herm,,(R) denotes m x m complex

Hermitian matrices, and Herm,, (Q) denotes m x m Hermitian matrices with entries in F.

18



The normalized Eisenstein series has a symmetric functional equation
E*(2,5)0 = (—1)mm=D=m=1/2 g, _g)° (1.1.4)

as in Section 17.1. Our definition of the normalizing factor A,,(s): is motivated by symmetry
of global and local functional equations, along with certain local special value formulas; see
Sections 13 to 17 for further discussion. The function A,,(s)s should be closely related with
the L-function of an Artin—Tate motive attached to the group U(m,m), in the sense of Gross
[Gro97| (see [BH21, Remark 1.1.1]).

Given T € Herm,,(Q), the Eisenstein series E*(z, s)? has T'-th Fourier coefficient

‘E;:(y7 S)?L — Qm(m—l)/2|A|—m(m—1)/4/ E*(Z, S);e—%ritr(Tz) dr (115)
Herm,, (Z)\Herm,, (R)

for z = x + iy in Hermitian upper-half space, where this integral is taken with respect to
the Euclidean measure? on Herm,,(R). The integral is convergent for Re(s) > m/2, and
admits meromorphic continuation to all s € C. When detT" # 0, there is a factorization into

normalized local Whittaker functions

Er(y,s)5 = Wi o (u, )0 [ [ W, ()5 (1.1.6)
p

over all places (Part V).

For example, if n = 2 and m = 1, we have

W;:,p(s); = pvp(T)(S+1/2)o-_2s(pvp(T)) O'S(T) — Z ds (117)
d|r

Wi (0,05 = Do = /2 an Ty [ et 1)1/

for any nonzero T' € Z, where a = 0 and the sign + is + (resp. a = 1 and the sign + is
=) if T'> 0 (resp. if T' < 0). Here W7 _ (y,s); (resp. Wy (s)3) is a certain normalized

Archimedean (resp. non-Archimedean) local Whittaker function.

1.2 Classical and geometric Siegel-Weil

Let V' be an n-dimensional F-vector space, equipped with a non-degenerate Hermitian pairing
(—,—). Set G =U(V) and assume n > 0. Fix a full-rank Op-lattice L C V. For simplicity,

2The factor 2m(m—1/2|A|="(m=1/4 {isappears in the (usual) equivalent adélic formulation, upon taking

a certain self-dual Haar measure. The adélic formulations of (1.1.1) and (1.1.5) are used in Section 13.
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we assume in the introduction that L is self-dual.® Write K ; C G(Ay) for the stabilizer of
L ®y Z, where A denotes the finite adéle ring of Q.

First consider the case where V' is positive definite. Since we assumed L is self-dual, this
forces n =0 (mod 4) (by the global product formula for local invariants of Hermitian spaces).

Given any positive definite Hermitian Opg-lattice £, we set

Zre={zel™: (z,x) =T}, (1.2.1)
for Hermitian matrices T, where (z,z) denotes the Gram matrix? of z. When m < n, we
have

M0 = Y e = #IGQNGA)KL)]  (122)
! . | Aut(L)] ’
O p-lattices L
self-dual, rank n,
positive definite
2A,,(0)¢ |Zr.c]
— I EZ ° = — f T € Herm,,(Q), 1.2.
"iAm(SO)?L T(y7 SO)n Z | Aut(£)| Oor any € Herm (@) ( 3)

Op-lattices £
self-dual, rank n,
positive definite

where k = 2 (resp. k = 1) if m =n (resp. if m < n). The sums run over isomorphism classes
of positive definite rank n self-dual Hermitian Opg-lattices, the notation Aut(L) means the
(unitary) automorphism group of £. The symbols #[—] and | — | mean groupoid and set
cardinality, respectively. That is, we have

2,,(0)° 1
LR (4, 50)2 = . _O.(= 1.2.4
R D DIy errra R (124

self-dual, rank n,
positive definite

which re-expresses the Eisenstein series at s = sy as a weighted sum of theta series for the
lattices L.

Equations (1.2.2) and (1.2.3) are special cases of (unitary analogues of) the classical Siegel
mass formula and Siegel-Weil formula respectively. For Eq. (1.2.2), see Proposition 21.2.1.
Equation (1.2.3) follows from [Ich04, Proposition 6.2|, [Ich07, Theorem 1.1], and [Yam11,
Theorem 2.2| (in combination with Eq. (1.2.2)).

Next, consider the case where V' has arbitrary signature (n — r,7). Since L was assumed

self-dual, this forces n = 2" (mod 4). There is an associated Hermitian symmetric domain D

3We always mean self-dual for the bilinear trace pairing trr/g(v, w) unless otherwise specified; see

conventions in Section 2.1.
4If z is the m-tuple [z1, ..., %], the notation (z,z) will mean the matrix with i, j-th entry (z;,z;). We

often write e.g. [x1,...,2y] instead of (z1,...,z,,) for tuples, to avoid confusion with Hermitian pairings

(_7_)'
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which parameterizes maximal negative definite subspaces of the complex Hermitian space
Vk. For sufficiently small open compact Ky C K, ¢ (so that we have manifolds instead of

orbifolds, for simplicity), there is an associated complex Shimura variety

Shi, <(G) = [GQN(D x Glhy)/K) (1.25)
of dimension (n — r)r (analytification suppressed from notation). In the signature (n,0) and

(n — 1, 1) cases respectively, we have “geometric Siegel mass formulas”

_ VOl(ShKf’((;(G»
(KL Ky

B 2An(0)° o VOl(ShKf,(c(G»

24:(0) " [Kpy: Kyl

(1.2.6)
where vol(Shg, ;c(G)) is the volume with respect to the Chern form of a certain dual
tautological bundle. The case of signature (n — 1, 1) may be extracted from [BH21, Theorem
A], see Proposition 21.2.3.5 The case of signature (n,0) is an equivalent reformulation of the
classical Siegel mass formula Eq. (1.2.2): if we allow the (stacky) level Ky = K7, ¢, then there

is a canonical equivalence of groupoids

_ (1.2.7)
self-dual and signature (n,0)

Hermitian Op-lattices £ which are
ShKL,C<G) = { }
in that case.
In geometric Siegel-Weil formulas, the sets Zr » (from classical Siegel-Weil) are replaced
by special cycles Zr ¢ over the Shimura variety, and the theta series ©,(2) become generating

series of special cycles. One can define Zp ¢ by the complex uniformization

Zre = [ ( I] Pz.) x D( xf)>] (1.2.8)

xeV™
(z,2)=T

where D(z,) C D is the closed complex submanifold consisting of those complex lines
perpendicular to all elements of the m-tuple z__, and

D(zs) ={9€G(Ay)/K;: g 'w; € Ly 7 for all z; € x;} CG(Ay)/Ky, (1.2.9)

with . and z, denoting the images of z in V(R)™ and V' (Af)™, respectively. The definition
in Eq. (1.2.8) is (a reformulation of) a definition due to Kudla [Kud04| (there for GSpin),

with unitary analogue as in [Liull, §3]. We call D(z_,) an Archimedean local special cycle

°In Proposition 21.2.3, note that we took vol(—) with respect to the tautological bundle. Here we are
taking volume with respect to the dual bundle, which produces the minus sign in Eq. (1.2.6).
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and D(gf) an “away-from-0o” local special cycle. There is a natural map Z7,c — Shg, c,
which is a disjoint union of closed immersions of complex manifolds after possibly shrinking
Ky,

A geometric Siegel-Weil formula for signature (n — 1,1) is an identity of the shape

2A,,(0)° vol(Zr )
_ 2800 g oo — YOUETC) 1.2.10
KA (so)s T = T K] (1:2.10)

for m < n —1 (so k = 1). In the case of signature (n,0), the expression in Eq. (1.2.10)
(without the minus sign on the left) is an equivalent reformulation of the classical Siegel-Weil
formula Eq. (1.2.3): if we allow the (stacky) level K = K|, ¢, there is a canonical equivalence

of groupoids

pairs (£, x), where L is a self-dual Hermitian Op-lattice
e . (1.2.11)

of signature (n,0) and z € L™ is an m-tuple with (z,z) =T

Our presentation of the geometric Siegel-Weil formula in Eq. (1.2.10) may be nonstandard.
Its appearance is intended to highlight the similarity with our formulation of arithmetic
Siegel-Weil in Eq. (1.3.3).

Strictly speaking, geometric Siegel-Weil formulas in literature typically restrict to V
satisfying Weil’s convergence condition (meaning V' anisotropic or m < n — 1 in the signature
(n — 1,1) Hermitian setup), see remarks following [Kud04, Theorem 4.1] and [Li24, Theorem
3.6.1]. It is also typical to phrase geometric Siegel-Weil formulas in terms of “coherent”
Eisenstein series, while our E*(z, s);, is described in terms of an incoherent adelic Hermitian
space (positive definite at oo and self-dual at all finite places), see Part V. Outside those cases
available in the literature, geometric Siegel-Weil formulas may need additional care. For
example, when m = 1 and n = 2 and 7' = 0 (which is essentially about “complex volume of

modular curve”), the formula in Eq. (1.2.10) is only valid up to a non-holomorphic correction

term 22 . L on the left, where hp (resp. wp) is the class number of (resp. number of
wg 8y
roots of unity in) Op. In this case, the right-hand side is %’—F . @ = ﬁﬂ Note that this
F wr

non-holomorphic correction term does not seem to occur for the compact Shimura curves
considered in [KRY06, (1.0.14)].

We will need the following geometric Siegel-Weil result which does not seem to be covered
by the literature discussed in the previous paragraph: we prove Eq. (1.2.10) when T is
nonsingular of rank m = n — 1, see Proposition 21.1.1 (also complex uniformization in
Section 12.3, as well as Eq. (22.1.2)); in that case, Zr ¢ is 0 dimensional. For example, when

n =2 and O = {£1}, the special cycle Z7¢ can be described in terms of Hecke translates
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of CM elliptic curves (Section 22.2), and Eq. (1.2.10) is then the (well-known) statement that

the T-th Hecke correspondence (over the modular curve) has bidegree

1 2A4(0)3

—EmEN% 1/2); = 01(T) (1.2.12)

for T' € Z~y. The extra factor of hrp accounts for multiple connected components in the
Shimura variety, see Section 22.2.

We remark that our proof of Eq. (1.2.10) (for 7" nonsingular of rank m = n — 1) is inspired
by |[LZ22a, Remark 4.6.2|, and may be carried out using either complex or non-Archimedean
(Rapoport—Zink) uniformization. We need that case of Eq. (1.2.10) as an ingredient for our

main arithmetic Siegel-Weil results.

1.3 Arithmetic Siegel-Weil

Arithmetic Siegel-Weil formulas predict that the derivative of Ef(y, s); at s = s¢ should

n

encode arithmetic degrees/volumes of special cycles on integral models of Shimura varieties.

Since the work of Kudla—Rapoport [KR14| (also Rapoport—Smithling-Zhang [RSZ21]),
it has been customary to consider special cycles Z(T) — M over (stacky) integral models
M — Spec Op for Shimura varieties associated to G’ := Resp/g G, x U(V'), for signature
(n — 1,1) non-degenerate F'/Q Hermitian spaces V' with pairing (—, —). In the introduction,
we assume V' contains a full-rank self-dual® Op-lattice, and we take M — Spec OF to be the
“exotic smooth” Rapoport—Smithling—Zhang (RSZ) integral model of relative dimension n — 1
[RSZ21, §6].” When n = 2, the stack M is essentially a disjoint union of (stacky) modular
curves (Example 3.2.2).

The stack M admits a moduli description: it parameterizes tuples (Ag, Lo, Ao, 4, ¢, A)
where Ay and A are abelian schemes (dimensions 1 and n respectively) with Og-actions
to and ¢, and with compatible quasi-polarizations A\g and A. The datum (Ao, to, Ao, A, ¢, \)
satisfies a few additional conditions, which we postpone to Section 3.1.

The moduli stack M carries a natural family of Hermitian Opg-lattices

Lat - M Lat = Homg, (Ao, A), (1.3.1)

We always mean self-dual for the bilinear trace pairing trr/g(v, w) unless otherwise specified; see

conventions in Section 2.2.
"Our assumption on V forces n = 2 (mod 4). We allow a slightly more general setup in Section 3.1 for

general V', at the cost of throwing out finitely many primes (particularly the ramified primes when n is odd).

This does not affect the essential ideas of our method, which is local in nature.
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e.g. as explained in Section 3.3 and Appendix C.1. Given any 7' € Herm,,(Q), the associated
Kudla—Rapoport special cycle Z(T') — M is defined as the substack

Z(T) ={z € Lat™ : (z,2) =T} C Lat™ (1.3.2)

consisting of m-tuples z with Gram matrix T'. More precisely, see Section 3.3. This is in close
analogy with classical Siegel-Weil: there we considered Op-lattices varying in a given genus,®
and here we are considering Op-lattices varying over the moduli stack M. In the complex
fiber, the special cycles Z(T')¢ recover the special cycles Zr ¢ appearing in Eq. (1.2.8), up to
M ¢ being a finite cover of Shg, c(G) (for suitable K7); see Section 12.3. The morphism
Z(T) — Spec Op is smooth of relative dimension n — 1 — rank(7") in the generic fiber over
Spec F'. If T' is not positive semi-definite, then Z(7T) is empty.

An arithmetic Siegel-Weil formula is an identity roughly of the shape

he | 2805 = So)u ) go 2 volg, (IZ(T)). (1.3.3)

wp ds s KA (8)°

Here we set k =1 (resp. kK = 2) if m # n (resp. m = n). The right-hand side of Eq. (1.3.3)
denotes an arithmetic volume, which is a real number “defined” by an arithmetic intersection

product N -
volg, ([Z(T)])¢ = "deg([Z(T)] - & (EV)"™) (1.3.4)

in an arithmetic Chow ring al*(/\/l)@ (roughly in the sense of Gillet—Soulé [GS87]) for a
certain metrized tautological bundle £ on M (the bundle £¥ is discussed in Section 4.3).
The notation [Z(T)] indicates a class in éﬁm(/\/t)@, which is expected to involve Z(T") and
some additional Archimedean data (e.g. from a Green current on the complex Shimura
variety), as appearing in arithmetic intersection theory.

An expected application of arithmetic Siegel-Weil formulas is in the theory of arithmetic

theta lifting. One expects to form automorphic arithmetic theta series as generating series

6 => [Z(D)q" (1.3.5)

with “Fourier coefficients” [Z(T')] valued in the arithmetic Chow group @W(M)Q These
should be analogous to (weighted averages of) classical theta series, as in the classical
Siegel-Weil formula Eq. (1.2.4). In analogy with classical theta lifting, one expects to use

© as an integral kernel to lift U(m,m) automorphic forms to elements of @m(/\/{)@ In

8In our previous setup, this meant the set of isomorphism classes of positive definite rank n self-dual
Op-lattices.
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analogy with the classical Rallis inner product formula, one expects to use the doubling
method and arithmetic Siegel-Weil formulas to relate the derivative of an L-function with the
arithmetic inner product of this arithmetic theta lift [Kud04, Part III]. We refer to [KRY06;
BHKRY20IT; LL21; LL22| for some cases where versions of this have been realized, with
applications to Beilinson—Bloch. For modularity results on generating series of arithmetic
divisors, see [KRY06; BBK07; BHKRY20; Qiu22|.

We sketched the arithmetic Siegel-Weil formula as a rough expectation, because precise
formulations remain open in the general case |Li24, Remark 4.4.2]. In general, it is necessary
to renormalize or modify the Eisenstein series in a way which is not completely understood.
In fact, our normalization on the left-hand side of Eq. (1.3.3) is already nonstandard (new).
We are not certain about this normalization for arithmetic Siegel-Weil in general, but our
Theorem A (i.e. (1.3.3) m = n for T of co-rank 1, and m = n — 1 for T nonsingular; more
discussion appears below) provides some evidence. The case of (1.3.3) with m = n and
T nonsingular also holds, as can be extracted from known theorems in the literature (see
discussion following Eq. (1.4.9) below). Note also the similarity with our formulation of
classical and geometric Siegel-Weil, as in Egs. (1.2.3) and (1.2.10).

In general, posing a good (precise) definition of the arithmetic cycle class [Z(T)] is an
open problem, especially for singular T' (due to arithmetic-intersection-theoretic difficulties),
and particularly in the unitary case or over general totally real fields (due to a certain class
number phenomenon), see Section 4.4. Previous works used K-theoretic methods to define
special cycle classes (e.g. [KR14] and [HM22]), and the works by Feng—Yun—Zhang (moduli of
shtukas) [FYZ21; FYZ24| and Madapusi (Shimura varieties) [Mad23| have employed derived
algebro-geometric methods to define special cycle classes. As of now, these constructions do
not incorporate the Archimedean place, which would be needed for arithmetic intersection
theory (e.g. there seems to be no “derived arithmetic intersection theory” at the moment).
Garcia and Sankaran have defined (Archimedean) Green currents associated to singular 7'
using the Mathai—Quillen theory of superconnections, but there has been no precise proposal
to combine this with the above non-Archimedean theory.

We first propose a method to construct the arithmetic special cycle classes [Z(T)] for
arbitrary T'. Our proposed definition mixes the work of Garcia—Sankaran with K-theoretic
methods for positive characteristic contributions. Our construction may need adjustment on
compactifications of integral models, but we expect it to apply in already-compact situations
(e.g. the Rapoport—Smithling—Zhang [RSZ21]| setup for CM extensions of totally real fields

# Q).
The first part of our main theorem (Theorem A(1)) is a proof of (1) the arithmetic
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Siegel-Weil formula when m = n and 7' € Herm,,(Q) is singular of co-rank 1. Most known
(fully global) results concern special cycles Z(T') — M which are empty in the generic
fiber. These previous results include the non-Archimedean Kudla-Rapoport conjectures (for
T € Herm, (Q) nonsingular) proved by Li-Zhang [LZ22a| (and the ramified versions [HLSY23;
LL22]|), as well as the purely Archimedean results of Liu [Liull| and Garcia—Sankaran [GS19].
Our theorem is the first (fully global) arithmetic Siegel-Weil result which involves mixed
characteristic special cycles Z(7T') on Shimura varieties of arbitrarily large dimension. We
further discuss the comparison with previous literature in Section 1.5.

We also prove (2) the arithmetic Siegel-Weil formula when m = n—1 and 7 is nonsingular
(Theorem A(2)). This is very closely related with our theorem for singular 7" € Herm,,(Q)
of co-rank 1, as we explain further in Section 1.4. This theorem implies that both the first
derivative and the special value of a U(n — 1,n — 1) Eisenstein series at the non-central point
s = 59 = 1/2 have geometric meaning; see discussion following Theorem A below.

As a byproduct of our methods, we prove (3) a version of the arithmetic Siegel-Weil
formula (up to a volume constant which we did not calculate) for arbitrary m when T is
nonsingular and not positive-definite (corresponding to a “purely Archimedean” arithmetic
intersection number) (Theorem B). This purely Archimedean result is analogous to those in
[GS19] (there in a situation with compact Shimura varieties, which need not apply in the setup
above), but our method of proof is completely different and is insensitive to compactness.

More importantly, we propose and apply a new uniform strategy to prove (1), (2), and
(3). This is the key conceptual novelty in our work. Our strategy is a certain “local limiting
method” at all places, Archimedean and non-Archimedean. We further sketch this strategy

in Section 1.7, and at a finer level of detail in Section 1.9.

1.4 Results

We describe our global results in more detail, retaining the notation from Section 1.3.

First, we propose a new candidate definition of arithmetic cycle classes

Z(M)] = 2T+ 3 [F2(T)r,) € Ch"(M)g (L4.1)

o~

associated to arbitrary (possibly singular) 7". Here, [Z(T') s| is intended to describe “horizontal”
contributions and “Z(T)y , is intended to describe “vertical” contributions.

The vertical (positive characteristic) classes “Z(T")y, will be constructed in Section 4.6.
For each prime p, we give a (new) definition of an element “Z(T)y,, € gry K\(Z(T)x, )

(“vertical”) lying in the dimension n — m graded piece of the Grothendieck group (tensor
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Q) of coherent sheaves on Z(T)r, == Z(T") Xspecz SpecF,. Our construction is based on a
certain “p-local linear invariance”, and is explained in Section 4.6.

As we explain in Section 4.5, the class [2/,7\ (T') ] may be constructed using currents gr,,
(associated to T" and allowed to vary with a parameter y € Herm,,(R)~¢) satisfying a modified
current equation, i.e. that

1
~ 570001, + 0z A lea (8D (14.2)
is represented by a smooth (m,m)-form. For such currents, we apply the proposal of [GS19,
§5.4] to the flat part® Z(T) . of Z(T).
For general T', there is no precise definition of [Z(7")] which has been proposed in the

o~

prior literature [Li24, Remark 4.4.2]. Our candidate definition may need modification on a
compactification, but we expect it to apply in already-compact situations (e.g. the Rapoport—
Smithling—Zhang [RSZ21| setup for CM extensions of totally real fields # Q). In general, it
may also be necessary to modify the Green currents differently than in [GS19, Definition 4.7;
see discussion below.

Currents satisfying Eq. (1.4.2) were constructed by Garcia and Sankaran [GS19], using the
Mathai—Quillen theory of superconnections |GS19, (4.38)]. For their arithmetic Siegel-Weil
results, however, they need a non “linearly invariant” modification of their current [GS19,
Definition 4.7] (see discussion below).

We choose to instead use the star-product approach of Kudla [Kud97a| (as formulated
by Liu for unitary groups [Liull]) to define the currents gr, for our arithmetic Siegel-Weil
results. Traditionally, the star product approach was used for nonsingular 7" (or at least
block diagonal T, with diagonal entries 0 or nonsingular). In Section 12.4, we give a (new)
linearly invariant modification in the case of singular 7' € Herm,,(Q) with rank n — 1, which
will appear in our arithmetic Siegel-Weil result for singular 7.

As part of the expected automorphic behavior of [Z\ (T)], it is expected that these classes
should satisfy a certain “linear invariance” property for the action'® of GL,,(Or) on Hermitian

matrices 7. We verify this for the classes we define: for any gr, satisfying

9Ty = 93Ty~ 1yt7~ 1 (1.4.3)

9Given an algebraic stack X over a Dedekind domain R, its flat part or horizontal part of Xy is the
largest closed substack X5 C X which is flat over Spec R. The stack X, is also the scheme-theoretic image
of the generic fiber of X'. Given a formal algebraic stack X over Spf R for a complete discrete valuation ring
R, its flat part or horizontal part X,p is the largest closed substack X, C X which is flat over Spf R (in the

sense discussed in Section 11.7).
YFor any v € GL,,(OF) and any Hermitian matrix 7" € Herm,,(Q), we say e.g. that T" and 5T are

GL,,(OF)-equivalent, and that they lie in the same GL,,(Or)-equivalence class.

27



we show
[2(1)] = [2(7T7)] (1.4.4)
where [Z(T)] is formed with respect to y and [Z(‘4T7)] is formed with respect to v~ Ly,
In fact, we prove refined results: the vertical part at each prime p is linearly invariant on
the level of Grothendieck groups Eq. (4.6.11), and the horizontal part is linearly invariant
on its own (Section 4.5). The currents gr, appearing in our main arithmetic Siegel-Weil
results do satisfy the linear invariance property in (1.4.3); see Section 12.4. Note that the
Garcia—Sankaran Green currents in [GS19, (4.38)] also satisfy the same linear invariance
property (but the modified currents in [GS19, Definition 4.7] do not).
Due to non-properness of M — Spec OF in general, one should likely modify [Z(T')] on a

~

suitable compactification of M. If Z(T") — Spec OF is proper, however, we consider certain

“arithmetic degrees without boundary contributions” (a real number)

deg([Z(T)] - & (EV)m) = < /M Gy A cl(@c)"m) (1.4.5)
+ aég((gV)nfrank(T) |2(1) . )
+ > degg, (“Z(T)y, - (£V)" ™) logp

p prime

conditional on convergence of the integral, for a certain metrized tautological bundle £ on
M (Section 4.1) (we do check convergence of the integral in the settings of our arithmetic
Siegel-Weil results). The middle term is mixed characteristic in nature: for rank(7) =n — 1,
it is (essentially) a weighted sum of Faltings heights of abelian varieties (Remark 22.1.4).
For proper Z(T) — Op, the quantity in (1.4.5) should coincide with the arithmetic degree
(without boundary contributions) of a version of [Z(T')] on any reasonable compactification
of M.

Our main theorems concern the T-th Fourier coefficients E}.(y, s)o of E*(z,s). As above,
we write hp (resp. wr) for the class number of (resp. number of roots of unity in) Op. The

following is our main global theorem.
Theorem A (Co-rank 1 arithmetic Siegel-Weil). Assume the prime 2 splits in Op.

(1) For any T € Herm,,(Q) with rank(T) =n — 1 and any y € Herm,,(R)~q, we have
hp d

wWr ds

Ex(y, s) = deg([Z(T)). (1.4.6)

s=0

(2) For any T° € Herm,,_1(Q) with det T° # 0 and any v’ € Herm,,_,(R)~q, we have

hFiszo (An_ﬁz(ﬁ/m %<yb78+1/2>2> = deg([Z(T)] - &1(EY)). (147

wr ds

28



This appears below as Theorem 22.1.1. Note that Theorem A(1) concerns the central
derivative of a U(n,n) Eisenstein series, while part Theorem A(2) concerns a non-central
derivative of a U(n — 1,n — 1) Eisenstein series. For n =0 (mod 4), Theorem A(1) also holds
in the sense that there is no self-dual Op-lattice of signature (n — 1, 1) and the left-hand side
is 0 (Remark 22.1.3).

Remark 1.4.1. In the situation of Theorem A(2), there is also a “geometric Siegel-Weil

formula” as in (1.2.10) when we evaluate

hF An(S)O b
2— - ol +1/2)° 1.4.8
WFE 1&n71(8+1/2)% b(y 8 / )n ( )

at s = 0; the resulting expression is exactly — degc Z(Tb)(c (negative degree of complex
fiber Z(T")c, which is a proper and quasi-finite Deligne-Mumford stack over Spec C). In
other words, both the special value and the first derivative at s = 1/2 of the U(n — 1,n — 1)
Eisenstein series (normalized as in Eq. (1.4.8)) simultaneously have arithmetic-geometric
meaning.

The above “geometric Siegel-Weil” formula is also needed as an ingredient in our proof
of Theorem A, and will be treated in Section 21.1 via uniformization (Archimedean and

non-Archimedean both work).

We highlight the simplicity of the analytic side in Theorem A(1). It is expected that
arithmetic Siegel-Weil for integral models with bad reduction should be corrected on the
analytic side, e.g. by special values of other Eisenstein series. See for example [HSY23,;
HLSY23| for bad reduction in the nonsingular case detT' # 0 for the central derivative at
s =0 (i.e. Tis n xn), or [KRY06| for quaternionic Shimura curves. We do not know whether
the analytic formulation [HSY23; HLSY23] is expected to hold for singular 7.

We argue that arithmetic Siegel-Weil formulas should be simplest to formulate on integral
models with everywhere good reduction, as in our case. We thus propose a precise formulation

of the analytic side of the central derivative arithmetic Siegel-Weil formula in our setup.

Question (Arithmetic Siegel-Weil, central point). Let T' € Herm, (Q) be arbitrary. For a

suitable current gr,, a suitable compactification of M, and a possibly modified class [Z(T)]

on the compactification, do we have

b 4 gy ) £ des(Z(D)) (1.49)

wrp ds|,_,

Our theorem verifies this proposed arithmetic Siegel-Weil formula for all singular 7" €

Herm,,(Q) of rank n — 1, in the sense of “arithmetic degrees without boundary contributions”.

29



The formula also holds (in the same sense) for all nonsingular 7" € Herm,,(Q). This latter
case (“central derivative nonsingular arithmetic Siegel-Weil”) is possibly considered known to
experts up to a volume constant by collecting the local theorems in [Liull; LZ22a; LL22|.
This particular global statement does not appear in the literature, though other variants are
available (e.g. for unramified CM fields F'/Fy with Fy # Q [LZ22a] or on integral models with
bad reduction and correction terms by special values of other Eisenstein series [HLSY23]).
In one of our companion papers, we will compute the volume constant and explain how to
extract the det T # 0 case of (1.4.9) from the literature Remark 22.1.2.

A more optimistic version of Eq. (1.4.9) was given in Eq. (1.3.3) involving 7" € Herm,,,(Q)
for arbitrary m, but we are less certain about the validity of that formulation in general.

In the general case of Eq. (1.4.9), we expect the current gz, to be essentially the currents
of [GS19, Definition 4.7], though g(T',y, ¢s) as defined in loc. cit. may need some modification
(see above discussion on the non-“linearly invariant” modification of their current [GS19,
Definition 4.7]). Since our main theorems take a different approach to define g7, we do not
pursue this issue further.

Part (2) of Theorem A is the special case of part (1) when 7' = diag(0,7") and y =
diag(1,5°). The geometric sides will agree essentially by definition Eq. (1.4.5). On the

analytic side, the relation is provided by the formula

Ml g D Y :
An—l(S + 1/2)% T (y y S + 1/2)n An_l(—S + 1/2)%ET'7 (y , S 1/2)n (1410)

Er(y,s), =

from Corollary 17.2.2, along with the functional equation EZ,(y’,s)s = Ex, (", —s)5. The
general case of Theorem A is proved in a similar way as the special case T' = diag(0,7”), with
an additional “local diagonalizability argument” (proof of Theorem 22.1.1) where the identity
is proved modulo >, Q- log ¢ for any given p (and varying p removes the ambiguity).

It is also possible to formulate and prove Theorem A in terms of Faltings heights (i.e.
replacing the middle term in (1.4.5) with the degree of the metrized Hodge bundle). The
formulation in Theorem A seems more natural to us, but the version with Faltings heights is
in Remark 22.1.4.

A simpler case of Theorem A is the case n = 2. When O = {£1}, the Serre tensor
construction gives an open and closed embedding .#y Xspec 0y Men — M, Where 4 is the
moduli stack of elliptic curves with signature (1,0) action by Op and .#) is the moduli
stack of all elliptic curves, base-changed to O Section 22.2. In this case, the special cycle
Z(j) = M for j € Z-o pulls back to the j-th Hecke correspondence. Then the proof of
Theorem A gives the following corollary (appearing later as Corollary 22.2.2). One might
think of this corollary as reformulating a result of Nakkajima—Taguchi [NT91| (they compute
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Faltings heights of elliptic curves with CM by possibly non-maximal orders) by averaging over

Hecke translates and expressing the result in terms of Eisenstein series Fourier coefficients.

Corollary 1.4.2. Assume 2 is split in Op. Fix any elliptic curve Ey over C with Op-action.

For any integer j > 0, we have

> (heu(B) — heaBo)) = 5| (70 au() (14.11)

s
—1/2
E-SE, s=1/

where the sum runs over degree j isogenies w: E — Eqy of elliptic curves.

The notation hg,(E) denotes the (stable) Faltings height of the elliptic curve E after
descent to any number field, and similarly for Ey. The quantity j571/20_5(j) is the product
of the normalized non-Archimedean local Whittaker functions in the j-th Fourier coefficient
E3(z,8)3 (with m = 1), as in Eq. (1.1.7). The derivative of the Archimedean local Whittaker
function W*__(y,s)5 at s = 1/2 is also calculated explicitly and compared with its geometric
counterpart (integral of Green function wedge Chern form on upper half-plane) in Section 19.2.

In fact, Corollary 1.4.2 holds if Ey is replaced by any elliptic curve over Q. Indeed,
it is known that the quantity on the left-hand side of Corollary 1.4.2 is constant as FEj
varies over all elliptic curves over Q. The case of isogenies of square-free degree appears
in [SU99, Proposition 8.1|, and the of cyclic isogenies appears in [Aut03, Corollaire 3.3].
Our Corollary 1.4.2 may be extracted from either of those cited results via a combinatorial
calculation involving the usual Hecke algebra recurrence relations. The actual proof that we
give (as a byproduct of the proof of our main theorem) is different, passing through local
calculations on p-divisible groups and formal groups (e.g. as appearing in the calculation of
Nakkajima-Taguchi).

Our purely Archimedean result (for arbitrary n and m” > 1) is the following.

Theorem B (Archimedean arithmetic Siegel-Weil, nonsingular). Consider any integer m’

with 1 <m” < n, and consider any T’ € Herm,,»(Q) which is nonsingular and not positive
definite.

(8) For any 3y’ € Herm,,,(R)<o, we have an equality of real numbers

—_— A~ ~ N _ — — h‘ d * (e}
deg([Z(T")]&(EV)™) = / g p A1 (EL)P™ = (1) e (), s)S
Mc

wrgds st

(1.4.12)
where s = (n —m”)/2. Here C € Qg is the volume constant from Lemma (1), for
the Hermitian space V' and vy = oo in the notation of loc. cit.. The constant C' may

depend on n and m® (and F ), but does not otherwise depend on T".
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This appears (in stronger form) as Theorem 22.1.6. That version applies for all n (even
or not) and arbitrary level, as it is a statement about the complex Shimura variety. We gave
the weaker version here to avoid more notation. Due to non-properness of M¢ — Spec C for
n > 2, the corresponding Archimedean Siegel-Weil result of [GS19]| does not apply here if
n > 2.

When m” = n, our Theorem B follows from Liu’s result [Liull, Theorem 4.17]. We
do not have a new proof of this case. Instead, we deduce our general result from his by a
certain limiting argument. This is also our method at non-Archimedean places (replacing
Liu’s Archimedean results with the non-Archimedean results of Li-Zhang [LZ22a| and Li-Liu
[LL22]). Our limiting method will be sketched further in Sections 1.7 and 1.9 below.

1.5 Previous work

We summarize what was previously known on arithmetic Siegel-Weil formulas. These were
originally formulated for GSpin Shimura varieties (as opposed to the unitary Shimura varieties
considered in Section 1.3); we call these the orthogonal and unitary cases respectively. In
both cases, we write n for the arithmetic dimension of the Shimura varieties (i.e. complex
dimension n — 1).

The problem was initially studied in low-dimensional situations. For quaternionic Shimura
curves, the full arithmetic Siegel-Weil formula has been proved in the influential work of
Kudla-Rapoport—Yang [KRY04; KRY06]. For modular curves, the formula has been proved
in the papers [Yan04; BF06; DY19; SSY23; Zhu23a; Zhu23b|.

For Shimura varieties of complex dimension > 1, results on arithmetic Siegel-Weil formulas
are currently incomplete. Most the available results concern the case m = n and detT" # 0;
we restrict to this case for the moment. Then sy = 0 is the central point and the special cycle
Z(T) — M is empty in the generic fiber. The arithmetic cycle class [Z(T)] is thus “purely
vertical”, i.e. either purely in positive characteristic (non-Archimedean), or with Z(7T") being
empty with possibly nontrivial Green current (Archimedean).

The purely Archimedean case (with detT # 0 and sy = 0) was proved by [Liull,
BY21]| (unitary and orthogonal, respectively) using different methods. Garcia—Sankaran’s
Archimedean results apply here as well if the Shimura varieties are compact (more discussion
below).

For unitary groups (with det T # 0 and sy = 0), the purely non-Archimedean case for
hyperspecial level was first proposed and studied by Kudla—Rapoport [KR11; KR14| at an
odd inert prime, where they proved the formula when Z(7') has dimension 0 (reducing locally

to the case n = 2). The case n = 3 at an odd inert prime was solved by Terstiege [Ter13]. The
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case of arbitrary n at odd inert primes was solved in the breakthrough work of Li and Zhang
[LZ22a] by an inductive “uncertainty principle” strategy. This strategy was later adapted to
solve the analogous problem at odd ramified primes [LL22; HLSY23|. We mention that the
problem formulation itself needed to be resolved at ramified primes in the presence of bad
reduction, and this was done in [HSY23| for the Kramer model. Split primes play a relatively
trivial role when detT # 0 and sg = 0. The timeline for non-Archimedean aspects of the
GSpin arithmetic Siegel-Weil formula is similar, i.e. results for Z(7") of dimension 0 were
obtained by Kudla—Rapport and Bruinier—Yang [KR99; KR00; BY21]|, the case n = 3 was
resolved by Terstiege [Terll], and the case of general n at hyperspecial level was resolved by
Li and Zhang using (a modified version of) their “uncertainty principle” strategy [LZ22b].

We now drop the restrictions det T' # 0 and so = 0. For the purpose of arithmetic theta
lifting Eq. (1.3.5), it is desirable to also understand the special cycle classes [Z(T)] when
det T' = 0, to fill out the complete arithmetic theta series. Much less is known about this case,
which presents new difficulties on both the analytic and geometric sides. It also presents new
opportunities: our arithmetic Siegel-Weil result for singular 7" relates Faltings heights and
derivatives of Eisenstein series. Such formulas were observed by Kudla-—Rapoport—Yang on
Shimura curves [KRY04]; our result applies on unitary Shimura varieties of arbitrarily high
dimension. These mixed characteristic phenomena are not visible from arithmetic Siegel-Weil
for nonsingular 7" at the central point sy = 0 (which was “purely vertical”).

We mention known partial results for singular T', besides the previously mentioned work on
Shimura curves. There is concrete progress on the case T' = 0, where the expected geometric
side (“arithmetic volumes”) has been computed for certain levels in the work of Hérmann and
Bruinier—Howard [Hor14; BH21|, with some partial results on the comparison with Eisenstein
series. In the general case, an important advance was made by Garcia and Sankaran [GS19],
who defined Green currents via superconnections and proved a purely Archimedean version of
the arithmetic Siegel-Weil formula on compact Shimura varieties (e.g. when 7' is not positive
semi-definite, giving an empty special cycle with possibly nontrivial Green current) via the
classical Siegel-Weil formula.

Besides the partial results for 7' = 0, we are not aware of any previous arithmetic Siegel—
Weil results which treat non-Archimedean (or combined Archimedean and non-Archimedean)
aspects for singular 7" on Shimura varieties of complex dimension > 1. This is closely related
to the following open problem: for Shimura varieties of complex dimension > 1, we are also
unaware of any fully global arithmetic Siegel-Weil results (incorporating non-Archimedean
places) at a non-central point so # 0, besides the partial results in [BH21, Theorem C] (there

for certain nonzero 1 x 1 matrices T € Z). As discussed at the end of Section 1.3, our main
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theorems make new contributions in both of these directions.

1.6 Non-Archimedean local main theorems

Our proof of Theorems A and B is local in nature. In Section 1.7, we outline the key (new)
strategy for proving our main local theorems via our new limit argument. Further discussion
at a finer level of detail appears in Section 1.9. In Section 1.8, we outline some of the (new)
ideas involved in decomposing our main global theorems into our main local theorems (whose
statements and proofs are both new) at every place.

Our non-Archimedean local main theorems relate Kudla—Rapoport local special cycles
with near-center derivatives of local Whittaker functions.

For Section 1.6, we temporarily switch to local notation, e.g. let F' be a finite étale
Q,-algebra of degree 2. In Section 1.6 assume p # 2 unless F//Q, is split (i.e. F1 = Q, x Q,).
If F is a field, we write F for the completion of the maximal unramified extension of F'. If
F=Q, xQ,, we set F = @p and make a choice of F — F.

Given any integer n > 1, there is an associated Rapoport-Zink space N :== N'(n —1,1),
parameterizing certain polarized p-divisible groups X of height 2n and dimension n, with
Op-action of signature (n — 1,1) and some additional conditions (Section 5.1). Here, we
assume n is even if F//Q, is ramified. This Rapoport—Zink space N is a formal scheme over
Spf O}, equidimensional of dimension n. Given framing p-divisible groups X, and X over Fp,

of dimensions 1 and n respectively, there is a space of local special quasi-homomorphisms
W := Hom% (X, X), (1.6.1)

as in Section 5.2. This W is a non-degenerate F'/Q, Hermitian space of dimension n (resp.
n — 1) if F/Q, is nonsplit (resp. split). Given any integer m > 1 and any m-tuple x € W™,
there is an associated Kudla—Rapoport local special cycle Z(x) — N, which is the (closed)
locus where every x € x deforms to a homomorphism of p-divisible groups (Section 5.2).
The “expected codimension” of Z(x) < N is m, so we consider derived local special cycle
(classes) “Z(x) € grltK{(Z(x))g = grm_mKH(Z(x))g in codimension m (Section 5.5). If all

elements of the tuple x = [xy,...,x,,| are nonzero, then we have
LZ(K) = OZ(Xl) ®]L e ®IL OZ(Xm)' (162)

For any z; = 0, it is usual to make a similar definition by replacing O,y with [Ox] — [£]
for a certain tautological bundle £ on N (Definition 5.1.9). For any proper closed subscheme

Z C N, there is a degree map degg, : griv Ky (Z)g — Q given by the composition

groKo(Z)o = groK(l)(ZE,)@ — groKy(SpecFy)g = Q (1.6.3)
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where the first arrow is induced by the dévissage pushforward isomorphism K(Zg, ) = Kq(Z)
and the second arrow is pushforward along Zz — SpecF, (e.g. induced by taking Euler
characteristics of coherent sheaves on Zg ).

We are interested in “height contributions” for some local 1-cycle classes, namely *Z(x”)
for x’ € W™ with nonsingular Gram matrix. For this, write Z(x’)» C Z(x’) for the
largest closed formal subscheme which is flat over Spf O (“horizontal”) and write “Z(x"), €
grivt Ki(Z (gb)Fp)Q for the projection of “Z(x”) to the special fiber (“vertical”) in the sense of
Section 5.5.

The “vertical height contribution” will simply be the algebro-geometric intersection number

degz (“Z(x")y - £Y) - logp. (1.6.4)

The “horizontal height contribution” is more delicate. The horizontal part Z(x’) » is adic
finite flat over Spf O, and we define a “horizontal height contribution” for each component
Z « Z(x) » of (the scheme associated to) Z(x’)». When n > 2, the universal p-divisible
group over each Z decomposes (Section 7.3) as (X, ®z, Or) x X{~* where X, (resp. Xp) is
a height 2 dimension 1 quasi-canonical lifting of level s € Zx( (resp. canonical lifting) in
the sense of Gross [Gro86|, and where (X, ®z, Or) denotes the Serre tensor construction
(as recalled in Eq. (B.1.1)). The integer s may depend on Z, so we write sz instead of s in
Theorem C below.

The Op-module Hom(X,, X;) (by pre-composition) is free of rank one, with ¢, €
Hom(Xy, X;) being a generator if and only if 1, is an isogeny of degree p® (“minimal degree”).
We then define the “local change of tautological height”

. 1 1 .
Otaun(Vs) = Ogan(s) - logp = <—§vp(deg vs) + W lengthOES (e Qll<er1jfs/Spec(’)Es) log p

s+ Up

(1.6.5)

where E, is the “field of definition” for X, (Section 7.2) and e* denotes pullback along the

identity section. We have ¢, (s) € Q; this quantity only depends on s € Zx, the prime p,

and whether F'/Q, is inert/split/ramified. Then, we take the “horizontal height contribution”
for Z to be

deg(Z) - an(Z) - logp (16.6)

where deg(Z) is the degree of the adic finite flat morphism Z — Spf Op.
The formula in (1.6.5) is reminiscent of the usual (global) formula for change of (stable)
Faltings heights along an isogeny of abelian varieties. Unlike the global formula, which does

not depend on the choice of isogeny (Faltings height is intrinsic), the quantity dyau (1) may
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change in general if 1), is not chosen to be an isogeny of minimal degree. For this reason, it is
somewhat involved for us to verify that the “local change” gtau(ﬁ)s) for minimal degree 1, will
indeed compute the “correct” local contribution to a global height, for our eventual global
applications. This subtlety is treated in Part III. We also remark that a similar formulation
for “local change of height” also appears for different special cycles in our forthcoming joint
work [CLZ] on subleading terms of adjoint L-functions. There, such “local change of heights”
appear in our formulation of new “near-center arithmetic fundamental lemmas” for near-center
derivatives of orbital integrals.

On the analytic side, for integers m > 0, we consider a quasi-split unitary group H =
U(m,m) for an F'/Q, Hermitian space of dimension 2m (Section 13). For standard sections
® € I(s,x) of a certain (local) degenerate principal series for the Siegel parabolic in H, we
have local Whittaker functions Wr(h, s, ®) associated to Hermitian matrices 7' € Herm,, (Q,),
with h € H(Q,) and s € C (Section 15.3). These local Whittaker functions appear in Fourier
coefficients of Eisenstein series. For the normalized spherical standard section ®°, we then

consider a normalized spherical local Whittaker function

Wi(s)2 = Ag(s)2Wi(L, s, @°) (1.6.7)

o

° (consisting of local L-factors, etc.) which produces a

for a local normalizing factor Ar(s)
symmetric functional equation s <» —s (Section 15.3) for nonsingular T'.
With setup as above, our non-Archimedean “local arithmetic Siegel-Weil” theorem is the

following.

Theorem C. For any nonsingular T° € Herm,,_1(Q,) and any x> € W1 with Gram matriz

T°, we have

—[F . Qp]i ;b(s)z = % degﬁp(c‘fv . LZ(Xb)V) + 2 Z deg<Z) : 5tau(52>

5:1/2 [ . p] Z%Z(lb)‘%&

(1.6.8)

This appears below as Theorem 18.1.2; there stated in terms of local densities. When
n = 1, both sides of (1.6.8) are zero.

We highlight the fact that s = 1/2 is not the central point of the functional equation
for the local Whittaker function W, (s);, so Theorem C concerns a near-center derivative.
Moreover, the value of W7, (s); at s = 1/2 (generally nonzero) simultaneously has geometric
meaning: it equals [F : @p] deg Z(x°) », where deg Z(x’) » denotes the degree of the adic
finite flat morphism Z(x")» — Spf O (Lemma 18.1.3). This “geometric local Siegel-Weil”
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formula for the value at s = 1/2 was previously observed by Li-Zhang when F/Q, is inert
[LZ22a, Corollary 4.6.1]. Our Theorem C thus concerns a subleading term in the power series
expansion at s = 1/2. These phenomena will reappear globally (Remark 1.4.1).

For a more concrete simple case, see Example 1.7.1 in the next section. We return to

global notation below, e.g. F'is an imaginary quadratic (global) field.

1.7 Strategy: overview

We now describe our key local strategy: “take a limit” (Figure 1).

In Figure 1 below, for a given place v of Q, we consider 7° € Herm,,_;(Q,) with det 7° # 0,
and T = diag(t, T”) for suitable nonzero t € Q,. On the left, the limit refers to ¢ — 0 in the
v-adic topology (meaning the real topology if v = 0o). The upper horizontal arrow should be
understood as a local version of Theorem A(2), and the lower horizontal arrow should be
understood as the (known) local version of (1.4.9) when detT" # 0.

Normalized local Whit-

taker functions Wj’ib’v(s); Our main

A2

Local 1-cycles, “heights”

for U(n — 1,n — 1) at local theorems
s =1/2 gnear—center)

gl

Normalized local

limit

Whittaker functions Known local theorems
. . Local 0-cycles, degrees
Wt (s);, for U(n, n) [Liull; LZ22a; LL22|
at s = 0 (center)

Figure 1: A local limiting method

This limiting method is the main conceptual novelty in our work, and is the key idea
driving our main results. In Figure 1, the left vertical arrow and upper horizontal arrow are
new in this work. In the right vertical arrow, the relation between limits and Faltings heights
is also new in this work.

It is striking that the limiting method plays a similar role at all places, Archimedean and
non-Archimedean. In the purely Archimedean case, i.e. when v = oo with 7” nonsingular and
not positive definite, we are able to run our limiting argument for special cycles (currents)
in arbitrary dimension. This is why our purely Archimedean result (Theorem B) applies in

arbitrary codimension.
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For non-Archimedean places, it is interesting to ask whether the limiting method in Figure
1 can be adapted to the case of higher dimensional special cycles (corresponding to T° of
smaller rank). Some key difficulties are mentioned in Remark 1.8.1.

We also mention a slight difference if v = p is a prime split in Op. The known local
theorems |Liull; LZ22a; L1.22] apply in the Archimedean, inert, and ramified cases respectively.
In the split case, the lower left corner of Figure 1 will involve the special value Wy, ,(0);
(while the derivative at s = 0 appears in the Archimedean, inert, and ramified cases). In the

split case, the “known local theorem” in Figure 1 refers to a certain vanishing statement for a

o

° (“vertical part” via an analogue of Cho—Yamauchi’s formula;

certain contribution to W7 (0)
the vanishing is proved in Lemma 18.5.1) and emptiness of local 0-cycles.

In the next example, we sketch the strategy from Fig. 1 in a simple non-Archimedean case.
The reader seeking a more detailed sketch of a more general setup (along with a comparison

between the Archimedean and non-Archimedean strategies) may refer to Section 1.9.

Example 1.7.1. Suppose p is a prime which is inert in Op. Take 7” and T as in Fig. 1, and
assume t is such that 7" defines a non-split Hermitian space. We prove a limiting formula

(inert case)

d * (o] : d * (o] * [0)
Ts 7 p(8)y = lim (E OWT,p(S)n + (log [t], — log p) Tb,p(—1/2)n) . (L7

s=—1/2 s=

which appears in the text as Proposition 18.5.2 (there stated via local densities). This is the
left vertical arrow in Fig. 1. Here | — |, is the usual p-adic norm.

The right vertical arrow in Fig. 1 asserts that the analytic limit formula in Eq. (1.7.1) has
a geometric interpretation in terms of the local special cycles Z(x).

To illustrate a relatively simple case, consider the case n = 2 (and p # 2). We then have

N 22 Spf Z,[u] (non-canonically). Consider
T = <p> T = diag(t,T°)  t=p° (1.7.2)

for even integers e € Zsq, where T is a 1 x 1 matrix. We have

e

;b7p(5); _ ps-l—l/Q +p—s+1/2 W;p(s); _ p(e+1)s _ p—(e+1)s + (1 . p>p(e+1)s Z(_q—%)i.
i=1
Set Op, = O @z Z,. With V,, denoting W from Section 1.6, let x = [x, x"] €V, be
any tuple with Gram matrix (x,x) = T. Then Z(x’) 2 Spf O for a certain degree p + 1
extension £ / @p. Over Z(x’), the universal p-divisible group from N pulls back to X, ®z, OF,

Serre tensor construction) where X; — Spf O3 is a quasi-canonical lifting of level 1 in the
pr&g q g
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sense of Gross [Gro86|. If Xy denotes the canonical lifting, there is an isogeny v : Xy — X3
of minimal degree (unique up to (’);p), with deg 1, = p. We have

y 1 1 x
Opal(¥1) = 5 log(deg ¢hn) — mlengﬁhoé(e Ver g /0,,) log p (1.7.3)
: p
1 1
=|l-——|1 1.7.4
(2 p+1) ogp (1.7.4)

where the second equality follows from a computation of Nakkajima—Taguchi [NT91]| (with
e* denoting pullback along the identity section). We call the left-hand side a “local change of
Faltings height”; its relation with (global) Faltings height is sketched in Section 1.8.

In this case, our geometric analogue of Eq. (1.7.1) is the limit formula

. , 1
—0pai(t1)-deg Z(x') = lim ((degwp(@ax) @ Oze)) - logp + 5 (log[t], — logp) - deg Z (Xb)>
(1.7.5)
where the limit ¢t — 0 is p-adic. We have
1d . o [LZ22a] . o [LZ22a]
Wi ()3 2 (dogg, “2(x)) ogp Wi, (—1/2)3 V2 deg (). (1.7.6)

9 Je Tp
2ds|,_,

These may be thought of as (nonsingular, central point) “local arithmetic Siegel-Weil” and
(nonsingular, near-central) “local geometric Siegel-Weil” formulas, respectively.

Applying our limiting formulas in Eqgs. (1.7.1) and (1.7.5) (along with the local functional
equation W7, (s); = W7, (—s)3) produces the formula

d

& o (5)3 = 20pa (1) - deg Z(x°). (1.7.7)
This is one form of our main local theorem in this simple special case (compare the global
version, Theorem A(2), and the more general local formulation in Section 1.6).

In extremely impressionistic terms, the formula in Eq. (1.7.5) states that the “limit” of
the special divisor limy_,o Z(x) “converges” to some “local part” of a tautological bundle
(essentially the Hodge bundle) when intersecting against Z(x”), after regularizing. We remark
that the analogous “numerical limit” statement (without regularizing) is literally true if Z(x’)
is replaced by any (proper) curve in the special fiber over A/. That case has a conceptual
explanation: Grothendieck—Messing deformation theory. This discussion is continued in

Eq. (1.9.13) and the text below in loc. cit..
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1.8 Local-to-global

For the global-to-local reduction process, we use complex uniformization (Archimedean place)
and Rapoport—Zink uniformization (non-Archimedean places). Unlike the previously known
case det T # 0 for T' € Herm,, (Q) (giving a purely vertical arithmetic special cycle class), we
have a new mixed characteristic “horizontal” contribution in the Faltings height. While the
Faltings height decomposes locally after picking a section of the metrized Hodge bundle, it
does not admit an obvious canonical local decomposition. Such a canonical decomposition
seems necessary for the comparison with local Whittaker functions (as appearing in Eisenstein
series Fourier coefficients), which presumably does not retain information on which section
was picked.

Instead, we do have a decomposition for the difference between (stable) Faltings heights
of any two abelian varieties A, Ay (over a number field E) in a fixed isogeny class. We may
assume A; and A, have everywhere semi-abelian reduction after extending E. The difference

of Faltings heights is then

hFal(AQ) hFal Z aplogp E Q ZZ 5Fa1 ¢w) (1-8-1)

pldeg¢> P wlp
Sral6s) = 5 loa(deg ) — mlength% (Vb sj0, Vogp  (182)
for some a, € Q and any choice of isogeny ¢: A; — A, (extend ¢ over Op). Here, the
symbol e means the identity section, the inner sum in Eq. (1.8.1) runs over all prime ideals
w of £ ®q Qp (with associated residue field Ew), and ¢5 means the associated isogeny of
p-divisible groups A;[p>] — A[p*] base-changed to Spf O .

The coefficients a, do not depend on the choice of ¢, by linear independence of log p for
different p. This is also the reason why a difference of Faltings heights appears in Corollary
1.4.2. We then argue that these numbers a, € Q (averaged over the special cycle) can be
calculated in a purely local way, in terms of local special cycles on Rapoport—Zink spaces.
The argument we give is somewhat delicate, as we wish to avoid writing down explicit (global)
isogenies ¢: A; — As, so that we obtain a more local formulation. The quantities dp(¢y)
are amenable to (local) calculation on Rapoport—Zink spaces, but may depend on the chosen
isogeny of p-divisible groups ¢;. We show that certain “minimal degree” isogenies ¢ lift
to global isogenies of p-divisible groups (Section 10.2) and can be used to calculate local
contributions to (differences of) Faltings height.

The global-to-local reduction process from hg,(—) (Faltings heights) to dpa (o) (local

quantities calculate-able on Rapoport—Zink spaces) for “minimal degree” ¢, is the content of
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Sections 9 and 10. The relation with global special cycles via uniformization is explained
in Part IV. There is also the issue that the tautological bundle £V is not the same as the
metrized Hodge bundle (but is known to behave similarly, as first observed by Gross [Gro78§]
and studied further in [BHKRY20II]), so the (more natural) version with “tautological height”
needs additional argument. The “tautological height” and Faltings height are treated in
parallel in Sections 9 and 10.

While previous work for special points on Shimura curves [KRY04] also studied the change
in Faltings heights along isogenies, our insistence on a purely local formulation is an important
difference for our method. We only observe the limiting phenomena in Figure 1 (below) on a
local level; this is what allows us to prove a theorem on Shimura varieties of arbitrarily large

dimension.

Remark 1.8.1. After our work, the arithmetic Siegel-Weil formula in (1.4.9) remains open
only for T with rank(7T") < n—2 (corresponding to special cycles Z(T') of dimension > 1 in the
generic fiber, if nonempty). We mention some of the difficulties for these higher dimensional
special cycles, from our perspective.

Our strategy in Figure 1 strongly emphasizes local limits on both the analytic and
geometric sides. On the geometric side at non-Archimedean places, this is possible in the
rank > n — 1 case because e.g. the special cycles are contained inside supersingular loci at
all nonsplit primes. This allows us to describe global special cycles in terms of local special
cycles on a single Rapoport-Zink space (at each prime).

Higher dimensional special cycles may pass through several strata, so a single Rapoport—
Zink space should not be enough to capture all information. We are not sure whether it
is sensible to “piece together” the intersection-theoretic information coming from several
Rapoport—Zink spaces. Moreover, the corresponding local special cycles on Rapoport—Zink
spaces may be non-proper (so it is unclear how to extract local intersection numbers in the
more general situation).

For our method, it is also important to locally decompose Faltings heights in a canonical
way. In the rank n — 1 case, this was accomplished using the “change of Faltings height along
an isogeny” formula. To generalize our limiting strategy to higher dimensional cycles, we may
need a similar canonical local decomposition involving heights of higher dimensional cycles

on the Shimura variety.
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1.9 Strategy: local limit

For illustration purposes, we sketch the local limiting strategy described in Section 1.7
(particularly Fig. 1) at a finer level of detail. In Section 1.9, we let F//Q be an imaginary
quadratic field, and allow n to be even or odd. We sketch the case where v = 0o (Archimedean)
and where v = p is an odd prime inert in Op. In the main text, the inert/ramified /split cases
are treated in parallel (Section 18). We hope that the similarities between the Archimedean
and non-Archimedean cases are visible from the sketches below.

Case v = oco. For purposes of exposition, we consider T° € Herm,,(R) and ¢ € R,. Set
T = diag(t,T"). Let V be any signature (n — 1,1) non-degenerate F//Q Hermitian space
with pairing denoted (—, —) (for any n > 1).

We prove the limiting identity (left vertical arrow in Figure 1)

d X o . d . . . ]
Bl W= (5 Wi (5 + 08+ Totame?) (1720

(1.9.1)

where 7 is the Euler-Mascheroni constant, and | — |« denotes the usual real norm. This

formula appears below (more generally) as Proposition 19.1.2. The proof of this limiting
formula is the bulk of the work at the Archimedean place. Note the similarity with the
non-Archimedean version Eq. (1.9.8) (see also Section 15.6 for more comparisons).

On the geometric side of Figure 1, the local 0-cycles (resp. 1-cycles) should be interpreted
as Green currents of top degree (n — 1,n — 1) (resp. degree (n — 2,n — 2)) on the associated
Hermitian symmetric domain D parameterizing maximal negative definite C-linear subspaces
of Vg. Consider the signature (n — 1,1) complex Hermitian space Vg, with Hermitian pairing
(—,—). Any tuple z € Vi with nonsingular Gram matrix has an associated Kudla Green
current [£(z)], studied by Liu [Liull] in the unitary case. There is a certain local special cycle
D(xz) C D (complex submanifold which is the locus of C-lines z € D which are perpendicular
to all elements of the tuple z), arising in the complex uniformization of global special cycles.

Let 2° = [2%,...,2°_,] € V& ! be a tuple with Gram matrix 7° and consider nonzero

x € spang(2’)*t C Vg in the orthogonal complement. Set

z=[z,2},. .., 2 ] t = (z,2) T = diag(t, T"). (1.9.2)

y¥n—1

Liu’s Archimedean local theorem [Liull, Theorem 4.1.7] implies

d * [e]
[l =5 Wil (193
D Sls=0
We are using the star product construction of [{(z)], which unfolds as

[€(2)] = [€(@)] = [€2”)] = wlz) A ()] + [E()] A dpi) (1.9.4)

42



where w(z) is a (1, 1)-form associated with x (Kudla—Millson form up to a normalization),
Op(z) i a Dirac delta current, and {(z) is a certain function on D with logarithmic singularity
along D(z). The function £(z) is expressed in terms of the exponential integral Ei. We have
Jplé(x)] A dp(ey = — Ei(4nt) and the limit formulas

lim w(z) = ¢, (EY) lim (Bi(u) — log|u|) = 7 (1.9.5)

z—0 u—0~
where ¢1(£") denotes the Chern form of dual tautological bundle on D (as in Section 8).
Under the assumption that 7” is positive definite, we have W7, _(—1/2); = degD(z") =1
(“local geometric Siegel-Weil”, i.e. D(2”) is a single point). We thus have

[ @) nlewn =t (( [ 1) + togll + ogtaren). (1.9.6)

z—0
Using the functional equation W7, (s);, = W7, (—s);, the limit formula in (1.9.1) now
implies the following theorem.
Theorem (Archimedean local version of Theorem A). We have

4
ds

ol = [ @) Al (19.7)
s=1/2 D

This is our main local Archimedean theorem for positive definite 7” (i.e. the dotted
arrow in Figure 1). This appears below as Theorem 19.1.1, which also includes a version
for non-positive definite 7. Limiting on the geometric side of Figure 1 was provided by a
limiting property of the (normalized) Kudla-Millson form, i.e. w(z) — ¢; (é\v) as v — 0. To
compare with the limit of Whittaker function derivatives, we used the special value formula
W7, (=1/2); =1 (“local geometric Siegel-Weil”) and the asymptotics of Ei.

b’ase v =p is an odd prime inert in Op. For our non-Archimedean main local theorems,
we run an argument similar (in spirit) to the Archimedean case where the star product of
Green currents is replaced by a derived tensor product of complexes of coherent sheaves on
Rapoport—Zink spaces.

Suppose T° € Herm,,_;(Q,) with det 7% # 0, and consider ¢ € Q, such that T" := diag(t, T")
has e(T) = —1 (i.e. T defines a nonsplit Hermitian space; see Section 2.2). For the normalized

local Whittaker functions defined in Section 15 below, we will prove the limit formula

d * o : d * o * [}
T . Tb’p(s)n = 15% (% s:OWTJ)(S)n + (log |t], — logp)WTb’p(—l/Q)n) . (1.9.8)

This appears as Proposition 18.5.2 below. Note the similarity with the Archimedean version

Eq. (1.9.1) (see also Section 15.6 for comparisons with the ramified and split versions).
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We set N := N(n — 1,1) for the Rapoport-Zink space N'(n — 1,1) from Section 5. We
also use the notation on special cycles from loc. cit., e.g. 'V is the space of local special
quasi-homomorphisms. (These notations were briefly sketched in Section 1.6.)

If x is a basis for V, then Z(x) is a scheme with structure morphism Z(x) — SpfZ,
which is adic and proper [LZ22a, Lemma 2.10.1]. In this case, Z(x) is thus a finite order
thickening of its special fiber Z(x)g , and there is a degree map degg : grKj(Z2(x))o = Q

given by the composite
gro Ko (2(x))e = groK(/J(Z(X)Fp)Q — g1 (SpecF,)g = Q (1.9.9)

where the first arrow is induced by the dévissage pushforward isomorphism Kj(Z(x)z,) —
Kj(Z2(x)) and the second arrow is pushforward along Z(x)z — Spec F, (e.g. induced by
taking Euler characteristics of coherent sheaves on Z(x)g ).

b b

Let X’ = [x},...,%X,_,] € V""! be a tuple with Gram matrix 7° and consider nonzero

X € spang, (x’)* C V in the orthogonal complement. Set
x=[xx,...,%x, ] t = (x,x) T = diag(t, T"). (1.9.10)

Li-Zhang’s inert Kudla-Rapoport theorem |LZ22a, Theorem 1.2.1| implies

1 d * [¢]
(degg, “Z(x)) -logp = 5| Wi, (s (1.9.11)
s=0

As an element of gri, K| (Z(x))q, the derived tensor product unfolds as
F2(x) = [F2(x) @5, “2(X)] = [F2(x) @6, "Z()y] + [2(x) @6, “Z(X)r] (1.9.12)

Here “Z(x")r = [Oz4,,] € g 'KJ(Z(X"))q is the “horizontal part” of “Z(x), with
Z(x")» C Z(x") denoting the flat part, and “Z(x"), € ngflK(’)(Z(gb)Ej)Q is the “vertical
part” of “Z(x’) (see [LZ22a, §5.2|; we are using the dévissage pushforward isomorphism
K{)(Z(gb)FP) — K{(Z(X°)y) where Z(x’)y is the vertical part from loc. cit.).

We then prove the limit formulas

lim (degg, [“Z(x) @, "Z(x")7]) = degg, (£ - "Z(x")») (1.9.13)

x—0

i ( (o, 200 05, “20).0) - lowp + g1og )~ logp) - den(Z().0) ) (1910

li
x—0

— Z deg(Z) . 5tau(Z) ' 1ng'

Z=Z(X)
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Here £V is a certain dual tautological bundle on A, the sum runs over components Z of
(the finite scheme associated to) Z(x’) ., the notation deg(Z(x’)) means the degree of the
adic finite flat morphism Z(x’)» — SpfZ, (and similarly for deg(Z)), and 8uu(Z) € Q is
the appropriate “local change of tautological height”. As in Section 7.3, each Z is associated
with a quasi-canonical lifting of some level s, and our notation dy,,(Z) here is the i, () in
Eq. (7.2.7).

The quantity di.u(Z) (and the closely related “local change of Faltings height” 0p,)) arise
from our reduction process from mixed characteristic heights to local quantities. This
local-to-global reduction is begun in Part III and completed in Part IV.

The “vertical” limit formula in (1.9.13) follows from a Grothendieck-Messing theory
argument (such vertical limiting behavior was observed in the inert case by [LZ22a| via
computation, and later in the ramified case by [LL22| via a linear-invariance argument), see
Lemma 18.5.4. We prove the “horizontal” limit formula in (1.9.14) componentwise, i.e. we
prove a refined limiting formula for each component Z < Z(x”)» (Remark 18.5.5). Each Z
embeds into a smaller Rapoport—Zink space of dimension 2, where we make a computation
in terms of quasi-canonical liftings.

We have the formula W7, (—1/2); = deg(Z (x") 0 — SpfZ,) (“local geometric Siegel -
Weil”; right-hand side denotes degree of the indicated adic finite flat morphism) as in Lemma
18.1.3 (observed in the inert case by Li—Zhang |LZ22a, Corollary 4.6.1]). Using the functional

equation W7, (s); = W7, (—s);, the limit formula in (1.9.8) now implies

- Top(s)h = | 2degg (€Y -"2(X)y) +2 Y deg(Z) - 6un(Z) | -logp.
s=1/2 ZoZ(x) e

(1.9.15)
This is our main non-Archimedean local theorem for odd inert p (i.e. the dotted arrow
in Figure 1), and appeared previously in Section 1.10. The analogous statement treating
inert /split /ramified simultaneously is Theorem 18.1.2 in this paper (there stated in terms of

local densities). Limiting on the geometric side of Figure 1 was provided by the formulas in
(1.9.13) and (1.9.14).

1.10 Outline

We briefly summarize the remaining contents of the paper. Further explanations may be
found at the beginning of some parts and sections.
This work is divided into Parts I through VII and appendices. We hope that each part

may be read mostly independently for the reader willing to assume a few results from other
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parts.

In Part I, Section 3, we set up the global moduli stacks (RSZ) and special cycles (KR)
appearing in our main global theorems. In Section 4, we define the associated arithmetic
special cycle classes and discuss arithmetic degrees.

In Part IT, we set up the analogous local special cycles on Rapoport—Zink spaces (inert /ram-
ified /split) and Hermitian symmetric domains. The case of split primes is less well-studied in
the literature than the inert/ramified cases (we need uniformization in a non supersingular
situation at split primes). Section 6 contains some new results on decomposing local special
cycles into quasi-canonical lifting cycles at split primes, which we need later. These are
analogous to known results at inert and ramified primes (Section 7.3), though our method of
proof is different.

In Part III, we begin the reduction process from global heights in mixed characteristic
to quantities computable in terms of local special cycles. We study “local change of heights”
along isogenies, in a way suitable for formulation of our main local theorems.

In Part IV, we discuss complex and Rapoport—Zink uniformization of special cycles in our
setup, and finish the reduction process from global heights/intersections to local quantities.
Strictly speaking, the Rapoport—Zink uniformization we need at split places does not seem
covered by the literature (not supersingular locus). We treat inert/ramified/split in parallel.
Most of the time, we disallow p = 2 only in the ramified case. We explain a modified Green
current for singular 7' (of rank n — 1 and size n x n) in Section 12.4.

Part V discusses U(m, m) Siegel-Weil Eisenstein series. To formulate and prove our main
results, it is extremely important that we normalize the Eisenstein series and local Whittaker
functions (e.g. by certain L-factors). We pin down explicit precise normalizations, guided
by special value formulas and symmetric functional equations. We also study (normalized)
Fourier coefficients for singular 7" (focusing on rank m — 1 and size m x m), and give formulas
needed for our main results. Section 15.6 collects several limiting formulas for local Whittaker
functions (the left vertical arrow in Figure 1), whose proofs appear later.

Part VI contains the heart of this work. Here, we prove our main local identities at
inert /ramified /split and Archimedean places via the local limiting method sketched in Sections
1.7 and 1.9.

In Part VII, we first give some special value formulas (local and geometric Siegel-Weil,
Sections 20 and 21) which are needed to prove our arithmetic Siegel-Weil theorems. The
finale occurs in Section 22.1, where we collect our local main theorems to prove our (global)
arithmetic Siegel-Weil theorems. This proof relies on results from almost all preceding

sections. Section 22.2 contains a reformulation of our arithmetic Siegel-Weil results in the

46



special case n = 2, via an exceptional comparison with Hecke translates of CM elliptic curves.
The appendices may be technically useful. Appendix A explains the setup we use for K|
groups of Deligne-Mumford stacks. Appendix B concerns p-divisible groups, where we fix
some notation and record some (presumably standard) facts. Appendix C contains some
notation on abelian schemes, and records a proof for quasi-compactness of special cycles
(which does not seem explicitly available in the literature).
Our algebro-geometric conventions follow the Stacks project [SProject] unless stated

otherwise.

2 Conventions on Hermitian spaces and lattices

2.1 Hermitian, alternating, symmetric

Consider a Dedekind domain Op, with fraction field Fy. Let F' be a finite étale Fy-algebra
of degree 2, i.e. either F'is a degree 2 separable field extension of Fy, or F' = Fy X Fy. Let
Or C F be the integral closure of Op, in F'. Write a — a“ for the nontrivial involution of F
over Iy, and tr: F' — Fy for the trace map a — a + a°.

Assume that the different ideal ? may be generated by one element u such that u” = —u,
and fix such a w. This is always possible if Op is a free Op,-module: in this case, if {a, f} is
any Op,-basis for Op, we may take u = a7 — a?p.

Let L be a finite locally free Op-module of constant rank. If Fj has characteristic # 2,

the following data are equivalent.
(1) A Hermitian pairing on L, i.e. an Op,-bilinear map (—, —): L x L — F satisfying
(z,ay) = alz,y)  (y,2) = (z,y)7 (2.1.1)
for all a € Op and z,y € L.
(2) An Op-compatible alternating pairing on L, i.e. an Op,-bilinear map (—, —): Lx L — F}
satisfying
(az,y) = (z,a%y)  (y,z) = —(z,p) (2.1.2)
for all a € O and =,y € L.
(3) An Op-compatible symmetric pairing on L, i.e. an O -bilinear map (—, —): Lx L — Fy
satisfying
(az,y) = (z,a’y)  (y,z) = (z,y) (2.1.3)
for all a € Op and x,y € L.
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If L is equipped with any of the equivalent data above, we say that L is a Hermitian Og-lattice
(or Hermitian Op-module). Note that our Hermitian pairings (—, —) are conjugate linear in
the first argument. We pass between these pairings using the formulas (depending on the

choice of u)

2(x,y) = (x,y) — u ' (uz,y) (z,y) = (u 'z, y) (x,y) = tr((z,y))
2(xz,y) = (ux,y) — ulz,y) (z,y) = —tr((x,y)u) (x,y) = (uz,y)

and this will be freely used in the paper. The choice of u plays a limited role for us, so we
generally suppress it.
We say that (—, —) is the associated trace pairing, and otherwise avoid the notation (—, —)
outside of Section 2.1.
Given any tuple z = [z1,...,z,] € L™, its Gram matriz is the matrix (z,z) = T with
i, j-th entry T; ; = (z;, z;). We write Lp == L ®p, F' and say that a Hermitian Op-module L
is non-degenerate if the Gram matrix for any F-basis of Lz has nonzero determinant. Given
/

non-degenerate Hermitian F-modules V' and V' with Hermitian pairings (—, —) and (—, —)/,

there is a canonical o-linear involution of F-modules

such that (fz,vy") = (z, ny/)

fft
Homp(V, V') === Homp(V',V
omp(V, V") omp (V' V) forallz € V and ¢ € V.

(2.1.4)
The notation Hompg(V, V') and Hompg(V’, V') does not include any requirement on preserving
Hermitian pairings.

Given a non-degenerate Hermitian Op-lattice L, we always form its dual lattice L* with

respect to the trace pairing (—, —), i.e.
L* ={x € Lp: tr(z,y) € Op, for all y € L}. (2.1.5)

The dual lattice LY with respect to (—, —) is the same as the dual lattice for (—, —). We
have LY = uL* (as sublattices of Lg). If the dual LY with respect to (—,—) or (—, —) is
intended, we will state this explicitly. We say that L is self-dual if L = L*.

As a typical example of passing between (—, —) and (—, —), suppose Op, = Z and suppose
Op is the ring of integers in an imaginary quadratic field F'/Q. Let (A, ¢, A\) be a Hermitian
abelian variety (Definition 3.1.1) over an algebraically closed field & of characteristic # p, i.e.
A is an abelian variety over k with an action ¢: Op — End(A), and )\ is an Op-compatible
quasi-polarization on A. After picking a trivialization Z,(1) = Z, of p-th power roots of
unity over k, the polarization X induces an (Op ®y Z,)-compatible alternating pairing on

the Tate module T},(A), so we automatically view T,(A) as a Hermitian (Op ®z Z,)-lattice
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without further mention. If (A’,/, \') is another such Hermitian p-divisible group, note that
the induced Hermitian pairing on Homp, (7,,(A),T,(A’)) does not depend on the choice of
trivialization Z,(1) = Z, or the choice of u.

The notation Herm,,(OF,) means the set of n x n Hermitian matrices with coefficients
in Op (ie. T € M, ,,(OF) satistying T = *T where ‘T means conjugate transpose). Here
we are considering the subfunctor Herm,, C Resp, /Or, M,, ,, of the Weil restriction (of n x n
matrices M, ,). We adhere strictly to this notation (when O is understood), e.g. Herm, (R)

will typically mean n x n complex Hermitian matrices when Or/Opg, = C/R is understood.

2.2 Lattices for local fields

Continuing in the setup of Section 2.1, suppose Fj is a local field. Let n: Fy* — {£1} be the
character associated to F'/Fy by local class field theory. Given a non-degenerate Hermitian

F-module V of rank n, define its local invariant
e(V) =n((—1)"™V/2det T) € {1} (2.2.1)

where 7' is the Gram matrix of any basis for V. This is normalized so that (V) =1 for
the Hermitian F-module V' given by the antidiagonal unit Gram matrix. Rank n non-
degenerate Hermitian F-modules V and V' are isomorphic if and only if (V) = (V).
If T € Herm, (Fp) is a Hermitian matrix (with entries in F') satisfying det T" # 0, we set
e(T) == n((—1)""=D/2 det T).

Next, assume Fj is non-Archimedean and that Op, C Fj is its ring of integers. Write
q for the residue cardinality of Op,. If ¢ is even, we require F//Fy to be unramified. Let

wy € Op, and w € Op be uniformizers (meaning w € wyO) in the unramified cases)

satisfying w? = —w. If a non-degenerate Hermitian F-module V contains a full rank
self-dual Op-lattice, then (V) = 1.
The “norm” ||—|| on a Hermitian F-module V' with pairing (—, —) is given by
]| = gV ((re))/2 (2.2.2)

where v, is the wg-adic valuation, normalized so that v, (o) = 1.

Given a non-degenerate Hermitian Op-lattice L of rank n, we set (L) = ¢(Lr). By
a lattice or sublattice L' C L, we mean any Op-submodule which is finite free of constant
rank (similarly for lattices or sublattices in Lg). If L’ has rank n, we say that L’ is full rank
in Lp. A sublattice L' C L is saturated if ax € L' with a € F* and x € L implies x € L'

(equivalently, L' is a direct summand of L).
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We say that L is integral if L C L*. If F'//F} is nonsplit, we say that L is almost self-dual if
L C L* and length,, (L*/L) = 1. We say that a non-degenerate integral lattice L is maximal
integral if any integral lattice L' C Ly with L C L' satisfies L = L'.
If L is a non-degenerate Hermitian Op-lattice, we define the valuation val(L) € 37 such
that
q ) = yol(L) (2.2.3)

where vol(L) is the volume of L for the self-dual Haar measure on Ly with respect to the
pairing x,y — ¢ (tr(x,y)) for any unramified (unitary) additive character ¢: Fy — C*. If
L is integral, we have ¢>(%) = |L*/L|. If F/F, is unramified, we have val(L) € Z. Given
x € L, we write (x) C L for the rank one Op-submodule generated by z. If (x,x) # 0, we
set val(x) := val((x)) (and otherwise set val(z) = c0).

Continuing to assume L is non-degenerate and integral, we define its sequence of funda-
mental invariants to be the unique sequence of integers (ay, ..., a,) with 0 <a; <--- <a,
such that L*/L = @ Op/w® (where n is the rank of L). Two non-degenerate integral
Hermitian Op-lattices of the same rank are isomorphic if and only if they have the same
sequence of fundamental invariants (in the unramified case, this follows from diagonaliz-
ability of Hermitian lattices; in the ramified case, this follows from [Jac62, Proposition 4.3,
Proposition 8.1] (see also [LL22, Lemma 2.12])). We set

t(L) = {ai € {ar,...;an} :a; 0} €Z  amax(L) = ay, (2.2.4)

and refer to t(L) as the type of L. If F//F, is ramified, recall that ¢(L), 2val(L), and n all
have the same parity (follows from [Jac62, Proposition 4.3, Proposition 8.1]).
Given a finite length Op-module M, we define (M) € Z such that

"M = | M| (2.2.5)

where |M| denotes the cardinality of M.

The above terminology is adapted from e.g. [LZ22a] (inert), [FYZ21| (inert and split),
[LL22]| (ramified). We made slight modifications to give a uniform description (e.g. our val(L)
is half of the val(L) appearing in [LL22|, and our ¢(M) differs by a factor of 2 from some of

the references).
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(Global special cycles

o1






3 Moduli stacks of abelian varieties

We discuss Kudla-Rapoport (KR) global special cycles on Rapoport—Smithling-Zhang (RSZ)
smooth integral models of unitary Shimura varieties (which may be stacks). Fix an imaginary
quadratic field extension F'/Q with ring of integers O and write a — a” for the nontrivial
automorphism o of F. We write A € Z_ and VA € Op (pick a square root) for (generators

of the) discriminant and different, respectively.

3.1 Integral models

Definition 3.1.1. Let S be a scheme over Spec Or. By a Hermitian abelian scheme over S,

we mean a tuple (A, ¢, \) where

A is an abelian scheme over S of constant relative dimension n
t: Op — End(A) is a ring homomorphism

A A— AY is a quasi-polarization satisfying:

(Action compatibility) The Rosati involution t on End’(A) sat-
isfies +(a)! = (a”) for all a € Op.

An isomorphism of Hermitian abelian schemes is an isomorphism of abelian schemes
which respects the Op-actions and polarizations (exactly). For fixed n > 1, the moduli stack

of Hermitian abelian schemes .# is the stack'! in groupoids over Spec O with
A (S) = {groupoid of relative n-dimensional Hermitian abelian schemes over S} (3.1.1)

for Op-schemes S.

For an integer r» with 0 < r < n, we next consider

(Kottwitz (n — r,r) signature condition) For all a € OF, the characteristic polynomial
of 1(a) acting on Lie A is (x — a)" "(x — a”)" € Og|x]

for pairs (A, ¢), where A — S is a relative n-dimensional abelian scheme with Op-action ¢, and
S is an Op-scheme. Here we view Og as an Op-algebra via the structure map S — Spec Op.
This defines a substack!?

M(n—rr)C M (3.1.2)

UBy a stack in groupoids over some base scheme S, we always mean a (not necessarily algebraic) stack in

groupoids as in [SProject, Definition 02ZI] over the fppf site (Sch/S) rppys-
12A substack will always mean a strictly full substack.
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consisting of Hermitian abelian schemes of signature (n—r, ). The inclusion .# (n—r,r) — 4
is representable by schemes (in the sense of [SProject, Section 04ST]) and is a closed immersion.
There is an isomorphism'® .# (n —r,r) — 4 (r,n —r) given by (A, 1, \) — (A,L00,N).
For any integer d > 1, there is a substack .#(? C .# consisting of Hermitian abelian
schemes (A, ¢, \) where A is polarization of constant degree deg A := degker A = d. If A, 4
(over Spec OF) denotes the moduli stack of (relative) n-dimensional abelian schemes equipped
with a polarization of degree d, the forgetful map .#(® — A,.q is representable by schemes,
finite, and unramified (e.g. via Lemma C.2.3). Hence .#? is a Noetherian Deligne-Mumford
stack which is separated and finite type over Spec O (because this is true of A, 4 as proved
with level structure in the classical [MFK94, §7.2 Theorem 7.9]; one can deduce the stacky
version upon inverting primes dividing the level, taking stack quotients, and patching over
Spec Op).
We set
M —r,r)D = (0 —rr)O D (3.1.3)

where the right-hand side is an intersection of substacks of .#. There is an open and closed

disjoint union decomposition'4

MOYA = ] #(n—rr)D[1/A] (3.1.4)
(n—r,r)
over Spec Op[1/A], where the disjoint union runs over all possible signatures (n —r, 7).
The structure morphism .# (n — r,7)¥[1/(dA)] — Spec Op[1/A] is smooth of relative
dimension (n — r)r (e.g. by Remark 3.5.6 below; recall that being smooth of some relative
dimension may be checked fppf locally on the target for morphisms of algebraic stacks) We
set .y = .#(1,0)1). The structure morphism .#, — Spec O is proper, quasi-finite,'> and
étale by [How12, Proposition 3.1.2| or [How15, Proposition 2.1.2].
Given any non-degenerate Hermitian Op-lattice L of rank n and signature (n — r,r), we

define an associated substack

M C My Xspecop A (n—1,7) (3.1.5)

k2l

13As in the Stacks project (e.g. [SProject, Section 04XA]), we often abuse terminology and say “isomorphism

of stacks instead of “equivalence”.

“Here, the notation . ®[1/A] means .# (¥ xg,ec 0, Spec Op[1/A]. We often use such shorthand, along
with subscripts for base change, e.g. ///(d) MD Xspec0p S over an understood base.

15Following the Stacks project [SPrOJect Definition 0CHU], we require that finite morphisms of algebraic
stacks are by definition (relatively) representable by schemes. The morphism .#; — Spec OF is not finite in
this sense, because . is not a scheme. Nevertheless, we continue to use terminology like “representable by

schemes and finite” for morphisms of stacks which are not necessarily algebraic.
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as follows (cf. [KR14, Proposition 2.12|, there in a principally polarized situation). Write
(—, —) for the pairing on L. Let by be the smallest positive integer such that by - (—, —) is
Op-valued. Let L' be the Hermitian O lattice which is the Op-module L but with Hermitian
pairing by, - (—, —). Form the dual lattice L'V of L’ with respect to the Hermitian pairing,
and set d} = |L"V/L|.

If L is self-dual of signature (n —1,1) and 21 A, we set d, == 1 (the ezotic smooth setup
for even n, see Section 3.2). Otherwise, let dy, € Z~q be the product of ramified primes and

the primes p for which L ®z Z, is not self-dual.
Definition 3.1.2. Let M C .# Xspeco, # (n —1r,7)[1/(d,A)] be the substack

A

HOHlOF@ZT—’ (Tp(A0,§)7 Tp<A§)) =L®g2?
M(S) = ¢ (Ao, Lo, Ao, A, 1, X) = for every geometric point 5 of S, with p = char(3),
and by, - A is a polarization of degree d’;
(3.1.6)
for schemes S over Spec Op[1/(dLA)], where

(Ao, to, No) € Ao(S) (A, 0, \) € A (n—r,1)(S). (3.1.7)

Warning 3.1.3. Whenever L satisfies the even rank ezotic smooth setup (Section 3.2), we
will extend M to a smooth Deligne-Mumford stack which surjects onto Spec Of (see loc.
cit.). In that case, we will override the notation here: after Section 3.2, the notation M
will always denote the exotic smooth moduli stack for such L. The restriction of the exotic

smooth moduli stack over Spec Op[1/A] will recover the stack in Definition 3.1.2.

In the definition of M, the notation Homy, .,(T?(Ags), TP(As)) & L®g 7P asserts the ex-
istence of isomorphisms of Hermitian lattices, and the elements of Homy, o5, (T%(Aos), T?(As))
are not required to respect Hermitian pairings. As usual, T7?(—) is the away-from-p adélic
Tate module (if p = 0, this is over the full finite adéles) and ZP = [1rs, Ze. Note that M
depends only on the adélic isomorphism class'® of L. The stack M (also the extension in
Section 3.2) and its special cycles will be the global moduli stacks of main interest in this
work. We generally suppress L from notation, but sometimes write M?* instead of M to
emphasize L dependence.

We claim that M is a Noetherian Deligne-Mumford stack which is separated and smooth

of relative dimension (n — r)r over Spec Or[1/(d.A)]. Indeed, there is an open and closed

16We say that non-degenerate Hermitian O lattices L and L’ are adélically isomorphic (or are in the same
adelic isomorphism class) if there exist isomorphisms of O ®z Z,-Hermitian lattices L ®z Z,, = L' ®y Z,, for
every prime p, as well as isomorphisms of Or ®z R-Hermitian spaces L ®z R = L' @7 R (classical terminology:

genus).
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disjoint union decomposition

My Xspeco, M (n—1,7)V[1/(dD)] = [[ MY (3.18)

L//
running over representatives L”, one for each adélic isomorphism class of non-degenerate
Hermitian Op-lattices of signature (n — r,r) satisfying L” C L"V and |L"V/L"| = d. We
have used flatness of . (n — r,7)@[1/(dA)] — Spec Or[1/(dA)] in the open and closed
decomposition (to lift to characteristic 0; cf. [KR14, Proposition 2.12] [RSZ18, Remark 4.2]).

With notation as above, the map

ME > MY
(A07L07/\07A7 L, )\) _ (A07[/07)\07A7 L, bL/\)

(3.1.9)

is an isomorphism for any L, after restricting to Spec Op[1/(dLA)].

Remark 3.1.4. If L has rank n = 1, we can construct M without discarding any primes.
Then M — Spec OF is smooth, by smoothness of .#(1,0) — Spec O for any d € Z-y.

In the next lemma, AJ is the abelian scheme A, but with Op-action ¢y o o.

Lemma 3.1.5. Let L be any non-degenerate Hermitian Op-lattice of rank n and signature
(n—r,r), with associated moduli stack M. There exists a finite degree field extension E/F and
(Ao, o Aoy A1, A) € M(Og[1/(drA)]) such that A is Op-linearly isogenous to Ay~" x (AJ)".

In particular, M is nonempty.

Proof. First consider £ = C (equipped with a morphism Op — C). Fix the trivializations of
roots of unity Z/dZ = puq(C) sending 1+ e~27i/4,

Choose VA to be the square-root whose image under F' — C has positive imaginary part.
We pass between Hermitian and alternating forms using the generator v/A of the different
ideal (Section 2.1). Express L as a triple (L, ¢, \) where t: Op — Endz(L) is an action and A
is a Op-compatible alternating pairing on L.

Take (Ag, to, Ao) to be the complex elliptic curve C/Op. If Ly := Op is the rank one
Hermitian Op-lattice with Hermitian pairing (z,y) = 2%y, we have Hy(Ag,Z) = Ly as
Hermitian lattices.

Take any orthogonal decomposition Ly = W @ W+ where W is positive definite of rank
n —r and W+ is negative definite of rank 7. Define the C = Op ®7 R-action on L ®z R to
agree with  on W ®5 C and to agree with ¢ o 0 on W+ ®p C. This complex structure gives

a tuple (A4, ¢, \), where A = (L ®z R)/L is an abelian variety with Op-action ¢ and action
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compatible quasi-polarization A. We have H(A,Z) = L as Hermitian lattices. By the usual
comparison of Hy(—,7Z) with p-adic Tate modules [Mum85, §24 Theorem 1|, we conclude
(Ao, Lo, Ao, A, 1, \) € M(C).

We claim that A is Op-linearly isogenous to Ay~ x (AJ)". Indeed, any Op-linear inclusion
O™ — LNW and any o-linear inclusion Of < L N W+ will define an Op-linear isogeny
A" x (AZ)" — A

Since Ay is defined over some number field Q, it follows that A and any isogeny A7 ™" x
(AZ)" — A may also be defined over Q (here using characteristic zero, so the kernel of the
isogeny is étale). Descend these objects to some number field E.

Over a number field, it is a classical fact that any elliptic curve with Op-action has
everywhere potentially good reduction [Deudl]|. After extending E if necessary, we thus obtain
(Ao, to, Aoy A, 1, A) € M(Og[1/(drA)]) (the Op-actions extend by the Néron mapping property,
and the polarizations extend to polarizations as in the proof of [FC90, Theorem 1.9]). The
Néron mapping property extends the isogeny Aj~" x (A§)" — A over Spec Og[l/(d A)]. O

The preceding lemma will provide a base point for non-Archimedean uniformization
(Section 11.3). For arbitrary L and specializing to any geometric point of characteristic p > 0,
the abelian variety A of Lemma 3.1.5 is supersingular (resp. ordinary) if p is nonsplit (resp.

split) by classical results of Deuring [Deu41] on endomorphism rings of elliptic curves.

Notation 3.1.6. Given a commutative ring R with an automorphism o: R — R (e.g.
R = Op), given a presheaf of modules F on a scheme S over Spec R, and given an action
t: R — End(F) (with F viewed as a presheaf of abelian groups), we say the R action via ¢ is
R-linear (resp. o-linear) if 1(a) = a (resp. t(a) = a”) for all a € R. Here we view Og as an

R-algebra via the structure morphism S — Spec R.

Given any (A, 1, \) € A (n—r,r)[1/A] for a base scheme S, there is a canonical eigenspace

decomposition

Lie A = (Lie A)* & (Lie A)~ (3.1.10)
characterized by (Lie A)™ (resp. (Lie A)™) being rank n — r (resp. rank r) and the O action
via ¢ on (Lie A)T (resp. (Lie A)~) being Op-linear (resp. o-linear).

Definition 3.1.7. By the tautological bundle on .# (n—r,r)[1/A], we mean the rank r locally
free sheaf & (for the fppf topology) whose dual is given by the assignment &V := (Lie A)~ for
(A, 0, \) € A (n—r,r)[1/A](S) for Op-schemes S.
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3.2 Exotic smoothness

Our main results at ramified primes eventually restrict to even n and residue characteristic

# 2. For this reason, we require n even and 21 A in Section 3.2.

Notation 3.2.1 (Exotic smooth setup, even rank). A non-degenerate Hermitian Op-lattice
L of even rank n satisfies the even rank exotic smooth setup if 21 A, the signature of L is

(n—1,1), and L is self-dual (for the trace pairing).

In the exotic smooth setup, we recall how M can be extended to a certain smooth integral
model over Spec Op. We consider arbitrary signature (n — r,r). For Hermitian abelian

schemes (A, ¢, \), we consider

(Polarization condition o) The quasi-polarization |A| - X is a polarization and we have

ker(|A] - X) = A[VA].

We write . (n — r, 7)K% for the substack of .# (n — r,r) consisting of Hermitian abelian
schemes (A, ¢, A) where X satisfies polarization condition o from above. Here “Kot” indicates
that we have “only” imposed the Kottwitz signature condition. For d = |A|™, the map
M —r, )% —— A (n—r,r)D
( ) ( ) (3.2.1)
(A0, \) ———— (A, |A] - N)

YKot i also

is representable by closed immersions of schemes. In particular, .Z(n — r,r
a separated Deligne-Mumford stack which is finite type over Spec Or. The restriction
M(n—r,r)K°[1/A] — A (n—r,r)@D[1/A] is an open immersion. If x is any algebraically
closed field of characteristic 0, an object (A, ¢, \) € A (n—r,r) lies in . (n — r,r)*°"° if and
only if the Hermitian Op ®y Z,-lattice T,,(A) is self-dual (for the trace pairing) for all p. In
particular, we have

%O X Spec Op %(n - T)K0t7o[1/A] - ML (322)

where L is a representative for the unique adélic isomorphism class of self-dual signature
(n — r,7) non-degenerate Hermitian Op-lattices (if it exists). Such L exists if and only if
n = 2" (mod 4) due to the global product formula for local invariants of Hermitian spaces.

Now we restrict to signature (n — 1,1) and n > 2. Let .#(n — 1,1)° be the flat part of
M (n —1,1)K% i e the scheme-theoretic image of the generic fiber. Equivalently, this is

the largest closed substack which is flat over Spec Op.

Example 3.2.2. Suppose Oy = {£1} (i.e. further exclude F' = Q[v-3|). If Ay —
Spec O denotes the moduli stack of elliptic curves base-changed to Spec O, the Serre tensor
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construction E — FE ®z O defines an open and closed immersion igeye: Aoy — 4 (1,1)°
(22.2.2). If we replace O by (representatives of) fractional ideal classes for O, we obtain
an isomorphism [{¢p,,) #en — #(1,1)°, where Cl(Op) is the class group. This is [KR14,
Proposition 14.4]. The local analogue (e.g. Lemma 5.6.2) will play an important role in this
work. In Section 22.2, we revisit this description of .Z(1,1)° to restate our main theorem in

the simplest case.

Rapoport—Smithling-Zhang have given a moduli description [RSZ21, §6] for .#(n —1,1)°.
They define!” a closed substack . (n — 1,1)R% C .4 (n — 1,1)¥°%° with the same generic
fiber, with .# (n — 1,1)®%% — Spec O smooth of relative dimension n — 1. This moduli
description is as follows: given any scheme S over Spec O, the groupoid . (n—1,1)R%(S) C
A (n —1,1)K%°(S) is the full subcategory consisting of tuples (4, ¢, \) such that the action
t: Op — End(A) satisfies:

(1) (Pappas wedge condition) For all a € OF, the action of ¢(a) on Lie A satisfies

2 n

/\(L(a) —a)=0 and /\(L(a) —a’) =0.

(2) (PRRSZ spin condition) For every geometric point 5 of S, the action of (¢(a) — a) on

Lie As is nonzero for some a € Op.

The signature condition implies that the equation involving A" in the wedge condition is
automatic, and that the wedge condition is empty if n = 2. The wedge and spin conditions are
automatic (given the signature condition) over Spec Op[1/A], i.e. . (n —1,1)K%°[1/A] =
M (n—1,1)52[1/A]. For closedness of the spin condition, we refer to the closedness assertion
in [RSZ21, Theorem 5.4]. The acronym PRRSZ stands for Pappas, Rapoport, Richarz,
Smithling, and Zhang. We have .# (n — 1,1)° = .#(n — 1,1)%5% by agreement in the generic
fiber, flatness, and closedness.

We define the exotic smooth moduli stack
M = %0 X Spec Op .///(n - 1, 1)0 (323)

associated to any self-dual lattice L of signature (n — 1,1). The structure morphism M° —

Spec OF is smooth, by the discussion above.

17Strictly speaking, Rapoport—Smithling-Zhang normalize their polarization differently (i.e. our X is their
|A|71)X). Their convention is more common elsewhere in the literature, and is of course equivalent to our
formulation. We prefer our normalization, which seems more natural for our main results on the comparison

with Eisenstein series Fourier coefficients. A related remark is [LL22, Footnote 9].
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Notation 3.2.3. From here on, we always write M instead of M° if L satisfies the even rank
exotic smooth setup (we are overriding previous notation, see Warning 3.1.3; i.e. M[1/A]
recovers the moduli stack in Definition 3.1.2). Recall that we have set dj, := 1 for L satisfying

the even rank exotic smooth setup.

Remark 3.2.4. Suppose L satisfies the even rank exotic smooth setup, and form the
associated moduli stack M — Spec Op. Then Lemma 3.1.5 holds for every geometric point
Spec k — Spec O by the same proof verbatim (replacing d;A in loc. cit. with the number

1).

We have the following analogue of (3.1.10): set

(Lie A)" ﬂ ker(u(a) — a)|Lie a (3.2.4)

aeOp
for objects (A, ¢, A\) € A (n—1,1)°(S) over Op-schemes S.

Lemma 3.2.5. For objects (A, 1, \) € A (n —1,1)°(S) over Op-schemes S, the subsheaf
(Lie A)* C Lie A is a local direct summand of rank n — 1 whose formation commutes with ar-
bitrary base change. The Op action via v on (Lie A)t (resp. the line bundle (Lie A)/(Lie A)*)

is Op-linear (resp. o-linear).

Proof. This lemma (and its proof) is a global analogue of [LL22, Lemma 2.36] (the latter is
an analogous statement on a Rapoport-Zink space).

Fix a € Op such that {1,a} forms a Z-basis of Or. We have exact sequences

0 — (LieA)* — Lied 7% im(u(a) —a) —— 0
(3.2.5)

0 — im(¢(a) — a) —— Lie A —— coker(v(a) —a) —— 0

of quasi-coherent sheaves on S. The wedge and spin conditions imply that (Lie A)™ has rank
n —1if § = Speck for a field k. If S is an arbitrary reduced scheme, the rank constancy of
coker(t(a) — a) on geometric points implies that coker(:(a) — @) is finite locally free of rank
n—1 (e.g. by [SProject, Lemma 0FWG]). Hence, when S is reduced, every sheaf appearing in
(3.2.5) is finite locally free, with (Lie A)*, im(¢(a) —a), and coker(c(a) — a) having ranks n —1,
1, and n — 1 respectively. Thus the exact sequences of (3.2.5) remain exact after pullback
along any morphism of schemes S” — S (where S is reduced but S’ is not necessarily reduced).
For arbitrary S (not necessarily reduced), the morphism S — .#(n — 1,1)° corresponding to
(A, 1, \) factors through a regular (hence reduced) locally Noetherian scheme fppf locally on

S (since the moduli stack .# (n — 1,1)° is smooth over Spec Op). These considerations show
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that (Lie A)™ C Lie A is a local direct summand of rank n — 1 whose formation commutes
with arbitrary base change.

It is clear that the O action via ¢ on (Lie A)" is Op-linear. To show that the action
on (Lie A)/(Lie A)* is o-linear, it is enough to check the case where S is an integral scheme
(argue fppf locally as above). When S is integral, the o-linearity follows from the (n —1,1)

signature condition on Lie A. 0

Definition 3.2.6. By the tautological bundle on .#(n — 1,1)°, we mean the rank one
locally free sheaf & whose dual is &Y = (Lie A)/(Lie A)* for (A, ¢, \) € 4 (n—1,1)°(S) for

Op-schemes S.

The restriction of & to .#(n—1,1)°[1/A] coincides with the restriction of the tautological
bundle defined in Definition 3.1.7.

Remark 3.2.7. We mention how .# (n — 1,1)5Z relates to other moduli stacks. We caution
that the terms “Pappas model” and “Kramer model” in the literature may refer to variants,
e.g. using principal polarizations.

Let 4 (n—1,1)"® C #(n — 1,1)%°% be the closed substack (“Pappas model”, named
for the work [Pap00]) where we impose the wedge condition (for both n even and odd) but
not the spin condition.

Let . (n — 1,1)%¥*% be the stack in groupoids over Spec O (“Krimer model”, named
for the work [Kri03]) consisting of tuples (A, ¢, A, F) for (A, 1, \) € A4 (n —1,1)¥°%°(S) and
F C Lie A a t-stable local direct summand of rank n — 1, such that the O action via ¢ on F
(resp. (Lie A)/F) is Op-linear (resp. o-linear).

We have a diagram

M(n—1,1)%5% % 1 koo M (n—1,1)K < s M (n—1,1)Ksé
| i |

M (n—1,1)R5 « s M (n—1,1)PP 5 f(n—1,1)Kote

(3.2.6)

where the horizontal arrows are closed immersions, the vertical arrows are forgetful, and the
outer square is 2-Cartesian. The left vertical arrow is an isomorphism (by Lemma 3.2.5, i.e.
F = (Lie A)*) and the inclusion .Z (n — 1, 1)®% — _#/(n —1,1)F?" is also an open immersion.

All arrows are isomorphisms after base-change to Spec Or[1/A].
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3.3 Special cycles

Fix a non-degenerate Hermitian Opg-lattice L of rank n, with associated moduli stack M.
The following definition of special cycles is due to Kudla-Rapoport [KR14, Definition 2.8|

(there in a principally polarized situation). The notation (z,z) was explained in Section C.1.

Definition 3.3.1 (Kudla—Rapoport special cycles). Given an integer m > 0, let T €
Herm,,(Q) be an m x m Hermitian matrix (with coefficients in F'). The Kudla—Rapoport
(KR) special cycle Z(T') is the stack in groupoids over Spec Op defined as follows: for schemes
S over Spec Op, we take Z(T)(S) to be the groupoid

(Ao,l,o,)\o,A,L,)\) € M(S)
Z(T)(S) =< (Ao, to, Mo, A, N x) + = [21,...,2,] € Homp, (Ag, A)™ 7. (3.3.1)
(z,2) =T

We sometimes refer to elements x € Homp, (Ao, A) as special homomorphisms.

Example 3.3.2. Suppose 21 A, and consider L which is self-dual of signature (1,1). Let
J € Z~o be any positive integer. If O = {£1}, consider the inclusion

'%0 X Spec Op ‘%GH Mﬂ) %0 X Spec Op %(1; 1)0 =M (332)

with igerre as in Example 3.2.2. Then Z(j) — M pulls back to the j-th Hecke correspondence
over the left-hand side, parameterizing triples (Ey, £, w) where Fy and E are elliptic curves,
Ey has Op action of signature (1,0), and w: E — Ej is an isogeny of degree j. This is
[KR14, Proposition 14.5]. We revisit this example in Section 22.2, where we restate our main

theorem in the simplest case via this description.

In the situation of Definition 3.3.1, recall Endp, (Ag) = Op (if the right-hand side is abuse
of notation for global sections of the constant sheaf Op on S). If the Hermitian pairing on
L is Op-valued, we thus have Z(T) = () unless T has coefficients in Op. If L is self-dual
and 21 A, we have Z(T) = §) unless VA - T has coefficients in Op. Positivity of the Rosati
involution also implies that the special cycle Z(T') is empty unless T' is positive semi-definite
of rank < n.

By Lemma C.2.3, the forgetful map Z(7') — M is representable by schemes, finite, and
unramified (and of finite presentation). Hence Z(T') is a separated Deligne-Mumford stack of
finite type over Spec Op. We will soon verify that Z(7T') is smooth (after base change) over
an explicit nonempty open subscheme of Spec Or (Lemma 3.5.5).

We refer to Z(T) — M as being a cycle over M, although it is not literally a cycle

(where the precise version of cycle means a formal linear combination of integral closed
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substacks). We also do not wish to take pushforward, which may lose information. However,
since Z(T) — M is finite and unramified, this morphism is étale locally on the target a
disjoint union of closed immersions [SProject, Lemma 04HJ]. For a more explicit version
with level structure, see Lemma 3.4.5 below.

We record a few miscellaneous facts which will be used later. If T; € Herm,, (Q) for

t=1,...,7 with m :=m; +---+m; and all m; > 0, then there is an identification
ZM) xm-xm 2= [ 2) (3.3.3)
TeHerm,, (Q)

satisfying (3.3.4)

where the disjoint union runs over 7" of the form
T = KR (3.3.4)

(i.e. whose block diagonal entries are given by the T;).
We write Z(T),» C Z(T) for the largest closed substack flat over Spec O, and call
Z(T).» a horizontal special cycle or the flat part. There is a decomposition of Z(T') as a

scheme-theoretic union of closed substacks!®

Z(T) = 2w V| JZ(T)r, (3.3.5)

where Z(T")y , = Z(T') Xspecz Spec Z/pZ for a choice of e, > 0 (notation e, is temporary).
This follows from quasi-compactness of Z(T") (which also ensures that we may take e, = 0
for all but finitely many p). We think of (3.3.5) as decomposition into a “horizontal part”
and “vertical parts”. A similar horizontal /vertical decomposition for local special cycles on
Rapoport—Zink spaces is [LZ22a, §2.9] (inert case).

While the horizontal part Z(7T'), is defined canonically, the vertical parts Z(T")y , depend
on e, as above. We will mostly work with the “derived vertical special cycle classes” from

Section 4.6, which do not depend on such a choice of e,,.

8By the scheme-theoretic union of finitely many closed substacks Z; of a Deligne-Mumford stack Z, we
mean the closed substack whose ideal sheaf is given by intersecting the ideal sheaves of Z; on the small étale
site of Z.
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Given any T € Herm,,(Q) and v € M, ,(OF), there is a commutative diagram

(A07L07)‘07A7 L, AJ&) F > (A07L07/\07A7 L, )\aQV)

Z(T) y Z('NTH) (3.3.6)
\ y /

induced by v. Below, we set O ) = Or ®z Z).
Lemma 3.3.3. Fiz any T € Herm,,,(Q) and v € M, ,,(OF). Consider the induced map

Z(T) — Z(7T). (3.3.7)

(1) This map is a finite morphism of algebraic stacks. If moreover v € GL,,(F) (resp.

v € GL,,,(Or)) then the map is a closed immersion (resp. isomorphism,).

(2) Assume v € GL,,(F), and let N € Z be the product of primes p such that v ¢
GL(Opyp)). Then the restriction Z(T)[1/N| — Z(*T)[1/N] is an open immersion.

Proof. (1) The map Z(T) — Z(T)(*5T~) is finite because the projections to M are finite
(finiteness for morphisms of algebraic stacks may be checked fppf locally on the target, so we
reduce to the case of schemes). If v € GL,,(F), then Z(T) — Z(T)(*4T7) is a monomorphism
of algebraic stacks (check via the moduli description), and any proper monomorphism of
algebraic stacks is a closed immersion. If v € GL,,(Op), there is an inverse Z('"yTy) — Z(T)
sending x +— x -y~ 1.

(2) Consider the substack Z C Z(*5T7) consisting of tuples (Ao, to, Ao, 4, ¢, A\, w) such
that w -+~ € Homp, (A, A)™ (i.e. that the tuple of quasi-homomorphisms w -+~ is a tuple
of homomorphisms). The closed immersion Z(T') — Z(*4Ty) maps isomorphically onto Z.

A quasi-homomorphism f: B — B’ of abelian schemes (over any base scheme S5)
is a homomorphism if and only the induced quasi-homomorphisms of p-divisible groups
flp™]: B[p>] — B'[p*°] are homomorphisms for all primes p. This is a closed condition on S
for each prime p (e.g. the quasi-homomorphism version of [RZ96, Proposition 2.9]). This is
also an open condition for any prime p which is invertible on S (by étaleness of the p-divisible
groups). If p is a prime such that v € GL,,,(OF,,)), then the tuple w - v~! induces a tuple of

quasi-homomorphisms Ag[p>] — A[p*°] consisting of homomorphisms. ]

3.4 Level structure

Let L be any non-degenerate Hermitian Opg-lattice of rank n, and form the associated moduli
stack M. We discuss level structure for M.
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Set V = L ®p, F, and form the unitary group U(V) (over SpecQ). Let Ly = Op any
self-dual Hermitian Op-lattice of rank 1. We set

KLy p = Stabuy),) (Lo © Zy) K1y = Staby ), (L @ Zy)
Kipp =] Krow Kip=]]Kws
p p

for all p, where Staby(vyq,)(L ® Z,) denotes the stabilizer of L ® Z, in U(V)(Q,), etc.. We
say that Ky ; C U(V)(Ay) is the adelic stabilizer of L. Set Kj , = Ky, s X K, ;. Note that
there is no dependence (up to functorial isomorphism) on the choice of Ly, or the choice of L
within its adélic isomorphism class. We use the usual notation where K Z s means to omit the
p-th factor in the product, etc..

For integers N > 1, we define the “principal congruence subgroups”

K,(N) :==ker(K., — GL(L ® Z,/NZ,)) Ky (N) =[] Krp(N)

(suppressing L dependence from notation) and similarly define Ky ,(Ny) and K;(Ny) for
Ny > 1. Given a pair N’ = (N, N) of integers No, N > 1, we set K}s(N') :== Ko s(No) x K¢(N)
and K (N') = Ko,(No) X K,(N), etc.. Given N’ = (N, N), we sometimes abuse notation,
e.g. N’ > a means Ny, N > a, and the notation X[1/N’] for an algebraic stack X will mean
inverting all primes dividing N'. If No = N, we write K}(N) == K}{(N').

Let K} = Koy x Ky C K’LJ be any open compact subgroup which admits product
factorizations Koy =[], Kop and Ky =[], K. We set K}, .= Ko, X K, etc.. Let N, be
the product of primes p for which Ky, # K, or K, # Kr,. We say that K} is standard at
pifpt NK}-

Notation 3.4.1. For K} C K} , as above, we reserve the term small or small level to mean
that K} - K}(N’) for some N’ > 3.

Consider oo = (Ay, tg, Mo, A, 1, A) € M(S) for some scheme S. Suppose p is a prime which

is invertible on S. For any integer e > 0, we consider the fppf sheaf
Level(p®) € Isom(Ag[p°], Lo ®z Z/p°Z) x Isom(A[p°], (Lo ®o, L) @z Z/p°Z)  (3.4.1)

on S, where Level(p°) is the open and closed subfunctor corresponding to isomorphisms
Aolp] = Lo/p°Lo and A[p°] — L/p°L which lift to Op-linear isomorphisms

T,(Aos) = Lo unitary up to scalar

~

Homop, (T,(Aos),T,(As)) — L unitary
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over every geometric point s of S. Since Lg is rank one, the “unitary up to scalar” condition
is automatic.

Consider any open compact subgroup K, C K7 . For each e > 0, we write K], mod p°
(temporary notation) for the image of K, in GL1(Lo ®z Z/p°Z) x GL,(L ®z Z/p°Z). There
is a canonical action of K mod p® on Level(p®).

Definition 3.4.2 (Level structure). Let K7 C K7 , be any factorizable open compact
subgroup, as above. Consider an object a = (Ao, tg, Ao, 4,1, A) € M(S) for some scheme
S — Spec Op[1/Ni].
If p is prime which is invertible on S, the sheaf of level Kz’) structures for a is the quotient
(coequalizer)!?
Level g, = (K, mod p)eso\(Level (b)) 5o (3.4.2)

in the category of pro-objects for the category of fppf sheaves on S. If p is not invertible on
S, we let Level K, be the constant sheaf valued in a singleton set.

The sheaf of level K} structures for « is the product

LevelK} = H Levely, (3.4.3)
p
over all primes p. This is an fppf sheaf on S, and is locally constant in the étale topology.
A K, level structure (vep. K} level structure) for a is a global section of Level K, (resp.

Level K/ ).

Remark 3.4.3. Let K}, a, and S be as in Definition 3.4.2. Fix a geometric point s of
S, with char(3) = p > 0. Assume moreover that S is connected. In this case, giving a
K-level structure for « is (canonically) same as giving a pair (7o, 77) where 7j (resp. 7) is a
T16(9,5)-stable K{ (-orbit (resp. Kj-orbit) of isomorphisms

no: TP(Aos) — Lo @z /i unitary up to scalar
n: Homg o 5 (T7(Aos), T7(4s)) 5 L@y 7P unitary.

In the notation of Definition 3.4.2, note that K], = K (p°) implies Levely, = Level(p®).
In Remark 3.4.3, note that the “unitary up to scalar” condition is automatic because L has
rank 1. Even when S is not connected, we abuse notation and write (7j,7) for level K’

structure in the sense of Section 3.4

9Note that this quotient Levely, is (isomorphic to) a sheaf (not just a pro-sheaf), so it is sensible to refer
p
to Levely, an fppf sheaf on S (rather than a pro-object).
p
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Given an open compact K } as in Definition 3.4.2, we now define a stack in groupoids

M over Spec Op[1/(dp Ny )| with
M (8) = {(a,70,7) : & € M(s) and (7)o, 7)) a level K structure for o} (3.4.4)

for schemes S over Spec (’)F[l/(dLNK})]. Given T' € Herm,,(Q), we write Z(T)K} =
Z(T) X pm Mg (“level K’} special cycle”).

Write A, 4 v for the moduli stack over Spec Op[1/N] of (relative) n-dimensional abelian
schemes A with degree d polarization and a chosen isomorphism A[N| — L ® Z/NZ of
group schemes (not necessarily compatible with symplectic pairings). We similarly form
A 1 n, using the lattice Ly (and pick a basis of Ly for convenience). Recall that A, 4 is
representable by a separated Deligne-Mumford stack of finite type over Spec Or[1/N], and
that A, 4~ is a scheme quasi-projective over Spec Op[1/N] if N > 3 (see [MFK94, §7.2
Theorem 7.9]).

Let by, dy, € Zxq be associated to L, as discussed before Definition 3.1.2. If K% (N') is the

principal congruence subgroup of some level N’ = (Ny, N), consider the forgetful morphism
Mg vy —— Aving X Ana v (3.4.5)

which forgets the Op-actions and sends A +— by \. For level structure, see the description in
Eq. (3.4.1). The induced map

My vy = ML/N'I X (arax A ay) (Ar1,ng X Anag v)[1/d1] (3.4.6)
is representable by schemes and is an open and closed immersion. Hence M KN —
A1 Ny X Ana, n[1/dg] is finite (and representable by schemes).

Lemma 3.4.4.

(1) For any open compact subgroup K} as in Definition 3.4.2, the stack MK/f 1S a separated
Deligne—Mumford stack of finite type over Spec Op. If K’ is small, then MK} s a

quasi-projective scheme over Spec Op.

(2) For any inclusion K C KY, the forgetful morphism Mgy — MK}/[l/NK}] (i.e. expand
a K)-orbit to a K7 orbit) is finite étale of degree |K{/K}%|. If K} C K} is a normal
subgroup, then My — Mycy[1/Ni] is a torsor for the finite discrete group K7 /K.

Proof. The second sentence in part (2) is clear from construction (and makes sense before we
know these stacks are algebraic). When K = K} (N’) for some N, the claims in part (1)
follow from (3.4.6).
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For general K7, select N’ = (No, N) such that My s a scheme and K} (N') C
K. Then Mgy vy — Mg [1/N'] is a torsor for the finite discrete group K/K3(N') (in
particular, finite étale), and hence admits the stack quotient presentation M K}[l /N'] =
M K (V) /(K% /K}(N'))], which shows that M K}[l /N'] is Deligne-Mumford. Picking another
M’ = (My, M) such that ged(NoN, MoM) is only divisible by primes dividing Nk, we
find that M K}[l /M'] is Deligne-Mumford as well. These two charts show that M K 18
Deligne-Mumford, as well as separated and finite type over Spec Op.

If K C K, then for any scheme S with a morphism S — M K" the 2-fiber product
M K} X Mgy S is fibered in setoids, hence equivalent to a sheaf (of sets). But since M Kj(N) =
M [1/N'] is a K /K (N')-torsor and affine morphisms satisfy fpqc descent [SProject,
Section 0244], we conclude that M K/ [1/N'] x My S is represented by a scheme. As above,
we may pick some other M’ to patch and show that the morphism My, — M K}/[l /N K}]
is representable by schemes. Since Mg/ vy — MK}[l/N’] and M, vy — /\/lKJq[l/N’] are
both finite étale surjections, we conclude that M Ky = M K}/[l /N K}] is finite étale by varying
N’ again (using standard facts like [SProject, Lemma 02K6, Lemma 01KV, Lemma 0AHG6,

Lemma 02LS]). The remaining claims follow from this. O

Lemma 3.4.5. Fiz any prime p and a matriz T € Herm,,(Q) with m > 0. The morphism

Z(T)K}(pe) — MK}(pe) is a disjoint union of closed immersions for all e > 0.

Proof. For e € Z>q, we define a stack (used only in this proof) M(p®) over Spec Op[1/(dLp)]
as follows. For schemes S over Spec Op[1/(drp)], we take M(p°)(S) to be the groupoid

A A
M(p)(5) = {<A0,L0,)\0,A, LA L) (Ao, t0, Ao, 4,1, A) € M(3) } :

z = |[x1,..., 2| € Home, (Ao[p°], Alp?])™
(3.4.7)
We have a commutative diagram

M(p°)

/ l (3.4.8)
M

Z(M[/p] ——

The forgetful morphism M (p®) — M([1/p] is representable by schemes and a finite étale
surjection. Thus, M(p°) is representable by a separated Deligne-Mumford stack of finite
type over Spec Op.

We claim that Z(7T) — M(p°) is a closed immersion for e > 0. This may be checked
fppf locally on the target. Suppose S — M][1/p] is an fppf cover by a Noetherian scheme
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S (possible since M is locally Noetherian and quasi-compact). It is enough to check
that Z(T) xp S — M(p®) X S is a closed immersion of schemes. Since the morphism
Z(T) = M (resp. M(p®) — M([1/p]) is finite and unramified (resp. finite), we conclude
that Z(7T')[1/p] — M(p°) is also finite and unramified.

To prove the claim, it remains only to check that the morphism of schemes Z(T") Xy S —
M (p€) X g S is universally injective for e > 0 (for morphisms of schemes, being a closed
immersion is the same as being proper, unramified, and universally injective [SProject, Lemma
04XV]).

We first show that universal injectivity holds fiber-wise over every point s € S for e
sufficiently large (with e possibly depending on s). For any point s on S with residue
field k(s), we know that Z(7T)s) — M(p®)k(s) is universally injective for e > 0 (possibly
depending on s) because the map Hom(A;, Ay) — Hom(7,(A;),T,(A2)) is injective for
abelian varieties Ay, Ay over any field of characteristic # p (apply this over a geometric point
mapping to s and use finiteness of Z(T)).

Being universally injective may be checked fiber-wise over S, so we need to show that
there is a value of e which works for all points s € S simultaneously. We can select e > 0 so
that Z(T) xS — M(p®) X p S is universally injective (hence a closed immersion) over the
generic point of each irreducible component of S. For such e, a limiting argument (“spreading
out”) implies that Z(T") xS — M(p°®) xm S is a closed immersion over an open dense
subset of S. Applying Noetherian induction on S proves the claim.

To finish the proof of the lemma, we observe that M(p®) X M Kype) — M K ()
is a finite disjoint union of isomorphisms, corresponding to the constant sheaf valued in
Homo, (Lo ®z Z/p°Z, L @7 Z/p°Z)™. Hence Z(T)K}(pe) — M (pe) Is a disjoint union of

closed immersions. O

3.5 Generic smoothness

We explain a generic smoothness result for special cycles (Lemma 3.5.5). The other lemmas are
auxiliary. The proof proceeds by reducing to p-divisible groups over a base where p is locally
nilpotent, and then checking formal smoothness using Serre-Tate and Grothendieck—Messing
deformation theory.

We first consider p-divisible groups (see Appendix B.1 for a review of terminology). For
primes p, set Op, = Op ®z Z,. Suppose p{ A and consider schemes S over Spf O, i.e. S

is a scheme over Spec O with p locally nilpotent on S. We consider tuples (Y, ¢, \) over S
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where

Y is a p-divisible group over S of height 2n and
dimension n
t: Op, = End(Y) is an action satisfying the (n—r, r) Kottwitz sig- (3.5.1)
nature condition, i.e. for all @ € Op,, the char-
acteristic polynomial of ¢(a) acting on LieY is
(x —a)" "(z —a)" € Oglx]

XY S YV is a principal polarization whose Rosati involu-
tion t+ on End(Y) satisfies ¢(a)! = ¢(a”) for all
a < Opp.

In the signature condition described above, we view Og as an Op, -algebra via the structure
map S — Spf Op, .

Parts of the next formal smoothness result (Lemma 3.5.1) may exist in some form in the
literature, see e.g. discussion about formal smoothness for “unramified Rapoport—Zink data”
in [RZ96, 3.82| and the reference to [Kot92, §5| given there.

Following [SProject, Section 04EW]|, we use the term thickening to refer to a closed
immersion which is a homeomorphism on underlying topological spaces, and the term first
order thickening for a thickening defined by a square zero ideal.

Let S be a scheme over Spf Op,, and suppose (Y ¢, A) is a tuple over S as in (3.5.1). There
is an associated deformation functor Def(y, \) (possibly non-standard usage, and it will not
appear after Lemma 3.5.1) which sends a thickening S — S’ to the set of (isomorphism classes
of) lifts of (Y, ¢, A\) to S’. Write S[e] and S|e, €] as shorthand for S Xgpecz Spec Z[e]/(€?) and
S Xspecz Spec Zle, €]/ (€2, e€’, €?), respectively. In the proof of Lemma 3.5.1, we will see that

the canonical map

Def(y,L,/\)(S[e, E/]) — Def(Y7L,>\)(S[€]) XDef (v, ) (S) Def(y7L7,\)(S[e']) (352)

is an isomorphism. More generally, if M is a finite rank free Og-module and Og & M denotes
the quasi-coherent Og-algebra with M an ideal of square zero, we will see that the functor
M > Def(y, ) (Spec (Os @ M)) preserves fiber products over the base M = 0 (note that
this holds when Defy, ) is replaced by any scheme, and this is essentially the method of
proof). Here Spec s denotes relative Spec.

For any scheme S over Spf Op,, the above considerations imply that the set Def (y,, »)(S|e])
has the natural structure of a I'(S, Og)-module in the standard way (as a “tangent space”) as
in [SGA3II, Proposition 3.6] or [SProject, Section 0612].
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Lemma 3.5.1. Let p be a prime which is unramified in Op. The deformation problem for
triples as in (3.5.1) is formally smooth of relative dimension (n — r)r in the following sense.
Let S be any scheme over Spf Op,, and let (Y, 1, ) be a triple over S as in (3.5.1).

(1) The triple (Y, i, \) lifts along any first order thickening of affine schemes S — S’, i.e.
the map Def(y,, ) (S") = Def(y, ) (S) is surjective.

(2) When S = Speck for a field r, the k vector space Def(y, \(kle]) has dimension (n—1)r.
If (n—r)r =0, then (Y, t, \) lifts uniquely along any first order thickening of schemes S — 5.

Proof. We study this lifting problem for p-divisible groups in terms of Grothendieck-Messing
deformation theory. Let S — S’ be a first order thickening of schemes (not necessarily affine).
View S < S” as a PD thickening, with trivial PD structure on the square zero ideal of the
thickening.

Write D(Y') for the covariant Dieudonné crystal of Y, and write D(Y')(S) and D(Y)(5")
for the evaluation of this crystal on the PD thickenings id: S — S and S < S’ respectively.

We have a short exact sequence of Og-modules given by the Hodge filtration
0— Qyv = DY)(S) — Liey — 0 (3.5.3)

with Qyv = (Lieyv)¥ and each Og-module above being finite locally free.

We may decompose the Hodge filtration into eigenspaces with respect to the action
t: Op, = End(Y) (and the structure morphism S — Spec Op, ). We use superscripts (—)"
and (—)~ to denote these eigenspaces, where Op, acts linearly (resp. o-linearly) on (—)*

(resp. (—)7) via ¢. Then we have short exact sequences

0— QF, = D(Y)(S)" — Lie{: — 0 (3.5.4)
0— Qpv = DY)(S)” — Liey, =0 (3.5.5)

where each Og-module above is finite locally free and, for example, we have D(Y) =
D(Y)* @ D(Y)~. From left to right, the modules in (3.5.4) have ranks r, n, and n — r, and
the modules in (3.5.5) have ranks n — r, n, and r respectively.

Using the polarization A, we may identify (3.5.4) with the dual of (3.5.5). There is a
choice of sign in this identification, which plays essentially no role in this proof.

We have D(Y)(S5")|s = D(Y)(S) canonically (as D(Y') is a crystal), and Grothendieck—
Messing theory implies that lifting (Y,¢, A) to S’ is the same as lifting the Hodge filtration
(3.5.3) compatibly with the action ¢ and the polarization A. Compatibility with the ¢

action means that we should lift the eigenspace decomposition in (3.5.4) and (3.5.5), and
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compatibility with the polarization A means that the resulting exact sequences should again
be dual to each other (as determined by ). It is equivalent to lift either one of the exact
sequences of (3.5.4) and (3.5.5) (one determines the other) to a filtration of D(Y)(S")* or
D(Y)(S")~ respectively (with no additional restrictions).

Consider the lifting problem for, say, the 4 eigenspace of the Hodge filtration as in (3.5.4).
Zariski locally on S’ this lifting problem may be identified with the problem of lifting an S
point to an S’ point on the Grassmannian parametrizing rank r subbundles of the rank n
trivial bundle. This Grassmannian is smooth of relative dimension (n — r)r, which proves

the claims in the lemma statement. O

The next three lemmas are used to prove Lemma 3.5.4. This latter lemma is in turn used
in the proof of generic smoothness in Lemma 3.5.5, to reduce to bases where p is locally
nilpotent for some unramified prime p. This will allow us to reduce to formal smoothness for
deformations of p-divisible groups (with certain additional structure) as proved in Lemma
3.5.1.

Lemma 3.5.2. Let A be an adic Noetherian ring, and let X be a locally Noetherian scheme
over Spec A. If Xgpr 4 — Spf A is flat, then X — Spec A is flat at every point of X which lies
over Spf A. If X — Spec A is locally of finite type, then the same holds with “flat” replaced

by “smooth”.

Proof. Here, flatness (resp. smoothness) of Xg,r4 — Spf A is equivalent to the requirement
that, for every scheme T with a map T'— Spf A, the base changed map X — T is flat (resp.
smooth).

We first check the flatness assertion. Passing to an affine open of X, we may reduce to
the case where X = Spec B for a Noetherian ring B. Let I C A be an ideal of definition.
Then Xgp¢ 4 is described by a completed tensor product, and we have Xgpe 4 = B where B is
the I-adic completion of B. Since B is a Noetherian ring, the canonical map B — B is flat.
Since Xgpra — Spf A is flat, we know that A — B is a flat ring map. We conclude that B is
flat over A at every prime in the image of Spec B — Spec B. These are precisely the points
of X lying over Spf A.

Next, assume Xg, 4 — Spf A is smooth. By Noetherianity of A, the map f: X — Spec A
is locally of finite presentation. We have just shown that X — Spec A is flat at every point
x € X which lies over Spf A. Thus, for such x € X, the map f: X — Spec A is smooth at z
if and only if X ) — Speck(f(x)) is smooth at , where k(f(x)) denotes the residue field of
f(z). But since Spec k(f(z)) — Spec A factors through Spf A — Spec A, we conclude that
X¢(z) — Speck(f(z)) is indeed smooth. O
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Lemma 3.5.3. Let f: X — Y be a locally of finite type (resp. locally of finite presentation)
morphism of schemes, and assume that Y is a Jacobson scheme. Then f is smooth (resp.
flat) if and only if f is smooth (resp. flat) at every point of X which lies over a closed point
of Y.

Proof. Since f is locally of finite type (resp. locally of finite presentation), we know that X
is a Jacobson scheme (i.e. closed points are dense in every closed subset). Since f is smooth
(resp. flat) on an open subset of X, it is enough to check that f is smooth (resp. flat) at every
closed point of X. As f is locally of finite type and Y is Jacobson, we know that f maps

closed points to closed points [SProject, Lemma 01TB]| which gives the lemma claim. ]

Lemma 3.5.4. Let X be an algebraic stack, let'Y be a Jacobson locally Noetherian scheme,
and let f: X —'Y be a morphism which is locally of finite type. For points y € Y, write @y,y
for the completion of the local ring at y. Then X —'Y is smooth (resp. flat) if and only if
Xopr oy, = Spf 6xy is smooth (resp. flat) for every closed point y € Y.

Proof. Select any scheme U with a surjective smooth morphism U — X. Then U — Y is a
locally of finite type morphism of Jacobson locally Noetherian schemes, and X — Y is smooth
(resp. flat) if and only if U — Y is smooth (resp. flat). By Lemma 3.5.3, we may check
smoothness (resp. flatness) of U — Y at points of U lying over closed points of Y. If z € U

and y = f(x), then U — Y is smooth (resp. flat) at z if and only if Uy — Spec @Ky is

ecO

smooth at z (first checking flatness, then checking smoothness in thep ﬁbgry over the closed
point). For any y € Y, Lemma 3.5.2 implies that U — Y is smooth (resp. flat) at all points
x € U lying over y if and only if Uspf@m — Spf @y’y is smooth (resp. flat). By Lemma
3.5.3, we then see that U — Y is smooth (resp. flat) if and only if Uspfém — Spf Oy, is
smooth (resp. flat) for every closed point y € Y. This is equivalent to the condition that
X Oy, Spf @y,y is smooth (resp. flat) for all closed points y € YV, since U — X is a

smooth surjection. O

Lemma 3.5.5. Let L be any non-degenerate Hermitian Op-lattice, with associated moduli
stack M. Fiz T € Herm,,(F).

Then there exists N € Z such that Z(T)[1/(NdpA)] is either empty*® or smooth of relative
dimension (n —r — rank(T"))r over Spec Op[1/(NdLA)].

We may take N such that for pt NdpA, there exists g € GLy,(Op,) with

Id 0
gTg = ) (3.5.6)
0 0
20Following the Stacks project [SProject, Definition 0055], our convention is that dim () = —oo.
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where 'g denotes the conjugate transpose of g.

Proof. Fix a prime p { d;A such that there exists g € GL,,(Op,) satisfying (3.5.6). By
Lemma 3.5.4, it is enough to check that the base change Z (T)Spfon is either empty or
smooth of relative dimension (n — r — rank(7"))r over Spf Op, .

The morphism Z(T' )Spfopp — Spf OF, is representable by algebraic stacks and locally
of finite presentation. Thus Z(T")gpt Op, — Spf Op, is smooth if and only if it is formally
smooth [SProject, Lemma 0DPO].

Let S — S’ be a first order thickening of affine schemes, and assume S’ is equipped with
a morphism to Spf Of,. To check formal smoothness of Z(7T")sy Or, — Spf OF,, we need to
show that every object (Ao, to, Ao, 4,1, A\, z) € Z(T)(S) admits a lift to S’

Form (X, tg, Ag), where Xy = Ag[p*] is the p-divisible group of Ay with induced action
to: Op, — End(Xy) and principal polarization A\g: Xo — X{/. Similarly associate (X, ¢, \)
to (A,t,A), where X = A[p™] is the p-divisible group of A. Note that the polarization
A: X — XV is principal because p { dyA. Write also z = [z1, ..., x,,] for the corresponding
m-tuple of morphisms z;: Xg — X. By Serre-Tate, lifting (Ao, o, Ao, 4, ¢, A, z) from S to S’
is the same as lifting (Xg, to, Ao, X, ¢, A, z) from S to 5.

Using an element g € GL,,(Op,) satisfying (3.5.6) as a “change of basis” for X", we
obtain an Op-linear “orthogonal splitting” X = Xéank(T) x Y. That is, Y is a p-divisible
group with action ty: Op, — End(Y’), and a principal polarization Ay :Y — YV whose
Rosati involution t satisfies 1y (a)" = 1y (a®) for all a € Op. Under the described identification
X = Xéank(T) x Y, the polarization A on X is given by (A\g)™*(*) x \y. The map z: XJ* — X

may be identified with the projection X — Xt ™) onto the first rank(7T) factors, followed

by the canonical inclusion X — xp*MT) sy

Note that the actions of Op, on Xy, X, and Y have signatures (1,0), (n —r,r), and
(n —r — rank(T), r) respectively (in the sense of (3.5.1)). These considerations also show
that rank(7") < n —r if Z(T)gpe O, 1s nonempty.

The triple (Xo, to, Ag) admits a unique lift to S" as in Lemma 3.5.1. The projection map
2 X — XD clearly lifts to S as well. So it remains only to lift (Y, uy, Ay) from S to 5.
Such a lift exists by formal smoothness of the corresponding deformation problem described in
Lemma 3.5.1. We apply the same lemma to compute tangent spaces (e.g. after passing to an

étale cover by a scheme), which shows that the relative dimension is (n — r — rank(7))r. O

Remark 3.5.6. Taking 7= () (or T'=0) in Lemma 3.5.5 and varying over non-degenerate
Hermitian Op-lattices L satisfying L C LY and |LY/L| = d, we see that .#(n —r,r)¥ —
Spec Op[1/(dA)] is smooth of relative dimension (n—r)r for every d € Zso. If M is associated
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with any non-degenerate Hermitian Op-lattice L (not necessarily with L C L"), this then

implies that M — Spec Op[1/(dLA)] is smooth of relative dimension (n — r)r.

4 Arithmetic special cycle classes

4.1 Hermitian vector bundles

Given a smooth algebraic stack X over Spec C, a Hermitian vector bundle £ on X is the
following functorial assignment: for every morphism S — X with S a scheme smooth over
Spec C, the assignment gives a vector bundle on S with a smooth Hermitian metric on the
analytification. We sometimes write £ = (&, |—||) where & is the underlying vector bundle on
X and ||—|| is the norm associated with the smooth Hermitian metric (on the analytification),
defined functorially.

Let (R, X, cx) be an arithmetic ring in the sense of Gillet-Soulé [GS90, §3.1], i.e. R is an
excellent regular Noetherian integral domain (e.g. Dedekind domains with fraction field of
characteristic 0 or fields), ¥ is a finite nonempty set of injective homomorphisms 7: R — C,
and co: C¥ — C¥ is a conjugate-linear involution of C ®; R-algebras. Write K for the
fraction field of R.

Suppose X is an algebraic stack which is flat and finite type over Spec R. Write X, =
X Xgpec k.7 Opec C. Assume that the generic fiber Xy is smooth over Spec K. A Hermitian
vector bundle on X is a vector bundle £ on X equipped with a smooth Hermitian metric on
E|x, for each 7 € 3, such that this collection of metrics is conjugation invariant (meaning
Coo-invariant). We write le\c(./'\f' ) for the group of (isomorphism classes of) Hermitian line
bundles, with group structure given by the tensor product. We use the notation L= L, -1
for a Hermitian line bundle with underlying line bundle £ and ||—|| its norm (meaning a
collection of norms {[|—||, }rex). We also write ||—||, =L s =,

Next, we discuss stacky degrees of Hermitian line bundles. We fix the arithmetic ring
(R, X, ¢x) associated with R = Ok[1/N] for a number field K and an integer N € Z, i.e. ¥
is the set of all embeddings 7: K — C, and ¢4 is induced by complex conjugation. For the

rest of Section 4.1, we assume that

X is a reduced 1-dimensional Deligne-Mumford stack which is proper and (4.1.1)
flat over Spec R.

Here, dimension is used in an absolute sense rather than a relative one (e.g. we could have

X = Spec R).
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Let £ = (L,]|—]|) be a Hermitian line bundle on X. For each complex place v of Ok,
we set || =, = [[=Il,, [|=]l,, where 71,72: K — C are the two embeddings corresponding to
v. The Arakelov arithmetic degree d/e\g(f) of £ on X is valued in Ry = R/, v Q- logp),
and may be described as follows. If X = Spec Og[1/N] for a number field E, we have the

standard definition

deg(L) = — Y log|sl, with [, =g " if v < oo (4.1.2)
vIN

where the sum runs over all places v of F (Archimedean included) with v { N, the quantity
¢ is the cardinality of the residue field at v, and s is any rational section of L.

If X is integral (equivalently, reduced and irreducible by quasi-separatedness), select any
number field £ with a finite surjection Spec Og[1/N] — X and set

—_— ~ 1 — ~
deg(ﬁ) = )deg(£|SpECOE[1/N]) (413)

deg(E/ Xk

where deg(E/Xk) denotes the degree of the finite étale morphism Spec £ — Xg. This
definition does not depend on the choice of £ or the morphism Spec Og[1/N] — X, since any
two such choices may be covered by finite surjections from a third such choice Spec Op/[1/N]

(and these finite surjections can be made compatible with the maps to X).

Remark 4.1.1. Existence of E as in the preceding paragraph follows from some general
theory. Indeed, a general fact about Noetherian Deligne-Mumford stacks with separated
diagonal [LMBO00, Théoréme 16.6] implies that there exists a scheme Z with a morphism
Z — X which is finite, surjective, and generically étale (in the sense that Z;; — U is étale for
a dense open substack U C X). Selecting an irreducible component of Z which surjects onto
X, we may assume that Z is also integral. Thus Z is a 1-dimensional integral scheme which is
proper and flat over Spec R. Such a map Z — Spec R must be quasi-finite, hence also finite.
If E denotes the fraction field of Z, the normalization of Z must be Z = Spec Og[1/N].

One can check that the definition of stacky arithmetic degree in (4.1.3) recovers the
definition of [KRY04, (4.4)] and [KRY06, §2.1| which counts geometric points weighted by
orders of automorphism groups.?

In the general case when X is not necessarily irreducible, we take

deg Z deg £|;(g

21Tn loc. cit., the functorial definition of Hermitian line bundle should also include the additional assumption

of complex conjugation invariance as above.
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where the sum runs over generic points § of irreducible components X¢ of X

The preceding discussion showed that X admits a finite surjection from a scheme which is
finite over Spec R, hence X — Spec R is also quasi-finite (in the sense of [SProject, Definition
0G2M)).

Suppose X’ and X are Deligne-Mumford stacks which both satisfy the hypotheses from
(4.1.1), and consider a morphism f: X’ — X over Spec R. Let L be a Hermitian line bundle
on X. First consider the case where X is irreducible. We say that the morphism X} — Xk
has degree deg(X}/Xf) = deg(X)/K)/ deg(Xk/K) (with stacky degrees of 0-cycles over
fields as in (A.1.10)). We have ge?g(f*z) = deg(X}(/XK)d/ch(/j). Next, consider the general
case where X is not necessarily irreducible. We say that X}, — X has constant degree d if
X X Xe gk — Xe i has degree d for every irreducible component & of X. In this case, we
have

deg(f*L) = d - deg(L). (4.1.4)

4.2 Arithmetic Chow rings

We fix definitions for arithmetic Chow rings with rational coefficients.

Let (R, 3, co) be an arithmetic ring (Section 4.1) and write K for the fraction field of R.
Suppose X is a scheme which is separated, flat, and finite type over Spec R with smooth and
quasi-projective generic fiber X . There are associated Gillet—Soulé arithmetic Chow groups
Ch™ (X) in codimensions m > 0. If X is moreover regular, these groups form an arithmetic
Chow ring @*(X)Q (with Q-coeflicients) [GS90, Theorem 4.2.3].

Let L be any non-degenerate Hermitian Op-lattice of rank n, with associated moduli
stack M. Consider the arithmetic ring (R, X, ¢ ) associated with R = Spec Op[1/d]. We
define arithmetic Chow groups for M by limiting over level structure: for any nonzero integer
N, set

Ch*(M([1/N])g = lim Ch* (M [1/N])e (4.2.1)

where K’} varies over all small levels as in Section 3.4 (so that each M K/ 18 a scheme). Similar
limiting procedures appeared in [BBKO7| and [BH21, §4.4]; see also [Gil09] for more on
arithmetic Chow rings of Deligne-Mumford stacks.
Since M — Spec Op|1/dy] is smooth, we know that M is regular. Hence we obtain an
arithmetic Chow ring al*(]\/l[l/N])Q via the intersection product for each @*(MK} [1/N])g-
Suppose Z — M is a finite morphism of algebraic stacks with Z — Spec Og[1/d] proper

and Z equidimensional of dimension d. Then we define the height of Z with respect to any
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Hermitian line bundle £ on M as follows: if Z K, = Z XM K the quantity

—_— A~ 1 —_— ~
deg(L|z) = ———=deg(L" R =R -1 4.2.2
eg( |Z) [K}(l) : K}] eg( |ZK/f) € dLNK/f /(ZdeNK} Q ng) ( )
does not depend on the choice of small level K’,, where ae\g(fﬂ z,, ) is the arithmetic height as
7
in [BGS94, Proposition 2.3.1, Remarks(ii)] (see also [Zha95]) calculated by replacing Zj;, with
its pushforward cycle on M K- Varying K, we obtain the height ge\g(2d| z) € Ry, . We will
be primarily interested in the case where d = 1 with Z reduced and flat over Spec Op[1/dy].

In this case, &%(Z\ z) is the (stacky) arithmetic degree of £ restricted to Z, as discussed in
Section 4.1.

4.3 Hodge bundles

Given an abelian scheme 7: A — S of relative dimension n, we consider the Hodge bundles
Oy = W*Q}L‘/S and wy = m, \" Q4. Here Q4 and wy are locally free of ranks n and 1
respectively. If e: S — A denotes the identity section, there are canonical isomorphisms
Q4 = ey = (Lie A)Y. These Hodge bundles are (contravariantly) functorial in A, and
their formation commutes with arbitrary base change [BBMS82, Proposition 2.5.2].

When S is a scheme which is smooth over Spec C, the analytification of w, may be
equipped with a Hermitian metric (Faltings or Hodge metric), normalized as follows. The
fiber of w4 over any s € S(C) is canonically identified with H°(A,, w4, ). Viewing H°(As, wa,)
as the 1-dimensional C-vector space of holomorphic n-forms on A4(C), we take the metric on
wy at s to be .

(@, B) = (i> BAa (4.3.1)
2 A4(C)
for a, 3 € H°(As,wa,). We call the resulting Hermitian line bundle Wy = (w4, |—]) a
metrized Hodge bundle. This metric on w4 is functorial for isomorphisms between abelian
schemes A over S.

Next, suppose S = SpecC and suppose A\: A — AY is a quasi-polarization. There is
an associated Hermitian metric on QY = Lie(A) which we normalize as follows: if X is a
polarization and A(a) = (t*£)®L~! for an ample line bundle £ on A (where ¢, is translation by
a), then the Chern class ¢;(£) € H?(A,Z) defines a Z-valued alternating form ¢ on H;(A,Z)
(sign conventions etc. as in [Mum85, §]], except our Hermitian pairings are conjugate linear

in the first variable) and a positive definite Hermitian pairing
(z,y) = mV/|A|(¢(iz,y) — i) (z,y)) (4.3.2)
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on Lie A. If instead ) is a quasi-polarization, the associated Hermitian pairing is m ™! times
the Hermitian pairing of mA for any m € Z-q such that mA is a polarization. If dim A =1
and if A is the unique principal polarization of A, the induced dual metric on Q4 = (Lie A)Y
is |A|_1 times the Faltings metric (cf. the proof of [BHKRY20II, Lemma 5.1.4]).

Over an arbitrary smooth scheme S — Spec C, any quasi-polarization A\: A — A" defines
a smooth Hermitian metric on Lie A, given fiberwise by the construction above. We also call
the resulting Hermitian vector bundle @Xl a metrized Hodge bundle.

Next, let (R,3, ¢ ) be an arithmetic ring, and suppose X is an algebraic stack which is
flat and finite type over Spec R, and whose generic fiber is smooth. Suppose we are given a
relative abelian scheme A over X (equivalently, a functorial assignment of abelian schemes
A — S to objects x € X(Y5), for R-schemes S). Formation of the metrized Hodge bundle
W, is functorial, hence defines a metrized Hodge bundle & on X. If A is equipped with a
quasi-polarization, then there is similarly a metrized Hodge bundle QY on X.

Let L be a non-degenerate Hermitian Op-lattice of rank n, with associated moduli stack
M. If L is self-dual and signature (n — 1, 1), we write & for the pullback of the tautological
bundle (Definition 3.2.6) along M — .# (n—1,1)°. Otherwise, we write & for the pullback of
the tautological bundle (Definition 3.1.7) along M — .# (n—r,r)[1/A]. We similarly write
for the pullback to M of the Hodge bundle from .#(n — r,r)[1/A] in the non exotic smooth
case (resp. . (n — 1,1)° in the exotic smooth case) to M (where €2 is the rank n Hodge
bundle). After base change to Spec Op[1/A], the (dual) Hodge bundle Q¥ on M admits a
(canonical) decomposition QV[1/A] = QY[1/A]T @ QV[1/A]™ (with QY[1/A]” = &Y[1/A])
where the Op-action (via ¢) on QY[1/A]" (resp. QY[1/A]7) is Op-linear (resp. o-linear).

Equip QY[1/A] with the Hermitian metric which is

(z,y) = 4r2 /A (Y(iz,y) — i(z,y)) (4.3.3)

in complex fibers (i.e. multiply the Hermitian metric from (4.3.2) by 4me”) where  is the
Euler—-Mascheroni constant. We remark that the normalization constant 4me” has appeared
previously in similar contexts, e.g. [KRY04, (0.4)] [KRY06, §7] [BHKRY20, §7.2]. We refer
to loc. cit. for possible conceptual explanations of this constant.

Then &V[1/A] C QY[1/A] (via decomposition in previous paragraph) inherits a Hermitian
metric by restriction. This makes &V into a Hermitian vector bundle &V.

Write € for the Hodge bundle on .#,. Equip the dual Qf with the metric described
fiberwise by (4.3.2), giving a Hermitian line bundle ﬁg . By the metrized dual tautological
bundle on M, we mean

g =0y o8& (4.3.4)
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where we have suppressed pullbacks from notation. The metric on £V is the tensor product of
the metrics described above. This definition of £ is similar to [BHKRY?20, §2.4, §7.2|, though
in a different setup (we are considering not-necessarily principal polarizations). Taking a dual
gives the metrized tautological bundle £. For more discussion on these metric normalization
choices, see Section 12.2. We write £V for underlying line bundle of €.

For readers interested in Faltings height, we also consider the metrized Hodge (determinant)
bundle @ on M, which is pulled back from the Hodge determinant bundle w on .#(n — r,r)
and with metric normalized as in (4.3.1).

Suppose Ay — Spec O is any (relative) elliptic curve with Op-action, where E is a
number field. If @,, denotes the associated metrized Hodge bundle (normalized as in (4.3.1)),
we recall that the Faltings height of Ay is

w1 — . 1L,y  1T(1)
hgal = mdeg(wflo) - 5 L(Ln) 5 F(l)

where 7 is the quadratic character associated to F//Q, and I" is the usual gamma function.

1 1
+ 1 log |A| — 3 log(27) (4.3.5)

This comes from the classical Chowla—Selberg formula (the statement above is as in [KRY04,

Proposition 10.10]). It will be convenient to define the height constants

tau tau *

1 1 1
hiau = —hpal + 7108 |A[ = 5 log(4me?) he)' = —hpa — 7 log|A[+ h - (4.3.6)

These will re-appear in Sections 11.9 and 22.1.

4.4 Arithmetic special cycle classes

Let L be a non-degenerate Hermitian Op-lattice of rank n, with associated moduli stack
M. For the rest of Section 4, we assume L has signature (n — 1,1). Consider an m x m
Hermitian matrix 7" € Herm,,(Q), assume m < n, and form the associated special cycle
Z(T) — M. One expects to be able to construct an associated arithmetic special cycle class
[2(T)] € Ch"(M)g. R

For arbitrary singular 7', there is no proposed definition of [Z(7')] in the literature.
In general, Z(T'),, has larger-than-expected dimension. The stack Z(T) could also have
components with larger-than-expected dimension in positive characteristic (occurs already for
nonsingular 7'). Available methods in the literature for treating the non-Archimedean theory
(K-theoretic and derived algebro-geometric) do not incorporate the Archimedean place in
general, as needed for arithmetic intersection theory (see introduction).

The analogue of the “linear invariance” approach of [KRY04, §6.4| (there for Shimura
curves) is to first define [2 (T")] for nonsingular 7°, to consider yTy = diag(0,7”) for some
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v € GLy(Op) with T nonsingular, and to define [Z(T')] by intersecting [Z(T”)] with a power
of some metrized tautological bundle (possibly with additional Archimedean adjustment).
This is not literally possible in the unitary setting, where Op may have class number # 1 (in
particular, v as above may not exist). One also needs to verify independence of the choice of
7.

For arbitrary 7" € Herm,,(Q), we propose to define [2 (T)] as a sum

[Z(D)) = [2(T)] + Z [“Z(T)y,) € Ch™(M)q. (4.4.1)

pldr

We construct [Z(T") ,»] using the horizontal part Z(T"),» and an appropriate Green current
gry (4.5.5) with an additional parameter y € Herm,,(R)~o. The element [“Z(T)y ,] arises
from a class “Z(T)y, € griyK\(Z(T)r,)q corresponding to the “vertical part” of Z(T) at
p (4.6.10). The classes “Z(T)y, will be zero for all but finitely many primes p. We define
LZ(T)y , using a “p-local” variant of the linear invariance strategy above.

o~

We will show that [Z(T")] satisfies the “linear invariance” property
[2(T)] = [2('7T)] (4.4.2)

for all v € GL,,,(OF), where [é(T)] is formed with respect to y € Herm,,(R)~( and [Q(T)} is
formed with respect to y~1y'y 1.

In fact, we prove refined statements. We show
[Z(T) ] = [Z(AT) ] (4.4.3)

for the Green currents gr,, defined in Section 12.4 (where the current g -1 is used

¥y~ Yty

on the right-hand side). Moreover, we show g7, —1 (Section 12.4); this property

= 93Ty 1yt
is also satisfied for the Garcia—Sankaran currents in [GS19, (4.38)] (which we do not use for

our arithmetic Siegel-Weil results).
For any v € GL,,(Op,p)) N My (OF), we show that the pullback

g KG(Z(T)r,)o < et Ko (Z(AT)r, ) (4.4.4)

along Z(T)r, — Z("AT7)r, (defined in (3.3.6)) sends “Z(AT7)y , to “Z(T)y, (see (4.6.11)).

4.5 Horizontal arithmetic special cycle classes

Consider any m xm Hermitian matrix 7" € Herm,,,(Q). The horizontal arithmetic special cycle
class [ZA (T) ] should involve some extra Archimedean data, e.g. from a Green current gz,

(which we allow to depend on a parameter y € Herm,,(R)~, as is typical in the literature).
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Given an equidimensional complex manifold X, recall that a (p,q)-current on X is a
continuous linear map QImX=pdimX=¢(x) s C on compactly supported smooth forms of
degree (dim X — p,dim X — q), where QdmX=pdimX=a(x) hag the usual colimit topology. A
(p, p)-current is real if it is induced by a continuous real-valued linear map on real (p, p)-forms.
Given a top degree current g on X (i.e. a distribution), we say that g is integrable or that [ <9
converges (possibly non-standard usage) if g extends (necessarily uniquely) to a continuous
map Cp°(X) — C, where

Ceo(X) = {f € C®(X) : |f(z)| < 1forall v € X} (4.5.1)

with topology given by sup-norms ranging over all compact subsets K C X. In this case, we
write [, g for the value of g on 1 € C3°(X). Suppose « is a (measurable) locally L' form of
top degree on X. If « is integrable, then the associated distribution [a] on X is integrable,
and we have [, [a] = [ a. We use the orientation and sign conventions of [GS90].
Returning to the moduli stack M — Spec Of from above, choose any embedding F' —
C and form the base changes M¢ = M Xgpeco, SpecC and Z(T)c = Z(T') Xspecoy
SpecC, etc.. By a (p,q)-current on Mc, we mean a system of currents g = (gK})K} =
(Qp-t=pn=l=a( M K},C) — C) xy, compatible with pullback of currents as we vary K } among
all small levels. We say a (p, ¢)-current on Mg is real if the associated current at each small

level K7 is real. If g is a current of top degree on M, its integral is defined as

71,
gi=— K (4.5.2)
/Mc (K K] i

K’.,C
f

for any sufficiently small level K (conditional on convergence). This definition does not
depend on the choice of small level.
Suppose gr, is any real (m — 1, m — 1) current on M which satisfying a modified current

equation, i.e. such that

1 —
—~5=00gry + Sz(r)c A lea (E)™ D] (4.5.3)

is (represented by) a smooth (m,m)-form (for all small levels K7%), where ¢, (é\&/ ) is the Chern
form of the Hermitian line bundle &Y. We call g7, a Green current. We typically write gz,
instead of gry k1 to lighten notation, for understood level K 2

For each small level K, pick a representative (2, go) for the self-intersection arithmetic
cycle class ¢y (EV)m—rank(T) ¢ @m—fankm(/w Ky )q- We can assume that Zg intersects Z(T)x;,
properly in the generic fiber (moving lemma) and that go is a Green form of logarithmic type
for Z, (in the sense of [GS90, §4]).
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The intersection pairing for Chow groups with supports (as in [GS90, §4]) gives a class
Z(T)K},,%f’ - Zy € ChTZn(T)K},%ﬂZO(MK})Q. We set

[Z(T) 1) = [(Z(T)xcy 0 20, 9y + G0 A O2(1),, )] € CN" (M [1/N])g - (4.5.4)
(where we have suppressed the 1/N notation from the left). As in [GS19, (5.158)], a short
computation (using well-definedness of arithmetic intersection products) shows that this class
does not depend on the choice of (2, go). One can verify that g7, + go A d (D)0, c satisfies a
Green current equation for (Z(T') g, N Zo)c by combining the Green current equation for go
with the modified current equation of gr, (see also [GS19, §5.4]).

These classes [ZA (T) K},jf] thus form a compatible system as K’y varies, and hence give an

element
[2(T)] = ([2(T) i, )iy € Ch™(M[1/N])g. (4.5.5)
This construction of [Z(T) ] is essentially that of [GS19, §5.4]. If GTyy = GtmTny A—1y4t5-1, DOtE
that we automatically have the “linear invariance” equality
[2(T)¢] = [2(7T7).0) (45.6)

Currents gr, satisfying (4.5.3) were studied by Garcia—Sankaran [GS19, Theorem 1.1
and §4|. We choose to use the star-product approach of Kudla [Kud97b| to define currents
gr,y for our main results (for rank 7" > n — 1 or detT" # 0 with 7" not positive definite), and
postpone the explicit description of g7, to Section 12.4 (12.4.11). Our definition of gr,, is
that of [Liull, Theorem 4.20| in the nonsingular cases. When 7' € Herm,,(Q) is singular with
rank(7") = n — 1, our definition is new (still based on star products). These Green currents

satisfy g7,y = gz 1,51 (Section 12.4), so linear invariance (4.5.6) is satisfied.

4.6 Vertical special cycle classes

We define vertical special cycle classes via K groups. We remind the reader that d, € Z is
an integer associated to the lattice L as discussed before Definition 3.1.2. Recall that d, =1
if L is self-dual of signature (n — 1,1) with 2 1 A.

For our notation and definitions regarding Ky-groups for Deligne-Mumford stacks, we
refer to Appendix A. Note that the stacky K, groups we use are different from those used in
[HM22]. It is also possible to avoid stacky K groups entirely by working with compatible
systems of classes in towers of level structure.

Fix any prime p{ d;, and set

M(p) =M X SpecZ Spec Z(p) Z(T)(p) = Z(T) X SpecZ Spec Z(p) (461)
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for any T' € Herm,,,(Q). Since M,y admits a finite étale cover by a scheme (add away-from-p
level structure), we may consider filtrations for K groups as in Definition A.1.2.
Let T' € Herm,,(Q) be any m x m Hermitian matrix (with entries in F'). We first describe
a “p-local” derived special cycle class “Z(T), € F/\"}l(p)K(’)(Z (T)(p))o (with F,, = Fa-m
denoting the m-th step of the codimension filtration) before extracting a “vertical” piece.
For any ¢ € Q, we define “Z(t), € F}Vl(p)K(')(Z(t)(p))Q to be the element

[OZ(t)<p)] ift 7& 0

2l = Op, |~ €] ift=0

Write ty,...,t, for the diagonal entries of T'. Using the intersection pairing of Lemma A.2.1
as well as compatibility with dimension filtrations from Lemma A.2.2 via Lemma 3.4.5, we
form the intersection “Z(t1) ) - -+ “Z(tm) ) and define “Z(T')(,) by the restriction

FUENZ(0)m) Xme, - XMy, Z(tm)m)o — Fii, Ko(Z2(T)p)o £62)

H‘Z(tl)(p) .. -LZ(tm)(p) t > H‘Z(T)(p).

This displayed restriction map comes from the disjoint union decomposition in (3.3.3). We
call H‘Z(T)(p) the p-local derived special cycle class*® associated with T

The following lemma is a “p-local” version of linear invariance, and is proved using a
variant on ideas from [How19; HM22|. The map in (4.6.3) was defined in (3.3.6).

Lemma 4.6.1. Given any T € Herm,,(Q) and any v € GLp(Opp)) N Mimm(OF), the
pullback along
Z(T) ) — 2(7T7) ) (4.6.3)

sends “Z("AT) ) to “Z(T) -

Proof. By Lemma 3.3.3, we know that (4.6.3) is an open and closed immersion.

The ring O, is a Euclidean domain, with Euclidean function ¢(a) = 3_, vy, (a) - fi
for nonzero a € Op,;) (summing over primes p; in O lying over p, with residue cardinality
p’"). Row reducing via the Euclidean algorithm shows that GL»(Op,p)) is generated by

elementary matrices.

22This is the construction of [HM22, Definition 5.1.3| (there for orthogonal Shimura varieties). This
construction also underlies the intersection numbers considered in [KR14| for non-degenerate T. We differ
slightly from those references by localizing at p, since we will only be interested in the “vertical” part of
LZ(T) (). The “horizontal part” is accounted for by Section 4.5.
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Any v € GL;,,(Op,p)) may thus be expressed as v = 717, ! where each v, and 7,
are products of elementary matrices lying in GL,,(Op,p)) N My (Op). If moreover v €
GL(Op,p)) N My, (OF), the commutative diagram

z (t71 Ty) (p)

/ ‘\ (4.6.4)

Z(T) ) ’ Z(t7T7>(p)

shows that it is enough to prove the lemma when v € GL,,(Op)) N My, m(OF) is an
elementary matrix.

If v is a permutation matrix, the lemma is clear. Next, consider a € O;(p) N Op. For
any t € Q, note that Z(t),) — Z(ata)) is an open and closed immersion (by Lemma 3.3.3
again). This fact implies the present lemma for the case where v = diag(a, 1,...,1).

It remains to check the case where v is an elementary unipotent matrix. This case follows
as in the analogous result [HM22, Proposition 5.4.1] (there for GSpin).?* The latter is proved
using methods from [How19| (the analogous local linear invariance result on Rapoport—Zink
spaces). We are also using global analogues of |[LL22, Lemma 2.36, Lemma 2.37, Lemma
2.41] (there about a tautological bundle on an exotic smooth Rapoport—Zink space) which
may be proved similarly, e.g. our Lemma 3.2.5 replaces [LL22, Lemma 2.36| in the global
setup. Alternatively, linear invariance for v € GL,,(OF) should also follow from the derived

algebro-geometric methods in [Mad23]. O

Next, we define a derived vertical special cycle class
FZ(T)yp € ey Ko(2(T)s,)g (4.6.5)

at p, where Z(T)g, == Z(T) Xspecz SpecF).
First consider the case where det T" # 0. Using Lemmas 3.5.5 and A.1.5 as well as (3.3.5),
we decompose

g, Ko(Z(T))o = 8, Ko (Z(T) ). )e © s Ko (Z2(T)r, )o (4.6.6)

into a “horizontal” part and a “vertical” part. This uses nonsingularity of 7' (via Lemma
3.5.5), so that Z(T')),» N Z(T)r, is of dimension < n —m. We are also using the dévissage
pushforward identification K{(Z(T)xs,) — K\(Z(T)y ), with Z(T)y, as in (3.3.5). The

Z3Gtrictly speaking, our setup for stacky K/, groups is slightly different from that of [HM22], see Appendix
A. This makes no difference in the proof of the cited result. Alternatively, one can replace M, by a finite

étale cover by a scheme to reduce to the case of schemes, where our setup agrees with [HM22, §A.2].
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above decomposition of griy - Ky(Z(T)p))o is independent of the choice of e, in (3.3.5). We
define “Z(T)y, to be given by the projection

e Ko (Z(T)p))o — ety Ko(Z2(T)r, )o

(4.6.7)
LZ(T)(p) S H‘Z(T)«//m.
If T = diag(0,7”) (with detT” # 0), we set
FZ(T)yy = (£ D L Z(T)y ), € gy Ko (2(T)r, o (4.6.8)

where £ stands for the class [Oxq,, | —[£] € F/{/l(p) (Mp))g- Given arbitrary 7" (not necessarily
block diagonal), select any v € GL;,(Op ) N My (Op) such that

5Ty = diag(0,T") (4.6.9)
where det T” # 0. Set T" := diag(0,7"). We define “Z(T)y , to be the pullback class
g (Z(T)r, ) «—— e (Z2(T")x, o

(4.6.10)
H‘Z(T)y/m - H‘Z(T’)'y/m

along the open and closed immersion Z(T')r, — Z(1")r, induced by 7.

By Lemma 4.6.1 (applied to T, in the notation above), the preceding definition of
LZ(T)y, does not depend on the choice of v. Moreover, the class Z(T)y, is linearly
invariant in the following sense: given any v € GLy(Op ) N My (OF) (no additional
assumptions on 37Ty), the pullback along

Z(T)w, = Z(9T7)r, (4.6.11)

sends “Z(*4T)y , to “Z(T)y ,. This follows from the construction of “Z(T)y ,,.

We see that “Z(T")y, = 0 for all but finitely many primes p. Taking pushforward, we
obtain associated cycle classes [“Z(T)y ,] € @m(/\/t)@ The preceding constructions may be
repeated (essentially verbatim) with K ¢ level structure away from p. The resulting classes
LZ(T) ), ry, and LZ(T)y,, ry, will be compatible with pullback for varying level.

4.7 Degrees of arithmetic special cycles

The moduli stack M — Spec Op[1/dy] considered in Section 4.4 may not be proper. For a
robust arithmetic degree theory via arithmetic Chow groups for arbitrary 7" € Herm,,(Q),
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one might instead consider arithmetic special cycle classes on a suitably compactified moduli
space.

If the special cycle Z(T) is already proper over Spec Or[1/dy], we can directly define the
arithmetic degree without boundary contributions which should result from a compactification:

set

T2 a@ ) = ([ anynal@r) (47.)
+ a(%((é\V)n—rank(T) ‘Z(T)%)
+ Z degg (“Z(T)y - (7)) logp

p prime
pldr,

conditional on convergence of the integral. Since compactification of M plays no other role in
this work, we take this approach. As in Section 4.5, the notation M¢ mean M Xgpec 0, Spec C
for a choice of F' — C (the choice does not matter).

The quantity in (4.7.1) is an element of Ry, =R/(3_,,, Q-logp). HereAd/eE((gv)”_mb(T)%)
is the height of Z(T) ,» with respect to the metrized tautological bundle £Y (Sections 4.2 and
4.3). The symbol “Z(T)y , - (€¥)"~™ is shorthand for the intersection product

F2(T)yp - ([Om] = [ED)"™ € e B (2(T)r, o = groKo(2(T)z, )as (4.7.2)

defined in Lemma A.2.1. With Z(T")g, viewed as a proper scheme over [F,,, the notation degy,
refers to the degree map deg: groKy(Z(1)g,)o — Q as defined in (A.1.12).

Certainly Z(T') — Spec Op[1/dy] is proper if Z(T) is empty (e.g. if T is not positive
semidefinite). In this case, the right-hand side of (4.7.1) consists only of the integral
fMC gry N1 (é\g)nim

We show below that Z(T") — Spec Or[1/d;] is also proper if rank(7") > n — 1, so (4.7.1)

applies in this case as well.

Lemma 4.7.1. Fiz a Hermitian matriz T € Herm,,(Q) with rank(T) > n —1 and m > 0.
Let k be a field, and consider (Ag,to, Ao, A,t, \,x) € Z(T)(k). There exists an Op-linear
isogeny (Ag)" ™t x A~ — A where A~ is an elliptic curve with Op-action. After replacing k

by a finite extension, we may take A~ = A where A] = Ay but with Op-action 1yo 0.

Proof. Write x = [x1,...,%,], where the z; are Op-linear homomorphisms z;: Ay — A.
Since T" has rank > n — 1, we may assume (rearranging the elements z; if necessary) that

2’ = [x1,...,2,_1] has nonsingular Gram matrix (2°, 2°). Then the map

VAo(z! x-xal
[ R RIS (4.7.3)
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is a homomorphism and a surjection of fppf sheaves. We form the “isogeny complement” in
the standard way, i.e. we let A~ be the reduced connected component of ker f. If j: A= — A

T1X - XTp_1X]J . . .
B A is an Op-linear isogeny.

is the natural inclusion, then the map (A4y)" ! x A~

Note that A~ is Op-linearly isogenous to an elliptic curve with O action of signature
(0,1): if char(k) = p > 0 with p nonsplit in O, then A~ is supersingular, so apply Skolem—
Noether to End(A™) ® Q; otherwise, A~ automatically has signature (0, 1) because A has
signature (n —1,1).

If x is algebraically closed, any two elliptic curves over x with Op-action of the same
signature are Op-linearly isogenous. This is classical: lift to characteristic zero to reduce
to K = C (the moduli stack .#y — Spec O is étale; more classically, see Deuring [Deu41]);
recall that elliptic curves over C with Op-action are defined and isogenous over Q. By a
standard limiting argument, we conclude that A~ and AJ are Opg-linearly isogenous over a

finite extension of the (not necessarily algebraically closed) original field . m

Remark 4.7.2. If p is a prime which splits in Op and if rank(T") > n, then Z(T)z, = 0.
This is a standard argument (e.g. [KR14, Lemma 2.21|): if x is a field of characteristic p
and (Ao, to, Ao, A, 1, N\, z) € Z(T)(k), arguing as in Lemma 4.7.1 shows that A is Op-linearly
isogenous to Aj. This contradicts Lemma 4.7.1, because there is no nonzero Op-linear map
Ay — AJ as Ay and AJ have Op-action of opposite signature (e.g. there are no nonzero maps

of the underlying ordinary p-divisible groups).

We say a characteristic p > 0 geometric point (Ao, tg, Ao, A, ¢, A) of M lies in the super-
singular locus if Ay and A are supersingular abelian varieties (i.e. the associated p-divisible
groups are supersingular). The following corollary also holds in arbitrary signature (n — r,7)

(i.e. all but the last sentence of Lemma 4.7.1 is valid for arbitrary signature (n —r,r)).

Corollary 4.7.3. Let p be a prime which is nonsplit in Op. Fiz T € Herm,,(Q) with
rank(T) > n — 1 and m > 0. The morphism Z(T)5, — Mg, factors (set-theoretically)

through the supersingular locus on Mﬁp.

Proof. Follows from Lemma 4.7.1 and Deuring’s classical results on endomorphisms of elliptic
curves in positive characteristic [Deudl] (i.e. over a field of characteristic p > 0, the p-divisible
group of an elliptic curve with Op-action is supersingular (resp. ordinary) if p is nonsplit
(resp. split) in O). Here we used the notation Z(T)5 = Z(T') Xspecz Spec F, and similarly
for M. O

Lemma 4.7.4. Fiz T € Herm,,(Q) with rank(T) > n—1 and m > 0. Then the horizontal
special cycle Z(T)  is proper and quasi-finite over Spec Op[1/dy)].
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Proof. By Lemma 3.5.5, we know the generic fiber Z(T") » p — Spec F' is smooth of relative
dimension 0. Hence each generic point of Z(7T'), is the image of a map Spec E — Z(T)
for some number field E, corresponding to an object (Ay, o, Ao, A, ¢, A\, z) € Z(T)(F). By
Lemma 4.7.1, we know that A is isogenous to a product of elliptic curves with complex
multiplication by Op. It is a classical result of Deuring that such elliptic curves have
everywhere potentially good reduction, so Ay and A have everywhere potentially good
reduction [Deudl; ST68|. Enlarging E' if necessary, we can thus extend Spec E — Z(T') to
a morphism Spec Og[l/d;] — Z(T) (the Néron mapping property ensures that the datum
(t0, Ao, L, A, ) extends as well; the polarizations must extend to polarizations as in the proof
of [FC90, Theorem 1.9]).
Hence each irreducible component of Z(T') ,» may be covered by a morphism Spec Og[1/d] —

Z(T) for some number field E. Since Z(T') is quasi-compact and separated, this implies that
Z(T) — Spec Op[1/dy] is proper and quasi-finite. O

Lemma 4.7.5. Form > 0, suppose T' € Herm,,,(Q) has rank(T") > n—1. Then the structure
map Z(T) — Spec Op[1/dL] is proper.

Proof. We already know that the horizontal part Z(7T'),» is proper over Spec Op[1/dy], so it
suffices to check that every irreducible component of Z(T") in characteristic p { dy, is proper
over SpecF,. It is enough to check that Z (T)Fp — SpecTF, is proper by fpqc descent (e.g.
use away-from-p level structure to replace Z(T )E with a finite cover by a scheme, then
use fpqc descent for morphisms of schemes). It is enough to check properness of the map
Z (T)ered — SpecTF, on reduced substacks (e.g. by local Noetherianity of these algebraic
stacks, or because Z(T')z — SpecF), is locally of finite type).

The supersingular locus on ME is proper (follows from the proof of [Oor74, Theorem
1.1a]; and finiteness of the forgetful map .#@ — A,, in Section 3.1). Properness of
Z(T)g, — Spec F, now follows from Corollary 4.7.3. O
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Part 11

Local special cycles
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5 Moduli spaces of p-divisible groups

We review some unitary Rapoport—Zink spaces [RZ96| and their special cycles, which will
be used in p-adic uniformization of the moduli stacks from Section 3. Some notation on
p-divisible groups is collected in Appendix B.1.

Fix a prime p and let F//Q, be a degree 2 étale algebra, i.e. F//Q, is an inert quadratic
extension, a ramified quadratic extension, or F' = Q, x Q,. If F/Q, is ramified, we assume
p # 2. Write a — a7 for the nontrivial automorphism o of F' over Q,. We write O for the
integral closure of Z, in F' (hence Op = Z, X Z, in the split case). If F'/Q, is ramified, we
write w for a uniformizer of O satisfying w? = —w.

We use the usual notation Qp for the completion of the maximal unramified extension of
Qp, with ring of integers Zp.

For F'/Q, nonsplit, let F be the completion of the maximal unramified extension of F'. If
F/Q, is split, set F= @p, and view F as an F -algebra by choosing one of the two morphisms
of Qp-algebras F' — F. We also equip F with the structure of a @p—algebra (taking the
identity map if F//Q, is split).

In all cases, let Oy C F be the ring of integers and let k be the residue field of F'. There
is a canonical map Op — O (using the above choice of F' — F' when F/Q, is split).

We write A C Z,, (resp. 9 C Op) for the discriminant ideal (resp. different ideal), which
is A = Z, and 0 = Op in the split case. We also abuse notation and write 0 for a chosen
generator of the different ideal satisfying 07 = —0, taking ? = w in the ramified case.

In the split case, let e (resp. e”) be the nontrivial idempotent in O which maps to
1 € Op (resp. 0 € Op). Given an Op-module M, we write M = M* & M~ where e*
projects to Mt and e~ projects to M~. We use similar notation f = f* @& f~ for morphisms
f: M — M’ of Op-modules. We often use this for p-divisible groups X with Of action, e.g.

X = X" x X~ (and similarly for Op-linear quasi-homomorphisms).
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5.1 Rapoport—Zink spaces

Definition 5.1.1. Let S be a formal scheme over Spf Z, and let n > 1 be an integer. By a

Hermitian p-divisible group over S, we mean a tuple (X, ¢, \) where

X is a p-divisible group over S of height 2n and dimension n
t: O — End(X) is a ring homomorphism

A X — XV is a quasi-polarization satisfying:

(1) (Action compatibility) The Rosati involution t on End’(X) sat-
isfies +(a)! = (a”) for all a € O.

An isomorphism of Hermitian p-divisible groups is an isomorphism of underlying p-divisible
groups which respects the Op-actions and polarizations.

In Part II, we only consider Hermitian p-divisible groups over formal schemes S equipped
with a morphism S — Spf Oy, and we assume that X is supersingular (resp. ordinary) if
F/Q, is nonsplit (resp. split).

We primarily discuss Hermitian p-divisible groups satisfying either of the following two

conditions.

(2) (Principal polarization) The quasi-polarization A is a principal polarization.

(2°) (Polarization condition o) Assume n is even if F'/Q, is ramified. The quasi-polarization
AN is a polarization, and ker(A\) = X[.(9)].

In these cases, we say that (X, ¢, \) is principally polarized or o-polarized respectively.?* If
F/Q, is ramified, we also use the alternative terminology @™ '-modular.

Given an integer r with 0 < r < n, we next consider

(1) (Kottwitz (n — r,r) signature condition) For all @ € Op, the characteristic polynomial
of v(a) acting on Lie X is (T'—a)" (T — a”)" € Og[T].

for pairs (X, ¢), i.e. n-dimensional p-divisible groups X over a formal scheme S with action
t: Op — End(X). Here we view Og as an Op-algebra via S — Spf Oz — Spec Op.
If (X, ¢, A) is a Hermitian p-divisible group of signature (n — r,r), then (X7,:7, A7) with

X=X =100 A=A (5.1.1)

?4The local analogue of Footnote 17 applies as well.
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is a Hermitian p-divisible group of signature (r,n — ). We use similar notation (X,¢) <>
(X7,:7) without the presence of a polarization. This allows us to switch between signatures
(n —r,r) and signature (r,n —r) (e.g. for comparison with the literature).

From here on, we always implicitly restrict to signature (n — 1,1) (and even n) when
discussing o-polarized Hermitian p-divisible groups for ramified F'/Q,. In this case, we also

impose

(2) (Pappas wedge condition) For all a € Op, the action of ¢(a) on Lie X satisfies

2 n

/\(a(a) —a)=0 and /\(L(a) —a’) =0.

(3) (PRRSZ spin condition) For every geometric point 5 of S, the action of (¢(a) — a) on
Lie X5 is nonzero for some a € Op

The signature (n — 1,1) condition implies that the equation involving A" in the wedge
condition is automatic, and that the wedge condition is empty if n = 2.

We temporarily allow p = 2 even if F//Q, is ramified. Recall that there exists a supersin-
gular (resp. ordinary) p-divisible group X, of height 2 and dimension 1 over k, and that X,
is unique up to isomorphism (this also holds for any algebraically closed field x over k). In
the supersingular case X is given by a Lubin—Tate formal group law, and in the ordinary
case we have Xo = py0 X Q,/Z,. We have End(X,) = Op (resp. End(Xy) = Z, x Z,) in
the supersingular case (resminary case) where Op is the unique maximal order in the
quaternion division algebra D over Q, (e.g. [Gro86| or [Wew(07, §1]).

Quasi-polarizations on X, exist and are unique up to Q. scalar, and there exists a
principal polarization Ax, on Xj (unique up to Z scalar). The induced Rosati involution on
End(Xj) is the standard involution (this can be verified on the Dieudonné module, see e.g.
[RSZ17, Page 2205]), hence induces the nontrivial Galois involution on F' for any embedding
F — End®(X,) (if such an embedding exists).

From now on, we assume X is supersingular (resp. ordinary) if F'/Q, is nonsplit (resp.
split). Then there exists an embedding j: Op < End(Xj). Given such a j, form (Xg, j) and
(X7, %) as above. There is an Op-linear isogeny of degree |A[*

Ro e, Or 7 R0 % (5.1.9)

T ®a——— (jla)r,j(a”)z)

where X ®z, Op is the Serre tensor p-divisible group (B.1.1), with its Serre tensor Op-action.
See also [KR11, Lemma 6.2| (there in the inert case for p # 2, but the version in (5.1.2)
allows for p = 2).
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Suppose Ax, is a principal polarization of Xy. Under the map in (5.1.2), the (Op-action

compatible) product polarization Ax, x A%, on Xg x X§ pulls back to the polarization

>‘X0 (029 /\tr: XO ®Zp OF — (Xo ®Zp O}t—v) = XE)/ ®Zp O; (513)
where OF, := Homg, (O, Z,) and Ay, : Op — Of is induced by the symmetric bilinear pairing
trp/q,(a’b) on Op. Indeed, after picking a Z,-basis {1, a} for Op to identify Xo®z, Op = X2,
the map in (5.1.2) is given by the matrix

1 «

¢ = (1 Oj,) € My 5(OF) (5.1.4)

and det ¢ generates the different ideal of Op /Z, (so Smith normal form shows deg ¢ = |A|1).
Identifying Xy ®z, O3 = Xy? using the basis of O} dual to {1, o}, the preceding claim about
pullback polarizations follows because (‘¢7)¢ (where '¢° means conjugate transpose) is the
Gram matrix for the basis {1, a} and the trace pairing on Op.

If p # 2, the polarization Ax, ® A, coincides with the polarization on Xy ®z, O described
in [KR11, (6.2)] (inert case, with modification as in [RSZ17, Footnote 4|) and [RSZ17, (3.4)]
(ramified case, though we normalize differently).

Suppose tx,: O — End(X) is an action of signature (1,0). The pair (X, tx,) exists
and is unique up to isomorphism. In the split case, the element ¢x,(e™) is projection to e
and tx,(e”) is projection to Q,/Z,. In the ramified case, note that (Xo, tx,) is simultaneously
of signature (1,0) and (0, 1)—

Fix (X, tx,) as above, and form (X§,%,). We have

Or if F/Q, is nonsplit
0 if F/Q, is split

I

Homop, (X, X7) (5.1.5)

as Op-modules by precomposition. Using End(Xy) = Op in the nonsplit cases, we find that
the Op-module Homp,,(Xo, X§) is generated by any isogeny of degree p if F'/Q, is inert, and
is generated by an isomorphism if F'/Q, is ramified (namely any element a € Of such that
conjugation by a induces the nontrivial Galois involution on F'). We have Endp,.(Xy) = Op
in all cases.

Suppose A\x, is a principal polarization of Xg. If F//Q,, is unramified, the triple (Xo, tx,, Ax,)
is unique (up to isomorphism): given another polarization Ny , we have )\;&) o Xx, € Z
and know that the norm map Np/q,: Op — Z) is surjective. If F/Q, is ramified, the
same reasoning shows that there are two choices of \x, (differing by a Z scalar) because
Nryq,(OF) € Z) has index 2. Fix a choice of (Xo, tx,, Ax,)-
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We now re-impose our running assumption that p # 2 if F//Q, is ramified. Fix any
o-polarized Hermitian p-divisible group (X, tx, Ax) of signature (n —r,r) over k. Such triples
exist and are unique up to F-linear quasi-isogenies preserving polarizations exactly. This
uniqueness may be proved via Dieudonné theory: see [Vol10, §1] (inert case, but we allow
p = 2 by the same proof) and [RSZ17, Proposition 3.1 [RSZ18, §6] (ramified case). In the

split case, we have a stronger uniqueness statement.

Lemma 5.1.2. For F/Q, split, the triple (X, 1x,Ax) is unique up to isomorphism. This

also holds over any algebraically closed field extension k of k.

Proof. Decompose X = Xt x X~ using the idempotents in the O = Z,, x Z, action given
by tx. Then X* and X~ are the unique ordinary p-divisible groups over x of height n and
the correct dimension (n — r and r, respectively). Uniqueness of Ax (up to isomorphism)
corresponds to the following fact: there is a unique self-dual Hermitian Op-lattice (up to

isomorphism) of any given rank. O

For existence, we may construct (X, tx, Ax) as follows. For F'/Q, unramified, we can take
X = (Xp)" " x (Xg)" (with the product Op-action and polarization).

For F/Q, ramified, we can take X = (X;)"? x (X ®z, Op) using the Serre tensor
construction (B.1.1). The Op-action tx is diagonal on (X()" 2 and given by the Serre tensor

Op-action on Xy ®z, Op. We can take the product quasi-polarization Ax of X given by

— X, (w)_2 o (/\Xo & Atr) on XO ®Zp OF, and (516)
0 )\XO 0 —ix, (w)*l " x 0 )\XO 0o —IX, (W)il on Xg_z,
Ax, 0 tx, (@) 7! 0 Ax, 0 tx, (@) ! 0

(n—2)/2 times

This is the construction of [RSZ17, §3.3| (but rescaled).
Given a principally polarized triple (X, to, Ag) of signature (1,0) over some base scheme

S, a framing similitude quasi-isogeny po is an F-linear quasi-isogeny X,z — X3 such that
P5(Ax,35) = bAgs for some b € Q) (5.1.7)

where the subscript indicates base-change to S == S Xgpec 05 Spec k (and where b € Q, really
means a section of the constant sheaf). We call (X, to, Ao, p) & framed similitude tuple. An
isomorphism of framed similitude tuples f: (Xo, to, Ao, po) — (X0, L6, Ay, pp) is an Op-linear
isomorphism of p-divisible groups f: Xo — Xg such that f*()\j) and Ao agree up to Z-scalar
and also pf, o fg = po.
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Given a o-polarized triple (X, ¢, ) of signature (n — r,r) over some base scheme S, we
define a similitude framing quasi-isogeny p: Xg — Xg in the same way. A framing quasi-
isogeny p: Xz — Xz is given by the stricter requirement b € Z ;. In these two cases, we call
the datum (X, ¢, \, p) a framed similitude tuple and a framed tuple, respectively. In both
cases, isomorphisms of two such tuples are defined as before: isomorphisms of p-divisible

: . o « . .
groups which are Op-linear, preserve polarizations up to Z,;, and commute with framings.

Definition 5.1.3. We consider three Rapoport-Zink spaces over Spf O, given by the (set-

valued) functors

N (1,0)(S) == {isomorphism classes of framed similitude tuples (X, g, Ao, po) over S}
N(n —r,r)(S) = {isomorphism classes of framed similitude tuples (X, ¢, \, p) over S}
N(n —r,r)(S) = {isomorphism classes of framed tuples (X, ¢, \, p) over S}

for schemes S over Spf Op. Here, signature (1,0) and principal polarizations are understood

for N(1,0). Signature (n — r,r) and o-polarizations are understood for N(n — r,r)" and

N(n—rr).

These Rapoport—Zink spaces do not depend on the choices of framing objects (up to
functorial isomorphism). The functor N'(n — r,r) is canonically isomorphic to its variant
where instead we require framing quasi-isogenies and isomorphisms of framed tuples to

preserve polarizations exactly (not just up to / scalar). If S is a formal scheme, we also

write e.g. N(n —r,7)(S) = Hom(S,N(n —r,71)).

Lemma 5.1.4. Each of N(1,0), N(n —r,r), and N(n —r,r) is represented by a locally
Noetherian formal scheme which is formally locally of finite type and separated over Spf Op.

Each irreducible component of the reduced subschemes is projective over k.

Proof. Representability, local Noetherianity, and formally locally of finite type-ness follow via
[RZ96, Theorem 2.16|; various closedness statements can be checked via [RZ96, Proposition
2.9|, which holds verbatim with “isogeny” replaced by “homomorphism”. Projectivity of the
reduced irreducible components follows from [RZ96, Proposition 2.32|, also using [RSZ17,
Proposition 3.8] in the ramified case. Separatedness now follows because this can be checked

on underlying reduced subschemes (then apply the valuative criterion). O

Lemma 5.1.5. The formal scheme N(n — r,r) is reqular and the structure morphism

N(n —r,r) — Spf Op is formally smooth of relative dimension (n —r,r).

Proof. We know the structure map N (n — r,r) — Spf O is formally smooth of relative

dimension (n — r,r) via [Mih22, Proposition 1.3] in the unramified case (also Section 3.5,
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where we allow p = 2) and [RSZ17, Proposition 3.8] for the ramified case. We conclude that
N (n —r,r) is regular because the map to Spf O is formally smooth and formally locally of

finite type. [

For F//Q, ramified, the Rapoport-Zink space N'(n — 1, 1) is often called exotic smooth in
the literature, following the terminology of [RSZ17].

Lemma 5.1.6. There is an isomorphism

FXJO% —— ™5 N(1,0 51

a — (X, txy, AX,, @ - 1dx,)
where the left-hand side is viewed as a constant formal scheme over Spt Op.

Proof. In the nonsplit case, [How19, Proposition 2.1] states that N'(1,0)" is a disjoint union of
copies of Spf O, so it is enough to check the claim on k-points. The claim on k-points follows
from uniqueness of the triple (X, tx,, Ax,) (up to isomorphism preserving polarizations up
to Z scalar) and the equality End},(Xo) = F.

The split case holds via the following similar argument. The map N (1,0) (k) —
N(1,0)'(x') is bijective for any extension of algebraically closed fields k C r’ (essentially
by uniqueness of the triple (X, tx,, Ax,), which holds over any algebraically closed field of
characteristic p). So the reduced subscheme N(1,0)’, is isomorphic to a (discrete) disjoint
union of copies of Speck. We also see that the map F*/O} — N(1,0) is bijective on
k-points (this follows as in the nonsplit case). To finish, note that A'(1,0) is formally étale
over Spf Op (e.g. by Grothendieck-Messing theory as in Section 3.5). n

Definition 5.1.7. By the canonical lifting of (Xo, tx,, Ax, ), we mean the tuple (X, tx,, Axy, Pxo)
over Spf O corresponding (via Lemma 5.1.6) to the unique section Spf Oy — N (1,0)" asso-
ciated to the element 1 € F*/Oj;.

Definition 5.1.8. We define the open and closed subfunctor NV C N'(1,0) x N'(n —r,r) as

d(Ax. g) =borge P (Ax <) = bAg
N/(S) = <X07L07)\07pU7X7 L, )\7p> : pO( XO’S) . ’ 075 ’; ( X7S) 5
with by = b in Q) /Z;
for schemes S over Spf O.

With b as above and a € F* any element with Ngq,(a) = b in Q) /Z), there is an

isomorphism

N’ = » N(1,0) x N(n —r,1)

(5.1.9)
(XOa Lo, )‘07 Po, Xa L, )‘7 /)) — (X()a Lo, )\07 P0, X> L, )\a (1_1/0)-
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Whenever we write (Xo, o, Ao, po, X, ¢, A, p) for a (functorial) point of A/, we mean an object
as on the left of (5.1.9) (i.e. p preserves polarizations up to Q scalar).

The functorial assignment (X, ¢, A, p) — Lie X defines a locally free sheaf Lie on N'(n—r,r).
In the case of signature (n — 1, 1), there is a unique maximal local direct summand F C Lie
of rank n — 1 such that the ¢ action on F (resp. Lie /F) is Op-linear (resp. o-linear). The
ramified case is proved in |[LL22, Lemma 2.36| (and in the unramified case, we have a canonical
eigenspace decomposition Lie = F & (Lie /F) for the Op-action).

Consider the canonical lifting (X, tx,, Ax,: px,) over Spf Op (Definition 5.1.7). Given
any Spf Op-scheme S, we write D(X(¢)(S) for evaluation of the (covariant) Dieudonné
crystal D(Xos) at id: S — S, with associated Hodge filtration step F'D(X,5)(S). The
assignment S — F'D(X,¢)(S) defines a (trivial) line bundle on N, which we denote Lie; .
The principal polarization A, induces an identification (Lie Xo,)" = (Lie Xjg)" and the
latter is FOD(Xg5)(S).

Definition 5.1.9. The tautological bundle £ on N'(n — 1,1) is the line bundle whose dual is
&Y = Hom(Liey, Lie / F).

The definition of £ is taken from [How19, Definition 3.4] (at least in the inert case). The
line bundle £ on N'(n —1,1) is a local analogue of the global tautological bundle (Section 4.3,
also Definitions 3.1.7 and 3.2.6). We are recycling the notation £ (but the global tautological

bundle pulls back to £ under Rapoport—Zink uniformization, see e.g. Section 11.8).

5.2 Local special cycles

We define certain local special cycles on Rapoport—Zink spaces, following [KR11, Definition
3.2] (there in the inert case). Retain notation from Section 5.1.

The space of local special quasi-homomorphisms means the F-module
W = Hom%(Xy, X). (5.2.1)

If F/Q, is nonsplit, then W is free of rank n (see also [RSZ17, Lemma 3.5] in the ramified
case). If F'/Q, is split, then W is a free F-module of rank n—r (because Home, (Xo, XJ) =0
in the split case, in contrast with Home . (X, X7) = Op in the nonsplit cases). In the split
case only, set W+ := Hom%(Xg, X). In the nonsplit cases, set W+ = 0.
Set
V=WaW!t V= Hom% (X, X). (5.2.2)

In all cases, these are free F-modules of rank n and 1, respectively.
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We equip W, W+, and V, with the (non-degenerate) Hermitian pairings (z,y) = zfy €
End%(X,) = F. We give V the Hermitian form making W and W+ orthogonal. We have
e(V) = (—1)" if F/Q, is nonsplit (resp. ¢(V) = 1 if F/Q, is split). This follows upon
inspecting the explicit framing tuples constructed in Section 5.1 (see [RSZ17, Lemma 3.5] for

the ramified case).

Definition 5.2.1 (Kudla—Rapoport local special cycles). Given any set L C W, there is an

associated local special cycle
Z(L)Y €N (resp. Z(L) CN(n—r,7)) (5.2.3)

which is the subfunctor consisting of tuples (X, to, Ao, X, ¢, A, p) (resp. (X, ¢, A, p)) over

schemes S over Spf O such that, for all x € L, the quasi-homomorphism
p_l 0CT50pPp: XO,? — Xg (I‘eSp. p_l OTg0 Py, 5" :{03 — Xg) (524)

lifts to a homomorphism Xy — X (resp. X — X). Here (Xo, tx,, Axy» Px,) 18 the canonical
lifting.

In the preceding definition, such lifts are unique (if they exist) by Drinfeld rigidity for quasi-
homomorphisms of p-divisible groups. We know that Z(L) € N’ and Z(L) C N(n —r,r)
are closed subfunctors (hence locally Noetherian formal schemes) by [RZ96, Proposition 2.9
for quasi-homomorphisms. From the definition, it is clear that Z (L) and Z(L) depend only
on the Op-span of L.

The isomorphism A7 = N(1,0) x N(n —r,7) of (5.1.9) induces an isomorphism

Z(L) = N(1,0) x Z(L). (5.2.5)
Lemma 5.2.2. Let L CW be any subset. If Z(L)' # 0, then (z,y) € 07! for all z,y € L.

Proof. If Z(L)' # (), then Z(L)(k)' # 0 because Z(L)" — Spf O is formally locally of finite
type. If Z(L)(k)' # 0 and z,y € L, we find 9z'y € Endp, (Xg) = O by the o-polarization
condition defining N'(n — r,r), where 0 is the different ideal. O

If F/Q, is nonsplit, set Z(L) := Z(L) for any subset L C W. If F'/Q, is split, we will
instead define Z(L) as a certain open and closed subfunctor (see (5.4.4)) for later notational
uniformity.

In all cases, we write Z(L),» C Z(L) (horizontal special cycle) for the flat part of Z(L),

i.e. the largest closed formal subscheme which is flat over Spf Op.
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5.3 Actions on Rapoport—Zink spaces

Consider the groups

Io = {70 € Endj(Xo) : 770 € @5} I:={y€Endp(X):7veQ}  (53.1)
I'={(w,7) € b xI:7w=2"}  ©L={y€Endp(X):~ly=1}. (5.3.2)

We have Iy = F'* (canonically). Using this identification, there is an isomorphism I’ — Iy x I3

given by (70,7) — (70,7, 7). We have actions

ICcN(n—rr) L cN(n—rr) (5.3.3)
(X, 1, A p) = (X, 0, A, 70 p) (X, 0,A.0) = (X, 1, A, 70 p)
I'c N (5.3.4)

<X07 Lo, >‘07 Lo, X7 L, )‘) P) = (X07 Lo, )‘07 Y0 © Po, X’ L, /\7 Yo p)

These actions are compatible with the isomorphisms I’ & Iy x I; and N 2 N(1,0) x N (n —

r,7). We have isomorphisms
Iy = GU(Vy) I = U(W) x U(WL) (5.3.5)

where v € I acts on V as x — v o x, and similarly for V.
For any subset L € W with associated local special cycles Z'(L) € N’ and Z(L) C
N (n —r,r), the actions of I’ and I; described above satisfy

(0. (Z(L)) = Z(vLyy ") Y(Z(L)) = Z(vL). (5.3.6)

We will also have v(Z(L)) = Z(y(L)) (already checked in the nonsplit cases; in the split case,
this will be clear from the definition, see (5.4.4)).

5.4 Discrete reduced subschemes

In the nonsplit cases (at least if p # 2), the reduced subscheme N (n — 1,1),6q of N(n — 1,1)
admits a stratification by Deligne-Lusztig varieties, described by a certain Bruhat—Tits
building [VW11; Wul6|. Later, we will use these results implicitly via citation to [LZ22a;
LL22|.

In this section, we further discuss some cases where the reduced subscheme is discrete

(continuing to allow p = 2 if F//Q, is unramified).
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In the split case, set
L := Homp,(Xo,X)  L* := Homp, (X5, X). (5.4.1)

In the nonsplit case, define L in the same way but take Lt := 0. Let K, C U(W) and
K11 C U(WH) be the respective stabilizers.

Lemma 5.4.1. Consider signature (n—r,r) = (1,1) if F'/Q, is nonsplit (resp. any signature
(n—r,r) if F/Q, is split).

(1) The framing object (X, 1x, A\x) is unique up to isomorphism. This also holds over any

algebraically closed field k over k, at least if F/Q, is unramified.

(2) The reduced scheme N (n —7,7)weq is discrete (i.e. a disjoint union of copies of Speck).
If F/Q, is inert (resp. ramified), then N(1,1)yeqa is one point (resp. two points).

(3) The lattices L C W and L+ C W+ are mazimal integral lattices. In the nonsplit cases,

L C W =YV s the unique maximal integral lattice.

(4) The group I = U(W) x U(W™) acts transitively on N'(n — r,r)(k). Consider the

resulting surjection

N(n—rr)(k) ——— UW)/Ki L x UW") /K1 (5.4.2)

(X7 LX7)‘X7(777L)) : ’ (’Y?’YL)

If F/Q, is unramified, this map is a bijection. If F'/Q, is ramified, this map is 2-to-1.
If F/Q, is nonsplit, the set UW)/K;1, x UW=)/K, 1+ has size 1.

(5) Consider the bijective identification
mazimal full-rank integral Op-lattices N C'V

UW)/K (L) x UWY) /K (LY) +— where N = M @& M+ with
M CW and M+ C W+

(7, 7*) ¢ > (L) @ yH(LY).

Given any subset L C W, the subset Z(L)(k) C N (n—r,7)(k) is identified (via (5.4.2))
with the pre-image of the set of lattices {N : L C N}.

Proof.
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(1) In the inert case, this follows from Dieudonné theory as in [Voll0, Proposition 1.10]
(but we allow p = 2 by the same method), diagonalizability of Hermitian Opg-lattices,

and the following fact: consider the rank 2 Hermitian Op-lattice A with pairing (—, —)

10
() s

and also write (—, —) for the induced pairing on A®e, W (k)[1/p] (which is “sesquilinear”
for the Frobenius on W (k)[1/p]). If 2 € A ®o, W (k)[1/p] is any element with (z,z) €
W(k), then z € A ®0, W(k) (so A ®o, W (k) satisfies a certain “unique maximal

specified by the Gram matrix

integral lattice” property). This computation shows that N'(1,1)(k) is a single point if
F/Q, is inert.

The ramified case follows from [RSZ17, Lemma 6.1|. The split case was already verified

in Lemma 5.1.2.

(2) In the unramified case, part (1) implies N'(n —r,7)(k) — N (n —r,7)(x) is bijective for
every algebraically closed field extension x over k. Discreteness then follows because
N(n —7,7)ea — Speck is locally of finite type. If F/Q, is inert, A'(1,1)(k) being a

single point was already discussed above. The ramified case is [RSZ17, Lemma 6.1].

(3) By part (1), we may assume (X, tx, Ax) is the explicit tuple constructed in Section 5.1.
The claim can then be verified explicitly, using (5.1.5) and the surrounding discussion.
In the split case, L and L+ will be self-dual. In the inert case, L admits a Gram
matrix with basis diag(1,p). In the ramified case, L admits a Gram matrix with
basis diag(1, —a) for some a € Z); which is a non-norm, i.e. a ¢ Np/g,(F). This
claim in the ramified case follows from the observation that L is integral and that
L C Homp, (Xo, Xo x Xg) C @ 'L (as the isogeny in (5.1.2) has kernel contained in

the w-torsion subgroup).

(4) Transitivity of the I; action is immediate from part (1). Note also End(X) N (U(W) x
UWH)C KL x K 1L+, so the displayed map is well-defined. In the nonsplit cases,
the assertions follow from parts (2) and (3). Bijectivity in the split case follows because
we then have End(X) N (U(W) x U(W*)) = K1, X K;p,:.

(5) Follows from the previous parts, i.e. Z(L)(k) corresponds to (,7*) such that L C
(L) 0

Suppose F'/Q,, is split and L C W is any subset (with arbitrary signature (n —r,7)). We
take Z(L) C Z(L) to be the open and closed subfunctor corresponding (via Lemma 5.4.1(4))
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to the locus where y+(Lt) = Lt. By the previous discussion, there is an isomorphism of

formal schemes

Z(L) ————— Z(L) x U(VY) /K, 10

(5.4.4)
(X7 5 ¢ /\X7 (7» ’YL)) — ((Xa X, >\X7 (V? 1))7 ,YJ_)
In this case, we have a canonical bijection
Z(L)(k) = {M C W : full rank self-dual lattice with L C M} (5.4.5)

via Lemma 5.4.1.

Lemma 5.4.2. Suppose F/Q, is split. If L C W s an Op-lattice of full rank (i.e. rank
n —r), then Z(L)(k) is a finite set.

Proof. Our task is to show that the right-hand side of (5.4.5) is finite. For such M, we must
have L C M C MY C LY where LY and M"Y denote the dual lattices. If L LY then Z(L)
is empty. Otherwise, LY /L is an Op-module of finite length, so there are only finitely many
possibilities for M. O

5.5 Horizontal and vertical decomposition

For a locally Noetherian formal scheme X', viewed as a ringed space with structure sheaf Oy,

we write

Kj(X) = Ko(Coh(Oy))  FuKi(X) C Kj(X) (5.5.1)

for the K, group of coherent Oy-modules and the subgroup generated by coherent sheaves
supported in (formal scheme-theoretic) dimension < d, respectively. If X’ is moreover formally
locally of finite type over Spf R for a complete discrete valuation ring R, we say that X is
equidimensional of dimension n if every open formal subscheme of X has dimension n. In

this case, if Z — X is an adic finite morphism of locally Noetherian formal schemes, we write
FEKY(2) = Funky(2)  eryK)(Z) = FRKY(2)/Fyt Ky(2).  (5.5.2)

We often work with these groups tensor Q, written as K{(X)g, etc.

The discussion in Section 5.1 implies that the Rapoport-Zink space N(n — r,r) is
equidimensional of dimension (n — r)r + 1. For the rest of Section 5.5 we fix signature
(n —1,1) and use the shorthand N := N'(n — 1,1). The material below is a local analogue of
Section 4.6.
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Assume F'/Q, is nonsplit for the moment. For any nonzero x € W, the local special
cycle Z(x) is a Cartier divisor on A for any nonzero x € W ([KR11, Proposition 3.5| (inert)
[How19, Proposition 4.3] (inert allowing p = 2), and also [LL22, Lemma 2.40| (ramified exotic
smooth)). For any © € W set

Oz () if 2 #0

YZ(x) = 0
((+0=E=>0y—0--+) ifx=0

(5.5.3)

in DbCoh(OZ(x))(ON> (bounded derived category of Ox-modules with cohomology sheaves
coherent and supported along Oz(,)), where the Oy term is in degree 0. For any tuple

x € W™, we then consider the derived local special cycle
F2(2) ="2(1) @ - @ 2(2n) € Digyos,) (ON) (5.5.4)

Its image “Z(z) € K\(Z(x))g lies in FFK{(Z(z))o by multiplicativity of the codimension
filtration® and depends only on span, (z) (‘“linear invariance”) by [How19, Theorem BJ
(inert) and [LL22, Proposition 2.33| (ramified exotic smooth).

Continuing to assume F'/Q,, is nonsplit, assume 2 € W™ spans a non-degenerate Hermitian

>, We define certain derived vertical local special cycles “Z(z)y €

Op-lattice of rank m
gt K (Z(2)5)q as follows.

For integers e > 0, we have a scheme-theoretic union decomposition (Lemma 11.7.5)
Z(z) =Z(x)nw U Z(2)r (5.5.5)

where Z(z),» is the flat part of Z(x), i.e. the largest closed formal subscheme which is
flat over Spf O, and Z(z)y = Z(z)spro,./pe for e > 0. Since Z(z) . is equidimensional of

dimension n — m’ (Lemma 11.7.4), and since Z(z)» N Z(z)y has dimension < n —m’ — 1,

there is an induced decomposition
mb m" mb
grir Ko(Z(2)) = grif Ko(Z(2).) @ grif Ko(2(2)5) (5.5.6)

independent of e (cf. [Zha21, Lemma B.1]*®). Here we have used the pushforward dévissage
isomorphism K{(Z(z)z) = K{(Z(z)y) for K groups.

2>There is a technicality here, as A is a formal scheme rather than a scheme. So we instead prove filtration
multiplicativity via uniformization (Corollary 11.7.8) by reducing to the analogous filtration multiplicativity
statement for global special cycles. We will make a few other forward references to Section 11.7 where we

verify some properties of local special cycles via uniformization.
26Strictly speaking, our setup for K|, groups may be different from Zhang’s in non quasi-compact settings.

The proof of the cited lemma is the same in our setup.
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b

If m = m’, we define “Z(z)y to be given by the projection

et Ko(Z2(2))g — et Ko (Z2(2)5)e

LZ(z) m—— L Z(2)y

(5.5.7)

By the linear invariance property for “Z(xz) discussed above, the class “Z(z), depends only
on spang_(z).

For possibly m # m’, we say that x = [v1,...,2,,] is in minimal form if ° =
[p—mot1s - - - » T Satisfies spany, (2°) = spangy, (z). In this case, set 2 = [z1,..., 2]
and define®”

FZ(z)y ="Z2?) M 2(2)y € et Ko(Z(2)p)e (5.5.8)

For z possibly not in minimal form, select any v € GL,,(Op) such that z - v is in minimal
form, and set “Z(2)y =LZ(x - v)y (note Z(z) = Z(z - v)).

We claim that L2 ( )y depends only on m and spang,(z), and not on the choice of
2 or a minimal form (“linear invariance”). For z in minimal form and with notation as
above, we already explained that *Z(z’), depends only on spany_(z). Recall Z(z) = Z(z’).
Consider any element z; of the tuple z#. Then z; € spany, (2°) = spany,, (z). In particular,

Z(2°) C Z(x;). But Grothendieck-Messing theory provides a canonical isomorphism
Elz = (i) )L (x;)* (5.5.9)

if ; # 0, where Z(x;) C Oy is the ideal sheaf of the Cartier divisor Z(z;) C N (follows from
[How19, Definition 4.2] (inert) and [LL22, Lemma 2.39]). Hence we have

LZ(Q#MZ(QU = LZ(Qm—mb)lz@") (5510)

as elements of DY, ;(Oz,)), where 0 W™ ig the tuple with all entries equal to 0.

U €
Then we have

“Z(a)y = 20 m) 2@y € gNEG (2R (5.5.11)

We have explained that the right-hand side does not depend on any auxiliary choices.

2TOne needs to show that the map a + “Z(z#) - o sends F]V"bHK(’)(Z( )Jz)o — FFT KL (Z2(2)7)e- This
is clear if m” > n — 1, but we do not know a proof of this in general as N is a formal scheme and not
a scheme. Since we are mostly interested in the case m” > n — 1, we do not pursue this point further.
Even when m” = n — 1 and m = n, one still needs to check that “Z(z)y lies in F}(Z(z)z)g (rather than
FY ' (Z(z)%)g)- This follows e.g. because Z(z)z is a Noetherian scheme (Lemma 11.7.3) whose reduced
irreducible components are projective over k. The definition of “Z(x)y should thus be treated as conditional

b

unless m = m? or m® >n — 1.
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Next, suppose F/Q, is split, and assume z € W™ has Op-span which is a lattice of
rank n — 1 (full rank). We have gri7 'K} (Z(z)z) = 0 for dimension reasons (the reduced
subscheme of A is dimension 0, see Section 5.4 and Lemma 11.7.3). Constructing “Z(z), €
g K{(Z(z)5) as above gives the derived vertical local special cycle “Z(z)y = 0.

Next, consider z € W™ which is a basis for its Op-span L’ == spang . (z). If F/Q, is split,
we also assume m = n — 1. In this situation, we set “Z (L"), = “Z(z)y, since the latter
depends only on L’. If n = 2 and m = 1, we have “Z(x), = 0 since the reduced subscheme

Nea has dimension 0 (Section 5.4) and since A has dimension 2 in this case.

5.6 Serre tensor and signature (1,1)

The case of signature (1,1) plays an important role for describing local special cycles via the
Serre tensor construction.

As above, let X be the unique supersingular (resp. ordinary) p-divisible group over k
of height 2 and dimension 1 if F'/Q, is nonsplit (resp. split). For schemes S over Spf O,
we consider pairs (X, p) where X is a p-divisible group over S and p: Xz — X3 is any
quasi-isogeny.

We form the Rapoport—Zink space ./(/2,1 over Spf O, given by

N3.1(S) = {isomorphism classes of framed tuples (X, p) over S}. (5.6.1)

This is a locally Noetherian formal scheme which is formally locally of finite type over
Spf O (via the by-now standard representability result [RZ96, Theorem 2.16]). There is
an isomorphism of formal schemes Isog®(X) — /%71 given by p + (X, p), where Isog”(Xo)
is viewed as a constant formal scheme. Indeed, this follows as in the proof of Lemma 5.4.1
by uniqueness of X, over any algebraically closed field k (any quasi-endomorphism of X
descends to k as well, as may be checked on isocrystals).

We let /\/’271 - ./ngl be the open and closed locus where the framing p is fiberwise an
isomorphism. Then N3 is representable by a formal scheme, and there is a (non-canonical)
isomorphism N5 = Spf Ox[t] (e.g. by Grothendieck—Messing theory).

For arbitrary signature (n — r,r) in the split case, we can form /\N/'m and N, as above,
where we replace X,y with the unique ordinary p-divisible group of height n and dimension
r. The previous assertions for /%71 and N3 hold in this case as well, except we now have
N = Spf Opfts, ..., tm—n,] (again by Grothendieck-Messing theory).

Lemma 5.6.1. Given any (X,p) € N21(S), any principal polarization Ix, of Xo lifts

uniquely to a principal polarization on X.
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Proof. Uniqueness follows from Drinfeld rigidity. Any two principal polarizations on X
differ by Z scalar (since this holds for Xg), so it is enough to show existence of a principal
polarization on X. Since Ny = Spf Ox[t], it is enough to check the case where the scheme S
is a finite order thickening of Speck. By Serre Tate, we can view X as the p-divisible group
of an elliptic curve over S (deforming an elliptic curve over Spec k with p-divisible group Xj).

Any elliptic curve admits a (unique) principal polarization. O

The preceding (possibly standard) argument also appeared in the proof of [RSZ17,
Proposition 6.3] (for the same purpose), there in the supersingular case.

Recall the triple (Xg ®z, OF, 1, Ax, @ Air) described in Section 5.1, arising from the
Serre tensor construction (fixing some choice of Ax,). For any (X, p) € Ny1(S), the same
construction gives a tuple (X ®z, OF, L, Axy @ Air, p @ 1) where Ax, denotes the unique lift to
X as in Lemma 5.6.1 (by abuse of notation), and where p ® 1: X3¢ ®z, O — X07§ ®z, OF.

Lemma 5.6.2 (Serre tensor isomorphism). For any F-linear quasi-isogeny ¢: Xo®z, Op — X

preserving polarizations exactly, the induced map

./\/’271 ’ N(l, 1)
(5.6.2)

(X7 p) . (X ®Zp OF7 L, _02 ' ()‘Xo ® )\tr>7¢§o (p ® 1))

(defined on S-points for schemes S over Spf Op) is an open and closed immersion whose
set-theoretic image is a single point.

If F/Q, is split, the inverse is given by restricting (X, ¢, A, p) — (X, ((/%)_1 op~) to the
appropriate component of N'(1,1).

Proof. For the ramified case, we refer to [RSZ17, Proposition 6.3]. In the unramified case, the
lemma follows by identifying the deformation theory of Ny ; and N(1,1) using Grothendieck—
Messing theory, using the eigenspace decomposition for the Op-action on the Dieudonné
crystals of objects in N'(1,1)(S) as in (3.5.4) and surrounding discussion (so the deformation
problem for N3 identifies with the deformation problem of the “— eigenspace” of the Hodge
filtration for objects in A'(1,1)(S) in the notation of loc. cit..). This is essentially how we

verified generic formal smoothness of special cycles in loc. cit.. O

When F'/Q, is split and the signature (n — r,r) is arbitrary, recall that any (X, ¢, A, p) €
N (n —r,r) admits a decomposition X = X x X~ and p = p* x p~ where p*: X+ — X*

using the nontrivial idempotents e* € Op.
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Lemma 5.6.3. Suppose F'/Q, is split, and consider arbitrary signature (n —r,r). For any

formal scheme S over Spf O, the forgetful functor

groupoid of principally polarized
Hermitian p-divisible groups (X, i, \) {

groupoid of ordinary p-divisible groups }

, over S of height n and dimension r
over S of signature (n —r,r)

(X, 0, A) y X~

(5.6.3)
15 an equivalence of categories. The same holds if we consider the groupoids with morphisms

being quasi-isogenies (rather than isomorphisms).
Proof. An explicit quasi-inverse is given by (X~) — (X, ¢, A) (over a scheme S) with

X = (X) x X~ (5.6.4)
te™): X - (X7)Y  ue): X - X~ projections

0 1
A= ( . 0) (X)) x X = X x (X)),
This is analogous to the following phenomenon: if L is a free Op-module of rank n equipped
with a perfect Hermitian pairing, then U(L) = GL,(L™) (and similarly with F' instead of

Op). O

Remark 5.6.4. Suppose F//Q, is split, and suppose R is a complete Noetherian local ring
with algebraically closed residue field k. If n > 2 and if Q, /Zp"_2 x X~ is an ordinary
p-divisible group of height n and dimension r, then (Xy)" 2 x (X~ ®z, Op) (with the product

Op-action and product polarization (Ax,)" 2 x (Ax, ® \ir), for some choice of isomorphism

X = Xj) is a pre-image under the equivalence in (5.6.3). Here (X, tx,, Ax,) is the canonical

lift (over S) as in Definition 5.1.7 (forgetting the framing).

Remark 5.6.5. If we drop the ordinary hypothesis on both sides of Lemma 5.6.3, the lemma
still holds (by the same proof).

Lemma 5.6.6. Suppose F'/Q, is split, and form ./A\fm using the framing object X~. For
arbitrary signature (n — r,r), the forgetful map

Nn—-rr) —— /anr
(5.6.5)
(Xa L )" P) — (X77 pi)

1s an isomorphism.
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Proof. This is immediate from Lemma 5.6.3. Alternative (less elementary) proof: first observe
that the forgetful map is an isomorphism on x-points for any algebraically closed field x over

k (see Lemma 5.4.1 and above discussion). As in the proof of Lemma 5.6.2, the claim now

follows from Grothendieck—Messing theory. m

Remark 5.6.7. In the situation of Lemma 5.6.6, the open and closed subfunctor A, , C

Now 2 N(n—r,r) has N, (k) being a singleton set, corresponding (via Lemma 5.4.1) to the
lattice L ® L+ C W @ W+ (i.e. the locus where the framing p is a fiberwise isomorphism).

For F/Q, in all cases (inert, ramified, split) and for any x € W, the local special cycle
Z(z) — N(1,1) pulls back along the Serre tensor isomorphism (Lemma 5.6.2) to a certain
local special cycle on Ny associated with an element 2/ € Hom"(Xy, X,) (arising from
adjunction in the Serre tensor construction). The ramified case is explained in [RSZ17, §6.2].
The inert and split cases may be formulated in a similar way (we omit a more detailed
statement, which we will not need). This may be viewed as a local version of [KR14,
Proposition 14.5] (see also Section 22.2).

For F/Q, nonsplit (at least if p # 2), Kudla-Rapoport [KR11, Proposition 8.1| and
Rapoport—Smithling—Zhang [RSZ17, Proposition 7.1] use this to describe Z(z) in terms of
certain quasi-canonical lifting cycles on Ny 1, corresponding to closed immersions Spf Op, —
N1 associated with (X5, p) € Spf Op. where (X, p) arises from a quasi-canonical lifting
of (Xy, j) for suitable j: Op — End(Xy) (in the notation and sense of Section 7.2 below).
This was extended by Li-Zhang |L.Z22a] (inert) and Li-Liu [LL22| (ramified) to flat parts of
1-cycles in signature (n — 1, 1), for arbitrary n in the inert case and even n in the ramified
case. We will need this result, which we recall in Section 7.3 below (to the precision we need).

We will need an analogue of the previous paragraph when F/Q, is split (allowing p = 2).
This is accomplished in Section 6 below (statement given in Section 7.3). Our method in the

split case is somewhat different from the proofs cited above.

6 More on moduli of p-divisible groups: split

Retain notation from Section 5. Throughout Section 6, we assume F'/Q, is split.

6.1 Lifting theory for ordinary p-divisible groups

We discuss lifting theory for ordinary p-divisible groups over an algebraically closed field x of

characteristic p. The case of height 2 dimension 1 ordinary p-divisible groups is discussed in
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[Mes72, Appendix|. We spell out the case of general height and dimension (which reduces to
the results in [Mes72, Appendix]). See also the exposition in [Meu07] (or the sketch in [Gro86,
§6]), though we will need some additional material on homomorphisms between liftings.

Take integers 1,79 > 0. The unique ordinary p-divisible group X over x of height r1 + 79
and dimension 71 is X = e X Q,/Z,".

Next, let R be an adic Noetherian local ring (with maximal ideal being an ideal of
definition) with residue field k. The p-divisible groups py~ and Q,/Z, lift uniquely to
Spf R (e.g. by Grothendieck—-Messing deformation theory), which we still notate as Moo
and Q,/Z,. If X is a lift of X over Spf R, its connected-étale exact sequence must be
0 —>p,T—> X — Qp/ Z,” — 0. Classifying lifts X is thus the same as classifying such
extensions, which are in canonical bijection with Extg r(Qp/Z,", pyie) (using also Drinfeld
rigidity, as well as the fact Hom(py~,Q,/Z,) = Hom(Q,/Z,, pi,-) = 0). Here, Ext§ p, is
calculated in the abelian category of fppf—sheaves of ab@groups over Spf R (this is also
[Mes72, Appendix, Corollary (2.3)]). We typically suppress the R-dependence in Hom(—, —).

Applying Hom(—, ) to the short exact sequence of sheaves (fppf sheaves over Spf R)

0 > Z » Z[1/p] — Q,/Z, —— 0 (6.1.1)

gives a boundary morphism 6: Hom(Z, ptye) — Extg ¢ n(Q,/Zy, ) in the associated long
exact sequence. This map J is an isomorphism [Mes72,TppendiX, Proposition (2.5)].28
By compatibility of Ext with finite direct sums, it follows that the boundary morphism
§: Hom(Z", pite) — Ext r(Qy/Z,", i) is also an isomorphism.

Given an element o € Hom(Z", p,% ), we can identify the extension corresponding to é(a)

with the bottom row of the diagram

0 —— 2" —— Z[1/p]” — Q,/Z,” —— 0

la l H (6.1.2)
r> X

0 —— wk > Q,/7,” —— 0
p <P/ P

where the rows are exact and the left square is a pushout. This follows from general
homological algebra valid in any abelian category (e.g. [SProject, Section 010I] and [SProject,
Section 06XP]).

28In loc. cit. this is stated for Artinian local rings R, but one can pass to the limit and obtain the statement
here (compare [Mes72, Appendix, Remark (2.2)]).
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Given 1,711,179, 74 € Z>0, we have

Hom(p,;},o X @p/ZpTQaN;}XJ x Qp/Zy,") = Hom(.u;lowl/‘;}w) x Hom(Q,/Z,"™,Q,/Z,")
= My (Zyp) X My 1y (Zp), (6.1.3)

since any p-divisible group over s of height 1 has endomorphism ring Z,. Here M, (Z,)

denotes s x t matrices with entries in Z,. Given

a € Hom(Z™, wik.) = Homy, (2, @ik) o/ € Hom(Z', wlk.) = Homy, (Z,%, k)
- T (6.14)
with corresponding lifts X and X’ (of p i x Q,/Z," and p,;/éo x Q,/ Zpré respectively) over
Spf R, a morphism (f1, fa) € My, ., (Z,) X MTW—(ZP) lifts to a mam — X' if and only if

fioa=a o fs, (6.1.5)

again by general facts about Ext in abelian categories (compare with the proof of [Mes72,
Appendix, Proposition (3.3)], which discusses the case 1 = ry = r] = r) = 1). We will
repeatedly use this criterion for lifting to maps f: X — X’. In (6.1.4), the subscripts Z,
indicate Z,-linearity (not the base SpfZ,).

6.2 Quasi-canonical lifting cycles: split

Throughout Section 6.2, we write R for an adic Noetherian local ring (with maximal ideal being
an ideal of definition) equipped with a morphism Spf R — Spf O inducing an isomorphism
on residue fields.

Allowing arbitrary signature (n — r,7) for the moment, form the Rapoport—Zink spaces
N(n—rr), Nu,, and -/\7n,r as in Section 5.6. With (X, tx, Ax) denoting the framing object
for N'(n —r,r), we take X~ to be the framing object used to define N,,, and /\N/n,r- There

. . . — o~ T n—r -~
are non-canonical isomorphisms X~ = pr.. x Q,/Z," " and Xy = Q,/Z,.

Definition 6.2.1. Given a subset L~ C W~ = Hom’(X;, X ™), consider the associated local
special cycle

V(L7) C N, (6.2.1)

which is the subfunctor consisting of pairs (X, p) over schemes S over Spf Op such that, for

all x— € L™, the quasi-homomorphism
pto :L‘/§ o p;mg: X, - X3 (6.2.2)

lifts to a homomorphism X, — X.
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As in Definition 5.1.7 (also Section 7.1), the notation X, refers to the canonical lifting of
Xp (and X = X§ x X is the decomposition via the nontrivial idempotents e* € Op, with
Xd & pye and Xy = Q,/Z,). Again, Y(L™) C N, is a closed subfunctor (hence a locally
Noetherian formal scheme) by [RZ96, Proposition 2.9| for quasi-homomorphisms.

Lemma 6.2.2. Suppose L C W = Hom% (X, X) is a subset with L™ C LT = Hom(X{, X*).

The natural commutative diagram

l - l (6.2.3)

1s Cartesian.

Proof. The lower horizontal arrows are as described in Section 5.6 and Lemma 5.6.6 (the
composite is an open and closed immersion). The lemma amounts to the claim that, for
any (X, 1, )\, p) € X(S5) (for any scheme S over Spf O), if + = 2 x = € Hom% (X, X)
with 2t € Homp, (Xg,X™), then z lifts to a homomorphism X, — X if and only if 2~
lifts to a homomorphism X; — X . Stated alternatively, this is the claim that 2z always
lifts to a homomorphism Xj — X*. Since N, , = Spf Op[t1,...,tnm-r)], this is clear
because X; — X automatically factors through a homomorphism to the connected part
(XT)? = i of X*, over any base Spf R where R is Noetherian Henselian local ring
(alternative proof: apply (6.1.5)). O

Choose isomorphisms (X7)% = pr. and (X7)* = Q,/Z," " for the connected and étale
parts of X~ respectively. Any element (X, p) € M,.(Spf R) (i.e. a morphism Spf R — N, )

then corresponds to a class a € Extg ¢ 5(Q,/Z," ", phe) = Homg, (Z," ", pr ) via the lifting
theory in Section 6.1.

Lemma 6.2.3. Fiz any isomorphism X, = Q,/Z,. Consider ¢: Spt R — N, correspond-
ing to (X, p) € Noup(Spf R) and hence a class o € Extgye n(Q,/Z," ", phe). Given any subset
L= C L™, the morphism ¢ factors through Y(L™) C N, if and only if the map

" EXtépr(Qp/anirvﬂ';;W) - EXtépr(Qp/Zpal‘;;OO) (6.2.4)
satisfies x* (/) =0 for all x € L™.

Proof. In the lemma statement, we have viewed x € L™ as a morphism Q,/Z, — Q,/Z," "

via the various identifications. The lemma follows from the lifting criterion in (6.1.5) (in the

notation of loc. cit., take a = 0). O
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Next, we restrict to the case of signature (n — 1,1).

Lemma 6.2.4. Assume that R is moreover a domain and that Spf R — Spf O is flat. There

1 a natural map

such that t(M) <1 and val(M) = s

{ cyclic subgroups of order p®
and M+ =L*

Full rank integral lattices M C L
. n—
m EXtépr«@p/Zp 17)u’p°°) }

(6.2.5)
(functorial in R on the left). If R contains a primitive p*-th root of unity, then the map is a
bijection. Otherwise, the left-hand side is empty.

Proof. Recall the identification Homz, (Z," ", pye) = Extg ¢ o(Q,/ Z," ", py~) from Section
6.1. Suppose o/ € Homzp(Zp”_l, Moo ) gezerates a cyclic subgroupmrder p°® (possible if and
only if R contains a primitive p*-th root of unity). Let M, _1,-1(Z,) act on Homgz, (Z," ", prpe )
by pre-composition. The annihilator of o/ is generated (as a one-sided ideal) bygl element
fa € My_1,-1(Z,) which has Smith normal form diag(1,...,1,p°).

We have a canonical identification L~ = Hom(Xj, (X7)®). Via the identification (X ~)% =
Q,/Z," ", we obtain an action of M,_1,_1(Z,) on L™ (post-composition). We then set
M- = fo(L7), and let M = L™ & M~. Note that M~ does not depend on the choice of
generator f.

Conversely, given a lattice M C L as in the lemma statement, select any fo € M,,_1,,-1(Z,)
satisfying M~ = fo(L™), and note that f; necessarily has Smith normal form diag(1,...,1,p®).
If R contains a primitive p*-th root of unity, then f, acting on Homg, (Z," ", pye) has kernel

which is cyclic of order p°. This gives the inverse map. O

For s € Z>, set E,=F [Cps] With ring of integers O = Op[(ps], where (s is a primitive
p*-th root of unity. Suppose M C L is an integral full rank Op-lattice satisfying M+ = L+,
with type t(M) < 1 and val(M) = s. By Lemma 6.2.4, there is an associated cyclic subgroup
of Extépfoés (%"ﬂwpm). Any generator of this cyclic subgroup defines a morphism
Spf O — Ny (via the lifting theory from Section 6.1). Changing the choice of generator
corresponds precisely to the action of Gal(E,/F) (by Lubin-Tate theory for pu,~). This
morphism Spf Oy — N1 must be a closed immersion: if the morphism factors through
Spf R — N1 for some sub Op-algebra R C Oy , then Lemma 6.2.4 implies that R = O .

We write Spf O = Z(M)° C N, for the resulting closed subfunctor, and call it a
quasi-canonical lifting cycle. This closed subfunctor Z(M)° does not depend on the choices
of isomorphisms (X~)° & p,~ and (X~)%* 22 Q,/Z," " appearing in the statement of Lemma
6.2.4.
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Lemma 6.2.5. With M as above, view Z(M)° as a morphism Spf O, — N1 corresponding
to (X,p) € N1 (SpfOp).

Ifn=1then X = pye. If n>2 then X = Q,/Z," > x X, (forgetting p) where X, is a
p-divisible group of height 2 and dimension 1 wiml(%s) =7, + p*OF (a quasi-canonical
lifting in the sense of Section 7.2).

Proof. Let o/ € Homg, (Z,"", py<) be the element corresponding to (X, p). If n =1 then
o =0and X = ppe. -

If n > 2, then (after replacing p by ¢ o p for some ¢ € GL,,_1(Z,)), the lift (X, p) of
Q,/ anfl X ppeo is associated with o' of the form (0, ..., 0, (ys) for (s € Oy a primitive p*-th

root of unity. For some X as in the lemma statement, we obtain a commutative diagram

0 —— 2" —— zZ[1)p]" ' —— Q,/2," " —— 0
(0. %S)l | | (6.2.6)

0 —— fpe — (@p/Z,,”_2 X X, —— @p/Zp”_1 — 0,

using the lifting criterion of (6.1.5) again. O

Lemma 6.2.6. Suppose M C L is an integral full rank Op-lattice satisfying M = LT with
type t(M) <1 and val(M) = s. Let L~ C W~ be any subset. We have Z(M)° C Y(L™) if
and only if L=~ C M.

Proof. If n =1 then W~ = 0 and Z(M)° = Y(L~) = N, 1, so the lemma is trivial in this
case. We thus assume n > 2 below.

It is enough to check the case where L~ consists of a single element, i.e. a quasi-
homomorphism x: (X))~ — X~ (or equivalently, z: (X))~ — (X7)¢ since X; = Q,/Z, is
étale). If x ¢ L™ then Y(L™) = 0 (while Z(M)° # 0), so we may assume x € L. -

Pick any identification X; = Q,/Z,. Set s = val(M). Use the setup and notation in the
proof of Lemma 6.2.4. -

View Z(M)° as a closed immersion Spf Oy — M, 1, corresponding to an element o/ €
Homg, (Z," ", pp=). By Lemma 6.2.3, our task is to show that o/ oz = 0 if and only if
o/ € M. Since fa generates (in M,,_1,-1(Z,)) the annihilator of o’ (as a one-sided ideal),
we see that o/ ox = 0 if and only if z € fo(L™) = M~ (for example, view x as a column

vector and observe that (z,0,...,0) € M,,_1,-1(Z,) lies in the one-sided ideal generated by
f2)- 0
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Definition 6.2.7. Let M C W be a full rank integral Op-lattice, with type t¢(M) < 1
and val(M) = s. Select any v € U(W) satisfying v(L*) = M™ (also write v for (v,1) €
U(W) x U(WH), by abuse of notation).

The quasi-canonical lifting cycle associated with M is the closed subfunctor

Spf Oy =2 Z(M)° ==~(Z(yv (M))°) SN (n—1,1) (6.2.7)

where v € U(W) x U(W+) acts on A(n — 1,1) as in Section 5.3.

In the situation of Definition 6.2.7, the closed subfunctor Z(M)° does not depend on the
choice of y. We have also viewed N,,; as an open and closed subfunctor of N'(n —1,1) (as in

the lower horizontal arrows in Lemma 6.2.2).

Lemma 6.2.8. If L C W is any subset and M C W is any full rank integral lattice with
t(M) <1, we have Z(M)° C Z(L) if and only if L C M.

Proof. After acting by U(W), it is enough to check the case where M+ = L*. In this case,
we have Z(M)° C N,1. If L Z L, then Z(L) N Z(M)° = 0 by Lemma 5.4.1(5) and Remark
5.6.7 (and Z(M)° is nonempty). So assume L C L. Then Z(L) = Y(L~) (Lemma 6.2.2).

This reduces to the case proved in Lemma 6.2.6. O

Corollary 6.2.9. Let L C W be any subset. Form the horizontal (flat) part of the local

special cycle Z(L), which we denote as Z(L). We have an inclusion of closed formal

subschemes
U 2y <z (6.2.8)
LCMCM*
H(MY<1
in N(n—1,1).

Proof. The union is a scheme-theoretic union (i.e. intersect associated ideal sheaves). The

claim follows from Lemma 6.2.8 because each Z(M)° is flat over Spf O . O]

Lemma 6.2.10. Let M C'W and M' CW be integral full-rank Op-lattices with t(M) < 1
and t(M') < 1. If M # M’, then Z(M)° # Z(M')°.

Proof. Let N C W (resp. N’ C W) be the unique self-dual full rank lattice such that
Nt = M* (resp. N'" = M'"). On reduced subschemes, we have Z(M)o, = Z(M')o, if
and only if N = N’ by Lemma 5.4.1 (more precisely, Remark 5.6.7, Definition 6.2.1, and the
action on special cycles in (5.3.6)). So we may assume N = N’. Using the U(W) action on
N(n —1,1), we also reduce to the case where N = L.

117



Set s = val(M) and ' = val(M'), and view Z(M)° and Z(M')° as closed immersions
¢: SpfOp — N(n —1,1) and ¢': SpfOp, — N(n —1,1). Lemma 6.2.4 implies that
M = M’ if and only if both s = s’ and the morphisms ¢, ¢ are the same up to Gal(Es/F)—
action (this is equivalent to requiring that the corresponding elements of Ext' in that lemma
generate the same subgroup). This is satisfied if and only if Z(M)° = Z(M’)°. O

Lemma 6.2.11. Let L C W be a full rank Og-lattice. Assume that R is moreover a
domain and Spf R — Spf O is flat. Any morphism p: Spf R — Z(L) factors through some
quasi-canonical lifting cycle Z(M)°.

Proof. Again, we may act by U(W) on N'(n — 1, 1) to assume that ¢: Spf R — Z(L) factors
through the open and closed component N, ; € N(n — 1,1) described in Section 5.6 and
above. This implies L C L (as Z(L) N N,,; is otherwise empty, see Lemma 5.4.1).

Fix isomorphisms as in the statement of Lemma 6.2.4. Then ¢ corresponds to some
(X,p) € Ny, and this lift of X~ corresponds to a class o/ € Ext'(Q,/Z," ", y~) via the
lifting theory in Section 6.1. -

By Lemma 6.2.4, it is enough to show that o' is p*-torsion for some s € Zx( (then ¢ must
factor through Z(M)° where M is the lattice associated with the cyclic subgroup generated
by «). Select s > 0 such that p°L C L (such s exists because L is full rank). Then Lemma
6.2.3 implies p®a’ = 0, since ¢ factors through Z(L) (and hence through Y(L™7)). O

7 Canonical and quasi-canonical liftings

We retain F'/Q, and accompanying notation as in Section 5. In Sections 7.1 and 7.2, we
allow p = 2 even if F//Q, is ramified. We collect some needed facts about canonical and
quasi-canonical lifts in all cases (inert, ramified, split). See also [Gro86|, [Wew07|, [Meu07].
Our conventions differ slightly from [Wew07|, due to the phenomenon explained in [KR11,

Footnote 7| (there in the inert case, which we also modify to apply in the ramified case).

7.1 Canonical liftings

As in Section 5.1, let X be the unique supersingular (resp. ordinary) p-divisible group of
height 2 dimension 1 over k if F//Q, is nonsplit (resp. split). Let j: Op — End(X,) be a
ring homomorphism. We reserve the notation ¢x, to mean a signature (1, 0) action, and allow

J to have either signature (i.e. (1,0) or (0,1)) for its action on Lie X,.
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Let E be any finite degree field extension of F', with ring of integers Op. The pair (Xo, j)
admits a lift (%o, tx,, px,) over Spf Oy (i.e. (Xo,tx,) is a p-divisible group over Spf Op with
Op-action tx,, and px,: X,z — Xo is a Op-linear isomorphism with respect to ¢ and 7).

In the supersingular case, the pair (Xg,tx,) may be described via Lubin-Tate formal
groups. In the ordinary case, we have Xy = ppee X Q,/Z,,.

By the signature of (Xo, tx,, px,) (or (Xo, on)),mean the signature of 1y, acting on
Lie Xy (either (1,0) or (0,1)). If F'/Q, is unramified (resp. ramified), then (X, tx,, px,) must
have the same signature as (Xy, j) (resp. can have either signature).

After fixing a signature, the triple (X, tx,, px,) i unique up to unique isomorphism, and
we call it the canonical lifting®® of (Xo, j). The canonical lifting over Spf O is defined over
Spf O (i.e. is the base change of the canonical lift over Spf O).

The map tx,: O — End(X,) is an isomorphism, since End(Xy) is commutative and Op
is self-centralizing in End(Xj) (in the nonsplit case, note End(X,) — End(Lie X¢) = O so
End(X() must be commutative).

If (X§,:%,) is as in (5.1.1), we have Homp,.(Xo, X§) = 0 because End(Xo) = OF.

Example 7.1.1. Assume F'/Q, is nonsplit, and let X be the canonical lifting over Spf O
(of some fixed signature). Drinfeld rigidity for quasi-homomorphisms implies End®(%,) =
EndO(XO) = D, where D is the quaternion division algebra over @,. On the other hand, if
X{, denotes the p-divisible group over Spec O associated with Xy via Lemma B.3.1, we have
End’(X}) & End(X}) ®z, Q, = F. Thus, by our conventions (explained in Appendix B.1),
quasi-homomorphisms do not necessarily lift along the equivalence of p-divisible groups over

Spec O and Spf O from Lemma B.3.1. See also Remark B.3.5.

7.2 Quasi-canonical liftings

Let E and (Xo,7) be as in Section 7.1. For integers s > 0, let Op == Z, + p* O be the
order of index p* in Op. When F/Q, is nonsplit (resp. split) the subgroup Of € O (resp.
(1+p*Zy)* C Z,) has an associated finite totally ramified abelian extension E, of F by local
class field theory. The index is

[E,: F] = P =npp) s =1 (7.2.1)

1 ifs=0

29%When j has signature (1,0), what Gross [Gro86] calls a canonical lifting is what we call a canonical lifting
of signature (1,0). This change in terminology allows additional flexibility when discussing quasi-canonical

liftings, to account for e.g. [KR11, Footnote 7].
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where n*(p) .= —1,0, 1 in the inert, ramified, and split cases respectively. In the split case,
we have Op = Op[(ys] where (s is a primitive p*-th root of unity.
In all cases, a quasi-canonical lifting of level s of (Xo, j) is a triple (X, tx,, px.) where
X is a p-divisible group over Spf O,
1x,: Ops = End(X,) is a ring isomorphism
pxst X5 — Xo is an Op-linear isomorphism of p-divisible groups over k.

Note that a quasi-canonical lifting of level s = 0 is the same as a canonical lifting. As above,

we speak of the signature of a quasi-canonical lifting, which means the signature of the action

lx,|Lie X, -

The signature of (Xg, j) and the signature of a level s quasi-canonical lifting must be

same if F/Q, is inert and s is even, or F/Q, is split
opposite if F/Q, is inert and s is odd (7.2.2)
either signature if F//Q, is ramified.

Quasi-canonical liftings of level s > 0 exist in all such situations, and are defined over Spf O .
The property of being a level s quasi-canonical lifting is preserved under base change along
Spf O, — Spf O, for any finite degree field extension E' over E. If F/Q, is split, a choice
of level s quasi-canonical lifting corresponds to a choice of morphism Z, — pyec over Spf O
of exact order p*® (i.e. a choice of primitive p°-th root of unity in ES) via the lifting theory in
Section 6.1.

The group Gal(Es / F ) acts simply transitively on the set of level s quasi-canonical liftings
for any fixed signature (if such liftings exist). By Lubin—Tate theory, this action is compatible
with the identification Gal(E,/F) = O}/ Of, via local class field theory (normalized to send
uniformizers to geometric Frobenius) where a € O acts on the set of quasi-canonical liftings
as (X, tx,, px.) — (X5, tx., apx.). In the split case, we have used the isomorphism

Op/Ops — Ly /(1 +p°Zy)" (7.2.3)
T ———— e (z)e (z71)

if (Xo, ) has signature (1,0) and its reciprocal if (X, j) has signature (0,1). In particular,
the quasi-canonical liftings of a fixed level s are all isomorphic if the framing px, is forgotten.

Let (X0, txy, px,) and (X, tx,, px,) be canonical and quasi-canonical lifts over Spf O, for
some (Xy, j) and (Xy, j') respectively (possibly j # j'). Then

Hom(%o,f{s) = @ZJS : OF (724)
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(no Op-linearity imposed) is a free Op-module of rank 1 (where Op acts by pre-composition),
generated by some isogeny v of degree p*. The isogeny v is defined over Spf Op . If X
and X, have the same signature, then 1), is automatically O s-linear. When F'/Q, is split,

we may take 15 to be the map inducing the map Xy — Xy which is
Uelxo: X0 5 X hfxa: X§ 2D X (7.2.5)

on the connected and étale parts, respectively. This follows from the lifting criterion in
(6.1.5).

For any generator 1; of Hom(Xg, X;), we have

Lz o (L=p)A—n"(p))
* )1 _ .
lengthy (e lews/specoé) =3 [E Q) T Tr—— (7.2.6)
where n*(p) = —1,0, 1 in the inert, ramified, split cases respectively and where e: Spec Op —

ker ¢4 denotes the identity section.

The nonsplit case of (7.2.6) is essentially a computation of Nakkajima and Taguchi [NT91]
(see also [KRY04, Proposition 10.3] and its proof). The split case follows from (7.2.5), which
implies that ker 1, is étale over Speck (cf. the closely related [KRY04, Proposition 10.1]).

The following constant dg,,(s) € Q (“local change of tautological height”) will be crucial

for the formulation of our local main theorems. With notation as above, we define
Otau(s) = L (degs) + ! length,, (e*Qf ) (7.2.7)
au = ——= s — < - len . . L.
tau (S o Up\dCs E:Q,) eNgtlp (€ 3 fker v/ Spec O

_ o, A=p)A—(p))
R ( i —p—1><p—n*<p>>) (7.28)

for integers s € Z. We used Eq. (7.2.6) for the second equality. We also set dpa1(s) == —2tau($).
The quantity d¢au(s) depends only on s and n*(p), and does not depend on the choice of ;.

In Part III below, we will explain the relation of 0, ($) and dga(s) with local decompositions

of “tautological” and Faltings heights of special cycles.

7.3 Quasi-canonical lifting cycles

We state how certain local special cycles decompose into quasi-canonical lifting cycles (Section
6.2). We continue to use the notation in Section 5.2, now restricting to signature (n — 1, 1).
We also assume p # 2 unless F'/Q, is split (in the inert case, this is so that we may cite
[LZ22a, Theorem 4.2.1|).
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Suppose M’ C W is an integral Op-lattice of rank n — 1 with ¢(M°) < 1. Set s =
[val(M”)| (notation as in Section 2.2). There is an associated quasi-canonical lifting cycle
Z(M")° C N(n —1,1), which is a certain closed subfunctor such that

Spf O, if F/Q, is unramified

Z(M")° =
Spf O, USpt Oy if F/Q, is ramified.

(7.3.1)

Suppose ¢: Spf O — N(n —1,1) is a morphism representing any component of Z(M)e,
with corresponding tuple (X, ¢, A, p) € N(n —1,1)(Spf O ). If n = 1, then M° = 0 and
X = X§. If n > 2, then there exists a polarization-preserving Op-linear isomorphism
(forgetting p)

X 2 (X)" % x (Xs®z, OF) (7.3.2)

for some level s quasi-canonical lift X, (and X, being the canonical lift), where X; ®z, OF
is equipped with the polarization as in (5.6.2), where X ~2 has the diagonal polarization
)\%2 for some principal polarization Ay, on Xy if F//Q, is unramified, and where X~ has a
product polarization as in (5.1.6) (with respect to some principal polarization Ay, on Xg) if
F/Q, is ramified.

For the inert case of the above assertions, see [LZ22a, §4.2] (we are using the same
notation), and also [KR11, Proposition 8.1| (there for n = 2).

For the ramified case, see [RSZ17, Proposition 7.1| (there for n = 2) and also the proof
of [LL22, Proposition 2.44| (also [LL22, Definition 2.45]; we are using their notation but
with A replaced by Z). In the ramified case, the two components Z(M”)° correspond to the
two components of N'(n — 1,1) (as in Lemma 5.4.1, particularly part (5)), i.e. Z(M")° —
N(n —1,1) is surjective on underlying topological spaces.

For the split case, Z(M”)° was defined in Definition 6.2.7. The assertion X = (X()" 2 x
(X5 ®z, OF) follows from Lemma 6.2.5 (note that X in loc. cit. is X~ in the present notation)
and Remark 5.6.4.

Proposition 7.3.1. Let L’ C W be an Op-lattice of rank n — 1. Form the horizontal (flat)
part of the local special cycle Z(L’), which we denote as Z(L")». We have an equality of
closed formal subschemes

ZLe= |J 200y (7.3.3)

ngMbgMb*
t(M")<1

in N(n —1,1), where the union runs over full rank lattices M° C L.
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Proof. The union is the scheme-theoretic union (i.e. intersect associated ideal sheaves).
The inert case is [LZ22a, Theorem 4.2.1|. The ramified case is [LL22, Lemma 2.54] (if
F/Q, is ramified, the condition #(M”) < 1 implies t(M") = 1 since we have assumed n is
even in the ramified case).
For the split case, the inclusion C is Corollary 6.2.9. By Lemma 6.2.11, the inclusion
D will hold if we can verify that Z(L?),» = Spf R for some finite flat O-algebra R with
R ®o, F reduced (with R not necessarily a domain). We will check this later by passing to

global special cycles via uniformization (Lemma 11.7.4). ]

For readers interested in Kramer integral models for F//Q, ramified, we mention the

analogous [HSY23, Theorem 4.2|, which we will not need.

8 Hermitian symmetric domain

8.1 Setup

We recall /fix some notation, mostly as in [Liull, §4B] (see also [GS19, §2.2.2]). Let n > 1 be
an integer, and let V' be the non-degenerate C/R Hermitian space of signature (n —1,1). We

write (—, —) for the Hermitian pairing on V. Consider the Hermitian symmetric domain
D = {maximal negative definite C-linear subspaces of V'}. (8.1.1)

Choosing a basis {ey,...,e,} of V with Gram matrix diag(1,,_1, —1), we take the identifi-

cation
D———{zeC:|z| <1}
(8.1.2)
(ay: - ap) — (a1/an, ..., an_1/ay)
and write z; = a;/a,. Here (a; : -+ : a,) stands for the complex line spanned by aje; + -+ +

ane,. We implicitly use the (standard) orientation i"~'dz; Adzy A -+ Adz,_y AdZ,_, on D.

We write £ for the tautological line bundle over D, whose fiber over a point z € D is
identified with the corresponding C-line in V. We give £ the following metric: if w, € £ lies
over z € D, set ||w,||* = —(w.,w.). Let € be the resulting metrized line bundle. We write

~

c1(€) for the corresponding Chern form, given locally by
~ 1 — 9
(&) = %8alog ||| (8.1.3)

for local nowhere vanishing holomorphic sections s of £.
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8.2 Local special cycles
Given any tuple z = (z1,...,x,,) with z; € V, there is a local special cycle
D(z) ={z€D:z L foralli} CD. (8.2.1)

This is a closed complex submanifold of D.

Given = € V| there is an associated global holomorphic section s, of the dual metrized
tautological bundle gv, given by s,(w,) = (z,w,). For z € V and z € D, we set R(z,z) =
Is4(2)||> = — (., z.) where ||—| is the norm on £Y, and =z, is the orthogonal projection of z
to the C-line z.

We write Ei(u) = — [~
negative. We will use the asymptotics

e“t=1 dt for the exponential integral function, where u € R is

|Ei(u)] < —ute" lim (Ei(u) — log|ul) =, (8.2.2)

u—0—
where v is the Euler—-Mascheroni constant. These may be verified by brief computations
(omitted, but see the integral representation for v in [WW73, §12.2 Example 4]).

Given z € V nonzero, we set®
&(x) = —Ei(—4nR(x, 2)) (8.2.3)

which is a smooth function of z € (D \ D(x)) with singularity of log type along D(z) (in the
sense of [GS90, (1.3.2.1)]).
For locally L'-forms £ on D, we write [¢] for the associated current. With = as above, we

have the Green current equation
1
— S 0D[E(@)] + O = [w(2) (82.4)

where w(z) is a smooth (1, 1)-form on D coinciding with the Kudla-Millson form up to a
normalization [Liull, Proposition 4.9]. Given a linearly independent tuple z = (z1,...,2,,) €

V™ we consider the current
[§(z)] = [§(xn)] * ([€(x2)] % - - ([§(xm-1)] * [E(zm)])) (8.2.5)
defined via star product (compare [GS90, §2.1.3|), e.g.

[E(w1)] % ([E(z2)] % [£(23)]) = £(21) A OD(20)D(2s) T W(T1) ANE(X2) ANOp(ay) +w (1) Aw(T2) NE(3).
(8.2.6)

30Note that Liu instead uses — Ei(—27R(z, 2)) [Liull, §4B]. This is because he considers Gram matrices
T = %(g, z) while we consider Gram matrices T = (z,z) (to match our global and non-Archimedean

conventions). This also affects other normalizations, e.g. our w(z) is Liu’s w(v/2z).
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We then have the Green current equation
1
. = 2.
5, 0018(@)] + dp) = [wlz)) (8.2.7)

where w(z) = w(z1) A -+ Aw(x,y,) (follows from (8.2.7) as in the proof of [GS90, Theorem
2.4.1(1)]).

For any nonzero x € V and a € C*, we have

lim w(az) = c1(EY) (8.2.8)

a—0

where the convergence is pointwise and uniform on compact subsets of D (the derivatives also
converge uniformly on compact subsets). This limiting statement follows upon inspecting
[GS19, (2.40)] (see also (8.3.1) and (8.3.3)). For convenience, we set w(z) = c;(£Y) when
xz=0.

The group U(V) acts on D via the moduli description. For any g € U(V'), we have

9(D(w)) =D(g-w)  g.l&(z)] = [£(g - z)] (8.2.9)

where w € V™ is any tuple and x € V™ is any linearly independent tuple.

8.3 Green current convergence

We record some convergence estimates for the integrals appearing in our main Archimedean

local identities (Section 19.1). We work with the explicit coordinates z = (21,...,2,-1) on D
from Section 8.1 above (via the choice of basis {es,...,e,} for V). For any nonzero = € V,
we have
A 1 - 1 ROOR — ORAOR
VY — = 981 - 3.1
a1(8Y) = 5 -00log R = o T (8.3.1)
271 1—2z (1—22)2
and
1 = 1, (—47ORANOR O0OR ORAOR
w(z) = —5—00¢(z) = 5—e ( 0 + % B (8.3.3)

on D\ D(x), where R := R(z, z) for short.

Lemma 8.3.1. For any fized x € V (possibly x = 0) with w(x) =
functions (1 — 2z)*w(z);; are bounded on D.

w(x)i’jdzi VAN d?j, the

]
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Proof. If © =3 aje;, we have

(a'lzl + -+ CLn—lzn—l - an)(alzl + - an—lzn—l - an)

R — 8.3.4
(2.2) = (33.4)
This expression and the formulas for w(x) (see above) yield the lemma via straightforward
computation (omitted). O
Lemma 8.3.2. Let x = (x1,...,2,) € V™ be an m-tuple with nonsingular Gram matriz

(xz,z). Assume either that m > n — 1 or that (z,z) is not positive definite. Then exists € > 0
such that

3 Rz z) > — (8.3.5)
for all z € D with |z| > 0.

Proof. Given xz = Zj aje; € V', we use the temporary notation x-z == a1z +- - ~+a,-12Zp—1—0y
for 2 = (21,...,2,.1) € C"L. Note R(z,2) = |z - 2|*(1 — 22) 7! for 2 € D. View C" ! as a
standard coordinate chart in the projective space of lines in V' (i.e. the lines which are not
orthogonal to e,). The zeros of Y. |z; - z|* on C"! correspond to those lines in V' (in the
given chart) which are orthogonal to span(z). This (closed) set of zeros is disjoint from the
set {z € C"! : |z| = 1}, which corresponds to isotropic lines in V' (i.e. no isotropic lines in
V' are orthogonal to span(z)). Hence ), R(x;, 2)(1 — 2Z) is bounded below (as a function of

z € D) by a positive constant as |z| — 1. O

Lemma 8.3.3. Let x = (x1,...,2,) € V™ be an m-tuple with nonsingular Gram matriz
(z,z). Assume either that m > n — 1 or that (x,z) is not positive definite.
Let w =Y wr jdz;y AN dz; (multi-indices) be any smooth complex differential form on D

such that each (1 — 2Z)bw; ; is bounded on D for some real constant b>> 0. Then the integral

/ Elan)w(@s) A« Aw(am) Aw (8.3.6)
D
15 absolutely convergent.

Proof. After making a unitary change of basis for V', we may assume

ae, if (x1,21) <0
1= § aey if (x1,21) >0 (8.3.7)

en1+e, if (x1,21) =0
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for some nonzero a € R (where (ey, ..., e,) is the basis of V' used to define the coordinates
(21, ..., 2n—1) in Section 8.1). This will aid calculation in coordinates.

Lemma 8.3.1 shows that it is enough to check (absolute) convergence of
/ £ (2 )e 4R m2 )t FRlom2) (1 _ 7)= (8.3.8)
D

for any b € R (for the Euclidean measure on D). It is enough to check convergence when

b > 0, so we assume b > n for convenience.

Set
Re(z;) Im(z;) (8.3.9)
U, = ————— V;, —m— ——— -J.
! Vv1—2z2z ! Vv1—2z2z
for j=1,...,n— 1. A change of variables gives

/ £y )e R 2t Rlem:2)) (1 — o7) =0 (8.3.10)
D
- /m | Slayer AT EE D 4 fuf? 4 o)

where |uf? := 37 uf and |vf* = }7 0%, with R(z;, 2) a function of u,v via (8.3.10), and with
the Euclidean measure du, dv; - - - du,,_1dv,_1 understood on the right-hand side.
The asymptotics for Ei(u) as in (8.2.2) show it is enough to check convergence of the

integrals
/ eI (R@1 )+ Rz, )+ Rlemo2) (1 4 |y |2 4 [v]?)0" (8.3.11)
R2(n—1)

and . log(47 R (1, Z))6—47r(R(:c2,z)+...+R(ocm,z))(1 + [uf? + |U‘2)b_" (8.3.12)
R(z1,2)<1/(87)

(where the second integral is over the set of (u,v) € R* "1 satisfying R(wy,2) < 1/(87)).
Since we have (1 —2z)"! = 1+ |u|* + |v|?, Lemma 8.3.2 implies that (8.3.11) is absolutely
convergent (by exponential decay of the integrand as |u|* + |v]* — o0).
For convergence of (8.3.12), the same lemma shows that it is enough to check convergence
of the integral
log (8T R(x1, z))e 4T 0P+ (1 jyy|2 4 |o]2)b—" (8.3.13)

R2(n—1)
R(z1,2)<1/(8)

for all € > 0 (using also R(z1,2) < 1/(87)). We check this convergence via casework.
Case when (x1,21) < 0: In this case, we have R(x, z) = a*(1+ |u|?+|v|?). The integrand
in (8.3.12) is bounded on the compact set {(u,v) € R* ™~V : R(x,2) < 1/(87)}, hence the

integral is convergent.
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Case when (z1,71) > 0: In this case, we have R(z1, 2) = a*(u?+v}). To check convergence
of (8.3.13), it is enough to check that

— 2 2.4 ... 2 2 o
oy log(dma? (ui+uf) eI ) (L b ol g )

a?(ui+03)<1/(87)

(8.3.14)
is convergent (using R(z1,z) < 1/(87)). The integral over (u;,v;) converges because the
singularity at u; = v; = 0 is logarithmic, and the integral over (us,va, ..., U1, Vp_1)
converges because of the exponential decay.

Case when (z1,71) = 0: In this case, we have R(z1,2) = (u; — /1 + |[u]? + |v]?)? + vi.
Under the condition R(xy,z) < 1/(87), we may bound |log R(z1,2)| < C- (1+ |uy|) for some
constant C' > 0. To check convergence of (8.3.13), it is thus enough to check that

/Rz( (e e D fuf? o o) (8.3.15)

is convergent, which follows from exponential decay of the integrand. O]

Remark 8.3.4. The convergence result of Lemma 8.3.3 fails in general if m < n — 1 and
(z,z) is positive definite. For example, if n = 3, if m = 1, and if x € V with (z,x) > 0, the

integral
/D £(2) A w(0)? (8.3.16)

is not absolutely convergent.
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Part 111

Local change of heights
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Fix an imaginary quadratic field F//Q. Write A for the discriminant and o for the nontrivial
involution. We allow 2 | A in Part IIT unless otherwise specified. We set F,, = F ®g Q, and
OFp = OF ®g L.

Throughout Part III, we write F for a number field, with ring of integers Og. Given a
prime p, we set O () = Op ®z Z,). We use E to denote a finite degree field extension of
@p, with ring of integers Op. We write 9, C Op, for the different ideal of OF,,q,. We abuse
notation and also mean 9, := VA, which is a generator of the different ideal.

By a place w of £ ®q @p, we mean a prime ideal of £ ®q (@p (equivalently, an element of
Home(E ®q @p, C,) up to automorphisms of C,). We write Ey for the residue field of w,
with ring of integers Op_. We use the shorthand w | p to indicate a place of £ ®qg Q,, and
may use subscripts (e.g. X7, and ¢ in Section 10.2) to indicate base-change from Spec Op
to Spt Op_.

Whenever an Op-action or F-action is mentioned (e.g. on a sheaf of modules on Spec Op),
we assume that Op (resp. Op) is equipped with morphism Op — Of (resp. O — Op).

We write X, for a level s > 0 quasi-canonical lifting of signature (1,0) over Spec O with
its Op,-action tx,, as explained in Section 7. The framing px, of loc. cit. is unimportant in
Part III (and will be omitted). As before, the notation X7 means X, but with Op, -action
pre-composed by o.

Given a group scheme G over a base S, we typically write e: S — G for the identity

o

section. We abuse notation and use “e” simultaneously for different group schemes.

9 Faltings and “tautological”’ heights

9.1 Heights

Suppose A — Spec O is a semi-abelian Néron model of an abelian variety over E. The

Faltings height of A (or its generic fiber Ag) is

I —
hra(Ag) == hpa(A) = mdeg(cm) (9.1.1)
where 04 = (wa, [|=) = (¢* A" QY 0, =) is the Hermitian line bundle with norm ||—||

normalized as in (4.3.1). The usual arithmetic degree aés\g was recalled in Section 4.1. Any
abelian variety over a number field has everywhere potentially semi-abelian reduction, and
the Faltings height of any abelian variety B over Spec F is defined so that hp,(B) is remains
constant under finite field extensions £ — E’. (We only consider stable Faltings height, as
defined above.)
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We also consider certain “tautological heights” to describe the arithmetic intersections

appearing in Section 4.7. The terminology we introduce for this (e.g. “Krdmer datum”) is

likely nonstandard.

Definition 9.1.1.

(1)

Given a scheme S over Spec Op, a Kramer datum (of signature (n — 1,1)) is a tuple
(A 1, F) where A — S is an abelian scheme, where ¢: O — End(A) an action of
signature (n — 1, 1), and where F C Lie A is a t-stable local direct summand of rank
n — 1 such that the O action via ¢ on F (resp. (Lie A)/F) is Op-linear (resp. o-linear).
We say that F is the associated Krdimer hyperplane.

Given a formal scheme S over Spf O, , a local Krimer datum (of signature (n —1,1))
is a tuple (X, ¢, F) where X is a p-divisible group over S of height 2n and dimension
n, where ¢: Op, — End(X) is an action of signature (n — 1,1), and where 7 C Lie X
is a t-stable local direct summand of rank n — 1 such that the O action via ¢ on F
(resp. (Lie X)/F) is Op-linear (resp. o-linear). We say that F is the associated Krimer
hyperplane.

A quasi-polarized Kramer datum (resp. quasi-polarized local Kramer datum) is a tuple
(A, 0, N\, F) (resp. (X, ¢, A\, F)) where (A, ¢, \) is a Hermitian abelian scheme (Definition
3.1.1) (resp. (X,¢,\) is a Hermitian p-divisible group (Definition 5.1.1, but we allow
p =2 even if F'/Q, is ramified)) and (A, ¢, F) is a Kramer datum (resp. (X, ¢, F) is a

Kramer datum).

The name “Kramer datum” refers to the Krdmer model mentioned in Remark 3.2.7. For
an understood Kramer datum (A, ¢, A, F), we will use the shorthand &V := (Lie A)/F (cf.
the “tautological bundles” of Definition 3.1.7 and Definition 3.2.6). We use the same notation
&Y = (Lie X)/F given an understood local Kramer datum (X, ¢, F). In both cases, the sheaf
&Y is locally free of rank 1, and we call it the associated Krdmer hyperplane quotient.

Definition 9.1.2. A morphism (resp. isogeny) of Kramer data (Ay, 11, F1) — (Ag, 2, Fa) is

an Op-homomorphism (resp. isogeny) A; — A, such that im(F;) C F,, where im(Fy) is the

image of F; under Lie A; — Lie As. A morphism (resp. isogeny) of local Kramer data is

defined in the same way:.

Lemma 9.1.3. Let S be a scheme over Spec Op. Assume either that S is a scheme over
Spec Op[1/A] or that S = Spec R where R is a Dedekind domain with fraction field of

characteristic 0.
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(1) Suppose A — S is an abelian scheme with an action v: O — End(X) of signature
(n—1,1). Then the pair (A, 1) extends uniquely to a Krimer datum (A, i, F) over S.

(2) Given pairs (Ay,t1) and (Ag, t2) as above, any Op-linear homomorphism (resp. isogeny)

Ay — Ay induces a morphism (resp. isogeny) of Krimer data.

(3) If S is a scheme over Spec Op[1/A], the exact sequence

0—F —Lied— & =0 (9.1.2)

has a unique Op-linear splitting.

Proof. 1f S is a scheme over Spec Op[1/A], the claims hold because there is a unique
decomposition Lie A = (Lie A)* & (Lie A)~ characterized by ¢ acting Op-linearly on the rank
n — 1 subbundle (Lie A)* (resp. o-linearly on the rank 1 bundle (Lie A)7).

Suppose instead that S = Spec R is a Dedekind domain with fraction field K of char-
acteristic 0. By localizing, it is enough to verify the lemma when R is a discrete valuation
ring. Then part (1) amounts to the following fact: given a finite free R-module M and any
K-subspace W C M ® K, there is a unique summand M’ C M such that W = M' @ K
(namely M’ = M N W; note that M’ C M is a saturated sublattice). We are applying
this when M = Lie A and W = (Lie A ® K)¥, in the notation above (and taking F = M').
The signature (n — 1,1) condition forces the Op-action on (Lie A)/F to be o-linear. These

considerations also verify the claim in part (2) (since it holds in the generic fiber). O

Lemma 9.1.4. Let S be a formal scheme over Spf Op,. Assume either that p is unramified
in Op or that S = Spf R for an adic ring which is a Dedekind domain with fraction field of

characteristic 0. Then the following conclusions hold.

(1) Suppose X is a p-divisible group of height 2n over S with an action v: Op, — End(X)
of signature (n — 1,1). Then the pair (X, 1) extends uniquely to a local Kramer datum
(X,t, F) over S.

(2) Given pairs (X1, 1) and (Xa,t2) as above, any Op,-linear homomorphism (resp. isogeny)

X1 — X5 induces a morphism (resp. isogeny) of local Kramer data.
(8) If p is unramified, the exact sequence

0—F —Lied— & =0 (9.1.3)

has a unique Of,-linear splitting.

133



Proof. This may be proved in the same way as Lemma 9.1.3. If S = Spf R for R a Dedekind
domain with fraction field of characteristic 0, note that R must be a complete discrete

valuation ring. |

In the situations of Lemma 9.1.3 and 9.1.3, we also use the alternative terminology dual
tautological bundle for the Kramer hyperplane quotient &V.

If (A,¢,A) is a Hermitian abelian scheme of signature (n — 1,1) over Spec Op with
associated quasi-polarized Kramer datum (A, ¢, A\, F), we thus obtain a Hermitian line bundle
&V = (&Y, ||—||) on Spec Of as follows: the metric ||—|| is given by restricting the metric on
Lie A induced by A (which we take to be normalized as in (4.3.3)) along the Op-linear splitting
&V[1/A] = (Lie A)[1/A] (where (—)[1/A] means restriction to Spec Og[1/A]). We say &V is
the associated metrized dual tautological bundle. We also make the same construction over

Spec Og,(p) and Spec E.

Definition 9.1.5. Let (A, ¢, \) be a Hermitian abelian scheme of signature (n — 1,1) over

Spec Og. The associated tautological height is

hean(Ap) = huu(A) = deg(&V). (9.1.4)

1
[E: Q]

The tautological height depends on the auxiliary data in the definition (not just Ag or
A), which we have suppressed from notation. If (A, ¢, A) is a Hermitian abelian scheme of
signature (n — 1,1) over Spec E such that A has everywhere potentially good reduction, we

define the tautological height hia,(A) so that it is invariant under finite degree field extension
E— E.

Remark 9.1.6. If we instead work over Og[1/N] for some integer N > 1, we may define
Faltings height and tautological height as above, but where deg now takes values in Ry :=
R/, n Q-logp (as explained in Section 4.1).

9.2 Change along global isogenies

Let A; — Spec O and Ay — Spec Og be semi-abelian Néron models of abelian varieties

over . We have

—_—

(B Ql(hraa(As) — hra(Ar)) = deg(@a,) — deg(@a,) = —deg(Hom(@a,, Da,))-  (9.2.1)
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Any isogeny ¢: A — A, defines a section ¢ of the Hermitian line bundle Hom (i4,, @4, ),

which gives

heai(Az) = hea(A1) = = @] <log 6l + D Tog [1¢] ) (9:2.2)
1 1
= 5 (deg ¢> [E . Q] lOg |€*Qll<er¢>/(9E| (923>

(sum is over places v of E) as in [Fal86, Lemma 5|, where |e*(, ., Jo,,| denotes the cardinality
of the finite length Op-module e*Qll{em/OE. Note |€*Qll<er¢/OE| = |coker(¢*: wa, — wa,)| =
|coker(¢,: Lie Ay — Lie A,)|. Also note

hFal(Ag) hFal Zaplogp— Z aplogp (924)
pldeg ¢

for some a, € Q independent of ¢.
Given Hermitian abelian schemes (A, 1, A1) and (Asg, 12, A2) of signature (n —1,1) over

Spec O with associated Hermitian line bundles é/a\lv and %v, we similarly have

hian(Az) — hiau(Ar) = deg(Hom(éa1 ,g’v)) (9.2.5)

1
[E: Q)
Any Op-linear isogeny ¢: A; — A defines a section ¢ of the Hermitian line bundle
Ho_m(@alv, 6"A2V), and we have

heaa(Az) — hegu( A1) = [ET 3 <_10g I8l — > log H¢Hv> (9.2.6)

= [E%@} (—log |||, + log |coker (¢, : & — &) . (9.2.7)

v<o0

9.3 Change along local isogenies: Faltings

Given an isogeny ¢: A; — Aj of abelian schemes over Spec O (), we define the semi-global

change of Faltings height

1
Oral,(p) (@) = —§log | deg ¢, — [E 0 log |e* ler¢/OE b (9.3.1)

where | — |, is the usual p-adic norm. We have 0pa (5)(¢) € Q - logp. The formula for change
of Faltings height (9.2.2) shows that 0pa,(y)(¢) = aplogp, in the notation of (9.2.4). In
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particular, dpay,p)(¢) does not depend on the choice of isogeny ¢ (and depends only on A,

and A,). If A; and A, have everywhere potentially good reduction, we have

hral(Az2,5) — hra(ALp) = Z(SFal ¢) = Z OraL,(¢) (D) (9.3.2)

{|deg ¢

where ¢ also denotes the induced isogeny on Néron models over Spec Og () for each prime ¢
(after enlarging F if necessary).

Given any isogeny ¢: X; — X, of p-divisible groups over Spf Oz, we have (Lie X;)" =
*Q§( N1/ Spec Oy (canonically) for N > 0 by [Mes72, Corollary 11.3.3.17| (passing to the limit
over Op/ pk(’) as k — 00), so there is a canonical exact sequence

0 — (Lie X5)" 5 (Lie X1)" = ' Qloryspeco, — 0 (9.3.3)

of finite free Og-modules (note that Lie X; — Lie X is injective, e.g. by Lemma B.2.2). If
X and X, are moreover height 2n and dimension n, we define the local change of Faltings
hewght

) 1 1 .
5Fal(¢) = 5 log(deg (b) - mleng’choé (6 Qll<er¢/ SpecOE,) ’ lng (934)
: p

We have Spal(qﬁ) = Q- logp, as well as

5Fa1(¢/ 0 ¢) = dpu (') + 5Fal(¢) dpaa([N]) = 0 (9.3.5)

where ¢': Xy — X3 is any isogeny of p-divisible groups and [N]: X; — X is the multiplication-
by-N isogeny (follows from (9.3.3)). Unlike g (y)(—) from above, the quantity Oral(¢) may
depend on the isogeny ¢.

Given isogenous abelian schemes over Spec O, and an isogeny ¢: X; — X, of the

associated p-divisible groups, set

: > (B - Qplora () (9.3.6)

5Fa1,(p)(¢) = [E : @]
wlp

where ¢y denotes the base-change of ¢ to Spf O .

Lemma 9.3.1. Let Ay, Ay be isogenous abelian schemes over Spec Og ). Let X; be the
associated p-divisible groups. Given any isogenies ¢: Ay — Ay and ¢: X1 — Xo, we have

OFal,(p) (&) = Opal,(p) (©). (9.3.7)

136



Proof. The lemma is clear if ¢ is the isogeny associated with ¢. If ¢/: X; — X, is another
isogeny, we have [p™] o ¢ = ¢ o ¢" for some isogeny ¢": X; — X; (Lemma B.2.2). By
additivity of Op; and since 5Fal([pN ]) =0, it is enough to show g ) (¢) = 0 if X3 = X,. For
this purpose, we may also assume A; = As.

Write A = A; and X = X; to lighten notation. As usual, A and Xg denote the
respective generic fibers (over Spec F). We write Isog(A) and Isog(X) for the set of self-
isogenies of A and X.

We have canonical identifications
End(X) = End(Xg) = End(7,(Xg)). (9.3.8)

The first equality holds by a theorem of Tate [Tat67a, Theorem 4| (base-change along
Spec £ — Spec O, () is fully faithful on p-divisible groups) and the second equality holds be-
cause X is an étale p-divisible group. Here, the notation End (7, (X)) means endomorphisms
of T,(Xg) as a Galois module.

Equip the finite Z,-module End(7,(Xg)) with the p-adic topology, and give Isog(X) the
subspace topology. We have dpai,(5)(¢ 0 ¢') = dpai,(p) (¢) for any ¢ € Isog(X) and ¢’ € End(X)
with ¢’ = 1 (mod p), since any such ¢’ is an automorphism of X. The map Isog(X) — R
given by ¢ = Opai,(p)(¢) is thus locally constant.

We also have canonical identifications

End(A) ®7 Z, = End(Ap) ®z Z, = End(T)(Az)) = End(T,(Xx)). (9.3.9)

The first equality holds by the Néron mapping property, and the second equality holds by
Faltings’s theorem [Fal86, §5 Corollary 1|. Hence Isog(A) = Isog(X) N End(A) is a dense
subset of Isog(X). Since dpay,p)(¢) = 0 for any ¢ € Isog(A), this proves the lemma. O

Corollary 9.3.2. In the situation of Lemma 9.3.1, the quantity dpap) (@) does not depend
on the choice of isogeny ¢: X1 — Xs.

Proof. In the notation of the lemma, this follows immediately from ¢ independence of

Oral,(p) (@) (discussed above). O

We will use Lemma 9.3.1 to compute Faltings heights without producing isogenies on
abelian varieties, only isogenies on underlying p-divisible groups over Spec Op (). The

analogous lemma for tautological height (Lemma 9.4.5) serves a similar purpose.
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9.4 Change along local isogenies: tautological

To locally decompose the change of tautological height along an isogeny, we impose an
additional condition.

Definition 9.4.1.

(1) A Hermitian abelian scheme (A, ¢, A) of signature (n — 1,1) over E is special if A is
Op-linearly isogenous to a product of elliptic curves, each with Op-action. A Hermitian
abelian scheme of signature (n—1,1) over Spec Og or Spec O, () is special if its generic
fiber is special.

(2) A Hermitian p-divisible group (X, ¢, A) of signature (n — 1,1) over Spf O is special if

X is Op,-linearly isogenous to X" x X7.

We only use the term “special” this way in Part III (but we have global special cycles in

mind, cf. Lemma 4.7.1). The norm [|—||_ below is as in (9.2.6).

Lemma 9.4.2. Let (Ay,t1,\1) and (As, 12, Xo) be special Hermitian abelian schemes of
signature (n—1,1) over Spec E. For any Og-linear isogeny ¢: Ay — A, we have ||¢||Zo € Q0.

Proof. Given such ¢, form a diagram
By x Bf 25 Ay % Ay, & B, x BE (9.4.1)

where each ¢; is an Op-linear isogeny, each B; is a product of (n — 1) elliptic curves each with
Op-action of signature (1,0), and each B;- is an elliptic curve with Op-action of signature
(0,1). Signature incompatibility implies that A; pulls back to a diagonal quasi-polarization
A, X AgL on By X Bi (e.g. Homp, (BY, B{+Y) = Homp, (B{-?, BY) = 0). Similarly, A, pulls
back along the quasi-isogeny ¢, ' to a diagonal quasi-polarization Ag, x A Bi-

With these quasi-polarizations, we have [|6; 0 60 érll.. = 62l 6l I61]lc = 6]l
since ||¢1]|, = ||¢2]|, =1 (because ¢ and ¢, preserve quasi-polarizations, by construction).
On the other hand, if ¢': B — By is the induced isogeny (signature incompatibility again
implies Home,, (By, By ) = Home, (Bi', B2) = 0), we must have |[¢g 0 ¢ 0 ¢1]|. = [|¢/]|, (the
latter norm is taken with respect to Ap. and /\BQL>. For each embedding 7: £ — C, the
quantity ||¢’ ||i must be the element of Q- satisfying

¢ Npr =16/ Mgy, (9.4.2)

(quasi-polarizations on elliptic curves are unique up to Qg scalar), so we have ||¢’ ||c2>o =
2
HT:E—)(C||¢/||T € Q>0‘ u
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For the rest of Section 9.4, we let (A;, ¢, A;) for ¢ = 1,2 be special Hermitian abelian
schemes of signature (n — 1,1) over Spec O ), with associated Krdmer hyperplanes F; and
dual tautological bundles &Y. We also let (Xj,;, \;) for i = 1,2,3 be special Hermitian
p-divisible groups of signature (n — 1,1) over Spf O, and reuse the notation F; and & for
the respective Kramer hyperplanes and dual tautological bundles.

Given (X1,t1, A1) and an Op,-linear isogeny Y; x YlL — X, with Y] being a product of
n — 1 canonical liftings of signature (1,0) and Y;* being a canonical lifting of signature (0, 1),

there is an induced decomposition
Tp(Xl)O = Tp(Yl)o D Tp(YlL)O (9‘4‘3)

on rational Tate modules (of the generic fibers). Equip Y; x Y& with the pullback of \;.
This gives a product quasi-polarization Ay, X Ay on Yy x Yt (by signature incompatibility
as in the abelian scheme case, i.e. Home, (YV,Y;") = Homo, (Y;*7,Y}")=0). Hence the
decomposition in (9.4.3) is orthogonal for the Hermitian pairing on T,(X;)°.

Consider (X, t9,\y) with Op,-linear isogeny Y5 X Y2l — Xy as above, and suppose
¢: X; — X, is an Op,-linear isogeny. Then the induced map ¢.: T,(X1)? — T,(X,)°
sends T, (Y1) to T,,(Y3)? and similarly for 7,(Y;*)? (again by signature incompatibility, i.e.
Homo, (Y1, Yih) = Homo,, (Y1, Ys) = 0). In particular, the decomposition in (9.4.3) does
not depend on the choice of Y; X Yll — X;.

Any Op,-linear isogeny ¢: X; — X, thus gives a nonzero element ¢ € Homp, (T,(Y1")?, T,(Y55)°).
We then set

T (9.4.4)
where ||—|| on the right means the norm for the (one-dimensional and non-degenerate)
F,-Hermitian space Homp, (T,(Y;5)°, T,,(Y55)?).

We may now proceed as in the Faltings height case. Given an Opg-linear isogeny ¢: A; —

Ao, we define the semi-global change of tautological height

1
[E:Ql

where | — |, is the usual p-adic norm (well-defined by Lemma 9.4.2). We have iay,p) (¢) €

Otaan, (p) () = (log | |l | + log |coker(.: 6, — &)]) (9.4.5)

Q-logp. Since A; and A, have everywhere potentially good reduction (implied by the special
hypothesis: elliptic curves with Op-action over number fields have everywhere potentially
good reduction) the formula for change of tautological height (9.2.6) implies

htau(AQ,E) - htau(Al,E) = Zétau,(£)<¢) = Z 5tau,(€) (Qb) (946)
l

£|deg ¢
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where ¢ also denotes the induced isogeny on Néron models over Spec O () for each prime ¢
(after enlarging F' if necessary). In particular, 6 y)(¢) does not depend on the choice of
isogeny ¢.

Given any Op -linear isogeny ¢: X; — X, we define the local change of tautological
hewght

y 1
Otau(@) = log [|8]|, , + T(@]lengthoé(coker(¢*: & — &) - logp. (9.4.7)

[E:Q,

We have diau(¢) € Q - log p, as well as

5tau(qﬁ/ © ¢) - 5tau(¢/> + 5tau(gb) 5tau([]v]) = O (948)

where ¢': Xy — X5 is any Op,-linear isogeny and [N]: X; — X, is the multiplication-by-N

isogeny. For use in later calculations, we note the identity

length, (coker(¢,: Lie(X;) — Lie(X2))) (9.4.9)
= lengthy (coker(¢.: Fi — F3)) + lengthy (coker(¢.: & — &)

(by the snake lemma).

Lemma 9.4.3. If F,/Q, is nonsplit, we have gtau(qﬁ) = Stau(gﬁ’) for any two Op-linear
isogenies ¢, @' : X1 — Xo.

Proof. Set X = X' x X7, and equip X with any Op-action-compatible quasi-polarization.
Select any Op-linear isogeny ¢”: X — X;. Using the additivity property 5tau(¢ o¢") =
gtau(gb) + Stau(qb” ) and similarly for ¢, this reduces us to the case where X = Xj.

As in the proof of Lemma 9.3.1, there exists an isogeny ¢”: X — X such that [p™] o ¢ =
@' o ¢" for some N > 0, so the additivity properties of 5tau reduce us to showing 5tau(¢) =0
when (X7, 1, A1) = (X2, 19, A2).

Since Homp,. (X, X§) = Homp, (X5, Xo) = 0, we must have ¢ = f x f+ where f: X' —
Xoand f+: X3 — Xg. We find Stau(qb) = Stau(fL) = Osince f+: X — Xg is an automorphism
times [p"] for some N > 0. O

Remark 9.4.4. If F,/Q, is split, then Lemma 9.4.3 fails (consider multiplication by (1, p)
and (p,1) in Op, = Z, x Z,). This is the reason for Lemma 9.4.5 below, which allows us to

uniformly treat all cases of F,/Q,.

Continuing to allow F,/Q, inert/ramified/split, now suppose that (X, ¢;, \;) is the Her-
mitian p-divisible group associated with (A;,¢;, \;), for i = 1,2. Since each (A;,;, \;) is
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special, there automatically exists an Opg-linear isogeny A; — A, after possibly replacing E

by a finite extension (by the theory of complex multiplication for elliptic curves). Given any
Op,-linear isogeny ¢: X; — X», set

1

5tau,(p) (¢) =

[E: Q]
where ¢, denotes the base-change of ¢ to Spf Oy .

S 1Bt Quldian(n) (9.4.10)

w|p

Lemma 9.4.5. Suppose that (X;,1;, \;) is the Hermitian p-divisible group associated with
(A L, Ni), fori=1,2. For any Op-linear isogenies ¢: AL — Ay and ¢: X, — X,, we have

Stan () (B) = Gann, () (0)- (9.4.11)

Proof. This may be proved exactly as in Lemma 9.3.1, now requiring isogenies and endomor-

phisms to be Op-linear. n

Corollary 9.4.6. In the situation of Lemma 9.4.5, the quantity dean ) (@) does not depend
on the choice of isogeny ¢: X1 — Xs.

Proof. In the notation of the lemma, this follows immediately from ¢ independence of

Otau,(p) (@) (discussed above). O

9.5 Serre tensor

We compute local changes of Faltings and tautological heights for isogenies involving the Serre
tensor p-divisible groups X ®z, OF,. These results will later be used to compute heights of
arithmetic special 1-cycles.

Given s € Z>( and a quasi-canonical lifting X over Spf O, we write Ay, for an understood
principal polarization of X,. Recall that Ay, exists and is unique up to Z; scalar (Lemma
5.6.1 and its proof). As in Section 5.1, we consider the map A, : Op, — (’)}p determined by
the Z,-bilinear pairing trr, /g, (27y) on OF,, where O, = Homg, (OF,, Z,).

We equip X, ®z, Op, with its Serre tensor OF,-action ¢ and the polarization —L(Dz)*l o
(Ax, ® Aie). We equip Xo x X§ with its diagonal Op, action tx, x 1%, (of signature (1,1)) and

the diagonal quasi-polarization —:(92)7" o (Ax, X Az,).

Lemma 9.5.1. For the Op,-linear isogeny
X0 ®z, Op, —2—— Xy x X§
(9.5.1)

r®ar—— (Lfo (CL)ZL‘, ngo(a"):v)

we have SFal(gb) = 0. Assuming p # 2 if F,/Q, is ramified, we also have Stau(qb) =0.
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Proof. We already know deg ¢ = |A[! (see (5.1.3) and surrounding discussion).

Pick any Op,-linear isomorphism Lie Xy = O. Then the map ¢,: Lie(Xy ®z, Of,) —
Lie(Xy x X§) may be identified with the map of Og-modules f: Oy ®z, Op, = Op ® Oy
given by f(x ® a) = (ax,a’z). Thus ¢, is given by the matrix in (5.1.4) (the same matrix
describing ¢ after identifying Xy ®z, Op, = X} using a Z,-basis of Op,). That matrix has

determinant which generates the different ideal 9,, hence

v v

lengthy,  (coker(¢. Lie(Xo ®z, OF,) — Lie(Xo x X7))) = S[E : Qplvy(A). (9.5.2)

N | —

This gives 20pa(¢) = log deg ¢ — vp(A)logp = 0.

We also know that ¢*(Ax, X Ax,) = Ax, ® Ay (see discussion surrounding (5.1.3) again).
Thus ||¢|,, =1, in the notation of (9.4.4).

Let F; C Lie(Xy ®z, Op,) and F, C Lie(Xy x X§) be the (unique) associated Krédmer
hyperplanes, with associated Kréamer hyperplane quotients &, and &,’. If F},/Q, is unramified,
then ¢ is an isomorphism, hence coker(¢,: & — &,’) = 0. If F,/Q,, is ramified, assume p # 2
and select a uniformizer @ € Op, satisfying @’ = —w. Then (w® 1+ 1Q@ w) € Oy ®z, OF,
is a generator of F;. We thus find coker(¢,: Fy = F3) = Op/wOp.

By (9.4.9), the previous computations imply coker(¢,: & — &) = 0, and hence

N 1
Otan(®) = log |9l , + mlengthoé(coker(qﬁ*: & — &) logp = 0. (9.5.3)

p

]

For any given integer s € Zx, recall the constants diau(s), orai(s) € Q (“local change of
‘tautological’ and Faltings heights”) as defined in Eq. (7.2.7) and surrounding text. Given

any isogeny ts: Xg — X, of minimal degree (i.e. degree p®), the discussion surrounding
Eq. (7.2.7) implies dian(s) = Grau(s) - log p.

Lemma 9.5.2. Let ¢: Xo — X, be any isogeny of degree p*. For the Op,-linear isogeny

Xo ®z, OF, — X; ®z, OF,
(9.5.4)
r®ar—— Yy(r)®a

we have

Opal(0) = —204au(0) = —204au(s) - log p. (9.5.5)
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Proof. Recall that 1 is unique up to pre-composition by elements of (’);p (7.2.4). Write JF;
and F; (resp. & and &) for the associated Kramer hyperplanes (resp. dual tautological
bundles) of X ®z, OF, and X, ®z, Op, respectively.

We have deg ¢ = (degs)? = p**. Since quasi-polarizations on X, are unique up to Q,
scalar (follows from Drinfeld rigidity and the corresponding statement for X, in Section 5.1),
we have ¥ \x, = g, for some b € p*Z7. Hence we have ¢*(Ax, ® Air) = b(Ax, @ Air), 80
o)l = P2

Pick any identifications Lie Xy = Lie Xy = O, of Op-modules. With these identifications,
the map 1), : Lie Xy — Lie ¥, is multiplication by some ¢ € O, satisfying [E : Q,]v,(c) =
lengthy, _(coker(ts,.: Lie Xo — Lie Xy)).

We also obtain identifications Lie(Xy ®z, OF,) = Lie(X; ®z, OF,) of O ®z, Op,-modules,
with induced identifications 7y = F, and & = &’. Then ¢,: Lie(X,®z, Op,) = Lie(X, ®z,
Op,) is identified with multiplication by ¢, and hence ¢, : &Y — &,” must also be multiplication

by c¢. Hence
lengthy_(coker(g,: Lie(Xy ®z, Or,) = Lie(X; ®z, Or,))) = 2[E : Q,Jv,(c) (9.5.6)

lengthy,  (coker(¢,: & — &) = [E: Qpluy(c). (9.5.7)

The lemma now follows from the formula for lengthy, (coker(¢,: LieXo — LieX,)) in
(7.2.6). O

10 Heights and quasi-canonical liftings

10.1 A descent lemma

To compute Faltings and tautological heights, we will produce isogenies of p-divisible groups
over Spec O (p) from isogenies over Spf Op  for any choice of w | p. We now explain this

descent procedure, in a more general setup.

Lemma 10.1.1. Let S’ — S be a morphism of schemes whose scheme-theoretic image is all
of S. Suppose X is a p-divisible group over S which satisfies End’(X) = End’(Xg). Let Y

and Z be p-divisible groups over S which are isogenous to X. The base-change maps

Hom"(Y, Z) — Hom’(Yy, Zs/) Hom(Y, Z) — Hom(Ys/, Zg1)
Isog’ (Y, Z) — Tsog” (Ysr, Zs1) Isog(Y, Z) — Isog(Ys:, Zsr)

are bijections.
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Proof. Choose isogenies ¢y : X — Y and ¢5: X — Z. There is a commutative diagram

o' End’(X) —=— End’(Xg) o
1 | b I
¢z 0aody Hom®(Y, Z) —— Hom’(Ysr, Zs/) ¢z,50 00 0 by

where horizontal arrows are base-change. The vertical arrows are isomorphisms, and the
upper horizontal arrow is an isomorphism by hypothesis. Hence the bottom arrow is
an isomorphism. Suppose 8 € Hom"(Y,Z) is any quasi-homomorphism. The functor
T +— {¢ € Hom(T,S) : ¢*F is a homomorphism} is represented by a closed subscheme
of T, see |[RZ96, Proposition 2.9]. If §|s is a homomorphism, then § must also be a
homomorphism, since the smallest closed subscheme of S through which S’ factors is all of
S (by hypothesis). Hence Hom(Y, Z) — Hom(Ys, Zg/) is an isomorphism. The statements
about (quasi-)isogenies follow from an essentially identical argument, replacing End and Hom
with Isog, and noting Isog”(X) = (End’(X))* (e.g. by Lemma B.2.3). O

Remark 10.1.2. We will be interested in the case where S = Spec O () and S’ = Spec O,
for some finite extension F of Ey for some | p. In this case, Lemma 10.1.1 admits an
alternative proof: a quasi-homomorphism of p-divisible groups over Spec E is a homomorphism
if and only if the map on rational Tate modules preserves (integral) Tate modules, and this can
be checked after base-change to Spec E. Then apply the theorem of Tate [Tat67a, Theorem
4] which states that the generic fiber functor for p-divisible groups over Spec Op () (similarly,
for Spec O) is fully faithful.

Lemma 10.1.3. Let X be a p-divisible group over a formal scheme S. Suppose there is a
decomposition X = X1 x Xy as fppf sheaves of abelian groups (on (Sch/S)pps). Then Xy
and Xo are both p-divisible groups.

Proof. Write e1,e2 € End(X) for the projections to X; and X, respectively. As being a
p-divisible group can be checked locally on (Sch/S) fppr, assume S is a usual scheme.

It is clear that the multiplication by p map [p]: X — X is a surjection if and only if
[p]: Xi — X and [p]: Xy — X are surjections. We also have X[p"] = X;[p"] x X3[p"] for all
n > 1. Thus the natural map hg X[p"] — X is an isomorphism if and only if ligX 1P — Xy
and lim X, [p"] — X5 are isomorphisms.

Next, note Xi[p|] = ker(es: X[p] — X[p]) and similarly X,[p] = ker(e;: X[p] — X|p]).
Since X |[p] is representable by a finite locally free scheme over S, we conclude that X;[p] and
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Xy [p] are represented by schemes which are finite and finitely presented over S. We also have

short exact sequences

0 — Xi[p] = X[p] = Xz2[p] = 0
0 — Xs[p] = X[p] = Xi[p] = 0

so Lemma B.2.1 implies that X;[p] and Xs[p] are finite locally free over S. O

Corollary 10.1.4. Let S — S and X be as in Lemma 10.1.1. Suppose Y and Z are
p-divisible groups over S isogenous to X.
IfYo =Y/ x---xY and Zg = Z{ X --- X Z! for p-divisible groups Y; and Z; over S,

then there are unique decompositions Y =Y, X --- XY, and Z = Zy X --- X Z,. such that
Yile =Y/ and Z;|s = Z! for all i. For any i, the base-change maps

)

Hom®(Y;, Z;) — Hom"(Yi s, Zi.5) Hom(Y;, Z;) — Hom(Y; s, Zi )
Isogo(Yi, Zi) — IsogO(Yi,S/, Zis) Isog(Yi, Z;) — Isog(Yis, Zisr)

are bijective.

Proof. The decomposition Yy = Y/ x .-+ x Y/ corresponds to a system of orthogonal
idempotents dj,...,d, € End(Ys), i.e. d? = dj for all i and djd} = 0 for all i # j. Lifting
to a decomposition Y =Y; x --- x Y, is the same as lifting {d}}; to a system of orthogonal
idempotents {d;}; in End(Y). Such a lift exists and is unique by Lemma 10.1.1. The same
applies for Z, and we write {e/}; and {e;}; for the corresponding systems of idempotents.

Using Lemma 10.1.1, we have
Hom"(Y;, Z;) = d; Hom"(Y, Z)e; = d; Hom®(Ys/, Zs/)e}, = Hom"(Y; g1, Z; <)
HOIH(YZ‘, Zz) = dz HOIH(}/, Z)@Z = d; I‘IOIH(YS/7 ZS/>€; = HOIH(Y;SH Zi,S’)'

The statement about Isog® then follows from Lemma B.2.3, and the statement about Isog

follows from the relation Isog(—, —) = Isog"(—, —) N Hom(—, —). []

10.2 Minimal isogenies

Given any abelian scheme A — S over some base S, we can form the Serre tensor abelian
scheme A ®7 Op given by (A®z Op)(T) = A(T) ®z Op for S-schemes T'. There is a natural
action of O on A ®7 OF, as we have discussed for p-divisible groups (B.1.1). If A\: A — AY
is a quasi-polarization, then A @ A\y;: A ®z Op — AY ®7 OF = (A ®z Or)Y is a polarization,

where A,: Op — O} is induced by the trace pairing, as above.
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Let Ay — Spec O, be any (relative) elliptic curve with Op-action ¢ of signature (1,0),

and let A\g be the unique principal polarization of Ay. For n > 2, set
A= AP7% x (Ag ®z OF) (10.2.1)

with Op action ¢ which is diagonal on Ag_Q and the Serre tensor action on Ay ®z Op, and
polarization A\j =2 x (JA]71 (Ao ® Aip)). Then (A, 1, A) is a special Hermitian abelian scheme of
signature (n — 1,1). We write (X, ¢, \) for the associated special Hermitian p-divisible group
of signature (n — 1, 1), with

X = X7 x (X ®z, OF,) (10.2.2)

where X is the p-divisible group of Ay. For any | p, the base-change X ; is a canonical
lifting. The preceding notation (e.g. for Ag and Xj) will be fixed for all of Section 10.2.

In Proposition 10.2.1 and Corollary 10.2.2 below, we equip X{ > x (X; ®z, Op,) with
the diagonal Op, action (which is the Serre tensor action on X, ®z, Op,) and a product

quasi-polarization, for some quasi-polarization of Xj 2 and the quasi-polarization —L(D%)*l o

(Ax, ® M) on (X5 ®z, OF,).

Proposition 10.2.1. Let (A',J/,N') be a special Hermitian abelian scheme of signature
(n —1,1) over Spec O (), with associated Hermitian p-divisible group (X',',N'). Replace E
with a finite extension if necessary, so that A and A" are Op-linearly isogenous.

Suppose there exists an Op,-linear quasi-polarization preserving isomorphism

XépfOE ~ X0 x (X, ®z, OF,) (10.2.3)

over Spf Oy, where Eis a finite extension of Op , for some W' | p and s > 0. Fiz an

isomorphism X spf 0, = Xo.
(1) Then there exists an Op,-linear quasi-polarization preserving isomorphism
X' = XJ7? x (X, ®z, OF,) (10.2.4)

over Spec O, (), for some p-divisible group X of height 2 and dimension 1 with fived
identification Xsspro, = X, such that (10.2.4) recovers (10.2.3) upon base-change
to Spf Op. On the right-hand side of (10.2.4), the polarization is the product of a
polarization on X'* and a quasi-polarization —(012))_1 (X ®z, Air) on X ®z, OF,,
where \g is a principal polarization on X;.

(2) For any w | p, the base-change X is a quasi-canonical lifting of level s, and hence

there is an identification as in (10.2.4) for all w | p.
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(3) There exists an isogeny s: Xo — X, of degree p*. The Op,-linear product isogeny
¢: X — X' given by

gb = ing—2 X (77/}5 & 1) XSL_2 X (XQ ®Zp OFP) — X(;L_Q X (XS ®Zp OFP) (1025)
over Spec O, () satisfies

Oral (D) = —20tau(ds) = —200au(s) - log p for all w | p (10.2.6)
5Fa1,(p) ¢) = —2(5tau,(p)(qb) = —2(5tau($) . lng. (10.2.7)

Proof. Note that X satisfies the hypotheses of Lemma 10.1.1 with S = Spec O, and
S" = Spec O, for any w | p, as End(X) = M, ,(OF,) over both Spec O, and Spf O for
any w. The same holds for S" = Spec O;. Again, we pass between Spf Op, and Spec O as
in Appendix B.3.

The proposition then follows from repeated applications of Lemma 10.1.1 and Corollary

10.1.4, as we now explain.

(1) and (2) Corollary 10.1.4 implies that (10.2.3) descends to a Op, -linear product de-
composition X’ = X" x (X, ®z, Or,) over Spec O () for some X descending X,
(first pick any identification of p-divisible groups X, ®z, Op, = X2, then descend the
Op,-action), and the fully-faithfulness in Corollary 10.1.4 implies End(X,) = Op, ,
(with Op, s = Z, + p°Op, as in Section 7.2) over Spec O, and also over Spf Oy
for any w | p. The fully-faithfulness in Corollary 10.1.4 also implies that the fixed
Op,-linear isomorphism X 4 — Xy lifts to an isomorphism X, — X{. The polarization
on X§ 72 x (X, ®z, Op,) descends to X ? x (X, ®z, Op,) by Corollary 10.1.4 again
(applied to X’ and X'V; note that the property of being a polarization is represented
by a closed subfunctor of Spec O, ), hence can be checked in the generic fiber or over
Spec F)

(3) If os: X9 — X, is any isogeny of degree p® (exists and is unique up to precomposition
by O;p, as discussed in Section 7.2), we apply Corollary 10.1.4 to descend to an isogeny
s Xo = X, of degree p®. Equation (10.2.6) now follows from Lemma 9.5.2. Equation
(10.2.7) follows from this (by the definitions in (9.3.6) and (9.4.10)). O

We will use the following reformulation (tailored to our intended application for global
heights via local special cycles). In the corollary statement and proof, A and Aj~' x Ag
are equipped with the product quasi-polarizations —A~'\g and —A"1(A\g x -+ x Ag) (where

A7 = Aj but with Op-action ¢ o g, as above).
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Corollary 10.2.2. Let S be a reduced scheme which is finite flat over Spec Op. Let
(A" N F') be a quasi-polarized Krimer datum over S (of signature (n — 1,1)) forn > 2,
with associated metrized line bundles & and &' on S. Assume that (A", N) is special at all
generic points of S. Let (X', \') be the associated Hermitian p-divisible group.

Suppose we are given a finite étale surjection

[12 = S xspecz Specz, (10.2.8)

J

such that each restricted map ©;: Z; — S Xgpecz SpPeC Zp has constant degree deg(j) onto its
image. Assume that ©; and ©; have disjoint images for j # j'.
For each irreducible component Z —» ]_[j Z;, write E- for the residue field of its generic

point. Assume there exists an isomorphism of Hermitian p-divisible groups
X/|SPfOE“Z = %3_2 X (%sz Xz, OF,,) (1029)

for all Z, where sz € Z>( is an integer depending on Z.

We then have

—_ 1
deg(gv> _ (degZ S) . htau<Ag) = E de—() E (degzp Z)dtau(sz) lng (10210)
jeJ gl Z=Z;

=T -~ n— ag 1
deg(@) — (degy S) - hra(Af " X A7) =Y ——— Y (degy Z)dra(sz)logp

2 Tl 2z,
modulo ZE#Q -log £, where the inner sums run over all irreducible components Z — Z;.

Proof. In the corollary statement, the expression “modulo ), £p Q - log ¢’ means an equality
of elements in the additive quotient R/(3_,,, Q - log ). The notation degy S (resp. deg; Z)
denotes the degree of S — SpecQ (resp. Z — SpecZ,) in the generic fiber.

By additivity, we immediately reduce to the case where S is irreducible. Then J consists
of a single element j. By normalization, we may assume S = Spec O for a number field F.
We may also enlarge E' as necessary so that (Ag, ¢, Ag) also extends to Spec Op, and such
that there exists an Op-linear isogeny ¢: Al 2 x (Ag ®z Or) — A. We also consider the
Op-linear isogeny ¢': A7 ™% x (A @z Op) — A}™% x (Ay x AZ) which is the identity on AJ~?
and given by (z ® a) — (az,a’z) for (Ag ®z Op) — Ag X AZ.

Since dgau(¢’) = 0 (Lemma 9.5.1, along with the local decomposition (9.4.10), also Lemma
9.4.5), the decomposition in (9.4.6) shows

deg(6Y) = [E: Q] hean(Ay ™" x A9) = [E: Qdtann(#) mod > Q-logl.  (10.2.11)
L#p
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We have ch—>zj (degy, Z) = deg(j) - [£': Q. Applying Proposition 10.2.1(3) (combined with
the “isogeny independence” result of Lemma 9.4.5) now shows 0iau,(p)(¢) = dtau(sz) log p for
any Z — Z;. This also shows that all sz are equal (when S is irreducible): the quantity
dtan(s) takes distinct values for distinct s € Zs( (in the nonsplit cases, note Oty (s) has strictly
decreasing p-adic valuation as s increases, for s > 2). We also have Ao, (A5 ™" X AZ) = hiau(AZ)
(straightforward from the definition). This verifies (10.2.10) for ge?g(cg; V) and the tautological
height.

Since dpa(¢') = 0 (Lemma 9.5.1, along with the local decomposition (9.3.6), also Lemma
9.3.1), (9.4.6) similarly shows

deg(@) — [B: Q] - hya(A§~! x A9) = [E - Qlopay(¢) mod Y Q-logl.  (10.2.12)
L#p

Applying Proposition 10.2.1(3) (combined with the “isogeny independence” result of Lemma
9.3.1) verifies (10.2.10) for deg(@) and the Faltings height, just as for tautological height
above. ]

In the situation above, we have

hiau(AG) = hEM hpat (AR x AZ) = n - hSY (10.2.13)

tau

in the notation of (4.3.6) and (4.3.5).

Remark 10.2.3. In Proposition 10.2.1(3), it was important that 1), was an isogeny of minimal
degree p®. If 1), were replaced by an arbitrary isogeny f: X, — X, we would not be able to
determine SFal( f)or Stau( f) using only deg f in the case when F,/Q, is split (due to Remark
9.4.4).
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Part 1V

Uniformization
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We use global notation as in Part I, e.g. F'is an imaginary quadratic field extension of
Q with nontrivial involution a +— a” and discriminant A. The notation Ay (resp. AZ;) will
always denote the finite adéle ring (resp. finite adéle ring away from p) for Q.

For all of Part IV, let Ly := Op be the rank one Hermitian Opg-lattice with pairing
(z,y) = 2%y. Let L be any non-degenerate Hermitian Opg-lattice of rank n and signature
(n —r,r), with associated moduli stack M (Definition 3.1.2 and Section 3.2).

We fix some group-theoretic setup (common in the literature, e.g. [RSZ20; BHKRY20]).
Set

Vo=Ly®o, F V:i=L®o,F
G" = {(90,9) € GU(Vy) x GU(V) : ¢(g0) = c(g9)} € GU(Vp) x GU(V)

where ¢: GU(Vp) — G, and ¢: GU(V) — G,, are the similitude characters. We use the
shorthand

L, =L Qg 7, Ve =V ®q Qp Ww=VeggR
and use similar notation for local versions of other Hermitian spaces. Given a tuple z € V'™,
we write z, € V" and z,, € Vg" and z; € (V ®q Af)™ and 27 € (V ®q A})™ for the
corresponding projections (and similarly for other Hermitian spaces).

There is an isomorphism
G — GU(Vp) x U(V) »
%

(90,9) —— (90,95 '9)-

To avoid potential confusion: whenever we write (go,9) € G', we mean gy € GU (V) and
g € GU(V) with the same similitude factor.

We use factorizable open compact subgroups K} = Koy X Ky C G'(Ay) as in Section 3.4,
where Koy C GU(Vp)(Ay) and Ky C U(V)(Ay) (using also (x)).

Recall the moduli stack with level structure M K defined in Section 3.4. We do not

require K } to be a small level, so M K is allowed to be a stack.

Notation. In Part IV, we implicitly fix an open compact subgroup K} C G'(Ay) as above.

We abusively suppress K } from notation: we write

M Z(T) FZ(T) 2Ty,

instead of My, Z(T)kr, “Z(T)kr, “Z(T) v px1, etc..
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For example, given a Hermitian matrix 7' € Herm,,(Q) (with entries in F) and an

appropriate scheme S, our notation entails
Z<T)(S> = {(AO? Lo, >\07 A7 L, /\7 7707 ﬁ, @) over S}

where (7o, 7) is a K level structure and 2 € Homo, (Ao, A)™ satisfies (z,z) =T.

11 Non-Archimedean

Fix a prime p. If p is not inert, we assume the signature is (n —r,7) = (n — 1,1). We assume
that L ®y Z,, is self-dual. If p is ramified, we assume n is even, L is self-dual (for the trace
pairing), and p # 2.

In all cases, we assume the implicit level K = Koy X Ky at p is

Kop=Kryp K, =K. (11.0.1)

Recall that these denote the stabilizers of Ly and L, respectively.

Set Op, = Or @z Z, and Op,p) = Op ®z L) and F, = F ®q Q,. As in Section 5, we
write Fp for the completion of the maximal unramified extension of F), is p is nonsplit (resp.
F'p = @p if p is split, with a choice of morphism F, — F’p). In all cases, OF,, (resp. k) will
denote the ring of integers (resp. residue field) of F},.

We discuss Rapoport—Zink uniformization [RZ96, §6|, as applied to supersingular loci on
special cycles by Kudla—Rapoport [KR14, §5, §6] (there in the inert case, p # 2). For p inert
or ramified, the material in Sections 11.1 to 11.6 is essentially a repackaging of Rapoport—Zink
and Kudla—Rapoport. However, we need modified arguments at split places: the abelian
varieties will be ordinary. We give a mostly uniform treatment for inert /ramified /split places.
We also allow p = 2 if p is inert, except in Section 11.9.

Section 11.9 is the newest part of Section 11. Here, we explain how to use uniformization
to reduce (global) Faltings or “tautological” heights to quantities expressed in terms of local
special cycles and the “local change of heights” from Part III (with the main input being
Corollary 10.2.2).

Section 11.7 is the next newest part of Section 11. We use global special cycles and
an “approximation” argument to prove certain properties of local special cycles. Some of
these results are available or implicit in the literature (for p nonsplit, sometimes with p # 2
hypotheses and signature (n—1, 1) hypotheses); we indicate this where relevant. Our methods

of proof are different, based on the approximation argument mentioned above.
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Section 11.8 is the next newest part of Section 11. We explain how to reduce global
“vertical intersection numbers” to local “vertical intersection numbers”.

Sections 11.7 to 11.9 will need detailed information on the construction of Rapoport—
Zink uniformization. This is our other reason for giving an exposition of uniformization in
Sections 11.1-11.6, as we need to explain the relevant maps (and fix notation) to give precise
statements.

Sections 11.1 to 11.5 state the precise Rapoport—Zink uniformization map for special
cycles. The proof of uniformization appears in Section 11.6 (and allows p = 2 inert). We differ
slightly from [RZ96| by working directly with formal algebraic stacks (rather than requiring
sufficient level structure) in the sense of [Eme20]. We occasionally need some notions on
formal algebraic stacks which are not defined in [Eme20]|; we will define these as needed.

Throughout Section 11, we freely use the relevant Rapoport—Zink spaces and their

(Kudla—Rapoport) local special cycles as in Section 5.

11.1 Formal completion

Throughout Section 11, the notation 1" will always mean an m x m Hermitian matrix with
F-coefficients, i.e. T' € Herm,,(Q). If p is split in O, we assume rank(7’) > n — 1. Form the
special cycle Z(T) — M.

Suppose p is nonsplit. The supersingular locus on Z(T)z = Z(T) Xspec 0, Speck is the
subset Z(T)* C |Z(T)z| of the underlying topological space®! consisting of geometric points
(Ao, Lo, Moy A, 1, A\, T, 7, &) with A supersingular. The supersingular locus Z(7)% is a closed
subset of | Z(T)z| (by the Katz-Grothendieck theorem on specialization for Newton polygons).
The formal completion of Z(T)specoﬁp = Z(T) Xgpeco, Spec O, along its supersingular
locus is the (strictly full) substack Z(T") C Z(T")spec 0y, given by

Z(T)={ae Z(T)Specoﬁp(S) caf|S]) € Z(T7)*°} (11.1.1)
for schemes S over Spec Oy, , where the condition a(|S[) € Z(T')* means that the associated
map on underlying topological spaces |S| — |Z(T)speco, | factors through Z(T)* (with
a € Z(T)speco,, (S) “viewed” as a morphism S — Z(T)speco, by the 2-Yoneda lemma).

If p is split, we define

Z(T) = Z<T)Spfoﬁp = Z(T) XSpec(’)F Spf Oﬁvp (1112)

31By the underlying topological space |X| of a formal algebraic stack X, we mean the underlying topological
space of its reduced substack X;eq. As Xjeq is an algebraic stack, it has an underlying topological space in
the sense of [SProject, Section 04XE].
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This is also the formal completion of Z(7T)spec Oy, along its special fiber. For any geometric
point (Ao, Lo, Ao, A, t, A\, o, 17, ) of Z(T), the abelian variety A is ordinary (because Lemma
4.7.1 implies A is isogenous to a product of elliptic curves with O action).

In all cases, Z(T) is a locally Noetherian formal algebraic stack in the sense of [Eme20]
(formal completion is discussed in [Eme20, Example 5.9]). The structure morphism Z(7T') —
Spf Oy, is formally smooth,3? formally locally of finite type,3® separated, and quasi-compact.
If K is a small level, then Z(T) is a locally Noetherian formal scheme.

If M =2(T) (e.g. T=0o0rT =0), weset M := Z(T). If p is nonsplit, this is the

formal completion of Mspeco, along its supersingular locus M**.
P

11.2 Local special cycles away from p

Given an m-tuple 2 = [11,...,7,] € (V ®gA})™, we consider an “away-from-p” local special
cycle
Z'(2?) ={(90,9) : G’(A?)/K}p : g gor; € L ®y ZP for all z; € 2P} (11.2.1)

We often view Z'(2P) and G'(A%})/ K}p as constant formal schemes over Spf O . We also

define the “away-from-p” local special cycle
Z(2P) ={g: UV )(A)/K} g7 e € Loy ZP for all x; € zP}. (11.2.2)

The isomorphism G'(A%}) /KT — GU (Vo) (A}) /K ; x U(V)(A%})/K7 (x) induces an isomor-
phism
2(a?) 5 GU(V)(AD) /KL, x Z(a?). (1123)

11.3 Framing objects

To define the uniformization map, we fix an object (Ag,ta,, Aag, A, ta, Aa, 7o, 7) € M(k)
(“basepoint of the uniformization”). If p is nonsplit (resp. split), we assume A is supersingular

(resp. A is Op-linearly isogenous to Ay~ x (AJ)"); such data exists by Lemma 3.1.5 and

32Given a morphism f of categories fibered in groupoids over some base scheme, there is a category of
dotted arrows [SProject, Definition 0H18]| associated to the infinitesimal lifting problem along each square-zero
thickening of affine schemes. We say that f is formally smooth (resp. formally étale) (resp. formally
unramified) if each such category of dotted arrows is nonempty (resp. a setoid with exactly one isomorphism

class) (resp. either empty or a setoid with exactly one isomorphism class).
33We say a morphism of locally Noetherian formal algebraic stacks is formally locally of finite type if it is
locally of finite type on underlying reduced substacks.
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Remark 3.2.4. Let (Xy, tx,, Axy, X, tx, Ax) be the tuple obtained by passing to p-divisible
groups (e.g. X is the p-divisible group of A). We use this as the framing object over k
to define the Rapoport-Zink space N (Definition 5.1.8). Set N':= N'(n — r,r) (Definition
5.1.3).

In the supersingular cases, the abelian variety A is automatically Opg-linearly isogenous

to A{T" x (AJ)", since
Hom% (Al x (A§)", A) ®g Q, = Hom%(Xy™" x (X7)", X) (11.3.1)

by Tate’s isogeny theorem (for any supersingular abelian variety over a finite field, some
power of Frobenius will be a power of p, e.g. by [RZ96, Lemma 6.28]); then use uniqueness of
the framing object (X, tx, Ax) up to isogeny (Section 5.1).

Since MSpeCOﬁ‘p — Spec Oﬁ“p is smooth, this framing object (Ay,...) admits a lift
(o, tatg s Aatgr A, Loty Aat, Do, H) € M(Spf (’)Fp), which we also fix. We fix representatives

mo: TP(Ag) = Lo®z 2P n: Homy, o, 5,(T7(Ag), TP(A)) & L @7 7P (11.3.2)

for the K{-orbit n, and the KP?-orbit f) (see Section 3.4). Recall that n preserves Hermitian

pairings but ng need not. We also write
Dot TP(Ao) = Lo®z 2P y: Homg, o 5, (T7 (o), TP(A)) = L @z 27 (11.3.3)

for the identifications induced by nq and 7.
We define Hermitian F-modules
Hom%.(Ag, A) if pis split

W = HomY%(Ag, A) Wt = (11.3.4)
0 if p is nonsplit

Vi = Hom% (A, Ag) V=WopW! (11.3.5)
where the direct sum defining V is orthogonal. In all cases, the Hermitian pairing is
(z,y) == 2’y € F. All of these Hermitian spaces are positive definite (positivity of the Rosati

involution).

The canonical maps
W ®q Q, = Homj, (X0, X) W' ®qQ, = Hom§, (X7,X) (11.3.6)

are isomorphisms of Hermitian spaces. In the nonsplit (hence supersingular) cases, this

follows from Tate’s isogeny theorem as above. In the split case, this follows because A is
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Op-linearly isogenous to A{™" x (A§)". In particular, the local invariant is ¢(W,) = (—1)" if
p is nonsplit (resp. e(W,) = 1 if p is split).
If p is nonsplit, the natural map

W ®q A} — Hompgar (T*(Ap)°, TP(A)?) (11.3.7)

is an isomorphism of Hermitian spaces, by similar reasoning.

1

If p is split, any Op-linear isogeny Ay~ x AJ — A defines an F-linear orthogonal

decomposition
TP(A) =TP(AL ) @ TP (A])°. (11.3.8)

This decomposition is independent of the choice of isogeny because Hom%(Ag, Ag) =
Hom%.(Ag, Ag) = 0 (e.g. because End’(Ag) = F). Then the natural map

W ®q A} — Hompe,un (T7(Ag)", T7(AG™)") (11.3.9)

is an isomorphism of Hermitian spaces.

Given a tuple x € W™ we write

x, € W' = Hom}, (X, X) (11.3.10)
x’ € W™ ®qg A} € Hompgyr (TP(Ag)°, TP(A)°)™ = V™ @g A} (11.3.11)

for the respective images of x (using n for the identification with V"™ ®@q A? in the second

line).

11.4 Framed stack

We consider the stack Z (T)framea over Spf O i, given by

o = (AU7 Lo, )‘07 A7 L, )‘7 77]07 ﬁ?&) € ZV(T)(S)
o cAg — RApsgand p: A — A uasi-isogenies
Z(T ) amealS) = { (@, g, ) P07 A0 Fos and @ s duasiisos
such that ¢gAy, s = bA\g and ¢* Ay g = bA

for some b € Q~q

for schemes S over Spf O i The similitude factor b is allowed to vary (and is only required
to be locally constant). If M = Z(T'), we set Miamed = 2 (T)framea- There is a canonical
forgetful map

O: Z(T)tramea — Z(T) (11.4.1)

sending (a, ¢g, @) — «. This will be the uniformization map (Section 11.6).

158



There is a canonical isomorphism

v

Z(Dgamed = [ 2'(x,) x 2'(x") (11.4.2)

xeEW™
(x,x)=T

which we now describe. Here Z'(x,) is the local special cycle at p from Section 5.2, and
Z'(xP) is the away-from-p local special cycle from Section 11.2.

Consider (a, ¢, #) € Z(T)gramea(S) as above. Passing to p-divisible groups gives a datum
(Xo, to, Ao, X, 1, A\) (e.g. X is the p-divisible group of A), along with a framing quasi-isogeny
p: Xz — Xz induced by ¢ (where S = S) and similarly a framing py induced by ¢y. We
also obtain go = 19 © ¢o. 0 7y ' € Go(A})/Kf; and g =y o (¢ "¢,) 0ij " € U(V)(A})/K
where ¢g,: TP(Ag)? — TP (21p)° and

¢ "¢t Hompg,ur (T7(A0)", TP(A)°) — Hompggar (T7(2o)°, T7()°) (11.4.3)

is pre- and post-composition (when S is connected, pick any geometric point; there is no
dependence on this choice). In general, go and g will be locally constant elements. For any
x € Homp(Ay, A)™ over a connected base S, we have ¢ o x o ¢y* € W™ (canonically), by
Mumford’s rigidity lemma for morphisms of abelian schemes [MFK94, Corollary 6.2]. In the
not-necessarily connected case, we obtain a locally constant element of W™.

The above constructions give a map

Z(T) frame s N7 x G'(AL) /K" x W™
(Dtrsas (Ar)/ K (11.4.4)
(057 ¢07 ¢) — ((X()? lo, AO? L0, X7 L, >\7 p)7 (907 909): ¢ oxo qbal)
which induces an isomorphism from Z (T")framea to the open and closed subfunctor
[ 2'x,) x 2(x") —— N x G'(A})/K? x W™, (11.4.5)
xEW™
(x.x)=T

One can verify that the map in (11.4.2) is an isomorphism by decomposing the kernels of
framing quasi-isogenies (rescale to obtain an isogeny) into their p-power and ¢-power torsion

subgroups. The isomorphism implies that Z (T)framea 1s & locally Noetherian formal scheme.

11.5 Quotient
Consider the algebraic groups

Iy =GU(Vy) L:=UW)xUWY) I''=IxI (11.5.1)
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over Q. Unless specified otherwise, an element (7yo,7) € I’ will mean v € [y and v €
GU(W) x GU(WY) with 5 'y € 1.
Uniformization will involve the stack quotient [I'(Q)\Z(T)gamed] for an action of I'(Q)

on Z (T)framed, which we now describe. For Q-algebras R, there are canonical identifications

Io(R) = {7 € End%(Ag) ®g R : {0 € R*} (11.5.2)
L(R) = {y € End%(A) ®¢ R : v'y =1} (11.5.3)

(act on Vi and V by post-composition). View I'(Q) as a discrete group. Then (v, 7) € I'(Q)
acts on 2(T)framed as («a, ¢, ®) — (a, 0 © ¢o,y © ¢). We are abusing notation: the elements
7o and -y lift (uniquely, by Mumford’s rigidity lemma or Drinfeld rigidity and Serre-Tate) to
quasi-endomorphisms of %y s and g respectively.

In terms of the isomorphism in (11.4.2), the action of I'(Q) on Z(T)famea admits the
following (equivalent) description. By the isomorphism in (11.3.6), the group I'(Q,) acts on
N’ (discussed in Section 5.3). By (11.5.3), we have a faithful action of (A%}) on

Hom pgr (T7(Ao)", TP(A)°) = V ®q A} (11.5.4)

by post-composition. This induces a homomorphism I;(A%) — U(V)(A%}) and hence an
action of I'(A%) on G'(A%)/ K}p (left multiplication). The group I'(Q) also acts on W by the
projection I'(Q) — U(W).
Hence I'(Q) acts on
N’ x G'(AR) /KT x W™, (11.5.5)
Under the inclusion (11.4.5), this induces the same action on Z(T)gamea described previously.
Both descriptions will be useful for us.

We now form the (fppf) stack quotient

I 2x)x2'x) — [N@)\( 11 Z’(zp)xz’(z”)” (11.5.6)

xEW™ XEW™
(x,x)=T (x,x)=T

The left-hand side is a locally Noetherian formal scheme, and the right-hand side is a locally
Noetherian formal algebraic stack which is formally locally of finite type over Spf O i, The
right-hand side is also [I"(Q)\Z(T)gamea). The quotient map is representable by schemes,
separated, étale, and surjective.
Using (5.2.5) (and (5.4.4)) and (11.2.3) (various incarnations of the isomorphism G’ =
GU(Vp) x U(V)) yields a canonical isomorphism from the left-hand side of (11.5.6) to
GU(Vo)/ Koy x [] Z(x,) x UW,)/Kipy x Z(xP) (11.5.7)

xEW™
(x,x)=T
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where K L € U (WL) is the unique maximal open compact subgroup (since W+ has rank 0
or 1). This is a disjoint union of various local special cycles Z(x,), indexed by the (discrete)
set

T(T) = GU(Vy) /Koy x [] UW,)/ K x 2(x). (11.5.8)

xeEW™
(xx)=T

In particular, every element j € J,(T") defines a morphism

©;: 2(x,) = [I'(QN\Z(T)samed] (11.5.9)

which is étale, separated, and representable by schemes. Given j € J,(T), we let Aut(j) C
I'(Q) be the stabilizer for the action of I'(Q) on J,(T).
The right-hand side of (11.5.6) is then identified with

GU(%)(@)\(GU(%)(Af>/Ko,f>] [ ( [T 2 xUWL)/KlLszw))].

xeEW™
(x.x)=T
(11.5.10)
We have
deg GU Vo) @\(GU (Vo) (&) Ko )] = [Kry s : Ko - hie/|OF] (11.5.11)

where the left-hand side denotes (stacky) groupoid cardinality, where [Kp, s : Ko f| is the
index of Ko s in Ky, s, and hp is the class number of Op. In the case where rank(7) > n —1

(we have already assumed rank(7") > n — 1 if p is split), the groupoid

lm@)\( [T UWh/Kiws xZ@)] (11.5.12)

has finite automorphism groups and finitely many isomorphism classes, and its groupoid
degree is essentially a product of special values of local Whittaker functions away from p
(Lemma 20.4.1).

In the case rank(7") > n—1, the map ©; associated with any j € J,(T) is thus representable
by schemes and finite étale of constant degree deg©; = | Aut(j)].
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11.6 Uniformization

We explain how the uniformization morphism O: Z (T) framed — Z (T') (11.4.1) descends to an
isomorphism of locally Noetherian formal algebraic stacks

~

o: = Z(T). (11.6.1)

f’(@\( 1T Z’(zp)xz’(z”)>

The main point is surjectivity on k-points via the Hasse principle (Lemma 11.6.2).
When p is split, we will allow a change of choice of framing data (Ag, tay, Aag, A, ta, Aa, 0o, 0),
1o, and 7, possibly depending on 7.

Lemma 11.6.1. The map O: Z(T)framed — é(T) factors uniquely through a monomor-
phism?*

O: [I'(Q\Z(T)samea] = Z(T) (11.6.2)
of formal algebraic stacks. The map © is formally locally of finite type and formally étale.

Proof. Suppose (a, ¢, ¢) and (o, ¢y, ¢') are objects of Z(T)framed(S), and suppose f': a — o
is an isomorphism of objects in the groupoid Z(T)(S) (for some base scheme S). We claim
there is a unique 7 = (7,7) € I'(Q) such that f’ induces an isomorphism ' - (a, ¢g, ¢) —
(o, ¢, #') in the setoid Z(T)gamed(S)-

The map f is given by a pair of isomorphisms fo: Ag — Aj and f: A — A’ (where
a = (Ag,...) and o/ = (4),...), with notation as above). Then we take vy = ¢} o fo o ¢y
and v = ¢ o f o ¢1. Hence © is a monomorphism.

The map © is a map between locally Noetherian formal algebraic stacks which are formally
locally of finite type over Spf O i, SO O is formally locally of finite type.

The property of being formally étale may be checked “formally étale locally on the
source”. The quotient map Z(T)gamea — [I(Q)\Z(T)gamea] is representable by schemes
and formally étale, so it is enough to check that ©: Z (T) framea — Z (T') is formally étale.
This property amounts to the following rigidity statement for abelian schemes: given any
first order thickening of schemes T — T” on which p is locally nilpotent, and given abelian
schemes A; and A, over 7", any quasi-homomorphism A, — A, lifts uniquely to a

quasi-homomorphism A; — A, (e.g. by Drinfeld rigidity and Serre-Tate). O

3By a monomorphism of formal algebraic stacks, we mean a morphism which is fully faithful on underlying

fibered categories.
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Lemma 11.6.2. The map O(k): Z(T)gamea(k) = Z(T)(k) (on groupoids of k-points) is
surjective (resp. surjective for some choice of framing data) on isomorphism classes if p is

nonsplit (resp. split).
Proof. If Z(T) is empty, there is nothing to show, so assume Z(T') is nonempty. If p is split,

we can change the framing object to assume it extends to (Ao, ta,, Aags A, LA, Aa, N, N, X) €
Z(T)(k) (i.e. x € W™ with (x,x) = T). This implies that T has rank n — 1 if p is split (we
already assumed rank(7") > n — 1 if p is split, then see Remark 4.7.2). We still know that A
is Op-linearly isogenous to Aj~' x A¢ (Lemma 4.7.1).

In all cases, the task is to show that any (A, tar, Aay, A'star, Aar, Mg, 1, X') € é(T)(E)
admits a framing (¢, ¢), i.e. quasi-isogenies ¢y: Aj — Ap and ¢: A’ — A which preserve
quasi-polarizations up to the same scalar in Q~.

Fix any Op-linear isogeny ¢o: A — Ay, which exists because Aj and A, are elliptic
curves with Op-action of the same signature (see the proof of Lemma 4.7.1). Let b € Q¢ be
such that ¢gAa, = bAa;. Set W' = Hom'.(Af, A’) with the Hermitian pairing (x,y) = z'y.

Case p 1s nonsplit: There is an isomorphism of F' vector spaces

Hom% (A, A) ——— Homp(W’, W) (11.63)
o ———— (frrdofogg).

An element ¢ € Hom%(A’, A) satisfies ¢'¢ = b if and only if ¢ corresponds to an isomorphism
of Hermitian spaces W' — W. But we have W' ®q A} = W @q A} =2 V ®g A} as Hermitian
spaces, we have e(W') = ¢(W) = (—1)", and we have Wi = Wy (both are positive definite
of rank n). So we have W/ = W as Hermitian spaces, by the Hasse principle for Hermitian
spaces (Landherr’s theorem).

Case p is split: Fix Op-linear isogenies B x B+ — A and B’ x B* — A’, where
BA) !, B2 A, B 2 A" ! and B+ = AY. Equip B x Bt and B’ x B with the
quasi-polarizations pulled back from Ay and Aas on A and A’, respectively.

Any F-linear quasi-isogeny ¢: A’ — A decomposes as a product of quasi-isogenies
B’ — B and Bt — B*, since Homp(B', B*+) = Homp(B*,B) = 0 (because of the opposite
signatures). We write ¢*: B- — B* for the quasi-isogeny induced by ¢. By similar
reasoning, the quasi-polarization on B x B* is the product of a quasi-polarization on B and
a quasi-polarization on B*.

There is an isomorphism of F' vector spaces

Hom).(A’, A) —— Homp(W’, W) x Hom%(B'*, B+) (11.6.4)

¢ » (f = (dofodgh)), o
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An element ¢ € Hom%(A’, A) satisfies ¢'¢ = b if and only if ¢ corresponds to an isomorphism
of Hermitian spaces W' — W and with ¢tT¢t = b.

We have X’ € W' and x € W with (x/,x') = (x,x) = 7. Since rank(7") = rank(W’) =
rank(W) = n — 1, this implies W' = W as Hermitian spaces.

For every prime ¢ # p, the natural map
Hom% (B, B+) ®g Q —— Homp, (T;(B™*)°, T,(B+)?) (11.6.5)

is an isomorphism of (one-dimensional) Hermitian spaces. If we set U, :== Homp, (T;(A)°, T;(B*+)°)
and U/, .= Homp, (T;(A})°, T;(B'*)?), there is an isomorphism of F} vector spaces

Homp, (T;(B"™*)°, Ty(B*+)?) ———— Homp, (U,, U))

¢ » (f e (¢t o fodg!)).

(11.6.6)

An element ¢t on the left satisfies ¢ ¢+ = b if and only if ¢ corresponds to an isomorphism
of Hermitian spaces U, — Uj. We have V; = W, & U, = W, & U, (orthogonal direct sum)
as Hermitian spaces, for all ¢ # p. Hence U, = Uy for all ¢ # p (consider the Hermitian space
local invariants (in {£1}) via € as in Section 2.2).

The preceding discussion produces an element ¢ € Hom}% (Bt B*) ®¢ Q, satisfying
gbfgbj = b for all primes ¢ # p. Since p is split in O, such an element exists for £ = p as
well (i.e. Ng,q,(F,) = Q). Since b > 0, such an element also exists if Qy is replaced by R
(positivity of the Rosati involution). By the Hasse principle for Hermitian spaces (or Hasse
norm theorem), we obtain ¢+ € Hom% (B, B4) satisfying ¢*T¢ = b. O

For the rest of Section 11, we fix framing data as in Lemma 11.6.2 if p is split, so that
O(k) is surjective.

For the supersingular cases, we use the following lifting result to prove surjectivity of © by
bootstrapping from surjectivity on & points (as in the proof of [RZ96, Theorem 6.30]). Recall
that a p-divisible group X over a base scheme S is said to be isoclinic if for any geometric

point s of S, the isocrystal of X5 has constant slope independent of 5.

Proposition 11.6.3 (Isoclinic lifting theorem). For any integer h, there ezists an integer c
with the following property: Let R be a reduced Noetherian Henselian local ring with residue
field k, and assume that R is an [Fp-algebra. Let X and'Y be isoclinic p-divisible groups of
heights < h over Spec R. For any homomorphism f: X, — Y., the homomorphism p°f lifts

to a unique homomorphism X — Y.
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Proof. See [0Z02, Corollary 3.4]. For the statement when R = x[t] for an algebraically closed
field x (which is enough for Lemma 11.6.4), see also [Kat79, Theorem 2.7.1] combined with
Grothendieck—Messing theory as in [RZ96, pg. 295]. O

Lemma 11.6.4. The uniformization map © is a surjection® of formal algebraic stacks.

Proof. The reduced substack Z(T).q € Z(T) is Jacobson, Deligne-Mumford, with quasi-
compact diagonal, and finite type over Spec k. This implies that the closed points of Z (T)rea
are dense in every closed subset (e.g. [SProject, Lemma 06G2]; the finite type points are the
same as closed points here), each closed point is the image of a map Spec k — Z (T")rea, and
every such map has image being a closed point.

Case p is nonsplit: We already know that © is surjective on k points. It is thus enough
to prove the following claim: suppose o ~~ « is an immediate specialization of points in
|Z(T)| (in the sense of [SProject, Definition 02I9], i.e. « is a point of “codimension one” in
the closure of ). If « is in the image of O, we claim that o/ is also in the image of ©. (This
specialization process eventually terminates with a k point.)

Let k an algebraically closed field with a morphism Spec k[t] — Z (T'), which sends the
closed point to av and the open point to o/.3% Enlarging x if necessary, we may lift o to a
point (o, ¢g, @) € é(T)framed. The task is to lift the framing pair (¢, ¢) to Spec k[t], which is
then a framing pair for . Serre-Tate (and formal GAGA as in [EGAIII1, Théoréme 5.4.1|)
implies that it is enough to lift the induced quasi-isogenies of p-divisible groups to Spec k[t].
This is possible by the isoclinic lifting theorem (Proposition 11.6.3).

Case p is split: By Lemma 5.4.2 (finiteness of local special cycles), and since the groupoid
[I'(Q)\J,(T)] has finite automorphism groups and finitely many isomorphism classes (Section
11.5; we assumed rank(7") > n — 1 for p split), we know there is a surjection from finitely
many copies of Speck to [I'(Q)\Z(T)famed]. Since O is surjective on k-points, the previous
considerations show that |Z(T)eq| is a finite discrete topological space, and that © is a

surjection. N

Lemma 11.6.5. The map © is proper on underlying reduced substacks, and the reduced
substack [[’(Q)\’Z(T)framed]red is proper over Speck.

35We say a morphism of formal algebraic stacks is a surjection if it is surjective on underlying topological
spaces.

36The following procedure produces such a morphism Spec x[t] — Z (T). First, take an étale cover of
E:’(T)red by a scheme U and lift 2’ ~ 2 to an immediate specialization ¢y ~ y on U. Write Z for the
normalization of the integral closed subscheme of U with generic point 3’. Note the normalization map is
finite, and lift ¥’ ~ y to an immediate specialization z’ ~» z on Z. Completion of the local ring at z on Z is

a power series ring over a field.
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Proof. Since the reduced substack Z (T)eq is separated over Speck, it is enough to check
that [I/(Q)\f(T)framed]red is proper over Speck, by [SProject, Lemma 0CPT].

We already saw that © is a monomorphism, hence separated. Since Z (T')rea is separated,
we see that [I’ ((@)\é (T)ramed]rea is also separated over Spec k.

We use the description of Z(T)gamed in (11.4.2). We know that every irreducible component
of the reduced subscheme N”_, is projective over k (Section 5.1), hence the same holds for
Z'(x,) for any x € W™ (and Z'(x?) is discrete). Hence each irreducible component of
Z (T")tramed rea has closed image in Z (T)rea- Since O is surjective, we conclude that finitely
many irreducible components of Z (T)ramed red COVEr Z (T)rea (by Noetherianity of the latter).
Since © is a monomorphism, hence injective on underlying topological spaces, we conclude
that those finitely many irreducible components cover [/ ’(Q)\’Z (T") framed)rea as well. Then

[[’(Q)\Z(T)framed]red is proper over Speck by [SProject, Lemma 0CQK]. O
Proposition 11.6.6. The map © is an isomorphism.

Proof. We have seen that the morphism © of locally Noetherian formal algebraic stacks is
formally étale, surjective, and a monomorphism. The underlying map of reduced substacks is

proper. These properties imply that O is an isomorphism. O

11.7 Global and local

The next lemma (purely linear-algebraic) helps us use uniformization to deduce properties of

local special cycles via “approximating” them by global special cycles.

Lemma 11.7.1. Let L € W, be any non-degenerate Hermitian Op,-lattice (of any rank).
There exists an element g, € U(W,,) such that g,(L) admits a basis consisting of elements in

W.

Proof. Set W = L ®o,, F}. 1t is enough to produce g, € U(W,) such that g,(1V) admits an
F,-basis consisting of elements in W (since this implies that every full rank Op,-lattice in
g,(W) admits a basis consisting of elements of W).

Select any F-basis e = [eq,...,eq] for W. Since W is dense in W,,, we may select
€ = [é1,...,€q] such that each [[& —e;l|, < 1 for all i (meaning & — ¢; lies in a small
neighborhood of 0 for the p-adic topology on W,). Set W = spaan{él, ..., €q}. When
each é; — e; lies in a sufficiently small neighborhood of 0, there exists a (non-canonical)
isomorphism of Hermitian spaces W = W (the associated Gram matrices (e, ¢e) and (&, &)
can be made arbitrarily p-adically close; hence the local invariants ((e,¢)) and ((¢,¢€))

will agree). By Witt’s theorem for Hermitian spaces, any isometry W — W extends to an
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isometry ¢,: W, — W,. This element g, € U(W,,) satisfies the conditions in the lemma

statement. 0

Corollary 11.7.2. Consider any tuple x,, € W' which spans a non-degenerate Hermitian

> =n—1 if pis split.

Op, -lattice, and write m’ for its rank. Assume m
For some T' € Herm,,(Q) (still assuming rank T > n—1 if p is split), and some j € J,(T')
with associated w € W, there exists g, € U(W,) inducing an automorphism N'— N which

takes Z(x,) isomorphically to Z(w,,). In particular, there is an induced morphism
Z(x,) > Z(w,) 25 Z(T) (11.7.1)

which is representable by schemes, separated, and étale. If m* > n—1 (equivalently, rank(T) >
n — 1), this map is finite étale.

Proof. By Lemma 11.7.1, we may pick an element g, € U(W,) so that spang,. (9p - X,)
admits an Op,-basis w’ of elements in W. Extend w” to any m-tuple w € W™, and set
T = (w,w). Recall that U(W,) acts on N, and that g, gives an automorphism of A/ sending
Z(x,) = Z(w,,) (Section 5.3). By uniformization (Proposition 11.6.6), any j € J,(T') whose
associated tuple is w will satisfy the conditions of the lemma. Replacing w with a - w for
suitable a € Z with p { a ensures Z'(w?) # (). Then such j € J,(T') will exist. In Section
11.5, we saw that O); is finite étale if rank(7") > n — 1. O

If p # 2 and in signature (n — 1,1), the quasi-compactness proved in the next lemma is
also [LZ22a, Lemma 2.9.] (inert), proved via Bruhat-Tits stratification. In the exotic smooth
ramified case, quasi-compactness should be implicit in [LL22|, via Bruhat-Tits stratification
as discussed in [LL22, §2.3]. In the case when x, spans a lattice of rank n and signature
(n —1,1), see [LZ22a, Lemma 5.1.1] (inert, p # 2) and [LL22, Remark 2.26| (ramified, exotic

smooth).

Lemma 11.7.3. Let x, € Wg be any tuple which spans a non-degenerate Hermitian Op,-
lattice of rank > n — 1. Then the local special cycle Z(x,) is quasi-compact and the structure

map Z(x,) — Spf Oy, s adic and proper.

Proof. By Corollary 11.7.2, we obtain 7' € Herm,,(Q) and a map 2(x,) — Z(T) which is
representable by schemes, and finite étale. In particular, Z(x,) is quasi-compact because the
(base-changed) global special cycle Z (T') is quasi-compact.

If p is nonsplit, then Z(T"); — M; automatically factors through the supersingular locus
(Corollary 4.7.3), so we have Z(T) = Z(T)gp Oy, This formula holds for p split as well, by
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definition. Hence Z(T) — Spf O Is adic®” and proper (Lemma 4.7.5), so Z(x,) — Spf O,

is adic and proper. O

We write Z(T), for the flat®® part (“horizontal”) of Z(T'), i.e. the largest closed substack
which is flat over Spf Op . We use similar notation Z (x,) for the flat part of the local
special cycle Z(x,,).

Formation of “flat part” is flat local on the source. The quotient map © (11.4.1) is
representable by schemes and étale, hence flat. So the uniformization result (Proposition

11.6.6) implies that there is an induced uniformization morphism

0: [[ 2x)rx2) = Z()x (11.7.3)

xeEW™
(x,x)=T

where Z'(x,)» is the flat part of Z’(x,). The action of I'(Q) must preserve the flat part, so

3TWe say a morphism of formal algebraic stacks is adic if the morphism is representable by algebraic stacks

in the sense of [Eme20, §3].
38Flatness for morphisms of locally Noetherian formal algebraic stacks was defined in [Eme20, Definition

8.42]. We are using a different definition, since the definition of loc. cit. does not recover the usual notion of
flatness for morphisms of schemes (in the situation of [Eme20, Lemma 8.41(1)], consider X = ) = Speck for
a field k£ and any non-flat morphism of Noetherian affine k-schemes U — V).

We define flatness in the style of [SProject, Section 06FL] (there for algebraic stacks), which recovers
usual flatness for morphisms of locally Noetherian formal schemes. Let f: X — Y be a morphism of locally

Noetherian formal algebraic spaces. Consider commutative diagrams

Uty
l,, (11.7.2)
f

X —Y

a

where U and V' are locally Noetherian formal schemes and the vertical arrows are representable by schemes,
flat, and locally of finite presentation. We say that f is flat if it satisfies either of the following equivalent

conditions.
(1) For any diagram as above such that in addition U — X xy V is flat, the morphism h is flat.
(2) For some diagram as above with a: U — X surjective, the morphism h is flat.

Next, consider a morphism f: X — Y of locally Noetherian formal algebraic stacks. Consider diagrams as
above, but assume instead that U and V are locally Noetherian formal algebraic spaces, and that the arrows
a and b are representable by algebraic spaces, flat, and locally of finite presentation. We say that f is flat if
either of the equivalent conditions (1) and (2) as above are satisfied. If the morphism f is adic, then this

agrees with the notion of flatness for adic morphisms as in [Eme20, Definition 3.11].
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generalities on stack quotients imply that © induces an isomorphism

O:

I’(@)\( [T 2'&x)r x Z’(zp))] = Z(T)sr (11.7.4)
xEW™

(xx)=T
of formal algebraic stacks. For each j € J,(T'), the map ©;: Z(x,) — Z(T) induces a map
0;: Z(x,)r — Z(T) 5 (reusing the notation ©;). Since O, is flat and since formation of flat
part is flat local on the source, the “horizontal” ©; arises from the original ©; by base-change
along Z(T)» — Z(T).

In the case p # 2 and for signature (n — 1,1) and m* = n — 1, the next lemma is a
consequence of [L.Z22a, Theorem 4.2.1] (decomposition into quasi-canonical lifting cycles via
Breuil modules) and is explained in [LL22, Lemma 2.49(1)] (also via decomposition into
quasi-canonical lifting cycles). In the case p # 2, signature (n — 1,1), and m’ = n, see again
[LZ22a, Lemma 5.1.1] (inert, p # 2) and [LL22, Remark 2.26| (ramified, exotic smooth).

Lemma 11.7.4. Let x, € W} be a tuple which spans a non-degenerate Hermitian Op,-lattice,

whose rank we denote m®. Assume m® =n — 1 if F/Q, is split. Form the horizontal part
Z(x)n of Z(x).

1. If Z(x) . is nonempty, then it is equidimensional of dimension (n —r)r +1 —m’r.

2. If m* =n — 1 and the signature is (n —r,7) = (n — 1,1), then the structure morphism
Z(x,)» — Spf Oﬁ“p 15 a finite adic morphism of Noetherian formal schemes. The

associated finite scheme over Spec Oﬁp has reduced generic fiber.
3. If m” =n and the signature is (n —r,r) = (n —1,1), then Z(x,)» = 0.
Proof.

(1) By Corollary 11.7.2; we can find 7' € Herm,,,(Q) (with rank(7") > n — 1 if p is split) and
a morphism Z(x,) — Z(T) which is representable by schemes and étale. As formation
of flat part is flat local on the source, we obtain a morphism Z(x), — Z(T') ,» which is
still representable by schemes and étale. The claim now follows from the corresponding
global result for Z(T')» (Lemma 3.5.5). Note that we may assume K’} is a small level
(deepen the level away from p) to reduce to the case when Z(7'),, is a formal scheme.

(2) In this case, the map Z(x,)» — Z(T) » from part (1) is finite étale. We know that

Z(T)» — Spf O, (with T" as in the proof of loc. cit.) is proper and quasi-finite

(Lemma 4.7.4). Since proper and quasi-finite implies finite (for morphisms of schemes)
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and since Z (x,) = SpfO i, 1s adic, (already proved in Lemma 11.7.3) i.e. representable
by schemes, the claimed finiteness holds. The claim on reducedness in the generic fiber
follows because Z(T") » — Spec Op is étale in the generic fiber (Lemma 3.5.5). We are
passing from finite relative schemes over Spf O i, and Spec O i, as in Appendix B.3 (i.e.
Spf R — Spec R).

(3) If m* = n, then Z(T), = 0 (by Lemma 3.5.5), so Z(x,)» = I by existence of the map
Z(x,) e — Z(T) . O

In the case of p # 2, signature (n — 1,1), and m” = n — 1, the following lemma is
[LZ22a, §2.9| (there proved differently, using their quasi-compactness result via Bruhat-Tits
stratification).

Lemma 11.7.5 (Horizontal and vertical decomposition). Let x, € W' be a tuple which
span a non-degenerate Hermitian OF, -lattice of rank m’. Assume m’ =n —1 if F/Q, is split.
For e > 0, we have a scheme-theoretic union decomposition

Z(x,) = 2(x,)r U Z(x,)r (11.7.5)

2p
where Z(gp)fy/ = Z(Ep)Spfopp/peOﬁp'

Proof. If T denotes the ideal sheaf of Z(x,).» as a closed subscheme of Z(x,), it is enough
to show that p® annihilates Z for e > 0. By Corollary 11.7.2, we can find 7" € Herm,,(Q)
(with rank(7") > n — 1 if p is split) and a morphism f: Z(x,) — Z(T) which is representable
by schemes and étale. We may assume K is small (deepen the level away from p) so that
Z(T) is a formal scheme.

If .# denotes the ideal sheaf of the flat part Z(T),» C Z(T), then f*.# — T is surjective
(by flatness of f, i.e. formation of flat part is flat local on the source). If p® annihilates .#,
then p¢ also annihilates Z. We know that .# consists (locally) of p-power torsion elements in
the structure sheaf. Since Z (T') is quasi-compact, we know that .# is annihilated by p¢ for
e> 0. 0

For the rest of Section 11, we restrict to signature (n — 1, 1) in all cases.
Lemma 11.7.6.
(1) If p is split, then é(T) — Spf O, is proper and quasi-finite and we have LZ(T)y, =0.
(2) Assume n =2 and rank(T) > 1. Then Z(T) — Spf Oy, is proper and quasi-finite. If

rank(T) = 1, then we have “Z(T)y, = 0.
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Proof. (1) Recall our running assumption that rank(7') > n — 1 if p is split. Recall also
Z(T) = Z(T)Spfoﬁp in the split case, so the map Z(T) — Spf Op. is representable by
algebraic stacks and locally of finite type. This map is proper on reduced substacks by
uniformization (Lemma 11.6.5 and Proposition 11.6.6), hence it is proper.

It remains to check that Z(T') — Spf O i, 18 quasi-finite in the sense of [SProject, Definition
0G2M]. It is enough to check that ZV<T)red — Speck is quasi-finite. This follows from the
uniformization isomorphism, since Z (T):eqa may be covered by finitely many copies of Spec k
(combine uniformization with the analogous result for local special cycles, which is Lemma
5.4.2; since we assume rank(7") > n—1 when p is split, the groupoid [I'(Q)\J,(T")] has finitely
many isomorphism classes, as discussed in Section 11.5).

The derived vertical special cycle class “Z(T)y, € g’ K{(Z(T)r,)qo was defined in
Section 4.6. If m > n then Z(T') is empty. If m = n — 1, then gr'’{, K((Z(T)r,)o = 0 because
Z(T)r, has dimension 0 (and M has dimension n).

(2) This may be proved as in part (1). We may assume p is nonsplit. We have Z(T) =
Z(T)spt O, (Lemma 4.7.3). Then use quasi-compactness of local special cycles (Lemma
11.7.3), uniformization, and discreteness of Neq (Section 5.4). Suppose rank(7) = 1. First
consider the case m = 1. Then “Z(T)y, € gri K{(Z(T)r,)g = 0 because Z(T)r, has
dimension 0 (and M has dimension 2). If m = 2, then “Z(¢;)y, = 0 for any nonzero diagonal
entry ¢; of T by the preceding argument, so “Z(T")y, = 0 by construction (defined in Section
4.6 as the projection of a product against “Z(t;), = 0 for some 7). ]

Lemma 11.7.7. Assume p is nonsplit. Assume that K} is a small level, so that M is a

scheme. Fiz any j € J,(T) and consider the map
Z(x,) 5 Z(T) - Z(T). (11.7.6)
The class “Z(T) € K\(Z(T))q pulls back to the class “Z(x,) € K\(Z(x,))o-

Proof. The maps ©;: Z(x,) — Z(T) and Z(T) — Z(T) are flat maps of locally Noetherian
formal schemes, so we may take the non-derived pullback. The lemma may be proved using

the fact that the commutative diagrams

z(T)framed — Mframed Z(ti)framed —_— Mframed
J - 11.7.7
| | | | D
Z(T) — M Z(t;) ——— M

are 2-Cartesian (where the ¢; are the diagonal entries of T'), and the fact that the tautological
bundle £ on M pulls back to the tautological bundle £& on N O
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Corollary 11.7.8. Assume p is nonsplit. For anyx, € W', we have“Z(x,) € FitK((Z(x,))o-

Proof. By Corollary 11.7.2, we can find 7' € Herm,,,(Q) (with rank(7") > n — 1 if p is split)
and a morphism Z(x,) — Z(T) which is representable by schemes and étale. We can deepen
the level K away from p to assume Z(T) is a formal scheme. Since “Z(T) € FPK}(Z(T))o,

the corollary follows from Lemma 11.7.7. ]

We previously defined derived vertical (global) special cycles “Z(T)y ,, € gt K((Z(T)r, )
(Section 4.6). In the next lemma, we write Z(71') ) = Z(T") Xspecz Spec Z(y). We also write
Z(T)yp = Z(T) Xspecz Spec Z/p°Z and Z(x,)y p = Z(X,) XSpf Oy, Spec Oy, /[p°Op. for an
understood integer e > 0. We also set Z(T)y = Z(T) Xspf Oy, Spec O, /p°Of, -

Lemma 11.7.9. Fiz any j € J,(T). Write x € W™ for the associated m-tuple. Fiz any
e > 0 such that there are scheme-theoretic union decompositions
ZM)p)y = Z(M) e Y Z2(T)yp 2Z(x,) = 2(X,)r UZ(X,)rp (11.7.8)
(“horizontal and vertical”). Pullback along the map
Z(x,)y 2 Z(T)y = Z(T)y, (11.7.9)
sends “Z(T)y , € gty KL{(Z(T)y p)g to LZ(zp)yx € g Ko (Z2(x,)7)a-
Proof. If p is split, the derived vertical special cycles (global and local) are zero (Lemma
11.7.6 (global) and Section 5.5 (local)) and the lemma is trivial. We remind the reader of our
running assumption that rank(7) > n — 1 if p is split.
We thus assume that p is nonsplit. By the local and global linear invariance results (Section
5.5 and (4.6.11)), it is enough to check the case where T' = diag(0, 7%) where det 7” # 0.
First consider the case where T is nonsingular, i.e. T = T°. If K i is a small level, the lemma
follows from Lemma 11.7.7, since the projections ngjK{)(Z(Tb))@ - gr%K{)(Z(Tb)%p)Q
and gr/”&b Ky(2(x,))o — gr/”&b K(Z(x,)r)q are given by (non-derived) pullbacks of coherent
sheaves, see Lemma A.1.5 (Deligne-Mumford stacks) and |[Zha21, Lemma B.1] (locally
Noetherian formal schemes). Note that the codimension graded pieces gr’” are preserved,
by étale-ness of ©;. In general, we may reduce to the case where K is a small level by
compatibility of LZ(T”)y ,, with (finite étale) pullback for varying levels (Section 4.6).
Next, consider the case where 7' is possibly singular with 7" = diag(0,7"). If K pisa
small level, this follows as in the proof of Lemma 11.7.7. That is, the class “Z(T)y, ==
(&V)mrankD) . Z(T")y, pulls back to “Z(x,)y = (EV)™ &) . Z(x), (use the result for
T” just proved). In general, we may reduce to the case where K } is a small level (deepen level
away from p) by compatibility of “Z(T"),, with (finite étale) pullback for varying levels
(Section 4.6). O
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11.8 Local intersection numbers: vertical

The main purpose of this section is to reduce “global vertical intersection numbers” to “local
vertical intersection numbers” (see end of this section). We continue to assume signature
(n—1,1).

Consider 7" € Herm,,(Q,) (with F,-coefficients) with rank(7”) = n — 1, and either
m =mn —1or m = n. For any tuple x, € W* with Gram matrix 7", we define the local
vertical intersection number

2F, - Q)" degi("Z(x,)y - EV)logp ifm=n—1

Inty ,(T") = o
2[F, : Qp) ' degp("Z(x,)») logp ifm=n

(11.8.1)

Here, £ stands for the class [Oy] — [€] € Kj(N). If no such x, exists, we set Inty ,(T") == 0.
The definition of Inty ,(7") does not depend on the choice of x, (by the action of U(W,)
on N(n — 1,1), Section 5.3). The factor 2[F, : Q,]"" will account for total degree of
Spec O, — Spec Z,, on residue fields (e.g. we need to account for both primes in O over p

in the split case). By local linear invariance (Section 5.5), we have
Ity ,(T") = Inty ,("FT"7) (11.8.2)

for any v € GL,,,(Op, ).
Consider any T € Herm,,(Q) (with F-coefficients) with rank(7) = n — 1, and either

m =n — 1 or m = n. Pick any set of representatives J C J,(T) for the isomorphism classes
of the groupoid [I'(Q)\J,(T")]. By Lemma 11.7.9, we have

Int“//,p,global(T) = deg]Fp (LZ(T)’Y/,;D : (gV)n—m) 1ng (1183)
1
K5 Ko »
- Intv,p(T)W  deg [h(@)\ (]% V(W) Ky x Z(x >)] |
(xx)=T

For later use in Remark 22.1.2, consider 7' € Herm,(Q) (with F-coefficients) with

detT" # 0. We consider the local intersection number
Int,(T) = 2[F), : Q)" degr("Z(x,)) logp (11.8.5)

where x, € W is any n-tuple with Gram matrix T (since rank W,, = n — 1 when p is split,
set Int,,(T') := 0 in this case). Note “Z(x,)y ="Z(x,) by Lemmas 11.7.4 and 11.7.3 (under
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the dévissage pushforward identification K{(Z(x,);) — K}(Z(x,))). By Lemma 11.7.9, we

have

Int,, giobal(1') = degp, (LZ(T)%p) log p (11.8.6)
B [KLo,s 2 Koyl p
—Intp(T)W - deg [Il(@)\<x!§[\m Z(x ))] (11.8.7)

(xx)=T

11.9 Local intersection numbers: horizontal

The main purpose of this section is to reduce “global horizontal intersection numbers” to
“local horizontal intersection numbers” (see end of this section). We continue to assume
signature (n — 1,1). In Section 11.9, we require p # 2 if p is inert (because we required this
for our discussion of quasi-canonical lifting cycles, Section 7.3).

Consider 7" € Herm,,(Q,) (with F,-coefficients) with rank(7’) = n — 1, and either
m =mn—1or m=n. Select any x, € W2 with Gram matrix 7", and set L = spang,, (x,)-

We define the local horizontal intersection number

Intyp(T) = Y Inty,(M)° (11.9.1)
L CMbC M)
t(Mp)<1

where the sum runs over lattices M; C L; Rop, F,, where
Int e p(M))° =2 - deg Z(M))° - Syan(val’ (M) (11.9.2)

with val'(M?) = |val(M})] and with diau(—) the “local change of tautological height” as
defined in (7.2.7). Here Z(M})° C N'(n—1,1) is the quasi-canonical lifting cycle associated
with Mg (Section 7.3). The local horizontal intersection number should be compared with the
decomposition of horizontal local special cycles into quasi-canonical lifting cycles (Section 7.3).
The notation deg Z (]\41';)o means the degree of the finite flat adic morphism Z (Mg)o — Spf O .
If no such x, exists, we set Int »,(1") := 0.

This definition of Int»,(T") does not depend on the choice of x,, (again by the action of
U(W,) on N Section 5.3 and Witt’s theorem). The formula for degZ(M})° (combine (7.2.1)
and (7.3.1)) shows Int,(M))° € Z. The extra factor of 2 in (11.9.2) will account for the
fact that Spf(Op ®y Z,) — Spf Z, has degree 2.

In the above situation, we also set

deg (1) = deg Z(x,,) (11.9.3)
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where the right-hand side means the degree of the finite flat adic morphism Z(x,,) » — Spf Op,
If no such x, exists, we set deg, ,(T") = 0. Again, the definition of deg, ,(1") does not
depend on the choice of x,.

Suppose T' € Herm,,(Q) (with F-coefficients) with rank(7") = n —1, and either m =n —1
or m =n. Then (in the notation of Sections 4.3 and 4.1) we have

deg(EV|z(r),,) = deg(Q|z(y,, ) + deg(EY |21, )- (11.9.4)
We have )
deg(|z(r).. ) = degg Z(T).r - (—him — 1 08 [A]) (11.9.5)

where degy, Z(T') » means the degree of Z(T') » Xspecz Spec Q — Spec Q (stacky degrees as
in (A.1.10) and surrounding discussion).

Pick any set of representatives J C J,(T") for the isomorphism classes of the groupoid
[I'(Q)\J,(T)]. Using the finite étale maps ©;: Z(x,)r — Z(T) . for j € J,(T) (Section
11.5 and (11.7.3)) which cover Z(T),» as j ranges over .J, we find

1
degy Z(T) . = deg o ,(T) Y AT (11.9.6)
JeTp(T) J
(KL : Koyl
=de T)—=——= . deg | 1( U K x Z(xP
g,%ﬂ,p( ) ’O}>;|/hF g 1 Xe];v[m / 1Ll ( )
(x,x)=T

Combining the following: (1) the finite étale maps ©;: Z(x,).» — Z(T)  for j € J(T)
(Section 11.5 and (11.7.3)) which cover Z(T), as j ranges over J (2) Proposition 7.3.1
(decomposition of horizontal local special cycles into quasi-canonical liftings) and discussion
surrounding (7.3.2), and (3) Corollary 10.2.2 (decomposition of global height into local
“change of heights” for p-divisible groups), we find

Int s giobat (1) = deg(6Y |2z, ) — (degy Z(T)) - BN mod Y Q-logl  (11.9.7)

l#p
1
:Int%7p(T) Z m
JE€Jp(T)
K, 5 K
:Inte%w)W-deg [h(@)\( [T vw,)/K ><Z<zp>)]
F XEW™
(x,x)=T

with ASM and hCM as in (4.3.6). The notation “mod Z#p Q-log ¢” means that equality holds

tau

as elements of the (additive) quotient R/(>_,,, Q-log (). Note Int p giobar(1') € Q- logp. To
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apply Corollary 10.2.2, we first consider the case of small level K } so that Z(7T) is a scheme.
This immediately implies the case of general (stacky) level, by compatibility of arithmetic

degree with finite étale covers (see Section 4.1). We have

deg(EY)2(r)) — (degg Z(T)) - RSN = Zlmmgbbaﬂ (T) (11.9.8)

where the sum ranges over all primes ¢, with all but finitely many terms equal to 0. The
preceding expression should be understood modulo Q - log ¢ for those primes ¢ for which
L ®z Zy is not self-dual. If L is not self-dual, we also quotient by Q - log ¢ for primes ¢ | A.
We also quotient by Q - log 2 unless 2 is split in Op.

We define total “intersection numbers”
Intp(T) = IntJf,p(T)—FIDt'y/,p(T) Intp,global(T) = Intjﬁp’gbbal(T)+Inty/7p7g10ba1(T) (1199)

(local and global) at p. These will feature in our main non-Archimedean local theorems
(Section 18) and the proof of our main global theorem (Theorem 22.1.1) respectively.

For readers interested in Faltings heights, we record the relation

deg(B]z(r),. ) — (degy Z(T)r) - n- hg = =2 " Tntp g gioba(T) (11.9.10)

¢
where @ is the metrized Hodge determinant bundle (Section 4.3), the sum again runs over
all primes ¢, and where Int ¢ gional(1') is the same quantity defined above. This follows by
the same argument as above, using Corollary 10.2.2. The remarks following (11.9.8) (about

quotienting by Q - log ¢ for some primes /) apply here verbatim.

12 Archimedean

We explain complex uniformization for special cycles and Green currents on M. The only
new part of Section 12 is our treatment of Green currents for singular 7" in Section 12.4,
when rank(7) = n — 1. The remaining material should be fairly standard, e.g. [KR14,
§3| (uniformization of special cycles), [BHKRY20, §2| (including discussion of metrized
tautological bundle), [Liull, §4B| (Green currents via uniformization), etc.. Strictly speaking,
however, the references [KR14; BHKRY20| restrict to principal polarizations. We will
need non-principal polarizations (this slightly affects how we normalize the metric on the
tautological bundle), so we explain the setup.

With notation as explained at the beginning of Part IV, we also assume L has signature

(n —1,1). For technical convenience, we assume the implicit level K7} is small so that M is a
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scheme (except at the very end of Section 12.4). Fix one of the two embeddings F' — C, write
M = M Xgpec 0, Spec C, and let MZ"* be the analytification (outside of Section 12, we often
abuse notation and drop the superscript an). This is a complex manifold of dimension n — 1.
Given any Hermitian matrix 7" € Herm,,(Q) (with F-coefficients) with associated special
cycle Z(T) — M, we use similar notation Z(T")¢ and Z(T)&". Since Z(T)c — SpecC is
smooth (Lemma 3.5.5), we know that Z(7T)&" is also a complex manifold.

We view Vx as a complex vector space via the identification F' ®g R = C (induced by the
choice of F' — C). We use notation from Section 8 on the Hermitian symmetric space D and
its local special cycles D(z) for tuples z € V§", etc..

We set Ve =V ®q C and write Ve = VI @ V- where the F-action on V& (resp. V7)) is
F-linear (resp. o-linear) with respect to the chosen map F' — C. We use similar notation for
other F' ®gp C-modules.

12.1 Local special cycles away from oo

Given an m-tuple z; = [z1,...,7,,] € (V ®q Af)™, we consider an “away-from-0o” local

special cycle
D'(z;) = {(g90,9) € G'(Ay)/K} : g~ gows € L @ 7P for all z; € T} (12.1.1)
We view D'(z;) as a discrete set. We also define the “away-from-00” local special cycle
D(zs) ={9€ UV )(Af)/K;:g 'z; € L®yg 77 for all z; € T} (12.1.2)
The isomorphism G'(Ay)/ K} — GU(Vo)(Af)/ Koy x U(V)(Ay)/ Ky (x) induces a bijection

D'(a;) = GU(VA)(Ag)/ Ko s x Dlzy). (12.1.3)

12.2 Framing

Fix the isomorphism of Hermitian Op-lattices Home, (Lo, L) — L sending = — x(1) (with
1 € Ly). This is analogous to n from (11.3.2).

Given a = (Ao, 10, Xos A, 1, \, o, 1) € M, a framing pair (¢g,¢) for o consists of
isomorphisms of F' vector spaces (singular homology)

gboi Hl(Ao,Q> — W Qbi Hl(A, Q) -V (1221)
such that the induced map

¢51¢: HomF(Hl(A(b Q)a HI(A7 @)) — HOIHF(VE), V) =V (1222)
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is an isomorphism of Hermitian spaces.

The Hodge structures of weight —1 on H;(Ap, Q) and H;(A, Q) induce a Hodge structure
of weight 0 on V, with an associated complex line F'Vg C V. After pullback along the
projection isomorphism Vg — VZ of F ®q R vector spaces, the line F'V¢ C Vg is a negative
definite subspace and hence defines a point z € D. There is a canonical isomorphism of C

vector spaces
Hompgr(Lie Ao, FOH1 (A, Q)F) = F'Ve. (12.2.3)

We use the fixed choice of v/A to pass between Hermitian/alternating/symmetric forms
(Section 2.1). This makes H;(Ap, Q) and H;(A, Q) into Hermitian F-modules. Using the
C-bilinear extension of the symmetric Q-bilinear trace pairing on H;(A,Q), we obtain an
induced C-linear identification F'H;(A, Q)& = Home((Lie A)~, C).

We equip F''Ve C Vi with the Hermitian metric obtained by restricting the metric on V.
Equip Lie A (resp. Lie A) with the Hermitian metric as normalized in (4.3.2) (resp. (4.3.3)).

Then (Lie A)~ C Lie A inherits a Hermitian metric as well. Under the isomorphism
Homg (Lie Ay, C) ® Home((Lie A)~,C) = F'V¢ (12.2.4)

induced by (12.2.3), the Hermitian metric on the left is —(167%¢?)~! times the Hermitian
pairing on the right.

To the datum (o, ¢o, ¢), there are associated elements gy € GU(Vp)/Kos and g €
U(V)(Af)/K; given by go == ¢g oy " and g == (¢ @) o 7! (strictly speaking, ¢y and ¢ are
tensored with A, here, with H(A, Q) ®g Ay = T(A)? (rational adelic Tate module) and

similarly for Ap).

12.3 Uniformization

For any Hermitian matrix 7" € Herm,,(Q) (with F-coefficients), define the set

an a € M with (o, z) € Z(T)&
Z(T)(C,framed = (a7£7 ¢07¢) : c ( . ) ( )(C . (1231)
and (¢g, ¢) a framing for o
There is a canonical injection of sets
Z(T)(%nframed — D x G/(Af)/K} x ym
’ (12.3.2)

(0{727 ¢07¢) — (Za (907909)7 ¢ cxo ﬁbEl)

where the Hodge structure z € D and the elements g9 € GU(Vy)(Ays)/Koy and g €
U(V)(As)/K; are associated to (a, ¢g, ¢) as in Section 12.2, and ¢ozog,' € Homp(Vy, V)™ =
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V™ (using the isomorphism Home,. (Lo, L) = L fixed above). This induces a bijection

Z( (Cframed _> H D X D/(xf) (1233)

me V77L
(z,z)=T

There is a forgetful map Z(7T)2"

C,frame

q — Z(T)& sending («, ¢o, ¢) — a. This is surjective,
by the Hasse principle (Landherr’s theorem) for Hermitian spaces, and factors through an

isomorphism of complex manifolds

( | | R2E D(a;f)) = Z(T) ¥ amed (12.3.4)

xeVm
(z,2)=T

where G'(Q) acts on Z(T)#meq 88 (@, o, @) = (@, 70 © ¢, v © @) for (70,7) € G'(Q) with
70 and v having the same similitude factor. The case T = ) (or T = 0) gives complex

uniformization of M@y .4-
The isomorphism G’ = GU(Vy) x U(V) (see (*)) induces an isomorphism

( I] re XD(:I:f)> (12.3.5)

(-1
— (GU(VB)(@)\(GU(V(J)(Af)/Ko,f)> X (U(V)(@)\( IT P x D@f)))

where U(V)(Q) acts on D via the U(V)(R) action, and on U(V)(A)/K by left multiplication.

12.4 Local intersection numbers: Archimedean

Fix T € Herm,,(Q) and y € Herm,,(R)~o (i.e. y is any positive definite complex Hermitian
matrix). Throughout Section 12.4, we require m > n — 1 if T' is positive definite. If T is
singular, we also require m = n and rank(7) =n — 1.

For such T" which are nonsingular, we recall Kudla’s Green current gr, for Z(7T)%" (i.e.
the unitary analogue studied by Liu [Liull, Proof of Theorem 4.20]), which is defined via
uniformization and star products. For the case of singular T, we propose a definition of
gry by a “linear invariance” method, which has some subtleties in the case where 7' is not
GL,,(Or)-equivalent to diag(0,7”) for det T° # 0 (“not diagonalizable™). Our treatment of

this non-diagonalizable case seems to be new.
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Allowing T singular or not for the moment, define the set

Joo(T) = GU(Vo)(Ag) /Koy x  [] Dlay) (12.4.1)

xeVm
(z,2)=T

We will see that the groupoid [G'(Q)\Jo(T")] has with finite stabilizers and finitely many
isomorphism classes (Lemma 20.4.1). Given j € J(T), we let Aut(j) C G'(Q) be the
stabilizer for the action of G'(Q) on J(T).

For any v € GL,,(OF), recall that there is an induced isomorphism Z(T) = Z('FT7) (i.e.
send the tuple of special homomorphisms x to z-7). Similarly, there is an induced isomorphism
Z(T)¥samea — Z(TY)®kamea- There is corresponding a bijection Joo(T) — Joo("FT7)
(which we denote j +— j - ) sending x +— x -y for z € V™ (acting trivially on the remaining
data, i.e. view Jo(T) as a subset of G'(Ay)/K} x V™; note D(z; - v) = D(x;)). Note
Aut(j) = Aut(j - 7).

For each j € J(T), there is a corresponding map

Q;: D — MY (12.4.2)

induced by the uniformization morphism D x G'(Ay)/ K} — M@ (consider the projection
Joo(T) — G'(Ay)/K}; by uniformization of M@, every element of G'(Af)/K determines a
map D — M@"). For any v € GL,,,(Op), we have ©, = O,.,.

If cSA’@ denotes the metrized tautological bundle on M (Section 4.3) we have @;EC ~ £ ,
where & is the metrized tautological bundle on D (Section 8.2). By our normalizations, the
metric on @;‘fac is (167%¢7)~! times the metric on & (this normalization constant does not
change the Chern form ¢;(£)).

Consider z € V with (z,z) = T. If T is nonsingular, set

£z, y)] = [£(z - a)] (12.4.3)

for a choice of a € GL,,(C) satisfying a'a = y, with [(z - a)] the current from Section 8.2. We
will not check that the current [(x,y)] is independent of the choice of a, but the intersection
numbers appearing in our main results will not depend on a (Remark 19.1.5, also the “linear
invariance” from [Liull, Proposition 4.10] when m = n).

Next, suppose that T is singular, with m = n and rank(7") = n — 1. First consider the
case when T' = diag(0,7”) where T” is nonsingular of rank n — 1. If (z,z) = T, we must have

z=1[0,29,...,2,] € V™. Set 2’ = [2,...,2,]. There is a decomposition

(1 ¢ y* 0 1 0
= <O 1) (O yb> (tE 1) (12.4.4)
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for uniquely determined ¢ € M;,,_1(C), y# € Rsg, and 3’ € Herm,,_;(R)~. We then set

[z, v)] = e (EY) A, )] — log(y#) - 6p(a)- (12.4.5)

For T not necessarily block-diagonal, we define [{(z, )] by the linear invariance requirement

[E(z,y)] = [(z- 77 7y'7)]  mod Y. Q-logp-dpw (12.4.6)
p such that
YEGLn (OF®zZ(y))

for all v € GL,(F), where "4 means conjugate transpose, and where “mod” means that the
equality (of currents) holds up to adding an element of the displayed sum.
Equivalently, suppose v € GL,(F) is any element such that y~!Ty~! = diag(0,T”) is
b b

block diagonal with T” nonsingular. Write z -y~' = [0,25, ... 2} 4], set 22 = [2],...,2)_,],

1 ¢ y? 0 1 0
ty = v , 12.4.7
. (01><0 %>(% J i

as above (temporary notation). We then have

€@ y)] = e1(EY) A6, 2)] = log(5%) - piw) (12.4.8)

and decompose

for a positive real number 77 uniquely determined by T and y. Indeed, we require

log(7) = log(yZ) mod ST Q- logp. (12.4.9)
such that
'Y¢G]in((9F®ZZ(p))

For any fixed prime p, we can always find v € GL,(Op ®z Z,)) such that 1Ty~ is block
diagonal as above. The preceding expression thus characterizes §# uniquely.®® In all cases
above (T singular or not), note [£(x,y)] = [E(z - v~ 1, vy'7)] for all v € GL,,(OF) (“linear

invariance”).

Definition 12.4.1. For T" as above (singular or not), we define the real current
1
91y = Z m@j,*[ﬁ(L y)l (12.4.11)
jed J

on M where the sum runs over a set J C Jo(T) of representatives for the isomorphism
classes of [G'(Q)\Jxo(T)], where x € V™ is the tuple associated with j € Joo(T).

39For any integer N, set Ry = R/(ZMN Q -logp). For any set of integers {N;}icr, the diagram

Recd({Nitier) — DBicr Ry == Di,iyer> Ryin,, (12.4.10)

is an equalizer in the category of sets.
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In the preceding definition, ©; . denotes pushforward of currents along ©; (for singular
T, see the convergence estimates in Section 8.3). The current gr, does not depend on the
choice of J, by compatibility of D(z) and [{(z)] with the U(V)(R) action on D (Section 8.2).
It is also compatible with pullback of currents for varying (small) levels K%. When T is
nonsingular, this gr, agrees with the formulation in [Liull, Proof of Theorem 4.20] (see also
[LZ22a, §15.3|) up to our different normalization of the Green current (Footnote 30).

For any v € GL,,,(Or), we have

GtxTy y=1yty—1 = JTy (12412)

(“global linear invariance”). This follows from the definition of g, from local linear invariance
of the currents on D, and the formulas Aut(j) = Aut(j - v) and ©; = 0;.,.

In all cases, we define the Archimedean intersection number

Intog giobal (1Y) = / gry N C1 (é}c/)”_m. (12.4.13)
Man

This is a real number, and the integral is convergent by the estimates in Lemmas 8.3.3 and
8.3.1. It does not depend on the choice of embedding F' — C. By the compatibility of gr,
with varying small levels K, we can extend (12.4.13) to the case of not-necessarily small
level by (4.5.2) (i.e. cover by a small level and divide by the degree of the cover). In the
notation of loc. cit., the stack M implicitly has level K} ; (while we are using the notation
M to mean arbitrary level K} in Section 12.4).

In all cases (including possibly K ¢ not necessarily small level), we have

K s K
It gona(T) = It (7,) L0 g lpy@ [ Plap| (2419
O3 1/hr AL
(z,2)=T

by construction, where deg means (stacky) groupoid cardinality, where hp is the class number

of O, and where

It (T, y) = /D €z )] A (@), (12.4.15)

for any z € V™ satisfying (x,z) = T'. If there is no such z, we set Int..(7,y) = 0.
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Eisenstein series
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13 Setup

13.1 The group U(m,m)

We fix notation for the unitary group U(m,m).

Let A — B be a finite locally free morphism of (commutative) rings, and suppose B is
given an involution b+ b (“conjugation”) over A. We are mostly interested in the case where
F/F* is a CM extension of number fields (with F'* the index 2 totally real subfield) and
B/A = Op/Op+ for the corresponding rings of integers (also the local analogues) etc..

Fix an integer m > 0. Write 1,, for the m x m identity matrix (sometimes we drop the

subscript m), and let H = U(m, m) be the unitary group

0 1.\ — 0 1,,
H=U(m,m) = {hEReSB/AGL2m1h< ) O)th: ( ) O)} (13.1.1)

where 'h denotes conjugate transpose (with H the trivial group if m = 0, by convention).

Equivalently, H consists of block matrices

b - —
(a d) satisfying ‘ac='ca  ‘'ad —‘'eb=1,, 'bd = 'db (13.1.2)
c

with a,b,¢,d € Resg/aMxm. We refer to H as the group U(m,m) (for signature reasons
when B/A is C/R).
Given an integer j with 0 < 7 < m, we consider the injection

1y 0 0 0
a b 0 a 0 b
" U(g,7) = U(m, — 13.1.3
i U4, ) (m,m) (C d) 0 0 1., 0 ( )
c 0 d

Consider the subgroups

P:{hz(éi eH} (13.1.4)

M = {m(a) = (g tao—l> :a € Resp/a GLm} (13.1.5)
N = {n(b) = (151 1b ) :be Hermm} (13.1.6)
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of H. We have P(R) = M(R)N(R) for all A-algebras R. We occasionally write P,,, M,,, N,

to emphasize dependence on m.

Set
Ly O 0 0
0 0 0 1
w; = ! (13.1.7)
0 0 1,5 0
0 -1, 0 0

for j with 0 < 7 < m. We also write w = w,,, when 7 = m and m is understood.
Let F), be a finite étale algebra of degree 2 over a local field F;". Consider B/A = OF,/Op+
for the respective rings of integers (with Oy = Ff and O, = F, if F]" is Archimedean).
If F,/F,} = C/R, we consider the standard maximal compact subgroup

Y —b a

b _ —
KS = { ( ¢ ) € HR):ad'a+b'b=1,, and a'b = bta} C H(R) (13.1.8)

We write U(m) C GL,,(C) for (the real points of) the unitary group for the usual positive
definite rank m complex Hermitian space (specified by the Gram matrix 1,,). There is an
isomorphism Ky — U(m)xU(m) sending the displayed matrix to (a+ib, a—ib) € U(m)xU(m)
(see e.g. [GS19, §2.5.1]).

If Ff is non-Archimedean, we consider the standard open compact subgroup

KS = H(Op) C H(F)). (13.1.9)

v

If F,/F,\ = C/R or if F} is non-Archimedean, we have H(F)") = P(F,\)Ky. If Ff is
non-Archimedean and
wn(b)w = m(a)k (13.1.10)
with n(b) € N(F,) and m(a) € M(F}) and k € K,
deta € F (see [Shi97, §13.4]).
If F/F* is a CM extension of number fields and B/A = Op/Op+, we write

we have |deta|p, < 1 and moreover

K =1[x; EKL=]]K; K;=][K; (13.1.11)
v ’U‘OO V<00
where the products run over places v of F'*.
For places v of F'*, we use the notation F), := Hw‘v F,, where w runs over places of F,

similarly Op, = [[,,, Or,, as well as FIp = [, F7 and Foo =[]0 Fus etc..

v]joo T v
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13.2 Adélic and classical Eisenstein series

Characters are assumed continuous and unitary unless specified otherwise. Let F, be a degree

2 étale algebra over a local field Ff, and form the corresponding unitary group H = U(m, m)

as in Section 13.1. If F,f is Archimedean, we assume in Section 13.2 that F,/F, is C/R.
Given s € C and a character y,: F, — C*, we may form the local degenerate principal

series
H F;r s+m
I(s,x0) = Indp p) (vl =[5, (13.2.1)

This is an unnormalized induction, consisting of smooth and K¢ -finite functions ®,: H(F.) —
C satistying
@, (m(a)n(b)h, s) = x,(a)| det alj ™ (13.2.2)

for all m(a) € M(F;) and n(b) € N(F;5) and h € H(F,"). Here we wrote x,(a) := x,(deta)
for short. A section ®,(h,s) of I(s, x,) is standard if ®(k, s) is independent of s for any fixed
k € K;. We say ®, is spherical if ®,(hk,s) = ®,(h,s) for any k € K;. We write ®¢ for the
unique spherical standard section satisfying ®9(1,s) =1 for all s, and call ® the normalized
spherical section.

Next, suppose F/FT is a CM extension of number fields. We write Ax for the adéle ring
of F and A for the adéle ring of F*. Given s € C and a character x: F*\A; — C* and

s € C, we similarly form the global degenerate principal series
H(A s+m/2
I(s,x) = Indpy) (x| = [7") (13.2.3)

which is an unnormalized induction, consisting of smooth and K°-finite functions ®: H(A) —
C satistying
®(m(a)n(b)h, s) = x(a)| det a5 ™ (13.2.4)

for all m(a) € M(A) and n(b) € N(A) and h € H(A). Given characters x;: A, — C* and
Xoo: A, — C*, we similarly form I(s, xy) and I(s, xoo). We also speak of spherical sections
and the spherical standard section, as above. We sometimes write I,,,(s, x) etc. to indicate
dependence on m.

Given a standard section ®(h, s) of the global degenerate principal series (s, x), we form

the Siegel Fisenstein series

E(h,s,®) = > ®(vh,s) (13.2.5)
YEP(FH)\H(FT)

which is absolutely convergent for Re(s) > m/2. We also form E(h,®,s) when ® is a finite

meromorphic linear combination of standard sections by extending linearly.
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Define another character x: F*\Ay — C* as y(a) = x(a)~'. There is a functional
equation
E(h,—s, M(x,s)®) = E(h,s, ®) (13.2.6)

where M(x,s): I(s,x) — I(—s,X) is the intertwining operator
(M(s,x)®)(h) :/ ®(w'n(b)h, s) dn(b) (13.2.7)
N(A)

for Re(s) > m/2 (see e.g. [Tan99]). We occasionally write M, (s, x) to emphasize the
understood m (in U(m,m)).
Fix an identification of Ff-algebras F, = C for each Archimedean place v of F'". We

consider classical Eisenstein series on the Hermitian upper-half space

Hpp = {2 € Mypm(Fy) : (20) 7' (2 —'2) > 0} (13.2.8)
={z=x+iy: 2,y € Herm,,(F}) with y > 0}, (13.2.9)

where the latter expression means that x and y are m x m Hermitian matrices with y positive
definite (at every place v | oo of F)f). Given z = x + iy € H,,, we write h, € H(FL) C H(A)
for any element h, = n(z)m(a) where a € GL,,(F,,) satisfies a'a = y. Note h, -il,, = z.
We restrict to & = &, ® @ for standard sections P, € I(s, Xoo) and @y € I(s, xy). Fix
an integer n, for each place v | oo of Ff, and assume x,|p+x = sgn(—)" for every v | cc.

We also let k(x,) € Z be the integer satisfying
Xo(2) = (z/|z|%2)k(x’”) where z € F),, (13.2.10)

for each place v | co of F,f. For such v, we let ®, = (™) be the unique standard section of

I(s, xy) of scalar weight

k —n+k
(n1,n2) where ny = L(X) and ny = L(X)

13.2.11

such that <I>$,”v>(1,s) = 1 (as in [GS19, §3.2, §3.3]). The scalar weight condition means
that ®")(hk,s) = det(k;)™ det(ks)"2®\"™) (R, s) for all h € H(F}) and k € K° where
n1 = (n, + k(x»))/2 and ny = (—n, + k(x,))/2 and

b
k= (a ) € K, ky =a—+1ib ky = a — ib. (13.2.12)
a
Note that ™ does not depend on the choice of identification F, = C.
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If y = a'a for some a € GL,,(F,), a computation (omitted) shows

Xo(@) " H(det ) 7/20) (w™tn(b)m(a)) = (det y)*~* det(—iy 4+ b) =) det iy + b)~(5s0)7m

(13.2.13)
for any b € Herm,,(F)"), where sg = (n, — m)/2 (reduce to the case a = 1,, and write
w™n(b) = n(=b(1,, + b*) " )m(b +il,,) 'k for k € K°). Equation (13.2.13) may be used
to translate various statements from [Shi82| to statements about Archimedean Whittaker

functions, etc. (see Section 19.3 for more on this).

Remark 13.2.1. Given g = z,+1y, € M,, ,,,(C) with 24, y, Hermitian and x, positive definite,
we define log det(g) by the “principal branch” (such that g — logdet g is holomorphic, and
logdet g € R if y, = 0) as in [Shi82, (1.11)] and the surrounding discussion of loc. cit.. If y,

is positive definite and z, is only assumed Hermitian, we also take
log det g = logdet(—ig) + mlogi log det g = logdet(ig) — mlogi (13.2.14)

where logi := 7i/2 (as in [Shi82, (1.11)]). This convention is implicit in (13.2.13).

We take &, = ®U‘OO<I>1(,H”). We write n = (1, )0 for the collection of Archimedean weights
(and will eventually focus on the case where all n, are equal to some fixed integer n). In
the above situation, we write E(h, s, ®), = E(h,s,®) and consider an associated classical

Fisenstein series

E(z,5,®), = E(z,5,®) = xoo(a) ' det(y) "2E(h., s, ®), (13.2.15)

where z = o + 4y and h, = n(z)m(a) with a'a = y as above, and where det(y)™™/? stands

for [T, det(y,)"™/2. This does not depend on the choice of h., i.e. E(h.kes,s, ®), =
E(h,,s,®), for any ko, € K2..
When F" = Q and s¢ := (n —m)/2 (setting n = ny, and k(x) = k(x)), @ computation

(omitted) gives the more classical form

det(y)*~* det () Hr0))/2
2 det(cz + d)"| det(cz + d)[2(s—50)

E(z,5,®), = > D (v, s) (13.2.16)

YEP(Z)\U (m,m)(

— g d(‘l (y)S 0
(le z n (S S ) f ,

y = (Z Z) , (13.2.18)
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where SU(m,m) C U(m,m) is the determinant 1 subgroup, and P, := SU(m,m) N P. We
have P(Q\H(Q) = P(Z)\H(Z) = P,(Q)\H,(Q) = P (Z)\H.(Z) (e.g. [Ike08, Proposition
12.6]). When m = 1, the exceptional isomorphism SLy — SU(1,1) (over Spec Q) implies that
the above expression is a classical Eisenstein series for SLy on the upper-half plane.

Our main theorem (Theorem 22.1.1) concerns Fourier coefficients of E(z, s, ®),, (normalized

as in Section 17.1), but the variant
E(a,s, ®), = x(a)™}| det(a)|}"/2E(m(a), s, ®), forae GL,(AF) (13.2.19)

will be useful for studying Fourier coefficients of F(z, s, ®), for singular T' (see below). If

a € GL,,(F) is any element satisfying a'a for y € Herm,, (F)o, we have

E(iy,s,®), = E(a, s, ®),,. (13.2.20)

13.3 Fourier expansion and local Whittaker functions

Take notation as in Section 13.2, e.g. F/FT is a CM extension of number fields. Choose a

nontrivial additive character ¢): F*\A — C*. We have a Fourier expansion

E(h,s,®)= Y Er(h,s,®) (13.3.1)
TeHerm,, (F1)
where
Er(h, s,®) = / E(n(b)h, s, &) (—tr(Th)) dn(b) (13.3.2)
N(FT)\N(A)

for Re(s) > m/2, and where dn(b) is the Haar measure on N(A) which is self-dual with
respect to the pairing (b, ') — ¢ (tr(bb)). We refer to Ex(h, s, ®) as the T-th Fourier term.
For any a € GL,,(F), a change of variables gives

Er(m(a)h, s, ®) = Ergra(h, s, ®). (13.3.3)

We also have

0 1 01
(13.3.4)
with the block matrix 7° € Herm,,, (F'*) having det 7° # 0 (here m’ is arbitrary) (follows
from [GS19, Lemma 5.4, (5.56)]).
Allowing arbitrary 7" again, assume there is a factorization ® = (®y/sc®,) ® ®. For each

v | 0o, assume @, = &™) is the scalar weight standard section as in Section 13.2, for some

mb

1 0 0
Er(m(a)h, s, ®) = Er(h,s,®) for any ( mome ) € GL,,(Ap) if T= (

Ny € Z. Write n = (n,)y)ee for the resulting tuple of integers.
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Consider a = axay € GL,,(Ap), with as € GL,,,(Fx) and ay € GL,,(Apys). Set
Y = (oo'Too (temporary). We then have T-th Fourier coefficients Er(y, s, ®), and Er(a, s, ®),
characterized by the relations

o (loe) ™ det(y)_"/QET(n(x)m(a), s, ) (13.3.5)
(@)~ det a|z""* Er(n(z + b)m(a), s, ) (13.3.6)

Er(y,s, ®)aq" =X
Er(a, s, @), (tr(Th))q" = x
for any = € Herm,,(F.) and b € Herm,,(A;), with z := z + iy, and with ¢© = ¢ (tr(T'2)).
These correspond to the classical Eisenstein series and its variant in (13.2.15) and (13.2.19).

When det T' # 0 and ® = ®,P, is factorizable over all places, we have a factorization

Er(h,s,®) = [[ Wru(ho,s. @) (13.3.7)

into local Whittaker functions defined below (13.3.8).

We switch to local notation: let F, be a degree 2 étale algebra over a local field F,F, with
nontrivial involution a — @. We assume F" has characteristic 0 (because Karel assumes this
[Kar79]). If F,f is Archimedean, we also assume F,/F," = C/R.

Let x,: F — C* and v,: F,;f — C* be characters with v, nontrivial, and suppose
®, € I(s,xy) is a standard section. Given T' € Herm,,(F,") with det T # 0, there is a local
Whittaker function defined by the absolutely convergent integral

Wro(h, s, ®y) ::/ N ®,(wn(b)h, s), (—tr(Th)) dn(b) (13.3.8)

N(F)
for h € H(F,}) and s € C with Re(s) > m/2, where dn(b) is the Haar measure which is
self-dual with respect to the pairing (b,") — 1, (tr(bb’')) on Herm,,(F,) = N(F,). For
each fixed h, the function Wy, (h, s, ®,) admits holomorphic continuation to s € C [Kar79,
Corollary 3.6.1][KS97|[Ich04, §6]. Extending linearly defines Wy, (h, s, ®,) whenever @, is a

finite meromorphic linear combination of standard sections. For any a € GL,,(F,), a change

of variables shows
Wry(m(a)h, s, ®u) = Xo(a)| det a| " Weara o (h, 5, ,) (13.3.9)
for X,(a) = x,(a)~! as above. We use the shorthand Wy, (s, ®,) = Wr,(1,s, ®,).

Lemma 13.3.1. With notation as above, assume that F, is non-Archimedean with residue
field of cardinality q,. Suppose ®, € 1(s,x,) is a standard section and h € H(FE,") is a fized
element.

(1) We have Wy, (h, s, ®,) € Clg;*, ¢5].
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(2) If h € K., we have Wy, (h, s, ®,) € Clg, *].

v

(3) Suppose x,: ) — C* is another character satisfying x,|p+x = &uXolptx for an
unramified character &,: F,)* — C*. Assume h € K, and suppose ¥, € I(s, X)) is a
standard section satisfying V,(w='h) = @, (w™h). If f(X) € C[X] is the polynomial
satisfying f(q, %) = Wr(h, s, ®,), then we have f(&,(wo)q %) = Wr,(h, s, U,), where

wo € F.f is a uniformizer.

Proof. A general result of Karel [Kar79, Corollary 3.6.1] states that Wy, (h, s, ®,) € Clg,*, ¢,
and that Wr,(h, s, ®,) may be computed for all s as the integral over a sufficiently large open
compact subgroup of N(F,"). Recall that we have ®,(m(a)h, s) = x,(det a)| det a|;:m/2<1>v(h, s)
for all a € GL,,,(F,) and all h € H(F,). Then apply the discussion surrounding (13.1.10). O

In the case where F is non-Archimedean, consider the case where y, is unramified and
Xol|prx = 1, for some integer n, where n,: F,/* — {£1} is the quadratic character associated
to F,/F, . Consider the normalized spherical standard section ®° € I(s, x,). We temporarily
write Wy, (h, s, ®7), for the associated local Whittaker function, emphasizing the possible
dependence on n. By Lemma 13.3.1(3), the implicit x,-dependence of Wy, (h, s, ®2),, is only
on the restriction x,|p+x. If F,/F7 is not inert, then Wz, (h, s, ®;), does not depend on n
(note n must be even if F,,/F," is ramified). If F,/F,} is inert, then Wy, (h, s, ®2),, depends
only on the parity of n. The C-algebra endomorphism of C[g; ?*] sending q, % + —q; % swaps

Wrw(h, s, @), and Wy, (h, s, P)pt1, by Lemma 13.3.1(3).

13.4 Singular Fourier coefficients

Retain notation from Section 13.3 (switching back to global notation). The Fourier terms
Er(h,s,®) for singular T € Herm,,(F't) are known to be closely related with Fourier terms
of Eisenstein series on smaller groups (e.g. [GS19, §5.2]). We focus on the case where
rank T = m — 1 (assume this throughout Section 13.4). On account of (13.3.3), it will be

enough to describe the case where T is block diagonal of the form

0 0
T= 13.4.1
() 11
with det 7" # 0.

Assume m > 1, and fix an integer n € Z. Let x: F*\Aj — C* be a character satisfying
X|ax = n", where 7 is the quadratic character associated with F//F*. Note Y = x in this

case.
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Take a factorizable standard section ® = ®,®, € I(s, x), and assume ¢, = @5,") is the
normalized scalar weight standard section (Section 13.2) for every Archimedean place v, with
n the fixed integer from above (same for every v | 00).

Take T as in (13.4.1). Given a € GL,,(Ap), we study the Fourier coefficient Er(a, s, ®),.

By the Iwasawa decomposition, every a € GL,,(Ar) admits a decomposition

1 #
a= (" (T )k (13.4.2)
0 1,1 0 o

with a# € GL;(Ar), with @’ € GL,,_1(AF), and with k € [Lojee Um) X[, <o GLin(OF,). We
will be eventually interested in the case when ®; is spherical, which implies Er(ak, s, @), =
Er(a, s, ®) for any k € [Lojee Um) X ], <o GLin(OF,) (also using the fact that ®, is a scalar
weight standard section for each v | 00). In light of the invariance property in (13.3.4), it is
thus harmless to restrict to the case of block diagonal a = diag(a™,a”). Assume this for the
rest of Section 13.4 (but we do not assume @ is spherical for now).

Set m” := m — 1. Arguing as in the proof of [KR88, Lemma 2.4] (see also [GS19, Lemma
5.4] and [HSY21, Theorem 2.2]) gives

Er(a,s, ®), = |deta® |50 Ep(a’, s + 1/2, 1™ (s, X)®)n (13.4.3)
+ | det a®|.* 0 By (@’ s — 1/2, U™ (5, X)®),,
where s := (n — m)/2, where
ue(s:x)

Ln(s,x) == L (s +1/2,x) (13.4.4)

UV Voyum,
(with p™,: U(m’,m’) — U(m,m) as in Section 13.1), and where

U™, (s,x)
Ln(s,X) = » Iw(s —1/2,X)

bl b12
thio 0

—

—1
Y4 — h — f bieHerm () Y (wm n(
bio€M 5 b (AF)

> wmbu% (h), 8) db1 dblg

(13.4.5)

for Re(s) > m/2 (with meromorphic continuation to s € C). A calculation shows
Jw’mb (S - 1/27 X) © :nnb (87 X) - Mz:(_su X) © Mm<57 X)7 (1346)
compare [GS19, Lemma 5.5(iii)].

In Corollary 17.2.2, we rewrite (13.4.3) more explicitly when ®, is the normalized spherical

standard section for every non-Archimedean v.
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14 Weil representation

14.1 Well index

We recall Weil indices, which are certain constants appearing in the Weil representation and
other calculations below. We compute the instances which we need.

Suppose Ff is a local field (arbitrary characteristic) with nontrivial additive character
y: Ff — C*, and suppose V, is a (finite dimensional) F," vector space equipped with
a non-degenerate quadratic form Q(—). The map V — C* given by = — 1,(Q(x)) is a
“non-degenerate character of the second degree” in the sense of [Wei64| [Ra093, Appendix],
so there is an associated Weil index 7, (V,) € C* (which is an eighth root of unity). The
quantity ¢y, (V,) depends only on 1, and the isomorphism class of V,,, and we have

Vo, Vo) = v, (Vo) (Vo @ Vi) = 3, (Vi) 1, (Vi) (14.1.1)

for orthogonal direct sums V, @ V, (follows from the definition, see [Ra093, Theorem A.2]).
The Weil index also satisfies a global product formula [Wei64, Proposition 5].
When Ff has characteristic # 2 and V,, has a bilinear pairing (—, —), our convention is

that © +— (z,z) is the associated quadratic form (and vice-versa).

Lemma 14.1.1. Let F} be a local field of characteristic # 2, let ¢, : F,7 — C* be a nontrivial
additive character, and let V,, be a finite dimensional F,f vector space with non-degenerate

bilinear pairing. Assume any of the following situations hold.

(1) The bilinear pairing on V, is given by

0 1q
(1d 0) . (14.1.2)

(2) The field Ff is non-Archimedean with residue characteristic # 2, there exists a self-dual

lattice in V,, and 1, is unramified.
Then the Weil index is vy, (V,) = 1.

Proof. (1) By compatibility with orthogonal direct sums, we reduce to the case d = 1. Given
a nonzero element a € F*, we use the temporary notation v, (a) for the Weil index of
the one-dimensional quadratic space containing an element = with (z,2) = a. We have
Yoo (Vi) = Y (@)Y, (—a™1) for some a € F,7*. We have v, (a)7yy, (—a™') = 1 (follows from
[Ra093, Theorem A.4|, which relates Weil indices and the Hilbert symbol).
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(2) By compatibility with orthogonal direct sums, it is enough to show 7y, (a) = 1 for
a € O, . This follows from [Rao93, Proposition A.11]. O

Remark 14.1.2. The explicit formula of [Rao93, Proposition A.12| shows that Lemma
14.1.1(2) is false if F,f = Qq (e.g. if V,, has rank one).

Next, let F,, be an étale algebra of degree 2 over a local field F,' of characteristic # 2
(residue characteristic 2 allowed). Write n,: F,/* — {+1} for the quadratic character
associated to F,/F; (trivial if F,/F" is split), and write a — @ for the nontrivial involution
of F, over Ff. If F,f is non-Archimedean, we write ? (resp. A) for the different (resp.
discriminant) ideal for the extension F,/F;" (where 0 = OF, and A = Op+ in the split case).
We sometimes abuse notation and write 9 and A for understood/chosen generators of these
ideals. We write ¢, for the residue cardinality of F," if F' is non-Archimedean.

Any non-degenerate F,/F;" Hermitian space V, has an associated F,-bilinear pairing
strp skt (=, —) and quadratic form z — strp srt (7, 7). (Elsewhere, we typically normalize
the trace bilinear pairing without the factor of 3.) We write 7y, (V) for the Weil index of
this quadratic space with respect to a nontrivial additive character ¢, : F,;f — C*. We know
Y (Vi) =1 (see e.g. [Ra093, Corollary A.5(4)] and [Kud94, Theorem 3.1]).

We write vy, (F,,) for the Weil index associated to the one-dimensional Hermitian space
F, with pairing (z,y) = Ty. We write €,(s, &, ¥,) for the local epsilon factor associated to a
quasi-character &,: F;f* — C* (as in [Tat79, §3|[Tat67b], for the quasi-character &,| — |* and
the self-dual Haar measure for 1,).

If F.} is non-Archimedean with uniformizer wy, we have
o, 10, 1) = [ AL P, (F) (14.1.3)

where
c(¢y) =max{j € Z: wv|w0—jo , s trivial}. (14.1.4)
FU

If £ is Archimedean, we have
s—1/2
61)(87 ,r]'l)? wv) |a" rY’l,ZJv (FU) (1415)
where a € F,* is such that
Yp(z) = ™ if FF =R and ,(z) = e?™rewl@?) if [ = C. (14.1.6)

These identities follow from [JL70, Lemma 1.2(iii),(iv)] and properties of epsilon factors. For

the reader’s convenience, we recall 7, (C) =i if F,} =R and ¢, (x) = e*™.
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In all cases, we have

Yoo (Fo)® = €0(1/2,m0,90) = 1s(—1). (14.1.7)
If £ is non-Archimedean, recall that €,(s, &,,1,) = 1 if &, and ¢, are unramified. If FF =R
and ¥, (z) = ¥ recall €,(s,sgn?,1,) = 1 (resp. = —i) if j is even (resp. odd) where

sgn: R* — {+£1} is the sign character (these formulas will be used implicitly in Section 16.2).
Recall our convention that self-duality for Hermitian lattices is understood with respect to
the trace pairing (unless otherwise specified), Section 2.2.

For Hermitian lattices, we always use the term self-dual to mean self-dual with respect to
the trace pairing (i.e. L = L) unless specified otherwise. If F,/F." is ramified and L is a

self-dual Hermitian lattice, then L must have even rank (see e.g. [Shi97, Lemma 13.3]).

Lemma 14.1.3. Let F,} be a local field of characteristic # 2, let 1, : F,;f — C* be a nontrivial
additive character, and let F,/F; be a degree 2 étale algebra. Let V,, be a finite dimensional

non-degenerate F,/F;" Hermitian space. Assume any of the following situations hold.

(1) The Hermitian space V,, admits a basis with Gram matric.
0 1
‘. (14.1.8)
g 0

(3) The extension F,/F.\ is unramified or F.\ has residue characteristic # 2. Moreover,
the field F} is non-Archimedean, there exists a full-rank self-dual Op,-lattice in 'V, and

V., has even rank.

(2) We have F, = F}f x Ef.

(4) The field F is non-Archimedean, the extension F,/F;} is unramified, there exists a
full-rank self-dual lattice in V,, and 1, s unramified.

Then the Weil index is vy, (V) = 1.

Proof. We have (3) = (1) (see [LL22, Lemma 2.12| for the ramified situation, in which
case the even rank assumption is redundant). This implication is false if F,/F, is ramified
with Ff of residue characteristic 2.

In situations (1) and (2) we may pick a basis {1, a} for F, as an F vector space where
tro/F;r(oz) = 0. Applying Lemma 14.1.1 proves the claims.

In situation (4), we may diagonalize the given self-dual lattice, hence reducing to the case
where V,, has rank one. In this case, we have vy, (V,) = vy, (Fy) = €(1/2,1,,%¢,) = 1. O
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14.2 Weil representation

Let F,/F," and accompanying notation be as in Section 14.1. Assume F,/F,;; = C/R if Ff
is Archimedean. We also assume F;' has characteristic 0 (because [Kud94] assumes this).
Let V, be a non-degenerate F,/F; Hermitian space of dimension n > 0. Choose a
nontrivial additive character ¢, : F,;f — C*, and let x,: F, — C* be a character such that
Xolprx = ny. There is a local Weil representation w, = wy, y, of U(m, m)(F;) x U(V,)(F})
on the space of Schwartz functions S(V™) (the Schrédinger model [Kud94|), which we

normalize as

(wo(m(a))g,)(z) = xu(deta)| det a3 *p, (z - a) m(a) € M(F,)
(wo(n(b) o) () = by (trb(z, 2))pu(z) n(b) € N(F,")
(wo(w)py)(Z) = 74, (Vi ) Pu(z)
(wo(h)pu)(z) = @u(h™" - z) h € U(m,m)(F,")

for p, € S(V,*) and z € V" (viewed as n x m matrices), where

2u0) = [ eulwbultnr, s rla ) dy (1121)

is Fourier transform for the corresponding self-dual Haar measure on V,". The constant
Yoo (V) 1s the Weil index from Section 14.1

With sg = (n —m)/2, there is a map S(V,™) — I(xu, So) sending ¢, € S(V,*) to the
function h +— (w,(h)p,)(0). The associated standard section ®,,, € I(x,,s) is the Siegel-Weil
section for ¢, [GS19, §5.1].

If F.f is non-Archimedean, choose a generator 9 of the different ideal of F,/F.\, and let

M3 be the rank 2 Hermitian Op,-lattice admitting a basis with Gram matrix

0 ot
(6‘1 0). (14.2.2)

Note that M3 = M3* is self-dual (with respect to the F"-bilinear pairing trp, ,p+(—, —)).

Lemma 14.2.1. In the situation above, assume moreover that x, and 1, are unramified,

and that Ef is non-Archimedean. Suppose o, = 15" where 1), is the characteristic function

of a full rank Op,-lattice M C V, in any of the following situations.

(1) The lattice M is self-dual. Moreover, the extension F,/F; is unramified, or F,} has

residue characteristic # 2.

197



(2) We have M = (M3)®? (orthogonal direct sum) for some d > 0.

Then the associated Siegel-Weil section @, is the normalized spherical section @3, i.e.
K3 -fized with ®,, (1) = 1.

Proof. Follows from the explicit formulas above, since w and P(Op+) generate K, =
U(m, m)(Op+) and since the Weil index 7y, (V;) is 1 (Lemma 14.1.3).

If M has even rank, then condition (1) implies condition (2) (the ramified case is [L1.22,
Lemma 2.12]). O

Next, consider the case where F,,/F;" = C/R. Suppose the n-dimensional Hermitian space

V, is positive definite, with Hermitian pairing (—, —). If ¢, (z) = €@, the Gaussian
©o(z) = e @2 ¢ S(ym) (14.2.3)

for z = (z1,...,2m) € V" (where tr(z,z) = (z1,21) + -+ + (Tm, Tm)) has associated
Siegel-Weil section
o, = o (14.2.4)

where " is the scalar weight standard section described surrounding (13.2.11), see |GS19,
(2.68)].

Remark 14.2.2. Suppose F//F" is a CM extension of number fields with associated quadratic
character n and accompanying notation as in Section 13.2. With m and n as above, choose
any character x: F*\A; — C* satisfying x|px = 1. Choose nontrivial additive characters
Wy FF — C* for each place v (the 1, need not come from a global character). Suppose
we are given a collection of local Weil representations w, 4, on some S(V,") for each place
v of Ft (where the collection (V},), of local Hermitian spaces need not come from a global
Hermitian space). Choose ¢, € S(V;") for each place v, and assume ¢, = 17" for some
full-rank self-dual lattice L, C V,, for all but finitely many v. Set ® = ), ., .

In this situation, the Eisenstein series variant E(a, s, ®),, (13.2.19) does not depend on
the choice of x. This follows upon inspecting the Weil representation, particularly the action
of m(a).

This remark also has a local version, i.e. the Whittaker function variants Wiv(a, s)s and
Wiv(a, s, @y, )n (Sections 15.2 and 15.3) do not depend on the choice of xs,,.

15 Local Whittaker functions

Let F,/F,} and accompanying notation be as in Section 14.2. If F' has residue characteristic 2,

we also assume F,/F." is unramified. Let y,: F* — C* be a character satisfying x| Fx =My

198



for some integer n € Z, with n even if F,/F," is ramified. Assume x, is unramified if F" is
non-Archimedean. Let ¢,: F,7 — C* be an unramified nontrivial additive character. Assume
P, (x) = ¥ if FF = R. These are our default hypotheses, but weaker hypotheses often
suffice (as will be indicated below).

Let @ € I(s, x,) be the normalized spherical standard section if F, is non-Archimedean.
Let " € T (s,xv) be the normalized scalar weight standard section from Section 13.2 if
F,/F =C/R.

Given an integer m > 0 (we do not assume m < n, unless otherwise specified) and given
T € Herm,,(F,") with det T' # 0, we define normalized local Whittaker functions

Wi (b, 8)y = Ay (8)y Wru(h, s, 7) for . non-Archimedean (15.0.1)
Wi o (hy 8)y = Ary(s);, Wro(h, s, oM for " Archimedean (15.0.2)

for certain normalizing factors Ar,(s)s (see (15.3.1) and (15.2.1) below).

The preceding normalization gives W7 ,(h, s);, a clean functional equation (Section 16).
Moreover, the normalized function W7 (h, s); (as opposed to the unnormalized versions)
seem to correspond more naturally to local information about special cycles (e.g. local
contributions to arithmetic degrees) in arithmetic (and non-arithmetic) Siegel-Weil formulas.
For example, our main local theorems (Part VI) are proved in terms of the derivative of
Wy, (1,5);, and not Wr,(1,s,®7) or Wr,(1,s, o).

The normalizing factors Ar,(s); also carry geometric information. For example, consider
an imaginary quadratic field F//Q of odd discriminant, suppose m = n is even, and form the
product 2 [[, Ar,(s)s over all places v of Q. If n =0 (mod 4), evaluation at s = 0 returns
the degree of a certain 0-dimensional unitary complex Shimura variety (stack), giving a case
of a unitary analogue of the Siegel mass formula. If n = 2 (mod 4), evaluation at s = 0
returns the volume of a certain (n — 1)-dimensional unitary complex Shimura variety (stack).
These volume identities will be discussed in Section 21.2 (but are not needed for our main

theorems on arithmetic Siegel-Weil).

15.1 Local L-factors

We use the following (standard) local factors as in [Tat79, §3].

If Ff is a local field (allowing arbitrary characteristic in Section 15.1) and &,: F,/* — C*
is a quasi-character, we write L,(s,§,) for the corresponding local L-factor (for the quasi-
character &,| — |SFJ> Given any nontrivial additive character ¢,: F,;f — C*, we write

€,(8,&,1,) for the corresponding local epsilon factor (as appeared in Section 14.1) and
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pu(8, &, 1) for the local factor from Tate’s thesis [Tat67b, Theorem 2.4.1|, which satisfies

Po(8, 60, 000) = €o(8, 60, 00) T Lu(1 = 5,67) T Lu(s, &) (15.1.1)
If F'* is a global field with a quasi-character £: F**\Ap+ — C* and nontrivial additive
character ¢¥: FT\Ap+ — C*, we write

A, &) =] Lo(s:6)  L(s,&) =[] Lo(5,)  e(s,&) =[] els &ortr)  (15.12)

<o v

and have A(s, &) = e(s, & )A(1 — s,£71). For the reader’s convenience, we recall the formulas

1—¢, s )71 if €, is unramified
L,(s,&) = (1=¢ (wo)‘wdﬁr) 1S, is unrami if Ft is non-Archimedean

if & is ramified with uniformizer wy € Ff

75/ (5/2) if j is even

if ;¥ = R and sgn denotes
7= HI2T((s +1)/2) if j is odd

the sign character.

Ly(s,sgn’) =

15.2 Normalized Archimedean Whittaker functions

With notation as above, assume F,/F" is C/R and let ¢,: R — C* be the standard additive
character x — €*™@. The symbol h will denote an element of U(m, m)(F,"). Fix integers

n,m with m > 0.
Consider T' € Herm,, (F.\) with det T' # 0. With so :== (n — m)/2 as above, we define the

normalizing factor

(QW)m(mfl)/Z m—1
Mg (8)0 = Tﬂ”(*mo) [T (s —so+n—j)||detT| 5 (15.2.1)
— 27 )" v
Jj=0

(compare |GS19, (3.54)], also Shimura [Shi82|) where T" is the usual gamma function.

We define a normalized Archimedean Whittaker function
Wi (h, 8)5 = Ary(8); W (h, s, 90Y). (15.2.2)
For a € GL,,(F,), we also consider the variant
Wi(a,8)5 = xola) | detal ;P Wi (m(a), )y g7 g 7= e P (15.2.3)

with y = a'@ (temporary notation). This is a (normalized) local analogue of (13.3.6). For

any a € GL,,(F,) and k € U(m), we have the “linear invariance” properties

W’Zf,'z)(a? S)’Cr)z = VT/t%Ta(l? S)’IC’)L W;‘,v(l? S)’:, = W;‘,v(k’ S)Z‘ (1524)
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The first expression follows from (13.3.9), and the second expression follows from the scalar
weight property of . Given y € Herm,,,(R)~o, we also set W7 (y,s);, = W%’U(a, s)o for
any a € GL,,(F,) satisfying a’a = y (does not depend on the choice of a).** We use the
shorthand W7, (s);, == Wq’i’v(l, s)o.

For all n € Z, we have the functional equation

Wiy (h, s)y = no(det T)" """ "Wg, (h, —s);

°. (15.2.5)
The case when T is positive definite follows from [Shi82, Theorem 3.1] (via (13.2.13), see
also [GS19, (3.54)]). The case of general T' (still with det 7" # 0) should follow from [Shi82,
Theorem 4.2, (4.34.K)|, though we will give an alternative proof (Lemma 16.2.1). Here 7, is
the sign character sgn(—).

Write (rq,79) for the signature of 7' (temporary notation). If either n > r; or r, = 0,
then the function W7 ,(h, s); is holomorphic for all s € C, for fixed h (follows from [Shi82,
Theorem 4.2, (4.34.K)|). For any a € GL,,(F,), we also have

- 1 it T"is positive definite
W7 (a, so); = (15.2.6)
0 if m <nand T is not positive definite.
For the case when 7 is positive definite, see [Shi97, (3.15)] (also the proof of [GS19, Proposition
3.2]). The non positive definite case with m < n follows from [Shi82, Theorem 4.2, (4.34.K)]
(see also [GS19, Proposition 3.3(i)]).

15.3 Normalized non-Archimedean Whittaker functions

With n, Xy, ¥y, 1y, etc. as at the beginning of Section 15, assume F; is non-Archimedean.
For the moment, we only assume F) has characteristic # 2, and allow y, possibly ramified.
We can also allow F,/F.\ to be ramified with F.\ of residue characteristic 2 in Section 15.3.
The symbol h will denote an element of U(m,m)(F,").

Assume v,: F;f — C* is a nontrivial unramified additive character. Let w, be a

uniformizer of F,f, and let g, be the residue cardinality of F,". Consider T' € Herm,,(F,")

v I

with det T" # 0.

We define the local normalizing factor

m—1
Ay (s)y, = A (H Ly(2s +m — j, ngﬁﬂ)) |(det )AL om0 (15.3.1)
j=0

40With this notation, there is possible ambiguity for the meaning of W}’v(l, s)2, which could refer to either
Wi, (h,s);, or Wi (y,s); evaluated at h = la,, or y = 1,,. To avoid confusion, we will avoid the symbol

Wt ,(1,5);, when v is Archimedean.
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The local L-factors appearing in Az ,(s); should be compared with e.g. [HKS96, §6].

Suppose V, is an n-dimensional non-degenerate F,/F." Hermitian space. Consider a
full-rank lattice L, C V,, and take the Schwartz function ¢, = 17" € S(V,"). Form the
associated Siegel-Weil standard section @, € I(xv,s). Let S be the Gram matrix of any
basis for L,.

We consider the normalized local Whittaker function W7, and the variant VNV;U

Wi o(h, 5, @4, )0 = Y, (Vo) ™v0L(Ly) " Ago(5)2 W (h, 5, @) (15.3.2)
W;’,v(aa S, (I)gov)n = Xv(a)_ll det a|;‘:/2W;,v<m(a)7 S, q)%’v) (1533>

for a € GL,,(F,). The volume vol(L,) is taken with respect to the self-dual Haar measure
with respect to the pairing x,y — ¢, (tr(z,y)) on V, (compare Lemma 15.4.2). The variant
qu is a local analogue of (13.2.19). These will depend on n in general. For any a € GL,,(F,)
and k € GL,,(Op+), we have the “linear invariance” property

W;,v(aa S, (I)va)n = W%Ta,vuv S, q)sov)n W;,v(lv S, (I)lﬂv)n = W;‘,v(L 8)n = W;‘,v(kv S, q)%)n'
(15.3.4)

The left expression follows from (13.3.9). The right expression follows as x, (k) w,(m(k))ep, =
¢y holds for all k € GL,,(Op+), where w, is the local Weil representation (Section 14.2).

Now assume Y, is unramified, and recall the normalized spherical standard section
2 € I(xv,s). If L, is self-dual, we have @, = @ (Section 14.2), at least outside the case of
F,/F,; ramified with residue characteristic 2. If F,,/F, is ramified of residue characteristic 2,
this still holds if L, = (M3)®¢ for some d > 0 (with M5 the “standard” self-dual lattice from
(14.2.2)). Note that 7y, (V,) = 1 in these cases.

In the situation of the previous paragraph, we set
W;,v(h7 S)Z = Wit,v(h7 S, (I)@u)n Wit,v(aﬂ S)Z = W;,v(av S, (I)sov)n

for h € H(F;) and a € GLy,,(F,). Note W7, (h, s);, = Aro(s); Wru(h, s, ®7). The alternative
normalization

Wi (h, )y, = |(det T)AI It Wy (b, ), (15.3.5)

will also be useful.
We use the shorthand W7 (s); = Wy (1, s); and W}*g(s)fl = W(*)(l, s)2. We further

v
describe these functions in the following sections (e.g. special values and functional equations).
We are mostly interested in the spherical local Whittaker function W7 (h, s);,, and the case

of general ¢, plays a very limited role in the present work.
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15.4 Local densities

We relate non-Archimedean Whittaker functions with local densities. This should be essentially
known, but we restate the result for clarity (Lemma 15.4.2).*! In Section 15.4, we do not
need to assume Yy, is unramified (but still require x,|p+x = n7).

Retain notation and assumptions from Section 15.3. In Section 15.4, we now require
Ft to have characteristic 0, exclude the case where F,/F." is ramified with F.\ of residue

characteristic 2, and take n > 0. We write

Herm,,, (Op+)" = {b € Hermy, (F,’) : tr(bc) € Opy for all ¢ € Herm, (O )} (15.4.1)
= {b € Herm,,,(F,)) : b;j € Ops if i = j and b;; € 07 'Op, if i # j}.

Given nonsingular Hermitian matrices S € Herm,,(F, ) and T € Herm,,(F,"), we consider

the local representation density (or just local density)

Den(S,T) := lim vol({z € M, (OF,) : tfs_l;n;T € ngermm(OFj>*})

k—o0 q,

(15.4.2)

where M, ,,(OF,) is given the Haar measure of total volume 1. The limit argument stabilizes
for k> 0 (follows from the proof of Lemma 15.4.2). The local density Den(S,T’) depends
only on the isomorphism classes of the Hermitian lattices defined by S and 7T'. If n < m, then
Den(S,T) = 0.

If S € Herm,,(Op+)*, we have

#{r € My, ;n(OF,/wkOR,) : 'Sz —T € wéHermm(OFj)*}

k-m(2n—m)
v

Den(S,T) = lim

k—o0

(15.4.3)

If S € Herm,(Op+)* and T' ¢ Herm,,,(O+)*, we have Den(S,T) = 0.

Remark 15.4.1. If S € Herm,,(Op+)* and T' € Herm,,,(O+)* with m < n, the local density
Den(S,T') admits the following equivalent formulation. Suppose M (resp. L) is a Hermitian
Op,-lattice which admits a basis with Gram matrix S (resp. 7). Write 9 for any trace-zero
generator of the different ideal ® of F,,/F,f, and let M’ (resp. L’) be the skew-Hermitian

v

41 The proof is essentially as in [KR14, Proposition 10.1], with a few modifications. In the ramified situation,
we should use M (from Section 14.2) instead of L ; (in the proof of loc. cit.); the proposition statement
changes correspondingly, see [Shi22, Proposition 9.7]. Moreover, the quantity 7, (V)" appearing before [KR14,
(10.3)] should be 7, (V)~™ for consistency with the Schrodinger model of the Weil representation from [Kud94,
Theorem 3.1 §3, §5| (and the same applies to [Shi22, Proposition 9.7]). The interpolation of Wr (s, ®,,) in
the two cited references should also be shifted by so = (n —m)/2 in the s-variable. The cited results also

restrict to the case F, = Q,, but the result and (modified) proof hold more generally.
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lattice with pairing 05 (resp. 07"). If Herm(M’, L) is the scheme of skew-Hermitian module

homomorphisms given by
Herm(M', L')(R) .= Herm(M' ® R, L' ® R) (15.4.4)

for Op+-algebras R (where the right-hand side means Op,-linear homomorphisms preserving
the skew-Hermitian pairing), we have

#Herm(M', L')(Opt /@O pt ) = #{x € Mym(Or, /@(Or,) : 'Sz — T € wiHerm,, (Op+)*}

(15.4.5)
and also m(2n —m) = dim(Herm(M’, L’) x Spec F;) (and the right-hand side is nonempty).
This recovers the formulations in [LZ22a, §3.1] (inert), [F'YZ24, §2.3] (inert and split), and
[HLSY23, §5.1] (ramified).

Return to the situation of general S and T (and possibly m > n). Fix characters
Xo: F) — C* and v,: F,f — C* as above, with ¢, unramified. Let M be a Hermitian
OF,-lattice admitting a basis whose Gram matrix is S. Write V, = M ®o,, F, for the
associated F,/F;" Hermitian space, and let ¢, € S(V,™) be the function ¢, = 15", where
1, is the characteristic function of M. Let ®,, € I(s,X,) be the associated Siegel-Weil
section, and form the local Whittaker function Wy ,(h,s,®,,) as in Section 13.3. Set
Wr(s, ®y,) = Wry(1,s,Py,).

With M5 being the rank 2 self-dual Hermitian lattice from (14.2.2), let S, be the Gram
matrix of a basis for L,,, = M @ (M3)®" (orthogonal direct sum). When F,/F, is not
ramified, we also let S, be the Gram matrix of a basis for L,, = M @ (1)®" (orthogonal
direct sum), where (1) is a rank one self-dual lattice. The notations L, ., and L, , will only

be used in the proof of the next lemma.

Lemma 15.4.2. With notation as above, there exists Den(S,T,X) € Q[X] (necessarily

unique) such that

Wro(so + 5, Pp,) = v, (Vo) ™| det S| |A|S Den(S, T, ¢, >*)  for alls € C (15.4.6)
Den(S,.,, T) = Den(S, T, q,*") forallr € Zsy  (15.4.7)

where vy, (Vy) is the Weil index, so = (n —m)/2, and e = nm/2 +m(m — 1)/4. For all

r € Z>o, we also have

Den(S,,T) = Den(S, T, (—q,)”") if F,/F. is inert (15.4.8)
Den(S,,T) = Den(S,T,q,") if F,/Ef is split. (15.4.9)
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Proof. As mentioned above (Footnote 41), this is a restatement of a result which should be
essentially known [KR14, Proposition 10.1] [Shi22, Proposition 9.7, up to a few modifications.
The modified version stated here may be proved by a similar interpolation argument, as
explained below. For any r € Zx, set V., == Ly ,r Qo Fy, and let @, ., = ITUN. Equip
Herm,,(O+) and V,, ., with the self-dual Haar measures with respect to (b, c) = 1, (tr(bc))

and ¢y (trp, /s (tr(—, —))) respectively. Using the Weil representation, we compute

Wrw(so +1,Py,) (15.4.10)
= lim Uo(—tr(Th))®,,, (w™'n(b), so + ) dn(b)
k—oo wy *Herm,, (O _4)
0 F

= Yy, (Vo)™ lim W (—tr(T0)) U (tr(b(z, 2)))vrr(z) daz dn(b)

—00 wakHermm(OFJ) Vo .
= (V) Jim vy Hermn (Or) [ s, punele) da

—00 = v,

(z,2)—TE€wfHermy, (Op+)"
v

= Yy, (Vo) " vol(Herm,,, (Op+)) vol(Ly", ) Den(S, ., T).

v,r,"

We have the volume identities

vol(Herm,, (Opt)) = A"V ol(Ly,,) = | det S|y |AM? (15.4.11)

EF

with respect to the self-dual Haar measures described above. We already know Wr (s, ®,,) €
Clg, *] by Lemma 13.3.1. Since Den(S,,,T) € Q for all » > 0, we conclude Wy, (s, ®,,) €
Qlg; *]. The additional claims involving Den(S,,T') in the unramified case may be proved

similarly, using L, , instead of L, ,. O

15.5 Local densities and spherical non-Archimedean Whittaker func-

tions

Take F,/F.", 1,, and x, as in Section 15.4, and continue to assume n > 0 for the moment.
Set so = (n —m)/2. We assume Y, is unramified.

Let M° be a self-dual Hermitian Op, -lattice of rank n. This characterizes M° uniquely
up to isomorphism, and forces n to be even if F,/F" is ramified. We also have ~,, (V,) =1
(Lemma 14.1.3).

Set V, = M° ®o,, F,, and let ¢, € S(V;") be the characteristic function of A/°™. Then
the associated Siegel-Weil section ®,, € I(s,x,) coincides with the normalized spherical
Whittaker function ®¢ (Lemma 14.2.1).
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Remark 15.5.1. Even if y, is possibly ramified, we still have Wy, (s, ®,,) = Wy, (s, ®7)
for any T € Herm,,(F,") with detT # 0 (by Lemma 13.3.1(3) or Lemma 15.4.2), where

o0 € I(s,x),) is the standard normalized spherical section for an unramified .

Suppose T' € Herm,,,(F,) with det T" # 0. If S is the Gram matrix of any basis for M°,
Lemma 15.4.2 gives

Wr(so+ s, @5) = [A[1" " *Den(S, T, ¢, (15.5.1)

for all s € C.

Suppose M is a rank m Hermitian Op, -lattice such that

M*" is self-dual if F,/F,t is unramified or if m is even (15.5.2)
M*" is almost self-dual if F,/F, is ramified and m is odd. a
Let S € Herm(F.") be the Gram matrix of a basis for M. We have
-1
(H L,(2(s 4+ so) +m — 7, 77”")) = Den(S, 5", X)|x_y-2- (15.5.3)

See [LZ22a, (3.2.0.1)| (inert), [FYZ24, Theorem 2.2 (split and inert), [LL22, Lemma 2.15]
(ramified).
There is a (normalized) local density polynomial Den(X,T),, € Z[1/q,|[X] such that

Wi (s + s0)% = Den(q, %, T), (15.5.4)

for all s € C (with W}’?} as in Section 15.3). See the “Cho—Yamauchi formulas” proved in
[LZ22a, Theorem 3.5.1| (inert), [FYZ24, Theorem 2.2| (split and inert), and [LL22, Lemma
2.15] (ramified). Note that our convention differs slightly from [LL22| in the ramified case,

S

where they consider polynomials in ¢, ® instead.

The polynomial Den(X,T'), is nonzero if and only if 7" € Herm(Op+)*, in which case
Den(X,T),, has constant term 1. When m = n, we have Den(X,T),, € Z[X] for any T'. More
classically, see [Shi97, Theorem 13.6], which implies that Den(q!' X, T),, € Z[X| with constant

term 1.

We have
Den(X, 7)1 = Den(q, ' X, T), if F,/F; is split
Den(X,T),11 = Den(—q, ' X, T), if F,/F. is inert (15.5.5)
Den(X,T),2 = Den(q,? X, T), if F,,/F." is ramified.
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For n < 0, we define Den(X,T),, using (15.5.5). Note that (15.5.4) continues to hold. For
the rest of Section 15.5, we allow general n € Z (assumed even if F,/F." is ramified).

Similarly, there is a (normalized) local density (Laurent) polynomial Den*(X,T), €
Z[1/q,)[X, X /%] such that

Wi, (s + s0)5, = Den* (¢, **, T),, (15.5.6)

v

for all s € C (with Wy, as in Section 15.3).

Remark 15.5.2. On the right-hand side of (15.5.6), we mean evaluating Den*(X,T),
at X'/2 = ¢;*. We similarly abuse notation elsewhere. For example, Den*(q,X,T), €
Z[l/qi/z][X,X_l/Q] is obtained from Den*(X,T), by replacing X'/? with @/> X2 The
notation & : Q[X, X% — Q[X, X ~'/?] means the Q-linear map X?/? — (j/2)X7/271.

If T defines a self-dual Hermitian lattice when m is even or F,/F, is unramified (resp.

almost self-dual Hermitian lattice when m is odd and F,/F, is ramified), we have
Wi, (s)o = Wi)(s)2 =1  Den"(X,T), = Den(X,T), =1 (15.5.7)

(follows from (15.5.3)). For such T, an application of Lemma 13.3.1(3) also shows that

m—1
W (s, ®5) = |A[" ™ T Lo(2s +m = j,mix, [ me) ™! (15.5.8)
=0

if &9 € I(s, x}) is the normalized spherical section for any unramified character x} : F.* — C*
(not assuming x;,|p+x = 7).

If L is a Op, Hermitian lattice of rank m, and if L admits a basis with Gram matrix
T (allowing arbitrary T° € Herm,,(F,") with detT # 0 again), we write Den(X, L), =
Den(X,T), and similarly Den*(X, L),, := Den*(X,T'),,. We have

Den*(X, L), = (¢?*X~/?)"* O Den(X, L), (15.5.9)
. val(L) — 1/2 if F,/F,f is ramified and m is odd
val'(L) := |val(L)]| = (15.5.10)
val(L) else.

The local densities satisfy a certain cancellation property (which we will use): if L° is a
self-dual Hermitian lattice of rank n, then for any non-degenerate Hermitian lattice L and

every integer r € Z (assume r is even if F,/F." is ramified), we have

Den(X,L & L°),4n, = Den(X, L), Den*(X,L & L°),4n, = Den*(X, L), (15.5.11)

207



where L& L° is the orthogonal direct sum. This follows from the Cho—Yamauchi type formulas
cited above and the following linear algebra fact: every lattice M’ C (L®L°)®o,, I, satisfying
L° C M'" C M"Y admits an orthogonal direct sum decomposition M’ = L° @& M"” for some
sublattice M".

15.6 Limits of local Whittaker functions

Take integers m, n with m > 1, set so = (n—m)/2, and set m’ = m—1. Take F,/F; and other
notation as in the beginning of Section 15 (allowing F,f Archimedean or non-Archimedean).

We consider nonsingular 7' € Herm,,(F;") of the form T = diag(¢,7°) where T° €
Herm,,,,(F}') with 7° nonsingular, and we study the local Whittaker function W7, (s); as
t — 0. The following limiting identities will be crucial for the proofs of our main local
theorems. We collect them here for easier comparison between the inert/ramified /split and
Archimedean cases. Their proofs will appear in Part VI.

If Ff is non-Archimedean and F,/F, is inert, Proposition 18.5.2 implies

a
ds

Wr.,(s), + (log [t| g+ — log qv)W;b,U(—l/Q);) (15.6.1)

s=-1/2 s=0

if the limit is taken over nonzero t € Ff with e(diag(t, T%)) = —1.
If Ff is non-Archimedean and F,/F." is split, Proposition 18.5.2 implies

d

- 7005 = lim (log g, - Wi, (0)5 + (10g [t] 5 — log g,) - Wi, (~1/2)5) (15.6.2)

s=—1/2

if the limit is taken over nonzero t € Ff.

If Ff is non-Archimedean and F,/F) is ramified, Proposition 18.5.2 implies

d
9=
ds

* o . d
Tb,v(s)n = lim (E

t—0

Wi ()5 + (108 [t — log a,) - w;b,v<—1/z>;) (15.6.3)

s=—1/2 s=0

if the limit is taken over nonzero t € Ff with e(diag(t, T°)) = —1.
If F,/F, is C/R, Proposition 19.1.2 gives

d

ds

Wi ()5 + (log |t] s + log(d) — T'(1)) ;b,v<—1/2>;;)
(15.6.4)

where the sign on 0% is — (resp. +) if 7" is positive definite (resp. not positive definite).

s=—1/2 s=0

If T° € Herm,,»(R) is not positive definite, Proposition 19.1.2 also proves a similar limiting

statement for arbitrary m” (i.e. not necessarily m’ =n — 1).
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16 Local functional equations

Let F, be a degree 2 étale algebra over a local field F of characteristic # 2, with notation 9,
A, 1, and a — @ as above. If Fif is Archimedean, we also assume F,/F, is C/R. Fix an
integer m > 0.

Consider a character x,: F* — C* and a nontrivial additive character ¢, : F* — C*
(for the moment, we do not require X,|n+x = 7y, and allow x, and 1, to be ramified).

Set X,(a) = x»(@) . There is a local intertwining operator
M(s, x0): 1(s,X0) = 1(=5, Xv) (16.0.1)

(where I(s, x,) and I(—s, X,) are degenerate local principal series for U(m,m)) defined by
the integral

M(5, )00 () = /N o Bl n0R.) dn ) (16.0.2)

for Re(s) > m/2, with meromorphic continuation to C (e.g. see [KS97] in the non-
Archimedean case).
Given T' € Herm,,(F."), we define the quantity

R (5, Xo, o) = Xo(—1)™Xo(det T) 7| det T| 2oy, (5,)" 0D, (det T)™
m—1

j=0

where vy, (F,) is a Weil index (Section 14.1) and p, is a local factor as in Tate’s thesis (Section
15.1). This factor is taken from [KS97, §3]*? (see also [HKS96, Proposition 6.3]).

16.1 Non-Archimedean

Suppose F is non-Archimedean (with notation as above). For any T' € Herm,,(F,") with

det T # 0 and any standard section ®,, of I(s, x,), there is a functional equation
Wi w(hy —s, M (8, x0)P0) = £1(S, Xo, Vo) Wra(h, s, ) (16.1.1)

as in [KS97, §3, §7|.

42The factor k7 (8, X, %w) is given there in the non-Archimedean case, but we will use the same formula
in the Archimedean case. For comparing formulas, note the different convention used to define Wr, and

M (s, x0) (1, versus 9, and w vs w™!).
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We next consider spherical Whittaker functions. Assume 1, and x, are unramified. We
require F)7 to be characteristic 0 (because [Shi97, §13| assumes this). With ®° denoting the

normalized spherical sections of (s, x,) and I(s, X,), we have

mm—1)/4 17 Lo(25 + 5 —m+ 1, X0] )
Ff

M(s, %) ®5(s) = | ¥(-s)  (16.12)

o Lo@s+m—jodxalpe) "

see [Shi97, Theorem 13.6].13

Now, we further restrict to the situation where x,|p+x = 5} for some n € Z, with n
assumed even if F,/F." is ramified. Note y, = X,. Combining (16.1.2) with the identities
stated above (including the relation between Weil indices and epsilon factors in (14.1.3)), a

straightforward computation (omitted) yields the functional equations

W:(ng(h’ _3); — |(det T)Alm/% |}—3rs77v(<_1)m(m—1)/2 det T)n—m—le(;«g(h’ S)Z (16.1.3)
Wiy (h,—s)0 = (=)™ D2 det Ty 'Wy (h, s)5, (16.1.4)
with Wﬁ‘g(h, s)° and Wy, (h, s)° as in Section 15.3.
Next, assume that F,/F." is unramified or that F)" has residue characteristic # 2. If L is
a Hermitian Op, -lattice, we thus have
Den(q?}sz—l’ L)n — g(L)n—m—lX—val’(L)Den(qgsOX, L)n (1615)
Den* (¢ X', L), = (L) "™ 'Den*(¢**° X, L), (16.1.6)

with val'(L) == |val(L)] as in (15.5.10) (both (L) and val(L) were defined in Section 2.2).
In the case where y,| p+x 1s trivial, these functional equations are essentially [Tke08,
Corollary 3.2].

16.2 Archimedean

Suppose F,/Ff is C/R (with notation as above). For any T' € Herm,,,(F,") with det T # 0

and any standard section ®, of I(s, x,), we have
Wi o(hy —s, M(8, x0)Poy) = £1(S, X, Vo) Wro(h, s, ®,). (16.2.1)

This may be deduced, e.g. by combining the non-Archimedean analogue (16.1.1) with the
global functional equation (13.2.6).

43Take ¢ = 0 in the notation of loc. cit.. Strictly speaking, the statement there is only for x| px trivial,
but the general case follows from this; see (13.1.10) and the proof of Lemma 13.3.1(3).
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In the rest of Section 16.2, we require X,|p+~ = 1 for some n € Z, and let ¥, (r) = e,

Recall that we have defined a normalized Archimedean Whittaker function Wy, (h,s);,
(Section 15.2).

Lemma 16.2.1. For any T € Herm,,(F,") with det T # 0, we have the functional equation
Wi, (h, —s); = no(det T)" """ W7, (R, 5);.. (16.2.2)

Proof. By (16.2.1), we must have Wj (h, —s); = n,(det T)*"* f(s)W7,,(h, s);, for some
meromorphic factor f(s) which is independent of 7. When T is positive definite, we
have f(s) = 1 (see Section 15.2), so we obtain the claimed functional equation for all
T € Herm,,(F,") with det T' # 0. Note that 7, is simply the sign character sgn(—). O

Recall that @1(,") € I(s, xy) is our notation for a certain scalar weight standard section, as
in Section 13.2. For verifying the next lemma, it may be helpful to recall the relation between

local epsilon factors €,(—) and Weil indices 7,(—) (Section 14.1).

Lemma 16.2.2. We have
M (s, xv) (IJ n) (16.2.3)

L,(2s4+j7—m+1,n")(—=s — sg+n —j)
e 2 e 127 P
( 1nm ‘m(m—1)/2 2ms(I)( )( 8)

with sg = (n —m)/2 as above.

Proof. A priori, the displayed identity holds up to some meromorphic scale factor. We may
compute this scale factor by combining (16.2.1) and Lemma 16.2.1 (take T' = 1,,). O

Remark 16.2.3. Lemma 16.2.2 should be a reformulation (with alternative proof) of a case
of [Shi82, (1.31)] (translating into Shimura’s setup via (13.2.13)). Shimura’s computation in

loc. cit. implies

M, X)) (5) = (”"éi?iﬁ;;:;::”“ ) — e E— )
to D(s—so+n—j)(s = so—j)
(16.2.4)
Similarly, the functional equation in Lemma 16.2.1 should follow from [Shi82, Theorem 4.2,
(4.34.K)] (alternative proof) after some rearranging.
For our later calculations, we prefer to use these results as stated in Lemmas 16.2.1 and

16.2.2.
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17 Normalized Fourier coefficients

17.1 Global normalization

With notation as in Section 13.2 and Section 13.3, let F'//F'™ be a CM extension of number
field. For the moment, we allow 2-adic places of F'™ to ramify in F. Write 0 (resp. A) for the
different ideal (resp. discriminant ideal) of F/FT. Let n: FT*\A* — {£1} be the quadratic
character associated with F'/F™.

Assume there exists a nontrivial additive character ¢: FT\A — C* such 1, is unramified
for every non-Archimedean v and 1, (x) = €*™® at every Archimedean place. Fix such a 1.
Fix integers m and n with m > 0, with sy := (n — m)/2 as above. If any non-Archimedean
places of F'™ are ramified in F, we assume n is even. Let y: F*\A% — C* be a character
satisfying x|ax = n". To simplify, we assume that y is unramified at every non-Archimedean
place (but see also Remark 15.5.1).

Take the standard section

e = <®q>g">) ® <® <I>;j> € I(s,x) (17.1.1)
v]oo v<oo

(scalar weight at Archimedean places and spherical at non-Archimedean places). Form the
associated Eisenstein series F(h, s, ®(°) and its variants E(z, s, ®™°), and E(a, s, ®("°),,
as in Section 13.2. The Eisenstein series variant E(a, s, ®°), does not depend on the choice
of x (Remark 14.2.2).

Define the global normalizing factor

[FT:Q]
o] (27-‘-) (m 1)/2 m(—S-—+S8 m{m— m STS8
Al = ( (—2m)m " (Fotso) [Nty ()™ Ny s (AL/21) o0

' (H (s —so+n— ). L2s +m -} 77J+n)) (17.1.2)

We define the normalized Eisenstein series and its variants
E*(h,s)° = Ap(s)2E(h, s, ®M™°) (17.1.3)
E*(2,5)° = Ap(5) E(z, 5, 8™°), E*(a,5)° = Apn(s)° E(a, s, ®™°), (17.1.4)

where h € U(m,m)(A) and z € H,,, and a € GL,,,(Ap). For T' € Herm,,(F'"), we similarly
define

Ex(h, ) :Am(s) r(h, s, ®M°) (17.1.5)
= A (5)° Er(y, s, ®M°), Ei(a,s)® = An(s)S Er(a, s, ®™°), (17.1.6)
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The latter two are normalized Fourier coefficients.
Given any T € Herm,,(F'*) with det T' # 0, the local normalizing factors from Sections
15.2 and 15.3 satisfy

A ()8 = H Ary(s), (17.1.7)

where the product (over all places v of F*) is convergent for Re(s) > 0. For such T', we have

factorizations into (normalized) local Whitaker functions
(b o) = [T Wi (sl Biars)i = [[Wiaans)s  (718)

where all but finitely many factors are identically equal to 1 (as functions of s) for fixed T, h,

and n.

Lemma 17.1.1. We have
E*(h, —s); = (—1)mm=Domm=DIFQR B (, 5)° (17.1.9)

Proof. Given T' € Herm,,,(F'") with det T' # 0, the local functional equations (Section 16)
and the factorization from (17.1.8) imply
Ei(h, —s)8 = (=1)mm=D=m=DIFQ2 gy g)o. (17.1.10)

n

The global functional equation (13.2.6) implies that E*(h, —s); = f(s)E*(h,s)S for some
meromorphic function f(s) (temporary notation) independent of T. There exists T" with
det T # 0 and E}.(h, s); not identically zero (e.g. T = 1,,; this follows from Section 15). So
f(s) is identically 1 and (17.1.10) holds for all 7' € Herm,,,(F'"). O

17.2 Singular Fourier coefficients

Retain notation and assumptions from Section 17.1. In this section, the main result is
Corollary 17.2.2 on singular Fourier terms of co-rank 1.

We use various subscripts to emphasize m-dependence (in the implicit U(m,m)). For

(n)

rather than just ®° for non-Archimedean v (resp. @, instead of
)o

o
m,v

®" for Archimedean v), similarly .

example, we write ®
instead of ®™° for the global standard section from
Section 17.1, also M,, (s, x) instead of M (s, x) for the intertwining operator, etc..

Suppose m > 1 and set m” = m — 1. Recall the operators (8, X), Min(s, %), My (8, X)
and U™, (s, x) as in Section 13.4.
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Lemma 17.2.1. We have
1 (s, X)W (s) = (I)Sfb)o(s +1/2) (17.2.1)
Ao (s —1/2)0 A (—9)2 -~ (nyo
m dMe(g) = (—1)em n n (s _1/2 17.2.2
Uz (5, )9 (s) = (—1)* 2 St gl (s — 12 (1729
My (s, x)@°(s) = |NF+/Q(A)|_m(m_1)/4((—1)”mim(m_1)/zﬂzms)w:@] (17.2.3)

ni—[l L(2s—|—j—m—|—1,77”+j)>

L(2s +m — j,nnti)

11 Ly(2s+j —m+1,n0"9)
P 6’1}(28 +] —m+ 177717}4_]‘7@11)[’11(_28 —j+m>773+j)

m— . [F+5@}
l—ff‘(—s—so+n—j)>

[(s—sg+n—7j)

allowing m = 0 for in M,,(s,x) formula, and where

(
e=(mm—1)(n—m—1)/2—m’(m’ — 1)(n—m’ —1)/2)[F* : Q]
(temporary notation).

Proof. Each identity holds a priori up to a meromorphic scale factor. We may compute this
scale factor by evaluating both sides at 1 € U(m”,m’) or 1 € U(m,m) as appropriate.

The identity for 1"} (s, x) is then clear. For M,,(s, x), the identity follows directly upon
combining (16.1.2) and (16.2.3).

Define the temporary notation «,(s), for the meromorphic function (in the lemma
statement) satisfying Mm(s,x)@gg)o(s) = am(s)ni)g,?)o(—s). By (13.4.6), proving the claimed
identity for U™, (s, x) is equivalent to showing

Qi (8)n N (s = 1/2)5 A (=5)5,
Qe (5 — 1/2)n (=1) A (8)2 A (—s +1/2)8,

with e as in the lemma statement. This may be computed explicitly as follows. Some

(17.2.4)

rearranging yields
A (s = 1/2); A (=),
Am(8)a A (=5 +1/2)7

_ (7T2ms7r(—2s+l)mb)[F+:Q] ’NF+/Q(A\_m/2j)|—25’NF+/Q(A\_mb/2J)‘25—1

F(S — 8o + n)_[FJr:Q}F(_S — s+ n—m+ 1)[F+:Q]
L(2s, ") L(2s +m, ") ' L(2s +m — 1, ")~
L(=2s + 1,y
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and

A (S)n,

T — [N (&) [T D21y a2 (/2 [P
Ay (8 — 1/2) [Ne+j(A)] (=)™ 7 )

L(28, ™Y L L(2s +m, ) L(2s +m — 1" L(2s, ™)

H Lv(287 7717}+m+1)
611(237 773+m“>@v)Lv(—25 + 17 7717+m+1)

v]oo

T(=s—so+n—m+DFUr(s — 59+ n)~1FU,

We then use the global functional equation A(s,n"™™!) = €(s, n" ™™ )A(1 — s, p"tm )
(notation as in Section 15.1). Recall the relation between Weil indices and epsilon factors
(Section 14.1), the global product formula [], 75 (F,) =1 for Weil indices, and the equality
Y, (C) = i. Recall also that we have assumed n even if A # 1. Combining these facts with
some casework (which we omit) on m, n, A gives the claim. O

Corollary 17.2.2. Consider any a = diag(a™,a”) € GL,,(Ar) with a* € GL(Ar) and
@’ € GL,»(Ar). For any T € Herm,,(F*) with rankT = m — 1 and T' = diag(0,T”) being
block diagonal with det T” # 0, we have
A (s)s, > b

n * 1 2 [e]
Aoos 4+ 172y (@5 +1/2,
Am(=s)s,

n [ 1% b o
T —-1/2
Amb(_S—f—l/Q)% b(a’s / >"

Ex(a,s);, = | deta® |37

+(=1)% det a” |77

with constant e as in Lemma 17.2.1.

Proof. This follows immediately from Lemma 17.2.1, (13.4.3), and the definition of the
normalized Fourier coefficients Ei(a, s)° and E;b(ab, s) (Section 17.1). O

Remark 17.2.3. In the situation of Corollary 17.2.2, the functional equation

Bi(a,s); = (—1)non00om D2 B ) (1725

is a visible consequence of the identity EZ,(a”, )2 = (—1)™ (" -De=m'=DITQ2 (g2 —g)o,
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18 Non-Archimedean local identity

Let Fj be a non-Archimedean local field of characteristic 0, residue cardinality ¢, and residue
characteristic p. Let F' be a finite étale Fy-algebra of degree 2. We use notation F and Fy as
in Part II (there with Fy = Q,), so that [F": Fy] = 1 (vesp. [F': Fy] = 2) if F/F, is unramified
(resp. ramified).

Notation on Hermitian lattices from Section 2.2 will be used freely. For a non-degenerate
Hermitian Op-lattice L, we use the shorthand val’(L) == |val(L)] € Zsg, as well as val'(z) ==
|val(z)] for any = € L (i.e. val'(L) = val(L) — 1/2 if F/Fy is ramified and L has odd rank,
and val'(L) = val(L) otherwise). Fix an integer n > 1, and assume n is even if F//Fy is
ramified.

If Fy = Q,, we form the associated Rapoport—Zink space N := N (n — 1,1) (Section 5.1).
Recall the space of local special quasi-homomorphisms W C 'V (Section 5.2). Recall that W
and V are non-degenerate Hermitian F-modules of rank n if F'//Q, is nonsplit (resp. rank
n — 1 and rank n is F//Q, is split). Recall (V) = —1if F'/Q, is nonsplit (resp. (V) =1 if
F/Q, is split).

18.1 Statement of identity

We first define the geometric side of our main local identity, taking Fy = Q,. We also
assume p # 2 if ['/Q, is nonsplit. Let L’ C W be any non-degenerate Hermitian Op-
lattice of rank n — 1. Form the associated local special cycle Z(L’) € N. Recall that
the flat part Z(L"),» C Z(L’) decomposes into quasi-canonical lifting cycles Z(M”)° for
certain lattices M’ (Proposition 7.3.1). Recall also the derived vertical local special cycle
LZ(L)y € g7 'K{(Z(L%))g (Section 5.5).

Definition 18.1.1. Given a non-degenerate Hermitian Opg-lattice L" C W of rank n — 1, the

associated local intersection number is

Int(L’), == Int (L"), + Inty (L), (18.1.1)
where
Ity (L) = > Inty(M); (18.1.2)
ngMbgMb*
t(M")<1

with the sum running over full rank lattices M b C Lz,-,, where

Int - (M°)° == 2deg Z(M")° - Siau(val (M) (18.1.3)
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for any non-degenerate integral lattice M* C W with ¢(M°) < 1, and where
Inty (L), = 2[F : Q) degz(*Z(L’)y - £Y). (18.1.4)

We previously related these local intersection numbers with global intersection numbers
(end of Sections 11.8 and 11.9). We are now using local notation, suppressing the p of loc.
cit..

The quantity

F:Qp™ (1 —p(p)p™)  if val' (M") > 1
degz(Mb)o — [ ; @P]p ( n (p)p ) ( ) = (1815)
[F: Q) if val'(M”) = 0
is the degree of the adic finite flat morphism Z(M”)° — Spf O, where n*(p) == —1,0,1

in the inert, ramified, and split cases respectively (see (7.2.1); the extra factor of [F : Fy)
accounts for the two components of Z(M*)° when F/F, is ramified, see (7.3.1)). Recall
that diau(s) is the “local change of tautological height” defined in (7.2.7), and recall that
&Y is the dual tautological bundle on N (Definition 5.1.9). In (18.1.4), we understand
EV = [On] — [€] € K{(N) so that LZ(L%)y - Y € FRK)(Z(L’)z)q. For L’ as above, recall
that Z(L’); is a scheme proper over Speck (Lemma 11.7.3), so there is a degree map
degr: FRK((Z(L)5) — Z.

We refer to Int_(L’), as the “horizontal part” of the local intersection number (coming
from the flat part Z(L"),) and we refer to Inty(L’), as the “vertical part” of the local
intersection number (coming from Z (L), supported in positive characteristic).

We next define the automorphic side of our main local identity. For this, we allow Fj
to be an arbitrary finite extension of Q, (allowing p = 2 if F/F, is unramified). If L’ is a
non-degenerate Hermitian Op-lattice of rank n — 1, we set

d

dDen* (L"), = —2[F : F’O]d—X Den*(¢°X, L), (18.1.6)
X=1

where Den*(X, L”),, € Z[1/q][X, X~'/?] is a normalized local density (15.5.6). We are abusing
notation as in Remark 15.5.2, i.e. Den*(¢?X, L”),, means to evaluate Den*(X, L"), at X'/2
being ¢ X'/2. We also set

Den*(L%), == [F : Fy] - Den*(¢?, L%),,. (18.1.7)

Suppose M” is a non-degenerate integral Hermitian Op-lattice of rank n—1 with t(M°) < 1.
If M’ is maximal integral,® we set ODen%,(M")° = ODen’,(M"),. Otherwise, we define

44The symbol o indicates “primitive” here (for quasi-canonical lifting cycles), while o indices “spherical” in
Part V (Eisenstein series). There is no notation clash as written, but we hope this remark helps to avoid

confusion.
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ODen’,(M")° inductively so that the relation

ODen*(M’), = > 0Den’(N); (18.1.8)

Mngngb*

is satisfied (induct on val(M”)), where the sum runs over lattices N° C M%. Given any
non-degenerate integral Hermitian Op-lattice L’ of rank n — 1, we then define dDen’, (L),

so that the relation

dDen*(L’) = ( > aDen}(Mb);) + 0Den’y, (L), (18.1.9)
ngMbgMb*
t(M")<1

is satisfied, where the sum runs over lattices M” C L.

Theorem 18.1.2. Suppose Fy = Q, and that p # 2 unless F/Q, is split. For any non-
degenerate Hermitian Op-lattice L* C W of rank n — 1, we have

Int(L),, = ODen*(L’),,. (18.1.10)
Moreover, we have
Int (M) = ODen’, (M°)°  Inty (L), = 0Den’ (L), (18.1.11)

where M® C W is any non-degenerate integral Hermitian Op-lattice of rank n — 1 with
t(M) < 1.

On account of the decompositions in (18.1.1), (18.1.2), and (18.1.9), it is clearly enough
to prove the refined identities in (18.1.11). The theorem is also clear if L’ is not integral,
since both sides of (18.1.10) are zero in this case (the special cycle Z(L’) will be empty, and
Den(X, L), will be identically zero as discussed in Section 15.4).

We also record a special value formula (as observed in the inert case by Li and Zhang

[LZ22a, Corollary 4.6.1]) for later use. Its proof will appear in Section 18.2.

Lemma 18.1.3. Suppose Fy = Q, and that p # 2 unless F'/Q, is split. For any non-
degenerate Hermitian Op-lattice L' C W of rank n — 1, we have

deg Z(L’) » = Den*(L),. (18.1.12)

In the preceding lemma statement, deg Z(L’),» means the degree of the adic finite flat
morphism Z (L"), — Spf O of formal schemes.
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18.2 Horizontal identity

We will need Cho—Yamauchi formulas for local densities (unitary version, as proved in [LZ22a,
Theorem 3.5.1] (inert) [F'YZ24, Theorem 2.2(3)] (split) [LL22, Lemma 2.15| (ramified)).
For this, we allow Fj to be an arbitrary finite extension of Q, (allowing p = 2 if F//F is
unramified). Then, if L is any non-degenerate Hermitian Op-lattice of rank n (still assuming

n even if F//F} is ramified), we have

Den(X,L), = Y  X™PDen(X, M); (18.2.1)
LCMCM*
t(M)—1
Den(X,M); == [ (1-n"(mo)g'X) (18.2.2)
i=0
where n*(wg) == n* () == —1,0,1 if 7 is odd (resp. n**(wp) = 1 if i is even) in the inert,

ramified, split cases respectively, and Den(X, L), € Z[X] is the local density polynomial
normalized as in Section 15.5. The displayed sum runs over lattices M C Lp.

Suppose L’ is a Hermitian Op-lattice of rank n — 1 (still assuming n even if F/F, is
ramified). If F/F, is unramified, we have Den(X, L”),, = Den(n*(wo)qg ' X, L*),_1 (15.5.5)
and we set Den(X, L) := Den(n*(wo)q !, L")°_, if L is also integral.

If F/Fy is ramified, we have

Den(X,L'), = Y. (¢ X) ™ /F)Den(X, M), (18.2.3)
ngMbgMb*
t(MP)—3
2
Den(X, M’)° = (1—¢*X) (18.2.4)
=0

where the sum runs over lattices M” C L. (may be verified using [LL22, Lemma 2.15|).
If M” is a non-degenerate integral Hermitian Op-lattice of rank n — 1 with ¢(AM°) < 1, set

Den*(M*)2 = [F : Fylg™ M) Den(1, M)°. (18.2.5)
We have
[F: Fy]Den*(¢*, L"), = [F : Fy]Den*(1,L’), = > Den"(M"); (18.2.6)
ngMbgM"*

where the sum runs over lattices M” C L%. The first equality follows from the functional
equation (16.1.6), and the second equality follows from the Cho—Yamauchi formulas (and
(15.5.9)). Note Den*(M?®),, = Den*(M”) if M” is maximal integral.
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Proof of Lemma 18.1.3. Follows from (18.2.6). Note Den*(M”)2 = deg Z(M”)° if t(M®) < 1,
and Den*(M")° = 0 if t(M”) > 2. O

Proposition 18.2.1. Assume Fy = Q, and that p # 2 unless F/Q, is split. For any rank
n — 1 non-degenerate Hermitian Op-lattice M’ C W with t(Mb) <1, we have

Int - (M°)° = ODen’, (M’)° (18.2.7)

Proof. By definition, the quantity Int(M”)S depends only on val(M”). Since t(M°) < 1,
we may write M° = L” @ L”” (orthogonal direct sum) where L” is self-dual of rank n — 2
and val(L”") = val(M”) (in the unramified case, this follows upon diagonalizing M°; in the
ramified case, this follows from picking a “standard basis” as in [LL22, Lemma 2.12|). Using
the cancellation property of local densities explained in (15.5.11), we thus reduce to the case
n = 2 (which we now assume).

By the inductive decompositions in (18.1.2) and (18.1.8), it is enough to show Int_(M"),, =
ODen*, (M), (induct on val(M”)). We have dDen*(M"),, = ODen’,(M"),, by construction,
since t(M”) < 1 (i.e. compare (18.1.8) and (18.1.9)).

Set b = val'(M”). Using the Cho—Yamauchi formulas, we find

b b
Den*(¢*X, M’), = XY "(qX))  oDen*(M’), = [F: Fy] Y (b—2j)¢  (18.2.38)
j=0 Jj=0

in all cases. The preceding formulas are valid even if Fy # Q, (and also valid if p = 2

whenever F'/Fj is unramified), hence why we wrote ¢ instead of p.

We have
Ity (M), =2[F: Q) > p(1=7"(p)p")diauls) (18.2.9)
Mngng"*
oG s (Ve L=p)d =0
=—[F:Q) >  pa-nmpr (S—El_ _1;5 - E ;;)
MPCNPC N po)\p—np
where the sum runs over lattices N> C M2, where s := val'(N”), and where 7*(p) := —1,0,1

in the inert, ramified, split cases respectively.

We prove the identity Int (M), = dDen*(M”), by induction on b. The case b = 0 is
clear, as both quantities are 0.

Next suppose b > 1 and that M” (resp. M"") is a rank one non-degenerate lattice with
val'(M”) = b — 1 (resp. val'(M*") =b—2). If b — 2 <0, set Int_»(M""), = 0 (in which case
ODen*(M°"),, = 0 as well).
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We have

b—1
ODen* (M), — dDen" (M), = [F: Fy](=bg" + > _ ¢’) (18.2.10)
j=0
b—1
ODen* (M), — dDen*(M™),, = [F : Fy](=bg" —bg"™ +2> ¢'). (18.2.11)
Jj=0

If F/Q, is inert, we find

Tnt o (M), — Int o (M), = —[F : Q,Jp"(1 +p ") (b -2 (1-p~") >

L—pHp+1)
b—1
= [F:Q)(=bp" —bp"" +2> 1)) (18.2.12)
5=0
If F/Q, is ramified, we find
b Y P ) b (1-p")
Int (M), — Int e (M”), = =[F: Qpp” | b — - (18.2.13)
(L—p)p
-1
= [F:Ql(-bp"+ > 7). (18.2.14)
§=0
If F/Q, is split, we find
b
It (M), = Int e (M), = —[F : Q] Y _p/(1—p")j (18.2.15)
5=0
b—1
= [F:Ql(-bp" + > _ ). (18.2.16)
5=0
This proves the lemma in all cases, by induction on b. O

Corollary 18.2.2. Theorem 18.1.2 holds when n = 2.

Proof. If n = 2, Proposition 18.2.1 shows Int (L"), = dDen’,(L’), = dDen*(L’),. We
have gri K{(Z(L)z)q = 0 because Z(L)z is a scheme and because the reduced subscheme
Nieda € N is O-dimensional (a disjoint union of copies of Speck), see Lemma 5.4.1. Hence
Inty (L), = 0 since “Z(L*)y € gri K{(Z(L’)5)o- O
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18.3 Induction formula

Throughout Sections 18.3 and 18.5, we allow F{, to be an arbitrary finite extension of Q,
(allowing p = 2 if F'/Fy is unramified). We take the following setup for the rest of Section
18 (i.e. the notations n, V, L, L', L, L’, x, 2/, and 2" are all reserved unless otherwise
indicated).

Setup 18.3.1. Let V' be a non-degenerate Hermitian F-module of rank n, with pairing (—, —).
Assume n is even if F//Fy is ramified. Let L” C V be a non-degenerate Hermitian Op-lattice
of rank n — 1. Let @, 2’,2” € V be nonzero and orthogonal to L’ with (x) C (2') C (2") and

length, ((2')/(x)) = length,, ({z")/(2)) = 1. Set
L=D0La& ) L'=D0 &) L' =1L@& (z") (18.3.1)

The notation L” and x” will only appear in our proof of the induction formula (Proposition
18.3.2) for F'/Fy split.

Proposition 18.3.2 (Induction formula). If val(z) > amax(L") in the nonsplit cases (resp.
if val(z) > 2amax(L’) in the case F/Fy is split), we have

X?Den(X, L"), + (1 — X)Den(¢?X, L"), if F/Fy is inert
Den(X, L), = { XDen(X, L), + (1 — X)Den(¢?X, L"), if F/F, is ramified (18.3.2)
XDen(X, L"), + Den(¢?X, L’),, if F/Fy is split.

In the inert case, this is [Terl3, Theorem 5.1] (strictly speaking, there is a blanket p # 2
assumption there), which is a unitary analogue of [Kat99, Theorem 2.6(1)]| (orthogonal
groups); see also |LZ22a, Proposition 3.7.1] (there stated allowing p = 2) for a statement
closer to ours.

Using the Cho—Yamauchi formulas, we give a uniform proof of the inert and ramified cases
(Lemma 18.3.6). Our lower bounds on val(x) are possibly nonsharp (e.g. in the inert case,
we only show the induction formula when val(x) > 2auac(L’°)) but this makes no difference
for the proof of Theorem 18.1.2, where we will take val(x) — oo (Proposition 18.5.2).

The case when F'/Fy is split is more difficult for us, and the same proof only shows a
weaker version of the induction formula (stated in Lemma 18.3.6), which is insufficient for our
purposes. Extracting the induction formula from this weak version is the subject of Section
18.4.

For the proof of Theorem 18.1.2, only the statement of the induction formula and the
definitions in (18.3.3) and (18.3.4) will be needed.
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We first record a few preparatory lemmas. As in Section 2.2, we fix a uniformizer w € Op
and a generator u € O of the different ideal such that @’ = —w and u? = —u. We say
a quantity stabilizes, e.g. for val(z) > C (for some constant C) if that quantity does not
depend on z if val(xz) > C. When F'/Fj is nonsplit, given an Op-module M and m € M, we
say e.g. that m is exact w®-torsion for e > 0 if w®m = 0 but @* 'm # 0 (and if e = 0, the
only exact we-torsion element is 0). We use similar terminology for Og -modules and exact

wg-torsion elements, etc..

Lemma 18.3.3. Let M be a non-degenerate integral Hermitian Op-lattice of rank m. Suppose
elements wy, ..., w, € M have Op-span M. Write T for the associated Gram matriz. Then
t(M) + rank((uT) ® Op/w) = m.

Proof. If F/Fy is split, the rank continues to make sense because T is Hermitian (e.g.
diagonalize the Hermitian form). In the unramified cases, the lemma follows by diagonalizing
the Hermitian form. In the ramified case, the lemma follows by putting M into “standard
form” (i.e. an orthogonal direct sum of rank one lattices and rank two hyperbolic lattices) as
in |[LL22, Definition 2.11]. We are allowing m even or odd. O

Lemma 18.3.4. Let M be a non-degenerate integral Hermitian Op-lattice of rank m. Suppose
Mp =W' @& W" is an orthogonal decomposition with W" of rank 1.

(1) We have t(M) — 1 < t(M NW') <t(M) + 1.

(2) Let M' C W' and M" C W" be the images of M under the projections Mp — W' and
Mp — W". Assume that M' and M" are integral and that val(M") > 0. Then we have
t(M) =t(M') + 1.

Proof.

(1) The ramified case follows from |LL22, Lemma 2.23(2)|. The inert case when ¢(M) = 0 is
[LZ22a, Lemma 4.5.1]. The same proof works in general for arbitrary F'/Fj in arbitrary
characteristic: select any basis (wy, ..., wm,_1) of NNW’ extend to a basis (wy, ..., wy,)
of M with Gram matrix 7', then use the formulas ¢(M) + rank((uT) ® Op/w) = m
and t(M NW') + rank((uT”) ® Op/w) = m — 1.

(2) Let w = [wy,...,wy,] be any basis of M, and let T = (w,w) be the corresponding
Gram matrix. Let w’ = [w],...,w!,] be the projection of w to W', with Gram matrix
T = (w',w'). Since val(M") > 0, we see (uT) @ Op/w = (uT") ® Op/w. Applying
Lemma 18.3.3 twice (once for M and r = m and once for M" and r = m) proves the

claim. O
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Set

Deng, (X); = Y XMPDen(X, M); (18.3.3)
LCMCM*
MnNL5.=LP
Deng ,(X), =Den(X,L), =  Denyp (X); (18.3.4)
ngMbgM"*

where the first sum runs over lattices M C V and the second sum runs over lattices M° C L}.

Note that the only dependence on z is on val(z) (since Deny; ,(X); only depends on the

n

isomorphism class of the Hermitian lattice L).

Lemma 18.3.5. The polynomial

Denyy . (X); — X?Denps ./ (X)5 if F/Fy is inert
f(X) = { Deny, ,(X)2 — XDeny, ,(X)2 if F/Fy is ramified
Denys ,(X)g —2XDenyy . (X); 4+ X?Deny, .0 (X);  if F/Fy is split
(18.3.5)
(an element of Z|X]) stabilizes for val(z) > 2[F : Fy] " amax(L").

Proof. The notation f,(X) is temporary, used only for this lemma. If F'/Fj is split, write
w = wiws for w; € OF with val(wz) = val(wsz) = val(x) + 1. We may assume z” = w ™z
in this case. Note Deny, ,/(X);, = Deny, -1, (X); = Deny, -1, (X)5.

Inspecting (18.3.3) shows

fo(X) = Z X M/DDen(X, M)S if F'/F} is nonsplit (18.3.6)
LCMCM*
MnL5,=LP
wlegM

f(X)= > X'‘™DDen(X, M);, if F'/Fy is split (18.3.7)
LCMCM*
MnNLY,=L°
wixgzM
wy lagM
where the sums run over lattices M C V. For each such M, we know L C M is a saturated
sublattice, hence M = L’ @ (£) (not necessarily orthogonal direct sum) for some ¢ € V.
If I’ is not integral, then the lemma is trivial as the polynomials of the lemma statement
are 0. We assume L’ is integral for the rest of the proof.
If F'/ I is nonsplit, each lattice M appearing in (18.3.6) is of the form M = L’ @ (y+w °x)
for a uniquely determined element y € L**/L’, where e € Zs is such that y € L**/L’ is of
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exact we-torsion. Conversely, an element y € L /L’ gives rise to an M appearing in (18.3.6)
if and only if val(y + w ¢z) > 0. If val(z) > 2[F : Fy] 'amax(L’), then val(w¢z) > 0, so
val(y + w™°z) > 0 holds if and only if val(y) > 0.

If F/F, is split, the preceding paragraph holds upon replacing w™

—eo

¢ with o, “'w,

for ey, es € Zsg such that y € L”*/L’ is of exact w{ ws>-torsion (i.e. @{'ws’y € L° but

w‘fl_lw? ¢ L’ and w?w;rl ¢ Lb).

In the previous notation, we thus have

fo(X)= > XUE0/)Den(X, M), (18.3.8)
yeLo* /I’
val(y)>0
where the sum runs over y, and M = L’ @ (y + w°x) in the nonsplit case (resp. M =
L@ (y+ @, “w,z) in the split case).
In the notation of (18.3.8), we have t(M) = t(L* + (y)) + 1 by Lemma 18.3.4(2) (using

val(cw™°z) > 0 in the nonsplit case and val(w] “w, “x) > 0 in the split case). Hence we have

O+ () -
Den(X, M), = (1 —n"(wo)q'X) (18.3.9)
i=0

(see definition in (18.2.2)), and now the right-hand side of (18.3.8) clearly depends only on
L’ (and not on ). O

Lemma 18.3.6. With notation as above, assume val(x) > 2[F : Fy] 'amax(L?). We have

Den(X, L) — X?Den(X, L) if F/Fy is inert

(1-X)Den(¢*X, L"), = { Den(X, L) — XDen(X, L') if F/Fy is ramified
Den(X,L) — 2XDen(X, L") + X*Den(X,L") if F/F, is split.

(18.3.10)

Proof. Combining (18.3.8) and (18.3.9), we find that the right-hand side of (18.3.10) is given
by

o b A0 -
S xtr N HOEHDAD T (1 - g (wo)g' X) (18.3.11)
L> C M C MP yeMb* /P =0

val(y)>0

in all cases, where the outer sum runs over lattices M " C Lﬁp.

228



Collecting the terms with M’ + (y) = N” for fixed integral lattices N> C L}, we find that
(18.3.11) is equal to
t(N?)
Z XN/ H (1-— 0)q'X) Z (number of generators of N”/M”)
LPCNPC Nb* LPCMPCN?

N’ /MPcyclic

where the outer sum runs over lattices N° C L% and the inner sum runs over lattices M”.

We have

E (number of generators of N°/M’) = E (number of generators of M”*/N"*)
ngMngb Nb*gMb*ng*
N’ /M’ cyclic MP* /N?*cyclic

|Lb*/Nb*| _ ’Nb/Lb| Nb/Lb)
o0 (18.3.11) is equal to

t(N?)
ST (@) TT (1= 0" (@0)g X). (18.3.12)

LPCNbC Nb* i=0
Inspecting the Cho—Yamauchi formulas (and surrounding discussion) at the beginning of
Section 18.2 shows that the displayed expression is equal to (1 — X)Den(¢?X, L”), in all cases
(if F/F, is ramified, note that ¢(N”) is always odd because N” has rank n — 1, which we have

assumed is odd in the ramified case). O

18.4 More on induction formula: split

Suppose F/Fy is split. To prove the induction formula (Proposition 18.3.2), it remains only
to show that Den(X, L) — XDen(X, L) stabilizes for val(z) > 2amax(L’), as Lemma 18.3.6
then shows (1 — X)(Den(X, L) — XDen(X, L)) = (1 — X)Den(¢*X, L*),..

We define some more notation (only used in Section 18.4). Fix a uniformizer wy of Op,,

and consider the elements
W, = (WO, 1) Wy = (1, —wo) €1 = (1, O) €y — (O, 1) (1841)

in Op = Op, X Og,. Given an Op-module M, we set M; = e;M and My = esM (so
M = M; ® M;). We similarly write y; = ey and ys = egy for y € M. If M is a non-
degenerate Hermitian Op-lattice, we set M} = eoM* and MJ = ey M*. If M is moreover
integral, the Hermitian pairing induces an identification M; /M, = Homo,, (M /Mz, Fy/Or,).
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For integers t > 0, we set
t—1

m(t, X) = [J(1 - ¢'X) (18.4.2)

=0
so that Den(X, M); = m(t(M), x) for any integral non-degenerate Hermitian Op-lattice M

of rank n. If T is a finite length Op,-module, we set
to(T) = dimg, (T ®oy, Fy) Ub(T) = lengthe, (7). (18.4.3)
Lemma 18.4.1. Consider the polynomial

haro(X) = Y X" Dm(t(M), X) (18.4.4)
LCMCM*
MinL%=L}
MoNLh#£LS,
M/L is cyclic
wflx€M
where the sum runs over lattices M C 'V (satisfying the displayed conditions). This sum

stabilizes for val(z) > 2amax(L").

Proof. Each lattice M in the sum is of the form M = L + (£) for a unique element § =
Y+ wy “w, x € L*/L with y € L*| such that val(¢) > 0, and with e;, ey € Zs.

Assume val(z) > 2amax(L’). We claim that val(y) > 0 (in the notation above). The
additional conditions on M imply that y; € L3*/L’ is of exact @/ -torsion and that @y, & L.
We thus have e¢; < Gmax(L’) and ey < amax(L), so val(w; “w,“z) > 0 when val(z) >
20max (L’). This implies that val(y) > 0 as well.

Consider the F-linear (non-unitary) automorphism ¢: V' — V which is the identity on
L5 and sends & + wyw. Then M +— ¢(M) is a bijection from the set of lattices appearing in
the sum for hgis . (X) to the set of lattices appearing in the sum for hgift w,.(X) (we remind
the reader that L depends on z as well).

In the above setup, an application of Lemma 18.3.4(2) shows t(M) = t(¢(M)) = t(L* +
(y)) + 1. We also find ¢(M/L) = ((¢(M)/(L’> @ (wyx))) = (L’ + (y))/L’). This shows
hait (X)) = Rdiff w2 (X) (compare the M term and the ¢(M) term). This proves the lemma,
as the x-dependence of hai (X ) is only on val(x). O

Lemma 18.4.2. Let T be a finite length Op,-module, and suppose T is w§-torsion. For
any integer b > e, form the Og,-module A = T @ (w, 'O, /OF,). Consider u=t+w € A
with t € T and w € @, "Or,/Op, both of evact wy-torsion. There is a (non-canonical)
1somorphism

A/(u) = (T/(1) & (w;"Or, /O, (18.4.5)
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Proof. This follows from the structure theorem for finitely generated modules over the
discrete valuation ring Op,. For example, we can select elements ey, ..., e, € T such that
T ={e1)®---® (e,) and such that ¢t = wje; for some s > 0. The case r = 0 is trivial, so take

r>1. Thenr +s <e. If w € @w,"Or /Op, is such that wjw’ = w there is an isomorphism
T & (w;°0p,/OR,) — A (18.4.6)

sending e; — e; +w', e; — e; for i > 2, and z — z (for any generator z of wgbOFO/OFO).
This isomorphism takes t to ¢ + w. O

Given a finite torsion cyclic Og,-module N = O, /wiOp,, we set ord(N) = a.

Lemma 18.4.3. Let T be a finite length Op,-module, and assume T is w®-torsion for some
e > 0. For any integer b > 0, form the Og,-module Ay = T & (w9, " O, /Or,). The polynomial

= Y X"Wm(t(A,/N), X) (18.4.7)

cyclic submodules
NCA,

stabilizes for b > e.

Proof. Applying — R0y, Fq to the exact sequence
0—-N—A — A/N—0 (18.4.8)

shows
to(A if N C wpA
(/) = 4 D) TN S wody (18.4.9)
tO<Ab> —1 if N g woAb
for any cyclic submodule N C A,. We also have to(A4y) = to(7) +1if b > 1.

There is a natural inclusion A, — A,,;. For any cyclic submodule N C A, we have

to(Aps1/N) —1 if N = (t +oy?) with t € woT

to(Ap/N) = ‘
to(Aps1/N) otherwise

(18.4.10)

where @, € @y "OF,/Or,. Assume b > e. Then, in the first case above, the element t € T
is uniquely determined by N (using b > ¢). The cyclic submodules N C A, with N € A,
are of the form N (t + @y "*) for a unique t € T
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We thus have

Opyr1 — O (18411)
= Y XMWmtg(Apa /N, X))+ Y X Mm(te(Ap /N), X)) (18.4.12)

teT tewoT
N=(t+w; ") N=(t+w; ")

= ) X Wm(t(4,/N), X) (18.4.13)

tewoT
N=(t+w; ®)

where the sums run over ¢t € T or t € @7, as indicated. We compute

> X m(ty(Apsa /N), X) = |TIX" M m(to(T), X) (18.4.14)

teT
N=(t+w5 1)

where |7 is the cardinality of 7. For any integer a > 0, we have the identity m(a + 1, X) —

m(a,z) = —¢*Xm(a, X), so we compute

> X Mm(ty(Apa/N), X) = Y XM Vm(ty(4,/N), X) (18.4.15)

tewoT tewoT
N=(t+wy") N=(t+w; ")
= —|wo T g T X m(ty(T), X). (18.4.16)

But the exact sequence

0= woT =T = T/weT —0 (18.4.17)

shows that |T| = |woT ¢ since to(T) = dimg, T/woT by definition. Substituting into
(18.4.11) shows apy1 — ap = 0. O

Lemma 18.4.4. The polynomial Deny, ,(X); — XDenys ..(X);,

° stabilizes for val(x) >
20max (L°).

Proof. As the 2’ dependence of Deny, ,,(X)¢ is only on val(z'), we may assume 2’ = @ 'z

without loss of generality. Assume val(x) > 2amax(L’). The lemma is trivial if L’ is not
integral (the polynomial is 0), so assume L’ is integral.
Inspecting (18.3.3) shows that Deny, ,(X); — XDeny, ,.(X); is equal to

> XM m(t(M), X) (18.4.18)

LCMCM*

b _r1b
MNL%=L
wl_lacQM
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where the sum runs over lattices M C V (similar reasoning was used at the beginning of
the proof of Lemma 18.3.5). For each M in the above sum, note that M /L is cyclic (again,
L> C M is a saturated sublattice, so there is a direct sum decomposition M = L’ @& (¢) (not
necessarily orthogonal) for some £ € V). By Lemma 18.4.1, it is enough to show that

> XM m(t(M), X) (18.4.19)
LCMCM*
MiNLy,.=L}
M/L is cyclic
@y legM
stabilizes for val(z) > 2amax(L”), where the sum runs over lattices M C V (because the
difference between (18.4.19) and (18.4.18) is (18.4.4)).

We find that (18.4.19) equals

) Y. XM m(M), X) (18.4.20)

LiCMCL} LyCMCM;

MlﬂLz,:Lﬁ Mo /Lo is cyclic

w e @My
where the outer sum runs over lattices M; C Vj, the right-most sum runs over lattices
My C Vi, and M = M; @ M,. Note that the lattices M; always satisfy M;/L; being cyclic,
because M; N L% = L) implies M; = L’ @ (y; + @, “'a) where y; € L5/L} is of exact
w{'-torsion.

To prove the lemma, it is enough to check that (18.4.20) does not change if x is replaced
with wox. The set of lattices M; C Vi appearing in the outer sum is indexed elements
y; € L5 /L (since e; is determined by y;, in the above notation), and hence does not change
if 2 is replaced by @,z (here using val(z) > amax(L’) to ensure M; C L} for any choice of
y1). Note also that ¢y(M;/L1) = e; and hence does not change when z is replaced by wax.

For the rest of the proof, fix an M; as in the outer sum of (18.4.20). We will show that
the inner sum of (18.4.20) does not change if z is replaced by wz.

Set A = M| /Ls. The inner sum is

lo(M1/L1) Z XM (to(A/N), X). (18.4.21)

cyclic submodules
NCA

We already discussed that the factor X%©(1/L1) does not change when x is replaced by wsz.
On the other hand, we have A = Homo,, (L3/Mi, Fo/OF,) so A = L;/M; (non-canonically).
If b := val(z) and T = L}*/L}, then Lemma 18.4.2 shows A = (T /{y1)) ® (w3 "Or, /Or,),
where y; is associated to M; as above (since the submodule (M;/L;) C L%/L; is cyclic and

generated by y; + @~ “'x; where y; is of exact w{'-torsion).
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Now Lemma 18.4.3 implies that the sum in (18.4.21) does not change if z is replaced by

TwaX. ]

Proof of Proposition 18.3.2 in split case. Assume F'/Fy is split. As remarked at the beginning
of Section 18.4, it is enough to show that Den(X, L) — XDen(X, L') stabilizes for val(x) >
20max(L?). We have

Den(X,L) — XDen(X,L') = > Deny ,(X); — XDeny, ,.(X);, (18.4.22)
ngMbgMb*
by definition (see (18.3.4)), so Lemma 18.4.4 proves the claimed stabilization. O
18.5 Limits

We continue in the setup of Section 18.3 but now assume (V) = —1 if F//F} is nonsplit.
Recall also the definitions in (18.3.3) and (18.3.4).

Let M" C L’ be any non-degenerate Hermitian Op-lattice of rank n — 1 with ¢(M”) < 1.
If F'/Fy is nonsplit, set

. 4 d ~ ~ d
ODeny, (x), = —[F : Fy]—— Den(X, L), 0Denyp p(z), = —[F: Fyl-—= Den,p ,(X);,
dX|v_, ’ dX x4 ’
dDenpy (), = Z dDenys (), dDenys (), = 0Denp (), — ODenys 4 (T)n.
LCNCN*
N°=NNL",
t(N”)<1
If F/Fy is split, set
Denyy(z),, == Den(X, L), Den s (), = Denyp . (X);
X=1 X=1
Denps (), = Z Denyys (), Denps 4 (), := Denpy (x), — Dengp o (2)n.
LCNCN*
N°=NNL%,
t(N?)<1

The above sums run over lattices N C V' (so N” varies). These definitions also apply for any

x ¢ L) (not necessarily perpendicular to L% ), as long as we take L = L” + (z).
Lemma 18.5.1. If F//F, is split, then Denps 4 (x), = 0 for all x.
Proof. Inspecting (18.2.2) shows that Den(X, M)? = 0 unless M = M*. Lemma 18.3.4

implies Denys ,(X)5|x=1 = 0 unless t(N’) < 1, i.e. Deny, (), = Denps y(z). O
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Given x € V with (x,2) # 0, we set val’(z) := val'(x) if F/F, is not inert (resp.
val”(z) := (val(z) — 1)/2 if F/F, is inert) to save space. We say a limit stabilizes if the
argument of the limit becomes constant.

Proposition 18.5.2. If F'/Fy is nonsplit, we have

dDen* (L"), = 2[F' : Fy]~* lim (9Den, (2'),, — val”(z)Den*(L’),,) . (18.5.1)

z—0

If F/Fy is split, we have

0Den*(L’), = lim (Deny, ('), — val(z)Den*(L"),) . (18.5.2)

x—0

The expressions are 0 if L’ is not integral, and all limits stabilize for val(z) > 0. If L’ is
integral and F/Fy is nonsplit (resp. split), then the limits stabilize when val(x) > amax(L’)
(resp. val(x) > 2amax(L’)).

Proof. We emphasize that we are following Setup 18.3.1; in particular, we have 2’ — 0 as
x — 0. Assume L’ is integral (as the lemma is otherwise clear) and assume val(x) > Gmax(L°).
The key input is the induction formula from Proposition 18.3.2.

Case F/Fy is nonsplit: Multiply the induction formula from Proposition 18.3.2 by
X —val'(L)/ 2. and call the resulting expression () (temporary notation). Taking one derivative
of (x) at X =1 yields

Den*(L’), = dDeny(2), — 0Denys (2'),,. (18.5.3)

Here we used Den(1, L),, = Den(1, L’),, = 0 because (V') = —1 causes a sign in the functional

equation (16.1.5). Taking two derivatives of (%) at X =1 yields the identity

oo d?
val'(L)0Deny, (), + [F : Fo)—

e Den(X, L), (18.5.4)

X=1

2

= (val'(L") — 4[F : Fy)"")Deny ('), + [F FO]W

Den(X, L), + 0Den*(L),,.
X=1

Again using (V') = —1, we apply the functional equation for Den(X, L) (16.1.5) to find

d? d
el XZlDen(X, L), = (val(L) — 1>ﬁ XZlDen(X, L) (18.5.5)
= —(val(L) — 1)[F : Fy]'0Den s (x)n (18.5.6)

(the second equality is by definition) and similarly for L’. We also have

val'(L’) = val(L) — 2[F : Fy] "val”(z) —1  val(L) = val(L') 4+ 2[F : Fy]™'.  (18.5.7)
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Substituting all displayed equations into (18.5.4) proves the claim.
Case F/Fy is split: Evaluating the induction formula from Proposition 18.3.2 at X =1
yields
Den*(L"), = Den(1, L),, — Den(1, L'),.. (18.5.8)

val(L’

Multiplying both sides of the induction formula by X~ )/2 and taking one derivative at

X =1, we find

Den(X, L), (18.5.9)

d
val(L*)Den(1, L), — 2d—X o

Den(X, L), + 0Den*(L),,.

d
= (val(L’) — 2)Den(1, L'),, — 2=~ .

The functional equation (16.1.5) implies

2% XZlDen(X, L), = val(L)Den(1, L), (18.5.10)

and similarly for L'. We also have
val(L’) = val(L) — val(z)  val(L) = val(L') + 1. (18.5.11)
Substituting all displayed equations into (18.5.9) proves the claim. ]

Corollary 18.5.3. Let M C L5 be any full rank integral lattice with t(M”) < 1. If F/Fy is
nonsplit, the following formulas hold.

(1) dDeny(L?), = 2[F : Fy]~'lim, 0 dDenys  (2),,

(2) ODen’, (L"), = 2[F : Fy] ' lim, o (0Denys y(2'), — val’(z)Den*(L’),,)

(3) ODen’s, (M?)S = 2[F : Fy) =" lim, o (0Denyp_y,(2')% — val”(z)Den* (M”)2).
If F/Fy is split, the following formulas hold.

(1) 8Den’, (L"), = lim, o Denys 5 (z),

(2) ODen’s, (L’), = lim,_o (Denyy ('), — val(z)Den*(L"),)

(3) 0Den’, (M")e = lim,_o (Denyp - (2')8 — val(z)Den* (M");).

All limits stabilize for val(z) > 0. The expressions (1) and (2) are 0 if L’ is not integral. If
L’ is integral and F/Fy is nonsplit (resp. split), then the limits in (1) and (2) stabilize when
val(z) > amax (L) (resp. val(x) > 2amax(M?)). If F/Fy is nonsplit (resp. split), the limits in
(3) stabilizes when val(x) > amax(M®) (resp. val(z) > 2amax(M®)).
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Proof. Denote the result of Proposition 18.5.2 as (0). We have (3) = (2) (in all cases,
nonsplit or split), by summing over M’ containing L’. We have (0) == (3) by taking
L> = M” and inducting on val(M") (starting with the base cases of M” being maximal integral
(still with #(M") < 1), in which case dDen*(M”),, = ODen’,(M"), = dDen*,(M")2, and
similarly for Den*(M"),, as well as dDen,(2'),, (nonsplit) and Den, ('), (split)). Since
(0) = (1) + (2), we conclude that (0) = (1) as well. O

The following lemma is the geometric counterpart of Corollary 18.5.3(1) (in the special

case when a = “Z (L"), for a non-degenerate Hermitian Op-lattice L’ C W).

Lemma 18.5.4. Take Fy = Q, and assume p # 2 if F/Q,, is ramified. Let Z — Speck be a
proper scheme equipped with a closed immersion Z < N. Given any o € gry Kj(Z), we have

degg(a - £Y) = lim degg(a - “Z(w)) (18.5.12)
w—
where the limit runs over w € W. The limit stabilizes for w satisfying Z C Z(w).

Proof. We may assume F/Q, is nonsplit, as otherwise gr; K((Z) = 0 (Section 5.4) for
dimension reasons and the lemma is trivial.

For any fixed w € W, there exists e > 0 such that Z C Z(p°w) (over a quasi-compact
base scheme, p¢ times any quasi-homomorphism is a homomorphism for e > 0). Hence
Z C Z(w) for all w € W lying in a sufficiently small neighborhood of 0.

Assume w € W is such that Z C Z(w). Write Z(w) C Oy for the ideal sheaf of Z(w)
(recall that Z(w) is a Cartier divisor, see Section 5.5). The lemma now follows from the
“linear invariance” argument in the proof of [LL22, Lemma 2.55(3)] (valid in the inert case
as well, using [How19]). Alternatively, the proof of linear invariance (particularly [How19,
Definition 4.2] (inert) [LL22, Lemma 2.39| (ramified)) exhibits a canonical isomorphism
E @ Ozw) = I(w) ® Oz via Grothendieck-Messing theory. O

Proof of Theorem 18.1.2. The horizontal part of the theorem was already verified in Propo-
sition 18.2.1, so it remains to show Inty (L), = dDen’, (L"),

If F/Q, is split, then “Z(L"), = 0 and so Inty(L’), = 0. Applying Corollary 18.5.3(1)
with V =V, we find dDen} (L"), = 0 since Deny, 5 (z), = 0 for all z (Lemma 18.5.1).

Next assume F/Q, is nonsplit. For any w € W not in L%, we have degz(*Z(L")y -
LZ(w)) = dDenys 4 (w), by [LZ22a, Theorem 8.2.1] (inert) and [LL22, Theorem 2.7] (the
“vertical” parts of the main results of loc. cit..). Lemma 18.5.4 implies Inty (L°), = 2[F :
F‘O]*l lim,,_q 8Dean77/(w)n. Restricting to w perpendicular to L%, the limiting formula in
Corollary 18.5.3(1) now implies Inty (L"),, = dDen’,(L’),,. O
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Remark 18.5.5. Suppose Fy = Q,, suppose F/Q, is nonsplit, and assume p # 2. Let
M” C V be a non-degenerate integral Op-lattice of rank n — 1 with ¢(M°) < 1. As above, let
Z(M®)° C N be the associated quasi-canonical lifting cycle.

For any nonzero w € V not in M}, we have degp(Z(M’)° N Z(w)) = ODenyyp - (w);, by
[KR11, Proposition 8.4] (inert, see also |LZ22a, Corollary 5.4.6, Theorem 6.1.3]) and [LL22,
Corollary 2.46] (ramified), i.e. the “horizontal” parts of the main results of loc. cit..

The “horizontal part” of our main theorem showed Int »(M?)° = dDen%,(M")° (Propo-
sition 18.2.1). Using also the special value formula in Lemma 18.1.3, our limiting result

Corollary 18.5.3(3) is equivalent to the geometric statement
2deg Z(M")° - Ggau(val' (M"))
—2[F: Q,]™" liII(lJ (degz(Z(M°)e N Z(x)) — val”(wz) deg Z(Mb)o) (18.5.13)
T—

(limiting over nonzero = perpendicular to M”) where 6., (val'(M®)) is the “local change of
tautological height”, as in (7.2.7) (which is —1/2 times the “local change of Faltings height”
Spa(val' (M?))).

To prove our main theorem, we verified (18.5.13) indirectly by the computations in Section

18.2. Direct computations are also possible.

19 Archimedean local identity

Let V be the non-degenerate C/R Hermitian space of rank n and signature (n —1,1). We
freely use notation for the Hermitian symmetric domain D and its special cycles (Section 8.1)
as well as the Archimedean local Whittaker functions W7 (s);, for T' € Herm,,(R) (complex
Hermitian matrices) with detT" # 0 (Section 15.2). Here W7 (s);, denotes the function

W7 ,(1,s); in the notation of loc. cit..

19.1 Statement of identity

Our main Archimedean local identity (“Archimedean local arithmetic Siegel-Weil”) is the

following. The notation (—)* denotes orthogonal complement.
Theorem 19.1.1. Let x € V™ be an m-tuple with nonsingular Gram matriz, and set

T = (x,z). If span(z)* is anisotropic, we have

JE@ina@rm =5 Wil (19.0.0)

s=—50

where so = (n —m)/2.
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In Theorem 19.1.1, integration of the current [€(z)] A ¢1(EY)"™ over D is understood in
the sense described in Section 4.5. The displayed integral is convergent (combine Lemma
8.3.3 and Lemma 8.3.1). The local functional equation (Lemma 16.2.1) implies that the
derivative of W7 _(s); at s = so and s = —s¢ are the same up to a simple sign.

The case m = n of Theorem 19.1.1 is the content of [Liull, Theorem 4.17] (when
translating to Liu’s notation, recall also that Wy (0); = 0 when m < n for non positive-
definite T', as discussed in Section 15.2). We do not give a new proof of this case. Indeed, we

reduce the other cases of Theorem 19.1.1 to the case m = n by the following limiting result.

Proposition 19.1.2. Let T° € Herm,,(R) be a matriz with det T* # 0, assume m < n, and
set so = (n —m)/2. Assume that either m =n — 1 or that T is not positive definite. Given
t = diag(tyi1, - - -, tn) € Herm,,_,,(R), set T = diag(t, T").

d e (d
% Tb,oo(s)n - tli)%}t (E

s=—50

Wi ()2 + (log t] s + log(dm) — r’<1>>w;b,oo<—sO>z)
(19.1.2)

s=0

where [t| g+ = | dett| 5+, and where the sign on 0F (meaning all t; have this sign) is

— 4fT" is positive definite
ST s p i (19.1.3)
+ else.

Remark 19.1.3. In the situation of Proposition 19.1.2, recall

1 if 7" is positive definite
W2, (=so)s = (19.1.4)
T?,00 n
0 else

(see Section 15.2). Due to this vanishing, the term (log |t|+ +log(47)—I"(1)) from Proposition
19.1.2 should not be taken seriously outside the positive definite T° case (especially if
m#n—1).

If T” has signature (p,q) for ¢ > 2, we also have

d d
Wi ()2 = | Wi.o(s)5=0 (19.1.5)

e T",00 n
ds o= s ds|,_q

for any t € Herm,,_,,,(R) with det¢ # 0 by [Shi82, Theorem 4.2, (4.34.K)|. Thus Proposition
19.1.2 holds for T” of signature (p, q) when ¢ > 2 (both sides of the identity are 0).

The proof of the remaining cases of Proposition 19.1.2 will occupy most of the rest of

Section 19. The case of T” having signature (m — 1,1) is completed in Section 19.4, and

239



the case of positive definite 7” is completed in Section 19.5. We also obtain an explicit
formula for both sides of (19.1.1) when T is positive definite, namely (19.5.4) (the formula is
a polynomial in the eigenvalues of T71).

Once the proposition is proved, Theorem 19.1.1 follows (and is equivalent to the proposition
for any given 7”, which is the T in Theorem 19.1.1) by the following argument.

Proof of equivalence of Theorem 19.1.1 and Proposition 19.1.2. Let T® be as in Proposition
19.1.2. We may assume 7" has signature (m,0) or (m — 1,1) by Remark 19.1.3. Sup-

pose 2’ = (2,...,2°) € V™ satisfies (2°,2°) = T°. Given an orthogonal basis 27 =
(Tmi1s -+ 2n) of span(z’)t, set t; = (xj,7;) for j > m + 1, set t = (tye1,...,tn), set
2= (Tymits - Tny @, ..., 20) €V and set T = (x,z). We have
d * o b #
7ol Wre(s)n= [ )] = [ [€@)] Aw(a”) + &(x) (19.1.6)
Sls=0 D D D(a")

where the first equality is the m = n case of Theorem 19.1.1 (already proved by Liu as cited
above) and the second identity is by definition.

Using the pointwise convergence lim, o w(az) = 01(5\/) on D for each z € V' (8.2.8), we

have
lim [ [£(2")] Aw(z®) = / (@) Aer(EV)mm (19.1.7)
z# —0 D D

(say, where the limit runs over 2% = (@, 11%m i1, - - -, anTy) as a; — 0 for all j) by dominated

convergence (applying estimate from the proof of Lemma 8.3.1 and convergence from Lemma
8.3.3, particularly convergence of (8.3.8)).
The closed submanifold D(z”) C D is a single point if 77 is positive definite (in which

case we assumed m = n — 1), and is empty if 7% is not positive definite. We thus have

) = (19.1.8)

/ ¢ — Ei(4m(zpn, z,)) if T? is positive definite
T
D(z’) 0 else.

Recall asymptotics for the function Ei (8.2.2) and recall I'(1) = —v. Recall the special
value formulas from (19.1.4). We substitute into (19.1.6) to obtain

t—0*t

Wi ()2 + (log [t s + log(dm) — r'(l))W;b,OJ—so):;)

(19.1.9)
(where the sign on 0F is the sign of ¢, determined by the signature of 7%) which proves the

s=0

claimed equivalence. O
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Remark 19.1.4. For any T' € Herm,,(R) with detT # 0, recall that the (normalized)
Archimedean local Whittaker function W7 _(s);, satisfies a certain “linear invariance” property,
i.e. the local Whittaker function is unchanged if we replace T by *kTk for any k € U(m)
where U(m) is the usual positive definite unitary group in standard coordinates (see Section

15.2). It is thus enough to prove Proposition 19.1.2 when T” is diagonal.

Remark 19.1.5. Using the linear invariance property for Whittaker functions, the limiting
relation in (19.1.9) implies that the quantity

Llewnaa@yr (19.1.10)

from Theorem 19.1.1 is similarly linearly invariant (i.e. does not change if 2" is replaced

> is viewed as a row vector of elements in V). Stated

by 2’ - k for any k € U(m), where
alternatively, we observe that the linear invariance result of Liu for [,[£(z”)] A cl(gv)”*m
when m = n [Liull, Proposition 4.10] can be used to prove the analogous linear invariance in

our setting via limiting, even before we have proved Theorem 19.1.1 or Proposition 19.1.2.

19.2 Computation when n = 2

Before proving Theorem 19.1.1 via Proposition 19.1.2 in the later sections, we check the
n = 2 case of Theorem 19.1.1 by direct computation (the case n =1 and m # n is trivial as
both sides of the identity are trivially 0). The proof for general n (which proceeds differently,
not relying on the n = 2 computation) begins in Section 19.3 below.

Take n = 2 throughout Section 19.2, and suppose 1" € R is nonzero. By [Shi82, (1.29)

and (3.3)| (translation via (13.2.13)) and some rearranging, we have the formula
Wi (57 = Ds = 1/2) (o2 [ et 1209 gy (19.2.1)
0
=1+T(s— 1/2)—1|47TT|S—1/2/ e T ((u 4+ 1)*T2 — D32 du (19.2.2)
0

if T'> 0, where the integrals in (19.2.1) and (19.2.2) are convergent for Re(s) > 1/2 and
Re(s) > —1/2 respectively. We similarly have

ijoo(s)rol _ F(S . 1/2)_1|47TT|S_1/2/ e47rTu(u . 1)s+1/2us—3/2 du (19'2'3)
1

if T'< 0, where displayed integral is convergent for Re(s) > —3/2.
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Proposition 19.2.1. Given any nonzero T € R and any v € V with T = (z,x), we have

d . N (—47T)~ ! if T'>0
[e@ea@) == Wil - | (19.2.4)
D Sls=1/2 (47T)~te*™ — Ei(4nT) if T < 0.
The preceding proposition (proved below) shows that Theorem 19.1.1 holds when n = 2
(the functional equation implies —<|,_y oW (s)5 = “E]s——1/2W5 (5)2).

Lemma 19.2.2. For any nonzero T’ € R, we have

d —47T)~ ! if T'>0
—— Wi oo(8)y = ( ) / (19.2.5)

ds |/ (4nT)Le*T — Ei(4nT) if T < 0.
Proof. Recall that T'(s)™! = s + O(s?) near s = 0. The integrals in (19.2.2) and (19.2.3) are
convergent and holomorphic at s = 1/2. Directly evaluating the integrals at s = 1/2 gives

the claimed formulas. O

Lemma 19.2.3. Withx € V and T € R as in the statement of Proposition 19.2.1, we have

. (—4xT)"! ifT>0
By = 19.2.6
/ z)er(E7) (4nT)~'eT — Ei(4nT) if T < 0. (15:26)
Proof. By (8.3.2), we have
_ 1 d2Adz
(V) = —09(log R(x, 2)) = %% (19.2.7)

If T"> 0, we have

/é— Cl gv // —47rTuzz(1 2z)~1 —1 du 1 dzANdz (1928)

omi (1 — 22)?

= —2/ / 674”T“’"2(1””2)71u’1(1 — 13" %r du dr (19.2.9)

/ / —ArTvey, =1 dy du (19.2.10)
—47T)~ (19.2.11)

via the change of variables v = 7?(1 — r?)~1.
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If T'< 0, we have

o0 -1 ]_ dZ A df
vy _ dnTu(l-22)"y =1 g, = G2 S 19.2.12
/Df(:r)cl(c‘: ) /1)/1 ¢ D * (1 —2%)? ( )
1 oo
= _2/ / 647rTu(1—r2)—1u—1(1 . 7,2)—27, du dr (19'2'13)
0 1
= —/ / ey du du (19.2.14)
1 1
= (47T)7 " / ey du (19.2.15)
1

via the change of variables v = (1 — r?)~!. We also have
/ ey du = e*™T — (47T) Ei(4nT) (19.2.16)
1

via integration by parts. O]

Proof of Proposition 19.2.1. Already proved by direct computation in Lemmas 19.2.2 and
19.2.3. m

19.3 More on Archimedean local Whittaker functions

We use some special functions studied by Shimura [Shi82| to describe the Archimedean
Whittaker functions Wy, (s);, from above. We allow arbitrary n € Z for the moment.

We first recall Shimura’s definitions. Given an integer m > 0, set
m—1
Lo(s) = a2 T I(s — k) (19.3.1)
k=0

as in [Shi82, (1.17.K)]|, where I is the usual gamma function. Given Hermitian matrices h, b/,

the notation h > A’ will mean that h — A’ is positive definite. For

a,p€C g€ Herm,,(R)sg h € Herm,,(R)
zeH ={z=ua+1iy € My nm(C) with 2,y € Herm,,(R) and = > 0}
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we set

&(g, h;a, B) - / e’%”r (h) Qet(x + ig) = det(z — ig)~? dx (19.3.2)
Hermm

n(g, h; o, B) == %{ermm w(92) det(z 4+ h)* ™ det(z — h)P ™™ da (19.3.3)
xx>>hh

(z; 0, ) :/ ~UED) det(x + 1,,)* ™ det ()P da (19.3.4)
Herm,, (R

wm(z;a, B) =T (8)” det( V(25 , B) (19.3.5)

Coglg;a, B) = e~ 110 )/2/ Hermp(®) € 9% det(x + diag(1,,0))* ™ det(z + diag(0,1,))* ™™ da
z+diag(1p,0)>0

o+diag(0,14)>0
(19.3.6)
initially defined for Re(a), Re(3) > 0, where p, g > 0 are integers with p+¢ = m. All implicit
measures in the integrals are Euclidean. See Remark 13.2.1 for the log branch convention.

The special functions &, 1, (., wm, (p4 are copied from [Shi82, (1.25), (1.26), (3.2), (3.6),
(4.16)], respectively. Formulas relating & and 7, relating n and (,,, and relating n and ¢,
are given in [Shi82, (1.29), (3.3), (4.18)]. These will be used implicitly in our computations
below.

Recall that w,,(z; @, ) admits holomorphic continuation to all (z,«,3) € H' x C? (by
[Shi82, Theorem 3.1]), and that T'y(a — p)7'T,(8 — ¢)'¢q(g; @, ) admits holomorphic
continuation to all («, 8), for any g (by [Shi82, Theorem 4.2]). We also recall the special
value formula

wm(z;m, B) = wn(z;a,0) =1 (19.3.7)

for all a, 8 € C [Shi82, (3.15)].
We will also use the differential operator A = det(0/0z;;) on the space of matrices

2= (2jk)jk € Mmm(C)asin [Shi82, (3.10.11)| (also [Liull, (4-20)]). For any v € Herm,,(R)~o,

1/2 denoting its unique positive definite Hermitian square-root, we have the relation

(—1)™Ae™ " det(uz) Pw, (ul/22ut/% a, B))
= e det(uz) 7P det(w)wpm (U2 2u'/?; o + 1, B) (19.3.8)

with «

where A is applied to the z variable, and where both sides are evaluated at z € H'. The
preceding formula is a slight variant of [Shi82, (3.12)] and |Liull, (4-21)| (and can be verified
by similar reasoning). We will use this formula in its equivalent form

(—1)me" " Ae™ "™ det(z)’ﬁwm(ulmzul/z; a,f3))

= I (B) " Hdet(w) 1 (w2 2ul % 0+ 1, B). (19.3.9)
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Remark 19.3.1.

(1) The special function & (which takes multiple arguments) should not be confused with
the Green function from Section 8.2 (which takes one argument), as should be clear from
context. The same applies to 1 the special function (which takes multiple arguments)

and 71 the quadratic character (which takes one argument).

(2) The definition of ¢, , in [Shi82, (4.16)| has a running assumption that “g is diagonal”,

but we can make the same definition without this diagonal assumption.

(3) Liu also uses these functions but with slightly different normalizations [Liull, §4A].

We follow Shimura’s normalizations.

Given T € Herm,,(R) with det T' # 0, we set (non-standard)

m(m—l)ﬂ.—m,ﬁ

* 7 tr 2 —aTm
VI/T(OZ7 5) = 62 ¢ Tmfm(aﬂ detT| + f(lm, T, &,ﬁ) (19310)

for v, 8 € C initially defined for Re(«), Re(8) > 0. We have
Wq’ioo(s)fl = Wi(a, B) when o = s — sp+n and 5 = s — s (19.3.11)

where sop = (n —m)/2 (see (13.2.13)).
For any ¢ € GL,,(C) such that cl,,'¢ =T (where 1,, = diag(1,, —1,) € M, .»(R)), and

with g := 'éc, we have

Wi(a, B) = e (2m) "m0y (B) 7" | det T2 == det T|** 77"y (279, 1,,4; 0, )
= 2 TT,,(8)7 det 4T |G, o (4g; a, ). (19.3.12)

When T is positive definite, our conventions imply
Wi(a, B) = wn(47rg; a, 5). (19.3.13)

Lemma 19.3.2. Suppose T' € Herm,,,(R) has det T # 0. If T' is positive definite (resp. not
positive definite), the function Wi(«, 8) admits holomorphic continuation to all (a, 3) € C?
(resp. for Re(a) > m — 1 and all 8). In this region, we have

0
5 Wi(e, ) =0 (19.3.14)

for B =0 (resp. B € Z<o).
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Proof. Let T have signature (p,q) and let g be as above. The holomorphic continuation
of T,(8 — q) 'Ty(a — p) ¢, (4mg; o, B) to all (o, 3) € C* (as recalled above from [Shi&2,
Theorem 4.2]) implies that W7 («, ) admits holomorphic continuation to the region claimed.

When T is positive definite, (19.3.7) implies (0/0a)W;(c,0) = 0. If T is not positive
definite, the function I',,(8) "', (8 —¢) has a zero at every 8 € Z<p, which implies Wi (c, 8) =
0 for all § € Z<o. Thus (0/0a)Wi(«, 8) =0 for all b € Z<, in this case. O

Suppose m > 1. For any g = (—4x) ! diag(a,b) € Herm,,(R)~o with a € Herm,,, 1 (R) g
and b € R, we have (as in [Shi82, (4.25)] and also |Liull, (4-15)])

627rtrg<:m_171(47.‘.g; a, ﬁ) (19315)
— / etrlaww)Fbwwe (] 4wt w); B,a —m + 1) (19.3.16)
Cm 1
~etr(_““/2)n(—a, u/2;a,8—1) dw
= / etrlaww ) Hbw w e (_p(1 4 w*w); B, a — m + 1) (19.3.17)
Cm 1
~det(u)* ¢ (—utPaut? 0, 8 — 1) dw

with w € C™ ! viewed as column vectors, with w* := w, with u = 1,,_1 + ww*, with u!/?
the unique positive definite Hermitian square-root of u, and with dw being the Euclidean
measure.

We next specialize (19.3.17) to o = m. We have

I (b1 4+ wrw); B,1) = /100 ebHwrwzy 51 gy (19.3.18)
Combining (19.3.9) and (19.3.7), we also find
det (u)?Cpo1 (—u*aut?;m, B — 1) = (=1)™ Le WA __,(e” " det(2)PHY).  (19.3.19)
Hence, we have

(=)', (6—1) a1 (4mgim, B) (19.3.20)

/ / (aww*) b(14+w* w)x B—1 (19321)
Ccm— 1

—tr(lm 1+ww* aA’z__a(e_tr(lm 1Hww*)z det( ) ﬁ—H) dr dw.

These rearrangements are initially valid for Re(f) > 0, but in fact hold for all g € C by

analytic continuation (see also [Shi82, (3.8)] for estimates on ¢(; and (,,_; giving convergence).
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The next lemma generalizes a calculation of Liu [Liull, Lemma 4.7|, and will be used to
re-express (19.3.21) more explicitly. In the statement and proof below, we adopt the following
notation from [Liull, Lemma 4.7]: given a matrix u € My, ,,(C) and sets I,.J C {1,...m} of

1.J)|

the same cardinality, the symbol |u"”| (resp. |us s|) will mean the determinant of the matrix

obtained from u by discarding (resp. keeping) the rows in indexed by I and the columns
indexed by J.

Lemma 19.3.3. Given any u € M, ,,(C) and zy € Herm,,(R)so with zy diagonal, we have

t
Alsesy (€7 det(2)*) = €7 det (2 Z > (H(s+k—1)> 90,21 ™|
}

t=0 J={j1 <<t} \k=1
JCA1,...,m}
(19.3.22)
for all s € C, where the inner sum runs over all subsets J C {1,...,m} of size t.
Proof. Observe that (upon fixing u and zp) the expression
e " det(20) T A=y (€ det(2)®) (19.3.23)

is a polynomial in s. Hence it is enough to prove the lemma holds for all s € Z>;. The
case s = 1 is given by the proof of [Liull, Lemma 4.7] via combinatorial calculation. For all

s € Z>1, a similar calculation shows

e "0 det(29) * A=z (€7 det(2 Z Z PRRE ] e (19.3.24)
t=0 J={j1 <-<je}
JCA{1,....m}

for all s € Z>,, where Ny, is the number of tuples ((o1, J1), ..., (0s, J5)) where J; C J are
disjoint subsets (possibly empty) with |JJ; = J and each o; is a permutation of J;. If |J;]

denotes the cardinality of J;, then there are (*/*]") possibilities for the tuple (|/1],...,|J|),
and each such tuple admits ¢! corresponding tuples ((o1, J1), ..., (05, Js)). Hence Ns,t =
()t =TT (s + k= 1), 0

19.4 Limiting identity: non positive definite T°

Take integers m,n > 1, assume m < n, and set sg = (n—m)/2. Given a = diag(ay,...,a,_1) €
Herm,,_;(R) o and b € R_g, set a’ = diag(an_mi1,.-.,an_1) € Herm,,_,,(R) and

T = (—4m) ' diag(a, —b) T’ = (—4m)~tdiag(a’, —b)
g = (—4m) " diag(a, b) ¢ = (—4n)~diag(a’, b).
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We have T, g € Herm,,(R) and 7%, ¢’ € Herm,,,(R).
We have
(0. 0) = 7T (8) 7! | det 4n T’ Gy 1 (g o, )
= | det 4n T’ P~ T (B) Tt (6 — 1)’162”tr9bcm,171(47rg"; a, f)

which implies
9
op
= (if(ﬁ)_1> | det 47T [P~ el 1 (B — 1) 1™ (1 (4 g” m, B)

« (m, B) (19.4.1)

dp

whenever both sides are evaluated at 5 € Z<y.
Equation (19.3.11) and Lemma 19.3.2 imply

a4
ds

RPN *
——so pro(s)n = % - Tb (m, 6) (1942)

Since I'(s)~! has residue (—1)"""(n —m)! at s = m —n, we use (19.4.1) and (19.3.21) to find

d

— 5 (5) (19.4.3)
ds o——s ,
)y m( m)!| det 47T ™" (=) "™+ (19.4.4)

tr(aww b(1+w* w)x m—n—1
Ccm—1

o tr(lm— 1+ww*)a® Al (e—tr(lm—l+ww*)2 det<z)n—m+1) dr dw.

z——a

Next, we write w = (wy,...,w,,) and apply Lemma 19.3.3 to find (using det(1 + ww*) =
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1 + w*w as in [Shi82, Lemma 2.2])

d
| Wi
ds |, ’

= (=)™ (n — m)!|det 4x T’ | "~ det(—a’ )™

Z_ Z ( H_(n—m—i-k)(ail---ait)

=0 I={i1 <<t} k=1

IC{1,...,m—1}
/ / tr(aww b(1+w™ w)x menT 1(1 +wi Wi, + -0+ witmit) dx dw)
Ccm—1
Lyttt gy (19.4.5)

2_ > (10 a)

=0 I={i1<--<it}
I<{1,...,m—1}

oo
/ / etr(aww*)eb(l-&-w*w)wxm—n—l(1 + wilmil + -4 witmit) dx dw) .
(Cm—l

We have used exponential decay of the function floo e x™ "1 as ¢ — —oo for convergence
estimates (to rearrange integrals). The previous formulas also hold when T°,m, ¢’,a’ are
replaced by T',n, g, a (the latter is just the special case m = n).

For the reader’s convenience, we recall the formulas (which will be used below)

/ @) g dy = —m¢! / (22 + y2)ec(x2+yz) de dy = wc 2 (19.4.6)
R? R?
valid for any ¢ € R.

Proof of Proposition 19.1.2 when T° is not positive definite. It is enough to check the case
where T” is diagonal and signature (m — 1,1), by Remarks 19.1.3 and 19.1.4. Take notation

as above. There is nothing to check when m = n. Otherwise, we may show

: d * o __ d * o
4_111131_{10 % S_OWT,OO(S>’!L - % S:,SOWT')’OO<S)” (1947)

via (19.4.5). Indeed, interchanging the limit and integrals (dominated convergence) and
integrating out the variables wy, ..., w,_,, gives the claim (using the left identity in (19.4.6)).
O
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19.5 Limiting identity: positive definite T°
Take any integer n > 1 and set m = n — 1, so that s9 = (n — m)/2 = 1/2. Given
a = diag(aq,...,a,—1) € Herm,,_1(R) o and b € R, set

T’ = (—47)'a and T = (—4m) 'diag(a, —b). (19.5.1)

Equation (19.3.11) and Lemma 19.3.2 imply

d .. d R *
E pro(s)n - % Tb7oo(8)n - aﬁ 6:0 Tb (n; 6) (1952)

s=—1/2 s=1/2

where the first equality is via the functional equation from Lemma 16.2.1. We have

(1, 8) = T (B) ™ det(=a) Gu(—asn, B) = (=1)™e™ " det(~a) ™ Al (" det(z) ")

(19.5.3)

where the first equality is by (19.3.5) and (19.3.13), and the second equality is by (19.3.9)
and (19.3.7). Applying Lemma 19.3.3 then yields

0
~gp|,_ W B) = det(a Z S m—1—-t)(ay - ay). (19.5.4)
p=0 =0 I={iy<-<is}
IC{1,....m}

Before proceeding, we define several functions which serve only to aid computation in
Section 19.5. Set

:Z Z (m —)(a;, - -~ a;,) (19.5.5)

=0 I={i1<“'<it}

1T m)
Gm(z) = (@ +a)™" - (x4 am) " (19.5.6)
rm(z) =1—(r4+a) " = = (z+ay) " (19.5.7)

k
hm(x) = q(x)e” Z Z (m —1—k)la;, - a;z"" (19.5.8)
k=0 t=0 I={i1<-<it}
IC{1,....m}

U (z) =Y > | (m—tla;, - a,(1—(x+a;) " = —(x+a,)")  (19.5.9)

I<{1,...m}
fin (@) = g (@) um(z) (19.5.10)
where dependence on ay, ..., a,, is suppressed from notation.
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Next, we consider (19.4.5) for the matrix 7. Changing variables x — x/b and computing
the dw integral (using (19.4.6)), we find

1/b b
d% SZOW%,OO(S)Z = —/_Oo fm(z)e"z™ dx = — Ei(b) +/_ (1= fo(x))ez™ dz (19.5.11)

o

with m = n — 1 as above, and where Ei is the exponential integral function from Section 8.2.
Lemma 19.5.1. We have f,,(z) =14 O(z) near z = 0.

Proof. In the lemma statement, the variables ay,...,a,, are understood to be fixed (and

negative). Since f,,(z) is a rational function of z, it is enough to check f,,(0) = 1, i.e. that

Z Z (m—t)!a;11~~a;i7t(1—a;11—--‘—a;tl):1

=0 J={i1<--<it}
IC{1,...m}

where {j1,...,Jm—t} = {1,...,m}\ {é1,...,4:}. This holds because the sum telescopes, i.e.
for any given t =0,...,m — 1, we have

Z (m—t)!a;ll~~~a;$7t = Z (m—t—l)!ai1~~~a71 (a;ll—l—'--—kaizl)

]m—t—l
]:{i1<"~<it} Il:{i/1<"'<i;,+1}
IC{1,...,m} I'c{1,...m}
./ -/ _ +/ -/
where {jla s 7.7m—t—1} - {17 s am} \ {Z17 s 72t+1}' O

Lemma 19.5.2. We have Lh,(z) = (1 — f,(z))e*z7".

Proof. We prove this by induction on m. The case m = 0 is clear, as both sides of the identity
are 0. Next, suppose the claim holds for some m. We write fp,11(2), hmi1(2), ete. for the
corresponding functions formed with respect to the tuple (ay, ..., am, ay41) for any given

choice of a,,11 € R.g. Observe that we have an inductive formula

hms1(x) = hn () + @1 (2)d, (19.5.12)
which implies
d d
%hmﬂ(l’) — %hm(l’) = a1 () (2)e%d,,. (19.5.13)

So it is enough to check f,,(z) — fii1(z) = Tqmi1(2)rmy1(x)d,,, which is equivalent to
checking

(T + Q1)U () — U1 () = T7pa1 (2)dy (19.5.14)
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To see that this holds, we first compute

Um+1 — (am—l—lum(m) — Am+1 (ZE + a’m-i-l)_ldm)

=> > (mA1-tla,a,(L— (w+a,) " == (@ +a,)).

t=0 I:{i1<~~'<it}
IC{1,...m}

Using the identity @i 1(® + ami1) ™ =1 — (2 + amy1) ", we see that (19.5.14) is equivalent
to the identity

LUy (1) — 2711 (2)dy + (1 — 2(3 + Q1) ) dm (19.5.15)

=> > (mA1-tla,a,(L—(w+a,) " == (@ +a,)).

t=0 I:{i1<~~-<it}
I<{1,...m}

To see that the latter identity holds, we compute

DU (1) — 271 (2)dpy + (1 — 2(2 + Qpg1) ) dim = 2 (2) — 2770 (2) + dpy

=Y > (m=tay e mtl—t—ay(rtay)t = —a, (w4 a, )7
1=0 I={i1<-<it}
I<{1,...,m}

Xm: Z (m+1—==20)!a; - a

t=0 I={i1<--<it}
IC{1,...m}

> m=tayan (e (@t a) T+t ag, (@ ag, )T
1=0 I={i1<--<it}
I<{1,....m}

where {j1,. .., Jmt} =1{1,...,m}\ {i1,..., 0t}
We thus find that (19.5.15) is equivalent to the identity

Z Z (m+1_t)!ail"'ait((x+ai1)_1+"'+(x"_ait)_l)
t=0 I:{i1<~--<it}
I<{1,...m}

=3 > m=taya (e (@+a) a0, (@ ag, )T
=0 I={i1<<it}
IC{1,...,m}

with {j1,...,Jm—¢} as above, and this identity holds because both expressions are equal to

Z Z Z(m—i—1—t)!ai1~--ait(x_|_a“)fl' O

t=0 I={i1<-<iz} =1
IC{1,...,m}
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Proof of Proposition 19.1.2 when T” is positive definite. We may assume 17 is diagonal by
Remark 19.1.4. With 7" and 7" as above, we find

I d
im (—
b—0— \ ds
via (19.5.11) (and Lemma 19.5.1 for convergence of the integral). The asymptotics for Ei(b)
as b — 07 (8.2.2) show that it is enough to verify the identity

Wi oo () +Ei(b)) :/ (1 — fu(x))e"z™" dx (19.5.16)

—00

s=0

< 79 00(8)n = / (1= fu(x))ez™" da. (19.5.17)

ds s=—1/2 —00

The left-hand side was computed in (19.5.4) (via (19.5.2)). The right-hand side is equal
to hp,(0) (in the notation above) via the explicit antiderivative result from Lemma 19.5.2.

Inspecting the formula for h,,(x) shows that the claimed identity holds. O
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Part VII

Siegel-Welil
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Our main results (arithmetic Siegel-Weil) are in Section 22. We also give some explicit
formulas for special values (local Siegel-Weil and geometric Siegel-Weil) in Sections 20 and
21. These special value formulas will be needed as ingredients in the proofs of our arithmetic

Siegel-Weil results.

20 Local Siegel-Weil

We need precise information about special values of local Whittaker functions (i.e. local
Siegel-Weil, with explicit constants as in Lemma 20.3.6). The application to uniformization
of special cycles is Lemma 20.4.1. These results do not seem available in the literature in the
generality or explicitness that we need. We omit some computations (but give statements) for

arguments which are presumably routine or similar to arguments available in the literature.

20.1 Volume forms

Given a scheme X which is smooth and equidimensional over a field A, a volume form (or
gauge form) on X will mean a nowhere vanishing (algebraic) differential form of top degree
on X. When X is also affine and A is a local field, the set X (A) has the natural structure of
an A-analytic manifold (in the sense of [Ser06, Part II, Chapter III]). In this case, a volume
form on X defines a Borel measure on X (A) in a standard way (see [Wei82, §2.2]).

We use volume forms to normalize various Haar measures. Let B be a degree 2 étale
algebra over a field A of characteristic # 2, and write b — b for the nontrivial involution
on B. Let V be a B/A Hermitian space which is free of rank n, and set G = U(V). Fix a
nonnegative integer m < n, and choose translation invariant volume forms a and g on V™
and Herm,, respectively (viewed as group schemes over A). The forms o and § have degrees
2nm and m? respectively.

Consider the moment map

ym T Herm,,

(20.1.1)
z—— (z,2).

We assume n > m, and write ngg C V™ for the open subscheme where det T is invertible. A
tangent space calculation shows that 7 is smooth when restricted to V.

Given T € Herm,,(A), we write Qp C V™ for the fiber of the moment map over 7. If
z € V™(A) has Gram matrix T = (z, z), then g — ¢g~' - z defines a morphism ¢,: G — Qr.
If det T is invertible, then a dimension count and tangent space calculation show that ¢, is

smooth. If detT is invertible, if A is a local field, and if G, C G denotes the stabilizer of
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z, then the induced map G(A)\G(A) — Qr(A) is a homeomorphism (surjectivity is from
Witt’s theorem, and openness is from the submersivity of G(A) — Qr(A), which in turn

comes from smoothness of ¢,).

Lemma 20.1.1. There exists an algebraic differential form v on Vi, of degree m(2n —m)

satisfying the following conditions.
(1) We have o = T*(B) A v.

(2) For the G x Respja GLy, action on Vi given by x — gzh™' for (g,h) € G x

Resp/p+ GLy,, we have (g, h)*v = det(‘hh)™ "v.

(3) For each x € V', the restriction of v: T,(V™) — G, to kerdT, is nonzero.

reg’

(4) For any fived non-degenerate subspace V° C V which is free of rank m, and for
x € V2™(A), the differential form

reg

det(z, z)" "V (20.1.2)

on G is independent of the choice of x. This form s right G-invariant.

Proof. The case m = n is stated in [KR14, §10|. The analogue of that case for orthogonal
groups is discussed in [KRY06, Lemmas 5.3.1, 5.3.2] (there stated and proved for three-
dimensional quadratic spaces). The present lemma may be proved by a similar computation.

Part (4) follows from part (2) (where “non-degenerate subspace” means that the restriction
of the Hermitian pairing is non-degenerate). In part (3), x € Vi means z € V,7.(S) for some

suppressed A-scheme S, and we similarly abused notation in part (2). In part (3), the symbol
G, denotes the additive group scheme. O

20.2 Special value formula

We retain notation from Section 20.1, and specialize to the case where B/A is the extension
F,/F where Ff is a local field of characteristic # 2. If F.\ is Archimedean, we assume
F,/F; is C/R. We often use subscripts v to emphasize F, being a local field, e.g. we write
z, for elements of VL (FF).

Fix a nontrivial additive character ¢,: F;” — C*. We write db, for the self-dual Haar
measure on Herm,, (F.") with respect to the trace pairing (b, ¢) — 1, (tr(bc)). We also write dz,,

for the self-dual Haar measure on V™ (F;") with respect to the pairing v, (trp /gt (tr(—, —))).
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Fix translation-invariant volume forms « and S as in Section 20.1. These determine
Haar measures dgb, and d,z, on Herm,,(F,") and V™ (F.,") respectively. Define positive real
constants ¢,(a, ¥,) and ¢,(3,1,) such that

doz, = cy(a,1,)dz, dgb, = ¢,(B, 1y)db,. (20.2.1)

Suppose T' € Herm,,,(F,") is a matrix with det T # 0. For the rest of Section 20.2, fix a
differential form v as in Lemma 20.1.1. The restriction of det(7)™ "v to Qr is a G-invariant
volume form on Qr, and we write dr,z, for the resulting measure on Qr(F.").

It is known that there exists a constant ¢, (depending on 7', the measure dr,z,, and
the character 1,) such that

W50, ®p) = €1 / oolzy) droc, (202.2)
Qr(F)

holds for any Schwartz function ¢, € S(V™(F,")) (see |Ich04, Lemma 5.1, Lemma 5.2]).
Here we set sg :== (n —m)/2 as usual, and @, is the Siegel-Weil section associated with ¢,
(Section 14.2). If Q7 (F,\) = 0, we thus have Wy, (s, Py, ) = 0 for all p,.

We may compute the constant ¢z, by evaluating (20.2.2) on any nonzero nonnegative
Schwartz function ¢,. We may take ¢, to have support which is compact and contained in
Vm (EF). The relation a = T*(5) A v and an “integrate along the fibers of 7" computation

reg

(similar to the proof of [KRY06, Proposition 5.3.3]) gives

V)8, 00)
C’U(a7 ¢”u)

Here vy, (V') is the Weil index, as appearing in the Weil representation (Section 14.2).

CTw

| det T3 (20.2.3)

Lemma 20.2.1 (Local Siegel-Weil). Let V' be an F,/F, Hermitian space of rank n, and
let 1,: Ff — C* be a nontrivial additive character. Fiz a non-degenerate subspace V> C'V
which is free of rank m, and fix a Haar measure on U(V°H)(FF).

There exists a unique Haar measure dg, on G(F.S) such that, for any basis x, € V'™ of
V® and any Schwartz function o, € S(V™(F})), we have

Waa(s0,..) = 70, (V) " det Tl [ o9, dg, (202.4)
Y Gy, (FO\G(F)

for the corresponding quotient measure, where T'= (z,,z,) is the Gram matriz of x, (and

vy Zv

where the Haar measure on Gy (F\) is induced by the canonical identification G, = U(V**)).
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Proof. Select any basis z, of V". Set w; = det(z,,z,)" "v (temporary notation). We
know w; does not depend on the choice of z,, by Lemma 20.1.1(4). Let wy be a right
G-invariant differential form of degree (n—m)? on G such what w; Aws is a nowhere vanishing
differential form of top degree n? (also right G-invariant). The volume form w; A wy on
G defines a Haar measure on G(F,"). The restriction ws|q, is a volume form on G, (by
smoothness of ¢,), and defines a Haar measure on G, (F,"). The resulting quotient measure
on G(EN\G(F)) = Qp(F)") is precisely the measure for the volume form (det 7)™ "v|q,.
on Q.

The lemma then follows from (20.2.2) and the constant calculated in (20.2.3). O

Remark 20.2.2. Consider the situation of Lemma 20.2.1, and suppose V¥ C V is a subspace
which is isomorphic to V* as a Hermitian space. Suppose f, € U(V)(F;) satisfies f,(V*) = V",
and equip U(V"+)(F;}) with the Haar measure induced from U(V*Y)(FF) via f,. If dg,
and dg/, are the induced Haar measures on G(F;") corresponding to V° and V' respectively

(Lemma 20.2.1), a change of variables shows dg, = dg..

20.3 Explicit Haar measures

For our application to uniformization of special cycles (Section 20.4), we need to explicitly
compute the Haar measures from Lemma 20.2.1 in a few cases. The main result of this
subsection is Lemma 20.3.6, and the other lemmas are auxiliary.

We retain notation from Section 20.2. In addition, we assume that F." is non-Archimedean
and that 1, is unramified. Let wy be a uniformizer of F,S. For F,/F, ramified in Section
20.3, we assume that F\ has residue characteristic # 2 and write w € F,, for a uniformizer
satisfying @w? = —w, where w? denotes the Galois conjugate of o under the Galois involution
o of F, over Ff.

Let My be the rank 2 self-dual lattice described in Section 14.2, and write U(My) for the
group of (unitary) automorphisms of Ms. Let ¢, be the residue cardinality of F.'.

The next lemma should be compared with Witt’s theorem for lattices with quadratic

forms, as in [Mor79].

X
FF

Lemma 20.3.1. For any given ¢ € O the group U(MS) acts transitively on the set

{z € My : (z,z) = c}. (20.3.1)

If F,/F\ is inert, the same holds for any ¢ € woO;+.
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Proof. Given y € M3, we write (y) C M5 for the submodule generated by y. If F,/F is
ramified, we view w as a generator of the different ideal 0, and we otherwise view 1 as a
generator of 9. Choose a basis ey, e; of MS with Gram matrix given by (14.2.2). In this basis,

we also consider the elements

, 0 1 a 0 1 —1 if F,/F, is ramified
w' = m(a) = . n(b) = €=
e 0 0 a 01 1 else

(20.3.2)
of U(Mg) (acting on column vectors), where a € O, and b € Op, satisfies b = —eb.

Case 1. Assume F,/F,} is unramified and ¢ € O;;r. Given any x € My with (z,x) = ¢,
there exists an orthogonal direct sum decomposition My = (z) & (y) for some y € M3 with
(y,y) = 1 (by self-dualness). Via this decomposition, the lemma is clear in this case.

Case 2. Assume F,/F is ramified and ¢ € O;j. Suppose x = aje; + ases € M3
with (z,7) = c¢. Without loss of generality, we may assume ay € O, (replace x with w'z
if necessary), and we may further assume ay = 1 (replace x with m(as)z). We then have
trp, (@ 'a1) = —c. Given another 2’ = aje; +ey € M5 with (2/,2') = ¢, we take b = ay —ay
and have n(b)z = 2’

Case 3. Assume F,/F is inert and ¢ € WOO;;- Suppose x = aje; + azes € M3 with
(z,2) = c. Without loss of generality, we may assume as = 1 and try ,p+(a1) = ¢ (argue as
in Case 2). Given another 2’ = dale; + ey € M with (2/,2") = ¢, we take b = @} — a; and
have n(b)x = 2. O

Remark 20.3.2. If F,/F," is nonsplit, the proof of Lemma 20.3.1 shows that the U(My)
orbits in (M5 ®o,. F,)\ {0} are completely classified by pairs (c,r) € F,} x Z, i.e. that the

map

U(MH\((M5 ®o,, F,)\ {0}) » B xZ (20.3.3)

T > (x,x),min{r € Z: w'z € M5}
is a bijection (say, setting w = wy in the inert case).

Lemma 20.3.3. Let L be a self-dual hermitian Op,-lattice of rank n. Any isomorphism
between self-dual sublattices of L extends to a (unitary) automorphism of L. The same holds

for almost self-dual lattices of rank n — 1.

Proof. Any self-dual lattice L’ C L admits a (unique) orthogonal direct sum decomposition
L = I’ ® L# where L# is also self-dual. This immediately implies the claim for self-dual

sublattices of L, as self-dual lattices are unique up to isomorphism (for a fixed rank).
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Next, assume that F,/F. is nonsplit and that L’ C L is almost self-dual of rank n — 1.
There is an orthogonal direct sum decomposition L’ = L? @ L*#, where L” is self-dual of
rank n — 2 and L is almost self-dual of rank 1. We also have an orthogonal direct sum
decomposition L = L? @ L# where L# is self-dual of rank 2.

Suppose L” C L is another almost self-dual lattice of rank n — 1, equipped with an
isomorphism L> — L”. Applying the result just proved above (in the case of rank n — 2
self-dual sublattices), we may assume there is an orthogonal decomposition L” = L” ® L#
where L** = [”"#. We thus reduce to the case n = 2 (the claim for L#), which was proved in
Lemma 20.3.1. [

Lemma 20.3.4. Assume F,/F.\ is nonsplit, and let V' be an F,/F} Hermitian space of
rank n, and assume that V contains a full-rank self-dual lattice. Suppose L’ C V is a
non-degenerate lattice of rank n — 1 satisfying L* C L** and t(L°) < 1. Then L’ is contained

i a self-dual lattice of rank n.

Proof. Recall that t(L’) := dimy((L** /L") ® k) where k is the residue field of Op,.

Let I C V be as in the lemma statement. The existence of such L’ implies n > 2.
There exists an orthogonal decomposition L’ = L” & L* where L” is self-dual of rank n — 2.
Replacing V' with the orthogonal complement of L?, we reduce immediately to the case n = 2,
which we now assume.

Let w be a uniformizer for F), (take w = wy if F,,/F,! is inert). We may take V = My ® F,,
where My is as in Lemma 20.3.1. We also choose a standard basis e;, es for M3 and consider
the elements w', m(a),n(b) € U(V) as in the proof of that lemma (now allowing a € F* and
allowing b € F, satisfying b = —eb).

The rank one lattice L is generated by an element x = aje; + ases for some aq,as € F,
(such that (z,z) is nonzero and lies in Op+). It is enough to check chat the orbit U(V) -z
intersects Ms. Acting on x by m(a) € U(V) for suitable a, we see that it is enough to check
the case where a; =1 and a; € FS.

If F,/F; is inert, there exists a’ € O, such that trp p+(a’) = (2, ) since Op, is self-
dual with respect to the trace pairing. If F,/F," is ramified, there exists ' € Op, such
that trp. p+(—w™'d’) = (2, ) since OF, and @ 'Op, are dual. In either case, we can take
b= d' — ay, and have n(b)z € Ms. O

Lemma 20.3.5. In the situations of Lemma 20.3.1, choose x € Ms with (xz,x) = ¢ and form
the orthogonal complement lattice x* C MS (of rank one). We view both U(MS) and U(z)
as subgroups of U(M3s @ F,).
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Viewing U(xzt) as the norm-one subgroup of Or., , we have
UM)NU@z")={a€Of :aa=1, anda=1 (mod ®@0p,)} CU(z"). (20.3.4)
The subgroup U(Mg) N U(x+) C U(zt) has index

1 if c e O;;r and F,/F} is unramified
2 if c € (’)X+ and F,/F} is ramified (20.3.5)
g +1 ifc€ w0 + and F,/F} is inert.

Proof. We express elements of U(Ms ® F,) in a standard basis e, e5 of M3, as in the proof
of Lemma 20.3.1.

Case 1. Assume F,/F is unramified and ¢ € OF;L We then have U(M35)NU (zt) = U(z),
as follows immediately from an orthogonal direct sum decomposition My = (x) & (y) as in
the proof of Lemma 20.3.1 Case 1.

Case 2. Assume F,/F. is ramified and ¢ € (’)X By the proof of Lemma 20.3.1 Case 2,
we may assume (after conjugating U (M3 @ F,) by an appropriate element of U(Ms)) that
r = ajey + ey for some a; € Op,, where a; —a; = —wc. Then @ye; + ey is orthogonal to z.

For every a € Op, , the matrix

-1
a @) (10} fa @) _ . (a-@e (C1+o)ad (20.3.6)
1 1 0 « 1 1 11—« —a1 + a1«

lies in U(My5) if and only if & = 1 (mod wOp,). The claim about index follows from
surjectivity of the reduction modulo @ map
{acOf aa=1} 5 {aeF) :a* =1} (20.3.7)

(surjectivity is by smoothness of the corresponding unitary group over Spec Op+).

Case 3. Assume F,/F" is inert and ¢ € woO . By the proof of Lemma 20.3.1 Case 3,
we may assume (after conjugating U (M3 @ F,) by an appropriate element of U(My)) that
x = aje; + es for some a; € Op,, where a; +a; = ¢. Then —a;e; + e, is orthogonal to x. For

every a € OF , the matrix

—1
aq —51 1 0 aq —51 _ C_l aq + 6104 (]__— a)alﬁl (2038)
1 1 0 « 1 1 -« a; + a1«

lies in U(Ms) if and only if @« = 1 (mod @woOpF,). The claim about index follows from

surjectivity of the reduction modulo wy map
{acOf raa=1} »{aeF, aa=1} (20.3.9)

(surjectivity is by smoothness of the corresponding unitary group over Spec Op+). O
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We take a particular choice of Schwartz function ¢, in the next lemma, which immediately
determines the Haar measure for other choices of ¢, in Lemma 20.2.1. If mn is odd and
F,/E} is inert with F) of residue characteristic 2, we also require F,” = Qq (because of
Lemma 14.2.1).

Lemma 20.3.6. Take m = n —1 or m = n and sy = (n —m)/2. Assume the rank n
Hermitian space V' contains a full-rank self-dual lattice L of full rank. Let K, C G =U(V)
be the stabilizer of such a lattice L.

Consider any x, € V™(F}) with nonsingular Gram matriz T = (z,,x,) € Herm,,(F,).
Let 11, be the characteristic function of L, and set p, = 1™ € S(V™(F,")).

Give G(F}) the Haar measure which assigns volume 1 to K,. Give Gy (F,") the Haar

measure which assigns volume 1 to the (unique) maximal open compact subgroup. We have

. . 1 . 2 if F,/F} is ramified and m =n — 1
WT,U(SO)n - _/ Spv<gv &u) dgv € =
€ J Gy, (FI\G(F) 1 else

(20.3.10)

with respect to the associated quotient measure.

Proof. Recall that W7, (s); is our notation for a certain normalized spherical Whittaker
function (Section 15.3), which is a rescaled version of Wy, (s, ®,, ).

In the lemma statement, the stabilizer in G(F,}) of any full-rank self-dual lattice in V'
has volume 1 (because any such stabilizer is conjugate to K,). To verify (20.3.10), we can
(and will) replace L by any full-rank self-dual lattice in V' (by Lemma 20.2.1 again).

Let V> C V be the rank m subspace spanned by z,. Then V° is free of rank m. By
Lemma 20.2.1, it is enough to show (20.3.10) holds for one choice of basis z, for V°. We

choose x, to be a basis for a full-rank lattice L” C V” which is

self-dual if V* contains a full-rank self-dual lattice
(20.3.11)

almost self-dual else.

Note that V* always contains a full-rank self-dual lattice if F,/F; is split.

Case 1. Assume L’ is self-dual. There exists a rank n — m self-dual lattice L# C V
which is orthogonal to L’. Form the rank n self-dual lattice L = L’ @ L#. Any isomorphism
between self-dual sublattices of L lifts to an element of K, = U(L) (Lemma 20.3.3). This
implies that g, — ¢,(g, 'z,) is the characteristic function of G, (F,7)\(Ga, (F7)K,).
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We know that K, NG, (F,") is the unique maximal open compact subgroup in G, (F,F)
(i.e. U(L*)). We compute

-1 " " vol(K,)
vulg, x,) dg, = vol(G, (F,)O\(Gy (F)Ky)) = =1.
L e, o002 (Ca (NG (FKD) = e m ey
(20.3.12)
Since T' = (z,,z,) and z, is a basis for the self-dual lattice L, we also know W (s0), = 1

(see (15.5.7); note that V"’ containing self-dual lattice means that F,/F;} is unramified if m
is odd).

Case 2 Assume that L’ is almost self-dual and that F,/F; is ramified. Then n > 2 and
m = n — 1. There is an orthogonal direct sum decomposition L* = L” @& L where L? is
self-dual of rank m — 1 and L* is almost self-dual of rank 1. There exists a rank 2 self-dual
lattice L# C V which is orthogonal to L”. We can assume L* C L# (Lemma 20.3.4). Form
the rank n self-dual lattice L = L” & L#. Any isomorphism between rank n — 1 almost
self-dual sublattices in L lifts to an element of K, = U(L) (Lemma 20.3.3). This implies that
9o = o9y 'z,) is the characteristic function of G, (F;))\(G,, (FiF)K,).

We know that K, NG, (F,) = U(L#) N Gy, (F,") has index 2 inside the unique maximal
open compact subgroup of G, (F,") (reduces immediately to the case n = 2, which is Lemma
20.3.5). We compute

1 + + VOI(KU)
Puldy Ly dg, = vol(G, Fv Gy F»U K,)) = =2.
/G%(FJ)\G(FJ) o) (Ca (B NGalFOR) vol(K, N Gy, (£))
(20.3.13)
Since T = (x,,z,) and since z, is a basis for the almost self-dual lattice L’, we also know

W7, (s0); =1 (15.5.7).
Case 3 Assume that L is almost self-dual and that F,/F; is inert. This implies n > 2
and m = n — 1. Arguing as in Case 2 (use the same notation; the first paragraph applies

verbatim), again apply Lemma 20.3.3 and Lemma 20.3.5 to compute

o(9,'z,) dgo = vol(Gy, (F)\(Gy, (F)Ky)) = VOKKZ%(;)(FW

G, (FING(ES) ( )
20.3.14

When n = 2, we have Den*(X, L), = ¢, X /2 + X2 (follows from the relevant Cho-
Yamauchi type formula; see [LZ22a, Example 3.5.2| [F'YZ24, Theorem 2.2|). The “cancellation”
property for local densities and self-dual lattices (15.5.11) implies Den*(X, L’),, = ¢, X /2 +
X2 for n > 2. We thus have W7 (so);, = Den*(1, L), = ¢, + 1. O
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20.4 Uniformization degrees for special cycles

The purpose of this section is to express the groupoid cardinality of (20.4.4) in terms of
special values of local Whittaker functions, with explicit constants (Lemma 20.4.1). This
groupoid has already appeared as a “uniformization degree” for special cycles (see (11.5.12),
also Sections, 11.8, 11.9, and 12.4). This calculation will be needed for our main arithmetic
Siegel-Weil results (Section 22.1).

Let F//FT™ be a CM extension of number fields, with respective adeéle rings Ar and A
and finite adele rings Ap; and Ay, etc.. As in Part V, we write v for places of F't with
completions F)", and set F, .= F ®p+ F,f.

Let T € Herm,,(F*) be a Hermitian matrix (with F-coefficients) for any integer m > 0.
Set m” = rank(T"). For each place v, select any a, € GL,,(F,) such that ‘a,'Ta;! =

diag(0, T?) for some T° € Herm,,,,(F;") with det T # 0. For each v, choose any decomposition

(Iwasawa decomposition)

Ly * a0 GL,(OF,) if v is non-Archimedean
ay = N k., k, €
0 1 0 al

v U(m) if v is Archimedean,

(20.4.1)
where ai € GL,,_,.»(F,), a’, € GL,»(F,), and U(m) C GL,,(C) is the unitary group for the

standard diagonal positive definite Hermitian pairing.

mb

Let L be a non-degenerate Hermitian Op-lattice of any rank n, set V := L ®¢,. F', and let
G = U(V) be the associated unitary group. Set s} := (n —m”)/2. For any place v of F;\, we
set V, =V ®@p+ Fif. Let K =][Kr, CU(V)(Af) be the adeélic stabilizer of L (i.e. K,
is the stabilizer of L, := L ®0,, Op+ for every place v < oo of F;\). Fix a place vy of F;f
(Archimedean or non-Archimedean). Assume V,, is positive definite for every Archimedean
v # .

Given 2}’ € (V ®@p+ A®)™, we define the “away from v, special cycle” (compare Sections
11.2 and 12.1)

Z(x}) ={gy € G(AY)/K]" g;ﬂl}gv € L, for all non-Archimedean v # vy}  (20.4.2)

where z, € V" is the v-component of z.
Fix a nontrivial additive character 1, for each place v. Assume 1, is unramified if v < oo,
and assume 1), (z) = e*™ if Fi = R. For every non-Archimedean place v # vy, set ¢, = 17"

(characteristic function of L™ C V™) and set

P = @useaipy € S(V(AF)™). (20.4.3)
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Similarly set ¢’ = IT: e S(V(F;)™) for such v.

For every place v of F,f, let n,: F,/* — {41} be the quadratic character associated to
F,/Ff. Let x,: F) — C* be any character satisfying Xolp+x = ny. Form the associated
Siegel-Weil standard section @, € I(s, x,) (Section 14.2) for every place v < oo with v # vj.
To simplify slightly, we assume that 2-adic places of '™ are unramified in F' for the rest of
Section 20.4.

For v < oo with v # vy, the local Whittaker function variant W;., U(afj, s, @y, )n does not
depend on the choice of a, or a’. Indeed, the GL,,(O Fv)—equivalenceu class of the Hermitian
matrix ‘@ T7a’, does not depend on the choice of a, (follows from the invariance properties
in (15.3.4)). For v | co with v # vy, the local Whittaker function variant Wj*,b Ja,s)
similarly does not depend on the choice of a, or a’, as the U(m)-equivalence class of @ Tha
is well-defined (then apply (15.2.4)).

Given any tuple z € V™ which spans a non-degenerate Hermitian space, we write G, C G
for the stabilizer of z (i.e. the unitary group of the orthogonal complement span(z)* C V).
We write fjﬁo for the image of z in (V ®@p+ A?O)m.

Suppose there exists z € V™ with Gram matrix (z,z). Fix such an z, and assume
span(z)* is definite at every Archimedean place. Let K, ,, C G,(F,’) be any open compact
subgroup, and assume K ., (F,") = Go(F;") if vy is Archimedean.

We are mostly interested in applying Lemma 20.4.1 below when m’ > n — 1 and L, is
self-dual for all v < oo with v # vy. The result and proof is simpler in that case, and the

lemma may not be optimal otherwise.

Lemma 20.4.1. Consider the groupoid quotient

{Gx(Fﬂ\ (Gm(lﬂfo)/l(m,v0 X Z(fjﬂ)]. (20.4.4)

The displayed groupoid has finite automorphism groups and finitely many isomorphism classes.

Its groupoid cardinality is

T7* b _byo Tr* b
C- I Wi so)s TT Waso(abs s, @y ) (20.4.5)
o o

for some volume constant C' € Qo which we describe in the following three situations.

(1) Suppose vy is Archimedean. Assume the local characters (1,), and (x.), arise from
global characters ¢: FT\A — C* and F*\Aj — C*. The constant C may depend on
V,n, m’, F, and the isomorphism classes of the local Hermitian lattices { Ly, }y<oo. The

constant C' does not otherwise depend on T or V° or x.
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(2) Suppose m’ = n (with vy not necessarily Archimedean). Then

c=1]e (20.4.6)

for some constants ¢, € Qg, all but finitely many of which are 1. For any given v < 0o
with v # vy, the constant ¢, may depend on the local Hermitian lattice L, and the

quadratic extension F,/F}, but otherwise does not depend on T or V or x or vy or
F/F*.

If L, s self-dual, then c, = 1.

b

(3) Suppose m’ =n — 1 (with vy not necessarily Archimedean). Assume K ,, € Gi(F.") is

the unique maximal open compact subgroup. Then there are constants ¢, € Qg such

that .
1= M pp
C = 20.4.7
thF+ . ( / WO UI:!OC ( )
VF£VQ

where o(A) is the number of prime ideals of Op+ which ramify in O, where hg (resp.
hp+ ) is the class number of F' (resp. FT ), where wg (resp. W) is the number of (resp.
group of ) roots of unity in F. All but finitely many ¢, are equal to 1.

For each v < oo with v # vy, the constant ¢, may depend on the local Hermitian lattice
L, the quadratic extension F,/F;, and the local invariant (V) € {£1}. The constant

c,, does not otherwise depend onT" or V or VPor x or vy or F/F+.

If L, is self-dual, then ¢, =1 if F,/F," is unramified (resp. ¢, = 2 if F,,/F} is ramified).

Proof. For the moment, we allow vy Archimedean or not. The groupoid in the lemma
statement indeed has finite stabilizer groups, by discreteness of G, (FT). Take any factorizable
open compact subgroup K, = [[, Kz»v € Gg(A). Assume K,, = G,,(F,) for every
Archimedean v, and assume K, , = K, ,, is the open compact subgroup fixed in the lemma
statement when v = vy. For each v, define 2’ = [mbl,u, e ,m?n,, U] € vab to be the tuple
satisfying z - a;' = [0,...,0,27,, ... ,x?nb’v] (so T? = (2°,2°)). 7

We have W;ib U(af}, 50)° = 1 for all Archimedean v # vy by positive definite-ness of 17
(Section 15.2). For all but finitely many v, the Hermitian matrix ‘@’ T°a’ defines a self-dual
Op,-lattice (first check the case where the collection (a,), comes from a single element
a € GL,,(F); then recall that Wﬂ’v(af),s,@%)n does not depend on the choice of a, or

a’). For such non-Archimedean v # vy, we have Wj’ib (a2, s, P, ) Jn = ;ib (a®,8)° = 1if L,
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is self-dual (see (15.5.7), Remark 15.5.1, and the invariance property in (15.3.4)). Hence
W;ig’v(af], 8, @ )n = 1 for all but finitely many v.

Choose Haar measures dg,, on G(F,") for each v. Assume that volg,, , (K,.) € Q for
all v, that volgg, , (/) = 1 for all but finitely many v, and that volgg, ,(Ky.) = 1if v = v
or if v | co.

For v < 0o with v # vy, we give G(F") the unique Haar measure dg, such that
T0(150, s ) = / o9, ,) dg, (20.4.8)
! Ga, (FO\G(F)

for any tuple 2/, € V" (temporary notation) with nonsingular Gram matrix 77 = (2, /)
(Lemma 20.2.1). The integral is taken with respect to the quotient measure induced by
dgs,». This measure dg, on G(F,") may depend on n, m’, the isomorphism class of L, (as the
normalization defining Wj’ib ., depended on L,) as well as the local invariant £(V?) (Remark
20.2.2). The measure dg, does not otherwise depend on 7. Note volgg, (K1,») € Qs for
any v < oo with v # vy, since the left-hand side of (20.4.8) lies in Q by Lemma 15.4.2. We
have voly,, (Kp,) = 1 for all but finitely many v (cf. the proof of Lemma 20.3.6; we have
Wi, (S%)O = 1 for all but finitely many v). We equip G(A}’) with the product measure
dg = Hv<oo dgs.
Usmg the Haar measures specified above, we may unfold the groupoid cardinality as

deg {Gx(Fﬂ\(Gx(Fjo) /Ky X Z(@}O)ﬂ (20.4.9)
= volgg (K7™ / e (g ') dg (20.4.10)
GalF WL v=ro GalR S)XG(AT)
= vol(Gg(FJr)\GQ(A))Voldg(_K'z?f)_1 / I ey (g7 '2) dg (20.4.11)
G (ANG(AT)
= vol(Go(FN)\Gy(A))volgy (K32~ T / @ (g7t a’) dg, (20.4.12)
- - v<oo Y Gu(F\G(ES)
v#£v0
= C 1] Wi (a2, 50, @y ) (20.4.13)
v
with
C = vol(Go(F\G(A)) ] volag, (Kr.) ™" (20.4.14)
V<00
EZ

Note that the integrals are absolutely convergent, since the integrands are continuous and
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compactly supported. This unfolding also shows that the groupoid in (20.4.4) has finitely

many isomorphism classes.

(1)

Suppose vy is Archimedean. Recall that the Tamagawa number of any nontrivial unitary
group is 2 [Ich04, Section 4]. After scaling one of the non-Archimedean local measures
dgs,», by an element of Q.(, we may assume [[ dg,, is the Tamagawa measure on
G(A). If v | 0o, let dg, be the Haar measure on G(F,) given by Lemma 20.2.1 (induced
by dg..). For v | oo, the local invariant £(V’) is already determined by V and the
requirement that V’* is definite. Hence the measures dg, for v | oo do not depend on
V* (apply Remark 20.2.2).

By construction of the measures in Lemma 20.2.1 (via invariant differentials), we find
that [[, dg, equals the Tamagawa measure on G/(A) up to scaling by a constant which
may depend on the lattices { L, },<o0 as well as n and m” (coming from our normalization
of local Whittaker functions wa o
G(As) may depend on V, n, m’, F, and the lattices {L, },<o0, but it does not otherwise

depend on T or V° or z.

Section 15.3). We conclude that the measure dg on

Suppose m’

= n. Then G, is the trivial group. Take volg, ,(Kg,) = 1 for all v.
Consider v < oo with v # vy and set ¢, = volg,, (K,) "' If L, is self-dual, then ¢, = 1

by Lemma 20.3.6. In general, dg, may depend on L, (but not on T or T7).

Suppose m’

=n — 1. Then G, is isomorphic to the norm-one torus inside Resp/p+ Gy,.
Assume K, C G,(F,") is the unique maximal open compact subgroup for every v. Take
volyg, , (Kz) =1 for all v. Consider v < oo with v # vy and set ¢, = volyy, (Kp,)~". If
L, is self-dual, then ¢, = 1 if F,/F,\ is unramified (resp. ¢, = 2 if F,,/F,} is ramified)
by Lemma 20.3.6. In general, dg, may depend on L., m’ and the local invariant (V")

(but not on T or T?).

We have

Wr

where deg[—| denotes groupoid cardinality and deg(—) denotes set cardinality. We have
deg(Go(FT\G(A)/K,) = 2" " hphyt, (20.4.15)

where ¢ is the number of prime ideals of F'* which ramify in F', and where u € Z is such
that H'(Gal(F/F™),05) = (Z/2Z)" [Ono85, (9)]. A group cohomology computation
(omitted) shows that 27" = #(O /(W Oy ))/2 (where # also means cardinality). [
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21 Geometric Siegel-Weil

For our main results (arithmetic Siegel-Weil), we will need a special value formula for degrees
of 0-cycles in the generic fiber (Section 21.1). The result on complex volumes (Section 21.2)
will not be needed, but may be of independent interest. Let F'/Q be an imaginary quadratic
field, with accompanying notation as in Part I. We also write hp (resp. wpg) for the class

number (resp. cardinality |Of|).

21.1 Degrees of 0-cycles

Let L be any non-degenerate Hermitian Op-lattice of signature (n — 1,1) (not assuming n is
even). Let M — Spec Or[1/dy] be the associated moduli stack (Sections 3.1 and 3.2). Recall
that d; € Z is a certain integer associated to L, with d;, = 1 if L is self-dual when 2t A. Let
V =L ®o, F be the associated F'/Q Hermitian space.

Consider an integer m with m =n or m = n — 1. Pick any embedding F' — C, and set
M = M Xgpeco, Spec C, ete.. Given T' € Herm,,(Q) with rank 7" = n — 1, recall that there
is an associated special cycle Z(T') — M. The base change Z(T')¢ is smooth, proper, and
quasi-finite (and of dimension zero) over Spec C (Lemma 3.5.5, also Lemma 4.7.4).

For each place v of Q, select any a, € GL,,(F,) such that ‘a;'Ta;! = diag(0,77) for
some T° € Herm,,_;(F,") with det T” # 0. Choose any a’, € GL,_(F,) associated to a, via
the Twasawa decomposition, as in (20.4.1) (if m = n — 1, we can just take a’ = a,).

For formation of local Whittaker functions, we use the standard additive character
P Q\A — C* with ¢ (x) = e*™. Suppose x = F*\A} — C* is a character satisfying
X|ax = 0™, where 7 is the quadratic character associated to F//Q. For each prime p, we let
@ = 1%;1 € S(V(Qp)™ ') where 1, is the characteristic function of the lattice L, C V(Q,).

Proposition 21.1.1. Let C' € Q¢ be the volume constant from Lemma 20.4.1(3), for the
Hermitian space V' and with vy = oo in the notation of loc. cit.. In the situation above, we

have
h - .
deg Z(T)c = —C - Wy, (a2, 1/2)5 [[ Wi (e} 1/2, 2,5 ). (21.1.1)
wF o0 p Do

Proof. As in Section 20.1, we write Qr(R) = {z € (V ®g R)™ : (z,z) = T} for Q-algebras
R. Here deg Z(T')c denotes the (stacky) degree of Z(T')c over SpecC, as explained at the
end of Appendix A.1.

Suppose there is no tuple x € V™ such that (z,z) = T. By the Hasse principle, we

conclude Q7 (Q,,) = 0 for some place vy of Q. Since rank(T") < n, we must have vy = oo (i.e.
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for F,, < 0o, any non-degenerate Hermitian F, vector space of rank n — 1 embeds into any
non-degenerate Hermitian F, vector space of rank n). We conclude that 77, (and ‘@’ T7.a’.)
has signature (n — 1 — r,r) for some r > 2. The proposition holds in this case because
W2, (a2, 1/2)2 =0 (by (15.2.6) or (20.2.2)).

o§uppose there exists x € V™ such that (z,z) = T. For such z, write z,, € V" and
z; € (V ®q As)™ for the respective images. By complex uniformization of special cycles

(Section 11.5), we have

deg Z(T)e = o - deg Dlw) - deg | U@\ [] Dlzy)|. (21.1.2)
zeVm™m
(z,z)=T

Here deg D(z,) is the degree of the Archimedean local special cycle D(z.,) € D (Section
8.2) for any z € V™ with (z,2) = T. We know D(z_) is a single point if T" is positive
semidefinite, and empty otherwise. Hence we have degD(z_ ) = W;b ’Oo(aboo, 1/2)2 (by
(15.2.6), the right-hand side is 1 if 77, is positive definite and 0 otherwiseoi.

We then use Lemma 20.4.1 to evaluate the groupoid cardinality in (21.1.2). O

Remark 21.1.2. Suppose 2 1 A and that L is self-dual (for the trace pairing, as is our running
convention). We then have C' = 2hp/wp in Proposition 21.1.1. Take any a € GL,,(F") such
that ‘a 'T'a™! = diag(0,T”) where T° € Herm,,_;(Q) with det T° # 0. For each place v of
Q, let a, = a € GL,,(F,). Set @’ = (a’), € GL,,(Ar) (running over places v of Q) in the
notation above. The proposition then states
h2 -
deg Z(T)c = 2—% - E,(a’,1/2)5. (21.1.3)
wg
Remark 21.1.3. As observed by Li and Zhang [LZ22a, Remark 4.6.2|, Proposition 21.1.1
may be proved using Rapoport—Zink non-Archimedean uniformization in essentially the same
way. Indeed, the horizontal local special cycle Z(T") ,» — Spec Op[1/dy] is proper, quasi-finite,
and flat (Lemma 4.7.4), so we may calculate its degree in the fiber over any geometric point of
Spec Op[1/dy]. Fix a geometric point in characteristic p > 0. Assume p # 2 if 2 is nonsplit in
Op, assume L, is self-dual, and assume either p { A or that L is self-dual and 2 1 A. Consider
the n-dimensional positive definite non-degenerate Hermitian space V with £(V,) = —1 and
e(Vy) = e(Vp) for any £ # p.
Using non-Archimedean uniformization, we may then argue as in the proof of Proposition
21.1.1 (see (11.9.6)), using the special value formula for degrees of local special cycles (Lemma

18.1.3), and the formula for uniformization degrees (Lemma 20.4.1) for V and vy = p.
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21.2 Complex volumes

Assume 2 is unramified in Op. For even integers n € Z-, we show that the global normalizing
factors A, (s) (Section 17.1) encode complex volumes of certain unitary Shimura varieties
(Propositions 21.2.1 and 21.2.3).

First consider n = 0 (mod 4). Let V' be the unique F//Q Hermitian space of signature
(n,0) which satisfies €(V],) = 1 for all primes p (with € as in Section 2.2). Set G == U(V), let
L CV be a full-rank self-dual lattice, and write K ; C G(Ay) for the adélic stabilizer of L.
The following proposition should be a special case of a unitary analogue of the classical Siegel
mass formula. It is included for comparison with the analogous volume identity for a signature
(n—1,1) unitary complex Shimura variety. The left-hand side counts self-dual positive definite

Op-lattices of rank n, weighted by the inverses of the sizes of their automorphism groups.

Proposition 21.2.1. We have

#IGQNG(Af)/KLy)] = 20,(0); (21.2.1)
where the left-hand side denotes groupoid cardinality.

Proof. Let ¢: Q\A — C* be the standard additive character with 1, (s) = €™, Let
x: Ag — C* be the trivial character.

For v = oo, let ¢,(z) = 2™"@2) ¢ S(V(R)") and let T" € Herm,(R) be an arbitrary
positive definite matrix. For v < oo corresponding to a prime p, let ¢, =17 € S(V(Q,)")
and let 7" be the Gram matrix for any basis of L,. For such T', we have Wy (so); = 1 for
all v (Sections 15.2 and 15.5.7). Recall W7 (s);, = A1, (s),Wro(s, @y,) if v < oo (resp.
Wi (8)0e 2™ ) = A ()0 W (s, @y,) if v = 00); see Section 14.2.

Using these data, the local Siegel-Weil formula and its proof (Lemma 20.2.1) for each
place v of Q shows that vol(G(R) x Ky ;)= = A,(0);, for the Tamagawa measure on G(A).
Since G has Tamagawa number 2 [Ich04, §4]|, the proposition follows. O]

Next, consider n = 2 (mod 4). Let V' be the unique n-dimensional F//Q Hermitian space
of signature (n — 1,1) which satisfies £(V,,) = 1 for all primes p. Again, set G .= U(V), let
L CV be a full-rank self-dual lattice, and write K ; C G(Ay) for the adelic stabilizer of
L. For sufficiently small open compact Ky C G(Ay), there is a complex (analytic) Shimura

variety

Shi, ¢ = G(A\(D x G(As)/Ky) (21.2.2)

of dimension n — 1, where D is the Hermitian symmetric domain from Section 8.1 (the V' of
loc. cit. is our Vg, with C = F ®g R-action). The metrized tautological bundle Y of loc. cit.
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descends to Shg, c. For any open compact K} C G(Ay) and any sufficiently small Ky C K,

we set

vol(Shg, c) = / (&) vol(Shg, c) =

ShKf,C

If Kivy € G(Ay) is the adeélic stabilizer of a full-rank lattice L' C V' which is self-dual for
the Hermitian pairing, the quantity vol(Shy; f#C) was computed explicitly in [BH21, Theorem

K Iy O Shu o) (21.2.3)
iz

A|. We show that the level K ; (self-dual for the trace pairing) removes the additional
factors at ramified primes in loc. cit., and that the resulting complex volume agrees with
2A,(0)s exactly.

The volume identity should also follow from [LL21, Footnote 11] (or possibly other
geometric Siegel-Weil results). We instead compute vol(Shg, , ¢) using [BH21, Theorem A]

by calculating the “change of level” via the following lemma.

Lemma 21.2.2. Let Ef be a non-Archimedean local field of odd residue cardinality q,, and
let E,/E} be a ramified quadratic extension with involution a — a°.

Let W be a rank 2d non-degenerate E,/E} Hermitian space, and assume W contains
a full-rank lattice M C W which is self-dual (for the trace pairing). Let M' C W be any
full-rank lattice which is self-dual for the Hermitian pairing.

If K, K! CU(W) are the stabilizers of M and M’ respectively, we have

vol(K)

ol = 271 (1 + ¢%) (21.2.4)

for any Haar measure on U(W).

Proof. We know that any two full-rank lattices in W which are self-dual (resp. self-dual for
the Hermitian form) are isomorphic [Jac62, Proposition 8.1] (false if E;" is allowed to have
residue characteristic 2). Hence vol(K')/vol(K’) does not depend on the choice of M and M’

(nor the choice of Haar measure).

Let w be a uniformizer of E,, and assume w’ = —w. The lattices M and M’ admit bases
with Gram matrices
0 w! 0 1
) (21.2.5)
- 0 10
respectively. Choose a basis ey, ..., ey for M with Gram matrix as above. We may assume

that M’ is the lattice with basis ey, ..., eq, @eqp1, ..., weaq. Let W (resp. W/) be the 2d-

dimensional vector space over F, with symplectic pairing (resp. bilinear pairing) given by

(50 = (1) 2120
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If Py C Sp(W) and Pgr C O(W) are the subgroups upper triangular matrices (in d x d

blocks), we have

#(K/(K NK")) = #(Sp(W)(F,,)/ P (Fy,)) (21.2.7)
#(K')(KNK")) = #(OW)(F,,)/Py (Fy))- (21.2.8)

The lemma now follows from the formulas

d
#5p(M)(F,) = [ -1 #O(T)(F,,) = 2624 (g + 1)~ T (62
=1 paiey
d d
#Pp(F,,) = VP[0 - a7 #Pp ) = a2 (@ -0, O
=1 i=1

We return to the global situation with F//Q as above and L C V a self-dual lattice.

Proposition 21.2.3. We have
vol(Shg, ;.c) = 2A,(0);. (21.2.9)

Proof. If K1/ ; € G(Ay) is the adélic stabilizer of a full-rank lattice L' C V' which is self-dual
for the Hermitian pairing, the result [BH21, Theorem A| (see also [BH21, Theorem 5.5.1] to
compare i (é'\ ) with the Chern form of the metrized Hodge bundle; note our & is L in loc. cit.
(up to restricting)) gives

ﬁ ANIPD(s + j)L(2s + j, 1)

VOl(ShKUWC) — |:21—0(A) H(l + g(w)g—nh) St
A j=1 s=0

(21.2.10)

where o(A) is the number primes dividing A. We assumed £(V;) = 1 for all ¢, and a direct

computation shows

An(S)Z _ An/2(s_1) H A F(S +])L(23 +7,m ) (21'2'11)

2j715+j

J=1

(using even-ness of n). The claim now follows from the computation of vol(K r)/vol(Ky ¢)
(for any Haar measure on G/(Ay)) from Lemma 21.2.2. Note that the only discrepancy between
vol(Kp, r) and vol(K f) is at ramified primes, since self-dual lattices for the Hermitian pairing

are the same as self-dual lattices at unramified primes. O
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22 Arithmetic Siegel-Weil

As above, we write F//Q for an imaginary quadratic field with discriminant A, nontrivial
involution a — a?, associated quadratic character n: Q*\A* — C*, class number hp,
and wr = |OF|. We fix the standard nontrivial additive character ¢: Q\A — C* with

oo(x) = €*™ for the Archimedean place co. We allow 2 | A unless otherwise specified.

22.1 Main theorems

This section contains the statements and proofs of our main global results (Theorem 22.1.1
and the secondary Theorem 22.1.6). Theorem 22.1.1 relies on essentially all preceding
results in this work (except for the computations in Section 19.2 and Section 21.2). In the
proof, we explain how to combine our local main results (proved in Part VI) and a (new)
diagonalization argument to deal with singular 7' (including those which are not-necessarily
GL, (OF)-conjugate to a block diagonal matrix with nonsingular diagonal blocks).

Assume 2 1 A, and let L be any non-degenerate self-dual Hermitian Op-lattice of signature
(n—1,1). Set n :=rank L, and note n = 2 (mod 4) (by the global product formula for local
invariants of Hermitian spaces; note £(L,) = 1 for all primes p).

Form the associated (smooth) moduli stack M — Spec OF (Section 3.2). We are imposing
“no level structure” on M (i.e. Ko x Ky = Ky, x K s in the notation of Section 3.4).

For any m, given T' € Herm,,(Q) (with F-coefficients), and given y € Herm,,(R)~¢ (with
C-coefficients), recall that there is an arithmetic special cycle class [Z(T)] € éTlm(M)Q
(Section 4.4) and a normalized T-th Fourier coefficient E}.(y, )5 (Section 17.1) of a U(m,m)
Eisenstein series. If rank(7) > n — 1 or if T is nonsingular and not positive definite, we are
using the current gr, from Section 12.4. The class [ZA (T")] thus implicitly depends on y.

For special cycles Z(T') which are proper over Spec Op, recall that we have defined certain
arithmetic degrees without boundary contributions (4.7.1). These are the arithmetic degrees
appearing in our main theorem below.

For use below, we record the expression

An(s);

1
n = —~L(2s+1.n0 1)|Alst/2 =51 22.1.1

which follows from our formula for the normalizing factor A,,(s)S (17.1.2). We thus have

A0 he  d

n

A 1(1/2)2 ~ wp  ds

An(S)O hp CM
n =2—h% 22.1.2
=0 (An—l(S + 1/2)%> thgv ( )
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where the left expression follows from the analytic class number formula, and hge/[ is the
height constant from (4.3.6).

Theorem 22.1.1 (Co-rank 1 arithmetic Siegel-Weil). Assume the prime 2 splits in Op.

(1) For any T € Herm,,(Q) with rank(T) =n — 1 and any y € Herm,,(R)~q, we have

deg(Zmy) = 1w 94

E; o, 22.1.3
Lo B (2213)

s=0

(2) For any T° € Herm,,_1(Q) with det T° # 0 and any v’ € Herm,,_;(R)~q, we have

deg(Z(1)] - a(EY)) =2t L

wWr ds

An(s)y . .
=0 (An_l(s +1/2)° (s + 1/2)n) . (22.1.4)

Proof. In the theorem statement, [Z(T)] and [Z(T)] are implicitly formed with respect to
y and ¢, respectively. Note that E(y,s)S is a normalized Fourier coefficient for a U(n, n)
Eisenstein series, while E7, (3, s)? is a normalized Fourier coefficient for a U(n —1,n — 1)
Eisenstein series. In the theorem statement, note that Z(7) — Spec Op and Z(1°) —
Spec Of are both proper (Lemma 4.7.5), so we may use (4.7.1) to define arithmetic degrees
without boundary contributions.

Note that part (2) is the special case of part (1) when T = diag(0,7”) and y = diag(1,3").
This follows from the unfolding of Fourier coefficients in Corollary 17.2.2 (also the functional
equation in Lemma 17.1.1) and from the definition of arithmetic degrees in (4.7.1).

Fix T and y as in the statement of part (1) (not necessarily block diagonal). Fix any
prime p. It is enough to show that (22.1.3) holds modulo >, Q-log/ (i.e. as elements of
the additive quotient R/(>_,,, Q - log()), where the sum runs over primes ¢ # p. Varying
the prime p removes this discrepancy (giving an equality as elements of R) because the real
numbers log ¢ (ranging over all primes ¢ in Z) form a Q-linearly independent set.

(Step 1: Diagonalize) For convenience, we fix an embedding F' — C. Pick any b € GL,,(F)
such that ' 'Th~! = diag(0, ") for some T € Herm,,_,(Q) with det7” # 0. We may (and
do) assume b € GL,,(Op ®z Z(p)) as well. The proof below will show that the theorem holds
modulo Q -log ¢ for primes ¢ such that b ¢ GL,(Op ®z Z()).

For each place v of Q, select any b € GL,(F,) and bf, € GL,_1(F,) associated to an
Iwasawa decomposition of b, € GL,(F,), as in (20.4.1) (where b, denotes the image of b).

Also consider the (unique) decomposition

e (1 e\ (y* O 10
o= ( ) () (2 s
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as in (12.4.4), where ¢ € My, 1(C), y* € Ryg, and 3’ € Herm,,_;(R)~o. Pick any a¥ €
GL,(C) and a’_ € GL,,_;(C) such that a?'a? = y* and o’ ‘@’ = ¢’.

Let a® € GL;(Afr) be the element with component a¥ := b¥ for places v < oo and
a?f == a? for the place v = oo. Similarly define a” € GL,_;(Ar), and set a := diag(a”,a’) €
GL.(AFR).

By unfolding for co-rank 1 Fourier coefficients (Corollary 17.2.2) and Fourier coefficient
invariance properties (see (13.3.3), (13.3.4), (15.2.4), and (15.3.4) for U(m) invariance when
v | 00 and GLy,(Op+) invariance when v < 00), we find

E7(y, )7 = Xoo(d) ! det(y) *Ef.(m(a), s); = E7(a, 5);,

Ay (s); ~
— #|s n n * b 1 2 o
|CL |FAn_1(S—|—1/2)% Tb(avs+ / )n
A (—s)s

| A F|—S n [ b —1/2)°
S VT Vo) PR

where T' := diag(0,7”). We remind the reader that the notation E(—,s)° is overloaded
(Section 17.1, also end of Section 13.2) and has slightly different meaning when “—" is
y € Herm,,,(R)~o versus h € U(m, m)(A) (e.g. h =m(a)).

(Step 2: Leibniz rule) Since n = 2 (mod 4), the functional equation for E}b(ab, s)o (Lemma

17.1.1) implies

d
" K O 22.1.6
ds o0 T(y>5)n ( )
d As), -
=25 iy n\®/n (b s1/2° )
ds | —g (’a ’FAn—1<S+1/2)% (@, s+1/ )n)

Since det T # 0, we may factorize E}b(ab, s+1/2)? into a product of (variants of) normalized
local Whittaker functions (17.1.8). Also recall the formulas in (22.1.2). We have |a} |, = 1
(¢-adic norm of a}) for any prime ¢ such that b € GL,(Or @y Zy) (by construction, this
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includes ¢ = p). By the Leibniz rule, we thus find

ohp\ ' d
o) @] F " 22.1.7
( Wg ) ds o T(y7 S)n ( )
- Qh%\/{E;b(ab7 1/2); (22.1.8)
d -
- \ds Ll Wy 1/2)s 22.1.9
(ds s=1/2 <‘a00|oo Theo >> 1;[ o(a3,1/2);, ( )
d ~ .
- (% Wi, (4, 5)3> [IW7 (@ 1/2); (22.1.10)
s=1/2 vtp
d
_Z (% |CL£ ‘E T"Z CL[, > HW;b CLU, 1/2) (22111)
L#p s=1/2 vl

The product in (22.1.9) runs over all primes ¢ (not including the Archimedean place c0).
The products in (22.1.10) and (22.1.11) run over all places v of Q (with v # p or v # ¢ as
indicated), including v = co. The sum in (22.1.11) runs over all primes ¢ # p. We remind
the reader that |a”. | = @’ a?. € Ry, by definition.

For all but finitely many primes ¢, the Hermitian matrix taZTb € Herm,,_1(Qy) defines

a (non-degenerate) self-dual Hermitian Of ®z Z,-lattice. For such ¢, we have VVTb E(a@, s)s
identically equal to 1 (as a function in the s-variable). This follows from (15.5.7) and an
invariance property for local Whittaker functions (15.3.4). In particular, the sums and
products are finite in the right-hand side of (22.1.7).
For every prime ¢, we have WTM(CLZ,S +1/2)0 € Z[¢71, 075, 0%] (see (15.5.6), and again
the invariance property in (15.3.4)). We also have W;b (@, 1/2)2 € Q for all place v of Q (if
v | 0o, this quantity is 1 if 7° is positive definite and O otherwise by (15.2.6)). The quantity
in (22.1.10) thus lies in Q - log p, and the quantity in (22.1.11) thus lies in Z#p(@ -log 4.

As we explain below, every quantity on the right-hand side of (22.1.7) has geometric
meaning via our main local results, at least modulo Q - log ¢ for primes ¢ such that b ¢
GL,(Op ®z Z)).

(Step 3a: Local geometric interpretation: complex degree) Set Z(T)c = (Z(T) Xspec 0y
Spec C) for the embedding F' — C fixed above. We have deg Z(T")¢c = (degp Z(T) Xspec 0y
Spec F') = 2degqy(Z(T) Xspecz Spec Q) =: degy, Z(T') . Here degp and degq denote stacky
degrees over Spec I’ and Spec QQ, respectively, as defined at the end of Appendix A.1.

By the geometric Siegel-Weil formula for Kudla—Rapoport 0-cycles over C (Proposition
21.1.1, also Remark 21.1.2), we conclude

4h3 -
degy, Z(T) . = 2deg Z(T)c = —L Ej(a’,1/2)5. (22.1.12)
W
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This gives a geometric interpretation of (22.1.8).

(Step 3b: Local geometric interpretation: at oo) We claim that

d s
Intoo(T,y):—g' <|aZfi|§o J*Wb,oo(aio,s)fl> mod Z Q-logl (22.1.13)
s=1/2

£ such that
bZGLn (OFR2Z(r))

where Int. (7, y) is the geometric quantity defined in (12.4.15).
Indeed, (12.4.8) implies

Intoo (T, y) = (22.1.14)
Intoo (17, a’ '@’ ) — log(|a#|) mod such tha logl T >0
( oo oo) g(| oo| ) ZbQGén((gthth(z)) Q g

Intoo (17,0’ '@’.) mod . ruchthat Q-log/ if T # 0.
bQGLn(OF(@ZZ(g))

(22.1.15)

The notation 7° > 0 (resp. T° # 0) means that 7" is positive definite (resp. not positive
definite). We have Int,. (17, a’ '@’,) = Into, (*@’ T°a’,, 1) (12.4.3). By our main Archimedean
local identity (Theorem 19.1.1), we have Into (‘@) T7a’,, 1) = 4 s:—l/ZWt%booTaboo,oo(s)%’

The Whittaker function invariance property (15.2.4) implies W, ., , (s);, = Wj*,b(aboo, s)o.
By the Archimedean local functional equation (16.2.1) we have dE: s:o_ol/QW;bm(aboo, 5)0 =
—4 SZI/QW;bm(aboo, s)°. This is still true when T° has signature (n — 1 —r,7) for r > 2,
as both sides are zero in this case (by definition for the geometric side, and by (19.1.5) for
the local Whittaker function). As already mentioned, recall that W;b(ab, 1/2)° is 1if T° is
positive definite, and is 0 is 7" is not positive definite (15.2.6). Now (22.1.13) follows from
what we have just discussed.

Next, recall the global Archimedean intersection number Int. giobai(1,y) = f Me 9Ty

(where g7, is a current associated with 7" and y) as in (12.4.13). Recall the relation (12.4.14)

vv)@\ 1 P (22.1.16)

xeVvV™
(z,2)=T

h
Intoo,global<T7 y) = w_FIntoo (T7 Z/) : deg
F

where V := L ®p, F' and D(z;) is a certain “away-from-o0” local special cycle (it is a discrete
set), defined in Section 12.1. The displayed groupoid cardinality deg[- - -] describes certain
“complex uniformization degrees” (Section 12.4.13). If there exists x € V™ with (z,z) =T,

the groupoid cardinality is

deg|U()@\ ] D(zf)] o | LENURTES: (22.1.17)
G-t ‘
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by local Siegel-Weil as in Lemma 20.4.1 (with vy = oo in the notation of loc. cit.). If there does

not exist such z, then the Hasse principle implies that 7" has signature (n — 1 —r,7) for some

r > 2 (compare the proof of Proposition 21.1.1). In this case, we have £ w12 Wi (al,, ) =
0 (19.1.5). In all cases, we thus have

£ —
wy \ ds =12

2
ittt (T ) = — ( L (et ~;b,m<azo,s>z)> [ Wi @12 (22.18)
]
modulo ), Q - log ¢ for primes ¢ such that b ¢ GL,(Or ®z Z). This give a geometric
interpretation of (22.1.9).

(Step 3c: Local geometric interpretation: at p) Recall Int,(T") = Int (1) + Inty ,(T)
(11.9.9), where Int»,(T') is a “horizontal local intersection number” (11.9.1) and Inty ,(T') is
a “vertical local intersection number” (11.8.1) associated with 7. The former describes “local
change of tautological (or Faltings) height” and the latter describes degrees for “components
in positive characteristic” in terms of local special cycles on Rapoport—Zink spaces.

We claim that
d Wi (ay, ), (22.1.19)
where e, = 1 if p is unramified (resp. e, = 2 if p is ramified).

First note that the functional equation (16.1.4) implies —-<% SZI/QW;b 7p(a;,, s)o =4 s:—l/QW;“b 7p(a;, s)o.
The invariance property for Whittaker functions (15.3.4) implies W;b Vp(a';,, s)e = Wt’%; T 7p(3>%-

Form the positive definite F'//Q Hermitian spaces W C V as in Section 11 (recall
e(Vyp) = =1 and €(Vy) = (V) for all £ # p). Set Op, = Op ®z Z,. For any x, € W},
with Gram matrix 7' (such x, exists because rank(T') < n — 1; recall W has rank n if p is
nonsplit and rank n — 1 if p is split), there exists a basis of L; = spang,, (z,) with Gram
matrix ‘@) T"a’. Indeed, we have a, € GL,(Op,) and @) € GL,_1(OF,) by construction (and
recall 'a, ' T'a,' = diag(0,7”) by definition). We remind the reader that (15.5.6) may be used
to pass between (normalized) local densities and local Whittaker functions. We also pass
between the notation Den* (X, L,;)n = Den"(X, ta;’)T"a;)n as explained in Section 15.5. Now
(22.1.19) follows from our main non-Archimedean local identity (Theorem 18.1.2).

Next, recall the horizontal and vertical global intersection numbers Int  , gioba(1') and
Inty ,g0bal(17) at p, associated with 7' (see (11.9.7) and (11.8.3)). These are elements of
Q - logp. Recall the F//Q Hermitian space W+ defined in Section 11.3, which satisfies
V = W @& W+ (orthogonal direct sum). In particular, W+ = 0 if p is nonsplit and
dimp W+ = 1 if p is split.

281



By (11.9.7) and (11.8.3) (and in the notation of loc. cit.), we have

Intp,global(T):Z—FIm( ) - deg [11 ( [T vow,)/Kips xZ(xp)>]. (22.1.20)

XEW™

(x,x)=T
The notation Z(xP) means a certain “away-from-p” local special cycle (a discrete set),
defined in Section 11.2. Recall that K, C U (Wj) is the unique maximal open compact
subgroup and I, = U(W) x U(W1) as algebraic groups over Q (Section 11.5). The
displayed groupoid cardinality deg[- - -] encodes certain “Rapoport—Zink non-Archimedean
uniformization degrees”.

If there exists x € W" with Gram matrix 7', then local Siegel-Weil (Lemma 20.4.1)

implies

deg[h ( IT vow,)/K ps xZ(Xp)>] _ 2 [T (a), 17205 (22.1.21)

e, W
xEW™ pF VED
(xx)=T

(in the notation of Lemma 20.4.1, take vy = p and use the hermitian space V for the V' in
loc. cit.).

Set Qr(R) ={x € (W ®q R)": (x,x) =T} for Q-algebras R. If Q7(Q) = (), then the
Hasse principle implies Q7(Q,) = () for some place v of Q. We have Q7(Q,) # 0 (either p is
nonsplit and W = V and the claim follows because rank 7' < rank W (compare the proof
of Proposition 21.1.1), or p is split and Qr(Q,) # 0 automatically). For all places v, we
have Qr(Q,) = 0 if and only if Qg g, (Q,) = 0 (where Qg is defined like Q7 but for
(n — 1)-tuples); this follows from our diagonalization of T' (e.g. *a;'Ta ;"' = diag(0,1") for all

ay,

v < 00).

If Qr(Q,) = 0, we thus conclude Wz’ib’v(az, 1/2)° = W, o Toab v (1/2)¢ = 0 by the invariance
property for local Whittaker functions (see (15.2.4) and (15 3. 4)) and by local Siegel-Weil
(20.2.2). Hence (22.1.21) holds even if there is no x € W" such that (x,x) =7 (both sides
are 0 in this case).

We have shown

202 [ d - -
Int, giopar (T) = —w—j’ <£ W:,”ib7p(a;,s)2) HW;b’U(aZ, 1/2)°. (22.1.22)
F s=1/2 vp

This gives a geometric interpretation for (22.1.10).
(Step 4: Finish) Recall the definition of arithmetic degree without boundary contributions
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ge\g([é’\(T)D (4.7.1). In our current situation, this is
aé\g([ZA(T)]) = (/ gT,y) + deg 5v\z )+ Zdegm T)y ) logt
Mc

where the sum runs over all primes ¢. By definition, we have

/ 97,y = Intog giobal (1, ) degp, (“Z(T)y ¢)log € = Inty g giopar(T)

Me . o (22.1.23)

deg(E”|z(r),,) = (degz Z(T)r) - hE" + > It e g grovan(T)
l

where hgi\/[ is the height constant from (4.3.6). See (12.4.13) (Archimedean), (11.8.3) (ver-
tical), and (11.9.8) (horizontal). For all primes ¢, we have Inty /goba(7) € Q - log¢ and
Int 7 ¢ global (1) € Q - log £. These quantities are 0 for all but finitely many ¢.

After multiplying both sides of (22.1.7) by 2(hr/wr)?, we apply the results of Steps 3a,
3b, and 3c above (see (22.1.12), (22.1.18), and (22.1.22)) to find

hp d

wr ds|,_,

Ex(y, s) = deg([Z(T))) (22.1.24)

as elements of R/(D, 2, Q- log 0). As we already discussed, varying p shows that this identity

holds as an equality of real numbers. O]

Remark 22.1.2 (Nonsingular arithmetic Siegel-Weil). In the setup above (in particular,
n = 2 (mod 4)), consider any 7" € Herm, (Q) with detT # 0 and any y € Herm,(R)s,.

Assuming the prime 2 is split in O, we still have

deg((Z(T)) = 1 1

— EZ ° 22.1.25
e ds| B9, (22.1.25)

where the Green current for [Z(T)] is formed with respect to y, and where Ee\g([é (T)]) again
denotes the arithmetic degree without boundary contributions as in (4.7.1). This should be
compared with our preceding main theorem for singular 7" of co-rank 1 (Theorem 22.1.1).
Using the local theorems of Liu, Li-Zhang, and Li—Liu (cited below), one can prove
(22.1.25) by a local decomposition as in the proof of Theorem 22.1.1 (no diagonalization
procedure is necessary here) using the volume constant calculated in Lemma 21.1.1. This is
possibly considered known to experts up to a volume constant by the cited local theorems.
Nevertheless, the global statement is not available in the literature, so we have stated it. A

sketch is provided below.

283



Decomposing E7(y, ) into a product of local Whittaker functions (Section 17.1), we find

d . . d
ds s:oET(y’ = (E o Wiy ) [Iwz.0; (22.1.26)
+Z ( WTp( 5)n ) Wi oo (0, 0)5 T Wi (005, (22.1.27)
l#p
deg([Z(T>]) = Intoo,global(T, y + Z Intp,global(T)- (22128)
p

At most one of the summands is nonzero (see below), and all but finitely many W7 ,(s);, are
identically equal to 1 as functions of s. In contrast with our main theorem, these intersection
numbers Int,, gioba1(1") are “purely vertical”, without a mixed characteristic contribution.

In this setup, the local Archimedean theorem [Liull, Theorem 4.1.7] (restated in our
notation in Theorem 19.1.1) and the local Kudla-Rapoport theorems [LZ22a, Theorem 1.2.1]
(inert) and [LL22, Theorem 2.7| (ramified, exotic smooth, even n) take the place of our main
local identities (which were for co-rank 1 singular 7). In combination with local Siegel-Weil

with explicit constants (Lemma 20.4.1(1)), the cited local theorems imply

d
Intoo,gmbal(T, y) = (£ WTOO Y, S > HWTp (22.1.29)
s=0
d
Inty, giobal (1) = (£ Wz, (s), ) Wi (Y, 0 HW” (22.1.30)
= t#p

in our notation (end of Sections 12.4 and 11.8 respectively).

To apply local Siegel-Weil in the preceding discussion, we have in mind a (presumably
routine) Hasse principle argument (compare [KR14, §9]). We briefly sketch this argument
in our setup. For any prime p, set &,(T) := 1,((—1)"""1/2det T') (the usual local invariant
from Section 2.2), where n,: QX — {£1} is the local quadratic character associated to F'/Q.

We have Integ giobai(7,y) = 0 unless 7" has signature (n — 1,1) and ¢,(7") = 1 for all p.
For such T, the special cycle Z(T') is empty (but may have a nontrivial Green current).
We have Int giobai(7’) = 0 unless 7" is positive definite, €,(T) = —1, and &,(7) = 1 for
all primes ¢ # p. For such T, the special cycle Z(T) is supported in characteristic p (or
empty). For all other T, the special cycle Z(T) is empty with Green current 0. These
claims follow from e.g. uniformization of special cycles (e.g. Sections 12.4 (Archimedean)
and 11.8 (non-Archimedean)) and the Hasse principle (e.g. applied to V from loc. cit. in
the non-Archimedean case). In particular, Int, giona1(7) = 0 if p is split in Op, and Z(T) is
empty over any split p.
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On the analytic side, we have W7, (0); = 0if ¢,(T") = —1 (by local Siegel-Weil (20.2.2), or
the functional equation (16.1.4)) and W7 (y,0);, = 0 if T'is not positive definite (local Siegel-
Weil again, or (15.2.6)). If T" has signature (n
(19.1.5).

For the analogous global result (still det 7" # 0 and T' € Herm,,, central derivative) for an

—r,r) for r > 2, we have %‘S:OW;,OO(% s)p =0

unramified CM extension of number fields F'//F* where all 2-adic places are split (forcing
F* # Q) and a lattice L which is self-dual for the Hermitian pairing, see [LZ22a, Theorem
15.5.1] (at least up to a volume constant). For the analogous global result (still det 7" # 0 and
T € Herm,, central derivative) for possibly ramified F'//F* where all 2-adic places are split,
on Kréamer integral models (semistable reduction at ramified primes), and again L self-dual
for the Hermitian pairing, see [HLSY23, Theorem 10.1| (at least up to a volume constant).
For the result on Kramer models, one needs to correct the Eisenstein series derivative by

special values of other Eisenstein series.

Remark 22.1.3. When n = 0 (mod 4), there is no non-degenerate self-dual signature

(n —1,1) Hermitian Op-lattice. In this case, Theorem 22.1.1(1) still holds in the sense that

d
ds 1s=0

E3(y,s)s = 0 (by the functional equation, Lemma 17.1.1).
Remark 22.1.4. We explain how Theorem 22.1.1 may be reformulated in terms of Faltings
heights. Assume 2 is split in Op. Let @ be the metrized Hodge bundle on M as defined in

Section 4.3. Take T' € Herm,,(Q) with rank(7") = n — 1. By (11.9.10), we have

deg(B]z(r),,) = (degy Z(T)or) - n- hit —2) Intup giobal(T) (22.1.31)
P
where hi is the Faltings height of any elliptic curve with CM by O (as in (4.3.5)). By
definition of Faltings height, we have
deg(@lzr) =2 Y Aut(o))| " hpa(A) (22.1.32)
a’€Z(T)(C)
where o/ = (Ag, to, Ao, A, 1, A) € Z(T)(C) (choose F' — C), and where hg,(A) is the Faltings
height of A (as in Section 9.1) after descent to any number field, with metric normalized
as in (4.3.1). Alternatively, we could consider morphisms Spec C — M over Spec Z, which
would remove the factor of 2 in the previous formula.

Our main theorem (Theorem 22.1.1) admits the equivalent formulation

1— n
Intos giobal (T y) — 5deg(@]z(r) ) + (degz Z(T)r) - ()" + 5 hea) + > Ity gioba (7)
p
hr d
_ e Al e e 92.1.33
wr ds|_, (Y, 5)n ( )
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via the decomposition in (22.1.23). We remind the reader that degy, Z(T') . is essentially a
special value of a U(n — 1,n — 1) Eisenstein series (22.1.12). For further discussion of the

special case n = 2, see Section 22.2.

In the rest of Section 22.1, we discuss some results which are applicable even if L is not
self-dual.
Allow possibly 2 | A, and let L be any non-degenerate Hermitian Op-lattice of signature
(n —1,1) (with n not necessarily even). Select any character y: F*\Ay — C* such that
X|ax = 1™, where n is the quadratic character associated with F'/Q. Set V = L ®p, F,
with associated local Hermitian space V, for each place v of Q. Suppose m’ > 0 is an
integer. For each prime p, let gpi = l’f: es (V;)mb), form the local Siegel-Weil standard section
P, € I(x0,s), and set
o =0 Q) D, € (x5 (22.1.34)
p

where the Archimedean component ®{ is the standard (normalized) scalar weight section
from Section 13.2. Form the associated classical U(m”, m”) Eisenstein series E(z’, s, @), for

2> € H,,», and consider the normalized Eisenstein series Fourier coefficients
En (Y5, ®PL)n (H Yoo (V3 ™ vol(L )_mb> N (8)S Eps (3, 5, @) (22.1.35)

for T° € Herm,,,(Q). We are not sure whether this is a “good” normalization if L is not
self-dual, so the preceding notation appears nowhere else in this work. As in Section 15.3,
Yy, (Vp) is a Weil index and vol(L,) is the volume of L, with respect to a certain self-dual
Haar measure on V), (these factors are 1 for all but finitely many p).

Form the moduli stack M — Spec Op[1/d;] associated with L as in Section 3.1 (also
Section 3.2).

Remark 22.1.5. Since the proof of Theorem 22.1.1 is local in nature, it is possible to use
our local main theorems to prove variants for non self-dual L, up to discarding finitely many
primes.

Set m’ = n — 1. Consider T° € Herm,,_1(Q) with det T° # 0. Let C' € Qs be the volume
constant from Lemma 20.4.1(3), for the Hermitian space V' and with vy = oo etc. in the
notation of loc. cit.. Consider 3> € Herm,,_;(R)so. Form [ZA (T")] with Green current with

respect to °. Arguing as in the proof of our main theorem (Theorem 22.1.1) gives

T TR VRN A (s);, . /b
deg([Z(T7)]-c1(EY)) = O'@ _ <An—1(3 172 (Y, s+ 1/2>(I)L)n> mod pQZdL Q-log p.
(22.1.36)
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For proving (22.1.36), the diagonalization argument (Step 1) in the proof of Theorem 22.1.1
can be skipped. If 2 is split in Op, the expression “2d;” in (22.1.36) may be replaced by “d.”.
In the case n = 1, recall that M extends smoothly (and nontrivially) over all of Spec Op
(Remark 3.1.4). In this case, we need not discard any primes in (22.1.36). As m’ = 0, the
normalized U(m’, m’) Eisenstein series E* is the constant function 1 in this case.

Recall that our main Archimedean local result was valid in arbitrary “codimension” for
empty local special cycles with possibly nontrivial Green current (“purely Archimedean

intersection number”). This has the following global consequence.

Theorem 22.1.6. Let m” be any integer with 1 < m” < n. Consider T° € Herm,,, (Q) which
s nonsingular and not positive definite. Let C' € Q¢ be the volume constant from Lemma
20.4.1(1), for the Hermitian space V', the lattice L, and vy = 0o in the notation of loc. cit..

For any 3’ € Herm,,»(R)<o, we have an equality of real numbers

b

b hFd

deg([Z(T")]- & (EV)"") = / g p N1 (EL)™ = (1) C En (i, 5,P1),
Mc

b

wrg ds st

(22.1.37)
where s} = (n —m”’)/2.
Proof. In the theorem statement, we set Mc¢ = M Xgpeco, SpecC for either choice of
embedding F' — C. Recall that the special cycle Z(T") is empty by the non-positive definite-
ness (Section 3.3). The current gz» ,» associated with [Z(T")] is formed with respect to y’, as
usual.

Using our main Archimedean result (Theorem 19.1.1) and local Siegel-Weil (Lemma
20.4.1) for uniformization degrees, the theorem follows as in the proof of Theorem 22.1.1,
Step (3a). Since det T” # 0, the proof is simpler here as the diagonalization argument of loc.
cit. plays no role. Recall W7, (v, s9); = 0 (15.2.6), so the derivatives of non-Archimedean
Whittaker functions play no r(7)le. If 7” has signature (m’ — r,r) for r > 2, then both sides of
(22.1.37) are zero. The sign (—1)"~™" comes from the Archimedean local functional equation

(Lemma 16.2.1), since Theorem 19.1.1 was stated at s = —s),. O

When m’ = n, the preceding result is due to Liu (see [Liull, Theorem 4.17, Proof of
Theorem 4.20] and also [LZ22a, Theorem 15.3.1]). We do not have a new proof of this
case (we deduced our local result for arbitrary m” from Liu’s result using our local limiting
method).
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22.2 Faltings heights of Hecke translates of CM elliptic curves

Using the Serre tensor construction, we restate part of the simplest case (n = 2) of our main
theorem (Theorem 22.1.1) in more elementary terms, via Faltings heights of Hecke translates
of CM elliptic curves (Corollary 22.2.2).

We assume 2 { A, but allow 2 inert or split in Op for the moment. When n =2 and L is

a self-dual Hermitian Op-lattice of signature (1, 1), recall
M = %0 X Spec Op //(1, 1)0 (22.2.1)

in the notation of Section 3.2. Recall that .# is the moduli stack parameterizing (Ao, to, Ao)
where Ay is an elliptic curve with signature (1, 0) action ¢y by O, and )¢ the unique principal
polarization. Recall that .#(1,1)° is the closure of the generic fiber in the moduli stack
of signature (1,1) Hermitian abelian schemes (A, ¢, A) where |A| - X is a polarization with
ker(|A| - \) = A[VA].

For integers j > 0, we first recall how to relate the special cycles Z(j) — M to Hecke
translates of CM elliptic curves, as explained in [KR14, §14]. Our |A] - X is their \.

Write 4 for the moduli stack of elliptic curves base-changed to Spec Op. If OF =
Homy(Op,Z), we write A,: Op — O3 for the o-linear map corresponding to the symmetric

Z-bilinear pairing trp/g(a’0) on Op. As in [KR14, §14], there is a Serre tensor morphism

A A (22.22)

Er—— E®;O0p

where FE ®7 Op is given the polarization |A| "' (Ag @ \i;): E®z Op — EY ®7O%. As we have
seen previously, F'®z Op is (by definition) the functor given by (E®zOr)(S") = E(S") @z OF
for schemes S’ (over the understood base for E).

For the rest of Section 22.2, we now assume Oy = {£1}. In this case, the Serre tensor
morphism is an open and closed immersion.*® Indeed, igere is proper (valuative criterion)
and a monomorphism of algebraic stacks, hence a closed immersion of algebraic stacks. Since
the source and target are Deligne-Mumford, smooth, finite type, and separated over Spec Op

of the same relative dimension, this implies that igere is also an open immersion.

45The hypothesis O = {£1} should be added in [KR14, Proposition 14.4], as otherwise Aut(E) # Aut(E®y
Op) (right-hand side means Op-linear automorphisms preserving the polarization) so igerre: Aoy — #(1,1)°
is not a monomorphism and hence cannot be a closed immersion in the sense of [SProject, Section 04YK].

The remaining arguments are the same at least if 2 1 A.
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The class group Cl(Op) acts .#(1,1)° as follows. Given any fractional ideal a C F,
set @V := Homp, (a,Or), and consider the o-linear map \,: @ = a" given by the perfect
positive-definite Hermitian pairing a,b — N(a)~'a’b on a. There is an induced automorphism
of #(1,1)° sending

(A, 0, A) = (A®o, 4,6, A ® Aq). (22.2.3)

The action of Cl(Op) on #(1,1)° is simply transitive on the set of connected components
(see the proof of [KR14, Proposition 14.4]|). There is a similar action of Cl(Or) on .
which sends (Ag, tg, Ao) = (Ao ®op a, L9, Ao ® Aq). Given a fractional ideal a C F', we write
fa: M — M for the induced automorphism just described.

Given any integer j > 0, the action of C1(Or) preserves Z(j), in the sense that there is a
2-Cartesian diagram

2(j) — 2())
l l (22.2.4)
M

/\/l—>

for any fractional ideal a, where fa sends
(Ao, Lo, )\0, A, L, /\7 I) — (AO Rop 4, Lo, Ao ® )\a, A Koy a,t, A® )\a, & 1) (2225)

for € Homp, (Ag, A) satisfying 2Tz = j.

Consider the j-th Hecke correspondence T; — My Xspeco, Men, Where T is the stack
parameterizing tuples (Fo, to, Ao, E, w) for (Fo, o, \o) € Ay, for E € M, and w: E — Ej
an isogeny of degree j.

Consider the map .#y x e — M induced by igere (and the identity on .#;). The Kudla—
Rapoport cycle Z(j) pulls back to the Hecke correspondence 7;, i.e. there is a 2-Cartesian
diagram

T —— 20)

l l (22.2.6)
M

%0 ><SpecOF %ell —_—
where T; — Z(j) sends
(EOa Lo, >\07 Ev UJ) = (EOa Lo, >\07 E Qz OFa L, >\E & >\tr7 xw) (2227)

(with Ag denoting the unique principal polarization of E) and where z,,: Fy — F ®z Op
is the Op-linear map such that vAzl, € Home, (E ®z Op, Ey) corresponds to w via the
adjunction

Homp,. (E ®z O, Ey) = Hom(FE, Ey). (22.2.8)

289



Here, we are implicitly claiming deg(w) = z{ z,,. The fact that (22.2.6) is well-defined and
2-Cartesian is proved in [KR14, Proposition 14.5].

We next discuss the Eisenstein series of Theorem 22.1.1(2) in more elementary terms
when n = 2. In this case, the U(1,1) Eisenstein series E*(z, s)5 (with m = 1 in our usual
notation, and normalized as in Section 17.1) admits the classical expression

7T_S+l/2 s—1/2

* o I + —|— E y
(2, )3 ]2 (s /2)¢(2s ) = (cz + d)?|cz + d|>=1/2) ( )
(c’,d)——l

for » = x 4 iy € H, where H C C is the usual upper-half space (here z corresponds to 2’ in
Theorem 22.1.1(2)).
For nonzero j € Z, the (normalized) j-th Fourier coefficient of E*(z, s)$ factorizes into

(normalized) local Whittaker functions

Ei(y.s); =W (y,s H (22.2.10)

as in Section 17.1. We have the formulas

Wip(al = 0 o 0) - [IW3 (05 = i ooni) 2220

where v,(—) means p-adic valuation and

o (lj]) =) _d’ (22.2.12)

dllsl

is the classical divisor function. These formulas for local Whittaker functions are likely
classical, but they also follow from (18.2.8) on local densities (translation to local Whittaker
functions via (15.5.6)). An integral expression for W7 (y, s)5 may be found in Section 19.2.
For j > 0, recall W (y,1/2); =1 (15.2.6).

We require 5 > 0 for the rest of Section 22.2. Fix an embedding F' — C. Given a CM
elliptic curve (Ey, tg, o) € #,(C), we consider the set of j-th Hecke translates of Eq given by

Ti(Eo) = {(Eo, 10, Mo, E, w) € T;(C)}. (22.2.13)

Phrased alternatively, the fiber of 7; — .#; over the point Spec C — .# corresponding to
Ej is a finite scheme over Spec C, and T;(E)) is its set of C-points. We set

deg Tj(Eo) = [Ti(Eo)l  hea(T;(Eo)) = Y hrea(E) (22.2.14)
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where | — | denotes set cardinality, the sum runs over (Ey, to, Ao, E,w) € T;(Ep), and hy.(E)
denotes the Faltings height of F (with metric normalized as in (4.3.1), see also Section 9.1)
after descending from C to any number field.

The following lemma states that the (total) Faltings height of j-th Hecke translates of a
chosen elliptic curve with CM by O does not depend on the choice of CM elliptic curve. It
should admit a general formulation in terms of Hecke correspondences over .#,. We give a

more elementary treatment in the spirit of this section.

Lemma 22.2.1. Fix j € Z~q. For any (Ey, o, \o) € #,(C) and (Ey, 1y, \y) € #,(C), we
have
deg T;(Eo) = deg Tj(Ey)  hra(T;(Eo)) = hra(T;(E))- (22.2.15)

Proof. Given any d € Z, we claim that there exists an isogeny ¢: E) — Ej of degree prime
to d. Consider
Eo(C) =C/A Ey(C) =C/A (22.2.16)

for lattices Ag and Aj. Without loss of generality, we may assume Ag = Op C C and that
A} = af, for some fractional ideal aj C C. By the Chinese remainder theorem, we can assume
a; € Op and that af, has norm prime to d (without changing the ideal class of aj). The
inclusion aj C Op gives an isogeny E| — Ej of degree prime to d.

Let p be any prime. Let ¢: Ej — Ej be an isogeny of degree prime to pj. As above, we
view ¢: Ep(C) — E{(C) as an inclusion of lattices A — Ay of index prime to pj. There is

an induced bijection

Ti(Bo) —— T3(Eo) (22.2.17)

A——— ANA),

We are viewing A as the element C/A — C/Aq of T;(E)y), and similarly for A N Aj.

The isogeny C/(A N Aj) — C/A has degree deg ¢, which is prime to p. As these elliptic
curves are defined over Q, this isogeny also descends to Q. By the formula for change
for Faltings height along an isogeny (9.2.4), we conclude hpa(7T;(Eo)) — hra(T;(Ef)) €
D tjdeg o Q - log €. Varying p shows hpa(7;(Eo)) = hra(T;(Ep)), as the real numbers logp are
Q-linearly independent for varying p. O]

Consider any (Ey, to, o) € #o(C). Using (22.2.6) (Kudla-Rapoport cycle pulls back to
Hecke correspondence), the geometric Siegel-Weil statement in Remark 21.1.2 implies

h? h?

o deB T3 (E) = 2 B3 (y,1/2); (22.2.18)
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for any y € Ryg. On the left, one factor of hr appears because the Serre tensor morphism
iSerre s Moy — A (1,1)° is the inclusion of one connected component (and .#(1,1)° has hg
connected components, by the action of Cl(Op) discussed above; we discussed that this
action is compatible with Kudla—Rapoport cycles). On the left, the additional factor hp/wg
appears via Lemma 22.2.1 (instead of summing over .#,(C), it is enough to consider a fixed
Ey and multiply by hp/wp = dege( Ay Xspec 0, SpecC)).

By the formulas in (22.2.11) and surrounding discussion, this recovers the well-known iden-
tity deg 7;(Eo) = 01(j) for degrees of Hecke correspondences (recall our running assumption
|OF| = {£1} for most of Section 22.2, i.e. wp = 2).

In the next lemma, AEM = hp,(Ep) is the Faltings height of any elliptic curve with CM
by Or (4.3.5). It is well known that this does not depend on the choice of CM elliptic curve

(also follows from Lemma 22.2.1).

Corollary 22.2.2. Suppose 2 is split in Op. For any integer j > 0 and any CM elliptic
curve (Eg, 1o, No) € A#o(C), we have

1d
hra(T;(Eo)) — 01(j) - hmy = =—

5 Ts (0 as(4)) - (22.2.19)

s=1/2

Proof. Set n =2 and consider the 2 x 2 matrix 7" = diag(0, j). Again using (22.2.6) to pull
back Kudla—Rapoport cycles to Hecke correspondences, we have
h2
2L (2hpa (T;(Eo)) — 2(deg T;(Eo)) - himt) = =2 ) It p grobar (T) (22.2.20)

Wwr
p

in our previous notation (Remark 22.1.4). On the left, the outer factor of 2 has the
same explanation as in (22.1.32) (see following discussion). The factor h%/wp has the
same explanation as in (22.2.18), via Lemma 22.2.1 on Faltings height. The factor of 2 in
2hpa1(T;(Ep)) appears because hpy(E ®z Op) = hpa(E X E) = 2hp(E). The factor of 2 in
2(deg T;(Ep)) - hEM is the n in Remark 22.1.4.

In our previous notation, we have Inty j,gopai(7) = 0 for all primes p as the vertical
special cycle class “Z(T)y , is 0 when n = 2 (Lemma 11.7.6). Hence we have Int, giobal (1) =
Int z p globat (1) + Inty ¢ giobal (1) = Int sz globat (T).

Then (22.1.22) (“horizontal local part” of our main result) implies

2h2 ( d
Ity gobar(T) = ——5 (— ) [Tw;/2) (22.2.21)

wy \ ds i

s=1/2
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for all p (in the notation of loc. cit., take 7° = j, a’, = 1 for all v < oo, and recall our
notation W;b’v(l,s); = W7, (s)7). Since j > 0, we have used W} (1/2); =1 (15.2.6) as
recalled above.

Combining (22.2.21) and (22.2.20) along with the formula deg 7;(Ey) = 01(j), we obtain

(H L(1/2) ) (22.2.22)
s=1/2

where the product runs over all primes (not including the Archimedean place). The corollary

1d
hra (T (Eo)) = 01(5) - bl = 2ds

now follows from the formulas in (22.2.11). O
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A K, groups

A.1 K, groups for Deligne-Mumford stacks

Suppose X is a Noetherian Deligne-Mumford stack. There are at least two different ways
one might define K, groups for X. One way is to define a K-theory spectrum for X using
the K-theory spectra of schemes in the small étale site of X', as in [Gil09, §2|. This is the
approach used in [HM22|. Another way is to simply mimic a definition of Ky for schemes
and consider perfect complexes on the small étale site of X. These two approaches will in
general result in different K, groups [HM22, Remark A.2.4|. At least if X is regular (and,
say, with the additional running hypotheses of [HM22, Appendix A]), there is a map from
the latter K, group to the former K, group [HM22, (A.7),(A.8)].

In this paper, we take the latter approach and mimic constructions for schemes to define
Ko(X). Our definitions and notation will be analogous to those for schemes in [SProject,
Section OFDE|. When defining dimension/codimension filtrations on K{(X) (with notation
and hypotheses as below), we will require existence of a finite flat cover by a scheme (enough
for our intended application). A similar approach appears in [YZ17, Appendix A] (at least
for K|)), but there the stacks are over a base field. We need a slightly more general setup
which allows base schemes such as Spec R for Dedekind domains R.

Suppose X is a Deligne-Mumford stack. By an Ox-module*, we mean a sheaf of modules
on the small étale site?” of X. Similarly, quasi-coherent Ox-modules will mean quasi-coherent
sheaves of modules on the small étale site. When X is locally Noetherian, we will also speak
of coherent Oy-modules on the small étale site, which are the same as finitely presented
quasi-coherent Oxy-modules in this situation.

Suppose X is a locally Noetherian Deligne-Mumford stack. The category Coh(Oy) of
coherent Oy-modules forms a weak Serre subcategory of the abelian category Mod(Oy) of

Ox-modules (reduce to the case of small étale sites of schemes and apply [SProject, Lemma

46This is one of the only places where our conventions differ from the Stacks project [SProject, Chapter
06TF], which mostly works with sheaves on big sites (say, fppf and étale) for general algebraic stacks.
Restriction from these two big sites to the small étale site (for Deligne-Mumford stacks) induces equivalences
on categories of quasi-coherent sheaves. But the equivalences are not compatible with pushforward, and are

also not compatible with exactness for O y-modules on big sites versus small sites.
4TThe small étale site is as defined in [DM69, Definition 4.10]: the underlying category has objects which

are pairs (U, f) for f: U — X an étale morphism (definition as in [SProject, Definition 0CIL]) from a scheme
U, and morphisms are pairs (g,€): (U, f) — (U’, f') where g: U — U’ is a 1-morphism and §: f — f'ogis a

2-isomorphism.
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05VG, Lemma 0GNB|). We may form derived categories such as
D(Ox) D'(Ox) DpufOx) Dio(Ox) D'(Cob(Ox)) (A.1.1)

which denote the derived category of Oy-modules, bounded derived category of Oy-modules,
derived category of perfect objects (definition as in [SProject, Section 08G4|) in D(Ox),
bounded derived category of Oy-modules with coherent cohomology, and the bounded derived
category of coherent Oxy-modules, respectively.

If X happens to be a scheme, then D,.(Ox) and D% ,(Ox) and D°(Coh(Ox)) will agree
with the usual constructions using the small Zariski site instead of the small étale site, via

comparison results such as [SProject, Lemma 08HG, Lemma 071Q, Lemma 05VG].

Definition A.1.1. Let X be a locally Noetherian Deligne-Mumford stack. We set
Ko(X) == Ko(Dperf(Ox)) K{(X) == Ko(Coh(Oy)). (A.1.2)

Above, the left expression means K of a triangulated category and the right expression
means K of an abelian category. If X is a locally Noetherian Deligne-Mumford stack, we

have canonical identifications
Ko(Coh(Ox)) = Ko(D*(Coh(Ox))) = Ko(Dy(Ox)) (A.1.3)

as in [SProject, Lemma OFDF| (the case of schemes) by general facts about derived categories
(see also [SProject, Lemma 0FCS]).

If X is a quasi-compact locally Noetherian Deligne—-Mumford stack, there is an inclusion
Dyper(Ox) — DY%,,(Ox) and a corresponding group homomorphism Ko(X) — K{(X). If
X is a regular locally Noetherian Deligne-Mumford stack (not necessarily quasi-compact),
there is an inclusion D% ,(Ox) — D,ey(Ox) and a corresponding group homomorphism
Kj(X) — Ko(X). If X is a locally Noetherian Deligne-Mumford stack which is both

quasi-compact and regular, we have D,.,{(Ox) = D% ,(Ox) and a corresponding isomorphism
Ko(X) = K\(X). (A.1.4)

These claims follow from the corresponding facts for schemes [SProject, Lemma OFDC| and
comparison results mentioned previously.

The derived tensor product @ on D(Oy) gives Ko(X) the structure of a commutative
ring. Compatibility of ®" with the case when X is also a scheme follows from the displayed
equation in the proof of [SProject, Lemma 08HF| (comparison between the small Zariski and

small étale sites).
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We next describe dimension and codimension filtrations. Our setup for dimension theory
is as in [SProject, Section 02QK]. That is, we work over a locally Noetherian and universally
catenary base scheme S with a dimension function §: |S| — Z (which we typically suppress).
Typical setups will be S = Spec R for R a field or Dedekind domain, where ¢ is the dimension
function sending closed points to 0. Any Deligne-Mumford stack X which is quasi-separated
and locally of finite type over S inherits a dimension function dy: |X| — Z (work étale locally
to pass to the case of schemes; the case of algebraic spaces is [SProject, Section 0EDS]). If X
is equidimensional of dimension n, then n — 0y is also the codimension function (given by
dimensions of local rings on étale covers by schemes).

For a scheme X which is locally of finite type over S, consider the full subcategory
Coh<4(Ox) C Coh(Ox) consisting of coherent O x-modules F with dim(Supp(F)) < d. Then
there is an increasing dimension filtration on K{(X) = Ko(Coh(Ox)) given by the image

Fu.(X) = im(EKo( Cohea(Ox)) — Ko Coh(Ox))) (A.1.5)

as in [SProject, Section OFEV|. We similarly consider the full subcategory Coh=™(Ox) C
Coh(Ox) of coherent sheaves supported in codimension > m, and form the decreasing

codimension filtration
F"K)(X) = im(Ky(Coh™™(Ox)) = Ko(Coh(Ox))). (A.1.6)

When X is equidimensional of dimension n, we have F"K{(X) = F,_, K{(X).

For the case of Deligne-Mumford stacks, one could consider naive dimension/codimension
filtrations on K{(X') by mimicking the definition for schemes. This may not be a well-behaved
notation, and we instead take the filtration defined in [YZ17, A.2.3] (with Q-cofficients).

Definition A.1.2. For S as above, let X be a Deligne-Mumford stack which is quasi-
separated and locally of finite type over S. Suppose there exists a finite flat surjection
m: U — X from a scheme U. Pick such a morphism 7.

The dimension filtration on K| (X )g is the increasing filtration given by

for d € Z. If X is equidimensional, we also consider the decreasing codimension filtration on
K{(X)q given by

FTEy(X)g = {8 € Ky(X)g: 7" € FTK((U)g} € Ki(X)g (A.1.8)

for m € Z.
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For X as in the preceding definition, the filtrations just defined give rise to graded pieces
grgKG(X)g = Fuly(X)o/Fi1 Kp(X)q and g™ K(X)q = F™Kg(X)q/F" T Ki(X)g. If X
as above is equidimensional of dimension n, we have F"K{(X)g = F,—mK{(X)q for all
m € Z.

Lemma A.1.3. With notation as in Definition A.1.2, the filtrations FyK{(X)g and F"K{(X)q
do not depend on the choice of finite flat surjection m: U — X. If X is a scheme, these

filtrations recovers the usual filtrations.

Proof. Suppose X is a scheme which is locally of finite type over S. If Z;(X) is the group of

d-cycles on X, recall that there is an identification
K()(COhSd(Ox)/COhSd_l(Ox)) 1) Zd(X) (Alg)

which is compatible with flat pullback of constant relative dimension and finite pushforward
[SProject, Lemma 0259, Lemma OFDR] (see also [SProject, Lemma 02MX]). For any finite flat
surjection m: U — X of constant degree a, the map m.7*: Z4(X) — Z4(X) is multiplication
by a. It follows that m.7*: FyK{(X)/Fa-1 K)(X) = F4K{(X)/F3-1K{(X) is multiplication
by a. This is an isomorphism after tensoring by Q. When X is equidimensional, this gives
the corresponding statement for the codimension filtration as well. This verifies the lemma
when X is a scheme.

Let X be a Deligne-Mumford stack as in the lemma statement. Let 7: U — X and
7' U — X be two finite flat surjections, for schemes U and U’. Consider the fiber product
U x x U’ with its finite flat projections to U and U’. We then apply the preceding discussion
to see that the filtrations do not depend on the choice of finite flat surjection.

These arguments are essentially the same as in [YZ17, A.2.3] (the arguments of loc. cit.

are over a base field, so we have used different references). O

Remark A.1.4. Asin [YZ17, A.2.3|, it is possible to have FyK{(X)g # 0 for d < 0 in the
situation of Definition A.1.2.

We are mainly interested in K groups for the purpose of intersection theory, so we next
discuss degree theory over a field. Suppose S = Speck for a field k, and suppose & is a
Deligne-Mumford stack which is proper over S. Again assuming that A admits a finite flat
surjection from a scheme, there is a graded group homomorphism gr, K{,(X)g — Ch,(X)g as
defined in [YZ17, A.2.6] (pass to a finite flat surjection to reduce to the case of schemes).

There is a degree map deg: Chy(X)g — Q on 0-cycles which may be described as follows.
Suppose Z is a quasi-separated finite type Deligne-Mumford stack over Spec k with separated
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diagonal, and assume the underlying topological space |Z] is a single point. If V' — Z is any
finite flat surjection from a scheme V' (which exists as in Remark 4.1.1), one can check that

V' is finite over Spec k, and we take

deg, (V)

deg(Z) = deg,(Z2) = dog (V)

(A.1.10)

where deg, (V') (resp. degz(V)) is the degree of the finite flat morphism V' — Speck (resp.
V — Z). It is straightforward to see that deg,(Z) does not depend on the choice of V. — Z
(compare [Vis89, Definition 1.15]). This generalizes immediately to the case where |Z] is
instead a discrete finite set (add the degrees of its components). When Z = (), we take
deg(Z) = 0.

There is an induced degree map
deg: gro Ky (X))o — Q. (A.1.11)

Consider a class 8 =) . b;[F;] € FoKy(X)g where each F; is a coherent sheaf on X' (we do
not assume [F;| € FyK((X)g for any given 7). Select any finite flat surjection 7: U — X

with U a scheme. If m has constant degree a, we have
deg(8) = — deg T™6) = Zb X(7*F;) (A.1.12)

where y denotes Euler characteristic. We can give a similar description for general finite flat
surjections 7 by decomposing X’ into its connected components. On account of (A.1.12), we
may write x(3) = deg(f) and think of x: gr,K}(X)gp — Q as a “stacky Euler characteristic”
(compare usage in [KR14, Definition 11.4]). We caution, however, that we have only defined
X on gro K| (X)g and have not defined y(F) for a general coherent sheaf F on X.

We conclude this subsection with a lemma which we will use to decompose K| (X') in

terms of irreducible components of X'. A similar lemma for formal schemes is [Zha21, Lemma
B.1].

Lemma A.1.5. Let X be a locally Noetherian Deligne—Mumford stack. Let m: 21 — X
and wy: Z9 — X be closed immersions of Deligne—Mumford stacks with corresponding ideal
sheaves Iy and Ly. Assume that the diagonals of X, Z1, and Z5 are representable by schemes
(e.g. if X is separated).

Assume that X = Z;U 2, scheme-theoretically (meaning 7y NZy = 0). There are mutually
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tmverse isomorphisms

Ko(X) . _ Ko(2) & Ky (22)
Ké(ZmZg) N ’ K()(ZlﬂZg) K()(ZlﬂZQ)
" « A.1.13
7] » ([nF, s ) (A-1.13)

[ F1] + [ Fo] «—— ([F], [F2]) -
Here, F, F1, and F5 stand for coherent sheaves on X, Zi, and Zy respectively.

Proof. The condition about diagonals is included for technical convenience. Some additional
explanation on notation in the lemma statement: the symbol Z; N Z, denotes the closed
substack Z; Xy Zo of X', with associated ideal sheaf 7; + Z,, and we have also written
K{(X)/K\(Z, N 2Z3) = coker(K|(Z1 N 2Z3) — K{(X)) etc. (the latter map may not be
injective).

Consider the short exact sequence
0= Ox/(ThNTy) = Ox /Ty ® Ox /Ty = Ox/(Th + Ip) — 0. (A.1.14)

Tensoring by any coherent sheaf F on X, we find that Tor¥¥ (F, Ox/Z;) is an Ox/(Z; + To)-
module, and similarly with Z, instead of Z;. This shows that the displayed projection maps
F — i F and F — w3 F are well-defined (i.e. that they are additive in short exact sequences
and hence descend to the given quotients of K)-groups). Since Tor¥¥ (F, Ox/(Zy +I,)) is an
Ox/(Zy + Z,)-module, the Tor long exact sequence of the displayed short exact sequence also
shows that [F] = [F ®o, Ox/Ti] + [F @0, Ox/Ls] in Ki(X)/K{(Z, N 2,). O

A.2 K, groups with supports along finite morphisms

Suppose X is a separated regular Noetherian scheme. There is an established intersection
theory for Ky groups with supports along closed subsets of X, and the intersection pairing is
multiplicative with respect to codimension filtrations (after tensoring by Q) [GS87]. However,
we will need a slightly more general setup which allows for “supports along finite morphisms”.
This is needed because the special cycles Z(T) — M (Section 3.3) are not literally cycles
but are instead finite unramified morphisms.

Intersection theory with supports along finite morphisms is also discussed in [HM22,
Appendix A.4] for a similar purpose. They are not able to show the codimension filtration is
multiplicative in general [HM22, Remark A.4.2|, but can show multiplicativity for intersections

against classes of codimension 1 (in the case of supports along finite unramified morphisms)
[HM22, Proposition A.4.4].
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We have two main objectives in this section (besides fixing notation). Our first objective
is to comment on another situation where the codimension filtration is multiplicative (namely,
when the finite supports become disjoint unions of closed immersions after finite flat base
change to a regular scheme). The (short) proof reduces to the case of supports along closed
immersions. This is relevant for us because of Lemma 3.4.5, which says that each special
cycle Z(T) — M becomes a disjoint union of closed immersions after finite étale base change,
at least after inverting the prime p in the cited lemma. For M associated to a Hermitian
lattice of signature (n — r,r), intersecting special cycles over M involves multiplicativity for
classes of codimension r (not covered by [HM22, Proposition A.4.4] when r > 1).

Our second objective is to explain intersection theory with supports along finite morphisms
of Deligne-Mumford stacks in terms of the K, groups of Appendix A.1. A stacky theory is
also considered in [HM22, Appendix A.4|, but the K, groups we use are slightly different
(as discussed at the beginning of Appendix A.1). The setup we consider agrees with [HM22,
Appendix A.4] for schemes.

Lemma A.2.1. Consider a 2-commutative diagram of algebraic stacks

Zxxy W —— W

l \ lg (A.2.1)

z_— I Sy

with outer square 2-Cartesian, where X is a separated reqular Noetherian Deligne—Mumford
stack and the morphisms f and g (and hence h) are finite.

There is a bilinear pairing

K)(2) x Kj(W) ———— K)(Z xx W)
(A2.2)

(F,G) > 2, (=1)'Tor7* (£.F, 9.G)

where F and G stand for coherent Oz-modules and coherent Oy -modules, respectively. We

have a commutative diagram

Ky(Z) x Kg(W) —— Kj(Z xax W)
lf*Xg* lh* (A.2.3)
Ko(X) x Ko(X) ——— Kj(X)

where vertical arrows are pushforward and the lower horizontal arrow s the bilinear pairing
from the ring structure on K{(X) = Ko(X).
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Proof. If F is a coherent Oz-module and G is a coherent Oyy-module, we may form the
object (fF @ g.G) in Dpe,f(Ox). For each object U — X in the small étale site of X (i.e. U
is a scheme with an étale morphism to '), the restriction (f,.F @" ¢.G)|rr € Dper(Or) carries
natural Op-linear actions of (f.Oz)|y and (f.Ow)|y. The resulting cohomology sheaves
Tor?* (fuF,9.G) = H(f.F @ ¢.G) (a priori coherent Oy-modules) are thus sheaves of
(f:O0z) ®o, (9:0w)-algebras. There is a canonical isomorphism (f.Oz) ®o, (g:0w) —
hOzyx . of Ox-algebras. Since h is affine, we obtain a lift (up to canonical isomorphism) of
each Tor¥¥ (f.F, g.G) to a coherent sheaf of Oz, .1y modules (to pass between quasi-coherent
h.Ozy ,w-modules and quasi-coherent Oz ,w-modules, we may take an étale surjection of
X from a scheme, use the corresponding result for the small étale site of schemes which is
[SProject, Lemma 08AI|, and reduce to a statement about glueing data on the small étale
sites of Z xx W and X).

The procedure just described descends to K|, groups and gives the pairing in the lemma

statement. O

We think of the map K{(Z) x Kj(W) — K{(Z xx W) from the preceding lemma as an
intersection pairing “with supports along finite morphisms”.

Next, fix a base scheme S with dimension function ¢ as in Appendix A.1. Suppose X
is a Deligne-Mumford stack which is quasi-separated and locally of finite type over S. We
assume that X is equidimensional of dimension n, and we also assume that X admits a finite
flat surjection from a scheme in order to define dimension and codimension filtrations as in
Definition A.1.2.

Consider a finite morphism f: Z — X from a Deligne-Mumford stack Z. We define a

“relative codimension” filtration on K{(Z)q by setting
FEEY(Z)g = FamKy(Z)o. (A.2.4)

We similarly set grt K} (2)g = FPKL(Z2)g/Fv ™ K{(2)g. The subscript X is meant to

remind of the dependence on X.

Lemma A.2.2. Let X be a reqular Noetherian Deligne—Mumford stack which is separated
and finite type over S. Assume that X is equidimensional. Let f: Z — X and g: W — X be
finite morphisms from Deligne—Mumford stacks Z and WV .

Assume that there exists a finite flat surjection w: U — X with U a regular Noetherian
scheme, such that Z Xy U — U and W xx U — U are both disjoint unions of closed

immersions. Then the intersection pairing of Lemma A.2.1 restricts to a pairing

FLK)(Z2)g x FYeKiW)g — F3PKN(Z xx W) (A.2.5)
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for any s,t € Z.

Proof. We use the shorthand Zy = Z Xy U and Wy == W Xy U. If we abuse notation and
also write 7 for the natural projections Zy — Z and Wy — W and Zy xg Wy — Z Xx W,
we have (7*a) - (7*5) = m*(a - ) for any o € K| (Z)g and € K[(W)g. By definition of the
dimension filtration (Definition A.1.2), it is enough to check that the intersection pairing over

U restricts to
FéK(’)(ZU)Q X F;}K(/)(WU>@ — F5+tK6(ZU XU WU)Q (A26)

(i.e. respects filtrations). We have thus reduced to the case where X is a scheme and
Z — X and W — X are disjoint unions of closed immersions, and we assume these
conditions hold for the rest of the proof. Write Z = [], Z; where each Z, - X is a
closed immersion of schemes, and similarly write W = ]_[j W,. By a result of Gillet—
Soulé [GS87, Proposition 5.5], the pairing F5K((Z;)g x FLE{(W))o — K{(Z; xx W;)g
factors through F3™ K{(Z; x x W;)g. We may decompose F3K((Z)g = @, F3K}(Z;)g and
FYKy(W)o = @; Fy Ky(W))q- Commutativity of the diagram

F3K((Zi)g X FYEK(W))g — FYTK((Zi xx W)

l l (A.2.7)

(B FYK(Zi)o) x (B, FxKi(Wi)e) ——— Kj(2 xx W)g

for each i, j gives the claim. O

B Miscellany on p-divisible groups

We collect some terminology /notation and miscellaneous facts about p-divisible groups, which

we use freely.

B.1 Terminology

Suppose S is a formal scheme*® and suppose P is a property of morphisms of schemes which
is fppf local on the target and stable under arbitrary base-change. A sheaf X on (Sch/S) spps
is represented by a relative scheme with property P over S if, for every scheme T over S, the

restriction sheaf X |7 is represented by a scheme with property P over T

48The formal schemes we use are the “préschémas formels” of [EGAIL, §10]. Given a formal scheme, the
notation (Sch/S) rppy means the site whose objects are morphisms 7' — S for schemes T', where coverings are

fppf.
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Fix a prime p. A p-divisible group over a formal scheme S is a sheaf X of abelian groups

on (Sch/S) spps which satisfies the following conditions.
(1) (p-divisibility) The multiplication by p map [p]: X — X is a surjection of sheaves.

(2) (p>=-torsion) The natural map X [p™] := lim X [p"] — X is an isomorphism, where
X[p"] € X are the p"-torsion subsheaves.

(3) (representable p-power-torsion) The sheaves X [p"] are represented by finite locally free

relative schemes over S for all n > 1.

If S is an adic (e.g. locally Noetherian) formal scheme and .# is an ideal sheaf of definition
on S, giving a p-divisible group over §' is the same as giving p-divisible groups X,, over each
scheme S, == (S,0g/.#™) with isomorphisms X,,,1|s, — X,.

For a general formal scheme S, we say a p-divisible group X over S has height h if X|[p] is
finite locally free relative scheme over S of degree p". In general, h is understood as a locally
constant function on S.

If p is locally topologically nilpotent on S (equivalently, S is a formal scheme over Spf Z,))
and if X is a p-divisible group over S, there is an associated sheaf Lie X on (Sch/S)spps
(constructed as in [SGA3II, Definition 3.2]). By work of Messing [Mes72, Theorem 3.3.18],
it is known that Lie X is a finite locally free sheaf of modules on (Sch/S)fppr. We refer to
the dual Qx = (Lie X)" as a Hodge bundle. If r is the rank of Lie X, we say that X has
dimension r (in general, r is a locally constant Zso-valued function). In this case, we write
wx = /\" Qx for the top exterior power and also call wx a Hodge bundle.

If p is locally topologically nilpotent on the formal scheme S, a formal p-divisible group
X over S is a p-divisible group over S such that, fppf (equivalently, Zariski) locally on any
T € Obj(Sch/S) pps, the pointed fppf sheaf X is isomorphic to Spf Or[[xy, ..., z,]] for some
r (possibly varying). See [Mes72, Proposition 11.4.4] for equivalent characterizations.

Given p-divisible groups X and Y over a general formal scheme S, a quasi-homomorphism
is a global section of the sheaf Hom(X,Y) ®z Q on (Sch/S) tppr- We write Hom"(X,Y") for
the space of quasi-homomorphisms X — Y, and similarly End®(X) = Hom’(X, X). Given a
quasi-compact scheme T with a map 7 — S, we have Hom"(Xr, Y7) = Hom (X7, Y1) ®z Q.
If X and Y are equipped with an action by a ring R, then Hom%(X,Y") will denote the
R-linear quasi-homomorphisms.

A morphism f: X — Y of p-divisible groups over S is an isogeny if f is a surjection of
fppf sheaves and ker f is represented by a finite locally free relative scheme over S. If ker f

is finite locally free of rank p”, we say that f has degree p" and height r. A quasi-isogeny

306



f: X =Y is a quasi-homomorphism which, locally on (Sch/S)fppf, is of the form f = p"g
for n € Z and an isogeny ¢. If the p-divisible group X has height h, such a quasi-isogeny
f = p"g is said to have degree p™* deg(g) and height nh + height(g). We write Isog(X,Y)
(resp. Isog’(X,Y)) for the isogenies (resp. quasi-isogenies) X — Y. We write Isog(X) (resp.
Isog”(X)) for self-isogenies (resp. self quasi-isogenies) of X.

A p divisible group X over S is étale if X[p] is an étale relative scheme. This implies that
each X|[p"] is an étale relative scheme. If R is a Noetherian Henselian local ring, we say that
a p-divisible group X over Spec R is connected if X |[p| is connected. This implies that each
X[p"] is connected.

Given any p-divisible group X over a general formal scheme S, there is a dual p-divisible
group X . A polarization of X is an isogeny A: X — XV satisfying \Y = —\. The polarization
is principal if \ is an isomorphism. A quasi-polarization is a quasi-isogeny f: X — XV such
that mf is a polarization for some m € Q. Suppose X and Y are p-divisible groups over S
with quasi-polarizations Ay: X — XY and A\y: Y — Y. Given any x € Hom’(Y, X) with
dual zV € Hom"(XV,Y"V), we set zf :== A\! 02V 0 Ay € Hom"(X,Y), and call the resulting
map 1: Hom’(Y, X) — Hom"(X,Y) the Rosati involution.

Over an algebraically closed field, we say that a p-divisible group is supersingular if
all slopes of its isocrystal are equal to 1/2, and we say that it is ordinary if all slopes
of its isocrystal are either 0 or 1. A p-divisible group over an arbitrary formal scheme is
supersingular (resp. ordinary) if it is supersingular (resp. ordinary) for every geometric fiber.

Over any algebraically closed field, there is a unique étale p-divisible group of height r
(namely the constant sheaf (Q,/Z,)"). Over any algebraically closed field of characteristic
p, there is also a unique p—dim group of height r with all slopes of its isocrystal being
1 (namely pe = (héﬂe Ppe )" = (%V)T, given by p-th power roots of unity). Since the
connected étale exact sequence of any p-divisible group over a perfect field is (canonically)
split, we conclude that pp=" x (Q,/Z,)" is the unique ordinary p-divisible group of height n
and dimension n — r over any algemically closed field.

By Drinfeld rigidity we mean the following phenomenon: if Sy — S is a finite order thicken-
ing of schemes over Spf Z,, and X, Y are p-divisible groups over .S, any quasi-homomorphism
of X — Y over 5 lifts uniquely to a quasi-homomorphism over S [And03, Theorem 2.2.3|
(alternative proof: Grothendieck—Messing theory).

If A is a relative abelian scheme over a general formal scheme S, there is an associated
p-divisible group A[p™] = lim Alp"], where A[p"] is the p"-torsion subfunctor of A. If p is
locally topologically nilpotent on S, there is a canonical identification Lie A = Lie A[p™].

Given a p-divisible group X over a formal scheme S and given a finite free Z,-module M
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of some rank d > 0, there is the Serre tensor construction p-divisible group X ®z, M given

by the functor
(X ®z, M)(T) = X(T) @z, M (B.1.1)

for schemes 1" over S. Any choice of Z,-basis for M gives an isomorphism X ®g, M = X 4 as
p-divisible groups. This construction is functorial in M: in particular, any Z,-algebra R acting
on M also acts on X ®z, M. The resulting R-action on X ®z, M is the Serre tensor R-action.
There is a canonical identification (X ®z, M)" = XY ®z, M" where M" = Homg, (M, Z,).
More generally, see [Con04, §7].

B.2 Isogeny criterion

We explain a criterion for a morphism of p-divisible groups to be an isogeny (Lemma B.2.2).

This should be well-known.*

Lemma B.2.1. Let S be a scheme, and let H, G, and () be commutative group schemes

over S which are locally of finite presentation. Suppose
0 H—-GL Q—0

1s an exact sequence of fppf sheaves of abelian groups. If G — S 1is finite locally free and
Q — S is separated, then

(1) The map f: G — @ is finite locally free.
(2) The group schemes QQ and H are finite locally free over S.

Proof. Since f is a surjection of fppf sheaves, it is a surjection on underlying topological
spaces. We also know that f is locally of finite presentation because both G' and @) are locally
of finite presentation over S [SProject, Lemma 00F4|. Since G — S is flat, the fibral flatness
criterion [EGAIV3, 11.3.11] implies that flatness of f may be checked fiberwise over S, i.e.
it is enough to check flatness of the base-change Gy — Qs for each s € S. The exact
sequence

0 — Hysy = Gis) — Qi) — 0

shows that Gy — Qr(s) i an Hys)-torsor in the fppf topology, hence flat. This shows that
f is fppf. Since @) — S is separated and G — S is finite, we know that f is also finite, hence
finite locally free. Moreover, the fibral flatness criterion also implies that @) is flat over S.
We also conclude that Q — S is proper via [SProject, Lemma 03GN].

49The only reference I know is the sketch in [Far05, Lemme 9]. We spell out the argument for completeness.

308


https://stacks.math.columbia.edu/tag/00F4
https://stacks.math.columbia.edu/tag/03GN

Since H = ker(f) and f is an fppf morphism, we know H — S is fppf as well. Since
Q) — S is separated, the identity section S — @ is a closed immersion, hence H = ker(f) is
a closed subscheme of G. Since G — S is finite, we conclude that H — S is also finite, hence
finite locally free.

We have already seen that () — S is flat, proper, and locally of finite presentation. To
check that @) — S is finite, it is enough to check that it has finite fibers, which follows because
G — (@ is surjective and G — S is finite. n

Lemma B.2.2. Let S be a formal scheme. Let f: X — 'Y be a homomorphism of p-divisible
groups over S. Then f is an isogeny if and only if, locally on (Sch/S)ppy, there exists a
homomorphism g: Y — X such that

] ]

gof=Ip fog=1p

for some integer N > 0, where [pY] denotes multiplication by p.

Moreover, given an isogeny f, such g, N will exist globally on S if S is quasi-compact or
has finitely many connected components. If f is an isogeny of constant degree p"™, we may
take N =n.

Proof. If f: X — Y is an isogeny, then Y is the fppf sheaf quotient of X by ker(f). If S is
a quasi-compact formal scheme or if S has finitely many connected components, we have
ker f C X|[pV] for N large, so go f = [p"] for some homomorphism g: Y — X. We also have
fogof=I[pN]of. Since f is an epimorphism of fppf sheaves, we conclude that fo g = [p"].

Conversely, suppose that locally on (Sch/S)¢,,s there exists a homomorphism ¢g: Y — X
and an integer N > 0 as in the lemma statement. Since the property of being an isogeny may
be checked locally on (Sch/S) fppr, Wwe may assume that S is a scheme and that g, N exist
globally on S. Since f o g = [p"], we see that f is a surjection of fppf sheaves. It remains
only to check that ker f is representable by a finite locally free group scheme over S.

We know that ker(f) C X |[p"] and ker(g) C Y [p"]. We have ker(f) = ker(X[p"] — Y[p"])
and ker(g) = ker(Y[p"] — X[p"]). Since X[p"] and Y [p"] represented by finite locally free
group schemes over S, we see that ker(f) and ker(g) are represented by schemes which are
finite and locally of finite presentation over S.

We have short exact sequences

0 — ker(f) — X[p™] 5 ker(g) — 0
0 — ker(g) = Y[p"] L ker(f) — 0

of fppf sheaves of abelian groups. By Lemma B.2.1, we conclude that ker(f) and ker(g) are

finite locally free group schemes over S. O
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Lemma B.2.3. Let S be a formal scheme. Let X and Y be p-divisible groups over S.
Then f € Hom®(X,Y) is a quasi-isogeny if and only if it is invertible, meaning there exists

g € Hom®(Y, X) (necessarily unique) with f o g =idy and go f = idx.

Proof. Invertibility and the property of being a quasi-isogeny can both be checked locally on
(Sch/S) fppr, so the lemma follows from Lemma B.2.2. O

B.3 p-divisible groups over Spec A and Spf A

The following facts are implicitly used, e.g. throughout Parts II and III.

Lemma B.3.1. Let A be an adic Noetherian ring. There are equivalences of categories

{finite schemes over Spec A} — {finite relative schemes over Spf A}
{finite locally free schemes over Spec A} — {finite locally free relative schemes over Spf A}
{p-divisible groups over Spec A} — {p-divisible groups over Spf A}

given by base change, i.e. restriction of fppf sheaves along the inclusion (Sch/ Spt A) fppr —
(Sch/ Spec A) pppy-

Proof. For the statements about finite relative schemes, the quasi-inverse functor is given
by Spf R +— Spec R for finite A-algebras R (topologized so that R is an adic ring and the
map A — R is adic). This also gives the quasi-inverse functor for finite locally free relative
schemes (check using the local criterion for flatness). For the statement about p-divisible
groups (which follows from the other statements), see [Mes72, 4.15, Lemma I11.4.16| or [dJo95,
Lemma 2.4.4]. O

Lemma B.3.2. Let A be an adic Noetherian ring, and let ¢: X — Y be a homomorphism
of p-divisible groups over Spec A. Then ¢ is an isogeny if and only if ¢spra: Xspra — Yspra
15 an 1s0geny.

Proof. Follows from Lemma B.3.1 and the isogeny criterion from Lemma B.2.2. [

For adic Noetherian rings A, we may thus pass between p-divisible groups over Spec A
and Spf A without loss of information, and similarly for finite locally free relative schemes.
We abuse notation in this way: for example, if A is a domain, the generic fiber of a p-divisible
group over Spf A will refer to its generic fiber as a p-divisible group over Spec A.

To avoid potential confusion, we remark on three situations where p-divisible groups may

have different properties when considered over Spec A versus over Spf A.
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Remark B.3.3. Let A be an adic Noetherian ring, and suppose p is topologically nilpotent
in A. Let X be a p-divisible group over Spec A. By work of Messing, [Mes72, §II], the
sheaf Lie(Xgpra) (in the sense of [SGA3II]) is locally free of finite rank on (Sch/ Spf A) fpps-
However, Lie X (viewed as a sheaf on (Sch/ Spec A)fppr) is not necessarily locally free.

For example, consider A = Z, and X = py = ligupn, where p,» is the group scheme
of p"-th roots of unity. Then the p-divisible group X over SpecZ, is étale in the generic
fiber, but connected of dimension 1 in the special fiber. We find that Lie X |Spec(@p =0
but Lie X |Spec]Fp is free of rank 1, so Lie X cannot be a locally free sheaf of modules on
(Sch/ Spec A) fppy-

Thus, when writing Lie X in this situation, we always mean (by abuse of notation) to
view X as a p-divisible group over Spf A, so that Lie X will be a finite locally free sheaf on
(Sch/ Spt A) fpps. Similarly, if we say X has dimension 7, we mean that the finite locally free
sheaf Lie X on (Sch/Spf A)sp,s has rank r.

Remark B.3.4. Let A be an adic Noetherian ring, and let X be a p-divisible group over
Spec A. In general, there are sections of Xgyr4 — Spf A which do not arise as sections of
X — Spec A. Indeed, sections of X — Spec A correspond precisely to torsion sections of
Xspra — Spf A (use quasi-compactness of Spec A). But Xgyra — Spf A may have many
non-torsion sections, e.g. when A = Z, and Xgyra is a formal p-divisible group, hence
Xspra = SptZ,[[ X, ..., X,]] as pointed fppf sheaves on (Sch/ SptZ,)¢ppr. There will be
uncountably many non-torsion sections in this situation. This makes a difference in Section
6.1, for example, where some statements are correct over Spf R (which is the written version)

but incorrect over Spec R.

Remark B.3.5. Let A be an adic Noetherian ring. By our conventions, it is not true
that any quasi-homomorphism of p-divisible groups over Spf A necessarily lifts to a quasi-
homomorphism of p-divisible groups over Spec A. See Example 7.1.1. On the other hand,

homomorphisms and isogenies will lift (uniquely) by the preceding lemmas.

C Quasi-compactness of special cycles

Besides fixing notation, the purpose of this appendix is to prove a quasi-compactness statement
for special cycles (explicit proofs of other properties, e.g. having finite fibers, are more

readily available in the literature, e.g. [KR14, Proposition 2.9]).° A similar proof of quasi-

50Tt is possible to have a locally of finite type morphism of locally Noetherian schemes which has finite

fibers and satisfies the valuative criterion for properness, but which is not quasi-compact.
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compactness (in the context of special divisors on some orthogonal Shimura varieties) is
[AGHMP17, Proposition 2.7.2].

C.1 Terminology

Suppose A and B are abelian schemes over a base scheme S. We write Hom(A, B) for the fppf
sheaf (on S) of homomorphisms of abelian schemes. Then the sheaf of quasi-homomorphisms
is Hom"(A, B) := Hom(A, B) ®z Q. We write Hom"(A, B) for the space of global sections
and call elements z € Hom®(A, B) quasi-homomorphisms, sometimes writing 2: A — B. If S
is quasi-compact, we have Hom’(4, B) = Hom(A, B) ®; Q. When A = B, we often use the
notation End(A), End’(A), and End’(A) instead, and often use the term quasi-endomorphism.
We write Isog(A, B) for the set of isogenies A — B. We write Isog(A, B) € Hom(A, B) for
the subsheaf of sets consisting of isogenies, and Is&O(A, B) C Hom"(A, B) for the subsheaf
of quasi-isogenies, meaning those quasi-homomorphisms which are locally of the form mf for
some isogeny f and some nonzero integer m € Z. We write Isog(A, B) (resp. Isog’(A, B)) for
the set of isogenies (resp. quasi-isogenies), consisting of global sections of Isog(A, B) (resp.
Isog’(A, B)). We write Isog(A) and Isog”(A) for the self-isogenies and self quasi-isogenies of
A. A quasi-polarization of A is a quasi-isogeny A — A" which is locally of the form mA\ for
some polarization A and some positive integer m € Z,.

Suppose the abelian schemes A and B are equipped with quasi-polarizations Ay: A — AV
and A\g: B — BY. Given any v € Hom’(B, A) with dual ¥ € Hom"(A4Y, BY), we set
xt = A5 oxV oAy € Hom®(A, B), and call the resulting map 1: Hom’(B, A) — Hom"(A, B)
the Rosati involution. Given m-tuples z,y € Hom®(B, A)™ with 2 = [z1,...,2,] and
Y= [y1,--,Yml, we write (z,y) for the m x m matrix whose i, j-th entry is :L“Iy] We say

that (z,x) is the Gram matriz of x. If S = Speck for a field k, the Q-bilinear pairing

0 0
Hom"(B, A) x Hom’(B, A) —— Q@ (C.1.1)

Ty + tr(afy)

is symmetric and positive definite (“positivity of the Rosati involution”), where tr: End’(A4) —
Q is the trace for End”(A) acting on the Q-vector space End’(A) by left multiplication.

C.2 Proof

We continue in the setup of Appendix C.1.
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Given any y € End’(B), define a functor Z(y): (Sch/S)®® — Set as
Z(y) = {z € Hom(B, A) : 2’z = y}. (C.2.1)

We will check that Z(y) is representable by a scheme which is finite, unramified, and of finite

presentation over S.

Lemma C.2.1. The functor Z(y) is represented by a scheme over S. The structure morphism

Z(y) — S is separated and locally of finite presentation.

Proof. By a standard limit argument (e.g. using [SProject, Lemma 01ZM]) we may reduce
to the case where S is Noetherian, affine, and connected. It is also enough to check the case
where A4 and \p are polarizations, not just quasi-polarizations.

Existence of the product polarization Ag x A4 on B x A implies that B x A admits a
relatively ample line bundle over S. Thus the Hilbert functor Hilbgy 4 is represented by a
scheme, each of whose connected components is locally projective over S (in the sense of
[SProject, Definition 01W8|), see [Nit05, Theorem 5.15| and [SProject, Lemma 0DPF]|. By

[SProject, Lemma 0D1B|, we know there is a locally closed immersion
Z(y) — Hilbgxa

which sends z: B — A to its graph (1 x z): B — B x A. In particular, Z(y) is represented

by a scheme which is separated and locally of finite presentation over S. n
Lemma C.2.2. The structure morphism Z(y) — S is quasi-compact.

Proof. Again, we may reduce to the case where S is affine, Noetherian, and connected
by a standard limit argument. It is also enough to check the case where A4 and A\p are
polarizations, not just quasi-polarizations.

Consider the graph morphisms
B 225 B x BY
A2 A AV
If Pg and P4 denote the Poincaré bundles on B x BY and A x AV respectively, we know
that Lp = (1 x Ag)*Pp and L4 = (1 x A4)*P4 are relatively ample line bundles on B and
A, respectively, over S. If tg: B x A — B and m4: B x A — A are the natural projections,

we know & = nm5Lp ® L4 is a relatively ample line bundle on B x A. Moreover, £ is

isomorphic to the pullback of the Poincaré bundle Pp. 4 along the graph of the polarization
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Ap X Mg of B x A. Let m € Z>, be any integer such that m - Ag and m? -y are both honest
homomorphisms (rather than quasi-homomorphisms).

As above, write Hilbgy 4 for the Hilbert scheme associated with B x A. Given a numerical
polynomial P: Z — Z, we write Hilbh , C Hilbg, 4 for the open and closed subscheme
corresponding to the Hilbert polynomial P with respect to the line bundle £ &m* on B x A.

That is, for a S-scheme T', we have
HilbL ,(T) == {Z € Hilbgua(T) : x(Z, E™"|4,) = P(n) for all n € Z and t € T}

(where Z; is the fiber of Z — T over t € T' and x denotes Euler characteristic). We know that
Hilb%,, 4(T) is locally projective over S [Nit05, Theorem 5.15], hence quasi-compact over S.

As in the proof of Lemma C.2.1, there is a locally closed immersion Z(y) — Hilbgy
which sends = € Z(y) to its graph 1 X x: B — B x A. To show that Z(y) is quasi-compact,
it is enough to check that Z(y) — Hilbp, 4 factors through Hilbk, , for some fixed numerical
polynomial P (possibly depending on y).

Consider the line bundle F = £5™ @ ((1 x Ag)*(m%y x 1)*Pg) on B. For any point
s € 5, there is a numerical polynomial P: Z — Z such that

P(n) = x(Bs, F®"|p,) forallneZ (C.2.2)

as in [SProject, Lemma OBEM]|. The polynomial P does not depend on s because S is
connected and the Euler characteristics are locally constant as a function of s (using flatness
and properness and the standard facts [SProject, Lemma 0BDJ| and [SProject, Section
07VJ)).

Let T be a scheme over S, and suppose = € Z(y)(T'). View x as an element of Hilbgy 4(T)
as above. We claim that 2 € HilbL (7). By taking a base-change to T, we may assume
T = S without loss of generality (to lighten notation). It is enough to check F 2 (1 x z)*E®™”.

First observe (1 x :1:)*5®m2 = E%m2 ® x*£§m2. It is thus enough to verify the identity

x*ﬁ%mQ =~ (1 x A\g)*(m?y x 1)*Pp. Consider the commutative diagram

A M4 4Y

1xmatV
mx maxmaztY
m2yx ll
matx1

B x BY

There exists an isomorphism (mazf x 1)*Pp 2 (1 x mat)*P, (this characterizes mz™ as the

dual of ma'). Recall also that m*L, = E%mz (consider a similar diagram as above, with
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A= B and r =y =1, and recall that the pullback of P4 along (m x 1): A x AY —- A x AY
is isomorphic to meQ because m = m"). These facts prove the claimed identity x*£§m2 i
(1 X )\B)*(m2y X 1)*733 ]

Lemma C.2.3. The functor Z(y) is represented by a scheme over S, and the structure

morphism Z(y) — S is finite, unramified, and of finite presentation.

Proof. Again, we may reduce to the case where S is Noetherian by a standard limit argument.
By Lemmas C.2.1 and C.2.2, we already know that Z(y) is represented by a scheme which is
separated and of finite presentation over S.

To see that Z(y) — S is proper, we can use the valuative criterion for discrete valuation
rings [SProject, Lemma 0207| because S is Noetherian. This valuative criterion holds by the
Néron mapping property for abelian schemes over discrete valuation rings.

For unramifiedness, it is enough to check that Z(y) — S is formally unramified (i.e.
satisfies the infinitesimal lifting criterion of [SProject, Lemma 02HE|). Formal unramifiedness
holds because of rigidity for morphisms of abelian schemes as in [MFK94, Corollary 6.2].

Since unramified morphisms of schemes are locally quasi-finite, and since proper locally
quasi-finite morphisms of schemes are finite, the lemma is proved. O]

Recall that if X and ) are categories fibered in groupoids over the fppf site of some
base scheme with ) being a Deligne-Mumford stack, and if f: X — ) is a morphism which
is representable by algebraic spaces, then X is also a Deligne-Mumford stack [SProject,
Comment 2142]. This can be used in combination with Lemma C.2.3 to verify that various

stacks in this work are Deligne-Mumford.
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