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ABSTRACT
For a positive real α, we can consider the additive submonoid M of the real line
that is generated by the nonnegative powers of α. When α is transcendental,
M is a unique factorization monoid. However, when α is algebraic, M may not
be atomic, and even when M is atomic, it may contain elements having more
than one factorization (i.e., decomposition as a sum of irreducibles). The main
purpose of this paper is to study the phenomenon of multiple factorizations
inside M. When α is algebraic but not rational, the arithmetic of factorizations
in M is highly interesting and complex. In order to arrive to that conclusion, we
investigate various factorization invariants of M, including the sets of lengths,
sets of Betti elements, and catenary degrees. Our investigation gives continuity
to recent studies carried out by Chapman et al. in 2020 and by Correa-Morris
and Gotti in 2022.
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1. Introduction

Following Gotti [21], we say that an additive submonoid of R consisting of nonnegative numbers is
a positive monoid. Let M be a positive monoid. A nonzero element of M is called an atom (or an
irreducible) if it cannot be written as a sum of two nonzero elements of M, and M is called atomic if
every nonzero element is the sum of finitely many atoms. For r ∈ M, a formal sum of atoms of M whose
actual sum in M is r is called a factorization of r in M. Factorizations in positive monoids have been
studied in [21] by Gotti, in [7, 8] by Bras-Amoros, and more recently in [28] by Gotti and Vulakh. In
this paper, we will study factorizations in a special class of positive monoids: for each positive real α, the
smallest positive monoid N0[α] containing all the nonnegative powers of α.

A positive monoid that is closed under multiplication is called a positive semiring. Factorizations in
the multiplicative structure of positive semirings were studied by Cesarz et al. in [9], where the elasticity
of two classes of positive monoids was considered (the elasticity is an arithmetic invariant that somehow
measures how chaotic the phenomenon of multiple factorizations is in a given monoid). Then Baeth and
Gotti in [6] used examples of positive semirings to construct multiplicative monoids of matrices with
certain desired factorization properties. Motivated by this work, the atomicity of both the additive and
the multiplicative structures of further classes of positive monoids was studied by Baeth, Chapman, and
Gotti in [5]. Examples of positive semirings exhibiting a variety of factorization properties can also be
found in the recent papers [26, 27] by Gotti and Polo.

The monoids N0[α] we are interested in, in this paper, are also positive semirings. Indeed, if N0[X]
denotes the semiring consisting of all the polynomials with nonnegative integer coefficients, then
N0[α] = {p(α) | p(X) ∈ N0[X]}, which justifies the notation. Accordingly, we call N0[α] the
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evaluation polynomial semiring at α or just an evaluation polynomial semiring. For a positive rational q,
factorizations in (the additive monoid of) N0[q] were first studied by Chapman, Gotti, and Gotti in [10].
A more systematic approach to factorizations of N0[α] in the more general context provided by any
positive real α was given by Correa-Morris and Gotti in [12]. The present paper is motivated by [12],
and can be considered a continuation of the latter paper. Two more papers extending the work in [10, 12]
are [34] by Zhu and [31] by Jiang, Li, and Zhu.

The number of atoms (counting repetitions) in a factorization z of a nonzero b ∈ M is called the
length of z, and the set consisting of the lengths of all factorizations of b is called the set of lengths of
b. After introducing some preliminary notation, definitions, and known results in Section 2, we move
to Section 3, where we consider the sets of lengths of evaluation polynomial semirings. Sets of lengths
are crucial objects in factorization theory (see the survey [16] for more details). Following Baeth and
Cassity [4], we say that an atomic positive monoid is k-furcus if every nonzero element has a factorization
of length at most k. The property of being 2-furcus has been considered by Adams et al. [1] in the context
of matrix monoids, by Geroldinger, Kainrath, and Reinhart [19, Section 3] in the context of finitely
primary monoids, and by Gotti and O’Neill [25, Section 6] in the context of Puiseux monoids. The more
general property of being k-furcus has been considered by Geroldinger and Hassler [18, Section 4] in the
context of v-Noetherian monoids. We show that there are no k-furcus evaluation polynomial semirings
for any positive integer k.

In Section 3, we also investigate the structure of sets of lengths of evaluation polynomial semirings.
The structure of the sets of lengths of many classes of atomic monoids has been the subject of a
great deal of investigation for almost three decades: see [17, Chapter 4.7] by Geroldinger and Halter-
Koch for background on the Structure Theorem for Sets of Lengths, and see the recent paper [20]
by Geroldinger and Khadam (and the references therein) for current results in this direction. For any
positive rational q, it was proved by Chapman et al. [10] that the set of lengths of every nonzero element
of N0[q] is an arithmetic progression, provided that N0[q] is atomic. In Section 3.2, we extend this result
to more general evaluation polynomial semirings. We conclude Section 3 by constructing an evaluation
polynomial semiring having sets of lengths that are as different from an arithmetic progression as one
could possibly expect.

In Section 4, we study the set of Betti elements of evaluation polynomial semirings. The Betti graph
of a nonzero element b ∈ M is the graph whose vertices are the factorizations of b with an edge between
two factorizations precisely when they have an atom in common. Then an element of M is called a Betti
element if its Betti graph is disconnected. First, we prove that when α is a positive algebraic number such
that N0[α] is atomic, then N0[α] has finitely many Betti elements if and only if it is finitely generated.
Then we explicitly compute the set of Betti elements of evaluation polynomial semirings at those positive
real numbers α satisfying that αn ∈ N for some n ∈ N.

In Section 5, we study the catenary degree of evaluation polynomial semirings. The catenary degree,
which we will define in the next section, is an arithmetic invariant used to measure how drastic the
phenomenon of multiple factorizations is in a given atomic monoid. The catenary degree of atomic
positive monoids N0[q], where q is a positive rational, is finite and it was explicitly computed in [10,
Corollary 3.4]. Although establishing a formula for the catenary degree of any evaluation polynomial
semiring seems to be more subtle, at the end of Section 5 we present a realization result for the catenary
degree of evaluation polynomial semirings. We prove that, for any value c ∈ N≥3 ∪ {∞}, there exists a
positive algebraic number α (resp., a algebraic number β) such that N0[α] satisfies the ascending chain
condition on principal ideals or ACCP for short (resp., N0[β] is atomic but does not satisfy ACCP) and
has catenary degree c. The notion of ACCP will be introduced in the next section.

2. Preliminary

2.1. General notation

As is customary, Z, Z/mZ, Q, R, and C will denote the set of integers, integers modulo m, rational
numbers, real numbers, and complex numbers, respectively. We let N and N0 denote the set of positive
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and nonnegative integers, respectively. In addition, we let P denote the set of primes. For a, b ∈ Z with
a ≤ b, we let �a, b� denote the set of integers between a and b, i.e., �a, b� = {n ∈ Z | a ≤ n ≤ b}. In
addition, for S ⊆ R and r ∈ R, we set S≥r = {s ∈ S | s ≥ r} and S>r = {s ∈ S | s > r}. For a positive
rational q = n

d , where n, d ∈ N and gcd(n, d) = 1, we let n and d be denoted by n(q) and d(q).

2.2. Atomic monoids

Although a monoid is usually defined to be a semigroup with an identity element, here we will
additionally assume that all monoids are cancellative and commutative. Let M be a monoid written
additively. We set M• := M \ {0}. The difference group gp(M) of a monoid M is the set of formal
differences of elements in M (i.e., the unique abelian group gp(M) up to isomorphism satisfying that
any abelian group containing a homomorphic image of M will also contain a homomorphic image of
gp(M)). The rank of M is the dimension of Q ⊗ gp(M) as a Q-vector space. The group of invertible
elements of M is denoted by U(M). The monoid M is called reduced if the only invertible element of M
is 0. An element a ∈ M\U(M) is an atom (or irreducible) if whenever a = u + v for some u, v ∈ M, then
either u ∈ U(M) or v ∈ U(M). The set of atoms of M is denoted by A(M). Following Cohn [11], we
say that M is atomic if every non-invertible element can be written as a sum of atoms. Let S be a subset
of M. We let 〈S〉 denote the smallest submonoid of M containing S, and we call 〈S〉 the submonoid of M
generated by S. More explicitly, if M is written additively, then 〈S〉 = {s1 + s2 + · · · + sn|n ∈ N0, si ∈ S}.
If M = 〈S〉, then S is called a generating set of M, and M is called finitely generated provided that M has
a finite generating set.

A subset I of M is an ideal of M provided that I +M := {b+c | b ∈ I and c ∈ M} = I or, equivalently,
I + M ⊆ I. The ideal I is principal if the equality I = b + M holds for some b ∈ M. The monoid M is
said to satisfy the ascending chain condition on principal ideals (or ACCP for short) provided that every
ascending chain of principal ideals of M eventually stabilizes. It is well known that every monoid that
satisfies the ACCP is atomic (see [17, Proposition 1.1.4]). The converse does not hold in general, and
several examples and classes of atomic monoids that do not satisfy the ACCP can be found in the recent
paper [24]. The first example of an integral domain whose multiplicative monoid is atomic but does not
satisfy the ACCP was given by Grams in [29].

2.3. Factorizations and their lengths

Observe that the monoid M is atomic if and only if its quotient monoid Mred = M/U(M) is atomic. Let
Z(M) be the free (commutative) monoid on the set of atoms A(Mred). The elements of Z(M) are called
factorizations. It turns out that the set Z(M) under the formal sum of atoms is also an atomic monoid.
We can define the notion of a greatest common divisor in the monoid Z(M) as follows: for any two
factorizations z = ∑

a∈A(M) μaa and z′ = ∑
a∈A(M) νaa in Z(M) (here all but finitely many coefficients

are zero) set
gcd(z, z′) :=

∑
a∈A(M)

min{μa, νa}a,

and call gcd(z, z′), which is also an element of Z(M), the greatest common divisor of z and z′. Let
π : Z(M) → Mred be the unique monoid homomorphism fixing the set A(Mred). For any b ∈ M,
we set Z(b) := π−1(b); that is, we let Z(b) be the set of all formal sums a1 + · · · + a� in Z(M),
where a1, . . . , a� ∈ A(Mred), whose actual sum in Mred is b + U(M). The elements of Z(b) are called
factorizations of b. If |Z(b)| = 1 for every b ∈ M, then M is called a unique factorization monoid (or a
UFM for short). On the other hand, if M is atomic and |Z(b)| < ∞ for every b ∈ M, then M is called
a finite factorization monoid (or an FFM for short). It follows from the definitions that every UFM is an
FFM. Every finitely generated monoid is an FFM (see [17, Proposition 2.7.8]).

If z := a1 + · · · + a� is a factorization in Z(M) for a1, . . . , a� ∈ A(Mred), then � is denoted by |z| and
called the length of z. Now, for every b ∈ M, we set

L(b) = {|z| | z ∈ Z(b)},
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and call L(b) the set of lengths of b. If M is atomic and |L(b)| = 1 for every b ∈ M, then M is called a
half-factorial monoid (or an HFM for short). If M is atomic and |L(b)| < ∞ for every b ∈ M, then M
is called a bounded factorization monoid (or a BFM for short). It follows directly from the definitions
that every FFM is a BFM. In addition, one can readily argue that every BFM must satisfy the ACCP
[17, Corollary 1.4.4]. The bounded and finite factorization properties were introduced by Anderson,
Anderson, and Zafrullah [2] in the context of integral domains (see [3] for a recent survey), and the
same properties were generalized by Halter-Koch [30] to the context of monoids. Examples of positive
monoids that are BFMs but not FFMs as well as examples of positive monoids that are FFMs but do not
satisfy the ACCP can be found in [22], and the same type of examples in the setting of positive semirings
can be found in [5].

2.4. Betti elements and the catenary degree

Let M be an atomic monoid. The Betti graph ∇b of an element b ∈ M is the graph whose set of vertices is
Z(b) having an edge between z, z′ ∈ Z(b) if and only if gcd(z, z′) �= 0. An element of M is called a Betti
element if its Betti graph is disconnected.

We can use the notion of greatest common divisors in Z(M) to measure the distance between
factorizations and to turn Z(M) into a metric space. We call

d(z, z′) := max
{|z| − | gcd(z, z′)|, |z′| − | gcd(z, z′)|}

the distance between z and z′ in Z(M). It is not hard to argue that Z(M) is a metric space with respect
to the distance d we have just defined. For N ∈ N0 ∪ {∞} and x ∈ M, a finite sequence z0, z1, . . . , zk in
Z(x) is called an N-chain of factorizations connecting z and z′ if z0 = z, zk = z′, and d(zi−1, zi) ≤ N for
every i ∈ �1, k�. The catenary degree of an element b ∈ M, denoted by c(b), is the smallest n ∈ N0 ∪{∞}
such that for any two factorizations in Z(b), there exists an n-chain of factorizations connecting them.
The catenary degree of M is

c(M) := sup{c(b) | b ∈ M} ∈ N0 ∪ {∞}.

2.5. Minimal pairs and evaluation polynomial semirings

Let α ∈ C be an algebraic number (overQ). The support of f (X) is the set of exponents of the monomials
appearing in the canonical representation of a polynomial f (X) ∈ Q[X] , and we denote it by supp f (X):

supp f (X) := {n ∈ N0 | f (n)(0) �= 0},

where f (n) denotes the n-th derivative of f . Observe that there exists a unique � ∈ N such that the
polynomial �mα(X) ∈ Z[X] has content 1, where mα(X) ∈ Q[X] is the minimal polynomial of α; that
is, the greatest common divisor of all the coefficients of �mα(X) is 1. Also, there are unique polynomials
pα(X), qα(X) ∈ N0[X] such that �mα(X) = pα(X) − qα(X) and supp pα(X)

⋂
supp qα(X) is empty.

We call (pα(X), qα(X)) the minimal pair of α.
For any α ∈ R, we set

N0[α] = {p(α) | p(X) ∈ N0[X]}.

As mentioned in the introduction, N0[α] is a semiring, which we call the evaluation polynomial semiring
at α or just an evaluation polynomial semiring. The rest of this paper is devoted to study the phenomenon
of non-unique (additive) factorizations in the setting of evaluation polynomial semirings. It follows from
[23, Section 5] that if q is a positive rational, then N0[q] is atomic if and only if q−1 /∈ N≥2, in which
case A(N0[q]) = {qn | n ∈ N0}. A deeper and more general study of the atomicity of N0[α] when α is a
positive algebraic number was recently carried out in [12].

For the remainder of this paper, whenever we use the notion N0[α], we refer to the additive monoid
structure of N0[α].
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3. Sets of lengths

In this section we address the following two fundamental questions about the sets of lengths of the
monoids (N0[α], +) for positive algebraic α (for convenience, in the future we will write N0[α] instead
of (N0[α], +)).

Question 3.1. Let α be a positive algebraic number.

(1) Is there a k ∈ N such that each x ∈ N0[α] has a factorization of length at most k?

(2) Is there an N ∈ N such that the set of lengths of each x ∈ N0[α] is an arithmetic progression after
we delete from it the intervals �min L(x), min L(x) + N� and �sup L(x) − N, sup L(x)�, where the last
interval is the empty set when sup L(x) = ∞?

As we will see through this section, these two questions are relevant in the factorization theory
literature and have been considered in various classes of monoids with the aim of understanding their
arithmetic of factorizations.

3.1. k-Furcusness

To formalize the first question given in this section, we introduce the notion of k-furcusness.

Definition 3.2. For k ∈ N, we say that the atomic monoid M is k-furcus provided that for each non-
invertible element x ∈ M the set L(x) ∩ {1, . . . , k} is nonempty.

Thus, an atomic monoid is k-furcus for some k ∈ N provided that every (non-invertible) element of
M has a factorization whose length is at most k. As our next proposition indicates, no monoid of the
form N0[α] is k-furcus. First, we need the following known lemma, which we prove here for the sake of
completeness. For any two subsets A and B of R, we set

A + B := {a + b | a ∈ A and b ∈ B}.

Lemma 3.3. Let A and B be two subsets of R≥0. If A and B are both closed under the Euclidean topology,
then so is A + B.

Proof. Suppose, toward a contradiction, that there is a real number r /∈ A + B such that r is a limit point
of A + B. Then there exist infinite sequences (an)n∈N and (bn)n∈N, whose underlying sets are contained
in A and B, respectively, such that the sequence (an + bn)n∈N converges to r. Therefore (an + bn)n∈N
is bounded by some N ∈ N, and so the fact that (bn)n∈N is a sequence of positive terms ensures that
(an)n∈N is bounded by N. Hence, after replacing (an + bn)n∈N by a suitable subsequence, we can assume
that (an)n∈N converges, namely, limn→∞ an = a for some a ∈ R≥0. This, in turn, implies that the
sequence (bn)n∈N converges to r − a. Since both A and B are closed, a ∈ A and r − a ∈ B, which implies
that r = a + (r − a) ∈ A + B, a contradiction.

Proposition 3.4. For any k ∈ N and α ∈ R>0, the monoid N0[α] is not k-furcus.

Proof. Suppose, by way of contradiction, that there exist k ∈ N and α ∈ R>0 such that the monoid
M := N0[α] is k-furcus. Since M is k-furcus but not a group, it cannot be a UFM, and so α �= 1. Note
that A(M) ⊆ {αn|n ∈ Z}. Now consider the set

A := {0} ∪ {αn | n ∈ Z}.
Observe that A is a countable subset of R≥0 that is closed with respect to the Euclidean topology.
Therefore the k-fold set k · A := A + A + · · · + A (k times) is also countable and, in light of Lemma 3.3,
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closed under the Euclidean topology. This shows that it cannot be dense in R≥0 (as otherwise because it
is closed, it would equal R≥0, which is not countable). Thus, there exist a, b ∈ R>0 with a < b such that
the interval (a, b) is disjoint from k ·A. Now take m ∈ Z such that (αma, αmb)∩N is a nonempty set, and
then take β ∈ (αma, αmb)∩N. Since N ⊆ M• and M is k-furcus, we see that β ∈ M and also that β has a
factorization in M of length � with � ≤ k. Then after writing β = ∑�

i=1 αmi for some m1, . . . , m� ∈ N0,
we observe that β/αm = ∑�

i=1 αmi−m ∈ k · A. However, β/αm ∈ (a, b), which contradicts the fact that
the interval (a, b) is disjoint from the set k · A.

Observe that, for each k ∈ N, any k-furcus monoid is (k + 1)-furcus. On the other hand, for each
k ∈ N, there are (k + 1)-furcus monoids that are not k-furcus. Here is an additive version of an example
of a (k + 1)-furcus monoid that is not k-furcus, provided by Baeth and Cassity in [4].

Example 3.5. Fix k ∈ N with k ≥ 3. Now, for each i ∈ �1, k�, consider the subset Ai ⊂ Nk defined as
follows

Ai = {(v1, . . . , vk) ∈ Nk | vj = 1 for all j ∈ �1, k� \ {i} }.

Set A := ⋃k
i=1 Ai and consider the additive submonoid M := 〈A〉 of Nk

0. One can easily see that every
k-tuple in A is an atom of M as such a k-tuple has at least one coordinate equal to 1. Thus, M is atomic
with A(M) = A. We shall show that M is k-furcus but not (k − 1)-furcus.

Assume, by way of contradiction, that M is (k−1)-furcus. Now consider the element u := (k, . . . , k) ∈
M and write u = a1 + · · · + a� for some � ∈ �1, k − 1� and a1, . . . , a� ∈ A. By virtue of the pigeonhole
principle, there exists j ∈ �1, k� such that ai /∈ Aj \ {(1, 1, . . . , 1)} for any i ∈ �1, ��. Then every ai has a
1 in its j-th coordinate and, therefore, the j-th coordinate of u equals �, which is a contradiction. Hence
M is not (k − 1)-furcus.

Finally, let us prove that M is k-furcus. To do so, consider any element v := (v1, . . . , vk) of M. If v has
a factorization with length ≤ k − 1, then we are done, so we can assume v has a factorization of length
at least k. Hence, vi ≥ k for every i ∈ �1, k�. For each i ∈ �1, k�, set ai := (1, . . . , vi − k + 1, . . . , 1), that
is, ai is the k-tuple with 1 in every coordinate except for the i-th coordinate, which is equal to vi − k + 1.
Since v = ∑k

i=1 ai, we see that v has a factorization of length k. Hence M is k-furcus.

3.2. Structure of sets of lengths

It was proved in [10, Theorem 3.3] that for any q ∈ Q>0 such that N0[q] is atomic, the set of lengths of
every element of N0[q] is a (perhaps finite) arithmetic progression. In this subsection we will generalize
this result to monoids N0[α], where α is the positive n-th root of a positive rational.

For q ∈ Q>0, define an irreducible root of q to be an n-th root of q, namely, α = n√q such that
α, α2, . . . , αn−1 are all irrational. The following lemma is a known result.

Lemma 3.6. [32, p. 297] Let q be a positive rational, and let n ≥ 2 such that n√q is an irreducible n-th root
of q. Then the polynomial xn − q is irreducible over Q.

In order to establish the next proposition, we need the following consequence of Lemma 3.6.

Corollary 3.7. Let q be a positive rational, and let α := n√q be a positive irreducible n-th root of q. Then
1, α, . . . , αn−1 are linearly independent over Q.

Proof. It is a consequence of Lemma 3.6: indeed, if 1, α, . . . , αn−1 were linearly dependent over Q, then
the polynomial xn − q (whose unique positive real root is α) would be reducible over Q.

In order to understand the atomicity and arithmetic of N0[α] when α is a positive irreducible root of
a positive rational, the following lemma will play a crucial role.
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Lemma 3.8. Let q be a non-integer positive rational that is not the reciprocal of any integer, and let
α := n√q be a positive irreducible n-th root of q. Let f : Z(N0[q])n → Z(N0[α]) be the map defined by
f (z1, z2, . . . , zn) = z1 + αz2 + α2z3 + · · · + αn−1zn. Then the following statements hold.
(1) f is a monoid isomorphism.

(2) If π(f (z1, z2, . . . , zn)) = π(f (z′
1, z′

2, . . . , z′
n)), then π(zi) = π(z′

i) for every i ∈ �1, n�.

Proof. (1) We will first show that A(N0[q]) = {qk | k ∈ N0} and A(N0[α]) = {αk | k ∈ N0}, so f is
well-defined. It follows from [23, Section 5] that the set of atoms of N0[q] is {qk | k ∈ N0}. Since N0[α]
is generated by the set {αk | k ∈ N0}, its set of atoms is a subset of nonnegative powers of α. Moreover,
as αn = q, any element αk′ can be written in the form αrqk, where k′ = kn + r with k ∈ N0 and
r ∈ �0, n − 1�. In order to show that αk′ is an atom, it suffices to show that qk ∈ A(N0[q]) by Corollary
3.7, which is true again by [23, Section 5].

One can readily check that f is additive and, therefore, it is a monoid homomorphism. To show that
it is an isomorphism, we will show that every factorization in Z(N0[α]) corresponds to a unique n-tuple
of factorizations in Z(N0[q])n, which argues both injectivity and surjectivity. Since N0[α] is generated
by the set {αk | k ∈ N0}, its set of atoms consists of nonnegative powers of α. Moreover, as αn = q, any
atom αk′ can be written in the form αrqk, where k′ = kn + r with k ∈ N0 and r ∈ �0, n − 1�. Thus, any
factorization z ∈ Z(N0[α]) can be written as

z =
n−1∑
r=0

∞∑
k=0

cr,kα
rqk =

n−1∑
r=0

αr
( ∞∑

k=0
cr,kqk

)
(3.1)

for some coefficients cr,k ∈ N0. It follows from [23, Section 5] that the set of atoms of N0[q] is {qn | n ∈
N0}, from which one can deduce by (3.1) that the unique n-tuple of factorizations in Z(N0[q])n that is
sent to z by f is (

∑∞
k=0 c0,kqk,

∑∞
k=0 c1,kqk, . . . ,

∑∞
k=0 cn−1,kqk). Thus, f is a monoid isomorphism.

(2) The equality π(f (z1, z2, . . . , zn)) = π(f (z′
1, z′

2, . . . , z′
n)) implies that

π(z1) + απ(z2) + · · · + αn−1π(zn) = π(z′
1) + απ(z′

2) + · · · + αn−1π(z′
n),

and so the linear independence in Corollary 3.7 guarantees that π(zi) = π(z′
i) for every i ∈ �1, n�.

Proposition 3.9. Let q be a non-integer positive rational that is not the reciprocal of any integer, and let
α := n√q be a positive irreducible n-th root of q. Then the following statements hold.

(1) N0[α] is atomic with set of atoms A(N0[α]) = {αk | k ∈ N0}.

(2) For any b ∈ N0[α]•, the set L(b) is an arithmetic progression with difference |n(q) − d(q)|.

Proof. (1) Any element that is generated by at least two generating elements cannot be an atom, so
A(N0[α]) ⊆ {αk | k ∈ N0}. Now fix k′ ∈ N0, and let us verify that αk′ ∈ A(N0[α]). To do so,
write k′ = kn + r for some k ∈ N0 and r ∈ �0, n − 1�. Hence αk′ = αrqk. Since the isomorphism
f of Lemma 3.8 takes atoms to atoms, the set of factorizations of αk′ in N0[α] is in bijection with the
set of factorizations of v := (0, 0, . . . , 0, qk, 0, . . . , 0) in N0[q]n, where the only nonzero entry qk of v
occupies the r-th position. Since qk is an atom of N0[q], it follows that αk′ is an atom of N0[α]. Thus,
A(N0[α]) = {αk | k ∈ N0}.

(2) Let b = t0 + t1α + t2α
2 + · · · + tn−1α

n−1, where t0, . . . , tn−1 ∈ Q≥0. It follows from Lemma 3.8
that the set of factorizations of b is in bijection with the set of factorizations of T := (t0, t1, . . . , tn−1) in
N0[q]n. The length of a certain factorization (z0, z1, . . . , zn−1) of T equals

∑n−1
i=0 |zi|. Set d := |d(q) −

n(q)|. It follows from [10, Theorem 3.3] that, for each i ∈ �0, n − 1�, the length of the factorization zi of
ti can take any value in the set{

min L(ti) + dk
∣∣∣∣ k ∈ �0,

max L(ti) − min L(ti)

d
�

}
.
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Moreover, since the terms of the n-tuple are independent, min L(T) = ∑n−1
i=0 min L(ti). Thus,

|(z0, z1, . . . , zn−1)| can take any value in{
min L(T) + dk

∣∣∣∣ k ∈ �0,
max L(T) − min L(T)

d
�

}
.

Hence, L(T) is an arithmetic progression with difference d and it follows from Lemma 3.8 that the same
holds true for L(b).

In general, this is not the case for N0[α] when α is not rational. In the following example, we describe
an element x of an atomic monoid of the formN0[α] for some positive algebraic α containing an element
whose set of lengths is finite but not an arithmetic progression.

Example 3.10. Consider the polynomial m(X) = X4 −6X3 +4X2 −2X −2. From Eisenstein’s Criterion
we know that m(X) is irreducible in Z[X]. As m(0) = −2 we deduce that m has a positive root α. Now
consider the monoid M := N0[α]. Observe that

m(X)(X2 + X + 1) = X6 − 5X5 − X4 − 4X3 − 4X − 2,

from which one can readily deduce that α6 ∈ 〈1, α, . . . , α5〉. By multiplying the above polynomial by
Xn−6, it now follows in the same way that αn ∈ 〈1, α, . . . , α5〉 for n ≥ 6. To show that α5 is an atom,
consider for every b ∈ Z the polynomial gb(X) = m(X)(X+b) and observe that the coefficients −6b+4
and 4b − 2 (corresponding to degrees 3 and 2, respectively) cannot be simultaneously negative. Hence
we have that α5 /∈ 〈α0, α1, . . . , α4〉 and therefore A(M) = {αi | i ∈ �0, 5�}.

Now consider the factorization z := α5 + 6α2 ∈ Z(M) and let x = π(z). We know that every other
factorization of x is obtained from z + m(α)r(α) for some polynomial r(X) ∈ Z[X]. Indeed, by taking
r(X) = −(X + 1) and r(X) = −(X + 2), we see that

z1 = 5α4 + 2α3 + 4α2 + 4α + 2 and z2 = 4α4 + 8α3 + 6α + 4

are factorizations of x, respectively. Observe that |z| = 7, |z1| = 17 and |z2| = 22. Let us prove that
x does not have a factorization of length 12, this will be enough to conclude that the set of lengths of
x is not an arithmetic progression. To do so, let p(X) = X5 + 6X2 and assume that there exists some
q(X) ∈ N0[X] satisfying that q(α) is a factorization of length 12 of x. Then for some r ∈ Z[X], the
following equality holds:

q(X) = m(X)r(X) + p(X).

Taking into account that q(1) = |q(α)| = 12, we can evaluate the previous equation at X = 1 to obtain
that r(1) = −1. Hence r(X) = aX − a − 1 for some a ∈ Z. If a = −1, then q(3)(0) = −4 (where q(n)(0)

is the coefficient corresponding to degree n of q), which is not possible since all of the coefficients of
q belong to N0. If a < −1, then q(5)(0) < 0 and in other case q(4)(0) < 0. In any case, we obtain a
contradiction, and so L(x) is not an arithmetic progression. Moreover, since M is finitely generated, it is
also a FFM, and thus L(x) is finite.

Let us recall the notion of an almost arithmetic progression. For d ∈ N and N ∈ N0, we say that
S ⊆ Z is an almost arithmetic progression (AAP) with difference d and bound N if

S = c + (
S′ ∪ S∗ ∪ S′′) ⊆ c + dZ,

where c ∈ Z and S∗ is a nonempty arithmetic progression with difference d such that min S∗ = 0
while S′ ⊆ {−N, . . . , −1} and S′′ ⊆ sup S∗ + {1, . . . , N} (we assume that S′′ is empty provided that
S∗ is infinite). Monoids M for which there exist d ∈ N and N ∈ N0 such that every set of length of
M is an AAP with difference d and bound N are said to satisfy the structure property for sets of lengths.
Observe that every arithmetic progression is an AAP. We have seen in part (2) of Proposition 3.9 a class
of monoids of the form N0[α] whose members satisfy the structure property for sets of lengths. Under
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certain reasonable conditions, strongly primary monoids satisfy the structure property for sets of lengths
(see [17, Theorem 4.3.6] for more details).

In sharp contrast with Proposition 3.9 and Example 3.10, in the next example we exhibit an atomic
monoid N0[α] (for a positive algebraic number α) which does not satisfy the structure property for sets
of lengths.

Example 3.11. Consider the polynomial p(X) = X4 − X3 − X2 − X + 1. One can verify that the
polynomial p(X) has precisely two real roots, namely, α and β with α ≈ 1.722 and β ≈ 0.581. We
want to prove that we cannot choose d ∈ N and N ∈ N0 such that the set of lengths of each element in
M := N0[α] is an AAP with difference d and bound N.

Let us argue first that A(M) = {αn | n ∈ N0}. Since α > 1, we see that 0 is not a limit point of M•,
which implies that M is a BFM; this is [21, Theorem 4.5] (indeed, M is an FFM via [21, Theorem 5.6] or
[12, Theorem 4.11]). The monoid N0[β] is isomorphic to M by [12, Lemma 3.1] and, therefore, atomic.
From β < 1, we can deduce that A(N0[β]) = {βn | n ∈ N0} (see [12, Theorem 4.1]). Thus, |A(M)| =
|A(N0[β])| = ∞, and so it follows from [12, Theorem 4.1] that A(M) = {αn | n ∈ N0}.

Now suppose, by way of contradiction, that there exist d ∈ N and N ∈ N0 such that for every element
x ∈ M the set L(x) is an AAP with difference d and bound N. Then, for each x ∈ M, the set L(x)

satisfies the following property: if |L(x)| ≥ 2, then for any � ∈ L(x), there exists �′ ∈ L(x) \ {�} such that
|� − �′| ≤ max(d, N). For each k ∈ N, set yk := α3k+1 + 1 ∈ M, and let us prove the following claim.
Claim. yk = α3k + α + ∑k

i=1 α3i−1 for every k ∈ N.
Proof of Claim. We use induction on k. Observe that when k = 1,

α3k + α +
k∑

i=1
α3i−1 = α3 + α + α2 = α4 + 1 = y1

because α is a root of p(X). Now assume that k ≥ 2 and that yj = α3j + α + ∑j
i=1 α3i−1 for every

j ∈ �1, k − 1�. Observe that

yk = yk−1 + α3k+1 − α3k−2 = α3k−3 + α + α3k+1 − α3k−2 +
k−1∑
i=1

α3i−1

= (α3k+1 − α3k − α3k−1 − α3k−2 + α3k−3) + α3k + α +
k∑

i=1
α3i−1

= α3k + α +
k∑

i=1
α3i−1.

As a result, our claim follows from induction.
Then the equality A(M) = {αn | n ∈ N0}, in tandem with the previous claim, guarantee that, for

each k ∈ N, the element yk has factorizations of length 2 and k + 2, namely, those determined by the
expressions α3k+1 +1 and α3k +α+∑k

i=1 α3i−1. Thus, {2, k+2} ⊆ L(yk) and, in particular, |L(yk)| ≥ 2.
Now set D := max(d, N) + 2. Since 1 �∈ L(yk), from our assumption we can deduce that for any k ∈ N
there exists �k ∈ �3, D� with �k ∈ L(yk).

Finally, consider the set A := {0} ∪ {αn | n < 0}. Notice that A is closed in R≥0 with respect to
the Euclidean topology. Therefore it follows from Lemma 3.3 that the set D · A := A + A + · · · + A
(D times) is also closed under the Euclidean topology. We can write α3k+1 + 1 = ∑�k

i=1 αmi for some
m1, . . . , m�k ∈ �0, 3k�. As a consequence,

1 + α−3k−1 =
�k∑

i=1
αmi−3k−1 ∈ D · A.
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As the sequence (α−(3n+1))n∈N converges to zero, we see that 1 is a limit point of D · A and, as D · A
is closed with respect to the Euclidean topology, 1 ∈ D · A. However, this contradicts the fact that
A(M) = {αn | n ∈ N0}.

4. Sets of Betti elements

In this section we study the sets of Betti elements of evaluation polynomial semirings. It turns out that
a monoid of the form N0[α] is finitely generated if and only if it is atomic and has finitely many Betti
elements. Let us begin by proving this result.

Proposition 4.1. Let α be a positive algebraic number. Then the following conditions are equivalent.

(a) N0[α] is finitely generated.

(b) N0[α] is atomic and has finitely many Betti elements.

Proof. (a) ⇒ (b): Set M := N0[α]. First notice that a finitely generated monoid is a FFM, so is atomic.
Now we prove that it has finitely many Betti elements. If N0[α] is finitely generated, then it is finitely
presented by [33], and, therefore, it has finitely many Betti elements by [14, Section 1].

(b) ⇒ (a): Set M := N0[α]. Assume that M is not finitely generated, and let us argue that M has
infinitely many Betti elements. Because M is atomic and non-finitely generated, it follows from [12,
Theorem 4.2] that A(M) = {αn | n ∈ N0}. Let (p(x), q(x)) be the minimal pair of α. Consider the set

L = {� ∈ N | there exists x ∈ N0[α] with � ∈ L(x) and |Z(x)| ≥ 2}.
Observe that L is nonempty because p(α) and q(α) determine distinct factorizations of the same element
of M, and so p(1) ∈ L. Set m := min L. Now take x ∈ M such that m ∈ L(x) and |Z(x)| ≥ 2, and then
take z ∈ Z(x) with |z| = m. We claim that z is an isolated vertex in ∇x. Suppose, to the contrary, that
this is not the case. Then there exists z′ ∈ Z(x) with z′ �= z such that gcd(z, z′) consists of at least one
atom. Take y ∈ M such that w := z − gcd(z, z′) and w′ := z′ − gcd(z, z′) both belong to Z(y). Since
w �= w′, we see that |z − gcd(z, z′)| ∈ L and |z − gcd(z, z′)| < m, which contradicts the minimality
of m in L. Hence z is an isolated vertex in ∇x, as claimed. Since |Z(x)| ≥ 2, this implies that x is a Betti
element of M.

Finally, consider the sequence (xn)n∈N, where xn := αnx ∈ M for every n ∈ N. Since A(M) = {αn |
n ∈ N0}, for each factorization z of x, we see that the αnz determines a factorization of xn of length |z|.
Therefore m ∈ L(xn) and Z(xn) ≥ 2 for all n ∈ N. Proceeding as we did in the previous paragraph, we
can show that the graph ∇xn must contain an isolated vertex. Therefore xn is a Betti element of M for
every n ∈ N. Thus, M has infinitely many Betti elements.

Although the implication (a) ⇒ (b) in Proposition 4.1 holds for any monoid, this is not the case for
the implication (b) ⇒ (a). The following example illustrates this observation.

Example 4.2. Consider the (additive) Puiseux monoid M = 〈 1
p | p ∈ P〉. It is well known and not hard

to verify that M is atomic with A(M) = { 1
p | p ∈ P} (see [23]). In addition, one can see that an element

q ∈ M has a unique factorization if and only if 1 �M q. Take x ∈ M with x > 1 such that 1 |M x. Then
the element y := x − 1 belongs to M. Fix a1, . . . , a� ∈ A(M) such that a1 + · · · + a� ∈ Z(y). Now,
consider two factorizations z1, z2 ∈ Z(x), and pick 1

p1
, 1

p2
∈ A(M) such that 1

p1
and 1

p2
appear in z1 and

z2, respectively. Then

z′
1 := p1 · 1

p1
+ a1 + · · · + a� and z′

2 := p2 · 1
p2

+ a1 + · · · + a�

both belong to Z(x), and so z1, z′
1, z′

2, z2 is a path in ∇x. This ensures that z1 and z2 are in the same
connected component in ∇x. As a consequence, the graph ∇x is connected. Finally, note that Z(1) =
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{p · 1
p | p ∈ P}. Then ∇1 is a graph with infinitely many isolated vertices. Thus, 1 is the only Betti element

of M.

Our next goal is to determine the Betti elements of N0[α], where α is a positive irreducible n-th root
of a positive rational. In the next lemma we tackle the case where n = 1, and we resolve the general
case in the subsequent proposition. Let Betti(M) denote the set of Betti elements of a given atomic
monoid M.

Lemma 4.3. Let q be a non-integer positive rational such thatN0[q] is atomic. Then the set of Betti elements
of N0[q] is

Betti(N0[q]) =
{

n(q)m+1

d(q)m

∣∣∣ m ∈ N0

}
.

Proof. Recall that by [23, Section 5], the set of atoms of N0[q] is {qn | n ∈ N0}. Set n := n(q) and
d := d(q). We first argue the following claim.

Claim. If an element of N0[q] has more than one factorization, then all factorizations of that element
have length at least min(d, n).

Proof of Claim. Let p(X) and p′(X) be two polynomials in N0[X] such that the formal evaluations z :=
p(q) and z′ := p′(q) yield two distinct factorizations of the number p(q). Then, the polynomial p(X) −
p′(X) ∈ Z[X] has q as a root, so it can be written as (dX − n)r(X) for some nonzero r(X) ∈ Z[X].
Assume, without loss of generality, that p(X) − p′(X) has positive leading coefficient, so r(X) does as
well. Then, the leading coefficient of (dX − n)r(X) is at least d, which implies that the number of copies
of that power of q in the factorization z has to be at least d. Hence |z| ≥ d. Furthermore, there must be a
smallest nonnegative integer j such that r(j)(0) > 0; that is, the coefficient of Xj in r(X) is positive. As a
result, the coefficient of Xj in (dX−n)r(X) gets a contribution of at most 0 from the dX and a contribution
of at most −n from the −n, so the coefficient of Xj in (dX − n)r(X) is at most −n. This implies that z′
must contain at least n copies of qj and, therefore, |z′| ≥ n. Now the fact that both d and n are at least
min(d, n) ensures that min(|z|, |z′|) ≥ min(d, n). Finally, since z and z′ are arbitrary factorizations of
p(q), each factorization of p(q) has length at least min(d, n), which establishes our claim.

We then show that all Betti elements must have the form nm+1

dm . Suppose, by way of contradiction,
that there exists r ∈ N0[q]• with r �= nm+1

dm for any m ∈ N0 such that r has at least two distinct
factorizations z, z′ ∈ Z(r) inN0[q] that are disconnected in the Betti graph ∇r, and then take polynomials
p(X), p′(X) ∈ N0[X] whose formal evaluations p(q) and p′(q) yield the factorizations z and z′,
respectively. Furthermore, we can take z and z′ minimizing t = max(deg p(X), deg p′(X)) and, among
all such factorizations z and z′ minimizing t, we can further assume that we have chosen z and z′ so that
the sum of their coefficients corresponding to the term Xt is as small as it could possibly be. Now write
p(X) − p′(X) = (dX − n)r(X) where r ∈ Z[X]. Then we see that the coefficient of the leading term of
p(X) − p′(X) is a multiple of d. Because z and z′ is disconnected in ∇r , without loss of generality we can
assume that p(X) = dsXt + p0(X) with s ∈ N and max(deg p0(X), deg p′(X)) < t. If p0 = 0 and s = 1,
then r = nt

dt−1 , which contradicts our assumption. Therefore z and z′′ := d(s − 1)qt + nqt−1 + p0(q) are
connected in ∇r and, by the minimality assumptions on z and z′, we see z′′ and z′ are connected in ∇r .
As a result, z and z′ are connected in ∇r , which is a contradiction.

Now we will show that each r = nm+1

dm is a Betti element by splitting the rest of the proof into two
cases.

Case 1: d < n. For each m ∈ N0 we see that nm+1

dm ∈ N0[q] and also that the same element has at least
two factorizations, namely, n · qm and d · qm+1. We claim that d · qm+1 is an isolated vertex in the Betti
graph of nm+1

dm .
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Suppose, by way of contradiction, that there was another factorization of nm+1

dm that had a nonzero
greatest common divisor with d · qm+1. Observe that this factorization would have at least one copy of
the atom qm+1, so if we subtracted qm+1 from it, we would obtain a second factorization of the number
(d−1) ·qm+1. However, this violates the statement of our claim: we would have an element of N0[q] with
multiple factorizations that has a factorization whose length is less than d = min(d, n). Thus, d · qm+1 is
an isolated vertex in the Betti graph of nm+1

dm for each m ∈ N0, and so
{n(q)m+1

d(q)m
∣∣ m ∈ N0

} ⊆ Betti(N0[q]).
Case 2: n < d. The argument for this case will be very similar, but a few details are different. For m ∈ N0,
observe that nm+1

dm ∈ N0[q] and also that the same element has at least two factorizations inN0[q], namely,
n · qm and d · qm+1. We claim that n · qm is an isolated vertex in the Betti graph of nm+1

dm .
Suppose, for the sake of a contradiction, that there was another factorization of nm+1

dm that had a
nonzero greatest common divisor with n ·qm. This factorization would have at least one copy of the atom
qm, so if we subtracted qm out, we would obtain a second factorization of the element (n − 1) · qm. This
violates the statement of our initial claim because an element of N0[q] with more than one factorization
has a factorization whose length is less than n = min(d, n). Therefore n · qm is an isolated vertex in the
Betti graph of nm+1

dm for each m ∈ N0. Thus,
{n(q)m+1

d(q)m
∣∣ m ∈ N0

} ⊆ Betti(N0[q]).

We are in a position now to determine the Betti elements of N0[α], where α is a positive irreducible
n-th root of a positive rational.

Proposition 4.4. Let q be a positive rational that is neither an integer nor the reciprocal of an integer, and
let α := n√q be a positive irreducible n-th root of q. Then the set of Betti elements of N0[α] is

{
n(q)m+1

d(q)m αr
∣∣∣ m ∈ N0 and r ∈ �0, n − 1�

}
.

Proof. For a fixed r ∈ �0, n − 1�, consider the set Br := {tαr ∈ Betti(N0[α]) | t ∈ Q>0}. For tαr ∈ Br ,
it follows from Lemma 3.8 that the set of factorizations of tαr is in a natural bijection with the set of
factorizations of the element (0, 0, . . . , 0, t, 0, . . . , 0) in the monoidN0[q]n, where the only nonzero entry
t occupies the (r + 1)-th position. It follows from Lemma 4.3 that

Betti(N0[q]) =
{

n(q)m+1

d(q)m

∣∣∣ m ∈ N0

}
.

This, along with Lemma 3.8, guarantees that

Br =
{

n(q)m+1

d(q)m αr
∣∣∣ m ∈ N0

}
.

We proceed to argue that all elements of N0[α] that involve at least two different (linearly indepen-
dent) powers of α cannot be Betti elements. Let b = t0 + t1α + t2α

2 + · · · + tn−1α
n−1 be such an

element, where ti ∈ Q≥0, and at least two of the tis are nonzero. It follows from Lemma 3.8 that the set of
factorizations of b is in a natural bijection with the set of factorizations of (t0, t1, . . . , tn−1) inN0[q]n. Let z
and z′ be two arbitrary factorizations of b, and let (z0, z1, . . . , zn−1) and (z′

0, z′
1, . . . , zn′−1) be the n-tuples

of factorizations corresponding to them via the map f in Lemma 3.8. The equality π(z) = π(z′) = b,
along with part (2) of Lemma 3.8, ensures that π(zi) = π(z′

i) for every i ∈ �0, n − 1�. As a result,

(z0, z1, . . . , zn−1) → (z′
0, z1, . . . , zn−1) → (z′

0, z′
1, . . . , zn−1) → · · · → (z′

0, z′
1, . . . , z′

n−1)

is a sequence consisting of factorizations of (t0, t1, . . . , tn−1). Moreover, since at least two of these
factorizations are nonzero, each two consecutive factorizations have nonzero greatest common divisor,
and so this is a path within the factorization graph ∇(t0,t1,...,tn−1). Therefore (t0, t1, . . . , tn−1) is not a Betti
element and, therefore, it follows from Lemma 3.8 that b is not a Betti element.
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As a consequence, we conclude that

Betti(N0[α]) =
n−1⋃
r=0

Br =
{

n(q)m+1

d(q)m αr
∣∣∣ r ∈ �0, n − 1� and m ∈ N0

}
.

5. The catenary degree

In this section, we study the catenary degree of evaluation polynomial semirings. The catenary degree of
N0[α] when α is a positive rational is known. Indeed, by virtue of [10, Corollary 3.4], for each q ∈ Q>0
such that N0[q] is atomic but not a UFM, the catenary degree of N0[q] equals max{n(q), d(q)}.

Lemma 5.1. Let α be a positive algebraic number such that the monoid N0[α] is atomic. If c(N0[α]) ≤ 2,
then N0[α] is a UFM.

Proof. Assume that c(N0[α]) ≤ 2. It is well known that an atomic monoid whose catenary degree is at
most 2 must be an HFM. Therefore N0[α] is an HFM. Now it follows from [12, Theorem 5.4] that N0[α]
is a UFM.

Atomic monoids of the form N0[α] (for positive algebraic α) can be used to realize any possible value
of catenary degrees. This is proved in the following theorem.

Theorem 5.2. For every c ∈ {0} ∪ N≥3 and d ∈ N, there exists a positive algebraic α such that N0[α] is a
rank-d atomic monoid with c(N0[α]) = c. Moreover, for any c ∈ N≥3 and d ∈ N the following statements
hold.

(1) There exists a positive algebraic α such that N0[α] has rank d, satisfies the ACCP, and c(N0[α]) = c.

(2) If c > 0, then there exists a positive algebraic α such that N0[α] has rank d, is atomic, does not satisfy
the ACCP, and c(N0[α]) = c.

Proof. Suppose first that c = 0 and d ∈ N. The polynomial m(X) = Xd − 2 is irreducible by Eisenstein’s
Criterion. Let α be the positive root of m(X). It follows from [12, Proposition 3.2(2)] that rankN0[α] = d.
In addition, N0[α] is a UFM in light of [12, Theorem 5.4] and, therefore, c(N0[α]) = 0. The case when
c ∈ N≥3 in the first statement of the theorem is a special case of part (1), which we proceed to argue after
introducing a useful definition for the rest of our proof.

For every factorization z = ∑k
i=0 ciαi ∈ Z(M), we define s(z) as the greatest t such that ct ≥ c or

s(z) = −1 if ct < c for every t ∈ �0, k�.
(1) Suppose that c ∈ N≥3 and d ∈ N. Consider the polynomial m(X) = pXd − c for some p ∈ P such

that p < c and p � c. Since m(1) < 0, m(X) has a positive real root α such that α > 1. Let m(X) = cXd−p
be the reciprocal polynomial of m(X). By virtue of Eisenstein’s Criterion m(X) is irreducible over Z. It is
known that m(X) must be also irreducible over Z. Then m(X) is the minimal polynomial of α. It follows
from [12, Proposition 3.2] that rank M = deg m(X) = d. Since α > 1, we see that 0 is not a limit point
of N0[α]• and, therefore, it follows from [21, Proposition 4.5] that M is a BFM, and so it satisfies the
ACCP. In particular, M is atomic. In addition, it is not hard to verify that A(N0[α]) = {αn | n ∈ N0}.
Claim. For every z ∈ Z(M) there exists γz ∈ Z(π(z)) such that s(γz) = −1 and we can find a c-chain of
factorizations connecting z and γz.
Proof of Claim. We use induction on s(z). Observe that when s(z) = −1 we can take γz = z and our
claim follows. Assume that k ∈ N0 and that our claim holds for every z ∈ Z(M) such that s(z) < k.
Now take z ∈ Z(x) such that s(z) = k for some x ∈ M. Write z = ∑t

i=0 ciαi where ci ∈ N0 for every
i ∈ �0, t�. Observe that pαk+d = cαk since α is a root of Xkm(X). Let a and b be the unique positive
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integers satisfying that ck = ca + b and b < c. Consider the chain z = z0, z1, . . . , za of factorizations of
x defined as

zj =
∑

i∈�1,t�\{k}
ciα

i + (pj)αk+d + (c(a − j) + b)αk,

for every j ∈ �0, a�. Notice that d(zj−1, zj) = c for each j ∈ �1, a�. Hence z0, z1, . . . , za is a c-chain
of factorizations of x. Moreover, s(za) < s(z) = k, and by induction hypothesis there exists a γz ∈
Z(x) with s(γz) = −1 and some c-chain of factorizations connecting za and γz. Our claim follows after
concatenating both chains.

Fix x ∈ M, then there exists at most one γ ∈ Z(x) such that s(γ ) = −1. This is because if γ and
γ ′ are two of them, say γ = P(α) and γ ′ = P′(α) for some P, P′ ∈ N0[X]. Then the absolute value of
every coefficient of the polynomial P(X) − P′(X) is smaller than c, which contradicts the fact that m(X)

divides it. Hence γz = γw = γ and therefore z = z0, . . . , za = γ = wa′ , wa′−1, . . . w0 = w is a c-chain
of factorizations connecting z and w. Thus, c(x) ≤ c for every x ∈ M.

Finally, suppose that z1 and z2 are two different factorizations of the same element x such that
d(z1, z2) < c. Then every atom a appears at most c−1 times in z1−gcd(z1, z2) as well as in z2−gcd(z1, z2).
Hence the absolute value of every coefficient of the polynomial z1(X) − z2(X) is smaller than c, which
contradicts the fact that m(X) divides it. We have then that c(x) ≥ c for every x ∈ M that has at least
two distinct factorizations. Furthermore, notice that there exists an element that has at least two distinct
factorizations; for example, c · 1 and p · αd are both factorizations of x = c. Thus, we conclude that
c(M) = c.

(2) Suppose that c ∈ N≥3 and d ∈ N. Now consider the polynomial m(X) = cXd − p for some p ∈ P
with p < c and p � c. Because m(0) < 0 and m(1) > 0, the polynomial m(X) has some positive root α

such that α < 1. We know from the proof of part (1) that m(X) is irreducible over Z and, therefore, it is
the minimal polynomial of α. Now set M := N0[α]. Using the same arguments as in part (1) we obtain
that rank M = d and M is atomic with A(M) = {αn | n ∈ N0}. On the other hand, it follows from [12,
Theorem 4.7] that M does not satisfy the ACCP.

Claim. For every z ∈ Z(M) there exists γz ∈ Z(π(z)) such that s(γz) < d and we can find a c-chain of
factorizations connecting z and γz.

Proof of Claim. We use induction on s(z). If s(z) < d, then we can take γz = z and our claim follows.
Assume that k ∈ N0 and that our claim holds for every z ∈ Z(M) such that s(z) < k. Now take z ∈ Z(x)

such that s(z) = k for some x ∈ M. Write z = ∑t
i=0 ciαi where ci ∈ N0 for every i ∈ �0, t�. Observe

that cαk = pαk−d since α is a root of Xk−dm(X). Let a and b be the unique positive integers satisfying
that ck = ca + b and b < c. Similarly as in part (1) we can take z = z0, z1, . . . , za ∈ Z(x) such that for
each j ∈ �1, a� the factorization zj is obtained from zj−1 after replacing c occurrences of the atom αk by p
occurrences of αk−d. Hence z0, z1, . . . , za is a c-chain of factorizations of x. Moreover, s(za) < s(z) = k,
and by induction hypothesis there exists a γz ∈ Z(x) with s(γz) < d and some c-chain of factorizations
connecting za and γz. Our claim follows after concatenating both chains.

Using our claim and mimicking what we did in part (1), we conclude that c(M) = c.

Krull monoids and (as their generalization) transfer Krull monoids are among the best investigated
objects in factorization theory. They are all BFMs, whence they satisfy the ACCP. Theorem 5.2 shows
that N0[α] need not satisfy the ACCP, whence they are not transfer Krull in general.

As the following example illustrates, there are positive algebraic α such that N0[α] is atomic and
c(N0[α]) = ∞.

Example 5.3. Consider the polynomial m(X) = X4 − X3 − X2 − X + 1 ∈ Z[X]. We have seen in
Example 3.11 that m(X) has an algebraic root α > 1. We have seen in the same example that N0[α] is
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atomic with A(N0[α]) = {αn | n ∈ N0} and also that, for each k ∈ N, the element yk := α3k+1 + 1 has
the following two factorizations:

z1 := α3k+1 + 1 and z2 := α3k + α +
k∑

i=1
α3i−1.

Now let us assume that c(N0[α]) = c ∈ N. We have seen in the discussion of Example 3.11 that there
exists k ∈ N such that L(yk) ∩ �3, c + 2� is empty. Now let’s consider a c-chain between z1 and z2:
w0 = z1, w1, . . . , w� = z2. Let i0 = min

{
i ∈ �1, �� | |wi| > 2

}
. Then |wi0 | ∈ �3, c + 2�, a contradiction

with the fact that L(yk) ∩ �3, c + 2� = ∅.
As a result, c(N0[α]) = ∞.
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