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ABSTRACT: One of the fundamental problems in quantum gravity is to describe the experience
of a gravitating observer in generic spacetimes. In this paper, we develop a framework for
describing non-perturbative physics relative to an observer using the gravitational path
integral. We apply our proposal to an observer that lives in a closed universe and one that
falls behind a black hole horizon. We find that the Hilbert space that describes the experience
of the observer is much larger than the Hilbert space in the absence of an observer. In the case
of closed universes, the Hilbert space is not one-dimensional, as calculations in the absence of
the observer suggest. Rather, its dimension scales exponentially with G]_Vl. Similarly, from
an observer’s perspective, the dimension of the Hilbert space in a two-sided black hole is
increased. We compute various observables probing the experience of a gravitating observer
in this Hilbert space. We find that an observer experiences non-trivial physics in the closed
universe in contrast to what it would see in a one-dimensional Hilbert space. In the two-sided
black hole setting, our proposal implies that non-perturbative corrections to effective field
theory for an infalling observer are suppressed until times exponential in the black hole
entropy, resolving a recently-raised puzzle in black hole physics. While the framework that we
develop is exemplified in the toy-model of JT gravity, most of our analysis can be extended
to higher dimensions and, in particular, to generic spacetimes not admitting a conventional
holographic description, such as cosmological universes or black hole interiors.
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1 Introduction

The description of cosmology and black hole interiors remains one of the most important
open problems in quantum gravity. The last few decades have seen significant progress in our
understanding of gravitational holography [1-5] and the gravitational path integral [6-28].
These techniques are especially suited for answering global questions that can be clearly
formulated from a boundary perspective. Examples include correlation functions between
boundary points and entanglement entropies of subsystems in the dual theory [29-32]. On
the other hand, it is often unclear how to describe the local experience of an observer that,
like us, is part of the gravitational spacetime. This is particularly true for observers falling
into black holes [33-39] or observers in spacetimes that do not have asymptotic boundaries,
for example in cosmology [8, 11, 40-61]. This is an obstacle that we need to overcome if we
are to achieve a description of quantum gravity that explains our own experience.

In recent years, progress has been made towards understanding the experience of observers
in gravitating spacetimes [56, 62-73] but these approaches have not incorporated non-
perturbative quantum gravity effects into their descriptions of local physics experienced
by the observer. These effects, which are captured by the gravitational path integral and
holography, are critical to calculating various properties of the quantum gravity Hilbert
space and the observables defined on it [13, 16, 17, 26, 27, 37-39, 74, 75]. It is plausible
that they also play a role in describing physics experienced by an observer, but no concrete
proposal exists for a non-perturbative treatment of this issue. The goal of this paper is to
present such a proposal. We use the gravitational path integral to determine properties of
the non-perturbative quantum gravity Hilbert space needed to describe the experience of a
gravitating observer and to study the observables that such an observer could measure.

Our proposal is motivated by several shortcomings of the current approach to the
gravitational path integral when describing the experience of an observer. An important
example is the physics of closed universes. The inner products between different closed
universe states computed by the gravitational path integral have large fluctuations due to
non-perturbative effects [11, 54, 75-77], signaling a drastic breakdown of effective field theory.
Notably, even inner products between states in which an observer exists and states in which
it does not are O(1), a fact signaled by large statistical fluctuations in these inner-products.
Therefore, the observer itself is not well-defined at all times. This is troublesome because we
need a well-defined notion of an observer not subject to large fluctuations in order to describe
physics from its point of view. A further drastic consequence of these large fluctuations is
that the quantum gravity Hilbert space for a closed universe is one-dimensional [11, 76, 78].
This result is problematic if our goal is to describe the experience of an observer living in a
closed universe, because a local observer in a closed universe should experience non-trivial
physics. In fact, experimental data do not rule out the possibility that we are living in a
closed universe [79-81], and our local experience should be unaffected by the global properties
of the universe. Therefore, an observer should have access to a much larger Hilbert space than
the one-dimensional Hilbert space suggested by the gravitational path integral arguments.

A non-perturbative description of an observer’s experience is also necessary to address
the long-standing issue regarding the fate of an observer falling into a black hole [33-39].
This is particularly important for very old black holes, for which non-perturbative effects are
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Figure 1. Our proposal for the gravitational path integral in the presence of an observer. The
worldline of the observer (depicted in red) must connect a bra and the corresponding ket when
computing moments of an overlap (1;|1;)™. This rule can be seen as an additional boundary condition

to impose when summing over geometries. (a) The overlap (1;|1);) between two closed universe states
in pure JT gravity is unaffected by our new rules. (b) The square of an overlap |(t;]1;)|? between

closed universe states. The gravitational path integral sums over all possible geometries satisfying the
boundary conditions at the asymptotic boundaries and at the worldline of the observer. We depict here
the leading disconnected contribution and the first subleading term, a genus-zero connected geometry.

expected to give large corrections to effective field theory. Various proposals have attempted
to quantify how effective field theory fails [37-39], but none of them develop the framework
that understands the problem in the Hilbert space relevant for describing the experience
of the infalling observer.

We propose to compute inner-products and their moments using the gravitational path
integral while imposing that the observer of interest always exists between the bra and the
ket. Consider an initial and a final slice on which the boundary conditions associated with
the bra and the ket are defined. In our proposal, only geometries for which there is a foliation
continuously interpolating between these two slices in which the observer is present on every
slice contribute to the gravitational path integral. We shall motivate our proposal by showing
that, among other benefits, it excludes non-physical contributions to transition probabilities.
This prescription allows us to compute transition probabilities in the presence of the observer
as well as compute observables dressed to the observer’s worldline. In practice, our proposal
can be achieved by requiring that, when computing moments of a given overlap, the observer’s
worldline always connects a given bra to the corresponding ket, see e.g. figure 1, whereas
other matter worldlines are allowed to connect arbitrary bras and kets. This prescription
should be contrasted with the usual rules for the global gravitational path integral, in which
worldlines associated with all operator insertions, including those creating and annihilating
an observer, can connect between arbitrary bras and kets.!

We emphasize that our proposal is relevant when asking questions related to the experience
of a given gravitating observer. We are building Hilbert spaces that describe physics with
respect to some subsystem. This justifies a different prescription for the observer’s worldvolume
compared to other operator insertions. We decide which worldvolumes to treat in this way
based on the quantities we are interested in computing. For example, to capture the experience
of two bulk observers in 2D gravity, both of their worldlines would need to connect bras to their

"Notice that this prescription for the gravitational path integral, which we will review in section 2, is
precisely what causes large fluctuations in the inner product between closed universe states, consequently
causing the notion of an observer to be ill-defined.



corresponding kets. In contrast, if we are interested in global questions that do not depend
on the presence of a bulk observer — e.g. the entropy of Hawking radiation of a subsystem
of the dual holographic theory, boundary correlation functions, etc. — we should treat all
worldlines and matter fields in the same way and use the usual rules for the gravitational
path integral in the absence of an observer. This implies that most results obtained in recent
years using the non-perturbative gravitational path integral remain unchanged.

As we will see, our proposal succeeds in describing non-trivial physics in a closed universe
and in giving new, sensible answers to questions about the experience of observers infalling into
black hole horizons. Furthermore, it shifts the attention away from the global properties of the
spacetime, rather focusing on the non-perturbative physics experienced by a local, gravitating
observer. For these reasons, we believe it represents a new, promising framework for the
description of quantum cosmology and more generally, for the description of spacetimes
without a conventional holographic description.

1.1 Outline and summary of results

In this paper, we focus our attention on two-dimensional Jackiw-Teitelboim (JT) gravity with
a negative cosmological constant [12, 82, 83]. This theory is known to be dual to a random
matrix integral [13]. We will comment on the extension of our results to de Sitter-JT gravity
and higher dimensions in section 7. This paper is structured as follows.

In section 2, we review the relevant properties of AdS-JT gravity (with and without
matter) and the gravitational path integral in the absence of an observer. The results we
obtain in this framework offer a “global picture” for the theory since we do not isolate the
subsystem of the observer in our gravitational theory. In particular, we discuss the dimensions
and properties of the perturbative and non-perturbative quantum gravitational Hilbert spaces
in a closed universe and in a two-sided black hole. Readers familiar with JT gravity can skip to
section 2.3, where we give a new derivation, based on a resolvent calculation, of the fact that
the non-perturbative Hilbert space of closed universes Hpon-pert is one-dimensional [11, 76, 78].

In section 3, we explain our proposal for the modified rules of the gravitational path
integral in the presence of an observer. In our setup, states belong to the tensor product
space H™ @ H°PS, where states in H°P® describe the observer and states in the relational
Hilbert space H*! describe the states on the spatial slices of the gravitational theory with
which the observer interacts. We then show how the statistics of overlaps for such states are
modified with the new rules in the gravitational path integral, and consequently define the
perturbative and non-perturbative relational Hilbert spaces, H;‘ﬂrt and Hfl'f)ln_pert, which are
specific instances of H* with different choices of inner-product. We discuss various possible
bases of states for these Hilbert spaces, and explain how to define states labeled by the time

read by the observer’s clock, with respect to which observables can be dressed.

In section 4, we compute the dimension of the Hilbert space Hg%ln_pert for a closed universe

and a two-sided black hole,? using a resolvent calculation [16, 20, 26, 27, 74, 75, 84] and
the new rules for the gravitational path integral. We find that the closed universe Hilbert

2There, we will assume that the gravitational theory is coupled to additional matter sources.



space is non-trivial and has dimension
dim (Hfﬁ}n_pert) =d®> asopposed to  dim (Hponpert) = 1 (1.1)

where d is determined by the density of states in JT gravity and is exponential in ijl.
Similarly, the Hilbert space of the two-sided black hole is also larger in the presence of

an observer,

dim (%;’ﬂn_pert) =d* asopposed to  dim (Hnon-pert) = d>. (1.2)

Note that the entropy of the observer is bounded above by log (dim(’HObs)), and, in particular,

rel 3

this limits how much information they can learn about the properties of Hyg, e

rel

non-pert> We show (details can be found in

To further characterize the properties of H
appendix C) that in both cases, Hﬁeoln_pert factorises into a tensor product of two Hilbert
spaces that, in two-dimensional gravity, capture the degrees of freedom on the left and right
side of the observer (and two additional Hilbert spaces associated with the left and right
boundaries in the two-sided black hole cases).

In section 5, we show that the inner product defined by our new rules is positive-semi-
definite. Similar to the results of [16, 17, 38|, we find that the set of perturbatively-defined

states is an overcomplete basis for H'¢!

non-pert- 1L his implies the presence of null states under
the inner product defined by the non-perturbative gravitational path integral. We discuss

. and erel

these null states and comment on the non-isometric map [85-87] between H! non-pert-

er

Sections 4 and 5 make manifest a puzzling feature of quantum gravitl;: by isolating a
subsystem — the observer — within the gravitational theory, we consequently restrict the set
of geometries that are included in the gravitational path integral, and actually increase the
dimension of the resulting Hilbert space. This phenomenon is, of course, at the heart of the
Page curve calculations [16, 17, 88, 89], but we are seeing it arise again in the context of the
observer’s Hilbert space, Hfl‘f)ln_pert. Importantly, even though one might be tempted to think
that the observer’s Hilbert space can be isolated via a linear projection onto geometries in
which an observer is present, section 4 shows that this cannot be the case; in fact, the Hilbert
space from an observer’s point of view is larger whereas a projection always reduces the
Hilbert space dimension. Furthermore, these results imply that observables that act linearly
(state-independently) on Hﬁ‘f)ln_pert can only be represented non-linearly (state-dependently)
on Hron-pert [86, 87, 90, 91]. This is in agreement with arguments that the infalling observer’s

experience should not be fully describable by linear operators on Hnon-pert [90-92].

rel
non-pert

relevant to probe the experience of a gravitating observer. In the closed universe setup,

In section 6, we study several examples of observables defined on H that are

we study correlation functions along the observer’s worldline and find that they are non-
trivial. In particular, away from the cosmological singularities, they do not receive large

3To quantify the amount of information that the observer can learn about H;eoln,pert one can use the

maximum possible von Neumann entropy of the observer among all states within Hffoln_pert ® H°P®. This is

given by min(log dim(H°™), logdim(Hio,-pert)) With dim ( I,‘Zln_pert) given in (1.1) for the closed universe
and (1.2) for the two-sided black hole. Nevertheless, choosing different states in Hf,eoln_pert ®@HOP® yields different
results for the observables that the observer can measure, and, for this reason, it is valuable to be able to

understand the full relational Hilbert space that is entangled with the observer.



non-perturbative corrections and, therefore, agree with the perturbative result. This is in
contrast with the global perspective, in which the one-dimensional Hilbert space for the closed
universe implies that all observables are trivially multiples of the identity, and the perturbative
result receives large non-perturbative corrections. We then study several interesting properties
of the perturbative correlators and point out that the structure of their divergences could
be used to probe the cosmological singularity. In the two-sided black hole case, we study
two observables relevant for describing the physics of an infalling observer: the length of the
Einstein-Rosen bridge [37, 38, 71, 93] and the center-of-mass collision energy of an observer
with a shockwave past the horizon [38]. Both of these observables were studied in detail
in [38] in the global picture — namely, as observables on Hyon-pert- For the length, we find
that the result obtained in the global picture is substantially unmodified: non-perturbative
corrections become important at times t = O(e%), and cause the length to plateau. For
the center-of-mass collision energy, we also find that non-perturbative corrections to the
perturbative result are only important at times ¢ = O(e®°). This is in contrast with recent
puzzling results in the global picture [38] (reviewed in section 6.3), where non-perturbative
effects become important at linear times ¢t = O(Sy), suggesting a breakdown of effective field
theory roughly at the Page time. Our result resolves this puzzle and signals that perturbative
effective field theory remains valid up to exponential times, assuming our proposal is correct.

In section 7, we discuss our results, their generalization to higher dimensions, and other
future directions. We discuss the relationship between our proposal and other frameworks
for the description of physics with respect to a gravitating observer. We also consider what
lessons can be drawn from our results for the definition of a holographic dual theory able
to capture the observer’s experience and suggest that such a theory should live on the
worldline of the observer. Finally, we explain how our results can be extended to describe
the experience of an observer in de Sitter spacetime.

Additional technical details relevant to the main sections of this paper can be found
in the appendices.

2 Review: non-perturbative effects in quantum gravity

Non-perturbative corrections to the gravitational path integral have recently proven essential
to the description of many quantum gravity phenomena. Described colloquially as “wormhole
corrections” after the work of [8], these effects have been used to explain the Page curve [16, 17],
factorization [15, 18, 21] and factorisation [74, 94|, and black hole microstate counting [16,
17, 20, 22, 26, 27]. In this section, we provide a review of how wormholes can be used to
build a fully non-perturbative Hilbert space for JT gravity with and without matter and
how to compute the dimension of the Hilbert space in a closed universe. As explained
in [11, 76, 78], we find that the Hilbert space of closed universes is far too small to adequately
capture states of interest.

This section adopts and reviews the global perspective of previous literature. For our
proposed modifications to these rules in the presence of an observer, see section 3.



2.1 The perturbative Hilbert space

We take our theory to be JT gravity [82, 83, 95] with a negative cosmological constant and
matter [38, 96, 97]. This is a 2D theory of a metric g coupled to a dilaton ® and matter fields
¢ on a manifold M, possibly with boundary. In Euclidean signature the action takes the form

Ilg, ®,¢] = Iealg] + a9, ] + Im[g, 4], (2.1)

where
Ionlg = =Sx(M)  and  Dolg.8l =5 ([ SR+ + Doulh @), (22)

where x (M) is the Euler characteristic, h the restriction of g to M, and ®; the value of ® on
OM. The boundary dilaton action depends on the theory in question. The action of the matter
fields I,,[g, ¢] is left unspecified except to demand that matter does not directly couple to the
dilaton. We build up the Hilbert space associated with this action by considering each term
separately. First is Igp, the purely gravitational part of the action. This term is a topological
invariant. For now, we take Sy to be a tunable parameter and consider the limit Sy — oo.
In more general theories of gravity, Sy would be replaced by a dimensionless parameter
scaling with G&l, the inverse of Newton’s constant. The resultant quantum mechanics can
be made exact to all orders in loop corrections [98, 99] but will have topological fluctuations
suppressed. We call this the perturbative limit of the theory. In the non-perturbative limit,
we take Sy to be a large but finite parameter.

The leading contribution to the gravitational path integral with action (2.1) has the
topology of a disk. Let us consider the dilaton action with respect to this background,
starting with the two-sided black hole. We set

To.onilh, ®) = 2 /a e(K - 1), (2.3)

choosing Dirichlet boundary conditions for the dilaton and Neumann boundary conditions
for the extrinsic curvature. We then have
1 )
ds? = hyjda'da? = Sdr? and  Bloy = — (2.4)
€ €
with 7 ~ 74 3, where § is the renormalized asymptotic boundary length, which remains finite
as we take € — 0. We also choose units such that &, = 1. What remains is a two-dimensional
phase space. Semiclassically, these parameters are ¢, the geodesic length of a Cauchy slice
connecting the left and right boundaries, and its conjugate momentum. Time evolution on
the left and right boundaries are generated by the same ADM Hamiltonian

1
Hp = Hp = —535 + 27" (2.5)

The constraint Hy = Hy, — Hr = 0 is a consequence of the gauged SL(2,R) symmetry. The
resultant Hilbert space is familiar

Ho={|6); L €Rand (L) =0(L—1)} = L*(R) (2.6)

and is manifestly the space of gauge invariants Hy|¢) = 0.



We can build generic wavefunctions for any state [10) € Hg by taking overlaps

WO =) and  (Wlv) = [t pOF. 27)

Let us introduce two other useful spanning sets of Hg. The states of either set can be
considered Hartle-Hawking wavefunctions as they represent semiclassical spacetimes with

specific boundary conditions. First is the fixed energy basis*
+ ! 5(3 — Sl)
Ho =1 |E) = ’s =V2E); E€R* and (E|E') = O (2.8)
0

defined by wavefunctions
@s(0) = ((|E) = 4Ky;,(4e7/?) (2.9)

that diagonalize Hy, and Hg. Here K, (x) is the modified Bessel function of the second-kind.
The relevant density of states is

po(s = V2E)
V2E

Of course, the true density of states is p = e50py. Throughout this paper, we extract factors

po(s) = # sinh(27s) or po(E) = (2.10)

of €% from the density of states and include them explicitly in our calculations to clarify
which terms are relevant at each order in the genus expansion.

We also consider the set of states {|3); 8 € Rt} defined through fixed asymptotic length
boundary conditions in the gravitational path integral

wp(l) = =502 (0)8) = /dspo(s) efﬁf @s(0) = e750 x : (2.11)

The states in this basis are not orthogonal to each other. Their overlaps compute partition
functions

_ (B1+82)s?
2

28 = Bu+ B2) = (rlBa) = % [ dspo(s) e = 212

p

for a spacetime of fixed asymptotic length 8 = 51 + $2. Note the need to manually reintroduce
factors of €50 because of the convention for p established above. The diagrammatic notation
in equations (2.11) and (2.12) reflects the fact that the {|¢)} and {|3)} bases are related by
bulk evolution through the path integral. As we will discuss further in section 3, since the

“We use s and F interchangeably throughout. The reader is encouraged to consider s as the momentum
associated with E, but in all cases, we simply have s = V2FE.



Wheeler-DeWitt evolution which governs bulk dynamics is pure gauge [100], this amounts to a
change of basis rather than actual dynamics. For future reference we also define Z,, (51, - , 5n)
as the generalization of Z to a geometry with n-boundaries. At the perturbative level this
is just the product of n-disk partition functions

Zn(ﬁlf"vﬁn): X X )

(2.13)
28 P,

n

=112

=1

Let us now consider the Hilbert space of closed universes. We work with spacetimes
whose spatial slices are compact [7, 11, 76]. Setting

Is ppr[h, @) =0 (2.14)

gives closed Big Bang-Big Crunch cosmologies in Lorentzian signature. In Euclidean signature,
this leads to wormholes connecting two asymptotic AdS boundaries, as shown in figure 2.
Again, the phase space is two-dimensional. The Hilbert space is spanned by states of the form

Ho=<1b); be R and (b|V') = (2.15)

where b is the length of the maximal slice of the closed universe in Lorentzian signature
(or, equivalently, of the minimal slice of the wormhole in Euclidean signature). This slice is
depicted in dark blue in figure 2. The diagrammatic notation captures that the inner product
for closed universes is defined through the path integral. We can also define states of fixed
asymptotic boundary length in Euclidean signature through the path integral

(2.16)

In the absence of matter, such wavefunctions are dominated by vanishingly small values of b.

So far, we have analyzed pure JT gravity. Now we add matter starting with the two-sided
black hole as the background. Semiclassically, we quantize the matter fields on a Cauchy
slice of fixed length £. These fields come in representations of the background spacetime
isometries, which in this case are given by the group SL(2,R). For now, we will suppress
internal matter degrees of freedom such that it suffices to consider

Hm =Ca P DL (2.17)
A



Figure 2. (Left) A Lorentzian Big Bang-Big Crunch closed universe with a Cauchy slice of maximal
length b (depicted in blue). (Right) Its Euclidean counterpart has two AdS asymptotic boundaries
connected by a Euclidean wormhole. The geodesic slice of minimal length b is identical to the maximal
slice in Lorentzian signature. This length is vanishingly small on-shell when the wormbhole is not
supported by matter and is finite in the presence of matter.

Here C refers to the trivial representation of SL(2,R) and each DZ corresponds to the block
descendant from a “primary” operator O of scaling dimension A living on the boundary.”
We ignore the trivial representation throughout this work. Let H, P, and B be the generators
of global time translations, spatial translations, and boosts in SL(2,R).® The Casimir
determining the representation is

Chn=H?-P?*-B?>=A(A-1). (2.18)

Alternatively, A is the smallest H eigenvalue in DX. We choose the lowest weight represen-
tation so that the total energy is bounded from below.

Let us label different states in a representation DX by an integer m corresponding to
their H eigenvalue. Since the dilaton does not interact with the matter sector, the new
Hilbert space is just a tensor product

Hpert = Hm @ Ho = {|A; £, m) ; <A;€,m|A/;€/, m') = dand(l — AT — (2.19)

The constraints are also changed by the presence of matter. For one thing, it is no longer true
that the difference of boundary ADM Hamiltonians annihilates physical states. Instead [38]

1 1_\?
Hp =3 (—iag + 2P> +(H — B)e /2 4 2¢7,

) L2 (2.20)
Hp =3 <—i8g — 2P> +(H + B)e "% 427,

and the new SL(2,R) constraints depend on the action of the symmetries on the matter fields.
One way to implement these constraints is to construct Hpert as the space of co-invariants
drawn from the tensor product of H,, and the unconstrained pure JT Hilbert space [96, 101].

5A representation theorist would call A a weight and DZ the set of roots descendant from this weight.
To a quantum mechanic, Dz is simply the set of states with some total angular moment A. Today, we are
geometers.

5n terms of angular momentum operators, we have
L_—-L iL_ —iL
heialiit Y Bk

H=ilL, P=
! 2 2

,10,



It turns out that we can rewrite [97]

Hpert = L*(RT)o & P L*(RT), @ L*(RT) 5. (2.21)
A

The first L?(RT)g is the vacuum sector of the theory where we have no matter insertions. It
is precisely Hg when states are labeled by their energies. We'll be ignoring this sector so that
we can focus our attention on the quantum matter. The left and right Hamiltonians defined
above give a complete set of mutually commuting operators in a given representation

(C,Hy) = [C,Hg] = [H, Hg] = 0. (2.22)

The direct sum is over representations where L?(R*)y, and L?(R*)p refer to the energy on
the left and right boundaries, respectively. In analogy with the vacuum sector, we label
these states as

Hpert :{ |A; Er, ER) = ‘A§5L = \/2EL,sr = \/2ER>;

6(EL — E7) 6(ER — ER)
po(EL) po(ER)

where the Hilbert space is defined up to a choice of normalization y5 for our states. We

(2.23)

(A, EL,ER|AEL, ER) = A WA(EL,ER)}

choose the normalization such that overlaps calculate physically meaningful observables

I'(A +iv2EL +iv/2ER)
92A-1T(2A)

va(EL, Eg) =[] = (Ele™®'|ER). (2.24)

T4

In the first equality, we take a product over the four choices of +, and in the second, we
calculate the overlap in Hy. We define a A-sector specific wavefunction @%L’ o (£,m) to act
as the change-of-basis metric between our two representations of Hpert

8B, Br) = Yt 63, () 85 Cm) (2.25)

As in the case without matter, we can define a non-orthogonal set of Laplace conju-
gate states

2 2
BrLs;, BRSk

|A; Br, Br) = SSO/Q/dSLdSRPO(SL)Po(SR) e "2 "2 |A;sL,SR)- (2.26)

With our choice of normalization, overlaps compute thermal two-point functions [95]. That is

(8i 8,845 87, 87)) = 0a, a,
(2.27)

s _Brsl _Breh
=0A,;.0,€ O/dSLdSRPO(SL)PO(SR)e 2 e 2 ya(sL,SR)-
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where (81 = 51(:1) + 5(;) and g = 5}(;) + ﬁg). Alternatively, we can define

(88 B0 (03 87,81 ) = da, a, (Oale P —PrMr|0,) (2:28)

where |Oa) = |A; B, = Br = 0) is prepared by acting on the maximally entangled state with
a primary Oa.” We can generalize the n-boundary partition function to the inclusion of
matter. This is a multi-trace operator in the sense of [13]

11,8, Sinyin,
n (51,[/) 51,37 o 75n,L7 Bn,R)

i17Ai/ XX(SA A/ 9
1

" (2.29)

2 2
Br,LST, Brk,R5R

—Hl(SA A€ /dsLdSRPO(SL)pO(3R>€_ e 2 a,, (5L, SR)
k=1

if

The superscripts indicate the matter flavor indices 1,4, - ,in, 4, and Bk 1, Bk r are the
total left and right boundary lengths for each overlap. Here, we associate the flavor indices
i, with different scaling dimensions A;, of the matter operators, but they could alternatively
be associated with an internal symmetry of the matter sector. We choose matter fields whose
one-point function vanishes so that we are forced to contract matter indices in all diagrams.
Again, at the perturbative level, this is just the product of single-trace operators.

The analysis proceeds similarly for closed universes. We start by including matter
insertions in the preparation of the state of the closed universe. Like the two-sided black
hole, the new Hilbert space is a tensor product

Hpert = Hm & HO = |A ﬁ <A ﬁ‘Al > = 5A,A’ (230)

where, again, the inner product is defined through the path integral. Closed universe states
can be labeled by a matter scaling dimension A and the asymptotic length of the boundary
. These states are normalized such that their overlaps compute the double-trace operator

(A BIA; ) = (Tre P 04)?, (2.31)

where H generates asymptotic boundary time evolution. Unlike pure JT gravity, the Euclidean
wormholes associated with closed universes are stabilized in the presence of matter, and
wavefunctions are dominated by finite values of b [76]. We discuss how these states can be
represented on more general Cauchy slices (other than asymptotic boundaries) in section 3.

"This state is not normalizable unless we restrict ourselves to a finite energy window. States of this form
will be useful when defining inner products in matrix theory, and we revisit them in section 5.
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We can explicitly compute these overlaps by slicing the path integrals open along the
matter insertion. With fixed energy boundary conditions, a geodesic worldline ending on
the insertion of a dimension A matter operator contributes a factor e=24/2@,(f) to the path
integral. We consider

(A B|A; B) = /dee-M da al
(2.32)
,
- / dspo(s)dle™ ™ Gy(0)e= P2 g (0)e 752,

where we have treated the exponential factors as a modification to the f-measure. In the first
line, we cut open the path integral of equation (2.31) along the matter geodesic, and, in the
second line, we reinterpreted the resulting diagram as an integral. We could alternatively
depict the integral as a trace over the energy to emphasize how the boundary conditions
form a closed cycle. This rewriting is conducive to the dual matrix integral [13, 102] where
the parameter s is replaced by a random matrix. We discuss the semiclassical interpretation
of the matrix model below.

2.2 Non-perturbative effects

The perturbative Hilbert spaces we have discussed so far are infinite-dimensional. To see
how this might change in the non-perturbative case, we consider an analogy inspired by [86].
Suppose we are given a set of unit vectors {|v;)}%; randomly pulled from an inner product
space Hnon-pert- The span of these vectors determines a new Hilbert space H(K) with inner
product inherited from Hpon-pert- We are tasked with uncovering the size of Hnon-pert by
conducting experiments in H(K). If dim(Hnon-pert) > 1 then any two vectors are very
likely orthogonal. That is

(vilvj) = &5 (2.33)

The overline ~ denotes expectation values taken over many realizations of H(K). We can
quantify how clearly this expectation captures the underlying vector space statistics by
considering higher-order moments. The second moment is

(@) = by +0 (G ) (2.31)

which means that the variance roughly computes the size of the Hilbert space

o = [(vilvj)|* - ‘W’z =0 (W) : (2.35)

This implies that we should not always expect to find dim(H(K)) = K. Instead, dim(H(K))
saturates as KX approaches dim(Hnon-pert) and the likelihood of encountering linear dependence
between two vectors approaches O(1).

,13,



Non-perturbative quantum gravity produces a situation quite analogous to the toy model
above. Let us focus our attention on an arbitrary but finite energy window. Quantum field
theory on a fixed background teaches us to expect infinite-dimensional Hilbert spaces. This is
the perturbative quantum gravity limit introduced in the previous section. Non-perturbative
quantum gravity confounds this expectation by assigning a large but finite entropy Sy to
regions of spacetime. A basis in the perturbative Hilbert space must become overcomplete
in the finite, non-perturbative Hilbert space.® We have not yet developed the technology to
compute exact overlaps in the non-perturbative Hilbert space of quantum gravity ’Hnon_pert.g
But in the specific case of JT gravity, non-perturbative wormhole effects can be captured by
the random matrix integral of [13]. Accordingly, wormhole corrections to overlaps computed
using the gravitational path integral capture the statistical fluctuations of the inner product,
viewed as a random variable drawn from the matrix ensemble [11-15, 25, 103].

Let us consider some examples of wormhole corrections in the two-sided black hole case.
Non-perturbative effects modify the inner product:'°

ey =60 —0) +

(2.36)

Ty = %5(1) — )+

Moving forward, we exclusively use the overline ~ to denote expectation values computed using
the full gravitational path integral. We can also consider how non-perturbative effects modify
Zy,. While the leading order term is still the product of n-disks given in equation (2.13),
we also pick up connected terms like

Zn(ﬁla e )ﬁn) D) 6(27n)50 (237)

where D is used to denote summands in the genus expansion. These new terms are especiall;y

important after the inclusion of matter. The leading perturbative term in Zptin i

8We make a technical distinction between A and Hpert. Since states in either space can be determined by
analogous boundary conditions, we employ a slight abuse of notation and use identical labels for the states in
either space, but the inner products on these spaces are distinct, so they are not equivalent as Hilbert spaces.
In reality, there is a non-isometric map V' : Hpert — Huon-pert that lets us elevate a subset H C Hpert to a
subspace V(H) C Hnon-pert- This section studies how the kernel of this map grows as a function of K.

9A notable exception is AdS /CFT, where overlaps in quantum gravity are given by well-understood overlaps
in a dual CFT.

°0One might hope that these effects are small enough that the states in the set {|£)} are still all linearly
independent in Hnon-pert- We will soon see that this is not true. The states span the full Hilbert space, but
now the set is overcomplete. We explicitly discuss linear dependence and the emergence of null states in
section 5.
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appears with a product of d-functions. If i; # i) in equation (2.29), then the leading bulk
geometry must connect the k-th boundary to a disjoint boundary. If we contract the indices
cyclically and iy, # i), Vk, then the leading contribution to the non-perturbative calculation
is a fully connected geometry

-7‘7‘7"'7A 7A 2-n)S
11,12,2,7 yin 21(/817L”317R7... 7/8n,L7ﬁn,R) 5 e(2=1)50

(2.38)

= 2% /dSLdSRPo(SL)PO(SR) 1T vx(sz,5R)
k=1

where

_g, _BeL] _Brrf
yk(sz,sr) =€ e "2 e 2, (5L,5R). (2.39)
Moving forward, we’ll refer to this path integral as the pinwheel geometry [74]. It is
computed by noting that the geometry is made of two connected components separated by
matter worldlines. These components are glued along the matter lines by the two energy
integrals. The y; factors carry the contribution from the k-th boundary to the path integral.

This consists of a factor of e=% needed to compute the Euler characteristic, factors of

Bs?
e~ 2 = e PP which specify the boundary length on either end of the matter insertion,

and the normalization factor ya introduced in equation (2.24). The pinwheel is dominant
for a cyclic index contraction as long as matter indices on the same boundary differ (i.e.,
i, # 1, Vk). Otherwise, the leading contribution is the disconnected diagram given in
equation (2.29). In the perturbative limit Sy — oo, all of these corrections vanish, and we
recoup equations (2.6), (2.13), and (2.29).

Equation (2.35) gives us a way to estimate the size of the Hilbert space, but we can
do better. Considering contributions from higher-order moments allows us to find an exact
answer. This can be done systematically by introducing the resolvent [16, 26, 74]

Rij(A) = <>\JliM>ij :

2.4
:%+li(M”)ij (240
A A = a7
where M is the Gram matrix
M;; = (vilvj) (2.41)

and A € C. The number of non-zero eigenvalues of the Gram matrix counts the dimen-
sion of the Hilbert space spanned by the set {|v;)}, ¢ = 1,..., K. Roughly speaking, an
eigenvalue z of M manifests as a non-analyticity on R;; with multiplicity given by the
residue Resy—,(>"; Rii(A)). Integrating R on a contour which excludes A = 0 and no other
eigenvalues counts the dimension of H(K) = Span({|v;)}). If we also compute powers of
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Figure 3. The integration contour needed to calculate the Hilbert space dimension consists of the
large defining contour of the resolvent C,, and a small contour Cy used to exclude the contributions
from zero eigenvalues of the Gram matrix.

the Gram matrix using the gravitational path integral, we get an expectation value for
dim(H(K)) as a subset of the non-perturbative Hilbert space H(K) C Hnon-pert- We review
the analytic structure of the resolvent and how to arrive at this result from a replica trick
in appendix A. In summary, we have

a
21

dim(H(K)) = ]{C R(\) (2.42)
where the contour C' = Cy U C is defined in figure 3 and R = ZzRiu is the trace of
the resolvent.!!

In appendix B, we use equation (2.42) to find the size of a K-dimensional subspace of
the perturbative Hilbert space of two-sided black holes under the non-perturbative inner
product. In the double-scaling limit K — oo, 2% — co with K/e?% = O(1), we find

K K<d,
dim(Hupon-pert (K)) = 2.43
P BN =3 0 (2.43)
where
d= e / dEpy(E) (2.44)

is given by an integral over an arbitrary but finite energy window. We reintroduced here
the energy variable E = s2/2, with the relationship between po(E) and po(s) given in
equation (2.10). Since this result is basis-independent, we conclude that the non-perturbative
Hilbert space for an arbitrary but finite energy window has dimension dim(?—lnon_pert) = d?.

2.3 The Hilbert space of closed universes

Our goal in this section is to derive the dimension of the non-perturbative Hilbert space of
closed universes. For simplicity, we consider a fixed scaling dimension A and asymptotic

" Based on our earlier convention, we should really be referring to R(\). We hope the reader will allow us
this conceit to slightly unburden the notation moving forward.
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length (. States are only differentiated by an internal flavor index i
Hnon-pert(K) = Span {|Qz> ; (AS {17 T ’K}} . (245)

We establish these conventions strictly for computational convenience.'> We will show that
this choice has no effect on our final result by proving that the {|g;)} states are overcomplete
in Hpon-pert if we take K sufficiently large [16, 17, 20, 26, 27].

The non-perturbative inner product is given by the topological expansion

>

(gilaj) = = 0;j

+ O(e™2%) (2.46)

Note how the leading geometry appears at O(1) when expanding in powers of e%°. The
Kronecker delta ensures that lines that connect to each other carry the same flavor index.
The second moment of this overlap looks like

D> D

| {gilas) * =

O

(2.47)

Equations (2.46) and (2.47) imply that the variance of the overlap is also O(1) in powers of
e%. By equation (3.7), we can then estimate dim(Hyonpert) = O(1). Like with the two-sided
black hole, we see that the non-perturbative inner product greatly reduces the dimension
of the Hilbert space. However, in this case, it seems as though there are very few states.
This could not be true for the two-sided black hole because we could produce physically
inequivalent states by evolving with the boundary ADM Hamiltonians H;, and Hr. We
have no such option here, and our result implies that trivial bulk “evolution” generated
by the Wheeler-DeWitt Hamiltonian is enough to span the Hilbert space. In other words,
all bulk degrees of freedom are gauge.

12For example, one could alternatively define
Huon-pert (K) = {|g;) = |As; B); i € {1,---k} and A; = A}

for similar constants A and 8 or consider states labeled by different values of 8. These sets are linearly
independent from each other in the perturbative Hilbert space Hpert, but span the same space in Hnon-pert-
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To move past order-of-magnitude estimates, we need to include contributions from all
moments as prescribed by equation (2.42). As a first step, let us compute the resolvent
R;j, defined in equation (2.40), using the gravitational path integral. For closed universes,
each power of the Gram matrix M necessitates the inclusion of two disconnected boundaries.
For a given power (M");;, matter indices are assigned cyclically and summed over for all

but two adjacent boundaries'3

N - +4697+49 L
i\E A P j

(2.48)

The leading geometries are not fully connected. In the black hole case (cf. appendix B),
the pinwheel geometry allowed us to contract like indices at the cost of a higher Euler
characteristic. Here, each matter insertion lives on a distinct boundary, meaning that we can
form index loops without ever needing to connect more than two boundaries. We drop terms
which are exponentially suppressed in Sy so that the resolvent is fully calculable in powers of

close — 52
A dZ/dspo(S) e (s, s) = (2.49)

Note that while Z¢1°%d is topologically identical to Z, introduced in equation (2.38), it has
half as many matter insertions.

3Here, we explain the notation used in the diagrammatic expansion. Blue and green lines carry an index.
Blue lines are “bare propagators”. Green lines denote bulk matter. The intersection of any two lines comes
with a Kronecker delta, which imposes that they both carry the same index. Internal indices are summed over.
In particular, we sum over the index in all loops. Blue lines not contracted with the insertion of a resolvent
come with a factor of 1/\.
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In the double scaling limit 2% — oo, K — oo with K/e?% = O(1), at leading order

closed
Zl

in K we get a single summand from each power TrM™ where n copies of are used

to connect like indices

(2.50)
After taking the trace on both sides, in equation form we have
00 KZflosed n
ARN) =K S
W=+ ( i ) ,
n= (2.51)
KZi:losed

=K+ 2\ — KZ(flosed'

The resolvent has a single non-zero pole at A = K Z§°°d, Plugging into equation (2.42)
gives precisely dim(Hnon-pert (£)) = 1.

Before concluding that the Hilbert space is trivial, we should check how subleading
corrections in K affect our answer when we move away from the K — oo limit. Our approach
is recursive. We start with the fact that TrM = K Z§l°s¢d at leading order in e%. Now
suppose that we know TrM™ ! and want to calculate

TeM™ = (M" )iy i, (M)s, i (2.52)

where repeated indices are summed over. The simplest contributions to the trace come
from diagrams where the i,, indices are contracted together through Z§°®d. Such diagrams
contribute as

TeM™ > TeM™ L TeM = K Z§osed a1, (2.53)

Only considering such terms would yield the approximation studied above, but in general we
can contract one of the i,, indices with any of the 2(n — 1) other ij indices. These contractions

give factors of ;, ;, Z§°°d. We spend the delta by swapping the remaining i, index for an

ikyin

i, leaving another copy of TrMm™~!

TeM™ > Zflosed(]\4kf2)il7
— ZflosedTrMn—l )

. ) ) o n—k—2y ) ) )
1k—1 Mlk—lﬂn Mlnﬂk-ﬂ (M )Zk+1ﬂn71 Mznflﬂl

(2.54)
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In total we have

n /KN ™
TrM" = Z§Y (K + 2(n — 1)) TeM™ ! = (2251) <2) (2.55)
where z(") = Fgfc(;; ) is the Pochhammer symbol.

We can now present a formula for the resolvent that is valid for any K. After taking
the trace on both sides, equation (2.40) becomes

2zclosed K (n)
AR(\) — K = Z ( ) (2) :
2tzclosed>n
_ Idt ( 1 (K21t (2.56)
r (g) )

B 1 / 2tK/2 Zflosede—t
- K _ closed -
r (7> A\ — 2t7§

The right hand side has poles on the entire real axis so we need a slightly different contour to
evaluate equation (2.42). We calculate the principle value for a set of concentric contours
C¢ wrapping (e,00) C RT. This gives

dX 1
di non-per K)) =1 dt QtK/QZCIOSed _t% an
lm(H p t( )) 651(1) 1" ( / Ci 27TZ )\ ()\ _ 2tZi:]osed) ’
(2.57)
— hm / dt tK/2 1 —t 1,
=0 (

where the last line follows from the definition of the Gamma function. Since Hyon-pert (K)
remains trivial for all values of K we can now be certain that there is only one state in Hnon-pert-

3 Setup: the path integral from an observer’s point of view

In section 2, we found that, if we treat all operator insertions on the boundary in the same
way, the gravitational path integral gives a non-perturbative Hilbert space of a closed universe
that is one-dimensional and a non-perturbative Hilbert space of a two-sided black hole that
has dimension d?. As we pointed out in section 1, this result is unsatisfactory if we are

"“The authors of [76] computed TrM using an integral over a-sectors. Our result can be rewritten as
1 . -1 -
rI\rMn _ /dt (QZi:losed)ntK/2+n 16 t
which, after substituting ¢ = x/2, gives

TeM"™ = (Zflosed)n <$’">

with expectation values computed using
pK/2=1,—2/2

p(z) = W

as defined in equation (3.17) of [76].
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interested in the experience of a bulk observer. In fact, the inner product between states with
and without an observer have fluctuations — which contribute at leading order in the closed
universe case — meaning that the notion of a fixed observer is not well-defined. Moreover,
a local observer in a closed universe should experience non-trivial physics, which requires
access to a Hilbert space with dimension much larger than one.

Our goal in this section is to introduce a modification to the rules of the gravitational
path integral, which takes into account the presence of a bulk observer. To simplify the
problem as much as possible, we will model the observer as a localized quantum mechanical
system that propagates through the spacetime. Thus, the observer will travel along a bulk
worldline starting and ending at the location where the observer is created in the states that
we shall prepare using the gravitational path integral. Following the work of [66-68, 70], we
take the action of the observer along this worldline to be given by

Iobserver = /dT [Pa’T‘Q - Q\/ﬁ] , (31)

where () is the Hamiltonian of the quantum system representing the observer, P is its
canonical conjugate, and g, is the induced metric along the worldline of the observer, which
is parametrized by 7. The Hilbert space of the observer H°" is spanned by eigenstates

of (), whose eigenergies, Eg), are taken to be bounded from below and contained within

some narrow range so that we can approximate Eg) ~ FEo. We can label a basis of energy
eigenstates of the observer by ‘Ag)> € H°bs, where Ag) ~ Ao are the AdS scaling dimensions

(4)

associated to the energies EOZ contained within the narrow window. The observer can build

a clock from the energy levels Ag), as long as these energy levels are sufficiently dense.'® We
will sometimes dress observables to the time measured by this clock, in which case we will
assume that the states of the clock showing different times are roughly orthogonal.

In this setup, states prepared by the gravitational path integral live in a tensor prod-

uct space

|¢grav> wobs> € Hrel & HObs (3.2)

where [1)gray) specifies the state of the metric and matter fields on a given slice subject to the
boundary conditions at the worldline of the observer, which in turn depend on the scaling
dimension Ag) of the observer. The state of the observer [¢ops) lives in Span({‘Ag)>}).
For example, in the two-sided black hole setup at the perturbative level, we could take
|Vgrav, Yobs) = ‘A(i);ﬁ,m> ® ‘A8)>. To make sense of the Hilbert space that such states
belong to, we have to specify a positive definite inner product. As in section 2, we will always
compute the inner-product between two such states using the gravitational path integral.
To compute the inner-product (@grav, Pobs|Vgrav, Yobs) at a perturbative level, one finds the
leading gravitational saddle that interpolates between two spatial slices, one where the state
of the observer is 1,5 and other field data is specified by tgray, and one where the state of the
observer is ¢qns and other field data is specified by ¢gray. The inner-product is then computed

by a perturbative expansion of the on-shell action around such a saddle. We will refer to the

rel

pert & H°P® where we must

Hilbert space that results from this choice of inner-product as H
(4)

impose the constraint that the energy A/’ of the observer is the same in Hgﬂrt and HOs.

5The clock can in principle provide an accurate estimate of time for proper times along the worldline of the
clock that are much shorter than the inverse of the typical spacing between neighboring energy levels.
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We are interested in computing observables with respect to a given observer at a non-
perturbative level. We, therefore, want to avoid large overlaps between states in which an
observer is present and states in which it is not, and we want the observer to exist on any
spatial slice in between a given bra and the corresponding ket when computing an overlap
between any two states or moments of an overlap. We achieve this by imposing that the
observer’s worldline must connect the points at which it is inserted in the preparation of
any given bra and the corresponding ket. This guarantees that we can ask questions about
the state of the observer on a given spatial slice or the state of the spatial slice given the
state of the observer. In practice, this new prescription is equivalent to introducing an
additional boundary at the location of the worldline of the observer and then integrating over
all possible geometries in which the worldline of the observer can be included (see figure 1).
The observer’s worldline is allowed to fluctuate between the two points where the observer is
inserted in the bra and ket, and we sum over all worldlines that are topologically inequivalent.
However, we also need to quotient by the mapping class group in the gravitation path integral.
We will often perform this quotient by only considering non-winding geodesics.

We now present a simple example that helps motivate this modification to the usual
rules of path integration. Suppose we would like to calculate the probability of transitioning
from a tensor product state |¢)) describing the system and observer to a state |¢). Such a
state |¢) could, for instance, be an eigenstate of an operator that the observer is trying to
measure, given that the observer is in a certain state. As an example, they could measure the
stress-tensor that they see along their worldline when their clock reads a given time. This
probability is captured by the expectation value of a projector Il on state |¢). In the path
integral, both |¢) and |¢) states are defined by boundary conditions. The probability of the
observer transitioning to a state |¢) is given by the probability amplitude squared

(]
|¢)
p(9) = [ (Blw) P = (@[Ty|yp) = %\; (3.3)
%)

which is a path integral with four boundaries. The straight boundaries fix boundary conditions
for the fields and metric to be in the state [1)) while the curved boundaries have the fields and
metric in state |¢). The red dots stand for observer insertions and can be contracted against
each other through a bulk worldline. The conventional rules of gravity tell us to consider the
contributions of all saddles which satisfy the boundary conditions. Naively this gives

Wl Yl > Wl
16) 16) 19)
pw)_m_\I\ier' +<¢)| NP
L W LW . W

Problematic contribution

(3.4)
where the --- denotes other possible contributions to the GPI that we drop for simplicity.
The third contribution above does not compute the probability that the bulk and observer
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are in a given state because the slice on which the projector is inserted never intersects the
worldline of the observer whose state is prepared by the boundary conditions fixed by [¢).
In fact, the projector inserts a copy of the observer in (¢|, which is then measured in |¢).
This observer has nothing to do with the one inserted in |¢) and is simply a consequence
of the insertion of the projector.

As an example, let us consider the states of a closed universe when an observer is present.
With the conventional rules of the gravitational path integral,

O w6l

©<u ] Wl
p(e) = @H @@+%+ )

[¥) [ l¥) )

Problematic contributions

at leading order. Similar to the more general example above, the last two contributions
do not compute a transition probability for the state of the system and observer from the
initial state 1) to the desired state |¢). In the second contribution, the observer connects
cyclically within the projector, and the diagram simply computes the product of the norms of
the two states |¢) and |¢). The third contribution showcases contractions between kets and
bras, which are irrelevant for computing a transition probability. In both cases, the observer
never encounters the slice where the measurement takes place. Our proposed rules for the
gravitational path integral in the presence of an observer, in which an observer created in a
given ket must be annihilated in the corresponding ket, naturally exclude the last contribution
in equation (3.4) as well as the second and third contributions in equation (3.5), leading to
the correct transition probability for the observer and system.

We will call the Hilbert space that results from this choice of inner-product at the path
integral level as H:°! ® HOPs. Here, HrL is defined as the quantum gravity Hilbert

on-pert non-pert

space on which the operators that are relevant to describe the experience of any observer act

rel

linearly. We will find that at the non-perturbative level (see section 5), states in Hig,, sert

are not labeled by the observer’s energy Ag) which labels states in H°PS. In particular, this
implies that the dimension of the full Hilbert space is dim(H5, per) X dim(H°) and that
dim (Heh pert) 18 independent of the size of the observer’s Hilbert space H°P (see section 4).
However, the amount of information a given observer can learn about the entire system
is bounded by the von-Neumann entropy of the observer. The maximum value of this
entropy is min(dim(H°"), dim(Hi5, pere)) — which is dim(°P) if the dimension of the
rel
)

observer’s Hilbert space is smaller than that of the rest of the system and dim(?—[n(m_pert

if, in likely unrealistic models, the dimension of the observer Hilbert space is greater than
that of the rest of system.

We saw in section 2.3 for the case of closed universes,'% that allowing the worldlines
associated with boundary operator insertions to connect between arbitrary bras and kets leads
to a drastic reduction in the dimension of the Hilbert spaces, from that of the perturbative
Hilbert space Hpert to that of the non-perturbative Hilbert space Hnon-pert- This leads us to

16And in appendix B for the case of two-sided black holes.
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expect that our modification of the inner product described above will further modify this

result, leading to differences in the properties of Hnon-pert, lefelrt, and Hrel To emphasize

non-pert*
the drastic differences among these Hilbert spaces (for which the states irf the gravitational
path integral are defined by the same boundary conditions), we start by analyzing how
moments of overlaps between closed universe states are modified by the new rules. For
simplicity, to start, in this section, we will focus on pure JT gravity in the presence of an

observer without any other matter insertions.

Moments of an overlap in the presence of an observer. We consider asymptotic
states of a closed universe |3, Ag)> labeled by the length 5 of the asymptotic boundary
and the scaling dimension Ag) of the operator insertion associated with the observer. We
will discuss alternative choices of basis states later in this section. As shown in figure 1(a),

an overlap of the form

xS,

B,A8)) = 6" / dEpo(E)ya(E, B)e~BHE 4 0(e25%) (3.6)

is unchanged because there is only one boundary associated with the bra and one associ-
ated with the ket. The observer’s worldline connects insertions of Og) in the bra to the
corresponding ket regardless of whether we use the old or new rules for the gravitational

path integral. The first significant change comes when computing the square of the overlap

(B, Ag) 1B, Ag))|2, see figure 1(b). The leading, disconnected geometry is given by a product
of two cylinders, which is simply the square of equation (3.6). The subleading contribution
is given by the genus-zero wormhole depicted on the right of figure 1(b), which computes
the variance of the overlap. This is given by

(825

= 25051 / dEp(E)p(E") om0 (Bs E)va (B, ENe™ GHINELE) | g(e=150) - (3.7)

5.a0)|

5,Ag)>‘2 B ’<6’,A8)

where p(E)p(E") is given by [13, 104]'7

conn.
1 Ei + By
(2m)2 \/E By (Ey — Fo)?

This result is different from what we obtained in section 2.3 using the old rules for the

p(E)p(El)conn. == (38)

gravitational path integral. In fact, if we allow the observer’s worldline to connect between
any bra/ket and any other bra/ket, the variance of the overlap is computed by the last two
disconnected geometries depicted in equation (2.47) and is O(1). This implies that the inner
product receives corrections at leading order in the absence of an observer. This fact was
the key mechanism that led to a one-dimensional Hilbert space for the closed universe in
section 2.3. With our new rules, the variance of the overlap (3.7) is O(e~2%) instead. This
suggests that the dimension of the non-perturbative quantum gravity relational Hilbert space

"Notice that the connected correlator is between the full densities of states p(s) = e*°po(s), and the
connected part of the correlator is O(1) [13, 104]. This is why there is an additional factor of =20 in front
of (3.7).
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u Cut along
observer’s worldline

Figure 4. Overlap between an asymptotic closed universe state |£, Ag)> and a state defined on the
closed minimal geodesic (depicted in green) |b, A8)7 u). Left: the overlap on the Euclidean cylinder.
The state on the minimal closed geodesic is labeled by the length b of the closed minimal geodesic and
the length u of a geodesic segment wrapping the cylinder once and intersecting the observer’s worldline
perpendicularly at both ends. Right: the cylinder can be cut along the observer’s worldline and
embedded in the Poincaré disk (depicted in black), with the two red lines identified. The contribution
of this geometry to the path integral can be decomposed into a Hartle-Hawking wavefunction ¢g(¢;),
with ¢; the length of a geodesic starting and ending at the insertion of the observer on the asymptotic
boundary, and a quadrilateral.

rel

non-pert
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two-sided black hole, where the Hilbert space is also enlarged in the presence of an observer.

is much larger, dim (7—[ ) = O(e*%0). A similar result can be obtained for a
We explicitly compute the dimension of the Hilbert space in the presence of an observer in
the closed universe and two-sided black hole in section 4.

Geodesic bases, clock states, and the Wheeler-DeWitt constraint. The bulk state
that includes the observer can also be defined away from the asymptotic boundary of the
closed universe. By using our proposal for the gravitational path integral, we can ask questions
about what happens to the observer on time slices that probe the physics of the bulk. This
is necessary if we want to understand what happens to the observer in a Lorentzian closed
universe. The Lorentzian closed universe is an analytic continuation of the Euclidean spacetime
starting from the minimal closed geodesic that wraps the Euclidean cylinder [8, 45, 46, 76, 105];
in Lorentzian signature this time slice becomes a maximal closed geodesic wrapping around
the closed universe, see figure 2. Specifically, it is the time-reflection symmetric slice of a
closed Big Bang-Big Crunch universe which has no asymptotic future or past boundaries,
see figure 2. Consequently, in order to understand what happens to the observer in the
Lorentzian spacetime, we need to study the overlaps between the states ‘ B, Ag)> defined on
asymptotic time-slices and the states defined on time-slices at finite Lorentzian time.

To start, we can compute the inner-product between a state defined on an asymptotic
boundary with a proper length 8 where the observer is inserted and the state defined along
the closed minimal geodesic on the Euclidean cylinder (i.e., the closed maximal geodesic
in the closed universe) whose length is b (see figure 4). To define this inner-product we
also have to specify how the worldline of the observer intersects this closed geodesic. One
can parametrize this intersection in terms of the angle that the worldline of the observer
makes (in the geodesic approximation) with the minimal closed geodesic. To simplify the

,25,



computation, instead of using this angle, we will use the length u of the geodesic segment
that is perpendicular to the worldline of the observer at both ends of the segment and wraps
the cylinder once; this is the minimal geodesic segment which wraps the cylinder once while
starting and ending at some point on the worldline. The relation between this angle and
the length w is given by the hyperbolic law of cosines,

cos(f) = \/COSh(b) — cosh(u) csch (b> . (3.9)

2 2
)

,u).
As shown in figure 4, we can decompose the hyperbolic geometry associated with the

We will denote the resulting state on the closed minimal geodesic by |b, Ag

overlap (b, Ag),u\ B, Ag)> in terms of a Hartle-Hawking wavefunction ¢g(¢;), with ¢; being
the renormalized length of the geodesic that starts and ends at the intersection between the
asymptotic boundary and the observer’s worldline, and a quadrilateral that has two right
angles on one of the edges with length u that is opposite to the geodesic with renormalized
length ¢;. Within this quadrilateral, all lengths and angles can be determined in terms of
l;, u, and b. Note that this quadrilateral has the same area as the quadrilateral bounded
by b, ¢; and half of the observer’s worldline, £/2. This is because the area is completely
determined by the angles at the intersection between ¢ and the boundary particle. Let us
call @ the quadrilateral which includes b, and @, the quadrilateral which includes u. In
order to compute the overlap, we need the contribution of Q) to the path integral, which is
just the area Ag, = Ag,. Computing Ag,, we find that the overlap between the asymptotic
state and the state defined on the closed geodesic is

<b,Ag>,u\5,Ag>> (3.10)
| A Loy oo L

B 5£ Ao log (e 2 sinh 2) 67467%C08h(b/2) coth? (5) sinh?2 (%)

2%(cosh(b)—cosh(u))%

* . . —25o
=15 /_Ood&gog(ﬁz)e O(e )

)

at leading order. The first exponential accounts for the weight of the worldline whose
renormalized geodesic length is determined by ¢; and u and, from a repeated application of
the hyperbolic law of cosines, is given by — log (e_fi sinh %) The second exponential comes
from the two angle terms between the worldline of the observer and the geodesic of length ¢;,
which determine the area of the quadrilateral. The remaining u-dependent and b-dependent

B,Ag)> in (3.6) is consistent
b, Ag),u> basis.®

measure factors account for the fact that the overlap <[3’ , Ag)

with (3.11) if a resolution of the identity is inserted in the

18This measure factor can also be derived by starting with the Weil-Petersson measure in terms of b and the
twist 7 between the bra and ket boundaries, Qwp = db A dr. If we say that the relative twist is zero when the
observer’s worldline crosses b orthogonally, then more generally, the twist directly determines the angle at
which the observer’s geodesic meets b. Using (3.9), we can then solve for the twist, 7 = 7(u, b), as a function
of b and u. Using hyperbolic trig-identities, we find the expression

7(b,u) = log <\/(cosh b— coshu) /2 + sinh(b/Q)) — log (sinh(u/2)) .

Plugging this into the Weil-Petersson measure and then absorbing a square root of this measure into the

wavefunction <b7 Ag),u‘ﬁ, A(Oj>>, we get the same factor as in (3.11).
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g),u> as

V,AG) ) =650 H)o(u — ') + O(e™2P) (3.11)

Here, we have normalized the states

(0,50

At a perturbative level, this implies that the state ’B,Ag)> defined on the asymptotic
boundary can be expressed as a linear combination of states defined on the minimal closed
geodesic time slice:

4
i 1 oo 00 ey Ao log (6_2 sinh g)
5,A(O)> =pert. 1—6/_00 d&cpg(&)/ du coth2 (2) e
smh2 b
Ja (5)

21 (cosh(b) — cosh(u))i

[un

2 ,
« 6—4677 cosh(b/2) ‘b’ A(OZ),u> . (312)

We can also do the reverse and express ‘b, Ag),u> as a linear combination of asymptotic
states. This can be done more easily by looking at asymptotic states with a fixed ADM

9) -

energy, ‘E, A8)>, which are related to the states with fixed proper length by

[dEpo(E)ePE ’E,Ag)>.19 Thus, 8),u> can be expressed as,

coth? (% )s1nh2 (5) /
16x 21 (cosh(b) —Cosh(u))i ’7A<z)

1,29 4) =pan

Ao log <e_ % sinh g)
/ dlipr(t;

£; .
Xe—e_4 2 cosh(b/2) ’E7A8)> . (313)

Both equations (3.12) and (3.13) should be understood as a consequence of the Wheeler-
DeWitt constraint, which in a closed universe relates states on all spatial slices related
purely by bulk evolution (which are therefore equivalent under diffeomorphisms). They
are the closed universe analog of equation (2.11) which, in the context of two-sided black
holes, related the states defined on asymptotic boundaries to those defined on geodesic slices,
probing the black hole interior.

We now derive the non-perturbative corrections to equation (3.11). This can easily be
done by noticing that, for a given worldline of the observer, we can always choose the unique
geodesic ¢; that starts and ends at the location of the observer on the asymptotic boundary
in the preparation of the bra and is in the same homotopy class as the closed geodesic of
length b in the preparation of the ket (see figure 5). Thus, the surface bounded by the
geodesic of length ¢; and the closed geodesic of length b has the topology of a cylinder. For
this cylinder, we can use the same decomposition into a quadrilateral as the one used to
compute (3.11) and a Hartle-Hawking wavefunction that takes into account the contribution
of other topologies. All we need to do is replace ¢g(¥¢;) in (3.11) with

pp(li) = /dEPO(E)(PE(gi)eiﬁEy (3.14)

9As we explained in section 2, in this convention, the states with fixed ADM energy are normalized as
j i S(E—E
<E',A(OJ) E, AE))> = W’YA(EvE)
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Figure 5. Non-perturbative corrections to the overlap (b, Ag), u| g, Ag)>. The geodesic slice of length
b is depicted in green. Any higher-genus geometry contributing to the overlap can be decomposed
into a genus-zero quadrilateral similar to figure 4 and a region with a higher genus homologous to the
boundary. The contribution of geometries with higher topology is then encoded in the Hartle-Hawking
wavefunction.

where po(E) is given by the average density of states (multiplied by e~0) with higher topology
corrections included. A similar logic applies both when computing the coarse-grained value
of the overlap and when computing higher moments of such overlaps.?’ Because non-trivial

contribution to all these statistics only involves the spectral correlators po(E1) ... po(Ef), the
statistics agree with coarse-graining or ensemble-averaging the spectrum of a single theory. If,
for a moment, one assumes that the statistics of these inner products come from an ensemble
of theories that have a discrete spectrum {Ey, E1, ...} (or by coarse-graining this spectrum
in a single theory), then we can write the states defined on the closed geodesic in terms
of the states )EZ-, Ag)> that capture the possible discrete values of the ADM energy on the
asymptotic boundary. For example, the non-perturbative version of equation (3.13) becomes

coth? (% )smh2 <§>
16><21(cosh(b)—cosh(u))

) =
O —non-pert

T

4
Aoplog e_2sinhg) 4l
dl: K —¢; ( —e” "2 cosh(b/2) E A(k) .
XEmEZ,E/“”E e ‘ 5:.45)
(3.16)

This can be viewed as the non-perturbative generalization of the Wheeler-DeWitt constraint
in the presence of an observer we discussed above. A consequence of equation (3.16) is that

20For example, higher powers of the overlap <b7 Ag), u‘ﬂ , A(Oj )> are thus determined by

<b, Ag)’u‘B’A(Oj)>k / <H de; ) ws(l1) ... pa(l)

£

y ﬁ eAlog(57T1 sinh %) COthE (%) sinh% (%)
paley 21 (cosh(b) — cosh(u))%

67487£i/2 cosh(b/2) (315)

where pg(€1) ... ps(L) is determined by the spectral correlator po(E1) ... po(E})) that includes higher topology
corrections.
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the states ‘b, A(k),u> no longer form an orthogonal basis. Instead, just like the geodesic
states in two-sided black holes, these states form an overcomplete set of states that still allow
us to do concrete calculations to determine the state on a bulk slice in the presence of the
observer. While the assumption of a discrete energy spectrum seems strong at first sight, in
section 4 we will use the non-trivial statistics obtained from the gravitational path integral
to determine the dimension of the Hilbert space Hfleoln_pert and show that it is in fact finite.
Later, in section 5, we will show that these statistics are consistent with a semi-positive
definite inner-product in which one has to eliminate the null states — i.e., states with a
non-zero norm at the perturbative level that have zero norm once the inner-product is
modified at the non-perturbative level — to get a well-defined Hilbert space. There, we will
also comment on how to construct such null states — for instance, by taking non-trivial
combinations of the states ‘b, Ag),u>.

Why stop at defining the states of the gravitational theory on a closed geodesic slice?
For example, we might be interested in characterizing the spatial slice on which the observer
resides at a Lorentzian time ¢ shown by their clock. Suppose we define the state of the
observer’s clock at time ¢t = 0 to be |Oy=0) = >_; ¢; |A;) and the state at time ¢ to consequently
be |Oy) = Y2, cie "t |A;). We will assume that in the state |3, Oy—o) the observer is prepared
in such a way that their clock shows t = 0 on the minimal closed geodesic slice on the
Euclidean cylinder, which in Lorentzian signature corresponds to the maximal, time-reflection
symmetric slice of the crunching universe. We would like to once again characterize the
state at time t in terms of the proper length a of the geodesic time slice on which they
reside at time ¢ and the angle at which the worldline of the observer intersects this geodesic
slice. We will denote this geodesic timeslice by 3. Though dressing to the observer’s clock
only makes sense in Lorentzian signature, for computational purposes we can perform the
calculation in Euclidean signature first, where the slice ¥ is at a time 7 along the observer’s
worldline, and then analytically continue our result to Lorentzian signature, by setting
T = —it, as shown in figure 6.

> starts and ends at the location of the observer, wrapping the closed universe once.
At t = 0, X is a minimal closed geodesic. For ¢ # 0 this geodesic is not smooth; rather,
it has a kink at the location of the observer. As we shall explain, the properties of X are
fully determined in terms of the state on the minimal closed geodesic that lies within the
same homotopy class — as above, we will take the length of this minimal closed geodesic
to be b.?! We can characterize how the worldline meets ¥ in terms of their intersection
angle. This is once again determined by the length u of the geodesic that is perpendicular
to the worldline of the observer at both ends and that, together with the worldline segment
in between the two ends, forms a closed curve that is also in the same homotopy class as
Y. As mentioned above, the value of u also determines the angle at which the worldline of
the observer meets the closed geodesic of length b.

When going from Euclidean to Lorentzian signature there is an additional subtlety —
the angle 6 at which the worldline of the observer intersects the minimal closed geodesic of
length b has to be complexified and needs to take the form 7 + iR in order for the observer’s

2INote that for 2D surfaces with constant negative curvature, there always exists a closed smooth geodesic
(whose length we call b) homotopic to X.
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Yla, 7, u] Yla,t, u]

T=—1it

Figure 6. A state on a closed geodesic time slice ¥ homotopic to a minimal closed geodesic, whose
length is b (depicted in green), is characterized by its length a and by the angle between ¥ and the
observer’s worldline. In general this geodesic is not smooth for 7 # 0 (Euclidean — left side) or
t # 0 (Lorentzian — right side). The angle can again be specified in terms of the length of a geodesic
segment wrapping around the universe once and intersecting the observer’s geodesic perpendicularly
at both ends. The state on ¥ is uniquely determined by the state on the minimal closed geodesic of
length b. To make the worldline path real in Lorentzian signature, one has to complexify the path in

Euclidean signature; for this reason, on the right side, we show the observer worldline by a dotted
curve, signifying that that part of the trajectory is complexified.

worldline to correspond to a real trajectory in Lorentzian signature. From (3.9), we see
that this can simply be achieved by taking v > b; while such a geometry does not make
sense purely in Euclidean signature, it can be achieved in a complexified geometry. Thus,
to prepare a state on the minimal geodesic slice in which the observer travels along a real
trajectory in Lorentzian signature, we set u > b in (3.16).

Having addressed this subtlety, we can now discuss how the state prepared on minimal
geodesic slices is related to the state defined at finite time. If we keep v fixed we can now
easily express the length a of 3 in terms of the Lorentzian proper time ¢ measured along
the worldline, with ¢ = 0 at the minimal closed geodesic slice,

cosh(a) = cosh(b) — sin(t)* (cosh(u) — 1) . (3.17)

When b = u, the observer hits the time-reflection symmetric slice perpendicularly (i.e., it is
at rest), and we see that the size of the geodesic time slice vanishes (a = 0) at ¢ = 7; this
is because the observer at rest hits the crunch singularity at this time. Setting u > b the
observer leaves the time-reflection symmetric slice at an angle and we see that the size of the
geodesic time slice first vanishes at an earlier time. This is because the proper time that the
observer experiences until they hit the singularity decreases once they are no longer at rest.
Past the time at which the observer hits the singularity, we see that a < 0, and we can no
longer make sense of the spacetime as corresponding to a real Lorentzian geometry.

Since both the intersection angles with 3 and the length a of ¥ are fully determined
in terms of b and u, the geometry between Y and the closed geodesic of length b is rigid.
Therefore, by using (3.17), we can now express the state of the bulk and the observer |a, Oy, u),
at a fixed proper Lore?‘gzian time ¢, by replacing b in (3.13) in terms of a, ¢t and u. Note that
i
o

even though ¢t and A5’ are conjugate to each other, we are considering a limit where the

spacing of the eigen-energies of the clock is sufficiently dense and close to Ap such that we can

keep t fixed while replacing Ag) by Ap. We, therefore, obtained a new (over)complete basis of
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states, labeled by the time read by the observer’s clock. It would be interesting to understand
whether the overcompleteness of such states plays an important role in understanding the
fate of the observer close to the crunch singularity.??

4 The Hilbert space of quantum gravity from an observer’s point-of-view

rel
non-pert

the statistics of our modified inner product. As anticipated in section 3, we find that the

In this section, we compute the dimension of the relational Hilbert space H using
dimension of %fff)ln-pert is much larger than the dimension of Hyon-pert Obtained in section 2.
We start with the simple closed universe case in section 4.1 before moving on to the more
involved two-sided black hole case in section 4.2.

We saw in section 3 that considering a finite window for the scaling dimension Ap, and
accordingly labeling states by a bulk geodesic length and the time read by the observer’s
clock is important when calculating correlation functions because operator insertions must
be appropriately dressed to the observer’s worldline. However, in the present section, we are

only interested in computing properties of the Hilbert space Hc.

non-pert and not observables.

For this purpose, we can simplify our analysis by working with the basis of asymptotic
states discussed at the beginning of section 3, which are entirely specified by their boundary
conditions at the asymptotic boundary. In particular, we will take the scaling dimension
Ao of the observer operator to be fixed for all states. We will go back to the study of
dressed observables in section 6. Moreover, we will focus on the generic case of JT gravity
coupled to matter and restrict our attention to an arbitrary but finite energy window, for
which the non-perturbative Hilbert space is finite-dimensional. We can then fix the length
of the asymptotic boundary to be 5 for all states and simply label states by the indices of

matter insertions at the asymptotic boundary.

rel
non-

In order to prove that HF,, . is, in fact, a Hilbert space, we need to show that the inner
product computed by the gravitational path integral using our new rules is positive-definite.
We will show in section 5 that the inner product is, in fact, positive semi-definite due to
the presence of null states and Hfl%ln_pert is a well-defined Hilbert space after quotienting out
the set of null states. We can ignore these details for now because the resolvent calculation
of dim( fl‘f)ln_pert> is valid at the level of vector spaces and is thus independent of the

positive-definiteness of the inner product.

4.1 Closed universe

Let us start by examining a closed universe in JT gravity coupled to matter. The most
generic state is prepared by the path integral with one boundary of length 5 where we insert
an operator Op associated with the observer and a matter operator O; carrying an index i,
see figure 7. We will take the dimensions of the two operators to be Ap and A,,, respectively.
We will label such a state by |¢;), where i = 1,..., K is a flavor index of the matter operator.
We will take the two insertions to be antipodal on each boundary, namely 5, = 5, = 5/2,
where 8; and 3, are boundary lengths between the insertions of Op and O; to the left and

22We will further comment on this topic in section 6.1 where we discuss how correlation functions measured
along the worldline of the observer can be used as a probe of this singularity.
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Figure 7. Path integral preparing a generic closed universe state |¢);) in the presence of an observer
and a matter insertion labeled by i. Left: boundary conditions for the path integral, with a worldline
for the observer (depicted in red) and the insertion of a matter operator with flavor ¢ and scaling
dimension A,, at the asymptotic boundary. The insertions are at antipodal points. Right: the
gravitational path integral prepares a state for the closed universe satisfying these boundary conditions.
We indicate here the energies s; and s, of the patches to the left and right of the observer. We omit
these labels in the rest of the figures in this section, but the same convention is used in all geometries,
leading to equations (4.1) and (4.2).

right of the observer, respectively. As we will see, for sufficiently large K, this set of states
spans the entire quantum gravity non-perturbative Hilbert space in an arbitrary but finite
energy window. Considering states with arbitrary 8; and 3, would not enlarge the Hilbert
space, but simply give us a different basis.??

We will also assume A,,,, Ap > Sp. This assumption guarantees that we can safely neglect
contributions to the path integral with intersecting geodesics because they are exponentially
suppressed in A,,, Ap and, therefore, subdominant with respect to higher genus contributions
with no intersections. As we will see, this assumption greatly simplifies our computation of
the dimension of Hﬁ‘f)ln_pert. On the other hand, we expect the final answer for dim (Hfgn-pert)
to be independent of the size of the scaling dimensions Ap, A, as we will discuss at the
end of the present subsection.

Let us now compute the dimension of the non-perturbative, relational Hilbert space
AL per

observer worldlines must connect between a bra and the corresponding ket, the leading

for an observer in a closed universe using a resolvent calculation. Imposing that

contribution in the gravitational path integral to the connected n-th moment of an overlap,?*

(Wil o) (Veln) - . (o)) o & 29°%°96;; is given by a genus-zero pinwheel geometry with
2n boundaries, see figure 8.

Notice that this geometry is analogous to that depicted in equation (2.38) and relevant
for the calculation of dim (Hnon-pert) in the two-sided black hole case (see appendix B). The
only differences are that the geometry computing the n-th momentum now has 2n boundaries
(instead of n boundaries), and that the type of geodesic connecting the asymptotic boundaries
now alternate between matter and observer geodesics. Just like in equation (2.38), this surface
has two connected patches separated from each other by matter and observer geodesics, and

23In terms of the infinite-dimensional, perturbative Hilbert space Hgﬂrt, fixing 8, = B = /2 restricts us to
a subspace of the full Hilbert space.

24The overline indicates that the quantity is computed using the gravitational path integral and therefore
averaged over the dual matrix ensemble. Note that indices are not summed over in this formula.
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TN

Figure 8. Genus-zero pinwheel geometry contributing to the n = 3 moment of an overlap
(Wilh;) (¥j|ve) (Yi|1hs) (no sum over indices). The observer’s worldlines (depicted in red) must

connect between a bra and the corresponding ket. Matter geodesics (depicted in green) can connect
between arbitrary bras and kets.

therefore two different energies to be integrated over. The connected contribution Zclosed,

which will play a central role in our resolvent calculation, thus takes the form?®

Bs3  Bs3
zClosed — 6(2’2")50/d81d82,00(81)/)0(82) e 2 e 2 Ya,(51,52)7A,, (51,52) oy
4.1

= 62‘90/dSldSQ,O()(Sl)po(Sg)i’n(Sl,82)

where we took into account that the pinwheel in figure 8 has genus zero and 2n boundaries,
and in the second equality we defined

o BsT Bs3
e e Ya, (51, 52)7a,, (51, 52). (4.2)

I=c¢e

The normalization factors ya,,va,, associated respectively with the observer and matter
worldlines are given in equation (2.24). Notice that each & is associated with a pair of
boundaries (namely, with an overlap), each boundary has length 3, and we used E = s%/2
like in section 2.

Let us now consider a set of K states {|i;)} with ¢ = 1,..., K, define
d? = 2% /dSlngpo(Sl)po(Sg) (4.3)

similar to equation (2.44), and work in the regime K — oo, €250 — 0o with K/e?% = O(1).
Using the definition (2.40) of the resolvent and computing moments of the overlap using the

25All the integrals over energies (i.e., over s) in this section are restricted to an arbitrary but finite energy
window.
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gravitational path integral, the resolvent takes the diagrammatic form

Javmwala v\
ALY VAV VR

In the last equality, we rearranged the expansion in terms of the number of boundaries to
which the first boundary is connected. This gives us a Schwinger-Dyson equation:

.\ 6ij 1 - closed pn—1 .Y

Ry =5+ 5 2 Z0 R Ry (V) (45)

n=1

where Zo°d is given in equation (4.1), we introduced the overline to indicate that the
resolvent is computed using the gravitational path integral (and therefore averaging over the
dual ensemble of random matrices), and we defined the trace of the resolvent R(A) = Y, Rii(A).
Taking the trace on both sides, using equation (4.1), and performing the sum over n, we obtain

K e25

R(\) = — +

\ h /d31d32p0(sl)p0(32) R(N)Z(s1,52)

1-— R(/\).f(sl, 82) '

(4.6)

Given R()) in equation (4.6), we can compute the rank of the Gram matrix M of
overlaps, i.e., the dimension of the Hilbert space B‘f)ln_pcrt(K ) spanned by the K states
using equation (2.42). Notice that the analytic structure of the resolvent is identical to that
encountered in appendix B when computing dim (Hnon-pert) in the two-sided black hole case.
In particular, R()\) has a branch cut on the positive real axis, it has no pole for K < d?, it
has a pole at A = 0 for K > d?, and it behaves as R(\) ~ K/\ for A — oo (see [74] and
appendix A for details). Therefore, for K < d?, the integral over the contour C' = Cp U Cyp
depicted in figure 3 receives a contribution only from Cy (the counterclockwise contour
at infinity), and we obtain

dim (%fﬁ}n_pert(K)) = 2% 3 a K, K < d* (4.7)
On the other hand, for K > d? R(\) has a pole at A = 0, and the integral receives
contributions from both Cy, and the clockwise contour Cy around the pole at the origin. The
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integral over Cy is the same as equation (4.7) and gives a contribution equal to K. For the
integral over Cy, the presence of the pole in R(A) implies that the integrand in the second
term of equation (4.6) is independent of A near A = 0, and we obtain

1 K — d? d\
— ¢ d\R()\) = L=’ -K 4.8
2mi j{jo ) 2t Jop A ’ (48)

where d? is defined in equation (4.3). We thus find dim (Hrel (K )) = d? for K > d°.

non-pert

In summary, the dimension of the non-perturbative Hilbert space spanned by K matter
states and relevant to describe relational dynamics with respect to an observer in the closed
universe is given

K K < d?

dim (30, perc(K)) = 2 K

(4.9)

A few comments are in order. First, the result (4.9) is similar to that obtained for
the Hilbert space of a black hole spanned by microstates of bulk matter [16, 17, 26, 27].
In particular, we found that different matter states that are orthogonal to each other at
the perturbative level are not orthogonal non-perturbatively due to spacetime wormhole
corrections to the inner product. If we consider K < d? matter states, they span a non-
perturbative Hilbert space of dimension K, and there are no null states. But if we choose
K > d?, the non-trivial overlaps between matter states lead to the existence of null states
signaled by the pole of R(\) at A = 0. The residue K —d? gives the number of null states among
the K basis states considered. The K matter states are overcomplete [16, 17, 26, 27] in the

non-perturbative gravitational Hilbert space %gﬂn_pert, which has dimension dim Hfle.}n_pero =
d?.?5 We will comment further about null states in this setup in section 5. Second, notice that,

unlike the global non-perturbative Hilbert space Hnon-pert Of the closed universe in the absence
of an observer considered in section 2.3, the non-perturbative relational Hilbert space is
non-trivial. Remember that Hfl%ln_per
degrees of freedom that an observer in the bulk can interact with, and therefore, the one

¢ should be regarded as the Hilbert space of gravitational

relevant for the description of the experience of the bulk observer. Third, it is easy to show
that if instead of considering JT gravity coupled to matter, we considered pure JT gravity, we
would have obtained a quantum gravity relational Hilbert space of dimension d. This is due to
the additional constraint that the energies on the two sides of the observer must be equal (i.e.,
$1 = s2) because there is a single connected bulk patch wrapping around the closed universe.

Let us also comment on the assumption A,,, Ao > Sy that allowed us to neglect
contributions to the path integral in which worldlines intersect. Relaxing this assumption and

taking intersecting geodesics into account would certainly modify the resolvent and its trace

rel

R()). However, our calculation of the dimension of Hyg,, Lo

only relied on the asymptotic
behavior R(A) ~ K/X as A — oo and on its analytic structure — namely that the only pole

is at A = 0 when K > d? and the only branch cut on the positive real axis [74]. Although

26Notice that the dimension of Hf,eoln,pert is finite only when restricting to an arbitrary but finite energy
window. From equation (2.10) we see that the integral in equation (4.3) diverges if we consider an infinite
energy window.
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including corrections from intersecting geodesics modifies the resolvent, we expect the analytic
properties in the neighborhood of A = 0, and therefore the result (4.9), to remain unchanged.?”

Finally, we remark that one interesting feature of the full quantum gravity relational
Hilbert space Hﬁe(}n_pert in the presence of matter is that it factorises into a Hilbert space to

the right of the observer and a Hilbert space to the left of the observer:
1 1 1
H;?)n—pert = /Hgi)n—pert,l ® /ngon—pert,r' (410)

This result, which we explicitly derive in appendix C.1, also holds in the presence of an arbitrary
number of matter insertions. This contrasts with pure JT gravity, where dim (Hg%ln_pert) =d
and the Wheeler-DeWitt constraint guarantees the existence of a single, non-factorised Hilbert
space to the right and left of the observer. The latter case is analogous to the non-factorised,
d-dimensional Hilbert space for a two-sided black hole in the absence of an observer or matter,
and it is due to the additional constraint that the energies to the left and right of the observer
are equal. As we will argue in section 7.2, the result (4.10) suggests that, in the JT gravity
with matter setup, a putative holographic dual description living on the worldline of the
observer would consist of two entangled, non-interacting copies of a holographic theory.

4.2 Two-sided black holes

Let us now examine the case of a two-sided black hole in JT gravity coupled to matter. In the
presence of the worldline of an observer, the most generic state one can consider is prepared
by the insertion of a matter operator O; carrying an index on each side of the observer, see
figure 9. We will label such a generic state by |¢;;), where ¢ and ' are the indices of the
matter insertions on the right and left side of the observer, respectively.?® Similar to the
closed universe case, throughout this section, we will take each boundary segment in the
preparation of the state to have the same length /8, where f3 is the length of a full boundary,
see figure 9.2 We will further assume that the dimension of the matter operators is the same
for all insertions — i.e., A; = A,, for all ¢ — and that, just like in the closed universe case,
the dimension of all the operators considered is large, A,,, Ao > Sy and we can therefore
neglect contributions to the path integral where geodesics intersect. As we have discussed in

section 4.1, we do not expect this assumption to affect the analytic structure of the resolvent

rel
non-pert*

Let us now compute the dimension of the Hilbert space seen by an observer using a

and, therefore, the computation of the dimension of H

resolvent calculation. Imposing that observer worldlines connect a bra to the corresponding
ket and that no geodesics intersect, the leading contribution to the connected n-th moment

2"The universality of the residue of the resolvent at A = 0 is also manifest if we make the scaling dimensions
of all operator insertions different from each other or if we change other details in the preparation of the states
|1;) whose statistics are captured by R(X) [74].

28Notice that the ordering of the insertions is important, because it determines the specific gluing of the
asymptotic boundary and observer worldline when computing overlaps. For example, in the A,,, Ao > 1
limit of our interest, (112|121) & 0 perturbatively, because the geodesics connecting the matter insertions to
each other on the disk need to cross the observer worldline, and are therefore exponentially suppressed in A,
and Ao.

PLike in the closed universe case, this specific set of states spans only a subspace of the perturbative
relational Hilbert space ;ilm but is an overcomplete basis for the non-perturbative relational Hilbert space

Hrel
non-pert-
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Figure 9. Path integral preparing a state |1;;) for the two-sided black hole in the presence of an
observer and matter insertions to the right and left of the observer labeled by i and i’. Every boundary
segment in the preparation of a state is taken to have length 8/8. Left: boundary conditions for the
path integral, with a worldline for the observer (depicted in red) and the insertion of matter operators
with flavors ¢ and ¢/ and scaling dimension A,, at the asymptotic boundary. Right: the gravitational
path integral prepares a state for the two-sided black hole satisfying these boundary conditions. We
indicate here the energies s1, so, s3, s4 of the four patches. We omit these labels in the rest of the
figures in this section, but the same convention is used in all geometries, leading to equations (4.11)
and (4.12).

(a) (b)

Figure 10. Genus n — 1 geometries with n boundaries contributing to the n-th moment of an overlap
in the two-sided black hole in the presence of an observer. The observer’s worldlines (depicted in
red) must connect between a bra and the corresponding ket. Matter geodesics (depicted in green)
can connect between arbitrary bras and kets. Geodesics do not intersect in these leading, connected
contributions. (a) Genus g = 1, 2-boundary geometry contributing to the square of an overlap
|(;/|1iir))%. (b) Genus g = 2, 3-boundary geometry contributing to the n = 3 moment of an overlap

(W55 |Wsr ) (Wi [rr ) (Wrir |20557) (no sum over indices).

of an overlap is given by a surface with n boundaries and genus n — 1, see figure 10. This
geometry can be built by considering two copies of a n-boundary pinwheel geometry where
each boundary is composed by a segment associated with an asymptotic boundary and a
segment associated with the worldline of an observer, see figure 11. The genus n — 1 surface
is then obtained by gluing the two pinwheels along the observer worldlines. It is then clear
that such a geometry has four different connected patches (two for each pinwheel) separated
from each other by the observer and matter geodesics, and therefore four different energies to
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Figure 11. The genus n — 1, n-boundary geometry contributing to the n-th moment of an overlap
can be obtained by gluing together two genus-0 pinwheel geometries with n boundaries. Here we
depict the pinwheels and the resulting glued geometry for n = 3. Each boundary of the pinwheels
is composed of a segment of asymptotic boundary and a segment of observer’s worldline. The two
pinwheels are glued together along the observer’s worldlines as depicted.

be integrated over. The leading contribution to the connected n-th moment of an overlap3’
ZBH ~ (iir|Vjj0) - - - (Y [Yiir) s then given by

ZBH = ([2=2(n=1)=n]So /d81d52d53d84,00(51)p0(52)p0(83)p0(54)
5(3%—4—3%-&-5%-&-32)

X |e” 8 YA (515 82)YA,, (53, 54) YA, (52, 54) (4.11)
= 6450/d81d82d83d84po(81)P0(32)Po(83)f)0(84)27n(31,82783784)

where we used y = (2 —2g —n) for the Euler characteristic (our geometry has genus g =n—1
and n boundaries) and in the second equality we defined

- 35, [3(5%+S§+S§+SZ)
g(s1,82,83,84) =€ e 8 Y, (51, 52)7A,, (83, 54) VA, (52, 54). (4.12)

YAm> YA, are the normalization factors defined in equation (2.24).

Let us consider a set of K? states {|1;#)} where 4,7’ = 1,..., K, and denote the overlap
between two states by My ji» = (Wi |10j;). We will work in the regime K — oo, e2%0 5 o
with K/e?50 = O(1). Similar to equations (2.44) and (4.3), let us define

d* = %% /d31d52d53d34p0(31)pg(Sg)p0(53)po(54). (4.13)

We assume once again that the integrals over energies are to be restricted to an arbitrary
but finite energy window. The resolvent is now defined as®!

(N = [ ———— = =4 L - — 4.14
Ru »JJ ()‘) <)\]l _ M)ii/,jj’ A + by Z A" ( )

n=1

3%Notice that indices are not being summed over in this formula.
31The identity in this space is given by L0 50 = 004
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Using the gravitational path integral to compute moments of the overlap as explained above,

we can rewrite equation (4.14) in terms of spacetime geometries:>

(4.15)

In the last equality, we rearranged the expansion in terms of the number of boundaries to which
the first boundary is connected. The corresponding Schwinger-Dyson equation takes the form:

Riir jj(N) 3

1 & L
+5 > ZPUR™ (N Ry (M) (4.16)
n=1
where ZP! is given by equation (4.11), we introduced again the overline to indicate that the
resolvent is computed using the gravitational path integral, and R(\) = Zz{(i/:l Rii jir(X) is the
trace of the resolvent. Taking the trace of equation (4.16) and performing the sum, we obtain

R(N)y(s1, 52,53, 54)
1 — R(N)g(s1,s2,83,54)

K2 €4SO
= —+ /d81d82d83d84po(81),00(82)/)0(83)p0(84)

RO) ==+

(4.17)

With this result in hand, we can now calculate the dimension of the Hilbert space Hfl‘f)ln_pert(K )

spanned by the K states, which is related to the trace of the resolvent by equation (2.42).
Notice that the structure of the Schwinger-Dyson equation (4.17) is analogous to that
obtained in the closed universe case in section 4.1, and in the computation of dim (Hnon_pert)
in appendix B. Therefore, the analytic properties of R(\) are also similar (see [74] and
appendix A for details). The calculation of dim (Hﬁ%ln_pert(K )) is then completely analogous
to the closed universe case, and we will skip the details here. In the end, we find that the
dimension of the Hilbert space spanned by the K matter states and relevant to describe
relational dynamics with respect to a bulk observer in the two-sided black hole case is

K? K? < d*
dim (i pert (K)) = (4.18)
d* K2>d4

32The notation used in the diagrammatic expansion for the 4-index resolvent is completely analogous to
that explained in Footnote 13 for the 2-index resolvent.
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which shows that the underlying non-perturbative, relational quantum gravity Hilbert space
has dimension dim (Hfl‘ﬂn_pert) = d*. Notice that this is again much larger than the Hilbert
space of the two-sided black hole Hponpert in the absence of an observer computed in
appendix B, which had dimension dim (Hnon-pert) = d>.

Computing the dimension of the Hilbert space in pure JT gravity (in the absence of matter)

rel
non-pert

in the presence of an observer gives dim (’H ) = d? as opposed to dim (Hnon-pert) = d
in the absence of an observer. This is due to the additional constraint s; = sy and s3 = s4,
namely that there is only one connected patch of spacetime to the left of the observer, and
one to the right of the observer. Just like in the closed universe case, we expect that relaxing
the technical assumption that A,,, Ao > Sy does not affect the analytic structure of the
resolvent, and therefore the result (4.18).

Finally, the non-perturbative quantum gravity relational Hilbert space also factorises. In

the presence of matter, we have (this result is derived in appendix C.2)

rel _ rel rel rel rel
Hnon—pert - Hnon—pert,R ® Hnon—pert,r ® Hnon—pert,L ® Hnon—pert,lv (419)
where Hrniln_pert Ro Hfﬁ}n_pert 1, are associated with the right and left asymptotic boundaries,

and H rel H rel

non-pert,r» non-pert,

| with the right and left sides of the observer, respectively. For pure

rel
non-pert

Hilbert spaces: one associated with the region between the observer and the left asymptotic

JT gravity without matter, the d>-dimensional Hilbert space H factorises into two
boundary, and the other with the region between the observer and the right asymptotic
boundary. This is because of the additional constraints that s; = s and s3 = s4 arise in the
absence of matter. As we will discuss in section 7.2, the result (4.19) for factorisation also
suggests that a putative dual holographic description of the two-sided black hole with matter
in the presence of an observer consists of four non-interacting holographic theories: two living
on the two asymptotic boundaries, and two on the worldline of the observer.

5 Positivity of the inner product and null states

In the previous section, we computed properties of different Hilbert spaces in the presence of

rel

an observer. Technically speaking, however, we still did not show that the vector spaces Hpe.

and erel

non-per
in the presence of an observer introduced in section 3 is positive semi-definite. We turn now

. are Hilbert spaces, because we did not prove that the modified inner product

to filling this logical gap, and, as a by-product, we will find a simple description of the null
states in the various non-perturbative Hilbert spaces in the presence of an observer.

5.1 Inner product is positive semi-definite

We will discuss the inner product in the closed universe case, leaving the two-sided black
hole case, discussed in section 4.2, as an exercise for the reader since the discussion is quite
similar. We saw in section 3 that we can describe the set of states with an observer by
their asymptotic boundary conditions, with possible matter insertions along the asymptotic
boundary. We could also describe the states in terms of the geometry and the observer
state on a closed geodesic slice. In this section, we will find it more convenient to work
with asymptotic states, although everything we say can be extended to closed geodesic slices
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by using the transform in (3.12) (or its generalization when matter is also present). Such
asymptotic states are labeled by the two asymptotic lengths, 5; and §,, which lie between the
observer and the matter insertion. The matter insertions will also be labeled by the flavor
index, which runs over i = 1,..., K. We denote these states by |3, 3;,4). Note that this
set of states spans the whole perturbative Hilbert space. This is unlike our choice of states
in section 4, where we restricted to the subspace of the perturbative Hilbert space where
B; = B, for convenience since, as far as the non-perturbative Hilbert space is concerned, both
sets of states are vastly over-complete and span the full space.

The non-perturbative inner-product in the presence of an observer is defined by a path
integral in the presence of boundary conditions given by

IBli Br

</6lvﬁr’Ai|ﬁl/aﬁq/«,Aj>H = /df e~ Aot EZKE . (5.1)

Bij br

As in [38], and as we mentioned in section 2 and the discussion around (3.14), we will find it
useful to use the matrix integral perspective on these overlaps. In equations (3.15) and (3.16),
the corrections due to higher topology of the overlaps between the closed geodesic state

b, Ag),u> and the asymptotic state ‘ 0, Ag)> were interpreted as coming from a random
average over possible boundary Hamiltonians, H. Similarly, here, we interpret the non-
perturbative corrections to the overlaps in (5.1) as also coming from a random average over
possible boundary theories (i.e., a matrix integral). The subscript H on the left-hand side
of (5.1) is then to denote that these boundary conditions define an operator in the matrix
integral, which depends upon a draw of the Hamiltonian H from the ensemble. To leading
order in the genus expansion, this inner product reads

/Bl l 57"
B B BiJB B By gy = [ e et eize
Brj B
52 ’ 53« ..
— /dsldsr po(s1)po(sr) e~ Bi+B) 4 —(BrtB))F Yoo (81, 87) X (6”7&(51,37«)> . (5.2)

As in previous sections, the overline denotes that we are computing quantities using the
gravitational path integral or, equivalently, we are averaging the quantities over the dual
ensemble. We can re-arrange this equation for the inner product into bras and kets to make
the inner product structure more manifest. Namely we can define wave-functions

2

s s% ..
(81,87, ;| B1, Br, D) = 676l7l75’75”\/7&(817 S5p). (5.3)
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Then equation (5.2) may be written suggestively as

<ﬁla/BT7Ai|ﬂl/7ﬂ;‘7Aj>H
:Z/dsldsr dSEdSL <BlaﬁraAi‘ShSr7Ai’> ggjo,(slysr;sgvsgﬂ) <SE’S/wAj’|ﬁl/uﬁ£uAj>’ (54)
i/j/

where

92, (51550381, 57) = 696 (s1 = s)8(sr — s7)po(s1)po(sr) 720 (515 5v)- (5-5)

We, therefore, see that the perturbative inner product expressed in the |s;, s, A;) basis is

rel
pert

diagonal and furthermore has positive eigenvalues. Therefore, we confirmed that H is a
well-defined Hilbert space. This result was expected because the perturbative inner product
on the subspace of perturbative states with an observer is unmodified by our new rules
for the gravitational path integral.

To include higher genus effects and study the non-perturbative inner product, we now
rely on the mapping between this model and a dual matrix integral, which captures all
non-perturbative effects. Indeed, since we are ignoring all worldline crossings, all possible
relevant contractions on higher-genus surfaces (including in calculations of higher moments
of the inner product matrix) are captured by the JT matrix model of [13] together with K
operators O for i = 1,..., K which model the matter. As pointed out in section 4 of [102],
these matter operators have matrix elements that are drawn from a Gaussian ensemble

of mean zero and variance

<Eal| Ol ‘E(l2> <Ea3| Oj |Ea4> = Ol 0‘1713014 = 5ij5ala45a2a3fyAi (ECLl’EUQ)' (56)

ai1a2

As discussed in [38] and at the end of section 2.1, when the matter fields on a geodesic slice are
in their A = m = 0 ground state, fixed ¢ boundary conditions correspond non-perturbatively
to an insertion of ¢ \/ﬁ(ﬁ).33 The following diagram can then be computed to all orders in
the genus expansion by inserting into the matrix integral the operator

Bl i Br
ﬁzzﬁ =Ty (@\/ﬁ(f)e_BlIHojG_B;"H@\/ﬁ(g)e_BTHOzG_BZH) 5 (57)
B j B

where we take a trace since the boundary conditions form a closed cycle. To write this
expression in a form more akin to (5.4), it is convenient to introduce a doubled Hilbert space
so that operators, such as O, get mapped to entangled states as

o' = Z OLp | Ea) (Ep| — Z OZ,b |Ea), | Ep), = ‘(’)’>
a,b ab

(5.8)

Ir

**Here @ s55(¢) is the length wavefunction given in (2.9) and ¢ s7(¢) is the corresponding function of the
Hamiltonian.
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One can then write expression (5.7) more suggestively as

5[ i ﬁr
e 6= (B8O () @ vu, () |8, 8, 07) (5.9)
Bl j B
where |8y, B;, 0%) = e AHi=FrHr |OF) | Integrating against e=20¢, we find
(Bis Brs Bl 81, B Ay g = (Bis B, O| 9o (Hi Hy) |7, 81, 07) (5.10)
where3?
9no (Hiy Hy) = ya, (Hi, Hy). (5.11)
Since ¢ is a positive definite matrix on the tensor-product Hilbert space Hifgn_pert =
Hfl‘ﬂn_peru ® Hfl‘gln_pertvr, then the non-perturbative modified inner product in the presence

of an observer is also positive semi-definite. The reason this inner product is only positive
semi-definite and not positive definite is because of the presence of null states, which we
describe in the next subsection.

First, however, we briefly point out what the operator ga, would be if we had treated
the observer like yet another matter operator, with matrix elements pulled from the Gaussian
ensemble. In that case, the boundary conditions would just be two disconnected circles, each
with two green dots — one for the observer insertion and one for the matter insertion. We
can still introduce the left and right Hilbert spaces, and after doing so, it is not hard to
see that, as a consequence of the Gaussian statistics of the operator, ga, (H;, H,) as defined
in (5.11) should be replaced by the projector

9Ao (Hlv HT) — ‘OO><OO|Z7‘ . (5'12>

This inner product tells us that all perturbative states in H;. which are orthogonal to |Oo),,
become null, and so the non-perturbative Hilbert space is one-dimensional. Equation (5.12)
clearly explains how replacing the observer with a “regular” matter particle reduces the
non-perturbative Hilbert space to one dimension. The replacement in (5.12) also makes
clear what one needs to do in order to return to the inner product in (5.11): average over
the matrix elements of the observer’s wavefunction coefficients, Op(Ej, E,.), used to define
|00) = > 5,5, Oo(Ey, Er) |Ey) |Er). Namely, using the formula (5.6), we see that

|00XO0l;, = vao (Hi, Hy). (5.13)

The inner product in the presence of an observer is, in this sense, an average over non-
perturbative Hilbert spaces without an observer. This result also clarifies how to compute

34We remind the reader that we are viewing ya, (H;, H,) as a matrix function of the two operators H, = H®1
and H, =1 ® H which act on the doubled Hilbert space.
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quantities relevant to describing the experience of an observer from a matrix integral point
of view. First, we identify a given Gaussian matrix Op describing matter to represent
our observer. Second, we compute the observable of interest in a single realization of the
Hamiltonian and matter ensembles. Finally, we average over the Op ensemble. Notice
that we average only over Op and not the Hamiltonian or other matter matrix ensembles.
This corresponds to the special treatment reserved to the observer in our rules for the
gravitational path integral.

5.2 Null states

Armed with formula (5.10), for the non-perturbative inner product in the presence of an
observer, we can now simply read off the null states. By “null states”, we have in mind states
in the perturbative Hilbert space that have zero norm with respect to the non-perturbative
inner product. States in the perturbative Hilbert space in the presence of an observer form a
continuum, labeled by the continuous labels 5; and 3, (or E; and E,.), along with the discrete
index labeling the flavor of matter particle. For analyzing null states, since the inner product
operator ga,,(H;, H,) is a function of just H; and H,, it is convenient to work with the basis
of states labeled by continuous energies E; and E,. We can then write a general state, |1),
in the perturbative Hilbert space as a linear superposition of such states as

|1’Z]> = Z/dEldET QZAk (EZ7ET) |ElaEr7Ak;> . (514)
k

For a given draw of the ensemble of JT Hamiltonians H together with the Gaussian-distributed
matrix elements for the matter, the spectrum of H; and H, will be discrete. Thus, when we
compute the norm of the general state in (5.14) using the inner product in (5.10), we find

Wy = 3 (Pa,(Bar ) b, (Bas By) x (O5F) O % 950 (Bas By (5.15)
k,k',a,b

Clearly, null states can be formed just by demanding that @ZA;C have no support on the
discrete energy spectrum of either H; or H,. Furthermore, if we allow the matter flavor
to vary, we see that there is an even larger multiplicity of null states due to the fact that
9ga, (Hp, Hy) does not have a label for the matter index.

This pattern of null states should be directly compared to what was found for a two-sided
black hole in the presence of matter but without an observer in [38]. There, again, the
perturbative Hilbert space is labeled by three numbers |Ej, E,., A;), where E; and E, are
continuous labels at the disk level, as reviewed in section 2.1. Non-perturbatively, however,
the Hilbert space becomes labeled by a (random) set of discrete numbers, ]Elz, E£>, and states
are not labeled by the flavor/matter index. This means the null states in the two-sided
black hole with matter but without an observer are of the same structural form as the
closed universe with matter and an observer. Of course, this is not a coincidence. By the
formula in equation (5.1), we see that we can think of the closed universe with an observer
as a two-sided black hole where the two asymptotic boundaries are replaced by geodesic
worldlines and then glued together via the integral in (5.1). Thus, the non-perturbative
Hilbert space structure of the closed universe with an observer is inherited from that of
the two-sided black hole without an observer.
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Note that although the presence of flavor indices means that, in a sense, there are “more”
null states than in the case without matter, it does not mean that any two states that differ
only in their flavor indices are the same state non-perturbatively. This is due to the fact
that the states |Ej, E,, A;) and |Ej, B, A;) for Ej, E, in the non-perturbative spectrum of
the theory are only the same up to the matter wavefunctions O%(FEj, E,.) in (5.8). Thus,
superpositions of such states over different energies will not be proportional to each other.
This explains how, in section 4.1, we found that a collection of states with varying flavor
index can still span the full non-perturbative Hilbert space. In section 4.1, we worked with
states at fixed temperatures 8; = 5, but varying flavor index. In that context, we found that

null states only became important with a flavor index number K of at least €250,

Given the null states described above, we then have a non-isometric map, of the type

discussed in [38, 106], connecting the perturbative Hilbert space of a closed universe with an

1

observer H, to the non-perturbative Hilbert space of a closed universe with an observer

ert
Hfﬁ}n_pert. Furthermore, there is yet another map connecting the perturbative Hilbert space

with an observer %;ﬂr

words, we get two non-isometric maps

¢ to the non-perturbative Hilbert space without one Hyon-pert- In other

rel  Vobs. rel
Hpert Hnon—pert )

1 Vho-Obs.
Hf)%rt S Hnon-perta (5.16)

where Vops. is implemented by the inner product ga,(H;, H,) in (5.11) and Ve obs. is
implemented by the projector onto the observer’s state |Oo)XOol,, as in (5.12). An exactly
analogous structure as in (5.16) exists for the case of the two-sided black hole, except in that

case, obviously, the dimensions of H¢! 250

on-pert aNd Hnon pert are different, namely e*50 and e

rel

respectively. Note that in both cases, we can also find a non-isometric map between Hig, o

and Hpon-pert- In the context of two-sided black holes, one can consequently use the ideas

rel

of [86] to rewrite operators on Hyo, e

¢ as non-linear, state-dependent observables on Hyon-pert-
It would be interesting to work out explicit formulae for such a non-linear reconstruction.

6 Observables along the worldline

non-

We will now analyze the possible observables that act on the Hilbert space H:e! pert that
a gravitating observer can measure. Before that, we should address a basic point. The
evolution of a gravitating observer is, in principle, fully determined through the Wheeler-
deWitt constraint, and the observer cannot make any measurements not determined by
this constraint. The only quantities that we can consequently calculate are the transition
probabilities between the different states of the observer as in section 3. We remark that we
have used an oversimplified model of the observer: in the action (3.1), we have, for instance,
neglected the coupling between the observer’s worldline and other matter fields in the theory.
By computing correlation functions of operators constructed from these fields and dressed
to the worldline of the observer, we can understand what would happen to the observer
in more realistic models and quantify when non-perturbative effects severely modify the
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transition probabilities between different states in Hfleoln_pert ® H°P%.3% In the case of a closed
universe, we will see that, in contrast to the global picture, correlation functions of matter
operators dressed to the worldline are not affected by non-perturbative effects, at least far
from the Big Bang and Big Cruch singularities. For two-sided black holes, we will see that
for some observables, such as the length of the Einstein-Rosen bridge seen by an observer
inserted at late times, the global picture and the observer’s point of view agree; in both cases,
non-perturbative effects become important at times ¢t = O(e%) and cause the length of the
Einstein-Rosen bridge to plateau. For other observables, which capture the experience of an
infalling observer more accurately, the two pictures prove drastically different. For example,
the center-of-mass (CM) collision energy between the observer and a perturbation behind
the horizon of the black hole receives large non-perturbative corrections at times t = O(Sp)
— i.e., close to the Page time — in the global picture. On the contrary, the perturbative
calculation of this collision energy proves reliable until times ¢ = O(e0) when describing
physics from the point-of-view of the observer using our proposal.

6.1 Examples of what an observer sees in a closed universe

To contrast the difference between observables measured in the global Hilbert space and
from the point of view of a gravitating observer, let us compute a correlation function for a
matter field ¢ measured along the observer’s worldline, with the operator insertions dressed
to the state of the clock that the observer carries. For simplicity, we will take this correlation
function to be a two-point function and assume that ¢ interacts with the observer only
gravitationally. As in section 3, we will prepare the state of the observer |3, 0;—p) on the
asymptotic boundary so that the clock reads t = 0 on the smooth closed geodesic slice and
keep track of the time along the worldline with respect to this slice. While the notion of the
clock of the observer only makes sense in Lorentzian signature, for computational purposes
it is useful to first consider the Euclidean two-point function (3, Oi—¢| ¢(71)P(72) |5, Or=0)-
The relevant geometry is shown in figure 12. We will then analytically continue 712 = —it1 2
to obtain the Lorentzian two-point function.

The global picture. To start, let us briefly discuss the global picture, in which the observer
is treated as an ordinary matter field. In this case, it is impossible to come up with a
well-defined clock for the observer. Because the Hilbert space Hnon-pert is one-dimensional,
the overlap between states defined on spatial slices with the observers’ clocks reading different
times t; and to always has large fluctuations. In fact,

‘ <57 Ot:tl ’5/7 Ot:t2> ‘2 =1 (61)

if the states are unit-normalized. Similarly, the two-point function when ¢ is inserted at
different times has a large standard-deviation and can only differ by a phase,

| (8, Or=o| ¢(t1)9(t2) |8, Oso) > _
| (B, O1=0| &(t})9(th) 15, Or=o) |* 1, (6.2)

35Specifically, such correlation functions determine the transition amplitudes when the action (3.1) is

modified by source terms. For example, we can modify the action by coupling a field ¢(z) that exists
everywhere in the bulk to sources, Isource = [ duv/hj(u)d(u).
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Figure 12. Euclidean diagrams showing the two-point function of a scalar field ¢, dressed to the
worldline of the observer. The figure on the right is obtained by cutting the figure on the left along
the observer’s worldline, embedding the resulting geometry in the Poincaré disk (depicted in black),
and then identifying the two red geodesics of length ¢ in the right diagram. We give an example of the
worldline connecting the two operator insertions that winds once around the cylinder, which we show
in dark green in both diagrams. The light green circle (left) and line (right) represent the shortest

closed geodesic on the geometry, while the blue line (only shown on the right) is the shortest geodesic
(not closed) perpendicular to the worldline of the observer on both ends. To evaluate the two-point
function in the Lorentzian closed universe we perform the analytic continuation 719 = —ity 2.

regardless of the times t; 5 and #} 5. This is again because, in the one-dimensional Hilbert
space Hnon-pert, Unit-normalized states labeled by any time can only differ from each other
by a phase of the closed universe, and operators can only be multiples of the identity. Of
course, this simply means that physics is trivial. This is not what we expect an observer to
see in a closed universe. To obtain a sensible result, we will recompute the same two-point
function in the same closed universe state following our new proposed rules.

Correlation functions from an observer’s point of view. When computing correlation
functions using the gravitational path integral from an observer’s point of view, the perturba-
tive answer dominates.?® This is again because the disconnected diagrams that connect the
different bras and different kets in the global picture (see section 2.3) no longer contribute
once we impose that the observer’s worldline connects each bra to the corresponding ket.
Since even the perturbative answer is physically interesting in a closed universe, we will
focus on finding the two-point function at leading order in e~°°, leaving all computations
of non-perturbative corrections for future work.

Before discussing the computation of the two-point function (3, Oi—o| ¢(11)P(72) |5, Ot=0),
it will be useful to rewrite the inner-product between two asymptotic states by gluing patches
bounded by geodesic segments whose length is fixed. The Euclidean version of a closed universe
can be decomposed into a quadrilateral with geodesic boundaries — with two opposite sides
that are equal — and two Hartle-Hawking disk wavefunctions, ¢3(¢); see the right diagram in
figure 12. We will denote the path integral contribution of the quadrilateral by I4(¢;, ¢, ls, (),
where /; and £ are the renormalized lengths of the geodesics wrapping the cylinder that

36We believe this happens at least when the observer is not parametrically close (in e~°) to the singularity.
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start and end at the location of the observer insertion at the asymptotic boundary and /¢ is
the renormalized length of the observer’s worldline between the two asymptotic boundaries.
The inner-product between two asymptotic states |3, Oy—g) can then be rewritten as

(B, 01=0|B', Or=0) = /d&dffdf%(&)w (Lp)e 20 Ly (ls, €, L5, 0), (6.3)
where
14(&',6, ff,f) = 650 /dEp()(E)(pE(f,’)QOE(g)QOE(e)QDE(Ef). (64)

In this decomposition of the geometry, it is also useful to note that the distance u between
the two geodesics whose renormalized lengths are ¢ in the quadrilateral, i.e., the length
of the geodesic that wraps the cylinder once and is perpendicular to the worldline of the
observer at both ends, is fixed to be3”

£;+0
sinh? (g) —e T, (6.6)

When the observer is heavy (Ap > 1), the relative twist between the observer insertions on
the two asymptotic boundaries is minimized, and the geodesic of length u agrees with the
closed smooth geodesic that wraps the cylinder, whose length we denote by b. In this limit, the
observer enters the Lorentzian spacetime perpendicular to the time-reflection symmetric slice,
and we don’t have to deal with the subtlety of the observer not traveling on a real Lorentzian
path as discussed in section 3. We take this limit, which will, therefore, greatly simplify the
calculation. As mentioned in section 3, when performing the analytic continuation 7 — —it
to Lorentzian signature, there is a big bang singularity located at ¢ = —7 and a crunch
singularity located at ¢t = 7 along the worldline of the observer when the observer worldline
is perpendicular to the time-reflection symmetric slice.

To account for the two-operator insertion, we now simply need to compute the lengths of
all possible geodesic connecting the two points where we insert the operators ¢ on the worldline

of the observer. The Euclidean proper times for these points are 7 and 79, where 7 = 0 is

3"This can be computed using the fact that three lengths in a quadrilateral with two right angles determine
the fourth length. We will use this property for two quadrilaterals, one involving the geodesic of length u
and renormalized length ¢; and the other involving the geodesic of length v and renormalized length £; (see
figure 12). In the quadrilateral involving the geodesic of length u and the geodesic of proper length /; we have,

sinh? <€22> = sinh? (g) COSh(Zl) cosh (172) + sinh? <612€2> = e'" ~ sinh? (%) elrttz (6.5)

where 7, and £, are the proper lengths for the side edges of the quadrilateral with two right angles and ¢1, £2
and ¢ are renormalized lengths. In the quadrilateral involving the geodesic of length v and the geodesic of
length £; we have

sinh? (éf) = sinh? (g) cosh (173) cosh (54) + sinh? (63564> = e ~ sinh? (%) glatta )

where, once again, f3 and {4 are the proper lengths for the side edges of the quadrilateral with two right
angles and /3, ¢4 and {; are renormalized lengths. Here, we have made use of the fact that all proper lengths
diverge in the same way, which lets us ignore the exponential factors of their differences. Using the fact that
0 ="L3+ 01 =L+ ly, (6.6) follows.
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fixed to be on the minimal closed geodesic. The shortest such geodesic follows the observer’s
worldline. However, in a closed universe setup, there are additional geodesics connecting the
two points that wrap around the Euclidean cylinder (or, in Lorentzian signature, the closed

)

universe). In terms of u, the lengths 6%3 of such geodesics in Euclidean signature are given by>

g(”) _
sinh? (122> = sinh? (n2u> cosh(71) cosh(7y) 4 sinh? (7—127—2> , (6.7)

where n is the number of times that a given geodesic wraps around the universe (with n =0
corresponding to the shortest geodesic). Analytically continuing to Lorentzian signature
(11,2 = —it12) we find that the geodesic distances Egg) are given by

o) 1 1
inh?2 [ 212 ) = Z [ = i
sinh ( 5 > =5 < 1+ g)> , (6.8)

where 5%121) are the chordal distances

(n) _ 1
127 sin(t1) sin(t2) + cosh(nu) cos(t;) cos(ta) (6.9)

When the r.h.s. of equation (6.8) is negative and Kgg) is purely imaginary, the geodesic

connecting the two operator insertions is timelike (fg) > 1); when it vanishes, the geodesic
is null ( g) = 1); when it is positive and égg) is purely real, the geodesic is spacelike
(0< {53) < 1). If we set the first point at ¢t; = 0, then the two points become null separated
whenever cos(ta) = 1/ cosh(nu). Thus, the worldline of the observer intersects its own past
lightcone that starts at the ¢ = 0 point. As the crunch singularity (or, similarly, the bang
singularity in the past) is approached, the number of lightcone intersections grows, and
the observer intersects this past lightcone an infinite number of times as they approach the
singularity. This is shown in figure 13. In terms of the chordal distance (6.9), the Wightman
propagator in AdSs for the field ¢, with scaling dimension A, is given by [107]

A
Gale) = ——2 0L er (5.5 4

2 Larke)
(QA—]_)T(‘%F(A—%) 573 +2,A+2,§ . (6.10)
This propagator has a divergence in the coincident point limit or whenever the points become
null-separated. Thus, we expect that the observer will see a divergence in the two-point
function whenever they insert the second operator at a point on the future lightcone of the
first operator insertion. As we have seen, the number of such points — and therefore the
number of divergences — itself diverges as the observer approaches the singularity.

To obtain the Wightman propagator in the fluctuating spacetime, we need to sum the
contribution from all the geodesics that wind around the closed universe and write this
propagator in terms of the geodesic lengths in the quadrilateral with length ¢;, ¢, ¢, and ¢;.

38This once again follows from the fact that three lengths in a quadrilateral with two right angles determine
the fourth length — e.g., see (6.5).
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Figure 13. Two frontal views of the closed universe in Lorentzian signature. The observer’s worldline
is depicted in red and the maximal Cauchy slice of length b is depicted in green. We insert a matter
insertion at time ¢; = 0, defined by where the observer intersects this Cauchy slice. Another matter
insertion is place sometime later along the observer’s worldline. (Left) Left and right null rays
emanating from the first matter insertion are shown in brown. Each time the second operator insertion
is placed at the intersection of these null rays with the worldline of the observer, the two-point function
on a fixed background diverges. (Right) Generically, an infinite number of winding geodesics contribute
to the two-point function. A timelike geodesic along the observer’s worldline is drawn in purple, a
winding spacelike geodesic is drawn in blue, and a null winding geodesic is shown in brown.

The resulting (un-normalized) Wightman propagator is given by

(B, 0ol 9(41)9(t2) 8. 0o} = 3 [ dtidtydtios(t)par (€)™ 0 Tt .t OGA(ER):

n=—oo

(6.11)

where fg) is given by equation (6.9) with u given by equation (6.6). Because the propagator
has only a mild logarithmic divergence when the points of the two operator insertions become
null separated (i.e., when fg) — 1), this divergence is smoothed out by the fluctuation in
the lengths ¢, ¢; and ¢; that are captured by the integral in equation (6.11). Thus, the
two-point function of ¢ becomes well defined along the entire worldline of the observer due
to quantum gravity fluctuations. While this might be a desirable feature, we do not see a
contradiction with such divergences appearing when computing observables in the Hilbert
space of closed universes. This is because even though the Hilbert space we computed in
section 4.1 was finite, there, we restricted to asymptotic boundaries whose ADM energy
(labeled by E = s?/2) was within a given energy window that could be arbitrarily large
but finite. When acting with the operator ¢ on a time slice, the resulting state might have
support outside of the space spanned by the states specified by the asymptotic boundary
condition whose ADM energy is within a finite window. In fact, we can explicitly see that
more serious divergences (for example, those appearing in the two-point function of 9F¢(t)
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for k > 1) persist even after performing the integral over metric fluctuations.?? Interestingly,
the accumulation of such divergences provides a way to probe the crunch singularity of the
closed universe. Even more interestingly, when probing this accumulation of divergences, the
relevant Euclidean geodesic in the calculation of the propagator (6.11) winds a very large
number of times around the closed universe and has an arbitrarily long length, nu. Typically,
the appearance of such long geodesics — such as the long geodesics probing the length of
the Einstein-Rosen bridge at times ¢ ~ €% that we shall analyze in the next subsection —
signals the fact that non-perturbative effects become important and could drastically alter
the perturbative calculation presented above. It would be interesting to perform such a
non-perturbative analysis in future work.

6.2 Examples of what an observer sees when falling into a black hole (I):
the length of an ER bridge

Our computation of correlators dressed to the worldline of the observer can easily be
generalized for observers probing two-sided black hole states. However, for two-sided black
holes, such observables are less interesting than their closed universe analog: the winding
geodesics discussed in section 6.1 that appear even at the perturbative level are absent in
the two-sided black hole setting. We do expect non-perturbative corrections to affect such
correlators even for two-sided black holes when the time separation between operator insertions
along the worldline of the observer becomes very large. While in JT gravity such large time
separations are possible, for realistic black holes we expect the observer to hit the black hole
singularity after a finite proper time, making such large time separations impossible. Instead,
for two-sided black holes, we will discuss two other observables — how the length of the
Einstein-Rosen bridge changes with time (in this subsection) and the center-of-mass collision
energy between the observer and an arbitrary matter perturbation coming from the opposite
side (in section 6.3) — that probe what happens to the observer after they pass the horizon.

Following the work of [93, 108, 109], we ask what happens to an observer who jumps into
one side (say the right side) of a two-sided black hole. Unless the black hole was perfectly in
the unperturbed thermofield double state, there will be matter excitations that may have
fallen into the other side of the black hole.*’ For simplicity, we will model all the matter
excitations on the left as a single operator insertion on top of the thermofield double. As
illustrated in figure 14, if both the observer and matter fall in at early times, then there will
be a large relative blueshift between the two, which leads to a very high collision energy. On
the other hand, if they fall in at late times, this relative blueshift becomes a redshift, and
the observer feels very little. In [37, 93], it was pointed out that a gauge invariant way of
measuring blueshift /redshift is to compute the change in time of the length ¢ of the geodesic
slice connecting the observer and matter particle, denoted by p = (. If p < 0, the system
is in the so-called “white hole” phase, and the observer and excitation collide with high
energy. If p > 0, the system is in the “black hole” phase, and there is no collision. In [37],

390ne can cure such divergences by smearing the insertions of ¢ along (or in the neighborhood of) the
worldline. We also expect such a smearing to decrease the contributions of intermediate states (in between the
two operator insertions) that have large energies, providing an explanation for why such divergences are cured.

4OThere may also have been excitations which fell in on the side of the observer, but for simplicity, we
restrict ourselves to the situation where all excitations other than the observer fall in from the left.
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Figure 14. The left-most diagram illustrates how if the observer and particle jump in both at early
times, the geodesic slice for the wormhole is shrinking. This leads to a large relative boost between
the observer and the particle and a correspondingly high energy collision. If both insertions happen
far in the future (center diagram), then the observer and particle experience a growing wormhole
length and only a minor collision. In the right-most diagram, we illustrate how the boost symmetry of
the thermofield double can be used to move one of the insertions down to 7" = 0. In this work we
choose to fix V' at T' = 0 on the left and vary the time that the observer jumps in. The above figure is
reproduced from figure 1 of [38].

it was observed that non-perturbative wormhole effects could cause a black hole to tunnel
into a white hole at very late times. Thus, even though semiclassically an observer jumping
into a very old black hole would expect to see no collision, a non-perturbative, quantum
tunneling could lead the observer to see one.

In [37-39], the length of the geodesic slice and its time dependence were computed in
various ways, and non-perturbative effects were taken into account. Since p(t) and £(t) are just
properties of the geodesic slice, these computations can be done in pure JT gravity without
matter. When non-perturbative effects are present, there may be more than one geodesic
connecting the same two boundary points — a phenomenon that does not occur at disk level
in JT gravity. There is, therefore, a non-perturbative ambiguity about which geodesic slice is
used to compute £(t). In [37], a proposal was made for how to identify a unique geodesic slice
whose properties could be analyzed, but it was not clear whether this proposal corresponded to
a linear operator (on any Hilbert space), and so it was not clear how to compute probabilities
in a principled manner. In [38], an alternate proposal was made for an infinite family of
length operators, which all act linearly on the non-perturbative Hilbert space of the two-sided
black hole, Hyon-pert, and agree with the disk-level predictions for the length operator.

We now ask how the computations of [38] get modified in the presence of an observer.

Namely, we want to investigate length operators which act linearly on Hg‘é}n_pert. Note

that such operators can not correspond to linear operators on Hyon-pert, in agreement with
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arguments that observers measure non-linear operators on the boundary Hilbert space [90, 92].
We can start with a disk-level computation. To compute how the length of the geodesic
slice connecting two boundary times changes in the presence of an observer, we want to
compute the diagram

(6.12)

p/2+iT

rel
pert-

observer at Lorentzian time T' and smear its insertion by ¢ in Euclidean time to make the state

where we keep in mind that all inner products are computed in ‘H Here, we insert the
normalizable. Since at the disk-level the observer worldline cannot connect with any other
operators, the diagram in (6.12) could be viewed as a calculation in either Hper or H;eelrt.

This diagram can be computed by decomposing the disk into two triangular patches
bounded by geodesics, with the observer’s geodesic £p common to both. These triangles
have vertices at A, O;, Oy and B, O;, Oy in the figure in equation (6.12). Sewing along

lo with the weighting e=20%  we find*!
eSo
(00,5 —iT,e|00,5 +iT, e

X /dfodﬁAoideofdeoideof lap e 200 I3(Ca0,, Lao, , o) I5(LBo,, L0, , LO)

(Oo(T)|Lap|00(T)) = > /dsildSiQdeldeZ po(si) - --po(sr2)

2

2 s s2
e22 —e—f2—(B/2+iT) 4L —(8/2—iT)

2
Sfl
2

X Psiy (EAOi)SESfl (EAOf )Sbsz'z (KOiB)@SfQ (6(9fB)€_ (6'13)

where £ 4 is a function of all five lengths in the problem {45 =B (60, L0, L0, LBO;, EB@f> .
The factors of I3 correspond to the path integral of JT gravity over triangular regions of
the hyperbolic disk

Lt b ts) = B3/ \f2 =5 / dEpo(E) 3s(01)3s(02)@s(ls),  (6.14)
4y

where in the last equality, we used the results of [98]. We remind the reader that the parameter
€ is present to “smear” the state of the observer so that it is normalizable. In the limit
of small €, the -integrals are dominated by very large, negative {po,, {po, and £o. The

I Notice that here we normalize the state for convenience.
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integrals over these three lengths then decouple from the remaining £40, and £40, integrals.
Furthermore, in the limit of very negative £o, I3(¢a0,,fa0;,l0) ~ 0(fa0, — £ao,;) up to
order one constants which are canceled by the normalization (Op, g —iT,€|Op, g + T, €).
Additionally, in the small ¢ limit {40, = 4B, and so all-in-all we get

o~ SO
(O0(T)| lap |Oo(T)) ~ % / dsids po(si)po(sy) ( / Alap Lap Ps;(LAB)Ps, (zAB)>
x ¢~ (B/2+T)Ei~(3/2~iT)E; (6.15)

Since € controls how far away from the black hole the observer jumps from, in the ¢ — 0
limit, we see that the presence of the observer does not change the expectation value
(Oo(T)| ap |Oo(T)) to leading order in . Thus, the disk-level answer for the growth of the
geodesic slice’s length is approximately unchanged relative to what was found in [38]. Indeed,
this simplification actually occurs to all orders in the genus expansion. The only modification
to equation (6.15) when including higher genus corrections is to replace po(s;)po(sy) with the
non-perturbative correlator po(s;)po(sf). In other words, the only higher genus effects that
are important at leading order in € come from wormholes connecting the two patches in the
figure of (6.12) that are bounded by T-dependent boundary lengths. Thus, at least when
the observer jumps in very far from the black hole (when ¢ is small), the calculation of the
growth of the length reduces to that discussed in [38] to all orders in the genus expansion.
It would be interesting to analyze such non-perturbative effects when ¢ is not so small, but
we leave this analysis for future work.

6.3 Examples of what an observer sees when falling into a black hole (II):
collision energy with a shockwave past the horizon

In [38], the authors studied non-perturbative corrections to the center-of-mass (CoM) energy
of the collision between the matter particle, inserted on the left, and the observer, inserted on
the right. The collision energy is a natural observable since it can be measured locally by the
observer — by simply measuring the components of the stress tensor along their worldline —
as opposed to the change in length of the geodesic slice which cannot. Furthermore, it was
shown in [38] that statistics of the CoM energy can be computed analytically by studying
the distribution of Casimir energies of the matter-plus-observer state. The definition of the
Casimir energy will be reviewed shortly. Surprisingly, even though this is a low complexity
observable, the authors found that the non-perturbative corrections became important for
this observable at times that are polynomial in the entropy of the black hole as opposed to
exponential in the entropy. The calculations in [38] seemed to suggest that the notion of an
observer can cease to make sense at times much earlier than exponential in the black hole
entropy, and so EFT can break down at times of order the Page time. In this section, we

revisit the CoM observable and modify it to be an operator acting on the relational Hilbert

rel
non-pert*

The observable discussed in [38] was the center-of-mass energy of a collision experienced

space ‘H First, we review the discussion of [38].

by an observer falling into one side of a black hole in the thermofield double state when

a particle has been dropped into the black hole on the other side. We return now to this
observable, but compute what the observer experiences using our new rules for the inner
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product on the non-perturbative relational Hilbert space. Consider the state |VOo(—T)),
where V is inserted on the left at boundary time t = 0 and Op on the right at boundary time
t = —T'. Perturbatively, we can understand the resulting state as living in the Hilbert space
of JT gravity with matter [38, 96, 97]. As we reviewed in section 2, the matter states can be
organized into representations of the background SL(2,R) symmetry, with ordinary matter
falling into discrete series representations. These representations are labeled by a Casimir
value Ca related to the mass/dimension A of the field via Ca = A(A —1).

When two operators labeled by masses Ap and Ay are inserted at the boundary, the full
bulk state, including the perturbative gravitational fluctuations, can then be expanded as a
superposition over different representations by using “gravitationally-dressed blocks” [102].
The operator that measures the SL(2, R) Casimir in each representation appearing in this
expansion can be directly related to the operator which measures the center-of-mass collision
energy experienced by the two particles [38]. By measuring the Casimir, we are measuring
the collision energy experienced by the observer.

We now explain these words in more detail. In [38, 102], the gravitationally-dressed
blocks can be represented by the diagram

Ay, Ao
PAVARO (5551, sR) = s sn (6.16)
Ay +Ap+n

where the observer and particle have masses Ap and Ay respectively. Like in previous
sections, the s-labels are related to the energy of the boundary particle in that region by
E = s2/2. The resulting Casimir value, C,,, after fusing these two operators is that of a
particle with mass A, = Ay + Ap + n, namely C,, = A,(A, — 1). Furthermore, these
blocks obey an orthogonality relation*?

/ds po(s)PnAVAO(s; sL,sR)PT%V’AO(S;sL,sR) = 0pm, (6.17)

and a completeness relation

d(s—s >
os—5) = Z PAVAO (5:51 sp)PAVAO (s 51, sR). (6.18)
po(s) n=0

This completeness relation can be summarized in the following schematic [102]

Ay . Ao Av. . Ao
1 B 00
S y--=--- SR =), SL |n s (6.19)
n=0
AV S/ A() AV S, A()

“2Note that due to a factor of 2 difference between po in this work compared to [102], our PV 20’5 differ
by a factor of v/2 from [102] so that equation (6.17) still holds.
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Using these relations, we can define states of definite Casimir by integrating over states

defined by asymptotic boundary conditions as*?

Pu(s;sL,5R)

\/’VAV(S& 5)Va0 (SR, )

In,sL,SR) g = e_SO/Q/dspo(s) |sr,sr, VO0S) g (6.20)

where the normalization factors v are given in equation (2.24). By construction, the eigenvalue
of the state |n, sz, sg) under the Casimir operator C is given by C |n, s, sg) = Cy |n, sz, Sg).
The state |sz,sg,VOos).p is a bulk state defined by asymptotic boundary conditions,
pictorially represented as

SL SR

s1,5r,VO0S) g = (6.21)

1% Oo
From this definition, we have

50 0(s2.— 1 )8(sr— ) (s — o)

LR<5L75R7V005‘5,[,75,R>V005/>LR:e Yay (SL.8)7a, (SR, S)

po(sL)po(sr)po(s)
(6.22)
Therefore, the norm of the states in (6.20) is**
d(sp, — s7)d(sp — sp)
n,sp,srlm, st sk) = L E
s sl S Sk = T ()
’ ' ' 6(s — ')
x /deS po(8)po(s') Pa(s;sL, SR)Pm('s SL, SR)———7—
po(s’)
i i
_ Onmd (s, — s7)0(sr SR), (6.23)

po(sL)po(sr)

where we used (6.17). We then see that the |n, sy, sg) states are also plane-wave normalizable,
and form a complete basis of states in which we can expand a given state. To make these
normalizable in the standard sense, we should imagine integrating sy and sy over a small
window of size ds centered around 51, g. To normalize the states we divide by \/po(5)ds
so that the normalized states are

EL,R-F(SS/Q
|n7§L7§R> = dSLdSR pO(SL)pO(SR)

51,r—05/2 dsv/po(5L)po(3R)

We will often leave this smearing over sy, and sp implicit below unless necessary.

|n,sL,SR) - (6.24)

43From this equation forward, we will often drop the super-script Ay, Ao on the gravitational-blocks
PRV-207g since we will always be considering the same two operators, V and Oo.
“The states |n, sr,sr) are the same (up to a normalization constant) as the states |A, Er, Er) introduced

in equation (2.23), where A = C,.
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Perturbative probability of detecting a fixed Casimir. To understand the distribution
of collision energies discussed in [38], we would like to expand the state with an observer
inserted at Lorentzian boundary time ¢t = —7T" in the past on the right and a particle inserted
at boundary time ¢ = 0 on the left, denoted |V (0)Oo(—T)) in the basis of Casimir states we
just introduced. To make the state |V (0)Op(—1")) normalizable we move the two operators
off the 7 = 0 slice in Euclidean time by an amount €. The overlap between the two states is

(n.52.58|V(0)00(-T))

26—50/2/d5p0(8) Po(s;sL,sR) (51 51, VOos|V(0)O0(—T)) (6.25)
N

At the disk level, the inner product inside the integral is just

(5L, S)WAO (5R,S)

<sL, SR, VOos’V(O)OO(—T)>

ES% ESQR . 92 (626)
= M2 T WS \/’YAV(SLvS)VAV(SLvs)’YAo(SRa $)Va0 (SR )
and so
<n,sL,sR’V(O)(’)O(—T)>
ES% £ R (627)

52 o 62
= 650/2 /dSpQ(S)Pn(S, SL, SPL)@_T_T_(B/Z_H—’)7 X \/’YAV (S[n S)’YAO (SRv S)'

With these overlaps in hand, we can then compute the expectation value in the [V Op) state
of the projector onto a fixed n eigenspace

I, = /dsLdsR po(sz)po(sr) |n, sL, sr)n, s, SR| (6.28)

We thus get that the distribution of n-eigenvalues takes the form

50 oo 4 B i
¥ = e ), 11 (dsf"’“s”e )

=1
X [yay (51, 520700 (52, 530720 (53, 80)7ay (54, 81)]/2 PRVA0 (4551, 83) PaV 20 (25 51, 83),
(6.29)
where here {71, m0, 73,74} = {2¢,5/2 —iT,2¢,8/2 +iT} and s; = sr, S3 = Sr, S2 = S
and s4 = /. This is the Casimir distribution quoted in [38]. By using equation (6.18
together with the fact that

oo 3 52.
(VOo|VOo) = 650/0 11 (deﬂo(Sj)e_Tj2]> Yay (515 82)7a0 (82 83),
j=1
{7_177_277—3} = {25757 25}) (630)

we see that this distribution is normalized in n.
Without Schwarzian, gravitational effects, this distribution is sharply peaked for early
times about n ~ Ay Age™ /8 4 Thus, the collision energy experienced by the observer

45For an explanation of this point, see Section 7.2 of [38].
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grows exponentially. To understand gravitational effects, it is then warranted to expand
the gravitational blocks above at large n. As explained in appendix B of [38], at large n
the blocks P,(s;sr,sg) take the form

P,(s;s1,SR)

AT(Ay +isp £is)['(Ap £ isg +is) T'(2is)e%slogn )
- cc.|.
n D(Ay +isp +is)['(Ap £ isg + is)

(6.31)

Furthermore, at large Ay /e and Ap/e, it is natural to work with re-scaled variables s1 3 =
Ay o/eoi 3 in the integral in (6.29). Expanding the Gamma-functions in (6.31) at large
Ay /e and plugging the result into (6.29), we can then perform the o; and o3 integrals
by saddle point, and indeed one finds saddle point values at 013 ~ O(1). Furthermore,
in this limit, the oy 3 integrals decouple from the sg, s4 integrals in (6.29), and, to leading
order in A/e, the 013 integrals just give a factor of (VOo|VOp) /Z(5) with (VOo|V Op)
evaluated in the A/e — oo limit of (6.30).

When the dust settles, one finds that the full normalized distribution in (6.29) is [38]

) = e [ dsadsipsa)n(sa)exn (<563 + D + i (63 - )
x I'(2is4)T'(—2is2) exp <z’2(32 — 54) log 4nA> + O(e/(A)). (6.32)

Finally changing to sum and difference variables, s+ = so + s4, we see that the integral is

dominated by s_ < s4. The resulting integral becomes a sharply peaked Gaussian in logn/ng

2

with mean ~ 77T/ and width growing linearly in 7. Changing from n to C,, ~ n* variables,

where C), is the eigenvalue under c , one finds the Casimir distribution quoted in [38]

1
33202 log & By, C 2
C)=—=2 ——— |log — — 2aT 6.33
§(0) = " ey (b (10w ¢~ 201/ . (6:33)
16A292 . . . . .
where Cp = ——". Here we reintroduced the Schwarzian coupling ®;, with ®, > 3,7 in

the semiclassical limit which we are interested in. Integrating over C, one can check that
this distribution is indeed normalized. The important point about this distribution is just
that near the peak at C' ~ Coe?™1/8 46 the distribution has a height which is exponentially
decaying in time, due to the factor of 1/C' in front of the Gaussian. In other words, at times
of order Sy, the distribution is dominated by values which are exponentially small in the

—S

entropy and so are susceptible to e”~°-suppressed corrections. We turn now to discussing

such non-perturbative corrections and how they are suppressed in the presence of an observer.

Wormhole corrections to the CM collision energy: the global picture. So far,
we have computed the disk-level /semi-classical contribution to the distribution of Casimir

46The distribution (6.33) is only valid for C > 1, C' > Cy. The peak is at C' ~ Coe®™/# only in the
semiclassical limit v > 3, T.
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energies in the state |V (0)Op(—T)). This can be visualized as computing the contribution
to the gravitational path integral from the spacetime

(6.34)

where we have inserted the projector onto fixed n states, II,,, defined in (6.28). Now we would
like to compute the contribution from higher genus wormholes. The contribution we will be

most interested in is when the projector, II,,, “threads” the wormhole as follows:*”

0
0]

(6.35)

Now by equation (6.28), computing the expectation value of II,, requires us to compute
the square of (n, sz, sg|V(0)Oo(—T)). Accordingly, we can cut the wormhole in (6.35) along
the dashed line and view it as a bra-ket to bra-ket wormhole between the two copies of
(n,sr,sr|V(0)Oo(—T)) in the expectation value of II,,. Via the definition of the states
in (6.20), we can then replace the |n, sy, sg) states with an integral over s of |sz, sgr, VOps)
states. In this way, we can view the wormhole in (6.35) as (an integral of) the cylinder
between two asymptotic boundaries. These two steps of cutting the wormhole in (6.35) and
then replacing |n, sz, sg) boundaries with asymptotic boundaries are depicted in figure 15.4

We can then compute the two-boundary wormhole in figure 15 by summing over different
contractions of the various boundary operators. Without any restrictions on which contractions
we sum over, the dominant contraction will be the one where each operator pairs up with
its corresponding operator on the opposite boundary. Since the two-boundary wormhole
can be constructed by doing an identification of global AdSs, the relevant contraction can

4"One can check that contributions in which the projector does not thread the wormhole are exponentially
suppressed in Sy and have the same 1/n-suppression as the perturbative result.

4Note that the factor of e=%0/2 in (6.25) accounts for the ¢ difference between the geometry in (6.35)
(genus one) and the geometries in figure 15 (genus zero).
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)

B/2 —iT

B/2+iT
BT LT B2 —ir
Figure 15. The left figure illustrates the geometry obtained upon cutting the wormhole in (6.35) along
the dashed line. The resulting geometry corresponds to the bra-ket to bra-ket wormhole contributing
to the square of (n, sy, sr|V(0)Oo(—T)). In the right figure, the |n, sy, sg) boundary conditions are
replaced by (an integral of) asymptotic boundary segments given by the state |sz,, sg, VOos).

be visualized as a diagram on global AdS, as

8)2+iT B/2 —iT

R Vv v Oo Oo
Y SL | B/2—iT SR

Oo E

SR = T =0

0o | A
3 S S, | B/2+4iT SR
- \%4 \% Oo Oo
S 5
(6.36)

From now on, below, we will directly draw the diagram on the right that schematically shows
the operator contraction. Such diagrams can be computed using standard rules derived
in [102]. The rules state that for each intersection of a matter/observer worldline with an
asymptotic boundary particle worldline, the diagram receives a /ya(s1, $2) vertex factor.
Furthermore, asymptotic boundary regions that are shaded the same color share the same
energy or s-variable. Putting these rules together, this diagram gives

—e(s2 +52,)—BA2
/d)\Po()\)e “(1tsR) =% \/’YAV(SLa3)7A0(3R73)7AV<SL7S,)'YAO<3R73,)
d(s—s
X fYAV (SLa A)I.YAO (SR7 )\)! (637)
po(s)
Integrating this expression against P,(s) and P,(s") to project onto fixed Casimir states

as in (6.20), we see that the v factors inside the square-root in (6.37) cancel against those
in (6.20). Plugging into (6.20) and using the orthogonality relations for the P,’s in (6.17) gives

2
| (n, 51, sR|VL(0)Oo(~T)) |* D e / d po(N) e LT R Ty (51, M 76, (5r, A). (6.38)
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To compute the contribution of this overlap to the probability distribution in n, we need to
compute the expectation value of the projector in (6.28), which involves integrating (6.38)
over sr, sg. Doing so, we see that (6.38) just contributes an amount equal to the norm of
the state |Vz(0)Oo(—T)) given in (6.30) up to a factor of e=2%0. Dividing (the integral over
sr,sr of) (6.38) by the norm of the state (6.30) to compare with the disk distribution, we
arrive at a wormhole contribution to the probability distribution p(n) which is n-independent
but suppressed by an amount e~2%. At the peak of the distribution in (6.33), this wormhole
correction will become dominant at times 7'/ of order Sy. Note that such a correction, in fact,
leads to a non-normalizable distribution for n (or the Casimir). This is just reflective of the fact
that the |n, sy, sg) states are over-complete with respect to the non-perturbative inner product.

Wormhole corrections to the CM collision energy: the observer’s point of view.
We will now discuss how this effect is eliminated when using our modified inner product in
the presence of an observer. Using our rules for the quantum gravity relational Hilbert space,
we should always contract the operator Op with a partner in the same bra-ket pair. In other
words, when using the non-perturbative inner product in the presence of an observer, the
observer’s worldline should never cross the wormhole. This property disturbs the contraction
that led to the factor of §(s — ') in (6.37). For other matter particle contractions, the use of
the orthogonality relation gets spoiled, leaving behind P,,’s, which are suppressed by factors
of 1/4/n due to (6.31). This means that the wormhole corrections in the non-perturbative
observer Hilbert space are of the same order in n-counting as the perturbative answer (6.33),

but they are suppressed in e

-counting.

We now explain these words in more detail by examining the form of other contractions
and how they contribute to | (n, sz, sr|V (0)Oo(=T)) |2. In our modified inner product rules,
the observer operator inside the definition of the state |n, sz, sg) in (6.20) will always connect
with the observer operator in the corresponding bra/ket. Assuming that no particle worldlines
cross (as we have done throughout this work), we are just left with two classes of diagrams,
depending upon whether the worldline of V, traverses the wormhole or not.*” For the
class of diagrams where the Vi operator’s worldline crosses the wormhole, there are two
possible contractions which we need to evaluate to compute | (n, s1,, sg|V(0)Oo(=T)) |?. The

important contractions can be illustrated as

vV v Oo Oo vV v Oo Oo

s 5L 18/2—i NOR_

1
1
1
1
1
-+
1
1
1
1
1

9------4------9

s Sp, | B/2+iT SR>\

Vv v Oo Oo Vv Vv Oo Oo

49We are focusing here again on diagrams for which the projector threads the wormhole. We will find that
these diagrams are suppressed by 1/C' and €5°; we remark that diagrams in which the projector does not
thread the wormhole are also suppressed by 1/C and €0 and therefore give corrections to the perturbative
answer at the same order. However, unlike one of the diagrams we will compute, they are time-independent
and will therefore not be enhanced at exponential times.
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As in (6.37), to get to the overlap | (n, sr, sg|V(0)Oo(=T)) |, we need to integrate these
diagrams over s, s’ against the kernel in (6.20). Again following the Feynman diagram-like rules
discussed in [102] for computing the contribution of such spacetimes, the left diagram gives

2

|<n75L73R|V(O>OO(_T)>|23€730/d5 po(8)e LT R BT 5 (s1,8)7a0 (5R,5) P2(5,5L,5R)-
(6.40)

The time dependence of this contribution has canceled out because the two asymptotic regions
whose length depends on T' share the same energy variable s. Importantly, the presence of
the Boltzmann factor has spoiled the enhancement in the integral over s that the diagram
computed in (6.38) exhibited. One way to see that the enhancement is gone is that in the
calculation that leads to equation (6.38), the piece of the s-integral that scales as n comes
from the large s region, where the integrand oscillates sinusoidally. In (6.40), the large-s
region of the integral is damped by the factor of 6_552, which was not present in the s-integral
in (6.37). The second diagram gives

2

| (n, 51,55V (0)00(=T)) |2 D e %06 =CLH R0 4\ (s1,50)7a0 (SR, 5L)P2(s1; 5L, 5R),

(6.41)

where the s and s’ integrals have been localized to s,s' = sp. Again, this diagram is
time-independent and decays like 1/n at large n from the factors of P,(sr;sr,SR).

In the second class of diagrams, the matter operator V' does not traverse the wormhole.
Now, there are three diagrams to consider, which look like

v v  Oo Oo v v 0Oo Oo v v 0Oo Oo
1 s Wﬂ/Q—iTW N\ s Wﬂ/Q—i SR | ysL Q—iW
L s s riT/SRN m SR ! RSL 51 i1/ SR\

vV Vv Oo Oo vV Vv Oo Oo vV Vv Oo Oo

These diagrams are a bit more subtle due to the issue that we need to mod-out by the
action of the mapping-class-group (MCG) on the geometry. When matter geodesics traversed
the wormhole, geometries related by MCG transformations were really different since the
traversing geodesic could be used to distinguish the two geometries by measuring its winding
number. Without such a geodesic, MCG transformations are pure gauge. The effect of
doing this quotient by the MCG is just to insert a factor of the density-density correlator,
p(8)p(8")onm.» into the calculations. This connected piece of the density-density correlator
can be computed in JT gravity to be [13]%°

—_— -1 82 + 8,2
/ —
p(S)p(S )conn. - 71,2 (82 o 8/2)2 . (643>
*ONotice that the connected correlator is between the full densities of states p(s) = e€%°po(s), and the

connected part of the correlator is O(1) [13, 104].
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Therefore, after inserting (6.42) into the square of (6.25), the first term gives

050 /dsdsle—s(s%+s%)—(ﬂ/2+iT)%—(B/2—iT)§

X p(8)P(8") conn. Pr (83 51, 8R) Pa(8's 51, SR)\/’YAV (sz,8)7ay (L, 5") Y80 (SR $)V00 (SR, ).
(6.44)

As before, it is convenient to go to s+ = s & s’ variables. The connected correlator of p’s
in (6.43) has a double pole at s_ = 0 and so, at large T, this integral is dominated by the
s_ = 0 region. Again, however, the presence of the Boltzmann factors spoils the enhancement
coming from the large s; region, and so at large n, this diagram goes like 1/n. Furthermore,
after insertion into the square of (6.25), the second diagram in (6.42) gives

oS0 / dsds’ e—<(53T5%)—(B/2+T) & —(8/2—iT) 25

X p(SR)p(SR)conn.Pn(s; SL, $R>Pn(8/; SL, SR)\/’YAV (8L7 S)’YAV (SL7 S/)PYAO (SRa S)’VAO (SR7 S/)-
(6.45)

Naively this looks divergent since we are evaluating (p(s)p(s’)) directly on its double pole,

conn.
but we should remember that we defined our |n, sy, sgr) states to involve a smearing over
sy and sg as in (6.24) so that |n,5r,3Sg) is normalizable. The effect of this smearing over
sr, is just to replace p(s)p(8’) onn. With a factor of 1/ds. As long as ds is not exponentially
small in Sy, again, this term will be suppressed by both e~2% and 1 /n relative to the leading
perturbative answer in (6.33) once we account for the normalization of the state |VOp).
Finally, this same analysis for the second diagram in (6.42) applies directly to the third
diagram in (6.42) but with p(s)p(s’)

In summary, when using the inner product in the presence of an observer, all genus-one
corrections — such as (6.35) — to | (n, sz, sg|V(0)0o(=T)) |* are suppressed at large n by

1/n like the disk answer, and they are further suppressed by e~ relative to the disk answer.

_
conn. €Vvaluated at s = 5" = spg.

One could also wonder about higher-genus contributions to these observables. For example,
in the various diagrams of (6.39) and (6.42), we could consider geometries with handles
connecting the various regions of different or the same color. The essential point is that the
large s behavior in all of these diagrams will be damped by the same Boltzmann factors,
so the large n behavior will always be 1/n. Therefore, the higher-genus contributions are
even more suppressed than the geometries studied above.

The upshot of our analysis is then that the probability distribution in the presence of
the observer does not get corrected at times of order Sy. Note, however, that there are
contributions to the probability distribution which are exponentially suppressed in Sy and
suppressed in 1/n but have non-trivial time dependence. For example, the first contraction
in (6.42) has non-trivial time-dependence as exhibited in (6.44). At large enough time, this
term gets a contribution that grows linearly in 7. This is just the same linear growth in
time exhibited by the spectral form factor. In other words, we expect that the Casimir
distribution, defined using the inner product in the presence of an observer, agrees with
the perturbative answer in (6.33) until times of order ¢S50, Therefore, at exponential times,
non-perturbative corrections to the collision energy experienced by an observer become
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important, and perturbative effective field theory breaks down. We remark that this result is
substantially different from the puzzling results of [38], in which effective field theory breaks
down at linear times, namely around the Page time.

7 Discussion

In this paper, we have proposed a modification of the rules of the non-perturbative gravitational
path integral to take into account the presence of a gravitating observer. In our proposal,
we require the observer to always be present on any spatial slice when computing overlaps
between quantum gravity states and their moments. Specifically, a worldline for the observer
must always connect a bra and the corresponding ket. These rules should be applied when
asking questions about the experience of the gravitating observer.

Using our new proposal in the context of two-dimensional JT gravity with a negative
cosmological constant, we have computed the dimension of the Hilbert space Hfﬁ)ln_pert relevant
for the description of an observer’s experience in a closed universe and in a two-sided black
hole, and found it is much larger than the corresponding global Hilbert spaces Hnon-pert
computed with the old rules for the gravitational path integral. We then studied the properties
of this Hilbert space, including its factorisation, the positivity of the inner product defined
by the path integral with our new rules, and the presence of null states.

We also studied various relational observables probing the experience of the observer. In
the closed universe setting, we computed correlation functions between points on the observer’s
worldline. In the two-sided black hole setup, we studied the length of the Einstein-Rosen
bridge and the center-of-mass collision energy between an observer and a shockwave behind
the horizon. The behavior of these observables (except the length of the Einstein-Rosen
bridge) is substantially modified in our new framework with respect to the global picture for
the gravitational path integral in the absence of an observer: non-perturbative corrections
are typically smaller from the point of view of the observer than in the global perspective.
Nevertheless, such non-perturbative effects can become important at leading order for the
observer, giving in-principle testable corrections to their experience, when some scale in the
setup scales exponentially with Sy. Such corrections can be critical even when the proper time
that the observer travels in the spacetime is O(1). For example, in the case of an observer
falling into a two-sided black hole, the observer travels an O(1) proper time until they cross
the horizon. Once they cross the horizon of a an old black hole, they could see (with tragic
consequences) that both the length of the Einstein-Rosen bridge and the center-of-mass
collision energy with a shockwave sent in from the other side receive large non-perturbative
corrections when the age of the black hole scales as e%0. It would be interesting to see if we
also encounter large non-perturbative corrections to the two-point function measured at O(1)
proper times along the observer’s worldline in the closed universe. In this case, contributions
from arbitrarily long winding geodesics become important close to the singularity leading to
an accumulation of divergences; whether this accumulation of divergences can be resolved
by non-perturbative corrections remains to be seen.

The results of this paper open up several new avenues of research. A first important
task is to generalize our results beyond the two-dimensional toy-model discussed here to
higher-dimensional theories of gravity. We remark that, although they also immediately
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hold for pure JT gravity, all our results were obtained in JT gravity with matter. In this
context, most of the wormhole geometries considered in this paper, e.g., in all our resolvent
calculations, are saddles of the gravitational path integral [84, 110]. Similar calculations that
do not rely on off-shell contributions to the gravitational path integral can also be carried
out in higher dimensions, see, e.g., [26, 27, 75, 111, 112]. We, therefore, expect the extension
of our results to these setups to be rather straightforward.

In the rest of this section, we will explore additional future directions. Specifically,
in section 7.1, we discuss the relationship between our proposal and other approaches to
relational dynamics in quantum gravity and draw an analogy between the quantization of
gravity in the presence of an observer and Chern-Simons theory in the presence of sources.
In section 7.2, we comment on the consequences of our results for the holographic description
of the experience of a gravitating observer. Finally, in section 7.3, we explain how to extend
our results to describe the experience of an observer in de Sitter space.

7.1 Relational dynamics and the gravitational path integral

An interesting future direction is to study the relationship between our proposal and other
formalisms for describing relational dynamics in gravitating systems. As it was recently
discussed in detail [101], physical states in quantum gravity can be represented in two
different ways. The first one is in terms of co-invariants, i.e., equivalence classes of states
under the action of the gravitational constraint. In this approach, relational dynamics emerges
naturally as gauge evolution within a given equivalence class [101]. This is the approach used
in [56]. The second one is to define physical states to be annihilated by the gravitational
constraint operators [100, 113, 114]. These states are sometimes called “invariants”. In
this case, relational dynamics can be studied by selecting a suitable subsystem to play the
role of a clock (i.e., an observer) and describing physics with respect to this clock using
the Page-Wootters formalism. [73, 115, 116].°! At least at the perturbative level, the two
approaches describe the same physics

We expect that our gravitational path integral approach to be compatible with these
relational approaches at the perturbative level, and, in particular, it implements the co-
invariant approach, which arises naturally when defining states in terms of boundary conditions
on geodesic boundaries [101]. On the other hand, our prescription is also well-defined non-
perturbatively and should therefore represent a non-perturbative extension of these ideas.
We leave a more precise characterization of the role of our proposal in the description of
relational dynamics in quantum gravity to future work.

Before moving on to discuss implications for holography, we would like to point out an
analogy between our proposal for the gravitational path integral from the point of view of an
observer and Chern-Simons theory in the presence of a source.”? Exact quantization in the
presence of a detector is an old and well-studied problem in quantum field theory. In the
course of this work, we found it useful to draw analogies to models where this quantization

51We thank Elliott Gesteau and Ronak Soni for emphasizing this point to us.
52A similar comparison between Chern-Simons and the quantum gravity of closed universes was made
in [117, 118].
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can be accomplished exactly. One such case is Chern-Simons (CS) theory in the presence of
sources. CS is a topological 3D gauge theory of a Lie algebra-valued connection [119, 120].%3
Pure JT gravity and pure CS are both theories with constraints. In JT, the most
commonly remarked upon constraint is Hy, defined in equation (2.5), which involves the left
and right boundary Hamiltonians in a two-sided black hole in the absence of matter. In CS,
the constraint dictates that the field strength vanishes, or, equivalently, that the connection
is flat. We have two options when attempting to implement these constraints [119]. We could
“quantize then constrain” (also known as Dirac quantization [100]) by quantizing the phase
space of field configurations before implementing the constraint as an operator whose kernel
determines physical states. Alternatively, we could “constrain then quantize” by restricting to
the subspace of configurations satisfying the constraint before quantization. When we “con-
strain then quantize”, the constraint is a manifestly vanishing operator on physical states, and
it is natural to refer to this as the Hilbert space of invariants, as described above. The states
in the kernel of the constraint in the “quantize then constrain” approach are, by definition,
invariants. However, this approach is most rigorously defined with respect to co-invariants
to account for cases where the kernel of the constraint contains non-normalizable states.?*
The addition of matter modifies the constraint. That modification is determined by
how the underlying symmetry acts on the coupled matter. This is a gauge symmetry for a
generic quantum field theory, and the background isometry in the specific case of gravity.
We saw part of how this modification manifests gravitationally in equation (2.19). In CS,
the modification is the addition of a source current density. Regardless of our quantization
procedure, the Hilbert space in the presence of matter will be different because the definition
of a state has changed. However, simply adding matter is not enough to make observations.
Observables in gravity need to be dressed to a clock. Similarly, observables in CS are Wilson
lines, holonomies of the gauge connection traced in a particular representation. Just as gravity
need not provide us a clock, a priori CS does not dictate a representation [122]. A “detector”
is a special type of matter field that is localized to a worldline I' and tells us how to calculate
observables. In gravity, that detector is the observer, and in CS, it is the source charge.
The similarities between these formalisms are abundant. CS assigns the source a Hilbert
space H°P that lives on their worldline [123, 124]. The field configuration space is manifestly
the direct product H°P® x Hfleoln_pert where
Observables are calculated via a path integral with I" acting as an additional boundary. Our

ﬁeoln_pert is the space of allowed gauge connections.
new rules are justified by this order of operations. Choosing a location for the detector before
path integration dictates that this degree of freedom is not subject to the usual dynamics
of the theory. A source so-defined is not influenced by external fields, just as the observer
worldline must connect bra and ket independent of topology change. As we have seen, these
rules mean that the Hilbert space can change in the presence of a detector. A once trivial
theory unveils hidden dynamics in the presence of an observer. We give additional details
of this analogy in appendix D.

53We provide a more complete review of CS in appendix D and summarize some of the motivating similarities
here.

541t is not generally known whether these procedures result in identical Hilbert spaces [100, 121], but these
toy models are simple enough that we will neglect this concern. Specifically, in the case of JT, one can quantize,
constrain, and define invariants at the cost of division by the infinite volume of the gauge group [96].

— 66 —



Figure 16. Examples of two-dimensional boundary configurations relevant for studying dressed
observables in a closed universe (left figures) or in a two-sided black hole (right figures). The
undeformed CFT is placed on all tori (asymptotic boundaries); a future task is to find the precise
deformation of the CFT to be placed on the red cylinders (boundaries of the observer worldvolumes).
The first figure in each set assumes that the worldvolume of each observer is bounded by the thin red
cylinder, while the second figure in each set assumes that the observer is circularly symmetric and

their worldvolume is bounded by the two red cylinders. The latter case is related through dimensional
reduction to the analysis performed in this paper.

7.2 Lessons for holography

One particularly interesting future direction is understanding the holographic dual theory
that arises from our proposal and describes the experience of the observer. In AdS/CFT
— our best-understood example of holography — the dual theory lives on the asymptotic
AdS boundary. For instance, in the two-sided black hole case, it is given by two entangled
CFTs living on the two asymptotic boundaries [125]. Despite its many successes, this class of
setups presents some limitations. Most notably, it is unclear how to holographically describe
the experience of a bulk observer in generic settings [54]. This is particularly true when the
dynamics experienced by a bulk observer are not directly related to the dynamics of the
boundary CFT. Paradigmatic examples of this fact are bulk observers in the interior of a black
hole at late times or moving within a single Wheeler-DeWitt patch of a pure AdS spacetime.
In both cases, the experience of the observer is not uniquely determined from the holographic
dual theory. In the black hole case, this is a consequence of the non-isometricity of the
bulk-to-boundary map [86, 87]. The most extreme example of these ambiguities is provided by
an isolated closed universe, in which there is no boundary where to define a dual theory at all.

Our proposed modification of the gravitational path integral in the presence of an
observer suggests a path to address this issue. As we have discussed throughout this paper,
the worldline of the observer is treated as an additional timelike boundary in the gravitational
path integral and thus provides a natural location for the holographic dual theory. In less
idealized settings, the worldline should be replaced by a codimension-0 worldvolume for the
observer, which defines a codimension-1 timelike boundary in the spacetime where the dual

theory would be defined, see figure 16. The results of section 4 about the dimension and

rel
non-pert

factorisation of the quantum gravity relational Hilbert space H (see also appendix C)
are compatible with this intuition.

In the closed universe case, dim (Hnon-pert) = 1 in the absence of an observer, which can
be interpreted as the absence of a dual theory (whose Hilbert space must be isomorphic to the
non-perturbative quantum gravity Hilbert space). On the other hand, dim (Hfﬁ)ln-pert> = d?

when we fix the worldline (or, more generally, the worldvolume) of the observer. The fact
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that Hfféln-pert in the presence of matter factorises into two Hilbert spaces of dimension d
to the left and right of the observer (see appendix C.1 for details) signals that the dual
description could consist of a pair of non-interacting holographic theories living on the left
and right boundaries of the observer’s worldvolume (which in the two-dimensional case under
examination would simply be a thin strip). Similarly, in the two-sided black hole case in

the presence of matter, dim (Hpon pert) = d without an observer and dim (Hfleoln_pert) = d*

rel

when fixing the worldline of the observer. HG, ..

. now factorizes into a tensor product of
four Hilbert spaces (see appendix C.2). This is compatible with having two additional dual
theories on the boundaries of the observer’s worldvolume besides those living on the two
asymptotic AdS boundaries. A generic two-sided black hole state, in this case, would be
dual to an entangled state of four CF'Ts with a specific four-partite entanglement structure
determined by the operator insertions associated with the observer and matter.

What could this holographic theory look like? One important observation is that the
worldline of the observer, or, more accurately, the boundary of their worldvolume, should not
be regarded as an asymptotic boundary; rather, it is a timelike boundary embedded into the
bulk spacetime. Therefore, it seems plausible that the holographic theory living on such a
boundary is not an ordinary CFT but some deformed theory, perhaps similar to TT-deformed
CFTs [60, 126-129] relevant for the holographic description of spacetimes in the presence of

timelike boundaries. It would be interesting to further explore this possibility.

rel
non-per

As we have discussed in this paper, the Hilbert space H . computed by the modified
gravitational path integral is the Hilbert space relevant for the description of relational
dynamics with respect to the observer. In other words, it is the Hilbert space needed to
capture the observer’s experience in the bulk. The Hilbert space of the holographic theory
living on the boundary of the observer’s worldvolume (plus those on any asymptotic boundary)
would clearly be isomorphic to H;‘f}n_pert. This implies that, unlike ordinary AdS/CFT, the
experience of the bulk observer would certainly be encoded in such a dual theory. This
would, therefore, be a consistent step forward in the description of local bulk physics in
holography. Notice that this holographic approach could also help us extend our results
beyond the toy model of this paper to higher dimensional settings in which the gravitational

path integral is not as well understood.

7.3 Observers in de-Sitter space

Our results for the gravitational path integral in the presence of an observer can be extended to
de Sitter JT gravity. Unlike the AdS-JT case discussed in this paper, there are no asymptotic
boundaries in Euclidean signature in dS-JT gravity. Nonetheless, a generic state® |a, K, Ag)>
can be specified in terms of the length a and extrinsic curvature K of an initial slice of
Fuclidean dSs where we insert the operator (’)g) of scaling dimension Ag) associated with
the observer. The resulting state — which is prepared on the reflection-symmetric slice of the
Euclidean geometry computing the norm of the state (a, K, Ag) la, K, Ag) ) — can then be
evolved in Lorentzian time, yielding two-dimensional Lorentzian de Sitter, see figure 17. We

remark that this set of states |a, K, Ag)) includes (but is not limited to) the Hartle-Hawking

55In this discussion, we will consider the pure JT gravity case for simplicity, but the inclusion of matter
does not alter our conclusions.
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a, K

Figure 17. The Euclidean preparation (bottom half) and subsequent Lorentzian evolution (top half)
of a de Sitter state |a, K, Ag)> specified by the length a and extrinsic curvature K of an initial slice
at Euclidean time 7 = 7; where the observer is inserted. The Lorentzian part of the evolution from
the Euclidean sphere’s equator at 7 = 0 (depicted in blue) yields Lorentzian dSy, with a spacelike
asymptotic boundary at Lorentzian time ¢t — co. Our set of states |a, K| Ag)) includes (but is not
limited to) the smooth Hartle-Hawking no-boundary state.

no-boundary state [7, 130].% In fact, for generic boundary conditions on a given time slice,
the Euclidean time evolution to the past of that slice does not yield a smooth no-boundary
geometry but rather a punctured sphere.

The inner product between two states can be computed using our rules for the gravitational
path integral in the presence of an observer (see figure 18(a)). Similarly, we can compute
higher moments of an overlap. With our rules, the leading order correction to the product of
two overlaps is given by the connected geometry depicted on the right of figure 18(b), which is
a sphere with four holes. This geometry computes the variance of the overlap, which is then

|<ala K/a A(OJ)|aJ7 K7 A(OZ)>|2 - (CL/, K/’ A(Oj)|a“7 K’ A(Oz)>

‘2 = 6;;0(e”2%0). (7.1)

Following the discussion at the beginning of section 2.2, this suggests a dimension of the

quantum gravity relational Hilbert space
dim (Hfﬁ}n—pert> = 0(6250) (72)

for global de Sitter. Similar to the closed universe in AdS-JT discussed at the beginning
of section 3, this result should be contrasted with the O(1) variance and one-dimensional
Hilbert space we would obtain with the old rules by allowing the observer’s worldline to
connect between all bras and kets in the gravitational path integral.

It would be interesting to explore these results in more detail, determine the precise
dimension of the Hilbert space H;ﬁ’}n_pert in dS-JT gravity, and study relational observables in
de Sitter using our proposal. In fact, a prescription similar to our proposal for how to treat

56The Hartle-Hawking no-boundary state is obtained through the fact that on slices of constant K, K
determines a on S? with
_ 2
S <
for spheres with R = 2. States that do not satisfy this relation between K and a are not defined on a smooth
S? and are therefore different from the no-boundary state. An analogous property holds in AdS; where on
surfaces that have the topology of a disk, K also determines the proper length of the curve [131].

— 069 —



a’, K
— —> +
(a) (b)

Figure 18. The gravitational path integral in the presence of an observer for de Sitter spacetime. A
state is defined in terms of the length a and extrinsic curvature K of an initial slice where we insert
the observer with scaling dimension Ap. The worldline of the observer (depicted in red) must connect
a bra and the corresponding ket when computing moments of an overlap. (a) The overlap (a/, K'|a, K)
between two states. (b) The square of an overlap |(a’, K’|a, K)|? in the presence of an observer. The
variance of the overlap is given by the connected geometry on the right, namely a sphere with four
holes, and is therefore O(e~250). This suggests a Hilbert space dimension dim (HXE! ) = O(e2*).

non-pert
We plan to explicitly compute this dimension in future work.

an observer was discussed in the context of dS-JT gravity in [40]. There, it was shown that
treating the observer as a non-perturbatively well-defined boundary condition in the path
integral resolved apparent contradictions between the GPI and the no-cloning theorem. The
generalization to higher dimensional setups is also of great interest and could set the stage for
a non-perturbative generalization of the results obtained in [56]. A holographic realization
of this setup similar to that suggested in section 7.2 could represent a new framework for
de Sitter holography.

Finally, our results do not depend on specific global properties of the spacetime; instead,
they are centered on the experience of a gravitating observer. Therefore, they could be
generalized to describe quantum gravity in generic settings, including realistic cosmological
spacetimes. We leave the investigation of these intriguing new avenues to future work.
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A Resolvents and replicas

In this appendix we derive the analytic properties of the resolvent used in the main text.
Along the way, we also give a slightly different derivation of the Hilbert space dimension
starting from the Schwinger-Dyson equation for the resolvent. We start by returning to the
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toy model which gave equation (2.35) and considering the maximally mixed state on H,°7

K
p="lu) (uil. (A1)
=1

We suspect that p is not full rank due to wormhole corrections and seek to calculate

dim(#H) = rank(p) (A.2)
by using replicas
dim(H) = %13% Try p™. (A.3)

The trace is computed using the non-perturbative inner product and we assume Try =

58
’I‘I‘Hnon—pert :

We emphasize some technical details before proceeding to the calculation. Null states
are introduced into ‘H by taking Sy finite (cf. section 5). We see that the replica limit does
not commute with the choice to send Sy — oo by considering

0= lim (AN #£ Tim (AN =1 (A4)

i
n—0+ —0+

for a null state |A). The first equality is essential to counting the dimension of the non-
perturbative Hilbert space. Otherwise, we would always find a space of dimension K. With
this operational understanding, equation (A.3) counts the number of non-zero eigenvalues of p.

To perform this calculation, we will need to calculate arbitrary powers of the Gram matrix

M;j = (vilvy) (A.5)

which is just the metric on H. The rank of the Gram matrix is the same as that of p.

The negative powers of the Gram matrix are not well defined since the matrix is singular.
We introduce the pseudo-inverse to remedy this. For an operator A acting on H the
Moore-Penrose pseudo-inverse A~! is defined such that

AATIA=A (A.6)

and (A~1)~! = A. Although unnecessary for our purposes, it can be shown that A~! is
unique in the space of observables. Furthermore, we have

Claim. Try A 1A = Try AA™! = rank(A)

Proof. Let I = A~'A. By construction, A and A~! share a kernel so I is of the same rank
as A. Moreover, this operator is a projection

IP=A1'AA1'A=A"1A=1 (A.7)

5"We temporarily make use of boldface for operators to distinguish them from their traces.
%8The equality is approximate due to coarse-graining. Taking Tr#on-pere T€QUIres specifying a UV theory.

Instead, we calculate Try which calculates an average over an ensemble of theories [11, 13, 25].
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so it admits a rank factorization into some I = LR where L is left invertible and R is right
invertible. Because I is a projection, RL must be the identity matrix of dimension rank(I).
By cyclicity of the trace

Try I = rank(I). (A.8)

The argument follows similarly for I = AA~". O

As a corollary we have that M~'M # p since

rank(M) = Troay M~ M # Tryp =K (A.9)

where the third equality holds assuming normalized {|v;)}. This clarifies that p is never a
resolution of the identity if we endow H with the non-perturbative inner product.
The correct limit of the Gram matrix is

dim(H) = %11)"[6 Trypn = nlgr_ll Try M M. (A.10)

We will compute this limit using the resolvent of the Gram matrix

1

ra= (g

AN —-M)/,;

) ) * ) (A.11)

=3 <5ij + X(M)zj + F(M2)ij +- )

The power series is taken literally when |A| > || M| and the analytic continuation is assumed
outside of the radius of convergence.

Given a complex function f(\) that is analytic in the interior of some contour, we

can define

_ [
S omi M- A

f(A) (A.12)

to be its generalization to square matrices. For holomorphic f, this definition is independent
of the choice of contour and matches the standard matrix function. The pseudo-inverse is
not analytic on general operators so we cannot use equation (A.12) to calculate it. Instead,
we consider functions of the form

f(A)M = ]{ % ‘i&ﬂi (A.13)

which are analytic on operators A with ker(A) = ker(M). The contour is irrelevant for
holomorphic f(A). Conversely, we can extend to non-holomorphic f by a choice of contour.
The contour which correctly assigns equation (A.4) for f(A\) = lim,—_1 A" X is C = Coo UCy
(cf. figure 3). Equation (A.10) is of this form so we aim to calculate

dim(H) = Tr [?fc % Rij(A)Mji} =Tr VC 2‘% Rij(A)} (A.14)

where repeated indices are summed over. The second equality follows since f(A) is holomorphic
in the interior of C.
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The integrand can be rewritten as

1 1
(RM);; = X(M)’Lj + F(M%ij + (A.15)
= )\Rij — 61] (A.lﬁ)

In appendix 2 and section 4, we find that the trace of the right-hand-side can be rewritten
using a SDE of the form

(A.17)

where E and ,u(E) generalize the energy bases and measures introduced in sections 2 and 4.
We also generalize by defining

D= / u(E). (A.18)
Several useful properties follow. Proofs are given at a physicist’s level of rigor.
Claim. The resolvent is finite on C/0.

Proof. Tt suffices to show that AR(A) < oo on C. Suppose otherwise. Then there is some
nonzero A such that yR = 1 meaning y vanishes. This can only happen if yAo vanishes but

this is impossible by the properties of the I' function (cf. equation (2.24)). O
As a corollary we have that the function fy(\) = 13151% has no poles for y € RT.

Claim. The resolvent has the following structure as A — 0

R(\) ~ {_RO(K) FK<D (A.19)

=, otherwise
where Ry(K) is a finite positive function on 0 < K < D.

Proof. By definition, if R is finite at A = 0 then it is real and non-positive. Suppose that
—o00 < R(0) < 0 and let Ry = —R(0). The SDE becomes

- yRo
e = K. A.20
/ (E) 1+yRg ( )

Since yRy > 0, the integrand is less than one and this ansatz can only work for K < D. In
this domain we take this as a definition for Ry(K). Now suppose that we encountered a
singularity so that

. RO,n
fim R~ = (A.21)
with Ro,, # 0. By the SDE
_ - Ry
Ron ~ ML K / By Yton A.22
om0 (4 [yt ) (A22)
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so at most R has a simple pole at A = 0 with residue

K-D ifn=1,
RO,n = (A23)
0 otherwise.

As a corollary we have that
ealk), if K <D
fy(0) = § THvHol®) JE=D, (A.24)
-1 otherwise.
For completeness, we also verify

Claim. The resolvent has no branch points for X € {0,00}.

Proof. Differentiating the SDE gives

R(\) = CjT]j </M(E)(1_;W - /\) . (A.25)

At a branch point, we must have

A= /M 1_yRA)) (A.26)

For A = 0 this requires y to vanish which is ruled out by equation (2.24). As A — oo this
requires yR = 1. This is ruled out by the first claim. O

As a corollary we have that f, has no branch points for A € {0,00}. We will assume without
proof that f, has no branch cuts in a neighborhood of these points. This is not always true
(e.g., a closed universe without observers) and should be checked case-by-case.

Plugging the trace of (A.15) into equation (A.14) using equation (A.17) gives

T = [w(E) § 55 H0) (A.27)

where C = C,, U Cy is a contour defined in a neighborhood without branch points. We
pick up no contribution from the Cy integral since the integrand goes as %R ~ /\% for
large A\. The residue at A = 0 is —f,(0) since Cy wraps clockwise. At last, performing
the phase space integral gives

K if K <D,

(A.28)
D otherwise

dim(H) = {

which confirms the results of the main text.
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B The Hilbert space of two-sided black holes

We now move on to studying the non-perturbative Hilbert space of two-sided black holes.
We work in the limit K — 0o, €2% — oo with K/e?5 = O(1). We study spaces spanned
by states carrying an unspecified matter index i, a fixed scaling dimension A, and a fixed
asymptotic boundary length S, = fr = (/4 to the left and right of the matter insertion

Hnon—pert(K) = Span {|QZ> ; S {17 e 7K}} . (B1>

As discussed in the main text, these conventions are established purely for notational
convenience.?

Inner products are calculated using the topological expansion

>+‘+.' (B'2)

Note how the asympotic boundaries are forced to connect while the matter insertions float

(gilg;)

freely until the geometry is filled in with the gravitational path integral. The second moment
is calculated similarly

o
i J

= 0ij +0(e*%) (B.3)

+ 250 + O(e %)

The pinwheel (2.38) is the generalization to the n-th moment

(o) (@i Jaw) = Zo = [ dsidsmpo(sepo(sn) vA sz 5n) (B4)

59For example, one could equivalently define
Hnon-pert (K) = Span {|qi) = |As; 8L = Br=B/4); i € {1,--- ,K} and A; & A}

for fixed A and (. Basis independence is discussed in appendix B of [74].

,75,



where )

Bs?  Bs
~Soe~ i e” 1 ya(EL, ER). (B.5)

ya(sr,sr) =e

We are free to drop indices and lengths when defining the pinwheel thanks to our choice
of states {|g;)}.

Already, we can see why the Hilbert space dimension is reduced by the non-perturbative
inner product. The first moment is proportional to d;; while higher moments are nonzero
even when ¢ # j. These extra terms correspond exclusively to wormhole corrections. We
ignored them in section 2.1 because they are non-perturbatively suppressed by factors of e =50,
Undoing that choice is precisely what gives us a finite-dimensional Hilbert space. We introduce

d=e / dEpy(E) (B.6)

as the relevant parameter for discussions of the Hilbert space dimension, where E = s2/2 and
the relationship between po(E) and po(s) is given in equation (2.10). For this parameter to be
finite we need to work in an arbitrary but finite energy window E € (Ein, Fmax). To leading
order in %, the variance is given by the first connected wormhole geometry in equation (B.3)

o = Tlala) P~ |@la)| = 0(e%). (B.7)

Using equation (3.7) gives us an estimate dim(Hnon-pert) = O(d?). This result is in agreement
with our semiclassical understanding of this system as a two-sided black hole where each
horizon carries an entropy Sp.%

We once again refer to a resolvent for a more detailed analysis. The n-th power of the Gram
Matrix (M™);; is given by pinwheel boundary conditions where all but two adjacent indices are
identified and summed over. This means that we can write the resolvent diagrammatically as

J ] J J
N L
+
= I AN + il RN
. . . /[/ I
i j o A J . J
i J
(B.8)

50Tn non-perturbative pure JT gravity, the constraint Hy (2.5) reduces the dimension of the Hilbert space
by imposing that the left and right horizons are highly entangled. This gives dim(Huon-pert) = O(e°) [38].
We saw in equation (2.19) that the inclusion of matter breaks the constraint, allowing us to explore the full
Hilbert space of the two-sided black hole.
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We can reorganize this sum recursively based on how many boundaries the first boundary
connects to. This yields the following Schwinger-Dyson equation (SDE)

! J ot J

For a fixed topology, we are ignoring terms like

(B.10)

2 J
because they are subleading in K compared to a cyclic contractions of the indices. This

means that internal factors of the resolvent are traced over.
The diagrams translate to the following equations

ARij(N) = 6ij + Y ZnR" A Ri; (M),
n=1 (Bll)
5y 4+ &5 i dspdspp(sp)p(sr) Y (sn, sp) R (\) Ry (V).

Tracing over the external indices gives

AR = K + 25 yj dspdspp(sp)p(sk) YA (55, sr) R"(N),

yaR(sL,SR) (B.12)

1 —ya(sz,sr)R(N)
This SDE is of the form described in equation (A.17). By the results of appendix A, we obtain®!

= K + 2% /dSLdSRp(SL)P(SR)

(g () = | 0 = (5.13)
1M 7Lnon-per = .
pert d? otherwise.

For K < d?, the {|¢;)} states span a K-dimensional subspace of Hnon-pert- When K > d?, the
states become overcomplete and the subspace dimension saturates at dim(Hnon-pert(K)) = d2.
Since this result is independent of basis, we conclude that dim(Hnon-pert) = d?. The difference
between the number of states and the dimension of the span is K — d?, the residue of the
resolvent at A = 0. Equivalently, the Gram matrix M has eigenvalue A = 0 with multiplicity
K — d?>. We call a state in ker(M) a null state [16, 38]. A detailed description of these
states is provided in section 5.

51We could also compute equation (2.42) using the integration contour given in figure 3. This calculation is
very similar to that explicitly carried out in section 4.1, to which we refer for details.
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C Factorisation of the Hilbert space in the presence of an observer

In this appendix, we will show that the non-perturbative quantum gravity relational Hilbert

space Hrel factorises as discussed at the end of sections 4.1 and 4.2.

non-pert

C.1 Closed universe

Given the resolvent analysis carried out in section 4.1, we can now show that the non-

rel

perturbative, relational Hilbert space Hyo, pert

for JT gravity coupled to matter in a closed
universe factorises:

rel __ qyrel rel
Hnon-pert - ,Hnon-perml ® ,Hnon-permr' (Cl>

Here #*e! , and Hrel denote the Hilbert spaces to the left and right of the observer.

non-pert, non-pert,r

To show this, let us follow [74] and show that5?

trHrel (klkT) = terrel (kl) terrel (kr), (CQ)

non-pert non-pert,l non-pert,r

where k; and k, are operator insertions to the left and right of the observer. In particular, we
will consider insertions of k; and &, on an asymptotic boundary, and focus on the simple case
in which k; = e #H and k, = e Frfr see figure 19, where H; and H, are the generators of
translations along the asymptotic boundary on the left and right of the observer. Our results
can be generalized to arbitrary operators k;, k., but this requires dressing the operators
to the observer’s worldline, as we discussed in section 6.3 If we start with one of the
states |¢;), ¢ = 1,..., K considered above — for which the boundary length is fixed to
be § — the boundary associated with the resulting state |v; 3) = Kiky i) will then have
length 8 = 8+ B + Br.

The trace over the non-perturbative, relational Hilbert space spanned by K matter basis
states HIe! (K) is given by [74]

non-pert

trHrcl

non-pert

(s (Ruker) = T > 0 (M), (b ek 103), (C.3)

v

where M;; is again the Gram matrix of overlaps and M ~1is its generalized inverse. To relate
the trace to the resolvent, we can contract both sides of equation (2.40) with (v;|kik|1r)
and obtain

0o S (M"Y, ; (5]
S Ryl ) = 1 Y- 2 W c4)

7 n=0

52Technically, we will show this relationship using the gravitational path integral, and therefore in terms of
averages over the dual random matrix ensemble.

53In general, when considering a correlation function (1;|kikr|20;), we need to specify where the operators
are acting with respect to the time read by a clock along the worldline. For instance, we must specify whether
they are acting on the boundary associated with the bra or the ket. We will clarify this procedure in section 6.

AH we consider here do not require dressing for our purposes because changing the length of

The operators e~
an asymptotic boundary in a bra or the corresponding ket yields the same result for the overlap between the
two states and its moments, which is all we will need. This is manifest from equation (C.7), which only depends

on the sum of the lengths of the bra and ket asymptotic boundaries to the left and right of the observer.
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p/2 r p/2+p,

k; p/2 B/2+p,

Figure 19. Boundary conditions for a closed universe state prepared by the insertion of the observer,
a matter operator of flavor i, and operators k; = e~ #Ht and k, = e PrHr to the left and right of the
observer. The insertion of k; and k, in a state with boundary length /2 to the left and right of the
observer (left picture) is equivalent to a state with boundary length 3/2+ §; to the left of the observer
and /2 + B, to the right of the observer (right picture).

Figure 20. Genus-zero pinwheel geometry contributing to the n = 2 term (¢y[1;) (i|1;) (1| kiky [¢r)
on the right hand side of equation (C.4).

The trace can then be obtained by the residue integral

trHrel

(ki) = lim *}{ dAN" ZRU V(b ke [1;). (C.5)
The integral here is on the same contour C' = Cy U Cy, depicted in figure 3.4 The integrand
in equation (C.5) can be obtained by a diagrammatic expansion of equation (C.4). This is
very similar to the one used above for the resolvent. The main difference is that geometries
contributing the n-th term in the sum have 2n + 2 boundaries, with 2n + 1 boundaries of
length 8 and one boundary of length 3. The leading connected contribution is given by a
genus-zero pinwheel with an observer insertion and a matter insertion on each of the 2n + 2
boundaries, depicted in figure 20. This geometry gives a contribution®

fll_‘isied(kl,k ) = e2 /dsldsrpo(sl)po(sr)az (s, 8r) Tk (1, 1) (C.6)

54Also in this case, the contour must exclude the origin because we must exclude any vanishing eigenvalues
when defining the generalized inverse.

55Here we label the energies by I and r to indicate the patches to the left and right of the observer. These
are the same patches that we labeled by 1 and 2 in the calculation of the Hilbert space dimension in section 4.1,
see the caption of figure 7.
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where Z is given in equation (4.2) and Zj is defined as

3 o, _BHBDSE (848r)s2
T(si,8,) =€ 20 2 e 2 WAO(SlaSr)’YAm(Sl,Sr)- (C.7)

After setting ¢ = k and summing over i, the Schwinger-Dyson equation obtained from the
diagrammatic expansion of equation (C.4) reads

o0

ZRW %Uak‘ |¢Z> = Z le—lcisled(k k )Rn+1()\)
o (C.8)

So/dsldsrpﬂ(sl),Oo(sr) R()\)( 1;( ISZ S)T)

(i) (kikr) using equation (C.5):

We can now finally compute tryre

non-pert

A RO
c A 1—=RN\)Z(s;,8r)

625
() (Ruker) =

(C.9)

trf}_lrel (SZ)PO(Sr)j'k(Sla ST)

non-pert

Because R(\) ~ K/A? for A\ — oo, the integral over the counterclockwise contour Cy, at
infinity vanishes, and we can focus solely on the integral over the clockwise contour Cy around
A = 0. As we have discussed above, if we consider K < d? basis states, R()\) has no poles.
We can thus write R(0) = —Ro(K) [74] and obtain

Ro(K)i’k(Sl, ST)
1+ Ro(K)Z (s, sr)

In this case, the trace clearly does not factorise due to the non-trivial dependence of ya, (s, 5)

K <d? (C.10)

trype ey (Kiky) = eQSO/dsldsTpo(sl)po(sT)

non-pert

and ya, (s1,Sr) on s; and s,, see equation (2.24). The reason for this lack of factorisation is
that K < d? states do not span the full quantum gravity relational Hilbert space !

non-pert>

but rather an arbitrary subspace of Hfﬁ}n—perta which need not factorise in general.

On the other hand, for K > d?, H™ _ (K) =}

non-pert non-pert>

namely, the K states span the
entire quantum gravity relational Hilbert space. Note that for K > d?, R(\) has a pole at
A = 0 and therefore drops out of the integral over Cy. We then obtain

trrHrel M
Z(s1, 8r)

non-pert

ey (k) = trggrer —— (Kihy) = 2% /dsldsrpo(&)po(sr)

non-pert

B 52 5rsg
— <€SO /dslp0(8l>el2l> <€SO /ds’,‘po(s’r‘)ei 2 ) (Cll)
- tr%;%ln—pert 1 (kl)trHililn pert,r (kr) K > d2
We then conclude that the full quantum gravity relational Hilbert space H'e. _pert factorises

into a Hilbert space to the right of the observer and a Hilbert space to the left of the observer.

C.2 Two-sided black hole

Similarly, it is simple to argue that the Hilbert space H pert Of two-sided black holes

non-
factorises into a tensor product of four Hilbert spaces

rel rel rel rel rel
Hnon-pert 7-[non -pert,R ® ,Hnon-pert r ® 7-[non -pert,L ® Hnon-pert,lv (Cl2>
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Figure 21. Boundary conditions for a two-sided black hole state prepared by the insertion of the
observer, two matter operators to the left and right of the observer, and operators k; = e~ %1,
k. = e 5TH ,kp = e Pt kp = e=BrHr  The insertion of k;, ky, k1, kg in a state with every
boundary segment of length /8 (left picture) is equivalent to a state with boundary segments of
length 8/8 + B, 3/8 + B, 8/8 + BL, and 3/8 + Br (right picture).

where Hrel erel

non-pert,R> Hnon-pert,L, ar€ associated with the right and left asymptotic boundaries,
and erel

rel
non-pert,r» %non—pert,h

with the right and left sides of the observer. Here we will only
sketch the main steps of the argument, because it is very similar to that used to show the
factorisation of H pert i1 the closed universe case.

We can consider the insertion of four operators k; = e i k., = ¢~ FrHr Jp = e BLHL
kr = e PrHR in the preparation of a ket [t0;), 4,4’ = 1,..., K as shown in figure 21. We
then have

1 x5 (M) 0 Wy (kL kikrkr g )
ZRu it M)Wy |k kikrE W) = N > == - )\Zj (C.13)

n=0

and the leading connected contribution to the n-th term in the sum comes from the genus-n
geometry with 2n + 1 boundaries depicted in figure 22. Its contribution is given by%

ZP8 (kr, ki, kg, k)
= 6450/dsLdsldstsrPO(SL)PO(Sl)PO(sR)PO<3r)?jn<3L7SlasRaSr)gk(sLaslasRasr) (C.14)

where §(sr, s, Sr, Sr) is given in equation (4.12) and

~ g, _BHABL)S]  (B+48)s]  (BHABR)SH  (B+48r)s?
Uk(SL, 81, SR, Sr) =€ >Pe 8 e s e 8 e 8
X YAm (8L S1)YAm (875 SR) YA, (815 8r)- (C.15)

Using a diagrammatic expansion of equation (C.13) along with equation (C.14), we obtain
the Schwinger-Dyson equation

S Bt gy () Wy btk ) = ¢ o [ dsudsidsudsypo(si)pols)polsmpolsr)
i’ jj’

R()\):lj (SL>5laSR’ST)
R(N)y(sL,s1,5R,5r)

(C.16)

Similar to equation (C.5) in the closed universe case, we can then relate the left-hand side

of equation (C.16) to tryye N k)(krkikgk,). Performing the contour integral, we find
non-per

5651, si, s, Sr here correspond respectively to s1, so, sS4, Sz in section 4.2, see the caption of figure 9.
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Figure 22. Genus g = 2 geometry contributing to the n = 2 term (¢y|ej;/) {5 |¢iir)
(Vi |k kikrk, |y ) on the right hand side of equation (C.13).

that the Hilbert space does not factorise if K? < d*. Again, this is due to the K? < d*

rel

states spanning a subspace of H which need not factorise in general. On the other

non-pert>
hand, if K2 > d*, the K? states span the full quantum gravity relational Hilbert space, i.e.
Hiopert (K) = Hio pere- In this case, we obtain

Uk(SL, S1, SR, Sr)
9(sL, S1, SR, Sr)

g /3LS% g 31512
=le O/dsto(sL)e_ P e O/dslpo(sl)e_ 2
BRrs2 52

X (eSO/dsR,oo(sR)e_ R2R> (eso/dsr,oo(sr)e_ﬁ2 )

= terrel (kL)trHrel (kl)trHrel (kR)terrel (kr) .

non-pert,L non-pert,l non-pert,R non-pert,r

non-pert

tTrel (kpkikgk,) = et /dsLdsldstsTpo(sL)po(sl)po(sR)po(sT)

rel

non-pert 1nto four Hilbert spaces, with two of them

This result signals the factorisation of H
(Hfli)ln—perQL and ng)ln—pert,R) associated with the two asymptotic boundaries of the two-sided

black hole, and the other two (Hfleoln_pert,l and Hﬁec}n-pert,r) associated with the two sides of

the observer.

D Chern-Simons theory as a model of relational dynamics

We find a practical and fully soluble example of a theory with constraints in Chern-Simons.
Following closely the work of [119, 124], the quantization procedure we outline has several
analogues to our prescription for quantizing gravity in the presence of an observer. In
particular, this example illustrates how the introduction of an observer, or “source charge”
as this modification is more commonly known in the Chern-Simons literature, changes the
constraint equation and the associated Hilbert space of physically relevant states.
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We formulate the theory on a manifold M = R x ¥ with 3 a 2-manifold. The action is

™

S:.@Tﬁmm+§ﬁ} (D.1)

where A is a Lie-Algebra valued one-form A = A{T,dz" which serves as a connection over M
and Tr- is its associated Killing form. For now we leave both the group G and the manifold %
unspecified. Let us call the real-line in M time and decompose the connection into a temporal
part, labeled by the variable ¢, and spatial parts, labeled by the index ¢, so that

A = Aydt + Aydz’. (D.2)

We define A = A;da’ and d[] = dt A 9y[-] + d[-]. With these conventions the action becomes
k - - k T
sz-—/VHWAAA@m+Mf/1ﬂmAuA+AAm] (D.3)
4w Jpr 2 Jm

where we have unsupressed the wedge product for clarity. The derivative of the time component
of the connection, A;, does not enter into the action. Integrating it out imposes a constraint

0=F=dA+AnA. (D.4)

The equations of motion constrain the connection to be flat on X. We refer to this equation
as Gauss’s law in analogy with electromagnetism.
After integrating out A; we are left with

Scs(A) = % /M Trdt N at;l A A. (D.5)

As we outlined in section 7, we have two options for quantizing this theory. The first is
to elevate the Poisson bracket

{A2(0), B(y)}  €;6™0@ (@ — y) (D.6)

to a commutator. This phase space includes connections which violate Gauss’s law. In the
two-sided black hole this would be like forgetting to entangle the two horizons. There, as here,
neglecting the constraint causes us to overestimate the number of physical states. In principle,
we can promote the constraint to an operator statement and solve the resulting differential
equation, but in practice, this is quite difficult. We referred to this approach as “quantize
then constrain” in section 7.1. Instead, it is easier to “constrain then quantify” through
geometric quantization, a process described in [119, 121, 123]. This technique is well-suited
to the phase space of flat connections on a closed manifold which can easily be equipped
with a symplectic structure, so we proceed by limiting the allowed field configurations to
this subset. The resulting Hilbert space depends on 3.

For concreteness, we consider the case of Chern-Simons on a disk (X = D) [124]. We
solve the constraint by parametrizing the gauge field as

A=—duUu! (D.7)
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for some function U : ¥ — G. Substituting this into equation (D.3) yields a 2D CFT known
as the chiral Wess-Zumino-Witten (¢cWZW) model

_k -1 -1 k- 13
So(U) = - /a | dpdt U ,UU 0]+ 15 /D Ty (D.8)

Currents in cWZW come in representations of the Kac-Moody algebra of G. One can show
that A, is one such current. The model is redundant under transformations of the form

U V(6)UW (2) (D.9)

with V and W maps from the circle and real-line into G respectively. The identification
makes the phase space a quotient of the loop group LG, the set of maps from S' into G.
Since the action is first-order in time-derivatives the symplectic form is

== jl{Tr UtU)0,(U~18U)] (D.10)

where ¢ is the exterior derivative on phase space. It follows that the Hilbert space is the
trivial representation of the Kac-Moody algebra.

So far, we have only considered pure Chern-Simons. This is analogous to considering pure
gravity. Of course, there is no way to perform experiments in such a theory since observations
require a detector. In gravity, we call this detector the observer. In this setting, it’s more
fitting to refer to it as a source. But, in both cases, we have to modify the constraints
to impose the presence of our detectors. Just as in AdSs gravitational detectors come in
representation of the isometry group SL(2,R) (cf. section 2), Chern-Simons detectors come
in representations of the gauge symmetry. Call this representation R and let {T“}dlmG form
a basis of this representation. Given N sources, each at position z,,, we require

”F“ Z& (@ — 2n) T3 (D.11)

The left-hand side is the Chern-Simons equivalent of Hy = H; — Hg. The constraint vanishes
in the pure theory and is a function of the matter representation after coupling. However,
unlike equation (2.19), here we are forcing the theory to put the source at a fixed position.
We can, in principle, impose this constraint before quantizing. This is reminiscent of our
prescription introduced in section 3 of fixing the worldline of the observer in the gravitational
path integral. Just as the observer’s worldline is protected from topology change, the source
is protected from the influence of nearby charges. We will see that, as with gravity, these
types of constraints have significant consequences for the resultant Hilbert space.
Unfortunately, imposing equation (D.11) is even harder than imposing equation (D.4).
In the sourceless case, we relied on the fact that the space of flat connections on a closed
manifold can easily be endowed with a symplectic structure. But the connection is no longer
flat. What is worse, the classical phase space of connections must be non-commutative since
generally, the {T°}’s satisfies some non-abelian algebra. We can make progress by taking
an approach intermediate between the two strategies outlined above [123]. Suppose that
equation (D.11) is a statement in some quantum theory. How would we go about finding a
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classical theory that realizes this equation? Away from the {z,} we would just have vanilla
Chern-Simons, but the sources require special treatment. Let T' C GG be the maximal torus
in G.57 The Borel-Weil-Bott theorem tells us that there is a unique symplectic structure
wpr we can put on G/T such that R is the Hilbert space associated with the phase space
G/T. We realize the constraint by placing a copy of G/T at each {z,}. Quantizing G/T
using wg gives a distinct Hilbert space living on select worldlines in the spacetime manifold.
This is exactly analogous to what we referred to earlier as H°s.

All that remains is to choose a functional on this phase space, which gives T(C;L) after
quantization. If A\, is the highest weight in R then the desired functional is the Wilson
line [122-124]

Sz, (A, gn) = /dgiv 0% (& — ) Tr[Angy ()(Oe + Ar)gn(t)]- (D.12)
It is clear that g, € G/T since the integral is invariant under g — gh for h € T'. The analogy

to gravity is clear: this is an integral over the worldline of our detector like the one we used
to introduce the observer in equation (3.1). The full theory is given by the action

N
S=Scs+ > Su.(A gn) (D.13)
n=1
and an associated constraint equation
I N
- 2 —1/gy
3 = 2 e e () = 0. (D.14)

Observables are calculated via the path integral [122]

WR(F) = /DA €iSCSTI‘R

Plek ).
= /DADg ', (19

where I' = z1(t). We calculate an expectation value for a fixed connection A by only

rel

integrating over g. This is analogous to how we propose calculating observables in HI%, o

by integrating over the gravitational degrees of freedom for some fixed observer. Note that
we had no way of computing this observable before introducing the source since the trace
over R is outside of the exponentials.

Let us study the example of the disk for the new action in equation (D.13) in the
presence of a source [124]. Much is the same as before. The action is modified by the
addition of a A-dependent term

1
Sp +— Sp + —/ Te[AU10,U]. (D.16)
0D xR

57A torus T" is a compact, connected, abelian subgroup of a group G. They are the Lie group equivalents of
Cartan subalgebras. All torii look like T' = (S*)* = R*/Z" for some integer k. The maximal torus 7T is such
that T'C T" implies T'=T". The group G/T is often called the flag manifold.
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We can continue parametrizing the gauge field using U, only now we need

1
U Uexp{kg(t))\g_l(t)cp} (D.17)
to satisfy the equations of motion. The global symmetry on U also remains intact, although
now we also need W (t) to commute with A. The symplectic form is also slightly modified

wp — wp + ;T%Tr[A(U_léU)Q]. (D.18)

The theory is no longer cWZW, but quantization still gives a representation of the Kac-Moody
algebra, now with the highest weight A. Adding multiple sources gives a tensor product
of the associated representations.

The disk is a slightly misleading example. It is not always true that the addition of a
source changes the Hilbert space. For example, the Hilbert space of Chern-Simons on a sphere
does not change if we add one or two marked points, assuming we choose representations
compatible with charge conservation. But the core point remains. The introduction of a
detector changes what defines physical states. That detector should be considered a protected
degree of freedom that is not subject to the usual dynamics of the theory. In gravity, as
in the Chern-Simons examples outlined above, this can lead to a marked difference in the
size and structure of the Hilbert space.
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