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Abstract

A major goal of quantum complexity theory is to understand which computational prob-
lems can be solved with access to certain quantum resources. The subfield of Hamiltonian
complezity specifically considers computational problems that ask about properties of local
Hamiltonians, which are of critical importance in quantum complexity because they can be
viewed as quantum generalizations of classical constraint satisfaction problems.

In this work, we study the complexity of certain restricted variants of the QUANTUM-k-SAT
problem, a quantum analog of the NP-complete k-SAT problem. We introduce new variants
of QUANTUM-K-SAT which place a basis restriction on the input Hamiltonian H = ), h;.
Each variant is defined by a fixed collection of bases By, ..., B, of n-qubit space. We require
that each Hamiltonian term h; must be diagonal in one of these bases.

Our results resolve the complexity of certaim basis-restricted variants of QUANTUM-k-SAT.
First we show the QUANTUM-6-SAT problem with Hamiltonian terms restricted to be diag-
onal in an X/Z mixed basis is QMA;-complete.

Second, we combine basis restriction with the restriction of commutativity, and show the
following easiness result, which applies generally to higher-level quantum systems (qudits)
and bases ) and R (which are real-valued and satisfy an overlap condition): The commmut-
ing QUANTUM-SAT problem on qudits, where Hamiltonian terms are either diagonal in the
@ basis, the R basis, or a single mixed @)/R basis, is in NP.
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Chapter 1

Introduction

A major goal of quantum complexity theory is to understand which computational problems
can be solved with access to certain quantum resources. For a given quantum model of
computation, we can define the corresponding complezity class of problems which can be
solved under this model. The definitions and techniques in quantum complexity draw heavily
upon the well-developed theory of classical complexity. For example, consider one of the
most fundamental classical complexity classes, NP, which is the class of problems that can
be wverified by a polynomial-time deterministic algorithm. NP has a number of quantum
generalizations, including the classes QMA and QMA;, which capture the problems which
can be verified by a polynomial-time quantum algorithm.

To study these quantum complexity classes, the subfield of Hamiltonian complexity has
emerged, which specifically considers computational problems that ask about properties of
local Hamiltonians. Local Hamiltonians are of critical importance in quantum complexity
because they can be viewed as noncommutative quantum generalizations of classical con-
straint satisfaction problems (CSPs). Seminal work by Cook [Coo71] showed that a CSP
problem known as 3-SAT is NP-complete. Morally speaking, this means that 3-SAT is the
hardest problem which can be solved using the classical verification model of NP, and thus
captures the computational power of NP. In a similar vein, a line of research in Hamiltonian
complexity has tried to understand the class QMA; through the local Hamiltonian problem
QUANTUM-A-SAT, culminating in work by Gosset and Nagaj [GN16] which showed that
QUANTUM-3-SAT is QMA;-complete.

1.1 Owur contributions

In this work, we study the complexity of certain restricted variants of the QUANTUM-A-SAT
problem. In order to state our main results, we first give an informal overview of the
restrictions placed on QUANTUM-A-SAT; this will be discussed formally in chapter 2.

In the QUANTUM-k-SAT problem, we are given a k-local Hamiltonian H, and asked to
determined whether its ground energy is 0. H is a Hermitian matrix acting on n qubits which
can be written in the form H = ). h;, where each h; is a projector which acts nontrivially on
at most k qubits. As a limiting case, the classical k-SAT problem can be viewed as a special
case of QQUANTUM-k-SAT in which each h; is diagonal in the computational (Z) basis.



We introduce new variants of QUANTUM-k-SAT which place a basis restriction on the
input Hamiltonian H. Each variant is defined by a fixed collection of bases By,..., B, of
n-qubit space. We require that each Hamiltonian term h; must be diagonal in one of these
bases.

What motivates us to study basis-restricted problems? On the one hand, as the num-
ber of allowed bases decreases, the problem seemingly becomes more classical than gen-
eral QUANTUM-E-SAT; indeed, in the extreme case of a single allowed basis, the problem
reduces to the classical problem k-SAT. On the other hand, it is still plausible that a
basis-restricted problem (with two or more distinct bases) is no easier to solve than general
QUANTUM-k-SAT, despite its simpler definition. Thus, it is interesting to precisely nail down
the complexity of basis-restricted problems: when is the problem still expressive enough to
be a complete problem for QMA;, and when does the problem become so simple that it has
a classical verification procedure, putting it in NP?

One other important variant of QUANTUM-k-SAT, which has been studied extensively,
places a restriction of commutation on the input Hamiltonian H: for all ¢ and j, h; and h;
must commute. Similar to basis-restricted problems, the commuting variant of QUANTUM-k-SAT
is interesting because its complexity lies somewhere between NP and QMA; (note that a clas-
sical k-SAT instance, when viewed as a local Hamiltonian, has commuting h; terms).

Our main results resolve the complexity of certain basis-restricted variants of QUANTUM-k-SAT.
First, we prove the following hardness result:

e (Informal version of Theorem 3.1.2) The QUANTUM-6-SAT problem with Hamiltonian
terms restricted to be diagonal in a X/Z mixed basis is QMA;-complete.

Second, we combine basis restriction with the commutativity restriction, and show the
following easiness result, which applies generally to higher-level quantum systems (qudits)
and bases ) and R (satisfying some technical assumptions):

e (Informal version of Theorem 4.2.4) The commmuting QUANTUM-SAT problem on
qudits, where Hamiltonian terms are either diagonal in the () basis, the R basis, or a

single mixed @)/ R basis, is in NP.

The rest of the thesis is structured as follows. Chapter 2 introduces background from
complexity theory and quantum computation. In chapter 3, we prove a QMA;-completeness
result for basis-restricted QUANTUM-k-SAT. In chapter 4, we prove a that an instance of
basis-restricted commuting QUANTUM-A-SAT is in NP. Finally, we discuss open problems
and future work in chapter 5.



Chapter 2

Preliminaries

2.1 Classical complexity theory

We begin by recalling basic notions from classical complexity theory, and refer the reader to
[Sip96] for more detail. The computational problems we consider in this work are decision
problems with classical input. In such a problem, we are given a classical description of an
object (e.g. a boolean formula) and asked to decide a certain property of the object (e.g.
whether it has a satisfying assignment). Formally, a problem is represented by a language
L, which is a subset L C {0, 1}* of finite-length bitstrings. The problem corresponding to
L is: given x € {0,1}", is  in L? In other words, L contains the “yes” instances of its
corresponding problem. We commonly use n = |z| to denote the length of the input.

A language L is efficiently solvable if there is a polynomial-time deterministic algorithm
A which decides L. That is, there is some polynomial p such that on any input x of length
n, A halts in at most p(n) steps, and the output A(x) satisfies: A(z) = 1 if x € L, and
A(x) = 0 if x ¢ L. The complexity class P consists of all languages which are efficiently
solvable.

A language L is efficiently verifiable if there is a deterministic algorithm A which takes
an input x of length n and an additional bitstring y of length poly(n), runs in poly(n) time,
outputs A(z,y) € {0,1}, and satisfies the following guarantees:

1. If x € L, then there is some y such that A(z,y) = 1.
2. If x ¢ L, then for all y, A(z,y) = 0.

We think of y as a proof that = is in L. The first condition above is known as completeness
and the second is known as soundness. Together, they capture the notion that membership
in L can be efficiently verified with a proof y: if x is indeed in L, there is some proof y which
will quickly convince you of this fact; otherwise, no proof will convince you. The complexity
class NP consists of all languages which are efficiently verifiable.

The satisfiability problem asks whether a boolean formula in conjunctive normal form
(CNF) is satisfiable. A CNF formula ¢ on boolean variables x1,...,z, is a conjunction
(logical “and”) of clauses ¢ = C; A --- A Cy,. Each clause C; is itself a disjunction (logical
“or”) of literals C; = l;; V - - V [; -, where each literal /; ; is a variable or its negation. ¢ is
satisfiable if there is some assignment x = 1 - - - x,, € {0,1}" to the variables which makes ¢
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evaluate to True. Formally, the language SAT contains all satisfiable CNF boolean formulas.
It is clear that SAT is in NP: the verifying algorithm receives the input formula ¢ and a
proof string x, then checks that x is a satisfying assignment to the variables of ¢.

For an integer k > 1, the k-satisfiability problem asks whether a k-CNF formula is
satisfiable. A k-CNF formula is a CNF formula in which each clause is an disjunction of
exactly k literals. Let k-SAT be the language corresponding to the k-satisfiability problem.
Surprisingly, it is known that 2-SAT is in P [Kro67]. In contrast, it is widely believed that
there is no efficient algorithm which solves 3-SAT. This belief stems from the important
notion of NP-completeness, which aims to characterize the “hardest” problems in NP.

A language K has an efficient reduction to a language L if there is an efficient determin-
istic algorithm A which maps a bitstring z to a bitstring A(x) and satisfies: = € K if and
only if A(z) € L. Intuitively, K is no harder than L: deciding whether z is in K reduces to
the problem of deciding whether A(z) isin L. A language L is NP-hard if for every K € NP,
there is an efficient reduction from K to L. A language L is NP-complete if L is in NP and L
is NP-hard. Cook [Coo71] introduced the notion of NP-completeness and showed that 3-SAT
is NP-complete. We can interpret L being NP-complete as evidence that it is not efficiently
solvable. Indeed, under the widely held belief that there are problems which are efficiently
verifiable but not efficiently solvable (i.e. P # NP), if there is an efficient algorithm which
solves L, then every problem in NP is efficiently solvable.

2.2 Quantum computation

We now set up the basic formalism of quantum computation. For a more detailed exposition,
we refer the reader to [NC10].

An n-qubit quantum state [b) is a unit vector in a complex Hilbert space (C?)®". A
k-qubit quantum operation is a unitary operator U acting on a k-qubit space (C?)®*.

Let [n] = {1,...,n}. We can extend U to an operation U & I}, s on n-qubit space, where
S C [n] is the set of k qubits which U acts on, and I},)\s is the identity operator on the
remaining qubits.

We give a few important examples and fix some notation. Define the single qubit states

1 0 1 1 . : )
|0) = (0), 1) = (1), +) = \% (1>, and |—) = \/Li (_1>. For multi-qubit states which
are a tensor product of state on fewer qubits, we often use one of two notations which
omits the tensor product, e.g. [00) = [0)|0) = |0) ® |0), |[++) = |+)|+) = |+) @ |[+), and

0 1
1 0)°
1

(0 — (1 0 b1 1 . .
Y = (z 0 ), Z = <O _1), and H = 7 (1 _1> (we put the hat to avoid confusion

|+0) = [+)|0) = |[4+)®|0) are all two-qubit states. Define the single qubit gates X =
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with a Hamiltonian H). Let
1000 100 0 1000
0100 010 0 0010
CX=1g001| ““=loo1 ol SWAP=101 0 0] (2.1)
0010 000 —1 000 1
10000000 1000000 O
01000000 01 0000O0 O
00100000 0010000 O
00010000 0001000 O
CCX=1o00001000| “““={oo00100 o0 (2.2)
0000O0T1O00 0000010 O
0000O0GO0GO0 1 00000O0T O
0000O0O0T1O0 0000O0GO0O0 —1

denote the CNOT, CZ, SWAP, Toffoli, and CCZ gates.

The Z basis (or computational basis) of n-qubit space is {|2)}.cf0,13». The X basis (or
Hadamard basis) of n-qubit space is {|z)},c(4+,—yn, Where each x is a formal string of 4+ and
— symbols.

For a state |¢)), we use (1| to denote the conjugate transpose of [1)). As examples, |1)|
is the projector onto the space spanned by [¢), and (1|p) is the inner product between states
[4) and |p). We use UT to denote the adjoint of an operator.

A quantum circuit on n qubits is an n-qubit operation U which can be decomposed into
a sequence of gates U = G,, - - - G1, where each (G; is a quantum operation from some fixed
gate set; typically, this gate set contains operations which each acts nontrivially on just a
small number of qubits.

After applying a quantum circuit, we glean information about the resulting state through
a process called measurement, which probabilistically yields an outcome and also changes the
state. Formally, a (projective) measurement is a complete set of orthogonal projectors, i.e.
a set {F;}; which satisfies Y, P, = I, P? = P, for all 4, and P,P; = 0 for all i # j. Applying
this measurement to a state 1)) yields outcome i with probability ||P;|1)||* = (4| P;|+), and

upon measuring outcome i, the state collapses to the state %. As an example, a (full)

Z basis measurement on an n-qubit state [¢)) is defined by the projectors {|z)(z|}.cf0,13n-
The outcome z is measured with probability (1|z)(z|1)) = |(z[¢)[°, after which the state
collapses to |z).

More generally, we can consider measurements of an n-qubit state which only measure
a subset of the qubits. For example, a measurement of just the first qubit in the Z basis
is given by the projectors {|0)X0]|; ® I,|1)}1|; ® I}, where the subscript indicates the qubit
register 1, and [ acts on the remaining qubits.

2.2.1 Quantum complexity theory

We now define the model of quantum verification of interest in this work. A promise problem
is a pair (Lyes, Lno) of subsets of bitstrings Lyes, L, C {0, 1}* which satisfies Lyes N Ly, =
&. Promise problems generalize languages: a language is just a promise problem which
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additionally satisfies Lyes U Ly, = {0,1}*. A quantum verifier is a quantum circuit whose
goal to determine whether a given string x is in Lys or L,,, promised that one is the case.
The circuit is given the input z of length n, a quantum proof state |¢)), and has access to
a register of ancilla qubits all initialized to |0). The circuit is efficient in the sense that the
number of qubits in |¢), the number of ancilla qubits, and the number of gates in the circuit
are all polynomial in n. The circuit also comes from a uniform circuit family {V},}, i.e. there
is an efficient deterministic algorithm which outputs a classical description of circuit V,,
given input 1".

After the circuit is applied, the final step of the verification is to measure the first qubit
in the Z basis. We say the verifier accepts if the measurement outcome is 1 and rejects if
the outcome is 0. The probability that the verifier V,, accepts is then

I(LXLR @ DVal2) )10 -+ O)ancl*- (2.3)

We now formally define the classes QMA; and QMA; we will mainly be interested in
QMA; in this work.

Definition 2.2.1. A promise problem (Lycs, Ly,) is in QMA; if there is a uniform family of
efficient quantum circuits {V,,} such that for any = € {0,1}",

1. If x € Lyes, then V,, accepts with probability 1.
2. If x € L,,, then V,, accepts with probability < 1/3.

Importantly, the definition of QMA; is not known to be independent of the choice of gate
set for the circuits. In this work, we choose the gate set G = {X,CX,CCX, H® H} for
QMA;. When needing to explicitly refer to QMA; with this gate set (e.g. in comparison with
other gate sets), we use the notation QMA, 9.

We make two remarks about the chosen gate set.

Remark 2.2.2. First, G is computationally universal, i.e. any quantum circuit can be
simulated by a circuit which only uses gates from G. This is because gates in G allow us to
implement CC'X and H (which can be implemented by applying H® H on the desired qubit
and an otherwise unused ancilla qubit); these two gates already form a computationally
universal gate set [Shi03, Aha03].

Second, G is studied in a work of Rudolph [Rud25] which makes progress on the interesting
open problem of whether QMA; has a universal gate set (G is referred to as G in their work).
Among other results related to G, they show that the problem of Gapped Clique Homology
on weighted graphs (introduced by King and Kohler) is QMIA;9-complete. This result gives a
surprising connection between an important problem in computational topology and QMAY
motivating our study of other properties of QMA, Y.

The class QMA is defined in the same way as QMA, except the completeness parameter
is 2/3, i.e. for x € Ly, the verifier must accept with probability at least 2/3. In contrast
to QMA, the definition of QMA is independent of the choice of gate set, since the Solovay-
Kitaev theorem [DNO06] shows that any quantum gate can be efficiently approximated using
gates from a universal gate set. This argument does not straightforwardly extend to QMA;:

12



approximation of a gate is not enough, since this may not preserve the perfect completeness
required of a QMA; protocol.

NP-completeness generalizes to QMA; and QMA in a straightforward way. A promise
problem K = (K., Ky,) has an efficient reduction to a promise problem L = (Lycs, Ly,) if
there is an efficient deterministic algorithm A which maps a bitstring x to a bitstring A(x)
such that A(z) € Lyes if v € Kyes, and A(x) € Ly, if © € K,,,. A promise problem L is
QMA ;-hard if for every K € QMA;, there is an efficient reduction from K to L. A promise
problem L is QMA ;-complete if L is in QMA; and L is QMA;-hard. The definitions for QMA
are analogous.

2.2.2 Hamiltonian complexity

In this section, we define the QUANTUM-k-SAT problem and introduce its basis-restricted
variant. An n-qubit Hamiltonian is a Hermitian operator acting on n qubits. A k-local
operator on n qubits is an operator which acts nontrivially on at most k of the qubits. The
energy of a state |1) with respect to Hamiltonian H is (¢)|H|1). Note that this quantity is
always real and non-negative, since H is Hermitian.

Definition 2.2.3. Let £ > 1 and let S be a set of Hermitian k-local projectors. QUANTUM-k-SAT
is a promise problem whose input is a classical description of a Hamiltonian H = )" h;,
where each term h; acts on n qubits and belongs to §. H is a “yes” instance if there is an
n-qubit state |¢)) such that (|H|) = 0. H is a “no” instance if for all n-qubit states |¢),

(Y| H[p) > 1.

Note that the definition of QUANTUM-k-SAT implicitly depends on the choice of allowed
projectors §; this will be relevant in defining its basis-restricted variant.

As an illustrating example, we first understand how QUANTUM-k-SAT generalizes the NP-
complete problem k-SAT. For simplicity we consider the case k = 3: let o = C1 A--- ANC,,
be a 3-SAT instance on n variables zy,...,z,. We construct an instance H = ) " h; of
QUANTUM-3-SAT. Recall that clause C has the form C' = [; V Iy V [3 for some literals ;.
Set a; € [n] so that I; is the variable x,; or its negation (we can assume that the a;’s are
distinct). Let 2 = 212023 € {0, 1} be the unique assignment to Iy, l», and I3 which does not
satisfy C'. Define a 3-local n-qubit projector h corresponding to C' by h = |2)(2|a;.a9.05s @, 1.€.
h acts as the projector |z;)(z;| on qubit a; for j = 1,2,3, and acts trivally on the remaining
qubits. H is constructed by defining each h; from clause C; in this manner.

Note that for any assignment a € {0,1}" for ¢, if a satisfies C; then (a|h;|a) = 0, and
otherwise (alh;|a) = 1. Thus, If ¢ is satisfiable with some assignment a, the state |a) is a
zero-energy state of H. If ¢ is not satisfiable, then any Z basis state |z) satisfies (z|H|z) > 1,
and thus (¢|H|y) > 1 for any n-qubit state |1)). This shows how 3-SAT can be viewed as a
special case of QUANTUM-3-SAT.

Note that the Hamiltonian which arises from this transformation take on a highly re-
stricted form: each projector term is diagonal in the same, predetermined basis (namely, the
Z basis). Let us refer to this as a classical Hamiltonian. This brings into view one of the
guiding questions of this work: if we relax the restrictions placed on a classical Hamiltonian,
at what point does the Hamiltonian become “quantum”? This question has been previously
studied for the particular relaxation in which the Hamiltonian is no longer required to be
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classical, but instead the Hamiltonian terms must pairwise commute (note that this indeed
is a generalization, since the terms of a classical Hamiltonian pairwise commute). We discuss
commuting Hamiltonians further in chapter 4.

In this work, we introduce a new way of generalizing classical Hamiltonians which we call
basis restriction.

Definition 2.2.4. For n > 1, let B,, be a set of bases of n-qubit space. Let B = U,>18,.
Define B-QUANTUM-k-SAT to be the problem QUANTUM-k-SAT where we choose S (the set
of allowed projectors in the definition) to be the set of Hermitian k-local projectors which
are diagonal in some basis in B.

As an example, if for all n we let B,, include just the Z basis on n qubits, then an instance
of B-QUANTUM-A-SAT is a Hamiltonian H = ). h; for which each h; is diagonal in the Z
basis. Then H is a classical Hamiltonian and B-QUANTUM-A-SAT is in NP.

We are interested in the complexity of basis-restricted QUANTUM-k-SAT when we allow
for more than one “type” of basis (for example, when each h; is diagonal in either the Z
or the X basis). In particular, is there some setting in which the problem already becomes
QMA-hard, even though the number of basis types is small? We address this question in the
following chapter.

14



Chapter 3

QMA{-Completeness of
Basis-Restricted Quantum-£-Sat

3.1 Overview

In this chapter, we prove a QMA;-hardness result for QUANTUM-6-SAT with the restriction
that each Hamiltonian term is diagonal in a X/Z “mixed” basis. First, we formally define
this problem.

Definition 3.1.1. For n > 1, let BXZ be the set of bases of n-qubit space defined by
BYX? = {{H"|2)}etoy Fac oy, (3.1)
where H® is shorthand for H" @ - - - ® Ho".
For example, By = {{|0), 1)}, {|+).|-)}}, and
By 7 = {I2)}oeponz {12 |2) hetory wetrmys {2 beory ety {10) bae g2} (3:2)
Define BX? = U,,>1BX#. We now state the main result of this chapter.

Theorem 3.1.2. BX?-QUANTUM-6-SAT is QMA ;9 -complete.

3.2 A new gate set GXZ

Recall that G = {X,CX, CCX,H ® ﬁ} is our chosen gate set for QMA;. We first show
that G can be exactly simulated by another gate set GX# which has useful properties. Note
that exact simulation is important for our purposes: an approximating some operation using
gates from another gate set might not preserve the perfect completeness of a QMA; protocol.

We introduce some notation specific to this section: for a k-qubit gate U, let U;, ;.
denote U acting on qubits ¢; through ;. For example, Hiisa H gate on qubit 7, and C'X; ;
denotes a CNOT gate with control qubit ¢ and target qubit j.

Definition 3.2.1. Let G¥Z = {X,CX,CCX,CZ, G}, where we define the two-qubit gate
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Lemma 3.2.2. Each gate in G can be written as a (constant length) sequence of gates from
gXZ‘

Proof. This is obvious for gates X, CX, and CCX. To simulate H ® H acting on qubits
and j, we use the identities SWAP” = CX”CX]ZCX” and CZ;; = — O, CXMH to compute

(H® H);; = (H® H); ;SWAP, ;SWAP, ; (3.4)
— H,SWAP, ; H;SWAP, ; (3.5)
= H,CX,;CX;,CX,; ;HSWAP, (3.6)
— H,CX, ;H,H,CX;,H,H,CX, ;H;SWAP, ; (3.7)
= (,,0%;,G:;0X; ;,CX;,CX, (3.8)

gXZ'

U

which expresses H ® H in terms of the gate set

The simulation in the other direction holds as well, if we are allowed to use an extra
qubit.

Lemma 3.2.3. Fach gate in GX% can be written as a sequence of gates from G (provided
that we have an additional qubit, which can be in any state and will be left unchanged after
the simulation).

Proof. We only need to consider the gates C'Z and G in GXZ. Using an additional qubit k&,
we can write CZ; ; in the gate set G as

CZi; &I, = (H®H);,)CX,;;(H® H)jx, (3.9)

and ézy as
Gij @Iy =(H®H);(H® H);,)CX,;(H® H);+(H® H),,;. (3.10)
O

These two lemmas immediately imply the following result.
Lemma 3.2.4. QMA Y = QMAIQXZ.

Proof. Any QMA, verification circuit consisting of gates from GX# can be exactly written
as a circuit with gates in G, by Lemma 3.2.3 (use an ancilla for the additional circuit).
This shows that QMAngZ C QMA,9. The reverse inclusion holds analogously by Lemma
3.2.2. m

G*Z which will be used in the proof of Theorem 3.1.2.

We state the properties of
Lemma 3.2.5. Every gate in G*Z is Hermitian and is diagonal in some basis in BXZ.

Proof. It is straightforward to check that each gate is Hermitian. Table 3.1 gives, for every
gate U € G, the change of basis matrix V' which diagonalizes U. Each of the corresponding
bases is in BXZ. O
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U 1% ViV
X; H; Z;

CXi; |H |CZ,
CCXjy | He | CCZyy,
G, H.H; | CZ,

Table 3.1: Diagonalizing matrices for gates in GX%.
We also give a useful property of the original gate set G. For any gate U, let ['(U) denote
the controlled-U gate.

Lemma 3.2.6. For every gate U in G, I'(U) can be exactly implemented using gates in
G (provided that we have an additional qubit, which can be in any state and will be left
unchanged after the simulation).

Proof. T'(X) and I'(C'X) are already included in G. Let a denote the ancilla qubit. I'(CCX)
on control qubits 7,7,k and target qubit [ can be decomposed as

F(CCX)i,j,k,l ® Ia = CCXZ'J'ﬂCCXkﬂ,lCOXi7j7aCOXk7a7l. (311)

I'(H ® H) with control qubit 4, and target qubits j,k, we first give a decomposition using
the T'(SWAP) gate.

F(H (059 H)i,j,k & [a - F(SWAP)LJJC(H &® H)haF(SWAP)iJ’k(H &® H)k@. (312)
Then, since I'(AB) = I'(A)I'(B) for any gates A and B, the identity SWAP, ; = CX, ,CX;,CX, ;

gives a decomposition of I'(SWAP) in terms of CC'X’s. This completes the proof. We illus-

trate these constructions in Figure 3.1.
O]

Figure 3.1: Decomposition of I'(CCX) and I'(H ® H) into gates from G.
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3.3 The Kitaev circuit-to-Hamiltonian construction

The proof of Theorem 3.1.2 uses the Kitaev circuit-to-Hamiltonian construction [KSV02].
which is a quantum analog of the fundamental construction used by Cook and Levin [Coo71,
Lev73] to show that SAT is NP-complete. In this section, we review the relevant aspects of
the Kitaev construction, referring the reader to [KSV02] for the full details.

The Kitaev construction is an efficient mapping from a quantum verification circuit to
a Hamiltonian, such that the Hamiltonian a zero-energy ground state if and only if there
is a proof state which makes the verification circuit accept with certainty. The mapping
has the property that if each gate in the verification circuit acts on at most k qubits, then
the resulting Hamiltonian is (k + 3)-local. This was originally applied in the imperfect
completeness setting to show the QMA-completeness of the 5-local Hamiltonian problem,
which is a generalization of QUANTUM-5-SAT in which the goal is to decide whether a
Hamiltonian has a low-energy state. We will see that same construction applies to the
perfect completeness setting we are interested in.

We establish some notation which will be reused in the proof of Theorem 3.1.2. Let V be a
quantum circuit for verifiying z € {0, 1}" given a proof state |1)). Recall that the verification
starts from initial state |init) = |2)[¥)|0- - 0)anc; let H denote the Hilbert space in which
this state lives. Let p and ¢ be the number of proof and ancilla qubits respectively (both are
poly(n)). Let Qinput = [1], Qproot = {n+1,...,n+p}, and Qanc = {n+p+1,....,n+p+q}
denote the indices of the qubits in each register. Write the circuit as V = Ur - -- Uy, where
each U; is a gate from the gate set.

The Kitaev construction works by building a Hamiltonian H such that if the verification
circuit can be made to accept, H has a zero-energy state called a history state which encodes
all of the circuit’s computations. The Hamiltonian acts on the space H ® Heock, Where
Heoax = (C2)®7 is an additional T-qubit clock register. Let |0Y,...,|T) € Heoe be clock
states (we define these states exactly in a moment). The history state is

T
1 N
[hist) = S U -+ Unlinit) © 7). (3.13)

The Hamiltonian H takes the form
H = H;, + Houe + Hprop + Heock- (314)

Intuitively, each term in the Hamiltonian represents a constraint on the proof state (which
is claimed to be the history state); an energy penalty is given if the constraint is not met.
The first term is

Huo= Y (@)@l @ |0)0]+ > [1)1]; @ [0X0], (3.15)

7:EQinput ieQanc

where 7; is the negation of the i-th bit of z, and |7;)}(7;|; denotes the projector on H which
acts as |Z;)(T;| on qubit ¢ and as identity on the remaining qubits. Hj, checks the constraint
that when the clock state is |0), the input register is x and the ancilla register is all 0’s (note

that (hist|Hj,|hist) = 0).
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The next term
Hout - ‘O><0‘1 ® ’TXT’ (316)

checks that when the clock state is |T'), the first qubit is |1). This corresponds to V accepting
after measuring the first qubit at the end of its computation.
The propagation term has the form Hyop = Sty Hpropyt, With

1 —_— A A A
Hunops = 5 (I ® [[=INT= 1| + I © [i)f] - Us © Ji)

F—1|—

Ul ® yﬁxﬂ) L (317)

where U; and U} act on H. It is straightforward to verify that (hist|Hpp|hist) = 0. It is
also easy to check that H,.p is a projector.

Before writing H.oq, we specify the exact definition of the clock states. The state
|£) = 107" is a unary encoding of t. The clock term

T-1

Heock = Y Ty @ [01)(01];141 (3.18)

i=1

enforces that the state on Heoex is only supported on the clock states, by giving an energy
penalty to states which have a 0 before a 1 on the clock register.

Remark 3.3.1. We comment on the locality of H. By the definition of the clock states,
the projectors onto the clock space in Hi,, Hoy and Hy,op can be replaced with local checks
which find the location of the first 0 in the clock register. For example, |£)(Z| can be replaced
with the 2-local projector |10)(10|,,4y for t = 1,...,T — 1, |0X0| with the 1-local projector
10X0|1, and |T'YT'| with the 1-local projector |1)1|r.

Thus, each projector term in Hj, and H,y is 2-local (one from H and one from the clock).
The terms of Hgoq are also 2-local. The locality of H then hinges on the locality of the
remaining projector terms Hp,op . A 3-local check suffices for the clock in Hp,op 4, s0 if each
gate in the gate set acts on at most k qubits, H is (k + 3)-local.

3.4 Proof of Theorem 3.1.2

By the definition of QMA;-completeness, Theorem 3.1.2 is proven by the following two propo-
sitions.

Proposition 3.4.1. BX?-QUANTUM-6-SAT is in QMA 9.

Proof. First, without loss of generality, we can build a QMA,9 verification circuit which
allows intermediate Z basis measurements and quantum operations conditioned on the mea-
surement results. This is because a conditionally applied gate U can be replaced by the
controlled operation I'(U), removing the intermediate measurement. Lemma 3.2.6 then says
that I'(U) can then be decomposed back into the gate set G. Thus, a circuit with inter-
mediate measurements can be rewritten as a circuit with just a single measurement at the
end of the computation, as in our definition of QMA;. Also note that classical processing
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can be performed freely, since our gate set includes C'C'X, which is universal for classical
computation.

We use the verification procedure of Gosset and Nagaj [GN16], which is correct as long
as the following condition holds:

(*) There is an efficient quantum algorithm using gates in G which, given a projector II € S,
exactly performs the projective measurement {I — I, II} on a given state |¢).

Recall that S is the set of Hermitian 6-local projectors which are diagonal in a basis in BXZ.

We briefly sketch how the QMA; protocol works assuming (*) holds. First, choose a
random projector term II in the Hamiltonian H (random bits can be obtained by applying
X to a |0) ancilla then measuring). Then, perform the projective measurement in (*) on the
proof state [1)). Accept when the outcome is I —II, and reject otherwise. The probability of
accepting is 1 — (¢|II|t). When H has a zero-energy state, the protocol accepts this state
with probability 1, showing perfect completeness. If instead (|H[¢) > 1 for all |¢), the
protocol will reject with at least 1/ poly(n) probability, which can be amplified to give the
desired soundness; the full analysis is given in [GN16].

We now prove that (*) holds. A projector IT € S can be specified by a set of six qubits
S on which it acts nontrivially, a change of basis matrix V' (which is a tensor product of H
and I), and a set of supported strings S C {0,1}°, such that

I=> V]z)z|V. (3.19)

z€S

The algorithm first applies V on |¢/), by applying H on each of the specified qubits (using
the H @ H gate, with the second H acting on an ancilla qubit). It then measures the qubits
in () in the Z basis. Let z* be the measurement outcome. The algorithm returns outcome
IT if z* € S, and otherwise returns outcome I — II. The probability of getting outcome II is

D XAV = (), (3.20)
z€S
as desired. This completes the proof. O

Proposition 3.4.2. BX?-QUANTUM-6-SAT is QMA ,9-hard.

Proof. By Lemma 3.2.4, it suffices to show that any QMA, verifier V with gates in G*Z can
be efficiently mapped into an instance of BX?-QUANTUM-6-SAT in a way which preserves
yes and no instances. Let Hy = Hi, + Hout + Hprop + Helook be the Kitaev Hamiltonian for
V', as defined in section 3.3. If V' accepts with probability 1 on some proof state |1), then
the state |hist) (eq. 3.13) is a zero-energy state of Hy (since (hist|Hoy|hist) = 0), i.e. Hy
is a yes instance of BX?-QUANTUM-6-SAT. The analysis in the no case is the same as in
Kitaev’s proof that 5-local Hamiltonian is QMA-hard [KSV02], since QMA; and QMA have
the same soundness.

We now show that Hy is indeed an instance of BX#-QUANTUM-6-SAT. Each Hamiltonian
term is a projector, and from Remark 3.3.1, the terms are 6-local, since each gate in GX#
acts on at most three qubits.
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Finally, we check the basis restriction condition. It is clear by definition that each term
in Hi,, Hou, and Hoe, is diagonal in the Z basis. It remains to show that each projector
term Hyop is diagonal in a basis in BXZ. Explicitly writing out the 3-local check on qubits
t—1,t, and t + 1 of Heox gives

1
Hprop,t — 5 (]’H ® |100><100|t—1,t,t+1 + I’H ® |110><110|t—1,t,t+1

—U; ® [110X100(4—1 4,41 — Ul ® |100)<110|t_17t7t+1> (3.21)
= [1)tecs @ [0X0)er ® 3 (B ® 100k + F ® 1)1 — Uv @ [130], — U © [0)1},)
(3.22)
By Lemma 3.2.5 we have U; = Ut, so equation 3.22 becomes
1K1 @ [0X0less ® 5 (I T — Uy @ X, (3.23)

where [; and X; are the I and X operators on qubit ¢. In this form, the basis which
diagonalizes Hpyop ¢ is clear: the change of basis matrix is V' H;, where V is the change of
basis matrix for U, glven in table 3.1. For example it Uy is C'X, j, the corresponding change
of basis matrix acts as H on qubits ¢z and j in H, H on qubit ¢ in Heek, and identity on all
other qubits. Every such basis is in BX%, which completes the proof. O]
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Chapter 4

Commuting Basis-Restricted Qudit
Hamiltonians in NP

4.1 Commuting Hamiltonians

In this chapter, we study the complexity of Hamiltonians which combine basis restriction
with the restriction of commutativity. We say a Hamiltonian H = ), h; is commuting if its
terms pairwise commute, i.e. h;h; = h;h; for all i # j. There is a large existing body of
work on the complexity of commuting Hamiltonians, which, much like the basis-restricted
Hamiltonian, is a system that is seemingly more classical than a general Hamiltonian. These
results are almost all “easiness” theorems, i.e. NP-inclusions for commuting Hamiltonian
problems. Among them is the following theorem of Bravyi and Vyalyi:

Theorem 4.1.1 ([BV05], Section 7). The following problem is in NP: given a commuting
Hamiltonian H = )" | h; acting on n qubits, where each h; is an orthogonal projector and
is factorized (i.e. is a tensor product of single-qubit operations), decide whether H has a
zero-enerqgy state.

We make a few remarks about this problem.
Remark 4.1.2.

1. In [BVO05] this problem is referred to as the Factorized Projectors Common Eigenspace
problem, and the notation is slightly different. We choose the formulation above to
stress that the problem is a variant of QQUANTUM-SAT where the projectors commute
and are factorized.

2. The Hamiltonian in the problem does not need to be local. This is a stronger result
than with the locality restriction, because it puts QUANTUM-SAT with a larger class
of Hamiltonians into NP.

3. The factorized condition is similar to basis restriction if we consider bases with single-
qubit tensor structure. Theorem [BV05] implies that commuting B-QUANTUM-SAT is
in NP if the bases vectors in each basis B are tensor products of single qubits states.
For example, commuting BX?-QUANTUM-k-SAT is in NP, in contrast to the QMA;-
hardness result shown in chapter 3 in the non-commuting case.
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It is still an open question whether the same NP inclusion holds if the Hamiltonian acts
on qudits with local dimension greater than 2, since the techniques of [BV05] use properties
specific to qubits. In this chapter, we develop techniques which work for qudits, independent
of local dimension, and show that a particular basis-restricted commuting qudit Hamiltonian
problem is in NP.

4.2 Qudits and general bases

We introduce qudits and set some notation about bases, in order to state our main theorem
in full generality. Throughout this chapter, we fix any integer d > 2 and define D =
{0,...,d — 1}. A qudit with local dimension d is a unit vector in C%. An n-qudit state
is a unit vector in (C?)®". A quantum operation on n qudits is a unitary operator acting
on (C%H®". We denote the computational basis on n qudits by {|2)}.ep». The other usual
conventions for qubits carries over to qudits in a straightforward manner.

The bases we consider will have single-qudit tensor structure, where each qudit is in one
of two bases Q or R. We define Q in terms of its unitary change of basis matrix ¢ from
the computational basis, i.e. @ = {Q|z)}.ep. Likewise, we define R = {R|z)}.cp for some
unitary matrix R.

Definition 4.2.1. For n > 1, let B?E be the set of bases of n-qudit space defined by
BT?R = {{QCH Rlial ® A ® Qaanian‘Z>}zepn}ae{0’1}n, (41)

ie. BSR contains the bases where each qudit is either in the Q or R bases. We refer to these
bases as mixed bases.

Definition 4.2.2. For n > 1, define the pure bases
B ={Q""z)}zepn, By = {R*"|2)}.epn. (4.2)
We now state the main theorem of this chapter.

Definition 4.2.3. We define the language d-(Q, R, QR)-CoMM-QSAT. The input is a (local
dimension d) n-qudit commuting Hamiltonian, given as a classical description

{n}i Anf s, (hi 3 (4.3)

where the all the terms are orthogonal projectors, the terms hZQ are each diagonal in the
basis BY, the terms hf are each diagonal in the basis B, and the terms h{ are each
diagonal in the same basis in BY®. The Hamiltonian corresponding to this description is
H=3, hiQ + > i hf + 3", hi. The decision problem is: does H has a zero-energy state?

Theorem 4.2.4. Suppose the bases Q and R satisfy the following conditions.
1. Forall|q) € Q and |r) € R, (q|r) # 0.
2. @ and R are real-valued matrices.

Then d-(Q, R, QR)-CoMM-QSAT is in NP.
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4.3 Trace calculation and examples

Before proving the theorem in its most general form, we sketch the proof idea and give two
simple examples to illustrate key points. The starting point of our proof is the following
nice expression for the ground space projector of a commuting Hamiltonian with projector
terms.

Lemma 4.3.1. Let H = Zj hj be a commuting qudit Hamiltonian with projector terms.
Then the projector onto the zero-energy eigenspace of H can be written as

11— ny). (4.4)

J

Proof. Since the h;’s commute (and are diagonalizable), they have a simultaneous eigenbasis,
which we denote by B = {|p;)}i. The projector onto the zero-energy eigenspace of H is, by
definition, the linear operator P which has the following action on the basis B: P|y;) = |¢;)
if H|g;) =0, and Plp;) =0 if H|p;) # 0.

We show that [];(/ —h;) = P by showing that it acts the same on B. Suppose H|p;) = 0.
Then hj|p;) = 0 for all j, so [T;(1 — hy)lei) = |wi).

On the other hand, if H|p;) # 0, then there is some k such that hy|p;) # 0. But |p;)
is an eigenstate of hg, and it can only have eigenvalue 0 or 1 since hy is a projector. Thus,
it is a l-eigenstate, and hglp;) = |¢;). Then (I — hy)lpi) = 0, so [[;({ — hy)|e:;) = 0 by
commuting I — hj to the right. This completes the proof. O

Central to our proof is the idea of using a trace calculation to give an efficient witness
that there is a zero-energy state.

Lemma 4.3.2. Let H be a qudit Hamiltonian and let P be the projector onto the zero-energy
eigenspace of H. Then tr P # 0 if and only if H has a zero-energy state.

Proof. H has a zero-energy state if and only if the dimension of the zero-energy eigenspace of
H is not 0. But tr P calculates the sum of the eigenvalues of P, which is just the dimension
of the zero-energy eigenspace of H, since P is a projector. O]

Example 1. Consider a n-qubit commuting Hamiltonian H = Hz + Hy, where the pro-
jector terms in Hy = Y7, h are diagonal in the pure Z basis, and those in Hx = > h
are diagonal in the pure X basis. We wish to find a classical proof that H has a zero-energy
state. We define P; = [[,({ —hZ) and Px = [[,( — h;*) Combining Lemmas 4.3.1 and 4.3.2
gives us that H has a zero-energy state if and only if tr(PzPx) # 0.

Now, note that Py is also the projector onto the zero-energy eigenspace of H;. Defining
the “good” Z strings Gz = {z € {0,1}" : Hz|z) = 0}, we can write Pz = > |2)z|.
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Defining Gx = {z € {+, —}" : Hx|z) = 0} analogously, we can rewrite the trace as

tr(PzPx) = Y tr(jz)zlz)a]) (4.5)

= Y t({zfa)a]2) (4.6)
= > (4.7)

We now highlight the role of condition 1 from Theorem 4.2.4. Since every Z basis state
has nonzero overlap with every X basis state, Each term in the sum 4.7 is positive. Thus,
tr(PzPx) # 0 if and only if Gz and Gx are both non-empty. We have arrived at our NP
proof: give satisfying strings z € Gz and = € G,.

Example 2. Now suppose we have a commuting Hamiltonian which is the Hamiltonian
from the previous example, plus one additional mixed basis term h = |ab)ab|; » acting on
qubits 1 and 2, for some a € {+,—} and b € {0,1}. We use M to denote the basis of h (X
basis on the first qubit and Z on the rest, for example).

One natural candidate for an NP proof is a strings z € GGz and © € Gx such that the
“slice” of z and x corresponding to basis M satisfies constraint h, i.e. h|ziz2) = 0. By
generalizing the trace computation and analyzing the slice operation, we can show that this
candidate works.

Let Py = I — h. The desired trace now becomes

tI'(PZPXpM) = tr(PZPMPXPM) (48)
= > (e Pula)al P) (4.9)

2€Gz,2€Gx
= > lalPul). (4.10)

z€Gz,2€Gx

where we used in (4.8) that P = Py, and the Hamiltonian terms commute.

We now wish to show that for all z € {0,1}" and x € {+, —}", (x| Py|z) # 0 if and only
if the slice condition above holds. The slice condition says that (a|z1)(b|z2) = 0, i.e. either
x1 # a or zy # b. In one direction, if the slice condition holds, then either Py|z) = |z), (if
x1 # a), or Pylz) =|z) (if 29 # b). In both cases, we get (z|Py|z) = (z|z) # 0, as desired.

The other direction is slightly more interesting. If the slice condition does not hold, then
r1 = a and zy = b. We compute

(2| Parl2) = (1 - an| (T = B)| 21 -+ - 20)
= <:E Z> — <CL:B2 . xn|ab>1,2<ab|172|z1bz3 Ce Zn>

(4.11)

| (4.12)

= (]2) = (w2|b) (w5 - - nl(al21)|23 - - 20) (4.13)
= (x| (4.14)
(4.15)

This completes the argument for the NP witness.
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4.4 Slicing qudits

We now generalize the argument in the previous example. First, we fix some notation and
formally define the notion of slices for qudits. We will use a € {0, 1}" to refer to the mixed
basis in BY® given by

{QUR™ ® - ® Q" R"*|2)}.cpn. (4.16)

We use ¢ € D" as the classical description of the basis state |§) = Q®"|q) € BY, where we
use the hat notation simply to distinguish |¢) from a computational basis state. Likewise,
r € D" will be the classical description of the basis state |F) = R®"|r) € BE with the breve

notation.

Definition 4.4.1. Fix any mixed basis a € {0,1}". For ¢,r € D", let [slice,(q,r)) be the
n-qudit state which is a tensor product of n qudits, where the i-th qudit is Q|¢;) if a; = 1,
and R|r;) if a; = 0.

We prove a key technical lemma which will be used in conjunction with slicing. We index
into a d" x d" matrix M with elements in D", i.e. M;, ... ;, j,...;, is the element at row 7, - - -4,
and column j; - - - j,, where iy - - -4, and j; - - - j, are in D".

Definition 4.4.2. Let M be a d" x d" matrix. For k € [n], we define M'* to by the d" x d"
matrix whose elements are given by

M i = Moy iy i eimt e innenn- (4.17)
For a set T'= {t1,...,t,} C [n], define
M'T = (((MTr)tez) .. o), (4.18)

It is clear from the definition of M'* that M's is well-defined (i.e. the order does not
matter).

We remark that the operation (-)'s is called the partial transpose and has other appli-
cations in quantum information, for example in the positive positive transpose criterion in
separability testing [Per96, HHH96].

Lemma 4.4.3. Let P be an operator onn qudits which is diagonal in a basis in BYE. Assume
that Q and R are real-valued matrices. Then for any T C [n], P'T = P.

Proof. By the definition of (-)'7, it suffices to show that P! € [n] for a single m € [n].
Without loss of generality, we show it for m = 1.
Since P is diagonal in a basis in B?F, we can write P as

P=(UM® - oUNNDUVg...0U™), (4.19)

where U™ € {Q, R} is the change of basis matrix acting on qubit m, and D is a diagonal
n-qudit operator.
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We show that P and P'* have the same matrix elements. Fix any row i = i; - - - i, and
column j = j; -+ - j,. Since D is diagonal, we can write

P, = Z UV @ @ U™, Des(UD @ - - @ UM), (4.20)
keDr
-5 (Tvi ) o (Tt ). (12
keDn \m=1
Next, we have
Pi} = Plyig-winivjajn (4.22)
(1)
Z 1, k1 (H ) Uk1 i1 (H Ukm ]m> . (4.23)
keDn m=2 m=2
But, denoting complex conjugate by (-)*, we have U]1 = (U(l));1 = U,S)j , since @ and
R are assumed to be real-valued. Likewise, U,CM.1 = (UWN: = (UD); 4, So (4.21) and

(4.23) are equal, which completes the proof. O

We remark that the matrix element M;,..;, j,...;, in our standard notation, which we now
return to, is just (iy---i,|M|j1---Jn). Next, we show a straightforward property of the
partial transpose.

Lemma 4.4.4. Let M be an operator on n qudits and suppose |uy), ..., |u,), |v1), ..., |vn)
are real-valued single-qudit states. Then for any k € [n],

(ur] - (un | Mloy) - - [on) = (un] - - (g [ (el (ugpa] - - (| M or) - - o) [ug) [or41) - - [on).
(4.24)

Proof. Without loss of generality, we prove it for & = 1. To simplify notation, let |u') =
[ug) - - - |uy) and let |v') = |vg) - - - [v,). In the computational basis, |u1) = Y. p bli), [v1) =
D iep Cili), [u') =3 i i epn bigiy i+ i), and [V') = 300 pai €y |iz - - dn). Then,

by the definition of partial transpose and using that |u;) and |v;) are real-valued,

(ual - | Mo o) = 30 bl €y g (i i M2 ) (4.25)

11,7182 In,J2 " Jn

= Y b Gy Ui i M i ) (4.26)

11,715,827 In,J2 " Jn

= (uil(uz -+ (un| M ug)[v2) - - [vn). (4.27)
[l

4.5 Proof of Theorem 4.2.4

Proof of Theorem 4.2.4. We first set some notation. Let a € {0,1}" correspond to the
mixed basis in which all terms Ay are diagonal. For 00 = Q, R, S define Hp = > hY and
Py =T[,(I —h7). Let Gg ={q € D": Hg|g) = 0} and G = {r € D" : Hg|F) = 0}.
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The NP proof is a pair of strings ¢, € D". The verification accepts if and only if ¢ € G,
r € G,, and Hglslice,(q,7)) = 0. It is straightforward to see that this check can be done
efficiently and deterministically. The check ¢ € G (and similarly » € G,) is just a classical
verification of constraints, because every term in Hy is diagonal in the pure @) basis, and |§)
is a pure @) basis state. Next, note that |slice,(q,)) is a basis state in the a basis, whose
classical description is easily recovered from ¢, r, and a, by definition. Each term in Hg is
diagonal in the a basis, so the check Hglslice,(q,7)) = 0 is classical as well.

We now show correctness. Combining Lemmas 4.3.1 and 4.3.2, H has a zero-energy state
if and only if tr(PyPrPs) # 0. Py is the projector onto the zero-energy eigenspace of Hy,
which is spanned by the states {|¢) : ¢ € Go} (and similarly for Pg). So, we can rewrite the
trace as

tr(PoPrPs) = tr(PoPsPrPs) (4.28)
= > tr(|g)dl PslFF|Ps) (4.29)
qGGQ,TGGR
= D KalPsln (4.30)
(IEGQ,TGGR

Note that [) = Ql) ® - ® Qlga) = [d1) - |, and similarly [¥) = [55) - 1%).

We show that for any ¢,r € D", (¢|Ps|r) = (slicea(q,r)|Ps|slice,(q, 7)), where a is the
bitwise complement of a. First, note that (G| Ps|r) is just (slicei(q,r)|Ps|slicegn(q,7)), by
definition. Let us first demonstrate how to swap the first qudit. Since ) and R are real-
valued, |¢1) and |r7) are as well. We apply Lemma 4.4.4 then Lemma 4.4.3 to get

(@1Psl7) = (1ol - - (dnl P5* ldn)la) - lan) (4.31)
= (G2 - - - {dn| Pslgn)lqz) - - - [an)- (4.32)
= (slicegin-1(q, r)|Ps|sliceign-1(q, r)). (4.33)

It is clear that this swapping procedure can be repeated on any subset of the n qudits. This
shows that (G| Ps|r) = (slicez(q,r)|Ps|slice,(q, r)) for any b € {0,1}"™. In particular, it holds
for a.

Finally, H has a zero-energy state if and only if tr(PyPrPs) # 0 if and only if there
exists ¢, € D" such that ¢ € Gg, r € Gg, and (slices(q, r)|Ps|slice,(q, 7)), by (4.30) and
our last observation. This is almost the check made by the NP verifier: it remains to show
that (slicea(q, r)|Psslice,(q, 7)) # 0 if and only if Hglslice,(q,r)) = 0. If Hglslice,(q,7)) = 0,
then h?[slice,(g, 7)) for all 4, and thus Ps|slice,(q, 7)) = |sliceq(q,7)). Then

(slicez(q, )| Pslslice, (g, 7)) = (slicea(q, )| slice,(g, 7)) (4.34)
= (slicein (q, )| slicegn (q,7)) (4.35)
— (@l (436)
# 0, (4.37)

by the first condition of the theorem.
On the other hand, if Hg|slice,(g, 7)) # 0, then there is some Ay such that hf|slice,(q, 7)) #
0. hy is diagonal in the a basis, so by definition |[slice,(q,7)) is an eigenstate of hy.
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Since hy is a projector, it must be a l-eigenstate. Then (I — hy)|slice,(q,7)) = 0, so
(slicea(q,7)| Pslslice,(q, 7)) = 0 by commuting I — h to the right. This completes the proof.
[l
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Chapter 5

Conclusion

We give some remarks and open questions which are raised by our results.

QMA;-completeness. The main question left open by our work is whether QUANTUM-k-SAT
restricted to the pure X and Z bases is still QMA;-hard. This would be quite an interesting
result if true, since this class of Hamiltonians, at least in the basis-restriction setting, is the
most restricted instance which is not trivially classical.

The main bottleneck for showing such a result using our proof method is that the propaga-
tion term in the Kitaev Hamiltonian are naturally projectors which are mixed-basis diagonal.
It is likely that a gadget reduction would be needed to make the given a pure-basis diagonal
Hamiltonian. This brings up another bottleneck which is commonly found when analyz-
ing QMA;-hardness: known gadget reductions for QMA do not carry over nicely, since they
break perfect completeness. One other interesting direction is to further explore QMA; with
the gate set G, since QMAY is now known to be complete for two seemingly very different
problems, BX?-QUANTUM-6-SAT and weighted graph Gapped Clique Homology [Rud25].

Inclusion in NP. Some interesting open questions arise when considering the various
conditions built into Theorem 4.2.4. Is the problem still in NP after removing one of these
conditions? The main open question is whether the method of trace computation and slicing
extend to the case in which the Hamiltonian can include more than one (strictly) mixed
basis. If the problem is still in NP when all mixed () and R bases are allowed, this would
compare directly to our hardness result (Theorem 3.1.2) in the non-commuting case.

One bottleneck in showing this is in the term (g|Ps|7) which arises during the trace
computation. It is straightforward to see that this term becomes (¢|PsPr|7) when we allow
for two strictly mixed bases S and T'. However, a precondition of 4.4.3 is that the middle
matrix is diagonal in a mixed basis, which is not true of PgPr. It is unclear if other techniques
can allow us to overcome this.

Also worth addressing are the two conditions on the bases stated in 4.2.4. Condition 1
seems fundamental, and is unlikely to be removed when using a proof method which involves
trace computation. On the other hand, the second condition is not as critical. We require
that our states and gates be real-valued because 4.4.3 involves taking the partial transpose,
an operation which does not play nicely with complex values. Still, it may be possible to
generalize 4.4.3 and the slicing argument in a way which removes condition 2.
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We also remark that Theorem 4.2.4 straightforwardly extends to the case of qubit Hami-
tonians which have tensor structure but over blocks of qubits (under the same conditions in
Theorem 4.2.4). Like qudits, this is a case which is left open by the result of Bravyi and
Vyalyi [BV05]. For example, let one basis be a tensor product of the Bell basis, and the
other basis a tensor product of the “X;7,” basis. These bases satisfy condition 1 of Theorem
7?7, so the associated commuting Hamiltonian problem is in NP.
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