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Abstract: A system with a one-form global symmetry at finite temperature can be viewed
as a dissipative fluid of string-like objects. In this work, we classify and construct the most
general effective field theories for hydrodynamics of such string fluids, in a probe limit where
the one-form charge density is decoupled from the energy-momentum tensor. We show
that at leading order in the derivative expansion, there are two distinct types of diffusive
transport in a string fluid depending on the discrete spacetime symmetries present in it. One
particular application of interest is magnetohydrodynamics (MHD), where the effective field
theories describe the diffusion of magnetic field lines. Due to the distinction between the
effective field theories for different discrete symmetries, we show that the MHD of a fluid with
charge conjugation symmetry is qualitatively different from that of a neutron star, which we
previously discussed in [1]. The explicit effective actions that we write down can be used to
obtain the dispersion relations ω(k) up to cubic order in momenta for each of the different
discrete symmetry choices. As another application of this formalism, we show that when
the one-form symmetry is spontaneously broken, the effective action reduces to the Maxwell
theory. This confirms the interpretation of the photon as a Goldstone boson arising from
the spontaneous breaking of a one-form symmetry.
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1 Introduction

At large distance and time scales, the dynamics of a quantum many-body system are
governed by conserved quantities and have a universal description in terms of hydrodynamics.
For conserved quantities associated with conventional “zero-form” global symmetries, the
formulation of hydrodynamics is well-understood, and governs phenomena such as charge
and momentum diffusion and sound wave propagation. The purpose of this paper is to
systematically study novel hydrodynamic behaviors that arise in the presence of a one-form
global symmetry [2], using the effective action formalism for hydrodynamics developed in [3, 4].

The notion of a higher-form global symmetry was first formalized in [2]. A p-form
symmetry acts on operators supported on p-dimensional manifolds, generalizing the standard
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case of a zero-form symmetry that acts on single points in spacetime. Similar to continuous
zero-form symmetries, continuous higher-form symmetries are associated with conserved
currents. In particular, in the case of a U(1) one-form symmetry, we have the following
conservation law for some two-form current J :

∂µJµν = 0, Jµν = −Jνµ. (1.1)

This conservation law implies that for any two-dimensional manifold Σ in the spacetime,
we can define an associated total charge

QΣ =
∫

Σ
⋆J, (1.2)

which is unchanged on deforming Σ in any direction. A system with a one-form global
symmetry at finite temperature may be viewed as a fluid of one-dimensional objects, i.e.,
a string fluid.

Recently, a systematic approach to hydrodynamics based on an effective action formalism
was developed in [3, 4] (see [5] for a review and also refs. [6–8]). Starting from a current
conservation law, this approach involves writing down an effective action in terms of certain
collective fields associated with the conservation law that are “integrated in” using a Stueck-
elberg trick. Ref. [3, 4] explain how to implement physical conditions such as unitarity of
the microscopic dynamics and local equilibration as constraints on the effective action. The
most general action consistent with these constraints can be written down in a derivative
expansion, leading to constitutive relations for the conserved currents.

In this paper, we will apply this effective field theory approach to a string fluid, starting
with the conservation law (1.1). One physical application of particular interest is the dynamics
of a strongly interacting electromagnetic plasma at long distances and late times, a regime
known as “magnetohydrodynamics” (MHD). The one-form symmetry in this case immediately
follows from the Bianchi identity, which can be written in the form

∂µJµν = 0, Jµν = F̃ µν = 1
2ϵµνρσFρσ, (1.3)

where Fρσ is the electromagnetic field tensor. The conserved quantity (1.2) in this case is the
total magnetic flux passing through a surface Σ. Previous works, starting with [9], have used
this one-form symmetry to give a powerful new formulation for studying magnetohydrodynam-
ics (MHD) with strong magnetic fields. (See also refs. [10–23] for various developments, and
in particular [24] for an alternative approach to MHD with strong magnetic fields, including
systems with chiral matter and Adler-Bell-Jackiw (ABJ) anomaly. More broadly, the study of
string fluids was first initiated in [25] and [26], and the relation of such fluids to magnetohy-
drodynamics was first identified in [27].) Ref. [9] used the approach of writing down general
constitutive relations for the conserved currents in magnetohydrodynamics, and imposing
various phenomenological constraints on these relations, under the assumption that all discrete
spacetime symmetries (parity, charge-conjugation, and time reversal) are conserved.

One advantage of the EFT formalism used in the present paper is that it provides a
systematic derivation of the constitutive relations in a regime with strong magnetic field,
without having to impose phenomenological constraints. Moreover, it allows us to work
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in a general setting where we consider all possible patterns of explicit breaking of discrete
spacetime symmetries. We work in the probe limit where the conserved two-form current does
not couple to the energy-momentum tensor. As earlier emphasized in [28] for hydrodynamics
of zero-form symmetries, the presence of different discrete spacetime symmetries in the
system can lead to significantly different constitutive relations. We find that this is also
the case for the hydrodynamics of string fluids. For the eleven different choices of discrete
symmetry patterns (see (3.8)–(3.12) for an explicit list), the effective actions at leading order
fall into two classes. These two classes have distinct structures of the diffusive modes and
dispersion relations ω(k) at O(k2).1

More explicitly, the eight cases involving charge conjugation symmetry fall into one class,
while the three cases without charge conjugation symmetry fall into another class where
the leading-order effective action has an additional term (see (3.13)–(3.14)). By analyzing
the real-time evolution of various initial configurations of the one-form charge density (i.e.,
the magnetic field line density), we point out sharp qualitative differences in the transport
behavior between the two cases. One system in nature where the second class is realized is
a neutron star, which at the energies relevant for MHD has broken C and P and preserved
T . In the earlier paper [1], we stated the effective action for this case and discussed its
physical consequences, comparing to previous phenomenological models for neutron stars
such as [29]. The remaining discrete symmetry cases correspond to MHD in exotic systems
which may arise in condensed matter setups such as Weyl semimetals (see [30] for a review).
While the leading diffusion behaviour always falls into one of two classes, we also derive
the hydrodynamic effective actions at the next-to-leading order and show that they further
distinguish the discrete symmetry choices.

One can also consider string fluids beyond MHD with a U(1) one-form symmetry, where
the two-form current Jµν has a more general interpretation than (1.3). Such string fluids
can be classified by considering other ways in which the two-form current Jµν can transform
under parity and time-reversal. For example, while in MHD the action of parity and time
reversal is given by

P : (J0i, Jij) → (J0i,−Jij), (1.4)
T : (J0i, Jij) → (−J0i, Jij), (1.5)

we may also have a different system where P, T act as

P : (J0i, Jij) → (−J0i, Jij), (1.6)
T : (J0i, Jij) → (J0i,−Jij). (1.7)

We will refer to (1.4)–(1.5) as P− and T−, and (1.6)–(1.7) as P+ and T+. We may also
consider any other combination of P± and T±. We will show that the effective action for each
of these other choices maps to one of the cases of the MHD effective action. This statement
holds to all orders in the derivative expansion. As an example, the effective action for a
system where the only discrete spacetime symmetry is P+T− is the same as the one where the

1A partial discussion of the effect of certain discrete symmetries on the hydrodynamics of string fluids was
previously presented in [14].
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only discrete spacetime symmetry is CP−T−. The latter corresponds to the MHD effective
action where the only discrete spacetime symmetry is CPT .

The EFT formalism also provides a natural way of writing down the effective action
associated with the one-form symmetry (1.3) when it is spontaneously broken. In this case,
the effective action turns out to be the Maxwell action, and the dynamical field in the effective
action can be interpreted as the photon. This provides a precise realization of the idea
that the photon is the Goldstone boson associated with the spontaneous breaking of the
symmetry (1.3), which has been pointed out in various references starting with [2].

The plan of the paper is as follows. In section 2, we describe the various inputs and
constraints needed to formulate the effective field theory for hydrodynamics of a one-form
symmetry. In section 3, we write down the resulting effective actions, for which the detailed
derivation is provided in appendix A. In section 4, we discuss concrete consequences of these
effective actions in terms of novel diffusion behaviours. In section 5, we discuss terms in
the effective actions that lead to corrections to the diffusive dispersion relations at cubic
order in momentum. In section 6, we discuss the effective action in the phase where the
one-form symmetry is spontaneously broken.

2 Fields and symmetries in fluids with a one-form symmetry

In this section, we discuss the ingredients required to construct effective field theories of
dissipative fluids with a one-form symmetry. In section 2.1, we discuss the field content of
such theories and the way one-form symmetries constrain the structure of effective actions.
In section 2.2, we then discuss various other symmetries and constraints on the effective
theories, such as microscopic discrete symmetries and unitarity constraints.

2.1 Fields and n-form symmetries

Consider a system with a one-form symmetry at a finite temperature. The generating
function for real-time correlators of the conserved two-form current Jµν along a closed time
path (CTP) is given by

eW [b1µν ,b2µν ] = Tr
[
ρ Pei

∫
d4x b1µνJµν

1 −i
∫

d4x b2µνJµν
2
]

, (2.1)

where b1µν and b2µν are respectively sources for Jµν along two legs of the CTP. Due to
the current conservation law (1.1), the generating functional is invariant under a two-form
gauge transformation

W [b1µν , b2µν ] = W [b1µν + ∂µλ1ν − ∂νλ1µ, b2µν + ∂µλ2ν − ∂νλ2µ]. (2.2)

As in the discussion of [3], the hydrodynamic modes associated with Jµν are given by the
Stueckelberg fields for the local transformations of (2.2), which are one-form fields. We will
denote them as Aµ. Note that throughout this paper, we work in 3+1 spacetime dimensions.

Using Aµ we can express eq. (2.1) as

eW [b1µν ,b2µν ] =
∫

DA1µDA2µ eiSEFT[G1µν ,G2µν ], (2.3)
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where SEFT is the effective action of Asµ, s = 1, 2 and depends only on the combinations

Gsµν ≡ bsµν + ∂µAsν − ∂νAsµ. (2.4)

This form of the effective action ensures that (2.2) is satisfied. By definition, Gsµν and thus
SEFT are invariant under the following transformations

Asµ → Asµ + ∂µαs, (2.5)

for arbitrary scalar functions αs. Using (2.5) we can set As0 = 0.
It is useful to introduce symmetric and antisymmetric combinations of all fields φ

including Jµν , Aµ, bµν and Gµν ,

φr = φ1 + φ2
2 , φa = φ1 − φ2, (2.6)

and write the effective action in terms of these “a” and “r” fields. In particular, we can
obtain expressions for the current in terms of the dynamical variables as:

Jrµν = δSEFT
δbaµν

, Jaµν = δSEFT
δbrµν

. (2.7)

The equations of motion for Aaµ and Arµ then immediately imply the current conservation
equation

∂µJµν
r,a = 0. (2.8)

Jrµν can be seen as the expectation value of the current averaged over statistical or quantum
noise, and Jaµν can be interpreted as the contribution from such noises. In the discussion
below, when Jµν appears without an a or r subscript, it refers to Jrµν , and we will be mostly
interested in the equations of motion for these expectation values.

To describe the fluid phase where the one-form symmetry is not broken, we require the
action to be invariant under the following transformation:

Asi(t, x) → Asi(t, x) + λi(x), s = 1, 2, (2.9)

which can be interpreted as the input that each fluid element can transform independently
under the one-form global symmetry. This is the natural analog in the one-form case of the
“diagonal gauge symmetry” which was introduced to describe dissipative hydrodynamics in the
zero-form symmetry case in [3], and justified in detail in that reference.2 Requiring invariance
of the action under (2.9) is equivalent to requiring the following symmetry transformation
of the Grµν and Gaµν fields:

Gr0i(t, x) → Gr0i(t, x), (2.10)
Grij(t, x) → Grij(t, x) + ∂iλj(x) − ∂jλi(x), (2.11)

Gaµν(t, x) → Gaµν(t, x). (2.12)

2It would be interesting to understand whether the formalism developed in [17] can provide a further
justification for this diagonal gauge symmetry.
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Due to (2.11), in the symmetry-preserving phase, Grij can only appear in the effective action
through the expressions ∂0Grij and Hijk, where H = dG = db (cf. eq. (2.4)), i.e.

Hµνλ = ∂µGνλ + ∂λGµν + ∂νGλµ = ∂µbνλ + ∂λbµν + ∂νbλµ. (2.13)

A relation which we will often use later is

∂0Grij = H0ij + ∂iGr0j − ∂jGr0i. (2.14)

Note that in the absence of sources, the first term on the right-hand side is zero.
We emphasize that in general, the hydrodynamical field Aµ does not have any simple

relation to a microscopic vector field, such as the photon aµ in QED. Aµ should be thought of
as a collective field describing the low energy degrees of freedom. We will see that Aµ will only
equal aµ when the one-form symmetry is spontaneously broken and the photon aµ is realized
as the Goldstone boson. To describe the dynamics in the phase with spontaneous symmetry
breaking, invariance under (2.9) should not be imposed. We will analyze this case in section 6.

Lastly, it is important to note that the conservation of the energy-momentum tensor,
∂µT µν = 0, is associated with additional hydrodynamic fields, which can be interpreted as
spacetime coordinates defined on the fluid spacetime background [3]. In this work, we will
not couple the fields Gsµν to those fields, and work throughout within the probe charge limit.
For this reason, the fluid velocity and the temperature fields will remain non-dynamical.

2.2 Discrete symmetries, KMS relations and constraints on the effective CTP
action

From the fact that the theory is formulated on the CTP contour and the microscopic dynamics
is unitary, we need to impose a number of additional constraints on the structure of the
effective action [3]:

1. Every term in the effective action must have at least one Gaµν field, as we must have

S[Grµν , Gaµν = 0] = 0. (2.15)

2. The effective action must obey the CTP reflection symmetry

S∗[Grµν , Gaµν ] = −S[Grµν ,−Gaµν ]. (2.16)

3. The imaginary part of the effective action must be non-negative,

Im S ≥ 0. (2.17)

We assume that the microscopic system possesses an anti-unitary symmetry involving
time reversal, which we will denote as Θ. Depending on the system, Θ can be T , PT , CT , or
CPT , where T , P and C are respectively time-, parity- and charge-reversal transformations.
For example, for a system which is only PT invariant (but not T , CT , or CPT ) we take
Θ = PT . For a system which is invariant under all of C,P, and T , Θ can be any one of
the choices T , CT , PT or CPT . Implications of Θ at the macroscopic level are imposed
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through the dynamical KMS symmetry of [4, 31], which also ensures local thermal equilibrium.
To leading order in derivatives (or in the classical limit), the transformations act on the
two-form fields in the following way3

G̃aµν(x) = ΘGaµν(x) − iβ0∂0ΘGrµν(x), G̃rµν(x) = ΘGrµν(x), (2.18)

where G̃µν denotes the transformed field. The transformation (2.18) is an anti-linear Z2
transformation. Invariance under it imposes a far-from-equilibrium generalization of the usual
KMS conditions and Onsager’s relations on equilibrium correlation functions.

To write down (2.18) explicitly we need to specify how Gµν transforms under C, P
and T , which should be the same as how the two-form current Jµν transforms under these
discrete transformations. By definition, Jµν should go to −Jµν under C. There are two types
of parity transformations that we can impose on the Gµν field, which will be respectively
referred to as P+ and P− transformations,

P+ : (G0i, Gij) → (−G0i, Gij), (2.19)
P− : (G0i, Gij) → (G0i,−Gij). (2.20)

Similarly, two types of time-reversal transformations T+ and T− act as

T+ : (G0i, Gij) → (G0i,−Gij), (2.21)
T− : (G0i, Gij) → (−G0i, Gij). (2.22)

In the case relevant for electromagnetic plasmas, where the conserved current is (1.3), the
parity and time reversal transformations are P− and T−. The alternatives P+ and T+ could
for instance describe the hydrodynamics associated with an alternative theory which had
magnetic monopoles but no electric charges, where the conserved current would be Jµν = Fµν .
See for instance [32, 33] for examples of such theories with emergent magnetic monopoles
in condensed matter systems. In principle there could also be theories with a combination
of for instance P− and T+.

As a result, there are four ways that the two-form current Jµν can transform under
combined P± and T± operations, i.e. under any of {P+T+,P−T+,P+T−,P−T−}, depending
on its physical interpretation. We collect the transformations of Jµν , the Stueckelberg field
Aµ and spacetime coordinates in table 1.

With 4 possible choices of Θ = T ,PT , CT , CPT and 4 possible patterns of discrete P±T±
transformations of Jµν (or Gµν), there are potentially many different choices for how to
impose the dynamical KMS relations (2.18). It turns out there are only four inequivalent ones:

KMSI : (Θ = T−) = (Θ = CT+), (2.23)
KMSII : (Θ = T+) = (Θ = CT−), (2.24)

KMSIII : (Θ = P+T−) = (Θ = P−T+) = (Θ = CP−T−) = (Θ = CP+T+), (2.25)
KMSIV : (Θ = P−T−) = (Θ = P+T+) = (Θ = CP+T−) = (Θ = CP−T+). (2.26)

3Θϕ(x) ≡ (−1)ηϕ(Θx) denotes the transformation of ϕ(x) under Θ with η the Θ-parity of ϕ.
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C T P PT CPT
xµ xµ (−x0, xi) (x0,−xi) −(x0, xi) −(x0, xi)
Jµν
P+T+

−Jµν (J0i,−J ij) (−J0i, J ij) −Jµν Jµν

Jµν
P−T+

−Jµν (J0i,−J ij) (J0i,−J ij) Jµν −Jµν

Jµν
P+T− −Jµν (−J0i, J ij) (−J0i, J ij) Jµν −Jµν

Jµν
P−T− −Jµν (−J0i, J ij) (J0i,−J ij) −Jµν Jµν

A
P+T+
µ −Aµ (A0,−Ai) (A0,−Ai) Aµ −Aµ

A
P−T+
µ −Aµ (A0,−Ai) (−A0, Ai) −Aµ Aµ

A
P+T−
µ −Aµ (−A0, Ai) (A0,−Ai) −Aµ Aµ

A
P−T−
µ −Aµ (−A0, Ai) (−A0, Ai) Aµ −Aµ

Table 1. Discrete transformations.

The corresponding transformations (2.18) for each of the cases are:

KMSI : G̃a0i(Θx) = −Ga0i(x) − iβ0∂0Gr0i(x), G̃r0i(Θx) = −Gr0i(x),
G̃aij(Θx) = Gaij(x) + iβ0∂0Grij(x), G̃rij(Θx) = Grij(x), (2.27)

KMSII : G̃a0i(Θx) = Ga0i(x) + iβ0∂0Gr0i(x), G̃r0i(Θx) = Gr0i(x),
G̃aij(Θx) = −Gaij(x) − iβ0∂0Grij(x), G̃rij(Θx) = −Grij(x), (2.28)

KMSIII : G̃aµν(Θx) = Gaµν(x) + iβ0∂0Grµν(x), G̃rµν(Θx) = Grµν(x), (2.29)
KMSIV : G̃aµν(Θx) = −Gaµν(x) − iβ0∂0Grµν(x), G̃rµν(Θx) = −Grµν(x). (2.30)

3 Effective actions

Having discussed the field content and symmetries of a hydrodynamic action with a one-form
symmetry in section 2, we are now ready to write down the most general such CTP action for
a dissipative theory of string fluids with an explicitly realized one-form symmetry at non-zero
temperature. Depending on which combinations of discrete symmetries are preserved by the
system at microscopic level, we will find different actions. As mentioned earlier, to impose the
dynamical KMS symmetry we assume there is an anti-unitary discrete symmetry Θ. There
can be additional discrete symmetries. We list all possibilities in table 2.

When there is more than one conserved anti-unitary symmetry, any of them can be
chosen as Θ. They lead to equivalent theories and some of the KMS transformations in (2.27)–
(2.30) are equivalent. For this reason, below we just choose one of these options below. For
example, when both PT and CPT are conserved, we only mention Θ = PT explicitly, with
the understanding that Θ = CPT leads to the same theory. The possible hydrodynamic
theories can then be classified as follows:

1. All discrete symmetries are preserved. In this case we can choose Θ to be any of T , PT ,
CT , or CPT , which should be all equivalent. From (2.23)–(2.26), all different choices
of P±, T± should then yield the same action. There is thus a unique theory. We will
denote the corresponding Lagrangian density L0.
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C P T CP CT PT CPT

only Θ

×
×

×
×

Θ and P
× × ×
× × ×

Θ and C
× × ×
× × ×

Θ and CP
× × ×

× × ×
Θ, C and P × × × × × × ×

Table 2. We show the different possible combinations of discrete symmetries that can appear in the
effective action. Each of the 11 rows shows a different allowed combination. For example, fifth row
tells us that if we want the only discrete symmetries to be Θ and P , then depending on the choice of
Θ, there are two possible sets of symmetries that the effective action can have: either {P, T , PT },
or {P, CT , CPT }.

2. P is conserved but not C. There are two independent choices of Θ, Θ = T , CT . Together
with possible choices of P±, T±, there are four different theories:

(P+, Θ = T+) = (P+, Θ = CT−), (P+, Θ = T−) = (P+, Θ = CT+), (3.1)
(P−, Θ = T+) = (P−, Θ = CT−), (P−, Θ = T−) = (P−, Θ = CT+). (3.2)

We will denote the corresponding Lagrangians respectively as LP+,T+ , LP+,T− , LP−,CT− ,
LP−,T− .

3. C is conserved but not P . There are two independent choices of Θ, Θ = T ,PT , as well
as the different choices of P±, T±. Due to the various equivalences between different
KMS transformations in (2.23)–(2.26), we end up with a total of two distinct cases:

(C, Θ = T−), (C, Θ = P−T−). (3.3)

We call the associated effective actions LC,T− and LC,P−T− respectively.

4. CP is conserved but not C or P. There are two independent choices of Θ, Θ = T , CT ,
as well as the possible choices of P±, T±. Since CP± acts on Gµν as P∓ we get the

– 9 –
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same four theories as in P conserved case, i.e.,4

LCP+,T+ = LP−,CT− , (3.4)

LCP−,CT− = LP+,T+ , (3.5)

LCP+,T− = LP−,T− , (3.6)

LCP−,T− = LP+,T− . (3.7)

5. Θ is the only discrete symmetry. In this case there are altogether four different theories
corresponding to the four possible KMS transformations (2.23)–(2.26). We will denote
the corresponding Lagrangians respectively as LCT− , LT− , LCP−T− , LP−T− .

To summarize, based on the above classification, we have ended up with eleven different
possible effective actions. We can choose to represent each of these by specifying which
discrete symmetries are satisfied assuming that the parity and time reversal transformations
are P− and T−:

L0 = LC,T−,P− , (3.8)
LT− , LCT− , LCP−T− , LP−T− , (3.9)
LP−,CT− , LP−,T− , (3.10)
LC,T− , LC,P−T− , (3.11)
LCP−,T− , LCP−,CT− . (3.12)

When parity or time reversal acts as P+ or T+, the actions for each of the different
choices of discrete symmetry can be mapped to one of the cases in (3.8)–(3.12), and the
mapping can be inferred using points 1 through 5 above, together with (2.23)–(2.26).

Below, we will write the effective actions for each of these eleven cases to all orders in the
field Gr0i, and perform a systematic expansion in derivatives. We will see that all theories
are dominated by diffusion at leading order, so that in the derivative counting we should
assign weight 2 to ∂0 and weight 1 to ∂i. Since Gr0i is assigned weight 0, by (2.14), Grij

has weight 1. Then since both sides of the dynamical KMS relations (2.18) should have the
same weight, Ga0i and Gaij have weights 2 and 1 respectively.

We will write the actions in each of the symmetry cases up to weight 3. We state the
results here, leaving details to appendix A.

For each of the symmetry cases, we find that the action starts with terms of weight 2. It
turns out that for each of the eleven cases in (3.8)–(3.12), the weight 2 part of the action,
L(2), is always one out of two options. Since the weight two part of the action will turn
out to determine the nature of the diffusive transport in the system, we will label the two
options L(2)

D1 and L(2)
D2 respectively. In all cases with any discrete symmetry involving charge

4Here we have underlined the notation we will be using from now on for these effective actions, in two
cases replacing the notation introduced in point 2. Since the P−, T− symmetries apply to the case of an
electromagnetic plasma and therefore have the best-understood physical interpretation, whenever we have
an option between labelling an action with the P−, T− symmetries and labelling it with P+, T+ or some
combination such as P+, T−, we will choose to label it with P−, T−. In fact, we will find that all possible
effective actions can be labelled with combinations involving C, P−, and T−.
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conjugation the weight 2 part of the effective action is L(2)
D1, while in all cases without any

symmetry involving charge conjugation, we have L(2)
D2. That is,

L(2)
D1 = L(2)

C,P−,T− = L(2)
P−,CT− = L(2)

CP−,CT− = L(2)
CP−,T− = L(2)

C,T− = L(2)
C,P−T− = L(2)

CT− = L(2)
CP−T− ,

(3.13)

L(2)
D2 = L(2)

P−,T− = L(2)
T− = L(2)

P−T− . (3.14)

Note in particular that for describing magnetohydrodynamics in neutron stars, we should
treat the charge conjugation symmetry as broken, as the energy is high enough that we can
treat electrons as relativistic, but not high enough for the existence of positrons. Depending
on whether we assume that the effect of parity breaking due to weak interactions is significant,
the relevant effective action may be LP−,T− or LT− , both of which have the same leading
diffusive transport behaviours due to (3.14).

L(2)
D1 and L(2)

D2 are given as follows (Note that in these and all other equations below,
coefficients denoted by small letters such as a, d, d̃ are arbitrary real functions of G2

r0i unless
specified otherwise.):

L(2)
D1 = a Gr0iGa0i + (d δikδjl + d̃ ϵijmϵklnGr0mGr0n) Gaij (iGakl − β0∂0Grkl), (3.15)

and

L(2)
D2 = L(2)

D1 + pδikϵjlnGr0nGaij∂0Grkl. (3.16)

Using (2.7), the constitutive relations from these actions are respectively

J0i
D1 = a Gr0i, (3.17)

J ij
D1 = −2β0(d δikδjl + d̃ ϵijmϵklnGr0mGr0n)∂0Grkl, (3.18)

and
J0i

D2 = J0i
D1, J ij

D2 = J ij
D1 + p(δikϵjln − δjkϵiln)Gr0n∂0Grkl. (3.19)

Note that in the discussion of this paper, we set the fields Gaµν to zero in the constitutive
relations, which corresponds to neglecting the effects of statistical or quantum noise. We will
discuss the physical consequences of these constitutive relations for the diffusive transport
behaviour of the system in section 4. Readers who are only interested in those aspects
can directly jump to that section.

We now separately list the effective actions up to weight 3 for the different symmetry
cases. In the expressions below, tensors such as Fijk, Oijk, Vijk are all constructed from
combinations of Gr0i, δij , and ϵijk and have weight zero. The (o) and (e) superscripts specify
whether the tensor contains an odd or even total number of factors of Gr0i. In cases where no
superscripts are specified, we can have arbitrary numbers of factors of Gr0i in the tensor. We
can have arbitrary combinations consistent with these conditions and the tensor structures,
except in some special cases where we specify that the tensors are constants with respect
to Gr0i or specify their symmetries under exchange of indices. In section 5, we will discuss
more explicitly which of the weight 3 terms are relevant for the linear response theory and
can lead to cubic corrections to the dispersion relations.
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3.1 Invariant under all discrete symmetries

We first consider the simplest case: the underlying system (i.e., the microscopic Lagrangian)
is invariant separately under all discrete spacetime symmetries. In this case, all different
choices of P±, T± and Θ yield the same action at least up to weight 3, which we call L0. The
weight 3 part of the action turns out to be zero imposing the KMS conditions. We have

L(2)
0 = L(2)

D1, L(3)
0 = 0, (3.20)

so that the constitutive relation for this case is given by (3.17)–(3.18), with no corrections
from weight 3 terms.

3.2 No discrete symmetry other than Θ

Now consider the other extreme: no discrete symmetry is present other than Θ. In this case,
there are four possible theories corresponding to four different ways (2.23)–(2.26) of imposing
the dynamical KMS symmetry. They are given as follows.

3.2.1 (Θ = T−) = (Θ = CT+)

In this case we use KMSI as given in (2.27). The resulting Lagrangian is:

L(2)
T− = L(2)

D2, (3.21)

and

L(3)
T− = F

(e)
ijk Ga0i∂jGr0k

+ O
(o)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ O

(e)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(e)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ V

(o)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ C
(o)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ Q
(e)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(e)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
+ S

(o)
ijklmn(GaijGakl∂0Grmn + iβ0Gaij∂0Grkl∂0Grmn). (3.22)

Here, F (e) is a constant independent of G2
r0i, and F

(e)
ijk = −F

(e)
kji . Q(e) is the most general

tensor structure consistent with the condition Q
(e)
ijklmn = −Q

(e)
klijmn.

3.2.2 (Θ = CT−) = (Θ = T+)

In this case we use KMSII as given in (2.28). The resulting Lagrangian is:

L(2)
CT− = L(2)

D1, (3.23)
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and

L(3)
CT− = FijkGa0i∂jGr0k

+ Oijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ Vijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ Cijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ Rijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(3.24)

where F is a constant independent of G2
r0i, and Fijk = −Fkji.

3.2.3 (Θ = CP−T−) = (Θ = P+T−) = (Θ = P−T+) = (Θ = CP+T+)

In this case we use KMSIII as given in (2.29). The resulting Lagrangian is:

L(2)
CP−T− = L(2)

D1, (3.25)

and

L(3)
CP−T− = Oijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ Vijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)
+ QijklmnGaij∂0Grkl∂(mGr0n)

+ Rijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(3.26)

where Qijklmn = −Qklijmn.

3.2.4 (Θ = P−T−) = (Θ = P+T+) = (Θ = CP+T−) = (Θ = CP−T+)

In this case we use KMSIV as given in (2.30). The resulting Lagrangian is:

L(2)
P−T− = L(2)

D2, (3.27)
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and

L(3)
P−T− =F

(o)
ijk Ga0i∂jGr0k

+ O
(e)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ O

(o)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(o)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ V

(e)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ C
(e)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ Q
(o)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(o)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
+ S

(e)
ijklmn(GaijGakl∂0Grmn + iβ0Gaij∂0Grkl∂0Grmn), (3.28)

where F (o) is a constant independent of Gr0i, F
(o)
ijk = −F

(o)
kji , and Q

(o)
ijklmn = −Q

(o)
klijmn.

3.3 P is conserved, C is not conserved

The actions LP−,T− and LP−,CT− in this case can be obtained from LT− and LC−P−T−,CT−
respectively of the previous section by imposing parity conservation.

3.3.1 (P−, Θ = T−)

In this case, the Lagrangian can be obtained from (3.21) by imposing P− invariance which gives

L(2)
P−,T− = L(2)

D2, L(3)
P−,T− = 0. (3.29)

3.3.2 (P−, Θ = CT−)

In this case the Lagrangian can be obtained from (3.26) by imposing P− invariance. The
result turns out to be the same as (3.20), i.e. LP−,CT− = L0.

3.4 C conserved, P is not conserved

The actions LC,T− and LC,P−T− in this case can be obtained by from LCT− and LC−P−T−
by imposing C conservation.

3.4.1 (C, Θ = T−)

This action can be obtained by imposing C invariance in (3.21). We find

L(2)
C,T− = L(2)

D1, (3.30)
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and

L(3)
C,T− = F

(e)
ijk Ga0i∂jGr0k

+ O
(e)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(e)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ C

(o)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ R
(o)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(3.31)

where F (e) is a constant independent of Gr0i, and F
(e)
ijk = −F

(e)
kji .

3.4.2 (C, Θ = P−T−)

This case can be obtained by imposing C invariance in LCP−T− . We find

L(2)
C,P−T− = L(2)

D1, (3.32)

and

L(3)
C,P−T− = O

(e)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ V

(e)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ Q
(o)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(o)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(3.33)

where Q
(o)
ijklmn = −Q

(o)
klijmn.

3.5 With CP but neither C nor P

3.5.1 (CP−, Θ = T−)

In this case the Lagrangian can be obtained from LCP−T− by imposing CP− invariance. We find

L(2)
CP−,T− = L(2)

D1, (3.34)

and

L(3)
CP−,T− = O

(o)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ V

(o)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ Q
(e)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(e)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(3.35)

where Q
(e)
ijklmn = −Q

(e)
klijmn.
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3.5.2 (CP−, Θ = CT−)

In this case, the effective Lagrangian can be obtained from LP−T− by imposing CP− in-
variance. We get

L(2)
CP−,CT− = L(2)

D1, (3.36)

and

L(3)
CP−,CT− = F

(o)
ijk Ga0i∂jGr0k

+ O
(o)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(o)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ C

(e)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ S
(e)
ijklmn(GaijGakl∂0Grmn + iβ0Gaij∂0Grkl∂0Grmn), (3.37)

where F (o) is a constant independent of Gr0i, and F
(o)
ijk = −F

(o)
kji .

4 Diffusion behaviours of a one-form charge density

We now proceed to study the characteristics of transport phenomena in the theories con-
structed in the previous section.

For the purpose of analyzing transport behaviors at the level of linear response, we
assume that Gr0i has a background value µi which is constant with respect to x and t, and
that it can have small fluctuations fr0i around this value,

Gr0i = µi + fr0i. (4.1)

fr0i can be seen as including both fluctuations in the source fields br0i and the contribution
∂0Ai − ∂iA0 from the dynamical fields. In much of the discussion below, we will set the
fluctuations in br0i to zero, so that

fr0i = ∂0Ai − ∂iA0 (4.2)

and
∂0Grij = H0ij + ∂iGr0j − ∂jGr0i = ∂ifr0j − ∂jfr0i. (4.3)

We can then expand all coefficients appearing in the effective actions (which are functions
of G2

r0i) around their values at µ2, in order to obtain expressions for Jµν up to linear order
in the fluctuations fr0i.

For convenience we take the equilibrium vector chemical potential µi to point along
the z-axis with the magnitude µ and use Latin indices from the beginning of the alphabet
a, b, . . . to denote the remaining two spatial directions, x and y. We can decompose the
current into Jµν into J0i = (J0z, J0a) and J ij = (Jza, Jab), where we write Jab = ϵabĴ

z with
ϵab = ϵzab, and Ĵz = 1

2ϵabJ
ab. A similar decomposition can be done for the background

field bij , into br0i = (bz, ba), Eij = −Hr0ij = (Eza, Êz), and Bzab = Hzab. Eij and Bzab can
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be seen as higher-form analogs of external electric and magnetic fields, and should not be
confused with the physical electric and magnetic fields in MHD. To keep the discussion of
this section general and applicable to any string fluid, we will not assume any particular
physical interpretation of Jµν , and for the most part will not explicitly refer to physical
electric and magnetic fields in MHD.

Three key transport coefficients that appear in the discussion below are the higher-
form “conductivities” σ∥, σ⊥

1 and σ⊥
2 . The linear response interpretation of these and other

coefficients in terms of retarded Green’s functions is discussed in detail in appendix C of [1]
(see in particular equation (C24)). By comparing these Green’s functions with those that
appear in the discussion of string fluids in section 5.4 of [14] derived using an alternative
approach, we find that σ∥, σ⊥

1 and σ⊥
2 can be identified respectively as the coefficients r∥,

r⊥ and r̃⊥ appearing in that reference.

4.1 Equations of motion in D1 case

4.1.1 Diffusion equations

In cases where the effective action up to weight 2 is given by L(2)
D1, the constitutive relation

is (3.17)–(3.18). Using (4.1) and expanding various coefficients in the effective action to
get Jµν up to linear order in fr0i, we find

J0i
D1 = aµi + (aδij + ãµiµj)fr0j , (4.4)

J ij
D1 = −2β0(dδikδjl + d̃ ϵ̃ij ϵ̃kl)∂0Grkl, (4.5)

where ã = 2da(G2
r0i)

d(G2
r0i)

|µ2 , ϵ̃ij ≡ ϵijkµk, and the coefficients in (4.5) should now be seen as
constants evaluated at G2

r0i = µ2. Recall from (3.13) that if P, T are taken to be P−, T−
in (1.4), (1.5), then all cases with any symmetry involving C lead to these constitutive
relations at leading order in derivatives.

For the rest of this subsection, to simplify the notation we will drop the D1 subscript in
the currents. Now consider the physical interpretation of various coefficients in (4.4)–(4.5).
The static susceptibilities can be defined as

J0z = χ∥bz, J0a = χ⊥
abbb. (4.6)

From (4.4) we have

χ∥ = a + ãµ2, χ⊥
ab ≡ χ⊥δab = aδab. (4.7)

χ⊥ must be diagonal as an off-diagonal term would be incompatible with the three-dimensional
rotational symmetry of the underlying theory. We see that coefficient ã controls the asymmetry
between the directions longitudinal and transverse to the direction of µi. The “conductivities”
under an external “electric” field can be defined as

Jza = σ⊥
abEzb, Ĵz = σ∥Êz. (4.8)

From (4.5), we find that

σ⊥
ab ≡ σ⊥

1 δab = 2β0dδab, σ∥ = 2β0(d + 2d̃µ2), (4.9)
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with d̃ controlling the asymmetry between conductivities in the directions parallel and
perpendicular to µi. One can check that from the condition (2.17), σ∥ and σ⊥

1 are both
non-negative.

The equations of motion are simply the conservation equations

∂jJ j0 = 0, (4.10)
∂0J0i + ∂jJ ji = 0. (4.11)

Let us first consider µ = 0 for which

J0i = afr0i, (4.12)

J ij = −2β0d (∂ifr0j − ∂jfr0i) = −2β0d

a
(∂iJ

0j − ∂jJ0i) + · · · , (4.13)

where in the second equality we have only kept the lowest order term in derivatives. Equa-
tion (4.10) then reduces to ∂jfr0j = 0, while (4.11) leads to the standard diffusion equation

∂0J0i − D∂2
j J0i = 0, D = 2β0d

a
= σ

χ
, σ = 2β0d, χ = a. (4.14)

With µ = 0, there is only one conductivity σ = σ⊥
1 and susceptibility χ = χ⊥.

Now consider µ ̸= 0. At leading order in derivatives we have

J0z = aµ + χ∥fr0z, J0a = χ⊥fr0a, (4.15)

which are related by eq. (4.10), i.e. ∂zJ0z + ∂aJ0a = 0. The spatial components of the
current can then be written as

Jza = −σ⊥
1 (∂zfr0a − ∂afr0z) = −σ⊥

1

(
∂zJ0a

χ⊥
− ∂aJ0z

χ∥

)
, (4.16)

Ĵz = 1
2ϵabJ

ab = −σ∥ϵab∂afr0b = − σ∥

χ⊥
ϵab∂aJ0b. (4.17)

Eq. (4.11) for i = z then leads to

∂0J0z −
(
D∥∂

2
z + D⊥∂2

a

)
J0z = 0, D∥ = σ⊥

1
χ⊥

, D⊥ = σ⊥
1

χ∥
, (4.18)

which leads to dispersion relation

ω = −i(D∥k
2
z + D⊥k2

a) . (4.19)

Eq. (4.11) for i = a gives

∂0J0a − 1
χ⊥

[
σ⊥

1 ∂2
z + σ∥∂2

b

]
J0a +

(
σ∥

χ⊥
− σ⊥

1
χ∥

)
∂a∂bJ

0b = 0. (4.20)

Acting with ∂a on the above equation, we find a diffusive equation for ∂aJ0a which is the
same as (4.18). This can be expected from (4.10) as ∂aJ0a = −∂zJ0z. Projecting (4.20) to
J0a
⊥ , the component perpendicular to ka, we find a diffusion equation(

∂0 − D∥∂
2
z − D̃⊥∂2

b

)
J0a
⊥ = 0, D̃⊥ = σ∥

χ⊥
, (4.21)
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with dispersion relation

ω = −i(D∥k
2
z + D̃⊥k2

a). (4.22)

To summarize, due to the constraint (4.10), we have two independent decoupled com-
ponents of J0i: one is proportional to J0a

⊥ and satisfies diffusion equation (4.21); the other
is a combination of J0z and the longitudinal component of J0a (i.e. the part proportional
to ∂aJ0a), and satisfies the diffusion equation (4.18). More explicitly, we can write these
two components in momentum space as

Ĵα(kµ) = eα
i J0i(kµ), α = 1, 2, eα

i ki = 0, eα · eβ = δαβ , k⊥ =
√

k2
x + k2

y,

e1 = 1
k⊥

(−ky, kx, 0) , e2 = 1
kk⊥

(
−kxkz,−kykz, k2

⊥

)
, k =

√
k2
⊥ + k2

z .

(4.23)

The evolution of Ĵ1,2 is respectively governed by (4.21) and (4.18).
While it is not surprising that in the presence of the vector chemical potential, the

diffusion processes are no longer isotropic, the equations (4.18), (4.20) and (4.21) provide
precise predictions for the diffusion patterns and the corresponding diffusion constants.

4.1.2 Real time evolution in the D1 case

It is instructive to see how an initial charge density actually diffuses when it is governed by
equations such as (4.18), (4.20) and (4.21). Below, we consider some initial conditions to
illustrate the diffusion behaviors that appear, although these may not correspond to realistic
initial conditions for physical applications.

Let us first consider the simplest case, where we set the chemical potential µi = 0. Now
the time-evolution of the charge density is described by (4.14), and all spatial directions are
equivalent. To analyze the temporal evolution of the initial charge density J0i(0, x), we first
Fourier transform J0i to spatial 3-momentum space via

J0i(0, x) =
∫

d3k

(2π)3 eik·xJ0i(0, k). (4.24)

Then eq. (4.14) implies,

J0i(t, x) =
∫

d3k

(2π)3 eik·xe−D|k|2(t−t0)J0i(0, k) ≡
∫

d3x′ G(t, x − x′)J0i(0, x′). (4.25)

where the Green’s function of the diffusion equation is given by the standard expression

G(t, x − x′) =
∫

d3k

(2π)3 eik·(x−x′)e−D|k|2t = 1
[4πDt]3/2 e−

(x−x′)2
4Dt . (4.26)

Consider for example an initial configuration of a constant charge density excited along an
infinite string pointing in the z direction, i.e.

J0i(0, x) = J0 δ(x)δ(y)δiz. (4.27)
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From (4.25), we find that the charge density J0z diffuses cylindrically around the string
and that the J0a components remain zero:

J0i(t, x) = J0
4πDt

e−
x2+y2

4Dt δiz. (4.28)

As another example, consider an initial charge density which is composed of two semi-
infinite lines meeting at an angle of π/2. We set the coordinate system so that the string of
charge J0x runs along the positive x-axis and the string of J0y charge along the positive y-axis:

J0i(0, x) = J0
[
θ(x)δ(y)δ(z)δix − δ(x)θ(y)δ(z)δiy

]
. (4.29)

The time evolution of this J0i then becomes

J0i(t, x) = J0
4πDt

[
F (t, x) e−

y2+z2
4Dt δix − F (t, y) e−

x2+z2
4Dt δiy

]
, (4.30)

where F (x, t) is expressed in terms of the error function:

F (t, x) = 1
2

[
1 + erf

(
x√
4Dt

)]
. (4.31)

Note that in (4.30), the direction of the charge density at t > 0 becomes dependent on the
location in the x-y plane, but it does not develop a non-zero J0z component anywhere.

Now consider the case where µi = µ δiz, with non-zero µ. To study the time evolution,
we decompose the initial charge density J0i(0, x) at t = 0 in terms of the two modes e1,2

in (4.23), i.e. J0i(0, x) = J0i
1 (0, x) + J0i

2 (0, x), where

J0i
1 (0, x) =

∫
d3k

(2π)3 eik·xλ1(k)e1
i (k), (4.32)

J0i
2 (0, x) =

∫
d3k

(2π)3 eik·xλ2(k)e2
i (k). (4.33)

The time-evolution then takes the form

J0i(t, x) =
∫

d3k

(2π)3 eik·x
(
λ1(k)e1

i (k)e−D̃⊥k2
⊥t + λ2(k)e2

i (k)e−D⊥k2
⊥t
)

e−D∥k2
zt . (4.34)

Let us now look at some initial configurations. First consider the case where the initial
charge density is a Gaussian of some finite width centered around the z-axis and pointing
in the z-direction,

J0i(0, x) = J0
1

πσ2 e−
x2+y2

σ2 δiz, (4.35)

For this case, λ1(k) = 0 and λ2(k) = 2πJ0δ(kz)e−
k2

xσ2
4 −

k2
yσ2

4 . The charge density spreads
out cylindrically, and its direction remains constant at all points,

J0i(t, x) = J0
π(4D⊥t + σ2)e

− x2+y2

4D⊥t+σ2 δiz. (4.36)
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Figure 1. Time-evolution of J0y for the initial charge density (4.37) in any plane orthogonal to the
y direction in the D1 case, with σ = 1, D∥ = 8, D⊥ = 1, and D̃⊥ = 4. J0x and J0z are zero for all
times at all points.

In this case the pattern of the evolution is the same as that for µ = 0, although the diffusion
constant is different.

Next, let us take the initial charge density to be a Gaussian cylinder orthogonal to µi,

J0i(0, x) = J0
1

πσ2 e−
x2+z2

σ2 δiy, (4.37)

for which λ1(k) = 2πJ0δ(ky)e−
k2

xσ2
4 − k2

zσ2
4 and λ2(k) = 0. The time evolution of the charge

density is

J0i(t, x) = J0

π
√

(4tD̃⊥ + σ2)(4tD∥ + σ2)
e
− x2

4D̃⊥t+σ2 −
z2

4D∥t+σ2
δiy. (4.38)

Under time-evolution, the charge density continues to point in the y direction at all times.
It spreads in an anisotropic manner, so that the surfaces of equal charge density in the
x-z plane are ellipses. See figure 1.

If the charge density is neither parallel nor perpendicular to µi, the time evolution of
J0i becomes significantly more complicated, exhibiting both an intricate pattern of spread
and a time-dependent motion of its direction. Let us take the initial Gaussian cylinder to be
centered on a line in the x − z plane that passes through the origin and makes an angle φ

with the x-axis, and take the direction of the charge density to be along this same line,

J0i(0, x) = J0
1

πσ2 e−
v2+y2

σ2 , δiu (4.39)

where we have changed coordinates from x, z, and y to u, v, and y, with

u = x cos φ + z sin φ, v = −x sin φ + z cos φ, δiu = cos φ δix + sin φ δiz. (4.40)

In momentum space, (4.39) has the form

J0i(0, k) = 2πJ0 e−
σ2
4 (k2

v+k2
y) δ(ku) δiu, (4.41)
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which can be decomposed along the two modes e1,2 and evolved in time to find J0i(t, x) =
J0i

1 (t, x) + J0i
2 (t, x), where

J0i
1 (t, k) = −2πJ0 δ(ku)ky cos φ

k2
⊥

e−
σ2
4 (k2

v+k2
y)e−(D̃⊥k2

⊥+D∥k2
z)t (−kyδix + kxδiy), (4.42)

J0i
2 (t, k) = 2πJ0 δ(ku)sin φ

k2
⊥

e−
σ2
4 (k2

v+k2
y)e−(D⊥k2

⊥+D∥k2
z)t (−kxkzδix − kykzδiy + k2

⊥δiz).

(4.43)

Note that (4.42) and (4.43) are written in the x, y and z coordinates. On numerically
Fourier-transforming back to position space, we get the time-evolution shown in figure 2.
We observe the following features:

1. The magnitude |J0i| of the charge density vector and its J0u component diffuse anisotrop-
ically in the v − y plane.

2. Although the initial charge density is entirely in the u-direction, J0v and J0y components
are generated by the time-evolution and subsequently diffuse. These components acquire
both positive and negative values depending on the location in the v − y plane.

As another example of the initial charge density, which will be useful for comparison
with diffusion phenomena coming from other effective actions with various discrete symmetry
violations, we can consider a configuration which is extended over all space, points in the y

direction everywhere, and has an oscillatory dependence on the z coordinate:

J0i(0, x) = J0 cos(Kz) δiy. (4.44)

Such an initial charge density simply decays in magnitude exponentially at all points, with
no change in its direction or the shape of its spatial distribution:

J0i(t, x) = J0 e−D∥K2t cos(Kz)δiy. (4.45)

This time-evolution is shown in figure 3.

4.2 Equations of motion in D2 case

Let us now understand the diffusion behaviour in the effective action L(2)
D2. The results in

this subsection were previously summarized in [1], where it was noted that L(2)
D2 describes

magnetohydrodynamics in neutron stars. In this case, after expanding the constitutive
relations to linear order in fr0i, we find new terms in the current and charge densities in
addition to those in the J ij

0 from (4.4)–(4.5):

J0i
D1 = J0i

D1, Ĵz
D2 = Ĵz

D2, (4.46)
Jza

D2 = Jza
D1 + pµϵab∂0Grzb. (4.47)

In the rest of this subsection we drop the explicit D2 subscript. The susceptibilities χ∥ and
χ⊥ are the same as in the D1 case. However, for the conductivities we now find

σ⊥
ab ≡ σ⊥

1 δab − σ⊥
2 ϵab = 2β0dδab − pµϵab, σ∥ = 2β0(d + 2d̃µ2), (4.48)
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<latexit sha1_base64="ChB4VnAugIJjwGNItdUL8CyPGpQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUREPBS/iqYL9kHYt2TTbhibZJckKZdtf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7e3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsH1xG88UaVZJO/NMKa+wD3JQkawsdLD6PYxddl4dNkpltyyOwVaJF5GSpCh2il+tbsRSQSVhnCsdctzY+OnWBlGOB0X2ommMSYD3KMtSyUWVPvp9OAxOrJKF4WRsiUNmqq/J1IstB6KwHYKbPp63puI/3mtxIQXfspknBgqyWxRmHBkIjT5HnWZosTwoSWYKGZvRaSPFSbGZlSwIXjzLy+S+knZOyuf3p2WKldZHHk4gEM4Bg/OoQI3UIUaEBDwDK/w5ijnxXl3PmatOSeb2Yc/cD5/AJVJkEI=</latexit>

|J0i| :

<latexit sha1_base64="azvXbZkjIDhtPpLaTu7XGTeBKRE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUBEPAS/iKYJ5QLKG2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDDjGP2QDiTvc0aNlZp3j6mbTK66xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns3Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZ/k56XCEzYmwJZYrbWwkbUkWZsQkVbAje4svLpHFW9s7LlftKqXqdxZGHIziGU/DgAqpwCzWoA4MRPMMrvDmx8+K8Ox/z1pyTzRzCHzifP98cj0I=</latexit>

J0u :

<latexit sha1_base64="pPEQHt4xl70nyj8J6h7zP45LkoQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkU8FLyIpwr2Q9q1ZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaPrqd96okqzSN6bcUx9gQeShYxgY6WH28fU7cpkctkrltyyOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxIQXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+T5lnZq5Yrd5VS7SqLIw9HcAyn4ME51OAG6tAAAgKe4RXeHOW8OO/Ox7w152Qzh/AHzucPYKSQIA==</latexit>

J0⌫ :

<latexit sha1_base64="tVhDqNzqOka8ZjhOfnP8bV3Od6g=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUREPBS/iqYL9gHYt2TTbhmazS5IVlqU/wosHRbz6e7z5b0zbPWjrg4HHezPMzPNjwbVxnG9UWFldW98obpa2tnd298r7By0dJYqyJo1EpDo+0UxwyZqGG8E6sWIk9AVr++Obqd9+YkrzSD6YNGZeSIaSB5wSY6X23WPmpJOrfrniVJ0Z8DJxc1KBHI1++as3iGgSMmmoIFp3XSc2XkaU4VSwSamXaBYTOiZD1rVUkpBpL5udO8EnVhngIFK2pMEz9fdERkKt09C3nSExI73oTcX/vG5igksv4zJODJN0vihIBDYRnv6OB1wxakRqCaGK21sxHRFFqLEJlWwI7uLLy6R1VnXPq7X7WqV+ncdRhCM4hlNw4QLqcAsNaAKFMTzDK7yhGL2gd/Qxby2gfOYQ/gB9/gDlNI9G</latexit>

J0y :

Figure 2. Evolution of the magnitude and different components of J0i with the initial condition
in (4.39) in the D1 case, for any plane orthogonal to the u-direction in which the initial charge density
points. We set the parameter values φ = π/4, σ = 1, D∥ = 8, D⊥ = 1, and D̃⊥ = 4.

with σ⊥
ab having a new Hall-like term, which leads to a current density Jzx (Jzy) in response

to a higher-form electric field Ezy (Ezx). This term involving σ⊥
2 will lead to differences

in the dispersion relations and the equations of motion at quadratic order in momentum
relative to the D1 case.

4.2.1 Diffusion equations

Let us define χ⊥, χ∥, σ⊥
1 and σ∥ as in the D1 case, and

σ⊥
2 ≡ −pµ. (4.49)
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Figure 3. Evolution of the initial condition (4.44) in the D1 case. We show the dependence of the
charge density component J0y as a function of time along the z-axis in units of D = 1/4, J0 = 4 and
K = 1. Different instances of time (normalized by 4D∥K2 = 1) are plotted as different colors from red
at t = 0 to blue at t = 12. J0x and J0z remain zero at all points and all times.

Then the relevant parts of Jµν for understanding the equations of motion to order k3 are

J0z = aµ + χ∥fr0z, J0a = χ⊥fr0a, (4.50)
Jza = −σ⊥

1 (∂zfr0a − ∂afr0z) − σ⊥
2 ϵab(∂zfr0b − ∂bfr0z), (4.51)

Ĵz = −σ∥ϵab∂afr0b. (4.52)

where we have used (2.14) in Jza. The equations of motion then become

∂0J0z − σ⊥
1

[
1

χ⊥
∂2

z + 1
χ∥

∂2
a

]
J0z + σ⊥

2
χ⊥

ϵab∂a∂zJ0b = 0,

(4.53)

∂0J0a −
[

σ⊥
1

χ⊥
∂2

z + σ∥

χ⊥
∂2

b

]
J0a +

(
σ∥

χ⊥
− σ⊥

1
χ∥

)
∂a∂bJ

0b − σ⊥
2 ϵab

[
∂2

z

χ⊥
J0b + ∂b∂c

χ∥
J0c

]
= 0.

(4.54)

All three equations are now coupled. However, there should again be only two independent
modes due to the requirement that the charge density is divergenceless. Indeed, acting with
∂z on (4.53) and acting with ϵca∂c on (4.54), we find that

(∂0 + D)

Q1

Q2

 = 0, D =

D11 D12

D21 D22

 , (4.55)

where

Q2 ≡ ϵca∂cJ
0a, Q1 ≡ ∂aJ0a = −∂zJ0z, (4.56)

D11 = −σ⊥
1

[
1

χ⊥
∂2

z + 1
χ∥

∂2
a

]
= σ⊥

1

[
1

χ⊥
k2

z + 1
χ∥

k2
a

]
, D12 = −σ⊥

2
χ⊥

∂2
z = σ⊥

2
χ⊥

k2
z (4.57)

D21 = σ⊥
2

(
∂2

z

χ⊥
+ ∂2

a

χ∥

)
= −σ⊥

2

(
k2

z

χ⊥
+ k2

a

χ∥

)
, (4.58)

D22 = − 1
χ⊥

[
σ⊥

1 ∂2
z + σ∥∂2

b

]
= 1

χ⊥

[
σ⊥

1 k2
z + σ∥k2

b

]
. (4.59)

– 24 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
4

Requiring that the determinant of the coefficient matrix of the system of equations (4.55)
vanishes, we obtain the dispersion relation

ω = −i
D11 + D22 ±

√
(D11 − D22)2 + 4D12D21

2 (4.60)

= −i
σ⊥

1
χ⊥

k2
z − i

2

(
σ∥

χ⊥
+ σ⊥

1
χ∥

)
k2

a ∓ i

2

√√√√( σ∥

χ⊥
− σ⊥

1
χ∥

)2

(k2
a)2 − 4

(
σ⊥

2
χ⊥

)2(
k2

z + χ⊥
χ∥

k2
a

)
k2

z .

The quantity inside the square root of (4.60) can in principle be negative, and thus the right
hand side of (4.60) can contain a real part.

4.2.2 Real time evolution in the D2 case

Similar to the discussion around (4.32) and (4.33), we can decompose a general initial charge
density in momentum space along two modes ẽ1 and ẽ2, which can be deduced from the
eigenvectors of D. The dispersion relations ω1,2(k) for these modes are given by the two
values in (4.60).

For an initial condition pointing entirely in the µi direction, the new contribution to
the equations of motion from σ⊥

2 does not lead to any new effects, and we still see isotropic
time-evolution without any change in the direction of the charge density.

If we consider an initial condition with a Gaussian cylinder along the y-axis and pointing
in the y-direction as in (4.37), we now see qualitatively new effects in the time-evolution
compared to the D1 case. Unlike in the evolution for that case, shown in figure 1, we now find
in the presence of σ

∥
2 that J0x and J0z both develop non-zero values under time-evolution

and subsequently diffuse. See figure 4.
As another example with a striking difference from the case with all discrete symmetries

preserved, consider the initial charge density pointing in the y-direction and with a cosine
dependence on the z coordinate, as in (4.45). Now since J0a is dependent only on z and
J0z = 0, the dispersion relation from (4.55) simplifies, and we have

ω = −i
σ⊥

1 ± iσ⊥
2

χ⊥
k2

z , (4.61)

which can also be obtained by setting ka → 0 in (4.60). The corresponding modes in this
case also become simple, and are given respectively by

ẽ1
i = (1, i, 0), ẽ2

i = (1,−i, 0). (4.62)

Decomposing the initial condition (4.45) along these modes and evolving in time, we see a
“circular diffusion” pattern with a complex diffusion constant,

J0i(t, x) = J0 cos(Kz) e−D∥K2t

[
− sin

(
σ⊥

2
χ⊥

K2t

)
δix + cos

(
σ⊥

2
χ⊥

K2t

)
δiy

]
. (4.63)

This time evolution is shown in figure 5 and 6, and should be contrasted with the simple
exponentially decaying behaviour in figure 3 for the theory with all discrete symmetries
preserved, where we see no change in the direction of the charge density.

– 25 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
4

|"!"| ∶

"!# ∶

"!$:

"!% ∶

!
% = 0 % = 0.1 % = 0.5

"
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t = 0
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<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="zqhdi3dtHofUXrP2zcezdg2eUqQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgKSRS1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa3Tdb6u0tr6xuVXeruzs7u0fVA+PWjrJFGU+TUSiOiHRTHDJfOQoWCdVjMShYO1wfDfz209MaZ7IR5ykLIjJUPKIU4JG8vHGdbx+teY67hz2KvEKUoMCzX71qzdIaBYziVQQrbuem2KQE4WcCjat9DLNUkLHZMi6hkoSMx3k82On9plRBnaUKFMS7bn6eyInsdaTODSdMcGRXvZm4n9eN8PoOsi5TDNkki4WRZmwMbFnn9sDrhhFMTGEUMXNrTYdEUUomnwqJgRv+eVV0rpwvEun/lCvNW6LOMpwAqdwDh5cQQPuoQk+UODwDK/wZknrxXq3PhatJauYOYY/sD5/AK8WjfU=</latexit>

t = 0.1
<latexit sha1_base64="SH8NmElYCdemdbCOni7ul6xCSM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgKSTi10UoevFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBNbrut1VaWV1b3yhvVra2d3b3qvsHTZ1kijKfJiJR7ZBoJrhkPnIUrJ0qRuJQsFY4upv6rSemNE/kI45TFsRkIHnEKUEj+XjjOhe9as113BnsZeIVpAYFGr3qV7ef0CxmEqkgWnc8N8UgJwo5FWxS6WaapYSOyIB1DJUkZjrIZ8dO7BOj9O0oUaYk2jP190ROYq3HcWg6Y4JDvehNxf+8TobRdZBzmWbIJJ0vijJhY2JPP7f7XDGKYmwIoYqbW206JIpQNPlUTAje4svLpHnmeJfO+cN5rX5bxFGGIziGU/DgCupwDw3wgQKHZ3iFN0taL9a79TFvLVnFzCH8gfX5A7Umjfk=</latexit>

t = 0.5

<latexit sha1_base64="qjLGByIYn15FcjZdXTCsJr8GC80=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUfFU9CKeKtgPaNeSTbNtaDa7JFlhWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMPD8WXBvH+UaFldW19Y3iZmlre2d3r7x/0NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P76Z+u0npjSP5INJY+aFZCh5wCkxVmrfPWZOOrnqlytO1ZkBLxM3JxXI0eiXv3qDiCYhk4YKonXXdWLjZUQZTgWblHqJZjGhYzJkXUslCZn2stm5E3xilQEOImVLGjxTf09kJNQ6DX3bGRIz0oveVPzP6yYmuPQyLuPEMEnni4JEYBPh6e94wBWjRqSWEKq4vRXTEVGEGptQyYbgLr68TFpnVfe8WruvVerXeRxFOIJjOAUXLqAOt9CAJlAYwzO8whuK0Qt6Rx/z1gLKZw7hD9DnD+cCj0w=</latexit>

J0y :

<latexit sha1_base64="7JhjHLSYhHlbt+dSdfzntdPSnUg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqHgKehFPEcwDkhhmJ73JkNnZZWZWiEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7y48F18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRavpUo+ASa4Ybgc1YIQ19gQ1/eD3xG4+oNI/kvRnF2AlpX/KAM2qs1Lh9SN2n8WW3WHLL7hRkkXgZKUGGarf41e5FLAlRGiao1i3PjU0npcpwJnBcaCcaY8qGtI8tSyUNUXfS6bljcmSVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKT30mPK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/K3ln59O60VLnK4sjDARzCMXhwDhW4gSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH+iIj00=</latexit>

J0z :

<latexit sha1_base64="OPBvU0vMiw9qn9til/IymR0LMf8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqHgKehFPEcwDkhhmJ73JkNnZZWZWDEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7y48F18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRavpUo+ASa4Ybgc1YIQ19gQ1/eD3xG4+oNI/kvRnF2AlpX/KAM2qs1Lh9SN2n8WW3WHLL7hRkkXgZKUGGarf41e5FLAlRGiao1i3PjU0npcpwJnBcaCcaY8qGtI8tSyUNUXfS6bljcmSVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKT30mPK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/K3ln59O60VLnK4sjDARzCMXhwDhW4gSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH+V8j0s=</latexit>

J0x :

Figure 4. Evolution of the different components of J0i with the initial condition in (4.37) in the D2
case, with a Gaussian density centered on the y axis and pointing in the y direction. This should be
compared to the simple evolution for the same initial condition in figure 1 in the D1 case.

5 Corrections to diffusion at cubic order in momenta

So far, we have analysed the two possible types of diffusion behaviours resulting from the
effective actions up to weight 2. In this section, we will discuss the weight 3 terms that are
relevant for the linear response theory. Like in the discussion at the beginning of section 4,
we will consider the equations of motion up to linear order in fr0i and set a-fields to zero
in the constitutive relations. This means that in the most general effective action (A.13) of
appendix A (before assuming any particular choice of discrete symmetries), we can ignore
the C, Q, R, S, T terms, and consider

L(linear) = L(2) + FijkGa0i∂jGr0k (5.1)
+ MijkGa0iGajk + NijkGajk∂0Gr0i + OijkGa0i∂0Grjk (5.2)
+ UijklmGaij∂kGalm + VijklmGaij∂k∂0Grlm + Wijklm∂0Grij∂kGalm. (5.3)

In all cases, the KMS conditions will determine the tensors U and W in terms of V , and M and
N in terms of O. The precise relations, and whether some of the tensors (or their even and odd
parts under Gr0i → −Gr0i) get set to zero, will depend on the choice of discrete symmetries.
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Figure 5. (Left) Evolution of the initial condition in (4.44) in the D2 case, as dictated by eq. (4.63),
with the choice of parameters σ⊥

2 /χ⊥ = −4D∥ and in units of D∥ = 1/4, J0 = 4 and K = 1. We plot
the dependence of the charge density components J0x and J0y along the z-axis. Different instances of
time are plotted as different colors, organized according to hue — from red at t = 0 through yellow,
green and towards blue at t = 12. (Right) The components J0x and J0y plotted at z = 0 for different
times, which are represented by the same color coding as in the left panel. At t = 0, the charge density
is aligned with the y-axis (cf. eq. (4.44)).

Figure 6. Decaying circularly polarized J0i in the D2 case is plotted for the same parameter choice
and units as in figure 5. Different values of z are plotted as different colors for half a period of z ∈ [0, π]
with hue running from red at z = 0 to blue at z = π.
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The general correction to the constitutive relations from (5.1)–(5.3) takes the form

J0i = J0i
(2) + (Fijk + 2Oi[jk])∂jGr0k, (5.4)

J ij = J ij
(2) + 2Nk[ij]∂0Gr0k + 4(V[ij]k[lm] − W[lm]k[ij])∂k∂lGr0m, (5.5)

where Jµν
(2) refers to the constitutive relation from the weight 2 terms in the action, and we

have used (2.14) and kept only linear in fr0i terms.
Let us now write down a general expansion for each of the independent tensors F, O, V

appearing above, separating the terms which are even and odd under Gr0i → −Gr0i. (Note
that for instance F = F (e) + F (o).) Below all small alphabets other than the ki will refer
to arbitrary real functions of G2

r0i, and the ki are arbitrary real constants. We use the
notation ϵ̃ij = ϵijkGr0k.

Due to the KMS conditions in all cases, Fijk is antisymmetric under exchange of i and
k. The even and odd parts of the most general tensor of this kind are

F
(e)
ijk = k1(−ϵ̃ijGr0k + ϵ̃kjGr0i) + k2Gr0j ϵ̃ik, (5.6)

F
(o)
ijk = k3(Gr0iδjk − Gr0kδji). (5.7)

Next, consider the terms in (5.2). We can expand

O
(o)
ijk = l1Gr0jδik, (5.8)

O
(e)
ijk = l2Gr0iϵ̃jk + l3ϵijk. (5.9)

The same set of tensor structures appear in N
(o),(e)
ijk and M

(o),(e)
ijk , with coefficients that are

related to those in O in a way that depends on the KMS transformations. Finally, consider
the last line of (5.3). We have

V
(o)

ijklm = v1ϵ̃ikϵjlm + (v2δjkδlm + v3δjmδkl) Gr0i + (v4δilδjm + v5ϵ̃ij ϵ̃lm) Gr0k

+ v6Gr0iGr0kGr0lδjm + v7Gr0iGr0lGr0mδjk, (5.10)

and

V
(e)

ijklm = v8δklϵijm + v9δkmϵijl + (v10δjk ϵ̃lm + v11ϵ̃jkδlm + v12ϵ̃jmδkl)Gr0i + v13ϵ̃ijδklGr0m

+ v14Gr0iGr0kϵjlm + v15Gr0kGr0lϵijm + v16Gr0kGr0mϵijl + v17Gr0iGr0kGr0lϵ̃jm.

(5.11)

U and W have a similar structure, and the coefficients are related to those appearing in V .
By relating various terms above or setting them to zero according to the KMS conditions

given in appendix A, (5.6)–(5.11) together with the constitutive relations (5.4)–(5.5) can be
used to obtain dispersion relations ω(k) up to cubic order in k for the different symmetry
classes. More explicitly, we can invert the constitutive relation for J0i coming from (5.1)–
(5.3) to obtain an expression for fr0i in terms of J0i up to first order in spatial derivatives,
generalizing (4.50). By substituting this expression for fr0i into the constitutive relation
for J ij and using the current conservation equation (1.1), we get an equation involving
various derivatives of J0i up to weight 3, which can be used to derive ω(k). The resulting
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expressions are complicated in general and we do not write them down explicitly here, but
they can be simply worked out using this procedure for any particular application. Note
that since there are no weight 3 terms in L0, LP−,CT− , and LP−,T− , the dispersion relations
in these cases will not be corrected at cubic order. In the remaining cases, some of the
tensors appearing in the above expressions can drop out of the dispersion relations due to
cancellations between different terms in the equation of motion, even if they naively appear
in the effective action and constitutive relation.

6 The symmetry-broken phase with relativistic invariance: the Maxwell
theory of electrodynamics

Let us now turn to the setup where the one-form symmetry in the fluid is spontaneously
broken. As explained in [3], the effective field theory for a fluid with a spontaneously broken
symmetry can be formulated in terms of the same set of dynamical fields that appear in
the symmetry preserving phase, with the difference that we no longer impose the diagonal
gauge symmetry which allowed the different fluid elements to transform independently. In the
one-form context, this means that we should write down an effective action in terms of the
fields (2.4), but without imposing (2.10)–(2.12). Anticipating that we will set the external
sources bµν to zero so that Grµν and Gaµν are both small, let us write down the “ar” part of
the effective action to quadratic order in Gµν and zeroth order in derivatives:

LSB = aGa0iGr0i + bϵijkGaijGr0k + cϵijkGa0iGrjk + dGaijGrij . (6.1)

If we further impose Lorentz-invariance, we must set d = −a/2 and c = −b. Then we get

LSB = −a

2GaµνGµν
r + b

2ϵµνρσGµν
a Gρσ

r , (6.2)

= −a

2GaµνGµν
r + b GaµνG̃µν

r , (6.3)

where we have used the flat Minkowski metric with the mostly positive signature, and G̃rµν

is the Hodge dual of Grµν ,

G̃rµν ≡ 1
2ϵµνρσGρσ

r . (6.4)

This leads to the following two-form current:

Jµν = −aGµν
r + 2bG̃µν

r . (6.5)

The relativistic effective theory with a broken one-form symmetry, expanded to leading
order in derivatives, is thus precisely the Maxwell theory of free photons (see also refs. [34–36]).
Note that, so far, we have not imposed any discrete symmetries, which is why the current
has two independent pieces. In the standard language, the effective action is

S =
∫

d4x

(
− 1

4e2 FµνF µν + 1
2g2 FµνF̃ µν

)
, (6.6)
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where Fµν = ∂µaν − ∂νaµ is the electromagnetic field strength and its Hodge dual is F̃ µν =
1
2ϵµνρσFρσ. In terms of our effective action, we can either choose to identify

Gµν = Fµν or Gµν = F̃µν . (6.7)

Using the definition (2.4) in the absence of an external two-form bµν , we thus conclude that
the Stueckelberg field Aµ is either the photon aµ, or by writing F̃µν = ∂µãν − ∂ν ãµ, the
magnetic photon ãµ. The hydrodynamic gapless mode has become the Goldstone mode of
the spontaneously broken one-form symmetry: the photon. This is precisely analogous to
the situation with a spontaneously broken zero-form U(1) symmetry discussed in [3], where
the symmetry-broken phase is a superfluid.

7 Conclusions and discussion

In this paper, we provided a general classification of the effective actions for hydrodynamic
modes associated with a one-form U(1) symmetry, in a probe limit where the dynamics of
the one-form charge density is decoupled from that of the energy-momentum tensor. We
studied the two possible types of diffusion that can be exhibited by such a system depending
on whether or not it involves a charge conjugation symmetry, deriving both the dispersion
relations and the real-time evolution of various initial configurations. We presented the terms
that can give corrections to the dispersion relations at cubic order, which take different
forms depending on the precise discrete symmetries present in the system such as parity,
time-reversal, and charge conjugation. We also derived the effective action in the case where
the one-form symmetry is spontaneously broken, and showed that it reduces to the Maxwell
action, providing an explicit realization of the idea that the photon is the Goldstone boson
associated with spontaneous breaking of a one-form symmetry.

One physical application of these effective actions, which we discussed in detail in [1], is
to the case of neutron stars. An interesting future direction would be to find other concrete
physical realizations of the various discrete symmetry classes discussed in this paper, for
example in various exotic condensed matter systems. While the weight 2 terms in the
effective actions fell into just two cases for all discrete symmetry cases, the weight 3 terms
can further distinguish the hydrodynamic behaviours for the different discrete symmetries at
next-to-leading order. It would be interesting to better understand the physical consequences
of the various weight 3 terms, both for the dispersion relations and for the real-time evolution
of initial charge densities.

Acknowledgments

The work of SG was supported by the STFC Ernest Rutherford Fellowship ST/T00388X/1.
The work is also supported by the research programme P1-0402 and the project N1-0245 of
Slovenian Research Agency (ARIS). SV is supported by Google. HL is supported by the
Office of High Energy Physics of U.S. Department of Energy under grant Contract Number
DE-SC0012567 and DE-SC0020360 (MIT contract # 578218).

– 30 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
4

A Deriving the effective actions

As discussed in the main text, when doing the derivative counting, we should assign weight
2 to ∂0, weight 1 to ∂i, and weight 0 to Gr0i. Under this assignment, Grij , Ga0i, Gaij have
respective weights −1, 2, 1. Recall that each term in the action must have at least one a-field,
and that Grij can appear either as ∂0Grij , which has weight 1, or Hrijk, which has weight
0. Hrijk can therefore appear an arbitrary number of times. For the purpose of finding the
dispersion relations, we can set external sources to zero, so we will not explicitly write down
terms involving Hrλµν . Recall that in the absence of external sources,

∂0Grij = 2∂[iGr0j], H0ijk = 0. (A.1)

The form on the l.h.s. will be more useful for the purpose of imposing the dynamical KMS
relations, so we will not write down explicit terms involving ∂[iGr0j] in the action. Note that
we should explicitly include terms involving the symmetric combination ∂(iGr0j).

In the expressions below, tensors such as Bij , Ai, Dijkl, and so on are all constructed
from arbitrary combinations of Gr0i, δij , and ϵijk and have weight zero. We can see under
the above constraints that the only term of weight 1 that can appear in the action is

L(1) = BijGaij . (A.2)

The terms of weight 2 are:

L(2) = AiGa0i + DijklGaijGakl + PijklGaij∂0Grkl + EijklGaij∂(kGr0l). (A.3)

The terms of weight 3 are:

L(3) = FijkGa0i∂jGr0k

+ KijklmGaij∂k∂(lGr0m)

+ LijklmnGaij∂(kGr0m)∂(lGr0n)

+ MijkGa0iGajk + NijkGajk∂0Gr0i + OijkGa0i∂0Grjk

+ UijklmGaij∂kGalm + VijklmGaij∂k∂0Grlm + Wijklm∂0Grij∂kGalm

+ CijklmnGaijGakl∂(mGr0n) + QijklmnGaij∂0Grkl∂(mGr0n)

+ RijklmnGaijGaklGamn + SijklmnGaijGakl∂0Grmn + TijklmnGaij∂0Grkl∂0Grmn.

(A.4)

Let us now impose invariance under the various dynamical KMS transformations to the
above actions. For this purpose, it is useful to divide each of the above coefficient tensors
into a part which is even and a part which is odd under Gr0i → −Gr0i. We will label
these parts with (e) or (o) superscripts. We will see below that the only terms that can be
written down in Aij and Bi are odd, and Dijkl is purely even, but all other coefficients can
in principle have both even and odd parts before imposing the dynamical KMS conditions.
In (A.2)–(A.4), we have written all terms whose KMS transformations can cancel with each
other in a single line. For the terms which appear by themselves in a single line (i.e., they
cannot combine with other terms to satisfy the KMS conditions), the part which changes

– 31 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
4

sign under the KMS transformation (which can be either the even or the odd part depending
on the symmetry) must be set to zero. The remaining terms, which do not change sign, can
be non-zero if there is a way for the change under the KMS transformation to combine into
a total derivative of the form ∂µXµ for some vector Xµ. Note that the W term is related
to the Q and T terms by integration by parts, but it is useful to write it separately for the
purpose of imposing the KMS conditions.

Let us first discuss the KMS conditions which apply in all four cases (2.27)–(2.28). In
the points below, all coefficients labelled by small alphabets can be arbitrary functions of
G2

r0i, and we introduce the notation ϵ̃ij = ϵijkGr0k.

1. Bij can be expanded in the most general case to

Bij = bϵ̃ij . (A.5)

Under KMSI and KMSII , this term changes sign, and hence must be set to zero. Under
KMSIII and KMSIV ,

bϵijkGr0kGaij → bϵijkGr0kGaij + bϵijkGr0k∂0Grij . (A.6)

The second term cannot be written in the form ∂µXµ, so we set b = 0 in all cases.

2. The most general form of Ai is
Ai = aGr0i. (A.7)

Under any of the four KMS transformations, this term transforms as

aGr0iGa0i → aGr0iGa0i + aGr0i∂0Gr0i. (A.8)

The second term is always a total derivative,

aGr0i∂0Gr0i = 1
2∂0α, α(g) =

∫ g

0
dg′a(g′). (A.9)

so this term is present in all cases with an arbitrary coefficient a.

3. The most general Dijkl terms are

Dijkl = i(d δikδjl + d̃ ϵ̃ij ϵ̃kl)GaijGakl. (A.10)

Dijkl and P
(e)
ijkl transform in the same way under all four KMS transformation (2.27)–

(2.30), and from this transformation we get the constraint

P (e) = iβ0D. (A.11)

P
(o)
ijkl consists of a single term

P
(o)
ijkl = p δik ϵ̃jl, (A.12)

which transforms differently in the different cases, and the KMS conditions for this
term will be discussed below.
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4. The Eijkl, Kijklm, and Lijklmn terms are always set to zero by the KMS conditions.
Either the even or the odd part of these terms will change sign under each KMS
transformation and hence be set to zero. The remaining part contains a new term
which cannot in general be combined into a total derivative.

Based on the above conditions, the effective Lagrangian L(2) up to weight 2 is always
given by either (3.15) or (3.16). The general form of the weight 3 part of the Lagrangian is

L(3) = FijkGa0i∂jGr0k

+ MijkGa0iGajk + NijkGajk∂0Gr0i + OijkGa0i∂0Grjk

+ UijklmGaij∂kGalm + VijklmGaij∂k∂0Grlm + Wijklm∂0Grij∂kGalm

+ CijklmnGaijGakl∂(mGr0n) + QijklmnGaij∂0Grkl∂(mGr0n)

+ RijklmnGaijGaklGamn + SijklmnGaijGakl∂0Grmn + TijklmnGaij∂0Grkl∂0Grmn.

(A.13)

We will analyse the KMS conditions further in each of the four cases.

A.1 Invariance under KMSI

In this case, the KMS transformation is

KMSI : G̃a0i(−t, x) = −Ga0i(x) − iβ0∂0Gr0i(x), G̃r0i(−t, x) = −Gr0i(x),
G̃aij(−t, x) = Gaij(x) + iβ0∂0Grij(x), G̃rij(−t, x) = Grij(x). (A.14)

We get the following conditions on L1:5

p is unconstrained, (A.15)

F (o) = 0, (A.16)

F (e) is a constant independent of G2
r0i, and F

(e)
ijk = −F

(e)
kji , (A.17)

M (e) = 0, (A.18)

O(e) = −N (e), (A.19)

O(o) = N (o) = iβ0
2 M (o), (A.20)

U (o) = 0, (A.21)

V (o) = −W (o), (A.22)

V (e) = W (e) = iβ0
2 U (e), (A.23)

Q(o) = iβ0C(o), (A.24)

C(e) = 0, (A.25)

Q
(e)
ijklmn = −Q

(e)
klijmn, (A.26)

S(e) = 3
2 iβ0R(e), T (e) = −β2

0
2 R(e), (A.27)

5Note that the constraint we find on F (e) here, and other similar constraints on F in other cases, are one
possible way of ensuring the KMS conditions, but might not be the most general solution.
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R(o) = 0, (A.28)

T (o) = iβ0S(o). (A.29)

So for this case, we end up with the following Lagrangian:

L(2)
T− = L(2)

D2, (A.30)

and

L(3)
T− = F

(e)
ijk Ga0i∂jGr0k

+ O
(o)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ O

(e)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(e)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ V

(o)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ C
(o)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ Q
(e)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(e)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
+ S

(o)
ijklmn(GaijGakl∂0Grmn + iβ0Gaij∂0Grkl∂0Grmn), (A.31)

where we should remember the constraints (A.17) and (A.26) on F (e) and Q(e).

A.2 Invariance under KMSII

In this case, the KMS transformation is

KMSII : G̃a0i(−t, x) = Ga0i(x) + iβ0∂0Gr0i(x), G̃r0i(−t, x) = Gr0i(x),
G̃aij(−t, x) = −Gaij(x) − iβ0∂0Grij(x), G̃rij(−t, x) = −Grij(x). (A.32)

We get the following conditions:

p = 0, (A.33)
F is a constant independent of G2

r0i, and Fijk = −Fkji, (A.34)
M = 0, (A.35)
O = −N, (A.36)

V = W = iβ0
2 U, (A.37)

Q = iβ0C, (A.38)

S = 3
2 iβ0R, T = −β2

0
2 R, (A.39)

from which the Lagrangian is

L(2)
CT− = L(2)

D1, (A.40)
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and

L(3)
CT− = FijkGa0i∂jGr0k

+ Oijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ Vijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ Cijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))

+ Rijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
,

(A.41)

where we should remember the constraint (A.34).

A.3 Invariance under KMSIII

In this case, the KMS transformation is

KMSIII : G̃aµν(−t,−x) = Gaµν(x) + iβ0∂0Grµν(x), G̃rµν(−t,−x) = Grµν(x). (A.42)

In this case, we get the conditions

p = 0, (A.43)
F = 0, (A.44)

O = N = iβ0
2 M, (A.45)

U = 0, (A.46)
W = −V, (A.47)
C = 0, (A.48)
Qijklmn = −Qklijmn, (A.49)

S = 3
2 iβ0R, T = −β2

0
2 R. (A.50)

We find that

L(2)
CP−T− = L(2)

D1, (A.51)

and

L(3)
CP−T− = Oijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ Vijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)
+ QijklmnGaij∂0Grkl∂(mGr0n)

+ Rijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
.

(A.52)
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A.4 Invariance under KMSIV

In this case, the KMS transformation is

KMSIV : G̃aµν(−t,−x) = −Gaµν(x) − iβ0∂0Grµν(x), G̃rµν(−t,−x) = −Grµν(x), (A.53)

We get the following conditions:

p is unconstrained, (A.54)

F (e) = 0, (A.55)

F (o) is a constant independent of G2
r0i, and F

(o)
ijk = −F

(o)
kji , (A.56)

M (o) = 0, (A.57)

O(o) = −N (o), (A.58)

O(e) = N (e) = iβ0
2 M (e), (A.59)

U (e) = 0, (A.60)

V (e) = −W (e), (A.61)

V (o) = W (o) = iβ0
2 U (o), (A.62)

Q(e) = iβ0C(e), (A.63)

C(o) = 0, (A.64)

Q
(o)
ijklmn = −Q

(o)
klijmn, (A.65)

S(o) = 3
2 iβ0R(o), T (o) = −β2

0
2 R(o), (A.66)

R(e) = 0, (A.67)

T (e) = iβ0S(e). (A.68)

The Lagrangian is then

L(2)
P−T− = L(2)

D2, (A.69)

and

L(3)
P−T− = pδik ϵ̃jlGaij∂0Grkl

+ F
(o)
ijk Ga0i∂jGr0k

+ O
(e)
ijk

(
−i

2
β0

Ga0iGajk + Gajk∂0Gr0i + Ga0i∂0Grjk

)
+ O

(o)
ijk(Ga0i∂0Grjk − Gajk∂0Gr0i)

+ V
(o)

ijklm

(
−i

2
β0

Gaij∂kGalm + Gaij∂k∂0Grlm + ∂0Grij∂kGalm

)
+ V

(e)
ijklm(Gaij∂k∂0Grlm − ∂0Grij∂kGalm)

+ C
(e)
ijklmn(GaijGakl∂(mGr0n) + iβ0Gaij∂0Grkl∂(mGr0n))
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+ Q
(o)
ijklmnGaij∂0Grkl∂(mGr0n)

+ R
(o)
ijklmn

(
GaijGaklGamn + 3

2 iβ0GaijGakl∂0Grmn − β2
0

2 Gaij∂0Grkl∂0Grmn

)
+ S

(e)
ijklmn(GaijGakl∂0Grmn + iβ0Gaij∂0Grkl∂0Grmn). (A.70)
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