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ABSTRACT: We study the general framework of effective theories obtained via exact path
integration of a complete theory over some sector of its degrees of freedom. Theories
constructed this way contain multi-integrals which couple fields arbitrarily far apart, and
in certain settings even on path-disconnected components of the space. These are not just
entanglement, but genuine non-local interactions that we dub quantum wormholes.

Any state the path integral of such an effective theory prepares is shown to be a partial
trace of a state of the complete theory over the integrated-out sector. The resulting reduced
density operator is generally mixed due to bra-ket wormholes. An infinite family of ensembles
of pure states of the complete theory giving the same effective state is identified. These allow
one to equivalently interpret any effective state as being prepared by an ensemble of theories.
When computing entropic quantities, bra-ket wormholes give rise to replica wormholes. This
causes replica path integrals for the effective theory to not factorize even when the underlying
manifold does, as expected from mixing. In contrast, effective theories obtained by derivative
expansions have no quantum wormbholes and prepare pure states. There exist operators in
the algebra of effective theories which can distinguish mixed from pure states, implying a
breakdown of non-exact effective theories for sufficiently complex observables.

This framework unifies and provides new insights into much of the phenomena observed
in quantum gravity, including the interplay between wormholes and unitarity, the breakdown
of bulk effective theory, the factorization puzzle, state ensembles, theory ensembles, quantum
error correction, and baby universes. Some interesting lessons are drawn accounting also for
characteristic aspects of gravity concerning IR/UV mixing and Kaluza-Klein reductions.
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Introduction

A longstanding problem in quantum gravity, particularly in the context of holography,

concerns whether or not certain topologies should be included in a gravitational path integral

formulation. If one treats the gravitational path integral as indiscriminately allowing for

all possible manifold topologies consistent with boundary conditions, a puzzle immediately

arises: a-priori independent boundary theories set up on disjoint spaces seem to get coupled

by wormholes in the bulk. In particular, the boundary partition function should factorize

across connected components, whereas the bulk geometries seem to break factorization.



Such a phenomenon would clash with the AdS/CFT correspondence as originally for-
mulated and generally understood [1-4]. The puzzle becomes particularly sharp given the
existence of wormhole geometries which are classical solutions, and thus saddle points ex-
pected to dominate in a controlled semiclassical regime [5-13].! One may raise concerns
about the subtle stability properties of some such solutions, or speculate that perhaps other
saddles or non-perturbative contributions could cancel them out. However, lower-dimensional
realizations of gravity continue to reaffirm that gravitational wormholes, if allowed to con-
tribute, genuinely introduce statistical correlations between disjoint boundary regions. The
various realizations in 3-dimensional gravity show how the effect of saddle wormholes cannot
be reproduced by any single boundary CFT, but only by averages over CFT ensembles or
similar randomized constructs [14-22]. In 2-dimensional Jackiw-Teitelboim (JT) theories of
gravity [23-25], calculations can be taken beyond the semiclassical regime, leading to even
more robust results. A full path integral over the moduli space of wormhole geometries of
arbitrary topology can be performed in JT and precisely matched by the topological expansion
of double-scale matrix integrals [26-28]. From the perspective of random matrix theory, JT
gravity theories genuinely describe the spectral statistics of an ensemble of theories with a
random matrix Hamiltonian, where factorization is drastically broken.

Faced with this factorization problem, one may be tempted to just throw away wormholes
and somehow restrict the gravitational path integral to not include them. However, there are
independent compelling reasons that they should in fact be included. A prominent one is the
recent computations involving evaporating black holes [29-34], where wormholes are needed
to resolve a sharp version of the black hole information paradox [35-40].% In this particular
context, the relevant geometries are replica wormholes whose inclusion in the gravitational
path integral is crucial to recover a unitary Page curve for the entropy between a black hole
and its radiation. Another setting where wormholes are needed is to reproduce the universal
late-time behavior of the spectral form factor in chaotic quantum systems [6, 26, 41-47].
Given these successes, giving up wormhole contributions to the gravitational path integral
altogether would seem to be too naive a route.

This paper is at its core motivated by the factorization problem in quantum gravity, and
in particular by the quest to understand how the AdS/CFT correspondence could possibly
be reconciled with the ensembles that wormholes in effective gravity give rise to. A heuristic
viewpoint that resonates across the community is the idea that simple models of gravity,
by ignoring microscopic details about their parent, UV-complete theory, should only be
able to provide statistical answers. Such statistics would capture the ambiguity in which
complete theory gave rise to the effective theory at hand, and reproduce results consistent
with the ensemble of all possible such UV completions. While this intuition seems consistent
with the observed phenomena, a precise mechanism for how non-factorization and ensembles
came to be in the first place is still lacking. The central goal of this paper is to present a
very general framework where not only do ensembles and non-factorization naturally arise,
but also many other puzzling aspects of quantum gravity can be thoroughly addressed. In
particular, as will be seen, features often understood as exclusively quantum gravitational
turn out to also arise in field theory, including bra-ket wormholes, replica wormholes, and
the breakdown of effective theory with complexity.

!This discussion concerns spacetime wormholes, and not spatial wormholes such as Einstein-Rosen bridges.
2The mechanism by which information dynamically escapes the black hole remains largely unknown.
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1.1 Overview

Our discussion starts by supposing we have a theory which provides a complete description
of some system in terms of a path integral. We then consider the construction of a general
effective theory for some sector of interest as obtained by path-integrating over any other
degrees of freedom of the theory. Note that this broad notion of effective theory is completely
independent of renormalization and does not rely on any assumption of energy scale separation.
Importantly, even when the starting point is a local theory, exact functional integration
generally leads to an effective theory whose action involves multi-integrals over the underlying
space. These non-localities cause the states the path integral of the exact effective theory
prepares to generally be mixed due to correlations with the sector that was integrated out.
The non-local correlations in such a theory may be long-range, thus disallowing for a local
derivative expansion and possible truncation thereof. However, even when parametrically
suppressed, we show that a derivative expansion would lead to results inconsistent with the
original theory. This becomes manifest in calculations where no matter how short-range,
non-localities end up straddling across disjoint spaces. For obvious reasons, we refer to such
non-local couplings across connected components of a space as quantum wormbholes.
These quantum wormholes are seen to be instrumental in reproducing the fact that
states prepared by an exact effective theory are mixed, in which case they take the form of
bra-ket wormholes. When it comes to replica calculations they give rise to replica wormholes,
which are required for consistency of the framework to reproduce valid results for states with
mixing. At a more operational level, quantum wormholes also provide a mechanism for the
breakdown of any effective theory where approximations have been made. In particular, no
such approximate theory can possibly be able to prepare states capturing the expectation
values of sufficiently complex observables in the truly mixed state of the exact effective theory.
We emphasize that there is nothing radical about much of these phenomena, which are in
fact well understood in condensed matter theory as applied to open systems. In that context,
the Schwinger-Keldysh formalism [48-52] is used to prepare a density operator, integrate out
the environment, and obtain a reduced density operator for the system of interest. Then
the evolution of this system is given by a Feynman-Vernon-like influence functional, which
describes the non-equilibrium dynamics with the variables intrinsic to the system (cf. an
effective theory) [53-55].% In such a setting, it is rather natural to expect information loss
dissipatively to the bath (cf. non-unitarity of the evolution), and for the intrinsic predictions of
the system of interest to only be statistical (cf. ensembles averages over the environment) [63].
The situation in effective theories is entirely analogous and, in our case, simplified by the
fact that we will consider state preparation without Lorentzian evolution. As a result, for us
the influence functional is nothing but the Euclidean effective path integral, and what our

quantum wormholes capture is precisely the mixing of reduced density operators.?

3An influence functional is an operator describing Lorentzian time evolution of a reduced density operator,
and can be obtained from a path integral by integrating out the environment degrees of freedom. In an operator
formulation, making the usual Born-Markov approximations, such evolution of an open quantum system is
given by a master equation in Lindblad form [56-59]. Similar techniques are also used in cosmology [60, 61],
and have been applied to holographic systems [52]. For a recent discussion of the Lindbladian formalism in
the context of exact renormalization, see [62].

T thank Mukund Rangamani for illuminating discussions on these analogies and useful references.



Our exposition will be field-theoretic and thus, by holography, allow us to address
questions in quantum gravity from different complementary points of view. From a boundary
perspective, the existence of quantum wormholes naturalizes non-factorization and strong
non-localities as a general feature of effective theories. Taking the bulk as holographically
defined, in accord with the mantra that the bulk geometrizes boundary quantum correlations,
effective gravity wormholes could then be understood as an emergent gravitational description
of some of the quantum wormholes of a dual effective theory.® In such a setting, the rules for
the gravitational path integral should be dictated by the boundary theory, and because there
are quantum wormholes in the latter, so there should be geometric wormholes in the former.
Interestingly though, as will be seen, not always does effective field theory lead to quantum
wormholes, suggesting that perhaps not always should geometric wormholes be allowed.

From a bulk perspective, were one to start from a non-perturbative theory of quantum
gravity, it would be desirable to have an intrinsic description of geometric wormbholes.
Understanding precisely how an effective gravity theory in terms of a gravitational path
integral over manifolds with dynamical metrics descends from an exact, UV-complete theory
of quantum gravity remains a formidable challenge [65, 66]. Nonetheless, quantum wormholes
in this case also demystify non-factorization and the emergence of ensembles, and additionally
grant alternative plausible interpretations for gravitational wormholes.

A tantalizing possibility is that geometric wormholes are the quantum wormholes that
arise upon integrating out whatever quantum gravitational degrees of freedom there may
be more fundamental than metrics and gravitons.® This seems plausible given some of the
distinguishing features quantum gravity exhibits which are usually extraneous to field theory,
most noteworthy being diffeomorphism invariance and the phenomenon of IR/UV mixing.
Together, if anything, these strongly suggest that effective gravity may exacerbate the strong
non-localities that already arise in effective field theory. Another compelling alternative is to
put gravitational wormholes on the same footing as quantum wormbholes of quantum fields.
Namely, for a field theory defined on gravitating backgrounds of different topology, integrating
out gravitational wormholes gives rise to non-localities and quantum wormholes of the same
flavor as those obtained by integrating out quantum fields. Hence it would seem conceivable
that geometric wormholes may be equivalently describable as quantum wormholes of a field
theory on a background of fixed topology. Without making any strong claims about either of
these speculations, we believe the heuristics are sufficient to motivate further explorations.

1.2 Summary

Before providing a detailed outline of the contents of this paper, here we summarize some
of the main takeaways and where a discussion thereof is presented. The reader is welcome
to use this together with the outline that follows as a guide for a targeted reading of this
paper that suits their interests.

Takeaways:

1. An effective theory obtained by exact functional integration from a local interacting
theory generally has an action with arbitrarily many multi-integrals over the underlying space.

5See e.g. [64] for a related discussion of Euclidean wormholes in a holographic setting.
5A bottom-up realization of this idea via the renormalization of string effects recently appeared in [67].



Such a theory provides an exact description of the system of interest, regardless of what
environment degrees of freedom were integrated out. In certain cases one can simplify the
multi-integrals down to a single integral by performing local derivative expansions. However,
even if all terms in the resulting infinite series are kept or even resumed, any derivative
expansion of this form already destroys quantum wormholes and gives a strictly different,
approximate theory. Upon a possible truncation of higher derivative terms, one simply obtains
an even coarser, truncated theory. In order, we refer to these different kinds of effective
theories as exact, approximate, and truncated. The effective theories one typically studies in
quantum field theory are of the latter type. See section 2.

2. The path integral of an exact effective theory prepares mixed states, even when one
considers the full system. At the level of state preparation, this is because integrating out a
sector to get an effective theory precisely corresponds to tracing out a density operator over
that same sector. From the perspective of the exact effective theory, this is a consequence of
bra-ket wormholes corresponding to the multi-integrals over the space on which the state is
prepared. These mixed states capture exactly any observable intrinsic to the effective theory,
as reduced density operators do. Approximate and truncated effective theories have no
quantum wormholes and thus prepare pure states. No such pure state can possibly reproduce
the expectation values of all observables on an exact effective state, indicating a breakdown
of such descriptions. See section 3, particularly sections 3.1-3.3.

3. In quantum theory, mixed states are classical ensembles of pure states. The partial
trace that constructs the reduced density operators of the exact effective theory via a path
integral singles out a preferred ensemble of pure states for the system in terms of states of
the integrated-out environment. This ensemble defines an orthogonal set of states in the
complete theory, but is over-complete and gives rise to null states in the effective theory.
The connection of this ensemble to the complete theory allows for an equivalent rewriting of
the mixed states of the effective theory as being prepared by an ensemble of theories. The
probability density functional that specifies the measure over the ensemble of states fixes the
measure over the ensemble of theories. See section 3, particularly sections 3.4 and 3.5.

4. The amount of mixing of exact effective states can be quantified by entropic quantities
obtained from replica calculations. It is still useful to construct a replica manifold, but a
direct evaluation of the full path integral of the exact effective theory on this manifold turns
out to be naive. The correct prescription requires restricting the action multi-integrals to
run over replicas separately to prepare independent states. Nonetheless, bra-ket wormholes
end up connecting consecutive replicas and giving rise to replica wormbholes, in consistency
with mixing. See figure 1 for an illustration. Multi-swap operators can be used to make
the discussion of replica symmetry and its breaking more transparent. Under different
assumptions of replica symmetry, replica wormhole calculations are seen to be equivalent to
powers of partition functions ensemble-averaged over theories. See section 4.

5. There is no canonical association of operator algebras to subspaces in non-local effective
theory. The algebra additively generated by local operators within a subspace is generally a
strict subalgebra of the commutant of the additively generated algebra of the complementary



Figure 1. Representation of a 3-replica calculation. Three independent copies of a density operator
are prepared by an exact effective theory path integral on X ,:' U X, for k€ {1,2,3}, where boundary
conditions on 90X ,j and 0X, are left unspecified. The ‘bra’ and ‘ket’ of the k™ replica are respectively
prepared on X ,j and X, , which are coupled by bra-ket wormholes despite being disjoint spaces.
Under a trace, boundaries get cyclically identified according to 0.X ,j ~0X, , withk+3~Fk. Asa
result, one obtains a nontrivial 3-replica wormhole. See section 4 for more details.

subspace. This is a violation of Haag-like duality caused by non-local operators which are
only contained in the latter. In an exact effective theory, this violation seems to occur globally
due to quantum wormholes. See section 5, particularly sections 5.1 and 5.2.

6. A violation of algebraic duality implies an incompleteness in the description of a state
that can be attained by local observables, which cannot distinguish states differing only by
expectation values for non-local operators. Relative entropy can be used as an operational
measure of distinguishability between such states. When applied to a state prepared by an
exact effective theory with respect to one prepared by an approximate or truncated effective
theory, the relative entropy is formally infinite. This means that there exist observables
which can perfectly distinguish such states, implying a breakdown of non-exact effective
theories. For a truncated effective theory, this breakdown can be associated to energy scales
that invalidate the neglect of higher derivatives. For an approximate effective theory, what
naturally breaks down is the description of complex operators. See section 5, particularly
section 5.3.

7. Effective field theory reproduces many features observed in holographic quantum gravity.
An exact effective theory is only possibly consistent with the unitary evolution of the parent
complete theory if replica wormholes are included in entropy calculations, which parallels
the situation encountered in calculations of the Page curve for evaporating black holes.
When it comes to partition functions, however, exact effective field theory factorizes. If
geometric wormholes are the gravitational avatar of quantum wormholes, this suggests that
wormholes should not be included in such calculations. Interestingly, under assumptions of
replica symmetry, certain replica calculations precisely yield ensemble averages over partition



functions. These allow one to reinterpret bulk calculations of multi-boundary partition
functions with wormholes included as replica calculations consistent with a single complete
theory on the boundary. Effective theories also exhibit the structure of operator algebra
quantum error correction and ensembles of baby universes. See section 6.1.

8. The lessons of effective field theory are also applicable to quantum gravity outside
the framework of holography. Diffeomorphism invariance and IR/UV mixing suggest that
non-localities in effective gravity may be even stronger than in field theory. However, a
gravity theory obtained by Kaluza-Klein reduction is more akin to a truncated rather than an
exact effective theory. Performing a path integral after such a truncation has catastrophically
non-local consequences of the same form as the wormholes one obtains from integrating
a-parameters. See section 6.2.

Outline:

In section 2, we begin by introducing some basic notation and notions of locality that will be
employed throughout. Section 2.2 defines exact effective theories as generally obtained by
exact path integration over some sector of a given theory, and addresses how such theories
contain non-local interactions which can lead to quantum wormholes. Section 2.3 clarifies
where such a non-local effective theory stands relative to standard effective field theory
treatments where through derivative expansions and truncations one ends up with a local
theory. Section 2.4 touches for the first time on factorization at the level of partition functions,
explaining how quantum wormholes generally do not arise in this case. Section 2.5 presents
some examples of theories where exact path integration can be performed and illustrates
the kind of non-localities that are important for this paper.

In section 3, we delve into the formalism of state preparation using the path integral,
in particular as it applies to the construction of functional density operators. Section 3.1
does so first using the path integral of a local, complete theory. Section 3.2 then consider the
preparation of states using the path integral of an exact effective theory, and shows how the
effective state precisely corresponds to the reduced density operator of the complete state
upon partially tracing over the pertinent sector via path integration. Section 3.3 explains
how the generally mixed state that results from this procedure is inequivalent to the states
one would obtain were one to perform a derivative expansion of the non-local theory. The
inequivalence is due to quantum wormholes: these are the sole sources of their mixing, and
any local derivative expansion would destroy them, thereby eliminating any information
about the existence of a parent, complete theory. To ask fundamentally fine-grained questions
about the theory, this should not be done. Section 3.4 shows how the path integral singles
out a family of ensembles of pure states of the complete theory, all of which realize the same
mixed, effective state upon partial tracing. Section 3.5 then explains how these mixed states
can equivalently be understood as being prepared by an ensemble of theories.

In section 4, we undertake the exploration of replica path integrals. Section 4.1 motivates
entropies as measures of mixing for effective states, and introduces the replica trick to
calculate von Neumann entropies. Section 4.2 briefly describes how replica calculations are
implemented in a path integral formulation of density operators, and applies it to the simpler
case of local, complete theories. Section 4.3 then proceeds to explain the more subtle case of



performing replica path integrals for states prepared by an effective theory. The specific case
in which the replica calculation takes place on a space consisting of multiple components is
thoroughly explained, as it constitutes a key illustration of how quantum wormbholes break
factorization even in effective field theory. Section 4.4 shows how the von Neumann entropy
of the effective states can be written in terms of the classical Shannon entropy of an ensemble
of pure states of the parent theory. Section 4.5 concludes with alternative representations of
the replica path integrals in terms of field projections, which give a more transparent account
of how complete and effective theory replicas differ, and what the role of replica symmetry is.

In section 5, we approach the observations throughout the paper in terms of the operator
algebras of the different theories at play. Section 5.1 considers the association of algebras
of operators to subspaces of a theory, and introduces the key notion of duality that allows
for a canonical assignment. Section 5.2 explores the algebraic structure of effective theories,
finding and characterizing the ways in which they violate duality. Quantum wormbholes are
identified as responsible for a particularly interesting violation of duality on a global scale
of the theory. Section 5.3 then employs relative entropy as a natural operational measure
to quantify the contributions of quantum wormholes to effective states. This provides not
only a way of distinguishing between states of an effective theory, but also to distinguish
states prepared by different effective theories. We observe that approximate and truncated
effective theories cannot possibly capture observables of arbitrary complexity, which provides
a mechanism for the breakdown of local effective theory.

In section 6, we conclude by exploring ways in which the field-theoretic framework of
exact effective theory can also be applied to the realm of quantum gravity.

Section 6.2 approaches this from a holographic viewpoint by applying the lessons of this
paper to the boundary theory. This provides an interpretation of the gravitational path
integral as the effective gravity realization of a boundary effective theory. The dual to the
quantum wormholes in the latter are naturally identified with the geometric wormholes in the
former. Section 6.1.1 illustrates this in the specific setting of black hole evaporation, where
the relevant effective boundary theory is the one obtained by integrating out the black hole
states. From a purely effective theory perspective, a truncation of quantum wormholes would
provide a description inconsistent with unitarity of the parent theory. The bulk results parallel
this: replica wormholes are needed for consistency with unitarity, and ignoring them gives
information loss. Section 6.1.2 considers the possibility that certain gravitational wormholes
in holography may be unrelated to quantum wormholes on the boundary and thus unphysical.
Section 6.1.3 provides an example of an ambiguity in holography between factorizing and
non-factorizing quantities which seemingly would be computed by the same gravitational
path integral according to standard rules. Section 6.1.4 shows how the algebraic structure of
effective theories reproduces all the features of operator algebra quantum error correction
in holography. Section 6.1.5 concludes the holographic discussion by identifying the baby
universe Hilbert space and the a-sectors in an effective theory.

Section 6.2 finally makes some remarks on how the lessons from the effective theory
framework may extrapolate to an effective gravity theory as potentially obtained from within a
UV-complete theory of quantum gravity. Section 6.2.1 argues that the phenomenon of IR/UV
mixing may be a mechanism by which non-localities in effective gravity may be even more



dramatic than in field theory. Within quantum gravity, the plausible expectation seems to be
that geometric wormholes are the effective manifestation of quantum wormholes associated
to gravitational degrees of freedom. Section 6.2.2 briefly reflects on the way manipulations in
effective gravity generally involve drastic truncations of the theory rather than integrations
over sectors. Section 6.2.3 concludes with an example of how a naive mode truncation inside
a path integral can lead to catastrophically non-local results.

2 Theory framework

Let I be the Euclidean action of a non-gravitational theory defined on a Riemannian manifold
M, and use ¢ to collectively denote all quantum fields of the theory. The partition function
of the theory with action [ is defined by a Euclidean path integral over the phase space of
continuous field configurations of ¢, and given by

Z= [ Dpe 119, (2.1)
/

The subscript M on the path integral indicates that the quantum fields ¢ are maps on M. If
this theory provides a complete framework for the description of the physics of the system
of interest, we refer to it as a complete theory.

2.1 Non-local terminology

It will be useful throughout to characterize theories in terms of their local or non-local
properties. A theory will be said to be local if I[¢] involves a single integral over M, and
the highest derivative of any field ¢ is of finite order. Otherwise, the theory will be said to
be non-local. It will be important in what follows to distinguish between different types of
non-localities. If I[¢] involves a single integral over M, but includes derivatives of arbitrarily
high order for some field, the theory will be qualified to be weakly non-local. In contrast,
if I|¢] contains more than one integral over M, the theory will be referred to as strongly
non-local.” An interesting possibility in a strongly non-local theory is that, if the path integral
is evaluated on a space consisting of more than one connected component, the multi-integrals
in the action may couple fields on disconnected spaces. Such strongly non-local couplings
across distinct connected components of the space will be referred to as quantum wormholes.
The terminology introduced here for different types of non-locality will be used ubiquitously
and is for convenience summarized in table 1.

2.2 Exact quantum effective theory

Hereon we will reserve the symbols I and Z respectively to refer to the action and partition
function of a complete theory. Generally, we will be interested in complete theories which
are local, so it shall be assumed that the action I[¢] is local in what follows. If one is only
interested in the physics of a specific sector of quantum fields of the theory, a useful procedure

TAs will be explained in section 2.3, it is sometimes possible to perform a derivative expansion to reduce a
strongly non-local theory to a weakly non-local one. Certain non-local contributions are always lost in this
process, so in general strong non-locality implies weak non-locality, but the converse is strictly false.



Terminology Description

Weak non-locality Infinite derivative couplings with fields at the same point
Strong non-locality | Multi-integral coupling with fields at different points
Quantum wormhole | Strong non-locality coupling fields on disjoint spaces

Table 1. Summary of terminology for key notions of non-locality.

is to construct an effective theory for those degrees of freedom. This section makes precise
the very general framework of effective theory that is relevant to this paper.®

Consider a splitting of the quantum fields of a complete theory into two sectors by
letting ¢ = (¢, ®). This splitting may be completely arbitrary. Some natural examples
correspond to identifying a system of interest and an environment, separating fields into
bosonic and fermionic species, or splitting degrees of freedom by energy scales. For instance,
these examples are respectively realized when studying open quantum systems, exploring
the bosonic sector of a supersymmetric theory, or doing Wilsonian renormalization. Our
treatment is completely agnostic as to what distinguishes ¢ and ®.

An effective theory for the ¢ fields can be obtained by integrating out the ® fields first,”

o—Tlel — / D e 1le®] (2.2)
M

a path integral which defines the quantum effective action I for . In general, this process
gives rise to an action I [¢] which involves infinite series of increasingly many multi-integrals
of the ¢ fields over M.'” In other words, an effective theory obtained this way is a strongly
non-local theory. Some simple examples of this are provided in section 2.5. By linearity
of the path integral though, functional integration is transitive, so further performing the
integral over ¢ fields yields back the same partition function as in eq. (2.1). Namely, the
partition function of the effective theory,

Z = /Dgae_”@], (2.3)
M

matches Z = Z in the absence of insertions. Crucially though, Z and Z are to be understood
as mathematically different objects: Z defines a functional integral over ¢ = (p, @) fields on
M, whereas Z defines a functional integral only over ¢ fields on M. In the latter, the path
integral over ® was already performed in eq. (2.2) to obtain the functional form of I. The
theory that Z defines only has access to the dynamics of the ¢ fields.

8The term “effective” is a loaded one in physics, and typically triggers a mental association to Wilsonian
renormalization. We emphasize here and in multiple other parts of this paper that our construction of effective
theories is a lot more general and independent of the considerations of renormalization. In particular, we do
not require making any distinction between energy scales or need to assume any form of decoupling.

9If the path integral at hand involves insertions of the ® fields, the resulting quantum effective action will
also depend on these nontrivially. From the viewpoint of state preparation (see section 3), the effective theory
for the ¢ fields may be different depending on the state being prepared by the path integral over ® fields.

10This is a general phenomenon which in the example of Wilsonian renormalization follows as an exact
functional statement from Polchinski’s flow equation [68-71].

,10,



Figure 2. Representation of the path integral computation of partition functions on a spherical space
M. The equatorial hypersurface ¥ splits M into two dual halves. On the left, a complete theory with
local action I is used to evaluate the partition function Z on M as defined in eq. (2.1). On the right,
an exact QET with strongly non-local action I given by eq. (2.2) is used to evaluate the partition
function Z defined in eq. (2.3). The latter is a strongly non-local theory involving arbitrarily many
multi-local couplings. This is depicted in the case of a bilocal interaction with lines straddling across
> between points on the top and bottom hemispheres at arbitrary separation. Numerically Z=2.

A theory with partition function Z given by eq. (2.3) and quantum effective action defined
by the path integral in eq. (2.2) will be referred to as a quantum effective theory (QET).*' In
particular, if eq. (2.2) is evaluated by exact functional integration without any approximations,
the resulting theory will be said to be an exact QET. Tilded symbols like I and Z will always
be used to refer to exact QET objects. The path integrals on M that give the partition
function Z for a complete theory and Z for an exact QET are illustrated in figure 2.

This choice of terminology is easily motivated. The general quantum field theoretic
concept of an effective action refers to the generating functional of one-particle irreducible
correlation functions. Explicitly, introducing a classical current J sourcing a quantum field ¢,
one first defines the generating functional of connected correlation functions W[J] by

W = / Depe 101179, (2.4)
M

The effective action is then the Legendre transform of W[J], in terms of which one obtains
an explicit form for the sourced partition functional of the theory with no path integrals left
to be done. The way we define a QET through eq. (2.2) is entirely analogous, with a couple
of important qualitative differences. In general the action in eq. (2.2) takes the form

1o, @] = L[] + T[] + L[p, D], (2.5)

with independent free actions I, and Ig for each sector, and an interaction term I that
couples them. Comparing with eq. (2.4), we see that only ® is integrated out in our case,
with ¢ left untouched. Hence we have ¢ fields playing the role of currents, which source the
® fields through the I term. This is why we call the action I[¢] effective.’? Additionally, our

"1n line with footnote 8, the decision to not refer to these objects by the initialism ‘EFT’ usually used for
effective field theory has been deliberate. An EFT obtained by renormalization is just an example of a QET.

12Note however that this source-type term is generally nontrivial, so the resulting effective action no longer
has any of the convexity properties of a Legendre transform.
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current-like objects ¢ are not classical, but actual quantum fields that we still want to treat
dynamically. This is why we call the action I [¢] quantum. Finally, while in quantum field
theory the effective action may often be obtained perturbatively or approximated to leading
order by the classical action, note that its definition is given non-perturbatively by functional
integration. This is why we refer to the resulting QET that I [¢] defines as exact.

2.3 Approximations and truncations

Although in quantum field theory one most often works with some effective theory in the
above sense, rarely does one encounter a non-local action, let alone a strongly non-local one.
This is because for most purposes an exact QET is an overkill, and truncations of it often
suffice for describing the physics of interest to the desired degree of accuracy, but not always.
Any such truncation gives rise to a coarser theory which may give good approximations for
certain observables but is bound to fail completely for others. Here we briefly review this
procedure in the context of renormalization, where a breakdown of truncated theories can
easily be seen to be associated to energy scales. However, later in sections 3 and 5 we will see
that truncated theories also fail at preparing states in concrete ways, which implies that such
theories will also fail to reproduce the expectation values of sufficiently complex observables.

As explained below eq. (2.2), even in Wilsonian renormalization the process of integrating
out some heavy ® fields generates a strongly non-local action for light ¢ fields with infinitely
many terms involving arbitrary multi-integrals over M. All of these non-localities account for
the effects the now virtual ® fields have in mediating interactions among ¢ fields (cf. figure 4).
However, provided the ® fields have a smallest positive mass mg, such interactions will decay
exponentially in distance scales of order m;l and, additionally, higher integrals will exhibit a
polynomial suppression in powers of mgl. This decoupling phenomenon guarantees that the
physics of ¢ fields behave approximately as local at energy scales A < mg.

At a mathematical level, this can be seen as follows. Under certain assumptions, small
energies A < mg allow one to expand all integrands in the strongly non-local QET action
about any choice of reference point in M. Except for the reference point, all other points
now appear outside ¢ fields, and their corresponding integrals over M can be explicitly
performed. This way one obtains an action which contains infinitely many derivatives of the
p fields coming from the expansion about a reference point, but involves a single integral
of that reference point over M. In other words, the resulting QET action is only weakly
non-local. Now, this expansion is under control provided the energy scale of ¢ field derivatives
is small compared to the mass scale of the ® fields, i.e., so long as one probes the QET at
energies A < mg, as noted above. Because higher derivative terms are suppressed, at small
enough A energies one may recover an apparently local theory by truncating the expansion
at some sufficiently high order. Hence, working at suitably small energies, one can often
reduce a strongly non-local theory down to a weakly non-local one, and eventually to a local
one by expanding and truncating. This procedure is exemplified in section 2.5. Of course,
while the original theory is exact, the others are only progressively coarser approximations.
In particular, these approximate theories will deviate significantly from the exact theory
or even break down when probed at energies A comparable the mass scale mg of the ®
fields that were integrated out.
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More abstractly, it may also be possible to apply these approximations to an exact QET
obtained outside the framework of renormalization whenever one is only interested in some
limit of the theory. The terminology that follows will be used in this broader sense. Let
us first emphasize that, starting from an exact QET that is strongly non-local, any local
derivative expansion already leads to an inequivalent theory. This is simply because such an
expansion destroys quantum wormholes, whether or not the infinite series of derivatives is
kept or even resummed after.!® Indeed, if convergent, such a series can at most reproduce the
action only within a connected component of the space, and not across connected components.
The immediate goal of performing a derivative expansion is always to be able to evaluate all
but one of the multi-integrals in the action. The resulting theory thus has infinitely many
derivative terms but a single integral in its action, and is therefore only weakly non-local. A
weakly non-local theory obtained this way from an exact QET without neglecting any terms
will be referred to as an approzimate QET. If one then truncates the infinite series to some
finite derivative order, the result is an even coarser but now local theory. A local theory
obtained this way from an approximate QET will be referred to as a truncated QFET. The
states and operator algebras of all these theories are related in interesting and operationally
distinguishable ways, as analysed in sections 3 and 5.

We conclude this section by setting some expectations as to which basic properties these
theories may or may not possess, which will help in anticipating some findings later on.
Suppose our starting point is a complete theory which is local, unitary, and causal, and
assume its fields ¢ and ® interact nontrivially. As emphasized in section 1.1, an intuitive way
to think about the resulting exact QET is as a theory describing an open system where the
environment has been integrated out. This suggests that the sector the exact QET describes
will evolve non-unitarily as only part of the complete, interacting theory, an expectation
which is borne out due to quantum wormholes. Strong non-localities would also seem to make
acausal physics plausible, since in Lorentzian signature spacelike separated regions would
be non-locally coupled. However, microcausality for operators within disjoint domains of
dependence will still hold since any non-local interactions are mediated by the integrated-out
fields, which behave causally in the complete theory. It is crucial to bear in mind that the
way an exact QET may be non-local and non-unitary will always be in consistency with
how the complete theory genuinely behaves as a local and unitary theory. Put differently,
any apparently pathological behavior of an exact QET will be reproducing precisely what
is required to restore locality, unitarity, and causality of the complete theory.

A logical converse naturally suggests that any approximation or truncation of an exact
QET may fail in recovering this behavior of the complete theory. For instance, by destroying
quantum wormholes, one may expect that an approximate QET no longer behaves like an
open system and thus describes a decoupled system which should obey unitarily. Such an
evolution in which the system is artificially decoupled from the environment cannot possibly
be consistent with the actual coupled, unitary evolution of the complete theory. In a similar

13Doing a resummation before performing any integrals would give back a strongly non-local theory, but one
where there no longer are quantum wormholes. If the local expansion is not resummed before path integrating,
the results cannot possibly reproduce those of the exact QET, even if one keeps all infinitely many terms.
This is because convergence of a Taylor series to a given function everywhere requires that function to be
analytic everywhere; however, path integrals generally run over functions which are not even differentiable.
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vein, the way a truncated QET describes ¢ in terms of local dynamics cannot possibly be
reconciled with the actual local dynamics of ¢ coupled to ® in the complete theory. As
we know though, nothing prevents us from performing these approximations and working
with local effective theories which, provided they satisfy certain effective theory bounds,
are perfectly unitary and causal. The lesson starting from an exact QET is that restoring
these properties via approximations is incompatible with describing a complete theory with
those same properties. Indeed, from the perspective of the complete theory, the predictions
of an exact QET for the ¢ are perfectly valid, whereas those of a truncated QET would
appear non-local and non-unitary.

2.4 Factorization

This section addresses the behavior of the partition function of our different theories, and
anticipates how subtle the appearance of quantum wormholes happens to actually be. Indeed,
as it turns out, quantum wormholes will only make their first explicit appearance when
preparing states in section 3.

In general, the manifold M on which we define a theory may be disjoint. Let {M}} denote
the connected components of M, i.e., the maximal connected subsets which partition it. By
definition, these are disjoint, nonempty, and their union is the whole space. If the theory is
local, the action I[¢] involves a single integral which by additivity will decompose into a sum
of integrals over the different connected components. Schematically, the action reads

()=> /() (2.6)
k
M M,

If ¢y is the restriction of ¢ to My, then clearly the integral over M} only depends on ¢. By
extending ¢ trivially to all M such that it continues to only be supported on Mj, one can

write ¢ = >, ¢. This way, the path integral in eq. (2.1) can be easily seen to factorize as'*

z =1] %, 7 = /Dqﬁk e Tkl (2.7)
k YA

In fact, if the theory is only weakly non-local, then eq. (2.6) still holds and the path integral
similarly factorizes. Indeed, higher derivatives lead to non-localities within path-connected
parts of the manifold, but never to interactions across distinct connected components. Strongly
non-local theories have the potential to behave rather differently. In particular, a path integral
in such a theory would fail to factorize if there are quantum wormholes across connected
components of the underlying space. While one could certainly make up a strongly non-
local theory that behaves this way, an exact QET turns out to not do this at the level
of partition functions.

Consider again calculating the partition function, now for an exact QET. This is a
specific type of strongly non-local theory for which the starting point would be a complete
theory defined on M. If this complete theory is local, the discussion that led to eq. (2.7) still

“For I[¢x], it makes no difference whether the action integral is taken to run over M or just My, so
continuing to use the same notation for the action is unambiguous.
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My My

Figure 3. Representation of the partition function Z of an exact QET defined on a space M
consisting of two distinct connected components, M; and Ms. The partition function factorizes as in
eq. (2.8) since exact integration starting from a complete theory does not generate quantum wormholes.
Nonetheless, strong non-localities do arise within each connected component of the space.

applies. Hence, one may start integrating out ® fields from this factorized expression, with
each path integral involving fields ¢ supported only on My. For each Z, there will clearly
appear multi-integrals in the QET action I [©k], but these will only involve the M}, component
of M. The non-localities are thus only generated within each connected component, but
never across them. In other words, there are no quantum wormholes in the partition function
of an exact QET, which still factorizes as

7=112. Zi= / Doy e~ il (2.8)
k va

where T is obtained as in eq. (2.2) by performing the path integral over @ fields supported
on just Mj,. The structure of Z in eq. (2.8) is illustrated in figure 3. This situation shall be
contrasted with the discussion that follows in sections 3 and 4, where it will be shown how
other QET constructions do give rise to, and require, quantum wormbholes.

Let us finish by pointing out that since fields are continuous maps on M, the constant
function ®(x) = ®q is a perfectly valid configuration. However, if the path integral for ®
is restricted to just run over constant functions, what one gets is a dynamical cosmological
constant taking the same value on every connected component of M. This is a very non-local
object which would actually break factorization not only in eq. (2.8), but also in eq. (2.7). A
global gauge symmetry would have similar consequences. This also illustrates an important
point: in a theory where M itself is dynamically determined (cf. a gravitational path integral),
non-factorization upon path integration would seem rather natural.

2.5 Examples

Here we cover some simple examples of the type of effective theories discussed in previous
sections, which will serve as an illustration for the more general results of this paper.

Consider a Euclidean action of the form in eq. (2.5) involving two coupled scalars on
a d-dimensional space M with free parts

Lle =5 [ @t (Vo) +meta?]. Tofe] =5 [ dls (Vo) + miew?]. 29

M M
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where the masses my,, me > 0 are left arbitrary. For clarity, if M is a curved space we leave
any metric determinants implicit in the integral measures and elsewhere.
The simplest possible interaction term one may consider is linear in ® and of the form

I[p,® = A/ddx fo(z) ®(2), (2.10)
M

for some arbitrary function f, that depends only on ©.'5 For this interaction term the theory
is well-defined so long as mg > 0. By virtue of being linear in @, eq. (2.10) admits the standard
quantum field theory treatment of a source term. Integrating by parts with appropriate
boundary conditions and completing the square to perform the functional Gaussian integral
over ¢ leads to

2
/D(I) e 1Pl o exp _Icp[ﬂo} + % / d'z ddy fo(2) G(2,9) fo(y) |, (2.11)
M M?2

where G denotes the free propagator for @, i.e., the Green’s function on M defined by
(V2 +mg) G(z,y) = bz —y). (2.12)

From eq. (2.11) we can thus quote the final exact QET action as

AZ d d
Tlo] = Llel - & / dz by f(x) Gz, y) foly), (2.13)
M2

which is our first example of a strongly non-local theory arising as an exact QET by integrating
out ®. In this case the strong non-locality takes the form of just a double integral or bilocal
interaction involving two copies of the original space M.

The construction of an approximate QET from eq. (2.13) requires carefully checking
that certain manipulations of the series expansion and integrals are allowed for a given M
and corresponding G. Assuming this is the case for now and choosing x as the reference
point, the desired local derivative expansion may be written

fow) = Y- 12 Py - (2.14)
k=0 ’
Using this in eq. (2.13) allows one to express the action as
~ )\2 s gr\x
el = Lo - 5 [ de 3" 230 1, (0) 5 o), .15
M k=0 """®

where the g; functions are the effective couplings induced by the multi-integrals,

2+k
me

ao) = "0 [ty Glaly - o) (216)
M

5This may be as simple as e.g. a quadratic term f, = %<p2.
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and the factors of mg have been introduced to make g dimensionless. Now eq. (2.15) takes
the form of the weakly non-local action of an approximate QET. In this action, higher orders
in the derivative expansion are suppressed by powers of mg. Hence this expansion is under
control so long as the higher derivatives fg(pk) are all small in units of mg, L If this is the case,
a truncation of the series to a finite order would be justified, thereby further reducing the
theory to a truncated QET where locality is recovered.

For concreteness, suppose M is just a circle of radius R. Then the Green’s function
that obeys eq. (2.12) can be written

1 h —|lr — 1
G(m,y) _ Cos (m<1>(7TR ’-TU y’)) Z e—mq)|$—y+27rRk|’ (2‘17)

2me sinh (mgmR) - 2mg

kez

where on the circle |x —y| < wR. Notice that this propagator exhibits the familiar exponential
decay with distance characteristic of massive fields.'® Since G only depends on |z — y|, the
couplings in eq. (2.16) are constants. These coupling constants vanish for odd k& by symmetry.
For even k they can be compactly written as finite series,

k/2

metR 20—-1
ZZI( (;I’l_)l)! . (2.18)

1
~ sinh (mgmR)

g =1

As k — oo the finite series above becomes precisely the Taylor expansion of sinh (mgmR),
implying that these dimensionless coupling constants go to zero at higher orders. In particular,
at large k one finds the asymptotics

1 (memR)*

k! sinh(menR)’ (2.19)

gk ~

Having introduced a new scale into the problem, we see by comparing eq. (2.19) to eq. (2.13)
that the dimensionful parameter that is now important for the derivative expansion is R.
Namely, for the expansion to be under control it must be the case that higher derivatives fék)
are small in units of R. Since R is the length scale of the system, it becomes manifest that
this local expansion only makes sense if the physics is indeed dominated by local interactions.

The example above only led to a bilocal coupling in the exact QET. Consider a slightly

less trivial interaction term by making ® quadratic [72],
A
I8 = 5 [ d'o £ o) 20" (2.20)
M

Integrating by parts, the resulting path integral over ® gives rise to a functional determinant,

—1/2
/ Dd e 9P ¢ e lelél det(—V2 +m3 + A fg,) ” (2.21)
M

which up to constants gives the exact QET action formally as'”

Ifg] = I [¢] + %tr log(—V2 +m3 + AfS@). (2.22)

For instance, in flat space, at long distances satisfying |z — y| > mgl the propagator would behave as
G(z,y) ~ |z — y|7d/267’”‘1’|w7y‘. For mge = 0 it would be everywhere just the corresponding power law.
1"We are implicitly assuming here that operators are trace class.
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Under traces this gives the useful operator identity
tr 1og(—V2 +m3 + Af¢> =tr log(—V2 + m%) +trlog(1 + G f,). (2.23)

The first term on the right-hand side is independent of ¢ and thus gives an uninteresting
contribution to the quantum effective action. The p-dependent term admits the expansion

trlog(l+AG f,) = Z

(G L) (2.24)

where one can now explicitly write out the cyclic trace terms as

tr (G f,)" = /ddazl---ddwnG(xn,xl)fsp(acl)G(xl,:cg)ﬂp(:cg)~-G(§cn_1,wn)f¢(xn).

Mn
(2.25)
Altogether, one finally arrives at the following action for the exact QET:
o IS (=W d i, T
Ilel = L[] — 5 > - Ay - dhe, [T Glag-1,2p) folar), (2.26)
n=1 k=1

M
with zg = x,,. We thus see that already a simple Gaussian functional integral gives rise to
a strongly non-local action involving infinitely many multi-integrals over arbitrarily many
copies of the original space M. As for the previous example, one could similarly consider
performing a derivative expansion of eq. (2.26) to simplify the theory in some regime. We
leave this as an exercise for the reader.

Let us conclude by emphasizing that the construction of such strongly non-local actions
characteristic of any exact QET in fact admits a standard perturbative treatment a la
Feynman. This is because the local derivative expansion that destroys strong non-locality
has nothing to do with the standard expansions at small couplings of perturbation theory.
Importantly, this means that strongly non-local actions can actually be constructed using
standard Feynman diagrams for arbitrarily complicated interacting theories at weak coupling.
In other words, the framework that is relevant to this paper is as broad as perturbative
quantum field theory techniques apply, and not at all limited to simple cases where exact
path integration is directly doable as in the examples above. See figure 4 for a representation
of the Feynman diagrams that arise in the construction of an exact QET.

3 State preparation

This section thoroughly studies the states that the path integrals of different theories naturally
prepare, their general properties, and how they are related across theories.

3.1 Complete states

Let X be a manifold with boundary dX. Imposing boundary conditions ¢q for the quantum
fields on 0X, the path integral on X computes the wavefunctional

¢|axz¢o

W[o] = (o] W) = \; D19, (3.1)

X
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Jo(w2) Jo(a1) Jo(2) Jo(21)
G(z,y)
fo(@) o——0 f,(y)

fo(x3) fo(4) fo(ws) fo(x4)
Figure 4. Feynman diagrams for the construction of the strongly non-local action of an exact QET.
We consider a complete theory with interaction terms of the form f¢<I>k for k € Z and where @ is
integrated out. The multi-integrals in the action come from integrating all points in these diagrams
over M. On the left, the only diagram that contributes for £ = 1, and which gives rise to the bilocal
action in eq. (2.11). In the middle, the diagram which contributes the n = 4 term in eq. (2.26) for the
theory with a k = 2 interaction term. Similar loops with all possible numbers n of vertices give all

terms in the series in eq. (2.26). On the right, an example of a diagram which would also contribute a
4-local interaction among f, factors if the complete theory contained a k = 3 interaction.

where the normalization is given by eq. (2.1) with M constructed by gluing two copies of
X along 0X (cf. figure 2 with 0X ~ ¥). Wavefunctionals corresponding to different states
can be prepared by inserting distinct combinations of local operators in the path integral.
The insertions that specify the state will be left implicit to avoid cluttering the notation.
The wavefunctional in eq. (3.1) is a representation of the state |¥) in the space of field
configurations ¢y on 0X. By leaving the boundary conditions on 90X in eq. (3.1) unspecified,
one obtains the state |¥) itself as a representation-independent functional operator,

1
0y = — [ Dpe 119, (3.2)
Z.X/V

The adjoint state (V| can be obtained by conjugating the fields in the path integral and
evaluating it on a CRT-conjugate copy X* of X. The Hilbert space H of the theory consists
of the span of all quantum states |¥) prepared this way, endowed with the inner product
that the path integral naturally defines,

(') = / Do (7'|o) (60| T). (3.3)
0X~OX*

That states are appropriately unit-normalized can be easily seen by transitivity of the path
integral. Namely, eq. (3.3) involves independent path integrals over X and X* with identified
boundary conditions along X ~ 0X* which are also integrated over. This is equivalent to
just doing the path integral on M without cuts, which is by definition Z.'® The following
formal completeness relation can be read off from eq. (3.3):

/ Déo |o) (o] = Tox. (3.4)
00X

which provides a resolution of the identity on 0X. This relation itself can be taken as the
definition of the inner product on H. Furthermore, it follows from eq. (3.3) that these

18With appropriate insertions corresponding to the state being prepared, if any.
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X

Figure 5. Representation of the path integral preparation of the density operator in eq. (3.6) by a
complete theory. Because the theory is local, the path integral factorizes between the two dual spaces
X and X*. The path integral on X prepares |¥) on 90X, and the CRT-conjugate path integral on
X* prepares (¥| on 0X*. The identification 0X ~ dX* defines the space M = X U X* on which the
path integral computes the trace of the density operator.

configuration states obey the orthogonality condition

(¢0l¢0) = 0(dp — o). (3.5)

Together with the completeness relation in eq. (3.4), this implies that the |¢g) states form
an orthonormal basis for the Hilbert space H of states of the theory on 9.X.

This formalism also allows one to directly prepare a density operator of the pure state
by combining the preparation of a state and its dual into a single path integral,

\\I/)<\I/\:% / Dpe 119, (3.6)

XuX*

This is depicted in figure 5. Starting from the partition function definition of the path integral
as in figure 2, the space X 1IX™* can also be thought of as obtained by cutting open M = XUX*
along ¥ ~ 90X ~ 0X*. Matrix elements of this operator are obtained by independently
fixing boundary conditions for the quantum fields on 90X and 0X*. Correspondingly, the
trace is computed by identifying these configurations between both boundaries and path
integrating over them as in eq. (3.3).

More generally, one may want to construct a state on some subspace ¥ C 0X. If ¥ = 0X
as above, it splits M = X UX™ into two dual halves, so we refer to it as a splitting hypersurface
(cf. ¥ in figure 2).2° If instead it is a proper subspace, ¥ C X, then cutting M open along

1976 see this, note that by definition eq. (3.1) can also be written as
1 ~1[g]
(60 ) = — [ D636 — dn) e,
vZ
X

Inserting eq. (3.4) on the left-hand side and comparing to the right-hand side leads to eq. (3.5). In canonical
quantization, this orthogonality relation is simply declared. In the path integral formulation, it is a consequence
of the functional formalism.

20Tf the manifold were Lorentzian, we would refer to such a hypersurface as a complete Cauchy surface.
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Figure 6. Representation of the path integral on spaces My obtained by cutting open M along a
non-splitting hypersurface 3. The non-splitting ¥ on the left has 0% # @&, whereas on the right it is a
cycle with 0¥ = @. By leaving unspecified the boundary conditions for field configurations on the two
sides of the cut ¥ and ¥*, the path integral prepares a general density operator on X. In field theory,
such a state is generally mixed.

3} does not split it into two dual halves; rather, X and X* remain glued along the portion of
their boundaries outside .. This is illustrated in figure 6. In general, the space obtained by
cutting open M along ¥ will be denoted by Myx. Performing a path integral on My can be
easily seen to be equivalent to doing it on X U X*, identifying the fields along ¥ \ 90X and
3 N 0X*, and integrating over configurations therein. This is nothing but the path integral
implementation of a partial trace over configurations outside 3, which is precisely what is
needed to obtain the state of quantum fields on only 3. Hence the path integral on My

prepares the state on ¥ as a reduced functional density operator which we write as?!

1
p=7 /nge—w. (3.7)
My,

In field theory this is generally a mixed state unless X splits M. Since we used the path
integral of the complete theory defined in eq. (2.1) to prepare the state in eq. (3.7), we regard
such a p as a complete state. Computing the trace of p involves a path integral that now just
runs over field configurations on > C 90X, and a subspace completeness relation follows:

/Dcf)o [$0) (¢o| = L. (3.8)
5

The orthogonality condition from eq. (3.5) similarly holds on ¥. For future reference, we also
quote the relations this would induce under the splitting of ¢ into ¢ and ® sectors,

I =1501 [ Doolen) ool =18, [ Do) (20| = 12, (3.9)
> >

21The operator algebra of a quantum field theory on splitting hypersurfaces 3 is generally type-I von
Neumann, which guarantees that pure states and traces like those given in egs. (3.4) and (3.6) are indeed
well-defined. For a non-splitting ¥ states will be mixed, but so long as ¥ itself has no boundaries, the algebra
will be type II and admit a trace. Otherwise, if ¥ has boundaries the algebra is generally type III, which
does not admit pure states, density operators, or even a trace. The reader is welcome to assume ¥ has no
boundaries for all purposes of this paper, whether it is splitting or not.
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where the Hilbert space of ¢ fields H,, is spanned by |pg) states, and the Hilbert space of ®
fields Hg is spanned by |®g) states. The same argument that led to eq. (3.5) for the complete
states of the theory applies to the ¢ and ® states using the inner products from eq. (3.9),

{olwo) = (4o — o), (@5 Do) = 3(Pg — o). (3.10)
3.2 Exact effective states

If interested only in the physics of ¢ fields, however, one may want to consider the preparation
of states using just the QET whose action is given by eq. (2.2). The state analogous to
eq. (3.7) that the QET prepares on ¥ can be obtained similarly by cutting open the path
integral in eq. (2.3) along the same hypersurface 3,2

ﬁ:;/pw—ﬂ@]. (3.11)
My

Since this state preparation involves the path integral of the exact QET defined in eq. (2.3),
we regard such a p as an ezxact QFET state. Importantly, the matrix elements of p involve
boundary conditions for the ¢ fields only; the ® fields were already integrated out in computing
the quantum effective action I. States of this kind define the Hilbert space of the exact QET,
and their inner products are taken by the path integral for IZ in eq. (3.9).

There is a very important lesson to be drawn from eq. (3.11) about state preparation in
strongly non-local theories, particularly when they descend from some complete theory as an
exact QET. For simplicity, here let M be connected and suppose ¥ is not splitting, such that
after cutting M open, the space My is still connected. All integrals inside the QET action I
in eq. (3.11) then clearly run over all of My. By continuously extending ¥ into a splitting
hypersurface, one eventually reaches the disjoint limit in which My = X U X*, for X and
X* the two dual half-spaces that make up M. Expecting continuity of the path integral in
this limiting procedure, all integrals inside the QET action I will thus eventually have to run
over both X and X*. Schematically, for a double integral, this limit corresponds to

//(-)=Z!<->+//<->+2ZX/*<->. (3.12)

Ms, Ms, X* X*

The appearance of the last term is remarkable: it couples the two disconnected spaces X and
X*. This is our first encounter of quantum wormbholes, which we illustrate in figure 7. This
cross-term in eq. (3.12) may seem surprising, but as will be seen turns out to be required
by consistency of the framework. The basic reason it must be there is that the functional
integral over ® fields that defined the exact QET action I involved no cuts on the space
M. As a result, the strong non-localities already present in the theory at the level of I are
insensitive to the > cut. This in particular means that even if 3 is splitting, the two dual
halves X and X* of the resulting disjoint space My, will remain coupled.

Correlations between the two dual spaces X and X* in the preparation of a state are
general indicators of mixing. One should thus suspect that quantum wormholes may cause

22 As emphasized in footnote 9, if the QET action Tdepends on & field insertions, so will this QET state.
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X*

X

Figure 7. Representation of the path integral preparation of the density operator in eq. (3.11) by an
exact QET. Here ¥ has been taken to be a splitting hypersurface giving My, = X LI X*. Because the
theory is strongly non-local, the path integral does not factorize, but involves quantum wormholes
coupling the two dual spaces X and X*. As a result, what would be the ‘bra’ and ‘ket’ of the state
are in fact coupled, meaning that the resulting state is generally mixed despite X being splitting.

exact QET density operators to be mixed. The linearity of the path integrals involved in
eq. (3.11) allow for a suggestive rewriting that confirms this intuition:

1
p= = / Do / Dy e~ 1e: 2] (3.13)
M Ms,

where we have simply used the definition of I from eq. (2.2). In particular, one can easily
see that, altogether, eq. (3.13) is the result of splitting the path integral in eq. (3.7) into ¢
and @ fields, and computing the one over the latter with ® identified across the cut. From
this point of view, p is the reduced density operator obtained from a state p by performing
a partial trace over ® fields. Hence eq. (3.11) can be interpreted as®

p=Tre p, (3.14)

where the trace over the ® sector is defined by the path integral for I in eq. (3.9). The
structure and consequences of this trace will be the subject of section 3.4. For now, eq. (3.14)
already demystifies why we should expect quantum wormholes to generally cause exact
QET states to be mixed even when ¥ is splitting. The identification of p as a reduced
density operator for the ¢ fields will offer useful insights into the behavior of state replicas
in section 4 and its operational distinguishability from states prepared by non-exact QET
path integrals in section 5.

23In the context of Wilsonian renormalization in momentum space, this observation was also made in [73],
where an explicit perturbative calculation of the entanglement entropy of the low-energy reduced density
operator was performed for various scalar theories.
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3.3 Approximate effective states

A reasonable question at this point is whether the inclusion of quantum wormbholes in the

1.4 Here we address what the consequences are of choosing

preparation of a state is optiona
not to include quantum wormbholes.

Suppose one took an exact QET and decided to treat it as if it were the full theory of a
system, i.e., as if it were a (strongly non-local) complete theory. Then one could consider
constructing two completely separate pure states as in eq. (3.2). By dualizing one of them
and then putting them together into a functional density operator as in eq. (3.6), one would
obtain a pure state which we will call py. In the path integral that prepares px, the strongly
non-local action would not involve any multi-integrals coupling X and X*. For the double
integral example in eq. (3.12), the last cross-term would be absent. Following this recipe, one
is essentially preparing a pure state by truncating away quantum wormbholes.

One may thus wonder how the pure state px is related to the mixed state p of the actual
exact QET, both prepared by seemingly the same theory. In particular, how did px come to
be a pure state of the ¢ fields despite their generic correlations with ® fields in the complete
theory? The answer is that in changing the rules of the path integral, one is in fact defining
a strictly different theory. The resulting theory is precisely the outcome of erasing quantum
wormholes from the exact QET. As explained in section 2.3 (cf. footnote 13), this is basically
what happens if one performs a local derivative expansion and then decides to resum it back.
Put differently, this new theory that prepares pure states like py is secretly no more than an
approximate QET behaving like a weakly non-local theory with no quantum wormholes.?

Let us dissect further the preparation of these states to ascertain how much information
is being lost by the approximate QET. A crucial realization is that strong non-localities
are very important even when 3 is not splitting. To see this, suppose one decided to start
by reducing an exact QET to an approximate QET in which the non-localities are only
caused by derivatives of the fields of arbitrarily high order. As emphasized above, for a
splitting 3 there would be no way of making sense of cross terms like those in eq. (3.12).
However, more generally, even if a state is being prepared on a non-splitting 3., such higher
derivatives would be unable to couple fields right across the cut. In the exact QET these
are genuinely coupled: indeed, from the perspective of ® fields, points right across the cut
are in a local neighborhood of each other. Once again, this is because the exact QET is
obtained by integrating out the & fields without cuts, so the non-localities these induce persist
across X as if the manifold had not been cut open (because for the ® fields it was not). All
this information is completely lost once one performs a derivative expansion of the strongly
non-local theory, and then cuts open the path integral.

In intuitive terms, the exact QET still remembers the ® sector, whereas the approximate
QET has forgotten much of it. This is because in the preparation of p in eq. (3.11), the
path integral is still treating the complete theory with action I as the full theory, and the

24The quantum gravity reader may find this reminiscent of the analogous question of whether or not to
include gravitational bra-ket wormholes in the preparation of the quantum state of the universe [74-78].

25As a weakly non-local theory in disguise, the path integral inner product of this new theory would behave
rather unconventionally. Namely, upon sewing X U X™ by integrating over boundary conditions of fields
identified across ¥, the multi-integrals would continue to run only over either X or X™* independently. This
would be inequivalent to performing a full strongly non-local path integral over X U X™* without cuts.
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states being prepared know they are missing information about the ® fields. This is how
the exact QET path integral genuinely works, and mixed states like p are the states the
exact QET path integral naturally prepares.?® In contrast, in preparing py, the path integral
is instead treating the exact QET with action I as the full theory. In so doing, the only
degrees of freedom this path integral accounts for are those associated to ¢ fields, and the
® fields from the old complete theory no longer have any imprint on the states the path
integral prepares. As a result the state px of ¢ fields on a splitting ¥ hypersurface is a
perfectly valid pure state of this approximate QET.

3.4 Ensembles of states

In trying to learn about complete theories, our primary interest is in understanding exact
QET states p and how the exact QET path integrals that prepare them behave. The goal
of this section is to first obtain a representation of p as a classical mixture of pure states
of the exact QET, and then use these to identify ensembles of pure states of the complete
theory, all of which yield the same p upon partial traces. This exercise will crystallize the
sense in which exact QET states correspond to no single complete state of the theory, but
to ensembles thereof.

Recall that we are denoting the Hilbert space of ¢ fields of the exact QET by H,, and
that of ® fields of the complete theory by Hg. As usual, a mixed state on a given Hilbert
space admits expansions into pure states on the same Hilbert space. These states may or may
not be orthogonal, and in general this expansion is highly non-unique. Suppose p,[a] is an
orthogonal basis of pure QET states for H, on X labeled by some function o. By definition
these must obey the orthogonality and completeness relations

T (plafp.l) =8 ~a’), [ Daplo) =T, (3.15)

for some appropriate formal measure over «. On the left, the trace is over H,,, and is defined
by the path integral over ¢ fields in eq. (3.9). The desired expansion of a mixed, exact QET
state p in terms of the p, states then takes the form

5= [ Dar.lolzal, (3.16)
where the probability density P, can be obtained by the orthogonality property in eq. (3.15),
Pila] = Tr (p.]e] p) .- (3.17)

Put differently, p can be interpreted as an average over an ensemble of p,[a] states with
probability density function Pi[a]. Of course, this density depends on the choice of spanning
p, states, which here has been arbitrary. However, as it turns out, a canonical choice of pure
states spanning p descends rather naturally from the state of the complete theory.

26We remain agnostic as to whether there are pure states in an exact QET. For splitting hypersurfaces, the
algebra of operators of an exact QET may be of type II, in contrast with the type I algebra of a complete
theory (cf. a complete theory on a non-splitting hypersurface with no boundary, as on the right of figure 6).
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Such a canonical choice can be constructed by exploiting the reduced density operator
form of p in eq. (3.14). Making eq. (3.13) even more explicit, the functional form of the
partial trace over ® fields reads

@\2:@%}
_ 1 _
p= [ D2 @ilplee).  @olplen) == [De [ Dot (3as)
> My, M

In obtaining the second expression, we have simply noticed that the projection (®g|p|Po)
corresponds to a constrained preparation of the state p as in eq. (3.7) with the ® fields
clamped onto the configuration ®y on Y. Appropriately normalized, each such projection
of p naturally defines a state on the ¢ sector:

Z 1 e
pl@o] = —— (Dol p|@0) = / Dy / DP e 110 (3.19)
(o )
Ms, M

where the normalization factor can be easily seen to be

‘I’|E:‘b0
Z%, = / Dy / D e 1l#®], (3.20)
M M

The states defined by eq. (3.19) are states on H, for the ¢ fields, and will henceforth be
referred to as projected states.

We would like to identify these projected states as the canonical choice for an expansion
like eq. (3.16) of an exact QET state. In particular, we are interested in the case in which
the state is mixed solely because the theory that prepares it is an exact QET, and not the
complete theory of the system. In other words, we want to understand the expansion of p on
hypersurfaces ¥ which are splitting, and on which the complete state p would be pure. For
the projected states to be such a canonical choice, one just needs to check that they indeed
are a set of pure states spanning p. In fact, it will also be possible to think of them as an
orthogonal basis in a precise sense from the perspective of the ® sector.

That they span p trivially follows from their definition in eq. (3.19) applied to eq. (3.18).
Regarding purity, note that by construction these states are obtained by projections of the
® sector. In general, if p is a pure state of the complete theory, so will be any projection,
which includes these projected states. Although this argument suffices, understanding how
this happens from the path integral preparation in eq. (3.19) is informative. If the projection
were not there, this would precisely correspond to the preparation of an exact QET state
as in eq. (3.11), which generally is mixed due to correlations between ¢ and ® fields. What
the projection does is destroy correlations between ¢ and ® fields from the get go. More
precisely, for a splitting >, the projection on > causes the path integral over ® fields to
factorize into separate path integrals over each half-space of M. Hence, if this path integral
is performed first, no quantum wormholes are generated between the two dual spaces into
which M is being cut open. The result is thus the preparation of two state vectors dual

— 26 —



to each other.?” Explicitly, following the notation in eq. (3.2) and below, if p = |¥) (|,
projected states as functional vectors in H, read

Oy | T 1

V), = (®ol¥) _ - /D@ / Dp e l0® (3.21)
Ve Zao % X

which manifestly demonstrates their purity. It thus follows that the states p[®g] defined in

eq. (3.19) form the desired canonical spanning set of pure states for the exact QET state in

eq. (3.18). Explicitly, the decomposition of the mixed state p in eq. (3.16) takes the form

*

o= [Daopiwdjia, Pl =, (3.22)
>

where Zg  was defined in eq. (3.20). This realizes the exact QET state p as an ensemble
average over p|®g| states with probability density P[®¢], and motivates introducing the
following notation for expectation values in this ensemble:

(-)p = [ Do P[] (-), (3.23)
/

which note is indeed correctly normalized to give (1)p = 1. Using this, eq. (3.22) reads

7= (Fl%0]) .- (3.24)

As quoted, eq. (3.24) holds in fact for states on any ¥ hypersurface. If ¥ is splitting, then
eq. (3.24) indeed is a decomposition of the mixed exact QET state into pure projected states.
If instead ¥ is not splitting, then this is a decomposition into mixed states, but whose mixing
is solely caused by spatial correlations of quantum fields (both ¢ and ®) between 3 and its
complementary subsystem. This way, for general X, eq. (3.22) succeeds in decomposing p
into a family of states with no correlations between ¢ and @ fields.

While eq. (3.22) takes the same form as eq. (3.16), the projected states do not enjoy
an orthogonality property like eq. (3.15) on H,, and thus their P density measure cannot
be extracted as in eq. (3.17). In general the failure of orthogonality only allows for the
bound Tr(p[®g]p) > P[Py]. The measure P[®Pg] is more naturally associated to ® field
configurations ®¢, which do obey the orthogonality condition in eq. (3.10). Our projected
states on H,, can be lifted back to states acting on the full Hilbert space of the complete
theory H in arbitrary ways, such as

pe[®o] = p[Po] @ [€ag) (Saol s A[Po] = Tra pe[Pol, (3.25)

for any pure state |{p,) in He. Since eq. (3.26) holds for any family of states |{3,) labeled
by ®g, we indeed see that this provides an infinite family of ensembles of pure states of
the complete theory, all of which can be combined to reproduce the exact same quantum

2"The argument for purity from the perspective of the complete theory is trivial and uninformative: eq. (3.19)
is obviously pure as it corresponds to preparing a complete state as in eq. (3.6), but with partially specified
boundary conditions on the sector of & fields.
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state p on H,. There is though an obvious canonical choice corresponding to {g, = P®g
and which we denote by

Q[@o] = p[Po] ® | Do) (Dol - (3.26)

This lifting does not invert the projection of p in eq. (3.18) (i.e.,  # p in general); rather,
it identifies a canonical ensemble of states of the complete theory with orthogonal & field
configurations which precisely reproduces the exact QET state p in its ¢ sector. Using
eq. (3.23), this ensemble of states we are referring to can be written

Q = (Q®])p - (3.27)

Equipped with this notation, we reproduce the statistics of the ¢ sector that the exact QET
state captures as coming from a classical ensemble via (cf. eq. (3.18))

7 = Tre Q. (3.28)

In addition, because the Q[®(] states are orthogonal on Hg, the P density measure can now
be extracted from the ensemble by projection onto the ® sector,

P[®o] = Tr (|Po) (Po| ), (3:29)

where we are using that projected states are properly normalized to Tr p[®g] = 1.

Instead of recovering orthogonality by lifting projected states to act on H, one may
consider constructing an orthogonal set out of them. For a given p, the projected states
p[®o] may only act on a subspace of H,. However, more generally, the set of all p[®g] for
all possible exact QET states p is guaranteed to act on all of H,. Here we will focus on
constructing an orthogonal set only using projected states p[®g] for a given p. We would
like to diagonalize the subspace HC ‘H, on which these act. By construction, in general
dimH is upper bounded by the smallest of dim#, and dim Hg. If dimH < dim Hg, the
projected states will be guaranteed to form an over-complete basis for #H. In other words,
there will be combinations of them which give null states,

/ Dy v[®g] 7@0] = 0, (3.30)
>

for certain choices of functionals v. The space of null states corresponds to the kernel of the
map Q[®o] — p[®o], whose dimension will be dim #¢ — dim # or zero, whichever is greater.
Combinations of projected states can also be used to form an orthonormal basis for H. To
make contact with the notation in egs. (3.15)—(3.17), we write these as

5.l = / Dby a[o] 7ldo]. (3.31)
b

In other words, we are identifying « as the functionals giving combinations of the projected
states obeying the orthogonality relation in eq. (3.15). The states in eq. (3.31) for a fixed p
may only obey a completeness relation on #H, but that is all we need. As combinations of
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projected states, the p,[a] states can be thought of as coming from a superposition of states
of ® fields with different configurations on ¥. Because they form an orthonormal basis of
operators on 7?[, they can always be identified as pure states on that subspace. This notion of
purity corresponds to purity on the exact QET Hilbert space H, when dim He > dim H,
and H = H,, but is also guaranteed by purity of the projected states if X is splitting even if
HC H,. The expansion for p with density measure P [a] over p,[a] states can be related to
the expansion with density measure P[®g] over p[®] states using eq. (3.17), obtaining

Pal = [ Dy [ D@ ale) Plog) T (3o 7o) (3.32)
b b

Altogether, the discussion in this section allows for a precise identification of the exact
QET state p as descending from an ensemble average over orthogonal states Q[®¢] of the
complete theory with probability density functional P[®g], or as an ensemble average over
orthogonal states p, [a] with probability density functional Py[a]. In the former interpretation,
we are taking the viewpoint that there is a unique complete theory, and that the ensemble
captures the failure of the QET to distinguish ® field configurations. In the latter, we are
simply using the complete theory to select a natural over-complete basis for the exact QET
states, and identifying sets of null states and spanning states. These constructs are the
field-theoretic analogue to a-states in the wormhole literature, as discussed in section 6.1.

3.5 Ensembles of theories

An interesting alternative perspective arises if one decides to begin by declaring a family
of theories functionally parameterized by ®g, with actions defined by

D5, =Po

1
DP ¢~ 1901, (3.33)

Z Zy,

where Z and Z3, appear as normalization constants for fixed ®o. Because of their obvious
relation to the projected states defined in eq. (3.19), these theories will be referred to as
projected theories. In terms of this family of theories, the exact QET state is prepared by

5= 1 ~ Iy [¢]
p—Z/Dgp <e ®0 >P' (3.34)
My

This expression allows one to interpret p as being prepared by an ensemble of projected
theories, rather than by any single theory. Correspondingly, the QET partition function takes
the form of an ensemble average over partition functions of these theories,

Z=\Za)p.  Za,= [Dpemld (3.35)
M

The objects Zg, in eq. (3.35) and Zg_ in eq. (3.33) should not be confused. In particular, Zg_
is just a normalization constant that is evaluated and set once and for all when the projected
theory action Igp,[¢] is defined. In contrast, the partition function Zg, defines a functional
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integral over ¢ fields on M. In fact, in the absence of insertions, note that numerically Zg,
evaluates to Z , not Zg . With insertions, however, the path integral that Zg, defines gives
results which depend on ®( nontrivially, whereas that of Z of course does not.

A projected theory with partition function Zg, may be regarded as a complete theory
in its own right. It is not an exact QET: the operation being performed on the ® fields in
eq. (3.33) is a projection onto a specific field configuration state |®¢) on X, not a partial
trace over states on Y. This theory is strongly non-local because of the preparation of the
state of the ® fields, but it has no quantum wormbholes across Y. due to the projection onto
®(. Hence these projected theories naturally prepare pure states on splitting hypersurfaces,
which are no other than the projected states in eq. (3.19).

In terms of state preparation, these projected theories are complete theories for the ¢
fields in a superselection sector of the original theory where the configuration state of the
® fields on 3 is given by ®¢. This state is superselected in the sense that no matter what
operators one decides to insert into the path integral, the theory stays within the sector in
which ®|y, = ®y. This notion of superselection is entirely analogous to that of a-states and
baby universes in quantum gravity, as we elaborate on in section 6.1.5. From the perspective
of the original complete Euclidean theory on M, these projected theories are the result of
postselecting on the state of ® fields on the ¥ hypersurface. Indeed, the path integral is not
preparing a state that happens to freely evolve deterministically to the configuration ®g for
the ® fields on ¥; rather, this configuration is enforced by postselection.

Optionally, one could consider performing a derivative expansion of the strong non-
localities of a projected theory and a truncation down to a local theory. The ensemble average
analogous to eq. (3.35) over such truncated projected theories would give rise to an averaged
truncated QET. At the level of the truncated QET action, the coupling constants would thus
acquire a statistical meaning as coming from an ensemble of theories with different coupling
constants. Every theory in the ensemble comes from a different state of the ® fields of the
original complete theory, and thus with an associated probability of being measured by an
observer. This literally implies an indeterminacy in the couplings an observer would measure
in trying to describe the complete theory in terms of a truncated QET. More strikingly,
in general the states of the ® fields will have no symmetries and be position dependent.
Correspondingly, one should expect a poor description of the physics of the complete theory
if the couplings are assumed to be constant across space. Observations of this flavor have
also been made in the context of effective theories in quantum gravity [79-84]. In string
theory phenomenology it is well understood that low-energy couplings are really expectation
values of dynamical background fields. Here we see these as general QET features, with
no need to appeal to gravity or string theory.

In conclusion, we find that the theory ensemble interpretation of the exact QET that
eq. (3.35) provides and the previous state ensemble interpretation of the exact QET states
from eq. (3.28) are two sides of the same coin.?® Summarizing: the exact QET is an ensemble
of projected theories, the exact QET states are ensembles of projected states, and the
connection between these two facts is that projected states are precisely the states that the
path integral of the projected theory prepares.

283ee e.g. [85, 86] for a quantum gravity realization of this idea.
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4 Replica path integrals

A sharp distinguishing feature among the theories in section 3 is whether and why the states
they prepare are pure or mixed. This section is devoted to quantifying this in terms of
entropic measures which are computable via path integrals, and thus further elucidate how
exact QET path integrals work.

4.1 Entropic measures

From eq. (3.14), we see that the QET state p is the reduced density operator obtained by
tracing out the ® fields from p. From a quantum mechanical perspective, one would like
to know how much information about the ¢ fields in the complete state p is still retained
in p intrinsically within ¢ fields. This depends on the amount of correlations between the
p and @ fields, particularly their shared entanglement. Information theoretic measures of
such correlations typically involve the calculation of entropies.

Given a system with density operator o, a quantity of interest is its von Neumann entropy,

S(o)=—Trologo. (4.1)

Because S is a nonlinear functional of o, standard path integral techniques cannot be
straightforwardly applied to compute the trace above. Instead, a fruitful strategy is to employ
the following mathematical identity:

n
-1
logx = lim ’ = lim 0,2". (4.2)

n—0 n n—0

Applying this to eq. (4.1) and using Tro = 1 leads to

. Tro™ -1 . n
S(J)——%ﬂﬁ——iﬂﬁnTra . (4.3)
This is the starting point for a path integral procedure known as the replica trick for the
von Neumann entropy. This mathematical trick consists of calculating traces of powers of
the density operator, and analytically continuing them near n = 1. At values n # 1, these

objects are of interest themselves and compute Rényi entropies,

1
Sn(o) = R log Tr o™, (4.4)

which can be easily checked to yield the limit lim,_,; S, (c) = S(¢).2? Crucially, for positive
integers n € ZT, an appropriate path integral construct does allow one to compute these
Rényi entropies. This amounts to calculating traces of powers of density operators, Tro",
to which we refer as state replicas.

4.2 Replica manifolds

Consider a state p prepared on 3 C M by the local path integral of a complete theory on
Ms.. Tt will be convenient here to refer to the two sides of the cut of My, by £*. Recall that
the path integral calculates Tr p by identifying fields across the ¥ cut and integrating over

29N0te, in particular, that one can write lim,,—1 0, Tro" = lim,,_,1 0y, log Tro".
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them. As explained in section 3, this is equivalent to performing the path integral on Ms;
after identifying ¥ ~ X7, which gives back the manifold M.

Consider now Tr p?, which requires two copies of the manifold, Ms; and Ms,, to build
each replica of the state inside the trace. At the level of matrix elements it is clear what the
path integral should do. For the product p?, we would like to identify the field configurations
at ¥7 and X5, and integrate over them. To then take the trace Tr p?, we additionally identify
the fields at X3 and X7, and integrate over them. Again, this field identifications can also be
implemented by performing analogous identifications at the level of the spaces themselves,
specifically X7 ~ X5 and ¥ ~ 7. The resulting space consists of two copies of My, which
are appropriately identified along their respective cuts. Because the theory is local, doing
the path integral on each copy separately with the desired identification of the fields along
cuts is equivalent to just doing the path integral on the space consisting of the two copies
of My that are themselves identified along their cuts.

The more general case of calculating Tr p" for n € Z™ replicas of the state p easily follows.
The desired periodic identification between field configurations from cut to cut across replicas
under the trace can be equivalently implemented by the construction of an appropriate replica
manifold Mé"). This space is obtained by taking n copies of My, and cyclically gluing them
along their ¥ cuts, such that the E; side of the k'™ replica is identified with the Y4 side

of the (k + 1) replica, with k +n ~ k. The resulting replica manifold Mén) can be easily
described: it is an n-sheeted covering of My, branched over X.

It will clearly be important in this section to keep track of which manifold a path integral
is to be evaluated on. We will make so explicit as follows: if Z is the partition function of
the theory that prepares the state p, then we will use Z[X]| to denote the path integral of
this theory performed on X. The upshot of the discussion above is thus the following path

integral prescription for computing state replicas in local theories:3°
Z[ME]
Trp" = === 4.5
tp Z[M]" (4.5)

The denominator is a normalizing factor that makes Tr p"™ = 1 for p a pure state. To see this,
recall that for a field theory a path integral may prepare a pure state on X only if it is a
splitting hypersurface. When this is the case, the components in which M is split by ¥ can
be cyclically re-glued into copies of M itself. In particular, if My, = X, UX ,j , the half-space
X Ij gets glued to the half-space X ; of the next replica, thus giving a space isomorphic to M.

Altogether, the replica manifold reassembles itself into Mgb) =M™ ie., Mén) is isomorphic
to n disjoint copies of M with no cuts. If the theory is local, then from the factorization
property in eq. (2.7) it would follow that Z[M"] = Z[M]", thus yielding Tr p"™ = 1, as desired.

For later comparison, it will be useful to write out eq. (4.5) explicitly. Using the definition
of the path integral for the complete theory in eq. (2.1), the replica calculation for such
a local theory reads

1 1
Tr pn = ﬁ / D¢ efl[qﬁ] = ﬁ / DSO / Do eil[tp’q)}) (46)
Mé") Mgl) Mé”)

30A naive application of this formula to a strongly non-local theory would be wrong.
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where in the second equality we are simply showcasing the splitting into ¢ and & fields. In
either expression, locality of the theory means the action takes the form of a single integral
over Mén). Hence if Mgl) = M™ the action just decomposes as the right-hand side of
eq. (2.6) with Mj, labeling the k" replica of M. Correspondingly, the path integral in eq. (4.6)
factorizes into a product of n identical integrals over M.

A potential pitfall at this point is to conclude that, just because Mén) looks like n disjoint
copies of M for X splitting, for a general path integral the replica calculation on Mén) will
always factorize. In fact, as explained in the next section, the replica path integral for an
exact QET on Mén) does not factorize. This is to be contrasted with the behavior of an exact
QET on M™, which as in eq. (2.8) would indeed give a factorizing answer. The crucial point
is that, although isomorphic, the spaces Mén) and M"™ are obtained very differently.

4.3 Replica wormholes

Before jumping into the technical details, let us first emphasize why the factorization of a
general replica path integral for Mén) = M™ would be an inconsistency of the framework itself.
Consider the path integral that prepares the exact QET state p on X. In eq. (3.14), p was
identified as a reduced density operator obtained from p by tracing out ® fields. The state p
will be mixed so long as p has entanglement between ¢ and ® fields, whether or not ¥ is
splitting. In other words, how mixed p is depends on two phenomena: entanglement between
¢ fields inside and outside ¥ (if ¥ is not splitting), and entanglement between ¢ fields in ¥
and ® fields everywhere. If only the latter happens, the replica manifold will be isomorphic
to M™, as argued above, but the entanglement between ¢ and ® fields will still cause p to be
mixed. A general fact about a mixed density operator is that Trp™ is a strictly decreasing
function of n so, in particular, Tr p™ < 1 for all n > 1.3! Hence, in a replica calculation like
eq. (4.5), the QET path integral with partition function Z that prepares p cannot possibly
factorize. How this non-factorization occurs at the level of path integrals is explained next.

As emphasized throughout section 4.2, locality played an important role in deriving
eq. (4.5) as a path integral prescription for calculating state replicas. However, suppose
the path integral under consideration is that of an exact QET with a strongly non-local
action. Naively, given eq. (4.5), to calculate state replicas for the exact QET state p, one
could proceed to evaluate Z [Mgb)] If 3 is splitting, by the isomorphism Mén) = M™ one
would be tempted to declare a factorizing answer as in eq. (2.8), which once again would
be wrong. But even worse, if > is not splitting, this would correspond to evaluating the
full strongly non-local path integral on all of Mén), meaning that all multi-integrals in the
action would run over the full replica manifold Mén). This would be very different from
what the replica calculation is supposed to do.

The reason is simple: evaluating the strongly non-local theory on the full replica manifold
would lead to an action with multi-integrals coupling all replicas My, that make up Mén). In
particular, there would be multi-integrals mixing My, and Ms; for all ¥’ # k. This should
not happen, since the preparation of identical copies of the state should involve completely
independent path integrals. Namely, the full path integral on My, that prepares the k™ copy
of p involves strong non-localities with multi-integrals in the action over My, only. Field

31This follows from monotonicity of the p-norm, which also leads to monotonicity of the Rényi entropies.
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configurations are then to be identified along > cuts, but never does this step introduce
strong non-localities taking the form of multi-integrals over distinct replicas.

From these observations, we learn that in the replica calculation for the Z path integral,
the multi-integrals in the action should not run over the full replica manifold, but only over
each different replica independently. We capture this behavior of the action for a replica

calculations on Mgl) with the following notation:

Io=>"1Iy, (4.7)
k=1

where I}, is the full exact QET action evaluated on the k' replica My,,. Correspondingly,
the desired path integral to be performed on Mé") is

Z M) = / Dpelolel, (4.8)

where even though the action decomposes as in eq. (4.7), the path integral still is over
continuous field configurations ¢ on Mé" . The appropriate generalization of eq. (4.5) for
the calculation of state replicas is thus

> (n)
Tr ﬁn — ZZ[MZ ]

St (4.9)

This prescription now holds for the path integral of any theory, be it a complete theory, an
exact QET, an approximate QET, or a truncated QET.
In light of the decomposition of the action in eq. (4.7), one may worry that the path

integral Zo would end up factorizing for Mgl)

= M™", contradicting the consistency arguments
at the beginning of this section. In fact, factorization does not occur, and the mechanism
for this is as follows. Assume ¥ is splitting, since this is the sharp case where factorization
would imply a qualitative failure of the replica calculation. The k' replica of the manifold

My, on which p is prepared then splits as
Max, = X, UX;, (4.10)

where X ,;t are the two dual halves that make up M when glued along their respective
boundaries 0.X ,;t As explained in section 4.2 and particularly below eq. (4.5), these are then
glued back into the replica manifold M g{) in a cyclic fashion. Namely, the cut identifications
are of the form E)X,;Ir ~ 0X}_,, thereby joining the X,j half of the k*® replica to the X1
half of the next one. As a result, the reassembling of half-spaces into n disjoint copies
of M involves dual halves from consecutive replicas giving spaces X ,j UX, . & M, with
k +n ~ k. Though isomorphic, the replica labels matter, since these keep track of which
specific spaces the action integrals run over. The replica manifold for a splitting hypersurface

one obtains is precisely given by:

n
MSY = || Myyrs My = X3 U X5, (4.11)
k=1
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Figure 8. Step-wise representation of the state replica calculation in eq. (4.9) for an exact QET. For
simplicity, the figures show the n = 2 case that computes the purity, and consider a state prepared
on a splitting hypersurface. In the first figure, the two replicas of the state are separately prepared
by independent path integrals on distinct copies of Myx = X~ U X (cf. replicating figure 7). The
second figure is just a convenient redrawing of the first one anticipating the cyclic identifications that
the trace implements, keeping track of which spaces are coupled by quantum wormholes. In the last
figure, the trace is performed by identifying 0X;" ~ 90X, and 0X5 ~ 0X|, i.e., by acting with the
‘bra’ of the first replica onto the ‘ket’ of the second one and by cyclicity also acting with the ‘bra’ of
the latter onto the ‘ket’ of the former. The resulting replica manifold, M. gg, though isomorphic to
M?, swaps halves and is given by eq. (4.11), not eq. (4.12). This is how replica wormholes arise.

An illustration of this structure can be seen in figure 8. In contrast, the usual notation M™
refers to a standard disjoint union of the n original replicas,

n
M"™ = | | Mg, My =X uX,. (4.12)
k=1

While obviously isomorphic M. g_;() = M™ as claimed throughout, these two spaces are

different and explain why the path integral in eq. (4.8) indeed does not factorize. Written
out using the notation in eq. (4.7), we have

Zo[M{Y)] = / Dy [[ e 1+, (4.13)
k=1

n
|_|k=1 Migjk41
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where recall I, is the action with integrals only on M} = X, U X ,j . Hence we see that
although the path integral is over spaces My, which are disjoint for distinct k, the multi-
integrals in the action I, which run over M;, will couple the X, half of Mj,_y; to the X,j'
half of My ;41 Because the disjoint spaces the path integral runs over are genuinely coupled
by quantum wormholes, as illustrated in figure 8, it is clear that the replica path integral does
not factorize. In addition, because mixing causes Trp" < 1, for general n € Z* one expects

Z M) < ZIM)", (4.14)

with equality if and only if n = 1 or the state p prepared by the path integral on Myx
is pure. Moreover, the monotonicity property of Tr p™ discussed at the end of section 4.2
implies that for all n € ZT,

ZIM) < Zo[MEY) Z M), (4.15)

which leads to eq. (4.14) as a special case. Of course, this phenomenon relies on the fact
that I, is a strongly non-local action that can sustain quantum wormholes. In contrast, even
a non-local theory that is only weakly so would break into separate integrals over X~ and
X ,j , thereby restoring factorization. Hence, once again we see that quantum wormholes are
crucial for the exact QET replica calculation to give a sensible answer.

4.4 Ensembles of replicas

The quantum wormholes giving non-factorizing replicas came from the path integral over
® fields. It will be illustrative to restore these fields by going back to the complete theory
in order to understand precisely how the non-factorization in the exact QET occurs. We
can do this by expressing the QET action in eq. (4.13) back in terms of the path integral
that defines it using eq. (2.2). This leads to

Zo M) = / Do / D e T19?, (4.16)
Uzzl Mp 41 UZ:l M,

where we have used locality of the complete theory to combine the path integrals that define
the QET on each M}, into a single path integral over M™. From eq. (4.16) we see that the path
integrals over ® and ¢ are perfectly out of phase. This is what causes the strong non-localities
arising from the path integral over the former to lead to quantum wormbholes for the latter.

Going back to the general case in which we have a hypersurface ¥ which is not necessarily
splitting, eqs. (4.13) and (4.16) lead to the following explicit form for eq. (4.9):

Trﬁnzzl /Dgp He*W in / Dcp/DcpeI[%‘I’]. (4.17)

The difference between eqs. (4.6) and (4.17) is here manifest: in the latter, the ® fields
are only allowed to propagate on disjoint copies of M instead of on the replica manifold
Mén). In other words, when calculating Tr p", the path integral first traces out the ® fields
to define a QET on each replica of M, and then the calculation on the replica manifold
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Mé") is done for the only dynamical fields remaining, which are the ¢ fields. In contrast,
when calculating Tr p”, the full theory was path-integrated on Mgl), allowing both ¢ and
® fields to propagate across the replica manifold.

The lack of factorization of Tr p™ also admits an interpretation in terms of the averages
over ensembles discussed in sections 3.4 and 3.5. In particular, consider expanding p in
terms of the p,[a] states from eq. (3.31). Using orthogonality, the state replicas for p can
be easily seen to reduce to

Trp" = /Da P.a]™ Tr p,[a]", (4.18)

where the trace term is unity if p,[a] is pure. It is straightforward to apply the replica
trick in eq. (4.3) to eq. (4.18), obtaining

S(p) = HIP.] + (S(5.la]))p, (4.19)

where we have defined the Shannon entropy H of a classical probability distribution,
H[P]=— /Da P,[o] log Py[a]. (4.20)

This is of course what one would obtain by simply applying eq. (4.1) to eq. (3.24). This result
says how for the state p, as a classical mixture of quantum states, the von Neumann entropy
decomposes into the Shannon entropy H[P,] of the classical ensemble, plus the average von
Neumann entropy of the p,[a] states across the ensemble. The former accounts for purely
classical uncertainty in the state p due to ignorance of the state of ® fields, whereas the
latter captures genuinely quantum correlations intrinsic to the ¢ fields within each member
of the ensemble. Recall in particular that for a sufficiently large Hilbert space Hg, the p,[a]
may be pure even for a non-splitting 3. Hence we expect the classical term in eq. (4.19) to
be extensive in Hg, and the quantum term to only be nontrivial if the p,[a] states fail to
act with unit rank on the Hilbert space H, of the exact QET.

We can also express the state replicas for p in terms of traces of the spanning family
of projected states defined in eq. (3.19). However, this family is not orthogonal on H, and
consists of pure states only if 3 is splitting. The path integrals can still be pulled out by
linearity, but the resulting expression does not simplify as eq. (4.18). We can write it as

Trp" = <Tr (ﬁ ﬁ[%k]>> . (4.21)
k=1 pn

The notation for the ensemble average (-)pn in eq. (4.21) instructs us to introduce a copy
of the measure P[®g,] for every replica, i.e.,

fm—/IID%P¢%D<> (4.22)

which is correctly normalized to (1)pn = 1 for any n. The von Neumann entropy of p
one gets now reads

S(p) = H[P]+(S(p[®a])) p » (4.23)
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which has a structure similar to eq. (4.19). Of course both equations give the same total
entropy for p. Here, however, what each term corresponds to is qualitatively different. The
classical term in eq. (4.23) accounts for correlations of the ® fields on ¥ with every other
field, whereas the quantum term quantifies spatial correlations between ¢ fields on ¥ and any
other field outside of ¥. Hence, if ¥ is splitting, the former captures correlations between ¢
and  fields, and the latter vanishes. In such a case it is clear that H[P] will scale with the
interaction term in eq. (2.5). In particular, were one to introduce a dimensionless parameter
k in front of I, one would find that H[P] x k, with a vanishing entropy as x — 0. In other
words, the ensemble trivializes as the interactions between ¢ and @ fields are turned off.

One may expect that, even if the projected states p[®g] are not trace-orthogonal, the
trace on the right-hand side of eq. (4.21) may still be dominated by the diagonal term
where all states are equal across replicas. This is plausible if there are not many null
states among projected states like in eq. (3.30), and also motivated by the fact that such
configurations respect the replica symmetry that the path integral manifestly satisfies. With
this expectation, one may write

Trp" = /cho Pl0o]" Tr p[®o]" + ORSBg) = (Tr p[®o]") pn , (4.24)
¥

where the corrections correspond to replica-symmetry breaking (RSB) configurations of
® across the different > cuts, and are guaranteed to be nonnegative. On the right-most
expression, note that we are using the notation introduced in eq. (4.24), but with the
understanding that, because every replica has the same configuration ®¢, = ®g, there is
just a single integral over ®y and every copy of P is evaluated on this ®q3. For n > 1, the
trace over projected states in eq. (4.24) gives unity if and only if ¥ is splitting, and for n =1
eq. (4.24) becomes a trivial equality. Using egs. (3.22) and (4.9), the analogous expression to
eq. (4.24) that holds at the level of the exact QET partition function for a splitting ¥ is

Zo| MY = (Zao [M]") p + O(RSBig,)) > (Zasy [M]") (4.25)

where we are using the partition functions of projected theories from eq. (3.35), and the fact
that p[®g] is pure for ¥ splitting. This says that the replica calculation for the exact QET
partition function on disconnected replicas does not factorize, but is approximated and lower
bounded by an ensemble average over partition functions of theories which do factorize across
replicas. In section 6.1.3 we relate eq. (4.25) to the factorization problem in holography.

In fact, the right-hand side of eq. (4.24) does provide an exact expression for the replicas
of a different object: the classical ensemble 2 of pure states of the complete theory defined
in eq. (3.27). This is because the lifted states Q[®g] from eq. (3.26), which act on the full
Hilbert space ‘H of the complete theory, are actually orthogonal on the ® sector. As a result,
the replica calculation for this ensemble yields

Tr Q" = (Tr p[®o]™) p | (4.26)

an equation that holds exactly due to the orthogonality property in eq. (3.10). The von
Neumann entropy of the  still nicely reduces to that of p, as expected by construction,

S(Q) = S(7). (4.27)
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These expressions provide precise relations between the exact QET state p, and the statistics
of the corresponding canonical ensemble ) of states of the complete theory.

4.5 Multi-swap operators

In this section, we obtain alternative representations of the path integrals for state replicas
by performing field space projections rather than identifications on the underlying manifolds.
The projection operators we obtain can be understood as multi-swap operators. These
operators realize an alternative way of thinking of state replicas as measurements performed
on states prepared by different copies of a theory, rather than as identical copies of a state
prepared by a single theory.3? This exercise will also make the differences and similarities
between the replica calculations in a complete theory and in an exact QET more transparent.

The path integrals that compute state replicas started life as preparations of states on
independent copies of the cut-open space Msy. In previous sections we implemented field
identifications across the X cuts of the different replicas by doing the path integral on a
space constructed by gluing copies of My, appropriately. This gave rise to the replica manifold
Mé"), and also to the disjoint union M™. One can reproduce these identifications in terms of
projection operators in field space instead. In particular, here we will keep the path integrals
just running over the disjoint union My} of n independent copies of Ms,. Because these path
integrals are completely independent of each other, one may think of them as n copies of the
same theory, each independently preparing a single copy of the pertinent state on a different
My, . In the cyclic trace, these copies then get related by a projection operator which can be
interpreted as performing a measurement across all replicas (cf. a multi-swap test).

Comparing egs. (4.6) and (4.17), we see that at the level of the path integral for the
© fields these two calculations are identical. What actually distinguishes the replica path
integrals for complete and exact QET states is fully captured by what happens to the ®
fields. The focus here will thus be on understanding the differences between Tr p"™ and Tr p™
in terms of projection operators on the ® fields.

For Tr p™, the space M™ corresponds to simply gluing back each My, into M}, along its
own Y, cut. The identifications this implements on ® can be captured by

Py, (3] = f[ 5 (@ly — gy ) - (4.28)
k=1

Explicitly, what this means is that the ® path integral in eq. (4.17) can equivalently be
written as the following path integral on Ms:

/D@(-): /D@Pnnm(.). (4.29)
M M2

On the other hand, for Tr p™, the field identifications that the replica manifold Mé") enforces
can be implemented by

P=, (@)= T[5 (el - ol ). (4.30)
k=1

32In quantum theory this distinction is operationally meaningful while mathematically innocuous. In
quantum gravity, these two interpretations of state replicas can lead to different results [87, 88].
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Figure 9. Illustration of the projection operators implementing field identifications in replica path
integrals for n = 2. On the left, the operator Py, defined in eq. (4.28) performs identifications of
field configurations between the boundaries of dual half-spaces within each replica. On the right, the
operator Pz defined in eq. (4.30) performs these identifications between dual half-spaces of consecutive
replicas. For n = 2, this corresponds to a standard swap operator. The combined projection operator
Pz, defined in eq. (4.33) would implement all identifications depicted above at once.

where k +n ~ k. The ® path integral in eq. (4.6) can thus be reproduced on M;} by

/pq><.)_/pq>P5n[<1>](-). (4.31)

The operators defined in eqs. (4.28) and (4.30) are depicted in figure 9. Notice that for both
egs. (4.6) and (4.17) the projector in action for the ¢ fields is Pz, [¢], since these fields are
dynamical in both the complete and the exact QET.

By inserting the projector Py, into eq. (4.31) and the projector Pz

—n

into eq. (4.29) one
gets matching right-hand sides, which leads to the following identity for the left-hand sides:

/ DOPy, [0](-)= | DBP= [®](-). (4.32)
M M

This path integral provides a precise relation between egs. (4.6) and (4.17). We can use
this to better understand what makes the complete theory and the exact QET differ in
calculations of state replicas. From eq. (4.32), we learn that in order to relate the path

)

integrals on Mg” and M™ one has to project out configurations from both. Namely, there
are field configurations on the replica manifold Mén) which need to be projected out by Py, ,
and also field configurations on the disjoint union M™ which need to be projected out by
Pz, . Put differently, the path integrals on Mén) and M™ respectively receive contributions
which are generally not accounted for by the other.

However, suppose the path integral over ® fields admits a saddle point approximation. In
both cases, the functional extremization problem over ® takes place on Ms:. The difference
between extremizing fields on Mén) and M™ is which saddles are allowed to contribute,
which depends on boundary conditions. If the extrema on M3 happen to automatically be
consistent with the identifications that both Pz

and P, impose, then the saddle-point
approximations to the path integrals on Mén) and M™ will naturally agree. Hence at the

n

level of saddle points, the state replicas for p and p agree if the dominant saddles are not
projected out by the joint action of Pz, and Pyy,. Using ¥ to indistinctively refer to both
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Z,f cut sides, this combined projection can be expressed as
P, [®] = Pz, [0] Py, [® /D% H 5 (s, — Do), (4.33)

i.e., their joint action collapses the configurations on all ¥ cuts to be identical. Because Pz,
enforces the Z,, replica symmetry at the level of configurations on the ¥, cuts, we refer to it
as the replica symmetry operator.®® In the path integrals that compute state replicas, even if
off-shell, there are always field configurations which break replica symmetry, and are thus
in the kernel of Pz, . All such configurations of the ® fields will make replica calculations
for the complete theory and the exact QET automatically differ. The path integral over ®
fields with the operator in eq. (4.33) inserted yields

/ Do Py, [0] e l#® = / Doy [] P[®os] e vl (4.34)
k=1

Poj=Po

kM replica

where the P measures were introduced in eq. (3.22), and Is,, is the action on the
of a projected theory, as defined in eq. (3.33). By additionally acting with the path integral
over ¢ on Mzn to prepare the corresponding state replica we obtain

—1I[p,P] 1 ~1 n 1 n

(n) M2
Mg 5

where we have used the notation from eq. (4.22), and in the last equality we have recognized
the replica result for the {2 ensemble in eq. (4.26). One may interpret eq. (4.35) as giving the
expectation value of the replica symmetry operator Pz, [®] in the complete theory. Hence
contributions to Tr p” and Tr p™ which are common to both path integrals are given precisely
by Tr Q™. Conversely, it is contributions to the ® path integral in the kernel of Pz [®] which
make the state replicas for complete and exact QET states differ, as claimed above.

The focus in this section up to this point has been on understanding the difference
between the complete theory and the exact QET when it comes to replica calculations, which
as discussed at the beginning is fully captured by the difference in how the ® fields are treated.
There is however also an important observation to be made about replica symmetry and
its breaking at the level of the ¢ path integrals. Using the operator Pz, from eq. (4.30),
we can write the replica path integral in eq. (4.8) as

ZM) = [ DePs e T (4.36)

Consider now constructing a resolution of the identity by using the operator in eq. (4.28)
and its negation,

I= PHn+ Pan (4.37)

33This operator was already secretly in action when going from eq. (4.21) to eq. (4.24).
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which can in fact be taken as a definition of Pyy,. Combined with Pz, using eq. (4.33) gives

This is simply saying that the multi-swap operator P=, which implements the replica manifold
identifications in eq. (4.36) can be decomposed into a projection onto replica-symmetric
configurations captured by Pz, , and RSB ones captured by the other term. Note that here
we are talking about replica symmetry at the level of field configurations on 3 only, so the
path integral is free to run over all possible configurations away from the cut in both terms.
Since 7, is a symmetry of the path integral, it is often reasonable to assume that RSB
contributions are subleading, so we may write eq. (4.36) as

Z M) = / Do Pz, [p]e ¥l + ORSB,, ). (4.39)
My

Using eq. (4.33), for the replica-symmetric path integral we find the expression

/ Dy Py, [p]e Tl / Do Plyo]" Z,,, (4.40)

where we have defined a partition function Zs@o and a normalized distribution P by

Z <P|z::900 Z*
Zpo = — / Dy el Plpg] = =22, (4.41)
Zsé’o Z
M

% . .
and the constant Z, is given by

Z, = / Dype 19, (4.42)

The normalizations here have been picked so as to mimic the definition of the prOJected
theories Zg, in eq. (3.35).3% Once again, as explained below eq. (3 35) for those, here Z
is also just a constant to be evaluated as in eq. (4.42), whereas Z% is to be treated as a
partition function which defines a path integral for the ¢ fields on M. Hence we obtain the
following form for eq. (4.39) (cf. eq. (4.25) for the & fields):

Zo[ M) = (Z o[ MI™) 2 + O(RSB, ), (4.43)

where we are using the notation from eq. (4.22), but for the new measure P and for
configurations of g of ¢. Applied to eq. (4.9), this says that up to RSB effects the state

34The reader might wonder what motivates the convoluted definitions in eqgs. (4.41) and (4.42), since
plugging these into eq. (4.40) just gives (2;0)" for the integrand. The point is that partition functions are
only meaningful up to normalization, and we are using this freedom to extract a normalized measure P. This
measure may seem arbitrary at this level, but what fixes it uniquely is that it is the measure that appears
when relating observables computed by Z and Z 0+ for which normalizations drop out. In other words, it is
the measure P that picks out a preferred normalization for the partition functions with fixed ¢ configurations.
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replicas for p are given by an ensemble average over ZPO partition functions. This is used in
section 6.1.3 to offer a different perspective on the factorization problem in holography.

To conclude, let us quote the identities which allow one to interpret the operators
introduced in this section as performing measurements on states prepared by different copies
of a theory. The Hilbert space of n copies of the exact QET on each M, replica is a tensor
product 7{%”, i.e., a multi-theory Hilbert space where each factor corresponds to one exact
QET. The states prepared by these theories similarly separate as p®". Then if Tr,, denotes
the trace on the multi-theory Hilbert space, one has the multi-swap test identity

Tr, (PZ %" ) = Te ™, (4.44)

where the operator Pgn is being used here to multi-swap the ¢ field states. From the point
of view of eq. (4.44), the state replicas for p can be understood as expectation values of
the multi-swap operator Pén.

5 Operator algebras

The algebraic picture that follows helps clarify the qualitative difference among the various
types of theories considered throughout. Namely, what distinguishes the algebra of operators
of a complete theory (local), an exact QET (strongly non-local), an approximate QET (weakly
non-local), and a truncated QET (local). For this algebraic detour we follow [89-92].

5.1 Algebraic duality

Let us begin by introducing some basic notions that we will need to analyse the algebraic
structure of these theories. Since we are interested in understanding the properties of very
different theories, no assumptions will be made about relations that do not simply follow
axiomatically. We denote algebras by .A. The set of operators that commute with a subalgebra
A is denoted by A’ and called the commutant of A. For a quantum theory on some space
M, let S be a connected splitting hypersurface S C M. To any subspace ¥ C S, consider
associating an algebra of local operators supported on it, and write it as A(X). Doing this
for the complementary subspace ¥’ = S \ X one obtains the algebra A(X’). In general, for
such locally generated algebras the following causality relation holds:

AZ) C (AZ)). (5.1)

Indeed, for a Lorentzian theory where S is spacelike, this is the statement of microcausality.
The algebra associated to X is said to satisfy duality (or Haag duality for ball regions in
vacuum [93, 94]) if

A(E) = (AZ))- (5.2)

This relation does not always holds, as will be important for us. In particular, duality
can be violated by making ¥ disjoint or non-simply connected [90]. It will be simpler to
investigate the former case in which X consists of more than one connected component.
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With this purpose, consider two subspaces 31,3 C S. If one is contained in the other,
their algebras obey isotony,

A(D1) CA®,), T C 5 (5.3)

If instead they are disjoint, let ¥ = X1 U Xy C S. The smallest algebra one can possibly
associate to X is the one generated additively by the local operators in the algebras A(3)
and A(X2). This defines the minimal additively generated algebra

A(D) = AD)) VA), (5.4)

where A1V As = (A1UA2)”. If Ais a von Neumann algebra, then A” = A by the bicommutant
theorem [92]. The notation A(X) used up to this point implicitly refers to A (¥); hereon,
only the latter, explicit notation will be used when referring to locally generated algebras of %
subspaces. This is important because there generally is no canonical algebra one may associate
to a subspace. In particular, there is also a largest possible algebra one may associated to
Y in a way that is still consistent with the causality relation in eq. (5.1). This corresponds
to taking the set of all operators which commute with those additively generated in the
complementary subspace. More explicitly, this maximal algebra is given by the commutant
of the additively generated algebra of the complement,

AXE)=AE)" (5.5)
The causality relation in eq. (5.1) becomes the general statement that
A(X) CA(X). (5.6)

These definitions allow one to make concrete statements about the algebraic structure of a
theory without having to commit to any choice of association of algebras to subspaces. This
in particular means we can extend the notion of duality in eq. (5.2) to a general statement
about the theory. The algebra of the theory is said to satisfy duality if for any subspace
Y., minimal and maximal algebras agree, i.e.,

AE)=A(®), VECS. (5.7)

In [89-91], theories are characterized as complete if this notion of duality holds, and non-
complete otherwise. The complete, local theories studied throughout this paper are assumed
to be complete in this sense. Because violations of duality for effective theories will be
important for us, let us briefly comment on both their cause and consequences.

A violation of duality takes the form of the proper inclusion A (X) C A (X) for some
subspace Y. In words, this says that there are operators in the maximal algebra one could
associate to X which cannot be locally constructed within 3. Put differently, the mismatch
between A and A is solely caused by the existence of non-local operators in the latter
which are absent in the former. In the context of this paper, this is obviously why duality
violations are relevant. The algebraic consequences of the failure of duality are noteworthy
too. Assuming von Neumann’s bicommutant theorem applies, one can easily see that if X
violates duality, so will its complement:

A (X)) =(AE) D (AE) = A (5-8)
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This in particular says that A (X) contains operators outside the commutant of (A (X))". In
other words, there are operators in A (X’) which do not commute with some operators in
A (X), and vice versa. As a result, it follows that the expectation values of such operators
cannot be locally determined, but depend non-locally on each other. As understood in [91],
these are related by generalized symmetries. In our context, it is the explicit existence of
non-local couplings which will relate those expectation values.

5.2 Effective theory algebras

Equipped with this machinery, it is now possible to make precise distinctions between the
structural properties of the algebras of operators in our theories of interest. In each theory,
we would like to characterize the kind of subspaces on which duality is violated, if any. On
one end we have some complete, local theory, which as mentioned above is taken to respect
duality. On the opposite end we have a truncated QET, which by virtue of being again local
may also obey duality, although this is not necessarily always true. The intermediate cases
of an exact QET and an approximate QET do violate duality in general and are thus more
interesting. Given that non-localities are strictly stronger in an exact than in an approximate
QET, so do we expect violations of duality to be strictly stronger in the former than in
the latter. Let us introduce the minimal structure necessary to qualitatively distinguish
these two on the same setting.

As we saw in section 2.4, partition functions factorize across connected components of
a space even for an exact QET. Hence let our theory of interest be defined on a connected
space M = X U X™, where X and X* are the usual CRT-dual half-spaces. The path integrals
in section 3 allowed us to construct a Hilbert space for a given theory by preparing states and
defining an inner product on X. We would like to understand the algebras of operators acting
on this Hilbert space and, in particular, their structure at the level of subspaces ¥ C 0.X. As
it turns out, it suffices to consider a connected boundary 0.X, and to make ¥ consist of just
two connected components, ¥; and ¥o. This setting is illustrated on the left in figure 10.

Consider first an approximate QET, which recall is a weakly non-local theory. These
theories are characterized by actions with arbitrarily high derivative orders, which give rise to
non-local interactions within connected components. By virtue of being connected in X, the
subspaces Y7 and Y9 will correspondingly be non-locally coupled. Hence we expect there to be
non-local operators across these two subspaces with nontrivial expectation values. This would
imply a violation of duality on . This type of violation is characteristic of an approximate
QET, but would of course also happen for an exact QET. A failure of duality that occurs for
an exact QET but not for an approximate one must take place at a more global level.

An exact QET is a strongly non-local theory, the characteristic non-localities of which are
associated to quantum wormholes. Recall that quantum wormholes correspond to non-local
couplings across connected components, which are in particular lost in an approximate QET.
Remarkably, this suggests that we should expect the violation of duality characteristic of an
exact QET to occur even on 0X, which is a full connected component. This is surprising
because 0X is the full space where the path integral defines the Hilbert space of the theory. In
particular, X has an empty complement, X’ = &, and the empty set has no local operators,
so those in its commutant which define A (0X) must genuinely give the full algebra of the
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Figure 10. Ilustration of the settings consider for understanding the violations of duality in QET
operator algebras. On the left, the maximal algebra for ¥ = ¥; U Y5 includes non-local operators
straddling between ¥; and 35 which are not in the minimal algebra. This gives the characteristic
violation of duality in an approximate QET due to weak non-locality. On the right, the maximal
algebra for the full space X includes non-local operators which cannot be locally generated within
the theory on 0X. These are associated to quantum wormholes which are more naturally understood
as connecting the two half-spaces which prepare a canonical purification of the state on d.X. These
globally non-local operators give the characteristic violation of duality in an exact QET due to strong
non-locality and, in particular, the existence of quantum wormholes.

theory. Hence we see that a violation of duality on 90X would imply that the full algebra of
the theory includes operators which cannot be locally generated on the full 0X space.

A more concrete way of understanding how a global violation of duality on X can
possibly happen is to remember that X is just one half of M = X U X*, the space where
the exact QET is originally defined. Once the path integral is cut open, quantum wormholes
straddle between X and X*, and the density operators prepared on 0X are thus mixed.
But if one considers CRT-conjugating X* back to another copy X of X , then what the
corresponding path integral would be preparing are canonical purifications of those density
operators. This is illustrated in figure 10. From this viewpoint, X can be thought of
as the complementary subspace to X, a more familiar setting when discussing algebras
associated to subspaces. Then quantum wormholes are non-local interactions between 90X
and 90X , which would give rise to nontrivial expectation values between non-local operators
associated to X U dX. This identification allows for a more explicit realization of the
maximal algebra of the exact QET on 0X as

A (0X) = (A (0X)) (5.9)

The point of view of canonical purifications used above also serves to demystify the global
violation of duality of an exact QET. Namely, similarly to how for an approximate QET
the maximal algebra of a subspace X is given by the commutant of the local algebra of its
purifying subspace Y/, for an exact QET so is the maximal algebra of the theory given by
the commutant of the local algebra of a purifying theory on 0X.

Intuitively, an approximate QET reveals its non-completeness when spatial regions are
traced out, but is otherwise globally complete in the sense that duality holds on splitting
hypersurfaces. In contrast, an exact QET reveals its non-completeness already at the global
level of splitting hypersurfaces. This is because an exact QET still remembers that it
came from a complete theory by tracing out some sector. Because this global type of non-
completeness corresponds to a violation of duality at the level of the full theory, one may say
that the non-local operators in A which are not in A are actually not part of the theory
at all. However, we already saw quantum wormbholes in action in section 4 giving nontrivial
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correlations across replicas which would result in nontrivial expectation values for non-local
operators across replicas. The crux to reconcile these observations is to embrace the idea
that the global violation of duality of an exact QET is in a specific sense not associated to
non-local operators on a single copy of the theory, but to non-local operators on multiple
copies of it. This perspective was made precise in section 4.5 by interpreting state replicas
as multi-swap measurements. As usual, this emphasizes how global the properties that
replica calculations probe are.

Let us conclude with an interesting observation about the global algebras of our theories.
For the approximate QET, the absence of quantum wormholes guarantees duality on splitting
hypersurfaces. For the exact QET, it is solely quantum wormholes which cause a violation
of duality. But these strong non-localities associated to quantum wormbholes are precisely
what distinguish an exact QET from an approximate QET. This is particularly manifest
if one decides to treat an exact QET as if it were a complete theory, which as explained
in sections 2.3 and 3.3 is secretly equivalent to operating with an approximate QET (cf. a
resummed derivative expansion). This leads to the expectation that the locally generated
algebras of both theories should agree on splitting hypersurfaces. Using duality of the
approximate QET, this means

A(0X) = A (0X), (5.10)

i.e., the full operator algebra of the approximate QET should be isomorphic to the full locally
generated operator algebra of the exact QET. One may also generalize this to a relation
involving the maximal algebra of the approximate QET for an arbitrary subspace X. In the
exact QET, this would be reproduced by an intermediate algebra consisting of all operators
in A (X) which are not in the commutant of A (0X).

5.3 Breakdown of effective theory

In a complete theory, minimal and maximal algebras for any subspace agree. This way, duality
grants a canonical association of an operator algebra to any subspace, and also guarantees
that this canonical algebra is always locally generated. In a non-complete theory, the failure
of duality makes such an association of algebras to subspaces ambiguous. If one associates
A (X) to X, non-local operators will be missed. If instead one associates A (3), non-local
operators will be accounted for, but the algebras of complementary regions will contain
operators which do not commute. An operational way of distinguishing the physics these
two algebras capture when acting on states is thus desirable. When addressing our different
theories, this will provide a diagnostic of which physics they do or do not capture.

Given some theory, consider the preparation of a state on a subspace . A failure of
duality on ¥ signals an incompleteness of the description of that state that is attainable solely
by local observables on ¥. In particular, this means that there will be distinct states the
theory can prepare on ¥ which will be indistinguishable from the perspective of the algebra
of local operators on . Indistinguishable states on ¥ will be those differing only by the
expectation values of non-local operators in A (X) which are not in A (3).

This conditional expectation can be manufactured by partially tracing the state over
non-local sectors (thereby removing non-local information) and then lifting it back to an
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operator in A () with a maximally mixed identity operator in the non-local sector. The
resulting state thus retains all information about expectation values of local observables,
but is completely ignorant of non-local ones and yields zero for these. Put differently, the
two states give identical expectation values for operators in A (X), and may only differ for
those only in A (X). For instance, given a state on X = X L ¥y for the setup on the left of
figure 10, one could consider constructing the reduced density operators p; and p, on each
subspace, and then lifting these back to the product state on ¥ given by p; ® p,.

More generally, let the state on > be p, and denote the state conditioned on having
trivial expectation values with respect to non-local operators on ¥ by p. With an information
theoretic mindset, we would like to consider a situation in which p is the true state on ¥, and
p is a local observer’s hypothesis for what the state on ¥ is. We want to know the number
N of copies of p we would need to perform measurements on in order to conclude that the
hypothesis p is wrong. This is quantified by requiring NS(p||p) > 1, where S(p||p) is the
relative entropy of p with respect to p, defined by [95]

S(15) = Trjp(log j—log ). (5.11)

The relative entropy is a nonnegative quantity by Klein’s inequality, and vanishes if and only
if the two states are identical. We emphasize again that this trace shall be taken in A (X); if
the trace were taken in A (X)), the relative entropy of p with respect to p would be identically
zero by construction. Equivalently, this means that different states p; # py with the same
conditional expectation p are perfectly indistinguishable with only access to local operators in
A (X). Indeed, the value of the relative entropy in eq. (5.11) quantifies the uncertainty of p in
A (X) given the knowledge in A (¥). Importantly, relative entropies are always well-defined
across algebra types in quantum field theory.?> If the conditional expectation that defines p
is trace-preserving, eq. (5.11) reduces to a simple difference of von Neumann entropies [89],

Sellp)=Sp) =5, (5.12)

an expression which now looks just like a conditional entropy. Here nonnegativity is easily
seen to follow from the maximally mixed conditional expectation in p. Furthermore, if p is
a state on ¥ = ¥ L ¥y that reduces to p = p; ® py, then eq. (5.12) becomes the mutual
information between 1 and Yo on the state p, i.e.,

S(115) = I(1 : o) (5.13)

The splitting case in which 3 = 0X is noteworthy. In particular, because in an exact QET
duality holds globally, there would seem to be distinct states of the complete theory on
Y which are nonetheless perfectly indistinguishable by exact QET operators in A (0X).
Remarkably, this would mean that there are states which operators on a single copy of
the theory cannot possibly distinguish. To distinguish such states, one is necessarily forced
to consider operators in multiple copies of the theory (as in eq. (5.9) for two copies), or
quantities like the state replicas in section 4.

35This includes type-III von Neumann algebras, even though for these neither the traces nor the density
operators in eq. (5.11) actually exist when X is not a splitting hypersurface.
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This situation is demystified by thinking of the exact QET as preparing a canonical
purification of p as on the right of figure 10. Then it is clear that A (0X) just has access to p,
the reduced density operator on X, but not to any information about the purifying subsystem
o0X. Any state prepared on 0.X LI 0X with operator insertions in X which do not change the
state on 0X will be perfectly indistinguishable by observables in A (0X). In this canonical
purification picture, p is the tensor product of the reduced density operators on 0.X and 0X.
This state differs from the canonical purification of p in that quantum wormholes have been
traced out, thereby decorrelating the two sides of the system. Correspondingly, eq. (5.13)
quantifies quantum wormhole correlations, which are given by the mutual information
between the state on 0X and any purification. Because quantum wormholes are the remnant
of correlations between ¢ and @ fields in the complete theory, eq. (5.13) can also be thought
of as measuring the amount of entanglement between these two sectors in pure states of the
complete theory. Hence we expect the mutual information in such cases to scale with the
interaction term between ¢ and & fields in the complete theory.

The discussion above has concerned distinguishability of states within a single theory.
In fact, given how our QET constructions are related to each other, the relative entropy
can also be used to distinguish between states prepared by different theories. This will in
particular allow us to determine to what extend the states that an approximate or truncated
QET prepare fail to capture the expectation values of complex operators of the true theory.

To be more precise, let the state of the complete theory on ¥ be p. We are just interested
in the state of the ¢ fields, which can be obtained by tracing out the ® sector. By eq. (3.14)
the resulting state is precisely p, the exact QET state. Hence the exact QET perfectly
describes the ¢ fields, and should be used as a benchmark. Now, suppose our best description
of the ¢ fields is an approximate or truncated QET, which prepares the state px on X.
Theoretical predictions made by computing observables on px are just approximations to the
true results one would obtain by acting with those observables on the actual state p of the
system. More precisely, we expect there to be a class of observables O« for which

Tr(px Ox) =~ Tr(p Ox) (5.14)

with the approximation holding in some perturbative sense, and some different class of
observables O for which

Tr(px O) # Tr(5 0), (5.15)

with the two sides differing arbitrarily. For instance, suppose our observables of interest
are correlation functions of a small number of insertions of the ¢ fields. If the lightest ®
field that was integrated out from the complete theory had a mass mg¢ > 0, one may expect
eq. (5.14) to hold so long as the operator insertions have energies A < mg, whether p, comes
from an approximate or a truncated QET. If instead one considers operators with energies
comparable to or larger than mg, the neglect of higher derivative terms will clearly make
eq. (5.14) fail for a truncated QET. For an approximate QET, however, it is not obvious
whether or not eq. (5.14) will hold. This is because all that an approximate QET is missing is
quantum wormholes, but otherwise preserves all non-localities within connected components
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(see section 2.3). There is nonetheless a simple argument for why there must exist observables
O for which even an approximate QET must break down in the sense of eq. (5.15).
Consider the same logic that led us to introduce the relative entropy in eq. (5.11). Namely,
if all we have access to is an approximate QET, our best hypothesis for the state on X is
px as prepared by the approximate QET. To quantify how hard it is to realize that our
hypothesis px for the state of the system is wrong, we consider the relative entropy

S(pllpx) =Trp(logp —logpx). (5.16)

In principle, one may want to take the trace above in the exact QET algebra A (3). However,
since we are considering states prepared by a single copy of the theory, we can get the same
answer by just taking the trace in A (X). This is also desirable since, as argued at the end of
section 5.2, we expect the A (X) algebras of the exact and approximate QET to agree. The
key observation to be made about eq. (5.16) is sharpest when ¥ is a splitting hypersurface.
Then, as explained in section 3.3, the state px is pure, while the state p is mixed due to
quantum wormholes. As a result, the relative entropy in eq. (5.16) is in fact formally infinite.
This is more easily seen in terms of the underlying probability density functions of each
density operator, for which the relative entropy becomes a classical Kullback-Leibler, and
the infinity corresponds to the support of p overlapping with the kernel of py.

The divergence of eq. (5.16) has operational consequences. From the interpretation of the
relative entropy above eq. (5.11), it means that a single measurement on a single copy of the
system should suffice to distinguish p from pyx. In other words, there must exist @ operators
which cause the approximate QET to break down in the sense of eq. (5.15). As pointed out
above, it is not clear that this breakdown is necessarily associated to energy scales. Rather,
it must correspond to observables which have support on p but not on py, such that their
expectation values are zero for the latter but nontrivial for the former. Needless to say, these
operators will also cause any truncated QET to break down.

The kind of observables which an approximate QET will miss correspond to operators
which can tell apart a mixed from a pure state. These must in some sense be complex
operators capable of probing the spectrum of the density operator. Intuitively, the more
mixed the true state p is, the easier it should be to realize that the hypothesis state pyx is
wrong. The mixing of p is caused by quantum wormholes, which arise from the interactions
between ¢ and @ fields in the complete theory. These quantum wormholes may ultimately
be suppressed by the mass mg of the lightest ® field that was integrated out. As a result,
the different QET states will be harder to distinguish the heavier mg is. Hence one may
expect any reasonable notion of operator complexity for the O observables that break the
approximate QET to grow with mg. A priori this does not imply that O itself must be
heavy: it may be possible to scale the complexity of an operator that distinguishes states
without scaling its total energy.3

Let us conclude by pointing out that the failure of approximate QET states to capture
complex operators is akin to how no single projected state p[®o] in the ensemble that makes
up p can possibly make predictions all consistent with p itself (see section 3.4). The true

36T thank Chris Akers and Netta Engelhardt for very insightful conversations on the breakdown of effective
theory with complexity, and also Aidan Herderschee for highlighting the possibility of a separation of scales.
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state of the system is p, and its predictions carry classical uncertainty due to its ensemble
nature. This classical uncertainty was in section 3.5 formulated in terms of p being prepared
by an ensemble of theories, rather than any single one. Correspondingly, we expect a single
approximate QET to fail to capture the true physics of the ¢ fields, but an ensemble thereof to
potentially make consistent predictions. Such an ensemble would naturally be over couplings
of the theory, since these ultimately come from integrating out genuinely quantum & fields.

6 Quantum gravity

There are two complementary but qualitatively distinct ways in which the lessons from
the previous sections can also be applied to effective theories in the context of quantum
gravity. Holographic duality offers an arena where the gravitational bulk can be understood
as an emergent theory that ought to realize every expectation from a boundary field theory,
including an exact QET. Alternatively, starting from a fully non-perturbative theory of
quantum gravity, one might ask which features of the exact QET framework described here
remain valid in a gravitational effective theory (GET). In section 6.1, we first explore the
holographic perspective, followed by a discussion in section 6.2 on how a GET fundamentally
differs from a QET.

6.1 Effective holography

Great progress has been made in understanding quantum gravity within the holographic
paradigm by harvesting the connection between entanglement on the boundary and spacetime
connectivity in the bulk [96, 97]. The notion that spacetime emerges from quantum correlations
has led to significant advances in the holographic dictionary, particularly in understanding
holographic entanglement [98-106] and bulk reconstruction [107-115].

6.1.1 Replica wormholes

An important development in recent years has in particular brought to the forefront of
holography the importance of wormhole contributions in holographic calculations of entropic
quantities [32-34, 116, 117]. In the context of black hole evaporation, we have come to
understand how crucial it is to include connected wormhole topologies in the gravitational
path integral in order to obtain a Page curve consistent with unitarity for the entropy of
Hawking radiation [29-31, 118]. A specific setting where these wormholes make an appearance
is in replica calculations in which the path integral is used to prepare the state of an evaporating
black hole [32-34]. Explicitly, as quantum entanglement builds between the black hole and
radiation, wormhole geometries begin to dominate replica calculations, connecting replicas
even when they lie on disjoint spaces. Put differently, quantum correlations between replicas
are encoded geometrically in the bulk as replica wormholes. In this section, we would like to
understand these replica wormholes from the perspective of the boundary theory.3”
Although the bulk naturally allows for a spatial splitting along Cauchy surfaces to
distinguish black hole and radiation degrees of freedom, this distinction becomes less clear in

3TA coarse-graining mechanism by which quantum wormholes reproduce the permutation structure of
geometric replica wormholes was studied in detail by [119]. The relation between the quantum wormbholes
that arise in open quantum systems and those in holographic replica calculations was also explored by [52].
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the dual boundary theory. To simplify matters, an auxiliary non-gravitating bath system
is often introduced, coupling to both theories and making the degrees of freedom easier
to separate. This way, in the boundary picture, the bath captures most radiation (early
radiation only), whereas the genuinely holographic theory captures mostly the black hole
(plus late radiation). The need for introducing such an artificial artifact, and nonetheless still
getting a rather ambiguous splitting between the two sectors, emphasizes an important point:
these two sectors are not naturally localized on any distinct spatial regions on the boundary,
but rather simply correspond to distinct sectors of quantum fields of the theory.

The observations above translate naturally into the state preparation formalism used in
this paper. In particular, we have argued that the state of the radiation on the boundary
cannot simply be obtained by partially tracing some state of the complete theory over some
spatial region. Rather, the state of the radiation corresponds to partially tracing over an
internal sector of black hole states of the complete theory. As shown in section 3, what
constructs such a state is precisely an exact QET.

The boundary theory we are interested in here is obtained by integrating out the black
hole sector from the complete theory. The resulting exact QET holographically describes
the radiation as a strongly non-local theory. The fact that the black hole evaporates is a
manifestation of the non-unitarity that is characteristic of any exact QET due to correlations
between system and environment. As explained in section 2.3, the non-locality and non-
unitarity of an exact QET are not only consistent with unitarity and locality of the complete
theory, but required. Indeed, in the exact QET the correlations between black hole and
radiation are fully captured by quantum wormholes, and would be completely missed by
any approximate QET. In particular, by the arguments in section 5.3, all possible radiation
states the exact QET could prepare differing only by such correlations would be perfectly
indistinguishable by an approximate QET. In the exact QET these states are distinguishable
by sufficiently complex operators, but will require multiple copies of the state. In other words,
the QET framework predicts the failure of any local effective theory to distinguish the state
of Hawking radiation from a thermal state, and also the need for replicas where the inclusion
of wormholes allows one to recover results consistent with unitarity of the complete theory.

Let us restate that in the above paragraph we are arguing for all of these phenomena
purely from a boundary perspective. By holographic duality, these predictions must be
reproduced by the bulk theory. Since more than one copy of the theory is needed to make
meaningful statements about the state of the radiation, consider the replica path integrals of
section 4. On the boundary, the quantum wormholes that couple the replicas come to life as
soon as the black hole and radiation get coupled, i.e., as soon as the black hole begins to
evaporate. Correspondingly, in the bulk one should expect wormholes connecting all replicas
to exist as off-shell configurations of the gravitational path integral at all stages of black
hole evaporation. Whether replica wormholes dominate or not is a different question that
arises in a semiclassical limit. Namely, it refers to the competition between the limit that
allows for saddle-point approximations, and the build-up of strongly non-local correlations
to overcome local ones, such that the connected saddle dominates.

In line with the old and fruitful intuition that spacetime geometrizes entanglement,
we once again are compelled to claim that geometric replica wormholes precisely capture
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the ways in which replicas are strongly non-locally coupled in any exact QET by quantum
wormholes. The contrapositive of this statement is even more illuminating. As explained
in section 3.3, one rarely works with an exact QET, and it is customary to reduce such a
strongly non-local theory to a local one by performing a derivative expansion and truncating.
This procedure may lead to a seemingly unitary theory (if unitarity bounds are respected),
but which will make predictions strictly inconsistent with unitarity of the complete theory
(cf. section 2.3). Intuitively, this is because a truncated QET is quite literally obtained
by throwing away information about the complete theory. In addition, the destruction of
quantum wormbholes also means that replica path integrals in any such truncated QET cannot
possibly couple disjoint spaces. In other words, the violation of unitarity in the complete
theory comes hand in hand with the absence of quantum wormholes across replicas in an
effective theory. The situation in the bulk side is entirely analogous: the moment one decides
to not include contributions from replica wormholes, unitarity manifestly breaks down in
the form of information loss during black hole evaporation.®®

More generally, the relation above between wormholes and unitarity is a manifestation of
an unavoidable connection between ensembles and unitarity. Namely, only an exact QET is
consistent with unitarity of an underlying complete theory, and the way it is so is by producing
such ensembles (see [52] for related results). Indeed, as explained in section 3.4, an exact QET
generally has quantum wormholes which cause mixing in the preparation of states, and the
resulting mixed states can be identified with ensembles of pure states of the complete theory.
Equivalently, section 3.5 showed how these ensembles of states can also be interpreted as states
prepared by an ensemble of complete theories. These two interchangeable pictures provide a
precise mechanism for and are consistent with the interpretations of [8, 85, 86, 120-122].

6.1.2 Non-replica wormholes

What follows is a potentially polarizing observation, since it may seem as trivial to some
as provocative to others. For quantum wormholes to arise, it was crucial that the way the
replica manifold reassembles into disjoint copies of the original manifold is by combining
half-spaces from consecutive replicas. This is fundamentally why the eventually disjoint spaces
remain coupled: quantum wormholes within each original replica end up straddling across the
reassembled copies in the form of quantum wormholes. This construction, which is specific
to state replicas, differs fundamentally from simply placing a complete theory on multiple
copies of a space and integrating out a sector to construct an exact QET. Indeed, were
one to do this, the partition function of the resulting exact QET would just factorize across
connected components, as shown in eq. (2.8). Hence the words ‘performing a path integral on
a space with multiple connected components’ do not immediately imply factorization or lack
thereof even in field theory. In particular, if the theory at hand is strongly non-local, it all
depends on how the multi-integrals in the action behave, which is non-optionally determined
by which calculation one is doing.?”

381 thank Marija Tomagevié for emphasizing these similarities.

39 Alternatively, one may think there is a choice to include or not include quantum wormholes. But as
we saw, their inclusion corresponds to a calculation in the exact QET, whereas ignoring them corresponds
to using an approximate QET. It may be that the dichotomy as for whether one should include geometric
wormholes in the gravitational path integral is analogous.
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If geometric wormhole contributions to the gravitational path integral are understood as
geometrizing quantum wormholes of the boundary theory, then the lesson would be: wormholes
must be included in holographic replica calculations for an exact QET, but they must not
be included when simply evaluating a partition function of a theory on a set of disjoint
spaces. Correspondingly, replica calculations should not factorize and holographically they
would not, whereas partition functions on disjoint spaces should factorize and holographically
they would. Assuming this interpretation makes sense, using the gravitational path integral
correctly would not lead to a factorization problem.

A potential counterargument arises from calculations in JT gravity and dual matrix
ensembles, which appear to compute the partition function of a theory on disjoint spaces. In
these cases, including wormhole contributions successfully reproduces the expected spectral
statistics of black hole microstates. There are actually two reasons why this may be reconciled
with the statements above. We offer a possible explanation for non-replica wormholes here,
and a reason why these wormholes may secretly actually be replica wormholes in section 6.1.3.

The explanation is as follows. In holography, we often write Z(M) to refer to the path
integral of a field theory on a boundary manifold M, and then P(M™) to refer to whatever
the gravitational path integral computes with n copies of M as its boundary conditions. Upon
the inclusion of wormholes we then obtain the statistical interpretation of non-factorization
in P(M™) = (Z(M)™) as caused by averaging over complete theories. However, because we
are treating gravity as an effective theory, we already see that a more natural interpretation
would read P(M™) = (Z(M)"), where the average is over exact QET partition functions.
But then a simple explanation for what happens when we allow for wormholes to connect the
n boundaries is that we are simply evaluating P(M") = <2 (M™)), and allowing for quantum
wormholes in the exact QET to straddle across distinct copies of M. In other words, we
would be taking the exact QET partition function Z (M) and deciding to define it as a theory
on all n boundaries by simply replacing M — M™ everywhere in the action. This would be
very unnatural from the perspective of the exact QET, but would nonetheless give statistical
correlations across copies of M which ultimately are nontrivial precisely because the exact
QET does genuinely have quantum wormholes.

This way, Z (M)™ and A (M™) would already be different from the boundary perspective,
and the distinction between them, though unphysical, would be clear. In the factorizing case of
Z (M)™, the exact QET has strong non-localities only within connected components, whereas
in the non-factorizing case of Z (M™) these would extend to multiple components in the form
of quantum wormholes. One could then speculate that this is also the mechanism at play for
gravitational wormholes in the bulk. If so, to compute Z (M)™ one would be instructed to
include all possible topologies anchoring to a single boundary, but to not allow for wormholes
connecting multiple boundaries. Notice how this naturally gives single-boundary wormbholes
and multi-boundary wormholes a qualitatively different status, and a field theory argument
for why one should include the former but not the latter in certain calculations. As for
the non-factorizing case of Z (M™), the artificial quantum wormholes would get geometrized
by similarly artificial multi-boundary gravitational wormholes. Any statistical correlations
across components of M™ would then seem to be capturing the physics of objects which
do exist in the theory (quantum wormholes and gravitational wormholes), but in a setting
where they would actually not arise physically.
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6.1.3 Non-replica wormholes as replica wormholes

A typical calculation where geometric multi-boundary wormholes are believed to contribute
involves providing the gravitational path integral with n copies of a thermal partition function
Zg as its boundary conditions [6, 26, 41-47]. The non-factorizing answer that wormholes

b moment of

lead to is statistically interpreted as corresponding to the calculation of an nt
Z3 in some ensemble of theories, which we may denote by <Z§) Explicitly, let M represent

the manifold boundary condition corresponding to each Zz. Then we identify
P(M™) = (Z5). (6.1)

Since the theories on each copy of M are assumed to be independent, the average above
provides a natural interpretation of the observed non-factorization. In fact, there are other
quantities P(M™) could be computing, with identical boundary conditions for the gravitational
path integral, and consistent with having a single complete theory on the boundary.

The non-factorizing result (Zg> when a factorizing Zz answer was expected is just a
paradigmatic example of a more general concern. Namely, if Z is the partition function of
a complete theory, we expect a factorizing result, and not something like (Z"). Actually,
as explained in eq. (2.7), also the partition function Z of an exact QET must factorize. In
what follows, we identify replica calculations which are perfectly consistent with both sides
of eq. (6.1), but where the wormholes on the left are replica wormholes, and the average on
the right is consistent with having a single, complete theory.

Suppose one has an exact QET on the boundary and considers preparing a state p on
a splitting . This is done by performing a path integral on the cut-open space My. To
prepare n independent copies of the state, one can do n independent path integrals on the
disjoint space Ms:. Upon identifications under the trace, as explained in section 4, the replica

)
be isomorphic to M™ for ¥ splitting. Despite being isomorphic to M", the resulting space

path integral for Tr p" can be performed on a replica manifold Mg” which turns out to
connects different replicas as in eq. (4.11). Hence as we have already discussed multiple
times the resulting calculation does not factorize due to quantum wormholes, and in addition
admits an interpretation as an ensemble average over factorized objects like eq. (4.21). To
make the connection to the factorization problem explicit, we would like to relate such an
ensemble average to one over partition functions of different theories. We now give two
general situations in which Trp" can indeed be understood this way.
The first situation follows from eq. (4.25) and yields

T = % (Z3.) o + O(RSB gy ), (6.2)
where all partition functions are evaluated on M. Here, recall that Zg, are the partition
functions of projected theories defined in eq. (3.35), and which do factorize in the usual
sense, i.e., Zp,[M"] = Zp,[M]". That the RSB corrections in eq. (6.2) are small relies on
the assumption that the projected states from eq. (3.19) are approximately trace-orthogonal.
This will generically be the case if the projection from the complete theory does not generate
too many null states. More precisely, this assumes that dim Hg is not much larger than
dim H,. Altogether, this means that the replica-symmetric approximation that the first term
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in eq. (6.2) gives should hold so long as the Hilbert space of states that was integrated out
from the complete theory was not too large. Then, the statement of eq. (6.2) is that the
replica calculation for an exact QET state takes precisely the form of an ensemble average
over partition functions on M™ which do factorize.
The second situation in which this happens does not require assuming anything about
the Hilbert space of the ® fields in the complete theory. From eq. (4.43), we obtain
1 ~n

Tr 5" (Z,,

= 2 (Z4y) 5 + O(RSByy,) (6.3)

where all partition functions are again evaluated on M. The partition functions Z,, were
defined in eq. (4.41), and note that these also factorize due to the projection of ¢ to ¢ on
Y. Now the RSB term in eq. (6.3) corresponds to ¢ field configurations across replicas that
break replica symmetry on the 3 cuts. The assumption that his RSB term is small is the
usual assumption of replica symmetry motivated by the cyclic Z,, symmetry of the overall
path integral. Namely, one typically expects replica-symmetric configurations to dominate on
the basis of symmetry arguments. This is generically a safe assumption for positive n € ZT,
particularly when the ¢ path integral admits a saddle-point approximation which respects the
Z,, symmetry.?? As a result, eq. (6.3) provides another situation in which a replica calculation
takes the form of an ensemble average over theories.

Crucially, note that in both egs. (6.2) and (6.3) we are considering replica calculations
for a state p on a splitting X, such that Mén) = M™. In a bulk calculation, it would thus be
natural to provide the gravitational path integral with M™ as its boundary conditions. The
inclusion of geometric wormholes in this case makes sense, since from the boundary perspective
there genuinely are quantum wormholes coupling the replicas. This provides an interpretation
of P(M™) with wormholes included as a bulk calculation of Tr p" (where factorization should
not happen) rather than a calculation of z" (where factorization should happen).

Alternatively, the constructions above may be thought of as a version of the factorization
puzzle which places the focus on the room for ambiguity that exists in how boundary conditions
for the gravitational path integral are prescribed. Namely, one lesson from this exercise is
that generally P(M™) is not a well-defined object: simply feeding the manifold boundary M"
to the gravitational path integral is not enough to single out a specific quantity.*!

Let us address the concrete case of thermal partition functions in eq. (6.1) more directly.
Consider a complete theory defined on a space M with a U(1) symmetry around a non-
contractible cycle of length 5. Let X be a hypersurface splitting M into two Zo-symmetric
dual halves X and X*. Each such half-space contains a half-cycle, or segment, of length
B/2. Hence 0X consists of two disjoint boundary components, one at each end-point of the
segment, and similarly for 0. X*. We refer to these as left and right boundaries, respectively
Y1 and X g, and write ¥ = X LI ¥ g. The state that the exact path integral prepares on the
cut-open space My is the density operator of the thermofield-double (TFD) state. Suppose,
however, that we are not using the complete theory on the boundary, but an exact QET.
This theory cannot possibly prepare a pure TFD. Instead, it would compute some generally

40 Analytic continuations for replica tricks, specifically to n < 1, are a typical example of when RSB
contributions become non-negligible, and in fact oftentimes dominant.
4TA related construct which would also gives these ambiguities is the thermo-mixed double of [123, 124].
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mixed state p obtained by partially tracing out whichever sector was integrated out from the
complete theory. If we further trace out one side of the TFD, what we obtain is a similarly
approximate thermal state pg on the other side.

There are two inequivalent calculations one may perform with the states p and pg,

(Tt 7o) # Te(5 7). (6.4)
Both of these take the form of a boundary path integral on a space isomorphic to M™, but
only one of them factorizes. On the left, we have a multi-trace quantity giving Z (B)"™if pg
is left un-normalized, i.e., the exact QET computation of n copies of the thermal partition
function. This calculation takes place on M™ and obviously factorizes since it would in
particular be the same calculation in the complete theory. On the right, we have a single-trace
replica calculation for the state p which obviously cannot factorize because the state is
mixed. This calculation takes place on Mé") = M™. In other words, both calculations
take place on the same manifold. It would thus seem that a gravitational path integral of
the form P(M™) cannot possibly tell the difference between the distinct quantities on the
left and right of eq. (6.4). This is particularly worrisome because the discrepancy between
these quantities is not merely quantitative, but qualitative: the one on the left factorizes,
whereas the one on the right does not.

This exercise suggests that the gravitational wormholes for <Zg> in eq. (6.1) may in
fact be replica wormholes and actually computing Tr(p ") in eq. (6.4). In the concrete
setting of JT gravity, one may then wonder what the dual matrix ensemble of Hamiltonians
corresponds to. In other words, in what sense does the exact QET object Tr(p ") capture
the spectral statistics of an ensemble of theories? The answer to this question follows from
sections 3.4 and 3.5, and can be intuitively addressed by thinking of the exact QET as an open
quantum system. Specifically, just as an open system evolves under an influence functional
without a single-Hamiltonian description due to dissipation, the exact QET does not exhibit
a deterministic spectrum. Instead, its spectral statistics are naturally reproduced by an
ensemble of complete Hamiltonians consistent with the dynamics of the relevant subsector.*?

6.1.4 Quantum error correction

The encoding and reconstruction of bulk operators in terms of boundary ones is now well
understood in terms of operator algebra quantum error correction [111-115]. The QET
framework naturally mirrors this structure using the operator algebras discussed in section 5.
This connection can be most clearly illustrated by comparing the operator algebras of
the approximate and exact QET following section 5.2, without needing to reference the
complete theory.*3

The relevant identifications to be made with the ingredients of quantum error correction
are as follows. The physical theory is the exact QET, which has a Hilbert space H_of
states with quantum wormbholes, and an algebra A which includes both locally generated
operators and also non-local ones whose expectation values are nontrivial due to quantum

*2This is currently work in progress [125].

43The exact QET already has all the structure needed to reconstruct operators of the approximate QET,
and the additional information the complete theory contains is unnecessary. The extreme case of a complete
theory where the sector that is integrated out does not interact with the sector of interest illustrates this.
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wormholes. This algebra can thus be written
A=AVA. (6.5)

The logical theory is the approximate QET, whose Hilbert space H is isomorphic to a
code subspace H C H_ of states where quantum wormholes are projected out. The algebra
A of the approximate QET is locally generated and, by eq. (5.10), is isomorphic to the
local sector of A, i.e.,

A=A (6.6)

That A is reconstructible from A is thus obvious at a global level. The more interesting
setting corresponds to reconstruction within an arbitrary subspace . In this case the
minimal algebras locally generated within > of both effective theories are still isomorphic,
and so are the maximal algebras if the A subalgebra of the exact QET is truncated away.**
Reconstruction of operators in the minimal algebra for ¥ in the approximate QET will be
possible with access to operators in the minimal algebra for ¥ in the exact QET, and similarly
for maximal ones. However, unsurprisingly, it will not be possible to reconstruct non-local
operators in the maximal subalgebra for 3 in the approximate QET with just access to the
locally generated minimal algebra for ¥ in the exact QET.

To see how this works, it is instructive to consider the standard theorem addressing
the necessary and sufficient conditions for recoverability in operator algebra quantum error
correction [111, 126, 127]. The relevant elements for error correction on ¥ are an arbitrary
logical operator O € A encoded to act only on H , and physical operators in A (X) and
its commutant. We remain for now agnostic as to whether the algebras assigned to > are
minimal or maximal in either theory. The basic statement of the theorem is that O is
recoverable from A (X)) if and only if*°

(U1[0,X]|W) =0, VX e(A®), YU eH. (6.7)

It is not hard to figure out for which O this condition holds. Obviously any operator in
the bicommutant, O € (A (X))” = A (%), obeys this condition, where we have assumed the
algebra is von Neumann for simplicity. However, we expect more operators to be recoverable
given the projection onto H that eq. (6.7) implements. The algebra (A (X))’ takes the form
of eq. (6.5), but the projection in eq. (6.7) removes any potential contribution from the
wormbhole sector. Hence if an operator X obeys the commutation relation in eq. (6.7), any
other operator in (A (X))’ that only differs from X due to quantum wormholes will do so
too. This suffices to conclude that the algebra of recoverable operators is given by

{Oe A | O A(X)VAYL (6.8)

where recall A captures globally non-local operators associated to the full theory, and not
to any specific subspace ¥. To diagnose recoverability, it only remains to specify which

44Maximal algebras on ¥ now both involve non-local operators which are not generated locally. However,
these are associate to weak non-localities, and not to quantum wormholes. This non-wormhole sector is what
A labels in this case.

45This theorem is usually stated for X in the algebra of the complementary subspace ¥’. Such a statement
would agree with ours for algebras obeying duality. In our case duality is generally violated, so referring to the
algebra of the complementary subspace would be ambiguous.
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operators we actually have access to on X, i.e., which algebra we are associating to X in
the exact QET. If it is the minimal one, then the algebra of recoverable operators is simply
A (X)), since no operator in A is in A . In this case accessible and recoverable algebras
are isomorphic, so the decoding map would also be unique up to isomorphism. If instead
we associate the maximal one, then the algebra of recoverable operators consists of those
operators in A () V.A = A (X) which are also in the full A. In other words, these are the
type of operators that a maximal algebra on ¥ would include in the approximate QET, but
which in the exact QET have to be restricted to being additively generated within the full
theory so that they have no support on A . This case is more interesting, since now the
accessible algebra includes A , whereas the recoverable algebra does not.

The last situation above is more reminiscent of holography, where there is a large amount
of non-local boundary freedom in reconstructing local bulk operators. In other words, there
exist decoding maps which allow to reconstruct bulk operators from many different boundary
regions. This freedom here comes from the quantum wormholes inherited from the complete
theory, and which respect eq. (6.8) by virtue of only acting nontrivially outside the code
subspace. States in the code subspace of the exact QET can be perfectly represented by
the approximate QET, much like semiclassical bulk gravity is dual to holographic boundary
states in the code subspace. On the opposite extreme one has wormhole states of the exact
QET with no support in the code subspace, which cannot be represented at all by the
approximate QET. In holography, these are presumably highly quantum gravitational states
with no geometric interpretation.

Continuing with this line of reasoning, one may expect that states of the exact QET
which are mostly but not completely in the code subspace will be very accurately described
by the approximate QET. The description of the latter will however only be approximate,
with errors corresponding to its inability to describe quantum wormholes. These errors can
be quantified by the relative entropy measures introduced in section 5.3, which diagnose how
distinguishable states of the two theories are. As explained therein, operationally these are
distinguishable by sufficiently complex operators. In holography, this nicely connects with
the idea that highly complex and non-local observables are needed in order to capture any
departure of bulk physics from semiclassical gravity [128-136].

In black hole physics, this may explain how the local approximation leads to information
loss in Hawking radiation, violating the Bekenstein bound after the Page time. In particular,
building on the discussion in section 5.3, our framework provides an explicit mechanism for
the breakdown of local effective theory with complexity, even at low energies. This occurs
because an enhancement of non-local interactions in an exact QET can cause a local theory to
fail in capturing non-negligible non-perturbative correlations. More generally, it may clarify
how local approximations in quantum gravity result in an arbitrarily large Hilbert space
populated with unphysical null states (cf. non-isometry in holographic maps [135]). Moreover,
the non-perturbative non-localities characterized in this work are ubiquitous, particularly
during black hole evaporation, and evade the small corrections theorem. It is intriguing to
explore the extent to which these effects contribute to the purification of Hawking radiation

and a dynamical resolution of the information problem.%6

4These developments will be addressed in future work [137].
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6.1.5 Baby universes

Another set of ideas that is precisely captured by our constructs in sections 3.4 and 3.5 are
the baby universes and a-states of [80-82, 138-146]. In our language, consider a complete
theory defined on a manifold M, and a splitting hypersurface ¥ consisting of arbitrarily
many connected components {¥;}. Evaluating the path integral on the cut-open space
My, yields the pure state p on X. However, using the path integral of an exact QET on
Ms; instead produces the mixed state p, which can be interpreted as an ensemble of pure
states due to its mixed nature.

Our boundaries for baby universes are the distinct connected components {X}, and
the choice of sources on each corresponds to the specification of field configurations ®g;, for
the ® fields. In the path integral for the complete theory on My, we may thus consider
inserting projections of the form &( ®| 5~ ®gp). In the quantum mechanical language these
would be the operators

B[®o] = |Po) (Pok| - (6.9)
These operators commute, as is most obviously seen from the fact that they are associated
to delta functions in the path integral. The state one obtains by inserting no operators in
the path integral on My is the pure state p above. We identify this as our Hartle-Haking
state, and write p = |HH) (HH|. Generally, |HH) is acted on nontrivially by all possible
operators in eq. (6.9). Using this state, one can thus think of the path integral on My with
source insertions as actions of the operators in eq. (6.9) on |HH). Similarly, the path integral
with insertions on M without cuts corresponds to computing expectation values of these
operators in the Hartle-Hawking state.

The states the operators in eq. (6.9) give rise to are those in eq. (3.26), which correspond
to lifts of the projected states from eq. (3.19) to the Hilbert space H of the complete theory.
The Hilbert space of baby universes is thus more naturally associated to the projected
states, which here we denote by p[{®o;}]. Recall that these states are pure only on splitting
hypersurfaces, and are otherwise mixed. Therefore here purity corresponds to having choices
of sources {®(;} specified on every ¥j boundary. Otherwise, for any finite number of sources,
these p[{®oy }] states are mixed. The span of all possible such states defines a (not-necessarily
proper) subspace of H,. Because the ® fields define the space of sources for baby universes,
it follows that there will be null state combinations of the p[{®o}] states if dim He exceeds
the dimensionality of the Hilbert space of baby universes, as observed in eq. (3.30).

Because the operators in eq. (6.9) all commute, they can be simultaneously diagonalized.
The orthonormal eigenstates to all of them, known as a-states, are here given by states of
the form [{®g,}) with delta sources specified on every single ¥; boundary by a projection
operator a[{®;}]. These were constructed as combinations of projected states in eq. (3.31),
but here can be more easily seen to come from specifications of infinite combinations of
sources. That these are orthonormal is just the statement of eq. (3.10). The overlaps
of a-states with the Hartle-Hawking state give precisely the probability density functions
introduced in egs. (3.22) and (3.32),

|(HH|{ @01 }) |

(HHJEH) (6.10)

P.a] =
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This is the probability of projecting the state of the complete theory onto an a-sector. In
terms of the exact QET, the state one obtains without projection is p, which by eq. (3.24)
is an ensemble of baby universes. By projecting onto an a-sector, one obtains the state
pl{®ox}], which is a pure state corresponding to a definite baby universe state.

There is, however, a fundamental difference between the usual narrative for a-states in the
literature and our construction. The picture the QET framework provides for a-states more
closely parallels the perspective of [82]. In particular, different a-states correspond to different
states of the ® fields of the complete theory, which are not merely global parameters but
genuine quantum fields with nontrivial position-dependent configurations. Correspondingly,
an average over a-sectors does not take the form of a integral over ad-hoc global a-parameters
that generate strong non-localities that do not decay with distance. Instead, our average over
a-sectors is a functional integral over physical degrees of freedom that were already there in
the complete theory. In section 6.2.3 we provide an example of a (wrong) way of truncating a
complete theory that leads to an exact QET with the features of a traditional a-parameter
integral where strong non-localities do not decay with distance.

6.2 Effective gravity

Although holographic duality provides a non-perturbative definition of quantum gravity
in terms of a non-gravitational quantum field theory, one would ultimately hope there to
also exist an equally complete but inherently gravitational description of quantum gravity.
Whether this is string theoretic or not, dual to a field theory or not, for such a non-perturbative
formulation to have a gravitational flavor, one would at least expect it to reduce in some
appropriate limit to a geometric theory of metric manifolds. In other words, a theory
of quantum gravity should reproduce semiclassical gravity as we know it: a GET where
spacetime is dynamical, with all its dimensions manifest and solely governed by a (potentially
effective rather than fundamental) metric field.

Given the explorations in this paper on QET, one would hope to be able to draw some
lessons about GET as well. However, to say that a GET should somehow behave like a QET
just because both are effective theories begs the questions: which aspects of the derivation
of a QET from a complete field theory do still makes sense in quantum gravity? While
answering this question reliably would require actually having a complete theory of quantum
gravity, a few distinguishing features the gravity framework exhibits which are generically
absent in field theory and their expected consequences can already be pointed out. In what
follows, we will first explain how IR/UV mixing in gravity may naturally cause a GET to
exhibit more dramatic non-localities than a QET obtained by renormalization does, and also
touch on the ways in which Kaluza-Klein renormalization intrinsically truncates gravity in
ways that Wilsonian renormalization in field theory does not.

6.2.1 IR/UV mixing

As emphasized at the beginning of section 2.2, the construction of a QET does not rely
in any way on the idea of renormalization a la Wilson, and simply requires a splitting of
degrees of freedom into two sectors. For instance, in section 6.1 these two sectors were the
black hole and the radiation. The notion of a GET does however encompass the idea of
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working with gravity at low energies or, more precisely, low curvatures. But the distinction
between high and low energies in gravity is a very subtle one, as it turns out, due to the
phenomenon of IR/UV mixing.*” The paradigmatic thought experiment illustrating IR/UV
mixing in quantum gravity proceeds as follows.

Consider a particle physics collision at some center of mass energy E, and let Ep denote
the Planck energy. In the IR, at energies £ many orders of magnitude below Ep, gravity
plays no role and the Standard Model applies. At higher energies but still with £ < Ep
gravity begins becoming important, but it can still be treated semiclassically as quantum
fields propagating on a fixed curved background. A perturbative treatment of quantum
gravity is also possible, and allows one to account for graviton contributions to particle
scattering. However, as soon as scales ¥ ~ Ep are reached, one loses perturbative control
and this framework breaks down: gravity becomes genuinely quantum. At such energies we
expect the collision to involve the formation of a Planck-sized black hole, the physics of which
is unknown. In the context of string theory, this is the regime in which Horowitz-Polchinski
describes a continuous transition as the energy is raised between a state of highly excited
strings and D-branes, and a string-size black hole [147]. Remarkably though, as one continues
to raise the energies towards E > Ep, semiclassical gravity takes over again. The outcome
of such an ultra-high energy collision is again well understood and takes the form of a black
hole whose Hawking radiation can be well described semiclassically. And if E is many orders
of magnitude larger than Ep, the black hole will be sufficiently large that quantum effects in
fact become negligible and the end state of the collision is just a classical black hole.

The fact that the deep UV is controlled by IR physics is a characteristic feature of
gravity that is rarely seen in field theory. Conversely, in gravity one also observes that the
very IR energy scale of the Hawking radiation a large black hole emits is governed inversely
by the very UV scale of the mass of the black hole. These are clear manifestations of the
phenomenon of IR/UV mixing, which makes assuming a decoupling between IR and UV
sectors in a GET naive. Another reason for expecting significant IR/UV mixing effects in
gravity which explicitly also leads to non-local physics is diffeomorphism invariance. The
very fact that there exist no local observables in quantum gravity and that any operator has
to be gravitationally dressed gives rise in and on itself to a mixing between length scales
with an intrinsically non-local flavor [148, 149].

IR/UV mixing does not invalidate the concept of a GET. As we have emphasized, effective
theories can be defined without reference to specific energy scales. However, the mechanisms
that control the suppression or enhancement of certain effects in a GET may differ significantly
from those predicted by standard field theory renormalization. In particular, the non-localities
the effective theory exhibits may not merely be exponentially decaying in distance scales
determined by some mass of the lightest field that was integrated out (if massive at all).
Instead, the scale of non-localities will be governed by IR/UV mixing effects which may
actually be dynamically determined and not as simple as some parameter of the theory.

This intuition comes from somewhat exotic field theory constructions which accomplish
IR/UV mixing effects by virtue of being defined on non-commutative spaces [150-153]. These
non-commutative field theories exhibit momentum-dependent non-localities of arbitrarily

471 thank Jake McNamara for pointing out the importance of IR/UV mixing in effective gravity.
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long range which actually resemble the physics of strings in many ways [154, 155]. Such non-
commutative spaces also arise when studying string theory itself with a background magnetic
field [156, 157]. In string theory, a simple argument for IR/UV mixing arises simply from
worldsheet modular invariance. In particular, this symmetry relates the low and high energy
spectrum of the string, suggesting that the string tension may set a scale for IR/UV mixing.

All in all, one may expect that the natural consequence of IR/UV mixing for a GET would
be to further exacerbate the non-localities relative to those expected for a QET. This would
lend further support to the idea put forward in section 6.1 that gravitational wormholes may
be a manifestation in a GET of what we have been calling quantum wormholes in a QET. This
is compelling from a holographic perspective since, as we have seen, gravitational wormholes
behave in very much the same way as and capture similar physics to quantum wormbholes.
But from an intrinsically quantum gravity perspective it also suggests an intriguing possibility.
Generally, gravitational wormholes can act as mediators of non-local interactions between
quantum fields propagating on them, and thus integrating over gravitational wormholes
induces non-localities on otherwise local quantum fields. If gravitational wormholes are
analogous to quantum wormbholes, it would be worth further exploring whether integrating
them out could yield a strongly non-local field theory on a fixed background, similar to an
exact QET.*® An instance of this phenomenon has been explicitly demonstrated recently
in [158], where the process of integrating out genus wormholes in JT gravity indeed results in
an exact QET for the dilaton field with a strongly non-local potential.

This non-locality sourced by gravitational wormholes provides a failure mode for local
approximations, similar to what occurs in exact QET. In particular, building on the ideas
of [79-84], it predicts an uncertainty in the couplings derived from local approximations,
providing a concrete picture of how these approximations inherently lead to ensemble de-
scriptions in local effective theory. It would be interesting to identify which low-energy
but high-complexity observables probe this coupling indeterminacy and illuminate the UV
completion of a local effective theory, especially in the presence of IR/UV mixing.

6.2.2 Kaluza-Klein renormalization

Here we comment on some standard procedures within GET interpreted as a gravitational
path integral, and the ways in which they are comparable to very coarse truncations in QET,
and nowhere close to exact or even approximate QET manipulations.

We will take the gravitational path integral as our starting point. Such an object is
formally understood as path integrating not only over all possible metrics one can endow a
given manifold with, but also over manifolds of all possible topologies. In the semiclassical
limit of string theory though, it is customary to begin by discriminating large, extended
dimensions from small, compact ones, and fixing the topology of the latter. From the point
of view of a gravity, this is already in tension with diffeomorphism invariance of the theory.
Moreover, if the complete theory is to allow for all possible metrics and topologies, this also
constitutes a dramatic truncation of the phase space of quantum gravity.

Once the topology of the compact space is fixed, Kaluza-Klein dimensional reduction
encodes all metric fluctuations of the compact dimensions into matter fields propagating in

481 thank Daniel Harlow for bringing up this possibility.
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the extended spacetime. If the Kaluza-Klein tower allows a consistent truncation, one often
discards all but the lightest modes, effectively freezing or eliminating the compact dimensions.
This procedure again does not consist of integrating out some sector of heavy Kaluza-Klein
modes, but rather of drastically truncating away infinitely many quantum fields. While this
may seem natural from the perspective of decoupling in Kaluza-Klein renormalization, it is a
rather radical operation from a spacetime point of view: this truncation effectively removes
regions of spacetime (entire dimensions, actually). Were one to actually integrate out the
tower of Kaluza-Klein modes, this would correspond to tracing out spacetime dimensions,
a procedure which from a field theory perspective should lead to very significant mixing
in the states that the resulting GET would prepares. Put differently, an actual trace over
Kaluza-Klein modes would result in a strongly non-local QET, but this is not what is often
done. We exemplify in section 6.2.3 why the mass hierarchy of the tower of Kaluza-Klein
modes is not obviously helpful for performing this integration.

The truncations above are guided by a Wilsonian intuition for low energies, where it is
typically assumed that the lowest truncated Kaluza-Klein mode sets the breakdown scale for
the resulting GET. However, as discussed in section 6.2.1, the IR/UV mixing phenomenon
suggests that this assumption may not always hold. After all, it may not be so surprising
if a GET constructed this way exhibits non-localities in certain regimes which are a lot
more dramatic than expected.

6.2.3 A truncation gone wrong

This section presents a simple example of how a naive mode truncation inside a path integral
can lead to a completely wrong result as compared to what exact integration actually gives.

Consider a setting like in section 2.5, involving a theory on a space M with an action given
by egs. (2.5) and (2.8), and with the interaction term in eq. (2.10). We would like to construct
a QET for the ¢ fields. We already know the form of the exact QET action one obtains by
exact integration, which is given in eq. (2.13). From eq. (2.15) and below, we also know how
to obtain approximations to this result in a reliable way. Here we will attempt (and fail) to
find a shortcut to these results by trying to avoid exact integration of a full tower of modes.

Suppose the Laplacian on M admits a complete set of orthonormal eigenfunctions {®y}
with nonnegative eigenvalues {\7}, i.e.,*

—V2®, = A2y, (6.11)

where completeness and orthonormality respectively mean
oo
S ()i () = 6(z — ), / da B} (2)B)(x) = G, (6.12)
k=0 i

One can decompose ¢ into eigenfunctions of the Laplacian (cf. a momentum representation),

d(z) = iakq)k(:z), ap = /ddx ol ()®(x), (6.13)
k=0

49Similar expressions apply to cases in which this set is a continuous family of eigenfunctions, for which
sums become integrals. We are using a discrete notation just for the sake of clarity.
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and also easily construct the propagator for ® satisfying eq. (2.12) as

& () Pi(y)
G(x,y) = k}::o W (6.14)

In the QET, suppose we are only interested in probing ¢ at energies much smaller than some
scale A. In Wilsonian renormalization this allows for some nice simplifications if A < mg, as
carried out in eq. (2.15) and below, which eventually take one from a local complete theory
to a local QET. Alternatively, one could also do this using perturbation theory, but we would
like to proceed within the framework of exact integration.

Unfortunately, the path integral over ® is often too difficult to compute directly. In
such cases, an exact QET expression, like the one in eq. (2.11), is unavailable as a starting
point. Instead, one must begin with the complete theory and look for possible simplifications.
Inspired by Wilsonian renormalization, an approach that seems reasonable is the following.*”

Without loss of generality, let )\k 112 )\z for all k. Because we are only interested in
probing ¢ at scales much smaller than some energy A, one may expect the dynamics of
heavy modes of the ® field with )\% exceeding A? to play a negligible role. Hence consider
truncating the mode expansion in eq. (6.13) to some k = N such that A3, ~ A% This
truncation may be as low as to NV = 0 if already A; > Ag, as one can easily engineer by
making M a parametrically small compact space. Then the free action of ® in terms of
the ap coefficients is simply

The path integral over ® becomes a multi-integral over every mode «ay, the measure of which
will for convenience be simply denoted by Da. The resulting expression takes the form of
a standard Hubbard-Stratonovich transformation,

N 2

/D(P o102 o o~ Iolel /Da exp | — Z ()\k +m2) + )\ak/ddva(x)q)k(:n)
I k=0 i
(6.16)
4, gy o) Fo (1) P} (1)
o exp | —Lo[ / dz d%y =~ N+ :i% . (6.17)

In the limit N — oo this consistently reproduces eq. (2.11) after the mode expansion is
resummed. However, at any finite IV, this calculation emphasizes what a grave error it would
have been to truncate the mode expansion of ®: non-localities in eq. (6.17) do not die off with
distance, but exhibit a periodicity of order A~1.°! An extreme case corresponds to truncating
to the lowest k = 0 mode only, which would have seemed reasonable if A1 > A\g, whether or

50The reader is encouraged to read what follows with skepticism; we are going to illustrate an argument
that leads to a catastrophically wrong result.
51This is akin to a Fourier series where the highest frequency is of order A.
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not mg is large. This corresponds to constant eigenfunctions for which A\g = 0 and one gets

X op
2 mgb
M2

/D‘I> e 9% o exp —Io[p] + 'z d%y fe(@) fo(y) |- (6.18)
M

This bilocal interaction is independent of the separation between points, unlike the exact
result in eq. (2.11), which decays with distance as determined by the Green’s function. The
insensitivity arises because truncating ® to its lowest, position-independent mode effectively
correlates its value throughout the entire space. The correlations ¢ inherits are thus equally
scale-independent, and would be able to break factorization at the level of partition functions.
This is the same effect that a dynamical cosmological constant would have, as discussed
at the end of section 2.4.

In conclusion, truncating a field to its lowest energy modes within the path integral
leads to unphysical and strongly non-local consequences for the resulting effective theory.
Interestingly, the bilocal coupling that eq. (6.18) gives is the type of interaction a-parameters
are often considered to give when integrated out in the context of gravitational wormholes.
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