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ABSTRACT

A nonlinear theory of finite amplitude, time-periodic oscillations
in a narrow harbor is developed, starting from the Boussinesqg equations
for shallow water waves. The narrowness of the harbor permits a Tinear
treatment of radiation damping and a one-dimensional treatment of the
nonlinear harbor response. The wave field in the harbor is expanded in
harmonics, whose spatial dependence is governed by a set of coupled,
nonlinear ordinary differential equations, subject to two-point boundary
conditions. Solutions are obtained by analytical perturbation tech-
niques and by an iterative numerical procedure. Results indicate sig-
nificant nonlinear effects at Targe amplitudes.

Harbor resonance experiments were carried out using & model
harbor placed in a large, shallow wave basin. The effects of boundary
layer dissipation, flow separation, and spurious reflections in the
wave basin are analyzed. The experimental observations are found to

agree reasonably well with the proposed nonlinear theory.
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Finally, the nonlinear theory is applied to targe-scale harbors

and some theoretical predictions are presented.

Thesis Supervisor: Chiang C. Mei, Professor of Civil Engineering
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CHAPTER 1
INTRODUCTION

1.1 Description of the Problem and Review of Literature

A harbor is a partially enclosed body of water which is joined to
the sea by a relatively narrow entrance. The entrance, which is guite
often a man-made system of breakwaters, serves to shield the harbor from
the most common disturbances, namely wind-generated waves of the open
sea. Because it 1imits the amount of energy exchange between the harbor
and the sea, a narrow entrance occasionally has the damaging effect of
trapping long waves, which may be originated by tsunamis, surf beats or
other sources, and of creating within the harbor large oscillations which
may persist for days. This is the phenomenon of harbor resonance or
"seiching." The deleterious effects of these oscillations are well-
known--ships are torn 1oo§e from their moorings causing damage to dock
facilities and neighboring vessels, and strong currents in the harbor
entrance prevent the safe passage of incoming and outgoing ships, cf.
Wilson (1957).

From a theoretical standpoint, the study of harbor oscillations
pegins with the determination of the frequencies at which resonance
" occurs and the wave profiles of the resonant modes. Much of the work to
date uses linearized, inviscid wave theory, in which the wave amplitude
is presumed so small that noniinear effects are negligible. Rectangular
harbors were studied by Miles and Munk (1961), Ippen and Raichlen (1962),
Ippen and Goda (1963), Raichlen and Ippen (1965), and Mei and Unluata

- 15 -



(1976). Miles and Munk discovered the peculiar phenomenon, referred to
as the "harbor paradox," that the amplitude of monochromatic resonant
oscillations actually increases with decreasing width of the harbor
entrance. For harbors of arbitrary shape, numerical solutjon procedures
have been developed by Hwang and Tuck (1970), Lee (1971), and Chen and
Mei (1974).

The validity of all treatments based upon linearized wave theory is
necessarily limited by the assumption of small wive amplitudes. Fre-
quently, the resonated wave heights predicted by these theories are so
large that it is no longer justifiable to neglect nonlinear effects.
Some attempt to include nonlinear effects in the analysis of harbor
resonance was made by Gajllard (1960) and Biesel (1963), but complete
solutions were not obtained. The general properties of nonlinear waves,
and of water waves in particular, have been studied extensively by
Phi1lips (1960), Longuet-Higgins {1962), Benney and Luke (1964),

Whitham (1965, 1967 a,b), Benjamin and Feir (1967), Chu and Mei (1970},
Kim and Hanratty (1971), Mei and Unluata (1972}, Bryant {1972}, etc.

A review article by Phillips (1974) 1is especially useful. For the most
part, these authors restrict their attention to progressive waves travel-
1ing in an infinite medium having no obstacles in the path of propaga-
tion. Finite amplitude standing waves in a basin have been treated by
Tadjbakhsh and Keller (1960), Benney and Niell (1962}, and by Verhagen
and van Wijngaarden (1965), who also performed several experiments.

Laboratory investigations of harbor resonance have been hampered by

several difficulties, among them inadequate modelling of the ocean

- 16 -



domain and Reynolds number dissimilarity. Biesel {1954) discusses the
similitude of scale models for the study of harbor oscillations. Ippen
and Raichlen (1962) and Raichien and Ippen (1965) investigate the prob-
Tem of coupling between a Targe but finite ocean basin and a smaller
harbor basin. Ippen and Goda (1963) and Lee (1971) performed experi-
ments to corroborate their theoretical work on harbor resonance. Much
of this experimental work is indirectly predicated on the assumptions

of Tinearized theory. For example, it is assumed that the response of

a harbor to monochromatic incident waves is itself monochromatic so that
wave records need not be Fourier analyzed. Further, the experiments are
often conveniently performed in deep water, because the extrapolation

to shallow water is trivial in the context of linearized theory. For

nonlinear theory, this extrapolation cannot be made.

1.2 Elements of Water Wave Theory

In a wide variety of water wave problems, the fluid motion is
essentially incompressible, inviscid, and irrotational. For constant

depth, the governing equations are

V4o, =0  dinfluid  -h <z < n(xy,t)
¢, = 0 on z = -h
ng *toéyn, ¥ ¢yny = 9, on z = n{x,y,t)
+ 1,.2 2 _ _ 2
op * 7{o, + (v9)7) +gn =0 onz=n(x,y,t) (1.2.1)
where
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n(x,y,t) = displacement of the free surface from its undisturbed
position

- . .

u(x,y,z,t) = (¢x,¢y,¢z) = fluid velocity

¢{x,y¥,2,t) = velocity potential

g = acceleration of gravity

h

water depth

—>=_3_ a)
ax * ay

Subscripts are used to denote differentiation. (1.2.1a) is the conse-
quence of continuity for an incompressible fluid and irrotationality;
(1.2.1b) states that the vertical component of velocity must vanish at
the bottom; (1.2.1c) is the kinematic free surface boundary condition
which ensures that particles on the free surface move tangentially to
it; and (1.2.1d} is the dynamic boundary condition stating that atmos-
pheric pressure is constant (e.g., zero) on the free surface and that
surface tension is negligible. Note that the two boundary conditions
on the free surface are nonlinear because both ¢ and n are unknown.

In linearized wave theory, the wave amplitude is assumed td be

infinitesimal and (1.2.1c,d) are replaced by

0 onz =0

0 (1.2.2)

g T ¢,

¢ + gn 0 on 2
In an infinite ocean of constant depth h, one solution to (1.2.1a,b)

and (1.2.2a,b) is the monochromatic progressive wave

n(x,y,t) = Re {Aei(kx N Mt)}

-igh cosh k(z+h) i(kx - wt}, (1.2.3)

o(x,y,2,t) = Re {—7= ===r
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where
2 _ _ 2
w"h/g = kh tanh kh = yu (1.2.4)

is the dispersion relation. In deep water, u2 >> 1, the dispersion
relation is approximately m2h/g = kh, and the phase velocity is twice

the group velocity. In shallow water, u2 << 1,
w%h/g = (k)21 - k)2 + 0 (kn)*y = (kn)? (1.2.5)

the dispersion relation is approximately linear; the phase and group
velocities are both equal to vgh (1 + O(kh)z); and the waves are said
to be non-dispersive. For intermediate values of u, w is a transcen-
dental function of kh, and the waves are highly dispersive.
When the assumption of infinitesimal wave amplitudes is removed,
the nonlinearity parameter
e = A/h = wave height/water depth
is also needed to characterize the wave. Different wave motions are
possible depending on the relative magnitudes of e and uz. In deep
water, the combination euz, which is a measure of the slope of the
free surface, is found to be of great importance in determining when a
wave will break. In shallow water, the combination s/uz, known as
Stokes' number, is used to identify three qualitatively different
kinds of waves:
e/u2 << 1 : Linear, dispersive waves (Linearized theory)
e/u2 ~ 0{1) : Nonlinear dispersive waves, including cnoidal and
solitary waves (Boussinesq and Korteweg-de Vries
equations)

- 19 -



e/u2 >> 1 : Nonlinear, nondispersive waves {Airy's equations)

In treating harbor resonance, we deal almost exclusively with
shallow water, or "lTong" waves. This is because the wavelengths of
resonant harbor oscillations are on the scale of the horizontal dimen-
sions of the harbor, which are normally much greater than the water
depth. For example, a harbor might be two kilometers long and only
twenty meters deep, so that uz " 10'4 for the lower resonant modes. It
is useful then to have a theory in which the assumption of shallow water
is built-in, but the assumption of infinitesimal wave amplitudes is not.

To derive such a theory, we introduce scaled variables so that
the relative magnitudes of terms in the eguations of motion appear ex-
plicitly. For a shallow water wave of frequency w, an appropriate

choice of variables is

t” = ut
. w
(XJ)=E%HJ)
z- = z/h (1.2.6)
n” = n/h
U = u/v/gh
¢~ = wo/gh

where primes denote dimensionless variables. Henceforth, all variables
are dimensionless, and for convenience, the primes will be omitted.
Substituting (1.2.6) into (1.2.1), the equations of motion take the

dimensionless form:
Vot 54, =0 (-1 <z <n)
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-
1
o
Q
3
N
I
1
—

z
1
ne t o0 é.n, = 5 ¢ on z =y (1.2.7)
t XX Yy u2 z
¢t+]§($¢)2+gll—2 ¢£+n=0 on z = n
u
where y~ = w h/g v = ( Jiﬂ and vz = EEL~ jfi Expanding
X * 2y 2 ay2
% . 2n (n)
¢(X,y,2,t) = Z Wb (XaY=Z=t) (]-2-8)
n=
we find from (1.2.7a) that
-
(1.2.9)

(n) - 2. (n-1) _
¢55 = V9 n=1,2,3...

Integrating twice with respect to z and applying the bottom boundary

condition (1.2.7b}, we have

¢(0)(x,y,z,t) = ¢(0)(x,y,t) independent of z

2

¢(n)(stsz’t) = (2n)"

n=1,2,3... (1.2.10)
where integration constants are independent of z and have been grouped

into ¢2). From (1.2.8)

n 2n 2n
Z S (2n§?+1) 270 (x,y,8) (1.2.11)

o(X,y,z,t) =

Note that the leading term in the expansion for the vertical velocity
. 2
b, s O(u").
So far, we have made no assumption as to the magnitude of ¢

(0) and
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no use of the nonlinear boundary conditions on the free surface,
(1.2.7¢,d). Denoting the magnitude of ¢(0) by e, several approxima-
tions to the free surface boundary conditions are possible, depending
on the relative magnitudes of e and uz and the degree of accuracy
desired. In Airy's approximation, for example, uz << ¢ and terms of
U(uz) are neglected. In the Boussinesq approximation, € ~ uz << 1 and
relative errors of 0(52,su2,u4) are neglected. A detailed treatment
of the various types of approximations and their domains of validity is
found in Peregrine (1972).

The Boussinesq approximation has several advantages over Airy's
approximation. First, Airy's equations can be formally derived from
the Boussinesq equations by taking the 1imit u2 + 0. Secondly, it is
well known that dispersion tends to counteract the wave steepening
effect of nonlinearity, and thus to inhibit wave breaking. Airy's
equations contain no dispersive terms and lead to shock formation even
in physical situations where shocks are not observed experimentally.

By contrast, the Boussinesq equations, which contain the leading order-
effect of dispersion, are found to agree well with experiments so Tong
as the ratio of peak-to-trough wave height to water depth is less than
.5. This is quite close to the onset of breaking, which occurs in
shallow water when the above ratioc is roughly .7. Thus, the Boussinesg
approximation has a greater range of validity, so long as breaking

does not occur.

Substituting (1.2.11) into (1.2.7¢c,d), and neglecting relative
errors of 0(52,eu2,e4), one arrives, after some algebra, at the follow-
ing form for the Boussinesq equations:
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ng + i?’-ﬁ + %’}-(na) =0
G, + o+ %-% (3% + %-uzﬁntt =0 (1.2.12)

where ﬁ(x,y,t) is the depth-averaged horizontal velocity, defined by
n
u(x,y,t) = mJ Vo dz

2
$¢(0) - %?-v2(3¢(0)) (z + l)zdz

[H]

o

(0) .

14

V6 v (v¢(0)) (1.2.13)

In the 1imit u2 + 0, (1.2.12) reduces to Airy's equations.
The fluid pressure, which is found by integrating the vertical
equation over z, is given by (pgh)p where p is the density of the fluid

and
= (n - 2) + 4oz + 22/2)($¥ﬁt) (1.2.14)

The term (n - z) is simply the hydrostatic pressure beneath the wave;
the additional term reflects the influence of vertical motion, which is
0(%)

One consequence of the nonlinearity of (1.2.12) is that monochroma-
tic waves are no longer possible solutions. If one begins with a wave
of the form (n1(x,y), G&(x,y))e"it, one finds that the nonlinear terms
-2it

generate second harmonics, having the time dependence e Interac-

tion of the first and second harmonics produces third harmonics, having
-3it

the time dependence e This process, if continued, Teads to a

time periodic wave of the form:
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n(6GYst) - e E np(%:¥) o-int
u{x,y,t) n=o |u (x,y)
by % (Xsyy _3
=5 10 e” 1Mt (1.2.15)
N=ww un(x,y)

where, by convention, (n_n, ﬁ_n) = (n;, ﬁ:). Substituting (1.2.15)

into (1.2.12), the n-th harmonic is found to satisfy

. -+ > 1 = - _

-'Innn + V-un + §S=§mv-(nsun_s) =0

— 1 22> 1 3 2> > _

-in un + (1 - Fun )Vnn + T V(us-un_s) =0 (1.2.16)

Combining the divergence of (1.2.16b) with (1.2.16a) and neglecting

relative errors of O(ez,suz,u4),

2 2 .. i = 1 20
(V" + kIn, = S=§m(- )V (ngll ) - g (U -u ) (1.2.17)
where
kﬁ = n2/(1 - %—uznz)
= o2l + % 0+ o(m)h) (1.2.18)

is the dispersion relation in dimensionless form. Note that the dis-

persion relation may be written as

2
n? = KA(1 - %-kﬁuz + 00k )
kn 4
= :r'tanh knu + O(knu) (].2.19)

which shows clearly itsconnection to the exact dispersion relation
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(1.2.4). The error in the Boussinesq dispersion relation is O(knu)4
and can be quite large for the higher harmonics.

The near linearity of the dispersion curve when u2 << 1 leads to
the phenomenon of resonant Tinear interactions, which has been studied
by Kim and Hanratty (1971), Mei and Unluata (1972), and Bryant (1972).

Consider two plane waves

n = Re eay e (KX Mty s )
(1.2.20)
no = Re {5A2‘91(k2X - nZt)} (n2, k2 > 0}
where, from (1.2.17),
k] =N + U(uz)
(1.2.21)
_ 2
k2 - nz + O(H )
Through nonlinear interaction, a third wave is formed
il(ky+k,)x - (n;+n,)t] ii(ky-k,)x=- (ny-n,)t]
ng = Re {EA3 e 12 172 + sB3 e 172 172 }
(1.2.22)

Since k] i_kz =n i, + 0(u2), ns represents a propagating wave which
travels with approximately the same phase velocity as n and Nos thus,
the three waves maintain the same relative phases as they propagate.
The magnitude of N3 is found to increase linearly with distance so long
as the three waves are in phase and |n3| << Inll,]n2|- This is known
as a resonant three-wave interaction. Eventually, the influence of
dispersion limits the distance of coherent propagation to 0(]/u2). The
net result is that nonlinear interactions of 0(&2) add constructively
“over a distance of 0(1/u2), and the magnijtudes of eA3 and €B3 are
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found to be sO(s/uz). The Stokes parameter, e/uz, therefore governs
the extent of harmonic generation. The subject of resonant nonlinear
interactions is discussed at length in Chapter 3.

When e/:u2 << 1, higher harmonics are generated in profusion, and
the horizontal length scales used in {1.2.6) are no longer appropriate.
This is the situation just before breaking. The Boussinesq equations*
cannot be expected to apply to such cases because the scales used in b

their derivation are no longer the correct physical scales.

1.3 Linearized Theory of the Long Narrow Bay

The harbor we shall consider is a long, narrow bay of width 2a,
Tength L, and constant depth h. The geometry of the ocean-harbor system
is shown in Fig. 1.1. The coastline and harbor walls are taken to be
rigid, impermeable, vertical surfaces along which the normal component

of velocity must vanish, viz.
- -
u(xs,ys,t)-nS =0 (1.3.1)

where (xs,ys) is a point on the surface, and ﬁé is a vector normal to
the surface.

The presence of finite boundaries in the fluid introduces new
length scales, in addition to those which characterize the wave length

and amplitude. We shall see that the dimensionless parameters

% = L{w//gh)
(1.3.2)
§ = alw/vgh)
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determine the linear resonance properties of the harbor basin. For a
narrow bay (a/L << 1), resonant oscillations typically occur when
2 =0{1) and § = r-{a/L) << 1.

Because & << 1, the ocean-harbor system can be split into three
distinct regions: the far field of the ocean, r =/’x2 + y2 >> §; the
near field of the entrance, r ~ 0(8); and the far field of the harbor,
-2 < X << =8. In the far field of the ocean, the fluid motion varies
on the scale of the wavelength and (x,y} are suitable horizontal coord-
inates. In the near field of the junction, the scale of motion is §

and the coordinates
(x*,y%) = (x.y) / 8 (1.3.3)

are most appropriate. Finally, in the far field of the harbor, the
natural choice for coordinates is (x, y*).

Before embarking on a nonlinear treatment of the resonance proper-
ties of a long, narrow bay, we summarize known results from linearized
theory. The geometry of Fig. 1.1 has been studied by Miles and Munk
(1960) and Unluata and Mei (1973). Starting from linearized water
wave theory, Unluata and Mei obtain asymptotic expansions for the wave
field in each of the three regions. By matching the asymptotic solutions
in adjacent regions, they determire the response of the harbor in terms
of the incident wave amplitude and frequency. For an incident wave of
the form

i(klx-t)

N (xy,t) = Re( A e ) (1.3.4)

where k1 is the dimensionless wave number satisfying the dispersion

relation (1.2.19), the response in the far field of the harbor is found
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to be

nH(x,t) = Re (T] cos k](x + z)e'1t)
. _ (1.3.5)
uf(x,t) = Re (G- Ty sin ky(x + 9)e7'F)
1
where
TZ] ] -1
TT = A]{cos k]R ”'E;_ sin k12} (1.3.6)
and
1, 2i 2y
kT Z] = (k]d)[T + :F{Rn k]S + &n 1Te)] (1.3.7)
sny = .577216 = Euler's constant

21 is the radiation impedance of the harbor entrance; its real and
imaginary parts are the radiation damping and mass reactance, respective-

ly.

Letting Z, = g * 1211, we have from (1.3.6),

1

1]

Max nH(x,t) IT

|
x,t 1

. 2 : 2.-1/2
A lllcos k& + Z;; sin ky8) + (Z;p sin kq2)°]

1 Ky
(1.3.8)
When k1£ satisfies the "resonance condition"
cos k]z + le_sin k12 =0 (1.3.9)
1

(1.3.8) yields
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Iy
[Zyg sin ky2]

Ky

(1.3.10)

Max nH(x,t) =
X,t

so that the incident wave amplitude is amplified by a factor proportional
to I/Z]R, which is in turn proportional to 1/6. As the width of the
harbor entrance is made smaller, § decreases and the resonant amplifica-
tion increases; this is the so-cailed "harbor paradox!

Since Z]I ~ 0{5 ens) << 1, the resonance condition (1.3.9) can be

written as

cos (k]z - Z]I) =0 (1.3.11)

1

which yields the resonance criterion

=(m+]7)n+1—z

7 m=0,1,2... (1.3.12)
1

k

1 11

The lowest mode, m = 0, is often called the quarter-wave mode because
k-2 = wf2 Oor & = (lJ(gE— = l—A , where A, is the dimensionless wave-
1 4 k] 4 1
length.

Notice that, in (1.3.5), nH and uH are independent of y; that is,
the far field of the long, narrow bay is essentially one-dimensional.
This allows a great simplification in the nonlinear treatment of the

harbor, as will be seen in Chapter 3.

1.4 Scope of this Investigation

The theoretical part of this study analyzes the response of a long
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narrow harbor to time-periodic incident waves. In Chapter 2, the wave
field of the ocean is shown to be of sufficiently small amplitude that
it may be treated as Tinear. Assuming the entrance width to be small,
e.g. 8§ << 1, the interaction of the ocean with the harbor is then
approximated by an impedance boundary condition applied at the harbor
entrance. The advantage of this approach lies in its mathematical
simplicity; its disadvantage is that higher harmonics have larger
values of kna and are therefore less accurately represented. Where
greater accuracy is required, a semi-numerical method, such as that of
Lee (1971) or Chen and Mei (1974), should be used. In Chapter 3, the
nonlinear response of a long, narrow harbor is examined. With the
assumption 8§ << 1, the wave field far from the harbor entrance is

shown to be essentially one-dimensional, allowing a simplification of
the nonlinear equations. The field variables are Fourier analyzed into
time harmonics, and an infinite set of coupled, second-order, ordinary
differential equations is found to govern the spatial variation of the
complex harmonic amplitudes. Perturbation techniques and direct numeri-
cal methods are used to solve these equations.

Laboratory experiments were carried out using a model harbor placed
in a large shallow wave basin. Chapter 4 deals with the experimental
apparatus and procedures, and with the effects of friction and multiple
reflections from the walls of the wave basin.

Results of the theoretical and experimental work are compared in
Chapter 5. In addition, some theoretical predictions for large scale
harbors are presented. A surmary of the main conclusions and suggestions
for future research are found in Chapter 6.
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CHAPTER II
WAVE SYSTEM OF THE OCEAN

2.7 Motivation for a Linear Treatment

The wave field of the ocean consists of three parts: the incident
wave, ni(x,y,t); the wave reflected from the coastline, n' (X.y,t); and
the wave radiated away from the harbor entrance, nR(x,y,t). To a first
approximation, the total wave field, nT(x,y,t), is simply a linear

superposition of these three, viz.

nT =q' o+ nR (2.1.1)

The total velocity field, ﬁT(x,y,t), satisfies a similar relation.

In analyzing the ocean, we begin with the linear approach of (2.1.1).
After the linear solution is obtained, the magnitude of the nonlinear
terms will be estimated, and the assumption of linearity will be reexam-
ined. We shall find that, when the harbor entrance is narrow (§ << 1),
the radiation damping is 0{(s). It is then possible for an incident
wave of 0(e§) to excite a resonant harbor response of 0(e). To determine
a solution that is accurate to O(az), one need only account for nonlinear
effects in the harbor, not in the ocean. This is the motivation for a
Tinear treatment of the ocean.

Deleting nonlinear terms in (1.2.16) and (1.2.17), we have for the

n-th harmonic

-1nnn + v-un =0
2
. > n~ >
-ind + Eé—-vnn =0 (2.1.2)
n
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and

2, .2y _
(v" + kphn =0 (2.1.3)

n2(1 + %‘nzuz .

velocity potential for Gn(x,y). From (2.1.2b), $h0 = 0 so that no(x,y)

Ul

where ki Note that nn(x,y) is proportional to the

is a constant everywhere in the ocean. By properly defining the water
depth, the constant can be set to zero, to the leading order, without

loss of generality. The term ﬁa(x,y) represents a steady current and

will be presumed to be zero, to the Teading order. Thus, the zeroth

harmonic may be deleted.

2.2 The Radiated Wave

If the harbor entrance were sealed, the boundary condition at the

coastline would be .

fpfo)x = CH—T5" =20 (-ecy<) (2.2.1)
n

T
i 3nn(0:Y)

and the total wave field would be given by
Tixy) = n(ay) + ni(-x,y) (2.2.2)
Tln 2 Y Tln iy nn Y L,

where n;{—x,y) is simply the reflection of the incident wave about the
y-axis. The function n;(x,y) can be any solution of the Helmholtz
equation in the domain x > 0, - » <y < ». For example, n;(x,y)

might be an obliquely incident wave

n

. ~ia X T8 Yy
1 - n 2 2 _ 2
n{xsy) = ce e (a8, >0, 0 +8 = ko)

(2.2.3)
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in which case

T 1.Bny

nn(x,y) = 2¢  cos a X e (2.2.4)
represents a standing wave whose amplitude varies sinusoidally in the

y direction.

With the harbor entrance open, the boundary condition on the y-axis

is more complicated:
3nI(0:y) 0 ly] > 8

B0k = (- Iy o (2.2.5)

2 3%
kn Un(y) |y| < 8

where Un(y) is the unknown velocity distribution in the harbor entrance.

The total wave field
A (6Y) = 0 (x,y) + ni{-x,y) + nh(x.y) (2.2.6)
n"* n"*? nt °? nt"? e

contains a radiated wave component which is the solution to the

following boundary value problem:

2
(v° + K2k = 0

Sns(o,y) 0 Iyl > 8
EETER: (2.2.7)
n
_TT'QJY) ly] <8
BnR
] _.a_.rl i R =

lim /r (ar - 1knnn) = 0

oo
where r = /’xz + yﬁ. Equation {2.2.7c), known as the radiation condi-

tion, ensures that the radiated wave will propagate away from the har-

bor entrance, as required by causality. In essence, the radiation
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condition replaces the initial conditions that would be present in a
fully time-dependent treatment of wave scattering. For a detailed
derivation of the radiation condition, see Stoker (1957}, pp. 174-181.
A formal solution for the radiated wave can be constructed using
Green's functions. The appropriate Green's function, which satisfies
(2.2.7) with Un(y) replaced by the unit singularity &(y-y~), is found

to be

2
ik :
6, (6y>y7) = (=G KD /5F 4 ()P (2.2.8)

where Hél) is the zeroth order Hankel function of the first kind.

Since

5
0 = [0 slyy) oy (2.2.9)
-8

the sotution for n- ,¥)} is given by

N =
o e B ]

R (x

5
o) = o8 [0 /o B vy (2.2.10)
-4

Let us examine {2.2.10) in the "far field" of the ocean, that is,

where r =/ x2 + y2 >> §. Substituting the Taylor series

i /2 58 = ) oy
o (kp? X7+ (y=y7)7) = Ko (kpe) + 20
(2.2.11)
into (2.2.10), we have
. ] kz () 8 (1) 8
o) = 5 ) [ U iey + e [y gy
-8 -5

(2.2.12)
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The first term on the right hand side represents the field of a mono-
§

poie whose strength is proportional to the total flux, J Un(y)dy. The

-8
second term is that of a dipole whose strength is proporticnal to the
8

dipole moment of the velocity distribution, J yUn(y)dy. When & << 1,

)
the dipole term is smaller than the monopole term by a factor of &, and

higher terms in the multipole expansion are still smaller. Defining

the average velocity by
§

e zl_aj U (y*)dy” (2.2.13)
..5 .
we have
R kn = v, (1)
g = (G (k8UDH T (k r)-[1 + 0(8)] (2.2.14)

Note that, if Uh is 0(e), the radiated wave is O(ekna) in the far
field. We turn our attention now to the near field of the harbor

entrance.

2.3 The Impedance Boundary Condition

In the near field of the harbor entrance, r is O{§) and, assuming

kn6 << 1,

. Tk
Dk /52 + (9D = 1+ Ban( /5% + (y-97)?) + 0(k senk 8)°

(2.3.1)

where eny = Euler's constant = .57722... . Substitution of (2.3.1) into
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(2.2.10) yields
2
K . vk
- n T l n 2 —u 2 - -
iy) = 2o+ 1 [an0 o+ )20 )yt (2.3.2)
28

Defining the average wave amplitude in the entrance by

s
= % [ oy (2.3.3)
-8
we have
k2 8§ & {k
-R - il - - -
g = e 08T, + ?’EJ f (=t y-y~ U (y~)dy-dy} (2.3.4)
-8 -8
= Zn n
where
ﬁﬁ kﬁg j 1 0 n U ]
e (ot B[ [ n(S0y-y* 1) dy-dy}  (2.3.5)
n 0 n 2m 62
n -§ -6 n

is called the "radiation impedance" of the ocean-harbor junction. The
real and imaginary parts of Zn are the radiation resistance and mass
reactance of the junction, respectively. Note that only the mass
reactance depends upon the details of the velocity profile, Un(y).
Introducing the variable v = y/6, and using (2.2.13), we arrive at the

following expression for the radiation impedance:

(-—)(k §)[1 + =— (m k § + ¢ )] (2.3.6)
where
1 1
c, = in %—+ %—J Jzn|v—v‘I(Un(v‘)/Uh)dv’dv (2.3.7)
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Observe that the radiation resistance and mass reactance are O(kna)

and O(knsznkna), respectively. In deriving (2.3.6), we assumed that

knﬁ << 1. This assumption is progressively worse for the higher har-
monics, which have larger value of knﬁ. We accept this deterioration
of accuracy in the hope that the magnitudes of the higher harmonics

are progressively smaller. Where greater accuracy is required in treat-
ing the high harmonics, the impedance approach can be abandoned in

favor of a semi-numerical method such as that of Lee (1971} or Chen

and Mei (1974). To predict the essential features, we choose to avoid
these elaborate alternatives.

The form of the velocity profile, Un(y), depends upon the geometry
of the harbor entrance and upon the wave field in the harbor, which is,
of course, still undetermined. In the linearized theory of harbor
resonance, the wave field in the harbor is expressible as an integral
over the Green's function for the harbor, in exact analogy with (2.2.10).
The requirement that nz(x,y) be continuous at x=o0 leads to a linear
integral equation for Un(y)- The integral equation can then be solved
by variational approximation or a numerical quadrature procedure. This
approach is only feasible when the harbor is treated as linear, because
the use of Green's functions relies upon the principle of superposition.
To solve the nonlinear problem, a different approach must be found.

When flow spearation at sharp corners is not significant, one
may exploit the assumption that kn6 << 1 and determine an approximate
form for the velocity profile, without prior knowledge of the wave
field of the harbor. This has been recognized Tong ago by Rayleigh and
is easily demonstrated as follows: In the near field of the junction,
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the appropriate length scale is §, and the terms in the Helmholtz

equation are in the ratio,
2 2 2
(k) 7(7%n,) ~ 0(k 6) (2.3.8)
It follows that
ven =0+ 0k 8)° (2.3.9)

so that Laplace's equation governs the motion in the near field with

a relative error of O(knd)z. This is called the "quasi-static"
approximation. The name derives from the fact that an observer in the
near field sees steady flow and is unaware that it is being driven by
oscillatory wave motion.

To solve Laplace's equation, it is only necessary to specify the
geometry of the harbor entrance; the details of the adjacent wave
fields are irrelevant. For the geometry of Fig. 1.1, the potential
flow field can be found by applying a Schwartz-Christoffel transforma-
tion. Details are given in Unluata and Mei (1973). The radiation

impedance is then found to be

k .
_on 2i 2y
Zn = (n )(kné)[1 + - lnkné + 4n Tre] (2.3.10)

where 2ny = Euler's constant = .5772.

From (2.2.6), the average total wave amplitude at x=o0 is given by
=20 + R =p vz T (2.3.11)

where
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__—.i __'!_ I‘.i
An = Znn(O) = 55 dnn(o,y)dy (2.3.12)

G O

Equation (2.3.11) wiil be referred to as the "impedance boundary condi-
tion." Observe that it was derived without even specifying the geometry

of the harbor basin.

2.4 0On _the Validity of the Linear Approximation

Having obtained the Tinear solution for the wave field in the
ocean, we now estimate the magnitude of the neglected nonlinear terms.
The following table shows the orders of magnitude of the n-th harmonic
incident, reflected, and radiated waves in both the near and far fields

of the ocean.

Table 2.1
n; n; nE
Far Field An An knéﬂh
Near Field Al A (knsznkna)Uh

The magnitude of Uﬁ/An is thus far arbitrary.

In section 1.3, Eq. (1.3.6), we have seen that, when the n-th
harmonic is resonated,

- 1

Un/An v 0(@) (2.4.1)

This result can be anticipated if one thinks of the harbor as a damped
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harmonic oscillator, with damping coefficient kna, being driven by
an externally applied force of magnitude An. The response of the
oscillator Uh, at its natural frequency, is then given by (2.4.1).
Of course, a harbor is a continuous system and therefore has many
resonant frequencies, rather than just one.

In analyzing the harbor, we shall require that the maximum
value of Uﬁ be 0(e). Equation (2.4.1) then constrains A to be O(Ekns).
From Table A, the largest wave amplitude in the ocean occurs in the
near field, where ni is 0(ekn62nkn6). Thus, the largest nonlinear
terms are 0(ekn62nkn6)2 in the ocean and 0(52) in the harbor. It is
consistent to treat the harbor as nonlinear and the ocean as Tinear

only if
(ekn6£nkn6)2 << 82 (2.4.2)

which is the case whenever kné << 1. The conclusion, therefore, is
that, so Tong as kna << 1, it is consistent to neglect nonlinear effects
in the ocean, and to include leading order nonlinear effects in the

harbor.
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CHAPTER III
RESONANT OSCILLATIONS OF A LONG, NARROW BAY

3.1 Reduction to One Space Dimension

The harbor domain, -2 < x < 0, consists of two regions: the near
field, |x| ~ 0(s}, and the far field, -2 < X << -6. We shall show that
the waves in the far field are essentially plane waves varying only in
the x~direction. Intuitively, this is because oscillations in the y-

direction have a minimum cutoff frequency given by -2~ a = n/2. Since
ah

the frequencies under investigation are far below this cutoff, the y-
dependence of the near field disturbance cannct propagate outward into
the far field of the harbor.

A more rigorous demonstration of the fact that, for Tow frequency
oscillations, the far field of the harbor is one-dimensional, proceeds
as follows: Let us define a velocity potential ¢(x,y,t) for the
depth-averaged horizontal velocity ﬁ(x,y,t) by the relation e §¢.
Integrating the momentum equation (1.2.12b) over space, the Boussinesq

equations take the form

n, + V+[{1 + n)V] = 0

t

2 a2
o, + n+win  + Hie)? = c(t) (3.1.1)

The integration constant C(t) can be absorbed into the term by by re-
defining ¢; hence we may set C(t) equal to zero, without loss of

generality. The boundary conditions in the far field of the bay are
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¢X("R’s.yst) =0
¢ (x,8,t} =0 (3.1.2.)
y
X,-6,t) =0
¢y( )
(3.1.2b,c) suggest that we rescale y, viz.

y* = y/é

From (3.1.1), with C{t) = 0, we then have

((1 +n)¢y*)y* = -Gz{nt + [(1 +n)¢x]x}
(3.1.3)

12 2 12 .12
7 byx = S lop Tt gung 50l

Integrating (3.1.3a) over y* and using the boundary conditions (3.1.2b,c)

we find
bl ay,t) = 0 + 0(s%) (3.1.4)

so that, to 0(s%), s(x,y*,t) is independent of y*. From (3.1.1b), it
follows that n{x,y*,t} is also independent of y*, to 0(62).

We conclude, therefore, that to 0(62), n, ¢, and u = b, are
independent of y and that the transverse velocity component v = ¢y is
zero. To be consistent with the neglect of 0(62) terms in the quasi-

static approximation of the near field (section 2.3), we shall terminate

the demonstration of the one-dimensionality of the far field at 0(62).
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3.2 Equations Governing Time-Perjodic Solutions

The one-dimensionality of the far field of the harbor greatly
simplifies the equations governing harmonic interactions. In one

dimension, equations {1.2.16) and (1.2.17) reduce to

o0

. a1 .

-imn, U+ 5 g%m(”s”n-s) =0
(3.2.1)

. n2 1

-ty F (;?Jnn ¥ E'z (usun-s) =0
s
n
and

AL L S PR B N T L (3.2.2)

T ™ Fpp ~ 72 : Ms¥n-s 4 &' s'n-s o

where primes denote differentiation with respect to x. From (3.2.1),

up = inn (1 +0(e)), and u_ = - %—nﬁ (1 + 0(e,u?)), forn £ 0. To

within the accuracy of the Boussinesq approximation

g(”sun-s)) = g(“suﬁ-s n;un-s)
(3.2.3)
: é(1(n SIgMy-s ™ 7= MaMn-s)
(n#s)
.! | | [— 11 I I
E'g(usun—s) - E(un-aus usun-s)
(3.2.4)
N R -
= g n-s "s'n-s g s(n s)”s”n—s

so that {3.2.2) can be written as
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n-s"'sn-s

(n # s)

" -1 2 Yoy n+sy L.
"t Ken T2 g (n” - s%hneng o - 3 g (——=)nZn (3.2.5)

(3.2.5) is a second-order ordinary differential equation governing
the spatial variation of the n-th harmonic.
To solve (3.2.5), we require two boundary conditions on - The

no flux condition at x = -2 provides one boundary condition:
nﬁ(-k) =0 (3.2.6)

The other boundary condition is obtained by requiring that, at x = 0,
the wave field in the harbor match smoothly with that in the ocean.
This matching will only be performed in an average way. Equation
(2.3.11), which expresses the average wave amplitude at x = Q in terms
of the incident wave amplitude and the horizontal fluid velocity at

x = 0, yields the "impedance boundary condition,"

nn(O) = An + ZnUn(O) (3.2.7)
. . _=in . 2
Since Zn is O(annnkné) and u, = ];T'“n + 0(e%), we have
n
(0) = A - M7 -+ 0(c2k sank ) (3.2.8)
n n k2 n'n n n e
n

(3.2.5), (3.2.6), and (3.2.8) comprise the boundary value problem for

n (x).
The zeroth harmonic can be found directly by integrating (3.2.1),

viz.
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1

u (x)

|

g ng(x) u_(x) +C
(3.2.9)

| —

n,(x) E IUS(X)I2 + 0,

Since all velocities, us(x), vanish at x = -2, i1t follows that CO =0
and uo(x) is at most of 0(52). In fact, by the following argument,
uo(x) is seen to be at most of 0(33): Multiplying (3.2.7a) by n_, and

(3.2.1b) by u_p and summing n from -« to <, we have:

J-in (non +uu )+ 5 (nu )= 0(e%,e5) (3.2.10)

n n
2 _ 2 2 .
where we have used the fact that kn =n" + 0(u"). Replacing the

summation index n by -p. we see that

E ~-in (nnn_n + unu_n) = g ip (npn_p + upu_p) =0 (3.2.11)
so that
. 3
E(”n“-n) = 0(e”) (3.2.12)

Integrating over x and using the boundary condition un(—z) = 0 for all

n, it follows that

] (ngu_,) = 0(c%) (3.2.13)
n

and, from (3.2.9a), with C0 =0,

u (%) = 0(ed) (3.2.14)

The constant D0 in (3.2.9b) is determined by the impedance condi-

tion at the entrance, (3.2.7). In section 2.1, we noated that, by
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properly defining the mean depth in the ocean, Ao = 0. From (2.3.5),
Z, =0, so that 10(0) = Q and

1 2
D, = 3'§ lu (0)| (3.2.15)

From (3.2.9b), no(x) is then
%u)=}§[%mn2-%§|%un2 (3.2.16)

Thus o is O(sz). At the back wall of the harbor, all velocities

us(~2) vanish and "o takes on its maximum value, viz.

ng(-2) = ! g lus(O)l2 >0 (3.2.17)

=

which shows that there is a mean set-up at the back wall.

Since N, and u, are strictly O(ez) and 0(53), they do not have
any feedback to other harmonics up to 0(32). Thus, they can be calculat-
ed after all the other harmonics are obtained. For this reason, we
shall discuss the zeroth harmonic separately.

Equation (3.2.5) represents a system of coupled, nonlinear,
second-order differential equations for the harmonic amplitudes n1(x),
nz(x), n3(x),... . When nn(x) is 0(e), the coupling terms are 0(52)
and are thus relativeiy small. By earlier theories, i.e., Mei and
Unluata (1972) and Bryant (1972), it is known that weak nonlinearity
does not produce first order effects within a distance of 0{1). There-
fore, for the first few resonant harbor modes, for which & = 0(1), the
effect of weak nonlinearity may be treated as a perturbation, as in

the next section.
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3.3 Regular Perturbation Analysis for the Lowest Resonant Modes or for

Very Small Amplitude Waves

Substituting the perturbation series

13 = et )+ By 4 L (3.3.1)
into (3.2.5), we obtain a sequence of linear problems. At 0(e),

D o

o (-0) = 0

Do) = - ig-znng’)‘(O) (3.3.2)

n
For simpiicity, we shall assume that the incident wave is monochromatic,

so that only A] is nonzero. Then,

n(])(x) = T. cos ky{x + 2)
1 1 1
_ . . -1
T1 = [cos klm - (1/k1)Z] sin k]£] -A1
nﬁ1)(x) =0 n=2,3,4... (3.3.3)

This is just the solution of Tinearized theory, which exhibits resonances

whenever cos k]Z + (Im(Z])/k]) sin k1£ = 0.

at 0(¢%),

0 0 o

ngt 2w k{8 = 3 (100800000 (3.3.4)
= 5 Torcos? ky(x + 1) - K sin? ko (x + 2)]
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"(2) , (202 o g h=3,4,5...
n nn

with the homogeneous boundary conditions

ngz)(-ﬁ) =0

(3.3.5)

a8 o) + 1§ 2.4{8%0) -

TZ“
n

The solution to (3.3.4) and (3.3.5) is

U™ =0 n=1,3,4,5...
21 -
£(0) + 55, £7(0)
k
n?) = 292 () - 2? ) cos ky(x + 2))
cos k.2 - +— Z, sin k.2
2 L2 2 2
(3.3.6)
: 1+;<12 1-k12
f(x) = E-(-——————§J cos Zk](x + ) + ———
k2 - 4k] 2k2

The solution for n(z)(x) is comprised of three parts: a constant
term, a forced oscillation having the form cos 2k](x + 2}, and a free

oscillation having the form cos k2(x + 2). Since

-ad=a0+ 38 ca0 + 1B - 07
k, - 2k =200+ 508 - 200 + ¢ u?) = 2 (3.3.7)

it follows that the constant term is O(uz) and the forced term is
0(1/u2). Thus, the magnitude of ¢ n(z)(x) is generally of order
E-(e/uz), in which case the perturbation series of (3.3.1) is valid only

for s/u2 << 1.
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For a harbor which is not too long, e.g., one for which y%£<< 1,
the perturbation series of (3.3.1) is in fact valid even when s/u2 is

0(1). To show this, we expand

€0s 2k1(x + 2} = cos (k2 - uz)(x + %)

[t

cos kz(x +4) + uz(x + 1) sin k2(x +2) (3.3.8)

and, from (3.3.6),

g(0) + % 2, 9°(0)

(2) _ 3.2 2 2
ny '(x) =5 Ty {g(x) -(cos o - il 7, s kzl) cos ky(x + £}} + 0(u")
Ky
g(x) = 1— (x + 2) sin ky(x + 2) (3.3.9)

so that, for a harber having uzz << 1, eznéz)(x) is 0(52).

In summary, the reqular perturbation expansion is valid for
(i) E/u2 << 1 (small amplitudes) and any length harbor, or (ii)
E/u2 = 0(1) and "short" harbors having uzz << 1. To be consistent with
the Boussinesq approximation which neglects terms of 0(33), we terminate
the perturbation serijes at 0(52).

From (3.2.16), the zeroth harmonic first appears at 0(82) and is

given by

"

B0 = F Vo2 - 1

L (ad 0012 - ol M-t A (3.3.10)
Zk]
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(3.3.3) yields

w2y = 21112 (sin? kop - sin? ko (x + 1))
0 2k2 1 1 1
1

L7, 12 (cos 2k (x + 2) - cos 2k, 2) (3.3.17)
2 1 1
1

.

Figures 3.1(a), {b), and (c) show the frequency dependence oflnd,
|n2F and n, evaluated at the back wall of the harbor (x = -1), for a
harbor having the fixed dimensions a = 50 m., h = 20 m., and L = 1000 m.
The incident wave is taken to be monochromatic, viz. A, = A3 = A4... = 0.
with A1 = .03. The Targe peaks occurring at 2 = 1.41, 4.36, and 7.36
correspond to linear resonances of the first harmonic. In Figure 3.1(b),
the smaller peaks flanking each of these large peaks correspond to
linear resonances of the second harmonic. As frequency increases,
dispersion has the effect of shifting the smaller peaks to the right
relative to the central peaks. Eventually, the small peak to the Teft
of the central peak overlaps the central peak. When this occurs, the
first and second harmonics are resonated simultaneously, and the
amplitude of the second harmonic can be a large fraction of the first.

As a result of this phenomenon, the peaks in Figure 3.1{(b) do not
diminish with ¢ as fast as the first harmonic peaks of Figure 2.i(a).

In Figure 3.1(c), the only peaks in ng occur at values of 2 for
which the first harmonic is resonated. In contrast with the second
harmonic, the zeroth harmonic has no additional peaks because it has
no linear rescnances of its own. Since o is generated by the square of

n s the peaks in Figure 3.1(c) diminish with 2 more rapidly than the

first harmonic peaks of Figure 3.1(a).
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Fig. 3.1a. Regular perturbation theory: Frequency response of large-scale harbor (h = 20 m.,
2a = 100 wm., L = 1000 m., A1 = ,03). First harmonic amplitude at the back wall.
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Fig. 3.1b. Regular perturbation theory: Frequency response of large-scale harbor (h = 20 m.,

2a =100 m., L = 1000 m., A] = .03). Second harmonic amplitude at the back wall.
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Fig. 3.1c. Regular perturbation theory: Frequency response of large-scale harbor (h = 20 m.,
2a = 100 m., L = 1000 m., A, = .03). Zeroth harmonic at the back wall.
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Fig. 3.2a. Regular perturbation theory: First resonant mode of large-scale harbor (h = 20 m,,
2a = 100m., L = 1000 m., Ay = .03, 2 =1.41}. Spatial variation of the harmonics.
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Fig. 3.2b. Regular perturbation theory: First resonant mode of large-scale harbor (h = 20 m.,
2a =100 m., L = 1000 m., A] = .03, 2 = 1.41). Surface profiles at times t = mn/4,
m=0,1,2...7.
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Regular perturbation theory:
2a =100 m., L = 1000 m., A]

x+d

Second resonant mode of large-scale harbor (h = 20 m.,
= .03, 2 = 4.36). Spatial variation of the harmonics.
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Fig. 3.3b. Regular perturbation theory: Second resonant mode of Targe-scale harbor (h = 20 m.,
2a = 100 m., L = 1000 m., A, = .03, ¢ = 4.36). Surface profiles at times t = mn/4,
m=0,1,2...7.
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Fig. 3.4a. Regular perturbation theory: Third resonant mode of Targe-scale harbor (h = 20 m.,

2a =100 m., L = 1000 m., A] = .03, ¢ = 7.36). Spatial variation of the harmonics.
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Fig. 3.4b.

Regular perturbation theory:
2a = 100 m., L = 1000 m., A]

m=20,1,2...7.

Third resonant mode of Targe-scale harbor (h = 20 m,,
.03, & 7.36). Surface profiles at times t = mn/4,



Figures 3.2(a), (b), 3.3(a), (b}, and 3.4(a), (b} show the
spatial dependence of the harbor response for the first three resonant
modes, occurring at & = 1.47, 4.36, and 7.36, respectively. The (a)
figures show the spatial variation of the harmonic amplitudes [n](x)],
|n2(x)|, and ny(x). (Recall that ny and n, are complex quantities
whereas i is real.} Observe that the amplitude of the second harmonic
increases with increasing distance from the back wall, in accordance
with (3.3.9), and that the zeroth harmonic is largest at the back wall
and zero at the entrance, in accordance with {3.3.11). In figures 3.3(a)
and 3.4(a), the zeroth harmonic is slightly less than zero, indicating
a mean set-down, at places where the first harmonic is smallest. This
slight set-down, however, is considerably smaller than the mean set-up
which exists over most of the harbor.

Figures 3.2{b), 3.3(b) and 3.4(b) show the total surface elevation,
n(x,t), at times t = mn/4, m = 0,1,2...7, for each of the first three
resonant modes. Note that, in each figure, maximum height of the wave
crest is greater than the maximum depth of the wave trough. Further,
in contrast with linearized theory, the free surface has no nodal points
and is at no time perfectly flat. These characteristics are also found

in the study of finite amplitude standing waves.

3.4 An E%ergy Theorem and Relation to the Korteweg-de Vries Equation

The reqular perturbation method of section 3.3 breaks down when
e/u2 and ex are 0(1) because resonant nonlinear interactions lead to

significant growth of higher harmonics. The remedy is to include higher
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harmonics at O(€) in the perturbation procedure. Some consequences of
physical interest can be deduced by using the technique of "multiple
scales." From section 3.3, the spatial growth rate of the second har-
monic is O(U'Z) or O(E-T), so we introduce a slow spatial variable

X = ex and assume
n (0 = enl 1) + 2B + (3.4.1)

where x and x are treated as separate independent variables. Then

d ] d

- = — + g

dx 3x 3%

d2 _ 32 a2 5 B2 (3.4.2)
5 = 2+2r. _+€—_—2—

dx X IXIX 9X

For the sake of clarity in identifying secular terms, we shall take

u2 to be O0(e) and rewrite (3.2.5) as

" 2 Z24 2 + ..
Ty T, T - %'“ non, ¥ ) %{nZ - S )nsnn—s ) E I 2 - z) Nsn-s
S 5
(3.4.3)
Substituting (3.4.71) and (3.4.2) into (3.4.3), we have at 0(¢)
32 20 (1), -
(——?-+ n )nn (x,x) =0 (3.4.4)
X
2
and at 0(¢")
2 2 d
) 2y (2) - 1u™ 4 (1) 3 (1)
(~~+ )" (x,x) = -z —n"n} " -2 S—n
;;? n 3¢ n 3xax
(my (1)
1,2 (1) (1) _1yn+s,30 ° 3y g
¥ g ?{n S )” in-s ?{n - s) X 3%
(3.4.5)
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The general solution to (3.4.4) is
n£1)(x,§) = c:(i)e“"x + c;(i)e'1”x (3.4.6)

where c:(i) and c;(i) are so far arbitrary. The boundary conditions on
nn(x) will be imposed at the end of the calculation.

Substituting (3.4.6) into (3.4.5), we have

2 . .
(24 2l n) = FR)eTT™ 4 (R)e ™

X
+ terms with eX1(N-2s)x (3.4.7)
where
de’

te=y _ s N _n 4 1,2 2 1 /n+s _ *
fn(x) = $2in = -gonc ¥ g [5 (n" - s7) + 5 (ﬁf??ﬂs(" s)]cscn_S

{3.4.8)

. + +inx - =inx .
In (3.4.7), the forcing terms fe and fLe are secular, that is,

they 1ead to solutions for ngz)(x,i) which are unbounded in x. To
eliminate these terms, we set fﬁ(i) =0, viz.

dc . 2

1y
€

3

t n3

=0 (3.4.9)

|

6 C

+ 1 Vit
‘h T 1 g (n + s)e n-s

>
w4+

d

Equation {3.4.9) governs the spatial variation of the coefficients

(1)

n
The boundary conditions (3.2.6) and (3.2.8) yield, at 0(¢);

ci(i), which first appeared at 0(e) in the expression for n''’/(x,Xx).

ML e (—eg)e™ ™) = 0

. +
in(c (-c¢)e 0

9 (3.4.10}
¢ (0) +c (0) = A + 2 Znlen(0) = cf(on)
n
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These two conditions, together with the two first-order differential
equations (3.4.9), completely determine c:(i) and c;(i).

The system of coupled, nonlinear differential equations (3.4.9) is
no easier to solve than the original system (3.2.5). However, without
actually solving (3.4.9), we can make several important observations.
First, note that the differential equation for c:(i) does not involve
c;(i) and vice versa. This means that, to 0(e), there is no resonant

in{x-t)

interaction between the right-going wave c:(i)e and the Teft-

-1n(x+t).

going wave c;(i)e Further, by multiplying (3.4.9) by Cfn and

summing from n = -» to n = +~, we obtain

ZZ(n+s)ci
ns

-—l

=0 (3.4.11)

U’ I+
3 H-
U‘l

d ir u
——_Zl -—~Z et
-2 d% n n be . n

Replacing the summation indices by p = -n and q = -s, we have

I eleql® = - To%lepi? = 0
n (3.4.12)
(n +s)c ¢ = - (p + q) =0
L1 e pesns E g P Vg g-p

so that (3.4.11) Teads to

ot

I ez |2
n

(3.4.13)
2E

1]

) e (x)]2
where £ and £ are constants, independent of x. From (3.4.10a), it
follows that Ic;(-en)l = |C;(-eﬂ)| for all n, and therefore E' = £~ = E.

(3.4.13) can be interpreted as a statement of energy conservation.

To O(sz), the time-averaged energy density at position x is given by

- 64 -



2n
(%) = 2‘—! ¥ (20at) + uEx,t))at
5 2
= %F l %-{(Z ng])(x)e Tnt)2 + (¥ uﬁ])(x)e 1nt)z}dt
n n
o ()2 (1), 2 3
=g L Ing P07+ fu ) |7+ 0(e”) (3.4.14)
n
From (3.4.6)
a0 = GrReT™ ¢ e ie ™
A1) _ .
uﬁ])(x) = %%— ;; = c:(i)e1nx - c;(i)e'Tnx (3.4.15)
so that
2
B3 = I [ (01% + [c(3)|2 = 2 (3.4.16)
n

where, from (3.4.13), E= £ = E is independent of x. Thus, the total
energy, which is a sum of the energies contained in all the harmonics, is
independent of x. This means that an increase in the energy content of
the higher harmonics must necessarily decrease the energy content of
the first harmonic by the same amount.

Next, we shall establish a connection between (3.4.9) and the
Korteweg-de Vries equation. Consider the total wave amplitude, at

leading order, -

-int
n,(x)e

o0

n(Xst) = ] E
n=-

|
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%E c:]'(;()e'in()("t) n £ ;:J C;(i)e-in(x+t)

‘2_..
= e F(X,x-t) + e F(X,x+t) (3.4.17)
where
Fi(Re) = § 1 ci@et!™ (3.4.18)

Using the fact that

g (n + s)csc g (n - S)CSCH-S + ¥ 2sc c

n-s : n-s
.3 § sc.c. o (3.4.19)
we find from {3.4.9)
8$4M££§+%ﬁ%;=0 (3.4.20)
3x af

(3.4.20), which is known as the Korteweg-de Vries (or KdV) equation,
describes the propagation of nonlinear, weakly dispersive, shallow
water waves progressing in one direction.

In the Timit of no dispersion, u2 + 0, (3.4.20) becomes
F v 3rd g (3.4.21)
which is a quasi-linear, first order partial differential equation
possessing the general solution
- 3¢z
F=glo - §—F X) (3.4.22)
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where g is an arbitrary differentiable function. (3.4.22) is an
implicit relation for F. The characteristic curves, along which F(x,8}

is constant, are given by
- 3 .z
¢ =gle - i-cx) (3.4.23)

where c is a constant. If the function g{6) possesses a maximum at a
finite value of 6, then the characteristics of (3.4.23) can be shown to
intersect. At the point of intersection, say (io,eo), F takes on two or
more different values. In physical terms, a shock is formed at (io,eo).
Therefore, in the 1imit of no dispersion, the KdV equation leads to

the formation of shocks.

When u2 is not zero, {3.4.20) is a third-order partial differential
equation, and its solutions are radically different from those of
(3.4.21); 1in fact, no shocks have been found in all the known solutions,
analytical or numerical. One special class of solutions, known as perm-

anent waves, is of the form
F(x,6) = G(6 - vX) (3.4.24)

where vy is a constant, and, from {3.4.20), G{e) satisfies the ordinary

differential equation

2

€ de

Q.ID.
[os] fop

3
d g + (3.4.25)

+
cﬂt
rof

o
Q.
=S

]

o

(3.4.25) can be solved exactly in terms of the Jacobi elliptic function
"cn"; hence the name "cnoidal waves." These waves typically have sharp

crests, shallow troughs, and phase velocities which depend on amplitude.
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From (3.4.20), the equation for F+ does not involve F and vice
versa. This means that the oppositely directed waves F* and F~ do not
interact resonantly to 0{e) in our perturbation analysis. Benney and
Luke (1964) have used this fact to suggest that nonlinear standing waves
can be constructed by superposing two cnoidal waves of equal amplitude
travelling in opposite directions. Such waves differ from Tinear stand-
ing waves in that they do not have fixed nodal points and the free sur-
face is at no time perfectly flat.

The soTution to (3.4.9), which satisfies the complicated impedance
boundary conditions at x = 0, in general will bear no simple resemblance
to cnoidal waves or nonlinear standing waves. In the next section, we
present a numerical procedure for obtaining the sojution for the wave

field in the harbor.

3.5 Numerical Solution by Iteration

The infinite set of differential equations (3.,2.5) is truncated at
the N-th harmonic, yielding the system
0+ ke o= TR + 7S nng
n nMn NN non
5 s
nﬁ(-ﬂ) =0
. - in, .
0n(0) = A - 7 q-(0)
n
n=1,2,3...N (3.5.1)

where
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& = n(1 + 5 )
Rns * %_(nZ - 52)
Sps = C %'(2 f :)
7=k o1 + %}(gn k & - an %gq] (5n) (3.5.2)

(3.5.1) is as a nonlinear, two-point, boundary value problem. Unlike
an initial value problem, which can be solved by direct numerical inte-
gration, the solution of (3.5.1) requires an iterative procedure.

At the (p + 1)-th iteration, we solve the linear boundary value

problem

nﬁp+l)" + kﬁngp+l) 7R APIlPH) s (p) o)

: nss n-s ns"'s n-s

n;(p+])(-£) =0

iny, .(p+)
n - (kZ)Znnn
n

2P (0) = A
n
n=1,2,3...N (3.5.3)

using finite difference methods. The rate of convergence of successive
solutions can be increased by using a relaxation technique, which

consists of replacing n£p+1)(x) by
AP0 = P00+ (1 - Pl (3.5.4)

With 2 = 1, convergence of successive iterates was found to be slow and

oscillatory; with A = .5, convergence was much faster and, in most cases,
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monotonic. The iterative procedure is terminated when successive solu-
tions for nn(x) differ by less than .001, that is, when

Ma x lﬁ£p+1)(x) - ngp)(x)| < .00
X

n=1,2,3...N (3.5.5)

If the maximum value of IBN(X)I exceeds .00T, truncation at the N-th
harmonic is deemed inadequate and the system of differential equations is
expanded to include the (N + 1) harmonic. The expanded system is then
soived by iteration. This procedure is continued until a "penultimate”
solution is found, for which

Max [npa(x){ < .001 (3.5.6)
X

where N* is the highest harmonic in the solution.
In the finite difference solution of (3.5.3), the domain -2 < x < 0
is represented by NPT equally spaced points located at positons

Xy = -t (J - 1)<H, J =1,2,3...NPT, where H is the interval size

H = &/(NPT - 1) (3.5.7)

When the solution requires many harmonics, the choice for H must be
made correspondingly small. For example, if we insist that one wave-
length of the highest harmonic shall be represented by at least ten

points, then the requirement on H is

™

Ky < 55 = .628 (3.5.8)

el

N*
Since the number of harmonics in the solution, N*, is not known a priori,
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it is necessary to make some initial choice for H, to solve the problem,
and then to check to see if (3.5.8) is satisfied. If it is not, the
probTem must be solved again with a smaller value for H.

The finite difference representation of (3.5.3) is a system of
(N-NPT) Tinear algebraic equations for the complex amplitudes n£p+])(xd),
n=1,2,3...N, J =1,2,3...NPT. In principle, the solution can be
found by direct Gaussian elimination or matrix inversion, in D(N-NPT)3
operations. A more efficient method is to first calculate N "basis

solutions" en(x,q) n=1,2,3...N, q = 1,2,3...N, which are solutions to

the initial value problem for en(x,q) defined by

i 2 —_— (p) .-(p) -
ep ke, = g Rushs  Cpog g Spss ©nes
e;('ﬂ,‘])=0
( ) 1 ifn-=q
e (-2,q)=1
n 0 ifn#gq
n=1,2,3...N
q=1,2,3...N (3.5.9)

The solution to {3.5.9) can be rapidly calculated by “"stepping” through
the difference mesh from X1 to XNpT* This requires 0(N2~NPT) operations
for each basis solution, using the differencing scheme of {3.5.13)
below. Altogether, 0(N3-NPT) operations are needed to calculate all
N basis solutions.

The complete solution to the boundary value problem {3.5.3) is a

linear superposition
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N
n£p+1)(x) =q§]aqen(x,q) (3.5.10)

The boundary condition (3.5.3c) leads to the system of N equations
N i
1, (ey(0,0) + B 7 (0,0) 110, = A,
g n
n=1,2,3...N (3.5.11)

which determines the N coefficients %> qg=1,2,3...N. The solution of
(3.5.11) by Gaussian elimination requires 0(N3) operations, which is in-
significant as compared with the O(NB-NPT) operations needed to calculate
en(x,q).

Thus, by this method, the total number of operations required to
solve the boundary value problem for n£p+])(x) is O(N3-NPT). On the
IBM 370 computer at the M.I.T. Information Processing Center, the compu-

tation time per iteration was found to be
Time (in u sec) = 8(NPT).N° (3.5.12)

This compares quite favorably with the O(N-NPT)3 operations that would
be required if direct Gaussian elimination were used.
The finite difference approximation to (3.5.9) and (3.5.11) was
chosen to be
2
e (x)) + 0 fe () + e (x, 111 -
aty) T2 e X n**J-1)

g Rnsngp)(xd)en-s(xd) ¥ E Snsﬁngp)(XJ)Aen-s(xJ)

- 72 -



1 n=gqg

e (X) = {
nl 0 n#q
ealx) = e (xy) + 3 (T Rt dey ()~ e (xy)1 (3.6.13)
and
N in
qZ] le, (xypy @) + ;?'Aen(XNPT’q)]'aq = A, (3.5.14)
n
where
nelx) = glelxy) - eliy )1 = g el +O(H)
Aze(x ) = j—-[e(x } - 2e(x,) + e(x, )]
J’ 7 H2 J+1 J J-1
 elx) (H?) ( )
= —5 e{x})].__ + 0(H 3.5.15
de X=X

This finite difference representation was chosen for stability, accuracy,

and computation efficiency. In (3.5.13a), the advantage of
1,2
2 kn
an unconditionally stable scheme for the initial value problem, in which

. . 2 . . ,
{en(xJ+1) + en(xd_])] in place of simply knen(xJ) is that it yields

the right hand side of (3.5.13a) is zero. The expression for en(xz) is

derived from the Taylor series

—-l

en(xz) = en(xl) + Hea(xI) + e“(x ) + 3 "(x } + O(H ) (3.5.16)

in which ea(x]) = 0 by the boundary condition {3.5.9b), and the values

of'eﬁ(x]) and e;'(x]) are found directly from the differential equation,
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(3.5.9a). The relatively high accuracy in en(xz) is desirable for
solving initial value problems with en(xl) and en(xz) as starting
values. The use of backward rather than central differences for a
increases the overall truncation error from O(Hz) to 0(H), but has the
advantage of increased efficiency in the computational algorithm. If
central differencing is used, a system of NxN 1inear equations for
en(xd), n=1,2...N must be solved at each point X3 of the finite
difference mesh. This would require an additional O(NS-NPT) operations
for each basis solution and O(N4-NPT) operations for the N basis solu-
tions needed to solve the boundary value problem.

A printout of the computer program, with complete documentation,

is found in Appendix A.
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CHAPTER IV
EXPERIMENTAL STUDY OF THE LONG, NARROW BAY

4.1 Equipment and Procedures

4.1.1 Wave Basin

The wave basin, schematically shown in Figure 4.1, measures
43 ft. Tong by 25 ft. wide by 1.5 ft. deep and is made of concrete.
Care was taken to make the basin floor horizontal. The interior of
the basin is Tined with two Tayers of plastic to prevent leakage and
to provide a smooth inner surface.

The wave generator consists of two aluminum plates, each 12.5 ft.
long by 1.5 ft. wide by .25 in. thick. The plates are connected to
each other by a thin plexiglas strip and are hinged at the bottom to
an eight inch wide plate which is bolted to the floor. Each plate is
connected to a separate flywheel by a bar whose point of attachment
can be adjusted to give different stroke lengths. A rotary drive
shaft connects the fiywheels to a 1.5 horsepower motor whose maximum
output torque is 515 in.-Tbs. and whose period is continuously varjable
from .6 to 3.0 sec. The motor and flywheel assembly are mounted on
the basin wall behind the wave generator. A row of closely spaced
concrete blocks is placed behind and parallel to the aluminum plates
in order to dampen waves generated behind the wave maker.

The open-sea condition is simulated by placing absorbers along
the three walls facing the wave generator. The wave absorbers consist
of a 4 in. Tayer of rubberized horsehair mounted on a plywood base
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having a 1:5 slope. In preliminary tests, the wave absorbers were
found to have a reflection coefficient of 20% for a wave period of 1.5
sec. and a water depth of 6 in.

Two metal rails, mounted on the side walls of the basin, support
a movable aluminum carriage. Measuring instruments can be placed on
the carriage and swept along the entire length of the basin.

To inhibit the growth of algae, a dilute solution of CuSO4 was
added once every two weeks. The basin was completely emptied every
two months; the liner was washed clean; and deposits of aluminum

hydroxide were scraped from the wave generator.

4.1.2 Wave Gauges

Resistance wave gauges were used in conjunction with a Model 296
Sanborn recorder. A typical wave gauge consists of two parallel
stainless steel wires, measuring 5/64" in diameter and 8" Tong, Separa-
ted by approximately .5". A bridge circuit is used to measure the
resistance between the parallel wires, which is proportional to their
depth of immersion in the water, with an error of roughly 3%. The
stylus of the Sanborn recorder deflects by an amount proportional to
the probe resistance and produces a permanent record on heat-sensitive

paper. Typical calibration curves are shown in Fig. 4.2.

4.1.3 On-Line Digital Computer

In order to analyze nonlinear wave profiles, the voltage output
terminal of the Sanborn recorder is cornected by a long coaxial cable
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to a Hewlett Packard 3450A Multi-Function Meter, which has a maximum
sampling rate of 14 counts per sec. The output values of the digital
voltmeter are read directly into the central processing unit of the
computer, where they are used as input to a BASIC language program,

The computer program is remotely controlled by means of a switch
inserted in the coaxial cable joining the recorder to the computer.
In one position the switch allows the voltage of the recorder, which is
always less than three volts, to pass directly to the computer. In
the other position, the voltage across the terminals of a six volt
battery is fed into the computer. In each program for data reduction
and analysis, a special subroutine directs the execution of the program

in accordance with the position of this switch. (See Appendix B.)

4.1.4 Model Harbor

The model harbor consists of two L~shaped sections placed adjacent
to each other to form a narrow channel, as shown in Fig. 4.1. Two by
four in. beams join the Tegs of each L for structural rigidity. The
model is made of 3/4 in. marine plywood and is coated with epoxy based
paint, to increase its durability in water. Fach leg of the L's is
efght ft. Tong and consists of a one ft. high wall attached to a six
in. wide foundation. Concrete blocks are placed on the foundations to
ensure that the model does not move under the action of incident waves.
To reduce flow separation, the right angle corner of each L was sanded
to a radius of curvature of roughly .5 in. After the harbor was

placed in position, strips of sponge rubber were used to seal any gaps
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between the basin floor and the harbor walls.

The back wall of the harbor consisis of a four in. wide by one ft.
high by 3/8 in. thick plexiglas strip which is mounted on a wooden
foundation. The back wall is inserted between the two L's at any
desired position and clamped into place.

In the harbor resonance experiments, the wave amplitude in the
harbor was Fourier analyzed at intervals of two inches along the center-
line of the harbor channel. While the flow field in the vicinity of
the harbor entrance was observed to be two-dimensional, no lateral vari-
ation in the wave amplitude was observed beyond a distance of roughly

four inches into the harbor.

4.2 Multiple Reflections from Wavemaker

In the laboratory, the infinite ocean is modelled by a large but
finite wave basin. We must therefore consider to what extent reflec-
tions from the walls of the basin will perturb the steady-state wave
field in the "ocean.”" Raichien and Ippen (1965) have found that the
effect of wall reflections is quite pronounced when all sides of the
basin are perfectly reflective. In our experimental set-up, wave
absorbers suppress reflections from three sides of the wave basin.
However, the aluminum wavemaker on the fourthi side is an almost per-
fectly reflective surface.

To estimate the effect of multiple reflections from the wavemaker,
consider the geometry of Fig. 4.3. We shall treat the ocean as linear

and confine our attention to waves of a single frequency, w. The wave
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field in the ocean satisfies the Helmholtz equation
(v + K¥)n(x.y) = 0 (4.2.1)
where

n{x,y,t) = Re(n(x,y)e'it)
(4.2.2)

K =1 + Huh/g)
For simplicity, the harbor entrance will be replaced by a point source

located at (0,0), so that
§§-= 2iQ58(y) at x = 0 (4.2.3)

where Q is proportional to the source strength. Denoting the depth-

averaged, horizontal velocity of the wavemaker by Um’ we have

ir_l.z'z =
o ik U, at x b (4.2.4)

where P = (m/fﬁﬁ)-Lm. When the harbor is shut {Q = 0), the solution

to (4.2.1} subject to (4.2.3), {4.2.4) is simply the standing wave

—‘ikUm
s—_l'r—l—ki—) cos kx (4.2.5)
m

ﬂs(xsy) = (
Note that ns is theoretically infinite whenever kzm = (1integer).n; in
practice, nonlinearity and viscous dissipation will Timit "> to a
finite value.

When Q is nonzero, we must add to ns(x,y) the field due to the

radiating point source at (0,0). If there were no wall at x = s the

radiated wave would be
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nR(x,y) = QH(()”(kr') (4.2.6)

just as it is Tn the infinite ocean. In order to satisfy the boundary

condition

R

an_ . =
X 0 at x . (4.2.7)

we place an "image" source of strength Q at position (2£m,0). But now,
to satisfy the zero flux condition at x = 0, we must place another
image source of strength Q at position (-2£m,0). Proceeding in this
way, we obtain an infinite string of image sources, all of strength Q,
located on the x-axis at x = 12£m, i4£m, iﬁzm,..., as shown in Fig. 4.3.
The total wave field due to all these image sources is

i(x,y) = Q } Hm(k]? - 2nsamf<|) + Hm(kl? + 2ng §<|) (4.2.8)

ns] © 0 m

Along the x-axis

fi(x,0) = E(~x) + E(+x) (4.2.9)
where

ex) = q 7 b (2nke + kx) (4.2.10)

n=1 © m
To approximate E(x), we follow Morse and Feshbach (1953) and assume
kzm >> 1, so that, in the domain 0 < x < a1l Hankel functions may
be represented by their asymptotic forms. Then
- 21nk£m

E(x) = /2L geltx 3§ &~ (4.2.11)
i n=1 Jz—nkgm ¥ kx
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Except in the case ke = (integer).m, for which the sum in (4.2.17)

diverges, we may approximate E(x) by

i ) <0 1(2k£m)v
E(x) = /2L geikX { g, & (4.2.12)
7 /2_kzm_v + kx

The integral in (4.2.12) can be evaluated explicitly in terms of Fresnel
integrals; but, for the purpose of estimation, we simply integrate

once by parts to obtain
2iks

s m
E(x) = /& ™™ (1) 2 3+ (kg )™/ (4.2.13)
i m ﬂﬂﬁ%:i_Ff
From (4.2.9), the net result of all multiple reflections is
i(ZkRm + kx} 1(2k2m - kx)
i{x,0) = ]__ kg & + £ } o+ O(kav,m)"s/2
2it m 72k + kx veks - kx
(4.2.14)

The interesting feature of (4.2.14) is that, whereas the effect of a
single reflected wave is O(kzm)']/z, the combined effect of all refiec-
tions is only of O(kzm)'slz.

Our conclusion therefore is that, so long as

kzm >> 1
(4.2.15)

kzm # (integer).w

successive reflections from the wavemaker add destructively to produce
a net effect whose magnitude is only O(kzm)'B/Z. When (4.2.15) is

satisfied, the total wave field in the laboratory "ocean" is
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-1kU (1) -3/2

n{x,y) = (s1n kz ————)cos kx + QH,, (kr) + O(kz ) (4.2.16)
and the effect of multiple reflections is small.

When either of the conditions in (4.2.15) is violated, the effect
of multiple reflections can be quite significant. When this occurs,
the harbor basin and ocean basin are said to be strongly coupled.
Condition (4.2.15) states that strong coupling will occur unless (a)
the ocean basin is very much larger than a wavelength and (b) the
frequency of oscillation is not close to a resonant frequency of the
ocean basin.

Figs. 4.4 (a),(b),(c)show experimental measurements of the wave

field in the model ocean, along the centerline x = 0. The experimental

values
Lm = 312"
o = 2n/(1.585 sec) = 4.067 sec”|
h = .5

yield

kzm = 32.96 = 10.49%

so that (4.2.15) is satisfied. The graph at the top shows the standing
wave amplitude ns(x,o) in the ocean, when the harbor entrance is
closed; the solid curve is {4.2.5). The middle graph shows the total

wave field when the harbor entrance is open, and the first resonant
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harbor mode (having L = 1.211 ft.) is excited; the solid curve is
{4.2.16). The bottom graph shows the component of the total wave field
which is the radiated wave, nR(x,o) = QH§1)(kx). Since the agreement
is fairly good, it confirms experimentally that (i) the ocean can be
treated linearly and (ii) reflection from the wavemaker is not signi-

ficant.

4.3 Real Fluid Effects

In the following two sections, all variables and coordinates are

dimensional.

4.3.1 Viscous Dissipation in Wall Boundary Layers

In a laboratory setting, the damping of surface waves in a sTightly
viscous fluid is a well-known problem. For infinitesimal waves of
frequency w, propagating in a fluid of viscousity v, the fluid motion
is essentially irrotational except near boundaries, where viscous

boundary layers of thickness

8. = vV2v/w (4.3.1.1)

v

are formed. Viscous energy dissipation occurs in (a) the boundary
layers near solid walls, {b) the boundary layer near the free surface,
and (c) the main body of the fluid. Ursell (1952) has shown that the
solid wall boundary layers account for most of the dissipated energy.
For oscillatory boundary layers, the transition from laminar to

turbulent flow on a smooth flat surface occurs at the critical
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Reynolds number (see Phillips (1966), p. 43)
Us

R = —%
c v

= 160 (4.3.1.2)

where U is the particle velocity. In shallow water,
= _A
U= E»/EE' (4.3.1.3)
where A is the wave amplitude, and
- (A 2
R, = (h) /gh /vm (4.3.1.4)

In the experiments, h = .5 ft., gh = 16 ftZ/sect, w = 4.067 sec”',

5

v =10 ftzlsec, and

R = (%0-887 (4.3.1.5)
so that the transition to turbulence occurs when

(%&C = .18 (4.3.1.6)

In all but one of the harbor resonance experiments, the value of A/h was
below this critical value; therefore, laminar flows prevailed.

Batchelor (1976, pp. 353-358) derives the following expression for
the time-averaged power 1oss per unit area in an oscillatory laminar

boundary layer:

v 1 p‘,IUTIZ (4.3.1.7)

where Re(UTe'1wt) is the local tangential velocity at the boundary

according to inviscid theory and ¢ is the fluid density.
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To estimate the viscous losses in the far field of the long, narrow

bay, we shall use the linear expressions for the wave field,

n{x,y,t) = Re(T cos k(x + L)e'i“t)
' (4.3.1.8)
u{x,y,t) = Re(i EEI sin k{x + L)e'1wt)x + 0(u2)

where 0(u2) terms include the vertical component of velocity and the
depth-dependent terms of the horizontal velocity. The expression for T
in terms of the incident wave amplitude is found in Equation (1.3.6).
From (4.3.1.7), the power Toss per unit area on all surfaces parallel
to the x-axis is

dP
7ﬂ¥'= ﬁ%r-pv |QEI¢2 Sin2 k(x + L) (4.3.1.9)

Integrating over the side walls and bottom of the channel, we obtain

for the total power loss

o
il

(2a + 2h) J ( )dx
L

t

o ov 1512005 + 2n) L (kL - L sin 26)
ZGV w 2k 2

[

26 ov 1 L2 + p)L (4.3.1.10)

Let us compare PV with the energy Toss due to radiation damping at
the harbor entrance. The time-averaged radiated power is given by
2n/w
R = (Za-h)-fi- J dt pgn(o,t)ufo,t)
0

-
I

1

%—(ah)pg(%FJIle sin 2kL
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= Tah)og(2) 17| 2 (4.3.1.11)

and, from {4.3.1.10},

g + h

L
a h

= (k
PV/PR - GV (w)

§

+ h
(a2a )(kL)(—hi) (4.3.1.11)

In the harbor resonance experiments, a = 2 in., h = 6 in., « = 4,067

5

sec-l, v =107 ft2/sec and

s =/ 2222 x 1075,

\' w

KL = (n + %)'n n=0,1,2 (4.3.1.12)
so that

P /P = (n+3).(2.79 x 1079) (4.3.1.13)

MPa - (2. 3.1,

Thus, the effect of laminar viscous damping is relatively unimportant
for the first few modes. It should be noted, however, that a small
amount of surface roughness can lead to the formation of turbulent
boundary layers, for which v is effectively much larger than its
laminar value. For this reason, care was taken to make the walls of
the harbor as smooth as possible.

In a large scale harbor, surface roughness and the Reynolds
number in (4.3.1.4) are much greater than in the laboratory, and so,
the boundary layers can be turbulent. From the experiments of Jonsson

and Carlsen (1976), the effective viscosity Vo is typically of 0(100v).
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Taking the following typical values for a Targe scale harbor

h=20m
2a = 100 m

L=1Kknm

vg = 100y = 1074 mé/sec

kL(1/4 wave mode) = 1.41

w(1/4 wave mode) = .02 sec']

we obtain

Gv =.1m

PV/PR = (.7)(1.41)(.005) = .005

so that the power loss in the turbulent boundary Tayers is again

negligible.

4.3.2 Separation Loss at the Entrance

Except at very low velocities, flow separation occurs at the sharp
corners of the harbor entrance, and energy is expended in the production
of eddies. The mechanism of flow separation is related to the adverse
pressure gradient caused by the sharp curvature of the houndary. If
the flow in the entrance is assumed to be quasi-static, then the
pressure drop due to flow separation can be described by the hydraulic

formula for steady flow

n(07,1) - (0%,1) = -z-%lu(o,t)lu(o,t) (4.3.2.1)
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where 0° is on the harbor side of the entrance and of is on the ocean
side. The constant f is an empirical friction factor whose value
depends on the Reynolds number and the geometry of the entrance. For
an asymmetrical entrance, f may take on different values depending on
whether u(0,t) is positive or negative. |

An expression similar to (4.3.2.1) was used by Ingard and Ising
(1967) and Ingard (1970) in studying nonlinear sound transmission
through an orifice, with application to the absorption of sound at
high pressure levels. Experimental measurements of both the energy
loss and the distortion of the frequency spectrum of the transmitted
sound were found to agree with the hydraulic, steady-flow formula. In
particular, for a monochromatic wave incident on a symmetrical orifice,
only odd harmonics are generated by the nonlinear term fulul]; whereas,
for an asymmetrical orifice, both even and odd harmonics are generated.
A reduction in the mass reactance, or inertia, of the orifice was
also observed by Ingard and Ising (1967), but this is not accounted for
in (4.3.2.1). The magnitude of the mass reactance depends on the
details of the velocity field, which is difficult to calculate when
the flow is separated. Since the inertia of the orifice is associated
primarily with the irrotational part of the flow, it is expected to be
smaller when flow separation occurs. At high sound pressure levels,
the mass reactance is observed to be one half its unseparated value,
which suggests that, at any given time, the flow field on one side of
the orifice is fully separated.

In water wave problems, separation loss has been studied in

connection with the construction of perforated breakwaters; see
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Jarlan (1965); Terrett, Osorio, and Lean (1968): and Mei, Liu, and
Ippen {1974). The separation loss at a narrow harbor entrance has
been studied numerically by Ito {1970) and analytically by Unluata and
Mei {1975). The latter show that the higher harmonics generated by the
nonlinear term %%JU(O,t)]u(O,t) in (4.3.2.1) are not large under usual
circumstances; rather, the primary effect of separation is to reduce
the amplitude of the fundamental harmonic. We shall therefore present
a simplified treatment of flow separation based on a monochromatic
entrance velocity, u(0,t).

To allow for an asymmetrical harbor entrance, we shall approximate

f by

f when u(0,t) > 0
f={ (4.3.2.2.)

f2 when u(0,t) < 0

This is a mathematical simplification since f is more likely to be a

continuous function of time. We then have

f _F f 2
ia—u[ul = §§-u|u[ g U (4.3.2.3)
where
F=d(f, +¢)
-2 2
(4.3.2.4)
z_1

Next, we Fourier analyze each term of (4.3.2.3):

T S -
uluf = 55 ¥, e

&+l
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f 2_1 T% _-int
g U = fe (4.3.2.5)

o 8§ r~18

29 _
If we assume that u{0,t) has the simple form
u =™ w uxe™) = [u] cos(t-9) (4.3.2.6)

where ¢ is the phase of U, viz. U = |U|e1¢, then the Fourier coefficients

in {4.3.2.5) are found to be

= 1 o _ int
fy = o0 é fulule " dt

_ 4 sin{nw/2) =2 ,ing

7w n{4-n FlUl® e
. 2r (4.3.2.7)
F =L [ Fu?e'Mat
n 2w 0

52 ine 172 forn=0
= flU]" e 1/6 forn=+2
0 for all other n

Observe that ?ﬁ is zero for even values of n; thus, we retrieve the known
result that, for a symmetric entrance (?;0), only odd harmonics are
generated by separation. For an asymmetrical entrance, the second and
zeroth harmonics are also generated; higher even harmonics would also be
generated if u(0,t) were more complicated than in (4.3.2.6).

For steady flow through the entrance of Fig. 1.1, the values of
f1 and f2 are found to be 1.0 and .4, respectively, according to Daily
and Harleman (1966), pp. 314-319. For oscillatory flows, the separation
zone on either side of x = 0 has only a half wave period during which

to develop. It may therefore be expected that the effective friction

factors are smaller for oscillatory flow. Moreover, in the experimental
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harbor model, the sharp corners at x = Q are slightly rounded, which
further reduces flow separation. Thus, the average friction factor

f = %(fl + f2) in the experiments is expected to be smaller than .7.

We shall see in section 5.1 that the value of T in the experiments is
roughly half this value. Taking f1 = .5 and f2 = .2 in the experiments,
we have T = .35, f = .15 and

= .4 =2
=5 Tlul%™ = 15[y
= o4 =231 3
Fy = 75— TIU[%"® = 03 U%/ |y
(4.3.2.8)
S 132 2
f =5 FIUI® = .075]u|
2 1 32,2 2
f, =7 FIU[%'® = 0375 U

Since U is 0O(e), the above coefficients are all O(ez). Note that the
main effect of separation is to alter the first harmonic, through the
coefficient ?}. The term %o will tead to a slight increase in the

mean set-up, no(x).

Taking the first harmonic component of (5.3.2.1) and using the

impedance condition, n](0+) = A] + Z]U, on the ocean side, we obtain

(4.3.2.9)}
= A] + (Z] + ce)U
where
c. = 2 Flul/g (4.3.2.10)
e~ 3n e
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The constant Co is an effective damping constant due to separation.

Eq. (4.3.2.9) is an effective harbor boundary condition which includes
(i) the forcing of the incident wave, Ai; (ii) the inertia of the har-
bor entrance, Im(Z1); (ii1) the damping due to the radiated wave,
Re(ZI); and (iv) the damping due to separation loss at the entrance, Co-

Using (4.3.1.8) for the wave field in the harbor, we have

n1(07) = T cos kL (4.3.2.11)
U= i %§ T sin kL (4.3.2.12)

and, from {4.3.2.9),

-
1]

Alcos kL - 19K (z. + ¢ ) sin k7!
w 1 e

Al(cos kL + & tn(z;) sin k) - 1% (Re(z;) + £ K 7)) sin kg
(4.3.2.13)

Resonance occurs, as before, when cos kL + %%—Im(21) sin kL = 0. At

resonance,
T = (A1 (Re(z) + 2 KF[T)) Jsin )]
= T I+ uITI/ITO|]'1 (at resonance)  {4.3.2.14)
where
! K : -1
T, 1 = IAI(%;-Re(Zl)]s1n kL)
= |T| when f = 0 (no separation)
-4 k=
o =5 SFIT_|/Re(2,) (4.3.2.15)
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Physically, « measures the amount of energy loss due to separation as
compared with that due to radiation damping. When o >> 1, separation
losses dominate radiation losses.

Solving (4.3.2.14) for |T]/]T0|, we find

1
T/ Tl =57 /T + 4
= a V2 uhen o >> 1/4 (4.3.2.16)

A plot of ]T|/|To[ vs. o is shown in Fig. 4.5. Suppose we allow Re(Z)
to approach zero while maintaining ¥ and A constant (and nonzero). This
corresponds to the well-known harbor paradox, in which Re(Z]) is made
smaller by decreasing the width of the harbor entrance and |T0| is
observed to increase without Timit. From (4.3.2.16), we see that

[T1/1T,| + 0 and that, specifically,

7] = |Tyla7'/2

R

7, |

(= £7)7V2 Re(2) |7, )/

37 w

kp-l/2 1Al y1/2 (4.3.2.17)

- (L
31 w %?]sin KL |

Instead of increasing without 1imit, |T| approaches a finite value

1/2

proportional to (]Al/?) Thus, the presence of separation losses

effectively removes the harbor paradox.
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CHAPTER V
EXPERIMENTAL AND THEORETICAL RESULTS

5.1 Comparison of Theory with Experiment

The experimental set-up is shown in Fig. 4.1, where the coordinates
are defined.

Five length scales are involved in the study of the long, narrow
bay: harbor width, 2a; mean water depth, h; harbor length, L; wave-
length of the first harmonic of the incident wave, approximately
Ygh+2n/w; and incident wave ampTitude,-%lAllh. In the experiments,

these had the values

2a = 1/3 ft.
h =1/2 ft.
L =1.211, 4.173, and 7.136 ft.

Ygh-(2n/w) = (4.0125 ft/sec) (1.545 sec) = 6,200 ft.
|Aj]-h = .0075, .0135, and .020 ft.

Three harbor Tengths and three incident wave amplitudes were tested.

The corresponding dimensioniess parameters are

5 = a-(u/Ygh) = .160
b = L-(uw/Ygh) = 1.227, 4.230, and 7.233
W= wlnjg = 257

.015, .027, and .040

N

The values of 1z were chosen so as to produce the first three linearly
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resonant harbor modes. Each resonant mode was studied for three
different values of |A1|; so, altogether, nine resonant harbor
oscillations were examined.

The incident waves produced by the wave generator are not per-
fectly monochromatic. With the harbor entrance closed, the standing
wave amplitude in the ocean was measured at x =y = 0 and was found to
have the harmonic composition given in Table 5.1. The phases, ¢,s are

¢
defined by A = |An|e R and are given in radians.

Table 5.1
]A]l .015 .027 .040
[A2! .01 .003 Q12
|A3| .000 {2} .00 .003
by - 2¢1 6.210 5.646 5.506
93 - 3¢] .671 1.795 5.314

These are used as inputs in the numerical calculations.
Table 5.2 compares the wavenumbers kn calculated by the approximate

Boussinesqg dispersion relation

(k2 = 0B+ T nh®) + o(ma)®

where u2 = mzh/g = .257, with those calculated by the exact dispersion

relation

n2,.% = (kh) tanh (k h)
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which is valid for arbitrary depth, e.g. arbitrary (nu).

Table 5.2
n Exact k (£t21) Boussinesq k. (ftf1)
1 1.060 1.056
2 2.448 2.350
3 4.710 4,048
4 . 8.228 6.244
5 12.850 8.986

Note that the error in the Boussinesq values for kn is quite large for

the higher harmonics.

The theoretical assumption that the far field of the harbor is one-
dimensional is only valid when transverse modes of oscillation, or
"cross modes,” are not present. The minimum wavenumber, kc’ for which

cross modes are possibie, is given by
(ko)+(2a) = v

so that, with 2a = 1/3 ft.,

..]
- 0 q
k T e 2 jt-

From Tablie 5.2, we see that cross modes can exist for the fifth harmonic
or higher. In the experiments, the amplitudes of these harmonics were
negligible, and the far field of the harbor was observed to be approx-

imately one-dimensional.
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The wave amplitude in the harbor was Fourier analyzed at intervals
of two inches aleng the centerline of the harbor channel. The zercth
harmonic, or mean set-up, was removed by the Fourier analysis. The vari-
ation of the first three harmonic amplitudes with distance from the back
wall of the harbor is shown, for each of the nine experimenal cases,
in Figs. 5.1(a) through 5.1(i). The horizontal dotted Tline indicates
the maximum amptitude of the first harmonic predicted by linearized
theory. The solid lines are theoretical curves based on the inviscid
nonlinear theory of Chapter 3. These solutions were computed by the
numerical procedure of Section 3.5, with the incident wave composition
given in Table 5.1 and the Boussinesg values of kn given in Table 5.2.
Convergence of the iteration scheme was achieved in all cases with five
harmonics or less.

For the shortest harbor (L = 1.211 ft.) the higher harmonics are
small, owing to the short distance over which nonlinear interactions
take place, and the inviscid nonlinear theory agrees closely with
linearized theory. The reduction of the first harmonic amplitude is
due primarily to separation loss at the entrance, rather than to
nonlinearity, and will be discussed later.

In the two Tonger harbors (L = 4.173 ft. and 7.136 ft.), there is
considerable harmonic generation; in some instances, the second harmonic
is as large as fifty percent of the first. In such cases, the second
harmonic siphons an appreciable amount of energy from the first harmonic,
and therefore, the maximum amplitude of the first harmonic is observed
to be significantly Tess than that predicted by linearized theory. For

- the longest harbor (L = 7.136 ft.}, the agreement between experiment and
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and inviscid theory is fairly good. In particular, the significant
reduction of the first harmonic and the presence of higher harmonics

are well accounted for by the nonlinear theory. However, for the second
harbor (L = 4.173 ft.), we note the qualitative feature that the ob-
served second harmonic is higher than calculated, and that the observed
reduction of the first harmonic is Targer than that calculated. These
discrepancies cannot be attributed to harmonic generation by flow separa-
tion at the entrance, as this was shown to be quite small, in Section
4.3.2.

We believe that part of the discrepancy between theoretical and
experimental values of the higher harmonics is most 1ikely due to errors
in the Boussinesq values for kn’ cf. Table 5.2, Errors in the values
of kn lead to corresponding errors in the positions of nodes and anti-
nodes of the harmonic amplitudes. These errors increase with increasing
distance from the back wall of the harbor. Furthermore, because the
harbor response is large at resonant values of knL, a small error in
kn can significantly alter the absolute magnitude of the n-th harmonic.
We suspect that this happens for the second harbor (L = 4,173 ft.). In
this case, the Boussinesq value of k2L is 9.807 which does not 1ie close
to a resonant mode; whereas the exact value of k2L is 10.216, which
coincides with the fourth resonant mode, having kL = %ﬂ + Im(Z).

Because of this, the second harmonic predicted by Boussinesq thesry is
expected to be smailer than that observed in the laboratory. The
energy conservation theorem of Section 3.4 implies that the first har-
monic must also be affected.

Figures 5.2(a), {b), and (c) show the results of a numerical
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calculation in which the exact values of kn are used instead of the
Boussinesq values, for the second harbor. Note that the second har-
monic is now larger and the first harmonic smaller than that obtained
previously (cf. Figs. 5.1(d),(e},(f)). This improves the agreement
between theory and experiment, though the quantitative agreement is still
not as good as for the long harbor (L = 7.136 ft.) case. Of course,

this ad hec correction of the values of kn must await rigorous justifica-
tion by a nonlinear theory which is valid for arbitrary depth.

We have used the shortest harbor to determine the average friction
factor, f = %-(,f1 + f,), which appears in the entrance loss theory of
Section 4.3.2. The value f = .35, which is half the upper 1imit expect-
ed on the basis of steady flow values for f] and fz, was found to give
good agreement with the experimental data on the shortest harbor. In
Figs. 5.3(a) through 5.3(i), the experimental data for all nine harbor
resonances is compared with theoretical rurves computed using the
entrance Toss theory of Section 4.3.2, with f = .35. Since harmonic
generation by separation has been shown to be small, only the main
effect of separation, e.g. reduction of the first harmonic, has been
included in the numerical computation.

The inclusion of entrance loss does not significantly improve the
agreement between experiment and theory for the second and third harbor
lengths. In particular, the quantitative agreement is still better
for the longest harbor than for the medium (ength harbor. By using
f = .35 and an ad hoc application of the exact dispersion relation, as
explained previously, we obtain the theoretical curves shown in Figs.
5.4(a),(b),(c) for the medium length harbor.
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5.2 Some Theoretical Predictions for a Large Scale Harbor

Having obtained some experimental confirmation of the nonlinear
theory, we shall investigate theoretically the response of a harbor
having the practical dimensions 2a = 100 my, h = 20 m, and L = 1000 m.

The first three lineary resonant modes occur for % = wl/vgh = 1.41, 4,36,
and 7.36 corresponding to wave periods of 5.305, 1.716, and 1.016
minutes, respectively. Table 5.3 summarizes the linear results per-

taining to these harbor modes.

Table 5.3
2 W2 & Amplification (ny(-2)/A)
1.41 7.95 x 107 .0705 14.35
4.3  7.60 x 1075 .218 4.83
7.36  2.17 x 1072 368 2.99

Note that each value of u2 is much smaller than the corresponding value
of &3 this is typical for large scale harbors. In practice then, the
assumption 6 << 1 is 1ikely to be more restrictive than the assumption
uz << 1,

Consider the response of the harbor to monochromatic incident

waves, with normalized amplitude A] = .03, A2 = A3 = A = 0,

4
Linearized theory predicts that, for the first resonant mode (¢ = 1.41),
the normalized wave amplitude at the back wall of the harbor will be

n](-m) = .430. This corresponds to a peak-to-trough wave height of .86

times the depth, which is greater than the value at which waves break in
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shallow water.

The predictions of inviscid nonlinear theory are shown in Figs.
5.5(a) through 5.5(d), for the case A] = .03. Fig. 5.5(a} shows the
number of harmonics required in the numerical solution, N*, versus the
normalized incident wave frequency, % = wlL/Ygh. As expected, the
greatest number of harmonics are required at values of 2 corresponding
to resonant harbor modes, for which the wave amplitude in the harbor
is large.

Fig. 5.5(b) shows the variation of the first harmonic amplitude
at the back wall, (n1(—£)), with incident wave frequency, w. The solid
Tine is the prediction of linearized theory (and regular perturbation
theory, also); the points are nonlinear results. According to nonlinear
theory, the first resonant mode occurs at 2 = 1.37 and has a peak height
of .382; as compared with £ = 1.41 and a peak height of .430 in linear-
ized theory. For the second and third resonant modes, the resonant
amplification is smaller, and the discrepancy between nonlinear and
Tinear theory is therefore smaller.

Fig. 5.5(c) shows second harmonic generation due to nonlinearity.
The solid 1ine is calculated from the regular perturbation theory of
section 3.3; the points are nuwmerically-generated results. From
Table 5.3, we see that, in the range of 2 covering the first three
resonant modes, & << l/uz. Therefore, we expect that regular
perturbation will adequately describe second harmonic generation so long
as the wave amplitudes are not too large. Comparing 5.5(c) and 5.5(a),
we see that the major discrepancies between regular perturbation and

numerical theory occur where the numerical solution required many more
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than two harmonics. The various peaks in second harmonic generation
have been discussed in Section 3.3; here we simply recall that the
three central peaks correspond to linear resonance of the first har-
monic, whereas the two small peaks flanking each central peak correspond
to linear resonance of the second harmonic. The effect of dispersion
increases with increasing = and tends to shift the small peaks to the
right relative to the central peak. At 2 = 7.36, one of the small
peaks has almost overlapped its adjacent central peak; this corresponds
to a situation in which both the first and second harmonics are reson-
ated simultaneously. As a result of this phenomenon, the peaks in
Fig. 5.5(c) do not diminish with & as fast as the first harmonic peaks
of Fig. 5.5(b).

The variation of ln3(-£)l with & is shown in Fig. 5.5(d). Note
that the largest peak in |n3(-£)l occurs at g = 1.41, corresponding to
the first resonant harbor mode, and has a magnitude of .023, which is
comparable to the magnitude of nz(-i). This is contrary to the usual
situation in which the higher harmonics are progressively smaller. The
reason for this can be seen from Table 5.3. Since the second resonant
harbor mode (2 = 4.36) occurs at a frequency very nearly tiree times that
of the first resonant harbor mode (2 = 1.41), we see that, when & = 1.41,
both the first and third harmonics are resonated simultaneously. This
is quite generally true for the long, narrow bay, because its resonant
modes appear at roughly odd multiples of n/2. This resonance mechanism
for the third harmonic is similar to the one occurring at ¢ = 7.36 for
the second harmonic, though the underlying reasons are different for the
two cases.
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Fig. 5.5(e) shows the mean set-up at the back wall, no(-z), VS, L.
The solid Tine is the prediction of regular perturbation theory, cf.
Fig. 3.1(c); the roints are calculated from the numerical solutions
using (3.2.17). Note that the peaks occur at values of & for which the
first harmonic is 1inearly resonated. Since "o depends primarily on
the square of nys the peaks of Mo diminish in height more rapidly than
thoseof ™

The numerically-predicted spatial dependence of the harbor response
is shown in Figs. 5.6(a)-(c}, 5.7(a)-(c), and 5.8(a)-(c) for each of
the first three resonant modes. These figures may be compared with the
predictions of regular perturbation theory, shown in Figs. 3.2, 3.3, and
3.4 Note that the higher harmonics are progressively smaller; this
is the a posteriori justification for truncating the numerical solution
at a finite number of harmonics. The differences between the numerical
solutions and regular perturbation theory are mainly due to the fact
that the latter overestimates the first harmonic amplitude.

For incident waves with amplitudes greater than A] = .03, the
numerical scheme frequerlly requires more than ten harmonics to achieve
convergence. This is not entirely satisfactory because the value of &
associated with the tenth harmonic, at say & = 4.36, is 2.18. This
exceeds the value § = #/2 = 1.5708 at which cross modes first appear in
the bay. Thus, at larger amplitudes, the assumption of one-dimension-
ality in the far field of the harbor is no longer tenable. Further-
more, the peak-to-trough wave heights predicted by the nonlinear theory
exceed half the depth. At such large amplitudes, the waves are no longer
correctly described by the Boussinesq equations.
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Thus far, we have not accounted for entrance loss due to separation,
whose primary effect is to reduce the resonant amplitude of the first
harmonic. The magnitude of this reduction depends upon the average
friction factor ¥, which in turn depends strongly upon the particular
shape of the harbor entrance. As argued in Section 4.3.2, we expect
T to be less than .7 for the Tong narrow bay. To estimate the influence
of separation, we shall use the conservative value f = .35, which
coincides with the value chosen for the laboratory experiments.

Of practical interest is the relative importance of nonlinearity
and separation in reducing the resonant amplitudes of the first harmonic.
Fig. 5.9 shows the variation of |n1(-£)l with increasing incident
wave amplitudes, IA]|,for each of the first three resonant harbor modes.
The dashed lines represent linearized theory; their slopes are just the
amplification factors of Table 5.3. The symbols "A" and "x" indicate
the values of [ﬂ1('2)| according to inviscid nonlinear theory (f = 0)
and nonlinear theory with separation (¥ = .35), respectively. Note
that, for the first resonance mode (2 = 1.41), the combined reduction
due to both separation and nonlinearity is roughly twice that due to
nonlinearity alone; thus both effects are of roughly equal importance.
For the second and third harbor modes (& = 4.37 and 7.36), the effect
of nonlinearity dominates the effect of separation. This is reasonable
since nonlinearity increases with increasing %, whereas separation does
not.

The spatial dependence of the harbor response according to numerical
theory with f = .35 and |A;} = .03 is shown in Figs. 5.10(a)-(c),
5.11(a)~(c), and 5.12(a)-(c), for each of the first three resonant

- 135 -



modes. These figures may be compared with the predictions of inviscid
nonlinear theory, shown in Figs. 5.6, 5.7, and 5.8. As expected, the
inclusion of separation losses leads to a reduction in the predicted
wave heights. For the first resonant mode, this reduction is sub-
stantial; for the second and third resonant modes, the viscous theory
agrees fairly closely with the inviscid theory.

When the incident wave is not monochromatic, nonlinear interactions
generate a great many new frequencies, some of which may be resonated by
the Tinear mechanism. Consider, for example, an incident wave having
A1 = 0 but A2 and A3 nonzero, as in Fig. 5.13(a). The incident wave
spectrum is dominated by two frequencies, 2w and 3w, where w coincides
with the first resonant harbor mode, viz. 2= wl/vgh = 1.41. The
harbor response according to linearized theory is simply an amplification
of A3, corresponding to the resonant mode with ¢ = 4.36, and is shown in
Fig. 5.13(b}. However, nonlinear theory allows for the generation of
additional harmonics; among them the first and fifth harmonics, both
of which coincide with resonant harbor modes. Fig. 5.13(c) shows the
harbor response at x = -& predicted by inviscid nonlinear theory. Nine
harmonics are present in the numerical solution. This means that the
wave spectrum of an incident wave can be significantly changed by non-
linearity. This possibility, somewhat similar to subharmonic resonance
in simpler physical systems, can be important to the design of mooring

systems for ships in the harbor.
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CHAPTER VI
CONCLUDING REMARKS

6.1 Validity of the Various Approximations

The proposed nonlinear theory for harbor resonance hinges on the
smallness of three parameters--e, uz, and §--corresponding to the
assumptions of weak nonlinearity, weak dispersion, and a narrow harbor
entrance. The assumption £ ~ u2 << 1 is required by the depth-averaged
Boussinesq equations; the smallness of & permits a Tinear treatment of
the radiated wave in the ocean and a one-dimensional treatment of the
nontinear response in the long, narrow bay.

Two major approximations are made in the present work, namely to
decompose the solution into a finite number of harmonics and to use
an impedance boundary condition at the harboyr entrance. The impedance
boundary condition is, however, only valid for the lowest few harmonics,
hence the calculated higher harmonics may be quantitatively unreliable
even if numerical convergence is achieved by including many harmonics.
Nonetheless, the Towest few harmonics are expected to be substantially
correct.

In a large scale harbor, the depth is usually comparable to or
smaller than the entrance width, so that u2 < 62 << §. Therefore the
condition § << 1 is generally more restrictive than the condition
u2 << 13 in other words, the assumption & << 1 is likely to break down
before the assumption u2 << 1. For this reason, future efforts should

first be directed at removing the restriction on &, rather than on u2_
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More will be said about this in Section 6.3.

6.2 0On the Importance of Nonlinear and Frictional Effects

For monochromatic waves incident on a long, narrow bay, the princi-
pal effect of nonlinearity is to transfer energy from the linearly
resonated first harmonic to higher harmonics. The efficiency with which
higher harmonics are generated depends upon e for a harbor having
L << 1/u2 and upon E/u2 for a harbor with 2 : 1/u2. In some cases,
harmonic generation is enchanced by linear resonance occurring at an
integral multiple of the fundamental fregquency. For example, when the
quarter-wave mode is excited by the incident wave, odd harmonics of
the incident wave frequency generally lie close to the higher harbor
modes and are therefore amplified. Similarly, when the fundamental
frequency resonates one of the higher harbor modes, the influence of
dispersion may cause the second harmonic to be linearly resonated also.
This phenomenon gives partial explanation for some observed features in
the experiments, for the second and third harbor lengths studied.

The energy relation of Section 3.4 indicates that energy is trans-
ferred to the nigher harmonics at the expense of the first harmonic.
The resonant amplification of the first harmonic, [n1(-2)/A]], is
therefore found to decrease with increasing incident wave amplitudes.
Thus, linearized theory overestimates the resonant response of a harbor
subject to monochromatic incident waves.

When the incident wave is not monochromatic, the difference tone

of two high frequency components may excite a highly resonant harbor
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mode occurring at a low frequency. In this case, nonlinear theory
indicates that the harbor response may in fact be more severe than that
predicted by Tinearized theory.

In all cases, harmonic distortion is to be expected from nonlin-
earity. In particular, the existence of a mean set-up, no(x), which
is highest at the back wall of the bay, is of practical importance,
even though it is usually quite small. Further, the details of the
frequency spectrum in the harbor may be important in designing mocring
systems for ships in the harbor.

The primary effect of friction is to increase the total damping in
the harbor. Boundary-layer dissipation is shown to be small compared
to radiation damping, except in unusually long harbors. The effect
of separation loss depends largely on the shape of the harbor entrance.
For an entrance with sharp corners, separation loss may be as important
as nonlinearity in damping the fundamental harmonic. For an asymmetrical
harbor entrance, separation may contribute substantially to the mean
set-up, no(x); however, the generation of higher harmonics is usually
much Jess than that due to nonlinearity in the far field of the harbor.
Finally, separation is known to reduce the mass reactance of the entrance
and this may slightly increase the characteristic frequencies of the

resonant harbor modes.

6.3 Suggestions for Future Research

In this investigation, the long, narrow bay was chosen for its

simplicity, and certain assumptions were made for convenience in the
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mathematical formulation. Below we sketch how some of these limitations

might be removed:
(1) Extension to harbors of arbitrary shape:

For a two-dimensional harbor, there is a greater variety of possible
nonlinear interactions than in the one-dimensional, long, narrow bay.
In particular, nonlinearity will coupie waves intersecting at oblique
angles. Since the density of 1inearly resonant modes (in frequency
space) is greater in a two-dimensional harbor, harmonics generated by
nonlinearity are more likely to be linearly resonated. Thus, nonlinear
effects are expected to be even more important in a two-dimensional
harbor than in the long, narrow bay.

At present, numerical procedures exist for solving the Tinear theory
for harbors of arbitrary shape, see Lee (1971) and Chen and Mei (1975).
The latter employ a hybrid analytical-finite element technique which is
based upon a variational principle; in this regard, it may be useful to
note that the Boussinesq equation can also be cast in variational form;

see Whitham (1967b).
(2) Extension to slowly varying depth:

This involves a slight modification of the constant-depth
Boussinesq equations and should present no theoretical difficulty; see
Peregrine {1972).

The extension of the present theory to water of arbitrary depth
involves the complete, three-dimensional theory sketched in Section 1.2.
This is both difficult and unnecessary for most large harbors, which
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typically resonate at frequencies that are well covered by the shallow-

water approximation.
(3) Extension to harbor with wide entrances:

In the present theory, the matching conditions at the entrance are
satisfied in an average way using an effective radiation impedance. This
is unsuitable for wide entrances or for high frequency waves, such as
might be generated through nonlinearity. A numerical procedure could

be used to ensure exact matching at every point in the entrance.

(4) Entrance Loss:

When  flow separation at sharp corners is significant, inviscid
theory cannot be used to describe the flow field in the entrance. At
present, an understanding of separation is perhaps more accessible through

experiment than theory.
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APPENDIX A

NUMERICAL ITERATION PROCEDURE FOR SOLVING A NONLINEAR,

TWO-POINT BOUNDARY VALUE PROBLEM

The following is a FORTRAN IV computer program which solves

the boundary value problem posed in Section 3.5. The variable names

follow closely the
are:

XLONG --

XWIDE --

XDEEP ~-

FRICT --

NHMAX -~

NH --

R,DR --

E --

notation used in Section 3.5. The principal variables

harbor length (L}

Harbor width (2a)

harbor depth (h)}

friction factor (f) in separation loss theory
maximum number of harmonics

number of harmonics at a given point in the iteration
procedure. NH < NHMAX.

an array of size NHMAX containing the radiation
impedance for each harmonic

an array of size NHMAX containing twice the incident
wave amplitude for each harmonic

arrays of size (NHMAX)2 containing the coupiing
constants for the nonlinear equations

an array of size (NPT){NHMAX) containing the current
solution for nn(xd), n=1,2...NH, J =1,2...NPT

an array of size (NPT)(NHMAX)2 containing the NH
basis solutions en(xJ), 1,2...NH, J =1,2...NPT

On the IBM 370 computer at the M.I.T. Information Processing

Center, the total storage required by the program was found to be

Storage {in Kilobytes) = 52 + 8(NPT)(NHMAX) (NHMAX + 1)/1024
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The execution time for an iteration with NH harmonics was found to be
approximately

Time (in psec) = 8 (NPT)(NH)>
For example, with NPT = 135 and NH = NHMAX = 10, the total storage
required is 168 kilobytes, and the execution time per iteration is

approximately 1.08 seconds.
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Crdxkx*x@AIN FROGRAM: CCMPUTES INPUTS TG SUBRQUTINE BVP

9Ca

- €Ll -

901

10
400

CCMPLFX A(20),%(29)

REAL W(20)

CCMNON /AREA1/A,Z,%,H,NPT,NHMAX,FRICT
DATA XDEEP,XWIDE,XLONG/20.,100.,1000./
CALL TIMING (ISTART)

READ (5,%) ITINF

ISTART=ISTART+60CO*ITIKE

NHMAX=10

WRITZ{6,902) NdMAX,XDEFP,XW#IDE,XLCNG
WEITE (7,902) NHMAX,XDFEP,XWIDE,XLONG
FORMAT (' NHMAX, XDEEP,XWIDE,XLONG=',I3,3F10.1)
DC 1 I=2,NHMAX

A(1)=(0.,0.)

CALL COUELEK

READ(5,%) XL1,XLZ,NXL,XHIGH,IPT,NH1,FRICT
IF (NXL LT, 0) GO TC 999

FRICT=FRICT*L./ (3.%3.1415926)

A(1) =(1.,0.,)*XHIGH/XDEEP

DO 20 J=1,NXL

XL = XL1+ (J=1)%XL2
XA = XL*.5%*XWwIDE/KLONG
XH = XL*XDEEP/XLONG

NPT=2+IPT*XL/. 0628

H=XL/ (NPT-1)

WRITE (6,901) NPT,XHIGH,XL,XA,XH,H,FRICT
WRITE(7,901) NPT, XHIGH,XL,XA,XH,H,PRICT

FCRMAT (' NPT,XHiGH,XL,XA,XH,H=',I3,F6.2,4F10.6/" FRICT='F10.6)
PO 10 I=1,NHMAX

O=I*SQRT (1 +I*IxXHXXH/2.)

ZAT)=(0u,=1.) %XB+.63TEXA% (ALOG (Q%XA) ~.875)

W(I) =1+, S*HXHEQ4Q

0=1.,CABS (COS (Q*XL) +0*Z (I) *STN (Q*X1))

WRITFE (6,%00) I,0

FORMAT (* AMPLIFICATICN OF HARMONIC ',I2,%'=1',F8.4)
CALL PVP (NH1,ISTART)

HAINCOO1
MAINOOQO2
MAINOOO3
MAINOOOU
MAINOQOS
MAINOOOG
MAINOOO7
MAINOOOS
MAINODO9
MAINODI0
MAINOO11
MAINOOY2
MAINOO13
MAINOO14
MAINOO1S
MAINOO16E
MAINOO17
MAINOO18
MAIKOO19
MAINCO20
HATINOO21
MAINQO22
MAINCO23
MAINOO24
MAINOO25
MAINOO26
MAINOO27
MAINOO28
MAINOO29
MAINOO3D
MAINOO31
MAINDO32
MAINGO33
MAINOO3Y
MAINOO35
MAINOD36



299

- vl -

IF (NPT
CONTINUE
GC T 5
STop
END

'LT.

0)

GC TG

489

MAINOQ37
MAINOO38
MAINOO39
MAINOO4O
MAINOOU41



C**£x*COMPUTES COUPLING CCNSTANTS FAR THW NONLINEAR EQUATIONS

- GLL -

SUBRCHOTINE CrUPLT

REAL & (20,20),DR(20,20)
COMMCN /AREAZ/R,DR

DC 10 I=1,20

b 5 L=1,20

IF (L .Eg. I) GO TC &
0=.5-425% (1/(143% (2*L-1)))
R(I,L)=0% (I*I-2%L*L+24T%1L)
BR(L, 1) == (I+L)*Q/ (I~-1)-(2*I-L) *Q /L
CONTINUF

CONTINUE

RETU &N

END

CoUP0001
CouUP0O0O2
couro0o03
CouUP0004
couP0005
COUP0006
CourDO07
Coupn00s
CouP0Q09
CouUPp0010
CouPrP0011
CouP0012
CouprP0013
cCouP0014



CH***kSCLVES A BOUNDALKY VALUL PRGBLEMN CONSISTING OF N COUPLED,
SFCONLC-CRTEP LIFPFERENTIAL EQUATICNS SUBJECT TQ
Cx=xk%xxTYO~POINT BCUNDAEY CCNDITICNS

CH*x*%*NONLINEAL,

-
(e}

- 9L - v

—
LN

899

20

SUBROUTINE BVP (NHT,ISTART)

COMFLEX B (1350),E (125C0)

COKPLEX S (20,20),C{20),% (20} ,CCRJIG,CQ, A (20)

REAL W (20),F(20,20),D
REAL BPRINT (10)

COMMON /RKREA1/M,%Z,w,H,NPT,NHMEX, FRICT/ARSA2/R,DR/AREA3/S,C

R(2C,20)

IF (NH1 .GI. 0) GC TC 5

DC 10 J=1, NPT

JX= (J-1) *NHHLX

DC 10 I=1,NHNAX
E(I+JX)=(0.,0.)
NP=NPT=1
NHP=UHMAX*NPT

DG 80 MH=1,NHMAX
GRELAX=1.

ITER=0

ITER=ITEG+1

IF (ITER .GT. 50) GO
CALL TIMING (ISTCP)
ILEFI=ISTART-ISICP
WRITE (6,899) ILZFT,NH

TO &2

FORMAT (115X,110,2X,I3)

IF (ILEFT .LT. 1000)
pc 50 K=1,NH

KX=NHP* (k=-1)

DO 20 I=1,NH
E(T+KX) =1/ (1+43% (I-K))
DG 35 J=1,NP

JX= (J~1) *UHHAX
FNE=NHMAK* (1= 1/0)

30 3% T=1,NH
IX=I+JX+KX
CR=(Ce,0.)

GC TC 81

BVP
BYP
BVP
BVYP
BYP
BVYP
BVP
BVP
BVP
BvVP
BVP
BVP
BvVP
BVYP
Bvp
BYP
BVYP
BYP
BVP
BYP
BVP
BVP
BVP
BVYP
BvP
BVP
BVP
BYP
BVP
BVP
BVP
BYP
BYP
BVP
BYP
BVP

0001
0002
0002
0004
0005
0006
0007
0coos8
0009
go10
0011
0012
0013
0014
0015
0016
0017
g018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036



*

2C0

*

300

35

50

= Ll -

690
&1
65
70

900

1251/2
DC 300 L=1,NH

IF ((I2/1)~-(L/(I+1))) 200,300,100
CQ=CY+R(I,L) *B (L+JIX)*E (IX~L) +DR{I,L) * (B(L+JX) =B (L+JX=NK)) % (E (IX~L)

-E(IX-L-NX)) / (H*H)
GO G 300
LX=L+JX

CC=Cy+R{I,L)*CONIG{B(LA-T))*E (LX+KX)
+DR(I,L) *CONJG (B(LX-I)-B(LX-I-NX))*(E(LX+KX)—E(LX+KX-NX) )/ (H*H)

CONTINUE
CO= (o S¥HRXHKRCQ+E (IX) )} /% (I}

E(IX+KHMAX) =CO+ (NX/NHMAX) * (CQ-F (IX-NX))

C {K) =h (K)

DO 5C I=1,NH
JX=I+NHP-NHMAX
IX=JX+ (K=1) *NHP

CQ=% (I} +FRICT* {U.,-1.) ¥CABS (B{JX) =B (JX~-NHMAX) )/ (H¥I*T)
S(I,K)=E({IX)-CQ*(E(IX)~E(IX-NHHUAX}) /H

CALL SYSN(NH)

Q=QRELAX

ICVRG=0

IGO0D=0

DO 70 J=1,HPT

JX=(J~1) *NHMAX

DC €5 I=1,Nd

IX=I+JX
CO==C*B (IX) +0*C (1) *E(IX)

IF (NI JLT. 2) GO TC &1

DC 60 K=2,NH
CC=CCHC*C(K) *F (IX+ (K-T)*NHP)
ICVRG=ICVRG+CABS (CQ) /. 001
B(IX)=B(IX)+CQ
IGOOD=IGCCD+CABS (B (NH+JX)) /. 001
WEITE(&,9C0}y (B(1I),I=1,KH)
FORMAT (14, 3P10F12.6)
QRFLAX=.5

BVP
BVP
BVP
BVP
B¥P
BYP
BVP
BYP
BVYP
BVP
BVP
BVP
BVP
BVP
BVP
BVP
BYP
BYP
BVP
BVP
BVP
BVP
BYP
BYP
BYP
BVYP
BVP
BYP
BVP
BVYP
BVP
BVP
BYP
BVP
BVYP
BYP

0037
0038
0039
0ouo
0041
dou2
0043
Couy
oous
0046
0047
00us
00u9
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072



30

981

82

982
85

901

91

902
80

- 8LL -

IF (ICVRG .GT. C) GC TC
IF (IGCOD .EG. 0) GG TO
CONTINUE

NH=NHMAYX

WRITE (6, $80)
WRITE(7,580)

FORMAT (" MCHEI HLRMGNICS
GG TO 85

WRITE (6,%61)

WRITE (7,981)

FCRMAT (* TIME RAN CUT')
NPT=-1

GC TD ’S

WRITE (6, 982)

WEITE (7,982)

15
35

MFEDEDY)

FORMAT (* NOT CONVERGFNT")

WRITE(6,901) NH
WRITE (7,901) NH
FORMAT (' NH=',T13)
DC 9C J=1,KPBT

DG 91 I=1,NH

BPRINT (I) =CABS(B(I+ (J-1) *NHMAX) )

WRITF (5,902) (SPEINT (I),B(I+(J-1)*NHMAX),

FCRMAT (1X,3P15F8, 3)
CONTINUF

WRITE (6,%03)

FCRMAT (141)

RETURN

END

BvVp
BVP
BVP
BYP
BVP
BVYP
BVP
BVP
BYP
BVP
BVP
BVP
BVP
BVP
BYD
BVP
BVP
BVP
Bvp
BVYP
BVP
BYP
BvP
BVP
BYP
BVP
BVP
BvVP
BVP

0073
0074
0075
0076
0077
0078
0079
0080
0081
0082
0083
o084
0085
0086
0087
0088
0089
0090
0091
0092
0093
0094
0095
0096
06097
0098
0099
0100
0101



CH**xxx30LVES A SYSTEM COF N LINFER ALGEERAIC EQUATIONS

30
40

S0

- 641 -

SUBROUTINE SYSN {NH)

COMPLEX 5(20,20),C(20),PVT
COMMON /AREA3/S,C

DO 50 K=1, Nl

PVT=S (K, F)

IF (CABS (PVT) .LI. 1.F-5) WRITE(1,90)

C (K) =C (K) /PVT

DO 20 J=K,NB

S (X,d) =S (K,J) /BVT

DO 40 I=1,NH

IF (I .EQ. K} GO TC 40
PYT=S (I,K)

C (I)=C (I} ~PVT*C (K)

nC 30 J=K,NH
S(L,d)=5(I,J)-PVI*S (K, J)
CONTINUE

CGNTINUE

FORMAT (* *%SYSN SINGULAR®*Y)
RETURN

END

SYSNOOO1
SYSNOOO2Z2
SYSNODO3
SYSNOOO4
SYSNOOOS
SYSNOO0O06
SYSNOO007
SYsSnooo8
SYSNOOQO09
SYSNOO010
SYSNOD11
5YSNOO12
SYSKO013
SYSNOO14
SYSNOOQ15
SYSNOO16
SYSNOO17
SYSNOO18
SYSNOO19
SYSNOO20
SYSNOO21



CH*¥**%&SAMPLFE INPUT DATEL

- 08L -

20
W25
1.21
1.75
3.72
5025
€.36
141
1.41
1. 41
1.41
1.41
1. 41
T.41
.41
T.41
.41
Ts 81
1.4
4.36
4,36
e 36
u. 36
b.36
4,36
L.3¢
4.36
4,36
4.36
4.36
4.36
7.36
7436
7.36
7.36

25
» 34
.25
12
» 25
«2C
1-
1.
1.
1.
1.
t.
1.
1.
1.
1.
T

L]

1.
1.
1'
1.
1-
1.
1.
1'
1.
1.
1.
1.
1.
1.
1.

u

U QR A NP WO YL S W W Y QUUE YRUUE VO SR R QR YRUUIT WU W) WS YOO YT QT SR QUL Wi S Y

o b
11

.6

8 .6

11
5 .
1

[S23Re A NN SV FY IS S 3R V1 B o

. s &2 g * o = =

.6
£
. 6

P L . e . T A R A T i e L I T S R o i, A N R e

(output for this case on p. 181)

DATACQO1
DATAQQ02
DATAQCOO3
DATAOO0U
DATAQOQOS
DATA0006
DATAQQO7
DATAGO0S
DATAOQOQ9
DATACO10
DATAOO11
DATA0012
DATA0013
DATAOO14
DATA0015
DATAODO16
DATAQO017
DATACOC18
DATAOO19
DATRO020
DATANDO21
DATAQO022
DATAGOQ23
DATACO2Y
DATAQ025
DATADO26
DATAQO27
DATAQ028
DATAOQ029
DATZ0030
DATA0031
DATAQO032
DATANO33
DATAQO34
DATAQO35
DATA0036



]
—r
lee]
—_

NET,XHIGH,XL,XA,1H,i= 24

FRICT= 0.0

ANPLIFICATION
ANPLIPICATION
AMPLIFICATION
AMELIFICATION
AMPLIFICATION
AMPLIPICATION
AMPLIPICATION
ARPLIFICATION
ARPLIPICATION
ABPLIFICATION

18.729173

18.729173
-20.925488
-1%9.937202
-19,463349
=-19.661296
-19.409839
-19.073937
~12.061219

-19,050982
NH= 5

oF
oF
OF
oF
4] 4
oP
ar
QF
OF
[+3 4

HARMONIC
HARMOMNIC
HARNONIC
HARRMONIC
HARMONIC
HARMONIC
HARMINIC
HARMONIC
HARMONIC
HARNONIC

215, 3697861

215.369761

209, 342420

209.556282

209.658980

208.032846

208,172917

208.113015

208, 125353

208,125830

208.996 -19.051
208,602 ~19.016
207.423 -198.912
205.462 -18,739
202.724 -18. 496
199,219 -18.184
194,955 -17,804
189.948 -17.356
184,212 ~16.840
177.767 -16.258
170.634 ~15.612
162. 6840 14,901
154.412 =14.130
145,382 -13,300
135.785 ~-12,413
125.661 -11.474
115.050 =10.485
103.998 -9.4513
92.551 =~8.379
80.760 =-7.269
68.677T =6.127
56,155 -4,960
43.850 -3.772
3t.217 -2.570

208.126
207.734
206,559
204.606
201. 879
1948, 3187
194,140
189,153
183,440
177,022
169.919
162,157
123.764
144,772
135.217
125,136
114,571
103,567
92.17%
80.432
68,403
56.137
43,687
3t. 111

0.30

1= 14,3488

2= 0.9706

3= 3.6589

u= 0,951

5= 2,127

6= 0.9675 _
7= 1.4810

g= 0.9950

%= 1,1839
10=  1.0105
-3.293194
-3.307885
-3.315073
-3,134884
-3.127156
~3.032238
~3.032259
-3.027946
3,421 =-3,028
3,492 ~-3,125
3,718 -3.414
4.098 -3.886
4.654 -4.526
5,374 -5,314
6.2680 =6,222
7.220 -7.219
8.276 -8,270
9,366 =-9.335
10,444 =10,373
11,065 ~11.339
12,378 =12,189
13,162 -12,881
13.711 -13.3173
14,044 -13.626
14,105 -13.606
13,865 ~13.284
13,299 ~12.640
12,394 ~11,658
11. 1wy -10,332
9.559 -B.666
7.667 ~6.669
5,500 ~-4,363

2.618542
2.32301M
2.162728
1.597423
1.602835
1.585308
1.588185
1.591547

1.592
1.559
1.462
1.2301
1.080
0.803
Q. 474
0.099
=0.314
~0.756
-%.218
~1.688
=2.155
=2.606
-3.026
~3.u02
~3.721
~3,970
-4, 135
-4,207
-4,176
-4,035
~3.782
-3, 414

1.4510000 0.070500 0.028200

4.061304

SAMPLE OQUTPUT

3.473077 -1.074277

3. 448527 -1. 062287

3.693797 ~0.573599

3.690494 -0.579309

3.683764 ~0.560491
3.727 3.684 -0.564
3.663 3.619 -0.563
3,473 J.u28 -0,599
3.166 3,117 ~-0.556
2.755 2.699 -0.556
2.262 2.190 ~-0.,567
1.716 1.610 -0,.,593
1.175 0.983 =-0.6482
0.7913 0.2334 -0,719
0.885 -0.310 -0.829
© 1,341 -0,928 -0.973
1.875% =1.481 =-1.150
2.384 =1.961 =1.1357
2,828 -2.342 -1.586
3.185 -2.610 -1.825
3.u40 ~2.756 -2,059
3.586 =2.776 =2.270
3.617 =-2.672 ~2.438
3,532 =2,454 -2,540
3.332 =-2.136 =2.557
3.018 =1,737 =2.46B
2,59% -1.282 =-2,256
2,070 =~-0,797 -~-t1.911
1.458 =0.309 -~1.425

0.079876
0.0805590
0.0581331
0,207 0,058
0.314 0. 058
0.332 0. 059
0.360 0. 051
0,390 0,047
0.u14 0.0u42
0.n25% 0. 037
0.4 0.0135
0.373 0.036
0.299 0.043
0.192 0.059
0.092 0. 085
0.189 0.125
0, 382 0.178
0.593 0. 245
Q.800 0.325
0. 985 0.u412
1.131 ¢.501
1.221 0.583
1. 247 0. 648
1.195 0.683
1.064 0,678
0.859 0.622
0.593 0.506

0.300598
0.3200239
0.30151%

c.302
0.308
0,328
0.356
0. 337
0.u12
0,024
0.413
0.372
0.296
0.183
0.035
-0.142
~0.338
-0.5u0
~0.711
-0.895
=1.014
=-1,075
-1, 065
=0.980
-0,820
-0.592
-0.310

«0.156799

0.203 =0,157
0.19% =0,152
0,173 =-0.138
0.139 =-0.117
0.099 -Q.091
0.063 ~-0.063
0.053 =-0.037
0.075 =0.015
0.101 0.002
0. 120 0.013
0.1%29 0.021
0.127 0.028
0.118 0.037
0.106 0.052
0.103 0. 074
0.118 0.106
3,149 0.144
Q.188 0.186
0,227 0.225
0.257 0. 253
0. 269 0,262
0,258 0.244
0.217 0. 196
0.148 0. 114

108615
108634
108634
« 108631
108629
108626
108621
108614
108601

109588

~0.12R8%A6

-0,129
=-0.122
=0. 104
=0.076
=0.0u0
-0.001
0.038
0.073
0.101
0. 120
0.127
0,124
D.112
0.093
0.072
0.052
0.037
0.031
N.034
0.046
0. 060
0.082
0.095
0.094



APPENDIX B
FOURIER ANALYSIS OF EXPERIMENTAL DATA

The following is a BASIC computer program which Fourier
analyzes the experimental data, while the experiment is in progress.
The execution of the program is remotely controlied by a switch, as
explained in section 4.1.3. The principal variables in the program are:

T -- number of voltage readings taken in one complete
wave period

K1 -- number of harmonics analyzed
C -- a calibration factor

F -- an array containing {T+1) voltage readings

A -- a discrete Fourier cosine transform

B -- a discrete Fourier sine transform

The instruction CALL(1,D,F) reads the external Hewlett Packard 3450A

Mutti-Function Meter and stores the voltage reading under the variable

name D.
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18 DIM FI3Q]

22 READ T,K1,C

30 DATA 22,4,!

43 LET Tl=T+!

58 LET I==2

55 LET I=I+2

60 GOSUB 108@2

78 FOR J=1 TO Tl

83 CALL (1,D,F)

99 LET FIJ1=D

136 NEXT J

118 GOSUB 3926

128 GOTO 55

138 STOP

1303 REM seskokskskaksorksdociokdkdkk SYITCHING ROUTINE  skokskokokokokskok ik kdkok
181 CALL (1,D,™

1828 IF D »>= 5 THEN 1249

{83¢ GOTO 1219

104 CALL (1,D,F)

1858 IF D <= 5 THEN 1072

1362 GOTO 1o49

1372 WAIT (5089

1286 RETURN

3083 REN seckdokokskokakskkkdokkkdkdkkkk FOURIER ANALYSIS skoksokdokkaksk
38138 PRINT 1

3028 LET FL1)=(FLl1+FITINY /2

3938 LET H=6.,28318/T

3848 FOR K=! TO Kl

395@ LET A=B=p@

3868 FOR J=1 TO Tl=!}

3378  LET A=A+F[J)*COSC(J-1)%KxH)

308@ LET B=B+FIJMSIN((J=1)*xKkH)

3993 NEXT J

3190 PRINT 2%SQR(A*xA+B%xB)/T/C,
3118 LET PIKI=ATN(B/AX+(1~SGNCA))*],5728
3120 NEXT K

313@ PRINT

3148 PRINT ™ ",

3158 FOR K=2 TO X!

3168 LET P=PlKJ-K*PI[1)]

31782 PRINT P-6,28318*%INT(P/6,28318),

3188 NEXT K

3198 PRINT

320@ RETURN

9999 END
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