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Abstract

Understanding and harnessing the power of quantum systems has the potential to
transform many domains in science and technology. However, before we can achieve
these aspirations, we must first build a better understanding of how quantum systems
fundamentally behave.

In this thesis, we approach this question through the lens of learning theory to develop
new paradigms for learning about quantum systems and understanding their structural
properties. We deliver several surprising results, upending previous beliefs about even
fundamental laws and giving provably efficient algorithms for learning about quantum
systems in settings previously conjectured to be intractable.

Typically in quantum many-body systems, the particles in the system interact locally
with respect to some geometry as described by a local Hamiltonian. Two key questions
are first, understanding equilibrium properties of a system with a given Hamiltonian
and second, recovering the Hamiltonian from measurements of the properties of the
system. For the first, we prove a universal law that there is a sudden death of
entanglement, at a critical temperature depending only on the geometry but not on
the system size. For the second, we give the first efficient algorithm for recovering the
Hamiltonian at any temperature, breaking a conjectured barrier at low temperatures.

Beyond systems with local interactions, we also consider learning and testing properties
of general quantum states, focusing on the interplay between statistical complexity
and near-term quantum device constraints, only allowing for entangled measurements
over a limited number of copies of the state. We characterize the optimal rates for
learning and testing with single-copy measurements and for multi-copy measurements
in many relevant near-term regimes.

Thesis Supervisor: Ankur Moitra
Title: Norbert Wiener Professor of Mathematics
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Chapter 1

Introduction

Understanding and harnessing the power of quantum systems has the potential to
transform many domains in science and technology, from enabling breakthroughs
in computational problems such as factoring large numbers, to guiding the design
of materials with extraordinary properties like superconductivity and superfluidity.
However, before we can achieve these aspirations, we must first build a better under-
standing of how quantum systems fundamentally behave. While quantum mechanics
provides a foundation for describing the behavior of atomic-scale particles, relating
these atomic-scale interactions to emergent physical properties remains largely a mys-
tery. Despite growing interest and years of research efforts, quintessential phenomena

such as quantum entanglement are still poorly understood.

In this thesis, we will focus on the following guiding questions which are central to

understanding the properties of quantum systems. First:

Guiding Question 1. Given a description of the interactions between particles in a

quantum system, what can we say about its physical properties?

However, for systems that we observe in a laboratory or in nature, we often do not
know a description of the underlying interactions. Thus, it is also crucial to understand

when we can recover information about these interactions from observing the system.
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Usually, the way that an observer can interact with a quantum system is through
measurement [} This leads to our second question, which is a natural counterpart to

the first.

Guiding Question 2. Given measurements of the physical properties of a quantum

system, can we recover a description of the system?

We approach these questions theoretically, from a statistical and computational
perspective. In general, quantum mechanics gives us mathematical models of quantum
systems and basic laws about their behavior. Our focus will be on deriving from these
laws rigorous predictions of their properties and designing algorithms with provable
guarantees for recovering their parameters. While theoretical in nature, the answers
to these questions will inform our understanding of the limits of what we can hope to

know about quantum systems and what we can use them for.

Much of the early work on these questions came from the perspective of quantum
physics and quantum information. However, these questions have recently garnered
increased interest from other communities, especially within computer science. In
this thesis, we will show how a novel approach, inspired by theoretical computer
science and especially computational learning theory, enables us to develop new ways
of understanding complex quantum phenomena such as entanglement. We deliver
several surprising results that uncover fundamental laws and inform the tractability

and limitations of potential applications of quantum technologies.

Remark 1.0.1 (On Measurements). At a high-level, measuring a system results in
a (random) classical outcome that reveals a small amount of information about the
underlying system, analogous to sampling from a classical distribution. Quantum
mechanics stipulates that measurement destroys the system. Thus, in all settings where
we study recovery from measurements, we will assume access to multiple copies of
the system in question. This is generally obtained by, say, repeating the experimental

setup many times.

*A formal definition of measurement is deferred to Definition m
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1.1 Local Hamiltonians

Local Hamiltonians are the canonical, ubiquitous model for quantum many-body sys-
tems across condensed-matter physics, quantum chemistry, and quantum information
[155] 1306, 168, [82]. We give a very brief, high-level introduction here and defer a more

formal treatment to Section [1.4.2

Typically, in quantum many-body systems, the particles interact locally with respect
to some geometry, meaning that particles interact more strongly with those nearby.
Their interactions are described by a local Hamiltonian, which is a sum of the local

interactions among different subsets of particles.

Figure 1-1: Local Hamiltonian where the interaction terms F, range over edges between
adjacent points in the grid. The black dots represent particles and the green edges
represent interactions between pairs of particles (only two are shown for simplicity).

Throughout this thesis, we use n to denote the number of particles. For each subset
of interacting particles, there is a term F, that describes their interaction. The local

Hamiltonian is then given by

H:ZEa

acA
where the sum ranges over all subsets of interacting particles. H is represented as a
2" x 2" matrix. For a given Hamiltonian, the Gibbs state describes the behavior of

the system at thermal equilibrium, at a specified inverse temperature 5 > 0 m The

3 is proportional to 1/T where T is the actual temperature.
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Gibbs state of the system is given by the matrixE]

e~ BH

P = tr(e BH) - (1.1)

With this model, we can restate our main questions in the context of quantum

many-body systems:
1. Given H =) _, E,, for various 3, what can we say about the properties of pz?

2. Given measurements of (copies of) pg, what can we recover about the E,?

1.1.1 From Microscopic to Macroscopic

The above questions fall under the broad paradigm of understanding how microscopic
interactions (the local Hamiltonian) drive emergent macroscopic properties (the Gibbs
state) in complex systems. This has been a driving theme in statistical physics,
a rich area that has seen many notable successes throughout decades of research,
including Parisi’s work that was awarded the Nobel Prize in Physics in 2021 [202]. Of
course, the same guiding principles are also useful in many other domains ranging
from machine learning to biology [4, [161, [I88]. Statistical physics has both been
a grounds for developing rich and beautiful mathematics and played an important
role in helping us understand physical phenomena such as magnetization and surface
tension. For example, understanding phase transitions in the Ising model has helped us
understand how interactions between atomic-scale magnetic dipoles drive spontaneous

magnetization across a material when it is cooled below a critical temperature [172].

INote that this is a valid quantum state because it is a positive semidefinite matrix with trace 1.
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Figure 1-2: The Ising model is in many ways the foundational model in statistical
physics. In this example studied in the seminal work of Kramers and Wannier [143]
and later Onsager [I72], we imagine n magnets arranged in a two-dimensional grid.
The magnets can either point up or down, represented by the corresponding variable
being +1 or —1. The Ising model defines a distribution over {—1,1}" where the
probability of a configuration is proportional to exp(—83_; ; adjacent —x;x;) where /3
is the inverse temperature. Onsager’s work demonstrates a phase transition from a
disordered phase, where a typical configuration looks random, to an ordered phase,
where a typical configuration has a large majority of magnets pointing in the same
direction, as the temperature decreases below a critical threshold.

However, many modern challenges in physics and technology such as superconductivity
and superfluidity revolve around understanding quantum phenomena. Compared to
classical systems, we have a much more limited understanding in the quantum realm,
where additional complexities such as quantum entanglement and non-commutativity
pose new challenges not present in classical settings. Nevertheless, we hope that the
same guiding principles from statistical physics may help us. In particular, can we use
statistical models to understand how quantum phenomena arise in complex systems

of particles?

One of the main themes of this thesis will be developing new tools for taming
the complexities of quantum systems. The work presented here draws upon our
understanding of phase transitions and other properties of classical statistical physics
models — the definition in generalizes classical Markov random fields which
have been extensively studied in statistics, machine learning, and many other domains
[186, [49] [71]. However, to deal with the new challenges in the quantum setting, we take

inspiration from unexpected sources — modern techniques from a variety of domains
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in theoretical computer science, such as counting and sampling, approximation theory,

and optimization, will play a key role.

1.1.2 Important Quantum Properties

Returning to Guiding Question [1] we first specify the key properties that we want to
understand. Entanglement is the quintessential quantum property [190] 43, [46]. As
Schrodinger argues in [190],

I would not call that [entanglement| one, but rather the characteristic trait

of quantum mechanics.

Entanglement is what distinguishes quantum systems from classical ones and is the
essence of what makes quantum systems interesting for scientific and engineering
applications. Yet, entanglement remains a mysterious concept, and we generally lack
a sound theoretical understanding of entanglement in quantum many-body systems.
In fact, despite extensive study, we even lack clean, well-accepted definitions of
entanglement in many settings [199, I80]. A crucial step towards understanding
the properties of quantum systems will be understanding when they can exhibit

entanglement.

The Role of Temperature In classical statistical physics, the (inverse) temperature
parameter, given by S in , controls phase transitions and the emergence of
important structural properties. Adjusting temperature shifts the balance among
microscopic configurations — favoring disorder at high temperatures and order at low
temperatures. Phase transitions occur at a critical threshold temperature, when the
system undergoes an abrupt, collective transformation in its macroscopic properties (see
Figure . This phase transition in statistical models underlies real-world phenomena
such as the boiling of water and the spontaneous magnetization of ferromagnets

[178, 217].

Naturally, this motivates us to study the role that temperature plays in the emergence
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of quantum properties, namely entanglement. Specifically, we ask:

Question 1. How does temperature affect entanglement in quantum many-body

systems. Specifically, at what values of 8 can the Gibbs state pg be entangled?

The study of the relationship between temperature and entanglement dates back to
the start of modern quantum information [179, 22, [I73]. However, the wealth of ideas
generated since then has yielded surprisingly little insight into this basic question.
Here, we find new insight in a departure from previous approaches. We will take
inspiration from classical algorithms for approximate counting and sampling to deliver

a striking new law.

1.1.3 Algorithmic Challenges for Learning

The previous thread broadly concerns Guiding Question [I, but the counterpart,
Guiding Question [2] is equally important. Namely, can we take measurements of
the macroscopic properties of a quantum system and recover information about
the microscopic interactions driving it? This question falls under the umbrella of
Hamiltonian learning, which has become a cornerstone in the design, engineering, and

benchmarking of quantum devices.

For example, in an attempt to understand phenomena like topological order and
superconductivity that are important in condensed matter physics, experimentalists
carefully design systems which exhibit these exotic behaviors. To achieve this, analog
quantum simulators are tuned to obey poorly-understood Hamiltonians like the Fermi—
Hubbard model for experimental exploration [95, [78, 115]. For these experiments, a
natural goal is to learn the interactions which give rise to various phenomena [212, [140).
Intractability of computation is a major barrier to resolving open problems like finding
the phase diagram of various canonical families of Hamiltonians, so having better
algorithmic tools is of key importance in this domain [149]. Hamiltonian learning also
arises when engineering quantum systems: a major challenge in building near-term

quantum devices is being able to validate them—certify that they implement the
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desired Hamiltonian—and understand sources of error [73, [193]. Quantum devices with
100 or more qubits are challenging to simulate classically, but quantum Hamiltonian
learning has emerged as an alternative strategy for benchmarking devices by combining

quantum resources and classical learning techniques [57, [97].

The Low Temperature Regime For Hamiltonian learning, the temperature
parameter § will again play a crucial role. Despite its importance, previous algorithms
for Hamiltonian learning all had crucial limitations. For general Hamiltonians, previous
algorithms were efficient, scaling polynomially with n, only at high temperature i.e. for
[ < ¢ for some small constant c. For larger [, these algorithms required running time
exponential in n, making them impractical beyond small systems. In fact, due to the
lack of success and even viable approaches, Hamiltonian learning was conjectured to
be intractable beyond this high temperature regime. For instance, in a recent survey

on the complexity of learning quantum states [13], the authors ask

Conjecture ([13]). Could low temperature Gibbs states be pseudorandom, which would

explain the difficulty in finding a time efficient algorithm?

This leaves us at an impasse. Quantum phenomena are most prominent at zero or
near-zero temperature [9], precisely where approaches such as high-temperature series
expansions fail [149]. In fact, many of these approaches work precisely because complex
quantum phenomena like long-range entanglement do not arise at high temperatures.
Given the seeming intractability at low temperatures, one might wonder whether
quantum Hamiltonian learning, as a framework for benchmarking quantum devices or

learning about the underlying physics of quantum systems, is inherently a dead end.

Nevertheless, we return to the central question, which has been posed as an open

question throughout the community [15, 103], [7, T3], and examine it in a new light.

Question 2. Can we give efficient algorithms for Hamiltonian learning from Gibbs

states at low temperatures?

We will show a surprising resolution to this question, upending prevailing beliefs. We
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rely on modern tools in learning and optimization such as polynomial approximations
and semidefinite programming hierarchies to tame the complexities of low-temperature
systems and give an efficient algorithm, solving a problem previously conjectured to

be impossible.

1.2 General Quantum States

Local Hamiltonians model many natural systems where the particles in the system
interact locally. Still, there are many settings where we need to work with general
quantum systems where the particles may exhibit arbitrary, non-local interactions.
Of course, general systems, by definition, can exhibit arbitrary behavior, so here we
will focus on the recovery problem — recovering a description of the system from

measurements.

We model the state of the system as described by an unknown density matrix p € C%*,
Here, for a general system of n particles, the dimension of the state is d = 2". We
have copies of p which we can measure, and our goal is to recover a description of p.
This is exactly the task of quantum state tomography. Tomography is, in many ways,

the most general and basic quantum learning task.

While compared to local Hamiltonians, the exponential scaling in the number of
particles seems to limit the paradigm of state tomography to relatively small systems,
it nonetheless plays a key role in verification of current quantum technologies [34],
protocols such as entanglement detection [118, O8], and various other applications.
For some concrete examples, in [158], tomography was used to verify that a 2 x 2
state was correctly teleported over 143 km in a teleportation experiment and in
[104], tomography was used to verify that an experimental device they designed was
generating the correct 8-particle (i.e. 256 x 256) W-state, an important resource in

quantum communication.

In most applications of tomography, each copy of p is a resource that may be expensive

to obtain, so the main figure of merit is the copy complexity i.e. the number of copies
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of p that we need to measure. This is a quantum generalization of the usual notion of

sample complexity from statistics.

1.2.1 Near-Term Hardware Constraints

Recently, the copy complexity of quantum state tomography was settled by [170} [102]
who showed that n = ©(d?/e?) copies are necessary and sufficient to learn p to
accuracy in trace distance. However, a major downside of these protocols is that
they require heavily entangled measurements over the joint state p®". This poses a
number of challenges to porting these algorithms into practical settings. First, the
descriptions of the measurements are quite large (as the overall joint state is of size
d" x d"), and cannot be implemented on current (or near-term) quantum devices.
Second, the measurements require that all n copies of p are simultaneously present.
In many realistic settings, such as streaming settings where one copy of p is given to
the algorithm at a time, this would require that the quantum device be able to store
all of these copies in persistent quantum memory. Such a task is also well out of reach
for current or near-term quantum devices, in essentially any non-trivial regime of the

parameters.

An appealing class of algorithms which avoids both of these issues, and which can be
implemented on even current devices, are algorithms which only rely on single-copy (i.e.
unentangled) measurements. In contrast to general protocols which may manipulate
the joint state over all n copies p®", these algorithms only apply measurements to
one copy of p at a time. Consequently, these measurements are performed on much

smaller states, and moreover, can be performed without any quantum memory.

This single-copy setting, being a natural and practical formulation, has seen growing
interest for both quantum state tomography [72], 86, 144, 156] and related tasks such
as testing and certification [54 [64], 66], 124 [5]. Still, before the work presented here,

even the most basic question remained open. Namely,

Question 3. What is the optimal copy complexity for single-copy quantum state
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tomography?

This question will be our starting point for quantum state tomography. The best
known upper bound for this question was n = O(d®/e?) [144]. However, the best
known lower bound was only Q(d?/e?), the same rate as in the unconstrained multi-
copy setting. The protocol in [144] essentially works by measuring all of the copies
of p randomly. However, an important feature in single-copy tomography is that
the measurements may be adaptively chosen based on the outcomes of the previous
measurements. This leaves the possibility that we can design better algorithms that

leverage adaptively chosen measurements.

Understanding the power of adaptivity will be a crucial component in answering
the above question. The adaptivity in the quantum setting is a significant contrast
compared to classical distribution learning settings, where the samples the learner
receives are usually drawn independently. This added wrinkle of adaptivity is perhaps
the main reason why even some of the most basic questions about learning with single-
copy measurements remained open until very recently. To resolve these questions,
we will need to develop new frameworks for reasoning about the power of adaptive
learning algorithms — this is especially notable from a lower bounds perspective, as

existing techniques often heavily rely on the learner’s observations being independent.

1.2.2 Gracefully Scaling Up

While the single-copy setting is a useful formalism for designing algorithms for current
quantum hardware, as the computational power of our quantum devices continues to
grow, we may soon go beyond the limitations posited in the single-copy formalism.
It is timely not only to understand the fundamental limitations of current devices,
but also to map out avenues for gracefully scaling up our near-term algorithms as the

platforms on which we run these algorithms mature.

As a motivating example, an experimenter could simultaneously prepare t copies

of the state for some integer ¢ > 1 by simply replicating the experimental setup
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t times. Moreover, some existing devices can already store multiple (albeit few)
copies of a quantum state at a time [23] 126, [153]. For some tasks, this is already
very powerful. For instance, recent experimental demonstrations of exponential
advantage for estimating Pauli observables using Bell measurements naturally operate
on two copies of the input state at a time [125], and cannot be done with single-copy
measurements. While the single-copy setting precludes even basic quantum learning
primitives like the SWAP test, the t-copy setting encompasses a much broader class

of possibilities. This begs the natural question:

Question 4. What is the copy complexity of quantum state tomography with t-copy

measurements?

The essence of the above question is understanding whether we can interpolate between
the single-copy and unconstrained multi-copy settings for quantum state tomography.
Prior to the work discussed here, there has been very little understanding of this
intermediate regime. Remarkably, it was not even known if we could achieve the
optimal ©(d?/e?) copy complexity in the unconstrained setting just using measurements
of t = 2 copies at a time! The t-copy setting poses an important conceptual and
algorithmic challenge — the approaches in the single-copy and unconstrained multi-
copy extremes are very different, and seem fundamentally incompatible. To address
this, we will need to develop a new algorithmic framework to synthesize the two

techniques.

1.3 Overview of Contributions

Here, we outline the results and contributions in this thesis, addressing all of the

questions posed in the previous section.

1.3.1 Sudden Death of Entanglement

Our first main result concerns Question We prove a new universal law about

entanglement and temperature. The results discussed in this section are from [31] and
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will be explained in more detail in Chapter

Theorem 1.3.1 (Sudden Death of Entanglement (Informal, see Theorem [2.1.1))).
For any local Hamiltonian on n particles, there is a critical (inverse) temperature B,
depending only on the geometry of the Hamiltonian and not on the system size n such

that for any B < B., the Gibbs state ps has no entanglement.

For a formal definition of what it means for a state to have no entanglement, see the
definition of separability in Definition [[.4.20 With this result, we witness a “sudden
death of thermal entanglement” — there is a constant critical temperature above
which the Gibbs state has no entanglement. In other words, above this temperature,

correlations are purely classical.

Despite the extensive body of work on understanding the relationship between entan-
glement and temperature, previous work yields little insight into when the Gibbs state
can or cannot be entangled. For instance, computational investigations on specific
models [2T), 99] 18], show that various proxy entanglement measures like concurrence
and negativity go to zero above a constant temperature, but these proxy measures can
evaluate to zero even for entangled states. As for rigorous results, a simple argument
about the geometry of entanglement shows that Gibbs states are unentangled, i.e.
separable, at some temperature that is exponentially large in the system size n, but

this dependence on system size makes it unphysical for many-body systems [100].

Over the past two decades, an exciting new suite of techniques has been developed to
prove results about correlations in Gibbs states [7]. However, these results, including
thermal area laws [213], [146], bounds on conditional mutual information [133], local
indistinguishability [137], efficient state preparation [50} [40], and efficient learning
algorithms [16], only bound entanglement through proxy correlation measures that

combine both classical and quantum correlationsﬁ Consequently, these results can only

$In the referenced work, such measures include mathematical quantities like two-point correlation
functions, mutual information and conditional mutual information, and locality of effective Hamilto-
nians, along with operational and algorithmic notions like rapid thermalization (or low-depth state
preparation more broadly) and efficient learning from local observables.
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prove strong bounds on entanglement at long range, when classical correlations are
also small. This remains true even for results which assume the Gibbs state is above
a critical temperature [50], 108, [103]. The existing literature reflects a gap in our set
of tools: we only have exiguous methods for controlling entanglement independently
of classical correlations. Taken together, this body of work might even lead one to
believe that quantum correlations, much like their classical counterparts, can exist at

any temperature that is less than exponential in the system size.

In stark contrast, our result shows that above some constant temperature, the Gibbs
state of any local Hamiltonian exhibits zero entanglement. In particular, our result
separates quantum effects from classical correlations a feature not captured by any of

the aforementioned vast literature on correlations in Gibbs states.

Algorithmic Inspiration The key idea behind our main result comes from a
surprising source: an algorithmic technique, inspired by classical approximate counting
and sampling. At a high level, the sampling-to-counting reduction of [129] reduces
sampling from a high-dimensional distribution, say D over the hypercube {—1,1}", to
a sequence of “counting” problems where we compute the marginal distribution on
the first coordinate, sample it, and then recurse on the posterior distribution over
the remaining n — 1 coordinates. We develop a quantum analog of this sampling-to-
counting reduction, where we decompose the Gibbs state by iteratively “sampling”
and factorizing out one particle at a time — showing that this procedure succeeds

suffices to prove that the original state is separable.

Gibbs Sampling This algorithmic technique has further implications for the com-
putational task of preparing quantum Gibbs states. This task, known as quantum
Gibbs sampling, has been studied extensively [60, Table 1], dating back to the work of
[201]. However, remarkably little is known about provably efficient methods. Despite
a wealth of approaches and proposals, efficient algorithms have only been rigorously
established for highly restricted classes of Hamiltonians, such as Hamiltonians with

constant operator norm [92], commuting Hamiltonians [132], 1D Hamiltonians [50, 40],
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or under strong assumptions, such as the eigenstate thermalization hypothesis [59].

On the other hand, preparing classical Gibbs states at low temperatures is known to
be NP-hard in general [196] 197, 90]. Thus, at least for general Hamiltonians, there is
a natural target: Are all high-temperature Gibbs states efficiently preparable? We

resolve this question:

Theorem 1.3.2 (Gibbs State Preparation (Informal, see Theorem [2.1.2)). For any
local Hamiltonian on n particles, we can prepare its Gibbs state in time polynomial in
n at inverse temperatures 5 < [, where the critical (inverse) temperature 5. depends

only on the geometry of the Hamiltonian and not on n.

The task of preparing a Gibbs state has been widely proposed as a place to look
for quantum speedups [201], [70, [60]. However, since our algorithm is almost entirely
classical, we can conclude that this task offers no super-polynomial quantum speedup
above the critical temperature. On the other hand, at temperatures below a (different)
critical temperature, preparing a Gibbs state is NP-hard, so this task is also unsuitable
for finding quantum advantage, at least for general Hamiltonians. This leaves a limited
regime between our critical temperature and the computational hardness threshold.
Looking forwards, obtaining a more fine-grained understanding of these thresholds
will be crucial toward understanding Gibbs sampling as a candidate for quantum

advantage.

1.3.2 Hamiltonian Learning

Our next main result delivers a surprising resolution to Question 2l We show that
efficient Hamiltonian learning is possible at any constant temperature. The results

discussed in this section are from [32] and will be explained in more detail in Chapter

Theorem 1.3.3 (Efficient Hamiltonian Learning at Any Temperature (Informal, see
Theorem [3.7.1))). For any constant inverse temperature B > 0 and a local Hamiltonian
H on n particles with known geometry but unknown terms, we can recover the terms

E, of H to € accuracy from measurements of (copies of) its Gibbs state pg in time
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polynomial in n,1/e.

Whereas previous works [15, [103] gave polynomial time algorithms only when /3
was smaller than a fixed constant, our result gives a polynomial time algorithm for
any constant 5. This result is a fortunate development since, if learning were truly
computationally hard in the low temperature regime, then, for example, we could
not hope to understand the behavior of analog quantum simulators in precisely the

regimes where they outperform classical ones [I81], Section 6.10].

Remark 1.3.4 (Knowing the Geometry of the Hamiltonian). Our result relies on the
geometry of the Hamiltonian being known. This is typical in many applications when
the particles are on a two or three-dimensional lattice. The variation of the problem
when the geometry of the Hamiltonian is also unknown is called structure-learning.
Designing efficient algorithms for structure learning from Gibbs states remains an
interesting open question. There has been work on structure learning assuming stronger

access models to the Hamiltonian, such as controlled time evolutions [223], 33, [157].

Previous Work For the problem of Hamiltonian learning from Gibbs states, Anshu,
Arunachalam, Kuwahara, and Soleimanifar gave the first polynomial sample complexity

bounds for this task in 2020 [I5], attaining coefficient estimates using

2p01}’(6)n2 log n

ﬁc€2 [15]

copies of the Gibbs state [103 Remark 4.5]. However, their work comes with a serious
drawback: it is computationally inefficient. In particular, they give a stochastic
gradient descent algorithm and show that it converges to the true parameters in a
small number of iterations, but actually computing an iterate involves evaluating
a log-partition function, which is well-known to be computationally hard even for

classical systems [163].

Prior work has obtained fast algorithms for Hamiltonian learning in limited regimes. A

follow-up paper of Anshu, Arunachalam, Kuwahara and Soleimanifar [14] shows that
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when the terms of H commute, then a direct generalization of the classical algorithm
learns the parameters efficiently. Further, [I5] notes that their suggested algorithm
can be performed in polynomial time for sufficiently high temperature (small 3), since
in this regime the log-partition function can be evaluated, using that its multivariate
Taylor series expansion converges rapidly. Haah, Kothari, and Tang [103] later gave

an improved algorithm that achieves the sample and time complexity

PP logn ne®@ logn

—5252 an —5282 , [103]

respectively, which they prove is tight up to the constant factor in the exponential,

even in the classical case.

Barriers at Low Temperature However, no strategies had been suggested for
solving Hamiltonian learning at low temperature. In fact, the situation is even more
dire: all approaches to Hamiltonian learning used in prior settings fail catastrophically
at low temperatures, since reduction to sufficient statistics [15], efficient computation
of the partition function [15], the approximate Markov property [145], and cluster
expansion [103] all provably fail for sufficiently large constant 3. This state of the
literature reflects a broader scarcity of algorithmic tools known for understanding
Hamiltonians outside of special settings like high temperature or one dimension. So, a

negative resolution to the general, low temperature question seemed plausible, or even

likely.

The Learning Theory Toolkit Previous approaches all formulate the learning
problem as a system of equations in essentially the same way and thus run into the
same fundamental barrier at low temperature. At a high level, they use measurements
to estimate tr(Xpg) where X ranges over a basis for the allowable interaction terms
of the Hamiltonian e.g. if the Hamiltonian involves only 2-body interactions between
adjacent particles, then X will range over 2-body correlations between adjacent
particles. They then solve a system of equations for a Hamiltonian H’, such that the

Gibbs state for H', say pj; matches those measurement values i.e. tr(Xpg) = tr(Xpj).
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This is, in some sense, the most natural system of equations to set up and [15] shows
that statistically, solving this system suffices to recover the true Hamiltonian. However,
the challenge is to give an efficient algorithm for solving this system of equations.
Unfortunately, this is already a dead end because for classical Hamiltonians, this
system of equations exactly reduces to “matching sufficient statistics of a graphical
model”, which is known to be computationally intractable even for simple Ising models

[163].

We find new light from an important paradigm in classical learning theory — we can
formulate an alternative system, by measuring a richer family of statistics, that may
be more tractable. This is the starting point of our approach. In the classical setting,
there are simple ways to measure a richer family of statistics and reformulate the
system, relying on the Markov property, the defining characteristic of graphical models.
However, the Markov property is known to fail for quantum systems. To overcome
this, we rely on another key workhorse in learning theory, polynomial approximations.
We develop a new polynomial approximation to the matrix exponential that lets
us understand the propagation of information in spite of the failure of the Markov
property. Using this approximation, we can formulate the learning problem as a

polynomial system.

To solve the polynomial system, we rely on the sum-of-squares (SoS) method, which
gives a hierarchy of semidefinite programming relaxations that are efficiently solvable.
The SoS method, first introduced in the context of control theory and polynomial
optimization [177, [147], has been at the heart of recent advances across a wide range
of domains including complexity theory [37, 36|, combinatorial optimization [183] 5],
and learning theory [38], 116], 142, 139, [76], and here we show that this powerful tool

also leads to a new algorithm for learning about quantum systems.

1.3.3 Quantum State Tomography

Now we discuss our contributions to learning general quantum states. Our result stated

below settles the complexity of single-copy quantum state tomography, answering
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Question [3] This, and other results discussed in this section are from [62] and will be

explained in more detail in Chapter [4]

Theorem 1.3.5 (Informal, see Theorem [4.2.11)). For an unknown state p € C™*¢,
n = Q(d?/e?) copies of p are necessary for single-copy quantum state tomography of p

to within trace distance .

The lower bound shown here matches the upper bound obtained by the random
measurement scheme in [144] showing that ©(d®/e?) is the optimal copy complexity

for single-copy quantum state tomography.

While this is not the most satisfying resolution, that, up to constant factors, we might
as well measure all of the copies randomly, we show that the situation is different if we
change the way that we measure accuracy. In particular, if instead of trace distance,
we measure accuracy in terms of infidelity (see Definition between our estimate

p and p, then adaptivity does make a difference. We show:

Theorem 1.3.6 (Informal, see Theorem {4.5.1)). For an unknown state p € C™*¢,
n = é(d3/7) copies of p are necessary and sufficient for single-copy quantum state

tomography of p to within infidelity .

This result contrasts the lower bound in [102] showing that €(d®/+?) copies are
necessary with nonadaptive measurements. Thus, for learning in fidelity, adaptive
measurements are asymptotically more powerful than nonadaptive measurements.
This provides arguably the first natural instance of a separation between the power of

adaptive and nonadaptive measurements.

Adaptive Lower Bounds Focusing on Theorem [1.3.5] the main novelty is a frame-
work for proving a lower bound against a learner that makes adaptive measurements.
In general, existing lower-bound approaches in the literature mostly followed tech-
niques from classical learning theory. Thus they rely heavily on the observations being

independent and these approaches can only work for nonadaptive measurements.
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We introduce a new, general framework for proving lower bounds against adaptive
learners. Our framework involves a bare-handed approach where we directly bound
the information gained by the learner after each measurement. The unknown state p
is sampled from a prior over the space of all possible states and then we directly track
how the posterior distribution evolves after each measurement outcome. We prove
that no matter what the learner does, the posterior remains mostly away from the

true state p and thus the learner cannot recover p accurately with high probability.

1.3.4 State Certification

Beyond quantum state tomography, we also study the closely related problem of state
certification. In state certification, rather than trying to learn the unknown state p,
we are given an explicit description of a state o € C%*¢ and our goal is simply to test
whether p = o or p is far from o in trace distance. From a practical point of view,
state certification is also a key subroutine in verification of the outcomes of quantum
experiments. For instance, if an experimentalist wishes to check that a quantum
algorithm with quantum output is running correctly and outputting the right state,

then this is exactly the problem of state certification.

State certification also has important mathematical connections to classical property
testing. While state tomography is the quantum analogue of learning a classical
distribution from samples, state certification is the natural quantum analogue of

identity testing, one of the most well-studied problems in classical distribution testing.

Prior to the work discussed here, the situation for state certification was similar to
that for quantum state tomography. Recent works [169) 27| characterize the optimal
copy complexity of state certification in the unconstrained multi-copy setting, but
in the single-copy setting, the question remained open. The best upper and lower

bounds were n = O(d*?/<?) and n = Q(d*/?/£?) respectively [54].

Our result for state certification is a tight lower bound that closes this gap. This

result is from [67] and will be explained in more detail in Chapter [
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Theorem 1.3.7 (Informal, see Theorem ). State certification for a state p € C¥*?

using single-copy measurements requires n = Q(d3/2/52) copies (for worst case over

g).

While the above settles the complexity of state certification against a worst-case
target state o, we can obtain improved bounds that depend on o — in particular, in
Chapter [5], we will also explain how to extend our result to obtain instance optimal

bounds for state certification in terms of o.

Following the theme for state tomography in the single-copy setting, the power of
adaptivity is again an important challenge for certification. The proof of the lower
bound in Theorem [1.3.7 builds on the framework introduced in our lower bound for
tomography (Theorem , carefully tracking the information gained by the learner

after each measurement, but requires a more refined analysis.

1.3.5 Quantum Memory-Sample Tradeoffs

Finally, we return to quantum state tomography and present our results for interpolat-
ing between the single-copy and unconstrained multi-copy settings. We give a smooth
and optimal (up to logarithmic factors) interpolation in many parameter regimes,
addressing Question 4] This result is from [68] and will be explained in more detail in
Chapter [0]

Theorem 1.3.8 (Informal, see Theorem and Theorem [6.6.13)). For an unknown
state p € C™4 and t < d2, n = O(d3/(V/1€?)) are necessary and sufficient for t-copy

quantum state tomography of p to within trace distance ¢ .

Observe that the above result matches both the fully entangled bound of ©(d?/e?)
(by taking ¢ = d?) and the single-copy bound of ©(d*/e?) (when ¢ = 1). For formal
statements of the precise regimes of d, ¢, where our results hold, see Chapter [0l Worth
noting is that this gives the first smooth tradeoff between entanglement (between

copies) and overall copy complexity for a natural quantum learning task.
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Resolving the Incompatibility Focusing on the upper bound, the main challenge
is to resolve the incompatibility between previous approaches in the fully entangled
and single-copy settings as we explain below. The fully entangled algorithms of [102]
and [I70] make a single measurement on the joint state p®" over all of the copies we
are given. This measurement is based on a technique called weak Schur sampling
[134], which is grounded in the representation theory of the symmetric and general

linear groups.

However, this approach seems inherently tied to running a “one-shot” algorithm. This
is because the estimator for p derived from Schur sampling (e.g. in [I70]) is actually
a biased estimator — its expectation is not equal to p. The bias decreases with the
number of copies we measure at once, but is only sufficiently small when this number
is Q(d?/£?). For small ¢, it is unclear if weak Schur sampling on ¢ copies gives any
useful information, let alone if one can somehow combine the outcome of several
different trials of weak Schur sampling in a meaningful fashion. This is in contrast
to algorithms for single-copy measurements, which rely on many unbiased (but less
informative) measurements of the underlying state, which can then be averaged to
obtain a good overall estimate. Unfortunately, this unbiasedness seems specific to
single-copy measurements. Ultimately, neither approach by itself seems capable of

yielding a nontrivial result for general ¢-copy measurements.

This calls for a new algorithmic framework that can synthesize the two techniques.
We introduce a two-stage approach. We first analyze the case when p is close to
maximally mixed, which we call the balanced case. We show that in this case, we can
use a linear approximation to a power series to upper bound the bias in the estimators
derived from Schur sampling in [I70]. We then give a general reduction, that we term
quantum splitting. This allows us to reduce the general case to the balanced one by
obtaining a rough estimate of p and then simulating the learning algorithm run on a

(reversibly) transformed version of p that is close to maximally mixed.
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1.4 Notation and Preliminaries

We begin by defining some notation that will be used throughout this thesis. For any
natural number k, we use the notation [k] = {1,2,...,k}. We take i = +/—1 to be
the imaginary unit. For vectors in €%, we will use e; to denote the ith standard basis

vector, i.e. the vector that has a 1 in its ¢th coordinate and is 0 everywhere else.

For a matrix A, we use A" to denote its conjugate transpose, ||Al|op to denote its
operator norm, || Al|r to denote its Frobenius norm, and ||Al|; to denote its trace norm;
for a vector v, we use ||v]| to denote its Euclidean norm. For operators A, B, A < B
denotes the Loewner order: A < B when B — A is PSD (positive semi-definite), and

similarly for >. We use I; to denote the d x d identity matrix.

Throughout this thesis, we will use the usual asymptotic notation O(f), Q(f), and
O(f). To suppress logarithmic factors, we will use (5( f) = O(fpolylog(f)) and
Q(f) = Q(f/ polylog(f)). We say f = O(g) if f = O(g) and f = Q(g). We use the
notation f < g to mean f = O(g). For a parameter ¢, O; denotes big O notation

where t is treated as a constant; the same holds for the notation for polynomial scaling,

poly,(-).

Beyond the usual operations like addition and multiplication, the following operations

on matrices will be important later on.

Definition 1.4.1 (Hadamard product). For A, B € CN*¥ their Hadamard product,
denoted A o B, satisfies [A o Bl;; = A;;B;;.

Definition 1.4.2 (Commutator). Given operators A, B € CN*¥  the commutator
of A and B is defined as [A, B] = AB — BA. The nested commutator of order ¢ is
defined recursively as [A, By = [A, [A, Blix_1], with [A, B]; = [A, B].
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1.4.1 Quantum States and Measurements

Here we introduce the basic formalisms for quantum states and measurements. A
quantum state is represented by a matrix p € C?*? which is PSD and satisfies tr(p) = 1.

Such a matrix p is called a density matrix. We say the state p is pure if it is rank-1.

Measurements. We now define the standard measurement formalism, which is the

way a learner can interact with a quantum state p.

Definition 1.4.3 (Positive operator valued measurement (POVM), see e.g. [16§]).
A positive operator valued measurement M is a finite collection of psd matrices
M = {M.}.cz satistying > M, = I;. When a state p is measured using M, we
get a draw from a classical distribution over Z, where we observe z with probability

tr(pM,). Afterwards, the quantum state is destroyed.

Remark 1.4.4. Note that the outcome distribution is indeed a valid probability
distribution — the probabilities are nonnegative because p and M, are PSD and sum

to 1 since ) _tr(pM,) = tr(p) = 1.

Quantum measurements are a generalization of getting samples from a classical
probability distribution. Concretely, we can view a classical (discrete) probability
distribution D on d elements, with density (p1,...,pq), as a d X d quantum state with
entries py, ..., pg on the diagonal. Measuring this quantum state in the computational
basis, i.e. with the POVM given by {616{, e ,edeil}, is exactly equivalent to getting
a classical sample from D. Note that in this analogy, a pure state corresponds to a

trivial distribution on a single point.

Next, we define a few notions of distance between quantum states. These distances

generalize standard classical notions of distance between probability distributions.

Definition 1.4.5. [Trace Distance| For two quantum states p,o € C%*¢, the trace

distance between them is ||p — o||;.

Remark 1.4.6. Note that this is the natural generalization of total variation distance
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between classical probability distributions (up to a factor of 2).

Definition 1.4.7. |Infidelity| For two quantum states p, 0 € C%*¢, the fidelity between

p.ois F(p,0) =tr(y/\/po./p)?, and the infidelity is 1 — F(p, o).

Remark 1.4.8. Fidelity is the quantum analogue of the Bhattacharyya coefficient,
which for two classical probability distributions p, ¢ over [d], is defined to be BC(p, q) =
Zle Pi\/@. Note that if p and o commute, then F(p,0) = BC(p,q)?, where p,q

are the classical distributions given by the eigenvalues of p and o respectively.

1.4.2 Primer on Many-Body Systems

Now we introduce the basic foundational concepts for describing quantum many-body
systems. Throughout this thesis, we will use n to denote the number of particles in
the system. We assume that the particles are represented by qubits, so each particle
is associated to a local Hilbert space C2. The state of each particle is described by
a density matrix in C?*2. The state of the full system is represented by a density

matrix in C*? ® - - - ® C***; we will often denote this space simply as C?"*2".

~\~
n

The following notion, which identifies the particles upon which an operator acts

nontrivially, will be crucial.

Definition 1.4.9 (Support of an operator). For an operator P € C**?" on a system
of n qubits, its support, supp(P) C [n] is the subset of qubits that P acts non-trivially
on. That is, supp(P) is the minimal set S of qubits such that P can be written as
P = 0g ® Iy s where O € 2" g an operator on the subsystem of particles in .S

and I\s = Ion-is) is the identity matrix (of appropriate dimension).

In other words, an operator P is supported on a subset of qubits S if P can be written
as the tensor product of some operator on the subsystem S and the identity matrix
on [n] \ S. Generally, when we say that particles interact locally, we mean that their
interactions can be described by operators that are supported only on adjacent or

small neighborhoods of particles. This will be made more formal below.
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A basic property that we will use repeatedly later on is that the matrix exponential

does not increase support size, which follows from its series expansion.
Fact 1.4.10. For a square matriz B, e!®8 = [ ® 5.

Later on, it will be useful to work with the following canonical orthonormal basis for

the space of 2 x 2 Hermitian matrices, called the Pauli basis.

Definition 1.4.11 (Pauli matrices). The Pauli matrices are the following 2 x 2

Hermitian matrices.

oy = ) Oz = ) Uy: . ) 0, =

These matrices are unitary and (consequently) involutory. Further, o,0, = io,,
0,0, = i0,, and 0,0, = i, so the product of Pauli matrices is a Pauli matrix, possibly
up to a factor of {i, —1,—i}. The non-identity Pauli matrices are traceless. We also
consider tensor products of Pauli matrices, P, ® - -- ® P, where P, € {0,0,,0,,0,}
for all 7 € [n]. The set of such products of Pauli matrices, which we denote P, form an
orthogonal basis for the vector space of 2" x 2" (complex) Hermitian matrices under
the trace inner product. The product of two elements of P is an element of P, possibly

up to a factor of {i, —1, —i}.

Example 1.4.12. The support of a tensor product of Paulis, P, ® - -- ® P, is the set
of i € [n] such that P, # o7.

Local Hamiltonians

Now we can define notions of locality and local Hamiltonians, which describe the
interactions between particles. Specifically, we consider a class of Hamiltonians
which are local with respect to an underlying graph, which we call low-intersection
Hamiltonians. This means that the Hamiltonian is a sum of individual interaction
terms, each involving only a small number of particles, and such that any term has

nonempty intersection with only a small number of other terms.
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Definition 1.4.13 (Hamiltonian). A Hamiltonian on n qubits is an operator H €
C?"*?" that we consider as a sum of m local terms H,, with H = Z;nzl H,. We also
refer to these qubits as sites. For normalization, we assume that the terms have
bounded operator norm, ||H,||op < 1. We say this Hamiltonian is f-local if every term

H, is supported on at most & qubits: [supp(H,)| < K.

We say the Hamiltonian has Pauli terms if, for every a € [m], H, = A\ E, for
E, € P={l,0,,04,0.}%" a tensor product of Pauli matrices (see Definition |I.4.11))
and -1 < )\, < 1.

Definition 1.4.14 (Low-intersection Hamiltonian). For an n-qubit Hamiltonian H =
> H,, we define its underlying dual interaction graph & to have vertices labeled
by {1,2,...,m} and an edge between a and b if and only if supp(H,) Nsupp(H,) # <.
We say H has degree 0 if the degree of every vertex in & is at most DF_T] We call a
Hamiltonian H a (9, R)-low-intersection Hamiltonian if H has locality R and degree .

We will mostly work with (0, 8)-low-intersection Hamiltonians with distinct, traceless
Pauli terms. We think of n as very large, going to infinity, but 0, K as fixed constants.
Note that the parameters 0, 8 determine the “geometry" of the Hamiltonian and thus

we can talk about the system size as growing with a fixed geometry.

Assuming that the terms are Pauli can be done without loss of generality: an arbitrary
H, supported on K qubits can be expanded into the Pauli basis, inflating the number
of terms by at most a factor of 4% (which is just a constant). The assumption that
the terms are traceless is also without loss of generality, since adding a multiple of the

identity to the Hamiltonian does not affect its corresponding Gibbs state.

Example 1.4.15. Geometrically local Hamiltonians on low-dimensional lattices are
Hamiltonians where the particles are arranged on some low-dimensional lattice and

the Hamiltonian is a sum of terms that are supported on the different connected

9In the classical literature, it is more conventional to define the degree of a spin system to be
the degree of the interaction graph, the most number of terms which act on the same site. To be
consistent with the quantum information literature, we use dual interaction graph degree, and note
that this degree is at most R times the degree of the interaction graph.

41



components (of the lattice’s adjacency graph) of size at most . Geometrically local
Hamiltonians are a type of Hamiltonian often considered in physically motivated
settings. Low-intersection Hamiltonians generalize geometrically local Hamiltonians,
at least in constant dimensional spaces (which is by far the most common setting).
For example, a R-local Hamiltonian which is geometrically local with respect to a

D-dimensional lattice is a (8(2D)%!, &)-low intersection Hamiltonian.

Efficiency For Hamiltonian problems, even though the dimension of the underlying
Hilbert space is 2", we will be interested in algorithms that run in time polynomial in
n. Note as discussed below, any low-intersection Hamiltonian has description length
O(n) and thus, we can at least in principle, work only with succinct representations

that have description length poly(n).

Definition 1.4.16 (Hamiltonian input model). Recall the definition of a &-local
Hamiltonian (Definition . When a Hamiltonian H = )" | H, is given as input,
we assume it is given as a list of the terms restricted to their support, along with their
corresponding supports, (supp(H1), (H1)supp(e))s - - - » (SUpP(Hom)s (Hm)supp(,,))- This
description has size linear in n and m. If this Hamiltonian also has degree 0, then the

total number of terms must satisfy m < on.

We will commonly need to consider Hamiltonians restricted to various subsets of terms,

which we notate in the following way.

Definition 1.4.17 (Restricted Hamiltonian). For a Hamiltonian H = )" | H, on
n sites and a subset of sites S C [n]|, we define the restricted Hamiltonian and its

corresponding set of terms to be

H® = Y H, where €9 ={a€ [m]|supp(H,)C S}

ac&®)
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and the localized Hamiltonian to be

Hg) = Z H, where &) ={a € [m]|supp(H,) NS # 2},

aEg(S)

We will also consider restricting a Hamiltonian to a set of terms, H(Q) = > wco Ha

when Q C [m)].

The Gibbs State

For particles whose interactions are given by a Hamiltonian H, the Gibbs state is a
2" x 2" density matrix that describes the state of the system at thermal equilibrium

at a specified temperature. Formally,

Definition 1.4.18 (Gibbs State). For a Hamiltonian H on n qubits, the Gibbs state

at an inverse temperature S > 0 is given by

e BH

= ey

Note that the state pg defined above is indeed a valid density matrix — it is PSD
because of the matrix exponential and H is Hermitian and it has trace 1 due to the

normalization in the denominator.

The Gibbs state generalizes the classical Gibbs distribution from statistical mechanics.

We give an illustrative example below.

Example 1.4.19 (Classical Ising Model). A classical Ising model is a distribution
over {—1,1}" where p(z1,...,2n) X exp(—f8 3, j\ep Cijix;) for some graph on [n]

with edge set £ and some real coefficients ¢;; with |¢;;| < 1 (for sake of normalization).
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To see how this is a special case of a local Hamiltonian, for each edge (i, j) € E, define

Cij
Hij - ® IQn—Q
—Ci S~~~
" on [n]\{i,j}
Cij
NS ~~ >
on %,j

Observe that H = Z(i,j)e g Hijis a 2" x 2" diagonal matrix. If we index the diagonal
entries with the possible assignments to (z1,...,z,) € {—1,1}" in the natural way,
then the diagonal entries of H are exactly the values of Z(i’ iyer CijTil; for the possible
assignments to (zy,...,7,). Thus, the Gibbs state ps = e P/ tr(e PH) exactly
captures the classical Ising model distribution — measuring it in the computational
basis is exactly equivalent to sampling from the Ising model (also recall the discussion

after Definition |1.4.3]).

1.4.3 Quantum Entanglement

Here we provide a basic discussion of quantum entanglement. There is a vast literature
on different measures and definitions of quantum entanglement [47, 214] 208, [10] 119]
and we refer the reader to [I68] and [I80] for a more in depth discussion. But for the

results presented in this thesis, we will only need the most basic definitions.

We start with a very simple example. For a two-qubit system, a state p € C***
is a product state if it can be written as a tensor product p = p; ® ps for two
states pi, po € C?*2. More generally, for a n-qubit system, a state p € C?"*?" is a
product state if it can be written as a tensor product p = p; ® ps ® - - - ® p, for states
p1, ..., pa € C?*2. In product states, the n qubits essentially behave independently,
and thus they are defined to be unentangled.

For pure states, this definition suffices — a pure state has no entanglement if and only

if it is a product state. However, for mixed states, we require a broader definition. As
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defined below, any convex combination of product states is said to be separable.

Definition 1.4.20 (Separable operator). For an operator A € C*'*2" on n qubits, we
say that A is a product operator if it can be expressed as a tensor product of operators
over subsystems, A = AV @ ... @ A™_ A is separable if it can be written as a sum of
product operators A = Zi(Agl) ®-® AE“)) where every Agj ) is positive semi-definite.

We say a state is separable if its density matrix p is separable.

Separable states are defined to be unentangled, whereas any state that is not separable

is said to be entangled.

45



Part 1

Understanding Locally Interacting
Systems
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Chapter 2

On the Sudden Death of Entanglement

Entanglement is, in many ways, the defining property of quantum systems [190], 43 46].
In this chapter, we focus on understanding the relationship between entanglement and
temperature in quantum many-body systems — specifically at what temperatures

these systems can exhibit entanglement.

This question, about the relationship between temperature and entanglement, dates
back to the early days of modern quantum information [179, 22, [I73]. Yet, the vast
body of work since then has been unable to rigorously address this question. We
present a striking new universal law about entanglement and temperature. We prove
that for any local Hamiltonian, its Gibbs state becomes unentangled above some
constant critical temperature, depending only on the geometry of the Hamiltonian,
but independent of the system size. Our proof of this law takes inspiration from
an unexpected source — classical approximate counting and sampling algorithms.
Thus, our technique also gives important algorithmic consequences for efficient, almost-

classical preparation of Gibbs states.
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2.1 Results

The main result of this chapter, that Gibbs states are separable (i.e. unentangled)

above a constant critical temperature, is stated formally below.

Theorem 2.1.1 (Separability of Gibbs States Above Critical Temperature). Let H
be a (0, R)-low-intersection Hamiltonian on w qubits with Pauli terms. Then, for

B < 1/(1000K), the corresponding Gibbs state p = e P [ tr(e=PH) is separable.

In particular, p can be expressed as a distribution over stabilizer product states[] i.e.

A1 @A ®...®A, such that for each j € [n], A; € { 3(I +0,),5(I £0,),2(I +0.) }.

We will also show that we can efficiently sample from the separable distribution over
product states and this gives us an almost fully classical algorithm for preparing the

Gibbs state above the critical temperature.

Theorem 2.1.2 (Classical Preparation of Gibbs States Above Critical Temperature).
Given e € (0,1), a (0, R)-low-intersection Hamiltonian H on n qubits with Pauli terms,
and a < B, = 1/(70R), where v is a fized universal constant, consider the Gibbs
state p = e PH / tr(e*ﬁH). Then, there exists a classical randomized algorithm which

runs in time

~ og()
O(nﬁﬁoé(ﬁd@ -log®(1/e) ~poly(ﬁ,0)).

The algorithm outputs a classical description of a product state p = A1 ®---® A,, where
every A; is an eigenvector of a Pauli matriz, A; € { (I £ 0,),3(I £0,),2(I £0.) },

such that the mixture over p is close to p in trace distance,

lp = E[p]ll;, <e,

where the expectation is only over the randomness of the algorithm.

As long as 8 < ./, the runtime above is fully polynomial in all parameters. The

*The single-qubit stabilizer states, written here as 1(I +0.), 3(I +0,), and (I £ o), may be
more familiar as {|0)O], [L)XL], [+)(+[, [=)X=[, i), [-IX—i[}-
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output p can be prepared on a quantum computer with one layer of single-qubit
gates. With this algorithm, one can prepare a copy of p by running our randomized
algorithm, taking the classical description of p, and preparing it with a depth-one
quantum circuit. Note that preparing p in expectation is equivalent to preparing p,
since one can just “forget the algorithm’s steps” to get a copy of p without classical
side correlations. Even stronger, if one performs the algorithm coherently, it outputs

a purification of p.

On temperature. The bound on the critical temperature for the algorithm cannot be
significantly improved. Work of Sly and Sun [197] shows that approximately sampling
from the anti-ferromagnetic Ising model on a A-regular graph is NP-hard at the
“uniqueness threshold” for the A-regular tree, which is at § = 0(1/A) = ©(1/d) [195].
This hardness statement for classical Gibbs sampling implies hardness for the more

general problem of quantum Gibbs sampling.

On quantum advantage. The results show that any reasonable downstream com-
putational task derived from high-temperature Gibbs sampling can be performed
efficiently on a classical computer, and so is not a good candidate for quantum
advantage. In some sense, this strengthens prior work on algorithmic cluster ex-
pansion, which gives efficient classical algorithms for various tasks associated with
high-temperature Gibbs states, including computing partition functions [160], estimat-
ing local observables tr(Op), and sampling from p measured in a product basis [21§].
Indeed, our structural result shows that such states are almost entirely classical, giving

a simple explanation for why these efficient classical algorithms are possible.

2.1.1 Additional Related Work

Locality in high-temperature Gibbs states. Several works in the quantum
information literature focus on high-temperature Gibbs states. These bound correlation
measures which do not distinguish quantum and classical, including covariance of

observables [10§] and local indistinguishability [137, 50]. Our work, which shows a lack
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of quantum correlation even in the presence of classical correlations, is a significant

departure from this prior work.

Sudden death of entanglement. Sudden death of entanglement is the phenomenon
that two entangled qubits, when subject to environmental noise, does not exhibit
exponentially decaying entanglement with time, as classical correlations do, but rather
become entirely disentangled after a finite amount of time [222]. The body of literature
on ESD (entanglement sudden death) focuses on analyzing two-qubit systems under
various noise models [221], 83, [6] and experimental demonstrations of ESD [8]. Its study
as a phenomenon of many-body systems is more limited, likely because even defining
a measure of entanglement for mixed states is non-trivial [119], and separability is

difficult to detect for large systems.

For many-body systems, prior work studies the sudden death of entanglement negativity,
an entanglement monotone which can be computed efficiently [207], in specific spin
systems, either through heuristic arguments or numerical calculations |21} Q9] 18|, 19T,
109]. States with zero entanglement negativity need not be separable [I17]|. So, our
work is vastly more general and formally proves separability of Gibbs states at high

temperature, a much stronger result than lack of entanglement negativity.

Other kinds of quantum systems. There are natural quantum systems which
exhibit entanglement at even infinite temperature: a recently studied example is
systems with non-abelian symmetries [151) [162]. From the perspective of statistical
physics, our setting of considering states p oc e ?# is closest to the grand canonical
ensemble, where there is no particle nor energy conservation; when conservation is
enforced, entanglement appears able to persist to high temperature, suggesting a

possible difference between these statistical ensembles.

Geometry of entanglement. Prior arguments for the separability of Gibbs states
use properties about the geometry of entanglement [45], and in particular, the distance

from the maximally mixed state to the closest non-separable state. This distance
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is exponentially small in the number of subsystems n, as shown by Gurvits and
Barnum [100], and subsequent work has further strengthened and generalized this
result [24, 114, 211]. As previously observed, this suffices to show separability for
Gibbs states for exponentially small 8 [56, [I76]. Since our result shows separability at
constant temperature, it implies that sudden death of thermal entanglement occurs at

physically reasonable temperatures, even for many-body systems.

Classical Gibbs sampling. Classical Gibbs sampling is, comparatively, well-
understood and researchers have characterized sharp phase transitions wherein there
is some critical temperature, above which sampling the Gibbs state is computationally
efficient and below which it is computationally hard [196] 197, 90]. The fact that there
are such wide gaps in our understanding of quantum Gibbs sampling is especially
surprising given the diverse range of techniques we have for classical spin systems,
such as path coupling [55], canonical paths [128], correlation decay [210], abstract
polymer models [141], zero-free regions [42], spectral independence [IT], and stochastic
localization [69]. Our results can be thought of as a sampling-to-counting reduction
for quantum systems. Thus, we give an algorithmic alternative to directly working

with Lindbladians of dissipative evolutions.

Concurrent work on high-temperature Gibbs sampling. In concurrent and
independent work, Rouzé, Franga, and Alhambra [I85] prove that the dissipative
evolution studied by Chen, Kastoryano, and Gilyén [61] has a constant spectral gap at
high temperature, showing that this evolution is an efficient Gibbs sampling algorithm
at high temperature. The techniques are significantly different than ours, controlling
the evolution by viewing it as a perturbation of an infinite-temperature dissipation.

We do not analyze such an evolution.

Cluster expansion and abstract polymer models. Our approach is based on
cluster expansion, which allows quantities like the log-partition function and marginals
of high-temperature Gibbs states to be expressed as exponentially decaying Taylor

series. This tool has been used to show a variety of efficient algorithms around Gibbs
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states and real-time evolution, including the computation of partition functions [160],
learning of high-temperature Gibbs states [103], and sampling from the measurement

distribution of a high-temperature Gibbs state [21§].

Among these, the latter sampling result of Yin and Lucas bears the most similarity
to our result, using a sampling-to-counting reduction with cluster expansion to give
a classical algorithm to sample from the measurement probabilities of a Gibbs state
in, say, the computational basis. Our work also implies an efficient algorithm for this
task, and achieves a stronger result by tackling the additional challenge of performing

these arguments “without measuring”.

2.2 Proof Overview

Before delving into the details, we give a high-level overview of the ingredients in the

proofs of Theorems [2.1.1) and [2.1.2]

To prove separability, we construct a randomized algorithm which outputs an un-
normalized state o such that, over the randomness of the algorithm, E[c] = ¢ ?#. For
small enough 3, o is separable, thereby proving that e ?# and p are separable. Our
algorithm is inspired by the classical sampling-to-counting reduction from [129] and
can be viewed as a quantum generalization of sampling-to-counting. We start with all
n sites “unpinned”. Then, we sample a separable state on one site according to the
marginal of e ?# and are left with a posterior-like state on the rest of the sites. We
then iterate, sampling a neighboring site according to the marginal of the posterior
state, and so on until we have “pinned” all of the sites, at which point we output the
resulting state as 0. Notice that the idea of pinning site by site only makes sense if

e PH is indeed separable.

The main technical challenge is controlling the effect of the pinned sites on the un-
pinned sites: if these correlations grow too large, they can push us out of the hull
of separable states, which in the algorithm corresponds to the probabilities in the

distribution becoming negative. We show that this does not occur via a potential
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argument. Pinned sites only affect nearby sites, so for a choice of g sufficiently small
in terms of degree, over the course of the algorithm, sites stay close to maximally

mixed, and therefore we can pin them without issue.

To turn the proof of separability into a state preparation algorithm, we need to account
for normalization: for the separability argument, we were not concerned with mild,
constant-factor errors in sampling probabilities, provided that these did not lead to
a failure in separability. In particular, since we need to output a quantum state,
o/tr(o), to get p = e P /tr(e7PH) in expectation, the probability the algorithm
outputs o is off by a factor of tr(c)/tr(e ?#). This can be fixed by adjusting the
sampling probabilities for pinning by an appropriate factor which corresponds to
an expectation value of a local observable with respect to p; this is the “counting”
of the sampling-to-counting reduction. Doing this directly achieves a sub-optimal
running time, so we instead use an alternative reduction goes from sampling to weak

approximate counting, inspired by a similar algorithm of Sinclair and Jerrum [194].

2.3 Separability of High-Temperature Gibbs States

In this section, we describe a method to write a Gibbs state p as a positive linear com-
bination of simple, “configuration” states. For sufficiently small /3, these configuration
states are positive and separable, thereby proving the separability of the corresponding

Gibbs state.

Recall that we work with an n-qubit low-intersection Hamiltonian H = Zae[m] H,.
Though the terms H, refer to underlying matrices, for the results in this section we

will typically be treating these as formal, non-commutating indeterminates.

2.3.1 Low-Degree Polynomial Approximation to a Propagator

—BHBH-HY) " Qome refer to this operator

We now consider the series expansion of e
as a propagator [7], because multiplying by this operator maps a Gibbs state on a

restricted set of terms, efﬁ(H*H(Q)), to the full Gibbs state e,
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This expansion will allow us to understand the marginal of the Gibbs state on one
site and its posterior on the remaining sites. This power series will be the centerpiece

of the iterative site-by-site pinning process for proving separability.

Theorem 2.3.1 (Propagator series). Let H =} ., Hq be a Hamiltonian with dual

interaction graph & with degree 0. Then, for a subset of terms Q C [m], we can write

where f, satisfies the recurrence fo(H, H'9) =1 and
i (H,H'®) = —[H, f(H,H9)] - fi(H,H)H . (2.1)
Furthermore, let

o = {b e [m]"

every connected component of {by,..., b} in & contains an element of Q}.

Then, for each t > 0, we can write

t
FH HQ) = > b Ho, - Hy, where Y |pg,.onl < TJ(1Q]+2(0 + 1)s).
becQ(®) beQ®) s=1

Proof. We can expand out the series and write

e,BHeﬁ(H,H(Q)) _ <§: Bk(;'H)k> <§: BE(H — H(Q))e>

=2 o kIt — k)! (2:3)




Now observe that, because (}) = (') + (;_}), fo(H,HQ) = I and f,(H,H)

satisfies the recurrence

fo(H,H?) = —H f,(H,H'?) + fo1(H, H9)(H — H'9)

=—[H, f;_1(H, H(Q))] — fi1(H, H(Q))H(Q)‘ (2.4)

This is the recurrence in the statement (2.1). We will prove that f; satisfies (2.2)) by
induction. First, we have that fi(H, H9)) = HQ, which can be expressed as a sum
of terms as specified in the theorem statement. For the inductive step, assume that

we have proven the desired properties up to some t. Then we can write
fi(H, H9) = Z K(by,...pe) Hp, - Hy, .
The recurrence ([2.1]) implies

frr(H HQ) = > py v (—[H, Hy, ... Hy] = Hy, ... Hy, H?) .

By definition of Q| {by,...,b}’s connected components in & each contain an element

of Q. We now consider the above expression in two parts. First, we can write

(H, Hy, ... H,)= > (H.Hy, ...H, — H, ... H,H,)
a€m)]
= > (HHy, . Hy,) - > (Hy...H,H,).
a€[m)] a€[m]
(a,b1,...,bs)€Q(t+D) (b1,...,bs,a)€ QD)

(2.5)

The last step follows from noting that [H,, Hy, ... Hy,] is zero unless the support of
H, intersects that of Hy, ... Hp,, which can only occur if a is in the neighborhood of
{by,...,b}. So, (a,by,...,b) € Q¥ since adding a does not create a new connected
component on &, and (a,bi,...,b) € QY if and only if (by,...,b;,a) € QI+,

Further, there are at most (9 4 1)t such a’s, since every b; has at most 0 + 1 neighbors,
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so in ([2.5]), there are at most that many summands. A similar argument works for the

other part:

Hy, ... => Hy,...H,H,, (2.6)

and we can conclude Hy, ... Hy, H, is an element of QU+ because a € Q. Further,

there are |Q| summands. Combining the two parts (2.5 and (2.6), we can write

ft+1(H H(Q) Z K. 7t+1)]_jbl Hb/+1’
be Q(t+1)

where, by the above argument and the inductive hypothesis,

t
S i)l < Y Bl (121 + 200+ 1)) < JJ(1Q + 20 + 1)s),
s=1

bIEQ(t—H) beQ(t)

which completes the proof. O]

In light of Theorem we define the truncation of this series:

Definition 2.3.2 (Truncated propagator series). For any integer £ > 0 and parameter
B, we define T}, 5(H, HQ) = Ef:o f—!tft(H, H(9) where f, is as constructed in Theo-
rem fo(H, H¥) =T and for1(H, H'Q) = —[H, fy(H,H?)] - f(H,H)H.

We now give an algorithm for sampling a single monomial from one of the polynomials
in Theorem [2.3.1| whose expectation is equal to the full polynomial f;. This subroutine
will be useful in our sampling algorithm later on, but our current goal is to prove
separability, for which any algorithm suffices, regardless of its efficiency. For this
setting, we can think about this algorithm as providing a constructive way to express

these polynomials as (positive) linear combinations of simple monomials.

Algorithm 2.3.3 (Sampling a monomial of f,(H, H'9)).

Input: A Hamiltonian H = Z H with dual interaction graph & with degree
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0; subset of terms Q C [m].
Input: Integer k£ > 0.

Output: Scalar ¢ € R and terms (ay,...,a;r) € [m]* such that, for £ =
H,, ...H,, , E[cE] = fu(H, H9).

Operation:

1: Initialize ¢y = 1, and b©® = (,) € [m]°, the empty list;

> The list b implicitly represents the monomial E, = Hbﬁ“ e Hbt@).
2: for t ={0,1,...,k—1} do
3: Flip a coin which is heads with probability t%;
4: if coin is heads then
5 Let R¢ = {a € [m] | a is in the neighborhood of {bgt)}se[t] on &};
6: Sample an element a € R; uniformly at random;
7: Sample a bit £ € {0, 1} uniformly at random;
8: Set

Ciy1 = s 122|Rt’(—1)fct bt = aUb? it g =1 :

b Ua if€=0

> This is an unbiased estimator for —%[hﬂ ci By over the randomness
of a and &; The notation a Uv and v U a denotes prepending and

appending to the list v.

9: if coin is tails then
10: Sample an element a € Q uniformly at random;
11: Set

1 = —(t+1)|Qey, 8 = Ua;

> This is an unbiased estimator for —(t+ 1), By H (Q) over the random-
ness of a.

12: output ¢, b*)
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Lemma 2.3.4 (Unbiased estimator of fi). In the same setting as Theorem [2.5.1]
for any integer k > 0, if we run Algorithm then it outputs a ¢ € R with
] < (k) - (max(2(0 + 1), Q) and b € QW) such that, for E = Hy, ... Hy,,

E[cE] = fi(H, H'9).

Proof. We prove by induction that, for every ¢ over the course of the algorithm, ¢; and
b satisfy the desired properties of the output: for example, E[c,F,] = f.(H, H@),
where £, = H NOREE Hbgt) is the monomial implicitly maintained by b®). For the base
case of t = 0, the algorithm sets ¢y = 1 and Ey = I, giving 1 -1 = fo(H, Hg)).
Now we show how to go from ¢ to ¢t + 1. By the inductive hypothesis, we can

assume that after ¢ iterations in the algorithm ¢; and F; satisty E[c,E;] = f,(H, H (Q)),
e < (#) - (max(2(0 4 1),]Q|))*, and E; € Q®. Recall from Theorem [2.3.1] that

feri(H,H9Q) = —[H, f,(H,H9)] — fi(H, H)H .

In iteration t + 1 of Algorithm a coin is flipped, splitting the algorithm into two

cases, the output when the coin is heads and the output when the coin is tails.

When the coin lands heads, taking expectation over the randomness in iteration ¢ + 1,

1 1/(t4+1)2IR
Eg[ct—i-lEt—i-l | heads] = Rl Z §(M<_CtHaEt + CtEtHa>>
¢

@ a€ER t
t+1
= T —[Ha,CtEt] (27)
a€ER
t+1
= T(_[H’ e Er),

where the last step follows from the same argument as for (2.5)): the only terms a € [m)]
for which [H,, F; is non-zero are the ones which are distance at most one from b() on

the graph &. These are the terms in R;. By a similar argument, b+ ¢ Q(t+1),
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When the coin lands tails, taking expectation over the randomness in iteration ¢ + 1,

_ 1
IE:’[Ct-l-lEt-l-l | tails] = @ Z —(t+1)|QletEiH,
aeQ

= —(t+ 1By H, (2.8)
acQ

= —(t+ 1), EH9Q .

In this case, b1 is b® with an element of Q added, and so is in Q1. The coin

lands heads with probability HLI and tails with probability HLI, so putting (2.7)) and
(2.8) together, we have

E [Ct+1Et+1] = —[H> CtEt] - CtEtH(Q) .

iteration t+41

By the inductive hypothesis, ¢;E; was drawn from a distribution such that E[c; E;] =
fi(H, Hg)), so E[c;11E41] = fisa(H, H(g)) as desired.

To get the bound on ¢;, 1, observe that in the heads case, |¢;11] = (t + 1)2@|ct| <
(t + 1)2(0 + 1)|¢¢|, where the bound on |R;| arises because the number of terms a
neighboring some b" is bounded by t(0 +1). In the tails case, |¢;01| = (t+ 1)|Q]|c]-

So, in either case
lcer] < (8 + 1) max(2(0 + 1), [Q)]ee] < (¢ + 1) max(2(0 + 1), Q)"
where the last inequality uses the inductive hypothesis. This completes the proof. [

Now that we have a sampler for f;, we can build a sampler for e #HB(H-H @) (and

its truncated version T}, s(H, H(9)).

Algorithm 2.3.5 (Sampling a monomial of e—ﬂHeﬁ(H—H@))_

Input: A Hamiltonian H = ) H, with dual interaction graph & with degree
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0; temperature parameter § > 0; subset of terms Q C [m]; threshold
tmax € NU {o0}.

Output: Scalar ¢ € R and terms b = (by,...,b;) such that their product £ =
Hy, ... Hy, satisfies E[I + cE| =T, s(H, Hs)).

Operation:
1: Sample t ~ {0,1,2, ..., tyna With probabilities {27 tmex 271 272 9~ lmax],
2: If t =0, set ¢ =0 and b= (,) the empty list;
3: Otherwise, run Algorithm [2.3.3Jon H, Q with parameter k < t to obtain ¢
and b= (by,...,b);
4: output ¢ = 25 d and b= (by,...,b);

Lemma 2.3.6 (Unbiased estimator of T3, g). The output of Algom’thm c and
(b1,...,by), satisfies for E = Hy, ... Hy,,

E[I + CE] = 7_;frrnaLX7ﬁ(‘H7 H(Q)) :
Further, if t =0, then ¢ =0, and otherwise, |c| < (28 max(2(d + 1), |Q]))".

Proof. By linearity and the guarantees of Lemma [2.3.4]

tmax t

E[l + cE] =1 + Z CR(H HQ) =T, s(H H)

where the last step follows from Definition Again using Lemma [2.3.4)

2t t 2t t
e = 201l < 20 max(2(0 + 1), Q1) < (26 max(2(0 + 1), Q)"
giving the coefficient bound. O

None of this argument so far has used a bound on 3. However, we want our estimator

I 4 cFE to always be a positive semi-definite matrix, which we can only guarantee if
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1

le| <1 always. So, this algorithm will only be useful when g < TrREeTDIa)"

2.3.2 Additional Structural Properties of Restricted Gibbs
States

In this section, we prove additional lemmas which are necessary for the state prepara-
tion algorithm in Section [2.4] This can safely be skipped to get to the separability

proof.

In order to convert the algorithm in Algorithm [2.3.13| to one that samples from the
Gibbs state e # / tre " we need to account for the normalization by the partition
function tre ## as well as the error from not computing the entire series (which
arises in the choice of £ in Algorithm . We now prove some structural lemmas

about Gibbs states which address these issues.

We first prove that the Gibbs state corresponding to H — H gy has roughly the same

spectrum as the Gibbs state corresponding to H, where S is a small subset of sites.

Lemma 2.3.7 (Spectrum of restricted Hamiltonians). Let H = ) H, be a

a€lm]

Hamiltonian with dual interaction graph & with degree 9. Let S = supp(Hgx) for some

€m]. If B <5 a+1 for some constant C > 5 then
<1 _ 1—5)6_61{ < e PH-Hs)) < (1 + E)e—ﬁH‘

Proof. By Theorem [2.3.1] we can write

where || f;(H, His))|lop < [T.—,((2 + 1)(25 + 1)), using that the number of terms in
H(g) is at most 0 + 1. So, there is a matrix A such that

o] t
2 1 5)
e3fe= 3 s) = (I 4 A) with [|Aflp < Y (B0 +1)) t% <5
t=1 ’
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Multiplying this by its conjugate, we have
esH . e PUH-H)  o5H — ([ 4 A)(I + A)f

We are done upon concluding that, from the bound on || A||op, and C' > 5, ||[({ + A)({ +
AY) = Ilop < 2[|Allop + 14113, < 15/C, s0

(1—1—(§>Ij([+A)([+A)Tj <1+1—C5>1. O

Next, we prove a sharper statement. Recalling the construction of T} g/o(H, H Q)Y in
Definition , we show that left and right multiplying a matrix by e=3H is close to
left and right multiplying by e‘g(H_H@)Y}ﬁ/Q(H, H@) and its Hermitian conjugate.

Lemma 2.3.8 (Peeling the restricted Gibbs state). Let H =} .., Ha be a R-local

a€lm

Hamiltonian with dual interaction graph with degree 0. Let S = supp(a*) for some
a* € [m]. Let P be a 2™ x 2™ Hermitian matriz such that 0.51 < P <X 2[ and lett >0

be an integer. Given any 8 < 30071 for some constant C' > 5, we have

1
0+1

[V]je)

(1—@>€§HP6

_B(H— _BH-
o H < e 2 LT, 50 (H, Hig))-P-Typ/2(H, Hg))-e~ 2 His)

100
j (]_ + F)e_gHPB_gH s

where Ty gy is the truncation defined in Definition [2.3.9,
Proof. 1t follows from Theorem that
et s H-Hs) =T, , \(H Hg) + E

for some E € C?"*2" such that

N JdLa@r+1) 5
HEHOP g S;ﬁ_l(ﬁ(a + 1)) 218<S') g Ct+1'
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We consider the expression

A= P — st . g~5(H-Hes) Typo(H, Hiy)) ' - P Typpa(H, Hey) - e~ 5(H-Hs)  5H

The lemma statement is equivalent to the statement that _100P < A= 10OP We

continue:

A FH . ~S(H-Hs) gty p. ([ - F. e 5(H-Hs) . (5H)

Il
s
|
<

— €

SH  ~5(H-Hs) gt . P+P-E-e —S(H-H(s)) . ,5H

I
)
®

w\m

_ et S H-H) gt p g5 (H-Hs) (2.9)

Lemma [2.3.7| implies that ||62 e~ 3= His))||,p < 4. Using this, along with the bounds

on || El|op and || P||op, we have that

By _B(g— By _B(g—
1Allop < 2]le= e 2= [|op | Bllop| Pllop + lle= e 2= H 2 B2, 1| Plop

80 800 50
S A Ct+1 + O2t+2 < E

Thus,
50 50
—a] <A< 5]
We get the desired relations upon using that %[ < P <2l O

2.3.3 Proof of Separability

We now use our sampling procedure to prove separability at high temperature. Our
strategy is to show that e # can be written as a convex combination of simple
matrices, which we call configurations, all of which are positive semi-definite and
separable. Moreover, our proof is constructive, giving an algorithm for sampling
configurations according to their weight in the combination. We now define the objects

our algorithm works with, which we call Hermitian monomials.

Definition 2.3.9 (Hermitian monomial). For a Hamiltonian H = )" | H,, we call
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an operator X a Hermitian monomial of (the terms of) H if we can form it by starting
from X = [ and iteratively performing the following “multiply and symmetrize”

operation: given aq,...,as and by, ..., b, let
1
X « §<Ha1 . H, XH, .. Hy +H,. HXH,.. ..Hal).

We can maintain a description of a Hermitian monomial as a list of operations used
to construct it. A Hermitian monomial X can potentially be constructed in different
ways, but we will abuse notation and use X to refer to the matrix X alongside an
associated description. A description of a Hermitian monomial X has an associated
multiset of terms {ay, ..., a;}, which are the H,’s which appear in the operations used
to construct X. For example, the Hermitian monomial %(HlHng + HyH H,) has
the associated multiset {1,1,2}. We call ¢ the degree of the monomialﬂ

A configuration is a tensor product of matrices I + c¢X, where X is a Hermitian

monomial.

Definition 2.3.10 (Configuration). For a Hamiltonian H = " | H,, a configuration
is a collection X = {(c1,X1),...,(c,, X¢)} such that ¢; € R, X; is a Hermitian
monomial for every i € [¢], and the X;’s have disjoint supports. This configuration
defines an associated operator o(X’) which is I +¢; X; on the support of X; and identity

outside of the supports:

¢
o(X) = U)[ﬂ]\(supp(Xl)U~~-Usupp(Xe)) ® (®(I + CiX’i>supp(Xi)>-

i=1

It is important to note that, for our algorithm, we will primarily be working with the description
of the monomial, and not the actual matrix X. Again, a matrix can have multiple different descriptions:
for example, if H? = I, then I can be described with a multiset of {1,1}, and with that description
it would have a degree of 2. This ambiguity will not cause issues, though; throughout, we will treat
the H,’s as essentially formal non-commutative indeterminates without any relations, and only at
the end of the proof interpret these indeterminates as matrices.
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Algorithm 2.3.11 (Pinning a single term).

Input: Hamiltonian H = ) H, with locality & and dual interaction graph
® with degree 0; inverse temperature parameter [ such that § < . =

1/(1000K); accuracy parameter € > 0.

Input: Set of sites S C [n], configuration X = {(¢1, X1), ..., (cs, X¢)} satistying
[©.10).

Output: Set of sites S C [n], configuration X = {(¢y, X1), ..., (cs, )A(Z)} satisfying
[©.10).

Operation:

1: Let tyax = 10log(n/e), or oo if € = 0;

2: Let { = (:
3: Let {ai,...,a;} be the terms associated to (¢, X;), and choose an
a* € £Y) neighboring {ai,...,a;} in &; > For simplicity, these choices

should be deterministic.
4: if no such a* exists then
5: Add (cp41, Xor1) = (0,1) to the configuration X, and choose any
a* € £V,
6: Set ¢+ ¢ + 1;
7: Run Algorithm twice (independently) with inputs H « H®),
B B/2, Q4 EuyN E®) . and tyax to obtain by, Fy, ¢, and by, Es, to;
8 Let v = 5%;

9: Sample £ € {0,1,2,3,4,5,6} with probabilities {1 —~,%, 3,3, 3,3, 2}
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10: Set ¢; <= ¢ and X; < )A(, where
o If £ =0, then ¢ = ¢;/(1 — ) and X = X5
o If £ =1, then @=6by /v and X = (E] + E,)/2;
o If ¢ = 2, then ¢ = 6by/y and X = (E} + Ey)/2;
o If £ =3, then ¢ = 6¢;b, /v and X = (EIXZ—l— X;E)/2;
o If { =4, then ¢ = 6¢;by /v and X = (E;Xg—l— XoE,) /2
o If £ =5, then @ = 6biby/y and X = (EIE, + ElE,)/2;
o If € = 6, then &= 6esbyby /v and X = (EJX,E) + EIX;E,)/2;
> This is chosen so that E¢[I +E)A(] takes a particular form (2.11)).
11: Set S < S\ supp(Hy+);
12: output S, X’;

To analyze Algorithm [2.3.11 we will need the following arithmetic fact. On the
left-hand side are the operators which appear in our analysis, and on the right-hand

side are Hermitian monomials.
Fact 2.3.12. For matrices X, Yy, and Ys, we can write
T+ T+ X)T+Yo)+ [+ ) (I +X)I+Y)

=27 +2X + (Y] + Y1) + (V4 + Y2) + (VX + XV)) + (Vi X + XY5)

+ (Y, Y+ YY) + (Y XY + Y XY)).

Algorithm 2.3.13 (Sampling a monomial of e=#),

Input: Hamiltonian H = ) H, with dual interaction graph & with degree 0;
inverse temperature parameter § such that 8 < 8. = 1/(1000R).

Output: Configuration X such that E[o(X)] = e PH.

Operation:
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1: Set S = [n];

2: Set X = &;

3: > We maintain the invariant that E[G*SHG)U(X)G*QH(S)} =ePH 4
4: while €% +# & do

5 Run Algorithm with S and X and € = 0;

6: Take the output S and X to be the new S and X;

7: output X;

The set S corresponds to “unpinned sites”, the set of sites which have not yet been
sampled. For the algorithm to work, S must only interact with at most one of the

monomials in the configuration, in the manner described in the following lemma.

Lemma 2.3.14 (Algorithm [2.3.11]is well-defined). Algorithm (2.3.11| is a well-defined
procedure provided £ # @. Further, it maintains the following invariant: if the

input S and X satisfies that
for alli € [ — 1], no term in X, is a neighbor of £, (2.10)

then the output S and X satisfies the same condition. Finally, the output X is a valid

configuration.

Proof. The algorithm successfully completes provided there is an element of £ so

that a valid a* can be chosen.

For the invariant, we need to show that, for all 7 € [Z — 1], no term in )/(\'Z is a neighbor
of £, First, observe that X only differs from X in the last-indexed monomial in the
configuration, which is either : = ¢ or ¢ = £ + 1. Further, Sc S, so £ C ¥ and
so the invariant is maintained for ¢ < ¢. This proves the statement when =1 , and
the remaining case is when (=10(+ 1, where we need to show that no term in X, is a
neighbor of £ (). This case only occurs when there are no such neighbors, as seen in

Line [3] proving the invariant.
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The output X is a valid configuration because the input is a configuration, and X only
modifies X by adding terms from £ to monomials £ or £ + 1. From the invariant,
these terms have disjoint support from all other terms. Since E; and Es are products

of H,’s, X is a Hermitian monomial when X is, by definition (Definition [2.3.9)). O

Lemma 2.3.15. Algorithm |2.5.11] outputs a S C [n] and configuration X such that

) — (S) g8 i S) 77(S)
]E[O—(X)] - Ttmax»B/Q(H 7H(S\§)) O-(X)j—‘tmax:ﬁ/Q(H ’H(S\§)) °

In particular, when € = 0,

Proof. Using linearity of expectation and Fact [2.3.12] we can conclude that, with ¢
and X as defined in Line [10] of the algorithm,

B[/ + eX] = I+ ;X5 + by (Bl + E1) /2 + by(EL + E2) /2 + c;by (BT X 4 X5Ey) /2
+ o (BY X5+ X3F) /2 4 bibo(EYEy + E1Ey) /2 + cibibo( EYXGE) + ETXE5) /2

= %((I + b1 BV (I + ¢;X7) (I + by Ey) + (I + baFo) (I + cX7)(I + blEl)) _
(2.11)

Lemma [2.3.6] implies that the outputs of Algorithm [2.3.5|in Line [7] satisfy

S
E[l + b1 Er] = B[ + by Eo] = Ty (H) HY) ),

where H(S)) is the sum of all terms H, where supp(H,) C S and supp(H,) Nsupp(H,+)

(a*

is non-empty. So, taking the expectation over the entire algorithm and using that

I +b,E; and I + by E5 are independent,

E[l +¢X] =E [% ((1 + 0 BT+ X0) (1 + baBa) + (I + boBo) (I + X)) (1 + blEl))]

S S
= Emax»ﬁ/z(H(5)7 H((a*)))T<] + CZXz)Emdxvﬁ/Q(H(S)’ H((a*)))
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By Lemma [2.3.14] the support of I + oX is always disjoint from all of the other
monomials in the configuration X , SO

~ S S
E[0(X)] = Tpupp(HS, HE Yo (X)T, 0 (HS) H)).

When e = 0, this can be written as

E[J(.)?)] = eg(H<S)_H(<fa3>)e—§H(s>U(X)e_gms)eg(H@)_H((a*))

B8 _Bp(s) _Bpgs) BpS
=27 e 2 g (X)e 2 H

since S = S\ supp(H,»). O

What we have so far is enough to show that Algorithm [2.3.13] indeed outputs a
configuration X with E[o(X)] = e ##. However, for separability, we need more:
namely, we need that o(X') is always positive semi-definite and separable. We handle
the former with the following lemma. This is the key lemma where the critical
temperature is used. It is nontrivial to show, but we are able to prove it via a carefully

chosen potential function.

Lemma 2.3.16 (Coefficients remain small). Let H =) H, be a K-local Hamiltonian
and let the temperature parameter [ satisfy B < B. = 1/(50(0 + 1)R), where 0 is the
degree of the dual interaction graph of H. Consider running Algorithm [2.5.11) on the
input S and X, and receiving S and X as output. Then |S| < |S|. Further, consider

the following invariant on the input:

for all (¢, X) € X, || < (1 — ) S"(upp(Hay)o-Usupp(He, )| (ﬁﬁ)t

where {ay,...,a;} are the terms associated to the Hermitian monomial X . (2.12)

If the input satisfies (2.12)), then so does the output:

& t
6] < (1 — )N upp(Hay o Uspp(iag ) (g) (2.13)
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Proof. Because S = S \ supp(H,~) and the manner in which a* is chosen, |§| < |9].

~

To prove the inductive invariant, it suffices to consider the term (c;, X;), which we
denote (c, X ) in the algorithm, since this is the only term that Algorithmchanges:
the invariant will continue to hold provided that the term does not change. We first
note that, in Line , Algorithm is always run for 5 < 3/2 and Q < £+ N A
(see Definition [1.4.17). By definition of the dual interaction graph, |Q| < 9+ 1. So,
by Lemma [2.3.6

by=0and t; =0or || < (B-2(0+1))", and

by =0 and ty = 0 or |by| < (B-2(0 + 1))"

We now show that ¢ is small for every choice of . For this proof, we denote ¢ = ¢; and
X = X to be the term which is to be changed. Further, we will abuse notation and,
for a Hermitian monomial X with associated terms {ay,...,a;}, write supp(X) =
supp(Hg, ) U - - - Usupp(H,,). This set contains the “true” support of X, but can be
larger in general. So, we need to show that, assuming the invariant which states
that || < (1 — fy)\SﬁSUPP(X”(%)t, then |¢] < (1 — fy)‘ng“pp(X”(B%)?. Note that, by our
choice of ., 1083, - 2(0+1) < 2 =1— Ry.

Case ¢ =0: Here, X = X, the associated terms are identical (@, = a, for all s € [t])
and ¢ = ¢/(1 — ). Then either ¢ = 0, and the bound holds trivially, or a* was chosen
to neighbor some a4 associated to X. In this case, the scalar increases; however, this

is accounted for in the potential, because supp(H,+) is removed from S to get S

B = lel/(1 = 7) < (1 =)0 (L) < (1 gy Sosmntl (2

The first inequality uses the induction hypothesis; the second uses that S CcS.

Case { =1, £ =2, ¢ =5: We first work out the & = 1 case. Here, X = (El+ Ey)/2,

and so the monomial has degree t = t,. If ty = 0, then b; = 0 and we are done.
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Otherwise,

e = 6lbal/7 < 108R(5 20+ 1))" < (1086, - 2(0 +1))" <Bé>tl
< (1= 8" <£)tl <(1—y)™ (%)tl <(1- ,y)|§ﬂsupp()?)| (£>;

The £ = 2 case is analogous, switching out F; and t; for Fy and t5. The £ =5 case is
also analogous, with EIEQ and t = t1 + ta.

Case £ = 3, £ = 4, £ = 6: We first work out the & = 3 case. Here, X =
(EIX +XE/)/2, so the monomial has degree ¢+t;, where ¢ is the degree of the original

monomial X, and the associated terms are the terms from X, along with ¢; additional

terms from FE;. If t; = 0 then ¢ = 6¢b; /vy = 0 so we are done. Otherwise,

[l = 6lcl[ba] /v

< 10R(1 - )0 () (5200 + 1)

>t+t1

< (1 . 7)|Sﬁsupp(X)|+ﬁt1(

Tl &

< (1 — ) lSnsupp(X) ( g

N——

The ¢ =4 and £ = 6 cases are analogous, in the same manner as the ¢ =2 and £ =5

cases. ]

Theorem 2.3.17. Let H = ) H, be a Hamiltonian with locality & and dual
interaction graph & with degree 0, and let the temperature parameter [ satisfy
B < B. = 1/(100R0). Then Algorithm outputs a configuration X such that
Elo(X)] = e % and, for all (¢, X) € X, |c| < (B/B.)!, where t is the degree of the

Hermitian monomial X .

Proof. We show that through the while loop, Algorithm [2.3.13| maintains the two
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invariants that

and, from Eq. (2.12)), for all (¢, X)) € X with degree ¢,

le] < (1 — =)SPsupp()] (Bﬁ)t.

(We use the same notation as in Lemma where supp(X) denotes the support of
the terms associated to X.) Since the initialization is that S = [n] and X = @, so that
o(X) = I, both invariants hold before the while loop begins. Lemma implies
that the first invariant is maintained, since the output of Algorithm satisfies

e_gH(g). E [0(2?)]6_§H(§) = e‘gHw)a(X)e_gH(s) ,
iteration

where the randomness here is taken only over the call to the algorithm in Line [5
Lemmal[2.3.16implies that the second invariant is maintained. Finally, by Lemma[2.3.16]
the size of S decreases every iteration, so the algorithm terminates after at most n
iterations. Upon termination, S = &, so the invariants imply that, for the output con-

figuration X, E[o(X)] = e P and, for every (c, X) € X with degree t, |c| < (%)t O

Because Hermitian monomials X satisfy || X/, < 1 and the scalars in the output
configuration X always satisfy |c¢| < 1, I 4+ ¢X, and thus o(X) is always positive
semi-definite. Further, for reasonable classes of terms, o(X) can be shown to be
separable, which means that e ## and therefore the Gibbs state e P /tre A4 is

separable.

Lemma 2.3.18. Let H =Y, H, € C*** be a Hamiltonian over n qubits with Pauli
terms, meaning that H, = \gE, for E, € P and —1 < A\, < 1. Let X be a Hermitian
monomial of degree t with respect to the terms of H. Then I + cX is separable when

—1 < ¢ < 1. Further, there s an algorithm which outputs a stabilizer product state

|v) such that E[|Y)Xv]] = (I 4+ cX)/tr(L +c¢X) in O(n +tR) time.

72



Proof. Since X is a Hermitian monomial and every H, is a tensor product of Paulis,
X is either zero or a tensor product of Paulis, up to a sign. This can be proved
by induction on the definition of a Hermitian monomial (Definition [2.3.9). With
this, we can conclude that I + cX is separable: for X = X; ® --- ® X,,, we can
write it as a convex combination of tensor products of PSD matrices by writing

I+cX =(1—|e)I+|c/(I+ |—§|X), and then for the latter part, using

1 & 1 &
14X == QU +X)+ (- X)) + - Q1+ X) = (1 - X)),
+ 2n(§)(+>+( >+2n(§21)(+>( )
By expanding this, we conclude that, by drawing a uniformly random sy, ..., s, € {£1}
with even parity, i.e. $152...5, = 1, and preparing the state @Q}_, (I + s;X;), this state

is I + X in expectation.

To turn this into an algorithm, we note that given X represented as a list of terms
and operations, we can compute X1, ..., X, efficiently. For the qubits ¢ for which
X; = I, we can take [¢), to be |0) or |1) with half probability, thereby making the
corresponding density matrix /2. On the support of X, we can draw a uniformly
random string with even parity and prepare the corresponding state I + s; X;; since X;
is a non-identity Pauli, this is a pure eigenstate of a Pauli. This gives an algorithm for
preparing (I 4+ ¢X)/tr(I + cX) by either preparing I + |—§|X or I with the appropriate
probabilities. O

With this, we can prove separability of high-temperature Gibbs states for qubit systems,

as stated in the introduction.

Proof of Theorem [2.1.1 Theorem implies that, for 3 < 1/(10008), e P is a
convex combination of matrices of the form o(X), where for every (¢, X) € X, || < 1
and X is a Hermitian monomial (Definition . By Lemma , (I + cX)supp(x)
is separable (and expressible as a positive linear combination of stabilizer product
states), and since o(X) is the tensor product of such matrices, it is also separable

(and expressible as a positive linear combination of stabilizer product states). Since
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separability is closed under convex combinations and scaling by a constant factor,
e PH /tr e=PH is separable as desired. Further, this argument shows it is expressible

as a convex combination of stabilizer product states. O

2.4 Efficient Preparation of the Gibbs State

In this section, we prove Theorem [2.1.2] We first need to introduce some additional
machinery for approximating quantum partition functions so that we can sample from

the correct distribution and ensure that we output a normalized state.

2.4.1 Approximating the Partition Function

At high temperature, we can efficiently estimate the partition function of a Gibbs state
up to small multiplicative error. This follows from cluster expansion; we defer most of
the proof to the appendix. Prior work immediately gives this result for § < 1/0? [103];
in the appendix we combine these results with tighter analyses [88], [160] to improve

the critical temperature to ©(1/9).

Theorem 2.4.1 (Estimating the log-partition function). Let H = Y " | \E, €
C2"*2" be a R-local qubit Hamiltonian with Pauli terms, i.e. where —1 < )\, < 1
and E, € P is Pauli. Let 0 be the degree of the dual interaction graph of H. Let
0< B < pB.=1/(1000). Then given any 0 < n < 1, we can compute an estimate z
such that

log(tr(e™?)) —n < Z < log(tr(e™ ™)) + 1,

m time

4+log(d)

n- (n/n) s - R 9% - polylog(n/n).

Proof of Theorem [2.4.1 This follows from Lemma [A.1.10| Let 8, = 1/(e(e + 1)(1 +
e(d — 1))) be the inverse temperature threshold from that lemma; since 8 < 5. < S,

the results of that lemma hold for our choice of inverse temperature 3. In particular,
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we can write £ = log(tr(e ?H)) as a power series

L= BN,

220

and when we estimate it by truncating at some level k,

the error is bounded |£ — [,~| < n(ﬁ/_ & g};ﬂ by Part 2 of Lemma |A.1.10} This difference

can be made to be at most n by taking

| log(n/((1 = B/B)n))
’“—{ log(5./5) J =

To compute E, we enumerate the list of monomials to order k£ and then compute all
corresponding coefficients. The running time of this is dominated by the task at order

k, which, using parts A and B of Lemma [A.1.10] is bounded by

n(ed)® - (8" + R)poly(k) + O(kd-n(ed)F) (2.15)
N ~~ g _#

# of clusters time to compute a coefficient  time to enumerate clusters

-0 (n(SeD)kﬁD> (2.16)
~ n log(8ed)
_ (’)(n Tog(F+ /) ﬁa) (2.17)
(=5
This gives the desired bound. Since we are not optimizing the constant in f., for our
log(8ed)

choice of (., 8. < B./2, so we can bound (l_g/ﬂ*)b;ﬁi/aﬁ) = O(d). O

2.4.2 Random Walks on Trees

Our sampling algorithm will take Algorithm [2.3.13| and Algorithm [2.3.11| from the
separability proof, and then argue that we can run a Markov chain on the “state tree”
of these algorithms to get a distribution over output configuration which satisfies

E[o(X)/tr(o(X))] = p, instead of the original guarantee that Elo(X)] = e #H.
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As a subroutine of our main sampling algorithm, we will design a (classical) random
walk on a tree. In this section, we present some general machinery for analyzing the
mixing times of random walks on trees. We begin with the definition of a weighted

tree.

Definition 2.4.2 (Weighted tree). Let 7 be a tree with a unique root such that
all root-to-leaf paths have length at most n. A weighted tree (7, w) of depth n is
obtained by assigning some non-negative weight w, to each leaf v of the tree. For an
interior node v, we let the weight assigned to v be the sum of the weights of the leaves

in the sub-tree rooted at v.
Next, we assume access to the following sampling sub-routine:

Definition 2.4.3 (Sample query). For a weighted tree (7, w), we define a sample
query as querying a node u and outputting a random child of u, where the probability

of outputting a child v is w, /w,.

Since the weights on each leaf are non-negative, they induce a probability distribution
over the leaves, corresponding to the distribution formed by repeatedly performing

sample queries starting from the root node.

Definition 2.4.4 (Leaf distribution). For a weighted tree (7, w), its leaf distribution
is the distribution over leaves where each leaf v is sampled proportional to its weight

Wy .-

We then recall the definition of a Markov chain and the corresponding stationary

distribution.

Definition 2.4.5 (Transition matrix and stationary distribution). A Markov chain on
N states is given by a transition matrix P with entries P;; for i, 5 € [N] given by the
probability of moving from state ¢ to state j. We define the stationary distribution,

denoted by m = (my,...,7n), such that Pr = 7.

Definition 2.4.6 (Ergodic and time-reversible Markov chain). A Markov chain P
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is ergodic if there exists a positive integer z such that P? is entry-wise positive. It is

time-reversible if its stationary distribution 7 satisfies
Pymi = Pyimj

for all 4, j € [V].
Next, we define the notion of conductance of a Markov chain.

Definition 2.4.7 (Conductance). Given a Markov chain on N states with transition
matrix P and stationary distribution 7, for any subset S C [N], the conductance ®g

is defined by > b
ieS,jes LT
Zz‘es T

The global conductance of the chain is defined by ® = ming.c4<1/2 g, where Cg =

ZiES .

bg —

A classical result of Jerrum and Sinclair [194] bounds the spectral gap of an ergodic,

time-reversible Markov chain as a function of the conductance.

Lemma 2.4.8 (Spectral gap of a Markov chain [194]). For an ergodic time-reversible
Markov chain P, if we order the eigenvalues of P as A\ = Ao > ... > Ay where A\ = 1,
then )

®

A <1 - -5

The main result in this section, stated in Theorem below, is about relating two
different weighted trees on the same vertex set, which we denote by (7, w) and (7, w’).
For a vertex v, the distortion between the two weight functions is just w,/w.. Note
that scaling a weight function by a constant factor doesn’t affect any of the resulting
distributions. Given any edge (u,v) on this tree, we assume that the distortion
between w and w" along this edge is bounded: 0.1 < (w,/w,) - (W, /w)) < 10. With
this assumption, we show that given sample access to w’ and exact access to w,/w,,

at the leaves, but only a constant approximate oracle for w,/w! at interior nodes, we
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can efficiently sample from the leaf distribution of w via a Markov chain that mixes
quickly. This is closely related to the reduction from sampling to weak approximate

counting for self-reducible problems in [194].

Theorem 2.4.9 (Sampling a leaf via a Markov chain). Let (T, w), (T,w') be weighted
trees of depth n on the same vertex set such that each vertex has at most k children.
Assume that for any node v € T with child v € T, 0.1 < (w,w))/(wyw),) < 10.

Further, assume we are given an oracle that can perform the following types of queries.

1. For any internal node v, compute an estimate 7, such that 0.1(w,/w]) <7, <

10(w,/w)).
2. For any leaf node v, exactly compute 1, = w,/w),.

3. For any internal node v, respond to a sample query for (T,w’) (see Defini-

tion .

Then, for any 0 < &,6 < 1, there exists an algorithm that uses O(n*log(nk/e)log(1/4))
queries to the aforementioned oracle and outputs either a leaf node v € T or L. The
algorithm outputs a leaf with probability > 1 — &, and when the algorithm outputs a
leaf, its distribution is e-close to the leaf distribution of (T,w) in TV distance.

Proof. Consider the following random walk on (7, w).

Algorithm 2.4.10 (Tree random walk).

1: Set v to be the root node;

2: for O(n®log(nk/e)) iterations do

3: Let u be the parent of v, if it exists;

4: Sample an ¢ € {0, 1,2} with probability {0.017, /7,,0.01,0.99—0.017, /7, },
respectively.

5: If £ =0, set v to u;
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6: If £ = 1, set v to a child of v chosen according to a sample query on (7', w'),
if one exists;
7: If £ = 2, keep v unchanged;

8: output v;

Note that for all vertices, we query the oracle once for 7, and always use the same
estimate throughout the random walk, so that we never query the same vertex again

for a new estimate. By assumption, 7, /7, < 10 so this walk is well-defined.

First, we prove that the stationary distribution of this walk has probability mass on
each vertex proportional to 7,w;,. In particular, since 7, = “* on any leaf v, this is

exactly the distribution proportional to w on the leaves.

We do this by verifying reversibility (see Definition [2.4.6)). Consider any two vertices

u, v such that u is a parent of v. Then we have

- /
Ty ~ ~ W, ~
P, = 0.01?—rvw; = 0.017,w., = 0.0lw—/”ruw; =P, 7,
v u

as desired. Thus we can conclude that the Markov chain is ergodic and time-reversible.

Next, we will lower bound the spectral gap of this walk by bounding the conductance
and applying Lemma [2.4.8] To lower bound the conductance we show that it suffices
to consider when the subset S is a sub-tree rooted at some vertex v. To see this,
consider any cut (7%, 73) such that T, contains the root. Let M = {v;};cf,) be the
maximal elements in T}, i.e. for each v;, the parent of v; , denoted by u;, is in T5.

Then,

EviEM PUiUiﬂ-Ui Zvie/\/l Pviuiﬂ-vi P'Uiui Ty,

Oy >
1= = =
ZviGTl Ty, ZUZEM Zv]-e sub-tree (v;) 7'('1)]. zvje sub-tree (v;) 7.‘-Uj
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Let S be the sub-tree rooted at v and let u be the parent. Then

0.17,w)) Wy W wyw, < 1
~ = = =
> <o Towy, 40w, (32, wy) T 40nwjw, ~ 80n

bg >

where in the above, we used that ) , <» Wy < nw, from the definition of a weighted tree
of depth n. Thus, by Lemma , the spectral gap of the Markov chain is Q(1/n?).
Finally, the number of nodes in the tree is at most (k+1)" so after O(n®log(k/c)) steps
of the Markov chain, the distribution will be e-close to the stationary distribution (see
for instance [I50]). Note that the stationary distribution matches the leaf distribution
of (T, w) on the leaves and also the probability of being at a leaf in the stationary

distribution is at least

PN
Zv leaf TvWy < 1 ZU leaf Wo > 1

>, P, Y >, Wy ~4n’

using that the tree is depth n. Thus, with O(n3log(nk/c)) steps of the Markov chain,
we get £/(100n)-close to the stationary distribution, and the output will be a leaf with
probability 1/(4n). So, by running Algorithm until the output is a leaf, with
probability 1 — 0, we will hit a leaf within O(nlog(1/d)) epochs and this gives the
desired output. O

2.4.3 Sample Tree

We want to apply the above algorithm to the sample tree corresponding to Algo-
rithm 2.3.11] In particular, we consider a root node corresponding to an initial input,
an empty configuration with zero pinned nodes, S = [n] and X = @. Then, the
children of this node correspond to calling the algorithm on (S, X)), which we can

interpret as pinning more unpinned sites and adding them to the configuration.

Definition 2.4.11 (Sample tree of a Hamiltonian). Given a Hamiltonian H =) H,
over n sites such that H is a K-local Hamiltonian with dual interaction graph with

degree 0, along with parameters 5 and e, we construct its sample tree as follows:
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e It has a root node with label (S, X) = ([n], @).

e For each node v such that its label (5,, X,) satisfies S, # &, it has a child for
every possible outcome of running Algorithm [2.3.11 on that node with input S,
X,, and ¢, labeled with the corresponding output (§ , X ).

e For a node v, we associate its label (S, &,) with the matrix

B B
Q,U _ 6751{(51})0_(‘)(’”)675]{(51)) )

Our overall strategy is as follows. Assigned to every node in the sample tree is a
matrix Q, € C2"*?": for the root node, this matrix is e ?#, and for a leaf node, this
matrix is a configuration o(X,). In between, we think of @), as a “posterior” Gibbs
state: having pinned all qubits in [n]\\S, according to the (separable) configuration

o(X,), @, is then some Gibbs-like state on S,.

Going from a node to its children pins more sites. We first show in Lemma that
the expectation of ),y over the children v’ of a node v, with respect to the distribution
given by the sampling algorithm Algorithm [2.3.T1], is close to the matrix @,. When
e = 0, this expectation is exact by Lemma [2.3.15] but we have to take a non-zero
€ to get an efficient algorithm. Then, by iterating this lemma, we show that the

average over the leaves is close to the root matrix, e ®#. In other words, iterating

Algorithm [2.3.11 until S = & gives a configuration X’ such that o(X) ~ e #H.

We would like to sample the Gibbs state e ## / tr(e=#H) by sampling a leaf v from a cer-
tain distribution, and then preparing the corresponding configuration o (X, )/ tr(o(X5,));
we define this distribution in Definition [2.4.16 However, this distribution is not the
same as the distribution naturally induced by running Algorithm [2.3.11} this distribu-
tion is defined in Definition [2.4.14l To prove our main result, we show that the ratio
between these two distributions is bounded and can be efficiently approximated. We

then use Theorem [2.4.9] to sample. Throughout this argument, we use the lemmas in

Section [2.3.3, which describe the behavior of Algorithm [2.3.11], to analyze the sample
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tree.

We begin by recording a few basic observations about the structure of the sample tree.
In particular, we observe that, throughout, at most one element of X, ever intersects
with S,, so that ), can be written as a tensor product of a set of “pinned” sites with

a set of “active” sites.

Lemma 2.4.12. The sample tree has the following properties. For a node v = (S,, X,)
at depth d:

1. |S,] < n—d, so the depth of the tree is at most n;
2. For any two children u, v’ of v, Sy, = Sy ;
3. For the root node u, Q, = e P, and for a leaf node v, Q, = o(X,);

4. For an interior node v, Q, decomposes into a tensor product Q, = (Y,)supp(v,) ®

(e’gH(S”)(I + cX)e’gH(S”))[n}\supp(yv), where (¢, X) € X, or (¢, X) = (0,1);

1.

5. When6< m, 97

Q. is PSD.

for every node v and every (¢, X) € X,, |c| < 5, in particular,

Proof. 1 and 2 follow from inspection of Algorithm [2.3.11} it always removes elements

from §,, and it makes this choice deterministically. 3 follows from the definition of

Q. 4 follows from Lemma [2.3.14] 5 follows from Lemma [2.3.16] O

We will also need a bound on the running time of Algorithm [2.3.11]

Lemma 2.4.13 (Algorithm complexity). Let H = H, be a Hamiltonian and we

a€lm]
assume access to it as in Definition[1.4.16. Then Algorithm[2.3.11) can be implemented
to run in time O(log(n/e)RD), where the output configuration is described in terms of

the descriptions of its Hermition monomials. Further, the number of possible outputs

is O((401og(n/e)(d + 1))20ls/e)),
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Proof. We begin by considering Algorithm with input H, k > 0, and |Q] <0+ 1.
Then this algorithm can be run in O(kd) time. The main technical consideration is
maintaining R;, which can be done by adding the neighbors of the term being added
to R; to form R, 1. This costs 5(0) time since there are at most that many neighbors.
Further, the number of possible outputs ¢, b*) is O(((k — 1)!) - (4(0 + 1))*), since
IR <t(d@+1).

Next, consider Algorithm [2.3.5] which calls Algorithm for some k between 1
and tpa. S0, its running time is (5(tmaxb) and the number of possible outputs is

O((max!) - (4(0 + 1))tmax).

Finally, consider Algorithm . This algorithm can be run in 6(tmaX0ﬁ) time: it
can be seen as taking an element of the configuration (c;, X;) € X and changing it to
have at most 2t more terms in it. The step of finding an element of £ neighboring
a term in X3 can be done by maintaining a list of such terms; then, when X} is changed,
this list can be updated by removing elements when S is modified and adding elements
corresponding to the terms being added. The algorithm is deterministic apart from
the two calls to Algorithm [2.3.5 and the choice of £ among seven options. We know
that |Q| < 9 + 1, so the number of possible outputs is

O(((tmax)) - (42 + 1))=)?) = O((40log(n/e) (2 + 1))210e/9),

Note that, across all of these algorithms, we never use the matrix representations
of the Hamiltonian terms, instead only using the information coming from the dual

interaction graph and the support of every term. O

2.4.4 Weight Function Analysis

Now we define two different weighted trees on the sample tree. The first is the weight

derived from the sampling process.

Definition 2.4.14 (Natural weight). Given a Hamiltonian H =) H, over n sites
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and parameters (3, R, 0 such that H is a R-local Hamiltonian with degree 0, let T be
its sample tree. We define the natural weight function w to have for each node v € T,
w(v) is the probability of reaching v from the root by running the sampling process in

Algorithm [2.3.11] at each intermediate node.

Remark 2.4.15. The weight at any intermediate node is equal to the sum of the

weights of the leaves of its sub-tree, so w indeed defines a valid weighted tree.

The second weight function, the true weight, is defined by adjusting the natural weight
at each leaf by tr(c(&X')). We will show in Corollary [2.4.19| that to sample from the

Gibbs state, it suffices to sample a leaf according to this true weight distribution.

Definition 2.4.16 (True weight). Given a Hamiltonian H =), H, over n sites and
parameters (3, K, 0 such that H is a K-local Hamiltonian with degree 0, let T" be its
sample tree. We define the true weight function k as follows: for each leaf node v, we
set k(v) = tr(o(X,))w(v) and for each intermediate node v, x(v) is the sum of the

weights of the leaves in its sub-tree.

Remark 2.4.17. By Lemma [2.4.12] when 5 < 1/(20008), all of the o(&,) are PSD
and thus this is a valid weighted tree.

First, we prove that @, is close to the average of @, over its children v’, according to
the natural weight. Since these matrices are not trace-normalized, it will be important
to ensure that our error bounds are “at the right scale”. We do this by bounding our

errors multiplicatively in PSD ordering.

Lemma 2.4.18. Given a Hamiltonian H = )" H, over n sites and parameters 3, ],
such that H is a K-local Hamiltonian with degree d and [ < 1/(2000RK), let T be its
sample tree as defined in Definition|2.4.11 Let v € T be a node in the tree. Then we

have

(- )e=x Y Yo, <(1+)a.

v’ child of v CU(U) 20n

Proof. Consider the execution of Algorithm [2.3.11] with input (S,, &,). Then by
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Lemma [2.3.15, over the expectation of the children v’ of v,

Sy v Sy
]E;[U(XUI)] = ,I;fmax,/B/Q(H(Sv)’ H((Svisvl)>TO-(XU)Ttmaxﬂ/2(H(S )’ H((Suisv/)) ’

Here, we are using Lemma [2.4.12] that every child v" of v has the same S,. By
applying Lemma [2.3.8, we have that

B (rr(Sv) _ pr(Sv) B (rr(Sv) _ pr(Sv)
Elo ()] < (14 o )t T e § 10 5 g, )om §100 SU M)
’U/ - Ctmax

B v (Sv)
7§(H<S )7H(SU\SU,))

Using that ¢, = 10log(n/e) and left and right multiplying the above by e
and applying Lemma [2.3.8] we get

E[Q)) = (1+ 1) Q..

Here, we use that H») — H((:g:isv/) = HS»). This gives us the upper bound, since

averaging over the children of v with weights w(v’)/w(v) is exactly the same as taking

the expectation over the execution of Algorithm [2.3.11f Ey/[Qu] = >,/ it of %Qvu

By applying the other side of Lemma [2.3.8] we get the corresponding lower bound. [

By iterating Lemma [2.4.18] we can relate the average at the leaves to the Gibbs state.
Specifically, since the true weight distribution on the leaves is exactly defined to be
equal to the natural weight distribution arising from the sampling process and then
distorted by a factor of «, at each leaf v, we get that the average of the (normalized)

states at the leaves according to the true weight distribution is close to the Gibbs

state e PH [ tr(e=PH).

Corollary 2.4.19 (Average of the leaves is close to the Gibbs state). Given a
Hamiltonian H =) H, over n sites and parameters 3, R,0 such that H is a R-local
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Hamiltonian with degree ® and < 1/(2000R), let T be its sample tree. Then

e Pt B K(v) o(X,) H o
tr(e_ﬁH) v leaf of T Zv’ leaf of’T'%(,Ul) tr(a(.}\fv)) 12

Proof. By repeatedly applying Lemma starting from the root to the leaves, we
have
e\ _ o(X,) e\ _
(1——)6 FH < Z ﬁ(v)—j(l+—>e pH
10 v leaf of T tI(O'(XU)) 10

which follows from recalling that x(v) = tr(o(X,))w(v). Thus

e P Kk(v) o(X,)
LRIV e—m ] |

e PH k(v o(X,
S tr<) (&)

“lixtem) () tx(o(,)

£

102

v leaf of T

as desired. O

To sample from the distribution induced by x on the leaves, we will need to approx-
imate the ratio x(v)/w(v) in order to then apply Theorem [2.4.9] (since we can run
Algorithm [2.3.11 to sample from the weighted tree w). We do this below.

Corollary 2.4.20 (Bounded weight ratio). Given a Hamiltonian H =) H, over n
sites and parameters 3, R,0 such that H is a K-local Hamiltonian with degree 0 and
B < 1/(2000R), let T be its sample tree. Let v be a node with associated label (S,, X,).
Then we have

0.9r(Q,) < Fv)

< 1.1tr(Qy) .

v a leaf
v’ descendant of v
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Now take the trace of the above to get the desired bound:

(1—ﬁ>|5v|tr(Qv) < ZEZ; < <1+ﬁ>|5v|tr(Qv) 0O

Now we can put everything together to prove our our main theorem, Theorem [2.1.2]

Proof of Theorem [2.1.3. We will apply Theorem [2.4.9]on the sample-tree with w' < w
and w < k. First, we verify the hypotheses of Theorem [2.4.9] By Lemma [2.4.13
the number of children of each node is at most k = O((401og(n/e)(d + 1))20los(/e)),

Consider a node u with child v, and consider their associated labels (S,,X,) and

(Sy, Xy). Note this means S, = S, \R for some R = supp(H,). By Corollary [2.4.20),

(@) _ wuw tr(Q.)
r0] Smwt <1B0Y"

Recall that @), = e_gH(S")O(Xu)e_gHw“), and respectively for Q,. (S,, X,) is a possible
outcome of running Algorithm [2. on (S, X,). So, because of Lemma [2.3.14] we
can write Qu = Youpp(v) @ (€ —3He u>(] +cX)e 3 u))[n]\suma and @y = Ysupp(v) ®
(e~ sH ([ +2X)e 2H™ Nsupp(v) for (¢, X) and (¢, X) corresponding to the (cz, X5)
and (E,X ) in Algorithm . Here, we are treating the unchanged part of the

configuration of X, as Y.

N

tr(Qu) tr(e_éH Su)(I+CX) _EH(SH)) < 3tr(e*5H(Su))
Qo) tr(em 215 (1 4 2X)e 21Ty T tr(en P

< 4.5

N

The first inequality follows from Lemma [2.4.12] which implies that ||, |¢] < 1/2, so
0.5 < I+ cX < 1.5I. The second follows from Lemma which implies that
3 (e PH) ftr(e Py < 3. Combining this with the analogous lower bound,

we deduce
!
Wy W
v <10.

0.1< p
WywW,,

Next, we show how to implement the types of queries required in Theorem [2.4.9

For the first type of query, estimating w,/w! to multiplicative error, by Corol-
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lary it suffices to be able to estimate tr(Q,). By Lemma , we can
write tr(Qy) = tr((Y2)supp(ys)) tr((€™ T2 (T + eX)em 27 ) i qupp(vay ). Computing
the trace associated with Y, can be done exactly, as Y, is a tensor product of Her-
mitian monomials from the configuration X,. Using that |¢| < 1/2, the second trace
is between 0.5 tr((e ") supp(vay) and 1.5 tr((e 7)o\ cupp(va) ), and this can be
estimated via Theorem [2.4.1| with 77 <— 0.01. The running time of answering this query
is

O( (10011)1?);(120%) £-97 - polylog(n ))

For the third type of queries, we simply run Algorithm [2.3.11} By Lemma [2.4.13] the
running time is O(log(n/e) poly(8&,)). Note that when running the Markov chain
in Theorem , we can store the labels (S, X,) of all of the nodes that we have
visited so far. When visiting a new node, computing the new label (S, X’) involves
just one execution of Algorithm on its parent, which we must have already
visited. Thus, whenever we visit a leaf v, can compute tr(o(&,)) = k(v)/w(v) exactly,
allowing us to answer the second type of query whenever we need to (which is only
when the Markov chain visits a leaf). Thus, we have verified all of the hypotheses of
Theorem [2.4.9] Putting everything together, we get that with probability 1 — ¢, we
get a sample from a distribution that is e/4-close in TV to the leaf distribution of &
in time

(’)((10011)5+ ea e log?(1/¢)log(1/8) poly(8, 0))

By setting § < ¢/4, we get that the output distribution including failure is £/2-close
in TV distance to the leaf distribution of .

A leaf v corresponds to a configuration X,; by applying Lemma to each
(¢, X) € X,, in O(nlog(1/e)K) time we can prepare a corresponding stabilizer product
state |¢) such that E[|¢Y)Xv|] = o(&X,)/ tr(o(X,)). Note that, here we use that the sum
of the degrees of the monomials involved in X, is bounded by O(nt,.x), the number
of iterations multiplied by the largest the monomial degree can increase per-iteration.

Finally,
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e PH

Htr(e—ﬁ ) Bl H = Htr —BH) vle%;fTZ '1e;<:f})T"€ tr(aa< H
DR i) —Ehr‘z;fim |, <=

where the expectation is over the execution of the Markov chain in Theorem
conditioned on a valid output, and the call to Lemma [2.3.18] Note that in the last
step above we used Corollary and the fact that the distribution of our output is
/2 close to the distribution induced by x on the leaves. Thus, we can simply output
p = )| and this completes the proof. The bound we required on the temperature
is that § < 1/(20008); we set [, sufficiently small so that the exponent in the running

time can be bounded 5 + é;r(log(a) 6+ log;(gﬁ( oL and that the 100108(1%/5 can be folded

into the poly(). O
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Chapter 3

Learning Quantum Hamiltonians

The previous chapter focused broadly on the question of understanding the properties
of the Gibbs state of a given local Hamiltonian. In this chapter, we study the inverse
problem, called Hamiltonian learning — given access to measurements of the Gibbs
state, can we recover information about the underlying Hamiltonian? Hamiltonian
learning is central towards gaining a mechanistic understanding of how particle-to-
particle interactions drive interesting quantum phenomena and plays a key role in

controlling and engineering quantum devices |72, [73, 29| [15].

Whereas previous algorithms for Hamiltonian learning were intractable in the chal-
lenging, but especially important low-temperature regime [I5] 103}, [7, 13], we present
a new algorithm that overcomes these previously conjectured barriers, addressing a
key computational bottleneck towards understanding and harnessing the power of
quantum systems. Crucial to overcoming these barriers, our algorithm combines a
suite of modern tools from computational learning theory including a new polynomial

approximation and the powerful sum-of-squares semidefinite programming hierarchy.
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3.1 Results

Throughout this chapter, we will work with a (9, 8)-low intersection Hamiltonian H
(recall Definition |[1.4.14)) and we will assume that the terms of the Hamiltonian H,
are written in the form A\, F, where F, is a non-identity Pauli operator supported on

at most K qubits and |\,| < 1.

We assume that the structure of the Hamiltonian i.e. the terms E, are known, but
the coefficients A\, are not. Because for a fixed support set, the Pauli operators with
that support form an orthonormal basis for the space of operators with that support,
this decomposition into Pauli operators is equivalent to saying that the “geometry”,
i.e. the subsets of particles that interact, is known, but the interaction strengths are

unknown.

We will use the shorthand N = 2". The main question that we seek to address is
stated below.

Problem 1 (Hamiltonian learning). Let H = > | A\, E, € CV*¥ be a (9, R)-low
intersection Hamiltonian on n qubits whose terms F, are known, distinct, non-identity

Pauli operators, and whose coefficients A\, € R satisfy |A,| < 1.

BH .
——sm corresponding to H

Given €,0 > 0, along with copies of the Gibbs state p = £
at a known inverse temperature § > 0, find estimates A, such that, with probability

>1-10, (A — Ao)? < e forall a e [m].

We are interested in both the number of copies of p that we need, which is called the
sample complexity, as well as the running time of the algorithm. Our main focus for
Hamiltonian learning will be in the low-temperature regime, where (8 is an arbitrarily

large constant.

Our main result is a computationally efficient algorithm for Hamiltonian learning that

works at all temperatures.

Theorem 3.1.1 (Efficiently learning a quantum Hamiltonian, Theorem (infor-
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mal)). Given e >0, = B, for a fivzed universal constant 5. > 0, and n copies of the

Gibbs state of a low-intersection Hamiltonian, H =) ])\aEa, there exists an algo-

a€lm

rithm that runs in time n°1) and outputs estimates { Mo } such that with probabil-

a€m]

ity at least 99/100, for all a € [m], |\, — X\o| < &, whenever n > poly (m, (1/€)20(6)>'

Remark 3.1.2 (On temperature). For our algorithm, we only need to know an upper
bound on 3, as we can consider a Gibbs state at temperature 5 to be a Gibbs state
at temperature, say, 24 with Hamiltonian H/2. Our requirement that 5 > . is for
simplicity, and (. can be any constant bounded away from zero. In particular, we
can take (. to be the temperature at which the high-temperature algorithm of [103]

fails; so, when § < ., we can simply appeal to [103] to achieve a sample and time

complexity of 1;?:; and m[;;’me, respectively.

As noted by prior work [I5], Hamiltonian learning is a generalization of the classical and

well-studied problem of learning undirected graphical models, specifically parameter

9P mlog(m)

5222 time (and

learning of these models. This classical problem requires
there is an algorithm matching the lower bound), so exponential dependence on 3
is necessary [103] . Analogies with the classical setting turn out to be of limited
use, since the non-commutativity and non-locality inherent in the quantum setting

rules out generalizations of classical ideas. However, with the classical setting we can

identify barriers to designing a time-efficient algorithm.

A key challenge of time-efficient Hamiltonian learning is that we cannot work directly
with the partition function. The only previous approach to low temperature [15]
only used its copies of p to estimate tr(F,p) for all a € [m]. It is known in the
classical literature that taking just these estimates and using them to compute the
parameters A, is as hard as computing the partition function [I63]. To avoid this
barrier, we take a richer set of expectations tr(Pp) that allows us to reduce learning
to a tractable, but fairly involved, optimization problem instead. Along the way we

develop several new tools of independent interest, and ultimately give a semi-definite

*It is an interesting open question to improve our doubly exponential dependence to singly
exponential.
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programming algorithm based on the sum-of-squares hierarchy. Consequently, we show
that sophisticated modern tools in optimization theory lead to a surprising resolution

of the Hamiltonian learning problem.

3.1.1 Additional Related Work

Hamiltonian learning. Hamiltonian learning is a broad topic studied both in
experimental and theoretical contexts. This work fits into a large body of algorithmic
research about learning properties of quantum states modeling physical systems [72], [13].

Here, we point to a few lines of related work in this field.

Hamiltonian learning often focuses on the real-time evolution setting, where one can
allow the system to evolve with respect to H, applying the unitary e *#* [73, 212] [121].
Some algorithms consider taking time derivatives (i.e. taking ¢ — 0), which are similar
to small-3 algorithms in the Gibbs state setting [224] [103], 97]. There is some research
on learning from (zero-temperature) ground states [182], but the algorithmic work is
limited because the ground state of a Hamiltonian need not determine the Hamiltonian.
We study the finite temperature case, which is both the typical temperature at which
experiments are run and, in the S — oo limit, a rich approximation to the much less

computationally tractable ground state [7], 91].

Though our algorithm is not practical, we use constraint systems that bear some
similarity to the “correlation matrix” linear constraint systems analyzed heuristically
and experimentally in prior work [29] [182]. In fact, our constraint system contains
these constraints for technical reasons. Our work places these works on a rigorous basis,
as we prove that, though the linear constraint systems might not uniquely identify
the true Hamiltonian, adding more, similar constraints eventually fully constrains the

Hamiltonian.

Bounding correlations in Gibbs states. Though classical Gibbs states have
extremely good locality properties, these become much weaker in the quantum setting.

A series of works aims at bounding the non-locality in quantum Gibbs states with
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various different measures and in various different regimes [133] [145], [146], often with
the goal of concluding that simulating or learning these systems can be done time-
efficiently. It is an interesting open problem whether one can extract a new kind of
“locality” statement from our algorithm, to understand how general our approach is
for learning quantum systems. Our polynomial approximation is inspired by proofs of
the Lieb—Robinson bound [152] 110], and can be viewed as a “low-degree” form of this

bound. This could be of independent interest.

Parameter learning of graphical models. There is a rich body of work on the
problem of learning graphical models. Our setting is that of learning Markov random
fields; the literature on this topic focuses on the task of structure learning, which in
our setting corresponds to learning the terms { £, }4cjm], given the guarantee that they
form an (unknown) dual interaction graph with bounded degree [53], 52, 105 138]. The
problem we consider, learning the parameters with known terms, is easy in the classical
setting [103, Appendix B], because classical Gibbs states satisfy the Hammersley—
Clifford theorem [106], also known as the Markov property. A consequence of the
Markov property is that estimating a parameter on a R-body term can be done by
computing conditional marginals on the support of this term. It is not clear how to
generalize this argument to the quantum setting, since the Markov property does not

hold for low-temperature quantum Hamiltonians, even approximately [145].

The sum-of-squares meta-algorithm. The sum-of-squares hierarchy has been
used to analyze several problems in quantum information, including best state sepa-
ration |77, 511, 37, B9], optimizing fermionic Hamiltonians [112], T11], and a quantum
analogue of max-cut [175] 209]. Additionally, the proofs-to-algorithms perspective,
introduced in [38] 35], has been extensively used to design efficient algorithms for
estimation and learning tasks, with many recent advances especially in mixture models

and robust statistics [1106], [142], 139} 154! [30].
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3.2 Proof Overview

The recipe for quantum Hamiltonian learning introduced by Anshu, Arunachalam,
Kuwahara, and Soleimanifar [15] is based on matching the local marginals of the Gibbs

state p, which we can estimate with copies of p. Specifically, for two Hamiltonians

H=> \FE, and H' =) X E, with respective Gibbs states

e_ﬁH e-ﬁH’

P = ey M= Gy

they show that H = H' (and so A\, = X\, for all a € [m]) if and only if p and p’ are
identical on local marginals i.e. tr(E,p) = tr(E,p’) for all a € [m| [I5, Proposition
4]. This does not imply a bound on sample complexity, because with copies of p, we
can only compute tr(E,p) approximately, with noise introduced from sampling error.
The key structural result of [I5] is that this equivalence can be made robust, so that
if H' only approximately matches marginals, then the corresponding coefficients X,

approximately match the true coefficients A,.

However, the last step of this algorithm is to invert the map {Aq }acpm) — {t1(E£ap) facpm)s
which is a computationally hard problem. Formally, for a classical Hamiltonianm
tr(E,p) are sufficient statistics of a graphical model and it is known that estimating
the parameters of a graphical model from these sufficient statistics is computationally
intractable [163]. This doesn’t mean that the problem is hopeless, but rather that to
find a tractable algorithm, we should be looking for the opportunity to use a richer

family of statistics.

Designing a new system of constraints. We interpret the previous argument as
defining and then solving a constraint system in the set of unknowns, {\} }.cim). The
structural result in [I5] shows that an approximate solution to this system will be

close to the true parameters \,. However, this system is computationally hard to solve.

tA classical Hamiltonian is a Hamiltonian that is diagonal, i.e. its terms are tensor products of
the identity and o, (Definition [1.4.11)). For a classical Hamiltonian, the state p is a sample from the
Gibbs distribution, and tr(E,p) is a &point correlation function.
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Our starting point is to define a larger set of constraints which {\,}acpn) must satisfy,
which can be verified by measuring expectations of observables slightly less local than
the terms {Ea}ae[m}. Let Piocar be the set of Pauli matrices whose support is K-local

for some large constant K. We begin with the following system of constraints:

( \
Va € [m] -1< N, <1
H/:Z)\;.Ea (3.1)
a€[m] ’
vp? Q € 7)1003,17 tr (Qe_BH/PG’BH/p> = tI’(PQp)
\

The constraints above are indeed satisfied for the true parameters (X = \) since by

assumption |A\,| < 1 for all a € [m] and moreover

—BH
tr(Qe’ﬁHPeﬁHp) = tr (QeﬁHPeﬁHtrieTH» = tr(PQp)

which follows from the cyclic property of the trace. Two main challenges remain: Must
a solution to this system be close to the true coefficients? And how can we efficiently

solve the system? Eventually we will derive a convex relaxation for it that is based on

(A) replacing the last constraint in Eq. (3.1)) which involves the matrix exponential
with low degree polynomial constraints on the indeterminates ({ A; },¢|,,) instead

and

(B) showing that any choice of X’ that satisfy the constraints must also approximately

match the true coefficients \.

In general solving systems of polynomial equations is computationally hard, but
because our analysis in (B) will be based on sum-of-squares proofs, there is by now
standard machinery for turning it into an efficient algorithm (see Section for

detailed explanation).

Identifying an equivalence between nested commutators and polynomials.

Working towards the goal of replacing the term tr (QG*BH/PGBH/ p) with a low-degree

97



polynomial in the variables A, we begin by recalling the Hadamard formulaﬂ

, ;= ,[H P
e PH pefH — Zﬂé[é—']g, (3.2)
=0 ’

where [H', P], = [H',[H',...,[H', P]...]] is the /-th nested commutator. A natural

first step is to truncate this series at d terms and observe that

(el

is a low-degree polynomial in the variables \'. For instance, observe for the order-2

nested commutator, we have

tr([z AQLE@,P] 2p> _ tr([z NEa Y A;[EG,P]};))

a€m)] a€[m] a€[m]
= > AN (B, (B, Pllp),
a,be(m)|
which is a degree-2 polynomial in the A, indeterminates. However, the series in

Eq. (3.2)) only converges quickly when 5 is sufficiently small [103], so we cannot use

it

Nevertheless, from this observation we can develop a general formalism for constructing
polynomial approximations of evolutions of operators. We observe that in the eigenbasis
of H,

1. Pl=Pof (o=} |

v]

where { o; }ie[N] are the eigenvalues of H' and o denotes the Hadamard product

¥This can be derived from the Baker—Campbell-Hausdorff formula,

exp(A) exp(B) = exp (A Y B+ %[A, Bl + %([A, [A, B]) + [B, B, A]]) + .. )

$This expansion does converge after 3||H|| terms, but our running time is exponential in the
degree, so this would be far too large.

98



(Definition |1.4.1)). Similarly,
e—ﬁH/PeﬁH/ — Po { e—ﬂ(oi—aj) }ij7

and thus we can focus our attention on designing polynomials that approximate
the scalar quantity e #(?=%) with low-degree polynomials in (o; — 0;). Further, any

L

degree-d polynomial p(z) = Z?:o cez" can be extended to commutators as follows:

d
p(H'| P)=Po{p(o;—0j)}; = > alH, Pl
=0

This allows us to translate between matrix series expansions involving nested commuta-
tors and univariate polynomials. We note that for technical reasons we need to extend
our equivalence to nested commutators with two distinct operators X, Y appearing in
an arbitrary order, such as [X,[Y,[X,...]...], Ey,] and bi-variate polynomials p(x,y)
(Section . The translation between bi-variate polynomials and nested commutators
incurs additive error depending on [X, Y] due to re-ordering of the X and Y operators
as expected (Theorem [3.4.9). In our full algorithm (Section [3.7) we introduce an
additional constraint to drive this additive error to zero. Focusing on the scalar
polynomial approximation to the exponential function, we now formalize the notion

of approximation that we require.

Constructing a new, flat approximation to the exponential. Recall that we

want a polynomial such that, working in the eigenbasis of H’,

p(Hl | P) = Po {p(Oi — O'j) }ij ~ Po { e Bloi=0;) } - e—ﬂH’PeﬂH/’ (3‘3)

ij
where “~” denotes an unusual notion of approximation which, for the purposes of
this discussion, we can consider to mean that the matrices are close in some norm.
The Taylor series approximation to the exponential would be Eq. (3.2]), which we
established is too high degree.
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Our key insight is that we choose a better polynomial approximation. We begin by
observing that an operator with small support is approximately band-diagonal in
the basis of eigenvectors of H, which is a property of local terms proved by Arad,
Kuwahara, and Landau [20]. We state a weak version of this here: let P be a Pauli
operator with support size O(1), and let H =), divivj be an eigendecomposition of

H. Then, considering P in the eigenbasis of H,

Pl = [v] Poj| < e, (Corollary 3.3.10))

A consequence of this is that entries of P o { p(o; — 0;) —e™? (7i=03) }Z.j, which denote
the error of the polynomial approximation, are weighted inverse exponentially in
o; — ;. Therefore, our polynomial approximation need not be equally good for all
0; — 0j; rather, our approximation should be e-good in a small range but is allowed to
diverge at a sufficiently slow exponential rate outside that range. We call this a flat
approximation. In particular, given parameters § > 0, 0 < ¢,n < 1, we construct p

such that

p(z) —eP*| <e if z € [-1,1]

| < (3.4)

Ip(2)] < max(1,e#?) - enfl if z ¢ [—1,1]
The key difficulty in satisfying the above constraints is satisfying |p(z)| < e"?1?l for
z > [, as standard approximations like Taylor series truncations and Chebyshev
series truncations fail this condition (Remark [3.5.3). In Section [3.5 we explicitly
construct a degree-(2°0/" . (8 +1log(1/(en)))) polynomial that satisfies Eq. (3.4).
This construction is inspired by the iterative “peeling” of the exponential used in

proofs of Lieb-Robinson bounds [152, 110]. We can write

Bz _ e—ﬁcz L. e—ﬁcz
————

B/Be

e

for a fixed small constant 3, and then truncate the Taylor series expansion of e=#* at
different scales for all of the 3/5. = O(f) copies in the product so that the tails of

the different truncations don’t “interfere".
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We show that when p is a flat approximation of the above form for some sufficiently
small 7, then Qp(H|P)p is a good approximation to Qe ?# PefHp. In other words,
the polynomial approximation is good when H' = H and we right multiply by p; this

is crucial for the polynomial system that we set up next to be feasible.

Formulating a polynomial system. We now have all the tools to describe a
polynomial system that captures the Hamiltonian learning problem. The constraint
system we describe in this section is an informal treatment of the system that appears
in Section and avoids several technical details. We show that using our flat

approximation to the exponential, we can obtain a polynomial p such that

tr(Qe 7" PeMp) ~ tr(Qp(H | P)p).

Then, we can re-write Eq. (3.1)) as the following polynomial constraint system:

'Vae[m] —-1< )\, <1 )
H' =) X.E, (3.5)
a€m)]
\VP7Q € 7Dlocala |t1"(Qp(Hl ’ P)p) - tr(PQp)| < 5)

and observe that the last constraint encodes a relaxation of the last constraint in
Eq. and is satisfied when H' = H. Further, all of the constraints are indeed
succinctly representable as low-degree polynomials in the indeterminates, { }ae[m],
as discussed earlier. Finally, the coefficients, such as tr([E,, [Ey, P]]), are expectations
of the Gibbs state against a slightly larger set of local observables, which are the
richer class of test functions we desired. We can obtain estimates of these expectations

through quantum measurements (Section [3.6). Computing these estimates is the only

quantum part of our algorithm, and the rest of the algorithm is entirely classical.
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Feasibility of the polynomial system. Recall that to show that the polynomial
system in (3.5]) is feasible, we need to argue that

tr(Qe~" Pe p) ~ tr(Qp(H | P)p)

for all P, Q. Working in the eigenbasis of H, let its eigenvalues be { 0; };.(5.. The key
tool that we leverage is from [20] (see Corollary which roughly states that any
local term E must be approximately diagonal in the eigenbasis of H, with off-diagonal
entries decaying as |E;;j| < e~oi=o;) - Thus, we can decompose the matrices Q, P
into two parts — parts indexed by 4, j where |0; — 0;| < 8 and parts indexed by i, j
where |0; — 0;| > . Then we use the fact that p(z) is a good approximation to e™*
on [—f, ] to prove that the error on the first part is small. We then appeal to the
exponential decay of the off-diagonals to argue that the contribution from the second
part in both tr(Qe " Pef p) and tr(Qp(H | P)p) is small. Our flat approximation
to the exponential is designed to ensure that it does not overwhelm the exponential

decay in the off-diagonal entries in P, () in any regime.

Efficiently optimizing polynomial systems. Now that we know that our polyno-
mial system is feasible, we consider a convex relaxation of this system. In particular,
we consider a degree-d sum-of-squares relaxation, which can be efficiently optimized
by expressing it as a semi-definite program (see Section for details), with
d = log(1/e) - 2°¥. Since we have m variables and 2°®) constraints, and each con-
straint is a degree-d polynomial, we can solve the degree-2d sum-of-squares relaxation
of Eq. in m(1081/62°P) 36 The main challenge in analyzing the sum-of-squares
relaxation is to show that we can round it to estimates { 5\; } such that they are
close to the true parameters. Here, we adopt the so-called prog;s[irgo—algorithms philos-
ophy, where we instead work with the dual object to the sum-of-squares relaxation,
namely sum-of-squares proofs (see [35], 87|, and references therein). This perspective

states that if the true parameters are identifiable only using the sum-of-squares proof

system, then we immediately obtain an efficient algorithm and we show that we can
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easily and accurately round the solution.

We then provide a proof of identifiability, i.e. for all @ € [m], the inequality (A, — A\,) <
e can be derived using the system of polynomial constraints and other basic inequalities
that admit sum-of-squares proofs (we refer the reader to Section for a detailed
exposition). At a high level, the proof works by arguing that when H' — H is large,

there are witnesses P, () such that

| tr(Qp(H'|P)p) — tr(Qp(H|P)p)|

is large. Since we know that H is a feasible solution, this would imply that H’
cannot be a feasible solution so any feasible solution must have H' — H be small. The
construction of the witnesses relies on an additional property of the polynomial p that
we construct, namely that it is strongly monotone (in some appropriate quantitative

sense).

For the identifiability proof, we crucially use an additional important property of
local Hamiltonians. It deals with the quantity tr(A%p), where A = Y, 0, P, is a
Hermitian linear combination of Pauli matrices with small support. Thinking of p
as a distribution, tr(A?p) is a second moment term with respect to p; we can prove
this is not much smaller than tr(A*I/dim) = Y, o7, the second moment against the

uniform distribution: for some constant ¢ > 0,
tr(A%p) > P max of. (Theorem [3.3.7))

Intuitively, this shows that p is not close to zero in any local direction. This was first
shown by [I5] for quasi-local operators; we adjust their proof to hold for just local
operators and give a tighter bound. We show that we can obtain a slightly weaker
statement of this form in the sum-of-squares proof system by formulating it as a
quadratic inequality. This inequality can be used to remove the dependence on p in
expressions appearing in the proof; for example, it is used to relate tr([H, H']?p) to

the size of [H, H'] itself.
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Finally, we observe that our identifiability proof does not use the full power of a degree-
2d sum-of-squares relaxation and therefore, it should suffice to solve a significantly
smaller semi-definite program. We show that we can execute our proof of identifiability
by only appealing to a sparse subset of monomials of degree at most 2d and invoke a
linearization theorem by Steurer and Teigel [198] to obtain a final running time of

poly(m) - (1/5)20(ﬁ), as desired.

3.3 Basic Tools

We define the following notation to extract the piece of an operator that acts on a

particular qubit.

Definition 3.3.1 (Localizing an operator). For an operator O € CN*V  define

where I; denotes the identity operator on the ith qubit, tr; denotes the partial trace
operation with respect to the ith qubit, and p; denotes the Haar measure over the set
of unitaries only supported on qubit i. In other words, [];) : (C**?)®" — (C?*)®" is
the linear map on operators that is the identity on every qubit but 7, and on the ith

qubit maps M — M — 3 tr(M)I for M € C**2.

For a tensor product of Pauli matrices, P € P, F) is P when ¢ ¢ supp(P) and 0
otherwise. So, for a linear combination of Paulis, A =}, ApP, applying this map

restricts the sum to Pauli matrices that interact with qubit ¢:

Ap= > ApP (3.6)
P:iesupp(P)

So, [supp(A@)| < (0 + 1)K

Definition 3.3.2 (Projector onto eigenspaces). For a Hermitian matrix X and an

interval Z C R, H(IX) denotes the orthogonal projector onto the subspace spanned by
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eigenvectors of X with eigenvalues in Z.

3.3.1 Local Operators

We will be considering operators other than the terms, so we define a notion of
locality with respect to the dual interaction graph that generalizes to such operators.
Concretely, what we need about ¢-local operators for £ > 8 is that (1) they contain
the Hamiltonian terms E,, (2) the dimension of the subspace spanned is O(n), and

(3) they contain nested commutators involving K-local operators.

Definition 3.3.3 (Local operator with respect to the dual interaction graph). Consider
a R-local Hamiltonian H = )" | A\, E, with dual interaction graph &. For P a tensor
product of Paulis, we say it is R¢-&-local if there is some S C [m] of size ¢ such that

supp(P) C Uges supp(F,) and S is connected in .

We define Pg, to be the set of R(-G-local Pauli matrices. Generally, we call an operator

M € CVN gl-&-local if it is equal to a linear combination of elements in Pgy.

By this definition, if £, and FE, are terms of a Hamiltonian, then E, is K-®-local, and
[E,, E) is 2R--local.

Pauli matrices behave straightforwardly under commutation: the commutator of two
Pauli matrices is another Pauli matrix up to a scalar. We state the form of nested

commutators of Pauli matrices below.

Lemma 3.3.4. Let P, € Py,,..., Py, € Py, and Q € P, (with respect to some
background dual interaction graph & ). Then the nested commutator is either zero or

also a &-local Pauli matrix,

ia

[P [Py [Pas Q) 1) € Prrsstne,

possibly up to a factor of £1 where i = +/—1.

Proof. Let a = 1. By properties given in Definition [1.4.11], for P € P, and Q € P,
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PQ is a tensor product of Pauli matrices, up to fourth root of unity. Consequently,
[P, Q] = PQ — (PQ)' is either zero (if PQ is Hermitian) or 2PQ (if iPQ is Hermitian).
Further, supp([P, Q]) C supp(PQ) C supp(P) Usupp(Q), which shows that [P, Q)] is
(k1 + £)-8-local. This proves the lemma for a = 1; the general statement follows by

iterating this case. O

3.3.2 Properties of Local Operators on Quantum Systems

For a Hamiltonian describing a quantum system, we consider getting access to the
associated state attained by thermalizing it at a particular inverse temperature [3.

This is known as a Gibbs state.

Definition 3.3.5 (Gibbs state). The Gibbs state of the Hamiltonian H = Y A\, F, at

inverse temperature 5 > 0 is given by
exp(—fH)
= = — Ao F t — AaFy ). .
P=4 oxp(— A1) exp| —0 Ea ol rexp|( —f Ea oLy (3.7)

A wuseful piece of intuition is to think of p as a distribution over its eigenspaces
with probability proportional to the eigenvalue. In that sense, we can think about

expectations and variances against this distribution.

Definition 3.3.6 (Expectation against the Gibbs state). For a Gibbs state p of a
Hamiltonian H and an operator A € CN*V we define (A) = tr(Ap).

A key result in the prior work of Anshu, Arunachalam, Kuwahara, and Soleimanifar
gives a lower bound on the variance of a local operator with respect to the energy
distribution defined by the Gibbs state. The authors prove this for the more general
class of quasi-local operators, but we only need it for local operators, for which the

result can be tightened. We give this tighter version below; its proof is in Appendix [B.1]

Theorem 3.3.7 ([15, Theorem 33|). Let H be a K-local Hamiltonian with dual
interaction graph & with maz degree 9. Let A =", 0, P, be a R -local operator where
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P, are products of Pauli matrices and —1 < o, < 1 and whose dual interaction graph

has max degree o'. For B > 0, let p be the corresponding Gibbs state of H. Then

6+c'
<A2> = tr(AQp) > 112%1)]( <c tr(A%i)/N)> .

Here, ¢ and ¢ are positive constants that depend on K, 0, &, and 0'.

After some manipulation we can conclude that, if a local operator has small variance
with respect to p, then the operator itself must be close to zero. Some may recognize
this as the quantum analogue of the statement that bounded-degree graphical models

have local marginals bounded away from zero (see e.g. [52]).

Corollary 3.3.8 (“No small local marginals”). Let H be a R-local Hamiltonian with
dual interaction graph & with maz degree 9. Let A=) ,.p opP be a sum over Paulis
with support at most & and with a dual interaction graph & with max degree o', with

coefficients op € R. Then

tI‘(A2p) > eXp(_Cﬁ7a7ﬁl7D/ — Clﬁ,a,ﬁ’,n’ﬂ) %137);'( O'é

where Caa o, Coy ey are constants depending only on K,0,8,0'.

Proof. Let g = maxgep, 0.

tr(X?p) = ¢° tr((X/g9)?p)

> ¢° max (c tI‘((X(i)/g)Z/N)

i€[n]

:ngax<ctr<< 3 U_PP)2/N>>6+C’/3 by Eq.

6+c'B
) by Theorem [3.3.7]

icln] PeP, 9
i€supp(P)
2\ 6+¢'8
— max<c 3 U—’;) by Definition [[Z.1T
i€ln] per, I
f
i€supp(P)
2 9266-"—6/5
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This gives the desired statement. O]

Another key statement we use about local operators is that a local operator is
approximately diagonal when considered in the basis of eigenvectors of another local

operator.

Theorem 3.3.9 (|20, Theorem 2.1). Let H = } 4|, hs be a Hamiltonian where all
its terms hg are positive semi-definite, supported on at most K qubits, and the terms
interacting with any particular site have bounded norm: .. llhs|| < g for alli € [n].
Let A be an operator, and define R =)y .||hx||, where C = {S C [n] | [hg, A] # 0}
is the set of terms that don’t commute with A. Then

I AT | < Aoz (s>,

[o,00) [0,s

The assumption that the hg are PSD can be removed: if the hg are not PSD, we can
apply the theorem to hg + I||hg||, which only affects the final bound by inflating ¢
and R by a factor of two. Note that this just leads to shifting H by a factor of the

identity, and so only shifts the spectrum.

Corollary 3.3.10. Let H = ZSCM hg be a Hamiltonian where all its terms hg are
supported on at most R qubits, and the terms interacting with any particular site has
bounded norm: Y ¢..cllhs|| < g for all i € [n]. Let A be an operator, and define
R =% yccllhxl|l, where C = {S C [n] | [hg, A] # 0} is the set of terms that don’t
commute with A. Then

I AT ] < [|Alle B4R,

[O',OO 7005}

When A satisfies [supp(A4)| < &', we can take R to be the number of terms that
intersect with the support of A. In our setup, where the terms are Pauli matrices
with a dual interaction graph with maximum degree 0, we can take g =0 + 1. If the

support of A is contained in the support of a term, we can take R = 0 + 1; otherwise,
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we can take R = &0.

3.3.3 Bounds on Nested Commutators

One key property about commutators [A, B] is that they compose well when the
inputs A, B are a sum of local terms (recall Lemma [3.3.4]). In this section, we will
make these composition properties more precise when we have a nested commutator

of the form

[Hy, [H, [ [He, A] ]

where Hy,..., H, are local operators and A has small support. We use a cluster

expansion argument to bound these terms.

Definition 3.3.11. Let M,,..., M, € CN*¥ be operators. We say that the ordered
(-tuple (M, ..., M,) forms a cluster if, for all a, the support of M,;; has nonempty
intersection with supp(M;) U - -- Usupp(M,).

Lemma 3.3.12. Let £ C P be a set of Pauli terms where every P € & satisfies
supp(P) < R and the dual interaction graph associated with € has maz degree 9. Let

Hy, ..., Hy be linear combinations of elements of £, written as H; =) p.c \ipP for

alli. Let A € E. Then we can write [Hy, [Ho,|...[He, A]...]]] in the form

l
l
2 ) cpr..p,Qpr..r [ [ M

P17P2 ~~~~~ P[GS j:1
(A,Py,...,P1) is a cluster

where the constants cp, . p, € {0,£1,£i} and

(a) Qp,...p, € Pusir (as defined in Deﬁm’tionm and is distance { from A in

&-distance;

(b) The number of terms in the sum is at most £1(d + 1),

Proof. We can expand the nested commutator [Hy, [Ha,|... [Hs, A .. .]]], using that
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the commutator is bilinear, into a sum of individual terms

S PP [P AL N A

Pr,....Py

Now we argue about which of the terms in the sum above are nonzero. Note that
for the commutator to be nonzero, P, must intersect the support of A, P,_; must
intersect supp(F) Usupp(A), and so on. This condition is equivalent to A, P, ..., P
being a cluster. Now by Lemma [3.3.4] we have

[Pl, [PQ, [ .. [Pg, A] .. m < 2ZCP17M’p/Pg+1

for some cp, . p, € {0,£1,+i}. Because (A, P, ..., P)) is a cluster, we can also
conclude that the elements of P,y that appear in the sum have distance < ¢ from A.
Now it remains to count the number of clusters. When choosing P,, we have a choices
for which of (A, Py,..., P,_1), to intersect with, and 9 + 1 choices for elements of £
that intersect with that element of £. This gives an upper bound on the total number
of clusters of

@+1)-204+1)---LO+1)=00+1)"

This completes the proof. ]

We will also need the following lemma from [I03] that counts the number of distinct

multisets of terms that form a cluster (under some ordering).

Lemma 3.3.13 ([103, Proposition 3.6]). Consider a set of terms € C P with dual
interaction graph & with maz degree ® > 2. For a fived E,, € £, the number of multisets
of terms E,,, ..., E,, € £ such that there is some ordering ™ where (anm, e ’an(a)

forms a cluster is at most ed(1+ e(d — 1))~ < (30)".
As a consequence, we can bound the number of distinct elements in Pj,.

Corollary 3.3.14. We have |Pye| < m(10%0). Furthermore, the number of elements
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of Py that have support intersecting with a fived term P € Py is at most (10¥0)¢1,

3.3.4 Sums-of-Squares Polynomials

We will need some preliminaries about polynomials and the sum-of-squares (SoS)
framework. First, we introduce a notion of polynomials with sum-of-squares repre-
sentations with bounded coefficients. We maintain coefficient bounds because later,
certain sampling and approximation errors are multiplied by these coefficients. The
general SoS framework is not concerned with such tight bounds on the coefficients

and thus we need to make a few definition outside of the general framework.

Definition 3.3.15 (Sum-of-squares polynomial). A polynomial p(xq,...,z,) €

Rlx1, ..., Ty is a sum-of-squares polynomial if we can write

p(xl,...,xm) :ql(x17"'7xm)2+”'+qk<xla"‘7'xm)2

for some polynomials ¢, ...,q € Rlz1, ..., T
We sometimes abbreviate sum-of-squares as SoS.

Definition 3.3.16 (Bounded polynomial). We say a polynomial p(z1,...,x,) €
Rlz1,. .., 2] is (d, C)-bounded if

(a) p has degree at most d, and

(b) for each monomial of degree d’ < d in p, its coefficient has magnitude at most

C/(d").

We say p is a (k,d, C)-bounded sum-of-squares polynomial if p is a sum-of-squares

polynomial, p = ¢} + - - - + ¢7, and each of the ¢;’s are (d, C')-bounded.

Claim 3.3.17 (Composition of bounded SoS polynomials). Let p;(z1,22) be a
(k1,dy, Cy)-bounded SoS polynomial and ps(zq,x2) be a (ko,ds, Cy)-bounded SoS
polynomial. Then
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(a) p1+ po is a (k1 + ko, max(dy, d2), max(Cy, Cs))-bounded SoS polynomial;
(b) pips is a (kika, dy + da, (dy + dy + 1)24742CCy)-bounded SoS polynomial;

(c) For any t € [0,1], p1((1 — t)zy + ty1, (1 — t)zo + tys) is a (ky1, dy, C1)-bounded

SoS polynomial in xq,y1, 2, yo.

Proof. For this proof, we let [x%2)]p(z1, 22) denote the coefficient corresponding to
lexé in p.

The first statement is obvious as we can simply combine the two representations
as sums of squares. The second also follows immediately by taking the two rep-
resentations as sums of squares and expanding the product. For this, we use
that, when r(z1,22) is (di,C1)-bounded and s(z1,23) is (da, C2)-bounded, rs is
(dy + dy, (dy + dy + 1)297 0 Cy)-bounded.

x1x2 Z |$1$2 r||[z] ] |

0<i’'<i
0<5'<j
¢ & CiC: i+ cc,
s Z (4! +1 NN (i + —21 — N ZJlr 2! Z (Z+j> (ijr .2),(2+j+1)2%+y
0si/<s g J ] ‘7 0<i'<i J J):
0<y'<y 0<;1<]

For the final statement, write p; (21, 22) = qi(z1,22)? + -+ + qx, (71, 72)?. Now we

simply substitute in the change of variables. A coefficient of the new polynomial is

[Py w2y (1 — t)zy + tyr, (1 — t)za + tys)

g () (Zl jLJ1> (1= tyngh (22 fr]z) (1= £)iogie

(41 12

< [$§1+j11732+j2]%(:)31, 5(72)

and this shows that after the change of variables, py((1 — t)xy + tyr, (1 — t)xo + tys) is
still a (k1, dy, Cy)-bounded SoS polynomial. O
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The Sum-of-Squares Framework

We now provide an overview of the sum-of-squares proof system. We closely follow

the exposition as it appears in the lecture notes of Barak [35].

Pseudo-Distributions. A discrete probability distribution over R™ is defined by

its probability mass function, D: R™ — R, which must satisfy > ... p) D(z) =1
and D > 0. We extend this definition by relaxing the non-negativity constraint to
merely requiring that D passes certain low-degree non-negativity tests. We call the

resulting object a pseudo-distribution.

Definition 3.3.18 (Pseudo-distribution). A degree-{ pseudo-distribution is a finitely-
supported function D : R™ — R such that ) D(z) =1 and Y, D(z)p(z)? > 0 for
every polynomial p of degree at most ¢/2, where the summation is over all z in the

support of D.
Next, we define the related notion of pseudo-expectation.

Definition 3.3.19 (Pseudo-expectation). The pseudo-expectation of a function f on

R™ with respect to a pseudo-distribution p, denoted by I~Eu(x) [f(z)], is defined as

Euw [f(@)] = D ulw)f(x).

We use the notation Eﬂ(m) [(1, 1, T2, ... ,xm)‘@q to denote the degree-¢ moment ten-
sor of the pseudo-distribution y. In particular, each entry in the moment tensor

corresponds to the pseudo-expectation of a monomial of degree at most ¢ in x.

Definition 3.3.20 (Constrained pseudo-distributions). Let

A={p=20,p,>0,...,p, 20}

be a system of r polynomial inequality constraints of degree at most d in m variables.

Let p be a degree-f pseudo-distribution over R™. We say that p satisfies A at
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degree ¢ > 1 if for every subset S C [r] and every sum-of-squares polynomial ¢ such
that deg(q) + > ,cs max(deg(p;),d) < ¢, INEM [q Hiespi] > 0. Further, we say that
1 approximately satisfies the system of constraints A if the above inequalities are
satisfied up to additive error ]EN [qTTicspi] = —27"q| [Licsllpill, where [|-|| denotes
the Euclidean norm of the coefficients of the polynomial, represented in the monomial

basis.

Crucially, there’s an efficient separation oracle for moment tensors of constrained
pseudo-distributions. Below gives the unconstrained statement; the constraint state-

ment follows analogously.

Fact 3.3.21 ([192] 166, 177, 94]). For any m,¢ € N, the following convez set has a

o)

mS\Y-time weak separation oracle, in the sense of [96]@:

{ IE#(I) [(17 T1,Tg, ... ,xm)w] ‘ i s a degree-f pseudo-distribution over R™ }

This fact, together with the equivalence of weak separation and optimization [96] forms
the basis of the sum-of-squares algorithm, as it allows us to efficiently approximately

optimize over pseudo-distributions.

Given a system of polynomial constraints, denoted by A, we say that it is explicitly

bounded if it contains a constraint of the form {||z||> < 1}. Then, the following fact

follows from Fact [3.3.21] and [96]:

Theorem 3.3.22 (Efficient optimization over pseudo-distributions). There exists an
(m +7)°O_time algorithm that, given any explicitly bounded and satisfiable system A

of r polynomial constraints in m variables, outputs a degree-¢ pseudo-distribution that

satisfies A approximately, in the sense of Definition 5’32@

Remark 3.3.23 (Bit complexity and approximate satisfaction). We will eventually

TA separation oracle of a convex set S C RM is an algorithm that can decide whether a vector
v € RM is in the set, and if not, provide a hyperplane between v and S. Roughly, a weak separation
oracle is a separation oracle that allows for some ¢ slack in this decision.

I Here, we assume that the bit complexity of the constraints in A is (m + )9,
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apply this result to a constraint system that can be defined with numbers with log(t)
bits, where ¢ is the sample complexity of the algorithm (scaling polynomially with
m). Consequently, we can run this algorithm efficiently, and the errors incurred here
(which is exponentially small in n) can be thought of as a “machine precision” error,
and is dominated by the sampling errors incurred elsewhere. We can therefore safely

ignore precision issues in the rest of our proof.

The pseudo-distribution D found will satisfy A only approximately, but provided the
bit complexity of the sum-of-squares proof of A |7 B, i.e. the number of bits required
to write down the proof, is bounded by m®® (assuming that all numbers in the input
have bit complexity m®™1), we can compute to sufficiently good error in polynomial
time that the soundness will hold approximately. All of our sum-of-squares proofs will

have this bit complexity.

We now state some standard facts for pseudo-distributions, which extend facts that
hold for standard probability distributions. These can be found in the prior works

listed above.

Fact 3.3.24 (Cauchy—Schwarz for pseudo-distributions). Let f, g be polynomials of

degree at most d in the variables x € R™. Then, for any degree-d pseudo-distribution

B (fa) < ELF2)- /B [92)

Fact 3.3.25 (Hélder’s inequality for pseudo-distributions). Let f,g be polynomials
of degree at most d in the variables v € R™. Fizt € N. Then, for any degree-dt

pseudo-distribution p,

t—1

Bl gl < (Ba1r1) © - (Bule)

o+

In particular, when t is even, E, [f]* < INEN [f1].

Sum-of-squares proofs. Up to minor technical details, our algorithm is to set up a

polynomial constraint system and then call Theorem [3.3.22|to get a pseudo-distribution
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w over the indeterminates {\; | 7 € [m]} which approximately satisfies the constraints.
With this pseudo-distribution, we will output ]Eu [XN'] as our estimated Hamiltonian
coefficients. To show that these estimates are close to the true coefficients \, we use
that, under u, the polynomial constraints hold. That is, for a constraint p > 0, we
have Eu [p] = 0. If we can use these constraints to derive that |IEM [(AL] — Aa| < e for

every a € [m], then the algorithm is correct. So, we provide such a proof: this proof

will be in the sum-of-squares proof system.

Let fi, fo,..., fr and ¢ be multivariate polynomials in the indeterminates x € R™.
Given the constraints {f; > 0,..., f, = 0}, a sum-of-squares proof of the identity

{g = 0} is a set of polynomials {ps}gcp such that

g=> s ][+
SClr] ieS
As its name suggests, the existence of such an SoS proof shows that if the constraints
{fi = 0] i€ [r]} are satisfied, then the identity g > 0 is also satisfied. We say that
this SoS proof has degree £ if for every set S C [r], the polynomial p%1T;cs f; has degree
at most . If there is a degree-¢ SoS proof that {f; > 0| ¢ € [r]} implies {g > 0}, we

write
{fiz0]ie 5 {g=0 (3.8)

We will sometimes drop the indeterminate in I% when this causes no confusion. For all
polynomials f,g: R™ — R and for all coordinate-wise polynomials F': R™ — R™F,

G:R™ — R™¢, H: R™ — R™, we have the following inference rules[7|

Sum-of-squares proofs allow us to deduce properties of pseudo-distributions that satisfy

some constraints.

Fact 3.3.26 (Soundness). Let u be a degree-¢ pseudo-distribution. If u is consistent
with the set of degree-d s polynomial constraints A, denoted p lf A, and there is a

**This notation should be read in the following way: given the proofs above the bar line, we can
derive the proof below the bar line.
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Addition Rule Multiplication Rule

Al {f209>00 AR {f>0} Al {g>0
Al—{f+g 0} Al {f 9> 0}

Transitivity Rule Substitution Rule
Al B, BlC (F>o - {G>0

Al7C {F(H) > 0} by {G(H) 20

degree-dg sum-of-squares proof that A IE B, and ¢ > dadg, then Tais B.

We also have a converse to Fact [3.3.26} every property of low-level pseudo-distributions

can be derived by low-degree sum-of-squares proofs.

Fact 3.3.27 (Completeness). Let d > r > r'. Suppose A is a collection of polynomial

constraints with degree at most r, and A I— o < 1}, Let {g = 0} be a

zlz

polynomial constraint. If every degree-d pseudo-distribution that satisfies D |= A
also satzsﬁes D |= {g = 0}, then for every € > 0, there is a sum-of-squares proof

Al {9 >

Basic sum-of-squares proofs. Now, we recall some basic facts about sum-of-
squares proofs. First, any univariate polynomial inequality admits a sum-of-squares

proof over the reals.

Fact 3.3.28 (Univariate polynomial inequalities admit SoS proofs [148]). Let p be a
polynomial of degree d. If p(x) > 0 for all x > 0, we have I% {p(x) =20}. Ifp(z) >0
for all x € [a,b], then { v > a,z < b}l%{p(a:) >0}.

Second, if p > 0 and p is a quadratic, then this admits a sum-of-squares proof.

Fact 3.3.29 (Quadratic polynomial inequalities admit SoS proofs). Let p be a polyno-

mial in the indeterminates x € R™ such that p has degree 2 and p > 0 for all x € R™.

Then & { p(z) > 0}.

Proof. Let M be the unique (m + 1) x (m + 1) Hermitian matrix such that, for
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p(x1,. .., 2m) = v(2) Mu(x).

The inequality p > 0 implies that M is PSD: consider a vector v = (vq,...,Vpm11) €
R™L If vy # 0, then vT Mo = p(w) = 0 for wy = va/vq, ..., Wy, = Vpy1/v1. If 3 =0,
then v'Mv = lim,_,o p(c - w) = 0 for w; = vo, ..., Wy, = Vpny1. This shows that M

must be PSD, so we can write M = Zjﬁl UU T for some vectors u; € R™*!. Thus,
m—+1
(2. .., 2m) = v(z) Mu(z) = Z(uz, v(x))?

=1

which is a degree-2 SoS polynomial and we are done. m

We also use the following basic sum-of-squares proofs. For further details, we refer the

reader to a recent monograph [87].

Fact 3.3.30 (Operator norm bound). For a symmetric matriv A € R¥™? and a vector
vR?,

5 [vAv < 4] o))

Fact 3.3.31 (Almost triangle inequality). Let fi, fa, ..., f» be indeterminates. Then

i o gm)

i<r =1

Fact 3.3.32 (SoS Holder’s inequality). Let wy,...w, be indeterminates and let

f1,- .. fn be polynomials of degree d in the variables x € R™. Let k be a power
of 2. Then

{w} =w;,Vien} lﬁ{ (%i“’f)k < (:L

|
(]
g
SN—
T
—
S|
]
=
N—
——

Fact 3.3.33 (Almost square-root). Given a scalar indeterminate v, {v* <1} I%
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{-1<v<1}.

Proof. We know that { (1 —0)’ =1+ -2 > 0 } and { (140’ =1+02+20> 0}.
By assumption, { 1 —v* > 0 }. So, from the addition rule we have { 2 +2v > 0 } and

{2—2v > 0}. Rearranging yields the claim. O

3.4 Translating Between Polynomials and Nested

Commutators

In this section, we relate nested commutators of matrices to polynomials of their
associated eigenvalues. We begin with the following basic observation mentioned in

the proof overview.

Lemma 3.4.1 (Nested commutators to eigen-polynomials). For matrices A, B €
C™ ™, in the basis where A is diagonal with entries A; = a;, AB = B o {w;}i; and

BA = Bo{a;};. Consequently,
[A, By = Bo {(a; — ;) };.
Further, by linearity, for a polynomial q(x) = Zizo cpx®,

ch[A, Bl = Bo{q(a; — 0‘3‘)}1'3‘
In light of the above, we make the following definition associating a polynomial to an

expression involving commutators of matrices.

Definition 3.4.2 (Univariate “commutator polynomials”). For a polynomial p(z) =

ap + a1xr + - - + aqxr?, given square matrices X, A of the same size, define

p(X]A) = apA+ a1 [ X, Ay + - + aq[ X, A4
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We will need a generalization of the above that associates bivariate polynomials
p(z,y) to expressions with nested commutators involving two matrices X, Y. We will

primarily be interested in the case where X, Y commute or are close to commuting.
We begin by generalizing the nested commutator.

Definition 3.4.3 (Bivariate nested commutators). Let S € {0,1}¢ and X,Y, A €
CN*N be matrices. Consider a sequence Z,, Zs, ..., Z; of length ¢ where each Z; €

{X,Y} and Z; = X if and only if the ith entry of S is 0. We define

[(X,Y)s, Al = [21,[Z2, [ [Ze, A] . )]

For a monomial z'y/, we wish to associate it to a nested commutator [(X,Y)g, A]
where the number of 0’s and 1’s in S is ¢ and 7, respectively. There are many different
such commutators, reflecting that X and Y need not commute. We will show that
when XY are close to commuting, the nested commutators are also close, so the

ordering in S does not matter. When |S| = 2, this follows from the identity below.
Fact 3.4.4 (Jacobi identity). We have the identity [ X, [Y, A]]—[Y, [X, A]] = [[X, Y], A].

We extend this to higher-order commutators. Below, and throughout the remainder

of this chapter, for a sequence S € {0,1}*, we will use len(S) to denote its length.

Lemma 3.4.5 (Reordering bivariate nested commutators). For any two sequences
S, 8" € {0,1}° with the same number of 0’s and 1’s, let t < (% be the number
of adjacent swaps needed to transform S to S'. Then there are some coefficients
c1,...,¢ € {—=1,1}, and sequences Sy, Ty, ..., Sy, T, where len(S;) + len(|T;|) = ¢ — 2
such that

~

(X, V)5, Al = [(X,Y)s, Al = > i [(X,Y ), [[X, Y], [(X,Y )z, Al

=1
Proof. Consider when S, S’ differ exactly by a single swap of two adjacent elements.
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In this case, by Fact [3.4.4] the difference on the LHS is equal to exactly one term of
the form

[<X7 Y)Sw HX7 Y]? [(Xv Y)Ti? A]]]

where S; is the prefix up to the point where S, S’ differ and Tj is the suffix. Now we
can repeatedly apply this to swap adjacent elements of S until it matches S’. Each of

the residual terms is of the form given on the RHS so we are done. [

Now we define the correspondence between bivariate polynomials and bivariate nested

commutators by arbitrarily choosing an order for the S associated to every monomial.

Definition 3.4.6 (Bivariate “commutator polynomials”). Given a polynomial of

degree d in two variables z,y, p(x,y) = > a;;x'y!, we define its associated matrix

i+j<d

commutator polynomial for matrices X,Y, A € C"*" as

p(X,Y]A) = > ayl X, [Y; Aljl;

i+j<d

The key property that we will need is that certain polynomial identities (in the original
bivariate polynomials) are essentially preserved under this translation. We begin by
showing this for monomials. The following fact shows a relation between a commutator

polynomial on A to a commutator polynomial on B.

Fact 3.4.7. For any Hermitian matriz X and matrices A, B, p, we have the identity
tr([X, A]BTp) — tr(A[X, B]Tp) = —tr(ABT[X, p]) .
Proof.

tr([X, A]B'p) — tr(A[X, B]'p) = tr(XAB'p — AXB'p) — tr(AB'Xp — AXB'p)

tr(XABTp) — tr(ABTXp)

tr(ABTpX) — tr(ABTXp)
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= —tr(AB'[X, p]) O

This can be extended to general monomials.

Lemma 3.4.8 (Commutator monomial equivalences). Let p(z,y) = 2y, q(x,y) =
2y and r(x,y) = p(z,y)q(z,y). Let d = deg(r). Then for some ¢ < d?, we can

write
tr(p(X,Y|A)q(X,Y|B)Tp> - tr(A : r(X,Y|B)Tp> =3z

where every Z; is one of the following three types of errors:
I +tr ([(X, Y)s, Al [(X,Y)r, B [X, p]>, where len(S) + len(T) = d — 1;
2. +tr ([(X, Y)s, A [(X,Y)r, B [Y, p]), where len(S) + len(T) = d — 1;

3. ttr <A (X, Y)s, [X.Y],[(X,Y)7, B]]|! p), where len(S) +len(T) = d — 2.

Proof. Our goal is to express

tr( X [V, Al [X, Y, Blal] p) = tr(ALX Y. Blusall 00)

as a sum of errors. Observe that Fact [3.4.7] allows us to remove one copy of X or Y
from the commutator in front of A and move it onto the commutator in front of B at
the cost of an error term of type 1 or 2. Thus, we can repeatedly apply Fact to
move all of the X’s and Y’s in the commutator in front of A onto the commutator in

front of B and write

tr (X, [V, Al [X. [V, BlaJ] ) — tr (AL (X [V, Bl allp)

as a sum of 4; terms of type 1 and iy terms of type 2. Next, we can apply Lemma [3.4.5

to reorder the sequence of X and Y on the commutator in front of B at the cost of
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error terms of type 3. This allows us to write

(ALY, X Y, Blalisille) = tr(AXIY: Bliatill, )
as a sum of i5(j; + 71) terms of type 3. Together, this gives the desired bound. [

Theorem 3.4.9 (Polynomial identities to nested commutator identities). Consider a

formal polynomial identity in two variables

pl(aj’ y)Ql(:U7y) + +pk(x,y)qk(a:,y) =0

where each of the polynomials p;, q; is (d, C)-bounded. Let X, Y € CN*N be Hermitian

matrices and p, A, B € CN*N be arbitrary matrices. Then we can write

t
tr ((p1(X, Y [A)qr (X, Y[B) + -+ + pp(X, Y[ A) (X, Y[B)T) p) =) i Zi,
=1
where t < 4kdS, the coefficients ¢; satisfy |c;| < C?2%1, and every Z; is one of the

following three types of errors:

1. m tr <[(X, Y)s, A [(X,Y)r, B]' [X, p]), where len(S) + len(7T) < 2d;

2. o <[(X, Y)s, A [(X,Y)r, B [Y, p]), where len(S) + len(T) < 2d;

3. m tr (A (X, Y)s, [X, Y], [(X,Y)r, B]])' p), where len(S) + len(T) <
2d.

Proof. Let ro(x,y) = pe(z,y)qe(z,y). By the assumed formal polynomial identity,
tr ((Ari(X,Y[B)' + -+ Arg(X,Y|B)T) p) = 0.

So, it suffices to express each product
tr (pe(X, Y[A)qe(X, Y [B)Tp) — tr (Are(X, Y| B)p)
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. . . o o i1 ,,12 _ L pJlgd2
as a linear combination of errors. Let p, = Zil’iz iy, 2y and qp = Zjl,jz by j, . T Y.

We can expand the above expression into its commutator monomials:

tr (p(X. Y| 4)qu(X, Y| B)'p) — tr (Are(X,Y|B)!p)

= Z Qpiy o bf,jh]é (tl”([X, [K A]iz]il : [X7 [K B]]é];‘lp) - tI‘(A ’ [X7 [K B]i2+j2]11+j1p>> .
11,12,J1,J2
Lemma [3.4.8 shows how to expand summand into error terms; note that the degree
of the product is i; + j; + is + jo < 2d. There are at most (2d)? error terms per
summand, and there are d* summands per product p,q,. This gives a total bound on
the number of error terms as 4kd® as desired. All that is left is to bound the size of
the coefficients. For an error term of any type associated to a particular summand,
the coefficient is ag;, 4,b0,.j,- Let S,T be the sequences associated to the error term.
Because p; and ¢, are (d, C')-bounded, we can bound
02 0222d 0222d

- — — < : . — < .
ir+ i) (1 +J2)! T (i iz + g+ g2)! T (len(S) + len(T))!

|af,i1,i2b€7j1,j2| < (

The last inequality holds because, in all error types, len(S) 4 len(7") is at most the
degree of the product. O

3.5 Polynomial Approximations of the Exponential

Our goal for this section is to construct a polynomial approximation to e that satisfies
the properties necessary for our algorithm. In particular, we need a polynomial that
approximates e* on an interval [—k, k], but with the additional property that the

polynomial does not grow too quickly outside the area of approximation.

Definition 3.5.1 (Flat approximation of the exponential). Given ,7 € (0,1) and

Kk > 1, we say a polynomial p(x) is a (k,n, e)-flat exponential approximation if
1. |p(x) —€e”| < e for x € [—k, K], and
2. |p(z)| < max(1,e*)el .
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The canonical polynomial approximation of e is its Taylor series truncation.

Definition 3.5.2. Let s/(z) = Zi:o xk—lf denote the degree-¢ truncation of the Taylor

series of e*.

Remark 3.5.3. The Taylor series truncation sg(x) does not satisfy our desired
approximation properties from Definition [3.5.1] even for large ¢. This is because the
truncation blows up too quickly on the negative tail: |s,(—/)| = ¢’ > ¢". The same
issue occurs with conventional approximations of the exponential, like truncations of
the Chebyshev series and QSVT-style “bounded” approximations of the Chebyshev
series [92, 200]: these truncations at degree ¢ fail in the region around —/ (so, notably,

increasing the degree does not improve the flatness parameter of these approximations).

70
—_— exp(-x)
604 —— Taylor truncation
Flat approximation
s04 — Flatter approximation
----- exp(2|x|/3)
40 A
30 1
20 A
10
0 -
=104

0 20 40 60 80 100
Figure 3-1: Plots (on log log scale) of the Taylor series truncation and our flat

polynomial approximations to the exponential e”*. Observe that the Taylor series
fails the flat approximation property because it exceeds the reference line e2*/3.

While standard techniques for approximating the exponential do not suffice, we

construct a modified polynomial that is a flat approximation to the exponential.

Definition 3.5.4 (Iteratively truncated Taylor series). For positive integers k, ¢, we
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define
Pre(x) = s20(x/k) - sa0(x/k) -~ s9r0(2 /)

to be the product of £ geometrically increasing Taylor series truncations. Next, we

define a shifted integral of py¢(z) as follows:

Qre(x) =1 +/ Pre(y) dy .
0
The degree of py(x) and gx e is (28! — 1)¢ and (2" — 1)¢ + 1, respectively.

It will also be important that py, is always positive and thus g, is monotonically

increasing. The main theorems that we show in this section are as follows:

Theorem 3.5.5 (Flat approximations to the exponential). Given e, € (0,1) and
k=1, let k > 5/n and ¢ > 100(k + logk/c). Then the polynomials pye, qre are

(k,n,€)-flat exponential approximation.

Theorem 3.5.6 (Monotonicity of the flat approximations). For any positive integers

k,?, we have the following:

et { 05(z = »)(1+ 0.25(x — 9)) (gk.e(x) — are(y)) — 0.00025(z — y)*pie(x) >0 }.

Moreover, the LHS is a (102”’, 2k + 10, 2002k6)—b0unded sum-of-squares polynomial in

x and y.

Remark 3.5.7. Note that Theorem [3.5.6| stems from the intuition that roughly we
should have

Grs(0) — uely) = / ) dy > (2 — 9)(ec) — pray).

However, the above isn’t quite true, so the additional terms in Theorem [3.5.6) are there
to account for this. The fact that the difference is not only non-negative, but also a

sum of square polynomials will be crucial later on in the analysis of our algorithm.
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We will prove Theorem [3.5.5| in this section. The proof of Theorem [3.5.6|is deferred
to the appendix as it is quite long and computational. We begin by establishing
some basic facts about the truncated Taylor series and our polynomials p and ¢q. The
following fact follows from Taylor’s theorem, which implies that for every x € R there

exists some ¢ € [0, 1] such that

(3.9)

Fact 3.5.8 (Bounds on truncated Taylor series of €*). For x > 0, e* > sy(x) for all £.

For x < 0, we have so—1(x) < €* < s9(x) for all L.

Corollary 3.5.9 (Even truncations are non-negative). For any { € N, for all z € R,

Sop(x) = 0.

Lemma 3.5.10 (Taylor series truncation of e*). Given ¢ € (0,1) and b > 0, let
0> 10b+log(1/e). Then |s¢(z) — e*| < € for x € [—b,b).

Proof. This statement also follows from Taylor’s theorem (3.9)). From this, for all z,

the approximation error of the Taylor series truncation is

[ |01 ¢
seaw) — e < S <o (21

Taking ¢ > e?|z| + log(el*l /&) makes the above expression bounded by 5 The final

bound comes from taking |z| < b. O

Claim 3.5.11. The polynomial py, is ((2*7' — 1)/, 1)-bounded and the polynomial
Qre is (281 —1)¢ + 1,1)-bounded.

Proof. Note that the coefficients of the monomials in pj , are all positive and are all

TTThis can be improved by a log log factor [92, Lemma 59|, but this does not improve the degree
for the parameter setting in our application.
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less than the coeflicients of the monomials in

7L BT R
1+ +)

T

where we replace each truncated sum with the full infinite sum. However the above is

exactly equal to 14+ z + “"2—? +.... Thus for any degree d, the coefficient of z% in py ,(x)

is at most 4 s0 pry is ((25F! — 1)¢, 1)-bounded since its degree is (2871 — 1)¢. Recall

that gy ¢ is obtained by integrating p and thus we immediately get the same bound on

the coefficients of gy, i.e. it is is (2871 — 1)¢ + 1,1)-bounded and we are done.

Now we move onto the proof of Theorem [3.5.5]

O

Proof of Theorem[3.5.5. We prove the statement for py, first. By Lemma [3.5.10| (with

£ < ¢/(k2°))), we have that for all z € [k, K|

soig(/k) €
ex/k —1 < k- 621{
and thus,
1_i<pk,é(x)_1<1+i
€2K ex tei

so we have |py(z) — €*| < ¢/k on the interval [—k, k]. Now we immediately get the

same guarantee for gy ,(z) by integrating the above.

Now we prove the second condition for p;,. For z > 0, we simply incur the e” upper

bound by Fact [3.5.8] For = < 0, let jo be the smallest positive integer such that

—x < 207 k¢ then for all 1 < j < jo,

(x/k)”!
svie(z/k) < @O

Also, for all 7 > jo + 2,

T 274
sy /) = sr (k) + LT oy (

(290)!

128

(3.10)



where we used Fact [3.5.8 Finally, for jo < j < jo + 2 we have

7 /k)2¢ /)2 /)2
soie(x/k) = s2i0-1(x/k) + ((é]k;g)y <1+ ((éjkg))' < 2max <((£Z))' ,l> (3.11)

Overall, combining the above, we conclude

k’ 204
Pre() = So(x/k) - - - sorp(x/k) < 8Hmax ( ) 1> (3.12)
where the factor of 8 is because we need to apply (3.11)) on at most 3 terms. Note
that there must be some ky € { jo, jo + 1,70 + 2 }, such that

(x/k)>"
(210)]!

> 1,

exactly when j < kg. Then, we can upper bound Equation (3.12) as follows:

8(x k)0 -2t

< 3.13
Peel) S gy @) (3.13)
Further, we have that
((2koFL — 2)0)!
(20)! - (2%0) > 1@y
Substituting in Equation (3.13), we get
(/)20 o,
pualo) < gy <" (3.0

The desired bound for ¢ then follows as well from the definition as ¢ is obtained by
simply integrating p. O
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3.6 Accessing Gibbs States: The Quantum Piece

We now describe how our algorithm uses its copies of p. This is the only location in
the algorithm where we access p; the rest of the algorithm is entirely classical. By
making measurements on copies of p, we can estimate expectations of observables
tr(Xp) for various choices of the matrix X. These estimates will then be used in the

learning algorithm.

Lemma 3.6.1. Let X = UDU' € CV*N be a unitarily diagonalizable matriz, and
suppose we are given copies of a quantum state with density matriz p € CN*N. Then
we can estimate tr(X p) to €| X|| error with probability > 1—6 using O(Z% log 3) copies
of p. The running time is the number of samples times the cost of applying UT to a

quantum state and measuring in the computational basis.

Proof. Consider taking p and applying U' to form UfpU, then measuring in the
computational basis. We see the outcome i with probability (u;|p|u;), where w; is
the ith column of U. Let z be the random variable attained by performing this
measurement and taking z = D, ;; then E[z] = > . D;; (w| p|uw;) = tr(Xp), and 2z
is always bounded by max;|D;;| = ||X]||. By a Chernoff bound we conclude that
averaging O(E%log %) independent copies of this estimator gives the desired error

bound. O

We wish to estimate tr(Xp) for many different Pauli observables X, so we could
simply run Lemma for each one. However, we can use a classical shadows-like

procedure [120] to estimate them all at once.

Lemma 3.6.2 (Computing expectations of observables of Gibbs states). Let H =
Yot AaEy be a R-local Hamiltonian on n qubits whose dual interaction graph & has
mazimum degree 0. Consider the set of (-&-local Paulis, Py. There is a quantum
algorithm that, with probability > 1—§, outputs estimates of tr(PyPyPsp) to € error for
all Py, Py, Py € Py. This algorithm uses t = (9(4; log @) samples, O(nt) quantum

gates, and poly(t,n, |Py|) classical post-processing time.
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Proof. Consider the following procedure, where we take as input a copy of p, rotate
into the eigenbasis of a Pauli matrix P € P chosen uniformly at random, and then
measure in the computational basis to get a measurement outcome b € {0, 1}". Take

t = 0(% log ‘Pdg) of these samples (P, b) and denote the collection S.

g2 5

Now, consider estimating some tr(Xp) where X = UDU' € P and supp(X) < 3/;

P, P,P; is such an X, up to a root of unity. Since

t1(X p) = trsupp(x) (X(supp(X)) t)—supp(x) (),

it suffices to consider p on the support of X. Let 7 C S be the collection of samples
whose Pauli matrix agrees with X on the support of X. Then we can use this
subsample to run Lemma and estimate tr(Xp), as all that is needed to use it are
measurements in a basis where X is diagonal. Since the probability that any given
sample is in a basis where X is diagonal is > 473, with ¢ samples we can guarantee
that we get an estimate tr(Xp) to e error with failure probability §/|P,|*. By union
bound, we can then conclude that with our set of samples we can get e-good estimates

of every tr(P, Py Psp) with probability > 1 — 4.

The running time can be seen to be poly(¢,n, |P|). Note that, for any product of
Paulis P € P, we can apply the quantum gate to rotate into its eigenbasis with O(n)
43¢

gates, so the quantum gate complexity is O(nt) = O(%5" log @) O

£2

3.7 Algorithm and Analysis

Now we are ready to present our learning algorithm. We will show:

Theorem 3.7.1 (Efficiently learning a quantum Hamiltonian). Let H =Y _"" | A\, E, €
CN*N be a (0, 8)-low intersection Hamiltonian on n qubits (as in Problem . Suppose
we are given the terms {E,}acpm), € > 0, 6 > 0, and copies of the Gibbs state p at a
known inverse temperature 5 > 0. Then there exists an algorithm that can output

estimates N, such that, with probability > 1 — 6, (Mg — Aa)? < €2 for all a € [m]. This
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algorithm uses
O((m® /=" ) log(m/8) + ((8,0)/(8%)) log(m/9))
copies of the Gibbs state and running time
poly(m, log(1/8)) - (1/e)"""" + f(8,0) - (m/(5%>)) log(m/5),

where f(R,0) is a positive function depending only on K and 0.

Specifically, we prove that, when 5 > ¢(RK,0) for some positive g, there exists an
algorithm that succeeds with sample complexity (m®/e#”””)log(m/§) and time com-
plexity poly(m,log(1/4))- (1/5)ef(ﬁ’a)ﬁ for some positive f(8&,0). We get Theorem m
by taking g to be the threshold at which the high-temperature algorithm [I03] stops
working and then combining our complexity bounds with that of the high-temperature
algorithm. That [ is lower bounded by a constant is just a simplification; the same

algorithm and analysis should work for any temperature upon appropriate adjustments.

We are concerned with the setting where & and 0 are constant (that is, when the
Hamiltonian is low-intersection), so we do not try to optimize dependence on these
parameters. Further, we assume that n = O(m); this is without loss of generality, as

m > n/K is necessary for the support of the Hamiltonian to be all n qubits.

Our main theorem follows from showing that a low-degree sum-of-squares relaxation
of a carefully chosen polynomial system can be rounded to obtain accurate estimates

of the true coefficients {As }oem). We first set up the system, and then build up to the
full algorithm (Algorithm [3.7.2]).

Presenting the polynomial system. We begin by setting up the precise poly-
CR, B

nomial system that we will then solve. Let ¢y = % for some sufficiently large

constant Cyg, depending only on & and 9. Next, let £y = 2% log(1/¢), ¢, = 48 and

define A = P,cy 5, and B =Py, (as in Definition (3.3.3).
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Let X = [N}, A}, ..., AL] be a set of indeterminates. We will solve a polynomial system
in these indeterminates, and then use it to extract estimates to the true coefficients.
In the system, and throughout, we denote H' =\ E,. This object H' is merely
notational convenience: we do not optimize with this exponential sized object. We
only ever need to work with traces of H' and thus our polynomial system admits a

succinct (polynomial sized) representation.

We begin by making measurements of p to construct g-accurate estimates to tr (A; As Asp)
for all Ay, Ay, A3 € A using Lemma . Let tr denote the map from A; A Asp to our
estimate of tr(A; A2 Asp), extended by linearity to linear combinations of such matrices
that we have estimated.@ Again, this is notational convenience for our polynomial

system.

By Corollary [3.3.14] |A] < m(100)* ™ % < m(1/£)1“**” so we can produce these

estimates in running time poly, ¢,(m, 1/¢) and sample complexity

43450 Py, | mS m
O( 52 log 4 g to — O W log g . (315)
0

This is the sample complexity of the entire algorithm, as this is all of the information

we need of p. Then, we write the following polynomial system:

(Vae[m] —1<)\;<1\
H =Y X-E,
Cy = aclm] . (3.16)
VA€ A |tr(A(H'p — pH")* < &
\VB1, By € B, [ix(Batcy s o (—BH'| B1)p) — i1(BiBaop)|” < €2

where ¢ is the polynomial from Definition [3.5.4] extended to commutators using Defi-

HTo make this well-defined, we need to ensure that we only estimate a set of A; Ay A3 that are
linearly independent. This simply involves removing duplicates up to phase.
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nition With this set of parameters, by Theorem [3.5.5)]

deg(qog .8,0) <2 40“5 log(1/e) + 1 and (3.17)

qCy 0Bt 1S 2 (().001 - 20808 log(l/&‘) ,0. 0018> -flat exponential approximation.

aﬁ
(3.18)

Representing the polynomial system. It is important to understand how the
above can be represented as a polynomial system in the X with real coefficients and
polynomial (in m) size. The key is that we can write the expressions inside the traces
in the form (>, (\)*M,) p where a ranges over low-degree monomials and M, are
rescaled Pauli matrices, which we can explicitly and succinctly represent. Then by
linearity of tr, we can write the system by plugging in our estimates for t~r(Map). For

example, for the first constraint, we can write

tr(Ay Ay (H' p—pH')) = tr((A Ay H'—H' A1 Ay) p ZX (tr(A; Ay Eqp)—tr(E, Ay Agp)) .

We can then plug in our estimates &(AlAgEap> and H"(EaAlAgp) obtained from
Lemma [3.6.2L These trace estimates may be complex-valued, so that tr(A; Ay E,p) —
tr(E, Ay Agp) = 1, + x4 for some 1, xo € R. We can rewrite this,

< e

S X )|
(Z Aaxa> + (X A;wa>2 <€,

revealing that we have a polynomial constraint in X with real coefficients. For the
second constraint, gc, ,s.6,(—BH'|B1) is a linear combination of nested commutators
[Ea,s [Eay 1y |- - - [Eay, Bil]]] where € < 24928 log(1/e) + 1, so by Lemma[3.3.4] such a

commutator is an element of A. The coefficient associated with this nested commutator
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s (—=B)'A,, ... X,,, so that for some polynomials p4(\') we can write

&(ngcﬁ,aﬁ,go( BH'|By)p Z pa(N)tr (B2 Ap) .
AcA
Since we can plug in our estimates with tr as before, this expression is well-defined.
We can further conclude that the associated constraint can be written as a polynomial
constraint in X" with real coefficients. Recall that |A| < m(1/ 5)10%’06. Furthermore,
by Lemma there are at most m(100)1 "% < m(1/)0°**” distinct monomials

in the ) that appear in all of the p4 and thus this entire representation has size

poly(m, 1/e).

Algorithm 3.7.2 (Learning a Hamiltonian from Gibbs states, Theorem [3.7.1]).

Input: Description of R-local Hamiltonian terms { £, }qc[, with dual interaction
graph degree 0; accuracy and failure probability parameters €,0 € (0,1);
inverse temperature 8 > 0; (mS/e*"“"?)log(m/d) copies of the Gibbs state

exp(—BH)

P = trexp(—BID for an unknown Hamiltonian H =) A\, E,.

Operation:

6
1. Set gg = m where 7 is a sufficiently large constant depending only

on R,0;
2. Set £y = 2% log(1/e), {1 = 4K;
3. Define A = Pypy,, B = Po,;

4. For all A € A, compute estimates tr(Ap) of tr(Ap) to o error using
Lemma (3.6.2}
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5. Consider the following constraint system:

(Vae[m] —1< )\, <1
H =Y X-E,
Cy = a€lm]
VA€ A lte(A(H'p — pH"))* < &
\VB1, By € B, |tr(Batcy s, (—BH'|B)p) — tr(BiBop)|” < &2

6. Compute a degree-O(27%() pseudo-distribution u consistent with Cy/;
7. Set A =E, [\];

Output: A such that with probability at least 1 — 8, [Ay — A\o|?> < €2 for all

a € [m].

Analyzing the polynomial system. We have now described the bulk of the algo-
rithm (Algorithm[3.7.2). To obtain Theorem we prove the following intermediate
lemmas. In light of Lemma [3.6.2] we may assume that all of our estimates are accurate

to within ¢y with high probability.

Assumption 3.7.3 (Measuring Gibbs states). For all A;, Ay, A3 € A, our estimate

satisfies

‘{Z}'(AlAQAgp) - tI’(AlAQAgp)| < o -

The first lemma states that when our estimates are accurate, the true coefficients i.e.

A = X are a feasible solution to the system.

Lemma 3.7.4 (Feasibility of the constraint system). If Assumption holds, then
the constraints in the system Cy in Equation (3.16)) are satisfied when N = X\ (so that
H =H).

Next, we need to prove soundness. The proof of soundness is broken into two key
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steps. First, we prove that any solution to the system must have H' = >\, E, nearly

commute with H.

Remark 3.7.5 (On sum-of-squares proof degree). All of our sum-of-squares proofs
will be of degree log(1/ 5)2f<ﬁ’0)5. For the sake of brevity, we omit the precise degrees

from all subsequent statements.

Lemma 3.7.6 (SoS finds an almost-commuting state). Assume that Assumption|[3.7.9
holds. Let H' = " A, E, and write i[H, H'] = Y v F, for some 2R-&-local terms

F, where each of ~y, are linear expressions in the X, (such a representation ezists by

Lemma . Then

{Cv} l)\_/ { @2 @ml> /o5 < vy < 9P 50 )

Using the above lemma, we can derive identifiability of each parameter in the sum-of-

squares proof system:

Lemma 3.7.7 (A sum-of-squares proof of identifiability). Suppose Assumption

holds. Given the constraint system Cy, for any term a* € [m],

(O P { Qe — X2 <28 )

Combining the above lemmas, we can almost prove Theorem We first show how
to immediately get the same learning guarantee with the same sample complexity but
a slightly worse running time. Later on, we show in Section [3.11 how to improve this

runtime and complete the proof of the stronger Theorem [3.7.1}

Theorem 3.7.8 (Weaker version of Theorem [3.7.1 E Let H=>" M\E, € C"¥N
be a K-local Hamiltonian on n qubits whose dual interaction graph has degree d (as
m Problem . Suppose we are given the terms {Eq}aeim), € > 0, 6 > 0, and copies
of the Gibbs state p at a known inverse temperature 3 > (10(0 4+ 1))~*°. Then there

exists an algorithm that can output estimates A, such that, with probability > 1 — 6,
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~

(Ao — Xa)? < €2 for all a € [m]. This algorithm uses

O((m®/="""" ) log(m/5))

copies of the Gibbs state and running time

(m/g)log(l/E)‘exp(f(ﬁ:O)'ﬁ).
where f(R,0) is a positive function depending only on K and 9.
p g Y

Proof of Theorem[3.7.8. Given O((mS /e’ “*”")1og(m/d)) copies of the Gibbs state p,
it follows from Lemma[3.6.2that with probability at least 1—4, Assumption holds.
Conditioning on this event, it follows from Lemma that the constraint system Cy
is feasible. Given a degree t = (277 log(1/¢)) = Q(2"%log(1/¢)) pseudo-distribution
1, where ~ is a fixed universal constant that only depends on R, 0, it follows from

Lemma (and redefining e appropriately as (¢/27%)2) that for all a € [m)],

(hoe — B V) < By [0 — X2 <22

The running time is dominated by computing a degree-t pseudo-distribution over

O(l)(l/g)eXp(O(Wﬁ))

m indeterminates and |A| + |B| < m many constraints. It follows

from Theorem [3.3.22 that the overall running time is at most

(m/g)log(l/a) eXp(O(’Yﬁ))7

which concludes the proof. O

3.8 A Proof of Feasibility (Lemma 3.7.4

Our goal in this section is to prove Lemma [3.7.4] which states that our constraint

system Eq. (3.16) is satisfied by the ground truth, A’ = A, when Assumption is
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satisfied. Since we are working with the ground truth Hamiltonian H, we can relax,

as our proofs need not be in the sum-of-squares system.

We first use the assumption to bound the error of replacing tr with tr in the constraints
of the sum-of-squares system. This constraint error comes from the sampling error of

our estimates of observables in Section [3.6]
Lemma 3.8.1. When Assumption holds, for all By, By € B,

|tr(B1 Bap) — tr(B Byp)| < Le

[tr(Bagy,6(—BH|B1)p) — tr(Bagys.e(—BH|B1)p)| < 3¢
Proof. Assumption [3.7.3] implies that

|tr( By Byp) — tr(BBsyp)| < 0.5¢

for all By, By. Next, by Lemma 3.3.12| and Claim [3.5.11] we can write g4, (—8H|B1)

as a linear combination of the form

ZCAA

where A C Pyysi144 and the coefficients satisfy 3, |cal < ((1+ 8)0)>""%. Thus,
conditioned on the event that Assumption holds, we have

|tr(Bagyp.eo(—BH|B1)p) — tr(Bagys.e,(—BH|B1)p)| < 0.5¢. O

We now prove that the first two constraints are satisfied, when tr is replaced by tr.

Lemma 3.8.2 (Feasibility of commutators). Let A be a matriz and let p be a Gibbs
state associated with the R-local Hamiltonian H =} (.1 A\aEa. Then for all a € [m],
|Aa] <1 and tr(A(Hp — pH)) =0.

139



Proof. By assumption, |A,| < 1. Next, since H commutes with p, for all A,

tr(A(Hp — pH)) = 0. O

It remains to prove that H satisfies the final set of constraints in Eq. , which
states that tr(Baq(—FH|B1)p) ~ tr(ByByp) when g is a good flat approximation to
the exponential e” (recall Definition . To provide intuition for this statement,
consider working in the basis where H is diagonal and its diagonal entries (and

eigenvalues) are o;. Then

tr((Bq(—=BH|B1) — B1Bs)p)

tr((Ba( By o {q(—B(0i — 05))}ij) — BiBa)p)
tr((Ba(By o {e P"9)};) — B1By)p)

tr((BopBip~" — BiB2)p)

Q

= tr(BypB1 — B1Bsp)

=0,

where the second equality uses that ¢ is a good approximation to e*. In the following
lemma, we make the above intuition precise, showing that when ¢ is a sufficiently good

flat exponential approximation, this derivation indeed holds up to some small error.

Lemma 3.8.3 (Feasibility of the polynomial approximation). Let H be a R-local
Hamultonian with interaction degree 0 and let p be a Gibbs state of H at inverse
temperature 3. For A, B € Pys and a polynomial q that is a (k,n,e)-flat exponential

approzimation where
(a) k= C1Plog(1/e) for some sufficiently large constant Cy depending only on K0,
(b) n < 1/(C2pB) for some sufficiently large constant Cy depending only on K, 0,

we have

| tr(Bq(—BH|A)p) — tr(ABp)| < 3| Alll|B].
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Proof. By a change of basis, we take H to be diagonal with H;; = 0;. Consequently, p

is also diagonal with p; = e 5% /tr e BH

, and

tr(Byg(—~BH|A)p) — tr(ABp) = tx(B - g(~BH|A) - p) — tx(BpA)

~ trefH Z( ilg(—BH|A)]ze P77 — le.Aijefﬁrfi)

Z] 1
T tre- 5H Z < Aijq(B(oj — o7))e " — sz‘Aije_ﬁm>
- m Z BjiAij <Q(ﬁ(0-j - 0'2)) — eB(UJ z))e B i,
i,7=1

(3.19)
where the first equality follows from cyclicity of trace, the second uses its definition,
the third uses Definition [3.4.2] and Lemma and the fourth groups relevant terms
together. Now, we use that ¢ is a (k, 7, €)-flat exponential approximation to bound
this quantity. Let L = x/(33) and let S, = {i € [N] : 0; € [aL,(a + 1)L)}, so that
[N] =L, Sa (where the index goes from —oco to cc.) Continuing from Eq. (3.19),

N
tre;gg > Bidy (q(ﬁ(aj —0;)) — eﬁ(aj—an) o0
i,j=1
- Jm%mi Z Z Z Z Bj;i Aij <q(ﬁ(aj —0;)) — J(Urm))efﬁaj

b 1€S4, JESy

"L LY X Bs(ate— o) =) a0

a ZESaJESa+a
Now, we bound ({3.20) by breaking into cases depending on the value of . First,
suppose —2 < a < 2. For i € S, and j € S,.,, the input to ¢ is bounded by

ke Blo; —oi] < fla+ 1)L < k. So it follows from the approximation guarantee

(Definition 3.5.1)) that

lq(B(o; — 07)) — P75=)

<e, (3.21)
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and thus

‘Z Z BjiAij (Q(ﬁ(aj —0)) — eﬁ(aj_oi))e—ﬁaj

1€S, jESa+&

<e), Y [Budile™™

i€Sa j€Sata

(max Z \BJZAUD Z e P

J€Sata

jESa+a
<e (r%ax Z\Bﬂ| Z]AUP) S e
I€3ata i€5 j€Sata
< €HASH.7Sa+a || HBSa>Sa+aH Z eiﬁO’J‘? (322)
JESa+ta

where Ag, g, and Bg, g, are the submatrices of A and B indexed by i € S, and j € S
(in the eigenbasis of H). Next, suppose o > 3. For i € S, and j € Sy44, 0; > 04, 50 by

the guarantee on ¢ (Definition [3.5.1), |¢(8(c; — 07))| < max(1, ef@i=o0)enlBli-onl =
e(1+mB(ei=oi)  Thus,

‘Z Z BjiAyj (q(ﬁ(oj —0y)) — eﬁ(ﬂjfai))efﬁgj

1€S, jESa+a

Z Z ’ ZJ’( (1+m) (ajigi)—l—eﬁ("j*ffi))efﬂaj

i€Sa j€ESa+ta

=Y D> IBiudyl (enﬁ(grg") + 1) e P

1€Sa JE€ESata

< <€n6(a+1)L +1) (m%x Z |sz‘Aij|> Z e Poi

1E€S5q
jESa+a i€S,
< (P 1) As, v | sl Y €777 (3.23)
i€Sa
Finally, suppose o < —3. For i € S, and j € S,44, We have 0; < 0y, so by the same

guarantee on ¢ (Definition [3.5.1)), |¢(8(c; — 04))| < e"?(?:=93). Thus,

’Z > BﬁAz‘j(q(ﬁ(aj—am_eﬂwj—on)e—ﬂaj

1€Sq jGSa+a

<30 N IBiAyl (et la il ooy

1€Sq JESata

SB[ As 0 | (3 € 4 B0 S oim) - (3.04)

ieSa jesa+a
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By Corollary |3.3.10} for an absolute constant ¢ > 1 depending only on K, 0,

||ASG7Sa+aH < ||A||eC—(|CY|—1)L/c
(3.25)
I1Bs, .50, || < || Bl|ecUel=1E/e

We choose 1 = 1/(C53) small enough to ensure that n3(|a|+1) < (Ja| —1)/c whenever
|a] > 3. Combining Egs. (3.22)) to (3.25) with the above, we get the following bound

on Eq. (3.20).

Z tre- BH Z Z Z BﬂAw< —0;)) — 66((’]'_”2'))6_6‘” from Eq.

a i€Saq j€Sata

<o MZ(Z el A5, 5l Bs,snl S € by Ed.

a=2 j€Sata
+ 3 (P 4 1) As, 5o I Bsusurall Y 75 by Eq. (523)
a=3 i€S,
+ 3 1By 500 Il As, 50l (Z ¢~ 4 nAlabL § 6—60j>>
a=-3 i€Sa j€Sata

by Eq. (3.24)
Al|||B ,
< HtrLIHﬁHH Z(Z 3 e

a a==2 jESaita

o0

+ 37 (A 4 )2 llelDL § e
a=3 1€Sq
+ Z ¢2e=(lal=1)L/c) <Z e~ Pt nAelinL § 6—5@)) by Eq. (3.25)
a=-3 1€Sq JE€Sata
2
= s Y
a=—2
+ 37 (e 4 q)2e—al-L/e)
a=3
I Z ~(lal=DL/0) (1 4 gndllal+1)L )> by Y0 Yies,., € = tr(eH)
a=-3
<G+ ANIBI(e+ Y (14 lebnrye2ioie)

a,]al=3
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<G+ e e AB] e+ Y 2elelvLe
a,|al=3

< zell Al B taking L = r/(33) > C1log(1/e)

The last step is where we need C] to be sufficiently large in terms of K&, 0. Plugging

this back into the relation at the beginning, we conclude
| tr(Bq(—BH|A)p) — tr(ABp)| < 3¢l All|| B

as desired. [

Now we can complete the proof of Lemma [3.7.4]

Proof of Lemma |5.7.4. The first two constraints are satisfied by Lemmas|3.8.1|and [3.8.2}

|tr(Ay Ao (Hp — pH))|* < 2|tr(A1Ax(Hp — pH))|? + 2|tr (A1 A (Hp — pH))? < §2°.
(3.26)

As for the final constraint, by Theorem [3.5.5 and as stated in (3.18]), the polynomial

e840 18 @ flat exponential approximation with parameters

5
0.001 - 27% 1og(1 /e ,—,0.0016).
( g(1/¢),

Thus, by Lemma [3.8.3] we have
|6v(B2gyp,6 (= BH|B1)p — tr(B1Bap))| < 0.1e

for all By, By € B. Combining the above with Lemma immediately implies that

all constraints are satisfied. O
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3.9 A Sum-of-Squares Proof That the Commutator

Is Small (Lemma 3.7.6

In this section, we prove Lemma [3.7.6] We will only use a subset of the constraints,
namely the commutator constraints involving tr(A(H'p — pH")), to prove this. The

proof will involve two parts. First, we will show that the constraints imply that
tr([H, H'|(H'p — pH')) is small. Then, we show that tr([H, H'|(H'p — pH')) being
small actually implies that [H, H'| must be small.

Lemma 3.9.1 (Trace inner product is bounded). Under Assumption we have
{Cn Y= { Ite((H, H')(H'p — pH))| < m*(1070)°e0 } .

Proof. By Lemma [3.3.4, we can write [H, H'] = Y pcp,  fo(N)F where each f, is a

linear functions of A},..., X/ . Furthermore we have the following properties
e Each f, has nonzero coefficients on at most 0 terms
e All of the coefficients in each of the f, have magnitude at most 1

The total number of terms F' € Pag is at most m(10%0)? (recall Corollary (3.3.14)).
We have the constraint —ey < tr(F(H'p — pH')) < &¢ for each F' € Pygq, and thus

summing over the F’s

(e ype {t’?qﬂ, H\(H'p— pH') = tx( Y LN)F(H'p — pH))

FePog

(3.27)

where the first inequality follows from the constraint that —1 < A, < 1 and that each
fo has at most 0 non-zeros, and the second inequality follows from there being at most

m(10%0)? terms F € Pyg and the corresponding trace being at most gy due to the
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constraints. Similarly, we can derive

{Cx}IA—/{&([H,H/](Hp pH')) = —m10*0’e } (3.28)

Next, again expanding H and H’ in the Pauli basis, we have

l)\_/ { tl"([H, H/KHIP - pH,)) = Z thFz()‘/) tr(FlFQP) } ) (329)

F1,F2€P2q

where g, g, (\') are quadratic functions of the X" each with at most ® nonzero monomials

and coefficients between £2. Similarly,

[~ { w([H H(H'p—pH)) = > gr.pn\)tr(FiFp) } (3.30)

F1,F2€P2q

Using Assumption and the constraint that —1 < A, < 1, we have

{Cn 3= {tr([Hy H'|(H'p — pH'"))

< E 9r 5 (N )t (F1Eap) + € - § 9r,F (A
F1,Fo€Pog F1,Fo€Pog

= tr([H H|(Hp—pH )+ > grm)

F1,F2€Pag
m2(10ﬁ‘0)560 },

where the first inequality follows from (3.29)), (3.30) and Assumption and the
second follows from ([3.27]), the fact that ¢ has coefficients between [—2, 2] and there

(3.31)

are at most mz(l()ﬁb)4 terms Fi, Fy € Pog. Similarly, using the lower bound estimate

in (3.28)) we have

{Cy} |*—' {tr([H, H'|(H'p—pH")) > —m2(1oﬁo)5ao}, (3.32)
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which completes the proof. O

Next, we move on to the second part of the proof. First, we prove the following
inequality relating tr([H, H'|(H'p—pH’)) to tr((i[H’, H])?p). We note that we consider
the expression i[H’, H| to ensure that the matrix is Hermitian and the coefficients of

the ] are real.

Lemma 3.9.2 (Lower bounding the commutator at arbitrary temperature). Given

0<f, H =3 icpmNEi, H=3 e,y NEi and p= e 1 we have

P e Gl 1)) < (e B0 = piT) |

Proof. Consider the basis where H is diagonal and let its eigenvalues be o;. Let

Z = tr(e ). Then,

= {tr([H” H](H'p — pH')) = tr((H'H — HH')(H'p — pH'"))

- %tr((ﬂ' o {oj —0:}ij)(H o {77 —e77}y))

= Z H{; Hij(o; — o7) (e — e7073)
= —D 5= o) (e — )
—— Z| — 0 (1 _ 6—5(0]'—01'))6—501‘}

(3.33)

By a similar argument,
2 {tr((i[H'a H])?p) = %tr((ﬂ' o{o; — oitij)(H o {(0; — 0)e "7})))

:—Z| —012_601'}.
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We observe that, since € > 1+ x, e™* < lﬁ, and so

2
o1 =) > fal(1 = ) > T

Applying this inequality with = o; — 0, which are constants in the sum-of-squares

proof system, and substituting back into (3.33)), we have,

IA—’{truH’,H](Hp pH')) D 0i)(1 — e Hnod)emin

/6 —Bo;
> ZDH{]-P(@ ~ o) et
1]

1+ |Blloj — ail

(3.35)

=

6 _ ~)\2,—fo;

B B T2
= HQ—BHH“U(O[H,H]) p)},

where the second inequality follows from |o; —0;| < 2||H|| and the last equality follows

from ((3.34)).

Lemma 3.9.3. Let H' = >."" | X E, and write i(H,H'| = Z‘ ZR‘”beb as a linear
combination of 2R-local Pauli matrices F, where each of the v, are linear expressions

in the A.. Then, for each ,, we have

{Cn P {92 < OBt ((i[H', H])?p) }.

Proof. Note that i[H’, H] is Hermitian and is 2R-local. Thus, by Corollary |3.3.8] we

have that for any real values for the )}, the inequality

Ve < e @ tr((i[H', H])?p)
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holds. Now both sides of the above are quadratic expressions in the A, so by Fact|3.3.29|
the difference between the two sides can be written as a sum of squares of linear

functions of the ;. Thus,

{Cn = {97 < P ta((i[H, H])?p) }

as desired. [

Now we can finish the proof of Lemma by combining the previous lemmas.

Proof of Lemma[3.7.6. Combining Lemma [3.9.1) Lemma and Lemma [3.9.3] we
get
N .

since ||H|| < m (and we can adjust the Og,(1) in the exponent to absorb the other

factors). It follows from Fact (3.3.33| that

{12 < O mie, ) |A_ {0015 25 < 4 < OO f5

and this is exactly the desired statement. O]

3.10 A Sum-of-Squares Proof of Identifiability (Lemma

In this section, we prove Lemma [3.7.7] At a high level, we will rely on properties of
qCs.8,60 PTOVEN in Section . However, since we are working with commutator poly-
nomials, we will need to invoke the translation between polynomials and commutators
in Section at each step. First, it is critical that H' and H almost commute so that
the “error" terms that appear in the translation (those on the RHS of Theorem

are small. We make this precise in the following subsection.
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3.10.1 Bounding Error Terms: Polynomials to Nested Com-

mutators

We begin by showing the following lemma:

Lemma 3.10.1 (Bounding switched commutators of type 3). Let S,T € {0,1}* be

arbitrary sequences of length at most €. Let A € Pg. Then we can write

ST (1Y), [[H H) (HH ) Al =Y GG

Ge€Pyeq1)5

where (. are polynomials in the N and the terms G, are in Paes1ys and have distance

at most 4(¢ + 1)R from the support of A. If Assumption holds then

{Cxv} |A_ { — (IS] + |T| + 1)!(20)*eC52 P15 /25

< (< (|S| + |T| + l)!<20)4£60ﬁ,0(5)m1.5\/%} '

Note that the iPHTl s to make the expression Hermitian so that the (. are real

polynomials.

Proof. We can write i[H, H'| = Y, 3 F, for F}, € Py and by Lemma [3.7.0]

{C)\’ } l/\_/ { _eoﬁ,a(ﬂ)mlﬁ\/% <y < eoﬁ,a(ﬁ)mlﬁ\/%} . (336)
For notational convenience, for an index j € {1,2,...,[S| 4 |T'|}, let A, ; be equal to

A, if the jth entry of the sequence ST (concatenated) is 0 and equal to A/, otherwise.

Now we can apply Lemma [3.3.12 (with & < 28 and 0 «+ 100?%, since [H, H'] is
28-local) to write

ST (), (1, 1), (L, H)r, A

_ olS|HT|+1 . ) . .
=2 Cay,..., a|s|4|T|:b )\aj-[J] Vo Aal ,,,,, a|s|+|T|:b

A1 yeeny a‘s‘+|T‘,b ]E[|S|+‘TH
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and each of the terms Aa1,~~-7a|3\+\T|7b € Paw+1)a and has distance at most 4(¢ + 1)K
from the support of A. Thus, we can rewrite the original commutator in the form
ZGCEH(sz (.G where each of the (. is a polynomial with real coefficients (because

the original commutator is Hermitian) in the variables A of degree at most 2¢ + 2.

Since we have the constraint —1 < A, < 1 and (3.36) and also we know that

—1 < A\, < 1, combining over all of the terms in the above sum,

{Cv YR {Co < (] +|T| + 1)!(20)2(SHTHD On0@ 15 207

The lower bound can be obtained in a similar manner. OJ

Lemma 3.10.2 (Bounding switched commutators of type 1 and 2). Let S € {0,1}*

be an arbitrary sequence of length at most {. Let A € Pg. Then we can write

iIS1[(H, H) g, A =) (G

where the terms G. € Py1)a and have distance at most ({ 4+ 1)K from the support of

A. Furthermore,
{Cv e {I¢el < (18] + 1)1(40)"}

Note that the il ensures that the expression is Hermitian so that the (., are real.

Proof. The proof is the same as Lemma [3.10.1] We don’t need Lemma [3.7.6] at all
and just need to use the constraint that —1 < A, < 1 and the fact that —1 < A\, < 1
to bound the coefficients. O

We will also need the following lemma that bounds the effect of the sampling error.
This is analogous to Lemma but we now need that it is enforced for all potential

choices of .

Lemma 3.10.3 (Estimated expectations are close to true expectations). Under
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Assumption [3.7.5, for all By, By € B,
{Cv } P {[80(Batcy .0 (—BH'| B1)p) — tr(Badcy .00 (—BH'|B1)p) > < 0.0167}

Proof. By Lemma|3.3.12 and Claim [3.5.11} we can write qcy ,5,¢,(—BH'|B1) as a linear

combination of the form ),  ,caA where A C P,c,,s+1, . and the coefficients c4

o R
are polynomials in the A" of degree at most gy ,s,,- Furthermore, the sum of the
magnitudes of all of the coefficients of all of the c4 is at most ((1 + B)O)QCR’OM%. We

can then write

I_ { &(BQQCﬁ,a/B,ZO(_ﬁH/ | B1)p) — tr(Baqcy 8,60 (—BH' | B1)p) = Z ca(tr(ByAp) — tr(ByAp)) } :
AceA

Thus, conditioned on the event that Assumption [3.7.3 holds and using the constraints
that —1 < X < 1, we get the desired bound. O

3.10.2 No Small Local Marginals in Sum-of-Squares

Now we move onto the main proof. At a high level, we will show that if H, H' are
far, then there must be certain choices for By, By in the constraint system {Cy }
that “witness” this and thus the constraints will be violated. We break up the desired

statement into a series of inequalities.

First, we can take a suitable linear combination of the constraints to derive that
the following quantities must be small. Note that in the expressions below, B and

[H — H', B] + 0.25[H — H', Bl3 are playing the role of our “witness”.

Lemma 3.10.4 (Nested commutator polynomials are bounded in SoS). Let g denote

the polynomial qc, ,p.0,- Under Assumption we have for any B € Pk,

{Cxv Y P~ {|tr(([H — H', B] + 0.25[H — H', Bls)(¢(~BH'|B) — ¢(—BH|B))p)| < (20)'%%}
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Proof. Fix any B € Pg. By Lemma [3.3.4, we have

- { i((H — H',B] +0.25[H — H',Bls) = > wF } :

FyePyg

for some ~, that are degree-3 polynomials in the indeterminates (\;)’s with real
coefficients (because the expression is Hermitian) in the . Since —1 < A\; < 1 and we

also have the constraint that —1 < A, < 1, we get

(e P { (20 <m < (20)° )

Also, at most 9 of the =, are nonzero. We recall the following statements: for all

Bl,BQ S B,

{ox Y P { (Baa(—=BH' | B)p) — r(Bag(=BH' | Bi)p)|” < 0.012* |

(Lemma 3-10.3)

P [Br(Baa(=BH | Bi)p) = tr(Bag(=BH | By)p)|” <0012 },
(Lemma B8.1)

>~ { [60(B1Bap) — tr(Bag(—BH | B1)p)|* < &2 } (Lemma [3.7.4)

Using the (last) constraint in the system C, and the above, we deduce

{Cx} |A— {|tr(Bagcy 5,60 (—BH'|B1)p) — tr(Bagcy o506 (—BH|By)p)|* < 1.44¢%} .

Now we can plug in By = B and By = F; into the above and then take a linear
combination with coefficients equal to the ~,. Using the properties of the 7, at the

beginning, we conclude
{Cx Y P= {In([H — H', B] +0.25[H — H', Bls)(a(~BH'| B) — q(8H|B))p)| < (20)°}

as desired. 0
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On the other hand, we will show using the properties of qcy 5,4, in Theorem that

the expression on the LHS in the above is actually lower bounded by some function of

[H — H', B]. The first step of this is the following lemma.

Lemma 3.10.5 (Key polynomial identity for nested commutators in sum-of-squares).

Let

X(B) =tr (([H — H', B] + 0.25[H — H', Bls)(qcy 5.0 (—BH|B) = qcy,p.6(—BH'|B))p)

~ 5000 (tr([H - H, B]2pcﬁ,aﬁ,eo(—ﬁH\B)p)) _

Under Assumption[3.7.3, we have for any B € Pg,

{Cv P~ {Re(X(B)) > —¢}
{Cv P {IIm(X(B))| < €}

Proof. By Theorem [3.5.6] we can write the following polynomial equality in two formal

variables x,y

1

((x=)+0.25(2=9)°) (G o0 () e pto (9) 5000

(@=Y)*Pegapie (@) = Y ri(,y)?
j=1

(3.37)

where m < 1027**"% and each of the polynomials r;is (29228, + 10, 2002%’3560)—

bounded. Also note that since H, H', B are Hermitian, for any polynomial ¢

P {q(H.H'| B)' =q(~H.~H'| B) } . (3.38)
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Thus, we can apply Theorem to write the following formal identity:

- { tr ([ — H', B] + 0.25[H — H', Bls) (o 5.0 (~BHIB) ~ e ppin( ~BH|B))p)

1
2000

" te(ry(H, H'|B)r; (H, H'|B)'p) + D},
j=1

tr([H - Hl? B]Qpcﬁ,aﬁ,fo(_ﬁH‘B)p)

(3.39)

where D is a sum of four types of terms given on the RHS of Theorem [3.4.9] By
Claim [3.5.11} all of the polynomials in the original identity are (2652714, 2002%’0%0)-
bounded and thus Theorem 3.4.9 combined with applying Lemma[3.10.1]and Lemmal[3.10.2]

to the individual terms in D gives us that

(00 Y - {Re(D)] < 27 ot 5 )
(O Y {Im(D)] < 2™ ooy )

Now by definition, 24Cﬁ’°ﬂe°m1'5\/% < 0.1e. Finally, it remains to note that
{Cy }B- {te(r;(H, H'|B)r;(H, H'|B){p) > 0} .

This is because we can rewrite the LHS above as ||p'/%r;(H, H'| B)||% which is a sum
of squares in the real and imaginary parts of the entries of the matrix p'/?r;(H, H'| B).
This matrix has entries that are polynomials with complex coefficients in the X.
Separating out the real and imaginary parts, the real and imaginary parts of the entries
are thus polynomials in the A with real coefficients. So overall, ||p'/?r;(H, H'| B)|% is
a sum of squares of polynomials in the \'. Combining everything with completes
the proof. n

Next, we analyze the subtracted term tr([H—H', Blapc, ,8.6,(—BH|B)p) in Lemma|3.10.5|
We use the property that pc, 4., 18 a good approximation to the exponential to relate

it to a much simpler expression.
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Lemma 3.10.6 (Derivative is uniformly lower bounded ). Define
Y(B) = tx([H — H', Blapc, 5.0, (—=BH|B)p) — tx((i[H — H', B])p).
Then for any B € Pg

{Cv P~ {Re(Y (B)) > —(20)"¢}
{Cn P {Iim(Y (B))| < (20)%¢} .

Proof. Let
Z(B) = tr([H — H', Blapcy 1p.6(—BH|B)p) — tr(B[H — H', Blsp) .

We can write [H — H', Bly = > p, cp. - Wl for some v, that are degree-2 polynomials
with real coefficients (because the expression is Hermitian) in the A’. Since —1 < \; <1

and we have the constraint that —1 < A, < 1, we get

(v TP- {—(20)2 <y < (20)°). (3.40)

Also the number of nonzero ~, is at most 202. Now by Theorem the polynomial

Dey .84, 15 @ Weak exponential approximation with parameters

5
(0.001 2908 1og(1/e), AL 0.0015) .
R0

and thus by Lemma [3.8.3] we have

| tr(Fpeg .00 (—BH|B)p — tr(BFp)| < 0.1e

for all F' € P3g. Note that the above is simply a numerical inequality and does not
involve any variables of the SoS system. Now taking a linear combination of the above

over all I € Psgq given by the decomposition [H — H', Bly = Y 1, cp. 1Fp and using
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(3.40), we conclude

{Cx } P~ {Re(2(B)) > —v'e}

N (3.41)
{Cv P {IIm(Z(B))] < v}

Next, note that
Y (B) — Z(B) = tr(B[H — H', B][p, H'])

and writing B[H — H’, B] as a linear combination of elements of Pyg and using
that —1 < A, < 1 and the constraint —1 < A, < 1, we get (from the commutator

constraints in { Cy })

{Cv P {|Re(Y(B) — Z(B))| < £}
{Cv YRS {Im(Y(B) - 2(B))| < £}

N

and combining this with (3.41)) completes the proof. H

Lemma 3.10.7 (No small local marginals for H — H'). Fiz a B € Pg. Write
i[H — H' B] = ZFber Yo Fy as a linear combination of 28-local Pauli matrices Fy

where each of the vy, are linear expressions in the X'. Then, for each ,, we have

{00 YR {37 < OO a(GH — H' B)p) }.

Proof. The proof is exactly the same as the proof of Lemma [3.9.3 O

Lemma 3.10.8 (Selecting each coefficient in Hamiltonian). Let X =3 5 p . E,
be written as a linear combination of K-local Pauli matrices. Then for any E, # 1,

there exist B € Pg and P € Pyg whose supports intersect with E, such that

P{@wm&mmf:ﬁ},

Proof. Note that for any Ay, As, B € Pg such that [A, B],[A2, B] # 0 and A; # A,,
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then [Ay, B] # [As, B]. In other words, taking the commutator with a fixed Pauli
matrix is injective as long as the commutator is nonzero. Now since F, # I, clearly
we can choose B € Pg with the same support as FE, such that [B, E,] # 0. By
Lemma [3.3.4] we can write i[X, B] as a linear combination of 28&-local Pauli matrices
and the coefficient of i[B, E,]/2 (which is a 2R-local Pauli matrix itself) is +2x,. Thus,
taking P to be i[B, E,]/2 gives the desired equality. O

Now we can complete the proof of Lemma [3.7.7]
Proof of Lemma[3.7.7. Combining Lemma [3.10.4] Lemma [3.10.5] Lemma gives
{Cv Y- {tr((G[H — H', B])?p) < (100)%¢} .

Note that i[H — H', B] is Hermitian so the expression on the LHS is a real polynomial
in the \'. Now fix an index a and we will analyze A\, — \,. By Lemma [3.10.8 we

can find B € Pz and Fj, € Pog such that the coefficient of Fy in the representation
i[H — H',B] = }_p, cp,. Wl is £2(As — A;). Then Lemma implies that

(O }P= {0 — AP < 20008¢)

as long as Cl, is sufficiently large in terms of &, 0 and this completes the proof. [

3.11 A Faster Algorithm

We now complete the proof of Theorem [3.7.1] The key to obtaining the faster runtime
is observing that actually only a specific family of monomials appear in all of the
sum-of-squares proofs in the previous sections. The key observation is formally stated

below.

Definition 3.11.1 (Relevant monomials via cluster expansion). We say a monomial in
the variables X', say A, A, - - - A;,_, is relevant if there exist three clusters (Ec[ﬁ, N EL[]]C)

for i € {1,2,3}, B\ € Py such that
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o O < 10-4%2Plog(1/e)
o {E,,....,E,.} C UZ{E([;], e Ec[f]c} as unordered multisets
We use L to denote the set of all relevant monomials in the ).

Lemma 3.11.2. Fix a E, € Pg. Then we can write

2008 — (N, — \L)? Z'r’l (N)? Hg

ges;

where the r; are polynomials in the X' and S; are subsets of constraints in {Cy }
(written in the form g(\') = 0 ). Furthermore, each product of constraints [ g, g(\')

mwvolves
o At most one commutator constraint
o At most one polynomial approzimation constraint
o A product of the constraints \, +1 > 0,\, — 1 < 0 where the )\, that appear

form a relevant monomial

Proof. This follows from examining the proofs in Section [3.9) and Section [3.10.2] using
Lemma to characterize all of the monomials that appear whenever we expand a
nested commutator in H and H’. Note we can ensure that all of the constraints being
multiplied in the sets S; are distinct because if any constraint is multiplied twice, we

get a term of the form g(\')? and can instead fold it into the r;(\')2. O

Now using Lemma [3.3.13] we can count the total number of relevant monomials.
Lemma 3.11.3. The total number of distinct relevant monomials is at most m -

(1),

Proof. This follows immediately from Lemma [3.3.13] O
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Finally, we have the following theorem from Steurer and Tiegel [198] that allows us
to solve sum-of-squares systems with running time depending only on the number of

monomials that appear in the proofs.

Theorem 3.11.4 (Degree reduction via linearization[198]). Let p : R" — R be a
multivariate polynomial of degree at most t. Suppose that there exists a system of
polynomial inequalities A = {q > 0,...,qn = 0} such that A I% {p(z) = 0} and
further assume that this proof can be written in the form

> ri(@)’ JT as(@)

% JES;

where S; C [m] and there are at most M distinct sets S;. Also assume that the
number of distinct monomials that appear in p(z) is at most N. Then we can write a

polynomial system A’ in x and some additional auxiliary variables such that

o A is feasible whenever A is feasible

o A {p(x) >0}

and we can compute a pseudoezpectation satisfying A’ in time O(m + M + (tN)?).

Proof of Theorem |3.7.1. The proof is exactly the same as the proof of Theorem [3.7.8
except using Lemma [3.11.3] and Lemma [3.11.2] to bound the complexity of the final
sum-of-squares proof and using Theorem [3.11.4] to solve the sum-of-squares system in

running time poly(m,log(1/0), (1/6)2f(ﬁ,a>3)' -
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Part 11

Learning General Quantum States

161



162



Chapter 4

Learning from Single-Copy

Measurements

Now we move onto the second thread of this thesis. In the first part of this thesis, we
focused on local Hamiltonians and their associated Gibbs states, which define systems
of particles that interact locally. In the next part of this thesis, we will study learning

general quantum states, which may have arbitrary non-local interactions.

We study quantum state tomography, which is perhaps the most basic inverse problem
for quantum systems. The learner is given n copies of an unknown d-dimensional
quantum mixed state p, and the goal is to output p which is close to p in some measure
of distance [, here we will consider probably the two most ubiquitous and well-studied

notions — trace distance and infidelity.

In the coherent setting, that is, when the learner is allowed to make arbitrary measure-
ments to the product state p®”, the situation is generally well-understood. The works
[170, T02| established the optimal rate for this problem, that n = ©(d?/e?) copies are
necessary and sufficient. The aforementioned paper of [102] also showed that, up to

a logarithmic factor, (d?/7) copies are sufficient and necessary to learn a state to

*Generally it will suffice to consider the setting where the success probability is some fixed
constant.
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infidelity ~.

However, in virtually all cases, the upper bounds that achieve the optimal rates
require heavily entangled measurements over the joint state p®". These measurements
require all n copies of p to be prepared simultaneously, which renders such approaches
currently impractical, at least in the near term. In light of this, there has been a recent
surge of interest in the incoherent a.k.a. single-copy setting. Here, the algorithm
is restricted to only making measurements of a single copy of p at a time. While
such measurements are strictly weaker than general entangled measurements, they are

much more practical and can be performed on real world quantum computers [123].

In this chapter, we will essentially resolve the complexity of state tomography with
incoherent measurements both for trace distance and infidelity. En route, we will
develop a new learning-theoretic framework for dealing with adaptivity, one of the

most significant challenges for reasoning about incoherent measurements.

4.1 Results

Throughout, let p € C%*? be the unknown state. Our goal will be to estimate p given

measurement access to copies of p.

Incoherent Measurements. Next, we formally define what we mean by an algo-
rithm that uses incoherent measurements. Intuitively, such an algorithm operates
as follows: given n copies of p, it iteratively measures the i-th copy using a POVM
(which could depend on the results of previous measurements), records the outcome,
and then repeats this process on the (i + 1)-th copy. After having performed all n
measurements, it must output an answer based on the (classical) sequence of outcomes

it has received.

One of the main difficulties that arises when dealing with incoherent measurements is
understanding the power of adaptivity. In general, an algorithm that uses incoherent

measurements can sequentially measure each copy of p, and moreover can choose how
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to measure the i-th copy of p based on the results of the previous ¢ — 1 measurements.
We say such an algorithm is adaptive. In contrast, a nonadaptive algorithm must

specify all of its measurements ahead of time.

Our Results We fully resolve the copy complexity of quantum state tomography
with (potentially adaptively chosen) incoherent measurements, for both learning in
trace distance and learning in infidelity. For trace distance, our main result is the

following:

Theorem 4.1.1 (Informal, see Theorem [4.2.11)). With incoherent measurements,
Q(d?/e?) copies are necessary for tomography of d-dimensional states to € error in

trace distance.

This matches the upper bound given by nonadaptive algorithms, and therefore for
this problem, adaptivity provably does not help. In contrast, for learning in infidelity,

our main result is the following:

Theorem 4.1.2 (Informal, see Theorem [4.5.1). With adaptive, incoherent measure-
ments, 6(d3/7) copie are sufficient for tomography of d-dimensional states to
infidelity.

Because trace distance and fidelity are related via 1 — F(p,0) < ||p — oli <

V2(1 = F(p,0)) |89], Theorem implies that Q(d®/v) copies are necessary for

tomography in infidelity, so up to polylogarithmic factors, our upper bound in Theo-
rem settles the complexity of tomography in infidelity with incoherent measure-
ments. This is an improvement upon the lower bound of €(d®/v?) for nonadaptive
measurements proven in [102], giving a provable separation between adaptive and

nonadaptive protocols.

Our Techniques Here, we give a very high level discussion of our proof techniques

for Theorems [4.1.1l and [4.1.2

"We use f = O(g) to denote that f = C - g-log®(g)) for some absolute constants ¢, C' > 0.
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We begin with the lower bound. The main difficulty with proving lower bounds for state
tomography with incoherent measurements is that essentially all the existing lower
bound frameworks in the literature were fundamentally for testing problems. In such
settings, it suffices to demonstrate hardness for a point-versus-mixture distinguishing
task, where the goal is to distinguish between the case where the unknown mixed
state is a single point versus the case where it is drawn from a mixture over alternate
hypotheses. Such a setup is mathematically nice because the resulting likelihood
ratios have a (relatively) simple multilinear form. However, for learning tasks, no such
reduction exists; indeed, it is more natural to demonstrate hardness for a mixture-
versus-mixture distinguishing task, but here the resulting likelihood ratios are much
more complicated. Indeed, this phenomena seems to appear more generally in a variety

of other (classical) learning settings, see e.g. [189].

We avoid this by directly bounding how much information the algorithm can learn
from incoherent measurements, a technique which we believe may be of independent
interest. We demonstrate that, for a carefully chosen prior on mixed states, the
posterior distribution of the algorithm after o(d*/e?) incoherent measurements is
anti-concentrated around the true mixed state. It is perhaps surprising that we are
able to directly bound the behavior of the posterior distribution, but it turns out that
the “tilt” caused by the measurements can be upper bounded “by hand”, and then the

required anti-concentration follows from classical results in random matrix theory.

We now turn our attention to the upper bound. First, let us briefly discuss why
adaptivity may help for learning in infidelity. At a very high level, learning in infidelity
seems to correspond to learning the eigenvalues and eigenvectors of the density matrix
to some degree of relative accuracy. However, nonadaptive algorithms are unable to
do this easily: the small eigenspaces are hidden by the “noise” caused by the large
eigenvalues. One the other hand, adaptive algorithms can learn the large eigenspaces,

then project them away to reveal the information about the smaller eigenvalues.

The main challenge with this approach is dealing with the error accumulation in
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the infidelity as we iterate this process. In particular, we cannot exactly learn the
large eigenspaces, and so we must control the error the projections incur. In constant
dimensions, one can directly brute force the calculations, but in high dimensions, the
calculations become intractable. Our main technical contribution for this part of the
paper is a new technique to bound the fidelity between two noncommuting states, by

carefully guessing a matrix square root for their symmetrized product.

Concurrent work. Our proof of Theorem directly generalizes to give that
O(dr? /) measurements are sufficient when the unknown state has rank-r. In concur-
rent and independent work, Flammia and O’Donnell [84] also obtain, up to polyloga-
rithmic factors, an upper bound of O(dr?/v) for tomography with adaptive single-copy
measurements. Their guarantee is somewhat stronger as their error is measured in
quantum relative entropy, which is an upper bound on infidelity. They also obtain a

bound of O(d3/2r%/2/~) for the same problem where v is given by Bures chi-squared

divergence, which also upper bounds infidelity

4.1.1 Additional Related Work

Apart from the aforementioned bounds, there have also been lower bounds in the
incoherent setting when the measurements are partially adaptive or come from a set

of bounded size [I56], and when the measurements are Pauli [86].

We also note there is a large literature on understanding the power that adaptivity
affords for tomography in infidelity in the asymptotic setting [28] 113], 159, 81]. They
obtain rates that are linear in 1/, but unlike our Theorem these results get

some unspecified dependence on d and/or only apply to the regime of d = O(1).

[205] gives upper and lower bounds for pure state tomography in a different setting
where instead of getting copies of the unknown state, one has access to a unitary

which prepares the state.

Finally, the recent work of [80] gives a constant-factor separation between non-adaptive
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and adaptive algorithms for quantum hypothesis selection, as well as a polynomial
separation for a problem in which one is promised that an unknown state can be
diagonalized in one of m known bases and would like to approximate the state in trace
distance by measuring copies. Their separation is with respect to the parameters d

and m, rather than € as in our work.

4.2 Proof of Lower Bound

In this section we prove Theorem [4.2.11] our hardness result for tomography in trace

distance.

4.2.1 Lower Bound Framework

We begin by reviewing a standard framework for representing an adaptive algorithm

as a tree.

Definition 4.2.1 (Tree representation, see e.g. [66]). Fix an unknown d-dimensional
mixed state p. An algorithm for state tomography that only uses n incoherent, possibly
adaptive, measurements of p can be expressed as a pair (7,.4), where T is a rooted

tree T of depth n satisfying the following properties:

e Each node is labeled by a string of vectors @ = (zy,...,x;), where each z; corre-

sponds to measurement outcome observed in the i-th step.

e Fach node x is associated with a probability p”(x) corresponding to the probability

of observing @ over the course of the algorithm. The probability for the root is 1.

e At each non-leaf node, we measure p using a rank-1 POVM {wxd . :CxT}w to obtain
classical outcome x € S?~!. The children of x consist of all strings ' = (1, ..., 2, )

for which z is a possible POVM outcome.
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o If ' = (zy,...,74, ) is a child of x, then

P(&) =p’(@) wed - alpr. (4.1)

e Every root-to-leaf path is length-n. Note that 7 and p induce a distribution over
the leaves of 7.

A is a randomized algorithm that takes as input any leaf @ of 7 and outputs a state
A(x). The output of (7,.A) upon measuring n copies of a state p is the random
variable A(x), where x is sampled from the aforementioned distribution over the

leaves of T.

We briefly note that in this definition, we assume that the POVMs are always rank-1.
It is a standard fact that this is without loss of generality (see e.g. [66, Lemma 4.8]).

We also recall the definition of the Gaussian Orthogonal Ensemble (GOE) and define

a trace-centered variant, which will be the basis of our hard distribution.

Definition 4.2.2 (GOE, Trace-centered GOE). A sample G ~ GOE(d) is a symmetric
matrix with independent Gaussians on and above the diagonal, with G;; ~ N(0,2/d)
and G, ; ~ N(0,1/d) for i < j. A sample G’ ~ GOE*(d) is sampled by G' = G —tr(G)
where G ~ GOE(d).

We recall the following standard fact about extremal eigenvalues of the GOE matrix.

Lemma 4.2.3 ([66, Lemma 6.2]). If G ~ GOE*(d), then |G|lop < 3 with probability

1 — e U,

4.2.2 Construction of Hard Distribution

We construct the following hard distribution u of quantum states. Let U C R%*? be
the affine subspace of symmetric matrices with trace 1 and Uy C R%*? be the linear

subspace of symmetric matrices with trace 0. These spaces inherit the inner product
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of R4 which defines Lebesgue measures Leby and Leby, on them. Let o = ﬁ be a

small constant. A sample p ~ pu is generated by
1
pP= E(Id + JG)7

where G is a sample from GOE*(d) conditioned on ||G||op < 4. Note that such matrices

are clearly psd and thus valid quantum states. Concretely, p has density (with respect

to Leby)

1

d? 1 1
o) =G e (=zllo = Sl 100 € S Sum = {9 € Ul il <

where Z is a normalizing constant. Further define a set of “good" states
1 30
Sgood = {p eU: Hp_ E]dHop < 7} 5

which corresponds to the event ||G||op < 3. Due to Lemma 11(Sgood) = 1 — e HUD,

In the below proof, we will show that all py € Sgood are hard to learn. The important

property of Sgeod is that it is far from the boundary of supp(p) = Supp; this ensures

that we can choose a suitable sub-sampling of i in a neighborhood of py, which is

isotropic around py.
Finally we record the following straightforward fact.

Lemma 4.2.4. For all p,p’ € Ssupp, exp(—4d?) < p(p)/u(p’) < exp(4d?).

Proof. For all p € Sgypp,

a3 1 d* 1
0< —|lp— =12 < —|lp— =I|]>. <4d> O
40_2||p d ||F 40_2||p d ”op
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4.2.3 Anticoncentration of Posterior Distribution

Fix a tomography algorithm (7,.4) as in Definition and let 7, denote the
distribution over observation sequences * = (x1,...,x,) when 7T is run on state p.

Note that for any states p, p’ in the support of u, the likelihood ratio

d7, ~xlpa
T@=11+

T I
i=1 LiP Li

is well defined, since p is supported on full-rank matrices. Let v, denote the posterior
distribution of p given observations @. The density ratio of any p, p’ € Seupp under vy,

is given by Bayes’ rule, and equals

So, for an arbitrary reference state p’ € Sgypp (below we take p' = pg, the unknown

true state) the density of v, is

%(P)ZZ%S—%(OB)M(M, z~ [ jf. ()1(p) dLeby(p).

The main technical component of the proof is the following anti-concentration result

for v,.

Definition 4.2.5. For p € U, let B(p,¢) denote the ball {p/ € U : ||p' — p|l1 < €}.
Similarly for p € Uy, let B(p,e) ={p € Uy : ||p' — pl1 < €}

Theorem 4.2.6. Suppose d > 1, ¢ < g¢ for an absolute constant gy, and n <K d° /.
If p € Sgood and @ ~ T,,, there is an event S,, € o(x), withP(x € S,,) = 1—exp(—d?),
on which ve(B(po,e)) < 1.

Let C be a large constant we will set later and €y = o/C'". The starting point of the
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proof of Theorem is the estimate

Ve(B(po, Ce)) fB(pO,cg) :77;:’; (z)p(p) dLeby(p)

_ (4.2)
va(B(po:€) [y, a2 (@)(p) dLeby(p)
d7,
o 77~ (@) 1{p € Ssupp} dLeby(p)
> exp(—4d?) Jotp.co o7 = ’ (4.3)

To 5
fB(PO,E) ;77,0 (fl?)]l{p S Ssupp} dLebU(p)

where the second line uses Lemma [4.2.4] Applying Lemma [4.2.4] in this way amounts
to replacing p in the numerator of (4.2]) with a measure that sub-samples it, and in

the denominator with a measure that upper bounds it. Define the volumes

- / dlebyy(p), Vo — / 1 {[pllop < 1/d} dLebyy (o).
B(0,1) B(0,1)

We now separately bound the numerator and denominator of (4.3) in terms of these

volumes, beginning with the denominator.

Lemma 4.2.7. If py € Sgood, there is an event S,, € o(x), with Pr(x € S,)) >
1 — exp(—d?), on which

d7, .
/ dTp (2)1{p € Saupp} dleby(p) < exp(d?)e@TDE-D/2y
B(po,e) = 'po

Proof. Note that E,7,, ;Ti(:c) =1. So
PO

d7,
B[ @)U € S diebu(p) = [ 1{p € Suy} dLebu(p)
*~Tpo J B(po,e) Y4/ po B(po,e)

< / dLebU(p) _ E(d+2)(d_1)/2‘/1.
B(po.e)

The exponent (d+2)(d—1)/2 comes from the fact that the space of symmetric matrices
has dimension d(d 4 1)/2, so U has dimension d(d+1)/2 —1 = (d+2)(d — 1)/2. The

result follows from Markov’s inequality. O
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Before bounding the numerator of (4.3)), we define the set

Ce
N.(po) = {p €U :lp = pollop <~ llp = pollr < Ce}>

which is an isotropic neighborhood of pg. Let v(py) denote the uniform distribution

on N.(pg) (w.r.t. Leby). That is, for bounded measurable test function f : U — R,

O P L L AT L )
p~(po) fU Il{p € N.(po) }dLeby (p)

Lemma 4.2.8. If py € Sgood and € < gg, then

d7,

d7, B
2)1{p € Seu} dleby(p) > (Ce)@DE-12 { b (2 } Ve (44
[ @ € Suph dLebuty) > (Co =[]

Proof. Because py € Sgood, we have |[py — lId||0p < 3—“. Because ¢ < g9 = 0/C, if p

satisfies ||p — pollop < =° we have the implication chain

Ce o 1 40
lp— pOHOp < d = [|p— pOHOp < d = [lp— E[dHOP < d = P € Ssupp-

So, letting X denote the left-hand side of (4.4]), we have

Ce B a7,
*2 / Bonce e o)1 {llp = mlly < 5 } dtebuto) = | 77 (@1 € N.(pn)) dLebi(y)

= ) E%:o( )} /U 1{p € N.(po)} dLeby(p).

Finally, note that

| 1€ N} diebutp) = [ ﬂ{up—po|\op<@} dLeby (p) = (C)@2a-Dr2y,
U B(po,Ce) d

which conludes the proof. m

It remains to control E, (s [dT” (m)} and the volume ratio V5/V;. The former
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measures the information gained from the observations . It is bounded by the
following lemma, which formalizes the intuition that each observation improves the
log likelihood ratio by at most O(¢?/d). This is the step that uses the hypothesis
n < d?/e?.

Lemma 4.2.9. If py € Sgood, then for any sequence of unit vectors = (x1,...,,),

d7,
]E > exp(—d®).
B @] > e

Proof. For all p € Sqpp, the eigenvalues of p lie within [0.96/d,1.04/d]. Thus, for
any unit vector x, ﬁ% [0.96/1.04,1.04/0.96] C [0.9,1.1]. Using the fact that
log(1+a) > a— 2a® for |a| < 0.1, we have

log

ot or o — r 2 [zt (p— T 2 2t (p — x
T (0 =po)x 2 (z'(p—po)x > wp=po)r d* (" (p — po)x)?.
't pox ztpox 3 wtpox ztpo

By symmetry, E, (50 (p — po) = 0, and by rotational invariance,

C?c?
& E [@(p—p)x)’]= E [lp=pllz] < E [llp—pollillo = pollop] <
p~(po) p~¥(po) p~v(po) d
By Jensen’s inequality and the above estimates,
! i PT;
log E E lo
gﬁ~7(00 {d'ﬁo } PN’Y (po) & x 1 P0T;
>3 BB i
7 P~ (po) 2! iPOT;
N C2n€
- d
Finally, because n < d*/e?, this is lower bounded by —d?. O

The volume ratio V5/V; is bounded by the following lemma, whose proof we defer to

Section The proof uses tools from random matrix theory.

Lemma 4.2.10. We have that Vy/V; > exp(—3d?).
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We now put the above claims together to prove Theorem 4.2.6|

Proof of Theorem[{.2.6, Let S,, be the event from Lemma [£.2.7 By the calculation
(4.3) and Lemmas [4.2.7 and 4.2.8], for all x € S,

a7, ] Vs

Ve (B(po, C¢)) > -
2P R > exp(—5d?)C4HA(d-1)/2 x —.
xp( ) p~y(po) d7;0( ) Vi

ve(B(po,e)) ~

Lemmas 4.2.9 and 4.2.10[ bound the remaining factors, giving

va(B(po, C))

> exp(_ng)C(d+2)(d71)/2'
ve(B(po, €))

% > 1. Since v4(B(po,Ce)) < 1, this implies

Ve(B(po,e)) < 1. ]

Taking C' = €2 gives

4.2.4 Main Lower Bound

We can now prove our main lower bound for tomography with incoherent measurements,

which we state formally below:

Theorem 4.2.11. There exist absolute constants eg > 0 and dy € N such that for
any 0 < & < gy and any integer d > dy, the following holds. If n = o(d®/e?), then for
any algorithm for state tomography (T, A) that uses n incoherent, possibly adaptive,
measurements, its output p upon measuring n copies of p satisfies ||p — pll1 > € with

probability 1 — o(1).

Proof. Let S € o(p, ) be the event that p ~ p lies in Sgooq and x ~ 7, lies in S,. In
this proof we will abuse notation and use A to also denote the internal randomness

used by A. It suffices to show Pr 4 o7 [||A(Z) — pll1 <] = o(1).
First note that

Pra,allAl@) —pll <ef = E E [1]A(®) —plh < < (4.5)
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<E E [1lA@®) - plh < and (p.2) € 5] +o(1) (4.6)

where the second step follows by a union bound and the fact that Pr[(p, ) & S| =
e~ 4 AP — (1) by Theorem m

For any choice of internal randomness for A and any transcript z, let p2 denote an
arbitrary state for which (p2,z) € S and ||A(z) — pA|l: < &, if such a state exists.
Denote by £ the event that such a state exists. Then under &, for any state p for
which || A(z) — p|l1 < &, we have ||p2 —p|l1 < 2¢. If £ does not occur for some choice of

internal randomness for A and some x, note that the corresponding inner expectation

in (4.6)) is zero. We can thus upper bound the double expectation in (4.6) by

E E [1]p3 —plli <2c and (p,z) € 5] < AE

A
A|E pra o [lloz = pll < 2¢] = o(1),

\
(4.7)

where in the last step we used the fact that under £ we have (p,x) € S, so by
Theorem the posterior measure v, places o(1) mass on the trace norm e-ball

around p. O

4.3 Lower Bounding the Volume Ratio: Proof of
Lemma [4.2.10)

In this section, we will prove Lemma4.2.10} which lower bounds the volume ratio V5 /Vj.

Let



This is a subspace of R? of codimension 1. It inherits the inner product of R?, which

defines a Lebesgue measure Leby,. Define

A:{A€V3A1>)\2>"'>/\d,2|)‘i|<1}7 A':{)\EA:max|)\i|<1/d},
, i€[d]

and
d—2i+1 1
Lemma 4.3.1. We have I' C A'.
Proof. If A € T', then
2 2
/\1 - )\i-‘rl = ﬁ E >0

and

so A € A. Moreover
d—1 o 1
d? dt = d

—_

|Ai] <

The volume ratio V5 /V; is the probability that if p is drawn from the uniform measure
on B(0,1) (w.r.t. Leby,), then ||p|lop < 1/d. The main random matrix theory fact
we will use is [12, Theorem 2.5.2|, which implies that if A = (A,...,\q) are the
cigenvalues of p drawn from this distribution, then X has density (w.r.t. Leby) 2 f(X),

where Z is a normalizing constant and

fy=1{xear JT -l

1<i<j<d

For measurable A C V, let Vol(A) = [, 1dLeby denote the volume of A. Then,

Vo _ [y S dleby(A) _ [ fN) dLeby(A) _ VoI(I')  infacr f(A) (48)
Vi [y F(X) dleby(A) © [4 f(A) dLeby(X) = Vol(A) supyen f(X) '
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The following three propositions bound the quantities in the right-hand side of (4.8)).

Proposition 4.3.2. For any A € I, f(X) > 1/((2e)%/2d*d-1/2).

Proof. For each i € [d],

(20 2N 17 (26— 2\ _yi-i i TrJ
T w-s=I(2 - 5) (-5 ) =T 11 = T
jeld)\{i} j=1 j=i+1 j=1 j=it1 j=1
— 1) | d
S (d—1)! _ S (d/e) > 1 |
2d2(d—1) 92dJ2d—1 2d J2d—1 (26>ddd—1
Thus
p 1/2 X
f()‘): H H ‘)‘i_/\j| 2(2€)d2/2dd(d71)/2' -

i=1 je[d]\{i}

Proposition 4.3.3. For any A € A, f(A) < @2d2/dd(d—1)/2,

Proof. Let (A1,...,\q) be the permutation of (A1, ..., ) with |A;] < -+ < |Ag|. For
each i € [d],

o e\ e
A = Al < 2N < 7 < e

so (since ¢ |\ < 1)

j<t

d p2d2 0 ] o2

f()\) = H H D\i - 5\j| < Jd(d—1)/2 < dd(d-1)/2" U

i=1 j<i

Proposition 4.3.4. We have Vol(A) < €2 and Vol(T') > d=°().

Proof. The projection of V' onto its first d — 1 coordinates has Jacobian ©(1). Because

this projection maps A injectively to R?"! and each resulting coordinate is in [—1, 1],

Vol(A) < O(1) - 2971 < 9@,
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proving the first conclusion. Note that I' is the set of A satisfying \; = d‘jé“ + d% i
where pp = (i1, ..., pg) ranges over
I = {HEV:maX]ui| < 1}.
1€[d]
The set I certainly contains the set of p where |uyl, ..., |ta—1| < 1/d and pg =
— 30 - So,
Vol(I') > ©(1)(2/d)4! = d=°@.
Finally,
Vol(I') = Vol(I") - (d~4)4~! = 4=,
proving the second conclusion. O]

Proof of Lemma |4.2.10]. By equation (4.8]) and the last three propositions,

Ve d09 (2) 72 > e 3 O
1% = e0(d) e2d? = )

4.4 Basic Learning Results

Now we focus on the upper bound for learning in fidelity. Recall that for two
quantum states p, o, the fidelity between them is F(p, o) = tr(y/\/po+/p)>. This is the
quantum analogue of the Bhattacharyya coefficient, which for two classical probability
distributions p, ¢ over [d], is defined to be BC(p,q) = Ele Pi/@- Note that if p
and o commute, then F(p,o) = BC(p,q)?, where p, q are the classical distributions
given by the eigenvalues of p and o, respectively. The following inequality is well

known:
Fact 4.4.1.

BC(p,q) >1—0 (xX*(pll9)) -

As an immediate corollary of this, we have the following:
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Corollary 4.4.2. Let p €:7? be an arbitrary mized state, and let p = (1—~)p+-- é].
Then F(p,7) > 1— 0 (7).

Proof. Let p and p denote the the distributions given by the eigenvalues of p and p,
respectively. Since p and p commute, it suffices to show that BC(p,p) > 1 — O(vy).

However, we have:

X (Bllp) = A

iM-
2
|+
2
=
VAN
[\]
\QI\D
o
_l’_
[N
(]
2
VAN
o
2

since p; = ~y/d for all i. O

It is well-known that infidelity is not a metric on mixed states. However, the associated

Bures metric, defined as

Dy(p.0) =2 (1= v/F(p.0)) .

does satisfy the triangle inequality and is hence a valid metric. As an immediate
consequence of this, we obtain that infidelity still satisfies a weak version of the triangle

inequality:

Corollary 4.4.3. Let k be a positive integer, and let v < 1/k? be sufficiently small.
Let p1,...,pr be a sequence of mized states satisfying 1 — F(p;, piv1) < 7y for all
i1=1,....k—1. Then

1= F(p1, pr) < O(k*y) .

Proof. By repeated application of the Taylor series expansion of the square root
function around 1, we know that Dg(p;, piv1) < O(/7) for all i = 1,... k — 1.
Therefore by the triangle inequality, we have that Dp(p1, pr) < O(ky/7), from which

the claim immediately follows. O
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4.4.1 Learning a State in Spectral Norm

Finally, we require the following guarantee for one of the standard estimators for a
mixed state based on unentangled measurements. Given n copies of a mixed state p,
we measure each one with the uniform POVM over the sphere {d|v) (v|dv} where v
ranges over the unit sphere, and let |v;) denote the outcome of the ith measurement.

We consider the estimator H,,(p) = H,(p,v1,...,v,), defined as

Hu(p) =~ S ((d+ 1) o (ul ~ 1) (19)

=1

We show the following rate for this estimator. The same rate is claimed in the proof
sketch of Theorem 2 in [I0T], but to our knowledge no full proof of this exists in the

literature. We include a full proof for completeness:

Theorem 4.4.4. There exists a universal constant C' so that for all n, we have that

d+logl/o |d-+1logl/d
|\Hn<p>—puop<c-max< B0\ JIE />,

with probability 1 — 9.

The key concentration lemma we require is the following:

Lemma 4.4.5. Let |v) be the outcome of measuring p using the uniform POVM.

Then, for any fized pure state |u), and for all k > 1, we have
E[(d + 1) (u)| < (k+ D

Proof. First consider the case where p = |w) (w]| is a pure state. For any ¢, let II,

denote projection onto the t-fold symmetric subspace. Then, we have:

E[(u|v>2k] - d-/(u|v)2k (v]w)? dv (4.10)

=™ o (ol [ 1974 @10 o ) 10 @ (111)
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—d- (k + d)_l . <<u|®k ® <w|> 1P <|u)®k ® Iw)) <d- (k * d) N )

k41 k41
(4.12)

where the third step follows by the standard Haar integral formulation of I, [107].

Therefore, we have that

k+d\ ™! (k + 1)k+1
E[d 1k ngd 1k+1. <(d 1k+1'—<k’ 1k+1
(@ D" ] < (@ ) () @) e < e )
(4.13)
as claimed. The claim for general p directly follows by convexity. O]

Proof of Theorem[{.4.4} The proof proceeds via the same general strategy as in [101].
Let N be a 1/3-net of all pure states in :%. For any u € N, Lemma implies that

the random variable
(ul (p = Halp)) ) = = 37 ((d+ 1) (w0 1= (ul plu)

i=1

is a sum of n independent O(1)-subexponential random variables. Therefore, by

standard net arguments, we have that for all v > 0,

Prl|p — Hu(p)llop > 7] < exp (c1d — conmax(y,7%))

for some universal constants ¢q, o, which is equivalent to what we wanted to show. [

Finally, we also require the following generalization of the estimator we considered

above:

Definition 4.4.6. Given a projection matrix I €:9%¢ onto an r-dimensonal subspace,
the projected estimator on the subspace I1, denoted H,(p, 1) is defined as follows. Let
My = {r|v) (v| dv} denote the uniform POVM over the subspace spanned by II, and
consider the POVM over :#*? defined by M = {I — I} U My. Given n copies of p, let
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|v;) denote the outcomes of measuring each copy of p independently with M, where

we say v; = L if the outcome is I — II. Then, we define

Ha(p ) = = 37 (0 1) o) (o] = 1)

viFEL

For projected estimators we have the following rate, which follows immediately from

Theorem [4.4.4] and standard Chernoff bounds:

Lemma 4.4.7. Let p €:%? and let I1 be a projection onto an r-dimensional subspace.

Let o = tr(IlpIl). Then, there exists a universal constant C' so that

log 1 loo 1
HH”(p’H)_HPH”op<C'-maX<d+ %8 /5,\/a<d+ g /6)) .

n n

with probability 1 — 9.

4.5 Learning a State in Fidelity

In this section, we present our algorithm for tomography in fidelity. Our main theorem

is stated below.

Theorem 4.5.1. Let p €:9¢ be an unknown rank-r mized state. Given n =

O(dr?*1og(1/8)/v) copies of p, there is an algorithm that uses incoherent measurements

and with probability 1 — &, outputs a state p such that F(p,p) > 1 — 7.

Let n > 0 be a parameter to be determined later, and let ¢ be an integer satisfying
t <logyr/v+ 4. We first describe our algorithm. Divide the samples into ¢ groups of

n/t samples each.

We will compute a sequence of orthogonal projections Il = 0,11;,... II;. To find
I1; given Iy, ... ,1I,_4, the algorithm proceed as follows: it forms I'; = I — Zz;é I1;,
and using a fresh batch of samples, it computes o; = H,,(p,I';), and it sets II; to be

the span of the nonzero eigenvectors of o; with corresponding eigenvalue at least 277.
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When it finishes, it outputs the state
¢
Mn(p) = —= , where & CIZefZHiO'iHi N (414)
i=1

To analyze the algorithm, we make the following definitions. Let II;;; = I';41, and

define the state

t+1
paig = Y _ ipll; . (4.15)

i=1
Foralli=1,...,t+1, let B, €:¥# k(L) he any matrix with orthonormal columns so

that B; B = II,;. Similarly, fori =1,... ¢t + 1, let C; €:4™&(I%) he any matrix with

orthonormal columns so that C;C;" = T;.

Notice that by construction S"*1TI; = I, so this is indeed a valid mixed state.

Furthermore, note that pgiag is block-diagonal with respect to the matrices Iy, ..., IT;;,

that is, after a suitable rotation which sends each B; to itself, pgis has the form

P1
P2
Pdiag = . s

Pr+1

where we let p; denote the projection of II;pIl; onto its nonzero eigenvectors. Note
that in this basis, p is not block diagonal, and indeed, much of the work in the proof
is to bound the contribution of the error because of these off-diagonal blocks. To this

end, for all i = 1,...,t, let E; = B pC;,1, so that

i.e., the F; are the off-diagonal components of p.

184



Next, since each o; is computed with fresh samples, by Lemma @ and a union

bound, we have that

e d+logt/o (d+logt/d
||a,~—rjprj||op<ij‘=fc.max< +logtjg | fold +logty )) o)

n n

forall j =1,...,tsimultaneously, with probability at least 1—4, where o; = tr(II;pIl;).

For the remainder of the section, let us take n 2> w

that (4.16) holds. We first show a few basic inequalities. We have the following
estimate on the RHS of (4.16).

, and we will assume

Lemma 4.5.2. Let n 2> M. Then, we have that v; < 2-U+D/2,

Proof. By our choice of n, we have that:

d+logt/d < b < 9—(i+t)/2

n r

I

V)

and
aj_1(d +logt/o d+logt/d
\/ J 1( g / ) _ \/tr(rj—lprj—l) . g /
n n
< J2-G-n . T g ot
T
where in both cases we use that ¢ = log, /v + 4. O

With this, we can show the following set of useful inequalities:
Lemma 4.5.3. For all j =1,...,t, we have that
(i) 050 llop < 27071,
(ii) llojllop < 27V72, and
(iii) Bl pB; = 279711, and
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(iv) tr(Terrplegr) < 7/2.

Proof. To prove the first bullet point, we proceed by induction. The case where j = 1
is trivial. Now, suppose the claim holds for some j — 1. By (4.16]), we have that

loj—1 = Tj—1plj 1 lop < -1 -

Now I'; is defined to be the projection onto the eigenvectors of o;_; with eigenvalue less
than 277. Therefore, ||T;oL|lop < ;-1 + 277. The second and third claims then both
follow from Lemma [4.5.2] and by the definition of M;. Finally, the last claim follows
because p has at most r nonzero eigenvalues, and therefore so does tr(I';11pl'11);

moreover by the above, each one is at most 2772 < ~/(2r). O

One simple but important consequence of these inequalities is that the subspaces 1I;

are low dimensional:

Corollary 4.5.4. For all i, we have rank(II;) < r.

Proof. Note that p has r nonzero eigenvalues by assumption, so by Lemma [£.5.3] o;

can only have r ecigenvalues which are at least 271, O

We will show the following two key estimates. Roughly, Lemma [.5.5 bounds the con-
tribution to infidelity form the error on the diagonal blocks of p and pgiag- Lemma
bounds the contribution to infidelity from the off-diagonal blocks in p. Putting them
together with the (weak) triangle inequality in Corollary will immediately imply
Theorem 5.1

Lemma 4.5.5. Let p, M,,(p), and paiag be as above, and assume that (4.16)) holds.
Then, we have that

F(Mn<p)alodiag) 2 11— ’)/t
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Lemma 4.5.6. Let p, M,,(p), and paiag be as above, and assume that (4.16]) holds.
Then, we have that
F<107 pdiag> 21— v min<t7 d/?”) :

Proof of Theorem[{.5.1 Combining Lemma Lemma and Corollary

we get

F(My(p).p) 2 1 — O(ymin(t,d/r))

and since t < logy(r/v) + 4, we can redefine v appropriately (scaling down by a

logarithmic factor) to complete the proof. O

4.5.1 Proof of Lemma 4.5.5|

We first require the following fact, which is a direct consequence of Proposition 3.1

in [I31], and direct calculation:

Theorem 4.5.7. Let f(X) ::%d—> R be defined by f(X) = tr(\/Y), Let A €:4%d pe ¢

E:dxd

non-degenerate Hermitian matrix. Then, for all symmetric matrices B , we have

that
V2 f(A)[B, B] > —itr (BA™B) (4.17)

where V2 f(A) denotes the Hessian of f(A) (where we treat the entries of A as variables)
and V2 f(A)[B, B] denotes taking the quadratic form of this Hessian at B.

Proof of Lemma[{.5.5. For conciseness, throughout this proof we will let M = M, (p).
Let A = M — pgiag. By Taylor’s theorem, we know that there is some € [0, 1] so that

F(Mn(p)7pdiag)
~tr (\/ M2 - M1/2AM1/2>

1

-1+ 5 tr (M_1M1/2AM1/2) + D2f (M2 . BMl/QAM1/2> [M1/2AM1/2, Ml/zAMl/z}
1

>1- St (MYV2PAMTYAM + BA)SPMTYAAMY?) |
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where in the last line we used Theorem [.5.7]

Notice that both M and A are block diagonal, and moreover, by construction, they
share the same block structure. Thus, if we let M; = II; M1I; and A; = II;All;, then

we have that
tr ((Ml/ZAM—1/4(M + 5A)_3/2M_1/4AM1/2)
t
Y <Mi1/2AZ-Mi_1/4(MZ- + BA) TN AA MY 2) ,
i=1

where in a slight abuse of notation, we let M, and (M; + BA)~! denote the pseu-

doinverses of the associated matrices. For any i, we have that

tr (M2 AV (M4 BA) M A )
< (M) - | AM M+ BA) T 2MT A op

< C (M) -2 - | MY + BA) Mo

where the last step follows because ||A;llop < v by Lemma and (4.16). By

construction, we have that all nonzero eigenvalues of M; are at least 27, so all nonzero

eigenvalues of M; + BA,; are at least 2~ (Y. Putting it all together, we obtain that
tr (Mil/QAiMi_1/4(Mi + ﬁAi)_g/QMi_l/4AiMi1/2) Str(My) -7 -2 < r- 297 <y

as claimed. O

4.5.2 Proof of Lemma [4.5.6

First, observe that we may disregard the subspace spanned by I';:

Lemma 4.5.8. Let I = I —T'y;;. We have that tr(Tpl') = tr(fpdiagf) i) ¢, and

moreover, if we let p = 1Lpl and paing = 2Dpdiagl, then F(p,p) < 1 — /2 and
F(Pdiag, Pdiag) < 1 — /2.
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Proof. The first claim follows since II; and T all commute. The fact that F(p, p) <
1 —~/2 immediately follows from (iv) in Lemma [4.5.3| and the last claim follows since

the same lemma implies that tr(I'41pdiagl'14+1) < 7/2 as well. O

In light of this, for the rest of the proof, we will assume that I' = I; in particular, this
implies that p and pgiag both have minimum eigenvalue at least 277~ by Lemmam
The above lemma implies that this incurs at most an additional additive v to the

overall fidelity calculation. We now establish the following bound on the matrices Ej:

Lemma 4.5.9. Let n 2 M’ and assume that (4.16|) holds. Then, for all
i=1,...,t, we have that || E;|lop < 27;.

Proof. For any ¢, we have that

I Eillop = [ITj (P — paiag) Tjllop
< |IT50L5 = 0jllop + 1T pdiagls — olop

< 2[00 = ollop = 2

where the third inequality follows because I'jpgiagl’; is the projection of I';pI'; onto a

basis which commutes with o;. O]
To prove our overall claim we will proceed via a hybrid argument. For all j =0,... ¢,
let

J
pV) = Z IipIl; + T pl4a

i=1
Note that by design, we have that p® = p and p®) = Pdiag- For these matrices, we

show:

Lemma 4.5.10. For all j =1,...,t, we have that

F(pu=Y pi)y > 1 — 27" min(rt,d) .
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To prove Lemma 4.5.10 we rely on the following fact that bounds the contribution

from off-diagonal perturbations to infidelity between two states.

Lemma 4.5.11. Let 0 < cp,¢1 < 1 satisfy ca < ¢1/10, and let M e:hxdr gnd
N g:%2x% be PSD matrices satisfying el = M < 4cil and col = N =< 2¢11. Let

E €:9%% gatisfy ||Ellop < 1, and define the matrices

M FE M 0
A= , and Agiag = ) (4.18)
ET N 0 N

Suppose further that A = 0, and that n < \/c1¢ca. Then

tr <, / A}i{ngAg{jg) > tr(A) — eo(dy + do) . (4.19)

Proof. For any ¢, let Ms = M — §I and similarly let Ns = N — d1. we will explicitly
construct a matrix B which will be a PSD lower bound for the matrix Aéi/ngAéi/jg.

Our guess will have the form

M, X
B= P (4.20)

for some matrix X we define shortly. Note that if we can show that A(lh/ngA(lh/jg = B,

we are done, since by operator monotonicity of the matrix square root, we have that

tr <\ / Aéi/ngAéi/jg) > tr(B) > tr(A) + tr(M) — co(dy + dy) = tr(A) — cp(dy + da) |
as claimed.

It remains to demonstrate how to construct such an X. We choose the following

matrix:
def —i 1/2 1/2 i—1
XEN M (MPENVYNCL (4.21)
i=1
We first note that this sum is convergent, since ||M_" . || < m and [N . [lop <
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(1.1c;)". Next, we note that
M, X + XN,y = Moy o)X + XNiyyeyy = MY2ENY2

Therefore, we have that

B2 M2 +XXT  M,X+XN,\ [ M,+XXT M/EN'?
(M, X +XN,)'  XTX+N? (MY2ENY2)" XTX + N2

(4.22)

At the same time, we have that

M? M'Y?EN

AMZ A A2
(Ml/ZENlm)T N2

diag diag —

, (4.23)

so in particular the off-diagonal block of B? exactly matches that of A2 AAL?

diag diag*
Therefore,
M? —M? —XXT
1/2 1/2 c
A AAY R — B = ’ (4.24)
N? - N2 — XTX

2coM — 31 — X X7

= (4.25)

2coN —c2l — XX

Therefore for our candidate to be a valid PSD lower bound, it suffices to show that
Al + XX < 2¢,M and similarly ¢2] + X" X < 2¢,N. Note that for both of these
inequalities to be satisfied, it suffices to show that X T X < ¢, V.

Define the matrix

_ —i 1/2 i—1
Q=> M__ ., (MPE)N . (4.26)
i=1
Since N and Ns commute for all §, we have that
XTX _ N1/2QTQN1/2 )
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Additionally, we have that

1/2 i—1 1/2 i—1
||Q||op (02 cl M E)Ncg+cl ZH (02 c1 M E) N(cg-f—cl) op
(4.27)
1.9 > /1.1\°
< \IMV2E), - 4.98
SRS (35) (4.28)
<L <a, (4.29)

by assumption. Therefore, we have that X' X < ¢,N, so B is indeed a valid PSD

lower bound on A(lh/ngA(li{jg ]

Proof of Lemma[f.5.10, Fix some j € {1,...,t}. Let B = C},,pCj.1, and define the

matrices
. .
A d:ef p] / y and Adiag pj
E]T B B
Then
T T
F(p(]—l)’p(])) —F ’ ’
A Adiag

for some shared, unnormalized state 7. Recall that by Lemma [4.5.2] we have that
p;j = 2797 and that 27711 < B < 27771[. Additionally, we have that || F; Hop 27;.
Therefore the matrices A and Agiag satisfy the conditions of Lemma with
parameters ¢; = 27771 ¢g = 2771 "and 1 = 2v;. Note that Lemma immediately

implies that < /cico, as necessary. Therefore we have that

F | — () 4t ( A;{;gAAgfjg) (4.30)
A Adiag

> tr(r) +tr(A (Zrank > (4.31)

>1— 2" min(rt,d) , (4.32)
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as claimed. O]
We can now finish the proof of Lemma [4.5.6|

Proof of Lemma[].5.6. The desired statement follows by combining Lemma [4.5.8]

Lemma 4.5.10] and Corollary and redefining v appropriately (scaling down by a
logarithmic factor). O
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Chapter 5

State Certification

In the previous chapter, we studied quantum state tomography. In this chapter, we will
study another fundamental, and closely related task, state certification. In quantum
state certification, the learner is given n copies of a mixed state p € C%*?, and an
explicit description of a mixed state o € €%*¢, and the objective is to distinguish
with, say at least 2/3 probability, between the case where p = o or if it is e-far from o
in trace distance. An important special case of state certification is the case when

o = I4/d, which is called mizedness testing.

In addition to being a core primitive in the verification of quantum experiments,
state certification is also fundamental from a mathematical perspective. While state
tomography is the most basic quantum learning problem, state certification is the
natural property testing variant. Mixedness testing and state certification are the
natural quantum analogues of uniformity testing and identity testing, respectively,

two of the most well-studied problems in classical distribution testing.

Similar to quantum state tomography, it was not until relatively recently that the
copy complexity of state certification and mixedness testing were first understood in
the coherent setting. The seminal paper of [169] first demonstrated that n = ©(d/e?)

copies were necessary and sufficient to solve mixedness testing. Follow-up work of [27]

195



later demonstrated that n = O(d/e?) is also sufficient for the more general problem
of state certification. Combined with the lower bound for mixedness testing, this

resolved the copy complexity of state certification, in the worst case over o.

However, as was the case for tomography, due to the difficulty of implementing
coherent measurements over many copies, there has been a considerable amount of
attention in recent years devoted to understanding the statistical power of algorithms
that only use incoherent measurements, which was also posed as an open problem in
Wright'’s thesis [215]. A recent work of [54] demonstrated that if the measurements
are additionally chosen non-adaptively, then n = ©(d*?/s?) copies are necessary and
sufficient to solve mixedness testing. They also demonstrated that any algorithm
using incoherent measurements—even those chosen adaptively—must use at least
n = Q(d*?/e?) copies. Nevertheless, this still leaves a polynomial gap between the

upper and lower bounds, even for the special case of mixedness testing.

In this chapter, we will essentially resolve the complexity of state certification with
incoherent measurements, building upon the framework developed in the previous

chapter for dealing with the challenge of adaptivity.

5.1 Results

Our first result is to fully resolve the copy complexity for mixedness testing: we prove
that adaptivity does not improve the sample complexity at all, except possibly up to

constant factors.

Theorem 5.1.1 (Informal, see Theorem [5.3.1)). The copy complezity of mizedness

testing using incoherent measurements is n = O(d*?/&?).

By completely pinning down the copy complexity of mixedness testing with incoherent

measurements, this answers open questions of [215] and [54].
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Instance-optimal lower bounds for state certification. We next turn to state
certification. Because mixedness testing is a special case of state certification, The-
orem immediately implies that n = Q(d*?/e?) copies are necessary for state
certification, in the worst case over all choices of the reference state o. This, coupled
with a matching upper bound from [65, Lemma 6.2, resolves the copy complexity of

state certification with incoherent measurements for worst-case o.

However, it should be clear that this bound is not the correct bound for all possible o.
For instance, when o is pure, it is not hard to see that ©(1/¢%) copies are sufficient
and necessary. This raises the natural question: what is the copy complexity of
state certification with incoherent measurements, as a function of the reference state
o? This is the quantum analogue of the (classical) distribution testing problem of
obtaining instance optimal bounds for identity testing against a known distribution
over d elements [2, 3, 204] [75], 48], 130]. In the classical version of the problem, there is
a known distribution p over {1,...,d}, and we are given samples from a distribution
q. We are asked to distinguish between the case where p = ¢, and the case when
lp — q|l1 > €. A landmark result of [204] states that the sample complexity of this

question is (essentially) characterized by the ¢5/3-quasinorm of p.

Here, we ask whether or not a similar characterization can be obtained for the quantum
version of the question. Prior work of [65] demonstrated such a characterization, but
under the caveat that the measurements are chosen non-adaptively. At a high level,
they showed that the copy complexity of the problem is governed by the fidelity
between ¢ and the maximally mixed state (recall Definition . More precisely,
they showed that if @ and o are states given by zeroing out eigenvalues of ¢ that
have total mass at most ©(g?) and O(e) respectively and normalizing, then the copy
complexity with non-adaptive measurements, denoted n, satisfies

_/d-d 1 _(d-dL 1
Q(g—_geff - F(a, E[d>) <n< O(Teﬁ - F (o, E[d)) : (5.1)

where d g (resp. des) is the “effective dimension” of the problem, namely, the rank of
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o (resp. 7). In the same work, they also gave lower bounds for arbitrary (possibly
adaptive) incoherent measurements, but, like with mixedness testing, these lower
bounds were looser and did not match the corresponding upper bound. In light of this,
we ask whether we can give an instance-optimal characterization of the complexity of
state certification with incoherent measurements. Our second result here is to give

such a characterization:

Theorem 5.1.2 (Informal, see Theorem [5.5.1). For any o, and ¢ sufficiently small,

the copy complexity of state certification w.r.t. o using incoherent measurements is

upper and lower bounded by (5.1).

We regard this as strong evidence that, as with mixedness testing, adaptivity does
not help for state certification. It is not always a tight bound, as there are states
for which the upper and lower bounds in (5.1]) can differ by polynomial factors for
some choices of ¢, and so this bound can be loose, even in the non-adaptive setting.
Still, we conjecture that for all o, the copy complexity of state certification to o
with incoherent and non-adaptive measurements is the same as that with arbitrary
incoherent measurements. Indeed, when ¢ is sufficiently small compared to the smallest

nonzero eigenvalue of o, our bounds are tight up to logarithmic factors.

Our techniques. We achieve our new lower bounds via a new proof technique
which we believe may be of independent interest. As with other lower bounds in this
area, we reduce to a “one-versus-many’ distinguishing problem. To construct this
instance, prior work leveraged the natural quantum analogue of Paninski’s famous
construction in the lower bound for (classical) uniformity testing [I74] — namely, an
additive perturbation by a multiple of UZUT, where U is a Haar random matrix and

Z = diag(1,...,—1,...) has equally many +1s and —1s.

We instead use a different hard instance based on Gaussian perturbations. While
this introduces a number of additional technical challenges, the key advantage of this
instance is that the likelihood ratio for this instance has a very clean, self-similar

form. This allows us to essentially reduce the problem into one of understanding the
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concentration of a certain matrix martingale defined by the learning process, as well
as an auxiliary matrix balancing question. We can then use classical tools from scalar
and matrix concentration to demonstrate that the likelihood ratio is close to 1 with
high probability over all possible outcomes of the learning algorithm, which yields our

desired lower bound.

Not only does this framework dramatically simplify many of the difficult concentration
calculations in prior work such as [54], it also has the conceptual advantage that
it never requires a pointwise bound on the likelihood ratio. To our knowledge, all
prior lower bounds against adaptive algorithms in this literature required some worst-
case pointwise bound on the likelihood ratio. For some problems, e.g. shadow
tomography [66], this was already sufficient to prove tight lower bounds. However,
for mixedness testing, a worst-case bound cannot be sufficient, and from a technical
perspective, the fact that [54] had to balance between their (much tighter) average
case bound on the likelihood ratio and this (fairly large) worst-case bound to control
the contribution of certain tail events was why their overall lower bound was loose.
Consequently, we believe that this martingale-based technique may also yield tight

lower bounds for a number of other problems in the literature.

5.1.1 Additional Related Work

The questions we consider in this chapter fall under the domain of quantum state
property testing. See [165] for a more complete survey on property testing of quantum
states. In this literature, roughly speaking, there are two settings considered, the
asymptotic regime, and the non-asymptotic regime, the latter of which is the setting

we study.

In the former setting, one considers the regime of parameters where n — oo and
d,e are held fixed and relatively small, and the goal is to precisely characterize the
exponential rate of convergence as a function of n. In this setting, quantum state
certification is usually called quantum state discrimination, see e.g. [58, 25, 4] and

references within. However, since d and ¢ are fixed, this allows for rates which could
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depend exponentially on the dimensionality of the problem.

Instead, we consider the “non-asymptotic regime,” where the goal is to characterize
the statistical rate, as a function of d and €. Similar work in this regime includes
the aforementioned works of [169] and [27]. However, as described previously, their

algorithms require using fully entangled measurements.

The work here falls into the line of work considering restricted classes of measurements,
and specifically, those with without quantum memory. Understanding the power of
such algorithms in the context of mixedness testing and, more generally, spectrum
testing was posed as an open problem in [215]. Similar questions have also been
considered in other settings, such as shadow tomography [I]. However, until recently,
lower bounds for algorithms without quantum memory usually only held in the non-
adaptive setting, e.g. [102, [65]. Recent work of [54] demonstrated the first lower
bound against general (possibly adaptive) incoherent measurements for such a task.
Subsequently, there has been a flurry of work demonstrating similar bounds in a
variety of settings [122] [5, 124), [123], (66, 17, [64] 156, [63]. It is an interesting question
if our techniques can be extended to also improve any of the lower bounds in these

works.

Other restricted models of computation have also been considered in the literature.
[220] gives algorithms for various quantum property testing problems using local
measurements which act on each individual qubit, and in an non-adaptive manner. A
number of works considers the special case where the measurements are only Pauli
matrices |85, 86, [74, 19]. Overall, these classes of measurements seem to be much
more restrictive than general non-adaptive measurements. In particular, the copy
complexity of tasks such as mixedness testing under these measurements seem to be

asymptotically higher than general incoherent measurements.
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5.2 Preliminaries

We will represent an adaptive algorithm that makes incoherent measurements in the

same way as in the previous chapter (recall Definition |4.2.1]).

Notation. Given z € R, we use z_ to denote — min(z,0). We use A and V to denote

min and max.

For a string « = (x1,...,2,), we let x.; and x.;; denote the string with the i-th
index removed and the string with the ¢-th and j-th indices removed. For any set

S C [n], we let g denote the string restricted to the entries in S.
We will work with the following random matrix ensembles:

Definition 5.2.1 (Trace-centered Gaussian orthogonal ensemble (GOE)). For d € N,
let G ~ GOE(d), that is, G € R% is symmetric with upper diagonal entries

sampled independently from N (0,1/d) and diagonal entries sampled independently
from N (0,2/d).

Define M = G — “STG)Id. We say that M is a trace-centered GOFE matriz and denote its
distribution GOE*(d). For U C R*™? M is a U-truncated trace-centered GOE matriz
if it is drawn from GOE*(d) conditioned on M € U. We denote the distribution of M

by GOE;,(d).

Definition 5.2.2 (Truncated Ginibre). For dy,dy € N, let G ~ Gin(dy,ds) be the
(normalized) dy x dy Ginibre matriz, that is, G € R"*% has i.i.d. entries N'(0,1/d;).
For U C R%*% @G is a U-truncated d, x dy Ginibre matriz if it is drawn from

Gin(dy, dy) conditioned on G' € U. We denote the distribution of G' by Ging(d).

Our lower bounds are based on Le Cam’s two-point method which we briefly review

here. The following is an elementary result in binary hypothesis testing:

Fact 5.2.3 (See e.g. Theorem 4.3 from [216]). Given distributions py, p1 over a domain
S, ifdrv(po,p1) < 1/3, thereisno A: S — {0, 1} for which Pr[x ~ p;]A(x) =i > 2/3
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for both v =0, 1.

Now consider a state distinguishing task of the form
Hy:p=o0 and Hy:p=oypy, (5.2)

where o) is a random state sampled from some distribution D over the set of states
satisfying || — oar|l1 > €. Recall from Definition that a learning algorithm
that uses n incoherent measurements corresponds to a tree 7 of depth n, and p = o
and p = oy induce distributions py and p,; on the leaves of this tree. We can use
Fact [5.2.3] to reduce proving a copy complexity lower bound for state certification
with respect to o, which is a worst-case guarantee over all possible input states p, to

bounding drv (po, E[M]par), which is an average-case bound.

Lemma 5.2.4 (Le Cam’s two-point method, see e.g. Lemma 1 in [219]). If there is a
distribution D over states satisfying ||o — onr||1 > € for which drv(po, E[M]pn) < 1/3
for any tree T of depth n, then any algorithm A using incoherent measurements for
state certification with respect to o must make more than n incoherent measurements

to achieve success probability at least 2/3.

Proof. Suppose to the contrary there existed such an algorithm 4 using at most n
incoherent measurements, and let pg and p,; denote the distributions over the leaves
of the tree corresponding to A when p = ¢ and p = o) respectively. Suppose when it
succeeds, A outputs 0 when p = o and 1 when ||p — o||; > . Let p; £ E[M ~ Dlpy.
Because A successfully outputs 1 with probability 2/3 when given as input the state
oy for any M, 2/3 < E[M]Pr[x ~ py|A(z) =1 = E[lx ~ pi]A(x) = 1. Similarly,
2/3 < Elz ~ poJA(xz) =0. By Fact [5.2.3] this would contradict the bound on
drv (po, p1). O
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5.3 Lower Bound for Mixedness Testing

In this section we prove the following theorem, which is the formal version of Theo-

rem B 111

Theorem 5.3.1. Let d>1 and 0 < € < 1/12. Any algorithm that uses incoherent
measurements which, given n copies of a mived state p € C?, can distinguish between
the case where p = 1;/d and where ||p — 14/d||y > € with probability at least 2/3, must

use at least n = Q(d®? /&%) copies.

By the upper bound in [54], this is tight up to constant factors. Also note that by
standard amplification arguments, the choice of constant in the success probability is

arbitrary, and can be taken to be any constant which is strictly larger than 1/2.

In fact, we will prove a slightly stronger theorem, which will be useful later on for our
lower bounds against state certification. Namely, we will show that the same bound
holds not just when the null hypothesis is the maximally mixed state, but for any

state whose smallest and largest eigenvalues are comparable.

More formally, let A € R™? be a diagonal matrix with diagonal entries a; > - - - >
aq > 0, satisfying 2a4 > aq, and tr(A) = d. We consider the task of distinguishing

between the following two alternatives:

1 —
Hy:p= EA and  Hy:p=-(A+eM). (5.3)

ISHN

Here, M ~ GOE};(d) for the U given by Lemma below.

Lemma 5.3.2. There exists U C R such that if M ~ GOE*(d), then Pr M ¢ U <
exp(—$2(d)) and on the event M € U, we have |M||op < 3 and |M||; > d/12.

We defer the proof of this lemma to Appendix Our main result for the distin-
guishing task (5.3) is the following.

Theorem 5.3.3. If d > 1 and ¢ < 1/12, then any algorithm using incoherent
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measurements that distinguishes between Hy and Hy with success probability at least

2/3 requires n = Q(d*?/<?) copies.

Again, by standard amplification arguments, the choice of constant in the success
probability is arbitrary, and can be taken to be any constant greater than 1/2. Note
that the bounds in Lemma ensure that under Hy, p is psd (and thus a valid
quantum state) and has trace distance Q(e) to CllA. In particular, since any algorithm
for mixedness testing must solve this distinguishing problem as well, setting A = I

into Theorem [5.3.3| immediately implies Theorem [5.3.1].

Take any learning tree 7 corresponding to an algorithm for this task that uses n
incoherent measurements. Recalling the terminology from Definition 4.2.1] we let
po and p; denote the distributions over leaves of 7 induced by p under H, and
H, respectively. In the rest of this section, we assume n < d*/?/e? and will prove

drv(po,p1) = o(1). It is clear that this immediately implies Theorem m

We let L*(-) denote the likelihood ratio between p; and py. That is, for a sequence of
vectors & = (r1,...,2,), let L*(x) 2 pi(x)/po(x). Note that

n 7
L*(x) = E[M ~ GOE;(d)] « [ | (1 te ) (5.4)
=1 T ?
Define similarly
n i
. x; Mx;
L(z) £ E[M ~ GOE*(d)] [ | <1 e ) : (5.5)
=1 i ?

This is an estimate for the likelihood ratio L*(x) where the conditioned Gaussian
integral is replaced by a true Gaussian integral. Most of the computations in this
section will be done in terms of L(x); the proof of Theorem below quantifies

that L(x) is a close approximation of L*(x).

Throughout this section, we will somewhat abuse notation and write L(z) for any

sequence of unit vectors z = (z1,. .., 2;) of length not necessarily n. This is defined
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the same way as in (5.5). We also write L(x,x) to denote the value of L on input

(xl,xl,.fg,lé, v 7$n7$n)'

The main ingredient in the proof of Theorem [5.3.3|is the following high-probability

bound on L evaluated at the leaves of T .

Proposition 5.3.4. There exists a subset S of the leaves of T such that Pr[pg] * S =
1—o(1) and for allx € S, |L(x) — 1] = o(1) and L(z,x) < eV,

Let us first prove Theorem [5.3.3| assuming Proposition [5.3.4]

Proof of Theorem[5.3.3. Let U be as in Lemma [5.3.2] Define

i

- ai Mz,
(w):E[MNGOE*(d)]*I{MGU}H(1—!—5 L l).

.|.
ey x, Ax;

It is clear that L*(x) = Pr+U~'L(x). For all € S, by Cauchy-Schwarz

! Az

n :cT xX;
|L(z) — L(x)| = E[MNGOE*(d)]*J{MgzU}H<1+s M )

1/2
n TM ] 2
< Pr+U?E[M ~ GOE*(d)) + [ | (1 +elt “"“)

T Ay
ey x] Ax;

= /Pr+UcL(x,x) = o(1).

Here we use that Pr«U° < exp(—Q(d)) and L(z,z) < V4. Moreover, we have
|L(x) — 1| = o(1). Thus, for all z € S, L(x) =1+ o(1) and

L7 () — 1| < |L*(®) = L(z)| + [L(z) — 1]

Pr«xU°—
= Pral L(x) + o(1) = o(1).

Finally,

drv(po, 1) = 2E[x ~ po] * (L*(x) — 1)
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=2E[x ~ po] * [{x € S}(L*(x) —1)_ + 2E[x ~ po] * [{x & S}(L"(x) — 1)

< 2sup(L*(x) — 1) + 2Pr[pg] * ¢ = o(1). O

xeS

5.3.1 Recursive Evaluation of Likelihood Ratio

Let z = (21,...,2) be a sequence of unit vectors. For 1 < i < t, let z.; be the
sequence z with z; omitted. Similarly, for 1 < ¢ < j <, let z.;; be the sequence
z with z;, z; omitted. The main result of this subsection is the following recursive

formula for L(z).
Lemma 5.3.5. The function L satisfies

2¢? — d{z;, z)* — 1
d* = | (2] Az) (2] Az)

1=

L(z) = L(z.) +

L(ZNi,t)

The proof is based on Isserlis’ theorem, which we record below. For k even, let PMat(k)

denote the set of perfect matchings of {1,... k}.

Theorem 5.3.6 ([127]). Let g = (g1, ..., gx) be a jointly Gaussian vector. If k is odd,
then E Hle g; = 0. If k is even, then

k k/2
E*H 9i = Z HE*galgb
i=1 {{Cbl,bl} ..... {ak/g bk/g}}EPMat(k i=1

Proof of Lemma[5.3.5. For a set S C [t] with |S| even, let PMat(S) denote the set of
perfect matchings of S. For even k < t, let Mat(¢, k) denote the set of matchings of
[t] consisting of k/2 pairs. We compute that

"M 2,
z) = Z eSIE[M ~ GOE*(d)] * H i ki (expanding (5.5)))
21 Az,
SClt] ieS Tt
151/2 ; ;
. 3 Mza 2y Mz,
=3 > [[ BM ~ GOB" (@)« =2 552 (1530
SC - Harbidetaisyz sy sHEPMai(s) =1 iz, 2 A,
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/2] k zT Mza zg_Mzb.

B ok -~ * . a :
= Z 5 Z HE[M GOE™(d)] * 28, Az, z;'iAzbi

k=0 {{a1 bl} ..... {ak,bk}}eMat(t,Qk) =1

% ( ) > g P (5.6)
{{a1,b1} 1 (ZalAZal)(ZgiAZbi)

''''' {ak 7bk}}€Ma‘t (t72k) i=

In the final step we use that for unit vectors x,y € C%,
N 2
E[M ~ GOE(d)] « (+"Mz)(y' My) = - (d{w,y)* = 1),

which can be verified by direct computation. The lemma follows by partitioning the
summands in (5.6) based on whether ¢ appears in the matching, and if so which
ie{l,...,t —1} it is paired with. O

5.3.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition |5.3.4. For any sequence

of unit vectors z = (21, ..., 2), define

¢ t ¢ t

dziz) —I; L(z;) dziz! — 1,

H = E L . d K = E —_—
(Z) i=1 4 Az L(z) " = i—1 21 Az

The function H enters our calculations by the following rewriting of Lemma [5.3.5

L(z) 2% I H(zw)z

—=1+—" 5.7
L(zt) d? zZAzt (5:7)

L(z) _ _L(z<)
L(z~t) — L(zgt-1)

the likelihood ratio martingale. As we will see (proof of Claim [5.3.10|) below, the

If 2z =2 = (11,...,1,) is a prefix of & ~ pp, then is one step in

multiplicative fluctuation of this step is

Bl (%) —140(5 ) |H(wer )R

Thus, an upper bound on ||H(z)||r over all prefixes z of & controls the fluctuations
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of the likelihood ratio martingale. Because the matrices output by H are hard to
control directly, we will use the function K as a proxy for H. The following lemma
quantifies this relationship, showing that if K(z) is bounded in Frobenius norm, H(z)

is bounded at the same scale.

Lemma 5.3.7. Suppose 1 < v < d/(e*n'/?). If z = (21,..., %) is a sequence of unit
vectors satisfying t <n and ||K(z)||p < n'/2dy, then ||H(z)||r < 3n'/%dy.

Note that this lemma is a “deterministic" statement about a sequence of vectors. We
will prove this in Subsection [5.3.3] using the bootstrap argument alluded to earlier.
The following lemma bounds K (z) in Frobenius norm uniformly over all prefixes z of
x. We will prove this lemma in Subsection by mimicking the proof of Doob’s L?

maximal inequality for the matrix valued martingale K (x<;).
Lemma 5.3.8. If & ~ po, then Exsup,,, || K (x<)|? < nd®.

We will now prove Proposition assuming Lemmas [5.3.7] and [5.3.8, We set «a, 8
to be slowly-growing functions such that 1 < a < 8 < d*?/(’n) A d/(e?n'/?), and

furthermore a? < d*?/(e?n). This is possible because n < d*/?/e2.
Let & ~ py. For 1 <t < n, define the filtration F; = o(x<;) and the sequences
Ht == H(ajgt)? Kt == K(wgt), (Dt = L(wgt). (58)

Counsider the time

e’n

7 = inf {t: ||| 7 > n'/?da or |®, — 1| > Wﬁ} U {oo},

which is clearly a stopping time with respect to F;. Also define the stopped sequence
\Ijt = (I)t/\T-

Claim 5.3.9. With probability 1 — o(1), | K|z < n'/?da for all 1 <t < n.

208



Proof. By Lemma 5.3.8]

E xsu K,||?
Prx sup || Ky||p > n'/?da < PK;@QH e <a?=o(l). O
1<t<n nd?o

Claim 5.3.10. With probability 1 — o(1), |¥, — 1| < 5% 8.

Proof. Note that W, is a multiplicative martingale: if 7 < ¢t — 1 then certainly

E 2 |F_1 =1,and if 7 > ¢t — 1, (5.7)) implies

Wy 1
Ext |Fiy =1+ = E*xIHt_lxtU-" =1
\Ijt_l t—1 — d2 xIAxt t—1 — 4,
using that
IIHt—lxt 1 T
]E*T—\}"t,l = szt(xth,lxt) = ( H;_1, watxt:vt = (Hi_1,15/d) = 0.
xy Axy o -
(5.9)
We next bound the quadratic increment E (\I,‘fil)2|.7-"t,1. If 7 <t—1thisis 1, and
otherwise
\Ijt 2 452 xIHt_lxt 454 (l’IHt_ll't)Q
E Fiai=14+—Ex———|F 1+ —F—Ex———|F_;. (5.10
>x<(\I’t—l> Fer " = :vIAxt P " (xIA%)Z P )

The first expectation is zero by (5.9). To bound the remaining expectation, note that
for any unit vector x,

. (5.11)

N | =

T Ax > agxte = ay >
So,

(2] Hi_y2,)?

— | F Fio1 =2 wyalHy (v Hy_yzy (5.12
(2] Azy)? A | Fi1 Z 1Hea (v ) Hyay (5.12)

Tt

2
<2 waaHY o =2 <H > wnmia] > = 2(HE , La/d) = S| Hia I3

Tt Tt

(5.13)
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Moreover, since 7 >t — 1, |K;_1|r < n'/?da and Lemma implies ||H; 1||r <
3n'/2do. Thus,

So, for all 1 <t < n,

7, \’ 72e*
E ¥} :E*E*(qj t ) | Fia Wy, < (1+ - na2> ET;

t—1

and therefore

72e* " 72e4n?
E\Iffg (1+ gna2> < exp (iaz) <2

. 4,2
since &% < 1. Moreover,

d3
2 178N 2 v,
E(\I/t — 1) = E x[E % "thl\pt—l — 2 % |ft71\pt71+1
\Iltfl ‘I]t,1
72e4
< %oﬁmt{l YRV, — 1)
144*n
<3 4+ E (U, —1)%
so by induction
144e*n?
E(¥, —1) < %oﬂ.
Thus
e’n Ex|¥, — 1] 14402
Pr«|U, — 1| > dmﬁg 52_2262 < P =o(1).
Therefore, |¥,, — 1] < %B with probability 1 — o(1). O

Claim 5.3.11. If || K, ||p < n'/2da, then L(z,z) < eV

Proof. Using the elementary inequality e2+2” > (1 + 2)? and then Cauchy Schwarz,
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we can write

n TM ) 2
L(z,x) = E[M ~ GOE*(d)] * H (1 + sxq x) (5.14)
i=1 L AT
n T 2
x Mzx; x, Mz
E[M ~ GOE*(d)] * e 22— 1 . 5.15
| @) e o | 320 ( TA%) (5.15)

x) Axl

< |E[M ~ GOE*(d)] xexp (4> ™ x’)E[MNGOE*(d)]*exp 22(?% “7>
i=1 ] i

Now we bound each of the terms in (5.16)). For the first term, we have

n_i
N r; Mz; \ . 4e
E[M ~ GOE*(d)] * exp (4 ; £ WAz, ) =E[M ~ GOE*(d)] * exp < ¥ (M, Kn>>,

(5.17)
where we used that tr(M) =0. As M =G — tr(G I, for G ~ GOE(d), we have that
(M, K,) = (G, K,) is distributed as a Gaussian with variance at most 2| K, |3 <
2nda?. So we can bound by

Elg ~ N(0, 32e2na?/d)]exp(g) = "6 /4 « V4 (5.18)

as a? < d*?/(*n) by assumption. Next we bound the second term in the product
in (5.16). Use vec(M) to denote rearranging M as a vector in R® (done in a consistent

way) and use ® to denote the Kronecker product of two matrices. Let @ € R* ¥4 he

defined as

xla: & x; 9:
©= ; TAQSZ '
We have
n 2
. :L’jsz * 2 t
E[M ~ GOE*(d)] xexp [ 2) [ =% =E[M ~ GOE*(d)] * exp (2evec(M)'Qvec(M)) .
i\ AT
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Now note that

xl:c ® 14 2K, 4nl,
Q<2Z ! Az —( 4 )®[d

so we have ||Q||op < 6n/d. Also, we have

a:'x
”QHI\ Z . \

Let Aq,..., Az be the eigenvalues of (). Next note that we have

E[M ~ GOE*(d)] * exp (2&°vec(M)'Qvec(M)) < E[v ~ N(0, I2)] * exp (10e%/d - vI Q)
d2

< H]E[g ~ N(0,1)] * exp(10?/d - 92/\j)

=1

< 20t AR)/d o VA

In the first step above, we used the convexity of the function inside the expectation
to replace the distribution over M ~ GOE"(d) with another distribution that can
be obtained by adding independent, mean-0 noise to M. Afterwards, we used the
rotational invariance of N(0, ;) and then the bound on ||Q|o, (together with the
fact that E[gle” = (1 — 2¢)~! < € for sufficiently small ¢), and finally the bound on
|Q]|1. Putting everything together, we conclude that L(z, ) < eV? as desired. [

Proof of Proposition |5.3.4. Define the event

2
S = { sup || K¢||p < n'2da and ¥, — 1] < ﬂﬂ} :

1<t<n d3/2

By Claims [5.3.9/ and [5.3.10, Pr[pg]S = 1 — o(1). We will show that if S holds, then
758 holds.

7 = co. Indeed, if 7 =t < oo, then either || K,||r > n'/?da or |®, — 1| > d3/2

Since ¥,, = ®¥,, this contradicts S.

So, 7 = oo on S. This implies |L(x) — 1| = |, — 1] < da/zﬁ = o(1). Moreover
| K, ||r < n'/2da, so by Claim [5.3.11| we have L(z, ) < V<. O
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5.3.3 Bounding H in Frobenius Norm by Bootstrapping

In this subsection, we prove Lemma [5.3.7, Throughout this subsection, let z =

(z1,...,2) be a sequence of unit vectors satisfying ¢t < n and

1K (2)|lr < n'/Pdy (5.19)
for some 1 < v < d/(?n!/?).
The following lemma bounds a variant of K (z) where we multiply each summand by

an adversarial b; € [—1,1]. This will be used to control the discrepancy H(z) — K(z)

in the bootstrapping argument.

Lemma 5.3.12. Uniformly over by, ..., b, € [—1,1], we have
dz;z ]d
bi S | < 2y + 2nd 2.
||; S e <y

Proof. For any choice of by, ..., b,

dl [ dz ! I
||;b ZTA dup\an Taclr +||Zbiﬁ%np
dz
\||Z e+ ||Z

t

<K@)e+20)
1=1

IIF

I
2 e

The second inequality holds because the matrices dzizg and I; are both psd. Using

(5.11)), we have

t

I
> TZ IF < 2td"* < 2nd"/>.
Zq

The result follows by the assumed bound on ||K(2)]|z. O
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For S C [t], let zg = (2;)ies. Further, let

dzizl — I L(zs\(i}) dzizl — I,
Hg = E : : d Kg = E —_— .
° 21 Az L(zs) o ° 21 Az

€S €S

The following lemma gives a preliminary bound on ||Hg||r. In the proof of Lemma|5.3.7]
we will use this bound to control || Hg|| for |S| = t—O(logn), followed by the bootstrap

argument over O(logn) recursive rounds to contract the bound to O(n'/2d).

Lemma 5.3.13. For all S C [t], ||Hs||r < 2n'/?dy + 4nd'/?.

Proof. Note that for any fixed M € U, for the U given by Lemma m, and any unit

vector z, o
ZTMz < 1 3 1
£ <— —===,
YAz 12 1/2 2
so 1+ Eigj € [1/2,3/2]. Thus, for all i, L(zg)/L(zs\(iy) € [1/2,3/2], which implies
L(zs\()
— € [2/3,2]. 5.20
2ot ¢ oy, (5:20)

Lemma [5.3.12] gives

1
§HHSHF < n'2dy + 2nd"/?,

as desired. n

Proof of Lemma[5.3.7. Let D = log+/n/d. If t < D, then by equations (5.11]) and
(5.20),

¢ T
HdZZ'Z~ — Id“F L(Z~i> 1/2
H(z < E L . < 4dD < n'’?d

as desired. Otherwise ¢t > D. We will prove by induction on a > 0 that if S C [¢]

satisfies |S| =t — D + a, then
|Hs|lr < & 2 2nY2dy + 4e~*nd"/?.

The base case a = 0 holds by Lemma [5.3.13] For the inductive step, assume a > 1.
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By the inductive hypothesis and equations ([5.7]) and ( - foralli e S

HS\Z 452 462
||0p < ﬁHHS\iHF < ﬁga—l

L(zs) ’ ”

Since this upper bound is o(1), we also have

L(zs\; 2
Meswa) g (5%, |
L(Zs) d?
Write “Z80) 1 = %2¢, b, for b; € [~1,1]. By Lemmal5.3.12]

dzl L(ZS\{Z-}) dzl Id
S (e e = T S e

€S €S
5e2nl/? 10e2n B
< d 7 d3/2 ) ga 1 \ € 15(1—17

~X

using the hypotheses v < d/(e?n'/?) and n < d*?/¢%. By the triangle inequality,
equation (5.11)), and our choice of D,

||dzz IdHF 1/2 101
K K(z dy+2dD < —
1Kslle < (=) e+ Y 7+24D < oo

1/2d
AL 7
iEelt)\S i Azi

Hence

dZZ — d (L(zg\{,;}) )
H K + . -1
sl < WKslle 13 == (g~ e

101
< ——nli2g “le g
100 Y +e g 1 5 )

as 105 +2e~ ' < 2. This completes the induction. Finally,

|H(2)||F = || Hyllr < 20'%dy + de Pnd"/? = 2n*2dy + 4n*/?d < 3n'2dy. O
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5.3.4 Uniform Frobenius Bound on the K(x<;) Matrix Martin-

gale

In this subsection, we will prove Lemma [5.3.8, The proof mimics the proof of
Doob’s L? maximal inequality. Let @ ~ py, recall that K; = K(x<;), and define

X = sup || K| -

Lemma 5.3.14. We have that E X? < AE| K, |/%

Proof. We will first upper bound Pr X > x for all z > 0. Consider the stopping time
7 =1inf{t : | K¢||r = z} U {n}. Then,

Pr+«X > 2 =Pr«|| K, ||r > 2
<o B Kol I{|| K-l > 2}
< @ Bl K| p| P I{ || K | 7 > 2}

=2 'E#|| K, || pI{X > x}.

The first estimate is by Markov’s inequality, and the second is by convexity of the

norm ||-||p. Thus,

IEXQ:/ PrX22a:dw:/ Pr X > 22z d:vg/ 2E || K, || pI{X > a2} dz
0 0 0

= 2B 4K, X < 2/E#| K, [ E X2

Rearranging yields the result. O
Lemma 5.3.15. We have that Ex|| K, ||% < nd?.

Proof. We can expand

- dwixl —1Iq dxixl — 1, dz;zt — 1,
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Since ;
de;xl — 1
JJ—“’,]:]._1 — waj(dxjx; — 1) =0,

Zj

E % ;
xijj

for any ¢ < j we have

ol — 1, deal =1 o de.al — I
E « dwfl la Sk AU dwf li g 200~ 2 N,
x, Ax; x; Az, x, Ax; x;ij

The other expectation in (5.21]) can be bounded by (recalling (5.11)))

drix] — I ozl — Iy, doga) — 1 1
E*H#H%@Eﬂ Tl — S T 2 _2d(d—1)Ex = 2d(d - 1)
JAz; x; Az; x; Az;
Therefore E *|| K, ||% < 2nd(d — 1) < nd>. O

Proof of Lemma[5.3.8. Follows immediately from Lemmas [5.3.14] and [5.3.15] O

5.4 Lower Bound for Off-Diagonal Perturbations

In this section we consider the family of perturbations which correspond to the “off-
diagonal” case. More formally, let d; > dy and A € R%"*% and B € R%*% be
diagonal matrices with diagonal entries a; > --- > a4, > 0 and by > --- = by, > 0
satisfying 2a4, > ay, 2bg, > by, and tr(A) + tr(B) = 1. We abbreviate aq, = a, bg, = b.
With these settings, we consider the task of distinguishing between the following two
alternatives:

A0 A =G

Hy:p= and H, :p=

. (5.22)
0 B <G B

Here, G ~ Giny(dy, dy) for the U given by Lemma below.

Lemma 5.4.1. For d; > dy, there exists U C R%*% sych that if G ~ Gin(dy, ds),
then PrG ¢ U < exp(—0.1dy) and on the event G € U, we have |G|, < 3 and
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| M|y > da/3 for
0 G

Gt 0

We defer the proof of this lemma to Appendix [C.3

Parameter Settings. We will assume the parameters a, b, dy, ds, ¢ satisfy the fol-

lowing relations:

1 dyvab

S diva < doV'b dy >d 2
0% log I wWa < dovb 1 >dy (5.23)

d1>>1 €<

Remark 5.4.2. For most places, it suffices to use ¢ < w%odgx/ ab so we will often drop

the log(1/a) except for the few places where it is actually necessary.
Our main result for the distinguishing task (5.22)) is the following.

Theorem 5.4.3. Under the assumed parameter settings, the copy complexity of

distinguishing between Hy and Hy with incoherent measurements is Q(d1/2d2/52).
We first record several elementary consequences of the parameters settings.

Fact 5.4.4. Under the parameter settings, p ~ Hy is psd with trace distance at least
e/3 to Hy.

Proof. The trace distance bound is immediate from the properties of U given by

Lemma m To show p is psd, note that for any nonzero z € C%, y € C%,

2 — 6e
(z,9)Tp(z,y) = 2T Az + y' By + d—szGy > al|z||* + blly||* — d—2||35||||y||
6

1020\/@IISL‘IIII?JII > 0. m

> allz[* + bllyl* —

Fact 5.4.5. Under the parameter settings, bds € [1/4,1].
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Proof. Since d; > dy and div/a < dg\/l_), we have dia < le—?dgb < dyb. Thus 1 =
tI’(A) + tl"(B) < 2d1a + ngb g 4d2b and 1 2 tI’(B) 2 dgb ]

Take any learning tree 7 corresponding to an algorithm for this task that uses n <
dgd}/ 2 /€% incoherent measurements. The parameter settings imply that we may further
assume, by taking additional superfluous measurements, that (log \/%)2 /(dia) < n.
Similarly to the previous section, we let py and p; denote the distributions over leaves

of 7 induced by p under Hy and H; respectively, and we will show drv(po, p1) — 0.

Because of the block structure in ((5.22)), we denote leaves of T by (x,y) = ((x1,41), - - -, (Tn, Yn))-
Here, each (z;,v;) satisfies z; € C%, y; € C®, and (24, y;) € C1+% and corresponds

to an outcome from some (adaptively chosen) rank-1 POVM which we write as

{(‘Ta y) (ZL’, y)T}(x,y)EP'

Note that (z,y) are not necessarily unit vectors. We only require that

Z (z,y)(z, y)T = la,4d; -

(z,y)eP

We let L*(-) denote the likelihood ratio between p; and po, ie. L*((x,y)) =
p1((x,y))/po((x,y)). Note that

(2

Yal = 2e xTayl-
L*((x,y)) = E[G ~ Ging(dy, ds)] * 1+ = i
(2,9)) = E| (i) <] ( e +y33yi)

We similarly define the non-truncated estimate

- 2e xTayi
L((x, = E|G ~ Gin(dy, ds)] * 1+—- ! . 5.24
() =6~ G T[ (143 22 P)

We will abuse notation and write L((z,w)) for any sequence of unit vectors (z,w) =
((z1,w1), ..., (2, w)) of length not necessarily n. This is defined identically to (5.24)).
We let L((x,y), (x,y)) denote the value of L on input ((x1,v1), (x1,91), - (Tn, Yn), (Tn, Yn))-
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The following proposition is analogous to Proposition and will be the main

ingredient in our proof.

Proposition 5.4.6. There exists a subset S of the leaves of T such that Pr[py|S =
1—o(1) and for all (z,y) € S, |L((z,y))—1| = o(1) and L((x,y), (xz,y)) < *02Vddz,

We now prove Theorem assuming Proposition [5.4.6|

Proof of Theorem[5.4.3 Analogous to the proof of Theorem [5.3.3] assuming Proposi-
tion [£.3.4 O

5.4.1 Recursive Evaluation of Likelihood Ratio

Similarly to the previous section, we obtain a recursive expression for L. Let the
sequence of unit vectors (z,w) = ((z1,w1), ..., (2, w;)) be as above. For 1 < i < ¢,
let (z,w).~; be this sequence with (z;, w;) omitted. Similarly, for 1 < i < j < ¢, let

(z,w)~;; be this sequence with (z;, w;) and (z;,w;) omitted.

Lemma 5.4.7. The function L satisfies

t—1

L<<z,w>>=L<<z,w>Nt>+jl—i@; . Azﬁgﬁfg”ljjw i U w0

Proof. Analogous to Lemma [5.3.5] The pairwise moments are evaluated by

E[G ~ Gin(dy, dy))(2'Gy)(2'Gw) = dil(x, 2){y, w). O

5.4.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition For the sequence

of unit vectors (z,w) = ((z1,w1), ..., (2, w;)) as above, define

L((z,w)..)
Z umw‘fgw; L(zw)
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Lemma can be rewritten as

-

L((z,w)) g 4522 zZH((z w)Nt)wt‘ (5.25)
L((z,w)) did3 2l Az + w) Bw,
Further define
w] | 2| |wi |
and k((z,w)) = su
Z TAZ, + wTBwZ ( ) bi,e.., btep 1 1]”2 TAzZ + wTBwl)

As in the previous section, K will be our proxy for H. The condition that the
error terms in the bootstrapping argument contract correspond to an upper bound
on £((z,w)). In contrast to Lemma [5.3.12] it is no longer true in this setting that
boundedness of K ((z,w)) implies the required bound on x((z, w)) (see Appendix|C.4));
this will instead be separately proved in Lemma below.

The following three lemmas are the analogs of Lemmas [5.3.7] and [5.3.8] Lemma [5.4.8
deterministically controls H given bounds on K and k, and Lemmas [5.4.9] and [5.4.10

give the required high probability bounds on K ((x,y)) and «((x,y)).

Lemma 5.4.8. Suppose v > 1. If (z,w) = ((z1,w1),..., (2, wy)) satisfies t
n, |[K((z,w))||r < vndidyy and k((z,w)) < 103d1d§/5 then ||H((z,w))||r
3\/’ﬂd1d2’}/.

<
<

Lemma 5.4.9. For (x,y) ~ po, let (x,y)<t = ((x1,21), ..., (xt,y:)) be the length-t
prefiz of (z,y). Then Exsup oo, | K (2, y) <) |7 < ndido.

Lemma 5.4.10. If (x,y) ~ po, then Prk((x,y)) > ~Lydid3/e? = o(1).

103

We now prove Proposition assuming Lemmas [5.4.8, [5.4.9] and [5.4.10, These
lemmas will be proved in Subsections [5.4.3] [5.4.4] and [5.4.5]

Let v, 3 be slowly-growing functions with 1 < a < 8 < dy’*dy/(¢2n) and furthermore
o? < d*dy/(2n). This is possible because n < dy’*dy /2. Let (@,y) ~ po. For
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1 < t < n, define the filtration F; = o((x,y)<;) and the sequences

Hy = H((x,y)<t), K= K((,Y)<), ke = K((T, Y)<t), Dy = L((x,y)<t)-

Consider the stopping time (with respect to F;)

. 1 en
7 = inf {t : ”KtHF > v/ ndidsa or Kk > 1—03611613 or ’(I)t — 1’ > mﬁ} U {OO}
1
and stopped sequence W; = ;4.

Claim 5.4.11. With probability 1 — o(1), ||K||r < Vndidsa for all 1 <t < n.

Proof. Follows from Lemma [5.4.9| and Markov’s inequality. O

Claim 5.4.12. With probability 1 —o(1), |¥, — 1| < 5.
1 az

Proof. This is analogous to Claim [5.3.10 and we only sketch the differences. Note
that ¥, is a multiplicative martingale. We will bound the quadratic increment

E (qj‘fjl)Zl.Ft,l. This is 1 if 7 < t — 1, and otherwise by (5.25), (because the linear

term expects to 0)

U, \?2 16¢2 TH, 1)
E*( t ) |Fii =1+ -7 Ex T(xt t I?Tﬁ) [t
| d1d2 (xtAIt + Yy Byt)2

This last expectation is bounded by

lyel| 2] HE |,
(@A% + ?JIB?/t)Q
| Hy ||

(x:frHtflyt)Z
(xIA:);t + yZByt)Q

N mIHtflyty;rHtflxt
(ZBIAZB,: —|— yIByt)Z
1 xIHE_lxt

< -Ex
b fIAﬂUt ‘HJZBZ/t

E « |Fii =E |Fiot <Ex

| Fi-1

|Foy = < ddy|| Hy 1%

using Fact . Since 7 > t — 1, we have |K;_{||r < vndidsa and kr; < %dldg.
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Thus Lemma implies || H;_1||r < 3v/ndidaa, and

U, \? 64t 57640
E Fi <1+ —H %<1 2,
() 1P <1 Sy < 14 22

Analogously to the proof of Claim [5.3.10] this implies

2 - 576en?
E(U, -1 < ——F—0a?
T
The result now follows from Markov’s inequality. m

Claim 5.4.13. If |K,||r < Vndidea and k,, < Ldégg, then L((x,vy), (x,y)) <

103
60.02\/d1d2

Proof. Using the elementary inequality e* > 1 + z and then Cauchy-Schwarz, we can

upper bound L((z,y), (z,y)) by

bl 2 e, i
Yi € Yi
U(@.y), (@,y)) < E[G ~ Gin(dy, )] exp Z dy 2} Az; + y} By, ! (dz o} Az + y) B%)

xX. Gyz
< 4| E[G ~ Gin(dy, ds)] * exp (Z dsy xTA:c + yTBy )

2 G, ?
X |E[G ~ Gin(dy,ds)] * exp 285 ( 2,y )

xZTAxi + yZT By;

(5.26)

Now, we bound the two terms in the last product in ([5.26|) separately. First, we have

x!Gy; , 8¢ )
G ~ Gin(dy, dg)]*ex = E|G ~ Gin(dy, dsy)|*xexp | — (G, K,,) |.
E| (di, ds) p<zd2xTsz+yTByl) [ (di, d)] p(d2< )
(5.27)
Note that (G, K,) is distributed as a Gaussian with variance %HK"H% 6452”042
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So we can bound ({5.27) by
Elg ~ N(0,64cna?/ds))] * exp(g) = e84 m%/d2 « Vi, (5.28)

as a? < d}/ 2dy /(e°n) by assumption. Next, we bound the second term in the product
in (5.26). Use vec(G) to denote rearranging G as a vector in R%% (done in a
consistent way) and use ® to denote the Kronecker product of two matrices. Define

Q 6 Rdldgxdldz as

n T i
¢ ; (55314551 + ygByiV

Let X € Ch%*" he the matrix with columns given by T for 1=1,2,...,n. Let

e,
H%W!Iyzl\z

b = —
(] Az; + y! By,)?

and let D € R™" be the diagonal matrix whose diagonal entries are 6; for i =

1,2,...,n. We can write

yT xjy;[ ? 1 1
QI 99< Libs > = (DX'XD, xtX).
e Z zall lyall ™ 1|y

By Grothendieck’s inequality, we can replace the second term XX with ofo for some

€ [—1,1]™ while incurring at most a factor of 2 in the inequality. Thus, we have

T 2
oiwiy; |||yl dyd;
E < V26, < :
1@lr < \/_ max H (] Az; + y] By,)? I < v2r 700e2
In particular, we have ||Qlop < (did2)/(700e2) and ||Q|l; < d3/*dy?/(7002). Let
A1, ...y Ay, be the eigenvalues of ). Returning to the last term in (5.26)), we can

write

2
" 82 e
E|G ~ Gin(dy, ds)] * exp — 5.29
6~ Ginta )] o | 3 ( T By@) (5.29)
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zmawemm@m*mp@gwm$@mmﬁ) (5.30)

8 2
= E[v ~ N(0, Iy,a,)] * exp | ——0'Qu (5.31)
dyd2
didz 2 2
8
=TI Elg ~ N0, 1)] * exp ( =N, (5.32)
o d\d2
< 61052(A1+.--+)\d1d2)/(dldg) (533)
g e\/d1d2/70’ (534)

where in the fourth step we used our bound on ||Q||op, together with the fact that
E[gle”” = (1 — 2¢)~! < €5/4 for sufficiently small ¢, and in the last step we used our

bound on ||@Q]];.

Putting ((5.26)), (5.27),/5.28, and ([5.34)) together, we conclude L((z, y), (z,y)) < eVhd
as desired. O]

Proof of Proposition[5.4.6. Define the event

1 dld% 52n
S = {121:£nHKtHF § V ndldg@ and Rn < 1—03? and \Ifn g mﬁ .

By Lemma [5.4.10] and Claims [5.4.11] and [5.4.12] Pr[po]S = 1 — o(1). If S holds, then
7 = oo: indeed, if 7 =t < oo, then one of |K;||r > vndidyar, Ky > #d;—fg, and
|D, — 1] > df/z{;ﬁ holds. Since ¥,, = &, and &, > k; (because in the definition of
k((x,y)) we can take by = - -+ = b, = 0) this contradicts S.

So, 7 =00 on S. This implies |L((x,y)) — 1| = [P, — 1| < dff{; B = o(1). Moreover,
1 2

| K llr < v/ndidsar, so by Claim [5.4.13| we have L((z,y), (x,y)) < e%02Vdidz, O

5.4.3 Bounding H in Frobenius Norm by Bootstrapping

In this section, we will prove Lemma [5.4.8] Let (z,w) = ((z1,w1),..., (2, w;))
be a sequence of unit vectors satisfying ¢ < n, |K((z,w))||lr < Vndidya, and
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k((z,w)) < §5d1d3, where v > 1. For S C [t], let (z,w)s = ((2i, w;))ies- Let

L((z,w)gq\;
HS—Z 7 . (( )\) and KS—Z X

AzZ + wTBwZ L((z,w)s) Azz + wTBw,'

Lemma 5.4.14. For all S C [t], ||Hs||r < n/Vab.

Proof. For any fixed G € U, for the U given by Lemma and any unit vector

<z7 w)?

D)

2¢ Z'Gw 2 3|2l ||| 3e 3
il R U P < < —
dy | 2T Az + wtBw dy allz||?+bl|w|® ~ dyv/ab ~ 108

Thus, for all i, L((z,w)s)/L((z, w)s\) € [1/(1+107°),1 4 10~°] which implies

L((z, w)s\i)

L((z,w)s) L TR (5.35)

Thus

.I.
n n
H 141079 < (14107 —. O
|Hsl||r < ZH TA w Bu ||F ( ) N7 ( ) m

i€S
Proof of Lemma[5.4.8 Let D = log(n/vab). If t < D, then by equation (5.35) and

the assumption (log \/Lafb)Q/(dla) <n

w! D
H((z,w) 14107%) < —— < 3v/ndidyy.
[|H (( Mr < ZII TA,+wB 7 - ( ) N 1dayy

Otherwise t > D. We will prove by induction on a > 0 that if S C [t| satisfies
|S| =t — D + a, then

n
H <& 2 2/ndidyy + e —.
|| SHF g 1a27Y \/%

The base case a = 0 holds by Lemma [5.4.14] For the inductive step, assume a > 1.
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By the inductive hypothesis and equation (}5.25]),

el | 2 | v | 426 Ll
L((z, w)s\) = dyds 21 Az + w] Bw; S dudj 2l Az +w] Buw;
Thus,
T
ol (Mzwa) )
H Ksllr + - : -1
st < sl + 13 e (i) e

These terms are bounded by (in light of (5.35))

apt
2w,

K K((z,w + (1+1077) 5.36
[ Ksllr < [[K((z,w))][F +( Z | TAn +wl Bu, |7 (5.36)
i€[t]\S
D
é \ nd1d27+ — g 1.01 Tldldg’}/ (537)
vab

and, for some by,...,b; € [—1,1],

L((z, w)s\i) ) 6%, zaw] ||zl will
. -1 —
”; TAZZ -I—wTsz ( L((z,w)s) I d,d3 HZ TAz, —l—wTBwZ) I
< 45211((z,'w))
42

ga—l < G_Ifa—1-

Since 1.01 4 2 < 2, this implies || Hs|| < &. Therefore

n
IH((z,w))||r = | Hyllr < 2v/ndiday + e_Dﬁ = 2v/ndidyy + 1 < 3v/ndidyy. O

5.4.4 Uniform Frobenius Bound on K((x,y)<)

In this subsection, we will prove Lemma [5.4.9, Let (x,y) ~ po, K; = K((x,y)<) and
X = SUplgtgnHKt“F-

Lemma 5.4.15. We have that E X? < 4E | K,|/%.

Proof. Analogous to Lemma [5.3.14] O
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Lemma 5.4.16. We have that E|| K, ||% < ndids.

Proof. We expand

E || K,|3 _ZE*H j 1242 Z E % ib“z?/j TjY;
" ol Az +yTB " v Az; +y| By, ot Az; +ylBy;

1<i<j<n

The cross terms have expectation 0 like in the proof of Lemma [5.3.15] Now,

T 2 2 2
S 7 S 1 1 P O 1 S [P
x) Ax; + y] By (z] Ax; + y] By;) b zlAx;+y/ By, b
in light of Fact O
Proof of Lemma[5.4.9 Follows from Lemmas [5.4.15 and [5.4.16] O

5.4.5 Balancedness of Realizations

Finally, it remains to prove Lemma [5.4.10] Recall that

T
iy ||| s
k((x, = sup E b; . 5.38
(( y)) b1,...,bn€[11”i TA%‘F?/TB?/%) ||F ( )

We will first prove a few preliminary inequalities about the individual terms in the
summation above. In particular, since x;,y; are the measurements obtained from a

POVM, we argue that over the randomness in the ith measurement, the term

el
(xf Az; + y By;)?

is not too aligned with any given direction. Thus, intuitively, over ¢ = 1,...,n, the
individual terms will be very weakly correlated and this will allow us to bound the
signed sum. In the next two claims below, we think of P as a POVM that we will use

to measure our state.
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Claim 5.4.17. Let P be a set of vectors (not necessarily unit vectors) in C? such that

meT:I.

z€eP

Then for any coefficients ¢, for all x € P, we have

D el <[> e
x€P zeP

<U,Zcxx><20x|(v,x)|< Zc?z Z|(v,x)|2 = Zci

zeP zeP zeP zeP zeP

Proof. For any unit vector v,

where we used Cauchy-Schwarz and the hypothesis. Because ||u|| = max;,|=1(v,u) for

all vectors u, we are done. O

Claim 5.4.18. Let P = {(x,y)} be a set of vectors where z € C%,y € C% such that

Z 22t =1T.

z2=(z,y),2€P

Then for any choice of ¢, € [—1, 1] for each (z,y) € P, we have

cyrllzllyl?, _ Vdu
Iy = | <.

xTA.tL" + y'By

(z,y)€

Proof. For all choices of ¢, , € [—1,1]

cagl |l
| 2 xTAx+yTBy|| S || Z Coyl
7y

(z,y)EP

lxlle-

By Claim [5.4.17],

IS alzlzlle < | S0 @ lel? < V. -

(z,y)EP (z,y)EP
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We can think of the bound in Claim as a bound on a single term in ([5.38))
over the randomness of the measurement. Now, we will use Claim [5.4.18| on all of
the terms in to bound the signed sum. Of course, the sum in the expression
in Claim is inside the norm and it is not immediately clear how to use this to
reason about the sum in . Actually relating the two expressions requires several

additional arguments.

Claim 5.4.19. Consider measuring the state Hy with respect to POVMs Py, ..., P,
(which may be chosen adaptively). WLOG, the POVMs are rank-1 and can be viewed

as sets of vectors such that for all i € [n]

Z 2t =1,
z€P;
Let the results of the measurements be (z1,41), ..., (Zn, yn). If n < dody’?/(10%62).

Then with probability 1 — e™>% over the randomness in the measurements, we have

the following inequality for any choice of ¢y, ..., ¢, € [-1,1]:

n T
< .
”z < (x] A +y§Byi)2HF = 4-103be?

Proof. For each i € [n], define

AN

0, = T f 2"
(x]Ax; + vy, By;)

Let @ be the expression inside the Frobenius norm on the LHS of the desired inequality.
Define the matrix X € C%*" to have columns given by zi,...,x, and the matrix
Y € C%*" to have columns given by v1,...,yn. Let N, D € R™ " be the diagonal
matrices whose entries are ||y1]|, ..., |yn]| and c16y, ..., 0, respectively. Now we can

rewrite

1QIE =D cicsbibs (i ;) (yar ys) = (XD)XD, YY) = (XDN){(XDN), (Y N"H)I(YN)) .

i?j
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Now by Grothendieck’s inequality, we can replace the expression (N71Y)T(N-1Y)
with ofo for some sign vector o € {—1,1}" while incurring at most a factor of 2 loss.

Thus,
[

Cily |IE1||H?/1 2
max Q Qmax : 5.39
x| QI < ||§ i (5:39)
Let R denote the quantity inside the norm on the RHS above. Now it suffices to

bound || R||. First, consider any fixed unit vector v. Note that

n

<R,U> < Z ||xl||||yz

= (z TAxZ +y; Byz)

I

(i, )]

Next, by Claim [5.4.18] we have that

a1y 1

E

d
o)l | < Y

where the randomness is over the ith measurement. Also note that the individual

terms
il lyall®

‘(1’1',1)”

are always bounded in magnitude by 1/(ab). Note that the above two observations

B (( Ll )2!<xi,v>\) < Vi

xl Az; + yl By ab?

also imply that

Thus, by Freedman’s inequality, we have

dyds
10%be?

(R,v) <

with failure probability at most

d2d3
1 T2 dydza
exXp <_§ di1da di1ds S CxXp |~ 1052 S eXp(_l()dl) ’

1029¢2qgb2 + 10%ab2e?

102 > 10%, Finally, we can take some

where in the second step we used that d2“ Z oy 2
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0.1-net of possible choices of v, which we call I, and union bound over all elements of

I'. If the desired inequality were false i.e.

dyds
> 72
Qe >
then by (5.39), we must have
dyds
R|| >
12l 8 - 103be?

By the construction of I', there must be some v € I' such that

dydy

= 0.
(R.v) > 09][Rl| > 705

and thus we are done. O

Proof of Lemma[5.4.10. Plugging in the parameter settings at the beginning of Sec-
tion [5.4] and using Claim [5.4.19] we get the desired property. O]

5.5 Instance Near-Optimal Lower Bounds

Our main result on general state certification is the following. Recall that for two

quantum states o, p, the fidelity F' between them is defined in Definition [1.4.7]

Theorem 5.5.1. Let 0 < ¢ < O(1/loglog(d)). Let o € C™? be a density matriz.
Then any algorithm that uses incoherent measurements which, given n copies of
p € C™ can distinguish between the case where p = o and ||p — ol > & with

probability at least 2/3 must satisfy

N0 ( dv/ dess

= polylog(d/e) o Id/d)) ' (540)

Here, o* is an explicit density matriz given by zeroing out O(g) mass from o and

normalizing, and deg is the rank of o™ .
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As before, the choice of failure probability can be taken to be any constant greater

than 1/2.

In this section we use Theorems and [5.4.3] to give a simple proof of a slightly
weaker version of Theorem where the construction of ¢* requires removing
up to O(elog(d/e)) mass. The analysis is a simplified version of the analysis from
Sections 5.5 and A.3 of [65]. Later, in Appendix and we give a full proof of
Theorem [5.5.1) which involves slightly generalizing Theorem [5.3.3| and carrying out a

more delicate version of the analysis below.

As a first step, notice that since we are given an explicit description of o, by applying an
appropriate rotation, we may assume without loss of generality that ¢ is diagonal. For
the remainder of this section, we will let o1 > ... > g4 be its eigenvalues (equivalently,

its diagonal entries in sorted order).

5.5.1 Bucketing and Mass Removal

For j € Zo, let S; denote the set of indices i € [d] for which 277! < ¢; < 277, and
define d; £ |S;|. Let J denote the set of j for which S; # (. We will refer to j € J
as buckets. Given i € [d], let j(i) denote the index of the bucket for which i € S;.

Let J* C J denote the buckets j for which Zz‘esj o; = ¢, and let Syghe C [d] denote
all 7 € [d] for which j(i) € J*. Let ¢’ denote the unnormalized density matrix given
by zeroing out the i-th entry of o for every i € Sjight, and let o* denote the density

matrix o’/ tr(o’).

Fact 5.5.2. |7*| < O(log(d/¢)). In particular, o' is given by removing O(elog(d/¢))

mass from o.

Proof. Note that for any j € J*, 277 > 0, > ¢/d for all i € S, so j < logy(e/d). [
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5.5.2 Helper Lemmas

Here we collect some elementary observations that will be useful in our proof of the
weaker version of Theorem [5.5.1] We begin by noting an alternative way of representing

fidelity with respect to the maximally mixed state.

Fact 5.5.3. Given psd matriz o € C¥?, let ¢ £ o/tr(0). Then F(o,11;) =
illollyz - (o)~
Fact 5.5.4. Let S be any set of distinct positive integers. Given a collection of numbers

{d;}jes satisfying >, d;279 < 2, let p be the vector with d; entries equal to 277 for

every j. Then ||pllij2 < |S]? - max; d7277.

Proof. Let j* £ argmax d?2~/. Then HPH%Z =3 2797 < |S] - 2772, O

Our lower bound instances in the proof of the weaker version of Theorem will be
based on perturbing certain submatrices of 0. We will use the following basic fact to

analyze these instances.

Lemma 5.5.5. Consider the task of distinguishing between the following alternatives:

S 0 S 0
Hy:p= and Hy:p= (5.41)
0 P 0 P

where S € RY*Y and P € RUY=¥)*=d) gre deterministic psd matrices for which
tr(S) + tr(P) =1, and S € RY*? is drawn from some distribution over psd matrices

with trace tr(S).

Then the copy complezity of this task using incoherent measurements is Q(n/tr(S)) >

Q(n), where n is the copy complexity of the following distinguishing task:
Hy:p=5/tr(S) and  Hy:p=2S/tx(S) (5.42)

using incoherent measurements.
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Theorem m gives a Q(d*?/e?) lower bound for mixedness testing for d larger than
some absolute constant. In the following lemma, we complement this with a weaker
lower bound that holds for all d, based on the classical lower bound for uniformity

testing. For this, consider the task of distinguishing between the two alternatives:

1 1
Hy:p= EA and Hy :p= L_Z(A +ePZPT), (5.43)
where A € R%*? is a diagonal matrix with diagonal entries a; > --- > aq > 0 and
tr(A) = d, where Z = diag(1,--- ,—1,---)ifdiseven and Z = diag(1,--- ,—1,--- ,—1,0)

otherwise, and where P € R%*¢ is a random permutation matrix on the first 2|d/2]

coordinates.

Lemma 5.5.6. For all d > 1 and € < 1, the copy of complexity of distinguishing

between Hy and Hy with incoherent measurements is Q(v/d/e?).

Proof. By Lemma [5.5.5] it suffices to prove the lemma when d is even. As the states
under Hy and H; are both diagonal, we can assume without loss of generality that the
measurements are all in the standard basis. Let py denote the uniform distribution
over [d]. Given S C [d] of size d/2, let ps denote the discrete distribution over [d]
which places mass £ on elements in S and mass 1= on elements in [d]\S. Under
Hy, if one measures n copies of p, the n measurement outcomes are a sample from
pd". Under Hi, if one measures n copies of p, the measurement outcomes are a
sample from E[S]pE"™ where S is a random subset of [d] of size d/2. It is a standard

result in distribution testing that distinguishing between dry (p§", E[S]p5") = o(1) if
n = o(v/d/e?) (see e.g. the proof of [216, Theorem 24.1] which is based on [I74]). O

Finally, we will use the following lower bound to handle a corner case where o has

one especially large eigenvalue.

Lemma 5.5.7 (Lemma 5.24 from [65]). Let ¢ < 1/2. If oy > 3/4, then state

certification to error & with respect to o using incoherent measurements is 2(1/£2).
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5.5.3 Proof of Weaker Variant of Theorem [5.5.1]

We now give a simple proof of a slight weakening of Theorem [5.5.1] where one

removes O(elog(d/e)) mass from o, instead of O(¢). We strengthen this analysis in

Appendix [C.2]

Proof. Note that tr(c’) > 1 — O(elog(d/e)) = (1), so by Fact it suffices to
lower bound the copy complexity by

Q (derl|o” |12/ (2 log(d/2)) (5.44)

We proceed by casework depending on whether or not d; =1 for all j € J*.

Case 1. d; =1 for all j € J*. Note that in this case,

o'l =S 2792 =0(1). (5.45)

JET*

and [|0*]|1/2 = O(||0’[|1/2). As degr = 1, it thus suffices to show a copy complexity lower

bound of Q(1/£?) in this case.

If additionally we have |7*| = 1, then for ¢ < O(1/logd) sufficiently small, the
maximum entry of o is at least 3/4, so we can apply Lemma to obtain a lower
bound of Q(1/£?) as desired.

Otherwise, let j, 7' be the two smallest bucket indices in J*, and let 7,4’ be the elements
of the singleton sets S;, S If ¢ < ¢2779/277'/271 for sufficiently small constant ¢ > 0,

we can invoke [65, Lemma A.4] to conclude a copy complexity lower bound of (1/¢2) [

Otherwise, suppose € > ¢277/277'/271 Because 277 > 277 we know that 277" < O(e).

In particular, consider the state o** given by zeroing out oy from ¢’ and normalizing.

*Note that [65, Lemma A.4] gives a (suboptimal) lower bound for the distinguishing task in
Section The reason we invoke it instead of Theorem [5.4.3]is that unlike the latter, it holds for
the setting d; = dj; = 1 that we consider here.
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For this matrix, des = 1 and ||0**[|1/2 = O(1). Furthermore, because £ < O(1/ log(d)),

we have o; > 3/4, so we can apply Lemma m to conclude a lower bound of Q(1/?).

Case 2. d; > 1 for some j € J*. In this case, let j; £ argmaxjes-d; and

jo = argmax;e g+ d7277.

If e <edj,2™ 71/2=52/2=1 /5, for sufficiently small constant ¢ > 0, we can apply the lower
bound instance in Section [5.4] to these two buckets. Let P denote the submatrix of o
containing the diagonal entries of o outside of S;, US;,. Let X; and ¥;, denote the

submatrices of o containing the diagonal entries indexed by S;, and Sj,.

If j1 # jo, then consider the distinguishing task

S, 0 0 R
—T
Hy:p= 0 E].Q 0 (: 0‘) and Hy:p= ﬁG 2]’2 01:
J1
0o 0 P 0 0 P
(5.46)

where G is a C-truncated d;, x dj, Ginibre matrix. If d;, is sufficiently large that
Theorem [5.4.3] applies, then by Lemma [5.5.5] and Theorem [5.4.3] this has copy
complexity at least
Q ( Vi ) Q(V/djy 5,27 /%) = Qdest|0”[}1/2/ (€7 polylog(d/<)))
(/277 + d3,22))? . |
(5.47)
where in the first step we used that d;,2772 < 2, and in the last step we used Fact
and Fact [5.5.4 Note that [lo*[li2 = O(/|0"|lij2). Otherwise, if d;, = O(1) and
Theorem doesn’t apply, we can still apply [65, Lemma A.6] which only differs

in its suboptimal dependence of djll/ % on the parameter d;,, which does not affect our

overall bound as d;, = O(1) in this case.

If 1 = j2, then because we are in Case 2 we know d;, > 1, so let Z( and Z ) denote

di

5 X % diagonal submatrices. Consider the

an arbitrary partition of ¥, into two
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distinguishing task

(1) e
5 00 S
-
Hy:p=1 0 Eg.f) 0] (=o0) and  Hy:p= djl/gdeG Ef) ol.
0 0 F 0 0 P
(5.48)

where G is a C-truncated d% X % Ginibre matrix. If d;, is sufficiently large that
Theorem applies, then by Lemma [5.5.5 and Theorem [5.4.3] this has copy

complexity at least

o ds
]1 J1 i / 2
0 <(€ s ) /5,27 /) > Ode]lo' 12/ (2 polylos(d/<)).
(5.49)
where in the first step we used that d;,277* < 2, and in the last step we used Fact [5.5.2 -
and Fact [p.5.4] Otherwise, if d;, = O(l), we can apply [65, Lemma A.4] as above.

It remains to consider the case where e > ¢2791/2752/271 /5, Let j* £ arg max;e s+ dj2*5j/2.
We can apply the lower bound instance in Section to bucket j*. Letting ;- denote
the submatrix of o containing the diagonal entries of Sj- and P denote the submatrix

containing the remaining diagonal entries, we consider the distinguishing task

0
, (5.50)

0 P 0 P
where M is a C-truncated trace-centered GOE matrix. By Lemma together with
either Theorem if d > 1 or Lemma if d = O(1), this has copy complexity

at least

d?{Q 1 5/20—j* 1 2 5/20—41 12
? ((6/(dj*2—j*))2 ' tr(zj*)> = Q(dji727 [e7) 2 Q(dj;"277 /€7). (5.51)
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To complete the proof of the theorem, it suffices to show that
/277 polylog(d/c) > (\/70522 J?) (5.52)
Suppose to the contrary. Then we would get
d? 2774 polylog(d/e) = o (d7,2772) . (5.53)
But by assumption on ¢,
cd;, 272722 )5 e < dy 270 (5.54)

where in the last step we used the fact that d;277 > Q(¢) for any j € J*. Squaring

both sides and rearranging, we find that
d2 2772 < O(d3 2771 57) < O(d3, 277 log?(d/e)), (5.55)

where the last step follows by the fact that j; < log(d/e) because 2791d > 2791d;, > e,
contradicting ((5.53)). O
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Chapter 6

Tradeofls for Few-Copy Measurements

In Chapter 4] we studied the basic task of quantum state tomography, and in this
chapter we return to this question. Recall that in quantum state tomography, one is
given n copies of a d-dimensional mixed state p, and the goal is to estimate its density

matrix to error €, e.g. in trace distance, by measuring copies of p.

As discussed previously, [102] and [170] settled the optimal copy complexity of this
problem, showing that n = ©(d*/e?) copies are necessary and sufficient but these
protocols require fully coherent measurements across the joint state p®”, and thus are
impractical on near-term setups, likely requiring fault-tolerant quantum computers to

be tractable.

Motivated by these constraints, in Chapter [ we studied what one can do with
incoherent i.e. single-copy measurements. These algorithms are much more practical
to run and in Chapter [4f we showed that the optimal copy complexity in this setting is
n = O(d?/e?) — and thus incoherent measurements are provably weaker than coherent

measurements.

In this chapter, we study what happens between the incoherent and fully coherent
regimes. This is a particularly timely consideration given recent advancements in

quantum devices and the fact that, while still far from the unconstrained fully co-
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herent regime, they may soon have capabilities that go beyond purely incoherent
measurements. Specifically, we study what happens if the learner can make entangled
measurements over a limited number, say t copies of p at a time, which we call
t-entangled measurements. This naturally interpolates between the incoherent regime
(t = 1) and the fully coherent regime (¢t = n). We will show a tight characterization of
the copy complexity of state tomography with t-entangled measurements, for a large

range of t.

6.1 Results

Our main results in this chapter are the following pair of theorems.

Theorem 6.1.1 (informal upper bound, see Theorem [6.4.8). Let t < min(d?, (v/d/e)°),

for some (sufficiently small) universal constant c. There is an algorithm that uses

o)

total copies of p by taking n/t separate t-entangled measurements, and outputs p so

that ||p — pll1 < & with high probability.

Theorem 6.1.2 (informal lower bound, see Theorem [6.6.13)). Let t < 1/ for some
(sufficiently small) universal constant c. Any algorithm that uses n total copies of p by

taking taking n/t separate (but possible adaptively chosen) t-entangled measurements

o (Vi)

to succeed at state tomography, with probability > 0.01.

must require

Together, these theorems imply that the copy complexity of tomography with ¢-
entangled measurements is, up to logarithmic factors, exactly 5) (\%2), forall t < 1/e°.
In other words, for this regime of ¢, the sample complexity smoothly improves with .

To our knowledge, this is the first nontrivial setting in which the copy complexity has
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been sharply characterized to smoothly depend on the amount of entanglement. Prior
works on the power of t-entangled measurements either did not obtain sharp tradeoffs,
or studied settings where simply taking ¢ to be a large enough constant sufficed to

obtain optimal copy complexity (e.g. Bell sampling [66] [164]).

We pause here to make a few remarks about our result. First, as mentioned above,
the most practically pertinent regime of ¢ is the regime where ¢ is small but > 1. Our
result fully characterizes this setting, so long as € = o(1), and obtains a nontrivial

partial tradeoff even for constant €. We believe that the restriction that ¢t < 1/e¢

is ultimately an artifact of our techniques, and we conjecture that &) <\/d;;2> is the
right rate for all ¢ < O(d?). We leave resolving this question as an interesting future

direction.

Second, we note that our result implies that when ¢ is sufficiently small, entanglement
only helps up until a certain point. When ¢ < 1/d, we can take t = ©(d?), and our
algorithm achieves a rate of n = 5(?—;), which matches (up to logarithmic factors) the
lower bound against general quantum algorithms with any degree of entanglement. In
other words, we can match the rate of the fully coherent algorithm, with asymptotically
less coherence. To our knowledge, this is the first instance for a natural learning
problem where a super-constant, but still partial, amount of entanglement is the

minimal amount of entanglement required to obtain the statistically optimal rate.

Our techniques. As previously mentioned, we need a number of novel ideas to
overcome the difficulties with prior techniques for the t-entangled setting. In this

section, we describe some of these conceptual contributions at a high level.

A key idea, which is crucial to both our upper and lower bounds, and which to our
knowledge is novel in the literature, is something we call linearization. For any state

p, we can write it as p = %d + E, where E is some traceless Hermitian matrix. Then,
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for any integer ¢, we observe that p® can be approximated as follows
1 \® 1\ &1
SN ey E -1, 6.1
#m (qh) + X Ee (G) (6.1)

where here and throughout the paper, we let Zsym denote the symmetric sum, i.e.

YA @A =Y An®... 0 Ay .

sym TS}
We call the expression on the RHS of the t-linearization of p, as it is the linear
term (in F) of the expansion of p®. Note that while the linearization of the state
is not necessarily itself a mixed state (as it need not be PSD), we can still perform
formal calculations with it. For our purposes, the linearization of p has a number of
crucial properties. While estimators based on weak Schur sampling do not yield an
unbiased estimate of p when applied to p®!, they do yield an unbiased estimate of
(up to a known correction term) when “applied” to the t¢-linearization of p. Therefore,
as long as the linearization of p is a good approximation for p®!, we may average
the result of many independent trials of such estimators to obtain a better estimate
for F, and consequently, p. For the lower bound, it turns out that the amount of
information gained by the algorithm from some measurement outcome (more formally,
the likelihood ratio of the posterior distribution for the algorithm starting from two
different states, see Lemma is controlled by the Frobenius norm of some linear

transformation of the corresponding POVM element.

Another important and novel algorithmic idea is that of quantum splitting. It turns
out that our techniques work best for states which are relatively spread-out, i.e. states
with spectral norm at most O(1/d). To extend our techniques to general mixed states,
we give a novel procedure which reversibly transforms any state into another state
of marginally larger dimension that is spectrally bounded. One can view this as
a quantum generalization of the splitting procedure introduced in [75] for classical
distribution learning and testing. There, as well, the goal was to take an arbitrary

distribution over [d] elements and produce a “well-spread” distribution over a slightly
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larger domain. However, more care must be taken in the quantum setting, as our
splitting procedure must be done obliviously of the (unknown) eigenvectors of the true

state p, and so any such procedure will non-trivially alter the spectral properties of p.

6.1.1 Additional Related work

The results in this chapter follow a flurry of recent works characterizing the effect that
near-term constraints like noise and limited quantum memory have on statistical rates
for quantum learning tasks. Many of these have focused on proving lower bounds for
protocols that can only make incoherent measurements, e.g. [54, 65 (67, [64], 66, [5, [79], 62].
Among these works, the two most relevant ones are [62] and [64]. The work in [62]

has been covered in Chapter []

In [64], the authors are motivated by the same general question as the present work:
are there tasks for which being able to perform t-entangled measurements for large
t is strictly more powerful than for small ¢?7 Instead of tomography, they studied a
certain hypothesis testing task based on distinguishing approximate state k-designs
on n qubits from maximally mixed. They show that when ¢ < k, any protocol must
use exponentially many copies, but with fully-entangled measurements, poly(n, k, 1/¢)
copies suffice because one can simply run quantum hypothesis selection [26]. Unlike
here, they do not manage to give a full tradeoff. Additionally, they prove some partial
results for using t-entangled measurements for mixedness testing [169, 54], 67], where
the goal is to distinguish the maximally mixed state from states that are e-far in trace
distance from maximally mixed. Specifically, when ¢ = o(log(d))/&?, the polynomial
dependence on d in their lower bound matches that of the lower bound of [54] for ¢t = 1.
Although that lower bound is suboptimal even for ¢ = 1, and although [64] did not
achieve a full tradeoff for mixedness testing, we remark that it hints at an interesting
phenomenon. Unlike in tomography, where copy complexity smoothly decreases as ¢
increases, for mixedness testing, the number of copies ¢t must exceed some e-dependent

threshold before one can improve upon the single-copy rate.

Lastly, we remark that our analysis of the upper bound makes crucial use of certain
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representation-theoretic estimates proved by [170]. While these estimates were origi-
nally used to analyze Keyl’s estimator in the fully-entangled setting, in our analysis

we leverage them in a novel way to prove guarantees in the partially-entangled setting

6.2 Preliminaries

Throughout, let p € €9 be the unknown state that we are trying to learn.

t-Entangled Measurements An algorithm that uses t-entangled measurements
and n total copies of p operates as follows: it is given m = n/t copies of p®'. It then
iteratively measures the i-th copy of p®* (for i = 1,2,...,m) using a POVM in ¢ xd!
which could depend on the results of previous measurements, records the outcome,
and then repeats this process on the (i + 1)-th copy of p®'. After performing all m
measurements, it must output an estimate of p based on the (classical) sequence of

outcomes it has received.

Remark 6.2.1. Note that limiting the batch size to exactly t is not actually a
limitation because we can simulate an algorithm that adaptively chooses batch sizes
of at most ¢t with an algorithm that uses batch sizes of exactly ¢t up to at most a factor
of 2 in the total copy complexity. This is because we can simply combine batches

whenever their total size is at most ¢.

6.2.1 Representation Theory Basics

We will introduce some notation and facts from representation theory for analyzing
entangled quantum measurements. Our exposition closely follows [170], [171]. For a
more detailed explanation of the elementary representation theory results, see e.g.
[215]. We use G Lq to denote the general linear group in C%*¢ and Uy to denote the

unitary group in C%*?. Next, we introduce some notation for partitions.

Definition 6.2.2. Given a positive integer n, a partition of n into d parts is a list
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of positive integers A = (A1,...,Ag) with Ay > ... > Ay such that \; +--- + \; = n.
We write A - n to denote that A is a partition of n. We use |A| to denote the total
number of elements in A and ¢(\) to denote the number of nonzero parts in A, e.g. in

the previous example |A\| = n and ¢(\) = d.

Definition 6.2.3. Given two partitions A\, \' - n where A = (A1,...,\s) and X =

(Al ..s AL), we say A majorizes X if

MM ZAN+A

for all ¢ where A;, X’ are defined to be 0 whenever j exceeds the number of parts in

the partition. If A majorizes \', we write A = \.
Fact 6.2.4 ([I84]). For any n, the number of distinct partitions X\ - n is at most 25V™.

Definition 6.2.5. Given a partition A - n, let f;(A) be the number of parts of A\ that
are equal to i for each integer i. We define count(A\) = f1(A)!--- fr,(A)L.

Definition 6.2.6. Given a partition A - n, we let AT - n denote its transpose i.e. AT
the number of parts of A that are at least 1, Al is the number of parts of A that are

at least 2 and so on.
Definition 6.2.7. [Young Tableaux| We have the following standard definitions:

e Given a partition A - n, a Young diagram of shape X is a left-justified set of

boxes arranged in rows, with \; boxes in the ith row from the top.

e A standard Young tableaux (SYT) T of shape A is a Young diagram of shape A
where each box is filled with some integer in [n] such that the rows are strictly
increasing from left to right and the columns are strictly increasing from top to

bottom.

e A semistandard Young tableaux (SSYT) T of shape X is a Young diagram of

shape A where each box is filled with some integer in [d] for some d and the rows
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are weakly increasing from left to right and the columns are strictly increasing

from top to bottom.

Now we review the correspondence between Young tableaux and representations of

the symmetric and general linear groups.

Definition 6.2.8. We say a representation u of GL,; over a complex vector space C™
is a polynomial representation if for any U € C¢, ;(U) € C™ ™ is a polynomial in

the entries of U.

Fact 6.2.9 ([I87]). The irreducible representations of the symmetric group S, are
exactly indexed by the partitions X\ F n and have dimensions dim(\) equal to the
number of standard Young tableaux of shape \. We denote the corresponding vector

space Spy,.

Fact 6.2.10 (|93]). For each A\ b n, there is a (unique) irreducible polynomial
representation of GL4 corresponding to \. We denote the corresponding map and
vector space (my, V). The dimension dim(V\) is equal to the number of semistandard
Young tableauz of shape A with entries in [d|. This representation, restricted to Uy is

also an irreducible representation.

Theorem 6.2.11 (Schur-Weyl Duality [93]). Consider the representation of S, x G'Lg
on (C4)®" where the action of the permutation © € S, permutes the different copies
of C% and the action of U € GLy is applied independently to each copy. This

representation can be decomposed as a direct sum

(ChHEm = @ Spy @ Vi
AEn
o(N<d

Definition 6.2.12 (Schur Subspace). We call Sp, ® V¢ the A-Schur subspace. Given
integers n, d and A - n, we define I1¢ : (C?)®" — Sp, ® V| to project onto the A-Schur

subspace.
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Theorem 6.2.13 (Gelfand-Tsetlin Basis [93]). Let n,d be positive integers. For
each partition X\ = n where X has at most d parts, there is a basis vyi,...,v, of
V& with m = dim(V{) such that for any matriz D, = diag(ay,...,aq), we have
UZWA(DQ)UZ» = /" for all i where % are each d-tuples that give the frequencies of

1,2,...,d in each of the different semi-standard tableauzr of shape .

We now present a few consequences of Theorem [6.2.11| and Theorem [6.2.13| that will
be used in our learning primitives. Roughly, we give a more explicit representation of

the Gelfand-Tsetlin basis when embedded in the representation of (C?%)®™.

Definition 6.2.14. For integers n, d and a d-tuple f1, ..., fy such that fi+---+f; =n,
we define Gy, ¢,[n — d] to be the set of all functions ¢ : [n] — [d] where the multiset

{9(1),...,9(n)} has 1 with frequency f;, 2 with frequency f; and so on.

Lemma 6.2.15. Let f = (f1,..., fa) where f1,..., fa = 0 are integers and fy + --- +
fi=mn. Letvy,...,vq be orthogonal vectors in C?. If X is a partition that majorizes
(f1,--., fa) (after sorting in decreasing order) then there are weights {wg}teec,, _; nd

such that the vector

v = D welvg) @ @ g(y)

fa [n—)d]

,,,,,

is in the Schur subspace Sp, ® V&, Furthermore, we can choose dim(\) orthogonal

unit vectors vy, ..., Vsdim(x) Of the above form the weights so that

dim(\)
1
@n § : T . fyen [ _ d
Ig U p Ufzjvf,j (U ) dlm(VAd) H)\

where the expectation is over Haar random unitaries U.

Proof. First, WLOG vy, ...,v4 are the standard basis ey, ..., e4. This is because by
Theorem [6.2.11], we can always rotate all of the n copies simultaneously by the same

unitary while staying within the same Schur subspace. Now imagine decomposing C%"
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into the subspaces given by Theorem [6.2.11} Take one of the copies of V. Note that
since A majorizes (f1,..., f4), there is a semi-standard tableaux of shape A where the
numbers 1,2, ..., d occur exactly fi,..., f; times respectively. Thus, we can apply

Theorem to find the vector vy in it such that
U}DS”U F=al

where D, = diag(ay, ..., aq). Note that both sides of the above are polynomials in
the aq,...,a4 and it holds for all values, so it must actually hold as a polynomial
identity. Thus, vy must be contained in the eigenspace of D" with eigenvalue af
which is exactly the subsapce spanned by eg1) ® - - - ® ey(,) as g ranges over all of the

functions in Gy, _r,[n — d|. This immediately implies the first statement.

-----

For the second statement, the fact that V{ is an irreducible representation of Uy
implies that
n T n
E U vpol(UT)®

is equal to m times a projection onto the copy of Vi that vy is in. Thus, we
A

can simply use the same construction and pick vy 1, ..., v dim(x), one from each of the

copies of Vi in C?" and then we get the desired statement. O

In light of Lemma [6.2.15, we make the following definition.

Definition 6.2.16. Given integers n,d and a partition A - n, we define the vectors
vl ,vidim()\) € C% to be the vectors constructed in Lemma where we
choose vy, ...,vq to be the standard basis and (f1,..., fs) = (A1,...,A\q) (when the
vectors are not unique, we pick arbitrary ones, the choice will not matter when we use

this later on). We define
dim(

)
MY = Z Ui\l,j(vij)T'

j=1
We may drop the d in the superscript and simply write M, when d is clear from

context.
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We also have the following lemma that provides a type of converse to Lemma [6.2.15

Lemma 6.2.17. Let g : [n] — [d] be a function in Gy, . s,[n — d]. Then for any

-----

partition A\ = n that does not magjorize (fi,..., fa) (after sorting in decreasing order),

we have

T3 (vg(1) ® -+ @ vg(m)) = 0.

Proof. As before, due to Theorem [6.2.11, WLOG vy, ...,v, are the standard basis

e1,...,eq. Take any of the copies of V. Note that by assumption, there does not
exist any semi-standard tableaux of shape A where 1,2,...,d occur with frequencies
J1, ..., Ja respectively. Now consider a basis v;q), ..., vsm) for Vi as given by Theo-

rem . As in Lemma , we have that each vector v, must be contained in
the span of vectors vy (1)®- - - ®vy () as g’ ranges over all functions in Gfl(i)w (i) n — d].
However, as no semi-standard tableaux of shape A has 1,2, ..., d occur with frequencies
J1, -+, Ja, these subsapces are all orthogonal to vy1) ® -+ ® vy, and thus v is
orthogonal as well. Since the vy form a basis for (one copy of) Vi and we can repeat

the same argument for all of the other copies, vy(1) ® - -+ ® vy, is actually orthogonal

to the entire A-Schur subspace and we are done. O

Equipped with the above constructions, we can define the following POV Ms.

Definition 6.2.18 (Weak Schur Sampling). We use the term weak Schur sampling
to refer to the POVM on C%"*?" with elements given by I1¢ for A ranging over all

partitions of n into at most d parts.

Our algorithm will make use of a POVM introduced by Keyl in [135]. However, the
actual estimator we construct and its analysis will (necessarily) be very different from

previous works.

Definition 6.2.19 (Keyl’'s POVM [135]). We define the following POVM on € *?":
first perform weak Schur sampling to obtain A - n. Then within the subspace Spy, ® V|,
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measure according to

dim(VH{UE" MU 2™}

where U ranges over Haar random unitaries. Note that the outcome of the measurement

consists of a partition A\ - n and a unitary U € €%,

Remark 6.2.20. The fact that this is a valid POVM follows from Lemma [6.2.15]

6.2.2 Schur Sampling and the Schur-Weyl Distribution

Next, we introduce a few standard tools for analyzing entangled measurements involv-

ing Schur sampling and related POVMs.

Definition 6.2.21. For a d-tuple of variables z = (x1,...,x4) and integers A =
(AtseevsAa), we use Yo 2> to denote the symmetric polynomial that is a sum over

(1) .

- : A Ar :
all distinct monomials of the form x} -z,," for permutations 7 on [d].

Definition 6.2.22 (Schur Polynomial). Given integers n,d and a partition A - n, we

define the d-variate polynomial s)(z1,...,24) as

SA($1>"'7xd): Z xT

SSYT T
T has shape A

where 2T = :1:{1 x -xgd where f1,..., fq are the frequencies of 1,2, ..., d in the tableaux

T.
Fact 6.2.23 (|93]). We have the following properties:
e The Schur polynomial sy(x1,...,xq) is symmetric in the variables 1, ..., x4

e The Schur polynomial is equal to the character of the representation my i.e. for

a matriz M € C™>*? with eigenvalues vy, . .., aq, tr(ma(M)) = sx(ag,. .., aq).
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o We have for any oy, ..., aq, the identity

Zdim()\)s/\(cn, o ag) = (ap+ - ag)”

AFn

Definition 6.2.24 (Schur Weyl Distribution). Given integers n,d and a tuple
(o, ..,aq) with o; > 0 and a1 + - - - + ag = 1, the Schur-Weyl distribution SW"(«)
is a distribution over partitions A - n into at most d parts where the probability of

sampling a given A is dim(\) - s)(a). When « is uniform, we may write SW}; instead.

Fact 6.2.25. For a quantum state p € C¥¢ with eigenvalues o, . . ., o, if we perform

weak Schur sampling on p®™, then the resulting distribution over X is exactly SW" ().

One of the key tools for understanding the Schur-Weyl distribution is the following

combinatorial characterization.

Fact 6.2.26 (The RSK-Correspondence, Greene’s Theorem [184]). Consider A ~
SW"(«). Alternatively, sample a sequence of n tokens in [d] say x = (x1,...,2,)
where each token is drawn independently from the distribution (o, ..., aq). For each
k < n, let Iy be the maximum length of the union of k disjoint weakly increasing
subsequences of x and let I}, be the maximum length of the union of k disjoint strictly

decreasing subsequences of k. Then we have that:

o The distribution of A is the same as the distribution of (I1,lo —ly,l3— 1o, ... 1, —

lnfl)
e The distribution of AT is the same as the distribution of (I{,l, —1},.... I/, = 1! )

We now prove a few basic inequalities about the Schur-Weyl distribution. Compared
to [170} I71] where inequalities of a similar flavor are used, the inequalities here are

stronger in the regime n < d?, which will be crucial later on.

Claim 6.2.27. Let o = (aq,...,aq) be a vector of nonnegative weights summing to
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1. Then for A ~ SW"(«), with probability at least 1/2,

d 1.5

PP

i=1

Proof. Consider sampling a sequence x = (x1,...,2,) in [d|" where each token is
drawn independently from the distribution (a,...,a,) as in Fact [6.2.26] Now we
pair up each sequence x with its reverse, say x’. These sequences occur with equal
probability. Next, let A(z) be the partition corresponding to x as defined in Fact
Note that by construction, A(z’) = A(x)T. On the other hand, for any partition A - n,

we claim that
5

o N, T2 n'
max <;)\Z,;(AZ) ) > 1
Once we prove the above we are done, since x and 2’ occur with the same probability
and then we would get that either A(z) or A\(z’) satisfy the desired property. To see
why the above holds, if Ay +--- + A 5/, > %, then Zi:‘/ﬁlﬂ A? > n!5/2 by Cauchy
Schwarz. On the other hand, if Ay +--- + A z/» < 3, then Zz’>\/ﬁ/2 A; > 5 which

actually implies that

n
> N =3

AT

The above then implies that 37 | (A\/)? > 2. " = ©.2 This completes the proof. [J

Claim 6.2.28. Let o = (aq,...,aq) be a vector of nonnegative weights summing to

1. Then for A ~ SW"(a),

d
> A?] <2((af +---+ajn’ +n'?)

=1

E

Proof. Define the polynomial
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It is a standard fact (see [169]) that

X = — 2
s PO =l =D 3 (62)
Next, note that
o) e(\T)
2_2i=Dri= ) ()
i=1 j=1

Finally, recall from Fact that AT has the same distribution as the longest strictly
decreasing subsequence of a random sequence of n tokens in [d] drawn independently
from the distribution (ay,...,aq4). This is dominated by the longest decreasing
subsequence of a random permutation and it is known (see e.g. [215]) that this has

expected value at most 2y/n. Thus,

E\] < 2vn
SO
o) e(\)
E > @i—Dx|=E ) (\)?| <2n'?
i=1 j=1

Combining the above with (6.2)) implies

E

d
Z )\22] <2((af + -+ ad)n® +n')
i=1

as desired. O

6.2.3 Tensor Manipulations

We will also need some general notation for working with vectors, matrices and tensors.

Definition 6.2.29. For a vector v € C%, we define T'(v) to be the d @ - - - ® d tensor
obtained by reshaping v (we assume that this is done in a canonical and consistent

way throughout this paper).
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Definition 6.2.30. For matrices (or tensors) Ay,..., A; with all dimensions equal,

we denote the symmetric sum

ZA1®"'®A1£:ZAW(1)®"'®AW(L‘)-

sym TES:

If we additionally have positive integers k1, ..., k;, then

YA @A = Y A ® e ® Agsthy

sym fE€Sk,

where Sy, .k, consists of all distinct permutations of the multiset with k; elements

t

equal to 1, ko elements equal to 2 and so on.

Definition 6.2.31. Given a tensor T' € (C%)®!, we index its modes 1,2,...,t. For
sets S, ..., Sk that partition [¢], we define Fg, g, (7)) to be the order-k tensor whose
dimensions are d%1l x --- x dI¢ and are obtained by flattening the respective modes

of T" indexed by elements of S, ..., Sy respectively.

Definition 6.2.32. For a vector v € C? and integer 1 < j < ¢, we define G;(v) to be

a d’ x d’ matrix defined as

G,(v) = (Fsns(T()) (Fspns(T(0)))"
SClIS1=i

Now we have the following relations.

Fact 6.2.33. For any vector v e C¥, matriz E € C>? and integer 1 < k < t,

(OB @ I3 vof) = (B, Gy(v)).

sym

Proof. The identity follows immediately from the definitions. m

Lemma 6.2.34. Let f1 > ... > f4>20and fi+---+ fa=1. Let vy,...,vq be an
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orthonormal basis for C¢. Let

v= ng(vgm ® - ® g(r))
g

where g : [t] — [d] ranges over all functions such that exactly f; distinct elements are

mapped to j for each j € [d]. Then

Gi(v) = (Z w§> . (flvle + -4 fdvdvjl) )

Proof. Note that for any two distinct functions g, ¢’ with the specified frequencies, for

any index 7,

_ - _
Fiy i) (Vo) @+ - @g) Fy iy (09 (0 @ @) = w0700, 00 ] [ (wawy vory) = 0
]

because ¢, ¢’ must differ on at least two inputs [ € [t] (since their outputs have the
same frequencies) so then (vyq), vy )) = 0 for some [ € [t]\{j}. Next, using the same

formula as above but with ¢ = ¢/,

Fiiy iy (Vg ® -+ ® vy gy iy (Vg) ® -+ ® v’ = vg5y0) )

Writing out the definition of v and combining the above two identities completes the

proof of the desired equality. O

As a consequence of Lemma [6.2.34] we have:

Corollary 6.2.35. Let d be an integer and A\ =t be a partition. Let Uij e C% be one
of the vectors as defined in Definition [6.2.16 Then

Ch(vf,) = ding(hr..... ).
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Furthermore, for any unitary U € €4,
G (U ;) = Udiag(Ay, ..., AU

Proof. This statement follows immediately from Lemma|[6.2.15/and Lemma [6.2.34] [

6.2.4 Additional Facts

In this section, we present a few additional facts that will be used later in the proof.
First, we give an expression for the symmetric polynomials as a linear combination of

products of power sums.

Lemma 6.2.36. Let © = (z1,...,x4) be a d-tuple of variables and let A\ = n be a
partition of n into d parts (possibly including zeros). For each integer k, let Sy, =

o+ - 42k Then we can write

count(\) Zf‘ = ZCM H S

sym ukn wi >0
HZA

or some coefficients ¢, satisfying |c,| < (2n2)EN=L)  (recall count is defined in
1 ying |Cy

Definition .

Proof. We prove the statement by induction on A where we induct on the reverse
“majorizing order". The base case is when A = (n,0,...,0), which is the (unique)
maximal partition according to the majorizing order. Now assume that we have proved

the claim for all A" that strictly majorize \. Now note that we can write

H S :ZZ#Zx“

Ai>0 pEn sym
H=A

for some coefficients z,, that are nonnegative integers. Furthermore, the coefficient zy
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is exactly equal to count()). Thus,

count(\) Zﬁ - H Sy,

sym Ai>0

is a symmetric polynomial whose monomials strictly majorize A and we can now apply

the inductive hypothesis to write count(A) >__ % in the desired form. Using the

sym

inductive hypothesis, we can bound the coefficients. First ¢y = 1 by construction.

Next, for p = A, we can bound ¢, as

(2n2)€(u’)—€(u)zu, o\ B(A)— 2y
<Y < (2n2)! V-1 n ,
[l ™ count(y') (2n°) ; count(y/)(2n?)“ =10
pave) s

Let {(\) = k and fix some p’ with ¢(4') = k’. Now recall that 2z, is the coefficient of
2*" in the expansion Sy, - --Sy,. It is 0 unless &’ < k (since we are assuming ' = ).
Also, 2,/ /count(y) is at most equal to the number of partitions of the set {A1,..., Ay}
into &' parts such that the sums of the parts of the partition are exactly p, ..., (..
Thus, >y, 2w /count(y') is at most equal to the number of ways to partition [k]
into exactly &k’ disjoint subsets. This is at most equal to the number of labeled forests
on k vertices with k — k' edges which is at most k>F~+) < (n?)! =) Substituting

this into the above sum completes the proof. O

We also have the following formulas for integrals over Haar random unitaries.

Claim 6.2.37. Let v € C? be a uniformly random unit vector. Let v; be its first

entry and vy be its second entry. Then

Ellunf”) = Ellesf?) = -
4 2
Bfo Pl = 5y

Proof. These follow from direct computation using formulas for Haar integrals (see
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[107)). O

Claim 6.2.38. Let X,Y € C%9 be Hermitian matrices. Then

IUE[(UTXU)WTXU, Y)] =

(i - SO (0T e 0

where the expectation is over a Haar random unitary U.

Proof. First by Claim [6.2.37], for a random unit vector v,

IEZ[U’UT (!, V)] = %

and for Haar random orthonormal unit vectors vy, vg,
I — vl dtr(Y) - Y
vlvlr U141 Y = 1Y) .
d—1 (d—1)d(d+1)

E [vlvi(vgv;Yﬂ = E

V1,02 V1,02

v1Lvg v1Lvg
Now let the eigenvalues of X be z1,..., 2, and the eigenvalues of Y be yq,...y;. We
have
E[(UTXU)<UTXU Y] (Zx ) Y)| + UEE;]Q (2 Z leij> 010} (va0l, V)
v1lvg J1<g2
YVI+Y dtr(Y) -Y
= |1 X]| - ulV)I+Y tr(X)* — || X
XU - i+ GO0 = WX
1 ,  tr(X)? tr(Y)!/ tr(X)2 tr(Y)I
= e (i = ) (v - ) 2RO

6.3 Learning Balanced States

Now, we will present our learning algorithm for states that are close to maximally

mixed. The main result that we prove in this section is as follows:

Theorem 6.3.1. Let p = %i + E be an unknown quantum state in C¢. Let t be
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a parameter such that t < d* and |E||r < (0.01/t)Y. Then for any target accuracy
e, there is an algorithm (Algorithm[6.5.3) that takes O(d?/(t'°€?)) copies of p® and

returns E € C™¢ such that

E|IE - B3| <O@E|}:+&%).

Our algorithm will make use of Keyl’'s POVM (recall Definition |6.2.19)).

Algorithm 6.3.2 (Algorithm for Learning Balanced States).

1: Input: m copies of p® for some unknown quantum state p € C%*¢ ;

2: for j € [m] do

3: Measure p® according to Keyl’s POVM ;

4: Let A ¢ be the partition and U be the unitary obtained from the
measurement ;

5: Set D; = Udiag(A\i/t,..., \a/t)UT ;

: Compute 0 = E, gy [>; A7 — (£/d) ;

t(d>~1) (D1+~--+Dm _ Q) )
do m d/ >’

(=2}

~

: Compute E=
: Output: E;

o

We can actually use Theorem [6.3.1] to learn any state p with all eigenvalues at most
4/d [f| by first constructing an estimate o for the “complement" i[d — %p and then
simulating measurement access to copies (p + 30)/4 and applying Theorem to
refine the error in the estimate ¢. To initially estimate o, we will use the standard

algorithm for state tomography with unentangled measurements.

Theorem 6.3.3 ([101]). For any 6, < 1 and unknown state p € C™¢, there is an
algorithm that makes unentangled measurements on O(d?log(1/8)/e?) copies of p and

with 1 — § probability outputs a state p such that ||p — pllr < €.

*the choice of the constant 4 is arbitrary
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In this way, we can prove the following corollary of Theorem [6.3.1} It is actually
slightly more general in that we can learn any state p that can be written as a sum

o + A where ||o|| < 4/d and ||A||F is small.

Corollary 6.3.4. Let 6,¢ < 1 and p € C¥™? be an unknown state. Let t <
min(d?, c(1/£)%2) be some parameter, where c is a sufficiently small absolute constant.
Assume that p can be written as p = p' + A where ||¢/|| < 4/d and ||A||r < €/t
Then there is an algorithm that takes O(d*log(1/6)/(\/t?)) total copies of p and
measures them in batches of t-entangled copies and with probability 1 — 6§, outputs a

state p such that ||p — pllr < &

Proof. In the first step, we run the algorithm in Theorem with O(d?log(1/6)/(v/te?))
samples to produce an estimate p satisfying ||p — p|lr < O(et'/*). Project this (with
respect to the Frobenius norm) to the convex set of density matrices with operator

norm at most 4/d to produce a new estimate p. Note that ||p— p'||r < ||p — /||, and

1o =pllr <lp=Pllr+ 1Al < [[2=Pllr+1Alr < (17— pllr +2[ Al

< O(et'* + /2/1) < O(VE/1?)

where in the last step we used the assumption that ¢ < ¢(1/¢)%2. Because ||p|| < 4/d
by design, the “complement” state o £ ?;idfd — %ﬁ is a valid density matrix. We would

like to apply Theorem to the state (p 4+ 30)/4. Note that

1o30) = STt 20— 7). (6.3)

and for E = (p — p)/4, we have ||E||r < O(y/£/t?) < (0.01/t)* by the assumption
that t < ¢(1/¢)"2, provided we take c sufficiently small. Theorem thus implies
that with O(d?/(t'¢?)) copies of ((p + 30)/4)®", measured in batches of t-entangled

copies, we can use Algorithm m to produce an estimate E for which

|E — Ellr < O(*?|E||% +¢) < O(e) (6.4)
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with probability at least 1 — §, where in the last step we used that || E||% < O(g/t1).
By Lemma [6.3.5, we can simulate ¢-entangled measurement access to (p+ 30)/4 using

just t-entangled measurement access to p.

Our estimate for p is given by taking p + 4F and projecting to the convex set of
density matrices. As this projection can only decrease the Frobenius distance to p,

the proceeding arguments imply that
15+ 4E - pllr < O(e)

with constant probability with using O(d?/(v/te?)) copies. To achieve failure probabil-
ity 1 — §, we can simply repeat this process O(log 1/d) times and take the geometric
median of the outputs. Standard arguments then imply that this is O(e) close to p
with probability 1 — . Rescaling € by an appropriate constant factor completes the
proof. O]

Lemma 6.3.5. Let 0 < A < 1. Given t copies of an unknown state p, and given
a description of a density matrix o, it is possible to simulate any measurement of

(Ap + (1 = XN)o)®" using a measurement of p**.

Proof. Let {M.},cz be an arbitrary POVM. Then for any z € Z, observe that
(M (Ao + (L= N)o)™) = 3 A Q=N (M p@s o). (6.5)
SClt]

where p ®g o denotes the product state such that for every ¢ € S, the i-th component
of the state is a copy of p, and every other component is a copy of o. To simulate
measuring (Ap + (1 — X)o) with {M.}.cz, we can simply sample S by including each
i € [t] in S with probability A, prepare the state p ®g o, and measure with {M,}. [

The remainder of this section will be devoted to proving Theorem [6.3.1
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6.3.1 Approximation for Rotationally Invariant POV Ms

Recall that our goal in this section is to learn p when p = I;/d + E for some E
that is sufficiently small. One important insight in the analysis of Algorithm is
that because Keyl’s POVM is invariant to rotating all of the copies simultaneously,
we can replace X = p® = (I;/d + E)®" with its first order approximation X' =
(La/d)®" + 3 B ® (1a/d)**~" at the cost of some small error. We can then analyze
the POVM applied to X’ instead which is significantly simpler (although X’ may not
technically be a state).

First, we have the following lemma for bounding quantities that involve averaging

over simultaneous Haar random rotations of all copies.

Lemma 6.3.6. Let v € C¥ be any vector with |v|| = 1. Let E € C? be a Hermitian
matriz with tr(E) = 0. Then

)" El

E[(UEUN, )] <

N

where U is a Haar random unitary.

Proof. Let the eigenvalues of E be ag,...,a4. Then
E[(U'BU)™, ')

is a symmetric, degree ¢ polynomial in the «; since U is Haar random. Now consider any
tuple of nonnegative integers A = (A1,..., Ag) with A\; > ... > Ngand \j+---+\; = ¢.
For each integer k, define Sy = o + -+ 4+ af. Use Lemma [6.2.36| to write

count(\) Zo/\ = ZCH H Sy -

sym ukt ;>0
HZA
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Next note that S; = 0 and for all k > 2, Sy < (a? + -+ + a?)*/2. Thus,

< (af + -+ +ad)?(106%)

count(A) Z o

sym

where we used the coefficient bound in Lemma [6.2.36] and Fact [6.2.4] Next, recall that
by Schur Weyl duality, we can write

B[t EU)S] = ST MO0
U[( )7 ; dim(V}) A

All of the Schur subspaces VY have dimension at least (d/t)" (to see this, note that if
t < d, then there are at least (f) distinct SSY'T of any given shape and otherwise the

claim is vacuously true). Thus, since ||v|| = 1, we can write
‘E[((UTEU ’ =S (e, .. ag) (6.6)

where the coefficients zy satisfy >, |2\ < (¢/d)". Finally, note that the Schur polyno-
mial sy(ay,...,qq) has positive coefficients and these are all dominated, monomial
by monomial, by the coefficients in (a; + - - - + a4)* which are all at most ¢*. Thus,

overall we conclude by Eq. that

()| Blly

E(UTBU)™, vol)I| < [{A: A F )] - (/)" - (108 (ad + -+ a2 <

We now define the family of POVMs in €% > that are invariant to rotating all of the

d x d copies simultaneously by the same unitary.

Definition 6.3.7. We say a POVM {M.}.cz in C¥*% is copy-wise rotationally

invariant if it is equivalent to

(UM (UN®'AU } ez

265



where U € €% is a random unitary drawn from the Haar measure.

Next, we bound a y?-like distance between the outcome distributions from measuring
X and X’ with a copy-wise rotationally invariant POVM. Again, we emphasize that
the low-degree truncation X’ is not necessarily an actual density matrix; nevertheless,

the expression on the left-hand side of Eq. (6.7) below is a well-defined quantity.

Lemma 6.3.8. Let {M.}.cz be a POVM in C**d" that is copywise rotationally
invariant. Let E € €% be a matriz with tr(E) = 0 and ||E||r < (%)4. Let
X = (Ia/d+ E)* and let X' = (I3/d)*" + 3, E® (1a/d)*". Then

dz < (100t)*|| E||% . (6.7)

dH(X — X', M,)?
/z tr(M.)

Proof. We write

t
X=X"+3 Y EY @ (I/d)* .

Jj=2 sym

Now we will first bound

/ dt<MZ, E®i ® (Id/d)®t—j>2

= tr(M,)

B / d{M, ® M., E® @ (I;/d)®"7 @ E® @ (I;/d)®"7)
= tr(M,)

& d{(M, ® M., U (E% ® (I;/d)®"7 @ E% ® (Id/d)®t—j)(UT)®2t>

a /Z v { tr(M.)

dz

dz,

where the expectation is over Haar random unitaries U € C%? (the last step is valid
because we assumed that the POVM is copywise rotationally invariant). Now we can

use Lemma [6.3.6] to conclude that the above is at most

EDYIEIE | s
[y BEEE a: — g

Thus, by Cauchy Schwarz we have

dz

dH(X — X', M,)?
/z tr(M.)
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d’ 1
tr(M.
2

t
—_— ol (M, E®5 @ (I;/d)®1\%)2 | dz
2\SI( ) |S]
Sc[t],|S]>2 S| Sc[t],|S]>2

<

| w0
Lo /2 . .

<3 (j) ()1 EIE < (100 Bllb
=2

where we use the condition that ||E||r < (0.01/t)* in the last step. O

Now given a copy-wise rotationally invariant POVM, we can consider a family of

@dt xdt

estimators f : — %4 that are rotationally compatible with it.

Definition 6.3.9. Let {M.}.cz be a POVM in C¥ > that is copywise rotationally
invariant. We say a function f : {M.}.cz — €% is rotationally compatible with the
POVM if

FUSM(UN)®) = U f(M.)U

for all z € Z and unitary U.

We can apply Lemma to bound the error of a rotationally compatible estimator
between measuring X’ and X with some copy-wise rotationally invariant POVM. Note
that in Algorithm [6.3.2] the POVM is rotationally invariant and our estimator is

rotationally compatible with it.

Lemma 6.3.10. Let {M.}.cz be a POVM in in C¥*% that is copywise rotationally
invariant. Let f: {M,}.cz — C% be a rotationally compatible estimator such that
tr(f(M,)) =0 forall z € Z. Let X = (I/d+ E)*" and let X' = (14/d)*" + 3, E®
(I;/d)®*~t. Assume that |E||r < (&)4, Then

t

||/f WX — X' M,)dz||p 105t2‘EHF\// | f(M HFtr(M)dz.

Proof. We will upper bound the left-hand side by bounding (A, [, f(M.)(X—X', M.) dz)

for all ||Al|r < 1. Note that the integral on the left-hand side has trace 0, so it suffices

to consider A with trace 0.
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Consider a matrix A € C¥? with tr(A) = 0. Then

[0 (X-X )z < ( [ ranptit dz) - ( / dt<Xt;(j2)Mz>2 dz) -

To bound the first term above, by Claim |6.2.38| for any traceless Hermitian matrix
Y € (Ddxd

vz TAIEIY I
E[AUYU)] = =5

where the expectation is over the Haar measure. Thus, since the POVM {M,}.cz is

copywise rotationally invariant, we have

tr(M) 2 A[[FLf (M5 tr(M2)

Next, by Lemma [6.3.§]

dH(X — X', M.)?
= dz < (100)*| B3
| S as < o

and thus, taking the maximum over all A with ||Al|r < 1, we get

, 102 E [ (M3 (M)
!\Lf(Mz><X—X,MZ>dz\|F< - \//Z L

6.3.2 Proof of Theorem [6.3.1]

Recall that the high-level idea for proving Theorem [6.3.1] is to replace measurements
of X = p® with measurements of X’ and then analyze those measurements of X’.
The next result allows us to compute the mean of the estimator in Algorithm [6.3.2]if

we were able to measure X'.

Corollary 6.3.11. Let {M,y} v be Keyl’'s POVM where X ranges over partitions
of t and U ranges over unitaries in C™¢. Let X' = (Ig/d)*" + > E® (Ia/d)® "
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Then

d
I dFE
> / Udiag(\/t, ..., A/ U (Myy, XVAU = 24—~ E [Z A?-(t?/d)} .
’ d = t(d? —1) awswt L4="7
AFt j=1

Proof. Note that the actual POVM elements of Keyl’s POVM are dim (V) U®! M, (UT)®!
where A ranges over all partitions and U ranges over Haar random unitaries. Now we
apply Fact [6.2.33| and Corollary 6.2.35| to the vectors U®'v, ; as j ranges over all of
the components of M) (recall Definition 6.2.16]). Then

dim(X\)
(Myp, X') = <dim(V;>U®tv>\,jUI\,j(UT>®t> X')
=1
. 1 f
= dim(\) dim(VY) <dt dt —— (U diag(Ay, ..., A)U ,E>> .

So by taking X = diag(A1/t,...,A¢/t) and Y = F in Claim [6.2.38] for any fixed A we
get

A2 — (t*/d
BIU g0/, Mg/ (M, X1 = dim ) () (1 + 52 D )

Now summing over all A\, we conclude

Z/dlag M/t .. Ad/t)UT-<MA,U,X>dU_%+ TE ) e Swt [ZV t2/d]

At

O
Now we can complete the proof of Theorem [6.3.1

Proof of Theorem[6.3.1. Note that the POVM in Algorithm [6.3.2]is clearly copywise
rotationally invariant and the estimator is rotationally compatible with it. Let us use

the shorthand {M.,}.cz to denote this POVM and for M, corresponding to unitary U
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and partition A\, we let f(M.) = U diag(\1/t, ..., \¢/t)UT. We have

D
E{ Lt

20| [ o). i+ B a:
where the expectation is over the randomness of the quantum measurement in Algo-
rithm [6.3.2l We can make the estimator D; have trace 0 by simply subtracting out

I;/d and adding it back at the end. Thus, by Lemma [6.3.10] and Corollary [6.3.11
recalling the definition of # in Line [6] of Algorithm [6.3.2] we have

Di+-+D,] I,  dOE 1wme w |MMM)
IE = -y < ——£ dz
m d td>-1)
glwwmu_
d

Thus, if E is the output of Algorithm , then

10°)| B3

E[E] - Bl < ——

Next, we compute the variance of the estimator E. We have

d2t2 d*t?

E|IE ~E[E]}| < 5 E D ~EDI] < QEWmmszAW%D:ﬂ

Now by Claim [6.2.28) we can upper bound Ey gyt () [>2; A3] < 2(||pll3t* +11°) < 4¢17,
where in the last step we used the assumption that p = % + E for | [E|r < (0.01/¢)*

and that ¢ < 0.01d?. While Theorem is technically stated for ¢ < d?, for ¢ in the
range 0.01d? < t < d?, we can just use 0.01d?-entangled measurements instead and
this loses at most a constant factor in the total copy complexity. Also by Claim [6.2.27],
we have 6 > t1° /4. Thus, putting everything together, we conclude

(10d)?

E[IB - EI2] <2- 1008l + 2
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6.4 Reduction via Quantum Splitting

Now we demonstrate how to generalize our results in Section to learn arbitrary
states. The main idea will be to take an arbitrary state p and construct a state Split(p)
that preserves information about p and we can simulate measurement access to, but

also has bounded operator norm.

6.4.1 Construction of the Quantum Splitting

We formalize the splitting procedure below.

Definition 6.4.1. Let by, ...,bq € Z>o. We define Split, , to be a linear map that
sends any M € C%? to a square matrix with dimension 2% + - .. + 2% defined as
follows. The rows and columns of Split, , (M) are indexed by pairs (j,s) where
j € [d] and s € {0,1}% and these are sorted first by j and then lexicographically

according to s. Now the entry indexed by row (j1,s1) and column (j,, s9) is defined as
e If b, < b, then the entry is M, ;,/2% if sy is a prefix of s, and is 0 otherwise
e If b, > b;, then the entry is M;,;,/2% if sy is a prefix of s; and is 0 otherwise
Now we can define the natural inverse map to Split.

Definition 6.4.2. Given by,...,by € Z>o and a matrix N € CF* where k =
2b1 4 ... 4 2% we define Recy, ,(N) to be a d x d matrix X obtained as follows.
First index the rows of N by pairs (j, s) where j € [d] and s € {0,1}% in sorted order

(first by j and lexicographically by s). Now the entry X, ;, is equal to

1J2

o If b;, < b, thenitis N(jy sl:b;,1),(2,s) Where s[: bj,] denotes truncating

sE{O,l}bj?
s to its first b;, bits.

i If b]l > b.72 then lt iS ZSG{OJ}bjl N(jlys)v(j275[:bj2])

The following basic facts about the splitting and its inverse are easily verified through

direct computation.
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Claim 6.4.3. Let by, ...,bs € Z=o. We have the following statements (for any matrices

M, N of appropriate dimensions):
e Recy,,.b,(Splity, ;. (M)) =M

b (M)l e < [[M][

-----

by (N) || 7 < 22t b 2| N |

-----

Proof. The first statement is immediate from the definition since Rec sums up exactly
the entries that are equal to M;,;, /203 %2) in Split. The second statement holds

because Split simply splits up each of the entries of M}, ;, evenly into multiple entries

172
which can only decrease the Frobenius norm. The last statement holds because each

element of Recy, 5, (V) is equal to a sum of at most omax(bi....ba) glements of N. [J

Now the key fact about the splitting that makes it a useful abstraction in our learning
algorithm is that we can actually simulate measurements on t-entangled copies of

Splity, 3,(p) with measurements on t-entangled copies of p.

Claim 6.4.4. Given measurement access to p®' where p € C™* is a state, Split,, _, (p)

is a valid state and we can simulate measurement access to access to Split, ., (p)®".

Proof. Note that Split,, ; (p) can be constructed by embedding p in various different
principal submatrices of a k x k matrix (where k = 2% + ...+ 2%) and averaging them.
In particular, for a string s € {0, 1}™*(t154) e can imagine indexing the rows and
columns of the k£ x k matrix as in Definition and embedding p in the rows and
columns indexed by (1, s[: b1]), ..., (d, s[: bg]) where s[: b;] denotes truncating s to its

first b; bits. Now averaging these embeddings over all gmax(bi.-ba) chojces for s gives

exactly Split,, , (p).

.....

cipal submatrices of a k! x k! matrix and averaging them. Thus when we measure

Split,, 5, (p)®" with some POVM in C* <+ this is equivalent to averaging the different
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embeddings of p® and thus we can actually simulate this measurement by measuring

p®t with a single POVM. O

6.4.2 Full Algorithm

In this section, we present our full learning algorithm. Note that the quantum splitting
procedure requires knowledge of p, or at least an estimate of p, to be useful. We can
obtain such a rough estimate for p via tomography with unentangled measurements.
First, we show how to learn when we are given this estimate as a black-box. We will

then put everything together to prove our main learning result, Theorem [6.4.8

Lemma 6.4.5. Let d,t,e,0,C be parameters and p € C™*? be an unknown quantum
state. Assume that t < min(d?, (1/€)%?). Let p' be a quantum state whose description
we know such that ||p'|| < C/d and ||p' — p||r < /€/t*. Then there is an algorithm that
takes O(d*log(1/8)/(V/1€2)) copies of p and measures them in batches of t-entangled

copies and with probability 1 — &, outputs a state p such that ||p — p|lr < V/Ce.

Proof. WLOG ' is diagonal with eigenvalues A; > ... > Ay (otherwise, we apply the
unitary that diagonalzies it and work in this basis instead). For each j € [d] let b;

be the smallest nonnegative integer such that 2% > d);. Note that we must have

-----

1/d so ||Splity,  ;,(¢")|| < 1/d. By Claim and linearity of Split,

NG

Iﬁmmhwxd%—&ﬁ%wm@MF<Hp—pﬂFégy-

Now, by Corollary (with d replaced with 4d), given O(d?1og(1/8)/(v/te?)) copies
of the state Split, _, (p), we can make measurements entangled over at most ¢ copies

and learn a state o such that

lo = Splity, . b, ()l < 0-1¢.

However by Claim we can simply simulate these measurements with copies
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of p instead. Finally, once we obtain o, we simply output p = Recy, ;,(0). By
Claim [6.4.3]
Hﬁ_ pHF < 2max(b1,...,bd)/2(0.1€> < \/66

by construction, so we are done. O

Sometimes the states that we work with will have large eigenvalues and we won’t
want to apply Lemma directly as the v/C factor loss in the accuracy could be
very large. Instead, we will try to project out the large eigenvalues and learn in the

orthogonal complement. Thus, we have the following subroutine.

Corollary 6.4.6. Let d,t,e,0,C be parameters and p € C>? be an unknown quantum
state. Assume that C > 1 and t < min(d?, (1/€)%?). Let p' be a quantum state
and P € C¥? be a projection matriz whose descriptions we know. Assume that
tr(PpPT) > 0.1, |Pp'PT|| < C/d and |P(p' — p)PT||r < /E/t%. Then there is an
algorithm that takes O(d*log(1/0)/(V1e2)) copies of p, measures them in batches
of t-entangled copies, and with probability 1 — 0 outputs a PSD matriz p such that
1P(p = p)P||r < O(VCe).

Proof. First estimate tr(PpPT) by making (unentangled) measurements on O(log(1/4)/&?)
copies of p with the POVM (P, I; — P) and letting /5 be the fraction with outcome
P. With probability 1 — 0.16, we have that |3 — tr(PpPT)| < 0.01¢ so in particular
8> 0.09.

Now we can assume t > 100 as otherwise we can simply run the algorithm in
Theorem which uses unentangled measurements. Now set t' = ¢/3/2 and &’ = ¢/p.
We apply Lemma with parameters t', &’ to learn the state

PpPT

po= tr(PpPt)

To do this, for each copy, of p, we first measure with the POVM (P, I; — P) and keep

only those whose outcome is P. Now we can simulate measurement access to the state
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po- Note that if we have t-entangled copies of p, then with probability at least 1/2,
when we measure them with (P, 1; — P), at least ¢’ of them will have outcome P so
then we can make an entangled measurement on ¢’ copies of py. In other words, if we
have batches of the form p®!, then with at least half of the batches, we will be able to

simulate measurements of p&* .
By Lemma |6.4.5] with probability 1 — 0.1, we obtain a state p such that

PpPt

p— ——— |l <103V Ce.
Hp tl"(P,OPT)HF \/_5

Clearly, we can ensure that the state p lives entirely in the subspace given by P. Now

we simply output p = Sp. We have that
1P(p=p)P!|lr = |5—PpPT||r < |(B—tx(PpP))pllp+[ltr(PpPT)g—PpPT||» < O(VCe)
so we are done. O

Now we present our full learning algorithm. At a high level, we first replace p with
o= (p+ 14/d)/2 and learn a rough estimate oy via unentangled measurements. Then
we restrict to subspaces corresponding to eigenvalues of g at various scales and apply
Corollary to refine our estimate on each of these subspaces. Finally, we aggregate
our estimates to obtain a refined estimate o, from which we can recover an estimate
of p. Note that previously € was used to measure the accuracy in Frobenius norm but
in Algorithm [6.4.7] it will be used for accuracy in trace norm. Our algorithm only
guarantees recovery to trace norm e with d®/(v/t€?) samples (instead of a stronger

Frobenius norm guarantee of £/y/d which is what we would get in the balanced case)

due to the v/C factor loss in Corollary [6.4.6]

Algorithm 6.4.7 (Full Learning Algorithm).
1: Input: Parameters d,t,e,6 ;

2: Input: copies of p for some unknown quantum state p € €9 ;
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Vite?
4: Set 0 = (p+ I4/d)/2 in future steps, simulate measurements of o using the

3: Set n =0 <d3 log(1/5)> :

given copies of p ;

5: Perform tomography with unentangled measurements on n copies of o (Theo-
rem to learn estimate o for o ;

6: Let U be the unitary that diagonalizes oy so that

Uco Ut = diag(A, ..., \)

with Ay > ... > Ay ;
7. for j =1,...,|logv/t] do
8: Let P; be the projection onto the eigenspace corresponding to A; <
VE/(27Nd)
9: Take n copies of ¢ and apply Corollary with p' - 0¢, P + P;,C =
Vt/2771 e < ¢/4/d to obtain estimate 5; ;
10: Set 0 = ZJL.I:O%\/ZJ (PjEijT — PjH’a\ijTH) where we define Py = I; and
Pliogvij1 =0
11: Set p= % where trunc denotes zeroing out the negative eigenval-
ues ;

12: Output: p;

Our main theorem is stated below.

Theorem 6.4.8. Let d,t,e,6 be parameters and p € C¥™*¢ be an unknown quantum
state. If t < min(d?, (Vd/e)*?), then Algorithm m takes O(d®log(1/6)/(\/1€?))
copies of p and measures them in batches of t-entangled copies and with probability

1 — 4, outputs a state p such that ||p — pll1 < €.
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Proof. By Theorem [6.3.3] with 1 — 0.1 probability, we have

6t().25

T

o —ollr <

Now we verify that the conditions of Corollary hold whenever we apply it in
Algorithm [6.4.7] The condition on ¢ clearly holds. Next, note that all eigenvalues of
o are at least 1/(2d). For all j > 1, the dimension of the orthogonal complement of
P; is at most d/2 and thus, tr(Pjan) > 1. Also, by definition, we have ||PJ~80PJT|| <
Vt/(2771d). Finally,

£40-25 e/Vd
<
Vd t?

1P — o) Pl < llo = Gollr <

so we can ensure that with probability 1 — 0.1/,

12— )Pl r <0 ()

Thus, since Pj is a projector onto a subspace of P;, we also have that

R R t0'25€
H%@—wﬁ—ﬂﬂw—wﬁﬂugogmﬁﬁ.

Next, the dimension of the orthogonal complement of P;; is at most 2/7!d/ Vt, so

|P;(G; — o) P — Pj11(6; — 0) Pl ]li < Ofe).

Also, similarly,

|1Po(Go — o) Py — Py(Go — o) P{ |l < O(e) .

Putting these together, we get that ||c — 7||; < O(elogt). This immediately implies
1(26 = I/d) — plly < O(clogt).
Finally, the truncation and trace normalization to obtain p increases the trace norm
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distance by at most a constant factor so we conclude ||p — p|l1 < O(elogt). This
completes the proof (note that we can simply redefine e appropriately and absorb the

logarithmic factors in the number of copies into the O(-)). O

6.5 Lower Bound Machinery

Recall Definition [6.2.32] The key ingredients in our lower bound involve understanding
G,(v), particularly G;(v), in terms of properties of the vector v € C?. The next

lemma relates ||G1(v)||% to the projections of v onto various Schur subspaces of C%.

Lemma 6.5.1. Let v € C% be a vector with ||v|| = 1. Then

IGL@)[F < YOIl + - + A7)

At

Proof. Let A € C%™? be an arbitrary Hermitian matrix with ||[A||p = 1. Let its

eigenvectors be vy, ...,v4. Now we write v in the basis given by v,, ® - -+ ® v,, 1.e.

v = ch(vﬂ@‘--@vst).

seld]t

For each s € [d]* and k € [d], let fs(k) denote the number of occurrences of k in s.

Note that
(G1(v), A) = <Z 2G4 (v, ®...®Ust),A> <Z (Z fo(k Wk) : >
seld]t seld]t
(6.8)
where the first step holds because A is diagonal in the basis v, ..., vs and all of the

cross terms that appear when we expand G (v) are off-diagonal. Now the above is at
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most

d d
Iy (z fs(k)kaIZ) < [ e | el
seld]t k=1 seld]t seldt k=1
d
Iy (zw)

(6.9)

since by assumption, [[v]|? = > seldt ¢? = 1. For each s, let f, denote the partition

corresponding to (fs(1),..., fs(d)) (in sorted order). We have that

t2 2
Sl (1= Y gmep | T @
At k=1 -t k=1 se[d]t
A2 4 A2 2k Fs()2 ot fs(d)*>

where the last inequality holds because by Lemma [6.2.17], we know that for any s with
fs(1)2+ -+ fo(d)* = k, the vector vy, ® - -+ ® vy, is contained in the space

pmc P n.

At At
A= fs A4 +AT 2k

However, we have that

2

seld]t seld]t
Fs(D2 -+ fs(d)?>k

i)

o
[V )
|

o

®» N
VR
[]=
o
=

no
~

e
Il
—

so we get

DLl A+ A = Y e (Zf > (6.10)

At s€[d]*
Putting , (6.10) together, and taking the maximum over all choices of A,

we conclude

IG1(@)IF < DIl + -+ X))

At

as desired. O
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Now we will use Lemma [6.5.1| to bound the “likelihood ratio" % for different
X 0 X

quantum states p and po and vectors z € C%. We explain the lower bound framework

in detail and why this quantity is meaningful in Section [6.6}

Lemma 6.5.2. Let 0 < ¢ < 1 be some parameter. Let pg = (I + Z)/d € C™¢ be
a quantum state with || Z|| < e. Let u be a distribution on matrices in C™¢ that is
rotationally symmetric i.e. invariant under rotation by any unitary U. Also assume
that any A in the support of p has tr(A) =0 and ||A|| < e/d. Lett be an integer with
t <0.01/e%Y. Then for any vector x € C% with ||z|| =1,

T ot 8] | g B [(Gale) AR A) g Ea, (Gr(a). A 308
Amp & ztpSta - ztpta afpita d

Proof. Using the condition on ¢, we have that all eigenvalues of p5* and (py + A)®*
are between 0.98/d" and 1.02/d" so W—gﬁ)% [0.9,1.1]. Thus,

i ®t t ot _ ot i Bt )\ 2
o Z1(0 + A1 ((pn + A — g >x_2(x (oo +2)%" = p§ >~”ﬂ> - (6.11)

wtpSte 7 xtpSte 3 xpSta

For the first term, we can write

(ot ) — gt =33 A% gt

7j=1 sym
t t—j
=D A@pT Y Y Y AV (Z/d) @ (Ty/d)*
sym 7j=2 k=0 sym

(6.12)

Let
T(A) =) AP ® (I/d)* .

sym
Since p is supported on traceless matrices and is rotationally invariant, Ea,[A] = 0.

Now by Lemma [6.3.6

(45) | A%
i

(4))V
= JLa

ILE A%< B

A~p

(6.13)
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Thus, the first sum in the RHS of (6.12)) is 0 and aside from 7', the remaining terms
all contain a product of at least two copies of A and one copy of Z or at least three

copies of A. We can upper bound the norm of the expectation of these terms using

(6.13). Combining (6.12)), (6.13) and using the condition ¢ < 0.01/e%!, we deduce

A@ﬂ[ﬂ((po + A — ] > o (A@M [T(A)]) T — 13% : (6.14)

Next, we lower bound the quadratic term. Further expanding (6.12]), we can write

(po + A)%" — pg*

- Z A@ (Iy/d)® "+ i Z A® (Z)d)%*F @ (I;/d)® 1k

sym k=1 sym

J/

S1(A) 5a(A)
t

7j=2 k=0 sym

J/

S3(A)

and we label the three sums above as S1(A), S2(A), S3(A). Now let us consider
expanding ((po + A)% — p&") @ ((po + A)®* — p&*). The key is that in the expansion,
aside from S7(A) ® S1(A), all other terms have a product of at least two copies of
A and one copy of Z or at least three copies of A so we can apply to upper

bound the norms of all of these terms by £3/d**!. Formally, we get

10t3e3
ILE. [((po + A)*" = pg") @ ((po + D) = p§") — S1(A) @ Si(A)]]| < P
The above implies that
E [(f AV o)) < E [(21S1(A))?] + 10hE 6.15
ANH[(ZU ((po + D)% = py )x)]\ANH[(l" (A)e) ]+ (6.15)

Finally, observe that by Fact [6.2.33] 27S)(A)z = 25(G1(2),A) and 2'T(A)z =
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5 (G2(X), A ® A). Thus, combining (6.11), (6.14), (6.15)), we get

g o, @00 87 _ e Eac[(Gole) A® A)] 7 By [(Gi(2), A)] _306%°
Amp & 2T pdte - ztpta atpita d

where we also used that by the assumption on ¢, p" has all eigenvalues at least 0.9/d".

This completes the proof. O

We can aggregate Lemma [6.5.2| over sequences of vectors x4, ..., x,, and apply Jensen’s

inequality to get the following bound on the product of a sequence of likelihood ratios.

Lemma 6.5.3. Let 0 < & < 1 be some parameter. Let py = (Iq+ Z)/d € C™>? be
a quantum state with || Z|| < e. Let u be a distribution on matrices in C™¢ that is
rotationally symmetric i.e. invariant under rotation by any unitary U. Also assume
that any A in the support of p has tr(A) =0 and ||A|| < e/d. Let t be an integer with

t <0.01/e%. Let xq,... 2, € C* be vectors such that

m ;) 42 2
® D i 2ajt dtmfpg%zxj M+ +A) <A

o |[—()mle+ 75 22;%152 () H < B

for some parameter 3. Then

ﬁ 17; (po + A)®'x;

Bt
LjPy Tj

E

Arop

2¢2A4  10%3¢2B  30mt3e’
e e R '

J=1

Proof. By Jensen’s inequality and Lemma [6.5.2]

lm_[ I PO + A)@t

AN“ j=1 'r]pO $J

o (i ( '3 B (Cale) A @A) s Baul(Grley) O] 30t353>
zipi'e, i, d

Now by Lemma [6.3.6] [[Ea~.[A ® A]l| < 1%
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about x1,...,x, and that tr(A) = 0, we get

" (G A®A 108e2 —10%2B
y e tee b RO R, 0 iy - 052
=1 Z; P%b Lj d d
Next, by Claim [6.2.38 and Lemma [6.5.1
Z 7= Bacu [(Ga(2;), A 2 =2 1Gaay)l
prthxJ di—2 P a3 a:Tp(?t:Uj
Ty (AT + - - + A9)
dt+1 ; ; prE)@tx]
2Ae?
< .
d

Plugging the above two inequalities into (6.16)), we get

E
Ar~op

ﬁ fC}(/)O + A)%'a;

At
j=1 IJPO .T]

2¢2A  10%¢2B 30mit3es
e N e R

as desired. [

6.6 Proof of Lower Bound

6.6.1 Lower Bound Framework

The remainder of the proof of the lower bound will closely follow the framework in
Chapter 4| ([62]) with Lemma as the main new ingredient. Recall that the learner
measures m = n/t copies of p®' in sequence with POVMs in C¥*d" possibly chosen
adaptively. It is a standard fact that without loss of generality (see e.g. [66, Lemma
4.8]) we may assume that all POVMs used are rank-1 and we will work with this
assumption for the rest of the lower bound. We will sometimes represent a sequence
of m measurement outcomes by & = (x1,...,2,,) to denote that in the i-th step, the
outcome that was observed corresponds to a POVM element which is a scalar multiple

of z;].
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Next, we have the following standard formalism for representing an adaptive algorithm

as a tree which generalizes Definition to the t-entangled setting.

Definition 6.6.1 (Tree representation, see e.g. [66]). Fix an unknown d-dimensional
mixed state p. An algorithm for state tomography that only uses m batches of
t-entangled copies of p can be expressed as a pair (7,.4), where T is a rooted tree T

of depth m satisfying the following properties:

e Each node is labeled by a string of vectors @ = (zy,...,xx), where each z; corre-

sponds to measurement outcome observed in the i-th step.

e Each node x is associated with a probability p**’ (x) corresponding to the probability

of observing @ over the course of the algorithm. The probability for the root is 1.

e At each non-leaf node, we measure p® using a rank-1 POVM {w,d" - zz'}  to

obtain classical outcome (that is a unit vector) z € €% . The children of 2 consist

of all strings ' = (1, .., 2y, x) for which x is a possible POVM outcome.
o If ' = (x1,...,x,x) is a child of x, then
(@) = P (@) - wedt - 2t Pl (6.17)

e Every root-to-leaf path is length-m. Note that 7 and p induce a distribution over
the leaves of T.

A is a randomized algorithm that takes as input any leaf & of 7 and outputs a state
A(x). The output of (T,.4) upon measuring m copies of a state p in t-entangled
batches is the random variable A(x), where @ is sampled from the aforementioned

distribution over the leaves of T .

We also recall the definition of the Gaussian Unitary Ensemble (GUE) and define a

trace-centered variant, which will be the basis of our hard distribution.
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Definition 6.6.2 (GUE, Trace-centered GUE). A sample G ~ GUE(d) is a Hermitian
matrix with independent Gaussians on and above the diagonal, with G;; ~ N (0,2/d)
and Gj, ;, ~ N(0,1/d) +iN(0,1/d) for j; < ja. A sample G’ ~ GUE"(d) is sampled
by G' = G — tr(G)I;/d where G ~ GUE(d).

We recall the following standard fact about extremal eigenvalues of the GUE matrix.

Fact 6.6.3. If G ~ GUE*(d), then ||G|| < 3 with probability 1 — e~¥%).

6.6.2 Construction of Hard Distribution

We construct the following hard distribution p over quantum states. Let U C C4%¢
be the subspace of Hermitian matrices with trace 1 and Uy C C%*? be the subspace of
Hermitian matrices with trace 0. These spaces inherit the inner product of C%*¢, which
defines Lebesgue measures Leby and Leby, on them. Let € be the target accuracy.
We can assume ¢ is sufficiently small and let 0 = Ce for some constant C' > 1 to be

chosen later. A sample p ~ u is generated by
1
P = E(]d + OG)7

where G is a sample from GUE"(d) conditioned on ||G|| < 4. Note that such matrices

are clearly valid quantum states. Concretely, p has density (with respect to Leby)

1 d? 1 1 4o
wip) = - &P (—F‘QHP - EIdH%) 1{p € Ssupp}> Ssupp = {P eU:|p- EIdH < 7} :

where Z is a normalizing constant. Further define a set of “good" states

1 30
Sgood = {p ceU: Hp_ C_iIdH < 7})

which corresponds to the event ||G|| < 3. Due to Fact [6.6.3} 1(Sgood) = 1 — %@,

In the below proof, we will show that all py € Sgood are hard to learn. The important

property of Sgeoq is that it is far from the boundary of supp(p) = Supp; this ensures
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that we can choose a suitable sub-sampling of i in a neighborhood of py, which is

rotationally symmetric around py.
Finally, we record the following straightforward fact.

Lemma 6.6.4. For all p,p’ € Ssupp, exp(—4d?) < p(p)/u(p’) < exp(4d?).

Proof. For all p € Sgupp,

d? 1 d* 1
<~ lp==Ll% < ~—|lp— =I,|1? < 4d?. 0
0 40_2Hp d dHF 4O_QHIO d d”

6.6.3 Anticoncentration of Posterior Distribution

Fix a tomography algorithm (7,.A) as in Definition [6.6.1, and let 7, denote the
distribution over observation sequences @ = (x1,..., ;) when 7 is run on state p.
Note that for any states p, p’ in the support of u, the likelihood ratio

Uy () = [T 220

d7;)/ i1 xjp’@txl
is well defined, since p is supported on full-rank matrices. Let v, denote the posterior
distribution of p given observations . The density ratio of any p, p’ € Sgupp under v,

is given by Bayes’ rule, and equals

vz(p) _ dT, 1(p)
vl ~ AT, )

So, for an arbitrary reference state p’ € Sgupp (below we take p' = po, the unknown

true state) the density of v is

vm(p)zziws—%(w)u(p), Zmz/ljg—%(w)u(p) dLeby (p).

The main technical component of the proof is the following anti-concentration result

for v,,.
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Definition 6.6.5. For p € U, let B(p,¢) denote the ball {p/ € U : ||p — p|1 < &}.
Similarly for p € Uy, let B(p,e) ={p' € Uy : ||p/ — p|1 < €}

Theorem 6.6.6. Suppose d > 1, € < gy for an absolute constant g and t satisfies
t < 1/(Ce™Y) for some absolute constant C. Also assume m < d*/(t'%¢?). If
Po € Sgood and x ~ T, , there is an event S,, € o(x), with P(x € S,)) > 1—o(1), on
which vg(B(po,€)) < 1.

Let C' be a large constant we will set later. The starting point of the proof of
Theorem [6.6.6] is the estimate

Ve (B(po, Cs)) fB (po,Ce) dT,J (®)(p) dLeby(p)

wB002) Ly 4 @) dlebily o1
a7, .
> exp(— 4d2)f po.Ce) T (T )JI{p € Ssupp} dLeby(p) (6.19)

fB(POﬁ ﬂ( ):H'{p € Ssupp} dLebU(p) ’

where the second line uses Lemma [6.6.4, Applying Lemma in this way amounts
to replacing 1 in the numerator of (6.18]) with a measure that sub-samples it, and in

the denominator with a measure that upper bounds it. Define the volumes

v = / dlebgy(p),  Va— / 1{lp] < 1/d} dLeby, (p).
(0,1) B(0,1)

We now separately bound the numerator and denominator of (6.19) in terms of these

volumes, beginning with the denominator.

Lemma 6.6.7. If py € Sgood, there is an event S,, € o(x), with Pr(x € S,,) >
1 — exp(—d?), on which

/ dﬁ( 2)1{p € Supp} dLeby(p) < exp(d?)= 1V,
p0,e) 47 po

Proof. Note that Eq.7, ddTT” (x) =1. So

a7,
E / @)1 € Sy} dLeby(p) = / 1{p € Suupy} dLeby(p)
B(po,e) “/po B(po,e)
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< / dLeby (p) = e~V
B(po.e)

The exponent d? — 1 comes from the fact that the space of complex Hermitian matrices
has dimension d?, so U has dimension d> — 1. The result follows from Markov’s

inequality. O

Before bounding the numerator of (6.19)), we define the set

Ce
Vo) = {oe v o= ml < Gl -l < Ce .

which is a rotationally symmetric neighborhood of py. Let v(py) denote the uniform
distribution on N,(pg) (w.r.t. Leby). That is, for bounded measurable test function

f:U—=R, f 11 (00)} (p)
p)1{p € N.(po)}dLeby
JE )= UfU 1{p € N, (po) }dLeby (p)

Lemma 6.6.8. If py € Sgooq and € < g for an absolute constant <g, then

x)1{p € Squ dLeb > (Ce E Vs. 6.20
L oS S dlebul) > (7 B E@) Vi (620
Proof. Because py € Sgood, We have [|pg — 314]| < 22. Because € < o/C, if p satisfies
lp — poll < % we have the implication chain

lo—mll <55 = o —mll < 5= o= 3l < =7 = pe s

P Poll & d P Po \d P dd X d P supp-

So, letting X denote the left-hand side of ([6.20]), we have

Ce [ a7,
X > /pocg d7;o {Hp poll < — } dLebU(p)—/Ud%(az)ﬂ{pezv*(po)} dLeby (p)

_pw’];po [(?77;;( )} /U]l{pGN*(PO)}dI—ebU(p)-
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Finally, note that

Ce )
/ L{p € N.(po)} dLeby(p) = / 1 {Hp — poll < —} dLeby (p) = (Ce) 1V,
U B(po,Ce) d

which conludes the proof. O]

It remains to control E,. () [%(w}] and the volume ratio V2/V;. We focus on the
former first, the latter can be bounded using formulas from random matrix theory
as in [62]. We will need to condition on a “good" event for the observations x. Note
that this complication does not show up in [62] but shows up here due to the more
complicated nature of the likelihood ratio expressions with t-entangled measurements.

The event that we condition on is defined below.

Definition 6.6.9. We say that a sequence of vectors & = (1, ..., %,,) where z; € c#

is well-balanced if

DN Sl 1dl“$%,“ (A2 4+ A2) < 10(mt* + log(d/e)/mt?)

o [|-(mie+ 7530, C’E gﬂ | < 10¢2d\/mlog(d/<)

We first prove that the set of observations x is indeed well-balanced with high
probability.

Lemma 6.6.10. Let ¢,d be parameters such that € < gq for some sufficiently small

absolute constant cg. Let t,m be parameters such that t < where C' is some

< Toce
constant. Let py € C™? be a state with ||po — La/d| < %=. Measure the state p§*
sequentially m times with arbitrary rank-1 POVMs (possibly chosen adaptively) and
let the outcomes be x = (x1,...,x,) where x; is a unit vector in C*. Then with

probability 1 — (£/d)'°, the collection x is well-balanced.

Proof. For the first claim, note that for any POVM M = {w,d'zx'},, if we measure
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®' with this POVM, then

[dt
E {dtﬂp@x} Z wpza! (6.21)

where the expectation is over the outcome from M. Thus,

ITz]® ya 2 dim(A) dim(Vy) 2
%[Z diztpgte Od )| =2 dt At +4)
At ARt
= E [N4+...4+)\2
A~SW§[ 1A
<3t1.5

where the last step uses Claim|[6.2.28] Also note that the quantity inside the expectation

is at most 2t? always since py has all eigenvalues at least by the assumption on ¢.

2dt

Thus, since the above holds for any POVM, we can apply Azuma’s inequality and get
that with probability at least 1 — (¢/d)?,

il
3 Z ”Tk_gt”(g + -4 A7) < 10(mt"® + log(d/e)v/mt?)

d'z;py T

and thus the first condition of well-balanced is satisfied. Now we analyze the second

condition. By ([6.21)), we also have

L) = ()

Also, the quantity inside the expectation is PSD and has trace at most 2t?d? always.

This means its variance has operator norm at most 2t*d?. Since the above holds

for any POVMs, we can apply matrix Azuma and get that with probability at least
1—(/d)*,

|- <t> mlg + dt 5 Z Galz;) < 10t%dy/mlog(d/¢)

]pO l‘]

which matches the second condition for well-balanced, as desired. O
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Now we can bound the average likelihood ratio whenever the sequence of observations

is well-balanced.

Lemma 6.6.11. Assume that ¢ < g9 and t < 1/(Ce™) for some absolute constants
C,eq and m < d*/(t"°€?). If py € Sgood, then for any well-balanced sequence of unit

vectors © = (T1,...,%,),

o
p~(po) [ ATy,

@)] > expl-a).

Proof. Note that the distribution ~y(pg) is rotationally symmetric around p. Thus, we
can apply Lemma [6.5.3 with € < Ce and

A =10(mt"® + log(d/e)/mt?)
B = 10t*dv/mlog(d/e) .

Plugging in the assumptions about the parameters m,t, we get

ar
p~y(po) [ ATy,

(fb‘)] > exp(—d?)

as desired. [

The volume ratio V5/V; is bounded by the following lemma from [62] [f]
Lemma 6.6.12 (See [62]). We have that Vo /V; > exp(—10d?).

We can now combine the above lemmas together to prove Theorem [6.6.6]

Proof of Theorem[6.6.0, Let S,, be the intersection of the event from Lemma
and that the observations a are well-balanced. By Lemma [6.6.10] this event occurs
with 1 — o(1) probability. Next, by the calculation (6.19) and Lemmas|6.6.7 and [6.6.8]

TTechnically [62] works with real symmetric matrices instead of Hermitian matrices but the proofs
are exactly the same.
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forall x € S,,,

Ve(B(po, Ce)) 2\ ~vd2—1 {dTp } Va
—_ L > —5d°)C' E — .=,
v (Blpo,2)) = o B, @ v,

Lemmas [6.6.11] and [6.6.12] bound the remaining factors, giving

Va(Blpo, C2) _ oo o i
vn(Bloo.g)) = CPI-204)C7

Taking C' = €% gives % > 1. Since vz(B(po,Ce)) < 1, this implies

Ve (B(po,€)) < 1. H

6.6.4 Completing the Lower Bound

We can now complete the proof of our full lower bound for tomography with ¢-entangled

measurements, which we state formally below:

Theorem 6.6.13. There exist absolute constants €9 > 0 and dy € N such that for
any 0 < € < g9 and any integer d > dy and parameter t < 1/e%1, the following holds.
If n = o(d®/(\/te?)), then for any algorithm for state tomography (T, A) that uses n
total copies of p in (at most) t-entangled batches, its output p after making all of its

measurements satisfies ||p — pll1 > € with probability 1 — o(1).

Proof. First, note that we can reduce to the case where the algorithm always makes
exactly t-entangled measurements because for any algorithm that makes measurements
with lesser entanglement in sequence, we can simply combine them into one larger
entangled measurement (this comes at the cost of wasting up to half of the copies of p

when we make all of the measurements exactly ¢-entangled).

Let S € o(p, ) be the event that p ~ p lies in Sgooq and & ~ 7, lies in S,. In this

proof we will abuse notation and use A to also denote the internal randomness used
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by A. It suffices to show

PrA7p~u,w~7'p[||A(m) —plli <el=o(1).

First note that

PrapellA@) —pli<ef=E E [1]Alx) - plh <<
< E E [1|A(@) - plh < e and (p,2) € 5] +o(1)
»& P~V

(6.22)

where the second step follows by a union bound and the fact that Pr[(p, x) € S] = o(1)
by Theorem [6.6.6}

For any choice of internal randomness for A and any transcript z, let p2 denote an
arbitrary state for which (pZ, ) € S and || A(z) — p2||; < ¢, if such a state exists.
Denote by £ the event that such a state exists. Then under &, for any state p for
which || A(z) —p|l1 < &, we have ||p2 —pll1 < 2e. If € does not occur for some choice of

internal randomness for A and some x, note that the corresponding inner expectation

in (6.22) is zero. We can thus upper bound the double expectation in (6.22)) by

E E [1llp; —pl: < 2¢ and < E Pr,, [[o4— ol <2¢] = o(1
A,m‘S,DNVm[ pr IOHI g an (p7w) S S:| Al rp - [pr p”l 5] 0( )7

where in the last step we used the fact that under £ we have (p,2) € S, so by
Theorem the posterior measure v, places o(1) mass on the trace norm e-ball

around p. ]
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Appendix A

Omitted Proofs from Chapter

A.1 Cluster Expansion

We give bounds on the Taylor series expansion of the log-partition function of a
local Hamiltonian, closely following the cluster expansion argument of Mann and Hel-
muth [160} [141]. We reproduce this for clarity, increased generality, and completeness,
when merged this with results on computing the cluster expansion [I03]. We work
with the dual interaction graph, as opposed to the interaction hypergraph as in [160],
to give slightly tighter bounds. The arguments here straightforwardly extend to qudit

systems, but for the sake of simplicity we present only the qubit setting.

Notation. For this section, we will be working with multisets. For a base set .5, a
multiset of S, T': S — N, is defined in terms of its multiplicity function. The support
of T is the set of s € S with T'(s) > 0, and the size of T is denoted |T'| =" o T(s).
We can take unions of multisets, T'; U T'5, in the usual way, where its multiplicity
function is the sum of the two individual multiplicities. We use the factorial notation
T! = [[,cs(T(s)!). For a collection of complex numbers indexed by S, {z;}ses,

T =Tl,es 27 is the product of variables associated with T with multiplicity.

We use the Iverson bracket: for a proposition P, [P] equals one when P is true,
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and zero otherwise. We denote the normalized trace by tr(A) = tr(A)/tr(l). The

symmetric group with order n! is denoted S,.

A.1.1 Abstract Polymer Model

We first describe cluster expansion for abstract polymer models, along with the Kotecky—
Preiss condition for convergence of the expansion [I41]. This is fully standard; we
follow the formulation of Friedli and Velenik [88], which in turn follows the analysis of

Ueltschi [203].

Definition A.1.1 (Abstract polymer model). An abstract polymer model is a collection
of objects K which we refer to as polymers, along with associated weights {w. },ex in
C and a symmetric relation ~ on K such that, for all v € K, v ~ 7. Here, ~ denotes

compatibility: for example, v ~ v means that a polymer is incompatible with itself.

For an ordered list of polymers I' = (vy1,...,7), its incompatibility graph Hr has ¢
vertices indexed by I' and an edge between v; and «; if and only if 7; ~ ;. I' is a

cluster if its incompatibility graph is connected [

Definition A.1.2 (Partition function of a polymer model, |88, Definition 5.2]). A

polymer model has an associated partition function.

Z = Z (H w7> [S is pairwise compatible].

SCK ~eS

We say that a subset S C K is pairwise compatible if, for all distinct v,~" € S, v ~ /.

Definition A.1.3 (Ursell function). The Ursell function ¢ is a function mapping
graphs to real numbers. For H = (V, E),

1
W(H)IW > (=)
" ACE
spanning
connected

*The definition of a cluster is different from [I03], but this is the definition that is consistent with
the rest of the cluster expansion literature.
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Proposition A.1.4 (Formal expansion for the log-partition function, [88], Proposition

5.3]). The following formal equality holds.

Theorem A.1.5 (Kotecky—Preiss convergence condition, [88, Theorem 5.4]). Suppose
that there exists a function {: K — Rso and weights {@W,},ex such that, for each

7*€K7

>l [ef My e 7] <€) (A1)

yeEK

Then, for all v, € K,

If W = w, then this implies convergence of the cluster expansion series (provided the
set of polymers is finite). We will take w, = wwebm for some function b to get a

stronger bound on the convergence of the series.

A.1.2 Quantum Spin System as an Abstract Polymer Model

This section follows the work of Mann and Helmuth [I60], which in turn follows

Neto¢ény and Redig [167].

Lemma A.1.6 (Following [160, Lemma 2|). Let H = > | A\, E, be a low-intersection
Hamiltonian with dual interaction graph & (see Definition|1.4.14). Then trexp(—BH)
equals the partition function of the polymer model where K 1is the space of non-empty

multisets of [m| whose support is connected on &; v ~~' if and only if their distance
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on & is at least two; and the weight function is, for a polymer v with |y| elements,

vl

Iv\
w (. o)X
- (T 1

JES| | =1

Combining this with the formal equality in Proposition we deduce the following

expression for the log-partition function of the Hamiltonian,

log trexp(—(H)

= Z @(H(Wlwmc)) H Wy,
k=1 (y1,...,y)EKF i€[k]
© |’Yz "YZ
= Z Z (Hiy,o.m) H< 7 ||7 < Z HE%)Um) )
k=1 (y1,...;7)€K* i€[k] e o€y, J=1
o |’Yz
— Z Z (_/BA)'VlLJv'U'WCSO(H(/YL...,’}/]C)) H (|,y |'/y < Z H ('Yz g)))
k=1 (1,0 ) K I oes)y, =1

This cluster expansion series is closely related to the multivariate Taylor series expan-

sion of log trexp(—SH): if we group together all the terms with the same monomial

A7, we get the Taylor series expansion around A = (0,...,0).

Proof sketch. We can write

Wexp(—AH) = 3 = Ti((~6H))

k!
k=0
(=B)" _
= Z k! Z tr(Eal e Ewak))\a1 o )\ak‘
k>0 A1yl

We want to show that this is equal to the expression for the partition function from

Definition [A. 1.2}

1l
Z [S is pairwise compatible] H

(3 )

O’ES‘ | =1
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Since tr(XY) = tr(X) tr(Y) when X and Y have disjoint supports, we can split up
tr(E,, ... FE,,) into a product of vertex-disjoint parts, each of which corresponds to
a polymer 7. Because these parts are vertex-disjoint, their distance on & is at least
two, and so these polymers are compatible. There is still an underlying ordering
ai,...,ag, but after grouping terms appropriately and counting, we can get a sum

over “unordered” polymers which take the desired form. O
Quantum many-body systems satisfy the Kotecky—Preiss condition at high tempera-
ture [f

Fact A.1.7. By [103, Eqs. 29, 36/, there are at most

z“’: v(ov—_l)1+ 1)1)(0—DT(15:11>

v=1

(U)o w ()
(V0

<o -0 (Y 7))

clusters v such that a € v and |y| = w.

Lemma A.1.8 ([I60, Lemma 4|). The polymer model in Lemma satisfies the

condition in Theorem |A.1.5 for w, = ww(%)'“YI and &() = ||, provided f < . =

1 .
e(e+1)(14e(d-1))°

Y ol@ |y o ] < E()- (A.3)

yeK

"We note here a small discrepancy in the proof of [I60, Lemma 4|: there, they use that the number
of vertices in a polymer v is at most |y| + 1, but this fact is only true for two-local Hamiltonians.
The analysis presented here accounts for this, getting a critical temperature which is slightly weaker
(by a factor of about £) than what is claimed in [160].
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This means that, for all v, € K,

HZkawme%&kat (A4)

k>2 V25K

Proof. First, we bound the weight w., of a polymer ~.

B il gh gh
= | (3 T B )2 | < D < 2o <ot )
1~ Vo (3) 1~ !
Ivlv vem, il IR 7!
This bound implies that |w,| = |w7|(%)M < A7 Now, we bound the expression in

the lemma statement. First consider a polymer 7,3 which corresponds to the multiset

containing a single term a € [m].

> 1150y = ] < (B8 My # iy

yeK yeK
The set of polymers which are incompatible with vy, are the set of connected multisets
of [m] which are adjacent to a. By Fact there are at most e(1 +e(d —1))*~!
polymers v such that a € v and |y| = w, and this is equal to the number of polymers

"with |4/| = w — 1 and which are adjacent to a (provided w > 1). So,
Y Y

D @ |y o ] <D (eBe)”te(1+e(d — 1))
=e) (efe(l+e(@—1))"
> 1
e

where the last line uses that 8. = Consequently, if we take a general

e(e+1)(1+e(b 1))°

4, then we get the desired bound:

D @y eSOy oo ] <Y 0D [P [y ] < Il O

vyeK a€y« yeEK
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Corollary A.1.9. When 8 < 3. = m, the cluster expansion of the polymer
model in Lemma can be truncated. Then the error term from truncation at
degree d 1s bounded,

oo o0

(8/B:)"!
SN Y eHe ) [T ws] < vt
l=d+1 k=1 k . 1 ﬁ/ﬁc
= =1 (y1,..70)€EK ic[k]
yaleet e =

Proof. This follows from both parts of Lemma [A.1.8 First, let T C [m] be a set of

terms such that |T'| < n and every term is a neighbor of some element of 7" in &.

l=d+1 k=1 (vq,., /yk)gKk ze[ks]
|71\+ +yrl=
[o¢]
<Y Z > e o) [T s
C=d+1 k=1 (y1,... ) €K” ic[k]
[y1]4-+] vk =£
k
Bc — || I Bey il
Z > lws, I( Z S e ) ] JIwn, (5)
{=d+1 1eEK k=1 (va,...,yi)eKF—1 =2
[y1]<e [y1 |44y |=£
50 —0+
Z > Jws, I( el by Eq. (A4)
l=d+1 1eK
|7711|<€
=3 & Y e
(=d+1 B neK
Iv1]<e
50
< Z )T S e Ty < vgay] by property of T
(=d+1 a€T v1€K
\7711|<f
ﬁc
<y by Eq. (53
(=d+1

w/mdﬂ < (B8

=T 55, <" 1—g/A

by property of T

]
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A.1.3 Computation of the Cluster Expansion

Lemma A.1.10 (Version of [103, Theorem 3.1| for the log-partition function). Let
H=H\) =" E, be a Hamiltonian on n qubits with Pauli terms, locality 8K,

and dual interaction graph & with maz degree 0 (Definitions|1.4.15 and|1.4.14}). Let

0<B<B.=1/(e(fe+1)(1+e(0—1))). Then the log-partition function of H can be

expressed as a power series in 3,

L = log(tr(e PH)) = Zﬂfpe@),

20

where py is a degree-f homogeneous polynomial in X\ with the following properties:

1. py consists of at most n(ed)® monomials.

2. The series decays as |3, 8pe(N)] < ngﬁ_/g/%d

Further, after O(8mdlogd) pre-processing time, we have the following form of access

to pe:

A. The list of monomials that appear in p, can be enumerated in time O(Lop), where

1 1s the number of monomials.

B. The coefficient of any monomial in p, can be computed exactly in O(KL> +
80°log® ) = (8 + R) poly(¢) time.

Proof. Most of this directly follows from the results in Section 3 of [103], with property
2. following from Corollary [A.1.9, We direct the reader to [103] for the proofs of those

results. Here, we only identify where our statements come from.

First, we observe that the £ = log(tr(e ##)) has a formal multivariate Taylor series
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expansion around A = (0,...,0) [I03] Egs. 24 and 25|,

2\
L= > DvL

€20 Vi|V|=¢

J/

Bepr(\)

where V' denotes a multiset over terms [m]; AV =[], i, A* is the product of all coeffi-
. . o N o o« . . _ a

cients associated to the terms in V' with multiplicity; and Dy L =[],y @QA:(O,...,O)

is the log-partition function, with derivatives taken for every A\, with @ € V' with mul-

tiplicity, evaluated at A = (0,...,0). Note that Dy L is a constant in A. This formal

expression becomes a true equality whenever the right-hand side series converges.

The coefficient, Dy L, is only non-zero when V' is connected [103, Proposition 3.5].
Because of the degree bound 9, the number of such “clusters” (connected V') of size
¢ is merely exponential, bounded by ned(1 + e(d — 1))t < n(ed)* [103, Proposition

3.6]. This gives the monomial bound.

As discussed in the previous section, the cluster expansion of
log(fr(e™?1)) = log(tr(e™ ™)) — log(2")

is equal to its multivariate Taylor series expansion when terms associated to a particular

monomial are collected together. In particular, we have that, in the notation from

Lemma [A.1.6]

Z Bpe(N) = Z Z Z C(Hy,oom)) H Wy

£2d+1 £2d+1 k=1 (y,..y,)eKF i€[k]
[Y1[+- 4|y |=£

Thus, we can apply the bound in Corollary to get property 2.

As for the running time statements, enumerating monomials amounts to enumerating
clusters, which is done in [I03, Section 3.4]. Computing a coefficient amounts to

computing Dy L, which is done in [103, Proposition 3.13]. O
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Appendix B

Omitted Proofs from Chapter

B.1 Proof of Theorem [3.3.7

We recall the setup from Theorem We have H, a KR-local Hamiltonian with dual
interaction graph & with max degree 9, along with A =", 0,5, a f-local operator
where P, are products of Pauli matrices and —1 < 0, < 1 and whose dual interaction
graph has max degree ?'. For g > 0, p is the corresponding Gibbs state of H. We

wish to show a lower bound on (A?).

6+c'B
A?) = tr Azp > max/( ctr(A%, /N
na: 0

i€[n]

Remark B.1.1. [I5, Theorem 33| proves that
Q1)
(A?) = tr(A%p) > rgle%\xtr(A%i)/N)B

for quasi-local operators.
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B.1.1 Reproving Lemmas

First, we show that this quantity is “protected” by local unitary operations, meaning
it doesn’t change too much when we apply a local unitary to A. How this works in
AAKS is as follows. There are two claims: Claim 37 and Claim 38. Claim 37 only
uses AKL for local operators, while Claim 38 uses AKL for quasi-local operators (and

relies on Claim 37).

Lemma B.1.2 ([I5, Claim 37]). Let U be a unitary supported on S C [n]. Then, for
any M with | M| <1,

28| 2(0+1)RB

<(UTMU)2> < 6 ((0 + 1)ﬁ|5| (4675) T+2(0+1)RB <M2>41+2(31+1T§5 ) ]

Thinking of 0 and K as being constants and choosing ¢, ¢ appropriately, the inequality

becomes
(UTMU)?) < e8I (M?) 755

The O(- - -) gets folded into the values of ¢, .

Proof. The overview of the proof is as follows. We want to bound the influence of U
on the expression tr(UM?2Up), so we can consider it in terms of the eigenbasis of H.
The off-diagonal pieces are bounded by Corollary (applying it with g =0+ 1
and R = (0 +1)|9]):

151

Iy (U, < e Torme 100D — =it (B

o+A,00] [—00,0]

We split our expression into the on-diagonal and off-diagonal pieces.
(UTMU)?)
— t(UTMU)?p)
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= Ztr (UtMUYTL,  p)

= ZHMUH[Z‘JH)\/EH%

_ZHM —i—H(H) —i—H(H) )UH(H) ||2
—00,i—A) [i—Ayi+1+A) [i+14+A,00) [i,i+1)\/_p F

(H)
22<HM —00,i—A) +H[2+1+Aoo))U zz+1)\/_||F+||MH Az+1+A H+1)\/_||F)

(orFs) (ony)

We first bound (ON;).

_ (H) (H)
(oNg) = HMH[z‘—A,i—s-l-&-A)UH[i,i-&-l)\/ﬁ”%
H H
= [|MI, L IR0, /Bl
(H) 2 _—pBi
SMIG D,y llme™

(H) A
< IMIIG DN 4y ay VPl RE?

Next, we bound (OFF;). Here, we use that || M| < 1 and Eq. (B.1)).

(OFF;) = “M(H(Hgoz A) + HEH-)H—A oo))UHﬁL VollE

< IMIPITEL, ) + T a e U IPITIE, ) v/l
H(HEHQM ot LAY 124 VSN 1 e

< 2e T mie s 2| Il

2|5]

O

’LZ

N

o ] N

[i,

The remaining terms can be summed up nicely.

H
22 %e % 2 e 2(a+1)ﬁ||H“+1)\/_||F+||MH( ) z+1+A)\/_||2 BA)
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= 4" T ol + (28 + D)Mol

— 4¢" ¢TTR 4 (24 + 1) (M)
25|

= (M?)e” (?fw’% e Aamath) oA 1)

This holds for every A > 0. We choose
2|S|
1 de7x

log
wow T8 (M2)

Since (M?) < 1, A is indeed non-negative. With this choice of A, we have

2|S]

de s
(M?)

= (M?)e"*(2A +2)

(UTMU)) < (M2 (e S 4 (24 + 1))

2|S| 8
de " \ T 3
— 2YOYN 2( >m+5
()2 +2) (T
2(0+1)8RB

= (2A +2) (4e 'S‘)mg\ﬁ)m

:(5(( 18]S (4e ygl)m<M2>H2(a+l)M3)

In the last line above, we are careful to pull out factors of (9 + 1)8& and |S| to deal
with regimes where |S|/k and  are < 1 and > 1. O

Lemma B.1.3 ([15, Claim 38 + Corollary 39|). Let U be a unitary supported on
S C [n] and let A be the local operator as defined previously. Then, for all v > 0,

¢ ; 7t
<(UTAU)2> < 72 +e 19| (<HEA2><> . OO)>2(1+c 5 + T<A2>>

where ¢, ¢ are constants that depend on 0, K,0", K.

Our eventual goal is to get an upper bound in terms of <A2>@(ﬁ); since

<y 2(A%), (B.2)



by setting v appropriately we can do this.

Remark B.1.4. The original result proves this result for quasi-local operators, instead

of the local operator case under consideration for us. They attain

(=00,=7)U(v,00)

(UTAUY) < 32+ e i WD L O(SI(A) (B3

The ﬁnal is not present in the statement, but is incurred in [15, Eq. 121].

Proof. Throughout, ¢’s denote positive constants that depend on k, &/, 0,0". We use
Corollary [3.3.10| to conclude the exact same bound as used in Eq. (B.1]), but this time
for A.

g ||U||€_4(a/_’1_1)ﬁl (A—4(D’+1)‘SD — 6_4(3/?_1)'@76%‘ (B4)

U

||H [o+A,00] [—00,0] ||
We split up our expression in pieces based on the eigenbasis of A. Let v be a parameter

(4) _ )

that we choose later, and let II; (—i—1)y,—iy) 0l (i+1)7)"

(UTAU)?) = tx(UTA%Up)
= " tr(UT ALY AU)

120

<D (i+ 1)y 240U U )

120

. A
=Y i+ )2 U ol

120

. A
<P+ 6+ DI U3

i>1
(A A)
<P Y i+ 1) <ZHH i /ol e )
i1 720

J/

NV
(TERM;)

By Eq. (B.4)), we can conclude

__ali=i s
o ol e < YOI 1Y /6l # < 1665007 e [T /5l (B.5)
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< e*COVIJ*iIeCﬂSlH]‘[g,A)\/ﬁHF (B.6)

We don’t want to incur dependence on HH(()A)\/_/)H% = <H(()A)>. When j = 0, we can use
Lemma m to get a bound that still depends on (I — II{™).

A A
oS ol e < YU ol + VU - TI5Y) /ol
< Ve @) 5 4 (1 - 1) ]
< ee2lSI2 (1 _ My (B.7)

With both of these bounds in hand, we can now bound (TERM;). We use Egs.

and (B.7) to get

(TERM;) ZHH UH \/_HF

3=0
< AU ol p + 3 el S /) by Eq.
7=1
< \/@C2|S|/2<I — Hé“)>m6—cm|0—i|6q|5|||H6A>\/5||F + Ze‘cm‘j‘“e“'S'||H§.A)\/ﬁ||p

j>1

by Egs. (B.6) and

< 6(71 )|S|<[ H(A)>4(1+63/3)e 271+Ze—007\] | c1|S|HH \/_||F

j=1

A
by 6" /5l r < 1
< ec4lS| <<[_H6A)>4(1+163B)ec20'¥1 (Z e—cols’ *1\) (Z e—Cc0li— 1|HHA)\/_H ) )

7'>1

by Cauchy-Schwarz and taking c¢; = max (5 + %, ¢;)

<€C4|S|<<[ H(A)>4(1+C3ﬂ>e 2“—|—c5 /1_|_ (Zefcwlj zIHH A)\/_H ) )

taking c5 appropriately

(rerag)” < 26290 ({1 — 1) Temeeort 4 (1 + )(Zem“ N vzl )

j=1
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< e<:6|5'| (<] . H((]A)>2(1+lcs.ﬁ)e—6071 + (1 + _> <§ e—cov\]—d ||H§A)\/ﬁ||%>)
Y

j=1

taking cg appropriately

Returning to what we originally wanted to bound,

(UTAU)?)

<477 (i +1)*(TERM,)?

1>1

L ‘ 1 o
< 72 + 72€C6|S| Z(l + 1)2 <<] . H((]A)>2(1+1c3/3)6_coW + <1 + §> <Z 6_607‘]_1| ||H§A)\/ﬁ||%>>

i1 Jj=1

= eI — T TG Y 2+ 1)

i1

c |S|V_"‘1 211 77(4) 2 201412, —coyli—i
et DAYl Y AP () Pem e

j=1 i>1

1 1
<77 + cre ST — ) T 4 creslSI TS 2

Jj=1

taking c; such that ¢z > 3., 7%(i + 1)%e7=l for all j

L) by S (Il < (42)

1
_ 72 + 668\5\ <<I - HéA)>2(1+CSB) + T

]

B.1.2 Applying the Lemma

Lemma B.1.5 ([I5, Claim 36|). There exists a unitary U supported on supp(A)
such that

tr(A%)/N) < tr((UTAwU)?p) = (UTARU)?)

Proof. Take U to be the unitary that sends the ath largest eigenvector of A%Z.) to the

ath largest eigenvector of trp\supp( Ay P-
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Proof of Theorem [3.3.7. We consider Ag;, and let U, be the unitary whose existence
is shown by Lemma Since A;) is supported on (3’ + 1)& qubits (Eq. (3.6])), so
is U,.

t(A2)/N) < (U AGU.)?) by Lemma BT
= |UfAwU./plI%
2
*<A— /dui(U)UTAU)U*\/ﬁHF
2
< 20V I} + 2( [ m@)ITU AU V)

c(d' / A 7 ’7 + 1
g 472 +4e ('+1)4 ((Hgflo,ffy)u('y,oo)>2<1+c P+ T<A2>>
by Lemma [B.1.3]
< 4y? + 4ec@FDR (771:6’6 <A2)2(1+C’ﬂ> + i(/ﬁ)) by Eq. (B.2)
7?
We set v = tr(A%l.) /N)/8 and ¢’ = 8e“®+D* 50 that this implies
tl“(A%i)/N) = 872 < 472 + ' (771;&6 <A2> pIeERzgE) + —7 + <A2>>
7?
L <y atyatem 1 T L
7?
So, either
202 < 4T TR (AR IR
(%)2(1+c’6)72+4(1+c’/3) < (A?) (B.8)
or

Above, we used that v = tr(Az)/N)/ (0 + 1)/8, so it can be folded into the
constant. Eq. (B.8) gives us our final bound. O
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B.2 Proof of Theorem [3.5.6

Here we prove Theorem [3.5.6] As the proof is quite long and computational, we break
it into several manageable steps. First, we show that the even and odd truncations

So0—1(x), s9¢() can be related as follows:

Lemma B.2.1 (Even truncations are bounded). For all ¢ € N, for all z € R,

|s20-1(2)] < 99s90().

Proof. First, note that whenever sop_1(x) > 0, we clearly have sgp(x) > |s9o—1(2)| and
the desired inequalities clearly hold. Thus, it suffices to consider when s9,_1(z) < 0
which only happens when x < —0.1¢. It remains to show that when z < —0.1/,
so0() + 82“—1(93) > 0. Let f(z) = 0.9989(x) + 0.0189_1(x) — e®. Note that f(0) =

and f®(0) =0 for k < 20 — 1 and f®9(z) = 0.99 — e* where f*)(z) denotes the kth

derivative of f. Now we can use the fundamental theorem of calculus to write

201 @ 20—1
25 ) — Ly (x — y)
/ £ %_1) dy /0 (0.99 —e )—(%_1)! dy.
We can rearrange the above as

T T — 20—1
f(—2) = /0 (0.99 — e_y)% dy.

It suffices to prove that for x > 0.1¢ that f(—z) > 0 since then we get that 0.99s9,(—2)+
0.01s90_1(—z) = e~ > 0. Now, we analyze the integral on the RHS of the above. We

have

/ (0.99 — efy)(x — y)%*1 dy
0 0-1 0.02
> / (x — y)24—1(0.99 — e_y) dy — / (e—y _ 0.99) (x N y)%—l dy
0.05 0

> 0.0019(x — 0.1)*7 — 0.00022% !
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but since z > 0.1/,
—0.1)2¢-1 0.1\* ' 1

201 T

and thus we conclude f(—x) > 0 and we are done. O

Next, we present a few basic facts about polynomials that allow us to construct

bounded coefficient sum of squares representations.

Claim B.2.2. Let p(z) = a,2" + a,_12" ' + -+ - + ao be a polynomial. Let C' > 0 be

a constant such that for all i € [n],

;1]

la;| > c

Then all of the (complex) roots of p have magnitude at most 2C.

Proof. Let z € C have |z| > 2C. Then for all i,

Cn—i |anzn|
[2ni 2| S G

|a;z"| <

and thus,

lan2™| > |an_12"" + -+ + |ao|
so we cannot have
p(2) = a2 +ap 12"+ +ag=0.
Thus, it is impossible for z to be a root of p. O]
As a straight-forward corollary, we show that each of the following admit a bounded
coefficient sum-of-squares decomposition.

Corollary B.2.3 (Bounded coefficient Polynomials). Let ¢ be a positive integer and
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—0.01 < ¢ <£0.01 be a real number. Then, the polynomial
s2¢(x) + cs90-1(T)
is a (2¢,€,10%)-bounded SoS polynomial in x (see Definition .

Proof. Note that all complex roots of sgp(z) + ¢s9—1 () have magnitude at most 5¢ by

Claim [B.2.2] Also, by Claim [B.2.1] none of the roots are real so by the Fundamental

Theorem of Algebra, they come in conjugate pairs z1, 21, . . ., 27, Zz. Then, we can write
$20(2) + € 320 1(2)99 = —— [[ (@ — 2)(# — %) = = [[ (= — Re(27))?* + Im(z;)?)
? 2t (20)! - g 20! - ’ !
Jel] Jjeld
(B.9)

and now we can expand out the product above to get a sum of 2¢ squares of polynomials
of degree at most £. Now we bound the coefficients of each of them. For each monomial

x*, its coefficient has magnitude at most

l—k k l—k 14
£\ (B0 gonr 1ot (B.10)
k) /@i kT J!

and thus, we conclude that sqs(z) + csgr1 () is a (2°, £, 10°)-bounded sum-of-squares

polynomial. O]

Claim B.2.4. Let p(z,y,t) be a polynomial such that for all ¢ € [0,1], it is a (k, d, C)-
bounded SoS polynomial in z,y (after plugging in a real value for ¢). Then the

polynomial

r(z,y) = /0 p(x,y,t)dt

is a (3d?, d, vVkC)-bounded SoS polynomial in z,y.

Proof. We for each t € [0, 1], there are some (d, C')-bounded polynomials ¢ +(z,y), . . ., gx+(z,y)

so that we can write

p(xg y7t) = q1,t(x7 y)2 +- Qk,t($7y)2 :
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Let v(z,y) be the vector of monomials

v(z,y) = 1,z x_Q@y_Q x_dxd_ly y_d
’y - ’7y’2!72!72!7"'7d!7 d! ""7d! .

Then we can associate each ¢;; with a vector u;; such that q;s(z,y) = v(x,y) "u,.
Since the g;; are (d, C')-bounded, we know that all entries of u;; are at most C. Define

the matrix

k
M(t) = Z ui,tu; :
i=1

Then M(t) is PSD and

p(x,y,t) = v(z,y) " M(t)v(z,y) .

Now we can write

r(z,y) = /Olp(x,y,t) dt = v(z,y)T (/01 M(?) dt) o(z,y).

We know that all of the entries of R(t) = fol M(t) dt are at most kC? and also it is a

(d‘52) X (d—zﬂ) matrix so we can write it as

for some vectors u; whose entries are at most VEkC. Now we can write

(“3°)
r(z,y) = Y (v(zy) w)’

i=1

and each of the v(z,y) u; are (d, vkC)-bounded polynomials in z,y. Thus, r(z,y) is
a (3d?,d, \/EC’)—bounded sum-of-squares polynomial, as desired. O

Now we move onto the main proof of Theorem We have the following basic

identities.
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Fact B.2.5 (Integration Identities). For a function p: R — R,

plz+a)—plz—a)=a / (= + ta) + /(= — ta)

and

Pt )+ pz—a) = 2(2) +a | (1) + /(1)) at

Proof. Both of the equations follow immediately from the Fundamental Theorem of

Calculus. O

Recall that the key inequality that we need to prove is the following.

Lemma B.2.6 (Modified Gradient Identity with bounded coeffcieints). For all positive

integers k, 0 and real numbers x, v,

0.5(z — ) (1 + 0.25(z — ¥)*) (qre(7) — qre(y)) — 0.00025(z — y)*pre(x) = 0.

Furthermore, the LHS is a (102,250 + 10, 200%")-bounded SoS polynomial (in the

variables x,y ).

First, we prove the following algebraic identity which will be used to rewrite the

expression in Lemma [B.2.6]in a form for which it is easy to prove non-negativity.

Lemma B.2.7 (Relating ¢ to first and second derivative). Let k, ¢ be positive integers.
Let

r(z,y) = 0.5(z—y)(1+0.25(x—1)*) (qr.e(2) — Gr.e(y)) —0.00025(x—1)* (pr.o () +Pre (1)) -
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Let z = (x+y)/2 and a = (x — y)/2. We have the equality

1
r(z,y) = / ((0.998a” + a*) pre(z + ta) — 0.001a*(2 — t)p}, (2 + ta)) dt
0

-~

EII)-(1)

1
+ / ((0.998a> + a*) pre(z — ta) — 0.001a*(2 — t)p} 4(2 — ta)) dt
0

(B.11)

S

B11).(2)

Proof. Recalling that py ¢ is the derivative of ¢ ¢, we can write

r(z,y) = (a+a®)(qee(z + a) — gre(z — a)) — 0.001a* (pre(z + a) + pre(z — a))

1
= (a® +a") / Pre(z + ta) + pre(z — ta) dt
0

1
— 0.002a*py ¢(2) — 0.001a® / Pho(z +ta) — pp (2 — ta) dt,
0

(B.12)

where p’ is the derivative of p and the equality follows from applying Fact to

qr,e and pg . Next, observe

2pk7g(2) = 2/0 pw(z) dt
= 2/0 Pre(z)dt — /0 (Pre(z +ta) + pre(z —ta)) + /0 (Pee(z + ta) + pre(z — ta))
_ /O (o= + ta) — prs(2)) dt — /0 (Pra(2) — pro(z — ta)) dt + /O (re(= + ta) + pes(= — ta)) dt

— /01 a(/ot (Dho(z + sa) — Pl (2 — sa)) ds) dt + /Ol(pk,e(z +ta) + pre(z —ta)) dt
(B.13)
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Substituting the expanded expression for 2p; , back into Equation (B.12)),

r(z,y) = (0.998a¢” + a*) /01<pk7[(z +ta) + pre(z — ta))dt
—0.001a? /01 a(/ot (Dho(z + sa) — Pl (2 — sa)) ds) dt
—0.001a* /Olpﬁw(z +ta) — p(z — ta) dt

= (0.998a2 + a4) /Ol(pkvg(z +ta) + pre(z —ta))dt
—0.001a* /01(1 — ) (Pho(z + sa) — pj4(z — sa)) ds
—0.001a* /01 (Dho(z + ta) — P o(z — ta)) dt

= (0.998a2 + a4) /Ol(pkvg(z +ta) + pre(z —ta))dt
—0.001a* /01(2 — ) (Pho(z + ta) — ppo(z — ta)) dt,

1
— / ((0.998a> + a*) pre(z + ta) — 0.001a(2 — t)p}, (2 + ta)) dt
0

J/

B
1
+ / ((0.998a” + a*) pre(z — ta) — 0.001a(2 — t)pj, o(z — ta)) dt
0

/

v~

B1).(2)

where the second equality follows from switching the order of the integral and observing

that the coefficient for a fixed s is simply 1 — s. m

In light of Lemma [B.2.7] it remains to prove that the expressions (B.11]).(1) and
(B.11)).(2) are nonnegative and can be written as bounded SoS polynomials in the

variables x, y.

Lemma B.2.8. Let z = (x+y)/2 and a = (x —y)/2. Then the expressions (B.11)).(1)
and (B.11).(2) are nonnegative and can be written as a (10 - (250)2, 250 + 10, 1502")-

bounded SoS polynomials in the variables x,y.

Proof. We focus on the expression (B.11).(1). The argument for (B.11)).(2) is exactly

319



the same. First, we show that expression (B.11)).(1) is non-negative. Using 1 + a? =

(1+a)*+(1=0)’ _ (+a)’—(1=a)?
g anda="p—

Y

B.11)).(1) = a* - /01 ((0.998 + @) pre(z + ta) — 0.001a(2 — t)p;, (2 + ta)) dt
=a?. /0 (2—1) ((1 —;ag)pw(z +ta) — 0.001((1 +a)* — (1 - a)g)p;l(z + ta)) dt

4
+a*- /1 ((0.998 +a?) — 2= t)él T aZ)pk,g(z + ta)) dt

1 2 1 2
=a?. / ( t)1<6 +a) (Dre(z + ta) — 0.004p;, o(z + ta)) dt
0

"2-1)(1—a)?
+a®- / ( )1(6 @) (pre(z + ta) + 0.004p}, ,(z + ta)) dt,
0

+a®- /01 <(O.998 +a?) — 2= t)(Sl i az))pk,g(z + ta) dt.

(B.14)

To prove nonnegativitiy, it suffices to show that a ¢(x) = pre(z) — 0.004p; ,(v) and
bre(z) = pre(x) + 0.004p) ,(7) are non-negative for all € R. Recall, pyo(r) =
Hje[k] Soi¢(x/k). Therefore, by product rule,

/ SJ x/k
Prel(z) = Z A H Sorre(@/k)

JEk] J'#j€lk]
S(2ip _1(.1'/]6)
=> = T sala/h.
jelk] J'#i€lk]

Therefore,

an () = Z (sw(x/k) —0.004 - S(2j€)—1<l’/k’)) H sy y(2/K) = 0 (B.15)

JElk] J'#5E[K]
since for all j € [k], sye(x/k) — 0.004505¢—1(z/k) = 0 by Corollary and
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Sqiro(x/k) = 0 by Corollary Similarly,

bro(x) = I swe@/k)y=0  (B.16)

J'#jElk]

Z (sm(aj/k) + 0. O(]):l S(2i0)— (x/k))

JElk]

since for all j € [k], sqi¢(2/k) + 0.0045(2ip—1(2/k) = 0 by Corollary |B.2.3]

Now we have proved that the expression is nonnegative, we show that it is a SoS

polynomial with bounded coefficients. By Corollary [B.2.3| the polynomials
Soig(x/k) £ 0.0045(95 01 (x/k), s2i0(x/ k)

are all (2274, 2771¢,10% *)-bounded SoS polynomials. Thus, by Claim [3.3.17} ay¢(x)
and by, ¢(z) are both (k - 22", 25¢,902"")-bounded SoS polynomials. Since z + ta =
%x + %y, by Claim [3.3.17| again, we get that for any real number ¢ € [0, 1],

(2 —1)(1+ a)?
16

(pkyg(z +ta) — ().004p§€7£(z + ta))

is a (k- 92" 2k, 1002k€)—bounded SoS polynomial in the variables x, y after substituting
z=(r+vy)/2,a = (xr—y)/2. We can use a similar argument for the other terms in
the expression in . Then we can use Claim to bound the integral over ¢
and deduce that the expression (B.11)).(1) is a (10 - (2¥¢)2, 250 + 10, 150%*/)-bounded

SoS polynomial in the variables x, y.

Now we can complete the proof of Lemma [B.2.6]

Proof of Lemma[B.2.6, Note that the expression in Lemma is equal to
r(z,y) +0.00025(z — y)*pre(y) -

Now by the definition of py s, Corollary |B.2.3| and Claim [3.3.17] we get that py (y)
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is is a (221%,2'“6, 902k€)—b0unded SoS polynomial. Lemma and Lemma m
imply that r(z,y) is a (20 - (28¢)2, 280 + 10, 1502*))-bounded SoS polynomial so overall,
r(x,y) + 0.00025(x — y)2pre(y) is a (1024, 250 4 10, 200%*)-bounded SoS polynomial

(and thus also nonnegative) and we are done. O
Finally, this completes the proof of Theorem [3.5.6|

Proof of Theorem[3.5.6. The desired result follows immediately from Lemma [B.2.6]
]
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Appendix C

Omitted Proofs from Chapter

C.1 Multi-Block Distinguishing Task

The proofs from the preceding sections imply a slightly weaker version of Theorem [5.5.]]
where the lower bound involves removing ¢ log(d/e) mass from o. Avoiding the extra
log factor requires working with a slightly more involved instance than the one from

Section in which diagonal blocks of o at all scales are perturbed.

To that end, here we analyze the following more general distinguishing task.

Ay Ay + e, M,
Hy:p= E and Hy:p= E
A A + EmM,,
(C.1)
Here, each A, € R™*% is a diagonal matrix. There exist numbers j;, ..., jm such that

each A, has diagonal entries in the interval [d - 279, d - 27#*™] and Y tr(A4,) = d.
Furthermore, for every v € [m], M, ~ GOE}, (d,) for the events U, = U,, given by
Lemma below.

We will refer to the set of d, row/column indices of p which correspond to A, as B,.

Let S, denote the set of unit vectors in C?~! with entries supported on B,.
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The following lemma follows easily from the proof of Lemma [5.3.2]

*

Lemma C.1.1. There is an absolute constant a* > 0 such that for any integer d’ > a*,
there exists Uy € R**? such that if M ~ GOE*(d'), then Pr M ¢ Uy < o(1/m) and
on the event M € Uy, we have | M||op < 34 O(y/log(m)/d") and | M|, > d'/12.

Our main result for the distinguishing task (C.1)) is the following.

dL/2q?

A
P GY
5V2]1/

Theorem C.1.2. Let ¢ £ 13 dye, and N £ Lmin,cp,
Lemma if N> 1/e, d, > a* for allv, and

For a* from

e, <d-27 /(12 + ©(y/log(m)/d,)) and  d,/2" > 2¢/log(d/e) V¥ v € [m]
(C.2)
then the copy complexity of distinguishing between Hy and Hy with incoherent mea-

surements with success probability at least 2/3 is Q(N).

Note that the bounds in Lemma and the first part of (C.2)) ensure that under Hy,
p is psd (and thus a valid quantum state) and has trace distance at least Q(5 >, dye,)
to the null hypothesis.

Block structure of POVMs. Take any learning tree 7 corresponding to an
algorithm for this task that uses n incoherent measurements. The following lemma
shows that we can assume without loss of generality that every POVM respects the
block structure in the distinguishing task, that is, it consists of w,d - za for which

each x € S, for some v € [m].

Lemma C.1.3. Given an arbitrary d-dimensional POVM {E,}, there is a corre-
sponding rank-1 POVM {Ezl;} satisfying the following. Let p,p’ be the distributions
over measurement outcomes from measuring a state p with these POVMs respectively.

Then:

e For every EZ’/, there is some v such that E?’J 15 zero outside the principal submatrix

indezed by B, .
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e There is an explicit function f mapping outcomes x of the former POVM to

outcomes of the latter for which the pushforward of p' under f is p.

Proof. This immediately follows from [65, Lemma 5.6] and the fact that we can always

assume without loss of generality that POVMs are rank-1. m

Given any = € S,, we use the notation v(z) to denote the v € [m| for which = € S,,.

Observe that for any v € [m],

Z we(zxt —1I;) =0 (C.3)

The fact that we can assume every POVM respects the block structure will allow our
proof to proceed along very similar lines to that of Theorem the key distinction
being that instead of tracking the overall likelihood ratio, we track one likelihood ratio

for each set of coordinates B, .

Recalling the terminology from Definition [4.2.1 we let py and p; denote the distribu-
tions over leaves of T induced by p under Hy and H; respectively. In the rest of this
section, let & be a slowly-growing function satisfying & > log®(d/e) for some absolute

constant ¢ > 0. We assume

1 a2 2
n <K é_m . Vrg[lnrll] €%2jy .

(C.4)

and will prove drv(po,p1) = o(1). By the hypothesis in Theorem that N > 1/e,
we may also assume

n>1/e (C.5)

by adding superfluous measurements to the algorithm. We set «, 8 to be slowly-

1/2
growing functions such that m'/2¢'/? <« a <« < min, % @ Note that these choices

£22jvn”
are possible by (C.4) and (C.5)).
We let L*(-) denote the likelihood ratio between p; and py. That is, for a sequence of
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vectors & = (21, ...,2y,), let L*(z) £ pi(z)/po(x). For My ~ GOE}, (dy),..., M, ~
GOE;; (d), note that because My, ..., M,, are independent, L*(x) =[]/, L;(x)

where

Li(x) 2EML]+ ] <1+e,,‘”m”$f>. (C.6)

i€[n]iv(z;)=v

For M, ~ GOE*(dy), ..., M, ~ GOE*(d,,), define similarly L(x) =[], L,(x) for

v=1

L(x) 2E[M,]+ ] <1+eny”xi>. (C.7)
)=v

f :
i€[n)v(z; T Ay

Note that L(x) (resp. L,(x)) is an estimate for the likelihood ratio L*(x) (resp.
L} (x)) where the conditioned Gaussian integral is replaced by a true Gaussian integral.

Most of the computations in this section will be done in terms of L instead of L, ; the

proof of Theorem below quantifies that L(x) is a close approximation of L*(x).

As before, we will somewhat abuse notation and write L(z) for any sequence of unit
vectors z = (z1, ..., 2) of length not necessarily n, that is, L(z) = [, L,(z) where

L,(z) is defined the same way as in (C.7). We also write L,(x,x) to denote the value

of L, on input (x1, 1, T2, o, ..., Ty, Tp).

The main ingredient in the proof of Theorem [C.1.2] is the following analogue of
Proposition giving a high-probability bound on each L, evaluated at the leaves
of T.

Proposition C.1.4. There exists a subset S of the leaves of T such that Pr[pg] xS =
1—o(1) and for all x € S, |L,(x) — 1| = o(1/m) and L, (x,x) < eV¥ for all v € [m].

Let us first prove Theorem assuming Proposition [C.1.4]
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Proof of Theorem[C-1.9 Let U denote the event that M, € U, for all v € [m]. Define
n ]

~ GOE*(d,)] * [{U 1 £y g @) Ti

(din)] * I{ H}( ( )IfAumm)

L(z) 2 E[M, ~ GOE*(d,), ..., M,,
(C.8)

mMml>éﬁf

H (1 + e, -
)=v

[T EM, ~ GOE*(d,)] 10,
= i€n]iv(zi)=
(C.9)

Pr«U, " L,(x). Forallz € S and v € [m], by Cauchy-Schwarz

It is clear that L¥(x)
_ 0,
|Ly(z) — ()] = [EM,] = 1{Ug} ] (1 + g2 )
4 x; Az,
t€[n]v(zy)=v
< V/PrxUcL,(z,x) = o(1/m).
Here we use that Pr«U¢ < poly(1/m) - exp(—Q(d,)) and L, (z, ) < eV%. Moreover,
we have |L,(x) — 1| = o(1/m). Thus, for all x € S and v € [m], L,(z) = 1 + o(1/m)
and
L (®) — 1] < |Lj(x) — Ly(2)] + [Ly(z) — 1]
_ Pr«Uj—
v(®) +o(1/m) = o(1/m)

" Pr+U,
L (x), we conclude that L*(x) =1+ o(1). Finally,

Recalling that L*(x) =[]
—1)_

drv(po, p1) = 2E[@ ~ po] * (L*(x) — 1)-
= 2E[@ ~ po] x {w € S}(L*(x) — 1)~ + 2E[x ~ po] x [{z ¢ S}(L"(x)
< QSUE(L*(QZ) 1) +2Pr[p| * S = o(1). O
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C.1.1 Recursive Evaluation of Likelihood Ratio

Let z = (21,...,2) be a sequence of unit vectors. For 1 < i < t, let z.; be the
sequence z with z; omitted. Similarly, for 1 <7 < j < ¢, let z.;; be the sequence
z with z;, z; omitted. The main result of this subsection is the following recursive

formula for L(z).

Lemma C.1.5. The function L, satisfies

26 du<zi7 Zt>2 —1
Ly(2) = Ly(zw) + =2 -1 Folze
(2) = Lo(za) + 5 10(22) Z A (A )

<tw(z)=v

As with Lemma [5.3.5] the proof is based on Isserlis’ theorem. For k even, recall that
PMat (k) denotes the set of perfect matchings of {1,..., k}.

Proof of Lemma[C-1.5 The case of v(z) # v is clear. We now suppose v(z) = v.
Let J C [t] denote the indices s for which v(zs) = v. For a set S C J with |S]| even,
let PMat(.S) denote the set of perfect matchings of S. For even k, let Mat(.J, k) denote

the set of matchings of S consisting of k/2 pairs. We compute that

S| % ZTMuZi . ..
E e ' E[M, ~ GOE™( | | - (expanding definition of L)
SCJ ieS iAVZi
151/2 ¥ T
z _Ml,za. zp My, 2,
Yo el > [T ElM, ~ GOE*(d,)] » ~—=2 . 2t
- zalA Za; 2, Avay,
SCJ {{a1,b1},{a|s)/2,0)5]/2} } EPMat(S) =1 i i
|S| even
172 K ) ;
z) M vZa; 2 My,
=Y e S [[EM, ~ GOE*(d,)] + R
o - - zalA Za; 2 Avi,
= {{a1,b1},...,{ak, b } }EMat(J,2k) i=1 g i i

UI1/2) o o k k )
2¢e7 dy(za;y 26,)" — 1
-2 (d) 2 e 2 Avza) (2 Ava) (€10

k=0 {{a1.b1 }oo{an b} yEMat(J;2k) i=1

The lemma follows by partitioning the summands in (C.10]) based on whether ¢ appears
in the matching, and if so which ¢ € J it is paired with. O
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C.1.2 High Probability Bound on Likelihood Ratio at Leaves

This subsection gives the main part of the proof of Proposition [C.1.4. For any sequence

of vectors z = (z1,...,2) and v € [m], define

A Lz S
mz)= Y Pl ED g =y dERd

f f
i<t (z:)=v K Az L(Z) i<t (z)=v i Ayzi
H, enters our calculations by the following rewriting of Lemma
L,(z) 2e2 2N H, (z) 2
=14+ -1lv(iz)=v  ————. C.11
Lz T A (€1)
fz=xq4 = (z1,...,7¢) is a prefix of & ~ pg, then H,T/nzl L]iz—z(i)t) = H;”zl %ﬂii)ﬂ =
Lﬁa(:ii)l) is one step in the likelihood ratio martingale. We will control the contri-

bution from each multiplicative martingale L, separately. As we will see (proof of

Claim |C.1.10)) below, the multiplicative fluctuation of any such step is

L,(x<) \° gd2iv )
E — =1 - . ||H, _ :
o (ALY 14 220 el

Thus, an upper bound on ||H,(z)||r over all v € [m] and all prefixes z of  controls
the fluctuations of the likelihood ratio martingale. Because the matrices output by
H, are hard to control directly, we will use the function K, as a proxy for H,. The
following analogue of Lemma m quantifies this relationship, showing that if K, (z)

is bounded in Frobenius norm, H,(z) is bounded at the same scale.

Lemma C.1.6. Suppose v > m'/262. Ifz = (z1,..., ) is a sequence of unit vectors
satisfying t < n and ||K,(2)||r < (n1/2 ~ 2j”/2d,?j/2/d> v, and the number of s € [t] for
which v(zs) = v is at most n- (d,/27) - mé&, then ||H,(2)||r < C <n1/2 : 2j”/2d13,/2/d) v

for some absolute constant C' > 0.

This lemma is a “deterministic" statement about a sequence of vectors. We will prove

this in Subsection using the same bootstrap argument from earlier.
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Lemma requires that for every v, the number of POVM elements supported on
the coordinates B, is not much greater than its expectation, which we show holds

with high probability:

Lemma C.1.7. With probability 1 — o(1) over & ~ py, for all v € [m] there are at

most n - (d,/2/7) - m& indices s € [n] for which v(zs) = v.

Proof. Take any POVM {w,d-zz "} where for every = there is some v for which z € S,,.
Now fix v € [m] and note that the probability of observing z for which v(x) = v upon

measuring a copy of p under the null hypothesis is
Y walAp <d-27 e N w x| =27, (C.12)

zw(z)=r zw(z)=r

where in the last step we used (C.3)). The lemma follows by Markov and a union

bound over v € [m)]. O

Finally, Lemma also requires a bound on K,(z). The following analogue of
Lemma bounds K, (z) in Frobenius norm uniformly over all prefixes z of . We
will prove this lemma in Subsection [C.1.4]

Lemma C.1.8. If & ~ py, then Exsup, ., || K, (x<)||% S n-27d3 /d>.

We will now prove Proposition assuming Lemmas [C.1.6/ and [C.1.§] Let & ~ py.

For 1 <t < n, define the filtration F; = o(x<;) and the sequences

Consider the times

7, = {o0} Uinf {t NEKoillp > (0% 292432 ) d)ar or

g220

lse[t]:v(zy) =v|>n-(d,/2") -mé  or | — 1| >n- mﬁ} (C.14)
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which are clearly stopping times with respect to F;. Also define the stopped sequences
\Iju,t = CDl/,t/\ﬂ,-

Claim C.1.9. With probability 1 — o(1), | K|z < n'/2 - 20+/2d3 /d for all t € [n]
and all v € [m].

Proof. By Lemma |C.1.8]

. E xsu K, .|
Procsup [[ Kyl > /2 2282 < izl Rudlle o

i<t<n v S (n-2vd3/d?)a? a " =o(l/m). O

The claim follows by a union bound over v.
Claim C.1.10. With probability 1 — o(1), |¥,,, — 1| < n- 1/2 " B for all v € [m].

Proof. Note that ¥,, is a multiplicative martingale: if 7 < t — 1 then certainly

\I,\Il:t1|]:t 1=1,and if 7 >t — 1, (C.11)) implies

U, 2¢? xIHytflxt
Ex———|F_1=1 il 0 v ———|F1 =1,
\I’V,tfll - - dz viw) = xl A,z Fea
using that
'H
Exlv(z;) =v- &l TV’t_lxt‘]'—tA = Z wm(xIHu,t—llit)
x Ay

ze:v(we)=v

:< vit—1, Z Wxt$t$t> = <Hu,t—1>[du/d> = 0. (0-15)

zi:v(ze)

We next bound the quadratic increment E (g% \I’” )| Fia. 7 <t —1 this is 1, and

otherwise it is given by

4e 2 ZETH t—1L¢ 454 (:ETH t—lgjif)2
1+ Es1 SN E, o+ — E 1 —yp. S F
+ @ *1v(z) = v !BIAV% | Fio1 + d *1v(zy) = v (QSIAVIBt)Q | Fi1
(C.16)
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The first expectation is zero by ((C.15)). To bound the remaining expectation, note

that for any unit vector x € S,
2T A >d 27, (C.17)

So,

TH . 2 2

B xl(a) = v - CHI 7 (o) B o) = o - EeEluimite)
(xtAl/xt> ':CtAth

= (2]'//d> Z thxj‘:Hl/,t—l(xth)Hl/,t—l«rt

zy:v(ze)=v

| Fi-1

(C.18)

< (2% /d) Z Wa, ) H 1T (C.19)

= (QJV/d) <H3,t17 Z wztxtx:tr> (CQO)
zyv(ze)=v

. 2]V
= (2" /d)(Hyy1, 1, /d) = 5 | Huaa [l (C:21)

Moreover, since 7 > t — 1, | Kys_1||r < (n/2 - 29+/2d%? /d)ow and Lemma implies
|Hyt-1]lr < (Cn1/2 2]”/2d3/2/d)0z Thus,

U, 2 4gtoiv ) 36c49%
E*(\Pu,tl) [Fior ST+ —5— d2d? |Hy—allp < 1+ Wa

So, for all 1 <t < n,

v
E\IIit:]E*E*( e

2 4027
36 223w .
T 7 ) | Fia V2, < (1+M042) EW, 1,
v,it—1

d,d*

and therefore

36e1220v . " 36492iv . p2
E\I/it < (1 + %oﬁ) < exp (—E” " a2> <2

. 49270 2
since

a? < 1 by assumption.
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Moreover,

v,
E(¥,, — 1) :E*E*< !

v,it—1

2
v,
) |~Ft—1\1112/’t_1 — 2K *\IJ i |Ft_1qll/’t_1 + 1

v,t—1

36:4220v
<P N2 R, 4 E(T,, - 1)

S d,d*
< %oﬂ +E (U1 — 1)
so by induction VT
E (U, 1)2 < 7261/;”;1 -n 2
e 72:42%0 N2 7202
Pr«V,, -1 >n- ( d:d4 ﬁ2> < 5 o(1).
Therefore, |V, — 1] <n- 1/2 ﬁ with probability 1 — o(1). ]

Claim C.1.11. If || K, || < (n'/2 - 29¢/2d%? /d)a, then L, (z, x) < eV%.

Proof. Using the elementary inequality e* < 1+ z, we can upper bound L, (x,x) by

Lwe)< B ow( (20 o f ))| = Bl (Z—gjw, K ),

(C.22)
where in the second step we used that tr(M) = 0. As M = G — )[ for G ~
GOE(d,), we have that (M, K, ,) = (G, K,,) is distributed as a Gaussian with
variance || K, |7 < (2n27d} /d*)a?. So we can bound (C.22) by

Elg ~ N(0,822na?/d)|exp(g) = 302" @* /¥ « Vi (C.23)
where the last step follows by (C.4)). ]

Proof of Proposition[C.1.4. Define the event

. 22ju
S = { sup || Kyillr < (nl/2 : 23”/2di/2/d) aand |U,, — 1| <n- 61”—25 Vve [m]} :
1<t<n 4y d?

333



By Claims |C.1.9| and [C.1.10] Pr[pg]S = 1 — o(1). We will show that if S holds,

then 7 = oo. Indeed, if 7 =t < oo, then there exists v such that either ||/, || >

(n'/2. 2jv/2di/2/d)oz or [®,; —1] >n- %ﬁ holds. Since ¥,,, = ®,,, this contradicts
S.

So, 7 =00 on S. This implies that for all v, |L,(z) — 1| = [®,,, — 1| < n- Ay -

dy/* a2
o(1/m). Moreover || K, .||z < (n'/2 - 27/2d3? /d)a for all v, so by Claim [C.1.11| we
have L, (x, ) < eV for all v. O

C.1.3 Bounding H in Frobenius Norm by Bootstrapping

In this subsection, we prove Lemma [C.1.6, Throughout this subsection, fix some
v € [m]. To ease notation, we will drop subscripts and refer to K, and H, simply as

K and H. Let z = (z1,...,2) be a sequence of unit vectors satisfying ¢ < n and
1K (2)||r < (02 222452 /d) (C.24)

for some y > m!/2¢Y/2. Let J C [t] denote the set of s € [t] for which v(z,) = v.
Suppose that
|J| <n-(d,/27) - mé (C.25)

as in Lemma [C.T.7
The following lemma bounds a variant of K (z) where we multiply each summand by

an adversarial b; € [—1, 1]. This will be used to control the discrepancy H(z) — K(z)

in the bootstrapping argument.
Lemma C.1.12. Uniformly over by, ... ,b, € [—1,1], we have

duZiZj — 1, 1/2 /2 9ju/2 j3/2
I3 0 e S mdlf* g+ (0} - 22 )
Z; Ay

icJ
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Proof. For any choice of by, ..., by,

d zl — 1, dy,ziz; 1,
1> b= TA Ir < ||sz TAV 5 F+ ||sz‘m||F

ieJ
d v2i%; [dy
< ”Z TA HF ”Z TA HF

ieJ zGJ

<E@)e+20)

e

TA HF

The second inequality holds because the matrices d,,ziz;r and I, are both psd. Using

(C.17) and the assume bound on |J] in (C.25]), we have

I
I as e < GRS S ndf e

ied

The result follows by our assumed bound on [|K(2)| . O

For S C J, let zg = (2;)ies. Further, let

duiT_[ Ll/ 7 d,,iT—I
HS:Z an Lo, L@s\o) and KS:Z—z T

i€S ZiTAVZi Ly (zs) €S ZZTAVZi

The following lemma gives a preliminary bound on || Hg||¢. In the proof of Lemma/|C.1.6]
we will use this bound to control || Hg|| for |S| = t—O(logn), followed by the bootstrap
1/2

argument over O(logn) recursive rounds to contract the bound to O((2% /d)'/2d,n'/?).

Lemma C.1.13. There exists an absolute constant C' such that for all S C [t],
|Hsllp < Clnds/ - mé + (012 - 2" [d)y).

Proof. We take C' to be twice the constant hidden by the < in Lemma |[C.1.12| Note
that for any fixed M, € U,, for the U, given by Lemma and any unit vector

ZES,, —

2"M,z

5 <
2TA,z




so 1 +e22lez € [1/2,3/2]. Thus, for all i, L,(2s)/L.(zs\(;y) € [1/2,3/2], which

implies

L(zs\(y)
s 2/3,2]. (C.26)

Lemma gives

1 ,
S Hsllr < SCnd/? -mg + (/2 - 22d}1% /d)y).

DO | —

as desired.

Proof of Lemma[C-1.6 Lete* £ <n1/2 : 2j“/2d,?j/2/d> vand e’ £ Cndy/> mg. fe* > &,
then we are already done by Lemma |C.1.13] Otherwise, suppose €* < ¢’. and let
D =log(e'/e*). If t < D, then by equations (C.17)) and (C.26]),

dyziz] — La,|lr  L(2~) :
H(z : < 2" Dd, /d.
| Z T i I(2) /

But note that 27v71Dd, /d < &* provided that n >> 2 /(d,~?*). By (C.2)), 2 /d, <
log(d/¢)/(2¢), so this holds by (C.5) and our choice of v > m!/2¢Y/2 > polylog(d/e).
So ||H(z)||r < €" when t < D.

Now suppose t > D. By Lemma|C.1.13 and the assumption that ¢* < &', || Hg||r < 2¢
We will prove by induction on a > 0 that if S C J satisfies |S\J| = D — a, then

||H5||F < fa £ 2e* + e ¢ 28,.

The base case a = 0 clearly holds. For the inductive step, assume a > 1. By the

inductive hypothesis and equations (C.11]) and - foralli e S

2 /d 2 /d) - 2>
llop < (/d#HHS\ZHF %fa—l-

L,(zs) 2¢2  Hgy
s =1 <=
Ly(zs\(i}) 2 Avzi
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Since this upper bound is o(1) by (C.4) and the second part of (C.2), we also have

[Hesi) | @035

e R

Write % 1= Mfa 1b; for b; € [—1,1]. By Lemma |C.1.12] there is a

constant ¢ such that

d Zz - L,(zs\(i}) ) (27"/d) 3e2 dyziz] — 1
) L2 —1 S e )1 —b
| TA V2 ( Ly(zs) I = el A,z I~

€S €S

_ (2/d)- 3e2ndy/” - m&

fafl g eilgafly

where in the last step we used that n < By the triangle inequality, equa-

tion ((C.17]), and our choice of D,

22 271/ mf

|22 — Id,,HF 101
|Ksl|r < [|K(2)|F+ E - <& +27Dd,/d <
ie\S z Avzi 100°

Hence

dzizl — Iy ([ L(zs\())
H K S . .
| Hsllr < [ Ks|lr+ HZGS A ( I(zs) | F

101

mg +e 1£a 1 gaa

101 ~1 . . . .
Too T 2¢~ < 2. This completes the induction. Finally,

1H(2)llr = [ Hsllp < 26" + e7P2" = de”. 0

C.1.4 Uniform Frobenius Bound on the K,(x<;) Matrix Mar-

tingale

In this subsection, we will prove Lemma Fix any v € [m], let & ~ py, recall

that K,; = K,(x<). To ease notation, we will drop the subscript v and refer to this
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as K. Also define X = sup; <, || K¢||r.

Lemma C.1.14. We have that EX? <AE ||K,,||%

Proof. Analogous to Lemma [5.3.14] m

Lemma C.1.15. We have that Ex|| K, |3 < 2d%n/d.

Proof. We can expand

& d,zx! — 1
E||K,|% = Exly(z;) =v - || 222
IRl = 3Rt = v |2
dyZT_[ dy.T‘.TT-—[V
+2 3 Ex(lu(e) = vou(e) =v. 0T I T ()
e xl Ay, AT
<IN 1 7

By (C.3),

dyxixl — 1,
E*ll/(l’j) —u- JJ—CL’|E_1 = Z We; (dyg;jg;T, — Idl,) =0,

so for any ¢ < j we have

E«lv(z;) =v,v(z;) =v- <

d,,xix;r — 1,

d,,a:a:T -1
“ Esxly(z;) =v- it B

=Exlv(z;) = 1/< - |.7-'j_1> =0. (C.28)

T T
xl A, :vjAij

The other expectation in (C.27)) can be bounded by (recalling (C.17))

(d,,xl-:vj» — 1y, d,,xixj» —14,)

xIA,,xi

d,,l'i.f;r — [dl,

Exlv(z;) =v-|| 1% < (2 /d) Exlv(x;) = v -

x;r A x;

(C.29)

1lv(z;) =v

= (2 /d) - d,(d, — 1) E x (C.30)

JIIA,,xi
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<@7/d)-dy(d, = 1) Y w, <2Pdi/d

zw(z)=z

(C.31)

Therefore E *|| K, ||% < n - 2%d3 /d>. O

Proof of Lemma[C.1.8 Follows immediately from Lemmas [C.1.14] and [C.1.15] O

C.2 Refined Bounds for State Certification

In this section we use the lower bound instance from Appendix to give a refined
version of the analysis in Section and prove Theorem [5.5.1, The steps in this
section are essentially already present in [65] (see Sections 5.1, 5.2.2, and 5.5 therein),

but we include them for the sake of completeness.

C.2.1 Bucketing and Mass Removal

We will use the following bucketing scheme from [65, Definition 5.2].

For j € Zxo, let S; denote the set of indices i € [d] for which 27771 < ¢, <277, and
define d; £ |S;|. Let J denote the set of j for which S; # (). We will refer to j € J
as buckets. Given i € [d], let j(i) denote the index of the bucket for which i € S;.

Our bounds are based on the following modification of ¢ given by removing a small

fraction of its entries:

Definition C.2.1. If b is the largest number for which the b smallest entries of o
sum to at most e, define Sﬁght C [d] to be the indices of these b smallest entries.
Let Siyp,. denote the set of i € [d] for which Zi'esj(i) oy < 2¢/log(d/e). Define
Stight = Sl%ght U Slzlght

Without loss of generality, assume that all o; are sorted in increasing order based on

oi/ d?(i). Recall the constant a* from Lemma and Theorem . Let d < d
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denote the largest index for which Ziesnght:i < Oi < Cg+€ for a constant Cy« sufficiently
<d

}.

lage depending on a*. Let Spy = {i 1 ¢& Siight, ¢

Let m denote the number of buckets j € J for which S; and Sjgh are disjoint. Let
Stew C [d] denote the set of ¢ belonging to a bucket of size less than a*, and let

Smany C [d] denote the set of 7 belonging to a bucket of size at least a*.

Let o' denote the matrix given by zeroing out the entries indexed by Siai U Siight. Let
o” denote the matrix by further zeroing out the largest entry of ¢’. Let o* denote the

density matrix o’/ tr(c*).

Lastly, define J* to be the set of j € J for which S; has nonempty intersection with
Smany\slight-

Fact C.2.2. We have m < O(log(d/¢)), that is, there are at most O(log(d/e)) indices
Jj € J for which S; and Signe are disjoint. Furthermore, the total mass of o in

Shight U Stait s O(€).

Proof. This is a slight modification of [65, Fact 5.3]. By definition of S, the (b+1)-st
smallest entry of o is at least €/d. There are thus at most log,(d/e) buckets containing
[d]\Sjigne, which concludes the proof of the first part. The second part follows by

construction. ]

C.2.2 Tuning the Perturbations

The goal of this section will be to tune the perturbations {¢;} from the lower bound

instance in Theorem in order to show the following:

Lemma C.2.3. For 0 < ¢ < O(1/loglog(d)), for any mized state ¢ € C™?, the

copy complexity of state certification with respect to o to error € is at least Q(1/e) V

Q([l0" |25/ (£* polylog(d/e))).

First we handle a minor corner case. Note that Theorem can only be applied

to the buckets of o which are of size at least a*. We now verify that if the Schatten
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2/5-norm of ¢’ is dominated by such buckets, then the (~2(||0”||2/5/52) lower bound

follows from classical lower bounds.

Lemma C.2.4. If ZieSfew\(Stanusngm) 05/5 > %HJ”HZ?, then state certification with

respect to o using incoherent measurements has copy complexity at least Q(||0”||a/5/€7).

For this, we use the following instance-optimal lower bound for classical identity

testing:

Theorem C.2.5 (Theorem 1.1 from [204]). Given a known distribution p and samples
from an unknown distribution q, any tester that can distinguish between q = p and
lp—qll1 = € with probability 2/3 must draw at least Q(1/e)VQ(||pZ2*||a/3/€%) samples,
where p_"** denotes the vector given by removing from p the largest element and the

smallest elements summing up to at most €.

Note that this immediately implies a lower bound for state certification by considering

only diagonal mixed states:

Corollary C.2.6. State certification with respect to any known mized state o to error

max

£ using incoherent measurements requires at least Q(1/e) V Q(||oZ2"*|2/3/€?) samples,

max

where 0—;

denotes the matriz given by projecting out from o the largest eigenvalue

and the smallest eigenvalues summing up to at most .

Proof of Lemma[C-2.4. This is a slight modification of [65, Lemma 5.12]. The idea
is that if the hypothesis of the lemma holds, then the spectrum of o is essentially
dominated by eigenvalues in geometric progression, in which case there is no distinction

between the 2/5- and 2/3-quasinorms and we can simply apply Corollary |C.2.6,

Formally, Corollary implies a lower bound of Q(||o; ™|5/3/¢?). We would like

to relate [|o7 ™*||3/3 to

2/3 i 5/2 2/5 5/2
( 3 oi) >0 -<1—22/5>5/2-( 3 ai) > Q10" 1),

1€ Stew \ (Stail USiight) 1€ Stew \ Stail
(0.32)
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where the last step follows by the hypothesis of the lemma and Fact [C.2.2]

Suppose that there is some 7 for which dj;; < @* and ¢ is not among the indices

max
3

is at least a*~3/2(1 — 272/3)3/2 = (1) times the left-hand side of (C.32).

max

removed in the definition of ¢~"**. Then we can lower bound ||c="*||5/3 by 0;, which

On the other hand, suppose that all ¢ for which d;; < a* are removed in the

definition of o~ ™#*

. As long as ¢—_™** has some nonzero entry, call it o;«, then

max
3

least a*~3/2(1 — 272/3)3/2 = (1) times the left-hand side of (C.32). Otherwise, we

Oix 2 MAXic S\ (SiUSign) Tis SO We can similarly guarantee that |[[o=""[|y/3 > 0y- is at

note that ¢” is zero as well, in which case we are also done. H

It remains to consider the primary case where the hypothesis of Lemma does

not hold, which we can express as

25 1 2/5
DR L[/ (C.33)
iesmany\(slightustai|)

and this is the case where we will use Theorem Because Corollary already
shows that the copy complexity is at least ©(1/¢), we will assume henceforth that the
lower bound in Theorem is at least ©(1/¢).

First for every ¢ € Smany \Siight, define the perturbations

sy 2 d- {27907 ) (124 0 (ylog(m) dyo ) ) } # {2 2200 a L (1)

for normalizing quantity ( satisfying

S 4 {Q—H A <2f2/3<j+1)d§/3} — (C.35)

JET*

Note that this choice ( ensures that the trace distance between the two states under

Hy and H; in Theorem is Q(e).

The rest of the proof is devoted to analyzing what Theorem gives for this choice
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of {¢;}. The main step is to upper bound the normalizing quantity (.

-1

Lemma C.2.7. ( < O(e) - (Zjej* 22j/3d?/3)

To prove this, we will need the following elementary fact.

Fact C.2.8. Let uy < --- < uy, be numbers for which there are at most ¢ elements in
any interval 27771279, Let vy < -+-v, and let dy,...,d, > 1 be arbitrary integers.
Let wy < -++ < Wypan be these numbers uy, ..., U, V1, ...,0, tn Sorted order. For

i € [m+nl, define di to be 1 if w; corresponds to some u;, and d; if w; corresponds

to some v;.

There is an absolute constant Cy depending on ¢ such that the following holds. Let s be
the largest index for which Y, w;d; < Cye. Let a,b be the largest indices for which
Uq, Vp are present among wy, . .., ws (if none exists, take it to be 0). Then either b=n

or S\ vid; > 2e.

Proof. This is Fact 5.16 from [65] with minor modifications. We may assume s < m+n
(otherwise obviously b = n). Assume to the contrary that Zb+11 v;d; < €. We proceed

by casework based on whether wy 1 = g1 O Wy = Vpy.

If wgy1 = ugi1, then

s+1 at+1 at1 b

Cee < Zwid* Zul +ZU1 i vaﬂ ol(1=9)/¢] +Zv d; < 1)5—|—Zvidi,
- (C.36)

where in the first step we used maximality of s, in the third step we used that w1 <

vp11 and the assumption on {u;}, and in the last step we used that vy, 1 < f;l vid; <

e. From this, if C, is sufficiently large, then we conclude that Zle vid; > 2¢, a

contradiction. The argument for wy 1 = v,y is analogous. O

Corollary C.2.9. If (C.33)) holds, then Smany\(Siight U Stail) s nonempty, and there
exists an absolute constant ¢ > 0 such that for any i € Smany\(Sight U Stail) in some

bucket j, ¢ - 27230 < 2771,
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Proof. The first part immediately follows from ((C.33). For the second part, take
some constant ¢ > 1 to be optimized later and suppose to the contrary that for some
i* € Smany\(Siight U Stait), lying in some bucket j*, we have 277" 71 < (- 2_2/3(j*+1)d§f3,
or equivalently 277"~ /d2. < (3. Because in the definition of Sy, we sorted by
O'i/d?(i), we then also have that Q*j(i)*l/d?(i) < (3 for all © € Sy, or equivalently,
2-i-1 < ¢ . 2‘2/3(j+1)d]2.(/;.

To induce a contradiction, we lower bound the sum on the left-hand side of
by the contribution from j € J* for which S; contains an index ¢ satisfying ¢ < ¢*.
The above discussion implies that for such j, the corresponding summand in is
given by d; - 2770~ So the left-hand side of is at least

Yoo ai>e (C.37)

iesmany\slight:igi*

where in the latter inequality we used Fact applied to the numbers ¢ £ a*,

{ui} = {Ui}iesfew\snght? {vi} 2 {O—i/d?(i)}’iesmany\slight7 and {d;} = {d]z(i)}iESmany\Slight7 in
light of our definition for Si,;. This contradicts (C.35]). O

We are finally ready to upper bound the normalizing constant (.

Proof of Lemma[C-2.7]. By Corollary and ((C.35]),

e> Q) Y d;- 27PN EE > 00) Y 27UBd, (C.38)
JET* JET*
The claimed bound follows. O

We are now ready to complete the proof of Lemma [C.2.3]

Proof of Lemma[C-2.3. As discussed above, because of Lemma [C.2.4] it suffices to
consider the case where (C.33]) holds. We will apply Theorem to the principal

submatrix of ¢ indexed by the indices from buckets in J*. It suffices to show that
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the copy complexity in that theorem, when specialized to ¢; from , is at least
Q(HO”|’2/5/(E2 polylog(d/e))). Note that we can apply Theorem to this submatrix
because by our definition of Sjight, the second part of holds, by the first argument
of each minimum in , the first part of holds, and by the definition of
Smany, d; is sufficiently large for every j that appears in this submatrix. Note that our
definition of m in Definition is the same as the parameter m in Theorem
Recall from Fact [C.2.2] that m < O(log(d/e)).

e 2d. {2]’1/ (12 e ( log(m)/dj)) } A {(2*2/3(3'“%?/3} (C.39)
First, let us rewrite the lower bound from that theorem as

N\ —1/2
1 d1/2d2 1 492j
— min +— > — 5 (C.40)

m jeT* 5?21 “m d.d*

Substituting our choice of {¢;} from (C.34) and denoting o; = 12 + ©(4/log(m)/d;),

we get
1 9- 9 —-1/2
> A2 C.41
2 (2 2 e can)
jeg*
] -1/2
—1,39—j 46-25/3 15/3
>E(Zajgzﬁdjm2 13 ) (C.42)
JET*
C73/2 —1/2
—1lo—j—1 —2/3(j4+1) 42/3
2 (; di{a; 2777 A 2720 G }) (C.43)
.] *

3/2
> C_3/2 . 5_1/2/m > 2/m (Z 9~ 2]/3d5/3) (0.44)

JET*

> max oid)”/(21og(d/2)) 2 10”125/ (< polylog(d/2)),  (C.45)
] 7

where in the second step we used that the minimum of two nonnegative numbers

increases if we replace one of them by a weighted geometric mean of the two, in the
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fourth step we used ((C.35)), in the fifth step we used Lemma |C.2.7} in the penultimate
step we used Fact |[C.2.2] and in the last step we used (C.33). O

C.2.3 Putting Everything Together

Proof of Theorem [5.5.1. The proof will be given by modifying a few places in the
proof in Section We proceed by the same casework of whether or not d; =1 for
all j € J* (note that our definition of J* is slightly different from the one used in

Section .

First by Fact we have that tr(c’) > 1 — O(e) > Q(1), so by Fact it suffices
to lower bound the copy complexity by

Q (desllo’ 12/ (21087 (d/f2)) ) (C.46)

Case 1. d; =1 for all j € J*. Note that in this case,

o'l =Y 2792 =0(1) (C.47)

JET*

and [[0*|lij2 = O(||0'||i/2). As der = 1, it thus suffices to show a lower bound of

Q(1/£%) in this case.

If additionally we have |J*| = 1, then for € at most a sufficiently small constant, the
maximum entry of o is at least 3/4, so we can apply Lemma to obtain a lower
bound of Q(1/£%) as desired.

Otherwise, let j, 7' be the two smallest bucket indices in J*, and let 7,4’ be the elements
of the singleton sets S;, Sj. If e < 277 /2=3'12=1 for sufficiently small absolute constant

¢ > 0, we can invoke [65, Lemma A.4] to conclude a lower bound of Q(1/£?).

Otherwise, suppose € > ¢277/277'/271 Because 277 > 277", we know that 277 < O(e).
In particular, consider the state o** given by zeroing out oy from ¢’ and normalizing.

For this matrix, deg = 1 and ||0**||1/2 = O(1). Furthermore, because ¢ is smaller than
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some absolute constant, we conclude that the nonzero entry of o** is at least 3/4, so

we can again apply Lemma to conclude a lower bound Q(1/£?).

Case 2. d; > 1 for some j € J*. In this case, let j; = arg max;cs+ d; and

jo £ arg max;c 7+ d?277. Note that d277* > d;, 277" 2 ¢/log(d/e), so
jr < Ollog(d/e)). (C.48)

If ¢ < cd;,2791/2792/271 /) for sufficiently small constant ¢ > 0, then we can invoke
the lower bound instance from Section [5.4. The proof in this case is identical to the

corresponding part of the proof in Section [5.5]

It remains to consider the case of
£ > cd, 2727 g (C.49)

We would like to use the lower bound from Lemma [C.2.3] We would first like to relate
|o’||2/5 to ||o”||2/5 (recall that the difference is that ¢” is defined by removing the

largest entry from o’.

Lemma C.2.10. Either ||0”||2/5 = (||0"||2/5), or the following holds. Let j° be the

index maximizing d?/22_j. Then 1) j° = minjez-j, 2) djo =1, and 3) j° = 0.

Proof. This is essentially Lemma 5.26 from [65]. We will assume that |o”||2/5 =
o(||'||2/5) and show that 1)-3) must hold. Let ima.x be the index of the top entry of o’

Suppose 1) does not hold. Then

2/5 2/5
10158 Time + D 002

2/5 ~X AN 9
||0”||2§5 ZiESjoU?/E)

(C.50)

where the first inequality follows by the elementary fact that for a > b > 0 and ¢ > 0,
ZTJFE < 3, and the second inequality follows by the definition of j°. This contradicts

the assumption that ||o”||2/5 = o(||0”]|2/5)-
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Next, suppose 1) holds but 2) does not. Then

2/5
o123 Sics. OF
25 < =e <o), (C.51)

2/5
o5 2ies;o\fimat

where in the first step we again used the above elementary fact and in the second step

we used that 2) does not hold. We again get a contradiction.

Finally, suppose 1) and 2) hold, but 3) does not. Because 1) holds and j° > 0, this
implies that ||0’||op < 1/2. On the other hand, ||o”|]2;5 = |lo”|l1 = (1 — O(¢)) —
1/2 > 1/2 — O(g). So for € smaller than a sufficiently large constant, we get that

0”275 = Q|| |lop)s 50 |lo”||2/5 = (]|0"||2/5), a contradiction. O

Suppose the latter scenario in Lemma happens, but the former does not. In this
case, because djo = 1, we also have that j° = js, 50 1 > dje277" = d3.277" = d? 2772,

Note that this implies that ||o’[[1/2 < log(d/e). Furthermore, it implies that
2 o—j 2 o—j 3/2
1> 227 > 227 > 0(d e/ log(d)e)), (C.52)

where in the second step we used that j, arg max;e 7+ d?Q*j, and in the last step we

used that d;277 > Q(e/log(d/e)) by definition of Sjigh and J*. We conclude that
e < O(d;*log(d/<)). (C.53)
But recall that we are assuming that holds, i.e.
e 2 dy, 2R o RS e (d, log(dfe) 2, (C54)

where the second step is by d;, = djo = 1 and the last step is by 3) in Lemma |C.2.10

and the fact that d;277 > Q(g/log(d/e)) for all j € J*. Combining (C.53) and (C.54)),
we conclude that dj, < polylog(d/e) - j1 < polylog(d/c), where in the last step we

used (C.48). But if d;, < polylog(d/e), then des < polylog(d/e). Then because we
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also have ||o’||1/2 < O(log(d/¢)), the claimed lower bound in the theorem would follow
from a lower bound of €(1/&?). This then follows in a similar fashion to the analysis

from Case 1 above.

Finally, suppose instead that the former scenario in Lemma [C.2.10| happens, in which
case Lemmaglves a lower bound of Q(||0”[|2/5/ (g% log(d/e))). Let j° be as defined

in Lemma |C.2.10. As |lo”|2/5 > de{ 277° | to complete the proof, it suffices to show

that
/227" polylog(d/e) > (\/ d;,d2 2" 92) (C.55)

Suppose to the contrary. Then because d?l/ 9= d?c{QQ*jo, we would get from the
negation of ((C.55)) that

d? 277 polylog(d/e) = o(d?,2772). (C.56)
But by (C-9) and (C8),
cdj, 272721271 O(log(d/2)) < £ < O(d;, 277 log(d/e)), (C.57)

where in the last step we used that d;,277* > Q(elog(d/e)) by definition of Sjgh.
Squaring and rearranging, we find that d?2772 < O(d? 277" log®(d/<)), contradicting
[C50). 0

C.3 Regularity Bounds on GOE and Ginibre Ensem-
bles

Here we provide the proofs of Lemmas [5.3.2] and [5.4.1], restated for convenience.

Lemma 5.3.2. There exists U C R such that if M ~ GOE*(d), then Pr M ¢ U <
exp(—$(d)) and on the event M € U, we have |M||op < 3 and |M||; > d/12.

Proof of Lemma[5.5.3. Let U denote the event that ||M|l,, < 3 and ||M|% > d/4.
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Let Ay, ..., A\q denote the eigenvalues of U. On the event U, we have

d d
2 _ 2 ) 1 —
15 = 32 < (1m0 ) >l = 1]

so [[M|l1 = IM||%/|M|lop = d/12. We will show PrU¢ < exp(—£(d)). We generate

M=G- tr(dG) I3, where G ~ GOE(d). Note that

Pr || Mo > 3 < Pr||Gllop > 5/2 + Pr | tr(G)| > d/2

< exp(—Q(d)) + exp(—Q(d?)),

where the first term is bounded by [44], Theorem 6.2 (because 5/2 > 2) and the second
term is bounded by tr(G) ~ N(0,2). Moreover, since

IM1% = GIlE — te(G)?/d,

we have

Pr||M|% < d/4 < Pr||G|% < d/2 + Pr|tr(G)| > d/2

and the second probability is exp(—(d?)) as explained above. To bound the first
probability, write Gi,i = \/%Zl,l and for i < j, GiJ = Gj,i = \/LEZ@J' for i.i.d. Zi,i7 Zi,j ~
N(0,1). Then

2
Gl == 3 2,

1<i<j<d
By a standard Chernoff bound, if X ~ x%(n), then Pr X < (1 —&)n < ((1 —¢)ef)"/2.
Thus

Pr«||G||% < d/4 = Prx®(d(d +1)/2) < d?/8 < exp(—Q(d?)). O

Lemma 5.4.1. For d; > dy, there exists U C R%*% sych that if G ~ Gin(dy, ds),
then PrG ¢ U < exp(—0.1dy) and on the event G € U, we have |G|, < 3 and
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| M|y > da/3 for
0 G

Gt 0

Proof of Lemma[5.4.1} Let U be the event sp,..(G) < 3 and |G||% > dy/2, where
Smax denotes the largest singular value. On this event, certainly ||M|l,, < 3 and
IM|% = 2||G||% > dp. Similarly to the proof of Lemma [5.3.2, we have ||M||; >
| M]|%/|M||op = dao/3. Tt remains to show PrU® < exp(—0.1d;) By [206, Corollary
5.35], Pr spax(G) > 3 < exp(—0.11d;). Moreover, ||G||% =4 %Xz(dldg), so similarly
to the proof of Lemma [5.3.2] we have Pr ||G||% < da/2 < exp(—Q(d3)). O

C.4 Separating K and

In this short section we construct an example of a transcript (z,w) for which
K((z,w)) =0, but for which x((z,w)) > did3/e*. For simplicity, consider A = a- I,
and B=0b-1g4,.

Consider a unit vector (z,w) € S“*%~1 for which ||z]|*> = b/(a + b) and ||w|]* =
a/(a+b). Now note that if (z,w) = ((z,w), (z, —w), (z,w), (z, —w), . . .), then clearly
K((z,w)) = 0. On the other hand, if we take b; = (—1)"*!, we find that

t M= lwll [ I
ZW| 2| ||w z w
r((z,w)) = || =t =1
;(CLHZH?HIIUJHQ)2 (all=1* + bljw][?)?  4ab

(C.58)

Note that for € < dyv/ab, did2/e? < dy/(ab), so for t > dy, k((z,w)) > dyd3 /<.
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