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ABSTRACT: We compute scalar static response coefficients (Love numbers) of non-dilatonic
black p-brane solutions in higher dimensional supergravity. This calculation reveals a fine-
tuning behavior similar to that of higher dimensional black holes, which we explain by
“hidden” near-zone Love symmetries. In general, these symmetries act on equations for
perturbations but they are not background isometries. The Love symmetry of charged p = 0
branes is described by the usual SL(2,R) algebra. For p = 1 the Love symmetry has an
algebraic structure SL(2,R) x SL(2,R). The p = 0,1 Love symmetries reduce to isometries of
the near-horizon Schwarzschild-AdS, 2 metric in the near-extremal finite temperature limit.
They further reduce to the AdS, 1 isometries in the extremal zero-temperature limit. We call
this process geometrization. In contrast, for the p > 1 cases, the Love symmetry is always an
SL(2,R), and there is no limit in which it becomes geometric. We interpret geometrization and
its absence as a consequence of the local equivalence between the Schwarzschild-AdS,;» and
pure AdS, 2 spaces for p = 0,1, which does not hold for p > 1. We also show that the static
Love numbers of extremal p-branes are always zero regardless of spacetime dimensionality,
which contrasts starkly with the non-extremal case. Overall, our results suggest that the
Love symmetry is hidden by nature, and it can acquire a geometric meaning only if the
background has an AdSs or AdSs limit.
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1 Introduction

The detection of gravitational waves from black hole mergers with the LIGO-Virgo-KAGRA
detectors [1, 2] has started a new era in experimental gravitational physics. The sensitivity

of these experiments to tidal deformation [3] and heating [4] of relativistic compact bodies

stimulated a boom in theoretical research of these phenomena; for instance, besides probing

the internal structure of the involved compact bodies, tidal response effects have been proposed

for testing strong-field gravity phenomena [5-8] as well as for lifting astrophysical measurement

degeneracies via “I-Love-Q” relations [9-15]. In particular, the tidal deformation of black

holes parameterized by the tidal Love numbers (LNs), has become a new hot topic. The



leading order (static) induced deformations of Schwarzschild [16-19] and Kerr [20-23] black
holes in four dimensional general relativity were found to vanish identically.! This represents
a formidable fine-tuning problem? in the context of effective field theory of inspiraling
binaries [38—43|, which is a systematic tool for precision gravitational waveform calculations.

Recently, this naturalness problem has been resolved by the discovery of the Love
symmetry [44, 45]. The Love symmetry is a symmetry of black hole perturbations, which
provides an algebraic constraint forcing the black hole LNs to vanish. The algebraic structure
of this symmetry is SL(2,R). The Love symmetry only acts at the level of perturbations,
not the black hole background itself. As such, it is dubbed a “hidden” symmetry.3

The discovery of the Love symmetry has left many open questions. It is unclear what is
the physical origin of this symmetry, and if it can have a robust geometric interpretation.*
The original work [45] showed that the Love symmetry is tighly connected with the well known
near-horizon extremal (NHE) isometries of extremely charged (Reissner-Nordstrom) and
extremely rotating (Kerr) black holes. For the charged black holes, the Love symmetry exactly
reduces to the NHE in the appropriate scaling near-horizon limit. For the rotating black holes,
the Love symmetry is part of a larger symmetry algebra SL (2, R) x U(1), which also contains
the Starobinsky symmetry [44] and the Bardeen-Horowitz NHE isometry [56, 57] as subgroups.
Further connections between the Love symmetry and the near-horizon isometries of near-
extremal Kerr Taub-NUT black holes have been discovered in ref. [58]. These results point
to a deep connection between the Love symmetries and near-horizon isometries, which has
not been fully uncovered yet. Our work makes a further step in this direction by considering
Love numbers and Love symmetries of black p-branes in higher dimensions.

In the past studies, higher dimensional black holes have provided a powerful tool to
understand LNs in the physical four-dimensional case. The first relevant observation to
solving the Love number paradox was the absence of fine-tuning for static black holes in higher
spacetime dimensions D for some multipole numbers [19, 59]. In addition, the higher-D
black hole LNs provide a clear cut argument why their vanishing in D = 4 is not directly
related to the no-hair theorem [45]. The recent study of Myers-Perry BHs [60, 61] showed
that the vanishing of LNs of rotating and static black holes in general require different
selection rules, which hints at extra coincidences behind the vanishing of LNs for Kerr and
Schwarschild black holes in four dimensions.

These insights from higher dimensional black holes along with the connection between

!Beyond the setup of an asymptotically flat and isolated general-relativistic black hole, the static Love
numbers are in general non-zero, but are still expected to be small. Such deviations probe the environment of
the black hole or even beyond-GR physics [7, 24-26] and their imprint on gravitational wave detectors can be
magnified in extreme-mass-ration-inspirals [27, 28].

2The next-to-leading order, “dynamical” LNs are not zero for both Schwarzschild [29] and Kerr [23] black
holes, see also refs. [30, 31] for recent analyses based on scattering amplitudes. The dynamical LNs are not zero,
and hence do not require any symmetry. On the other hand, a recent burst on non-perturbative computations
has demonstrated the vanishing of the non-linear static and axisymmetric LNs of both Schwarzschild and
Kerr black holes [32-37].

3See refs. [46-52] for different proposals.

4The hidden symmetries may be interpreted in the context of “effective geometries” [53-55], which, however,
are not directly related to the underlying background geometries besides a defining connection with the
thermodynamic properties of the horizon.



the Love symmetry and the extremal near-horizon isometries motivates looking into higher-
dimensional p-brane solutions. These solutions have a richer geometric structure than
black holes, and we may hope that this structure has distinctive effects on black p-brane
perturbations and their hidden symmetries. In addition, the study of p-brane solutions
may give new insights into the role of hidden symmetries, such as the Love symmetry, in
holographic models where p-branes play a crucial role, see e.g. [62] for a classic review of
the AdS/CFT correspondence.

The connection between the Love symmetry and NHE isometries suggests a conjecture
that the Love symmetries of p-branes should “inherit” the geometric structure of the extremal
near-horizon regions. This is also natural from the holographic point of view. In holographic
setups, vacuum solutions enjoy conformal symmetries, which get broken spontaneously by
excited states, i.e. gravity solutions at a finite Hawking temperature. This spontaneous
breaking of conformal symmetry parallels the transition of the Love symmetry from being an
exact isometry of the near-horizon region to becoming a hidden symmetry of perturbations
only. This argument suggests that we should think of the Love symmetry as a spontaneously
broken NHE isometry. This conjecture predicts that the p-branes should feature Love
symmetries that should match underlying conformal symmetries of the vacuum solutions.
Since the extremal p-branes posses SO (p + 1, 2; R) isometries in their near-horizon regions,
one might expect the corresponding hidden Love symmetries to have the same algebraic
structure. Testing this conjecture is the main goal of our work.

To that end, we consider responses of non-dilatonic black p-branes to external test
scalar fields. The non-dilatonic p-branes represent special supergravity solutions that are not
typically discussed in the holographic models. However, in contrast to more familiar p-branes
that appear in the low-energy description of string theory, the non-dilatonic solutions do
not have curvature singularities at the horizon in the extremal limit (when the brane mass
is equal to its charge). In this sense the non-dilatonic p-branes appear as a more natural
generalization of black holes for the purpose of tidal LN’s studies. Note however that the
p = 3 non-dilatonic solution is identical to the usual self-dual D = 10 threebrane since the
latter features a constant (and consequently non-singular) dilaton profile. In addition, the
non-dilatonic p = 1 brane is identical to the well known self-dual D1-D5 brane in D = 11.
These two cases allow us to cover two familiar solutions relevant in the holographic context.

Our paper is structured as follows. We summarize our key results in section 2. Then in
section 3 we discuss in detail the case of Reissner-Nordstréom black holes in D dimensions.
Their perturbations posses SL (2, R) Love symmetry, which we relate to the near-extremal
near-horizon isometries in the appropriate finite temperature scaling limit introduced first
by Maldacena [63]. This allows us to establish the first direct geometric interpretation of
the Love symmetries. We move on to the case of black p-branes in section 4. There, we
define scalar LNs of p-branes using world-volume effective field theory, and match them from
classical supergravity calculations. We find that scalar LNs are fine-tuned from the EFT
perspective, and this fine-tuning can be explained by the hidden Love symmetry of black
branes’ perturbations. The Love symmetry of black strings (p = 1) is a SL (2, R) x SL (2, R)
symmetry which matches the above conjecture on the relationship to the extremal near-
horizon isometries. For p > 1, however, the only hidden symmetry one can find is an



SL (2, R) symmetry similar to the usual Love symmetry of higher-dimensional black holes.
We also show that the scalar LNs of extremal p-branes are always zero regardless of p and
D. Section 5 discusses the near-horizon near-extremal (NNHE) limit of black p-branes in
which their geometry becomes that of the p 4+ 2 dimensional Schwarzschild-Anti-de-Sitter
(SAdS) solution. For p = 0,1 SAdS,;» is isomorphic to the vacuum AdS, 2 which explains
the existence of the AdS,;2 Killing vectors associated with the Love symmetry. For p > 1,
however, SAdS, 12 is not diffeomorphic to AdS,;2, and hence the near-horizon region does not
generate an enhanced symmetry. For these solutions, the Love symmetry also does not reduce
to the vacuum AdS, s isometry in the extremal limit. This suggests that the geometric
interpretation of the Love symmetry is possible only for p = 0,1 solutions thanks to the
diffeomorphism between the relevant AdS and SAdS spaces. For general p, the Love symmetry
exists only as a hidden symmetry without an explicit “embedding” into the background
geometry in any limit. Finally, we draw conclusions in section 6.

2 Summary of main results

We start with a brief summary of the main results of our paper.

1. Scalar Love numbers of black p-branes. We have computed the scalar polarizability
of black p-branes in classical (super)gravity, i.e. a response of the black brane to an external
scalar probe field. We define them in analogy with scalar Love numbers of asymptotically flat
black holes, using the world-volume formalism. The Love numbers are Wilson coeflicients of
the effective world-volume action, which we determine by matching scalar response calculations
in the EFT and full supegravity. The scalar and homogeneous-along-the-brane Love numbers
(SLNs) appear to be identical to those of higher-dimensional black holes, but with the number
of spacetime dimensions shifted by the brane codimension p. Specifically, the behaviour of
p-brane SLNs depends on a generalized angular momentum ¢ = ¢ /(D — 3 — p), where ¢ is the
orbital number of perturbations in the spherically-symmetric D — 3 — p dimensional space
transverse to the brane. SLNs are zero, run logarithmically, or non-zero constants provided
that ¢ is integer, half-integer, or a generic number, respectively.

We define an analog of the near-zone region for p-branes w.r.t. to the asymptotically flat
spherically symmetric extra dimensions. We show that within the near-zone approximation,
the Love numbers are zero even for external fields that are non-static and non-homogeneous
w.r.t. brane dimensions (i.e. having non-zero wave-vectors k|| along the brane). This is
the p-brane analog of the statement that the dynamical Love numbers of static black holes
are zero within the near-zone approximation. In what follows, we call perturbations with
k| = 0 brane-homogeneous.

2. Scalar LNs of extremal p-branes. For extremal p-branes (when its mass and charge
satisfy the extremality condition), the scalar Love numbers are always zero regardless of the
number of spacetime dimensions D or brane codimensionality p. This also holds true for
the higher-dimensional Reissner-Nordstrom black holes. In the extremal case, the p-branes
acquire an enhanced conformal SO (p + 1,2;R) symmetry in the near-horizon region. This
symmetry continues to exist at the level of scalar perturbations in the near-zone region,



i.e. beyond the original near-horizon setup. We show that the static and homogeneous
perturbations are primary vectors in the highest weight representation of this conformal
symmetry, which produces solutions with zero Love numbers for any /.

3. Love symmetries of black p-branes. The intricate behaviour of static SLNs for non-
extremal black p-branes can be explained as a selection rule imposed by a hidden symmetry
of p-brane perturbations, Love symmetry. This is the symmetry of the equations of motion
for perturbations that appears in the near-zone approximation. For p = 0, this is the usual
higher-dimensional SL (2, R) Love symmetry presented previously in [23, 44, 45|, which is an
isometry group of the AdSs space. For p = 1 (black strings) we present a new generalized
Love symmetry whose algebraic structure is SL (2, R) x SL(2,R). This is the isometry group
of AdS3. Within the near-zone expansion, the black string Love symmetry is formally valid
even for perturbations that are dynamical and brane-inhomogeneous.

For p > 1, we were able to identify a hidden local symmetry for the near-zone p-
brane perturbations only if they are brane-homogeneous. (Despite the fact that they are
still integrable in the near-zone even if they are brane-inhomogeneous.) In that case, the
symmetry structure is SL (2,R) similar to the Love symmetry of black holes. We call it
“homogeneous” Love symmetry.

4. Love symmetry of black strings (p = 1). The properties of the black string Love
symmetry SL (2,R) x SL(2,R) are very similar to those of the black hole Love symmetry
SL (2,R). It outputs the vanishing of black string Love numbers as a result of the highest
weight property of the relevant SL (2,R) x SL (2, R) representation that contains the static
and brane-homogeneous solution. Moreover, in the extremal near-horizon limit implemented
by means of the standard scaling transformations, the Love symmetry reduces to the AdSs
isometry of the black string near-horizon region. The latter is the well known AdS3; geometry
of the BTZ black holes used in many holographic constructions.

5. Geometrization of Love Symmetry for p = 0,1: reduction to near-horizon
near-extremal isometries. Black p-branes have an interesting near-extremal limit at a
formally finite Hawking temperature, introduced by Maldacena. In this limit, the near-
horizon region of p-branes, orthogonal to the asymptotically flat dimensions, acquires the
p + 2 dimensional Schwarzschild-AdS,;2 (SAdSp,y2) geometry. For p = 0,1, SAdS,12 is
diffeomorphic to AdS,;2. This means that in the near-extremal near-horizon (NNHE)
Maldacena limit, the p = 0, 1 black branes acquire extra symmetries associated with AdS-like
Killing vectors, at a finite Hawking temperature. These Killing vectors match the Love
symmetry vectors. Thus, within the NNHE geometries, one can interpret the appearance
of the Love symmetry Killing vectors as a result of the diffeomorphism between AdS and
SAdS spaces.

It is instructive to approach this problem from the opposite end, i.e. taking the NNHE
limit of the Love symmetry generators. Then one can conclude that the hidden Love
symmetries acquire a direct geometric interpretation of black p = 0,1 branes’ near-horizon
isometries in the near-extremal limit. We call this phenomenon “geometrization.” We show
how the Love symmetries, now being spacetime symmetries, impose geometric constraints on



black hole and black strong perturbations. In particular, we show how SL (2, R) x SL (2, R)
representation theory dictates the spectrum of black string quasinormal modes.

6. Obstruction to geometrization of Love Symmetry for p > 1. Unlike the black hole
and black string cases, there is no general hidden symmetry of black p-branes valid in the near-
zone for brane-inhomogeneous fluctuations. There is only the “homogeneous” black p-brane
Love symmetry, but it does not reduce to an exact geometric symmetry in near-extremal or
extremal near-horizon limits. In other words, geometrization happens in no limit for p > 1.

From the NNHE geometric perspective, the absence of “large” Love symmetries can be
linked to the fact that the near-horizon SAdS, 2 factor of near-extremal black p-branes does
not generate new Killing vectors, i.e. SAdS,42 is not diffeomorphic to the AdS, 2 space.
Since the Love symmetry is SL(2,R), one cannot match it with the underlying geometry.
We present an explicit proof of this statement.

On the opposite end, if we start with the Love symmetry for a general p case, we see
that in contrast to the p = 0,1 branes, the p > 1 SL(2,R) Love symmetry does not get
geometrized in the NNHE limit. This suggests that the existence of the Love symmetry for
brane-inhomogeneous perturbations and its consequent geometrizations in the near-extremal
and extremal limits may be a coincidental artifact of a low co-dimensionality of p-branes.

3 Warmup: enhanced near-horizon symmetries of near-extremal
Reissner-Nordstrom black holes

Consider the geometry of an isolated, asymptotically flat and static black hole in General

Relativity, described by the D-dimensional spherically symmetric Reissner-Nordstom solution,
ds* = —f4 (r) f— (r) dt* + A +72d03

fy (r) f-(r) i1’

In the above expression, we have defined

fo(r)=1- (?)d . (3.1)

A

d=D-3 (3.2)

and dQ?er | is the metric on the unit radius (d 4 1)-sphere. The outer, event, (“+”) and inner,
Cauchy, (“—") horizons are related to the ADM mass M and the electric charge @ of the
black hole, as encoded in the Schwarzschild radius r; and the charge parameter rq,

i 167GM i 32m2GQ?
pi o J6nGM g SmCQT (33)
(d+1)Q,, dd+1)92
according to
- lpdy frod g2 (3.4)
ri=g | 72 ot :
with Qg = 27r(‘2+2)/2/f‘(%) the surface area of ! and we are working in CGS units.

The (absolute value of) the inverse surface gravity of the D-dimensional Reissner-Nordstrom



black hole at the outer horizon and inner horizon are given by

2 d 2r_  rd
6+ = H_T_l = ,r,\ # and B_ = —Hzl = 7; #, (35)
d rd —rd d rd —rd

respectively. These dictate the behavior of the tortoise coordinate, defined via dr, = ff%
in terms of the areal radius, near the horizons,

B+

r—ry
o~ E—1
r 5 I

as T — ri. (3.6)

T4
3.1 Near-extremal near-horizon region: equivalence to AdS.

Let us now study the limit of approaching the inner horizon, while keeping

e

I
as we send r— — 74 consistent with extremality. The Hawking temperature remains fixed
in this limit. We will refer to this limit as the Maldacena limit [63], see also refs. [64, 65].
Introducing the coordinate p = r?, the full geometry gets rewritten as

= fixed , (3.7)

ds? = —H (p) Z (p) dt + g2
622,02 H (p) Z (p) d+1’ (3 8)
F .
I
To parameterize the near-inner-horizon region, we use the variable
N %p f_p— (39)

and look at the z — oo behavior. In the Maldacena limit, the function H (p) behaves as

2

H(p) = ﬁ 1+o(=1)]. (3.10)

The resulting leading-order-in-z near-inner-horizon (NIH) geometry,

2 dz? 2
ds2uy = —CZZ;Q [—ZdtQ + | a0l Z =1 ﬁ—f (3.11)

with S_ the surface gravity of the D-dimensional Reissner-Nordstrom black hole at the inner

horizon, given in eq. (3.5), has the characteristic ~ z=2 behavior of an AdSs-like spacetime

in Poincaré coordinates. In fact, fixed points on the sphere charted by the (¢, z) coordinates,
b? dz? z

:2l—Zdt2+Z1 . Z=1-, (3.12)

2
ds\m X
Sd+1 z Zh

precisely lie on a 2-dimensional Schwarzschild-AdS (SAdSs) spacetime in Poincaré coordinates,
whose AdS radius b and event horizon location z, are given by

8- r_

Zh — —, b:T 313
h ; (3.13)



Interestingly, as noted in refs. [66, 67], the SAdSs geometry is isomorphic to the Poincaré
patch of pure AdSs. Indeed, introducing coordinates (7,7) according to

4
7= (2%_1> ’ ?2—% = L2/, (3.14)
z r

with L some arbitrary length scale, then

o di?

=2
=T a7 +b .
r

Sd+1 b2

The set of three Killing vectors {f/,l, Lo, f/+1} generating this pure AdSs factor are then
straightforward to write down

Lo=70; =70y, Li1 =0z, L_j= (i + %2> Oz — 277 0r . (3.16)
They satisfy an SL(2,R) algebra
[im,f]n} =(m—n)Lmyn, mmne{-1,0+1}, (3.17)
and their Casimir is given by
e 13 L (E b L) =00 - Lo (3.18)
2 T

The full isometry group of the NIH geometry is then SL (2,R) x SO (ci—l— 2), with SL (2, R)
generated by Ly, and the commuting SO (CZ + 2) amounting for the spherical symmetry of
the geometry. In the original (¢, p) coordinates, the full NIH geometry becomes

it = o | L d2 A2 A= 3.19
SN = | TR T TAT a1 o =(p—pt)(p—p-), (3.19)

the AdS, Killing vectors read®
Lo==B-0;, Lir=e*" [5VA0,+0,(VA) B0 (3.20)

and the corresponding SL (2,R) Casimir is rewritten as

2
MR _ g ng, - Pr PN g2 g0 (3.21)
4A
Importantly, the SL (2, R) generators L,, are regular at both the future and the past inner
horizons, as can be seen by employing advanced or retarded null coordinates respectively;
they are, however, singular at both the future and past outer horizons.

®These expressions arise from eq. (3.16) after some SL (2, R) automorphic redefinitions of the generators
for future convenience, namely, Lo — —Lo and Li; — fj;l. We have also performed automorphic global
rescalings of the form L., — A™L,, to remove the dependency on the arbitrary length scale L or any signs
that enter on determining various patches that cover the manifold.



Note that the AdSs structure we have obtained from the near-inner-horizon limits above
is analogous to the AdSy structure that one obtains in the near-extremal limit, see e.g.
refs. [68-72]. However, we have never assumed that the Hawking temperature is small. Unlike
the usual scaling limits, we always keep it fixed. In addition, the fact that the obtained
near-inner-horizon geometry was not reached via a scaling limit also makes the resulting
geometry not a solution of the vacuum field equations; rather, the near-inner-horizon geometry
corresponds to a solution of the Einstein field equations supported by particular scalar and
vector field profiles that screen the far-horizon region, see e.g. refs. [53-55] for more details.

Nevertheless, in order to make contact with near-horizon physics, we should also consider
the near-extremal limit, identified in the framework of the near-inner-horizon geometry by
having the inner and outer horizons approach each other at fixed Hawking temperature.
This corresponds to sending r— — r4, while keeping the inverse surface gravity at the
event horizon finite, f; = finite. The resulting near-extremal NIH geometry is then a
near—near-horizon-extremal (NNHE) geometry. It is described by

2 ddt \° dp?
dsinpgg = = |—A —— +d?dQ? 22
SNNHE 72 <r+p+ + A + art| (3.22)
while the associated AdS, Killing vectors become
Ly=—B40r, Ly =e*bt {I\/Zap + 9 (\/Z) B at} (3.23)

and the corresponding SL (2,R) Casimir is given by

2
C2SL(2,R)NNHE — ap A ap . (:0+ 4Ap) B—%—atZ ) (3‘24)
As we discuss in detail shortly, these Killing vectors are identical to those of the Love symmetry
of black holes perturbations in the near-zone region. The upshot is that the new SL (2, R)
generators L,, are now regular at both the future and the past event horizon, albeit singular
at the inner horizon, allowing to study geometric constraints on the near-horizon modes.

3.2 (Geometric constraints on perturbations

Taking the NNHE geometry in eq. (3.22) as the background geometry, we can study its
geometrical consequences on perturbations from external fields. For instance, consider its
response to a probe massless scalar field ¢, satisfying the Klein-Gordon equation at the
linear level,

d? —p_)? 1
UNNHEY = E 0, A0, — (P-|—4A/7)528tz + ﬁAScZ-H =0, (3.25)

where we assume that sources of the scalar field reside in the far-horizon region. With
respect to the full response problem of the D-dimensional Reissner-Nordstréom black hole, the
above equation is valid only in the NNHE region. However, the action of this NNHE wave
operator has the peculiar property of becoming exact when acting on static perturbations
of the non-extremal black hole.



The power of the enhanced SL (2,R) x SO (d + 2) isometry group of the NNHE ge-
ometry comes from the fact that the radial operator is precisely the SL(2,R) Casimir in
eq. (3.24), namely,

SL(2,R)
2

C

d?
ONNHEY = o

+

1
NNHE —+ EASCHI Qp, (326)

deeming the problem completely integrable. To demonstrate this explicitly, we first utilize
the spherical symmetry to solve the angular problem by decomposing into scalar spherical
harmonic modes on S [59, 73, 74],

¥ (t,0,0) =D tpm (t,p) Yim (6) - (3.27)

/,m

The remaining radial problem reduces to
C2SL(2’R)NNHE1/Mm — g(g_‘_ 1) Yo » (3.28)

with the generalized orbital number defined as

7

[SENIN

. (3.29)

Before solving these using the enhanced SL (2, R) symmetry generated by the Killing vectors
L,, in eq. (3.23), let us first analyze the asymptotic boundary conditions. At large p, the
scalar field behaves as

Yem ~ Em [pg + ] as p — 00. (3.30)

ag
p€+1
These are just the boundary conditions one imposes in asymptotically AdSs spacetimes, as
is the case of the NNHE geometry, for operators with scaling dimensions Ay = —0 and

4

A_ = {+1. In this picture, the growing (non-normalizable), oc p~2+ = 7, mode corresponds

to a source, while the decaying (normalizable), o p~ 2= =7~ mode corresponds to the
response. The integration constants ay are then to be interpreted as “response coefficients”. As
we will see shortly, these “response coefficients” will turn out to be black hole Love numbers.

The above SL (2,R) symmetry now allows us to integrate the radial equations of mo-
tion. The crucial observation is that monochromatic modes, ¥ ¢m of frequency w furnish

representations of this SL (2, R) factor, since they are eigenstates of both Ly and the Casimir,

Lotoim = 84w Yo and  Cy PFNNBY, o (04 1) Yem - (3.31)

We are interested in the representations that are spanned by solutions of the NNHE wave
equation regular at the black hole event horizon, i.e. they obey the ingoing boundary conditions.
It turns out that the resulting differential equation for the radial wavefunction is of Fuchsian-
type and is, hence, solvable in terms of Euler’s hypergeometric functions. The solution that
is ingoing at the future event horizon is

o _ —iftw/2 R R _
ot = € Ry () ("”) JF (2 +1,—0 1 — B —p”*) . (332)
p—p- Py —p-
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where Ry (w) are integration constants proportional to the transmission amplitudes. Ex-
panding around large p by analytically continuing the hypergeometric function at large
distances, we find the frequency space response coefficients,

(p — p)20H1 (3.33)

D(=20 — )T/ + 10 +1—ifw)
ag (w) = C

[(20 + 1D (=DD(—0 — if w)

The QNMs frequencies wyy, with overtone n € N, can then be extracted from the roots
of these response coefficients

wne = —i2rT(n —0), neN, (3.34)

where we used that ﬂ;l = ky = 27Ty to restore the explicit dependence on the Hawking
temperature. Interestingly, these modes span a highest-weight representation of the NNHE
SL (2,R) [75]. Indeed, the primary vector v_; , of weight h = —7,

~ 14
L'H’U—E,O =0, LO’U—@,O =—/ U—E,O = ’U—@,O = (—e+t/6+ \/Z) , (3.35)

is a solution of the NNHE wave equation with frequency wy—o ¢ = 27Tyl that is regular at
the future event horizon; this is the fundamental QNM. From the regularity of the SL (2, R)
generators L,, at the horizon, we then see that this highest-weight representation is spanned
by descendants,

v ;. = (L_l)n V_jo9,» ME N, (336)

that are also regular at the future event horizon, with frequencies precisely given by eq. (3.34);
these are the remaining overtones. In the special case where 7 is an integer, one then notices
that the £’th descendant has exactly zero frequency and is regular at the event horizon.
This state is therefore a static solution of the NNHE equations of motion which, as already
remarked, is an exact solution of the full Klein-Gordon equation away from the NNHE regime.
We therefore obtain the phenomenologically relevant geometric constraint that the static
scalar response coefficients are exactly zero for integer f,

ag (w=0) =0. (3.37)

In D = 4 spacetime dimensions, ¢ = ¢ € N and this condition is always satisfied for static
scalar perturbations of the Reissner-Nordstréom black hole. As we will shortly see, this
selection rule is precisely the statement that the static scalar black hole Love numbers vanish.

3.3 Extremal limit — Enhanced isometries in near-horizon throat

The enhanced SL (2,R) symmetry encountered in the NNHE region of the non-extremal
Reissner-Nordstrom black hole is reminiscent of the enhanced SL (2, R) isometry group of the
near-horizon throat of extremal black holes [56, 57]. Here, we briefly review this construction
for completeness.
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The extremal Reissner-Nordstrom black hole is one whose electric charge acquires the

critical value

0t — 2d
d+1

for which the inner and outer horizons coincide at

GM , (3.38)

s

ry = (3.39)
The full extremal geometry is then given by eq. (3.1) with fi = f_ and the horizon is
a double root of the discriminant function f; f_. The near-horizon throat is reached by
performing the change of coordinates

5 1r+r‘j—ri -
— R = t:)\t 4
A U (3.40)

and taking the A\ — 0 scaling limit [56]. The resulting near-horizon extremal (NHE) ge-
ometry is then

~9 ~
y dy
dSQNHE = —bjd'l?? + b2 g2

+ridQE (3.41)

This is exactly the Poincaré patch of an AdSy x S%~2 manifold, with the AdS, radius given by

T+
b=—. 3.42
- (3.42
The R; x SO (cz + 1) isometry group of the initial asymptotically flat extremal geometry
now gets enhanced to the NHE isometry group SL (2,R) x SO (d + 1), with the SL (2, R)
Killing vectors being

- bt ~

In fact, we see that the NNHE geometry found in the previous section is diffeomorphic to
the above NHE geometry; the explicit change of coordinates that matches them is given in
eq. (3.14), after identifying 7 = £ and 7 = §. In the original (¢, p) coordinates, with p = ¢,

these NHE SL (2,R) Killing vectors read
50 = tat - (P - P+) 8{2) §+1 = Ailat)
re py )’ 2
e =] (( ) +8)a -2,

dp—p+

(3.44)

Although the scaling parameter A\ enters explicitly in the above expressions, its dependence
is purely automorphic from the SL (2,R) perspective, since it enters in the form &, (\) =

A" (A= 1).
It is instructive to study the highest-weight representation of this NHE SL (2, R) algebra.
The primary vector v_; , of conformal weight h = —0, defined by

5 2
§1v_p0=0, &ov jo=—lv ;0 = v o=(p—p+), (3.45)
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turns out to be exactly static and regular at the horizon. Its purely polynomial form also
sets the static response coefficients of the extremal black hole to zero, but now without any
restrictions on the range of the orbital number /. However, in contrast to the vanishings
outputted from the NNHE SL (2, R) symmetry, these vanishings of the static scalar response
coefficients for extremal black holes are a property of the representation structure itself,
rather than of the geometry, and are, hence, not to be interpreted as geometrical constraints.

3.4 Beyond near-extremal limit — Love symmetry for black holes

We will now show that the NNHE geometry unexpectedly arises from a completely different
framework; that of the response problem of an asymptotically flat non-extremal black hole. A
covariant way of studying the response problem of a compact body is within the framework
of the worldline EFT, where the compact body is treated as an effective point-particle
dressed with multipole moments that couple non-minimally to the worldline. The response of
the compact body is then parameterized by a tower of Wilson coefficients in the effective
action that are determined via matching conditions. The details of this approach will be
presented in section 4, but we remark here how this matching is performed at the level of
the microscopic computation, i.e. within black hole perturbation theory. Focusing to the
linear scalar response problem of the full non-extremal Reissner-Nordstréom black hole, the
task is to solve the massless Klein-Gordon equation in the background of eq. (3.1) in the
presence of perturbing scalar sources jy,
d? r

2 2
1 .
Oty = 5 9 A0y — =00 0 + = Ao | ¥ =y, (3.46)

in an expansion relevant for matching onto the worldline EFT. The relevant expansion is
the near-zone expansion, defined by [21, 44, 76-79]

wr—ry) <1, wrykl, (3.47)

where w is the frequency of the perturbation; this is the statement that the worldline EFT is
accurate in the near-zone region, where the wavelength of the perturbation is large compared
to separation between the perturbing source and the perturbed body and also large compared
to the size of the perturbed body.

The near-zone region extends beyond the near-horizon region. In particular, it has
a non-empty overlap with the far-horizon region r > r, within the intermediate zone
ry < r < w . Within the near-zone region, j, = 0 and the presence of the source
is encoded in the asymptotic boundary conditions. Furthermore, the kinetic operator is
organized in a near-zone expansion, for instance

42 1
Daany = 2 Onz + ﬁASd*‘l +eVi| ¢, (3.48)
with , » L,
—p- repc —r
@Nz—apAap_mﬁata Vlz—%af, (3.49)

and € a formal expansion parameter which is equal to unity for the full kinetic operator and
equal to zero for the leading-order near-zone approximation. The boundary conditions one
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imposes to match the response coefficients onto the worldline EFT definition are then, after
expanding into monochromatic scalar spherical harmonic modes ¥ ¢m,

—iwt & é k & 2£+1
Yot (t, p) ~ € Emm (W) p~ |1+ Ky (w) ; as p — 00, (3.50)

with k¢ (w) defining® the dimensionless frequency space response coefficients. The conservative,
even under w — —w, part of these response coeflicients defines the so-called Love numbers,
while the part that is odd under time reversal captures dissipative effects. These two types of
effects turn out to enter in the spherical harmonic modes ky (w) in a simple real/imaginary
splitting of the response coefficients for the current spherically symmetric background [22, 60],

kE (w) = Re {ke (@)}, K™ (w) = Im {ke ()} - (3.51)

A direct calculation using the leading-order near-zone equations of motion then shows that

(=2 -+ )T+ 1—iByw) (pr —p_\2H L,
B = e i T DN (—7 = i) (B=) vo(ie?) . e

where it is emphasized that these are accurate only up to O (5_2,_(4)2) corrections, since we are
working at leading-order in the near-zone expansion. A real/imaginary separation then reveals
that the scalar Love numbers and scalar dissipation numbers of the black hole are given by

ke (W) = k¥ (w) + k(™ (W)
k%ove (w) = Ay (w) tan 7l cosh mBrw + O (5.2#'02) ) (3.53)
ks (w) = Ay (w) sinh 7w w + O (ﬂiWB) J

where Ay (w) is the real, positive and no-where vanishing constant

~ A 2

P20 +1) [Tl +1—iBiw) _ 20+1

A (w) = ‘ T | <p+ ”‘) . (3.54)
27T(20 + 1)I'(20 + 2) Ps

More importantly, we observe that static scalar Love numbers are exactly zero for the resonant
conditions ¢ € N, while their diverging behavior for half-integer /s interpreted as a classical
RG flow from the worldline EFT point of view [19]. This is to be compared with expectations
from Wilsonian naturalness arguments. More explicitly, power counting arguments show that
the scalar Love numbers are expected to be non-zero and running for 2/ € N [45]. However,
the vanishing of the static Love numbers for { € N raises naturalness concerns and calls
upon an enhanced symmetry resolution [23, 82, 83].

The resolution is the Love symmetry proposal [44, 45], which is based on the important
observation that the leading order near-zone equations of motion are equipped with an

5When performing the matching, one should also adapt a scheme that distinguishes between relativistic
corrections to the source from actual response effects. This is typically done via analytically continuing the
orbital number ¢ or the spacetime dimensionality D to range in R, such that Qs analytically continued to
range in R [19-23, 80], see also ref. [81] for an alternative.
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enhanced globally defined SL (2,R) symmetry. In fact, as we will demonstrate now, the Love
SL (2,R) symmetry is identical to the SL (2, R) isometry subgroup of the NNHE geometry.

At the level of the equations of motion, the leading-order near-zone wave operator exactly
coincides with the NNHE wave operator in eq. (3.25). More importantly, the leading-order
near-zone radial operator in eq. (3.49) is precisely the NNHE SL (2, R) Casimir

Ong = oV Fnwmm (3.55)

In the spirit of this identification, we now realize that the corresponding Love symmetry
generators that have been reported in association with the non-extremal black hole response
problem [44, 45, 84],

L™ = =By 0y, LE3® = /0 [5VA9, + (9,VA) B 1] , (3.56)
are exactly the SL (2,R) Killing vectors of the NNHE geometry in eq. (3.23),

51(2,R) ove = 51 (2, R) nnu - (3.57)

Love

Note that the above statement relies on a non-trivial fact that the near-zone Klein-Gordon
operator matches the near-horizon Klein-Gordon operator. Equivalently, the near-horizon
scaling limit does not alter the static Klein-Gordon equation. This enables one to use the
near-horizon symmetries to describe the static solution even at asymptotic infinity, relevant
for the Love number matching.

The associated NNHE geometry in eq. (3.22) is then what has been referred in refs. [45, 60]
as the associated “subtracted” geometries [53-55]; effective non-extremal black hole geometries
that preserve the black hole thermodynamics.

Supplementing on this near-zone/NNHE dictionary, the response coefficients a, that were
encountered in the response problem of the asymptotically AdS black hole in section 3.2,
see eq. (3.30), now acquire an interpretation in terms of observables for asymptotically flat
non-extremal black holes: they are the leading-order-in-near-zone response coeflicients kj
(up to an overall pgéﬂ factor). Furthermore, we see how the vanishing of the static scalar
Love numbers of the Reissner-Nordstrém black hole whenever ¢ € N , originally proposed as
a consequence of a Love symmetry highest-weight representation [44, 45], has already been
outputted as a geometric constraint of the NNHE enhanced SL (2, R) isometry subgroup. In
section 3.2, this vanishing was attributed to the corresponding static perturbation being a
zero-frequency QNM and a descendant in a highest-weight representation. Even though the
algebraic arguments of the highest-weight representation being spanned by QNMs does not
acquire a 1-to-1 correspondence with the QNMs of the asymptotically flat Reissner-Nordstrom
black hole due to the different boundary conditions at large distances, the fact that the
static scalar perturbation regular at the horizon belongs to a highest-weight representation
remains true, with the highest-weight property predicting a polynomial form of the scalar
field profile without any decaying (response) modes. A rigorous interpretation of the other
elements in the highest-weight representation in terms of observables in asymptotically flat
spacetimes is still to be determined, but there have been proposals [45, 60, 85] that relate
these other states with total-transmission modes [86—88].
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It is also interesting to remark here that the near-zone Love symmetry generators can
recover the NHE SL (2,R) Killing vectors in the extremal limit. This is achieved via a
Winger-like contraction as already noted in refs. [45, 60], namely,

Er1 =" lim (—27TyLo) = A 1oy,
Ti—0
Lyi—L

60 = TEIEO 5 =t0; — (p — P+> ap7 (358)
. L+ Lo +2Lg <T+ P+ >2 2
g 1 T};IEO 27TTH J o —pr + t (10 IO+) Pl

which indeed match those of eq. (3.44) upon identifying A with the scaling parameter in
eq. (3.40).

4 Love numbers and Love symmetries of non-dilatonic black p-branes

We will now formulate the response problem of black p-branes and compute, in particular, the
scalar Love numbers of non-dilatonic p-branes. Similar to the case of the Reissner-Nordstrom
black hole, we will see that a tower of magic zeroes emerges in the response problem of
the black p-brane, under static and homogeneous massless scalar perturbations. We will
interpret these vanishings as selection rules dictated by near-zone symmetries. For the case of
black strings (p = 1) these Love symmetry vector fields generate the expected 2-dimensional
conformal group, SO (2,2;R). For p > 2, however, one does not find a near-zone (p + 1)-
dimensional conformal group, SO (p + 1,2;R). Nevertheless, one can still interpret these
vanishings from a particular “static” SL (2,R) symmetry that is not a symmetry of the
near-zone equations of motion but has the special property of outputting exact results for
static and homogeneous perturbations of the black p-brane. This behavior is ultimately
attributed to the fact that static and homogeneous perturbations of black p-branes in D
spacetime dimensions obey the same equations of motion as static perturbations of the
(D — p)-dimensional Reissner-Nordstrom black hole [61]. We will finish this section with
an analogous study of the scalar response problem of an extremal black p-brane. For the
extremal configuration, we will find an even larger class of vanishing Love numbers, that also
contain the dynamical case of perturbations that follow light-like dispersion relations. These
vanishings will be addressed in the next section by the enhanced isometries that emerge in
the near-horizon throat of the extremal configuration.

4.1 Background geometry of non-dilatonic p-branes

The Reissner-Nordstrém black hole is a black object that is charged under the 1-form Maxwell
field A,. In this spirit, a black p-brane is an extended black object, whose worldvolume
has dimension

d=p+1, (4.1)

that is charged under a d-form gauge field A, ,,....,- We will focus here to black p-branes
with no (or constant) dilaton, such that the resulting geometries do not exhibit a curva-
ture singularity at the inner horizon and, hence, admit a smooth extremal limit [89-92].
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Nevertheless, the “usual” self-dual black 3-brane of D = 10 supergravity, as well as the
black 2-brane and its dual black 5-brane in D = 11 spacetime dimensions, belong to the
this class of non-dilatonic black p-branes.

The action that describes a non-dilatonic black p-brane charged under a d-form gauge
field consists of a bulk piece and a worldvolume piece [91, 93, 94],

S=1Ip(d)+58,. (4.2)

The bulk action for the gravitational and d-form force fields reads

Ip (d) = % /dDw\/jg {R - 2(dl+2)!F3+1 ; (4.3)

while, for the worldvolume action, we take the leading order EFT action describing the
static infinitely thin brane with tension Ty,
_ dd 1 ab ) 1y, XV d—2

Sa=Ta oV =7 _5’7 GuvOa X 0p X "‘?
] (4.4)
o a6(11...%18&1)(#1 . 8aXmldAM1de} .
The static point particle corresponds to the limit p = 0 (d = 1) of the above action. In what
follows we will also make extended use of the dual worldvolume dimensionality,

d=D-2-d=D-3—p. (4.5)

The solution of the field equations following from the above action for a charged static
black p-brane with spherical, SO (cz + 2), symmetry along the transverse directions and
Euclidean, I.SO (d — 1), symmetry along the longitudinal directions is given by [91, 93, 94]

*Fi = Qacgyy s
dr? (4.6)
ds® = fz/d —f—ert2 + dXQ] + —— + 7202,
f- frf- i

where

fr(r)=1- (Ti)d . (4.7)

r

The inner and outer horizons are related to the charge, @4, and the ADM mass per unit
volume, My, of the p-brane according to [95]

Vol(s4)
Mi=—5"

A

[+t =] Qu=d(rir )2 (4.8)

The inverse surface gravity of the black p-brane at the outer horizon is given by

- 1
_ 2r4 rd ¢
5—% = K+1 = CZ ( d = C_z) ) (49)
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while it will also be useful to introduce the quantity S_, obtained from a r. + r_ ex-
change in (4,

N 1
2r_ T‘i ¢
b-=— <M> : (4.10)

As opposed to the black hole case (p = 0), f_ above does not have any interpretation as
an inverse surface gravity at the inner horizon.

The isometry group for the non-extremal black p-brane is Ry x IS0 (d — 1) x SO (d +2),
which gets enhanced to SO (d —1,1) x SO (d + 2) in the extremal case, where

242 o2 M\
Qi=— My=r_ =r,=|—0r 24} | (4.11)
Vol(S%) Vol(S?) d

4.2 Membrane (world-volume) effective field theory

The world-volume EFT has been studied in details in refs. [96, 97]. Note that, in contrast to
refs. [96, 97], in this work we focus on infinitely long branes that are described by a single
scale, set by a membrane mass, and hence our discussion will be a simple generalization of
the worldline EFT [38, 40] for black holes [19, 23, 39, 59, 81, 98, 99], see also refs. [42, 43] for
comprehensive reviews on the world-line formulation of gravitational dynamics for a binary
system. Here we give some basic overview that allows us to define Love numbers as Wilson
coefficients of the classical world-volume EFT.

Consider a general case of p-branes in D dimensions. The brane is at rest w.r.t. an
external observer. The brane is described by a world-volume action with coordinates o°.
The long-wavelength degrees of freedom that capture dynamics of the brane and its back-
reaction on the bulk geometry are collective coordinates X' (o%), which capture the center of
mass displacements (in directions transverse to the world-volume), and other external long
wavelength fields, e.g. the dilaton ¢, the d-form potential A, . ,,, and the metric fluctuations
g,(}l(,)ng). The EFT description requires 9, X' to vary slowly (the velocity can be large, at the
same time, i.e. X! can vary fast). In order to preserve gauge invariance, it is convenient
to consider all spacetime coordinates X* (0%) as long-wavelengths fields. Note that X* are
gauge fields in this picture. This embedding allows us to define an induced metric,

Yab = g8 9, X PO X" . (4.12)
In the EFT, we build a full solution of the Einstein equations by expanding over the Minkowski
space in the direction orthogonal to the brane. This means that ggﬁng) = Ny + hyw, with

h,w capturing the long-distance metric perturbations.
The dynamics of an infinitely long thin p-brane of tension T, are described by the
Dirac action

[p— / d'o /= det (., 0, X4 3 X") (4.13)
The leading (in the infinitely-thin brane approximation) coupling to the d-form field is given by

1
Sd-form = a/ddagalmadame v 8aqudAM1---Md ) (4'14)
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where %1% is the Levi-Civita antisymmetric symbol. To obtain the leading order long-
distance description of a brane at rest, we fix static gauge

x“ (o*) = 0", (4.15)

place the brane at the origin of the coordinate system, and work in its rest frame, so 9, X' = 0.
At zeroth order the induced brane metric is flat v, = 14. The brane action then takes the form

SDirac = _Td/ddo-' (416)

Now we can consider adding a small metric perturbation, g, = 1w + huw, |hu| < 1. In
Newtonian gauge we consider only two scalar components, corresponding to perturbations of
hoo and the trace of the spatial orthogonal metric, h;;. Adding the Einstein-Hilbert part to
the Dirac action, we can then find the usual static gravitational potential in the bulk,

hoo (T‘) 0.8 77~Dj—-i—3 . (4'17)
The calculation that we have done is exactly the same as the calculation of the Newtonian
potential in a D — p dimensional spacetime. In full analogy, one can also easily compute
the flux of the d-form.

Let us now take into account corrections to the infinitely thin brane approximation,
which capture effects of the finite thickness and consequently, response to external fields. In
what follows, we consider only the scalar sector of the theory, i.e. polarization effects induced
by a test scalar field. At leading order, these are captured by irrelevant operators on the
world-volume that are quadratic in the multipole moments of the scalar field,

SStatic Love __ — AZR2Z+d dd £ 8L 4.18
FT = Z o gcLe (4.18)
(=0

where the characteristic length scale R is related to the p-brane tension according to
T, = R¢ (4.19)

in our current geometrized units with G = ¢ = 1. The introduction of the scale R also
emphasizes that we are employing a power counting prescription using off-shell fields, i.e. in
powers of (%) with 7 a transversal radial distance, as opposed to the power counting rules
of on-shell fields, i.e. in powers of, for instance, wr with w the frequency of the field. The
multipole moments £, of the scalar ® field carry a multi-index L = I ... I, of the transversal
spatial indices, and are defined in terms of ¢ derivatives projected onto the transversal spatial
slices via the codimension-d projector

PHY = g — 9, XHO, X"y (4.20)
according to

&L =P

v PY,, LV, (4.21)

with (...) denoting the STF part with respect to the spatial directions.
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The Wilson coefficients A\, in eq. (4.18) encode the conservative response of the p-brane
under static and homogeneous scalar field perturbations and define the static and homogeneous
scalar Love numbers. Dynamical and non-homogeneous Love numbers can also be defined in
a similar manner, by introducing first the covariant longitudinal derivatives

Dy = 8,X"V,,. (4.22)

These are the world-volume equivalents of the u*V,, derivatives in the world-line EFT. Since
the internal Poincaré symmetry is broken, one needs to distinguish between non-static effects,
captured from Dy, and non-homogeneities along the spatial directions of the world-volume,
captured from actions of D;. Then, for instance, the first few dynamical and non-homogeneous
scalar Love numbers are defined from the following irrelevant finite-size operators

0 )\EZO) R2€+UZ+2

Dynamical Love
S D
FT 2 2/

/ Ao DoE Do
=0

)\(0 2) p2t+d+2
- Z ey / do § D;E D;E" (4.23)
£=0 241

+Z

Following the same pattern, one construct the rest of the infinite tower of Wilson coefficients
)\(2n72m)
4

)\(2 2) R2£+d+4 N
/ do §9 DyD,ErDyD;EY

, where we have made use of the Ry x IS0 (p) isometries of the background and

also used the fact that the above local operators must be time-reversal, ¢ — —o?,

and
world-volume parity, ¢! — —o’, symmetric. Equivalently, and more explicitly, we may
work in Fourier space along the world-volume directions and repackage all the dynamical
and homogeneous Love numbers into a single phase space “Wilson function” A\, (k), with

k* = (w,k) the d-momentum along the world-volume, according to

o0

M (k‘): Z (_1)n+mw2nk2m/\é2n72m)R2(n+m) (4'24>
n,m=0
such that,
dk Mg (
dynamical Love E
glypamical L Z 2“d/ oy %, Ve, (“RyEE () . (4.25)

Our EFT description is by construction valid for modes with
wR<1, |k|R<1. (4.26)

4.3 Scalar Love numbers of non-extremal black p-branes

The Wilson coefficients in eq. (4.18) capture the response of a brane to external scalar fields.
They are scalar equivalents of the static tidal Love numbers. To see this, let us consider a
bulk scalar field ® sourced by a static current J,

Spulk = / dPz [—3(3@)2 +J®| . (4.27)
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We will now demonstrate how to compute these scalar Love numbers defined within
the world-volume EFT, via a matching condition. We will employ the off-shell “Newtonian
matching” [19, 23, 60], which has the advantage of entering at the level of the equations of
motion and, hence, allows to probe consequences of approximate enhanced symmetries, such
as the near-zone Love symmetries. Alternatively, one can also perform on-shell matchings
onto scattering observables, see, e.g., refs. [30, 81, 85].

From the world-volume EFT point of view, the Newtonian matching consists of computing
the EFT 1-point function in a background of a 2¢-polar Newtonian source,

®(k,x) =@ (k,x) + 6@ (k,x) , @ (k,x)=®p (k)z", (4.28)

where we are working in Fourier space along the world-volume longitudinal directions and
we have adopted the multi-index notation L = Iy ... I,, 2% = 2/ ... 2!, with ®, (k) being
a constant STF tensor that captures the strength of the scalar source. We remark that
in this subsection, and only here, 2! will denote the spatial directions transverse to the
world-volume and are not to be confused with the spatial directions z* longitudinal to the
world-volume we are using throughout the rest of the paper. Using spherical coordinates
in the directions orthogonal to the brane, this can be rewritten as ® o< Yy, (6), where
Yim(0) are the (D — 2 — p)-dimensional scalar spherical harmonics. The symbol m here is
the multi-index denoting the whole set of higher-dimensional orbital and magnetic quantum
numbers.” Adding now action (4.25) to (4.27) and computing corrections at linear order in
the Newtonian background source, we have the following total expression diagrammatically,

Ae (k) |
(69 (k,x)) = S + [ %@ . (4.29)

“source” “response”

Our diagrammatic notation above is as follows: the double line represents the world-volume,
straight lines represent propagators of the scalar field, a cross (“x”) represents an insertion of
the background field ® and wavy lines represent graviton propagators, whose interactions with
the world-volume come from the minimal Dirac action and capture relativistic corrections.
The second equality serves to demonstrate the “source”/“response” split of the scalar field
profile, disentangling relativistic corrections to the Newtonian source from actual response
effects [23, 81]. Choosing to work in the body-centered frame, the world-volume EFT 1-point

"More explicitly, the “azimuthal” multi-index entering the scalar spherical harmonics Yzm on S” is
m = la,...,0n_2,Mmag, with £ > 01 > 0o > -+ > l,_3 > |Mmag|- In other words, the scalar spherical
harmonics on S™ are labelled by n—1 orbital numbers (one for each of the n—1 polar angles 61, ...6,,—1 € [0, 7])
and one magnetic quantum number amounting for the single azimuthal angle i = 6,, € [0, 27).
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function acquires the characteristic bi-monomial form in the Newtonian limit,

(0@ (k,x)) — + A (k)
(4.30)

(d+2)/2

_ _1 N ol=2r (5 + %) A (B) (f>2€+a1 &L ) L

The correction < Ay behaves like an induced £’th multipole moment in (D — 1 — p)-dimensional
space, and hence the Wilson coefficient Ay can be indeed interpreted as a scalar response
coefficient, or scalar Love number (SLN). For p = 0 (4.30) coincides with the response
of a D-dimensional Schwarzschild black hole. From the EFT point of view we expect
Ae = O(1) [82, 83].

Before moving on, we note that in the EFT there can also be a dilaton curvature coupling.
However, it can be forbidden by requiring the shift symmetry v — ¢ + const. Even if it is
present, the dilaton coupling does not play any role at zeroth order in metric perturbations
where the induced metric is flat.

We now move on to the microscopic theory sides, microscopic here referring to the
full theory at the purely classical level. More explicitly, for the case of massless scalar
perturbations, the microscopic equations of motion consist of the Klein-Gordon equation

d? T2p2/dA(,dfz)/d 1 1 1 .
U = 2 0, A0, + & (—maf + _(5”&@) + EASGM Y= Jy,

(4.31)
where we have focused to the background geometry of interest, i.e. the geometry of the non-
dilatonic p-brane,® see eq. (4.6), and we have also introduced the transformed radial variable
p=rd, (4.32)

such that
Ar=pfe=p—pr and A=ALA = (p—pi)(p—p-). (4.33)

To match onto the world-volume EFT, one should also employ an expansion of the
equations of motion within the regime where the EFT is accurate. This is the near-zone
expansion and amounts to working in the region where both the frequency and the momentum
along the longitudinal directions are small compared to the inverse distance from the event
horizon,

wir—ry) <1, |kl@r—-ry) <1, (4.34)

and also small compared to the inverse (transversal) size of the black string, i.e. wry < 1 and
|k| 7+ < 1; these last conditions allow to glue together the near-zone and far-zone regions

8The scalar field 1 here is an external massless scalar perturbation and should not be confused with
the dilaton field of the supergravity solution space, which in our current setup of non-dilatonic p-branes is
identically zero.
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and probe observables defined in the world-volume EFT to scattering observables defined in
the asymptotic region. Furthermore, sources of the scalar field perturbations are taken to
reside in the far-zone region, with their effect within the near-zone region being captured by
proper asymptotic boundary conditions, namely, after expanding into monochromatic scalar
spherical harmonic modes ¥ ,rim, the asymptotic boundary conditions to be imposed are

S 20+d
Yoktm ~ e wtelkxg, (w, k) rt ll + k¢ (w, k) (R> ] asr — 00. (4.35)
r

These boundary conditions at large distances are exactly what want to match onto the
world-volume EFT 1-point function. More explicitly, the scalar Love numbers, i.e., the
conservative part of the response coefficients ky (w, k) entering at the level of the microscopic
calculation, are related to the Wilson coefficients Ay (w, k) according to

2021 £+ 9)

Love _
Fe (w, k) = (d+2)/2

Ao (w, k) (4.36)

As a reminder, the Love (dissipative) part of the response coefficient is identified with the
part that is even (odd) under time-reversal, w — —w, and world-volume parity, k — —k,
transformations. For the current static and transversely spherically symmetric background
configuration, this is equivalent to the real/imaginary split of the response coefficient [22, 60],

BE™ (k) = Re {ky (w,K)} K8 (w,k) = Im (k¢ (w.K)} . (4.37)

To perform an explicit calculation, let us choose the following near-zone expansion of
the equations of motion

d? 1
Drant = —5 [@Nz + ﬁAS@H + 6V1} Y (4.38)

with € a formal expansion parameter and

_ 1 1 ..
Onz = 9,A0, + %ﬁi <_A Ot A 51]31’83’) ’
N _
) - (4.39)
B r2p2/d\4=D/d ripi/d (py — p)\ 2/ 1 g + L sigo,
1= d? Ay -

Then, the leading-order near-zone equations of motion are of Fuchsian type and can be solved
in terms of Euler’s hypergeometric functions. More specifically, looking at monochromatic
modes and expanding into spherical harmonics on S9!,

(0 (t, X, Py 9) = Z Ykeim (ta X, p) Yim (9) ; Yem (ta z, p) = ei(k‘x_wt)kaém (p) ) (4-40)

/,m
the solution that is ingoing at the event horizon is given by

. _ _ —iftw/2
wwkfm = 6z(k.xjwt)R£m (W> k) (pp+>
p=p- (4.41)
p—p- \ ) 5 p—p+ '
X () o F1 <€+1_iﬁ+wi7_€_iﬁ+wi;1_iﬁ+w;_> .
P+ — P- P+ — P-
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In the expression above, the integration constants Ry, (w, k) are proportional to the trans-
mission amplitudes, and we have also introduced the rescaled orbital number

7

Q|

¢
_ 4.42
=3 (442)

as well as the phase space parameters

w F K|

5 (4.43)

Wy =
The fact that we can use either w, or w_ in the scalar field solution above follows from
Euler’s transformation, oF} (a,b;¢;2) = (1 — 2) P 3F (¢ — a,c — by c; 2).
Looking at the large-distance behavior of this solution that is ingoing at the event horizon,
one then deduces the following expression for the scalar response coeflicients

ky (w0, K) :F(—22— D0+ 1—ifrw )T (0 +1—ifyw_) (p+ _ p_>2é+1
0 \W, F(2g+ 1)F(7E7iﬁ+w+)r(*g*iﬂ+w7) R‘j

+0 (Be?, 1K)

(4.44)

with the O (,Biwz, ,Bikz) corrections arising from subleading orders in the near-zone expansion.
As a result the scalar Love numbers and scalar dissipation numbers of the non-dilatonic
black p-brane are given by

k.?iSS (w, k) = A¢ (w, k) sinh 7w+ O (ﬁiwgv ﬁi ‘k|3> J
bV (w, k) = Ay (w, k) x {tan 7l cosh B4 . cosh 7By (4.45)

— cot 7/ sinh mf4+ w4 sinh 7T,B+w_} +0 (ﬁiuﬂ? 53 ’k‘z) ’

where Ay (w, k) are the real constants

Ay (w, k) =

‘F(E—I— 1-— iﬁ+w+)‘2 ’F(EA—I— 1-— iﬁ+w,)‘2 <p+ _ p_>2é+1 (.46)

2r[(20 + 1)T(20 + 2) Rl

Despite the approximate nature of the calculation, it gives us exact results for static
and homogeneous perturbations,

40+ 1 — 5 N\ 2041 R
k%ove (w =0,k = 0) — _ ( + ) - (P+ AP > tan f . (4.47)
270 (20 + 1)T'(20 + 2) R4

The behavior of the static and homogeneous scalar Love numbers of the black p-brane are
then strongly dependent on the orbital number of the perturbation and follow the exact same
pattern as the static scalar Love numbers of a Reissner-Nordstréom black hole with shifted
spacetime dimensionality D — D —p: they are non-zero and non-running for generic /, they are
logarithmically running for half-integer 7 and they are vanishing for integer / [19, 59, 84, 100].
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4.4 Love symmetry for black strings

The only seemingly fine-tuned behavior is the class of ¢ € N for which the static and homoge-
neous scalar Love numbers of the black p-brane vanish. We will now focus on the case of black
strings (p = 1). As with the case of the Reissner-Nordstrém black hole, an enhanced conformal
Love symmetry emerges in the near-zone [44, 45, 60, 84]. For the black string, this turns out
to be an SO (2, 2;R) symmetry. The six vector fields {LLove LEpve, LNs, LEgs, LIgs, LLove}
generating the Love SO (2,2;R) symmetry associated with this near-zone truncation are,
using D x SO (1, 1;R) as the stabilizer of the group, with 0 = {i)g} and so (1,1;R) = {I:m},

LE™ = =B, 0,, L™ =+5,0,,

pLove _ £t/B1 | osh - VA +Fﬁ 0y | £ sinh x\/mlg 9zl
196 3, PNy P B\ p—p_ "t (4.48)
LLove = ¢*t/8+ |ginh — (32vA 9, + | 2—L= 5+0t + cosh —— \/m B0z |

These indeed satisfy the SO (2,2;R) algebra

Love yLove| __ Love Love ryLove| __ Love
[L:I:l 7L ] iL:I:l,O ) [L:I:Ll: L ] - :l:Lzl:l,l )
Love Love| __ Love Love Love| __ Love
[Lil,()v L } _Lil,l ) {Lil,lv L } _Lil,O ’ (4'49)
Love 7 Love Love Love 7 Love Love Love 7 Love Love
[L:tl,mL:Fl,O} = £2L5", [L:tl,le:Fl,l} = F2Ly", [L:I:LOaL:Fl,l] =2Lg7,

with all other commutators being vanishing. Equivalently, using the Lie algebra isomorphism

+)Love +)Love +)Love
L(:I:)Love

that is, using D(;) X D(_y as the stabilizer of the group, with d(4) = { 0 }, the six
vector fields above can be rearranged into two commuting sets of SL (2,R) vector fields,

L(U)Love L%ovc _ LLovc /B+

e = 020 - (O + 00,) |
Love Lov
pigere < BB E T _ st [oyma, 4 120 By f1=0ith ]
2 p—p+ 2 p—p- 2
|:L7(7?L')LOVB, L%UI)LOV6:| = (m — n) L,,(vji,L;Love(so'7a" ) m,n c {_17 O; +1} ) g, U/ S {+7 _} :
(4.50)
The Casimir operator for the Love symmetry generators is then given by
. 1
CA290(2727R)LOVQ _ Z {(L%ove) _ 5 (LE,-OlVSLLove + LLOVQL&%YS)
2 (L{;olVTLLove + LLoveL&ci/?) (LLove) :|
4.51
1 [ SL(2.R) (1)Love SL(2,R) () Love ( )
- 5 CQ + C2
1
—0,A0,+ 72 B+< 8Z+A8§),
+ —
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and we immediately see that this indeed matches with the near-zone radial operator Onyz
in eq. (4.39) for the case of black strings,

Onz = CgO(Q’Q;R)LOVQ forp=1. (4.52)

We also note here that the Casimirs of the two commuting SL (2, R)’s turn out to be the same,
CSMZR)(HLOVQ = CQSL(Q’R)(_)LOVQ = 650(2’2;R)L°ve. An important property of the SO (2,2;R)
Love generators above is that they are regular at both the future and the past event horizon,
as can be seen by employing advanced/retarded null coordinates respectively.

Let us now solve the near-zone equations of motion algebraically, using the enhanced
near-zone SO (2,2; R) Love symmetry. The key observation is that the monochromatic modes
Yukem (t, x, p) furnish representations of the Love SO (2,2;R) algebra. This is most easily
written in the s[(2,R) ) @ sl(2,R)_) basis of the SO (2,2;R) algebra, spanned by the two
sets of 3 vectors {L%F)Love} U {L&;)LOVG} given in eq. (4.50),

SL(2,R)

Lgi)Love¢wkZm =10+t Ypokem and C2 (i)Love@Z)wkgm = 2(@4‘ 1) Yioktm (453)

where we have used the fact that the two SL(2,R) Casimirs coincide. From a CFT,
perspective, the scaling dimension and the 2-dimensional spin are nothing else than the
frequency and wavenumber magnitude of the near-zone scalar field perturbations, Acpr, =
h(+) + h(,) = 1f4+w and Jcpr, = h(+) — h(,) = —ifik.

We now look at the branch of vectors {v(;) that furnish a highest-weight representation

v

of SL (2,R)yynug With highest-weight () = —0. These are constructed as descendants,

Love\"
U(—J;?,)n = (L(jl) ) U(—J;?,)O’ neN, (4.54)
of the primary vector U(j;?)o’ defined according to
+)Love (4 +)Love (4 5 (+
L =0, g =~ (4.55)

as well as the condition that it also belongs to a representation of SL (27R)(7)NNHE> ie.

L(()_)Lovev(:})o = (const.) ’U(j;;)o, though not necessarily a highest-weight one. One then finds
, — —if+k/2 i
() _ ike—t) (P P+ A2/By (o
V=€ (p . { e (p p+)} . (4.56)

The SL(2,R)_, weight for this state is

Love

-)L + 5 +
A °Vev(_é?0 = (=0 +1iB. k) v(_&)o, (4.57)
and it is easy to see that this highest-weight state of SL (2, R)
highest-weight state of SL (2, R)_,
that are homogeneous along the extended dimension of the black string.

(+)Love is in general not a

Loves €Xcept in the special case k = 0, i.e. for perturbations
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Employing advanced null coordinates, it is then realized that U(_—’:)O is regular at the

future event horizon and, furthermore, it solves the leading order near-zone radial problem
with frequency
W = 1k + idnTyl (4.58)
7&0 — H*t .
where we have restored the explicit dependence on the Hawking temperature, using the fact
that 8, = k4 = 27Ty. Regularity of the Love SO (2,2;R) vector fields then implies that
(+)

all its descendants v i, are also solutions of the leading order near-zone radial problem that

are regular at the future event horizon, but with frequencies

Wt =tk —idn Ty (n - 7). (4.59)

—Ln

Following the same prescription, it is straightforward to realize that the set of states {’U(__é)n}
of highest-weight h_) = —f,
but that do not in general belong to a highest-weight representation of SL (2, R)( +)Love Ar€

that furnish a highest-weight representation of SL (2, R)(_)Love
also regular solutions of the near-zone equation of motion, with frequencies following the
dispersion relation w(:é)n = —k — idnTy(n — D).

As a last comment, the special case k = 0, of perturbations that are homogeneous along
the black string, is degenerate in that these states belong to a highest-weight representation
of both SL (2,R)<+) and SL (Q,R)(_)

this value of k that the two branches of frequencies coincide, wf:lf) (k=0) = wfl_) (k=0).

Love- This should not be a surprise since it is for

Love
In fact, these states are algebraically special, being purely imaginary. Furthermore, static
and homogeneous perturbations of the non-dilatonic black string belong to this degenerate
highest-weight representation of SO (2,2;R) if and only if { is an integer. More specifically,
the static and homogeneous massless scalar perturbation of orbital number ¢ is identified
as the £’th descendant. This observation outputs the selection rule

ke(w=0,k=0)| =0, (4.60)

leN

which is an ezxact result, since static and homogeneous perturbations survive beyond the near-
zone regime, i.e. the action of the near-zone scalar wave operator coincides with the action of
the full scalar wave operator when acting on static and homogeneous perturbations of the black
string. The above selection rule of vanishing static and homogeneous scalar Love numbers of

the non-dilatonic black string is a direct consequence of the highest-weight property, namely,

241 .
the annihilation condition (Lgfl) Love Y=0,k=0,m (p) X 8£+11/1w:07k:07gm (p) implies that

the corresponding perturbations are purely polynomial in p, with no decaying response
component. More generally, for integer 7, the £’th descendant follows a light-like dispersion,
with |w| = |k|. However, such near-zone modes do not survive beyond the near-zone regime
for k # 0. Nevertheless, as we will see in the next section, near-horizon modes with light-like
dispersion relations turn out to do survive in the far-horizon region in the extremal case. In
the next section, we will also see that the states spanning the aforementioned representations
of the Love SO (2,2;R) have another interesting property: they can be realized as QNMs
of the NNHE geometry of the black string.
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4.5 Homogeneous SL (2,R) symmetry for (p > 2)-branes

We will close this part of near-zone symmetries addressing the vanishing static and homoge-
neous scalar Love numbers of non-extremal black p-branes by supplementing with the case of
(p > 2)-branes. Unfortunately, there is no near-zone Love symmetry that spans the algebra
of the p > 2 conformal group, SO (p + 1,2;R). We will geometrically prove this statement in
the form of a “no-go theorem” in the next section. Here, we will instead show that one can
construct a “homogeneous” SL (2, R) which emerges only in the reduced solution space of
homogeneous (k = 0) perturbations and has the special property of having an exact action
on static and homogeneous perturbations.

Let us then consider the full equations of motion for the special case of homogeneous
scalar perturbations ¥y, of the black p-brane, see eq. (4.31) with 9;tYhhom = 0,

d2 r2p2/dA2,(d71)/d 5 1
Drantnom = 5 | 0p A0, — A op + ﬁASaﬂ Vhom » (4.61)

and let us choose the following near-zone truncation for this reduced solution space

72

d om 1 om
UfullYhom = ﬁ (O)}liIZ + ﬁAS(i-H + 6Vlh :| Yhom (4'62>
with
hom (p+ - p*)2 2 02
Ongz” = 8,0A8p - 76+at )
44 (4.63)
d—1)/d d - '
hom _ r2p2/dA2_( n/d _ rgrpi/ (py — p_)2(d 1)/d 52
1 szA t -

One then realizes that the leading order near-zone equations of motion for such homoge-
neous scalar perturbations of the black p-brane are functionally identical to the near-zone
equations of motion for scalar perturbations of a (D — p)-dimensional Reissner-Nordstrom
black hole, see eq. (3.49); an observation that was already remarked in ref. [61] for the case
of rotating black strings and here extended to non-rotating black p-branes. One can then
straightforwardly write down the following set of 3 vector fields {Lllolm, Lgom, L}j_olm},

Ly = B0, LA = ™0 [5VA9, + (9,VA) i 0l | (4.64)

which satisfies the SL (2,R) algebra,

(Lo, Liem) = (m—n) Liem, . m,n € {=1,0,+1} (4.65)
and whose Casimir element precisely reproduces the reduced leading order near-zone radial
operator,

S Bhom _ ghom (4.66)

Monochromatic and homogeneous perturbations of the black p-brane can then be seen to

form representations of this sl (2,R), . = span {L?,‘;m]m =-1,0, —1—1}. Following the exact

same representation theory arguments laid down in the previous section around the near-zone
Love SL (2, R) symmetry of scalar perturbations of the Reissner-Nordstrom black hole, the
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vanishing of the static and homogeneous scalar Love numbers of black p-branes whenever
/ is an integer emerges as the selection rule that the corresponding perturbation belongs
to a highest-weight representation of SL (2,R)

hom>

hom t+1 _ k _ k = —
L5 Yw=0k=0,m| =0=k(w=0k=0) =0. (4.67)

leN leN

4.6 Scalar Love numbers of extremal black p-branes

We will finish this section by supplementing with a study of what happens at extremality,
namely, we will compute the scalar Love numbers of an extremal black p-brane. The full
equations of motion in the extremal case read, after expanding the scalar field into its
spherical harmonics modes,

Otat¥em = (£ + 1) Yym , (4.68)

with the full radial operator given by

2 r P 2/d b
On =9, (p—0p a—l-A( > N 0,0y . 4.69
R : (4.69)
These cannot be solved analytically for generic perturbations. Nevertheless, one can identify
the exceptional case of perturbations that follow a light-like dispersion relation,

Ol V2 —t2:m = O (P — p+)” Opt2—ic20m » (4.70)

for which the full equations of motion can be solved analytically everywhere. Namely, the
solution that is regular at the extremal horizon is given by

Vy2—k2.0m = elkx—wtp, (w2 = k2) (p—ps)t. (4.71)

In particular, the regularity condition at the horizon has eliminated the decaying branch
x (p— p+)%71 and, consequently, the scalar response coeflicients of the extremal black
p-brane are exactly zero for perturbations that follow light-like dispersion relations,

ke (w2 = k2> =0 for extremal black p-branes. (4.72)

More importantly, this result is true for any orbital number ¢, not just those for which 1
is an integer as with what happens in the non-extremal case and, furthermore, it implies
vanishing not only of the conservative Love numbers, but also of the dissipation coefficients
for these particular perturbation modes.

At last, let us consider the more generic response problem of the extremal black p-brane,
without choosing specific values for the longitudinal momentum of the perturbation. For
the sake of this, we will employ a near-zone expansion adapted to the current extremal
configuration. Since we want to preserve the near-horizon behavior, this near-zone expansion
will, in fact, also be an expansion around modes that are light-like-ly dispersed. Indeed, let
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us consider the following near-zone split of the radial operator,

NZE
Opan = Onze +€ V7,

2 Ti pr ¢ b
Onze = 0p (p— p+)" 0p + — <> n"0a0p ,

d2 \p—p+ (4.73)
2/d
NZE _ rp?d — 7"%r:0+/ ab
VI - A2 2/d 77 8(18[7 .
d* (p — p+)
One then sees that the corrections in V;N?F are of the form O (k; (r —r4)) when acting

on monochromatic perturbations, where

ki =\/—n®k.ky = \/w? — kﬁ (4.74)

is the transverse frequency, k|| = k being the spatial momentum along the world-volume.
As such, we can extract the scalar response coefficients of the extremal black p-brane up
to O (k?r?) corrections just by solving

@NZEwwkEm = E(g + 1)wwkfm . (475)

Imposing ingoing boundary conditions at the horizon we find the following solution for the
scalar perturbations of the extremal black p-brane at leading order

= 1/d
_i(kex—wt) P = P+ ,(2) d ( P+ )
wkém = € Rom (W, k) | ———H kT . 4.76
Yok m (w, k) o d(€+§)<dl+ = or (4.76)

Expanding the Hankel function around small arguments, i.e. large radial distances, we then find

T d 20
ko (w, k) = ————— - i—k + 0 (k2r? 4.77
k) = L Tt 1) st (sz M*) (k%) 4.77)

where 1
i=d <€+ 2) : (4.78)
For extremal black p-branes with world-volume dimensionality d > 2, one then sees that

the vanishing response coefficients persist up to O (kiri) that are not included in the
near-zone approximation,

ko (w, k) =04+ 0O (kiri) for extremal (p > 1)-branes. (4.79)

On the other hand, for the special case of extremal black holes (p = 0), one instead finds
that there is a non-vanishing response if /< %,
inl 20+1
1
ke (w, k) = e 5 ~ (—Awmr) +0 (w%i) : (4.80)
p=0,0<1 L+ )T+ 5)cosml \ 2d

In four spacetime dimensions, this tells us that the s-wave mode exhibits a purely dissipative
response, and hence the vanishing of the scalar Love numbers of extremal four-dimensional
black holes also persists up to order O (w%ﬁ). Note that for general { the above response
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appears to be non-analytic in w for modes with ¢ < %. This does not contradict EFT for
the imaginary part of the response which could be non-analytic due to gapless dissipative
modes [38, 39, 99]. We believe that the apparent non-analyticity in w of the real part of
the response is an artifact of the leading order near-zone approximation, which is known to
produce a wrong answer for the conservative dynamical Love numbers, see e.g. [23].

As we will see in the next section, the vanishing responses we have encountered for
the current extremal black p-brane solution will be addressed by another type of extended
symmetries: the enhanced SO (d;2R) isometry subgroup that emerges in the near-horizon
throat of the extremal configuration. The resulting Casimir operator of the NHE algebra,
which will be by construction adapted to a near-horizon expansion of the equations of motion,
will turn out to have the unexpected property of also being identical to the near-zone operator
@NZE of eq. (4.73).

5 Enhanced near-horizon symmetries of near-extremal non-dilatonic black
p-branes

In last two sections, we have demonstrated that enhanced conformal symmetries associated
with the scalar response problem of black holes and black strings emerge in the near-zone
region and that they impose physical selection rules, namely, they dictate the vanishing of
static and homogeneous scalar Love numbers. At leading order in the near-zone expansion,
the response problem of the non-dilatonic black hole and black string can, in fact, be restated
in terms of effective geometries, with the near-zone symmetries manifesting as isometries of
these effective geometries. For black holes, we have showed in section 3 that the corresponding
effective geometry turned out to be identical with a certain near-horizon limit, what we called
the Maldacena limit [63—65], itself being directly related to the NNHE geometry.

Here, we will extend these results to higher world-volume dimensionalities, starting with
the well-established result of an enhanced spacetime isometry manifesting in the near-horizon
region of strictly extremal black p-branes, identified to be the (p 4+ 1)-dimensional conformal
symmetry group, SO (p + 1,2;R). There, we will also draw a relation between these NHE
Killing vectors and the vector field generating the near-zone Love SO (2,2;R) symmetry for
the case of black strings. We will furthermore contrast the behavior of the scalar Love numbers
of extremal black p-branes with the physical geometric constraints implied from the NHE
Killing vectors. We will then study the Maldacena limit of the non-extremal non-dilatonic
black p-brane and explore the relation of the resulting NNHE geometry with the enhanced
near-zone symmetries. As we will see, it is only for black holes and black strings (p =0, 1)
that an identification between the near-zone Love symmetries and the NNHE isometries exist,
while, for p > 2, we will show that there cannot be an underlying pure AdS, s structure
equipped with a non-degenerate horizon, neither in the near-zone nor in the NNHE region.

5.1 Extremal limit — Enhanced isometries in near-horizon throat

Let us begin with the strictly extremal black p-brane, for which ry = r_ and, thus, the
full geometry is described by the line element

d 2
ds® = fi/dnabd:v“dxb + % + TQdeZH , fr=1-— <T:) . (5.1)
Jr
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The full source-less equation of motion for linear massless scalar perturbations of the black
p-brane then reads, after expanding into spherical harmonic modes,

Oty = 0 = O = £ (0 4+ 1) Y,

P2 N (5.2)
Ottt = 0, (p — p+)° 9, +d2 (p—p+) n"0a0p -

The first thing to observe is that the isometry group of the full geometry has now been
enhanced from R; x IS0 (d—1) x SO (d + 2) to ISO(d—1,1) x SO (d + 2). An even
larger enhancement enters in the near-horizon throat, reached by performing the change
of coordinates,

5 s\ 1/d
d d__ ,.d
j= 7’F+ T Ar+ o FY = A2, (5_3)
dx \

and taking the scaling limit A — 0. The resulting NHE geometry,

2 u dy
dSNHE b2 nabdflf dx + b2y7 +7r +de+1 s (54)
is an AdSgy1 X sd+1 manifold, with the AdSgy; radius being
d
b= =Ty . 5.5
. 55)
The AdS4.1 Killing vectors are given by
=z 5 yay s gab = i'aéb - jbéa > £+1,a = éa ’
b - - 5.6
— <y2 2) D — 2743°0 + 2747 0y , (5:6)
with #2 = 7,,2°2°, and satisfy the SO (d,2;R) algebra,
[€+1,0,60] = F41a,
[€+1,0, Ebe] = Nabbt1,c — Nackt1p s (57)
[€x1,as §51,0) = 2 (Fnavo + Eab)
[€abs Eca] = — (Macbd — MadSbe — Mbead + Mbaac) -
In the original (z, p) coordinates, the SO (d,2; R) Killing vectors are written as
§o=2"0s —d(p—py)0,, §ab = TaOp — 2404 , £t =A""0a,
d 1/d\ 2 5.8
E1a=A o ( P+ ) + 22| 9y — 22420 + 2d x4 (p—p+)0, ¢ . (5:8)
d P =P+
The Casimir of this NHE SO (d,2;R) algebra can be worked out to be
50(d,2;R 1 1, 1. .
Cy (428me — pi [fg 3 P (Erraéoip + Ecrabiip) — §§abf b}
1 1 ~d+1 0 s A
= ﬁ lgd_l a@ Yy 8@ + ?77 aa,ab (59)
2/d
rl P+ ab
=0, Op+ == <) DOy »
(p—=p+)? 2oy, ) "%
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and one can see that the full equations of motion in the near-horizon scaling limit are precisely
this Casimir operator of the enhanced NHE algebra,

SO(d,2;R)

Opn = Cy NHE L O (N) . (5.10)

5.2 Geometric constraints of NHE algebra on scalar Love numbers of extremal
black p-branes

Let us now explore the implications of these enhanced NHE isometries for the scalar response
problem of the black p-brane. To begin with, the full equations of motion eq. (5.2) cannot
be solved analytically everywhere. Nevertheless, the NHE Casimir element provides with
an approximation that has the remarkable property of being exact when it acts on static
and homogeneous perturbations. In fact, this remains true for the non-static perturbations
that follow a light-like dispersion relation,

SO(d,2;R
CQ ( )NHE@ZJWQ k2:/m — (O)fullwa:kQ;Zm = aﬂ (IO - ,0+)2 6P¢w2=k2§fm’ (511)

and, hence, the full equations of motion Qpnt)2—k2.¢m = 0(0+1) YPu2=k2.4m can be solved
analytically everywhere as we have also demonstrated in section 4.6, with the final result
being the vanishing of the corresponding scalar response coefficients.

We will now demonstrate that the NHE SO (d, 2; R)yyp Killing vector address these
vanishings. To begin with, let us focus to the simplest case of black strings (p = 1). The
SO (2,2;R)ypp Killing vectors read

fo=t8t+$8x—2(p—p+)8p, o1 = —t0y — 20y,
€10 =110, Er11 =210,

5_170:)\{[(274) L
pP— P+
2T+ 2
E11=2A i) oo p+ — x| Op —22xtO +4x(p—p4) 0, ¢
(2

or, in the s[(2,R) ) ® sl

O + 2t x0y — 4t (p — p+) 8,)} ) (5.12)

,R)_y basis,

+ + 1l
& = 2@ixxai@»—@—po@, € =21 @£
> (5.13)
+ 2ry  py 1 2
e = [gm(aﬂﬁ%)‘i‘z(tifﬁ) (Or £ 0;) —2(t L ) (P—P+)8p1 :
Let us now explore particular representations of this NHE SL (2, R)( +) X SL (2, R)(_) algebra,
namely, those representations which are highest-weight with respect to only one of the

SL (2,R) factors. For instance, let us look at the primary vector vi?o of weight hy = 7
with respect to SL (2,R)(+)NHE, defined by
(), () _ (B, — _p,D)
£ U—@,O_O’ & Gl Ev_ao. (5.14)
The solution is
o= flE—a) (o= p) (5.15)
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with f (¢ — z) some arbitrary function of the combination ¢t — z. The pure polynomial form
in p — p4 dictates the vanishing of the corresponding scalar response coefficients for such
near-horizon modes of the extremal black string, this time for any orbital number ¢, not just
for integer /. The question remains of whether these near-horizon modes are physical, in
the sense that they satisfy the full equations of motion in the background of the extremal

black string. This is indeed the case, as demonstrated explicitly in eq. (5.11), since the

—0? + 0% 55;1)55:5) term annihilates v(;) by definition. Therefore, the primary vector

U(J;) we just constructed from SL (2 R)( 4)NHE Tepresentation theory arguments is, in fact, a
solution to the full equations motion. We remark, however, that thls primary vector does not
in general belong to a representation of SL (2, R) _)yyg, since 50 U(+) # (const.) U(jf)o‘

In a plane wave basis for the massless scalar perturbations, ¥,km (t,x,p) = eilkz—wt)

) = ( is precisely translated to the light-like

(=)
—4,0
that belongs to a highest-weight representation of SL (2, )(_)NHE, but, evidently, does not

Rykem (p), the highest-weight property { 1 U

dispersion w = +k. The same steps can be followed to construct a primary vector v

belong to a representation of SL (2, R)( +yNuE> Which is identified with a solution to the full
equations of motion for monochromatic perturbation modes with dispersion relation w = —k.
The highest-weight property again dictates a purely polynomial form in the p — p5, hence
outputting vanishing response coefficients for these modes.

As a last remark for the case of black strings, it is interesting to note that the Killing
vectors generating the NHE SO (2,2;R) can also be recovered from the near-zone Love
SO (2,2;R) generators we encountered in section 4.4, see eq. (4.48) or eq. (4.50). This is
achieved by taking the extremal limit in the form of a Wigner-like contraction as follows

Liio—L_1p

— 4
S0 +T;IEO 2 ’
€01 = — lim Liyi+ L1
o1 Tg—0 2 ’
=-\"! lim 27Ty L
§41,0 A 2n T Lo,

(5.16
€411 = +A" lim 27Ty Loy , )
Tg—0

Liio+L_10+2L

A l
Lii1—L_11—2Ln
— _)\ 1 ) k)
11 T30 Ty ’

after identifying A with the scaling parameter.

— 34 —



For the case of extremal black (p > 2)-branes, we can follow similar algebraic arguments
to address the vanishings of the static and homogeneous scalar Love numbers. In particular,
consider the following specific highest-weight representation of the SO (d,2; R)yyp algebra,
with the primary vector defined by

§+1vav—dé,0 =0, fov_dﬂo = _dgv—d@,o = U—d@,O = (p — p+)€ . (517)
This is precisely the static and homogeneous perturbation that is regular at the horizon
and its purely polynomial form is exactly the condition that dictates the vanishing of the
corresponding response coefficients, just as we extracted from the explicit calculation.
Last, let us remark an interesting property regarding the more generic response problem
of the extremal black p-brane, without choosing specific values for the longitudinal momentum
of the perturbation. The full equations of motion eq. (5.2) cannot be solved analytically,
but we may use the enhanced NHE isometries and expand around the near-horizon region.
Interestingly, for the current background geometry, which arises as a solution for the action
give in eqgs. (4.2)—(4.4) whose bulk gravitational degrees of freedom are general-relativistic,
this near-horizon expansion turns out to be identical with a near-zone expansion. This
fact comes from the observation that the O (\) corrections in the near-horizon expansion
of the full equations of motion, eq. (5.10), are of the form O (k) (r —r4+)) when acting on
monochromatic perturbations, with k2 = —n®k.k, = w? — k? the trasnverse frequency. In
fact, the near-zone operator Onzg in eq. (4.73), that we have employed when computing
the scalar Love numbers of the extremal black p-brane in section 4.6, is identical to the
Casimir operator of NHE algebra

SO(d,2;R)NuE

Onzg = CQ (5.18)

This is a rather unexpected result that appears to be specific to genera-relativistic gravitational
effects and be practically traced to the fact that ¢"" is a perfect a square in the extremal limit,
instead of some generic function with a double root at the degenerate horizon. Physically,
it implies that there exist near-horizon modes that survive in the far-horizon region, which
at no-way needed to be the case. We will leave the better understanding of this accidental
effect for future development.

5.3 Contraction of homogeneous Love symmetry in the extremal limit

In section 4.5, we have constructed a “homogeneous Love symmetry”, i.e., an SL(2,R)
symmetry of the near-zone equations of motions that acts on massless scalar perturbations
that are homogeneous with respect to the spatial directions of the black p-brane. In the
extremal limit, one can perform a contraction of the homogeneous Love symmetry generators
as follows

hom _ Y—-1 1. o hom :N—l
¢hom — 3 Tg%( 2Ty LE™) = A1,

hom hom
Lhom _ pho

gom:ngoﬂf:tat—(p—p+)ap7
_ Lhom 4 Lhom 4 2Lhom B r 2
hom . +1 -1 0 + P+ 2
— 1 M) +2)a,—2t(p—p.)d
29 Am nTh (d p_p+) + s (p—p+)0p| ,

(5.19)
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with A some arbitrary constant. The resulting vectors fields satisfy an SL (2,R) algebra,
[ hom hom} =(m—-n)m  mmne{-1,0,+1}, (5.20)

m SN m—+n

which also tells us that the parameter X is algebraically irrelevant as it enters automorphically.
The above set of vector fields has the special property of surviving in the following near-
horizon limit
IreP=Pe o x, A0 (5.21)
d X py
once one identifies A with the scaling parameter M.

In fact, the vector fields ¢M°™ exactly match with the generators of the enhanced SL (2, R)

m

iy =

symmetry of the near-horizon throat of a (D — p)-dimensional extremal Reissner-Nordstrom

black hole, see eq. (3.44). However, the set { };Lom} does not span any isometry subgroup of
the near-horizon throat of the D-dimensional extremal black p-brane or any of its 2* = const.
subspaces. This can be traced back to the fact that the metric component g, for p > 1 does
not reduce to the AdSs one in the extremal near-horizon scaling limit.

Nevertheless, it is an isometry of the (¢ = const., z’ = const.) subspace of the near-

horizon throat, i.e.

Lenomgpy =0, (5.22)

where ggNgHE is the gg-component of the NHE metric in eq. (5.4). As a result, the SL (2, R)

algebra generated by {d}fm} has an exact action on static and homogeneous perturbations
of the near-horizon throat. In fact, its Casimir operator has an exact action on static and
homogeneous perturbations of the full extremal black p-brane geometry

Co ((%C)m) V0k=0 = 0p (0 — p+)? Oph=o =0 = Orn¥u—o k=0 - (5.23)

As such, one can study algebraic constraints on static and homogeneous perturbations
of the extremal black p-brane, just by studying representations of this SL (2,R) algebra
generated by ¢P°™. It is not hard to see that static and homogeneous perturbations of
the extremal black p-brane are primary vectors of a highest-weight representation of this

A~

SL (2,R) algebra of weight —/,

C.}ﬁm?l)w:o,kzo,zm =0 ) Cg)lom%bw:o,k:o,Em = —g@bw:o,k:o,zm . (524)
This implies a purely polynomial solution, up to an overall integration constant,
?
Yw=0k=0,m = (P — p+) , (5.25)

from which one immediately infers the vanishing of the static and homogeneous scalar Love
numbers of the extremal black p-brane.

hom

The existence of the vector fields ¢ should not come as a surprise. It can be traced back

m
to the observation that the near-zone equations of motion for homogeneous perturbations of a
black p-brane are functionally identical to the near-zone equations of motion for perturbations
of (D — p)-dimensional black hole, as already remarked in section 4.5. At the moment, it
is not clear if this symmetry can be robustly interpreted from the geometric point of view.
However, this might be related to the observation that AdS, 2 can be viewed as a warped

geometry of AdSy x SP, see e.g. ref. [101].
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5.4 Near-extremal near-horizon region: equivalence to SAdS, 2

We now look at the non-extremal black p-brane and study its NIH geometry. Using the
coordinate p = r¢, the full geometry in eq. (4.6) reads

2 do?
ds* = [H (o))" [~ 7 () de* + dx*] + Agpz Tz T i (5.26)
Z(p)=§f7 Hp)=f2.

To obtain the NIH region, we first introduce the variable
d B 1/d
Z = =r_ ( P ) (5.27)
d p—p-

and take the Maldacena limit, that is, we take the near-inner horizon limit z — oo while

keeping Z = ;—j fixed. The resulting NIH geometry is found to be

d

2 2 d
1 d 2
dsy = (dr_> = [—Zdtz + dx? + % 2 dQ>% Z=1- <Z> , o (5.28)

d+1 dp_

where _ is given in eq. (4.10). Fixed points on the sphere, charted by the (¢, x, z) coordinates,

L Z=1- (Z>d , (5.29)

Zh

2

b dz?
— Zdt?
[ dt +dx+Z

2
dsNn

Sd+1 Z2

now lie on a SAdS, 2 spacetime in Poincaré coordinates, whose AdS radius and event horizon
location read

d d
b= 27“, and zp = §ﬁ, : (5.30)
Switching back to (¢,x, p,0) coordinates, the NIH geometry becomes
AN A r2 [ dp?
2 + 7,2 2 - P 2 1002
dSNIH = (p_) A_ dt -+ dX :| + ? A+A_ -+ d de+1 . (531)

If we now treat this as a background geometry and consider massless scalar perturbations
1), the linearized scalar wave operator reads

2 r2 A2/ oy |
Oninty = 5 |9, A0, + ”T (—A+82 0900, ) g |V (5:32)

This is to be contrasted to the full equations of motion. eq. (4.31) and, in particular, to
the near-zone truncation employed in section 4.3. Comparing with the leading order near-
zone operator in egs. (4.38)-(4.39), we see that it does not quite match the above wave
operator. Nevertheless, the two operators do become identical if one takes the NNHE limit
in the following way

r2 2/d A (d—2)/d
rp- A- T 1 >
32 ( A+3t+A76 ;0
NNHE, r2 o8 (py — p) =2/ ( 1 >

= st
A+at+A,6 8:0;

(5.33)

S

d2
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the crucial point being that we keep the terms inside the brackets intact. This operator is
associated with the following NNHE geometry

T AP e
pZ/d ALA_ d+1
+

2
ds2npE = [—Agd? + A_dx?| + di (5.34)

and precisely corresponds to the effective black p-brane geometry that reproduces the near-
zone equations of motion.

At this stage, it is still not clear whether the NIH or the NNHE geometries above enjoy
enhanced symmetries that will prove relevant to the full scalar response problem of the
non-extremal black p-brane. As we will demonstrate right away, however, the case of black
strings (p = 1) follows a pattern similar to the Reissner-Nordstrom black hole paradigm
we analyzed in section 3, that is, the NIH/NNHE geometries are equipped with enhanced
conformal symmetries.

5.5 NNHE region for black strings: equivalence to AdSj3

As remarked in ref. [102], the black string geometry can be brought into the form of a BTZ
black hole after a coordinate transformation, modulo periodic identifications. This in turn
has been demonstrated in ref. [103] to be isomorphic to a patch of pure AdSs. Adapting
these considerations to our analysis, the coordinate transformations

0

. Zh
cosh =, xr=p=
z Zh z Zh

b4
FP= smh R == L2e2t/#n , (5.35)
with L some arbitrary length scale, shows that the NIH geometry of the black string, eq. (5.29)

with p = 1, is precisely isomorphic to the Poincaré patch of pure AdSs,

7 dr
dstu| =1 (—d7? +dx?) + ¥ =5 (5.36)
Sd+1
The six Killing vectors generating the SO (2,2;R) isometry group of this AdSs geometry
are then
Lo = 70z + X0x — 707, Lo1 = =705 — X0r
Li1o=0z, Lyi1=0s,
- bt
Ly, ( +72+x ) Oz + 27X05 — 27705 , (5.37)
( — 72— >~<2> Oy — 2X70z + 2X70; .
or, in the 5[( )( ) @5[ ( ) baSiS,
ro _LoFLon 1 o o0 1o
0 ) 2 ) 2 ( X) (67' aX) QTaT I
() LyioxLyn 1
) = B0 =Ll g 49y
. L_ L_ b 1
L&) = 2O T2l - h (0, F 0 + 5 (FER) (9r 20 — (F£0) 70,
L), L] = (m =) LT b, mon € {=1,0,41}, o,0" € {+,-} .
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The Casimir operator for the Killing vectors is then given by

SO(2R 1. 1.+ - o P o ~
Cy (2w 1 {L% 3 (L+1,0L—1,0 + L_1,0L+1,0) + 3 (L+1,1L—1,1 + L—1,1L+1,1) + L%l]

— 1 (éSL(2,R)(+)NIH I C”'zsL(27R)(—)NIH>

:iﬁ@ﬁ&+$@&+%ﬂ,
(5.39)

and we also note here that the Casimirs of the two commuting SL (2,R)’s turn out to be

the same, C2SL(2 R) (yNiu _ C’“2SL(27R)(—)NIH _ C”;‘O(Q,ZR)NIH‘

In summary, the full isometry group of the NIH geometry is SL (2, R)(+) x SL (2, ]R)(_) X

SO (d+2), with SL (2, R) (1) generated by L5 and the commuting SO (d + 2) amounting
for the spherical symmetry of the geometry.
In the original (¢, z, p) coordinates, the full NIH geometry becomes

A A_ r? dp
ds?iy = ——=dt? + ——da?® + — +d2d0% |,
N p- a2 | A d+1 (5.40)

Ar=p—ps, A=A A =(p—ps)lp—p-),

the AdSs Killing vectors read?

:_/B 8155 E01:+5 az‘a

_ ot/ =z |p x p—pt
Lﬂg e lcosh <$2\F8 + ﬁ 8t> :I:sth o 584 " (5.41)

L1y = e*"/% |sinh = F2VA 9, + PP B0 | £ cosh — | 2P+ B0z
b pP= P+ B\ p—p-

or, in the s[(2,R) ) @ sl(2,R)_, basis,

2
— (5.42)
L) = eFliton/f- 1 /N g, + - B4 o+ PPt 6;0(% 7
p—pt+ 2 p—p- 2
with o € {—, 4}, while the corresponding SO (2,2;R) Casimir becomes
550(2 2ZR) N a Aa + 4 — P- B2 (_A 815 + 82> (5‘43)

Working in advanced or retarded null coordinates, one can then see that all generators are
regular at both the future and past inner horizons, but are singular at the outer horizon.

9The vector fields written here that span so(2,2;R) have been automorphically redefined for future
convenience. More specifically, we performed the redefinitions Lo — Lo, L01 — L017 Lil 0 — Lq:1 0,
Eil,l — fL:Fl,l in eq. (5.37), plus rescalings of the form Lﬂ,o — AT Lﬂ,o and Li1,1 5 A\E Li1,1 with
the same global factor to remove any dependence on the arbitrary length scale L and signs associated with
the covered spacetime patch; both types of redefinitions preserve the current basis used to write down the
SO (2,2;R) algebra.
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As with the p = 0 case of black holes, we now consider the NNHE limit, consisting
of taking r_ — ry, while keeping the inverse surface gravity at the event horizon finite,
B+ = finite, plus remembering to keep the function Z = ;—f fixed. We find

Al

A
d812\INHE = —Zdl‘? p+ d + ;+

dp*
A

72 2
+d de_H] : (5.44)
The corresponding AdSs Killing vectors are given by
Lo=—-5+0;, Lo =+05+0s,

Liipo = ett/B+ lcosh <$2f8 + ﬂ+8t> j:smh— P— P+ B+ m] ,

B\ p—p- (5.45)

Lill—ei /B+ | sinh - :FQ\FO + ,6’+(9t + cosh =, [P~ P+ B10:] ,
B p— B\ p—p-

or, in the s[(2,R) ) ® s[(2,R)_, basis,

L) = ﬁ* (0, +00,), oe{+ —},

ngg:eiamm VA, + PP Beg o PPt B o

(5.46)
p—p+ 2 p—p- 2 ]

and the corresponding SO (2,2;R) Casimir is given by

SO(2,2;R)\NHE

Cs = 0,A0, + %ﬁi ( e — 32) (5.47)

Ay TTTAC

This way, we have obtained an enhanced near-horizon symmetry group whose generators
satisfy the opposite regularity behaviors near the horizons: they are now regular at both
the future and the past event horizons, but singular at the inner horizon, thus, permitting
an investigation of geometric constraints on the near-horizon physics.

Consider then the problem of massless scalar perturbations ¢ of the NNHE geometry
for the black string in eq. (5.44). As with the case of the Reissner-Nordstrém black hole,
the problem is completely integrable, as can be seen from the complete separability of the
linearized massless Klein-Gordon equation,

d? 1
UNNHEY = 7“2 [a Aa + 54- < 81& + r 82) + CZQASJH] (0
d; ) - (5.48)
. SO(2,2;R)
- E [02 NNHE 4 JQASJH} 1/}

A Solving the angular problem by expanding into scalar spherical harmonic modes on
S [59, 73, 74],

¥ (t,2,0,0) =D tem (8.2, p) Ym (0) (5.49)
4, m
the radial problem reduces to

. st
OB INms P (0 1) Yy, = = (5.50)
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From the explicit form of the radial operator, the indicial powers at large p can be
seen to be

Yem ~ Erm [pé + ] as p — 00, (5.51)

ay
pﬁ—i—l
which coincide with the boundary conditions imposed in asymptotically AdSs spacetimes
for operators with scaling dimensions Ay = —0and A_ =7+ 1. The non-normalizable,

¢ mode then corresponds to a source, while the normalizable, o p~2~ = r—{~¢,

x p*A+ =r
mode corresponds to the response, interpreting the integration “constants” a, as “response
coeflicients”.

Comparing with the response problem of the non-extremal black string we encountered in
section 4.3, we then realize that these response coefficients from the perspective of the NNHE
geometry are in fact exactly the same as the black string scalar Love numbers at leading order
in the near-zone approximation. More interestingly, the Love SO (2,2;R) symmetry that we
found emerging in the near-zone region is identical to the enhanced isometry subgroup of
the NNHE geometry. Indeed, a simple inspection of the effective geometry associated with
the employed near-zone truncation of the equations of motion in eq. (4.38) shows that it
is identical with the NNHE geometry in eq. (5.44) or, alternatively, from the fact that the
near-zone radial operator Onz in eq. (4.39) precisely coincides with the Casimir element,
eq. (5.47), of the enhanced SO (2, 2; R) isometry subgroup of the NNHE geometry. Even more
explicitly, the Love symmetry generators we have written down in eq. (4.48) and eq. (4.50)
are identical to the Killing vectors of the NNHE geometry in eqgs. (5.45)-(5.46). In conclusion,
we have just demonstrated that

50 (2,2;R) [ ve = 50 (2,2;R)yngg  for black strings. (5.52)

The upshot of this identification is that can now give an alternative interpretation of the
Love X SL (27 R)(—)Love
perspective of the NNHE geometry. As with the Reissner-Nordstrém black hole case, these

states spanning the highest-weight multiplets of SL (2, R)( +) from the
states are precisely the QNMs of the NNHE black string geometry. Indeed, the spectrum
of these states that we have extracted in section 4.4,

W =™ = 1k~ idnTy(n— 1), (5.53)

—4n

are roots of the NNHE response coefficients ay, i.e. the leading order scalar response coefficients
of the non-extremal black string, see eq. (4.44). Compared to the case of the Reissner-
Nordstréom black hole, there is an extra factor of 2 in the dumping parameter, in accordance
with results reported in ref. [104], namely, the QNMs frequencies of the BTZ black hole whose
relation to the NNHE geometry has already been remarked in section 5.5.

5.6 NNHE region for black (p > 2)-branes: inequivalence to AdS, >

Inspired by the results around the p = 0 black hole and the p = 1 black string, the question
now arises of whether SAdS,, 2 is isomorphic to the Poincaré patch of AdS, 2. A minimum
indication that this cannot be true revolves around the fact that the isometries of SAdS, 2
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and pure AdS,;2 do not match for p > 2. We will now demonstrate this non-isomorphism
in the form of a “no-go theorem”.

Consider a generic R'P x SO(a? + 2)-symmetric p-brane geometry, which can always
be brought to the form

dr?

f(r)

The question we wish to answer is whether the submanifold charted by the (z,r) coordinates

ds® = Hgy (1) dz®da® + + R? (r) dQ2 (5.54)

d+1°

can be maximally symmetric and admit a non-degenerate horizon. Let us focus to the
worldvolume directions. The relevant components of the Riemann tensor are

1
Raped = _Zf (HyoHyy — HygHj,) (5.55)

One set of the conditions for the submanifold to be maximally symmetric is that

Rabcd =A (Hachd - Hadec) 5 (556>

. . N . d?(d*-1) .
with A the constant curvature of the submanifold. This gives rise to —+5— independent
constraints for the @ longitudinal metric components H,,. This system is not over-

constrained only for d < 2, i.e. for black holes (p = 0) and black strings (p = 1). Let us
now focus to the case relevant for our analysis, where the longitudinal isometry subgroup is
enhanced to Ry x ISO (d — 1). Then, the generic line element can without loss of generality
be rewritten as

dr?

as? = F (1) [~2 () +- ] + s

+ R? (r) dQ3 1 (5.57)
where the functions F'(r), Z(r), H (r) and R (r) are left arbitrary at the moment. We
will investigate whether the maximally symmetric condition for the submanifold charted
by the (t,x,7) coordinates can have a non-degenerate horizon, i.e. whether Z (r) can have
a simple root at some radial position, while the other functions remain finite there. The
conditions we want to impose are that R,sy5 = A (9ay985 — gashsy), where the Greek indices
from the beginning of the alphabet, «, 3,7, ..., label (¢,x,7). For d =1 (p = 0), the only
condition that needs to be imposed is

(Fz)" (Fz) ((HZz) (Fz)\ A
2F7 | 2FZ ( ) (5:58)

2HZ 2FZ

- HZ'

Rt'r’t'r‘ = Agttgrr =

From a simple residue analysis, we see that if Z (r) has a root at some radial position r = 7y,
then the orders of the poles on the two sides of the above equation are the same. For d = 2
(p = 1), the Riemann tensor along the worldvolume directions starts becoming non-trivial,
with its single component imposing the further constraint

F'(Fz) X

2F 2FZ ~ HZ (5.59)

Riitj = A g11gij =

The orders of the poles on the two sides of this additional constraint are again of the same
order, hence allowing the possibility of a non-degenerate horizon for the case of black strings.
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Last, for d > 3 (p > 2), the Riemann tensor induced on the longitudinal spatial slices starts
becoming non-trivial and imposes one further constraint,
F’? A

Rijri = N (9ikgj1 — gugjk) = == "HZ (5.60)
We see then that Z (r) cannot have a simple root at some r = r, while having F' (r,) # 0
and H (r,) # 0. As a result, we have a no-go theorem that shows that non-degenerate
black p-branes with isometry subgroup R; x I.SO (d — 1) along the worldvolume directions
cannot be mapped to a pure maximally symmetric spacetime, as opposed to what happens
when p = 0 or p = 1, for which cases the SAdS, 2 black holes/strings are diffeomoprhic
to the Poincaré patch of pure AdS, 2.

6 Discussion and open questions

In this work we have studied the Love numbers and Love symmetries of non-dilatonic black
p-branes. Our results shed new light on the origin of the Love symmetry and its connection
to the underlying background geometry. Our main results are summarized in section 2.
Let us now list some remarks and open questions, and discuss future research directions
suggested by our study.

Geometrization of Love symmetries for rotating black holes. In this work, we have
focused to spherically symmetric and static black holes. However, Love symmetries have been
demonstrated to exist also for Kerr black holes [44, 45], as well as for some higher-dimensional
rotating black holes [60, 105]. For the four-dimensional case of Kerr black holes, its NNHE
geometry is still SAdSs, as was found in refs. [68, 106], and is, hence, still isomorphic to a
patch of pure AdSs. Nevertheless, the Love symmetry generators that were introduced in
refs. [44, 45] are not Killing vectors of the NNHEK geometry of ref. [68]. This may not come as
a surprise though, once one realizes that the Love SL (2, R) symmetry for the Kerr black is only
one particular SL (2, R) subalgebra of an infinitely extended SL (2, R) x U (1) structure [44, 45],
which naturally aligns with the spirit of the Kerr/CFT correspondence [79, 107-111].19 Tt is
then expected that this infinite extension provides with SL (2,R) subalgebras which precisely
generate the NNHEK geometry of ref. [68]. We leave this prospect, as well as its generalization
to higher-dimensional rotating black holes and black strings, for future investigation.

Physicality of near-horizon modes of extremal black p-branes. One interesting
observation that emerges at extremality is the existence of physical near-horizon modes, i.e.
of modes that live in the near-horizon AdSs throat but solve the full equations of motion.
This corresponds to perturbations satisfying a light-like dispersion relation (w? = k?) with
respect to the extremal black p-brane worldvolume directions. Technically, this can be
traced to the fact that the degenerate horizon is located at the roots of a metric function
that is a perfect square in suitable coordinates, and appears to be a special characteristic
of general-relativistic gravitational interactions. Instead, higher-derivative gravitational

198ee also refs. [112-117] for recent gauge/gravity dictionaries that exploit CFT2 tools for studying Kerr
black hole perturbations.
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interactions would in general result in, for instance, static spherically symmetric extremal
configurations where the degenerate horizon radius r, is the root of a metric component

of the form ¢"" = f (r) (%)2, for some radial function f (r) that does not vanish on the
horizon; general-relativistic gravitation interactions imply that this f (r) is such that there
precisely exists a transformation r = r (p) for which ¢g*? = %2 (p — pn)*. The fact that such
physical near-horizon modes exist immediately implies that the extremal near-horizon throat
is smoothly connected to the far-horizon region, and is to be combined with the recent
investigations on the singular nature of extremal horizons when higher-derivative corrections

are switched on [118-121].

Geometrization of Love symmetries from accidental symmetries of extremal
black holes. Ultimately, the aforementioned “quadratic polynomial” behavior of the metric
discriminant function is responsible for the existence of near-zone symmetries, such as the Love
symmetry, in the non-extremal configuration as well [84]. In this work, we have attributed
this geometrization of near-zone symmetries to the fact that they are isometries of the NNHE
geometry of the non-dilatonic black hole/string configuration, as prescribed in section 3.1
and section 5.5. For the case of black holes, it was recently remarked that four-dimensional
general-relativistic extremal black holes are equipped with an “accidental symmetry” [69-72]
whose action on the NHE geometry precisely transforms it into the NNHE geometry. In this
spirit, one may infer the existence of the non-extremal Love symmetries as a remnant of the
extremal near-horizon throat isometries, propagated at non-extremality via the accidental
symmetries of refs. [70, 72]. It would be interesting to better understand this connection
and seek its extension to higher-dimensional black holes/strings.

Vanishing of extremal p-brane Love numbers. In section 4.6, we have computed the
scalar Love numbers of extremal black p-branes. As opposed to the non-extremal situation,
the static and homogeneous scalar Love numbers of the extremal configuration vanish for any
orbital number ¢ of the perturbation and worldvolume and spacetime dimensionalities p and
D:; in fact, this result remains true for any perturbations satisfying the light-like dispersion
relation, w? = k2. This remarkably rigid behavior of extremal black p-branes is reminiscent
of the extremal black hole Meissner effect [122-124], see also ref. [125], and proposes its
according extension: the extremal black p-brane near-horizon throat expels external fields
that follow a light-like dispersion relation. Regardless, the vanishing of the extremal black
p-brane Love numbers suggests a holographic interpretation. A primary step towards this is
to obtain a better understanding of the symmetry structure of extremal geometries. Related
to this, let it be noted that the vanishing of the extremal black hole Love numbers in four
spacetime dimensions was recently reinterpreted from discrete conformal symmetries of the
equations of motion [126], notably, the discrete conformal isometry of the four-dimensional
extremal Reissner-Nordstrom black, also known as the Couch-Torrence inversion [127], which
maps the horizon onto null infinity and vice versa.
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