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Abstract

Consider a solution # to Au + Vu = 0 on R2, where V is real-valued, measurable
and |V| < 1.If |u(x)| <exp(—Clx]| logl/2 |x]), |x] > 2, where C is a sufficiently large
absolute constant, then u = 0.

Mathematics Subject Classification Primary 35J15 - Secondary 30C62

1 The main result

Let u be a solution to
Au+Vu=0 (1)

in R”, where V is a measurable function with |V| <1 in the whole space. According
to [13, 14], in the late 1960s Landis conjectured that if

lu(x)| < exp(=Clx]),

where C > 0 is a sufficiently large constant, then u = 0. The weaker statement, which
was also conjectured by Landis according to [13], states that if |z (x)| tends to O faster
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466 A. Logunov et al.

than exponentially at oo, i.e.,
lu(x)| < exp(—|x|'*€), & > 0,

then u = 0.

There are two versions of Landis’ conjectures: real and complex. Meshkov [18]
constructed a counter-example to the complex version of Landis’ conjecture. He
showed that there is a complex-valued potential V with |V | < 1 and a non-zero solu-
tion u to (1) on R2 such that |u(x)| < exp(—c|x|4/ 3). Meshkov also showed (in any
dimension n) that if

—7ix|*3

sup |u(x)|e < oo forall t > 0,

Rn

then u = 0. The question whether the Landis conjecture is true for real-valued V is
open. The main result of this article confirms the weak version of the Landis conjec-
ture in dimension two.

Theorem 1.1 Suppose that Au + Vu =0 on R?, where u and V are real-valued and
V| < 1. If |u(x)| < exp(—Clx|log'/? |x|), |x| > 2, where C is a sufficiently large
absolute constant, then u = 0.

A similar striking difference between the decay estimates for real and complex
solutions has also been observed in [13], where a closely related equation Au + W -
Vu =0 with a bounded vector field W : R?> — R? was studied.

There is a simple example of a solution to (1) with bounded V that decays expo-
nentially. Define u = ¢~ in {|x| > 1} and extend it to a C*> smooth positive function
on the plane. Then |Au| < C|u| and by taking u(%-) in place of u one can make
|V| <1 in this example.

The assumption that u is real-valued is redundant because in the case of real-
valued V the real and imaginary parts of u also satisfy (1). But in the proof we will
use that u is real-valued. The proof of Theorem 1.1 combines the technique of qua-
siconformal mappings with two tricks. The tricks involve nodal sets (zero sets) of u
and holes that are made in nodal domains (connected components of the complement
of the zero set). We describe the idea in Sect. 2. Some two-dimensional tools are used
in the proof and the Landis conjecture in higher dimensions is still open.

Our second result is a local version of Landis’ conjecture.

Theorem 1.2 Let u be a real solution to Au+ Vu =0in B(0,2R) C R2, where V is

real-valued and |V | < 1. Suppose that |u(0)| = sup |u| = 1. Then for any xo with
B(0,2R)
|xol = R/2 > 2, we have

sup |u| >exp(—CR 10g3/2 R)
B(xo.1)

with some absolute constant C > 0.
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The Landis conjecture on exponential decay 467

The previous best known bound sup |u| > exp(—C R*/3log R), was obtained in
B(xp,1
any dimension by Bourgain and Keni(go[4)] in their proof of Anderson localization for
the Bernoulli model, see also [12].

Theorem 1.2 follows from the main local Theorem 2.2, where we don’t assume

that |u(0)] = sup |u| =1, and prove a version of the three balls inequality.
B(0,2R)

Landis’ conjecture was a subject to an extensive study. Under additional assump-
tions on V, some versions of Landis’ conjecture are known, see [3, 6, 7, 9, 12, 13,
15, 20] and references therein. A related problem in a cylinder was studied in [11].

Kévin Le Bal’ch and Diego A. Souza told us recently that they were able to extend
the results of this article to the case of variable lower-order coefficients (see [17]).

Notation By ¢, C, C’, ... > 0 we denote various constants. Typically small constants
are denoted by small letters and we use capital letters for large constants. If a constant
C depends on a domain (or some other parameter), we say it. Sometimes we state
theorems without reminding that the functions are assumed to be real-valued and u is
a solution to (1) on R2. A ball with center at x of radius r is denoted by B(x,r) and
the two-dimensional Lebesgue measure is denoted by m;.

2 Strategy of the proof and local versions
The proof consists of three acts. First, we will explain the main ideas of each of them.

Description of act | We will use the following well-known fact about nodal sets,
which is proved in the Appendix (Lemma A.14) for reader’s convenience. There is
an absolute constant r¢ > 0 such that if « is a solution to Au + Vu = 0 in a neighbor-
hood of a closed ball B(zg, ) with |V | <1, u(z9) =0 and 0 < r < rg, then the circle
C(zo,r) ={z: |z — zo| = r} is intersecting the zero set of u.

It is also true that the singular set

S={x:u(x)=0and Vu(x) =0}
consists of isolated points and the nodal set
Fo={x:u(x)=0}

is a union of smooth curves, see [5]. However the proof will not use it, but this struc-
tural result about nodal sets makes it easier to think about them.

Now, assume that u is a solution to (1) in B(0, R), R > 1. Take ¢ > 0 (a small
parameter to be chosen later) and add finitely many Ce — separated closed disks of
radius ¢ to Fy so that the distance from each disk to F is > Ce and

Fo U union of the disks U {z: |z| > R}

is a 3Ce — net on the plane (assume C > 2). Let us denote by F; the union of the
closed disks, see Fig. 1.
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468 A. Logunov et al.

Fig.1 Puncturing nodal
domains

It can be shown that
Q={z:|zl<R,z¢ FpU F1}

is an open (possibly disconnected) set with the Poincare constant < C’ &2, i.e., for

every u € WOI’Z(Q), we have
fu<c /ﬂmﬂ

It allows one to construct a function ¢ in B(0, R) such that

e Ap+Vep=0inQ,
o« p—1eW, (),
o o —1lloc = C"e>

The details are given in Sect. 3.
Description of act Il Consider f = %. Then f satisfies

div(p*V f) =

in €2. The set €2 is usually not connected and the functions ¢ and f may not be smooth
across Fp. However due to the fact that Fy is the zero set of u it appears (after some
work) that the equation div(¢2V f) =0 holds through Fj in the whole B(0, R) \ Fi.

Here the theory of quasiconformal mappings joins the game. After noticing that
fe Wllo’cz, we may use the Stoilow factorization theorem to make a K— quasiconfor-
mal change of variables g mapping 0 to 0 and B(0, R) onto B(0, R) such that

f=hog
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The Landis conjecture on exponential decay 469

where & is a harmonic function in B(0, R) \ g(F1). Moreover, K is very close to 1
when ||¢ — 1] is small:

H(p 1+C82.

1+<p

Mori’s theorem tells us how much the distances are distorted depending on K:

21— 22 1K
R

21— 22
R

1
16

K
s —sGl _

< R = (@)

‘We choose
1
J1og R

so that the distortion on scales from 7 10 R is bounded and, moreover, the images of
the disks in F have size comparable to €.

Then we get a harmonic function 4 in B(0, R) \ g(F1), where g(F1) is the union
of sets of diameter ~ ¢ and each set (the image of a single disk) is surrounded by an
annulus of width ~ Ce in which % does not change sign.

~

Description of act lll By rescaling we get the following question: Let /2 be harmonic
in a punctured domain B(0, R)\U; D; where R’ ~ £ ~ R,/Iog R and D; are 1000~
separated unit disks. Assume also that 2 does not change signin 5D; \ D;. What can
be said about the decay of |k|?

Theorem 2.1 Under the above assumptions, we have

sup |h| < exp(CR) sup |h| for R' > 2000
B(O,R/)\U.,SDJ' {ZZR//8<|Z‘<R/}\U./3DJ'

with some absolute constant C > 0.

Theorem 2.1 is an immediate consequence of a more general Theorem 5.3. The
outcome is that |u| cannot decay faster than exp(—C R+/log R). A different proof of
the estimate for harmonic functions in a punctured domain (with a slightly worse
bound) is given in the Appendix. The second proof works in higher dimensions and
uses the Carleman inequality with log linear weight.

Local versions Local versions of Theorem 1.1 (on the two dimensional plane) are
also true. Here is the main local Theorem 2.2.

Theorem 2.2 If u is a solution to Au+ Vu =0in B(0, R), R > 2,V is real-valued,
V| <1, and

su u
PB.R) ] <o
supp(o,r/2) lul
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470 A. Logunov et al.

then

1/2
sup |u| > (r/R)CRIETRIN) qup |y A3)
B(0,r) B(0,R)

for any r < R/4, where C is an absolute positive constant.

Theorem 2.2 implies Theorems 1.1 and 1.2. In order to deduce Theorem 1.1, we
may assume that |u| attains its global maximum at some point on the plane, otherwise
|u| does not tend to 0 near infinity. Let

[ (Zmax)| = max [u]| = 1.
R2

Then for any R > 6|z,,4x| and any x with |x| = R/3, we have

sup |u|l= sup Ju|l=1
B(x,R) B(x,R/2)

and if additionally R > 2, then by Theorem 2.2 applied to u(- + x), we have

_ 1/2
Sup |u| Ze CRIOg R
B(x,R/4)
and therefore
o 172
Sup |M| Ze CRlog R'
lz|>R/12
In order to deduce Theorem 1.2 note that
sup |u|= sup |u|=1
B(x,R/2) B(x,R)

for any x with |x| = R/2 because |u(0)| = maxp(,2r) |#|. Applying Theorem 2.2 to
u(-+x) we get

_ 1/2 _ 3/2
sup lul > R CRlog R:e CRlog R‘

B(x,1)

Corollary 2.3 Let A > 4. If u is a solution to Au + Vu =0 in B(0,1), V is real-
valued, |V | < A, and

supp(o,1) lul

———— <exp(N),
Supp(o,1/2) |
then
sup |u| = rCWALLAYN) qup |y forr <1/4, 4)
B(0,r) B, 1)

where C is an absolute positive constant.
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The Landis conjecture on exponential decay 471

For the proof, consider u(ﬁ -) in place of u. We obtain a solution to Au+ Vu =0
in B(0, v/A) with |V| <1 and

su u
Pg0,v/2) [u] < N
SUp (o, /A2 4l

and we can apply Theorem 2.2 to the new u and R = v/A.

Remark 2.4 Inequality (4) implies that the vanishing order of u at 0 is bounded by
C(s/Alog A + N). This question was previously studied in [3, 15, 20].

On any smooth two dimensional Riemannian manifold (M, g) every equation
Agu + Vu =0 can be simplified in local isothermal coordinates to Au + V'u =0
(with ordinary Euclidean Laplacian A). Corollary 2.3 gives information on the dis-
tribution of solutions to Schrodinger equations on compact manifolds of dimension
2.

Corollary 2.5 Let (M, g) be a smooth closed (compact and without boundary) Rie-
mannian manifold of dimension 2. Then for any function u satisfying Agu + Vu =0
on M with |V| < A, A > 2, we have

sup |u| > rCviloghg

up |ul
B, M

for any ball B, of radius r < 1/2. The constant C depends on the manifold.

This result follows from Corollary 2.3 by an iteration argument similar to that
in [8] on page 162, using isothermal coordinates. For the reader’s convenience, we
present the proof in Appendix A.6.

Remark 2.6 A slightly better bound was obtained in [8] by Donnelly and Fefferman
for Laplace eigenfunctions on closed Riemannian manifolds of any dimension. If
Agu+Au=0on (M, g), then

CVx

sup |u| > cr
B,

| =

sup |ul, r<
M

So the vanishing order at any point is at most C/A.
In Act I and Act II we will reduce (with a logarithmic loss) the main local Theo-

rem 2.2 to a general Theorem 5.3, which is a local statement about two dimensional
harmonic functions.

3 Actl
3.1 Poincare constant for porous domains

Lemma 3.1 Let F be a closed set in B(0, R), R > 1, such that

@ Springer



472 A. Logunov et al.

a) For every zg € F, r € (0, 1], the circle C(zo,r) = {z: |z — zo| = r} intersects
FUQAB(0, R).
b) FUAB(0, R) is C-dense in B(0O, R), C > 1.

Then the Poincare constant of Q@ = B(0, R) \ F is bounded by some constant C that
depends only on C.

Proof Let f € C;°(2). Extend f by zero outside 2. First, we will show that if z €

FU3B(, R), then
f 12 s/ VP
B(z,3C) B(z,3C)

Every circle C, = 0B(z,r), r € (0, 1), has a zero of f, whence

mCaXIfIS/IVfI
o8

and
2
1 1 1

[ase=[ | fusear< [icamairiar< [Cica| [ivsr] ars
B 1) * e 0 ' 0 ¢

1 1
5/ 2 /|Vf|2 drf(zn)2/ /|Vf|2 dr = (2n)° / VP

0 i o \J s

We therefore can find r € (1/2, 1) such that

f|f|zscl / 2 <C) / V£,
J

B(z,1) B(z,1)
Let I'y, ¥ € [0, 27r), be a segment starting at the point
Xy =27+ re'V

and ending at the point z + 3Ce'¥ . Note that

2 2
n;?bXIflzs(lf(xw)lJr/wIVfI) §2|f(xw)|2+2</w IVf|> <

§2|f(xw)|2+2lrwlﬁ IVfI2§2If(xw)I2+6C/F IV fI?
v v
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The Landis conjecture on exponential decay 473

Fig.2 Puncturing nodal
domains

and therefore

27
f2=60? [ max|fPdy <
0 v
B(z,3C)\B(z,1)

27
<C1(0) /|f|2+f (/ |Vf|2)dw < C3(0) IV£I2.
2 0 Iy B(z,3C)

Thus

/ IfIZSCs(C)/ IV £I%.
B(z,3C) B(z,3C)

We can choose a finite collection Z, of points z in F' U dB(0, R) such that the
balls B(z,3C) cover B(0, R) and each point is covered a bounded number of times.
Finally, we have

2 < / 2 c5(C / VF§?<
/ DY s, 1636 )sz s, VT

B(0,R) 7€Z4

<C4(C) / v .
B(O,R) U

We start proving Theorem 2.2. Recall that Au + Vu = 0 in the ball B(0, R) (we
may think that R is a large number) and Fy is the zero set of u. We will use the fact
that u € C'(B(0, R)), which is proved in the Appendix, see Fact A.5. Now, consider
the following setting (see Figure 2):

Take ¢ > 0 (a small parameter to be chosen later). Choose finitely many Ce —
separated closed disks of radius &, whose union will be denoted by F7, so that the
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474 A. Logunov et al.

distance from each disk to Fy and 0 B(0, R) is > Ce and
FoUF L UAB(0, R)

isa3Ce —netin B(0, R) (we assume C > 2).

For instance, one can get Fj by considering the maximal number of open non-
intersecting disks of radius (C + 1)e in B(0, R) \ Fp. The centers of the disks are
(2C + 2)¢ — separated. There is no point x in B(0, R) \ Fy thatis (2C + 2)¢ far from
the centers of the disks and from Fy U dB(0, R), otherwise we could add one more
disk of radius (C + 1)e with center at this point. So we may choose the disks of radius
& > 0 with the same centers, they will be Ce — separated and Fo U F1 U9dB(0, R) will
be a 2(C + 1)e — net.

Two points to avoid Now, let us remove from F) the disks that are Ce close to O or
to the point zmax € B(0, R/2) such that

[(Zmax)| = sup |ul.
B(0,R/2)

The set Fy U F; U9 B(0, R) will still be a 10Ce — net, but now all disks from F are
also Ce- separated from 0 and zmax. The detail about avoiding those two points will
be used only in the end of Act IL.

Recall that Fy has the property that for any zg € Fp, every circle C(zg,r) with
r < rp intersects Fy or d Bg. Taking u(¢e-) in place of u (so the assumptions of Lemma
3.1 hold for € < rp) and applying Lemma 3.1 we arrive to the following conclusion.

Outcome The domain

Q=B(,R)\ (FoU Fy)
has Poincare constant < C’e2 and B(0, R) \ F1 contains 0 and Zmax.
3.2 Solving Ap + Vo =0

The goal of this section is to construct an auxiliary solution to (1) in a domain with a
small Poincare constant, so that the solution has boundary values 1 and is uniformly
close to 1.

Lemma 3.2 Let Q be a bounded open set with the Poincare constant k*. Let V
L (). Assume that

KV oo < 1.
Then there exists ¢ = 1 + ¢ with
§ e Wy (), 8l < CKV I

such that ¢ is a weak solution to Ag + V¢ = 0 in Q, where C is an absolute positive
constant.

@ Springer



The Landis conjecture on exponential decay 475

Proof We will use the following fact, which is proved in the Appendix, Lemma A.6
and Lemma A.10.

Fact When the Poincare constant of Q2 is 1, v € L°°(R2), there is a solution ¢ to
Ag = v in Wy X (Q) with

[¢lloo < Cllvlloo

and

lellyi2 < Clivia.

Corollary (follows by rescaling) If Q2 has Poincare constant k2, then we can find a
solution ¢ to Ap = v with

lelloo < CR[v]los
and
||<p||W01,2 = Ci(®) vl
Now, let ¢1 solve Agp; = —V and for n > 2 let ¢, solve
Apn=—V@n-1.

Note that this sequence is well defined since on each step the right-hand side is in
L°°. We have

I@nlloo < CE2 IV lloollgn—tllocs 71 >2,

27" Ck2||V o and

and [|¢1lloc < Ck?||V [loo. We are assuming that Ck?[|V||oc < 1/2. Hence [lgn lloo <

lonlly2 = CL®) @n—1ll2 = C2)lIgn-1lloo = C3()27".
Thus the series
G=g1terto
converges both in L°° and in Wé ’2(52) with
18lloo < CRIIV lloo-

Alsoforany h € W01’2(Q),wehaver<anh = [Vgu_ihforn>2and [ Vo Vh =
J Vh.Thus Ag =—V (1 + @) and

A0+ +V(I+¢§ =0 inQ

as required. O
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476 A. Logunov et al.

Outcome Since the Poincare constant of 2 = B(0, R) \ (Fp U F1) is < 552, using
Lemma 3.2, we can find ¢ such that

e Ap+Vep=0in Q,
o« 9 —leW,(Q),
o g1l < Ce.

4 Actll
4.1 Reduction to a divergence type equation in a domain with holes

Recall that u is a solution to Au + Vu =0 in B(0, R) and Fy is the zero set of u.
Extend the function ¢ by 1 outside

Q=B0,R)\ (FoU F1).
Lemma 4.1 The function % € WIIO’CZ(B(O, R)) and it is a solution to
div(e?V(2)) =0
2
in B(0, R) \ F in the weak sense.
Remark The lemma takes care of all “continuations through nodal lines” of u.

Proof First, we would like to notice that the extended functions %, (NS Wllo’f (R?) and

1 Vo
V—= —119—2 and Vp=1qVep (@)
4 4

in R? in the sense of distributions:

1 Vo
/—vs=/—zs and fgovs=—/ws
R2 ¢ Q¢ R? Q

for any £ € C§° (R?). The formal check is performed in Fact A.12 in the Appendix.
Now, we would like to verify that % € Wzl Cz (B(0, R)) and

0

\% \%
2 % @

Fact 4.2 Let u,v € W 2(B(0, R)) N LiS (B(0, R)). Then uv € W,2(B(0, R)) and

loc loc

V(uv) =uVv +vVu.
Fact 4.2 is proved in the Appendix.
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The Landis conjecture on exponential decay 477

Recall that ¢ is extended by 1 outside €2, % € Wllo’f (R?) and u is C'-smooth in
B(0, R) by Fact A.5. By Fact 4.2 we know that % € Wllu’f(B(O, R)) and, as expected,
u @Vu uVe

L _uvey
¢ ¢? @2

in B(0, R) in the sense of distributions. To establish the divergence-type equation for
V% we want to show that for every test function & € C5°(B(0, R) \ F1), we have

2 u
©°V(=)Vh=0.
B(0,R)\Fy @

So we need to prove that
/ (¢Vu —uVelg)-Vh=0. 6)
B(0,R)\F,
Since u is a solution to Vu + Vu =0 in B(0, R), we have

/ Vu - (9Vh +hVg) = / Vouh 7
B(O.R)\F BO.R)\Fy

(we know the last equality under the assumption that ¢ is smooth, but it is also true for
Qe Wllo’c2 (R?) by taking the norm limit). Consider a function & € CSO(B(O, R)\ Fp)
that descends from 1 to 0 in the § — neighborhood of Fo U d B(0, R) with |[V&| < C/6.
Since Ap + Vo =0in
Q=B(0,R)\ (FoU Fy)

and uhé € C(l)(Q), we have

/ Vo - (hVué +uVhE +uhVE) =/ Vouhé. )
Q Q

Note that [, Vouhé tends to [, Vouh as § — 0 (the functions V, ¢, uh, & are
uniformly bounded and the convergence holds pointwise in 2 because £ — 1 in
B(0, R) \ Fp). Note that

hVu& — hVu pointwise in
and

uVh& — uVh pointwise in

because & — 1 in 2. Hence
/ Vgo-(hVu$+th$)—>/ Vo(hVu+uVh) asé—0 )
Q Q
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478 A. Logunov et al.

by the Lebesgue dominated convergence theorem with the majorant |Ve|(|h||Vu| +
|ul|Vh]).
In order to prove (6) we will show that

/ Vo - (uhVE) — 0.
Q

And here is the main place where we use that Fj is the zero set of u! Note that
uh € Cé (B(0, R)) and vanishes on Fy, so |uh| < C(u, h)e in the e— neighborhood
of the zero set of u. Thus |uhV§]| is bounded by some constant C (u, k) in B(0, R).
Also m;(suppVE) goes to 0. Hence

/ Vg - (huVE) < C(u, h)y/ma(suppVE) / IVo|? = 0.
@ Q
By (8), (9) we obtain

/ Vo - (hVu +uVh) =/ Vouh :/ Vouh
Q Q B(0,R)\Fi

(the second equality is due to the fact that u = 0 on Fp). Using Vg = Vgplg in the
sense of distributions, we have

/ Vo(hVu+uVh) = / Vo(hVu+uVh). (10)
Q B(0,R)\Fy
Thus
/ Vo - (hVu+uVh) = / Vouh
B(0,R)\Fi B(0,R)\F
and, subtracting (7), we finish the proof of (6). Il

4.2 Quasiconformal change of variables

We briefly describe some facts from the theory of quasiconformal mappings, which
are used in the study of the solutions to equations in divergence form on the plane,
and explain why the solutions behave like ordinary harmonic functions. We partially
follow the exposition from [19], where the quasiconformal mappings are applied to
quasi-symmetry of Laplace eigenfunctions.

Let B be a disk on the plane. Consider a real-valued function f € Wllo’cz(B) satis-
fying

div(¢’V f) =0 (11)

and assume that 0 < ¢ < ¢(x) < C < 400 in B. One can find a function f € le’cz(B)
such that

¢’ fr = fyand 9* fy = — f;
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The Landis conjecture on exponential decay 479

(see Sect. A.5) and f appears to be the real partof w = f +1i f . A direct computation
shows that w is a solution to the Beltrami equation:

E)w_ Jw
0z Moz

(12)

with the Beltrami coefficient

1_(p2.fx+l'fy
1+‘P2 fx_ify.

n= (13)
When V f =0, we put © =0.

We are going to apply the theory of quasiconformal mappings in a situation when
f= % and the domain

Qi :=B(0,R)\ Fy

is not simply connected. In this case w and f can be defined only locally, but not in
the whole €21. However the Beltrami coefficient p is well defined by (13) in €27 and

902 2
] < 1+¢2§C8.

Let us extend u by zero outside €2 to the whole complex plane. Now p has a compact
support.

The existence Theorem 5.3.2 [2] claims that there is a K -quasiconformal homeo-
morphism ¢ of the complex plane such that

1,2

b w € Wloc’

w _

7z~ Hago

o K < 1+§UP|IL|.
— l—sup|u]

In our case
K <1+ C'¢.
Claim The function f oy~ is harmonic in ¥ ().
Indeed, for any ball B C 21, we can define w € W,L’CZ(B) such that f = 9w and

w, ¥ solve the same Beltrami equation. Stoilow factorization theorem ([2], p.179,
Theorem 5.5.1) claims that there is a holomorphic function W such that

w =W (¥ (2)

and therefore the harmonic function X W satisfies

f(@) =RW (Y (2).

Clearly, the local observation shows that f o w_l is a harmonic function in ¥ (£21).
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Note that 1 (B(0, R)) is a simply connected domain (and not the whole plane).
Using the Riemann uniformisation theorem we can find a conformal map that sends
¥ (B(0, R)) back to B(0, R) and 1 (0) to 0. The composition of this conformal map
and the K-quasiconformal homeomorphism ¢ will be a K -quasiconformal homeo-
morphism g of B(0, R) onto itself with g(0) = 0. Then the function 7 = f o g~ ! is
harmonic in g(£21).

Distortion of quasiconformal mappings Mori’s theorem ([1], Chapter III, Section C)
tells us that distances are changed by g in a controlled way:

1 K _ UK

1 lzi—2 S|g(21) g(Zz)|§16 71— 22 (14)
16 R R R

We choose
c
E =
J1og R
so that

K e[l,1+Cc*/logR), RX <Rx=<RVK

and the distortion on scales from % to R is bounded. Namely, we may choose ¢ so
small that if & <|zj — 22| < 2R, then

1
3—2|11 — 221 < |g(z1) — g(z2)| < 32|z1 — 22|

Note that in the statement of Theorem 2.2 one can safely assume that R is suffi-
ciently large (R > 1) by rescaling, which makes ||V ||o, only smaller. It is needed to
make € > 1/R. Then we get a harmonic function / in B(0, R) \ g(F1), where g(F)
is the union of sets of diameter ~ ¢. The image of a single disk of radius ¢ will be
contained in a disk of radius 32¢. Let us denote these disks of radius 32¢ by D;. The
images of disks from F) are %8 — separated from each other and from the zero set
of h. Hence D; are (%8 — 128¢) = C132¢ — separated from each other and from the
zero set of i, and h does not change signin C1D; \ D;. We have

C1=£—4> 100
322

if C =10°.
We specifically asked that 0 and zmax (the point where supg /) |1 is attained)
are Ce — separated from the disks. Recall that g(0) = 0, so the disks C1D; do not con-
tain O and g(zmax). The distortion estimate implies that g(zmax) € B(0, R — R/64).

Since we had
SUPpB(,R) |ul <N

)

suppo,r/2) Ul
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we conclude that

SUPB(0,R)\U3D, 1 <oV

SUP (o, R—R/64)\U3D; M

If we make the rescaling by a factor of 32¢, then the disks D; become 100-
separated unit disks and R becomes

R'=R-32¢ ~ R\/logR.

The goal of Theorem 2.2 is to estimate suppq ,) [u| from below. If r < 1/R, the
image of B(0, r) may have radius significantly smaller than r. However g(B(0, r))
contains a disk with center at O of radius

6(%) =i (7)
16 \R/ ~ 16 \R/
Let g = ﬁg. Then g(B(0, r)) contains a ball B(0, r’), where

7= 56 (7))
So

R’ R?
— <16—-.
7/ I‘2

In order to prove estimate (3), it is enough to show that

sup A= e /RHCEFN qup |n).
B(O,r’)\u3Dj B(O,R’)\USDj

It will be proved in Theorem 5.3.

5 Actlll

Before we formulate and prove the promised local Theorem 5.3 we will explain the
main idea in the global case.

Theorem 5.1 (Toy problem) Let {D;} be a collection of 100-separated disks with unit
radius on the complex plane C. Suppose that u is a harmonic function in C\ U;D;
which preserves sign in each annulus 5D\ D;. If [u(z)| < e Ll forallz € C\U;D;
and L is sufficiently large, then u = 0.

Proof We start with a simple observation.

Claim5.2 Letm; = gin lu|. Then for some absolute constant A > 0, we have
D;j
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(1) max |u| < Am;,
33D,

(2) max |Vu| < Am;.
33D,

Proof By the Harnack inequality there exists a constant A > 0 such that

sup |u| <A inf |u| <Amj,
4D;\2D; 4Dj\2D;

which proves the first part of the claim. The second part follows from the Cauchy
inequality. d

Let k € (0, L) and consider the numbers m jekmz-i, where z; is the rightmost point
of 3Dj .

, N
/ AN
“ | D; | f Zj
u‘ \x // s:
//,
e B ~ 3D]
Since
—L Zi
mj < lu(zp)| < et
there is jop such that
C kzj, _ KNz
mj e =maxm; e /.

J

Now, consider the analytic in C\ U(3D;) function f = (u, — iuy)ekz. If lu(z)| <
e Ll in C\ U(D;), then

|Vu(z)] < C sup |u| < Ce 7D for z e C\UERD;)
B(z,1)

and f(z) > 0as z = 00,z € C\U(2D;). So, by the maximum principle, there exists
Jj1 such that

KOz KNz
max = max <Am; e < Am e o,
C\UGD;) /1 43D, |f1= Amj, -

whence |Vu| < Am j,e @ =%i0) in C\ U(3D;). We may assume that m , # 0, oth-
erwise u is constant and therefore zero.

Now, consider the ray {zj, +y : y € (0, +00)}. There are two possibilities:
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(i) The ray goes to oo without hitting any other disks (3D ;). Then for any y > 0,

o0

o0
_ A
lu(zj, +y) —ulzj)l < /0 [Vu(zj, +0)ldt < /0 Am j e i = EmJ'O'

Since |u(zj,)| > m j,, wee see that |u| stays bounded from below by (1 — %)mjo
on the ray. If k > A, this contradicts the decay assumption.
(ii) The ray hits another disk 3D;

5

% 3D;

at some point z’j =z, + y. Then we still have |u(z/j)| >(1-— %)mjo and, due to
the fact that the disks are separated,

R, —zj) =12 —zjl = 1.

Hence

’
. o @)l
mjekmzj - mjekfhzj - J ek(?)\zj0+1) -~

= =7 =

1 Nz
> Z(l——)e mj,e” o >mjje

Nz j,

as soon as k > 2A, which contradicts the choice of jj.

This proves the theorem with any L > 2A. g
Now we formulate and prove the harmonic counterpart of the main local theorem.

Theorem 5.3 Let D; be a collection of 100 — separated unit disks on R? = C such
that 0 ¢ U3D);. Let R > 10%, 0 < r < R/4. Consider any harmonic function u in
B, R) \ UD such that u does not change sign in (5D \ Dj) N B(0, R) for every
Jj. Assume that

N

sup |u| > e~ sup lul.
B(0,R—R/64)\U3D; B(0,R)\U3D;
Then
r \ C(R+N)
sup Jul = () sup ul, (1)
B(0,r\U3D; R B(0,R)\U3D;

with some absolute constant C > 0.
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Proof WLOG, sup lu| = 1. Fix k = [C(N + R)] with sufficiently large
B(0,R—R/64)\U3D;
C > 0 and assume that

7\ 3k
sup lu| < (—) .
B(0,r)\U3D; R

Consider the domain
Q:={r/2 <]z < R—1}\U@BD)).

Let W) be the connected component of 9€2 that intersects d B(0, »/2). Note that each
point of W is either on 9 B(0, r/2) or lies on some 93D that intersects d B(0, r/2).

Estimate on Wy Recall thatif 5D; C B(0, R), we have

(1) max |u| < A min |u|,
33Dj da3D;

(2) max|Vu| < A min |u].
33Dj da3D;

Hence on Wy \ 9B(0,r/2), we have

7\ 3k
ul,|Vul <A sup |u|§A(—) .
B(0,r\UBD)) R

If x € 9B(0,r/2) \ U3 D)), then either x € 4D; for some j or B(x,min(1,r/2)) C
B(0,r)\ U(3D;). In the first case u does not change sign in B(x, 1) and

3k
Vi) < Alu(x)| <A sup |l sA(i)
B(0,)\UGD)) R

In the second case, we have

A A 7\ 3k
Vi) < —————  sup |u|§,7(—> .
mln(l s r/2) B(O,r)\U(3Dj) mln(l s V/Z) R

Thus in all cases, if C in the definition of k is large enough, we have

A 7\ 3k 7\ 2k
max|u|,max|Vu|§,—<—) 5(—)
W) W) min(1l,7/2) \R R

R k
<—) >4k~ A
,

k
<5) 24]"*15 > 2_A

because

and

r r
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Let W; be the connected component of 92 that intersects d B(0, R — 1). Note
that each point of W5 is either on d B(0, R — 1) or lies on some d3D; that intersects
0B(O,R—1).

Estimate on W, Any point x € B(0, R — 1) \ U3 D)) is either in 4D; for some j
orx € B(O, R— 1)\ U(4D;). In the first case u does not change sign in B(x, 1) and
therefore

IVu(x)| < Alu(x)| < Ae.
In the second case B(x, 1) C B(0, R) \U(3D;) and |[Vu(x)| < Ae" . Thus

max |u|, max |Vu| < Ae.
123 W

Note also that
W, Cc B(O,R—1)\B(O,R—17).

Now, consider the analytic in 2 function

Uy —iu [Vu(2)|
f@Q=——= 1f@l=—7F
4 |z
Since
sup lul=1> sup lul,
B(0,R—R/64)\U(D;) B(0,r/2)\U3D;

’

| =

72k
max |u| < (—) <
Wi R
and since any point in
Qi ={r/2<|zl <R—-R/64}\UB3D;j)

can be connected with W; by a curve of length at most 4R within 21, we must have

1
sup |[Vu| > sup |Vu| > —
Q Q 8R

and

1
sup|f|= (R — R/64) ¥ sup|Vu| > — (R — R/64)7%.
Ql Q1 8R

However

2\* % ONK ok
max|f|§max|Vu|<—> S(L) (_) :(_”) R <
Wi 114} r R r R

@ Springer



486 A. Logunov et al.

kpk Lok
<27"R" < —R " <sup|f| <sup|f]
8R Q Q

and

N<R—R/64 k

< AeV R—R/64)7F <
rr‘}%x|f|_ e R_7 )( /647" <

(R—T7F

< AeV o (R R/64)" <—(R R/64)" <sup|f|

if R—7> I%R and C in the definition of k is large enough. By the maximum
principle for holomorphic functions supg, | f| is achieved on 93D for some 3D; C
B(0,R — 1)\ B(0,r/2).

For every disk D; with 3D; C B(0, R — 1) \ B(0,r/2), consider the point z; on
03D closest to the origin. All 3D; that are not in the annulus B(0, R — 1)\ B(0,r/2)
will not be considered further. Put m ; = miny3 D; |u|. Let jo be the index such that

If supg, | f] is achieved on 93D, , then for x € 2,

Vu(x 1 i m;
| (k)l < max [Vi| < nk < ]ok.
|x| |z, ¥ 93D;, IZjll 12|

So we conclude that

k
|Vu(x)| < (|'x| ) Amj,.

Zjol

Recalling that 8—R <supg |Vul|, we get

SO

ez my = o (1)
Mot ="M = gar \2r) -

Now, let (szj, zj,) be the longest subinterval of the radius [0, z,] starting at zj,
that is contained in Q2. We have

1 1
lu(szjp)| = lulzj)| — |Zj()|/ IVu(tzj)lde > |u(zj)| — |Zjo|/ Am jt*dt >
s 0

AR mj,
===
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if the constant C in the definition of k is large enough. Note that
k
R
(-) > 4% > 16AR - 2F.
,
Hence
. k 2k
Mo, 1 (L)'= (%)
2 T 16AR \2R R
and the point sz j, cannot belong to W1, whence it belongs to some d3D; with3D; C
B0, R — 1)\ B(0,r/2). Then

m; u(sz; 1 m;
Jk > |u( Zjo)k| > . Jok_
|21 ™ Alszjol* — 2As" |z

It remains to notice that, since the distance from 3D; to 3D, is at least 96, we have
sk <(1-96/R)k < €
- 2A

if the constant C in the definition of & is large enough. But then ‘;"—Jlk > m—“’,{, which
J

j
1o
contradicts the choice of jj. |

Appendix

A.1 The toy problem for harmonic functions in higher dimensions: a proof with
extra logarithm

Here we present another proof of a slightly worse bound for the toy problem for
harmonic functions in a punctured domain. However this proof works in higher di-
mensions. We will denote by B the ball in R” with center at 0 and of radius R.

Toy problem with extra logarithm Let D; be a collection of unit, 100 — separated
balls on the plane and let R > 100. Then for any harmonic function & in Bg \ UD;
such that 4 does not change sign in each Bgk N5D; \ D;, we have

h* > exp(—CRlog R) / h?,
BR\(Br/2U(U3D))) Br/2\U3D;

where C is an absolute positive constant.
This inequality implies that Theorem 5.1 holds in higher dimensions if we assume
that |u(z)| < e LIz1o2 1l for sufficiently large L.

Proof The proof is based on the Carleman inequality with log linear weight. Most of
Carleman inequalities require strict log convexity-type properties of the weight. The
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next inequality is an exception:

2k ck? 2k
/ |Au|~e™1 > —2/ u-e (16)
Br R Br

for any u € Cg(BR). The inequality is not difficult to prove. Let v = ue**1/2, then

2

k
2 Au = Av — kv, + i

and

k> k>
/ |Au|?ek :/ |[Av+ —v|? —i—/ [kvy, 1> — / 2(Av + —v)kvy,.
Bg Bg 4 Br Bg 4

Note that
0
/ 20y, :/ — 2 =0.
Br Br 0X1

Integrating by parts, we see that
—/ Avxlv=/ Avvy, =/ VAvy,
Bg Bg Bg
/ Avvy, =0.
Bgr

k2
f | Au | =/ |Av+—v|2—|—/ |kvxl|22/ lkvy, > >
Br Br 4 Br Bg

(by Poincare’s inequality)

and therefore

Hence

2 1.2 2
-k k
2 uZekxl )

>
=4 R, TRy,
So we proved (16) and would like to apply it for the harmonic function 4. However
h is not in Cg(B ) and inequality (16) should be applied to
u=hn,

where 7 is a positive, C2-smooth cut-off function:

e n=0ineach2D; andin {x : [x| > R — 11},

©n=linbBine, - .

o the function 7, as well as its first and second derivatives are bounded by a numerical
constant.

@ Springer



The Landis conjecture on exponential decay 489

We will choose the parameter & later. For now we have
2 kxi . . ok 2 kx
|Ah|“e™! + “cut-off integrals” > -5 h=e™1 =: RHS.
B3 ,\U3D; R
7

B3 ,\3D;

It is good that Ah = 0, so only the cut-off integrals are left on the left-hand side.
There are two kinds of cut-off integrals:

1= Z / “cut-off terms”
5D;CB3g V3Pi\2D;

4

and

= / “cut-off terms”
BR—II\B(¥710)

where
|“cut-off terms”| < (h* + |Vh|?)ek™

(recall that Ak = 0). Note that

/ ekxl Sefk/Z/ ekxl
3D;\2D; 4D;\3D;

because 4D; \ 3D; contains an open disk of radius %, where the function €1 is
pointwise bigger than e/2 . SUP3p\2p; 1. Now, assuming 5D; C Bg we will use
the sign condition in 5D; \ D;. By the Harnack inequality and the Cauchy estimate
we know that there is a constant a; > 0 such that

|h| < a; and |[Vh| Sajin4D;\2D;.

So
/ “cut-off terms” 5‘1]2"/ < a?e‘k/zf k<
3D;\2D; 3D;\2D; 4D;\3D;
< e*k/Z/ hzekxl .

4D;\3D;

Hence
< e—k/zf h2ekx
B3 \U3D;
L

Note that

k2
RHS = C_Z/ h2ek¥ s o1
R BQR\LBD/'
1
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if
K2/R? > e k2.

‘We make the choice

k=ClogR
and it yields
sup ekxl < eCRlog R'
Bg
Since
1
I+II>RHS and 1< ERHS’
we have
1
/ “cut-off terms” =11 > ERHS = kz/RZ/ h2ek >
BR—II\B(¥7IO) B%R\USD/-
>exp(—CRIlogR) h2.
BlR\U3D./
2

2 _ 2
If 5D; C Bg, then fSDJ-\ZD_/ h* =< f4D./\3D.,~ h?, whence
/ h? > ¢ / h? >
Br\(Br/2\UU3D))) Br-10\(Br/2U(U2D}))
(by Cauchy estimate)
> o) f (h + VA P)
Br-11\(Br;2J(U3D)))

and therefore

sup <1 / h* > ¢ / (h* + |Vh|?)e™ > e31l.
B
f BR\(BrpUWID)) Br_11\(Br2 U(U3D)))
Thus

h* > exp(—C'R1og R) f h?.

Br\(Br/2 U(U3Dj)) Br;2\U3D; ]
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Deduction of Theorem 2.1 from Theorem 5.3 We may assume that

sup  |h|= sup 7],
B(0,R")\U3D;, B(0O,R'/8)\U3D;

otherwise the statement is trivial. Consider any point x on dB(0, R'/4) \ U3D;.
Note that B(0, R’/8) C B(x,3R’/8) and B(x,3R’/4) C B(0, R"). Hence

sup |h| = sup |h].
B(x,3R'/8)\U3D; B(x,3R' /H\U3D;

Applying Theorem 5.3 for the disk with center at x (in place of 0) of radius R =
3R’/4 and N = 0, we obtain the bound

sup |h| > sup |h| > e CR sup |h].

{R'/8<|z|<R'N\U3D; B(x,R'/8)\U3D; B(0,R"\U3D;
A.2 Sketches of general elliptic theory

Fact A.1 Denote by E(z) = % log |z| the fundamental solution of the Laplace oper-
ator on the plane in the sense that for every C* compactly supported function h, we
have

h=ExAh.

FactA.2 Let Q be a bounded open set and g € L' (). Put f = E % g. Then

(1) feLP(Q) forall p=>1.
(2) Af = g inthe sense that for every h € C3°(2), we have

/QfAhzfggh.

Agreement Writing E % g we assume that g is extended to R? \ Q by zero.

Proof (1) Let D =diam Q. Let Ep = 1, p)E. Then in Q we have f =g % Ep.
Since Ep € LP(R?) for all p > 1 and g € L', the result follows from Young’s
convolution inequality.

(2) We have

/fAh=f(E*g)Ah= f E(z — £)g(§)Ah(z)dmy(z2)dma(8) =

QxQ

= / g(¢) / E@z— ) Ah(@)dmy(2) | dmy(c) = / gh.

Q Q Q 0
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FactA3 Let V € L®(Q), u € L}OC(Q) and Au + Vu =0 in Q in the sense that for

every h € C3°(2) we have
/uAh+/Vuh:O.

Q Q

Thenu e L?

loc

(R2) for every p > 1.

Proof Passing to a smaller bounded domain €', we may assume that u € L 1 (), Qis
bounded. Consider f = E * (Vu). By Fact A.2, f € LP(2) for all p > 1. Note that
u— feL'(Q) and A(u — f) =0 in the sense of distributions. Hence, by Weyl’s
lemma, u — f is harmonic in ©, so u — f € ZOC(Q) and therefore u € Ll()c(Q)
too. (I

FactA.4 Let g € LP(2) with p > 2 and let 2 be bounded. Then g * E € cl(Q).

Proof

1 1 t
E(+1) = E@) = 3 (log|z +1| ~log |z]) = 7 log 1+;' =

Define

Taking the convolution and applying Holder’s inequality, we have

1
(g*E)z+1) —(g*E)(2) = [g * Z‘“E} @+ 0 (IglpllW /D) =

=ER< [g* —] (z)) +0(IW(/Dllg), wherel/p+1/q=1.

Since g * 5~ € C(£2), the first term (as a function of € C = RR?) is a linear operator

from R? to R, which depends continuously on z. Itis enough to show that || W{|, < co
because

IWE/Ollg = IWllglt174 = |W] 0(t) ast—0

q
Joe

(1 <q <2if p>2). Indeed,

1 1
qu/ —+/ ( ‘10 140
/' N PR W Y d c‘
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Fact A5 Let V € L®°(Q). If Au+ Vu =0 in Q in the sense of distributions and
uell (Q),thenueCY(Q).

loc

Proof By Fact A3, u € LZC(Q) with p > 2. Again passing to a subdomain, if nec-
essary, we may assume that 2 is bounded and u € L?(2). Consider f = E * (Vu).
Since Vu € LP(S2), f € C'(2). However u — f is harmonic. Hence u € C1(€). O

LemmaA.6 Let 2 be a bounded domain with Poincare constant smaller than 1. Then
for any v € L*®°(L2), we can find a solution u € W(}’2(Q) to Au = v in the sense of
distributions such that

il 2 gy = 4101

Remark A.7 Note that if u € W,>>(2) and i € C{°(R), then

/Vth:—/uAh.
Q Q

Soue WIIO’L,Z(Q) is a solution to Au = v in the sense of distributions if and only if

/Vth:—/vh
Q Q

for any h € C3°(2).

Proof Consider the functional

@(u)=f|Vu|2+/vu

foru € Wé ’2(52). Integrals in the next few lines will be over the domain 2. Notice
that by Poincare’s inequality

! 2 1 2
Q) z 5 [ IVul"+ 7 [ lul” = llvllallull2 =

—|u — |V u 1,2 —=||V|l2.

Thus ®(u) is bounded from below. Note that ® (1) > 0 = ®(0) as soon as
lully 1.2 > 2[[vll2. Let now uy € C°(£2) be any minimizing sequence for ®. Note
0

that

DU+ oW u' +u” 1 1
- =—/|V(u/—u”)|22—||u/—u”||2
2 2 4 8 Wy

Hence uy is a Cauchy sequence in W01’2(Q), so the limit ¥ = limuy, exists and
minimizes . Now, take any test function 4 € Cgo(Q) and consider

<I>(u+th)=<b(u)+t<2/Vth+/vh>+t2/|Vh|2.

@ Springer



494 A. Logunov et al.

Since u is a minimizer, we must have

2/Vth+/vh=0,

i.e., Au =v/2 in the sense of distributions. Taking 2u in place of u we get a solution
to Au = v with

leelly1.2 =< 4lvll2. O
The next step is to show that

lulloo = Cllvllco

with some absolute constant C > 0. WLOG, we will assume |v| < 1.
A.3 Uniform bound via Di Giorgi method

Let €2 be any bounded open set in R? with Poincare constant k% < k(%, ie.,
/u2 < k2/ |Vu|? for all u € C°(R).
Claim | Let kg be sufficiently small and consider any smooth &-minimizer of

d>(u>=/ |W|2+/W (Iolleo < 1), iee.,
Q Q

u € C3°(R2) and for any i € C3°(R2), ®(it) > ®(u) — &. Then u satisfies

/ u? < CK*(k* + &)
BNQ
for every unit ball B C R?.

Proof Let ¢(x) be a smooth positive radial function such that

@(x)=11n B(0, 1),
p(x) €(0,1],

p(x) = e,

Vol <.

Let ¢ = ¢?, so |Vy| < 2|y|. Applying the Poincare inequality to pu, we get

/¢2u25k2/|wu+uw|2szk2 (/¢2|Vu|2+/u2|w|2) <
<2k? / 0| Vul? + 2k? / u’@?, whence
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2k ,
/¢2u2§ o ffpzlwlz, ie.,

2k? 1
2 2 2 2 .
/u U< 1_2162/|Vu| YU <4k /|Vu| ¥oif kOSE' (17

Now, consider the competitor # = (1 — )u. We have

(i) = / (= ¥)Vu—uVy P + f ol — Y <

< /(1 — w)2|Vu|2+2/ |Vullul|[ V| +/u2|w|2+fv<1 —Y)u

5/(Vu)2+/vu—/|Vu|21/f+4/|Vu||u|1ﬂ+4/uZW—/UWu

(we used the inequalities (1 — )2 <1 — 1, [Vyr| <2, Y2 < ¥).
Since ® (1) > ®(u) — &, we must have

/|Vu|2¢f54(f|Vu||M|w+/M2W>+8+/|U1//u|.

f W2y <4 f VulPy by (17),

However

and

fIVMIIMIllf5\//uzllf\//IVulzllf<2k/|Vu|21/f-

So for sufficiently small ko,

4</|Vu||u|w+/u2¢> s%/wzw.

/|W|2¢528+2/|vmp|

ol oo ) eeove o)

If the first term dominates, then [ |Vu|*y < Ce. Otherwise [ |Vul*y < Ck%.
By (17) it follows that

Hence

/uzt/f§Ck2(k2+a>. -
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Note that we did not care in Claim I where the Poincare constant came from and
what was special about the geometry of 2 that made it small. The next lemma gives
a simple bound for the Poincare constant of “thin” domains.

Lemma A.8 Assume Q is open and m>(2N Q) < ¢ < 1 for all unit squares Q C R2.
Then the Poincare constant of 2 is at most 2 + %

Proof Let f € C;°(2). Extend f by zero outside 2. It is sufficient to show that if Q

is a unit square, then
2 2 2
IflIe <24+ — V£l
0 l—c/Jg

By tiling the plane with unit squares, it implies

/Q|f|25<2+1—ic)/9|w|2.

Let O =10, 112,
Li=(x,y):ye[0,1)) and I’=((x,y):x€[0,1]).

Let X¢ be the set of x € [0, 1] such that /, contains a zero of f. Then for every
x € Xo, we have

max | f| 5/ v/l
I Iy

and

/Ixf2§m]3xf25 </lx|vf|>2S/IX|Vf|2‘
/Xoxm] fZS/QIVﬂZ.

The set X has Lebesgue measure at least 1 — ¢, whence there is xg € X¢ such that

1
Pz [t
Ly —C¢Jo

Claim Let I be a unit interval and let 7 be any point in 1. Then

Hence

/f2 §2If(z)I2+2/ IV £I2.
1 1
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Fig.3 y=0(x)
y=x—40

VY S :

Indeed,

2 2
/If%m;lezs (If(z)|+/I|Vf|> < <If(z)l+‘//llvf|2> <

§2|f(z)|2+2/|Vf|2-
1

For every y € [0, 1], it yields

/” ? 52|f(xo,y>|2+2/” VS

Thus
fo2=/Ol(/ny2dx>dys2 1x0f2+2/Q|Vf|2§<£+2>/Q|Vf|2.m

Corollary A9 If
m(QN Q) <k* < 1
for any unit square Q, then the Poincare consant of 2 is smaller than Ck*.

Proof For every square Qo of size 2k, we have

1
ma(§20 Qok) = 7 m2(Q2)-
By 2k rescaling we reduce the problem to Lemma A.8. g

Now we are almost ready to run the Di Georgi scheme. The only remaining
preparatory part is smooth surgery. Let u € C3°(€2). Fix t > 0 (level) and § > 0 (ex-
tremely small number). Let ® be a C*°-smooth function on R described by Fig. 3.

The function ® has the following properties:

e 0<O® <1,

@ Springer



498 A. Logunov et al.

e ©(0)=0,
e x —45§<O) <x,
e O(x)=t—28on(t—4,t+9).

Let # = ® ou. Then |u — u| <48 and |Vi| < |Vu| pointwise. Thus, if u was an &-

minimizer, then # is an &€ + A§-minimizer (§ is purely qualitative and A =4 fQ [v]).
Define

OW), x<t+8
O (x=]OM x¥=r+ and ©,=0-06_.
t—28, x>t+6

The function & naturally splits into two smooth compactly supported terms:
Uu=u_~+uy, whereixy =04 ou.

The function # 4 is compactly supported in {u > ¢} (supp ti+ C {u >t +8}) and Vii4
and Viu_ have disjoint supports. We may then try to replace i+ by some smooth
competitor w € C3°({u > t}) and see if the functional can drop. Note that

c1>(ﬁ_+w)=/ |va_|2+f |Vw|2—|—/ uﬁ_+f vw,
Q {u>r} Q {u>r}

so we just need to compare

/|w+|2+/va+ with / |Vw|2+/ w.
Q Q {u>t} {u>r}

Hence i is an (¢ + AS)-minimizer in the new domain {u > t}. We shall now fix the
initial Poincare constant to be kg from Claim I. If u is an e-minimizer, then f B u? <

Ck%(kg + ¢) for every unit ball B, so
Ck2 (k2 +
ma({u > to} N B) < M~
7
0

Choose ty = C'\/ko with sufficiently large absolute constant C’. Then the do-
main Q| = {u > 1o} satisfies mr (21 N B) < %ko (k% + 8) for any unit ball B and, by

Corollary A.9, the Poincare constant of €2 is at most k% = kok‘z’;. Alsou; =iy €
Cg° (R21) will be an &1 = & + Adp-minimizer of ® in C;° (€21) where 8y > 0 can be
chosen arbitrary small. Finally, note that u <ty + u1 + 489 everywhere in 2. We can
now repeat this construction with u1, 21, €1 instead of u, 2, ¢ to get us, €27, &2 and
so on. We shall get a sequence of domains €2, functions u; € C;°(£2;) and numbers
kj,tj,ej,8; > 0 such that

k2 +ei
2 _ 1. j—1 J

QO D... kj—kj_liz ,

gj=¢j1+Adj_1, t,-:C’ kj,
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C
ma(2; N B) < ij_l(k]{l +e¢ej—1) forany unit ball B,

and
u<to+t+---+t4+u41 +450+461+---+46 foranyl >0.
ce

In this construction, we can choose §; > 0 as small as we want, so putting §; = >

with sufficiently small absolute constant ¢ > 0, we can guarantee that all £; < 2s.
Let [ be the first index for which k12 < 2¢. Then (provided that C' > 8C, ¢ < 1/2),
we also have m> (241 N B) < % for every unit ball B. For all j <, we have

2 3
T << .
K<k,

so, if ky was chosen less than %, it implies that k? <2-i-2 for j =0,1,...,[, whence

J
tj<C'272 1 and

WSttt A5+ 48 448 =C Y27 1 Y s <
j=0 j=0

<2C'+e<2C' +1=Cy
in Q\ ;41 because u;+1 =01in Q\ ;41. Thus
my({u > Cp} N B) < ¢/2.

Considering —u instead of u, we conclude that also m>({# < —Co} N B) < ¢/2 and
therefore

ma({lul > Co}NB) <¢

for every e-minimizer u. Since the true minimizer u is the limit of e-minimizers in
L%(), we get

my({|lul > Co} N B) =0 for any unit ball B,

so ma({lu| > Co}) =0.

Conclusion If [v| <1 and the Poincare constant of €2 is not greater than kg < 1, then
the minimizer of [, |Vu|* + [, vu in Wé’z(Q) satisfies

[tlloo < Co. (18)

. . ~ ~ k2 ~
If the Poincare constant of <2 is k, we put Q = kk—OQ, U= k—gu(%-), V= v(%-), SO

~ 4
Q@) = [5|Vil* + [5 00 = :—QCD(M). Applying the result that was just obtained, we
get the final observation.
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Fig.4 The graph of ®

Lemma A.10 If the Poincare constant of 2 is k > 0, then the minimizer of ®(u) =
Jo IVul® + [qvu in W&’z(Q) (i.e., the solution to Au = v/2) satisfies:

lulloo < Ck* V]l oo, (19)

where C is an absolute positive constant.
A.4 Other standard facts used in the proof

Fact A.11 Ler Q2 be a bounded open set, let u € WOI’Z(Q) satisfy ||ulloo < 1. Then
there exists a sequence uy € CgO(Q) with ||ug|lco <2 such that uy — u, Vuy — Vu

in L%(Q) and almost everywhere in Q.

Proof By the definition of W(}’Z(Q), we can find ity € C§°(2) with iy — u, Viig —
Vu in L%, Let © be defined by Fig. 4.
The function ® has the following properties.

e O(x)=uxforxe[-1.5,1.5],
e ® is C*°-smooth and |®| < 1.75,
e @[ <Tland|O(x) <|x|.

Put uy = ©(utg). Note that uy = uy and Vuy = Vi if |ig| < 1.5 and we always
have |uy| < |ug|, |Vug| < |Vig|. We need to show that ||uy —u||2, ||Vur —Vul, — 0.
Since ity converge in W,“(£2), the functions liig|? and |Viig|* are uniformly inte-
grable, i.e., for any ¢ > 0, there is § > 0 such that if m,(E) < 8, then

~ 12 ~ 2
/|uk| / Vil <.
E E

In the following computation | will denote the integral over €2:

/m—u|252[/|uk—ak|2+/|ﬁk—uF]s

54/ (|uk|2+|ﬂk|2>+2/|ﬁk—u|25
{lag|>1.5}
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<8 [ a2 [ -l
{litx|>1.5}
The second term tends to zero by the choice of itx. Note that

ma({lix] > 1.5)) < ma(ju — dix| > 0.5) < 4|lu — iig||3 — 0.

So the first term tends to zero by the uniform integrability property. In a similar way
one can show that [ |Vuy — Vu|> — 0.

Now we would like to choose a subsequence such that uy — u, Vuy — Vu almost
everywhere in €2. It can be done by choosing any subsequence uy; with

1 1
lu; —ull2 = 77, [IVuk; = Vulla = 77

Let E; be the set of points x € §2 such that |ug, (x) —u(x)| > 2% Then

1 1 1
\/mZ(Ej)EEHMk_,-_u”ZfE, $0 M2(Ej)54—j-

Note that if x ¢ U?‘;n Ej, then ug; (x) converge to u(x). However

(0.¢]
1
0
m2(U/’:nEj) = Zmz(EJ) = 2_n
Jj=n
Thus uk; converge to u almost everywhere in €2. In a similar way one can show that
Vuy; also converge to Vu almost everywhere. O

Fact 4.2 Let Q2 be an open set. Assume that u,v € Wll’2

0 () N L7 (). then uv €
W2 () and V(uv) = uVv + vVu.

Proof Clearly, the fact is local. So we may assume € = B(0,r) and u,v €
WI2(B(0, 7)) N L®(B(0, ).
Let us fix a small § > 0 and let

1
Ke(2) = S—ZK(IZI/E)
be a C*°-approximation to identity with suppK.(z) C B(0, ), ¢ < §. Then K, * u
and K, x v converge to u and v in L2(B(0,r — §)) and a.e. in B(0,r — 8) as ¢ — 0.

Consider any test function n € C3°(B(0, r —§)) and extend it by 0 outside B(0, r —3).
Then n* K, € CSO(B(O, r)) and K, * Vn = V(K, * 7). By Fubini’s theorem we have

/ (Ko %u)Vn =f u(Ke % Vi) =
B(0,r—98) B(0,r)

=/ uV(Ke*n)=—/ Vu(K x1n) =
B(0,r)

B(0,r)
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:_/ </ VM(X)Kg(x—y)n(y)dy> dx =
B(0,r) B(0,r—6)

:-/ (/ Vu(x)Ks(y—x)n(y)dx> dy:—/ (Vu * K¢)n.
B(0,r—8) \JB(0,r) B(0,r=8)

So

ug :=Kexu and vg:= Kgxv

are in WH2(B(0, r — 8)) N C®(B(0, r — 8)) with

(1) Vug=Vux*xK,, Voo =Vv*x K,

(2) Vux K, — Vu, Vv x K, — Vv in L2(B(0,r — 8)) and a.e. in B(0,r — 8) as
g—0,

(3) By Young’s inequality for convolutions, we have |ug| < |[u|l1oB(0,r), Vel <
lvllLoo(B(0,r)) in B(O, r —§).

We know that the convergence of u v, holds a.e. in B(0,r — §) and |ugv,| are
bounded by ||u||xllv]lco a.€. in B(0,r — §) if € < 4. So by the Lebesgue dominated
convergence theorem u v, — uv in LZ(B(O, r—2a3)).

We want to show that

V(uv)=uVv+vVu

in the sense of W12(B(0, r — 8)). It is clear that uVv + vVu is in L>(B(0,r — 8))
because u, v are bounded and their gradients are in L?(B(0,r — §)).
Consider again a test function 1 € Cgo(B(O, r —4)). We have

/qun=gi_13})/u8v5Vn=—sli_1}})/(Vu£v8—i—ungS)n:

— lin}) |:/ ((Vug — Vu)ve +u, (Vv — Vo)) n + /(Vuvg + MSVv)ni| .

Note that f(Vu‘8 — Vu)vgn — 0 because Vu, — Vu in LZ(B(O,r — §)) and
[ven| < [IVlloolINlloe in B(0, 7 — &). Similarly, fus(va — Vv)n — 0. Finally, by
the Lebesgue dominated convergence theorem

/(VuvE +u.Vo)yn — /(Vuv +uVv)n

because the convergence of the functions holds a.e. in B(0,r — §) and there is the
integrable majorant (|Vu|[|[vlloo + Ulloc|VVDIINlloo. Thus [uvVn = — [(Vuv +
uVvou)n. O

FactA.12 Let Q2 be a bounded open set. Let ¢ = 14+, where i € Wol’z(Q), 1Y lco <
%. Then the functions

. lein@Q Ling
G = . and p=1¢ "
1 outside 1 outside
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are in Wl (Rz) and

- \Y
Vo =Vplg, Vn= —F]lg.

Proof Consider a sequence of functions ¥ € C;°(2) such that |[Ylloo < % and
Y — ¥, Vi — Vi in L2(Q) and a.e. in ©. We can extend y; by zero outside
and get a sequence of C§° (R?) functions, which we will still denote by ¥, such that
Y =0, Vi =0 in R? \ Q while ¢, — ¥ 1g in L2(R?) and a.e., Vi — Vi lgin
LZ(RZ) This immediately implies that 1 + % — @, V(1 + ) = Vi — Virlgin
(R?), so Qe Wluc (Rz) and V¢ = ¢1gq. Note that

loc

1
9 —
[ 1+w‘ '<1+wk><1+w>' =l
and
1 Vi Vi Vi
V —
1+ Y (1+1/f)2 (I+v0)? (1+1/f)2
< |V = VY| ——— ! w' ! n Q
= T A+y0?  (1+9)? '
Also l+1ﬁk =1, V1+¢ =0in R?\ Q. Hence H_lwﬁnin L2(R?) and we would

like to show that

1 v v
v I Jlo=——21g in LX(RY).
I+ Y (I+v) @

To see the latter, note that <9, s0

(1+1//)2—
1
|V — V |27581/|V « — V2 =0,
/sz v v (14 y)* Q v v

2
and the functions |V |? [ ] have the integrable majorant 81|V 1|2

1 1
I+y?  (1+y9)?
and tend to O almost everywhere in 2. Thus n € Wllo’c2 (R?) and Vi = —%]].Q as

required. O

Lemma A.13 Let Q be a bounded open set and let a function f € C'(Q) be zero on
Q. Then f € Wy ().

Proof Let ¢ > 0, denote by €2, the set of points x in  with distance to the boundary
of Q at least e. Let n be a function in C{°(£2) with the following properties:

e n(x)=1,if x € Q.
° 0<n<1and|Vn|< in Q.
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The function f7 is in Cé(Q) - W(}’Z(Q). We want to show that fn converge to f

in Wol’z(Q) norm as € — 0. Observe that |V f| is uniformly bounded in €2 by some
constant A = A(f), so |f(x)| < Ae¢ if the distance from x to d€2 is smaller than &
and therefore

VU=Vl +1fIVal = A+ AC  in Q\ Q.

[1r=pp= [ == [ 1720
Q

Q\Q2 Q\Q2

Then

and

/IVf—V(fn)|2= / IVf -Vl <2 / (VP +IV(fMID <
Q

Q\ Qe Q\ 2
<my(Q\ Q)C1A%
Since my (2 \ 2¢) — 0 as ¢ — 0, we have verified that f € WS’Z(Q). O

Lemma A.14 Let u be a solution to Au+ Vu =0, |V| <1, in a ball B(x,r), where
r < ro and ro is a sufficiently small universal constant. If u is continuous up to
0B(x,r)andu >0o0n oB(x,r), thenu >0 in B(x,r).

Proof We may assume that u is larger than a positive constant § on d B(x, r). Consider
theset Q ={x € B(x,r) :u(x) < %}. This is an open set strictly inside B(x, r) and if
u is not positive in B(x, r), then €2 is not empty.

Since u € C'(Q) by Fact A.5 and u = % on 92, we know by Lemma A.13 that
w—-3)e Wol_’z(Q).

Note that  C B(0, r), so 2 has a Poincare constant smaller than C r2. By Lemma
3.2, if r is sufficiently small, we can find ¢ = 1 + ¢ with ¢ € WOI’Z(Q), 1@]loo < %
such that ¢ is a solution to Agp + V¢ =0 in Q2. Then (%(p — %) € WS’Z(Q) and

therefore the function g = (%(p —u)€ WOl ’2(9). The function g is also a solution to
Ag+Vg=0.Forany n € C{°(), we have [, VgVn = [, Vgn and taking the limit

in Wé’z(Q), we get
f|Vg|2=/ ngs/gz.
Q Q Q

However Poincare’s inequality implies

/ gl < cﬂ/ Vgl
Q Q

If r is sufficiently small, this could happen only if g =0 in Q2. So u = %(p in €2, but
¢>1inQ.Sou>2inQandin B(x,r). O
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A.5 Divergence free vector fields on the plane

If F=(F, F2): B— R2isa C!- smooth vector field in a disk B on the plane such
that F is divergence free: divF = 0 in B, then there is a smooth function # such that

(Flan)ZV Xu::= (uxz’_u)ﬂ)'

Sometimes people refer to the statement above as to Poincare’s lemma or the fun-
damental theorem of calculus, or the inverse gradient theorem. Here is the sketch of
the standard proof. WLOG, B = B(0, 1). Consider any point Q € B and the rectangle
R C B with opposite vertices 0 and Q, and sides parallel to x; and x, axes.

q N

/ \
R

0

\\ /

N S

Note that the contour integral

/ (—Fz,F])'dx=/ F'n(x)ldxlzfdivF
OR OR R

is zero. There are two simple paths that start at 0, go along the sides of R and end
at Q. The integrals f (—F>, F1)dx over those two paths are the same and we define
u(Q) to be equal to both of them. The differentiation of u(Q) in the horizontal and
vertical directions shows that (Fy, F2) = (ux,, —uy,).

We need the version with less regularity assumptions on the divergence free
vector field F: if F € Lf;c(B(O, 1), 1 < p < oo, and fB(O,l) FVh =0 for any
h € C°(B(0,1)) (the divergence free condition), then there is a function u €

WII{)’C”(B(O, 1)) such that (F1, F2) =V x u 1= (uy,, —ty,).
Indeed, let

1
K (2) = S—ZK(IZI/E)
be a C*°-approximation to identity with suppK,(z) C B(0, ). Define
Fe=F«xK,=(F1 %K., Fp, xK,)

in the smaller ball B(0, 1 — ¢). Then F; is divergence free in B(0, 1 — ¢). Indeed, if
feC3(B(0,1—¢), then by Fubini’s theorem

f(F*Kg)szfF(Kg*Vf)szV(Kg*f)zo.
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So there is a C* function u, such that F, =V x u, in B(0, 1 —¢). Fix § € (0, 1). By
the Lebesgue theory F x K, converge to F in L? (B(0, 1 —§)). Thus Vu, is a Cauchy
sequence in L”(B(0, 1 — §)). Let us add a constant to u, so that fB(o,l—a) u; =0.By
the Poincaré—Wirtinger inequality (see p.275, Theorem 1 in [10]) u, is a Cauchy
sequence in L”(B(0,1 — §)). Thus we can find a function is such that u, con-
verge to lg in WLP(B(0,1 —8)) and V x iig = lime—o V X u, = (Fj, F2). For any
81,62 € (0, 1), the gradients of ii5, and its, are the same in B(0, 1 —max (i, 62)) and
therefore its, — its, is constant almost everywhere in B(0, 1 — max(é1, 62)). Finally,
let us modify iis by subtracting a constant so that | B0,1/2) us =0 for all § < 1/2.
Then u is well-defined by u = ii5 in B(0, 1 — 3).

A.6 Local to global argument on compact manifolds

In this section we prove Corollary 2.5 using Corollary 2.3 by following the argument
from [8], page 162.

Our 2-dimensional Riemannian manifold (M, g), which is assumed to be compact
and without boundary, can be covered by a finite number of charts U with isothermal
coordinates, where the Laplace operator has a simplified form Agu = At with some
positive bounded function g and the Euclidean distance in each chart is comparable
to the geodesic distance on the manifold up to some factor K = K(M, g) > 1. In
each chart, the equation Agu + Vu = 0 is then simplified to Au + Vqu =0, where
g Voo < IgllecllV oo < CA. From now on, we fix this finite collection of charts.

Given a chart U, we will denote by By (x, r) the Euclidean ball in the isothermal
coordinates with center x and radius ». Due to the compactness of M there is ¢ >
0 such that for any x € M, there is a chart U such that By (x,c) C U. Since the
Euclidean distance in each chart is comparable to the manifold distance, there is a

constant
p=pM)e©,c/4)
such that if a point y satisfies By(y, ¢) C U’ and
ye By(x,c/4) C By(x,c) C U,
then

By (y, p) C By(x,c/2).

For any two points x and y on M, we can find a finite sequence of points x,
X2, ..., Xk such that x = x1, y = x; and the manifold distance between x; and x;41
is smaller than c/(4K). Note that the constant k can be chosen to be bounded by
some constant depending only on (M, g). For each i, choose a chart U; such that
B;(x;, c) := By, (x;,c) C U;. Then

e both x; and x;4 lie in both U; and U4,
® X; € Biyi(xiy1,¢/4).
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We will call such a sequence the Harnack sequence for x and y.

Without loss of generality, we may assume that max,s |u| = 1 and it is achieved at
some point xmax € M. For any other point y € M, consider the Harnack sequence x;
for xmax = x1 and y = x;. We will show by induction on i that

sup |u| Ze*C,’«/}»]ng
B (xi,p)

for some C; depending on i and (M, g).
For i = 1 the ball B;(x;, p) contains the maximum point and there is nothing to
prove. Now, assume that sup |u| > e~Civ*192% We would like to show the same
Bi(xi,p)
for Xit41-
Indeed, we have B;(x;, p) C Bj+1(xi+1,c/2) and therefore

sup  Ju| <1 < Civilogh sup |ut].
Bit1(xi+1,0) Bit1(xit1,¢/2)

By rescaled Corollary 2.3 it yields the lower bound for ~ sup  |u|, which fin-
Bit1(xi41,0)
ishes the proof by induction on i.

Finally, the estimate

sup |M| > rC«/klOg)L
By (y.r)

for r < min(1/2, p/2) follows from

sup u| <1 <eCkvroer qup |y
By (y,2p) Bi(y,p)

and rescaled Corollary 2.3.
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