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Abstract

Understanding and harnessing the power of quantum systems has the potential to
transform many domains in science and technology. However, before we can achieve
these aspirations, we must first build a better understanding of how quantum systems
fundamentally behave.

In this thesis, we approach this question through the lens of learning theory to develop
new paradigms for learning about quantum systems and understanding their structural
properties. We deliver several surprising results, upending previous beliefs about even
fundamental laws and giving provably efficient algorithms for learning about quantum
systems in settings previously conjectured to be intractable.

Typically in quantum many-body systems, the particles in the system interact locally
with respect to some geometry as described by a local Hamiltonian. Two key questions
are first, understanding equilibrium properties of a system with a given Hamiltonian
and second, recovering the Hamiltonian from measurements of the properties of the
system. For the first, we prove a universal law that there is a sudden death of
entanglement, at a critical temperature depending only on the geometry but not on
the system size. For the second, we give the first efficient algorithm for recovering the
Hamiltonian at any temperature, breaking a conjectured barrier at low temperatures.

Beyond systems with local interactions, we also consider learning and testing properties
of general quantum states, focusing on the interplay between statistical complexity
and near-term quantum device constraints, only allowing for entangled measurements
over a limited number of copies of the state. We characterize the optimal rates for
learning and testing with single-copy measurements and for multi-copy measurements
in many relevant near-term regimes.

Thesis Supervisor: Ankur Moitra
Title: Norbert Wiener Professor of Mathematics
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Chapter 1

Introduction

Understanding and harnessing the power of quantum systems has the potential to

transform many domains in science and technology, from enabling breakthroughs

in computational problems such as factoring large numbers, to guiding the design

of materials with extraordinary properties like superconductivity and superfluidity.

However, before we can achieve these aspirations, we must first build a better under-

standing of how quantum systems fundamentally behave. While quantum mechanics

provides a foundation for describing the behavior of atomic-scale particles, relating

these atomic-scale interactions to emergent physical properties remains largely a mys-

tery. Despite growing interest and years of research efforts, quintessential phenomena

such as quantum entanglement are still poorly understood.

In this thesis, we will focus on the following guiding questions which are central to

understanding the properties of quantum systems. First:

Guiding Question 1. Given a description of the interactions between particles in a

quantum system, what can we say about its physical properties?

However, for systems that we observe in a laboratory or in nature, we often do not

know a description of the underlying interactions. Thus, it is also crucial to understand

when we can recover information about these interactions from observing the system.
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Usually, the way that an observer can interact with a quantum system is through

measurement ∗. This leads to our second question, which is a natural counterpart to

the first.

Guiding Question 2. Given measurements of the physical properties of a quantum

system, can we recover a description of the system?

We approach these questions theoretically, from a statistical and computational

perspective. In general, quantum mechanics gives us mathematical models of quantum

systems and basic laws about their behavior. Our focus will be on deriving from these

laws rigorous predictions of their properties and designing algorithms with provable

guarantees for recovering their parameters. While theoretical in nature, the answers

to these questions will inform our understanding of the limits of what we can hope to

know about quantum systems and what we can use them for.

Much of the early work on these questions came from the perspective of quantum

physics and quantum information. However, these questions have recently garnered

increased interest from other communities, especially within computer science. In

this thesis, we will show how a novel approach, inspired by theoretical computer

science and especially computational learning theory, enables us to develop new ways

of understanding complex quantum phenomena such as entanglement. We deliver

several surprising results that uncover fundamental laws and inform the tractability

and limitations of potential applications of quantum technologies.

Remark 1.0.1 (On Measurements). At a high-level, measuring a system results in

a (random) classical outcome that reveals a small amount of information about the

underlying system, analogous to sampling from a classical distribution. Quantum

mechanics stipulates that measurement destroys the system. Thus, in all settings where

we study recovery from measurements, we will assume access to multiple copies of

the system in question. This is generally obtained by, say, repeating the experimental

setup many times.

∗A formal definition of measurement is deferred to Definition 1.4.3
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1.1 Local Hamiltonians

Local Hamiltonians are the canonical, ubiquitous model for quantum many-body sys-

tems across condensed-matter physics, quantum chemistry, and quantum information

[155, 136, 168, 82]. We give a very brief, high-level introduction here and defer a more

formal treatment to Section 1.4.2.

Typically, in quantum many-body systems, the particles interact locally with respect

to some geometry, meaning that particles interact more strongly with those nearby.

Their interactions are described by a local Hamiltonian, which is a sum of the local

interactions among different subsets of particles.

Figure 1-1: Local Hamiltonian where the interaction terms 𝐸𝑎 range over edges between
adjacent points in the grid. The black dots represent particles and the green edges
represent interactions between pairs of particles (only two are shown for simplicity).

Throughout this thesis, we use n to denote the number of particles. For each subset

of interacting particles, there is a term 𝐸𝑎 that describes their interaction. The local

Hamiltonian is then given by

𝐻 =
∑︁
𝑎∈𝒜

𝐸𝑎

where the sum ranges over all subsets of interacting particles. 𝐻 is represented as a

2n × 2n matrix. For a given Hamiltonian, the Gibbs state describes the behavior of

the system at thermal equilibrium, at a specified inverse temperature 𝛽 > 0 †. The

†𝛽 is proportional to 1/𝑇 where 𝑇 is the actual temperature.

17



Gibbs state of the system is given by the matrix ‡

𝜌𝛽 =
𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
. (1.1)

With this model, we can restate our main questions in the context of quantum

many-body systems:

1. Given 𝐻 =
∑︀

𝑎∈𝒜𝐸𝑎, for various 𝛽, what can we say about the properties of 𝜌𝛽?

2. Given measurements of (copies of) 𝜌𝛽, what can we recover about the 𝐸𝑎?

1.1.1 From Microscopic to Macroscopic

The above questions fall under the broad paradigm of understanding how microscopic

interactions (the local Hamiltonian) drive emergent macroscopic properties (the Gibbs

state) in complex systems. This has been a driving theme in statistical physics,

a rich area that has seen many notable successes throughout decades of research,

including Parisi’s work that was awarded the Nobel Prize in Physics in 2021 [202]. Of

course, the same guiding principles are also useful in many other domains ranging

from machine learning to biology [4, 161, 188]. Statistical physics has both been

a grounds for developing rich and beautiful mathematics and played an important

role in helping us understand physical phenomena such as magnetization and surface

tension. For example, understanding phase transitions in the Ising model has helped us

understand how interactions between atomic-scale magnetic dipoles drive spontaneous

magnetization across a material when it is cooled below a critical temperature [172].

‡Note that this is a valid quantum state because it is a positive semidefinite matrix with trace 1.
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Low temperature (large 𝛽) High temperature (small 𝛽)

Figure 1-2: The Ising model is in many ways the foundational model in statistical
physics. In this example studied in the seminal work of Kramers and Wannier [143]
and later Onsager [172], we imagine n magnets arranged in a two-dimensional grid.
The magnets can either point up or down, represented by the corresponding variable
being +1 or −1. The Ising model defines a distribution over {−1, 1}n where the
probability of a configuration is proportional to exp(−𝛽

∑︀
𝑖,𝑗 adjacent−𝑥𝑖𝑥𝑗) where 𝛽

is the inverse temperature. Onsager’s work demonstrates a phase transition from a
disordered phase, where a typical configuration looks random, to an ordered phase,
where a typical configuration has a large majority of magnets pointing in the same
direction, as the temperature decreases below a critical threshold.

However, many modern challenges in physics and technology such as superconductivity

and superfluidity revolve around understanding quantum phenomena. Compared to

classical systems, we have a much more limited understanding in the quantum realm,

where additional complexities such as quantum entanglement and non-commutativity

pose new challenges not present in classical settings. Nevertheless, we hope that the

same guiding principles from statistical physics may help us. In particular, can we use

statistical models to understand how quantum phenomena arise in complex systems

of particles?

One of the main themes of this thesis will be developing new tools for taming

the complexities of quantum systems. The work presented here draws upon our

understanding of phase transitions and other properties of classical statistical physics

models — the definition in (1.1) generalizes classical Markov random fields which

have been extensively studied in statistics, machine learning, and many other domains

[186, 49, 71]. However, to deal with the new challenges in the quantum setting, we take

inspiration from unexpected sources — modern techniques from a variety of domains
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in theoretical computer science, such as counting and sampling, approximation theory,

and optimization, will play a key role.

1.1.2 Important Quantum Properties

Returning to Guiding Question 1, we first specify the key properties that we want to

understand. Entanglement is the quintessential quantum property [190, 43, 46]. As

Schrödinger argues in [190],

I would not call that [entanglement] one, but rather the characteristic trait

of quantum mechanics.

Entanglement is what distinguishes quantum systems from classical ones and is the

essence of what makes quantum systems interesting for scientific and engineering

applications. Yet, entanglement remains a mysterious concept, and we generally lack

a sound theoretical understanding of entanglement in quantum many-body systems.

In fact, despite extensive study, we even lack clean, well-accepted definitions of

entanglement in many settings [199, 180]. A crucial step towards understanding

the properties of quantum systems will be understanding when they can exhibit

entanglement.

The Role of Temperature In classical statistical physics, the (inverse) temperature

parameter, given by 𝛽 in (1.1), controls phase transitions and the emergence of

important structural properties. Adjusting temperature shifts the balance among

microscopic configurations — favoring disorder at high temperatures and order at low

temperatures. Phase transitions occur at a critical threshold temperature, when the

system undergoes an abrupt, collective transformation in its macroscopic properties (see

Figure 1-2). This phase transition in statistical models underlies real-world phenomena

such as the boiling of water and the spontaneous magnetization of ferromagnets

[178, 217].

Naturally, this motivates us to study the role that temperature plays in the emergence
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of quantum properties, namely entanglement. Specifically, we ask:

Question 1. How does temperature affect entanglement in quantum many-body

systems. Specifically, at what values of 𝛽 can the Gibbs state 𝜌𝛽 be entangled?

The study of the relationship between temperature and entanglement dates back to

the start of modern quantum information [179, 22, 173]. However, the wealth of ideas

generated since then has yielded surprisingly little insight into this basic question.

Here, we find new insight in a departure from previous approaches. We will take

inspiration from classical algorithms for approximate counting and sampling to deliver

a striking new law.

1.1.3 Algorithmic Challenges for Learning

The previous thread broadly concerns Guiding Question 1, but the counterpart,

Guiding Question 2, is equally important. Namely, can we take measurements of

the macroscopic properties of a quantum system and recover information about

the microscopic interactions driving it? This question falls under the umbrella of

Hamiltonian learning, which has become a cornerstone in the design, engineering, and

benchmarking of quantum devices.

For example, in an attempt to understand phenomena like topological order and

superconductivity that are important in condensed matter physics, experimentalists

carefully design systems which exhibit these exotic behaviors. To achieve this, analog

quantum simulators are tuned to obey poorly-understood Hamiltonians like the Fermi–

Hubbard model for experimental exploration [95, 78, 115]. For these experiments, a

natural goal is to learn the interactions which give rise to various phenomena [212, 140].

Intractability of computation is a major barrier to resolving open problems like finding

the phase diagram of various canonical families of Hamiltonians, so having better

algorithmic tools is of key importance in this domain [149]. Hamiltonian learning also

arises when engineering quantum systems: a major challenge in building near-term

quantum devices is being able to validate them—certify that they implement the
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desired Hamiltonian—and understand sources of error [73, 193]. Quantum devices with

100 or more qubits are challenging to simulate classically, but quantum Hamiltonian

learning has emerged as an alternative strategy for benchmarking devices by combining

quantum resources and classical learning techniques [57, 97].

The Low Temperature Regime For Hamiltonian learning, the temperature

parameter 𝛽 will again play a crucial role. Despite its importance, previous algorithms

for Hamiltonian learning all had crucial limitations. For general Hamiltonians, previous

algorithms were efficient, scaling polynomially with n, only at high temperature i.e. for

𝛽 < 𝑐 for some small constant 𝑐. For larger 𝛽, these algorithms required running time

exponential in n, making them impractical beyond small systems. In fact, due to the

lack of success and even viable approaches, Hamiltonian learning was conjectured to

be intractable beyond this high temperature regime. For instance, in a recent survey

on the complexity of learning quantum states [13], the authors ask

Conjecture ([13]). Could low temperature Gibbs states be pseudorandom, which would

explain the difficulty in finding a time efficient algorithm?

This leaves us at an impasse. Quantum phenomena are most prominent at zero or

near-zero temperature [9], precisely where approaches such as high-temperature series

expansions fail [149]. In fact, many of these approaches work precisely because complex

quantum phenomena like long-range entanglement do not arise at high temperatures.

Given the seeming intractability at low temperatures, one might wonder whether

quantum Hamiltonian learning, as a framework for benchmarking quantum devices or

learning about the underlying physics of quantum systems, is inherently a dead end.

Nevertheless, we return to the central question, which has been posed as an open

question throughout the community [15, 103, 7, 13], and examine it in a new light.

Question 2. Can we give efficient algorithms for Hamiltonian learning from Gibbs

states at low temperatures?

We will show a surprising resolution to this question, upending prevailing beliefs. We
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rely on modern tools in learning and optimization such as polynomial approximations

and semidefinite programming hierarchies to tame the complexities of low-temperature

systems and give an efficient algorithm, solving a problem previously conjectured to

be impossible.

1.2 General Quantum States

Local Hamiltonians model many natural systems where the particles in the system

interact locally. Still, there are many settings where we need to work with general

quantum systems where the particles may exhibit arbitrary, non-local interactions.

Of course, general systems, by definition, can exhibit arbitrary behavior, so here we

will focus on the recovery problem — recovering a description of the system from

measurements.

We model the state of the system as described by an unknown density matrix 𝜌 ∈ C𝑑×𝑑.

Here, for a general system of n particles, the dimension of the state is 𝑑 = 2n. We

have copies of 𝜌 which we can measure, and our goal is to recover a description of 𝜌.

This is exactly the task of quantum state tomography. Tomography is, in many ways,

the most general and basic quantum learning task.

While compared to local Hamiltonians, the exponential scaling in the number of

particles seems to limit the paradigm of state tomography to relatively small systems,

it nonetheless plays a key role in verification of current quantum technologies [34],

protocols such as entanglement detection [118, 98], and various other applications.

For some concrete examples, in [158], tomography was used to verify that a 2 × 2

state was correctly teleported over 143 km in a teleportation experiment and in

[104], tomography was used to verify that an experimental device they designed was

generating the correct 8-particle (i.e. 256× 256) W-state, an important resource in

quantum communication.

In most applications of tomography, each copy of 𝜌 is a resource that may be expensive

to obtain, so the main figure of merit is the copy complexity i.e. the number of copies
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of 𝜌 that we need to measure. This is a quantum generalization of the usual notion of

sample complexity from statistics.

1.2.1 Near-Term Hardware Constraints

Recently, the copy complexity of quantum state tomography was settled by [170, 102]

who showed that 𝑛 = Θ(𝑑2/𝜀2) copies are necessary and sufficient to learn 𝜌 to 𝜀

accuracy in trace distance. However, a major downside of these protocols is that

they require heavily entangled measurements over the joint state 𝜌⊗𝑛. This poses a

number of challenges to porting these algorithms into practical settings. First, the

descriptions of the measurements are quite large (as the overall joint state is of size

𝑑𝑛 × 𝑑𝑛), and cannot be implemented on current (or near-term) quantum devices.

Second, the measurements require that all 𝑛 copies of 𝜌 are simultaneously present.

In many realistic settings, such as streaming settings where one copy of 𝜌 is given to

the algorithm at a time, this would require that the quantum device be able to store

all of these copies in persistent quantum memory. Such a task is also well out of reach

for current or near-term quantum devices, in essentially any non-trivial regime of the

parameters.

An appealing class of algorithms which avoids both of these issues, and which can be

implemented on even current devices, are algorithms which only rely on single-copy (i.e.

unentangled) measurements. In contrast to general protocols which may manipulate

the joint state over all 𝑛 copies 𝜌⊗𝑛, these algorithms only apply measurements to

one copy of 𝜌 at a time. Consequently, these measurements are performed on much

smaller states, and moreover, can be performed without any quantum memory.

This single-copy setting, being a natural and practical formulation, has seen growing

interest for both quantum state tomography [72, 86, 144, 156] and related tasks such

as testing and certification [54, 64, 66, 124, 5]. Still, before the work presented here,

even the most basic question remained open. Namely,

Question 3. What is the optimal copy complexity for single-copy quantum state
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tomography?

This question will be our starting point for quantum state tomography. The best

known upper bound for this question was 𝑛 = 𝑂(𝑑3/𝜀2) [144]. However, the best

known lower bound was only Ω(𝑑2/𝜀2), the same rate as in the unconstrained multi-

copy setting. The protocol in [144] essentially works by measuring all of the copies

of 𝜌 randomly. However, an important feature in single-copy tomography is that

the measurements may be adaptively chosen based on the outcomes of the previous

measurements. This leaves the possibility that we can design better algorithms that

leverage adaptively chosen measurements.

Understanding the power of adaptivity will be a crucial component in answering

the above question. The adaptivity in the quantum setting is a significant contrast

compared to classical distribution learning settings, where the samples the learner

receives are usually drawn independently. This added wrinkle of adaptivity is perhaps

the main reason why even some of the most basic questions about learning with single-

copy measurements remained open until very recently. To resolve these questions,

we will need to develop new frameworks for reasoning about the power of adaptive

learning algorithms — this is especially notable from a lower bounds perspective, as

existing techniques often heavily rely on the learner’s observations being independent.

1.2.2 Gracefully Scaling Up

While the single-copy setting is a useful formalism for designing algorithms for current

quantum hardware, as the computational power of our quantum devices continues to

grow, we may soon go beyond the limitations posited in the single-copy formalism.

It is timely not only to understand the fundamental limitations of current devices,

but also to map out avenues for gracefully scaling up our near-term algorithms as the

platforms on which we run these algorithms mature.

As a motivating example, an experimenter could simultaneously prepare 𝑡 copies

of the state for some integer 𝑡 > 1 by simply replicating the experimental setup
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𝑡 times. Moreover, some existing devices can already store multiple (albeit few)

copies of a quantum state at a time [23, 126, 153]. For some tasks, this is already

very powerful. For instance, recent experimental demonstrations of exponential

advantage for estimating Pauli observables using Bell measurements naturally operate

on two copies of the input state at a time [125], and cannot be done with single-copy

measurements. While the single-copy setting precludes even basic quantum learning

primitives like the SWAP test, the 𝑡-copy setting encompasses a much broader class

of possibilities. This begs the natural question:

Question 4. What is the copy complexity of quantum state tomography with 𝑡-copy

measurements?

The essence of the above question is understanding whether we can interpolate between

the single-copy and unconstrained multi-copy settings for quantum state tomography.

Prior to the work discussed here, there has been very little understanding of this

intermediate regime. Remarkably, it was not even known if we could achieve the

optimal Θ(𝑑2/𝜀2) copy complexity in the unconstrained setting just using measurements

of 𝑡 = 2 copies at a time! The 𝑡-copy setting poses an important conceptual and

algorithmic challenge — the approaches in the single-copy and unconstrained multi-

copy extremes are very different, and seem fundamentally incompatible. To address

this, we will need to develop a new algorithmic framework to synthesize the two

techniques.

1.3 Overview of Contributions

Here, we outline the results and contributions in this thesis, addressing all of the

questions posed in the previous section.

1.3.1 Sudden Death of Entanglement

Our first main result concerns Question 1. We prove a new universal law about

entanglement and temperature. The results discussed in this section are from [31] and
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will be explained in more detail in Chapter 2.

Theorem 1.3.1 (Sudden Death of Entanglement (Informal, see Theorem 2.1.1)).

For any local Hamiltonian on n particles, there is a critical (inverse) temperature 𝛽𝑐

depending only on the geometry of the Hamiltonian and not on the system size n such

that for any 𝛽 < 𝛽𝑐, the Gibbs state 𝜌𝛽 has no entanglement.

For a formal definition of what it means for a state to have no entanglement, see the

definition of separability in Definition 1.4.20. With this result, we witness a “sudden

death of thermal entanglement” — there is a constant critical temperature above

which the Gibbs state has no entanglement. In other words, above this temperature,

correlations are purely classical.

Despite the extensive body of work on understanding the relationship between entan-

glement and temperature, previous work yields little insight into when the Gibbs state

can or cannot be entangled. For instance, computational investigations on specific

models [21, 99, 18], show that various proxy entanglement measures like concurrence

and negativity go to zero above a constant temperature, but these proxy measures can

evaluate to zero even for entangled states. As for rigorous results, a simple argument

about the geometry of entanglement shows that Gibbs states are unentangled, i.e.

separable, at some temperature that is exponentially large in the system size n, but

this dependence on system size makes it unphysical for many-body systems [100].

Over the past two decades, an exciting new suite of techniques has been developed to

prove results about correlations in Gibbs states [7]. However, these results, including

thermal area laws [213, 146], bounds on conditional mutual information [133], local

indistinguishability [137], efficient state preparation [50, 40], and efficient learning

algorithms [16], only bound entanglement through proxy correlation measures that

combine both classical and quantum correlations.§ Consequently, these results can only

§In the referenced work, such measures include mathematical quantities like two-point correlation
functions, mutual information and conditional mutual information, and locality of effective Hamilto-
nians, along with operational and algorithmic notions like rapid thermalization (or low-depth state
preparation more broadly) and efficient learning from local observables.
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prove strong bounds on entanglement at long range, when classical correlations are

also small. This remains true even for results which assume the Gibbs state is above

a critical temperature [50, 108, 103]. The existing literature reflects a gap in our set

of tools: we only have exiguous methods for controlling entanglement independently

of classical correlations. Taken together, this body of work might even lead one to

believe that quantum correlations, much like their classical counterparts, can exist at

any temperature that is less than exponential in the system size.

In stark contrast, our result shows that above some constant temperature, the Gibbs

state of any local Hamiltonian exhibits zero entanglement. In particular, our result

separates quantum effects from classical correlations a feature not captured by any of

the aforementioned vast literature on correlations in Gibbs states.

Algorithmic Inspiration The key idea behind our main result comes from a

surprising source: an algorithmic technique, inspired by classical approximate counting

and sampling. At a high level, the sampling-to-counting reduction of [129] reduces

sampling from a high-dimensional distribution, say 𝒟 over the hypercube {−1, 1}n, to

a sequence of “counting” problems where we compute the marginal distribution on

the first coordinate, sample it, and then recurse on the posterior distribution over

the remaining n− 1 coordinates. We develop a quantum analog of this sampling-to-

counting reduction, where we decompose the Gibbs state by iteratively “sampling”

and factorizing out one particle at a time — showing that this procedure succeeds

suffices to prove that the original state is separable.

Gibbs Sampling This algorithmic technique has further implications for the com-

putational task of preparing quantum Gibbs states. This task, known as quantum

Gibbs sampling, has been studied extensively [60, Table 1], dating back to the work of

[201]. However, remarkably little is known about provably efficient methods. Despite

a wealth of approaches and proposals, efficient algorithms have only been rigorously

established for highly restricted classes of Hamiltonians, such as Hamiltonians with

constant operator norm [92], commuting Hamiltonians [132], 1D Hamiltonians [50, 40],
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or under strong assumptions, such as the eigenstate thermalization hypothesis [59].

On the other hand, preparing classical Gibbs states at low temperatures is known to

be NP-hard in general [196, 197, 90]. Thus, at least for general Hamiltonians, there is

a natural target: Are all high-temperature Gibbs states efficiently preparable? We

resolve this question:

Theorem 1.3.2 (Gibbs State Preparation (Informal, see Theorem 2.1.2). For any

local Hamiltonian on n particles, we can prepare its Gibbs state in time polynomial in

n at inverse temperatures 𝛽 < 𝛽𝑐 where the critical (inverse) temperature 𝛽𝑐 depends

only on the geometry of the Hamiltonian and not on n.

The task of preparing a Gibbs state has been widely proposed as a place to look

for quantum speedups [201, 70, 60]. However, since our algorithm is almost entirely

classical, we can conclude that this task offers no super-polynomial quantum speedup

above the critical temperature. On the other hand, at temperatures below a (different)

critical temperature, preparing a Gibbs state is NP-hard, so this task is also unsuitable

for finding quantum advantage, at least for general Hamiltonians. This leaves a limited

regime between our critical temperature and the computational hardness threshold.

Looking forwards, obtaining a more fine-grained understanding of these thresholds

will be crucial toward understanding Gibbs sampling as a candidate for quantum

advantage.

1.3.2 Hamiltonian Learning

Our next main result delivers a surprising resolution to Question 2. We show that

efficient Hamiltonian learning is possible at any constant temperature. The results

discussed in this section are from [32] and will be explained in more detail in Chapter 3.

Theorem 1.3.3 (Efficient Hamiltonian Learning at Any Temperature (Informal, see

Theorem 3.7.1)). For any constant inverse temperature 𝛽 > 0 and a local Hamiltonian

𝐻 on n particles with known geometry but unknown terms, we can recover the terms

𝐸𝑎 of 𝐻 to 𝜀 accuracy from measurements of (copies of) its Gibbs state 𝜌𝛽 in time
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polynomial in n, 1/𝜀.

Whereas previous works [15, 103] gave polynomial time algorithms only when 𝛽

was smaller than a fixed constant, our result gives a polynomial time algorithm for

any constant 𝛽. This result is a fortunate development since, if learning were truly

computationally hard in the low temperature regime, then, for example, we could

not hope to understand the behavior of analog quantum simulators in precisely the

regimes where they outperform classical ones [181, Section 6.10].

Remark 1.3.4 (Knowing the Geometry of the Hamiltonian). Our result relies on the

geometry of the Hamiltonian being known. This is typical in many applications when

the particles are on a two or three-dimensional lattice. The variation of the problem

when the geometry of the Hamiltonian is also unknown is called structure-learning.

Designing efficient algorithms for structure learning from Gibbs states remains an

interesting open question. There has been work on structure learning assuming stronger

access models to the Hamiltonian, such as controlled time evolutions [223, 33, 157].

Previous Work For the problem of Hamiltonian learning from Gibbs states, Anshu,

Arunachalam, Kuwahara, and Soleimanifar gave the first polynomial sample complexity

bounds for this task in 2020 [15], attaining coefficient estimates using

2poly(𝛽)n2 log n

𝛽𝑐𝜀2
[15]

copies of the Gibbs state [103, Remark 4.5]. However, their work comes with a serious

drawback: it is computationally inefficient. In particular, they give a stochastic

gradient descent algorithm and show that it converges to the true parameters in a

small number of iterations, but actually computing an iterate involves evaluating

a log-partition function, which is well-known to be computationally hard even for

classical systems [163].

Prior work has obtained fast algorithms for Hamiltonian learning in limited regimes. A

follow-up paper of Anshu, Arunachalam, Kuwahara and Soleimanifar [14] shows that
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when the terms of 𝐻 commute, then a direct generalization of the classical algorithm

learns the parameters efficiently. Further, [15] notes that their suggested algorithm

can be performed in polynomial time for sufficiently high temperature (small 𝛽), since

in this regime the log-partition function can be evaluated, using that its multivariate

Taylor series expansion converges rapidly. Haah, Kothari, and Tang [103] later gave

an improved algorithm that achieves the sample and time complexity

𝑒𝒪(𝛽) log n

𝛽2𝜀2
and

n𝑒𝒪(𝛽) log n

𝛽2𝜀2
, [103]

respectively, which they prove is tight up to the constant factor in the exponential,

even in the classical case.

Barriers at Low Temperature However, no strategies had been suggested for

solving Hamiltonian learning at low temperature. In fact, the situation is even more

dire: all approaches to Hamiltonian learning used in prior settings fail catastrophically

at low temperatures, since reduction to sufficient statistics [15], efficient computation

of the partition function [15], the approximate Markov property [145], and cluster

expansion [103] all provably fail for sufficiently large constant 𝛽. This state of the

literature reflects a broader scarcity of algorithmic tools known for understanding

Hamiltonians outside of special settings like high temperature or one dimension. So, a

negative resolution to the general, low temperature question seemed plausible, or even

likely.

The Learning Theory Toolkit Previous approaches all formulate the learning

problem as a system of equations in essentially the same way and thus run into the

same fundamental barrier at low temperature. At a high level, they use measurements

to estimate tr(𝑋𝜌𝛽) where 𝑋 ranges over a basis for the allowable interaction terms

of the Hamiltonian e.g. if the Hamiltonian involves only 2-body interactions between

adjacent particles, then 𝑋 will range over 2-body correlations between adjacent

particles. They then solve a system of equations for a Hamiltonian 𝐻 ′, such that the

Gibbs state for 𝐻 ′, say 𝜌′𝛽 matches those measurement values i.e. tr(𝑋𝜌𝛽) = tr(𝑋𝜌′𝛽).
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This is, in some sense, the most natural system of equations to set up and [15] shows

that statistically, solving this system suffices to recover the true Hamiltonian. However,

the challenge is to give an efficient algorithm for solving this system of equations.

Unfortunately, this is already a dead end because for classical Hamiltonians, this

system of equations exactly reduces to “matching sufficient statistics of a graphical

model”, which is known to be computationally intractable even for simple Ising models

[163].

We find new light from an important paradigm in classical learning theory — we can

formulate an alternative system, by measuring a richer family of statistics, that may

be more tractable. This is the starting point of our approach. In the classical setting,

there are simple ways to measure a richer family of statistics and reformulate the

system, relying on the Markov property, the defining characteristic of graphical models.

However, the Markov property is known to fail for quantum systems. To overcome

this, we rely on another key workhorse in learning theory, polynomial approximations.

We develop a new polynomial approximation to the matrix exponential that lets

us understand the propagation of information in spite of the failure of the Markov

property. Using this approximation, we can formulate the learning problem as a

polynomial system.

To solve the polynomial system, we rely on the sum-of-squares (SoS) method, which

gives a hierarchy of semidefinite programming relaxations that are efficiently solvable.

The SoS method, first introduced in the context of control theory and polynomial

optimization [177, 147], has been at the heart of recent advances across a wide range

of domains including complexity theory [37, 36], combinatorial optimization [183, 35],

and learning theory [38, 116, 142, 139, 76], and here we show that this powerful tool

also leads to a new algorithm for learning about quantum systems.

1.3.3 Quantum State Tomography

Now we discuss our contributions to learning general quantum states. Our result stated

below settles the complexity of single-copy quantum state tomography, answering
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Question 3. This, and other results discussed in this section are from [62] and will be

explained in more detail in Chapter 4.

Theorem 1.3.5 (Informal, see Theorem 4.2.11). For an unknown state 𝜌 ∈ C𝑑×𝑑,

𝑛 = Ω(𝑑3/𝜀2) copies of 𝜌 are necessary for single-copy quantum state tomography of 𝜌

to within trace distance 𝜀.

The lower bound shown here matches the upper bound obtained by the random

measurement scheme in [144] showing that Θ(𝑑3/𝜀2) is the optimal copy complexity

for single-copy quantum state tomography.

While this is not the most satisfying resolution, that, up to constant factors, we might

as well measure all of the copies randomly, we show that the situation is different if we

change the way that we measure accuracy. In particular, if instead of trace distance,

we measure accuracy in terms of infidelity (see Definition 1.4.7) between our estimatê︀𝜌 and 𝜌, then adaptivity does make a difference. We show:

Theorem 1.3.6 (Informal, see Theorem 4.5.1). For an unknown state 𝜌 ∈ C𝑑×𝑑,

𝑛 = ̃︀Θ(𝑑3/𝛾) copies of 𝜌 are necessary and sufficient for single-copy quantum state

tomography of 𝜌 to within infidelity 𝛾.

This result contrasts the lower bound in [102] showing that Ω(𝑑3/𝛾2) copies are

necessary with nonadaptive measurements. Thus, for learning in fidelity, adaptive

measurements are asymptotically more powerful than nonadaptive measurements.

This provides arguably the first natural instance of a separation between the power of

adaptive and nonadaptive measurements.

Adaptive Lower Bounds Focusing on Theorem 1.3.5, the main novelty is a frame-

work for proving a lower bound against a learner that makes adaptive measurements.

In general, existing lower-bound approaches in the literature mostly followed tech-

niques from classical learning theory. Thus they rely heavily on the observations being

independent and these approaches can only work for nonadaptive measurements.

33



We introduce a new, general framework for proving lower bounds against adaptive

learners. Our framework involves a bare-handed approach where we directly bound

the information gained by the learner after each measurement. The unknown state 𝜌

is sampled from a prior over the space of all possible states and then we directly track

how the posterior distribution evolves after each measurement outcome. We prove

that no matter what the learner does, the posterior remains mostly away from the

true state 𝜌 and thus the learner cannot recover 𝜌 accurately with high probability.

1.3.4 State Certification

Beyond quantum state tomography, we also study the closely related problem of state

certification. In state certification, rather than trying to learn the unknown state 𝜌,

we are given an explicit description of a state 𝜎 ∈ C𝑑×𝑑 and our goal is simply to test

whether 𝜌 = 𝜎 or 𝜌 is far from 𝜎 in trace distance. From a practical point of view,

state certification is also a key subroutine in verification of the outcomes of quantum

experiments. For instance, if an experimentalist wishes to check that a quantum

algorithm with quantum output is running correctly and outputting the right state,

then this is exactly the problem of state certification.

State certification also has important mathematical connections to classical property

testing. While state tomography is the quantum analogue of learning a classical

distribution from samples, state certification is the natural quantum analogue of

identity testing, one of the most well-studied problems in classical distribution testing.

Prior to the work discussed here, the situation for state certification was similar to

that for quantum state tomography. Recent works [169, 27] characterize the optimal

copy complexity of state certification in the unconstrained multi-copy setting, but

in the single-copy setting, the question remained open. The best upper and lower

bounds were 𝑛 = 𝑂(𝑑3/2/𝜀2) and 𝑛 = Ω(𝑑4/3/𝜀2) respectively [54].

Our result for state certification is a tight lower bound that closes this gap. This

result is from [67] and will be explained in more detail in Chapter 5.
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Theorem 1.3.7 (Informal, see Theorem 5.1.1 ). State certification for a state 𝜌 ∈ C𝑑×𝑑

using single-copy measurements requires 𝑛 = Ω(𝑑3/2/𝜀2) copies (for worst case over

𝜎).

While the above settles the complexity of state certification against a worst-case

target state 𝜎, we can obtain improved bounds that depend on 𝜎 — in particular, in

Chapter 5, we will also explain how to extend our result to obtain instance optimal

bounds for state certification in terms of 𝜎.

Following the theme for state tomography in the single-copy setting, the power of

adaptivity is again an important challenge for certification. The proof of the lower

bound in Theorem 1.3.7 builds on the framework introduced in our lower bound for

tomography (Theorem 1.3.5), carefully tracking the information gained by the learner

after each measurement, but requires a more refined analysis.

1.3.5 Quantum Memory-Sample Tradeoffs

Finally, we return to quantum state tomography and present our results for interpolat-

ing between the single-copy and unconstrained multi-copy settings. We give a smooth

and optimal (up to logarithmic factors) interpolation in many parameter regimes,

addressing Question 4. This result is from [68] and will be explained in more detail in

Chapter 6.

Theorem 1.3.8 (Informal, see Theorem 6.4.8 and Theorem 6.6.13). For an unknown

state 𝜌 ∈ C𝑑×𝑑 and 𝑡 ⩽ 𝑑2, 𝑛 = ̃︀Θ(𝑑3/(
√
𝑡𝜀2)) are necessary and sufficient for 𝑡-copy

quantum state tomography of 𝜌 to within trace distance 𝜀 .

Observe that the above result matches both the fully entangled bound of Θ(𝑑2/𝜀2)

(by taking 𝑡 = 𝑑2) and the single-copy bound of Θ(𝑑3/𝜀2) (when 𝑡 = 1). For formal

statements of the precise regimes of 𝑑, 𝑡, 𝜀 where our results hold, see Chapter 6. Worth

noting is that this gives the first smooth tradeoff between entanglement (between

copies) and overall copy complexity for a natural quantum learning task.
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Resolving the Incompatibility Focusing on the upper bound, the main challenge

is to resolve the incompatibility between previous approaches in the fully entangled

and single-copy settings as we explain below. The fully entangled algorithms of [102]

and [170] make a single measurement on the joint state 𝜌⊗𝑛 over all of the copies we

are given. This measurement is based on a technique called weak Schur sampling

[134], which is grounded in the representation theory of the symmetric and general

linear groups.

However, this approach seems inherently tied to running a “one-shot” algorithm. This

is because the estimator for 𝜌 derived from Schur sampling (e.g. in [170]) is actually

a biased estimator — its expectation is not equal to 𝜌. The bias decreases with the

number of copies we measure at once, but is only sufficiently small when this number

is Ω(𝑑2/𝜀2). For small 𝑡, it is unclear if weak Schur sampling on 𝑡 copies gives any

useful information, let alone if one can somehow combine the outcome of several

different trials of weak Schur sampling in a meaningful fashion. This is in contrast

to algorithms for single-copy measurements, which rely on many unbiased (but less

informative) measurements of the underlying state, which can then be averaged to

obtain a good overall estimate. Unfortunately, this unbiasedness seems specific to

single-copy measurements. Ultimately, neither approach by itself seems capable of

yielding a nontrivial result for general 𝑡-copy measurements.

This calls for a new algorithmic framework that can synthesize the two techniques.

We introduce a two-stage approach. We first analyze the case when 𝜌 is close to

maximally mixed, which we call the balanced case. We show that in this case, we can

use a linear approximation to a power series to upper bound the bias in the estimators

derived from Schur sampling in [170]. We then give a general reduction, that we term

quantum splitting. This allows us to reduce the general case to the balanced one by

obtaining a rough estimate of 𝜌 and then simulating the learning algorithm run on a

(reversibly) transformed version of 𝜌 that is close to maximally mixed.
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1.4 Notation and Preliminaries

We begin by defining some notation that will be used throughout this thesis. For any

natural number 𝑘, we use the notation [𝑘] = {1, 2, . . . , 𝑘}. We take i =
√
−1 to be

the imaginary unit. For vectors in C𝑑, we will use 𝑒𝑖 to denote the 𝑖th standard basis

vector, i.e. the vector that has a 1 in its 𝑖th coordinate and is 0 everywhere else.

For a matrix 𝐴, we use 𝐴† to denote its conjugate transpose, ‖𝐴‖op to denote its

operator norm, ‖𝐴‖𝐹 to denote its Frobenius norm, and ‖𝐴‖1 to denote its trace norm;

for a vector 𝑣, we use ‖𝑣‖ to denote its Euclidean norm. For operators 𝐴,𝐵, 𝐴 ⪯ 𝐵

denotes the Loewner order: 𝐴 ⪯ 𝐵 when 𝐵 − 𝐴 is PSD (positive semi-definite), and

similarly for ⪰. We use 𝐼𝑑 to denote the 𝑑× 𝑑 identity matrix.

Throughout this thesis, we will use the usual asymptotic notation 𝒪(𝑓), Ω(𝑓), and

Θ(𝑓). To suppress logarithmic factors, we will use ̃︀𝒪(𝑓) = 𝒪(𝑓 polylog(𝑓)) and̃︀Ω(𝑓) = Ω(𝑓/ polylog(𝑓)). We say 𝑓 = ̃︀Θ(𝑔) if 𝑓 = ̃︀𝒪(𝑔) and 𝑓 = ̃︀Ω(𝑔). We use the

notation 𝑓 ≲ 𝑔 to mean 𝑓 = 𝒪(𝑔). For a parameter 𝑡, 𝒪𝑡 denotes big O notation

where 𝑡 is treated as a constant; the same holds for the notation for polynomial scaling,

poly𝑡(·).

Beyond the usual operations like addition and multiplication, the following operations

on matrices will be important later on.

Definition 1.4.1 (Hadamard product). For 𝐴,𝐵 ∈ C𝑁×𝑁 , their Hadamard product,

denoted 𝐴 ∘𝐵, satisfies [𝐴 ∘𝐵]𝑖𝑗 = 𝐴𝑖𝑗𝐵𝑖𝑗.

Definition 1.4.2 (Commutator). Given operators 𝐴,𝐵 ∈ C𝑁×𝑁 , the commutator

of 𝐴 and 𝐵 is defined as [𝐴,𝐵] = 𝐴𝐵 − 𝐵𝐴. The nested commutator of order ℓ is

defined recursively as [𝐴,𝐵]𝑘 = [𝐴, [𝐴,𝐵]𝑘−1], with [𝐴,𝐵]1 = [𝐴,𝐵].
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1.4.1 Quantum States and Measurements

Here we introduce the basic formalisms for quantum states and measurements. A

quantum state is represented by a matrix 𝜌 ∈ C𝑑×𝑑 which is PSD and satisfies tr(𝜌) = 1.

Such a matrix 𝜌 is called a density matrix. We say the state 𝜌 is pure if it is rank-1.

Measurements. We now define the standard measurement formalism, which is the

way a learner can interact with a quantum state 𝜌.

Definition 1.4.3 (Positive operator valued measurement (POVM), see e.g. [168]).

A positive operator valued measurement ℳ is a finite collection of psd matrices

ℳ = {𝑀𝑧}𝑧∈𝒵 satisfying
∑︀

𝑧𝑀𝑧 = 𝐼𝑑. When a state 𝜌 is measured using ℳ, we

get a draw from a classical distribution over 𝒵, where we observe 𝑧 with probability

tr(𝜌𝑀𝑧). Afterwards, the quantum state is destroyed.

Remark 1.4.4. Note that the outcome distribution is indeed a valid probability

distribution — the probabilities are nonnegative because 𝜌 and 𝑀𝑧 are PSD and sum

to 1 since
∑︀

𝑧 tr(𝜌𝑀𝑧) = tr(𝜌) = 1.

Quantum measurements are a generalization of getting samples from a classical

probability distribution. Concretely, we can view a classical (discrete) probability

distribution 𝒟 on 𝑑 elements, with density (𝑝1, . . . , 𝑝𝑑), as a 𝑑× 𝑑 quantum state with

entries 𝑝1, . . . , 𝑝𝑑 on the diagonal. Measuring this quantum state in the computational

basis, i.e. with the POVM given by {𝑒1𝑒†1, . . . , 𝑒𝑑𝑒
†
𝑑}, is exactly equivalent to getting

a classical sample from 𝒟. Note that in this analogy, a pure state corresponds to a

trivial distribution on a single point.

Next, we define a few notions of distance between quantum states. These distances

generalize standard classical notions of distance between probability distributions.

Definition 1.4.5. [Trace Distance] For two quantum states 𝜌, 𝜎 ∈ C𝑑×𝑑, the trace

distance between them is ‖𝜌− 𝜎‖1.

Remark 1.4.6. Note that this is the natural generalization of total variation distance
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between classical probability distributions (up to a factor of 2).

Definition 1.4.7. [Infidelity] For two quantum states 𝜌, 𝜎 ∈ C𝑑×𝑑, the fidelity between

𝜌, 𝜎 is 𝐹 (𝜌, 𝜎) = tr(
√︀√

𝜌𝜎
√
𝜌)2, and the infidelity is 1− 𝐹 (𝜌, 𝜎).

Remark 1.4.8. Fidelity is the quantum analogue of the Bhattacharyya coefficient,

which for two classical probability distributions 𝑝, 𝑞 over [𝑑], is defined to be 𝐵𝐶(𝑝, 𝑞) =∑︀𝑑
𝑖=1

√
𝑝𝑖
√
𝑞𝑖. Note that if 𝜌 and 𝜎 commute, then 𝐹 (𝜌, 𝜎) = 𝐵𝐶(𝑝, 𝑞)2, where 𝑝, 𝑞

are the classical distributions given by the eigenvalues of 𝜌 and 𝜎 respectively.

1.4.2 Primer on Many-Body Systems

Now we introduce the basic foundational concepts for describing quantum many-body

systems. Throughout this thesis, we will use n to denote the number of particles in

the system. We assume that the particles are represented by qubits, so each particle

is associated to a local Hilbert space C2. The state of each particle is described by

a density matrix in C2×2. The state of the full system is represented by a density

matrix in C2×2 ⊗ · · · ⊗ C2×2⏟  ⏞  
n

; we will often denote this space simply as C2n×2n .

The following notion, which identifies the particles upon which an operator acts

nontrivially, will be crucial.

Definition 1.4.9 (Support of an operator). For an operator 𝑃 ∈ C2n×2n on a system

of n qubits, its support, supp(𝑃 ) ⊆ [n] is the subset of qubits that 𝑃 acts non-trivially

on. That is, supp(𝑃 ) is the minimal set 𝑆 of qubits such that 𝑃 can be written as

𝑃 = 𝑂𝑆 ⊗ 𝐼[n]∖𝑆 where 𝑂 ∈ C2|𝑆|×|𝑆| is an operator on the subsystem of particles in 𝑆

and 𝐼[n]∖𝑆 = 𝐼2n−|𝑆| is the identity matrix (of appropriate dimension).

In other words, an operator 𝑃 is supported on a subset of qubits 𝑆 if 𝑃 can be written

as the tensor product of some operator on the subsystem 𝑆 and the identity matrix

on [n] ∖ 𝑆. Generally, when we say that particles interact locally, we mean that their

interactions can be described by operators that are supported only on adjacent or

small neighborhoods of particles. This will be made more formal below.
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A basic property that we will use repeatedly later on is that the matrix exponential

does not increase support size, which follows from its series expansion.

Fact 1.4.10. For a square matrix 𝐵, 𝑒𝐼⊗𝐵 = 𝐼 ⊗ 𝑒𝐵.

Later on, it will be useful to work with the following canonical orthonormal basis for

the space of 2× 2 Hermitian matrices, called the Pauli basis.

Definition 1.4.11 (Pauli matrices). The Pauli matrices are the following 2 × 2

Hermitian matrices.

𝜎𝐼 =

⎛⎝1 0

0 1

⎞⎠ , 𝜎𝑥 =

⎛⎝0 1

1 0

⎞⎠ , 𝜎𝑦 =

⎛⎝0 −i

i 0

⎞⎠ , 𝜎𝑧 =

⎛⎝1 0

0 −1

⎞⎠ .

These matrices are unitary and (consequently) involutory. Further, 𝜎𝑥𝜎𝑦 = i𝜎𝑧,

𝜎𝑦𝜎𝑧 = i𝜎𝑥, and 𝜎𝑧𝜎𝑥 = i𝜎𝑦, so the product of Pauli matrices is a Pauli matrix, possibly

up to a factor of {i,−1,−i}. The non-identity Pauli matrices are traceless. We also

consider tensor products of Pauli matrices, 𝑃1 ⊗ · · · ⊗ 𝑃n where 𝑃𝑖 ∈ {𝜎𝐼 , 𝜎𝑥, 𝜎𝑦, 𝜎𝑧}

for all 𝑖 ∈ [n]. The set of such products of Pauli matrices, which we denote 𝒫 , form an

orthogonal basis for the vector space of 2n × 2n (complex) Hermitian matrices under

the trace inner product. The product of two elements of 𝒫 is an element of 𝒫 , possibly

up to a factor of {i,−1,−i}.

Example 1.4.12. The support of a tensor product of Paulis, 𝑃1 ⊗ · · · ⊗ 𝑃n is the set

of 𝑖 ∈ [n] such that 𝑃𝑖 ̸= 𝜎𝐼 .

Local Hamiltonians

Now we can define notions of locality and local Hamiltonians, which describe the

interactions between particles. Specifically, we consider a class of Hamiltonians

which are local with respect to an underlying graph, which we call low-intersection

Hamiltonians. This means that the Hamiltonian is a sum of individual interaction

terms, each involving only a small number of particles, and such that any term has

nonempty intersection with only a small number of other terms.
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Definition 1.4.13 (Hamiltonian). A Hamiltonian on n qubits is an operator 𝐻 ∈

C2n×2n that we consider as a sum of 𝑚 local terms 𝐻𝑎, with 𝐻 =
∑︀𝑚

𝑎=1𝐻𝑎. We also

refer to these qubits as sites. For normalization, we assume that the terms have

bounded operator norm, ‖𝐻𝑎‖op ⩽ 1. We say this Hamiltonian is K-local if every term

𝐻𝑎 is supported on at most K qubits: |supp(𝐻𝑎)| ⩽ K.

We say the Hamiltonian has Pauli terms if, for every 𝑎 ∈ [𝑚], 𝐻𝑎 = 𝜆𝑎𝐸𝑎 for

𝐸𝑎 ∈ 𝒫 = {𝐼, 𝜎𝑥, 𝜎𝑦, 𝜎𝑧}⊗n a tensor product of Pauli matrices (see Definition 1.4.11)

and −1 ⩽ 𝜆𝑎 ⩽ 1.

Definition 1.4.14 (Low-intersection Hamiltonian). For an n-qubit Hamiltonian 𝐻 =∑︀𝑚
𝑎=1𝐻𝑎, we define its underlying dual interaction graph G to have vertices labeled

by {1, 2, . . . ,𝑚} and an edge between 𝑎 and 𝑏 if and only if supp(𝐻𝑎)∩ supp(𝐻𝑏) ̸= ∅.

We say 𝐻 has degree d if the degree of every vertex in G is at most d.¶ We call a

Hamiltonian 𝐻 a (d,K)-low-intersection Hamiltonian if 𝐻 has locality K and degree d.

We will mostly work with (d,K)-low-intersection Hamiltonians with distinct, traceless

Pauli terms. We think of 𝑛 as very large, going to infinity, but d,K as fixed constants.

Note that the parameters d,K determine the “geometry" of the Hamiltonian and thus

we can talk about the system size as growing with a fixed geometry.

Assuming that the terms are Pauli can be done without loss of generality: an arbitrary

𝐻𝑎 supported on K qubits can be expanded into the Pauli basis, inflating the number

of terms by at most a factor of 4K (which is just a constant). The assumption that

the terms are traceless is also without loss of generality, since adding a multiple of the

identity to the Hamiltonian does not affect its corresponding Gibbs state.

Example 1.4.15. Geometrically local Hamiltonians on low-dimensional lattices are

Hamiltonians where the particles are arranged on some low-dimensional lattice and

the Hamiltonian is a sum of terms that are supported on the different connected

¶In the classical literature, it is more conventional to define the degree of a spin system to be
the degree of the interaction graph, the most number of terms which act on the same site. To be
consistent with the quantum information literature, we use dual interaction graph degree, and note
that this degree is at most K times the degree of the interaction graph.
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components (of the lattice’s adjacency graph) of size at most K. Geometrically local

Hamiltonians are a type of Hamiltonian often considered in physically motivated

settings. Low-intersection Hamiltonians generalize geometrically local Hamiltonians,

at least in constant dimensional spaces (which is by far the most common setting).

For example, a K-local Hamiltonian which is geometrically local with respect to a

𝐷-dimensional lattice is a (K(2𝐷)K−1,K)-low intersection Hamiltonian.

Efficiency For Hamiltonian problems, even though the dimension of the underlying

Hilbert space is 2n, we will be interested in algorithms that run in time polynomial in

n. Note as discussed below, any low-intersection Hamiltonian has description length

𝑂(n) and thus, we can at least in principle, work only with succinct representations

that have description length poly(n).

Definition 1.4.16 (Hamiltonian input model). Recall the definition of a K-local

Hamiltonian (Definition 1.4.13). When a Hamiltonian 𝐻 =
∑︀𝑚

𝑎=1𝐻𝑎 is given as input,

we assume it is given as a list of the terms restricted to their support, along with their

corresponding supports, (supp(𝐻1), (𝐻1)supp(𝐻1)), . . . , (supp(𝐻𝑚), (𝐻𝑚)supp(𝐻𝑚)). This

description has size linear in n and 𝑚. If this Hamiltonian also has degree d, then the

total number of terms must satisfy 𝑚 ⩽ dn.

We will commonly need to consider Hamiltonians restricted to various subsets of terms,

which we notate in the following way.

Definition 1.4.17 (Restricted Hamiltonian). For a Hamiltonian 𝐻 =
∑︀𝑚

𝑎=1𝐻𝑎 on

𝑛 sites and a subset of sites 𝑆 ⊆ [n], we define the restricted Hamiltonian and its

corresponding set of terms to be

𝐻(𝑆) =
∑︁

𝑎∈ℰ(𝑆)

𝐻𝑎 where ℰ (𝑆) = {𝑎 ∈ [𝑚] | supp(𝐻𝑎) ⊆ 𝑆}
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and the localized Hamiltonian to be

𝐻(𝑆) =
∑︁

𝑎∈ℰ(𝑆)

𝐻𝑎 where ℰ(𝑆) = {𝑎 ∈ [𝑚] | supp(𝐻𝑎) ∩ 𝑆 ̸= ∅} .

We will also consider restricting a Hamiltonian to a set of terms, 𝐻(𝒬) =
∑︀

𝑎∈𝒬𝐻𝑎

when 𝒬 ⊆ [𝑚].

The Gibbs State

For particles whose interactions are given by a Hamiltonian 𝐻, the Gibbs state is a

2n × 2n density matrix that describes the state of the system at thermal equilibrium

at a specified temperature. Formally,

Definition 1.4.18 (Gibbs State). For a Hamiltonian 𝐻 on n qubits, the Gibbs state

at an inverse temperature 𝛽 > 0 is given by

𝜌𝛽 =
𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
.

Note that the state 𝜌𝛽 defined above is indeed a valid density matrix — it is PSD

because of the matrix exponential and 𝐻 is Hermitian and it has trace 1 due to the

normalization in the denominator.

The Gibbs state generalizes the classical Gibbs distribution from statistical mechanics.

We give an illustrative example below.

Example 1.4.19 (Classical Ising Model). A classical Ising model is a distribution

over {−1, 1}n where 𝑝(𝑥1, . . . , 𝑥n) ∝ exp(−𝛽
∑︀

(𝑖,𝑗)∈𝐸 𝑐𝑖𝑗𝑥𝑖𝑥𝑗) for some graph on [n]

with edge set 𝐸 and some real coefficients 𝑐𝑖𝑗 with |𝑐𝑖𝑗| ⩽ 1 (for sake of normalization).
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To see how this is a special case of a local Hamiltonian, for each edge (𝑖, 𝑗) ∈ 𝐸, define

𝐻𝑖𝑗 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑐𝑖𝑗

−𝑐𝑖𝑗
−𝑐𝑖𝑗

𝑐𝑖𝑗

⎤⎥⎥⎥⎥⎥⎥⎦
⏟  ⏞  

on 𝑖,𝑗

⊗ 𝐼2n−2⏟ ⏞ 
on [n]∖{𝑖,𝑗}

.

Observe that 𝐻 =
∑︀

(𝑖,𝑗)∈𝐸 𝐻𝑖𝑗 is a 2n × 2n diagonal matrix. If we index the diagonal

entries with the possible assignments to (𝑥1, . . . , 𝑥n) ∈ {−1, 1}n in the natural way,

then the diagonal entries of 𝐻 are exactly the values of
∑︀

(𝑖,𝑗)∈𝐸 𝑐𝑖𝑗𝑥𝑖𝑥𝑗 for the possible

assignments to (𝑥1, . . . , 𝑥n). Thus, the Gibbs state 𝜌𝛽 = 𝑒−𝛽𝐻/ tr(𝑒−𝛽𝐻) exactly

captures the classical Ising model distribution — measuring it in the computational

basis is exactly equivalent to sampling from the Ising model (also recall the discussion

after Definition 1.4.3).

1.4.3 Quantum Entanglement

Here we provide a basic discussion of quantum entanglement. There is a vast literature

on different measures and definitions of quantum entanglement [47, 214, 208, 10, 119]

and we refer the reader to [168] and [180] for a more in depth discussion. But for the

results presented in this thesis, we will only need the most basic definitions.

We start with a very simple example. For a two-qubit system, a state 𝜌 ∈ C4×4

is a product state if it can be written as a tensor product 𝜌 = 𝜌1 ⊗ 𝜌2 for two

states 𝜌1, 𝜌2 ∈ C2×2. More generally, for a n-qubit system, a state 𝜌 ∈ C2n×2n is a

product state if it can be written as a tensor product 𝜌 = 𝜌1 ⊗ 𝜌2 ⊗ · · · ⊗ 𝜌n for states

𝜌1, . . . , 𝜌n ∈ C2×2. In product states, the n qubits essentially behave independently,

and thus they are defined to be unentangled.

For pure states, this definition suffices — a pure state has no entanglement if and only

if it is a product state. However, for mixed states, we require a broader definition. As
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defined below, any convex combination of product states is said to be separable.

Definition 1.4.20 (Separable operator). For an operator 𝐴 ∈ C2n×2n on n qubits, we

say that 𝐴 is a product operator if it can be expressed as a tensor product of operators

over subsystems, 𝐴 = 𝐴(1) ⊗ · · · ⊗𝐴(n). 𝐴 is separable if it can be written as a sum of

product operators 𝐴 =
∑︀

𝑖(𝐴
(1)
𝑖 ⊗ · · · ⊗𝐴

(n)
𝑖 ) where every 𝐴(𝑗)

𝑖 is positive semi-definite.

We say a state is separable if its density matrix 𝜌 is separable.

Separable states are defined to be unentangled, whereas any state that is not separable

is said to be entangled.
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Part I

Understanding Locally Interacting

Systems
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Chapter 2

On the Sudden Death of Entanglement

Entanglement is, in many ways, the defining property of quantum systems [190, 43, 46].

In this chapter, we focus on understanding the relationship between entanglement and

temperature in quantum many-body systems — specifically at what temperatures

these systems can exhibit entanglement.

This question, about the relationship between temperature and entanglement, dates

back to the early days of modern quantum information [179, 22, 173]. Yet, the vast

body of work since then has been unable to rigorously address this question. We

present a striking new universal law about entanglement and temperature. We prove

that for any local Hamiltonian, its Gibbs state becomes unentangled above some

constant critical temperature, depending only on the geometry of the Hamiltonian,

but independent of the system size. Our proof of this law takes inspiration from

an unexpected source — classical approximate counting and sampling algorithms.

Thus, our technique also gives important algorithmic consequences for efficient, almost-

classical preparation of Gibbs states.
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2.1 Results

The main result of this chapter, that Gibbs states are separable (i.e. unentangled)

above a constant critical temperature, is stated formally below.

Theorem 2.1.1 (Separability of Gibbs States Above Critical Temperature). Let 𝐻

be a (d,K)-low-intersection Hamiltonian on n qubits with Pauli terms. Then, for

𝛽 < 1/(100dK), the corresponding Gibbs state 𝜌 = 𝑒−𝛽𝐻/ tr(𝑒−𝛽𝐻) is separable.

In particular, 𝜌 can be expressed as a distribution over stabilizer product states,∗ i.e.

𝐴1⊗𝐴2⊗ . . .⊗𝐴𝑛 such that for each 𝑗 ∈ [𝑛], 𝐴𝑗 ∈
{︀

1
2
(𝐼 ± 𝜎𝑥), 12(𝐼 ± 𝜎𝑦),

1
2
(𝐼 ± 𝜎𝑧)

}︀
.

We will also show that we can efficiently sample from the separable distribution over

product states and this gives us an almost fully classical algorithm for preparing the

Gibbs state above the critical temperature.

Theorem 2.1.2 (Classical Preparation of Gibbs States Above Critical Temperature).

Given 𝜀 ∈ (0, 1), a (d,K)-low-intersection Hamiltonian 𝐻 on n qubits with Pauli terms,

and a 𝛽 < 𝛽𝑐 = 1/(𝛾dK), where 𝛾 is a fixed universal constant, consider the Gibbs

state 𝜌 = 𝑒−𝛽𝐻/ tr
(︀
𝑒−𝛽𝐻

)︀
. Then, there exists a classical randomized algorithm which

runs in time ̃︀𝒪(︁n6+ log(d)
log(𝛽𝑐/𝛽) · log3(1/𝜀) · poly(K, d)

)︁
.

The algorithm outputs a classical description of a product state ̂︀𝜌 = 𝐴1⊗· · ·⊗𝐴𝑛 where

every 𝐴𝑗 is an eigenvector of a Pauli matrix, 𝐴𝑗 ∈
{︀

1
2
(𝐼 ± 𝜎𝑥), 12(𝐼 ± 𝜎𝑦),

1
2
(𝐼 ± 𝜎𝑧)

}︀
,

such that the mixture over ̂︀𝜌 is close to 𝜌 in trace distance,

‖𝜌− E[̂︀𝜌]‖1 ⩽ 𝜀,

where the expectation is only over the randomness of the algorithm.

As long as 𝛽 ⩽ 𝛽𝑐/d, the runtime above is fully polynomial in all parameters. The

∗The single-qubit stabilizer states, written here as 1
2 (𝐼 ± 𝜎𝑧), 1

2 (𝐼 ± 𝜎𝑥), and 1
2 (𝐼 ± 𝜎𝑦), may be

more familiar as {|0⟩⟨0| , |1⟩⟨1| , |+⟩⟨+| , |−⟩⟨−| , |i⟩⟨i| , |−i⟩⟨−i|}.
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output ̂︀𝜌 can be prepared on a quantum computer with one layer of single-qubit

gates. With this algorithm, one can prepare a copy of 𝜌 by running our randomized

algorithm, taking the classical description of ̂︀𝜌, and preparing it with a depth-one

quantum circuit. Note that preparing 𝜌 in expectation is equivalent to preparing 𝜌,

since one can just “forget the algorithm’s steps” to get a copy of 𝜌 without classical

side correlations. Even stronger, if one performs the algorithm coherently, it outputs

a purification of 𝜌.

On temperature. The bound on the critical temperature for the algorithm cannot be

significantly improved. Work of Sly and Sun [197] shows that approximately sampling

from the anti-ferromagnetic Ising model on a Δ-regular graph is NP-hard at the

“uniqueness threshold” for the Δ-regular tree, which is at 𝛽 = Θ(1/Δ) = Θ(1/d) [195].

This hardness statement for classical Gibbs sampling implies hardness for the more

general problem of quantum Gibbs sampling.

On quantum advantage. The results show that any reasonable downstream com-

putational task derived from high-temperature Gibbs sampling can be performed

efficiently on a classical computer, and so is not a good candidate for quantum

advantage. In some sense, this strengthens prior work on algorithmic cluster ex-

pansion, which gives efficient classical algorithms for various tasks associated with

high-temperature Gibbs states, including computing partition functions [160], estimat-

ing local observables tr(𝑂𝜌), and sampling from 𝜌 measured in a product basis [218].

Indeed, our structural result shows that such states are almost entirely classical, giving

a simple explanation for why these efficient classical algorithms are possible.

2.1.1 Additional Related Work

Locality in high-temperature Gibbs states. Several works in the quantum

information literature focus on high-temperature Gibbs states. These bound correlation

measures which do not distinguish quantum and classical, including covariance of

observables [108] and local indistinguishability [137, 50]. Our work, which shows a lack
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of quantum correlation even in the presence of classical correlations, is a significant

departure from this prior work.

Sudden death of entanglement. Sudden death of entanglement is the phenomenon

that two entangled qubits, when subject to environmental noise, does not exhibit

exponentially decaying entanglement with time, as classical correlations do, but rather

become entirely disentangled after a finite amount of time [222]. The body of literature

on ESD (entanglement sudden death) focuses on analyzing two-qubit systems under

various noise models [221, 83, 6] and experimental demonstrations of ESD [8]. Its study

as a phenomenon of many-body systems is more limited, likely because even defining

a measure of entanglement for mixed states is non-trivial [119], and separability is

difficult to detect for large systems.

For many-body systems, prior work studies the sudden death of entanglement negativity,

an entanglement monotone which can be computed efficiently [207], in specific spin

systems, either through heuristic arguments or numerical calculations [21, 99, 18, 191,

109]. States with zero entanglement negativity need not be separable [117]. So, our

work is vastly more general and formally proves separability of Gibbs states at high

temperature, a much stronger result than lack of entanglement negativity.

Other kinds of quantum systems. There are natural quantum systems which

exhibit entanglement at even infinite temperature: a recently studied example is

systems with non-abelian symmetries [151, 162]. From the perspective of statistical

physics, our setting of considering states 𝜌 ∝ 𝑒−𝛽𝐻 is closest to the grand canonical

ensemble, where there is no particle nor energy conservation; when conservation is

enforced, entanglement appears able to persist to high temperature, suggesting a

possible difference between these statistical ensembles.

Geometry of entanglement. Prior arguments for the separability of Gibbs states

use properties about the geometry of entanglement [45], and in particular, the distance

from the maximally mixed state to the closest non-separable state. This distance
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is exponentially small in the number of subsystems n, as shown by Gurvits and

Barnum [100], and subsequent work has further strengthened and generalized this

result [24, 114, 211]. As previously observed, this suffices to show separability for

Gibbs states for exponentially small 𝛽 [56, 176]. Since our result shows separability at

constant temperature, it implies that sudden death of thermal entanglement occurs at

physically reasonable temperatures, even for many-body systems.

Classical Gibbs sampling. Classical Gibbs sampling is, comparatively, well-

understood and researchers have characterized sharp phase transitions wherein there

is some critical temperature, above which sampling the Gibbs state is computationally

efficient and below which it is computationally hard [196, 197, 90]. The fact that there

are such wide gaps in our understanding of quantum Gibbs sampling is especially

surprising given the diverse range of techniques we have for classical spin systems,

such as path coupling [55], canonical paths [128], correlation decay [210], abstract

polymer models [141], zero-free regions [42], spectral independence [11], and stochastic

localization [69]. Our results can be thought of as a sampling-to-counting reduction

for quantum systems. Thus, we give an algorithmic alternative to directly working

with Lindbladians of dissipative evolutions.

Concurrent work on high-temperature Gibbs sampling. In concurrent and

independent work, Rouzé, França, and Alhambra [185] prove that the dissipative

evolution studied by Chen, Kastoryano, and Gilyén [61] has a constant spectral gap at

high temperature, showing that this evolution is an efficient Gibbs sampling algorithm

at high temperature. The techniques are significantly different than ours, controlling

the evolution by viewing it as a perturbation of an infinite-temperature dissipation.

We do not analyze such an evolution.

Cluster expansion and abstract polymer models. Our approach is based on

cluster expansion, which allows quantities like the log-partition function and marginals

of high-temperature Gibbs states to be expressed as exponentially decaying Taylor

series. This tool has been used to show a variety of efficient algorithms around Gibbs
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states and real-time evolution, including the computation of partition functions [160],

learning of high-temperature Gibbs states [103], and sampling from the measurement

distribution of a high-temperature Gibbs state [218].

Among these, the latter sampling result of Yin and Lucas bears the most similarity

to our result, using a sampling-to-counting reduction with cluster expansion to give

a classical algorithm to sample from the measurement probabilities of a Gibbs state

in, say, the computational basis. Our work also implies an efficient algorithm for this

task, and achieves a stronger result by tackling the additional challenge of performing

these arguments “without measuring”.

2.2 Proof Overview

Before delving into the details, we give a high-level overview of the ingredients in the

proofs of Theorems 2.1.1 and 2.1.2.

To prove separability, we construct a randomized algorithm which outputs an un-

normalized state 𝜎 such that, over the randomness of the algorithm, E[𝜎] = 𝑒−𝛽𝐻 . For

small enough 𝛽, 𝜎 is separable, thereby proving that 𝑒−𝛽𝐻 and 𝜌 are separable. Our

algorithm is inspired by the classical sampling-to-counting reduction from [129] and

can be viewed as a quantum generalization of sampling-to-counting. We start with all

n sites “unpinned”. Then, we sample a separable state on one site according to the

marginal of 𝑒−𝛽𝐻 , and are left with a posterior-like state on the rest of the sites. We

then iterate, sampling a neighboring site according to the marginal of the posterior

state, and so on until we have “pinned” all of the sites, at which point we output the

resulting state as 𝜎. Notice that the idea of pinning site by site only makes sense if

𝑒−𝛽𝐻 is indeed separable.

The main technical challenge is controlling the effect of the pinned sites on the un-

pinned sites: if these correlations grow too large, they can push us out of the hull

of separable states, which in the algorithm corresponds to the probabilities in the

distribution becoming negative. We show that this does not occur via a potential
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argument. Pinned sites only affect nearby sites, so for a choice of 𝛽 sufficiently small

in terms of degree, over the course of the algorithm, sites stay close to maximally

mixed, and therefore we can pin them without issue.

To turn the proof of separability into a state preparation algorithm, we need to account

for normalization: for the separability argument, we were not concerned with mild,

constant-factor errors in sampling probabilities, provided that these did not lead to

a failure in separability. In particular, since we need to output a quantum state,

𝜎/ tr(𝜎), to get 𝜌 = 𝑒−𝛽𝐻/ tr(𝑒−𝛽𝐻) in expectation, the probability the algorithm

outputs 𝜎 is off by a factor of tr(𝜎)/ tr(𝑒−𝛽𝐻). This can be fixed by adjusting the

sampling probabilities for pinning by an appropriate factor which corresponds to

an expectation value of a local observable with respect to 𝜌; this is the “counting”

of the sampling-to-counting reduction. Doing this directly achieves a sub-optimal

running time, so we instead use an alternative reduction goes from sampling to weak

approximate counting, inspired by a similar algorithm of Sinclair and Jerrum [194].

2.3 Separability of High-Temperature Gibbs States

In this section, we describe a method to write a Gibbs state 𝜌 as a positive linear com-

bination of simple, “configuration” states. For sufficiently small 𝛽, these configuration

states are positive and separable, thereby proving the separability of the corresponding

Gibbs state.

Recall that we work with an n-qubit low-intersection Hamiltonian 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎.

Though the terms 𝐻𝑎 refer to underlying matrices, for the results in this section we

will typically be treating these as formal, non-commutating indeterminates.

2.3.1 Low-Degree Polynomial Approximation to a Propagator

We now consider the series expansion of 𝑒−𝛽𝐻𝑒𝛽(𝐻−𝐻(𝒬)). Some refer to this operator

as a propagator [7], because multiplying by this operator maps a Gibbs state on a

restricted set of terms, 𝑒−𝛽(𝐻−𝐻(𝒬)), to the full Gibbs state 𝑒−𝛽𝐻 .
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This expansion will allow us to understand the marginal of the Gibbs state on one

site and its posterior on the remaining sites. This power series will be the centerpiece

of the iterative site-by-site pinning process for proving separability.

Theorem 2.3.1 (Propagator series). Let 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎 be a Hamiltonian with dual

interaction graph G with degree d. Then, for a subset of terms 𝒬 ⊆ [𝑚], we can write

𝑒−𝛽𝐻 · 𝑒𝛽(𝐻−𝐻(𝒬)) =
∞∑︁
𝑡=0

𝛽𝑡

𝑡!
𝑓𝑡(𝐻,𝐻

(𝒬))

where 𝑓𝑡 satisfies the recurrence 𝑓0(𝐻,𝐻(𝒬)) = 𝐼 and

𝑓𝑡+1(𝐻,𝐻
(𝒬)) = −[𝐻, 𝑓𝑡(𝐻,𝐻(𝒬))]− 𝑓𝑡(𝐻,𝐻(𝒬))𝐻(𝒬) . (2.1)

Furthermore, let

𝒬(𝑡) =
{︁
𝑏 ∈ [𝑚]𝑡

⃒⃒⃒
every connected component of {𝑏1, . . . , 𝑏𝑡} in G contains an element of 𝒬

}︁
.

Then, for each 𝑡 > 0, we can write

𝑓𝑡(𝐻,𝐻
(𝒬)) =

∑︁
𝑏∈𝒬(𝑡)

𝜇(𝑏1,...,𝑏𝑡)𝐻𝑏1 . . . 𝐻𝑏𝑡 where
∑︁

𝑏∈𝒬(𝑡)

|𝜇(𝑏1,...,𝑏𝑡)| ⩽
𝑡∏︁

𝑠=1

(|𝒬|+ 2(d+ 1)𝑠).

(2.2)

Proof. We can expand out the series and write

𝑒−𝛽𝐻𝑒𝛽(𝐻−𝐻(𝒬)) =
(︁ ∞∑︁

𝑘=0

𝛽𝑘(−𝐻)𝑘

𝑘!

)︁(︁ ∞∑︁
ℓ=0

𝛽ℓ(𝐻 −𝐻(𝒬))ℓ

ℓ!

)︁
=

∞∑︁
𝑡=0

𝛽𝑡

𝑡!

𝑡∑︁
𝑘=0

(−𝐻)𝑘(𝐻 −𝐻(𝒬))𝑡−𝑘𝑡!

𝑘!(𝑡− 𝑘)!
(2.3)

=
∞∑︁
𝑡=0

𝛽𝑡

𝑡!

𝑡∑︁
𝑘=0

(︂
𝑡

𝑘

)︂
(−𝐻)𝑘(𝐻 −𝐻(𝒬))𝑡−𝑘

⏟  ⏞  
𝑓𝑡(𝐻,𝐻(𝒬))

.
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Now observe that, because
(︀
𝑡
𝑘

)︀
=
(︀
𝑡−1
𝑘

)︀
+
(︀
𝑡−1
𝑘−1

)︀
, 𝑓0(𝐻,𝐻(𝒬)) = 𝐼 and 𝑓𝑡(𝐻,𝐻

(𝒬))

satisfies the recurrence

𝑓𝑡(𝐻,𝐻
(𝒬)) = −𝐻𝑓𝑡−1(𝐻,𝐻

(𝒬)) + 𝑓𝑡−1(𝐻,𝐻
(𝒬))(𝐻 −𝐻(𝒬))

= −[𝐻, 𝑓𝑡−1(𝐻,𝐻
(𝒬))]− 𝑓𝑡−1(𝐻,𝐻

(𝒬))𝐻(𝒬) . (2.4)

This is the recurrence in the statement (2.1). We will prove that 𝑓𝑡 satisfies (2.2) by

induction. First, we have that 𝑓1(𝐻,𝐻(𝒬)) = 𝐻(𝒬), which can be expressed as a sum

of terms as specified in the theorem statement. For the inductive step, assume that

we have proven the desired properties up to some 𝑡. Then we can write

𝑓𝑡(𝐻,𝐻
(𝒬)) =

∑︁
𝑏∈𝒬(𝑡)

𝜇(𝑏1,...,𝑏𝑡)𝐻𝑏1 . . . 𝐻𝑏𝑡 .

The recurrence (2.1) implies

𝑓𝑡+1(𝐻,𝐻
(𝒬)) =

∑︁
𝑏∈𝒬(𝑡)

𝜇(𝑏1,...,𝑏𝑡)(−[𝐻,𝐻𝑏1 . . . 𝐻𝑏𝑡 ]−𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻
(𝒬)) .

By definition of 𝒬(𝑡), {𝑏1, . . . , 𝑏𝑡}’s connected components in G each contain an element

of 𝒬. We now consider the above expression in two parts. First, we can write

[𝐻,𝐻𝑏1 . . . 𝐻𝑏𝑡 ] =
∑︁
𝑎∈[𝑚]

(𝐻𝑎𝐻𝑏1 . . . 𝐻𝑏𝑡 −𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻𝑎)

=
∑︁
𝑎∈[𝑚]

(𝑎,𝑏1,...,𝑏𝑡)∈𝒬(𝑡+1)

(𝐻𝑎𝐻𝑏1 . . . 𝐻𝑏𝑡)−
∑︁
𝑎∈[𝑚]

(𝑏1,...,𝑏𝑡,𝑎)∈𝒬(𝑡+1)

(𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻𝑎) .

(2.5)

The last step follows from noting that [𝐻𝑎, 𝐻𝑏1 . . . 𝐻𝑏𝑡 ] is zero unless the support of

𝐻𝑎 intersects that of 𝐻𝑏1 . . . 𝐻𝑏𝑡 , which can only occur if 𝑎 is in the neighborhood of

{𝑏1, . . . , 𝑏𝑡}. So, (𝑎, 𝑏1, . . . , 𝑏𝑡) ∈ 𝒬(𝑡+1), since adding 𝑎 does not create a new connected

component on G, and (𝑎, 𝑏1, . . . , 𝑏𝑡) ∈ 𝒬(𝑡+1) if and only if (𝑏1, . . . , 𝑏𝑡, 𝑎) ∈ 𝒬(𝑡+1).

Further, there are at most (d+1)𝑡 such 𝑎’s, since every 𝑏𝑖 has at most d+1 neighbors,
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so in (2.5), there are at most that many summands. A similar argument works for the

other part:

𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻
(𝒬) =

∑︁
𝑎∈𝒬

𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻𝑎, (2.6)

and we can conclude 𝐻𝑏1 . . . 𝐻𝑏𝑡𝐻𝑎 is an element of 𝒬(𝑡+1) because 𝑎 ∈ 𝒬. Further,

there are |𝒬| summands. Combining the two parts (2.5) and (2.6), we can write

𝑓𝑡+1(𝐻,𝐻
(𝒬)) =

∑︁
𝑏′∈𝒬(𝑡+1)

𝜇(𝑏′1,...,𝑏
′
𝑡+1)

𝐻𝑏′1
. . . 𝐻𝑏′𝑡+1

,

where, by the above argument and the inductive hypothesis,

∑︁
𝑏′∈𝒬(𝑡+1)

|𝜇(𝑏′1,...,𝑏
′
𝑡+1)
| ⩽

∑︁
𝑏∈𝒬(𝑡)

|𝜇(𝑏1,...,𝑏𝑡)|(|𝒬|+ 2(d+ 1)𝑡) ⩽
𝑡∏︁

𝑠=1

(|𝒬|+ 2(d+ 1)𝑠),

which completes the proof.

In light of Theorem 2.3.1, we define the truncation of this series:

Definition 2.3.2 (Truncated propagator series). For any integer 𝑘 ⩾ 0 and parameter

𝛽, we define 𝑇𝑘,𝛽(𝐻,𝐻(𝒬)) =
∑︀𝑘

𝑡=0
𝛽𝑡

𝑡!
𝑓𝑡(𝐻,𝐻

(𝒬)) where 𝑓𝑡 is as constructed in Theo-

rem 2.3.1: 𝑓0(𝐻,𝐻(𝒬)) = 𝐼 and 𝑓𝑡+1(𝐻,𝐻
(𝒬)) = −[𝐻, 𝑓𝑡(𝐻,𝐻(𝒬))]− 𝑓𝑡(𝐻,𝐻(𝒬))𝐻(𝒬).

We now give an algorithm for sampling a single monomial from one of the polynomials

in Theorem 2.3.1 whose expectation is equal to the full polynomial 𝑓𝑡. This subroutine

will be useful in our sampling algorithm later on, but our current goal is to prove

separability, for which any algorithm suffices, regardless of its efficiency. For this

setting, we can think about this algorithm as providing a constructive way to express

these polynomials as (positive) linear combinations of simple monomials.

Algorithm 2.3.3 (Sampling a monomial of 𝑓𝑘(𝐻,𝐻(𝒬))).

Input: A Hamiltonian 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎 with dual interaction graph G with degree
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d; subset of terms 𝒬 ⊆ [𝑚].

Input: Integer 𝑘 ⩾ 0.

Output: Scalar 𝑐 ∈ R and terms (𝑎1, . . . , 𝑎𝑘) ∈ [𝑚]𝑘 such that, for 𝐸 =

𝐻𝑎1 . . . 𝐻𝑎𝑘 , E[𝑐𝐸] = 𝑓𝑘(𝐻,𝐻
(𝒬)).

Operation:

1: Initialize 𝑐0 = 1, and 𝑏(0) = (, ) ∈ [𝑚]0, the empty list;

◁ The list 𝑏(𝑡) implicitly represents the monomial 𝐸𝑡 = 𝐻
𝑏
(𝑡)
1
. . . 𝐻

𝑏
(𝑡)
𝑡

.

2: for 𝑡 = {0, 1, . . . , 𝑘 − 1} do

3: Flip a coin which is heads with probability 𝑡
𝑡+1

;

4: if coin is heads then

5: Let ℛ𝑡 = {𝑎 ∈ [𝑚] | 𝑎 is in the neighborhood of {𝑏(𝑡)𝑠 }𝑠∈[𝑡] on G};

6: Sample an element 𝑎 ∈ ℛ𝑡 uniformly at random;

7: Sample a bit 𝜉 ∈ {0, 1} uniformly at random;

8: Set

𝑐𝑡+1 =
(𝑡+ 1)2|ℛ𝑡|

𝑡
(−1)𝜉𝑐𝑡 , 𝑏(𝑡+1) =

⎧⎪⎨⎪⎩𝑎 ∪ 𝑏
(𝑡) if 𝜉 = 1

𝑏(𝑡) ∪ 𝑎 if 𝜉 = 0

;

◁ This is an unbiased estimator for − 𝑡+1
𝑡
[𝐻, 𝑐𝑡𝐸𝑡] over the randomness

of 𝑎 and 𝜉; The notation 𝑎 ∪ 𝑣 and 𝑣 ∪ 𝑎 denotes prepending and

appending to the list 𝑣.

9: if coin is tails then

10: Sample an element 𝑎 ∈ 𝒬 uniformly at random;

11: Set

𝑐𝑡+1 = −(𝑡+ 1)|𝒬|𝑐𝑡 , 𝑏(𝑡+1) = 𝑏(𝑡) ∪ 𝑎;

◁ This is an unbiased estimator for −(𝑡+1)𝑐𝑡𝐸𝑡𝐻
(𝒬) over the random-

ness of 𝑎.

12: output 𝑐𝑘, 𝑏(𝑘)
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Lemma 2.3.4 (Unbiased estimator of 𝑓𝑘). In the same setting as Theorem 2.3.1,

for any integer 𝑘 ⩾ 0, if we run Algorithm 2.3.3, then it outputs a 𝑐 ∈ R with

|𝑐| ⩽ (𝑘!) · (max(2(d+ 1), |𝒬|))𝑘 and 𝑏 ∈ 𝒬(𝑘) such that, for 𝐸 = 𝐻𝑏1 . . . 𝐻𝑏𝑘 ,

E[𝑐𝐸] = 𝑓𝑘(𝐻,𝐻
(𝒬)) .

Proof. We prove by induction that, for every 𝑡 over the course of the algorithm, 𝑐𝑡 and

𝑏(𝑡) satisfy the desired properties of the output: for example, E[𝑐𝑡𝐸𝑡] = 𝑓𝑡(𝐻,𝐻
(𝑄)),

where 𝐸𝑡 = 𝐻
𝑏
(𝑡)
1
. . . 𝐻

𝑏
(𝑡)
𝑡

is the monomial implicitly maintained by 𝑏(𝑡). For the base

case of 𝑡 = 0, the algorithm sets 𝑐0 = 1 and 𝐸0 = 𝐼, giving 1 · 𝐼 = 𝑓0(𝐻,𝐻(𝑆)).

Now we show how to go from 𝑡 to 𝑡 + 1. By the inductive hypothesis, we can

assume that after 𝑡 iterations in the algorithm 𝑐𝑡 and 𝐸𝑡 satisfy E[𝑐𝑡𝐸𝑡] = 𝑓𝑡(𝐻,𝐻
(𝒬)),

|𝑐𝑡| ⩽ (𝑡!) · (max(2(d+ 1), |𝒬|))𝑡, and 𝐸𝑡 ∈ 𝒬(𝑡). Recall from Theorem 2.3.1 that

𝑓𝑡+1(𝐻,𝐻
(𝒬)) = −[𝐻, 𝑓𝑡(𝐻,𝐻(𝒬))]− 𝑓𝑡(𝐻,𝐻(𝒬))𝐻(𝒬) .

In iteration 𝑡+ 1 of Algorithm 2.3.3, a coin is flipped, splitting the algorithm into two

cases, the output when the coin is heads and the output when the coin is tails.

When the coin lands heads, taking expectation over the randomness in iteration 𝑡+ 1,

E
𝑎,𝜉
[𝑐𝑡+1𝐸𝑡+1 | heads] =

1

|ℛ𝑡|
∑︁
𝑎∈ℛ𝑡

1

2

(︁(𝑡+ 1)2|ℛ𝑡|
𝑡

(−𝑐𝑡𝐻𝑎𝐸𝑡 + 𝑐𝑡𝐸𝑡𝐻𝑎)
)︁

=
𝑡+ 1

𝑡

∑︁
𝑎∈ℛ𝑡

−[𝐻𝑎, 𝑐𝑡𝐸𝑡] (2.7)

=
𝑡+ 1

𝑡
(−[𝐻, 𝑐𝑡𝐸𝑡]),

where the last step follows from the same argument as for (2.5): the only terms 𝑎 ∈ [𝑚]

for which [𝐻𝑎, 𝐸𝑡] is non-zero are the ones which are distance at most one from 𝑏(𝑡) on

the graph G. These are the terms in ℛ𝑡. By a similar argument, 𝑏(𝑡+1) ∈ 𝒬(𝑡+1).

58



When the coin lands tails, taking expectation over the randomness in iteration 𝑡+ 1,

E
𝑎
[𝑐𝑡+1𝐸𝑡+1 | tails] =

1

|𝒬|
∑︁
𝑎∈𝒬

−(𝑡+ 1)|𝒬|𝑐𝑡𝐸𝑡𝐻𝑎

= −(𝑡+ 1)𝑐𝑡𝐸𝑡

∑︁
𝑎∈𝒬

𝐻𝑎 (2.8)

= −(𝑡+ 1)𝑐𝑡𝐸𝑡𝐻
(𝒬) .

In this case, 𝑏(𝑡+1) is 𝑏(𝑡) with an element of 𝒬 added, and so is in 𝒬(𝑡+1). The coin

lands heads with probability 𝑡
𝑡+1

and tails with probability 1
𝑡+1

, so putting (2.7) and

(2.8) together, we have

E
iteration 𝑡+1

[𝑐𝑡+1𝐸𝑡+1] = −[𝐻, 𝑐𝑡𝐸𝑡]− 𝑐𝑡𝐸𝑡𝐻
(𝒬) .

By the inductive hypothesis, 𝑐𝑡𝐸𝑡 was drawn from a distribution such that E[𝑐𝑡𝐸𝑡] =

𝑓𝑡(𝐻,𝐻(𝒬)), so E[𝑐𝑡+1𝐸𝑡+1] = 𝑓𝑡+1(𝐻,𝐻(𝒬)) as desired.

To get the bound on 𝑐𝑡+1, observe that in the heads case, |𝑐𝑡+1| = (𝑡+ 1)2 |ℛ𝑡|
𝑡
|𝑐𝑡| ⩽

(𝑡 + 1)2(d + 1)|𝑐𝑡|, where the bound on |ℛ𝑡| arises because the number of terms 𝑎

neighboring some 𝑏(𝑡)𝑠 is bounded by 𝑡(d+ 1). In the tails case, |𝑐𝑡+1| = (𝑡+ 1)|𝒬||𝑐𝑡|.

So, in either case

|𝑐𝑡+1| ⩽ (𝑡+ 1)max(2(d+ 1), |𝒬|)|𝑐𝑡| ⩽ (𝑡+ 1)!max(2(d+ 1), |𝒬|)𝑡+1,

where the last inequality uses the inductive hypothesis. This completes the proof.

Now that we have a sampler for 𝑓𝑘, we can build a sampler for 𝑒−𝛽𝐻𝑒𝛽(𝐻−𝐻(𝒬)) (and

its truncated version 𝑇𝑘,𝛽(𝐻,𝐻(𝒬))).

Algorithm 2.3.5 (Sampling a monomial of 𝑒−𝛽𝐻𝑒𝛽(𝐻−𝐻(𝒬))).

Input: A Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 with dual interaction graph G with degree
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d; temperature parameter 𝛽 ⩾ 0; subset of terms 𝒬 ⊆ [𝑚]; threshold

𝑡max ∈ N ∪ {∞}.

Output: Scalar 𝑐 ∈ R and terms 𝑏 = (𝑏1, . . . , 𝑏𝑡) such that their product 𝐸 =

𝐻𝑏1 . . . 𝐻𝑏𝑡 satisfies E[𝐼 + 𝑐𝐸] = 𝑇𝑡max,𝛽(𝐻,𝐻(𝑆)).

Operation:

1: Sample 𝑡 ∼ {0, 1, 2, . . . , 𝑡max} with probabilities {2−𝑡max , 2−1, 2−2, . . . , 2−𝑡max};

2: If 𝑡 = 0, set 𝑐′ = 0 and 𝑏 = (, ) the empty list;

3: Otherwise, run Algorithm 2.3.3 on 𝐻,𝒬 with parameter 𝑘 ← 𝑡 to obtain 𝑐′

and 𝑏 = (𝑏1, . . . , 𝑏𝑡);

4: output 𝑐 = 2𝑡𝛽𝑡

𝑡!
𝑐′ and 𝑏 = (𝑏1, . . . , 𝑏𝑡);

Lemma 2.3.6 (Unbiased estimator of 𝑇𝑡max,𝛽). The output of Algorithm 2.3.5, 𝑐 and

(𝑏1, . . . , 𝑏𝑡), satisfies for 𝐸 = 𝐻𝑏1 . . . 𝐻𝑏𝑡,

E[𝐼 + 𝑐𝐸] = 𝑇𝑡max,𝛽(𝐻,𝐻
(𝒬)) .

Further, if 𝑡 = 0, then 𝑐 = 0, and otherwise, |𝑐| ⩽ (2𝛽max(2(d+ 1), |𝒬|))𝑡.

Proof. By linearity and the guarantees of Lemma 2.3.4,

E[𝐼 + 𝑐𝐸] = 𝐼 +
𝑡max∑︁
𝑡=1

𝛽𝑡

𝑡!
𝑓𝑡(𝐻,𝐻

(𝒬)) = 𝑇𝑡max,𝛽(𝐻,𝐻
(𝒬))

where the last step follows from Definition 2.3.2. Again using Lemma 2.3.4,

|𝑐| = 2𝑡𝛽𝑡

𝑡!
|𝑐′| ⩽ 2𝑡𝛽𝑡

𝑡!
(𝑡!)(max(2(d+ 1), |𝒬|))𝑡 ⩽ (2𝛽 ·max(2(d+ 1), |𝒬|))𝑡,

giving the coefficient bound.

None of this argument so far has used a bound on 𝛽. However, we want our estimator

𝐼 + 𝑐𝐸 to always be a positive semi-definite matrix, which we can only guarantee if
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|𝑐| ⩽ 1 always. So, this algorithm will only be useful when 𝛽 < 1
2max(2(d+1),|𝒬|) .

2.3.2 Additional Structural Properties of Restricted Gibbs

States

In this section, we prove additional lemmas which are necessary for the state prepara-

tion algorithm in Section 2.4. This can safely be skipped to get to the separability

proof.

In order to convert the algorithm in Algorithm 2.3.13 to one that samples from the

Gibbs state 𝑒−𝛽𝐻/ tr 𝑒−𝛽𝐻 , we need to account for the normalization by the partition

function tr 𝑒−𝛽𝐻 , as well as the error from not computing the entire series (which

arises in the choice of 𝜀 in Algorithm 2.3.11). We now prove some structural lemmas

about Gibbs states which address these issues.

We first prove that the Gibbs state corresponding to 𝐻 −𝐻(𝑆) has roughly the same

spectrum as the Gibbs state corresponding to 𝐻, where 𝑆 is a small subset of sites.

Lemma 2.3.7 (Spectrum of restricted Hamiltonians). Let 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎 be a

Hamiltonian with dual interaction graph G with degree d. Let 𝑆 = supp(𝐻𝑎*) for some

𝑎* ∈ [𝑚]. If 𝛽 < 1
2𝐶(d+1)

for some constant 𝐶 > 5 then

(︁
1− 15

𝐶

)︁
𝑒−𝛽𝐻 ⪯ 𝑒−𝛽(𝐻−𝐻(𝑆)) ⪯

(︁
1 +

15

𝐶

)︁
𝑒−𝛽𝐻 .

Proof. By Theorem 2.3.1, we can write

𝑒
𝛽
2
𝐻𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) =

∞∑︁
𝑡=0

(−𝛽/2)𝑡

𝑡!
𝑓𝑡(𝐻,𝐻(𝑆)),

where ‖𝑓𝑡(𝐻,𝐻(𝑆))‖op ⩽
∏︀𝑡

𝑠=1((d + 1)(2𝑠 + 1)), using that the number of terms in

𝐻(𝑆) is at most d+ 1. So, there is a matrix 𝐴 such that

𝑒
𝛽
2
𝐻𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) = (𝐼 + 𝐴) with ‖𝐴‖op ⩽

∞∑︁
𝑡=1

(𝛽(d+ 1))𝑡
∏︀𝑡

𝑠=1(2𝑠+ 1)

2𝑡(𝑡!)
⩽

5

𝐶
.
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Multiplying this by its conjugate, we have

𝑒
𝛽
2
𝐻 · 𝑒−𝛽(𝐻−𝐻(𝑆)) · 𝑒

𝛽
2
𝐻 = (𝐼 + 𝐴)(𝐼 + 𝐴)†

We are done upon concluding that, from the bound on ‖𝐴‖op and 𝐶 > 5, ‖(𝐼 +𝐴)(𝐼 +

𝐴†)− 𝐼‖op ⩽ 2‖𝐴‖op + ‖𝐴‖2op ⩽ 15/𝐶, so

(︁
1− 15

𝐶

)︁
𝐼 ⪯ (𝐼 + 𝐴)(𝐼 + 𝐴)† ⪯

(︁
1 +

15

𝐶

)︁
𝐼.

Next, we prove a sharper statement. Recalling the construction of 𝑇𝑡,𝛽/2(𝐻,𝐻(𝒬)) in

Definition 2.3.2, we show that left and right multiplying a matrix by 𝑒−
𝛽
2
𝐻 is close to

left and right multiplying by 𝑒−
𝛽
2
(𝐻−𝐻(𝒬))𝑇𝑡,𝛽/2(𝐻,𝐻

(𝒬))† and its Hermitian conjugate.

Lemma 2.3.8 (Peeling the restricted Gibbs state). Let 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎 be a K-local

Hamiltonian with dual interaction graph with degree d. Let 𝑆 = supp(𝑎*) for some

𝑎* ∈ [𝑚]. Let 𝑃 be a 2𝑛 × 2𝑛 Hermitian matrix such that 0.5𝐼 ⪯ 𝑃 ⪯ 2𝐼 and let 𝑡 ⩾ 0

be an integer. Given any 𝛽 < 1
2𝐶(d+1)

for some constant 𝐶 > 5, we have

(︁
1−100

𝐶𝑡

)︁
𝑒−

𝛽
2
𝐻𝑃𝑒−

𝛽
2
𝐻 ⪯ 𝑒−

𝛽
2
(𝐻−𝐻(𝑆))·𝑇𝑡,𝛽/2(𝐻,𝐻(𝑆))

†·𝑃 ·𝑇𝑡,𝛽/2(𝐻,𝐻(𝑆))·𝑒−
𝛽
2
(𝐻−𝐻(𝑆))

⪯
(︁
1 +

100

𝐶𝑡

)︁
𝑒−

𝛽
2
𝐻𝑃𝑒−

𝛽
2
𝐻 ,

where 𝑇𝑡,𝛽/2 is the truncation defined in Definition 2.3.2.

Proof. It follows from Theorem 2.3.1 that

𝑒−
𝛽
2
𝐻 · 𝑒

𝛽
2
(𝐻−𝐻(𝑆)) = 𝑇𝑡,𝛽/2(𝐻,𝐻(𝑆)) + 𝐸

for some 𝐸 ∈ C2𝑛×2𝑛 such that

‖𝐸‖op ⩽
∞∑︁

𝑠=𝑡+1

(𝛽(d+ 1))𝑠
∏︀𝑠

𝑟=1(2𝑟 + 1)

2𝑠(𝑠!)
⩽

5

𝐶𝑡+1
.
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We consider the expression

𝐴 = 𝑃 − 𝑒
𝛽
2
𝐻 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝑇𝑡,𝛽/2(𝐻,𝐻(𝑗))

† · 𝑃 · 𝑇𝑡,𝛽/2(𝐻,𝐻(𝑗)) · 𝑒−
𝛽
2
(𝐻−𝐻(𝑆)) · 𝑒

𝛽
2
𝐻

The lemma statement is equivalent to the statement that −100
𝐶𝑡 𝑃 ⪯ 𝐴 ⪯ 100

𝐶𝑡 𝑃 . We

continue:

𝐴 = 𝑃 − (𝐼 − 𝑒
𝛽
2
𝐻 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝐸†) · 𝑃 · (𝐼 − 𝐸 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝑒

𝛽
2
𝐻)

= 𝑒
𝛽
2
𝐻 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝐸† · 𝑃 + 𝑃 · 𝐸 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝑒

𝛽
2
𝐻

− 𝑒
𝛽
2
𝐻 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝐸† · 𝑃 · 𝐸 · 𝑒−

𝛽
2
(𝐻−𝐻(𝑆)) · 𝑒

𝛽
2
𝐻 (2.9)

Lemma 2.3.7 implies that ‖𝑒𝛽
2
𝐻𝑒−

𝛽
2
(𝐻−𝐻(𝑆))‖op ⩽ 4. Using this, along with the bounds

on ‖𝐸‖op and ‖𝑃‖op, we have that

‖𝐴‖op ⩽ 2‖𝑒
𝛽
2
𝐻𝑒−

𝛽
2
(𝐻−𝐻(𝑆))‖op‖𝐸‖op‖𝑃‖op + ‖𝑒

𝛽
2
𝐻𝑒−

𝛽
2
(𝐻−𝐻(𝑆))‖2op‖𝐸‖2op‖𝑃‖op

⩽
80

𝐶𝑡+1
+

800

𝐶2𝑡+2
⩽

50

𝐶𝑡
.

Thus,

−50

𝐶𝑡
𝐼 ⪯ 𝐴 ⪯ 50

𝐶𝑡
𝐼.

We get the desired relations upon using that 1
2
𝐼 ⪯ 𝑃 ⪯ 2𝐼.

2.3.3 Proof of Separability

We now use our sampling procedure to prove separability at high temperature. Our

strategy is to show that 𝑒−𝛽𝐻 can be written as a convex combination of simple

matrices, which we call configurations, all of which are positive semi-definite and

separable. Moreover, our proof is constructive, giving an algorithm for sampling

configurations according to their weight in the combination. We now define the objects

our algorithm works with, which we call Hermitian monomials.

Definition 2.3.9 (Hermitian monomial). For a Hamiltonian 𝐻 =
∑︀𝑚

𝑎=1𝐻𝑎, we call
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an operator 𝑋 a Hermitian monomial of (the terms of) 𝐻 if we can form it by starting

from 𝑋 = 𝐼 and iteratively performing the following “multiply and symmetrize”

operation: given 𝑎1, . . . , 𝑎𝑠 and 𝑏1, . . . , 𝑏𝑡, let

𝑋 ← 1

2

(︁
𝐻𝑎1 . . . 𝐻𝑎𝑠𝑋𝐻𝑏𝑡 . . . 𝐻𝑏1 +𝐻𝑏1 . . . 𝐻𝑏𝑡𝑋𝐻𝑎𝑠 . . . 𝐻𝑎1

)︁
.

We can maintain a description of a Hermitian monomial as a list of operations used

to construct it. A Hermitian monomial 𝑋 can potentially be constructed in different

ways, but we will abuse notation and use 𝑋 to refer to the matrix 𝑋 alongside an

associated description. A description of a Hermitian monomial 𝑋 has an associated

multiset of terms {𝑎1, . . . , 𝑎𝑡}, which are the 𝐻𝑎’s which appear in the operations used

to construct 𝑋. For example, the Hermitian monomial 1
2
(𝐻1𝐻1𝐻2 +𝐻2𝐻1𝐻1) has

the associated multiset {1, 1, 2}. We call 𝑡 the degree of the monomial.†

A configuration is a tensor product of matrices 𝐼 + 𝑐𝑋, where 𝑋 is a Hermitian

monomial.

Definition 2.3.10 (Configuration). For a Hamiltonian 𝐻 =
∑︀𝑚

𝑎=1𝐻𝑎, a configuration

is a collection 𝒳 = {(𝑐1, 𝑋1), . . . , (𝑐ℓ, 𝑋ℓ)} such that 𝑐𝑖 ∈ R, 𝑋𝑖 is a Hermitian

monomial for every 𝑖 ∈ [ℓ], and the 𝑋𝑖’s have disjoint supports. This configuration

defines an associated operator 𝜎(𝒳 ) which is 𝐼+𝑐𝑖𝑋𝑖 on the support of 𝑋𝑖 and identity

outside of the supports:

𝜎(𝒳 ) = (𝐼)[n]∖(supp(𝑋1)∪···∪supp(𝑋ℓ)) ⊗
(︁ ℓ⨂︁

𝑖=1

(𝐼 + 𝑐𝑖𝑋𝑖)supp(𝑋𝑖)

)︁
.

†It is important to note that, for our algorithm, we will primarily be working with the description
of the monomial, and not the actual matrix 𝑋. Again, a matrix can have multiple different descriptions:
for example, if 𝐻2

1 = 𝐼, then 𝐼 can be described with a multiset of {1, 1}, and with that description
it would have a degree of 2. This ambiguity will not cause issues, though; throughout, we will treat
the 𝐻𝑎’s as essentially formal non-commutative indeterminates without any relations, and only at
the end of the proof interpret these indeterminates as matrices.
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Algorithm 2.3.11 (Pinning a single term).

Input: Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 with locality K and dual interaction graph

G with degree d; inverse temperature parameter 𝛽 such that 𝛽 ⩽ 𝛽𝑐 =

1/(100dK); accuracy parameter 𝜀 ⩾ 0.

Input: Set of sites 𝑆 ⊆ [n], configuration 𝒳 = {(𝑐1, 𝑋1), . . . , (𝑐ℓ, 𝑋ℓ)} satisfying

(2.10).

Output: Set of sites ̂︀𝑆 ⊆ [n], configuration ̂︀𝒳 = {(̂︀𝑐1, ̂︀𝑋1), . . . , (̂︀𝑐̂︀ℓ, ̂︀𝑋̂︀ℓ)} satisfying

(2.10).

Operation:

1: Let 𝑡max = 10 log(n/𝜀), or ∞ if 𝜀 = 0;

2: Let ̂︀ℓ = ℓ:

3: Let {𝑎1, . . . , 𝑎𝑡} be the terms associated to (𝑐ℓ, 𝑋ℓ), and choose an

𝑎* ∈ ℰ (𝑆) neighboring {𝑎1, . . . , 𝑎𝑡} in G; ◁ For simplicity, these choices

should be deterministic.

4: if no such 𝑎* exists then

5: Add (𝑐ℓ+1, 𝑋ℓ+1) = (0, 𝐼) to the configuration 𝒳 , and choose any

𝑎* ∈ ℰ (𝑆);

6: Set ̂︀ℓ← ℓ+ 1;

7: Run Algorithm 2.3.5 twice (independently) with inputs 𝐻 ← 𝐻(𝑆),

𝛽 ← 𝛽/2, 𝒬 ← ℰ(𝑎*) ∩ ℰ (𝑆), and 𝑡max to obtain 𝑏1, 𝐸1, 𝑡1 and 𝑏2, 𝐸2, 𝑡2;

8: Let 𝛾 = 3
5K

;

9: Sample 𝜉 ∈ {0, 1, 2, 3, 4, 5, 6} with probabilities {1− 𝛾, 𝛾
6
, 𝛾
6
, 𝛾
6
, 𝛾
6
, 𝛾
6
, 𝛾
6
}.
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10: Set 𝑐̂︀ℓ ← ̂︀𝑐 and 𝑋̂︀ℓ ← ̂︀𝑋, where

• If 𝜉 = 0, then ̂︀𝑐 = 𝑐̂︀ℓ/(1− 𝛾) and ̂︀𝑋 = 𝑋̂︀ℓ;
• If 𝜉 = 1, then ̂︀𝑐 = 6𝑏1/𝛾 and ̂︀𝑋 = (𝐸†

1 + 𝐸1)/2;

• If 𝜉 = 2, then ̂︀𝑐 = 6𝑏2/𝛾 and ̂︀𝑋 = (𝐸†
2 + 𝐸2)/2;

• If 𝜉 = 3, then ̂︀𝑐 = 6𝑐̂︀ℓ𝑏1/𝛾 and ̂︀𝑋 = (𝐸†
1𝑋̂︀ℓ +𝑋̂︀ℓ𝐸1)/2;

• If 𝜉 = 4, then ̂︀𝑐 = 6𝑐̂︀ℓ𝑏2/𝛾 and ̂︀𝑋 = (𝐸†
2𝑋̂︀ℓ +𝑋̂︀ℓ𝐸2)/2;

• If 𝜉 = 5, then ̂︀𝑐 = 6𝑏1𝑏2/𝛾 and ̂︀𝑋 = (𝐸†
2𝐸1 + 𝐸†

1𝐸2)/2;

• If 𝜉 = 6, then ̂︀𝑐 = 6𝑐̂︀ℓ𝑏1𝑏2/𝛾 and ̂︀𝑋 = (𝐸†
2𝑋̂︀ℓ𝐸1 + 𝐸†

1𝑋̂︀ℓ𝐸2)/2;

◁ This is chosen so that E𝜉[𝐼 + ̂︀𝑐 ̂︀𝑋] takes a particular form (2.11).

11: Set 𝑆 ← 𝑆 ∖ supp(𝐻𝑎*);

12: output 𝑆,𝒳 ;

To analyze Algorithm 2.3.11, we will need the following arithmetic fact. On the

left-hand side are the operators which appear in our analysis, and on the right-hand

side are Hermitian monomials.

Fact 2.3.12. For matrices 𝑋, 𝑌1, and 𝑌2, we can write

(𝐼 + 𝑌1)
†(𝐼 +𝑋)(𝐼 + 𝑌2) + (𝐼 + 𝑌2)

†(𝐼 +𝑋)(𝐼 + 𝑌1)

= 2𝐼 + 2𝑋 + (𝑌 †
1 + 𝑌1) + (𝑌 †

2 + 𝑌2) + (𝑌 †
1𝑋 +𝑋𝑌1) + (𝑌 †

2𝑋 +𝑋𝑌2)

+ (𝑌 †
2 𝑌1 + 𝑌 †

1 𝑌2) + (𝑌 †
2𝑋𝑌1 + 𝑌 †

1𝑋𝑌2) .

Algorithm 2.3.13 (Sampling a monomial of 𝑒−𝛽𝐻).

Input: Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 with dual interaction graph G with degree d;

inverse temperature parameter 𝛽 such that 𝛽 ⩽ 𝛽𝑐 = 1/(100dK).

Output: Configuration 𝒳 such that E[𝜎(𝒳 )] = 𝑒−𝛽𝐻 .

Operation:
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1: Set 𝑆 = [n];

2: Set 𝒳 = ∅;

3: ◁ We maintain the invariant that E[𝑒−
𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−𝛽
2
𝐻(𝑆)

] = 𝑒−𝛽𝐻 . ▷

4: while ℰ (𝑆) ̸= ∅ do

5: Run Algorithm 2.3.11 with 𝑆 and 𝒳 and 𝜀 = 0;

6: Take the output ̂︀𝑆 and ̂︀𝒳 to be the new 𝑆 and 𝒳 ;

7: output 𝒳 ;

The set 𝑆 corresponds to “unpinned sites”, the set of sites which have not yet been

sampled. For the algorithm to work, 𝑆 must only interact with at most one of the

monomials in the configuration, in the manner described in the following lemma.

Lemma 2.3.14 (Algorithm 2.3.11 is well-defined). Algorithm 2.3.11 is a well-defined

procedure provided ℰ (𝑆) ̸= ∅. Further, it maintains the following invariant: if the

input 𝑆 and 𝒳 satisfies that

for all 𝑖 ∈ [ℓ− 1], no term in 𝑋𝑖 is a neighbor of ℰ (𝑆), (2.10)

then the output ̂︀𝑆 and ̂︀𝒳 satisfies the same condition. Finally, the output ̂︀𝒳 is a valid

configuration.

Proof. The algorithm successfully completes provided there is an element of ℰ (𝑆) so

that a valid 𝑎* can be chosen.

For the invariant, we need to show that, for all 𝑖 ∈ [̂︀ℓ− 1], no term in ̂︀𝑋𝑖 is a neighbor

of ℰ (̂︀𝑆). First, observe that ̂︀𝒳 only differs from 𝒳 in the last-indexed monomial in the

configuration, which is either 𝑖 = ℓ or 𝑖 = ℓ+ 1. Further, ̂︀𝑆 ⊂ 𝑆, so ℰ (̂︀𝑆) ⊆ ℰ (𝑆), and

so the invariant is maintained for 𝑖 < ℓ. This proves the statement when ̂︀ℓ = ℓ, and

the remaining case is when ̂︀ℓ = ℓ+ 1, where we need to show that no term in ̂︀𝑋ℓ is a

neighbor of ℰ (̂︀𝑆). This case only occurs when there are no such neighbors, as seen in

Line 3, proving the invariant.
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The output 𝒳 is a valid configuration because the input is a configuration, and ̂︀𝒳 only

modifies 𝒳 by adding terms from ℰ (𝑆) to monomials ℓ or ℓ+ 1. From the invariant,

these terms have disjoint support from all other terms. Since 𝐸1 and 𝐸2 are products

of 𝐻𝑎’s, ̂︀𝑋 is a Hermitian monomial when 𝑋 is, by definition (Definition 2.3.9).

Lemma 2.3.15. Algorithm 2.3.11 outputs a ̂︀𝑆 ⊆ [n] and configuration ̂︀𝒳 such that

E[𝜎( ̂︀𝒳 )] = 𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)

(𝑆∖̂︀𝑆))†𝜎(𝒳 )𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)

(𝑆∖̂︀𝑆)) .

In particular, when 𝜀 = 0,

𝑒−
𝛽
2
𝐻(̂︀𝑆) E[𝜎( ̂︀𝒳 )]𝑒−𝛽

2
𝐻(̂︀𝑆)

= 𝑒−
𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−
𝛽
2
𝐻(𝑆)

.

Proof. Using linearity of expectation and Fact 2.3.12, we can conclude that, with ̂︀𝑐
and ̂︀𝑋 as defined in Line 10 of the algorithm,

E
𝜉
[𝐼 + ̂︀𝑐 ̂︀𝑋] = 𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ + 𝑏1(𝐸

†
1 + 𝐸1)/2 + 𝑏2(𝐸

†
2 + 𝐸2)/2 + 𝑐̂︀ℓ𝑏1(𝐸†

1𝑋̂︀ℓ +𝑋̂︀ℓ𝐸1)/2

+ 𝑐̂︀ℓ𝑏2(𝐸†
2𝑋̂︀ℓ +𝑋̂︀ℓ𝐸2)/2 + 𝑏1𝑏2(𝐸

†
2𝐸1 + 𝐸†

1𝐸2)/2 + 𝑐̂︀ℓ𝑏1𝑏2(𝐸†
2𝑋̂︀ℓ𝐸1 + 𝐸†

1𝑋̂︀ℓ𝐸2)/2

=
1

2

(︁
(𝐼 + 𝑏1𝐸1)

†(𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ)(𝐼 + 𝑏2𝐸2) + (𝐼 + 𝑏2𝐸2)
†(𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ)(𝐼 + 𝑏1𝐸1)

)︁
.

(2.11)

Lemma 2.3.6 implies that the outputs of Algorithm 2.3.5 in Line 7 satisfy

E[𝐼 + 𝑏1𝐸1] = E[𝐼 + 𝑏2𝐸2] = 𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)
(𝑎*)) ,

where 𝐻(𝑆)
(𝑎*) is the sum of all terms 𝐻𝑎 where supp(𝐻𝑎) ⊆ 𝑆 and supp(𝐻𝑎)∩ supp(𝐻𝑎*)

is non-empty. So, taking the expectation over the entire algorithm and using that

𝐼 + 𝑏1𝐸1 and 𝐼 + 𝑏2𝐸2 are independent,

E[𝐼 + ̂︀𝑐 ̂︀𝑋] = E
[︁1
2

(︁
(𝐼 + 𝑏1𝐸1)

†(𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ)(𝐼 + 𝑏2𝐸2) + (𝐼 + 𝑏2𝐸2)
†(𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ)(𝐼 + 𝑏1𝐸1)

)︁]︁
= 𝑇𝑡max,𝛽/2(𝐻

(𝑆), 𝐻
(𝑆)
(𝑎*))

†(𝐼 + 𝑐̂︀ℓ𝑋̂︀ℓ)𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)
(𝑎*)).
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By Lemma 2.3.14, the support of 𝐼 + ̂︀𝑐 ̂︀𝑋 is always disjoint from all of the other

monomials in the configuration ̂︀𝒳 , so

E[𝜎( ̂︀𝒳 )] = 𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)
(𝑎*))

†𝜎(𝒳 )𝑇𝑡max,𝛽/2(𝐻
(𝑆), 𝐻

(𝑆)
(𝑎*)).

When 𝜀 = 0, this can be written as

E[𝜎( ̂︀𝒳 )] = 𝑒
𝛽
2
(𝐻(𝑆)−𝐻

(𝑆)
(𝑎*))𝑒−

𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−
𝛽
2
𝐻(𝑆)

𝑒
𝛽
2
(𝐻(𝑆)−𝐻

(𝑆)
(𝑎*))

= 𝑒
𝛽
2
𝐻(̂︀𝑆)

𝑒−
𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−
𝛽
2
𝐻(𝑆)

𝑒
𝛽
2
𝐻(̂︀𝑆)

,

since ̂︀𝑆 = 𝑆 ∖ supp(𝐻𝑎*).

What we have so far is enough to show that Algorithm 2.3.13 indeed outputs a

configuration 𝒳 with E[𝜎(𝒳 )] = 𝑒−𝛽𝐻 . However, for separability, we need more:

namely, we need that 𝜎(𝒳 ) is always positive semi-definite and separable. We handle

the former with the following lemma. This is the key lemma where the critical

temperature is used. It is nontrivial to show, but we are able to prove it via a carefully

chosen potential function.

Lemma 2.3.16 (Coefficients remain small). Let 𝐻 =
∑︀

𝑎𝐻𝑎 be a K-local Hamiltonian

and let the temperature parameter 𝛽 satisfy 𝛽 ⩽ 𝛽𝑐 = 1/(50(d+ 1)K), where d is the

degree of the dual interaction graph of 𝐻. Consider running Algorithm 2.3.11 on the

input 𝑆 and 𝒳 , and receiving ̂︀𝑆 and ̂︀𝒳 as output. Then |̂︀𝑆| < |𝑆|. Further, consider

the following invariant on the input:

for all (𝑐,𝑋) ∈ 𝒳 , |𝑐| ⩽ (1− 𝛾)|𝑆∩(supp(𝐻𝑎1 )∪···∪supp(𝐻𝑎𝑡 ))|
(︁ 𝛽
𝛽𝑐

)︁𝑡
where {𝑎1, . . . , 𝑎𝑡} are the terms associated to the Hermitian monomial 𝑋 . (2.12)

If the input satisfies (2.12), then so does the output:

|̂︀𝑐| ⩽ (1− 𝛾)|
̂︀𝑆∩(supp(𝐻̂︀𝑎1 )∪···∪supp(𝐻̂︀𝑎̂︀𝑡 ))|

(︁ 𝛽
𝛽𝑐

)︁̂︀𝑡
(2.13)
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Proof. Because ̂︀𝑆 = 𝑆 ∖ supp(𝐻𝑎*) and the manner in which 𝑎* is chosen, |̂︀𝑆| < |𝑆|.
To prove the inductive invariant, it suffices to consider the term (̂︀𝑐̂︀ℓ, ̂︀𝑋̂︀ℓ), which we

denote (̂︀𝑐, ̂︀𝑋) in the algorithm, since this is the only term that Algorithm 2.3.11 changes:

the invariant will continue to hold provided that the term does not change. We first

note that, in Line 7, Algorithm 2.3.5 is always run for 𝛽 ← 𝛽/2 and 𝒬 ← ℰ(𝑎*) ∩ ℰ (𝑆)

(see Definition 1.4.17). By definition of the dual interaction graph, |𝒬| ⩽ d+ 1. So,

by Lemma 2.3.6,

𝑏1 = 0 and 𝑡1 = 0 or |𝑏1| ⩽ (𝛽 · 2(d+ 1))𝑡1 , and

𝑏2 = 0 and 𝑡2 = 0 or |𝑏2| ⩽ (𝛽 · 2(d+ 1))𝑡2

We now show that ̂︀𝑐 is small for every choice of 𝜉. For this proof, we denote 𝑐 = 𝑐̂︀ℓ and

𝑋 = 𝑋̂︀ℓ to be the term which is to be changed. Further, we will abuse notation and,

for a Hermitian monomial 𝑋 with associated terms {𝑎1, . . . , 𝑎𝑡}, write supp(𝑋) =

supp(𝐻𝑎1) ∪ · · · ∪ supp(𝐻𝑎𝑡). This set contains the “true” support of 𝑋, but can be

larger in general. So, we need to show that, assuming the invariant (2.12) which states

that |𝑐| ⩽ (1− 𝛾)|𝑆∩supp(𝑋)|( 𝛽
𝛽𝑐
)𝑡, then |̂︀𝑐| ⩽ (1− 𝛾)|̂︀𝑆∩supp( ̂︀𝑋)|( 𝛽

𝛽𝑐
)̂︀𝑡. Note that, by our

choice of 𝛽𝑐, 10K𝛽𝑐 · 2(d+ 1) ⩽ 2
5
= 1− K𝛾.

Case 𝜉 = 0: Here, ̂︀𝑋 = 𝑋, the associated terms are identical (̂︀𝑎𝑠 = 𝑎𝑠 for all 𝑠 ∈ [𝑡])

and ̂︀𝑐 = 𝑐/(1− 𝛾). Then either 𝑐 = 0, and the bound holds trivially, or 𝑎* was chosen

to neighbor some 𝑎𝑠 associated to 𝑋. In this case, the scalar increases; however, this

is accounted for in the potential, because supp(𝐻𝑎*) is removed from 𝑆 to get ̂︀𝑆:

|̂︀𝑐| = |𝑐|/(1− 𝛾) ⩽ (1− 𝛾)|𝑆∩supp(𝑋)|−1
(︁ 𝛽
𝛽𝑐

)︁𝑡
⩽ (1− 𝛾)|̂︀𝑆∩supp(𝑋)|

(︁ 𝛽
𝛽𝑐

)︁𝑡
.

The first inequality uses the induction hypothesis; the second uses that ̂︀𝑆 ⊆ 𝑆.

Case 𝜉 = 1, 𝜉 = 2, 𝜉 = 5: We first work out the 𝜉 = 1 case. Here, ̂︀𝑋 = (𝐸†
1 +𝐸1)/2,

and so the monomial has degree ̂︀𝑡 = 𝑡1. If 𝑡1 = 0, then 𝑏1 = 0 and we are done.
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Otherwise,

|̂︀𝑐| = 6|𝑏1|/𝛾 ⩽ 10K(𝛽 · 2(d+ 1))𝑡1 ⩽ (10K𝛽𝑐 · 2(d+ 1))𝑡1
(︁ 𝛽
𝛽𝑐

)︁𝑡1
⩽ (1− K𝛾)𝑡1

(︁ 𝛽
𝛽𝑐

)︁𝑡1
⩽ (1− 𝛾)K𝑡1

(︁ 𝛽
𝛽𝑐

)︁𝑡1
⩽ (1− 𝛾)|̂︀𝑆∩supp( ̂︀𝑋)|

(︁ 𝛽
𝛽𝑐

)︁̂︀𝑡
.

The 𝜉 = 2 case is analogous, switching out 𝐸1 and 𝑡1 for 𝐸2 and 𝑡2. The 𝜉 = 5 case is

also analogous, with 𝐸†
1𝐸2 and ̂︀𝑡 = 𝑡1 + 𝑡2.

Case 𝜉 = 3, 𝜉 = 4, 𝜉 = 6: We first work out the 𝜉 = 3 case. Here, ̂︀𝑋 =

(𝐸†
1𝑋+𝑋𝐸1)/2, so the monomial has degree 𝑡+ 𝑡1, where 𝑡 is the degree of the original

monomial 𝑋, and the associated terms are the terms from 𝑋, along with 𝑡1 additional

terms from 𝐸1. If 𝑡1 = 0 then ̂︀𝑐 = 6𝑐𝑏1/𝛾 = 0 so we are done. Otherwise,

|̂︀𝑐| = 6|𝑐||𝑏1|/𝛾

⩽ 10K(1− 𝛾)|𝑆∩supp(𝑋)|
(︁ 𝛽
𝛽𝑐

)︁𝑡
(𝛽 · 2(d+ 1))𝑡1

⩽ (1− 𝛾)|𝑆∩supp(𝑋)|+K𝑡1
(︁ 𝛽
𝛽𝑐

)︁𝑡+𝑡1

⩽ (1− 𝛾)|̂︀𝑆∩supp( ̂︀𝑋)|
(︁ 𝛽
𝛽𝑐

)︁̂︀𝑡
.

The 𝜉 = 4 and 𝜉 = 6 cases are analogous, in the same manner as the 𝜉 = 2 and 𝜉 = 5

cases.

Theorem 2.3.17. Let 𝐻 =
∑︀

𝑎𝐻𝑎 be a Hamiltonian with locality K and dual

interaction graph G with degree d, and let the temperature parameter 𝛽 satisfy

𝛽 ⩽ 𝛽𝑐 = 1/(100Kd). Then Algorithm 2.3.13 outputs a configuration 𝒳 such that

E[𝜎(𝒳 )] = 𝑒−𝛽𝐻 and, for all (𝑐,𝑋) ∈ 𝒳 , |𝑐| ⩽ (𝛽/𝛽𝑐)
𝑡, where 𝑡 is the degree of the

Hermitian monomial 𝑋.

Proof. We show that through the while loop, Algorithm 2.3.13 maintains the two
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invariants that

E[𝑒−
𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−
𝛽
2
𝐻(𝑆)

] = 𝑒−𝛽𝐻

and, from Eq. (2.12), for all (𝑐,𝑋) ∈ 𝒳 with degree 𝑡,

|𝑐| ⩽ (1− 𝛾)|𝑆∩supp(𝑋)|
(︁ 𝛽
𝛽𝑐

)︁𝑡
.

(We use the same notation as in Lemma 2.3.16, where supp(𝑋) denotes the support of

the terms associated to 𝑋.) Since the initialization is that 𝑆 = [n] and 𝒳 = ∅, so that

𝜎(𝒳 ) = 𝐼, both invariants hold before the while loop begins. Lemma 2.3.15 implies

that the first invariant is maintained, since the output of Algorithm 2.3.11 satisfies

𝑒−
𝛽
2
𝐻(̂︀𝑆) E

iteration
[𝜎( ̂︀𝒳 )]𝑒−𝛽

2
𝐻(̂︀𝑆)

= 𝑒−
𝛽
2
𝐻(𝑆)

𝜎(𝒳 )𝑒−
𝛽
2
𝐻(𝑆)

,

where the randomness here is taken only over the call to the algorithm in Line 5.

Lemma 2.3.16 implies that the second invariant is maintained. Finally, by Lemma 2.3.16,

the size of 𝑆 decreases every iteration, so the algorithm terminates after at most n

iterations. Upon termination, 𝑆 = ∅, so the invariants imply that, for the output con-

figuration 𝒳 , E[𝜎(𝒳 )] = 𝑒−𝛽𝐻 and, for every (𝑐,𝑋) ∈ 𝒳 with degree 𝑡, |𝑐| ⩽ ( 𝛽
𝛽𝑐
)𝑡.

Because Hermitian monomials 𝑋 satisfy ‖𝑋‖op ⩽ 1 and the scalars in the output

configuration 𝒳 always satisfy |𝑐| ⩽ 1, 𝐼 + 𝑐𝑋, and thus 𝜎(𝒳 ) is always positive

semi-definite. Further, for reasonable classes of terms, 𝜎(𝒳 ) can be shown to be

separable, which means that 𝑒−𝛽𝐻 and therefore the Gibbs state 𝑒−𝛽𝐻/ tr 𝑒−𝛽𝐻 is

separable.

Lemma 2.3.18. Let 𝐻 =
∑︀

𝑎𝐻𝑎 ∈ C2n×2n be a Hamiltonian over n qubits with Pauli

terms, meaning that 𝐻𝑎 = 𝜆𝑎𝐸𝑎 for 𝐸𝑎 ∈ 𝒫 and −1 ⩽ 𝜆𝑎 ⩽ 1. Let 𝑋 be a Hermitian

monomial of degree 𝑡 with respect to the terms of 𝐻. Then 𝐼 + 𝑐𝑋 is separable when

−1 ⩽ 𝑐 ⩽ 1. Further, there is an algorithm which outputs a stabilizer product state

|𝜓⟩ such that E[|𝜓⟩⟨𝜓|] = (𝐼 + 𝑐𝑋)/ tr(𝐼 + 𝑐𝑋) in ̃︀𝒪(n+ 𝑡K) time.
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Proof. Since 𝑋 is a Hermitian monomial and every 𝐻𝑎 is a tensor product of Paulis,

𝑋 is either zero or a tensor product of Paulis, up to a sign. This can be proved

by induction on the definition of a Hermitian monomial (Definition 2.3.9). With

this, we can conclude that 𝐼 + 𝑐𝑋 is separable: for 𝑋 = 𝑋1 ⊗ · · · ⊗ 𝑋n, we can

write it as a convex combination of tensor products of PSD matrices by writing

𝐼 + 𝑐𝑋 = (1− |𝑐|)𝐼 + |𝑐|(𝐼 + 𝑐
|𝑐|𝑋), and then for the latter part, using

𝐼 +𝑋 =
1

2n

n⨂︁
𝑖=1

(︁
(𝐼 +𝑋𝑖) + (𝐼 −𝑋𝑖)

)︁
+

1

2n

n⨂︁
𝑖=1

(︁
(𝐼 +𝑋𝑖)− (𝐼 −𝑋𝑖)

)︁
.

By expanding this, we conclude that, by drawing a uniformly random 𝑠1, . . . , 𝑠n ∈ {±1}

with even parity, i.e. 𝑠1𝑠2 . . . 𝑠n = 1, and preparing the state
⨂︀n

𝑖=1(𝐼 + 𝑠𝑖𝑋𝑖), this state

is 𝐼 +𝑋 in expectation.

To turn this into an algorithm, we note that given 𝑋 represented as a list of terms

and operations, we can compute 𝑋1, . . . , 𝑋n efficiently. For the qubits 𝑖 for which

𝑋𝑖 = 𝐼, we can take |𝜓⟩𝑖 to be |0⟩ or |1⟩ with half probability, thereby making the

corresponding density matrix 𝐼/2. On the support of 𝑋, we can draw a uniformly

random string with even parity and prepare the corresponding state 𝐼 + 𝑠𝑖𝑋𝑖; since 𝑋𝑖

is a non-identity Pauli, this is a pure eigenstate of a Pauli. This gives an algorithm for

preparing (𝐼 + 𝑐𝑋)/ tr(𝐼 + 𝑐𝑋) by either preparing 𝐼 + 𝑐
|𝑐|𝑋 or 𝐼 with the appropriate

probabilities.

With this, we can prove separability of high-temperature Gibbs states for qubit systems,

as stated in the introduction.

Proof of Theorem 2.1.1. Theorem 2.3.17 implies that, for 𝛽 ⩽ 1/(100dK), 𝑒−𝛽𝐻 is a

convex combination of matrices of the form 𝜎(𝒳 ), where for every (𝑐,𝑋) ∈ 𝒳 , |𝑐| ⩽ 1

and 𝑋 is a Hermitian monomial (Definition 2.3.9). By Lemma 2.3.18, (𝐼 + 𝑐𝑋)supp(𝑋)

is separable (and expressible as a positive linear combination of stabilizer product

states), and since 𝜎(𝒳 ) is the tensor product of such matrices, it is also separable

(and expressible as a positive linear combination of stabilizer product states). Since
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separability is closed under convex combinations and scaling by a constant factor,

𝑒−𝛽𝐻/ tr 𝑒−𝛽𝐻 is separable as desired. Further, this argument shows it is expressible

as a convex combination of stabilizer product states.

2.4 Efficient Preparation of the Gibbs State

In this section, we prove Theorem 2.1.2. We first need to introduce some additional

machinery for approximating quantum partition functions so that we can sample from

the correct distribution and ensure that we output a normalized state.

2.4.1 Approximating the Partition Function

At high temperature, we can efficiently estimate the partition function of a Gibbs state

up to small multiplicative error. This follows from cluster expansion; we defer most of

the proof to the appendix. Prior work immediately gives this result for 𝛽 ≪ 1/d2 [103];

in the appendix we combine these results with tighter analyses [88, 160] to improve

the critical temperature to Θ(1/d).

Theorem 2.4.1 (Estimating the log-partition function). Let 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 ∈

C
2n×2n be a K-local qubit Hamiltonian with Pauli terms, i.e. where −1 ⩽ 𝜆𝑎 ⩽ 1

and 𝐸𝑎 ∈ 𝒫 is Pauli. Let d be the degree of the dual interaction graph of 𝐻. Let

0 ⩽ 𝛽 < 𝛽𝑐 = 1/(100d). Then given any 0 < 𝜂 < 1, we can compute an estimate ̂︀𝑧
such that

log(tr(𝑒−𝛽𝐻))− 𝜂 ⩽ ̂︀𝑧 ⩽ log(tr(𝑒−𝛽𝐻)) + 𝜂,

in time

n · (n/𝜂)
4+log(d)
log(𝛽𝑐/𝛽) · K · d2 · polylog(n/𝜂).

Proof of Theorem 2.4.1. This follows from Lemma A.1.10. Let 𝛽* = 1/(𝑒(𝑒+ 1)(1 +

𝑒(d− 1))) be the inverse temperature threshold from that lemma; since 𝛽 < 𝛽𝑐 < 𝛽*,

the results of that lemma hold for our choice of inverse temperature 𝛽. In particular,
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we can write ℒ = log(tr(𝑒−𝛽𝐻)) as a power series

ℒ =
∑︁
ℓ⩾0

𝛽ℓ𝑝ℓ(𝜆),

and when we estimate it by truncating at some level 𝑘,

̃︀ℒ =
𝑘∑︁

ℓ=0

𝛽ℓ𝑝ℓ(𝜆),

the error is bounded |ℒ − ̃︀ℒ| ⩽ n (𝛽/𝛽*)𝑘+1

1−𝛽/𝛽*
by Part 2 of Lemma A.1.10. This difference

can be made to be at most 𝜂 by taking

𝑘 =

⌊︂
log(𝑛/((1− 𝛽/𝛽*)𝜂))

log(𝛽*/𝛽)

⌋︂
. (2.14)

To compute ̃︀ℒ, we enumerate the list of monomials to order 𝑘 and then compute all

corresponding coefficients. The running time of this is dominated by the task at order

𝑘, which, using parts A and B of Lemma A.1.10, is bounded by

n(𝑒d)𝑘⏟  ⏞  
# of clusters

· (8𝑘 + K) poly(𝑘)⏟  ⏞  
time to compute a coefficient

+ 𝒪(𝑘d · n(𝑒d)𝑘)⏟  ⏞  
time to enumerate clusters

(2.15)

= ̃︀𝒪(︁n(8𝑒d)𝑘Kd)︁ (2.16)

= ̃︀𝒪(︁n(︀ 𝑛

(1− 𝛽/𝛽*)𝜂
)︀ log(8𝑒d)

log(𝛽*/𝛽)Kd
)︁

(2.17)

This gives the desired bound. Since we are not optimizing the constant in 𝛽𝑐, for our

choice of 𝛽𝑐, 𝛽𝑐 ⩽ 𝛽*/2, so we can bound ( 1
1−𝛽/𝛽*

)
log(8𝑒d)

log(𝛽*/𝛽) = 𝒪(d).

2.4.2 Random Walks on Trees

Our sampling algorithm will take Algorithm 2.3.13 and Algorithm 2.3.11 from the

separability proof, and then argue that we can run a Markov chain on the “state tree”

of these algorithms to get a distribution over output configuration which satisfies

E[𝜎(𝒳 )/ tr(𝜎(𝒳 ))] ≈ 𝜌, instead of the original guarantee that E[𝜎(𝒳 )] = 𝑒−𝛽𝐻 .
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As a subroutine of our main sampling algorithm, we will design a (classical) random

walk on a tree. In this section, we present some general machinery for analyzing the

mixing times of random walks on trees. We begin with the definition of a weighted

tree.

Definition 2.4.2 (Weighted tree). Let 𝒯 be a tree with a unique root such that

all root-to-leaf paths have length at most 𝑛. A weighted tree (𝒯 , 𝑤) of depth 𝑛 is

obtained by assigning some non-negative weight 𝑤𝑣 to each leaf 𝑣 of the tree. For an

interior node 𝑣, we let the weight assigned to 𝑣 be the sum of the weights of the leaves

in the sub-tree rooted at 𝑣.

Next, we assume access to the following sampling sub-routine:

Definition 2.4.3 (Sample query). For a weighted tree (𝒯 , 𝑤), we define a sample

query as querying a node 𝑢 and outputting a random child of 𝑢, where the probability

of outputting a child 𝑣 is 𝑤𝑣/𝑤𝑢.

Since the weights on each leaf are non-negative, they induce a probability distribution

over the leaves, corresponding to the distribution formed by repeatedly performing

sample queries starting from the root node.

Definition 2.4.4 (Leaf distribution). For a weighted tree (𝒯 , 𝑤), its leaf distribution

is the distribution over leaves where each leaf 𝑣 is sampled proportional to its weight

𝑤𝑣.

We then recall the definition of a Markov chain and the corresponding stationary

distribution.

Definition 2.4.5 (Transition matrix and stationary distribution). A Markov chain on

𝑁 states is given by a transition matrix 𝑃 with entries 𝑃𝑖𝑗 for 𝑖, 𝑗 ∈ [𝑁 ] given by the

probability of moving from state 𝑖 to state 𝑗. We define the stationary distribution,

denoted by 𝜋 = (𝜋1, . . . , 𝜋𝑁), such that 𝑃𝜋 = 𝜋.

Definition 2.4.6 (Ergodic and time-reversible Markov chain). A Markov chain 𝑃
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is ergodic if there exists a positive integer 𝑧 such that 𝑃 𝑧 is entry-wise positive. It is

time-reversible if its stationary distribution 𝜋 satisfies

𝑃𝑖𝑗𝜋𝑖 = 𝑃𝑗𝑖𝜋𝑗

for all 𝑖, 𝑗 ∈ [𝑁 ].

Next, we define the notion of conductance of a Markov chain.

Definition 2.4.7 (Conductance). Given a Markov chain on 𝑁 states with transition

matrix 𝑃 and stationary distribution 𝜋, for any subset 𝑆 ⊆ [𝑁 ], the conductance Φ𝑆

is defined by

Φ𝑆 =

∑︀
𝑖∈𝑆,𝑗 /∈𝑆 𝑃𝑖𝑗𝜋𝑖∑︀

𝑖∈𝑆 𝜋𝑖
.

The global conductance of the chain is defined by Φ = min𝑆:𝐶𝑆⩽1/2Φ𝑆, where 𝐶𝑆 =∑︀
𝑖∈𝑆 𝜋𝑖.

A classical result of Jerrum and Sinclair [194] bounds the spectral gap of an ergodic,

time-reversible Markov chain as a function of the conductance.

Lemma 2.4.8 (Spectral gap of a Markov chain [194]). For an ergodic time-reversible

Markov chain 𝑃 , if we order the eigenvalues of 𝑃 as 𝜆1 ⩾ 𝜆2 ⩾ . . . ⩾ 𝜆𝑁 where 𝜆1 = 1,

then

𝜆1 ⩽ 1− Φ2

2
.

The main result in this section, stated in Theorem 2.4.9 below, is about relating two

different weighted trees on the same vertex set, which we denote by (𝒯 , 𝑤) and (𝒯 , 𝑤′).

For a vertex 𝑣, the distortion between the two weight functions is just 𝑤𝑣/𝑤
′
𝑣. Note

that scaling a weight function by a constant factor doesn’t affect any of the resulting

distributions. Given any edge (𝑢, 𝑣) on this tree, we assume that the distortion

between 𝑤 and 𝑤′ along this edge is bounded: 0.1 ⩽ (𝑤𝑢/𝑤𝑣) · (𝑤′
𝑢/𝑤

′
𝑣) ⩽ 10. With

this assumption, we show that given sample access to 𝑤′ and exact access to 𝑤𝑣/𝑤
′
𝑣

at the leaves, but only a constant approximate oracle for 𝑤𝑣/𝑤
′
𝑣 at interior nodes, we
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can efficiently sample from the leaf distribution of 𝑤 via a Markov chain that mixes

quickly. This is closely related to the reduction from sampling to weak approximate

counting for self-reducible problems in [194].

Theorem 2.4.9 (Sampling a leaf via a Markov chain). Let (𝒯 , 𝑤), (𝒯 , 𝑤′) be weighted

trees of depth 𝑛 on the same vertex set such that each vertex has at most 𝑘 children.

Assume that for any node 𝑢 ∈ 𝒯 with child 𝑣 ∈ 𝒯 , 0.1 ⩽ (𝑤𝑢𝑤
′
𝑣)/(𝑤𝑣𝑤

′
𝑢) ⩽ 10.

Further, assume we are given an oracle that can perform the following types of queries.

1. For any internal node 𝑣, compute an estimate ̂︀𝑟𝑣 such that 0.1(𝑤𝑣/𝑤
′
𝑣) ⩽ ̂︀𝑟𝑣 ⩽

10(𝑤𝑣/𝑤
′
𝑣).

2. For any leaf node 𝑣, exactly compute ̂︀𝑟𝑣 = 𝑤𝑣/𝑤
′
𝑣.

3. For any internal node 𝑣, respond to a sample query for (𝒯 , 𝑤′) (see Defini-

tion 2.4.3).

Then, for any 0 < 𝜀, 𝛿 < 1, there exists an algorithm that uses 𝒪(𝑛4 log(𝑛𝑘/𝜀) log(1/𝛿))

queries to the aforementioned oracle and outputs either a leaf node 𝑣 ∈ 𝒯 or ⊥. The

algorithm outputs a leaf with probability ⩾ 1− 𝛿, and when the algorithm outputs a

leaf, its distribution is 𝜀-close to the leaf distribution of (𝒯 , 𝑤) in TV distance.

Proof. Consider the following random walk on (𝒯 , 𝑤).

Algorithm 2.4.10 (Tree random walk).

1: Set 𝑣 to be the root node;

2: for 𝒪(𝑛3 log(𝑛𝑘/𝜀)) iterations do

3: Let 𝑢 be the parent of 𝑣, if it exists;

4: Sample an 𝜉 ∈ {0, 1, 2} with probability {0.01̂︀𝑟𝑢/̂︀𝑟𝑣, 0.01, 0.99−0.01̂︀𝑟𝑢/̂︀𝑟𝑣},
respectively.

5: If 𝜉 = 0, set 𝑣 to 𝑢;
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6: If 𝜉 = 1, set 𝑣 to a child of 𝑣 chosen according to a sample query on (𝑇,𝑤′),

if one exists;

7: If 𝜉 = 2, keep 𝑣 unchanged;

8: output 𝑣;

Note that for all vertices, we query the oracle once for ̂︀𝑟𝑣 and always use the same

estimate throughout the random walk, so that we never query the same vertex again

for a new estimate. By assumption, ̂︀𝑟𝑢/̂︀𝑟𝑣 ⩽ 10 so this walk is well-defined.

First, we prove that the stationary distribution of this walk has probability mass on

each vertex proportional to ̂︀𝑟𝑣𝑤′
𝑣. In particular, since ̂︀𝑟𝑣 = 𝑤𝑣

𝑤′
𝑣

on any leaf 𝑣, this is

exactly the distribution proportional to 𝑤 on the leaves.

We do this by verifying reversibility (see Definition 2.4.6). Consider any two vertices

𝑢, 𝑣 such that 𝑢 is a parent of 𝑣. Then we have

𝑃𝑢𝑣𝜋𝑣 = 0.01
̂︀𝑟𝑢̂︀𝑟𝑣 ̂︀𝑟𝑣𝑤′

𝑣 = 0.01̂︀𝑟𝑢𝑤′
𝑣 = 0.01

𝑤′
𝑣

𝑤′
𝑢

̂︀𝑟𝑢𝑤′
𝑢 = 𝑃𝑣𝑢𝜋𝑢

as desired. Thus we can conclude that the Markov chain is ergodic and time-reversible.

Next, we will lower bound the spectral gap of this walk by bounding the conductance

and applying Lemma 2.4.8. To lower bound the conductance we show that it suffices

to consider when the subset 𝑆 is a sub-tree rooted at some vertex 𝑣. To see this,

consider any cut (𝑇1, 𝑇2) such that 𝑇2 contains the root. Let ℳ = {𝑣𝑖}𝑖∈[𝑟] be the

maximal elements in 𝑇1, i.e. for each 𝑣𝑖, the parent of 𝑣𝑖 , denoted by 𝑢𝑖, is in 𝑇2.

Then,

Φ𝑇1 ⩾

∑︀
𝑣𝑖∈ℳ 𝑃𝑣𝑖𝑢𝑖

𝜋𝑣𝑖∑︀
𝑣𝑖∈𝑇1

𝜋𝑣𝑖
⩾

∑︀
𝑣𝑖∈ℳ 𝑃𝑣𝑖𝑢𝑖

𝜋𝑣𝑖∑︀
𝑣𝑖∈ℳ

∑︀
𝑣𝑗∈ sub-tree (𝑣𝑖)

𝜋𝑣𝑗
⩾

𝑃𝑣𝑖𝑢𝑖
𝜋𝑣𝑖∑︀

𝑣𝑗∈ sub-tree (𝑣𝑖)
𝜋𝑣𝑗

79



Let 𝑆 be the sub-tree rooted at 𝑣 and let 𝑢 be the parent. Then

Φ𝑆 ⩾
0.1̂︀𝑟𝑢𝑤′

𝑣∑︀
𝑣′⪯𝑣 ̂︀𝑟𝑣𝑤′

𝑣

⩾
𝑤𝑢𝑤

′
𝑣

40𝑤′
𝑢(
∑︀

𝑣′⪯𝑣 𝑤𝑣)
⩾

𝑤𝑢𝑤
′
𝑣

40𝑛𝑤′
𝑢𝑤𝑣

⩾
1

80𝑛

where in the above, we used that
∑︀

𝑣′⪯𝑣 𝑤𝑣 ⩽ 𝑛𝑤𝑣 from the definition of a weighted tree

of depth 𝑛. Thus, by Lemma 2.4.8, the spectral gap of the Markov chain is Ω(1/𝑛2).

Finally, the number of nodes in the tree is at most (𝑘+1)𝑛 so after 𝑂(𝑛3 log(𝑘/𝜀)) steps

of the Markov chain, the distribution will be 𝜀-close to the stationary distribution (see

for instance [150]). Note that the stationary distribution matches the leaf distribution

of (𝑇,𝑤) on the leaves and also the probability of being at a leaf in the stationary

distribution is at least

∑︀
𝑣 leaf ̂︀𝑟𝑣𝑤′

𝑣∑︀
𝑣 ̂︀𝑟𝑣𝑤′

𝑣

⩽
1

4

∑︀
𝑣 leaf𝑤𝑣∑︀
𝑣 𝑤𝑣

⩾
1

4𝑛
,

using that the tree is depth 𝑛. Thus, with 𝑂(𝑛3 log(𝑛𝑘/𝜀)) steps of the Markov chain,

we get 𝜀/(100𝑛)-close to the stationary distribution, and the output will be a leaf with

probability 1/(4𝑛). So, by running Algorithm 2.4.10 until the output is a leaf, with

probability 1 − 𝛿, we will hit a leaf within 𝑂(𝑛 log(1/𝛿)) epochs and this gives the

desired output.

2.4.3 Sample Tree

We want to apply the above algorithm to the sample tree corresponding to Algo-

rithm 2.3.11. In particular, we consider a root node corresponding to an initial input,

an empty configuration with zero pinned nodes, 𝑆 = [n] and 𝒳 = ∅. Then, the

children of this node correspond to calling the algorithm on (𝑆,𝒳 ), which we can

interpret as pinning more unpinned sites and adding them to the configuration.

Definition 2.4.11 (Sample tree of a Hamiltonian). Given a Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎

over 𝑛 sites such that 𝐻 is a K-local Hamiltonian with dual interaction graph with

degree d, along with parameters 𝛽 and 𝜀, we construct its sample tree as follows:
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• It has a root node with label (𝑆,𝒳 ) = ([𝑛],∅).

• For each node 𝑣 such that its label (𝑆𝑣,𝒳𝑣) satisfies 𝑆𝑣 ≠ ∅, it has a child for

every possible outcome of running Algorithm 2.3.11 on that node with input 𝑆𝑣,

𝒳𝑣, and 𝜀, labeled with the corresponding output (̂︀𝑆, ̂︀𝒳 ).
• For a node 𝑣, we associate its label (𝑆𝑣,𝒳𝑣) with the matrix

𝑄𝑣 = 𝑒−
𝛽
2
𝐻(𝑆𝑣)

𝜎(𝒳𝑣)𝑒
−𝛽

2
𝐻(𝑆𝑣)

.

Our overall strategy is as follows. Assigned to every node in the sample tree is a

matrix 𝑄𝑣 ∈ C2𝑛×2𝑛 ; for the root node, this matrix is 𝑒−𝛽𝐻 , and for a leaf node, this

matrix is a configuration 𝜎(𝒳𝑣). In between, we think of 𝑄𝑣 as a “posterior” Gibbs

state: having pinned all qubits in [n]∖𝑆𝑣 according to the (separable) configuration

𝜎(𝒳𝑣), 𝑄𝑣 is then some Gibbs-like state on 𝑆𝑣.

Going from a node to its children pins more sites. We first show in Lemma 2.4.18 that

the expectation of 𝑄𝑣′ over the children 𝑣′ of a node 𝑣, with respect to the distribution

given by the sampling algorithm Algorithm 2.3.11, is close to the matrix 𝑄𝑣. When

𝜀 = 0, this expectation is exact by Lemma 2.3.15, but we have to take a non-zero

𝜀 to get an efficient algorithm. Then, by iterating this lemma, we show that the

average over the leaves is close to the root matrix, 𝑒−𝛽𝐻 . In other words, iterating

Algorithm 2.3.11 until 𝑆 = ∅ gives a configuration 𝒳 such that 𝜎(𝒳 ) ≈ 𝑒−𝛽𝐻 .

We would like to sample the Gibbs state 𝑒−𝛽𝐻/ tr(𝑒−𝛽𝐻) by sampling a leaf 𝑣 from a cer-

tain distribution, and then preparing the corresponding configuration 𝜎(𝒳𝑣)/ tr(𝜎(𝒳𝑣));

we define this distribution in Definition 2.4.16. However, this distribution is not the

same as the distribution naturally induced by running Algorithm 2.3.11; this distribu-

tion is defined in Definition 2.4.14. To prove our main result, we show that the ratio

between these two distributions is bounded and can be efficiently approximated. We

then use Theorem 2.4.9 to sample. Throughout this argument, we use the lemmas in

Section 2.3.3, which describe the behavior of Algorithm 2.3.11, to analyze the sample

81



tree.

We begin by recording a few basic observations about the structure of the sample tree.

In particular, we observe that, throughout, at most one element of 𝒳𝑣 ever intersects

with 𝑆𝑣, so that 𝑄𝑣 can be written as a tensor product of a set of “pinned” sites with

a set of “active” sites.

Lemma 2.4.12. The sample tree has the following properties. For a node 𝑣 = (𝑆𝑣,𝒳𝑣)

at depth 𝑑:

1. |𝑆𝑣| ⩽ n− 𝑑, so the depth of the tree is at most n;

2. For any two children 𝑢, 𝑢′ of 𝑣, 𝑆𝑢 = 𝑆𝑢′;

3. For the root node 𝑢, 𝑄𝑢 = 𝑒−𝛽𝐻 , and for a leaf node 𝑣, 𝑄𝑣 = 𝜎(𝒳𝑣);

4. For an interior node 𝑣, 𝑄𝑣 decomposes into a tensor product 𝑄𝑣 = (𝑌𝑣)supp(𝑌𝑣) ⊗

(𝑒−
𝛽
2
𝐻(𝑆𝑣)

(𝐼 + 𝑐𝑋)𝑒−
𝛽
2
𝐻(𝑆𝑣)

)[n]∖supp(𝑌𝑣), where (𝑐,𝑋) ∈ 𝒳𝑣 or (𝑐,𝑋) = (0, 𝐼);

5. When 𝛽 ⩽ 1
200dK

, for every node 𝑣 and every (𝑐,𝑋) ∈ 𝒳𝑣, |𝑐| ⩽ 1
2
; in particular,

𝑄𝑣 is PSD.

Proof. 1 and 2 follow from inspection of Algorithm 2.3.11; it always removes elements

from 𝑆𝑣, and it makes this choice deterministically. 3 follows from the definition of

𝑄𝑣. 4 follows from Lemma 2.3.14. 5 follows from Lemma 2.3.16.

We will also need a bound on the running time of Algorithm 2.3.11.

Lemma 2.4.13 (Algorithm complexity). Let 𝐻 =
∑︀

𝑎∈[𝑚]𝐻𝑎 be a Hamiltonian and we

assume access to it as in Definition 1.4.16. Then Algorithm 2.3.11 can be implemented

to run in time ̃︀𝒪(log(n/𝜀)Kd), where the output configuration is described in terms of

the descriptions of its Hermition monomials. Further, the number of possible outputs

is 𝒪((40 log(n/𝜀)(d+ 1))20 log(n/𝜀)).
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Proof. We begin by considering Algorithm 2.3.3 with input 𝐻, 𝑘 ⩾ 0, and |𝒬| ⩽ d+1.

Then this algorithm can be run in ̃︀𝒪(𝑘d) time. The main technical consideration is

maintaining ℛ𝑡, which can be done by adding the neighbors of the term being added

to ℛ𝑡 to form ℛ𝑡+1. This costs ̃︀𝒪(d) time since there are at most that many neighbors.

Further, the number of possible outputs 𝑐𝑘, 𝑏(𝑘) is 𝒪(((𝑘 − 1)!) · (4(d + 1))𝑘), since

|ℛ𝑡| ⩽ 𝑡(d+ 1).

Next, consider Algorithm 2.3.5, which calls Algorithm 2.3.3 for some 𝑘 between 1

and 𝑡max. So, its running time is ̃︀𝒪(𝑡maxd) and the number of possible outputs is

𝒪((𝑡max!) · (4(d+ 1))𝑡max).

Finally, consider Algorithm 2.3.11. This algorithm can be run in ̃︀𝒪(𝑡maxdK) time: it

can be seen as taking an element of the configuration (𝑐̂︀ℓ, 𝑋̂︀ℓ) ∈ 𝒳 and changing it to

have at most 2𝑡max more terms in it. The step of finding an element of ℰ (𝑆) neighboring

a term in 𝑋̂︀ℓ can be done by maintaining a list of such terms; then, when 𝑋̂︀ℓ is changed,

this list can be updated by removing elements when 𝑆 is modified and adding elements

corresponding to the terms being added. The algorithm is deterministic apart from

the two calls to Algorithm 2.3.5 and the choice of 𝜉 among seven options. We know

that |𝒬| ⩽ d+ 1, so the number of possible outputs is

𝒪(((𝑡max!) · (4(d+ 1))𝑡max)2) = 𝒪((40 log(n/𝜀)(d+ 1))20 log(n/𝜀)).

Note that, across all of these algorithms, we never use the matrix representations

of the Hamiltonian terms, instead only using the information coming from the dual

interaction graph and the support of every term.

2.4.4 Weight Function Analysis

Now we define two different weighted trees on the sample tree. The first is the weight

derived from the sampling process.

Definition 2.4.14 (Natural weight). Given a Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 over 𝑛 sites
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and parameters 𝛽,K, d such that 𝐻 is a K-local Hamiltonian with degree d, let 𝒯 be

its sample tree. We define the natural weight function 𝜔 to have for each node 𝑣 ∈ 𝒯 ,

𝜔(𝑣) is the probability of reaching 𝑣 from the root by running the sampling process in

Algorithm 2.3.11 at each intermediate node.

Remark 2.4.15. The weight at any intermediate node is equal to the sum of the

weights of the leaves of its sub-tree, so 𝜔 indeed defines a valid weighted tree.

The second weight function, the true weight, is defined by adjusting the natural weight

at each leaf by tr(𝜎(𝒳 )). We will show in Corollary 2.4.19 that to sample from the

Gibbs state, it suffices to sample a leaf according to this true weight distribution.

Definition 2.4.16 (True weight). Given a Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 over 𝑛 sites and

parameters 𝛽,K, d such that 𝐻 is a K-local Hamiltonian with degree d, let 𝑇 be its

sample tree. We define the true weight function 𝜅 as follows: for each leaf node 𝑣, we

set 𝜅(𝑣) = tr(𝜎(𝒳𝑣))𝜔(𝑣) and for each intermediate node 𝑣, 𝜅(𝑣) is the sum of the

weights of the leaves in its sub-tree.

Remark 2.4.17. By Lemma 2.4.12, when 𝛽 ⩽ 1/(200dK), all of the 𝜎(𝒳𝑣) are PSD

and thus this is a valid weighted tree.

First, we prove that 𝑄𝑣 is close to the average of 𝑄𝑣′ over its children 𝑣′, according to

the natural weight. Since these matrices are not trace-normalized, it will be important

to ensure that our error bounds are “at the right scale”. We do this by bounding our

errors multiplicatively in PSD ordering.

Lemma 2.4.18. Given a Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 over 𝑛 sites and parameters 𝛽,K, d

such that 𝐻 is a K-local Hamiltonian with degree d and 𝛽 ⩽ 1/(200dK), let 𝒯 be its

sample tree as defined in Definition 2.4.11. Let 𝑣 ∈ 𝒯 be a node in the tree. Then we

have (︁
1− 𝜀

20𝑛

)︁
𝑄𝑣 ⪯

∑︁
𝑣′ child of 𝑣

𝜔(𝑣′)

𝜔(𝑣)
𝑄𝑣′ ⪯

(︁
1 +

𝜀

20𝑛

)︁
𝑄𝑣.

Proof. Consider the execution of Algorithm 2.3.11 with input (𝑆𝑣,𝒳𝑣). Then by
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Lemma 2.3.15, over the expectation of the children 𝑣′ of 𝑣,

E
𝑣′
[𝜎(𝒳𝑣′)] = 𝑇𝑡max,𝛽/2(𝐻

(𝑆𝑣), 𝐻
(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

)†𝜎(𝒳𝑣)𝑇𝑡max,𝛽/2(𝐻
(𝑆𝑣), 𝐻

(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

) .

Here, we are using Lemma 2.4.12, that every child 𝑣′ of 𝑣 has the same 𝑆𝑣′ . By

applying Lemma 2.3.8, we have that

E
𝑣′
[𝜎(𝒳𝑣′)] ⪯

(︁
1 +

100

𝐶𝑡max

)︁
𝑒

𝛽
2
(𝐻(𝑆𝑣)−𝐻

(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

)
𝑒−

𝛽
2
𝐻(𝑆𝑣)

𝜎(𝒳𝑣)𝑒
−𝛽

2
𝐻(𝑆𝑣)

𝑒
𝛽
2
(𝐻(𝑆𝑣)−𝐻

(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

)

Using that 𝑡max = 10 log(n/𝜀) and left and right multiplying the above by 𝑒−
𝛽
2
(𝐻(𝑆𝑣)−𝐻

(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

)

and applying Lemma 2.3.8, we get

E
𝑣′
[𝑄𝑣′ ] ⪯

(︁
1 +

𝜀

10n

)︁
𝑄𝑣.

Here, we use that 𝐻(𝑆𝑣) −𝐻(𝑆𝑣)
(𝑆𝑣∖𝑆𝑣′ )

= 𝐻(𝑆𝑣′ ). This gives us the upper bound, since

averaging over the children of 𝑣 with weights 𝜔(𝑣′)/𝜔(𝑣) is exactly the same as taking

the expectation over the execution of Algorithm 2.3.11: E𝑣′ [𝑄𝑣′ ] =
∑︀

𝑣′ child of 𝑣
𝜔(𝑣′)
𝜔(𝑣)

𝑄𝑣′ .

By applying the other side of Lemma 2.3.8, we get the corresponding lower bound.

By iterating Lemma 2.4.18, we can relate the average at the leaves to the Gibbs state.

Specifically, since the true weight distribution on the leaves is exactly defined to be

equal to the natural weight distribution arising from the sampling process and then

distorted by a factor of 𝛼𝑣 at each leaf 𝑣, we get that the average of the (normalized)

states at the leaves according to the true weight distribution is close to the Gibbs

state 𝑒−𝛽𝐻/ tr(𝑒−𝛽𝐻).

Corollary 2.4.19 (Average of the leaves is close to the Gibbs state). Given a

Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 over 𝑛 sites and parameters 𝛽,K, d such that 𝐻 is a K-local
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Hamiltonian with degree d and 𝛽 ⩽ 1/(200dK), let 𝒯 be its sample tree. Then

⃦⃦⃦ 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
−

∑︁
𝑣 leaf of 𝒯

𝜅(𝑣)∑︀
𝑣′ leaf of 𝒯 𝜅(𝑣

′)

𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣))

⃦⃦⃦
1
⩽
𝜀

2
.

Proof. By repeatedly applying Lemma 2.4.18 starting from the root to the leaves, we

have (︁
1− 𝜀

10

)︁
𝑒−𝛽𝐻 ⪯

∑︁
𝑣 leaf of 𝒯

𝜅(𝑣)
𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣))
⪯
(︁
1 +

𝜀

10

)︁
𝑒−𝛽𝐻 ,

which follows from recalling that 𝜅(𝑣) = tr(𝜎(𝒳𝑣))𝜔(𝑣). Thus

⃦⃦⃦ 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
−

∑︁
𝑣 leaf of 𝒯

𝜅(𝑣)∑︀
𝑣′ leaf of 𝒯 𝜅(𝑣

′)

𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣))

⃦⃦⃦
1

⩽ 2
⃦⃦⃦ 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
−

∑︁
𝑣 leaf of 𝒯

𝜅(𝑣)

tr(𝑒−𝛽𝐻)

𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣))

⃦⃦⃦
1
⩽
𝜀

2

as desired.

To sample from the distribution induced by 𝜅 on the leaves, we will need to approx-

imate the ratio 𝜅(𝑣)/𝜔(𝑣) in order to then apply Theorem 2.4.9 (since we can run

Algorithm 2.3.11 to sample from the weighted tree 𝜔). We do this below.

Corollary 2.4.20 (Bounded weight ratio). Given a Hamiltonian 𝐻 =
∑︀

𝑎𝐻𝑎 over 𝑛

sites and parameters 𝛽,K, d such that 𝐻 is a K-local Hamiltonian with degree d and

𝛽 ⩽ 1/(200dK), let 𝒯 be its sample tree. Let 𝑣 be a node with associated label (𝑆𝑣,𝒳𝑣).

Then we have

0.9 tr(𝑄𝑣) ⩽
𝜅(𝑣)

𝜔(𝑣)
⩽ 1.1 tr(𝑄𝑣) .

Proof. By repeatedly applying Lemma 2.4.18, we have

(︁
1− 𝜀

20𝑛

)︁|𝑆𝑣 |
𝑄𝑣 ⪯

∑︁
𝑣′ a leaf

𝑣′ descendant of 𝑣

𝜔(𝑣′)

𝜔(𝑣)
𝜎(𝒳𝑣′) ⪯

(︁
1 +

𝜀

20𝑛

)︁|𝑆𝑣 |
𝑄𝑣 .
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Now take the trace of the above to get the desired bound:

(︁
1− 𝜀

20𝑛

)︁|𝑆𝑣 |
tr(𝑄𝑣) ⩽

𝜅(𝑣)

𝜔(𝑣)
⩽
(︁
1 +

𝜀

20𝑛

)︁|𝑆𝑣 |
tr(𝑄𝑣)

Now we can put everything together to prove our our main theorem, Theorem 2.1.2.

Proof of Theorem 2.1.2. We will apply Theorem 2.4.9 on the sample-tree with 𝑤′ ← 𝜔

and 𝑤 ← 𝜅. First, we verify the hypotheses of Theorem 2.4.9. By Lemma 2.4.13,

the number of children of each node is at most 𝑘 = 𝒪((40 log(n/𝜀)(d+ 1))20 log(n/𝜀)).

Consider a node 𝑢 with child 𝑣, and consider their associated labels (𝑆𝑢,𝒳𝑢) and

(𝑆𝑣,𝒳𝑣). Note this means 𝑆𝑣 = 𝑆𝑢∖𝑅 for some 𝑅 = supp(𝐻𝑎). By Corollary 2.4.20,

0.8
tr(𝑄𝑢)

tr(𝑄𝑣)
⩽
𝑤𝑢𝑤

′
𝑣

𝑤𝑣𝑤′
𝑢

⩽ 1.25
tr(𝑄𝑢)

tr(𝑄𝑣)
.

Recall that 𝑄𝑢 = 𝑒−
𝛽
2
𝐻(𝑆𝑢)

𝜎(𝒳𝑢)𝑒
−𝛽

2
𝐻(𝑆𝑢) , and respectively for 𝑄𝑣. (𝑆𝑣,𝒳𝑣) is a possible

outcome of running Algorithm 2.3.11 on (𝑆𝑢,𝒳𝑢). So, because of Lemma 2.3.14, we

can write 𝑄𝑢 = 𝑌supp(𝑌 ) ⊗ (𝑒−
𝛽
2
𝐻(𝑆𝑢)

(𝐼 + 𝑐𝑋)𝑒−
𝛽
2
𝐻(𝑆𝑢)

)[n]∖supp(𝑌 ) and 𝑄𝑣 = 𝑌supp(𝑌 ) ⊗

(𝑒−
𝛽
2
𝐻(𝑆𝑣)

(𝐼 +̂︀𝑐 ̂︀𝑋)𝑒−
𝛽
2
𝐻(𝑆𝑣)

)[n]∖supp(𝑌 ) for (𝑐,𝑋) and (̂︀𝑐, ̂︀𝑋) corresponding to the (𝑐̂︀ℓ, 𝑋̂︀ℓ)
and (̂︀𝑐, ̂︀𝑋) in Algorithm 2.3.11. Here, we are treating the unchanged part of the

configuration of 𝒳𝑢 as 𝑌 .

tr(𝑄𝑢)

tr(𝑄𝑣)
=

tr(𝑒−
𝛽
2
𝐻(𝑆𝑢)

(𝐼 + 𝑐𝑋)𝑒−
𝛽
2
𝐻(𝑆𝑢)

)

tr(𝑒−
𝛽
2
𝐻(𝑆𝑣)(𝐼 + ̂︀𝑐 ̂︀𝑋)𝑒−

𝛽
2
𝐻(𝑆𝑣))

⩽ 3
tr(𝑒−𝛽𝐻(𝑆𝑢)

)

tr(𝑒−𝛽𝐻(𝑆𝑣))
⩽ 4.5

The first inequality follows from Lemma 2.4.12, which implies that |𝑐|, |̂︀𝑐| ⩽ 1/2, so

0.5𝐼 ⪯ 𝐼 + 𝑐𝑋 ⪯ 1.5𝐼. The second follows from Lemma 2.3.7 which implies that
3
4
⩽ tr(𝑒−𝛽𝐻(𝑆𝑢)

)/ tr(𝑒−𝛽𝐻(𝑆𝑣)
) ⩽ 3

2
. Combining this with the analogous lower bound,

we deduce

0.1 ⩽
𝑤𝑢𝑤

′
𝑣

𝑤𝑣𝑤′
𝑢

⩽ 10 .

Next, we show how to implement the types of queries required in Theorem 2.4.9.

For the first type of query, estimating 𝑤𝑣/𝑤
′
𝑣 to multiplicative error, by Corol-
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lary 2.4.20 it suffices to be able to estimate tr(𝑄𝑣). By Lemma 2.4.18, we can

write tr(𝑄𝑣) = tr((𝑌𝑣)supp(𝑌𝑣)) tr((𝑒
−𝛽

2
𝐻(𝑆𝑣)

(𝐼 + 𝑐𝑋)𝑒−
𝛽
2
𝐻(𝑆𝑣)

)[n]∖supp(𝑌𝑣)). Computing

the trace associated with 𝑌𝑣 can be done exactly, as 𝑌𝑣 is a tensor product of Her-

mitian monomials from the configuration 𝒳𝑣. Using that |𝑐| ⩽ 1/2, the second trace

is between 0.5 tr((𝑒−𝛽𝐻(𝑆𝑣)
)[n]∖supp(𝑌𝑣)) and 1.5 tr((𝑒−𝛽𝐻(𝑆𝑣)

)[n]∖supp(𝑌𝑣)), and this can be

estimated via Theorem 2.4.1 with 𝜂 ← 0.01. The running time of answering this query

is

𝑂
(︁
n · (100n)

4+log(d)
log(𝛽𝑐/𝛽) · K · d2 · polylog(n)

)︁
For the third type of queries, we simply run Algorithm 2.3.11. By Lemma 2.4.13, the

running time is ̃︀𝒪(log(𝑛/𝜀) poly(K, d)). Note that when running the Markov chain

in Theorem 2.4.9, we can store the labels (𝑆𝑢,𝒳𝑢) of all of the nodes that we have

visited so far. When visiting a new node, computing the new label (𝑆,𝒳 ) involves

just one execution of Algorithm 2.3.11 on its parent, which we must have already

visited. Thus, whenever we visit a leaf 𝑣, can compute tr(𝜎(𝒳𝑣)) = 𝜅(𝑣)/𝜔(𝑣) exactly,

allowing us to answer the second type of query whenever we need to (which is only

when the Markov chain visits a leaf). Thus, we have verified all of the hypotheses of

Theorem 2.4.9. Putting everything together, we get that with probability 1− 𝛿, we

get a sample from a distribution that is 𝜀/4-close in TV to the leaf distribution of 𝜅

in time ̃︀𝒪(︁(100n)5+ ·(4+log(d))
log(𝛽𝑐/𝛽) log2(1/𝜀) log(1/𝛿) poly(K, d)

)︁
.

By setting 𝛿 ← 𝜀/4, we get that the output distribution including failure is 𝜀/2-close

in TV distance to the leaf distribution of 𝜅.

A leaf 𝑣 corresponds to a configuration 𝒳𝑣; by applying Lemma 2.3.18 to each

(𝑐,𝑋) ∈ 𝒳𝑣, in ̃︀𝒪(n log(1/𝜀)K) time we can prepare a corresponding stabilizer product

state |𝜓⟩ such that E[|𝜓⟩⟨𝜓|] = 𝜎(𝒳𝑣)/ tr(𝜎(𝒳𝑣)). Note that, here we use that the sum

of the degrees of the monomials involved in 𝒳𝑣 is bounded by 𝒪(n𝑡max), the number

of iterations multiplied by the largest the monomial degree can increase per-iteration.

Finally,
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⃦⃦⃦ 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
− E[|𝜓⟩⟨𝜓|]

⃦⃦⃦
1
⩽
⃦⃦⃦ 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
−

∑︁
𝑣 leaf of 𝑇

𝜅(𝑣)∑︀
𝑣′ leaf of 𝑇 𝜅(𝑣

′)

𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣′))

⃦⃦⃦
1

+
⃦⃦⃦ ∑︁
𝑣 leaf of 𝑇

𝜅(𝑣)∑︀
𝑣′ leaf of 𝑇 𝜅(𝑣

′)

𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣′))
− E

[︁ 𝜎(𝒳𝑣)

tr(𝜎(𝒳𝑣))

]︁⃦⃦⃦
1
⩽ 𝜀.

where the expectation is over the execution of the Markov chain in Theorem 2.4.9,

conditioned on a valid output, and the call to Lemma 2.3.18. Note that in the last

step above we used Corollary 2.4.19 and the fact that the distribution of our output is

𝜀/2 close to the distribution induced by 𝜅 on the leaves. Thus, we can simply output̂︀𝜌 = |𝜓⟩⟨𝜓| and this completes the proof. The bound we required on the temperature

is that 𝛽 ⩽ 1/(200dK); we set 𝛽𝑐 sufficiently small so that the exponent in the running

time can be bounded 5+ 4+log(d)
log(𝛽𝑐/𝛽)

⩽ 6+ log(d)
log(𝛽𝑐/𝛽)

, and that the 100
log(d)

log(𝛽𝑐/𝛽) can be folded

into the poly(d).
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Chapter 3

Learning Quantum Hamiltonians

The previous chapter focused broadly on the question of understanding the properties

of the Gibbs state of a given local Hamiltonian. In this chapter, we study the inverse

problem, called Hamiltonian learning — given access to measurements of the Gibbs

state, can we recover information about the underlying Hamiltonian? Hamiltonian

learning is central towards gaining a mechanistic understanding of how particle-to-

particle interactions drive interesting quantum phenomena and plays a key role in

controlling and engineering quantum devices [72, 73, 29, 15].

Whereas previous algorithms for Hamiltonian learning were intractable in the chal-

lenging, but especially important low-temperature regime [15, 103, 7, 13], we present

a new algorithm that overcomes these previously conjectured barriers, addressing a

key computational bottleneck towards understanding and harnessing the power of

quantum systems. Crucial to overcoming these barriers, our algorithm combines a

suite of modern tools from computational learning theory including a new polynomial

approximation and the powerful sum-of-squares semidefinite programming hierarchy.

91



3.1 Results

Throughout this chapter, we will work with a (d,K)-low intersection Hamiltonian 𝐻

(recall Definition 1.4.14) and we will assume that the terms of the Hamiltonian 𝐻𝑎

are written in the form 𝜆𝑎𝐸𝑎 where 𝐸𝑎 is a non-identity Pauli operator supported on

at most K qubits and |𝜆𝑎| ⩽ 1.

We assume that the structure of the Hamiltonian i.e. the terms 𝐸𝑎 are known, but

the coefficients 𝜆𝑎 are not. Because for a fixed support set, the Pauli operators with

that support form an orthonormal basis for the space of operators with that support,

this decomposition into Pauli operators is equivalent to saying that the “geometry”,

i.e. the subsets of particles that interact, is known, but the interaction strengths are

unknown.

We will use the shorthand 𝑁 = 2n. The main question that we seek to address is

stated below.

Problem 1 (Hamiltonian learning). Let 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 ∈ C𝑁×𝑁 be a (d,K)-low

intersection Hamiltonian on n qubits whose terms 𝐸𝑎 are known, distinct, non-identity

Pauli operators, and whose coefficients 𝜆𝑎 ∈ R satisfy |𝜆𝑎| ⩽ 1.

Given 𝜀, 𝛿 > 0, along with copies of the Gibbs state 𝜌 = 𝑒−𝛽𝐻

tr 𝑒−𝛽𝐻 corresponding to 𝐻

at a known inverse temperature 𝛽 > 0, find estimates 𝜆̂𝑎 such that, with probability

⩾ 1− 𝛿, (𝜆̂𝑎 − 𝜆𝑎)2 ⩽ 𝜀2 for all 𝑎 ∈ [𝑚].

We are interested in both the number of copies of 𝜌 that we need, which is called the

sample complexity, as well as the running time of the algorithm. Our main focus for

Hamiltonian learning will be in the low-temperature regime, where 𝛽 is an arbitrarily

large constant.

Our main result is a computationally efficient algorithm for Hamiltonian learning that

works at all temperatures.

Theorem 3.1.1 (Efficiently learning a quantum Hamiltonian, Theorem 3.7.1 (infor-
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mal)). Given 𝜀 > 0, 𝛽 ⩾ 𝛽𝑐, for a fixed universal constant 𝛽𝑐 > 0, and n copies of the

Gibbs state of a low-intersection Hamiltonian, 𝐻 =
∑︀

𝑎∈[𝑚] 𝜆𝑎𝐸𝑎, there exists an algo-

rithm that runs in time n𝒪(1) and outputs estimates
{︁
𝜆̂𝑎

}︁
𝑎∈[𝑚]

such that with probabil-

ity at least 99/100, for all 𝑎 ∈ [𝑚],
⃒⃒⃒
𝜆𝑎 − 𝜆̂𝑎

⃒⃒⃒
⩽ 𝜀, whenever n ⩾ poly

(︁
𝑚, (1/𝜀)2

𝒪(𝛽)
)︁
.

Remark 3.1.2 (On temperature). For our algorithm, we only need to know an upper

bound on 𝛽, as we can consider a Gibbs state at temperature 𝛽 to be a Gibbs state

at temperature, say, 2𝛽 with Hamiltonian 𝐻/2. Our requirement that 𝛽 > 𝛽𝑐 is for

simplicity, and 𝛽𝑐 can be any constant bounded away from zero. In particular, we

can take 𝛽𝑐 to be the temperature at which the high-temperature algorithm of [103]

fails; so, when 𝛽 < 𝛽𝑐, we can simply appeal to [103] to achieve a sample and time

complexity of log𝑚
𝛽2𝜀2

and 𝑚 log𝑚
𝛽2𝜀2

, respectively.

As noted by prior work [15], Hamiltonian learning is a generalization of the classical and

well-studied problem of learning undirected graphical models, specifically parameter

learning of these models. This classical problem requires 𝑒𝒪(𝛽)𝑚 log(𝑚)
𝛽2𝜀2

time (and

there is an algorithm matching the lower bound), so exponential dependence on 𝛽

is necessary [103].∗ Analogies with the classical setting turn out to be of limited

use, since the non-commutativity and non-locality inherent in the quantum setting

rules out generalizations of classical ideas. However, with the classical setting we can

identify barriers to designing a time-efficient algorithm.

A key challenge of time-efficient Hamiltonian learning is that we cannot work directly

with the partition function. The only previous approach to low temperature [15]

only used its copies of 𝜌 to estimate tr(𝐸𝑎𝜌) for all 𝑎 ∈ [𝑚]. It is known in the

classical literature that taking just these estimates and using them to compute the

parameters 𝜆𝑎 is as hard as computing the partition function [163]. To avoid this

barrier, we take a richer set of expectations tr(𝑃𝜌) that allows us to reduce learning

to a tractable, but fairly involved, optimization problem instead. Along the way we

develop several new tools of independent interest, and ultimately give a semi-definite

∗It is an interesting open question to improve our doubly exponential dependence to singly
exponential.
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programming algorithm based on the sum-of-squares hierarchy. Consequently, we show

that sophisticated modern tools in optimization theory lead to a surprising resolution

of the Hamiltonian learning problem.

3.1.1 Additional Related Work

Hamiltonian learning. Hamiltonian learning is a broad topic studied both in

experimental and theoretical contexts. This work fits into a large body of algorithmic

research about learning properties of quantum states modeling physical systems [72, 13].

Here, we point to a few lines of related work in this field.

Hamiltonian learning often focuses on the real-time evolution setting, where one can

allow the system to evolve with respect to 𝐻, applying the unitary 𝑒−i𝐻𝑡 [73, 212, 121].

Some algorithms consider taking time derivatives (i.e. taking 𝑡→ 0), which are similar

to small-𝛽 algorithms in the Gibbs state setting [224, 103, 97]. There is some research

on learning from (zero-temperature) ground states [182], but the algorithmic work is

limited because the ground state of a Hamiltonian need not determine the Hamiltonian.

We study the finite temperature case, which is both the typical temperature at which

experiments are run and, in the 𝛽 →∞ limit, a rich approximation to the much less

computationally tractable ground state [7, 91].

Though our algorithm is not practical, we use constraint systems that bear some

similarity to the “correlation matrix” linear constraint systems analyzed heuristically

and experimentally in prior work [29, 182]. In fact, our constraint system contains

these constraints for technical reasons. Our work places these works on a rigorous basis,

as we prove that, though the linear constraint systems might not uniquely identify

the true Hamiltonian, adding more, similar constraints eventually fully constrains the

Hamiltonian.

Bounding correlations in Gibbs states. Though classical Gibbs states have

extremely good locality properties, these become much weaker in the quantum setting.

A series of works aims at bounding the non-locality in quantum Gibbs states with
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various different measures and in various different regimes [133, 145, 146], often with

the goal of concluding that simulating or learning these systems can be done time-

efficiently. It is an interesting open problem whether one can extract a new kind of

“locality” statement from our algorithm, to understand how general our approach is

for learning quantum systems. Our polynomial approximation is inspired by proofs of

the Lieb–Robinson bound [152, 110], and can be viewed as a “low-degree” form of this

bound. This could be of independent interest.

Parameter learning of graphical models. There is a rich body of work on the

problem of learning graphical models. Our setting is that of learning Markov random

fields; the literature on this topic focuses on the task of structure learning, which in

our setting corresponds to learning the terms {𝐸𝑎}𝑎∈[𝑚], given the guarantee that they

form an (unknown) dual interaction graph with bounded degree [53, 52, 105, 138]. The

problem we consider, learning the parameters with known terms, is easy in the classical

setting [103, Appendix B], because classical Gibbs states satisfy the Hammersley–

Clifford theorem [106], also known as the Markov property. A consequence of the

Markov property is that estimating a parameter on a K-body term can be done by

computing conditional marginals on the support of this term. It is not clear how to

generalize this argument to the quantum setting, since the Markov property does not

hold for low-temperature quantum Hamiltonians, even approximately [145].

The sum-of-squares meta-algorithm. The sum-of-squares hierarchy has been

used to analyze several problems in quantum information, including best state sepa-

ration [77, 51, 37, 39], optimizing fermionic Hamiltonians [112, 111], and a quantum

analogue of max-cut [175, 209]. Additionally, the proofs-to-algorithms perspective,

introduced in [38, 35], has been extensively used to design efficient algorithms for

estimation and learning tasks, with many recent advances especially in mixture models

and robust statistics [116, 142, 139, 154, 30].
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3.2 Proof Overview

The recipe for quantum Hamiltonian learning introduced by Anshu, Arunachalam,

Kuwahara, and Soleimanifar [15] is based on matching the local marginals of the Gibbs

state 𝜌, which we can estimate with copies of 𝜌. Specifically, for two Hamiltonians

𝐻 =
∑︀
𝜆𝑎𝐸𝑎 and 𝐻 ′ =

∑︀
𝜆′𝑎𝐸𝑎 with respective Gibbs states

𝜌 =
𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)
and 𝜌′ =

𝑒−𝛽𝐻′

tr(𝑒−𝛽𝐻′)
,

they show that 𝐻 = 𝐻 ′ (and so 𝜆𝑎 = 𝜆′𝑎 for all 𝑎 ∈ [𝑚]) if and only if 𝜌 and 𝜌′ are

identical on local marginals i.e. tr(𝐸𝑎𝜌) = tr(𝐸𝑎𝜌
′) for all 𝑎 ∈ [𝑚] [15, Proposition

4]. This does not imply a bound on sample complexity, because with copies of 𝜌, we

can only compute tr(𝐸𝑎𝜌) approximately, with noise introduced from sampling error.

The key structural result of [15] is that this equivalence can be made robust, so that

if 𝐻 ′ only approximately matches marginals, then the corresponding coefficients 𝜆′𝑎
approximately match the true coefficients 𝜆𝑎.

However, the last step of this algorithm is to invert the map {𝜆𝑎}𝑎∈[𝑚] ↦→ {tr(𝐸𝑎𝜌)}𝑎∈[𝑚],

which is a computationally hard problem. Formally, for a classical Hamiltonian,†

tr(𝐸𝑎𝜌) are sufficient statistics of a graphical model and it is known that estimating

the parameters of a graphical model from these sufficient statistics is computationally

intractable [163]. This doesn’t mean that the problem is hopeless, but rather that to

find a tractable algorithm, we should be looking for the opportunity to use a richer

family of statistics.

Designing a new system of constraints. We interpret the previous argument as

defining and then solving a constraint system in the set of unknowns, {𝜆′𝑎}𝑎∈[𝑚]. The

structural result in [15] shows that an approximate solution to this system will be

close to the true parameters 𝜆𝑎. However, this system is computationally hard to solve.

†A classical Hamiltonian is a Hamiltonian that is diagonal, i.e. its terms are tensor products of
the identity and 𝜎𝑧 (Definition 1.4.11). For a classical Hamiltonian, the state 𝜌 is a sample from the
Gibbs distribution, and tr(𝐸𝑎𝜌) is a K-point correlation function.
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Our starting point is to define a larger set of constraints which {𝜆𝑎}𝑎∈[𝑚] must satisfy,

which can be verified by measuring expectations of observables slightly less local than

the terms {𝐸𝑎}𝑎∈[𝑚]. Let 𝒫local be the set of Pauli matrices whose support is 𝐾-local

for some large constant 𝐾. We begin with the following system of constraints:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∀𝑎 ∈ [𝑚] −1 ⩽ 𝜆′𝑎 ⩽ 1

𝐻 ′ =
∑︁
𝑎∈[𝑚]

𝜆′𝑎 · 𝐸𝑎

∀𝑃,𝑄 ∈ 𝒫local, tr
(︁
𝑄𝑒−𝛽𝐻′

𝑃𝑒𝛽𝐻
′
𝜌
)︁
= tr(𝑃𝑄𝜌)

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
, (3.1)

The constraints above are indeed satisfied for the true parameters (𝜆′ = 𝜆) since by

assumption |𝜆𝑎| ⩽ 1 for all 𝑎 ∈ [𝑚] and moreover

tr
(︀
𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻𝜌

)︀
= tr

(︂
𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻

𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻)

)︂
= tr(𝑃𝑄𝜌)

which follows from the cyclic property of the trace. Two main challenges remain: Must

a solution to this system be close to the true coefficients? And how can we efficiently

solve the system? Eventually we will derive a convex relaxation for it that is based on

(A) replacing the last constraint in Eq. (3.1) which involves the matrix exponential

with low degree polynomial constraints on the indeterminates ({ 𝜆′𝑎 }𝑎∈[𝑚]) instead

and

(B) showing that any choice of 𝜆′ that satisfy the constraints must also approximately

match the true coefficients 𝜆.

In general solving systems of polynomial equations is computationally hard, but

because our analysis in (B) will be based on sum-of-squares proofs, there is by now

standard machinery for turning it into an efficient algorithm (see Section 3.3.4 for

detailed explanation).

Identifying an equivalence between nested commutators and polynomials.

Working towards the goal of replacing the term tr
(︀
𝑄𝑒−𝛽𝐻′

𝑃𝑒𝛽𝐻
′
𝜌
)︀

with a low-degree
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polynomial in the variables 𝜆′, we begin by recalling the Hadamard formula:‡

𝑒−𝛽𝐻′
𝑃𝑒𝛽𝐻

′
=

∞∑︁
ℓ=0

𝛽ℓ [𝐻
′, 𝑃 ]ℓ
ℓ!

, (3.2)

where [𝐻 ′, 𝑃 ]ℓ = [𝐻 ′, [𝐻 ′, . . . , [𝐻 ′, 𝑃 ] . . .]] is the ℓ-th nested commutator. A natural

first step is to truncate this series at 𝑑 terms and observe that

tr

(︃
𝑄

(︃
𝑑∑︁

ℓ=0

𝛽ℓ [𝐻
′, 𝑃 ]ℓ
ℓ!

)︃
𝜌

)︃

is a low-degree polynomial in the variables 𝜆′. For instance, observe for the order-2

nested commutator, we have

tr
(︁[︁∑︁

𝑎∈[𝑚]

𝜆′𝑎𝐸𝑎, 𝑃
]︁
2
𝜌
)︁
= tr

(︁[︁∑︁
𝑎∈[𝑚]

𝜆′𝑎𝐸𝑎,
∑︁
𝑎∈[𝑚]

𝜆′𝑎[𝐸𝑎, 𝑃 ]
]︁
𝜌
)︁

=
∑︁

𝑎,𝑏∈[𝑚]

𝜆′𝑎𝜆
′
𝑏 tr([𝐸𝑎, [𝐸𝑏, 𝑃 ]] 𝜌),

which is a degree-2 polynomial in the 𝜆′𝑖 indeterminates. However, the series in

Eq. (3.2) only converges quickly when 𝛽 is sufficiently small [103], so we cannot use

it.§

Nevertheless, from this observation we can develop a general formalism for constructing

polynomial approximations of evolutions of operators. We observe that in the eigenbasis

of 𝐻 ′,

[𝐻 ′, 𝑃 ]ℓ = 𝑃 ∘
{︁
(𝜎𝑖 − 𝜎𝑗)ℓ

}︁
𝑖𝑗
,

where { 𝜎𝑖 }𝑖∈[𝑁 ] are the eigenvalues of 𝐻 ′ and ∘ denotes the Hadamard product

‡This can be derived from the Baker–Campbell–Hausdorff formula,

exp(𝐴) exp(𝐵) = exp
(︁
𝐴+𝐵 +

1

2
[𝐴,𝐵] +

1

12
([𝐴, [𝐴,𝐵]] + [𝐵, [𝐵,𝐴]]) + . . .

)︁
.

§This expansion does converge after 𝛽‖𝐻‖ terms, but our running time is exponential in the
degree, so this would be far too large.
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(Definition 1.4.1). Similarly,

𝑒−𝛽𝐻′
𝑃𝑒𝛽𝐻

′
= 𝑃 ∘

{︀
𝑒−𝛽(𝜎𝑖−𝜎𝑗)

}︀
𝑖𝑗
,

and thus we can focus our attention on designing polynomials that approximate

the scalar quantity 𝑒−𝛽(𝜎𝑖−𝜎𝑗) with low-degree polynomials in (𝜎𝑖 − 𝜎𝑗). Further, any

degree-𝑑 polynomial 𝑝(𝑧) =
∑︀𝑑

ℓ=0 𝑐ℓ𝑧
ℓ can be extended to commutators as follows:

𝑝(𝐻 ′ | 𝑃 ) = 𝑃 ∘ { 𝑝(𝜎𝑖 − 𝜎𝑗) }𝑖𝑗 =
𝑑∑︁

ℓ=0

𝑐ℓ[𝐻
′, 𝑃 ]ℓ.

This allows us to translate between matrix series expansions involving nested commuta-

tors and univariate polynomials. We note that for technical reasons we need to extend

our equivalence to nested commutators with two distinct operators 𝑋, 𝑌 appearing in

an arbitrary order, such as [𝑋, [𝑌, [𝑋, . . .] . . .], 𝐸𝑎1 ] and bi-variate polynomials 𝑝(𝑥, 𝑦)

(Section 3.4). The translation between bi-variate polynomials and nested commutators

incurs additive error depending on [𝑋, 𝑌 ] due to re-ordering of the 𝑋 and 𝑌 operators

as expected (Theorem 3.4.9). In our full algorithm (Section 3.7) we introduce an

additional constraint to drive this additive error to zero. Focusing on the scalar

polynomial approximation to the exponential function, we now formalize the notion

of approximation that we require.

Constructing a new, flat approximation to the exponential. Recall that we

want a polynomial such that, working in the eigenbasis of 𝐻 ′,

𝑝(𝐻 ′ | 𝑃 ) = 𝑃 ∘ { 𝑝(𝜎𝑖 − 𝜎𝑗) }𝑖𝑗 ≈ 𝑃 ∘
{︀
𝑒−𝛽(𝜎𝑖−𝜎𝑗)

}︀
𝑖𝑗
= 𝑒−𝛽𝐻′

𝑃𝑒𝛽𝐻
′
, (3.3)

where “≈” denotes an unusual notion of approximation which, for the purposes of

this discussion, we can consider to mean that the matrices are close in some norm.

The Taylor series approximation to the exponential would be Eq. (3.2), which we

established is too high degree.
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Our key insight is that we choose a better polynomial approximation. We begin by

observing that an operator with small support is approximately band-diagonal in

the basis of eigenvectors of 𝐻, which is a property of local terms proved by Arad,

Kuwahara, and Landau [20]. We state a weak version of this here: let 𝑃 be a Pauli

operator with support size 𝒪(1), and let 𝐻 =
∑︀

𝑖 𝑑𝑖𝑣𝑖𝑣
†
𝑖 be an eigendecomposition of

𝐻. Then, considering 𝑃 in the eigenbasis of 𝐻,

|𝑃𝑖𝑗| = |𝑣†𝑖𝑃𝑣𝑗| ⩽ 𝑒−Ω(|𝑑𝑖−𝑑𝑗 |). (Corollary 3.3.10)

A consequence of this is that entries of 𝑃 ∘
{︀
𝑝(𝜎𝑖 − 𝜎𝑗)− 𝑒−𝛽(𝜎𝑖−𝜎𝑗)

}︀
𝑖𝑗
, which denote

the error of the polynomial approximation, are weighted inverse exponentially in

𝜎𝑖 − 𝜎𝑗. Therefore, our polynomial approximation need not be equally good for all

𝜎𝑖− 𝜎𝑗 ; rather, our approximation should be 𝜀-good in a small range but is allowed to

diverge at a sufficiently slow exponential rate outside that range. We call this a flat

approximation. In particular, given parameters 𝛽 ⩾ 0, 0 < 𝜀, 𝜂 < 1, we construct 𝑝

such that ⎧⎪⎨⎪⎩
⃒⃒
𝑝(𝑧)− 𝑒−𝛽𝑧

⃒⃒
⩽ 𝜀 if 𝑧 ∈ [−1, 1]

|𝑝(𝑧)| ⩽ max
(︀
1, 𝑒−𝛽𝑧

)︀
· 𝑒𝜂𝛽|𝑧| if 𝑧 /∈ [−1, 1]

(3.4)

The key difficulty in satisfying the above constraints is satisfying |𝑝(𝑧)| ⩽ 𝑒𝜂𝛽|𝑧| for

𝑧 ⩾ 𝛽, as standard approximations like Taylor series truncations and Chebyshev

series truncations fail this condition (Remark 3.5.3). In Section 3.5, we explicitly

construct a degree-
(︀
2𝒪(1/𝜂) · (𝛽 + log(1/(𝜀𝜂)))

)︀
polynomial that satisfies Eq. (3.4).

This construction is inspired by the iterative “peeling” of the exponential used in

proofs of Lieb-Robinson bounds [152, 110]. We can write

𝑒−𝛽𝑧 = 𝑒−𝛽𝑐𝑧 · · · 𝑒−𝛽𝑐𝑧⏟  ⏞  
𝛽/𝛽𝑐

for a fixed small constant 𝛽𝑐 and then truncate the Taylor series expansion of 𝑒−𝛽𝑐𝑧 at

different scales for all of the 𝛽/𝛽𝑐 = 𝑂(𝛽) copies in the product so that the tails of

the different truncations don’t “interfere".
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We show that when 𝑝 is a flat approximation of the above form for some sufficiently

small 𝜂, then 𝑄𝑝(𝐻|𝑃 )𝜌 is a good approximation to 𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻𝜌. In other words,

the polynomial approximation is good when 𝐻 ′ = 𝐻 and we right multiply by 𝜌; this

is crucial for the polynomial system that we set up next to be feasible.

Formulating a polynomial system. We now have all the tools to describe a

polynomial system that captures the Hamiltonian learning problem. The constraint

system we describe in this section is an informal treatment of the system that appears

in Section 3.7, and avoids several technical details. We show that using our flat

approximation to the exponential, we can obtain a polynomial 𝑝 such that

tr
(︀
𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻𝜌

)︀
≈ tr(𝑄𝑝(𝐻 | 𝑃 )𝜌).

Then, we can re-write Eq. (3.1) as the following polynomial constraint system:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∀𝑎 ∈ [𝑚] −1 ⩽ 𝜆′𝑎 ⩽ 1

𝐻 ′ =
∑︁
𝑎∈[𝑚]

𝜆′𝑎𝐸𝑎

∀𝑃,𝑄 ∈ 𝒫local, | tr(𝑄𝑝(𝐻 ′ | 𝑃 )𝜌)− tr(𝑃𝑄𝜌)| ⩽ 𝜀

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
, (3.5)

and observe that the last constraint encodes a relaxation of the last constraint in

Eq. (3.1) and is satisfied when 𝐻 ′ = 𝐻. Further, all of the constraints are indeed

succinctly representable as low-degree polynomials in the indeterminates, { 𝜆′𝑎 }𝑎∈[𝑚],

as discussed earlier. Finally, the coefficients, such as tr([𝐸𝑎, [𝐸𝑏, 𝑃 ]]), are expectations

of the Gibbs state against a slightly larger set of local observables, which are the

richer class of test functions we desired. We can obtain estimates of these expectations

through quantum measurements (Section 3.6). Computing these estimates is the only

quantum part of our algorithm, and the rest of the algorithm is entirely classical.
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Feasibility of the polynomial system. Recall that to show that the polynomial

system in (3.5) is feasible, we need to argue that

tr
(︀
𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻𝜌

)︀
≈ tr(𝑄𝑝(𝐻 | 𝑃 )𝜌)

for all 𝑃,𝑄. Working in the eigenbasis of 𝐻, let its eigenvalues be { 𝜎𝑖 }𝑖∈[2𝑛]. The key

tool that we leverage is from [20] (see Corollary 3.3.10) which roughly states that any

local term 𝐸 must be approximately diagonal in the eigenbasis of 𝐻, with off-diagonal

entries decaying as |𝐸𝑖𝑗| ⩽ 𝑒−Ω(|𝜎𝑖−𝜎𝑗 |). Thus, we can decompose the matrices 𝑄,𝑃

into two parts – parts indexed by 𝑖, 𝑗 where |𝜎𝑖 − 𝜎𝑗| ⩽ 𝛽 and parts indexed by 𝑖, 𝑗

where |𝜎𝑖 − 𝜎𝑗| ⩾ 𝛽. Then we use the fact that 𝑝(𝑥) is a good approximation to 𝑒−𝑥

on [−𝛽, 𝛽] to prove that the error on the first part is small. We then appeal to the

exponential decay of the off-diagonals to argue that the contribution from the second

part in both tr
(︀
𝑄𝑒−𝛽𝐻𝑃𝑒𝛽𝐻𝜌

)︀
and 𝑡𝑟(𝑄𝑝(𝐻 | 𝑃 )𝜌) is small. Our flat approximation

to the exponential is designed to ensure that it does not overwhelm the exponential

decay in the off-diagonal entries in 𝑃,𝑄 in any regime.

Efficiently optimizing polynomial systems. Now that we know that our polyno-

mial system is feasible, we consider a convex relaxation of this system. In particular,

we consider a degree-𝑑 sum-of-squares relaxation, which can be efficiently optimized

by expressing it as a semi-definite program (see Section 3.3.4 for details), with

𝑑 = log(1/𝜀) · 2𝒪(𝛽). Since we have 𝑚 variables and 2𝒪(𝛽) constraints, and each con-

straint is a degree-𝑑 polynomial, we can solve the degree-2𝑑 sum-of-squares relaxation

of Eq. (3.5) in 𝑚(log(1/𝜀)·2𝒪(𝛽)) time. The main challenge in analyzing the sum-of-squares

relaxation is to show that we can round it to estimates
{︁
𝜆̃′𝑎

}︁
𝑎∈[𝑚]

such that they are

close to the true parameters. Here, we adopt the so-called proofs-to-algorithms philos-

ophy, where we instead work with the dual object to the sum-of-squares relaxation,

namely sum-of-squares proofs (see [35, 87], and references therein). This perspective

states that if the true parameters are identifiable only using the sum-of-squares proof

system, then we immediately obtain an efficient algorithm and we show that we can
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easily and accurately round the solution.

We then provide a proof of identifiability, i.e. for all 𝑎 ∈ [𝑚], the inequality (𝜆′𝑎 − 𝜆𝑎) ⩽

𝜀 can be derived using the system of polynomial constraints and other basic inequalities

that admit sum-of-squares proofs (we refer the reader to Section 3.10 for a detailed

exposition). At a high level, the proof works by arguing that when 𝐻 ′ −𝐻 is large,

there are witnesses 𝑃,𝑄 such that

| tr(𝑄𝑝(𝐻 ′|𝑃 )𝜌)− tr(𝑄𝑝(𝐻|𝑃 )𝜌)|

is large. Since we know that 𝐻 is a feasible solution, this would imply that 𝐻 ′

cannot be a feasible solution so any feasible solution must have 𝐻 ′ −𝐻 be small. The

construction of the witnesses relies on an additional property of the polynomial 𝑝 that

we construct, namely that it is strongly monotone (in some appropriate quantitative

sense).

For the identifiability proof, we crucially use an additional important property of

local Hamiltonians. It deals with the quantity tr(𝐴2𝜌), where 𝐴 =
∑︀

𝑏 𝜎𝑏𝑃𝑏 is a

Hermitian linear combination of Pauli matrices with small support. Thinking of 𝜌

as a distribution, tr(𝐴2𝜌) is a second moment term with respect to 𝜌; we can prove

this is not much smaller than tr(𝐴2𝐼/ dim) =
∑︀

𝑏 𝜎
2
𝑏 , the second moment against the

uniform distribution: for some constant 𝑐 > 0,

tr(𝐴2𝜌) ⩾ 𝑐𝒪(𝛽) max
𝑏
𝜎2
𝑏 . (Theorem 3.3.7)

Intuitively, this shows that 𝜌 is not close to zero in any local direction. This was first

shown by [15] for quasi-local operators; we adjust their proof to hold for just local

operators and give a tighter bound. We show that we can obtain a slightly weaker

statement of this form in the sum-of-squares proof system by formulating it as a

quadratic inequality. This inequality can be used to remove the dependence on 𝜌 in

expressions appearing in the proof; for example, it is used to relate tr([𝐻,𝐻 ′]2𝜌) to

the size of [𝐻,𝐻 ′] itself.
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Finally, we observe that our identifiability proof does not use the full power of a degree-

2𝑑 sum-of-squares relaxation and therefore, it should suffice to solve a significantly

smaller semi-definite program. We show that we can execute our proof of identifiability

by only appealing to a sparse subset of monomials of degree at most 2𝑑 and invoke a

linearization theorem by Steurer and Teigel [198] to obtain a final running time of

poly(𝑚) · (1/𝜀)2
𝒪(𝛽)

, as desired.

3.3 Basic Tools

We define the following notation to extract the piece of an operator that acts on a

particular qubit.

Definition 3.3.1 (Localizing an operator). For an operator 𝑂 ∈ C𝑁×𝑁 , define

𝑂(𝑖) = 𝑂 − tr𝑖(𝑂)⊗
𝐼𝑖
2
,= 𝑂 −

∫︁
d𝜇𝑖(𝑈)𝑈

†𝑂𝑈,

where 𝐼𝑖 denotes the identity operator on the 𝑖th qubit, tr𝑖 denotes the partial trace

operation with respect to the 𝑖th qubit, and 𝜇𝑖 denotes the Haar measure over the set

of unitaries only supported on qubit 𝑖. In other words, [·](𝑖) : (C2×2)⊗n → (C2×2)⊗n is

the linear map on operators that is the identity on every qubit but 𝑖, and on the 𝑖th

qubit maps 𝑀 ↦→𝑀 − 1
2
tr(𝑀)𝐼 for 𝑀 ∈ C2×2.

For a tensor product of Pauli matrices, 𝑃 ∈ 𝒫, 𝑃(𝑖) is 𝑃 when 𝑖 ̸∈ supp(𝑃 ) and 0

otherwise. So, for a linear combination of Paulis, 𝐴 =
∑︀

𝑃∈𝒫 𝜆𝑃𝑃 , applying this map

restricts the sum to Pauli matrices that interact with qubit 𝑖:

𝐴(𝑖) =
∑︁

𝑃 :𝑖∈supp(𝑃 )

𝜆𝑃𝑃 (3.6)

So, |supp(𝐴(𝑖))| ⩽ (d+ 1)K.

Definition 3.3.2 (Projector onto eigenspaces). For a Hermitian matrix 𝑋 and an

interval ℐ ⊂ R, Π(𝑋)
ℐ denotes the orthogonal projector onto the subspace spanned by
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eigenvectors of 𝑋 with eigenvalues in ℐ.

3.3.1 Local Operators

We will be considering operators other than the terms, so we define a notion of

locality with respect to the dual interaction graph that generalizes to such operators.

Concretely, what we need about ℓ-local operators for ℓ ⩾ K is that (1) they contain

the Hamiltonian terms 𝐸𝑎, (2) the dimension of the subspace spanned is 𝑂(n), and

(3) they contain nested commutators involving K-local operators.

Definition 3.3.3 (Local operator with respect to the dual interaction graph). Consider

a K-local Hamiltonian 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 with dual interaction graph G. For 𝑃 a tensor

product of Paulis, we say it is Kℓ-G-local if there is some 𝑆 ⊂ [𝑚] of size ℓ such that

supp(𝑃 ) ⊂ ∪𝑎∈𝑆 supp(𝐸𝑎) and 𝑆 is connected in G.

We define 𝒫Kℓ to be the set of Kℓ-G-local Pauli matrices. Generally, we call an operator

𝑀 ∈ C𝑁×𝑁 Kℓ-G-local if it is equal to a linear combination of elements in 𝒫Kℓ.

By this definition, if 𝐸𝑎 and 𝐸𝑏 are terms of a Hamiltonian, then 𝐸𝑏 is K-G-local, and

[𝐸𝑎, 𝐸𝑏] is 2K-G-local.

Pauli matrices behave straightforwardly under commutation: the commutator of two

Pauli matrices is another Pauli matrix up to a scalar. We state the form of nested

commutators of Pauli matrices below.

Lemma 3.3.4. Let 𝑃1 ∈ 𝒫𝑘1 , . . . , 𝑃𝑎 ∈ 𝒫𝑘𝑎, and 𝑄 ∈ 𝒫ℓ (with respect to some

background dual interaction graph G). Then the nested commutator is either zero or

also a G-local Pauli matrix,

i𝑎

2𝑎
[𝑃1, [𝑃2, . . . [𝑃𝑎, 𝑄] . . . ]] ∈ 𝒫𝑘1+···+𝑘𝑎+ℓ,

possibly up to a factor of ±1 where i =
√
−1.

Proof. Let 𝑎 = 1. By properties given in Definition 1.4.11, for 𝑃 ∈ 𝒫𝑘1 and 𝑄 ∈ 𝒫ℓ,
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𝑃𝑄 is a tensor product of Pauli matrices, up to fourth root of unity. Consequently,

[𝑃,𝑄] = 𝑃𝑄− (𝑃𝑄)† is either zero (if 𝑃𝑄 is Hermitian) or 2𝑃𝑄 (if i𝑃𝑄 is Hermitian).

Further, supp([𝑃,𝑄]) ⊂ supp(𝑃𝑄) ⊂ supp(𝑃 ) ∪ supp(𝑄), which shows that [𝑃,𝑄] is

(𝑘1 + ℓ)-G-local. This proves the lemma for 𝑎 = 1; the general statement follows by

iterating this case.

3.3.2 Properties of Local Operators on Quantum Systems

For a Hamiltonian describing a quantum system, we consider getting access to the

associated state attained by thermalizing it at a particular inverse temperature 𝛽.

This is known as a Gibbs state.

Definition 3.3.5 (Gibbs state). The Gibbs state of the Hamiltonian 𝐻 =
∑︀
𝜆𝑎𝐸𝑎 at

inverse temperature 𝛽 > 0 is given by

𝜌 =
exp(−𝛽𝐻)

tr exp(−𝛽𝐻)
= exp

(︂
−𝛽
∑︁
𝑎

𝜆𝑎𝐸𝑎

)︂⧸︂
tr exp

(︂
−𝛽
∑︁
𝑎

𝜆𝑎𝐸𝑎

)︂
. (3.7)

A useful piece of intuition is to think of 𝜌 as a distribution over its eigenspaces

with probability proportional to the eigenvalue. In that sense, we can think about

expectations and variances against this distribution.

Definition 3.3.6 (Expectation against the Gibbs state). For a Gibbs state 𝜌 of a

Hamiltonian 𝐻 and an operator 𝐴 ∈ C𝑁×𝑁 , we define ⟨𝐴⟩ = tr(𝐴𝜌).

A key result in the prior work of Anshu, Arunachalam, Kuwahara, and Soleimanifar

gives a lower bound on the variance of a local operator with respect to the energy

distribution defined by the Gibbs state. The authors prove this for the more general

class of quasi-local operators, but we only need it for local operators, for which the

result can be tightened. We give this tighter version below; its proof is in Appendix B.1.

Theorem 3.3.7 ([15, Theorem 33]). Let 𝐻 be a K-local Hamiltonian with dual

interaction graph G with max degree d. Let 𝐴 =
∑︀

𝑏 𝜎𝑏𝑃𝑏 be a K’-local operator where
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𝑃𝑏 are products of Pauli matrices and −1 ⩽ 𝜎𝑏 ⩽ 1 and whose dual interaction graph

has max degree d′. For 𝛽 > 0, let 𝜌 be the corresponding Gibbs state of 𝐻. Then

⟨𝐴2⟩ = tr(𝐴2𝜌) ⩾ max
𝑖∈[n]

(︁
𝑐 tr(𝐴2

(𝑖)/𝑁)
)︁6+𝑐′𝛽

.

Here, 𝑐 and 𝑐′ are positive constants that depend on K, d, K′, and d′.

After some manipulation we can conclude that, if a local operator has small variance

with respect to 𝜌, then the operator itself must be close to zero. Some may recognize

this as the quantum analogue of the statement that bounded-degree graphical models

have local marginals bounded away from zero (see e.g. [52]).

Corollary 3.3.8 (“No small local marginals”). Let 𝐻 be a K-local Hamiltonian with

dual interaction graph G with max degree d. Let 𝐴 =
∑︀

𝑃∈𝒫 𝜎𝑃𝑃 be a sum over Paulis

with support at most K′ and with a dual interaction graph G′ with max degree d′, with

coefficients 𝜎𝑃 ∈ R. Then

tr(𝐴2𝜌) ⩾ exp(−𝑐K,d,K′,d′ − 𝑐′K,d,K′,d′𝛽)max
𝑄∈𝒫

𝜎2
𝑄

where 𝑐K,d,K′,d′ , 𝑐
′
K,d,K′,d′ are constants depending only on K, d,K′, d′.

Proof. Let 𝑔2 = max𝑄∈𝒫ℓ
𝜎2
𝑄.

tr(𝑋2𝜌) = 𝑔2 tr((𝑋/𝑔)2𝜌)

⩾ 𝑔2max
𝑖∈[n]

(︁
𝑐 tr((𝑋(𝑖)/𝑔)

2/𝑁)
)︁6+𝑐′𝛽

by Theorem 3.3.7

= 𝑔2max
𝑖∈[n]

(︁
𝑐 tr
(︁(︁ ∑︁

𝑃∈𝒫ℓ
𝑖∈supp(𝑃 )

𝜎𝑃
𝑔
𝑃
)︁2
/𝑁
)︁)︁6+𝑐′𝛽

by Eq. (3.6)

= 𝑔2max
𝑖∈[n]

(︁
𝑐
∑︁
𝑃∈𝒫ℓ

𝑖∈supp(𝑃 )

𝜎2
𝑃

𝑔2

)︁6+𝑐′𝛽

by Definition 1.4.11

⩾ 𝑔2𝑐6+𝑐′𝛽.
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This gives the desired statement.

Another key statement we use about local operators is that a local operator is

approximately diagonal when considered in the basis of eigenvectors of another local

operator.

Theorem 3.3.9 ([20, Theorem 2.1]). Let 𝐻 =
∑︀

𝑆⊂[n] ℎ𝑆 be a Hamiltonian where all

its terms ℎ𝑆 are positive semi-definite, supported on at most K qubits, and the terms

interacting with any particular site have bounded norm:
∑︀

𝑆:𝑖∈𝑆‖ℎ𝑆‖ ⩽ 𝑔 for all 𝑖 ∈ [n].

Let 𝐴 be an operator, and define 𝑅 =
∑︀

𝑋∈𝒞‖ℎ𝑋‖, where 𝒞 = {𝑆 ⊂ [n] | [ℎ𝑆, 𝐴] ̸= 0}

is the set of terms that don’t commute with 𝐴. Then

‖Π(𝐻)
[𝜎,∞)𝐴Π

(𝐻)
[0,𝜍]‖ ⩽ ‖𝐴‖𝑒

− 1
2𝑔K

(𝜎−𝜍−2𝑅).

The assumption that the ℎ𝑆 are PSD can be removed: if the ℎ𝑆 are not PSD, we can

apply the theorem to ℎ𝑆 + 𝐼‖ℎ𝑆‖, which only affects the final bound by inflating 𝑔

and 𝑅 by a factor of two. Note that this just leads to shifting 𝐻 by a factor of the

identity, and so only shifts the spectrum.

Corollary 3.3.10. Let 𝐻 =
∑︀

𝑆⊂[n] ℎ𝑆 be a Hamiltonian where all its terms ℎ𝑆 are

supported on at most K qubits, and the terms interacting with any particular site has

bounded norm:
∑︀

𝑆:𝑖∈𝑆‖ℎ𝑆‖ ⩽ 𝑔 for all 𝑖 ∈ [n]. Let 𝐴 be an operator, and define

𝑅 =
∑︀

𝑋∈𝒞‖ℎ𝑋‖, where 𝒞 = {𝑆 ⊂ [n] | [ℎ𝑆, 𝐴] ̸= 0} is the set of terms that don’t

commute with 𝐴. Then

‖Π(𝐻)
[𝜎,∞)𝐴Π

(𝐻)
[−∞,𝜍]‖ ⩽ ‖𝐴‖𝑒

− 1
4𝑔K

(𝜎−𝜍−4𝑅).

When 𝐴 satisfies |supp(𝐴)| ⩽ K′, we can take 𝑅 to be the number of terms that

intersect with the support of 𝐴. In our setup, where the terms are Pauli matrices

with a dual interaction graph with maximum degree d, we can take 𝑔 = d+ 1. If the

support of 𝐴 is contained in the support of a term, we can take 𝑅 = d+ 1; otherwise,
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we can take 𝑅 = K′d.

3.3.3 Bounds on Nested Commutators

One key property about commutators [𝐴,𝐵] is that they compose well when the

inputs 𝐴,𝐵 are a sum of local terms (recall Lemma 3.3.4). In this section, we will

make these composition properties more precise when we have a nested commutator

of the form

[𝐻1, [𝐻2, [. . . [𝐻ℓ, 𝐴] . . . ]]],

where 𝐻1, . . . , 𝐻ℓ are local operators and 𝐴 has small support. We use a cluster

expansion argument to bound these terms.

Definition 3.3.11. Let 𝑀1, . . . ,𝑀ℓ ∈ C𝑁×𝑁 be operators. We say that the ordered

ℓ-tuple (𝑀1, . . . ,𝑀ℓ) forms a cluster if, for all 𝑎, the support of 𝑀𝑎+1 has nonempty

intersection with supp(𝑀1) ∪ · · · ∪ supp(𝑀𝑎).

Lemma 3.3.12. Let ℰ ⊂ 𝒫 be a set of Pauli terms where every 𝑃 ∈ ℰ satisfies

supp(𝑃 ) ⩽ K and the dual interaction graph associated with ℰ has max degree d. Let

𝐻1, . . . , 𝐻ℓ be linear combinations of elements of ℰ, written as 𝐻𝑖 =
∑︀

𝑃∈ℰ 𝜆𝑖,𝑃𝑃 for

all 𝑖. Let 𝐴 ∈ ℰ. Then we can write [𝐻1, [𝐻2, [. . . [𝐻ℓ, 𝐴] . . . ]]] in the form

2ℓ
∑︁

𝑃1,𝑃2,...,𝑃ℓ∈ℰ
(𝐴,𝑃ℓ,...,𝑃1) is a cluster

𝑐𝑃1,...,𝑃ℓ
𝑄𝑃1,...,𝑃ℓ

ℓ∏︁
𝑗=1

𝜆𝑗,𝑃𝑗
,

where the constants 𝑐𝑃1,...,𝑃𝑚 ∈ {0,±1,±𝑖} and

(a) 𝑄𝑃1,...,𝑃ℓ
∈ 𝒫(ℓ+1)𝑘 (as defined in Definition 3.3.3) and is distance ℓ from 𝐴 in

G-distance;

(b) The number of terms in the sum is at most ℓ!(d+ 1)ℓ.

Proof. We can expand the nested commutator [𝐻1, [𝐻2, [. . . [𝐻ℓ, 𝐴] . . . ]]], using that
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the commutator is bilinear, into a sum of individual terms

∑︁
𝑃1,...,𝑃ℓ

[𝑃1, [𝑃2, [. . . [𝑃ℓ, 𝐴] . . . ]]]
ℓ∏︁

𝑎=1

𝜆𝑎,𝑃𝑎 .

Now we argue about which of the terms in the sum above are nonzero. Note that

for the commutator to be nonzero, 𝑃ℓ must intersect the support of 𝐴, 𝑃ℓ−1 must

intersect supp(𝑃ℓ) ∪ supp(𝐴), and so on. This condition is equivalent to 𝐴,𝑃ℓ, . . . , 𝑃1

being a cluster. Now by Lemma 3.3.4, we have

[𝑃1, [𝑃2, [. . . [𝑃ℓ, 𝐴] . . . ]]] ∈ 2ℓ𝑐𝑃1,...,𝑃ℓ
𝒫ℓ+1

for some 𝑐𝑃1,...,𝑃ℓ
∈ {0,±1,±𝑖}. Because (𝐴,𝑃ℓ, . . . , 𝑃1) is a cluster, we can also

conclude that the elements of 𝒫ℓ+1 that appear in the sum have distance ⩽ ℓ from 𝐴.

Now it remains to count the number of clusters. When choosing 𝑃𝑎, we have 𝑎 choices

for which of (𝐴,𝑃1, . . . , 𝑃𝑎−1), to intersect with, and d+ 1 choices for elements of ℰ

that intersect with that element of ℰ . This gives an upper bound on the total number

of clusters of

(d+ 1) · 2(d+ 1) · · · ℓ(d+ 1) = ℓ!(d+ 1)ℓ.

This completes the proof.

We will also need the following lemma from [103] that counts the number of distinct

multisets of terms that form a cluster (under some ordering).

Lemma 3.3.13 ([103, Proposition 3.6]). Consider a set of terms ℰ ⊂ 𝒫 with dual

interaction graph G with max degree d ⩾ 2. For a fixed 𝐸𝑎1 ∈ ℰ , the number of multisets

of terms 𝐸𝑎2 , . . . , 𝐸𝑎ℓ ∈ ℰ such that there is some ordering 𝜋 where (𝐸𝑎𝜋(1)
, . . . , 𝐸𝑎𝜋(ℓ)

)

forms a cluster is at most 𝑒d(1 + 𝑒(d− 1))ℓ−1 ⩽ (3d)ℓ.

As a consequence, we can bound the number of distinct elements in 𝒫𝑘ℓ.

Corollary 3.3.14. We have |𝒫𝑘ℓ| ⩽ 𝑚(10𝑘d)ℓ. Furthermore, the number of elements
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of 𝒫𝑘ℓ that have support intersecting with a fixed term 𝑃 ∈ 𝒫𝑘 is at most (10𝑘d)ℓ+1.

3.3.4 Sums-of-Squares Polynomials

We will need some preliminaries about polynomials and the sum-of-squares (SoS)

framework. First, we introduce a notion of polynomials with sum-of-squares repre-

sentations with bounded coefficients. We maintain coefficient bounds because later,

certain sampling and approximation errors are multiplied by these coefficients. The

general SoS framework is not concerned with such tight bounds on the coefficients

and thus we need to make a few definition outside of the general framework.

Definition 3.3.15 (Sum-of-squares polynomial). A polynomial 𝑝(𝑥1, . . . , 𝑥𝑚) ∈

R[𝑥1, . . . , 𝑥𝑚] is a sum-of-squares polynomial if we can write

𝑝(𝑥1, . . . , 𝑥𝑚) = 𝑞1(𝑥1, . . . , 𝑥𝑚)
2 + · · ·+ 𝑞𝑘(𝑥1, . . . , 𝑥𝑚)

2

for some polynomials 𝑞1, . . . , 𝑞𝑘 ∈ R[𝑥1, . . . , 𝑥𝑚].

We sometimes abbreviate sum-of-squares as SoS.

Definition 3.3.16 (Bounded polynomial). We say a polynomial 𝑝(𝑥1, . . . , 𝑥𝑚) ∈

R[𝑥1, . . . , 𝑥𝑚] is (𝑑, 𝐶)-bounded if

(a) 𝑝 has degree at most 𝑑, and

(b) for each monomial of degree 𝑑′ ⩽ 𝑑 in 𝑝, its coefficient has magnitude at most

𝐶/(𝑑′!).

We say 𝑝 is a (𝑘, 𝑑, 𝐶)-bounded sum-of-squares polynomial if 𝑝 is a sum-of-squares

polynomial, 𝑝 = 𝑞21 + · · ·+ 𝑞2𝑘, and each of the 𝑞𝑖’s are (𝑑, 𝐶)-bounded.

Claim 3.3.17 (Composition of bounded SoS polynomials). Let 𝑝1(𝑥1, 𝑥2) be a

(𝑘1, 𝑑1, 𝐶1)-bounded SoS polynomial and 𝑝2(𝑥1, 𝑥2) be a (𝑘2, 𝑑2, 𝐶2)-bounded SoS

polynomial. Then
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(a) 𝑝1 + 𝑝2 is a (𝑘1 + 𝑘2, max(𝑑1, 𝑑2), max(𝐶1, 𝐶2))-bounded SoS polynomial;

(b) 𝑝1𝑝2 is a (𝑘1𝑘2, 𝑑1 + 𝑑2, (𝑑1 + 𝑑2 + 1)2𝑑1+𝑑2𝐶1𝐶2)-bounded SoS polynomial;

(c) For any 𝑡 ∈ [0, 1], 𝑝1((1 − 𝑡)𝑥1 + 𝑡𝑦1, (1 − 𝑡)𝑥2 + 𝑡𝑦2) is a (𝑘1, 𝑑1, 𝐶1)-bounded

SoS polynomial in 𝑥1, 𝑦1, 𝑥2, 𝑦2.

Proof. For this proof, we let [𝑥𝑖1𝑥
𝑗
2]𝑝(𝑥1, 𝑥2) denote the coefficient corresponding to

𝑥𝑖1𝑥
𝑗
2 in 𝑝.

The first statement is obvious as we can simply combine the two representations

as sums of squares. The second also follows immediately by taking the two rep-

resentations as sums of squares and expanding the product. For this, we use

that, when 𝑟(𝑥1, 𝑥2) is (𝑑1, 𝐶1)-bounded and 𝑠(𝑥1, 𝑥2) is (𝑑2, 𝐶2)-bounded, 𝑟𝑠 is

(𝑑1 + 𝑑2, (𝑑1 + 𝑑2 + 1)2𝑑1+𝑑2𝐶1𝐶2)-bounded.

[𝑥𝑖1𝑥
𝑗
2](𝑟𝑠) =

∑︁
0⩽𝑖′⩽𝑖
0⩽𝑗′⩽𝑗

|[𝑥𝑖′1𝑥
𝑗′

2 ]𝑟||[𝑥𝑖−𝑖′

1 𝑥𝑗−𝑗′

2 ]𝑠|

⩽
∑︁
0⩽𝑖′⩽𝑖
0⩽𝑗′⩽𝑗

𝐶1

(𝑖′ + 𝑗′)!

𝐶2

(𝑖+ 𝑗 − 𝑖′ − 𝑗′)!
=

𝐶1𝐶2

(𝑖+ 𝑗)!

∑︁
0⩽𝑖′⩽𝑖
0⩽𝑗′⩽𝑗

(︂
𝑖+ 𝑗

𝑖′ + 𝑗′

)︂
⩽

𝐶1𝐶2

(𝑖+ 𝑗)!
(𝑖+𝑗+1)2𝑖+𝑗

For the final statement, write 𝑝1(𝑥1, 𝑥2) = 𝑞1(𝑥1, 𝑥2)
2 + · · · + 𝑞𝑘1(𝑥1, 𝑥2)

2. Now we

simply substitute in the change of variables. A coefficient of the new polynomial is

[𝑥𝑖11 𝑦
𝑗1
1 𝑥

𝑖2
2 𝑦

𝑗2
2 ]𝑞ℓ((1− 𝑡)𝑥1 + 𝑡𝑦1, (1− 𝑡)𝑥2 + 𝑡𝑦2)

= [𝑥𝑖1+𝑗1
1 𝑥𝑖2+𝑗2

2 ]𝑞ℓ(𝑥1, 𝑥2) ·
(︂
𝑖1 + 𝑗1
𝑖1

)︂
(1− 𝑡)𝑖1𝑡𝑗1

(︂
𝑖2 + 𝑗2
𝑖2

)︂
(1− 𝑡)𝑖2𝑡𝑗2

⩽ [𝑥𝑖1+𝑗1
1 𝑥𝑖2+𝑗2

2 ]𝑞ℓ(𝑥1, 𝑥2)

and this shows that after the change of variables, 𝑝1((1− 𝑡)𝑥1 + 𝑡𝑦1, (1− 𝑡)𝑥2 + 𝑡𝑦2) is

still a (𝑘1, 𝑑1, 𝐶1)-bounded SoS polynomial.
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The Sum-of-Squares Framework

We now provide an overview of the sum-of-squares proof system. We closely follow

the exposition as it appears in the lecture notes of Barak [35].

Pseudo-Distributions. A discrete probability distribution over R𝑚 is defined by

its probability mass function, 𝐷 : R𝑚 → R, which must satisfy
∑︀

𝑥∈supp(𝐷)𝐷(𝑥) = 1

and 𝐷 ⩾ 0. We extend this definition by relaxing the non-negativity constraint to

merely requiring that 𝐷 passes certain low-degree non-negativity tests. We call the

resulting object a pseudo-distribution.

Definition 3.3.18 (Pseudo-distribution). A degree-ℓ pseudo-distribution is a finitely-

supported function 𝐷 : R𝑚 → R such that
∑︀

𝑥𝐷(𝑥) = 1 and
∑︀

𝑥𝐷(𝑥)𝑝(𝑥)2 ⩾ 0 for

every polynomial 𝑝 of degree at most ℓ/2, where the summation is over all 𝑥 in the

support of 𝐷.

Next, we define the related notion of pseudo-expectation.

Definition 3.3.19 (Pseudo-expectation). The pseudo-expectation of a function 𝑓 on

R
𝑚 with respect to a pseudo-distribution 𝜇, denoted by ̃︀E𝜇(𝑥) [𝑓(𝑥)], is defined as

̃︀E𝜇(𝑥) [𝑓(𝑥)] =
∑︁
𝑥

𝜇(𝑥)𝑓(𝑥).

We use the notation ̃︀E𝜇(𝑥)

[︀
(1, 𝑥1, 𝑥2, . . . , 𝑥𝑚)

⊗ℓ
]︀

to denote the degree-ℓ moment ten-

sor of the pseudo-distribution 𝜇. In particular, each entry in the moment tensor

corresponds to the pseudo-expectation of a monomial of degree at most ℓ in 𝑥.

Definition 3.3.20 (Constrained pseudo-distributions). Let

𝒜 = { 𝑝1 ⩾ 0, 𝑝2 ⩾ 0, . . . , 𝑝𝑟 ⩾ 0 }

be a system of 𝑟 polynomial inequality constraints of degree at most 𝑑 in 𝑚 variables.

Let 𝜇 be a degree-ℓ pseudo-distribution over R𝑚. We say that 𝜇 satisfies 𝒜 at
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degree ℓ ⩾ 1 if for every subset 𝒮 ⊂ [𝑟] and every sum-of-squares polynomial 𝑞 such

that deg(𝑞) +
∑︀

𝑖∈𝒮 max(deg(𝑝𝑖), 𝑑) ⩽ ℓ, ̃︀E𝜇

[︀
𝑞
∏︀

𝑖∈𝒮 𝑝𝑖
]︀
⩾ 0. Further, we say that

𝜇 approximately satisfies the system of constraints 𝒜 if the above inequalities are

satisfied up to additive error ̃︀E𝜇

[︀
𝑞
∏︀

𝑖∈𝒮 𝑝𝑖
]︀
⩾ −2−𝑛ℓ‖𝑞‖

∏︀
𝑖∈𝒮‖𝑝𝑖‖, where ‖·‖ denotes

the Euclidean norm of the coefficients of the polynomial, represented in the monomial

basis.

Crucially, there’s an efficient separation oracle for moment tensors of constrained

pseudo-distributions. Below gives the unconstrained statement; the constraint state-

ment follows analogously.

Fact 3.3.21 ([192, 166, 177, 94]). For any 𝑚, ℓ ∈ N, the following convex set has a

𝑚𝒪(ℓ)-time weak separation oracle, in the sense of [96]:¶:

{︁ ̃︀E𝜇(𝑥)

[︀
(1, 𝑥1, 𝑥2, . . . , 𝑥𝑚)

⊗ℓ
]︀⃒⃒⃒
𝜇 is a degree-ℓ pseudo-distribution over R𝑚

}︁

This fact, together with the equivalence of weak separation and optimization [96] forms

the basis of the sum-of-squares algorithm, as it allows us to efficiently approximately

optimize over pseudo-distributions.

Given a system of polynomial constraints, denoted by 𝒜, we say that it is explicitly

bounded if it contains a constraint of the form {‖𝑥‖2 ⩽ 1}. Then, the following fact

follows from Fact 3.3.21 and [96]:

Theorem 3.3.22 (Efficient optimization over pseudo-distributions). There exists an

(𝑚+ 𝑟)𝑂(ℓ)-time algorithm that, given any explicitly bounded and satisfiable system 𝒜

of 𝑟 polynomial constraints in 𝑚 variables, outputs a degree-ℓ pseudo-distribution that

satisfies 𝒜 approximately, in the sense of Definition 3.3.20.‖

Remark 3.3.23 (Bit complexity and approximate satisfaction). We will eventually
¶A separation oracle of a convex set 𝑆 ⊂ R𝑀 is an algorithm that can decide whether a vector

𝑣 ∈ R𝑀 is in the set, and if not, provide a hyperplane between 𝑣 and 𝑆. Roughly, a weak separation
oracle is a separation oracle that allows for some 𝜀 slack in this decision.

‖Here, we assume that the bit complexity of the constraints in 𝒜 is (𝑚+ 𝑡)𝑂(1).
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apply this result to a constraint system that can be defined with numbers with log(𝑡)

bits, where 𝑡 is the sample complexity of the algorithm (scaling polynomially with

𝑚). Consequently, we can run this algorithm efficiently, and the errors incurred here

(which is exponentially small in n) can be thought of as a “machine precision” error,

and is dominated by the sampling errors incurred elsewhere. We can therefore safely

ignore precision issues in the rest of our proof.

The pseudo-distribution 𝐷 found will satisfy 𝒜 only approximately, but provided the

bit complexity of the sum-of-squares proof of 𝒜
𝑟′
𝐵, i.e. the number of bits required

to write down the proof, is bounded by 𝑚𝒪(ℓ) (assuming that all numbers in the input

have bit complexity 𝑚𝒪(1)), we can compute to sufficiently good error in polynomial

time that the soundness will hold approximately. All of our sum-of-squares proofs will

have this bit complexity.

We now state some standard facts for pseudo-distributions, which extend facts that

hold for standard probability distributions. These can be found in the prior works

listed above.

Fact 3.3.24 (Cauchy–Schwarz for pseudo-distributions). Let 𝑓, 𝑔 be polynomials of

degree at most 𝑑 in the variables 𝑥 ∈ R𝑚. Then, for any degree-𝑑 pseudo-distribution

𝜇, ̃︀E𝜇 [𝑓𝑔] ⩽
√︁̃︀E𝜇 [𝑓 2] ·

√︁̃︀E𝜇 [𝑔2].

Fact 3.3.25 (Hölder’s inequality for pseudo-distributions). Let 𝑓, 𝑔 be polynomials

of degree at most 𝑑 in the variables 𝑥 ∈ R𝑚. Fix 𝑡 ∈ N. Then, for any degree-𝑑𝑡

pseudo-distribution 𝜇,

̃︀E𝜇 [𝑓
𝑡−1𝑔] ⩽

(︁̃︀E𝜇 [𝑓
𝑡]
)︁ 𝑡−1

𝑡 ·
(︁̃︀E𝜇 [𝑔

𝑡]
)︁ 1

𝑡
.

In particular, when 𝑡 is even, ̃︀E𝜇 [𝑓 ]
𝑡 ⩽ ̃︀E𝜇 [𝑓

𝑡].

Sum-of-squares proofs. Up to minor technical details, our algorithm is to set up a

polynomial constraint system and then call Theorem 3.3.22 to get a pseudo-distribution
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𝜇 over the indeterminates {𝜆′𝑖 | 𝑖 ∈ [𝑚]} which approximately satisfies the constraints.

With this pseudo-distribution, we will output ̃︀E𝜇 [𝜆
′] as our estimated Hamiltonian

coefficients. To show that these estimates are close to the true coefficients 𝜆, we use

that, under 𝜇, the polynomial constraints hold. That is, for a constraint 𝑝 ⩾ 0, we

have ̃︀E𝜇 [𝑝] ⩾ 0. If we can use these constraints to derive that |̃︀E𝜇 [𝜆
′
𝑎]− 𝜆𝑎| ⩽ 𝜀 for

every 𝑎 ∈ [𝑚], then the algorithm is correct. So, we provide such a proof: this proof

will be in the sum-of-squares proof system.

Let 𝑓1, 𝑓2, . . . , 𝑓𝑟 and 𝑔 be multivariate polynomials in the indeterminates 𝑥 ∈ R𝑚.

Given the constraints {𝑓1 ⩾ 0, . . . , 𝑓𝑟 ⩾ 0}, a sum-of-squares proof of the identity

{𝑔 ⩾ 0} is a set of polynomials {𝑝𝑆}𝑆⊆[𝑟] such that

𝑔 =
∑︁
𝑆⊆[𝑟]

𝑝2𝑆 ·
∏︁
𝑖∈𝑆

𝑓𝑖.

As its name suggests, the existence of such an SoS proof shows that if the constraints

{𝑓𝑖 ⩾ 0 | 𝑖 ∈ [𝑟]} are satisfied, then the identity 𝑔 ⩾ 0 is also satisfied. We say that

this SoS proof has degree ℓ if for every set 𝑆 ⊆ [𝑟], the polynomial 𝑝2𝑆Π𝑖∈𝑆𝑓𝑖 has degree

at most ℓ. If there is a degree-ℓ SoS proof that {𝑓𝑖 ⩾ 0 | 𝑖 ∈ [𝑟]} implies {𝑔 ⩾ 0}, we

write

{𝑓𝑖 ⩾ 0 | 𝑖 ∈ [𝑟]} ℓ

𝑥 {𝑔 ⩾ 0}. (3.8)

We will sometimes drop the indeterminate in ℓ

𝑥 when this causes no confusion. For all

polynomials 𝑓, 𝑔 : R𝑚 → R and for all coordinate-wise polynomials 𝐹 : R𝑚 → R
𝑚𝐹 ,

𝐺 : R𝑚 → R
𝑚𝐺 , 𝐻 : R𝑚𝐻 → R

𝑚, we have the following inference rules.∗∗

Sum-of-squares proofs allow us to deduce properties of pseudo-distributions that satisfy

some constraints.

Fact 3.3.26 (Soundness). Let 𝜇 be a degree-ℓ pseudo-distribution. If 𝜇 is consistent

with the set of degree-𝑑𝐴 polynomial constraints 𝒜, denoted 𝜇
𝑑𝐴
𝒜, and there is a

∗∗This notation should be read in the following way: given the proofs above the bar line, we can
derive the proof below the bar line.
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Addition Rule Multiplication Rule

𝒜 ℓ {𝑓 ⩾ 0, 𝑔 ⩾ 0}
𝒜 ℓ {𝑓 + 𝑔 ⩾ 0}

𝒜 ℓ {𝑓 ⩾ 0}, 𝒜
ℓ′
{𝑔 ⩾ 0}

𝒜
ℓ+ℓ′
{𝑓 · 𝑔 ⩾ 0}

Transitivity Rule Substitution Rule
𝒜 ℓ ℬ, ℬ

ℓ′
𝐶

𝒜
ℓ·ℓ′ 𝐶

{𝐹 ⩾ 0} ℓ {𝐺 ⩾ 0}
{𝐹 (𝐻) ⩾ 0}

ℓ·deg(𝐻)
{𝐺(𝐻) ⩾ 0}

degree-𝑑𝐵 sum-of-squares proof that 𝒜 𝑑𝐵
ℬ, and ℓ ⩾ 𝑑𝐴𝑑𝐵, then 𝜇

𝑑𝐴𝑑𝐵
ℬ.

We also have a converse to Fact 3.3.26: every property of low-level pseudo-distributions

can be derived by low-degree sum-of-squares proofs.

Fact 3.3.27 (Completeness). Let 𝑑 ⩾ 𝑟 ⩾ 𝑟′. Suppose 𝒜 is a collection of polynomial

constraints with degree at most 𝑟, and 𝒜 𝑥 {
∑︀𝑚

𝑖=1 𝑥
2
𝑖 ⩽ 1}. Let {𝑔 ⩾ 0} be a

polynomial constraint. If every degree-𝑑 pseudo-distribution that satisfies 𝐷 𝑟 𝒜

also satisfies 𝐷
𝑟′
{𝑔 ⩾ 0}, then for every 𝜀 > 0, there is a sum-of-squares proof

𝒜 𝑑 {𝑔 ⩾ −𝜀}.

Basic sum-of-squares proofs. Now, we recall some basic facts about sum-of-

squares proofs. First, any univariate polynomial inequality admits a sum-of-squares

proof over the reals.

Fact 3.3.28 (Univariate polynomial inequalities admit SoS proofs [148]). Let 𝑝 be a

polynomial of degree 𝑑. If 𝑝(𝑥) ⩾ 0 for all 𝑥 ⩾ 0, we have 𝑑

𝑥 { 𝑝(𝑥) ⩾ 0 }. If 𝑝(𝑥) ⩾ 0

for all 𝑥 ∈ [𝑎, 𝑏], then { 𝑥 ⩾ 𝑎, 𝑥 ⩽ 𝑏 } 𝑑

𝑥 { 𝑝(𝑥) ⩾ 0 }.

Second, if 𝑝 ⩾ 0 and 𝑝 is a quadratic, then this admits a sum-of-squares proof.

Fact 3.3.29 (Quadratic polynomial inequalities admit SoS proofs). Let 𝑝 be a polyno-

mial in the indeterminates 𝑥 ∈ R𝑚 such that 𝑝 has degree 2 and 𝑝 ⩾ 0 for all 𝑥 ∈ R𝑚.

Then 2
𝑥 { 𝑝(𝑥) ⩾ 0 }.

Proof. Let 𝑀 be the unique (𝑚 + 1) × (𝑚 + 1) Hermitian matrix such that, for
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𝑣(𝑥) = (1, 𝑥1, . . . , 𝑥𝑚)
†,

𝑝(𝑥1, . . . , 𝑥𝑚) = 𝑣(𝑥)†𝑀𝑣(𝑥) .

The inequality 𝑝 ⩾ 0 implies that 𝑀 is PSD: consider a vector 𝑣 = (𝑣1, . . . , 𝑣𝑚+1) ∈

R
𝑚+1. If 𝑣1 ̸= 0, then 𝑣†𝑀𝑣 = 𝑝(𝑤) ⩾ 0 for 𝑤1 = 𝑣2/𝑣1, . . . , 𝑤𝑚 = 𝑣𝑚+1/𝑣1. If 𝑣1 = 0,

then 𝑣†𝑀𝑣 = lim𝑐→∞ 𝑝(𝑐 · 𝑤) ⩾ 0 for 𝑤1 = 𝑣2, . . . , 𝑤𝑚 = 𝑣𝑚+1. This shows that 𝑀

must be PSD, so we can write 𝑀 =
∑︀𝑚+1

𝑖=1 𝑢𝑖𝑢
†
𝑖 for some vectors 𝑢𝑖 ∈ R𝑚+1. Thus,

𝑝(𝑥1, . . . , 𝑥𝑚) = 𝑣(𝑥)†𝑀𝑣(𝑥) =
𝑚+1∑︁
𝑖=1

⟨𝑢𝑖, 𝑣(𝑥)⟩2

which is a degree-2 SoS polynomial and we are done.

We also use the following basic sum-of-squares proofs. For further details, we refer the

reader to a recent monograph [87].

Fact 3.3.30 (Operator norm bound). For a symmetric matrix 𝐴 ∈ R𝑑×𝑑 and a vector

𝑣R𝑑,

2
𝑣
[︁
𝑣†𝐴𝑣 ⩽ ‖𝐴‖‖𝑣‖2

]︁
.

Fact 3.3.31 (Almost triangle inequality). Let 𝑓1, 𝑓2, . . . , 𝑓𝑟 be indeterminates. Then

2𝑡

𝑓1,𝑓2,...,𝑓𝑟

{︃ (︁∑︁
𝑖⩽𝑟

𝑓𝑖

)︁2𝑡
⩽ 𝑟2𝑡−1

(︁ 𝑟∑︁
𝑖=1

𝑓 2𝑡
𝑖

)︁ }︃
.

Fact 3.3.32 (SoS Hölder’s inequality). Let 𝑤1, . . . 𝑤𝑛 be indeterminates and let

𝑓1, . . . 𝑓𝑛 be polynomials of degree 𝑑 in the variables 𝑥 ∈ R𝑚. Let 𝑘 be a power

of 2. Then

{︀
𝑤2

𝑖 = 𝑤𝑖,∀𝑖 ∈ [𝑛]
}︀

2𝑘𝑑

𝑥,𝑤

{︃ (︁ 1
𝑛

𝑛∑︁
𝑖=1

𝑤𝑖𝑓𝑖

)︁𝑘
⩽
(︁ 1
𝑛

𝑛∑︁
𝑖=1

𝑤𝑖

)︁𝑘−1(︁ 1
𝑛

𝑛∑︁
𝑖=1

𝑓𝑘
𝑖

)︁ }︃
.

Fact 3.3.33 (Almost square-root). Given a scalar indeterminate 𝑣, { 𝑣2 ⩽ 1 } 2
𝑣
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{ −1 ⩽ 𝑣 ⩽ 1 }.

Proof. We know that
{︀
(1− 𝑣)2 = 1 + 𝑣2 − 2𝑣 ⩾ 0

}︀
and

{︀
(1 + 𝑣)2 = 1 + 𝑣2 + 2𝑣 ⩾ 0

}︀
.

By assumption, { 1− 𝑣2 ⩾ 0 }. So, from the addition rule we have { 2 + 2𝑣 ⩾ 0 } and

{ 2− 2𝑣 ⩾ 0 }. Rearranging yields the claim.

3.4 Translating Between Polynomials and Nested

Commutators

In this section, we relate nested commutators of matrices to polynomials of their

associated eigenvalues. We begin with the following basic observation mentioned in

the proof overview.

Lemma 3.4.1 (Nested commutators to eigen-polynomials). For matrices 𝐴,𝐵 ∈

C
𝑛×𝑛, in the basis where 𝐴 is diagonal with entries 𝐴𝑖𝑖 = 𝛼𝑖, 𝐴𝐵 = 𝐵 ∘ {𝛼𝑖}𝑖𝑗 and

𝐵𝐴 = 𝐵 ∘ {𝛼𝑗}𝑖𝑗. Consequently,

[𝐴,𝐵]𝑘 = 𝐵 ∘ {(𝛼𝑖 − 𝛼𝑗)
𝑘}𝑖𝑗.

Further, by linearity, for a polynomial 𝑞(𝑥) =
∑︀𝑑

𝑘=0 𝑐𝑘𝑥
𝑘,

∑︁
𝑐𝑘[𝐴,𝐵]𝑘 = 𝐵 ∘ {𝑞(𝛼𝑖 − 𝛼𝑗)}𝑖𝑗

In light of the above, we make the following definition associating a polynomial to an

expression involving commutators of matrices.

Definition 3.4.2 (Univariate “commutator polynomials”). For a polynomial 𝑝(𝑥) =

𝑎0 + 𝑎1𝑥+ · · ·+ 𝑎𝑑𝑥
𝑑, given square matrices 𝑋,𝐴 of the same size, define

𝑝(𝑋|𝐴) = 𝑎0𝐴+ 𝑎1[𝑋,𝐴]1 + · · ·+ 𝑎𝑑[𝑋,𝐴]𝑑 .
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We will need a generalization of the above that associates bivariate polynomials

𝑝(𝑥, 𝑦) to expressions with nested commutators involving two matrices 𝑋, 𝑌 . We will

primarily be interested in the case where 𝑋, 𝑌 commute or are close to commuting.

We begin by generalizing the nested commutator.

Definition 3.4.3 (Bivariate nested commutators). Let 𝑆 ∈ {0, 1}ℓ and 𝑋, 𝑌,𝐴 ∈

C
𝑁×𝑁 be matrices. Consider a sequence 𝑍1, 𝑍2, . . . , 𝑍ℓ of length ℓ where each 𝑍𝑖 ∈

{𝑋, 𝑌 } and 𝑍𝑖 = 𝑋 if and only if the 𝑖th entry of 𝑆 is 0. We define

[(𝑋, 𝑌 )𝑆, 𝐴] = [𝑍1, [𝑍2, [. . . [𝑍ℓ, 𝐴] . . . ]]] .

For a monomial 𝑥𝑖𝑦𝑗, we wish to associate it to a nested commutator [(𝑋, 𝑌 )𝑆, 𝐴]

where the number of 0’s and 1’s in 𝑆 is 𝑖 and 𝑗, respectively. There are many different

such commutators, reflecting that 𝑋 and 𝑌 need not commute. We will show that

when 𝑋, 𝑌 are close to commuting, the nested commutators are also close, so the

ordering in 𝑆 does not matter. When |𝑆| = 2, this follows from the identity below.

Fact 3.4.4 (Jacobi identity). We have the identity [𝑋, [𝑌,𝐴]]−[𝑌, [𝑋,𝐴]] = [[𝑋, 𝑌 ], 𝐴].

We extend this to higher-order commutators. Below, and throughout the remainder

of this chapter, for a sequence 𝑆 ∈ {0, 1}*, we will use len(𝑆) to denote its length.

Lemma 3.4.5 (Reordering bivariate nested commutators). For any two sequences

𝑆, 𝑆 ′ ∈ {0, 1}ℓ with the same number of 0’s and 1’s, let 𝑡 ⩽ ℓ2 be the number

of adjacent swaps needed to transform 𝑆 to 𝑆 ′. Then there are some coefficients

𝑐1, . . . , 𝑐𝑡 ∈ {−1, 1}, and sequences 𝑆1, 𝑇1, . . . , 𝑆𝑡, 𝑇𝑡 where len(𝑆𝑖) + len(|𝑇𝑖|) = ℓ− 2

such that

[(𝑋, 𝑌 )𝑆, 𝐴]− [(𝑋, 𝑌 )𝑆′ , 𝐴] =
𝑡∑︁

𝑖=1

𝑐𝑖 [(𝑋, 𝑌 )𝑆𝑖
, [[𝑋, 𝑌 ], [(𝑋, 𝑌 )𝑇𝑖

, 𝐴]]] .

Proof. Consider when 𝑆, 𝑆 ′ differ exactly by a single swap of two adjacent elements.
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In this case, by Fact 3.4.4, the difference on the LHS is equal to exactly one term of

the form

[(𝑋, 𝑌 )𝑆𝑖
, [[𝑋, 𝑌 ], [(𝑋, 𝑌 )𝑇𝑖

, 𝐴]]]

where 𝑆𝑖 is the prefix up to the point where 𝑆, 𝑆 ′ differ and 𝑇𝑖 is the suffix. Now we

can repeatedly apply this to swap adjacent elements of 𝑆 until it matches 𝑆 ′. Each of

the residual terms is of the form given on the RHS so we are done.

Now we define the correspondence between bivariate polynomials and bivariate nested

commutators by arbitrarily choosing an order for the 𝑆 associated to every monomial.

Definition 3.4.6 (Bivariate “commutator polynomials”). Given a polynomial of

degree 𝑑 in two variables 𝑥, 𝑦, 𝑝(𝑥, 𝑦) =
∑︀

𝑖+𝑗⩽𝑑 𝑎𝑖𝑗𝑥
𝑖𝑦𝑗 , we define its associated matrix

commutator polynomial for matrices 𝑋, 𝑌,𝐴 ∈ C𝑛×𝑛 as

𝑝(𝑋, 𝑌 |𝐴) =
∑︁
𝑖+𝑗⩽𝑑

𝑎𝑖𝑗[𝑋, [𝑌,𝐴]𝑗]𝑖

The key property that we will need is that certain polynomial identities (in the original

bivariate polynomials) are essentially preserved under this translation. We begin by

showing this for monomials. The following fact shows a relation between a commutator

polynomial on 𝐴 to a commutator polynomial on 𝐵.

Fact 3.4.7. For any Hermitian matrix 𝑋 and matrices 𝐴,𝐵, 𝜌, we have the identity

tr
(︀
[𝑋,𝐴]𝐵†𝜌

)︀
− tr

(︀
𝐴[𝑋,𝐵]†𝜌

)︀
= − tr

(︀
𝐴𝐵†[𝑋, 𝜌]

)︀
.

Proof.

tr
(︀
[𝑋,𝐴]𝐵†𝜌

)︀
− tr

(︀
𝐴[𝑋,𝐵]†𝜌

)︀
= tr

(︀
𝑋𝐴𝐵†𝜌− 𝐴𝑋𝐵†𝜌

)︀
− tr

(︀
𝐴𝐵†𝑋𝜌− 𝐴𝑋𝐵†𝜌

)︀
= tr

(︀
𝑋𝐴𝐵†𝜌

)︀
− tr

(︀
𝐴𝐵†𝑋𝜌

)︀
= tr

(︀
𝐴𝐵†𝜌𝑋

)︀
− tr

(︀
𝐴𝐵†𝑋𝜌

)︀
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= − tr
(︀
𝐴𝐵†[𝑋, 𝜌]

)︀

This can be extended to general monomials.

Lemma 3.4.8 (Commutator monomial equivalences). Let 𝑝(𝑥, 𝑦) = 𝑥𝑖1𝑦𝑖2, 𝑞(𝑥, 𝑦) =

𝑥𝑗1𝑦𝑗2, and 𝑟(𝑥, 𝑦) = 𝑝(𝑥, 𝑦)𝑞(𝑥, 𝑦). Let 𝑑 = deg(𝑟). Then for some ℓ ⩽ 𝑑2, we can

write

tr
(︁
𝑝(𝑋, 𝑌 |𝐴)𝑞(𝑋, 𝑌 |𝐵)†𝜌

)︁
− tr

(︁
𝐴 · 𝑟(𝑋, 𝑌 |𝐵)†𝜌

)︁
=

ℓ∑︁
𝑖=1

𝑍𝑖,

where every 𝑍𝑖 is one of the following three types of errors:

1. ± tr
(︁
[(𝑋, 𝑌 )𝑆, 𝐴] [(𝑋, 𝑌 )𝑇 , 𝐵]† [𝑋, 𝜌]

)︁
, where len(𝑆) + len(𝑇 ) = 𝑑− 1;

2. ± tr
(︁
[(𝑋, 𝑌 )𝑆, 𝐴] [(𝑋, 𝑌 )𝑇 , 𝐵]† [𝑌, 𝜌]

)︁
, where len(𝑆) + len(𝑇 ) = 𝑑− 1;

3. ± tr
(︁
𝐴 [(𝑋, 𝑌 )𝑆, [[𝑋, 𝑌 ], [(𝑋, 𝑌 )𝑇 , 𝐵]]]† 𝜌

)︁
, where len(𝑆) + len(𝑇 ) = 𝑑− 2.

Proof. Our goal is to express

tr
(︁
[𝑋, [𝑌,𝐴]𝑖2 ]𝑖1 [𝑋, [𝑌,𝐵]𝑗2 ]

†
𝑗1
𝜌
)︁
− tr

(︁
𝐴[𝑋, [𝑌,𝐵]𝑖2+𝑗2 ]

†
𝑖1+𝑗1

𝜌
)︁

as a sum of errors. Observe that Fact 3.4.7 allows us to remove one copy of 𝑋 or 𝑌

from the commutator in front of 𝐴 and move it onto the commutator in front of 𝐵 at

the cost of an error term of type 1 or 2. Thus, we can repeatedly apply Fact 3.4.7 to

move all of the 𝑋’s and 𝑌 ’s in the commutator in front of 𝐴 onto the commutator in

front of 𝐵 and write

tr
(︁
[𝑋, [𝑌,𝐴]𝑖2 ]𝑖1 [𝑋, [𝑌,𝐵]𝑗2 ]

†
𝑗1
𝜌
)︁
− tr

(︁
𝐴[𝑌, [𝑋, [𝑌,𝐵]𝑗2 ]𝑗1+𝑖1 ]

†
𝑖2
𝜌
)︁

as a sum of 𝑖1 terms of type 1 and 𝑖2 terms of type 2. Next, we can apply Lemma 3.4.5

to reorder the sequence of 𝑋 and 𝑌 on the commutator in front of 𝐵 at the cost of
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error terms of type 3. This allows us to write

tr
(︁
𝐴[𝑌, [𝑋, [𝑌,𝐵]𝑗2 ]𝑗1+𝑖1 ]

†
𝑖2
𝜌
)︁
− tr

(︁
𝐴[𝑋, [𝑌,𝐵]𝑖2+𝑗2 ]

†
𝑖1+𝑗2

𝜌
)︁

as a sum of 𝑖2(𝑗1 + 𝑖1) terms of type 3. Together, this gives the desired bound.

Theorem 3.4.9 (Polynomial identities to nested commutator identities). Consider a

formal polynomial identity in two variables

𝑝1(𝑥, 𝑦)𝑞1(𝑥, 𝑦) + · · ·+ 𝑝𝑘(𝑥, 𝑦)𝑞𝑘(𝑥, 𝑦) = 0

where each of the polynomials 𝑝𝑖, 𝑞𝑖 is (𝑑, 𝐶)-bounded. Let 𝑋, 𝑌 ∈ C𝑁×𝑁 be Hermitian

matrices and 𝜌,𝐴,𝐵 ∈ C𝑁×𝑁 be arbitrary matrices. Then we can write

tr
(︀(︀
𝑝1(𝑋, 𝑌 |𝐴)𝑞1(𝑋, 𝑌 |𝐵)† + · · ·+ 𝑝𝑘(𝑋, 𝑌 |𝐴)𝑞𝑘(𝑋, 𝑌 |𝐵)†

)︀
𝜌
)︀
=

𝑡∑︁
𝑖=1

𝑐𝑖𝑍𝑖,

where 𝑡 ⩽ 4𝑘𝑑6, the coefficients 𝑐𝑖 satisfy |𝑐𝑖| ⩽ 𝐶222𝑑, and every 𝑍𝑖 is one of the

following three types of errors:

1. ±1
(len(𝑆)+len(𝑇 ))!

tr
(︁
[(𝑋, 𝑌 )𝑆, 𝐴] [(𝑋, 𝑌 )𝑇 , 𝐵]† [𝑋, 𝜌]

)︁
, where len(𝑆) + len(𝑇 ) ⩽ 2𝑑;

2. ±1
(len(𝑆)+len(𝑇 ))!

tr
(︁
[(𝑋, 𝑌 )𝑆, 𝐴] [(𝑋, 𝑌 )𝑇 , 𝐵]† [𝑌, 𝜌]

)︁
, where len(𝑆) + len(𝑇 ) ⩽ 2𝑑;

3. ±1
(len(𝑆)+len(𝑇 ))!

tr
(︁
𝐴 [(𝑋, 𝑌 )𝑆, [[𝑋, 𝑌 ], [(𝑋, 𝑌 )𝑇 , 𝐵]]]† 𝜌

)︁
, where len(𝑆) + len(𝑇 ) ⩽

2𝑑.

Proof. Let 𝑟ℓ(𝑥, 𝑦) = 𝑝ℓ(𝑥, 𝑦)𝑞ℓ(𝑥, 𝑦). By the assumed formal polynomial identity,

tr
(︀(︀
𝐴𝑟1(𝑋, 𝑌 |𝐵)† + · · ·+ 𝐴𝑟𝑘(𝑋, 𝑌 |𝐵)†

)︀
𝜌
)︀
= 0.

So, it suffices to express each product

tr
(︀
𝑝ℓ(𝑋, 𝑌 |𝐴)𝑞ℓ(𝑋, 𝑌 |𝐵)†𝜌

)︀
− tr

(︀
𝐴𝑟ℓ(𝑋, 𝑌 |𝐵)†𝜌

)︀
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as a linear combination of errors. Let 𝑝ℓ =
∑︀

𝑖1,𝑖2
𝑎ℓ,𝑖1,𝑖2𝑥

𝑖1𝑦𝑖2 and 𝑞ℓ =
∑︀

𝑗1,𝑗2
𝑏ℓ,𝑗1,𝑗2𝑥

𝑗1𝑦𝑗2 .

We can expand the above expression into its commutator monomials:

tr
(︀
𝑝ℓ(𝑋, 𝑌 |𝐴)𝑞ℓ(𝑋, 𝑌 |𝐵)†𝜌

)︀
− tr

(︀
𝐴𝑟ℓ(𝑋, 𝑌 |𝐵)†𝜌

)︀
=

∑︁
𝑖1,𝑖2,𝑗1,𝑗2

𝑎ℓ,𝑖1,𝑖2 · 𝑏ℓ,𝑗1,𝑗2
(︁
tr([𝑋, [𝑌,𝐴]𝑖2 ]𝑖1 · [𝑋, [𝑌,𝐵]𝑗2 ]

†
𝑗1
𝜌)− tr(𝐴 · [𝑋, [𝑌,𝐵]𝑖2+𝑗2 ]

†
𝑖1+𝑗1

𝜌)
)︁
.

Lemma 3.4.8 shows how to expand summand into error terms; note that the degree

of the product is 𝑖1 + 𝑗1 + 𝑖2 + 𝑗2 ⩽ 2𝑑. There are at most (2𝑑)2 error terms per

summand, and there are 𝑑4 summands per product 𝑝ℓ𝑞ℓ. This gives a total bound on

the number of error terms as 4𝑘𝑑6 as desired. All that is left is to bound the size of

the coefficients. For an error term of any type associated to a particular summand,

the coefficient is 𝑎ℓ,𝑖1,𝑖2𝑏ℓ,𝑗1,𝑗2 . Let 𝑆, 𝑇 be the sequences associated to the error term.

Because 𝑝ℓ and 𝑞ℓ are (𝑑, 𝐶)-bounded, we can bound

|𝑎ℓ,𝑖1,𝑖2𝑏ℓ,𝑗1,𝑗2| ⩽
𝐶2

(𝑖1 + 𝑖2)!(𝑗1 + 𝑗2)!
⩽

𝐶222𝑑

(𝑖1 + 𝑖2 + 𝑗1 + 𝑗2)!
⩽

𝐶222𝑑

(len(𝑆) + len(𝑇 ))!
.

The last inequality holds because, in all error types, len(𝑆) + len(𝑇 ) is at most the

degree of the product.

3.5 Polynomial Approximations of the Exponential

Our goal for this section is to construct a polynomial approximation to 𝑒𝑥 that satisfies

the properties necessary for our algorithm. In particular, we need a polynomial that

approximates 𝑒𝑥 on an interval [−𝜅, 𝜅], but with the additional property that the

polynomial does not grow too quickly outside the area of approximation.

Definition 3.5.1 (Flat approximation of the exponential). Given 𝜀, 𝜂 ∈ (0, 1) and

𝜅 ⩾ 1, we say a polynomial 𝑝(𝑥) is a (𝜅, 𝜂, 𝜀)-flat exponential approximation if

1. |𝑝(𝑥)− 𝑒𝑥| ⩽ 𝜀 for 𝑥 ∈ [−𝜅, 𝜅], and

2. |𝑝(𝑥)| ⩽ max(1, 𝑒𝑥)𝑒𝜂|𝑥| .
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The canonical polynomial approximation of 𝑒𝑥 is its Taylor series truncation.

Definition 3.5.2. Let 𝑠ℓ(𝑥) =
∑︀ℓ

𝑘=0
𝑥𝑘

𝑘!
denote the degree-ℓ truncation of the Taylor

series of 𝑒𝑥.

Remark 3.5.3. The Taylor series truncation 𝑠ℓ(𝑥) does not satisfy our desired

approximation properties from Definition 3.5.1, even for large ℓ. This is because the

truncation blows up too quickly on the negative tail: |𝑠ℓ(−ℓ)| ≂ 𝑒ℓ > 𝑒𝜂ℓ. The same

issue occurs with conventional approximations of the exponential, like truncations of

the Chebyshev series and QSVT-style “bounded” approximations of the Chebyshev

series [92, 200]: these truncations at degree ℓ fail in the region around −ℓ (so, notably,

increasing the degree does not improve the flatness parameter of these approximations).

Figure 3-1: Plots (on log log scale) of the Taylor series truncation and our flat
polynomial approximations to the exponential 𝑒−𝑥. Observe that the Taylor series
fails the flat approximation property because it exceeds the reference line 𝑒2𝑥/3.

While standard techniques for approximating the exponential do not suffice, we

construct a modified polynomial that is a flat approximation to the exponential.

Definition 3.5.4 (Iteratively truncated Taylor series). For positive integers 𝑘, ℓ, we
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define

𝑝𝑘,ℓ(𝑥) = 𝑠2ℓ(𝑥/𝑘) · 𝑠4ℓ(𝑥/𝑘) · · · 𝑠2𝑘ℓ(𝑥/𝑘)

to be the product of 𝑘 geometrically increasing Taylor series truncations. Next, we

define a shifted integral of 𝑝𝑘,ℓ(𝑥) as follows:

𝑞𝑘,ℓ(𝑥) = 1 +

∫︁ 𝑥

0

𝑝𝑘,ℓ(𝑦) d𝑦 .

The degree of 𝑝𝑘,ℓ(𝑥) and 𝑞𝑘,ℓ is (2𝑘+1 − 1)ℓ and (2𝑘+1 − 1)ℓ+ 1, respectively.

It will also be important that 𝑝𝑘,ℓ is always positive and thus 𝑞𝑘,ℓ is monotonically

increasing. The main theorems that we show in this section are as follows:

Theorem 3.5.5 (Flat approximations to the exponential). Given 𝜀, 𝜂 ∈ (0, 1) and

𝜅 ⩾ 1, let 𝑘 ⩾ 5/𝜂 and ℓ ⩾ 100(𝜅 + log 𝑘/𝜀). Then the polynomials 𝑝𝑘,ℓ, 𝑞𝑘,ℓ are

(𝜅, 𝜂, 𝜀)-flat exponential approximation.

Theorem 3.5.6 (Monotonicity of the flat approximations). For any positive integers

𝑘, ℓ, we have the following:

2𝑘+1ℓ+20

𝑥,𝑦 {︀
0.5(𝑥− 𝑦)(1 + 0.25(𝑥− 𝑦)2)(𝑞𝑘,ℓ(𝑥)− 𝑞𝑘,ℓ(𝑦))− 0.00025(𝑥− 𝑦)2𝑝𝑘,ℓ(𝑥) ⩾ 0

}︀
.

Moreover, the LHS is a (102
𝑘ℓ, 2𝑘ℓ+ 10, 2002

𝑘ℓ)-bounded sum-of-squares polynomial in

𝑥 and 𝑦.

Remark 3.5.7. Note that Theorem 3.5.6 stems from the intuition that roughly we

should have

𝑞𝑘,ℓ(𝑥)− 𝑞𝑘,ℓ(𝑦) =
∫︁ 𝑥

𝑦

𝑝𝑘,ℓ(𝑦) d𝑦 ⩾ (𝑥− 𝑦)(𝑝𝑘,ℓ(𝑥)− 𝑝𝑘,ℓ(𝑦)) .

However, the above isn’t quite true, so the additional terms in Theorem 3.5.6 are there

to account for this. The fact that the difference is not only non-negative, but also a

sum of square polynomials will be crucial later on in the analysis of our algorithm.
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We will prove Theorem 3.5.5 in this section. The proof of Theorem 3.5.6 is deferred

to the appendix as it is quite long and computational. We begin by establishing

some basic facts about the truncated Taylor series and our polynomials 𝑝 and 𝑞. The

following fact follows from Taylor’s theorem, which implies that for every 𝑥 ∈ R there

exists some 𝑐 ∈ [0, 1] such that

𝑒𝑥 − 𝑠ℓ(𝑥) = 𝑒𝑐𝑥
𝑥ℓ+1

(ℓ+ 1)!
. (3.9)

Fact 3.5.8 (Bounds on truncated Taylor series of 𝑒𝑥). For 𝑥 ⩾ 0, 𝑒𝑥 ⩾ 𝑠ℓ(𝑥) for all ℓ.

For 𝑥 < 0, we have 𝑠2ℓ−1(𝑥) ⩽ 𝑒𝑥 ⩽ 𝑠2ℓ(𝑥) for all ℓ.

Corollary 3.5.9 (Even truncations are non-negative). For any ℓ ∈ N, for all 𝑥 ∈ R,

𝑠2ℓ(𝑥) ⩾ 0.

Lemma 3.5.10 (Taylor series truncation of 𝑒𝑥). Given 𝜀 ∈ (0, 1) and 𝑏 ⩾ 0, let

ℓ ⩾ 10𝑏+ log(1/𝜀). Then |𝑠ℓ(𝑥)− 𝑒𝑥| ⩽ 𝜀 for 𝑥 ∈ [−𝑏, 𝑏].

Proof. This statement also follows from Taylor’s theorem (3.9). From this, for all 𝑥,

the approximation error of the Taylor series truncation is

|𝑠ℓ−1(𝑥)− 𝑒𝑥| ⩽
𝑒|𝑥||𝑥|ℓ

ℓ!
⩽ 𝑒|𝑥|

(︁𝑒|𝑥|
ℓ

)︁ℓ
.

Taking ℓ ⩾ 𝑒2|𝑥|+ log(𝑒|𝑥|/𝜀) makes the above expression bounded by 𝜀.†† The final

bound comes from taking |𝑥| ⩽ 𝑏.

Claim 3.5.11. The polynomial 𝑝𝑘,ℓ is ((2𝑘+1 − 1)ℓ, 1)-bounded and the polynomial

𝑞𝑘,ℓ is ((2𝑘+1 − 1)ℓ+ 1, 1)-bounded.

Proof. Note that the coefficients of the monomials in 𝑝𝑘,ℓ are all positive and are all

††This can be improved by a log log factor [92, Lemma 59], but this does not improve the degree
for the parameter setting in our application.
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less than the coefficients of the monomials in

(︂
1 +

(𝑥/𝑘)

1!
+

(𝑥/𝑘)2

2!
+ . . .

)︂𝑘

where we replace each truncated sum with the full infinite sum. However the above is

exactly equal to 1+ 𝑥+ 𝑥2

2!
+ . . . . Thus for any degree 𝑑, the coefficient of 𝑥𝑑 in 𝑝𝑘,ℓ(𝑥)

is at most 1
𝑑!

so 𝑝𝑘,ℓ is ((2𝑘+1 − 1)ℓ, 1)-bounded since its degree is (2𝑘+1 − 1)ℓ. Recall

that 𝑞𝑘,ℓ is obtained by integrating 𝑝 and thus we immediately get the same bound on

the coefficients of 𝑞𝑘,ℓ i.e. it is is ((2𝑘+1 − 1)ℓ+ 1, 1)-bounded and we are done.

Now we move onto the proof of Theorem 3.5.5.

Proof of Theorem 3.5.5. We prove the statement for 𝑝𝑘,ℓ first. By Lemma 3.5.10 (with

𝜀← 𝜀/(𝑘22𝜅))), we have that for all 𝑥 ∈ [−𝜅, 𝜅]⃒⃒⃒⃒
𝑠2𝑗ℓ(𝑥/𝑘)

𝑒𝑥/𝑘
− 1

⃒⃒⃒⃒
⩽

𝜀

𝑘 · 𝑒2𝜅

and thus,

1− 𝜀

𝑒2𝜅
⩽
𝑝𝑘,ℓ(𝑥)

𝑒𝑥
− 1 ⩽ 1 +

𝜀

𝑒2𝜅

so we have |𝑝𝑘,ℓ(𝑥)− 𝑒𝑥| ⩽ 𝜀/𝜅 on the interval [−𝜅, 𝜅]. Now we immediately get the

same guarantee for 𝑞𝑘,ℓ(𝑥) by integrating the above.

Now we prove the second condition for 𝑝𝑘,ℓ. For 𝑥 ⩾ 0, we simply incur the 𝑒𝑥 upper

bound by Fact 3.5.8. For 𝑥 ⩽ 0, let 𝑗0 be the smallest positive integer such that

−𝑥 < 2𝑗0+1𝑘ℓ then for all 1 ⩽ 𝑗 < 𝑗0,

𝑠2𝑗ℓ(𝑥/𝑘) ⩽
(𝑥/𝑘)2

𝑗ℓ

(2𝑗ℓ)!
.

Also, for all 𝑗 > 𝑗0 + 2,

𝑠2𝑗ℓ(𝑥/𝑘) = 𝑠(2𝑗ℓ)−1(𝑥/𝑘) +
(𝑥/𝑘)2

𝑗ℓ

(2𝑗ℓ)!
⩽ 𝑒𝑥/𝑘 +

(︂
3𝑥

2𝑗ℓ𝑘

)︂2𝑗ℓ

⩽ 1 (3.10)
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where we used Fact 3.5.8. Finally, for 𝑗0 ⩽ 𝑗 ⩽ 𝑗0 + 2 we have

𝑠2𝑗ℓ(𝑥/𝑘) = 𝑠(2𝑗ℓ)−1(𝑥/𝑘) +
(𝑥/𝑘)2

𝑗ℓ

(2𝑗ℓ)!
⩽ 1 +

(𝑥/𝑘)2
𝑗ℓ

(2𝑗ℓ)!
⩽ 2max

(︃
(𝑥/𝑘)2

𝑗ℓ

(2𝑗ℓ)!
, 1

)︃
(3.11)

Overall, combining the above, we conclude

𝑝𝑘,ℓ(𝑥) = 𝑠2ℓ(𝑥/𝑘) · · · 𝑠2𝑘ℓ(𝑥/𝑘) ⩽ 8
𝑘∏︁

𝑗=1

max

(︃
(𝑥/𝑘)2

𝑗ℓ

(2𝑗ℓ)!
, 1

)︃
(3.12)

where the factor of 8 is because we need to apply (3.11) on at most 3 terms. Note

that there must be some 𝑘0 ∈ { 𝑗0, 𝑗0 + 1, 𝑗0 + 2 }, such that

(𝑥/𝑘)2
𝑗ℓ

(2𝑗ℓ)!
> 1,

exactly when 𝑗 ⩽ 𝑘0. Then, we can upper bound Equation (3.12) as follows:

𝑝𝑘,ℓ(𝑥) ⩽
8(𝑥/𝑘)(2

𝑘0+1−2)ℓ

(2ℓ)! · · · (2𝑘0ℓ)!
(3.13)

Further, we have that

(2ℓ)! · · · (2𝑘0ℓ)! ⩾ ((2𝑘0+1 − 2)ℓ)!

4(2
𝑘0+1−2)ℓ

.

Substituting in Equation (3.13), we get

𝑝𝑘,ℓ(𝑥) ⩽
(5𝑥/𝑘)(2

𝑘0+1−2)ℓ

((2𝑘0+1 − 2)ℓ)!
⩽ 𝑒5|𝑥|/𝑘 . (3.14)

The desired bound for 𝑞 then follows as well from the definition as 𝑞 is obtained by

simply integrating 𝑝.
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3.6 Accessing Gibbs States: The Quantum Piece

We now describe how our algorithm uses its copies of 𝜌. This is the only location in

the algorithm where we access 𝜌; the rest of the algorithm is entirely classical. By

making measurements on copies of 𝜌, we can estimate expectations of observables

tr(𝑋𝜌) for various choices of the matrix 𝑋. These estimates will then be used in the

learning algorithm.

Lemma 3.6.1. Let 𝑋 = 𝑈𝐷𝑈 † ∈ C𝑁×𝑁 be a unitarily diagonalizable matrix, and

suppose we are given copies of a quantum state with density matrix 𝜌 ∈ C𝑁×𝑁 . Then

we can estimate tr(𝑋𝜌) to 𝜀‖𝑋‖ error with probability ⩾ 1− 𝛿 using 𝒪( 1
𝜀2
log 1

𝛿
) copies

of 𝜌. The running time is the number of samples times the cost of applying 𝑈 † to a

quantum state and measuring in the computational basis.

Proof. Consider taking 𝜌 and applying 𝑈 † to form 𝑈 †𝜌𝑈 , then measuring in the

computational basis. We see the outcome 𝑖 with probability ⟨𝑢𝑖| 𝜌 |𝑢𝑖⟩, where 𝑢𝑖 is

the 𝑖th column of 𝑈 . Let 𝑧 be the random variable attained by performing this

measurement and taking 𝑧 = 𝐷𝑖,𝑖; then E[𝑧] =
∑︀

𝑖𝐷𝑖,𝑖 ⟨𝑢𝑖| 𝜌 |𝑢𝑖⟩ = tr(𝑋𝜌), and 𝑧

is always bounded by max𝑖|𝐷𝑖,𝑖| = ‖𝑋‖. By a Chernoff bound we conclude that

averaging 𝒪( 1
𝜀2
log 1

𝛿
) independent copies of this estimator gives the desired error

bound.

We wish to estimate tr(𝑋𝜌) for many different Pauli observables 𝑋, so we could

simply run Lemma 3.6.1 for each one. However, we can use a classical shadows-like

procedure [120] to estimate them all at once.

Lemma 3.6.2 (Computing expectations of observables of Gibbs states). Let 𝐻 =∑︀𝑚
𝑎=1 𝜆𝑎𝐸𝑎 be a K-local Hamiltonian on n qubits whose dual interaction graph G has

maximum degree d. Consider the set of ℓ-G-local Paulis, 𝒫ℓ. There is a quantum

algorithm that, with probability ⩾ 1−𝛿, outputs estimates of tr(𝑃1𝑃2𝑃3𝜌) to 𝜀 error for

all 𝑃1, 𝑃2, 𝑃3 ∈ 𝒫ℓ. This algorithm uses 𝑡 = 𝒪(43ℓ
𝜀2

log |𝒫ℓ|3
𝛿

) samples, 𝒪(n𝑡) quantum

gates, and poly(𝑡, n, |𝑃ℓ|) classical post-processing time.
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Proof. Consider the following procedure, where we take as input a copy of 𝜌, rotate

into the eigenbasis of a Pauli matrix 𝑃 ∈ 𝒫 chosen uniformly at random, and then

measure in the computational basis to get a measurement outcome 𝑏 ∈ {0, 1}n. Take

𝑡 = 𝒪(43ℓ
𝜀2

log |𝒫ℓ|3
𝛿

) of these samples (𝑃, 𝑏) and denote the collection 𝒮.

Now, consider estimating some tr(𝑋𝜌) where 𝑋 = 𝑈𝐷𝑈 † ∈ 𝒫 and supp(𝑋) ⩽ 3ℓ;

𝑃1𝑃2𝑃3 is such an 𝑋, up to a root of unity. Since

tr(𝑋𝜌) = trsupp(𝑋)(𝑋(supp(𝑋)) tr[𝑛]−supp(𝑋)(𝜌)),

it suffices to consider 𝜌 on the support of 𝑋. Let 𝒯 ⊂ 𝒮 be the collection of samples

whose Pauli matrix agrees with 𝑋 on the support of 𝑋. Then we can use this

subsample to run Lemma 3.6.1 and estimate tr(𝑋𝜌), as all that is needed to use it are

measurements in a basis where 𝑋 is diagonal. Since the probability that any given

sample is in a basis where 𝑋 is diagonal is ⩾ 4−3ℓ, with 𝑡 samples we can guarantee

that we get an estimate tr(𝑋𝜌) to 𝜀 error with failure probability 𝛿/|𝒫ℓ|3. By union

bound, we can then conclude that with our set of samples we can get 𝜀-good estimates

of every tr(𝑃1𝑃2𝑃3𝜌) with probability ⩾ 1− 𝛿.

The running time can be seen to be poly(𝑡, n, |𝒫ℓ|). Note that, for any product of

Paulis 𝑃 ∈ 𝒫 , we can apply the quantum gate to rotate into its eigenbasis with 𝒪(n)

gates, so the quantum gate complexity is 𝒪(n𝑡) = 𝒪(43ℓn
𝜀2

log |𝒫ℓ|3
𝛿

).

3.7 Algorithm and Analysis

Now we are ready to present our learning algorithm. We will show:

Theorem 3.7.1 (Efficiently learning a quantum Hamiltonian). Let 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 ∈

C𝑁×𝑁 be a (d,K)-low intersection Hamiltonian on n qubits (as in Problem 1). Suppose

we are given the terms {𝐸𝑎}𝑎∈[𝑚], 𝜀 > 0, 𝛿 > 0, and copies of the Gibbs state 𝜌 at a

known inverse temperature 𝛽 > 0. Then there exists an algorithm that can output

estimates 𝜆̃𝑎 such that, with probability ⩾ 1− 𝛿, (𝜆̂𝑎 − 𝜆𝑎)2 ⩽ 𝜀2 for all 𝑎 ∈ [𝑚]. This
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algorithm uses

𝒪
(︁
(𝑚6/𝜀𝑒

𝑓(K,d)𝛽

) log(𝑚/𝛿) + (𝑓(K, d)/(𝛽2𝜀2)) log(𝑚/𝛿)
)︁

copies of the Gibbs state and running time

poly(𝑚, log(1/𝛿)) · (1/𝜀)𝑒
𝑓(K,d)𝛽

+ 𝑓(K, d) · (𝑚/(𝛽2𝜀2)) log(𝑚/𝛿),

where 𝑓(K, d) is a positive function depending only on K and d.

Specifically, we prove that, when 𝛽 > 𝑔(K, d) for some positive 𝑔, there exists an

algorithm that succeeds with sample complexity (𝑚6/𝜀𝑒
𝑓(K,d)𝛽

) log(𝑚/𝛿) and time com-

plexity poly(𝑚, log(1/𝛿)) · (1/𝜀)𝑒
𝑓(K,d)𝛽

for some positive 𝑓(K, d). We get Theorem 3.7.1

by taking 𝑔 to be the threshold at which the high-temperature algorithm [103] stops

working and then combining our complexity bounds with that of the high-temperature

algorithm. That 𝛽 is lower bounded by a constant is just a simplification; the same

algorithm and analysis should work for any temperature upon appropriate adjustments.

We are concerned with the setting where K and d are constant (that is, when the

Hamiltonian is low-intersection), so we do not try to optimize dependence on these

parameters. Further, we assume that n = 𝒪(𝑚); this is without loss of generality, as

𝑚 ⩾ n/K is necessary for the support of the Hamiltonian to be all n qubits.

Our main theorem follows from showing that a low-degree sum-of-squares relaxation

of a carefully chosen polynomial system can be rounded to obtain accurate estimates

of the true coefficients {𝜆𝑎}𝑎∈[𝑚]. We first set up the system, and then build up to the

full algorithm (Algorithm 3.7.2).

Presenting the polynomial system. We begin by setting up the precise poly-

nomial system that we will then solve. Let 𝜀0 = 𝜀10
𝐶K,d𝛽

𝑚3 for some sufficiently large

constant 𝐶K,d depending only on K and d. Next, let ℓ0 = 2𝐶K,d𝛽 log(1/𝜀), ℓ1 = 4K and

define 𝒜 = 𝒫
4
𝐶K,d𝛽ℓ0

and ℬ = 𝒫ℓ1 (as in Definition 3.3.3).
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Let 𝜆′ = [𝜆′1, 𝜆
′
2, . . . , 𝜆

′
𝑚] be a set of indeterminates. We will solve a polynomial system

in these indeterminates, and then use it to extract estimates to the true coefficients.

In the system, and throughout, we denote 𝐻 ′ =
∑︀

𝑎 𝜆
′
𝑎𝐸𝑎. This object 𝐻 ′ is merely

notational convenience: we do not optimize with this exponential sized object. We

only ever need to work with traces of 𝐻 ′ and thus our polynomial system admits a

succinct (polynomial sized) representation.

We begin by making measurements of 𝜌 to construct 𝜀0-accurate estimates to tr (𝐴1𝐴2𝐴3𝜌)

for all 𝐴1, 𝐴2, 𝐴3 ∈ 𝒜 using Lemma 3.6.2. Let ̃︀tr denote the map from 𝐴1𝐴2𝐴3𝜌 to our

estimate of tr(𝐴1𝐴2𝐴3𝜌), extended by linearity to linear combinations of such matrices

that we have estimated.‡‡ Again, this is notational convenience for our polynomial

system.

By Corollary 3.3.14, |𝒜| ⩽ 𝑚(10d)4
𝐶K,d𝛽ℓ0 ⩽ 𝑚(1/𝜀)10

𝐶K,d𝛽 so we can produce these

estimates in running time poly𝛽,K,d(𝑚, 1/𝜀) and sample complexity

𝒪

(︃
43·4

𝐶K,d𝛽ℓ0

𝜀20
log
|𝒫

4
𝐶K,d𝛽ℓ0

|
𝛿

)︃
= 𝒪

(︃
𝑚6

𝜀20
𝐶K,d𝛽

log
𝑚

𝛿

)︃
. (3.15)

This is the sample complexity of the entire algorithm, as this is all of the information

we need of 𝜌. Then, we write the following polynomial system:

𝒞𝜆′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∀𝑎 ∈ [𝑚] −1 ⩽ 𝜆′𝑎 ⩽ 1

𝐻 ′ =
∑︁
𝑎∈[𝑚]

𝜆′𝑎 · 𝐸𝑎

∀𝐴 ∈ 𝒜 |̃︀tr(𝐴(𝐻 ′𝜌− 𝜌𝐻 ′))|2 ⩽ 𝜀20

∀𝐵1, 𝐵2 ∈ ℬ,
⃒⃒̃︀tr(︀𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌

)︀
− ̃︀tr(𝐵1𝐵2𝜌)

⃒⃒2
⩽ 𝜀2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
, (3.16)

where 𝑞 is the polynomial from Definition 3.5.4 extended to commutators using Defi-

‡‡To make this well-defined, we need to ensure that we only estimate a set of 𝐴1𝐴2𝐴3 that are
linearly independent. This simply involves removing duplicates up to phase.
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nition 3.4.6. With this set of parameters, by Theorem 3.5.5,

deg(𝑞𝐶K,d𝛽,ℓ0) ⩽ 2 · 4𝐶K,d𝛽 log(1/𝜀) + 1 and (3.17)

𝑞𝐶K,d𝛽,ℓ0 is a
(︁
0.001 · 2𝐶K,d𝛽 log(1/𝜀),

5

𝐶K,d𝛽
, 0.001𝜀

)︁
-flat exponential approximation.

(3.18)

Representing the polynomial system. It is important to understand how the

above can be represented as a polynomial system in the 𝜆′ with real coefficients and

polynomial (in 𝑚) size. The key is that we can write the expressions inside the traces

in the form (
∑︀

𝛼(𝜆
′)𝛼𝑀𝛼) 𝜌 where 𝛼 ranges over low-degree monomials and 𝑀𝛼 are

rescaled Pauli matrices, which we can explicitly and succinctly represent. Then by

linearity of ̃︀tr, we can write the system by plugging in our estimates for ̃︀tr(𝑀𝛼𝜌). For

example, for the first constraint, we can write

̃︀tr(𝐴1𝐴2(𝐻
′𝜌−𝜌𝐻 ′)) = ̃︀tr((𝐴1𝐴2𝐻

′−𝐻 ′𝐴1𝐴2)𝜌) =
∑︁
𝑎

𝜆′𝑎(̃︀tr(𝐴1𝐴2𝐸𝑎𝜌)−̃︀tr(𝐸𝑎𝐴1𝐴2𝜌)) .

We can then plug in our estimates ̃︀tr(𝐴1𝐴2𝐸𝑎𝜌) and ̃︀tr(𝐸𝑎𝐴1𝐴2𝜌) obtained from

Lemma 3.6.2. These trace estimates may be complex-valued, so that ̃︀tr(𝐴1𝐴2𝐸𝑎𝜌)−̃︀tr(𝐸𝑎𝐴1𝐴2𝜌) = 𝜓𝑎 + i𝜒𝑎 for some 𝜓𝑎, 𝜒𝑎 ∈ R. We can rewrite this,

⃒⃒⃒∑︁
𝑎

𝜆′𝑎(𝜒𝑎 + i𝜓𝑎)
⃒⃒⃒2

⩽ 𝜀20

⇐⇒
(︁∑︁

𝑎

𝜆′𝑎𝜒𝑎

)︁2
+
(︁∑︁

𝑎

𝜆′𝑎𝜓𝑎

)︁2
⩽ 𝜀20,

revealing that we have a polynomial constraint in 𝜆′ with real coefficients. For the

second constraint, 𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1) is a linear combination of nested commutators

[𝐸𝑎ℓ , [𝐸𝑎ℓ−1
, [. . . [𝐸𝑎1 , 𝐵1]]]] where ℓ ⩽ 2 · 4𝐶K,d𝛽 log(1/𝜀) + 1, so by Lemma 3.3.4, such a

commutator is an element of 𝒜. The coefficient associated with this nested commutator
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is (−𝛽)ℓ𝜆′𝑎ℓ . . . 𝜆
′
𝑎1

, so that for some polynomials 𝑝𝐴(𝜆′) we can write

̃︀tr(︀𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌
)︀
=
∑︁
𝐴∈𝒜

𝑝𝐴(𝜆
′)̃︀tr (𝐵2𝐴𝜌) .

Since we can plug in our estimates with ̃︀tr as before, this expression is well-defined.

We can further conclude that the associated constraint can be written as a polynomial

constraint in 𝜆′ with real coefficients. Recall that |𝒜| ⩽ 𝑚(1/𝜀)10
𝐶K,d𝛽 . Furthermore,

by Lemma 3.3.13, there are at most 𝑚(10d)4
𝐶K,d𝛽ℓ0 ⩽ 𝑚(1/𝜀)10

𝐶K,d𝛽 distinct monomials

in the 𝜆′ that appear in all of the 𝑝𝐴 and thus this entire representation has size

poly(𝑚, 1/𝜀).

Algorithm 3.7.2 (Learning a Hamiltonian from Gibbs states, Theorem 3.7.1).

Input: Description of K-local Hamiltonian terms {𝐸𝑎}𝑎∈[𝑚] with dual interaction

graph degree d; accuracy and failure probability parameters 𝜀, 𝛿 ∈ (0, 1);

inverse temperature 𝛽 > 0; (𝑚6/𝜀𝑒
𝑓(K,d)𝛽

) log(𝑚/𝛿) copies of the Gibbs state

𝜌 = exp(−𝛽𝐻)
tr exp(−𝛽𝐻)

for an unknown Hamiltonian 𝐻 =
∑︀

𝑎 𝜆𝑎𝐸𝑎.

Operation:

1. Set 𝜀0 = 𝜀10
𝛾𝛽

𝑚3 where 𝛾 is a sufficiently large constant depending only

on K, d;

2. Set ℓ0 = 2𝛾𝛽 log(1/𝜀), ℓ1 = 4K;

3. Define 𝒜 = 𝒫4𝛾𝛽ℓ0 ,ℬ = 𝒫ℓ1 ;

4. For all 𝐴 ∈ 𝒜, compute estimates ̃︀tr(𝐴𝜌) of tr(𝐴𝜌) to 𝜀0 error using

Lemma 3.6.2;

135



5. Consider the following constraint system:

𝒞𝜆′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∀𝑎 ∈ [𝑚] −1 ⩽ 𝜆′𝑎 ⩽ 1

𝐻 ′ =
∑︁
𝑎∈[𝑚]

𝜆′𝑎 · 𝐸𝑎

∀𝐴 ∈ 𝒜 |̃︀tr(𝐴(𝐻 ′𝜌− 𝜌𝐻 ′))|2 ⩽ 𝜀20

∀𝐵1, 𝐵2 ∈ ℬ,
⃒⃒̃︀tr(︀𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌

)︀
− ̃︀tr(𝐵1𝐵2𝜌)

⃒⃒2
⩽ 𝜀2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

6. Compute a degree-𝒪(2𝛾𝛽ℓ0) pseudo-distribution 𝜇 consistent with 𝒞𝜆′ ;

7. Set 𝜆̂ = ̃︀E𝜇 [𝜆
′];

Output: 𝜆̂ such that with probability at least 1 − 𝛿, |𝜆̂𝑎 − 𝜆𝑎|2 ⩽ 𝜀2 for all

𝑎 ∈ [𝑚].

Analyzing the polynomial system. We have now described the bulk of the algo-

rithm (Algorithm 3.7.2). To obtain Theorem 3.7.1, we prove the following intermediate

lemmas. In light of Lemma 3.6.2, we may assume that all of our estimates are accurate

to within 𝜀0 with high probability.

Assumption 3.7.3 (Measuring Gibbs states). For all 𝐴1, 𝐴2, 𝐴3 ∈ 𝒜, our estimate

satisfies

|̃︀tr(𝐴1𝐴2𝐴3𝜌)− tr(𝐴1𝐴2𝐴3𝜌)| ⩽ 𝜀0 .

The first lemma states that when our estimates are accurate, the true coefficients i.e.

𝜆′ = 𝜆 are a feasible solution to the system.

Lemma 3.7.4 (Feasibility of the constraint system). If Assumption 3.7.3 holds, then

the constraints in the system 𝒞𝜆′ in Equation (3.16) are satisfied when 𝜆′ = 𝜆 (so that

𝐻 ′ = 𝐻).

Next, we need to prove soundness. The proof of soundness is broken into two key
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steps. First, we prove that any solution to the system must have 𝐻 ′ =
∑︀

𝑎 𝜆
′
𝑎𝐸𝑎 nearly

commute with 𝐻.

Remark 3.7.5 (On sum-of-squares proof degree). All of our sum-of-squares proofs

will be of degree log(1/𝜀)2
𝑓(K,d)𝛽 . For the sake of brevity, we omit the precise degrees

from all subsequent statements.

Lemma 3.7.6 (SoS finds an almost-commuting state). Assume that Assumption 3.7.3

holds. Let 𝐻 ′ =
∑︀

𝑎 𝜆
′
𝑎𝐸𝑎 and write i[𝐻,𝐻 ′] =

∑︀
𝛾𝑏𝐹𝑏 for some 2K-G-local terms

𝐹𝑏 where each of 𝛾𝑏 are linear expressions in the 𝜆′𝑎 (such a representation exists by

Lemma 3.3.4). Then

{ 𝒞𝜆′ } 𝜆′ {︀
−𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0 ⩽ 𝛾𝑏 ⩽ 𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0

}︀
.

Using the above lemma, we can derive identifiability of each parameter in the sum-of-

squares proof system:

Lemma 3.7.7 (A sum-of-squares proof of identifiability). Suppose Assumption 3.7.3

holds. Given the constraint system 𝒞𝜆′, for any term 𝑎* ∈ [𝑚],

{ 𝒞𝜆′ } 𝜆′ {︀
(𝜆𝑎* − 𝜆′𝑎*)2 ⩽ 2𝛾𝛽𝜀

}︀
.

Combining the above lemmas, we can almost prove Theorem 3.7.1. We first show how

to immediately get the same learning guarantee with the same sample complexity but

a slightly worse running time. Later on, we show in Section 3.11 how to improve this

runtime and complete the proof of the stronger Theorem 3.7.1.

Theorem 3.7.8 (Weaker version of Theorem 3.7.1). Let 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 ∈ C𝑁×𝑁

be a K-local Hamiltonian on n qubits whose dual interaction graph has degree d (as

in Problem 1). Suppose we are given the terms {𝐸𝑎}𝑎∈[𝑚], 𝜀 > 0, 𝛿 > 0, and copies

of the Gibbs state 𝜌 at a known inverse temperature 𝛽 > (10(d+ 1))−10. Then there

exists an algorithm that can output estimates 𝜆̃𝑎 such that, with probability ⩾ 1− 𝛿,
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(𝜆̂𝑎 − 𝜆𝑎)2 ⩽ 𝜀2 for all 𝑎 ∈ [𝑚]. This algorithm uses

𝒪
(︁
(𝑚6/𝜀𝑒

𝑓(K,d)𝛽

) log(𝑚/𝛿)
)︁

copies of the Gibbs state and running time

(𝑚/𝜀)log(1/𝜀)·exp(𝑓(K,d)·𝛽).

where 𝑓(K, d) is a positive function depending only on K and d.

Proof of Theorem 3.7.8. Given 𝒪((𝑚6/𝜀𝑒
𝑓(K,d)𝛽

) log(𝑚/𝛿)) copies of the Gibbs state 𝜌,

it follows from Lemma 3.6.2 that with probability at least 1−𝛿, Assumption 3.7.3 holds.

Conditioning on this event, it follows from Lemma 3.7.4 that the constraint system 𝒞𝜆′

is feasible. Given a degree 𝑡 = Ω
(︀
2𝛾𝛽 log(1/𝜀)

)︀
= Ω

(︀
2𝛾𝛽 log(1/𝜀)

)︀
pseudo-distribution

𝜇, where 𝛾 is a fixed universal constant that only depends on K, d, it follows from

Lemma 3.7.7 (and redefining 𝜀 appropriately as (𝜀/2𝛾𝛽)2) that for all 𝑎 ∈ [𝑚],

(︁
𝜆𝑎* − ̃︀E𝜇 [𝜆

′
𝑎* ]
)︁2

⩽ ̃︀E𝜇

[︁
(𝜆𝑎* − 𝜆′𝑎*)

2
]︁
⩽ 𝜀2.

The running time is dominated by computing a degree-𝑡 pseudo-distribution over

𝑚 indeterminates and |𝒜| + |ℬ| ⩽ 𝑚𝒪(1)(1/𝜀)exp(𝒪(𝛾𝛽)) many constraints. It follows

from Theorem 3.3.22 that the overall running time is at most

(𝑚/𝜀)log(1/𝜀) exp(𝒪(𝛾𝛽)),

which concludes the proof.

3.8 A Proof of Feasibility (Lemma 3.7.4)

Our goal in this section is to prove Lemma 3.7.4, which states that our constraint

system Eq. (3.16) is satisfied by the ground truth, 𝜆′ = 𝜆, when Assumption 3.7.3 is
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satisfied. Since we are working with the ground truth Hamiltonian 𝐻, we can relax,

as our proofs need not be in the sum-of-squares system.

We first use the assumption to bound the error of replacing ̃︀tr with tr in the constraints

of the sum-of-squares system. This constraint error comes from the sampling error of

our estimates of observables in Section 3.6.

Lemma 3.8.1. When Assumption 3.7.3 holds, for all 𝐵1, 𝐵2 ∈ ℬ,

|̃︀tr(𝐵1𝐵2𝜌)− tr(𝐵1𝐵2𝜌)| ⩽ 1
2
𝜀

|̃︀tr(𝐵2𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌)− tr(𝐵2𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌)| ⩽ 1
2
𝜀

Proof. Assumption 3.7.3 implies that

|̃︀tr(𝐵1𝐵2𝜌)− tr(𝐵1𝐵2𝜌)| ⩽ 0.5𝜀

for all 𝐵1, 𝐵2. Next, by Lemma 3.3.12 and Claim 3.5.11, we can write 𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)

as a linear combination of the form

∑︁
𝐴∈𝒜

𝑐𝐴𝐴

where 𝒜 ⊂ 𝒫2𝛾𝛽+1ℓ0K and the coefficients satisfy
∑︀

𝐴∈𝒜 |𝑐𝐴| ⩽ ((1 + 𝛽)d)2
𝛾𝛽+5ℓ0 . Thus,

conditioned on the event that Assumption 3.7.3 holds, we have

|̃︀tr(𝐵2𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌)− tr(𝐵2𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌)| ⩽ 0.5𝜀 .

We now prove that the first two constraints are satisfied, when ̃︀tr is replaced by tr.

Lemma 3.8.2 (Feasibility of commutators). Let 𝐴 be a matrix and let 𝜌 be a Gibbs

state associated with the K-local Hamiltonian 𝐻 =
∑︀

𝑎∈[𝑚] 𝜆𝑎𝐸𝑎. Then for all 𝑎 ∈ [𝑚],

|𝜆𝑎| ⩽ 1 and tr(𝐴(𝐻𝜌− 𝜌𝐻)) = 0.
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Proof. By assumption, |𝜆𝑎| ⩽ 1. Next, since 𝐻 commutes with 𝜌, for all 𝐴,

tr(𝐴(𝐻𝜌− 𝜌𝐻)) = 0.

It remains to prove that 𝐻 satisfies the final set of constraints in Eq. (3.16), which

states that tr(𝐵2𝑞(−𝛽𝐻|𝐵1)𝜌) ≈ tr(𝐵1𝐵2𝜌) when 𝑞 is a good flat approximation to

the exponential 𝑒𝑥 (recall Definition 3.5.1). To provide intuition for this statement,

consider working in the basis where 𝐻 is diagonal and its diagonal entries (and

eigenvalues) are 𝜎𝑖. Then

tr((𝐵2𝑞(−𝛽𝐻|𝐵1)−𝐵1𝐵2)𝜌) = tr((𝐵2(𝐵1 ∘ {𝑞(−𝛽(𝜎𝑖 − 𝜎𝑗))}𝑖𝑗)−𝐵1𝐵2)𝜌)

≈ tr((𝐵2(𝐵1 ∘ {𝑒−𝛽(𝜎𝑖−𝜎𝑗)}𝑖𝑗)−𝐵1𝐵2)𝜌)

= tr((𝐵2𝜌𝐵1𝜌
−1 −𝐵1𝐵2)𝜌)

= tr(𝐵2𝜌𝐵1 −𝐵1𝐵2𝜌)

= 0,

where the second equality uses that 𝑞 is a good approximation to 𝑒𝑥. In the following

lemma, we make the above intuition precise, showing that when 𝑞 is a sufficiently good

flat exponential approximation, this derivation indeed holds up to some small error.

Lemma 3.8.3 (Feasibility of the polynomial approximation). Let 𝐻 be a K-local

Hamiltonian with interaction degree d and let 𝜌 be a Gibbs state of 𝐻 at inverse

temperature 𝛽. For 𝐴,𝐵 ∈ 𝒫4K and a polynomial 𝑞 that is a (𝜅, 𝜂, 𝜀)-flat exponential

approximation where

(a) 𝜅 ⩾ 𝐶1𝛽 log(1/𝜀) for some sufficiently large constant 𝐶1 depending only on K, d,

(b) 𝜂 < 1/(𝐶2𝛽) for some sufficiently large constant 𝐶2 depending only on K, d,

we have

| tr(𝐵𝑞(−𝛽𝐻|𝐴)𝜌)− tr(𝐴𝐵𝜌)| ⩽ 1
2
𝜀‖𝐴‖‖𝐵‖.
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Proof. By a change of basis, we take 𝐻 to be diagonal with 𝐻𝑖𝑖 = 𝜎𝑖. Consequently, 𝜌

is also diagonal with 𝜌𝑖𝑖 = 𝑒−𝛽𝜎𝑖/ tr 𝑒−𝛽𝐻 , and

tr(𝐵𝑞(−𝛽𝐻|𝐴)𝜌)− tr(𝐴𝐵𝜌) = tr(𝐵 · 𝑞(−𝛽𝐻|𝐴) · 𝜌)− tr(𝐵𝜌𝐴)

=
1

tr 𝑒−𝛽𝐻

𝑁∑︁
𝑖,𝑗=1

(︁
𝐵𝑗𝑖[𝑞(−𝛽𝐻|𝐴)]𝑖𝑗𝑒−𝛽𝜎𝑗 −𝐵𝑗𝑖𝐴𝑖𝑗𝑒

−𝛽𝜎𝑖

)︁
=

1

tr 𝑒−𝛽𝐻

𝑁∑︁
𝑖,𝑗=1

(︁
𝐵𝑗𝑖𝐴𝑖𝑗𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))𝑒−𝛽𝜎𝑗 −𝐵𝑗𝑖𝐴𝑖𝑗𝑒

−𝛽𝜎𝑖

)︁
=

1

tr 𝑒−𝛽𝐻

𝑁∑︁
𝑖,𝑗=1

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗 ,

(3.19)

where the first equality follows from cyclicity of trace, the second uses its definition,

the third uses Definition 3.4.2 and Lemma 3.4.1, and the fourth groups relevant terms

together. Now, we use that 𝑞 is a (𝜅, 𝜂, 𝜀)-flat exponential approximation to bound

this quantity. Let 𝐿 = 𝜅/(3𝛽) and let 𝑆𝑎 = {𝑖 ∈ [𝑁 ] : 𝜎𝑖 ∈ [𝑎𝐿, (𝑎 + 1)𝐿)}, so that

[𝑁 ] =
⨆︀

𝑎 𝑆𝑎 (where the index goes from −∞ to ∞.) Continuing from Eq. (3.19),

1

tr 𝑒−𝛽𝐻

𝑁∑︁
𝑖,𝑗=1

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

=
1

tr 𝑒−𝛽𝐻

∑︁
𝑎

∑︁
𝑏

∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑏

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

=
∑︁
𝛼

1

tr 𝑒−𝛽𝐻

∑︁
𝑎

∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗 (3.20)

Now, we bound (3.20) by breaking into cases depending on the value of 𝛼. First,

suppose −2 ⩽ 𝛼 ⩽ 2. For 𝑖 ∈ 𝑆𝑎 and 𝑗 ∈ 𝑆𝑎+𝛼, the input to 𝑞 is bounded by

𝜅: 𝛽|𝜎𝑗 − 𝜎𝑖| < 𝛽(𝛼 + 1)𝐿 ⩽ 𝜅. So it follows from the approximation guarantee

(Definition 3.5.1) that

|𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)| ⩽ 𝜀, (3.21)
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and thus ⃒⃒⃒∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

⃒⃒⃒
⩽ 𝜀

∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

|𝐵𝑗𝑖𝐴𝑖𝑗|𝑒−𝛽𝜎𝑗

⩽ 𝜀
(︁
max
𝑗∈𝑆𝑎+𝛼

∑︁
𝑖∈𝑆𝑎

|𝐵𝑗𝑖𝐴𝑖𝑗|
)︁ ∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

⩽ 𝜀
(︁
max
𝑗∈𝑆𝑎+𝛼

∑︁
𝑖∈𝑆𝑎

|𝐵𝑗𝑖|2
∑︁
𝑖∈𝑆𝑎

|𝐴𝑖𝑗|2
)︁1/2 ∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

⩽ 𝜀‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗 , (3.22)

where 𝐴𝑆𝑎,𝑆𝑏
and 𝐵𝑆𝑎,𝑆𝑏

are the submatrices of 𝐴 and 𝐵 indexed by 𝑖 ∈ 𝑆𝑎 and 𝑗 ∈ 𝑆𝑏

(in the eigenbasis of 𝐻). Next, suppose 𝛼 ⩾ 3. For 𝑖 ∈ 𝑆𝑎 and 𝑗 ∈ 𝑆𝑎+𝛼, 𝜎𝑗 > 𝜎𝑖, so by

the guarantee on 𝑞 (Definition 3.5.1), |𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))| ⩽ max(1, 𝑒𝛽(𝜎𝑗−𝜎𝑖))𝑒𝜂|𝛽(𝜎𝑗−𝜎𝑖)| =

𝑒(1+𝜂)𝛽(𝜎𝑗−𝜎𝑖). Thus,

⃒⃒⃒∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

⃒⃒⃒
⩽
∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

|𝐵𝑗𝑖𝐴𝑖𝑗|
(︁
𝑒(1+𝜂)𝛽(𝜎𝑗−𝜎𝑖) + 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

=
∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

|𝐵𝑗𝑖𝐴𝑖𝑗|
(︁
𝑒𝜂𝛽(𝜎𝑗−𝜎𝑖) + 1

)︁
𝑒−𝛽𝜎𝑖

⩽ (𝑒𝜂𝛽(𝛼+1)𝐿 + 1)
(︁
max
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

|𝐵𝑗𝑖𝐴𝑖𝑗|
)︁∑︁

𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖

⩽ (𝑒𝜂𝛽(𝛼+1)𝐿 + 1)‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖
∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖 . (3.23)

Finally, suppose 𝛼 ⩽ −3. For 𝑖 ∈ 𝑆𝑎 and 𝑗 ∈ 𝑆𝑎+𝛼, we have 𝜎𝑗 < 𝜎𝑖, so by the same

guarantee on 𝑞 (Definition 3.5.1), |𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))| ⩽ 𝑒𝜂𝛽(𝜎𝑖−𝜎𝑗). Thus,

⃒⃒⃒∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

⃒⃒⃒
⩽
∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

|𝐵𝑗𝑖𝐴𝑖𝑗|(𝑒−𝛽𝜎𝑗𝑒𝜂𝛽(|𝛼|+1)𝐿 + 𝑒−𝛽𝜎𝑖)

⩽ ‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖
(︁∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖 + 𝑒𝜂𝛽(|𝛼|+1)𝐿
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

)︁
. (3.24)
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By Corollary 3.3.10, for an absolute constant 𝑐 > 1 depending only on K, d,

‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖ ⩽ ‖𝐴‖𝑒𝑐−(|𝛼|−1)𝐿/𝑐

‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖ ⩽ ‖𝐵‖𝑒𝑐−(|𝛼|−1)𝐿/𝑐 .
(3.25)

We choose 𝜂 = 1/(𝐶2𝛽) small enough to ensure that 𝜂𝛽(|𝛼|+1) ⩽ (|𝛼|−1)/𝑐 whenever

|𝛼| ⩾ 3. Combining Eqs. (3.22) to (3.25) with the above, we get the following bound

on Eq. (3.20).⃒⃒⃒⃒
⃒⃒∑︁

𝛼

1

tr 𝑒−𝛽𝐻

∑︁
𝑎

∑︁
𝑖∈𝑆𝑎

∑︁
𝑗∈𝑆𝑎+𝛼

𝐵𝑗𝑖𝐴𝑖𝑗

(︁
𝑞(𝛽(𝜎𝑗 − 𝜎𝑖))− 𝑒𝛽(𝜎𝑗−𝜎𝑖)

)︁
𝑒−𝛽𝜎𝑗

⃒⃒⃒⃒
⃒⃒ from Eq. (3.20)

⩽
1

tr 𝑒−𝛽𝐻

∑︁
𝑎

(︁ 2∑︁
𝛼=−2

𝜀‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗 by Eq. (3.22)

+
∞∑︁
𝛼=3

(𝑒𝜂𝛽(𝛼+1)𝐿 + 1)‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖
∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖 by Eq. (3.23)

+
−∞∑︁
𝛼=−3

‖𝐵𝑆𝑎,𝑆𝑎+𝛼‖‖𝐴𝑆𝑎,𝑆𝑎+𝛼‖
(︁∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖 + 𝑒𝜂𝛽(|𝛼|+1)𝐿
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

)︁)︁
by Eq. (3.24)

⩽
‖𝐴‖‖𝐵‖
tr 𝑒−𝛽𝐻

∑︁
𝑎

(︁ 2∑︁
𝛼=−2

𝜀
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

+
∞∑︁
𝛼=3

(𝑒𝜂𝛽(𝛼+1)𝐿 + 1)𝑒2(𝑐−(|𝛼|−1)𝐿/𝑐)
∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖

+
−∞∑︁
𝛼=−3

𝑒2(𝑐−(|𝛼|−1)𝐿/𝑐)
(︁∑︁
𝑖∈𝑆𝑎

𝑒−𝛽𝜎𝑖 + 𝑒𝜂𝛽(|𝛼|+1)𝐿
∑︁

𝑗∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑗

)︁)︁
by Eq. (3.25)

= ‖𝐴‖‖𝐵‖
(︁ 2∑︁

𝛼=−2

𝜀

+
∞∑︁
𝛼=3

(𝑒𝜂𝛽(𝛼+1)𝐿 + 1)𝑒2(𝑐−(|𝛼|−1)𝐿/𝑐)

+
−∞∑︁
𝛼=−3

𝑒2(𝑐−(|𝛼|−1)𝐿/𝑐)(1 + 𝑒𝜂𝛽(|𝛼|+1)𝐿)
)︁

by
∑︀

𝑎

∑︀
𝑖∈𝑆𝑎+𝛼

𝑒−𝛽𝜎𝑖 = tr(𝑒−𝛽𝐻)

⩽ (5 + 𝑒2𝑐)‖𝐴‖‖𝐵‖
(︁
𝜀+

∑︁
𝛼,|𝛼|⩾3

(1 + 𝑒𝜂𝛽(|𝛼|+1)𝐿)𝑒−2(|𝛼|−1)𝐿/𝑐
)︁
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⩽ (5 + 𝑒2𝑐) tr(𝑒−𝛽𝐻)‖𝐴‖‖𝐵‖

⎛⎝𝜀+ ∑︁
𝛼,|𝛼|⩾3

2𝑒−(|𝛼|−1)𝐿/𝑐

⎞⎠
⩽ 1

2
𝜀‖𝐴‖‖𝐵‖ taking 𝐿 = 𝜅/(3𝛽) ⩾ 𝐶1 log(1/𝜀)

The last step is where we need 𝐶1 to be sufficiently large in terms of K, d. Plugging

this back into the relation at the beginning, we conclude

| tr(𝐵𝑞(−𝛽𝐻|𝐴)𝜌)− tr(𝐴𝐵𝜌)| ⩽ 1
2
𝜀‖𝐴‖‖𝐵‖

as desired.

Now we can complete the proof of Lemma 3.7.4.

Proof of Lemma 3.7.4. The first two constraints are satisfied by Lemmas 3.8.1 and 3.8.2:

|̃︀tr(𝐴1𝐴2(𝐻𝜌− 𝜌𝐻))|2 ⩽ 2|̃︀tr(𝐴1𝐴2(𝐻𝜌− 𝜌𝐻))|2 + 2|tr(𝐴1𝐴2(𝐻𝜌− 𝜌𝐻))|2 ⩽ 1
2
𝜀2.

(3.26)

As for the final constraint, by Theorem 3.5.5, and as stated in (3.18), the polynomial

𝑞𝐶K,d𝛽,ℓ0 is a flat exponential approximation with parameters

(︁
0.001 · 2𝛾𝛽 log(1/𝜀), 5

𝛾𝛽
, 0.001𝜀

)︁
.

Thus, by Lemma 3.8.3, we have

|tr(𝐵2𝑞𝛾𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌− tr(𝐵1𝐵2𝜌))| ⩽ 0.1𝜀

for all 𝐵1, 𝐵2 ∈ ℬ. Combining the above with Lemma 3.8.1 immediately implies that

all constraints are satisfied.
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3.9 A Sum-of-Squares Proof That the Commutator

Is Small (Lemma 3.7.6)

In this section, we prove Lemma 3.7.6. We will only use a subset of the constraints,

namely the commutator constraints involving ̃︀tr(𝐴(𝐻 ′𝜌− 𝜌𝐻 ′)), to prove this. The

proof will involve two parts. First, we will show that the constraints imply that

tr([𝐻,𝐻 ′](𝐻 ′𝜌 − 𝜌𝐻 ′)) is small. Then, we show that tr([𝐻,𝐻 ′](𝐻 ′𝜌 − 𝜌𝐻 ′)) being

small actually implies that [𝐻,𝐻 ′] must be small.

Lemma 3.9.1 (Trace inner product is bounded). Under Assumption 3.7.3, we have

{ 𝒞𝜆′ } 𝜆′ {︀
|tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′))| ⩽ 𝑚2(10Kd)5𝜀0

}︀
.

Proof. By Lemma 3.3.4, we can write [𝐻,𝐻 ′] =
∑︀

𝐹∈𝒫2K
𝑓𝑎(𝜆

′)𝐹 where each 𝑓𝑎 is a

linear functions of 𝜆′1, . . . , 𝜆′𝑚. Furthermore we have the following properties

• Each 𝑓𝑎 has nonzero coefficients on at most d terms

• All of the coefficients in each of the 𝑓𝑎 have magnitude at most 1

The total number of terms 𝐹 ∈ 𝒫2K is at most 𝑚(10Kd)2 (recall Corollary 3.3.14).

We have the constraint −𝜀0 ⩽ ̃︀tr(𝐹 (𝐻 ′𝜌− 𝜌𝐻 ′)) ⩽ 𝜀0 for each 𝐹 ∈ 𝒫2K, and thus

summing over the 𝐹 ’s

{ 𝒞𝜆′ } 𝜆′

{︃̃︀tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) = ̃︀tr(︁ ∑︁
𝐹∈𝒫2K

𝑓𝑎(𝜆
′)𝐹 (𝐻 ′𝜌− 𝜌𝐻 ′)

)︁
⩽ d

∑︁
𝐹∈𝒫2K

̃︀tr(𝐹 (𝐻 ′𝜌− 𝜌𝐻 ′)) ⩽ 𝑚102Kd3𝜀0

}︃
,

(3.27)

where the first inequality follows from the constraint that −1 ⩽ 𝜆′𝑖 ⩽ 1 and that each

𝑓𝑎 has at most d non-zeros, and the second inequality follows from there being at most

𝑚(10Kd)2 terms 𝐹 ∈ 𝒫2K and the corresponding trace being at most 𝜀0 due to the
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constraints. Similarly, we can derive

{ 𝒞𝜆′ } 𝜆′

{︃̃︀tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) ⩾ −𝑚102Kd3𝜀0

}︃
. (3.28)

Next, again expanding 𝐻 and 𝐻 ′ in the Pauli basis, we have

𝜆′

{︃
tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) =

∑︁
𝐹1,𝐹2∈𝒫2K

𝑔𝐹1,𝐹2(𝜆
′) tr(𝐹1𝐹2𝜌)

}︃
, (3.29)

where 𝑔𝐹1,𝐹2(𝜆
′) are quadratic functions of the 𝜆′ each with at most d nonzero monomials

and coefficients between ±2. Similarly,

𝜆′

{︃ ̃︀tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) =
∑︁

𝐹1,𝐹2∈𝒫2K

𝑔𝐹1,𝐹2(𝜆
′)̃︀tr(𝐹1𝐹2𝜌)

}︃
. (3.30)

Using Assumption 3.7.3 and the constraint that −1 ⩽ 𝜆′𝑖 ⩽ 1, we have

{ 𝒞𝜆′ } 𝜆′

{︃
tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′))

⩽
∑︁

𝐹1,𝐹2∈𝒫2K

𝑔𝐹1,𝐹2(𝜆
′)̃︀tr(𝐹1𝐹2𝜌) + 𝜀0 ·

∑︁
𝐹1,𝐹2∈𝒫2K

𝑔𝐹1,𝐹2(𝜆
′)

= ̃︀tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) + 𝜀0
∑︁

𝐹1,𝐹2∈𝒫2K

𝑔𝐹1,𝐹2(𝜆
′)

⩽ 𝑚2(10Kd)5𝜀0

}︃
,

(3.31)

where the first inequality follows from (3.29), (3.30) and Assumption 3.7.3 and the

second follows from (3.27), the fact that 𝑔 has coefficients between [−2, 2] and there

are at most 𝑚2(10Kd)4 terms 𝐹1, 𝐹2 ∈ 𝒫2K. Similarly, using the lower bound estimate

in (3.28) we have

{ 𝒞𝜆′ } 𝜆′

{︃
tr([𝐻,𝐻 ′](𝐻 ′𝜌− 𝜌𝐻 ′)) ⩾ −𝑚2(10Kd)5𝜀0

}︃
, (3.32)
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which completes the proof.

Next, we move on to the second part of the proof. First, we prove the following

inequality relating tr([𝐻,𝐻 ′](𝐻 ′𝜌−𝜌𝐻 ′)) to tr((i[𝐻 ′, 𝐻])2𝜌). We note that we consider

the expression i[𝐻 ′, 𝐻] to ensure that the matrix is Hermitian and the coefficients of

the 𝜆′𝑖 are real.

Lemma 3.9.2 (Lower bounding the commutator at arbitrary temperature). Given

0 < 𝛽, 𝐻 ′ =
∑︀

𝑖∈[𝑚] 𝜆
′
𝑖𝐸𝑖, 𝐻 =

∑︀
𝑖∈[𝑚] 𝜆𝑖𝐸𝑖 and 𝜌 = 𝑒−𝛽𝐻 , we have

𝜆′
{︂

𝛽

1 + 2𝛽‖𝐻‖
tr
(︀
(i[𝐻 ′, 𝐻])2𝜌

)︀
⩽ tr([𝐻 ′, 𝐻](𝐻 ′𝜌− 𝜌𝐻 ′))

}︂
.

Proof. Consider the basis where 𝐻 is diagonal and let its eigenvalues be 𝜎𝑖. Let

𝑍 = tr(𝑒−𝛽𝐻). Then,

𝜆′

{︃
tr([𝐻 ′, 𝐻](𝐻 ′𝜌− 𝜌𝐻 ′)) = tr((𝐻 ′𝐻 −𝐻𝐻 ′)(𝐻 ′𝜌− 𝜌𝐻 ′))

=
1

𝑍
tr((𝐻 ′ ∘ {𝜎𝑗 − 𝜎𝑖}𝑖𝑗)(𝐻 ′ ∘ {𝑒−𝛽𝜎𝑗 − 𝑒−𝛽𝜎𝑖}𝑖𝑗))

=
1

𝑍

∑︁
𝑖,𝑗

𝐻 ′
𝑖𝑗𝐻

′
𝑗𝑖(𝜎𝑗 − 𝜎𝑖)(𝑒−𝛽𝜎𝑖 − 𝑒−𝛽𝜎𝑗)

=
1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)(𝑒−𝛽𝜎𝑖 − 𝑒−𝛽𝜎𝑗)

=
1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)(1− 𝑒−𝛽(𝜎𝑗−𝜎𝑖))𝑒−𝛽𝜎𝑖

}︃
(3.33)

By a similar argument,

𝜆′

{︃
tr
(︀
(i[𝐻 ′, 𝐻])2𝜌

)︀
=

1

𝑍
tr((𝐻 ′ ∘ {𝜎𝑗 − 𝜎𝑖}𝑖𝑗)(𝐻 ′ ∘ {(𝜎𝑖 − 𝜎𝑗)𝑒−𝛽𝜎𝑗}𝑖𝑗))

=
1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)2𝑒−𝛽𝜎𝑖

}︃
.

(3.34)
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We observe that, since 𝑒𝑥 ⩾ 1 + 𝑥, 𝑒−𝑥 ⩽ 1
1+𝑥

, and so

𝑥(1− 𝑒−𝛽𝑥) ⩾ |𝑥|(1− 𝑒−𝛽|𝑥|) ⩾
𝛽𝑥2

1 + |𝛽𝑥|
.

Applying this inequality with 𝑥 = 𝜎𝑗 − 𝜎𝑖, which are constants in the sum-of-squares

proof system, and substituting back into (3.33), we have,

𝜆′

{︃
tr([𝐻 ′, 𝐻](𝐻 ′𝜌− 𝜌𝐻 ′)) =

1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)(1− 𝑒−𝛽(𝜎𝑗−𝜎𝑖))𝑒−𝛽𝜎𝑖

⩾
1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)2

𝛽

1 + |𝛽||𝜎𝑗 − 𝜎𝑖|
𝑒−𝛽𝜎𝑖

⩾
𝛽

1 + 2𝛽‖𝐻‖
1

𝑍

∑︁
𝑖,𝑗

|𝐻 ′
𝑖𝑗|2(𝜎𝑗 − 𝜎𝑖)2𝑒−𝛽𝜎𝑖

=
𝛽

1 + 2𝛽‖𝐻‖
tr
(︀
(i[𝐻 ′, 𝐻])2𝜌

)︀}︃
,

(3.35)

where the second inequality follows from |𝜎𝑗−𝜎𝑖| ⩽ 2‖𝐻‖ and the last equality follows

from (3.34).

Lemma 3.9.3. Let 𝐻 ′ =
∑︀𝑚

𝑎=1 𝜆
′
𝑎𝐸𝑎 and write i[𝐻,𝐻 ′] =

∑︀|𝒫2K|
𝑏=1 𝛾𝑏𝐹𝑏 as a linear

combination of 2K-local Pauli matrices 𝐹𝑏 where each of the 𝛾𝑏 are linear expressions

in the 𝜆′𝑎. Then, for each 𝛾𝑏, we have

{ 𝒞𝜆′ } 𝜆′ {︀
𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽) tr((i[𝐻 ′, 𝐻])2𝜌)

}︀
.

Proof. Note that i[𝐻 ′, 𝐻] is Hermitian and is 2K-local. Thus, by Corollary 3.3.8, we

have that for any real values for the 𝜆′𝑖, the inequality

𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽) tr((i[𝐻 ′, 𝐻])2𝜌)
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holds. Now both sides of the above are quadratic expressions in the 𝜆′𝑖 so by Fact 3.3.29,

the difference between the two sides can be written as a sum of squares of linear

functions of the 𝜆′𝑖. Thus,

{ 𝒞𝜆′ } 𝜆′ {︀
𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽) tr((i[𝐻 ′, 𝐻])2𝜌)

}︀
as desired.

Now we can finish the proof of Lemma 3.7.6 by combining the previous lemmas.

Proof of Lemma 3.7.6. Combining Lemma 3.9.1, Lemma 3.9.2, and Lemma 3.9.3, we

get

{ 𝒞𝜆′ } 𝜆′ {︀
𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽)𝑚3𝜀0

}︀
since ‖𝐻‖ ⩽ 𝑚 (and we can adjust the 𝑂K,d(1) in the exponent to absorb the other

factors). It follows from Fact 3.3.33 that

{︀
𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽)𝑚3𝜀0

}︀ 𝜆′ {︀
−𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0 ⩽ 𝛾𝑏 ⩽ 𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0

}︀
and this is exactly the desired statement.

3.10 A Sum-of-Squares Proof of Identifiability (Lemma 3.7.7)

In this section, we prove Lemma 3.7.7. At a high level, we will rely on properties of

𝑞𝐶K,d𝛽,ℓ0 proven in Section 3.5. However, since we are working with commutator poly-

nomials, we will need to invoke the translation between polynomials and commutators

in Section 3.4 at each step. First, it is critical that 𝐻 ′ and 𝐻 almost commute so that

the “error" terms that appear in the translation (those on the RHS of Theorem 3.4.9)

are small. We make this precise in the following subsection.
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3.10.1 Bounding Error Terms: Polynomials to Nested Com-

mutators

We begin by showing the following lemma:

Lemma 3.10.1 (Bounding switched commutators of type 3). Let 𝑆, 𝑇 ∈ {0, 1}* be

arbitrary sequences of length at most ℓ. Let 𝐴 ∈ 𝒫K. Then we can write

i|𝑆|+|𝑇 | [(𝐻,𝐻 ′)𝑆, [[𝐻
′, 𝐻], [(𝐻,𝐻 ′)𝑇 , 𝐴]]] =

∑︁
𝐺𝑐∈𝒫4(ℓ+1)K

𝜁𝑐𝐺𝑐

where 𝜁𝑐 are polynomials in the 𝜆′ and the terms 𝐺𝑐 are in 𝒫4(ℓ+1)K and have distance

at most 4(ℓ+ 1)K from the support of 𝐴. If Assumption 3.7.3 holds then

{ 𝒞𝜆′ } 𝜆′ {︁
− (|𝑆|+ |𝑇 |+ 1)!(2d)4ℓ𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0

⩽ 𝜁𝑐 ⩽ (|𝑆|+ |𝑇 |+ 1)!(2d)4ℓ𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0
}︁
.

Note that the i|𝑆|+|𝑇 | is to make the expression Hermitian so that the 𝜁𝑐 are real

polynomials.

Proof. We can write i[𝐻,𝐻 ′] =
∑︀

𝑏 𝛾𝑏𝐹𝑏 for 𝐹𝑏 ∈ 𝒫2K and by Lemma 3.7.6

{ 𝒞𝜆′ } 𝜆′ {︀
−𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0 ⩽ 𝛾𝑏 ⩽ 𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0

}︀
. (3.36)

For notational convenience, for an index 𝑗 ∈ {1, 2, . . . , |𝑆|+ |𝑇 |}, let 𝜆𝑎,[𝑗] be equal to

𝜆𝑎 if the 𝑗th entry of the sequence 𝑆𝑇 (concatenated) is 0 and equal to 𝜆′𝑎 otherwise.

Now we can apply Lemma 3.3.12 (with K ← 2K and d ← 10d2, since [𝐻,𝐻 ′] is

2K-local) to write

i|𝑆|+|𝑇 | [(𝐻,𝐻 ′)𝑆, [[𝐻
′, 𝐻], [(𝐻,𝐻 ′)𝑇 , 𝐴]]]

= 2|𝑆|+|𝑇 |+1
∑︁

𝑎1,...,𝑎|𝑆|+|𝑇 |,𝑏

𝑐𝑎1,...,𝑎|𝑆|+|𝑇 |,𝑏 ·

⎛⎝ ∏︁
𝑗∈[|𝑆|+|𝑇 |]

𝜆𝑎𝑗 .[𝑗]

⎞⎠ · 𝛾𝑏 · 𝐴𝑎1,...,𝑎|𝑆|+|𝑇 |,𝑏
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where 𝑐𝑎1,...,𝑎|𝑆|+|𝑇 |,𝑏 ∈ ±1,±i and the sum has at most (|𝑆|+ |𝑇 |+1)!d2(|𝑆|+|𝑇 |+1) terms

and each of the terms 𝐴𝑎1,...,𝑎|𝑆|+|𝑇 |,𝑏 ∈ 𝒫4(ℓ+1)K and has distance at most 4(ℓ + 1)K

from the support of 𝐴. Thus, we can rewrite the original commutator in the form∑︀
𝐺𝑐∈𝒫4(ℓ+1)K

𝜁𝑐𝐺𝑐 where each of the 𝜁𝑐 is a polynomial with real coefficients (because

the original commutator is Hermitian) in the variables 𝜆′ of degree at most 2ℓ+ 2.

Since we have the constraint −1 ⩽ 𝜆′𝑎 ⩽ 1 and (3.36) and also we know that

−1 ⩽ 𝜆𝑎 ⩽ 1, combining over all of the terms in the above sum,

{ 𝒞𝜆′ } 2ℓ+2

𝜆′ {︀
𝜁𝐶 ⩽ (|𝑆|+ |𝑇 |+ 1)!(2d)2(|𝑆|+|𝑇 |+1)𝑒𝒪K,d(𝛽)𝑚1.5√𝜀0

}︀
.

The lower bound can be obtained in a similar manner.

Lemma 3.10.2 (Bounding switched commutators of type 1 and 2). Let 𝑆 ∈ {0, 1}*

be an arbitrary sequence of length at most ℓ. Let 𝐴 ∈ 𝒫K. Then we can write

i|𝑆| [(𝐻,𝐻 ′)𝑆, 𝐴] =
∑︁

𝜁𝑐𝐺𝑐

where the terms 𝐺𝑐 ∈ 𝒫(ℓ+1)K and have distance at most (ℓ+ 1)K from the support of

𝐴. Furthermore,

{ 𝒞𝜆′ } 2ℓ+2

𝜆′ {︀
|𝜁𝐶 | ⩽ (|𝑆|+ 1)!(4d)ℓ

}︀
.

Note that the i|𝑆| ensures that the expression is Hermitian so that the 𝜁𝑐 are real.

Proof. The proof is the same as Lemma 3.10.1. We don’t need Lemma 3.7.6 at all

and just need to use the constraint that −1 ⩽ 𝜆′𝑎 ⩽ 1 and the fact that −1 ⩽ 𝜆𝑎 ⩽ 1

to bound the coefficients.

We will also need the following lemma that bounds the effect of the sampling error.

This is analogous to Lemma 3.8.1 but we now need that it is enforced for all potential

choices of 𝜆′.

Lemma 3.10.3 (Estimated expectations are close to true expectations). Under
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Assumption 3.7.3, for all 𝐵1, 𝐵2 ∈ ℬ,

{ 𝒞𝜆′ } 𝜆′ {︀
|̃︀tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌)− tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌)|2 ⩽ 0.01𝜀2

}︀
Proof. By Lemma 3.3.12 and Claim 3.5.11, we can write 𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1) as a linear

combination of the form
∑︀

𝐴∈𝒜 𝑐𝐴𝐴 where 𝒜 ⊂ 𝒫
2
𝐶K,d𝛽+1

ℓ0K
and the coefficients 𝑐𝐴

are polynomials in the 𝜆′ of degree at most 𝑞𝐶K,d𝛽,ℓ0 . Furthermore, the sum of the

magnitudes of all of the coefficients of all of the 𝑐𝐴 is at most ((1 + 𝛽)d)2
𝐶K,d𝛽+5

ℓ0 . We

can then write{︃ ̃︀tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′ | 𝐵1)𝜌)− tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′ | 𝐵1)𝜌) =
∑︁
𝐴∈𝒜

𝑐𝐴(̃︀tr(𝐵2𝐴𝜌)− tr(𝐵2𝐴𝜌))

}︃
.

Thus, conditioned on the event that Assumption 3.7.3 holds and using the constraints

that −1 ⩽ 𝜆′ ⩽ 1, we get the desired bound.

3.10.2 No Small Local Marginals in Sum-of-Squares

Now we move onto the main proof. At a high level, we will show that if 𝐻,𝐻 ′ are

far, then there must be certain choices for 𝐵1, 𝐵2 in the constraint system { 𝒞𝜆′ }

that “witness” this and thus the constraints will be violated. We break up the desired

statement into a series of inequalities.

First, we can take a suitable linear combination of the constraints to derive that

the following quantities must be small. Note that in the expressions below, 𝐵 and

[𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3 are playing the role of our “witness”.

Lemma 3.10.4 (Nested commutator polynomials are bounded in SoS). Let 𝑞 denote

the polynomial 𝑞𝐶K,d𝛽,ℓ0. Under Assumption 3.7.3, we have for any 𝐵 ∈ 𝒫K,

{ 𝒞𝜆′ } 𝜆′ {︀
|tr(([𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3)(𝑞(−𝛽𝐻 ′|𝐵)− 𝑞(−𝛽𝐻|𝐵))𝜌)| ⩽ (2d)12𝜀2

}︀
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Proof. Fix any 𝐵 ∈ 𝒫K. By Lemma 3.3.4, we have

𝜆′

{︃
i([𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3) =

∑︁
𝐹𝑏∈𝒫4K

𝛾𝑏𝐹𝑏

}︃
,

for some 𝛾𝑏 that are degree-3 polynomials in the indeterminates (𝜆′𝑖)’s with real

coefficients (because the expression is Hermitian) in the 𝜆′. Since −1 ⩽ 𝜆𝑖 ⩽ 1 and we

also have the constraint that −1 ⩽ 𝜆′𝑖 ⩽ 1, we get

{ 𝒞𝜆′ } 𝜆′ {︀
−(2d)3 ⩽ 𝛾𝑏 ⩽ (2d)3

}︀
.

Also, at most d3 of the 𝛾𝑏 are nonzero. We recall the following statements: for all

𝐵1, 𝐵2 ∈ ℬ,

{ 𝒞𝜆′ } 𝜆′ {︁ ⃒⃒̃︀tr(𝐵2𝑞(−𝛽𝐻 ′ | 𝐵1)𝜌)− tr(𝐵2𝑞(−𝛽𝐻 ′ | 𝐵1)𝜌)
⃒⃒2

⩽ 0.01𝜀2
}︁

(Lemma 3.10.3)

𝜆′ {︁ ⃒⃒̃︀tr(𝐵2𝑞(−𝛽𝐻 | 𝐵1)𝜌)− tr(𝐵2𝑞(−𝛽𝐻 | 𝐵1)𝜌)
⃒⃒2

⩽ 0.01𝜀2
}︁
,

(Lemma 3.8.1)

𝜆′ {︁ ⃒⃒̃︀tr(𝐵1𝐵2𝜌)− ̃︀tr(𝐵2𝑞(−𝛽𝐻 | 𝐵1)𝜌)
⃒⃒2

⩽ 𝜀2
}︁

(Lemma 3.7.4)

Using the (last) constraint in the system 𝒞𝜆′ and the above, we deduce

{ 𝒞𝜆′ } 𝜆′ {︀
|tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵1)𝜌)− tr(𝐵2𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵1)𝜌)|2 ⩽ 1.44𝜀2

}︀
.

Now we can plug in 𝐵1 = 𝐵 and 𝐵2 = 𝐹𝑏 into the above and then take a linear

combination with coefficients equal to the 𝛾𝑏. Using the properties of the 𝛾𝑏 at the

beginning, we conclude

{ 𝒞𝜆′ } 𝜆′ {︀
|tr(([𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3)(𝑞(−𝛽𝐻 ′|𝐵)− 𝑞(𝛽𝐻|𝐵))𝜌)| ⩽ (2d)6𝜀

}︀
as desired.
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On the other hand, we will show using the properties of 𝑞𝐶K,d𝛽,ℓ0 in Theorem 3.5.6 that

the expression on the LHS in the above is actually lower bounded by some function of

[𝐻 −𝐻 ′, 𝐵]. The first step of this is the following lemma.

Lemma 3.10.5 (Key polynomial identity for nested commutators in sum-of-squares).

Let

𝑋(𝐵) = tr
(︀
([𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3)(𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)− 𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵))𝜌

)︀
− 1

2000

(︀
tr([𝐻 −𝐻 ′, 𝐵]2𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌)

)︀
.

Under Assumption 3.7.3, we have for any 𝐵 ∈ 𝒫K,

{ 𝒞𝜆′ } 𝜆′
{Re(𝑋(𝐵)) ⩾ −𝜀}

{ 𝒞𝜆′ } 𝜆′
{|Im(𝑋(𝐵))| ⩽ 𝜀}

Proof. By Theorem 3.5.6, we can write the following polynomial equality in two formal

variables 𝑥, 𝑦

((𝑥−𝑦)+0.25(𝑥−𝑦)3)(𝑞𝐶K,d𝛽,ℓ0(𝑥)−𝑞𝐶K,d𝛽,ℓ0(𝑦))−
1

2000
(𝑥−𝑦)2𝑝𝐶K,d𝛽,ℓ0(𝑥) =

𝑚∑︁
𝑗=1

𝑟𝑗(𝑥, 𝑦)
2

(3.37)

where 𝑚 ⩽ 102
𝐶K,d𝛽ℓ0 and each of the polynomials 𝑟𝑗 is (2𝐶K,d𝛽ℓ0 + 10, 2002

𝐶K,d𝛽ℓ0)-

bounded. Also note that since 𝐻,𝐻 ′, 𝐵 are Hermitian, for any polynomial 𝑞

𝜆′ {︀
𝑞(𝐻,𝐻 ′ | 𝐵)† = 𝑞(−𝐻,−𝐻 ′ | 𝐵)

}︀
. (3.38)
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Thus, we can apply Theorem 3.4.9 to write the following formal identity:

𝜆′

{︃
tr
(︀
([𝐻 −𝐻 ′, 𝐵] + 0.25[𝐻 −𝐻 ′, 𝐵]3)(𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)− 𝑞𝐶K,d𝛽,ℓ0(−𝛽𝐻 ′|𝐵))𝜌

)︀
− 1

2000
tr([𝐻 −𝐻 ′, 𝐵]2𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌)

=
𝑚∑︁
𝑗=1

tr(𝑟𝑗(𝐻,𝐻
′|𝐵)𝑟𝑗(𝐻,𝐻

′|𝐵)†𝜌) +𝐷

}︃
,

(3.39)

where 𝐷 is a sum of four types of terms given on the RHS of Theorem 3.4.9. By

Claim 3.5.11, all of the polynomials in the original identity are (2𝐶K,d𝛽+1ℓ0, 200
2
𝐶K,d𝛽ℓ0)-

bounded and thus Theorem 3.4.9 combined with applying Lemma 3.10.1 and Lemma 3.10.2

to the individual terms in 𝐷 gives us that

{ 𝒞𝜆′ } 𝜆′ {︁
|Re(𝐷)| ⩽ 24

𝐶K,d𝛽ℓ0𝑚1.5√𝜀0
}︁

{ 𝒞𝜆′ } 𝜆′ {︁
|Im(𝐷)| ⩽ 24

𝐶K,d𝛽ℓ0𝑚1.5√𝜀0
}︁
.

Now by definition, 24
𝐶K,d𝛽ℓ0𝑚1.5√𝜀0 ⩽ 0.1𝜀. Finally, it remains to note that

{ 𝒞𝜆′ } 𝜆′ {︀
tr(𝑟𝑗(𝐻,𝐻

′|𝐵)𝑟𝑗(𝐻,𝐻
′|𝐵)†𝜌) ⩾ 0

}︀
.

This is because we can rewrite the LHS above as ‖𝜌1/2𝑟𝑗(𝐻,𝐻 ′|𝐵)‖2𝐹 which is a sum

of squares in the real and imaginary parts of the entries of the matrix 𝜌1/2𝑟𝑗(𝐻,𝐻 ′|𝐵).

This matrix has entries that are polynomials with complex coefficients in the 𝜆′.

Separating out the real and imaginary parts, the real and imaginary parts of the entries

are thus polynomials in the 𝜆′ with real coefficients. So overall, ‖𝜌1/2𝑟𝑗(𝐻,𝐻 ′|𝐵)‖2𝐹 is

a sum of squares of polynomials in the 𝜆′. Combining everything with (3.39) completes

the proof.

Next, we analyze the subtracted term tr([𝐻−𝐻 ′, 𝐵]2𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌) in Lemma 3.10.5.

We use the property that 𝑝𝐶K,d𝛽,ℓ0 is a good approximation to the exponential to relate

it to a much simpler expression.
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Lemma 3.10.6 (Derivative is uniformly lower bounded ). Define

𝑌 (𝐵) = tr([𝐻 −𝐻 ′, 𝐵]2𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌)− tr((i[𝐻 −𝐻 ′, 𝐵])2𝜌) .

Then for any 𝐵 ∈ 𝒫K

{ 𝒞𝜆′ } 𝜆′
{Re(𝑌 (𝐵)) ⩾ −(2d)4𝜀}

{ 𝒞𝜆′ } 𝜆′
{|Im(𝑌 (𝐵))| ⩽ (2d)4𝜀} .

Proof. Let

𝑍(𝐵) = tr([𝐻 −𝐻 ′, 𝐵]2𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌)− tr(𝐵[𝐻 −𝐻 ′, 𝐵]2𝜌) .

We can write [𝐻 −𝐻 ′, 𝐵]2 =
∑︀

𝐹𝑏∈𝒫3K
𝛾𝑏𝐹𝑏 for some 𝛾𝑏 that are degree-2 polynomials

with real coefficients (because the expression is Hermitian) in the 𝜆′. Since −1 ⩽ 𝜆𝑖 ⩽ 1

and we have the constraint that −1 ⩽ 𝜆′𝑖 ⩽ 1, we get

{ 𝒞𝜆′ } 𝜆′
{−(2d)2 ⩽ 𝛾𝑏 ⩽ (2d)2} . (3.40)

Also the number of nonzero 𝛾𝑏 is at most 2d2. Now by Theorem 3.5.5 the polynomial

𝑝𝐶K,d𝛽,ℓ0 is a weak exponential approximation with parameters

(︂
0.001 · 2𝐶K,d𝛽 log(1/𝜀),

5

𝐶K,d𝛽
, 0.001𝜀

)︂
.

and thus by Lemma 3.8.3, we have

| tr(𝐹𝑝𝐶K,d𝛽,ℓ0(−𝛽𝐻|𝐵)𝜌− tr(𝐵𝐹𝜌)| ⩽ 0.1𝜀

for all 𝐹 ∈ 𝒫3K. Note that the above is simply a numerical inequality and does not

involve any variables of the SoS system. Now taking a linear combination of the above

over all 𝐹 ∈ 𝒫3K given by the decomposition [𝐻 −𝐻 ′, 𝐵]2 =
∑︀

𝐹𝑏∈𝒫3K
𝛾𝑏𝐹𝑏 and using
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(3.40), we conclude

{ 𝒞𝜆′ } 𝜆′
{Re(𝑍(𝐵)) ⩾ −d4𝜀}

{ 𝒞𝜆′ } 𝜆′
{|Im(𝑍(𝐵))| ⩽ d4𝜀}

(3.41)

Next, note that

𝑌 (𝐵)− 𝑍(𝐵) = tr(𝐵[𝐻 −𝐻 ′, 𝐵][𝜌,𝐻 ′])

and writing 𝐵[𝐻 − 𝐻 ′, 𝐵] as a linear combination of elements of 𝒫2K and using

that −1 ⩽ 𝜆𝑎 ⩽ 1 and the constraint −1 ⩽ 𝜆′𝑎 ⩽ 1, we get (from the commutator

constraints in { 𝒞𝜆′ })

{ 𝒞𝜆′ } 𝜆′
{|Re(𝑌 (𝐵)− 𝑍(𝐵))| ⩽ 𝜀}

{ 𝒞𝜆′ } 𝜆′
{|Im(𝑌 (𝐵)− 𝑍(𝐵))| ⩽ 𝜀}

and combining this with (3.41) completes the proof.

Lemma 3.10.7 (No small local marginals for 𝐻 − 𝐻 ′). Fix a 𝐵 ∈ 𝒫K. Write

i[𝐻 − 𝐻 ′, 𝐵] =
∑︀

𝐹𝑏∈𝒫2K
𝛾𝑏𝐹𝑏 as a linear combination of 2K-local Pauli matrices 𝐹𝑏

where each of the 𝛾𝑏 are linear expressions in the 𝜆′. Then, for each 𝛾𝑏, we have

{ 𝒞𝜆′ } 𝜆′ {︀
𝛾2𝑏 ⩽ 𝑒𝒪K,d(𝛽) tr((i[𝐻 −𝐻 ′, 𝐵])2𝜌)

}︀
.

Proof. The proof is exactly the same as the proof of Lemma 3.9.3.

Lemma 3.10.8 (Selecting each coefficient in Hamiltonian). Let 𝑋 =
∑︀

𝐸𝑎∈𝒫K
𝑥𝑎𝐸𝑎

be written as a linear combination of K-local Pauli matrices. Then for any 𝐸𝑎 ≠ 𝐼,

there exist 𝐵 ∈ 𝒫K and 𝑃 ∈ 𝒫2K whose supports intersect with 𝐸𝑎 such that{︃(︂
1

2
tr(i[𝑋,𝐵]𝑃 )

)︂2

= 𝑥2𝑎

}︃
,

Proof. Note that for any 𝐴1, 𝐴2, 𝐵 ∈ 𝒫K such that [𝐴1, 𝐵], [𝐴2, 𝐵] ̸= 0 and 𝐴1 ̸= 𝐴2,
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then [𝐴1, 𝐵] ̸= [𝐴2, 𝐵]. In other words, taking the commutator with a fixed Pauli

matrix is injective as long as the commutator is nonzero. Now since 𝐸𝑎 ̸= 𝐼, clearly

we can choose 𝐵 ∈ 𝒫K with the same support as 𝐸𝑎 such that [𝐵,𝐸𝑎] ̸= 0. By

Lemma 3.3.4, we can write i[𝑋,𝐵] as a linear combination of 2K-local Pauli matrices

and the coefficient of i[𝐵,𝐸𝑎]/2 (which is a 2K-local Pauli matrix itself) is ±2𝑥𝑎. Thus,

taking 𝑃 to be i[𝐵,𝐸𝑎]/2 gives the desired equality.

Now we can complete the proof of Lemma 3.7.7.

Proof of Lemma 3.7.7. Combining Lemma 3.10.4, Lemma 3.10.5, Lemma 3.10.6 gives

{ 𝒞𝜆′ } 𝜆′
{tr((i[𝐻 −𝐻 ′, 𝐵])2𝜌) ⩽ (10d)6𝜀} .

Note that i[𝐻 −𝐻 ′, 𝐵] is Hermitian so the expression on the LHS is a real polynomial

in the 𝜆′. Now fix an index 𝑎 and we will analyze 𝜆𝑎 − 𝜆′𝑎. By Lemma 3.10.8, we

can find 𝐵 ∈ 𝒫K and 𝐹𝑏 ∈ 𝒫2K such that the coefficient of 𝐹𝑏 in the representation

i[𝐻 −𝐻 ′, 𝐵] =
∑︀

𝐹𝑏∈𝒫2K
𝛾𝑏𝐹𝑏 is ±2(𝜆𝑎 − 𝜆′𝑎). Then Lemma 3.10.7 implies that

{ 𝒞𝜆′ } 𝜆′
{(𝜆𝑎 − 𝜆′𝑎)2 ⩽ 2𝐶K,d𝛽𝜀}

as long as 𝐶K,d is sufficiently large in terms of K, d and this completes the proof.

3.11 A Faster Algorithm

We now complete the proof of Theorem 3.7.1. The key to obtaining the faster runtime

is observing that actually only a specific family of monomials appear in all of the

sum-of-squares proofs in the previous sections. The key observation is formally stated

below.

Definition 3.11.1 (Relevant monomials via cluster expansion). We say a monomial in

the variables 𝜆′, say 𝜆′𝑎1𝜆𝑎2 · · ·𝜆
′
𝑎𝑐 , is relevant if there exist three clusters (𝐸[𝑖]

𝑎1 , . . . , 𝐸
[𝑖]
𝑎𝐶 )

for 𝑖 ∈ {1, 2, 3}, 𝐸[𝑖]
𝑎𝑗 ∈ 𝒫K such that
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• 𝐶 ⩽ 10 · 4𝐶K,d𝛽 log(1/𝜀)

• {𝐸𝑎1 , . . . , 𝐸𝑎𝑐} ⊆
⋃︀

𝑖{𝐸
[𝑖]
𝑎1 , . . . , 𝐸

[𝑖]
𝑎𝐶} as unordered multisets

We use ℒ to denote the set of all relevant monomials in the 𝜆′.

Lemma 3.11.2. Fix a 𝐸𝑎 ∈ 𝒫K. Then we can write

2𝐶K,d𝛽𝜀− (𝜆𝑎 − 𝜆′𝑎)2 =
∑︁
𝑖

𝑟𝑖(𝜆
′)2
∏︁
𝑔∈𝑆𝑖

𝑔(𝜆′)

where the 𝑟𝑖 are polynomials in the 𝜆′ and 𝑆𝑖 are subsets of constraints in { 𝒞𝜆′ }

(written in the form 𝑔(𝜆′) ⩾ 0 ). Furthermore, each product of constraints
∏︀

𝑔∈𝑆𝑖
𝑔(𝜆′)

involves

• At most one commutator constraint

• At most one polynomial approximation constraint

• A product of the constraints 𝜆𝑎 + 1 ⩾ 0, 𝜆𝑎 − 1 ⩽ 0 where the 𝜆𝑎 that appear

form a relevant monomial

Proof. This follows from examining the proofs in Section 3.9 and Section 3.10.2, using

Lemma 3.3.12 to characterize all of the monomials that appear whenever we expand a

nested commutator in 𝐻 and 𝐻 ′. Note we can ensure that all of the constraints being

multiplied in the sets 𝑆𝑖 are distinct because if any constraint is multiplied twice, we

get a term of the form 𝑔(𝜆′)2 and can instead fold it into the 𝑟𝑖(𝜆′)2.

Now using Lemma 3.3.13, we can count the total number of relevant monomials.

Lemma 3.11.3. The total number of distinct relevant monomials is at most 𝑚 ·

(1/𝜀)10
𝐶K,d𝛽 .

Proof. This follows immediately from Lemma 3.3.13.

159



Finally, we have the following theorem from Steurer and Tiegel [198] that allows us

to solve sum-of-squares systems with running time depending only on the number of

monomials that appear in the proofs.

Theorem 3.11.4 (Degree reduction via linearization[198]). Let 𝑝 : R𝑛 → R be a

multivariate polynomial of degree at most 𝑡. Suppose that there exists a system of

polynomial inequalities 𝒜 = {𝑞1 ⩾ 0, . . . , 𝑞𝑚 ⩾ 0} such that 𝒜 𝑥
𝑡 {𝑝(𝑥) ⩾ 0} and

further assume that this proof can be written in the form

∑︁
𝑖

𝑟𝑖(𝑥)
2
∏︁
𝑗∈𝑆𝑖

𝑞𝑗(𝑥)

where 𝑆𝑖 ⊆ [𝑚] and there are at most 𝑀 distinct sets 𝑆𝑖. Also assume that the

number of distinct monomials that appear in 𝑝(𝑥) is at most 𝑁 . Then we can write a

polynomial system 𝒜′ in 𝑥 and some additional auxiliary variables such that

• 𝒜′ is feasible whenever 𝒜 is feasible

• 𝒜′ {𝑝(𝑥) ⩾ 0}

and we can compute a pseudoexpectation satisfying 𝒜′ in time 𝑂(𝑚+𝑀 + (𝑡𝑁)3).

Proof of Theorem 3.7.1. The proof is exactly the same as the proof of Theorem 3.7.8

except using Lemma 3.11.3 and Lemma 3.11.2 to bound the complexity of the final

sum-of-squares proof and using Theorem 3.11.4 to solve the sum-of-squares system in

running time poly(𝑚, log(1/𝛿), (1/𝜀)2
𝑓(K,d)𝛽

).
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Part II

Learning General Quantum States
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Chapter 4

Learning from Single-Copy

Measurements

Now we move onto the second thread of this thesis. In the first part of this thesis, we

focused on local Hamiltonians and their associated Gibbs states, which define systems

of particles that interact locally. In the next part of this thesis, we will study learning

general quantum states, which may have arbitrary non-local interactions.

We study quantum state tomography, which is perhaps the most basic inverse problem

for quantum systems. The learner is given 𝑛 copies of an unknown 𝑑-dimensional

quantum mixed state 𝜌, and the goal is to output ̂︀𝜌 which is close to 𝜌 in some measure

of distance ∗; here we will consider probably the two most ubiquitous and well-studied

notions — trace distance and infidelity.

In the coherent setting, that is, when the learner is allowed to make arbitrary measure-

ments to the product state 𝜌⊗𝑛, the situation is generally well-understood. The works

[170, 102] established the optimal rate for this problem, that 𝑛 = Θ(𝑑2/𝜀2) copies are

necessary and sufficient. The aforementioned paper of [102] also showed that, up to

a logarithmic factor, Ω(𝑑2/𝛾) copies are sufficient and necessary to learn a state to
∗Generally it will suffice to consider the setting where the success probability is some fixed

constant.
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infidelity 𝛾.

However, in virtually all cases, the upper bounds that achieve the optimal rates

require heavily entangled measurements over the joint state 𝜌⊗𝑛. These measurements

require all 𝑛 copies of 𝜌 to be prepared simultaneously, which renders such approaches

currently impractical, at least in the near term. In light of this, there has been a recent

surge of interest in the incoherent a.k.a. single-copy setting. Here, the algorithm

is restricted to only making measurements of a single copy of 𝜌 at a time. While

such measurements are strictly weaker than general entangled measurements, they are

much more practical and can be performed on real world quantum computers [123].

In this chapter, we will essentially resolve the complexity of state tomography with

incoherent measurements both for trace distance and infidelity. En route, we will

develop a new learning-theoretic framework for dealing with adaptivity, one of the

most significant challenges for reasoning about incoherent measurements.

4.1 Results

Throughout, let 𝜌 ∈ C𝑑×𝑑 be the unknown state. Our goal will be to estimate 𝜌 given

measurement access to copies of 𝜌.

Incoherent Measurements. Next, we formally define what we mean by an algo-

rithm that uses incoherent measurements. Intuitively, such an algorithm operates

as follows: given 𝑛 copies of 𝜌, it iteratively measures the 𝑖-th copy using a POVM

(which could depend on the results of previous measurements), records the outcome,

and then repeats this process on the (𝑖 + 1)-th copy. After having performed all 𝑛

measurements, it must output an answer based on the (classical) sequence of outcomes

it has received.

One of the main difficulties that arises when dealing with incoherent measurements is

understanding the power of adaptivity. In general, an algorithm that uses incoherent

measurements can sequentially measure each copy of 𝜌, and moreover can choose how
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to measure the 𝑖-th copy of 𝜌 based on the results of the previous 𝑖− 1 measurements.

We say such an algorithm is adaptive. In contrast, a nonadaptive algorithm must

specify all of its measurements ahead of time.

Our Results We fully resolve the copy complexity of quantum state tomography

with (potentially adaptively chosen) incoherent measurements, for both learning in

trace distance and learning in infidelity. For trace distance, our main result is the

following:

Theorem 4.1.1 (Informal, see Theorem 4.2.11). With incoherent measurements,

Ω(𝑑3/𝜀2) copies are necessary for tomography of 𝑑-dimensional states to 𝜀 error in

trace distance.

This matches the upper bound given by nonadaptive algorithms, and therefore for

this problem, adaptivity provably does not help. In contrast, for learning in infidelity,

our main result is the following:

Theorem 4.1.2 (Informal, see Theorem 4.5.1). With adaptive, incoherent measure-

ments, ̃︀𝑂(𝑑3/𝛾) copies† are sufficient for tomography of 𝑑-dimensional states to 𝛾

infidelity.

Because trace distance and fidelity are related via 1 − 𝐹 (𝜌, 𝜎) ⩽ ‖𝜌 − 𝜎‖1 ⩽√︀
2(1− 𝐹 (𝜌, 𝜎)) [89], Theorem 4.1.1 implies that Ω(𝑑3/𝛾) copies are necessary for

tomography in infidelity, so up to polylogarithmic factors, our upper bound in Theo-

rem 4.1.2 settles the complexity of tomography in infidelity with incoherent measure-

ments. This is an improvement upon the lower bound of Ω(𝑑3/𝛾2) for nonadaptive

measurements proven in [102], giving a provable separation between adaptive and

nonadaptive protocols.

Our Techniques Here, we give a very high level discussion of our proof techniques

for Theorems 4.1.1 and 4.1.2.

†We use 𝑓 = ̃︀𝑂(𝑔) to denote that 𝑓 = 𝐶 · 𝑔 · log𝑐(𝑔)) for some absolute constants 𝑐, 𝐶 > 0.
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We begin with the lower bound. The main difficulty with proving lower bounds for state

tomography with incoherent measurements is that essentially all the existing lower

bound frameworks in the literature were fundamentally for testing problems. In such

settings, it suffices to demonstrate hardness for a point-versus-mixture distinguishing

task, where the goal is to distinguish between the case where the unknown mixed

state is a single point versus the case where it is drawn from a mixture over alternate

hypotheses. Such a setup is mathematically nice because the resulting likelihood

ratios have a (relatively) simple multilinear form. However, for learning tasks, no such

reduction exists; indeed, it is more natural to demonstrate hardness for a mixture-

versus-mixture distinguishing task, but here the resulting likelihood ratios are much

more complicated. Indeed, this phenomena seems to appear more generally in a variety

of other (classical) learning settings, see e.g. [189].

We avoid this by directly bounding how much information the algorithm can learn

from incoherent measurements, a technique which we believe may be of independent

interest. We demonstrate that, for a carefully chosen prior on mixed states, the

posterior distribution of the algorithm after 𝑜(𝑑3/𝜀2) incoherent measurements is

anti-concentrated around the true mixed state. It is perhaps surprising that we are

able to directly bound the behavior of the posterior distribution, but it turns out that

the “tilt” caused by the measurements can be upper bounded “by hand”, and then the

required anti-concentration follows from classical results in random matrix theory.

We now turn our attention to the upper bound. First, let us briefly discuss why

adaptivity may help for learning in infidelity. At a very high level, learning in infidelity

seems to correspond to learning the eigenvalues and eigenvectors of the density matrix

to some degree of relative accuracy. However, nonadaptive algorithms are unable to

do this easily: the small eigenspaces are hidden by the “noise” caused by the large

eigenvalues. One the other hand, adaptive algorithms can learn the large eigenspaces,

then project them away to reveal the information about the smaller eigenvalues.

The main challenge with this approach is dealing with the error accumulation in
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the infidelity as we iterate this process. In particular, we cannot exactly learn the

large eigenspaces, and so we must control the error the projections incur. In constant

dimensions, one can directly brute force the calculations, but in high dimensions, the

calculations become intractable. Our main technical contribution for this part of the

paper is a new technique to bound the fidelity between two noncommuting states, by

carefully guessing a matrix square root for their symmetrized product.

Concurrent work. Our proof of Theorem 4.1.2 directly generalizes to give that̃︀𝑂(𝑑𝑟2/𝛾) measurements are sufficient when the unknown state has rank-𝑟. In concur-

rent and independent work, Flammia and O’Donnell [84] also obtain, up to polyloga-

rithmic factors, an upper bound of 𝑂(𝑑𝑟2/𝛾) for tomography with adaptive single-copy

measurements. Their guarantee is somewhat stronger as their error is measured in

quantum relative entropy, which is an upper bound on infidelity. They also obtain a

bound of ̃︀𝑂(𝑑3/2𝑟3/2/𝛾) for the same problem where 𝛾 is given by Bures chi-squared

divergence, which also upper bounds infidelity

4.1.1 Additional Related Work

Apart from the aforementioned bounds, there have also been lower bounds in the

incoherent setting when the measurements are partially adaptive or come from a set

of bounded size [156], and when the measurements are Pauli [86].

We also note there is a large literature on understanding the power that adaptivity

affords for tomography in infidelity in the asymptotic setting [28, 113, 159, 81]. They

obtain rates that are linear in 1/𝛾, but unlike our Theorem 4.1.2, these results get

some unspecified dependence on 𝑑 and/or only apply to the regime of 𝑑 = 𝑂(1).

[205] gives upper and lower bounds for pure state tomography in a different setting

where instead of getting copies of the unknown state, one has access to a unitary

which prepares the state.

Finally, the recent work of [80] gives a constant-factor separation between non-adaptive
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and adaptive algorithms for quantum hypothesis selection, as well as a polynomial

separation for a problem in which one is promised that an unknown state can be

diagonalized in one of 𝑚 known bases and would like to approximate the state in trace

distance by measuring copies. Their separation is with respect to the parameters 𝑑

and 𝑚, rather than 𝜀 as in our work.

4.2 Proof of Lower Bound

In this section we prove Theorem 4.2.11, our hardness result for tomography in trace

distance.

4.2.1 Lower Bound Framework

We begin by reviewing a standard framework for representing an adaptive algorithm

as a tree.

Definition 4.2.1 (Tree representation, see e.g. [66]). Fix an unknown 𝑑-dimensional

mixed state 𝜌. An algorithm for state tomography that only uses 𝑛 incoherent, possibly

adaptive, measurements of 𝜌 can be expressed as a pair (𝒯 ,𝒜), where 𝒯 is a rooted

tree 𝒯 of depth 𝑛 satisfying the following properties:

• Each node is labeled by a string of vectors 𝑥 = (𝑥1, . . . , 𝑥𝑡), where each 𝑥𝑖 corre-

sponds to measurement outcome observed in the 𝑖-th step.

• Each node 𝑥 is associated with a probability 𝑝𝜌(𝑥) corresponding to the probability

of observing 𝑥 over the course of the algorithm. The probability for the root is 1.

• At each non-leaf node, we measure 𝜌 using a rank-1 POVM
{︀
𝜔𝑥𝑑 · 𝑥𝑥†

}︀
𝑥

to obtain

classical outcome 𝑥 ∈ S𝑑−1. The children of 𝑥 consist of all strings 𝑥′ = (𝑥1, . . . , 𝑥𝑡, 𝑥)

for which 𝑥 is a possible POVM outcome.
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• If 𝑥′ = (𝑥1, . . . , 𝑥𝑡, 𝑥) is a child of 𝑥, then

𝑝𝜌(𝑥′) = 𝑝𝜌(𝑥) · 𝜔𝑥𝑑 · 𝑥†𝜌𝑥 . (4.1)

• Every root-to-leaf path is length-𝑛. Note that 𝒯 and 𝜌 induce a distribution over

the leaves of 𝒯 .

𝒜 is a randomized algorithm that takes as input any leaf 𝑥 of 𝒯 and outputs a state

𝒜(𝑥). The output of (𝒯 ,𝒜) upon measuring 𝑛 copies of a state 𝜌 is the random

variable 𝒜(𝑥), where 𝑥 is sampled from the aforementioned distribution over the

leaves of 𝒯 .

We briefly note that in this definition, we assume that the POVMs are always rank-1.

It is a standard fact that this is without loss of generality (see e.g. [66, Lemma 4.8]).

We also recall the definition of the Gaussian Orthogonal Ensemble (GOE) and define

a trace-centered variant, which will be the basis of our hard distribution.

Definition 4.2.2 (GOE, Trace-centered GOE). A sample 𝐺 ∼ GOE(𝑑) is a symmetric

matrix with independent Gaussians on and above the diagonal, with 𝐺𝑖,𝑖 ∼ 𝒩 (0, 2/𝑑)

and 𝐺𝑖,𝑗 ∼ 𝒩 (0, 1/𝑑) for 𝑖 < 𝑗. A sample 𝐺′ ∼ GOE*(𝑑) is sampled by 𝐺′ = 𝐺− tr(𝐺)

where 𝐺 ∼ GOE(𝑑).

We recall the following standard fact about extremal eigenvalues of the GOE matrix.

Lemma 4.2.3 ([66, Lemma 6.2]). If 𝐺 ∼ GOE*(𝑑), then ‖𝐺‖op ⩽ 3 with probability

1− 𝑒−Ω(𝑑).

4.2.2 Construction of Hard Distribution

We construct the following hard distribution 𝜇 of quantum states. Let 𝑈 ⊆ R𝑑×𝑑 be

the affine subspace of symmetric matrices with trace 1 and 𝑈0 ⊆ R𝑑×𝑑 be the linear

subspace of symmetric matrices with trace 0. These spaces inherit the inner product
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of R𝑑×𝑑, which defines Lebesgue measures Leb𝑈 and Leb𝑈0 on them. Let 𝜎 = 1
100

be a

small constant. A sample 𝜌 ∼ 𝜇 is generated by

𝜌 =
1

𝑑
(𝐼𝑑 + 𝜎𝐺),

where 𝐺 is a sample from GOE*(𝑑) conditioned on ‖𝐺‖op ⩽ 4. Note that such matrices

are clearly psd and thus valid quantum states. Concretely, 𝜇 has density (with respect

to Leb𝑈)

𝜇(𝜌) =
1

𝑍
exp

(︂
− 𝑑3

4𝜎2
‖𝜌− 1

𝑑
𝐼𝑑‖2𝐹

)︂
1{𝜌 ∈ 𝑆supp}, 𝑆supp =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 1

𝑑
𝐼𝑑‖op ⩽

4𝜎

𝑑

}︂
.

where 𝑍 is a normalizing constant. Further define a set of “good" states

𝑆good =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 1

𝑑
𝐼𝑑‖op ⩽

3𝜎

𝑑

}︂
,

which corresponds to the event ‖𝐺‖op ⩽ 3. Due to Lemma 4.2.3, 𝜇(𝑆good) ⩾ 1− 𝑒−Ω(𝑑).

In the below proof, we will show that all 𝜌0 ∈ 𝑆good are hard to learn. The important

property of 𝑆good is that it is far from the boundary of supp(𝜇) = 𝑆supp; this ensures

that we can choose a suitable sub-sampling of 𝜇 in a neighborhood of 𝜌0, which is

isotropic around 𝜌0.

Finally we record the following straightforward fact.

Lemma 4.2.4. For all 𝜌, 𝜌′ ∈ 𝑆supp, exp(−4𝑑2) ⩽ 𝜇(𝜌)/𝜇(𝜌′) ⩽ exp(4𝑑2).

Proof. For all 𝜌 ∈ 𝑆supp,

0 ⩽
𝑑3

4𝜎2
‖𝜌− 1

𝑑
𝐼‖2𝐹 ⩽

𝑑4

4𝜎2
‖𝜌− 1

𝑑
𝐼‖2op ⩽ 4𝑑2.
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4.2.3 Anticoncentration of Posterior Distribution

Fix a tomography algorithm (𝒯 ,𝒜) as in Definition 4.2.1, and let 𝒯𝜌 denote the

distribution over observation sequences 𝑥 = (𝑥1, . . . , 𝑥𝑛) when 𝒯 is run on state 𝜌.

Note that for any states 𝜌, 𝜌′ in the support of 𝜇, the likelihood ratio

d𝒯𝜌
d𝒯𝜌′

(𝑥) =
𝑛∏︁

𝑖=1

𝑥†𝑖𝜌𝑥𝑖

𝑥†𝑖𝜌
′𝑥𝑖

is well defined, since 𝜇 is supported on full-rank matrices. Let 𝜈𝑥 denote the posterior

distribution of 𝜌 given observations 𝑥. The density ratio of any 𝜌, 𝜌′ ∈ 𝑆supp under 𝜈𝑥

is given by Bayes’ rule, and equals

𝜈𝑥(𝜌)

𝜈𝑥(𝜌′)
=

d𝒯𝜌
d𝒯𝜌′

(𝑥) · 𝜇(𝜌)
𝜇(𝜌′)

.

So, for an arbitrary reference state 𝜌′ ∈ 𝑆supp (below we take 𝜌′ = 𝜌0, the unknown

true state) the density of 𝜈𝑥 is

𝜈𝑥(𝜌) =
1

𝑍𝑥

d𝒯𝜌
d𝒯𝜌′

(𝑥)𝜇(𝜌), 𝑍𝑥 =

∫︁
𝑈

d𝒯𝜌
d𝒯𝜌′

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌).

The main technical component of the proof is the following anti-concentration result

for 𝜈𝑥.

Definition 4.2.5. For 𝜌 ∈ 𝑈 , let 𝐵(𝜌, 𝜀) denote the ball {𝜌′ ∈ 𝑈 : ‖𝜌′ − 𝜌‖1 ⩽ 𝜀}.

Similarly for 𝜌 ∈ 𝑈0, let 𝐵(𝜌, 𝜀) = {𝜌′ ∈ 𝑈0 : ‖𝜌′ − 𝜌‖1 ⩽ 𝜀}.

Theorem 4.2.6. Suppose 𝑑≫ 1, 𝜀 ⩽ 𝜀0 for an absolute constant 𝜀0, and 𝑛≪ 𝑑3/𝜀2.

If 𝜌 ∈ 𝑆good and 𝑥 ∼ 𝒯𝜌0, there is an event 𝑆𝜌0 ∈ 𝜎(𝑥), with P(𝑥 ∈ 𝑆𝜌0) ⩾ 1−exp(−𝑑2),

on which 𝜈𝑥(𝐵(𝜌0, 𝜀))≪ 1.

Let 𝐶 be a large constant we will set later and 𝜀0 = 𝜎/𝐶. The starting point of the

171



proof of Theorem 4.2.6 is the estimate

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
=

∫︀
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌)∫︀
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌)
(4.2)

⩾ exp(−4𝑑2)

∫︀
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)∫︀
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)
, (4.3)

where the second line uses Lemma 4.2.4. Applying Lemma 4.2.4 in this way amounts

to replacing 𝜇 in the numerator of (4.2) with a measure that sub-samples it, and in

the denominator with a measure that upper bounds it. Define the volumes

𝑉1 =

∫︁
𝐵(0,1)

dLeb𝑈0(𝜌), 𝑉2 =

∫︁
𝐵(0,1)

1 {‖𝜌‖op ⩽ 1/𝑑} dLeb𝑈0(𝜌).

We now separately bound the numerator and denominator of (4.3) in terms of these

volumes, beginning with the denominator.

Lemma 4.2.7. If 𝜌0 ∈ 𝑆good, there is an event 𝑆𝜌0 ∈ 𝜎(𝑥), with Pr(𝑥 ∈ 𝑆𝜌0) ⩾

1− exp(−𝑑2), on which

∫︁
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) ⩽ exp(𝑑2)𝜀(𝑑+2)(𝑑−1)/2𝑉1 .

Proof. Note that E𝑥∼𝒯𝜌0
d𝑇𝜌

d𝑇𝜌0
(𝑥) = 1. So

E
𝑥∼𝒯𝜌0

∫︁
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) =
∫︁
𝐵(𝜌0,𝜀)

1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)

⩽
∫︁
𝐵(𝜌0,𝜀)

dLeb𝑈(𝜌) = 𝜀(𝑑+2)(𝑑−1)/2𝑉1.

The exponent (𝑑+2)(𝑑−1)/2 comes from the fact that the space of symmetric matrices

has dimension 𝑑(𝑑+ 1)/2, so 𝑈 has dimension 𝑑(𝑑+ 1)/2− 1 = (𝑑+ 2)(𝑑− 1)/2. The

result follows from Markov’s inequality.
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Before bounding the numerator of (4.3), we define the set

𝑁*(𝜌0) =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 𝜌0‖op ⩽

𝐶𝜀

𝑑
, ‖𝜌− 𝜌0‖1 ⩽ 𝐶𝜀

}︂
,

which is an isotropic neighborhood of 𝜌0. Let 𝛾(𝜌0) denote the uniform distribution

on 𝑁*(𝜌0) (w.r.t. Leb𝑈). That is, for bounded measurable test function 𝑓 : 𝑈 → R,

E
𝜌∼𝛾(𝜌0)

𝑓(𝜌) =

∫︀
𝑈
𝑓(𝜌)1{𝜌 ∈ 𝑁*(𝜌0)}dLeb𝑈(𝜌)∫︀
𝑈
1{𝜌 ∈ 𝑁*(𝜌0)}dLeb𝑈(𝜌)

.

Lemma 4.2.8. If 𝜌0 ∈ 𝑆good and 𝜀 ⩽ 𝜀0, then

∫︁
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) ⩾ (𝐶𝜀)(𝑑+2)(𝑑−1)/2 E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
𝑉2. (4.4)

Proof. Because 𝜌0 ∈ 𝑆good, we have ‖𝜌0 − 1
𝑑
𝐼𝑑‖op ⩽ 3𝜎

𝑑
. Because 𝜀 ⩽ 𝜀0 = 𝜎/𝐶, if 𝜌

satisfies ‖𝜌− 𝜌0‖op ⩽ 𝐶𝜀
𝑑

we have the implication chain

‖𝜌− 𝜌0‖op ⩽
𝐶𝜀

𝑑
⇒ ‖𝜌− 𝜌0‖op ⩽

𝜎

𝑑
⇒ ‖𝜌− 1

𝑑
𝐼𝑑‖op ⩽

4𝜎

𝑑
⇒ 𝜌 ∈ 𝑆supp.

So, letting 𝑋 denote the left-hand side of (4.4), we have

𝑋 ⩾
∫︁
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1

{︂
‖𝜌− 𝜌0‖op ⩽

𝐶𝜀

𝑑

}︂
dLeb𝑈(𝜌) =

∫︁
𝑈

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌)

= E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂ ∫︁
𝑈

1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌).

Finally, note that

∫︁
𝑈

1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌) =
∫︁
𝐵(𝜌0,𝐶𝜀)

1

{︂
‖𝜌− 𝜌0‖op ⩽

𝐶𝜀

𝑑

}︂
dLeb𝑈(𝜌) = (𝐶𝜀)(𝑑+2)(𝑑−1)/2𝑉2,

which conludes the proof.

It remains to control E𝜌∼𝛾(𝜌0)

[︁
d𝒯𝜌
d𝒯𝜌0

(𝑥)
]︁

and the volume ratio 𝑉2/𝑉1. The former
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measures the information gained from the observations 𝑥. It is bounded by the

following lemma, which formalizes the intuition that each observation improves the

log likelihood ratio by at most 𝑂(𝜀2/𝑑). This is the step that uses the hypothesis

𝑛≪ 𝑑3/𝜀2.

Lemma 4.2.9. If 𝜌0 ∈ 𝑆good, then for any sequence of unit vectors 𝑥 = (𝑥1, . . . , 𝑥𝑛),

E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
⩾ exp(−𝑑2).

Proof. For all 𝜌 ∈ 𝑆supp, the eigenvalues of 𝜌 lie within [0.96/𝑑, 1.04/𝑑]. Thus, for

any unit vector 𝑥, 𝑥†𝜌𝑥
𝑥†𝜌0𝑥

∈ [0.96/1.04, 1.04/0.96] ⊆ [0.9, 1.1]. Using the fact that

log(1 + 𝑎) ⩾ 𝑎− 2
3
𝑎2 for |𝑎| ⩽ 0.1, we have

log
𝑥†𝜌𝑥

𝑥†𝜌0𝑥
⩾
𝑥†(𝜌− 𝜌0)𝑥
𝑥†𝜌0𝑥

− 2

3

(︂
𝑥†(𝜌− 𝜌0)𝑥
𝑥†𝜌0𝑥

)︂2

⩾
𝑥†(𝜌− 𝜌0)𝑥
𝑥†𝜌0𝑥

− 𝑑2(𝑥†(𝜌− 𝜌0)𝑥)2.

By symmetry, E𝜌∼𝛾(𝜌0)(𝜌− 𝜌0) = 0, and by rotational invariance,

𝑑2 E
𝜌∼𝛾(𝜌0)

[︀
(𝑥†(𝜌− 𝜌0)𝑥)2

]︀
= E

𝜌∼𝛾(𝜌0)

[︀
‖𝜌− 𝜌0‖2𝐹

]︀
⩽ E

𝜌∼𝛾(𝜌0)
[‖𝜌− 𝜌0‖1‖𝜌− 𝜌0‖op] ⩽

𝐶2𝜀2

𝑑
.

By Jensen’s inequality and the above estimates,

log E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
⩾

𝑛∑︁
𝑖=1

E
𝜌∼𝛾(𝜌0)

log
𝑥†𝑖𝜌𝑥𝑖

𝑥†𝑖𝜌0𝑥𝑖

⩾
𝑛∑︁

𝑖=1

E
𝜌∼𝛾(𝜌0)

[︃
𝑥†𝑖 (𝜌− 𝜌0)𝑥𝑖
𝑥†𝑖𝜌0𝑥𝑖

− 𝑑2(𝑥†𝑖 (𝜌− 𝜌0)𝑥𝑖)2
]︃

⩾ −𝐶
2𝑛𝜀2

𝑑
.

Finally, because 𝑛≪ 𝑑3/𝜀2, this is lower bounded by −𝑑2.

The volume ratio 𝑉2/𝑉1 is bounded by the following lemma, whose proof we defer to

Section 4.3. The proof uses tools from random matrix theory.

Lemma 4.2.10. We have that 𝑉2/𝑉1 ⩾ exp(−3𝑑2).
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We now put the above claims together to prove Theorem 4.2.6.

Proof of Theorem 4.2.6. Let 𝑆𝜌0 be the event from Lemma 4.2.7. By the calculation

(4.3) and Lemmas 4.2.7 and 4.2.8, for all 𝑥 ∈ 𝑆𝜌0 ,

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
⩾ exp(−5𝑑2)𝐶(𝑑+2)(𝑑−1)/2 E

𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
· 𝑉2
𝑉1
.

Lemmas 4.2.9 and 4.2.10 bound the remaining factors, giving

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
⩾ exp(−9𝑑2)𝐶(𝑑+2)(𝑑−1)/2.

Taking 𝐶 = 𝑒20 gives 𝜈𝑥(𝐵(𝜌0,𝐶𝜀))
𝜈𝑥(𝐵(𝜌0,𝜀))

≫ 1. Since 𝜈𝑥(𝐵(𝜌0, 𝐶𝜀)) ⩽ 1, this implies

𝜈𝑥(𝐵(𝜌0, 𝜀))≪ 1.

4.2.4 Main Lower Bound

We can now prove our main lower bound for tomography with incoherent measurements,

which we state formally below:

Theorem 4.2.11. There exist absolute constants 𝜀0 > 0 and 𝑑0 ∈ N such that for

any 0 < 𝜀 < 𝜀0 and any integer 𝑑 ⩾ 𝑑0, the following holds. If 𝑛 = 𝑜(𝑑3/𝜀2), then for

any algorithm for state tomography (𝒯 ,𝒜) that uses 𝑛 incoherent, possibly adaptive,

measurements, its output ̂︀𝜌 upon measuring 𝑛 copies of 𝜌 satisfies ‖𝜌− ̂︀𝜌‖1 > 𝜀 with

probability 1− 𝑜(1).

Proof. Let 𝑆 ∈ 𝜎(𝜌,𝑥) be the event that 𝜌 ∼ 𝜇 lies in 𝑆good and 𝑥 ∼ 𝒯𝜌 lies in 𝑆𝜌. In

this proof we will abuse notation and use 𝒜 to also denote the internal randomness

used by 𝒜. It suffices to show Pr𝒜,𝜌∼𝜇,𝑥∼𝒯𝜌 [‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀] = 𝑜(1).

First note that

Pr𝒜,𝜌,𝑥 [‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀] = E
𝒜,𝑥

E
𝜌∼𝜈𝑥

[1‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀] (4.5)
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⩽ E
𝒜,𝑥

E
𝜌∼𝜈𝑥

[1‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀 and (𝜌,𝑥) ∈ 𝑆] + 𝑜(1) (4.6)

where the second step follows by a union bound and the fact that Pr[(𝜌,𝑥) ̸∈ 𝑆] =

𝑒−Ω(𝑑) + 𝑒−Ω(𝑑2) = 𝑜(1) by Theorem 4.2.6.

For any choice of internal randomness for 𝒜 and any transcript 𝑥, let 𝜌𝒜𝑥 denote an

arbitrary state for which (𝜌𝒜𝑥 ,𝑥) ∈ 𝑆 and ‖𝒜(𝑥) − 𝜌𝒜𝑥‖1 ⩽ 𝜀, if such a state exists.

Denote by ℰ the event that such a state exists. Then under ℰ , for any state 𝜌 for

which ‖𝒜(𝑥)−𝜌‖1 ⩽ 𝜀, we have ‖𝜌𝒜𝑥 −𝜌‖1 ⩽ 2𝜀. If ℰ does not occur for some choice of

internal randomness for 𝒜 and some 𝑥, note that the corresponding inner expectation

in (4.6) is zero. We can thus upper bound the double expectation in (4.6) by

E
𝒜,𝑥|ℰ

E
𝜌∼𝜈𝑥

[︀
1‖𝜌𝒜𝑥 − 𝜌‖1 ⩽ 2𝜀 and (𝜌,𝑥) ∈ 𝑆

]︀
⩽ E

𝒜,𝑥|ℰ
Pr𝜌∼𝜈𝑥

[︀
‖𝜌𝒜𝑥 − 𝜌‖1 ⩽ 2𝜀

]︀
= 𝑜(1),

(4.7)

where in the last step we used the fact that under ℰ we have (𝜌𝒜𝑥 ,𝑥) ∈ 𝑆, so by

Theorem 4.2.6 the posterior measure 𝜈𝑥 places 𝑜(1) mass on the trace norm 𝜀-ball

around 𝜌𝒜𝑥 .

4.3 Lower Bounding the Volume Ratio: Proof of

Lemma 4.2.10

In this section, we will prove Lemma 4.2.10, which lower bounds the volume ratio 𝑉2/𝑉1.

Let

𝑉 =

{︃
𝜆 = (𝜆1, . . . , 𝜆𝑑) ∈ R𝑑 :

𝑑∑︁
𝑖=1

𝜆𝑖 = 0

}︃
.
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This is a subspace of R𝑑 of codimension 1. It inherits the inner product of R𝑑, which

defines a Lebesgue measure Leb𝑉 . Define

Δ =

{︃
𝜆 ∈ 𝑉 : 𝜆1 ⩾ 𝜆2 ⩾ · · · ⩾ 𝜆𝑑,

𝑑∑︁
𝑖=1

|𝜆𝑖| ⩽ 1

}︃
, Δ′ =

{︂
𝜆 ∈ Δ : max

𝑖∈[𝑑]
|𝜆𝑖| ⩽ 1/𝑑

}︂
,

and

Γ =

{︂
𝜆 ∈ 𝑉 :

⃒⃒⃒⃒
𝜆𝑖 −

𝑑− 2𝑖+ 1

𝑑2

⃒⃒⃒⃒
⩽

1

𝑑4

}︂
.

Lemma 4.3.1. We have Γ ⊆ Δ′.

Proof. If 𝜆 ∈ Γ, then

𝜆𝑖 − 𝜆𝑖+1 ⩾
2

𝑑2
− 2

𝑑4
> 0

and
𝑑∑︁

𝑖=1

|𝜆𝑖| ⩽ 𝑑 · 1
𝑑
= 1,

so 𝜆 ∈ Δ. Moreover

|𝜆𝑖| ⩽
𝑑− 1

𝑑2
+

1

𝑑4
⩽

1

𝑑
.

The volume ratio 𝑉2/𝑉1 is the probability that if 𝜌 is drawn from the uniform measure

on 𝐵(0, 1) (w.r.t. Leb𝑈0), then ‖𝜌‖op ⩽ 1/𝑑. The main random matrix theory fact

we will use is [12, Theorem 2.5.2], which implies that if 𝜆 = (𝜆1, . . . , 𝜆𝑑) are the

eigenvalues of 𝜌 drawn from this distribution, then 𝜆 has density (w.r.t. Leb𝑉 ) 1
𝑍
𝑓(𝜆),

where 𝑍 is a normalizing constant and

𝑓(𝜆) = 1{𝜆 ∈ Δ}
∏︁

1⩽𝑖<𝑗⩽𝑑

|𝜆𝑖 − 𝜆𝑗|.

For measurable 𝐴 ⊆ 𝑉 , let Vol(𝐴) =
∫︀
𝐴
1dLeb𝑉 denote the volume of 𝐴. Then,

𝑉2
𝑉1

=

∫︀
Δ′ 𝑓(𝜆) dLeb𝑉 (𝜆)∫︀
Δ
𝑓(𝜆) dLeb𝑉 (𝜆)

⩾

∫︀
Γ
𝑓(𝜆) dLeb𝑉 (𝜆)∫︀

Δ
𝑓(𝜆) dLeb𝑉 (𝜆)

⩾
Vol(Γ)

Vol(Δ)
· inf𝜆∈Γ 𝑓(𝜆)
sup𝜆∈Δ 𝑓(𝜆)

. (4.8)
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The following three propositions bound the quantities in the right-hand side of (4.8).

Proposition 4.3.2. For any 𝜆 ∈ Γ, 𝑓(𝜆) ⩾ 1/((2𝑒)𝑑
2/2𝑑𝑑(𝑑−1)/2).

Proof. For each 𝑖 ∈ [𝑑],

∏︁
𝑗∈[𝑑]∖{𝑖}

|𝜆𝑖 − 𝜆𝑗| ⩾
𝑖−1∏︁
𝑗=1

(︂
2(𝑖− 𝑗)
𝑑2

− 2

𝑑4

)︂ 𝑑∏︁
𝑗=𝑖+1

(︂
2(𝑗 − 𝑖)
𝑑2

− 2

𝑑4

)︂
⩾

𝑖−1∏︁
𝑗=1

𝑖− 𝑗
𝑑2

𝑑∏︁
𝑗=𝑖+1

𝑗 − 𝑖
𝑑2

⩾
𝑑−1∏︁
𝑗=1

𝑗

2𝑑2

⩾
(𝑑− 1)!

2𝑑𝑑2(𝑑−1)
=

𝑑!

2𝑑𝑑2𝑑−1
⩾

(𝑑/𝑒)𝑑

2𝑑𝑑2𝑑−1
⩾

1

(2𝑒)𝑑𝑑𝑑−1
.

Thus

𝑓(𝜆) =

⎛⎝ 𝑑∏︁
𝑖=1

∏︁
𝑗∈[𝑑]∖{𝑖}

|𝜆𝑖 − 𝜆𝑗|

⎞⎠1/2

⩾
1

(2𝑒)𝑑2/2𝑑𝑑(𝑑−1)/2
.

Proposition 4.3.3. For any 𝜆 ∈ Δ, 𝑓(𝜆) ⩽ 𝑒2𝑑
2
/𝑑𝑑(𝑑−1)/2.

Proof. Let (𝜆̄1, . . . , 𝜆̄𝑑) be the permutation of (𝜆1, . . . , 𝜆𝑑) with |𝜆̄1| ⩽ · · · ⩽ |𝜆̄𝑑|. For

each 𝑖 ∈ [𝑑], ∏︁
𝑗<𝑖

|𝜆̄𝑖 − 𝜆̄𝑗| ⩽ (2|𝜆̄𝑖|)𝑖−1 ⩽

(︃
𝑒2𝑑|𝜆̄𝑖|

𝑑

)︃𝑖−1

⩽
𝑒2𝑑

2|𝜆̄𝑖|

𝑑𝑖−1
,

so (since
∑︀𝑑

𝑖=1 |𝜆𝑖| ⩽ 1)

𝑓(𝜆) =
𝑑∏︁

𝑖=1

∏︁
𝑗<𝑖

|𝜆̄𝑖 − 𝜆̄𝑗| ⩽
𝑒2𝑑

2
∑︀𝑑

𝑖=1 |𝜆̄𝑖|

𝑑𝑑(𝑑−1)/2
⩽

𝑒2𝑑
2

𝑑𝑑(𝑑−1)/2
.

Proposition 4.3.4. We have Vol(Δ) ⩽ 𝑒𝑂(𝑑) and Vol(Γ) ⩾ 𝑑−𝑂(𝑑).

Proof. The projection of 𝑉 onto its first 𝑑− 1 coordinates has Jacobian Θ(1). Because

this projection maps Δ injectively to R𝑑−1 and each resulting coordinate is in [−1, 1],

Vol(Δ) ⩽ Θ(1) · 2𝑑−1 ⩽ 𝑒𝑂(𝑑),
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proving the first conclusion. Note that Γ is the set of 𝜆 satisfying 𝜆𝑖 = 𝑑−2𝑖+1
𝑑2

+ 1
𝑑4
𝜇𝑖,

where 𝜇 = (𝜇1, . . . , 𝜇𝑑) ranges over

Γ′ =

{︂
𝜇 ∈ 𝑉 : max

𝑖∈[𝑑]
|𝜇𝑖| ⩽ 1

}︂
.

The set Γ′ certainly contains the set of 𝜇 where |𝜇1|, . . . , |𝜇𝑑−1| ⩽ 1/𝑑 and 𝜇𝑑 =

−
∑︀𝑑−1

𝑖=1 𝜇𝑖. So,

Vol(Γ′) ⩾ Θ(1)(2/𝑑)𝑑−1 = 𝑑−𝑂(𝑑).

Finally,

Vol(Γ) = Vol(Γ′) · (𝑑−4)𝑑−1 = 𝑑−𝑂(𝑑),

proving the second conclusion.

Proof of Lemma 4.2.10. By equation (4.8) and the last three propositions,

𝑉2
𝑉1

⩾
𝑑−𝑂(𝑑)

𝑒𝑂(𝑑)
· (2𝑒)

−𝑑2/2

𝑒2𝑑2
⩾ 𝑒−3𝑑2 .

4.4 Basic Learning Results

Now we focus on the upper bound for learning in fidelity. Recall that for two

quantum states 𝜌, 𝜎, the fidelity between them is 𝐹 (𝜌, 𝜎) = tr(
√︀√

𝜌𝜎
√
𝜌)2. This is the

quantum analogue of the Bhattacharyya coefficient, which for two classical probability

distributions 𝑝, 𝑞 over [𝑑], is defined to be 𝐵𝐶(𝑝, 𝑞) =
∑︀𝑑

𝑖=1

√
𝑝𝑖
√
𝑞𝑖. Note that if 𝜌

and 𝜎 commute, then 𝐹 (𝜌, 𝜎) = 𝐵𝐶(𝑝, 𝑞)2, where 𝑝, 𝑞 are the classical distributions

given by the eigenvalues of 𝜌 and 𝜎, respectively. The following inequality is well

known:

Fact 4.4.1.

𝐵𝐶(𝑝, 𝑞) ⩾ 1−𝑂
(︀
𝜒2(𝑝‖𝑞)

)︀
.

As an immediate corollary of this, we have the following:
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Corollary 4.4.2. Let 𝜌 ∈:𝑑×𝑑 be an arbitrary mixed state, and let 𝜌 = (1−𝛾)𝜌+𝛾 · 1
𝑑
𝐼.

Then 𝐹 (𝜌, 𝜌) ⩾ 1−𝑂 (𝛾).

Proof. Let 𝑝 and 𝑝 denote the the distributions given by the eigenvalues of 𝜌 and 𝜌,

respectively. Since 𝜌 and 𝜌 commute, it suffices to show that 𝐵𝐶(𝑝, 𝑝) ⩾ 1 − 𝑂(𝛾).

However, we have:

𝜒2(𝑝‖𝑝) =
𝑑∑︁

𝑖=1

(𝛾𝑝𝑖 + 𝛾/𝑑)2

𝑝𝑖
⩽ 2

𝑑∑︁
𝑖=1

𝛾2𝑝2𝑖
𝑝𝑖

+ 2
𝑑∑︁

𝑖=1

𝛾2

𝑑2𝑝𝑖
⩽ 𝑂(𝛾) ,

since 𝑝𝑖 ⩾ 𝛾/𝑑 for all 𝑖.

It is well-known that infidelity is not a metric on mixed states. However, the associated

Bures metric, defined as

𝐷𝐵(𝜌, 𝜎)
2 = 2

(︁
1−

√︀
𝐹 (𝜌, 𝜎)

)︁
,

does satisfy the triangle inequality and is hence a valid metric. As an immediate

consequence of this, we obtain that infidelity still satisfies a weak version of the triangle

inequality:

Corollary 4.4.3. Let 𝑘 be a positive integer, and let 𝛾 ≪ 1/𝑘2 be sufficiently small.

Let 𝜌1, . . . , 𝜌𝑘 be a sequence of mixed states satisfying 1 − 𝐹 (𝜌𝑖, 𝜌𝑖+1) ⩽ 𝛾 for all

𝑖 = 1, . . . , 𝑘 − 1. Then

1− 𝐹 (𝜌1, 𝜌𝑘) ⩽ 𝑂(𝑘2𝛾) .

Proof. By repeated application of the Taylor series expansion of the square root

function around 1, we know that 𝐷𝐵(𝜌𝑖, 𝜌𝑖+1) ⩽ 𝑂(
√
𝛾) for all 𝑖 = 1, . . . , 𝑘 − 1.

Therefore by the triangle inequality, we have that 𝐷𝐵(𝜌1, 𝜌𝑘) ⩽ 𝑂(𝑘
√
𝛾), from which

the claim immediately follows.
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4.4.1 Learning a State in Spectral Norm

Finally, we require the following guarantee for one of the standard estimators for a

mixed state based on unentangled measurements. Given 𝑛 copies of a mixed state 𝜌,

we measure each one with the uniform POVM over the sphere {𝑑 |𝑣⟩ ⟨𝑣| 𝑑𝑣} where 𝑣

ranges over the unit sphere, and let |𝑣𝑖⟩ denote the outcome of the 𝑖th measurement.

We consider the estimator 𝐻𝑛(𝜌) = 𝐻𝑛(𝜌, 𝑣1, . . . , 𝑣𝑛), defined as

𝐻𝑛(𝜌) =
1

𝑛

𝑛∑︁
𝑖=1

((𝑑+ 1) |𝑣𝑖⟩ ⟨𝑣𝑖| − 𝐼) . (4.9)

We show the following rate for this estimator. The same rate is claimed in the proof

sketch of Theorem 2 in [101], but to our knowledge no full proof of this exists in the

literature. We include a full proof for completeness:

Theorem 4.4.4. There exists a universal constant 𝐶 so that for all 𝑛, we have that

‖𝐻𝑛(𝜌)− 𝜌‖op ⩽ 𝐶 ·max

(︃
𝑑+ log 1/𝛿

𝑛
,

√︂
𝑑+ log 1/𝛿

𝑛

)︃
,

with probability 1− 𝛿.

The key concentration lemma we require is the following:

Lemma 4.4.5. Let |𝑣⟩ be the outcome of measuring 𝜌 using the uniform POVM.

Then, for any fixed pure state |𝑢⟩, and for all 𝑘 ⩾ 1, we have

E
[︁
(𝑑+ 1)𝑘 ⟨𝑢|𝑣⟩2𝑘

]︁
⩽ (𝑘 + 1)𝑘+1 .

Proof. First consider the case where 𝜌 = |𝑤⟩ ⟨𝑤| is a pure state. For any 𝑡, let Π𝑡

denote projection onto the 𝑡-fold symmetric subspace. Then, we have:

E
[︁
⟨𝑢|𝑣⟩2𝑘

]︁
= 𝑑 ·

∫︁
⟨𝑢|𝑣⟩2𝑘 ⟨𝑣|𝑤⟩2 𝑑𝑣 (4.10)

= 𝑑 · ⟨𝑢|⊗𝑘 ⊗ ⟨𝑤|
(︂∫︁
|𝑣⟩⊗(𝑘+1) ⟨𝑣|⊗(𝑘+1) 𝑑𝑣

)︂
|𝑢⟩⊗𝑘 ⊗ |𝑤⟩ (4.11)

181



= 𝑑 ·
(︂
𝑘 + 𝑑

𝑘 + 1

)︂−1

·
(︁
⟨𝑢|⊗𝑘 ⊗ ⟨𝑤|

)︁
Π𝑘+1

(︁
|𝑢⟩⊗𝑘 ⊗ |𝑤⟩

)︁
⩽ 𝑑 ·

(︂
𝑘 + 𝑑

𝑘 + 1

)︂−1

,

(4.12)

where the third step follows by the standard Haar integral formulation of Π𝑡 [107].

Therefore, we have that

E
[︁
(𝑑+ 1)𝑘 ⟨𝑢|𝑣⟩2𝑘

]︁
⩽ (𝑑+ 1)𝑘+1 ·

(︂
𝑘 + 𝑑

𝑘 + 1

)︂−1

⩽ (𝑑+ 1)𝑘+1 · (𝑘 + 1)𝑘+1

(𝑑+ 𝑘)𝑘+1
⩽ (𝑘 + 1)𝑘+1 ,

(4.13)

as claimed. The claim for general 𝜌 directly follows by convexity.

Proof of Theorem 4.4.4. The proof proceeds via the same general strategy as in [101].

Let 𝒩 be a 1/3-net of all pure states in :𝑑. For any 𝑢 ∈ 𝒩 , Lemma 4.4.5 implies that

the random variable

⟨𝑢| (𝜌−𝐻𝑛(𝜌)) |𝑢⟩ =
1

𝑛

𝑛∑︁
𝑖=1

(︀
(𝑑+ 1) ⟨𝑢, 𝑣𝑖⟩2 − 1− ⟨𝑢| 𝜌 |𝑢⟩

)︀
is a sum of 𝑛 independent 𝑂(1)-subexponential random variables. Therefore, by

standard net arguments, we have that for all 𝛾 > 0,

Pr[‖𝜌−𝐻𝑛(𝜌)‖op > 𝛾] ⩽ exp
(︀
𝑐1𝑑− 𝑐2𝑛max(𝛾, 𝛾2)

)︀
,

for some universal constants 𝑐1, 𝑐2, which is equivalent to what we wanted to show.

Finally, we also require the following generalization of the estimator we considered

above:

Definition 4.4.6. Given a projection matrix Π ∈:𝑑×𝑑 onto an 𝑟-dimensonal subspace,

the projected estimator on the subspace Π, denoted 𝐻𝑛(𝜌,Π) is defined as follows. Let

ℳΠ = {𝑟 |𝑣⟩ ⟨𝑣| 𝑑𝑣} denote the uniform POVM over the subspace spanned by Π, and

consider the POVM over :𝑑×𝑑 defined byℳ = {𝐼 −Π}∪ℳΠ. Given 𝑛 copies of 𝜌, let
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|𝑣𝑖⟩ denote the outcomes of measuring each copy of 𝜌 independently withℳ, where

we say 𝑣𝑖 = ⊥ if the outcome is 𝐼 − Π. Then, we define

𝐻𝑛(𝜌,Π) =
1

𝑛

∑︁
𝑣𝑖 ̸=⊥

((𝑟 + 1) |𝑣𝑖⟩ ⟨𝑣𝑖| − 𝐼) .

For projected estimators we have the following rate, which follows immediately from

Theorem 4.4.4 and standard Chernoff bounds:

Lemma 4.4.7. Let 𝜌 ∈:𝑑×𝑑 and let Π be a projection onto an 𝑟-dimensional subspace.

Let 𝛼 = tr(Π𝜌Π). Then, there exists a universal constant 𝐶 so that

‖𝐻𝑛(𝜌,Π)− Π𝜌Π‖op ⩽ 𝐶 ·max

(︃
𝑑+ log 1/𝛿

𝑛
,

√︂
𝛼(𝑑+ log 1/𝛿)

𝑛

)︃
.

with probability 1− 𝛿.

4.5 Learning a State in Fidelity

In this section, we present our algorithm for tomography in fidelity. Our main theorem

is stated below.

Theorem 4.5.1. Let 𝜌 ∈:𝑑×𝑑 be an unknown rank-𝑟 mixed state. Given 𝑛 =̃︀𝑂(𝑑𝑟2 log(1/𝛿)/𝛾) copies of 𝜌, there is an algorithm that uses incoherent measurements

and with probability 1− 𝛿, outputs a state ̂︀𝜌 such that 𝐹 (𝜌, ̂︀𝜌) ⩾ 1− 𝛾.

Let 𝜂 > 0 be a parameter to be determined later, and let 𝑡 be an integer satisfying

𝑡 ⩽ log2 𝑟/𝛾 + 4. We first describe our algorithm. Divide the samples into 𝑡 groups of

𝑛/𝑡 samples each.

We will compute a sequence of orthogonal projections Π0 = 0,Π1, . . . ,Π𝑡. To find

Π𝑗 given Π0, . . . ,Π𝑗−1, the algorithm proceed as follows: it forms Γ𝑗 = 𝐼 −
∑︀𝑗−1

𝑖=0 Π𝑖,

and using a fresh batch of samples, it computes 𝜎𝑗 = 𝐻𝑛/𝑡(𝜌,Γ𝑗), and it sets Π𝑗 to be

the span of the nonzero eigenvectors of 𝜎𝑗 with corresponding eigenvalue at least 2−𝑗.
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When it finishes, it outputs the state

𝑀𝑛(𝜌)
def
=

̂︀𝜎
tr(̂︀𝜎) , where ̂︀𝜎 def

=
𝑡∑︁

𝑖=1

Π𝑖𝜎𝑖Π𝑖 , (4.14)

To analyze the algorithm, we make the following definitions. Let Π𝑡+1 = Γ𝑡+1, and

define the state

𝜌diag =
𝑡+1∑︁
𝑖=1

Π𝑖𝜌Π𝑖 . (4.15)

For all 𝑖 = 1, . . . , 𝑡+ 1, let 𝐵𝑖 ∈:𝑑×rank(Π𝑖) be any matrix with orthonormal columns so

that 𝐵𝑖𝐵
⊤
𝑖 = Π𝑖. Similarly, for 𝑖 = 1, . . . , 𝑡+ 1, let 𝐶𝑖 ∈:𝑑×rank(Γ𝑖) be any matrix with

orthonormal columns so that 𝐶𝑖𝐶
⊤
𝑖 = Γ𝑖.

Notice that by construction
∑︀𝑡+1

𝑖=1 Π𝑖 = 𝐼, so this is indeed a valid mixed state.

Furthermore, note that 𝜌diag is block-diagonal with respect to the matrices Π1, . . . ,Π𝑡+1,

that is, after a suitable rotation which sends each 𝐵𝑖 to itself, 𝜌diag has the form

𝜌diag =

⎛⎜⎜⎜⎜⎜⎜⎝
𝜌1

𝜌2
. . .

𝜌𝑡+1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where we let 𝜌𝑖 denote the projection of Π𝑖𝜌Π𝑖 onto its nonzero eigenvectors. Note

that in this basis, 𝜌 is not block diagonal, and indeed, much of the work in the proof

is to bound the contribution of the error because of these off-diagonal blocks. To this

end, for all 𝑖 = 1, . . . , 𝑡, let 𝐸𝑖 = 𝐵⊤
𝑖 𝜌𝐶𝑖+1, so that

𝜌 =

⎛⎜⎜⎜⎜⎜⎜⎝
𝜌1 𝐸1

𝜌2 𝐸2

𝐸⊤
1 𝐸⊤

2
. . .

𝜌𝑡

⎞⎟⎟⎟⎟⎟⎟⎠ ,

i.e., the 𝐸𝑖 are the off-diagonal components of 𝜌.
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Next, since each 𝜎𝑗 is computed with fresh samples, by Lemma 4.4.7 and a union

bound, we have that

‖𝜎𝑗 − Γ𝑗𝜌Γ𝑗‖op ⩽ 𝛾𝑗
def
= 𝐶 ·max

(︃
𝑑+ log 𝑡/𝛿

𝑛
,

√︂
𝛼𝑗(𝑑+ log 𝑡/𝛿)

𝑛

)︃
, (4.16)

for all 𝑗 = 1, . . . , 𝑡 simultaneously, with probability at least 1−𝛿, where 𝛼𝑗 = tr(Π𝑗𝜌Π𝑗).

For the remainder of the section, let us take 𝑛 ≳ (𝑑+log 𝑡/𝛿)𝑟2

𝛾
, and we will assume

that (4.16) holds. We first show a few basic inequalities. We have the following

estimate on the RHS of (4.16).

Lemma 4.5.2. Let 𝑛 ≳ (𝑑+log 𝑡/𝛿)𝑟2

𝛾
. Then, we have that 𝛾𝑗 ≲ 2−(𝑗+𝑡)/2.

Proof. By our choice of 𝑛, we have that:

𝑑+ log 𝑡/𝛿

𝑛
≲

𝛾

𝑟2
⩽ 2−(𝑗+𝑡)/2 ,

and √︂
𝛼𝑗−1(𝑑+ log 𝑡/𝛿)

𝑛
=

√︂
tr(Γ𝑗−1𝜌Γ𝑗−1) ·

𝑑+ log 𝑡/𝛿

𝑛

≲

√︂
2−(𝑗−1) · 𝛾

𝑟
⩽ 2−(𝑗+𝑡)/2 ,

where in both cases we use that 𝑡 = log2 𝑟/𝛾 + 4.

With this, we can show the following set of useful inequalities:

Lemma 4.5.3. For all 𝑗 = 1, . . . , 𝑡, we have that

(i) ‖Γ𝑗𝜌Γ𝑗‖op ⩽ 2−(𝑗−1),

(ii) ‖𝜎𝑗‖op ⩽ 2−(𝑗−2), and

(iii) 𝐵⊤
𝑖 𝜌𝐵𝑖 ⪰ 2−𝑗−1𝐼, and
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(iv) tr(Γ𝑡+1𝜌Γ𝑡+1) ⩽ 𝛾/2.

Proof. To prove the first bullet point, we proceed by induction. The case where 𝑗 = 1

is trivial. Now, suppose the claim holds for some 𝑗 − 1. By (4.16), we have that

‖𝜎𝑗−1 − Γ𝑗−1𝜌Γ𝑗−1‖op ⩽ 𝛾𝑗−1 .

Now Γ𝑗 is defined to be the projection onto the eigenvectors of 𝜎𝑗−1 with eigenvalue less

than 2−𝑗. Therefore, ‖Γ𝑗𝜌Γ𝑗‖op ⩽ 𝛾𝑗−1 + 2−𝑗. The second and third claims then both

follow from Lemma 4.5.2, and by the definition of 𝑀𝑗. Finally, the last claim follows

because 𝜌 has at most 𝑟 nonzero eigenvalues, and therefore so does tr(Γ𝑡+1𝜌Γ𝑡+1);

moreover by the above, each one is at most 2−𝑡+2 ⩽ 𝛾/(2𝑟).

One simple but important consequence of these inequalities is that the subspaces Π𝑖

are low dimensional:

Corollary 4.5.4. For all 𝑖, we have rank(Π𝑖) ⩽ 𝑟.

Proof. Note that 𝜌 has 𝑟 nonzero eigenvalues by assumption, so by Lemma 4.5.3, 𝜎𝑖

can only have 𝑟 eigenvalues which are at least 2−𝑖−1.

We will show the following two key estimates. Roughly, Lemma 4.5.5 bounds the con-

tribution to infidelity form the error on the diagonal blocks of 𝜌 and 𝜌diag. Lemma 4.5.6

bounds the contribution to infidelity from the off-diagonal blocks in 𝜌. Putting them

together with the (weak) triangle inequality in Corollary 4.4.3 will immediately imply

Theorem 4.5.1.

Lemma 4.5.5. Let 𝜌,𝑀𝑛(𝜌), and 𝜌diag be as above, and assume that (4.16) holds.

Then, we have that

𝐹 (𝑀𝑛(𝜌), 𝜌diag) ⩾ 1− 𝛾𝑡
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Lemma 4.5.6. Let 𝜌,𝑀𝑛(𝜌), and 𝜌diag be as above, and assume that (4.16) holds.

Then, we have that

𝐹 (𝜌, 𝜌diag) ⩾ 1− 𝛾 ·min(𝑡, 𝑑/𝑟) .

Proof of Theorem 4.5.1. Combining Lemma 4.5.5, Lemma 4.5.6 and Corollary 4.4.3,

we get

𝐹 (𝑀𝑛(𝜌).𝜌) ⩾ 1−𝑂(𝛾min(𝑡, 𝑑/𝑟))

and since 𝑡 ⩽ log2(𝑟/𝛾) + 4, we can redefine 𝛾 appropriately (scaling down by a

logarithmic factor) to complete the proof.

4.5.1 Proof of Lemma 4.5.5

We first require the following fact, which is a direct consequence of Proposition 3.1

in [131], and direct calculation:

Theorem 4.5.7. Let 𝑓(𝑋) ::𝑑×𝑑
⩾0 → R be defined by 𝑓(𝑋) = tr(

√
𝑋). Let 𝐴 ∈:𝑑×𝑑 be a

non-degenerate Hermitian matrix. Then, for all symmetric matrices 𝐵 ∈:𝑑×𝑑, we have

that

∇2𝑓(𝐴)[𝐵,𝐵] ⩾ −1

4
tr
(︀
𝐵𝐴−3/2𝐵

)︀
(4.17)

where ∇2𝑓(𝐴) denotes the Hessian of 𝑓(𝐴) (where we treat the entries of 𝐴 as variables)

and ∇2𝑓(𝐴)[𝐵,𝐵] denotes taking the quadratic form of this Hessian at 𝐵.

Proof of Lemma 4.5.5. For conciseness, throughout this proof we will let 𝑀 =𝑀𝑛(𝜌).

Let Δ =𝑀 − 𝜌diag. By Taylor’s theorem, we know that there is some 𝛽 ∈ [0, 1] so that

𝐹 (𝑀𝑛(𝜌), 𝜌diag)

= tr
(︁√︀

𝑀2 −𝑀1/2Δ𝑀1/2
)︁

= 1 +
1

2
tr
(︀
𝑀−1𝑀1/2Δ𝑀1/2

)︀
+𝐷2𝑓

(︀
𝑀2 − 𝛽𝑀1/2Δ𝑀1/2

)︀ [︀
𝑀1/2Δ𝑀1/2,𝑀1/2Δ𝑀1/2

]︀
⩾ 1− 1

4
tr
(︀
(𝑀1/2Δ𝑀−1/4(𝑀 + 𝛽Δ)−3/2𝑀−1/4Δ𝑀1/2

)︀
,
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where in the last line we used Theorem 4.5.7.

Notice that both 𝑀 and Δ are block diagonal, and moreover, by construction, they

share the same block structure. Thus, if we let 𝑀𝑖 = Π𝑖𝑀Π𝑖 and Δ𝑖 = Π𝑖ΔΠ𝑖, then

we have that

tr
(︀
(𝑀1/2Δ𝑀−1/4(𝑀 + 𝛽Δ)−3/2𝑀−1/4Δ𝑀1/2

)︀
=

𝑡∑︁
𝑖=1

tr
(︁
𝑀

1/2
𝑖 Δ𝑖𝑀

−1/4
𝑖 (𝑀𝑖 + 𝛽Δ𝑖)

−3/2𝑀
−1/4
𝑖 Δ𝑖𝑀

1/2
𝑖

)︁
,

where in a slight abuse of notation, we let 𝑀−1
𝑖 and (𝑀𝑖 + 𝛽Δ)−1 denote the pseu-

doinverses of the associated matrices. For any 𝑖, we have that

tr
(︁
𝑀

1/2
𝑖 Δ𝑖𝑀

−1/4
𝑖 (𝑀𝑖 + 𝛽Δ𝑖)

−3/2𝑀
−1/4
𝑖 Δ𝑖𝑀

1/2
𝑖

)︁
⩽ tr(𝑀𝑖) · ‖Δ𝑖𝑀

−1/4
𝑖 (𝑀𝑖 + 𝛽Δ𝑖)

−3/2𝑀
−1/4
𝑖 Δ𝑖‖op

⩽ 𝐶 · tr(𝑀𝑖) · 𝛾2𝑖 · ‖𝑀
−1/4
𝑖 (𝑀𝑖 + 𝛽Δ𝑖)

−3/2𝑀
−1/4
𝑖 ‖op ,

where the last step follows because ‖Δ𝑖‖op ⩽ 𝛾𝑖 by Lemma 4.4.7 and (4.16). By

construction, we have that all nonzero eigenvalues of 𝑀𝑖 are at least 2−𝑖, so all nonzero

eigenvalues of 𝑀𝑖 + 𝛽Δ𝑖 are at least 2−(𝑖+1). Putting it all together, we obtain that

tr
(︁
𝑀

1/2
𝑖 Δ𝑖𝑀

−1/4
𝑖 (𝑀𝑖 + 𝛽Δ𝑖)

−3/2𝑀
−1/4
𝑖 Δ𝑖𝑀

1/2
𝑖

)︁
≲ tr(𝑀𝑖) · 𝛾2𝑖 · 22𝑖 ⩽ 𝑟 · 2𝑖𝛾2𝑖 ⩽ 𝛾 ,

as claimed.

4.5.2 Proof of Lemma 4.5.6

First, observe that we may disregard the subspace spanned by Γ𝑡+1:

Lemma 4.5.8. Let Γ = 𝐼 − Γ𝑡+1. We have that tr(Γ𝜌Γ) = tr(Γ𝜌diagΓ)
def
= 𝑐, and

moreover, if we let 𝜌 = 1
𝑐
Γ𝜌Γ and 𝜌diag = 1

𝑐
Γ𝜌diagΓ, then 𝐹 (𝜌, 𝜌) ⩽ 1 − 𝛾/2 and

𝐹 (𝜌diag, 𝜌diag) ⩽ 1− 𝛾/2.
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Proof. The first claim follows since Π𝑖 and Γ all commute. The fact that 𝐹 (𝜌, 𝜌) ⩽

1− 𝛾/2 immediately follows from (iv) in Lemma 4.5.3, and the last claim follows since

the same lemma implies that tr(Γ𝑡+1𝜌diagΓ𝑡+1) ⩽ 𝛾/2 as well.

In light of this, for the rest of the proof, we will assume that Γ = 𝐼; in particular, this

implies that 𝜌 and 𝜌diag both have minimum eigenvalue at least 2−𝑗−1 by Lemma 4.5.3.

The above lemma implies that this incurs at most an additional additive 𝛾 to the

overall fidelity calculation. We now establish the following bound on the matrices 𝐸𝑖:

Lemma 4.5.9. Let 𝑛 ≳ (𝑑+log 𝑇/𝛿)𝑟2

𝛾
, and assume that (4.16) holds. Then, for all

𝑖 = 1, . . . , 𝑡, we have that ‖𝐸𝑖‖op ⩽ 2𝛾𝑗.

Proof. For any 𝑖, we have that

‖𝐸𝑖‖op = ‖Γ𝑗 (𝜌− 𝜌diag) Γ𝑗‖op

⩽ ‖Γ𝑗𝜌Γ𝑗 − 𝜎𝑗‖op + ‖Γ𝑗𝜌diagΓ𝑗 − 𝜎𝑗‖op

⩽ 2‖Γ𝑗𝜌Γ𝑗 − 𝜎𝑗‖op = 2𝛾𝑗 ,

where the third inequality follows because Γ𝑗𝜌diagΓ𝑗 is the projection of Γ𝑗𝜌Γ𝑗 onto a

basis which commutes with 𝜎𝑗.

To prove our overall claim we will proceed via a hybrid argument. For all 𝑗 = 0, . . . , 𝑡,

let

𝜌(𝑗) =

𝑗∑︁
𝑖=1

Π𝑖𝜌Π𝑖 + Γ𝑗+1𝜌Γ𝑗+1 .

Note that by design, we have that 𝜌(0) = 𝜌 and 𝜌(𝑡) = 𝜌diag. For these matrices, we

show:

Lemma 4.5.10. For all 𝑗 = 1, . . . , 𝑡, we have that

𝐹 (𝜌(𝑗−1), 𝜌(𝑗)) ⩾ 1− 2−𝑡−1min(𝑟𝑡, 𝑑) .
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To prove Lemma 4.5.10, we rely on the following fact that bounds the contribution

from off-diagonal perturbations to infidelity between two states.

Lemma 4.5.11. Let 0 < 𝑐2, 𝑐1 < 1 satisfy 𝑐2 ⩽ 𝑐1/10, and let 𝑀 ∈:𝑑1×𝑑1 and

𝑁 ∈:𝑑2×𝑑2 be PSD matrices satisfying 𝑐1𝐼 ⪯ 𝑀 ⪯ 4𝑐1𝐼 and 𝑐2𝐼 ⪯ 𝑁 ⪯ 2𝑐1𝐼. Let

𝐸 ∈:𝑑1×𝑑2 satisfy ‖𝐸‖op ⩽ 𝜂, and define the matrices

𝐴 =

⎛⎝𝑀 𝐸

𝐸⊤ 𝑁

⎞⎠ , and 𝐴diag =

⎛⎝𝑀 0

0 𝑁

⎞⎠ . (4.18)

Suppose further that 𝐴 ⪰ 0, and that 𝜂 ⩽
√
𝑐1𝑐2. Then

tr

(︂√︁
𝐴

1/2
diag𝐴𝐴

1/2
diag

)︂
⩾ tr(𝐴)− 𝑐2(𝑑1 + 𝑑2) . (4.19)

Proof. For any 𝛿, let 𝑀𝛿 =𝑀 − 𝛿𝐼 and similarly let 𝑁𝛿 = 𝑁 − 𝛿𝐼. we will explicitly

construct a matrix 𝐵 which will be a PSD lower bound for the matrix 𝐴1/2
diag𝐴𝐴

1/2
diag.

Our guess will have the form

𝐵 =

⎛⎝𝑀𝑐2 𝑋

𝑋⊤ 𝑁𝑐2

⎞⎠ , (4.20)

for some matrix 𝑋 we define shortly. Note that if we can show that 𝐴1/2
diag𝐴𝐴

1/2
diag ⪰ 𝐵2,

we are done, since by operator monotonicity of the matrix square root, we have that

tr

(︂√︁
𝐴

1/2
diag𝐴𝐴

1/2
diag

)︂
⩾ tr(𝐵) ⩾ tr(𝐴) + tr(𝑀)− 𝑐2(𝑑1 + 𝑑2) = tr(𝐴)− 𝑐2(𝑑1 + 𝑑2) ,

as claimed.

It remains to demonstrate how to construct such an 𝑋. We choose the following

matrix:

𝑋
def
=

∞∑︁
𝑖=1

𝑀−𝑖
(𝑐2−𝑐1)

(︀
𝑀1/2𝐸𝑁1/2

)︀
𝑁 𝑖−1

(𝑐2+𝑐1)
. (4.21)

We first note that this sum is convergent, since ‖𝑀−𝑖
𝑐2−𝑐1‖ ⩽

1
(1.9𝑐1)𝑖

and ‖𝑁 𝑖
𝑐2+𝑐1
‖op ⩽
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(1.1𝑐1)
𝑖. Next, we note that

𝑀𝑐2𝑋 +𝑋𝑁𝑐2 =𝑀(𝑐2−𝑐1)𝑋 +𝑋𝑁(𝑐2+𝑐1) =𝑀1/2𝐸𝑁1/2 .

Therefore, we have that

𝐵2 =

⎛⎝ 𝑀2
𝑐2
+𝑋𝑋⊤ 𝑀𝑐2𝑋 +𝑋𝑁𝑐2

(𝑀𝑐2𝑋 +𝑋𝑁𝑐2)
⊤ 𝑋⊤𝑋 +𝑁2

𝑐2

⎞⎠ =

⎛⎝ 𝑀2
𝑐2
+𝑋𝑋⊤ 𝑀1/2𝐸𝑁1/2(︀

𝑀1/2𝐸𝑁1/2
)︀⊤

𝑋⊤𝑋 +𝑁2
𝑐2

⎞⎠ ,

(4.22)

At the same time, we have that

𝐴
1/2
diag𝐴𝐴

1/2
diag =

⎛⎝ 𝑀2 𝑀1/2𝐸𝑁(︀
𝑀1/2𝐸𝑁1/2

)︀⊤
𝑁2

⎞⎠ , (4.23)

so in particular the off-diagonal block of 𝐵2 exactly matches that of 𝐴1/2
diag𝐴𝐴

1/2
diag.

Therefore,

𝐴
1/2
diag𝐴𝐴

1/2
diag −𝐵

2 =

⎛⎝𝑀2 −𝑀2
𝑐2
−𝑋𝑋⊤

𝑁2 −𝑁2
𝑐2
−𝑋⊤𝑋

⎞⎠ (4.24)

=

⎛⎝2𝑐2𝑀 − 𝑐22𝐼 −𝑋𝑋⊤

2𝑐2𝑁 − 𝑐22𝐼 −𝑋⊤𝑋

⎞⎠ (4.25)

Therefore for our candidate to be a valid PSD lower bound, it suffices to show that

𝑐22𝐼 +𝑋𝑋⊤ ⪯ 2𝑐2𝑀 and similarly 𝑐22𝐼 +𝑋⊤𝑋 ⪯ 2𝑐2𝑁 . Note that for both of these

inequalities to be satisfied, it suffices to show that 𝑋⊤𝑋 ⪯ 𝑐2𝑁 .

Define the matrix

𝑄 =
∞∑︁
𝑖=1

𝑀−𝑖
(𝑐2−𝑐1)

(︀
𝑀1/2𝐸

)︀
𝑁 𝑖−1

(𝑐2+𝑐1)
. (4.26)

Since 𝑁 and 𝑁𝛿 commute for all 𝛿, we have that

𝑋⊤𝑋 = 𝑁1/2𝑄⊤𝑄𝑁1/2 .
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Additionally, we have that

‖𝑄‖op =

⃦⃦⃦⃦
⃦

∞∑︁
𝑖=1

𝑀−𝑖
(𝑐2−𝑐1)

(︀
𝑀1/2𝐸

)︀
𝑁 𝑖−1

(𝑐2+𝑐1)

⃦⃦⃦⃦
⃦

op

⩽
∞∑︁
𝑖=1

⃦⃦⃦
𝑀−𝑖

(𝑐2−𝑐1)

(︀
𝑀1/2𝐸

)︀
𝑁 𝑖−1

(𝑐2+𝑐1)

⃦⃦⃦
op

(4.27)

⩽
1.9

1.1𝑐1
· ‖𝑀1/2𝐸‖op

∞∑︁
𝑖=1

(︂
1.1

1.9

)︂𝑖

(4.28)

≲
𝜂
√
𝑐1

⩽
√
𝑐2 , (4.29)

by assumption. Therefore, we have that 𝑋⊤𝑋 ⪯ 𝑐2𝑁 , so 𝐵 is indeed a valid PSD

lower bound on 𝐴1/2
diag𝐴𝐴

1/2
diag.

Proof of Lemma 4.5.10. Fix some 𝑗 ∈ {1, . . . , 𝑡}. Let 𝐵 = 𝐶⊤
𝑗+1𝜌𝐶𝑗+1, and define the

matrices

𝐴
def
=

⎛⎝ 𝜌𝑗 𝐸𝑗

𝐸⊤
𝑗 𝐵

⎞⎠ , and 𝐴diag =

⎛⎝𝜌𝑗
𝐵

⎞⎠ .

Then

𝐹 (𝜌(𝑗−1), 𝜌(𝑗)) = 𝐹

⎛⎝⎛⎝𝜏
𝐴

⎞⎠ ,

⎛⎝𝜏
𝐴diag

⎞⎠⎞⎠ ,

for some shared, unnormalized state 𝜏 . Recall that by Lemma 4.5.2, we have that

𝜌𝑗 ⪰ 2−𝑗−1𝐼, and that 2−𝑡−1𝐼 ⪯ 𝐵 ⪯ 2−𝑗+1𝐼. Additionally, we have that ‖𝐸𝑗‖op ⩽ 2𝛾𝑗 .

Therefore the matrices 𝐴 and 𝐴diag satisfy the conditions of Lemma 4.5.11 with

parameters 𝑐1 = 2−𝑗−1, 𝑐2 = 2−𝑡−1, and 𝜂 = 2𝛾𝑗. Note that Lemma 4.5.2 immediately

implies that 𝜂 ⩽
√
𝑐1𝑐2, as necessary. Therefore we have that

𝐹

⎛⎝⎛⎝𝜏
𝐴

⎞⎠ ,

⎛⎝𝜏
𝐴diag

⎞⎠⎞⎠ = tr(𝜏) + tr

(︂√︁
𝐴

1/2
diag𝐴𝐴

1/2
diag

)︂
(4.30)

⩾ tr(𝜏) + tr(𝐴)− 2−𝑡−1

(︃
𝑡∑︁

𝑖=1

rank(Π𝑖)

)︃
(4.31)

⩾ 1− 2−𝑡−1min(𝑟𝑡, 𝑑) , (4.32)
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as claimed.

We can now finish the proof of Lemma 4.5.6.

Proof of Lemma 4.5.6. The desired statement follows by combining Lemma 4.5.8,

Lemma 4.5.10 and Corollary 4.4.3 and redefining 𝛾 appropriately (scaling down by a

logarithmic factor).
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Chapter 5

State Certification

In the previous chapter, we studied quantum state tomography. In this chapter, we will

study another fundamental, and closely related task, state certification. In quantum

state certification, the learner is given 𝑛 copies of a mixed state 𝜌 ∈ C𝑑×𝑑, and an

explicit description of a mixed state 𝜎 ∈ C𝑑×𝑑, and the objective is to distinguish

with, say at least 2/3 probability, between the case where 𝜌 = 𝜎 or if it is 𝜀-far from 𝜎

in trace distance. An important special case of state certification is the case when

𝜎 = 𝐼𝑑/𝑑, which is called mixedness testing.

In addition to being a core primitive in the verification of quantum experiments,

state certification is also fundamental from a mathematical perspective. While state

tomography is the most basic quantum learning problem, state certification is the

natural property testing variant. Mixedness testing and state certification are the

natural quantum analogues of uniformity testing and identity testing, respectively,

two of the most well-studied problems in classical distribution testing.

Similar to quantum state tomography, it was not until relatively recently that the

copy complexity of state certification and mixedness testing were first understood in

the coherent setting. The seminal paper of [169] first demonstrated that 𝑛 = Θ(𝑑/𝜀2)

copies were necessary and sufficient to solve mixedness testing. Follow-up work of [27]
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later demonstrated that 𝑛 = 𝑂(𝑑/𝜀2) is also sufficient for the more general problem

of state certification. Combined with the lower bound for mixedness testing, this

resolved the copy complexity of state certification, in the worst case over 𝜎.

However, as was the case for tomography, due to the difficulty of implementing

coherent measurements over many copies, there has been a considerable amount of

attention in recent years devoted to understanding the statistical power of algorithms

that only use incoherent measurements, which was also posed as an open problem in

Wright’s thesis [215]. A recent work of [54] demonstrated that if the measurements

are additionally chosen non-adaptively, then 𝑛 = Θ(𝑑3/2/𝜀2) copies are necessary and

sufficient to solve mixedness testing. They also demonstrated that any algorithm

using incoherent measurements—even those chosen adaptively—must use at least

𝑛 = Ω(𝑑4/3/𝜀2) copies. Nevertheless, this still leaves a polynomial gap between the

upper and lower bounds, even for the special case of mixedness testing.

In this chapter, we will essentially resolve the complexity of state certification with

incoherent measurements, building upon the framework developed in the previous

chapter for dealing with the challenge of adaptivity.

5.1 Results

Our first result is to fully resolve the copy complexity for mixedness testing: we prove

that adaptivity does not improve the sample complexity at all, except possibly up to

constant factors.

Theorem 5.1.1 (Informal, see Theorem 5.3.1). The copy complexity of mixedness

testing using incoherent measurements is 𝑛 = Θ(𝑑3/2/𝜀2).

By completely pinning down the copy complexity of mixedness testing with incoherent

measurements, this answers open questions of [215] and [54].
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Instance-optimal lower bounds for state certification. We next turn to state

certification. Because mixedness testing is a special case of state certification, The-

orem 5.1.1 immediately implies that 𝑛 = Ω(𝑑3/2/𝜀2) copies are necessary for state

certification, in the worst case over all choices of the reference state 𝜎. This, coupled

with a matching upper bound from [65, Lemma 6.2], resolves the copy complexity of

state certification with incoherent measurements for worst-case 𝜎.

However, it should be clear that this bound is not the correct bound for all possible 𝜎.

For instance, when 𝜎 is pure, it is not hard to see that Θ(1/𝜀2) copies are sufficient

and necessary. This raises the natural question: what is the copy complexity of

state certification with incoherent measurements, as a function of the reference state

𝜎? This is the quantum analogue of the (classical) distribution testing problem of

obtaining instance optimal bounds for identity testing against a known distribution

over 𝑑 elements [2, 3, 204, 75, 48, 130]. In the classical version of the problem, there is

a known distribution 𝑝 over {1, . . . , 𝑑}, and we are given samples from a distribution

𝑞. We are asked to distinguish between the case where 𝑝 = 𝑞, and the case when

‖𝑝 − 𝑞‖1 > 𝜀. A landmark result of [204] states that the sample complexity of this

question is (essentially) characterized by the ℓ2/3-quasinorm of 𝑝.

Here, we ask whether or not a similar characterization can be obtained for the quantum

version of the question. Prior work of [65] demonstrated such a characterization, but

under the caveat that the measurements are chosen non-adaptively. At a high level,

they showed that the copy complexity of the problem is governed by the fidelity

between 𝜎 and the maximally mixed state (recall Definition 1.4.7). More precisely,

they showed that if 𝜎 and 𝜎 are states given by zeroing out eigenvalues of 𝜎 that

have total mass at most Θ(𝜀2) and Θ(𝜀) respectively and normalizing, then the copy

complexity with non-adaptive measurements, denoted 𝑛, satisfies

̃︀Ω(︂𝑑 · 𝑑1/2eff

𝜀2
· 𝐹 (𝜎, 1

𝑑
𝐼𝑑)

)︂
⩽ 𝑛 ⩽ ̃︀𝑂(︂𝑑 · 𝑑1/2eff

𝜀2
· 𝐹 (𝜎, 1

𝑑
𝐼𝑑)

)︂
, (5.1)

where 𝑑eff (resp. 𝑑eff) is the “effective dimension” of the problem, namely, the rank of
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𝜎 (resp. 𝜎). In the same work, they also gave lower bounds for arbitrary (possibly

adaptive) incoherent measurements, but, like with mixedness testing, these lower

bounds were looser and did not match the corresponding upper bound. In light of this,

we ask whether we can give an instance-optimal characterization of the complexity of

state certification with incoherent measurements. Our second result here is to give

such a characterization:

Theorem 5.1.2 (Informal, see Theorem 5.5.1). For any 𝜎, and 𝜀 sufficiently small,

the copy complexity of state certification w.r.t. 𝜎 using incoherent measurements is

upper and lower bounded by (5.1).

We regard this as strong evidence that, as with mixedness testing, adaptivity does

not help for state certification. It is not always a tight bound, as there are states

for which the upper and lower bounds in (5.1) can differ by polynomial factors for

some choices of 𝜀, and so this bound can be loose, even in the non-adaptive setting.

Still, we conjecture that for all 𝜎, the copy complexity of state certification to 𝜎

with incoherent and non-adaptive measurements is the same as that with arbitrary

incoherent measurements. Indeed, when 𝜀 is sufficiently small compared to the smallest

nonzero eigenvalue of 𝜎, our bounds are tight up to logarithmic factors.

Our techniques. We achieve our new lower bounds via a new proof technique

which we believe may be of independent interest. As with other lower bounds in this

area, we reduce to a “one-versus-many” distinguishing problem. To construct this

instance, prior work leveraged the natural quantum analogue of Paninski’s famous

construction in the lower bound for (classical) uniformity testing [174] – namely, an

additive perturbation by a multiple of 𝑈𝑍𝑈 †, where 𝑈 is a Haar random matrix and

𝑍 = diag(1, . . . ,−1, . . .) has equally many +1s and −1s.

We instead use a different hard instance based on Gaussian perturbations. While

this introduces a number of additional technical challenges, the key advantage of this

instance is that the likelihood ratio for this instance has a very clean, self-similar

form. This allows us to essentially reduce the problem into one of understanding the
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concentration of a certain matrix martingale defined by the learning process, as well

as an auxiliary matrix balancing question. We can then use classical tools from scalar

and matrix concentration to demonstrate that the likelihood ratio is close to 1 with

high probability over all possible outcomes of the learning algorithm, which yields our

desired lower bound.

Not only does this framework dramatically simplify many of the difficult concentration

calculations in prior work such as [54], it also has the conceptual advantage that

it never requires a pointwise bound on the likelihood ratio. To our knowledge, all

prior lower bounds against adaptive algorithms in this literature required some worst-

case pointwise bound on the likelihood ratio. For some problems, e.g. shadow

tomography [66], this was already sufficient to prove tight lower bounds. However,

for mixedness testing, a worst-case bound cannot be sufficient, and from a technical

perspective, the fact that [54] had to balance between their (much tighter) average

case bound on the likelihood ratio and this (fairly large) worst-case bound to control

the contribution of certain tail events was why their overall lower bound was loose.

Consequently, we believe that this martingale-based technique may also yield tight

lower bounds for a number of other problems in the literature.

5.1.1 Additional Related Work

The questions we consider in this chapter fall under the domain of quantum state

property testing. See [165] for a more complete survey on property testing of quantum

states. In this literature, roughly speaking, there are two settings considered, the

asymptotic regime, and the non-asymptotic regime, the latter of which is the setting

we study.

In the former setting, one considers the regime of parameters where 𝑛 → ∞ and

𝑑, 𝜀 are held fixed and relatively small, and the goal is to precisely characterize the

exponential rate of convergence as a function of 𝑛. In this setting, quantum state

certification is usually called quantum state discrimination, see e.g. [58, 25, 41] and

references within. However, since 𝑑 and 𝜀 are fixed, this allows for rates which could

199



depend exponentially on the dimensionality of the problem.

Instead, we consider the “non-asymptotic regime,” where the goal is to characterize

the statistical rate, as a function of 𝑑 and 𝜀. Similar work in this regime includes

the aforementioned works of [169] and [27]. However, as described previously, their

algorithms require using fully entangled measurements.

The work here falls into the line of work considering restricted classes of measurements,

and specifically, those with without quantum memory. Understanding the power of

such algorithms in the context of mixedness testing and, more generally, spectrum

testing was posed as an open problem in [215]. Similar questions have also been

considered in other settings, such as shadow tomography [1]. However, until recently,

lower bounds for algorithms without quantum memory usually only held in the non-

adaptive setting, e.g. [102, 65]. Recent work of [54] demonstrated the first lower

bound against general (possibly adaptive) incoherent measurements for such a task.

Subsequently, there has been a flurry of work demonstrating similar bounds in a

variety of settings [122, 5, 124, 123, 66, 17, 64, 156, 63]. It is an interesting question

if our techniques can be extended to also improve any of the lower bounds in these

works.

Other restricted models of computation have also been considered in the literature.

[220] gives algorithms for various quantum property testing problems using local

measurements which act on each individual qubit, and in an non-adaptive manner. A

number of works considers the special case where the measurements are only Pauli

matrices [85, 86, 74, 19]. Overall, these classes of measurements seem to be much

more restrictive than general non-adaptive measurements. In particular, the copy

complexity of tasks such as mixedness testing under these measurements seem to be

asymptotically higher than general incoherent measurements.
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5.2 Preliminaries

We will represent an adaptive algorithm that makes incoherent measurements in the

same way as in the previous chapter (recall Definition 4.2.1).

Notation. Given 𝑧 ∈ R, we use 𝑧− to denote −min(𝑧, 0). We use ∧ and ∨ to denote

min and max.

For a string 𝑥 = (𝑥1, . . . , 𝑥𝑛), we let 𝑥∼𝑖 and 𝑥∼𝑖,𝑗 denote the string with the 𝑖-th

index removed and the string with the 𝑖-th and 𝑗-th indices removed. For any set

𝑆 ⊆ [𝑛], we let 𝑥𝑆 denote the string restricted to the entries in 𝑆.

We will work with the following random matrix ensembles:

Definition 5.2.1 (Trace-centered Gaussian orthogonal ensemble (GOE)). For 𝑑 ∈ N,

let 𝐺 ∼ GOE(𝑑), that is, 𝐺 ∈ R
𝑑×𝑑 is symmetric with upper diagonal entries

sampled independently from 𝒩 (0, 1/𝑑) and diagonal entries sampled independently

from 𝒩 (0, 2/𝑑).

Define 𝑀 = 𝐺− tr(𝐺)
𝑑
𝐼𝑑. We say that 𝑀 is a trace-centered GOE matrix and denote its

distribution GOE*(𝑑). For 𝑈 ⊆ 𝑅𝑑×𝑑, 𝑀 is a 𝑈 -truncated trace-centered GOE matrix

if it is drawn from GOE*(𝑑) conditioned on 𝑀 ∈ 𝑈 . We denote the distribution of 𝑀

by GOE*
𝑈(𝑑).

Definition 5.2.2 (Truncated Ginibre). For 𝑑1, 𝑑2 ∈ N, let 𝐺 ∼ Gin(𝑑1, 𝑑2) be the

(normalized) 𝑑1 × 𝑑2 Ginibre matrix, that is, 𝐺 ∈ R𝑑1×𝑑2 has i.i.d. entries 𝒩 (0, 1/𝑑1).

For 𝑈 ⊆ R
𝑑1×𝑑2 , 𝐺 is a 𝑈-truncated 𝑑1 × 𝑑2 Ginibre matrix if it is drawn from

Gin(𝑑1, 𝑑2) conditioned on 𝐺 ∈ 𝑈 . We denote the distribution of 𝐺 by Gin𝑈(𝑑).

Our lower bounds are based on Le Cam’s two-point method which we briefly review

here. The following is an elementary result in binary hypothesis testing:

Fact 5.2.3 (See e.g. Theorem 4.3 from [216]). Given distributions 𝑝0, 𝑝1 over a domain

𝒮, if 𝑑TV(𝑝0, 𝑝1) < 1/3, there is no 𝒜 : 𝒮 → {0, 1} for which Pr[𝑥 ∼ 𝑝𝑖]𝒜(𝑥) = 𝑖 ⩾ 2/3
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for both 𝑖 = 0, 1.

Now consider a state distinguishing task of the form

𝐻0 : 𝜌 = 𝜎 and 𝐻1 : 𝜌 = 𝜎𝑀 , (5.2)

where 𝜎𝑀 is a random state sampled from some distribution 𝒟 over the set of states

satisfying ‖𝜎 − 𝜎𝑀‖1 > 𝜀. Recall from Definition 4.2.1 that a learning algorithm

that uses 𝑛 incoherent measurements corresponds to a tree 𝒯 of depth 𝑛, and 𝜌 = 𝜎

and 𝜌 = 𝜎𝑀 induce distributions 𝑝0 and 𝑝𝑀 on the leaves of this tree. We can use

Fact 5.2.3 to reduce proving a copy complexity lower bound for state certification

with respect to 𝜎, which is a worst-case guarantee over all possible input states 𝜌, to

bounding 𝑑TV(𝑝0,E[𝑀 ]𝑝𝑀), which is an average-case bound.

Lemma 5.2.4 (Le Cam’s two-point method, see e.g. Lemma 1 in [219]). If there is a

distribution 𝒟 over states satisfying ‖𝜎 − 𝜎𝑀‖1 > 𝜀 for which 𝑑TV(𝑝0,E[𝑀 ]𝑝𝑀 ) ⩽ 1/3

for any tree 𝒯 of depth 𝑛, then any algorithm 𝒜 using incoherent measurements for

state certification with respect to 𝜎 must make more than 𝑛 incoherent measurements

to achieve success probability at least 2/3.

Proof. Suppose to the contrary there existed such an algorithm 𝒜 using at most 𝑛

incoherent measurements, and let 𝑝0 and 𝑝𝑀 denote the distributions over the leaves

of the tree corresponding to 𝒜 when 𝜌 = 𝜎 and 𝜌 = 𝜎𝑀 respectively. Suppose when it

succeeds, 𝒜 outputs 0 when 𝜌 = 𝜎 and 1 when ‖𝜌− 𝜎‖1 > 𝜀. Let 𝑝1 ≜ E[𝑀 ∼ 𝒟]𝑝𝑀 .

Because 𝒜 successfully outputs 1 with probability 2/3 when given as input the state

𝜎𝑀 for any 𝑀 , 2/3 ⩽ E[𝑀 ]Pr[𝑥 ∼ 𝑝𝑀 ]𝒜(𝑥) = 1 = E[𝑥 ∼ 𝑝1]𝒜(𝑥) = 1. Similarly,

2/3 ⩽ E[𝑥 ∼ 𝑝0]𝒜(𝑥) = 0. By Fact 5.2.3, this would contradict the bound on

𝑑TV(𝑝0, 𝑝1).

202



5.3 Lower Bound for Mixedness Testing

In this section we prove the following theorem, which is the formal version of Theo-

rem 5.1.1.

Theorem 5.3.1. Let 𝑑≫ 1 and 0 < 𝜀 ⩽ 1/12. Any algorithm that uses incoherent

measurements which, given 𝑛 copies of a mixed state 𝜌 ∈ C𝑑×𝑑, can distinguish between

the case where 𝜌 = 𝐼𝑑/𝑑 and where ‖𝜌− 𝐼𝑑/𝑑‖1 > 𝜀 with probability at least 2/3, must

use at least 𝑛 = Ω(𝑑3/2/𝜀2) copies.

By the upper bound in [54], this is tight up to constant factors. Also note that by

standard amplification arguments, the choice of constant in the success probability is

arbitrary, and can be taken to be any constant which is strictly larger than 1/2.

In fact, we will prove a slightly stronger theorem, which will be useful later on for our

lower bounds against state certification. Namely, we will show that the same bound

holds not just when the null hypothesis is the maximally mixed state, but for any

state whose smallest and largest eigenvalues are comparable.

More formally, let 𝐴 ∈ 𝑅𝑑×𝑑 be a diagonal matrix with diagonal entries 𝑎1 ⩾ · · · ⩾

𝑎𝑑 > 0, satisfying 2𝑎𝑑 ⩾ 𝑎1, and tr(𝐴) = 𝑑. We consider the task of distinguishing

between the following two alternatives:

𝐻0 : 𝜌 =
1

𝑑
𝐴 and 𝐻1 : 𝜌 =

1

𝑑
(𝐴+ 𝜀𝑀). (5.3)

Here, 𝑀 ∼ GOE*
𝑈(𝑑) for the 𝑈 given by Lemma 5.3.2 below.

Lemma 5.3.2. There exists 𝑈 ⊆ 𝑅𝑑×𝑑 such that if 𝑀 ∼ GOE*(𝑑), then Pr𝑀 ̸∈ 𝑈 ⩽

exp(−Ω(𝑑)) and on the event 𝑀 ∈ 𝑈 , we have ‖𝑀‖op ⩽ 3 and ‖𝑀‖1 ⩾ 𝑑/12.

We defer the proof of this lemma to Appendix C.3. Our main result for the distin-

guishing task (5.3) is the following.

Theorem 5.3.3. If 𝑑 ≫ 1 and 𝜀 ⩽ 1/12, then any algorithm using incoherent
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measurements that distinguishes between 𝐻0 and 𝐻1 with success probability at least

2/3 requires 𝑛 = Ω(𝑑3/2/𝜀2) copies.

Again, by standard amplification arguments, the choice of constant in the success

probability is arbitrary, and can be taken to be any constant greater than 1/2. Note

that the bounds in Lemma 5.3.2 ensure that under 𝐻1, 𝜌 is psd (and thus a valid

quantum state) and has trace distance Ω(𝜀) to 1
𝑑
𝐴. In particular, since any algorithm

for mixedness testing must solve this distinguishing problem as well, setting 𝐴 = 𝐼𝑑

into Theorem 5.3.3 immediately implies Theorem 5.3.1.

Take any learning tree 𝒯 corresponding to an algorithm for this task that uses 𝑛

incoherent measurements. Recalling the terminology from Definition 4.2.1, we let

𝑝0 and 𝑝1 denote the distributions over leaves of 𝒯 induced by 𝜌 under 𝐻0 and

𝐻1 respectively. In the rest of this section, we assume 𝑛 ≪ 𝑑3/2/𝜀2 and will prove

𝑑TV(𝑝0, 𝑝1) = 𝑜(1). It is clear that this immediately implies Theorem 5.3.3.

We let 𝐿*(·) denote the likelihood ratio between 𝑝1 and 𝑝0. That is, for a sequence of

vectors 𝑥 = (𝑥1, . . . , 𝑥𝑛), let 𝐿*(𝑥) ≜ 𝑝1(𝑥)/𝑝0(𝑥). Note that

𝐿*(𝑥) = E[𝑀 ∼ GOE*
𝑈(𝑑)] *

𝑛∏︁
𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃
. (5.4)

Define similarly

𝐿(𝑥) ≜ E[𝑀 ∼ GOE*(𝑑)] *
𝑛∏︁

𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃
. (5.5)

This is an estimate for the likelihood ratio 𝐿*(𝑥) where the conditioned Gaussian

integral is replaced by a true Gaussian integral. Most of the computations in this

section will be done in terms of 𝐿(𝑥); the proof of Theorem 5.3.3 below quantifies

that 𝐿(𝑥) is a close approximation of 𝐿*(𝑥).

Throughout this section, we will somewhat abuse notation and write 𝐿(𝑧) for any

sequence of unit vectors 𝑧 = (𝑧1, . . . , 𝑧𝑡) of length not necessarily 𝑛. This is defined
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the same way as in (5.5). We also write 𝐿(𝑥,𝑥) to denote the value of 𝐿 on input

(𝑥1, 𝑥1, 𝑥2, 𝑥2, . . . , 𝑥𝑛, 𝑥𝑛).

The main ingredient in the proof of Theorem 5.3.3 is the following high-probability

bound on 𝐿 evaluated at the leaves of 𝒯 .

Proposition 5.3.4. There exists a subset 𝑆 of the leaves of 𝒯 such that Pr[𝑝0] * 𝑆 =

1− 𝑜(1) and for all 𝑥 ∈ 𝑆, |𝐿(𝑥)− 1| = 𝑜(1) and 𝐿(𝑥,𝑥)≪ 𝑒
√
𝑑.

Let us first prove Theorem 5.3.3 assuming Proposition 5.3.4.

Proof of Theorem 5.3.3. Let 𝑈 be as in Lemma 5.3.2. Define

𝐿(𝑥) = E[𝑀 ∼ GOE*(𝑑)] * 𝐼{𝑀 ∈ 𝑈}
𝑛∏︁

𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃
.

It is clear that 𝐿*(𝑥) = Pr *𝑈−1𝐿(𝑥). For all 𝑥 ∈ 𝑆, by Cauchy-Schwarz

|𝐿(𝑥)− 𝐿(𝑥)| =

⃒⃒⃒⃒
⃒E[𝑀 ∼ GOE*(𝑑)] * 𝐼{𝑀 ̸∈ 𝑈}

𝑛∏︁
𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃⃒⃒⃒⃒
⃒

⩽ Pr *𝑈 𝑐1/2 E[𝑀 ∼ GOE*(𝑑)] *
𝑛∏︁

𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃21/2

=
√︀

Pr *𝑈 𝑐𝐿(𝑥,𝑥) = 𝑜(1).

Here we use that Pr *𝑈 𝑐 ⩽ exp(−Ω(𝑑)) and 𝐿(𝑥,𝑥) ≪ 𝑒
√
𝑑. Moreover, we have

|𝐿(𝑥)− 1| = 𝑜(1). Thus, for all 𝑥 ∈ 𝑆, 𝐿(𝑥) = 1 + 𝑜(1) and

|𝐿*(𝑥)− 1| ⩽ |𝐿*(𝑥)− 𝐿(𝑥)|+ |𝐿(𝑥)− 1|

=
Pr *𝑈 𝑐

Pr *𝑈
𝐿(𝑥) + 𝑜(1) = 𝑜(1).

Finally,

𝑑TV(𝑝0, 𝑝1) = 2E[𝑥 ∼ 𝑝0] * (𝐿*(𝑥)− 1)−
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= 2E[𝑥 ∼ 𝑝0] * 𝐼{𝑥 ∈ 𝑆}(𝐿*(𝑥)− 1)− + 2E[𝑥 ∼ 𝑝0] * 𝐼{𝑥 ̸∈ 𝑆}(𝐿*(𝑥)− 1)−

⩽ 2 sup
𝑥∈𝑆

(𝐿*(𝑥)− 1)− + 2Pr[𝑝0] * 𝑆𝑐 = 𝑜(1).

5.3.1 Recursive Evaluation of Likelihood Ratio

Let 𝑧 = (𝑧1, . . . , 𝑧𝑡) be a sequence of unit vectors. For 1 ⩽ 𝑖 ⩽ 𝑡, let 𝑧∼𝑖 be the

sequence 𝑧 with 𝑧𝑖 omitted. Similarly, for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑡, let 𝑧∼𝑖,𝑗 be the sequence

𝑧 with 𝑧𝑖, 𝑧𝑗 omitted. The main result of this subsection is the following recursive

formula for 𝐿(𝑧).

Lemma 5.3.5. The function 𝐿 satisfies

𝐿(𝑧) = 𝐿(𝑧∼𝑡) +
2𝜀2

𝑑2

𝑡−1∑︁
𝑖=1

[︃
𝑑⟨𝑧𝑖, 𝑧𝑡⟩2 − 1

(𝑧†𝑖𝐴𝑧𝑖)(𝑧
†
𝑡𝐴𝑧𝑡)

𝐿(𝑧∼𝑖,𝑡)

]︃
.

The proof is based on Isserlis’ theorem, which we record below. For 𝑘 even, let PMat(𝑘)

denote the set of perfect matchings of {1, . . . , 𝑘}.

Theorem 5.3.6 ([127]). Let 𝑔 = (𝑔1, . . . , 𝑔𝑘) be a jointly Gaussian vector. If 𝑘 is odd,

then E
∏︀𝑘

𝑖=1 𝑔𝑖 = 0. If 𝑘 is even, then

E *
𝑘∏︁

𝑖=1

𝑔𝑖 =
∑︁

{{𝑎1,𝑏1},...,{𝑎𝑘/2,𝑏𝑘/2}}∈PMat(𝑘)

𝑘/2∏︁
𝑖=1

E *𝑔𝑎𝑖𝑔𝑏𝑖 .

Proof of Lemma 5.3.5. For a set 𝑆 ⊆ [𝑡] with |𝑆| even, let PMat(𝑆) denote the set of

perfect matchings of 𝑆. For even 𝑘 ⩽ 𝑡, let Mat(𝑡, 𝑘) denote the set of matchings of

[𝑡] consisting of 𝑘/2 pairs. We compute that

𝐿(𝑧) =
∑︁
𝑆⊆[𝑡]

𝜀|𝑆| E[𝑀 ∼ GOE*(𝑑)] *
∏︁
𝑖∈𝑆

𝑧†𝑖𝑀𝑧𝑖

𝑧†𝑖𝐴𝑧𝑖
(expanding (5.5))

=
∑︁
𝑆⊆[𝑡]

|𝑆| even

𝜀|𝑆|
∑︁

{{𝑎1,𝑏1},...,{𝑎|𝑆|/2,𝑏|𝑆|/2}}∈PMat(𝑆)

|𝑆|/2∏︁
𝑖=1

E[𝑀 ∼ GOE*(𝑑)] *
𝑧†𝑎𝑖𝑀𝑧𝑎𝑖

𝑧†𝑎𝑖𝐴𝑧𝑎𝑖
·
𝑧†𝑏𝑖𝑀𝑧𝑏𝑖

𝑧†𝑏𝑖𝐴𝑧𝑏𝑖
(Th. 5.3.6)
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=

⌊𝑡/2⌋∑︁
𝑘=0

𝜀2𝑘
∑︁

{{𝑎1,𝑏1},...,{𝑎𝑘,𝑏𝑘}}∈Mat(𝑡,2𝑘)

𝑘∏︁
𝑖=1

E[𝑀 ∼ GOE*(𝑑)] *
𝑧†𝑎𝑖𝑀𝑧𝑎𝑖

𝑧†𝑎𝑖𝐴𝑧𝑎𝑖
·
𝑧†𝑏𝑖𝑀𝑧𝑏𝑖

𝑧†𝑏𝑖𝐴𝑧𝑏𝑖

=

⌊𝑡/2⌋∑︁
𝑘=0

(︂
2𝜀2

𝑑2

)︂𝑘 ∑︁
{{𝑎1,𝑏1},...,{𝑎𝑘,𝑏𝑘}}∈Mat(𝑡,2𝑘)

𝑘∏︁
𝑖=1

𝑑⟨𝑧𝑎𝑖 , 𝑧𝑏𝑖⟩2 − 1

(𝑧†𝑎𝑖𝐴𝑧𝑎𝑖)(𝑧
†
𝑏𝑖
𝐴𝑧𝑏𝑖)

. (5.6)

In the final step we use that for unit vectors 𝑥, 𝑦 ∈ C𝑑,

E[𝑀 ∼ GOE*(𝑑)] * (𝑥†𝑀𝑥)(𝑦†𝑀𝑦) =
2

𝑑2
(𝑑⟨𝑥, 𝑦⟩2 − 1),

which can be verified by direct computation. The lemma follows by partitioning the

summands in (5.6) based on whether 𝑡 appears in the matching, and if so which

𝑖 ∈ {1, . . . , 𝑡− 1} it is paired with.

5.3.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition 5.3.4. For any sequence

of unit vectors 𝑧 = (𝑧1, . . . , 𝑧𝑡), define

𝐻(𝑧) =
𝑡∑︁

𝑖=1

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
· 𝐿(𝑧∼𝑖)

𝐿(𝑧)
and 𝐾(𝑧) =

𝑡∑︁
𝑖=1

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
.

The function 𝐻 enters our calculations by the following rewriting of Lemma 5.3.5:

𝐿(𝑧)

𝐿(𝑧∼𝑡)
= 1 +

2𝜀2

𝑑2
· 𝑧

†
𝑡𝐻(𝑧∼𝑡)𝑧𝑡

𝑧†𝑡𝐴𝑧𝑡
. (5.7)

If 𝑧 = 𝑥⩽𝑡 ≜ (𝑥1, . . . , 𝑥𝑡) is a prefix of 𝑥 ∼ 𝑝0, then 𝐿(𝑧)
𝐿(𝑧∼𝑡)

=
𝐿(𝑥⩽𝑡)

𝐿(𝑥⩽𝑡−1)
is one step in

the likelihood ratio martingale. As we will see (proof of Claim 5.3.10) below, the

multiplicative fluctuation of this step is

E[𝑥𝑡] *
(︂

𝐿(𝑥⩽𝑡)

𝐿(𝑥⩽𝑡−1)

)︂2

= 1 +𝑂

(︂
𝜀4

𝑑5

)︂
‖𝐻(𝑥⩽𝑡−1)‖2𝐹 .

Thus, an upper bound on ‖𝐻(𝑧)‖𝐹 over all prefixes 𝑧 of 𝑥 controls the fluctuations
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of the likelihood ratio martingale. Because the matrices output by 𝐻 are hard to

control directly, we will use the function 𝐾 as a proxy for 𝐻. The following lemma

quantifies this relationship, showing that if 𝐾(𝑧) is bounded in Frobenius norm, 𝐻(𝑧)

is bounded at the same scale.

Lemma 5.3.7. Suppose 1≪ 𝛾 ≪ 𝑑/(𝜀2𝑛1/2). If 𝑧 = (𝑧1, . . . , 𝑧𝑡) is a sequence of unit

vectors satisfying 𝑡 ⩽ 𝑛 and ‖𝐾(𝑧)‖𝐹 ⩽ 𝑛1/2𝑑𝛾, then ‖𝐻(𝑧)‖𝐹 ⩽ 3𝑛1/2𝑑𝛾.

Note that this lemma is a “deterministic" statement about a sequence of vectors. We

will prove this in Subsection 5.3.3 using the bootstrap argument alluded to earlier.

The following lemma bounds 𝐾(𝑧) in Frobenius norm uniformly over all prefixes 𝑧 of

𝑥. We will prove this lemma in Subsection 5.3.4 by mimicking the proof of Doob’s 𝐿2

maximal inequality for the matrix valued martingale 𝐾(𝑥⩽𝑡).

Lemma 5.3.8. If 𝑥 ∼ 𝑝0, then E *sup1⩽𝑡⩽𝑛‖𝐾(𝑥⩽𝑡)‖2𝐹 ≲ 𝑛𝑑2.

We will now prove Proposition 5.3.4 assuming Lemmas 5.3.7 and 5.3.8. We set 𝛼, 𝛽

to be slowly-growing functions such that 1≪ 𝛼≪ 𝛽 ≪ 𝑑3/2/(𝜀2𝑛) ∧ 𝑑/(𝜀2𝑛1/2), and

furthermore 𝛼2 ≪ 𝑑3/2/(𝜀2𝑛). This is possible because 𝑛≪ 𝑑3/2/𝜀2.

Let 𝑥 ∼ 𝑝0. For 1 ⩽ 𝑡 ⩽ 𝑛, define the filtration ℱ𝑡 = 𝜎(𝑥⩽𝑡) and the sequences

𝐻𝑡 = 𝐻(𝑥⩽𝑡), 𝐾𝑡 = 𝐾(𝑥⩽𝑡), Φ𝑡 = 𝐿(𝑥⩽𝑡). (5.8)

Consider the time

𝜏 = inf

{︂
𝑡 : ‖𝐾𝑡‖𝐹 > 𝑛1/2𝑑𝛼 or |Φ𝑡 − 1| > 𝜀2𝑛

𝑑3/2
𝛽

}︂
∪ {∞},

which is clearly a stopping time with respect to ℱ𝑡. Also define the stopped sequence

Ψ𝑡 = Φ𝑡∧𝜏 .

Claim 5.3.9. With probability 1− 𝑜(1), ‖𝐾𝑡‖𝐹 ⩽ 𝑛1/2𝑑𝛼 for all 1 ⩽ 𝑡 ⩽ 𝑛.
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Proof. By Lemma 5.3.8,

Pr * sup
1⩽𝑡⩽𝑛

‖𝐾𝑡‖𝐹 > 𝑛1/2𝑑𝛼 ⩽
E *sup1⩽𝑡⩽𝑛‖𝐾𝑡‖2𝐹

𝑛𝑑2𝛼2
≲ 𝛼−2 = 𝑜(1).

Claim 5.3.10. With probability 1− 𝑜(1), |Ψ𝑛 − 1| ⩽ 𝜀2𝑛
𝑑3/2

𝛽.

Proof. Note that Ψ𝑡 is a multiplicative martingale: if 𝜏 ⩽ 𝑡 − 1 then certainly

E Ψ𝑡

Ψ𝑡−1
|ℱ𝑡−1 = 1, and if 𝜏 > 𝑡− 1, (5.7) implies

E * Ψ𝑡

Ψ𝑡−1

|ℱ𝑡−1 = 1 +
2𝜀2

𝑑2
E *𝑥

†
𝑡𝐻𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝑥𝑡
|ℱ𝑡−1 = 1,

using that

E *𝑥
†
𝑡𝐻𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝑥𝑡
|ℱ𝑡−1 =

∑︁
𝑥𝑡

𝜔𝑥𝑡(𝑥
†
𝑡𝐻𝑡−1𝑥𝑡) =

⟨
𝐻𝑡−1,

∑︁
𝑥𝑡

𝜔𝑥𝑡𝑥𝑡𝑥
†
𝑡

⟩
= ⟨𝐻𝑡−1, 𝐼𝑑/𝑑⟩ = 0.

(5.9)

We next bound the quadratic increment E ( Ψ𝑡

Ψ𝑡−1
)2|ℱ𝑡−1. If 𝜏 ⩽ 𝑡 − 1 this is 1, and

otherwise

E *
(︂

Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1 = 1 +
4𝜀2

𝑑2
E *𝑥

†
𝑡𝐻𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝑥𝑡
|ℱ𝑡−1 +

4𝜀4

𝑑4
E *(𝑥

†
𝑡𝐻𝑡−1𝑥𝑡)

2

(𝑥†𝑡𝐴𝑥𝑡)
2
|ℱ𝑡−1. (5.10)

The first expectation is zero by (5.9). To bound the remaining expectation, note that

for any unit vector 𝑥,

𝑥†𝐴𝑥 ⩾ 𝑎𝑑𝑥
†𝑥 = 𝑎𝑑 ⩾

1

2
. (5.11)

So,

E *(𝑥
†
𝑡𝐻𝑡−1𝑥𝑡)

2

(𝑥†𝑡𝐴𝑥𝑡)
2
|ℱ𝑡−1 ⩽ 2E *(𝑥

†
𝑡𝐻𝑡−1𝑥𝑡)

2

𝑥†𝑡𝐴𝑥𝑡
|ℱ𝑡−1 = 2

∑︁
𝑥𝑡

𝜔𝑥𝑡𝑥
†
𝑡𝐻𝑡−1(𝑥𝑡𝑥

†
𝑡)𝐻𝑡−1𝑥𝑡 (5.12)

⩽ 2
∑︁
𝑥𝑡

𝜔𝑥𝑡𝑥
†
𝑡𝐻

2
𝑡−1𝑥𝑡 = 2

⟨
𝐻2

𝑡−1,
∑︁
𝑥𝑡

𝜔𝑥𝑡𝑥𝑡𝑥
†
𝑡

⟩
= 2⟨𝐻2

𝑡−1, 𝐼𝑑/𝑑⟩ =
2

𝑑
‖𝐻𝑡−1‖2𝐹 .

(5.13)
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Moreover, since 𝜏 > 𝑡 − 1, ‖𝐾𝑡−1‖𝐹 ⩽ 𝑛1/2𝑑𝛼 and Lemma 5.3.7 implies ‖𝐻𝑡−1‖𝐹 ⩽

3𝑛1/2𝑑𝛼. Thus,

E *
(︂

Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1 ⩽ 1 +
8𝜀4

𝑑5
‖𝐻𝑡−1‖2𝐹 ⩽ 1 +

72𝜀4𝑛

𝑑3
𝛼2.

So, for all 1 ⩽ 𝑡 ⩽ 𝑛,

EΨ2
𝑡 = E *E *

(︂
Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1Ψ
2
𝑡−1 ⩽

(︂
1 +

72𝜀4𝑛

𝑑3
𝛼2

)︂
EΨ2

𝑡−1,

and therefore

EΨ2
𝑡 ⩽

(︂
1 +

72𝜀4𝑛

𝑑3
𝛼2

)︂𝑛

⩽ exp

(︂
72𝜀4𝑛2

𝑑3
𝛼2

)︂
⩽ 2

since 𝜀4𝑛2

𝑑3
𝛼2 ≪ 1. Moreover,

E (Ψ𝑡 − 1)2 = E *E *
(︂

Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1Ψ
2
𝑡−1 − 2E * Ψ𝑡

Ψ𝑡−1

|ℱ𝑡−1Ψ𝑡−1 + 1

⩽
72𝜀4𝑛

𝑑3
𝛼2 EΨ2

𝑡−1 + E (Ψ𝑡−1 − 1)2

⩽
144𝜀4𝑛

𝑑3
𝛼2 + E (Ψ𝑡−1 − 1)2,

so by induction

E (Ψ𝑛 − 1)2 ⩽
144𝜀4𝑛2

𝑑3
𝛼2.

Thus

Pr *|Ψ𝑛 − 1| > 𝜀2𝑛

𝑑3/2
𝛽 ⩽

E *|Ψ𝑛 − 1|2
𝜀4𝑛2

𝑑3
𝛽2

⩽
144𝛼2

𝛽2
= 𝑜(1).

Therefore, |Ψ𝑛 − 1| ⩽ 𝜀2𝑛
𝑑3/2

𝛽 with probability 1− 𝑜(1).

Claim 5.3.11. If ‖𝐾𝑛‖𝐹 ⩽ 𝑛1/2𝑑𝛼, then 𝐿(𝑥,𝑥)≪ 𝑒
√
𝑑.

Proof. Using the elementary inequality 𝑒2𝑧+𝑧2 ⩾ (1 + 𝑧)2 and then Cauchy Schwarz,
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we can write

𝐿(𝑥,𝑥) = E[𝑀 ∼ GOE*(𝑑)] *
𝑛∏︁

𝑖=1

(︃
1 + 𝜀

𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃2

(5.14)

⩽ E[𝑀 ∼ GOE*(𝑑)] * exp

⎛⎝ 𝑛∑︁
𝑖=1

2𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖
+

(︃
𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃2
⎞⎠ (5.15)

⩽

⎯⎸⎸⎸⎷E[𝑀 ∼ GOE*(𝑑)] * exp

(︃
4

𝑛∑︁
𝑖=1

𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃
E[𝑀 ∼ GOE*(𝑑)] * exp

⎛⎝2
𝑛∑︁

𝑖=1

(︃
𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃2
⎞⎠ .

(5.16)

Now we bound each of the terms in (5.16). For the first term, we have

E[𝑀 ∼ GOE*(𝑑)] * exp

(︃
4

𝑛∑︁
𝑖=1

𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃
= E[𝑀 ∼ GOE*(𝑑)] * exp

(︂
4𝜀

𝑑
⟨𝑀,𝐾𝑛⟩

)︂
,

(5.17)

where we used that tr(𝑀) = 0. As 𝑀 = 𝐺− tr(𝐺)
𝑑
𝐼𝑑 for 𝐺 ∼ GOE(𝑑), we have that

⟨𝑀,𝐾𝑛⟩ = ⟨𝐺,𝐾𝑛⟩ is distributed as a Gaussian with variance at most 2
𝑑
‖𝐾𝑛‖2𝐹 ⩽

2𝑛𝑑𝛼2. So we can bound (5.17) by

E[𝑔 ∼ 𝒩 (0, 32𝜀2𝑛𝛼2/𝑑)]exp(𝑔) = 𝑒16𝜀
2𝑛𝛼2/𝑑 ≪ 𝑒

√
𝑑 (5.18)

as 𝛼2 ≪ 𝑑3/2/(𝜀2𝑛) by assumption. Next we bound the second term in the product

in (5.16). Use vec(𝑀) to denote rearranging 𝑀 as a vector in R𝑑2 (done in a consistent

way) and use ⊗ to denote the Kronecker product of two matrices. Let 𝑄 ∈ R𝑑2×𝑑2 be

defined as

𝑄 =
𝑛∑︁

𝑖=1

𝑥𝑖𝑥
†
𝑖 ⊗ 𝑥𝑖𝑥

†
𝑖

(𝑥†𝑖𝐴𝑥𝑖)
2
.

We have

E[𝑀 ∼ GOE*(𝑑)] * exp

⎛⎝2
𝑛∑︁

𝑖=1

(︃
𝜀
𝑥†𝑖𝑀𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖

)︃2
⎞⎠ = E[𝑀 ∼ GOE*(𝑑)] * exp

(︀
2𝜀2vec(𝑀)†𝑄vec(𝑀)

)︀
.
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Now note that

𝑄 ⪯ 2
𝑛∑︁

𝑖=1

𝑥𝑖𝑥
†
𝑖 ⊗ 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
⪯
(︂
2𝐾𝑛

𝑑
+

4𝑛𝐼𝑑
𝑑

)︂
⊗ 𝐼𝑑

so we have ‖𝑄‖op ⩽ 6𝑛/𝑑. Also, we have

‖𝑄‖1 ⩽ 2
𝑛∑︁

𝑖=1

𝑥†𝑖𝑥𝑖

𝑥†𝑖𝐴𝑥𝑖
⩽ 4𝑛

Let 𝜆1, . . . , 𝜆𝑑2 be the eigenvalues of 𝑄. Next note that we have

E[𝑀 ∼ GOE*(𝑑)] * exp
(︀
2𝜀2vec(𝑀)†𝑄vec(𝑀)

)︀
⩽ E[𝑣 ∼ 𝑁(0, 𝐼𝑑2)] * exp

(︀
10𝜀2/𝑑 · 𝑣†𝑄𝑣

)︀
⩽

𝑑2∏︁
𝑗=1

E[𝑔 ∼ 𝑁(0, 1)] * exp(10𝜀2/𝑑 · 𝑔2𝜆𝑗)

⩽ 𝑒20𝜀
2(𝜆1+···+𝜆𝑑2 )/𝑑 ≪ 𝑒

√
𝑑 .

In the first step above, we used the convexity of the function inside the expectation

to replace the distribution over 𝑀 ∼ GOE*(𝑑) with another distribution that can

be obtained by adding independent, mean-0 noise to 𝑀 . Afterwards, we used the

rotational invariance of 𝑁(0, 𝐼𝑑2) and then the bound on ‖𝑄‖op (together with the

fact that E[𝑔]𝑒𝑐𝑥2
= (1− 2𝑐)−1 ⩽ 𝑒2𝑐 for sufficiently small 𝑐), and finally the bound on

‖𝑄‖1. Putting everything together, we conclude that 𝐿(𝑥,𝑥)≪ 𝑒
√
𝑑 as desired.

Proof of Proposition 5.3.4. Define the event

𝑆 =

{︂
sup
1⩽𝑡⩽𝑛

‖𝐾𝑡‖𝐹 ⩽ 𝑛1/2𝑑𝛼 and |Ψ𝑛 − 1| ⩽ 𝜀2𝑛

𝑑3/2
𝛽

}︂
.

By Claims 5.3.9 and 5.3.10, Pr[𝑝0]𝑆 = 1− 𝑜(1). We will show that if 𝑆 holds, then

𝜏 =∞. Indeed, if 𝜏 = 𝑡 <∞, then either ‖𝐾𝑡‖𝐹 > 𝑛1/2𝑑𝛼 or |Φ𝑡 − 1| > 𝜀2𝑛
𝑑3/2

𝛽 holds.

Since Ψ𝑛 = Φ𝑡, this contradicts 𝑆.

So, 𝜏 = ∞ on 𝑆. This implies |𝐿(𝑥) − 1| = |Φ𝑛 − 1| ⩽ 𝜀2𝑛
𝑑3/2

𝛽 = 𝑜(1). Moreover

‖𝐾𝑛‖𝐹 ⩽ 𝑛1/2𝑑𝛼, so by Claim 5.3.11 we have 𝐿(𝑥,𝑥)≪ 𝑒
√
𝑑.
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5.3.3 Bounding 𝐻 in Frobenius Norm by Bootstrapping

In this subsection, we prove Lemma 5.3.7. Throughout this subsection, let 𝑧 =

(𝑧1, . . . , 𝑧𝑡) be a sequence of unit vectors satisfying 𝑡 ⩽ 𝑛 and

‖𝐾(𝑧)‖𝐹 ⩽ 𝑛1/2𝑑𝛾 (5.19)

for some 1≪ 𝛾 ≪ 𝑑/(𝜀2𝑛1/2).

The following lemma bounds a variant of 𝐾(𝑧) where we multiply each summand by

an adversarial 𝑏𝑖 ∈ [−1, 1]. This will be used to control the discrepancy 𝐻(𝑧)−𝐾(𝑧)

in the bootstrapping argument.

Lemma 5.3.12. Uniformly over 𝑏1, . . . , 𝑏𝑡 ∈ [−1, 1], we have

‖
𝑡∑︁

𝑖=1

𝑏𝑖
𝑑𝑧𝑖𝑧

†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 ⩽ 𝑛1/2𝑑𝛾 + 2𝑛𝑑1/2.

Proof. For any choice of 𝑏1, . . . , 𝑏𝑡,

‖
𝑡∑︁

𝑖=1

𝑏𝑖
𝑑𝑧𝑖𝑧

†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 ⩽ ‖

𝑡∑︁
𝑖=1

𝑏𝑖
𝑑𝑧𝑖𝑧

†
𝑖

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 + ‖

𝑡∑︁
𝑖=1

𝑏𝑖
𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹

⩽ ‖
𝑡∑︁

𝑖=1

𝑑𝑧𝑖𝑧
†
𝑖

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 + ‖

𝑡∑︁
𝑖=1

𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹

⩽ ‖𝐾(𝑧)‖𝐹 + 2‖
𝑡∑︁

𝑖=1

𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 .

The second inequality holds because the matrices 𝑑𝑧𝑖𝑧†𝑖 and 𝐼𝑑 are both psd. Using

(5.11), we have

‖
𝑡∑︁

𝑖=1

𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
‖𝐹 ⩽ 2𝑡𝑑1/2 ⩽ 2𝑛𝑑1/2.

The result follows by the assumed bound on ‖𝐾(𝑧)‖𝐹 .
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For 𝑆 ⊆ [𝑡], let 𝑧𝑆 = (𝑧𝑖)𝑖∈𝑆. Further, let

𝐻𝑆 =
∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
·
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
and 𝐾𝑆 =

∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
.

The following lemma gives a preliminary bound on ‖𝐻𝑆‖𝐹 . In the proof of Lemma 5.3.7,

we will use this bound to control ‖𝐻𝑆‖𝐹 for |𝑆| = 𝑡−𝑂(log 𝑛), followed by the bootstrap

argument over 𝑂(log 𝑛) recursive rounds to contract the bound to 𝑂(𝑛1/2𝑑).

Lemma 5.3.13. For all 𝑆 ⊆ [𝑡], ‖𝐻𝑆‖𝐹 ⩽ 2𝑛1/2𝑑𝛾 + 4𝑛𝑑1/2.

Proof. Note that for any fixed 𝑀 ∈ 𝑈 , for the 𝑈 given by Lemma 5.3.2, and any unit

vector 𝑧,

𝜀

⃒⃒⃒⃒
𝑧†𝑀𝑧

𝑧†𝐴𝑧

⃒⃒⃒⃒
⩽

1

12
· 3

1/2
=

1

2
,

so 1 + 𝜀 𝑧
†𝑀𝑧
𝑧†𝐴𝑧

∈ [1/2, 3/2]. Thus, for all 𝑖, 𝐿(𝑧𝑆)/𝐿(𝑧𝑆∖{𝑖}) ∈ [1/2, 3/2], which implies

𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
∈ [2/3, 2]. (5.20)

Lemma 5.3.12 gives
1

2
‖𝐻𝑆‖𝐹 ⩽ 𝑛1/2𝑑𝛾 + 2𝑛𝑑1/2,

as desired.

Proof of Lemma 5.3.7. Let 𝐷 = log
√︀
𝑛/𝑑. If 𝑡 < 𝐷, then by equations (5.11) and

(5.20),

‖𝐻(𝑧)‖𝐹 ⩽
𝑡∑︁

𝑖=1

‖𝑑𝑧𝑖𝑧†𝑖 − 𝐼𝑑‖𝐹
𝑧†𝑖𝐴𝑧𝑖

· 𝐿(𝑧∼𝑖)

𝐿(𝑧)
⩽ 4𝑑𝐷 ≪ 𝑛1/2𝑑𝛾

as desired. Otherwise 𝑡 ⩾ 𝐷. We will prove by induction on 𝑎 ⩾ 0 that if 𝑆 ⊆ [𝑡]

satisfies |𝑆| = 𝑡−𝐷 + 𝑎, then

‖𝐻𝑆‖𝐹 ⩽ 𝜉𝑎 ≜ 2𝑛1/2𝑑𝛾 + 4𝑒−𝑎𝑛𝑑1/2.

The base case 𝑎 = 0 holds by Lemma 5.3.13. For the inductive step, assume 𝑎 ⩾ 1.
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By the inductive hypothesis and equations (5.7) and (5.11), for all 𝑖 ∈ 𝑆⃒⃒⃒⃒
𝐿(𝑧𝑆)

𝐿(𝑧𝑆∖{𝑖})
− 1

⃒⃒⃒⃒
⩽

2𝜀2

𝑑2
· ‖

𝐻𝑆∖𝑖

𝑧†𝑖𝐴𝑧𝑖
‖op ⩽

4𝜀2

𝑑2
‖𝐻𝑆∖𝑖‖𝐹 ⩽

4𝜀2

𝑑2
𝜉𝑎−1.

Since this upper bound is 𝑜(1), we also have⃒⃒⃒⃒
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1

⃒⃒⃒⃒
⩽

5𝜀2

𝑑2
𝜉𝑎−1.

Write 𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1 = 5𝜀2

𝑑2
𝜉𝑎−1𝑏𝑖 for 𝑏𝑖 ∈ [−1, 1]. By Lemma 5.3.12,

‖
∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
·
(︂
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1

)︂
‖𝐹 =

5𝜀2

𝑑2
𝜉𝑎−1‖

∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
· 𝑏𝑖‖𝐹

⩽

(︂
5𝜀2𝑛1/2

𝑑
𝛾 +

10𝜀2𝑛

𝑑3/2

)︂
𝜉𝑎−1 ⩽ 𝑒−1𝜉𝑎−1,

using the hypotheses 𝛾 ≪ 𝑑/(𝜀2𝑛1/2) and 𝑛 ≪ 𝑑3/2/𝜀2. By the triangle inequality,

equation (5.11), and our choice of 𝐷,

‖𝐾𝑆‖𝐹 ⩽ ‖𝐾(𝑧)‖𝐹 +
∑︁

𝑖∈[𝑡]∖𝑆

‖𝑑𝑧𝑖𝑧†𝑖 − 𝐼𝑑‖𝐹
𝑧†𝑖𝐴𝑧𝑖

⩽ 𝑛1/2𝑑𝛾 + 2𝑑𝐷 ⩽
101

100
𝑛1/2𝑑𝛾.

Hence

‖𝐻𝑆‖𝐹 ⩽ ‖𝐾𝑆‖𝐹 + ‖
∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
·
(︂
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1

)︂
‖𝐹

⩽
101

100
𝑛1/2𝑑𝛾 + 𝑒−1𝜉𝑎−1 ⩽ 𝜉𝑎,

as 101
100

+ 2𝑒−1 ⩽ 2. This completes the induction. Finally,

‖𝐻(𝑧)‖𝐹 = ‖𝐻[𝑡]‖𝐹 ⩽ 2𝑛1/2𝑑𝛾 + 4𝑒−𝐷𝑛𝑑1/2 = 2𝑛1/2𝑑𝛾 + 4𝑛1/2𝑑 ⩽ 3𝑛1/2𝑑𝛾.

215



5.3.4 Uniform Frobenius Bound on the 𝐾(𝑥⩽𝑡) Matrix Martin-

gale

In this subsection, we will prove Lemma 5.3.8. The proof mimics the proof of

Doob’s 𝐿2 maximal inequality. Let 𝑥 ∼ 𝑝0, recall that 𝐾𝑡 = 𝐾(𝑥⩽𝑡), and define

𝑋 = sup1⩽𝑡⩽𝑛‖𝐾𝑡‖𝐹 .

Lemma 5.3.14. We have that E𝑋2 ⩽ 4E ‖𝐾𝑛‖2𝐹

Proof. We will first upper bound Pr *𝑋 ⩾ 𝑥 for all 𝑥 > 0. Consider the stopping time

𝜏 = inf{𝑡 : ‖𝐾𝑡‖𝐹 ⩾ 𝑥} ∪ {𝑛}. Then,

Pr *𝑋 ⩾ 𝑥 = Pr *‖𝐾𝜏‖𝐹 ⩾ 𝑥

⩽ 𝑥−1 E *‖𝐾𝜏‖𝐹 𝐼{‖𝐾𝜏‖𝐹 ⩾ 𝑥}

⩽ 𝑥−1 E *E *‖𝐾𝑛‖𝐹 |ℱ𝜏𝐼{‖𝐾𝜏‖𝐹 ⩾ 𝑥}

= 𝑥−1 E *‖𝐾𝑛‖𝐹 𝐼{𝑋 ⩾ 𝑥}.

The first estimate is by Markov’s inequality, and the second is by convexity of the

norm ‖·‖𝐹 . Thus,

E𝑋2 =

∫︁ ∞

0

Pr𝑋2 ⩾ 𝑥 d𝑥 =

∫︁ ∞

0

Pr𝑋 ⩾ 𝑥2𝑥 d𝑥 ⩽
∫︁ ∞

0

2E *‖𝐾𝑛‖𝐹 𝐼{𝑋 ⩾ 𝑥} d𝑥

= 2E *‖𝐾𝑛‖𝐹𝑋 ⩽ 2
√︁

E *‖𝐾𝑛‖2𝐹 E *𝑋2.

Rearranging yields the result.

Lemma 5.3.15. We have that E *‖𝐾𝑛‖2𝐹 ≲ 𝑛𝑑2.

Proof. We can expand

E ‖𝐾𝑛‖2𝐹 =
𝑛∑︁

𝑖=1

E *‖𝑑𝑥𝑖𝑥
†
𝑖 − 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
‖2𝐹 + 2

∑︁
1⩽𝑖<𝑗⩽𝑛

E *

⟨
𝑑𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
,
𝑑𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑

𝑥†𝑗𝐴𝑥𝑗

⟩
. (5.21)
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Since

E *
𝑑𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑

𝑥†𝑗𝐴𝑥𝑗
|ℱ𝑗−1 =

∑︁
𝑥𝑗

𝜔𝑥𝑗
(𝑑𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑) = 0,

for any 𝑖 < 𝑗 we have

E *

⟨
𝑑𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
,
𝑑𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑

𝑥†𝑗𝐴𝑥𝑗

⟩
= E *

⟨
𝑑𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
,E *

𝑑𝑥𝑗𝑥
†
𝑗 − 𝐼𝑑

𝑥†𝑗𝐴𝑥𝑗
|ℱ𝑗−1

⟩
= 0.

The other expectation in (5.21) can be bounded by (recalling (5.11))

E *‖𝑑𝑥𝑖𝑥
†
𝑖 − 𝐼𝑑

𝑥†𝑖𝐴𝑥𝑖
‖2𝐹 ⩽ 2E *⟨𝑑𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑, 𝑑𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑⟩

𝑥†𝑖𝐴𝑥𝑖
= 2𝑑(𝑑− 1)E * 1

𝑥†𝑖𝐴𝑥𝑖
= 2𝑑(𝑑− 1).

Therefore E *‖𝐾𝑛‖2𝐹 ⩽ 2𝑛𝑑(𝑑− 1) ≲ 𝑛𝑑2.

Proof of Lemma 5.3.8. Follows immediately from Lemmas 5.3.14 and 5.3.15.

5.4 Lower Bound for Off-Diagonal Perturbations

In this section we consider the family of perturbations which correspond to the “off-

diagonal” case. More formally, let 𝑑1 ⩾ 𝑑2 and 𝐴 ∈ R𝑑1×𝑑1 and 𝐵 ∈ R𝑑2×𝑑2 be

diagonal matrices with diagonal entries 𝑎1 ⩾ · · · ⩾ 𝑎𝑑1 > 0 and 𝑏1 ⩾ · · · ⩾ 𝑏𝑑2 > 0

satisfying 2𝑎𝑑1 ⩾ 𝑎1, 2𝑏𝑑2 ⩾ 𝑏1, and tr(𝐴) + tr(𝐵) = 1. We abbreviate 𝑎𝑑1 = 𝑎, 𝑏𝑑2 = 𝑏.

With these settings, we consider the task of distinguishing between the following two

alternatives:

𝐻0 : 𝜌 =

⎛⎝𝐴 0

0 𝐵

⎞⎠ and 𝐻1 : 𝜌 =

⎛⎝ 𝐴 𝜀
𝑑2
𝐺

𝜀
𝑑2
𝐺

†
𝐵

⎞⎠ . (5.22)

Here, 𝐺 ∼ Gin𝑈(𝑑1, 𝑑2) for the 𝑈 given by Lemma 5.4.1 below.

Lemma 5.4.1. For 𝑑1 ⩾ 𝑑2, there exists 𝑈 ⊆ R𝑑1×𝑑2 such that if 𝐺 ∼ Gin(𝑑1, 𝑑2),

then Pr𝐺 ̸∈ 𝑈 ⩽ exp(−0.1𝑑1) and on the event 𝐺 ∈ 𝑈 , we have ‖𝐺‖op ⩽ 3 and
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‖𝑀‖1 ⩾ 𝑑2/3 for

𝑀 =

⎛⎝ 0 𝐺

𝐺† 0

⎞⎠ .

We defer the proof of this lemma to Appendix C.3.

Parameter Settings. We will assume the parameters 𝑎, 𝑏, 𝑑1, 𝑑2, 𝜀 satisfy the fol-

lowing relations:

𝑑1 ≫ 1 𝜀 ⩽
1

1020
𝑑2
√
𝑎𝑏

log 1
𝑎

𝑑1
√
𝑎 ⩽ 𝑑2

√
𝑏 𝑑1 ⩾ 𝑑2 (5.23)

Remark 5.4.2. For most places, it suffices to use 𝜀 ⩽ 1
1020

𝑑2
√
𝑎𝑏 so we will often drop

the log(1/𝑎) except for the few places where it is actually necessary.

Our main result for the distinguishing task (5.22) is the following.

Theorem 5.4.3. Under the assumed parameter settings, the copy complexity of

distinguishing between 𝐻0 and 𝐻1 with incoherent measurements is Ω(𝑑
1/2
1 𝑑2/𝜀

2).

We first record several elementary consequences of the parameters settings.

Fact 5.4.4. Under the parameter settings, 𝜌 ∼ 𝐻1 is psd with trace distance at least

𝜀/3 to 𝐻0.

Proof. The trace distance bound is immediate from the properties of 𝑈 given by

Lemma 5.4.1. To show 𝜌 is psd, note that for any nonzero 𝑥 ∈ C𝑑1 , 𝑦 ∈ C𝑑2 ,

(𝑥, 𝑦)†𝜌(𝑥, 𝑦) = 𝑥†𝐴𝑥+ 𝑦†𝐵𝑦 +
2𝜀

𝑑2
𝑥†𝐺𝑦 ⩾ 𝑎‖𝑥‖2 + 𝑏‖𝑦‖2 − 6𝜀

𝑑2
‖𝑥‖‖𝑦‖

⩾ 𝑎‖𝑥‖2 + 𝑏‖𝑦‖2 − 6

1020

√
𝑎𝑏‖𝑥‖‖𝑦‖ > 0.

Fact 5.4.5. Under the parameter settings, 𝑏𝑑2 ∈ [1/4, 1].
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Proof. Since 𝑑1 ⩾ 𝑑2 and 𝑑1
√
𝑎 ⩽ 𝑑2

√
𝑏, we have 𝑑1𝑎 ⩽ 𝑑2

𝑑1
𝑑2𝑏 ⩽ 𝑑2𝑏. Thus 1 =

tr(𝐴) + tr(𝐵) ⩽ 2𝑑1𝑎+ 2𝑑2𝑏 ⩽ 4𝑑2𝑏 and 1 ⩾ tr(𝐵) ⩾ 𝑑2𝑏.

Take any learning tree 𝒯 corresponding to an algorithm for this task that uses 𝑛≪

𝑑2𝑑
1/2
1 /𝜀2 incoherent measurements. The parameter settings imply that we may further

assume, by taking additional superfluous measurements, that (log 𝑛√
𝑎𝑏
)2/(𝑑1𝑎) ⩽ 𝑛.

Similarly to the previous section, we let 𝑝0 and 𝑝1 denote the distributions over leaves

of 𝒯 induced by 𝜌 under 𝐻0 and 𝐻1 respectively, and we will show 𝑑TV(𝑝0, 𝑝1)→ 0.

Because of the block structure in (5.22), we denote leaves of 𝒯 by (𝑥,𝑦) = ((𝑥1, 𝑦1), . . . , (𝑥𝑛, 𝑦𝑛)).

Here, each (𝑥𝑖, 𝑦𝑖) satisfies 𝑥𝑖 ∈ C𝑑1 , 𝑦𝑖 ∈ C𝑑2 , and (𝑥𝑖, 𝑦𝑖) ∈ C𝑑1+𝑑2 , and corresponds

to an outcome from some (adaptively chosen) rank-1 POVM which we write as

{(𝑥, 𝑦)(𝑥, 𝑦)†}(𝑥,𝑦)∈𝒫 .

Note that (𝑥, 𝑦) are not necessarily unit vectors. We only require that

∑︁
(𝑥,𝑦)∈𝒫

(𝑥, 𝑦)(𝑥, 𝑦)† = 𝐼𝑑1+𝑑2 .

We let 𝐿*(·) denote the likelihood ratio between 𝑝1 and 𝑝0, i.e. 𝐿*((𝑥,𝑦)) ≜

𝑝1((𝑥,𝑦))/𝑝0((𝑥,𝑦)). Note that

𝐿*((𝑥,𝑦)) = E[𝐺 ∼ Gin𝑈(𝑑1, 𝑑2)] *
𝑛∏︁

𝑖=1

(︃
1 +

2𝜀

𝑑2
· 𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃

We similarly define the non-truncated estimate

𝐿((𝑥,𝑦)) = E[𝐺 ∼ Gin(𝑑1, 𝑑2)] *
𝑛∏︁

𝑖=1

(︃
1 +

2𝜀

𝑑2
· 𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃
. (5.24)

We will abuse notation and write 𝐿((𝑧,𝑤)) for any sequence of unit vectors (𝑧,𝑤) =

((𝑧1, 𝑤1), . . . , (𝑧𝑡, 𝑤𝑡)) of length not necessarily 𝑛. This is defined identically to (5.24).

We let 𝐿((𝑥,𝑦), (𝑥,𝑦)) denote the value of 𝐿 on input ((𝑥1, 𝑦1), (𝑥1, 𝑦1), . . . , (𝑥𝑛, 𝑦𝑛), (𝑥𝑛, 𝑦𝑛)).
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The following proposition is analogous to Proposition 5.3.4 and will be the main

ingredient in our proof.

Proposition 5.4.6. There exists a subset 𝑆 of the leaves of 𝒯 such that Pr[𝑝0]𝑆 =

1−𝑜(1) and for all (𝑥,𝑦) ∈ 𝑆, |𝐿((𝑥,𝑦))−1| = 𝑜(1) and 𝐿((𝑥,𝑦), (𝑥,𝑦)) ⩽ 𝑒0.02
√
𝑑1𝑑2.

We now prove Theorem 5.4.3 assuming Proposition 5.4.6.

Proof of Theorem 5.4.3. Analogous to the proof of Theorem 5.3.3 assuming Proposi-

tion 5.3.4.

5.4.1 Recursive Evaluation of Likelihood Ratio

Similarly to the previous section, we obtain a recursive expression for 𝐿. Let the

sequence of unit vectors (𝑧,𝑤) = ((𝑧1, 𝑤1), . . . , (𝑧𝑡, 𝑤𝑡)) be as above. For 1 ⩽ 𝑖 ⩽ 𝑡,

let (𝑧,𝑤)∼𝑖 be this sequence with (𝑧𝑖, 𝑤𝑖) omitted. Similarly, for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑡, let

(𝑧,𝑤)∼𝑖,𝑗 be this sequence with (𝑧𝑖, 𝑤𝑖) and (𝑧𝑗, 𝑤𝑗) omitted.

Lemma 5.4.7. The function 𝐿 satisfies

𝐿((𝑧,𝑤)) = 𝐿((𝑧,𝑤)∼𝑡)+
4𝜀2

𝑑1𝑑22

𝑡−1∑︁
𝑖=1

[︃
⟨𝑧𝑖, 𝑧𝑡⟩⟨𝑤𝑖, 𝑤𝑡⟩

(𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐴𝑤𝑖)(𝑧

†
𝑡𝐴𝑧𝑡 + 𝑤†

𝑡𝐴𝑤𝑡)
· 𝐿((𝑧,𝑤)∼𝑖,𝑡)

]︃
.

Proof. Analogous to Lemma 5.3.5. The pairwise moments are evaluated by

E[𝐺 ∼ Gin(𝑑1, 𝑑2)](𝑥
†𝐺𝑦)(𝑧†𝐺𝑤) =

1

𝑑1
⟨𝑥, 𝑧⟩⟨𝑦, 𝑤⟩.

5.4.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition 5.4.6. For the sequence

of unit vectors (𝑧,𝑤) = ((𝑧1, 𝑤1), . . . , (𝑧𝑡, 𝑤𝑡)) as above, define

𝐻((𝑧,𝑤)) =
𝑡∑︁

𝑖=1

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

· 𝐿((𝑧,𝑤)∼𝑖)

𝐿((𝑧,𝑤))
.
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Lemma 5.4.7 can be rewritten as

𝐿((𝑧,𝑤))

𝐿((𝑧,𝑤)∼𝑡)
= 1 +

4𝜀2

𝑑1𝑑22
· 𝑧

†
𝑡𝐻((𝑧,𝑤)∼𝑡)𝑤𝑡

𝑧†𝑡𝐴𝑧𝑡 + 𝑤†
𝑡𝐵𝑤𝑡

. (5.25)

Further define

𝐾((𝑧,𝑤)) =
𝑡∑︁

𝑖=1

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

and 𝜅((𝑧,𝑤)) = sup
𝑏1,...,𝑏𝑡∈[−1,1]

‖
𝑡∑︁

𝑖=1

𝑏𝑖
𝑧𝑖𝑤

†
𝑖‖𝑧𝑖‖‖𝑤𝑖‖

(𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖)2

‖𝐹 .

As in the previous section, 𝐾 will be our proxy for 𝐻. The condition that the

error terms in the bootstrapping argument contract correspond to an upper bound

on 𝜅((𝑧,𝑤)). In contrast to Lemma 5.3.12, it is no longer true in this setting that

boundedness of 𝐾((𝑧,𝑤)) implies the required bound on 𝜅((𝑧,𝑤)) (see Appendix C.4);

this will instead be separately proved in Lemma 5.4.10 below.

The following three lemmas are the analogs of Lemmas 5.3.7 and 5.3.8. Lemma 5.4.8

deterministically controls 𝐻 given bounds on 𝐾 and 𝜅, and Lemmas 5.4.9 and 5.4.10

give the required high probability bounds on 𝐾((𝑥,𝑦)) and 𝜅((𝑥,𝑦)).

Lemma 5.4.8. Suppose 𝛾 ≫ 1. If (𝑧,𝑤) = ((𝑧1, 𝑤1), . . . , (𝑧𝑡, 𝑤𝑡)) satisfies 𝑡 ⩽

𝑛, ‖𝐾((𝑧,𝑤))‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛾 and 𝜅((𝑧,𝑤)) ⩽ 1

103
𝑑1𝑑

2
2/𝜀

2 , then ‖𝐻((𝑧,𝑤))‖𝐹 ⩽

3
√
𝑛𝑑1𝑑2𝛾.

Lemma 5.4.9. For (𝑥,𝑦) ∼ 𝑝0, let (𝑥,𝑦)⩽𝑡 = ((𝑥1, 𝑦1), . . . , (𝑥𝑡, 𝑦𝑡)) be the length-𝑡

prefix of (𝑥,𝑦). Then E *sup1⩽𝑡⩽𝑛‖𝐾((𝑥,𝑦)⩽𝑡)‖2𝐹 ≲ 𝑛𝑑1𝑑2.

Lemma 5.4.10. If (𝑥,𝑦) ∼ 𝑝0, then Pr𝜅((𝑥,𝑦)) > 1
103
𝑑1𝑑

2
2/𝜀

2 = 𝑜(1).

We now prove Proposition 5.4.6 assuming Lemmas 5.4.8, 5.4.9, and 5.4.10. These

lemmas will be proved in Subsections 5.4.3, 5.4.4, and 5.4.5.

Let 𝛼, 𝛽 be slowly-growing functions with 1≪ 𝛼≪ 𝛽 ≪ 𝑑
1/2
1 𝑑2/(𝜀

2𝑛) and furthermore

𝛼2 ≪ 𝑑
1/2
1 𝑑2/(𝜀

2𝑛). This is possible because 𝑛 ≪ 𝑑
1/2
1 𝑑2/𝜀

2. Let (𝑥,𝑦) ∼ 𝑝0. For
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1 ⩽ 𝑡 ⩽ 𝑛, define the filtration ℱ𝑡 = 𝜎((𝑥,𝑦)⩽𝑡) and the sequences

𝐻𝑡 = 𝐻((𝑥,𝑦)⩽𝑡), 𝐾𝑡 = 𝐾((𝑥,𝑦)⩽𝑡), 𝜅𝑡 = 𝜅((𝑥,𝑦)⩽𝑡), Φ𝑡 = 𝐿((𝑥,𝑦)⩽𝑡).

Consider the stopping time (with respect to ℱ𝑡)

𝜏 = inf

{︃
𝑡 : ‖𝐾𝑡‖𝐹 >

√︀
𝑛𝑑1𝑑2𝛼 or 𝜅𝑡 >

1

103
𝑑1𝑑

2
2 or |Φ𝑡 − 1| > 𝜀2𝑛

𝑑
1/2
1 𝑑2

𝛽

}︃
∪ {∞}

and stopped sequence Ψ𝑡 = Φ𝑡∧𝜏 .

Claim 5.4.11. With probability 1− 𝑜(1), ‖𝐾𝑡‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛼 for all 1 ⩽ 𝑡 ⩽ 𝑛.

Proof. Follows from Lemma 5.4.9 and Markov’s inequality.

Claim 5.4.12. With probability 1− 𝑜(1), |Ψ𝑛 − 1| ⩽ 𝜀2𝑛

𝑑
1/2
1 𝑑2

𝛽.

Proof. This is analogous to Claim 5.3.10, and we only sketch the differences. Note

that Ψ𝑡 is a multiplicative martingale. We will bound the quadratic increment

E ( Ψ𝑡

Ψ𝑡−1
)2|ℱ𝑡−1. This is 1 if 𝜏 ⩽ 𝑡 − 1, and otherwise by (5.25), (because the linear

term expects to 0)

E *
(︂

Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1 = 1 +
16𝜀2

𝑑21𝑑
4
2

E * (𝑥†𝑡𝐻𝑡−1𝑦𝑡)
2

(𝑥†𝑡𝐴𝑥𝑡 + 𝑦†𝑡𝐵𝑦𝑡)
2
|ℱ𝑡−1.

This last expectation is bounded by

E * (𝑥†𝑡𝐻𝑡−1𝑦𝑡)
2

(𝑥†𝑡𝐴𝑥𝑡 + 𝑦†𝑡𝐵𝑦𝑡)
2
|ℱ𝑡−1 = E *𝑥

†
𝑡𝐻𝑡−1𝑦𝑡𝑦

†
𝑡𝐻𝑡−1𝑥𝑡

(𝑥†𝑡𝐴𝑥𝑡 + 𝑦†𝑡𝐵𝑦𝑡)
2
|ℱ𝑡−1 ⩽ E *

‖𝑦𝑡‖2𝑥†𝑡𝐻2
𝑡−1𝑥𝑡

(𝑥†𝑡𝐴𝑥𝑡 + 𝑦†𝑡𝐵𝑦𝑡)
2
|ℱ𝑡−1

⩽
1

𝑏
E *

𝑥†𝑡𝐻
2
𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝑥𝑡 + 𝑦†𝑡𝐵𝑦𝑡
|ℱ𝑡−1 =

‖𝐻𝑡−1‖2𝐹
𝑏

⩽ 4𝑑2‖𝐻𝑡−1‖2𝐹

using Fact 5.4.5. Since 𝜏 > 𝑡 − 1, we have ‖𝐾𝑡−1‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛼 and 𝜅𝑡 ⩽ 1

10
𝑑1𝑑

2
2.
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Thus Lemma 5.4.8 implies ‖𝐻𝑡−1‖𝐹 ⩽ 3
√
𝑛𝑑1𝑑2𝛼, and

E *
(︂

Ψ𝑡

Ψ𝑡−1

)︂2

|ℱ𝑡−1 ⩽ 1 +
64𝜀4

𝑑21𝑑
3
2

‖𝐻𝑡−1‖2𝐹 ⩽ 1 +
576𝜀4𝑛

𝑑1𝑑22
𝛼2.

Analogously to the proof of Claim 5.3.10, this implies

E (Ψ𝑛 − 1)2 ⩽
2 · 576𝜀4𝑛2

𝑑1𝑑22
𝛼2.

The result now follows from Markov’s inequality.

Claim 5.4.13. If ‖𝐾𝑛‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛼 and 𝜅𝑛 ⩽ 1

103
𝑑1𝑑22
𝜀2

, then 𝐿((𝑥,𝑦), (𝑥,𝑦)) ⩽

𝑒0.02
√
𝑑1𝑑2 .

Proof. Using the elementary inequality 𝑒𝑧 ⩾ 1 + 𝑧 and then Cauchy-Schwarz, we can

upper bound 𝐿((𝑥,𝑦), (𝑥,𝑦)) by

𝐿((𝑥,𝑦), (𝑥,𝑦)) ⩽ E[𝐺 ∼ Gin(𝑑1, 𝑑2)] * exp

⎛⎝ 𝑛∑︁
𝑖=1

4𝜀

𝑑2

𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖
+

(︃
2𝜀

𝑑2

𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃2
⎞⎠

⩽

⎯⎸⎸⎷E[𝐺 ∼ Gin(𝑑1, 𝑑2)] * exp

(︃
𝑛∑︁

𝑖=1

8𝜀

𝑑2

𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃

×

⎯⎸⎸⎸⎷E[𝐺 ∼ Gin(𝑑1, 𝑑2)] * exp

⎛⎝ 𝑛∑︁
𝑖=1

8𝜀2

𝑑22

(︃
𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃2
⎞⎠ .

(5.26)

Now, we bound the two terms in the last product in (5.26) separately. First, we have

E[𝐺 ∼ Gin(𝑑1, 𝑑2)]*exp

(︃
𝑛∑︁

𝑖=1

8𝜀

𝑑2

𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃
= E[𝐺 ∼ Gin(𝑑1, 𝑑2)]*exp

(︂
8𝜀

𝑑2
⟨𝐺,𝐾𝑛⟩

)︂
.

(5.27)

Note that 8𝜀
𝑑2
⟨𝐺,𝐾𝑛⟩ is distributed as a Gaussian with variance 64𝜀2

𝑑1𝑑22
‖𝐾𝑛‖2𝐹 ⩽ 64𝜀2𝑛

𝑑2
𝛼2.
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So we can bound (5.27) by

E[𝑔 ∼ 𝒩 (0, 64𝜀2𝑛𝛼2/𝑑2))] * exp(𝑔) = 𝑒64𝜀
2𝑛𝛼2/𝑑2 ≪ 𝑒

√
𝑑1 , (5.28)

as 𝛼2 ≪ 𝑑
1/2
1 𝑑2/(𝜀

2𝑛) by assumption. Next, we bound the second term in the product

in (5.26). Use vec(𝐺) to denote rearranging 𝐺 as a vector in R
𝑑1𝑑2 (done in a

consistent way) and use ⊗ to denote the Kronecker product of two matrices. Define

𝑄 ∈ R𝑑1𝑑2×𝑑1𝑑2 as

𝑄 =
𝑛∑︁

𝑖=1

𝑥𝑖𝑥
†
𝑖 ⊗ 𝑦𝑖𝑦

†
𝑖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
.

Let 𝑋 ∈ C𝑑1𝑑2×𝑛 be the matrix with columns given by vec(𝑥𝑖𝑦
†
𝑖 )

‖𝑥𝑖‖‖𝑦𝑖‖ for 𝑖 = 1, 2, . . . , 𝑛. Let

𝜃𝑖 =
‖𝑥𝑖‖2‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2

and let 𝐷 ∈ R𝑛×𝑛 be the diagonal matrix whose diagonal entries are 𝜃𝑖 for 𝑖 =

1, 2, . . . , 𝑛. We can write

‖𝑄‖2𝐹 =
∑︁
𝑖,𝑗

𝜃𝑖𝜃𝑗

⟨
𝑥𝑖𝑦

†
𝑖

‖𝑥𝑖‖‖𝑦𝑖‖
,

𝑥𝑗𝑦
†
𝑗

‖𝑥𝑗‖‖𝑦𝑗‖

⟩2

= ⟨𝐷𝑋†𝑋𝐷,𝑋†𝑋⟩ .

By Grothendieck’s inequality, we can replace the second term 𝑋†𝑋 with 𝜎†𝜎 for some

𝜎 ∈ [−1, 1]𝑛 while incurring at most a factor of 2 in the inequality. Thus, we have

‖𝑄‖𝐹 ⩽
√
2 max
𝜎∈[−1,1]𝑛

‖
𝑛∑︁

𝑖=1

𝜎𝑖𝑥𝑖𝑦
†
𝑖 ‖𝑥𝑖‖‖𝑦𝑖‖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
‖𝐹 ⩽

√
2𝜅𝑛 ⩽

𝑑1𝑑
2
2

700𝜀2
.

In particular, we have ‖𝑄‖op ⩽ (𝑑1𝑑
2
2)/(700𝜀

2) and ‖𝑄‖1 ⩽ 𝑑
3/2
1 𝑑

5/2
2 /(700𝜀2). Let

𝜆1, . . . , 𝜆𝑑1𝑑2 be the eigenvalues of 𝑄. Returning to the last term in (5.26), we can

write

E[𝐺 ∼ Gin(𝑑1, 𝑑2)] * exp

⎛⎝ 𝑛∑︁
𝑖=1

8𝜀2

𝑑22

(︃
𝑥†𝑖𝐺𝑦𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖

)︃2
⎞⎠ (5.29)
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= E[𝐺 ∼ Gin(𝑑1, 𝑑2)] * exp
(︂
8𝜀2

𝑑22
vec(𝐺)†𝑄vec(𝐺)

)︂
(5.30)

= E[𝑣 ∼ 𝑁(0, 𝐼𝑑1𝑑2)] * exp
(︂

8𝜀2

𝑑1𝑑22
𝑣†𝑄𝑣

)︂
(5.31)

=

𝑑1𝑑2∏︁
𝑗=1

E[𝑔 ∼ 𝑁(0, 1)] * exp
(︂
8𝜀2𝑔2

𝑑1𝑑22
𝜆𝑗

)︂
(5.32)

⩽ 𝑒10𝜀
2(𝜆1+···+𝜆𝑑1𝑑2

)/(𝑑1𝑑22) (5.33)

⩽ 𝑒
√
𝑑1𝑑2/70 , (5.34)

where in the fourth step we used our bound on ‖𝑄‖op together with the fact that

E[𝑔]𝑒𝑐𝑥2
= (1− 2𝑐)−1 ⩽ 𝑒5𝑐/4 for sufficiently small 𝑐, and in the last step we used our

bound on ‖𝑄‖1.

Putting (5.26), (5.27), 5.28, and (5.34) together, we conclude 𝐿((𝑥,𝑦), (𝑥,𝑦))≪ 𝑒
√
𝑑1𝑑2

as desired.

Proof of Proposition 5.4.6. Define the event

𝑆 =

{︃
sup
1⩽𝑡⩽𝑛

‖𝐾𝑡‖𝐹 ⩽
√︀
𝑛𝑑1𝑑2𝛼 and 𝜅𝑛 ⩽

1

103
𝑑1𝑑

2
2

𝜀2
and Ψ𝑛 ⩽

𝜀2𝑛

𝑑
1/2
1 𝑑2

𝛽

}︃
.

By Lemma 5.4.10 and Claims 5.4.11 and 5.4.12, Pr[𝑝0]𝑆 = 1− 𝑜(1). If 𝑆 holds, then

𝜏 = ∞: indeed, if 𝜏 = 𝑡 < ∞, then one of ‖𝐾𝑡‖𝐹 >
√
𝑛𝑑1𝑑2𝛼, 𝜅𝑡 > 1

103
𝑑1𝑑22
𝜀2

, and

|Φ𝑡 − 1| > 𝜀2𝑛

𝑑
1/2
1 𝑑2

𝛽 holds. Since Ψ𝑛 = Φ𝑡 and 𝜅𝑛 ⩾ 𝜅𝑡 (because in the definition of

𝜅((𝑥,𝑦)) we can take 𝑏𝑡+1 = · · · = 𝑏𝑛 = 0) this contradicts 𝑆.

So, 𝜏 =∞ on 𝑆. This implies |𝐿((𝑥,𝑦))− 1| = |Φ𝑛 − 1| ⩽ 𝜀2𝑛

𝑑
1/2
1 𝑑2

𝛽 = 𝑜(1). Moreover,

‖𝐾𝑛‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛼, so by Claim 5.4.13 we have 𝐿((𝑥,𝑦), (𝑥,𝑦)) ⩽ 𝑒0.02

√
𝑑1𝑑2 .

5.4.3 Bounding 𝐻 in Frobenius Norm by Bootstrapping

In this section, we will prove Lemma 5.4.8. Let (𝑧,𝑤) = ((𝑧1, 𝑤1), . . . , (𝑧𝑡, 𝑤𝑡))

be a sequence of unit vectors satisfying 𝑡 ⩽ 𝑛, ‖𝐾((𝑧,𝑤))‖𝐹 ⩽
√
𝑛𝑑1𝑑2𝛼, and
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𝜅((𝑧,𝑤)) ⩽ 1
10
𝑑1𝑑

2
2, where 𝛾 ≫ 1. For 𝑆 ⊆ [𝑡], let (𝑧,𝑤)𝑆 = ((𝑧𝑖, 𝑤𝑖))𝑖∈𝑆. Let

𝐻𝑆 =
∑︁
𝑖∈𝑆

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

·
𝐿((𝑧,𝑤)𝑆∖𝑖)

𝐿((𝑧,𝑤)𝑆)
and 𝐾𝑆 =

∑︁
𝑖∈𝑆

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

.

Lemma 5.4.14. For all 𝑆 ⊆ [𝑡], ‖𝐻𝑆‖𝐹 ⩽ 𝑛/
√
𝑎𝑏.

Proof. For any fixed 𝐺 ∈ 𝑈 , for the 𝑈 given by Lemma 5.4.1, and any unit vector

(𝑧, 𝑤),
2𝜀

𝑑2

⃒⃒⃒⃒
𝑧†𝐺𝑤

𝑧†𝐴𝑧 + 𝑤†𝐵𝑤

⃒⃒⃒⃒
⩽

2𝜀

𝑑2
· 3‖𝑧‖‖𝑤‖
𝑎‖𝑧‖2 + 𝑏‖𝑤‖2

⩽
3𝜀

𝑑2
√
𝑎𝑏

⩽
3

106
.

Thus, for all 𝑖, 𝐿((𝑧,𝑤)𝑆)/𝐿((𝑧,𝑤)𝑆∖𝑖) ∈ [1/(1 + 10−5), 1 + 10−5] which implies

𝐿((𝑧,𝑤)𝑆∖𝑖)

𝐿((𝑧,𝑤)𝑆)
∈
[︂

1

1 + 10−5
, 1 + 10−5

]︂
. (5.35)

Thus

‖𝐻𝑆‖𝐹 ⩽
∑︁
𝑖∈𝑆

‖ 𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

‖𝐹 · (1 + 10−5) ⩽
𝑛

2
√
𝑎𝑏
· (1 + 10−5) ⩽

𝑛√
𝑎𝑏
.

Proof of Lemma 5.4.8. Let 𝐷 = log(𝑛/
√
𝑎𝑏). If 𝑡 < 𝐷, then by equation (5.35) and

the assumption (log 𝑛√
𝑎𝑏
)2/(𝑑1𝑎) ⩽ 𝑛,

‖𝐻((𝑧,𝑤))‖𝐹 ⩽
𝑡∑︁

𝑖=1

‖ 𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

‖𝐹 · (1 + 10−5) ⩽
𝐷√
𝑎𝑏

⩽ 3
√︀
𝑛𝑑1𝑑2𝛾.

Otherwise 𝑡 ⩾ 𝐷. We will prove by induction on 𝑎 ⩾ 0 that if 𝑆 ⊆ [𝑡] satisfies

|𝑆| = 𝑡−𝐷 + 𝑎, then

‖𝐻𝑆‖𝐹 ⩽ 𝜉𝑎 ≜ 2
√︀
𝑛𝑑1𝑑2𝛾 + 𝑒−𝑎 𝑛√

𝑎𝑏
.

The base case 𝑎 = 0 holds by Lemma 5.4.14. For the inductive step, assume 𝑎 ⩾ 1.
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By the inductive hypothesis and equation (5.25),

⃒⃒⃒⃒
𝐿((𝑧,𝑤)𝑆)

𝐿((𝑧,𝑤)𝑆∖𝑖)
− 1

⃒⃒⃒⃒
⩽

4𝜀2

𝑑1𝑑22
·

⃒⃒⃒⃒
⃒ 𝑧†𝑖𝐻𝑆∖𝑖𝑤𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

⃒⃒⃒⃒
⃒ ⩽ 4𝜀2𝜉𝑎−1

𝑑1𝑑22
· ‖𝑧𝑖‖‖𝑤𝑖‖
𝑧†𝑖𝐴𝑧𝑖 + 𝑤†

𝑖𝐵𝑤𝑖

.

Thus,

‖𝐻𝑆‖𝐹 ⩽ ‖𝐾𝑆‖𝐹 + ‖
∑︁
𝑖∈𝑆

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

·
(︂
𝐿((𝑧,𝑤)𝑆∖𝑖)

𝐿((𝑧,𝑤)𝑆)
− 1

)︂
‖𝐹

These terms are bounded by (in light of (5.35))

‖𝐾𝑆‖𝐹 ⩽ ‖𝐾((𝑧,𝑤))‖𝐹 + (1 + 10−5)
∑︁

𝑖∈[𝑡]∖𝑆

‖ 𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

‖𝐹 (5.36)

⩽
√︀
𝑛𝑑1𝑑2𝛾 +

𝐷√
𝑎𝑏

⩽ 1.01
√︀
𝑛𝑑1𝑑2𝛾 (5.37)

and, for some 𝑏1, . . . , 𝑏𝑡 ∈ [−1, 1],

‖
∑︁
𝑖∈𝑆

𝑧𝑖𝑤
†
𝑖

𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖

·
(︂
𝐿((𝑧,𝑤)𝑆∖𝑖)

𝐿((𝑧,𝑤)𝑆)
− 1

)︂
‖𝐹 =

4𝜀2𝜉𝑎−1

𝑑1𝑑22
‖

𝑡∑︁
𝑖=1

𝑏𝑖
𝑧𝑖𝑤

†
𝑖‖𝑧𝑖‖‖𝑤𝑖‖

(𝑧†𝑖𝐴𝑧𝑖 + 𝑤†
𝑖𝐵𝑤𝑖)2

‖𝐹

⩽
4𝜀2𝜅((𝑧,𝑤))

𝑑1𝑑22
𝜉𝑎−1 ⩽ 𝑒−1𝜉𝑎−1.

Since 1.01 + 2
𝑒
⩽ 2, this implies ‖𝐻𝑆‖ ⩽ 𝜉𝑎. Therefore

‖𝐻((𝑧,𝑤))‖𝐹 = ‖𝐻[𝑡]‖𝐹 ⩽ 2
√︀
𝑛𝑑1𝑑2𝛾 + 𝑒−𝐷 𝑛√

𝑎𝑏
= 2
√︀
𝑛𝑑1𝑑2𝛾 + 1 ⩽ 3

√︀
𝑛𝑑1𝑑2𝛾.

5.4.4 Uniform Frobenius Bound on 𝐾((𝑥,𝑦)⩽𝑡)

In this subsection, we will prove Lemma 5.4.9. Let (𝑥,𝑦) ∼ 𝑝0, 𝐾𝑡 = 𝐾((𝑥,𝑦)⩽𝑡) and

𝑋 = sup1⩽𝑡⩽𝑛‖𝐾𝑡‖𝐹 .

Lemma 5.4.15. We have that E𝑋2 ⩽ 4E ‖𝐾𝑛‖2𝐹 .

Proof. Analogous to Lemma 5.3.14.
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Lemma 5.4.16. We have that E ‖𝐾𝑛‖2𝐹 ≲ 𝑛𝑑1𝑑2.

Proof. We expand

E ‖𝐾𝑛‖2𝐹 =
𝑛∑︁

𝑖=1

E *‖ 𝑥𝑖𝑦
†
𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖
‖2𝐹+2

∑︁
1⩽𝑖<𝑗⩽𝑛

E *

⟨
𝑥𝑖𝑦

†
𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖
,

𝑥𝑗𝑦
†
𝑗

𝑥†𝑗𝐴𝑥𝑗 + 𝑦†𝑗𝐵𝑦𝑗

⟩

The cross terms have expectation 0 like in the proof of Lemma 5.3.15. Now,

E *‖ 𝑥𝑖𝑦
†
𝑖

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖
‖2𝐹 = E * ‖𝑥𝑖‖2‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
⩽

1

𝑏
E * ‖𝑥𝑖‖2

𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖
=
𝑑1
𝑏

≲ 𝑑1𝑑2

in light of Fact 5.4.5.

Proof of Lemma 5.4.9. Follows from Lemmas 5.4.15 and 5.4.16.

5.4.5 Balancedness of Realizations

Finally, it remains to prove Lemma 5.4.10. Recall that

𝜅((𝑥,𝑦)) = sup
𝑏1,...,𝑏𝑛∈[−1,1]

‖
𝑛∑︁

𝑖=1

𝑏𝑖
𝑥𝑖𝑦

†
𝑖 ‖𝑥𝑖‖‖𝑦𝑖‖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
‖𝐹 . (5.38)

We will first prove a few preliminary inequalities about the individual terms in the

summation above. In particular, since 𝑥𝑖, 𝑦𝑖 are the measurements obtained from a

POVM, we argue that over the randomness in the 𝑖th measurement, the term

𝑥𝑖𝑦
†
𝑖 ‖𝑥𝑖‖‖𝑦𝑖‖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2

is not too aligned with any given direction. Thus, intuitively, over 𝑖 = 1, . . . , 𝑛, the

individual terms will be very weakly correlated and this will allow us to bound the

signed sum. In the next two claims below, we think of 𝒫 as a POVM that we will use

to measure our state.
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Claim 5.4.17. Let 𝒫 be a set of vectors (not necessarily unit vectors) in C𝑑 such that

∑︁
𝑥∈𝒫

𝑥𝑥† = 𝐼 .

Then for any coefficients 𝑐𝑥 for all 𝑥 ∈ 𝒫 , we have

‖
∑︁
𝑥∈𝒫

𝑐𝑥𝑥‖ ⩽
√︃∑︁

𝑥∈𝒫

𝑐2𝑥 .

Proof. For any unit vector 𝑣,

⟨
𝑣,
∑︁
𝑥∈𝒫

𝑐𝑥𝑥

⟩
⩽
∑︁
𝑥∈𝒫

𝑐𝑥|⟨𝑣, 𝑥⟩| ⩽

⎛⎝√︃∑︁
𝑥∈𝒫

𝑐2𝑥

⎞⎠⎛⎝√︃∑︁
𝑥∈𝒫

|⟨𝑣, 𝑥⟩|2

⎞⎠ =

√︃∑︁
𝑥∈𝒫

𝑐2𝑥

where we used Cauchy-Schwarz and the hypothesis. Because ‖𝑢‖ = max‖𝑣‖=1⟨𝑣, 𝑢⟩ for

all vectors 𝑢, we are done.

Claim 5.4.18. Let 𝒫 = {(𝑥, 𝑦)} be a set of vectors where 𝑥 ∈ C𝑑1 , 𝑦 ∈ C𝑑2 such that

∑︁
𝑧=(𝑥,𝑦),𝑧∈𝒫

𝑧𝑧† = 𝐼 .

Then for any choice of 𝑐𝑥,𝑦 ∈ [−1, 1] for each (𝑥, 𝑦) ∈ 𝒫 , we have

‖
∑︁

(𝑥,𝑦)∈𝒫

𝑐𝑥,𝑦𝑥‖𝑥‖‖𝑦‖2

𝑥†𝐴𝑥+ 𝑦†𝐵𝑦
‖ ⩽
√
𝑑1
𝑏

.

Proof. For all choices of 𝑐𝑥,𝑦 ∈ [−1, 1]

‖
∑︁

(𝑥,𝑦)∈𝒫

𝑐𝑥,𝑦𝑥‖𝑥‖‖𝑦‖2

𝑥†𝐴𝑥+ 𝑦†𝐵𝑦
‖ ⩽ 1

𝑏
‖
∑︁

(𝑥,𝑦)∈𝒫

𝑐𝑥,𝑦‖𝑥‖𝑥‖𝐹 .

By Claim 5.4.17,

‖
∑︁

(𝑥,𝑦)∈𝒫

𝑐𝑥,𝑦‖𝑥‖𝑥‖𝐹 ⩽
√︃ ∑︁

(𝑥,𝑦)∈𝒫

𝑐2𝑥,𝑦‖𝑥‖2 ⩽
√︀
𝑑1.
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We can think of the bound in Claim 5.4.18 as a bound on a single term in (5.38)

over the randomness of the measurement. Now, we will use Claim 5.4.18 on all of

the terms in (5.38) to bound the signed sum. Of course, the sum in the expression

in Claim 5.4.18 is inside the norm and it is not immediately clear how to use this to

reason about the sum in (5.38). Actually relating the two expressions requires several

additional arguments.

Claim 5.4.19. Consider measuring the state 𝐻0 with respect to POVMs 𝒫1, . . . ,𝒫𝑛

(which may be chosen adaptively). WLOG, the POVMs are rank-1 and can be viewed

as sets of vectors such that for all 𝑖 ∈ [𝑛]

∑︁
𝑧∈𝒫𝑖

𝑧𝑧† = 𝐼 .

Let the results of the measurements be (𝑥1, 𝑦1), . . . , (𝑥𝑛, 𝑦𝑛). If 𝑛 ⩽ 𝑑2𝑑
1/2
1 /(1020𝜀2).

Then with probability 1− 𝑒−5𝑑1 over the randomness in the measurements, we have

the following inequality for any choice of 𝑐1, . . . , 𝑐𝑛 ∈ [−1, 1]:

‖
𝑛∑︁

𝑖=1

𝑐𝑖𝑥𝑖𝑦
†
𝑖 ‖𝑥𝑖‖‖𝑦𝑖‖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
‖𝐹 ⩽

𝑑1𝑑2
4 · 103𝑏𝜀2

.

Proof. For each 𝑖 ∈ [𝑛], define

𝜃𝑖 =
‖𝑥𝑖‖‖𝑦𝑖‖

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
.

Let 𝑄 be the expression inside the Frobenius norm on the LHS of the desired inequality.

Define the matrix 𝑋 ∈ C𝑑1×𝑛 to have columns given by 𝑥1, . . . , 𝑥𝑛 and the matrix

𝑌 ∈ C𝑑2×𝑛 to have columns given by 𝑦1, . . . , 𝑦𝑛. Let 𝑁,𝐷 ∈ R𝑛×𝑛 be the diagonal

matrices whose entries are ‖𝑦1‖, . . . , ‖𝑦𝑛‖ and 𝑐1𝜃1, . . . , 𝑐𝑡𝜃𝑛 respectively. Now we can

rewrite

‖𝑄‖2𝐹 =
∑︁
𝑖,𝑗

𝑐𝑖𝑐𝑗𝜃𝑖𝜃𝑗⟨𝑥𝑖, 𝑥𝑗⟩⟨𝑦𝑖, 𝑦𝑗⟩ =
⟨︀
(𝑋𝐷)†𝑋𝐷,𝑌 †𝑌

⟩︀
=
⟨︀
(𝑋𝐷𝑁)†(𝑋𝐷𝑁), (𝑌 𝑁−1)†(𝑌 𝑁−1)

⟩︀
.
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Now by Grothendieck’s inequality, we can replace the expression (𝑁−1𝑌 )†(𝑁−1𝑌 )

with 𝜎†𝜎 for some sign vector 𝜎 ∈ {−1, 1}𝑛 while incurring at most a factor of 2 loss.

Thus,

max
𝑐𝑖
‖𝑄‖2𝐹 ⩽ 2max

𝑐𝑖
‖

𝑛∑︁
𝑖=1

𝑐𝑖𝑥𝑖‖𝑥𝑖‖‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
‖2 . (5.39)

Let 𝑅 denote the quantity inside the norm on the RHS above. Now it suffices to

bound ‖𝑅‖. First, consider any fixed unit vector 𝑣. Note that

⟨𝑅, 𝑣⟩ ⩽
𝑛∑︁

𝑖=1

‖𝑥𝑖‖‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
|⟨𝑥𝑖, 𝑣⟩| .

Next, by Claim 5.4.18, we have that

𝐸

[︃
‖𝑥𝑖‖‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
|⟨𝑥𝑖, 𝑣⟩|

]︃
⩽

√
𝑑1
𝑏

where the randomness is over the 𝑖th measurement. Also note that the individual

terms
‖𝑥𝑖‖‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
|⟨𝑥𝑖, 𝑣⟩|

are always bounded in magnitude by 1/(𝑎𝑏). Note that the above two observations

also imply that

𝐸

⎡⎣(︃ ‖𝑥𝑖‖‖𝑦𝑖‖2

(𝑥†𝑖𝐴𝑥𝑖 + 𝑦†𝑖𝐵𝑦𝑖)
2
|⟨𝑥𝑖, 𝑣⟩|

)︃2
⎤⎦ ⩽

√
𝑑1
𝑎𝑏2

.

Thus, by Freedman’s inequality, we have

⟨𝑅, 𝑣⟩ ⩽ 𝑑1𝑑2
104𝑏𝜀2

with failure probability at most

exp

(︃
−1

2

𝑑21𝑑
2
2

108𝑏2𝜀4

𝑑1𝑑2
1020𝜀2𝑎𝑏2

+ 𝑑1𝑑2
104𝑎𝑏2𝜀2

)︃
⩽ exp

(︂
−𝑑1𝑑2𝑎
105𝜀2

)︂
⩽ exp(−10𝑑1) ,

where in the second step we used that 𝑑2𝑎
𝜀2

⩾ 1040

𝑑2𝑏
⩾ 1040. Finally, we can take some
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0.1-net of possible choices of 𝑣, which we call Γ, and union bound over all elements of

Γ. If the desired inequality were false i.e.

‖𝑄‖𝐹 ⩾
𝑑1𝑑2

4 · 103𝑏𝜀2

then by (5.39), we must have

‖𝑅‖ ⩾ 𝑑1𝑑2
8 · 103𝑏𝜀2

.

By the construction of Γ, there must be some 𝑣 ∈ Γ such that

⟨𝑅, 𝑣⟩ ⩾ 0.9‖𝑅‖ > 𝑑1𝑑2
104𝑏𝜀2

and thus we are done.

Proof of Lemma 5.4.10. Plugging in the parameter settings at the beginning of Sec-

tion 5.4, and using Claim 5.4.19, we get the desired property.

5.5 Instance Near-Optimal Lower Bounds

Our main result on general state certification is the following. Recall that for two

quantum states 𝜎, 𝜌, the fidelity 𝐹 between them is defined in Definition 1.4.7.

Theorem 5.5.1. Let 0 < 𝜀 < ̃︀𝑂(1/ log log(𝑑)). Let 𝜎 ∈ C𝑑×𝑑 be a density matrix.

Then any algorithm that uses incoherent measurements which, given 𝑛 copies of

𝜌 ∈ C𝑑×𝑑, can distinguish between the case where 𝜌 = 𝜎 and ‖𝜌 − 𝜎‖1 > 𝜀 with

probability at least 2/3 must satisfy

𝑛 ⩾ Ω

(︂
𝑑
√
𝑑eff

𝜀2 polylog(𝑑/𝜀)
· 𝐹 (𝜎*, 𝐼𝑑/𝑑)

)︂
. (5.40)

Here, 𝜎* is an explicit density matrix given by zeroing out 𝑂(𝜀) mass from 𝜎 and

normalizing, and 𝑑eff is the rank of 𝜎* .
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As before, the choice of failure probability can be taken to be any constant greater

than 1/2.

In this section we use Theorems 5.3.3 and 5.4.3 to give a simple proof of a slightly

weaker version of Theorem 5.5.1 where the construction of 𝜎* requires removing

up to 𝑂(𝜀 log(𝑑/𝜀)) mass. The analysis is a simplified version of the analysis from

Sections 5.5 and A.3 of [65]. Later, in Appendix C.1 and C.2 we give a full proof of

Theorem 5.5.1, which involves slightly generalizing Theorem 5.3.3 and carrying out a

more delicate version of the analysis below.

As a first step, notice that since we are given an explicit description of 𝜎, by applying an

appropriate rotation, we may assume without loss of generality that 𝜎 is diagonal. For

the remainder of this section, we will let 𝜎1 ⩾ . . . ⩾ 𝜎𝑑 be its eigenvalues (equivalently,

its diagonal entries in sorted order).

5.5.1 Bucketing and Mass Removal

For 𝑗 ∈ Z⩾0, let 𝑆𝑗 denote the set of indices 𝑖 ∈ [𝑑] for which 2−𝑗−1 < 𝜎𝑖 ⩽ 2−𝑗, and

define 𝑑𝑗 ≜ |𝑆𝑗|. Let 𝒥 denote the set of 𝑗 for which 𝑆𝑗 ̸= ∅. We will refer to 𝑗 ∈ 𝒥

as buckets. Given 𝑖 ∈ [𝑑], let 𝑗(𝑖) denote the index of the bucket for which 𝑖 ∈ 𝑆𝑗.

Let 𝒥 * ⊆ 𝒥 denote the buckets 𝑗 for which
∑︀

𝑖∈𝑆𝑗
𝜎𝑖 ⩾ 𝜀, and let 𝑆light ⊆ [𝑑] denote

all 𝑖 ∈ [𝑑] for which 𝑗(𝑖) ∈ 𝒥 *. Let 𝜎′ denote the unnormalized density matrix given

by zeroing out the 𝑖-th entry of 𝜎 for every 𝑖 ∈ 𝑆light, and let 𝜎* denote the density

matrix 𝜎′/ tr(𝜎′).

Fact 5.5.2. |𝒥 *| ⩽ 𝑂(log(𝑑/𝜀)). In particular, 𝜎′ is given by removing 𝑂(𝜀 log(𝑑/𝜀))

mass from 𝜎.

Proof. Note that for any 𝑗 ∈ 𝒥 *, 2−𝑗 > 𝜎𝑖 ⩾ 𝜀/𝑑 for all 𝑖 ∈ 𝑆𝑗, so 𝑗 < log2(𝜀/𝑑).
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5.5.2 Helper Lemmas

Here we collect some elementary observations that will be useful in our proof of the

weaker version of Theorem 5.5.1. We begin by noting an alternative way of representing

fidelity with respect to the maximally mixed state.

Fact 5.5.3. Given psd matrix 𝜎 ∈ C𝑑×𝑑, let ̂︀𝜎 ≜ 𝜎/ tr(𝜎). Then 𝐹 (̂︀𝜎, 1
𝑑
𝐼𝑑) =

1
𝑑
‖𝜎‖1/2 · tr(𝜎)−2.

Fact 5.5.4. Let 𝑆 be any set of distinct positive integers. Given a collection of numbers

{𝑑𝑗}𝑗∈𝑆 satisfying
∑︀

𝑗 𝑑𝑗2
−𝑗 ⩽ 2, let 𝑝 be the vector with 𝑑𝑗 entries equal to 2−𝑗 for

every 𝑗. Then ‖𝑝‖1/2 ⩽ |𝑆|2 ·max𝑗 𝑑
2
𝑗2

−𝑗.

Proof. Let 𝑗* ≜ argmax 𝑑2𝑗2
−𝑗. Then ‖𝑝‖1/21/2 =

∑︀
𝑗 𝑑𝑗2

−𝑗/2 ⩽ |𝑆| · 𝑑𝑗*2−𝑗*/2.

Our lower bound instances in the proof of the weaker version of Theorem 5.5.1 will be

based on perturbing certain submatrices of 𝜎. We will use the following basic fact to

analyze these instances.

Lemma 5.5.5. Consider the task of distinguishing between the following alternatives:

𝐻0 : 𝜌 =

⎛⎝𝑆 0

0 𝑃

⎞⎠ and 𝐻1 : 𝜌 =

⎛⎝̃︀𝑆 0

0 𝑃

⎞⎠ (5.41)

where 𝑆 ∈ R𝑑′×𝑑′ and 𝑃 ∈ R(𝑑−𝑑′)×(𝑑−𝑑′) are deterministic psd matrices for which

tr(𝑆) + tr(𝑃 ) = 1, and ̃︀𝑆 ∈ R𝑑′×𝑑′ is drawn from some distribution over psd matrices

with trace tr(𝑆).

Then the copy complexity of this task using incoherent measurements is Ω(𝑛/ tr(𝑆)) ⩾

Ω(𝑛), where 𝑛 is the copy complexity of the following distinguishing task:

𝐻0 : 𝜌 = 𝑆/ tr(𝑆) and 𝐻1 : 𝜌 = ̃︀𝑆/ tr(𝑆) (5.42)

using incoherent measurements.
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Theorem 5.3.3 gives a Ω(𝑑3/2/𝜀2) lower bound for mixedness testing for 𝑑 larger than

some absolute constant. In the following lemma, we complement this with a weaker

lower bound that holds for all 𝑑, based on the classical lower bound for uniformity

testing. For this, consider the task of distinguishing between the two alternatives:

𝐻0 : 𝜌 =
1

𝑑
𝐴 and 𝐻1 : 𝜌 =

1

𝑑

(︀
𝐴+ 𝜀𝑃𝑍𝑃⊤)︀, (5.43)

where 𝐴 ∈ R𝑑×𝑑 is a diagonal matrix with diagonal entries 𝑎1 ⩾ · · · ⩾ 𝑎𝑑 > 0 and

tr(𝐴) = 𝑑, where 𝑍 = diag(1, · · · ,−1, · · · ) if 𝑑 is even and 𝑍 = diag(1, · · · ,−1, · · · ,−1, 0)

otherwise, and where 𝑃 ∈ R𝑑×𝑑 is a random permutation matrix on the first 2⌊𝑑/2⌋

coordinates.

Lemma 5.5.6. For all 𝑑 > 1 and 𝜀 < 1, the copy of complexity of distinguishing

between 𝐻0 and 𝐻1 with incoherent measurements is Ω(
√
𝑑/𝜀2).

Proof. By Lemma 5.5.5, it suffices to prove the lemma when 𝑑 is even. As the states

under 𝐻0 and 𝐻1 are both diagonal, we can assume without loss of generality that the

measurements are all in the standard basis. Let 𝑝0 denote the uniform distribution

over [𝑑]. Given 𝑆 ⊂ [𝑑] of size 𝑑/2, let 𝑝𝑆 denote the discrete distribution over [𝑑]

which places mass 1+𝜀
𝑑

on elements in 𝑆 and mass 1−𝜀
𝑑

on elements in [𝑑]∖𝑆. Under

𝐻0, if one measures 𝑛 copies of 𝜌, the 𝑛 measurement outcomes are a sample from

𝑝⊗𝑛
0 . Under 𝐻1, if one measures 𝑛 copies of 𝜌, the measurement outcomes are a

sample from E[𝑆]𝑝⊗𝑛
𝑆 where 𝑆 is a random subset of [𝑑] of size 𝑑/2. It is a standard

result in distribution testing that distinguishing between 𝑑TV(𝑝
⊗𝑛
0 ,E[𝑆]𝑝⊗𝑛

𝑆 ) = 𝑜(1) if

𝑛 = 𝑜(
√
𝑑/𝜀2) (see e.g. the proof of [216, Theorem 24.1] which is based on [174]).

Finally, we will use the following lower bound to handle a corner case where 𝜎 has

one especially large eigenvalue.

Lemma 5.5.7 (Lemma 5.24 from [65]). Let 𝜀 ⩽ 1/2. If 𝜎1 ⩾ 3/4, then state

certification to error 𝜀 with respect to 𝜎 using incoherent measurements is Ω(1/𝜀2).
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5.5.3 Proof of Weaker Variant of Theorem 5.5.1

We now give a simple proof of a slight weakening of Theorem 5.5.1 where one

removes 𝑂(𝜀 log(𝑑/𝜀)) mass from 𝜎, instead of 𝑂(𝜀). We strengthen this analysis in

Appendix C.2.

Proof. Note that tr(𝜎′) ⩾ 1 − 𝑂(𝜀 log(𝑑/𝜀)) ⩾ Ω(1), so by Fact 5.5.3 it suffices to

lower bound the copy complexity by

Ω
(︀
𝑑eff‖𝜎′‖1/2/(𝜀2 log(𝑑/𝜀))

)︀
. (5.44)

We proceed by casework depending on whether or not 𝑑𝑗 = 1 for all 𝑗 ∈ 𝒥 *.

Case 1. 𝑑𝑗 = 1 for all 𝑗 ∈ 𝒥 *. Note that in this case,

‖𝜎′‖1/21/2 =
∑︁
𝑗∈𝒥 *

2−𝑗/2 = 𝑂(1). (5.45)

and ‖𝜎*‖1/2 = Θ(‖𝜎′‖1/2). As 𝑑eff = 1, it thus suffices to show a copy complexity lower

bound of Ω(1/𝜀2) in this case.

If additionally we have |𝒥 *| = 1, then for 𝜀 ⩽ ̃︀𝑂(1/ log 𝑑) sufficiently small, the

maximum entry of 𝜎 is at least 3/4, so we can apply Lemma 5.5.7 to obtain a lower

bound of Ω(1/𝜀2) as desired.

Otherwise, let 𝑗, 𝑗′ be the two smallest bucket indices in 𝒥 *, and let 𝑖, 𝑖′ be the elements

of the singleton sets 𝑆𝑗, 𝑆𝑗′ . If 𝜀 ⩽ 𝑐2−𝑗/2−𝑗′/2−1 for sufficiently small constant 𝑐 > 0,

we can invoke [65, Lemma A.4] to conclude a copy complexity lower bound of Ω(1/𝜀2).∗

Otherwise, suppose 𝜀 > 𝑐2−𝑗/2−𝑗′/2−1. Because 2−𝑗 > 2−𝑗′ , we know that 2−𝑗′ ⩽ 𝑂(𝜀).

In particular, consider the state 𝜎** given by zeroing out 𝜎𝑖′ from 𝜎′ and normalizing.

∗Note that [65, Lemma A.4] gives a (suboptimal) lower bound for the distinguishing task in
Section 5.4. The reason we invoke it instead of Theorem 5.4.3 is that unlike the latter, it holds for
the setting 𝑑𝑗 = 𝑑𝑗′ = 1 that we consider here.
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For this matrix, 𝑑eff = 1 and ‖𝜎**‖1/2 = 𝑂(1). Furthermore, because 𝜀 ⩽ ̃︀𝑂(1/ log(𝑑)),

we have 𝜎𝑖 ⩾ 3/4, so we can apply Lemma 5.5.7 to conclude a lower bound of Ω(1/𝜀2).

Case 2. 𝑑𝑗 > 1 for some 𝑗 ∈ 𝒥 *. In this case, let 𝑗1 ≜ argmax𝑗∈𝒥 * 𝑑𝑗 and

𝑗2 ≜ argmax𝑗∈𝒥 * 𝑑2𝑗2
−𝑗.

If 𝜀 ⩽ 𝑐𝑑𝑗22
−𝑗1/2−𝑗2/2−1/𝑗1 for sufficiently small constant 𝑐 > 0, we can apply the lower

bound instance in Section 5.4 to these two buckets. Let 𝑃 denote the submatrix of 𝜎

containing the diagonal entries of 𝜎 outside of 𝑆𝑗1 ∪ 𝑆𝑗2 . Let Σ𝑗1 and Σ𝑗2 denote the

submatrices of 𝜎 containing the diagonal entries indexed by 𝑆𝑗1 and 𝑆𝑗2 .

If 𝑗1 ̸= 𝑗2, then consider the distinguishing task

𝐻0 : 𝜌 =

⎛⎜⎜⎜⎝
Σ𝑗1 0 0

0 Σ𝑗2 0

0 0 𝑃

⎞⎟⎟⎟⎠ (= 𝜎) and 𝐻1 : 𝜌 =

⎛⎜⎜⎜⎜⎝
Σ𝑗1

𝜀

𝑑
1/2
𝑗1

𝑑𝑗2
𝐺 0

𝜀

𝑑
1/2
𝑗1

𝑑𝑗2
𝐺

⊤
Σ𝑗2 0

0 0 𝑃

⎞⎟⎟⎟⎟⎠ ,

(5.46)

where 𝐺 is a 𝐶-truncated 𝑑𝑗1 × 𝑑𝑗2 Ginibre matrix. If 𝑑𝑗1 is sufficiently large that

Theorem 5.4.3 applies, then by Lemma 5.5.5 and Theorem 5.4.3, this has copy

complexity at least

Ω

(︃ √︀
𝑑𝑗1 · 𝑑𝑗2

(𝜀/(𝑑𝑗12
−𝑗1 + 𝑑𝑗22

−𝑗2))2

)︃
⩾ Ω(

√︀
𝑑𝑗1·𝑑2𝑗22

−𝑗2/𝜀2) ⩾ Ω(𝑑eff‖𝜎′‖1/2/(𝜀2 polylog(𝑑/𝜀))),

(5.47)

where in the first step we used that 𝑑𝑗22−𝑗2 ⩽ 2, and in the last step we used Fact 5.5.2

and Fact 5.5.4. Note that ‖𝜎*‖1/2 = Θ(‖𝜎′‖1/2). Otherwise, if 𝑑𝑗1 = 𝑂(1) and

Theorem 5.4.3 doesn’t apply, we can still apply [65, Lemma A.6] which only differs

in its suboptimal dependence of 𝑑1/3𝑗1
on the parameter 𝑑𝑗1 , which does not affect our

overall bound as 𝑑𝑗1 = 𝑂(1) in this case.

If 𝑗1 = 𝑗2, then because we are in Case 2 we know 𝑑𝑗1 > 1, so let Σ
(1)
𝑗1

and Σ
(2)
𝑗1

denote

an arbitrary partition of Σ𝑗1 into two 𝑑1
2
× 𝑑1

2
diagonal submatrices. Consider the
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distinguishing task

𝐻0 : 𝜌 =

⎛⎜⎜⎜⎝
Σ

(1)
𝑗1

0 0

0 Σ
(2)
𝑗1

0

0 0 𝑃

⎞⎟⎟⎟⎠ (= 𝜎) and 𝐻1 : 𝜌 =

⎛⎜⎜⎜⎜⎝
Σ

(1)
𝑗1

𝜀

𝑑
1/2
𝑗1

𝑑𝑗2
𝐺 0

𝜀

𝑑
1/2
𝑗1

𝑑𝑗2
𝐺

⊤
Σ

(2)
𝑗1

0

0 0 𝑃

⎞⎟⎟⎟⎟⎠ ,

(5.48)

where 𝐺 is a 𝐶-truncated 𝑑𝑗1
2
× 𝑑𝑗1

2
Ginibre matrix. If 𝑑𝑗1 is sufficiently large that

Theorem 5.4.3 applies, then by Lemma 5.5.5 and Theorem 5.4.3, this has copy

complexity at least

Ω

(︃ √︀
𝑑𝑗1 · 𝑑𝑗1

(𝜀/𝑑𝑗12
−𝑗1 + 𝑑𝑗22

−𝑗2)2

)︃
⩾ Ω(

√︀
𝑑𝑗1·𝑑2𝑗12

−𝑗1/𝜀2) ⩾ Ω(𝑑eff‖𝜎′‖1/2/(𝜀2 polylog(𝑑/𝜀))),

(5.49)

where in the first step we used that 𝑑𝑗12−𝑗1 ⩽ 2, and in the last step we used Fact 5.5.2

and Fact 5.5.4. Otherwise, if 𝑑𝑗1 = 𝑂(1), we can apply [65, Lemma A.4] as above.

It remains to consider the case where 𝜀 > 𝑐2−𝑗1/2−𝑗2/2−1/𝑗1. Let 𝑗* ≜ argmax𝑗∈𝒥 * 𝑑𝑗2
−5𝑗/2.

We can apply the lower bound instance in Section 5.3 to bucket 𝑗*. Letting Σ𝑗* denote

the submatrix of 𝜎 containing the diagonal entries of 𝑆𝑗* and 𝑃 denote the submatrix

containing the remaining diagonal entries, we consider the distinguishing task

𝐻0 : 𝜌 =

⎛⎝Σ𝑗* 0

0 𝑃

⎞⎠ (= 𝜎) and 𝜌 =

⎛⎝Σ𝑗* +
𝜀

𝑑𝑗*
·𝑀 0

0 𝑃

⎞⎠ , (5.50)

where 𝑀 is a 𝐶-truncated trace-centered GOE matrix. By Lemma 5.5.5 together with

either Theorem 5.3.3 if 𝑑≫ 1 or Lemma 5.5.6 if 𝑑 = 𝑂(1), this has copy complexity

at least

Ω

(︃
𝑑
3/2
𝑗*

(𝜀/(𝑑𝑗*2−𝑗*))2
· 1

tr(Σ𝑗*)

)︃
= Ω(𝑑

5/2
𝑗* 2−𝑗*/𝜀2) ⩾ Ω(𝑑

5/2
𝑗1

2−𝑗1/𝜀2). (5.51)
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To complete the proof of the theorem, it suffices to show that

𝑑
5/2
𝑗1

2−𝑗1 polylog(𝑑/𝜀) ⩾ Ω
(︁√︀

𝑑𝑗1𝑑
2
𝑗2
2−𝑗2

)︁
(5.52)

Suppose to the contrary. Then we would get

𝑑2𝑗12
−𝑗1 polylog(𝑑/𝜀) = 𝑜

(︀
𝑑2𝑗22

−𝑗2
)︀
. (5.53)

But by assumption on 𝜀,

𝑐𝑑𝑗22
−𝑗1/2−𝑗2/2−1/𝑗1 ⩽ 𝜀 ⩽ 𝑑𝑗12

−𝑗1 , (5.54)

where in the last step we used the fact that 𝑑𝑗2−𝑗 ⩾ Ω(𝜀) for any 𝑗 ∈ 𝒥 *. Squaring

both sides and rearranging, we find that

𝑑2𝑗22
−𝑗2 ⩽ 𝑂(𝑑2𝑗12

−𝑗1𝑗21) ⩽ 𝑂(𝑑2𝑗12
−𝑗1 log2(𝑑/𝜀)), (5.55)

where the last step follows by the fact that 𝑗1 ⩽ log(𝑑/𝜀) because 2−𝑗1𝑑 ⩾ 2−𝑗1𝑑𝑗1 ⩾ 𝜀,

contradicting (5.53).
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Chapter 6

Tradeoffs for Few-Copy Measurements

In Chapter 4 we studied the basic task of quantum state tomography, and in this

chapter we return to this question. Recall that in quantum state tomography, one is

given 𝑛 copies of a 𝑑-dimensional mixed state 𝜌, and the goal is to estimate its density

matrix to error 𝜀, e.g. in trace distance, by measuring copies of 𝜌.

As discussed previously, [102] and [170] settled the optimal copy complexity of this

problem, showing that 𝑛 = Θ(𝑑2/𝜀2) copies are necessary and sufficient but these

protocols require fully coherent measurements across the joint state 𝜌⊗𝑛, and thus are

impractical on near-term setups, likely requiring fault-tolerant quantum computers to

be tractable.

Motivated by these constraints, in Chapter 4, we studied what one can do with

incoherent i.e. single-copy measurements. These algorithms are much more practical

to run and in Chapter 4 we showed that the optimal copy complexity in this setting is

𝑛 = Θ(𝑑3/𝜀2) — and thus incoherent measurements are provably weaker than coherent

measurements.

In this chapter, we study what happens between the incoherent and fully coherent

regimes. This is a particularly timely consideration given recent advancements in

quantum devices and the fact that, while still far from the unconstrained fully co-

241



herent regime, they may soon have capabilities that go beyond purely incoherent

measurements. Specifically, we study what happens if the learner can make entangled

measurements over a limited number, say 𝑡 copies of 𝜌 at a time, which we call

𝑡-entangled measurements. This naturally interpolates between the incoherent regime

(𝑡 = 1) and the fully coherent regime (𝑡 = 𝑛). We will show a tight characterization of

the copy complexity of state tomography with 𝑡-entangled measurements, for a large

range of 𝑡.

6.1 Results

Our main results in this chapter are the following pair of theorems.

Theorem 6.1.1 (informal upper bound, see Theorem 6.4.8). Let 𝑡 ⩽ min(𝑑2, (
√
𝑑/𝜀)𝑐),

for some (sufficiently small) universal constant 𝑐. There is an algorithm that uses

𝑛 = ̃︀𝑂(︂ 𝑑3√
𝑡𝜀2

)︂
.

total copies of 𝜌 by taking 𝑛/𝑡 separate 𝑡-entangled measurements, and outputs 𝜌 so

that ‖𝜌− 𝜌‖1 ⩽ 𝜀 with high probability.

Theorem 6.1.2 (informal lower bound, see Theorem 6.6.13). Let 𝑡 ⩽ 1/𝜀𝑐 for some

(sufficiently small) universal constant 𝑐. Any algorithm that uses 𝑛 total copies of 𝜌 by

taking taking 𝑛/𝑡 separate (but possible adaptively chosen) 𝑡-entangled measurements

must require

𝑛 = Ω

(︂
𝑑3√
𝑡𝜀2

)︂
to succeed at state tomography, with probability ⩾ 0.01.

Together, these theorems imply that the copy complexity of tomography with 𝑡-

entangled measurements is, up to logarithmic factors, exactly ̃︀Θ(︁ 𝑑3√
𝑡𝜀2

)︁
, for all 𝑡 ⩽ 1/𝜀𝑐.

In other words, for this regime of 𝑡, the sample complexity smoothly improves with 𝑡.

To our knowledge, this is the first nontrivial setting in which the copy complexity has
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been sharply characterized to smoothly depend on the amount of entanglement. Prior

works on the power of 𝑡-entangled measurements either did not obtain sharp tradeoffs,

or studied settings where simply taking 𝑡 to be a large enough constant sufficed to

obtain optimal copy complexity (e.g. Bell sampling [66, 164]).

We pause here to make a few remarks about our result. First, as mentioned above,

the most practically pertinent regime of 𝑡 is the regime where 𝑡 is small but > 1. Our

result fully characterizes this setting, so long as 𝜀 = 𝑜(1), and obtains a nontrivial

partial tradeoff even for constant 𝜀. We believe that the restriction that 𝑡 ⩽ 1/𝜀𝑐

is ultimately an artifact of our techniques, and we conjecture that ̃︀Θ(︁ 𝑑3√
𝑡𝜀2

)︁
is the

right rate for all 𝑡 ⩽ 𝑂(𝑑2). We leave resolving this question as an interesting future

direction.

Second, we note that our result implies that when 𝜀 is sufficiently small, entanglement

only helps up until a certain point. When 𝜀≪ 1/𝑑, we can take 𝑡 = Θ(𝑑2), and our

algorithm achieves a rate of 𝑛 = ̃︀𝑂(𝑑
2

𝜀2
), which matches (up to logarithmic factors) the

lower bound against general quantum algorithms with any degree of entanglement. In

other words, we can match the rate of the fully coherent algorithm, with asymptotically

less coherence. To our knowledge, this is the first instance for a natural learning

problem where a super-constant, but still partial, amount of entanglement is the

minimal amount of entanglement required to obtain the statistically optimal rate.

Our techniques. As previously mentioned, we need a number of novel ideas to

overcome the difficulties with prior techniques for the 𝑡-entangled setting. In this

section, we describe some of these conceptual contributions at a high level.

A key idea, which is crucial to both our upper and lower bounds, and which to our

knowledge is novel in the literature, is something we call linearization. For any state

𝜌, we can write it as 𝜌 = 𝐼𝑑
𝑑
+ 𝐸, where 𝐸 is some traceless Hermitian matrix. Then,
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for any integer 𝑡, we observe that 𝜌⊗𝑡 can be approximated as follows

𝜌⊗𝑡 ≈
(︂
1

𝑑
𝐼𝑑

)︂⊗𝑡

+
∑︁
sym

𝐸 ⊗
(︂
1

𝑑
𝐼𝑑

)︂⊗𝑡−1

, (6.1)

where here and throughout the paper, we let
∑︀

sym denote the symmetric sum, i.e.

∑︁
sym

𝐴1 ⊗ . . .⊗ 𝐴𝑡 =
∑︁
𝜋∈𝑆𝑡

𝐴𝜋(1) ⊗ . . .⊗ 𝐴𝜋(𝑡) .

We call the expression on the RHS of (6.1) the 𝑡-linearization of 𝜌, as it is the linear

term (in 𝐸) of the expansion of 𝜌⊗𝑡. Note that while the linearization of the state

is not necessarily itself a mixed state (as it need not be PSD), we can still perform

formal calculations with it. For our purposes, the linearization of 𝜌 has a number of

crucial properties. While estimators based on weak Schur sampling do not yield an

unbiased estimate of 𝜌 when applied to 𝜌⊗𝑡, they do yield an unbiased estimate of 𝐸

(up to a known correction term) when “applied” to the 𝑡-linearization of 𝜌. Therefore,

as long as the linearization of 𝜌 is a good approximation for 𝜌⊗𝑡, we may average

the result of many independent trials of such estimators to obtain a better estimate

for 𝐸, and consequently, 𝜌. For the lower bound, it turns out that the amount of

information gained by the algorithm from some measurement outcome (more formally,

the likelihood ratio of the posterior distribution for the algorithm starting from two

different states, see Lemma 6.5.2) is controlled by the Frobenius norm of some linear

transformation of the corresponding POVM element.

Another important and novel algorithmic idea is that of quantum splitting. It turns

out that our techniques work best for states which are relatively spread-out, i.e. states

with spectral norm at most 𝑂(1/𝑑). To extend our techniques to general mixed states,

we give a novel procedure which reversibly transforms any state into another state

of marginally larger dimension that is spectrally bounded. One can view this as

a quantum generalization of the splitting procedure introduced in [75] for classical

distribution learning and testing. There, as well, the goal was to take an arbitrary

distribution over [𝑑] elements and produce a “well-spread” distribution over a slightly
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larger domain. However, more care must be taken in the quantum setting, as our

splitting procedure must be done obliviously of the (unknown) eigenvectors of the true

state 𝜌, and so any such procedure will non-trivially alter the spectral properties of 𝜌.

6.1.1 Additional Related work

The results in this chapter follow a flurry of recent works characterizing the effect that

near-term constraints like noise and limited quantum memory have on statistical rates

for quantum learning tasks. Many of these have focused on proving lower bounds for

protocols that can only make incoherent measurements, e.g. [54, 65, 67, 64, 66, 5, 79, 62].

Among these works, the two most relevant ones are [62] and [64]. The work in [62]

has been covered in Chapter 4.

In [64], the authors are motivated by the same general question as the present work:

are there tasks for which being able to perform 𝑡-entangled measurements for large

𝑡 is strictly more powerful than for small 𝑡? Instead of tomography, they studied a

certain hypothesis testing task based on distinguishing approximate state 𝑘-designs

on 𝑛 qubits from maximally mixed. They show that when 𝑡 < 𝑘, any protocol must

use exponentially many copies, but with fully-entangled measurements, poly(𝑛, 𝑘, 1/𝜀)

copies suffice because one can simply run quantum hypothesis selection [26]. Unlike

here, they do not manage to give a full tradeoff. Additionally, they prove some partial

results for using 𝑡-entangled measurements for mixedness testing [169, 54, 67], where

the goal is to distinguish the maximally mixed state from states that are 𝜀-far in trace

distance from maximally mixed. Specifically, when 𝑡 = 𝑜(log(𝑑))/𝜀2, the polynomial

dependence on 𝑑 in their lower bound matches that of the lower bound of [54] for 𝑡 = 1.

Although that lower bound is suboptimal even for 𝑡 = 1, and although [64] did not

achieve a full tradeoff for mixedness testing, we remark that it hints at an interesting

phenomenon. Unlike in tomography, where copy complexity smoothly decreases as 𝑡

increases, for mixedness testing, the number of copies 𝑡 must exceed some 𝜀-dependent

threshold before one can improve upon the single-copy rate.

Lastly, we remark that our analysis of the upper bound makes crucial use of certain
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representation-theoretic estimates proved by [170]. While these estimates were origi-

nally used to analyze Keyl’s estimator in the fully-entangled setting, in our analysis

we leverage them in a novel way to prove guarantees in the partially-entangled setting

.

6.2 Preliminaries

Throughout, let 𝜌 ∈ C𝑑×𝑑 be the unknown state that we are trying to learn.

𝑡-Entangled Measurements An algorithm that uses 𝑡-entangled measurements

and 𝑛 total copies of 𝜌 operates as follows: it is given 𝑚 = 𝑛/𝑡 copies of 𝜌⊗𝑡. It then

iteratively measures the 𝑖-th copy of 𝜌⊗𝑡 (for 𝑖 = 1, 2, . . . ,𝑚) using a POVM in C𝑑𝑡×𝑑𝑡

which could depend on the results of previous measurements, records the outcome,

and then repeats this process on the (𝑖+ 1)-th copy of 𝜌⊗𝑡. After performing all 𝑚

measurements, it must output an estimate of 𝜌 based on the (classical) sequence of

outcomes it has received.

Remark 6.2.1. Note that limiting the batch size to exactly 𝑡 is not actually a

limitation because we can simulate an algorithm that adaptively chooses batch sizes

of at most 𝑡 with an algorithm that uses batch sizes of exactly 𝑡 up to at most a factor

of 2 in the total copy complexity. This is because we can simply combine batches

whenever their total size is at most 𝑡.

6.2.1 Representation Theory Basics

We will introduce some notation and facts from representation theory for analyzing

entangled quantum measurements. Our exposition closely follows [170, 171]. For a

more detailed explanation of the elementary representation theory results, see e.g.

[215]. We use 𝐺𝐿𝑑 to denote the general linear group in C𝑑×𝑑 and 𝑈𝑑 to denote the

unitary group in C𝑑×𝑑. Next, we introduce some notation for partitions.

Definition 6.2.2. Given a positive integer 𝑛, a partition of 𝑛 into 𝑑 parts is a list
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of positive integers 𝜆 = (𝜆1, . . . , 𝜆𝑑) with 𝜆1 ⩾ . . . ⩾ 𝜆𝑑 such that 𝜆1 + · · ·+ 𝜆𝑑 = 𝑛.

We write 𝜆 ⊢ 𝑛 to denote that 𝜆 is a partition of 𝑛. We use |𝜆| to denote the total

number of elements in 𝜆 and ℓ(𝜆) to denote the number of nonzero parts in 𝜆, e.g. in

the previous example |𝜆| = 𝑛 and ℓ(𝜆) = 𝑑.

Definition 6.2.3. Given two partitions 𝜆, 𝜆′ ⊢ 𝑛 where 𝜆 = (𝜆1, . . . , 𝜆𝑑) and 𝜆′ =

(𝜆′1, . . . , 𝜆
′
𝑑′), we say 𝜆 majorizes 𝜆′ if

𝜆1 + · · ·+ 𝜆𝑖 ⩾ 𝜆′1 + · · ·+ 𝜆′𝑖

for all 𝑖 where 𝜆𝑗, 𝜆′𝑗 are defined to be 0 whenever 𝑗 exceeds the number of parts in

the partition. If 𝜆 majorizes 𝜆′, we write 𝜆 ⪰ 𝜆′.

Fact 6.2.4 ([184]). For any 𝑛, the number of distinct partitions 𝜆 ⊢ 𝑛 is at most 23
√
𝑛.

Definition 6.2.5. Given a partition 𝜆 ⊢ 𝑛, let 𝑓𝑖(𝜆) be the number of parts of 𝜆 that

are equal to 𝑖 for each integer 𝑖. We define count(𝜆) = 𝑓1(𝜆)! · · · 𝑓𝑛(𝜆)!.

Definition 6.2.6. Given a partition 𝜆 ⊢ 𝑛, we let 𝜆𝑇 ⊢ 𝑛 denote its transpose i.e. 𝜆𝑇1
the number of parts of 𝜆 that are at least 1, 𝜆𝑇2 is the number of parts of 𝜆 that are

at least 2 and so on.

Definition 6.2.7. [Young Tableaux] We have the following standard definitions:

• Given a partition 𝜆 ⊢ 𝑛, a Young diagram of shape 𝜆 is a left-justified set of

boxes arranged in rows, with 𝜆𝑖 boxes in the 𝑖th row from the top.

• A standard Young tableaux (SYT) 𝑇 of shape 𝜆 is a Young diagram of shape 𝜆

where each box is filled with some integer in [𝑛] such that the rows are strictly

increasing from left to right and the columns are strictly increasing from top to

bottom.

• A semistandard Young tableaux (SSYT) 𝑇 of shape 𝜆 is a Young diagram of

shape 𝜆 where each box is filled with some integer in [𝑑] for some 𝑑 and the rows
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are weakly increasing from left to right and the columns are strictly increasing

from top to bottom.

Now we review the correspondence between Young tableaux and representations of

the symmetric and general linear groups.

Definition 6.2.8. We say a representation 𝜇 of 𝐺𝐿𝑑 over a complex vector space C𝑚

is a polynomial representation if for any 𝑈 ∈ C𝑑×𝑑, 𝜇(𝑈) ∈ C𝑚×𝑚 is a polynomial in

the entries of 𝑈 .

Fact 6.2.9 ([187]). The irreducible representations of the symmetric group 𝑆𝑛 are

exactly indexed by the partitions 𝜆 ⊢ 𝑛 and have dimensions dim(𝜆) equal to the

number of standard Young tableaux of shape 𝜆. We denote the corresponding vector

space Sp𝜆.

Fact 6.2.10 ([93]). For each 𝜆 ⊢ 𝑛, there is a (unique) irreducible polynomial

representation of 𝐺𝐿𝑑 corresponding to 𝜆. We denote the corresponding map and

vector space (𝜋𝜆, 𝑉
𝑑
𝜆 ). The dimension dim(𝑉 𝑑

𝜆 ) is equal to the number of semistandard

Young tableaux of shape 𝜆 with entries in [𝑑]. This representation, restricted to 𝑈𝑑 is

also an irreducible representation.

Theorem 6.2.11 (Schur-Weyl Duality [93]). Consider the representation of 𝑆𝑛×𝐺𝐿𝑑

on (C𝑑)⊗𝑛 where the action of the permutation 𝜋 ∈ 𝑆𝑛 permutes the different copies

of C𝑑 and the action of 𝑈 ∈ 𝐺𝐿𝑑 is applied independently to each copy. This

representation can be decomposed as a direct sum

(C𝑑)⊗𝑛 =
⨁︁
𝜆⊢𝑛

ℓ(𝜆)⩽𝑑

Sp𝜆 ⊗ 𝑉 𝑑
𝜆 .

Definition 6.2.12 (Schur Subspace). We call Sp𝜆 ⊗ 𝑉 𝑑
𝜆 the 𝜆-Schur subspace. Given

integers 𝑛, 𝑑 and 𝜆 ⊢ 𝑛, we define Π𝑑
𝜆 : (C𝑑)⊗𝑛 → Sp𝜆⊗𝑉 𝑑

𝜆 to project onto the 𝜆-Schur

subspace.
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Theorem 6.2.13 (Gelfand-Tsetlin Basis [93]). Let 𝑛, 𝑑 be positive integers. For

each partition 𝜆 ⊢ 𝑛 where 𝜆 has at most 𝑑 parts, there is a basis 𝑣1, . . . , 𝑣𝑚 of

𝑉 𝑑
𝜆 with 𝑚 = dim(𝑉 𝑑

𝜆 ) such that for any matrix 𝐷𝛼 = diag(𝛼1, . . . , 𝛼𝑑), we have

𝑣†𝑖𝜋𝜆(𝐷𝛼)𝑣𝑖 = 𝛼𝑓 (𝑖) for all 𝑖 where 𝑓 (𝑖) are each 𝑑-tuples that give the frequencies of

1, 2, . . . , 𝑑 in each of the different semi-standard tableaux of shape 𝜆.

We now present a few consequences of Theorem 6.2.11 and Theorem 6.2.13 that will

be used in our learning primitives. Roughly, we give a more explicit representation of

the Gelfand-Tsetlin basis when embedded in the representation of (C𝑑)⊗𝑛.

Definition 6.2.14. For integers 𝑛, 𝑑 and a 𝑑-tuple 𝑓1, . . . , 𝑓𝑑 such that 𝑓1+· · ·+𝑓𝑑 = 𝑛,

we define 𝐺𝑓1,...,𝑓𝑑 [𝑛→ 𝑑] to be the set of all functions 𝑔 : [𝑛]→ [𝑑] where the multiset

{𝑔(1), . . . , 𝑔(𝑛)} has 1 with frequency 𝑓1, 2 with frequency 𝑓2 and so on.

Lemma 6.2.15. Let 𝑓 = (𝑓1, . . . , 𝑓𝑑) where 𝑓1, . . . , 𝑓𝑑 ⩾ 0 are integers and 𝑓1 + · · ·+

𝑓𝑑 = 𝑛. Let 𝑣1, . . . , 𝑣𝑑 be orthogonal vectors in C𝑑. If 𝜆 is a partition that majorizes

(𝑓1, . . . , 𝑓𝑑) (after sorting in decreasing order) then there are weights {𝑤𝑔}𝑔∈𝐺𝑓1,...,𝑓𝑑
[𝑛→𝑑]

such that the vector

𝑣𝑓 =
∑︁

𝑔∈𝐺𝑓1,...,𝑓𝑑
[𝑛→𝑑]

𝑤𝑔(𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑛))

is in the Schur subspace Sp𝜆 ⊗ 𝑉 𝑑
𝜆 . Furthermore, we can choose dim(𝜆) orthogonal

unit vectors 𝑣𝑓,1, . . . , 𝑣𝑓,dim(𝜆) of the above form the weights so that

E
𝑈

⎡⎣𝑈⊗𝑛

⎛⎝dim(𝜆)∑︁
𝑗=1

𝑣𝑓,𝑗𝑣
†
𝑓,𝑗

⎞⎠ (𝑈 †)⊗𝑛

⎤⎦ =
1

dim(𝑉 𝑑
𝜆 )

Π𝑑
𝜆

where the expectation is over Haar random unitaries 𝑈 .

Proof. First, WLOG 𝑣1, . . . , 𝑣𝑑 are the standard basis 𝑒1, . . . , 𝑒𝑑. This is because by

Theorem 6.2.11, we can always rotate all of the 𝑛 copies simultaneously by the same

unitary while staying within the same Schur subspace. Now imagine decomposing C𝑑𝑛
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into the subspaces given by Theorem 6.2.11. Take one of the copies of 𝑉 𝑑
𝜆 . Note that

since 𝜆 majorizes (𝑓1, . . . , 𝑓𝑑), there is a semi-standard tableaux of shape 𝜆 where the

numbers 1, 2, . . . , 𝑑 occur exactly 𝑓1, . . . , 𝑓𝑑 times respectively. Thus, we can apply

Theorem 6.2.13 to find the vector 𝑣𝑓 in it such that

𝑣†𝑓𝐷
⊗𝑛
𝛼 𝑣𝑓 = 𝛼𝑓

where 𝐷𝛼 = diag(𝛼1, . . . , 𝛼𝑑). Note that both sides of the above are polynomials in

the 𝛼1, . . . , 𝛼𝑑 and it holds for all values, so it must actually hold as a polynomial

identity. Thus, 𝑣𝑓 must be contained in the eigenspace of 𝐷⊗𝑛
𝛼 with eigenvalue 𝛼𝑓

which is exactly the subsapce spanned by 𝑒𝑔(1) ⊗ · · · ⊗ 𝑒𝑔(𝑛) as 𝑔 ranges over all of the

functions in 𝐺𝑓1,...,𝑓𝑑 [𝑛→ 𝑑]. This immediately implies the first statement.

For the second statement, the fact that 𝑉 𝑑
𝜆 is an irreducible representation of 𝑈𝑑

implies that

E
𝑈

[︁
𝑈⊗𝑛𝑣𝑓𝑣

†
𝑓 (𝑈

†)⊗𝑛
]︁

is equal to 1
dim(𝑉 𝑑

𝜆 )
times a projection onto the copy of 𝑉 𝑑

𝜆 that 𝑣𝑓 is in. Thus, we

can simply use the same construction and pick 𝑣𝑓,1, . . . , 𝑣𝑓,dim(𝜆), one from each of the

copies of 𝑉 𝑑
𝜆 in C𝑑𝑛 and then we get the desired statement.

In light of Lemma 6.2.15, we make the following definition.

Definition 6.2.16. Given integers 𝑛, 𝑑 and a partition 𝜆 ⊢ 𝑛, we define the vectors

𝑣𝑑𝜆,1, . . . , 𝑣
𝑑
𝜆,dim(𝜆) ∈ C𝑑𝑛 to be the vectors constructed in Lemma 6.2.15 where we

choose 𝑣1, . . . , 𝑣𝑑 to be the standard basis and (𝑓1, . . . , 𝑓𝑑) = (𝜆1, . . . , 𝜆𝑑) (when the

vectors are not unique, we pick arbitrary ones, the choice will not matter when we use

this later on). We define

𝑀𝑑
𝜆 =

dim(𝜆)∑︁
𝑗=1

𝑣𝑑𝜆,𝑗(𝑣
𝑑
𝜆,𝑗)

† .

We may drop the 𝑑 in the superscript and simply write 𝑀𝜆 when 𝑑 is clear from

context.
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We also have the following lemma that provides a type of converse to Lemma 6.2.15.

Lemma 6.2.17. Let 𝑔 : [𝑛] → [𝑑] be a function in 𝐺𝑓1,...,𝑓𝑑 [𝑛 → 𝑑]. Then for any

partition 𝜆 ⊢ 𝑛 that does not majorize (𝑓1, . . . , 𝑓𝑑) (after sorting in decreasing order),

we have

Π𝑑
𝜆(𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑛)) = 0 .

Proof. As before, due to Theorem 6.2.11, WLOG 𝑣1, . . . , 𝑣𝑑 are the standard basis

𝑒1, . . . , 𝑒𝑑. Take any of the copies of 𝑉 𝑑
𝜆 . Note that by assumption, there does not

exist any semi-standard tableaux of shape 𝜆 where 1, 2, . . . , 𝑑 occur with frequencies

𝑓1, . . . , 𝑓𝑑 respectively. Now consider a basis 𝑣𝑓 (1) , . . . , 𝑣𝑓 (𝑚) for 𝑉 𝑑
𝜆 as given by Theo-

rem 6.2.13. As in Lemma 6.2.15, we have that each vector 𝑣𝑓 (𝑖) must be contained in

the span of vectors 𝑣𝑔′(1)⊗· · ·⊗𝑣𝑔′(𝑛) as 𝑔′ ranges over all functions in 𝐺
𝑓
(𝑖)
1 ,...,𝑓

(𝑖)
𝑑
[𝑛→ 𝑑].

However, as no semi-standard tableaux of shape 𝜆 has 1, 2, . . . , 𝑑 occur with frequencies

𝑓1, . . . , 𝑓𝑑, these subsapces are all orthogonal to 𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑛) and thus 𝑣𝑓 (𝑖) is

orthogonal as well. Since the 𝑣𝑓 (𝑖) form a basis for (one copy of) 𝑉 𝑑
𝜆 and we can repeat

the same argument for all of the other copies, 𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑛) is actually orthogonal

to the entire 𝜆-Schur subspace and we are done.

Equipped with the above constructions, we can define the following POVMs.

Definition 6.2.18 (Weak Schur Sampling). We use the term weak Schur sampling

to refer to the POVM on C𝑑𝑛×𝑑𝑛 with elements given by Π𝑑
𝜆 for 𝜆 ranging over all

partitions of 𝑛 into at most 𝑑 parts.

Our algorithm will make use of a POVM introduced by Keyl in [135]. However, the

actual estimator we construct and its analysis will (necessarily) be very different from

previous works.

Definition 6.2.19 (Keyl’s POVM [135]). We define the following POVM on C𝑑𝑛×𝑑𝑛 :

first perform weak Schur sampling to obtain 𝜆 ⊢ 𝑛. Then within the subspace Sp𝜆⊗𝑉 𝑑
𝜆 ,
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measure according to

dim(𝑉 𝑑
𝜆 ){𝑈⊗𝑛𝑀𝜆(𝑈

†)⊗𝑛)}𝑈

where 𝑈 ranges over Haar random unitaries. Note that the outcome of the measurement

consists of a partition 𝜆 ⊢ 𝑛 and a unitary 𝑈 ∈ C𝑑×𝑑.

Remark 6.2.20. The fact that this is a valid POVM follows from Lemma 6.2.15.

6.2.2 Schur Sampling and the Schur-Weyl Distribution

Next, we introduce a few standard tools for analyzing entangled measurements involv-

ing Schur sampling and related POVMs.

Definition 6.2.21. For a 𝑑-tuple of variables 𝑥 = (𝑥1, . . . , 𝑥𝑑) and integers 𝜆 =

(𝜆1, . . . , 𝜆𝑑), we use
∑︀

sym 𝑥
𝜆 to denote the symmetric polynomial that is a sum over

all distinct monomials of the form 𝑥
𝜆𝜋(1)

1 · · ·𝑥𝜆𝜋(𝑑)

𝑑 for permutations 𝜋 on [𝑑].

Definition 6.2.22 (Schur Polynomial). Given integers 𝑛, 𝑑 and a partition 𝜆 ⊢ 𝑛, we

define the 𝑑-variate polynomial 𝑠𝜆(𝑥1, . . . , 𝑥𝑑) as

𝑠𝜆(𝑥1, . . . , 𝑥𝑑) =
∑︁

SSYT 𝑇 :
𝑇 has shape 𝜆

𝑥𝑇

where 𝑥𝑇 = 𝑥𝑓11 · · ·𝑥
𝑓𝑑
𝑑 where 𝑓1, . . . , 𝑓𝑑 are the frequencies of 1, 2, . . . , 𝑑 in the tableaux

𝑇 .

Fact 6.2.23 ([93]). We have the following properties:

• The Schur polynomial 𝑠𝜆(𝑥1, . . . , 𝑥𝑑) is symmetric in the variables 𝑥1, . . . , 𝑥𝑑

• The Schur polynomial is equal to the character of the representation 𝜋𝜆 i.e. for

a matrix 𝑀 ∈ C𝑑×𝑑 with eigenvalues 𝛼1, . . . , 𝛼𝑑, tr(𝜋𝜆(𝑀)) = 𝑠𝜆(𝛼1, . . . , 𝛼𝑑).
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• We have for any 𝛼1, . . . , 𝛼𝑑, the identity

∑︁
𝜆⊢𝑛

dim(𝜆)𝑠𝜆(𝛼1, . . . , 𝛼𝑑) = (𝛼1 + · · ·+ 𝛼𝑑)
𝑛

Definition 6.2.24 (Schur Weyl Distribution). Given integers 𝑛, 𝑑 and a tuple

(𝛼1, . . . , 𝛼𝑑) with 𝛼𝑖 ⩾ 0 and 𝛼1 + · · ·+ 𝛼𝑑 = 1, the Schur-Weyl distribution SW𝑛(𝛼)

is a distribution over partitions 𝜆 ⊢ 𝑛 into at most 𝑑 parts where the probability of

sampling a given 𝜆 is dim(𝜆) · 𝑠𝜆(𝛼). When 𝛼 is uniform, we may write SW𝑛
𝑑 instead.

Fact 6.2.25. For a quantum state 𝜌 ∈ C𝑑×𝑑 with eigenvalues 𝛼1, . . . , 𝛼𝑑, if we perform

weak Schur sampling on 𝜌⊗𝑛, then the resulting distribution over 𝜆 is exactly SW𝑛(𝛼).

One of the key tools for understanding the Schur-Weyl distribution is the following

combinatorial characterization.

Fact 6.2.26 (The RSK-Correspondence, Greene’s Theorem [184]). Consider 𝜆 ∼

SW𝑛(𝛼). Alternatively, sample a sequence of 𝑛 tokens in [𝑑] say 𝑥 = (𝑥1, . . . , 𝑥𝑛)

where each token is drawn independently from the distribution (𝛼1, . . . , 𝛼𝑑). For each

𝑘 ⩽ 𝑛, let 𝑙𝑘 be the maximum length of the union of 𝑘 disjoint weakly increasing

subsequences of 𝑥 and let 𝑙′𝑘 be the maximum length of the union of 𝑘 disjoint strictly

decreasing subsequences of 𝑘. Then we have that:

• The distribution of 𝜆 is the same as the distribution of (𝑙1, 𝑙2− 𝑙1, 𝑙3− 𝑙2, . . . , 𝑙𝑛−

𝑙𝑛−1)

• The distribution of 𝜆𝑇 is the same as the distribution of (𝑙′1, 𝑙′2 − 𝑙′1, . . . , 𝑙′𝑛 − 𝑙′𝑛−1)

We now prove a few basic inequalities about the Schur-Weyl distribution. Compared

to [170, 171] where inequalities of a similar flavor are used, the inequalities here are

stronger in the regime 𝑛≪ 𝑑2, which will be crucial later on.

Claim 6.2.27. Let 𝛼 = (𝛼1, . . . , 𝛼𝑑) be a vector of nonnegative weights summing to
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1. Then for 𝜆 ∼ SW𝑛(𝛼), with probability at least 1/2,

𝑑∑︁
𝑖=1

𝜆2𝑖 ⩾
𝑛1.5

4
.

Proof. Consider sampling a sequence 𝑥 = (𝑥1, . . . , 𝑥𝑛) in [𝑑]𝑛 where each token is

drawn independently from the distribution (𝛼1, . . . , 𝛼𝑑) as in Fact 6.2.26. Now we

pair up each sequence 𝑥 with its reverse, say 𝑥′. These sequences occur with equal

probability. Next, let 𝜆(𝑥) be the partition corresponding to 𝑥 as defined in Fact 6.2.26.

Note that by construction, 𝜆(𝑥′) ≻ 𝜆(𝑥)𝑇 . On the other hand, for any partition 𝜆 ⊢ 𝑛,

we claim that

max

(︃
𝑛∑︁

𝑖=1

𝜆2𝑖 ,
𝑛∑︁

𝑖=1

(𝜆𝑇𝑖 )
2

)︃
⩾
𝑛1.5

4
.

Once we prove the above we are done, since 𝑥 and 𝑥′ occur with the same probability

and then we would get that either 𝜆(𝑥) or 𝜆(𝑥′) satisfy the desired property. To see

why the above holds, if 𝜆1 + · · · + 𝜆√𝑛/2 ⩾ 𝑛
2
, then

∑︀√
𝑛/2

𝑖=1 𝜆2𝑖 ⩾ 𝑛1.5/2 by Cauchy

Schwarz. On the other hand, if 𝜆1 + · · · + 𝜆√𝑛/2 ⩽ 𝑛
2
, then

∑︀
𝑖>

√
𝑛/2 𝜆𝑖 ⩾

𝑛
2

which

actually implies that ∑︁
𝑖,𝜆𝑇

𝑖 ⩾
√
𝑛
2

𝜆𝑇𝑖 ⩾
𝑛

2
.

The above then implies that
∑︀𝑛

𝑖=1(𝜆
𝑇
𝑖 )

2 ⩾ 𝑛
2
·
√
𝑛
2

= 𝑛1.5

4
. This completes the proof.

Claim 6.2.28. Let 𝛼 = (𝛼1, . . . , 𝛼𝑑) be a vector of nonnegative weights summing to

1. Then for 𝜆 ∼ SW𝑛(𝛼),

E

[︃
𝑑∑︁

𝑖=1

𝜆2𝑖

]︃
⩽ 2((𝛼2

1 + · · ·+ 𝛼2
𝑑)𝑛

2 + 𝑛1.5)

Proof. Define the polynomial

𝑝*2(𝜆) =

ℓ(𝜆)∑︁
𝑖=1

(︃(︂
𝜆𝑖 − 𝑖+

1

2

)︂2

−
(︂
𝑖− 1

2

)︂2
)︃
.
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It is a standard fact (see [169]) that

E
𝜆∼𝑆𝑊𝑛(𝛼)

[𝑝*2(𝜆)] = 𝑛(𝑛− 1)
𝑑∑︁

𝑖=1

𝛼2
𝑖 . (6.2)

Next, note that
ℓ(𝜆)∑︁
𝑖=1

(2𝑖− 1)𝜆𝑖 =

ℓ(𝜆𝑇
𝑗 )∑︁

𝑗=1

(𝜆𝑇𝑗 )
2 .

Finally, recall from Fact 6.2.26 that 𝜆𝑇1 has the same distribution as the longest strictly

decreasing subsequence of a random sequence of 𝑛 tokens in [𝑑] drawn independently

from the distribution (𝛼1, . . . , 𝛼𝑑). This is dominated by the longest decreasing

subsequence of a random permutation and it is known (see e.g. [215]) that this has

expected value at most 2
√
𝑛. Thus,

E[𝜆𝑇1 ] ⩽ 2
√
𝑛

so

E

⎡⎣ ℓ(𝜆)∑︁
𝑖=1

(2𝑖− 1)𝜆𝑖

⎤⎦ = E

⎡⎣ℓ(𝜆𝑇
𝑗 )∑︁

𝑗=1

(𝜆𝑇𝑗 )
2

⎤⎦ ⩽ 2𝑛1.5 .

Combining the above with (6.2) implies

E

[︃
𝑑∑︁

𝑖=1

𝜆2𝑖

]︃
⩽ 2((𝛼2

1 + · · ·+ 𝛼2
𝑑)𝑛

2 + 𝑛1.5)

as desired.

6.2.3 Tensor Manipulations

We will also need some general notation for working with vectors, matrices and tensors.

Definition 6.2.29. For a vector 𝑣 ∈ C𝑑𝑡 , we define 𝑇 (𝑣) to be the 𝑑⊗ · · · ⊗ 𝑑 tensor

obtained by reshaping 𝑣 (we assume that this is done in a canonical and consistent

way throughout this paper).
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Definition 6.2.30. For matrices (or tensors) 𝐴1, . . . , 𝐴𝑡 with all dimensions equal,

we denote the symmetric sum

∑︁
sym

𝐴1 ⊗ · · · ⊗ 𝐴𝑡 =
∑︁
𝜋∈𝑆𝑡

𝐴𝜋(1) ⊗ · · · ⊗ 𝐴𝜋(𝑡) .

If we additionally have positive integers 𝑘1, . . . , 𝑘𝑡, then

∑︁
sym

𝐴⊗𝑘1
1 ⊗ · · · ⊗ 𝐴⊗𝑘𝑡

𝑡 =
∑︁

𝑓∈𝒮𝑘1,...,𝑘𝑡

𝐴𝑓(1) ⊗ · · · ⊗ 𝐴𝑓(𝑘1+···+𝑘𝑡) .

where 𝒮𝑘1,...,𝑘𝑡 consists of all distinct permutations of the multiset with 𝑘1 elements

equal to 1 , 𝑘2 elements equal to 2 and so on.

Definition 6.2.31. Given a tensor 𝑇 ∈ (C𝑑)⊗𝑡, we index its modes 1, 2, . . . , 𝑡. For

sets 𝑆1, . . . , 𝑆𝑘 that partition [𝑡], we define 𝐹𝑆1,...,𝑆𝑘
(𝑇 ) to be the order-𝑘 tensor whose

dimensions are 𝑑|𝑆1| × · · · × 𝑑|𝑆𝑘| and are obtained by flattening the respective modes

of 𝑇 indexed by elements of 𝑆1, . . . , 𝑆𝑘 respectively.

Definition 6.2.32. For a vector 𝑣 ∈ C𝑑𝑡 and integer 1 ⩽ 𝑗 ⩽ 𝑡, we define 𝐺𝑗(𝑣) to be

a 𝑑𝑗 × 𝑑𝑗 matrix defined as

𝐺𝑗(𝑣) =
∑︁

𝑆⊂[𝑡],|𝑆|=𝑗

(︀
𝐹𝑆,[𝑡]∖𝑆(𝑇 (𝑣))

)︀ (︀
𝐹𝑆,[𝑡]∖𝑆(𝑇 (𝑣))

)︀†
.

Now we have the following relations.

Fact 6.2.33. For any vector 𝑣 ∈ C𝑑𝑡, matrix 𝐸 ∈ C𝑑×𝑑 and integer 1 ⩽ 𝑘 ⩽ 𝑡,

⟨
∑︁
sym

𝐸⊗𝑘 ⊗ 𝐼⊗𝑡−𝑘
𝑑 , 𝑣𝑣†⟩ = ⟨𝐸⊗𝑘, 𝐺𝑘(𝑣)⟩ .

Proof. The identity follows immediately from the definitions.

Lemma 6.2.34. Let 𝑓1 ⩾ . . . ⩾ 𝑓𝑑 ⩾ 0 and 𝑓1 + · · · + 𝑓𝑑 = 𝑡. Let 𝑣1, . . . , 𝑣𝑑 be an

256



orthonormal basis for C𝑑. Let

𝑣 =
∑︁
𝑔

𝑤𝑔(𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑡))

where 𝑔 : [𝑡]→ [𝑑] ranges over all functions such that exactly 𝑓𝑗 distinct elements are

mapped to 𝑗 for each 𝑗 ∈ [𝑑]. Then

𝐺1(𝑣) =

(︃∑︁
𝑔

𝑤2
𝑔

)︃
· (𝑓1𝑣1𝑣†1 + · · ·+ 𝑓𝑑𝑣𝑑𝑣

†
𝑑) .

Proof. Note that for any two distinct functions 𝑔, 𝑔′ with the specified frequencies, for

any index 𝑗,

𝐹{𝑗},[𝑡]∖{𝑗}(𝑣𝑔(1)⊗· · ·⊗𝑣𝑔(𝑡))𝐹{𝑗},[𝑡]∖{𝑗}(𝑣𝑔′(1)⊗· · ·⊗𝑣𝑔′(𝑡))† = 𝑣𝑔(𝑗)𝑣
†
𝑔′(𝑗)·

∏︁
𝑙 ̸=𝑗

⟨𝑣𝑔(𝑙), 𝑣𝑔′(𝑙)⟩ = 0

because 𝑔, 𝑔′ must differ on at least two inputs 𝑙 ∈ [𝑡] (since their outputs have the

same frequencies) so then ⟨𝑣𝑔(𝑙), 𝑣𝑔′(𝑙)⟩ = 0 for some 𝑙 ∈ [𝑡]∖{𝑗}. Next, using the same

formula as above but with 𝑔 = 𝑔′,

𝐹{𝑗},[𝑡]∖{𝑗}(𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑡))𝐹{𝑗},[𝑡]∖{𝑗}(𝑣𝑔(1) ⊗ · · · ⊗ 𝑣𝑔(𝑡))† = 𝑣𝑔(𝑗)𝑣
†
𝑔(𝑗) .

Writing out the definition of 𝑣 and combining the above two identities completes the

proof of the desired equality.

As a consequence of Lemma 6.2.34, we have:

Corollary 6.2.35. Let 𝑑 be an integer and 𝜆 ⊢ 𝑡 be a partition. Let 𝑣𝑑𝜆,𝑗 ∈ C𝑑𝑡 be one

of the vectors as defined in Definition 6.2.16. Then

𝐺1(𝑣
𝑑
𝜆,𝑗) = diag(𝜆1, . . . , 𝜆𝑑) .
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Furthermore, for any unitary 𝑈 ∈ C𝑑×𝑑,

𝐺1(𝑈
⊗𝑡𝑣𝑑𝜆,𝑗) = 𝑈 diag(𝜆1, . . . , 𝜆𝑑)𝑈

† .

Proof. This statement follows immediately from Lemma 6.2.15 and Lemma 6.2.34.

6.2.4 Additional Facts

In this section, we present a few additional facts that will be used later in the proof.

First, we give an expression for the symmetric polynomials as a linear combination of

products of power sums.

Lemma 6.2.36. Let 𝑥 = (𝑥1, . . . , 𝑥𝑑) be a 𝑑-tuple of variables and let 𝜆 ⊢ 𝑛 be a

partition of 𝑛 into 𝑑 parts (possibly including zeros). For each integer 𝑘, let 𝑆𝑘 =

𝑥𝑘1 + · · ·+ 𝑥𝑘𝑑. Then we can write

count(𝜆)
∑︁
sym

𝑥𝜆 =
∑︁
𝜇⊢𝑛
𝜇⪰𝜆

𝑐𝜇
∏︁
𝜇𝑖>0

𝑆𝜇𝑖

for some coefficients 𝑐𝜇 satisfying |𝑐𝜇| ⩽ (2𝑛2)(ℓ(𝜆)−ℓ(𝜇)) (recall count is defined in

Definition 6.2.5).

Proof. We prove the statement by induction on 𝜆 where we induct on the reverse

“majorizing order". The base case is when 𝜆 = (𝑛, 0, . . . , 0), which is the (unique)

maximal partition according to the majorizing order. Now assume that we have proved

the claim for all 𝜆′ that strictly majorize 𝜆. Now note that we can write

∏︁
𝜆𝑖>0

𝑆𝜆𝑖
=
∑︁
𝜇⊢𝑛
𝜇⪰𝜆

𝑧𝜇
∑︁
sym

𝑥𝜇

for some coefficients 𝑧𝜇 that are nonnegative integers. Furthermore, the coefficient 𝑧𝜆
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is exactly equal to count(𝜆). Thus,

count(𝜆)
∑︁
sym

𝑥𝜆 −
∏︁
𝜆𝑖>0

𝑆𝜆𝑖

is a symmetric polynomial whose monomials strictly majorize 𝜆 and we can now apply

the inductive hypothesis to write count(𝜆)
∑︀

sym 𝑥
𝜆 in the desired form. Using the

inductive hypothesis, we can bound the coefficients. First 𝑐𝜆 = 1 by construction.

Next, for 𝜇 ≻ 𝜆, we can bound 𝑐𝜇 as

|𝑐𝜇| ⩽
∑︁
𝜇′⊢𝑛

𝜇⪰𝜇′≻𝜆

(2𝑛2)ℓ(𝜇
′)−ℓ(𝜇)𝑧𝜇′

count(𝜇′)
⩽ (2𝑛2)ℓ(𝜆)−ℓ(𝜇)

∑︁
𝜇′⊢𝑛
𝜇′≻𝜆

𝑧𝜇′

count(𝜇′)(2𝑛2)ℓ(𝜆)−ℓ(𝜇′)
.

Let ℓ(𝜆) = 𝑘 and fix some 𝜇′ with ℓ(𝜇′) = 𝑘′. Now recall that 𝑧𝜇′ is the coefficient of

𝑥𝜇
′ in the expansion 𝑆𝜆1 · · ·𝑆𝜆𝑘

. It is 0 unless 𝑘′ < 𝑘 (since we are assuming 𝜇′ ≻ 𝜆).

Also, 𝑧𝜇′/count(𝜇′) is at most equal to the number of partitions of the set {𝜆1, . . . , 𝜆𝑘}

into 𝑘′ parts such that the sums of the parts of the partition are exactly 𝜇′
1, . . . , 𝜇

′
𝑘′ .

Thus,
∑︀

ℓ(𝜇′)=𝑘′ 𝑧𝜇′/count(𝜇′) is at most equal to the number of ways to partition [𝑘]

into exactly 𝑘′ disjoint subsets. This is at most equal to the number of labeled forests

on 𝑘 vertices with 𝑘 − 𝑘′ edges which is at most 𝑘2(𝑘−𝑘′) ⩽ (𝑛2)ℓ(𝜆)−ℓ(𝜇′). Substituting

this into the above sum completes the proof.

We also have the following formulas for integrals over Haar random unitaries.

Claim 6.2.37. Let 𝑣 ∈ C𝑑 be a uniformly random unit vector. Let 𝑣1 be its first

entry and 𝑣2 be its second entry. Then

E[|𝑣1|2] = E[|𝑣2|2] =
1

𝑑

E[|𝑣1|4] =
2

𝑑(𝑑+ 1)

E[|𝑣1|2|𝑣2|2] =
1

𝑑(𝑑+ 1)
.

Proof. These follow from direct computation using formulas for Haar integrals (see
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[107]).

Claim 6.2.38. Let 𝑋, 𝑌 ∈ C𝑑×𝑑 be Hermitian matrices. Then

E
𝑈
[(𝑈 †𝑋𝑈)⟨𝑈 †𝑋𝑈, 𝑌 ⟩] = 1

𝑑2 − 1

(︂
‖𝑋‖2𝐹 −

tr(𝑋)2

𝑑

)︂(︂
𝑌 − tr(𝑌 )𝐼

𝑑

)︂
+

tr(𝑋)2 tr(𝑌 )𝐼

𝑑2

where the expectation is over a Haar random unitary 𝑈 .

Proof. First by Claim 6.2.37, for a random unit vector 𝑣,

E
𝑣
[𝑣𝑣†⟨𝑣𝑣†, 𝑌 ⟩] = tr(𝑌 )𝐼 + 𝑌

𝑑(𝑑+ 1)

and for Haar random orthonormal unit vectors 𝑣1, 𝑣2,

E
𝑣1,𝑣2
𝑣1⊥𝑣2

[𝑣1𝑣
†
1⟨𝑣2𝑣

†
2, 𝑌 ⟩] = E

𝑣1,𝑣2
𝑣1⊥𝑣2

[︃
𝑣1𝑣

†
1

⟨
𝐼 − 𝑣1𝑣†1
𝑑− 1

, 𝑌

⟩]︃
=

𝑑 tr(𝑌 )𝐼 − 𝑌
(𝑑− 1)𝑑(𝑑+ 1)

.

Now let the eigenvalues of 𝑋 be 𝑥1, . . . , 𝑥𝑑 and the eigenvalues of 𝑌 be 𝑦1, . . . 𝑦𝑑. We

have

E
𝑈
[(𝑈 †𝑋𝑈)⟨𝑈 †𝑋𝑈, 𝑌 ⟩] = E

𝑣

[︃(︃∑︁
𝑗

𝑥2𝑗

)︃
𝑣𝑣†⟨𝑣𝑣†, 𝑌 ⟩

]︃
+ E

𝑣1,𝑣2
𝑣1⊥𝑣2

[︃(︃
2
∑︁
𝑗1<𝑗2

𝑥𝑗1𝑥𝑗2

)︃
𝑣1𝑣

†
1⟨𝑣2𝑣

†
2, 𝑌 ⟩

]︃

= ‖𝑋‖2𝐹 ·
tr(𝑌 )𝐼 + 𝑌

𝑑(𝑑+ 1)
+ (tr(𝑋)2 − ‖𝑋‖2𝐹 )

𝑑 tr(𝑌 )𝐼 − 𝑌
(𝑑− 1)𝑑(𝑑+ 1)

=
1

𝑑2 − 1

(︂
‖𝑋‖2𝐹 −

tr(𝑋)2

𝑑

)︂(︂
𝑌 − tr(𝑌 )𝐼

𝑑

)︂
+

tr(𝑋)2 tr(𝑌 )𝐼

𝑑2
.

6.3 Learning Balanced States

Now, we will present our learning algorithm for states that are close to maximally

mixed. The main result that we prove in this section is as follows:

Theorem 6.3.1. Let 𝜌 = 𝐼𝑑
𝑑
+ 𝐸 be an unknown quantum state in C𝑑×𝑑. Let 𝑡 be
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a parameter such that 𝑡 ⩽ 𝑑2 and ‖𝐸‖𝐹 ⩽ (0.01/𝑡)4. Then for any target accuracy

𝜀, there is an algorithm (Algorithm 6.3.2) that takes 𝑂(𝑑2/(𝑡1.5𝜀2)) copies of 𝜌⊗𝑡 and

returns ̂︀𝐸 ∈ C𝑑×𝑑 such that

E
[︁
‖𝐸 − ̂︀𝐸‖2𝐹]︁ ⩽ 𝑂(𝑡3‖𝐸‖4𝐹 + 𝜀2) .

Our algorithm will make use of Keyl’s POVM (recall Definition 6.2.19).

Algorithm 6.3.2 (Algorithm for Learning Balanced States).

1: Input: 𝑚 copies of 𝜌⊗𝑡 for some unknown quantum state 𝜌 ∈ C𝑑×𝑑 ;

2: for 𝑗 ∈ [𝑚] do

3: Measure 𝜌⊗𝑡 according to Keyl’s POVM ;

4: Let 𝜆 ⊢ 𝑡 be the partition and 𝑈 be the unitary obtained from the

measurement ;

5: Set 𝐷𝑗 = 𝑈 diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡)𝑈
† ;

6: Compute 𝜃 = E𝜆∼SW𝑡
𝑑
[
∑︀

𝑗 𝜆
2
𝑗 ]− (𝑡2/𝑑) ;

7: Compute ̂︀𝐸 = 𝑡(𝑑2−1)
𝑑𝜃

(︀
𝐷1+···+𝐷𝑚

𝑚
− 𝐼𝑑

𝑑

)︀
;

8: Output: ̂︀𝐸 ;

We can actually use Theorem 6.3.1 to learn any state 𝜌 with all eigenvalues at most

4/𝑑 ∗ by first constructing an estimate 𝜎 for the “complement" 4
3𝑑
𝐼𝑑 − 1

3
𝜌 and then

simulating measurement access to copies (𝜌+ 3𝜎)/4 and applying Theorem 6.3.1 to

refine the error in the estimate 𝜎. To initially estimate 𝜎, we will use the standard

algorithm for state tomography with unentangled measurements.

Theorem 6.3.3 ([101]). For any 𝛿, 𝜀 < 1 and unknown state 𝜌 ∈ C𝑑×𝑑, there is an

algorithm that makes unentangled measurements on 𝑂(𝑑2 log(1/𝛿)/𝜀2) copies of 𝜌 and

with 1− 𝛿 probability outputs a state ̂︀𝜌 such that ‖𝜌− ̂︀𝜌‖𝐹 ⩽ 𝜀.

∗the choice of the constant 4 is arbitrary
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In this way, we can prove the following corollary of Theorem 6.3.1. It is actually

slightly more general in that we can learn any state 𝜌 that can be written as a sum

𝜎 +Δ where ‖𝜎‖ ⩽ 4/𝑑 and ‖Δ‖𝐹 is small.

Corollary 6.3.4. Let 𝛿, 𝜀 < 1 and 𝜌 ∈ C
𝑑×𝑑 be an unknown state. Let 𝑡 ⩽

min(𝑑2, 𝑐(1/𝜀)0.2) be some parameter, where 𝑐 is a sufficiently small absolute constant.

Assume that 𝜌 can be written as 𝜌 = 𝜌′ + Δ where ‖𝜌′‖ ⩽ 4/𝑑 and ‖Δ‖𝐹 ⩽
√
𝜀/𝑡2.

Then there is an algorithm that takes 𝑂(𝑑2 log(1/𝛿)/(
√
𝑡𝜀2)) total copies of 𝜌 and

measures them in batches of 𝑡-entangled copies and with probability 1− 𝛿, outputs a

state ̂︀𝜌 such that ‖𝜌− ̂︀𝜌‖𝐹 ⩽ 𝜀.

Proof. In the first step, we run the algorithm in Theorem 6.3.3 with𝑂(𝑑2 log(1/𝛿)/(
√
𝑡𝜀2))

samples to produce an estimate 𝜌 satisfying ‖𝜌− 𝜌‖𝐹 ⩽ 𝑂(𝜀𝑡1/4). Project this (with

respect to the Frobenius norm) to the convex set of density matrices with operator

norm at most 4/𝑑 to produce a new estimate ̃︀𝜌. Note that ‖̃︀𝜌− 𝜌′‖𝐹 ⩽ ‖𝜌− 𝜌′‖𝐹 , and

‖̃︀𝜌− 𝜌‖𝐹 ⩽ ‖̃︀𝜌− 𝜌′‖𝐹 + ‖Δ‖𝐹 ⩽ ‖̂︀𝜌− 𝜌′‖𝐹 + ‖Δ‖𝐹 ⩽ ‖̂︀𝜌− 𝜌‖𝐹 + 2‖Δ‖𝐹

⩽ 𝑂(𝜀𝑡1/4 +
√
𝜀/𝑡2) ⩽ 𝑂(

√
𝜀/𝑡2) ,

where in the last step we used the assumption that 𝑡 ⩽ 𝑐(1/𝜀)0.2. Because ‖̃︀𝜌‖ ⩽ 4/𝑑

by design, the “complement” state 𝜎 ≜ 4
3𝑑
𝐼𝑑 − 1

3
̃︀𝜌 is a valid density matrix. We would

like to apply Theorem 6.3.1 to the state (𝜌+ 3𝜎)/4. Note that

1

4
(𝜌+ 3𝜎) =

1

𝑑
𝐼𝑑 +

1

4
(𝜌− ̃︀𝜌) , (6.3)

and for 𝐸 ≜ (𝜌 − ̃︀𝜌)/4, we have ‖𝐸‖𝐹 ⩽ 𝑂(
√
𝜀/𝑡2) ⩽ (0.01/𝑡)4 by the assumption

that 𝑡 ⩽ 𝑐(1/𝜀)0.2, provided we take 𝑐 sufficiently small. Theorem 6.3.1 thus implies

that with 𝑂(𝑑2/(𝑡1.5𝜀2)) copies of ((𝜌+ 3𝜎)/4)⊗𝑡, measured in batches of 𝑡-entangled

copies, we can use Algorithm 6.3.2 to produce an estimate ̂︀𝐸 for which

‖𝐸 − ̂︀𝐸‖𝐹 ⩽ 𝑂(𝑡3/2‖𝐸‖2𝐹 + 𝜀) ⩽ 𝑂(𝜀) (6.4)
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with probability at least 1− 𝛿, where in the last step we used that ‖𝐸‖2𝐹 ⩽ 𝑂(𝜀/𝑡4).

By Lemma 6.3.5, we can simulate 𝑡-entangled measurement access to (𝜌+ 3𝜎)/4 using

just 𝑡-entangled measurement access to 𝜌.

Our estimate for 𝜌 is given by taking ̃︀𝜌 + 4 ̂︀𝐸 and projecting to the convex set of

density matrices. As this projection can only decrease the Frobenius distance to 𝜌,

the proceeding arguments imply that

‖̃︀𝜌+ 4 ̂︀𝐸 − 𝜌‖𝐹 ⩽ 𝑂(𝜀)

with constant probability with using 𝑂(𝑑2/(
√
𝑡𝜀2)) copies. To achieve failure probabil-

ity 1− 𝛿, we can simply repeat this process 𝑂(log 1/𝛿) times and take the geometric

median of the outputs. Standard arguments then imply that this is 𝑂(𝜀) close to 𝜌

with probability 1− 𝛿. Rescaling 𝜀 by an appropriate constant factor completes the

proof.

Lemma 6.3.5. Let 0 ⩽ 𝜆 ⩽ 1. Given 𝑡 copies of an unknown state 𝜌, and given

a description of a density matrix 𝜎, it is possible to simulate any measurement of

(𝜆𝜌+ (1− 𝜆)𝜎)⊗𝑡 using a measurement of 𝜌⊗𝑡.

Proof. Let {𝑀𝑧}𝑧∈𝒵 be an arbitrary POVM. Then for any 𝑧 ∈ 𝒵, observe that

⟨𝑀𝑧, (𝜆𝜌+ (1− 𝜆)𝜎)⊗𝑡⟩ =
∑︁
𝑆⊆[𝑡]

𝜆|𝑆|(1− 𝜆)𝑡−|𝑆| · ⟨𝑀𝑧, 𝜌⊗𝑆 𝜎⟩ , (6.5)

where 𝜌⊗𝑆 𝜎 denotes the product state such that for every 𝑖 ∈ 𝑆, the 𝑖-th component

of the state is a copy of 𝜌, and every other component is a copy of 𝜎. To simulate

measuring (𝜆𝜌+ (1− 𝜆)𝜎) with {𝑀𝑧}𝑧∈𝒵 , we can simply sample 𝑆 by including each

𝑖 ∈ [𝑡] in 𝑆 with probability 𝜆, prepare the state 𝜌⊗𝑆 𝜎, and measure with {𝑀𝑧}.

The remainder of this section will be devoted to proving Theorem 6.3.1.
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6.3.1 Approximation for Rotationally Invariant POVMs

Recall that our goal in this section is to learn 𝜌 when 𝜌 = 𝐼𝑑/𝑑 + 𝐸 for some 𝐸

that is sufficiently small. One important insight in the analysis of Algorithm 6.3.2 is

that because Keyl’s POVM is invariant to rotating all of the copies simultaneously,

we can replace 𝑋 = 𝜌⊗𝑡 = (𝐼𝑑/𝑑 + 𝐸)⊗𝑡 with its first order approximation 𝑋 ′ =

(𝐼𝑑/𝑑)
⊗𝑡 +

∑︀
sym𝐸 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−1 at the cost of some small error. We can then analyze

the POVM applied to 𝑋 ′ instead which is significantly simpler (although 𝑋 ′ may not

technically be a state).

First, we have the following lemma for bounding quantities that involve averaging

over simultaneous Haar random rotations of all copies.

Lemma 6.3.6. Let 𝑣 ∈ C𝑑𝑡 be any vector with ‖𝑣‖ = 1. Let 𝐸 ∈ C𝑑×𝑑 be a Hermitian

matrix with tr(𝐸) = 0. Then

⃒⃒⃒
E
𝑈
[⟨(𝑈𝐸𝑈 †)⊗𝑡, 𝑣𝑣†⟩]

⃒⃒⃒
⩽

(4𝑡)4𝑡‖𝐸‖𝑡𝐹
𝑑𝑡

where 𝑈 is a Haar random unitary.

Proof. Let the eigenvalues of 𝐸 be 𝛼1, . . . , 𝛼𝑑. Then

E
𝑈
[⟨(𝑈 †𝐸𝑈)⊗𝑡, 𝑣𝑣†⟩]

is a symmetric, degree 𝑡 polynomial in the 𝛼𝑖 since 𝑈 is Haar random. Now consider any

tuple of nonnegative integers 𝜆 = (𝜆1, . . . , 𝜆𝑑) with 𝜆1 ⩾ . . . ⩾ 𝜆𝑑 and 𝜆1+ · · ·+𝜆𝑑 = 𝑡.

For each integer 𝑘, define 𝑆𝑘 = 𝛼𝑘
1 + · · ·+ 𝛼𝑘

𝑑. Use Lemma 6.2.36 to write

count(𝜆)
∑︁
sym

𝛼𝜆 =
∑︁
𝜇⊢𝑡
𝜇⪰𝜆

𝑐𝜇
∏︁
𝜇𝑖>0

𝑆𝜇𝑖
.
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Next note that 𝑆1 = 0 and for all 𝑘 ⩾ 2, 𝑆𝑘 ⩽ (𝛼2
1 + · · ·+ 𝛼2

𝑑)
𝑘/2. Thus,⃒⃒⃒⃒

⃒count(𝜆)∑︁
sym

𝛼𝜆

⃒⃒⃒⃒
⃒ ⩽ (𝛼2

1 + · · ·+ 𝛼2
𝑑)

𝑡/2(10𝑡2)𝑡

where we used the coefficient bound in Lemma 6.2.36 and Fact 6.2.4. Next, recall that

by Schur Weyl duality, we can write

E
𝑈
[(𝑈 †𝐸𝑈)⊗𝑡] =

∑︁
𝜆⊢𝑡

𝑠𝜆(𝛼1, . . . , 𝛼𝑑)

dim(𝑉 𝑡
𝜆)

Π𝑡
𝜆 .

All of the Schur subspaces 𝑉 𝑡
𝜆 have dimension at least (𝑑/𝑡)𝑡 (to see this, note that if

𝑡 < 𝑑, then there are at least
(︀
𝑑
𝑡

)︀
distinct SSYT of any given shape and otherwise the

claim is vacuously true). Thus, since ‖𝑣‖ = 1, we can write

⃒⃒⃒
E
𝑈
[⟨(𝑈 †𝐸𝑈)⊗𝑡, 𝑣𝑣†⟩]

⃒⃒⃒
=
∑︁
𝜆

𝑧𝜆𝑠𝜆(𝛼1, . . . , 𝛼𝑑) (6.6)

where the coefficients 𝑧𝜆 satisfy
∑︀

𝜆 |𝑧𝜆| ⩽ (𝑡/𝑑)𝑡. Finally, note that the Schur polyno-

mial 𝑠𝜆(𝛼1, . . . , 𝛼𝑑) has positive coefficients and these are all dominated, monomial

by monomial, by the coefficients in (𝛼1 + · · · + 𝛼𝑑)
𝑡 which are all at most 𝑡𝑡. Thus,

overall we conclude by Eq. (6.6) that

⃒⃒⃒
E
𝑈
[⟨(𝑈 †𝐸𝑈)⊗𝑡, 𝑣𝑣†⟩]

⃒⃒⃒
⩽ |{𝜆 : 𝜆 ⊢ 𝑡}| · 𝑡𝑡 · (𝑡/𝑑)𝑡 · (10𝑡2)𝑡(𝛼2

1 + · · ·+ 𝛼2
𝑑)

𝑡/2 ⩽
(4𝑡)4𝑡‖𝐸‖𝑡𝐹

𝑑𝑡
.

We now define the family of POVMs in C𝑑𝑡×𝑑𝑡 that are invariant to rotating all of the

𝑑× 𝑑 copies simultaneously by the same unitary.

Definition 6.3.7. We say a POVM {𝑀𝑧}𝑧∈𝒵 in C𝑑𝑡×𝑑𝑡 is copy-wise rotationally

invariant if it is equivalent to

{𝑈⊗𝑡𝑀𝑧(𝑈
†)⊗𝑡𝑑𝑈}𝑧∈𝒵
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where 𝑈 ∈ C𝑑×𝑑 is a random unitary drawn from the Haar measure.

Next, we bound a 𝜒2-like distance between the outcome distributions from measuring

𝑋 and 𝑋 ′ with a copy-wise rotationally invariant POVM. Again, we emphasize that

the low-degree truncation 𝑋 ′ is not necessarily an actual density matrix; nevertheless,

the expression on the left-hand side of Eq. (6.7) below is a well-defined quantity.

Lemma 6.3.8. Let {𝑀𝑧}𝑧∈𝒵 be a POVM in C𝑑𝑡×𝑑𝑡 that is copywise rotationally

invariant. Let 𝐸 ∈ C𝑑×𝑑 be a matrix with tr(𝐸) = 0 and ‖𝐸‖𝐹 ⩽
(︀
0.01
𝑡

)︀4. Let

𝑋 = (𝐼𝑑/𝑑+ 𝐸)⊗𝑡 and let 𝑋 ′ = (𝐼𝑑/𝑑)
⊗𝑡 +

∑︀
sym𝐸 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−1. Then

∫︁
𝒵

𝑑𝑡⟨𝑋 −𝑋 ′,𝑀𝑧⟩2

tr(𝑀𝑧)
d𝑧 ⩽ (100𝑡)4‖𝐸‖4𝐹 . (6.7)

Proof. We write

𝑋 = 𝑋 ′ +
𝑡∑︁

𝑗=2

∑︁
sym

𝐸⊗𝑗 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−𝑗 .

Now we will first bound∫︁
𝒵

𝑑𝑡⟨𝑀𝑧, 𝐸
⊗𝑗 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−𝑗⟩2

tr(𝑀𝑧)
d𝑧

=

∫︁
𝒵

𝑑𝑡⟨𝑀𝑧 ⊗𝑀𝑧, 𝐸
⊗𝑗 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−𝑗 ⊗ 𝐸⊗𝑗 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−𝑗⟩

tr(𝑀𝑧)
d𝑧

=

∫︁
𝒵
E
𝑈

[︂
𝑑𝑡⟨𝑀𝑧 ⊗𝑀𝑧, 𝑈

⊗2𝑡(𝐸⊗𝑗 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−𝑗 ⊗ 𝐸⊗𝑗 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−𝑗)(𝑈 †)⊗2𝑡⟩
tr(𝑀𝑧)

]︂
d𝑧 ,

where the expectation is over Haar random unitaries 𝑈 ∈ C𝑑×𝑑 (the last step is valid

because we assumed that the POVM is copywise rotationally invariant). Now we can

use Lemma 6.3.6 to conclude that the above is at most

∫︁
𝒵
𝑑𝑡 tr(𝑀𝑧) ·

(8𝑗)8𝑗‖𝐸‖2𝑗𝐹
𝑑2𝑡

d𝑧 = (8𝑗)8𝑗‖𝐸‖2𝑗𝐹 .

Thus, by Cauchy Schwarz we have

∫︁
𝒵

𝑑𝑡⟨𝑋 −𝑋 ′,𝑀𝑧⟩2

tr(𝑀𝑧)
d𝑧
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⩽
∫︁
𝒵

𝑑𝑡

tr(𝑀𝑧)

⎛⎝ ∑︁
𝑆⊂[𝑡],|𝑆|⩾2

1

2|𝑆|
(︀

𝑡
|𝑆|

)︀
⎞⎠⎛⎝ ∑︁

𝑆⊂[𝑡],|𝑆|⩾2

2|𝑆|
(︂
𝑡

|𝑆|

)︂
⟨𝑀𝑧, 𝐸

⊗𝑆 ⊗ (𝐼𝑑/𝑑)
⊗[𝑡]∖𝑆⟩2

⎞⎠ d𝑧

⩽
𝑡∑︁

𝑗=2

2𝑗
(︂
𝑡

𝑗

)︂2

(8𝑗)8𝑗‖𝐸‖2𝑗𝐹 ⩽ (100𝑡)4‖𝐸‖4𝐹 ,

where we use the condition that ‖𝐸‖𝐹 ⩽ (0.01/𝑡)4 in the last step.

Now given a copy-wise rotationally invariant POVM, we can consider a family of

estimators 𝑓 : C𝑑𝑡×𝑑𝑡 → C
𝑑×𝑑 that are rotationally compatible with it.

Definition 6.3.9. Let {𝑀𝑧}𝑧∈𝒵 be a POVM in C𝑑𝑡×𝑑𝑡 that is copywise rotationally

invariant. We say a function 𝑓 : {𝑀𝑧}𝑧∈𝒵 → C
𝑑×𝑑 is rotationally compatible with the

POVM if

𝑓(𝑈⊗𝑡𝑀𝑧(𝑈
†)⊗𝑡) = 𝑈𝑓(𝑀𝑧)𝑈

†

for all 𝑧 ∈ 𝒵 and unitary 𝑈 .

We can apply Lemma 6.3.8 to bound the error of a rotationally compatible estimator

between measuring 𝑋 ′ and 𝑋 with some copy-wise rotationally invariant POVM. Note

that in Algorithm 6.3.2, the POVM is rotationally invariant and our estimator is

rotationally compatible with it.

Lemma 6.3.10. Let {𝑀𝑧}𝑧∈𝒵 be a POVM in in C𝑑𝑡×𝑑𝑡 that is copywise rotationally

invariant. Let 𝑓 : {𝑀𝑧}𝑧∈𝒵 → C
𝑑×𝑑 be a rotationally compatible estimator such that

tr(𝑓(𝑀𝑧)) = 0 for all 𝑧 ∈ 𝒵. Let 𝑋 = (𝐼𝑑/𝑑+𝐸)⊗𝑡 and let 𝑋 ′ = (𝐼𝑑/𝑑)
⊗𝑡+

∑︀
sym𝐸⊗

(𝐼𝑑/𝑑)
⊗𝑡−1. Assume that ‖𝐸‖𝐹 ⩽

(︀
0.01
𝑡

)︀4. Then

‖
∫︁
𝒵
𝑓(𝑀𝑧)⟨𝑋 −𝑋 ′,𝑀𝑧⟩ d𝑧‖𝐹 ⩽

105𝑡2‖𝐸‖2𝐹
𝑑

√︃∫︁
𝒵

‖𝑓(𝑀𝑧)‖2𝐹 tr(𝑀𝑧)

𝑑𝑡
d𝑧 .

Proof. We will upper bound the left-hand side by bounding ⟨𝐴,
∫︀
𝒵 𝑓(𝑀𝑧)⟨𝑋−𝑋 ′,𝑀𝑧⟩ d𝑧⟩

for all ‖𝐴‖𝐹 ⩽ 1. Note that the integral on the left-hand side has trace 0, so it suffices

to consider 𝐴 with trace 0.
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Consider a matrix 𝐴 ∈ C𝑑×𝑑 with tr(𝐴) = 0. Then

∫︁
𝒵
⟨𝐴, 𝑓(𝑀𝑧)⟩⟨𝑋−𝑋 ′,𝑀𝑧⟩ d𝑧 ⩽

(︂∫︁
𝒵
⟨𝐴, 𝑓(𝑀𝑧)⟩2

tr(𝑀𝑧)

𝑑𝑡
d𝑧

)︂1/2(︂∫︁
𝒵

𝑑𝑡⟨𝑋 −𝑋 ′,𝑀𝑧⟩2

tr(𝑀𝑧)
d𝑧

)︂1/2

.

To bound the first term above, by Claim 6.2.38, for any traceless Hermitian matrix

𝑌 ∈ C𝑑×𝑑,

E
𝑈
[⟨𝐴,𝑈 †𝑌 𝑈⟩2] = ‖𝐴‖

2
𝐹‖𝑌 ‖2𝐹

𝑑2 − 1

where the expectation is over the Haar measure. Thus, since the POVM {𝑀𝑧}𝑧∈𝒵 is

copywise rotationally invariant, we have

∫︁
𝒵
⟨𝐴, 𝑓(𝑀𝑧)⟩2

tr(𝑀𝑧)

𝑑𝑡
d𝑧 ⩽

∫︁
𝒵

2‖𝐴‖2𝐹‖𝑓(𝑀𝑧)‖2𝐹
𝑑2

· tr(𝑀𝑧)

𝑑𝑡
d𝑧 .

Next, by Lemma 6.3.8

∫︁
𝒵

𝑑𝑡⟨𝑋 −𝑋 ′,𝑀𝑧⟩2

tr(𝑀𝑧)
d𝑧 ⩽ (100𝑡)4‖𝐸‖4𝐹

and thus, taking the maximum over all 𝐴 with ‖𝐴‖𝐹 ⩽ 1, we get

‖
∫︁
𝒵
𝑓(𝑀𝑧)⟨𝑋 −𝑋 ′,𝑀𝑧⟩ d𝑧‖𝐹 ⩽

105𝑡2‖𝐸‖2𝐹
𝑑

√︃∫︁
𝒵

‖𝑓(𝑀𝑧)‖2𝐹 tr(𝑀𝑧)

𝑑𝑡
d𝑧 .

6.3.2 Proof of Theorem 6.3.1

Recall that the high-level idea for proving Theorem 6.3.1 is to replace measurements

of 𝑋 = 𝜌⊗𝑡 with measurements of 𝑋 ′ and then analyze those measurements of 𝑋 ′.

The next result allows us to compute the mean of the estimator in Algorithm 6.3.2 if

we were able to measure 𝑋 ′.

Corollary 6.3.11. Let {𝑀𝜆,𝑈}𝜆,𝑈 be Keyl’s POVM where 𝜆 ranges over partitions

of 𝑡 and 𝑈 ranges over unitaries in C𝑑×𝑑. Let 𝑋 ′ = (𝐼𝑑/𝑑)
⊗𝑡 +

∑︀
sym𝐸 ⊗ (𝐼𝑑/𝑑)

⊗𝑡−1.
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Then

∑︁
𝜆⊢𝑡

∫︁
𝑈 diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡)𝑈

†·⟨𝑀𝜆,𝑈 , 𝑋
′⟩ d𝑈 =

𝐼𝑑
𝑑
+

𝑑𝐸

𝑡(𝑑2 − 1)
E

𝜆∼SW𝑡
𝑑

[︁ 𝑑∑︁
𝑗=1

𝜆2𝑗−(𝑡2/𝑑)
]︁
.

Proof. Note that the actual POVM elements of Keyl’s POVM are dim(𝑉 𝑡
𝜆)𝑈

⊗𝑡𝑀𝜆(𝑈
†)⊗𝑡

where 𝜆 ranges over all partitions and 𝑈 ranges over Haar random unitaries. Now we

apply Fact 6.2.33 and Corollary 6.2.35 to the vectors 𝑈⊗𝑡𝑣𝜆,𝑗 as 𝑗 ranges over all of

the components of 𝑀𝜆 (recall Definition 6.2.16). Then

⟨𝑀𝜆,𝑈 , 𝑋
′⟩ =

dim(𝜆)∑︁
𝑗=1

⟨dim(𝑉 𝑡
𝜆)𝑈

⊗𝑡𝑣𝜆,𝑗𝑣
†
𝜆,𝑗(𝑈

†)⊗𝑡, 𝑋 ′⟩

= dim(𝜆) dim(𝑉 𝑡
𝜆)
(︁ 1

𝑑𝑡
+

1

𝑑𝑡−1
⟨𝑈 diag(𝜆1, . . . , 𝜆𝑑)𝑈

†, 𝐸⟩
)︁
.

So by taking 𝑋 = diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡) and 𝑌 = 𝐸 in Claim 6.2.38, for any fixed 𝜆 we

get

E
𝑈
[𝑈 diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡)𝑈

† ·⟨𝑀𝜆,𝑈 , 𝑋
′⟩] = dim(𝜆) dim(𝑉 𝑡

𝜆)
(︁ 𝐼𝑑
𝑑𝑡+1

+

∑︀
𝑗 𝜆

2
𝑗 − (𝑡2/𝑑)

𝑡(𝑑2 − 1)𝑑𝑡−1
𝐸
)︁
.

Now summing over all 𝜆, we conclude

∑︁
𝜆⊢𝑡

∫︁
diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡)𝑈

† · ⟨𝑀𝜆,𝑈 , 𝑋
′⟩ d𝑈 =

𝐼𝑑
𝑑
+

𝑑𝐸

𝑡(𝑑2 − 1)
E

𝜆∼SW𝑡
𝑑

[︁∑︁
𝑗

𝜆2𝑗 − (𝑡2/𝑑)
]︁
.

Now we can complete the proof of Theorem 6.3.1.

Proof of Theorem 6.3.1. Note that the POVM in Algorithm 6.3.2 is clearly copywise

rotationally invariant and the estimator is rotationally compatible with it. Let us use

the shorthand {𝑀𝑧}𝑧∈𝒵 to denote this POVM and for 𝑀𝑧 corresponding to unitary 𝑈
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and partition 𝜆, we let 𝑓(𝑀𝑧) = 𝑈 diag(𝜆1/𝑡, . . . , 𝜆𝑑/𝑡)𝑈
†. We have

E
[︂
𝐷1 + · · ·+𝐷𝑚

𝑚

]︂
=

∫︁
𝒵
𝑓(𝑀𝑧)⟨𝑀𝑧, (𝐼𝑑/𝑑+ 𝐸)⊗𝑡⟩ d𝑧

where the expectation is over the randomness of the quantum measurement in Algo-

rithm 6.3.2. We can make the estimator 𝐷𝑗 have trace 0 by simply subtracting out

𝐼𝑑/𝑑 and adding it back at the end. Thus, by Lemma 6.3.10 and Corollary 6.3.11,

recalling the definition of 𝜃 in Line 6 of Algorithm 6.3.2, we have

‖E
[︂
𝐷1 + · · ·+𝐷𝑚

𝑚

]︂
− 𝐼𝑑
𝑑
− 𝑑𝜃𝐸

𝑡(𝑑2 − 1)
‖𝐹 ⩽

105𝑡2‖𝐸‖2𝐹
𝑑

√︃∫︁
𝒵

‖𝑓(𝑀𝑧)‖2𝐹 tr(𝑀𝑧)

𝑑𝑡
d𝑧

⩽
105𝑡2‖𝐸‖2𝐹

𝑑
.

Thus, if ̂︀𝐸 is the output of Algorithm 6.3.2, then

‖E[ ̂︀𝐸]− 𝐸‖𝐹 ⩽
105𝑡3‖𝐸‖2𝐹

𝜃
.

Next, we compute the variance of the estimator ̂︀𝐸. We have

E
[︁
‖ ̂︀𝐸 − E[ ̂︀𝐸]‖2𝐹]︁ ⩽ 𝑑2𝑡2

𝑚𝜃2
E
[︀
‖𝐷1 − E[𝐷1]‖2𝐹

]︀
⩽
𝑑2𝑡2

𝑚𝜃2
E
[︀
‖𝐷1‖2𝐹

]︀
=

𝑑2

𝑚𝜃2
E

𝜆∼SW𝑡(𝜌)

[︁∑︁
𝑗

𝜆2𝑗

]︁
.

Now by Claim 6.2.28, we can upper bound E𝜆∼SW𝑡(𝜌)[
∑︀

𝑗 𝜆
2
𝑗 ] ⩽ 2(‖𝜌‖2𝐹 𝑡2+ 𝑡1.5) ⩽ 4𝑡1.5,

where in the last step we used the assumption that 𝜌 = 𝐼𝑑
𝑑
+ 𝐸 for ‖𝐸‖𝐹 ⩽ (0.01/𝑡)4

and that 𝑡 ⩽ 0.01𝑑2. While Theorem 6.3.1 is technically stated for 𝑡 ⩽ 𝑑2, for 𝑡 in the

range 0.01𝑑2 ⩽ 𝑡 ⩽ 𝑑2, we can just use 0.01𝑑2-entangled measurements instead and

this loses at most a constant factor in the total copy complexity. Also by Claim 6.2.27,

we have 𝜃 ⩾ 𝑡1.5/4. Thus, putting everything together, we conclude

E
[︁
‖ ̂︀𝐸 − 𝐸‖2𝐹]︁ ⩽ 2 · 1010𝑡3‖𝐸‖4𝐹 +

(10𝑑)2

𝑚𝑡1.5
.
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6.4 Reduction via Quantum Splitting

Now we demonstrate how to generalize our results in Section 6.3 to learn arbitrary

states. The main idea will be to take an arbitrary state 𝜌 and construct a state Split(𝜌)

that preserves information about 𝜌 and we can simulate measurement access to, but

also has bounded operator norm.

6.4.1 Construction of the Quantum Splitting

We formalize the splitting procedure below.

Definition 6.4.1. Let 𝑏1, . . . , 𝑏𝑑 ∈ Z⩾0. We define Split𝑏1,...,𝑏𝑑 to be a linear map that

sends any 𝑀 ∈ C𝑑×𝑑 to a square matrix with dimension 2𝑑1 + · · · + 2𝑏𝑑 defined as

follows. The rows and columns of Split𝑏1,...,𝑏𝑑(𝑀) are indexed by pairs (𝑗, 𝑠) where

𝑗 ∈ [𝑑] and 𝑠 ∈ {0, 1}𝑏𝑗 and these are sorted first by 𝑗 and then lexicographically

according to 𝑠. Now the entry indexed by row (𝑗1, 𝑠1) and column (𝑗2, 𝑠2) is defined as

• If 𝑏𝑗1 ⩽ 𝑏𝑗2 then the entry is 𝑀𝑗1𝑗2/2
𝑏𝑗2 if 𝑠1 is a prefix of 𝑠2 and is 0 otherwise

• If 𝑏𝑗1 > 𝑏𝑗2 then the entry is 𝑀𝑗1𝑗2/2
𝑏𝑗1 if 𝑠2 is a prefix of 𝑠1 and is 0 otherwise

Now we can define the natural inverse map to Split.

Definition 6.4.2. Given 𝑏1, . . . , 𝑏𝑑 ∈ Z⩾0 and a matrix 𝑁 ∈ C
𝑘×𝑘 where 𝑘 =

2𝑏1 + · · · + 2𝑏𝑑 , we define Rec𝑏1,...,𝑏𝑑(𝑁) to be a 𝑑 × 𝑑 matrix 𝑋 obtained as follows.

First index the rows of 𝑁 by pairs (𝑗, 𝑠) where 𝑗 ∈ [𝑑] and 𝑠 ∈ {0, 1}𝑏𝑗 in sorted order

(first by 𝑗 and lexicographically by 𝑠). Now the entry 𝑋𝑗1𝑗2 is equal to

• If 𝑏𝑗1 ⩽ 𝑏𝑗2 then it is
∑︀

𝑠∈{0,1}𝑏𝑗2 𝑁(𝑗1,𝑠[:𝑏𝑗1 ]),(𝑗2,𝑠)
where 𝑠[: 𝑏𝑗1 ] denotes truncating

𝑠 to its first 𝑏𝑗1 bits.

• If 𝑏𝑗1 > 𝑏𝑗2 then it is
∑︀

𝑠∈{0,1}𝑏𝑗1 𝑁(𝑗1,𝑠),(𝑗2,𝑠[:𝑏𝑗2 ])

The following basic facts about the splitting and its inverse are easily verified through

direct computation.
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Claim 6.4.3. Let 𝑏1, . . . , 𝑏𝑑 ∈ Z⩾0. We have the following statements (for any matrices

𝑀,𝑁 of appropriate dimensions):

• Rec𝑏1,...,𝑏𝑑(Split𝑏1,...,𝑏𝑑(𝑀)) =𝑀

• ‖Split𝑏1,...,𝑏𝑑(𝑀)‖𝐹 ⩽ ‖𝑀‖𝐹

• ‖Rec𝑏1,...,𝑏𝑑(𝑁)‖𝐹 ⩽ 2max(𝑏1,...,𝑏𝑑)/2‖𝑁‖𝐹

Proof. The first statement is immediate from the definition since Rec sums up exactly

the entries that are equal to 𝑀𝑗1𝑗2/2
max(𝑏𝑗1 ,𝑏𝑗2 ) in Split. The second statement holds

because Split simply splits up each of the entries of 𝑀𝑗1𝑗2 evenly into multiple entries

which can only decrease the Frobenius norm. The last statement holds because each

element of Rec𝑏1,...,𝑏𝑑(𝑁) is equal to a sum of at most 2max(𝑏1,...,𝑏𝑑) elements of 𝑁 .

Now the key fact about the splitting that makes it a useful abstraction in our learning

algorithm is that we can actually simulate measurements on 𝑡-entangled copies of

Split𝑏1,...,𝑏𝑑(𝜌) with measurements on 𝑡-entangled copies of 𝜌.

Claim 6.4.4. Given measurement access to 𝜌⊗𝑡 where 𝜌 ∈ C𝑑×𝑑 is a state, Split𝑏1,...,𝑏𝑑(𝜌)

is a valid state and we can simulate measurement access to access to Split𝑏1,...,𝑏𝑑(𝜌)
⊗𝑡.

Proof. Note that Split𝑏1,...,𝑏𝑑(𝜌) can be constructed by embedding 𝜌 in various different

principal submatrices of a 𝑘×𝑘 matrix (where 𝑘 = 2𝑏1 + · · ·+2𝑏𝑑) and averaging them.

In particular, for a string 𝑠 ∈ {0, 1}max(𝑏1,...,𝑏𝑑), we can imagine indexing the rows and

columns of the 𝑘 × 𝑘 matrix as in Definition 6.4.1 and embedding 𝜌 in the rows and

columns indexed by (1, 𝑠[: 𝑏1]), . . . , (𝑑, 𝑠[: 𝑏𝑑]) where 𝑠[: 𝑏𝑗] denotes truncating 𝑠 to its

first 𝑏𝑗 bits. Now averaging these embeddings over all 2max(𝑏1,...,𝑏𝑑) choices for 𝑠 gives

exactly Split𝑏1,...,𝑏𝑑(𝜌).

Thus, Split𝑏1,...,𝑏𝑑(𝜌)
⊗𝑡 can be constructed by embedding 𝜌⊗𝑡 in various different prin-

cipal submatrices of a 𝑘𝑡 × 𝑘𝑡 matrix and averaging them. Thus when we measure

Split𝑏1,...,𝑏𝑑(𝜌)
⊗𝑡 with some POVM in C𝑘𝑡×𝑘𝑡 , this is equivalent to averaging the different
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embeddings of 𝜌⊗𝑡 and thus we can actually simulate this measurement by measuring

𝜌⊗𝑡 with a single POVM.

6.4.2 Full Algorithm

In this section, we present our full learning algorithm. Note that the quantum splitting

procedure requires knowledge of 𝜌, or at least an estimate of 𝜌, to be useful. We can

obtain such a rough estimate for 𝜌 via tomography with unentangled measurements.

First, we show how to learn when we are given this estimate as a black-box. We will

then put everything together to prove our main learning result, Theorem 6.4.8.

Lemma 6.4.5. Let 𝑑, 𝑡, 𝜀, 𝛿, 𝐶 be parameters and 𝜌 ∈ C𝑑×𝑑 be an unknown quantum

state. Assume that 𝑡 ⩽ min(𝑑2, (1/𝜀)0.2). Let 𝜌′ be a quantum state whose description

we know such that ‖𝜌′‖ ⩽ 𝐶/𝑑 and ‖𝜌′−𝜌‖𝐹 ⩽
√
𝜀/𝑡2. Then there is an algorithm that

takes ̃︀𝑂(𝑑2 log(1/𝛿)/(√𝑡𝜀2)) copies of 𝜌 and measures them in batches of 𝑡-entangled

copies and with probability 1− 𝛿, outputs a state ̂︀𝜌 such that ‖𝜌− ̂︀𝜌‖𝐹 ⩽
√
𝐶𝜀.

Proof. WLOG 𝜌′ is diagonal with eigenvalues 𝜆1 ⩾ . . . ⩾ 𝜆𝑑 (otherwise, we apply the

unitary that diagonalzies it and work in this basis instead). For each 𝑗 ∈ [𝑑] let 𝑏𝑗

be the smallest nonnegative integer such that 2𝑏𝑗 ⩾ 𝑑𝜆𝑗. Note that we must have

2𝑏1 + · · ·+ 2𝑏𝑑 ⩽ 4𝑑. Also, Split𝑏1,...,𝑏𝑑(𝜌
′) is a diagonal matrix with all entries at most

1/𝑑 so ‖Split𝑏1,...,𝑏𝑑(𝜌
′)‖ ⩽ 1/𝑑. By Claim 6.4.3 and linearity of Split,

‖Split𝑏1,...,𝑏𝑑(𝜌
′)− Split𝑏1,...,𝑏𝑑(𝜌)‖𝐹 ⩽ ‖𝜌− 𝜌′‖𝐹 ⩽

√
𝜀

𝑡2
.

Now, by Corollary 6.3.4 (with 𝑑 replaced with 4𝑑), given 𝑂(𝑑2 log(1/𝛿)/(
√
𝑡𝜀2)) copies

of the state Split𝑏1,...,𝑏𝑑(𝜌), we can make measurements entangled over at most 𝑡 copies

and learn a state 𝜎 such that

‖𝜎 − Split𝑏1,...,𝑏𝑑(𝜌)‖𝐹 ⩽ 0.1𝜀 .

However by Claim 6.4.4, we can simply simulate these measurements with copies
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of 𝜌 instead. Finally, once we obtain 𝜎, we simply output ̂︀𝜌 = Rec𝑏1,...,𝑏𝑑(𝜎). By

Claim 6.4.3,

‖̂︀𝜌− 𝜌‖𝐹 ⩽ 2max(𝑏1,...,𝑏𝑑)/2(0.1𝜀) ⩽
√
𝐶𝜀

by construction, so we are done.

Sometimes the states that we work with will have large eigenvalues and we won’t

want to apply Lemma 6.4.5 directly as the
√
𝐶 factor loss in the accuracy could be

very large. Instead, we will try to project out the large eigenvalues and learn in the

orthogonal complement. Thus, we have the following subroutine.

Corollary 6.4.6. Let 𝑑, 𝑡, 𝜀, 𝛿, 𝐶 be parameters and 𝜌 ∈ C𝑑×𝑑 be an unknown quantum

state. Assume that 𝐶 ⩾ 1 and 𝑡 ⩽ min(𝑑2, (1/𝜀)0.2). Let 𝜌′ be a quantum state

and 𝑃 ∈ C𝑑×𝑑 be a projection matrix whose descriptions we know. Assume that

tr(𝑃𝜌𝑃 †) ⩾ 0.1, ‖𝑃𝜌′𝑃 †‖ ⩽ 𝐶/𝑑 and ‖𝑃 (𝜌′ − 𝜌)𝑃 †‖𝐹 ⩽
√
𝜀/𝑡2. Then there is an

algorithm that takes ̃︀𝑂(𝑑2 log(1/𝛿)/(√𝑡𝜀2)) copies of 𝜌, measures them in batches

of 𝑡-entangled copies, and with probability 1 − 𝛿 outputs a PSD matrix ̂︀𝜌 such that

‖𝑃 (𝜌− ̂︀𝜌)𝑃 †‖𝐹 ⩽ 𝑂(
√
𝐶𝜀).

Proof. First estimate tr(𝑃𝜌𝑃 †) by making (unentangled) measurements on𝑂(log(1/𝛿)/𝜀2)

copies of 𝜌 with the POVM (𝑃, 𝐼𝑑 − 𝑃 ) and letting 𝛽 be the fraction with outcome

𝑃 . With probability 1− 0.1𝛿, we have that |𝛽 − tr(𝑃𝜌𝑃 †)| ⩽ 0.01𝜀 so in particular

𝛽 ⩾ 0.09.

Now we can assume 𝑡 ⩾ 100 as otherwise we can simply run the algorithm in

Theorem 6.3.3 which uses unentangled measurements. Now set 𝑡′ = 𝑡𝛽/2 and 𝜀′ = 𝜀/𝛽.

We apply Lemma 6.4.5 with parameters 𝑡′, 𝜀′ to learn the state

𝜌0 =
𝑃𝜌𝑃 †

tr(𝑃𝜌𝑃 †)
.

To do this, for each copy, of 𝜌, we first measure with the POVM (𝑃, 𝐼𝑑 − 𝑃 ) and keep

only those whose outcome is 𝑃 . Now we can simulate measurement access to the state
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𝜌0. Note that if we have 𝑡-entangled copies of 𝜌, then with probability at least 1/2,

when we measure them with (𝑃, 𝐼𝑑 − 𝑃 ), at least 𝑡′ of them will have outcome 𝑃 so

then we can make an entangled measurement on 𝑡′ copies of 𝜌0. In other words, if we

have batches of the form 𝜌⊗𝑡, then with at least half of the batches, we will be able to

simulate measurements of 𝜌⊗𝑡′

0 .

By Lemma 6.4.5, with probability 1− 0.1𝛿, we obtain a state ̃︀𝜌 such that

‖̃︀𝜌− 𝑃𝜌𝑃 †

tr(𝑃𝜌𝑃 †)
‖𝐹 ⩽ 103

√
𝐶𝜀 .

Clearly, we can ensure that the state ̃︀𝜌 lives entirely in the subspace given by 𝑃 . Now

we simply output ̂︀𝜌 = 𝛽̃︀𝜌. We have that

‖𝑃 (𝜌−̂︀𝜌)𝑃 †‖𝐹 = ‖̂︀𝜌−𝑃𝜌𝑃 †‖𝐹 ⩽ ‖(𝛽−tr(𝑃𝜌𝑃 †))̃︀𝜌‖𝐹+‖tr(𝑃𝜌𝑃 †)̃︀𝜌−𝑃𝜌𝑃 †‖𝐹 ⩽ 𝑂(
√
𝐶𝜀)

so we are done.

Now we present our full learning algorithm. At a high level, we first replace 𝜌 with

𝜎 = (𝜌+ 𝐼𝑑/𝑑)/2 and learn a rough estimate ̂︀𝜎0 via unentangled measurements. Then

we restrict to subspaces corresponding to eigenvalues of ̂︀𝜎0 at various scales and apply

Corollary 6.4.6 to refine our estimate on each of these subspaces. Finally, we aggregate

our estimates to obtain a refined estimate ̂︀𝜎, from which we can recover an estimate

of 𝜌. Note that previously 𝜀 was used to measure the accuracy in Frobenius norm but

in Algorithm 6.4.7, it will be used for accuracy in trace norm. Our algorithm only

guarantees recovery to trace norm 𝜀 with 𝑑3/(
√
𝑡𝜀2) samples (instead of a stronger

Frobenius norm guarantee of 𝜀/
√
𝑑 which is what we would get in the balanced case)

due to the
√
𝐶 factor loss in Corollary 6.4.6.

Algorithm 6.4.7 (Full Learning Algorithm).

1: Input: Parameters 𝑑, 𝑡, 𝜀, 𝛿 ;

2: Input: copies of 𝜌 for some unknown quantum state 𝜌 ∈ C𝑑×𝑑 ;

275



3: Set 𝑛 = ̃︀𝑂 (︁𝑑3 log(1/𝛿)√
𝑡𝜀2

)︁
;

4: Set 𝜎 = (𝜌+ 𝐼𝑑/𝑑)/2 in future steps, simulate measurements of 𝜎 using the

given copies of 𝜌 ;

5: Perform tomography with unentangled measurements on 𝑛 copies of 𝜎 (Theo-

rem 6.3.3) to learn estimate ̂︀𝜎0 for 𝜎 ;

6: Let 𝑈 be the unitary that diagonalizes ̂︀𝜎0 so that

𝑈̂︀𝜎0𝑈 † = diag(𝜆1, . . . , 𝜆𝑑)

with 𝜆1 ⩾ . . . ⩾ 𝜆𝑑 ;

7: for 𝑗 = 1, . . . , ⌊log
√
𝑡⌋ do

8: Let 𝑃𝑗 be the projection onto the eigenspace corresponding to 𝜆𝑖 ⩽
√
𝑡/(2𝑗−1𝑑) ;

9: Take 𝑛 copies of 𝜎 and apply Corollary 6.4.6 with 𝜌′ ← 𝜎0, 𝑃 ← 𝑃𝑗, 𝐶 =
√
𝑡/2𝑗−1, 𝜀← 𝜀/

√
𝑑 to obtain estimate ̂︀𝜎𝑗 ;

10: Set ̂︀𝜎 =
∑︀⌊log

√
𝑡⌋

𝑗=0 (𝑃𝑗̂︀𝜎𝑗𝑃 †
𝑗 − 𝑃𝑗+1̂︀𝜎𝑗𝑃 †

𝑗+1) where we define 𝑃0 = 𝐼𝑑 and

𝑃⌊log
√
𝑡⌋+1 = 0 ;

11: Set ̂︀𝜌 = trunc(2̂︀𝜎−𝐼𝑑/𝑑)
tr(trunc(2̂︀𝜎−𝐼𝑑/𝑑))

where trunc denotes zeroing out the negative eigenval-

ues ;

12: Output: ̂︀𝜌 ;

Our main theorem is stated below.

Theorem 6.4.8. Let 𝑑, 𝑡, 𝜀, 𝛿 be parameters and 𝜌 ∈ C𝑑×𝑑 be an unknown quantum

state. If 𝑡 ⩽ min(𝑑2, (
√
𝑑/𝜀)0.2), then Algorithm 6.4.7 takes ̃︀𝑂(𝑑3 log(1/𝛿)/(√𝑡𝜀2))

copies of 𝜌 and measures them in batches of 𝑡-entangled copies and with probability

1− 𝛿, outputs a state ̂︀𝜌 such that ‖𝜌− ̂︀𝜌‖1 ⩽ 𝜀.
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Proof. By Theorem 6.3.3, with 1− 0.1𝛿 probability, we have

‖𝜎 − ̂︀𝜎0‖𝐹 ⩽
𝜀𝑡0.25√
𝑑
.

Now we verify that the conditions of Corollary 6.4.6 hold whenever we apply it in

Algorithm 6.4.7. The condition on 𝑡 clearly holds. Next, note that all eigenvalues of

𝜎 are at least 1/(2𝑑). For all 𝑗 ⩾ 1, the dimension of the orthogonal complement of

𝑃𝑗 is at most 𝑑/2 and thus, tr(𝑃𝑗𝜎𝑃
†
𝑗 ) ⩾

1
4
. Also, by definition, we have ‖𝑃𝑗̂︀𝜎0𝑃 †

𝑗 ‖ ⩽
√
𝑡/(2𝑗−1𝑑). Finally,

‖𝑃 (̂︀𝜎0 − 𝜎)𝑃 †‖𝐹 ⩽ ‖𝜎 − ̂︀𝜎0‖𝐹 ⩽
𝜀𝑡0.25√
𝑑

⩽

√︁
𝜀/
√
𝑑

𝑡2

so we can ensure that with probability 1− 0.1𝛿/𝑡,

‖𝑃𝑗(̂︀𝜎𝑗 − 𝜎)𝑃 †
𝑗 ‖𝐹 ⩽ 𝑂

(︂
𝑡0.25𝜀

2𝑗/2
√
𝑑

)︂
.

Thus, since 𝑃𝑗+1 is a projector onto a subspace of 𝑃𝑗, we also have that

‖𝑃𝑗(̂︀𝜎𝑗 − 𝜎)𝑃 †
𝑗 − 𝑃𝑗+1(̂︀𝜎𝑗 − 𝜎)𝑃 †

𝑗+1‖𝐹 ⩽ 𝑂

(︂
𝑡0.25𝜀

2𝑗/2
√
𝑑

)︂
.

Next, the dimension of the orthogonal complement of 𝑃𝑗+1 is at most 2𝑗+1𝑑/
√
𝑡, so

‖𝑃𝑗(̂︀𝜎𝑗 − 𝜎)𝑃 †
𝑗 − 𝑃𝑗+1(̂︀𝜎𝑗 − 𝜎)𝑃 †

𝑗+1‖1 ⩽ 𝑂(𝜀) .

Also, similarly,

‖𝑃0(̂︀𝜎0 − 𝜎)𝑃 †
0 − 𝑃1(̂︀𝜎0 − 𝜎)𝑃 †

1‖1 ⩽ 𝑂(𝜀) .

Putting these together, we get that ‖𝜎 − ̂︀𝜎‖1 ⩽ 𝑂(𝜀 log 𝑡). This immediately implies

‖(2̂︀𝜎 − 𝐼𝑑/𝑑)− 𝜌‖1 ⩽ 𝑂(𝜀 log 𝑡) .

Finally, the truncation and trace normalization to obtain ̂︀𝜌 increases the trace norm
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distance by at most a constant factor so we conclude ‖𝜌 − ̂︀𝜌‖1 ⩽ 𝑂(𝜀 log 𝑡). This

completes the proof (note that we can simply redefine 𝜀 appropriately and absorb the

logarithmic factors in the number of copies into the ̃︀𝑂(·)).

6.5 Lower Bound Machinery

Recall Definition 6.2.32. The key ingredients in our lower bound involve understanding

𝐺𝑗(𝑣), particularly 𝐺1(𝑣), in terms of properties of the vector 𝑣 ∈ C𝑑𝑡 . The next

lemma relates ‖𝐺1(𝑣)‖2𝐹 to the projections of 𝑣 onto various Schur subspaces of C𝑑𝑡 .

Lemma 6.5.1. Let 𝑣 ∈ C𝑑𝑡 be a vector with ‖𝑣‖ = 1. Then

‖𝐺1(𝑣)‖2𝐹 ⩽
∑︁
𝜆⊢𝑡

‖Π𝜆𝑣‖2(𝜆21 + · · ·+ 𝜆2𝑑) .

Proof. Let 𝐴 ∈ C𝑑×𝑑 be an arbitrary Hermitian matrix with ‖𝐴‖𝐹 = 1. Let its

eigenvectors be 𝑣1, . . . , 𝑣𝑑. Now we write 𝑣 in the basis given by 𝑣𝑠1 ⊗ · · · ⊗ 𝑣𝑠𝑡 i.e.

𝑣 =
∑︁
𝑠∈[𝑑]𝑡

𝑐𝑠(𝑣𝑠1 ⊗ · · · ⊗ 𝑣𝑠𝑡) .

For each 𝑠 ∈ [𝑑]𝑡 and 𝑘 ∈ [𝑑], let 𝑓𝑠(𝑘) denote the number of occurrences of 𝑘 in 𝑠.

Note that

⟨𝐺1(𝑣), 𝐴⟩ =

⟨∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠𝐺1(𝑣𝑠1 ⊗ · · · ⊗ 𝑣𝑠𝑡), 𝐴

⟩
=

⟨∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠

(︃
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)𝑣𝑘𝑣
†
𝑘

)︃
, 𝐴

⟩
(6.8)

where the first step holds because 𝐴 is diagonal in the basis 𝑣1, . . . , 𝑣𝑑 and all of the

cross terms that appear when we expand 𝐺1(𝑣) are off-diagonal. Now the above is at
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most

‖
∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠

(︃
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)𝑣𝑘𝑣
†
𝑘

)︃
‖𝐹 ⩽

√︃∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠 ·

⎯⎸⎸⎷∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠‖
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)𝑣𝑘𝑣
†
𝑘‖2𝐹

=

⎯⎸⎸⎷∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠

(︃
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)2

)︃ (6.9)

since by assumption, ‖𝑣‖2 =
∑︀

𝑠∈[𝑑]𝑡 𝑐
2
𝑠 = 1. For each 𝑠, let 𝑓𝑠 denote the partition

corresponding to (𝑓𝑠(1), . . . , 𝑓𝑠(𝑑)) (in sorted order). We have that

∑︁
𝜆⊢𝑡

‖Π𝜆𝑣‖2 · (𝜆21 + · · ·+ 𝜆2𝑑) =
𝑡2∑︁

𝑘=1

⎛⎜⎜⎝ ∑︁
𝜆⊢𝑡

𝜆2
1+···+𝜆2

𝑑⩾𝑘

‖Π𝜆𝑣‖2

⎞⎟⎟⎠ ⩾
𝑡2∑︁

𝑘=1

⎛⎜⎜⎝ ∑︁
𝑠∈[𝑑]𝑡

𝑓𝑠(1)2+···+𝑓𝑠(𝑑)2⩾𝑘

𝑐2𝑠

⎞⎟⎟⎠
where the last inequality holds because by Lemma 6.2.17, we know that for any 𝑠 with

𝑓𝑠(1)
2 + · · ·+ 𝑓𝑠(𝑑)

2 ⩾ 𝑘, the vector 𝑣𝑠1 ⊗ · · · ⊗ 𝑣𝑠𝑡 is contained in the space

⨁︁
𝜆⊢𝑡
𝜆⪰𝑓𝑠

Π𝜆 ⊆
⨁︁
𝜆⊢𝑡

𝜆2
1+···+𝜆2

𝑑⩾𝑘

Π𝜆 .

However, we have that

𝑡2∑︁
𝑘=1

⎛⎜⎜⎝ ∑︁
𝑠∈[𝑑]𝑡

𝑓𝑠(1)2+···+𝑓𝑠(𝑑)2⩾𝑘

𝑐2𝑠

⎞⎟⎟⎠ =
∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠

(︃
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)
2

)︃

so we get ∑︁
𝜆⊢𝑡

‖Π𝜆𝑣‖2 · (𝜆21 + · · ·+ 𝜆2𝑑) ⩾
∑︁
𝑠∈[𝑑]𝑡

𝑐2𝑠

(︃
𝑑∑︁

𝑘=1

𝑓𝑠(𝑘)
2

)︃
. (6.10)

Putting (6.8) (6.9), (6.10) together, and taking the maximum over all choices of 𝐴,

we conclude

‖𝐺1(𝑣)‖2𝐹 ⩽
∑︁
𝜆⊢𝑡

‖Π𝜆𝑣‖2(𝜆21 + · · ·+ 𝜆2𝑑)

as desired.
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Now we will use Lemma 6.5.1 to bound the “likelihood ratio" 𝑥†𝜌⊗𝑡𝑥

𝑥†𝜌⊗𝑡
0 𝑥

for different

quantum states 𝜌 and 𝜌0 and vectors 𝑥 ∈ C𝑑𝑡 . We explain the lower bound framework

in detail and why this quantity is meaningful in Section 6.6.

Lemma 6.5.2. Let 0 < 𝜀 < 1 be some parameter. Let 𝜌0 = (𝐼𝑑 + 𝑍)/𝑑 ∈ C𝑑×𝑑 be

a quantum state with ‖𝑍‖ ⩽ 𝜀. Let 𝜇 be a distribution on matrices in C𝑑×𝑑 that is

rotationally symmetric i.e. invariant under rotation by any unitary 𝑈 . Also assume

that any Δ in the support of 𝜇 has tr(Δ) = 0 and ‖Δ‖ ⩽ 𝜀/𝑑. Let 𝑡 be an integer with

𝑡 ⩽ 0.01/𝜀0.1. Then for any vector 𝑥 ∈ C𝑑𝑡 with ‖𝑥‖ = 1,

E
Δ∼𝜇

[︂
log

𝑥†(𝜌0 +Δ)⊗𝑡𝑥

𝑥†𝜌⊗𝑡
0 𝑥

]︂
⩾

1
𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺2(𝑥),Δ⊗Δ⟩]

𝑥†𝜌⊗𝑡
0 𝑥

−
2

𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺1(𝑥),Δ⟩2]
𝑥†𝜌⊗𝑡

0 𝑥
−30𝑡3𝜀3

𝑑
.

Proof. Using the condition on 𝑡, we have that all eigenvalues of 𝜌⊗𝑡
0 and (𝜌0 +Δ)⊗𝑡

are between 0.98/𝑑𝑡 and 1.02/𝑑𝑡 so 𝑥†(𝜌0+Δ)⊗𝑡𝑥

𝑥†𝜌⊗𝑡
0 𝑥

∈ [0.9, 1.1]. Thus,

log
𝑥†(𝜌0 +Δ)⊗𝑡𝑥

𝑥†𝜌⊗𝑡
0 𝑥

⩾
𝑥†((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0 )𝑥

𝑥†𝜌⊗𝑡
0 𝑥

− 2

3

(︂
𝑥†((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0 )𝑥

𝑥†𝜌⊗𝑡
0 𝑥

)︂2

. (6.11)

For the first term, we can write

(𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡
0 =

𝑡∑︁
𝑗=1

∑︁
sym

Δ⊗𝑗 ⊗ 𝜌⊗𝑡−𝑗
0

=
∑︁
sym

Δ⊗ 𝜌⊗𝑡−1
0 +

𝑡∑︁
𝑗=2

𝑡−𝑗∑︁
𝑘=0

∑︁
sym

Δ⊗𝑗 ⊗ (𝑍/𝑑)⊗𝑘 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−𝑗−𝑘 .

(6.12)

Let

𝑇 (Δ) =
∑︁
sym

Δ⊗2 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−2 .

Since 𝜇 is supported on traceless matrices and is rotationally invariant, EΔ∼𝜇[Δ] = 0.

Now by Lemma 6.3.6,

‖ E
Δ∼𝜇

[Δ⊗𝑗]‖ ⩽ E
Δ∼𝜇

[︃
(4𝑗)4𝑗‖Δ‖𝑗𝐹

𝑑𝑗

]︃
⩽

(4𝑗)4𝑗𝜀𝑗

𝑑1.5𝑗
. (6.13)
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Thus, the first sum in the RHS of (6.12) is 0 and aside from 𝑇 , the remaining terms

all contain a product of at least two copies of Δ and one copy of 𝑍 or at least three

copies of Δ. We can upper bound the norm of the expectation of these terms using

(6.13). Combining (6.12), (6.13) and using the condition 𝑡 ⩽ 0.01/𝜀0.1, we deduce

E
Δ∼𝜇

[𝑥†((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡
0 )𝑥] ⩾ 𝑥†

(︂
E

Δ∼𝜇
[𝑇 (Δ)]

)︂
𝑥− 10𝑡3𝜀3

𝑑𝑡+1
. (6.14)

Next, we lower bound the quadratic term. Further expanding (6.12), we can write

(𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡
0

=
∑︁
sym

Δ⊗ (𝐼𝑑/𝑑)
⊗𝑡−1

⏟  ⏞  
𝑆1(Δ)

+
𝑡−1∑︁
𝑘=1

∑︁
sym

Δ⊗ (𝑍/𝑑)⊗𝑘 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−1−𝑘

⏟  ⏞  
𝑆2(Δ)

+
𝑡∑︁

𝑗=2

𝑡−𝑗∑︁
𝑘=0

∑︁
sym

Δ⊗𝑗 ⊗ (𝑍/𝑑)⊗𝑘 ⊗ (𝐼𝑑/𝑑)
⊗𝑡−𝑗−𝑘

⏟  ⏞  
𝑆3(Δ)

and we label the three sums above as 𝑆1(Δ), 𝑆2(Δ), 𝑆3(Δ). Now let us consider

expanding ((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡
0 )⊗ ((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0 ). The key is that in the expansion,

aside from 𝑆1(Δ) ⊗ 𝑆1(Δ), all other terms have a product of at least two copies of

Δ and one copy of 𝑍 or at least three copies of Δ so we can apply (6.13) to upper

bound the norms of all of these terms by 𝜀3/𝑑2𝑡+1. Formally, we get

‖ E
Δ∼𝜇

[︀(︀
(𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0

)︀
⊗
(︀
(𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0

)︀
− 𝑆1(Δ)⊗ 𝑆1(Δ)

]︀
‖ ⩽ 10𝑡3𝜀3

𝑑2𝑡+1
.

The above implies that

E
Δ∼𝜇

[︀
(𝑥†((𝜌0 +Δ)⊗𝑡 − 𝜌⊗𝑡

0 )𝑥)2
]︀
⩽ E

Δ∼𝜇
[(𝑥†𝑆1(Δ)𝑥)2] +

10𝑡3𝜀3

𝑑2𝑡+1
. (6.15)

Finally, observe that by Fact 6.2.33, 𝑥†𝑆1(Δ)𝑥 = 1
𝑑𝑡−1 ⟨𝐺1(𝑥),Δ⟩ and 𝑥†𝑇 (Δ)𝑥 =
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1
𝑑𝑡−2 ⟨𝐺2(𝑋),Δ⊗Δ⟩. Thus, combining (6.11), (6.14), (6.15), we get

E
Δ∼𝜇

[︂
log

𝑥†(𝜌0 +Δ)⊗𝑡𝑥

𝑥†𝜌⊗𝑡
0 𝑥

]︂
⩾

1
𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺2(𝑥),Δ⊗Δ⟩]

𝑥†𝜌⊗𝑡
0 𝑥

−
2

𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺1(𝑥),Δ⟩2]
𝑥†𝜌⊗𝑡

0 𝑥
−30𝑡3𝜀3

𝑑

where we also used that by the assumption on 𝑡, 𝜌⊗𝑡
0 has all eigenvalues at least 0.9/𝑑𝑡.

This completes the proof.

We can aggregate Lemma 6.5.2 over sequences of vectors 𝑥1, . . . , 𝑥𝑚 and apply Jensen’s

inequality to get the following bound on the product of a sequence of likelihood ratios.

Lemma 6.5.3. Let 0 < 𝜀 < 1 be some parameter. Let 𝜌0 = (𝐼𝑑 + 𝑍)/𝑑 ∈ C𝑑×𝑑 be

a quantum state with ‖𝑍‖ ⩽ 𝜀. Let 𝜇 be a distribution on matrices in C𝑑×𝑑 that is

rotationally symmetric i.e. invariant under rotation by any unitary 𝑈 . Also assume

that any Δ in the support of 𝜇 has tr(Δ) = 0 and ‖Δ‖ ⩽ 𝜀/𝑑. Let 𝑡 be an integer with

𝑡 ⩽ 0.01/𝜀0.1. Let 𝑥1, . . . , 𝑥𝑚 ∈ C𝑑𝑡 be vectors such that

•
∑︀

𝜆⊢𝑡
∑︀𝑚

𝑗=1
‖Π𝜆𝑥𝑗‖2

𝑑𝑡𝑥†
𝑗𝜌

⊗𝑡
0 𝑥𝑗

(𝜆21 + · · ·+ 𝜆2𝑑) ⩽ 𝐴

• ‖−
(︀
𝑡
2

)︀
𝑚𝐼𝑑2 +

1
𝑑𝑡−2

∑︀𝑚
𝑗=1

𝐺2(𝑥𝑗)

𝑥†
𝑗𝜌

⊗
0 𝑥𝑗
‖ ⩽ 𝐵

for some parameter 𝛽. Then

E
Δ∼𝜇

[︃
𝑚∏︁
𝑗=1

𝑥†𝑗(𝜌0 +Δ)⊗𝑡𝑥𝑗

𝑥𝑗𝜌
⊗𝑡
0 𝑥𝑗

]︃
⩾ exp

(︂
−2𝜀2𝐴

𝑑
− 108𝜀2𝐵

𝑑
− 30𝑚𝑡3𝜀3

𝑑

)︂
.

Proof. By Jensen’s inequality and Lemma 6.5.2,

E
Δ∼𝜇

[︃
𝑚∏︁
𝑗=1

𝑥†𝑗(𝜌0 +Δ)⊗𝑡𝑥𝑗

𝑥𝑗𝜌
⊗𝑡
0 𝑥𝑗

]︃
⩾

exp

(︃
𝑚∑︁
𝑗=1

(︃
1

𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺2(𝑥𝑗),Δ⊗Δ⟩]
𝑥†𝑗𝜌

⊗𝑡
0 𝑥𝑗

−
2

𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺1(𝑥𝑗),Δ⟩2]
𝑥†𝑗𝜌

⊗𝑡
0 𝑥𝑗

− 30𝑡3𝜀3

𝑑

)︃)︃
.

(6.16)

Now by Lemma 6.3.6, ‖EΔ∼𝜇[Δ⊗Δ]‖ ⩽ 108𝜀2

𝑑3
so combining this with the assumption
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about 𝑥1, . . . , 𝑥𝑚 and that tr(Δ) = 0, we get

𝑚∑︁
𝑗=1

1
𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺2(𝑥𝑗),Δ⊗Δ⟩]

𝑥†𝑗𝜌
⊗𝑡
0 𝑥𝑗

⩾ −108𝜀2

𝑑3
(𝐵𝑑2) =

−108𝜀2𝐵
𝑑

.

Next, by Claim 6.2.38 and Lemma 6.5.1,

𝑚∑︁
𝑗=1

2
𝑑𝑡−2 EΔ∼𝜇 [⟨𝐺1(𝑥𝑗),Δ⟩2]

𝑥†𝑗𝜌
⊗𝑡
0 𝑥𝑗

⩽
2

𝑑𝑡−2

𝑚∑︁
𝑗=1

𝜀2

𝑑3
‖𝐺1(𝑥𝑗)‖2𝐹
𝑥†𝑗𝜌

⊗𝑡
0 𝑥𝑗

⩽
2𝜀2

𝑑𝑡+1

𝑚∑︁
𝑗=1

∑︁
𝜆⊢𝑡

‖Π𝜆𝑥𝑗‖2(𝜆21 + · · ·+ 𝜆2𝑑)

𝑥†𝑗𝜌
⊗𝑡
0 𝑥𝑗

⩽
2𝐴𝜀2

𝑑
.

Plugging the above two inequalities into (6.16), we get

E
Δ∼𝜇

[︃
𝑚∏︁
𝑗=1

𝑥†𝑗(𝜌0 +Δ)⊗𝑡𝑥𝑗

𝑥𝑗𝜌
⊗𝑡
0 𝑥𝑗

]︃
⩾ exp

(︂
−2𝜀2𝐴

𝑑
− 108𝜀2𝐵

𝑑
− 30𝑚𝑡3𝜀3

𝑑

)︂

as desired.

6.6 Proof of Lower Bound

6.6.1 Lower Bound Framework

The remainder of the proof of the lower bound will closely follow the framework in

Chapter 4 ([62]) with Lemma 6.5.3 as the main new ingredient. Recall that the learner

measures 𝑚 = 𝑛/𝑡 copies of 𝜌⊗𝑡 in sequence with POVMs in C𝑑𝑡×𝑑𝑡 possibly chosen

adaptively. It is a standard fact that without loss of generality (see e.g. [66, Lemma

4.8]) we may assume that all POVMs used are rank-1 and we will work with this

assumption for the rest of the lower bound. We will sometimes represent a sequence

of 𝑚 measurement outcomes by 𝑥 = (𝑥1, . . . , 𝑥𝑚) to denote that in the 𝑖-th step, the

outcome that was observed corresponds to a POVM element which is a scalar multiple

of 𝑥𝑖𝑥†𝑖 .
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Next, we have the following standard formalism for representing an adaptive algorithm

as a tree which generalizes Definition 4.2.1 to the 𝑡-entangled setting.

Definition 6.6.1 (Tree representation, see e.g. [66]). Fix an unknown 𝑑-dimensional

mixed state 𝜌. An algorithm for state tomography that only uses 𝑚 batches of

𝑡-entangled copies of 𝜌 can be expressed as a pair (𝒯 ,𝒜), where 𝒯 is a rooted tree 𝒯

of depth 𝑚 satisfying the following properties:

• Each node is labeled by a string of vectors 𝑥 = (𝑥1, . . . , 𝑥𝑘), where each 𝑥𝑖 corre-

sponds to measurement outcome observed in the 𝑖-th step.

• Each node 𝑥 is associated with a probability 𝑝𝜌⊗𝑡
(𝑥) corresponding to the probability

of observing 𝑥 over the course of the algorithm. The probability for the root is 1.

• At each non-leaf node, we measure 𝜌⊗𝑡 using a rank-1 POVM
{︀
𝜔𝑥𝑑

𝑡 · 𝑥𝑥†
}︀
𝑥

to

obtain classical outcome (that is a unit vector) 𝑥 ∈ C𝑑𝑡 . The children of 𝑥 consist

of all strings 𝑥′ = (𝑥1, . . . , 𝑥𝑘, 𝑥) for which 𝑥 is a possible POVM outcome.

• If 𝑥′ = (𝑥1, . . . , 𝑥𝑘, 𝑥) is a child of 𝑥, then

𝑝𝜌
⊗𝑡

(𝑥′) = 𝑝𝜌
⊗𝑡

(𝑥) · 𝜔𝑥𝑑
𝑡 · 𝑥†𝜌⊗𝑡𝑥 . (6.17)

• Every root-to-leaf path is length-𝑚. Note that 𝒯 and 𝜌 induce a distribution over

the leaves of 𝒯 .

𝒜 is a randomized algorithm that takes as input any leaf 𝑥 of 𝒯 and outputs a state

𝒜(𝑥). The output of (𝒯 ,𝒜) upon measuring 𝑚 copies of a state 𝜌 in 𝑡-entangled

batches is the random variable 𝒜(𝑥), where 𝑥 is sampled from the aforementioned

distribution over the leaves of 𝒯 .

We also recall the definition of the Gaussian Unitary Ensemble (GUE) and define a

trace-centered variant, which will be the basis of our hard distribution.
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Definition 6.6.2 (GUE, Trace-centered GUE). A sample 𝐺 ∼ GUE(𝑑) is a Hermitian

matrix with independent Gaussians on and above the diagonal, with 𝐺𝑗,𝑗 ∼ 𝒩 (0, 2/𝑑)

and 𝐺𝑗1,𝑗2 ∼ 𝒩 (0, 1/𝑑) + 𝑖𝒩 (0, 1/𝑑) for 𝑗1 < 𝑗2. A sample 𝐺′ ∼ GUE*(𝑑) is sampled

by 𝐺′ = 𝐺− tr(𝐺)𝐼𝑑/𝑑 where 𝐺 ∼ GUE(𝑑).

We recall the following standard fact about extremal eigenvalues of the GUE matrix.

Fact 6.6.3. If 𝐺 ∼ GUE*(𝑑), then ‖𝐺‖ ⩽ 3 with probability 1− 𝑒−Ω(𝑑).

6.6.2 Construction of Hard Distribution

We construct the following hard distribution 𝜇 over quantum states. Let 𝑈 ⊆ C𝑑×𝑑

be the subspace of Hermitian matrices with trace 1 and 𝑈0 ⊆ C𝑑×𝑑 be the subspace of

Hermitian matrices with trace 0. These spaces inherit the inner product of C𝑑×𝑑, which

defines Lebesgue measures Leb𝑈 and Leb𝑈0 on them. Let 𝜀 be the target accuracy.

We can assume 𝜀 is sufficiently small and let 𝜎 = 𝐶𝜀 for some constant 𝐶 > 1 to be

chosen later. A sample 𝜌 ∼ 𝜇 is generated by

𝜌 =
1

𝑑
(𝐼𝑑 + 𝜎𝐺),

where 𝐺 is a sample from GUE*(𝑑) conditioned on ‖𝐺‖ ⩽ 4. Note that such matrices

are clearly valid quantum states. Concretely, 𝜇 has density (with respect to Leb𝑈)

𝜇(𝜌) =
1

𝑍
exp

(︂
− 𝑑3

4𝜎2
‖𝜌− 1

𝑑
𝐼𝑑‖2𝐹

)︂
1{𝜌 ∈ 𝑆supp}, 𝑆supp =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 1

𝑑
𝐼𝑑‖ ⩽

4𝜎

𝑑

}︂
.

where 𝑍 is a normalizing constant. Further define a set of “good" states

𝑆good =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 1

𝑑
𝐼𝑑‖ ⩽

3𝜎

𝑑

}︂
,

which corresponds to the event ‖𝐺‖ ⩽ 3. Due to Fact 6.6.3, 𝜇(𝑆good) ⩾ 1− 𝑒−Ω(𝑑).

In the below proof, we will show that all 𝜌0 ∈ 𝑆good are hard to learn. The important

property of 𝑆good is that it is far from the boundary of supp(𝜇) = 𝑆supp; this ensures
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that we can choose a suitable sub-sampling of 𝜇 in a neighborhood of 𝜌0, which is

rotationally symmetric around 𝜌0.

Finally, we record the following straightforward fact.

Lemma 6.6.4. For all 𝜌, 𝜌′ ∈ 𝑆supp, exp(−4𝑑2) ⩽ 𝜇(𝜌)/𝜇(𝜌′) ⩽ exp(4𝑑2).

Proof. For all 𝜌 ∈ 𝑆supp,

0 ⩽
𝑑3

4𝜎2
‖𝜌− 1

𝑑
𝐼𝑑‖2𝐹 ⩽

𝑑4

4𝜎2
‖𝜌− 1

𝑑
𝐼𝑑‖2 ⩽ 4𝑑2.

6.6.3 Anticoncentration of Posterior Distribution

Fix a tomography algorithm (𝒯 ,𝒜) as in Definition 6.6.1, and let 𝒯𝜌 denote the

distribution over observation sequences 𝑥 = (𝑥1, . . . , 𝑥𝑚) when 𝒯 is run on state 𝜌.

Note that for any states 𝜌, 𝜌′ in the support of 𝜇, the likelihood ratio

d𝒯𝜌
d𝒯𝜌′

(𝑥) =
𝑚∏︁
𝑖=1

𝑥†𝑖𝜌
⊗𝑡𝑥𝑖

𝑥†𝑖𝜌
′⊗𝑡𝑥𝑖

is well defined, since 𝜇 is supported on full-rank matrices. Let 𝜈𝑥 denote the posterior

distribution of 𝜌 given observations 𝑥. The density ratio of any 𝜌, 𝜌′ ∈ 𝑆supp under 𝜈𝑥

is given by Bayes’ rule, and equals

𝜈𝑥(𝜌)

𝜈𝑥(𝜌′)
=

d𝒯𝜌
d𝒯𝜌′

(𝑥) · 𝜇(𝜌)
𝜇(𝜌′)

.

So, for an arbitrary reference state 𝜌′ ∈ 𝑆supp (below we take 𝜌′ = 𝜌0, the unknown

true state) the density of 𝜈𝑥 is

𝜈𝑥(𝜌) =
1

𝑍𝑥

d𝒯𝜌
d𝒯𝜌′

(𝑥)𝜇(𝜌), 𝑍𝑥 =

∫︁
𝑈

d𝒯𝜌
d𝒯𝜌′

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌).

The main technical component of the proof is the following anti-concentration result

for 𝜈𝑥.
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Definition 6.6.5. For 𝜌 ∈ 𝑈 , let 𝐵(𝜌, 𝜀) denote the ball {𝜌′ ∈ 𝑈 : ‖𝜌′ − 𝜌‖1 ⩽ 𝜀}.

Similarly for 𝜌 ∈ 𝑈0, let 𝐵(𝜌, 𝜀) = {𝜌′ ∈ 𝑈0 : ‖𝜌′ − 𝜌‖1 ⩽ 𝜀}.

Theorem 6.6.6. Suppose 𝑑≫ 1, 𝜀 ⩽ 𝜀0 for an absolute constant 𝜀0 and 𝑡 satisfies

𝑡 ⩽ 1/(𝐶𝜀0.1) for some absolute constant 𝐶. Also assume 𝑚 ≪ 𝑑3/(𝑡1.5𝜀2). If

𝜌0 ∈ 𝑆good and 𝑥 ∼ 𝒯𝜌0, there is an event 𝑆𝜌0 ∈ 𝜎(𝑥), with P(𝑥 ∈ 𝑆𝜌0) ⩾ 1− 𝑜(1), on

which 𝜈𝑥(𝐵(𝜌0, 𝜀))≪ 1.

Let 𝐶 be a large constant we will set later. The starting point of the proof of

Theorem 6.6.6 is the estimate

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
=

∫︀
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌)∫︀
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)𝜇(𝜌) dLeb𝑈(𝜌)
(6.18)

⩾ exp(−4𝑑2)

∫︀
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)∫︀
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)
, (6.19)

where the second line uses Lemma 6.6.4. Applying Lemma 6.6.4 in this way amounts

to replacing 𝜇 in the numerator of (6.18) with a measure that sub-samples it, and in

the denominator with a measure that upper bounds it. Define the volumes

𝑉1 =

∫︁
𝐵(0,1)

dLeb𝑈0(𝜌), 𝑉2 =

∫︁
𝐵(0,1)

1 {‖𝜌‖ ⩽ 1/𝑑} dLeb𝑈0(𝜌).

We now separately bound the numerator and denominator of (6.19) in terms of these

volumes, beginning with the denominator.

Lemma 6.6.7. If 𝜌0 ∈ 𝑆good, there is an event 𝑆𝜌0 ∈ 𝜎(𝑥), with Pr(𝑥 ∈ 𝑆𝜌0) ⩾

1− exp(−𝑑2), on which

∫︁
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) ⩽ exp(𝑑2)𝜀𝑑
2−1𝑉1 .

Proof. Note that E𝑥∼𝒯𝜌0
d𝑇𝜌

d𝑇𝜌0
(𝑥) = 1. So

E
𝑥∼𝒯𝜌0

∫︁
𝐵(𝜌0,𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) =
∫︁
𝐵(𝜌0,𝜀)

1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌)
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⩽
∫︁
𝐵(𝜌0,𝜀)

dLeb𝑈(𝜌) = 𝜀𝑑
2−1𝑉1.

The exponent 𝑑2−1 comes from the fact that the space of complex Hermitian matrices

has dimension 𝑑2, so 𝑈 has dimension 𝑑2 − 1. The result follows from Markov’s

inequality.

Before bounding the numerator of (6.19), we define the set

𝑁*(𝜌0) =

{︂
𝜌 ∈ 𝑈 : ‖𝜌− 𝜌0‖ ⩽

𝐶𝜀

𝑑
, ‖𝜌− 𝜌0‖1 ⩽ 𝐶𝜀

}︂
,

which is a rotationally symmetric neighborhood of 𝜌0. Let 𝛾(𝜌0) denote the uniform

distribution on 𝑁*(𝜌0) (w.r.t. Leb𝑈). That is, for bounded measurable test function

𝑓 : 𝑈 → R,

E
𝜌∼𝛾(𝜌0)

𝑓(𝜌) =

∫︀
𝑈
𝑓(𝜌)1{𝜌 ∈ 𝑁*(𝜌0)}dLeb𝑈(𝜌)∫︀
𝑈
1{𝜌 ∈ 𝑁*(𝜌0)}dLeb𝑈(𝜌)

.

Lemma 6.6.8. If 𝜌0 ∈ 𝑆good and 𝜀 ⩽ 𝜀0 for an absolute constant 𝜀0, then

∫︁
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑆supp} dLeb𝑈(𝜌) ⩾ (𝐶𝜀)𝑑
2−1 E

𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
𝑉2. (6.20)

Proof. Because 𝜌0 ∈ 𝑆good, we have ‖𝜌0 − 1
𝑑
𝐼𝑑‖ ⩽ 3𝜎

𝑑
. Because 𝜀 ⩽ 𝜎/𝐶, if 𝜌 satisfies

‖𝜌− 𝜌0‖ ⩽ 𝐶𝜀
𝑑

we have the implication chain

‖𝜌− 𝜌0‖ ⩽
𝐶𝜀

𝑑
⇒ ‖𝜌− 𝜌0‖ ⩽

𝜎

𝑑
⇒ ‖𝜌− 1

𝑑
𝐼𝑑‖ ⩽

4𝜎

𝑑
⇒ 𝜌 ∈ 𝑆supp.

So, letting 𝑋 denote the left-hand side of (6.20), we have

𝑋 ⩾
∫︁
𝐵(𝜌0,𝐶𝜀)

d𝒯𝜌
d𝒯𝜌0

(𝑥)1

{︂
‖𝜌− 𝜌0‖ ⩽

𝐶𝜀

𝑑

}︂
dLeb𝑈(𝜌) =

∫︁
𝑈

d𝒯𝜌
d𝒯𝜌0

(𝑥)1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌)

= E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂ ∫︁
𝑈

1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌).
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Finally, note that

∫︁
𝑈

1{𝜌 ∈ 𝑁*(𝜌0)} dLeb𝑈(𝜌) =
∫︁
𝐵(𝜌0,𝐶𝜀)

1

{︂
‖𝜌− 𝜌0‖ ⩽

𝐶𝜀

𝑑

}︂
dLeb𝑈(𝜌) = (𝐶𝜀)𝑑

2−1𝑉2,

which conludes the proof.

It remains to control E𝜌∼𝛾(𝜌0)

[︁
d𝒯𝜌
d𝒯𝜌0

(𝑥)
]︁

and the volume ratio 𝑉2/𝑉1. We focus on the

former first, the latter can be bounded using formulas from random matrix theory

as in [62]. We will need to condition on a “good" event for the observations 𝑥. Note

that this complication does not show up in [62] but shows up here due to the more

complicated nature of the likelihood ratio expressions with 𝑡-entangled measurements.

The event that we condition on is defined below.

Definition 6.6.9. We say that a sequence of vectors 𝑥 = (𝑥1, . . . , 𝑥𝑚) where 𝑥𝑗 ∈ C𝑑𝑡

is well-balanced if

•
∑︀

𝜆⊢𝑡
∑︀𝑚

𝑗=1
‖Π𝜆𝑥𝑗‖2

𝑑𝑡𝑥†
𝑗𝜌

⊗𝑡
0 𝑥𝑗

(𝜆21 + · · ·+ 𝜆2𝑑) ⩽ 10(𝑚𝑡1.5 + log(𝑑/𝜀)
√
𝑚𝑡2)

• ‖−
(︀
𝑡
2

)︀
𝑚𝐼𝑑2 +

1
𝑑𝑡−2

∑︀𝑚
𝑗=1

𝐺2(𝑥𝑗)

𝑥†
𝑗𝜌

⊗
0 𝑥𝑗
‖ ⩽ 10𝑡2𝑑

√
𝑚 log(𝑑/𝜀)

We first prove that the set of observations 𝑥 is indeed well-balanced with high

probability.

Lemma 6.6.10. Let 𝜀, 𝑑 be parameters such that 𝜀 ⩽ 𝜀0 for some sufficiently small

absolute constant 𝜀0. Let 𝑡,𝑚 be parameters such that 𝑡 ⩽ 1
10𝐶𝜀

where 𝐶 is some

constant. Let 𝜌0 ∈ C𝑑×𝑑 be a state with ‖𝜌0 − 𝐼𝑑/𝑑‖ ⩽ 4𝐶𝜀
𝑑

. Measure the state 𝜌⊗𝑡
0

sequentially 𝑚 times with arbitrary rank-1 POVMs (possibly chosen adaptively) and

let the outcomes be 𝑥 = (𝑥1, . . . , 𝑥𝑚) where 𝑥𝑗 is a unit vector in C𝑑𝑡. Then with

probability 1− (𝜀/𝑑)10, the collection 𝑥 is well-balanced.

Proof. For the first claim, note that for any POVMℳ = {𝜔𝑥𝑑
𝑡𝑥𝑥†}𝑥, if we measure
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𝜌⊗𝑡
0 with this POVM, then

E
ℳ

[︂
𝑥𝑥†

𝑑𝑡𝑥†𝜌⊗𝑡
0 𝑥

]︂
=
∑︁
𝑥∈ℳ

𝜔𝑥𝑥𝑥
† =

𝐼𝑑𝑡

𝑑𝑡
(6.21)

where the expectation is over the outcome fromℳ. Thus,

E
ℳ

[︃∑︁
𝜆⊢𝑡

‖Π𝜆𝑥‖2

𝑑𝑡𝑥†𝜌⊗𝑡
0 𝑥

(𝜆21 + · · ·+ 𝜆2𝑑)

]︃
=
∑︁
𝜆⊢𝑡

dim(𝜆) dim(𝑉 𝑑
𝜆 )

𝑑𝑡
(𝜆21 + · · ·+ 𝜆2𝑑)

= E
𝜆∼𝑆𝑊 𝑡

𝑑

[𝜆21 + · · ·+ 𝜆2𝑑]

⩽ 3𝑡1.5

where the last step uses Claim 6.2.28. Also note that the quantity inside the expectation

is at most 2𝑡2 always since 𝜌0 has all eigenvalues at least 1
2𝑑𝑡

by the assumption on 𝑡.

Thus, since the above holds for any POVM, we can apply Azuma’s inequality and get

that with probability at least 1− (𝜀/𝑑)20,

∑︁
𝜆⊢𝑡

𝑚∑︁
𝑗=1

‖Π𝜆𝑥𝑗‖2

𝑑𝑡𝑥†𝑗𝜌
⊗𝑡
0 𝑥𝑗

(𝜆21 + · · ·+ 𝜆2𝑑) ⩽ 10(𝑚𝑡1.5 + log(𝑑/𝜀)
√
𝑚𝑡2)

and thus the first condition of well-balanced is satisfied. Now we analyze the second

condition. By (6.21), we also have

E
ℳ

[︂
1

𝑑𝑡−2

𝐺2(𝑥)

𝑥†𝜌⊗𝑡
0 𝑥

]︂
=

(︂
𝑡

2

)︂
𝐼𝑑2 .

Also, the quantity inside the expectation is PSD and has trace at most 2𝑡2𝑑2 always.

This means its variance has operator norm at most 2𝑡4𝑑2. Since the above holds

for any POVMs, we can apply matrix Azuma and get that with probability at least

1− (𝜀/𝑑)20,

‖−
(︂
𝑡

2

)︂
𝑚𝐼𝑑2 +

1

𝑑𝑡−2

𝑚∑︁
𝑗=1

𝐺2(𝑥𝑗)

𝑥†𝑗𝜌
⊗
0 𝑥𝑗
‖ ⩽ 10𝑡2𝑑

√
𝑚 log(𝑑/𝜀)

which matches the second condition for well-balanced, as desired.
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Now we can bound the average likelihood ratio whenever the sequence of observations

is well-balanced.

Lemma 6.6.11. Assume that 𝜀 ⩽ 𝜀0 and 𝑡 ⩽ 1/(𝐶𝜀0.1) for some absolute constants

𝐶, 𝜀0 and 𝑚≪ 𝑑3/(𝑡1.5𝜀2). If 𝜌0 ∈ 𝑆good, then for any well-balanced sequence of unit

vectors 𝑥 = (𝑥1, . . . , 𝑥𝑛),

E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
⩾ exp(−𝑑2).

Proof. Note that the distribution 𝛾(𝜌0) is rotationally symmetric around 𝜌. Thus, we

can apply Lemma 6.5.3 with 𝜀← 𝐶𝜀 and

𝐴 = 10(𝑚𝑡1.5 + log(𝑑/𝜀)
√
𝑚𝑡2)

𝐵 = 10𝑡2𝑑
√
𝑚 log(𝑑/𝜀) .

Plugging in the assumptions about the parameters 𝑚, 𝑡, we get

E
𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
⩾ exp(−𝑑2)

as desired.

The volume ratio 𝑉2/𝑉1 is bounded by the following lemma from [62] †.

Lemma 6.6.12 (See [62]). We have that 𝑉2/𝑉1 ⩾ exp(−10𝑑2).

We can now combine the above lemmas together to prove Theorem 6.6.6.

Proof of Theorem 6.6.6. Let 𝑆𝜌0 be the intersection of the event from Lemma 6.6.7

and that the observations 𝑥 are well-balanced. By Lemma 6.6.10, this event occurs

with 1− 𝑜(1) probability. Next, by the calculation (6.19) and Lemmas 6.6.7 and 6.6.8,

†Technically [62] works with real symmetric matrices instead of Hermitian matrices but the proofs
are exactly the same.
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for all 𝑥 ∈ 𝑆𝜌0 ,

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
⩾ exp(−5𝑑2)𝐶𝑑2−1 E

𝜌∼𝛾(𝜌0)

[︂
d𝒯𝜌
d𝒯𝜌0

(𝑥)

]︂
· 𝑉2
𝑉1
.

Lemmas 6.6.11 and 6.6.12 bound the remaining factors, giving

𝜈𝑥(𝐵(𝜌0, 𝐶𝜀))

𝜈𝑥(𝐵(𝜌0, 𝜀))
⩾ exp(−20𝑑2)𝐶𝑑2−1.

Taking 𝐶 = 𝑒30 gives 𝜈𝑥(𝐵(𝜌0,𝐶𝜀))
𝜈𝑥(𝐵(𝜌0,𝜀))

≫ 1. Since 𝜈𝑥(𝐵(𝜌0, 𝐶𝜀)) ⩽ 1, this implies

𝜈𝑥(𝐵(𝜌0, 𝜀))≪ 1.

6.6.4 Completing the Lower Bound

We can now complete the proof of our full lower bound for tomography with 𝑡-entangled

measurements, which we state formally below:

Theorem 6.6.13. There exist absolute constants 𝜀0 > 0 and 𝑑0 ∈ N such that for

any 0 < 𝜀 < 𝜀0 and any integer 𝑑 ⩾ 𝑑0 and parameter 𝑡 ⩽ 1/𝜀0.1, the following holds.

If 𝑛 = 𝑜(𝑑3/(
√
𝑡𝜀2)), then for any algorithm for state tomography (𝒯 ,𝒜) that uses 𝑛

total copies of 𝜌 in (at most) 𝑡-entangled batches, its output ̂︀𝜌 after making all of its

measurements satisfies ‖𝜌− ̂︀𝜌‖1 > 𝜀 with probability 1− 𝑜(1).

Proof. First, note that we can reduce to the case where the algorithm always makes

exactly 𝑡-entangled measurements because for any algorithm that makes measurements

with lesser entanglement in sequence, we can simply combine them into one larger

entangled measurement (this comes at the cost of wasting up to half of the copies of 𝜌

when we make all of the measurements exactly 𝑡-entangled).

Let 𝑆 ∈ 𝜎(𝜌,𝑥) be the event that 𝜌 ∼ 𝜇 lies in 𝑆good and 𝑥 ∼ 𝒯𝜌 lies in 𝑆𝜌. In this

proof we will abuse notation and use 𝒜 to also denote the internal randomness used
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by 𝒜. It suffices to show

Pr𝒜,𝜌∼𝜇,𝑥∼𝒯𝜌 [‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀] = 𝑜(1) .

First note that

Pr𝒜,𝜌,𝑥 [‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀] = E
𝒜,𝑥

E
𝜌∼𝜈𝑥

[1‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀]

⩽ E
𝒜,𝑥

E
𝜌∼𝜈𝑥

[1‖𝒜(𝑥)− 𝜌‖1 ⩽ 𝜀 and (𝜌,𝑥) ∈ 𝑆] + 𝑜(1)

(6.22)

where the second step follows by a union bound and the fact that Pr[(𝜌,𝑥) ̸∈ 𝑆] = 𝑜(1)

by Theorem 6.6.6.

For any choice of internal randomness for 𝒜 and any transcript 𝑥, let 𝜌𝒜𝑥 denote an

arbitrary state for which (𝜌𝒜𝑥 ,𝑥) ∈ 𝑆 and ‖𝒜(𝑥) − 𝜌𝒜𝑥‖1 ⩽ 𝜀, if such a state exists.

Denote by ℰ the event that such a state exists. Then under ℰ , for any state 𝜌 for

which ‖𝒜(𝑥)−𝜌‖1 ⩽ 𝜀, we have ‖𝜌𝒜𝑥 −𝜌‖1 ⩽ 2𝜀. If ℰ does not occur for some choice of

internal randomness for 𝒜 and some 𝑥, note that the corresponding inner expectation

in (6.22) is zero. We can thus upper bound the double expectation in (6.22) by

E
𝒜,𝑥|ℰ

E
𝜌∼𝜈𝑥

[︀
1‖𝜌𝒜𝑥 − 𝜌‖1 ⩽ 2𝜀 and (𝜌,𝑥) ∈ 𝑆

]︀
⩽ E

𝒜,𝑥|ℰ
Pr𝜌∼𝜈𝑥

[︀
‖𝜌𝒜𝑥 − 𝜌‖1 ⩽ 2𝜀

]︀
= 𝑜(1),

where in the last step we used the fact that under ℰ we have (𝜌𝒜𝑥 ,𝑥) ∈ 𝑆, so by

Theorem 6.6.6 the posterior measure 𝜈𝑥 places 𝑜(1) mass on the trace norm 𝜀-ball

around 𝜌𝒜𝑥 .
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Appendix A

Omitted Proofs from Chapter 2

A.1 Cluster Expansion

We give bounds on the Taylor series expansion of the log-partition function of a

local Hamiltonian, closely following the cluster expansion argument of Mann and Hel-

muth [160, 141]. We reproduce this for clarity, increased generality, and completeness,

when merged this with results on computing the cluster expansion [103]. We work

with the dual interaction graph, as opposed to the interaction hypergraph as in [160],

to give slightly tighter bounds. The arguments here straightforwardly extend to qudit

systems, but for the sake of simplicity we present only the qubit setting.

Notation. For this section, we will be working with multisets. For a base set 𝑆, a

multiset of 𝑆, 𝑇 : 𝑆 → N, is defined in terms of its multiplicity function. The support

of 𝑇 is the set of 𝑠 ∈ 𝑆 with 𝑇 (𝑠) > 0, and the size of 𝑇 is denoted |𝑇 | =
∑︀

𝑠∈𝑆 𝑇 (𝑠).

We can take unions of multisets, 𝑇 1 ∪ 𝑇 2, in the usual way, where its multiplicity

function is the sum of the two individual multiplicities. We use the factorial notation

𝑇 ! =
∏︀

𝑠∈𝑆(𝑇 (𝑠)!). For a collection of complex numbers indexed by 𝑆, {𝑥𝑠}𝑠∈𝑆,

𝑥𝑇 =
∏︀

𝑠∈𝑆 𝑥
𝑇 (𝑠)
𝑠 is the product of variables associated with 𝑇 with multiplicity.

We use the Iverson bracket: for a proposition 𝑃 , J𝑃 K equals one when 𝑃 is true,
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and zero otherwise. We denote the normalized trace by tr(𝐴) = tr(𝐴)/ tr(𝐼). The

symmetric group with order n! is denoted Sn.

A.1.1 Abstract Polymer Model

We first describe cluster expansion for abstract polymer models, along with the Kotecký–

Preiss condition for convergence of the expansion [141]. This is fully standard; we

follow the formulation of Friedli and Velenik [88], which in turn follows the analysis of

Ueltschi [203].

Definition A.1.1 (Abstract polymer model). An abstract polymer model is a collection

of objects 𝐾 which we refer to as polymers, along with associated weights {𝑤𝛾}𝛾∈𝐾 in

C and a symmetric relation ∼ on 𝐾 such that, for all 𝛾 ∈ 𝐾, 𝛾 ≁ 𝛾. Here, ∼ denotes

compatibility: for example, 𝛾 ≁ 𝛾 means that a polymer is incompatible with itself.

For an ordered list of polymers Γ = (𝛾1, . . . , 𝛾ℓ), its incompatibility graph 𝐻Γ has ℓ

vertices indexed by Γ and an edge between 𝛾𝑖 and 𝛾𝑗 if and only if 𝛾𝑖 ≁ 𝛾𝑗. Γ is a

cluster if its incompatibility graph is connected.∗

Definition A.1.2 (Partition function of a polymer model, [88, Definition 5.2]). A

polymer model has an associated partition function.

𝑍 =
∑︁
𝑆⊆𝐾

(︁∏︁
𝛾∈𝑆

𝑤𝛾

)︁
J𝑆 is pairwise compatibleK.

We say that a subset 𝑆 ⊆ 𝐾 is pairwise compatible if, for all distinct 𝛾, 𝛾′ ∈ 𝑆, 𝛾 ∼ 𝛾′.

Definition A.1.3 (Ursell function). The Ursell function 𝜙 is a function mapping

graphs to real numbers. For 𝐻 = (𝑉,𝐸),

𝜙(𝐻) =
1

|𝑉 |!
∑︁
𝐴⊆𝐸

spanning
connected

(−1)|𝐴|

∗The definition of a cluster is different from [103], but this is the definition that is consistent with
the rest of the cluster expansion literature.
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Proposition A.1.4 (Formal expansion for the log-partition function, [88, Proposition

5.3]). The following formal equality holds.

log𝑍 =
∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

𝑤𝛾𝑖

Theorem A.1.5 (Kotecký–Preiss convergence condition, [88, Theorem 5.4]). Suppose

that there exists a function 𝜉 : 𝐾 → R>0 and weights { ̂︀𝑤𝛾}𝛾∈𝐾 such that, for each

𝛾* ∈ 𝐾,

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾*K ⩽ 𝜉(𝛾*). (A.1)

Then, for all 𝛾1 ∈ 𝐾,

1 +
∑︁
𝑘⩾2

𝑘
∑︁

𝛾2,...,𝛾𝑘

|𝜙(𝐻𝛾1,...,𝛾𝑘)|
𝑘∏︁

𝑗=2

| ̂︀𝑤𝛾𝑗 | ⩽ 𝑒𝜉(𝛾1). (A.2)

If ̂︀𝑤 = 𝑤, then this implies convergence of the cluster expansion series (provided the

set of polymers is finite). We will take ̂︀𝑤𝛾 = 𝑤𝛾𝑒
𝑏(𝛾) for some function 𝑏 to get a

stronger bound on the convergence of the series.

A.1.2 Quantum Spin System as an Abstract Polymer Model

This section follows the work of Mann and Helmuth [160], which in turn follows

Netočný and Redig [167].

Lemma A.1.6 (Following [160, Lemma 2]). Let 𝐻 =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 be a low-intersection

Hamiltonian with dual interaction graph G (see Definition 1.4.14). Then tr exp(−𝛽𝐻)

equals the partition function of the polymer model where 𝐾 is the space of non-empty

multisets of [𝑚] whose support is connected on G; 𝛾 ∼ 𝛾′ if and only if their distance
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on G is at least two; and the weight function is, for a polymer 𝛾 with |𝛾| elements,

𝑤𝛾 =
(−𝛽)|𝛾|

|𝛾|!𝛾!
tr
(︁ ∑︁
𝜎∈S|𝛾|

|𝛾|∏︁
𝑖=1

𝐸𝛾𝜎(𝑖)

)︁
𝜆𝛾

Combining this with the formal equality in Proposition A.1.4, we deduce the following

expression for the log-partition function of the Hamiltonian,

log tr exp(−𝛽𝐻)

=
∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

𝑤𝛾𝑖

=
∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

(︁(−𝛽)|𝛾𝑖|
|𝛾𝑖|!𝛾𝑖!

tr
(︁ ∑︁
𝜎∈S|𝛾𝑖|

|𝛾𝑖|∏︁
𝑗=1

𝐸(𝛾𝑖)𝜎(𝑗)

)︁
𝜆𝛾𝑖
)︁

=
∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

(−𝛽𝜆)𝛾1∪···∪𝛾𝑘𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

(︁ 1

|𝛾𝑖|!𝛾𝑖!
tr
(︁ ∑︁
𝜎∈S|𝛾𝑖|

|𝛾𝑖|∏︁
𝑗=1

𝐸(𝛾𝑖)𝜎(𝑗)

)︁)︁
.

This cluster expansion series is closely related to the multivariate Taylor series expan-

sion of log tr exp(−𝛽𝐻): if we group together all the terms with the same monomial

𝜆𝛾, we get the Taylor series expansion around 𝜆 = (0, . . . , 0).

Proof sketch. We can write

tr exp(−𝛽𝐻) =
∑︁
𝑘⩾0

1

𝑘!
tr((−𝛽𝐻)𝑘)

=
∑︁
𝑘⩾0

(−𝛽)𝑘

𝑘!

∑︁
𝑎1,...,𝑎𝑘

tr(𝐸𝑎1 . . . 𝐸𝑎𝑘)𝜆𝑎1 . . . 𝜆𝑎𝑘 .

We want to show that this is equal to the expression for the partition function from

Definition A.1.2:

∑︁
𝑆⊆𝐾

J𝑆 is pairwise compatibleK
∏︁
𝛾∈𝑆

(−𝛽)|𝛾|

|𝛾|!𝛾!
tr
(︁ ∑︁
𝜎∈S|𝛾|

|𝛾|∏︁
𝑖=1

𝐸𝛾𝜎(𝑖)

)︁
𝜆𝛾.
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Since tr(𝑋𝑌 ) = tr(𝑋) tr(𝑌 ) when 𝑋 and 𝑌 have disjoint supports, we can split up

tr(𝐸𝑎1 . . . 𝐸𝑎𝑘) into a product of vertex-disjoint parts, each of which corresponds to

a polymer 𝛾. Because these parts are vertex-disjoint, their distance on G is at least

two, and so these polymers are compatible. There is still an underlying ordering

𝑎1, . . . , 𝑎𝑘, but after grouping terms appropriately and counting, we can get a sum

over “unordered” polymers which take the desired form.

Quantum many-body systems satisfy the Kotecký–Preiss condition at high tempera-

ture.†

Fact A.1.7. By [103, Eqs. 29, 36], there are at most

𝑤∑︁
𝑣=1

(︂
𝑣(d− 1) + 1

𝑣 − 1

)︂
d

𝑣(d− 1) + 1

(︂
𝑤 − 1

𝑣 − 1

)︂
=

𝑤∑︁
𝑣=1

(︂
𝑣(d− 1)

𝑣 − 1

)︂
d

𝑣(d− 2) + 3

(︂
𝑤 − 1

𝑣 − 1

)︂
⩽

𝑤∑︁
𝑣=1

(︂
𝑣(d− 1)

𝑣 − 1

)︂(︂
𝑤 − 1

𝑣 − 1

)︂
⩽ 𝑒

𝑤∑︁
𝑣=1

(𝑒(d− 1))𝑣−1

(︂
𝑤 − 1

𝑣 − 1

)︂
= 𝑒(1 + 𝑒(d− 1))𝑤−1

clusters 𝛾 such that 𝑎 ∈ 𝛾 and |𝛾| = 𝑤.

Lemma A.1.8 ([160, Lemma 4]). The polymer model in Lemma A.1.6 satisfies the

condition in Theorem A.1.5 for ̂︀𝑤𝛾 = 𝑤𝛾(
𝛽𝑐

𝛽
)|𝛾| and 𝜉(𝛾) = |𝛾|, provided 𝛽 < 𝛽𝑐 =

1
𝑒(𝑒+1)(1+𝑒(d−1))

:

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾*K ⩽ 𝜉(𝛾*). (A.3)

†We note here a small discrepancy in the proof of [160, Lemma 4]: there, they use that the number
of vertices in a polymer 𝛾 is at most |𝛾|+ 1, but this fact is only true for two-local Hamiltonians.
The analysis presented here accounts for this, getting a critical temperature which is slightly weaker
(by a factor of about K) than what is claimed in [160].
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This means that, for all 𝛾1 ∈ 𝐾,

1 +
∑︁
𝑘⩾2

𝑘
∑︁

𝛾2,...,𝛾𝑘

|𝜙(𝐻𝛾1,...,𝛾𝑘)|
𝑘∏︁

𝑗=2

|𝑤𝛾𝑗 |
(︀𝛽𝑐
𝛽

)︀|𝛾𝑗 | ⩽ 𝑒|𝛾1|. (A.4)

Proof. First, we bound the weight 𝑤𝛾 of a polymer 𝛾.

|𝑤𝛾| =
⃒⃒⃒(−𝛽)|𝛾|
|𝛾|!𝛾!

tr
(︁ ∑︁
𝜎∈𝑆|𝛾|

|𝛾|∏︁
𝑖=1

𝐸𝛾𝜎(𝑖)

)︁
𝜆𝛾
⃒⃒⃒
⩽

𝛽|𝛾|

|𝛾|!𝛾!
|𝛾|!|𝜆𝛾| ⩽ 𝛽|𝛾|

𝛾!
⩽ 𝛽|𝛾| (A.5)

This bound implies that | ̂︀𝑤𝛾| = |𝑤𝛾|(𝛽𝑐

𝛽
)|𝛾| ⩽ 𝛽

|𝛾|
𝑐 . Now, we bound the expression in

the lemma statement. First consider a polymer 𝛾{𝑎} which corresponds to the multiset

containing a single term 𝑎 ∈ [𝑚].

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾{𝑎}K ⩽
∑︁
𝛾∈𝐾

(𝑒𝛽𝑐)
|𝛾|J𝛾 ≁ 𝛾{𝑎}K

The set of polymers which are incompatible with 𝛾{𝑎} are the set of connected multisets

of [𝑚] which are adjacent to 𝑎. By Fact A.1.7, there are at most 𝑒(1 + 𝑒(d− 1))𝑤−1

polymers 𝛾 such that 𝑎 ∈ 𝛾 and |𝛾| = 𝑤, and this is equal to the number of polymers

𝛾′ with |𝛾′| = 𝑤 − 1 and which are adjacent to 𝑎 (provided 𝑤 > 1). So,

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾{𝑎}K ⩽
∞∑︁

𝑤=2

(𝑒𝛽𝑐)
𝑤−1𝑒(1 + 𝑒(d− 1))𝑤−1

= 𝑒

∞∑︁
𝑤=1

(𝑒𝛽𝑐(1 + 𝑒(d− 1)))𝑤

= 𝑒
∞∑︁

𝑤=1

1

(𝑒+ 1)𝑤
= 1

where the last line uses that 𝛽𝑐 = 1
𝑒(𝑒+1)(1+𝑒(d−1))

. Consequently, if we take a general

𝛾*, then we get the desired bound:

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾*K ⩽
∑︁
𝑎∈𝛾*

∑︁
𝛾∈𝐾

| ̂︀𝑤𝛾|𝑒𝜉(𝛾)J𝛾 ≁ 𝛾{𝑎}K ⩽ |𝛾*|.
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Corollary A.1.9. When 𝛽 < 𝛽𝑐 =
1

𝑒(𝑒+1)(1+𝑒(d−1))
, the cluster expansion of the polymer

model in Lemma A.1.6 can be truncated. Then the error term from truncation at

degree 𝑑 is bounded,

⃒⃒⃒ ∞∑︁
ℓ=𝑑+1

∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

|𝛾1|+···+|𝛾𝑘|=ℓ

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

𝑤𝛾𝑖

⃒⃒⃒
⩽ n

(𝛽/𝛽𝑐)
𝑑+1

1− 𝛽/𝛽𝑐
.

Proof. This follows from both parts of Lemma A.1.8. First, let 𝑇 ⊆ [𝑚] be a set of

terms such that |𝑇 | ⩽ n and every term is a neighbor of some element of 𝑇 in G.

⃒⃒⃒ ∞∑︁
ℓ=𝑑+1

∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

|𝛾1|+···+|𝛾𝑘|=ℓ

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

𝑤𝛾𝑖

⃒⃒⃒

⩽
∞∑︁

ℓ=𝑑+1

∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

|𝛾1|+···+|𝛾𝑘|=ℓ

|𝜙(𝐻(𝛾1,...,𝛾𝑘))|
∏︁
𝑖∈[𝑘]

|𝑤𝛾𝑖 |

=
∞∑︁

ℓ=𝑑+1

∑︁
𝛾1∈𝐾
|𝛾1|⩽ℓ

|𝑤𝛾1|
(︀𝛽𝑐
𝛽

)︀−ℓ+|𝛾1|
∞∑︁
𝑘=1

∑︁
(𝛾2,...,𝛾𝑘)∈𝐾𝑘−1

|𝛾1|+···+|𝛾𝑘|=ℓ

|𝜙(𝐻(𝛾1,...,𝛾𝑘))|
𝑘∏︁

𝑖=2

|𝑤𝛾𝑖 |
(︀𝛽𝑐
𝛽

)︀|𝛾𝑖|

⩽
∞∑︁

ℓ=𝑑+1

∑︁
𝛾1∈𝐾
|𝛾1|⩽ℓ

|𝑤𝛾1|
(︀𝛽𝑐
𝛽

)︀−ℓ+|𝛾1|𝑒|𝛾1| by Eq. (A.4)

=
∞∑︁

ℓ=𝑑+1

(︀𝛽𝑐
𝛽

)︀−ℓ
∑︁
𝛾1∈𝐾
|𝛾1|⩽ℓ

| ̂︀𝑤𝛾1|𝑒|𝛾1|

⩽
∞∑︁

ℓ=𝑑+1

(︀𝛽𝑐
𝛽

)︀−ℓ
∑︁
𝑎∈𝑇

∑︁
𝛾1∈𝐾
|𝛾1|⩽ℓ

| ̂︀𝑤𝛾1|𝑒|𝛾1|J𝛾1 ≁ 𝛾{𝑎}K by property of 𝑇

⩽
∞∑︁

ℓ=𝑑+1

(︀𝛽𝑐
𝛽

)︀−ℓ|𝑇 | by Eq. (A.3)

= |𝑇 |(𝛽/𝛽𝑐)
𝑑+1

1− 𝛽/𝛽𝑐
⩽ n

(𝛽/𝛽𝑐)
𝑑+1

1− 𝛽/𝛽𝑐
by property of 𝑇
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A.1.3 Computation of the Cluster Expansion

Lemma A.1.10 (Version of [103, Theorem 3.1] for the log-partition function). Let

𝐻 = 𝐻(𝜆) =
∑︀𝑚

𝑎=1 𝜆𝑎𝐸𝑎 be a Hamiltonian on n qubits with Pauli terms, locality K,

and dual interaction graph G with max degree d (Definitions 1.4.13 and 1.4.14). Let

0 ⩽ 𝛽 < 𝛽𝑐 = 1/(𝑒(𝑒+ 1)(1 + 𝑒(d− 1))). Then the log-partition function of 𝐻 can be

expressed as a power series in 𝛽,

ℒ := log(tr(𝑒−𝛽𝐻)) =
∑︁
ℓ⩾0

𝛽ℓ𝑝ℓ(𝜆),

where 𝑝ℓ is a degree-ℓ homogeneous polynomial in 𝜆 with the following properties:

1. 𝑝ℓ consists of at most n(𝑒d)ℓ monomials.

2. The series decays as |
∑︀

ℓ⩾𝑑 𝛽
ℓ𝑝ℓ(𝜆)| ⩽ n (𝛽/𝛽𝑐)𝑑

1−𝛽/𝛽𝑐
.

Further, after 𝒪(K𝑚d log d) pre-processing time, we have the following form of access

to 𝑝ℓ:

A. The list of monomials that appear in 𝑝ℓ can be enumerated in time 𝒪(ℓd𝜇), where

𝜇 is the number of monomials.

B. The coefficient of any monomial in 𝑝ℓ can be computed exactly in 𝒪(Kℓ3 +

8ℓℓ5 log2 ℓ) = (8ℓ + K) poly(ℓ) time.

Proof. Most of this directly follows from the results in Section 3 of [103], with property

2. following from Corollary A.1.9. We direct the reader to [103] for the proofs of those

results. Here, we only identify where our statements come from.

First, we observe that the ℒ = log(tr(𝑒−𝛽𝐻)) has a formal multivariate Taylor series
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expansion around 𝜆 = (0, . . . , 0) [103, Eqs. 24 and 25],

ℒ =
∑︁
ℓ⩾0

∑︁
𝑉 :|𝑉 |=ℓ

𝜆𝑉

𝑉 !
𝒟𝑉 ℒ⏟  ⏞  

𝛽ℓ𝑝ℓ(𝜆)

,

where 𝑉 denotes a multiset over terms [𝑚]; 𝜆𝑉 =
∏︀

𝑎∈𝑉 𝜆
𝑎 is the product of all coeffi-

cients associated to the terms in 𝑉 with multiplicity; and 𝒟𝑉 ℒ =
∏︀

𝑎∈𝑉
𝜕

𝜕𝜆𝑎
ℒ|𝜆=(0,...,0)

is the log-partition function, with derivatives taken for every 𝜆𝑎 with 𝑎 ∈ 𝑉 with mul-

tiplicity, evaluated at 𝜆 = (0, . . . , 0). Note that 𝒟𝑉 ℒ is a constant in 𝜆. This formal

expression becomes a true equality whenever the right-hand side series converges.

The coefficient, 𝒟𝑉 ℒ, is only non-zero when 𝑉 is connected [103, Proposition 3.5].

Because of the degree bound d, the number of such “clusters” (connected 𝑉 ) of size

ℓ is merely exponential, bounded by n𝑒d(1 + 𝑒(d− 1))ℓ−1 ⩽ n(𝑒d)ℓ [103, Proposition

3.6]. This gives the monomial bound.

As discussed in the previous section, the cluster expansion of

log(tr(𝑒−𝛽𝐻)) = log(tr(𝑒−𝛽𝐻))− log(2n)

is equal to its multivariate Taylor series expansion when terms associated to a particular

monomial are collected together. In particular, we have that, in the notation from

Lemma A.1.6,

∑︁
ℓ⩾𝑑+1

𝛽ℓ𝑝ℓ(𝜆) =
∑︁
ℓ⩾𝑑+1

∞∑︁
𝑘=1

∑︁
(𝛾1,...,𝛾𝑘)∈𝐾𝑘

|𝛾1|+···+|𝛾𝑘|=ℓ

𝜙(𝐻(𝛾1,...,𝛾𝑘))
∏︁
𝑖∈[𝑘]

𝑤𝛾𝑖 .

Thus, we can apply the bound in Corollary A.1.9 to get property 2.

As for the running time statements, enumerating monomials amounts to enumerating

clusters, which is done in [103, Section 3.4]. Computing a coefficient amounts to

computing 𝒟𝑉 ℒ, which is done in [103, Proposition 3.13].
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Appendix B

Omitted Proofs from Chapter 3

B.1 Proof of Theorem 3.3.7

We recall the setup from Theorem 3.3.7. We have 𝐻, a K-local Hamiltonian with dual

interaction graph G with max degree d, along with 𝐴 =
∑︀

𝑏 𝜎𝑏𝑃𝑏, a K’-local operator

where 𝑃𝑏 are products of Pauli matrices and −1 ⩽ 𝜎𝑏 ⩽ 1 and whose dual interaction

graph has max degree d′. For 𝛽 > 0, 𝜌 is the corresponding Gibbs state of 𝐻. We

wish to show a lower bound on ⟨𝐴2⟩.

⟨𝐴2⟩ = tr(𝐴2𝜌) ⩾ max
𝑖∈[n]

(︁
𝑐 tr(𝐴2

(𝑖)/𝑁)
)︁6+𝑐′𝛽

.

Remark B.1.1. [15, Theorem 33] proves that

⟨𝐴2⟩ = tr(𝐴2𝜌) ⩾ max
𝑖∈Λ

tr(𝐴2
(𝑖)/𝑁)𝛽

Ω(1)

for quasi-local operators.
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B.1.1 Reproving Lemmas

First, we show that this quantity is “protected” by local unitary operations, meaning

it doesn’t change too much when we apply a local unitary to 𝐴. How this works in

AAKS is as follows. There are two claims: Claim 37 and Claim 38. Claim 37 only

uses AKL for local operators, while Claim 38 uses AKL for quasi-local operators (and

relies on Claim 37).

Lemma B.1.2 ([15, Claim 37]). Let 𝑈 be a unitary supported on 𝑆 ⊂ [n]. Then, for

any 𝑀 with ‖𝑀‖ ⩽ 1,

⟨(𝑈 †𝑀𝑈)2⟩ ⩽ ̃︀𝒪(︁(d+ 1)K|𝑆|
(︀
4𝑒

2|𝑆|
K

)︀ 2(d+1)K𝛽
1+2(d+1)K𝛽 ⟨𝑀2⟩

1
1+2(d+1)K𝛽

)︁
.

Thinking of d and K as being constants and choosing 𝑐, 𝑐′ appropriately, the inequality

becomes

⟨(𝑈 †𝑀𝑈)2⟩ ⩽ 𝑒𝑐|𝑆|⟨𝑀2⟩
1

1+𝑐′𝛽 .

The ̃︀𝒪(· · ·) gets folded into the values of 𝑐, 𝑐′.

Proof. The overview of the proof is as follows. We want to bound the influence of 𝑈

on the expression tr(𝑈𝑀2𝑈𝜌), so we can consider it in terms of the eigenbasis of 𝐻.

The off-diagonal pieces are bounded by Corollary 3.3.10 (applying it with 𝑔 = d+ 1

and 𝑅 = (d+ 1)|𝑆|):

‖Π(𝐻)
[𝜎+Δ,∞]𝑈Π

(𝐻)
[−∞,𝜎]‖ ⩽ ‖𝑈‖𝑒

− 1
4(d+1)K

(Δ−4(d+1)|𝑆|) = 𝑒−
Δ

4(d+1)K 𝑒
|𝑆|
K . (B.1)

We split our expression into the on-diagonal and off-diagonal pieces.

⟨(𝑈 †𝑀𝑈)2⟩

= tr((𝑈 †𝑀𝑈)2𝜌)
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=
∑︁
𝑖

tr((𝑈 †𝑀𝑈)2Π
(𝐻)
[𝑖,𝑖+1)𝜌)

=
∑︁
𝑖

‖𝑈 †𝑀𝑈Π
(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

=
∑︁
𝑖

‖𝑀𝑈Π
(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

=
∑︁
𝑖

‖𝑀(Π
(𝐻)
(−∞,𝑖−Δ) +Π

(𝐻)
[𝑖−Δ,𝑖+1+Δ) +Π

(𝐻)
[𝑖+1+Δ,∞))𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

⩽ 2
∑︁
𝑖

(︁
‖𝑀(Π

(𝐻)
(−∞,𝑖−Δ) +Π

(𝐻)
[𝑖+1+Δ,∞))𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹⏟  ⏞  

(off𝑖)

+ ‖𝑀Π
(𝐻)
[𝑖−Δ,𝑖+1+Δ)𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹⏟  ⏞  

(on𝑖)

)︁

We first bound (on𝑖).

(on𝑖) = ‖𝑀Π
(𝐻)
[𝑖−Δ,𝑖+1+Δ)𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

= ‖𝑀Π
(𝐻)
[𝑖−Δ,𝑖+1+Δ)‖

2
𝐹‖𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2

⩽ ‖𝑀Π
(𝐻)
[𝑖−Δ,𝑖+1+Δ)‖

2
𝐹 𝑒

−𝛽𝑖

⩽ ‖𝑀Π
(𝐻)
[𝑖−Δ,𝑖+1+Δ)

√
𝜌‖2𝐹 𝑒𝛽Δ

Next, we bound (off𝑖). Here, we use that ‖𝑀‖ ⩽ 1 and Eq. (B.1).

(off𝑖) = ‖𝑀(Π
(𝐻)
(−∞,𝑖−Δ) +Π

(𝐻)
[𝑖+1+Δ,∞))𝑈Π

(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

⩽ ‖𝑀‖2‖(Π(𝐻)
(−∞,𝑖−Δ) +Π

(𝐻)
[𝑖+1+Δ,∞))𝑈Π

(𝐻)
[𝑖,𝑖+1)‖

2‖Π(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

⩽ ‖(Π(𝐻)
(−∞,𝑖−Δ) +Π

(𝐻)
[𝑖+1+Δ,∞))𝑈Π

(𝐻)
[𝑖,𝑖+1)‖

2‖Π(𝐻)
[𝑖,𝑖+1)

√
𝜌‖2𝐹

⩽ 2(𝑒−
Δ

4(d+1)K 𝑒
|𝑆|
K )2‖Π(𝐻)

[𝑖,𝑖+1)

√
𝜌‖2𝐹

= 2𝑒
2|𝑆|
K 𝑒−

Δ
2(d+1)K‖Π(𝐻)

[𝑖,𝑖+1)

√
𝜌‖2𝐹

= 2𝑒
2|𝑆|
K 𝑒−

Δ
2(d+1)K‖Π(𝐻)

[𝑖,𝑖+1)

√
𝜌‖2𝐹

The remaining terms can be summed up nicely.

⟨(𝑈 †𝑀𝑈)2⟩ ⩽ 2
∑︁
𝑖

((off𝑖) + (on𝑖))

⩽ 2
∑︁
𝑖

(2𝑒
2|𝑆|
K 𝑒−

Δ
2(d+1)K‖Π(𝐻)

[𝑖,𝑖+1)

√
𝜌‖2𝐹 + ‖𝑀Π

(𝐻)
[𝑖−Δ,𝑖+1+Δ)

√
𝜌‖2𝐹 𝑒𝛽Δ)
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= 4𝑒
2|𝑆|
K 𝑒−

Δ
2(d+1)K‖√𝜌‖2𝐹 + (2Δ + 1)‖𝑀√𝜌‖2𝐹 𝑒𝛽Δ

= 4𝑒
2|𝑆|
K 𝑒−

Δ
2(d+1)K + (2Δ + 1)𝑒𝛽Δ⟨𝑀2⟩

= ⟨𝑀2⟩𝑒𝛽Δ
(︁4𝑒 2|𝑆|

K

⟨𝑀2⟩
𝑒−Δ( 1

2(d+1)K
+𝛽) + 2Δ+ 1

)︁
This holds for every Δ ⩾ 0. We choose

Δ =
1

1
2(d+1)K

+ 𝛽
log

4𝑒
2|𝑆|
K

⟨𝑀2⟩
.

Since ⟨𝑀2⟩ ⩽ 1, Δ is indeed non-negative. With this choice of Δ, we have

⟨(𝑈 †𝑀𝑈)2⟩ ⩽ ⟨𝑀2⟩𝑒𝛽Δ
(︁4𝑒 2|𝑆|

K

⟨𝑀2⟩
𝑒−Δ( 1

2(d+1)K
+𝛽) + (2Δ + 1)

)︁
= ⟨𝑀2⟩𝑒𝛽Δ(2Δ + 2)

= ⟨𝑀2⟩(2Δ + 2)
(︁4𝑒 2|𝑆|

K

⟨𝑀2⟩

)︁ 𝛽
1

2(d+1)K
+𝛽

= (2Δ + 2)
(︀
4𝑒

2|𝑆|
K

)︀ 2(d+1)K𝛽
1+2(d+1)K𝛽 ⟨𝑀2⟩

1
1+2(d+1)K𝛽

= ̃︀𝒪(︁(d+ 1)K|𝑆|
(︀
4𝑒

2|𝑆|
K

)︀ 2(d+1)K𝛽
1+2(d+1)K𝛽 ⟨𝑀2⟩

1
1+2(d+1)K𝛽

)︁
.

In the last line above, we are careful to pull out factors of (d+ 1)K and |𝑆| to deal

with regimes where |𝑆|/𝑘 and 𝛽 are ≪ 1 and ≫ 1.

Lemma B.1.3 ([15, Claim 38 + Corollary 39]). Let 𝑈 be a unitary supported on

𝑆 ⊂ [n] and let 𝐴 be the local operator as defined previously. Then, for all 𝛾 > 0,

⟨(𝑈 †𝐴𝑈)2⟩ ⩽ 𝛾2 + 𝑒𝑐|𝑆|
(︁
⟨Π(𝐴)

(−∞,−𝛾)∪(𝛾,∞)⟩
1

2(1+𝑐′𝛽) +
𝛾 + 1

𝛾3
⟨𝐴2⟩

)︁
where 𝑐, 𝑐′ are constants that depend on d,K, d′,K′.

Our eventual goal is to get an upper bound in terms of ⟨𝐴2⟩Θ( 1
1+𝛽

); since

⟨Π(𝐴)
(−∞,−𝛾)∪(𝛾,∞)⟩ ⩽ 𝛾−2⟨𝐴2⟩, (B.2)
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by setting 𝛾 appropriately we can do this.

Remark B.1.4. The original result proves this result for quasi-local operators, instead

of the local operator case under consideration for us. They attain

⟨(𝑈 †𝐴𝑈)2⟩ ⩽ 𝛾2 +
1

𝛾
𝑒𝒪(|𝑆|)⟨Π(𝐴)

(−∞,−𝛾)∪(𝛾,∞)⟩
𝒪(1/𝛽) +𝒪(|𝑆|6 1

𝛾4
⟨𝐴2⟩) (B.3)

The final 1
𝛾4 is not present in the statement, but is incurred in [15, Eq. 121].

Proof. Throughout, 𝑐’s denote positive constants that depend on 𝑘, 𝑘′, d, d′. We use

Corollary 3.3.10 to conclude the exact same bound as used in Eq. (B.1), but this time

for 𝐴.

‖Π(𝐴)
[𝜎+Δ,∞]𝑈Π

(𝐴)
[−∞,𝜎]‖ ⩽ ‖𝑈‖𝑒

− 1
4(d′+1)K′ (Δ−4(d′+1)|𝑆|)

= 𝑒
− Δ

4(d′+1)K′ 𝑒
|𝑆|
K′ . (B.4)

We split up our expression in pieces based on the eigenbasis of 𝐴. Let 𝛾 be a parameter

that we choose later, and let Π
(𝐴)
𝑖 = Π

(𝐴)
[(−𝑖−1)𝛾,−𝑖𝛾)∪[𝑖𝛾,(𝑖+1)𝛾).

⟨(𝑈 †𝐴𝑈)2⟩ = tr(𝑈 †𝐴2𝑈𝜌)

=
∑︁
𝑖⩾0

tr(𝑈 †𝐴Π
(𝐴)
𝑖 𝐴𝑈𝜌)

⩽
∑︁
𝑖⩾0

(𝑖+ 1)2𝛾2 tr(𝑈 †Π
(𝐴)
𝑖 𝑈𝜌)

=
∑︁
𝑖⩾0

(𝑖+ 1)2𝛾2‖Π(𝐴)
𝑖 𝑈
√
𝜌‖2𝐹

⩽ 𝛾2 + 𝛾2
∑︁
𝑖⩾1

(𝑖+ 1)2‖Π(𝐴)
𝑖 𝑈
√
𝜌‖2𝐹

⩽ 𝛾2 + 𝛾2
∑︁
𝑖⩾1

(𝑖+ 1)2
(︁∑︁

𝑗⩾0

‖Π(𝐴)
𝑖 𝑈Π

(𝐴)
𝑗

√
𝜌‖𝐹⏟  ⏞  

(term𝑖)

)︁2

By Eq. (B.4), we can conclude

‖Π(𝐴)
𝑖 𝑈Π

(𝐴)
𝑗

√
𝜌‖𝐹 ⩽ ‖Π(𝐴)

𝑖 𝑈Π
(𝐴)
𝑗 ‖‖Π

(𝐴)
𝑗

√
𝜌‖𝐹 ⩽ 16𝑒

− 𝛾|𝑗−𝑖|
4(d′+1)K′ 𝑒

|𝑆|
K′ ‖Π(𝐴)

𝑗

√
𝜌‖𝐹 (B.5)
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⩽ 𝑒−𝑐0𝛾|𝑗−𝑖|𝑒𝑐1|𝑆|‖Π(𝐴)
𝑗

√
𝜌‖𝐹 (B.6)

We don’t want to incur dependence on ‖Π(𝐴)
0

√
𝜌‖2𝐹 = ⟨Π(𝐴)

0 ⟩. When 𝑗 = 0, we can use

Lemma B.1.2 to get a bound that still depends on ⟨𝐼 − Π
(𝐴)
0 ⟩.

‖Π(𝐴)
𝑖 𝑈Π

(𝐴)
0

√
𝜌‖𝐹 ⩽ ‖Π(𝐴)

𝑖 𝑈
√
𝜌‖𝐹 + ‖Π(𝐴)

𝑖 𝑈(𝐼 − Π
(𝐴)
0 )
√
𝜌‖𝐹

⩽

√︁
𝑒𝑐2|𝑆|⟨Π(𝐴)

𝑖 ⟩
1

1+𝑐3𝛽 + ‖(𝐼 − Π
(𝐴)
0 )
√
𝜌‖𝐹

⩽ 𝑒𝑐2|𝑆|/2⟨𝐼 − Π
(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) (B.7)

With both of these bounds in hand, we can now bound (term𝑖). We use Eqs. (B.6)

and (B.7) to get

(term𝑖) =
∑︁
𝑗⩾0

‖Π(𝐴)
𝑖 𝑈Π

(𝐴)
𝑗

√
𝜌‖𝐹

⩽ ‖Π(𝐴)
𝑖 𝑈Π

(𝐴)
0

√
𝜌‖𝐹 +

∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|𝑒𝑐1|𝑆|‖Π(𝐴)
𝑗

√
𝜌‖𝐹 by Eq. (B.6)

⩽
√︁
𝑒𝑐2|𝑆|/2⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) 𝑒−𝑐0𝛾|0−𝑖|𝑒𝑐1|𝑆|‖Π(𝐴)

0

√
𝜌‖𝐹 +

∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|𝑒𝑐1|𝑆|‖Π(𝐴)
𝑗

√
𝜌‖𝐹

by Eqs. (B.6) and (B.7)

⩽ 𝑒(
𝑐1
2
+

𝑐2
4
)|𝑆|⟨𝐼 − Π

(𝐴)
0 ⟩

1
4(1+𝑐3𝛽) 𝑒−

𝑐0
2
𝛾𝑖 +

∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|𝑒𝑐1|𝑆|‖Π(𝐴)
𝑗

√
𝜌‖𝐹

by ‖Π(𝐴)
0

√
𝜌‖𝐹 ⩽ 1

⩽ 𝑒𝑐4|𝑆|

(︃
⟨𝐼 − Π

(𝐴)
0 ⟩

1
4(1+𝑐3𝛽) 𝑒−

𝑐0
2
𝛾𝑖 +

(︁∑︁
𝑗′⩾1

𝑒−𝑐0𝛾|𝑗′−𝑖|
)︁ 1

2
(︁∑︁

𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

)︁ 1
2

)︃
by Cauchy-Schwarz and taking 𝑐4 = max( 𝑐1

2
+ 𝑐2

4
, 𝑐1)

⩽ 𝑒𝑐4|𝑆|
(︁
⟨𝐼 − Π

(𝐴)
0 ⟩

1
4(1+𝑐3𝛽) 𝑒−

𝑐0
2
𝛾𝑖 + 𝑐5

√︂
1 +

1

𝛾

(︁∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

)︁ 1
2
)︁

taking 𝑐5 appropriately

(term𝑖)
2 ⩽ 2𝑒2𝑐4|𝑆|

(︁
⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) 𝑒−𝑐0𝛾𝑖 + 𝑐25

(︁
1 +

1

𝛾

)︁(︁∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

)︁)︁
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⩽ 𝑒𝑐6|𝑆|
(︁
⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) 𝑒−𝑐0𝛾𝑖 +

(︁
1 +

1

𝛾

)︁(︁∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

)︁)︁
taking 𝑐6 appropriately

Returning to what we originally wanted to bound,

⟨(𝑈 †𝐴𝑈)2⟩

⩽ 𝛾2 + 𝛾2
∑︁
𝑖⩾1

(𝑖+ 1)2(term𝑖)
2

⩽ 𝛾2 + 𝛾2𝑒𝑐6|𝑆|
∑︁
𝑖⩾1

(𝑖+ 1)2
(︁
⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) 𝑒−𝑐0𝛾𝑖 +

(︁
1 +

1

𝛾

)︁(︁∑︁
𝑗⩾1

𝑒−𝑐0𝛾|𝑗−𝑖|‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

)︁)︁
= 𝛾2 + 𝑒𝑐6|𝑆|⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽)

∑︁
𝑖⩾1

𝛾2(𝑖+ 1)2𝑒−𝑐0𝛾𝑖

+ 𝑒𝑐6|𝑆|
𝛾 + 1

𝛾

∑︁
𝑗⩾1

𝑗2‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

∑︁
𝑖⩾1

𝛾2( 𝑖+1
𝑗
)2𝑒−𝑐0𝛾|𝑗−𝑖|

≲ 𝛾2 + 𝑐7𝑒
𝑐6|𝑆|⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) + 𝑐7𝑒

𝑐6|𝑆|𝛾 + 1

𝛾

∑︁
𝑗⩾1

𝑗2‖Π(𝐴)
𝑗

√
𝜌‖2𝐹

taking 𝑐7 such that 𝑐7 ⩾
∑︀

𝑖⩾1 𝛾
2(𝑖+ 1)2𝑒−𝑐0𝛾|𝑖−𝑗| for all 𝑗

= 𝛾2 + 𝑒𝑐8|𝑆|
(︁
⟨𝐼 − Π

(𝐴)
0 ⟩

1
2(1+𝑐3𝛽) +

𝛾 + 1

𝛾3
⟨𝐴2⟩

)︁
by
∑︀

𝑗⩾1(𝛾𝑗)
2‖Π(𝐴)

𝑗

√
𝜌‖2𝐹 ⩽ ⟨𝐴2⟩

B.1.2 Applying the Lemma

Lemma B.1.5 ([15, Claim 36]). There exists a unitary 𝑈 supported on supp(𝐴(𝑖))

such that

tr(𝐴2
(𝑖)/𝑁) ⩽ tr((𝑈 †𝐴(𝑖)𝑈)

2𝜌) = ⟨(𝑈 †𝐴(𝑖)𝑈)
2⟩

Proof. Take 𝑈 to be the unitary that sends the 𝑎th largest eigenvector of 𝐴2
(𝑖) to the

𝑎th largest eigenvector of tr[n]∖supp(𝐴(𝑖)) 𝜌.
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Proof of Theorem 3.3.7. We consider 𝐴(𝑖), and let 𝑈* be the unitary whose existence

is shown by Lemma B.1.5. Since 𝐴(𝑖) is supported on (d′ + 1)K′ qubits (Eq. (3.6)), so

is 𝑈*.

tr(𝐴2
(𝑖)/𝑁) ⩽ ⟨(𝑈 †

*𝐴(𝑖)𝑈*)
2⟩ by Lemma B.1.5

= ‖𝑈 †
*𝐴(𝑖)𝑈*

√
𝜌‖2𝐹

=
⃦⃦⃦
𝑈 †
*

(︁
𝐴−

∫︁
d𝜇𝑖(𝑈)𝑈

†𝐴𝑈
)︁
𝑈*
√
𝜌
⃦⃦⃦2
𝐹

⩽ 2‖𝑈 †
*𝐴𝑈*

√
𝜌‖2𝐹 + 2

(︁∫︁
d𝜇𝑖(𝑈)‖𝑈 †

*𝑈
†𝐴(𝑖)𝑈𝑈*

√
𝜌‖𝐹

)︁2
⩽ 4𝛾2 + 4𝑒𝑐(d

′+1)K′
(︁
⟨Π(𝐴)

(−∞,−𝛾)∪(𝛾,∞)⟩
1

2(1+𝑐′𝛽) +
𝛾 + 1

𝛾3
⟨𝐴2⟩

)︁
by Lemma B.1.3

⩽ 4𝛾2 + 4𝑒𝑐(d
′+1)K′

(︁
𝛾
− 1

1+𝑐′𝛽 ⟨𝐴2⟩
1

2(1+𝑐′𝛽) +
𝛾 + 1

𝛾3
⟨𝐴2⟩

)︁
by Eq. (B.2)

We set 𝛾2 = tr(𝐴2
(𝑖)/𝑁)/8 and 𝑐′′ = 8𝑒𝑐(d

′+1)K′ so that this implies

tr(𝐴2
(𝑖)/𝑁) = 8𝛾2 ⩽ 4𝛾2 + 𝑐′′

(︁
𝛾
− 1

1+𝑐′𝛽 ⟨𝐴2⟩
1

2(1+𝑐′𝛽) +
𝛾 + 1

𝛾3
⟨𝐴2⟩

)︁
4

𝑐′′
𝛾2 ⩽ 𝛾

− 1
1+𝑐′𝛽 ⟨𝐴2⟩

1
2(1+𝑐′𝛽) +

𝛾 + 1

𝛾3
⟨𝐴2⟩

So, either

2
𝑐′′
𝛾2 ⩽ 𝛾

− 1
1+𝑐′𝛽 ⟨𝐴2⟩

1
2(1+𝑐′𝛽)

( 2
𝑐′′
)2(1+𝑐′𝛽)𝛾2+4(1+𝑐′𝛽) ⩽ ⟨𝐴2⟩ (B.8)

or

2

𝑐′′
𝛾2 ⩽

𝛾 + 1

𝛾3
⟨𝐴2⟩

𝑐′′′𝛾5 ⩽ ⟨𝐴2⟩

Above, we used that 𝛾 = tr(𝐴2
(𝑖)/𝑁)/8 ⩽ (d + 1)/8, so it can be folded into the

constant. Eq. (B.8) gives us our final bound.
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B.2 Proof of Theorem 3.5.6

Here we prove Theorem 3.5.6. As the proof is quite long and computational, we break

it into several manageable steps. First, we show that the even and odd truncations

𝑠2ℓ−1(𝑥), 𝑠2ℓ(𝑥) can be related as follows:

Lemma B.2.1 (Even truncations are bounded). For all ℓ ∈ N, for all 𝑥 ∈ R,

|𝑠2ℓ−1(𝑥)| < 99𝑠2ℓ(𝑥).

Proof. First, note that whenever 𝑠2ℓ−1(𝑥) ⩾ 0, we clearly have 𝑠2ℓ(𝑥) ⩾ |𝑠2ℓ−1(𝑥)| and

the desired inequalities clearly hold. Thus, it suffices to consider when 𝑠2ℓ−1(𝑥) < 0

which only happens when 𝑥 ⩽ −0.1ℓ. It remains to show that when 𝑥 ⩽ −0.1ℓ,

𝑠2ℓ(𝑥) +
𝑠2ℓ−1(𝑥)

99
⩾ 0. Let 𝑓(𝑥) = 0.99𝑠2ℓ(𝑥) + 0.01𝑠2ℓ−1(𝑥)− 𝑒𝑥. Note that 𝑓(0) = 0

and 𝑓 (𝑘)(0) = 0 for 𝑘 ⩽ 2ℓ− 1 and 𝑓 (2ℓ)(𝑥) = 0.99− 𝑒𝑥 where 𝑓 (𝑘)(𝑥) denotes the 𝑘th

derivative of 𝑓 . Now we can use the fundamental theorem of calculus to write

𝑓(𝑥) =

∫︁ 𝑥

0

𝑓 (2ℓ)(𝑦)
(𝑥− 𝑦)2ℓ−1

(2ℓ− 1)!
d𝑦 =

∫︁ 𝑥

0

(0.99− 𝑒𝑦)(𝑥− 𝑦)
2ℓ−1

(2ℓ− 1)!
d𝑦 .

We can rearrange the above as

𝑓(−𝑥) =
∫︁ 𝑥

0

(0.99− 𝑒−𝑦)
(𝑥− 𝑦)2ℓ−1

(2ℓ− 1)!
d𝑦 .

It suffices to prove that for 𝑥 ⩾ 0.1ℓ that 𝑓(−𝑥) ⩾ 0 since then we get that 0.99𝑠2ℓ(−𝑥)+

0.01𝑠2ℓ−1(−𝑥) ⩾ 𝑒−𝑥 ⩾ 0. Now, we analyze the integral on the RHS of the above. We

have ∫︁ 𝑥

0

(0.99− 𝑒−𝑦)(𝑥− 𝑦)2ℓ−1 d𝑦

⩾
∫︁ 0.1

0.05

(𝑥− 𝑦)2ℓ−1(0.99− 𝑒−𝑦) d𝑦 −
∫︁ 0.02

0

(𝑒−𝑦 − 0.99)(𝑥− 𝑦)2ℓ−1 d𝑦

⩾ 0.0019(𝑥− 0.1)2ℓ−1 − 0.0002𝑥2ℓ−1
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but since 𝑥 ⩾ 0.1ℓ,
(𝑥− 0.1)2ℓ−1

𝑥2ℓ−1
=

(︂
1− 0.1

𝑥

)︂2ℓ−1

>
1

9

and thus we conclude 𝑓(−𝑥) ⩾ 0 and we are done.

Next, we present a few basic facts about polynomials that allow us to construct

bounded coefficient sum of squares representations.

Claim B.2.2. Let 𝑝(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 + · · ·+ 𝑎0 be a polynomial. Let 𝐶 > 0 be

a constant such that for all 𝑖 ∈ [𝑛],

|𝑎𝑖| ⩾
|𝑎𝑖−1|
𝐶

.

Then all of the (complex) roots of 𝑝 have magnitude at most 2𝐶.

Proof. Let 𝑧 ∈ C have |𝑧| ⩾ 2𝐶. Then for all 𝑖,

|𝑎𝑖𝑧𝑖| ⩽
𝐶𝑛−𝑖

|𝑧|𝑛−𝑖
· |𝑎𝑛𝑧𝑛| ⩽

|𝑎𝑛𝑧𝑛|
2𝑛−𝑖

and thus,

|𝑎𝑛𝑧𝑛| > |𝑎𝑛−1𝑧
𝑛−1|+ · · ·+ |𝑎0|

so we cannot have

𝑝(𝑧) = 𝑎𝑛𝑧
𝑛 + 𝑎𝑛−1𝑧

𝑛−1 + · · ·+ 𝑎0 = 0 .

Thus, it is impossible for 𝑧 to be a root of 𝑝.

As a straight-forward corollary, we show that each of the following admit a bounded

coefficient sum-of-squares decomposition.

Corollary B.2.3 (Bounded coefficient Polynomials). Let ℓ be a positive integer and

314



−0.01 ⩽ 𝑐 ⩽ 0.01 be a real number. Then, the polynomial

𝑠2ℓ(𝑥) + 𝑐𝑠2ℓ−1(𝑥)

is a (2ℓ, ℓ, 10ℓ)-bounded SoS polynomial in 𝑥 (see Definition 3.3.16).

Proof. Note that all complex roots of 𝑠2ℓ(𝑥) + 𝑐𝑠2ℓ−1(𝑥) have magnitude at most 5ℓ by

Claim B.2.2. Also, by Claim B.2.1, none of the roots are real so by the Fundamental

Theorem of Algebra, they come in conjugate pairs 𝑧1, 𝑧1, . . . , 𝑧ℓ, 𝑧ℓ. Then, we can write

𝑠2ℓ(𝑥) + 𝑐 𝑠2ℓ−1(𝑥)99 =
1

(2ℓ)!

∏︁
𝑗∈[ℓ]

(𝑥− 𝑧𝑗)(𝑥− 𝑧𝑗) =
1

(2ℓ)!

∏︁
𝑗∈[ℓ]

((𝑥− Re(𝑧𝑗))2 + Im(𝑧𝑗)
2)

(B.9)

and now we can expand out the product above to get a sum of 2ℓ squares of polynomials

of degree at most ℓ. Now we bound the coefficients of each of them. For each monomial

𝑥𝑘, its coefficient has magnitude at most

(︂
ℓ

𝑘

)︂
(5ℓ)ℓ−𝑘√︀

(2𝑙)!
⩽
ℓ𝑘

𝑘!

(10ℓ)ℓ−𝑘

ℓℓ
=

10ℓ

𝑘!
(B.10)

and thus, we conclude that 𝑠2ℓ(𝑥) + 𝑐𝑠2ℓ−1(𝑥) is a (2ℓ, ℓ, 10ℓ)-bounded sum-of-squares

polynomial.

Claim B.2.4. Let 𝑝(𝑥, 𝑦, 𝑡) be a polynomial such that for all 𝑡 ∈ [0, 1], it is a (𝑘, 𝑑, 𝐶)-

bounded SoS polynomial in 𝑥, 𝑦 (after plugging in a real value for 𝑡). Then the

polynomial

𝑟(𝑥, 𝑦) =

∫︁ 1

0

𝑝(𝑥, 𝑦, 𝑡) d𝑡

is a (3𝑑2, 𝑑,
√
𝑘𝐶)-bounded SoS polynomial in 𝑥, 𝑦.

Proof. We for each 𝑡 ∈ [0, 1], there are some (𝑑, 𝐶)-bounded polynomials 𝑞1,𝑡(𝑥, 𝑦), . . . , 𝑞𝑘,𝑡(𝑥, 𝑦)

so that we can write

𝑝(𝑥, 𝑦, 𝑡) = 𝑞1,𝑡(𝑥, 𝑦)
2 + · · ·+ 𝑞𝑘,𝑡(𝑥, 𝑦)

2 .
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Let 𝑣(𝑥, 𝑦) be the vector of monomials

𝑣(𝑥, 𝑦) =

(︂
1, 𝑥, 𝑦,

𝑥2

2!
,
𝑥𝑦

2!
,
𝑦2

2!
, . . . ,

𝑥𝑑

𝑑!
,
𝑥𝑑−1𝑦

𝑑!
, . . . ,

𝑦𝑑

𝑑!

)︂
.

Then we can associate each 𝑞𝑖,𝑡 with a vector 𝑢𝑖,𝑡 such that 𝑞𝑖,𝑡(𝑥, 𝑦) = 𝑣(𝑥, 𝑦)⊤𝑢𝑖,𝑡.

Since the 𝑞𝑖,𝑡 are (𝑑, 𝐶)-bounded, we know that all entries of 𝑢𝑖,𝑡 are at most 𝐶. Define

the matrix

𝑀(𝑡) =
𝑘∑︁

𝑖=1

𝑢𝑖,𝑡𝑢
⊤
𝑖,𝑡 .

Then 𝑀(𝑡) is PSD and

𝑝(𝑥, 𝑦, 𝑡) = 𝑣(𝑥, 𝑦)⊤𝑀(𝑡)𝑣(𝑥, 𝑦) .

Now we can write

𝑟(𝑥, 𝑦) =

∫︁ 1

0

𝑝(𝑥, 𝑦, 𝑡) d𝑡 = 𝑣(𝑥, 𝑦)⊤
(︂∫︁ 1

0

𝑀(𝑡) d𝑡

)︂
𝑣(𝑥, 𝑦) .

We know that all of the entries of 𝑅(𝑡) =
∫︀ 1

0
𝑀(𝑡) d𝑡 are at most 𝑘𝐶2 and also it is a(︀

𝑑+2
2

)︀
×
(︀
𝑑+2
2

)︀
matrix so we can write it as

𝑅(𝑡) =

(𝑑+2
2 )∑︁

𝑖=1

𝑢𝑖𝑢
⊤
𝑖

for some vectors 𝑢𝑖 whose entries are at most
√
𝑘𝐶. Now we can write

𝑟(𝑥, 𝑦) =

(𝑑+2
2 )∑︁

𝑖=1

(𝑣(𝑥, 𝑦)⊤𝑢𝑖)
2

and each of the 𝑣(𝑥, 𝑦)⊤𝑢𝑖 are (𝑑,
√
𝑘𝐶)-bounded polynomials in 𝑥, 𝑦. Thus, 𝑟(𝑥, 𝑦) is

a (3𝑑2, 𝑑,
√
𝑘𝐶)-bounded sum-of-squares polynomial, as desired.

Now we move onto the main proof of Theorem 3.5.6. We have the following basic

identities.
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Fact B.2.5 (Integration Identities). For a function 𝑝 : R→ R,

𝑝(𝑧 + 𝑎)− 𝑝(𝑧 − 𝑎) = 𝑎

∫︁ 1

0

(𝑝′(𝑧 + 𝑡𝑎) + 𝑝′(𝑧 − 𝑡𝑎)) d𝑡

and

𝑝(𝑧 + 𝑎) + 𝑝(𝑧 − 𝑎) = 2𝑝(𝑧) + 𝑎

∫︁ 1

0

(𝑝′(𝑧 + 𝑡𝑎) + 𝑝′(𝑧 − 𝑡𝑎)) d𝑡

Proof. Both of the equations follow immediately from the Fundamental Theorem of

Calculus.

Recall that the key inequality that we need to prove is the following.

Lemma B.2.6 (Modified Gradient Identity with bounded coeffcieints). For all positive

integers 𝑘, ℓ and real numbers 𝑥, 𝑦,

0.5(𝑥− 𝑦)(1 + 0.25(𝑥− 𝑦)2)(𝑞𝑘,ℓ(𝑥)− 𝑞𝑘,ℓ(𝑦))− 0.00025(𝑥− 𝑦)2𝑝𝑘,ℓ(𝑥) ⩾ 0 .

Furthermore, the LHS is a (102
𝑘ℓ, 2𝑘ℓ + 10, 2002

𝑘ℓ)-bounded SoS polynomial (in the

variables 𝑥, 𝑦).

First, we prove the following algebraic identity which will be used to rewrite the

expression in Lemma B.2.6 in a form for which it is easy to prove non-negativity.

Lemma B.2.7 (Relating 𝑞 to first and second derivative). Let 𝑘, ℓ be positive integers.

Let

𝑟(𝑥, 𝑦) = 0.5(𝑥−𝑦)(1+0.25(𝑥−𝑦)2)(𝑞𝑘,ℓ(𝑥)−𝑞𝑘,ℓ(𝑦))−0.00025(𝑥−𝑦)2(𝑝𝑘,ℓ(𝑥)+𝑝𝑘,ℓ(𝑦)) .
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Let 𝑧 = (𝑥+ 𝑦)/2 and 𝑎 = (𝑥− 𝑦)/2. We have the equality

𝑟(𝑥, 𝑦) =

∫︁ 1

0

(︀(︀
0.998𝑎2 + 𝑎4

)︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.001𝑎3(2− 𝑡)𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
d𝑡⏟  ⏞  

(B.11).(1)

+

∫︁ 1

0

(︀(︀
0.998𝑎2 + 𝑎4

)︀
𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)− 0.001𝑎3(2− 𝑡)𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎)

)︀
d𝑡⏟  ⏞  

(B.11).(2)

(B.11)

Proof. Recalling that 𝑝𝑘,ℓ is the derivative of 𝑞𝑘,ℓ, we can write

𝑟(𝑥, 𝑦) = (𝑎+ 𝑎3)(𝑞𝑘,ℓ(𝑧 + 𝑎)− 𝑞𝑘,ℓ(𝑧 − 𝑎))− 0.001𝑎2(𝑝𝑘,ℓ(𝑧 + 𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑎))

= (𝑎2 + 𝑎4)

∫︁ 1

0

𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎) d𝑡

− 0.002𝑎2𝑝𝑘,ℓ(𝑧)− 0.001𝑎3
∫︁ 1

0

𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎) d𝑡,

(B.12)

where 𝑝′ is the derivative of 𝑝 and the equality follows from applying Fact B.2.5 to

𝑞𝑘,ℓ and 𝑝𝑘,ℓ. Next, observe

2𝑝𝑘,ℓ(𝑧) = 2

∫︁ 1

0

𝑝𝑘,ℓ(𝑧) d𝑡

= 2

∫︁ 1

0

𝑝𝑘,ℓ(𝑧) d𝑡−
∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) +
∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎))

=

∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 𝑝𝑘,ℓ(𝑧)) d𝑡−
∫︁ 1

0

(𝑝𝑘,ℓ(𝑧)− 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡+
∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡

=

∫︁ 1

0

𝑎

(︂∫︁ 𝑡

0

(︀
𝑝′𝑘,ℓ(𝑧 + 𝑠𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑠𝑎)

)︀
d𝑠

)︂
d𝑡+

∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡

(B.13)
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Substituting the expanded expression for 2𝑝𝑘,ℓ back into Equation (B.12),

𝑟(𝑥, 𝑦) =
(︀
0.998𝑎2 + 𝑎4

)︀ ∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡

− 0.001𝑎2
∫︁ 1

0

𝑎

(︂∫︁ 𝑡

0

(︀
𝑝′𝑘,ℓ(𝑧 + 𝑠𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑠𝑎)

)︀
d𝑠

)︂
d𝑡

− 0.001𝑎3
∫︁ 1

0

𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎) d𝑡

=
(︀
0.998𝑎2 + 𝑎4

)︀ ∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡

− 0.001𝑎3
∫︁ 1

0

(1− 𝑠)
(︀
𝑝′𝑘,ℓ(𝑧 + 𝑠𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑠𝑎)

)︀
d𝑠

− 0.001𝑎3
∫︁ 1

0

(︀
𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎)

)︀
d𝑡

=
(︀
0.998𝑎2 + 𝑎4

)︀ ∫︁ 1

0

(𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)) d𝑡

− 0.001𝑎3
∫︁ 1

0

(2− 𝑡)
(︀
𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)− 𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎)

)︀
d𝑡,

=

∫︁ 1

0

(︀(︀
0.998𝑎2 + 𝑎4

)︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.001𝑎3(2− 𝑡)𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
d𝑡⏟  ⏞  

(B.11).(1)

+

∫︁ 1

0

(︀(︀
0.998𝑎2 + 𝑎4

)︀
𝑝𝑘,ℓ(𝑧 − 𝑡𝑎)− 0.001𝑎3(2− 𝑡)𝑝′𝑘,ℓ(𝑧 − 𝑡𝑎)

)︀
d𝑡⏟  ⏞  

(B.11).(2)

where the second equality follows from switching the order of the integral and observing

that the coefficient for a fixed 𝑠 is simply 1− 𝑠.

In light of Lemma B.2.7, it remains to prove that the expressions (B.11).(1) and

(B.11).(2) are nonnegative and can be written as bounded SoS polynomials in the

variables 𝑥, 𝑦.

Lemma B.2.8. Let 𝑧 = (𝑥+𝑦)/2 and 𝑎 = (𝑥−𝑦)/2. Then the expressions (B.11).(1)

and (B.11).(2) are nonnegative and can be written as a (10 · (2𝑘ℓ)2, 2𝑘ℓ+ 10, 1502
𝑘ℓ)-

bounded SoS polynomials in the variables 𝑥, 𝑦.

Proof. We focus on the expression (B.11).(1). The argument for (B.11).(2) is exactly
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the same. First, we show that expression (B.11).(1) is non-negative. Using 1 + 𝑎2 =

(1+𝑎)2+(1−𝑎)2

2
and 𝑎 = (1+𝑎)2−(1−𝑎)2

4
,

(B.11).(1) = 𝑎2 ·
∫︁ 1

0

(︀(︀
0.998 + 𝑎2

)︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.001𝑎(2− 𝑡)𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
d𝑡

= 𝑎2 ·
∫︁ 1

0

(2− 𝑡)
(︂
(1 + 𝑎2)

8
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.001((1 + 𝑎)2 − (1− 𝑎)2)

4
𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︂
d𝑡

+ 𝑎2 ·
∫︁ 1

0

(︂
(0.998 + 𝑎2)− (2− 𝑡)(1 + 𝑎2)

8
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)

)︂
d𝑡

= 𝑎2 ·
∫︁ 1

0

(2− 𝑡)(1 + 𝑎)2

16

(︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.004𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
d𝑡

+ 𝑎2 ·
∫︁ 1

0

(2− 𝑡)(1− 𝑎)2

16

(︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) + 0.004𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
d𝑡,

+ 𝑎2 ·
∫︁ 1

0

(︂
(0.998 + 𝑎2)− (2− 𝑡)(1 + 𝑎2)

8

)︂
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎) d𝑡.

(B.14)

To prove nonnegativitiy, it suffices to show that 𝑎𝑘,ℓ(𝑥) = 𝑝𝑘,ℓ(𝑥)− 0.004𝑝′𝑘,ℓ(𝑥) and

𝑏𝑘,ℓ(𝑥) = 𝑝𝑘,ℓ(𝑥) + 0.004𝑝′𝑘,ℓ(𝑥) are non-negative for all 𝑥 ∈ R. Recall, 𝑝𝑘,ℓ(𝑥) =∏︀
𝑗∈[𝑘] 𝑠2𝑗ℓ(𝑥/𝑘). Therefore, by product rule,

𝑝′𝑘,ℓ(𝑥) =
∑︁
𝑗∈[𝑘]

𝑠′2𝑗ℓ(𝑥/𝑘)

𝑘
·
∏︁

𝑗′ ̸=𝑗∈[𝑘]

𝑠2𝑗′ℓ(𝑥/𝑘)

=
∑︁
𝑗∈[𝑘]

𝑠(2𝑗ℓ)−1(𝑥/𝑘)

𝑘
·
∏︁

𝑗′ ̸=𝑗∈[𝑘]

𝑠2𝑗′ℓ(𝑥/𝑘).

Therefore,

𝑎𝑘,ℓ(𝑥) =
∑︁
𝑗∈[𝑘]

(︂
𝑠2𝑗ℓ(𝑥/𝑘)− 0.004 · 𝑠(2𝑗ℓ)−1(𝑥/𝑘)

𝑘

)︂ ∏︁
𝑗′ ̸=𝑗∈[𝑘]

𝑠2𝑗′ℓ(𝑥/𝑘) ⩾ 0 (B.15)

since for all 𝑗 ∈ [𝑘], 𝑠2𝑗ℓ(𝑥/𝑘) − 0.004𝑠(2𝑗ℓ)−1(𝑥/𝑘) ⩾ 0 by Corollary B.2.3 and
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𝑠2𝑗′ℓ(𝑥/𝑘) ⩾ 0 by Corollary 3.5.9. Similarly,

𝑏𝑘,ℓ(𝑥) =
∑︁
𝑗∈[𝑘]

(︂
𝑠2𝑗ℓ(𝑥/𝑘) + 0.004 · 𝑠(2𝑗ℓ)−1(𝑥/𝑘)

𝑘

)︂ ∏︁
𝑗′ ̸=𝑗∈[𝑘]

𝑠2𝑗′ℓ(𝑥/𝑘) ⩾ 0 (B.16)

since for all 𝑗 ∈ [𝑘], 𝑠2𝑗ℓ(𝑥/𝑘) + 0.004𝑠(2𝑗ℓ)−1(𝑥/𝑘) ⩾ 0 by Corollary B.2.3.

Now we have proved that the expression is nonnegative, we show that it is a SoS

polynomial with bounded coefficients. By Corollary B.2.3 the polynomials

𝑠2𝑗ℓ(𝑥/𝑘)± 0.004𝑠(2𝑗ℓ)−1(𝑥/𝑘), 𝑠2𝑗ℓ(𝑥/𝑘)

are all (22𝑗−1ℓ, 2𝑗−1ℓ, 102
𝑗−1ℓ)-bounded SoS polynomials. Thus, by Claim 3.3.17, 𝑎𝑘,ℓ(𝑥)

and 𝑏𝑘,ℓ(𝑥) are both (𝑘 · 22𝑘ℓ, 2𝑘ℓ, 902𝑘ℓ)-bounded SoS polynomials. Since 𝑧 + 𝑡𝑎 =

1+𝑡
2
𝑥+ 1−𝑡

2
𝑦, by Claim 3.3.17 again, we get that for any real number 𝑡 ∈ [0, 1],

(2− 𝑡)(1 + 𝑎)2

16

(︀
𝑝𝑘,ℓ(𝑧 + 𝑡𝑎)− 0.004𝑝′𝑘,ℓ(𝑧 + 𝑡𝑎)

)︀
is a (𝑘 ·22𝑘ℓ, 2𝑘ℓ, 1002𝑘ℓ)-bounded SoS polynomial in the variables 𝑥, 𝑦 after substituting

𝑧 = (𝑥+ 𝑦)/2, 𝑎 = (𝑥− 𝑦)/2. We can use a similar argument for the other terms in

the expression in (B.14). Then we can use Claim B.2.4 to bound the integral over 𝑡

and deduce that the expression (B.11).(1) is a (10 · (2𝑘ℓ)2, 2𝑘ℓ+ 10, 1502
𝑘ℓ)-bounded

SoS polynomial in the variables 𝑥, 𝑦.

Now we can complete the proof of Lemma B.2.6.

Proof of Lemma B.2.6. Note that the expression in Lemma B.2.6 is equal to

𝑟(𝑥, 𝑦) + 0.00025(𝑥− 𝑦)2𝑝𝑘,ℓ(𝑦) .

Now by the definition of 𝑝𝑘,ℓ, Corollary B.2.3, and Claim 3.3.17, we get that 𝑝𝑘,ℓ(𝑦)
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is is a (22
𝑘ℓ, 2𝑘ℓ, 902

𝑘ℓ)-bounded SoS polynomial. Lemma B.2.8 and Lemma B.2.7

imply that 𝑟(𝑥, 𝑦) is a (20 · (2𝑘ℓ)2, 2𝑘ℓ+10, 1502
𝑘ℓ)-bounded SoS polynomial so overall,

𝑟(𝑥, 𝑦) + 0.00025(𝑥− 𝑦)2𝑝𝑘,ℓ(𝑦) is a (102
𝑘ℓ, 2𝑘ℓ+ 10, 2002

𝑘ℓ)-bounded SoS polynomial

(and thus also nonnegative) and we are done.

Finally, this completes the proof of Theorem 3.5.6.

Proof of Theorem 3.5.6. The desired result follows immediately from Lemma B.2.6.
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Appendix C

Omitted Proofs from Chapter 5

C.1 Multi-Block Distinguishing Task

The proofs from the preceding sections imply a slightly weaker version of Theorem 5.5.1

where the lower bound involves removing 𝜀 log(𝑑/𝜀) mass from 𝜎. Avoiding the extra

log factor requires working with a slightly more involved instance than the one from

Section 5.3 in which diagonal blocks of 𝜎 at all scales are perturbed.

To that end, here we analyze the following more general distinguishing task.

𝐻0 : 𝜌 =
1

𝑑

⎛⎜⎜⎜⎝
𝐴1

. . .

𝐴𝑚

⎞⎟⎟⎟⎠ and 𝐻1 : 𝜌 =
1

𝑑

⎛⎜⎜⎜⎝
𝐴1 + 𝜀1𝑀1

. . .

𝐴𝑚 + 𝜀𝑚𝑀𝑚

⎞⎟⎟⎟⎠ .

(C.1)

Here, each 𝐴𝜈 ∈ 𝑅𝑑𝜈×𝑑𝜈 is a diagonal matrix. There exist numbers 𝑗1, . . . , 𝑗𝑚 such that

each 𝐴𝜈 has diagonal entries in the interval [𝑑 · 2−𝑗𝜈 , 𝑑 · 2−𝑗𝜈+1], and
∑︀

𝜈 tr(𝐴𝜈) = 𝑑.

Furthermore, for every 𝜈 ∈ [𝑚], 𝑀𝜈 ∼ GOE*
𝑈𝜈
(𝑑𝜈) for the events 𝑈𝜈 ≜ 𝑈𝑑𝜈 given by

Lemma C.1.1 below.

We will refer to the set of 𝑑𝜈 row/column indices of 𝜌 which correspond to 𝐴𝜈 as ℬ𝜈 .

Let S𝜈 denote the set of unit vectors in C𝑑−1 with entries supported on ℬ𝜈 .
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The following lemma follows easily from the proof of Lemma 5.3.2.

Lemma C.1.1. There is an absolute constant 𝑎* > 0 such that for any integer 𝑑′ ⩾ 𝑎*,

there exists 𝑈𝑑′ ⊆ 𝑅𝑑′×𝑑′ such that if 𝑀 ∼ GOE*(𝑑′), then Pr𝑀 ̸∈ 𝑈𝑑′ ⩽ 𝑜(1/𝑚) and

on the event 𝑀 ∈ 𝑈𝑑′, we have ‖𝑀‖op ⩽ 3 + Θ(
√︀
log(𝑚)/𝑑′) and ‖𝑀‖1 ⩾ 𝑑′/12.

Our main result for the distinguishing task (C.1) is the following.

Theorem C.1.2. Let 𝜀 ≜ 1
𝑑

∑︀
𝜈 𝑑𝜈𝜀𝜈 and 𝑁 ≜ 1

𝑚
min𝜈∈[𝑚]

𝑑
1/2
𝜈 𝑑2

𝜀2𝜈2
𝑗𝜈 . For 𝑎* from

Lemma C.1.1, if 𝑁 ⩾ 1/𝜀, 𝑑𝜈 ⩾ 𝑎* for all 𝜈, and

𝜀𝜈 ⩽ 𝑑 · 2−𝑗𝜈/(12 + Θ(
√︀

log(𝑚)/𝑑𝜈)) and 𝑑𝜈/2
𝑗𝜈 ⩾ 2𝜀/ log(𝑑/𝜀) ∀ 𝜈 ∈ [𝑚]

(C.2)

then the copy complexity of distinguishing between 𝐻0 and 𝐻1 with incoherent mea-

surements with success probability at least 2/3 is ̃︀Ω(𝑁).

Note that the bounds in Lemma C.1.1 and the first part of (C.2) ensure that under 𝐻1,

𝜌 is psd (and thus a valid quantum state) and has trace distance at least Ω(1
𝑑

∑︀
𝜈 𝑑𝜈𝜀𝜈)

to the null hypothesis.

Block structure of POVMs. Take any learning tree 𝒯 corresponding to an

algorithm for this task that uses 𝑛 incoherent measurements. The following lemma

shows that we can assume without loss of generality that every POVM respects the

block structure in the distinguishing task, that is, it consists of 𝜔𝑥𝑑 · 𝑥𝑥† for which

each 𝑥 ∈ S𝜈 for some 𝜈 ∈ [𝑚].

Lemma C.1.3. Given an arbitrary 𝑑-dimensional POVM {𝐸𝑥}, there is a corre-

sponding rank-1 POVM {𝐸 ′
𝑦} satisfying the following. Let 𝑝, 𝑝′ be the distributions

over measurement outcomes from measuring a state 𝜌 with these POVMs respectively.

Then:

• For every 𝐸 ′
𝑦, there is some 𝜈 such that 𝐸 ′

𝑦 is zero outside the principal submatrix

indexed by ℬ𝜈.
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• There is an explicit function 𝑓 mapping outcomes 𝑥 of the former POVM to

outcomes of the latter for which the pushforward of 𝑝′ under 𝑓 is 𝑝.

Proof. This immediately follows from [65, Lemma 5.6] and the fact that we can always

assume without loss of generality that POVMs are rank-1.

Given any 𝑥 ∈ S𝜈 , we use the notation 𝜈(𝑥) to denote the 𝜈 ∈ [𝑚] for which 𝑥 ∈ S𝜈 .

Observe that for any 𝜈 ∈ [𝑚],

∑︁
𝑥:𝜈(𝑥)=𝜈

𝜔𝑥(𝑥𝑥
† − 𝐼𝑑𝜈 ) = 0 (C.3)

The fact that we can assume every POVM respects the block structure will allow our

proof to proceed along very similar lines to that of Theorem 5.3.3, the key distinction

being that instead of tracking the overall likelihood ratio, we track one likelihood ratio

for each set of coordinates ℬ𝜈 .

Recalling the terminology from Definition 4.2.1, we let 𝑝0 and 𝑝1 denote the distribu-

tions over leaves of 𝒯 induced by 𝜌 under 𝐻0 and 𝐻1 respectively. In the rest of this

section, let 𝜉 be a slowly-growing function satisfying 𝜉 ≫ log𝑐(𝑑/𝜀) for some absolute

constant 𝑐 > 0. We assume

𝑛≪
1

𝜉𝑚
· min
𝜈∈[𝑚]

𝑑
1/2
𝜈 𝑑2

𝜀2𝜈2
𝑗𝜈
. (C.4)

and will prove 𝑑TV(𝑝0, 𝑝1) = 𝑜(1). By the hypothesis in Theorem C.1.2 that 𝑁 ⩾ 1/𝜀,

we may also assume

𝑛 ⩾ 1/𝜀 (C.5)

by adding superfluous measurements to the algorithm. We set 𝛼, 𝛽 to be slowly-

growing functions such that 𝑚1/2𝜉1/2 ≪ 𝛼≪ 𝛽 ≪ min𝜈
𝑑
1/2
𝜈 𝑑2

𝜀22𝑗𝜈𝑛
. Note that these choices

are possible by (C.4) and (C.5).

We let 𝐿*(·) denote the likelihood ratio between 𝑝1 and 𝑝0. That is, for a sequence of
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vectors 𝑥 = (𝑥1, . . . , 𝑥𝑛), let 𝐿*(𝑥) ≜ 𝑝1(𝑥)/𝑝0(𝑥). For 𝑀1 ∼ GOE*
𝑈1
(𝑑1), . . . ,𝑀𝑚 ∼

GOE*
𝑈𝑚

(𝑑𝑚), note that because 𝑀1, . . . ,𝑀𝑚 are independent, 𝐿*(𝑥) =
∏︀𝑚

𝜈=1 𝐿
*
𝜈(𝑥)

where

𝐿*
𝜈(𝑥) ≜ E[𝑀𝜈 ] *

∏︁
𝑖∈[𝑛]:𝜈(𝑥𝑖)=𝜈

(︃
1 + 𝜀𝜈

𝑥†𝑖𝑀𝜈𝑥𝑖

𝑥†𝑖𝐴𝜈𝑥𝑖

)︃
. (C.6)

For 𝑀1 ∼ GOE*(𝑑1), . . . ,𝑀𝑚 ∼ GOE*(𝑑𝑚), define similarly 𝐿(𝑥) =
∏︀𝑚

𝜈=1 𝐿𝜈(𝑥) for

𝐿𝜈(𝑥) ≜ E[𝑀𝜈 ] *
∏︁

𝑖∈[𝑛]:𝜈(𝑥𝑖)=𝜈

(︃
1 + 𝜀𝜈

𝑥†𝑖𝑀𝜈𝑥𝑖

𝑥†𝑖𝐴𝜈𝑥𝑖

)︃
. (C.7)

Note that 𝐿(𝑥) (resp. 𝐿𝜈(𝑥)) is an estimate for the likelihood ratio 𝐿*(𝑥) (resp.

𝐿*
𝜈(𝑥)) where the conditioned Gaussian integral is replaced by a true Gaussian integral.

Most of the computations in this section will be done in terms of 𝐿 instead of 𝐿𝜈 ; the

proof of Theorem C.1.2 below quantifies that 𝐿(𝑥) is a close approximation of 𝐿*(𝑥).

As before, we will somewhat abuse notation and write 𝐿(𝑧) for any sequence of unit

vectors 𝑧 = (𝑧1, . . . , 𝑧𝑡) of length not necessarily 𝑛, that is, 𝐿(𝑧) =
∏︀𝑚

𝜈=1 𝐿𝜈(𝑧) where

𝐿𝜈(𝑧) is defined the same way as in (C.7). We also write 𝐿𝜈(𝑥,𝑥) to denote the value

of 𝐿𝜈 on input (𝑥1, 𝑥1, 𝑥2, 𝑥2, . . . , 𝑥𝑛, 𝑥𝑛).

The main ingredient in the proof of Theorem C.1.2 is the following analogue of

Proposition 5.3.4 giving a high-probability bound on each 𝐿𝜈 evaluated at the leaves

of 𝒯 .

Proposition C.1.4. There exists a subset 𝑆 of the leaves of 𝒯 such that Pr[𝑝0] * 𝑆 =

1− 𝑜(1) and for all 𝑥 ∈ 𝑆, |𝐿𝜈(𝑥)− 1| = 𝑜(1/𝑚) and 𝐿𝜈(𝑥,𝑥)≪ 𝑒
√
𝑑𝜈 for all 𝜈 ∈ [𝑚].

Let us first prove Theorem C.1.2 assuming Proposition C.1.4.
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Proof of Theorem C.1.2. Let 𝑈 denote the event that 𝑀𝜈 ∈ 𝑈𝜈 for all 𝜈 ∈ [𝑚]. Define

𝐿(𝑥) ≜ E[𝑀1 ∼ GOE*(𝑑1), . . . ,𝑀𝑚 ∼ GOE*(𝑑𝑚)] * 𝐼{𝑈}
𝑛∏︁

𝑖=1

(︃
1 + 𝜀𝜈(𝑥𝑖)

𝑥†𝑖𝑀𝜈(𝑥𝑖)𝑥𝑖

𝑥†𝑖𝐴𝜈(𝑥𝑖)𝑥𝑖

)︃

(C.8)

=
𝑚∏︁

𝜈=1

E[𝑀𝜈 ∼ GOE*(𝑑𝜈)] * 1𝑈𝜈

∏︁
𝑖∈[𝑛]:𝜈(𝑥𝑖)=𝜈

(︃
1 + 𝜀𝜈

𝑥†𝑖𝑀𝜈𝑥𝑖

𝑥†𝑖𝐴𝜈𝑥𝑖

)︃
≜

𝑚∏︁
𝜈=1

𝐿𝜈(𝑥).

(C.9)

It is clear that 𝐿*
𝜈(𝑥) = Pr *𝑈𝜈

−1𝐿𝜈(𝑥). For all 𝑥 ∈ 𝑆 and 𝜈 ∈ [𝑚], by Cauchy-Schwarz

|𝐿𝜈(𝑥)− 𝐿𝜈(𝑥)| =

⃒⃒⃒⃒
⃒⃒E[𝑀𝜈 ] * 𝐼{𝑈 𝑐

𝜈}
∏︁

𝑖∈[𝑛]:𝜈(𝑥𝑖)=𝜈

(︃
1 + 𝜀𝜈

𝑥†𝑖𝑀𝜈𝑥𝑖

𝑥†𝑖𝐴𝜈𝑥𝑖

)︃⃒⃒⃒⃒
⃒⃒

⩽
√︀
Pr *𝑈 𝑐𝐿𝜈(𝑥,𝑥) = 𝑜(1/𝑚).

Here we use that Pr *𝑈 𝑐
𝜈 ⩽ poly(1/𝑚) · exp(−Ω(𝑑𝜈)) and 𝐿𝜈(𝑥,𝑥)≪ 𝑒

√
𝑑𝜈 . Moreover,

we have |𝐿𝜈(𝑥)− 1| = 𝑜(1/𝑚). Thus, for all 𝑥 ∈ 𝑆 and 𝜈 ∈ [𝑚], 𝐿𝜈(𝑥) = 1 + 𝑜(1/𝑚)

and

|𝐿*
𝜈(𝑥)− 1| ⩽ |𝐿*

𝜈(𝑥)− 𝐿𝜈(𝑥)|+ |𝐿𝜈(𝑥)− 1|

=
Pr *𝑈 𝑐

𝜈

Pr *𝑈𝜈

𝐿𝜈(𝑥) + 𝑜(1/𝑚) = 𝑜(1/𝑚).

Recalling that 𝐿*(𝑥) =
∏︀𝑚

𝜈=1 𝐿
*
𝜈(𝑥), we conclude that 𝐿*(𝑥) = 1 + 𝑜(1). Finally,

𝑑TV(𝑝0, 𝑝1) = 2E[𝑥 ∼ 𝑝0] * (𝐿*(𝑥)− 1)−

= 2E[𝑥 ∼ 𝑝0] * 𝐼{𝑥 ∈ 𝑆}(𝐿*(𝑥)− 1)− + 2E[𝑥 ∼ 𝑝0] * 𝐼{𝑥 ̸∈ 𝑆}(𝐿*(𝑥)− 1)−

⩽ 2 sup
𝑥∈𝑆

(𝐿*(𝑥)− 1)− + 2Pr[𝑝0] * 𝑆𝑐 = 𝑜(1).
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C.1.1 Recursive Evaluation of Likelihood Ratio

Let 𝑧 = (𝑧1, . . . , 𝑧𝑡) be a sequence of unit vectors. For 1 ⩽ 𝑖 ⩽ 𝑡, let 𝑧∼𝑖 be the

sequence 𝑧 with 𝑧𝑖 omitted. Similarly, for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑡, let 𝑧∼𝑖,𝑗 be the sequence

𝑧 with 𝑧𝑖, 𝑧𝑗 omitted. The main result of this subsection is the following recursive

formula for 𝐿(𝑧).

Lemma C.1.5. The function 𝐿𝜈 satisfies

𝐿𝜈(𝑧) = 𝐿𝜈(𝑧∼𝑡) +
2𝜀2𝜈
𝑑2𝜈
· 1𝜈(𝑧𝑡) = 𝜈

∑︁
𝑖<𝑡:𝜈(𝑧𝑖)=𝜈

[︃
𝑑𝜈⟨𝑧𝑖, 𝑧𝑡⟩2 − 1

(𝑧†𝑖𝐴𝜈𝑧𝑖)(𝑧
†
𝑡𝐴𝜈𝑧𝑡)

𝐿𝜈(𝑧∼𝑖,𝑡)

]︃
.

As with Lemma 5.3.5, the proof is based on Isserlis’ theorem. For 𝑘 even, recall that

PMat(𝑘) denotes the set of perfect matchings of {1, . . . , 𝑘}.

Proof of Lemma C.1.5. The case of 𝜈(𝑧𝑡) ̸= 𝜈 is clear. We now suppose 𝜈(𝑧𝑡) = 𝜈.

Let 𝐽 ⊆ [𝑡] denote the indices 𝑠 for which 𝜈(𝑥𝑠) = 𝜈. For a set 𝑆 ⊆ 𝐽 with |𝑆| even,

let PMat(𝑆) denote the set of perfect matchings of 𝑆. For even 𝑘, let Mat(𝐽, 𝑘) denote

the set of matchings of 𝑆 consisting of 𝑘/2 pairs. We compute that

𝐿𝜈(𝑧) =
∑︁
𝑆⊆𝐽

𝜀|𝑆|𝜈 E[𝑀𝜈 ∼ GOE*(𝑑𝜈)] *
∏︁
𝑖∈𝑆

𝑧†𝑖𝑀𝜈𝑧𝑖

𝑧†𝑖𝐴𝜈𝑧𝑖
(expanding definition of 𝐿)

=
∑︁
𝑆⊆𝐽

|𝑆| even

𝜀|𝑆|𝜈

∑︁
{{𝑎1,𝑏1},...,{𝑎|𝑆|/2,𝑏|𝑆|/2}}∈PMat(𝑆)

|𝑆|/2∏︁
𝑖=1

E[𝑀𝜈 ∼ GOE*(𝑑𝜈)] *
𝑧†𝑎𝑖𝑀𝜈𝑧𝑎𝑖

𝑧†𝑎𝑖𝐴𝜈𝑧𝑎𝑖
·
𝑧†𝑏𝑖𝑀𝜈𝑧𝑏𝑖

𝑧†𝑏𝑖𝐴𝜈𝑧𝑏𝑖

=

⌊|𝐽 |/2⌋∑︁
𝑘=0

𝜀2𝑘𝜈
∑︁

{{𝑎1,𝑏1},...,{𝑎𝑘,𝑏𝑘}}∈Mat(𝐽,2𝑘)

𝑘∏︁
𝑖=1

E[𝑀𝜈 ∼ GOE*(𝑑𝜈)] *
𝑧†𝑎𝑖𝑀𝜈𝑧𝑎𝑖

𝑧†𝑎𝑖𝐴𝜈𝑧𝑎𝑖
·
𝑧†𝑏𝑖𝑀𝜈𝑧𝑏𝑖

𝑧†𝑏𝑖𝐴𝜈𝑧𝑏𝑖

=

⌊|𝐽 |/2⌋∑︁
𝑘=0

(︂
2𝜀2𝜈
𝑑2

)︂𝑘 ∑︁
{{𝑎1,𝑏1},...,{𝑎𝑘,𝑏𝑘}}∈Mat(𝐽,2𝑘)

𝑘∏︁
𝑖=1

𝑑𝜈⟨𝑧𝑎𝑖 , 𝑧𝑏𝑖⟩2 − 1

(𝑧†𝑎𝑖𝐴𝜈𝑧𝑎𝑖)(𝑧
†
𝑏𝑖
𝐴𝜈𝑧𝑏𝑖)

. (C.10)

The lemma follows by partitioning the summands in (C.10) based on whether 𝑡 appears

in the matching, and if so which 𝑖 ∈ 𝐽 it is paired with.
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C.1.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition C.1.4. For any sequence

of vectors 𝑧 = (𝑧1, . . . , 𝑧𝑡) and 𝜈 ∈ [𝑚], define

𝐻𝜈(𝑧) =
∑︁

𝑖⩽𝑡:𝜈(𝑧𝑖)=𝜈

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
· 𝐿(𝑧∼𝑖)

𝐿(𝑧)
and 𝐾𝜈(𝑧) =

∑︁
𝑖⩽𝑡:𝜈(𝑧𝑖)=𝜈

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
.

𝐻𝜈 enters our calculations by the following rewriting of Lemma C.1.5:

𝐿𝜈(𝑧)

𝐿𝜈(𝑧∼𝑡)
= 1 +

2𝜀2𝜈
𝑑2𝜈
· 1𝜈(𝑧𝑡) = 𝜈 · 𝑧

†
𝑡𝐻𝜈(𝑧∼𝑡)𝑧𝑡

𝑧†𝑡𝐴𝜈𝑧𝑡
. (C.11)

If 𝑧 = 𝑥⩽𝑡 ≜ (𝑥1, . . . , 𝑥𝑡) is a prefix of 𝑥 ∼ 𝑝0, then
∏︀𝑚

𝜈=1
𝐿𝜈(𝑧)

𝐿𝜈(𝑧∼𝑡)
=
∏︀𝑚

𝜈=1
𝐿𝜈(𝑥⩽𝑡)

𝐿𝜈(𝑥⩽𝑡−1)
=

𝐿(𝑥⩽𝑡)

𝐿(𝑥⩽𝑡−1)
is one step in the likelihood ratio martingale. We will control the contri-

bution from each multiplicative martingale 𝐿𝜈 separately. As we will see (proof of

Claim C.1.10) below, the multiplicative fluctuation of any such step is

E[𝑥𝑡] *
(︂

𝐿𝜈(𝑥⩽𝑡)

𝐿𝜈(𝑥⩽𝑡−1)

)︂2

= 1 +
𝜀4𝜈2

𝑗𝜈

𝑑2𝑑4𝜈
· ‖𝐻𝜈(𝑥⩽𝑡−1)‖2𝐹 .

Thus, an upper bound on ‖𝐻𝜈(𝑧)‖𝐹 over all 𝜈 ∈ [𝑚] and all prefixes 𝑧 of 𝑥 controls

the fluctuations of the likelihood ratio martingale. Because the matrices output by

𝐻𝜈 are hard to control directly, we will use the function 𝐾𝜈 as a proxy for 𝐻𝜈 . The

following analogue of Lemma 5.3.7 quantifies this relationship, showing that if 𝐾𝜈(𝑧)

is bounded in Frobenius norm, 𝐻𝜈(𝑧) is bounded at the same scale.

Lemma C.1.6. Suppose 𝛾 ≫ 𝑚1/2𝜉1/2. If 𝑧 = (𝑧1, . . . , 𝑧𝑡) is a sequence of unit vectors

satisfying 𝑡 ⩽ 𝑛 and ‖𝐾𝜈(𝑧)‖𝐹 ⩽
(︁
𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑

)︁
𝛾, and the number of 𝑠 ∈ [𝑡] for

which 𝜈(𝑧𝑠) = 𝜈 is at most 𝑛 · (𝑑𝜈/2𝑗𝜈 ) ·𝑚𝜉, then ‖𝐻𝜈(𝑧)‖𝐹 ⩽ 𝐶
(︁
𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑

)︁
𝛾

for some absolute constant 𝐶 > 0.

This lemma is a “deterministic" statement about a sequence of vectors. We will prove

this in Subsection C.1.3 using the same bootstrap argument from earlier.
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Lemma C.1.6 requires that for every 𝜈, the number of POVM elements supported on

the coordinates ℬ𝜈 is not much greater than its expectation, which we show holds

with high probability:

Lemma C.1.7. With probability 1 − 𝑜(1) over 𝑥 ∼ 𝑝0, for all 𝜈 ∈ [𝑚] there are at

most 𝑛 · (𝑑𝜈/2𝑗𝜈 ) ·𝑚𝜉 indices 𝑠 ∈ [𝑛] for which 𝜈(𝑥𝑠) = 𝜈.

Proof. Take any POVM {𝜔𝑥𝑑 ·𝑥𝑥⊤} where for every 𝑥 there is some 𝜈 for which 𝑥 ∈ S𝜈 .

Now fix 𝜈 ∈ [𝑚] and note that the probability of observing 𝑥 for which 𝜈(𝑥) = 𝜈 upon

measuring a copy of 𝜌 under the null hypothesis is

∑︁
𝑥:𝜈(𝑥)=𝑥

𝜔𝑥𝑥
†𝐴𝜈𝑥 ⩽ 𝑑 · 2−𝑗𝜈+1 ·

∑︁
𝑥:𝜈(𝑥)=𝑥

𝜔𝑥‖𝑥‖2 = 2−𝑗𝜈+1𝑑𝜈 , (C.12)

where in the last step we used (C.3). The lemma follows by Markov and a union

bound over 𝜈 ∈ [𝑚].

Finally, Lemma C.1.6 also requires a bound on 𝐾𝜈(𝑧). The following analogue of

Lemma 5.3.8 bounds 𝐾𝜈(𝑧) in Frobenius norm uniformly over all prefixes 𝑧 of 𝑥. We

will prove this lemma in Subsection C.1.4.

Lemma C.1.8. If 𝑥 ∼ 𝑝0, then E *sup1⩽𝑡⩽𝑛‖𝐾𝜈(𝑥⩽𝑡)‖2𝐹 ≲ 𝑛 · 2𝑗𝜈𝑑3𝜈/𝑑2.

We will now prove Proposition C.1.4 assuming Lemmas C.1.6 and C.1.8. Let 𝑥 ∼ 𝑝0.

For 1 ⩽ 𝑡 ⩽ 𝑛, define the filtration ℱ𝑡 = 𝜎(𝑥⩽𝑡) and the sequences

𝐻𝜈,𝑡 = 𝐻𝜈(𝑥⩽𝑡), 𝐾𝜈,𝑡 = 𝐾𝜈(𝑥⩽𝑡), Φ𝜈,𝑡 = 𝐿𝜈(𝑥⩽𝑡), Φ𝑡 = 𝐿(𝑥⩽𝑡). (C.13)

Consider the times

𝜏𝜈 = {∞} ∪ inf

{︃
𝑡 : ‖𝐾𝜈,𝑡‖𝐹 > (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼 or

|𝑠 ∈ [𝑡] : 𝜈(𝑥𝑠) = 𝜈| > 𝑛 · (𝑑𝜈/2𝑗𝜈 ) ·𝑚𝜉 or |Φ𝜈,𝑡 − 1| > 𝑛 · 𝜀
22𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽

}︃
(C.14)
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which are clearly stopping times with respect to ℱ𝑡. Also define the stopped sequences

Ψ𝜈,𝑡 = Φ𝜈,𝑡∧𝜏𝜈 .

Claim C.1.9. With probability 1− 𝑜(1), ‖𝐾𝜈,𝑡‖𝐹 ⩽ 𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑 for all 𝑡 ∈ [𝑛]

and all 𝜈 ∈ [𝑚].

Proof. By Lemma C.1.8,

Pr * sup
1⩽𝑡⩽𝑛

‖𝐾𝜈,𝑡‖𝐹 > 𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑 ⩽
E *sup1⩽𝑡⩽𝑛‖𝐾𝜈,𝑡‖2𝐹
(𝑛 · 2𝑗𝜈𝑑3𝜈/𝑑2)𝛼2

≲ 𝛼−2 = 𝑜(1/𝑚).

The claim follows by a union bound over 𝜈.

Claim C.1.10. With probability 1− 𝑜(1), |Ψ𝑛,𝜈 − 1| ⩽ 𝑛 · 𝜀2𝜈2
𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽 for all 𝜈 ∈ [𝑚].

Proof. Note that Ψ𝜈,𝑡 is a multiplicative martingale: if 𝜏 ⩽ 𝑡 − 1 then certainly

E Ψ𝜈,𝑡

Ψ𝜈,𝑡−1
|ℱ𝑡−1 = 1, and if 𝜏 > 𝑡− 1, (C.11) implies

E * Ψ𝜈,𝑡

Ψ𝜈,𝑡−1

|ℱ𝑡−1 = 1 +
2𝜀2

𝑑2𝜈
E *1𝜈(𝑥𝑡) = 𝜈 · 𝑥

†
𝑡𝐻𝜈,𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝜈𝑥𝑡
|ℱ𝑡−1 = 1,

using that

E *1𝜈(𝑥𝑡) = 𝜈 · 𝑥
†
𝑡𝐻𝜈,𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝜈𝑥𝑡
|ℱ𝑡−1 =

∑︁
𝑥𝑡:𝜈(𝑥𝑡)=𝜈

𝜔𝑥𝑡(𝑥
†
𝑡𝐻𝜈,𝑡−1𝑥𝑡)

=

⟨
𝐻𝜈,𝑡−1,

∑︁
𝑥𝑡:𝜈(𝑥𝑡)=𝜈

𝜔𝑥𝑡𝑥𝑡𝑥
†
𝑡

⟩
= ⟨𝐻𝜈,𝑡−1, 𝐼𝑑𝜈/𝑑⟩ = 0. (C.15)

We next bound the quadratic increment E ( Ψ𝜈,𝑡

Ψ𝜈,𝑡−1
)2|ℱ𝑡−1. If 𝜏 ⩽ 𝑡− 1 this is 1, and

otherwise it is given by

1 +
4𝜀2

𝑑2𝜈
E *1𝜈(𝑥𝑡) = 𝜈 · 𝑥

†
𝑡𝐻𝜈,𝑡−1𝑥𝑡

𝑥†𝑡𝐴𝜈𝑥𝑡
|ℱ𝑡−1 +

4𝜀4

𝑑4𝜈
E *1𝜈(𝑥𝑡) = 𝜈 · (𝑥

†
𝑡𝐻𝜈,𝑡−1𝑥𝑡)

2

(𝑥†𝑡𝐴𝜈𝑥𝑡)2
|ℱ𝑡−1.

(C.16)
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The first expectation is zero by (C.15). To bound the remaining expectation, note

that for any unit vector 𝑥 ∈ S𝜈 ,

𝑥†𝐴𝜈𝑥 ⩾ 𝑑 · 2−𝑗𝜈 . (C.17)

So,

E *1𝜈(𝑥𝑡) = 𝜈 · (𝑥
†
𝑡𝐻𝜈,𝑡−1𝑥𝑡)

2

(𝑥†𝑡𝐴𝜈𝑥𝑡)2
|ℱ𝑡−1 ⩽ (2𝑗𝜈/𝑑)E *1𝜈(𝑥𝑡) = 𝜈 · (𝑥

†
𝑡𝐻𝜈,𝑡−1𝑥𝑡)

2

𝑥†𝑡𝐴𝜈𝑥𝑡
|ℱ𝑡−1

= (2𝑗𝜈/𝑑)
∑︁

𝑥𝑡:𝜈(𝑥𝑡)=𝜈

𝜔𝑥𝑡𝑥
†
𝑡𝐻𝜈,𝑡−1(𝑥𝑡𝑥

†
𝑡)𝐻𝜈,𝑡−1𝑥𝑡

(C.18)

⩽ (2𝑗𝜈/𝑑)
∑︁

𝑥𝑡:𝜈(𝑥𝑡)=𝜈

𝜔𝑥𝑡𝑥
†
𝑡𝐻

2
𝜈,𝑡−1𝑥𝑡 (C.19)

= (2𝑗𝜈/𝑑)

⟨
𝐻2

𝜈,𝑡−1,
∑︁

𝑥𝑡:𝜈(𝑥𝑡)=𝜈

𝜔𝑥𝑡𝑥𝑡𝑥
†
𝑡

⟩
(C.20)

= (2𝑗𝜈/𝑑)⟨𝐻2
𝜈,𝑡−1, 𝐼𝑑𝜈/𝑑⟩ =

2𝑗𝜈

𝑑2
‖𝐻𝜈,𝑡−1‖2𝐹 . (C.21)

Moreover, since 𝜏 > 𝑡− 1, ‖𝐾𝜈,𝑡−1‖𝐹 ⩽ (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼 and Lemma C.1.6 implies

‖𝐻𝜈,𝑡−1‖𝐹 ⩽ (𝐶𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼. Thus,

E *
(︂

Ψ𝜈,𝑡

Ψ𝜈,𝑡−1

)︂2

|ℱ𝑡−1 ⩽ 1 +
4𝜀4𝜈2

𝑗𝜈

𝑑2𝑑4𝜈
‖𝐻𝜈,𝑡−1‖2𝐹 ⩽ 1 +

36𝜀4𝜈2
2𝑗𝜈 · 𝑛

𝑑𝜈𝑑4
𝛼2.

So, for all 1 ⩽ 𝑡 ⩽ 𝑛,

EΨ2
𝜈,𝑡 = E *E *

(︂
Ψ𝜈,𝑡

Ψ𝜈,𝑡−1

)︂2

|ℱ𝑡−1Ψ
2
𝜈,𝑡−1 ⩽

(︂
1 +

36𝜀4𝜈2
2𝑗𝜈 · 𝑛

𝑑𝜈𝑑4
𝛼2

)︂
EΨ2

𝜈,𝑡−1,

and therefore

EΨ2
𝜈,𝑡 ⩽

(︂
1 +

36𝜀4𝜈2
2𝑗𝜈 · 𝑛

𝑑𝜈𝑑4
𝛼2

)︂𝑛

⩽ exp

(︂
36𝜀4𝜈2

2𝑗𝜈 · 𝑛2

𝑑𝜈𝑑4
𝛼2

)︂
⩽ 2

since 𝜀4𝜈2
2𝑗𝜈 ·𝑛2

𝑑𝜈𝑑4
𝛼2 ≪ 1 by assumption.
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Moreover,

E (Ψ𝜈,𝑡 − 1)2 = E *E *
(︂

Ψ𝜈,𝑡

Ψ𝜈,𝑡−1

)︂2

|ℱ𝑡−1Ψ
2
𝜈,𝑡−1 − 2E * Ψ𝜈,𝑡

Ψ𝜈,𝑡−1

|ℱ𝑡−1Ψ𝜈,𝑡−1 + 1

⩽
36𝜀4𝜈2

2𝑗𝜈 · 𝑛
𝑑𝜈𝑑4

𝛼2 · EΨ2
𝜈,𝑡−1 + E (Ψ𝜈,𝑡−1 − 1)2

⩽
72𝜀4𝜈2

2𝑗𝜈 · 𝑛2

𝑑𝜈𝑑4
𝛼2 + E (Ψ𝜈,𝑡−1 − 1)2,

so by induction

E (Ψ𝜈,𝑛 − 1)2 ⩽
72𝜀4𝜈2

2𝑗𝜈 · 𝑛2

𝑑𝜈𝑑4
𝛼2.

Thus

Pr *|Ψ𝜈,𝑛 − 1| > 𝑛 ·
(︂
72𝜀4𝜈2

2𝑗𝜈

𝑑𝜈𝑑4
𝛽2

)︂1/2

⩽
72𝛼2

𝛽2
= 𝑜(1).

Therefore, |Ψ𝜈,𝑛 − 1| ⩽ 𝑛 · 𝜀2𝜈2
𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽 with probability 1− 𝑜(1).

Claim C.1.11. If ‖𝐾𝜈,𝑛‖𝐹 ⩽ (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼, then 𝐿𝜈(𝑥,𝑥)≪ 𝑒
√
𝑑𝜈 .

Proof. Using the elementary inequality 𝑒𝑧 ⩽ 1 + 𝑧, we can upper bound 𝐿𝜈(𝑥,𝑥) by

𝐿𝜈(𝑥,𝑥) ⩽ E
𝑀∼GOE*(𝑑𝜈)

[︂
exp

(︂⟨
2𝜀𝜈𝑀,

∑︁
𝑖∈[𝑛]:𝜈(𝑥𝑖)=𝜈

𝑥𝑖𝑥
†
𝑖

𝑥†𝑖𝐴𝜈𝑥𝑖

⟩)︂]︂
= E[𝑀 ]*exp

(︂
2𝜀𝜈
𝑑𝜈
⟨𝑀,𝐾𝜈,𝑛⟩

)︂
,

(C.22)

where in the second step we used that tr(𝑀) = 0. As 𝑀 = 𝐺 − tr(𝐺)
𝑑
𝐼𝑑𝜈 for 𝐺 ∼

GOE(𝑑𝜈), we have that ⟨𝑀,𝐾𝜈,𝑛⟩ = ⟨𝐺,𝐾𝜈,𝑛⟩ is distributed as a Gaussian with

variance 2
𝑑𝜈
‖𝐾𝜈,𝑛‖2𝐹 ⩽ (2𝑛2𝑗𝜈𝑑2𝜈/𝑑

2)𝛼2. So we can bound (C.22) by

E[𝑔 ∼ 𝒩 (0, 8𝜀2𝜈𝑛𝛼
2/𝑑)]exp(𝑔) = 𝑒8𝜀

2
𝜈𝑛2

𝑗𝜈𝛼2/𝑑2 ≪ 𝑒
√
𝑑𝜈 (C.23)

where the last step follows by (C.4).

Proof of Proposition C.1.4. Define the event

𝑆 =

{︂
sup
1⩽𝑡⩽𝑛

‖𝐾𝜈,𝑡‖𝐹 ⩽
(︀
𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑

)︀
𝛼 and |Ψ𝜈,𝑛 − 1| ⩽ 𝑛 · 𝜀

2
𝜈2

𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽 ∀ 𝜈 ∈ [𝑚]

}︂
.
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By Claims C.1.9 and C.1.10, Pr[𝑝0]𝑆 = 1 − 𝑜(1). We will show that if 𝑆 holds,

then 𝜏 = ∞. Indeed, if 𝜏 = 𝑡 < ∞, then there exists 𝜈 such that either ‖𝐾𝜈,𝑡‖𝐹 >

(𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼 or |Φ𝜈,𝑡 − 1| > 𝑛 · 𝜀2𝜈2
𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽 holds. Since Ψ𝜈,𝑛 = Φ𝜈,𝑡, this contradicts

𝑆.

So, 𝜏 =∞ on 𝑆. This implies that for all 𝜈, |𝐿𝜈(𝑥)− 1| = |Φ𝜈,𝑛 − 1| ⩽ 𝑛 · 𝜀2𝜈2
𝑗𝜈

𝑑
1/2
𝜈 𝑑2

𝛽 =

𝑜(1/𝑚). Moreover ‖𝐾𝜈,𝑛‖𝐹 ⩽ (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛼 for all 𝜈, so by Claim C.1.11 we

have 𝐿𝜈(𝑥,𝑥)≪ 𝑒
√
𝑑𝜈 for all 𝜈.

C.1.3 Bounding 𝐻 in Frobenius Norm by Bootstrapping

In this subsection, we prove Lemma C.1.6. Throughout this subsection, fix some

𝜈 ∈ [𝑚]. To ease notation, we will drop subscripts and refer to 𝐾𝜈 and 𝐻𝜈 simply as

𝐾 and 𝐻. Let 𝑧 = (𝑧1, . . . , 𝑧𝑡) be a sequence of unit vectors satisfying 𝑡 ⩽ 𝑛 and

‖𝐾(𝑧)‖𝐹 ⩽
(︀
𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑

)︀
𝛾 (C.24)

for some 𝛾 ≫ 𝑚1/2𝜉1/2. Let 𝐽 ⊆ [𝑡] denote the set of 𝑠 ∈ [𝑡] for which 𝜈(𝑧𝑠) = 𝜈.

Suppose that

|𝐽 | ⩽ 𝑛 · (𝑑𝜈/2𝑗𝜈 ) ·𝑚𝜉 (C.25)

as in Lemma C.1.7.

The following lemma bounds a variant of 𝐾(𝑧) where we multiply each summand by

an adversarial 𝑏𝑖 ∈ [−1, 1]. This will be used to control the discrepancy 𝐻(𝑧)−𝐾(𝑧)

in the bootstrapping argument.

Lemma C.1.12. Uniformly over 𝑏1, . . . , 𝑏𝑡 ∈ [−1, 1], we have

‖
∑︁
𝑖∈𝐽

𝑏𝑖
𝑑𝜈𝑧𝑖𝑧

†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 ≲ 𝑛𝑑1/2𝜈 ·𝑚𝜉 + (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛾
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Proof. For any choice of 𝑏1, . . . , 𝑏𝑡,

‖
∑︁
𝑖∈𝐽

𝑏𝑖
𝑑𝜈𝑧𝑖𝑧

†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 ⩽ ‖

∑︁
𝑖∈𝐽

𝑏𝑖
𝑑𝜈𝑧𝑖𝑧

†
𝑖

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 + ‖

∑︁
𝑖∈𝐽

𝑏𝑖
𝐼𝑑𝜈

𝑧†𝑖𝐴𝑧𝑖
‖𝐹

⩽ ‖
∑︁
𝑖∈𝐽

𝑑𝜈𝑧𝑖𝑧
†
𝑖

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 + ‖

∑︁
𝑖∈𝐽

𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹

⩽ ‖𝐾(𝑧)‖𝐹 + 2‖
∑︁
𝑖∈𝐽

𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 .

The second inequality holds because the matrices 𝑑𝜈𝑧𝑖𝑧†𝑖 and 𝐼𝑑𝜈 are both psd. Using

(C.17) and the assume bound on |𝐽 | in (C.25), we have

‖
∑︁
𝑖∈𝐽

𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
‖𝐹 ⩽ (2𝑗𝜈/𝑑)|𝐽 |𝑑1/2𝜈 ≲ 𝑛𝑑1/2𝜈 ·𝑚𝜉.

The result follows by our assumed bound on ‖𝐾(𝑧)‖𝐹 .

For 𝑆 ⊆ 𝐽 , let 𝑧𝑆 = (𝑧𝑖)𝑖∈𝑆. Further, let

𝐻𝑆 =
∑︁
𝑖∈𝑆

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
·
𝐿𝜈(𝑧𝑆∖{𝑖})

𝐿𝜈(𝑧𝑆)
and 𝐾𝑆 =

∑︁
𝑖∈𝑆

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
.

The following lemma gives a preliminary bound on ‖𝐻𝑆‖𝐹 . In the proof of Lemma C.1.6,

we will use this bound to control ‖𝐻𝑆‖𝐹 for |𝑆| = 𝑡−𝑂(log 𝑛), followed by the bootstrap

argument over 𝑂(log 𝑛) recursive rounds to contract the bound to 𝑂((2𝑗𝜈/𝑑)1/2𝑑𝜈𝑛
1/2𝛾).

Lemma C.1.13. There exists an absolute constant 𝐶 such that for all 𝑆 ⊆ [𝑡],

‖𝐻𝑆‖𝐹 ⩽ 𝐶(𝑛𝑑
1/2
𝜈 ·𝑚𝜉 + (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛾).

Proof. We take 𝐶 to be twice the constant hidden by the ≲ in Lemma C.1.12. Note

that for any fixed 𝑀𝜈 ∈ 𝑈𝜈 , for the 𝑈𝜈 given by Lemma C.1.1, and any unit vector

𝑧 ∈ S𝜈 ,

𝜀

⃒⃒⃒⃒
𝑧†𝑀𝜈𝑧

𝑧†𝐴𝜈𝑧

⃒⃒⃒⃒
⩽

1

12
· 3

1/2
=

1

2
,
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so 1 + 𝜀 𝑧
†𝑀𝜈𝑧
𝑧†𝐴𝜈𝑧

∈ [1/2, 3/2]. Thus, for all 𝑖, 𝐿𝜈(𝑧𝑆)/𝐿𝜈(𝑧𝑆∖{𝑖}) ∈ [1/2, 3/2], which

implies
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
∈ [2/3, 2]. (C.26)

Lemma C.1.12 gives

1

2
‖𝐻𝑆‖𝐹 ⩽

1

2
𝐶(𝑛𝑑1/2𝜈 ·𝑚𝜉 + (𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑)𝛾).

as desired.

Proof of Lemma C.1.6. Let 𝜀* ≜
(︁
𝑛1/2 · 2𝑗𝜈/2𝑑3/2𝜈 /𝑑

)︁
𝛾 and 𝜀′ ≜ 𝐶𝑛𝑑

1/2
𝜈 ·𝑚𝜉. If 𝜀* ⩾ 𝜀′,

then we are already done by Lemma C.1.13. Otherwise, suppose 𝜀* < 𝜀′. and let

𝐷 = log(𝜀′/𝜀*). If 𝑡 < 𝐷, then by equations (C.17) and (C.26),

‖𝐻(𝑧)‖𝐹 ⩽
𝑡∑︁

𝑖=1

‖𝑑𝜈𝑧𝑖𝑧†𝑖 − 𝐼𝑑𝜈‖𝐹
𝑧†𝑖𝐴𝑧𝑖

· 𝐿(𝑧∼𝑖)

𝐿(𝑧)
⩽ 2𝑗𝜈+1𝐷𝑑𝜈/𝑑.

But note that 2𝑗𝜈+1𝐷𝑑𝜈/𝑑≪ 𝜀* provided that 𝑛 ≫ 2𝑗𝜈/(𝑑𝜈𝛾
2). By (C.2), 2𝑗𝜈/𝑑𝜈 ⩽

log(𝑑/𝜀)/(2𝜀), so this holds by (C.5) and our choice of 𝛾 ≫ 𝑚1/2𝜉1/2 ⩾ polylog(𝑑/𝜀).

So ‖𝐻(𝑧)‖𝐹 ≪ 𝜀* when 𝑡 < 𝐷.

Now suppose 𝑡 ⩾ 𝐷. By Lemma C.1.13 and the assumption that 𝜀* ⩽ 𝜀′, ‖𝐻𝑆‖𝐹 ⩽ 2𝜀′.

We will prove by induction on 𝑎 ⩾ 0 that if 𝑆 ⊆ 𝐽 satisfies |𝑆∖𝐽 | = 𝐷 − 𝑎, then

‖𝐻𝑆‖𝐹 ⩽ 𝜉𝑎 ≜ 2𝜀* + 𝑒−𝑎 · 2𝜀′.

The base case 𝑎 = 0 clearly holds. For the inductive step, assume 𝑎 ⩾ 1. By the

inductive hypothesis and equations (C.11) and (C.17), for all 𝑖 ∈ 𝑆⃒⃒⃒⃒
𝐿𝜈(𝑧𝑆)

𝐿𝜈(𝑧𝑆∖{𝑖})
− 1

⃒⃒⃒⃒
⩽

2𝜀2𝜈
𝑑2
· ‖

𝐻𝑆∖𝑖

𝑧†𝑖𝐴𝜈𝑧𝑖
‖op ⩽

(2𝑗𝜈/𝑑) · 2𝜀2𝜈
𝑑2

‖𝐻𝑆∖𝑖‖𝐹 ⩽
(2𝑗𝜈/𝑑) · 2𝜀2𝜈

𝑑2
𝜉𝑎−1.
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Since this upper bound is 𝑜(1) by (C.4) and the second part of (C.2), we also have⃒⃒⃒⃒
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1

⃒⃒⃒⃒
⩽

(2𝑗𝜈/𝑑) · 3𝜀2𝜈
𝑑2

𝜉𝑎−1.

Write 𝐿𝜈(𝑧𝑆∖{𝑖})

𝐿𝜈(𝑧𝑆)
− 1 = (2𝑗𝜈 /𝑑)·3𝜀2𝜈

𝑑2
𝜉𝑎−1𝑏𝑖 for 𝑏𝑖 ∈ [−1, 1]. By Lemma C.1.12, there is a

constant 𝑐 such that

‖
∑︁
𝑖∈𝑆

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
·
(︂
𝐿𝜈(𝑧𝑆∖{𝑖})

𝐿𝜈(𝑧𝑆)
− 1

)︂
‖𝐹 =

(2𝑗𝜈/𝑑) · 3𝜀2𝜈
𝑑2

𝜉𝑎−1‖
∑︁
𝑖∈𝑆

𝑑𝜈𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑𝜈

𝑧†𝑖𝐴𝜈𝑧𝑖
· 𝑏𝑖‖𝐹

⩽
(2𝑗𝜈/𝑑) · 3𝜀2𝜈𝑛𝑑

1/2
𝜈 ·𝑚𝜉

𝑑2
𝜉𝑎−1 ⩽ 𝑒−1𝜉𝑎−1,

where in the last step we used that 𝑛 ≪ 𝑑2𝑑
1/2
𝜈

𝜀2𝜈2
𝑗𝜈 ·𝑚𝜉

. By the triangle inequality, equa-

tion (C.17), and our choice of 𝐷,

‖𝐾𝑆‖𝐹 ⩽ ‖𝐾(𝑧)‖𝐹 +
∑︁
𝑖∈𝐽∖𝑆

‖𝑑𝜈𝑧𝑖𝑧†𝑖 − 𝐼𝑑𝜈‖𝐹
𝑧†𝑖𝐴𝜈𝑧𝑖

⩽ 𝜀* + 2𝑗𝜈𝐷𝑑𝜈/𝑑 ⩽
101

100
𝜀*.

Hence

‖𝐻𝑆‖𝐹 ⩽ ‖𝐾𝑆‖𝐹 + ‖
∑︁
𝑖∈𝑆

𝑑𝑧𝑖𝑧
†
𝑖 − 𝐼𝑑

𝑧†𝑖𝐴𝑧𝑖
·
(︂
𝐿(𝑧𝑆∖{𝑖})

𝐿(𝑧𝑆)
− 1

)︂
‖𝐹

⩽
101

100
𝜀* + 𝑒−1𝜉𝑎−1 ⩽ 𝜉𝑎,

as 101
100

+ 2𝑒−1 ⩽ 2. This completes the induction. Finally,

‖𝐻(𝑧)‖𝐹 = ‖𝐻𝐽‖𝐹 ⩽ 2𝜀* + 𝑒−𝐷2𝜀′ = 4𝜀*.

C.1.4 Uniform Frobenius Bound on the 𝐾𝜈(𝑥⩽𝑡) Matrix Mar-

tingale

In this subsection, we will prove Lemma C.1.8. Fix any 𝜈 ∈ [𝑚], let 𝑥 ∼ 𝑝0, recall

that 𝐾𝜈,𝑡 = 𝐾𝜈(𝑥⩽𝑡). To ease notation, we will drop the subscript 𝜈 and refer to this
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as 𝐾𝑡. Also define 𝑋 = sup1⩽𝑡⩽𝑛‖𝐾𝑡‖𝐹 .

Lemma C.1.14. We have that E𝑋2 ⩽ 4E ‖𝐾𝜈,𝑛‖2𝐹

Proof. Analogous to Lemma 5.3.14.

Lemma C.1.15. We have that E *‖𝐾𝑛‖2𝐹 ≲ 2𝑗𝜈𝑑2𝜈𝑛/𝑑.

Proof. We can expand

E ‖𝐾𝑛‖2𝐹 =
𝑛∑︁

𝑖=1

E *1𝜈(𝑥𝑖) = 𝜈 · ‖𝑑𝜈𝑥𝑖𝑥
†
𝑖 − 𝐼𝑑𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
‖2𝐹

+ 2
∑︁

1⩽𝑖<𝑗⩽𝑛

E *

⟨
1𝜈(𝑥𝑖) = 𝜈, 𝜈(𝑥𝑗) = 𝜈 · 𝑑𝜈𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
,
𝑑𝜈𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑𝜈

𝑥†𝑗𝐴𝜈𝑥𝑗

⟩
. (C.27)

By (C.3),

E *1𝜈(𝑥𝑗) = 𝜈 ·
𝑑𝜈𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑𝜈

𝑥†𝑗𝐴𝜈𝑥𝑗
|ℱ𝑗−1 =

∑︁
𝑥𝑗 :𝜈(𝑥𝑗)=𝜈

𝜔𝑥𝑗
(𝑑𝜈𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑𝜈 ) = 0,

so for any 𝑖 < 𝑗 we have

E *1𝜈(𝑥𝑖) = 𝜈, 𝜈(𝑥𝑗) = 𝜈 ·

⟨
𝑑𝜈𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
,
𝑑𝜈𝑥𝑗𝑥

†
𝑗 − 𝐼𝑑𝜈

𝑥†𝑗𝐴𝜈𝑥𝑗

⟩

= E *1𝜈(𝑥𝑖) = 𝜈

⟨
𝑑𝜈𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
,E *1𝜈(𝑥𝑗) = 𝜈 ·

𝑑𝜈𝑥𝑗𝑥
†
𝑗 − 𝐼𝑑𝜈

𝑥†𝑗𝐴𝜈𝑥𝑗
|ℱ𝑗−1

⟩
= 0. (C.28)

The other expectation in (C.27) can be bounded by (recalling (C.17))

E *1𝜈(𝑥𝑖) = 𝜈 · ‖𝑑𝜈𝑥𝑖𝑥
†
𝑖 − 𝐼𝑑𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
‖2𝐹 ⩽ (2𝑗𝜈/𝑑)E *1𝜈(𝑥𝑖) = 𝜈 · ⟨𝑑𝜈𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑𝜈 , 𝑑𝜈𝑥𝑖𝑥

†
𝑖 − 𝐼𝑑𝜈 ⟩

𝑥†𝑖𝐴𝜈𝑥𝑖

(C.29)

= (2𝑗𝜈/𝑑) · 𝑑𝜈(𝑑𝜈 − 1)E *1𝜈(𝑥𝑖) = 𝜈

𝑥†𝑖𝐴𝜈𝑥𝑖
(C.30)
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⩽ (2𝑗𝜈/𝑑) · 𝑑𝜈(𝑑𝜈 − 1) ·
∑︁

𝑥:𝜈(𝑥)=𝑥

𝜔𝑥 ⩽ 2𝑗𝜈𝑑3𝜈/𝑑
2.

(C.31)

Therefore E *‖𝐾𝑛‖2𝐹 ⩽ 𝑛 · 2𝑗𝜈𝑑3𝜈/𝑑2.

Proof of Lemma C.1.8. Follows immediately from Lemmas C.1.14 and C.1.15.

C.2 Refined Bounds for State Certification

In this section we use the lower bound instance from Appendix C.1 to give a refined

version of the analysis in Section 5.5 and prove Theorem 5.5.1. The steps in this

section are essentially already present in [65] (see Sections 5.1, 5.2.2, and 5.5 therein),

but we include them for the sake of completeness.

C.2.1 Bucketing and Mass Removal

We will use the following bucketing scheme from [65, Definition 5.2].

For 𝑗 ∈ Z⩾0, let 𝑆𝑗 denote the set of indices 𝑖 ∈ [𝑑] for which 2−𝑗−1 < 𝜎𝑖 ⩽ 2−𝑗, and

define 𝑑𝑗 ≜ |𝑆𝑗|. Let 𝒥 denote the set of 𝑗 for which 𝑆𝑗 ̸= ∅. We will refer to 𝑗 ∈ 𝒥

as buckets. Given 𝑖 ∈ [𝑑], let 𝑗(𝑖) denote the index of the bucket for which 𝑖 ∈ 𝑆𝑗.

Our bounds are based on the following modification of 𝜎 given by removing a small

fraction of its entries:

Definition C.2.1. If 𝑏 is the largest number for which the 𝑏 smallest entries of 𝜎

sum to at most 𝜀, define 𝑆1
light ⊆ [𝑑] to be the indices of these 𝑏 smallest entries.

Let 𝑆2
light denote the set of 𝑖 ∈ [𝑑] for which

∑︀
𝑖′∈𝑆𝑗(𝑖)

𝜎𝑖′ ⩽ 2𝜀/ log(𝑑/𝜀). Define

𝑆light ≜ 𝑆1
light ∪ 𝑆2

light.

Without loss of generality, assume that all 𝜎𝑖 are sorted in increasing order based on

𝜎𝑖/𝑑
2
𝑗(𝑖). Recall the constant 𝑎* from Lemma C.1.1 and Theorem C.1.2. Let 𝑑′ ⩽ 𝑑
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denote the largest index for which
∑︀

𝑖 ̸∈𝑆light:𝑖⩽𝑑′ 𝜎𝑖 ⩽ 𝐶𝑎*𝜀 for a constant 𝐶𝑎* sufficiently

lage depending on 𝑎*. Let 𝑆tail ≜ {𝑖 : 𝑖 ̸∈ 𝑆light, 𝑖 ⩽ 𝑑′}.

Let 𝑚 denote the number of buckets 𝑗 ∈ 𝒥 for which 𝑆𝑗 and 𝑆light are disjoint. Let

𝑆few ⊆ [𝑑] denote the set of 𝑖 belonging to a bucket of size less than 𝑎*, and let

𝑆many ⊆ [𝑑] denote the set of 𝑖 belonging to a bucket of size at least 𝑎*.

Let 𝜎′ denote the matrix given by zeroing out the entries indexed by 𝑆tail ∪ 𝑆light. Let

𝜎′′ denote the matrix by further zeroing out the largest entry of 𝜎′. Let 𝜎* denote the

density matrix 𝜎′/ tr(𝜎*).

Lastly, define 𝒥 * to be the set of 𝑗 ∈ 𝒥 for which 𝑆𝑗 has nonempty intersection with

𝑆many∖𝑆light.

Fact C.2.2. We have 𝑚 ⩽ 𝑂(log(𝑑/𝜀)), that is, there are at most 𝑂(log(𝑑/𝜀)) indices

𝑗 ∈ 𝒥 for which 𝑆𝑗 and 𝑆light are disjoint. Furthermore, the total mass of 𝜎 in

𝑆light ∪ 𝑆tail is 𝑂(𝜀).

Proof. This is a slight modification of [65, Fact 5.3]. By definition of 𝑆1
light, the (𝑏+1)-st

smallest entry of 𝜎 is at least 𝜀/𝑑. There are thus at most log2(𝑑/𝜀) buckets containing

[𝑑]∖𝑆1
light, which concludes the proof of the first part. The second part follows by

construction.

C.2.2 Tuning the Perturbations

The goal of this section will be to tune the perturbations {𝜀𝑗} from the lower bound

instance in Theorem C.1.2 in order to show the following:

Lemma C.2.3. For 0 < 𝜀 < ̃︀𝑂(1/ log log(𝑑)), for any mixed state 𝜎 ∈ C𝑑×𝑑, the

copy complexity of state certification with respect to 𝜎 to error 𝜀 is at least Ω(1/𝜀) ∨̃︀Ω(‖𝜎′′‖2/5/(𝜀2 polylog(𝑑/𝜀))).

First we handle a minor corner case. Note that Theorem C.1.2 can only be applied

to the buckets of 𝜎 which are of size at least 𝑎*. We now verify that if the Schatten
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2/5-norm of 𝜎′ is dominated by such buckets, then the ̃︀Ω(‖𝜎′′‖2/5/𝜀2) lower bound

follows from classical lower bounds.

Lemma C.2.4. If
∑︀

𝑖∈𝑆few∖(𝑆tail∪𝑆light)
𝜎
2/5
𝑖 ⩾ 1

2
‖𝜎′′‖2/52/5, then state certification with

respect to 𝜎 using incoherent measurements has copy complexity at least Ω(‖𝜎′′‖2/5/𝜀2).

For this, we use the following instance-optimal lower bound for classical identity

testing:

Theorem C.2.5 (Theorem 1.1 from [204]). Given a known distribution 𝑝 and samples

from an unknown distribution 𝑞, any tester that can distinguish between 𝑞 = 𝑝 and

‖𝑝−𝑞‖1 ⩾ 𝜀 with probability 2/3 must draw at least Ω(1/𝜀)∨Ω(‖𝑝−max
−𝜀 ‖2/3/𝜀2) samples,

where 𝑝−max
−𝜀 denotes the vector given by removing from 𝑝 the largest element and the

smallest elements summing up to at most 𝜀.

Note that this immediately implies a lower bound for state certification by considering

only diagonal mixed states:

Corollary C.2.6. State certification with respect to any known mixed state 𝜎 to error

𝜀 using incoherent measurements requires at least Ω(1/𝜀)∨Ω(‖𝜎−max
−𝜀 ‖2/3/𝜀2) samples,

where 𝜎−max
−𝜀 denotes the matrix given by projecting out from 𝜎 the largest eigenvalue

and the smallest eigenvalues summing up to at most 𝜀.

Proof of Lemma C.2.4. This is a slight modification of [65, Lemma 5.12]. The idea

is that if the hypothesis of the lemma holds, then the spectrum of 𝜎 is essentially

dominated by eigenvalues in geometric progression, in which case there is no distinction

between the 2/5- and 2/3-quasinorms and we can simply apply Corollary C.2.6.

Formally, Corollary C.2.6 implies a lower bound of Ω(‖𝜎−max
𝜀 ‖2/3/𝜀2). We would like

to relate ‖𝜎−max
𝜀 ‖2/3 to

(︂ ∑︁
𝑖∈𝑆few∖(𝑆tail∪𝑆light)

𝜎
2/3
𝑖

)︂3/2

⩾ 𝑎*−5/2 · (1− 2−2/5)5/2 ·
(︂ ∑︁

𝑖∈𝑆few∖𝑆tail

𝜎
2/5
𝑖

)︂5/2

⩾ Ω(‖𝜎′′‖2/5),

(C.32)
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where the last step follows by the hypothesis of the lemma and Fact C.2.2.

Suppose that there is some 𝑖 for which 𝑑𝑗(𝑖) ⩽ 𝑎* and 𝑖 is not among the indices

removed in the definition of 𝜎−max
−𝜀 . Then we can lower bound ‖𝜎−max

−𝜀 ‖2/3 by 𝜎𝑖, which

is at least 𝑎*−3/2(1− 2−2/3)3/2 = Ω(1) times the left-hand side of (C.32).

On the other hand, suppose that all 𝑖 for which 𝑑𝑗(𝑖) ⩽ 𝑎* are removed in the

definition of 𝜎−max
−𝜀 . As long as 𝜎−max

−𝜀 has some nonzero entry, call it 𝜎𝑖* , then

𝜎𝑖* ⩾ max𝑖∈𝑆few∖(𝑆tail∪𝑆light) 𝜎𝑖, so we can similarly guarantee that ‖𝜎−max
−𝜀 ‖2/3 ⩾ 𝜎𝑖* is at

least 𝑎*−3/2(1 − 2−2/3)3/2 = Ω(1) times the left-hand side of (C.32). Otherwise, we

note that 𝜎′′ is zero as well, in which case we are also done.

It remains to consider the primary case where the hypothesis of Lemma C.2.4 does

not hold, which we can express as

∑︁
𝑖∈𝑆many∖(𝑆light∪𝑆tail)

𝜎
2/5
𝑖 >

1

2
‖𝜎′′‖2/52/5, (C.33)

and this is the case where we will use Theorem C.1.2. Because Corollary C.2.6 already

shows that the copy complexity is at least Ω(1/𝜀), we will assume henceforth that the

lower bound in Theorem C.1.2 is at least Ω(1/𝜀).

First for every 𝑖 ∈ 𝑆many∖𝑆light, define the perturbations

𝜀𝑗(𝑖) ≜ 𝑑 ·
{︁
2−𝑗(𝑖)−1

⧸︁(︁
12 + Θ

(︁√︁
log(𝑚)/𝑑𝑗(𝑖)

)︁)︁}︁
∧
{︁
𝜁2−2/3(𝑗(𝑖)+1)𝑑

2/3
𝑗(𝑖)

}︁
(C.34)

for normalizing quantity 𝜁 satisfying

∑︁
𝑗∈𝒥 *

𝑑𝑗 ·
{︁
2−𝑗−1 ∧ 𝜁2−2/3(𝑗+1)𝑑

2/3
𝑗

}︁
= 𝜀. (C.35)

Note that this choice 𝜁 ensures that the trace distance between the two states under

𝐻0 and 𝐻1 in Theorem C.1.2 is Ω(𝜀).

The rest of the proof is devoted to analyzing what Theorem C.1.2 gives for this choice
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of {𝜀𝑗}. The main step is to upper bound the normalizing quantity 𝜁.

Lemma C.2.7. 𝜁 ⩽ 𝑂(𝜀) ·
(︂∑︀

𝑗∈𝒥 * 2−2𝑗/3𝑑
5/3
𝑗

)︂−1

.

To prove this, we will need the following elementary fact.

Fact C.2.8. Let 𝑢1 ⩽ · · · ⩽ 𝑢𝑚 be numbers for which there are at most ℓ elements in

any interval [2−𝑗−1, 2−𝑗]. Let 𝑣1 ⩽ · · · 𝑣𝑛 and let 𝑑1, . . . , 𝑑𝑛 > 1 be arbitrary integers.

Let 𝑤1 ⩽ · · · ⩽ 𝑤𝑚+𝑛 be these numbers 𝑢1, . . . , 𝑢𝑚, 𝑣1, . . . , 𝑣𝑛 in sorted order. For

𝑖 ∈ [𝑚+ 𝑛], define 𝑑*1 to be 1 if 𝑤𝑖 corresponds to some 𝑢𝑗, and 𝑑𝑗 if 𝑤𝑖 corresponds

to some 𝑣𝑗.

There is an absolute constant 𝐶ℓ depending on ℓ such that the following holds. Let 𝑠 be

the largest index for which
∑︀𝑠

𝑖=1𝑤𝑖𝑑
*
𝑖 ⩽ 𝐶ℓ𝜀. Let 𝑎, 𝑏 be the largest indices for which

𝑢𝑎, 𝑣𝑏 are present among 𝑤1, . . . , 𝑤𝑠 (if none exists, take it to be 0). Then either 𝑏 = 𝑛

or
∑︀𝑏+1

𝑖=1 𝑣𝑖𝑑𝑖 > 2𝜀.

Proof. This is Fact 5.16 from [65] with minor modifications. We may assume 𝑠 < 𝑚+𝑛

(otherwise obviously 𝑏 = 𝑛). Assume to the contrary that
∑︀𝑏+1

𝑖=1 𝑣𝑖𝑑𝑖 ⩽ 𝜀. We proceed

by casework based on whether 𝑤𝑠′+1 = 𝑢𝑎+1 or 𝑤𝑠′+1 = 𝑣𝑏+1.

If 𝑤𝑠′+1 = 𝑢𝑎+1, then

𝐶ℓ𝜀 <
𝑠+1∑︁
𝑖=1

𝑤𝑖𝑑
*
𝑖 =

𝑎+1∑︁
𝑖=1

𝑢𝑖 +
𝑏∑︁

𝑖=1

𝑣𝑖𝑑𝑖 ⩽
𝑎+1∑︁
𝑖=1

𝑣𝑏+1 · 2⌈(1−𝑖)/ℓ⌉ +
𝑏∑︁

𝑖=1

𝑣𝑖𝑑𝑖 ⩽ 𝑂ℓ(1)𝜀+
𝑏∑︁

𝑖=1

𝑣𝑖𝑑𝑖,

(C.36)

where in the first step we used maximality of 𝑠, in the third step we used that 𝑢𝑎+1 ⩽

𝑣𝑏+1 and the assumption on {𝑢𝑖}, and in the last step we used that 𝑣𝑏+1 ⩽
∑︀𝑏+1

𝑖=1 𝑣𝑖𝑑𝑖 ⩽

𝜀. From this, if 𝐶ℓ is sufficiently large, then we conclude that
∑︀𝑏

𝑖=1 𝑣𝑖𝑑𝑖 > 2𝜀, a

contradiction. The argument for 𝑤𝑠′+1 = 𝑣𝑏+1 is analogous.

Corollary C.2.9. If (C.33) holds, then 𝑆many∖(𝑆light ∪ 𝑆tail) is nonempty, and there

exists an absolute constant 𝑐 > 0 such that for any 𝑖 ∈ 𝑆many∖(𝑆light ∪ 𝑆tail) in some

bucket 𝑗, 𝜁 · 2−2/3(𝑗+1)𝑑
2/3
𝑗 ⩽ 2−𝑗−1.
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Proof. The first part immediately follows from (C.33). For the second part, take

some constant 𝑐 ⩾ 1 to be optimized later and suppose to the contrary that for some

𝑖* ∈ 𝑆many∖(𝑆light ∪ 𝑆tail), lying in some bucket 𝑗*, we have 2−𝑗*−1 < 𝜁 · 2−2/3(𝑗*+1)𝑑
2/3
𝑗* ,

or equivalently 2−𝑗*−1/𝑑2𝑗* < 𝜁3. Because in the definition of 𝑆tail, we sorted by

𝜎𝑖/𝑑
2
𝑗(𝑖), we then also have that 2−𝑗(𝑖)−1/𝑑2𝑗(𝑖) < 𝜁3 for all 𝑖 ∈ 𝑆tail, or equivalently,

2−𝑗(𝑖)−1 < 𝜁 · 2−2/3(𝑗+1)𝑑
2/3
𝑗(𝑖).

To induce a contradiction, we lower bound the sum on the left-hand side of (C.35)

by the contribution from 𝑗 ∈ 𝒥 * for which 𝑆𝑗 contains an index 𝑖 satisfying 𝑖 ⩽ 𝑖*.

The above discussion implies that for such 𝑗, the corresponding summand in (C.35) is

given by 𝑑𝑗 · 2−𝑗(𝑖)−1. So the left-hand side of (C.35) is at least

∑︁
𝑖∈𝑆many∖𝑆light:𝑖⩽𝑖*

𝜎𝑖 > 𝜀, (C.37)

where in the latter inequality we used Fact C.2.8 applied to the numbers ℓ ≜ 𝑎*,

{𝑢𝑖} ≜ {𝜎𝑖}𝑖∈𝑆few∖𝑆light
, {𝑣𝑖} ≜ {𝜎𝑖/𝑑2𝑗(𝑖)}𝑖∈𝑆many∖𝑆light

, and {𝑑𝑖} ≜ {𝑑2𝑗(𝑖)}𝑖∈𝑆many∖𝑆light
, in

light of our definition for 𝑆tail. This contradicts (C.35).

We are finally ready to upper bound the normalizing constant 𝜁.

Proof of Lemma C.2.7. By Corollary C.2.9 and (C.35),

𝜀 ⩾ Ω(𝜁) ·
∑︁
𝑗∈𝒥 *

𝑑𝑗 · 2−2/3(𝑗+1)𝑑
2/3
𝑗 ⩾ Ω(𝜁)

∑︁
𝑗∈𝒥 *

2−2𝑗/3𝑑
5/3
𝑗 . (C.38)

The claimed bound follows.

We are now ready to complete the proof of Lemma C.2.3.

Proof of Lemma C.2.3. As discussed above, because of Lemma C.2.4 it suffices to

consider the case where (C.33) holds. We will apply Theorem C.1.2 to the principal

submatrix of 𝜎 indexed by the indices from buckets in 𝒥 *. It suffices to show that
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the copy complexity in that theorem, when specialized to 𝜀𝑗 from (C.34), is at least̃︀Ω(‖𝜎′′‖2/5/(𝜀2 polylog(𝑑/𝜀))). Note that we can apply Theorem C.1.2 to this submatrix

because by our definition of 𝑆light, the second part of (C.2) holds, by the first argument

of each minimum in (C.34), the first part of (C.2) holds, and by the definition of

𝑆many, 𝑑𝑗 is sufficiently large for every 𝑗 that appears in this submatrix. Note that our

definition of 𝑚 in Definition C.2.1 is the same as the parameter 𝑚 in Theorem C.1.2.

Recall from Fact C.2.2 that 𝑚 ⩽ 𝑂(log(𝑑/𝜀)).

𝜀𝑗 ≜ 𝑑 ·
{︂
2−𝑗−1

⧸︁(︂
12 + Θ

(︂√︁
log(𝑚)/𝑑𝑗

)︂)︂}︂
∧
{︁
𝜁2−2/3(𝑗+1)𝑑

2/3
𝑗

}︁
(C.39)

First, let us rewrite the lower bound from that theorem as

1

𝑚
min
𝑗∈𝒥 *

𝑑
1/2
𝑗 𝑑2

𝜀2𝑗2
𝑗

⩾
1

𝑚

(︃∑︁
𝑗∈𝒥 *

𝜀4𝑗2
2𝑗

𝑑𝑗𝑑4

)︃−1/2

(C.40)

Substituting our choice of {𝜀𝑗} from (C.34) and denoting 𝛼𝑗 ≜ 12 + Θ(
√︀
log(𝑚)/𝑑𝑗),

we get

≳
1

𝑚

(︃∑︁
𝑗∈𝒥 *

2−2𝑗

𝛼4
𝑗𝑑𝑗
∧ 𝜁42−2𝑗/3𝑑

5/3
𝑗

)︃−1/2

(C.41)

⩾
1

𝑚

(︃∑︁
𝑗∈𝒥 *

𝛼−1
𝑗 𝜁32−𝑗𝑑𝑗 ∧ 𝜁42−2𝑗/3𝑑

5/3
𝑗

)︃−1/2

(C.42)

≳
𝜁−3/2

𝑚

(︃∑︁
𝑗∈𝒥 *

𝑑𝑗{𝛼−1
𝑗 2−𝑗−1 ∧ 𝜁2−2/3(𝑗+1)𝑑

2/3
𝑗 }

)︃−1/2

(C.43)

≳ 𝜁−3/2 · 𝜀−1/2/𝑚 ≳ (𝜀−2/𝑚) ·

(︃∑︁
𝑗∈𝒥 *

2−2𝑗/3𝑑
5/3
𝑗

)︃3/2

(C.44)

⩾ max
𝑗∈𝒥 *,𝑖∈𝑆𝑗

𝜎𝑖𝑑
5/2
𝑗 /(𝜀2 log(𝑑/𝜀)) ≳ ‖𝜎′′‖2/5/(𝜀2 polylog(𝑑/𝜀)), (C.45)

where in the second step we used that the minimum of two nonnegative numbers

increases if we replace one of them by a weighted geometric mean of the two, in the
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fourth step we used (C.35), in the fifth step we used Lemma C.2.7, in the penultimate

step we used Fact C.2.2, and in the last step we used (C.33).

C.2.3 Putting Everything Together

Proof of Theorem 5.5.1. The proof will be given by modifying a few places in the

proof in Section 5.5. We proceed by the same casework of whether or not 𝑑𝑗 = 1 for

all 𝑗 ∈ 𝒥 * (note that our definition of 𝒥 * is slightly different from the one used in

Section 5.5).

First by Fact C.2.2 we have that tr(𝜎′) ⩾ 1−𝑂(𝜀) ⩾ Ω(1), so by Fact 5.5.3 it suffices

to lower bound the copy complexity by

Ω
(︁
𝑑eff‖𝜎′‖1/2/(𝜀2 logΘ(1)(𝑑/𝜀))

)︁
. (C.46)

Case 1. 𝑑𝑗 = 1 for all 𝑗 ∈ 𝒥 *. Note that in this case,

‖𝜎′‖1/21/2 =
∑︁
𝑗∈𝒥 *

2−𝑗/2 = 𝑂(1) (C.47)

and ‖𝜎*‖1/2 = Θ(‖𝜎′‖1/2). As 𝑑eff = 1, it thus suffices to show a lower bound of

Ω(1/𝜀2) in this case.

If additionally we have |𝒥 *| = 1, then for 𝜀 at most a sufficiently small constant, the

maximum entry of 𝜎 is at least 3/4, so we can apply Lemma 5.5.7 to obtain a lower

bound of Ω(1/𝜀2) as desired.

Otherwise, let 𝑗, 𝑗′ be the two smallest bucket indices in 𝒥 *, and let 𝑖, 𝑖′ be the elements

of the singleton sets 𝑆𝑗, 𝑆𝑗′ . If 𝜀 ⩽ 𝑐2−𝑗/2−𝑗′/2−1 for sufficiently small absolute constant

𝑐 > 0, we can invoke [65, Lemma A.4] to conclude a lower bound of Ω(1/𝜀2).

Otherwise, suppose 𝜀 > 𝑐2−𝑗/2−𝑗′/2−1. Because 2−𝑗 > 2−𝑗′ , we know that 2−𝑗 ⩽ 𝑂(𝜀).

In particular, consider the state 𝜎** given by zeroing out 𝜎𝑖′ from 𝜎′ and normalizing.

For this matrix, 𝑑eff = 1 and ‖𝜎**‖1/2 = 𝑂(1). Furthermore, because 𝜀 is smaller than

346



some absolute constant, we conclude that the nonzero entry of 𝜎** is at least 3/4, so

we can again apply Lemma 5.5.7 to conclude a lower bound Ω(1/𝜀2).

Case 2. 𝑑𝑗 > 1 for some 𝑗 ∈ 𝒥 *. In this case, let 𝑗1 ≜ argmax𝑗∈𝒥 * 𝑑𝑗 and

𝑗2 ≜ argmax𝑗∈𝒥 * 𝑑2𝑗2
−𝑗. Note that 𝑑2−𝑗1 ⩾ 𝑑𝑗12

−𝑗1 ≳ 𝜀/ log(𝑑/𝜀), so

𝑗1 ⩽ 𝑂(log(𝑑/𝜀)). (C.48)

If 𝜀 ⩽ 𝑐𝑑𝑗22
−𝑗1/2−𝑗2/2−1/𝑗1 for sufficiently small constant 𝑐 > 0, then we can invoke

the lower bound instance from Section 5.4. The proof in this case is identical to the

corresponding part of the proof in Section 5.5.

It remains to consider the case of

𝜀 > 𝑐𝑑𝑗22
−𝑗1/2−𝑗2/2−1/𝑗1. (C.49)

We would like to use the lower bound from Lemma C.2.3. We would first like to relate

‖𝜎′‖2/5 to ‖𝜎′′‖2/5 (recall that the difference is that 𝜎′′ is defined by removing the

largest entry from 𝜎′.

Lemma C.2.10. Either ‖𝜎′′‖2/5 ⩾ Ω(‖𝜎′‖2/5), or the following holds. Let 𝑗∘ be the

index maximizing 𝑑5/2𝑗 2−𝑗. Then 1) 𝑗∘ = min𝑗∈𝒥 * 𝑗, 2) 𝑑𝑗∘ = 1, and 3) 𝑗∘ = 0.

Proof. This is essentially Lemma 5.26 from [65]. We will assume that ‖𝜎′′‖2/5 =

𝑜(‖𝜎′‖2/5) and show that 1)-3) must hold. Let 𝑖max be the index of the top entry of 𝜎′.

Suppose 1) does not hold. Then

‖𝜎′‖2/52/5

‖𝜎′′‖2/52/5

⩽
𝜎
2/5
𝑖max

+
∑︀

𝑖∈𝑆𝑗∘𝜎
2/5
𝑖∑︀

𝑖∈𝑆𝑗∘𝜎
2/5
𝑖

⩽ 2, (C.50)

where the first inequality follows by the elementary fact that for 𝑎 ⩾ 𝑏 ⩾ 0 and 𝑐 ⩾ 0,
𝑎+𝑐
𝑏+𝑐

⩽ 𝑎
𝑏
, and the second inequality follows by the definition of 𝑗∘. This contradicts

the assumption that ‖𝜎′′‖2/5 = 𝑜(‖𝜎′‖2/5).
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Next, suppose 1) holds but 2) does not. Then

‖𝜎′‖2/52/5

‖𝜎′′‖2/52/5

⩽

∑︀
𝑖∈𝑆𝑗∘

𝜎
2/5
𝑖∑︀

𝑖∈𝑆𝑗∘∖{𝑖max} 𝜎
2/5
𝑖

⩽ 𝑂(1), (C.51)

where in the first step we again used the above elementary fact and in the second step

we used that 2) does not hold. We again get a contradiction.

Finally, suppose 1) and 2) hold, but 3) does not. Because 1) holds and 𝑗∘ > 0, this

implies that ‖𝜎′‖op ⩽ 1/2. On the other hand, ‖𝜎′′‖2/5 ⩾ ‖𝜎′′‖1 ⩾ (1 − 𝑂(𝜀)) −

1/2 ⩾ 1/2 − 𝑂(𝜀). So for 𝜀 smaller than a sufficiently large constant, we get that

‖𝜎′′‖2/5 ⩾ Ω(‖𝜎′‖op), so ‖𝜎′′‖2/5 ⩾ Ω(‖𝜎′‖2/5), a contradiction.

Suppose the latter scenario in Lemma C.2.10 happens, but the former does not. In this

case, because 𝑑𝑗∘ = 1, we also have that 𝑗∘ = 𝑗2, so 1 ⩾ 𝑑𝑗∘2
−𝑗∘ = 𝑑2𝑗∘2

−𝑗∘ = 𝑑2𝑗𝑐2
−𝑗2 .

Note that this implies that ‖𝜎′‖1/2 ⩽ log(𝑑/𝜀). Furthermore, it implies that

1 ⩾ 𝑑2𝑗22
−𝑗2 ⩾ 𝑑2𝑗12

−𝑗1 ⩾ Ω(𝑑
3/2
𝑗1
𝜀/ log(𝑑/𝜀)), (C.52)

where in the second step we used that 𝑗2 argmax𝑗∈𝒥 * 𝑑2𝑗2
−𝑗, and in the last step we

used that 𝑑𝑗2−𝑗 ⩾ Ω(𝜀/ log(𝑑/𝜀)) by definition of 𝑆light and 𝒥 *. We conclude that

𝜀 ⩽ 𝑂(𝑑
−3/2
𝑗1

log(𝑑/𝜀)). (C.53)

But recall that we are assuming that (C.49) holds, i.e.

𝜀 ≳ 𝑑𝑗2 · 2−𝑗1/2−𝑗2/2/𝑗1 = 2−𝑗1/2−𝑗2/2/𝑗1 ⩾ Ω(𝜀/(𝑑𝑗1 log(𝑑/𝜀)))
1/2/𝑗1, (C.54)

where the second step is by 𝑑𝑗2 = 𝑑𝑗∘ = 1 and the last step is by 3) in Lemma C.2.10

and the fact that 𝑑𝑗2−𝑗 ⩾ Ω(𝜀/ log(𝑑/𝜀)) for all 𝑗 ∈ 𝒥 *. Combining (C.53) and (C.54),

we conclude that 𝑑𝑗1 ⩽ polylog(𝑑/𝜀) · 𝑗1 ⩽ polylog(𝑑/𝜀), where in the last step we

used (C.48). But if 𝑑𝑗1 ⩽ polylog(𝑑/𝜀), then 𝑑eff ⩽ polylog(𝑑/𝜀). Then because we
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also have ‖𝜎′‖1/2 ⩽ 𝑂(log(𝑑/𝜀)), the claimed lower bound in the theorem would follow

from a lower bound of Ω(1/𝜀2). This then follows in a similar fashion to the analysis

from Case 1 above.

Finally, suppose instead that the former scenario in Lemma C.2.10 happens, in which

case Lemma C.2.3 gives a lower bound of Ω(‖𝜎′‖2/5/(𝜀2 log(𝑑/𝜀))). Let 𝑗∘ be as defined

in Lemma C.2.10. As ‖𝜎′‖2/5 ⩾ 𝑑
5/2
𝑗∘ 2−𝑗∘ , to complete the proof, it suffices to show

that

𝑑
5/2
𝑗∘ 2−𝑗∘ polylog(𝑑/𝜀) ⩾ Ω

(︁√︀
𝑑𝑗1𝑑

2
𝑗2
2−𝑗2

)︁
. (C.55)

Suppose to the contrary. Then because 𝑑5/2𝑗1
2−𝑗1 ⩽ 𝑑

5/2
𝑗∘ 2−𝑗∘ , we would get from the

negation of (C.55) that

𝑑2𝑗12
−𝑗1 polylog(𝑑/𝜀) = 𝑜(𝑑2𝑗22

−𝑗2). (C.56)

But by (C.49) and (C.48),

𝑐𝑑𝑗22
−𝑗1/2−𝑗2/2−1/𝑂(log(𝑑/𝜀)) ⩽ 𝜀 ⩽ 𝑂(𝑑𝑗12

−𝑗1 log(𝑑/𝜀)), (C.57)

where in the last step we used that 𝑑𝑗12−𝑗1 ⩾ Ω(𝜀 log(𝑑/𝜀)) by definition of 𝑆light.

Squaring and rearranging, we find that 𝑑2𝑗22
−𝑗2 ⩽ 𝑂(𝑑2𝑗12

−𝑗1 log2(𝑑/𝜀)), contradicting

(C.56).

C.3 Regularity Bounds on GOE and Ginibre Ensem-

bles

Here we provide the proofs of Lemmas 5.3.2 and 5.4.1, restated for convenience.

Lemma 5.3.2. There exists 𝑈 ⊆ 𝑅𝑑×𝑑 such that if 𝑀 ∼ GOE*(𝑑), then Pr𝑀 ̸∈ 𝑈 ⩽

exp(−Ω(𝑑)) and on the event 𝑀 ∈ 𝑈 , we have ‖𝑀‖op ⩽ 3 and ‖𝑀‖1 ⩾ 𝑑/12.

Proof of Lemma 5.3.2. Let 𝑈 denote the event that ‖𝑀‖op ⩽ 3 and ‖𝑀‖2𝐹 ⩾ 𝑑/4.
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Let 𝜆1, . . . , 𝜆𝑑 denote the eigenvalues of 𝑈 . On the event 𝑈 , we have

‖𝑀‖2𝐹 =
𝑑∑︁

𝑖=1

𝜆2𝑑 ⩽

(︂
max
1⩽𝑖⩽𝑑

|𝜆𝑖|
)︂ 𝑑∑︁

𝑖=1

|𝜆𝑖| = ‖𝑀‖op‖𝑀‖1,

so ‖𝑀‖1 ⩾ ‖𝑀‖2𝐹/‖𝑀‖op ⩾ 𝑑/12. We will show Pr𝑈 𝑐 ⩽ exp(−Ω(𝑑)). We generate

𝑀 = 𝐺− tr(𝐺)
𝑑
𝐼𝑑, where 𝐺 ∼ GOE(𝑑). Note that

Pr ‖𝑀‖op > 3 ⩽ Pr ‖𝐺‖op > 5/2 +Pr | tr(𝐺)| > 𝑑/2

⩽ exp(−Ω(𝑑)) + exp(−Ω(𝑑2)),

where the first term is bounded by [44, Theorem 6.2] (because 5/2 > 2) and the second

term is bounded by tr(𝐺) ∼ 𝒩 (0, 2). Moreover, since

‖𝑀‖2𝐹 = ‖𝐺‖2𝐹 − tr(𝐺)2/𝑑,

we have

Pr ‖𝑀‖2𝐹 < 𝑑/4 ⩽ Pr ‖𝐺‖2𝐹 < 𝑑/2 +Pr | tr(𝐺)| > 𝑑/2

and the second probability is exp(−Ω(𝑑2)) as explained above. To bound the first

probability, write 𝐺𝑖,𝑖 =
√︁

2
𝑑
𝑍𝑖,𝑖 and for 𝑖 < 𝑗, 𝐺𝑖,𝑗 = 𝐺𝑗,𝑖 =

1√
𝑑
𝑍𝑖,𝑗 for i.i.d. 𝑍𝑖,𝑖, 𝑍𝑖,𝑗 ∼

𝒩 (0, 1). Then

‖𝐺‖2𝐹 =
2

𝑑

∑︁
1⩽𝑖⩽𝑗⩽𝑑

𝑍2
𝑖,𝑗.

By a standard Chernoff bound, if 𝑋 ∼ 𝜒2(𝑛), then Pr𝑋 ⩽ (1− 𝜀)𝑛 ⩽ ((1− 𝜀)𝑒𝜀)𝑛/2.

Thus

Pr *‖𝐺‖2𝐹 ⩽ 𝑑/4 = Pr *𝜒2(𝑑(𝑑+ 1)/2) ⩽ 𝑑2/8 ⩽ exp(−Ω(𝑑2)).

Lemma 5.4.1. For 𝑑1 ⩾ 𝑑2, there exists 𝑈 ⊆ R𝑑1×𝑑2 such that if 𝐺 ∼ Gin(𝑑1, 𝑑2),

then Pr𝐺 ̸∈ 𝑈 ⩽ exp(−0.1𝑑1) and on the event 𝐺 ∈ 𝑈 , we have ‖𝐺‖op ⩽ 3 and
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‖𝑀‖1 ⩾ 𝑑2/3 for

𝑀 =

⎛⎝ 0 𝐺

𝐺† 0

⎞⎠ .

Proof of Lemma 5.4.1. Let 𝑈 be the event 𝑠max(𝐺) ⩽ 3 and ‖𝐺‖2𝐹 ⩾ 𝑑2/2, where

𝑠max denotes the largest singular value. On this event, certainly ‖𝑀‖op ⩽ 3 and

‖𝑀‖2𝐹 = 2‖𝐺‖2𝐹 ⩾ 𝑑2. Similarly to the proof of Lemma 5.3.2, we have ‖𝑀‖1 ⩾

‖𝑀‖2𝐹/‖𝑀‖op ⩾ 𝑑2/3. It remains to show Pr𝑈 𝑐 ⩽ exp(−0.1𝑑1) By [206, Corollary

5.35], Pr 𝑠max(𝐺) > 3 ⩽ exp(−0.11𝑑1). Moreover, ‖𝐺‖2𝐹 =𝑑
1
𝑑1
𝜒2(𝑑1𝑑2), so similarly

to the proof of Lemma 5.3.2 we have Pr ‖𝐺‖2𝐹 < 𝑑2/2 ⩽ exp(−Ω(𝑑21)).

C.4 Separating 𝐾 and 𝜅

In this short section we construct an example of a transcript (𝑧,𝑤) for which

𝐾((𝑧,𝑤)) = 0, but for which 𝜅((𝑧,𝑤))≫ 𝑑1𝑑
2
2/𝜀

2. For simplicity, consider 𝐴 = 𝑎 · 𝐼𝑑1
and 𝐵 = 𝑏 · 𝐼𝑑2 .

Consider a unit vector (𝑧, 𝑤) ∈ S𝑑1+𝑑2−1 for which ‖𝑧‖2 = 𝑏/(𝑎 + 𝑏) and ‖𝑤‖2 =

𝑎/(𝑎+ 𝑏). Now note that if (𝑧,𝑤) = ((𝑧, 𝑤), (𝑧,−𝑤), (𝑧, 𝑤), (𝑧,−𝑤), . . .), then clearly

𝐾((𝑧,𝑤)) = 0. On the other hand, if we take 𝑏𝑖 = (−1)𝑖+1, we find that

𝜅((𝑧,𝑤)) ⩾ ‖
𝑡∑︁

𝑖=1

𝑧𝑤†‖𝑧‖‖𝑤‖
(𝑎‖𝑧‖2 + 𝑏‖𝑤‖2)2

‖𝐹 = 𝑡 · ‖𝑧‖2‖𝑤‖2

(𝑎‖𝑧‖2 + 𝑏‖𝑤‖2)2
=

𝑡

4𝑎𝑏
. (C.58)

Note that for 𝜀 ≍ 𝑑2
√
𝑎𝑏, 𝑑1𝑑22/𝜀2 ≍ 𝑑1/(𝑎𝑏), so for 𝑡≫ 𝑑1, 𝜅((𝑧,𝑤))≫ 𝑑1𝑑

2
2/𝜀

2.
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