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Abstract

Sparse tensor algebra computations are oftenmemory-bound due to

irregular access patterns and low arithmetic intensity. We present

D2T2 (Data-Driven Tensor Tiling), a framework that optimizes

static coordinate-space tiling schemes to minimize memory traffic

by identifying and leveraging relevant high-level statistics from in-

put operands. For a given tensor algebra computation, D2T2 collects

statistics from input tensors, builds a probability distribution-based

model of the tensor computation, and uses it to predict traffic for

various tiling configurations. It searches over tile shape and size

configurations to minimize total traffic. We evaluate D2T2 against

Tailors and DRT, two state of the art tiling schemes for sparse tensor

algebra. We find that D2T2 achieves, on average, a 2.54× speedup

over Tailors and a 1.13× lower memory bandwidth compared to

DRT for sparse-sparse matrix multiplication (SpMSpM). We also

achieve 1.22–48.94× lower bandwidth for SpMSpM and up to 34.31×

lower bandwidth for tensor operations (TTM and MTTKRP) than

conservative static tiling schemes. Unlike prior tiling techniques,

D2T2 is deployable without specialized hardware support. On Opal,

a 16nm sparse tensor algebra accelerator, D2T2 generated tiling

configurations that achieve 1.23–3.34× speedups compared to their

original hand-tuned configurations.
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1 Introduction

Due to the importance of sparse tensor algebra [18, 19, 30, 32], a

variety of acceleration techniques have been proposed including

hardware accelerators [13, 27, 41], FPGA libraries [4], and two-in-

four structured sparsity on GPUs [23]. These approaches tackle the

utilization problem head-on, dedicating custom circuitry to han-

dling data access — trading generality for improved performance

for a select family of sparse tensor operations. Efficient sparse ten-

sor algebra computation is fundamentally a utilization problem:

the unpredictable and dynamic data access patterns makes keeping

computational resources occupied a tall task.

Hardware accelerators use a memory hierarchy to improve

performance deploying small and fast near-compute memory

buffers [21, 28] to enable local data reuse. Typically, the size of

the sparse tensors exceeds the capacity of such buffers, forcing the

partitioning of data into smaller tiles. Each of these tiles needs to fit

in the hardware accelerator buffers for correct execution. The mem-

ory movement is then explicitly handled by the software, which

shuffles these tiles across the target memory many times to perform

the final computation [7, 13, 16, 20, 25, 29, 33].

Most of these accelerators choose a target dataflow along with a

static data partitioning that is uniform-sized in the coordinate-space

(a tile of the logical tensor including both zeros and non-zeros) [13,

16, 20, 28]. This chooses a tile size that is guaranteed to fit in the on-

chip buffers, assuming the worst-case occupancy (i.e. a dense tile).

Hence, the scheme partitions tensors into tiles of identical logical

size and shape based on the available buffer capacity without regard

to the tensor sparsity. While this enables zero-overhead execution

on each set of tiles, buffer utilization generally remains poor and

produces excessive memory movement [13, 17, 22, 26, 40].
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Figure 1: Tool Chain Flow for Data-Driven Tensor Tiling

While software-based optimization tools for auto-scheduling

have been proposed [14, 38], they are mostly for CPUs, and some-

times restricted to sparse-dense computations [38]. Since CPUs

operate with caches, these tools do not have to deal with the hard

constraints of tiles fitting in an accelerator buffer.

For accelerators, recent work on optimizing tiling of sparse-

sparse computations has addressed this issue using either hardware-

supported dynamic tiling (DRT) [26] or aggressive tiling by sup-

porting buffer overflows (Tailors [40]), achieving lower memory

movement than conservative static methods. However, these ap-

proaches require specialized hardware and may not support ar-

bitrary computation (dataflow) orders. Many sparse tensor accel-

erators [13, 16, 27, 41] use fixed dataflows with hardware-tuned

optimizations, while reconfigurable designs [20, 24, 26] support

multiple dataflows but lack optimizations for every case. This raises

the question: can a static tiling scheme for a dataflow be made

competitive to these recent methods without relying on specialized

hardware?

In this work, we answer affirmatively. We present D2T2: Data-

Driven Tensor Tiling, a tool (shown in Figure 1) that uses the sparse

data distributions to find memory-movement-optimal non-uniform

coordinate-space tiling schemes for the dataflow order choice made

by the accelerator. D2T2 explores the search space of static tiling

configurations using a distribution aware traffic modeling frame-

work and builds static tiling schemes that are competitive with

or outperform the prior efforts that require specialized hardware

support. This is made possible by two key observations:

(1) Dense memory analysis can be extended to sparse tensor alge-

bra by considering the probability and expected size of accesses.
(2) These probabilities and expectations can be estimated for a

given computation using structural metadata contained within

the compressed sparse fiber format.

Our contributions are:

(1) An algorithm that captures high-level statistics of a given tensor,

that we find are convenient to calculate given a compressed

data structure.

(2) A statistical model that estimates input/output traffic for sparse

tensor programs, capturing data-dependent behavior.

(3) A tile scheme optimizer that minimizes total data traffic for a

given tensor algebra kernel and buffer size. It first finds an opti-

mal tile shape using the statistical model, then conservatively

adjusts tile size while ensuring that the input tiles fit.

D2T2 supports various (possibly fused) tensor algebra kernels

across dataflow orders, using real-world data from the Suitesparse

and FROSTT datasets [8, 36] and achieves 1.22–48.94× lower band-

width for SpMSpM and up to 27.34× for tensor operations like TTM

andMTTKRP, compared to conservative sparse tiling. Against prior

state-of-the-art techniques, Tailors and DRT, which use different

dataflow orders for SpMSpM, we achieve a 2.54× improvement in

runtime over Tailors and 1.13× improvement in memory bandwidth

compared to DRT. Unlike prior work, it does not require specialized

hardware and applies optimizations during initial tiling, adding

only 9.3% and 7.9% overhead for Tile Statistics Collection and Tile

Optimization over the initial tiling time on average.

2 Background

Sparse tensor algebra is a generalization of dense linear algebra to

higher dimensions and sparse data structures. Tensor computations

are often expressed in tensor index notation [31] (also referred to as

Einsum notation). The Tensor index notation (TIN) was used by the

TACO compiler [19] and included the underlying storage format

and the computation iteration order. This order corresponds to the

loop ordering of the generated loop nest of the computation and

is referred to as the dataflow order. For any computation, various

possible dataflow orders exist with different trade-offs [1].

For example, TIN for sparse matrix multiplication kernel using

the standard inner-product dataflow order between compressed

matrices 𝐴, 𝐵 can be expressed as:

𝐶 [𝑖, 𝑗 ] =
∑︁
𝑘

𝐴[𝑖, 𝑘 ] × 𝐵 [𝑘, 𝑗 ] 𝑂𝑟𝑑𝑒𝑟 : 𝑖 → 𝑗 → 𝑘 (1)

This dataflow corresponds to the pseudocode below, where

𝑟𝑜𝑤_𝑐𝑟𝑑𝑠 are row coordinates and rows[i] returns column coordi-

nates for row i (similarly, cols[i] for row coordinates).

for i in A.row_crds:
for j in B.col_crds:

for k in intersect(A.rows[i], B.cols[j]):
C[i, j] += A[i][k] * B[j][k]

Where 𝐴 and 𝐵 are stored in 𝑖, 𝑘 and 𝑗, 𝑘 format so that they agree

with the dataflow order. Alternative dataflow orders include Gus-

tavson’s algorithm and outer-product matrix multiplication ex-

pressed with (𝑖 → 𝑘 → 𝑗 ) and (𝑘 → 𝑖 → 𝑗) index variable dataflow
orders. Not all dataflow orders are compatible with all tensor for-

mats, the tensor storage format needs to match the dataflow order

(as shown above). In this work, we assume the user has provided a

valid dataflow order for the given computation and data formats.

2.1 Sparse Data Structures

Sparse tensors are stored using compressed representations (for-

mats) that retain only the non-zero values in the tensor. Example

formats include (coordinate format) COO [10] and (compressed

sparse row) CSR [9]. The compressed sparse fiber (CSF) format

is a trie-structured storage format used for arbitrary order sparse
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where segment arrays address into the coordinate arrays. 𝑖′, 𝑘′

correspond to outer, and 𝑖, 𝑘 correspond to inner indexes.

tensors [5, 13, 17, 19, 26, 40]. In a CSF each level corresponds to

an index variable present in the tensor. In this representation, a

coordinate at one level is linked to its child coordinates at the next

level. Only the children that have sub-trees containing non-zero

values are stored. CSFs can be stored in memory using two arrays

for each dimension (or index). The first is a segment (Seg) array
that stores the start and stop positions of the coordinates of the

same index, whereas the second is a coordinate (Crd) array with all

the coordinates of each segment abutted together. Figure 2a shows

a sparse matrix with the tiled fiber-tree implementation in Figure 2.

With the CSF format, we can access an array of coordinate data and

the pointers (segments) that access this data for any index “i" of

the sparse tensor 𝐵 with crd(B, i) and seg(B, i) respectively. We can

also fetch the size of the coordinate array at any part of the CSF

using the corresponding 𝑠𝑒𝑔 array.

2.2 Tiling Sparse Tensors

Tiling a tensor partitions the tensor dimensions and reorders them

to generate a new tensor. A tiled sparse tensor will contain new

additional index variables. All index variables of the input tensor

correspond to an index variable in the dataflow order. Thus, reor-

ganizing input data to generate new indices leads to new indices

in the dataflow order as well. The new index variables are mapped

to a higher level of the memory hierarchy. They allow iteration

through tiles of the input data, as opposed to singular values. For

example, for a two-level memory hierarchy, we can transform the

inputs from matrices (addressed with 2 variables 𝑖, 𝑘) to tensors

(addressed with 4 variables 𝑖′, 𝑘′, 𝑖, 𝑘) where 𝑖, 𝑘 index variables are

also transformed to span the partitioned iteration space inside a

tile by 𝐴[𝑖, 𝑘] → 𝐴[𝑖′, 𝑘′, 𝑖, 𝑘] or 𝐵 [ 𝑗, 𝑘] → 𝐵 [ 𝑗 ′, 𝑘′, 𝑗, 𝑘]. For the
tiled inner-product computation, the dataflow order changes from

𝑖 → 𝑗 → 𝑘 to 𝑖′ → 𝑗 ′ → 𝑘′ → 𝑖 → 𝑗 → 𝑘 . In this paper, we refer

to variables that iterate across tiles (using a 𝑖′, 𝑗 ′ notation) and call

them outer indices, and the variables that refer to iteration inside

a tile (using a 𝑖, 𝑗 notation) and call them inner indices.

2.3 Sparse Data Tiling Schemes

Tiling partitions input data such that each partition fits in the lo-

cal memory of a hardware accelerator, allowing the accelerator to

leverage its fast local memory for more efficient reuse. Tiling in

dense tensor algebra guarantees full buffer utilization and consis-

tent, predictable reuse for the input and output tensors, leading

to a simple tiling strategy. Data gets tiled in the coordinate space,

where each tile contains data within a fixed shape/size boundary.

This enables scheduling without any overhead for orchestrating

multiple operands as tile boundaries match. However, applying the

same approach in tiling sparse tensor algebra suffers from lowmem-

ory utilization alongside unpredictable and low data reuse. This

inefficiency has motivated the exploration of different strategies

for sparse tensor algebra, as shown in Table 1.

Static coordinate space tiling (Conservative) partitions data in the

coordinate space where indexes shared among different tensors are

tiled with the same tile dimension. Popularly, Conservative tiling

is performed with a square tile shape [13, 17, 40, 41]. It generally

uses a conservative tile size which ensures that each tile fits the

target buffer in the worst case, i.e. a fully dense tile. For example,

Extensor [13] uses a 128× 128 size for its processing elements (PEs).

We will refer to this scheme as Conservative.

Dynamic Reflexive Tiling (DRT [26]) builds tiles dynamically to

maximize each tile’s occupancy while shared tile dimension sizes

are kept identical for all operands. Thus, DRT gets larger tile sizes

that still fit in the input buffers. However, the tile shape and size

built by DRT are dictated by the greedy dynamic-tile-aggregation

algorithm implemented in the hardware. DRT operates on data that

is tiled first by a static coordinate space scheme. DRT proposes spe-

cialized hardware that iterates on tiles on-chip and then aggregates

multiple small tiles together into a larger tile before computing on

the tile. Thus it effectively tiles data again in hardware.

Tailors [40], on the other hand, builds large-size coordinate space

tiles that are not guaranteed to fit in the accelerator buffer but does

not specialize the tile shapes for the target expression and dataflow

order. Tailors tiles data twice to build large-size coordinate space

tiles. However, since the tiles generated from Tailors can overflow

a buffer, specialized buffers are required which support streaming

of the input data that overflows the target buffer.

3 Example: Gustavson’s Matmul

Consider a tiled Sparse Matrix-Sparse Matrix Multiply (SpMSpM)

operation using Gustavson’s algorithm [12] on input tensors stored

Table 1: Different tiling scheme features. To fit: tiles sized

to fit buffer size, overflow: tiles may be larger than buffers,

conserve: size that ensures even dense tiles fit. Tiling strategy

includes if the tiling is static/dynamic (performed on hard-

ware) and the number of times data needs to be tiled.

Tiling

Scheme

Tile

Size

Tile

Shape

Tile

Strategy

Hardware Overhead

Conservative Conserve Square Static: tiled

once

None

DRT To fit non-

uniform

rectangles

Dynamic:

tiled twice

Large: specialized dy-

namic tiling hardware

to generate tiles

Tailors Overflow Square Static: tiled

twice

Low: special buffers for

overbooked input tiles

D2T2 (us) To fit non-

uniform

rectangles

Static: tiled

twice

Minimal: ability to

write out partial output

results directly
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schemes
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Figure 3: Tile reshaping for reducing memory movement required to perform a computation

as a CSF format. Gustavson’s algorithm (shown without tiling in

Equation (1)) is an efficient SpMSpM computation order [17, 22, 41]

that maintains stationary output rows, thereby balancing input and

output reuse.

We tile this SpMSpM-ikj computation to allow computing on

tiles that use the systemmemory hierarchy efficiently. Various valid

tiling configurations exist, all of which have different tradeoffs. We

represent a statically tiled version of the Gustavson SpMSpM using

an annotated TIN program, which now includes the outer indexes

and the corresponding tile dimension sizes for the scheme.

𝑇 1,𝑇 2 = 𝑇𝑖𝑙𝑒𝑉𝑎𝑟 ( )
𝐴 = 𝐼𝑛𝑝𝑢𝑡 [𝑖′ : 𝑁 /𝑇 1, 𝑘 ′ : 𝑀/𝑇 2, 𝑖 : 𝑇 1, 𝑘 : 𝑇 2]
𝐵 = 𝐼𝑛𝑝𝑢𝑡 [𝑘 ′ : 𝑀/𝑇 2, 𝑗 ′ : 𝐿/𝑇 1, 𝑘 : 𝑇 2, 𝑗 : 𝑇 1]
𝐶 = 𝑂𝑢𝑡𝑝𝑢𝑡 [𝑖′ : 𝑁 /𝑇 1, 𝑗 ′ : 𝐿/𝑇 1, 𝑖 : 𝑇 1, 𝑗 : 𝑇 1]

𝐶𝑖′, 𝑗 ′,𝑖,𝑗 =

𝑇 2∑︁
𝑘=1

𝐴(𝑖′, 𝑘 ′, 𝑖, 𝑘 ) × 𝐵 ( 𝑗 ′, 𝑘 ′, 𝑗, 𝑘 )

𝑜𝑟𝑑𝑒𝑟 𝑖′ → 𝑘 ′ → 𝑗 ′ → 𝑖 → 𝑘 → 𝑗

In this specification, the first line contains the tile variables, i.e.,

the tiling dimension 𝑇 1,𝑇 2. The next three lines contain specifica-

tions that define the dimension size for the outer index variables
for input matrices and the output matrix. Finally, we write the ten-

sor kernel as a reduction over tensor values, accessed by the indices

in the argument, while the traversal order specifies the order in
which the indices of the computation are traversed.

Using Conservative scheme: In this scheme,𝑇 1,𝑇 2 are chosen to

ensure all tiles fit in the input buffer under worst-case (fully dense)

conditions, so 𝑇1 × 𝑇2 ≤ Buffer Size. Square tiles are typically

used since they would presumably balance input and output traffic

[13, 17, 24]. Figure 3a shows an example computation with buffer

size 4 and Conservative scheme with a 2 × 2 configuration.

Analyzing costs of a computation: For analyzing this example

computation in Figure 3a, we approximate the traffic of a tensor as

the number of nonzero elements fetched during the tiled execution.

In this computation, the dataflow order determines how the compu-

tation is performed. Here, tensor 𝐴 is indexed by variables 𝑖, 𝑘 and

is thus only read once; thus, as seen in Figure 3c, the traffic (number

of nonzero elements transferred) for matrix𝐴 is equal to its number

of nonzeros. Matrix 𝐵 is indexed by 𝑘, 𝑗 variables (and not 𝑖). Thus,

during the computation, each tile of 𝐵 will be re-fetched multiple

times during different iterations of the outer index variable 𝑖′.
An alternative tiling configuration can reduce traffic: We can

improve traffic by adjusting the tiling scheme (the tile dimensions

𝑇 1 and𝑇 2) to better match the sparse data distribution in the input

matrices. Figure 3b shows the matrices tiled with 𝑇1 = 4,𝑇2 = 1,

which is more amenable to the inputmatrix data distribution. Unlike

before, where most tiles were accessed, the empty column at 𝑘′ = 2

leads to skipping the corresponding tile iteration, reducing traffic.

This configuration also reduces total traffic by minimizing how

often matrix 𝐵 is read. A large tile dimension for the 𝑖 index variable

(𝑇1) reduces the number of iterations of the corresponding outer
index 𝑖′, resulting in a traffic of 4 for both input operands. Thus, a

non-uniform tiling scheme found using the data distribution can

change the input/output traffic for a computation drastically.

Tradeoffs of changing tiling schemes: But, a single solution does

not fit all cases. For example, using the outer-product-like tile shapes

shown in Figure 3b does not satisfy any local output reuse. Thus,

for matrices that have correlated data distributions that could result

in a lot of output reuse, such schemes would hurt performance. For

example, the matrix RMA10 shown in Figure 3d results in 87.49 MB

traffic for square tiles, 72.04MB for tiles with an aspect ratio of 4 and

318.86MB for outer-product-tiles. Therefore, the data distribution

of the input sparse tensors impacts how tiling can be optimized,

and we collect statistics on input data to analytically model the

relationship between the tile configuration and input/output traffic.

The next section describes our prediction model used to search

for the optimal tiling schemes without executing the program.
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4 Probabilistic Memory Modeling

At the heart of D2T2 is a predictive, probabilistic memory model

that estimates input/output traffic from statistical properties of the

input tensor data. D2T2 analyses the memory traffic of a single

tensor algebra kernel computing a single result tensor. We model

the traffic of a sparse tensor algebra computation by building upon

ideas from dense tensor algebra memory movement modeling.

4.1 Dense Modeling

At a high level, memory analysis determines how many times an

access is performed, and how large the access is. In dense analysis,

we have static loop nests, where the number and size of accesses

can be computed from the structure of the computation and data

dimensions. Consider the case where we want to calculate the input

traffic of an input tensor 𝐴 embedded within multiple loop nests:

for i in range(I):
for j in range(J):

for k in range(K):
access(A)

Where 𝑟𝑎𝑛𝑔𝑒 () denotes all the possible values the index variable
takes. A traditional dense analysis would suggest that the total

memory movement for 𝐴 is:

|𝑟𝑎𝑛𝑔𝑒 (𝐼 ) | × |𝑟𝑎𝑛𝑔𝑒 ( 𝐽 ) | × |𝑟𝑎𝑛𝑔𝑒 (𝐾 ) | × 𝑠𝑖𝑧𝑒 (𝑎𝑐𝑐𝑒𝑠𝑠 ),

where |𝑟𝑎𝑛𝑔𝑒 (𝑉𝑎𝑟 ) | refers to the number of elements in the variable

𝑉𝑎𝑟 i.e. it’s dimension size. This traffic model for dense computa-

tions only depends on the number of iterations and access size.

4.2 Sparse Modeling

For sparse computations, compilers [2, 19, 34], accelerators [13, 22,

41], and abstractions [17, 24] often perform pruning optimizations.

These filter out data from a tensor using intersections for multipli-

cation operations to reduce the amount of unnecessary memory

movement. Sparse tensor operations will only load nonzero tensor

regions, and the amount of data loaded for a given computation is

highly data-dependent. To generalize the dense model, we augment

the static loop nest abstraction with the probability that an access

occurs and the expected size of accesses.

Thus thememory traffic for a tensor𝐴 depends on the probability

that a address in 𝐴 (given by 𝑎𝑑𝑑𝑟 ) is accessed (P(𝑎𝑐𝑐𝑒𝑠𝑠 (𝑎𝑑𝑑𝑟 )))
and the expected number of non-zero (𝑛𝑛𝑧) elements retrieved

from 𝐴 provided it is accessed (E(nnz(𝑎𝑑𝑑𝑟 ) | 𝑎𝑐𝑐𝑒𝑠𝑠 (𝑎𝑑𝑑𝑟 ))), both
quantities that depend on the input dataset:∑︁

𝑎𝑑𝑑𝑟

P(access (addr ) ) E(nnz(addr ) | access (addr ) ) (2)

𝑎𝑑𝑑𝑟 ∈ 𝑑𝑜𝑚 = (𝑟𝑎𝑛𝑔𝑒 (𝐼 ) × 𝑟𝑎𝑛𝑔𝑒 ( 𝐽 ) × 𝑟𝑎𝑛𝑔𝑒 (𝐾 ) )

4.2.1 Modeling Sparse Loads. D2T2 targets arbitrary tensor algebra
expressions (similar to previous tools that use TIN, like TACO [19]).

It analyses the input computation to build a probabilistic model for

computation traffic.We demonstrate the D2T2modeling framework

with the following example.

𝐷 [𝑖, 𝑗 ] = (𝐴[𝑖 ] + 𝐵 [𝑖 ] ) ∗𝐶 [𝑖, 𝑗 ] (3)

Since any efficient sparse tensor algebra implementation will only

load data 𝐴[𝑖] (which may be a value and its corresponding index

information or even an entire tile containing multiple values and

indexes) from tensor 𝐴 if (1) the data is nonzero, and (2) the data is

necessary for the computation [17, 19, 24]. 𝐴[𝑖] is necessary if it

may be used to compute the output tensor i.e. used to generate the

output directly or used for a necessary sub-computation.

Wemodel the probability of load accesses for tensor𝐴,P𝐴 (𝑙𝑜𝑎𝑑),
by first deriving the constraint that must hold for an access to occur,

and then estimating the probability that the constraint holds. Thus

for Equation (3), the probability 𝐴[𝑖] is loaded is given by:

𝐴[𝑖 ] ≠ 0 ∧ (𝐴[𝑖 ] + 𝐵 [𝑖 ] ) ≠ 0 ∧ ( (𝐴[𝑖 ] + 𝐵 [𝑖 ] ) × 𝐶 [𝑖, 𝑗 ] ≠ 0)︸                                  ︷︷                                  ︸
(𝐴 [𝑖 ]+𝐵 [𝑖 ]) is used︸                                                                ︷︷                                                                ︸

𝐴 [𝑖 ] is used in a necessary computation

(4)

Here, the leftmost constraint ensures 𝐴[𝑖] is non-zero, satisfying
condition (1). The middle and right constraints ensure 𝐴[𝑖] is used
during the computation, satisfying condition (2). To see if 𝐴[𝑖]
would be loaded, we can simply the above constraint to get:

𝐴[𝑖 ] ≠ 0︸    ︷︷    ︸
A is nonzero

∧ ∃ 𝑗 .𝐶 [𝑖, 𝑗 ] ≠ 0︸            ︷︷            ︸
load request for A

(5)

Here, the middle constraint is eliminated since 𝐴[𝑖] + 𝐵 [𝑖] will
be computed whenever 𝐴[𝑖] is nonzero. However, the rightmost

constraint is only satisfied if there exists some 𝑗 where 𝐶 [𝑖, 𝑗] is
nonzero (given 𝐴[𝑖] + 𝐵 [𝑖] ≠ 0). In general, the probability of

an access remains unchanged for an addition operation, but is

decreased by a multiplication. This is because addition leads to a

union between data, whereas multiplications lead to intersection-

based filtering of data in sparse tensor algebra [15, 17, 19].

The filtering behavior of multiplication depends on the structure

of the tensors involved. In Equation (5), the probability of access is:

P𝐴 (𝑎𝑐𝑐𝑒𝑠𝑠 (𝑖, 𝑗, 𝑘 ) ) = P(𝐴[𝑖 ] ≠ 0 ∧ ∃ 𝑗 .𝐶 [𝑖, 𝑗 ] ≠ 0) (6)

Note that calculating the above expression would require co-

iterating over the input operands. We estimate this probability in

terms of single tensor probabilities by assuming that the nonzero

structures of 𝐴 and 𝐶 are uncorrelated. This assumption simplifies

these probabilities significantly, reducing the previous calculation

to P𝐴 (𝑎𝑐𝑐𝑒𝑠𝑠 (𝑖, 𝑗, 𝑘)) = P(𝐴[𝑖] ≠ 0)P(∃ 𝑗 .𝐶 [𝑖, 𝑗] ≠ 0).
Multiplying this probability of access of 𝐴[𝑖] with the expected

size of 𝐴[𝑖] summed over the entire domain gives the estimated

memory movement for 𝐴, giving the following equation.

𝑇𝑟𝑎𝑓 𝑓 𝑖𝑐𝐴 =
∑︁
𝑑𝑜𝑚

𝐸 [𝑛𝑛𝑧 | ®𝑜 ]P𝐴 (𝑎𝑐𝑐𝑒𝑠𝑠 ( ®𝑜 ) ) (7)

Where the variable ®𝑜 gives a particular point in the outer index
variables. If 𝐴[𝑖] is a scalar, the expected data size (𝐸 [𝑛𝑛𝑧 |®𝑜]) is 1.
But, D2T2 memory modeling directly deals with tiles. Thus, this

expected size is the expected tile size of tensor 𝐴. This expected

tile size is estimated directly from the input data and includes the

values and metadata sizes to capture tiled traffic accurately.

4.2.2 Modeling Sparse Stores. The probability of a sparse store is

the probability that the sparse result is nonzero. We recursively an-

alyze the tensor sums and products in the computation to calculate

the constraint that must hold for a nonzero output. If a tensor 𝐷

is produced by summing tensors 𝐵𝑘 (over index 𝑘), then 𝐷 [𝑖, 𝑗] is
nonzero if any of 𝐵𝑘 [𝑖, 𝑗] ≠ 0, i.e. 𝐷 [𝑖, 𝑗] ≠ 0 ≡ ∨

𝑘 𝐵𝑘 [𝑖, 𝑗] ≠ 0.

For an output tensor 𝐷 calculated as sum of products 𝐷 [𝑖, 𝑗] =∑∏
𝐵𝑖 [. . . ], then 𝐷 [𝑖, 𝑗] would be nonzero if at least one of the

summands

∏
𝐵𝑖 [. . . ] is nonzero. In turn, this term will be nonzero

only if all of the multiplied elements are also nonzero. Thus the
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probability of 𝐷 [𝑖, 𝑗] being nonzero is:

P(𝐷 [𝑖, 𝑗 ] ≠ 0) ≡ P(
∨∧

(𝐵1 [ · · · ] ≠ 0) · · · (𝐵𝑛 [ · · · ] ≠ 0) ) (8)

Note that, if all 𝐵𝑘 are assumed to have independent (any tensor 𝐵𝑘
is independent from tensor 𝐵𝑘 ′ ), this probability can be calculated

as a simple function of single-tensor statistics. We multiply this

probability by the size of the output tile to estimate the expected

number of nonzeros, and similarly, compute the expected metadata

per index to estimate the total output tile size. Summing this over

the entire domain yields the total expected output traffic.

Next in Sections 4.3, 4.4 we describe how we estimate these prob-

abilities using statistics collected by D2T2 Tile Statistics Collector.

4.3 Extracting Single-Tensor Probabilities

Although estimating the probability of a tensor element at a spe-

cific position—especially when dependent on multiple indices—may

appear costly, it can be efficiently calculated from the CSF format.

The CSF is traversed from outer to inner index variables, thus the
data at any index variable in the CSF is automatically conditioned

on prior index values allowing us to readily estimate marginal and

conditional probabilities at any index with a CSF traversal.

For example, the number of nonzeros in a fiber (sub-)tree can

be computed as the difference in positions between its left-most

and right-most leaves. This allows us to estimate the probability

that a tensor element is nonzero, conditioned on outer indices and

marginalized over the indices contained within the (sub-)tree. In

essence, thanks to the compressed structure of the CSF format, a

simple traversal is sufficient to extract the single-tensor probabili-

ties we require for traffic modeling. While the entire CSF provides

detailed conditional probabilities at any point, we only extract four

key statistics: the expected and maximum size of a subtile, and two

averages over the exact conditional probabilities.

To collect these statistics, we first tile the tensor data using the

Conservative scheme. While creating tiles, we capture the maxi-

mum (MaxTile) and the average (SizeTile) tile size of each input

tensor. These tile sizes are the sum of the number of nonzeros and

the size of all the segment and coordinate arrays of the tile stored

in the CSF format. This ensures that we estimate the traffic arising

from both the non-zero values and the metadata of these tiles.

Next, Tile Statistics Collector collects statistics across different

indexes in the CSF data structure. At any level of the CSF, we

calculate the conditional probability of a valid element (i.e. one

with a nonzero subtree) as the size of the compressed fiber for a

given index variable divided by the size of that dimension. We treat

the indexes that operate on different levels of a memory hierarchy

differently. For outer indexes (that address tiles) we collect the

statistic PrTileIdx, and for the inner indexes (that address values)
we collect the statistic ProbIndex.

PrTileIdx is the average probability estimate for each outer in-
dex variable calculated using the average number of valid elements

in the outer index divided by dimension size. This average estimate

predicts traffic as well as using the entire distribution for outer
index variables. We estimate the probability of a non-zero tile of a

tensor 𝐴 that contains outer iteration variables [𝑜0, 𝑜1, 𝑜2, . . . ] as:

𝑃𝑡𝑖𝑙𝑒 (𝐴[ ®𝑜 ] ) =
∏
𝑜𝑖

𝑃𝑟𝑇𝑖𝑙𝑒𝐼𝑑𝑥 (𝐴,𝑜𝑖 ) (9)

0 20 40 60 80 100 120
Tile Reorder Factor (RF)

0.0

0.2

0.4

0.6

0.8

1.0

Co
rr

el
at

io
ns

Matrix Correlations across rows

Matrix
B
L

Figure 4: Two matrices and corresponding Correlations

ProbIndex collects the probability distribution for any inner in-
dex variable as a conditional probability conditioned over previous

inner index variables (index variables that lie above the chosen

inner index in the fibertree), while still being averaged over all

outer index variables (thus averaged over all tiles). For a tensor

𝐴, we estimate the probability of a nonzero element at position

(𝑖0, 𝑖1, 𝑖2...) given the tile exists as:

𝑃𝑟 (𝐴[𝑖0, 𝑖1, ...] ) =
∏
𝑗

ProbIndex(𝑖 𝑗 | 𝑖0, 𝑖1, ...𝑖 𝑗−1 ) (10)

4.4 Estimating Correlated Probability Proxies

The above single tensor probabilities are estimated as density es-

timates at all index levels. However, this can fail to capture the

structured data distribution of sparse tensors. For example, diag-

onally dominant and banded tensors have correlated data, where,

assuming independent probabilities across different index variables

of the same tensor, leads to inaccurate performance and traffic mod-

eling. Thus, assuming independent probabilities can overestimate

the amount of output traffic for correlated matrices, because it as-

sumes very few of the output partial products will be reduced with

each other. In turn, for structured matrices, these reductions are

common. To capture the effect of correlated data, we calculate a cor-

relation statistic inside a tile (Corrs) and the correlation between

tile positions (TileCorrs).
Corrs calculates the amount of overlapping data (i.e. correlation)

that is non-zero (and thus exists in the next fiber of the sub-trees)

for two given positions of the index variable of the tensor that is

contracted upon, as a function of the shift between them to capture

output reductions. We show two example suitesparse matrices, and

their Corrs plot in Figure 4.

Consider SpMSpM-ikj where the index 𝑘 is contracted upon. In

this computation, when we reduce the partial products over the

𝑘 index, we add together rows of the 𝐵 [𝑘, 𝑗] matrix for different

𝑘 values. When two rows of 𝐵 [𝑘, 𝑗], say 𝐵 [𝑘 = 𝑘𝑖 , 𝑗] and 𝐵 [𝑘 =

𝑘𝑖 +𝑠, 𝑗], are summed, the overlapping coordinates inside these rows

are added, resulting in output reuse. Thus, the estimated output

reuse between two such rows can be estimated with the size of

their intersection, i.e. |𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 ] ∩ 𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 + 𝑠] |.
The total reductions between all such 𝑘 = 𝑘𝑖 rows with 𝑘 = 𝑘𝑖 +𝑠

rows, is

∑
𝑘=𝑘𝑖 |𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 ] ∩ 𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 + 𝑠] |. For 𝑠 = 0, this

function is the number of nonzeros in the tensor; therefore, we

appropriately normalize this function such that it is 1 at 𝑠 = 0. For

SpMSpM-ikj, the estimated degree of output reduction between

rows 𝑘 = 𝑘𝑖 , 𝑘 = 𝑘𝑖 + 𝑠 is:

𝐶𝑜𝑟𝑟𝑠 (𝐵, 𝑠 )𝑘 =

∑
𝑘𝑖 ∈𝑇 |𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 ] ∩ 𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 + 𝑠 ] |∑

𝑘𝑖 ∈𝑇 |𝐵 [ 𝑗 |𝑘 = 𝑘𝑖 ] |
(11)
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We calculate this statistic as an average across tiles for all values

of 𝑠 , to allow for estimating reductions with different tile choices.

The total reductions for the chosen tile size of 𝑘 (𝑇𝑘 ) is the sum

of Corrs over 𝑇𝑘 (

∑𝑇𝑘
𝑠=0

𝐶𝑜𝑟𝑟 (𝐵, 𝑠)𝑘 ). We also calculate the one-

dimensional correlation over 𝑘 for 𝐴[𝑖, 𝑘], but find that it does not

result in much deviation from the estimate from 𝐵 [𝑘, 𝑗] alone.
Later in Section 6.7, we show that Corrs informs tiling choice

fairly well. If the sum of Corrs over [0,𝑇 ] is low, corresponding
to low output reuse, then outer product-like tiles (with a small tile

dimension 𝑇𝑘 ) perform better. Whereas, if the total sum is high,

then a symmetric tile choice (with a larger 𝑇𝑘 ) performs better.

We generalize the entire approach for calculating Corrs for

higher-order tensors by calculating the estimated overlap for all un-

derlying coordinates given a point in the contracted index (𝑐𝑟𝑑𝑠 |𝑘 =

𝑘𝑖 ) and the coordinates given a shifted point (𝑐𝑟𝑑𝑠 |𝑘 = 𝑘𝑖 + 𝑠).
Correlations between outer indexes (that address a tile) are

captured in TileCorrs. Since sparse tensors often have varying

characteristics such as shifted data patterns, bands, etc., we calculate

the correlation of whether different values of the outer indices exist
in a tensor. For any outer index iteration variable “𝑖′” we calculate
the following average 1D correlation function:

𝑇𝑖𝑙𝑒𝐶𝑜𝑟𝑟𝑠 (𝐵, 𝑠 )𝑖′ =
∑︁

𝑖∈𝐷𝑖 /𝑇
[𝐵 [𝑖′ = 𝑖 ] ≠ 0 ∩ 𝐵 [𝑖′ = 𝑖 + 𝑠 ]≠0] (12)

Where the dimension size of the index variable 𝑖 in the original

matrix was 𝐷𝑖 , with the initial tiling dimension 𝑇 . Thus, 𝐷𝑖/𝑇 is

the entire domain of the 𝑖′ outer index variable.

5 Probabilistic Tiling

In this section, we describe how D2T2 uses the general traffic mod-

eling scheme presented in Section 4 to predict traffic using data

statistics. Section 5.1 demonstrates the traffic modeling process for

SpMSpM-ikj (Gustavson’s algorithm) example. We also discuss in

Section 5.2 how D2T2 uses this model to search over different tiling

configurations. Finally, we validate the model in Section 5.3.

5.1 Traffic Predictor

Input traffic in D2T2 is calculated as the sum of the traffic of indi-

vidual tensors. For each input, the corresponding traffic is modeled

as the sum over the entire iteration domain, the product of the

expected number of nonzero elements in a tile and the probability a

tile is accessed, as shown in Equation (7). It is then simplified by ap-

proximating the position-dependent E[𝑛𝑛𝑧 |®𝑜] term as an averaged

value given by SizeTile. This results in the expression

Input Traffic = SizeTile
∑︁
𝑑𝑜𝑚

P(𝑎𝑐𝑐𝑒𝑠𝑠 ( ®𝑜 ) ) (13)

While D2T2 builds the traffic formulas for different sparse tensor

algebra expressions, we take a SpMSpM-ikj (𝐴[𝑖, 𝑘] ×𝐵 [𝑘, 𝑗]) where
𝑖, 𝑗, 𝑘 indexes are tiled to demonstrate how D2T2 estimates traffic.

In this case, the entire domain dom of the tiling iteration space is

given by the outer variables {𝑖′, 𝑘′, 𝑗 ′}. Whereas, similar to the

derivation in Equation (5), the probability of an access for matrices

𝐴 and 𝐵 is given by:

P𝐴 (𝑎𝑐𝑐𝑒𝑠𝑠 ) = P(𝐴[𝑖′, 𝑘 ′ ] ≠ 0 ∧ ∃ 𝑗 ′ .𝐵 [𝑘 ′, 𝑗 ′ ] ≠ 0) (14)

P𝐵 (𝑎𝑐𝑐𝑒𝑠𝑠 ) = P(𝐵 [𝑘 ′, 𝑗 ′ ] ≠ 0 ∧ ∃𝑖′ .𝐴[𝑖′, 𝑘 ′ ] ≠ 0) (15)

The first matrix tile 𝐴[𝑖′, 𝑘′] is only loaded on each iteration of

the {𝑖′, 𝑘′} variables. Thus the sum over 𝑗 ′ index does not affect

the 𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘′]) term, but it sums over P(∃𝑘′ .𝐵 [𝑘′, 𝑗 ′] ≠ 0) to
result in 𝑃𝑟𝑇𝑖𝑙𝑒𝐼𝑑𝑥 (𝐵, 𝑘′). This results in the traffic for matrix A as:

𝑇𝑟𝑎𝑓 𝑓 𝑖𝑐𝐴 = SizeTileA

∑︁
𝑖′,𝑘′, 𝑗 ′

𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘 ′ ] ) × P(∃ 𝑗 ′ .𝐵 [𝑘 ′, 𝑗 ′ ] ≠ 0)

= SizeTileA

𝐷𝑖

𝑇𝑖

𝐷𝑘

𝑇𝑘
𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘 ′ ] ) × 𝑃𝑟𝑇𝑖𝑙𝑒𝐼𝑑𝑥 (𝐵,𝑘 ′ ) (16)

On the other hand, the other matrix 𝐵 [𝑘, 𝑗] is loaded on each iter-

ation of all {𝑖′, 𝑘′, 𝑗 ′} variables. Thus, the probability of a load

is P(𝑎𝑐𝑐𝑒𝑠𝑠 (𝐵 [®𝑜])) = 𝑃𝑡𝑖𝑙𝑒 (𝐵) × P(∃𝑖′ .𝐴[𝑖′, 𝑘′] ≠ 0). When

this is summed over 𝑖′ we get The

∑
𝑖′ P(∃𝑖′ .𝐴[𝑖′, 𝑘′] ≠ 0) =

𝐸 ( |𝑖′ |) ×P(𝐴[𝑖′, 𝑘′] ≠ 0). The latter term is 𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘′]). Thus,
the overall traffic becomes:

𝑇𝑟𝑎𝑓 𝑓 𝑖𝑐𝐵 = SizeTile𝐵
∑︁
𝑘′, 𝑗 ′

𝑃𝑡𝑖𝑙𝑒 (𝐵 [𝑘 ′, 𝑗 ′ ] )𝐸 [ |𝑖′ | ]𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘 ′ ] )

= 𝑆𝑖𝑧𝑒𝑇𝑖𝑙𝑒𝐵
𝐷𝑘

𝑇𝑘

𝐷 𝑗

𝑇𝑗
𝑃𝑡𝑖𝑙𝑒 (𝐵 [𝑘 ′, 𝑗 ′ ] )𝐸 [ |𝑖′ | ]𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘 ′ ] ) (17)

Where 𝐸 ( |𝑖′ |) is the size of the outer index variable 𝑖′. If tile
dimension𝑇𝑖 is smaller than the original tile size(𝑇𝑖 < 𝑇 ), we model

the outer index to change accordingly i.e. 𝐸 ( |𝑖′ |) = 𝐷𝑖/𝑇𝑖 where
𝐷𝑖 was the original dimension.

If, instead, the new tile size 𝑇𝑖 is larger than 𝑇 (𝑇 < 𝑇𝑖 ), it cor-

responds to incorporating multiple (𝑇𝑗/𝑇 ) tiles together. How this

affects 𝐸 ( |𝑖′ |) depends on whether adjacent tiles are correlated. If

they are not correlated,i.e. they are empty, making the block bigger

doesn’t change the number of reloads. So we estimate this changing

iteration space using TileCorrs as

𝐸 ( |𝑖′ | ) = 𝐷𝑖∑𝑇𝑖
𝑇

𝑖′=0𝑇𝑖𝑙𝑒𝐶𝑜𝑟𝑟𝑠 [𝑖′ ]
(18)

To estimate input traffic at different tile shapes, we modulate the

tile sizes (𝑇𝑖 ,𝑇𝑘 ,𝑇𝑗 ) in the above formula. We assume that the tile

probabilities 𝑃𝑡𝑖𝑙𝑒 (...) do not change drastically with tile shape.

Output traffic is estimated as the sum over the entire domain of

the probability of a store and the expected output tile size, resulting

in the following equation:

𝑇𝑟𝑎𝑓 𝑓 𝑖𝑐 =
∏
𝑑𝑜𝑚

P(𝑠𝑡𝑜𝑟𝑒 )𝐸 [𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒 ) ] (19)

We calculate the probability of a store (P(𝑠𝑡𝑜𝑟𝑒)) by computing

the output traffic expression in Equation (8). We replace the indi-

vidual probabilities for each tensor 𝐵𝑖 with the probability of its

tile 𝑃𝑡𝑖𝑙𝑒 (𝐵𝑖 [..]), and for each multiplication term, we multiply tile

probabilities, and for each addition term, we add probabilities.

For SpMSpM-ikj, the P(𝑠𝑡𝑜𝑟𝑒) is 𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘′])𝑃𝑡𝑖𝑙𝑒 (𝐵 [𝑘′, 𝑗 ′])
summed over the entire domain

𝐷𝑖𝐷𝑘𝐷 𝑗

𝑇𝑖𝑇𝑘𝑇𝑗
.

We calculate the expected output tile (𝐸 (𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒))) in two steps.

We first estimate the size of the output tile without any correlations.

This is the product of the size of the output tile with the probability

of a nonzero element in the output tile. Similar to prior cases, to

calculate the probability of a nonzero, for additions we add probabili-

ties (i.e. for𝐴[𝑖, 𝑘]+𝐵 [𝑖, 𝑘] compute𝑚𝑖𝑛(1, 𝑃𝑟 (𝐴[𝑖, 𝑘])+𝑃 (𝐵 [𝑖, 𝑘]))),
for multiplications, we can multiply probabilities (i.e. for 𝐴[𝑖, 𝑘] ×
𝐵 [𝑘, 𝑗] compute 𝑃𝑟 (𝐴[𝑖, 𝑘]) × 𝑃𝑟 (𝐵 [𝑘, 𝑗])). So for 𝐴[𝑖, 𝑘] × 𝐵 [𝑘, 𝑗]
the probability of generating an output is 𝑃𝑟 (𝐴[𝑖, 𝑘]) × 𝑃𝑟 (𝐵 [𝑘, 𝑗])
when reduced over 𝑇𝑘 . Finally, we estimate the size of the nonzero

tile as the probability of a non-zero element multiplied by the dense

size of the tile. For SpMSpM-ikj, the output tile (𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒)) becomes
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𝑇𝑖 ×𝑇𝑗 ×𝑇𝑘 × 𝑃𝑟 (𝐴) × 𝑃𝑟 (𝐵). To get 𝐸 [𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒)], we average this
estimate over multiple samples.

We next consider the effect of correlated data, as we described in

Section 4.4, and it is estimated with Corrs. Although each output

might be improbable, if Corrs is large, any non-zero term is likely to

have a number of partial products. We account for this by dividing

each multiplication term by the sum of Corrs statistic from 0 to

the target tile size𝑇𝑘 for each contracted index variable to estimate

the output traffic. For SpMSpM-ikj, the expected output tile size is:

E(𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒 ) ) =
𝑇𝑖𝑇𝑗 × 𝑇𝑘 × 𝑃𝑟 (𝐴[𝑖, 𝑘 ] ) × 𝑃𝑟 (𝐵 [𝑘, 𝑗 ] )∑𝑇𝑘

𝑠=0
𝐶𝑜𝑟𝑟𝑠 (𝐵, 𝑠 )𝑘

Given the above equation for the expected tile size, the total ex-

pected output traffic for SpMSpM-ikj, is given by:

𝐷𝑖𝐷𝑘𝐷 𝑗

𝑇𝑖𝑇𝑘𝑇𝑗
× 𝑃𝑡𝑖𝑙𝑒 (𝐴[𝑖′, 𝑘 ′ ] )𝑃𝑡𝑖𝑙𝑒 (𝐵 [𝑘 ′, 𝑗 ′ ] ) × 𝐸 (𝑠𝑖𝑧𝑒 (𝑡𝑖𝑙𝑒 ) ) (20)

5.2 Tiling Scheme Optimizer

We utilize the modeling scheme to perform tiling configuration

optimizations. We optimize tiling configurations in two stages —

first optimizing shape, and then optimizing size.

D2T2’s shape optimization explores candidate tiling schemes

of equal sizes but different tile shapes. It takes as input the tile

configuration constraints that describe the target buffer size and the

relationships between different tile dimensions. These dimensions

are described as a function of the initial tile configuration and new

variables that D2T2 can search over and uses the traffic prediction

model to estimate total traffic. For example, for a matrix, a tile

dimension relationship that maintains matrix size while modifying

shape is the aspect ratio of the tile dimensions. For matrix 𝐴[𝑖, 𝑘],
the relationship between 𝑖, 𝑘 would be:

Variables in (𝐴[𝑖, 𝑘 ]) = {𝑖 : 𝑇 1, 𝑘 : 𝑇 2} = {𝑖 : 𝑇 × 𝑅𝐹, 𝑘 :

𝑇

𝑅𝐹
} (21)

Here, 𝑇 denotes the original Conservative tile size, and 𝑅𝐹 is a

tunable variable controlling the tile’s aspect ratio (𝑅𝐹 2). These con-

straints ensure that D2T2 searches only over different tile shapes,

and the tiles still fit within the buffer. In practice, we evaluate a

small set of geometrically sizes values for the tunable variables and

use the traffic model to identify the tile shape with the optimum

traffic. Geometric search is effective because traffic remains stable

for small changes in the tile and only changes significantly when

the tile captures new parts of the structured input data.

5.2.1 Tile Size Optimizations. Finally, D2T2 also allows incorpo-
rating tile size optimizations. We implement a simple tile resizing

step where we conservatively calculate the total number of tiles

that can fit in the input buffer based on the size of the tile with

maximum occupancy (MaxTiles) and find the number of reshaped

tiles that fit in the buffer, called TileFactor :

𝑇𝑖𝑙𝑒𝐹𝑎𝑐𝑡𝑜𝑟 =
𝐵𝑢𝑓 𝑓 𝑒𝑟𝑆𝑖𝑧𝑒

𝑀𝑎𝑥𝑇𝑖𝑙𝑒𝑠
(22)

D2T2 uses this estimate to conservatively increase the tile dimen-

sions for the inner indices of all tensors. This effectively creates a

larger tile that incorporates multiple smaller tiles inside.

5.3 Traffic Model Validation

We validate our predictive model’s traffic estimates against actual

traffic for SpMSpM-ikj dataflow described in Table 3 on the matrices

described in Table 2. For each matrix, we capture Corrs from ran-

domly sampling 1% of the tiles and all other statistics in Sections 4.3

and 4.4 from the full set of tiled data. Real traffic is measured by

performing tiled matrix multiplication and recording input/output

traffic. The output traffic is calculated by computing the tiled out-

puts with the TACO compiler [19]. Both predicted and measured

traffic include the full CSF memory footprint, corresponding to the

size of the values and metadata (coordinate and segment) arrays.

Analysis. Figure 5a shows the error between predicted and real

traffic for𝐴×𝐴𝑇 for different tile reorder factors (RF). Each reorder

factor value maps to a different tile shape. We find that the D2T2

model matches actual traffic within 15% for most cases, with a few

outliers showing higher error. Figures 5b-5d present the predicted

and real memory traffic for these outliers.

For all three cases, D2T2 underestimates memory traffic, but

captures the relationship between memory traffic and the reorder

factor. Therefore, even with high absolute error, we can reliably use

predicted memory traffic to choose between two tile shapes (i.e.,

RFs), or perform other kinds of relative comparisons. Since D2T2

uses relative comparisons, it can find performant tile configurations

even with this form of absolute model error.

We believe the observed prediction errors arise from the out-

put traffic modeling, which assumes independent input tensors. In

the 𝐴 × 𝐴𝑇 kernel, the tiles may be correlated, leading to under-

estimation of valid intersections (i.e. filtering) in the computation.

However, since the intersection rate is not tied to tile configura-

tion, the model still accurately captures how traffic changes across

tiling schemes. We also evaluate our model for uncorrelated (𝐴 × 𝑅,
with 𝑅 random) and partially correlated (𝐴 × 𝐴′𝑇

, where 𝐴′
is a

shifted version of 𝐴) cases. For such cases, the predicted traffic

closely matches actual traffic, with average errors of 2.9–9.7% and

Table 2: Tensors used in our evaluation from the Suiteparse

matrices (SS), FROSTT tensors (FF), Facebook activities graph

(FB). We modify FROSTT higher-dimensional tensors to 3-

tensors by dropping one or more dimensions (marked FF*)

Label Tensor Dimension Nonzeros Dataset

A mc2depi 525,825×525,825 2,100,225 SS

B consph 83,334×83,334 6,010,480 SS

C rma10 46,835×46,835 2, 329, 092 SS

D sx-mathoverflow 24,818×24,818 239,978 SS

E scircuit 170,998×170,998 958,936 SS

F mac-econ-5000 206,500×206,500 1,273,389 SS

G shipsec1 140,874×140,874 3,568,176 SS

H pwtk 217,918×217,918 11,524,432 SS

I soc-sign-epinions 131,828×131,828 841,372 SS

J cop20k_A 121,192×121,192 2,624,331 SS

K geom 7,343×7,343 23,796 SS

L pdb1HYS 36,417×36,417 4,344,765 SS

M cant 62,451×62,451 4,007,383 SS

N bcsstk17 10,974×10,974 428,650 SS

O email-EuAll 265,214×265,214 420,045 SS

P amazon0302 262,111×262,111 1,234,877 SS

Q p2p-Gnutella1 62,586×62,586 147,892 SS

R soc-Epinions1 75,888×75,888 508,837 SS

S sx-askubuntu 159,316×159,316 596,933 SS

T Chicago-crime3 6, 187 × 78 × 33 2,597,198 FF*

U Uber3 183×1, 140×1,717 1,117,629 FF*

T Facebook 1, 504 × 42, 390 × 39, 986 737,934 FB

W Nips3 2, 483 × 2, 863 × 14, 307 3,101,609 FF*
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Figure 5:Model Validationwith relative errors and traffic plots for𝐴×𝐵 computation for different RF values. EachRF corresponds

to the following tile configurations: matrix A {𝑖 : 128 × RF, 𝑘 :
128

RF
} and matrix B {𝑘 :

128

RF
, 𝑗 : 128 × RF}.

Table 3: Benchmark kernels. SS refers to Suitesparse Matrix [8], SS
𝑇
refers to its transpose, FF refers to Frostt+Facebook Tensors

[36, 37], Flat means the tensor has one index dropped, Rand means a random tensor with 0.1% nonzeros.

Benchmark TIN Expression Dataflow Datasets Used Description

SpMSpM-ijk 𝐶𝑖 𝑗 = 𝐴𝑖𝑘 × 𝐵 𝑗𝑘 𝑖, 𝑗, 𝑘 A:SS, B:SS
𝑇

Suitesparse Matrix times its transpose

SpMSpM-ikj 𝐶𝑖 𝑗 = 𝐴𝑖𝑘 × 𝐵 𝑗𝑘 𝑖, 𝑘, 𝑗 A:SS, B:SS
𝑇

Suitesparse Matrix times its transpose

TTM 𝑋𝑖 𝑗𝑘 = 𝐶𝑖 𝑗𝑙 × 𝐵𝑘𝑙 𝑖, 𝑗, 𝑙, 𝑘 A:FF, B:Rand Frostt/Facebook times the random Matrix

MTTKRP-3 𝐷𝑖 𝑗 = 𝐴𝑖𝑘𝑙 × 𝐵 𝑗𝑘 × 𝐶 𝑗𝑙 𝑖, 𝑘, 𝑙, 𝑗 A:FF, B:Rand, C:Rand Frostt/Facebook Tensor times two random matrices

worst-case errors below 18%. Unlike the fully correlated case, we

do not observe any major outliers or systemic errors.

6 Evaluation

Benchmarks. We evaluate D2T2 for real-world datasets including

matrices from the Suitesparse [8] and tensors from the Frostt [36]

and Facebook tensor [37] datasets, described in Table 2. We use the

labels presented in the table to refer to the matrices. These matrices

have been previously used to evaluate prior tiling work [26, 40].

Tiling Scheme Optimizers.We compare D2T2-generated tiling

schemes (D2T2) against the DRT and Tailors tiling scheme optimiz-

ers, two state-of-the art optimizers for sparse matrices:

• Tailors [40], a statistical tiling scheme that automatically opti-

mizes tile sizes, but does not guarantee these tiles fit in the input

buffer. Tailors was previously evaluated with the Sparseloop [39]

execution backend [40] on the SpMSpM-ijk kernel with a target

10% rate of overbooking (%age tiles that overflow input buffers).

• DRT [26], a dynamic tiling scheme that produces non-square

tiles at runtime by assembling micro-tiles in hardware. DRT is

evaluated with a DRT simulation backend. DRT was previously

evaluated on the SpMSpM-ikj kernel.

• D2T2, our non-square tiling scheme that optimizes tiles using a

statistical model. D2T2 produces tiles that are guaranteed to fit

in the input buffer, but may not fit in the output buffer. D2T2

supports the Sparseloop and DRT execution backends, and has a

TACO backend which supports a wider range of kernels. TACO

is used to measure input/output traffic as described in Section 5.3.

Square Tiling Schemes. In this evaluation, we use two square

tiling schemes. Conservative selects square tiles that fit in the

buffer in the worst case (assuming dense tiles) without considering

data sparsity. It was used as a baseline in DRT paper. Prescient
dynamically finds the largest square tile size that fits in the buffer

with a binary search, therefore leveraging data sparsity. It was used

as a baseline in Tailors paper.

Experimental Setup. We evaluate DRT and Tailors tiling scheme

with the execution backend and computational kernel from the

original publication. We find their optimized tiling configurations

and report runtime or memory traffic improvements for each exe-

cution. When possible, we evaluate D2T2 on the same backend and

kernel; any exceptions are described directly before each analysis.

In both Tailors and DRT, their original execution backends were

parametrized to model the Extensor architecture, optimizing tiling

between two memory levels. We similarly model the Extensor archi-

tecture and use the architectural parameters reported in the original

architecture [13]. We target Extensor’s PE buffer that supports a

128 × 128 size dense tiles, resulting in a target buffer of size 128𝐾𝐵

with Extensor’s PE memory bandwidth.

The accelerator is modeled as a push-memory where tiles are

pushed to compute if both have nonzero elements and can not be

skipped by tile filtering, and assume accumulations across tiles are

performed at the main memory level. This optimization exists in the

original accelerator design, and is used in the other tiling works[13,

17, 24, 26, 40]. We also include two non-standard modifications to

the accelerator model. First, we support input buffer overflows as

described in [40], to support tiles generated by Tailors. Second, we

add support for handling output buffer overflows, so that over-sized

D2T2 output tiles can be processed. Specifically, whenever a partial

result overflows, it is streamed out, freeing up the output buffer.

D2T2 does not require any specialized input buffer implementation

that refetches that is required in Tailors [28].

Metrics. Given a target (Trg) tiling scheme and a reference (Ref )
tiling scheme, we report the relative speedup (𝑇𝑖𝑚𝑒𝑅𝑒𝑓 /𝑇𝑖𝑚𝑒𝑇𝑟𝑔),
where 𝑇𝑖𝑚𝑒𝑅𝑒𝑓 ,𝑇 𝑖𝑚𝑒𝑇𝑟𝑔 are the execution times. When the ex-

ecution times cannot be calculated, we report the relative traf-

fic improvement (𝐼𝑛𝑝𝑅𝑒𝑓 + 𝑂𝑢𝑡𝑅𝑒𝑓 )/(𝐼𝑛𝑝𝑇𝑎𝑟𝑔 + 𝑂𝑢𝑡𝑇𝑟𝑔), where
𝐼𝑛𝑝𝑅𝑒𝑓 , 𝐼𝑛𝑝𝑇𝑟𝑔 are input traffic in megabytes, and𝑂𝑢𝑡𝑅𝑒𝑓 ,𝑂𝑢𝑡𝑇𝑎𝑟𝑔
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are output traffic in megabytes. The DRT and Sparseloop back-

ends both produce input/output traffic and execution time mea-

surements, while the TACO backend produces only input/output

traffic measurements. The speedup metric is favored and the traffic

improvement metric is only used in comparisons involving TACO.

To demonstrate that the traffic improvement metric is a reason-

able proxy measurement for speedup, we compute both metrics for

all benchmark matrices for the SpMSpM-ijk kernel with Sparseloop

– the results are shown in Figure 6a. The relationship between

speedup and traffic improvement is linear. This suggests that sparse

tensor algebra computation is memory-bound and thus, memory

traffic improvements directly translate to runtime speedups.

6.1 Comparison against Tailors

Experimental Setup.We evaluate D2T2 against Tailors [40] on

SpMSpM-ijk of 𝐴 ×𝐴𝑇 with the Sparseloop execution backend, and

report the speedup relative to the Prescient square tiles. Both exe-

cutions use the same architectural parameters and optimizations.

Analysis. Figure 6b presents the speedup results of D2T2 compared

to Tailors. D2T2 tiling schemes achieve an average speedup of 2.54×
over Tailors and 4.85× over Prescient tiling. In particular, D2T2 out-

performs Tailors for matrices with very structured diagonal data

which is heavily centered on the matrix diagonal (like matrices A

(mc2depi), B (consph), C (rma10)), etc. In these cases, Tailors has

trouble finding a tile shape where only 10% of tiles overflow, as all

tiles are quite similar, increasing traffic due to refetching of over-

flowing input tiles. For matrices with irregular, drastically varying

sparse data distributions, like L (pdb1HYS), R (sx-askubuntu), D2T2
performs similarly or slightly worse than Tailors.

6.2 Comparison against DRT

Experimental Setup. We next evaluate D2T2 against the DRT-

generated and Conservative square tiles for SpMSpM-ikj comput-

ing 𝐴 ×𝐴𝑇 . We report traffic improvement relative to Prescient
square tile baseline. As outlined in the experimental setup, traffic

improvement is a reasonable proxy for runtime. The DRT execu-

tion backend is employed for evaluating the DRT-generated tiles,

while the TACO backend is used for D2T2-generated and the Pre-

scient and Conservative square tiles. The TACO backend is chosen

for D2T2 because the DRT simulator was unable to map D2T2-

generated configurations to micro-tiles for most matrices, resulting

in execution failures. For the DRT-generated tiling schemes, the

DRT simulator could only run 14 out of 19 matrices when given a

time-out period of 72 hours per computation. We report the results

for the 14 matrices that were successfully run with DRT.

To ensure the traffic input/output measurements produced by

the DRT backends and TACO backends are comparable, we eval-

uated input/output traffic measurements using both backends for

all matrices with the Conservative tiling scheme and find that the

average difference between the two simulators to be <5%.

Analysis. Figure 6c reports the memory traffic improvements of

D2T2 against DRT. For the 14 matrices run by the DRT simulator,

D2T2 achieved an average of 1.45× improvement over Prescient

while DRT only achieved a 1.29× improvement. Thus, D2T2 pro-

vides a 1.13× reduction in memory traffic over DRT. D2T2 performs

similar to DRT for uniform and structured matrices (A (mc2depi), B

Table 4: Memory traffic improvement for other kernels. For

both the TTM and MTTKRP-3, we generate randommatrices

with 1% sparsity for all tensors except one (the tensor W, was

too large to compute these kernels with 1% sparse matrices;

therefore, for this tensor, we choose 0.1% sparse matrices).

Label Tensor TTM MTTKRP-3

T Chicago-crime3 1.43× 1.72×
U Uber3 1.22× 1.05×
V Facebook 24.34× 15.49×
W Nips3 12.68× 34.31×

(rma10)) and outperforms DRT for matrices with variable but still

structured data distributions (E (scircuit), J (cop20k_A)) We believe

D2T2 performs well because DRT’s tile aggregation hardware only

has a local view of the matrix data, whereas D2T2 has a statistical

view of the entire matrix, allowing it to outperform for more struc-

tured matrices. We also achieve on average 4.17× lower traffic than

Conservative and 1.83× lower traffic than Prescient tiling.

6.3 Higher-order Tensor Computations

Experimental Setup: We also evaluate D2T2 for tiling TTM and

MTTKRP-3 (see Table 3). These kernels are not supported by the

DRT/Tailor tile optimizers and the DRT/Sparseloop backends.

Therefore, we simulate the D2T2 generated tiling configurations

with our TACO-based traffic simulation to measure the traffic im-

provement achieved by D2T2 relative to a Conservative square tile

baseline. Table 4 presents the relative traffic improvement results.

Given a tensor with dimensions given by 𝑇1 ×𝑇2 ×𝑇3, for TTM,

we use a random matrix with dimensions 𝑇 3 ×max(𝑇 1,𝑇 2) and
for MTTRP-3 we use other matrices of dimensions 𝑇 3 ×𝑇 1 and

dimensions𝑇 1 ×𝑇 2 and𝑇 1 ×𝑇 3. We generate these random sparse

matrices with 1% sparsity for all tensors except W (nips). For this
tensor, we instead use random matrices with 0.1% sparsity. This

is because Tensor W is quite large, and thus computing TTM and

MTTKRP-3 for this tensor with 1% sparse other matrices becomes

prohibitively slow to simulate.

Analysis: We find that for 𝑇𝑇𝑀 and 𝑀𝑇𝑇𝐾𝑅𝑃 , we get average

memory traffic improvement of 4.09× and 5.56× respectively. We

find the largest imporvements for tensors T (Facebook) and W

(Nips3) which have large dimensions with a lot of traffic from the

other matrix operands as well. We find the smallest improvement

for the tensor Uber3. This tensor has dimensions 183 × 1140 × 1717.

Given our dataflow choices for the TTM, MTTKRP-3, D2T2 gen-

erally increases the tile size corresponding to the first dimension

(of size 183). This tile dimension is quite small, allowing very lit-

tle opportunity for reshaping, this in turn, leads to only a small

performance improvement.

6.4 Applying D2T2 on Opal Sparse Tensor

Algebra Accelerator

Since, unlike previous sparse tensor algebra tiling tools, D2T2 does

not require major hardware changes, it can be readily deployed to

sparse tensor algebra accelerators. We demonstrate this by using

D2T2 to optimize tiling for a 16nm taped-out coarse-grained re-

configurable array (CGRA) for full sparse ML applications, Opal

[3]. Opal has a memory hierarchy consisting of a 1.75 MB global
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Figure 6: D2T2 against DRT and Tailors normalized to Prescient Tiling

Table 5: Performance improvement with using D2T2 gener-

ated tiling schemes for SpMSpM-ikj on 8 SuitesparseMatrices

on Opal [3] compared to the Prescient Tiling scheme.

Matrix Dimension Nonzeros Speedup

bcsstm26 1, 922 × 1, 922 1,922 1.56×
bwm2000 2, 000 × 2, 000 7,996 3.08×
G33 2, 000 × 2, 000 8,000 1.70×
N_biocarta 1, 922 × 1, 996 4,335 3.34×
progas 1, 650 × 1, 900 8,897 2.51×
qiulp 1, 192 × 1, 900 4,492 1.45×
tols2000 2, 000 × 2, 000 5,184 1.60×
west2021 2, 021 × 2, 021 7,310 1.34×

buffer and a number of memory tiles, each of size 2 KB. Opal’s 2 kB

memory buffers can support a conservative tile size of 32 × 32 for

matrices. This limit arises because, during execution, Opal stores

index metadata and values separately, distributing them across the

memory tiles for each sparse operand.

Table 5 reports the SuiteSparsematrices used inOpal’s evaluation

[3], along with the speedups achieved by D2T2-generated tiling

configurations over Prescient tiling for SpMSpM-ikj. The Prescient

baseline was the previously optimal tiling scheme used for Opal’s

evaluation [3]. We observe that D2T2 yields speedups ranging from

1.33× to 3.34×, with a geometric mean improvement of around 2×.

6.5 Overhead Analysis

D2T2 enables efficient tiling scheme selection for accelerators with-

out requiring specialized hardware support. D2T2 optimizations

are performed during tiling on the CPU, and consists of two steps:
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Figure 7: D2T2’s overheads on the initial tiling for SpMSpM

(Average is: Statistics Collection 9.3%, Optimization 7.9%).

statistics collection and Tile scheme Optimization. Figure 7 shows

the runtime overhead of these steps, compared to the time taken

to tile a sparse CSR matrix into CSF format using the Eigen library

[11] in C++ across all matrices. The data statistics collection step,

implemented in C++, adds an average overhead of 9.3% relative

to the initial tiling. In contrast, the tiling scheme optimization —

currently implemented in Python — adds a near constant overhead,

amounting to approximately 7.9% of the average time required

to tile two matrices for the SpMSpM computation. Importantly,

tiling is only a small fraction of the total runtime for the tensor

computation.
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6.6 Optimality Analysis of D2T2 Configurations

We next study the optimality of D2T2-generated configurations to

better understand how much room for performance improvement

remains. We compare D2T2 to an exhaustive-search static tiling

scheme that selects low-traffic shapes from D2T2 and resizes them

presciently using binary search. We execute all exhaustive-search
candidate configurations using the TACO backend and choose the

one with the best total traffic.

D2T2 has two sources of inefficiencies in finding tiling configu-

rations. First, it can mispredict the optimal tile shape, and second, it

performs a relatively conservative tile size optimization (compared

to presciently resizing tiles). After these two steps, however, the

primary difference between D2T2 and exhaustive-search schemes

was in tile size, whereas the tile shape difference is not large. This is

because various matrices prefer outer-product-like tiles (tall-skinny

times short-fat). When such tiles are resized, their larger tile di-

mension can get clipped when the matrix dimension (𝐷) is smaller

than the new tile dimension (𝑇𝐹 ∗ 𝑅𝐹 ). In fact, we find that D2T2

configurations have 52% (23%-100%) of the buffer utilization of the

configurations found by the exhaustive-search scheme, showing tile

size to be the larger concern.

However, even though our buffer utilization is lower, when we

compare the memory movement between these schemes, we find

that D2T2 gets 92.4% (83-100%) of the memory traffic improvement

reported by the exhaustive-search scheme. In this dataflow, traffic

for one of the input matrices that remains stationary (𝐴) and the

output matrix (𝑋 ) remains similar in both configurations. Only

the traffic for matrix 𝐵, which is repeatedly refetched, is reduced

slightly in the exhaustive-search scheme, leading to only small im-

provements. Thus, the buffer utilization improvements with the

exhaustive-search tiling scheme do not necessarily lead to large

memory traffic improvements.

6.7 Ablation Studies of D2T2 Design Decisions

To assess the impact of different statistics, we modify D2T2 tiling

by selectively using subsets of Tile Statistics Collector outputs. The

resulting optimizations, ordered by decreasing complexity, are:
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Figure 9: Memory traffic improvement with different predic-

tion models relative to Traffic Prediction with Correlations.

• Traffic Prediction with Correlations: We estimate output traffic

via the proxy statistic Corrs to capture reductions in the compu-

tation. This scheme is used by D2T2.

• Traffic Prediction w/o Correlations: Same as above, but without

using Corrs, which assumes minimal reductions.

• Using Correlations only: Tile shapes are chosen using only Corrs.
Figure 8 shows the desired tile shapes against the sum of the

Corrs array. We note that matrices with sum < 1.6 favor outer-

product tiling, while others prefer square tiles for output reuse.

We use the selected statistics guide tile shape estimation for all

these schemes, then apply tile size optimization. Figure 9 shows the

relative performance of these schemes compared to the full traffic

prediction with correlations. In the best case, simpler schemes

reduce memory traffic by up to 10% compared to D2T2, while in

the worst case, they perform at only 69% of D2T2’s efficiency.

Finally, we evaluate the performance benefits without retiling.
Similar to prior work in Tailors [40], D2T2 retiles data to generate

tiles in the final optimized configurations. We examine the per-

formance benefits achieved by D2T2 if we only tile data once. To

accomplish this, we first collect statistics on the tiled input data

for a tiling scheme and then find the optimal configurations. We

then force each dimension of the generated configurations to be a

multiple of the original tile size, normalizing it to the original tile

dimension. Now we pack these original tiles into sets of tiles that to-

gether would have the tiling configuration recommended by D2T2

post normalization. These packed tiles are each indexed through a

sparse data structure. Finally, we perform the target computation

on the packed tiles’ CSFs, transforming the original tensor algebra

computation to a new tensor algebra expression with new indexes

that access these small tiles which have been packed together.

We find that using such a scheme for a 128 × 128 title size does

not cause any increase in traffic for 13/19 matrices. However, it can

cause up to 5× higher traffic than D2T2 for the rest 6/19 more graph-

like matrices. Overall, using this packed tiles scheme leads to a 31%

drop in memory traffic improvement. This scheme still retains a

3.4× advantage over Prescient tiling. We can further mitigate these

performance drops by using smaller initial tile sizes. Using 32 × 32

tiles leads to only an 11% drop in advantage over D2T2, resulting in
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4.36× improvement over Prescient. Thus, the cost of dropping the

second tiling step is often not large, and is sometimes beneficial.

7 Related Work

Some software-only scheduling optimisation tools have been previ-

ously proposed for sparse computations, like WACO [38] or BACO

[14]. ML techniques like WACO often target sparse-dense compu-

tation, while D2T2 targets sparse-sparse computations. They also

target CPUs which contain caches. Thus, their generated schedules

do not need to lead to tiling schemes that are guaranteed to fit

inside the cache. Whereas D2T2 is meant for dataflow accelerators,

where tiles need to fit in available buffers.

Autotuning frameworks like BACO [14] are designed for use

cases where the optimized computation will be performed multi-

ple times, amortizing the high cost of autotuning. In comparison,

D2T2 is a lightweight framework that can be used for individual

computations while adding a very small overhead on the tiling step.

The statistics-based insights provided from a probabilitic modeling

approach used by D2T2 might prove useful in pruning large parts

of the search spaces of such frameworks.

Prior work in sparse-sparse tiling optimizations for accelerators

either utilize dynamic tiling on runtime [26] or require dynamic

handling of tiled data [40]. While, DRT uses dynamic tiling to op-

timize sparse data, D2T2 only generates static tile configurations,

and thus can be used for an accelerator by replacing the data pre-

processing step from a single pass of Conservative tiling to tiling

with D2T2 (which applies: Conservative tiling, input statistic col-

lection, finding optimized tiling scheme and retiling).

Like D2T2, Tailors [40] also adopts a statistical view of tensor

data. It utilizes the probability distribution of data occupancy across

tiles to find tile size configurations that fit in input buffers for a

target percentage of cases but, also allows for tiles to overflow the

input buffer. To support these tiles, it proposes specialized buffers

[28] that support refetching of input tile data when needed. In con-

trast, D2T2 allows us to perform computation while ensuring input

data does not overflow. Thus it does not require such specialized

buffers. While Tailors aggressively optimizes tile sizes, it does not

present a way to explore the tile shapes systematically. In contrast,

D2T2’s modeling approach directly targets shape optimizations.

Some accelerators like Gamma [41], Spada [22] also have special

hardware for fetching tensor data efficiently. In contrast, D2T2 opti-

mizes traffic without detailed hardware information and optimizes

tiling schemes while requiring little to no hardware overhead.

Prior work in [6] also optimizes sparse matrix multiplication

order by predicting the size of sparse outputs. However, it is not

general enough to target compiler optimizations like tiling. Fur-

thermore, it only works for matrices .

8 Conclusion

The memory traffic of sparse tensor computations can be accurately

estimated using statistics readily available from the compressed-

sparse fiber (CSF) formats. These statistics can be efficiently com-

puted during the initial data tiling, allowing specialization of tiling

schemes to the sparse data distributions. Using these insights, we

introduce D2T2, a tiling scheme optimizer which produces con-

servative yet performant tile configurations for real-world sparse

tensor data. D2T2 tiling optimizations help build tiling heurestics

to balance the tradeoff between input refetches and output reuse

for sparse computations. We find that in general, optimal tiling

typically resembles an outer-product patterns (tall-skinny times

short-fat tiles) that maintains the thickness of tall tiles, i.e. the

dimension that is reduced over, to be large enough such that it

preserves most of the output reuse in the computation.

D2T2 optimized tiling schemes are more efficient than prior

methods and translate to a 1.22–48.94× improvement for matrix

multiplication, 1.22–24.34× improvement for TTM and 1.05–34.31×
improvement in MTTKRP. D2T2 also beats prior state-of-the-art

tiling schemes, achieving on average a 2.55× runtime speedup over

Tailors and 1.13× memory traffic improvement over DRT without

requiring any specialized hardware. D2T2 only adds a low overhead

in the initial data tiling to perform statistics collection and tiling

optimization, and does not require additional hardware for sparse

accelerators, making these techniques easy to deploy in other sparse

tensor algebra systems.
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