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ABSTPACT

This thesis is about applications of topology to the
combinatorics of partially ordered sets (posets). We start
out with M8bius inversion and another generalization of the
principle of inclusion and exclusion. This leads to the
study of M8bius functions and MSbius numbers of posets.
Chain-counting techniques are used to prove two new theorems
about M8bius numbers, which generalize Rota's Galois connec-
tion theorem and Crapo's complementation theorem.

The set of ideals of a poset form a topology, called
the ideal topology. We discuss results about the ideal
topology which are largely due to R. E. Stong. Stong's
work was overlooked by combinatorialists, probably because
it was disguised as topology.

The primary method for turning posets into topclogical
spaces is called geometric realization. We begin with sever-
al canonical homeomorphisms, some of them new, between cer-
tain poset constructions.

The next best thing to a homeomorphism is a homotopy
equivalence. Quillen proved a theorem which is a powerful
and convenient tool for proving homotopy equivalences, and
which is closely related to extensions of inclusion-exclusion
and to the Galois connection theorem. Various applications
of Quillen's theorem are given, some of them new.

The theory of Cohen-Macaulay complexes and Cohen-
Macaulay posets provides connections between combinatorics,



ring theory, and algebraic topology. We begin by reviewing
and extending various known results about the Cohen-Macaulay
property. We then answer a duestion of D. Eisenbud and C.
Huneke about when a certain poset construction preserves the
Cohen—Macaulay property. We also prove that a certain
stronger version of the Cohen-Macaulay property is a
topological invariant, as conjectured by K. Baclawski.

L. Lovasz used algebraic topology to prove a leng-
standing conjecture of Kneser about families of finite sets.
This result can be restated in terms of the chromatic mum-
bers of certain graphs. In fact, Lovasz gave a general tech-
nique for using algebraic topology to f£ind a lower bound on
the chromatic number of a graph. We reformulate and general-
ize these results in such a way as to involve the theory of
Cohen-Macaulay posets. :
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Title: Professor of Applied Mathematics
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INTRODUCTION

If this thesis has a theme, then it has two. The
first theme is applications of topology to the combinator-
ics of partially ordered sets (posets). We study two ways
of making posets into topological spaces. Then topological
tools can be applied to learn about such things as Mdbius
inversion, fixed points in posets, Cohen-Macaulay rings,
and even chromatic numbers of graphs.

The second theme deals with attempts to generalize
theorems about lattices to arbitrary posets. Sometimes a
theorem about lattices can be generalized to posets either
by basic combinatorics (i.e. counting things) or by
topology. In the case of Rota's cross-cut theorem, we
have a combinatorial generalization (Theorem 1.12) and a
topological generalization (Theorem 5.9, due to Bjdrner),
either of which implies the original result. In the case
of Crapo's complementation theorem, we have a combinatorial
theorem for finite posets (Theorem 2.5) and a topological
theorem (Theorem 6.]1) which together imply Crapo's theorem.

Consideration of the principle of inclusion and ex-
clusion leads to another sense in which one might want to
do away with lattice assumptions. The principle of inclu-
sion and exclusion deals with a collection of finite sets

and their intersections. What if you'd rather not deal



with the intersections-~are you stuck? The MSbius
Inversion Theorem 1.3 is a way of avoiding intersections,
and Theorem 1.5 is a more general answer.

In topology, there is a similar problem with inter-
sections. If a geometric simplicial complex is covered by
contractible subcomplexes, and if every finite intersection
of members of the cover is contractible, then the under-
lying space is homotopy equivalent to the nerve of the
cover. But again, the question arises, what if we don't
want to deal with the intersections. An answer to this
guestion is given by two theorems cf Quillen, 5.5 and 5.7,
which are gquite reminiscent of 1.3 and 1.5. Quillen's
theorems also form our most powerful tool for proving
theorems about homotopy type of posets.

A few words on prerequisites: I have tried to de-
fine all of the poset terminology that I use. The most
important terms are collected in Chapter 0, and a few
cther terms are defined when the need arises. The books
by Aigner [Ai] and Birkhoff [Bi] are good references for
posets.,

I feel that it would be impractical to review all
of the material from algebraic topology that I use herein.
Most of it is quite standard. 1In a few cases, I give

references to the books by Spanier [Sp]l or Whitehead {Wh}.



Chapter 0. Definitions from Order Theory

A guasi-order is a relation, usually denoted <,
which is reflexive and transitive. If the relation is

antisymmetric as well, it is called a partial order. A

set equipped with such a relation is called a guasi-

ordered set or a partially ordered set, respectively.

Henceforth, "partially ordered set" will always be abbre-
viated as poset. Note that if you start with a quasi-
ordered set and identify every pair of elements Xx, ¥y

such that x <y and y < x, the result is a poset. The
symbhols >, <, and > are defined from < 1in the ob-

vious ways. Two elements x, y are comparable if =x < y

or y S x;

A finite poset is often indicated by its Hasse
diagram: Say that x covers y 1if x >y and there is
no 2z such that x > z > y. Draw a small circle or dot
to represent each element of the poset, placing x higher
than y if x > y. Draw a line segment from x to ¥y
whenever x covers y. For example, the poset whose ele-
ments are {a,b,c,d} and whose relations are a < ¢,
a<d, b<g¢, and b < d has the Hasse diagram shown in
figure 1 (a). The poset of subsets of a 3-element set,

ordered by inclusion, is shown in figure 1 (b).



10
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(a) (b)

Pigure 1.

A subset of a poset, given the induced partial
order, is a subposet. A subposet I of a poset P is
an ideal of P if, whenever x <y in P and y €1I,

it follows that x € I. In particular, the subposet

P<x=={y € P : ¥y < x} is called the principal ideal
generated by x. (The notations P__, P_,, and P, .

are defined analogously.) If x <y, the subposat

[x,y] = {z €P : x € z< vy} is called a closed interval

of P, A subposet of P of the form P, Poyr P<y, or

{z€P: x<z <yl is called an open interval

(x,¥)

of P, (To avoid confusion, I will use the notation
<%X,y> for ordered pairs.)

If P and Q are posets, the direct product poset

P x 0 is the poset whose underlying set is the Cartesian

product of the underlying sets of P and Q, and whose
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ordering is defined by <a,b> < <c,d> if and only if
a<c and b < d.

A poset is bounded if it has a greatest element
and a least element. The greatest element is usually de-
noted by 1, and the least element is usually denoted by
0. Given any poset P, there is a bounded poset B
formed by simply adjoining a new greatest element i and

a new least element 0. (These new elements are adjoined

whether or not P had a least element or a greatest ele-

ment to begin with.) Conversely, if P is a bounded

poset, the proper part of P is the subposet P = P\{a,i}.

If two elements x, vy of a poset have a least
upper bound, it is called the join of x and y, and is
written x V y. Similarly, the greatest lower bound, if
it exists, is called the meet of x and y, and is writ-
ten X \y. (Sometimes the terms meet and join are used
for greatest lower bounds and least upper bounds of arbi-
trary subsets.) A lattice is a bouhded poset in which
every pair of elements has a meet and a join. Figure 1 (b)
depicts a lattice. In fact, the poset ‘as of subsets of
a set S is always a lattice, in which meet means inter-
section and join means union. Even more generally, any
direct product of lattices is a lattice. (One can view

s

5 as the direct product of (card S)-many copies of

’% = I .} The poset of figqure 1 (a) is not a lattice, for
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several reasons: it is not bounded, a V b does not exist,
and ¢ N d does not exist.

An antichain is a poset in which no two elements are
comparable. A chain is a poset in which every two elements
are comparable. The length of a finite chain is one less
than its cardinality. The length of a poset is the greatest
length of a chain contained in the poset. The length of
Pex is called the height of x in P,

A poset is said to bhe ranked if every element has
finite height, and if height(x) = height(y) + 1 whenever
X covers Y. In that case, the height of x is usually

called the rank of x, and is denoted by r(x). The posets

of figure 1l are ranked, whereas the poset is not

ranked.

The dual P* of a poset P 1is the poset obtained by
reversing the order of P. To find a Hasse diagram for P*,
take a diagram for P and turn it upside down. Freguently,
a result about posets &an be reformulated by reversing some
orders. The new result is then said to follow by duality,

or by standing on your head.

If P and Q are posets, a function f : P — Q
is said to be isotone if it is order-preserving, i.e. if
xSy implies £(x) < £(y). Similarly, £ is said to be

antitone if x <y implies £(x) » £(y). 'Note that an
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antitone map f : P —> Q corresponds to an isotone map
* %
from P to Q or from P te Q, in an obvious way.

An isomorphism of posets is an isotone map which has

an isotone two-sided inverse function. An automorphism of

a poset P is an isomorphism cf P with itself.

The baryvcentric¢ subdivision of P, denoted sd(P),

is the poset of finite nonempty chains of P, ordered by

inclusion. The interval poset of P, denoted 1Int(P), is

the set of closed intervals of P, ordered hy inclusion.
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Chapter l: Mobius Inversion

One of the most fundamental and well known principles
of combinatorics is the principle of inclusion and exclusion.
Its basic form is this: Suppose X is a finite set, and
is a collection of subsets of X which cover X. Then

l+card €

card X = § (=1) card (N ¥). (1)

€A
Actually, it is the elements of X, rather than just their
cardinalities, which are being included and excluded. So we
could write

l+card €

X= 7 (-1 n €. (2)

€CA
To make this precise, we can identifv a subset of X with
its indicator function, and view (2) as taking place in the
abelian group Maps(X,Z). Then it is no longer important
for X to be finite, although . should still be finite.
Any homomorphism ¢ from Maps(X,Z2Z) to an abelian group
G yields an identity

$(X) = ) (_l)l+card €

€T o

p(n €). (3)
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If X 1is finite, and 1f ¢ is the homomorphism from
Maps (X, ZZ) to Z which just adds up the values of a map,
then (3) reduces to (1.
The troukle with the inclusion-exclusion principle
(2} is that in some situations, we may not have good des-
criptions of the intersections of subcollections of ..
For example, suppose X is a poset, and « is the collec-
tion {xgc t ¢ € X} of principal ideals of X. An inter-
section of principal ideals is not a principal ideal unless
X happens to be a meet-semilattice, that is, unless every
pair of elements of X has a mecet (greatest lower bound).
This brings us to the following general problem:
We are given a set X and a collection .« of subsets of
X. Let .,3 denote the subgroup of Maps(X,Z) generated
by indicator functions of members of . The question is,
does X belong to J;? In other words, do there exist

integers AA such that

If so, we will say that .« is an additive cover of X.

Define an eﬁuivalence relation on X by saying that
two members x and y are equivalent if every member of

« contains both or neither of x and y. Call the
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equivalence classes atoms of «f, and let Y denote the
set of atoms. Obviously no linear combination of members
of & can have different coefficients on members of the
same atom. So the best possible situation is that every
atom belongs to ;;: in which case we say that « is an
atomic cover. Note that Y is finite if & is finite.
Since X is partitioned into atoms, every finite atomic
cover is an additive cover.

In general, the question cf whether a given finite
cover is additive or atomic amounts to determining whether
a certain system of linear equations has an integer solu-
tion. But we are aiming toward convenient sufficient condi-
tions.

These questions have applications in measure theory
as well as combinatorics. Define a measure as a function m
which is defined on the closure of . with respect to

finite unions and intersections, which has values in an

abelian group G, and which satisfies the modular equality

m(A) + m{(B) = m{AUB} + m(ANB).

Such a measure extends by linearity to a homomorphism

o

m: . —> G. To show that m is well-defined, suppose

that
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L A;= 1 By
iel jed
where Ai' Bj are (not necessarily distinct) elements of

o, and the indexing sets I, J are finite, and show that

I ma) = ] m(B.).

iel jed 3
Consider the collection {Ai : 1 € I}, gquasi-ordered by
inclusion. Suppose Ai and Aj are not comparable. By
the modulac equality, it is no loss of generality to replace
Al and AJ by Al U AJ and Al AJ, and that operation
must increase the amcunt of order in {Ai : i € 1}. Thus,
we may assume that {Ai : i € I} and {Bj : j € J} are
chains. It follows easily that the collections are actually

identical. Therefore m is well-defined. Of course, m
can be applied to any eguation in 57.
Given x in X, let ;dx denote the subposét of A

consisting of those members which contain =X.

1.1 Proposition: If .« is a finite cover such that “gx

has a greatest element for every x in X, then & is an

additive cover.

Proof: Let 'I‘x denote the greatest member of “{x' It is

easy to see that for any x, ¥y in X, either Tx = Ty or



18

else T, ig disjoint from TY' Thus X is partitioned
into the sets Tx’ go X is the sum of the distinct

values of T+ O
To convince yourself that "additive" cannot be re-
placed by "atomic" in the proposition above, let X =

{112,354}; A = {2,3}, B = {3;4}, and yd= {X,A,B}.

1.2 Proposition: If each afx has a least element Sx'

and if each Sx contains finitely many atoms, then & is
an atomic cover.

Proof: Define a quasi-order on X by xS y *® x € Sy'
This is a partial order on the set Y of atoms. If ¥y

is the atom containing x, then Sx corresponds to Y‘Y

Therefore y = S = Y z. And if y is minimal in Y,

then S, =Y, s0. ¥ belongs to €. The result follows

by induction. =

In the case of the proposition above, we can actual-
ly derive a formula for the coefficients which make & in-
to an atomic cover. For simplicity, we may replace X by
Y, and thus assume that every atom is a singleton.

Suppose that u(x,y) are integers such that
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{y} = [ ux,y)s ' (4)
X<y

for each y in X. By the proof of 1.2,

{yl =8, ~ § {2z}
Y z<y
=85 - u{x,2z)s
77 gy ke M
=5 - ) 8 ) uix,z)

Y =y X Z 1 X<z<y

L

i SX(S(XJY) - Z wix,z)), (5)
XSy zZ 1 x8z<y

where § is the Xronecker delta. The most obvious way

to reconcile (4} and (5) is to let

pu(x,y) = 8(x,y) - ) uix,z). (6)
2 xwz<ly

In fact, (6) is a perfectly good recurrence for u.

Proposition 1.2 can now be rephrased as follows.

1.3 Mobius Inversion Theorem: If X is a poset such that

every principal ideal is finite, and if u is the function

defined recursively by u{x,y) = 8(x,y) =~ Z ui{x,z),
_ Zixsz<y
then {y} = | nix,y)X,, for each y in X. O

X<y
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" The function u above is called the MObius function

of the poset X, and was first discussed in full general-
ity in [Ro]. Note that the value of u(x,y)} depends only
on the closed interval ([x,y). Therefore i is defined so

long as the poset is locally finite, i.e., so long as all

of the closed intervals are finite. Also, u(x,y) =0 if
x £ y, by the convention that an empty sum is zero.

The zeta function of a poset is defined by

1 if XSy
;{x,y) =

0 otherwise.

The recurrence (6) can be rewritten as

I wlx,2)z(z.y) = 8(x,¥),

2
so long as we stipulate that u(x,y) =0 if x £ y. Thus,
in a certain sense, u and ¢ are inverses of each cther.
See [Ro] for more informaﬁion on this point of view. 1In
this thesis, the zeta function will conly be used as a
notational convenience.

If P is a finite poset, define an integer u{P),

called the MObius number of P, by the recurrence
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W(P) = -1~ I u(e, ). (7)
L M Pox

Note that u(g) = -1, by the convention that an empty sum

is zero.

1.4 Theorem: If & is a finite cover of X such that
u(adx) =0 for all x in X, then & is an additive

cover:

X == ] ulay,)A.
acg D

Proof: Let x be an arbitrary element of X. By hypothe-

sis,

0 = ul ) = -1 -~Ae§d ul( ) 5a)
b4
If A € aﬂx, then (J¢X)>A = a4>A, S0
0=-1- § uls,,), or
AEA >R
x
1=- ] ulary,).
ASA >R

This last equation is just the coefficient of x in

X == 1 ulsAy A, o
ACw >
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Theorem 1.4 extends easily to the case of an indexed

cover:

1.5 Theorem: If P is a finite poset, g : P —>u is
an isotone map, and u(g-l(aix}) =0 for all x in X,

then

X== ] ulP )g(t). m
tEP >t
Before giving an application of 1.5, we will need
to discuss some general properties of MSbius numbers and

MSbius functions.

1.6 Theorem (P. Hall): For any finite poset P, u(P)
‘equals the nuiber of odd c¢hains in P minus - -the number of
even chains in P, where the empty chain is counted as an

even chain.

Proof: If ¢ is a nonempty chain of P, 1let x be the
least element of ¢. The rest of ¢ is a chain of the
opposite parity in P>x. Therefore the chain-counting

formula above satisfies the recurrence (7). (]
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1.7 Corollary: If P has an element which is comparable

with every other element, then u(P) = 0.

Proof: If 2z is comparable with everything else, then

the chains which contain 2z are in bijective correspond-
ence with the chains which do not contain 2. Therefore

P has the same number of odd and even chains, so u(P) = 0

by 1.6. o
In particuiar, u{P) =0 if P has a least element
or a greatest element. Therefore, Theorem 1.4 implies 1.1,

and partially implies 1.2.

*
1.8 Corollary: u(P ) = u(P).

*
Proof: P has the same set of chains as P, 2
1.9 Corollary: u(P) = -1 - 7§ u(P ). (8)
XEP
Proof: Corollary 1.8 and recurrence (7). o

It is no accident that the Mobius function and

MSbius number have similar names and symbols:



24

1.10 Proposition: u(P)} = uﬁ(a,i), and u{x,y) = u{(x,y))

if x < y.
Proof: Compare the recurrsnces (6) and (8). a

1.11 Proposition: The MSbius function of the direct

product poset P x Q is given by

‘JPXQ(<arb>:<crd>) = uP(a:C)uQ(brd) .

Proof: Check that the right-hand side okeys the recur-

rence (5) for the left-hand side. a

1.12 Proposition: If S is finite, the M6bius function

of the power set 3? = (_l)card(B\A)

is given by u(A,B)

if A C B,

Proof: Compute the MSbius function of the two-element

chain ‘a, and apply 1.1l1. a

Given a subset A of a poset P, let P(A) denote
the subposet consisting of elements which are comparable to
every element of A. We say that a subset C of P is a
cutset of P if C N P(o) is nonempty for every finite

chain o of P, . or equivalently if sd(P) is covered by
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{sd(P(A)) : ACC, A # f}. We will see that‘it is an

additive cover.

1.13 Cross-Cut Theorem: If ¢ is a finite cutset of a

poset P, then

card A

] (-1) sd(P(a)) = 0.

ACC

Proof: Let X = sd{(P) za2nd « = {sd(P(A)) : A C C}. Define
an isotone map g : (EF\{ﬂ})* —> & by A —> sd(P(A4)).

If o € sd(P), note that

fACC:ocCP(pa), A F# B}

[T
&
n

{AcCccCc:ACP(g), A £ g}

{faccnpPe(g), AF g}

Since C is a cutset, C N P{(g) is nonempty, and is thus
the least element of g'l(dio). Therefore u(gql(afc)) = 0

by 1.7, so 1.5 says that

sa(®) = - § w((2°\ighl)saem).
ACC (
A#g



26

Now u((2°\1h ) = u(2S\gh ) by 1.8,

8 (B2 by 1.10,

o

(-1)card A o112,

Thus
sd(P) = - J (-1)®F2 R sq(pa)).
ACC,A#@
Since P(g) = P, the result follows. 0

The theorem above is called the cross-cut theorem
because it was originally proved [Ro, p. 352] in the case
where C is'a cross-cut {i.e. a cutset which is also an .
antichain) and where P is a lattice.

As mentioned earlier, one can obtain new equations
by applying a measure to additive covering equations. 1In
case X 1s of the fofm sd(P), where P is finite, an
important measure is the measure Y which has the value

(-l)n on a chain of length n. Using Theorem 1.6, we see

that

u(P) = x(sd(P)) - 1,
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where the ~1 comes from the fact that sd(P) does not

include the empty chain. Apply ¥ tc 1.13 and note that

(_l)card A _ 0

ACC
to obtain
(-1)%3rd A pay) = 0.
ACC
If P is a finite lattice, one can show that u(P(d)) =0

if A and P(A) are nonempty, SO

§ ((-1)%¥F9 2, acoc, Pa) = g}

u(P)

#

I (=12 L ace, pa) # Bl

This fact will be generalized in Chapter 5.

As a generalization of Y, one can let eacih chain

n-2
k

as a polynomial in n. Then the measure of sd(P) is de-

of length k have the measure [ ], which can be regarded

noted Z(P;n), and is called the zeta polynomial of P.

See {E4d 1] or [Ed 2] for further information.
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Chapter 2: Proving Mobius Identities by Chain Counting

We saw in Theorem 1.6 that u{(P), the MObius number
of a finite poset P, equals the number of odd chains minus
the number of even chains. ("0d4dd" and "even" refer to the
cardinality, not the length.) Therefore, one can prove
things about MOGbius numbers by counting chains, as we did
in Proposition 1.7. First, we will consider the Mdbius
numbers of two finite posets connected by a relation.

We will say that a relation R between two posets P

and Q 1is an ideal relation if R is an ideal in the

direct product poset P X Q. We will need the following
construction, which is a slight modification of one given
by Baclawski in [{Ba 3]. Given P, Q, and R, construct a
poset whose underlying set is the disjoint union of P and
Q, and whose ordering is given'by X < y- if and only if
one of the following holds:

(l) x<y in P,

(2) x>y in Q,

(3) x€ P, y€Q, and <x,¥y> € R.
This definition gives a partial order precisely when R is
an ideal relation. Folliowing Baclawski, we denote this new

poset by P tn Q, and call it the R-join of P and Q.
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2.1 Theorem. Let R be an ideal relation between two

finite posets, P and Q. Then

p(Q) + B(P_Ju(R(x)) = u(P +, Q)
Lo PP R

-1
= u(P) + § w(Q Ju(R ~(y)).
veo ¥

Proof: We will show that

WP +p Q) = u(Q) + xépoqu)u(mx)):
the other half is analogous.

If C 4is a chain in P 4+, Q, let x be the largest
member of C which belongs to P. If no such x exists,
then C 1is counted in the term u(Q). Otherwise, C can
be split into a chain in P__, the singleton {x}, and a
chain in R(x). It is easy to check that the signs work

out, so the result follows. il
A very simple sort of ideal relation is R = P X Q.
Then P +R Q 1is denoted P #* Q, and is called the join

(or ordinal sum) of P and Q.

2.2. Corollary: u(P#Q) = -u{P)u(Q).
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Proof: Theorem 2.1 says that

w(P*Q) = p(Q) + § w(P_)u(Q)

X<€P

p(@ (1 + § u(P_))).
XEP <X

By Corollary 1.9, or by 2.1 with Q = g, we know that

p(P) = =1 = ) u(P_).
XEP <x

Substitution yields the result. o
Suppose that ¢ : P —> Q 1is an isotone map. If we

identify g with the set of ordered pairs <x,g(x)>, then

*
the ideal in P x Q generated by g is

Rg = {<x,y> € P x Q* : g{x) < yl.
. . - -1 =
For this relation, we have R(x} = Q>g(x) and R “{y) =
-] =
g (Q<Y)' Recall that by 1.7, u(Q>g(x)) = 0. So 2.1

yields:

2.3 Corollary [Ba 3, Theorem 5.5]: If g : P —> Q is an

isotone map of finite posets, then



-1
u(@) = u(®@) + § wlQ.ulg (Q_.)).
yéo ¥ <y

The ideals g ) are called the flbers of g.

(Q<Y
Corollary 2.3 1mp11es that if all of the flbers of g have
MSbius number zero, then u(P) = p(Q).

If every fiber 6fj_g has a greatest element, then

g is called a (lower) Galois map. This is an especially

important case in ﬁhich the fibers have MSbius number zero.
The function £ £from Q_ito‘ P which sends each element
y to the greatest element Sf tﬁe fiber gwl(Q<y) is iso-
tone. One can check thgt g(fly)) <y and f(gi{x)) > x
for all x in P and y in Q. Also, every fiber of f
has a least element. Fans of category theory may be amused
to note that £ and g can be viewed as a pair of adjoint
functors. |

The situation gains symmetry if we phrase it in

terms of antitone maps. A Galois connection between P

and Q- is a pair. of antitone maps, £ : P —> Q and

g.: Q —> P, such that g{f(x)) > x and £f{g(y)) > j
for all x in P and yi in Q. By the reasoning above,
either of these maps completely determines the Galois éoné
nection. We saw that if two posets are related by a

Galois connection, then their MObius numbers are equal.



32

Oné caﬁ-also use a Galois connection in a more "local"
fashion, to relate the MSbius functions of two posets.

2.4 Theorem [Ro, Pp. 3473: Let £ and g form a Galois
connectioh between P*'énd Q.  For each x in P and ¥y

in Q,

X - ﬁp(xas) = . Z UQ(Y:t)'- .
s:f(s)=y : t:g(t)=x
Proof: It is a simple‘consequehce of the definitions that

for every s in P and ¢t in Q,

{*) - fi(s) >t g(t) > s.
Let R be the ideal relation consisting of pairs <s,t>
which satisfy {(*). We may assume that <x,y> 1is in R;
otherwise both sides cf the equation are zero, by the con-
vention that yuf{a,b) =0 if a K b.

We will apply 2.1 to the half-open intervals
‘(x,g(y)j and (y,f(x}]. Each of these posets is either

empty or has a largest element, so we find that

it

u{({x,g(y)]) = - é(x,g(y)), and -

- 6(YJf(x) ).

i

w{{y,£(x)1)



33

since R(s) = (y,£(s)] and R L(t) = (x,9(t)], we

similarly have
R(R(s)) = = §(y,£(s)),
wRL(E)) = - s(x,q(8)).
Finally, using 1.10,
U, G(¥) I og) = up(x,s) and
Uy Ex) o) = ugly,e).
So 2.1 says

S(y,£(x)) + ) Hp{x,8) 8 (y,£(s))

s:x<s<g(y)
= G(XIg(Y)) + z UQ(Yrt)G(Xrg(t))-
try<t<f (x)

If f(s) =y, then s < g(y); and if uP(x.S) # 0,

then x € s. Therefore the constraint x < s € g(y) on
the first summation can be replaced by s # x. Similarly,
the second summation can be taken over t # y. The result

follows. 4



34

Crapo's complementation theorem [Cr] is a theorem
about the Mobius function of a finite lattice. The next
theorem is a similar statement which holds for any finite
poset. In Chapter 6, we will say more about how the two
- results are related.

A subset C of a poset P is called convex if
X, ¥ € C implies that the closed interval ([x,y] 1is con=-
tained in C. For example, any ideal, interval, or anti-

chain in P is convex.

2.5 Theorem: If C is a convex subset of a finite poset

P, then

(P} = w(P\C) + § u(P_ )zix,y)u(P_ ).
%, yeC <X >y
Proof: We know that u{P) counts the chains in P, and
u(P\C) counts the chains in P which do not meet C. It

remains to be shown that the expression

(*) Y ou_zix,y)u(P )
x,¥eC <x >y

counts the chains which do meet € (and counts them with
the right coefficients).
The formula (*) counts quadruples of the form

<A,x,¥,B>, where x, vyE€C, x<y, A is a chain in R<x'
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and B is a chain in P>y. Any such quadruple corresponds
uniguely to a chain which meets C. On the other hand, a
chain which meets C c¢orresponds to such a quadruple, but
not necessarily uniquely.

Let T be a chain which meets C. Let n = card(T)
and m = card(TnC). If <A,x,y,B> corresponds to T,
then either x is covered by ¥y in T (i.e. x and Yy
are consecutive in T) or else x = y. Of course, there
are n such quadruples with =x = y, and each of these is

)n+l’ On the other hand,

counted with the coefficient (-1
since C 1is convex, there are m-1 gquadruples in which x
is covered by y in T. This kind of quadruple is counted
with the coefficient (-~1)". Therefore T is counted by
(*) with a coefficient of

n+l

p+l oy (me1) (=17 = (-1) PR,

m(-1)

That is the same coefficient as is used for T in u(P),

so we are done. O
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Chapter 3: The Ideal Topology

In this chapter, we discuss thé first of two ways of
viewing posets as topological spaces, The most iﬁportant
results of this theory appeared in an article called
"Finite Topological Spaces” by R. E. Stong [Sto]l. (To be
exact, Propositions 3.1 and 3.3 through 3.10 are all essen-
tially due to Stong, except insofar as they apply to
infinite posets.) That paper seems to have escaped the no-
tice of some researchers interested in partially ordered
sets, perhaps because of its title and point of view.

It is easy to check that the ideals of a poset P
form the open sets of a topology on P, which we call the

ideal topology. An element x of P has a smallest neigh-

borhood, the principal ideal Peyr The principal ideals
form a basis for the topology. Although the ideal topology

is TO’ it is not Hausdorff or even Tl unless P is an

antichain. (Recall that a space is T if, for any two

0
points, there exists an open set containing one but not

both of the points. In a T, space, one can specify which

1
of the points is to be contained in the open set. Equiva-
lently, a space is Tl if and only if every singleton is a
closed set.)

Incidentally, one could actually discuss the ideal

topology on quasi-ordered sets without much complication.
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It is interesting that every finite topological space
corresponds to a quasi-ordered set in this way: Every
point in a finite topological space has a minimum neigh-
borhood. Define x <y if x belongs to the minimum
neighborhood of y. BAlexandroff [Al] may have been the
first to notice this bijection between finite topological
spaces and finite quasi-ordered sets.

A poset P is said to be connected if every pair of

points x, ¥y in P can be connected by a finite segquence

It is easy to show that P 1is connected if and only if P
cannot be written as a disjoint union of two ideals. But
this is precisely the condition that P be conhected as a

space.

3.1 Proposition: A function f : P -——> Q between two po-

sets is continuous in the ideal topology if and only if it

is isoctone.

Proof: It is easy to see that if f is isotone, then the
inverse image of an ideal is an ideal. Conversely, suppose
‘that the inverse image of each ideal is an ideal. In

particular, for each y in P, f'l(Q<f(y)) is an ideal
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containing y. So if x <y, then x € f-l(Q<f(y)), SO
fix) < £{y). m|

Proposition 3.1 shows that the study of posets and
isotone maps belongs, in some sense, to topology. Or, if
you like, the category ¢f posets and isotone maps is a full
subcategory of the category of topclogical spaces and
- continuous maps.

We should point out that there are not many maps from

posets into "familiar" spaces.

3.2 Proposition: Suppose f : P —> X 1is a continuous map -

from a connected poset into a Tl space. Then £ is a con-

stant map.

Proof: Suppose x <y but £(x) # £(y). Since X 1is Tl'
there is an open set V which contains £(y) but not f(x).

-1

Then £ “{V) 1is an open set of P which contains y but

not x, which is impossible. o

The situation for maps into a poset is more interest-
ing. If X 1is a space and P is a poset, the set Hom({X,P)
of continuous maps from X into P can be partially
ordered componentwise: f < g 1if f(x) < g(x) for all x

in X.
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Before stating a result about Hom(X,P), 1let us
recall some definitions from topology. If f, g : X —> Y
are two continuous maps, then a homotopy from £ to g |is
a continuous map H : X x I —> Y such that H(x,0) = f£(x)
and H(x,l) = g(x) for all x in X. If there exists a
homotopy from £ to g, then we say that £ and g are
homotopic. It is an easy exercise that "homotopic" is an

equivalence relation on maps from X to Y.

3.3 Proposition: Let X be a space and let P be a poset.

If £, g € Hom(X,P) and £ < g, then £ and g are

homotopic.
Proof: Define H : X x I — P by

H(x,t) = £fi{x) if t<1
g(x) if t=1.

If V is open in P, then
5w = £7 v x 0,1 v gThv x {1},

But £<g, so g (V) € £1(V); therefore

5ty = £ wv x 10,1) v g~tw x 10,1].
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Thus H 1is continuous, so H is the desired homotopy.

We need a few more definitions: If f£f : X — Y and
g : ¥ —> X are maps such that g ¢ £ is homotopic to idx
(the identity map of X) and f o g is homotopic to idY,

then £ and ¢ are homotopy inverses of each other. 2 map

which has a homotopy inverse is a homotopy equivalence. If

there is a homotopy equivalence from X to Y, then we say

that X and Y are homotopy equivalent, or that X and Y

have the same homotopy type. Homotopy equivalence is an

equivalence relation on spaces. A space with the homotopy

type of a point is contractible. Egquivalently, X is con-

tractible if and only if idx is homotopic to a constant
map. A homotopy from idX to a constant is called a con-

traction of X.

3.4 Corollary: A poset with a greatest element is contract-
ib‘le .

Proof: Suppose the poset P has the greatest element vy.
Let g : P —> P be the constant map with value vy. Then
idP < g, S0 by Proposition 3.3, the identity map of P 1is

homotopic to a constant map. o
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3.5 Corollary: Every poset is locally contractible.

Proof: The smallest neighborhood of any point is a princi-

pal ideal, which is contractible by 3.4. a

3.6 Corollary: -The path components of a poset are the

same as the connected components.

Proof: Any contractible space is path connected, so 3.5
implies that posets are locally path connected. 1In any
locally path connected space, the path components are the

same as the components [Mu 1, p. 162]. a

Proposition 3.3 implies that if two maps belorg to
the same component of Hom(X,P), then they are homotopic.
We will see that there is a partial converse.

. If {Pa : ¢ € J} is a family of posets, then the
ideal topology on the direct product poset [ Pa is
unfortunately not the same as the product topology deter-
mined by the ideal topology on the factors. It is the box
topology, which coincides with the product topology for
finite products. (The box topology on a product || X,

is the coarsest topology such that TJ V, 1is open whenever

each Va is open in xa' See [Mu 1, §2-8].)
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The poset of isotone maps from P to Q, Hom(P,Q).
can be viewed as a subposet of the product TTP Q. That
is, Hom(P,Q) has the box topology. Sc if P 1is finite,
then Hom(P,Q) has the product topology. (In the context
of function spaces, the product topology is sometimes

called the topology of pointwise convergence.)

3.7 Proposition: If P and Q are posets, P is finite,

and f and g are homotopic maps in Hom{(P,Q), then £

and g belong to the same component of Hom(P,Q).

Proof: Let H : P x I —> Q be a homotopy from £ to g.
Then there is a map H: I —> Hom(P,Q) defined by
ﬁ(t)(x) = H(x,t}. Note that ﬁ(t) belongs to Hom{P,Q)
because a continuous map of two variables is continuous in
the first variable. Also, ﬁ(O) = f and ﬁ(l) =g, If we
can show that H is continuous, then it will be a path
from £ to g in Hom(P,Q), and we will be done.

Since Hom(P,Q) has the product topology, it suf-
fices to check that i is continuous in each coordinate.

This follows from the fact that H(x,t) 1is continuous in

the second variable. a

3.8 Theorem: If P and Q are posets and P 1is finite,

then the components of Hom(P,Q) are the same as the
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homotopy classes of maps from P to Q.
Proof: Combine 3.3 and 3.7. (

Example: The finiteness assumption cannot be removed from

Theorem 3.8. Consider the poset P shown below.

/\/\/\/\/\/\

X_g X_3 Xy X, X, Xg Xq
It is easy to see that the identity map of P is not com-
parable to any other member of Hom(P,P), therefore idP
is not connected to any other member of Hom(P,P). How-
" ever, we now show that idP is homotopic to the constant
map with value Xg»

Define maps -¢n in Hom(P,P} by

X_n i< e-n
)o= . -n < i<
¢n(xl) X n<i<n
X, n<i,

for each n = 0,1,2,3,... . Then define H : P x I —> P
by H(x,0) = x, H(x,t) = ¢2n_l(x) if 1/{(2n+l) < t <

1/{2n-1), and H(x,l1/(2n+l)) = ¢2n(x). Note that
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H{x,l) = ¢0(x) = Xq and H(x,0) = x. It remains to check
continuity. It suffices to check that the iaverse images
of basic open sets, namely principal ideals, are open.

Thus, for example, one finds that for n > 1,
-1 . _
H - ({x,, 1} = {x, 1} x [0,1/(20-1))

U { ..} x (1/(2n+1),1/{2n-1)).

Xon-1'%an*2n+1' -

The other cases are left for the reader to check. (]

Recall from Chapter 2 that an isotone map N
f : P —>0 is {(lower) Galois if, for each v in ¢Q, the
fiber f_1{Q<y) has a greatest element. Then there is a
uniguely defined isotone map g : Q@ —> P such that

g o £ idP and £ o g < id
1

Q° The map g satisfies the

dual condition that ¢ (P always has a least element,

>x)
and is thus said to be an upper Galois map. From 3.3, we
see that an (upper or lower) Galois map is a homotopy
equivalence.

An element x of a poset P is said to be an

irreducible of P if either P<x has a greatest element

or P has a least element. (This is not to be confused

>x
with the concept of "join-irreducible", which is only de-

fined in a lattice.)
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3.9 Proposition: If x is an irreducible of P, then

the inclusion P\{x} —> P 1is a homotopy equivalence.

Proof: If P<x has a greatest element, then the inclusion
is lower Galois, and if P>x has a least element, then the

inclusion is upper Galois. i

By removing irreducibles, we can make a poset smaller
without changing its homotopy type. But if we started with
a finite poset, then of course we'll have to stop after a
finite number of steps. What we have left is called a core
of the poset we started with. (The core is not a uniquely
defined subposet. For example, either element of a two-
element chain is a core of the chain.) Thus the problem of
determining whether two finite posets are homotopy equiva-
lent reduces to the problem ¢of determining whether they
have homotopy equivalent cores. That is quite a simplifica-

tion, as the next result shows.

3.10 Theorem [Stol: Two finite posets P, Q are homotopy
equivalent if and only if each core of P is isomorphic to

each core of Q.

Proof: Suppose A is a core of P and B 1is a core of Q.

If A 1is isomorphic to B, then by transitivity P is
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homotopy equivilent to Q.
On the other hand, suppose P is homotopy eguivalent
to Q. By transitivity, A is homotopy equivalent to B.
Choose £ in Hom(A,B) and g in Hom(B,A} such that
f o g is homotopic to idB and g o £ 1is homotopic to idA.
Suppose £ o g # idB. Then by 3.7, there is some map
h in Hom(B,B) which is comparable, but not equal, to idB.
Without loss of generality, assume h > idB. Cheoose b
maximal such that h(b) > b. If x > b, then by choice of
b, h(x) = x; but since h is isotone, h(x) # h(b), so
x > h(b). Thus b is an irreducible, because B>b has the
least element h(b). That is a contradiction, since B 1is
a core. Therefore £ o g = idB. By the same argument,

g o £ = id so A is isomorphic to B. 0

A’
Note that the theorem above shows that the core of a
poset is-unique up to isomorphism.
By Theorem 3.10, a finite poset is contractible in
the ideal topology if and only if its core is a single point.
In the literature (e.g. [Ri]} such a poset is said to be

dismantlable by irreducibles. We will shorten the term to

dismantlable, since we will not discuss any other form of

dismantlability. Due to the equivalence of dismantlability
and contractibility, results about dismantlable posets are

sometimes immediate consequences of
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easy topological results, such as Propositions 3.11 and

3.13 below.

3.11 Proposition: The product of two spaces is contract-

ible if and only if both of the factors are contractible.

Proof: (=) If X x Y is contractible, there is a map

C ¢+ XxY¥xI— XxY such that C{(x,y,0) = <x,y> and

0
We show that X 1is contractible; the other part is analo-

Clxsy,1) = <x4.¥4>, for some x ‘n X and y, in Y,

gous. Define H : X x I -—> X by H{x.t) = prl(C(x,yo,t)),
where pry is projection onto the first coordinate. Check

that H is continuous, H{x,0) =%, and H(x.,l) = xo.

(#) Suppose C : X x I —> X and D : ¥ x I — ¥ are
contractions of X and ¥, respectively. Define
H: ¥x ¥ xI-~>XxY by H(x,v,t) = <C(x,t),D(y,t)>,

and check that H is a contraction of X x Y. a

3.12 cCorollary [D-R, Lemma 5]: The direct product of two
finite posets is dismantlable if and only if both of the

factors are dismantlable. a

Suppose that A is a subspace of X and

j : A —> X is the inclusion map. If there exists a map
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r: X—>A such that r ¢ j = id then we say that A

AI
is a retract of X, and r -is a retraction.

3.13 Proposition: A retract of a contractible space is

contractible.

Proof: Suppose that € : X x I —> X 1is a contraction,
r : X —> A is a retraction, and j : A —> X is the in-
clusion. Then the composite r ° C o (J xidI) is a con-

traction of A. a

3.14 Corollary [D-P-R, Lemma 5]: A retract of a dismantl-

able poset is dismantiable. 0

A poset P has the fixed point property (FPP) if

every isotone map f : P —> P has a fixed point.

3.15 Proposition [Ri, Prop. 1]: If P 1is a finite poset

and a 1is an irreducible of P, then P has FPP if and

only if P\{a} has FPP.

Proof: Without loss of generality, assume that P_, has the
least element b.
{(=) Let f : P\{a} —> P\{a} be any isotone map. Extend

f toamap £f' : P —> P by letting £'(a) = £(b). Check
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that f' is isotone. By hypothesis, f' has a fixed point
%X, which is unequal to a and must therefore be a fixed

point of £.

() Let g : P —> P be an isotone map. Define
g' : P\{a} — P \{a} by g'(x) = b if g(x) = a,

{ g(x) otherwise.
Check that g' 1is isotone. By hypothesis, g' has a fixed
point. Now either we have found a fixed point for g, or
else g(b) = a., In the latter case, we can iterate g to

find a fixed point, since g(b) > b and P is finite. O

3.16 Corollary: For finite posets, FPP depends only on

ideal homotopy type. a
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Chapter 4. Geometric Realization

Although the ideal topology is thecoretically
appealing, its usefulness is limited. For the very reason
that no information is lost in passing from the poset to its
space, no simplification is achieved. Furthermore, many
theorems and techniques in topology apply only to "nice"
spaces, where "nice” does not include the ideal topolecgy of
a poset. Finally, one sometimes wishes to consider antitone
maps of posets, which are (in general) discontinuous in the
ideal topology. Therefore, in this chapter, we consider
another way of associating a topological space to a poset,
which does involve "nice" spaces. )

For each poset P, 1let A(P) denote the set of

finite nonempty chains of P, called the order complex of
P. Thié is a simplicial complex. Then for each simplicial
complex K, there is a well known constructicon [Sp, §3-1]

of a topological space |K| called the geometric realiza-

tion. Furthermore, these constructions are functorial.
That is, an isotone map induces a simplicial map, which in
turn induces a continuous map, in a way which commutes with
composition of maps.

Since geometric simplicial complexes (i.e. gecmetric
realizations of abstract simplicial complexes) have been a

favorite object of study in algebraic topolcgy, it is
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generally much more fruitful to study |[A(P)] than to

study the ideal topology of P. Therefore, from now on,

|aA(P)| will be the space of choice to associate to a poset

P. For example, if we say that P is contractible, we mean
that |A(P)| 1is contractible.

Note that A(P) depends only upon the comparability
relation of P. The most important consequence is that
A(P*) = A(P). Also note that antitone maps induce simpli-
cial maps of order complexes, just as isotone maps do. See
{G, Chapter 5] for more information on comparability rela-
tions.

The Euler characteristic ¥(K) o¢f a simplicial com—
plex K 1is the number of even dimensiocnal (odd cardinality)
simplices minus the number of odd dimensional simplices.

Since A(P) does not include the empty chain, we have

u(P) = x(a(P)) - 1, (1)
for any finite poset P. There is a standard result of
algebraic topology [Sp, 4.4.15] that the Euler characteris-
tic of a complex can be computed from its homology groups.

Thus

w(®) = I (-1)" rank #_(A(P)) (2)
n
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where ﬁn(°) represents reduced simplicial homology with
integer or field coefficients. This relationship between
Mdbius numbers and homology is one of the main reasons for
interest in the geometric realizations of posets.

A simplicial complex is a cone if there is some ver-
tex v such that for every simplex o, {v} U g is also a
simplex. In particular, if P has some element which is
comparable to every other element, then A(P) 1is a cone.
It is well known that any realization of a cone is contract-
ible. Since a homotopy eguivalence induces homology isomor-
phism, any contractible space is acyclic (has trivial
homology groups). It follows from equation (2) that if P
is acyclic, then u(P) = 0. Thus we have another way of
seeing Proposition 1.7.

The order complex is also useful in the study of the
fixed point problem for finite posets. Baclawski and
Bjéfner [B~B 1] have adapted the Lefschetz fixed point
theorem of simplicial homology to isotone and antitone maps
from a poset to itself. For instance, their results imply
that a finite acyclic poset has the fixed pcint property.

There is a surprising relationship between geometric
realization and the ideal topology. McCord {Mc] has shown
that there is a natural continuous map from |A(P)| to P
in the ideal topology, and this map is a weak homotopy

equivalence. That means that the two spaces have the same
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homotopy groups, homology groups, and cohomology groups.
The rest of this chapter will involve constructing

homeomorphisms between the realizations of various posets.

Therefore, we will give an explicit construction for

|A(P)

: Let |A(P)| be the set of formal linear combina-
tions I {taa : 2a € P} such that each t, is nonnegative,

L {t,

a € P} = 1, and the subposet {a : t, # 0} is a
finite nonempty chain. For each simplex ¢ of A(P),

" there is a corresponding closed simplex |o] consisting

of the linear combinations I {taa : a € g} such that each
t, 1is nonnegative and I {t, : a € o} = 1. Note that | o]
can be regarded as a compact, convex subset of some finite-
dimensional Euclidean space. We give |[A(P)] the finest
topology such that every closed simplex has the usual
Euclidean topology. One consequence of this definition is
that a function on |A(P)| is continuous if and only if it
is continuous when restricted to each closed simplex. An
j sotone or antitone map £ : P —> Q induces a continucus
map f : |A{P)| —> |A(Q)| which sends I t,a to
z taf(a).

The join of posets, defined in Chapter 2, bears an

obvious relation te the join of simplicial complexes:

A(PxQ) = A(P) = A(Q). (3)



54

There is alsoc a join dperation on topological spaces. IS

X and Y are spaces, then X *# ¥ denotes the quotient
space of X x ¥ x I determined by the equivalence relation
which identifies <x,yl,o$ with <x,y,,0> and <x;,y,1>
with <x2,y,1> for all x, Xy7 X, in X and all vy, Yqe
Y, in Y. (By convention, @ * X=X *# g = X.) Then there

is a natural homeomorphism
|R=L| = |K[ = |L] (4)

for simplicial complexes X and L.
Actually, in order that (4) be a homeomorphism, we
have to be careful about the topology en |K| % |L{. For

any Hausdorff space, the associated compactly generated

topology is the finest topology which determines the same
compact subspaces as the original topeleogy. The realiza-
tion of a simplicial complex is automatically compactly
generated. But in the definition of [K| % |L|, we need
to use the compactly generated topology on [K| x |L| x I,
which may be strictly finer than the product topology if
K and L are beth infinite. See [Wh, §I-4] for more
information on compactly generated spaces.

From now on, we will denote the realization of a po-
set P by simply |P|, rather than |A(P)|. Then by

combining {3) and (4), we obtain a natural homeomorphism
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|pxQ} = |P| = [Qf. (5)

Now we consider the realization of a direct product.
. The product |P| x [Q] can be regarded as a CW complex,
with cells of the form |c¢| x |t], where o € A(P) and
T € A(Q). In order that |P| x |Q] be a CW complex in
the usual sense [Sp, §7-6], we again have to use the com-
pactly generated topology instead of the usual product
topology. With that proviso, we have the following result,

which was stated but not proved in [Q 1].

4.1 Proposition: For posets P, Q, there is a natural

homeomorphism

[pxQ| = |p| x [of.

Proof: Define a function ¢ : [PxQ] —> |P]| x [Q] by
z ta,b<a’b> —_> <3 ta,ba' ) ta,bb>' Naturality is clear.

If o€ A(PxQ), then ¢(|g|) C |prl al x !pr2 0|, where

Pr, and pr, are the coordinate projections. Since

lo] and |pr; o| x |pr, o| have the usual Euclidean

topology, it is easy to see that the restriction of ¢ to

|o| is continuous. It follows that ¢ is continuous.
Most of the work lies in showing that ¢ is bijec-

tive. Let x € |P|] and y e |Q|; we will show that there



56

is a unique z € |PxQ| such that ¢(z) = <x,y>. We can

]
-1 + + ese + T X i
write x as r;X; + Ix, ¥ for some chain

Xy < X, < ees < X of P and some nonnegative coeffi-

cients T with I r, = 1. Similarly, y = slyl +

s,¥, + oes + S Y’ where Y < vee < Y- s = 0, and

b3 s; < l. Suppose 2z has the form <L ta b<a,b>, Whenever

a ¢ {xl,xz,...,xm} or b ¢ {yl,yz,...,yn}, we must have

t = Q if it is to be possible that ¢(z) = <x,y>.

a,b
Therefore we can write

zZ = Z z t. .<xi,yj>,

I €, .y:>. Thus we want I t, .x., =

ilJ J l'j i
I sjyj. It is necessary that for

[0y
]

and for each j,

by Ei,5 = Sy

We also require that the subposet {<xi,yj> Pty 3 # 0} be
4

a chain in P x Q.
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We proceed inductively. If r, = 0, then we must
have tm,j = 0 for all 3j; then we have reduced to a
smaller case. We make a similar reduction if S, = 0. On
the other hand, if T and s, are both nonzerc, then we

must have tm n # 0. In fact, since the chain
r

{<xi,y.> 2ty j # 0} cannot have more than one member in
¥

J
both the last row and the last column, tn must equal
¥
the smaller of T and S,- Say 1 is smaller. Then
= = 3 1
set tm,n T tm,j 0 for 3j < n, and reilace S, by
S, T Tni then we have reduced to an (m-1) by n matrix.

This procedure will yield one and only one solution.
The inversion algorithm above is continuocus on each
cell |o] x |t of |[P| x |Q]. Since we use the compactly

genarated topology on |P| x }Q|, it follows that the in-

version algorithm is continuous on [P| x [Q|. Therefore

¢ is a homeomorphism. 0

Example: Given a point
w = <.1xl + .4x2 + .2x3 + .3x4, .Syl + .3y2 + .2y3> in
[{x; < x, <x3 <x,}| x [{y; <y, < ¥3}|, £ind the unique
z in [{xl <xy < xy <x} x {y) <y, < y3}| such that
¢(z) = w.
Write a matrix to hold the coefficients for 2z, with

the desired row and column sums written along the sides.
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Since .2 < .3, put .2 in the upper right corner, and
zeroes in the rest of the last column. Also, subtract .2

from the last row sum.

.1 .2 Now put .1 in the upper
o2 0 right empty slot, and
.4 0 zeroes in the rest of the
-1 0 last row. Also, subtract

.5 K .1 from the last column

sum.

O .1 .2 Here the last row sum equals
.2 0 the last column sum. Which-
.4 0 ever way we break the tie,
.1 0 the result is the same:

.5 .2 put .2 in the upper right
empty slot, and zerces in the rest of the last row and

column.
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0 .1 .2 With only one empty
0 .2 0 column, the solution is
.4 0 0 obvious:
.1 0 0
.5
0 .1 2
0 .2 0
.4 0 0
.1l 0 0 . a

Recall that sd{P} denotes the poset of finite
chains of P. The order complex of sd(P) is the first
barycentric subdivision of the order complex of P. It is
‘well known that any complex has the same space as its

barycentric subdivision [Sp, 3.3.9], so in particular

|sd(P)| is homeomorphic to |P|. However, it has not been
previously observed that |Int(P)| is also homeomorphic to
2] .

4.2 Proposition: There are natural homeomorphisms

lsd(p)| = |p| = {Int(P)].

Proof: Define a map |sd(P)| —> |P| by defining the ver-

tex map
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(xl < X, < e K xn) —> I (l/n)xi

and extending linearly. Similarly define a map

hgr

|Int(P}| —> |P| wusing the vertex map [a,b] +—> %a +
Check that these maps are homeomorphisms, using an

elimination algorithm similar to the one used in 4.1. o

We are now in a position to derive homeomorphisms
describing all of the open intervals of P x Q and Intf/P).
This will prove useful in Chapter 9.

For any poset P, let Pa denote the poset formed
by adjoining a new least element 6. Note that the complex

A(Pa) = {0} = A(P) is a cone. The suspension S(X) of a

space or complex X is formed by joining X with a two-
peoint discrete space.

Quillen [Q 1] gives the homeomorphism
}pa X Qa\{OxO}I = |PxQ|, (6}

which c¢an be justified as follows. Using Proposition 4.1

and formula (5),
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|Paxoa\0x0| = |PxQ6upaxQ1

2] = fagl v legl x lof

[/

|p| x (0x]Q]) v (3*|p[) x |

This is homeomorphic to |P| * [Q]|, as the following

diagram indicates,

2] x 8 |21 (02101 1p| « |o] O*[BD)x 10| § 4 |q

2| lp| = lo] o]

Note that |P]| * [Q| was defined as a gquotient of

|P| x |Q] x I, which does have the central cross section
21 x lel x (3 = || x .

There is a further, apparently new, canonical homeo-

morphism along these lines:
[Pxo\{oOx0,1x1}| = s(|r|=|0]). (7)

To justify (7)., we again start out using Proposition 4.1
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”~

and formula (5). Let Pl denote the poset forxmed by

Fa

adjoining a new greatest element 1 to P,

[PxQN\{0x0,1x1}|

[f’xQUanUPaUQlUPl"QO}

i

12| x [@] u [p| x [o] v |pg] x |@t] v |2t| x |oj]

(8*]P|*i) x |Q] v E]| x(a*IQ]*i)

0

U (6*191) x (|Qf*1) v (|p|*i) x (8*|Q[L) .

Now we draw a diagram representing this space.

[Plxl |P|><0

/////////// |p| x(o*ifi:i://////, \\\\\\\\\\
! [~ Tel 1

0x1 (O*IPI)X(IQI*I) [P o] (|P]=*1)x(0%|Q] x

\Al)h/

0x |9 1x |0

The picture above is canonically homeomorphic to the pic-

ture below, which is the suspension of |P| * |Q}.
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] : 2|
s s g
.-_—\\__i (Ipl+lQ) = 1 i 7’
El : 2|

Now we can describe the open intervals in a product

poset.

4,3 Theorem: There are canonical homeomorphisms
(a) [pxq| = |p| = |Qf,

[P0y o bl = 15,1 * 210

(c) !PXQ<<a,b>I = |P<a| * |Q<b|'

(d) (<a,b>,<c,d>) = (s{l(a,c)|*| (b, )]}

if a#e¢, b#d,

| (b,d)| if a = ¢,

kl(a,c)[ if b =4d,
where all products and joins of spaces have the compactly

generated topology.

Proof: (a) is Proposifion 4.1. Part (b) is formula (6),
and then (c) follows by standing on your head. Part (d)
follows from equation (7}, where we note that in order to

write the closed interval [<a,b>,<c,d>] = [a,c] x [b,cl]
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in the form P x 6, we must have a # ¢ and b # 4. a

Having analyzed the open intervals of P x Q, we
move on to the open intervals of Int(P). There is an
obvious way of regarding Int(P) as a filter (dual ideal)
of P* x P, so the open interval ([a,bl,[c,d]) of
Int(P}) is isomorphic to the interval (<a,b>,<c,d>) of

*
P x P, So by 4.3 (d), we have

| ([a,bl,[c,d1)] = ( s(|(c,a)|*]|(b,d)}])
if a#c, b#dl
3 | (b,d)| if a =c,

d.

| (c,a)| if b

Also, the interval Int(P)>[a b] is isomorphic to
4

*
(P xP)><a,b>' so by 4.3 (b)

|Int(P)>[a’b][ = [P | » [Pyl

Finally we consider Int(P) which is isomorphic to

<[a,b]’
Int([a,b])N{[a,b]l}. This is empty if a = b, so assume

a # b. Note that
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Int(la,b])\{la,bl}|

= |Int([a,b))]| Y |Int((a,bl)

By Proposition 4.2 and formula (5),

Y

|Int([a,b))]| = a * |{(a,b)| and

|Int((a,bl)| = b * |(a,b)
Furthermore,
|int({a,b))]| N |Int((a,b])]
= |Int((a,b)) |,
which is homeomorphic to |(a,b)|. When two cones over
a space X have X as their intersection, then their
union is the suspension of X:

lInt([a,b])N{[a,b]}]| = 8({(a,D)]).

We collect these results for easy reference:



4.4 Theorem:

(a) |Int(®)| = |P],

66

There are canonical homecmorphisms

(b)  |Int(B)yy, 1l = [Pl * (2500
() lInt(P)<[a,b][ = {stl (a,b)|) if a #b
g if a = b,
(@) |(la,bl,lc,dD)]= { s(|(c,a)|*[(b,a)])
if a#c, b #d,
) |(c,a)| if b =4,
- (b)) if a = c,

where joins of spaces have the compactly generated topology.

g
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Chapter 5: Homelegy and Homotopy Type of Posets

In this chapter, we will introduce some techniques
for proving theorems about the homology and homotopy type of
posets. As a first application, we will prove another
generalization of the cross-cut theorem, which we first met
in Chapter 1.

A nonempty space X 1is defined to be n-connected
if, for every m S n, every continuous map of the m-sphere
s™ intq X is homotopic to a constant map. Then 0- con-
nected means path connected, and l-connected means simply

connected. If we think of s™

cell Bm+l, then a map £ : s® — x is homotopic to a con-

as the boundary of an (m+l)-

stant map if and only if £ can be continuously extended

+
across Bm l.

For any simplicial complex K, the n-skeleton K(n)
is the subcomplex consisting of all simplices of dimension
at most n.

Suppose K 1is a simplicial complex and X is a
space. A carrier from K to X is a function B which
sends simplices of K to subspaces of X, such that
T C ¢ implies B(t) € B(o). An n-connected carrier is a
carrier B such that B(c¢) is n-connected for every sim-
plex o of K. A continuous function £ : |K[ — X is

carried by B if, for each simplex o of K,

£(lo|) € B(o).
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5.1 -Homotopy Carrier Theorem: If B is an n-connected

carrier from K +to X, then

(1} there exists a map [K(n+1)| —> X carried by B, and
(2) [La] any two maps [K(n)l —> X carried by B are
hemotopic.
] . (n+1) .
Proof (l): To construct a map g : |K | — X carried

by B, we proceed by induction on dimensions.

K(o), let g(v) be an arbi-

For each vertex v 1in
trarily chosen point of B(v). Now we have a map
g ]K(O)I —> X carried by B.

Suppose we have a continuous map g [K(i)[ —> X
carried by B, where 1 < n. Suppose t 1is an (i+l)-
simplex of K. For each proper face ¢ of 1, we know
that g(lc]) € B(g) € B(1), so g{|3t]) € B{1). Since
|t| 4is an (i+l)-cell and B(t) is n-connected, we can
extend g over |t] in such a way that g{|t|) € B(1).
All simplices have disjoint interiors, so we can do this
for all of the (i+l)-simplices. And recall that a map on
a simplicial complex is continuous when it is continuous
on each closed simplex. Therefore we have constructed a

(i+l)|

continuous map g : [K —> X carried by B, which

completes the induction.
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(2): Suppose £, g : IK(n)] —> ¥X are both carried by
B. We will inductively construct a homotopy

H : |K(n’| x I —> X from £ to g. Note that although
]K(n)l x I has no natural simplicial structure, it is a
CW complex with cells of the form -jo| x I, |[o] x {0},
and |o} x {L}.

Define H : IK(n)I x {0,1}

> X by H(x,0) = £(x)

and H(x,l) = g(x). If v is a wvertex of K, then

f(v) € B(v) and g(v) € B{v), so since B(v) is path

connected, H can be continuously extended across {v} x I,
The inductive hypothesis is that H is defined

continuously on |K(n)[ x {0,1} U [K(i)l x I, and

H(|o] x I) ¢ B(c) for each ¢ in K(i). Continue as in

part (1). O

If R is a commutative ring with identity, let
%%K;R) denote the augmented simplicial chain complex of
K with coefficients in R, and let .;WX;R) denote the
augmented singular chain complex of X with coefficients
in R. Then Theorem 5.1 has the following homology analog,
which is essentially the familiar acyclic carrier theorem

[E~-S, Theorem VI-5.7].

5.2 Homology Carrier Theorem: If R 1is a commutative ring

with identity and B 1is a carrier from K to X such that
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ﬁi(B(U);R) =0 forall i< n and all ¢ 1in K, then

-
{1) there exists a chain map ng(n+1)

:R) —> P(X;R)
carried by B, and
— Fd
{2) any two chain maps @TK(H);RJ —> #(X;R) carried by

B are chain-homotorpic. a

Note that the carrier theorems are wvalid for n = =,
Indeed, that is the only case we will need until Chapter 9!

A contractible carrier is, of course, a carrier B

such that B(¢) is contractible for every o. Note that a
contractible space is «-connected (n-connected for all
n): If C is a contraction of X and f : s®" — X is a
continuous map, then C o (f><idI) is a homotopy cf £ to
a constant map. In particular, a contractible carrier is an
w—connected carrier. (Conversely, it fo. .ows easily from
5.1 that any ~-connected simplicial complex is contractible.)
Recall that if a poset has a greatest element or a
least eiement, then its order complex is a cone, hence its
realization is contractible.
Proposition 3.3 said that comparable isotone maps are

homotopic with respect to the ideal topology. The following

is an analog for geometric realization of posets.

5.3 Proposition [Q 1, Proposition 1.3]: If P and @ are

posets, £, g € Hom(P,Q), and f < g, then f and g
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induce homotopic maps from |P| to |Ql.

Proof [A. Bjdrner, private communication]: Define a2 carrier
B from A(P) to |Q] by Blo} = |f(0) U glo)|. Since

£f<g, f{g) VUg(o) always has a least element, so B is a
contractible carrier. Since f and g are both carried by

B, Theorem 5.1 says that f and g are homotopic. O

In contrast to the situation for the ideal topology,
5.3 has no converse, even for finite posets. Consider the

poset P Dbelow.

Let £ : P —> P be the map which exchanges a and b,
and exchanges ¢ and d. The realization of P 1is a
circle. The realization of f is a 180-degree rotation,
which is homotopic to the identity map. However, it is
easy to see that the identity map of P is not comparable
to any other map.

It is immediate from 5.3 that Galois maps induce
homotopy equivalence. Here is a particularly useful

special case of Galois maps: An isotone map ¢ : P —> P
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is called a closure map if ¢ » id and ¢ ° ¢ = ¢.

Elements in the range of ¢ are said to be closed. If K

is the subposet of closed siements of ¢, if j : K —> P

is the inclusion, and if ¢G : P —> K is obtained from

¢ by restriction, then we see that J o ¢0 = ¢ > idP and

¢0 ° = idK. So by 5.3, ¢0 induces homotopy equivalence
between P and K.

A poset will be called join-contractible (via ¥)

if there is som. element y such that the join x V y

exists for every x.

.5.4 Corollary: Every join-contractible poset is contract-
ible.

Proof: The map x —> x V y 1is a closure map, and the set

of closed elements has a least element, VY. a

Recail that if £ : P — Q is an isotone map, the
fibers of f are the subposets of the form f-l(ng). We
saw in Chapter 2 that if all of the fibers have MObius num-
ber zero, then u(P) = u(Q). Here are two analogous re-

sults.

5.5 Theorem [Q 2, Theorem A; Q 1, Proposition 1.6]: If

£f : P —>0 is an isotone map, all of whose fibers are
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contractible, then £ induces homotopy equivalence.

. -1 .
Proof: The function ¢ —> |£ “(Q G)] is a contract

ible carrier from A4(Q) to |P|. So by part (1} of 5.1,
there exists a continuous map g : [Q] —> |P| such that
g(lal) ¢ |f-l(Q<max Or)! for every o in A(Q). We will
show that g is a homotopy inverse for £.
-1 _
If ¢ € A(Q), then g(|c]) C |£ (Qenax U)| =

-1
£ Qqpax U|), so £ 9 g(|lo]|) c But also

lQSmax cl'
lolqc | Qcmax c], so the function gq > IQSmax 0| is a
contractible carrier which carries both £ o g and idQ.
Then by part (2) of 5.1, f ¢ g 1is homotopic to idQ.

If o€ A(P), then £(o) € A(Q), so g ° £(|o]} =
g(|£(a) |} < ]f‘l(ngax f(c})l‘ But also

lo| € |£ so the function g +—>

1
(Q<max f(o))|’

-1 , X . . .
| £ (Qcmax f(c))l is a contractible carrier which carries
g e £ and idP. By part (2) of 5.1, g ¢ £ is homotopic

to ldP . a

5.6 Theorem: If £ : P —> Q 1is an isotone map, all of
whose fibers are acyclic with respect to R, then

f, : H (P;R) —> H,(Q;R}) 1is an isomorphism.

Proof: Proceed as in the proof of 5.5, using 5.2 instead

of 5.1. g
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Note that if f£f : P —> Q 1is an isotone map such
that all of the subposets f-l(Qky) are contractible, then
f is a homotopy equivalence. This follows from 5.5 by
standing on your head.

Theorems such as 5.5 can be rephrased to resemble
the additive covering results of Chapter 1. Let K be a
simplicial complex. Let & be a collection of contractible
subcomplexes which cover K. We order by inclusion.
The guestion is: When is .4 homotopy equivalent to K?
Here's an answer which is reminiscent of Proposition 1.2:

If ”‘6 has a least element for each simplex ¢ of
K, then  is homotopy equivalent to K.

To see why the statement above follows from Theorem
5.5, consider the isotone map which sends each ‘g to the
least element of df&. The fibers of this map are precisely
the members of ., which are given to be contractible.

Now we generalize Theorem 5.5 to the case of an
ideal relation between two posets, thus obtaining a

topeclogical analog to Theorem 2.1.

5.7 Theorem [Q 1, Corollary 1.8]: If R 1is an ideal rela-
ticn between P and Q, and if the subposets R(x) and
R~1(y) are contractible for each x in P and y in Q,

then P 1is homotopy equivalent to Q.
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Proof: Let i : P —> P +, 0 and j : Q —> (P +5 Q)
be the inclusion maps, which are isotone. The fibers of
i are the subposets R-l(y) and Pees BY hypothesis,

R*l

{y) 1is contractible, and P is a cone. Therefore,
by 5.5, i 1is a homotopy equivalence. We can similarly

apply 5.5 to j. g

There is a covering version of 5.7, which is ob-
tained by considering the membership relation between K
and a¢*:

If udé is a contractible poset for each ¢ in K,
then & is homotopy equivalent to K.

Of course, there is also a homology version of 5.7,
which follows from 5.6. I do not bother to state it.

Recall from Chapter 3 that an element x of a poset
P is an irreducible of P if Pey has a greatest element
or if P>x has a least element. Bjorner showed [Bj 1] that
if x is an irreducible of P, then the inclusion of
P\{x} inte P is a homotopy equivalence. This fact has an

obvious generalization:

5.8 Propeosition: If P<x or P>x is contractible, then

the inclusion of P\{x} intoc P 1is a homotopy equivalence.
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Proof: If P is contractible, apply 5.5. The other

<x
case follows by standing on your head. a

Repeated applications of Proposition 5.8 can some-
times be used to determine the homotopy type of a given
poset. For example, consider the poset below, which was
given by Rival [Ri] as an example of a poset which has no

irreducibles but which has the fixed point property.

Proposition 5.8 can be used to remove the lower left and
lower right elements. What remains has a least element,
so the poset above is contractible.

Unfortunately, there is no analog of Stong's theorem
3.10 for geometric realization. The figure below shows a
poset which is contractible, but such that none of the sub-
posets P<x or P>x is contractible. This example was

obtained by subdividing the "dunce hat", which is a familiar

example of a CW complex which is contractible but not
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collapsible [Z].

By the way, a finite complex is "collapsible" if it
can be contracted by repeatedly collapsing free faces of
maximal cells. I won't define those terms precisely, but
here's the general idea: Picture a hollow tetrahedron with
three solid, rigid faces and one face which is a rubber
membrane. This model represents a 3-cell which is attached
to the rest of some complex along the solid faces, and the
membrane represents a free face, Now pump out the air from
the interior of the tetrahedron, and watch what happens.

We now discuss another version of the cross-cut
theorem, which we first encountered in Chapter 1. Recall
that if A is a subset of P, then P(A) denotes the set
of all elements of P comparable with every element of A.
A subset C of P is a cutset of P if, for every ¢ in

A{(P), P(o) NnC# M.
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Given a subset C of P, let T (P,C) denote the
poset of those finite nonempty subsets A of C such
that P(A) # f#. Rota showed [Ro, p. 352] that if P is a
finite lattice and if C 1is a cutset which is also an
antichain (a cross-cut), then u(P) = u(r(p,C)). Here is a
generalization due to Bjdrner [Bj 11].

We say that a cutset C o0of P is coherent if, for
every A in T (P,C), P(A) 1is a cone. It is easy to
check that if § is a lattice, then every cutset of C is
coherent. More generally, it is enough to require that
every finite nonempty subset of C which is bounded above

or below in P has a meet or a join in P.

5.9 Theorem [Bj 1, Theorem 2.3]: If C is a coherent

cutset of P, then P is homotopy equivalent to T (P,C).
Proof: Consider the ideal relation
R = {<x,A> € sd(P) x I'(P,C) : x C P(A)}.

For any x in sd (P), we have

R(x) {aAer((p,c) : x CP(A)}

-

{pAe rp,C) : ACP(x)}.
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Note that if x € P(A), then P(A) # #. Thus R(x)
consists of all finite nonempty subsets of P(x) N C. This
is a simplicial complex which is a cone on any of its ver-
tices, so R(x) is contractible.

For any A& in T(P,C).

RL(a)

]

{x e sd{P) : x C P(A)}

i

sa(P(a)).

Since ¢ is coherent, P(A) is a cone, soO Rfl(A) is
contractible by Prcposition 4.2.

Now by Theocrem 5.7, T (P,C) is homotopy eguivalent

to sd4(P), and hence (by 4.2) to P. g
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Chapter 6: Complementation

If x and y are elements of a poset P, we say

that x and y are complements in P if the set {x,y}

has no upper bound or lower bound in P. If {x,y} has no
upper bound in P, we say that x and y are upper

semicomplements. If P is bounded, we will always define

complements with respect to the proper part P.
A poset in which every pair of elements has a join

is called a join-semilattice.

The next theorem strengthens homological results in
[(Ba 3] and [B-B 2], and verifies an unpublished conjecture

of Bjlrner. See also [B~-W] for related results.

6.1 Theorem: Let L be a bounded join-semilattice. 1If
s €T, and if B 1is a set of upper semicomplements of
s, including all of the complements of s, then the sub-

poset L\B is contractible.

Proof: Let N = L\B for convenience, and let G =
{x €T :xVs<1}. Note that G is an ideal in N.
Also, s € G, and if x€ G, then xV s€ G; so G is
join-contractible via s.

Consider the inclusion map of G into N. Its

fibers are {G N N<x : X € N}. If x € G, then
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= N<x' which is a cone. Suppose x € N\G. Then
xVs= i, but x is not a complement of s, so {x,s}

has a lower bound ¢ in L. In fact, t€ GN N For

<x.
any y in Gn N<x' we have

(yVEt) Vs=yV (¢tVsg) =y V s <1,

so yVteG. Also yVit<x, so yVtegn Nsx.
Thus G N N<x is join-contractible. Therxefore by Quillen's
Theorem 5.5, N is homotopy egquivalent to G, which we

know to be contractible. 8

Theorem 6.1 leads to a new proof of Crapo's

complementation theorem.

6.2 Theorem [Cr, Theorem 3]. If L is a finite lattice,

s €L, and C is the set of complements of s, then

ued,i) = ¥ u(a.x)c(x,y)u(y,i)-

Proof: By 6.1, L\C is contractible, so u(L\C) = 0.

The result follows from Theorem 2.5. ]

A subset A of a poset P is initial if, for

every element of P, there is some element of A below it.
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(rf P has no infinite chains, then A is initial if and
only if A contains all of the minimal elements of P.)

An initial subset A 1s join-coherent if every finite non-

empty subset of A which is bounded above has a join.
The result below generalizes [Bj, Theorem 3.3] and

[B-B 1, Prop. 3.1].

6.3 Theorem: Suppose P 1is a poset, A is a join-
coherent initial subset of P, and s &€ A. If s has no
complement which is a join of finitely many elements of A,

then P is contractible.

Proof: Let Q be the subposet of P consisting of joins
of finite subsets of A. The fibers of the inclusion map

of Q into P are of the form Q N P This is nonempty

<y’
since A 1is initial. Every pair of elements of Q N ng
has a join, since A is join-coherent, so Q N P is

<y
join-contractible. By Theorem 5.5, it follows that P and
Q are homotopy equivalent. So it suffices to show that Q
is contractible.

Supposé X € Q. By hypothesis, {x,s} must be
bounded above or below in P. If {x,s} is bounded above
in P, then by join-ccherence, x V s exists and belongs
to Q. If {x,s} is bounded below in P, then {x,s}

is bounded below by an element of A, since A 1is initial.
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Thus s has no complement in Q.

Note that Q

6-1, With B = ﬂl

Q

is a bounded join-semilattice.

is rzontractible.

By
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Chapter 7. The Higher Order Complexes

The width {or first Dilworth number) of a poset P
is defined to be the maximum size of an antichain in P,

and is denoted by d{(P). The kth order complex Ak(P)

of a poset P is the set of finite nonempty subsets of P
with width at most k, ordered by inclusion. These simpli-
cial complexes (which we are thinking of here as posets)
were studied by Bjorner in [Bj 2].

Observe that Al(P) = sd(P). We saw ip Chapter 4
that sd(P) is homeomorphic toc P. There is no isotone
map which induces that homeomorphism, but there is an iso-
tone map from sd(P} to P, defined by sending & chain to
its greatest element, which has contractible fibers. That
suggests the following generalization: Defing the kth

ideal poset Jk(P) to be the set of nonempty ideals of P

which are generated by at most k elements, ordered by
inclusion. (Notice that Jl(P) is isomorphic to P.)

There is a natural isotone map o, : Ak(P) _ Jk(P) which

k
sends a subset of P to the ideal that it generates. Then

we expect the following to hold:

7.1 Theorem: Oy is a homotopy equivalence.
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Before proceeding to the proof, we will need a few
facts from matroid theory.
Suppose S 1is a finite set. A function A : ZS —_

N 1is called submodular if, for all A, B in ZS,

]

AANB) + A(AUB) < A(A) + A(B).

If XA 1is isotone as well as submodular, then the collec-

tion
{AC S : (¥ BCA(RB) > card B}

forms the set of independent sets of a matroid M{A). See

[We, chapter 8] for details.

7.2 Lemma: If A : ZS —> N 1is isotone and submodular,

and if A{(S) » card S, then M(A) has a colcop (isthmus).

Proof of Lemma: If S 1is independent, we are done. Other-

wise, there exists I C S, I # S8, =uch that A(I) < card I.
Choose I maximal with that property, and let B = S\I. We
will show that M(A) is the direct sum of its restrictions
to I and B, and that the restrictiog to B 1is the free

matroid.
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Let D be an independent subset of I. We need to
show that D U B 1is independent. So suppose that D U B
is dependent. Then there exists J C D U B such that
A(J) < card J. Note that card J = card(JnND) + card(JMNB).

By submodularity,

A{INg) + A(IVg) < A(I) + A(J)

& card I + card(JNB) + card(Jnp) - 2

card(Iud) + card(Jnp) - 2,

Since X is isotone and D is independent,

A{INT) » A{InIND) 2 card(INJND) = card{(JND).

Therefore

card{JnNp) + A(IWVJ) < card(Ivd) + card(Jnp) - 2

or

MIVUT) < card(IUud) = 2 < card(Ivg).

By choice of I, this implies that J C I. Since
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JCDUB, it follows that J € D. But that is abhsurd,

since D is independent and J is dependent. 0

Proof of Theorem: By Theorem 5.5, it suffices to show that

Oy has contractible fibers. What it boils down to is this:
Let P be a poset which has exactly m maximal elements,
m < k, and such that every element of P is below some
maximal element. We need to show that Ak(P) is contract-
ible.

Let ti’tz""'tm be the maximal elements of P.

Given A C [m}] = {1,2,3,...,m}, define

t(d) = {t; : i €A},
E(A) = {x € A,_(P) : x U (&) € 4, (P)}, and
‘N(A) ={y€P: (vi€d yv«tl.

1

Note that N(A) 1is a filter (dual ideal) in P. Define

the relation
R = {(x,8) €A x 2™\ph : x e z)],

which is an ideal relation.
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For A€ 2[m]\IH}, we have R-l(A) = E{A). Since
m< k, t(A) € E(A), and in particular E(A) is nonempty.
Now it is clear from the definition that E(A) is join-
contractible via t(A). If we can show that every R(x) is
contractible, then Theorem 5.7 will imply that Ak(P) is
homotopy egquivalent to 2{m]\{ﬂ}, which has a greatest ele-
ment, so we will be done.

From now on, let x be a fixed member of Ak(P).

. The N' notation has the properties that X C Y im-
plies N(Y) C N(X), hence N(X) U N(Y¥) C N(XNY¥), and also
N(X) N N(Y) = N(XVUY). Greene and Kleitman showed [G-K,
Lemma 4.3] that if F and G are filters in a finite poset,

then
d(FNG) + d(FUG) = d(F) + d4(G).

Combining these facts, we find that the function

r s 2 5 N defined by A(A) = k — d(x"N(A)) is iso-
tone and submodular. Furthermore, A([m]) =k # m, 50
lemma 7.2 says that the matroid M(A) has a coloop.

A nonempty set A C [m] does not belong to R(x}
precisely.when d{xUt(A)) > k. This happens just in case
there is some B C A such that card B + d(x"N(B))} > k,
or card B > A{(B). Therefore, R(x) consists precisely of

the nonempty independent sets of M(A). Saying that M(})
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has a coloop is the same as saying that R(x) is join-
contractible. Thus R{x) is contractible, which completes

the proof. O

Remark l: If x is disjoint from <t{(Im]) and d(x) = k,

then R(x) is the matroid I''Y) of [G-K, p. 67].

Remark 2: Although Ak(P) is homeomorphic to Jk(P) for
k = 1, they need not be homeomorphic for k > 1. For
example, if P is the poset of the figure below, then the
realizations of AZ(P) and JZ(P) are not of the same

dimension.
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Chapter 8. Cohen-Macaulay Complexes: Background

The theory of Cohen-Macaulay complexes provides
connections between ring theory, algebraic topology, and
combinatorics. We will begin with the ring theory, but
soon leave it.

Let R be a commutative ring with identity, and let
K be a simplicial complex with vertices XyrXgseoorX -
By thinking of the vertices as indeterminates, we can form
the polynomial ring R[xl,xz,...,xn]. Let I{K) be the

ideal generated by the monomials which do not correspond

to simplices of K. Then we say that K is Cohen-Macaulay

over R if the quotient ring R{xl,...,xn]/I(K) (sometimes

called the Stanley-Reisner ring of K) is a Cohen-Macaulay

ring. See [Ma, p. 103) for a definition of Cohen-Macaulay
rings. See also [H] and [S] for information on the ring-
theoretic approach to Cohen~Macaulay complexes.

If ¢ is a simplex of a simplicial complex K,
then the link of o in K, written Lk(0,K) or Lk{(o),
is the subcomplex consisting of simplices <t such that
cnNn t=4# but ¢ YU T € K. By convention, Lk(#,K}) = K.
The connection between Cohen-Macaulay complexes and alge-
braic topology is given by the following theorem of G.

Reisner:
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8.1 Theorem [Re]: Suppose K is a finite simplicial
complex and R is a field or Z. Then K is Cohen-
Macaulay over R if and only if %i(Lk(c,K);R) =0 for
all simplices ¢ (including @) and for all

i < dim Lk(o,K). O

With Reisner’s theorem as motivation, we can redefine
the Cohen-~Macaulay property in terms of algebraic topology.
We will use the topological appreoach from now onward.

A finite-dimensional simplicial complex K is said

to be a homology bougquet (over R) if ﬁi(K;R) = 0§ for all

i < dim K. By convention, dim g = -1, so the empty complex
is a bouquet.
Let R be a field over 2. A finite-dimensional

simplicial complex X 1is said to be almost Cohen-Macaulay

over R (ACM, for short) if the link of nonempty simplex of
K 1s a homology bouquet over R. We say that K is Cohen-
Macaulay over R (CM) if K 1is ACM over R and if

Lk(@#,X) = K is also a homology bouguet over R.

Remark. Most of the results in this chapter and the next
chapter are true with coefficient rings more general than
fields or the integers. However, there seems to be no

single level of generality which is appropriate for every-

thing. 1In any case, more general coefficients seem to be of
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limited usefulness, so I will resist the temptation to do
everything in the utmost generality. Throughout, R will

be a field or 2.

A simplicial complex is pure if every maximal simplex
has the same dimension. The next theorem implies that all

CM complexes, and all connected ACM complexes, are pure.

8.2 Theorem [Ba 2, Prop. 3.1l]: Let K be a finite-
dimensional simplicial complex. If the link of each simplex
of K (including @) is empty, discrete, or connected,

then X is pure.

Proof: Suppose X 1is not pure. Let L egqual the subcom-
plex generated by the maximal simplices of maximum dimension,
and let S equal the subcomplex generated by the other
maximal simplices. Then L and S are nonempty, and

LuUS§ =K.

If K were empty or discrete, then K would be pure;
so K 1is connected. In particular, L N S 1s nonempty.
Choose a simplex ¢ which is naximal in L N S, Since o
is contained in maximal simplices of two different dimen-
sions, Lk(o,K) cannot be empty or discrete, so Lk(o0,K)

is connected.
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By maximality of ¢, none of the vertices of
Lk(o,K) belong to L N S. But ¢ is not maximal in K,
so Lk(¢,K) must contain vertices of both L and S.
Since Lk({o,K) 1is connected, there exists a 1l-simplex T
in Lk(o,K), one of whose ends is in L and one of whose
ends is in S§. Then T cannot belong to either L or S,

which is impossible. O

A poset of finite length is said to be ACM (resp.
CM) whenever its order complex is ACM (CM). (Note that
a poset has finite length if and only if its order complex
is finite-dimensional.) By 8.2, all maximal chains in a
CM or connected ACM poset have the same length. It fol-
lows that such a poset is ranked.

The closed star of a simplex ¢, St(c,K) = St(o),

is the set of simplices t of K such that o U 1t is
also a simplex of K. It follows that |5t of = [o] =»
|tk of. The boundary of o, Bd o, is the complex of its
proper faces. If p is an interior point of |[o|, then
lo] =p » |Bd g], so |St ol =p * |BAd o| » |Lk o].

The following theorem shows that ACM and CM are
topological properties. That is, they depend only upon the

geometric realization of the simplicial complex.
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8.3 Topological Invariance Theorem [Mu 2]: A finite-

dimensional simplicial complex XK is ACM over R if and
only if Hi(]K],IK]\p:R) = 0 for all points p of K|

and all integers i 1less than the dimension of the component
of K which contains p. Furthermore, K is CM over R
if and only if K is ACM over R and ﬁi(|K|;R) = 0 for

all i < dim K.

Proof: Let o be a simplex of K, and let p be an
interior point of |o)|. Since |Bd g| is a sphere of
dimension dim(g) - 1, the suspension isomorphism says that

H, (Lk 0;R) = H (B4 0 % Lk o;R).

i+dim ¢
Now St ¢ is a cone, hence contractible, so the long exact

sequence of a pair [Sp, §4.5] tells us that

H (Bd o * Lk o;R) = Hi-i-dim o‘+l(St ¢,Bd ¢ » Lk o;R).

i+dim o

Since |5t o| = p #|{Bd o] * |Lk 0|, there is a deformation

. Therefore

retraction of |8t ¢|\p onto [Bd o * Lk ¢

H: rdim 0+l(St g,Bd o » Lk g;:R)
= H (|8t a|,|St o|\p:R}.

i+dim o+l
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Finally, by the excision property [Sp, 4.6.1],

Hi +dim c+1(|§ al, |5t o[\p;R)
= Hi+dim g-i-l( [X],|kK[\p:R).
S0 we have shown that
) Hy(Lk 0iR) = B qin c+1(|K|r|K|\P;RJ-

We assume, without loss of generality, that K is
connected. We may also assume that X iz pure of dimen-
sion n = dim K, by the following reasoning. If we know
that K is ACM and connected, then K is pure by 8.2.
On the other hand, if ¢ is a maximal simplex and
i = -1, then (*) reduces to

R = H_ (#:R) Ux[1KN\psR) .

= Hdim ag
So if we know that Hj(IKl,[KY\p:R) is only allowed to be
nontrivial when Jj = n, then it also follows that K is
pure.

Given that K is pure of dimension n, we have

dim(lk ¢) = n - dim ¢ - 1. Therefore i < dim(Lk ¢) if
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and only if i +dim ¢ + 1 < n. Now the ACM part of the
theorem follows from (*), and the remainder of the theorem

is immediate. o

The open intervals in a poset P of finite length
correspond to certain links in the order complex of P.
For example, given an interval of the form ({x,y), choose
a maximal chain ¢ in P<x U ?;Y. Then A{({x,y))}] 1is the
link of ¢ in A(P). O©On the other hand, any link can be
expressed as a join of open intervals. Explicitly, the link
of the chain Xy < X, < 20 < X, in P is

A(P<xl) * A((xl,xz)) % vev % A((xnwl,xn)) * A(p>xH}, This

leads to a nicer characterigation of ACM and CM for

posets.

8.4 Theorem: If K and L are homology bougquets over R,

then the complex K » L. is a homology bocuquet over R.

Proof: If we allow empty simplices, then the simplices of

K # L are in bijective correspondence with ordered pairs of
simplices from K and L. This gives rise to an isomorphism
of augmented simplicial chain complexes with coefficients in

R:

@(R+LiR) = S(€(KiR) B €(LiR)).



Here 8 1is suspension of a chain complex, which merely
shifts the indexing. Then the Kinneth formula [Sp, 5.3.4]
says that there is a short exact sequence

~

0 — @ H_(XK;R) ®, H_(L;R) —> H__.(K*L;R)
p+a=m R g m+l

— ® H_(K;R) *

H_(L;R) —> 0.
prg=m-1 P q( &

R

The result follows. O

8.5 Corollary: A poset P is CM over R if and only if
every open interval of P is a homology bougquet ower R,
In order that P be ACM, we no longer regquire that P

itself be a homology bouquet. a

We will now define a stronger form of the Cohen-
Macaulay property, first studied by Quillen [Q 1]. A
finite-dimensional simplicial complex K is a homotopy
bouquet if K is (dim K-1)-connected or empty. (By con-
vention, (-1)-connected means nonempty, so any complex of
dimension zero is a homotopy bouguet.) A complex K is

homotopy ACM if the link of every nonempty simplex of K

is a homotopy bouquet. We say that X is homotopy CM if

K is homotopy ACM and if K is also a homotopy bougquet.
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Remark. The proof of the next result uses the most
advanced algebraic topology in this thesis, although it is
still well known to algebraic topologists. I regret that I
do net know a more elementary proof.

Given a collection of disjoint spaces {xa}' each
X, having a specified base point Xy construct a space
called the wedge of {xa} by identifying all of the base
points with each other. By convention, the empty wedge is

a point.

8.6 Lemma: A nonempty homotopy bouquet K is homotopy

equivalent to a wedge of spheres of dimension dim K.

Proof: Let n =dim K. If n =0, the theorem is trivial.
Suppose n = 1. With the aid of Zorn's lemma,
choose a maximal contractible subcomplex T. Argue that T
contains all of the vertices of K. (If K 4is finite, we
have simply chosen a spanning tree for a graph.) See [Sp,
3.7.2] for details.
Since T 1is a contractible subcomplex of K,
IKl/|T| is homotopy equivalent to |K| ({Wh, I-5.13 or B-W
Lemma 2.2]. Since T contains all of the vertices of K,
|k{/|T] is a 1l-dimensional CW complex having precisely

one vertex. Therefore [K|/|T! is a wedge of 1-spheres.
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Suppose n > 1. The Hurewicz isomorphism theorem
[Sp, 7.5.5] tells us that H,(K) = 0 for i < n-l, and
Hn(K) = wn(K). Since K is n-dimensional, Hn(K) is
free abelian. Therefore vn(K) is free abelian.

n

Choose maps {g, : S —> |K|} corresponding to a

basis of vn(K). Then there is a map
wedge, g, : wedge, s — ||

which induces isomorphism in homology. Since n > 1,

these spaces are simply connected, so the Whitehead theorem
[Sp, 7.5.8] says that the map wedgea 94 induces isomor-
phism of homotopy groups. It follows [Sp, 7.6.24] that

wedge g is a homotopy equivalence. g

8.7 Theorem: If K 1is homotopy CM (respectively homo-
tdpy ACM), then K 1is homology CM (resp. homology

ACM) over any R.

Proof: Lemma 8.6, and the fact that a wedge of spheres is

a homology bouguet. i

R. D. Edwards {[Edw] gave an example of a compact 3-
manifold M which has the homology of a 3-sphere but is

not simply connected, and whose double suspension S(S(M))
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is homeomorphic to a S5-sphere. Any triangulation of M
gives rise to a triangulation of S5 which is not homotopy
ACM, because certain l-simplices have M as their link.
(See alsoc [G=S] for information on such examples.) But of
course S5 does have triangulations which are homotopy

CM, such as the boundary of a 6-simplex. Therefore, un-
like the homology versions, homotopy ACM and CM are not
topological properties. However, we will see that they are

preserved by many common operations on complexes and posets.

8.8 Theorem: If K and L are homotopy bougquets, then

K *+ L is a homotopy bouquet.

Proof: We saw in Lemma 8.6 that a homotopy bougquet is
homotopy equivalent to a wedge of spheres. The join opera-
tion is well defined on hemotopy classes of spaces, so it
is enough to show that the join of two wedges of spheres is
homotopy equivalent to a wedge of spheres.

Suppose |K| = wedge, Sg and |L| = wedge, Sg, 1f
m=n=0, then clearly K * L 1is connected, hence a
bouguet. Otherwise, suppose m > 0. Then we can write SE

m=-1

m = s(sth), so |K| = wedge s(s) ).

as a suspension: Sa

"Now observe that suspension commutes with wedge, up
to homotopy type. (That can be justified using the fact

that a contractible subcomplex of a simplicial complex can
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be smashed without changing the homotopy type of the

complex.) Therefore -|K| is homotopy equivalent to

S (wedge Sg-lj = 50 « wedge Sg-l, so |KxL| is homotopy

equivalent to

0

§° * (wedge Sﬂ"l) * {wedge sh

B)l

By induction, (wedge 82’1) *# {(wedge SE) is & homotopy

bouguet, say wedge Sﬁ*n. Therefore |K*L| is homotopy

m+n

equivalent to §(wedge SY ). By commuting suspension with

wedge again, we are done. O

8.9 Corollary: A poset P of finite length is homotopy
CM if and only if every open interval of P is a homotopy
bougquet. In order that P be ACM, we no longer reguire
that P itself be a homotopy boudquet. O

{n)

Recall from Chapter 5 that K denotes the n-

skeleton of the simplicial complex K.

8.10 Lemma: For any simplicial complex K, |K| is n-

{n+l) |

connected if and only if |[K is n-connected.

Sketch of Proof: Each continuous map of S™ into |X| has

a simplicial approximation [Sp, 3.4.8]. Since s® is
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. . . . m
m~dimensional, a2 simplicial map sends S

into  |R™].
Similarly, homotopies between maps from S" into [K]|

are given by maps of s™ x T into |k}, and a simplicial
approximation to such a map has its range within |K(m+l)|.

O

A lattice of finite length is semimodular if and only

if it is ranked, and its rank function satisfies the

submodular inequality

rixVy) +rixANy) < r(x) + r(y).

Recall that r(a) = 0. Note that semimodularity is a local
property, i.e. if a lattice of finite length is semimodular,

then so are all of its closed intervals.

8.11 Theorem [F]: Every semimodular lattice of finite

length is homotopy CM.

Proof: Let L be a semimodular lattice of finite length.
By 8.9, it is enough to show that every interval of L 1is

a homotopy bouquet. An interval which contains § or I

is a cone, so it is enough to consider intervals of the form
(x,y¥). And since semimodularity is a local property, it

suffices to show that L = (0,1) is a bouguet.
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Let n = r(i). Let C be the cross-cut of all
minimal elements of L (atoms of L)}. By Theorem 5.9, T
is homotopy equivalent toe T(L,C). We know that I has
dimension n-2, so it suffices to show that T(L,C) is
(n-3) ~connected.

Let B be the simplicial complex of all finite non-
empty subsets of C. Since B 1is a cone on any of its
vertices, B is contractible. If cl’c2'°"'cj are ele-
ments of C, then by the submodular inequality and induc-

tion,
rmlvczv-Hch <rua)+ ”-J:rwj)=],

hence ¢ V Cy V osss cj <1 if j < n. That means that
'every subset of C of cardinality n-1 or less belongs
to TI'(IL,C). In other words, T(L,C) and B have the
same (n—-2)-skeleton. By Lemma 8.10, it follows that

r'(L,C) 4is (n=-3)-connected. O

In the case of finite lattices, stronger results
have been obtained; see for example [Ba 2] or [Bj 2]. See

also [B-W] for a more constructive proof of 8.1l.
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Chapter 9. Cchen-Macaulay Complexes: Further Properties

When studying CM posets, it is natural to ask which
operations on posets preserve CM. Probably the easiest
such question involves joins. Since a link in a join is a

join of links, Theorems 8.4 and 8.8 immediately imply:

9.1 Proposition: P % Q is CM<*® P and Q are CM. |

We will proceed to answer several more such questions.
The results were known, at least fcr homology CM (see
[Ba 2]}, but the proofs are new.

Next, we will consider a less familiar 0peration,
which might be called "twinning on ideal," and answer a -
guestion of D. Eisenbud and €. Huneke about when that con-
struction yields a CM poset.

Finally, we will prove a conjecture of K. Baclawski,
showing that a property called "2-Cohen-Macaulay connectiv-
ity" is a topeological property.

From the homeomorphism theorem 4.2 and the Topelogi-
cal Invariance Theorem 8.3, it is immediate that sd and
Int preserve homology ACM and CM. We can extend this

fact to homotopy CM by a different argument.

9.2 Proposition: Int(P) is ACM ¢ P is ACM * sd(P) 1is
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ACM.

Int(P) is CM <« P is CM

«» sd(P) 1is CM,

Proof: By the homeomorphisms of 4.2, it suffices to consi-
der the ACM property.

From our analysis of the intervals of Int(PR),
Theorem 4.4, we see that if P is ACM, then Int(P) is
ACM. On the other hand, suppose Int(P) is ACM. Aan
.interval of the form (a,b) in P is isomorphic to the
interval ([a,al,{a,b]) in Int(P), hence is a bouquet.
By definition of ACM, Int(P) has no infinite chains, so
P has no infinite chains. Therefore, given an element a

of P, we can choose a minimal element x of P and a

<a
maximal element y of P>a‘ There are poset isomorphisms

Int (P) and

>[x,al >a

Int(P) sy vl <a’

therefore P>a and P<a are bouguets.
Suppose sd{P) is ACM. If I is an open interval

cf P, other than P itself, then there is an element ¢



106

of sd(P} such that sd(I) is isomorphic as a poset to
sd(P)>0. Since sd(I) is homeomorphic o I, it follows
that I is a bouquet.

Now suppose P- is ACM. An open interval of
sd(P) of the form (a,b) or sd(P)<c is isomorphic to
gF\{ﬂ,S} for some finite S. We can see that such a poset
is a bouquet by noting that it is the boundary of a sim-
plex, or by using the product theorem 4.3 (d). An interval
of the form sd(P)>U is isomqrphic as a poset to
sd(I1 * 12 k eoe % In) for some open intervals
Il,...,I in P. This is homeomorphic to

I

Il % I2 k cea % In' which is a join of bouquets. a

9.3 Theorem: Suppose P and Q are posets having at
least two elements. Then P x Q3 is ACM < P and Q are
ACM, and P x Q 1is CM ¢ P and Q are CM, and either
P and Q are both antichains or P and Q are both

acyclic.

Proof: It follows easily from the product theorem 4.3 that
PxQ 1is ACM if and only if P and Q are ACM. To
finish the proof, we have to consider when P x Q is a
bouquet.

If P and Q are both antichains, then P x Q is

an antichain, hence a bcnguet. If P and Q are acyclic,
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then so is P x.Q. In the homotopy case, note that if P
and Q are acyclic homotopy bougquets, then P and Q
are contractible, hence P x Q 1is contractible by 3.11.
Suppose P ? Q 1is a bouquet. By the Kinneth formu-
la, this is only possible if P, @, and P x Q have
nontrivial ordinary homology in only one dimension, namely
dimension zero. Therefore P x Q 1is an antichain or
acyclic, If P x Q is an antichain, then P and Q are
antichains. If P x Q is acyclic, then P and Q are
acyclic. In the homotopy case, we note that if P x Q is

an acyclic homotopy bouquet, then P x Q is contractible,

hence (by 4.1 and 3.11) P and Q are contractible.

Therefore P and Q are bouquets. a

If X 1is a topological space, let [s®,x] denote
the set of homotopy classes of maps from s? into X. (If
X is path connected, then the set [S",X] is in bijective
correspondence with the homotopy group nn(x).) A map
g : X —> Y induces a function 9y ¢ [st,x] — [8%,v] by
the rule g#([f]) = [gef]. The correspondences
X — [Sn,x] and g > = define a functor. Mainly,
that means that the correspondence g +—> = commutes with
composition and sends identity maps to identity maps.

Recall that each CM poset P has a rank function

r. A level in P 1is the set of all elements having a given
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fixed rank. A subposet of P which is obtained by

deleting several levels of P is called a rank-selected

subpcset of P.

9.4 Rank Selection Theorem: Any rank-selected subposet of

a CM poset is CM.

Proof: We will discuss in detail the case of homotopy CM.
For homology with coefficients in R, one uses Thecrem 5.2
in place of 5.1, and the functor Hi(-;R) in place of the
functor [Si;-]. See [Mu 2] for a more general homological
result.

By induction, it is enough to show that CM is pre-
served by deleting one level.

If K is a simplicial complex, ¢ € K, and
t € Lk(g), then the link of 1t in Lk(g) equals the link
of ouUr in K. It follows easily that a link in a CM
complex is CM. Also, a link in a rank-selected subposet
is a rank-selected subposet of a link. Therefore, it suf-
fices to show that if P is a CM poset, and Q 1is ob-
tained by deleting one level from P, then Q is a bouquet.
To be specific, assume that P is a homotopy CM poset of
length n+2, aud Q 1is obtained by deleting level k.

(Zf P has length less than 2, the result is immediate.)
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Iet j : Q —> P be. the inclusion map. WNote that

there is an induced map j : |Q] ~—> ]A(n+1)(P)

Given a chain o of P, define the subposet C{(o)

as follows: let

V1]
li

min{x € ¢ : r(x) = k},

(a3
il

max{x € ¢ : r({x) < k}, and

Clo) = 0y, YV Q.-

Note that t € ¢ dimplies C{t} C C{o). °~

Now j-l(C(o)) is a cone if ¢ has no element of
rank k; otherwise it is a link of a singleton chain cof P,
hence it is a bouquet of dimension n+l by hypothesis.
Thus o —> lj-l(C(c))l is an n-connected carrier from
A(P} to |0|. By part (1) of the Homotopy Carrier Theorem
5.1, there is a map g : [A(n+l)(P)| —> |@| such that
g(lo|) c |3"L(cto))] for all o in AL (py,

Since j is isotone, we have

g o jlla]) = atlia]) € |37HCG (o)) ]

for all o in A{Q). Aalso,
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lo] € |57tC(3(a))) |, so the function o+—> |371(C(5(0))) |
is a contractible carrier from A(Q) to |Q| which
carries g o j and idQ. By part (2) of 5.1, g o j is
homotopic to idQ. It follows that (idQ)# = (goj)#

= gy ° j#, hence the map

J# : [SlrlQI] g [Si;IA(n+l) (P)l]

is an injection for all i. From Lemma 8.10 and the assump-

A(n+l)(P) is a bouguet. Thus

tion that P 1is a bouquet,
for all i < n, [Sl,|A(n+l)(P)|] has just one element, so

(s*, 0 1 has just one element. : O

Suppose P is a poset and I is an ideal of P. We
define a new poset P « I to be the subposet I x {5} U P x
{i} of P xﬂa. (Alternatively, one could define P = I as
a special case of the R-~join construction intfoduced in
Chapter 2.) In connection with their studies of Rees alge-
bras , Eisenbud and Huneke [E-H] have asked when P « I is

CM. We will give an answer to that guestion.

9.5 Lemma: If XK and L are two simplicial complexes,
K is a bouquet, K and L are homoctopy equivalent to
each other, and K and L have different dimensions,

then 1L is a bouquet if and only if K is acyclic.
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Proof: The homology case is immediate from the definition
of a homology bouguet. In the homotopy case, we use the
fact that a space with the homotopy type of a wedge of
spheres is contractible if and only if it is acyclic over

some ring R. m|

9.6 Theorem: Suppose P is a CM poset and I is an
ideal of P. Then P =« I is CM if and only if

(i) if I # @, then P is acyeclic, and
{ii) for all x in P\I, if I n P<x # g, then P<x is

acyclic.

Proof: For convenience, let A = (P\I) x {i}; B=1Ix {1},
and C =1 x {6}. et h : P« I —> P be the projection
onto the first coordinate. We will proceed by analyzing the

open intervals of P « I.

A

First we consider P « I as a whole., If I 1is
empty, then of course P « I is the same as P, which is

a bouquet. Otherwise, since P is ranked (by 8.2) it is
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easy to see that the dimension (length) of P « I 1is
greater by 1 than the dimension of P. Also, P = I |is
homotopy equivalent to P, via the closure map which sends
<x,0> to <x,i>. So by Lemma 9.5, P « I 1is a bouquet
if and only if P is acyclic. This yields constraint (i).

Next we consider open intervals of the form
(P « I)>x° If X € AUB, then (P = I), is isomorphic
to an open interval of P, which we know to be a bouquet.
So suppose x € C. Then When we apply the closure map which
sends each <y,a> to <y,i>, the set of closed elements
has a least element, the closure of x. 8o in that case,
(P « I)>x is contractible. Thus, the intervals (P « I},
are bouquets without any extra constraints.

Thirdly, we consider intervals of the form (P « I)<x.
If x€C, or if x€ A but I N P<h(x) = #, then
(P = I)<x is isomorphic to the bouquet P<h(x)' If x € B,
then when we apply the dual closure map which sends <y,i>
to <y,a>, there is a greatest closed element, so (P « I)<x
is contractible., Suppose xXx € A and I N P<h(x) #¥ g. We
can again apply Lemma 9.5, and conclude that (P « I)<x is
a bouquet if and only if P<h(x) is acyclic. This yields
constraint (ii).

Finally, we consider intervals of P « I of the form
(x,vy). If x and y are both in A U B or both in C,

then of course (x,y) is isomorphic to the interval
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(h{x),h({y})) of P, which is a bouguet. If x € C and
y € B, then the product theorem 4.3 (d) shows that the
realization of (x,y) is either empty or homeomorphic to

the suspension.of | (h(x),h(y))|. A suspension of a bouquet

is a bouguet, so (x,y) 1is a bougquet. If x € C and

y € A, we can apply a closure map which sends each <z,a>
to <z,i>, and the set of closed elements of (x,y) will
have a least element. Thus, in any case, intervals of the

form (x,y) 1lead to no constraints. 0O

We will now discuss a stronger version of the Cohen-
Macaulay property, invented by K. Baclawski [Ba 1]. If K
is a simplicial complex and o is a simplex of K, then
the open star of o, denoted St(o,K) or St(o), 1is thé
set of éimplices which contain o. (Note that St{(c) is
not a subcomplex, but X\St{c) 1is a subcomplex.) We say

that K is 2-Cohen-Macaulay connected over R (2-CM, feor

short) if K is CM over R and, for each vertex v of
K, K\St{v) 1is CM over R and has the same dimension as
K. If K = A{P), note that removing the open star of a
vertex of K is equivalent to removing an element from P.
We have observed earlier that "a link in a link is a
link", hence a link in a CM complex is CM. Similarly,
Baclawski observed that if o € K and v 1is a vertex of

ILk(s,R), then
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Lk (c,K)\St(v,Lk(s,K))

= Lk{o,K\St(v,K)).

Therefore 2-CM is also a "local" property:

9,7 Proposition: If K is 2-CM (respectively CM} of

dimension n, and if ¢ € K, then Lk{(c,K} 1is 2-CM

(resp. CM) of dimension n - dim ¢ - 1. O

Baclawski showed [Ba 1], among other things, that
the proper part of a finite semimodular lattice is 2-CM if
and only if the lattice is geometric. He also showed that
2-CM is invariant with respect to barycentric subdivision,
and suggested that 2—CM - is a topological property. We
will see that his conjecture is correct.

In the proof, we will deal with both posets and
simplicial complexes. It is importarnt to keep track of the
distinction, so that we will not accidentally do any bary-
centric subdivisions. We will use the operator P(°*) to
denote the poset of simplices of a simplicial complex.

Note that A(P(+)) is the barycentric subdivision operator

on simplicial complexes, and P(A(+)) = sd(-}.
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9.8 Theorem: Suppose K 1is CM over R and n = dim K.

Then K is 2-CM over R ¢ for all p in |K]|,

H 1 (IRN\p;R) = 0.

Proof: We will draw heavily on the Topological Invariance
Theorem 8.3. All homology groups have coefficients in R,

which is suppressed from the notation.

(=)
Case I: p 1is a vertex of K.

Since K is 2-CM, X\St(p,K) is CM of dimension
n, so ﬁn_l(IK\St pl} = 0. But |X\St p| is a deformation

retract of |K|\p, so H__,(|K|\p) = 0.

n-1
Case II: p 1is not a vertex of K,

Let o be the unigque simplex of K which has p in
its interior. Choose a vertex v in 0¢. Since o© 1is not a
vertex, o4 = o\{v} 1is another simplex.

By Proposition 9.7, Lk(v,K) 1is 2~CM of dimension
n~1l. By induction on dimension, ﬁn_z(lLk vl\go} = 0, where
30 is the barycenter of Oq- There is a deformation retrac-
tion of |[Lk v[\eo onto |P(Lk v)\{ao}l, so
H _,(P(Lk v)\{oy}) = 0.

let P =P(K), A= A(P}, and Q = P(St v} = P?V'

The poset P({Lk v)\{co} is isomorphic to O\{oI\{v}; Just
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add v to everything. Therefore ﬁn_z(Q\&c}\{v}) = 0.
Since Q\{og} has a least element, it follows from a long
exact sequence that Hn_l(Q\{c},Q\{o}\{v}) = 0. Then by
excision, H_y(P\{o},P\[o\{v}) = 0.

Note that P\Q = P{K\St v), and since K 1is 2-CM
of dimension n, K\St v is CM of dimension n. 1In
particular, we know that ﬁn_l(P\Q) = 0. Now we observe
that there is a dual closure map on P\{o}\{v}, dJdefined by
removing v from simplices, whose set of closed elements is
P\Q. Therefore ﬁn_l(P\{c}\{v}) = 0.

In the two paragraphs above, we showed that
B _y (P\{o},P\{o}\{v}) = 0 and that H__;(®\{o}\v}) = 0.
By a long exact sequence, it follows that ﬁn_l(P\{c}) = 0.
Finally, if we use p as the "barycenter" of ¢, we have
A(P\{c}) = A\St(p,A), which is a deformation retract of

|K|\p. Therefore ﬁn_1(|K|\p) = 0.

{+=) let v be a vertex of K. We will show that K\St v

is CM of dimension =n.

Step 1. We show that dim(K\St v) = n.

Assume not. That is, v belongs to every n-simplex
of K. Let o be an n-simplex, and choose a point p in
the interior of g¢. Since ¢ is maximal, St o = {gl.

Therefore there is a deformation retraction of |K|\p onto
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|R[\{o}. By hypothesis, Hn_l(|K|\p) = 0, so
Hn_l([K\{c}l) = 0.

The case n =0 is trivial, so assume n > 0. The
boundary of ¢ is an (n-1l)-cycle in the complex R\{o}.
However, it is not a boundary, since the face c\{v}‘ is not
a face of any n-simplex other than o¢. Therefore
ﬁn_l([K\{c}[) # 0, which is a contradiction.

Step 2: For all Jj < n, Hj(K\St v) = 0.

Since |[R\St v]| 1is a deformation retract of [K|\v,
it is is enough to show that Hj(lKI\v) =0 for 1 < n.

The case J = n-1 is by hypothesis. The other cases follow
from the assumption that K 1is CM and from the long exact

sequence of the pair (|XK|,]|K{\Vv).

Step 3: It remains to be shown that for all p in

|[K\St v| and all j < n,
Hj(|K\St v|,|K\St v]\p) = 0.
Case I: p &€ St(v,K).
By excision, Hj(IK\St v, |K\St vi\p) = Hj({K[,|K|\p),

which is zero since K 1is CM.

Case II: p € St v, so pe€ |Lk(v,K)].
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By Step 2 and a long exact sequence, it is equivalent
to show that ﬁj(|x\5t vI\p) = 0 for all j < n-2.

Let ¢ be the simplex of Lk(v) which contains p
in its interior. ILet A be the barycentric subdivision of
K, where we take p as the barycenter of o¢. Let m de-
note the barycenter of o U {v}. The l~-simplices wvm and
mp determine a full subcomplex A, which we can think of
as a straight line from v to p.

The complex
aA\I[St(v,a) v St(m,A) U St{p,A)]

is a deformation retract of |X[\|A|. On the other hand, the
deformation retraction of |K|\v onto |[R\St v| restricts
to a deformation retraction of [K|\JAal onto [R\St v|\p.

Thus it is enough to show that
ﬁj(A\(St(v,A)tJSt muU St p)) =0

for all 3j < n-2.

Note that St(v,A) Nn St m = St(vm). By the same
reasoning as in Step 2, ﬁj(A\St(v,AJ), ﬁj(A\St m), and
ﬁj(A\St(vm)) are all zero for all j < n-l. So by a Mayer-
Vietoris sequence [Sp, §4.6], ﬁj(A\(St(v,A) U sStim))) =0

for all j < n-2. Since 8t(v,A) NSt p =4,
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[AN(St(v,A) U St m)] U (A\St p)
= AN\(St m N St p) = A\St(mp).

As above, ﬁj(E\St(mp)) = 0 for all 4§ s n-1. So by

another Mayer-Vietoris sequence,
ﬁj(A\(St(v,A) UStmVY St p)) =0

for 3j € n-2, as desired.
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Chapter 10. Involutions and Chromatic Number

M. Kneser made the following conjecture, which was

proved about twenty-two years later by L. Lovidsz:

10.1 Thecrem [L]: If we split the n-subsets of a (2n+k)-
element set into k+l1 c¢lasses, then one of the classes will

contain tw¢. disjoint n-subsets.

This result can be rephrased in terms of chromatic
number, as follows: Construct a graph KGn x (calied a
r

Kneser graph) whose vertices are the n-subsets of a (2n+k)-

set, and whose edges connect disjoint n-subsets. Then 10.1
says that the chromatic number of KGn,k is at least k+2,
Here is the approach that Lovdsz used to prove 10.1.
Let G be a (possibiy infinite) simple graph. Two vertices
are neighbors if they are incident to a common edge. (No
vertex is its own neighbor.) Let 4(G) denote the set of
nonempty subsets of V(G} which have a common neighbor.
If G has finite neighborhoods, then (G) is a simplicial

complex; therefore (G) is called the neighborhood complex

of G. Theorem 2 of [L] says that

If |MG)] is (k-2)-connected, then G is not k-

colorable,



121

and Theorem 3 of [L] implies that

WIRG )] is

(k-1) -connected.

From these two facts, 10.1 is immediate.

The purpose of this

generalize Lovdsz's work.

chapter is to reformulate and

In particular, Lovédsz made two

suggestions for further study:

"... could Theorem

2 be strengthened by consider-

ing homology instead of homotopy, or as follows?

If the (k-2)-dimensional homotopy group of A4(G)

is trivial, then the chromatic number of G

differs from k."

We will see that the answer

to the first gquestion is yes,

and the answer to the second question is no.

As above, let G be a simple graph. Given a set

of vertices of G, let v(4) denote the set of common

neighbors of A, Then v

LV (G)

to , and v o v > id

closure map, and Vv o v o v

the closure map v o v. @£

is an antitone map from 2V(G)

. It follows that v ¢ v is a

= yv. Now define £(G) to be

v(G)

the subposet of closed elements of 2 with respect to

G)

A

is bounded, with 0 =@ and

1= V{(G). It is a general fact about closure maps that any
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meet of closed elements is closed:

= (¥ 1) MxiFéxi=xi

- "‘Wsﬂ{xi}'
In particular, an arbitrary subset of 2(G) has a meet in
Z(G). It follows that an arbitrary subset A of £(G) has
a join in £(G): take the meet of all upper bounds of A.
Therefore, £(G) 1is a complete lattice.  (Complete means
that arbitrary subsets, not just finite subsets, have meets

and joins.) We call 2£(G) the neighborhood lattice of G.

Since v e v o v =v, 2(G) is precisely the image of v.
Therefore v restricts to an antitone map from £(G) to
Z(G), such that v o v = id. -

It is easy to check that v ° v restricts to a clo-
sure map of #(G), and that the set of closed elements is
precisely the proper part of £(G). Therefore, |2(G)| 1is
homotopy equivalent to [ #(G)|. So any statement about the

homology or homotopy of |@(G)| applies equally well to

kA(G)

An ortholattice is a (bounded) lattice equipped with

a unary operation a —> a' satisfying the properties:
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(i) a<a' =a-= 0,
(ii) a <b =D>h' < a', and
(iii) a" = a,

for all a and b. (An equivalent set of axioms is given in
[Bi, §II-14].) We have already seen that the map v on

Z(G) satisfies properties (ii) and (iii). Since no vertex
is its own neighbor, v also satisfies (i). Therefore the
pair <@(G),v> 1is an example of a complete ortholattice.

A 6-cycle has the same neighborhood lattice as two
disjoint 3-cycles. However, the map v behaves differently
in those two examples. In other words, Qﬂcs) and
5?023 + C3) are not isomorphic as ortholattices. So the
guestion arises: Dées the ortholattice Z(G) uniquely
determine the graph G? Strictly speaking, the answer is
no--for example, £(G) ignores isolated vertices. However,
@(G) comes close to determining G, in a sense that we
now discuss.

Recall that the atoms of a lattice L are the mini-
mal elements of L. Given an ortholattice <L,'»>, con-
struct a graph %(L) whose vertices are the atoms of L,
and such that there is an edge from a to b if a <b'.

A lattice is atomic if each element is a join of atoms. If
I, is atomic, then the neighborhoods of (L) form an
antichain. Then any single vertex of ¥(L) 1is the set of

cocmmon neighbors of its neighborhood, so the atoms of



124

Z{%(L)) correspond precisely to the atoms of L.
Conversely, if the neighborhoods of G form an antichain,
then £(G) is atomic. In fact, it turns out that % and
% determine a bijective correspondence between graphs
whose neighborhoods form an antichain, and complete atomic
ortholattices.

Lest the reader suspect that a neighborhood lattice

is always ranked, we observe that the graph

has the neighbhorhood lattice

and the graph o/ A

has the neighborhood lattice
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Let us consider the Kneser graphs KGn X" We have
r

a (2n+k)-element set, call it S, and the vertices are
n-subsets. Given a set of vertices {Ai,Az,...,Am}, the
set of common neighbors is the set of n-subsets of
S\U{Ai}. Converéely, if B 1is a subset of § with at
most n+k elements, then the set of n-subsets of B is
the set of common neighbors of some nonempty set ;f n=sub-
sets. By this correspondence between B and its set of
n-subsets, we see that ‘Q%KGn,k) is isomorphic to the set
of subsets of S of cardinality at least n and at most
n+k. Thus @(KGn'k) and Z(XG, ,) are rank-selected sub-
posets of 2S, and the involution v is simply set

complementation. This leads to our version of Lovisz's

Thecorem 3:

10.2 Theorem: .éﬂKGn x) is homotopy CM of dimension k.
- r
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Proof: We can see that a finite Boolean algebra is
homotopy CM by using the product theorem 9.3, the
semimodularity theorem 8,11, or by just looking at the
intervals. So the result follows from the Rank Selection

Theorem 9.4. =]

Now we need to translate colorability into a proper-

ty of neighborhood lattices.

10.3 Lemma: G can bhe properly k-colored if and only if
2 (G) can be written as a union of ideals Jyrdgreeerdy

such that Ji N v(Ji) = f for each i.

Proof: (=) Suppose the vertices of G have been properly
colored with colors 1;2,....k. For.each i, let Js de-
note the set of all A in Z(G) such that v(A) contains
a vertex of color i. Clearly J; is an ideal and Z(G) =
Jl ) Jz
A = v(v(a)) and v(A) both contain a vertex of color i.

U eee U J,.. Suppose A€ Js and v(A) € Jge Then

But every vertex of A is a neighbor of every vertex of
v(A), so this contradicts the assmption that G is properly

colored. Therefore Ji N v(Ji) = f#.

(=) Suppose 2(G) = Jy Y e U g, where each J, is an

ideal such that Ji N v(Ji) = @. Color each vertex s of G
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with some color i such that vf{s}) € J;. (If s is an
isolated vertex, color it arbitrarily.) Now suppose two
vertices s, t are neighbors and have the same color. Then
there is some 1 such that v({s}) € J; and v({t}) € I
Since t is a neighbor of s, {t} € v({s}). Since v is
antitone, it follows that wv(v({s})) < v({t}). But

v({t}) € J; and J; 1is an ideal, so v{v({s})) € J;. We
have shown that v({s}) € J, and v(v{{s}h) € J;r which

contradicts the assumption that J, n v(Ji) = d. O

If X is a topological space, amap f : X — X

is called an involution if £ o f = idy. For example, the

realization of v is an involution of |2(G)].

Suppose X and Y are spaces with involutions £,
g respectively. A continuous map ¢ : X —> ¥ is said to

be equivariant if it respects the involutions, i.e.

g o ¢ =¢ o £. We will be particularly concerned with
equivariant maps into the sphere Sn, where the involution

a: s —» Sn

is always taken to be the antipodal map.
The following fact is known (see [C~F]) but we reproduce it

here for completeness.

10.4 Lemma: Suppose X 1is a normal space with an involu-
tion g. There exists an equivariant map ¢ : X —> s" « x

can be written as 2 union of closed sets Al'Az""'An+2'
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such that Ai N g(Ai) = g for each 1i.

Procf: (=) Assume ¢ : X —> s® is equivariant. We can
triangulate s as the boundary of an (n+l)-simplex; let
Bl’BZ""’Bn+2 be the closed maximal faces. Then

Bi N a(Bi) = g for each i, so the closed sets

Ai =c{d1Bi) have the desired property.

(=) Assume X = Al UAy U ese U A2t where each A; is
a closed set with the property that Ai N g(Ai) = . Since

A, and g(Ai) are disjoint closed sets in a normal space,

Urysohn's lemma says that there is a continuous map

: X -> I such that Bi(Ai) = {0} and Bi(g(Ai)) = {1}.

Define amap f : X —> ]Rn+l

Bs

by

£ix) = <Bl(x) rBz(x)r---an+l(x)>-

I claim that £(x) never equals f(g(x)). If
£(x) = £(g(x}), then by definition of the B;'s, x cannot

belong to any of Al,A2,...,A Therefore x must belong

n+l°

to A By the same argument, g(x) must belong to A io-

n+2°
This violates the assumption that An+2 A g(An+2) = g.
Having shown that £(x) # f(g(x)) for all x, we

can define amap ¢ : X —> sh by
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_ f(x) - £(g(x))
¢x) = FRT=EFGEIT

It is easy to check that ¢ 1is equivariant. [m]

10.5 Theorem: If G can be properly k-ccolored, then there

exists an equivariant map ¢ : [Z(G)| —> sk=2,

Procf: Assume G can be properly k-colored. By Lemma

10.3, @(G) can be written as a union of ideals Tyrdgranes
Tk
chain of Z{G) belongs to one of these ideals, so

such that J; N v(Ji) = @, for each i. Each finite

2G| = IJll v |J2| U oeee U ]Jkl'

If J; Nv(J;) = 4§, then [Ji] N Iv(Ji)| = . Since
vi|3;1) € |v(3) |, it follows that ;1 nvdagh = 8.
The sets |J,| are closed in [@(G)|, and any realization
of a simplicial complex is normal [Sp, 3.1.17]1, so the re-

sult follows by Lemma 10.4. a

Unfortunately, the converse of Theorem 10.5 is false.

To prove that, we need the following fact.

10.6 Proposition: If G contains no 4-cycles, then

dim |@{6)| < 1.
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Proof: We prove the contrapositive. Suppose P(G) has a
chain of length 2: v(A) > v(B) > v(C). Then v2(C) >
vz(B) > vz(A). Choose vertices of G: r € v(B)\v(C),

s €v(C), teviBN\vi(a), ue v{a). Since v(B) N

vz(B) = [, these vertices are all distinct. Now r and s

are neighbors of t and u, so G contains a 4-cycle. O

There is a theorem [C-F, 3.7] which implies that if
P is a poseg of length n with an involution without fixed
points, then there is an equivariant map |[P]| —> s®. So by
10.6, if G has no 4-cycles, then there is an equivariant
map |2(G)| —> st. 1If the converse of 10.5 were true, we
could conclude that any graph without 4-cycles can be pro-
perly 3-colored. But that is false, since there exist
finite graphs with arbitrarily high girth and chromatic num-
ber [Er].

The fact that if G has no 4-cycles then
dim |@2(G)| € 1 also allows us to answer Lovasz's second
question, in the negative. If dim |2(G)]| < 1, then the
higher homotopy groups of |Z(G)] are all trivial. That is
because each 1l=-dimensional simplicial complex (which is
essentially the same as a graph) has a universal covering
space which is a tree, hence contractible. Therefore, the

chromatic number of G is not always indicated by a non-

trivial homotopy group.
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Now we need another general fact about eguivariant

maps, which seems to %e new.

10}7 Theorem: Suppose X is a space with involution v,

and g & X —> s® is an equivariant map.

Then there exigsts j < n and B8 € ﬁj(x;Z/Z) such
that B8 # 0 and wv,(B) = 8.

Furthermore, if no such B exists for j < n, then
B can be chosen so that g,(8) is the nonzero element of

- n
Hn(b 1 2/2) .

Proof: The case n = 0 is straightforward, so we assume
n > 0. The proof will proceed by inductivelé constructing
singular chains. Bear in mind that signs can be ignored,
since we are using #Z/2 coefficients.

We will assume that there do not exist j < n and
B e ﬁj (X;%/2) such that B # 0 and v,(8) = B. So the
goal is to produce a nontrivial element £ of Hn(x:m/Z)
such that v, (B) = B8 and g,(B) is nontrivial.

It is convenient to define a "symmetrizer" chain
map § = id# + vy on X. We use the same notation for the
chain map id# + az on s®, where a is the antipodal
map. These operators can be easily verified to satisfy

66 = 0 and eg# = g#e.
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If j < n, we have assumed that if @ € ﬁj(x;R/Z)
and v,(B) = B, then B8 = 0. Consequently, if a j-cycle
xj satisfies exj = 0, then xj must be a boundary.

Step 1: We observe that there are singular j=-chains hj

in s%, o< j < n, such that

h0 is an elementary 0-chain, ahj = ehj_l

for 1 < j <n, and ehn generates

n
H, (s":2/2).
One should think of hj as a hemisphere of dimension j.

Step 2. We construct singular j=chains cj in X,

0<3j= n,‘-such that

Cy 1s an elementary 0-chain, and 3cj = ecj_l

for 1< 3j <n.

We have assumed that there is no nontrivial B8 € ﬁ_l(x;m/z)
such that v,(R) = B, so X is nonempty. Pick a point in
X, and let 4 be the corresponding elementary O-chain.
Now Bc0 is a O-cycle (with respect to reduced homology.)
Since gecy = 0, there is a l-chain < such that

acl = eco.
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Suppose that 3cj = ecj_l for some J such that

1 < j<n. We note that aecj = eacj = eecj_l =0, so
Bcj is a cycle. Since eecj = 0, there exists a (j+1)-
chain cj+l such that acj+1 = ecj. This completes the

induction,

Step 3. We inductively construct j-chains ej in Sn,
0 £ j <n, such that

hj - g#cj - fe is a cycle.

3
To begin, note that h0 - 94% is a 0-cycle,
since h0 and Cy Wwere chosen to be elementary 0-chains,
so we can take ey = 0.
Now suppose that ej is a j=-chain, j < n, such
that hj - 9yC5 - Gej is a cycle. Since ﬁj(sn;m/Z) = 0,

there is a (j+l1)-chain ej+1 such that

aej+l = hj - g#cj - eej.

When we apply 6, we obtain

By Step 1 and Step 2, this is the same as
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which implies that hj+1 - g#cj+l - Be is a cycle, as

j+1
desired.

Step 4: We complete the proof.

By Step 1 and Step 3, hn = ggC, - Ben is a cycle
which is homologous to either zero or ehn. In either case,
when we apply 6, we find that Bhn - g#Bcn is homologous
to zero. That is, Bhn and g#ecn belong to the same

homology class. Note that Becn = eacn = 86c = 0, so

n-1
8c, is a cycle. Therefore, if £ 1is the homology class of
ecn, then g, (B) 1is the nonzero element of Hn(Sn;Z/Z) .

Finally, since eecn = 0, v#ecn = fc,, sO ve (B) = B. g

Remark: Theorem 10.7 implies the well known fact that there
is no equivariant map s —> 5% for m > n, whicﬁ in turn
implies such familiar facts as the Borsuk-Ulam theorem, the
hairy ball theorem, and the ham sandwich theorem. With the

aid of the Universal Coefficient Theorem, one can also deduce

that any equivariant map from s® to 8" has odd degree.

Finally we have our homology version of Lovész's

Theorem 2:
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10.8 Theorem: If I%(@(G):ZZ/Z) =0 for j < k-2, then

G 1is not k-colorable.

Proof: By 10.5 and 10.7. a

Proof of 10.1l: By 10.2 and 10.8. a
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