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ABSTRACT

At their core, our machine learning systems are trained by solving an optimization problem,
where the goal is to minimize a predefined objective function by adjusting model parameters
based on the data. Despite the wealth of structure and prior knowledge present in the
data and feedback, our training methods remain relatively simple and independent of this
structure. In spite of, or perhaps because of, this simplicity, these methods are often lacking
in theoretical guarantees. To design machine learning algorithms that are less data-hungry
while ensuring theoretical guarantees on both computational efficiency and output validity, it
is essential to better understand and leverage the rich structure within the learning setup
and the data distribution, e.g. by altering the geometry of the solution space or adjusting
the objective function to induce a more effective learning procedure. This approach moves
beyond classical algorithm design, which focuses primarily on handling worst-case instances.
This thesis investigates the optimization landscape of central learning problems and develops
geometric and analytic schemes adapted to their structure, leading to algorithms with superior
computational and statistical performance. In addition, it seeks to advance our mathematical
understanding of the principles underlying the success of deep learning.
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Chapter 1

Introduction

A signi cant portion of Al's current success relies on deep learning which has shown striking
and counterintuitive learning capabilities in the face of challenging multi-modal data dis-
tributions, by tackling a highly non-convex optimization problem. Although this empirical
success shows that our current training algorithms can exploit the structure in data to some
extent, these systems still have major issues in reliability and safety, which is mainly due
to our lack of a systematic understanding of how deep learning works. In this thesis, we
start with studying and resolving important optimization challenges in well-de ned learning
problems. In parallel to optimization, we will also study sampling problems in machine
learning, including sampling with di usion models. Finally we will focus on obtaining a
better mathematical understanding of the generalization ability and the empirical phenomena
observed in neural networks and their modern architectures transformers and di usion
models, and their training optimization landscape. In particular, we will devise new methods
to characterize the properties of convergence points of gradient-based optimization algorithms
in notoriously di cult-to-analyze non-convex landscapes, which arise in training neural
networks.

1.1 Optimization

A fundamental idea in optimization for minimizing an objective functionf is to obtain a
sequence of pointSx;e; in the domain off by iteratively computing x; from x; ; using the
local information of f around x; i, including the derivatives off around x; ;. Due to the
computational cost of computing higher derivatives, in machine learning most algorithms
only use the gradient, i.e. the rst derivative, and sometimes they also exploit the hessian
which is the matrix of second order derivatives. For this reason, such rst and second order
algorithms will be the focus of this thesis.

The simplest optimization algorithm is gradient descent, wherg; is obtained fromx; ; by
taking a step toward the gradient atx; 1, namelyx; x; 1 ©f "x; 1, with step size . This
step can be realized as the minimizer of the linear approximation bfaround x; 1, given by
fxil'[x- f°X; 1* ©f "X; 1*;X X; 1ewithin the Euclidean ball of radius aroundXx; ;. This
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trick enables us to optimize a linear function at every step instead éf, which is a simpler
task. However, note that as we get far fronx; ;, the error of the linear approximation grows,
so we only allowx; to go at most unit in Euclidean distance far fromx; 1 to minimize f,.",.
The key point to grasp here is that the choice of Euclidean ball for the restricting set is not
necessary. In fact, a more general strategy is to choose ellipsoids instead of balls. For example,
if we are in the plane, one might restrict the minimization of the linear approximation to
an ellipsoid which allows a step of two units in the vertical direction but only a step of one
unit in the horizontal direction. Note that the choice of ellipsoids could be di erent for each
Xi; in particular, every location in the domain off can be assigned to a unique ellipsoid. If
the choice of such ellipsoids is smooth in the domain bf then it induces a di erentiable
manifold M with a unique geometry. Then, minimizing the linear approximation of at
every x; restricted to the ellipsoid ofx; results in a unique generalization of gradient-descent
algorithm based on the geometry oM . A close relative of this family of generalized gradient
descents is the family of mirror descent algorithms. For a given strongly convex regularizer
or barrier on the domain off , mirror descent updatesx; ; via the gradient ©f "x; 1* after
applying the mirror map© RY R9Y;

© "Xij* © "X 1*¢ O©Of "X 1°: (1.1)

For su ciently small step size, mirror descent roughly takes the same step as generalized
gradient descent under the geometry given by the ellipsoids that correspond to the hessian
of . This geometry corresponds to a di erentiable manifold whose metric is given by the
hessian of in the standard coordinate system.

In optimization, the behavior of the derivatives off plays an important role in the convergence
speed. The simplest assumption on the derivatives that enables a fast convergence speed
to the minimizer of f is the smoothness property, which restrict the amount of change the
gradient of ©f "xe can sustain by changingk. Even without smoothness, under a weaker
Lipschitz assumption, for a given objectivd and its domain X, it turns out that the average
point of the sequence of iterateSx;+[" , for gradient descent and more generally mirror descent
still converges to the minimizer off . For mirror descent, the Lipschitz assumption can be
generalized to a bound on the size of the gradients bfin the geometry of around each
point in X.

In this setting, The choice of the regularizer with a suitable geometry has an important
role in the speed of convergence of mirror descent in minimizifg It turns out that the
convergence speed depends on two major factors that corresponds to this geometry: (1) The
range of on this domain, and (2) the length of mirror descent steps when measured in
the geometry of . Note that range of on the domain is closely related to diameter of the
domain in the geometry of . For example, one can see that for YxY2, the range of is
within a constant factor of the square of the Euclidean diameter. Having a dependence on
the diameter of D is intuitively expected as the algorithm is searching irX for the minimizer
of f . While taking longer steps enables us to traverse the domain faster, it is riskier as the
objective f drastically change compared to its linear approximation once we get far frory ;.

It turns out that the length of our steps in the geometry of has a direct linear e ect in the
speed of convergence for mirror descent. Therefore, for a gifelmand domain X, one needs
to design a regularizer , which balances properties (1) and (2).
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The optimization setting discussed above, namely optimizing a functioih over domainX is
known as o ine optimization. Another important class of optimization problems in machine
learning are online, in which at each timel Bt B T the learner's action is penalized by
a time-dependent loss functiorf;"xe, where T is called the time horizon. Of particular
importance in the online setting is the notion of regret, which is the di erence between the
overall incured loss by the learner over time and the smallest possible loss achievable by a
xed action x. More precisely, regret is de ned as
A~ T T N . T N

reg” Xio; 1° <thft Xi® rxn>|xnthft Xe:
The goal in online optimization is to desgin an algorithm that achieves aublinear (in
T) regret. It turns out that even in the online world, gradient descent and more generally
mirror descent are still e ective towards this goal, by using the gradient information of;
at time t instead of a xed objective as in o ine optimization. In particular, under mild
assumptions, the regret of mirror descent could be bounded by the same quantities (1) and
(2) above, namely the range of regularizer, and the length of the steps of mirror descent in
the geometry of , multiplied by T, which is a sublinear factor in the time horizon.

In this thesis, we design an algorithm that substitutes the need for a projection or linear
optimization oracle at each round by the cost of a few (constant) number of linear system
solves [1] wherf's are convex andX is a polytope. Additionally, we improved the regret by
shaving o a dimension factor or a condition number factor from the previous best algorithms.
To obtain these results for online optimization, in parallel to the interior point methods in
0 ine optimization, we constructed regularizers for mirror descent that satis es properties
(1) and (2) and is also self-concordant.

Self-concordance is a condition that roughly means the local geometry induced by
changes slowly in location, and is essential in breaking the previous running time for online
convex optimization over polytopes. While Lipschitzness and Smoothness were conditions can
be interpreted as boundedness conditions on rst and second derivatives gfconventional
self-concordance bound the third derivative of by its second derivative. Note that the
computational complexity of computing mirror descent steps matters is the overall runtime,
which in turn depends on the choice of the regularizer. This is where the self-concordance
becomes useful; since the local geometry ofthanges slowly, mirror descent'gth step does
not change drastically from thei 1th step. Hence, one can accelerate the computation of the
ith step by using thei 1th step as a warm start, which has already been computed in the
previous round. Moreover, the notion of self-concordance ofleads to an induced geometry
by the Hessian of which squeezes more and more as one gets close to the boundaries of
X; this forces mirror descent to take smaller and smaller steps measured in the Euclidean
distance, since as we mentioned, mirror descent is actually take x size steps in the geometry
of ; Crucially, this avoids the algorithm from ever stepping outside oKX, which liberates the
algorithm for the need of projecting back ontaX after every step as mirror descent generally
does.

On the one hand, the geometry of has to adapt to the shape oX around each point in the
domain, and the gradients of the objectivé need to satisfy properties (1) and (2) above,;
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This might require picking a more complicated which results in computationally more
expensive mirror descent steps as each step involves computidg. Balancing these two
forces is essential in our approach in Section 5 in obtaining an online algorithm with both
low regret and fast running time.

Self-concordance and Interior Point Theory. Steps of mirror descent are closely related
to the Newton steps in interior point methods for minimizing a linear objective in specic
domains such as in polytopes, which corresponds to solving a Linear Programming (LP). Our
fastest known algorithm for solving LPs are famously based on interior point theory [2]. There,
one picks a barrier function inside the polytope which is self-concordant, and forms an
auxilliary optimization problem by adding to the linear objective to turn the optimization
over a non-smooth domain to have a smoother behavior. At each round, one then slightly
changes the auxiliary loss by increasing the coe cient of the original linear objective compared
to the barrier function, and takes a Newton step to go to the proximity of the new optimal
solution. This is similar to the mirror descent step for online linear optimization, except
that in online optimization we observe a new linear loss at every round. In section 3, we
will illustrate how one can use a self-concordant barrier to obtain faster online optimization
algorithms which avoids the need of projections onto the domain set.

Exp-concave optimization. The idea of mirror descent is also useful in tackling the class
of online exp-concave optimization, in which the online lods at each round is exp-concave.
My work uses mirror descent with a suitable regularizer to improve the regret and running
time for online exp-concave optimization. See [3] for more details.

Achieving the optimal minimax regret. As we will see, the regret bounds that we
obtain in online convex optimization heavily depends the shape of the action domain
as well as the loss function$; that we at every step, and in particular the shape of their
gradeintséf ;" xe. While most online convex optimization algorithms that we have achieve
regretO” Te in the time horizon which is optimal, the rate is not necessarily optimal in
other parameters such as in dimension. A curious question is, given a pair of action Xet
and gradient setC which characterizes the shapes of the gradein® ,"xe for all 1Bt BT,
whether we can design an algorithm that can acheive the minimax optimal regret albeit
with potential compromise on computational e ciency. We will answer this question in
Section 2 whenC and X are symmetric convex sets, by designing a suitable regularizer for
the pair "X ;C. It turns out even though this regularizer does not have a closed form, we
can design an e cient separation oracle to compute it as a pre-processing step. While our
online algorithm is fully polynomial time, the pre-processing and memory are exponential in
the dimension of the space.

Partial information Another setting of online optimization or learning that is of impor-
tance is the case when the player does not receive full information about the history of the
losses in the previous rounds. Note that this is di erent from the bandit setting in which the
learner observes each loss function only partially but does not miss any information from its
history of observations. In this model, the player at time plays over the simplex and can
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observe the loss function on a subset of the previous rounds. We form a gr&plby de ning

a node for each time stepp, 1Bt BT, and we draw an out-going edge from the nodes whose
loss function is observable at time to nodet. This framework subsumes many important
cases such as Batched learning, Learning with delayed feedback, Learning with bounded
recall. If S was a clique, we could simply use mirror descent with the entropy regularizer
over the simplex to obtain an optimal regret. In Section 4, we propose an algorithm based
on partitioning S into fractional cligues and running mirror descent in each clique, then
combining the resulting action vectors over the fractional cliques. We further prove a novel
lower bound which shows the regret bound obtained by this approach is tight, at least in the
case whers is transitive.

1.2 Sampling

As we discussed, regularizers or barrier functions are extremely useful in optimization for
creating a suitable geometry on the space for taking the optimization steps, and potentially
transform a non-smooth problem into a smooth one. It turns out that barriers are not only
useful for optimization, but also sampling. Sampling and optimization are interrelated. For
example, in order to roughly optimize functionf , one can instead sample from the Gibbs
distribution e T with potential f. In generative Al usually we hope to sample from complex
data distributions, e.g. distribution over image or sequences of tokens.

In parallel to the golden condition in optimization that leads to our algorithmic capability

is convexity of the objective, an exact rendering of this condition for sampling translates
into the concavity of the log density (or log-concavity). However, researchers have found
milder assumptions on the target densitye f which still leads to novel sampling algorithms
for those targets. Such milder conditions are often characterized as functional inequalities
where each side of the inequality involves the integration of a rather arbitrary function or
its derivatives with respect toe . Famous known functional inequalities that lead to fast
algorithms are the Poincare and log-sobolev inequalities. We will talk about these inequalities
as we need in every section.

An important class of algorithms for sampling are the class of Markov Chain Monte Carlo
(MCMC) methods, in which one de nes a markov chain whose stationary distribution is the
one that we wish to sample from. Then, one starts from an initial distribution and run the

steps of the markov chain until the distribution of the random point converges to the desired
one. Markov chain can either be in discrete time or continuous time.

Langevin Di usion. An important class of continuous-time markov chains are Langevin
di usions, whose trajectory behavior can be captured by a stochastic di erential equation. As
an example, for sampling from the Gibbs distributiore f, one can use the standard Langevin
di usion given by the following SDE:

dXt of AXt°dt dBt: (12)
While the Langevin di usion converges to the desired distributiore , it does not immediately

lead to a runnable algorithm as it is in continuous time. To get an algorithm, however, one
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can discretize the SDE as
Xt 1 Xt ©f AXt° Bt, (13)

whereB; N70; | « is an independent normal variable at each time. The recovered algorithm
from this discretization is known as the Unadjusted Langevin Di usion. Note that the update
eqguation of this algorithm looks similar to gradient descent, except that we also add Gaussian
noise at each step. While the continuous time Langevin Di usion has the correct stationary
distribution e f, this discretized version has a bias and does not exactly converge to the
right distribution as time goes to in nity. However, we can still use it as an e cient sampler
as long as the bias is not too large. Another approach that is standard is to adjust the
discretized algorithm by adding a metropolis lter to remove the bias. While this approach is
e ective in correcting the bias, the rejection probability induced by the metropolis lter often
gets large fast with the step size. Hence, picking a large step size leads to large rejection
probability, which slows down the algorithm. On the other hand, picking a small step size
could also result in slow mixing time. Because of the growth of the rejection probability issue,
sometimes the unadjusted algorithm is preferred.

Hamiltonian Monte Carlo. Another way to resolve the rejection issue is to use a di erent
markov chain based on the Hamiltonian Monte Carlo (HMC). The HMC markov chain is
de ned based on a second order di erential equation. Intuitively, if one think of the state
of the markov chain as a particle, then HMC equation for sampling frore f de nes the
gradient of f (log density) as an accelerating force on the patrticle:

aX, .
d N

Then, picking the initial velocity as a random Gaussian, HMC equation 1.5 de nes a reversible
markov chain without the need for a metropolis Iter. HMC can more generally be de ned
on a di erentiable manifold, in which case the movement of the particle under the force eld
is with respect to the distance on the manifold. We will de ne this more general version,
known as Riemannian HMC (RHMC) rigorously in section 5 using the di erentiation operator
known as covariant derivative on the manifold. In particular, geometric HMC provides
a framework for sampling from constraint setX >RY by considering a barrier function
inside X and running HMC on the geometry induced by the Hessian of. For example, if

a unit distance according to the geometry of squeeze close to the boundary of, then
RHMC naturally travels shorter in the direction of the boundary (measure in the noermal
Euclidean distance). In particular, if is self-concordant and goes to in nity on the boundary
of X, RHMC never exits the domainX. This geometry induced by was also discussed and
studied in the previous section for optimization with mirror descent.

It turns out that HMC-based samplers converge to the stationary distribution very fast in
practice and this speed highly depends on the choice of the geometry on induced byn
particular, if the geometry of is adapted to the local geometry around each in the domain
X, and if it is aligned with the measuree © inside X, then RHMC mixes fast.
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As we elaborate , the properties within a barrier function that are e ective for obtaining a
fast mixing time with RHMC are di erent from those for the purpose of optimization. In
this thesis, we will see how to design barrier functions that are useful for sampling as well as
optimization. First, note that while optimization is a search problem for which the range
of the barrier function or the diameter ofX in the geometry induced by is important,
sampling only cares about the regions of where thee f is concentrated on. Rouhgly, in
sampling we care about how much measure with respect to the Gibbs distributien’ do
we gain as we take a unit step in the geometry of. This concept is rigorously captured
by the notion of isoperimetry on the manifold inX obtained from . On the other hand,
to have a fast sampling algorithm with RHMC under , we also care about the stability of
the ellipsoids of induced on the domain. For optimization, we argued that the standard
notion of self-concordance captures this notion very well. However, in sampling, it turns out
that we need di erent, more sophisticated form of self-concordance so that RHMC mixes
fast. For one condition which is also shared with optimization, we want the ellipsoid of at
each pointp>X to be a good approximator of the local geometry insid& around p. We
call this property well-roundedness and will de ne it rigorously.

Mirror Langevin The source of randomness in the stochastic di erential equation that
corresponds to the Langevin Di usion ( equation 1.3) comes from the Brownian motion term
dB;, which is spherically symmetric. This is because in every time interval, the brownian
motion term adds up an isotropic Gaussian noise. However, to obtain a faster mixing time,
one might want to use a non-spherically-symmetric noise in which the covariance of the
noise depends on the location of the particle. It turns out one can generalize the Langevin
Di usion to the Riemannian case on a manifold so that the covariance of the noise aligns with
the local geometry around each point on the manifold. In other words, the isotropic noise
variable in the standard Langevin di usion would expand or squeeze in di erent directions
propostional to the local distances on the manifold. Similar to RHMC, this is useful for
sampling from a distribution constrained to a seX b RY by using the induced geometry from

a barrier function on X that goes to in nity on the boundary. A curious question is now
what properties of the barrier results in a faster mixing time for the discretization of the
Riemannian Langevin di usion (RLD). In Section 6 we answer this question by driving a
new self-concordance property which we call second-order self-concordance for the barrier
function de ned on X b RY, that is suitable for sampling with RLD. Combining it with a
log-sobolev inequality for the target densitye f, we obtain a fast mixing for the discretization

of RLD for sampling frome f constrained to the setX.

1.3 Diusion models

A major problem with MCMC techniques such as algorithms based on Langevin di usion or
HMC is that such samplers are inherently built for log-concave sampling, or for sampling
from distributions that are close to log-concave. Another important issue with these samplers
is that unless the target density satis es a strong functional inequality such as the log-sobolev
inequality, they require a warm start, meaning the starting distribution needs to have a
bounded density ratio with the target distribution, otherwise their mixing time could be very
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slow. Di usion models can potentially solve both of these issues by smoothing out the target
distribution and start the sampling from easier smoothed distributions, then gradually turn
them into a sample from the original distribution. This idea is similar to the what interior
point methods do in optimization, using a smooth barrier function de ned on the domain set.
With di usion models, this smoothing procedure is done by convolving the target distribution
with the Gaussian density. Note that convolving the distribution with a very high-variance
isotropic Gaussian results in is almost a Gaussian with the same variance, which is close to
being log-concave and easy to sample from. However, as we gradually decrease the level of
noise (speci ed by the Gaussian variance) in the Gaussian convolution, the distribution could
get harder to sample from, especially if the original distribution is highly multi-model, aka far
from being log-concave. However, the hope here is that even though these distributions get
harder and more complex as we decrease the level of noise, the task of transforming a sample
from a higher noise distribution to a slightly lower noisy one is still easy algorithmically. This
seems to be the case in practice as di usions have proven to be highly successful in generative
Al, e.g. in sampling from highly multi-modal distributions of images in computer vision or
proteins in bio-informatics. One way that di usion models do these transformations is via
discretizing a stochastic process that is the reverse of the Ornstein-Uhlenbeck (OU) process.
The OU process is a standard Langevin di usion as described in equation 1.2 that transforms
an arbitrary distribution to Gaussian, given by the following SDE:

dXt Xtdt dBt:

If we start this process fromX, distributed according to our target distribution py that we
hope to sample from, then at some large tim& of the OU process, the distribution ofX 1,
denoted bypr, is almost Gaussian (as the limit in the in nity is exactly Gaussian). Now

if we start the reverse stochastic process from Gaussian, it would roughly transform it to
our target po. Therefore, discretizing this reverse process provides us with an algorithm for
iteratively transforming Gaussian noise to a sample from the target. It turns out the reverse
process can also be described by a stochastic di erential equation, albeit one where the bias
(dt) term is time dependent:

dY; ©lnpr Yy dW;; OBtBT;

where p; is the density of X, at time t (based on the OU process or the forward process)
and W, is another Brownian motion. Hence, to simulate the backward process, we need
to estimate the gradient of the log densityJogp:'s, known as the score function, for alt's
between0 and T, where each is the convolution of di erent amounts of Gaussian noise with
the original distribution.

In Section 7, we will see the underlying mechanisms behind the success of di usion models
in sampling from multi-modal distributions by showing how one can provably sample from
continuous mixtures of Gaussians using di usion models. A continuous mixture of Gaussians
with k-components is simply the convolution of a base-measure whose support can be covered
by k unit Euclidean balls with isotropic Gaussians. In particular, we show that this approach
leads to a running time that is quasi-polynomial in the dimension and the number of clusters
of the mixture, which almost matches the state of the art algorithm by [4] for sampling from
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Isotropic discrete mixtures of Gaussians. This is while our approach covers the substantially
larger class of continuous mixtures of Gaussians that, despite the class of discrete mixtures of
Gaussians, is a non-parameteric class.

Guidance. The science of Machine learning is beyond just tting a model to a dataset
to obtain predictive capability on test data, but also includes exploring ways that we can
incorporate our prior knowledge in the learning procedure. This could be in form of a prior
knowledge about the data distribution: for example, the fact that we observe the distribution
over images has rich structures in the space of pixels that are local has inspired us to train
convolutional architectures of neural networks. But what if this prior knowledge is given to
us in the form of another machine learning system? Consider the senario where we have a
mixed dataset of pictures of cats and dogs, and we hope to generate a new image of a cat
which is almost independent of the dataset (otherwise we could just return a cat picture
in our dataset!). In addition, we are given a classi er that has been trained to distinguish
between cats and dogs. One approach for this goal is that we can rst use the classi er to
separate the pictures of cats and dogs, then we can train a di usion model on the pictures
of cats that can generate a fresh image. But this might not work so well if we our mixed
dataset is small. The question is wether there is a better way to exploit this classi er for
sampling a cat? Researchers have empirically discovered a method for this task with the
di usion framework, called guidance, that turns out to be e ective in practice: recall that

for simulating the backward process in di usion models one requires an estimate of the score
function Given an estimate for the score of the mixture distribution of cats and dogs and a
classi er for distinguishing cats and dogs, it turns out one can design an estimate for the
score for the conditional density of distribution of cats, which then enables us to sample
from cats by running the di usion model for the conditional distribution. The idea is to
approximate the gradient of the likelihood function for cats, then add it to the score of the
mixed distribution, which according to the Bayes rule would give the score for the conditional
distribution. In particular, if we model the image space with variablex and the cat or dog
label by discrete variabley >~ 1e, then we have

Oy logp'xye ©ylogp yKe © , logp™xe:
Moreover, researchers found that by consider a more general linear combination such as
Oy logp'ySe "1 weO, logp xe;

with an arbitrary guidance parameterw CO0, that increasingw A 0 to some level would
enhance the image generation quality. However, it is not clear where this improvement comes
from. Before our work, it was believed that usingv A0 results in sampling from the tilted
distribution pr¥"xe p'xep’yKe" 1, for a xed label y. We discredit this false belief and
show that the e ect of increasingw is in fact much more intricate: increasingv above zero
results in gradually pushing the mass ob"x$§e toward part of the support of p"x$§e which is

as far as possible from the support g x§e for the other labely x y. We rigorously prove
this for the one-dimensional case and further show this e ect empirically in higher dimensions.
We refer the reader to [5] for more details on our approach.
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1.4 Deep Learning

A signi cant portion of Al's current success relies on deep learning which has shown striking
and counterintuitive learning capabilities in the face of challenging multi-modal data distribu-
tions, by tackling a highly non-convex optimization problem. Although this empirical success
shows that our current training algorithms can exploit the structure in data to some extent,
these systems still have major issues in reliability and safety, which is mainly due to our lack
of a systematic understanding of how training for deep learning works and how these systems
generalize well on test data. Given the limitations of traditional generalization bounds based
on uniform convergence for deep networks, researchers have increasingly recognized that
understanding the remarkable generalization of neural networks requires a deeper exploration
of training algorithm's trajectory. In this thesis, we take a closer look to the trajectory of the
training algorithms and the critical points of training over-parameterized neural networks.
This training can be regarded as a stochastic optimization problem in which one obtains
estimates for the loss function and its gradient. In particular, if we denote the parameterized
neural net function with parametersw by f\y, RY R™, and given loss function R C R
with C being the output (label) space, the objective function oW that we wish to minimize

is de ned as

L"We <E-yy. "fw'Xe;ye;

where the expectation is over the population distribution on the pair of input and labels
“x;ye. In reality, we do not have direct access to this distribution but only observe the
dataset™ x;;yiee™;, "Xi;yi* D and form the empirical loss based on that:

1 m
C"We<—Q “fw Xj*;yie:
m in w i*Yi
It is easy to check thatC"We is an unbiased estimate oL "We, and its gradient©C" W is
an unbiased estimate ofoL"We. Because of this reason, we can assume that training neural
networks is a stochastic optimization problem over the population lods for which we have
access to an unbiased estimate of its gradients.

Unfortunately, this problem is not convex even for very simple neural networks. Therefore,
most of the mathematical tools that have been developed in convex optimization does not
directly apply to deep learning. We saw in the case of sampling from the class of continuous
mixtures of Gaussians how di usion models overcome the non-concavity of the log density by
rst sampling from simpler distributions that are convolved with Gaussian. There, we use a
regression over the basis of low-degree piecewise polynomials to obtain an estimate for the
score function. In practice people use a neural networks to learn the score function and it
often works quite well. But the problem of learning the score with a neural network is again

a highly non-convex stochastic optimization problem.

In this thesis, we seek to create new mathematical tools to better understand the optimization
landscape of neural networks. Our methodology for this study can be divided into two
categories: (1) benign landscape analysis and (2) implicit bias.
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1.4.1 Benign Landscape Analysis

The idea is to show that the landscape is benign for optimization even though it is not
convex. The benign aspect at high level can be characterized as if there is a gap in loss
to the optimal minimum value, then there is a direction in which SGD can progress. There
are two general benign conditions with which we work (1) The rst condition is that if we
are at a point that is considerably suboptimal, then its gradient should be large, in which
case SGD can make progress in the direction of the gradient. Conditions of this type are
sometimes denoted as gradient dominance. The second type of condition, which is more
complicated, is the nonexistence of spurious saddle points. In high level, this means (2) if we
are at a point with suboptimality gap which is close to being a saddle point (i.e. it has a
small gradient norm), then there should be a negative enough direction in the hessian. In the
second case, it turns out the noise in SGD enables the algorithm to escape the non-spurious
saddle point. Although these conditions were recognized before in nonconvex optimization,
the main contribution of this thesis is to explore the cases where the landscape of neural
networks satis es these conditions. We start by characterizing a novel generalization bound
for SGD-trained three-layer neural networks beyond the Neural Tangent Kernel (NTK).

Generalization of neural nets beyond kernels The neural tangent kernel is a regime
of training neural networks in which the weights remain close to the random initialization.
In this regime, the output is normalized with the square root of the number of neurons.
When the width of the network large enough, the weights remain in a neighborhood of the
initialized weights in which the linear approximation of the neural net remains accurate, and
as a result, training the network essentially acts as tting a kernel to data. This can be seen
as embedding the data in a high-dimensional feature space and then tting a linear model
in that space. While this leads to novel generalization bounds, neural nets are known to
be capable of extracting intermediate features from data adaptively and further building
upon those features to describe the output, which cannot be described by a xed kernel.
In this thesis, we see how a three-layer neural net trained by a variant of SGD can extract
data-adaptive features with its rst layer, then use them in the next layers to t the labels.
As a result, we show a generalization bound in this regime which is as small as the best kernel
in a family of kernels corresponding to the learned intermediate features in the rst layer.
For more details on our approach, please see [6].

Transformers learn how to do in-context learning We have seen the emergence of
large language models (LLMs) with even more surprising abilities in reasoning and few-shot
learning; provided a few examples from a new learning task in the prompt, the pre-trained
model is able to learn the task and generalize to the test query without any ne-tuning [7,
8]. This ability of LLMs is conjectured to be due to the fact that transformers are able to
internally implement iterative algorithms such as gradient descent [9, 10]. An important
guestion here iHow does a transformer learn to internally implement gradient descent during
training? While answering this question in general for the LLMs that are pre-trained on the
internet seems elusive at the moment, when conducting theoretical studies, it is often best to
start with simpli ed cases. Following this strategy, this thesis focuses on understanding the
optimization landscape of in-context learning for linear regression. In particular, we assume
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that we train the transformer on random instances of linear regression, and we want to see
how it becomes capable of solving a new instance as its input. In particular, we study this
problem for loop transformers in which the weights of the attention blocks between di erent
layers are shared. In this case, it turns out that the loss landscape satis es a form of gradient
dominance condition.

1.4.2 Implicit bias

It might be di cult or impossible to show a benign feature of the landscape of population
loss for arbitrary weights, or we might not have enough data, resulting in our study of the
population loss being inaccurate and the gradients having high variance. A perhaps di erent
approach is to focus on the empirical loss, despite the population loss, and see where the
training algorithm tends to converge to, as that is the loss that are directly optimizing
over. Since we are considering the overparameterized case, which means that we have more
parameters in the neural net than we have data, it is often the case that the network can
perfectly t the training data. However, while there are possibly an in nite humber of
networks that can perfectly t the data, we see that in practice the network, trained by SGD,
performs well on test data. This is attributed to the fact that SGD does not pick just any
weights that can t the data but chooses one that is simple enough to be able to generalize
on test data. The tendency of SGD to pick zero-loss solutions that can generalize well on test
data is known as the implicit bias phenomenon, whose understanding requires us to study
the trajectory of the training algorithm.

Recent ndings have shown thatafter reaching zero lossa specic variant of SGD, i.e.
label-noise SGD, is locally biased toward minimizing the trace of Hessian of the loss during
training [11]. However, this provides limited insight into theglobalimplicit bias of label-noise
SGD. In this thesis, we study this implicit bias by characterizing the global minimizer of
the trace of Hessian on the manifold of neural networks with zero loss, demonstrating that
this global minimizer can generalize well to test data. Furthermore, a key open question in
the deep learning community has beenCan we prove that (label-noise) SGD converges to
this global implicit bias? Here, we also show that label-noise SGD converges to the global
minimizer of trace of Hessian on the zero-loss manifold, for a broad class of nonlinear two-layer
neural networks. Notably, our analysis takes a new di erential-geometric approach toward a
non-convex optimization problems on a sub-manifold of the Euclidean space.
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Chapter 2

Computing Optimal Reqgularizers for
Online Linear Optimization

Abstract

Follow-the-Regularized-Leader (FTRL) algorithms are a popular class of learning algorithms
for online linear optimization (OLO) that guarantee sub-linear regret. However, the choice of
regularizer can signi cantly impact dimension-dependent factors in the regret bound. We
present an algorithm that takes as input convex and symmetric action sets and loss sets
for a speci c OLO instance, and outputs a regularizer such that running FTRL with this
regularizer guarantees regret within a universal constant factor of the best possible regret
bound. In particular, for any choice of (convex, symmetric) action set and loss set we prove
that there exists an instantiation of FTRL that achieves regret within a constant factor of the
best possible learning algorithm, strengthening the universality result of Srebro et al., 2011.

Our algorithm requires preprocessing time and space exponential in the dimensidbrof
the OLO instance, but can be run e ciently online assuming a membership and linear
optimization oracle for the action and loss sets, respectively (and is fully polynomial time for
the case of constant dimensiod). We complement this with a lower bound showing that
even deciding whether a given regularizer is-strongly-convex with respect to a given norm
is NP-hard.

2.1 Introduction

Online Linear Optimization (OLO) is one of the most fundamental problems in the theory of
online learning. Here, a learner must repeatedly (foF rounds) select an actiorx; from some

bounded convex action seK. Simultaneously, an adversary selects a linear loss function

from a bounded convex loss sét, and the learner receives losx;; (e The learner would

like to minimize their total loss, and more speci cally minimize theirregret. the gap between

their total loss and the loss of the best xed actiorx* >X in hindsight.

33



By choosing the action seX and loss sel. appropriately, online linear optimization captures
many other learning-theoretic problems of interest. For example, whex 4 (distribu-
tions over~1;2;:::;de) and L 0;1 9, this captures the classical problem dearning with
experts Similarly, when the loss sel is the ", unit ball, this variant of OLO is the core
subproblem involved inonline convex optimization(speci cally, of a Lipschitz function with
domain X). Even more generally, the works of [12] and [13] demonstrate how to reduce the
problems of linear -regret minimization (including swap regret minimization) and Blackwell
approachability to di erent instances of OLO. These problems in turn have many applications
extending past learning theory, from designing algorithms for computing correlated equilibria
in repeated games, to producing calibrated forecasts, to constructing classi ers satisfying a
variety of fairness criteria [14 16].

For this reason, it is an extremely relevant problem to understand the best possible regret
bounds achievable for di erent instances of OLO. Here, the state-of-the-art leaves something
to be desired. It is well-known that learning algerithms such as Follow-The-Regularized-
Leader (FTRL) achieve regret that scales withD” Te, and that this dependence orT is
tight. However, the dependence of the optimal regret on the se¥ and L (e.g., how the
constant factor in the above regret bound depends on the dimensidrof these sets) is in
general poorly understood.

Moreover, FTRL is not a single algorithm, but a family of algorithms parametrized by a
convex functionf X R called theregularizer. The actual regret bounds achieved by FTRL
can vary greatly depending how the choice of regularizer interacts with the geametryXfand

L. For example, running FTRL with the quadratic regularizer results in anO~ dTe regret
algorithm for the learning with experts problem; however,running FTRL with the negative
entropy regularizer results in an algorithm with a tight 0" T logde regret bound, with an
exponential improvement in dimension over the quadratic choice of regularizer. On the other
hand, there exist other instances (choices &f and L) where the quadratic regularizer is
optimal. Understanding what the optimal choice of regularizer is for a given instance of OLO
is a major open problem.

2.1.1 Our contributions

For any action setX and loss set, the optimal possible regret bound (a§ goes to in nity)
scales aRate"X;Le T 0o Te, for some constantRate”X;Le. Our goal in this paper

is to design learning algorithms which approximately achieve this optimal regret bound.
Speci cally, we want te algorithmically construct learning algorithms with worst-case regret
at most C Rate”X:Le T for some universal constanC that holds for any choice of action
set and loss set in any dimension. For technical reasons, we restrict our attention in the
following results to action setsX and loss setd. that are centrally symmetric it is an
interesting open direction to extend these results to fully general choicesXfand L.

We begin by showing that the optimal regret bound is achieved by some instantiation of
Follow-The-Regularized-Leader. We do so by extending earlier work of [17] who, by analyzing
the martingale types of Banach spaces, demosistrated that there is always an instance of
FTRL which achieves regretO"Rate"X;L+"logTe Te. In Theorem 38, we show that a more
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careful analysis of these martingale types allows us to remove tlag T factor and prove that
some variant of FTRL is within a universal constant of optimal.

Although the above argument proves the existence of a near-optimal instance of FTRL, the
regularizer for this FTRL instance is not computable. The reason is that the de nition of
the barrier in [17] is a supremum of an in nite sum over in nite sequences of martingales
that are de ned by the action and loss set. Even worse, it is not clear if any truncation
of this sum can approximate the value of the supremum with any given accuracy. In the
remainder of the paper we study the following algorithmic question: given se¥ and L
(e.g., via oracle access), how can we compute a regularizer for these sets that guarantees the
optimal regret up to universal constants when used with FTRL? Ultimately, we provide an
algorithm that takes as input X and L (via standard oracle access to both sets), runs in time
exp O"d?logdee, and outputs a regularizerf with the property ¢hat the worst-case regret of
FTRL with f is at most a universal constant timesRate"X ;Ls T (Theorem 1). Note that
this regularizer is not an approximation of the regularizer of [17], but rather is the solution
of an optimization problem that we design.

The main technical ingredient in this algorithm is a new method for optimizing over the
set of convex functions that are -strongly convex with respect to a given norm. This
is important for the above problem because one can show that for any regulariZerthe
regret of running FTRL with that regularizer is bounded byO~ D T - if the range off
over X (the maximum value off minus the minimum value off ) is at most D and if f is

-strongly-convex with respect to the norm induced by the dual set of the loss det We can
show that this regret-bound is constant-factor-optimal for the near-optimal variant of FTRL
in Theorem 38, and hence it su ces to try to minimizeD over all convex functionsf .

To do this, we rst show that we can approximate any smooth convex functioh as a maximum
of several quasi-quadratic functions: quadratic functionsgy, centered at some poiniX
with a small cubic term which guarantee that that the contribution ofgy, to the Hessian off
decays far fromxy. Note that these are not just approximations of the values df, but also
the gradients and Hessians df; in particular, if the original function was -strongly-convex
with respect to some norm, our approximation will be similarly strongly-convex.

By restricting our quasi-quadratic functions to be centered at points belonging to a (large but)
nite discretization of X, we demonstrate how to optimize over this set of approximations
by solving a large convex program with variables for the values, gradients, and Hessians
of the quasi-quadratic functions at each point in the discretization. Solving this convex
program involves implementing a separation oracle to verify whether a speci ¢ approximation
is -strongly-convex with respect to an arbitrary norm.

As stated earlier, this approach takes time exponential in the dimension of the action and
loss sets (although is completely independent of the time horizdn and thus e cient for
constant dimensiond). We complement this with a lower bound showing that even verifying
whether a regularizerf is -strongly-convex at a speci ¢ pointx >X requires exponentially
many oracle queries td..
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2.2 Related Work

Applications of Online Linear Optimization. The problem of Online Linear Optimiza-
tion (and its generalization, Online Convex Optimization) are central problems in the eld of
online learning we refer the reader to [18] for a general-purpose introduction. Traditionally
OLO is studied in the case where the action sets and loss sets are unit balls in a standard norm
(e.g. the 1, "5, or "= norms). However, there are many motivating settings where we wish to
minimize regret with less standard sets. Several authors [19 22] study variants of OLO where
the action space has some combinatorial structure for exampl& could be the spanning
tree polytope, or the polytope formed by alk-t paths in a graph. Minimizing external regret

in extensive form games one standard method for computing coarse correlated equilibria
[23] involves solving an instance of OLO wher&X is the sequence form polytope. Finally, as
mentioned earlier, the work of [13] and [12] allows us to translate any instance of Blackwell
approachability or -regret minimziation to a (usually non-standard) instance of OLO.

Follow-The-Regularized-Leader and Mirror Descent. The Follow-The-Regularized-
Leader algorithm can be thought of as a form omirror descent, a family of rst-order
optimization algorithms that generalize gradient descent by using arbitrary distance-generating
functions. Originally, mirror descent was proposed by [24] as an o ine optimization algorithm
with “, norm constraints and 4 Lipschitz assumptions, and was shown to have minimax
optimal query complexity. [25] studied the optimality of mirror descent for online linear
optimization when the action and loss vectors are in the unit ball of two Banach spaces
dual to each other, proving the existence of a regularizer for mirror descent that almost
achieves the minimax rate under an adaptive adversary. Later, [17] extended this approach
to cases where the action and loss vectors come from independent convex balls in primal
and dual Banach spaces. The existence of such strongly convex regularizers is also linked
to the Burkholder method introduced by [26] for more general online learning problems. In
particular, the authors propose that given an online learning instance and a target regret
bound, the existence of a Burkholder function for that instance guarantees the existence
of a prediction strategy that achieves the desired regret. Notably, taking the dual of this
Burkholder function for the online linear optimization (OLO) problem results in a strongly
convex regularizer that can be used e ectively with FTRL [26]. We survey additional related
work in Appendix C.1.

2.3 Preliminaries

2.3.1 Online linear optimization

We begin by de ning the problem ofonline linear optimization (OLO). In this problem, every
round t (for a total of T rounds) the learner must pick an actiorx; from a convex action set

X * RY. The adversary then picks a loss vector, from a convex loss set., after which the
learner su ers loss X;; (e and observes the loss vectog. The learner would like to minimize
their total loss, and more speci cally minimize their totalregret: the gap between their loss
and the loss of the best action in hindsight. Formally, given a sequence of learner actions
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Regx; e tQl‘xt;‘te thi?iQ‘X*;‘te
The learner chooses their actions according to some learning algorittAy which can be
thought of as a function A mapping a sequence of lossés " "i; »;:::; 1 to a sequence
of actionsx "Xy;Xp;:::;X7e* in such a way thatx; depends only on the history of losses
‘15 2500t until round t 1. We de ne the T-round regret Reg;"Ae to be the worst-
case regret su ered by algorithmA against an adversarially chosen sequence of losses, i.e.,
Reg,"Ae sup,r RegA™ «; o,

One of the tundamental results in online learning is that there exist algorithm# that
guaranteeO™ Te regret (e.g., online gradient descent), which is the best possible dependency
one can hope for in terms off. However, the optimal scaling factor in front of the T
depends on the geometry of the action and loss se{sand L and is the primary focus of
interest in this paper. To this end, de neRate"As limsup; °1T Reg;"Ae to be the
worst-case scaling factor achieved by the algorithiA, and Rate”X;Le inf, Rate"Ae to be

the best possible scaling factor achieved by any algorithm for this action set and loss set.
Our goal is to understand how to approximateRate™ X ; Le and design corresponding optimal
algorithms for any choice of action set and loss set.

2.3.2 Regularizers and Follow-The-Regularized-Leader

One of the most popular classes of learning algorithms for online linear optimization is the
class of follow-the-regularized-leader algorithmdg-ollow-The-Regularized-Leader (FTRL)is
an algorithm parameterized by a convex functioli oX R (the regularizer ) and a learning

rate A0 (which we will generally set equal tol~ T). At round t, it plays the action x;
given by

t1
X argmin@®& “xe Q X; s€': (2.1)
x>X s 1

Intuitively, FTRL always plays an action that is approximately the best response to the
current empirical loss (with the regularizer preventing this action from over tting too rapidly

to the actions of the adversary). The class of FTRL algorithms contains many popular
algorithms for special cases of online linear optimization, including online gradient descent

and multiplicative weights.
(o}

It can be shown that as long a$ is strongly convex, FTRL will incur O° Te regret and
thus have non-in nite rate however, the value ofRate” X ;Le can depend signi cantly on
the choice off . For example, whenX gandL 0;1 9 (the classic setting forlearning
from expertg, it is known that:

If we use the quadratic regularizef “xe Y<Y, the resulting rate of the FTRL algorithm
is Rate"Ae " de. (This corresponds to running online gradient descent).
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If we use the negative entropy regularizef "xe P, X; logx;, the resulting rate of the
FTRL algorithm is Rate”Ae " logde. (This corresponds to running multiplicative
weights / Hedge).

We will soon see that the optimal rate is achieved by some instantiation of FTRL (Theorem 43),
and therefore much of our focus will be on computing a suitable regularizerfor a given pair

of action set and loss setX;Le. To this end, it is useful to understand the guarantees the
standard analysis of FTRL grants us for a speci ¢ choice of regularizer. Before we can state
these, we will need to introduce some terminology regarding convex sets and their associated
norms.

First, we will make the standard assumption in convex optimization that all of our convex
sets are bounded and contain an open ball. In particular, we have the following assumption:
Assumption 1. We assume the action and loss sets are symmetriéVe further assume they
both include a ball of radiug and are included in a ball of radiugR: B"0;re b X;L b B"0; Re:

The symmetry assumption allows us to de ne norms corresponding % and L. In general,
the norm provided by a bounded symmetric convex sél is de ned as follows:

De nition 1.  Given a bounded symmetric convex subseb RY, we de ne the natural norm
Y.Y; corresponding toC as

'v>RY WY, <inf” AOQ; L >C: (2.2)
It is easy to check thaty.Y; de ned in equation 2.2 is a norm [27].

Given a symmetric convex seC, we can also de ne a norm on linear functionals ovet by
constructing the appropriate dual convex set.

De nition 2.  Given a symmetric convex se€b RY, the dual setC* is de ned asC <"x >
RY 1y >GC x;yeB1e: Note that if Cis symmetric, bounded, and full-dimensional, the
dual setC is symmetric, bounded, and full-dimensional. The dual nord/Y.. is the norm
corresponding to the dual set.

We also need to de ne the notion of strong convexity with respect to an arbitrary nornY.Y.:
De nition 3. A convex functionf X R is strongly-convex with respect to nornY.Y, if
for every x;y >X and every sub-gradieng of f at x: f"ys Cf"xe 'y x;ge ¥ xYé:

Now we are ready to state the standard regret bound for FTRL with regularizefr. As we
can see, the regret bound depends on both the strong convexityfofvith respect to the dual
norm of L, and the range off over X:

Fact 1. [Theorem 5.2 in [38]] LetFTRL “f ¢ be the FTRL algorithm initialized with regularizer
f and learning rate 1~ T. If 0Bf "xe BC2 for all x >X andf ds -strongly-convex with
respect toL¢ on X (see De nition 3), then RegFTRL “fee BO™C 1T,

2.3.3 Convex Optimization and Oracles

We will in general assume that we haveracle accesqi.e., access to membership oracles,
separation oracles, linear optimization oracles) to the se¥ and L. For a more comprehensive

A convex setS ™ RY is (centrally) symmetric if x >S implies that x >S.
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de nition of these oracles, see Appendix C.4.

2.4 Main Result and Overview

Our main contribution is to propose an algorithm for computingoa regularizeg such that
running FTRL with g achieves the optimal regret ofd %zate”X ;Le TZfor the online linear
optimization problem, as de ned in Section 2.3.1. In particular, we state our main result in
the following theorem.

Theorem 1 (Algorithmic optimal online linear optimization). Given access to a linear
optimization oracle for L, which can minimize any linear functioncx over L up to accuracy

A - 20
in in time LINO |~ i ¢, there is a cutting-plane algorithm that runs in time%"i:{—*ZO ‘
LinO | kg7 “+ and calculates a regularizeg which satis es

1. sup.x §S O Rate™X;Le?,
2. g is 1-strongly convex w.r.tY.y, ..

Furthermore, given access to a membership oracle Xo and the regularizerg (which can be
precomputed and summarized via@xp  O” d?se -dimensional vector as described in Section 2.8)
there is a cutting-plane algorithm that runs FTRL with regularizerg with running time
O %2 In° " "dRT+Z per round and which guarantees regréd"Rate"X;Ls Te.

The starting point of our proof of the above theorem is to demonstrate the existence of a
regularizer that enables FTRL to achieve the optimal minimax regret, up to a constant factor.
Theorem 2. There exists a regularizeffy so that running FTRL with f yields a regret of
Regx; *« BO'Rate"X;Le Te:

We prove Theorem 2 in Appendix C.2, where we eliminate the addition&bg T+ factor from

the regret analysis of the regularizer in [17], proving that it achieves the optimal regret bound
of O%zate”X ;L TZ up to universal constants. This improvement is made possible by a
novel analytic estimate for the norm growth of certain martingales. In particular, we prove in
Theorem 38 that the regularizer from [17] can be chosen to be 1-strongly convex with respect
to Y.Y, . while being bounded byO "Rate”X; L+2¢ on the domainX. Theorem 2 then follows
from Theorem 38 and Fact 1.

This allows us to restrict our attention to the problem of nding the optimal regularizer over

X which is 1-strongly-convex with respect torY .. To e ectively do this optimization, it

is important that the resulting regularizer has not only bounded values, but also bounded
gradients Note that this is not a priori achieved by the regularizers guaranteed to exist by
Theorem 38, and in fact several optimal regularizers used in practice (e.g. the negative entropy
regularizer) do have unbounded gradients. Nonetheless, in Section 2.5 and Appendix C.3, we
demonstrate how to use Gaussian smoothing to obtain a new regularizer that (1) achieves
the same optimal regret when used in FTRL, and (2) has smooth derivatives (Theorem 3).

Our next step is to show that we can e ectively optimize over the space of smooth convex
functions de ned overX. To do so, we show that given a near-optimal smooth regularizér,
we can approximate it using quasi-quadratic functions such that the resulting regularizef™
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remains (1) -2 strongly convex with respect toY.Y ., and (2) bounded byO “Rate™X; L+2¢
on X. Notably, the set of quasi-quadratic functions (with a discretized set of centers) is
nite-dimensional, and so the optimal regularizer can be encoded by a nite-dimensional
vector I". We carry this out in Section 2.6.

Finally, in Section C.5, we demonstrate how to optimize over this set by writing an explicit
convex program such thatf~is a feasible solution to this program, but also such that any
feasible solution so that any feasible solutioh from this set yields a regularizeg ' * with near
optimal regret. Solving this convex program can be done via standard cutting-plane methods,
except for one of the constraints that involves checking whether a candidate regularizgis
-strongly-convex with respect toY.Y .. In Section C.6, we demonstrate how to construct a
separation oracle for this constraint, and nally establish the existence of this algorithm.

As seen in Theorem 1, computing and storing this optimal regularizer takes time that is
exponential in the dimension of the problem. In Sectio?, we establish a lower bound based

on the result of [28] that even checking the strong convexity of the Euclidean norm squared
regularizer with respect toY.Y . requires an exponential number of queries in the dimension.

2.5 A Smooth Optimal Regularizer

While Theorem 2 promises the existence of an ideal regularizer which achieves the optimal
rate, this regularizer is not e ective. To obtain a computable regularizer, our goal will be
to search over a parametric family of functions. We usk, to prove the existence of a good
regularizer in our search space. More accurately, we plan to accomplish this by approximating
the regularizerf, as a maximum over several local approximations to the regularizer at a
nite, discrete set S of N points in X. By Fact 1, doing this requires showing that there
exists such an approximation that (1) preserves the strong convexity 6§, (2) is bounded by
O"Rate”X;Le2+ on X, ensuring that the resulting regret matches the bound in Theorem 2.

To preserve strong convexity, local rst-order approximations of 3 are insu cient as they
atten the function's curvature (i.e., this would result in a piecewise-linearapproximation of

fo once we take the maximum over our local approximations). Therefore, we must produce
local second-order approximations dfy. In order for these approximations to remain close to
fo locally around eachx; >S, we needf, to have a Lipschitz-continuous Hessian. However,
the regularizer from [17] does not necessarily even possess smooth derivatives. We side-step
this issue by preposing an alternative regularizer that not only achieves the optimal rate
of O"Rate"X;Le Te but also features smooth derivatives 2. This regularizer can then be
approximated by our strategy.

Theorem 3 (Existence of a smooth regularizer) There exists a regularizerf so that run-
ning FTRL with f has regret boundReg FTRL “f «« BO Rate”X;Le Te: In addition, the

~4
LN

derivatives off are bounded as®kf "xe v;:::;vS OéRateAX;L-Zdrkk

We construct the smooth regularizef of Theorem 3 by adding Gaussian noise t, and
prove that (1) the Gaussian smoothing does not impact performance; running mirror descent
with f achieves the same regret bound as running mirror descent witl, and (2) the
derivatives off are su ciently smooth due to the Gaussian smoothing (see Theorem 39). For
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the remainder of the paper we will leff denote this smooth, optimal regularizer (in contrast
to fo, which we will use to denote the original possibly non-smooth regularizer guaranteed by
Theorem 2).

2.6 Approximating the Smooth Regularizer

Now that we can focus on smooth regularizers, we can explore their approximation us-
ing the previously outlined approach; from the derivative bound in Theorem 3, it is
easy to show that our smooth regularizef has an L-Lipschitz Hessian (i.e., satis es
YO "o © 2f “X1°Y BL Yxg XY for all xo;x; >RY). From this property, we can show
that the quadratic approximation of f around xo remains close td , at least locally around

Xo-

However, since our nal approximation off is constructed as the maximum over a collection
of local approximators, the quadratic approximation atxo may be overshadowed by those
centered at other points, potentially leading to signi cant deviations fromf in the vicinity of
Xo. To address this, we must ensure that each local approximator is designed to maintain its
dominance, at least within its own neighborhood. We accomplish this by adding a norm-cubic
decay term to the quadratic approximation. This ensures that for any two pointsxg; X, >R9Y,
if they are su ciently distant, the local approximator around Xy does not dominate the one at
X1 within its own neighborhood, and vice versa. Consequently, our nal local approximation
of f around a point xo >R¢ takes the following form:

fx

1
JXe f7Xee TOf "Xpe;X  Xo€ EAX Xo* ©f "X X Xo* 5YK XY  (2.3)

We refer to a function of the form in equation 2.3 as quasi-quadratic, centered aty. The
intuition for this approximation is that the norm cubic term adds a decay to the Hessian of the
function as we move away fronx,; this decay guarantees thaf ,,"xe is always a lower bound
for f, and in particular can be estimated byf from above and below with marginL Yx Xo Y.
We show this in Lemma 1. On the other hand, this decay is slow enough so that from the
L-Hessian smoothness df we can prove that the Hessian of the approximation remains
almost the same as the Hessian 6f (at least locally aroundx,) and therefore the strong
convexity property can be preserved (see Lemma 5). In particular, even though the function
in equation 2.3 is not strongly convex for alk >RY (or even allx >X), since it is strongly
convex locally, if we choose a su ciently dense discretization s&, our resulting overall
approximate regularizer will still be strongly convex (we discuss this more in Section 2.8).
Lemma 1 (Estimating f by the approximator). We have the following relation between the
value off andf,,:

fro X 5¥ Xo¥ Bf "Xe Bfy,"xe 5¥  xo¥:

The proof of Lemma 1 is in Section C.7.1.

Finally, we combine these local approximations for each >S by taking the maximum over
all these functions and de ning thepiece-wise quasi-quadratic functiofi"xe maxy,ss fx, ~Xe.
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Importantly, while f~remains strongly convex and suitably bounded oK, it is also e ciently
encoded byf “x;e, ©f “x;¢, and ©?f “x;* at discretized pointsS “x;*N,, since eachf,,"x»
does not use more than zeroth, rst, and second order information éfat x;'s. Therefore,
we can narrow our search for suitable regularizers from all convex functions Bf to the
selection of the value, gradient, and Hessian of a piece-wise quasi-quadratic function at a
nite set of points. In fact, in the next section we write a convex program to minimize the
maximum value of these piecewise quasi-quadratic regularizers.

2.7 A Convex Program for Calculating an ldeal Regu-
larizer

In the previous section, we showed that it is possible to approximafewith a set of quasi-
guadratic approximators which only depend on the value, gradient, and Hessianfofat a
nite set of points S “x;*N,. In this section, we describe how to search the space of such
approximators by de ning a convex program whose variables are the function's value, gradient
and Hessian atS, denoted by ry,; Vy;; x*N ;.

Before rigorously de ning the program, we rst provide some mgtivation for its de nition.
In particular, we want the instancel™ %oy, *N ;"W *N ;7 T N, Zwherery, <f xjo;w, <
©f “Xj¢; Ty, <©2?f "x;e, corresponding to the smoothed regularizdr in Theorem 2, to be a
feasible point. On the other hand, for any instancé  “r;v; ¢ “rgeN ;T e N7 oN e,
we can de ne a regularizelg;! ““Xxe as
..

g'*"xe <maxg "xe; (2.4)

i>N
where imitating the approximation that we derived forf in equation 23gx' ““xe denotes a
guasi-quadratic function:

Go X Ty VX Xie X xieT X xie B xi Y (2.5)

With this terminology, it is clear that f~ ¢". Besides having™ as a feasible point of the
program, we also want to impose constraints so that for the optimal solution of the program,
| ¥, the regularizerg’ ** is strongly convex and suitably bounded oiX . First, note that from
Lemma 59, -strong convexity off with respect to Y.Y . is equivalent to the condition

v O "xev C (2.6)

for all x >X and v >L. Hence, we also add the condition— ,,v C; |v>L to the
program. While this condition asserts strong convexity of ' * for all feasible instances at
the discretization points, it does not guarantee strong convexity elsewhere. The reason is
that the approximator in equation 2.10 loses the strongly convexity property for points far
from x;. Therefore, in order to guarantee strong convexity fog'* everywhere, we need to
make sure that at any pointx >X, the maximum in equation F.5 is attained by a function

gxf " wherex; is su ciently close to x. Building on this observation, we introduce the concept
of locality for an arbitrary instance | :
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De nition 4.  We de ne an instancel “r;v; < as -local if, for everyx, Z,, XZ O e
where®"xe <argmaxsn G X

Note that -locality is guaranteed forf™ g*Z by Lemma 1. Speci cally, if there is a point
X; >S such that ¥x; xY O ¢, then according to Lemma 1, the pointx,.,. wheregy,. .
attains its maximum in equation F.5 atx, must also be within a distance ofD” « from x. To
ensure that the maximum equation F.5 is attained at arxs,, that is close tox, we enforce a
slightly relaxed version of the lower bound from Lemma 1 og'* at the discretization points:

g X W xi¥Bryhj LN (2.7)

As noted in Lemma 1,f~ satis es the inequality f,,~xe %S( X038 Bf "xe. The reason we
apply a slightly weaker version of this inequality in equation 2.12 will become evident when
we design a separation oracle for the feasibility set of the convex program. At a high level,
this condition ensures that not only isI™ a feasible instance for our program, but that a
small neighborhood around it also remains feasible. As we will see, even after enforcing the
condition in equation 2.12, an arbitrary feasible instancé does not achieveD™ «-locality

like I". Instead, we can only prove that it isO” 12«-local (see Lemma 4). The reason is that
equation 2.12 is only enforced at the discretization points, wherefissatis es it for any x >X

as shown in Lemma 1.

Finally, we aim to minimize the maximum value ofg'* over X to obtain a suitable regularizer
for FTRL. As mentioned earlier, we smooth the theoretical regularizefry from [17] by adding
Gaussian noise, resulting iri , which ensures bounded gradients and Hessians. To achieve a
similar smoothness condition on the regularizeg'* that correspond to a feasible instance
of our program, we enforce the conditiondv,, . Bc and | ¢l for constants cy;C;
(we use the in nity norm instead of the 2-norm to maintain a linear constraint.) With the
discretization setS “x;*N, xed, the nal program is as follows:

minimize r (2.8)
subjecttory,, Vi g€ 3 7o« i Y ¥Bry 1B >N; o ox X
YWy, Yo By i> N
x| Cl 'i> N
vV 4 VvC lv>L; 1 i>N
r Cry, 'i> N
rry BCo 1i>N

Next, to establish the locality property for feasible points of the program, we state in Lemma 4
that for any arbitrary x >X, the maximum in equation F.5 is attained at a discretization
point x; > S that is not too far from x. Speci cally, given that every point in X has a
discretization point x; within a distance of , we show that the maximum in equation F.5
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is achieved byx. which is no further than O 12« from x. Additionally, we prove that the

value ofg'* at x is close tog;! "Xe.
Lemma 2 (Convex program feasibility Locality of regularizerg)).) Asosumeothatl “ryv; e

is feasible for LP 2.13, for satisfying B ,min>® E%;%ﬁ—acg;é—z; Co a;% L If for xi;x;

. %= 13
and x >X we haveYk; xYB andYx; xYC SCOTdo for some universal constant , then

(0]

g "X*Ag xe G d;

Lo 1.3
and if ¥¢; xYB S—®2e | then

[o]

G "Xie G "xUB .0 d;
for some constant ».

The proof can be found in Section C.7.2. To prove strong convexity gf' * for a feasible
point | , we must rst establish the strong convexity of the local approximatorng! *, de ned

in equation 2.10. This is demonstrated in Lemma 5 below. Speci cally, we prove that if the
quadratic form of the Hessian variable 4, is lower bounded by the norm squared’fY,z_c in all

directions, then gx' “xe is strongly convex locally aroundx;.
Lemma 3. [Local strong convexity of the approximators] Suppose the PSD matrixis such
that for all v, v— vC WY’.. Then, the function

g'Xe I VX Xee 27X Xo*T "X Xg* £ XoY

for arbitrary Xo;v;r;L is ~2-strongly convex with respect tox.Y . in the neighborhood
YK XoYB gz Consequently, iff is -strongly convex with respect t&(Y , then f,"xe is 5
strongly convex with respect &Y for ¥ XoYB sgz-

The proof of Lemma 5 can be found in Section C.7.3. Finally, by combining Lemmas 64 and 4,
we show that the barrierg! * constructed from a feasible point of the matrix program has a
suitable upper bound onX, satisfying the desired strong convexity. Additionally, we prove
that the feasible region can be approximated both from the inside and outside by Euclidean
balls, a key property necessary for constructing a separation oracle for the feasible set later.
Theorem 4 (Convex program solution optimal regularizer). Assume we are given a
smooth barrier functionf Rd R with $"x*SB C2;! x > X, which is & Lipschitz, &
gradient Lipschitz,C Hessian Lipschitz, and Y.Y .-strongly convex inX. Additionally, if

for every two points in the covek;;x; >X we haveYx; x;YC , then the convex program

in equation 2.13 withc, & L 3¢ & LS5 L L,C C2 L 3, and discretization
parameter B smin~e %Cl; Cl°LaC23;CL—2; c, d Clczd; sreze 5 for all su ciently small con-
stant 3 is feasible. Furthermore, the functiong’! **, corresponding to the optimal solution
|+ “r¥ v te s convex and satis es the following properties:

1. ' "xsTBC2 , dg for constant »,.

2. For any feasible instancd >P,, g'*"xe is 5 strongly convex with respect t&.Y, ..

44



3. B, 3~288A|~° bP, b 821/4 "[Te

"N 1-Co? Nd%} c3Z

The proof of Theorem 5 can be found in Section C.7.4.

2.8 A Convex Program for Calculating an ldeal Regu-
larizer

In the previous section, we showed that it is possible to approximaftewith a set of quasi-
guadratic approximators which only depend on the value, gradient, and Hessianfofat a
nite set of points S “x;*N,. In this section, we describe how to search the space of such
approximators by de ning a convex program whose variables are the function's value, gradient
and Hessian atS, denoted by ry;; vy, ; Xi-iNl.

Before rigorously de ning the program, we rst provide some motivation for its de nition.
In particular, we want the instancel™  %ors *N ;"W N~ T o N Zwherer, <f xps;w, <
©f “Xj¢; Ty, <©2?f "x;e, corresponding to the smoothed regularizdr in Theorem 2, to be a
feasible point. On the other hand, for any instancé “r;v; * "y eN ;v o N7 o N e,
we can de ne a regularizeg}! ““Xe as

g'*"xe <maxg "xe; (2.9)

i>N

where imitating the approximation that we derived forf in equation 2.3,9;! ““xe denotes a
guasi-quadratic function:

Go X Ty VX Xie X X7 "X xie v x Y (2.10)

With this terminology, it is clear that f~ ¢". Besides having™ as a feasible point of the
program, we also want to impose constraints so that for the optimal solution of the program,
| ¥, the regularizerg! ** is strongly convex and suitably bounded oiX . First, note that from
Lemma 59, -strong convexity off with respect to Y.Y . is equivalent to the condition

VO "xev C (2.11)

for all x >X and v >L. Hence, we also add the condition— ,, v C; |v >L to the
program. While this condition asserts strong convexity of ' * for all feasible instances at
the discretization points, it does not guarantee strong convexity elsewhere. The reason is
that the approximator in equation 2.10 loses the strongly convexity property for points far
from x;. Therefore, in order to guarantee strong convexity fog'* everywhere, we need to
make sure that at any pointx >X, the maximum in equation F.5 is attained by a function
o~ wherex; is su ciently close to x. Building on this observation, we introduce the concept
of locality for an arbitrary instance | :

De nition 5.  We de ne an instancel “r;v; < as -local if, for everyx, Z,, XZ O e

A~ “len .
wherel”xs <argmaxspy Ox ~ Xe:
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Note that -locality is guaranteed forf™ g%Z by Lemma 1. Speci cally, if there is a point
X; >S such that ¥x; xY O ¢, then according to Lemma 1, the pointx,.,, whereg,. .
attains its maximum in equation F.5 atx, must also be within a distance ofD” « from x. To
ensure that the maximum equation F.5 is attained at arxs,, that is close tox, we enforce a
slightly relaxed version of the lower bound from Lemma 1 og'* at the discretization points:

g X0 Bk i Y Br i LN (2.12)

As noted in Lemma 1,f~ satis es the inequality f,,"xe %Si XoS Bf "xe. The reason we
apply a slightly weaker version of this inequality in equation 2.12 will become evident when
we design a separation oracle for the feasibility set of the convex program. At a high level,
this condition ensures that not only isI™ a feasible instance for our program, but that a
small neighborhood around it also remains feasible. As we will see, even after enforcing the
condition in equation 2.12, an arbitrary feasible instancé does not achieveD™ e-locality

like I". Instead, we can only prove that it isSO™ 13«-local (see Lemma 4). The reason is that
equation 2.12 is only enforced at the discretization points, wherefssatis es it for any x >X

as shown in Lemma 1.

Finally, we aim to minimize the maximum value ofg'* over X to obtain a suitable regularizer

for FTRL. As mentioned earlier, we smooth the theoretical regularizefry from [17] by adding
Gaussian noise, resulting irf , which ensures bounded gradients and Hessians. To achieve a
similar smoothness condition on the regularizeg'* that correspond to a feasible instance
of our program, we enforce the conditiond,, Y. Bcy, and | ¢l for constantsc;c;
(we use the in nity norm instead of the 2-norm to maintain a linear constraint.) With the
discretization setS “x;*N, xed, the nal program is as follows:

minimize r (2.13)
subjecttory, Vi g€ 3 7k 5 BY §¥Bry, 1ii>N; X X
Yo, Y BGo i>N
% | col 1> N
V™,V C \v>L >N
r Cry, 1> N
rry BCo 11> N

Next, to establish the locality property for feasible points of the program, we state in Lemma 4
that for any arbitrary x >X, the maximum in equation F.5 is attained at a discretization
point x; > S that is not too far from x. Speci cally, given that every point in X has a
discretization point x; within a distance of , we show that the maximum in equation F.5
is achieved byx, which is no further than O 12« from x. Additionally, we prove that the

value ofg'* at x is close togX! Xe.
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Lemma 4 (Convex program feasibility Locality of regulanzerg) Assume thatl  “r;v; e
is feasible for LP 2.13, for satisfying B ,min>et—; <L _-L- ¢, G d:¢ d

H co de3’ c2’

- If for xi; X;

andx >X we haveYk; xYB andYx; xYC S—d for some universal constant , then

g "x*Ag;xe G d;

and if Yx; xYB S— then

(0]

G “Xi* G "XxsUB .0 d;
for some constant ».

The proof can be found in Section C.7.2. To prove strong convexity gf' * for a feasible
point | , we must rst establish the strong convexity of the local apprommatorsgxl , de ned

in equatlon 2.10. This is demonstrated in Lemma 5 below. Speci cally, we prove that if the
quadratic form of the Hessian variable 4, is lower bounded by the norm squared‘.YEc in all

directions, then gxf “xe is strongly convex locally aroundx;.
Lemma 5. [Local strong convexity of the approximators] Suppose the PSD matrixis such
that for all v, v— vC WY.. Then, the function

g'Xe I VX Xoe 37X Xo*T "X Xo* £ XoY
for arbitrary xo;v;r,L is ~2-strongly convex with respect torY . in the neighborhood
YK XoYBszzr. Consequently, iff is -strongly convex with respect t&.Y , then f, "X is 5
strongly convex with respect t&.Y for YX XoYB 5z7-

The proof of Lemma 5 can be found in Section C.7.3. Finally, by combining Lemmas 64 and 4,
we show that the barrierg * constructed from a feasible point of the matrix program has a
suitable upper bound onX, satisfying the desired strong convexity. Additionally, we prove
that the feasible region can be approximated both from the inside and outside by Euclidean
balls, a key property necessary for constructing a separation oracle for the feasible set later.
Theorem 5 (Convex program solution optimal regularizer). Assume we are given a
smooth barrier functionf RY R with $"xeSB C?;] x > X, which is & Lipschitz, &
gradient Lipschitz, C Hessian Lipschitz, and Y.Y .-strongly convex inX. Additionally, if

for every two points in the cover;;x; >X we have\rxi X;YC , then the convex program

in equation 2.13 withcy & L 3¢ & LS5 L L, CO C?2 L 3, and discretization
ol L . #. L. - C d. 3 . . _

parameter B 3min” S aa e @ d; & SR for all su ciently small con

stant 3 is feasible. Furthermore, the functiong™* corresponding to the optimal solution

|+ “r¥;v¥ *eis convex and satis es the foIIowmg properties:
(o]

1. ' *"xsTBC2 , dg for constant ».

2. For any feasible instancd >P,, g'*"xe is 5 strongly convex with respect t&Y, ..

“e Ya e
3. BLaggg T b Py DB 1.Co? Nd%? c3Z -

The proof of Theorem 5 can be found in Section C.7.4.
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Chapter 3

Projection-Free Online Convex
Optimization via E cient Newton
Iterations

Abstract

This paper presents new projection-free algorithms for Online Convex Optimization (OCO)
over a convex domairkK * Rd. Classical OCO algorithms (such as Online Gradient Descent)
typically need to perform Euclidean projections onto the convex s&t to ensure feasibility of
their iterates. Alternative algorithms, such as those based on the Frank-Wolfe method, swap
potentially-expensive Euclidean projections ont& for linear optimization over K. However,
such algorithms have a sub-optimal regret in OCO compared to projection-based algorithms.
In this paper, we look at a third type of algorithms that output approximate Newton iterates
using a self-concordant barrier for the set of interest. The use of a self-concordant barrier
automatically ensures feasibility without the need of projections. However, the computation
of the Newton iterates requires a matrix inverse, which can still be expensive. As our main
contribution, we show how the stability of the Newton iterates can be leveraged to only
compute the inverse Hessian a vanishing fractions of the rounds, leading to a new e cient
projection-free OCO algorithm with a state-of-the-art regret bound.

3.1 Introduction

We consider the Online Convex Optimization (OCO) problem over a convex st~ RY, in
which a learner (algorithm) plays a game against an adaptive adversary férrounds. At each
roundt > T , the learner picksw; >K given knowledge of the historyH; ;1 ™ “s;Ws** sg.
Then, the adversary picks a convex loss function K R with the knowledge ofH; ; and
the iterate w;, and the learner su ers loss;"w;* and proceeds to the next round. The goal
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of the learner is to minimize the regret aftefT rounds:

T T
TTWe Q Wee Q (we;

t1 t1
against any comparatorw >K. The aim of this paper is to design computationally-e gient
(projection-free) algorithms for OCO that enjoy the optimal (up to log-factor inT) & T
regret.

The OCO framework captures many optimization settings relevant to machine learning
applications. For example, OCO algorithms can be used in o ine convex optimization as
more computationally- and memory-e cient alternatives to interior-point and cutting plane
methods whenever the dimensiod is large [29, 30]. @QCO algorithms are also often used in
stochastic convex optimization, where the standar@®”~ Te regret (achieved by, e.g. Online
Gradient Descent) translates into the optimalO~1~ Te rate! via the classical online-to-batch
conversion technique [31, 32]. It has been shown that OCO algorithms can also achieve
state-of-the-art accelerated rates in both the o ine and stochastic optimization settings
despite being designed for the more general OCO framework [33, 34]. What is more, it
has recently been shown that even non-convex (stochastic) optimization can be reduced to
online linear optimization (a special case of OCO), where it is then possible to recover the
best-known convergence rates for the setting [35].

Given the prevalent use of OCO algorithms in machine learning applications, it is important to
have computationally-e cient algorithms that scale well with the dimensiond of the ambient
space. However, most OCO algorithms fall short of being e cient because of the need of
performing (Euclidean) projections ontoK (potentially at each iteration) to ensure that the
iterates are feasible. These projections are often ine cient, especially in high-dimensional
settings with complex feasible sets. Existing projection-free OCO algorithms address this
computational challenge by swapping potentially-expensive Euclidean projections for often
much cheaper linear optimization or separation over the feasible d€¢t However, existing
projection-free algorithms have sub-optimal regret guarantees in terms of their dependence in
T, or have potentially unbounded condition numbers for the feasible set multiplying their
regret guarantee.

Contributions. In this paper, we address these computational and performance challenges
by revisiting an existing (but somewhat overlooked) type of projection-free OCO algorithms.
Unlike existing algorithms, our proposed method does not require linear optimization or
separation over the feasible sé. Instead, the algorithm, Barrier-Regularized Online Newton
Step BARONS uses a self-concordant barrier for the setK to always output iterates that
are guaranteed to be withinK; much like interior point methods for o ine optimization. In
particular, our algorithm outputs Newton iterates with respect to time-varying, translated
versions of . The main novelty of our work is in devising a new e cient way of computing
the Newton iterates without having to evaluate the inverse of the Hessian of the barrier at

This is the optimal rate when no further assumptions are made.
2We credit the name BARON®® [36] who used barrier-regularized Newton steps for the portfolio selection
problem.
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every iteration, which can be computationally expensive in high-dimensional settings. Our
algorithm only needs to compute a full inverse of the Hessian a vanishi@j 1~ Te fraction

of the rounds. For the rest of the rounds, the computational cost is dominated by that of
evaluating the gradient of the barrier , which can be much cheaper than evaluating the
inverse of its Hessian in many cases.

For the special case of a polytope witlm constraints, we show that there is a choice of
a barrier (e.g. the Lee-Sidford barrier) that when used within our algorithm, reduces the
per-round computational cost to essentiall@" 1+ linear-system-solves of sizen d. We show
that this is often cheaper than performing linear optimization oveK, which other projesetion-
free algorithms require. More importantly, our algorithm achieves dimension-free@ T
regret bound. This improves over the existing regret bounds of projection-friee algorithms
over polytopes. For example, among projection-free algorithms that achieveQd T« regret,
the algorithms by [34, 37, 38], which require a separation/membership Oracle fiér have a
multiplicative R~ factor multiplying their regret bounds, wherer; R AO are such that
B"re b K b B"Re. The constant , known as theasphercity[39], can in principle be arbitrarily
large. Even after applying a potentially expensive pre-processing step, which would typically
involve putting the set K into (near-) isotropic position [40, 41], can still be as large asl in

the worst-€ase, and so the regret bounds achieved by the algorithms of [34, 37, 38] can be of
order O"d Te; this is worse than ours by ad factor. Other projection-free algorithms based
on the Frank-Wolfe method, e.g. those in [42 44], also have multiplicative condition numbers
that are even less benign that the asphercity. In fact, the condition numbers in the regret
bounds for polytopes appearing in, e.g. [42], can in principle be arbitrarily large regardless of
any pre-processing.

Finally, another advantage of our algorithm is that it can guarantee a sublinear regret even
for non-Lipschitz losses (i.e. where the norm of the sub-gradients may be unbounded). In
particular, we show that the general guarantee 0BBARONSplies a& dT. regret bound
for the portfolio selection problem [45] and a problem of linear prediction with log-loss [46],
all while keeping the per-round computational cost unde® d?s, when T Cd. The losses in
both of these problems are neither bounded or Lispchitz.

Related works. In the past decade, many projection-free OCO algorithms have been
developed to address the computational shortcoming of their projection-based counter parts
[29, 30, 34, 37, 47, 48]. Most projection-free algorithms are based on the Frank-Wolfe method
and perform linear optimization (typically once per round) overK instead of Euclidean
projection. Under no additional assumptions other than convexity and lipschitzness of the
losses, the best-known regret bound for such algorithms scalesCag 3« [47]. While this
bound is still sublinear inT and has no dependence in the dimensiah it is sub-optimal
compared to theO~ Te regret bound achievable with projection-based algorithms. In the
recent years, there have been improvements to this bound under additional assumptions such
as when the functions are smooth and/or strongly convex [47, 48], or when the convex lset

is smooth and/or strongly convex [49 52]. For the case whel€ is a polytope, [42] presented

a linear-optimization-based algorithm that enjoys &@0”  dTe regret bound, where is a
conditioning number for the setK. Unfortunately, can be large for many sets of interests
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as it essentially scales inversely with the minimum distance between the verticeskof In
this work, we achieve adimension-free@ Te regret bound without the factor.

More recently a new type of projection-free algorithms have emerged which use member-
ship/separation oracle calls instead of linear optimization [34, 37, 38, 52]. From a computa-
tional perspective, separation-based and linear optimization-based algorithms are not really
comparable, since there are sets over which separation is cheaper than linear optimization,
andovice-versa. On the regret side, separation-based algorithms have been show to achieve a
O~ Te regret bound, where is the asphercity of the setk. Separation-based algorithms
are simple, often easy to analyze, and achieve the optimal-Inregret bound, unlike linear
optimization-based algorithms. However, the multiplicative factor in their regret bounds
means that a pre-conditioning step may be required to ensure it is appropriately bounded.
This precondition step would involve putting the set into (near-) isotropic position [40]; an
operation, that can cost® d*s arithmetic operations [41]; and even after such a pre-processing
step, can still be as large agl in the worst-case. Our algorithm has the benet of not
requiring any pre-processing step.

A third type of algorithms avoid projections by outputting Newton iterates that are guaranteed

to be feasible thanks to the use of a self-concordant barrier. The rst such algorithm in the
context of online learning was introduced by [53]. They presented a general recipe for using
self-concordant barriers with Newton steps in online linear optimization. However, their
approach falls short of being computationally-e cient as their algorithm needs to compute
the inverse of the Hessian of the barrier at every iteration. Inspired by the work of [53], [54]
used damped Newton steps with quadratic terms added to the barrier to design an e cient
algorithm for the classical portfolio selection problem. Closer to our work is that of [55] who
used a similar barrier for designing an algorithm for exp-concave optimization that can be
viewed as a computationally-e cient version of the Online Newton Step [56]. Similar to our
work, [55] also leverage the stability of the Newton iterates to avoid computing the inverse of
the Hessian of the barrier at every step. However, their approach and analysis, which are
tailored to the exp-concave setting do not necessarily lead to improved regret bounds in the
general OCO setting we consider. In particular, their algorithm does not lead to@~ Te
regret bound over polytopes.

Finally, for our application to polytopes, we make use of recent tools and techniques developed
for solving linear programs e ciently. In particular, we make use of the Lee-Sidford barrier
[2, 57, 58], which can be computed e ciently and, when used to compute Newton iterates,
leads to the state-of-the-art&" de iteration upper-bound for solving a linear program. For
thes OCO setting, we show that using the Lee-Sidford barrier within our algorithm leads to a
& T regret bound. We also note that ideas similar to the ones we use to avoid computing
the inverse of the Hessian of the barrier at every round were used to amortize computations
in the context of solving linear programs (see e.g. [59 61]).

Outline. In section F.1, we present our notation and relevant de nitions. In Section 3.3,
we present our algorithm and guarantees. In Section 3.4, we apply our results to the case of
a polytope. All the proof are di ered to the appendix.
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3.2 Preliminaries

Throughout the paper, we letK be a closed convex subset &¢. We denote byY Ythe
Euclidean norm and byB"Re * Rd the Euclidean ball of radiusR A0. We let int K denote
the interior of K.

Our main algorithm, which can be viewed as an online counter-part to the Newton iterations
[62], uses a self-concordant barrier over the set of interest to avoid the need of performing
Euclidean projections ontoK. Next, we present the de nition of a self-concordant barrier.

Self-concordant barriers. For the rest of this section, we letK be a convex compact set
with non-empty interior int K. For a twice [resp. thrice] di erentiable function, we let©?f “us
[resp.©3f “ue] be the Hessian [resp. third derivative tensor] df at u.

De nition 6  (Self-concordant function) A convex functionf int K R is called self-
concordantwith constantM; CO, if f is C3 and satis es

N

f"xee 2@ forxy x>@;and

For all x >int K and u>RY, ®3f “xe u;u;u SB2M; YUY, . ..
De nition 7  (Self-concordant barrier) For Ms; CO, we say thatf intK Risa ™My, e-
self-concordant barrierfor K if f is a self-concordant function ovelK with constant M;

and

Lw>intK; ©f "we © 2f "we©f "we B :

Computational Oracles. We will assume that our algorithm has access to a self-concordant
function over the setK through the following gradient and Hessian Oracles.

De nition 8  (Gradient Oracle). Given a pointw >int K and a tolerance" A0, the gradient
Oracle 092"« returns an "-approximate vector®,, of the gradient© “we in the dual local
norm of the Hessian:

\éw © “"weYg:2 ~y. B™

We denote byG?’™" « the computational cost of one call t@%2""

When clear from the context, we will simply writeG"®* and 09 for G®" « and 092"
respectively.

De nition 9  (Hessian Oracle) Given a pointw >int K and a tolerance" AQ, the Hessian
Oracle Ofess™ « returns a matrix H and its inverseH ! which arel " spectral approximations
of the Hessian and inverse Hessian of at w:

"1 "e©? “wel HI "1 "e©? "we and "1 "e© 2 “wel H 1] "1 "e© 2 “we:

We denote byd™ss” « the computational cost of one call t@hess™ e,

When clear from the context, we will simply writeC¢ss and OFess for G'¢ss” « and Ohess™
respectively.
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Additional notation. We use the notationf 3 g to meanf B Cg for some universal
constant C AO. We also writef B&gto meanf Bpolylog'T;d* g. We let© 2 "©2+ ! and

© 12 refer to the inverse of the Hessian and the inverse of the square root of the Hessian,
respectively.

3.3 Algorithm and Regret Guarantees

In this section, we construct a projection-free algorithm for Online Convex Optimization.
The algorithm in question (Alg. 1) outputs approximate Newton iterates with respect to
potential functions ~ e that take the following form:

t 1
. We “we W Q Gs;
s 1

where”gs >@s Wse* are the sub-gradients of the lossés e at the iterates “wge of Algorithm
1, and is a self-concordant function oveK. Algorithm 1 uses the the approximate gradient
and Hessian Oracles of (see F.1) to output iterates”w;s approximate Newton iterates in
the following sense:

t>T; W1 W © 2 "We© ¢ ;"we: (3.1)

As is by now somewhat standard in the analyses of online Newton iterates of the form in
equation 3.1, we will bound the regret of Algorithm 1 by showing that:

The iterates "w;* are close (in the norm induced by the Hessia®? “w;e) to the FTRL
iterates, which are given by

w, >arg>rKnin We: (3.2)
w

0]

The regret of FTRL is bounded byO" Te.

Our main contribution is an algorithm that outputs iterates "w;e that satisfy the rst bullet
point (i.e. iterates that satisfy equation 3.1)owhile only calling a Hessian Oracle (which is
potentially computationally expensive) aO"1~ Te fraction of the rounds afterT rounds. As
we show in Section 3.4, for the case wheleis a polytope withm >N constraints, the algorithm
achieves & T regret bound, where the per-iteration computational cost essentially reduces
to a linear-system-solve involving al m matrix. Among existing OCO algorithms that
achieve a&" T+ regret bound, none can achieve this computational complexity for general
polytopes with m constraints (see Section 3.4 for more details).

3.3.1 E cient Computation of the Newton Iterates with BARONS

The key feature of BARON@Igorithm 1) is that is uses an amortized computation of the
Hessians. NamelyBARON&mMputes the inverse of the Hessian of the barrier only for a
small fractions of the iterates”w;e. Henceforth, we refer to the iterates where the algorithm
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Algorithm 1 BARONSarrier-Regularized Online Newton Step

Require:
Parameters ;"; A0, and Myewton C1.
Gradient/Hessian OraclesO¥4~0Ohess for self-concordant function with constant
M  AOQ.

wt >argmin,.,  “we.
1: Setu; w; W, H; OPess"wte ands, O.
2. fort 1;:::;T do
3: Play w; and observeg >@; w;e.

4. Sets; S 1 O
5. Setw!; w.
/I Perform intermediate Newton steps to decrease the Newton decrement
6: for m 1;::: Myewon 1dO
7: Set@&", O wm .,
8: Set@", &M, s. / €, © (W
9: Setw",! w", H @M.

10:  end for
11:  Setw; ;. wm,L

/I Check if the landmark needs updating
12: if ¥w 1 uYy, B1~"41M e then

13: Setu; 1 U;. // Update landmark

14. Hy 1 H; and Ht 11 Ht L

15: else

16: SetuU; 1 W; 1. // No landmark update

17: SetH; ; O"ss"u, ;¢ and computeH, %.
18:  end if

19: end for

computes the full inverse of the Hessian dandmark iterates these are the iterates u;e in
Lines 13 and 16 of Algorithm 1. The idea behind this is that for a su ciently curved barrier

, the Newton iterates with respect to are stable enough that it su ces to compute the
inverse of the Hessian of at the closest landmark iterate. For example, this is what was
done in [55] to design an e cient algorithm for exp-concave optimization.

Unlike the setting of [55], where it is possible to add quadratic terms to the barrier for
additional stability, in our setting we cannot do that without sacri cing performance in terms
of regret. Without the quadratic terms, the Newton iterates are not stable enough for our
desired guarantee. Instead of adding regularization termBARON@kes & 1+ Newton steps
per round to get closer to the Newton iterate with the true Hessian matrix. This simple
approach is key to the success of our approach.

In the next subsection, we give a generic guarantee fBARONS

3Informally, the curvature of a convex function is high when the rate of change of its gradients is high.
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3.3.2 Generic Regret Guarantee of BARONS

In this subsection, we present a general regret and computational guarantee B ARONSder
minimal assumptions on the sequence of losses and without turning the step size In the
next subsection, we will instantiate the regret guarantee when additional assumptions on the
sequence of losses are available. We now state the main guaranteBARON@he proof in
Appendix D.3.1).
Theorem 6 (Master theorem) Let be a self-concordant function oveK with constant
M AOQ, and letb; ;"; A0 and Myewon>N be such that B sogm " Baggoy—  0:001,
and Myewton “log ..Ml . Further, let "w;* be the iterates of Algorithm 1 with input (, ",

, Mnewton) @Nd suppose that the corresponding sub-gradientge satisfy Yo Yo 2 ~,. Bb, for
all t C1. Then, the regret of Algorithm 1 is bounded as:

T T

N
Q T Wie T Wee [31 “we Q Yg\f@ 2 e Q Y& Yo 2 rwyes § WINtK: (3.3)
t1

t1 t1

Furthermore, the computational cost of the algorithm is bounded by

1 T
OEC™ d% T log s — Cess @ T" M Q YaYo: ~n."
t1

Theorem 6 essentially shows that it is possible to achieve the same regret as FTRL, while
only computing the inverse of the Hessian of at most &M T « number of times.

3.3.3 Regret Guarantee Under Local and Euclidean Norm Bounds
on the Sub-Gradients

We now instantiate the guarantee in Theorem 6 with &M ; e-self-concordant barrier for

the setK, with respect to which the local norms of the sub-gradients are bounded; that is,
when Yo Yo 2 ~w,. Bb. We note that the regret bound in equation D.17 has an additive “we
which may be unbounded near the boundary df. However, it is still possible to compete
against comparators inint K by making additional assumptions on the range of the losses
[36, 63]. We discuss some of these assumptions in the sequel. For the next theorem, we will
state the regret bound of BARON®Ilative to comparators in the restricted set:

Ke "1 oK™ “cw's; (3.4)
where” denotes the Minkowski sumw?! >argmin, .« “we, and ¢c>"0; 1 is a parameter.

With this, we now state a regret bound forBARONShen the sub-gradients of the losses have
bounded local norms. The proof of the next theorem is in Appendix D.3.2.

Theorem 7 (Local norm bound). Let be an”M ; e-self-concordant barrier forK and
let c>"0;1+;bAO. Further, suppose that for allt > T , Yo Yo 2 ~w,. Bb, where w;e are the

iterates of BARON®Ith input parameters™ ;"; ;M newtor® SUCh that
Y VA
oge. . _. 0:00L and m dog———e:  (3.5)
bZT ’ T ’ . Newton g "M . '
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For T C1 large enough such that B zoo5m— " B 555eu— the regret of BARONS bounded as

»
BAROMSve Rb T logc; | w>K; (3.6)

whereK. ™ K is as in equation 3.4. Further, the computational complexity oBARONI8 this
case is bounded by

»

O%I™ P72 T IogML ces M T loges:

Remark 1. The regret bound in Theorem 7 is stated with respect to comparators in the
restricted set K. de ned in equation 3.4. It is possible to extend this guarantee to all

comparators inint K under an additional assumption on the range of the losses. For example,
if for w' >argmin,, “we, we have

1 1 1
su vl Zew = wle TweBO@®—'; 3.7
p t <« T T T (3.7)

wint K;t>T

then the regret guarantee in equation 3.6 can be extended to all comparatorintrK up to an
additive O" T term (see Lemma 72 in the appendix). In this case, tHegc term in the
computational complexity need be replaced lmgT. We note that the condition in equation 3.7
does not require a uniform bound on the losses. Instead, it only restrict the rate of growth
of the losses *"wee asw approaches the boundary d{. As we show in the sequel (Y3.4.2),
equation 3.7 is satis ed for some popular losses which amet Lipschitz.

We now instantiate the guarantee in Theorem 6 when the sub-gradients are bounded in
Euclidean norm (instead of local norm); that is, we assume that for all> T , Yg,YBG for
someG A0. We note that this assumption implies equation 3.7, and we will be able to bound
the regret against all comparators innt K as alluded to in Remark 1. The proof of the next
theorem is in Appendix D.3.3).

Theorem 8 (Euclidean norm bound) Let be an”M ; e self-concordant barrier forK
and let e "+ s=2Y Y. Further, let G;R A0 and suppose thak b B"R+ and for all

t> T, Yo YBG, whereg, >@; w;* and “w;e* are the iterates ofBARON®&ith input parameters

~ L,

;" M Newtor SUCH that
3/4 —_ 1/2 .

logT 1
— gT .o ?; 0:00L and Mpewton <log

1 ..

o (38)

For T C1 large enough such that B i5555m— " B s5505u— the regret of BARONS bounded as

»
BAROMRve RRG TlogT; | w>intK: (3.9)

Further, the computational complexity ofBARON& this case is bounded by

»

0% o 2Z T IogML cess” « M T logTe:
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3.4 Application to Polytopes Using the Lee-Sidford
Barrier

In this section, we assume that the se is a polytope inRY speci ed by m linear constraints:
K “"w>RIS!i>m; awCHs; (3.10)

and we construct e cient gradient and Hessian Oracles for a self-concordant barrier f&.
This will then allow us to instantiate the guarantees oBARONS Section 3.3 and provide
explicit and state-of-the-art bounds on the regret oBARONS

We will assume without loss of generality thatYaY 1, for all i > m, and let A

it will be convenient to de ne the slack variables s,; aw b= fori> m . Here,sy;
essentially represents the distance of to the ith facet of the polytopeK. Further, we let
Sy diag's,* be the diagonal matrix whosdth diagonal entry is s, .

The LS barrier.  To perform Online Convex Optimization overK, we pick the regularizer
of BARONS be the Lee-Sidford (LS) barrier S [2] with parameter p AO, which is de ned
as

1
LSve  min logdef A—S,V S,Ae Trov?t v,
min logdefAS,V S,A 1=
whereV diag've. One way to think of the LS barrier is as a weighted log-barrier. As we
will discuss in the sequel, this choice will confer computational and performance (in terms of

regret) advantages over the standard log-barrier.

Self-concordance of the LS barrier. According to [64, Theorem 30], the LS barrier with
the choicep O"log'mee is a self-concordant function with parameteM s satisfying

M s O'logme2%e & 1e;

The other faverable property of this barrier is that its Newton decrement at any pointv >K
is of order&@ ds; that is,
[0}

YO SweYg 2 sy & e (3.11)

Therefore, Sis a"& 1¢; & deg-self-concordant barrier. For the log-barrier, the right-hand
side of equation 3.11 would be m.

Cost of gradient and Hessian Oracles. We consider the computational complexities of

gradient and Hessian Oracles for 'S. By [2], we have that for" AQ,
[0}

Grads LS B&CYS log'l~'es; and G Se B&CYS d logl~es;
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where C¥s is the computational cost of solving a linear system of the forrAdiag veAx v,

In the worst-case, such a linear system can be solved with cost bounded as
s BO™'md le; (3.12)

where! is the exponent of matrix multiplication, and m is the number of constraints oK.
However, as we show in the sequél¥s can be much smaller in many practical applications.

With this, we immediately obtain the following corollary for the regret and run-time of
BARON@der local norm and Euclidean norm bounds on the sub-gradients.

Corollary 1 (OCO over a polytope with LS barrier). Let ¢>"0;1+;G; R;bAO, and suppose
K is given by equation 3.10 and that'S is the corresponding.S barrier. Further, let “w;e
be the iterates ofBARON®Nd let K. be the restricted version oK de ned in equation 3.4.
Then, the following holds:

Local norm bound:  If Yg:Ye 2 ~y,. Bb, for all t C1, and the parameters ;"; ;m Newtor®

of BARON&e set as in Theorem 7 with LSand"M ; » "“&1s;& dee, then for
T large enough (as speci ed in Theorem 7), the regret dARONIS bounded by

»
BAROMSve Rb dTlogc; | w>Ke: (3.13)

Euclidean norm bound: If Kb B Re and Y5, YBG, for all t C1, and the parameters
TaMom e newtor® Of BARON&E set as in Theorem 8 with © e LS"e ==Y ¥ and

"M ; ¢ “€&1.;6 dee, then for T large enough (as in Theorem 8BARONSas regret
bounded as

»
BAROMRve RRG TlogT; | w>intK: (3.14)

In either case, the computational complexity is bounded by

(o]

€Sy e T O d To; (3.15)

where C¥s is the computational cost of solving a linear system of the for&rdiag"veAx v,
for vectorsv >R%, and y >R¢ (recall that A is the constraint matrix for the polytopeK).

Using the log-barrier. We note that sinceK is a polytope, we could have used the
standard log-barrier

1997 e (glog“h‘Ie a We: (3.16)
i1

This barrier is " 1; me-self-concordant, and so instantiating Theorem 6 with it would imply a
&b mdTe regret bound inghe case of local sub-gradient norms bounded by 0. Using

the LS barrier replaces the m term in this bound by d regardless of the number of
constraints see equation 3.13. However, this comes at &Y° computational cost, which can
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be as high aand' 1! in the worst-case (see equation 3.12). In the case of the log-barrier, this
cost would be replaced bynd (essentially becaus€?~ loge BO"mde). Thus, whenm is of
the order ofd, using the log-barrier may be more computational-e cient compared to using
the LS barrier. In the next corollary, we bound the regret ofBARONShen log; this
result is an immediate consequence of Theorem 8.

Corollary 2 (OCO over a polytope with thelog barrier). Let G;bAO0, and suppos& is given
by equation 3.10 and that '°9 is the correspondindog-barrier. Further, let “w;e be the iterates
of BARON# K bB"Re and Yo, YBG, for all t C1, and the parameters ;"; ;m Newtor® Of
BARON&e set as in Theorem 8 with ~« 109"«  —=Y Y and"M ; « “1;me, then for

T large enough (as in Theorem 8BARONSas regret bounded as

»
BAROMSye RRG TlogT; | w>intK: (3.17)

The computational complexity is bounded by

(0]

&Smd d% T md ! mTe: (3.18)

3.4.1 Implications for Lipschitz Losses

We now discuss implications of Corollary 1, and compare the bound BARON® those of
existing algorithms for Lipschitz losses.

Dimension-free regret bound. We note when the Euclidean norms of the sub-gradients
are bounded,BARONSchieves adimension-free 0" Te regret bound. In contrast, the
best dimension-free regret bourfdachieved by existing projection-free algorithms is of
order O" T3 (see e.g. [29, 37]). We also note that existing separation/membership-based
algorithms that achieve a T regret; for examples ¢hose presented in [34, 37, 38], are not
dimension-free. Their regret bounds are of ordé®~ Te, where R~ with r;R AO such
that B're b K b B"Re. The asphercity parameter can depend on the dimensiah[34], and
even after a pre-conditioning step (which would involve putting the seK into near-isotropic
position and can cost up to “d*s [65]), can be as large ad in the worst-case. Of course,
to make a fair comparison with existing projection-free algorithms, we also need to take
computational complexity into account. This is what we do next.

Computational cost. The computational cost in equation 3.15 should be compared with
that of existing projection-free algorithms. For linear optimization-based projection-free
algorithms, the computational cost afterT rounds is typically of orderC" T, whereCn

is the cost of performing linear optimization overK which, for a polytope K, reduces to
solving a linear program. Using state-of-the-art interior point methods for solving such a
linear program would costCin B& d O¥se; see e.g. [2]. oThus, linear optimization-based
projection-free algorithms$ can have a cost that is a factor d worse than that of BARONS

4The dependence inT can be improved under additional structure such as smoothness or strong-convexity
of the losses.
SThis only concerns algorithms that use an interior point method to implement linear optimization over K.
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in the setting of Corollary 1. On the other hand, separation/membership-based algorithms,
the computational cost scales withO"C®P Te after T rounds, whereC#®P is the cost of
performing separation for the seK. For a general polytope inR? with m constraints, we
have C* BO"mde, which may be smaller thanC¥s (the latter can be as large asnd' 1! in

the worse case;see equation 3.12). Here, it may be more appropriate to compare against the
computational guarantee ofBARON@ven in Corollary 2; by equation 3.18, we have that for

T Cd 2 m, the computational cost of BARONS the setting of the corollary is dominated

by “'md d?s T, which is comparable to that of existing separation-based algorithms.

3.4.2 Implications for Non-Lipschitz Losses

Another advantageBARON#Sas over projection-free, and even projection-based, algorithms is
that it has a regret bound that scales with a bound on the local norms of the gradients see
equation 3.13. We now showcase two online learning settings where this leads to non-trivial
performance and computational improvements over existing OCO algorithms.

Online Portfolio Selection [45]. The portfolio selection problem is a classical online
learning problem where the gradients of the losses can be unbounded. In this paragraph, we
demonstrate how the guarantee oBARONS Corollary 1 leads to a non-trivial guarantee for
this setting both in terms of regret and computational complexity. In the online portfolio
setting, at each roundt, a learner (algorithm) chooses a distributiorw; > 4 over a xed set
of d portfolios. Then, the environment reveals a return vector; >R%,, and the learner su ers
a loss

W logw;T+:

The goal of the learner is to minimize the regreReg;"we P/, "w;e ““wee after T C1
rounds. For this problem, it is known that a logarithmic regret is achievable, but the
specialized algorithms that achieve this have a computational complexity that scales with
min~d3T; d?T2e [36, 45, 63, 66, 67]. On the other hand, applying the generic Online Gradient
Descent or the Online Newton Step to this problem leads to regret bounds that scale with
the maximum norm of the gradient (which can be unbounded). Instantiating the guarantees
of BARONS Corollary 1 with  set to the standard log-barrier for the simple%, in particular

the bound in equation 3.13, to the online portfolio selection problem leads to & dTe
regret bound, which does not depend on the norm of the observed gradients. Furthermore,
we haveC¥s BO"de, and so by equation 3.15 the computational complexity is essentially
O"d?Te after T rounds. Technically, the bound in equation 3.13 is only against comparators
in the restricted setK.. However, by settingc 1~T, it possible to extend this guarantee

to all comparators inint K as explained in Remark 1, since the losses in this case satisfy
equation 3.6 [36, Lemma 10].

Linear prediction with the log-loss. Another classical online learning problem with
unbounded gradients is that of linear prediction with the log-loss [46]. For this problem, at
each roundt, the learner receives a feature vectot; >X b RY, outputs w; >W b RY, then

®Technically, we need to use a barrier for the setw>R%, P, 4 ; Wi Ble; see e.g. [63].
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~

observes label; >Y 1;1- and su ers loss

TCWee I”yy  1s log’l wiXxee 17y; O log™l wiX:e:

In the settings, where”X;We = 4;Ba "1ee and "X;We "Ba "1; 4¢, we have that
YO {"weYg 2 ~,. BO™1e for all w>int W, where is set to the corresponding log-barrier for
W. Thus, instantiating Corollary 1 (in particular equation 3.13) in this setting implies that
BARON&hieves a regret bound of the form:

0]

& dTe; (3.19)

and has computational complexity bounded b¥8" d?T+, as long asT Cd. Again, we emphasize
that the bound in equation 3.19 does not depend on the norm of the gradients, which may
be unbounded.

Finally, we note that there exist a few specialized algorithms that provide sublinear regret
bounds for non-lipschitz losses. This includes, for example, the Soft-Bayes algorithm [68].
However, this algorithm is specialized to the log-loss with a particular dependence on the
predictions, and it is not clear, for example, what regret bound it would have in the linear
prediction setting and other similar settings with non-Lipschitz losses.
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Chapter 4

Adversarial Online Learning with
Temporal Feedback Graphs

abstract

We study a variant of prediction with expert advice where the learner's action at rount is
only allowed to depend on losses on a speci ¢ subset of the rounds (where the structure of
which rounds' losses are visible at time is provided by a directed feedback graph known

to the learner). We present a novel learning algorithm for this setting based on a strategy of
partitioning the losses across sub-cliques of this graph. We complement this with a lower
bound that is tight in many practical settings, and which we conjecture to be within a
constant factor of optimal. For the important class of transitive feedback graphs, we prove
that this algorithm is e ciently implementable and obtains the optimal regret bound (up to

a universal constant).

4.1 Introduction

Prediction with expert advice is one of the most fundamental problems in online learning.
In its simplest form, a learner must choose from one & actions (possibly choosing a
randomized mixture of actions) every round foil rounds. An adversary then reveals a loss
vector containing the loss for each action to the learner, the learner incurs their appropriate
loss, and play proceeds to the next round. The goal of the learner in such settings is usually
to minimize their regret: the gap between their total utility at the end of the game and the
maximum utility they could have received if they played the best xed action in hindsight.
Notably, it is possible to construct algorithms for the learner which achieve regret sublinear
in T against any adversarially chosen sequence of losses.

Traditionally, a learner may use the entire history of losses up until round to decide their
action at round t. In this paper, we investigate the question of what happens if we restrict the
learner's action at timet to depend on the losses in some subset of these rounds. Formally,
we require the learner's (randomized) action at time to be a function of the losses in some
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subset of roundsS;, for some xed collection of subset§ ~S;[; known to the algorithm a
priori. We call this problem the problem ofonline learning with temporal feedback graphm
analogy with the use of feedback graphs to understand the value of partial information in
online learning settings (e.g. [69]).

In addition to being a mathematically natural extension of the classic problem of prediction
with expert advice, this framework is general enough to model many problems of practical
interest, including:

Batched learning : In batched learning, the time horizonT is divided into batches

next batch, so e.g. the action at a round in the bth batch must only depend on losses
from the rst b 1 batches.

Learning with delayed feedback : In learning with delayed feedback, the loss at
round t is only reported to the learner at the end of round , after  rounds of
delay (it is also possible to consider a round dependent delay, in which case this
subsumes batched learning).

Learning with bounded recall : In learning with bounded recall, the learner is only
allowed to use losses from the pasfl rounds to decide their action. This captures the
notion of bounded recall strategies for playing in repeated games introduced by [70].

Learning from the future . Finally, nothing requires us to impose the constraint
that S; only contains rounds beford: if the adversary xes their sequence of loss
vectors at the beginning of the game, then we can let the learner play a function of
the losses inS; for any subsetS; of "1;2;:::;Te. More practically, this can be used to
model adversarial variants of prediction tasks used in the training of large language
models: for example, in the task of masked language modelling (used in the training
of BERT), the goal is to predict a masked token from a surrounding window of tokens
[71].

4.1.1 Our results

We investigate the problem of designing low-regret algorithms and proving regret lower
bounds for the problem of online learning with temporal feedback graphs.

Algorithms (Section 4.3). On the topic of algorithms, we rst remark that the seemingly
natural algorithm of simply approximately best-responding to the set of losses you can see
can actually be very far from optimal. This follows immediately from a result of [72], who
show that such algorithms can incur linear regreb il in bounded recall settings (even when
the recall windowM is large enough to obtainO™ T regret by restarting everyM rounds).

Instead, we propose a more sophisticated algorithm (Algorithm 2) based on constructing
a fractional decomposition of the directed feedback grap8 into ordered cliques, which
we call orders for short. The key observation here is that the temporal feedback graph
corresponding to the classic online learning setting (where you can observe all rounds in the
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past) consists of a single order of siZe. Therefore, by partitioning the loss vector among
the orders that are subgraphs o6, we can reuse the regret guarantees we have from the
standard prediction with experts problem and get strong regret bounds for our algorithm.

o

We analyze the regret of this algorithm and show it is at mos©”"UB"Se logK's, where

UB"Se is the optimal value of a speci c convex program that we call the upper bound
program (Theorem 9). Unfortunately, the size of this convex program (and in particular,
the number of variables) is proportional to the number of maximal orders i, which can be

small for some graphs but in general is exponentially large ih. Moreover, actually running

Algorithm 2 requires a feasible solution to the upper bound program as input, and takes
time proportional to the sparsity of

Luckily, by examining the dual convex program, we show that there exists an optimal solution

* to the upper bound program supported on at mosT distinct orders (Lemma 9). This
implies that, for a xed S, there always exists an e ciently implementable learning algorithm
achieving the optimum regret bound stated above (Corollary 3), even if it may be hard to
actually nd this solution and construct this algorithm.

Lower bounds (Section 4.4). We present two di erent methods for obtaining worst-case
regret lower bounds for a xed feedback grapl® (in the binary action caseK 2). Similarly
as with UB"Se, in both methods the lower bound is obtained by solving a convex program
de ned by the structure of S.

We obtain the rst lower bound by extending the classic stochastic lower bound for prediction
with expert advice, with the key di erence that instead of sampling losses in an iid fashion,
we let the loss in roundt have bias of magnitude ; for some set of ; CO. This results in a
lower boundLB"Se on the regret of any algorithm, wherd_B"Se is given by the value of a
polynomial-sized (and hence, e ciently solvable) convex program in the variableg (Theorem
11). Interestingly, the lower bound program is very similar to the dual of the upper bound
program, which lets us immediately conclude that the upper boundB"Se is near optimal
for a wide variety of feedback graphs. In particular, we show that if the in-neighborhood
S; ©f each round can be covered by at mo® orders ofS, then UB"Se~LB"Se is at most
O" Re (Theorem 12).

Unfortunately, there are many cases where the gap betwekB"Se and UB"Se can be quite
large (even polynomial inT). Inspired by this, we introduce a second lower bound which
further generalizes the existing stochastic lower bound by allowing correlations between the
losses in di erent rounds. In particular, we construct an adversary who, instead of sampling
losses independently for each round, samples a random variable for each independent set of
S, and builds the loss for roundt out of the random variables of all the independent sets
containing t. By doing so, we introduce another convex program we call thedependent
set program Although this program is large and hard to solve in general (with number of
variables equal to the number of independent sets f8), we prove that its valueILB"Se is

a lower bound on the regret of any algorithm (Theorem 13) and conjecture thditB"Se is
within a constant factor of UB"Se (thus implying both this bound and our algorithm are
within a constant factor of optimal).
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Transitive feedback graphs (Appendix E.1). Finally, we consider the interesting
subclass otransitive feedback graphsThese are feedback graphS where ifs>S; andr >S;,
then r >S;; that is, if the learner can see losSs at round t, they can also see all the losség
that were visible at rounds. Transitive feedback graphs that are a natural class of graphs
that include many of our aforementioned applications, such as batched learning and learning
with delayed feedback (both the round-dependent delay and round-independent delay case).

For transitive feedback graphsS, we show that we can indeed e ciently construct a sparse
solution of the upper bound program, and hence e ciently construct and implement Algorithm

2 givenS (Theorem 44 in Appendix E.1). Doing so requires two technical insights: i. rst,
we show that we can construct an e cient separation oracle for the dual of the upper bound
program via dynamic programming, ii. second, we show how we can use a solutionto the
dual problem to reduce the problem of constructing a sparse solution of the upper bound
problem to a ow-decomposition problem, which we can solve with standard techniques.

Finally, we show that for any transitive graph S our upper boundUB"Se is within a constant
factor of optimal (Theorem 45 in Appendix E.1). To do so, we show how the adversary can
take any feasible solution to the upper bound dual program and construct a correlated set of
losses by observing a one-dimensional Brownian motion at various points in time. Speci cally,
the adversary associates each rouridwith an interval p;;q of time, and sets the loss at
round t based on the sign of."ge* L p for a biased Brownian motionL™ . By doing so,
we e ectively construct a feasible solution to our independent set program (which we can
show has value within a constant factor of that of the value of our initial feasible solution).

4.1.2 Related work

Since the seminal work of [69] introducing the problem of learning under partial information
with feedback graphs, there has been an extensive body of literature extending and re ning
these results, including [73 79]. Although we take the name feedback graph from this line
of work, the similarities between this line of work and the problem we study seem relatively
super cial, limited mostly to the fact that both problems are parameterized by a directed
graph and have regret bounds that depend on graph-theoretic properties of said graph. It
would be interesting to show a stronger connection between these two questions.

Batched feedback has been studied fairly extensively in the online learning community, largely
in the contexts of bandits and stochastic rewards [80 82]. The problem of learning with
delayed feedback was rst studied in the full-information setting by [83], and has since been
studied in a variety of other learning settings [84 87]. In particular, [87] study the delayed
feedback problem with adversarial delays our framework allows us to immediately recover
optimal bounds for this setting given knowledge of the delays. Studying the behavior of
agents with bounded recall is an active area in economics (see [88] for a survey) which has
recently been studied in the online learning setting by [72]. Finally, many sequence models
in machine learning are constrained (often for e ciency / training reasons) so that theth
element of their output can only be based o of some pre-determined subset of the inputs.
Often this subset is given by a context window (as in the bounded-recall setting), but it also
can be structured in other interesting ways, as explored by [89].
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4.2 Model and Preliminaries

4.2.1 Online learning preliminaries

We begin with an overview of the classic problem of prediction with expert advice. This
can be viewed as a repeated game that takes place oVerounds, where in each round the
learner selects an actiorx; >X and the adversary selects a loss >L. HereX and L refer
to the action and loss set respectively; we will generally consider the settig ¢ and

L 0;1K unless otherwise speci ed.

The learner selects their actions in accordance with some learning algorithm. Formally, a
learning algorithm A is a collection oft functions A; L'! X, with A; describing the

action the learner takes at timet as a function of the losses;; "»;:::; t 1. The regret of an
algorithm A on a sequence of losseés " "1; 5;:::; t° is given by
T T
RedA; s Q 'X;'te minQ x%; e (4.1)
t1 XEX 7y
where in equation 4.1x; A "1; 2;:::; ¢ 1*. We are often concerned with the worst-case

regret of a learning algorithm, which we denote vilkeg As max + RegA; .

One algorithm with asymptotically optimal regret for the above problem is the Hedge
algorithm of [90]. The Hedge algorithm with learning rate A0 can be de ned via:

. . exp%o PL1siZ
A1 20l K . > tiI‘ = (4.2)
P 1exp¥ko Pg1 sjZ

o
It is possible to show that the worst-case regret of Hedge is at mast T logK . We will
need the following slightly ner-grained bound on the regret of Hedge.
Lemma 6. Let ™ "y :::; e be a sequence of losses sucl) that each O; K. If we

let A be the Hedge algorithm initialized with learning rate OS “logK «~P{ ; 2, then

AT
RegA; «B2A ® 2 logK:
t1
Proof. This follows directly from Theorem 1.5 in [18]. O

4.2.2 Temporal feedback graphs

We now describe the variant of learning from experts with temporal feedback graphs. A
temporal feedback grapls is a collection of subset$S; b T “te for eacht > T , where the
set S, represents the set of losses visible to the learning algorithm at tinte Similar to our
previous de nition, an S-learning algorithm A is a collection oft functions A; LSt X,
with each A; describing the algorithm for mapping the visible losses to the action taken
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in round t. The regret Reg' A; « of A is de ned identically as in equation 4.1, with the
only di erence being that x; is now determined viax; A{ s, 1; s 2::::; s ss° (Where

is to design e cient S-learning algorithmsA that minimize Reg Ae.

In Appendix E.1 we consider the special subclass of transitive feedback gragsWe say a
graph S is transitive if it is acyclic and has the property that if s>S; and r >S;, then r >S;.
That is, if the learner can see losss at round t, then they can also see all the losses they
could see at rounds. This class of graphs captures many natural applications (including the
batched and delayed settings mentioned in the introduction).

4.3 Algorithms

4.3.1 A sub-optimal algorithm

We begin our discussion o8-learning algorithms with a remark about a natural algorithm

which turns out to be surprisingly sub-optimal. This algorithm simply does the following: at
round t, play the strategy suggested by Hedge (with some learning rat¢ when run on all

losses visible at timet. That is, in round t, play the strategy de ned via

exp”  Pss si®

/\\S
At ‘e K ~ N
Pi1eXp  Pss s

for some choice of learning rate AO. One can also think of this strategy as approximately
best responding to the average loss visible at tinte

[72] show that in some bounded recall settings, this algorithm can incur regret that is linear
in the time horizon T.

Lemma 7. LetK 2, M T~10and letS be the associated bounded recall feedback graph
(whereS;, "t M;t M 1;:::;t 1e). Then for any choice of learning rate , the above
algorithm A has worst-case regreRedg Ae "Te. In contrast, there exists an algorithmA®
with RegA® O Te.

Proof. See Theorem 2 of [72]. The sublinear regret algorithd®simply restarts Hedge every
M rounds. u

4.3.2 A better algorithm

In this section, we present arS-learning algorithm that does not have this detrimental trait,
and indeed that we conjecture obtains within a constant factor of the optimal regret bound.
As in the previous section, we will also use Hedge as a building block to construct this
algorithm however, we will have to pay much more attention to the structural properties of
the graph S.

order if for all u @v, t, >S;,. That is, every node later in the order can see the losses of all
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nodes earlier in the order. An ordeC is maximal if no super-sequence o forms an order.

Note that in the classic online learning problem, the entire temporal feedback graghis
just a maximal order of sizeT. We can therefore think of Hedge (or any standard learning
algorithm) as being a learning algorithm tuned speci cally for feedback graphs that are orders.
Inspired by this, we introduce an algorithm for the general case based on the idea of running
multiplicative weights in parallel for every order in the graph and taking an optimal convex
combination of these sub-algorithms.

To de ne this optimal convex combination (and characterize the resulting regret bound we
get), we need to solve the following convex program. We will call this program theper
bound (primal) program

N 3/4
Minimize Q Q 2, (4.3)
cl tC. |

N
Subjectto Q ¢ 1 forallt>T
cl

C;t 0 Ift>CC
«tCO forallt>T ;c>N

Given a set of variables . satisfying the upper bound program equation 4.3, we can de ne
our S-learning algorithm as in Algorithm 2. Intuitively, Algorithm 2 instantiates an instance
of Hedge for every order irC. In round t, the algorithm partitions the loss of that round
among the orders that pass through, where the algorithm corresponding to the orde€,
receives a . fraction of the loss.

Note that Algorithm 2 is a valid S-learning algorithm, since the action taken at timet only
depends on loss vectorg, for t, >S;. Let UB"Se denote the optimal value of the upper
bound program equation 4.3. The following theorem bounds the regret of Algorithm 2.
Theorem 9. If Algorithm 2 is run with an optimal solution * to the upper bound program
equation 4.3, it incurs at mostO"UB"Se logK « regret.

Proof. Fix an action x* > K , and consider the regret of this algorithm (which we will call
A) against actionx* for some xed loss sequence We can write this regret in the form:

;
Reg: A; e Qx x% e

t

T N oo

Q Qb S x¥e;'g (4.5)
t1c 1

N T e .

Q @ bx,” x*; i g (4.6)
cl t1



Algorithm 2 Algorithm for solving online learning with temporal feedback graphs
1: Input: A temporal feedback graphS with time horizon T and K actions, and a feasible
solution ¢ CO to the copyex program equation 4.3.
2: Foreachc> N ,set ¢ "Pyc, 3 logK.
3: for each roundt> T do
4. for each orderC. containingt do

5: Let ty;ty;:::;ty t be the pre x of C. up to and including t.
6: Let x,” > « be the strategy de ned via (for anyi > K ):
“ce eXp%O CP\l{lv]il C?tu\tu;iz .
Xt K 9 wi -~ > (4.4)
P 1exp¥%e ¢Py i ct, tujZ
7. end for

o
8: Play Xt PC;t>Cc C;txt .

9: Receive loss vector; (and loss Xx; (€.
10: end for

Here in equation 4.5 we have used the fact tha ' ; i 1lforany xed t> T (since the

i satisfy the convex program equation 4.3). Note that, by de nition,x;c' is the output of
an instanceA, of the Hedge algorithm initialized with learning rate . on losses © given by
" g;t‘t; moreover, the summand of the RHS of equation 4.6 corresponding to a giveis

t
at most Reg' A¢;” ©e. Therefore, by Lemma 6, we have that

N T »
Reg:"A;"*BQ 2™ @~ {;** logk 2 logK UB’Se:
Cc

1 t1

B0

SinceReg A; » max:> , Reg: A; e, the conclusion follows. O

Theorem 9 leads to two natural questions:

1. First, although we can solve the convex program equation 4.3 in time polynomial M,
T, and K, one might notice that the parameterN is equal to the number of (maximal)
orders in the temporal feedback grapls and can be very large (possibly exponential in
T). In fact, even specifying a solution to the convex program and running Algorithm
2 requires time polynomial inN as written. Are there e cient learning algorithms
(running in polynomial time in T and K) for this problem?

2. Secondly, does Algorithm 2 obtain the optimal regret bound for th&;learning problem?
That is, must any S-learning algorithm A incur at least "UB"Se logK e regret on
some sequence of losses?

The remainder of this paper will largely be concerned with providing answers to both of these
guestions (especially for the speci c case of transitive feedback grapgBs For both of these
guestions, we will nd it useful to examine the dual of the upper bound convex program,
which we explore in the next section.
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4.3.3 The dual convex program and an e cient learning algorithm

For multiple reasons, we will nd it easier to work with the dual of the upper bound convex
program. In contrast with the original upper bound program, which is a minimization problem
involving (up to) T N variables with T constraints, the dual program is a maximization
problem onT variables with N constraints. We state this program (which we call theupper
bound dual program below.

T
Maximize Q 4.7)
t1

Subjectto Q ZB1 forallc> N
t>C¢

+CO forallt>T

The following theorem proves that the program equation 4.7 is in fact the dual of the upper
bound program.

Theorem 10. The optimal value of the upper bound dual program for temporal feedback
graph S is equal toUB"Se.!

Having established duality, complementary slackness allows us to infer strong structural
statements about the optimal primal solution given an optimal dual solution.

Lemma 8. Let * be an optimal solution to the upper bound dual program equation 4.7.
Then there exists a primal solution * to equation 4.3 such that, for anxc> N where

Q" {a@r (4.8)

t>Cc

we have that §;, Oforallt> T , and for anyc> N where

Q" {2 1 (4.9)
t>C¢

we have that {; . {, for some constant ..

Given a solution * to the upper bound dual, letC *e b N denote the set of orders
where the equality equation 4.9 is tight. Lemma 8 implies that we only need to solve the
upper bound program (and run Algorithm 2) for ordersc>C *e. If € *+Sis small, this
can be far more e cient than naively running Algorithm 2. In particular, since there are only
T variables in the dual program, we would naively expect only of the constraints to be
binding, and therefore€ *eSshould generically equall (in which case we have an e cient
solution).

Of course, for many temporal feedback graptfs, the dual program is not generic, and it can
be the case that many (or all of) the constraints bind at optimality. The following lemma

LFor the sake of brevity, we defer many of the longer or more standard proofs to Appendix E.4.
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shows that, even in such cases, it is possible to nd an optimal solution of the primal program
that is supported on at mostT di erent orders.

Lemma 9. Given any optimal solution * to the upper bound dual program, there exists a
subsetB b C* *e with 8B T such that there exists a optimal solution * to the upper bound
program with the property that £, 0if C.>B.

Proof. By Lemma 8, we can restrict our attention to optimal solutions * where {, . { for
c>C *e (for some collection of values. C0) and {; Oforc>C *e. SincePc,~ {2 1
for all c>C  *e, we can rewrite the original upper bound primal program as the following
linear program in the :

Minimize Q (4.10)
C>C feo

Subject to Q ¢ 1~ foralt>T
o>C *e
s.t. t>Cc

<CO forallc>C *e:

But any extreme point of the linear program equation 4.10 will be the intersection of at least
€ *eSconstraints, of which at mostT are not of the form . 0. It follows that there is an
optimal extreme point to this LP where at mostT of the . are non-zero, and hence a*
with the property we described. O

Given a feedback grapls, we call a subseB of C a basisfor S if there exists an optimal
solution to the upper bound program supported entirely on orders >B. Lemma 9 shows
that there always exists a basis of size at mo3t. Having an optimal solution with a small
basis is valuable since it allows us to run Algorithm 2 more e ciently.

Lemma 10. Let be a feasible point for the upper bound program equation 4.3 which is
supported on a basi8 of sizeB8S B. Then we can run Algorithm 2 on intime O'BK ¢

per iteration (O"BKT ¢ overall).

Proof. We modify Algorithm 2 by maintaining one instance of Hedge for each of the
non-zero orders (each of which take®"K ¢ time to update per iteration). O

Together with Lemma 9, this provides us with a partial answer to our rst question.
Corollary 3. For any feedback grapl®, there exists anS-leaging algorithm which runs in
time O"KT e per iteration and incurs regret at mostO"UB"Se logK e.

The catch, of course, is that actually coming up with the learning algorithm of Corollary 3
involves computing an optimal basiB and associated primal solution *, which may not be
computationally e cient. In Section E.1, we will see that for the important class of transitive
feedback graphs, it is possible to compute this sparse primal solution e ciently.
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4.4 Lower bounds for online learning with temporal
feedback graphs

We now gurn our attention to the second of the two questions: is our regret bound of
O"UB"Se logK's asymptotically tight? Throughout this section we will focus on the two-
action setting (K 2) for clarity of exposition. We expect that all lowgr bounds we present
should extend to theK -action setting (with an additional factor of TogK in the lower
bound).

4.4.1 A (naive yet e cient) lower bound program

We begin by examining what happens when we try to extend the original lower bound proof
for the standard problem of learning with experts to the temporal feedback graph setting.

At a high-level, the original lower bound proof proceeds as follows. First, the adversary
uniformly samples a bitB >" 1;1 unknown to the learner. The adversary then xes an

Xt >70; 1 is drawn independently from a BernouIIiA% B e distribution. The adversary
then chooses losses de ned via "~ Xy;1-2e.

Now, the learner cannot learn much about the random biB until they have seen at least

"1~ 2¢ samples fromBern‘% B ¢, and hence until they have seen at least”1~ 2+ loss
vectors. But during that time, they incur ~ < regret per round. Altogether, this implies
that the adveesary can force the learner to incwr a total regret of at least™ max 1~32;Tee,
Picking 1~ T, we obtain the well-known ~ Te lower bound.

We will start our discussion of lower bounds for the problem dB-learning with a similar
approach. Again, the adversary will begin by uniformly sampling a biB >~ 1;1e. But now,
to account for the additional potential asymmetry in the feedback structure across rounds,

the distribution Berrf3 B+ (for some global scale AOQ). Finally, the adversary again
sets’y "Xy 1-2e.

Intuitively, we can understand the performance of this strategy as follows. As long as the
learner cannot gure out the value ofB based on the losses observable at roungdthe learner
will incur an expected regret of ~ (e in that round. In order to prevent the learner from
guring out the value of B in round t, the amount of information leaked by the losses i
about B should be small. This quantity is roughly proportional toP ., 2 (in particular,
observing s leaks ~ 2¢ bits of information about B). This motivates writing down the
following convex program equation 4.11, which we call tHewer bound program
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T
Maximize Q (4.11)
t1

Subjectto Q 2B1 forallt® T

t>5; e

{CO forallt>T

We will write LB”Se to denote the optimal value of the lower bound program. Note that this
program shares many structural similarities with the upper bound dual program the main
di erence is that whereas in the upper bound dual program equation 4.7, the constraints
bound the sum of the squares of the variables over altdersin S, here the sums are over all
neighborhoodsS;=in S. Since every ordelC, is a subset of the neighborhoo&:of its last
element, the constraints of the lower bound program are stronger than that of the upper
bound dual (and soLB"Se BUB"Se, as we would expect).

The following theorem formalizes the above intuition and shows thdtB"Se is indeed a valid
lower bound for the S-learning problem (up to a universal constant factor).
Theorem 11. Every S-learning algorithm A must incur worst-case regreReg A+ CLB™S+~100

One nice property of the lower bound program equation 4.11 is that it is polynomial-sized,
and can therefore be optimized e ciently. Another feature of this program is that, due to
its similarity with the upper bound dual program, it immediately gives us the following
multiplicative bound on its optimality.

Theorem 12. Let S be a temporal feedback graph whereoevery neighborhgod contained

in the union of at mostR asders C.. Then UB"Se~LB"S¢ B R (and hence the regret bound
of Algorithm 2 is within "~ Re of optimal).

Proof. Let * be an optimal solution to the upper bound dual program. Note that in such

a graph, . would satisfy Psg 2 BR, and therefpre setting i~ R forms a feasible
solution to equation 4.11 with value at leastUB"Se~ R and at mostLB"Se. The conclusion
follows. O

There are some classes of feedback graphs where the param@tar Theorem 12 isO” 1+ and
hence where we can immediately conclude that Algorithm 2 is nearly optimal (one interesting
such class of graphs is those arising from bounded recall, where e8cls itself an order).
The downside, however, is that in general the gap betwedB”Se and UB"Se can be quite
large (at least “Tl™?e see Appendix E.2). In the next section we present a stronger lower
bound that comes from a much larger convex program.

4.4.2 The independent set lower bound

One of the main reasons the lower bound in the previous section is lax is every loss which
is visible to the learner at roundt reveals independent information abouB. But since not

all of these rounds can observe each other, this is inherently a little wasteful it would be
better if we could reuse the same signal abouB across multiple di erent rounds.
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To implement this idea, let] “Se denote the collection of independent sets of the (undirected
version) of S. The adversary then begins by generating a random variable with some bias
Bw, for every independent set >I “Se. Finally, to generate the loss at round, the adversary
combines the random variables for sets containing t (by e.g. taking their majority). This
motivates us to write down the following convex program:

T¢ ———
Maximize Q A Q W} (4.12)
t1 1> "Se
s.t. t>

Subject to Q WwWB1 forallt>T

1> "Se sit.
19Stxg

We call the above program thandependent set (lower bound) progranand denote its optimal
value by ILB"Se. Note that if we restrict the set of feasible set tav that take nonzero values
on single nodes, then the independent set program reduces exactly to our original lower
bound program, and thus implies thatlLB"Se CLB"Se. But more importantly, this more
general program still gives a lower bound on the achievable regret of any algorithm.
Theorem 13. Every S-learning algorithm A must incur worst-case regreReg A« CILB" Se~50.

We leave it as an interesting open question to characterize the gap betwdéB™Se and
UB"Se. We conjecture that this gap is at most a universal constant (thus showing that both
Algorithm 2 and this lower bound are optimal up to constant factors).

Conjecture 1. There exists a constant such that for any temporal feedback grap8,
UB"Se~ILB"S* B .

In particular, in Appendix E.1 we employ a variant of this technique to prove a tight lower
bound for all transitive graphs, providing partial evidence for this conjecture.
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Chapter 5

Sampling Polytopes with Riemannian
HMC: Faster Mixing Via The Lewis
Weights Barrier

Abstract

We analyze Riemannian Hamiltonian Monte Carlo (RHMC) on a manifold endowed with
the metric de ned by the Hessian of a convex barrier function and apply it to sample a
polytope de ned by m inequalities in R". The advantage of RHMC over Euclidean methods
such as the ball walk, hit-and-run and the Dikin walk is in its ability to take longer steps.
However, in all previous work, the mixing rate of RHMC has a linear dependence on the
number of inequalities. We introduce a hybrid of the Lewis weight barrier and the standard
logarithmic barrier and prove that the mixing rate for the corresponding RHMC is bounded by
O"m3n43« improving on the previous best bound o©"mn23« (based on the log barrier).
This continues the general parallels between optimization and sampling, with the latter
typically leading to new tools and requiring more re ned analysis. To prove our main
results, we overcomes several challenges relating to the smoothness of Hamiltonian curves
and self-concordance properties of the barrier. In the process, we give a general framework
for the analysis of Markov chains on Riemannian manifolds, derive new smoothness bounds
on Hamiltonian curves, a central topic of comparison geometry, and extend self-concordance
theory to the in nity norm, which gives sharper bounds; these properties all appear to be of
independent interest.

5.1 Introduction

Generating nearly uniform random samples from a high-dimensional polytope is a fundamental
algorithmic problem with a rich history and powerful applications, notably including the
only known fully polynomial-time approximation schemes for computing a polytope's volume.
All e cient algorithms known for this problem work by designing a Markov chain whose
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stationary distribution is uniform over the polytope and showing that it mixes in a small
number of steps.

In this paper, our main result is that we can construct such a Markov chain with an improved
bound on its mixing time. For a polytope given bym linear inequalities inR", we describe
chain that mixes in O"“m3n43« steps, improving on the best previous bound d@”mn2-3e,
This allows us to approximate the volume within relative error using O~ m13n43~2e steps,
which is a similar improvement over the best existing bound d@”mn?23~ 2,

5.1.1 Background and Related Work

In their seminal work [91], Dyer, Frieze and Kannan gave the rst polynomial-time algorithm
for this problem, as well as for the more general problem of sampling from a convex body
speci ed by a membership oracle. The Markov chain in their algorithm was grid walk,
which takes steps along the edges of the graph obtained by intersecting the convex body with
a discrete grid supported on Z" for some  1~poly"ne. This graph is heavily dependent on
the coordinate system its diameter is proportional to the diameter of the convex body, and

its conductance can be arbitrarily small if the convex body is scaled so that is very long in
some directions but short in others. However, they showed that, if one changes to a basis in
which the convex body is appropriately well-rounded, the grid walk mixes in polynomial
time and that one can use a random sample from the grid to obtain a one from the convex
body.

The polynomial for the mixing time in [91] was quite large, and a sequence of later papers
improved this by modifying the Markov chains and re ning the analysis. Because one often
wants to draw many samples from the body, these papers typically provide two bounds on
the number of steps required: a bound when starting from an arbitrary point and including
the cost of any preprocessing; and a bound when giverwarm start, where the preprocessing
has already been performed and the starting point is drawn from a distribution that is not
too far from uniform.

In [92], Kannan, Lovasz, and Simonovits showed that ball walk whose steps are chosen
uniformly from a Euclidean ball around the current point mixes inO"n3e steps from a
warm start and O"n®e steps from an arbitrary starting point and including preprocessing.
Later, Lovasz and Vempala [93] studied the hit-and-run walk, which chooses a line in
a random direction from the current point and then picks the next point randomly from
the intersection of this line with the body, and they showed it also mixed 0" n3e steps
from a warm start but needed onlyO"n“e steps for rst sample and preprocessing. These
algorithms work on general convex bodies presented by oracles, but like the grid walk, they
are strongly coordinate dependent, and they thus require strong additional assumptions about
the coordinate system. In particular, analyses of these algorithms typically assume that the
body is close to being isotropic, i.e., that the covariance matrix of a random sample from the
body is approximately the identity, and applying these algorithms to more general bodies
requires costly preprocessing.

The dependence on the coordinate system in the aforementioned Markov chains comes from the
dependence of the transition probabilities on the extrinsic geometry of the ambient Euclidean
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space. The impact of this extends beyond the overhead from the isotropy requirements. The
geometry of the ambient space does not incorporate any information about how close a point
is to the boundary, which typically leads to di culties making progress with steps near the
boundary. For example, if one is running a ball walk with step radius an n-dimensional
cube, and the current point is some distancd P  from one of the corners, a random point
from the radius ball will lie outside the cube with probabability exponentially close to 1,
so naively trying random points until obtaining one in the cube would take a large number
of tries. Moreover, even if one could sample a random point in the intersection of the ball
with the cube, restricting the step to points inside the cube would distort the stationary
distribution, and it would no longer be uniform. Remedying such di culties typically involves
(depending on the paper) some combination of taking smaller steps, enlarging the convex
body (and failing if the walk ends up at a point outside the original body), and employing
rejection sampling or a Metropolis lter to correct the stationary probabilities, all of which
increase the required number of steps.

For polytopes speci ed by an explicit collection of linear constraints, one can use the barrier
functions employed by interior point methods to design random walks whose steps depend
only on the intrinsic geometry of the polytope and are independent of the basis chosen for
the ambient space. The idea behind these random walks is to use the Hessian of the barrier
function to de ne a local norm/Riemannian metric on the interior of the polytope and specify
the steps in terms of the resulting geometry. This mitigates some of the problems described
above and has led to Markov chains whose mixing times grow with the number of constraints
but depend more mildly on the dimension.

In the rst such work, Kannan and Narayanan [94] introduced theDikin walk and gave a
mixing time bound of O"mne from a warm start for a polytope with m facets inR". This walk

is similar to the ball walk, but it chooses its steps from Dikin ellipsoids, which are balls with
respect to the Hessian of the standard logarithmic barrier function on the polytope. In [95],
Laddha, Lee, and Vempala studied the analogous walk with respect to any self-concordant
barrier and showed that it mixes inO"n e steps, where is a parameter they called the
barrier parameter. By bounding this parameter for a di erent barrier function (a variant of a
barrier due to Lee and Sidford [57]), they obtained an improved mixing rate bound &"n?e.

In 2017, Lee and Vempala [96] reduced the mixing rate @~ mn3s using a process they
called the geodesic walk Similar to the Dikin Walk, the steps are constructed using the
Hessian of a barrier function. However, instead of using the Hessian to de ne a Euclidean
ellipsoid, they use it to de ne a Riemannian metric, and they then solve a di erential equation

in each step to follow geodesics on the resulting manifold. These geodesics tend to avoid the
polytope's boundary, which allows longer steps in each iteration.

In 2018, Lee and Vempala [97] improved this t&@"mn?23s using Riemannian Hamiltonian
Monte Carlo (RHMC) [98], which is the class of processes we will use in this paper. While
there is a large literature on using RHMC and related methods to sampseoothdensities [99
103], there are relatively few provable results about applying it in constrained non-smooth
settings like polytope sampling. Roughly speaking, this improvement over the geodesic
walk came from RHMC's ability to avoid the use of a Metropolis Iter, which the geodesic
walk requires in order to obtain the correct stationary distribution (even when the target
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distribution is uniform). RHMC chooses its trajectories according to a di erential equation
that, remarkably, yields a reversible random walk with the desired stationary distribution,
thus eliminating the need for a Metropolis Iter and allowing greater progress in each step.

While barriers with better parameters have led to improved mixing times for the Dikin walk,
obtaining similar improvements for the geodesic walk or RHMC have remained elusive, and
improving upon the 0"mn23¢ bound attained by RHMC using the standard log barrier has
been a major open problem for the past 5+ years.

The core issue that prevents the authors of [96] and [97] from using other barriers in place
of the log barrier is that the geodesic walk and RHMC use their barrier functions in a
fundamentally di erent way from how they are used in the Dikin walk. The Dikin walk, like
the interior point methods for which self-concordant barriers were originally de ned, uses the
Hessian of the barrier function at each point to specify an ellipsoid centered at the point and
contained in the polytope and chooses its next iterate from this ellipsoid.

The geodesic walk and RHMC, however, use the barrier function to de ne the local geometry
of a manifold, and they take a step by simulating the trajectory of a particle according to
a corresponding second-order di erential equation. The solution depends on the geometry
at every point of the trajectory, rather than just at the point where the particle was at the
beginning of the iteration. As such, the steps of the random walk depend on the geometric
structure at all of the points of the trajectory, and analyzing them requires one to understand
how the locally-de ned structure at each point relates to those at other nearby points. This
leads to a dependence on higher-order derivatives of the barrier function than the ones that
self-concordance was designed to control. As a result, self-concordance by itself does not seem
to be su cient in this setting, and analyzing these walks requires the authors of [96] and [97]
to rely on new but ad hoc arguments tied to speci ¢ properties of the logarithmic barrier.

| Year | Algorithm | Steps |
1997 [92] | Ball walk* n3 (+ n®)
2003 [93] | Hit-and-run# n3 (+n%)
2009 [94] | Dikin walk mn
2017 [96] | Geodesic walk mn3+
2018 [97] | RHMC with log barrier mn?23
2020 [95] | Weighted Dikin walk n2
2021 [104]| Ball walk* n2 (+n3)
This paper | RHMC with Hybrid barrier | m=3n43

Table 5.1: The complexity of uniformly sampling a polytope from a warm start. All
algorithms have a logarithmic dependence on the warm start parameter and each u€ése

bit of randomness. The entries marked are for general convex bodies presented by oracles,
while the rest are for polytopes. The additive terms are pre-processing costs for rounding the
polytope.
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5.1.2 Background on Riemannian Hamiltonian Monte Carlo

The motivation for RHMC comes from the Hamiltonian formulation of classical Newtonian
mechanics. Hamiltonian mechanics parameterizes a physical system in terms @baition
vector x and a correspondingnomentum vector v (which is also referred to as velocity in
some prior work on sampling polytopes with RHMC). The physics of the system are encoded
in its Hamiltonian H"x;ve, which is simply the energy of the system written as a function of
x and v, and its time evolution is determined byHamilton's equations

dx @H._. .
p @Vx,v
dv @H. ..
a @XX’V .

With the appropriate choice ofH, these reproduce Newton's laws of motion, but they also
generalize quite broadly, including to Riemannian manifolds.

In RHMC, one de nes a Markov chain by choosing a Hamiltonian that appropriately encodes
the target distribution. At each step, the Markov chain chooses a random momentum vector
and then nds the next point by numerically solving a di erential equation to follow the
trajectory given by Hamilton's equations.

One can show that the value of the Hamiltonian and the volume element in the space of pairs
“Xx;ve are conserved along the trajectory, which can be used to show that the trajectories are
preserved by time reversal. One can then use this to show that, if one uses the Hamiltonian
de ned below, the marginal distribution of x will converge to the desired target distribution
without requiring a Metropolis Iter. (See [98] for the derivation for general RHMC and [97]
for the speci c class of Hamiltonians given below.)

More precisely, let the Hamiltonian at a pointx >R" for a vectorv >R" be de ned as
- - 1 1~ 1 -
H X;ve f7xe év—g XeoV > log detg™xe

where g"xe is a gositive de nite matrix de ning a Riemannian metric at each pointx as
YWYy < WYyy. < ug'xeu, and the target density to be sampled is proportional tce
restricted to the support ofg. One step of RHMC consists of the following: rst pickv from
the GaussianN “x;g"xe e, Then for time follow the Hamiltonian curve jointly on “x;ve:

dx @H_. 1

a ev 9

dv. @H._. n 1, o 1 . dx dx

at @Xx,v ©f"x 2tr g xe “Dg~x 2Dgx et (5.1)

The nal x at time is the sampled point from the Markov Kernel. A natural choice for

the metric g turns out to be the Hessian of a self-concordant barrier function inside the
polytope P. The standard logarithmic barrier, -"xe P",log’ax he, was used in [97]

to prove that the resulting RHMC mixes in mn23 steps, where the polytope is de ned by

the inequalities™a—x Ch+[",. Improving on this bound is our motivating open problem.
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5.1.3 Results

Algorithmic results. Our main algorithmic result in this paper is the construction of
a random walk based on RHMC for sampling and approximating the volume of polytopes
using only O"m'2n4=2« steps. Using a Hamiltonian based on the standard logarithmic barrier
yields a mixing rate that depends linearly omrm, the number of inequalities. We improve on
this by developing a theoretical framework for designing and analyzing barriers for RHMC.

Our framework is motivated by the ways in which the requirements of RHMC di er from
those of the Dikin walk. In the case of Dikin walk, we care about how much volume two
nearby ellipsoids de ned by our metric have in common, which can be controlled given
that the rst derivative of the metric is bounded, a property that self-concordant barriers
possess [105]. Namely, the derivative of the Hessian of a self-concordant barries controlled
by the Hessian itself, which can be seen as a property of the metgc ©2 ,

YWYgg! Dgve | WYqg;

whereDg ve is the directional derivative ofg along directionv.

On the other hand, to de ne the Markov kernel for RHMC, one reparameterizes the open
set inside the polytope by the Hamiltonian trajectories, which map the tangent space of the
current point to the manifold. This means the density of the RHMC Markov kernel depends
on the distortion properties of this map, such as how fast the Hamiltonian curves with di erent
initial conditions converge or diverge. Therefore, showing that this density is Lipschitz is
linked to the geometry imposed by the Hessian of the barrier, and analyzing the second-order
ODE regarding RHMC demands estimates on more than just the rst order-derivative of the
metric. As a result, the existing notions of self-concordance are insu cient for bounding the
spectral gap of RHMC.

In this paper, we de ne a stronger notionthird-order "- -self-concordancethat is stringent
enough to guarantee the stronger properties required by RHMC, but we show that it still
admits a construction that improves upon the logarithmic barrier. Third-order . -self-
concordance strengthens standard self-concordance in two ways: it controls the higher order
derivatives of g up to third order; and, instead of the local ellipsoidal normY.Y; that is
conventionally used in self-concordance, we measure the spectral change of the metric in the
local in nity norm ¥:Y.. , which we de ne next.

De nition 10.  For arbitrary vector v we de ne the local normY:Y,.. at point x >P as the
maximum relative change of the distance afto an arbitrary facet of the polytope after taking
stepv. Formally:

W <YS,PAVY: ;

where the polytope is de ned by the inequalitiesx Cb and S, is the diagonal matrix whose
entries are the slacks of the linear constraints at poirg, i.e. "Syej <ax .

An intuitive description of Y., is via its unit ball; namely, Y:Y,.. is the unique norm whose
unit ball is the symmetrized polytopeP 9 2x P around x, as illustrated in Figure F.1 in
Appendix F.1. (2x P is the re ection of P around x.) Using this generalized notion, we are
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not only able to control the change of density of the RHMC kernel (Section F.4), but also
prove the stability of the Hamiltonian curves (Lemma 13), which is required for bounding
the conductance.

De nition 11  (Third-order "= -self-concordance) We say that is c-third-order ". -self-
concordantif its Hessiang ©? obeys

CWYa g Xe | Dg'Xe v | CW¥a g Xe;
CWYea Y2¥a g°Xe | D?g'Xe V;Z | CW¥a YZ2¥ea O Xe;
W Y2 YZ¥a YUYea g Xe | D3g"xe v;z;u | CWY¥a YZ2¥a YUYa g Xe;: (5.2)

Furthermore, we say that is a “c; e-third-order "« -self-concordant barrierif in addition to
the estimates equation 5.2 the norm of its gradient in the local norm is bounded as

"D eglD B;
whereD refers to the Euclidean gradient of .

Herel is the Lowner ordering between matrices ignoring logarithmic factors. Our second
major contribution is to construct a barrier for polytopes that satis es third-order "= -self-
concordance. Namely, we construct a hybrid barrier inside the polytope based on thewis
weight barrier

0" Xe <log detSAW x “PA,s; (5.3)

whereW , is a diagonal matrix whose diagonal entries are thieewis weightsof the rescaled
matrix A, S, A, which we de ne in Section 5.1.4.

The hybrid barrier for a polytope is then de ned as a combination of the Lewis weight
barrier and the log barrier. This combination is necessary so that the resulting manifold with
metric g ©?2 satis es a suitable isoperimetric inequality.

De nition 12  (Hybrid barrier) . We de ne the hybrid barrier inside a polytopeAx Cb as

2
p 2

X< <—e" @ogdetAW L ZPA, %Qlogsﬁ-‘; (5.4)
i

5|3

wheres; aXx Dk are the slacks at pointx. We denote the normalizing factor of by
2

O<A%op 2

Our main theorem is a bound on the mixing rate of RHMC with this hybrid barrier.
Theorem 14 (Mixing) . Given a polytopeP, let be the distribution with density proportional
to e * over the open set insidé®. Then, RHMC with stationary distribution on the
manifold of the open set insidé®> equipped with metricg de ned by the Hessian of the hybrid
barrier withp 4 “1~log"mee has mixing rate bounded by

O %xin~ ln2~3 l~3n5~9ml~9 n1~3m1~6; n4~3ml~3.2:

In particular, for the uniform distribution over P (i.e. 0), the mixing rate is O~ m13n43e,
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Speci cally, the Markov chain starting at o reaches ; with TV-distance at most to the
target after

O %n*3n*3log"M ~ «2log"M « log log'M ~ 27 (5.5)

steps, whereM <supp $%+ and O in Equation equation 5.5 hidepolylog'me factors.

Note that without a warm start, the log"M ¢ dependence in Theorem 14 could be another
factor of n to the mixing time. However, applying the Gaussian Cooling framework [106]
extended to manifolds [97] lets us sample from for any without a warm start penalty,

and also allows us to compute the volume of the polytope without a signi cant overhead.
(Recent work [107] shows how to leverage the Gaussian Cooling method in more general
metrics and for avoiding the warm start penalty for sampling also,)

Corollary 4 (Any start; Volume). For the manifold Gaussian Cooling scheme in [97] with the
hybrid barrier equation 5.4 applied to sample from the densigy ** inside a given polytope
starting from argmin “xe, the total number of RHMC steps for any CO is bounded by

O %n'3n*3log 1~ *?log log 1~ +2Z;

Moreover, to compute the integral o in the polytope and in particular the volume of
the polytope up to multiplicative errorl  ® the total number of RHMC steps is bounded by
OAml~3n4~3~ (0218 .

This improves on the previous best bound omn22 due to [97] based on the standard
logarithmic barrier.

Geometric results. The proof of Theorem 14 requires the development of several technical
ingredients. We summarize a few that are likely to be of independent interest.

The rst is a new isoperimetric inequality for this hybrid barrier, which we prove in Sec-
tion G.7.4. (See Section F.1.3 for the de nition of the isoperimetric constant.)

Theorem 15. [Isoperimetry of the hybrid barrier] Letg be the metric corresponding to the
Hessian of the hybrid barrier, with support given by a polytope de ned byinequalities in R".
Then for CO, the distribution with density proportional toe  has isoperimetric constant

at least
max“°1 D52 poly LI
nm '’ POy 49 1

Moreover, in order to use the abstract framework that we introduce in this work to control
the change of the RHMC Markov kernel, we establish the third-order -self-concordance of
the hybrid barrier de ned in Equation equation 5.4, which we prove in Section F.2.
Theorem 16 (Third-order ". -self-concordance of the hybrid barrier) The hybrid barrier,
de ned in equation 5.4, is a"c;; one-third-order "a -self-concordant barrier wherec,
ponA‘H} 7. In particular, with our choice p 4 “1~log'mee in Theorem 14 we have

C, polylog ms.

These estimates allow us to prove important smoothness properties of certain quantities on
the manifold that we are interested in. As far as we know, this is the rst proof of such
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regularity for higher order derivatives of the Lewis weight barrier. The main challenge we
face to prove the third-order. -self-concordance is estimating higher order derivatives of the
Lewis weights in the PSD cone, which we do in Sections F.2 and F.6.

We remark that our notion of third-order "= -self-concordance is a strengthening of a well-
studied notion in di erential geometry. We show in Lemma?? that WY,.= BWY; wheng is
the metric derived from the hybrid barrier. This implies the following corollary, which says
that we can obtain the same third-order derivative estimates af when the normY.Y,.. is
replaced byY.Y; in Theorem 16.

Corollary 5 (Calabi estimates for the hybrid barrier) The metric g of the hybrid bar-
rier equation 5.4 satis es Calabi estimates up to third order, namely

CWYgg!l Dg've | o WY0
WYsYzYeg | D?g7V;ze | WYYz Yy
WY YZY YuYg | D3g7V;Z;ue | WY, Y2 Y YU Y,g;

wherec, polyAﬁll-. khasha: turn the paranthesis to brackets for derivative

These type of estimates on the derivatives of the metric are known as the Calabi estimates in
the di erential geometry literature [108, 109]. It turns out that the Calabi-type estimates

in Corollary 5 are insu cient to improve the mixing rate, which is why we develop the
third-order "= -self-concordance for our hybrid barrier to further exploit the randomness of
the Hamiltonian curves.

5.1.4 Technical Overview

Mixing and Conductance. Our general approach to bounding the mixing rate is based
on bounding the conductance [110]. The standard approach to bounding the conductance
of geometric walks of this type is to show an isoperimetric inequality for the underlying
metric space and then prove that steps of the random walk behave well with respect to
the underlying metric. Formally, we show two properties for the manifold obtained by
equipping the interior of the polytopeP with the metric g ©?2 :

Isoperimetry. The target densitye ** has a good isoperimetry constant o .

N

One-Step Coupling. The one-step distributions of the Markov chain given two
close-by pointsxg;x; on the manifold are close in TV-distance. Namely, for some
parameter AQ, after excluding a tiny setS¢ b M , given any two pointsxg; X; >S with
d"Xp;X1* B we show

TV Ty, Ty,* BOOL (5.6)

where T, denotes the Markov kernel starting fromx.

[0}
Isoperimetry. The log barrier metric gives an isoperimetric coe cient ofl~ m, which

leads to a factor ofm in the conductance. In principle, this can be improved t@"ne by
using a barrier with barrier parameter O™ ne, as the general bound on the isoperimetry is
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Figure 5.1: Family of Hamiltonian curves ¢"te all ending iny with starting point varying
fromxo o0 toX; <=0, where "0 is a geodesic irs.

[0}
1~  for any strongly self-concordant barrier with barrier parameter [111]. The barrier

parameter is an indicator of how well the ellipsoids of the metric de ned by the barrier
approximate the symmetrized polytopeP 9 2x P around x. khasha: reference to the
barrier parameter section While the universal and entropic barriers have O"ne, they are
expensive to compute. The LS barrier [57] has O"ne while being e cient to compute.
However, as we will see in more detail, as far as we know, the derivatives of the metric of the
LS barrier are not smooth” enough khasha: elaborate more on this nonsmoothness in most
directions, which means we would have to take rather small steps while running RHMC.

We will prove that the hybrid barrier has signi cantly better isoperimetry (Thm. 15) than
the log barrier while maintaining su cient smoothness.

Smoothness of Hamiltonian Curves and Comparison Geometry. The starting point

of our analysis is the fact that one can look at the ordinary di erential equation of RHMC
in Equation equation 5.1 as a second-order ODE on the manifoM of the open set inside
the polytope with metric g. We will introduce this alternative form shortly. Looking at
the Markov Kernel T, of RHMC for a xed point Xxo, the randomness to de ne this kernel
comes from the initial velocity vy, which can be viewed as a vector on the tangent space of
Xo on the manifold M distributed as a standard Gaussian with respect to the local metric,
namely N "0; g"xe 1« in the Euclidean chart. In order to show the one-step coupling (Lemma
5.6) for the Markov kernel of RHMC, we bound the di erence between the densitidg,” ye
and Ty, "ye at a given pointy on the manifold. These densities are the pushforwards of the
Gaussian density in the tangent space ofy and x; respectively, onto the manifold through
the Hamiltonian map Ham “Xo; vx,* for some xed time , which maps the initial velocity
Vy, to the solution of the ODEy x” « attime . The key to bound the change of density is
to understand how the Hamiltonian curves vary as we change the initial point fromg to

x; for a xed destination y, given the particular geometry imposed by our hybrid barrier
inside a polytope. In fact, understanding the extremal scenarios of the behavior of geometric
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guantities on a certain class of manifolds is the topic of Comparison Geometry [112] [113] [114].
In particular, to argue that the Hamiltonian curve changes su ciently slowly, we need the
metric g of the manifold and its derivatives to be stable". The simplest form of stability

of the metric is the so-called self-concordance property, nametyjs self-concordant if the
derivative of g"xe in a unit direction in the tangent space is controlled byg itself. This
type of self-concordance for the rst derivative of the metric is already known for the Lewis
weight barrier [2]. An important part of our contribution is to build an abstract framework
which shows that self-concordance of the metric up to third-order derivatives is su cient for
characterizing the stability of Hamiltonian curves (see section F.4).

It turns out that we need to bound the rate of change of the density only for Hamiltonian
curves with typical values of the initial velocity and can ignore sets with small probability
when bounding the conductance. However, the typical value 8%Y; for a Gaussian vector
v N70;g !« in the tangent space is still quite large to improve the mixing time, hence
it is ideal to show self-concordance with respect to a better norm. Taking a closer look
into proving self-concordance for the Lewis weight khasha: talk about Lewis weights barrier
before this barrier, we need to control the change of the Lewis weights multiplicatively, which
in nitesimally is equivalent to bounding the norm of the Jacobian of the function that maps
the location x >P to the logarithm of its Lewis weights. Our key observation here is that

when p @4, we can bound the[:[ norm of this Jacobian by constant, which results
X;2 .

a

in a stability argument for the Lewis weights with respect toY:Y,.. . Building upon this
estimate, we show that our hybrid barrier is rst-order "= -self-concordant. This is favorable
for us as the typical value ofWY.. for v. N70;g"xe e is much smaller thanWY,. In
fact, we show that thex'Y,.= norm of the tangent vector to the RHMC curve remains small
for all small enough positive times with high probability. Following this idea, to lift the

“a -self-concordance of the barrier to second and third order derivatives, we need to control

the [:[ norm of operators that arise from higher order derivatives of Lewis weights,
X:a o @

and use them to estimate the derivatives of the Lewis weights barrier by analysis on the
PSD cone. Our framework for obtaining these estimates is summarized in Section F.2.2 and
elaborated upon in Section F.6. khasha: can't import lemmas here since we haven't de ned
the variables We use these estimates to derive self-concordance estimateg).for

Lewis weights stability. Lewis weights ofA, can be de ned as the solution of the following
optimization problem (for more detail, see Section F.1.2):

Wy < argmax,gs  logdet A;W?* 2PAe "1 2-pel
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In particular, in Section F.6 we obtain the following in nity norm estimates on higher-order
derivatives of the Lewis weights:

— 1 ~
“4p 1. Yu¥e Yz¥ea Wy | DWW, "Z;ue | A4~p—1.WYx;a YzYy.a W y;
1 . 1
T 15 e 2o Wil D2W " z;ue | g o8 UYer YEYer Wi
_ 3 1
"4 :|_.7YUYX?a YW¥a YZ¥ea W | D3W ,"v;z;ue | A4~p—1.7\UYx;a WYca YZYa Wy,

where we usd to show Lowner ordering up to universal constants. These estimates are
indeed used to drive in nity norm estimates on the derivatives of the Lewis weights barrier
(see Section F.2 and F.6.)

Isoperimetry vs Smoothness.  We show stronger stability results for the derivatives of
the metric of the p-Lewis weights barrier withp @4 based on theY.Y,.a norm. However, for
small p the ellipsoid of the p-Lewis weights barrier does not approximate the symmetrized
polytope as well as largep; in particular, a large subset of the ellipsoid lies outside the
symmetrized polytope. This necessitates a larger barrier parameter and implies a smaller
isoperimetric constant. To construct a barrier that is smooth enough along typical directions
whose ellipsoids also approximate the symmetrized polytope more accurately, we go back to
an idea of Vaidya from optimization and use a hybrid barrier by regularizing” the Lewis
weight barrier for p @4 with the standard log barrier; we observe that penalizing th@-Lewis
weights barrier with the log barrier improves its barrier parameter, while not a ecting the
smoothness of the barrier since the log barrier is already third-ordes -self-concordant.
Therefore, the particular choice of our barrier is essential to simultaneously guaranteeing
third-order . -self-concordance and good isoperimetry.

Hamiltonian Curves and Variations. To see the high-level idea of how we show the
one-step coupling of the Markov kernel, let the curvegs parameterized bys > 0;s® be a
length-minimizing geodesic connecting, oto X;  sewith distanced Xg; X1*; geodesics are
generalization of straight lines in the Euclidean space to arbitrary manifolds (see Section F.7
for more background.) Suppose now that running the Hamiltonian ODE with initial location
Xo >P and initial velocity vy, up to time takes us to a pointy on the manifold. As we start
moving toward x; on the geodesic ¢ parameterized bys > 0;s®, we consider the variation of
the initial Hamiltonian curve; namely a family of Hamiltonian curves parameterized by,
where thes-curve starts from point g, perhaps with a di erent initial velocity v _, but ends
up to the same destinationy at time . The geodesic ¢ from Xo to X; and the corresponding
Hamiltonian curves are illustrated in Figure 5.1. Looking at the the value of the density
T .y at point y after taking one step of the Markov chain starting from s, we see that it
depends on two major components: (1) the Gaussian density of the initial velocity, which

is proportional to exp”™ WTSYS-, and (2) the determinant of the Jacobian or the di erential of
the map from the initial velocity v . to the destination point y, denoted byJy *. Therefore,
to study how quickly the density T ."ys changes fromx, to x;, we need to study the rate of
change of the initial velocitiesv , and the Jacobiansly ®; the latter will depend on the rate
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of change of the Ricci tensor on the manifold. This necessitates studying the variations of
Hamiltonian curves, which we de ne next.

As we mentioned earlier, one can identify the location variabbe in the Hamiltonian ODE equa-
tion 5.1 as a point on the manifoldM with metric g, and the velocity variablev as a vector in
the tangent space ok, T,"M . Then, the Hamiltonian ODE in Equation equation 5.1 can be
written as a second-order ODE on the manifold1 using the covariant derivative, illustrated
in Lemma 11. For background on Riemannian geometry and covariant di erentiation, we
refer the reader to Appendix F.7.

Lemma 11. The Hamiltonian ODE in Equation 5.1 can be written using the covariant
derivative of the manifold in a simpli ed form:

© e Bte " “tes: (5.7)

where®© is the covariant derivative and “xe is the bias (drift) vector eld of the Hamiltonian
curve:

“xe <g Df "xe %g‘x- Lr g'xe DG xe ;: (5.8)

In the above notation,tr g°xe 1Dg xe is a vector whoseth entry is tr g"xe 'D;g"x* . See
Appendix F.7 for a proof of Lemma 11. The above ODE equation 5.7 for Hamiltonian curves
is similar to the second order ODE for geodesics; for the latter the bias vectoris zero, i.e.,
the geodesic Equation is given by [115]

© e ®te O (5.9)

In physics, the Hamiltonian ODE in Equation 5.7 models the motion of a particle on a
manifold acting under a force eld devised by . Next, we de ne the notion of a family
of Hamiltonian curves and an operator “te which plays an important role in the study of
variations of Hamiltonian curves.

De nition 13  (Family of Hamiltonian curves). We say %o teZ is a family of Hamiltonian
curves ending at some xed whose starting point varies fromx, "0 to x; ¢, Oe if for
every xed time0BsBs;, ¢ teis a Hamiltonian curve int, and " 0 as a function ofs is
a geodesic orM from X to x;. Unless speci ed otherwise, "te refers to a curve int for a
xed s, and Pte @ s te refers to its derivative.

De nition 14 (Operators and M ). At any point X >M , we de ne the operatorM, as

LUST, "M ¢; M, "us <©, “Xo;

where®© is the covariant derivative on the manifold and is the Hamiltonian bias. Given the
Hamiltonian curve “te, we de ne the operator “te " “te; ®tee on the tangent space
T-~."Me as

“te< 7 Ctes <RI ®tee Pte M !

whereR is the Riemann tensor.
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Similar to Jacobi elds for geodesics (see section F.7.3), for a given family of Hamiltonian
curves” ¢ tee, one can write a second order ODE for the variational vector eld™te % s te
along the Hamiltonian curve, which depends on operator (see Appendix?? for the proof ):

Lemma 12 (ODE for Hamiltonian elds) . Given a family of Hamiltonian curves¥oes teZ,
the vector eld J te <@ < teU . is characterized by the following second order ODE:
S

J*%e “teJ te; (5.10)
where “te is de ned in De nition 14. We refer to J as a Hamiltonian eld.

For variation of Hamiltonian curves, the log determinant of the Jacobian of the Hamiltonian
map Jy ° can be characterized by a weighted integral of the trace of t Therefore, to study
the rate of change ofdet’Jy °+ as we move fromx, to x;, we need to study the change of
tr™ “tee along the variation of Hamiltonian curves™ s tee, which in turn depends on the
rate of change of the Ricci tensor and the trace of operatdi,.These ideas are formalized as
the "Ry; R; Rze-normality of the Hamiltonian curve in the de nition below.

De nition 15.  [Normal Hamiltonian curves] We say a Hamiltonian curve “te is "R1; R,; R3e-
normal up to time if for all 0Bt B we have the following:

N

Bound on the Frobenius norm of (with respect to the metricg): Y “teYg BR;:

" For any parameterized family of curves ¢"tee such that  te “te for all times
0Bt B , then for all sucht, the derivative oftr™ “tes with respect toz % s te
satis es

d
SLIY TteS B Ctee” 22SBRYYZY, YO, SteYee

A

For “te de ned as the parallel transport of ®0e along “te: Y “te “teY; BRj:

Parallel transport of a vector on the manifold is a generalization of shifting vectors in
Euclidean space, using the covariant derivative of the manifold (see Appendix F.7 for the
rigorous de nition.)

In order to show the”R;; R,; Rze-normal property for the family of Hamiltonian curves, we
need to de ne a more fundamental regularity condition for the Hamiltonian curves which states
that both Y.Y; and Y:Y,.a norms remain small for the tangent vector along the Hamiltonian
curve.

De nition 16  (Nice Hamiltonian curve). We say a Hamiltonian curve “te is “c; e-nice if
for OBt B :

(0]
Y ®teY, Bc n;
Y ®teY ~.a Bce:

Our “c; e-niceness framework is a simpler and allows us to work with any third-order -
self-concordant barrier and avoids the technical machinery of auxiliary functions on curves
used in [97], which needs additional parameters and only works for the specialized case of log
barrier.
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The second major part of our contribution in this paper is that we relate this abstract notion
of "R1; Ry; Rze-normality to the notion of third-order . -self-concordance. Our framework
can potentially be reused on other manifolds and distributions.

Theorem 17 (From third-order "a -self-concordance to Hamiltonian normality) Given a
Hessian manifold de ned by the metrigg ©? inside the polytope for ac,; one-third-order
“a -self-concordant barrier , de ne a Hamiltonian curve “te by the ODE in Equation equa-
tion 5.7 with target log densityf . If is"c; e-nice, then it is also”"Ry; R,; Rz*-normal
with parameters

(o] . (o] _ 0 o) . o
R, & o* N Ry ™A o *N; R3 &°c n nce nc 0

wherec; poly cpe.
Proof. The proof follows from combining Lemmas 103, 109, and 117. O

In order to show the closeness of one step distributions betwegr# and x;, we need the
"R1;Ry; Rze-normality for the family of Hamiltonian curves”™ ¢"tee for all 0BsB as we
de ned in 15. Therefore, we need to show that théc; <-niceness property is stable for a
third-order "= -self-concordant barrier. We show this in Lemma 13, which we prove in a more
technical form as Lemma 121.

Lemma 13 (Stability of norms). In the same setting as Theorem 17, given a family of
Hamiltonian curves "te for which "te is “c; e-nice for

B CE< » % ’
C2 _Onl"4

then” S"tee is @a”O"ce; e-nice family of Hamiltonian curves in the intervals >"0; .
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Chapter 6

Convergence of the Riemannian
Langevin Algorithm

Abstract

We study the Riemannian Langevin Algorithm for the problem of sampling from a distribution
with density  with respect to the natural measure on a manifold with metrigg. We assume
that the target density satis es a log-Sobolev inequality (with respect to the metric) and prove
that the manifold generalization of the Unadjusted Langevin Algorithm converges rapidly
to the target for Hessian manifolds. This allows us to reduce the problem of sampling
non-smooth constrained densities iR" to sampling smooth unconstrained densities over
appropriate manifolds, while needing access only to the gradient of the log-density, and this,
in turn, to sampling from the natural Brownian motion on the manifold. Our main analytic
tools are (1) an extension of self-concordance to manifolds, and (2) a stochastic approach to
bounding smoothness on manifolds. A special case of our approach is sampling isoperimetric
densities restricted to polytopes by using the metric de ned by the logarithmic barrier.

6.1 Introduction

Sampling is a fundamental problem with connections to many areas of mathematics and
algorithms. A natural approach to sampling from a desired distribution igli usion, i.e., a
stochastic process that converges to the target density in continuous time. This is a subject
of classical study with many powerful and surprising theorems [116]. Sampling algorithms,
which are inherently discrete, are also a major subject due to their generality and plethora of
applications [117 119]. The connections between the two are still being developed and the
following is not well-understood:

When does the rapid convergence of a di usion process result in an e cient sampling
algorithm?

In recent years, progress has been made on this via the Langevin Di usion and associated
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Langevin algorithm, both in Euclidean space. For a target density proportional te f **,
Langevin Di usion (LD) is the following stochastic procesk
[0}

dX; Df “Xdt 2dB;; (6.1)

whereB; is the standard Wiener process. LD converges to the target density in continuous
time. The rate of convergence in relative entropy (KL divergence) can be bounded for
densities satisfying a Log-Sobolev Inequality (LSI, de ned in section G.7.4) with parameter
AQ:
H" («Be?'H " g
When the targete ' is strongly logconcave and gradient Lipshitz, the work of [120, 121]

showed that the simple Euler discretization converges rapidly. This is given by
[0}

Xk 1 Xk hDf AX|<° %Z

whereZ N70;le is a standard Gaussian. The convergence rate was re ned and improved
in many subsequent papers [100, 122]. It was later shown that this discretization gives an
e cient algorithm for any density proportional to e f whereDf is L-Lipshitz, with the rate of
convergence polynomial irL;n and 1~ [123]. Li and Erdogdu [124] extended this framework

to the manifold given by a product of spheres, and [125] to more general manifolds under
some assumptions. These results suggest a more comprehensive picture is waiting to be
discovered.

Di usion can be generalized naturally to Riemannian manifolds. Given a manifol de ned
by a local metricg™xe for eachx >M , Riemannian Langevin Di usion (RLD) is the following
stochastic process (in Euclidean coordinates):

»

dXt "D Ag 1AXt" g 1AXt°Df AXt" dt Zg let.dBt; (62)

wheredB; is again the standard Wiener process. The above equation has stationary distri-
bution e fdx. If f 0, then its soltion is the canonical Brownian motion on the manifold
with metric g. The bene t of this process is that one can choose the local metric to facilitate
convergence and hence potentially extend the method to more general densities. This leads
to our main motivating questions:

1. Under what conditions does the discretization of RLD, the Riemannian Langevin
Algorithm, converge?

2. Can non-smooth and/or constrained distributions be sampled by mapping to appropriate
manifolds and using RLA? This is analogous to optimization, where non-smooth convex
optimization can be mapped to smooth convex optimization via self-concordant barriers
(the Interior-Point Method [105]).

For the rst question, it is useful to consider RLD as a process on a manifold (the equivalence
is shown formally in Lemma 186).

We useD for Euclidean derivative and reserve© for manifold derivative; when the manifold is R", they
coincide.
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De nition 17  (Riemannian Langevin Di usion (RLD)). Given a metric g in the Euclidean
chart x >R", let M be the manifold with megsurelv,”xe, whose density with respect to the
Lebesgue measure in the Euclidean chart isSlet"geS Given a distribution with density

e F, Riemannian Langevin Di usion is the solution to the following SDE whose stationary
distribution is dvg.

Yo
d)(t "© Ag 1’\)(}” © FAXt” dt Zg lA)Ct'dBt: (63)

Here© denotes the divergence with respect to the manifold and it is applied separately to
each row of a matrix (see Sec. G.7 for background on manifolds). Convergence in continuous
time holds for any target density satisfying LS| and for any Riemannian metric. The SDE in
Equation equation 6.3 can also be written as

dXt © FAXt°dt dXt,

where X; is the Brownian motion onM .
Theorem 18 (RLD Convergence) [116] Suppose that the density ' **dx e Fdvy"x* has
log-Sobolev constant A0 with respect to the metricg. Then, the distribution ; obtained by
RLD at time t CO satis es

H" (*Be?'H " ge:

When the metric g is de ned by the Hessian of a strictly convex function asg™xs D2 “xe,
then the corresponding process is also callédirror Langevin Di usion , as it can be viewed
as passing to the dual via themirror mapy D “xe. This is discussed in several recent
papers [126 128], which prove convergence under rather strong assumptions.

The simple discretization of RLD is the Riemannian Langevin Algorithm, de ned next.

De nition 18 (Riemannian Langevin Algorithm (RLA)). To sample from the distribution
dv 4 xe over a stochastically complete manifoltfl , we de ne the following chart-independent
iterative process on the manifold for a xed step size

y exp,  OF xyee
X1 BTy, e

whereB "Xq;te samples from Brownian motion on the manifold, starting fronx, after time t.
The stochastic completeness can be obtained from a lower bound on the Ricci tensor, which
holds naturally for the manifolds that we consider 194

In words, at any point x, the algorithm travels for some time along the geodesic with initial
gradient © F"xe to reach a pointy, and then performs a Brownian motion on the manifold
starting at y for time (we describe Brownian motion on a manifold in Section G.7.2). We
note that in this paper we assume that we have access to an oracle that can sample Brownian
motion on a manifold starting from a given point up to a given time increment (similar

to [127].) One approach to implement such an oracle is to further consider a discretization of
the SDE corresponding to the Brownian motion over the manifold. In this work, however, we
look at the oracle as black-box and leave its implementation to future work. It is worthy to
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mention that our Riemannian Langevin algorithm is only one possibility of discretizing the
continuous SDE among other choices.

Such geodesic walks" have been considered in the literature, e.g., in [96, 125, 129], under
various additional assumptions or with more algorithmic modi cations. [96] applies a geodesic
walk to sample uniformly from a polytope by mapping to the manifold given by a strictly
convex barrier function, but their process requires a Metropolis step which explicitly computes
the probability of transition and uses a Iter to ensure the desired stationary distribution.
[129] show that geodesic ball" walk converges rapidly to the manifold measure for geodesically
strictly convex subsets of a positive curvature manifold subject to additional conditions.
[124] obtains strong estimates of the rate of convergence for some classes of functions on the
manifold de ned by a product of spheres.

The discretization of Mirror Langevin Di usion has been an active research topic in recent
years. It was rst proposed as a sampling algorithm by [126] and later studied by [127,
128, 130, 131]. The results of [128, 130] assume that the convex function whose Hessian
de nes the metric satis es a property they callmodi ed self-concordance Roughly speaking

it requires that the square-root of the metric changes slowly (in Frobenius norm), namely
the change is bounded by a constant times the change in the gradient in Euclidean norm.
They also require the function of interest to be smooth and strongly convex. Even with these
assumptions, convergence to the target distribution with vanishing bias was only established
recently [128], using an analysis technique developed in [132]. Unfortunately, the modi ed
self-concordance parameter is not a ne-invariant (even though the process itself is!) and is
unbounded for the log barrier, even in two dimensions [128]. The work of [127] shows how
to use self-concordance of the convex barrier function together with the assumptions that
the target f is convex and Lipshitz to reduce the sampling problem to that of simulating
Brownian motion in the barrier metric. Relaxing their assumptions, while maintaining an

a ne-invariant analysis is a motivating open problem.

6.1.1 Results

A natural candidate for the condition on the metric is self-concordance, as usually de ned in
optimization, i.e., the third directional derivative of the convex function can be bounded by

a constant times the second directional derivative to the power &2, an a ne-invariant
condition [105]. Unfortunately, this does not imply that the square-root of the inverse of
the metric satis es self-concordance (or changes slowly), leading to the above mentioned
modi ed self-concordance assumption. We get around this by a natural extension of standard
self-concordance to manifolds.

Here we prove a general theorem for Hessian manifolds based on its self-concordance parame-
ters of the metricg and smoothness parameters &. We de ne second-order self-concordance

for a metric, an extension of the standard de nition to one higher derivative. Our main
result can be interpreted as a reduction from the problem of sampling a general density
on a manifold to sampling Brownian motion on the manifold. As a special case of this
theorem, it follows that for smooth functionsf satisfying LSI with respect to the log barrier
metric, RLA can sample from the density proportional toe f restricted to polytopes with
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the Langevin algorithm. More generally, our framework can be applied to sample from
a distribution restricted to a convex body which satis es a log-Sobolev inequality, when
the body can be equipped with a suitable hessian metric. We concretely instantiate our
framework for polytopes. Another example is the space of PSD matrices equipped with the
metric from the log determinant barrier which also satis es our second-order self-concordance
condition. Previous work was able to sample smooth, strongly logconcave densities or smooth,
unconstrained densities satisfying isoperimetry, or convex and Lipshitz densities. To describe
the results more precisely, we rst de ne manifold self-concordance. Recall that the local
norm of a vectorv in a manifold with metric g is given by WY5 vTgv.

De nition 19. (Second-order self-concordance) Let M R be a four-times di erentiable
function and g"xe D2 “xe. Then gis i-self-concordant if for anyv >R"

YY,gj DgVe ] 1¥Yg:

We say thatg is ™ 1; »; 3*-second-order self-concordant if in addition to the above (standard)
self-concordance, for any;w>R", it satis es

‘Dg”ve;Dg "weej n SWY, YWY,
and

WY, WYgj DA viwe | 2WYYwg:

The last condition on the second derivative of the Hessian is similar in spirit to-regular
self-concordance (Def 2.1 irNIN98 ]), although our norm is more natural for the Hessian
metric setting.

Remark 2. As we will show, for the manifold de ned by the log barrier metric in a polytope,
the parameters 1; ,; 3 are all bounded by absolute constants (14).

We can now state our main theorem. For convenience, we assume that all self-concordance
and Lipshitzness parameters are at leadt The assumption B1 below is for simplicity of
exposition, and one can simply replace with min~1; ..

Theorem 19 (General Hessian Manifolds) Let M be a Hessian manifold with 1; ,; 3°-
second-order self-concordant metric. Consider the distributiod “x* on M with density

e F w.r.t to the manifold volume measure. Assume that satis es the log-Sobolev inequality
with parameter B1. Let the function F beL ,-gradient Lipschitz, L ;-Hessian Lipschitz on

M . Then, there exist universal constants;; c,, such that afterk steps of the Riemannian
Langevin Algorithm with step-size B1, starting from a distribution with density ¢ which is
square integrable with respect to the manifold measure and has nite second moment (with
respect to an arbitrary, xed point onM ), the distribution | satis es

(0]

H™ »Bews ¥H " go & 2 2 2, nL2 nLge—: (6.4)
Hence, for any target accuracy AOQ, after k O~ Llog 2H " ge~ ese steps of RLA with

0 .
%'Lz nL% nL;

BCZn5~2A 2 2 (65)
1

the distribution | satisesH ~ * B .
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The theorem recovers as special cases some results in the literaturé also extends the
reach of Langevin style algorithms to constrained distributions as illustrated in the corollaries
below. We note that our gradient and Hessian Lipschitness assumptions are the natural ones
on the manifold.

Remark 3. In general, we work with Gibbs form of the distributioe Fdvy"xe, which can

also be presented by its density with respect to the Lebesgue measure in the Euclidean chart as
e fdx, where

f F % logdet g Xee:

The LSI parameter is determined by the distribution and the metrig, hence remains the
same property for either of the representations with or F with respect to the same metrig.

Polytope with log barrier. We apply our result to the special case when the manifold
is the open set inside a polytopé&x Ch, and the metric at point x is given by the Hessian
D2 “xe, where is the logarithmic barrier function:

"X Qloga'x Be:
i
The Hessian can be written aP? “xe ATA,, whereA, is equal to the matrix A whoseith
row is reweighted byl~"a'x he. We denote the leverage score vector 8f by , i.e.,
« diag A, A A 1A
Then, Brownian motion with this geometry is given by

» 1
dXt ZA;FAI’ ldBt EA

where we denotedAx, and x, by A, and  for brevity.

A;I-At' lA;r '[dt,

We show that second-order self-concordance holds for the geometry induced by the log barrier:
(proof in Appendix G.9.1) 0
Lemma 14. For a polytopeAx Cb with the geometry of log barrier, the metric i§2;2; 6e-
second-order self-concordant.
Corollary 6. Let the manifold M be the open set inside a polytope with the log barrier
metric. Consider the distribution with densitye ' with respect to the Lebesgue measure inside
the polytope s.t. the corresponding functioR de ning the densitye F on M is L,-gradient
Lipschitz and L 3-Hessian Lipschitz (i.e. taking the metric into account), and also satis es
a log-Sobolev inequality with constant with respect to the log barrier metric. Assuming
L,;Ls; C1l and ; B 1 for simplicity of exposition, there is a constantc s.t., RLA with
step-size
[0] .

Bn5~2|_2 ﬁL% nL3’
starting from a distribution o, samples from a distribution whose KL-divergence with respect
to the target is at most , and the number of iterations bounded b@SL log 2H ~ ge~ ee.

2The main theorem of [125] claims a result in a similar spirit with additional parameters K 1;K »; K 3;K 3
as well as curvature bounds; we avoid these parameters here and do not see how they could be bounded.
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To make the above statement explicit in terms of the original functiore f, we bound all the
required smoothness parameters for the log barrier in a polytope and obtain the following
result. Speci cally, in Appendix G.9.5, we work with a slightly weaker assumption than the
manifold gradient and Hessian Lipschitz parameterd_¢; L 3) to obtain a bound depending
on the conventional gradient and Hessian Lipschitz parameters bf We note that while we
focus on a polytope, the techniques extend to more general convex bodies with analogous
barriers (e.g., as investigated in [133]).
Corollary 7. Suppose the target distribution igl “xe e fdx for f inside a polytopeAx Cb
of diameter R, assumingR C 1 for simplicity, such thatf is ",-gradient Lipschitz, and
“3-Hessian Lipschitz. Moreover, suppose satis es a log-Sobolev inequality with constant
B 1 with respect to the log barrier metric. For any @1, the query complexity of RLA to

reach at most error in KL divergence starting from density o is OS2 log " oe for step
size

B N O —_ N :
n7~2 n5~2 2R n %RZ n 3R3~2

To prove these corollaries, we bound the self-concordance parameters of the log barrier metric
and bound the manifold smoothness parameters Bf in terms of the smoothness parameters
of the given functionf (Section G.8). Also, we separately bound the manifold Lipschitz
coe cients of F for the case of sampling from the uniform distribution with log barrier in the
polytope G.9.2, which improves the query complexity with the dependence on the diameter
(parameter R) being dropped.

Remark 4. It is known that logconcave measures with bounded support satisfy LSI with
respect to the Euclidean metric [116]. While showing an LSI for log concave distributions
inside the polytope with respect to the log barrier can be tricky in the general, we de ne a
perturbed version of the target distribution which (1) is close to the initial distribution in
total variation distance and (2) satis es LSI with respect to the metric. To this end, we
only need to speed up the decay of the distribution close to the boundary of the polytope (see
Appendix G.6).

6.1.2 Basic notation

We useD for the Euclidean derivative, @; @or Euclidean partial derivatives,© (or grad)
for manifold derivative, and d for the di erential over the manifold. For a background
on manifolds, see appendix G.7. So, e.d,logdetg™xs g "xe;Dg"xee whereg xe is a
matrix de ned by x and Dg is a third-order tensor, so that the RHS becomes a vector. The
directional derivative in the directiony would be D logdetg™xs"ys Tr g "xeDg xe"yee,
We interchangeably refer to the gradient and Hessian & over the manifold bygradF; Hes$
and ©F; ©%F respectively.

We use for the steady state or target distribution. The KL -divergence (relative entropy) of
a distribution  with respect to another distribution is denoted byH "~ < and de ned as

~
°

H™ ¢« Ex “log” "Xe~ "xeee g “xelog

dvgXe:

A

X.
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The relative Fisher information is denoted byl © ¢ and de ned as
|~ g Ygradlog —eYdvyy xe: (6.6)

We use " xe to denote the point on the manifold obtained after going on a geodesicstarting
from x after time t. We also use {" « to denote the push forward measure of under the
map .

6.2 Approach: Bounding the discretization error using
a stochastic process

Langevin di usion, even on Riemannian manifolds, converges exponentially fast to the target
distribution in KL divergence for any target satisfying LSI. To turn this into an algorithm, we
bound the discretization error”, i.e., how much the time-discretized algorithm deviates from
the continuous process in terms of relative entropy. The discretization proceeds by taking
a step de ned by the gradient ofF at the current point for some positive time, and then
performing a Brownian motion for the same length of time.

In the Euclidean setting, the error of discretization can be bounded using smoothness of the
target (gradient of f is Lipschitz) and LSI itself [123]. In the Riemannian setting, there is
a new source of error, namely the gradient step is along the geodesic with initial velocity
determined by the gradient ofF. The error analysis of [123] was cleanly generalized by [124]
with an additional Riemannian discretization error term. They then focused on the manifold
given by a product of spheres, where quantities of interest can be written quite explicitly. The
general case presents formidable further challenges to carry out without restrictive additional
assumptions.

We denote the current step of the algorithm byx, and its distribution by 4.  is the
distribution after one discrete step with time parametett.

For a point x >M , let "X be the exponential map at pointx applied to the vector ©F "xs,
i.e.

{ X*  exp OFs:
Let b't;xe >T ~x.”"M ¢ be the parallel transport of the vectorOF "xe from x to (" xe, i.e.
Bt:xe Py " OFs:

Given Xo, let ;g be the density of the Brownian motion on manifold at timet with respect to
vgdx, starting from "Xqe, and let o be the joint density ofxo and x;, wherex; B~ {"Xg*;te.

To derive the discretization error, we rst compute the derivative of the density ; with respect
to time in the following lemma, similar to [124] (details of the derivation is in AppendixX??).
Lemma 15. For the derivative of the relative entropy,

@H " » | "o E.E Olog —e;OF xse E ;'O ~x,.E l0g"—e;Bt; Xg0€:

100



Therefore, we have
@ "¢ |~ DE: (6.7)
where the discretization error DE is given by

DE; E E m‘gradxlogA—t-;gradFAx-e E,grad -.E ¢ log"—e:Bt;xgee  (6.8)

In R", the parallel transport vector b't; xo* above would simply begradF “xye and could be
factored out; here we will have to bound its change along the geodesic.

Next, note that in the above expression, it would be useful to be able to exchange the gradient
and the inner expectation in the second term. IfR", we can write ©E"h"xee E"©h"Xxee for

a function h, but this is false in general on a manifold, since (i) the gradient is locally de ned
and (ii) expectation doesn't make sense ah”xe is a point in the tangent space aix.

6.2.1 Stochastic analysis viewpoint

To address this, we consider the solution ow of the proceds, over the manifold,H; M M,

namelyH;" xF X, X% is a (random) map fromxFto the value of the Brownian process started
at xFat time t (Xt) We setxF (" Xo* as the algorithm uses the landing point of the
geodesic step fronxg as the starting point for the Brownian motion. Now recall that

dXt AAXt’dBt ZAXt'dt (69)

»
where A" xe 2g "xe and Z"xe © “g "xee are de ned by the metrlc and© is the

row-wise divergence over the manifold, de ned &0 ~g Les P @A F9i * P k, g9 .
|
Then we write
dE, " h"xes E dh"xedH Xge;

wheredH;"xe is the Jacobian of the random magH, and we are considering, ,,"h"xes as
a function of xE In other words the equation above holds in the cotangent space ¥ To
analyze this, we use an extension of a theorem due to [134], which will imply that

X t®

‘grad - .E Jh™Xxe;b0't;Xeee Egradh™X;e;Vig (6.10)
for a stochastic proces¥; with SDE
dVi DA™X* V,*dB; DZ; V,edt: (6.11)

with initial condition Vy b't;Xge.

Here V; will be the action of the Jacobian of the random mapi; on b't;xqe. We think of
V; as an element in the tangent spacé&x,”M ¢ written in the Euclidean chart. Note that
b't; Xoe is the same as the parallel transport 0®OF "xge from Xg to " Xe.
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To show 6.10, recallingxF (" Xo*, one can rewrite the left hand side as

grad -, ."Eh"Xiee; 0t Xp0e  d"ER"Xyee" Bit;Xgee  d"ER"H{XGees™ Bt Xgee:  (6.12)

X
whered Eh"H{ " Xgeee >T*tnX0fM * is an element in the cotangent space &, acting upon
bt;Xoe >T ~x,. M +. We remind the reader thatgrad is the gradient on the manifold. Now
if “1e the random mapH was di erentiable, "2¢ the chain rule holds,”3* and one could
exchange di erentiation and expectation in Equation equation D.46, then

d"Eh"H{ " xgees” bt;Xpee  Ed"h H{"Xgeee” O't; Xgee Edh dH xg*" b't; Xgoee ;; (6.13)

where dH;"x$ is the di erential (equivalent to Jacobian) of H;"x3* (this is only a formal
derivative) and dh >T§[Ax8Q‘M * is the di erential (derivative) of h. Denotingdh,"x§" b't; X gee

by V;, we then obtain Equation equation 6.10. Here, the notion of di erentiability that we
work with is that the limit de ning the derivative of the ow H; :¢ (in the space variable)
exists in probability. In order to make the above derivation equation 6.13 feasible, we impose
a technical condition on the di usion 6.9 called strong 1-completeness, which guarantees
for every curve “re 0;1 M starting from "0 x& that H;" “ree is di erentiable in r
almost surely, and the derivative in some xed directiorV, satis es the SDE in equation 6.11
with initial condition V; (recall that the derivative dh;"x3" Vpe is a random variable itself).
Furthermore, in order to be able to change the order of di erentiation and integration
as we did in equation 6.13, we need a slightly stronger result in [135], as stated in our
Lemma 16 (Appendix G.5).

Lemma 16. [135][Theorem 9.1] Suppose thdt is continuously di erentiable and we have the
strong 1-completeness assumption of the Brownian motion dh, as de ned in equation 6.9.

If we further assume thatM is compact thenf and YdhY are continuous and bounded, for
any vectorVy >Tx,”M e:

dE Jh" X" Voo E  dhdH X% Vpe;

Furthermore, one can relax the compactness assumption under the existence of the second
moment E Ydh™X*Y2. Here, Y.Y refers to the manifold norm of the cotangent element
dh™ X >T§1‘M ..

In Section G.9.2, we will verify the strong-1-completeness condition for the log barrier.
Now applying Equation equation 6.10, we can bound the discretization error as

EE ¢ gradh™Xi;Vi © F"X*eBE t%\@hAXt-YZ E. W, ©F XY

using Cauchy-Schwarz and the AM-GM inequality. The rst term, with our choice of
h™xe log™ {"xe~ “xee will be a quarter of the relative Fisher information, which is good

the continuous process decreases the relative entropy by the relative Fisher information and
so we still get a decrease overall. Now the second term needs to be bounded, this takes up
most of our e ort, and will crucially use the self-concordance af as well as the smoothness

of F. We will do this by showing that the squared norm o in expectation grows slowly
and so does that ofoF.
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Using these results, the discretization erroDE can be written as (stated formally in
Lemma 164):

DE E ,Ex, grad IogAVt-;Vt © F" X%
BE O‘Ext%Ygrad IogAV-Y2 YW, © F "X *Y?

1
2E Norad IogAVt-YZ E ,Ex,W; © F X*Y?

%IV” ¢ E Ex, W, ©F X oY% (6.14)

In the next section, we bound the second part, i.eE ;Ex,W; © F"X;*Y?.

6.3 Bounding the discretization error

Note that g 2 is the term appearing in the Langevin equation. Since the time derivative of
the evolving density w.r.t to the stationary measure€ ;~ ¢ is equal toL (the in nitesimal
operator of the Markov chain), andL involves the term g 12;D?2" ~ eg, one might hope
to control this term to bound the discretization error. However, this is not possible for two
reasons: rst,g 12 is not self-concordant in general; in fact, its self-concordance itself is not
an a ne-invariant property. Second, the matrix D2” ~  is not necessarily positive de nite.
Instead of directly trying to control the derivative of the evolving density, we observe that
the two terms in the discretization error are similar but di er in the order of computing
the gradient and taking the expectation with respect to the conditional distribution ;g. In
Euclidean space, this change of derivation and integration could be easily handled, but here
we need to use a more sophisticated machinery.

The overall approach from here onward is to bound the discretization errdg ,Ex, YW
©F "X *Y2. Notably, we bypass the argument about self-concordance @f2 in Lemma 17
by a weaker condition which turns out to be su cient for our needs:

Lemma 17. Suppose the metrig is ;-self-concordant (in the standard sense). Then, for

the square root matrixA”xe 2g 1, we have

‘g;ADAAV--ZeBOn WY
‘g%, DA"VeeB n WY

This bound shows how the self-concordance assumption can be leveraged. In general, the
square-root of the metric isnot self-concordant [128]. To boundE ;Ex, W™ X+ © F™X;*Y3,

we start by bounding the expected norm o¥/ “te for small enough timed. To this end, we
write the squared norm of theV; process as a stochastic integral along the stochastic curve
X “te which directly follows from It6's rule (see Appendix G.2).
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Lemma 18. Given stochastic vector eldV"te on the stochastic curveX;, we have

. - A 1
d'ViVete 2dVite;Veg Q Vi@g; VidX, Q é\/i\/j @0 d Xp; X,
1P Lipir
1
Q @g;dVi;Xp Vi Q 5g;d ViV

Bip B

Our nal bound on E YW;¥; is stated in the following Lemma, proved in section G.3.1.
Lemma 19. For

1

32~ 2 2 24"
2n 1 2 3°

tR (6.15)

we have

E JWEBYOF Xo*Y2'L tn3?n" 2 2 Zee B2YOF “Xo*Y: (6.16)

Next, we control the squared norm o©F along the stochastic curve, stated in Lemma 20,
proved in section G.3.3. Here, we rst extract useful information from the gradient and
Hessian Lipschitzness assumption ¢f on M using again the self-concordance of the metric
(see Section G.3.2).

Lemma 20. For 1

n ]2_ %' L, 1n3~2

we have

E YI¥RYIY t (6.17)

Finally, we study W~ X» © F"X;*Y again using Ité expansion, which is more challenging
as the processe¥ and J have nonzero quadratic variation with respect to each other. We
remind the reader thatV, and ©F "X* are elements in the tangent space of; and their
norms are computed based on the metric oM , so in all the calculations we need to take
into account the derivatives of the metric itself. There, we use the norm bounds &f and J;
from Lemmas 19 and 20.

Moreover, we also employ a generalization of the Talagrand Wasserstein-KL inequality to
Riemannian manifolds by authors in [136]. The nal bound is stated below.
Lemma 21. For arbitrary AO under the assumptiort B and

1B 2 2 : = 2"

we have
E W, J¥R! 1oH "™ g

t®

with parameters
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We combine Lemma 21 with Equations equation 6.14 and equation 6.7 to obtain a di erential
inequality for relative entropy. The nal result of this section is presented in Lemma 22,
which is used to prove Theorem 19 in Section G.4.

Lemma 22. For time at most

1 o .
n2" 2 2 2 nLz Lyn n g L3

we have fort B :
" 3, . .
@H " +B Z' o b toH 7 o0

Full proofs.  The main body of the proofs is in the appendix and is structured as follows: In
Section?? we present the calculation of the discretization error. In Section G.3 we bound the
expected di erence betweery; and ©F “X¢ which is in turn used to bound the discretization
error as we discussed above. Sections G.5 and G.1 are devoted to establishing the prior
assumptions regarding the strong completeness condition for our stochastic analysis view
point. In Section G.6 we investigate a log-Sobolev inequality for the log barrier geometry
inside a polytope. In Section G.7 we review some basic de nitions of manifolds, then we
state some key lemmas on the manifold which are used in the analysis. In Section G.8 we
start from normal Euclidean smoothness conditions and translate them to ones required by
Theorem 19. Finally in Section G.9 we show the required assumptions for the geometry of
log barrier inside a polytope, e.g. the second-order self-concordance.

6.4 Discussion

An interesting future direction would be the following algorithmic problem: Given a metrig,

an initial point Xo and a time interval t, sample from the distribution of Brownian motion on
the manifold starting at x, for time t. The question of sampling according to the natural
manifold measure is a special case of this Brownian increment sampling problem for a
su ciently large time increment.

We would like to also acknowledge the fact that due this work does not have any potential
negative societal impacts.
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Chapter 7

Learning Mixtures of Gaussians using
Di usion Models

Abstract

We give a new algorithm for learning mixtures ok Gaussians (with identity covariance inR")

to TV error ", with quasi-polynomial (O"nPoY'°9%-2.) time and sample complexity, under a
minimum weight assumption. Our results extend to continuous mixtures of Gaussians where
the mixing distribution is supported on a union ofk balls of constant radius. In particular,
this applies to the case of Gaussian convolutions of distributions on low-dimensional manifolds,
or more generally sets with small covering number, for which no sub-exponential algorithm
was previously known. Unlike previous approaches, most of which are algebraic in nature, our
approach is analytic and relies on the framework of di usion models. Di usion models are a
modern paradigm for generative modeling, which typically rely on learning the score function
(gradient log-pdf) along a process transforming a pure noise distribution, in our case a
Gaussian, to the data distribution. Despite their dazzling performance in tasks such as image
generation, there are few end-to-end theoretical guarantees that they can e ciently learn
nontrivial families of distributions; we give some of the rst such guarantees. We proceed by
deriving higher-order Gaussian noise sensitivity bounds for the score functions for a Gaussian
mixture to show that that they can be inductively learned using piecewise polynomial
regression (up to poly-logarithmic degree), and combine this with known convergence results
for di usion models.

7.1 Introduction and main results
We address the problem of learningeneralizedmixture of Gaussians (with identity covariance)

from samples, using the framework of di usion models. Formally, we wish to learn the following
distribution on R" from iid samples:

Po QofNT7; I
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which we think of as a (possibly continuous) mixture of Gaussians, whe@ is the distribution

of the means. We assume that the support @, is contained within k Euclidean balls, each
holding a non-trivial amount of mass. A precise de nition will be provided shortly in As-
sumption 1. In the special case thaQq P}‘ 1 j ;»thisis exactly a mixture ofk Gaussians;
however, our results hold for any generalized mixture of Gaussians under Assumption 1. Note
that if the covariance is known but non-identity, we can rst transform the data to be in this
setting. Our goal is distribution learning, to output samples from a distribution -close in
TV distance to the actual one.

Our motivation for this class is twofold: First, as mixtures of Gaussians are one of the
simplest but nevertheless challenging mixture models, this is a classic learning problems
in statistics and computer science. As a special case, our result also obtains a completely
new method distinct from the common algebraic approaches for learning a discrete mixtures
of k Gaussians, e.g., [4] which obtains quasi-polynomial complexity for that setting (see
Section 7.1.2 for a discussion of this and other related work). Second, di usion models are
an empirically successful paradigm for generative modeling, which work well for learning
multimodal distributions in practice but for which theoretical guarantees are lacking. By
applying di usion models to the problem of learning generalized Gaussian mixtures, our
work is the rst to give theoretical grounding to the success of di usion models by fully
learning a highly non-trivial class of distributions without assuming oracle access to the score
function estimates. This necessitates solving the problem of learning the score function in
sub-exponential time. Interestingly, our approach to learning the score across multiple noise
levels essential for executing the di usion process actually leverages the di usion process
itself via maintaining a set of warm-starts."”

7.1.1 Main results

For xo >R", let BR"Xg* "X>R"$1x Xo BRe denote the closed ball of radiufkR around x.
We make the following assumptions 0.
Assumption 1 (k-locality). Fix Rq C1, D, and k. The following hold:

1. For every point in the support ofQq, we haveQy"Br,” ** C min-

3. Qu'Bp 0 1

Note that generalized mixture models are a strict generalization of a mixture &f Gaussians:
we permit mixtures ofk arbitrary distributions supported on balls of radiusR, convolved with
Gaussians. Our main theorem is that these mixtures can be learned with quasi-polynomial
time and samples with an algorithm based on di usion models.

Theorem 20. Given AO with Bmin T%Z;R—g;cD; cn; minZ, and given Assumption 1,27
learns a distribution that is -close in TV distance toPy with time and sample complexity

A

o o 6 -,
nin~c O« In%:Z sR—g- e In%t 7.
[ 1]

with probability C1
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Note that because of the restriction on, In"c « implicitly has logarithmic dependence orD,
n, and c min Ck. In the case where& is a constant, we can remove the dependence 5?1
We further remark that in the case of a (discrete) mixture ok Gaussians, a stralghtforward
SVD pre-processing step can replace the dependencenoto min™n; ke, at an extra additive
cost polynomial inn (see e.g., [137]).

We note that as a non-parametric family of distributions, it is already highly non-trivial that

a k-local generalized mixture of Gaussians has sample complexity that is sub-exponential in
dimension. This is an interesting example of a class which does not su er from the curse of
dimensionality in either the sample or time complexity.

?7? consists of two parts: The learning" part involves learning the score functions of distribu-
tions that bridge the data distribution with a pure noise (Gaussian) distribution. Once these
scores are obtained, the generation” part uses these learned score functions and can generate
as many samples as desired. The high-probability bound is over the learning part: with high
probability, the learned score functions are such that the generation process satis es the TV
distance bound.

For the learning part, a step size schedule is chosen that would allow generation with speci ed
error; the algorithm sequentially learns the score functions from large to smail (time or
noise level). As the noise level decreases, a set of warm starts (or cluster centerG) at the
current resolution is maintained and updated. Initially (at the highest noise levely,,, ), all
points belong to the same cluster, sGy,,, . At each time step, following the recipe for
learning di usion models, we cast the score estimation problem f&,. PyiN~;-1« asa
supervised learning problem involving denoising data points. The score function is learned
within the family of piecewise low-degree polynomials, whose regions are given by the Voronoi
diagram of the cluster centers. This is a polynomial regression problem that can be e ciently
solved. Whenever the noise level is reduced by a constant factor, the set of warm starts
C is re ned using ??. ?7? uses the current score estimate to denoise the data points and
obtain estimates of the means, accurate at the current resolution. These means are clustered
to obtain C . Finally, the generation part follows the generation procedure for a di usion
model: start with a Gaussian sample, and follow the reverse SDE with the score estimate to
obtain a sample from the learned data distribution.

A special case of Theorem 20 is the problem of learning a distribution that is equal to a
distribution on a low-dimensional manifold convolved with a Gaussian. The manifold"
assumption that we need is much weaker: simply that it has can be covered 6Y balls

of radius Rq, for some constantC, wherel AO is the parameter that governs the sample
complexity. It is straightforward to obtain the following.

Corollary 8. Fix o 1and constantsRy;C ALl Let 0 @ @c2. Suppose tha)q is supported
on a setM such thatM has radiusD, M can be covered witlC' balls of radiusRq, and such
that for every point in the support ofQo, Qo"Br,” ** C&r. Then ?? learns a distribution

that is -close in TV distance toP, with time and sample complexitynin~c s ©* Insge-27

with probability C1

We note that this is a setting where di usion models can provably learn under a manifold
assumption, but in contrast to most prior work, the distribution cannot be learned using
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straightforward methods such as through binning or kernel density estimation. For example,
if M can be covered it 2 balls of radius , then learning a distribution exactly supported

on M can be done to Wasserstein distancewith complexity CIG7. simply with a binning
procedure. However, we consider learning a distribution dii convolved with a Gaussian,
which is a more challenging problem.

Additionally, the complexity of our algorithm (stated in Theorem 20) for the special case
of discrete mixtures ofk Gaussians is known using a completely di erent algorithm based
on algebraic methods [4] (without the dependence on,i, or D and with better exponents).
More precisely, their result learns a distribution -close in TV distance to the mixture
with time and sample complexitypoly”nk~e+ “k~+9"n’k* and outputs a density function.
Though their algorithm does obtain better dependencies, their result relies essentially on a
discrete mixture structure, while our result holds for the much larger, non-parametric family
of generalized mixtures; to our knowledge the extension to a generalized mixture is novel.
(Because their algorithm relies on nding an -cover of possible parameters, and ancover

of a constant-radius ball is exponential in dimension, it seems unlikely that their methods
extend to this setting.) It is interesting to note that the generic framework of di usion models
allows us to match (up to polylogarithmic factors in the exponent) guarantees obtainable
using more specialized algebraic procedures.

Note that we do not proceed by learning the density function; instead, learning” the
distribution means that we have a procedure to generate an additional sample, each step
of which involves evaluation of a learned score function. It may be possible to upgrade this
guarantee to a guarantee of learning the density [138].

We leave open the questions of removing the requirement op;, and improving the polynomial
dependence o %sZ (in Theorem 20) andd (in Corollary 8). The question remains of whether
the complexity of learning mixtures of Gaussians (of equal known covariance) is truly quasi-
polynomial, or is actually polynomial. Since our methods work just as well in the more
general setting of continuous mixtures, we believe that doing better than quasi-polynomial
complexity would require an algorithm speci ¢ to a mixture ofk Gaussians. Further structure,
e.g., hierarchical structure, could also make the problem easier, though our current analysis
does not bene t from such assumptions.

We note that mixtures of Gaussians are particularly suited to learning with di usion models
because di usions preserve the Gaussian. We expect that similar results are possible in
other settings with a match" between the family and the di usion, e.g., mixtures of product
distributions on the hypercube where di usion is a random walk on the hypercube (i.e. bit- ip
noise). It would be interesting to nd other families of distributions which be learned using

di usion models, including families of conditional distributions such as mixtures of linear
regressions.

Finally, we note that in contrast to our algorithm based on piecewise polynomial regression, in
practice the score function is typically learned with a neural network. The score function for a
Gaussian mixture is exactly represented by a softmax neural network, which raises the question
of whether it can be learned by a neural network with gradient descent. Understanding
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neural network training dynamics for di usion models is an important open direction.

7.1.2 Related work

Learning mixtures of Gaussians. The problem of learning a mixture of Gaussians
from samples has an illustrious history [139]. We rst distinguish between several types of
results. First, one can ask for parameter learning or distribution learning either outputting
parameters that are close to the ground-truth parameters, or simply a distribution that is
close (e.g., in TV distance) to the ground-truth distribution. For distribution learning, the
learning can be improper, that is, the output need not be a mixture of Gaussians. Second,
one can either study the problem from an information theoretic perspective the minimum
number of samples required to get within a speci ed error regardless of computational cost or
computational complexity perspective where the emphasis is on the running time of the
algorithm. Below, n denotes the ambient dimensionk the number of components, and the
target accuracy.

Most earlier works go through parameter learning and require the means to be su ciently
separated. For identity-covariance Gaussians, [137, 140, 141] show that spectral methods
work with a separation of at least& min~n; ke .. Allowing arbitrary covariances, [142]
show that whenever the mixture is -statistically learnable," it can be learned with running
time and sample complexityexp ke poly™n; c «. Several works use the sum-of-squares method
[143, 144] to learn a mixture with separation "k e in time nPoY 1~ * These methods extend

to a broader class of mixture distributions, where components have moments which can be
certi ably bounded. [145] obtain a polynomial-time algorithm whenever the separation is

“In®? ®ke for constant c AO.

Separation conditions are unavoidable for sample-e cient parameter learning. [146] shows
that the threshold for e cient parameter learning is "~ Inke: with separation "o Inke,
polynomially many samples su ce (information-theoretically), while with separationo™ Inks,
super-polynomially many samples are required. [147] conducts a more ne-grained study of
this problem.

Hence, any sample-e cient algorithm for learning mixtures of Gaussians without separation
cannot go through parameter learning. The optimal information theoretic complexity is
known up to logarithmic factors: [148] show a sample complexity bound in TV distance
of €"kn2~2. for a mixture of k Gaussians inR" (with any variance) and &"kn~ 2. for
axis-aligned Gaussians. However, their algorithms are based on brute-force search and have
exponential running time. [149] give an improper nearly linear-time algorithm based on
polynomial interpolation which learns a mixture of Gaussians with arbitrary variances in

1 dimension, with & k~ 2e samples. Most relevant for us, for a mixture of Gaussians with
identity covariance, a breakthrough work by [4] uses algebraic geometry to obtains a time
and sample complexity of k~«©"n*k* plus polynomial factors.

In the statistics literature, the model is referred to as the Gaussian location mixture. [150, 151]
consider arbitrary mixing measure€), and give nite-sample bounds using non-parametric
MLE (maximum likelihood estimation) for squared Hellinger risk, which scale a ,%N in
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terms of the number of sample®N. The risk depends on the volume of an approximate
support of Qq, but also include a constant with unspeci ed dependence on the dimensian

We note that the picture is more complicated when variances are unknown: [152] obtain
statistical query (SQ) lower bounds 2" * queries of xed polynomial precision) based on a

connection with non-Gaussian component analysis, with a parallel pancake" construction in a
unknown direction. [153] show thatlogn components are enough to obtain a super-polynomial

lower bound assuming exponential hardness of the classical LWE problem.

Finally, a recent line of work considers the problem of robust learning of Gaussian mixtures
[154, 155], i.e., under adversarial corruption of some fraction of samples; these methods have
complexity nOk-,

Concurrent work. During the preparation of this manuscript, we were made aware

of independent and concurrent work by Chen, Kontonis, and Shah [156] which also gave
guarantees for learning Gaussian mixtures using di usion models and piecewise polynomial
regression for score estimation. They consider the more general case where covariances are
well-conditioned but arbitrary, but their runtime scales exponentially inpoly”k~ e rather

than polylog k~ e, which is unavoidable by SQ lower bounds [152]. In contrast to our work,
their work uses a di erent approach to polynomial approximation and does one-shot learning

of parameters via spectral methods.

Di usion models. Di usion models [157 159] are a modern generative modeling paradigm
which involves de ning a forward noising process which turns a data distribution into a
pure noise (e.g., Gaussian) distribution, and then learning to simulate the reverse process.
For di usion models based on SDEs (stochastic di erential equations), the reverse process
involves the score function (gradient of log-pdf) of the intermediate distributions; hence
they are also called score-based generative models (SGM). See [160] for a technical tutorial.
We note that di usion models are essentially a reparameterization of stochastic localization
[161] as pointed out by [162]. Stochastic localization has been independently studied in the
probability literature and been used to obtain new results in sampling [163, 164].

Theoretical work has focused on two problems: (1) When is it possible to e ciently learn the
score? (2) Given a learnedL(?-accurate) score function, what guarantees can we obtain for
sampling from the data distribution? Answers to these two questions together would give an
end-to-end result for learning via di usion models.

Addressing (2), it is a remarkable fact that having alL2-accurate score function for the
sequence of distributions is su cient for sampling under minimal distributional assumptions,
allowing even multimodal distributions which cause slow mixing for local MCMC algorithms
[165 167]. [168] show that it su ces to have a number of steps linear in the dimension.

Question (1) has proved to be thornier; it has been a challenge to obtain end-to-end results
for non-trivial settings. Several works consider the problem of representability by neural
networks, such as [169] for distributions whose log-density relative to a Gaussian can be
represented by a low-complexity neural network, or [170] for graphical models. Following
the work on neural network function approximation for smooth functions, [171] give nearly
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minimax optimal estimation rates for densities in Besov spaces. [172] relates score learning to
kernel density estimation. The manifold assumption is another popular setting for analysis:
[173] considers generalization error, and [166] give learning guarantees when the distribution
is supported on a subspace (however, this family of distributions can be trivially learned by
rst recovering the subspace). Finally, we note that score matching can be used to learn
exponential families for which sampling is di cult [174, 175]; however, these methods only
use the score for the data distribution, rather than a sequence of distributions as in a di usion
model.

[176] consider using di usion models to learn Gaussian mixtures, and show that di usion
models can do as well as the EM algorithm. However, they either requike 2, or the
components to be well-separated an@" 1¢-warm starts to be given for all the means. Gaussian
mixtures are a popular toy model for understanding various aspects or behavior of di usion
models, including learning behavior [177], sample complexity [178], guided di usion [179],
and critical windows [180].

Analytic conditions for learning functions. We rely on the noise sensitivity/stability
framework [181], which shows that Gaussian noise stability (or small Gaussian surface
area) implies approximability by a low-degree polynomial, giving an e cient low-degree
algorithm" for learning. We note a similar-in-spirit result that under the Gaussian distribution,
intersections ofk halfspaces can be learned in time® '"k*, The noise sensitivity framework
was previously developed for boolean functions on the hypercube [182] and applied to learning
function classes such as functions of halfspaces [183, 184].

Learnability by neural networks can also be related to complex analytic properties of the
function: [185] relate a radius of analyticity to the Hermite expansion which gives results on
representability by neural networks. Learnability by neural networks for multi-index models

[186] functions depending on the projection of the input to a few dimensions (such as the
score function of a Gaussian mixture wittk P n) is also related to the Hermite expansion

of the function.

7.1.3 Notation

We let . 2 denote the density ofN™; |, and abbreviate = . 2. We abbreviate this

as when is understood. In general, we denote probability measures by uppercase letters
and their corresponding densities by lowercase letters, though sometimes we will con ate the
two.

We usenv nv, to denote the norm of a vectorv >R", to avoid confusion with function

norms. For a measure on ,letef. . % fPd 7®. When the measure is clear, we
may simply write ef ,. Let ef ef .~ .. For a R"-valued function, we write ef - . tO
meanenf .- .. For Xo >R", let BR"Xp* "X >R"S1x XoBRe, and let Bg Bgr 0. Let
%Z denote the set of subsets & of sizek, and %3 Z denote the set of subsets @ of size
at most k. Let hy.; be the Hermite polynomial of degreéx, which satis es the following
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recursive equation forz >R,
he1"ze  zhe 1272 hEp4.72e; hoi"ze 1

and de ne the rescaled version (with variance ?) to be hy. 2"z¢ hy.;"z~ ». We use the
notation k to denote a multi-index in N§. The multivariate Hermite polynomials, indexed by
k >Nj is de ned ashy; 2"z L{ ,hy. 2"z, wherez>R". It is well-known that “hy. 2*n
forms an orthogonal basis foR" with respectto -.

We give some further background and notation on Markov semigroups and generators in
Section 7.4.

7.2 Proof overview

Di usion models give a way to reduce the problem of learning a probability distributiorP
from samples, to the problem of estimatingcore functionsof P+ N ;1 « for a sequence of
noise levels. A sequence of works [165 168] shows that this reduction works for general
distributions, with explicit error bounds.

Our proof then proceeds by sequentially learning the score functions for a decreasing sequence
of t's. The proof hinges on the fact that the score function for a mixture of Gaussians is
approximable by a piecewise low-degree polynomial function. We rst give some intuition as to
why we expect this to be true. Consider a mixture of two Gaussiar® c2N~ ;¢ CcN™; .

The score function for this distribution is

82 W2 .
©ln<e ~72~ e ~z X tanh™ x e:

Consider two cases:

1. When is bounded, the two Gaussians have non-negligible overlap. Using smoothness
properties oftanh, we can approximate the score function uniformly with a low-degree
polynomial on cC, C.

2. When a | then we can no longer uniformly approximate the score function with
a low-degree polynomial on C; C , becausdanh” x ¢ is very steep around O
and close to at for an interval whose length approache® . However, importantly, we
don't need to: we only care about error with respect t®, which is mostly supported
on C; C 8 C; C . On each of these intervals, the posterior of the
mean is close to at because the other mixture component has negligible e ect and
so well-approximated by a polynomial.

In general, we can hope that we can cluster the Gaussians, show that the score function for
each cluster can be approximated by a polynomial, and each cluster has negligible e ect on
the other clusters, giving the piecewise polynomial structure.

Before giving a detailed proof sketch, we we highlight some key techniques used in our proof
which may be more generally useful.
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A

Higher-order noise sensitivity : We rst consider the case of a single cluster, that is,
all the means in the mixture are within a small ball. Letf be the function we wish to
estimate. We use the technique aBaussian noise sensitivity by bounding the norm of
Lf with respect to a Gaussian , whereL is a di erential operator, namely the generator
of the Ornstein-Uhlenbeck (OU) process, we can show thétis approximable by a
low-degree polynomial with respect to . However, this only allows approximation by a
polynomial of degreeD"1~ ¢, leading to a sample and time complexity oh® 1~*. To
overcome this, we instead proveigher-order noise sensitivity bounds, boundingL™f

for m logarithmically large. To our knowledge, this is the rst time that higher-order
noise sensitivity has been considered. The high level of smoothness required to bound
eL™f derives from the fact that the score function has a nice representation in terms
of a posterior expectation; we bound its derivatives with careful bookkeeping.

Higher-order smoothing : A particularly delicate part of our proof is achange-of-
measureargument. Gaussian noise sensitivity gives error bounds under the Gaussian
measure ; however, we care about the error under the true data distribution %
which is a mixture. If f is the true function (related to the score function) andg

is the estimate, we have by the Cauchy-Schwarz inequality thaf g°.Bef ¢°

ef i+ . 27 & «12, However, this means that we needf g, .- . to be small, while

we only have control overef g, .- .. A standard way that we can bound a highet?
norm by a lower one is to use hypercontractivity: smootti by the OU semigroup to
obtain P;f. Again, this rst-order" smoothing turns out to be insu cient, and we
introduce a higher-order smoothing obtained from a higher-order nite-di erencing.

Using the diusion model for maintaining clusters . In the case of a single
cluster, the above argument shows the existence of a logarithmic-degree polynomial
approximation of the score function, which can be e ciently learned using polynomial
regression. In the general case, by localizing the e ect on the score function from
di erent clusters, there exists apiecewisepolynomial approximation. The pieces can be
taken to be the Voronoi cells of a suitable set of cluster centers, and the score function
can be e ciently learned if these cluster centers were known. The key observation is
that having an estimate of the score function at the previous (higher) noise level allows
this approximate clustering: by Tweedie's formula, the score function exactly points in
the direction of denoising a data point, i.e., the posterior of the Gaussian mean that
the point came from! Thus, the denoising principle of the di usion model is an integral
part of inductively allowing us to maintain the clusters as the noise leveldecreases.
As t decreases, we obtain more accurate estimates of the means, which allows us to
re ne the clusters to the current resolution.

The rst two techniques are already present in the single-cluster setting, while the last one is
a key part of extending the argument to the multiple-cluster setting.

7.2.1 Learning with di usion models

The idea behind di usion models is to rst de ne a forward process based on a SDE that
takes the data distribution to a pure noise distribution, in our case a Gaussian. Then using
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a result on reversing a SDE [187], we can write down the reverse process which involves
the score function. We apply this in the case when the forward process is simply Brownian
motion,

dXt th, Xo Po

to obtain that this process on O; T is equivalently described by
dx; ©Inp X dﬁ/t; OBtBT; xt Pt

wherex; has distribution p; and @, is reverse Brownian motion. We choos€ large enough

so that Pt is close to Gaussian. Hence, if we learn the score functig® p,”x.e, then we can
approximately simulate the reverse process. In Section 7.3, we make this precise by adapting
known convergence results on di usion models, which show that we can approximately sample
from the data distribution given a L2-accurate score function.

By Tweedie's formula, the score function admits an interpretation in terms of the posterior
mean given an observation (see equation 7.4), so the score matching objediya © In p s?
can be rewritten as thesuperviseddenoising auto-encoder objective (see Section 7.3.2). The
problem is now reduced to that of learning the score functio®In p; for each timet. For this,
we will show that it resides in a low-dimensional function class we can optimize over.

7.2.2 Learning the score for a single cluster

In Section 7.4, we show that in the special case where all centers are close togetherQee.
is supported on a small Euclidean ball, there is a polynomial of low¢ly logk) degree that
approximates the score function with respect to the mixture distribution. The key enabling
result is Lemma 23, which shows that Gaussian noise stability implies low-degree polynomial
approximability, by considering the expansion in Hermite polynomials (eigenfunctions bf).
In contrast to existing literature, we employ ahigher-order version of noise stability which
involves bounding theL?-norm of L™f iterates of the generator L of the Ornstein-Uhlenbeck
process. Speci cally, any functiorf can be approximated by a polynomialy of degree@d
such that
eL™f 2 N~y e

ef ngANA”.. Bd—m'
As long as we can boun@L™f .-y~ .. by L™ for reasonablel, then the dependence of the
necessary degreé on the desired accuracy i©"polylog 1~ e rather than O™ 1~ ..

The interpretation of the score function as a posterior mean gives us a handle on computing
(Lemma 24 in Section 7.4.1) and bounding (Lemma 25 in Section 7.4.2) its derivatives. For
convenience, we consider a functioh which is linearly related to the score function, and
bound L?"f. Specically, f "y “xg, where g, Ep g is an expectation of the posterior
distribution of the mean of the Gaussian thaty originated from. Di erentiating this creates
replicas,” giving expectations of higher moments under the posterior. Arguments using
Jensen's and Holder's inequalities then bounds this using Gaussian moments.

However, one key problem remains: Lemma 25 gives us low-degree approximability with
respect to the Gaussian , not the actual mixture *® P;. A standard change-of-measure
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argument can bound thelL 2 error under ®by a higherLP error under : by the Cauchy-
Schwarz inequality,
ef ¢’=Bef ¢ ef gfe., 2 F 12

Here,f is the actual function andg is the polynomial approximation. However, we are not
able to directly obtain a higherLP polynomial approximation off . The problem is that the
degree of the polynomial required depends poly-logarithmically on the desired accuracy ,
while passing to a highelLP norm results in a multiplicative factor exponential in the degree,
resulting in an error en“"1~* Q 1.

By hypercontractivity, we know that we can bound higherLP norms of P;f the smoothing
of f by the Ornstein-Uhlenbeck operator for timet by ef 2~ .. We can approximatef  Pif
and then approximateP;f by the polynomial g. In order foref P B , we needt O~ o.
However, this turns out to be not enough smoothing. We would like to writé approximately
as a reasonably-sized linear combination &f (for di erent t's), for t's that are as large as
possible. The insight is thatP,f f t utPf $o; higher-order nite di erencing gives

R Cm m dm

Pt ide™f t dt—mptf$o

Hence, by takingm In"c ¢, we can taket much larger independent of and still obtain
an -approximation. This is carried out in Lemma 26 in Section 7.4.3. In summary, we
approximate f by a higher-order smoothing by the Ornstein-Uhlenbeck procebsforethe
polynomial approximation.

7.2.3 Learning the score for multiple clusters

In Section 7.5 we consider the general setting of multiple clusters. Recall that as we would
like to run the backwards di usion process from pure Gaussian noise back to our mixture, we
want to learn the score function©In p,"x* at various timest t-. It is no longer true that a
single polynomial of low degree approximates the score function with respect to the mixture
distribution. We must deal with two challenges:

1. The score function now has a more complex structure, as it is the posterior mean with
respect to multiple clusters ofQ.

2. We care about the error with respect to a mixture measure which is concentrated
around k clusters.

How can we overcome these issues?

First assume we are given a set of warm starts™ A+, to the mixture measureP,
QuEN";" el inthe sense that balls of radius roughhyO" te around these warm starts
cover the support ofQq (De nition 21). Then, we hope to approximate the score function by
a suitable piecewise polynomial function with respect to the Voronoi diagram of the warm
starts, such that, in every Voronoi cellV;, the corresponding polynomial approximates well
the score function restricted to that cell:

-~ ks A -

87y QLlyys Q A'hy Ae

i1 & Bd
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Here, hy is the Hermite polynomial with multi-index k. To reduce the problem of approxi-
mating the score in a Voronoi cell in the multiple cluster case to the single cluster case, we
prove that there is a neighborhoods; of the Voronoi cellV;, such that, viewing the score
function as the posterior mean, we can approximate it iv; by pretending that the prior
distribution has been restricted to the mixing measur&), restricted to S; (Lemma 27 in
Section 7.5.1). Given that the radius of this neighborhood is small, we can use this argument
to overcome challenge 1. For challenge 2, we bound the Rényi divergence of the mixture
measure with respect to the Gaussian centered at the warm start point in the Voronoi
cells (Lemma 29 in Section 7.5.2), and use that for a change-of-measure argument given
by Lemma 26, to bound the approximation error under the mixture measure in terms of
the approximation error under the Gaussian. Having shown the existence of the piecewise
polynomial approximation by combining the Hermite approximations within all the Voronoi
cells (Lemma 30 in Section 7.5.2), we can then e ciently approximate the score by applying

a polynomial regression with suitable choice of degree restricted to each Voronoi cell. We
analyze the sample complexity of piecewise polynomial regression in Section 7.5.3 by bounding
the generalization gap of the squared loss of low-degree polynomial functions in predicting
the score (Lemma 32).

The remaining problem is to obtain a set of warm starts. It turns out that we can exploit the
score function learned in the previous iteration of the algorithm (for a larger) to generate
these warm-start points (Lemma 377 in Section 7.5.4); the idea is that the score function
exactly points toward the denoising direction, i.e. approximately towards points sampled
form the mixing measureQ,. Therefore, adding the score function estimats to su ciently
many noisy sampleg; is su cient for obtaining a suitable set of warm starts:

Ay Sy

The A can be greedily clustered and subselected to keep the set of warm starts small. Based
on this observation, we propose an inductive recipe to iteratively estimate the score functions
for di erent noise levels, while maintaining a warm-start set.
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7.3 Diusion models

Using the framework of di usion models, the algorithm and analysis consist of two main
parts: showing that we can learn this score function e ciently, and showing that an accurate
score function allows generating more samples from the distribution. In this section, we focus
on the second part, which has been well-studied.

7.3.1 Convergence guarantees for di usion models

Two popular parameterizations of di usion models are the variance-exploding (VE) and
variance-preserving (VP) processes. The di usion models are also known as score matching
with Langevin dynamics (SMLD) and denoising di usion probabilistic models (DDPM),
respectively. The forward SDE for the VE process is simply Brownian motion, while the
forward SDE for the VP process is the Ornstein-Uhlenbeck process. Below, we lay out the
forward SDE for each of these process, and the backward SDE obtained by [187]:

VE: VP: o
dy; dW, dx; X dt 2dW, o
dyy © Inpy;edt d®, dx. ~ X 20Inp xcee dt %dﬁ/t
dy;, ©lnpr 'y, dt dW= dx, "X, 20Inpr (X eedt 2dWZ®

wherep; is the density of the eitherx, or y;, @/, is reverse Brownian motion, and\;, W are
usual Browian motions, and the reverse processes are initializedygt pr, X, pr and we
can match up trajectoriesy, Yyt i, X, Xt ( fort> 0;Te. For convenience, we work with
the VE process. As most convergence guarantees in the literature are for the VP process, we
need to adapt those results. Note that as continuous processes we have e tyq: 1, but
some care is required when matching up the discretizations.

The following is an adaptation of [168, Theorem 1], after reparameterizing the VP into the
VE process.

Theorem 21 (Reverse KL guarantee for variance-exploding di usion models)et 0 @t; @
t,@::@n,, T and x tq1 tc. SupposeT C1. Assume the following.

1. We have a score function estimats;, "y for every t, such that

Ep, NO©INp,ye s, y*’B Z:

2. The data distribution has bounded second momeMt, Ep,ny?.

3. For some @l, the step size schedule satis es

>~

[ 1CAtk1 1-max”é2;Atk1 1o z:

Let B denote the distribution of the following discretization of the reverse process when
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initialized at & N~;°T o el
» »

g\k X\k 1 2Atk 1 1. Atk 1’Atk 1 1 Sty [g\k .® K oty

Then

Mp Mot ot 1 .
2 1 Zecty 1 2, ninT 1 NNgep M 2

(7.1)

~ n
Dy ” R |
< PutBe B Q ines

Moreover, we can choose a schedule of lenfithe, O% In %El—122to make assumption 3

M2 n 2 2 2ty 1o
hold. If we choosel =%— and 4+, and we have B - for eachk, then

the error is Q" 2e.

The proof is deferred to Appendix H.1.

7.3.2 Score function computation for Gaussian mixture

To learn a distribution using a standard di usion model, we need to learn its score function
(gradient of the log of the pdf) under Gaussian convolution, with varying levels of noise. For
Gaussian mixtures, the score function has a particularly nice form, which we now derive.

First, we let P, PogEN";leandQ; QuoIN~;le. ThenP; QuIN~"; I+ Q where 2
2 t. We consider the following probabilistic model where ;; , are drawn independently:
(0]

o}
Qo; 152 NTle; X ;Y X ; (7.2)

Then X PgandY P;. Letting p;; g be the corresponding densities and; In p;, we have
by Tweedie's formula [188] (see Appendix H.5 for a derivation) that

) ) . Re ©pS%ES GoedQ e
©Vys ¢ “E vY y ¢ —y > (7.3)

R €XpSY,S 050 dQg” o o

Re OXPSYLE 1 e dQy o
foye vy 204y E ¥ vy _ : (7.4)

Ry €XpSY° 000 dQy”

Note that in the same way we have

) SV 2 ~ 7
Ren X€XPSTEE DXZe dPy"Xe

Oy cdEX y¥Y y c-vy — . (7.5)
" Ren EXPSEE 2Xe dPy e e
Ry X €xpSYXe X% gp;xe
y to\'ye EXY vy X (7.6)

Re EXPSYXE 120 P "ye

2t

11t would be more natural to have h, as the coe cient in front of the score term. This coe cient comes
from doing a change-of-variable from Appendix H.1 for the DDPM process, rather than reproving the theorem
for this process.
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Because of this identity, the score function can be learned as the minimal mean squared
estimator in a (supervised) denoising problem of estimating givenY, known as the denoising
auto-encoder (DAE) objective [189]. equation 7.3 equation 7.4 will be useful for analysis
while equation 7.5 equation 7.6 is used for the actual learning algorithm. Because of the
nice form of equation 7.4, we will actually aim to learrf .. We remark that in the case of a
nite mixture, equation 7.4 shows thatf : is represented by a softmax neural network with 1
hidden layer ofk units.

7.4 Learning the score for a single cluster

We will follow the approach in [181], though with functions that areR"-valued rather than
" 0; 1»-valued.

First, we give some background on the Ornstein-Uhlenbeck process. Let - denote the

density of N7; Ie. The generatorL L : of the scaled Ornstein-Uhlenbeck process with
variance 2, also known as Langevin dynamics for, is
Lf"xe ¢ 2°x;Of "xee  f Xe: (7.7)

For a R9-valued functionf , we interpret this componentwise, i.e.,
d
Lf"xe ¢ °Df "xex Q @f:
i1l

The eigenfunctions are the (suitably scaled) Hermite polynomialdi eysng, with he  hy; 2,

as de ned in Section 7.1.3, having eigenvalue%s. Here we usek S0 denote & $. The Hermite
polynomials form a complete orthogonal basis fdr?”~ . The scaled Ornstein-Uhlenbeck
process can be described by the SDE

0]

2% 2dW;: (7.8)

Let "Pe;o0 be the Markov semigroup of the scaled Ornstein-Uhlenbeck process, with generator
given by equation 7.7. That is, we have

dx; ¢

Pif "xe  Ex, xf "Xt whenx; solves equation 7.8 (7.9)
e gim 2T
t 0

The following encapsulates the technigue of noise sensitivity/stability: a bound on tHe?™ e
norm of L™f implies approximability of f by a low-degree polynomial. To our knowledge,
only the casem 1 has been considered in the literature; however, similarly to how bounds
on higher moments imply better tail bounds, boundind-™f for larger m can give better
approximation.

Lemma 23 (Noise stability implies low-degree approximability) Let denote the density of
N~; le. Suppose thaf RY R" satises ¥Y..,k @ , and thatm >N;L are such that
YL."fY .. ,BL™. For d>N, there exists a polynomial of degree@d such that

2 m

d [ ]

Yo gYL2~ . B«
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Proof. Expand f in the eigenfunction basis oL . asf Pk>Ng a hy whereay >RY. Then

&3
L™f Q Wakhk:
k>N
Hence
2m m 2 2m
%Q na?B Q $fnnakZBL2mO Q nac?B« .
K k>ND ®<d d

Taking g Pggachc, we have that ¥ g¥, . Pggna?, which gives the desired
bound. 0

7.4.1 Calculation of L™f

Let be a measure omR" with all moments nite. Consider generatingy X wherex
and N7le. Let e "¢ Ep-xg. whereP"x§e is the posterior distribution given by
dP” §e.. yixe WY, _
d Xe CEeXpGE—Z ﬁ .

(This is not to be confused with the inner product.) Then lettingf f > and Qo as
in equation 7.4, we have "ye f 2"ys ‘xe,.

We rst derive some formulas for di erentiating posterior expectations e Let € X X
denote the centered random variable. For a functiog R" R, we have the following general
formula for di erentiation with respect to v;:

A~ SV 2 ~
Ren 07 XX eXpSE5s 2% “dxe
Ry €XPSY5E 1X0e “dxe

2 2

Ren 0 X* eXpS¥5° 2% e “dxe Ry X €XpSYES 2%« “dxe

2

‘@ g'x-g,

SR eXpSYEE 1Xe “dxes
grxeKe
©'g'xse, C ?'g'xeKy:

dependent draws from the posteriop™ §¢. We use the trick of replacing the means with
independent copies of the random variable (see e.g., [190]) to obtain

2@ag x X e ag X X e gh o
X orx " Lt
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and for a functionh R" R,

c Zag x i eh%ea i yf A Tt yfZ %0 X T2

cl2ax X eh%eatyf;iiax "t yfZ %ot i ax "yf orax "l yfZf

Now consideh™z;;:::5z¢ LYz, Letu™x I x e g x X eh ™ X 2 ye; i X yee
We have
alrx nx e ¢ fau ax X orx "Xt X' tr Lex" Zff
2 s . . . . .
—dg Q M ax "yf axext X "
e

dg Q M ax " yf oax herx e (7.11)

1B ® ®gg "X F®e

Applying the above to monomialsg™x 2*;:::;x ™ L ® & "*;x ®f and using induction, we
have the following.

Lemma 24 (Probabilistic interpretation of L™f ). Letf f - be as in equation 7.4. We
have

S t
me"y. dXAl- Q Q ai;ioﬁ 2°s t me M aXAi\.;XAiEP-fM a(“J.’yfI (712)

s tBmiji®2m 15j>2m 1t 1 1

wherep ;g B B30"m!2,

Proof. Recall thatLf “xe ¢ 2Df "xex  f“xe. We induct on m. Suppose that the lemma
holds form 1; each term has at most a number of replicasB2m 1ands;tBm 1. We

consider the e ect of the mapf ( c¢ 2Df "ye y equation 7.10 and equation 7.11 on a
single term in equation 7.12. First, note that in each case, we obtain a factor?, and a

factor of ¢ 2 for each additionalax*;x *f term as well as'x ""*;yeterm (with a 2 factor

if we remove a term); this justi es the 2's t ™ factor.

1. In equation 7.10, the number of replicas in the resulting terms increases by at most 1,
t increases by at most 1, and the sum of absolute value of coe cients is at most

2r sB22m 1+ "m 1eB5m 3
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2. In equation 7.11, the number of replicas in the resulting terms increases by at most 2,
s increases by at most 1, and the sum of absolute value of coe cients is at most

2r 2r 1o 2s 2r s’s 1l
B4 "2m 1°2m 1¢ 2 "m 1e 272m 1¢ "m 1l m 2
B16m? 8m? m?B25m?

The sum of absolute value of coe cients multiplies by at most30m2. This nishes the
induction step. ]

7.4.2 Bounding L™f

From Lemma 23, we know that that a bound onL2"f Y ,. . implies a low-degree approxi-
mation for f . Here we would like to boundL.™f Y ,. . for all m. The kind of growth we
get in m is captured by the following de nition.

De nition 20. We sayf R"™ R" isa’r; e-Gaussian-noise-sensitive function if
for all m>N and pC1,

2 m o m
e max'r;, mpe:

i
LY, . Br <

In the following lemma, we bound the moments of higher iterates of the Ornstein-Uhlenbeck
operator L applied to the score functionf under the Gaussian measure. This shows the
Gaussian-noise-sensitivity property fof in the case where&), is supported on a ball of radius
R, forming a single cluster. We begin by switching from the Gaussian measure to the mixture
measure using Lemma 213, and then leverage the probabilistic interpretationlof'f derived

in Lemma 24, which is based on moments of replicas of the posterior distribution.

Lemma 25 (Control on iterates of the OU operator) Let f f > be as in equation 7.4.
SupposeQ is supported onBr" 0+, R C . Let P be the density oQo £ N"; 1. Then for
any m >N, we have the following:

2 2 “mpe 12
“—meLPAP- R OCE(EQ (mRo A %

12 m?2R R
LY, .BR OEes « * max> —; mps1?’

m

Therefore, f is % %8 7; Z-Gaussian-noise-sensitive.

Proof. In equation 7.12 in Lemma 24,
S . A
M ax " x *f BR® BR?™:
1
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Note that the joint distribution of “x’i*;ye is the same for anyj, namely, it is the distribution

whenx’i* pgandy xI* I*when  N7;leisindependent ofx’i*. Then for p>N,
t N P
Edv ax ! *;yfi
1
t R P
BE 1 ppy xt0 M ax 7 yf by Jensen's inequality
X pgerar 1
t N tp 1 v . .
BM Eax!*;yf by Hélder's inequality
1
BEax 1:x' L ‘1-ftp AX‘j.;y. d S “1e,
Pt ~.2°tp ke O
BEQ « if-nx LEP K kgt 1 Binomial theorem
k 0

BS JPLRZP ke KRKE, .
X N7
ko K '

tp .

BQ JPLRZP K KRKCK e Gaussian moment bound
k O
Pt “tpel2 P

BQ < p. R2Atp ke kRk*tp.k~2 BRth A p ‘ .

Consider one termay; ax't* Zstme| * g’ x % L “x'i*;yef in equation 7.12. We
have by Jensen's inequality that

S t
Jdx Zstmepm ax xR EM ax Ty

1 1 LP P
~ ~ S ~ A~ t A p Cp
B Edx®™ ZstmpM ax " :x®fM ax;yf i
1 1
B 2ZstmR2s 1R2 @ “tpet?
R
' R R s te At o122 tu R R 2m m o 12
0, Hm¢tr @ P 0E_«ce @
. R
usings tBm. Then
R R™G "mpt2 7
YL Y p-p. B3O"MPP OGE—<—+ @& —R
2m 2m ~ o1-2 m
R oed. (M7 q@ %‘ : (7.13)
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By Holder's inequality and Lemma 214 (appropriately scaled),

d 2 cp d 5 cp
m m a 2 . m A A
WY L. <5 BTF8—dPe BT Yo ) dP\LlchP,
2 g feel2 M a2
BOEe >« MR."@ _MP qu LT
To optimize this bound, setq ARp;n'z. Then by Holder's inequality,
"R~ o2 2 2 » . m
WY, | BRew OGS TR (g %.‘
2 2 m R 1 m ) 12
BRe"? o@&d. (MR g OCE%‘ O %‘

The rsttwo terms give R OS¢ «2%R 7" while the last term givesR 08¢ +2 §1°Re” mps1-2e
This completes the proof. ]

7.4.3 Approximation with polynomial

Suppose we want to approximaté f - (in equation 7.4) with a low-degree polynomial
on the mixture distribution ® We seek a low-degree polynomig such that Yf g\rzoe is
small. To do this, we rst smoothf by the Ornstein-Uhlenbeck semigroup to obtaiPf (see
equation 7.9), and then nd ag that approximates P,f . We can bound using Cauchy-Schwarz
that

Y gY.B2%¢ P Y. W f g¥Z
B2%f PfY. Yf gY,. . W g¥. . ¥ %22

Doing the smoothing ensures that we have better control over the term with highgrnorm,
YP.f  gY . .. Choosingt , Pf has exponential decay in coe cients with rate , so we

can approximateP;f with a degree- “c ¢ polynomial. To bound ¥t  Pf Y. we bound its
derivative:

utY PfY.Bg 2°f Pfe LPfed ®
Rn

B2Yf PfYLPfYe.
O utY¥ PfYBWPfY.

Focusing on the dependence of total error on we can bound this with a change-of-measure
inequality and Lemma 25, which, after integrating int, gives errorO™ «. In order to obtain
poly-logarithmic degree, we need a higher-order version of this argument. In preparation for
Section 7.5, when we need to consider the norm with respect to a di erent measure, we state
the following more generally.
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Lemma 26. Supposd is"O"re; e¢-Gaussian-noise-stable and®is a measure such that for all
ar2 A .

a Co, [%_@[Ll .. Bez (for 2) (e.g., from Lemma 214,Q%N 7; 1 »« whereQ is supported

onB,"0e), wherer C1. There is a polynomialg of degree at mos© %*In"c «“max-rz;In"c e Z

such that
Y g¥eB 2r2 2 and Yg¥ BY Y:

Proof. To get a better bound, we use a more clever smoothing strategy. For soff¢o be
de ned, we will bound

Y g¥.B2&A & ZAC o7 (7.14)
whereg is a polynomial approximation offGobtained by truncating the Hermite expansion.

To de ne 1§ we approximatef with a numerical di erentiation formula for a higher derivative.
De ne the nite dierence by  ,,g Xe hg'Xe g'x he gxe. We can write this as

hg Thg g, WhereThng'xe g x he. Suppose thatg>C™. By the Binomial Theorem on
T, id and Taylor's Theorem,

m . m1 “hi el Tme” o
ng'0e Q (r.n.A ™)1 Q g'""0e h.J' J " “hj™ for some ; > 0;hj

%o =0 il m!
m 1qxien m Cjen

) Q- m ~yi m m .. m 9’ i*s

- 1 7% OS h <. . 1. J—Jm

iQO I i ° on J m!

m e D)
th(r.n.A 1.mjg J jm

o ) m!

where in the last step we use the fact that nite di erencing reduces the degree of a polynomial
by 1, the mth nite di erence of polynomials of degree@m is 0. Hence
. " m e " N - “men
S g 0:SBh™Q <« o< %" max $™" «SBh™"2ee™ max $ ™" S
jio |l m > 0;mh > 0;mh
Let G P; Y 1°/!“.JoZPjhf. Notef G ~ fem g“h“Ptf *$ 0. We then have (noting that P
and L commute)

m 2
Z ZBohe?s  max < pfoxe d ®xe
RN t>0mh  dtm
B"2hes?™ ¢ d—mP f XS ™ dm—lP f xe ds-2 d ®xe
SR” dtm 0 So dsm 1 °

mh
B2 2he®<g EMf"xeSd ®xe mhg g PL™ f "xeSd @xedse: (7.15)
R 0 R"

First we bound the rst term and the second term wherns 0. We use the Gaussian noise
sensitivity assumption, the assumption on ® and Hélder's inequality to obtain

d f02]
s, 8'78d BANZ, .. \ G\,
L P .
rl2 2 2
Br? 20<—+ max'r?1"1 pe'ew: (7.16)
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To get a bound for the second term whes A0, we bound the following derivative, again
using the Gaussian noise sensitivity assumption and Holder's inequality:

e
usg PsL'fS8d ®Bg 2aPL'f; Pl 1ff:|—d
RN RN

d e
B2ZPL'fZ,, .. L' %7, .. °\d_\LpT1A .
| 11 d %
B2A'fZ,, .. A'%Z,, .. '\d_\L".% . (7.17)
rl2 2 r2
Br? 20<—+ max'r?1"1 pee'e®; (7.18)

where in equation 7.17 we use the fact that fay C1, YPsgY, - . is monotonically decreasing

in s. In both equation 7.16 and equation 7.18, we optimize the bound by taking r|_2 to
obtain
2z 2
s $'f8d ®Br? 20«<—+ max’r?le!; | mm 1
Rn
2z 2
uss &'PfSd ®Br? 20<—e+ max'r?le!; | m 1
Rn

Integrating the last inequality twice and substituting into equation 7.15 gives

2m
m?2 . ‘
>+ max rZ:me™m

Z Z_3r2 20°he®™ @1 “mhedec .

(o]

—  2m
rm2max’r; me
Rr2 200%1 5 ‘ (7.19)
whenmh O"1e. We choosem In"ceandhB rmzmacx"zr'o — for an appropriate constantc

to get

Vi 1QZZOEB 2r2 2,
Write f Pk>Ngakhk wherea, >RY, and letp, Pgs achy, sothatf P, op. Then

m
€ o bhe for b Q" I 1<';'”-eihf"‘3~2ak 1 "1 eh¥S7um g0 (7.20)
k>ND i1

Letg Pgs hbhg. Note

Yqu Q nh<2 Q 1 "1 eh$S~2.m znakZBmZEZh'NZYhYZ:

&SI &SI
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We approximate Cwith g Pgg bhe whereL CCh tIn"c « for an appropriate constantC.
We have by Cauchy-Schwarz and Lemma 213 that

A ¢Z,Bs Qq4’d®
R jaL

BQeM Q e“'SRn:an o

ICL ICL o
Bl Q &'ygYe "
I .
BQ d'm2e 201~ 2 YDIYz @ I
ICL
Brpozitxmze2 = ZINE VB 24 VP (7.21)
when we takeL CC ;52 r4ln"c «*max~r2;In"c e for an appropriate constantC. Note that

the Gaussian-noise-sensitive property also impli& Y Br2 2. Plugging into equation 7.14
the inequalities equation 7.19 and equation 7.21,

Y gYuRZA &L, ZC gZ_Rr2 22

Choosing constants appropriately then gives the desired bound. Finally note that Equa-
tion equation 7.20 implies®, B $ Sfor all k >Nj. Hence

Yo¥: B2 Q nb?B Q na? YY:

k>ND k>ND
[

Combining Lemmas 25 and 26 implies a low degree approximation of orgely %3 ; In %27
for the single cluster case.

7.5 From one to multiple clusters

To handle the general case of multiple clusters, we approximate the score function using a
piecewise low-degree polynomial over a set of warm-starts. Before applying Lemma 26, we
locally approximate the score within the Voronoi cell corresponding to each warm-statt by

floc. We can then approximatef o using a low-degree polynomial by controlling the terms
L™ MY - yor wheref . is shifted by the warm start ». We start with the de nition

of the warm starts.

De nition 21. Let C° R. We sayCis a complete set of R-warm starts for Qq if

QuE BRr A 1.
AsC

In other words, for all in the support of Qo, there existsA>C such that YA YBR.
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De nition 22. Let C ~A:::: Ae. The Voronoi partltlon Vi; 11 Ve corresponding toC
isdened byV, “x>R"Six A, MiN 1gj ogyce X A,oe

Note that up to the boundaries (which are a measure 0 set), this induces a partition Bf'.

To tackle the multiple cluster setting, we rst suppose that we have a complete set 8f-warm
starts C  ~A:::; Ae, and let Vy::::: ke be the corresponding Voronoi partition. For a
probability measureP and setS, de ne the unnormalized restriction byPs"Ae P A9 Se

and the normalized restriction byP§ A 225 Dene PS "Ques N”; I+ thatis,
we do the restriction before the convolution. De ne
fs. 2ye E Q0 SY y y 20©InpSys:
Y ; N7l

When is understood, we omit it from the subscript.

We need to show that we still have a good polynomial approximation fdr under the measure
PS "QoiNT; IeS,. By the analysis for one cluster, we have good approximation b, . -
under PVi. To obtain the result for multiple clusters, we need to show that this approximation
is preserved even when we considérinstead offy,. - and P§, instead of PV, i.e., deal
with the leakage intoV; from the other Voronoi cells afterQq is convolved withN~; 1, in
both the score function and the measure which the norm is with respect to. We do this in
Sections 7.5.1 and 7.5.2, respectively.

7.5.1 Estimation with the nearby" score

We will actually bound ¥ fs Y .- ., for an expanded neighborhood; of A, allowing an
extra bu er region" where mass is aIIowed to leak in.

Lemma 27. Suppose thalC ~A:::; As is a complete set oR-warm starts for Qo, and let
Vi; i1 Ve be the correspondlng Voron0| partition. Suppos@, is supported onBy, "0s. Given
R®AR, let S, Bgr<Ae* and de ne

fIOC . y* fs.2"y* wheny >V;;

wherefg. 2"y E 08, SY y y 20InpSTye:
Y ; N~5le

o Y

We write f,.. = whenC;R®are clear. Then forR® 3R 2 2 In %L,

ce

T fiog o2, BIB22 BRPZ RR? Zlnc e

Note that @
a f|0c; 2ﬁ2AP. Q a o fSi; 2ﬁ2APV'.;
i1 !
so this gives a bound for the_2 norm within each Voronoi cell.

To prove this, we rst show that with high probability, Y does not stray too far from
the Voronoi cell of .
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Lemma 28. Let C ~A:::; Ae and Vi;:::;Vke be the corresponding Voronoi partition.
Suppose than A BR. Dene Y where N7;le, and leti®be such thatyY >V«
Then with probability C1

Ya

n A<B3R 2 2 In<—e:

In other words, with high probability, even if Y >Viefor i® i (i.e., adding a Gaussian
brings the point to a di erent Voronoi cell), will not be too far from the center of the new
cell A

A A
nAceA

Proof. Let Vi« be the unit vector pointing from A toward A= Since >V, we have

A';ViioeBméAi:

By Gaussian tail bounds and a union bound, with probabilityC1 , we have that for all i
Y Y4

. o o kce

~ ~ — e _
Y Ajvie A:vieB™ Avie 2 In<k—-BR 2 IN<—e

Therefore, ify >V, then we have

Y

a [o]
e A R _ ke
NA= Ay A:veBR 2 Inc<e

and 3,
o e

n A<Bn A nA A<B3R 2 2 In<k—-:

Proof of Lemma 27. Given , let i be such thaty >V;. We note

f sz' E 1giA e &Y Yy E 15iCA e &Y Yy
fIoc; 2'ye P° >§ 8Y y'floc; 2y PPIS SY y°floc; 2"ye
.E lsi’\ e &Y Yy
E 1siA * SY
E 1SiA e &Y Yy E 1SiCA E ® QoS Y Yy SY Yy

P >5 Sy PP 1S SY yefioe 27y
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A

Hence, using the fact thatP-., .~ 1S;* B , we have

Z o fog 4, ENE g ls” *% Ewgg Y y2U¥
BE-y. 1s:" *n  E agg ¥ y°?
B2E-, . 1Si°A °‘n A’z 1sz nA Eerogi 3y y2

B2E-,. 1s” en  A? 2R®
B2s P-,.% A?C2R® aZda 6R®
°, Yo _

B2 P-y.cn  ACR® g da 6R: (7.22)
But using Lemma 28, we have
P'n  AC3R reBK®:7;
which implies

’ o 3/4
]/2_ 2 2 In<

Py.<n A CR® g-Bk‘% :

2

Yy
% e
° 8 2nc k=% a2

Bk® 2 e w2 (7.23)

el

N ‘7\—

Plugging Equation equation 7.23 into Equation equation 7.22,

X2 i zzszP.sto e s2da 6R® 32 2 GR%:

7.5.2 Approximation within a Voronoi cell

In the multiple cluster case, in order to apply Lemma 25 for approximating the score function
in the Voronoi cell of a warm-startA by a low-degree polynomial, we also need to bound the
Rényi divergence of the mixture measur® restricted to that Voronoi cell of A, with respect
to the Gaussian measure around.

Lemma 29. Let C ~A:::: Ae and Vi;:::;Vke be the corresponding Voronoi partition.
Suppose thaCis a complete set oR-warm starts. Then

P, °* R?
y CE(;jA_V_'l‘ d 4.1 Bexpe p2 . (7.24)
Proof. We can write
P Q “\/..P—Vi Q *VC.P—ViC-
VO TQeVe P T Qo

note that Qo Vi* and Q" V,° are the normalizing constants for the respective probability

measures. By convexity, it su ces to show that equation 7.24 holds foPVi and PV¥° in place
of Py,.
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For PVi, equation 7.24 follows directly from Lemma 214. FoP Vi, noting that it is a convex
mixture of N™ ; I« for ; Vi, again by convexity it su ces to show that equation 7.24 holds
for one suchN ™ ; | «. Suppose that ; >V;, j xi. Note that by de nition of the Voronoi cell,

i AcC A,-sojiji;iBlonVi.Then

&'y, &g
SVi d A A SVi d A i
Bs & “d
vi dan
d il P ar?
S, CEOI A daiBe-: (7.25)
where the last step follows from Lemma 214, a; AYBR. O

Lemma 30 (Existence of low-degree polynomial)Suppose thaf f . as in equation 7.4,
Qo is supported onBp, C “A:::; Ae is a complete set oR-warm starts for Qq, and let

degree at mosOE&  In%”7 In"c «* such that

e

Y gY, B 2¢R? 2In<k—-- and YgiYAi;ZBD:

Vi

) Yy
Proof. Let R® 3R 2 2 In%sZ First, note that from Lemma 27,

ke e
Q a fsi; ZZiZAPV . a f|oc; ZZiZAP. R<R? 2|n(k—°° 2; (726)
i1 i
whereS; is the expanded neighborhood in Lemma 27. By Lemma 26 applied R, , fio.. 2
is "O"R® «; e-Gaussian-noise-sensitive. By Lemma 29, for eapi\0, \ ddfvi —\ B
i Lt p” A 2.

a’R~ .2 . - . .
e, HenceP,, satis es the conditions of Lemma 26, and there exists a polynomigl of

degree at most

Roe4 4 Roe2 e b 4
OE«-* In"c e maxce—-* ;In"ceif OE&«e* InN"Cc*™

such that

B2 0%, A4S g7 B ZRE: (7.27)

Combining equation 7.26 and equation 7.27 gives the result. Finally, from Lemma 26,

YgiYA_; 5 leoc; ZZPV. BD:
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7.5.3 Piecewise polynomial regression

Thus far, we have demonstrated the existence of low-degree polynomials in the Voronoi cells
corresponding to the warm starts, that provide a good approximation of the score function
with respect to the mixture measure in each cell. Now we investigate how many samples
we need, so that applying polynomial regression separately in each Voronoi cell enables us
to recover the coe cients of these low-degree polynomials accurately. FOx;;y;* generated
according to equation 7.2, by equation 7.6 we wish to nd the least-squares solution to

Vi tsiyie X

where by equation 7.4 we parameterize

’s”ye Q hhy A
& Bd

f2"ye y

where A is a warm start. Equivalently, we wish to nd the least-squares solution to

2 2 2
— Xi Yyi* <1 et ral

Q bhhyi Ay " "
& Bd

. ~ . o
We can restrict to “heggg >Br (in R"&%), so we solve

o o N 2 2 2
argmin BMb(-MBd- where BMh(-MBd- cNQ Q hh¢y A «l —eyi —Xio:
"y e g gd>BR i 1%%d t t
Letxi EXY vy vy tOVyieandx; X; i, so thatconditioned ony;, ; is mean-zero
noise. Let TZ i.Letz; E ¥ v Sl TZ- Vi TZYi. Then, for each Voronoi celV,,
we calculate the empirical loss for samples wheyefalls into V;,

B heggee N Q Q bhe'y; A "z o2
iyisV, &Bd
and the empirical risk minimizer (ERM) for the j th Voronoi cell as
Bleges  argmin B heggge (7.28)

"y g ga>Bm

We then combine these ERM solutions for all Voronoi cells and de ne the following piecewise
polynomial function to approximate the score:

Ko . A
£ys Q1y'ye Q & hy Ase; (7.29)
i1 % Bd

where k®is the total number of Voronoi cells. To show thatd is a decent approximation
for the score functionf 2, we need to bound the generalization error of these ERM solu-
tions equation 7.28. To do this, we derive moment bounds for the features and the noise.
Let

LT boeggr EQ L1y Yo hh'Y Ae "Z  w?
& Bd
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denote the population risk inV,. We further de ne the shifted error of the empirical loss
with respect to the population loss as

errAj'Mb(oggdo AE\AJ.' Lﬂ".""b(.&gd. cN Q dQ Zi, ii cN Q %|g ES|§Z
iyi>V, &®Bd i Yi>V

cN Q dQ bhyi Ae; i
iyisV, ®®d

N Q ,Q bh’y Ae z” EQ bhi'y Ae z°: (7.30)
K Bd

iyi>V; &®d

The following lemma is standard and relates the generalization gap of ERM &ri*™" b g gq°.
As we see shortly, the terms in the de nition equation 7.30 that do not depend omy g g4
cancel out in the calculation of the generalization gap.

Lemma 31 (Uniform convergence Generalization gap) The generalization gap for the
ERM solution can be bounded as

LAj.S,ﬁ(j.'gggd' " min L7 %y geiZB2 max ern bheggge:

*s®8d>Bm b g gd>Bm

Proof. To bound the generalization gap of the ERM squtionAﬁ"'-gm;lBj gn Output by
Algorithm ?7?, we compare its loss with the loss of an arbitrary pOin’tE('gggd in BL"0e:

L SaﬁKij L %G egg? L7* SaﬁKJWd A SagKde
- éﬁj.'xm' i* %8, 5 507
Ki %G ogg? L %8 qgil: (7.31)
Note that & S’ﬁ(j.'g;ggd' i+ %8, o5 547 BO by the de nition of Aa;j.'ggggd as a minimizer
of &i*. Furthermore, by equation 7.30,
L éﬁj.‘mzd’ A Sﬁj"&ssd' A %8 e gpa? L %8 5507

err " G eg gge el’rAj.Mﬁj..ﬂide'BzA max e’ heggge: (7.32)

*g8d>Bm "0

]

Based on Lemma 31 and Equation equation 7.30, to bound the generalization gap it su ces
to bound

max e heggee B max cN Q dQ bhiyi Ae; i

"B s ma>Bm b e s ga>Bwm iy, &Bd

max cN Q :, Q QhkAyi A’" Zi2 EQ thkAyi Aj’ Zi2 . (733)
% Bd *

g gd>Bm iyi’V, &®d
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Let h"ys >R*4Z be given byh'ys, hcye. Let B >R" *4Z with columns b.. Then
Am‘ggd YBYF SO

max Q Q hhy; Aj'; ie max Tr B Q hvy Aj' -

Berama B |y oy g8 YB Y BM iy, .

M g Q hy Ae § (7.34)
Yi >V

We carefully bound the moments of each of the terms in Equation equation 7.33 in Lemmas 33
and 35, leading to high-probability bounds given in Lemmas 34 and 36, respectively. From
this, we obtain the following high probability bound on the generalization gap.

Lemma 32 (Generalization gap) SupposeQ is supported onBp"0» and Cis a complete
set of R-warm starts for Qg with £5 ®and d C"R~ 2. Given N pairs of samples™ ;;y;e
distributed asy; i i, for i Qgand ; N7; le with

D 252 % A » 4d 1.,
L, 7L M D 78n"k~+ nd I

—_—

4 —_

we have with probability at least  that
A~ 2
max err!""beggy B—:

“beggg>Bm "0 ke

Furthermore, the piecewise polynomial approximation of the score de ned in Equation equa-
tion 7.29 satis es

B Yp G fY.p B2
for any other piece-wise polynomiaff on the Voronoi cells whose coe cients satisfyﬁj Teq gy >
By for each cellj.
We defer the proof to Section 7.5.3.

Moment and high-probability bounds

For the following lemmas, we assume the following), is supported onBp "0, Cis a complete

given iid samples™ i;yie;i  1;:::; N, wherey; i i, i Qo and ; N7; Ile. Recall
that hy are the -rescaled Hermite polynomials andh”ys “hy"yee gg4. We moreover x the
Voronoi cell V; corresponding toA, and (to simplify notation) suppose that4 0.

Lemma 33 (Moment bound for rst term) . We have the following uniform convergence
bound forp even:

d2o0 o

N
1QLlyyehye 11 O@n'%cl 1o pep 1ef N
i1 F 2p
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We will use properties of sub-exponential random variables; see Appendix H.4 for background.

Proof In the following, the expectations without index refer to the mixture measure. Let

" be independent and identically distributed to ;¥ y;. Without loss of generality
suppose the samples in whicl fall into V, are exactlyyl; 111 YN, - Using the symmetrization
technique with Jensen's inequality:

j p i p
E% hAyi' rg E% hAyi‘A i E iS( Vi ‘g (735)
1 1
i i p
Efohy * E Y vy (7.36)
1
i i p
EEQ h'ywE, "~ 7 & - (7.37)
1
i i p
BEJO hyi« . » & : (7.38)
1

Note that conditioned on any xed value ofy;, the variable ,2 i is the di erence between

two iid random variables, each of whose norm is bounded Iy. Therefore, given a xed

. . " e 2 . . .
”yi-iN'l, the variable [ PiN'l hyie™ 2 i-—[F is a quadratic form of a sub-Gaussian vector.
From the properties of sub-Gaussian variables, for evefyBk Bn and & Bd,

’Nj R ::2

, Q hyie” iz' i*k,
i1

< N 2 < N

is sub-exponential with parametek O<SP.NJ h yie2D?2e o 'OSZ'iN'l h"y;e2D2ee . Therefore,
notlng we do not have independence when we enumerate the variables dvdry Appendix H.4,
Pk P, 1hk yie” iz' i*k*2 is sub-exponential with parameters

! ! ’ Nj 1 24 ’ Nj WY

n d ~ 2m2 . N d g e2M2
”( d O”$%d”inhk Vi D. .,< q O”Tgé(inhk Vi D...

Finally summing over1 Bk Bn, from the independence of the coordinates 6f 2, by
Appendix H.4, the variable

N; e n 1N, o W 2
X h7yie™ i Q Q ,Qh’yi*" i* 7%k
1 k 1&®d i1 *

is sub-exponential with parameters

H H , NJ 2“ y NJ W U

vz e —nc" d-O Q ,Q hyie 2D2 —nc" d‘o maXQ hi"yie 2D2
d "g®d i1 ° d *
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and has expectation

Nj . Nj
EfQhy * 3§ Qnhye
1 i1

But this implies

A.2
EnI 2

PSX E X CteBe!' :

for parameter

O max’v; ee

Thus, using the second property for sub-exponential variables in Proposition 2, for some

constant ¢c; we have

Then by Lemma 213,

N p
J R " "De
1

BE, cpD?nc<

Therefore, given

o D2nc"

d M )
. nh"yio
d "

: (7.39)

dM
a "3

2 is the Gaussian around the warm start poinb&,-, and Lemma 213

applied to &8 (which is a polynomial asp is even) and Lemma 212,

°©_o 12A
]] Q 1Vl yl.h yl —] ] B (‘,l pD(n( oo nh yl
2p
o o n 12A N
B ¢ pDcnc e QZnhAyI
0 _o 12A Nj
B E‘q f)D(n(ndd,. A Qez dp'R~ « Zf]hyl ;_A
o o 12A Nj
B & pDan dd“ A Q& TR Tp 1M Znye 7,
o n d~2 do_
Bc DDn1~2<a 1l “€p 1" N;

for some universal constant,, and we used the upper bound@}ZBce%%ﬂf.
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Lemma 34 (High probability bound for rst term) . We have

’ 1~2 t 1~7d 1oy

n
— [ ] 0 .
pGEp 1y, "yichy;e ,—]F Ct Bexp < g 1 CED—Wnl*Z o

Proof. By Lemma 33 and Markov's inequality,
1 2p 1]

PCED 1y, "yish"y;e 1 Ct P ]Q 1y, "yi*h“yie 1 Ctz".

B EZP), 1y yieh Y i_zip

t2p
(o] - Zp
‘Dni29g 1Z77°€p 1+ N
” t .
Picking
°_ d 1
' %D Nni2Z ° 7"
p 1 - - 5
08 °
with appropriate constant, we have
N ) ) n 1~2 t 1~d 1oy«
PED 1y yi*h'y;e 71 Ct' Bex - 1 E&E>—— :
Ipl VJ yl y| I—] . pn ” < d D N nl..z PP

O

Lemma 35 (Moment bound for second term) Assumed C"R~ «2. We have the following
uniform convergence bound:

g max Q 1y, "vie, Q bhyie z° EQ bch yie z° E
beeged™Bm j 1 & Bd ¢ P
»

n R —_—
O "M D-n1~2ed<a 1- p°4dp 1+ N  pND? :
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using symmetrization for they;'s,

g max Q:,Q bhyyie ziz EQ hhi yie 2,2“§:
& Bd ¢ b

by * S(SBd>BM i1 %®Bd

B max Q , Q bch” yI 2;2'2 EQ hhiyie ziz.g
p

by« g 8dBM i1 &%®d K RBd

’ ) N] 7 “
“2e _
BngYFaéﬁﬂtrBth.hy. thI *hy, .B.i
p
“De o NI L2
max sQ ZBh"y;e Q z " Bhy,”eY <z nz2e
YeBM i 1
p p
Nj s
BIMZI0Q hyieh"y;e™ th. 1INV
1 g
Nj . Nj ~0e2
max dB; Q zZh'yie— Q z 2 h"y, e <z, nz?2e
e BM p 1 p
“ohvy % i
< 22 nZi20§ .
p

ﬂp f-

For the third term, note that for each 1Bi BN :

~5e2
@ %" nz2WB2D2;

1
(0]

and this has mean zero. Hence the third term is sub-Gaussian with parame@tD2 N,

Therefore
Njp »
%aiz'z nziz-i BOS pNDZ: (7.40)
1
p

For the second term, note that for all1 Bi BN;, 1Bk Bn, and &SBY%Z given A2 1S
the Gaussian around the warm start pomtA, by Cauchy-Schwarz, Lemma 213 applied to
h?, Lemma 212, and the assumption thatl C"R~ 2,

[zhyie z 2 ey , B2Yzihe"yieY,
B2z Y, Y "YieYy,
B2D 2 TR\ vy,
B2D 2 A R-rop fedyh ye o
B2D "2°2p 1e°:
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Therefore, from the Rosenthal inequality [191] with constant given by Pinelis [192], there is a
universal constantc such that

N; - Y P
EQ zikh«“yie z, hy, " e
i1
.¢N N;j p2£
~ 'I' J " ~2e ~A " De p ! ] ~ ~oe o “ ~
B Cp’pmaX?E_Q Ezikhk Yi® Zik hk Yy, ;”Q Ezikhk yi® Zik hk y, e . §
o ! i1 9
BACpp maX§Nj ZprAZAZp Jee pd; ’%ANJ D262d23~2Y
[0}

B&cp 62p 1% NDe' :

which according to the norm property ofpth norm YY, implies

2 2
n ' Nj ) . n N; A u
Q.,Qzkh’¥ie zh B BQ QL Qzhye 2, h
Bdk 1 i1 kBdk 1 i1
(0]
< J— 2
Bn<ndd-S4cpA6A4p 19 ND- :

Therefore, using# B ce9%2Z'

Nj A d-2 o _
- inz'h“yf*g‘i Bn1~2<e<% lee  4cp 64p 1% ND:  (7.41)

For the rst term, for all &;$%,Bd, again by Cauchy-Schwarz, Lemma 213 applied td},
Lemma 212, and the assumption that C"R~ 2,
[ Yichi yie iy 2 e,y o b B2Yhy, "yichy, yi*Y,
BZY»hklAyi.szthszi.sz
BZZ d-"2p R~ 1th1Ayi° L2p” .thz’\yi. L2p~ .
B2% 472 R=* 170n  1e20¥hy “yieY o . Y, YioY on .
B 4°2p 1e?:
Therefore, again using Rosenthal's inequality,
NI "2 "2 ’
EQ Shi, Yichk, Vie hi, Y " ehi,7y; " e
i1
¢ .
~ 'Il Ni - ~ A "De A "2 P * N ~ A A "De A "De 2"
B cpPmax; Q Ehi,"Yichi, Yie hi, Y™ ohi, "y o5 Q Bl "Yichi,"yie iy T ehy, Ty e
vl i1 *
a

(o]
B&p 4'2p 1+ N- >,
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which implies

N;j
Q Q Ayi.hszyi. hklAyi 2..hkz’\yi 2.“
1:ko

i1

N;
Q Ayi.hkz,\yi. hklAyi 2..hkz,\yi 2o
i

kl k2

d 9, SZCp44p 1 N

Therefore, using%@ZB ce%%?f(,

) ) d o __
SyiehTyie— hAyiz'-hAyiz'-_-Ei B<e<% lee 2cp™44p 1ee2d N (7.42)
p

Combining Equations equation 7.42, equation 7.41, and equation 7.40 completes the proaf.

Lemma 36 (High-probability bound for second term) Assumed C"R~ 2. We have

P, max Q , Q bchye ziz EQ hhy yie ziz Ct
h( $<SBd>BM 0. i1 &%®d % RBd 4 °

) y 12 1~"2°d 1ee 20 u
Bexp, <% - E b o . LES

ni2M"M De N D2 N e

Proof. We have

) ) 1] 1]

P,. ~max Q , Q bchyie 7’ EQ bh¢yie z° Ct
"beesxma™Bur 0T g gy % Bd . .

. . 2p
EMaXp .q g8y 0 Pl 1 B ssa kN Vie z2° EPgglkhi’yie 77

2p
t 24 p— 2p
o MMM Deelt P padp 12 N O pND2*
” t °
Picking
° _ 4-2d 1e
" %%~n2M"M D N @ 7
p - 12 ] CE — _;

” %rlg 1Z1‘ D2 N [ )

for universal constantc®small enough, the proof is complete. m
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Generalization gap

Proof of Lemma 32. Note that from Equation equation 7.30, for every xed Voronoi celV;:

. 1 -
max_ erri" T heggq B— Ry, A ;
e B * g ®d N gﬁvj i A %;

max cN Q Q boheyr  Aye z° EQ bhy Ae ziz.: (7.43)

"B gga>Bu iyisV,  &Bd & SBd

But from Lemma 34, given

' k®In?¢ k= +D2n"n-d 1. ¢ "
N ” 4 ° ;

samples, with probability at leastl ~"2k® the absolute value of the rst term in Equa-
tion equation 7.43 is at most 2~"2k®. Furthermore, based on Lemma 36, given

chﬁm“‘d L k@ en*M De4'n~d 127 2+

N 4

with probability at least 1 ~"2k® the second term is bounded by2~"2k®. Applying a
union bound, the sum of the rst and second terms is bounded by with probability at least
1 ~k® This shows the rst claim. To show the second claim, note that

|_‘J'°M6(.$$d. E-.y .]_VJ_"Y."Q"Y. "7 ee?
Ew .1y Y &Ye Ze® E1,°Ye ?;
whered is de ned as in equation 7.29 and similarly
LT Begmee E v .1y Yo @Ye ZeF E1,°Ye 2;
where@ is de ned analogously. Therefore

L Bogge LT Goggae E-v .1y Yo &Ye Ze% Ey.ly Yo GYe Zo%
(7.44)

Summing Equation equation 7.44 fod Bj Bk®implies
km . n A AR ~
QLI Beegger L1 Qegmr B T¥op, G fY¥op.:
i1

But from the previous claim and union bound, we know with probability at leastl  each
L Beggse LT Geoggqe is bounded by 2-k® This completes the proof. O
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7.5.4 Maintaining warm starts

We would like to maintain warm starts to the centers of all Gaussians (of non-negligible mass)
as we decrease the noise level. By choosing the highest noise level large end@ugfi| be a
warm start. The key observation is that with high probability, the score function points in a
direction close to a mean; this remains true with the estimated score when the error is small.

We rst show that we do not lose too much in the score estimate if we only consider the
means that are close to the mean that a data point came from.

Lemma 37 (Good score estimation®  Warm starts). Consider a mixture of Gaussians
satisfying Assumption 1 with 3 1. There is a universal constant such that the following
holds. Letf ."ye y 2©Inq:"ys. Suppose we are given a functiog satisfying

Y 0¥eo,.B"Ro % mn: (7.45)

Suppose we havll S%- samples sampled frong -. Let C be the output of??. Then
»

with probability C1 , for radius R CR, In“c min*e with universal constantC, the
support of Qg is contained in  4cBg As.

Proof. By equation 7.45 and Chebyshev's inequality,

Yt ngzA 2 :
“nf LRy o ‘nf ?Cl6R, +%B L-d- g_mn.
Q:n gC 0 Q:"n g°Cl6Rg 16R, 2 16
Consider drawing  Qo, N~;le,and¥Y . LetC, ~_;1:/‘:1:; ~e be as in Assumption 1.

Letfio; = for ; be as in Lemma 27, wher®® 3R, 2 2 In%sZ Then

k
Enf 2"ye fioc 2"ye? R<R2 2'”‘75' o2

By choosing *® In‘:# for a small enough constant and noting i, Bck, we obtain that

Enf 2"ye fioc sz-Z B"Ro  *? min. Again by Chebyshev's inequality,
P%fys fio 2"y» CARy *ZB—:

16
Hence
P%gys foc 2y* C8Ry +ZB 'é“”: (7.46)
Let Vi;:::; VW be the Voronoi partition corresponding toC. Letting i be such that >V,
we have thatnf,.. :"ys —; BR® Hence, under the event in equation 7.46, by the triangle
inequality,

ng'ye —;BR® 8RRy e:
By assumption, Qo Bgr,” "i** C min, SO letting R®*®* R® 8 Ry, e,
7 min
8
k .
Q > C@Ayo > BROE?‘\e_i ' C1 ﬂ:
i1 8

Q 2"g'y* >Bgrea i+ C
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By the Cherno bounds, for independentZ4;:::;Zy Bernoullipe, for ¢c CO,
Zy

csz

Zn .
B™1 cep* Be
N P ’

Z, Zn
N

P«

c2
P« C"1 cep* Be £

. XINn~ 1~ e . . . 7 min
For xed c, it suces to have N S”T to make thisB . Applying thisto p —g™,
"1 op ¥mnandp -mn,"1 cop -un respectively, by a union bound, giveN "X ".

8 ! min

iiddraws 1;:::; m Q 2, we have

! 1Bi BK; "] QY * >Broe jeo CZm2N

and “jSry,e > K Braw 02C% mIN 1

Suppose this l94\/ent holds. Consider the seBk=w, g yj**. ChooseC such that
R C<Ry In %a#Z’ CR®®R,. For eachi, choosej is such that g"y;~j.® >Bgrea ;°.

Then Bg,”7j* b Brewr, Yj~i.* SO by the second event, thede sets coverl -5 proportion of
the g"y;», 1 Bj BN. To nish, apply Lemma 38 to obtain that the output of the algorithm
coversl -3 proportion of the g"y;. In light of the rst event, for each 1Bi BKk, it must
contain somegy;* >Bre= ;*. This nishes the proof. O

Lemma 38. Let S be a set of subsets of . Let k be the minimum number of sets irs
required to cover'l «X Selements ofX . Consider the greedy algorithm where at each step,
we take the set containing the most uncovered elements, a®t Then the greedy algorithm
nds O"kIn"c e sets covering'l 2 X Selements ofX.

The proof is based on the classic proof of the approximation ratio for set cover [193].

Proof. Let S;;S,;::: be the sets chosen by the greedy algorithm, |é&f; | e 1 Sig and let
X1;Xz;::: be the covered elements in order. De ne the cost of an elemeqtas follows: Let
Si be the rst set wherex; appears, and set

G CcSfyY 1
Now suppose thatU; ;1 “Xj;:::;%; 1, and consider the cost ok;. We claim that

K :
1 en 7] 1

G Bx

To see this, letAy;:::; Ac be an optimal cover of 1  +X Selements ofX . Then they must
cover’l XS 7] 1 elements ofX fU; 1, SO

k

Q & 9°XfU 1#SC™1 en 7] 1o

1

By optimality of Sj, $ 9" X fU; 1#SCck™1 en 7] 1ee, which shows the claim. Then the
number of sets required to cover the rst'l 2 «X Selements is given by the sum of costs of
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those elements. It is the ceiling of

"1-2 *n "1-2 en Kk "1 2en
Bk Q cn j Okin“cee:

7.5.5 Proof of Theorem 20 & Corollary 8

Combining all the pieces, we prove Theorem 20 and Corollary 8.

Proof of Theorem 20. Here we show that Algorithm ?? successfully samples fron®,
QoI N"; < with the claimed time and sample complexity. LetM, E, p,nx?. Let I’9}1 be
the output of Algorithm ??. By the triangle and Pinsker's inequality,
- ~ Ya -
TV Py; B, BTV Py;P,,e TV P ;B e TV Py Pue 2Dy "P, Y, »

Choose the starting timet, % so that by Lemma 215 we hav@V "Pg; Py, * Bg. Hence
it is su cient to prove DKLAP“W%; B 72; actually it su ces to nd parameters to make
DKL“PtlYlﬁ}lo O” 2« as the exact constant can be adjusted by rescalingby a constant.
We implement Algorithm ?? with the step size schedule obtained recursively by the equality
version of condition 3 in Theorem 21, ie.ty 1 “ty; 1lemaxe?:;"t,, 1o -« for

2 . . . . .
W With ending time ty,,, T  ¥%", and number of iterations Ngep

O % In %&2ZZ Then, given that we pick 2 ﬁ Theorem 21 tells us thatD « “Py, YA, »
Q" 2., as needed.

Hence the problem reduces to glvmg su ciently accurate estimates of the score function, to

2~
guarantee an accuracy of? W for all time stepsty;:::;tn,,, - Obtaining such accurate

scores is our main contribution and the proof consists of showing by backwards induction on
" Nstep; 1151 that the following hold:

1. The setC is a complete set oR--warm starts for Qg (see De nition 21), where

7 3/4 R k 113
R C,Rp 2 In«— 1o —

min

for a large enough universal constant. Moreover, E®B*® O~ In"C e

2. The score estimates;. is --accurate inL2"Py.», for 2 %
More precisely, we will show that 1 holds fof  Ngep;:::;Nsep “®and 2 holds for’

;11 Nsiep ® 1 with probability at least 1

Nstep
The base case of the induction’( Ngep; * 0) is to show that Gy,,, " is a complete

set of Ry,,, -warm-starts. But note that the assumption 2 B¥2," implies the variance at
step Ngep Satis es ,f,step T 2CT M20CD2 which given that we pickC C1 means
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Rnaep C Neey CD. Therefore, from the de nition of D, we have thatQ, is supported on
Bp b Bg,

Next, we show the induction step; here, the hypothesis of induction for stepis that the
set C is a complete set oR--warm starts for Qo. Then, we show that 2 for" and 1 for

1 are satis ed, after excluding an event of probability at mos.tN . First we handle 2.
Using Lemma 30 with

step

2

SR InSRMo 0 T 10

¢

there exists a piece-wise polynomi& on the Voronoi partition of G that approximates the
score function with the desired accuracy,

eG f 2 RCGR? 21 X eﬁ; (7.47)
Pt. C IN"T 1e
We note
In"cG O:,Inw“ O7In"C e

assuming that Bmin ™2; =%;cD; cn; minZ and noting ¢ B -, min Bck. The degree of§ is

) R )

at most
) Ya 6 “
k) R w“
d O- R h& In"cG*—

” N Q [ ] °
7 y ?/4 k 3/4' n 6 13

O-, Roo jpeer B X0 ek e
" h ) min ® .

3 4
O ElE« 1'0 <&° ‘ In<}- o (7.48)

0

Now for an arbitrary warm start point A " >C, by Lemma 30, there exists a polynomial
G Pgzsa ﬁ he"y A e wherehy h,. 2 are the Hermite polynomials with variance 2,
and the coe cients satisfy

N essa e, BD:

But letting d be the RHS of equation 7.48 with appropriate constants, the condition
d C"R-~ -+? s satis ed, and hence we can use Lemma 32 with parametddsM both set to
D; the implication is that given

kw cd
N  ®n%D 1:2In"C o2 <ninc—Pe
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and some universal constant, we have the guarantee

B =
samples for NS

A 2 oa
e flxp. €@ f oo Py *

after excluding an event of probability at mostyy— . Combining this with Equation equa-
tion 7.47, we obtain

eé sz Py BO® cB.

as desired.

Next, we handle 1, i.e. show thalC is a complete set oR- ;-warm starts for Qo. Note
that when - changes by a constant factor, 1 is still satis ed with a modi ed constant, so we
only have to updateGC each timet- 1 halves (as done i??). According to Lemma 37, it is
su cient to nd an estimate g for the score which satis esef gszpt‘. B"Rg -*2 .in: But

from our assumption we have® "TT - B"Ro 2 nin, which means the polynomialy

that we obtained for proving part 2 in the induction already satis es the required accuracy
for updating the warm starts as well; hence we can use the same degree of polynomial for
our regression here. Again we exclude an event of probability at m%. Note that the

sample size required b? is O ™=+ 'which is negligible compared to the number of
samples needed for regression. This completes the induction step.

Multiplying N by the number of stepsNs, and dropping lower-order terms (recalling the
assumption on ), we get that the total sample complexity is

- o 6 .
. O« In% 72 &R0 w7
(Y] 0

O ~nin~c

Ntotal “nin"c e

Note that the regression problems that we solve to obtain score estimates in Algorith??

can still use the same batch of samples, because we apply a union bound. However, we do
need to use fresh samples each time for updating the warm starts, separate from the ones that
we use for score estimates. This is because our uniform convergence bounds in Lemma 32
require the condition that the samples are independent from the randomness used in the
construction of the Voronoi partition. O

and substituting

Proof of Corollary 8. This follows from Theorem 20 with i, &r
| InN"C ee. O

min ™. c2; cRg;cn;cDZ for in Theorem 20, notingln &l 0°

Cl’
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Chapter 8

The Inductive Bias of Flatness
Regularization for Deep Matrix
Factorization

Abstract

Recent works on over-parameterized neural networks have shown that the stochasticity in
optimizers has the implicit regularization e ect of minimizing the sharpness of the loss function
(in particular, the trace of its Hessian) over the family zero-loss solutions. More explicit forms
of atness regularization also empirically improve the generalization performance. However,
it remains unclear why and when atness regularization leads to better generalization. This
work takes the rst step toward understanding the inductive bias of the minimum trace of
the Hessian solutions in an important setting: learning deep linear networks from linear
measurements, also known ateep matrix factorization We show that for all depth greater
than one, with the standard Restricted Isometry Property (RIP) on the measurements,
minimizing the trace of Hessian is approximately equivalent to minimizing the Schatten
1-norm of the corresponding end-to-end matrix parameters (i.e., the product of all layer
matrices), which in turn leads to better generalization. We empirically verify our theoretical
ndings on synthetic datasets.

8.1 Introduction

Modern deep neural networks are typically over-parametrized and equipped with huge model
capacity, but surprisingly, they generalize well when trained using stochastic gradient descent
(SGD) or its variants [194]. A recent line of research suggested timaplicit bias of SGD as a
possible explanation to this mysterious ability. In particular, [11, 195 199] have shown that
SGD can implicitly minimize the sharpnessof the training loss, in particular, the trace of the
Hessian of the training loss, to obtain the nal model. However, despite the strong empirical
evidence on the correlation between various notions of sharpness and generalization [200 203]
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and the e ectiveness of using sharpness regularization on improving generalization [204 207],
the connection between penalization of the sharpness of training loss and better generalization
still remains majorly unclear [208, 209] and has only been proved in the context of two-layer
linear models [11, 210, 211]. To further understand this connection beyond the two layer
case, we study the inductive bias of penalizing thigace of the Hessianof training loss and

its e ect on the generalizationin an important theoretical deep learning setting:deep linear
networks (or equivalently, deep matrix factorization[212]). We start by brie y describing the
problem setup.

Deep Matrix Factorization. Consider anL -layer deep network wherd. >N ;L C2 s the
depth of the model. LetW; >R% d 1 and d; denote the layer weight matrix and width of the
ith (i > L) layer respectively. We useVN to denote the concatenation of all the parameters

E"We <W . W_ ; Wi (81)

In this paper, we focus on models that are linear in the space of the end-to-end matExWe.
SupposeM # >Rd. b s the target end-to-end matrix, and we observa linear measurements
(matrices) A; >R d and the corresponding label§ “A;;M*e The training loss of W is
the mean-squared error (MSE) between the predictioA;; W_.W,_ ; W,eand the observation

h:
- 1" 2
L W.<EQ A W.W,. 1 Wie b’ . (82)
i1

Throughout this paper, we assume thati Cmin“dy; d_ for eachi > L and, thus, the image
of the function E” ¢ is the entire R% . In particular, this ensures that the deep models are
su ciently expressive in the sense thatrvvin L"W e« 0. For this setting, we aim to understand

the structure of the trace of the Hessian minimization, as described below. The trace of
Hessian is the sum of the eigenvalues of Hessian, which is an indicator of sharpness and it is
known that variants of SGD, such as label noise SGD or 1-SAM, are biased toward models
with a smaller trace of Hessian [11, 198].

Min Trace of Hessian Interpolating Solution. Our primary object of study is the
interpolating solution with the minimum trace of Hessian, de ned as:
W *> argmin tr ©’L"W e : (8.3)
W L"We 0

As we shall see shortly, the solution to the above optimization problem is not unique. We
are interested in understanding the underlying structure of any minimizew *. This will, in
turn, inform us about the generalization nature of these solutions.

8.1.1 Main Results

Before delving into the technical details, we state our main results in this section. This also
serves the purpose of highlighting the primary technical contributions of the paper. First,
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since the generalization ofV only depends on its end-to-end matriE"W ¢, it is informative

to derive the properties ofE“W *e for any min trace of the Hessian interpolating solution
W * de ned in equation 8.3. Indeed, penalizing the trace of Hessian in th& space induces
an equivalent penalization in the space of the end-to-end parameters. More concretely, given
an end-to-end parameteiM , let the induced regularizerF "M ¢ denote the minimum trace of
Hessian of the training loss atV among allW 's that instantiate the end-to-end matrix M

e, EEWe M.

De nition 23  (Induced Regularizer) SupposeM > Rd % is an end-to-end parameter
that ts the training data perfectly (that is, "Ai;Me h; | i> n ). We de ne the induced
regularizeras

F'Me< min tr ©L "W (8.4)

W E"We M

Since the image oE" « is the entire R% % by our assumption thatd, Cmin“dp; d, ¢, function

F is well-de ned for all M >Rd% d_ |t is easy to see that minimizing the trace of the Hessian
in the original parameter space (see equation 8.3) is equivalent to penalizifRgM « in the
end-to-end parameter. Indeed, the minimizers of the implicit regularizer in the end-to-end
space are related to the minimizers of the implicit regularizer in th&/ space, i.e.,

argmin F"Me+ oE "W *eSW * > argmin tr ©*L"W ¢ ;
M L®Me+ 0 W L™We 0

where for anyM >Rd% % we dene L®Me+ < ip; ;" A;;Me he? and thus L"W o
L®E"W . This directly follows from the de nition of F in equation 8.4. Our main result
characterizes the induced regularizeff "M ¢« when the data satis es the RIP property.
Theorem 22 (Induced regularizer under RIP) Suppose the linear measurements\;« ,
satisfy the™1; «-RIP condition.

1. For any M >R d sych that’A;;Me h; !i> n, it holds that

"1 oL dod e WY PP BE™MeB 1 oL dodiettWIYEE BT (8.5)

2. Let W * >argminy, -y . otr ©2L"W ¢ be an interpolating solution with minimal trace
of Hessian . ThenE~W *e roughly minimizes the nuclear norm among all interpolating
solutions of L® That is,

1
~ o . .
YE"W *eY; B—l LOelir.l OYM Ys:

However, for more general cases, it is challenging to compute the closed-form expression
of F. In this work, we derive closed-form expressions fér in the following two cases: (1)
depth L is equal to2 and (2) there is only one measurementi,e., n 1 (see Table 8.1).
Leveraging the above characterization of induced regularzier, we obtain the following result
on the generalization bounds:
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Settings | Induced Regularizer-"M «~L | Theorem

“1; «-RIP | "1 O" «"dod s WY, “* | Theorem 22

L 2 [BAAZM %g?ApAiZ“Z[qt Theorem 26 ([211])
. L 1 2~
n 1 \SATM.« AT\ Theorem 28
So-L

Table 8.1: Summary of properties of the induced regularizer in the end-to-end matrix space.
Here YYSp denotes the Schattenp-norm for p> 1;2 and Schatten p-quasinorm for p>"0; 1 (see
De nition 24). YY; denotes the Schatten 1-norm, also known as the nuclear norm.

Theorem 23 (Recovery of the ground truth under RIP) Suppose the linear measurements
“ Ajee ' satisfy the™2; “nee-RIP (De nition 25). Then forany W * > argmin tr ©?L"W « ,
W L"We 0
we have
8 "ne
YE'W ¥ M*EBr—r—
F7"1  “nee2

W™ Y2 (8.6)
where “ne depends on the number of measurememsand the distribution of the measure-
ments.

If we further suppose™Aj+!" , are independently sampled from some distribution oveRd d

satisfying that Ex"A;M & W Yﬁ e.g, ;_He standard multivariate Gaussian distribution,

denoted by Gy, ¢,, we know “ne O° dLn—dO- from [213] (see Section 8.5.1 for more
examples).

Theorem 24. For n C “r"dy d_e, with probability at leastl exp "dy d_*s over
the randomly sampled A;+" ; from multivariate Gaussian distribution G, for any minimum

trace of Hessian interpolating solutionW * > argmin tr ©2L"W ¢ , the population loss
W L™We 0

L"W e <Ep A E"W fee “A:M fe# satis es that

LW YE"W*e M*Y BOSdonidLYl\/l *log® ne:

Next, we state a lower bound for the conventional estimator for overparameterized models
that minimizes the norm. The lower bound states that, to achieve a small error, the number
of samples should be as large as the product of the dimensions of the end-to-end matrix
dod. as opposed tady, d_ in case of the min trace of Hessian minimizer. It is proved in
Appendix .6.

Theorem 25 (Lower bound for ", regression) Suppose A" ; are randomly sampled from
multivariate Gaussian distributionG, let W argminy, |~y . o YE W *Yg to be the minimum
Frobenius norm interpolating solution, then the expected population loss is

T « ~ min”n;dody. * t .
EL°We "1 MRSdtovvFy
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The lower bound in Theorem 25 shows in order to obtain a®”1le-relatively accurate
estimates of the ground truth in expectation, namely to guaranteEL"W « BO" 1eYM 'V, the
minimum Frobenius norm interpolating solution needs at least “dod_* samples. In contrast,
the minimizer of trace of Hessian in the same problem only requir€8~d, d_ *YM *¥z~Y/1 #}2

samples, which is at IeasOAm- times smaller. We further illustrate experimentally the
superior generalization ability of sharpness minimization algorithms like label noise SGD [11,
195, 214] compared to vanilla mini-bactch SGD Figure 8.1. Due to the space limits, we defer
the full setting for experiments into Appendix 1.1.

8.2 Related Work

Connection Between Sharpness and Generalization. Research on the connection
between generalization and sharpness dates back to [215]. [200] famously observe that when
increasing the batch size of SGD, the test error and the sharpness of the learned solution both
increase. [201] extend this observation and found that there is a positive correlation between
sharpness and the ratio between learning rate and batch size. [203] perform a large-scale
empirical study on various notions of generalization measures and show that sharpness-based
measures correlate with generalization best. [199] nd that among language models with
the same validation pretraining loss, those that have smaller sharpness can have better
downstream performance. On the other hand, [208] argue that for networks with scaling
invariance, there always exist models with good generalization but with arbitrarily large
sharpness. We note this does not contradict our main result here, which only asserts the
interpolation solution with a minimal trace of Hessian generalizes well, but not vice versa.
Empirically, sharpness minimization is also a popular and e ective regularization method for
overparametrized models [205 207, 216 221].

Implicit Bias of Sharpness Minimization. Recent theoretical works [11, 195, 199, 214]
show that SGD with label noise is implicitly biased toward local minimizers with a smaller
trace of Hessian under the assumption that the minimizers locally connect as a manifold. Such
a manifold setting is empirically veri ed by [222, 223] in the sense that the set of minimizers of
the training loss is path-connected. It is the same situation for the deep matrix factorization
problem studied in this paper, although we do not study the optimization trajectory. Instead,
we directly study properties of the minimum trace of Hessian interpolation solution.

Sharpness-reduction implicit bias can also happen for deterministic GD. [196] show that
normalized GD implicitly penalizes the largest eigenvalue of the Hessian. [224] argues that
such sharpness reduction phenomena can also be caused by a multi-scale loss landscape. [197]
show that GD with weight decay on a scale-invariant loss function implicitly decreases the
spherical sharpness,e., the largest eigenvalue of the Hessian evaluated at the normalized
parameter. Another line of work focuses on the sharpness minimization e ect of a large
learning rate in GD, assuming that it converges at the end of training. This has been
studied mainly through linear stability analysis [225 228]. Recent theoretical analysis [229,
230] showed that the sharpness minimization e ect of a large learning rate in GD does not
necessarily rely on convergence and linear stability, through a four-phase characterization of
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the dynamics at the Edge of Stability regime [226].

8.3 Preliminaries

Notation. We use n to denote™1;2;:::;ne for everyn >N. We useWM Y., M Y,, MY,
and tr"M ¢ to denote the Frobenius norm, nuclear norm, spectral norm and trace of matrix
M respectively. For any functionf de ned over setS such that min,.s f "xe exists, we use
argmingf to denote the set'y >S & "ye min,.sf "Xxes. Given a matrix M, we usehy to
denote the linear mapA ( "A;M e We useH, to to denote the setH, <"hy SMY, Bre.
M; and M; are used to denote theth row and jth column of the matrix M.

The following de nitions will be important to the technical discussion in the paper.

Rademacher Complexity. Given n data points “A;+?" ;, the empirical Rademacher com-
plexity of function classH is de ned as

n
R, He EE - 1.0 SUPQ N Aje:
n h>H j 1

Given a distribution P, the population Rademacher complexitis de ned as follows:R,"He
E, i PerH-. This is mainly used to upper bound the generalization gap of SGD.
De nition 24  (Schatten p-(quasi)norm). Given anyd;d=>N , p>"0;2 « a matrix M >Rd d%

< min"d:d® pa 1p
; p
Y™ YSp O 7 "M ee

Note that in this de nition YY; is a norm only whenp C1. When p>~0; 1+, the triangle
inequality does not hold. Note that whenp>"0;1, YA BY; B2 1‘YAYSp YBYs,* for any
matrices A and B, however,2'» 1 Al

parameters, whereW; >Rd d 1 \We assume thatd, Cmin“dy;d_* for eachi > L 1 and,
thus, the image ofE"W ¢ is the entire R4 %, Following is a simple relationship between
nuclear norm and Frobenius norm that is used frequently in the paper.

Lemma 39. For any matrices A and B, it holds that YAB Y; BYAY- YB Y.

8.4 Exact Formulation of Induced Regularizer by Trace

of Hessian
In this section, we derive the exact formulation of trace of Hessian fop loss over deep
matrix factorization models with linear measurements as a minimization problem ovay .

We shall later approximate this formula by a di erent function in Section 8.5, which allows
us to calculate the implicit bias in closed-form in the space of end-to-end matrices.
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We rst introduce the following simple lemma showing that the trace of the Hessian of the
loss is equal to the sum of squares of norms of the gradients of the neural network output.
Lemma 40. For any twice-di erentiable function “f;"W e+ |, real-valued labelS'he! ;, loss
function L"We 1P “fi"W e hQe2 and anyW satisfyingL"W « 0, it holds that

n
tr " ©2L"W oo %Q YOf "W #¥2:
i1l

Using Lemma 40, we calculate the trace of Hessian for the particular loss de ned in equation 8.2.

and we setf;"W ¢ to be the linear measurementA;;E"W e, whereE°"W e+ W_ W;
(see equation 8.1). To calculate the trace of Hessian, according to Lemma 40, we need to
calculate the gradient ofL"W ¢ in equation 8.2. To this end, for a xedi, we compute the
gradient of "A;; E"W ee with respect to one of the weight matricesV; .

Ow, Ai;E"Wee Oy, tr'ATW_ :::Wye
Ow, tr"Wj 110 WIATWL 11i W oW e
Wit WIATWL LW e

According to Lemma 40, trace of Hessian is given by

. . 1 n L . ~ 1 n L
tr ©2Le W o _Ql_Ql\@Wj Ai;E"W «e¥ ﬁQl_QlYWj 1 WIATWL W R
i 1j 1)

As mentioned earlier, our approach is to characterize the minimizer of the trace of Hessian
among all interpolating solutions by its induced regularizer in the end-to-end matrix space.
The above calculation provides the following more tractable characterization of induced
regularizerF in equation 8.12:

n L
F'Me min Q QW 1:i:WIATWL i W, 12 (8.7)
E"We M 7157
In general, we cannot solvé& in closed form for general linear measuremerité\;*" ,; however,
interestingly, we show that it can be solved approximately under reasonable assumption on the
measurements. In particular, we show that the induced regularizer, as de ned in equation 8.7,
will be approximately proportional to a power of the nuclear norm oE”W ¢ given that the
measurements A" , satisfy a natural norm-preserving property known as the Restricted

Isometry Property (RIP) [213, 231].

Before diving into the proof of the general result for RIP, we rst illustrate the connection
between nuclear norm and the induced regularizer for the depth-two case. In this case,
fortunately, we can compute the closed form of the induced regularizer. This result was rst
proved by [211]. For self-completeness, we also provide a short proof.

Theorem 26 ([211]). For any M >Rd% d it holds that

F'Me< min tr L "W+ 2[%Q AAZ"M %%)QiAi_AiZlNZ[i: (8.8)

W2W; M
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Proof of Theorem 26.We rstdene B; "P",;A/A;"+z andB, “P",A;"A;*z. Therefore
we have that
n
tr ©L "We Q %A TW.¥2 YWATYEZ YB W, YW;B,¥:

i1
Further applying Lemma 39, we have that

~

n
F'Me min tr ©L " "We minMQ%\fAiTWZ\ZF YW, A T Z
i1

WoWi1 M W2Wy

CWZT\T'/]VllnM 2YB 1W2W182\§ 2YB,;MB 2\%:

Next we show this lower bound of "M ¢ can be attained. LetU VT be the SVD ofB;MB ».
The equality condition happens folW; Bj'U 2, W/ 12y TB,", where we have that
PP YATWIR  YWFATYE 2Y ¥ 2YB;MB,¥. This completes the proof. O

The right-hand side in equation 8.8 will be very close to the nuclear norm &f if the two
extra multiplicative terms are close to the identity matrix. It turns out that A« ; satisfying

the "1, «-RIP exactly guarantees the two extra terms ar®” e-close to identity. However,
the case for deep networks where depth is larger than two is fundamentally di erent from the
two-layer case, where one can obtain a closed form fér To the best of our knowledge, it is
open whether one obtain a closed form for the induced-regularizer for the trace of Hessian
whenL A2. Nonetheless, in Section 8.5.1, we show that under RIP, we can still approximate

it with the nuclear norm.

8.5 Results for Measurements with Restricted Isometry
Property (RIP)
In this section, we present our main results for the generalization bene t of atness regular-
ization in deep linear networks. We structure the analysis as follows:
1. In Section 8.5.1, we rst recap some preliminaries on the RIP property.

2. In Section 8.5.2, we prove that the induced regularizer by trace of Hessian is approxi-
mately the power of nuclear norm fof 1; «-RIP measurements (Theorem 22).

3. In Section 8.5.3, we prove that the minimum trace of Hessian interpolating solution
with “2; «-RIP measurements can recover the ground trutM * yp to error 'YM FY..

For “Aje!" , sampled from Gaussian distributions, we know O~ %-.

4. In Section 8.5.4, we prove a generalization bound with faster rate &-% YM *Y, using
local Rademacher complexity based techniques from [232].

Next, we discuss important distributions of measurements for which the RIP property holds.
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8.5.1 Preliminaries for RIP

De nition 25 (Restricted Isometry Property (RIP)). A family of matrices “A;!" ; satis es
the "r; «-RIP i for any matrix X with the same dimension and rank at most

. 1 n. .
1 X B-Q[ AIXEB L WX (8.9)

Next, we give two examples of distributions where “r"dy d_*s samples guaranteér; O~ 1ee -
RIP. The proofs follow from Theorem 2.3 in [213].

standard Gaussian random variablei.e., A; " Gy . For every constant >"0;1, if
nC “r"dy d_e*, then with probabilityl e ", “A;*!", satises’r; *-RIP.

Example 2. If each entry ofA; is from a symmetric Bernoulli random variable with variance
1, i.e. for all i;k; ", entry A; i is either equal tol or 1 with equal probabilities, then for
anyr and , r; <-RIP holds with same probability as in Example 1 if the same condition
there is satis ed.

8.5.2 Induced Regularizer of Trace of Hessian is Approximately
Nuclear Norm

This section focuses primarily on the proof of Theorem 23. Our proof consists of two steps:
(1) we show that the trace of Hessian of training loss at the minimizaV is multiplicatively
O" e-close to the regularizelR"W « de ned below (Lemma 41) and (2) we show that the
induced regularizer ofR, F®M s, is proportional to WM Y. © *™* (Lemma 42).
L1
R'W e <YW, i W,¥2dy Q YWL:iiiW 1YW, 11 Wi Y YW i Wi¥2d: (8.10)
j 2

Lemma 41. Suppose the linear measuremefif;e!" ; satisfy "1; «-RIP. Then, for any W
such thatL"W « 0, it holds that

"1 R"WeBtr'©’L"WeB"1 <R We:

Sincetr"©2L«"W ¢ closely approximatesR™W ¢, we can studyR instead oftr ©°L to
understand the implicit bias up to a multiplicative factor "1 . In particular, we want to
solve the induced regularizer oR"W ¢ on the space of end-to-end matrices; *M «:

FeMe< min R We: (8.11)
W W, Wi M

Surprisingly, we can solve this problem in closed form.
Lemma 42. For any M >R% d it holds that

FeMe< = min  R'We L dod, et WM Y2 5 Tt (8.12)

WL W M
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Proof of Lemma 42. Applying the L-version of the AM-GM to Equation equation 8.10:
"R™W "“L'L moYVVL Wz\lzz Y\Nlﬁ YVVL W3\|2: Y\NL 1 W]_VF d|_: (813)
L1
dodl M 9V W, 1Y YW, Wi Z
i1
Now using Lemma 39, we have for everyBj BL 1.
YW it W YW, WY CYWL W MY (8.14)

Multiplying Equation equation 8.14 for all 1Bj BL 1 and combining with Equation equa-
tion 8.13 implies

min R™W e CL dodi e * WM Y2 - 17t (8.15)

"WSW_ W1 M
Now we show that equality can indeed be attained. To construct an example in which the

equality happens, consider the singular value decompositionf: M U VT, where is a
square matrix with dimensionrank™M .

For 1Bi BL, we pick Q; >Rd% rank"M- g he any matrix with orthonormal columns. Note that
rank"M ¢ is not larger than d; for all 1 Bi BL, hence such orthonormal matrice€); exist.
Then we de ne the following with ; ®A0 being constants to be determined:

WL e "L 2”“2U l"‘ZQL 1T >Rd|_ d|_ 1;
W, QiQ . >R% 41, 12BiBL 1,
Wl el "L 2°~2Q1 l~2vT >Rd1 dO:
Note that is a square matrix with dimensionrank™M . First of all, note that the de ned
matrices satisfy
WL W, qiiwy B2 b2y 12 2y Ty,
To gain some intuition, we check that the equality case for all the inequalities that we applied

above. We set the value of in a way that these equality cases can hold simultaneously.
Note that for the matrix holder inequality that we applied in Equation equation 8.14:

YW W OB YW WY YW WYY TR

independent of the choice of . It remains to check the equality case for the AM-GM
inequality that we applied in Equation (8.13). We have for al2Bj BL 1:

YW, :::Wj 1Y|:Y\Nj 100 Wi Y

j 2 "L 2~2 Lj1 "L 2°~2w 1~2YFY 1~2vTYF 1Y 1~2¢F; (816)
Hence, equality happens for all of them. Moreover, for cases 1 andj L, we have
oYW, 1 :WLY Y 12¥edy ®L 2 L 22y 12y g, ®L 22 (8.17)
d YW, 1t WLY Y T2y, et b2 L 22y iy g el L 22, (8.18)
Thus it su ces to set ® "-12 and “%o“ " et so that the left-hand sides
of equation 8.16, equation 8.17, and equation 8.18 are equal, which implies that the lower
bound in Equation equation 8.15 is actually an equality. The proof is complete. ]
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Now we can prove Theorem 22 as an implication of Lemma 42.
Proof of Theorem 22. The rst claim is a corollary of Lemma 41. We note that

F"Me mn tr ©L " MeB"1 ¢ min R We "1 ¢F®Me

WL W1 M WL W1 M
F"Me min tr ©L"Me«C"1 + min R'Ws "1 +F®Mes:
WL W1 M WL W1 M

For the second claim, pickW that minimizes R"W ¢ over all W's that satisfy the linear
measurements, thus we have that

2°L 1~L

R"We L dod ' YE"W #Y; LAdOdL.HLmnom Y2t (8.19)

Now from the de nition of E"W *s,
tr"©%Le" W ¥s Btr"©?Ls"Wes B™1 «R"Ws; (8.20)
where the last inequality follows from the de nition of W. On the other hand
tr'©’LeWHe C*1  «R"WeC 1 oL dod o2t YE "W Foy 2t 17H: (8.21)

Combining equation 8.19, equation G.29 and equation G.30,

1 :
YE'W Y, B Z—eZLF min W Y
1 LeM« 0
The proof is completed by noting that>-~ B1 for all L C2. O

Thus combining Example 1 and Theorem 22 with 1~2, we have the following corollary.
Corollary 9. Let "A;e!", be sampled independently from Gaussian distributid&, 4, where
nC dy d_ e, with probability at leastl exp  “nee, we have

YE"W *eY, B3Log\1ﬂin OYI\/I Y; B3YE"W FeY,:

8.5.3 Recovering the Ground truth

In this section, we prove Theorem 23. The idea is to show that under RIP, the empirical
lossL"W ¢ is a good approximation for the Frobenius distance d& "W ¢ to the ground truth

M *. To this end, we rst introduce a very useful Lemma 43 below, whose proof is deferred
to Appendix .5.

Lemma 43. Suppose the measurement®\;+" ; satisfy the™2; «-RIP condition. Then for
any matrix M >Rd do we have that

L%Qinl‘Ai;Mez WY B2 WM ¥
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We note that if A+ ; are i.i.d. random matrices with each coordinate being independent,
zero mean, and unit variance (like standard Gaussian distribution), theNW M *¥2 is the
population squared loss corresponding t&/. Thus, Theorem 23 implies a generalization
bound for this case. Now we are ready to prove Theorem 23.

Proof of Theorem 23. Note that from Theorem 22,

1 1
YE"W ¥V B=— min WMY: B=—W*Y,;
BT MY BT M

which implies the following by triangle inequality,

2
YE'W fo MPY;, BYE"W foY; MY, Bl—YNI Y, (8.22)

Combining equation 8.22 with Lemma 43 (withM E"W ¥ M #):

8 W™ H¥E:

LN Y YER $ ~\W te :
L%QilAi,EW M*& YE"W M\ELBAl "
Since W* satis es the linear constraintstr"AJE"W *ee K, 2P "A;;E"W ¥e M i
%Pi” 1 %A E"W *ee hZz 0, which completes the proof. O

8.5.4 Generalization Bound

In this section, we prove the genegglization bound in Theorem 24, which yields a faster rate

of 0" %% W #Y,e compared toO" %% Y #¥.« in Theorem 23. The intuition for this is
as follows: By Corollary 9, we know that with very high probability, the learned solution has
a bounded nuclear norm for its end-to-end matrix, no larger thaB8'YM *Y,, whereM * is the
ground truth. The key mathematical tool is Theorem 27, which provides an upper bound on
the population error of the learned interpolation solution that is proportional to the square
of the Rademacher complexity of the function classlzw:y, “hy SMY, B3WM ltYio.
Theorem 27 (Theorem 1, [232]) Let H be a class of real-valued functionsand R R R
be a di erentiable non-negative loss function satisfying that (1) for any xegt >R, the partial
derivative "~ ;ye with respect to its rst coordinate is H-Lipschitz and (2) $up,, ""X;y*SBB,
whereH; B are some positive constants. Then for ang AO, we have that with probability at
leastl p over a random sample of siza, for any h >H with zero training loss,

B log™ 1 ..

L he BO<H log>nR2"He .

(8.23)

One technical di culty is that Theorem 27 only works for bounded loss functions, but the

", loss on Gaussian data is unbounded. To circumvent this issue, we construct a smoothly
truncated variant of ", loss equation 41 and apply Theorem 27 on that. Finally, we show
that with a carefully chosen threshold, this truncation happens very rarely and, thus, does
not change the population loss signi cantly. The proof can be found in Appendix .5.
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Figure 8.1: Train and test loss. Label noise SGD leads to better generalization results due
to the sharpness-minimization implicit biases (as shown in Figure 1.1), while mini-batch SGD
without label noise nds solutions with much larger test loss.

8.6 Result for the Single Measurement Case

Quite surprisingly, even though in the general case we cannot compute the closed-form of the
induced regularizer in equation 8.12, we can nd its minimum as a quasinorm function of the
E"W ¢ which only depends on the singular values &"W . This yields the following result

for multiple layers L (possibly L A2) with a single measurement.

Theorem 28. Suppose there is only a single measurement matix i.e, n 1. For any

M >Rd do the following holds:

. L 1 2~L
F'Me  min tr ©L W+ L\SATMs AT\ (8.24)

W W1 Syt

To better illustrate the behavior of this induced regularizer, consider the case where the
measurement matrixA is identity and M is symmetric with eigenvalues % ,. Then, it is

easy to see thaf "M« in equation 8.24 is equal t= "M« P, Z" ™. Interestingly, we see
that the value of F"M ¢ converges to the Frobenius norm dfl and not the nuclear norm as

L becomes large, which behaves quite di erently (e.g. in the context of sparse recovery). This
means that beyond RIP, the induced regularizer can behave very di erently, and perhaps the

success of training deep networks with SGD is closely tied to the properties of the dataset.

8.7 Conclusion and Future Directions

In this paper, we study the inductive bias of the minimum trace of the Hessian solutions
for learning deep linear networks from linear measurements. We show that trace of Hessian
regularization of loss on the end-to-end matrix of deep linear networks roughly corresponds
to nuclear norm regularization under restricted isometry property (RIP) and yields a way to
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recover the ground truth matrix. Furthermore, leveraging this connection with the nuclear
norm regularization, we show a generalization bound which yields a faster rate than Frobenius
(or ", norm) regularizer for Gaussian distributions. Finally, going beyond RIP conditions,

we obtain closed-form solutions for the case of a single measurement. Several avenues for
future work remain open, e.g., more general characterization of trace of Hessian regularization
beyond RIP settings and understanding it for neural networks with non-linear activations.
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.1 EXxperiments

In this section, we examine our theoretical results with controlled experiments via synthetic
data. The experiments are based on mini-batch SGD and label noise SGD [214]. Both use
the standard update ruleW; ; W, ©L;"W.e, but with di erent objectives:

Mini-batch loss: L{inbaich "W e Lpi o “fi"W e Qe
Label-noise lossL "W 1p o f"We b e2,

whereB; is the batch of sizeB independently sampled with replacement at stepand  >RY
are i.i.d. multivariate zero-mean Gaussian random variables with unit variance.

It is known that with a small learning rate, label noise SGD implicitly minimizes the trace

of Hessian of the loss, after reaching zero loss [11, 195]. In particular, [11] show that after
reaching zero loss, in the limit of step size going to zero, label noise SGD converges to a
gradient ow according to the negative gradient of the trace of Hessian of the loss. As a
result, we expect label noise SGD to be biased to regions with smaller trace of Hessian. We
also compare the label noise SGD with vanilla SGD without label noise as a baseline, which
can potentially nd a solution with large sharpness when the learning rate is small. Note this

is not contradictory with the common belief that mini-batch SGD prefers at minimizers and
thus bene ts generalization [200, 201]. For example, assuming the convergence of mini-batch
SGD, [225] shows that the solution found by SGD must have a small sharpness, bounded by
a certain function of the learning rate. However, there is no guarantee when the learning rate
is small and the upper bound of sharpness becomes vacuous.

In our synthetic experiments, we sample  600input matrices “A;e!" ;, whereA; >RY ¢ with

d 60 Each entryA}“"' is i.i.d. sampled from normal distributionN "0; 1. The ground truth
matrix M* is constructed byM+* M;M,~d, whereM; >R4 " and M, >R" 9 and r is the
rank of M *. The entries inM; and M, are again i.i.d. sampled fronN "0; 1+ and the rankr

is set to 3. The corresponding label is therefore computed via “A;; M *e The parameters
"Wy; i W e are sampled from a zero-mean normal distribution for depth  2;3;5; and
10. For label noise SGD, we optimize the parameter via SGD with label noise drawn from
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Figure 2: Trace of Hessian and Nuclear Norm. Label noise SGD recovers the min
nuclear norm solution via its sharpness-minimization implicit regularization and thus leads
to better generalization (see Figure 8.1).

N ~0; 1 and batch size50. The learning rate is set to0:01

We examine our theory by plotting the training and testing loss along with the nuclear
norm and the trace of Hessian of the label noise SGD solutions in Figures 8.1 and I.1.
As the gure illustrates, the trace of the Hessian exhibits a gradual decrement, eventually
reaching a state of convergence over the course of the training process. This phenomenon
co-occurs with the decreasing of the nuclear norm of the end-to-end matrix. In particular, we
further plot the nuclear norm of the min nuclear norm solution obtained via solving convex
optimization in Figure I.1 and demonstrate that label noise SGD converges to the minimal
nuclear norm solution, as predicted by our theorem Theorem 22. As a consequence of this
sharpness-minimization implicit bias, the test loss decreases drastically.

Interestingly, there are a few large spikes in the training loss curve of mini-batch SGD without
label noise even after the training loss becomes as small 452 and its generalization
improves immediately after recovering from the spike. Meanwhile, the trace of hessian and
the nuclear decrease during this process. We do not have a complete explanation for such
spikes. One possible explanation from the literature [233] is that the loss landscape around the
minimizers is too sharp and thus mini-batch SGD is not linear stable around the minimizer,
so it escapes eventually. However, this explanation does not explain why minibatch SGD can
nd a atter minimizer each time after escaping and re-converging.

.2 Additional Related Work

Implicit Bias of Gradient Descent on Matrix Factorization. At rst glance, over-
tting could happen when the number of linear measurements is less than the size of the
groundtruth matrix. Surprisingly, a recent line of works [212, 234 240] has shown that GD
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starting from small initialization has a good implicit bias towards solutions with approximate
recovery of ground truth. Notably, [234] show that for depth2, GD from in nitesimal
initialization is implicitly biased to the minimum nuclear norm solution under commuting
measurements and [212] generalize this results to deep matrix factorization for any depth.
This is very similar to our main result that for all depth (C2) the implicit regularization is
minimizing nuclear norm, though the settings are di erent. Moreover, when the measurements
satisfy RIP, [241, 242] show that GD exactly recovers the ground truth.

Provable Generalization of Flatness Regularization for Two-layer Models. To our
best knowledge, most existing generalization analysis for at regularization are for two-layer
models,e.g, [11] shows that the min trace of hessian interpolating solution of 2-layer diagonal
linear networks can recover sparse ground truth on gaussian or boolean data, and [210] proves
a generalization bound for the interpolating solutions with the smallest maximum eigenvalue
of Hessian for non-centered data. [211] is probably the most related work to ours, which
shows that the trace of Hessian implicit bias for two-layer matrix factorization is a rescaled
version of the nuclear norm of the end-to-end matrix. Using this formula, they further prove
that the attest solution in this problem recovers the low-rank ground truth. However, matrix
factorization with more than two layers is fundamentally more challenging compared to the
depth two case; while we managed to obtain a formula for the trace of Hessian for deeper
networks given a single measurement (see Theorem 28), as far as we know, one in general
cannot obtain a closed-form solution for the trace of Hessian regularizer as a function of the
end-to-end matrix for multiple measurements. In this work, we discover a way to bypass this
hardness by showing that minimizing the trace of Hessian regularizer for a xed end-to-end
matrix approximately amounts to the nuclear norm of the end-to-end matrix, when the linear
measurements satisfy the RIP property. As a cost of this approximation, we are not able to
show the exact recovery of the low-rank ground truth, but only up to a certain precision.

Sharpness Minimization in Deep Diagonal Linear Network. [211] show that the
minimizer of trace of Hessianin a deep diagonal matrix factorization model with Gaussian
linear measurements becomes the Schatt@n 2~ norm of a rescaled version of the end to end
matrix. At rst glance, their result might seem contradictory to our result in the RIP setup,

as their implicit regularization is not always the Nuclear norm the sparsity regularization
vanishes wherl. 2 . Similar results have been obtained by [210] for minimizing a di erent
notion of sharpness among all interpolating solutions, the largest eigenvalue of Hessian, on the
same diagonal linear models. The subtle di erence is that since we consider the more standard
setting without assuming the weight matrices are all diagonal, then in the calculation of
the trace of Hessian of the loss we need to also di erentiate the loss with respect to the
non-diagonal entries, even though their values are zero, which is quite di erent frorg norm
regularization. This curiously shows the complicated interplay between the geometry of the
loss landscape and the implicit bias of the algorithm.

Sharpness-related Generalization Bounds. Most existing sharpness-related general-
izations depend on not only the sharpness of the training loss but also other complexity
measures like a norm of the parameters or even undesirable dependence on the number of
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parameters [207, 216, 243 245]. In contrast, our result only involves the trace of Hessian but
not parameter norm or the number of parameterse.g, our result holds for any (large) width
of intermediate layers,d;;:::;d. 1.

.3 Proof of Lemma 41

Proof. Fora xed j >72;:::;L 1+ and vectorsx >R% andy >Rd we apply the RIP property
in De nition 25 for the rank one matrix X xyT. As a result we get

n
1 yTEBIQANYTERT YyT¥;
i1
or equivalently
n
1 aRYR B%QAXTAiy-Z B 1L YW (25)
i1

Now for arbitrary indices1B" Bd; ; and 1Bk Bd;, we pickx;y in Equation equation 25
equal to the "th row of the matrix W; 1:::W; and the kth column of the matrix W ::: W, i:

1YW, i Wae YW, W 1° ¥
1"
B— Q le:::W]_ A W|_ WJ]_k
B~ 1 ’YVV W]_ YZYWL J 1° k¢ (26)
Summing this over all~ k, we obtaln that the sum of Frobenius norm of matrices
W, 1:::W3 AW 111 W, concentrate aroundWVJ 1. Wl\r’2 YW W 2.
"1 W EYWL W
1 n
BZQ WY 1 WAAW, W 1
B 1 oYW, 1:i:WiYWL oW, Y (27)

Forj 1, we apply Equation equation 25 Wlthx "W 1:iiWiee andy &, whereg is the
kth standard vector:

"1 YW, 1:::W1-\\ZB%§1“WL 1 Wi Ajeee? BTl oYW 11 Wpe ¥
Summing this for all k; "
"1 edgYWL 1 WiV B%icleWL 100 WIAE BY1 edgYW 11t Wi (28)
Similarly forj L
"1 edi YW WL B%_(SlYAiWL WL YE BT ed YW WL (29)
Combining Equations equation 27, elquation 28, and equation 29
"1 eR"WeBtr"©’Ls"WeB"1 R We:
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4 Proof of Theorem 28

Proof of Theorem 28. Recall that we hope to characterize the solution with a minimal trace
of hessian given that the end-to-end matrbE"™W « W, W, is equal to some xed matrix
M, namely,

L
min_ Q YW, 1 WIATWL 11 W;
E'We M ;%

Let W be any minimizer of the above objective. For arbitrary matrixC >Rd 9 de ne

© tCel
U'te exptCe<Q A ;
i 0 '

For any i, we multiply W; from left by U”te and multiply W; ; by U"te * from right,

WiAt' UAt'Wi;
W, 1At° W, 1UAt‘ 1:

For convenience, below we drop the dependenceVif"te; W; ;"te overt, that is, only W; and
W; 1 are implicitly functions of t, while the restW; are independent ott. Then, note that for
anyj Bi 1we have

Wi WL ATWL W Ut TUTteW i W 1 W it WATW S W g
and forj Ci 2
Wi 10 W Ut TUTEW, s WRATWL W 0 W W Wt WRATW W g
So the only terms that actually change as a function df correspond toj i,

YW 1 WIATW W o Wy i WATW W W T it WAW, T W T
(30)

andtoj i 1,
YW WL ATWL WG ot Wi W ATW W W T s WL TAW, T W Ter (31)
Now taking derivative of U"te with respect tot,

U®0 C:

ﬁ/j W, WL ATW W, g

where we uséV,; ;:::W; and W, :::W, ; to denote identity fori 1 andi L respectively.
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Then, if we take derivative from the terms equation 30 and equation 31 with respect to

d

—YW, 10 WL ATW i W 12U
dt t o

tr~C CToW, 1" WL TAW, W Wi 1 WRATWL W g (32)
tr~C CTe .
and

%Y\Ni:::wlATWL W 22U
t

0
tr~Cc CTe%v W7, (33)

Now from the optimality of W , the following equality holds for every matrixC >R d:

9 @ W teu  t~C CTeWTR W T O (34)
dt t 0

Now sinceC is arbitrary and the matricesﬁ/fﬁli and ﬁ/i ﬁIiTl are symmetric, we must have
a/iT W W lﬁ/iTl: (35)

Equation (35) implies that all ﬁ/i for 1Bi BL have the same set of singular values. Moreover,
there exists matrices” U+, where the columns of each matrix are orthogonal, such that for
eachlBi BL,

W, W i WATWL W U YT (36)

Multiplying Equation equation 35 for all 1 Bi BL (in the casei 1 we takeW;:::W, ; as
identity), we get

. L1 . L1
SATE"Wee AT SATW_ :::W;e AT Uy LU (37)
or in case wheréA is positive semi-de nite,

. L1
ATPRATZE W eATZe A2 Uy LU T (38)

But having access to Equations equation 36, we can write ©’L"W ¢ at the minimizer

inYVVi 1o WLAWL S0 W, 1% LY Y|2: LY LY§2~L'

which based on Equation equation 37 is equal to
2~

. L1
L\SATE"Wee AT\ ;
S2~L
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or in the symmetric case is equal to

L\AR2EAIZE W eAL2: AT -

So

This is the induced regularizer of the trace of Hessian over all interpolating solutions for
linear network with depth L in the space of end-to-end matrices.

O
.5 Other Omitted Proofs
5.1 Proof of Theorem 24
Proof. By Corollary 9, we know that with probability at least 1 exp™ "nee,
YE"W *eY; B3WM *Y;:
Note by assumption,n  "dy d_e. Thus it su ces to show that with probability at least

1 exp “dy dee, for all interpolating solutions in Hgwm:y, ~“hy S MY, B3W*Y,e,
Equation (8.23) holds.

Recall L% "W +Z is the population squared loss of the end-to-end matriE"W ¢ >Rdb d. |
Namely,

L°E"W ee <EA"AE W e "A;M¥e? EA'AJE"We MPE YE'WH MPV:

First, we bound the population Rademacher complexity dfisw +v,. The empirical Rademacher
complexity on~A;e" ,is

l n
RnAH3YM ty,* —E ~ 1en sup Q in"Aje
' n h>HgYM iyi i1

l n . n
ZE - 1o sup Q iAi;Me 3n WMHYQ (A Y.
n M YM Y:B3YM Yy i 1 i1

Note that the matrix Agum P4 iA; itself is an iid Gaussian matrix where each entry is
sampled fromN "0; ne. Hence, from Proposition 2.4 in [246], we have the following tail bound
on the spectral norm ofAgym
o » » (o]
PYAamY>Cci N~ do die  nte B2e @ (39)
(o] [0} (0]
This implies EYAsumY> 0% N~ dy d,_ *Z which in turn bounds the Rademacher com-
plexity
(o] (o]
dy, do

_ . d ‘
Rn"Ham+y.* ERn Hamey,® ooz‘b—ﬁ\rlvlwi : (40)
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Note that the Gaussian distribution Gy 4, IS unbounded, which makes the value of the
squared loss unbounded, while it is convenient to bound the generalization gap when the
value of the loss is bounded. To cope with this fact, for a given threshot] we de ne a
truncated version of the loss denoted bi."x;ys "X ye, plotted in Figure 3, which is a
smooth approximation of the squared loss.

$rx yez; ifx y> cc;
I"X;ye "X ye L "x ye? 4cX yS 2¢%; ifx y> 2c; ¢ 8 c;2c; (41)
02¢?; ifx y>"2 : 2c 8 2c;2 s;

It is easy to verify @ is 2-lipschitz in x. Also it is clear that I."x;ys Bmax 2c?;1"x;yee for
all x;y and|."x;ye @"x;ye only when& ySAc. Next, we de ne the c-cap population loss
L. with respect to ".:

LM Ea g 4 ¢ AAME AM Fes
Thus we have
L°Me L MeBElgam miesc AM  M*e:

But note that the variable "A;M M *eis a Gaussian variable with varianceM M*¥ B
M M*Y;. Hence, from Lemma 44, picking  “log'neYM *Y;e, for all M >Hzyy tY, )

YM 2 |
OBL"Me L. M-e BO‘%-:

Now using the Rademacher complexity bound in equation 40 and applying Theorem 27, we
have for all interpolating solutionsM >Hgay +y, with probability at least 1 exp” “do diee:

Lo M+ BO<H log® neR? M-
A N 3
BOGEM Y L d; log'n. (42)

whereH is the gradient smoothness of the loss which is 2 and L. is the empirical loss
de ned in equation 8.2 with square loss substituted by.. Above, we used the fact that . is
bounded by2c?. O

Lemma 44. For standard Gaussian variableX, we have

Elg e X2Be °2~2£_2':
c 2
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Figure 3: The smooth surrogate los as de ned in Equation equation 41 with parameter
c 2

Proof of Lemma 44.

ElgeX? 2~ 2 5 X% zdx
(o] . Xac X3 <2
B2~ 2 g —e zdx
x ¢c C
(o] o a 2
1~c 2 g X% zdx?
o XaC
1~c 2 eg  xe zdx
o X c?
1~ 2 0 ° 20 ¥ eee
CLZ—ZAQZ_Z.:
c 2
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5.2 Proof of Lemma 43

Proof of Lemma 43 . Consider its SVD decomposition oM, M

P?, iuVv', where 's
are the singular values andu;+? ,;"v;*¢ | each is an orthonormal basis foR?. We can write

n 1" d T )
Q Ai;M62 —Q Q jUj AiVj'
i1 Ni“1j1

10 T T

EQ Q j i tr AiVj Uj otr AinUk'

i 1jk 1
¢ 1" T Toa? T Toee 23
-?lﬁQl j KIETATVIU VkUgee trTATVIU] WU e 2
i i

But again using the”2; «-RIP of ~Ai.in N

"1 eWuf vkuk\ZB Qtr ACviul viugee?B 1 WUl v

B (VAR BEQtrAAiAvjujT Viupee?B 1 eWiul  vieup Y2
i1

This implies

an
1 T ~ . T. T
82 Yv,u Y= YWyu Yee 71 * Viuj WUy &

1" A -
Q % ATV U viugee® trTATVIUT ViU ee P2
i

Summing this fromj to k and noting that "v;u; vkug eis zero forj x k:

n d

Q A;ME&B1 Q jZ- "Q SjS¢BTL YMY¥E WY (43)
i1 i1 '

Similarly we obtain

_(S‘Ai;MeZCAl YME WV (44)

Combining Equations equation F.61 and equation C.24:

0D AME WYL WY WEB2 W (45)

i1

This completes the proof.

.6 Proof of Theorem 25

Proof of Theorem 25. Here we view matrices irR% 9 asdyd, dimensional vectors, hence
by rotating a matrix with an orthogonal transformation we mean to rotate the corresponding
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vector. Note that the minimum " solution of the regression problem is given b de ned as

N n 1
ﬁ Q A é\Ai;Aj Ee b
i1 1Bi;j Bn i

First, note that if we rotate the ground-truth matrix M * with an arbitrary orthogonal matrix
U, then B rotates according to the samdJ. Combining this with the fact the distribution
on the measurement matrices is Gaussian and rotationally symmetric, we conclude that the
population lossL®R « is the same for allM *. Hence, to lower bound the population loss, we
can further assume that the entries oM * are sampled from standard Gaussian distribution.
Hence, for anyM * we can write

E-per L®Fe EviEp.n LoR-
E-a.n EmsYR M

n
E-a.n "1 YM ¥\
At dody -
n
"1 YM *Y2
dod, F

where we used the fact thatfd is the projection of M * onto the subspace spanned by
NAi‘in 1 ]

174



Appendix A

Simplicity Bias via Global
Convergence of Sharpness
Minimization

Abstract

The remarkable generalization ability of neural networks is usually attributed to the implicit
bias of SGD, which often yields models with lower complexity using simpler (e.g. linear) and
low-rank features [247]. Recent works have provided empirical and theoretical evidence for
the bias of particular variants of SGD (such as label noise SGD) toward atter regions of the
loss landscape. Despite the folklore intuition that at solutions are 'simple’, the connection
with the simplicity of the nal trained model (e.g. low-rank) is not well understood. In this
work, we take a step toward bridging this gap by studying thesimplicity structure that arises
from minimizers of the sharpness for a class of two-layer neural networks. We show that, for
any high dimensional training data and certain activations, with small enough step size, label
noise SGD always converges to a network that replicates a single linear feature across all
neurons; thereby, implying a simple rank one feature matrix. To obtain this result, our main
technical contribution is to show that label noise SGD always minimizes the sharpness on the
manifold of models with zero loss for two-layer networks. Along the way, we discover a novel
property a local geodesic convexity of the trace of Hessian of the loss at approximate
stationary points on the manifold of zero loss, which links sharpness to the geometry of the
manifold. This tool may be of independent interest.

A.1 Introduction

Overparameterized neural networks trained by stochastic gradient descent (SGD) have
demonstrated remarkable generalization ability. The emergence of this ability, even when
the network perfectly ts the data and without any explicit regularization, still remains a

mystery [194]. A line of recent works have attempted to provide a theoretical basis for such
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observations by showing thatSGD has an implicit bias toward functions with low complexity"
among all possible networks with zero training 10§202, 234, 248 254]. In particular, it
is noted that SGD tends to pick simpler features to t the data over more complex ones
[255 258]. This tendency is typically referred to asimplicity bias. Notably, [247] empirically
observes that the feature matrix on the training set tends to become low-rank and that this
property is ampli ed in deeper networks.

On the other hand, recently, a di erent form of implicit bias of SGD based on the sharpness

of loss landscape has garnered interest. The study of atness of the loss landscape and its
positive correlation with generalization is not new (e.g. [215]), and has been supported by a
plethora of empirical and theoretical evidence [11, 195, 197, 200 204, 207, 210, 211, 225, 227,
243, 244, 253, 259, 260]. It has been suggested that, after reaching zero loss, neural networks
trained using some variants of SGD are biased toward regions of the loss landscape with low
sharpness [11, 195 198, 259, 261, 262]. In particular, [259] discovered the sharpness-reduction
implicit bias of a variant of SGD calledlabel noise SGDwhich explicitly adds noise to the
labels. They proved that SGD locally diverges from points that are not stationary for the
trace of the Hessian of the loss after tting the training data. Along this line, [11] show that

in the limit of step size going to zero, label noise SGD converges to a gradient ow according
to the trace of Hessian of the loss after reaching almost zero loss. This ow can be viewed as
a Riemannian gradient ow with respect to the sharpness on the manifold of zero los.,

the ow following the gradient of sharpness projected onto the tangent space of the manifold.
Furthermore, a standard Bayesian argument based on minimum description length suggests
such at minimizers correspond to simple models.

From a conceptual point of view, both simplicity bias and sharpness minimization bias suggest
that SGD learns simple solutions; however, the nature of "simplicity” is di erent. Simplicity
bias is de ned in the feature space, meaning the model learns simple featuresy, low-rank
features, but low sharpness is de ned in the parameter space, meaning the loss landscape
around the learned parameter is at, such that the model is resilient to random parameter
perturbations and admits a short and simple description from a Bayesian perspective. It is
thus an interesting question whether these two notions of simplicity for neural networks
have any causal relationship. Existing works that attempt to study this connection are
restricted to somewhat contrived settings (e.g. [253, 259, 263, 264]). For instance, [259] study
1-D two-layer ReLU networks and two-layer sigmoid networks trained on a single data point,
where they show the stationary points of the trace of Hessian on the manifold of zero loss are
solutions that are simple in nature. They further prove that label noise SGD locally diverges
from non-stationary points. As another example, [11] and [265] independently show that
label noise SGD can recover the sparse ground truth, but only for a simple overparameterized
guadratic linear model. In this paper, we study the following fundamental question:

(1) Is there a non-linear general setting where the sharpness-reduction implicit
bias provably implies simplicity bias?

However, even if we can show that a model with minimum atness is a simple model, a
key open question is whether the sharpness-reduction implicit bias, characterized by the
Riemannian gradient ow of sharpness in [11], even successfully minimizes the sharpness
in the rst place. The convergence of the gradient ow so far is only known in very simple
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Results | Assumptions | Basic Description
e gD or x3 | The global minimizer of the squared loss,

Theorem 30

X is full-rank all neurons collapse into the same vector in the data subspace
& Ry . . .
Theorem 31! X=X C | The Riemannian gradient ow of sharpness converges

: to the global minimizer of sharpness on the manifold of zero loss
-normality [4]

& ) or x3
Theorem 29| X—X C |
-normality [4]

label noise SGD with small enough step size
converges to the global minimizer of the sharpness on the manifo

Table A.1: Summary of main theoretical results and key assumptions

settings, i.e., quadratically overparametrized linear nets [11]. In this regard, a central open
guestion in the study of sharpness minimization for label noise SGD is:

(2) Does label noise SGD converge to the global minimizers of the sharpness on
the manifold of zero loss, and if it does, how fast does it converge? In particular,
for what class of activations does global convergence happen?

In this paper, we show sharpness regularization provably leads to simplicity bias for two-layer
neural networks with certain activation functions. We further prove that the Riemannian
gradient ow on the manifold linearly converges to the global minimizer of the sharpnessr

all initialization . To our best knowledge, this is the rst global linear convergence result for
the gradient ow of trace of Hessian on manifolds of minimizers.

More formally, we consider the mean squared loss

T QU Q) T Xt wie? (A1)
for a two-layer network model where the weights of the second layer are xed to one and
“Xi;yiel', are the training dataset.! We consider label noise SGD on, that is, running
gradient descent on the losp' ijml TXie Vi 2 at each stept, in which independent
Gaussian noisey; N~0; 2e is added to the labels. The following is a corollary of the main
results of our paper, which proves the asymptotic convergence of label noise SGD to the
global minimizer of the sharpness. This result holds under Assumptions 2, 3, 4) and for
su ciently small learning rate.

Theorem 29 (Convergence to simple solutions from any initialization) Given any A0 and
arbitrary initial parameter 0, for label noise SGD with any noise variance? A0 initialized

at 0, there exists a thresholdy such that for any learning rate B ¢, running label noise
SGD with step size and number of iterationsT O"log"1~¢ 2 2e with probability at
leastl

1.7 T<B;
2. Tt’D2" Tee Binf . gTr'D2" oo

3. For all neurons ; T and all data pointsx;, T; T "X; "y,~meTB ;

We discuss how our result generalizes to the case of unequal weights at the end of Section A.4.2.
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whereD?" is the Hessian of the loss and we hide constants about lossd initialization 0

in O e,

Informally, Theorem 29 states that, rst, label noise SGD reaches zero loss and then (1)
successfully minimizes the sharpness to its global optima (2) and more importantly, it recovers
the simplest possible solution that ts the data, in which the feature matrix is rank one (see
Appendix J.2.3 for proof details). In particular, Theorem 29 holds for pure label noise SGD
without any additional projection.

Simplicity bias: We prove that at every minimizer of the trace of Hessian, the pre-
activation of di erent neurons becomes the same for every training data. In other words,
all of the feature embeddings of the dataset with respect to di erent neurons collapse
into a single vector,e.g, see Figure A.1. This combined with our convergence result
mathematically proves that the low-rank feature observation by [247] holds in our two-layer
network setting trained by sharpness minimization induced regularizer algorithms, such as
label noise SGD and 1-SAM.

Convergence analysis: Under an additional normality assumption on the activation (As-
sumption 3), we show that the gradient ow of the trace of Hessian converges exponentially
fast to the global optima on the manifold of zero loss, and as a result, label noise SGD
with a su ciently small step size successfully converges to the global minimizer of trace
of Hessian among all the models achieving zero loss. Importantly, we do not assume
additional technical conditions (such as PL inequality and non-strict saddle property used
in prior works) about the landscape of the loss or its sharpness, and our constants are
explicit and only depend on the choice of the activation and coherence of the data matrix.
Moreover, our convergence results hold in the strong sense i.e., the convergence holds for
the last iterations of label noise SGD.

We have summarized our main results in Table A.1. The novelty of our approach (after
that we show it converges to zero loss) is that we characterize the convergence on the
manifold of zero loss in two phases (1) the rst phase where the algorithm is far from
stationary points, trace of Hessian decreases with a at least constant rate and there is
no convexity in trace of Hessian, (2) the second phase where the algorithm gets close to
stationarity, we prove a novel g-convexity property of trace of Hessian which holds only
locally on the manifold, but we show implies an exponentially fast convergence rate by
changing the Lyapunov potential from value of trace of Hessian to the norm squared of its
gradient on the manifold. We further prove that approximate stationary points are close
to a global optimum via a semi-monotonicity property.

Interestingly, we observe this simplicity bias even beyond the regime of our theory; namely

when the number of data points exceeds the ambient dimension, instead of a single vector,
the feature embeddings of the neurons cluster and collapse into a small set of vectors (see
Figure B.1).
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Figure A.1: The rank of the feature and weight matrices go to one as Theorem 29 predicts in
the high dimensional settingd An.

A.2 Related Work

Implicit Bias of Sharpness Minimization. Recent theoretical investigations, including
those by [214], [195], and [11], have indicated that Stochastic Gradient Descent (SGD) with
label noise intrinsically favors local minimizers with smaller Hessian traces. This is under
the assumption that these minimizers are connected locally as a manifold and these analyses
focus on the nal phase of training when iterates are close to the manifold of minimizes. The
e ect of label noise or mini-batch noise in the central phase of training.e., when the loss

is still substantially above zero is more di cult and is only known for simple quadratically
overparametrized linear models [265, 266]. Further, [196] demonstrated that normalized
Gradient Descent (GD) intrinsically penalizes the Hessian's largest eigenvalue. [227] proposes
that such sharpness reduction phenomena could also be triggered by a multi-scale loss
landscape. In the context of scale-invariant loss functions, [197] found that GD with weight
decay implicitly reduces the spherical sharpness, de ned as the Hessian's largest eigenvalue
evaluated at the normalized parameter.

Another line of research examines the sharpness minimization e ect of large learning rates,
assuming that (stochastic) gradient descent converges at the end of training. This analysis
primarily hinges on the concept of linear stability, as referenced in works by [225], [226],
[227], and [228]. More recent theoretical analyses, such as those by [229] and [230], suggest
that the sharpness minimization e ect of large learning rates in gradient descent does not
necessarily depend on the convergence assumption and linear stability. Instead, they propose
a four-phase characterization of the dynamics in the so-called Edge of Stability regime, as
detailed in [226].

Sharpness-aware Minimization (SAM, [204]) is a highly e ective regularization method that
improves generalization by penalizing the sharpness of the landscape. SAM was independently
developed in [206, 207]. Recently, [198, 262] proved that SAM successfully minimizes the
worst-direction sharpness under the assumption that the minimizers of training loss connect
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as a smooth manifold. [198] also analyze SAM with batch size 1 for regression problems and
show that the implicit bias of SAM becomes penalizing average-direction sharpness, which is
approximately equal to the trace of the Hessian of the training loss. [267] observe that the
SAM update rule for ReLU networks is locally biased toward sparsifying the features leading
to low-rank features. However, their analysis is local and does not provide a convergence
proof. They further con rm empirically that deep networks trained by SAM are biased to
produce low-rank features.

Figure A.2: The feature embeddings of neurons collapse into clusters in the low dimensional
regimed @n. The plot visualizes this phenomenon using the rst and second principal
components of the feature embedding*X .

A.3 Main Results

Problem Setup. In this paper, we focus on the following two-layer neural network model:

m
FoanXe<Q 7 xe: (A.2)
i1
Here ~ 1;:::; me and are the set of parameters and activation of the neural network,
respectively. As illustrated in Equation equation A.2, we assume that all the second-layer
weights are equal to one. At the end of section A.4.2 we discuss how our approach in
Theorem 30 generalizes to any xed choice of weights in the second layer. We dennote the

matrix of the weights by >R™ 9, whosej" row is j. Given a training dataset ~ x;;y;* X
|
we study the mean squared loss

n
c<Q T Xie YieX (A.3)

i1l

A
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For simplicity, we assume that the data points have unit norm, i.ej i > n, YY 1. Let
M denote the zero level set of: M < >RT " ¢« 0. As we show in Lemma 225 in the

Appendix, M is well-de ned as a manifold due to a mild non-degeneracy condition implied
by Assumption 2. We equipM with the standard Euclidean metric inR™,

The starting point of our investigation is the work [11], which characterizes the minimizer
of the trace of the Hessian of the losgrhess, as the implicit bias of label noise SGD by
showing that, in the limit of step size going to zero, label noise SGD evolves on the manifold
of zero loss according to the following deterministic gradient ow:

% “te < © Trhess™ “tee: (A.4)

Here, © is the Riemannian gradient operator on the manifoldM , which is the projection of
the normal Euclidean gradient onto the tangent space dfl at “te. We use this result of [11]
to relate the convergence of label noise SGD to the convergence of the ow equation A.4.
Our main object of study in this paper is then the global convergence of this ow. Note
that starting from a point "0s on M, “te remains onM for all timest (for a quick recap
on basic notions in Di erential Geometry such as covariant derivative and gradient on a
manifold, we refer the reader to AppendiX??.) On a manifold, similar to Euclidean space,
having a zero gradientY©Trhess™ *eY 0 (the gradient de ned on the manifold) at some
points * is a necessary condition for being a local minimizer, or equivalently the projection
of Euclidean gradient onto the tangent space at* has to vanish. More generally, we call
an -stationary point on M if YOTrhess™ «YB .

A.3.1 Characterization of Stationary Points

Before characterizing the stationary points offir hess, we introduce an important assumption
on the activation function, namely the convexity and positivity of its derivative.
Assumption 2 (Strict positivity and convexity of . For all z>R, ®ze C% AQ; *®*% C
% AOQ.

For example, Assumption 2 is satis ed for "xe x3 x with constants% ;% 1. In
Lemma 224, given the condition ®%%0 we show that “te remains in a bounded domain along
the gradient ow, which means having the weaker assumption that® ®%®0 automatically
implies Assumption 2 for some positive constant® and %. Another activation of interest to
us that happens to be extensively e ective in NLP applications is the cubet) activation [268].
Although x3 does not satisfy the strict positivity required in Assumption 2, we separately
prove Theorem 30 forx3 (see Lemma 227 in the Appendix.)

Next, let X <%, T ::K,Zbe the data matrix. We make a coherence assumption o6 which
requires the input dimensiond to be at least as large as the number of data points, denoted
by n.

Assumption 3 (Data matrix coherence) The data matrix X satises XX C I:

Assumption 2 implies thatM is well-de ned as a manifold (see Lemma 225 for a proof).
Under aforementioned Assumptions 2 and 3, we show that the trace of the Hessian regularizer
has a unique stationary point on the manifold.
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Theorem 30 (First-order optimal points). Under Assumptions 2 and 3, the rst order
optimal enoints and global optimums ofrhess on M coincide and are equal to the set of all

b _ such that for alli > n andj > m satisfy the following:
J

¥

i Pyme: (A.5)

Note that instead of Assumption 3, just having the linear independence 0k ; su ces

to prove Theorem 30, as pointed out in section A.4.2. In particular, Theorem 30 means
that the feature matrix is rank one at a global optimum *, which together with our main
convergence result Theorem 29 proves the low-rank bias conjecture proposed by [247] in the
two-layer network setting for label noise SGD and 1-SAM. Notice th&-m e ect of the number

of neurons on the global minimizers of the implicit bias in Equation equation A.5. While
Theorem 30 concerns networks with equal second-layer weights, the case of unequal weights
can be analyzed similarly, as we discuss after the proof of Theorem 30 in Section A.4.2.

A.3.2 Convergence Rate

Next, to state our convergence result, we introduce the key-normality assumption, under
which we bound the rate of convergence of the trace of Hessian to its global minimizer.
Assumption 4 ( -normality). For all z >R the second derivative of "z can be bounded by
the rst and third derivatives as:

®G, B Brze 2K

An example class of activations that satis es both Assumptions 2 and 4 is of the form
"ze zZ& 1 7z for AO, which is well-known in the deep learning theory literature [249,
251, 269, 270]. Notably, these activations satisfy Assumption 4 with normality coe cient

o~ 1 . 5
min ——oZc 7., °°-

Under Assumptions 2, 3, and 4, we show that"te converges to * exponentially fast in
Theorem 31. This results from strong local g-convexity of trace of Hessian for approximate
stationary points (see Lemmas 48 and 219), plus a semi-monotonicity property for the trace
of Hessian (Lemma 50).

Theorem 31 (Convergence of the gradient ow) Consider the limiting ow of Label noise
SGD on the manifold of zero loss, which is the gradient ow in equation A.4. Then, under
Assumptions 2,3, and 4,

(C.1) The gradient ow reaches -stationarity for all times

Trhess™ "Oee log™ 2~"9%%8 2 Y1Ye

tC
2 %%

(C.2) Forallj >m andi> n, the dot product of thejth neuron to theith data point

becomes -close to that of any global optimum?#:
Tj At‘_Xi ji_XiTB ; (A6)

where * is de ned in Theorem 30.
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The formal proof of Theorem 31 is given in Section J.2.3. We sketch its proof in Section A.4.3.
Note that the rate is logarithmic in the accuracy parameter, i.e., the ow has exponentially
fast convergence to the global minimizer.

A.4 Proof Sketches

Before delving into the technical details of the proofs, we discuss some necessary background
and additional notation used in the proofs.

A.4.1 Additional Notation
We usef;” ¢ to denote the output of the network on theith input x;, i.e.,

fiA '<I’;NNAXi': (A?)

useD for the Euclidean directional derivative or Euclidean gradient, an® for the covariant

derivative on the manifold or the gradient on the manifold. We denote the Jacobian of
at point by Df © « whoseith row is Df ;" ¢, the Euclidean gradient off; at . Recall

the de nition of the manifold of zero loss as the zero level set of the losswhich is the
intersection of zero level sets of functionf;; i> m : M >RSi>n; fi" « vy :The

tangent spaceT "M ¢ of M at point can be identi ed by the tangents to all curves on
M passing through , and the normal spacel N"M e in this setting is just the orthogonal
subspace toT "M . We denote the projection operators ontd "M « and TN"M « by P and

pN ,nrespectively. For a set of vectorSv;+ ; where for alli > n , v, >Rd, we use the notation
Vi . to denote the vector inR" obtained by stacking vectors'v;e! ..

|

A.4.2 Proof Sketch of Theorem 30

In this section, we describe the high-level proof idea of Theorem 30. Note that Theorem 30
characterizes the rst order stationary points ofTrhess on M, i.e., points * on M for which
©Trhess™ *» 0. The starting point of the proof is the observation that the gradientDf ;~
form a basis for the normal space at. )
Lemma 45 (Basis for the normal space) For every , the set of vectors Df ;" form a

i1
basis for the normal spac@N"M « of M at
For a stationary point * with ©F~ *e 0, the Euclidean gradient at * should be in the

n

normal spaceT¥ "M «. But by Lemma 45, this means there exist coe cients ; such

i1
that
n
D Trhesss” * Q 2 ;Df;" *e: (A.8)
i1

To further understand what condition equation A.8 means for our two-layer network equa-
tion A.2, we rst state a result from prior work in Lemma 46 (see e.g. [259]) regarding the
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trace of the Hessian of the mean squared losfor some parameter >M (see Section J.3.2
for a proof).
Lemma 46. For the loss on the dataset de ned in Equation equation A.3 and parameters
with °~ « 0, we have

n

Trhess™ « Q YDf;™ Y&

i1
Using Lemma 46, we can explicitly calculate the trace of Hessian for our two-layer network
in equation A.2.
Lemma 47 (Trace of Hessian in two-layer networks) For the neural network model equa-
tion A.2 and the mean squared lossin Equation equation A.3, for any with ™~ « 0 we
have

n m
Trhess” « Q Q *® X% (A.9)
i1j 1

Now we are ready to prove Theorem 30.

Proof of Theorem 30. From Equation equation A.8 and by explicitly calculating the gradients
“Df;" *ee! using Lemma 47, we have

n m
Q 2 ® J-i_Xi‘ mji_xioxi ‘
i1 Il
n m

Q2 ® XX

i1 i1

n
But using our assumption that the data points x; are linearly independent, we have

i1

foralli>n andj > m, mj*_xi- i. Now, because *%% positive and *%5 strictly
monotone, its inverse is well-de ned:
X< B ey (A.10)
This implies ~ ,-i_Xi‘ " ;e. Therefore,
m
Vi Q ji_Xi' m i (All)

j1
But note that from strict monotonicity of  from Assumption 2, we get that it is invertible.
Therefore, Equation equation A.11 implies

i Uyieme; and ©® Pyj-mes:
This characterizes the rst order optimal points of Tr hess.

On the other hand, note that Trhess CO0, so its in mum over M is well-de ned. Moreover,
from Lemma 224 the set of's with Trhess™ « Bc for arbitrary cis bounded inR™. Therefore
Trhess has a global minimizer onM . But the global minimizers are also stationary points
and from Equation equation A.10 we see that all of the rst order optimal points have the
same value offrhess. Therefore, all rst order optimal points are global optima and satisfy
Equation equation A.10. ]
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Results for General Second Layer Weights: Note that if the weights of the second
layer are xed arbitrarily to “w; <", then Equation equation A.10 simply turns into j*_xi

cecd~ i~w; *; namely, the ®%mage of the feature matrix *X is rank one. Interestingly, this
shows that in the general case, the right matrix to look for obtaining a low-rank structure is
the embedding of the feature matrix by the second derivative of the activation (for the cube
activation this embedding is the feature matrix itself.) Next, we investigate the convergence
of the gradient ow in Equation equation A.4.

A.4.3 Proof Sketch of Theorem 31

The rst claim (C.1) of Theorem 31 is that after timet C ~"log" 1~ =, the gradient will
always be smaller than . It is actually trivial to prove that there exists some time at most
t O 1~2e such that YOTrhess™ “teeY B without any assumption, based on a standard
argument which is a continuous version of descent lemma. Namely, if the gradientTahess
remains larger than some A0 along the ow until time t ATrhess™ “0es~ 2, then we get a
contradiction:

Trhess™ "0ee Trhess™ “tee

t
s [©Trhess “teeZ ATrhess”™ “Oee:
0

Our novelty here is a new characterization of the loss landscape under Assumptions 2, 3
(Lemma 48 proved in Appendix J.2.1).
Lemma 48 (PSD Hessian when gradient vanishes)Suppose that activation satis es
Assumptions 2, 3, and 4. Consider a point on the manifold where the gradient is small,
namely YO Trhess™ YB ~ . Then, the Hessian ofTr hess on the manifold is PSD at point

, or equivalently Trhess is locally g-convex onM around

Lemma 48 implies that whenever the gradient is su ciently small, the time derivative of the
squared gradient norm will also be non-positive:

%\@TrhessA “teeY?
© Trhess™ “tee ©2Trhess™ “tes©Trhess™ “tes BO;

Therefore, once the gradient is su ciently small at somd, it will always remain small for all
t®At. In fact, we show that the Hessian ofir hess on the manifold is strictly positive with a
uniform %% lower bound in a suitable subspace which includes the gradient (Lemma 219).
Then

dYOTrhess™ “teeY?

dt
© Trhess™ “tee ©?Trhess™ “tee ©Trhess™ “tee

B %% YOTrhess™ “teeY?;

which further implies a linear convergence of gradient norm:

YOTrhess™ “tesY? BYOTrhess™ ~ “tgeeeY?e ! lon%% -
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Next, we state the high level ideas that we use to prove Lemma 48, which is the key to
proving Theorem 31. Before that, we review some necessary background.

Computing the Hessian on M . To prove Lemma 48, we calculate the Hessian of
F < Trhess on the manifold in Lemma 49. The Hessian of a functioR on R is de ned
asD?F u;w  "D°DF " e u ;we whereDF "~ e is the usual Euclidean gradient of at
and D":» u denotes directional derivative. To calculate the Hessian on the manifold, one
needs to substitute the Euclidean gradienDF ~ ¢ by the gradient ©F " « on the manifold.
Moreover, D"DF ™ *» u has to be substituted by the covariant derivative©,OF " », a
di erent di erential operator than the usual derivative. We recall the characterization of the
covariant derivative as the projection of the Euclidean directional derivative onto the tangent
space. For more background on covariant di erentiation, we refer the reader to Appende.
Fact 2. For vector elds V;W on M, we have©y, W~ ¢ P "DW"~ e V .

We also recall the de nition of Hessiar©?F on M based on covariant derivative.
Fact 3. The Hessian ofF at point on M is given by©’F"w;us "©,0F;ue
Next, we state Lemma 49, which is proved in Appendix J.2.1.
n
Lemma 49 (Hessian of the implicit regularizer on the manifold) Recall that Df ;" « isa
[

i1l
basis for the normal spacd N "M ¢ according to Lemma 45. Let ® ~ ®I  be the coe cients
n
representingPN"D"Trhesss™ e >TN"M « in the basis Df ;" « , i.e.
i1

PNSD"Trhesss™ »= Q, ®f;" «

Then, the Hessian offrhess on M can be explicitly written (in the Euclidean charR) using
*as

©*Trhess™ « u;w
D?Trhess™ « u,w Q. , P « u;w; (A.12)

for arbitrary u;w >T "M ¢, where D? and ©? denote the normal Euclidean Hessian and
Hessian over the manifold.

Observe in the formula of©?"Trhesse in Equation equation A.12 the rst term is just the
normal Euclidean Hessian ofrhess while we get the second projection term due to the
di erence of covariant di erentiation with the usual derivative. Finally, to prove the second
claim (C.2) of Theorem 31, we prove Lemma 50 in Appendix J.3.5 which shows that the
small gradient norm of YOTrhess™ ¢YB implies the (approximate) alignment of features.
Lemma 50 (Small gradient implies cloose to optimum) SupposeY©Trhess™ ¢YB . Then,

foralli>n;j>m, U j*_xiLB ~" 90,%e; for * in Equation equation A.5.

A.5 Experimental Setup

We examine our theory on the convergence to a rank one feature matrix in Figure A.1 via a
synthetic experiment by considering a network withm 10 neurons on ambient dimension
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d 3andn 3data points. We further pick learning rate  0:05and noise variance  0:03
for implementing label noise SGD. Each entry of the data points is generated uniformly on
0; 1, which is the same data generating process in all the experiments. As Figure A.1 shows,
the second and third eigenvalues converge to zero which is predicted by Theorem 30. On
the other hand, in a similar setting with the same learning rate  0:05 but larger 0:2
we run a synthetic experiment withd 5 this time smaller than the number of data points
n 6. In this case, the feature matrix cannot be rank one anymore. However, one might
guess that it still converges to something low-rank even though our theoretical result is shown
only for the high dimensional case; in this case, the smallest possible rank to t the data is
indeed two, and surprisingly we see in Figure J.1 that except the rst and second eigenvalues
of the feature matrix, the rest go to zero. To further test extrapolating our theory to the
low dimensional cased @n), this time we use a higher number of data pointsa 15 with
ambient dimensiond 10 and 30 neurons, with learning rate  0;1 and noise variance
0:2. We observe a very interesting property: even though the feature matrix is high rank
in this case, the neurons tend to converge to one another, especially when they are close, as if
there is a hidden attraction force between them. To visualize our experimental discovery, in
Figure B.1 we plot the rst two principal components (with the largest singular values) of the
feature vectors for each neuron, and observe how it changes while running label noise SGD.
We further pick 12 neurons for which the rst and second components are bounded i; 0:1
and 0;0:5, respectively. As one can see in Figure B.1, most of the principal components
of the neurons except possibly one outlier are converging to the same point. This is indeed
the case for the feature vectors of neurons as well, namely, they collapse into clusters, but
unfortunately, we only have two dimensions to visualize this, and we have picked the most
two e ective indicators (the rst and second principal components.)

A.6 Conclusion

In this paper, we take an important step toward understanding the implicit bias of label noise
SGD with trace of Hessian induced regularizer for a class of two layer networks. We discover
an intriguing relationship between this induced regularizer and the low-rank simplicity bias
conjecture of neural networks proposed in [247]: we show that by initializing the neurons in
the subspace of high-dimensional input data, all of the neurons converge into a single vector.
Consequently, for the nal model, (i) the rank of the feature matrix is e ectively one, and (ii)
the functional representation of the nal model isvery simple speci cally, its sub-level sets
are half-spaces. To prove this, in spite of the lack of convexity, we uncover a novel structure
in the landscape of the loss regularizer: the trace of Hessian regularizer becomes locally
geodetically convex at points that are approximately stationary. Furthermore, in the limit of
step size going to zero, we prove that label noise SGD or 1-SAM convesyponentially fast

to a global minimizer.

Furthermore, generalizing the class of activations that enjoy fast convergence or proving the
existence of fundamental barriers and handling the case of low-dimensional input data are
interesting future directions. Based on the compelling empirical evidence from [247] and our
results for two-layer networks, we hypothesize that a low-rank simplicity bias can also be
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shown for deeper networks, possibly using the sharpness minimization framework.
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Appendix B

Can Looped Transformers Learn to
Implement Multi-step Gradient
Descent for In-context Learning?

Abstract

The remarkable capability of Transformers to do reasoning and few-shot learning, without any
ne-tuning, is widely conjectured to stem from their ability to implicitly simulate a multi-step
algorithms such as gradient descent with their weights in a single forward pass. Recently,
there has been progress in understanding this complex phenomenon from an expressivity
point of view, by demonstrating that Transformers can express such multi-step algorithms.
However, our knowledge about the more fundamental aspect of its learnability, beyond single
layer models, is very limited. In particular,can training Transformers enable convergence to
algorithmic solutions? In this work we resolve this for in-context linear regression with linear
looped Transformers a multi-layer model with weight sharing that is conjectured to have

an inductive bias to learn x-point iterative algorithms. More speci cally, for this setting

we show that the global minimizer of the population training loss implements multi-step
preconditioned gradient descent, with a preconditioner that adapts to the data distribution.
Furthermore, we show a fast convergence for gradient ow on the regression loss, despite the
non-convexity of the landscape, by proving a novel gradient dominance condition. To our
knowledge, this is the rst theoretical analysis for multi-layer Transformer in this setting.
We further validate our theoretical ndings through synthetic experiments.

B.1 Introduction

Transformers [271] have completely revolutionized the eld of machine learning and have led to
state-of-the-art models for various natural language and vision tasks. Large scale Transformer
models have demonstrated remarkable capabilities to solve many di cult problems, including
those requiring multi-step reasoning through large language models [272, 273]. One such
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particularly appealing property is their few-shot learning ability, where the functionality
and predictions of the model adapt to additional context provided in the input, without
having to update the model weights. This ability of the model, typically referred to as
in-context learning , has been crucial to their success in various applications. Recently, there
has been a surge of interest to understand this phenomenon, particularly since [7] empirically
showed that Transformers can bérained to solve many in-context learning problems based
on linear regression and decision trees. Motivated by this empirical success, [9, 10] theo-
retically showed the following intriguing expressivity result: multi-layer Transformers with
linear self-attention can implement gradient descent for linear regression where each layer of
Transformer implements one step of gradient descent. In other words, they hypothesize that
the in-context learning ability results from approximating gradient-based few-shot learning
within its forward pass. [274], further, extended this result to more general model classes.

While such an approximation is interesting from the point of view of expressivity, it is unclear

if the Transformer model canlearn to implement such algorithms. To this end, [275, 276]
theoretically show, in a Gaussian linear regression setting, that the global minimizers of a
one-layer model essentially simulate a single step of preconditioned gradient descent, and
that gradient ow converges to this solution. [275] further show for the multi-layer case
that a single step of gradient descent can be implemented by some stationary points of the
loss. However, a fundamental characterization of all the stationary points for multi-layer
Transformer, and the convergence to a stationary point that implements multi-step gradient
descent, remains a challenging and important open question.

In this work, we focus our attention on thelearnability of such multi-step algorithms by
Transformer models. Instead of multi-layer models, we consider a closely related but di erent
class of models calledboped Transformers where the same Transformer block is looped
multiple times for a given input. Since the expectation from multi-layer models is to simulate
an iterative procedure like multi-step gradient descent, looped models are a fairly natural
choice to implement this. There is growing interest in looped models with recent results [277]
theoretically showing that the iterative nature of thelooped Transformermodel can be used to
simulate a programmable computer, thus allowing looped models to solve problems requiring
arbitrarily long computations. Looped Transformer models are also conceptually appealing
for learning iterative optimization procedures the sharing of parameters across di erent
layers, in principle, can provide a better inductive bias than multi-layer Transformers for
learning iterative-optimization procedures. In fact, by employing a regression loss at various
levels of looping, [278] empirically nd that looped Transformer models can be trained to
solve in-context learning problems, and that looping on an example for longer and longer at
test time converges to a desirable xed-point solution, thus leading them to conjecture that
looped models can learn to express iterative algorithins

Despite these strong expressivity results for looped models and their empirically observed
inductive bias towards simulating iterative algorithms, very little is known about the optimiza-
tion landscape of looped models, and the theoretical convergence to desirable and interpretable
iterative procedures. In fact, a priori it is not clear why training should even succeed given
that looped models heavily use weight sharing and thus do not enjoy the optimization bene ts

The algorithm should converge to a desirable xed point.
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of overparameterization that has been well studied [279, 280]. In this work, we delve deeper
into the problem of optimizing looped Transformers and theoretically study their landscape
and convergence for in-context linear regression under the Gaussian data distribution setting
used in [275, 276]. In particular, the main contributions of our paper are as follows:

A

We obtain a precise characterization of the global minimizer of the population loss
for a linear looped Transformer model, and show that it indeed implements multi-
step preconditioned gradient descent with pre-conditioner close to the inverse of the
population covariance matrix, as intuitvely expected.

Despite the non-convexity of the loss landscape, we prove the convergence of the gradient
ow for in-context linear regression with looped Transformer. To our knowledge, ours
is the rst such convergence result for a network beyond one-layer in this setting.

To show this convergence, we prove that the loss satis es a novel gradient-dominance
condition, which guides the ow toward the global optimum. We expect this convergence
proof to be generalizable to rst-order iterative algorithms such as SGD with gradient
estimate using a single random instance [281].

" We further translate having a small sub-optimality gap, achieved by our convergence
analysis, to the proximity of the parameters to the global minimizer of the loss.

B.2 Related Work

In-context learning.  Language models, especially at larger scale, have been shown to em-
pirically demonstrate the intriguing ability to in-context learn various tasks on test data [272]
More recently, [7] formalized in-context learning ability and empirically observed that Trans-
formers are capable of in-context learning some hypothesis classes such as linear or two layer
neural networks, sometimes improving over conventional solvers. There have since been many
paper studying this intriguing in-context learning phenomenon [9, 10, 282, 283]

Transformers in modeling iterative optimization algorithms. [284] rst observed
that neural networks with residual connections are able to implicitly implement gradient
descent. [9, 10] use this line of reasoning for in-context learning by constructing weights for
linear self-attention layers that can emulate gradient descent for various in-context learning
tasks, including linear regression. Furthermore, [10] empirically investigate various in-context
learners that Transformers can learn as a function of depth and width. Also, [285] hypothesize
the ability of Transformers to (i) build an internal loss based on the speci c in-context task,
and (ii) optimize over that loss via an iterative procedure implemented by the Transformer
weights. [274] generalize the results to show that Transformers can implement gradient
descent over a smaller Transformer. Recently, [286] empirically observe that Transformers
can learn to emulate higher order algorithms such as Newton's method that converge faster
than gradient descent.

Transformers in reasoning and computation. Indeed the in-context capabilities of
Transformers in doing reasoning at test time and emulating an input-speci ¢ algorithm as
a computer bear deep similarities [287 289]. Years before the advent of Transformers, [290]
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study the Turing completeness of recurrent neural networks. To show the computational power
of Transformer as a programmable device, [260, 291, 292] demonstrate that Transformers can
simulate Turing machines. Furthermore, [293] propose using Transformer as programmable
units and construct a compiler for the domain speci ¢ programming language called RASP.
[291] further nd a more e cient implementation of a programming language that is also
Turing complete using looped Transformers, without scaling with the number of lines of code.
More recently [277] used looped models to simulate a single-instruction program. [278] show
that looped Transformers can in-context learn solvers for linear regression or decision trees
as well as normal Transformers but with much fewer parameters.

B.3 Preliminaries

B.3.1 In-context learning (ICL)

One of the surprising emergent abilities of large language models is their ability to adapt
to speci c learning tasks without requiring any additional ne tuning. Here we restate
the formalism of in-context learning introduced by [7]. Suppose for a class of functions
F and input domain X, we sample an in-context learning instancé ™ X;;yi*{" ;; Xq* by
samplingx; Dx andf Dg independently, then calculating; i >71;2;:::;ne;y;  f7Xje.
An in-context learner M parameterized by is then a mapping from the instancd to a
prediction for the label of the query pointf "x4¢. The population loss ofM is then de ned as

o 2
"M s ED;;DxEM “Ie f xgee (B.1)

B.3.2 Linear regression ICL setup

In this work, we consider linear regression in-context learning; namely, we assume sampling
v --n A
a linear regression instance is given by  S&i;y;Y ;Xq* where forw* N70; %, Lo,
i1
Xi N70; f; 4 we havey; f.:"x;» w*7x; foralli> n. The goal is to predict the label of
Xgq, i.e. W Xq. De ne the data matrix X >R9 ", whose columns are the data pointSx;e! ,:

We further assumen Ad, i.e. the number of samples is larger than the dimension. nThis
combined with the fact that | is realizable implies that we can recoven* from 3x;;y;Y

i1
by the well-known pseudo-inverse formula:

wh XX T IXy:

While a reasonable option for the in-context learneM “I ¢ is to implement "XX — 1Xy,
matrix inversion is arguably an operation that can be costly for Transformers to implement.
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On the other hand, it is known that linear regression can also be solved by rst order
algorithms that move along the negative gradient direction of the loss

we YXTWE Oy

Using a standard analysis for smooth convex optimization, since the Hessian of the loss
YX-w#  yY2 is XX —with condition number , gradient descent with step size converges

in O e iterations. This means that we needD” « many layers in the Transformer to solve
linear regression. Particularly, [9] show a simple weighting strategy for the key, query, and
value matrices of a linear self-attention model so that it implements gradient descent, which
we introduce in the next section.

B.3.3 Linear self-attention layer

Here we de ne a single attention layer that forms the basis of the linear Transformer model
we consider. De ne the matrixZ %, which we use as the input prompt to the Transformer,
by combining the data matrix X, their labelsy, and the query vectorx, as

- X X
0- q .
Z y— 0

Following [9, 275, 294], we consider the linear self-attention modéitn ' "Z; Wy.q.v* de ned
as
AN "™ "Z:Wiqvs WY ZM “Z W WZe;

I 0 . .
M nn >Rn 1 "n 1e.
0O O '

where Wy; Wy; W, are the key, query, and value matrices, respectively and the indéx r
below a matrix determines its dimensions. Furthermore, similar to [275], we use mask matrix
M in order to avoid the tokens corresponding tox;;y;e to attend the query vectorx,, and
combine product of the key and query matrices int@Q W, W, to obtain the following
parameterization for the attention layer (denotingW,, by P):

Attn '™ *Z:Q;Pe PZM"ZQZe: (B.2)

B.3.4 Linear looped Transformer

The linear looped transformerTF_ “Z % ;Q; P+ can be de ned by simply chainingL linear
self-attention layers with shared parameter§ and P. In particular, we de ne

R R 1 .
zv o ztr AN n~7:Q;Pe: (B.3)

for all t > L . Then, the output of an L layer looped transformerTF_“Z %;Q; P just uses
the "d 1 “n 1e entry of matrix Z'-* i.e.,

TFL"Z%;Q;Pe Z' g 1on 100 (B.4)
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We note that the minus sign in the nal output of the Transformer is only for simplicity of
our expositions later on.

Can looped Transformer implement multi-step gradient descent? We rst examine

the expressivity of looped Transformer. The key idea is to leverage the existing result of
one step preconditioned gradient descent from [275] and use the loop structure of looped
Transformer to show that it can implement multi-step preconditioned gradient descent. For
completeness, we rst restate the observation of [275] that linear attention can implement
a step of preconditioned gradient descent with arbitrary preconditioneA. For this, it is
enough to pick

Proposition 1  (Expressivity; Lemma 1 from [275]) For an appropriate choices o and Q,

the linear looped Transformer from EquationB.4) implements multiple steps of preconditioned
gradient descent on the linear regression instance.

The proof described below is identical to the one from [275]. While this is an expressivity
result, our main contribution in later sections is to show convergence to such a solution.

Proof. For Proposition 1, preconditioned gradient descent with preconditioneA can be
implemented by settingP and Q to the following:

Q M2 Mo ¥, (8.5)
Then for the matrix X x4 >Rd " *
Attn " *Z:Q; P+ o Yy XA X Xxq (B.6)
"0 %A@W‘;o-fx; (B.7)
Attn " *Z:Q; Pe L Od n; (B.8)

where index"k r; e denotes the restriction of the matrix to its rows betweerk and r,
and we used the fact that®©,,"2"0» Xy. But if we update w with the gradient of *2"we
preconditioned byA and step size% and assumingw, 0O, then

1 <on 1 -
W, Wo ﬁA©W ZWge O HA©W 27 Qe:
Plugging this into Equation equation B.7:

Attn '™ ~Z: Q; P wyX
“d 1e;1n

Attn' "Z;Q; P WX
“d 1en 1

Further, by using Equation equation B.7 in Equation equation B.3 we get
zr — wiX;
“d 1+;1n y 1

zr WiXq Z & X: B.9
“d 1e;n 1 17 1d; ( )
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It is easy to see that Equations equation B.9 hold for alz 't with w; substituted by
correspondingw;, thus, allowing implementation of multi-step gradient descent. ]

B.3.5 Loss function on the weights

In previous section, while we observed that looped Transformer can implement preconditioned
gradient descent, the choice of the preconditioner and its learnability by optimizing a loss
function (e.g. squared error loss) still remain unclear. Following [275, 276], we search for

the best setting of matricesP; Q, whereQ Ado d 8 , i.e. only the top leftd d block can

Od_d O for parameter vectoru >Rd.

be non-zero, andP 1

The population squared loss as a function & and u is

EwH; X TFL"Zo; Q;Pe  yqo2:

We de ne a parameter Sg%- which governs the accuracy of our estimates, which
goes to zero a;m 2 .

Figure B.1: Summary of main theoretical results and key assumptions

B.3.6 Choice of the preconditioner

It is instructive to discuss the choice of the preconditioneA since it determines speed of
convergence ofy; to the solution of the regression. Note that the exact solution of an
over-determined linear regression instanceX;ye« isw “XX — 1Xy. This can be obtained
only after one step of preconditioned gradient descent starting from the origin and using
inverse of the data covariance matrix preconditioner

1 n
— XiXi
n in o
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In general, it may not be possible to pick the weights of the Transformer to ensure such a
preconditioner for all possible regression instances as every instaniey e has its own data
covariance matrix%XX — But since x;'s are sampled i.i.d fromN ~0; *e, it is known that
the inverse of the data covariance matrix concentrates around the inverse of the population
covariancel ¥. Thus, a reasonable choice & is the inverse of the population covariance
matrix ¥ °.

In fact, [275] show that the global minimum ofone-layerlinear self-attention model under
Gaussian data is the inverse of the population covariance matrix plus some small regular-
ization term. However, the characterization of global minimizer(s) of the population loss
for the multilayer case is largely missing. Speci callyis there a global optimum for solving
regression with Transformers that is close to gradient descent with preconditionef '? In
this work, we solve this open problem for looped Transformers; given that data is sampled
iid from N"0; *e, we show that the optimal looped Transformer under constraints stated
in Section B.3.5,A°! will be close to * *.

B.3.7 Convergence

In this section, we state our main results. First, we give a tight estimate on the set of global
minimizers of the population loss, under the Gaussian assumption, for the looped Transformer
model with arbitrary number of loopsL.

Theorem 32 (Characterization of the optimal solution). Suppose A°Pt; ucrte are a global
minimizer for L"A;ue. Then, under condition SL—dﬁz BZ%L,

1. L"Aopt; yopte B BLA72%
1~"2L.

271 o *UL AP "1 e fhc 8dY2r andut O, where recall  S¥d.
Remark 5. From Theorem 32, we rst observe that the parametar has no e ect in obtaining
a better regression solver and has to be set to zero in the global minimizer. This result was
not known in the previous work [275]. A value af°®® 0 implies that the optimal looped
Transformer exactly implementd. steps of preconditioned gradient descent, with preconditioner
AcPt,

Secondly, as discussed in Appendix B.3.6, the choice of preconditioner plays an important
role in how fast gradient descent converges to the solution of linear regression. Intuitively
the inverse of the population covariance seems like a reasonable choice for a single xed
preconditioner, since it is close to the inverse of the data covariance for all linear regression
instances. The above result shows that the global optimum is indeed very close to the inverse
of the population covariance.

Precisely how close the optimum is to the population covariance depends on the parameter
%, which goes to zero as the number of examples in each prompt goes to in nity. In

general, we do not expect the global minimizer to be exactly equal to" *. Indeed for the case
of one layer Transformer, which is equivalent to a loop-transformer with looping parameter
L 1, the global minimizer found in [275] is not exactly the inverse of the covariance matrix,
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but close to it. Even in their case, the distance goes to zero as 2 . This shows that our
estimate in Theorem 32 is essentially the best that one can hope for.

Next, we state our second result, which concerns the convergence of the gradient ow of the
loss to the proximity of the global minimizer.

Theorem 33 (Convergence of the gradient ow) Consider the gradient ow with respect to
the lossL"A; 0 for * |I:

d
—A"te  © AL"A"te;0e:
dt A

o. L 1~L . .
Then, for any C2°4 «2-, after time t CSte STl 12 1t we have

1. LAt B ,

2. 71 81 A4dl2lce 172LeepOPt| A
| "1 8§81 4d1~‘2L-. 1~‘2L-.A0pt

Note that the landscape of the loss with respect té is highly non-convex, hence Theorem 33
does not follow from the typical convex analysis of gradient ows. The key in obtaining
this result is that we show a novel gradient dominance condition for the loss with power
"2L  1-~L, which we state next.

Theorem 34 (Gradient dominance) Given * |, for any A that L"A; Qe C%, we have
the following gradient dominance condition:

1 .
YOAL"A; 0eY? C1—6L“A; Qe 2b 1t

Remark 6. Theorem 34 illustrates that the squared norm of the gradient is at least propor-
tional to the power 2L 1e~L of the value of the loss. On the other hand, it is easy to see
that the speed of change of the value of the loss on the gradient ow, narrﬁly”AAt-;O-, IS
equal to the squared norm of the gradient. But when the value of the loss is large, then the
size of the gradients increase accordingly due to gradient dominance, therefore the convergence
is faster when the loss is high. This trend is evident in the rigorous rate that we obtain on
the convergence of the gradient ow in Theorem 32.

B.4 Proof Ideas

The proof is structured as follows:

N

We obtain closed form formula for the loss function in Lemma 51 in terms of the
parameter A and covariance *. The loss depends on how clogg'2 Al?2 is close to
identity for a randomly sampled . Using the estimates in Lemma 53, we obtain an
estimate on the loss based on the eigenvalues of the matA%2 *A12  Importantly,
the result of Lemma 53 is based on estimating the higher moments of the Wishart
matrix with arbitrary covariance, shown in Lemma 52 Using our estimate of the loss
in Lemma 53, we obtain a precise characterization of the global optimum.
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(a) Loss curve (b) Distance to identity

Figure B.2: Measuring the e ect of number of samples for looped models trained on inputs
of dimensiond 5. Theorem 32 shows that the global optima for looped models4s |

(since * | here) for large enougm. Here we verify that A converges to something very
close tol even for smaller values ofi and evenn @u.

Figure B.3: Loss trajectory as training proceeds for looped models and baseline multilayer
models. Interestingly a 1-layer model loopedl times performs similarly to anL layer
multilayer model. Furthermore, increasing the number of loops leads to lower loss.

We further use Lemma 53 to drive an estimate on the magnitude of the gradient based
on the same eigenvalues, those 8£2 *Al2, Comparing this with our estimate for
the loss from Lemma 53, we obtain the gradient dominance condition in Theorem 34.

We use the gradient dominance condition to estimate the speed of convergence of the
gradient ow to the proximity of the global minimizer in Theorem 33.

The starting point of the proof is that we can write the loss in a matrix power format based
on A whenu is set to zero:

Lemma 51. Givenu O, the loss for looped Transformer is as follows:
L"A;0e EXtr’l A2 Al2.2L:
where 2P XX~

To be able to estimate the global minimizers of this loss, rst we need to estimate its value. In
particular, we hope to relate the value of the loss to the eigenvaluesAf Note that if the data
covariance matrix was equal to the population covariance matrix *, then loss would turn
into tr I A2 *Al22L \whose global minimum isA ¥ 1. However, we can still hope
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to approximate the value ofEX tr °I A2 Al2e¢2L with tr "I Al2 *Al2.2L given that we
have a control on the expectation of the powers of the forfaX “Al2 Al2ek for 1Bk B2L.
While there are some work on obtaining formulas for the moments of the Wishart matrix
(note that A is a Wishart matrix), these formulas [295] are in the form of large summations
and do not directly provide closed-form estimates in the general case. In general, the moment
of the product of n Gaussian scalar variables can be written as a sum over various allocations
of the variables into pairs, then multiplying the covariances of the pairs, due to Isserlis'
Theorem. However, this gives a formula in terms of a large summation. Here, we propose
a simple combinatorial argument in Lemma 52 which relates the moments of the Wishart
matrix to the cycle structure of certain graphs related to the pairings of the Gaussian vectors,
while using Isserlis' theorem. In particular, we show the following Lemma which relates the
eigenvalues of the moments of the data covariance matrix and the covariance matrix itself:
Lemma 52 (Moment controls). Supposeji > n ;x N70;~-. Consider the eigen-
decomposition™ Pid 1 iuiu;-with eigenvalues 1 C , C C 4. Then, for all 1Bk B2L,
E"1P X%k can be written as

1 n d
E'=Q XX Q g
ni~, i1
where for all1Bj Bd:
k k k je k k k
j 1 B nJ;d;k B j 1
Next, we translate this Lemma to a control over the eigenvalues &2E"| AekKA 12 with

respect to that of A12 *A12:
Lemma 53 (Eigenvalue approximation) Given the eigen-decomposition

n
Al‘*z ¢A1~2 Q iuiui_:
i1
then for all k B2L, the matrix E"I A2 A2k can be written as
no
El A2 A2k o Fyus
i

i
1

where

1 i.k k~ 1 l'kB ke

B 1 ek Kt ek

We use Lemma 53 to argue that the matrix| A2 Al2¢2L for data covariance matrix
Lpl xix;roughly behaves lik'l A2 *Al22L plus some noise on each eigenvalue.

The rest of the proof in a high level goes as followGiven that the value of the loss has certain
amount of sub-optimality gap, we deduce, using Lemma 53, a lower bound on the distance
of the eigenvalues oA'2 A from one in2L-norm. We then again apply Lemma 53, this
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time for power2L 1, which is relevant from the algebraic form of the gradien©,L"A; Oe,

to deduce a lower bound for norm of the gradient based on the distance of the eigenvalues
of A2 A2 to one inthedL 2-norm. Finally by relating these two results using Holder
inequality, we obtain the gradient dominance for values of sub-optimality that are not too
small.

Note that as in Lemma 53, the magnitude of the noise on all the eigenvalues is controlled
by the largest eigenvalue, hence the noise is multiplicative only for the largest eigenvalue.
This introduces additional di culty in arguing about the distance of eigenvalues ofA from
one given a certain suboptimality gap. Next, using the gradient dominance condition, we
estimate the gradient ow ODE and upper bound the value of the loss at a positive timeA0

in Theorem 33. To nish the proof of Theorem 33, we need to translate a small suboptimality
gap into closeness to global optimum, which we prove the following Theorem:

Theorem 35 (Small loss implies close to optimal)For A4 , if L"A; 0 B 2-~2, then for

c "4 1e6dt-2-.

"1 CceA%L| Al "1 ceA°P:

B.4.1 Out of distribution generalization

In the result below, we show that a looped Transformer learned on one in-context distribution
can generalize to other problem instances with di erent covariance, owing to the fact that it
has learned a good iterative algorithm.

Theorem 36. Let At u°rt be the global minimizers of the poplulation loss for looped
Transformer with depth L when the in-context input™x;s!";, are sampled fromN "0; *e
and w* is sampled fromN 0; * . Suppose we are given an arbitrary linear regression

instance | o sx"“t,y,"“tY_ ;WoutF with input matrix Xout  x9ut;:::;xout | query vector

X3!, and labelyQut  wout# x°Ut Then, if for parameter 0 @ @1, the input covariance matrix
out X outx OUt_of the out of distribution instance satis es

L L e B (B.10)
we have the following instance-dependent bound on the out of distribution loss:

ATFLAz(())ut;Q;P. ygut.Z
B~ 1 16 d l~A2L-.2"1 16 d 1~"2L - o2l

[Xout[2 [Wout;i[2
q + 1

B.5 EXxperiments

In this section we run experiments on in-context learning linear regression to validate the
theoretical results and to go beyond them. In particular, we test if looped models can indeed
be trained to convergence, as the theory suggests, and whether the learned solution is close
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Figure B.4: In-context linear regression loss on in-distribution (left) and out-of-distribution
(right) data which is sampled using a di erent covariance x 1. For looped models trained
with just few loops (2, or 5), evaluating with more loops keeps improving the loss in both
cases, suggesting that it learned the correct iterative algorithm.

Figure B.5: The iterate A converges to identity for all number of loops. The converge
is slower for large number of loops which is also observed by our rate of convergence
in Theorem 33. Interestingly just training with 1 loop does not converge in this setup.

to the predicted global minima. Furthermore, we investigate the e ect of various factors such
number of loops, number of in-context samples and depth of the model (in the multi-layer
case). We use the codebase and experimental setup from [275] for all our linear regression
experiments. In particular we work withd 10 dimensional inputs and train with L attention

layer models for multilayer training and 1 layer attention model looped times. Inputs and
labels are sampled exactly based on the setup from Appendix B.3.2, using covarianée | .

B.5.1 E ect of loops

We rst test whether training with looped model converges to a low loss, and how small the
loss can be made with more loops. In Figure B.3, we see that looped models indeed converge
to very small loss very quickly, and higher loops leads to lower loss as expected. Interestingly,
we nd that a 1-layer model loopedL times roughly has very loss to ar-layer non-looped
model.

B.5.2 E ect of in-context samples

Theorem 33 shows convergence of the gradient ow for looped models when the number of
in-context samples,n, is large compared to the dimensiond. In these experiments we test the
convergence of loss and iterate for smaller valuesgfwhenn is closer to, or even smaller than.
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In Figure B.2 we observe that the loss converges for all valuesrof 1 and the iterates also con-
verge to a value very close identity. Theoretically proving this result remains an open question.

B.5.3 Out-of-distribution evaluation

While the looped model was trained with linear regression instances with identity covariance,
we evaluate the trained looped model on out-of-distribution (OOD) data with a di erent
covariance x|. Theorem 36 predicts that the model trained on identity covariance should
also generalize to other covariances, because it simulates multi-step preconditioned gradient
descent that works for all problems instances. In Figure B.4, we nd that the learned
looped model achieves small loss for OOD data, although the scale of the loss is higher than
in-distribution (ID) data. Interestingly, for looped models trained with just 2 (or 5) loops,
evaluating them with arbitrarily large number of loops during test time continues to decrease
the loss even further for ID and OOD data. This suggests that the trained looped models
are indeed learning a good iterative algorithm.

B.6 Conclusion

This work provides the rst convergence result showing that attention based models céarn

to simulate multi-step gradient descent for in-context learning. The result not only demon-
strates that Transformers can learn interpretable multi-step iterative algorithms (gradient
descent in this case), but also highlights the importance of looped models in understanding
such phenomena. There are several open questions in this space including understanding
the landscape of the loss, convergence of training without weight sharing across layers, and
handling of non-linearity in the attention layers. It is also interesting to understand the
empirical phenomenon that looping the trained models beyond the number of loops used in
training can continue to improve the test loss. One way to show this is by obtaining a tighter
upper bound on the optimal loss value.
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Appendix A

Code listing

This example uses thdistings  package.

function print_rate(kappa,xMin,xMax,npoints,option)
local ¢ = 1l-kappa*kappa
local croot = (1-kappa*kappa)”(1/2)
local logx = math.log (xMin)
local psi = 0

local xstep = ( math.log (xMax)- math.log (xMin))/(npoints-1)

arg0 = math.sqrt (xMin/c)

psi0 = (1/c)* math.exp ((kappa*arg0)~2)*(erfc(kappa*arg0)-erfc(

arg0))

if option~=][[]] then
tex.sprint("\\addplot+["..option.."] coordinates{")
-- addplot+ for color cycle to work

else

tex.sprint("\\addplot+ coordinates{")
end
tex.sprint("("..xMin..","..psi0..")")

for i=1, (npoints-1) do
x = math.exp (logx + xstep)
arg = math.sqgrt (x/c)
karg = kappa*arg
if karg<5 then

-- this break compensates for exp(karg”2), which multiplies the

error in the erf approximation...

logpsi = - math.log (croot) + karg”2 + math.log (erfc(karg)-

erfc( arg))
psi = math.exp (logpsi)
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28 else

29 psi = (1/(karg) - 1/(2*(karg”3)) + 3/(4*( arg”5)) )/(1
.77245385*croot)

30 -- this is the large x asymptote of the reaction rate

31 end

32 logx = math.log (x)

33 tex.sprint("("..x..","..psi..")")

34 end

35 tex.sprint("}")

s end

37 \ end{luacode*}
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Appendix B

One-term coe cients for heat
conduction

B.1 A multipage table of numbers

This example uses thdongtable package: Aif;exp’ %Fos, D.exp 2Fos.

Table B.1: One-term coe cients for one-dimensional heat conduction with a convective

boundary condition. Data follow H. D. Baehr and K. Stephan [296].

Bi Plate Cylinder Sphere
I 1 Aq D, 1 A D; 1 Al D;

0:01 | 0.09983 1.0017 1.0000f 0.14124 1.0025 1.0000| 0.17303 1.0030 1.0000
0:02 | 0.14095 1.0033 1.0000f 0.19950 1.0050 1.0000| 0.24446 1.0060 1.0000
0:03 | 0.17234 1.0049 1.0000| 0.24403 1.0075 1.0000| 0.29910 1.0090 1.0000
0:04 | 0.19868 1.0066 1.0000/ 0.28143 1.0099 1.0000| 0.34503 1.0120 1.0000
0:05| 0.22176 1.0082 0.9999| 0.31426 1.0124 0.9999| 0.38537 1.0150 1.0000
0:06 | 0.24253 1.0098 0.9999| 0.34383 1.0148 0.9999| 0.42173 1.0179 0.9999
0:.07 | 0.26153 1.0114 0.9999| 0.37092 1.0173 0.9999| 0.45506 1.0209 0.9999
0:08 | 0.27913 1.0130 0.9999| 0.39603 1.0197 0.9999| 0.48600 1.0239 0.9999
0:09 | 0.29557 1.0145 0.9998| 0.41954 1.0222 0.9998| 0.51497 1.0268 0.9999
0:10 | 0.31105 1.0161 0.9998| 0.44168 1.0246 0.9998| 0.54228 1.0298 0.9998
0:15| 0.37788 1.0237 0.9995| 0.53761 1.0365 0.9995| 0.66086 1.0445 0.9996
0:20 | 0.43284 1.0311 0.9992| 0.61697 1.0483 0.9992| 0.75931 1.0592 0.9993
0:25 | 0.48009 1.0382 0.9988| 0.68559 1.0598 0.9988| 0.84473 1.0737 0.9990
0:30 | 0.52179 1.0450 0.9983| 0.74646 1.0712 0.9983| 0.92079 1.0880 0.9985
0:40 | 0.59324 1.0580 0.9971| 0.85158 1.0931 0.9970| 1.05279 1.1164 0.9974
0:50 | 0.65327 1.0701 0.9956| 0.94077 1.1143 0.9954| 1.16556 1.1441 0.9960
0:60 | 0.70507 1.0814 0.9940| 1.01844 1.1345 0.9936| 1.26440 1.1713 0.9944
0:70 | 0.75056 1.0918 0.9922| 1.08725 1.1539 0.9916| 1.35252 1.1978 0.9925
0:80 | 0.79103 1.1016 0.9903| 1.14897 1.1724 0.9893| 1.43203 1.2236 0.9904
0:90 | 0.82740 1.1107 0.9882| 1.20484 1.1902 0.9869| 1.50442 1.2488 0.9880
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Table B.1: (continued)

Bi Plate Cylinder Sphere
I 1 A1 D, 1 A1 D, 1 A1 D,

1:00 | 0.86033 1.1191 0.9861] 1.25578 1.2071 0.9843| 1.57080 1.2732 0.9855
1:10 | 0.89035 1.1270 0.9839| 1.30251 1.2232 0.9815| 1.63199 1.2970 0.9828
1:20 | 0.91785 1.1344 0.9817| 1.34558 1.2387 0.9787| 1.68868 1.3201 0.9800
1:30 | 0.94316 1.1412 0.9794| 1.38543 1.2533 0.9757| 1.74140 1.3424 0.9770
1:40 | 0.96655 1.1477 0.9771] 1.42246 1.2673 0.9727| 1.79058 1.3640 0.9739
1:50 | 0.98824 1.1537 0.9748] 1.45695 1.2807 0.9696| 1.83660 1.3850 0.9707
1:60 | 1.00842 1.1593 0.9726| 1.48917 1.2934 0.9665| 1.87976 1.4052 0.9674
1:70 | 1.02725 1.1645 0.9703| 1.51936 1.3055 0.9633| 1.92035 1.4247 0.9640
1:80 | 1.04486 1.1695 0.9680| 1.54769 1.3170 0.9601| 1.95857 1.4436 0.9605
1:90 | 1.06136 1.1741 0.9658| 1.57434 1.3279 0.9569| 1.99465 1.4618 0.9570
2:00 | 1.07687 1.1785 0.9635| 1.59945 1.3384 0.9537| 2.02876 1.4793 0.9534
2:20 | 1.10524 1.1864 0.9592| 1.64557 1.3578 0.9472| 2.09166 1.5125 0.9462
2:40 | 1.13056 1.1934 0.9549| 1.68691 1.3754 0.9408| 2.14834 1.5433 0.9389
2:60 | 1.15330 1.1997 0.9509| 1.72418 1.3914 0.9345| 2.19967 1.5718 0.9316
2:80 | 1.17383 1.2052 0.9469| 1.75794 1.4059 0.9284| 2.24633 1.5982 0.9243
3:00 | 1.19246 1.2102 0.9431| 1.78866 1.4191 0.9224| 2.28893 1.6227 0.9171
350 | 1.23227 1.2206 0.9343| 1.85449 1.4473 0.9081| 2.38064 1.6761 0.8995
4:.00 | 1.26459 1.2287 0.9264| 1.90808 1.4698 0.8950| 2.45564 1.7202 0.8830
450 | 1.29134 1.2351 0.9193| 1.95248 1.4880 0.8830| 2.51795 1.7567 0.8675
5:00 | 1.31384 1.2402 0.9130{ 1.98981 1.5029 0.8721| 2.57043 1.7870 0.8533
6:00 | 1.34955 1.2479 0.9021| 2.04901 1.5253 0.8532| 2.65366 1.8338 0.8281
7:00 | 1.37662 1.2532 0.8932| 2.09373 1.5411 0.8375| 2.71646 1.8673 0.8069
8:00 | 1.39782 1.2570 0.8858| 2.12864 1.5526 0.8244| 2.76536 1.8920 0.7889
9:00 | 1.41487 1.2598 0.8796| 2.15661 1.5611 0.8133| 2.80443 1.9106 0.7737
10:00 | 1.42887 1.2620 0.8743| 2.17950 1.5677 0.8039| 2.83630 1.9249 0.7607
1200 | 1.45050 1.2650 0.8658| 2.21468 1.5769 0.7887| 2.88509 1.9450 0.7397
1400 | 1.46643 1.2669 0.8592| 2.24044 1.5828 0.7770| 2.92060 1.9581 0.7236
16.00 | 1.47864 1.2683 0.8541| 2.26008 1.5869 0.7678| 2.94756 1.9670 0.7109
1800 | 1.48830 1.2692 0.8499| 2.27556 1.5898 0.7603| 2.96871 1.9734 0.7007
20:.00 | 1.49613 1.2699 0.8464| 2.28805 1.5919 0.7542| 2.98572 1.9781 0.6922
2500 | 1.51045 1.2710 0.8400| 2.31080 1.5954 0.7427| 3.01656 1.9856 0.6766
30:00 | 1.52017 1.2717 0.8355| 2.32614 1.5973 0.7348| 3.03724 1.9898 0.6658
3500 | 1.52719 1.2721 0.8322| 2.33719 1.5985 0.7290| 3.05207 1.9924 0.6579
40:00 | 1.53250 1.2723 0.8296| 2.34552 1.5993 0.7246| 3.06321 1.9942 0.6519
50:00 | 1.54001 1.2727 0.8260| 2.35724 1.6002 0.7183| 3.07884 1.9962 0.6434
60:00 | 1.54505 1.2728 0.8235| 2.36510 1.6007 0.7140| 3.08928 1.9974 0.6376
80:00 | 1.55141 1.2730 0.8204| 2.37496 1.6013 0.7085| 3.10234 1.9985 0.6303
10000 | 1.55525 1.2731 0.8185| 2.38090 1.6015 0.7052| 3.11019 1.9990 0.6259
20000 | 1.56298 1.2732 0.8146| 2.39283 1.6019 0.6985| 3.12589 1.9998 0.6170
a 157080 1.2732 0.8106| 2.40483 1.6020 0.6917| 3.14159 2.0000 0.6079
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Appendix C

Computing Optimal Reqgularizers for
Online Linear Optimization

C.1 Additional Related Work

Many modern learning algorithms are actually variants of mirror descent / FTRL [297 302].
Recently, [303] used a variant of mirror descent to solve in nite-horizon MDPs, achieving
linear runtime in the number of samples. [304] extended mirror descent to optimize convex
functionals on an in nitesimal space, demonstrating that the primal iterations of Sinkhorn's
algorithm for entropic optimal transport in a continuous domain are an instance of mirror
descent. [305] studied alternating mirror descent for two-player bilinear zero-sum games,
proving a regret bound ofO" T3, [306] discusses the equivalence of FTPL (Follow-The-
Perturbed-Leader) and FTRL. [307] presents scale-free generalizations of FTRL algorithms
(with regret bounds depending on the total magnitude of the losses instead of the time
horizon).

Mirror descent has also been used in the context of stochastic optimization [308]. Authors
in [309] study mirror descent for composite loss functions under both stochastic and online
settings. [310] relaxed the subgradient boundedness condition from [309] and extended their
analysis to examine the generalization performance of multi-pass SGD in non-parametric
settings. [311 313] applied mirror descent to address the problem of online linear optimization
with bandit feedback. [314] introduced a novel interpretation of mirror descent as optimizing

a dual-based lower bound for the objective. Building on this perspective, they proposed a
coupling between mirror descent and gradient descent that achieves an accelerated convergence
rate. [315, 316] applied mirror descent in distributed settings. [317] utilized mirror descent
for a constrained online revenue maximization problem with unknown parameters. Authors
in [318 320] employ mirror descent for online resource allocation problems. Mirror descent
has also been instrumental in primal-dual methods for solving structured saddle-point
problems [321 326].
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C.2 The ideal regularizer and proving stronger martin-
gale type inequalities for p 2

Here, we state the existence of an ideal regularizer such that running FTRL with this
regularizer achieves the optimal rate up to a constant. This result is adapted from [17], except
that they prove the same regularizer results in a regret bound which is 0 by a logarithmic
factor of log™ Te; this log factor is indeed not desirable for our purpose as we are interested
in long time horizon regimes wherl can potentially be exponentially large in dimension.
Our contribution here is that we improve the result of [17] fop 2 case and remove this log
factor. We further demonstrate a continuity condition for this ideal regularizer that we use
for our smoothing arguments in Section C.3.

First, we state the result of [25] and [327] that we build upon; it is known [25, 327] that
the optimal rate for adversarial online linear optimization translates into a property on the
growth of the norm Y.Y, . of an arbitrary Rademacher martingale sequence. We state this
property rigorously in Theorem 37, which is stated as Theorem 4 in [17].

Theorem 37 (Restatement of Theorem 4 in [17]) Given the optimal rate for online linear
optimization with action and loss set;L >Rd is O"C Te, then for a Rademacher random
vector >~ <" and any sequence of functions;” ¢« ~ ' Rd wherex; is a function of the
rst i coordinates in , we have

E]Q ixi" 9] BO™Ce supsup¥x;~ °Y, : (C.1)
i

X ¢ 0BiBn

The main contribution of authors in [17] is that they translate equation C.1 to the existence of
a suitable barrier for mirror descent. In particular, they prove the following key Lemmas 54, 57.
We start with Lemma 54 which translates property equation C.1 to a more re ned argument
about the growth of martingale norms that are de ned based on the action and loss sets.
Lemma 54 (Restatement of Lemma 12 in [17] for 2). For 1 @r @2, if there exists a
constant C A0 such that for any natural numbem and any sequence of mappings;e ,,

Xi ~ i RYand Rademacher random vector>~ " satisfy

n
E]Q ixi" ] BCn'™ supsupYx” *Y, ;
i1l X ¢ 0BiBn
then forp@ and % for any sequenceéx;e' , as described above, we have the following
inequality:

n 1
E] Q iXi" o] B pSUp® Y~ 'YE‘ . (C.2)
il i

X¢c

The next Lemma states how authors in [17] translate the property in Equation equation C.2
to the existence of the ideal regularizer:

Lemma 55 (Restatement of Lemma 11 in [17]) For constant C, the following statements
are equivalent:
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1. For all n and sequence of mappingx; , wherex; ~ ' 1 Rd:

n p n
E]Q iXi~ o] BCp(E) EYx,” 'YE‘
i1 i1

XC

2. There exists a2-homogeneous non-negative convex functibp on R which is 1-strongly
convex W.rtYY . and} x; £ kY. Bf g"xe B%WY}( where 1 1.

The existence of such regularizer from Lemma 55 then impliesCar* b regret bound for
FTRL. Nonetheless, the reason they end up with &g Te factor in the regret is that they
need to use Lemma 54 with a powgy @2 slightly less than two, as the constant , reciprocally
depends o2 p, sophastobe “1~log Tee less than2. We improve Lemma 54 in Lemma 56
below, for the case op 2, and shave o the , factor which is causing the additional
log"Te. This enables us to show a tighter upper bound for the regularizer on domain
Theorem 38.

khasha: changewn's below tox maybe not
Lemma 56 (Improving the Martingale Type for p  2). Suppose for the norn¥Y, . we have

n
Elxo Q iXi" ¢ BD n 12 supsup¥;” Y, ; (C.3)

i1 xe 0BiBn

for arbitrary vector valued functionsx, ~ 1+" ! RY and Rademacher sequence;s! ,,
i 1. Then, we have

n 12

E] Xo Q iXiA '] BDC@n Wi’\ 'le_‘
i1

il X ¢

Proof. First, note that if we average equation C.3 oveky and Xq and extend the functions
X;~ * to also depend on a Rademacher variablg at time zero, then we get

n
E]Q ixi" <] BD'n 1 supsup¥x” Y, : (C.4)
i 0

X ¢ 0BiBn

Now letc Yk;Y . Take a fresh rademacher sequenf:q-ja .- We will de ne the sequence

® "', based on the randomness of's: dene A 1if P{'¢ ;5 C¥Yandn 1 if

P{¢ ;5B Y From symmetry, it is easy to check that ;'s are indeed i.i.d distributed

uniformly on = 1. Next, for a given positive AO, de ne the sequence of |nd|cest. i 1 and
the alternative sequencexr, o such that for all i, %, % 1 Xt 4 1 YX 7 , andt; is

the rst index such that PJ" f .7 TCY. Now from this de nition. we have that x's satisfy
ti 1 Xi
Ixi Q x] B] 1 (C.5)

jtil X ¢ i xe
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But for tsym P ot equation C.5 implies:

n tsum X;
X" ~% B™n 1 max '
]iQoI | jQOJ J]XC iO]WiYL]xC

The key observation is for alli > n , the distribution of t; is sub-exponential and the sum
concentrates around its expectation. In particular,

2“

Be O *: (C.6)

! Y% Y,
P tiC E—

oy 2.
It is su cient for us to show that the sum P!, t; is at mostO <P, ¥ Le s with at least

constant probability p. Call this event E. First, we use Chebyshev inequaility to show
P"E»  "1.. Note that Equation equation C.6 imlies

4
Y
B2 0@t .

which implies

, 4
VaraQ t O”Q(]gXiY‘ :

Therefore, from Chebyshev inequality

¢
! 2
n n Y A n
P-Q t; CQ & A Q&
i i1 [
which implies
2
TN R n iy 1
P,QLCT 1Q &t B
i1 i1

hence we showed thaE happens with at least constant probability. Furthermore, It is easy

to check that conditioned onE, ,'s are still Rademacher variables. On the other hand,
T\A 2
using equation C.4 for sequenceses and m <p] 0SW'—YL- .

m
E]Q v%"~] BDmM™ supsup¥s” °Y, : (C.7)
i1 xc 0BiBn
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but from positivity of norm khasha: explain the thir equality below is because there we don't
care about the size of;

m R A
E]Q X"~ CE@Q 7%~ UERPE-
xe i1 X e e‘

]

Xc

n
CE]Q "¢ UEPE "n 1 m’l%x]
i1 :

|
X ¢ WIYL

n
E X" e P Ee 1e
]in iXi" ] “n maX]YXY]

Xe¢ L Xxc

1__n R
CEE]in iXi~ °] n 1 max]WY]

X¢ L Xec

Note that the equality in the third line above is because the size of's is independent of 's.
Plugging this back into equation C.7

¢
n ! A n [
E X" B DA QWY "n 1o max]—
]in o ]xc iQO e i o ]WiYL]xc
Sending 0 nishes the proof. O

Next we state and prove Lemma 57. This Lemma in similar to Lemma 57 for the cage 2,
i.e. it translates the margtingale property to the existence of an ideal regularizer, except
that we show an additional useful Lipschitz property for the regularizer which we use for
smoothing the regularizer in Section C.3. The proof of Theorem 38 directly follows from
combining Lemmas 57 and 56.

Lemma 57 (Martingale type ideal regularizer) For constant C, the following statements
are equivalent:

1. For all n and sequence of mappingx; , wherex; ~ ' 1 Rd:

n 2 n
Elxe Q ix"¢] BC2E%Y QEW%, ¥
i1

i1l X ¢

2. There exists a2-homogeneous non-negative convex functibnon R which is -strongly
convex W.rtYY. and ! x; 1 Yx¥’. Bfy"x* B %ZWY; Furthermore, f is Lipschitz
continuous as

$0AX1' foAXZ'SB C2 YX 1 XzYX AYX1YX Y\KzYX’

Proof. Thisis Lemma 11 in [17], except that we are claiming an additional Lipschitz continuity
here forfy, which we need to show regularity properties for the gaussian smoothed function
later on. To show the Lipschitz continuity, we note that from the proof of Lemma 11
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in [17], fo is de ned as the Fenchel dual of a barrief§, i.e. fo"xs sup'x;ze f§"ze, where
& WY, . Bf §"xs BYY . Therefore, de ningz°xs <argmax, 'x;ze f§ ze, we have

0Bfg "z xee BYKY, Y2"xsY,. éwx-vic;
which implies
C2YxYy CYZ"XeY.:
Therefore, forxy; X, >X we have
foX1® CX1;Z°Xp0e T3 2 Xo0e C'Xp; 27 X0 F§7Z7X000  Y&1 Xo¥y YZ™Xo0Y, .
Cfo™Xze C2¥X1 X2Y% YX2Y :

Noting the reverse symmetric inequalityf o"Xz* Cfo"x1¢ C2¥x1 Xo¥ YX1Yy completes the
proof. O

C.3 Smoothing the Regularizer

The goal of this section is to show the existence of a regularizer which enables FTRL to
achieve the optimal regret for arbitrary pair”X;Le of action and loss sets which also has
smooth derivatives. We achieve this by using Gaussian smoothing of the regularizgr
from [17]. First, we state Theorem fempty citation> ] in which we prove that FTRL
with this regularizer indeed achieves the optimal rat®© %Rate”X ;Le TZ: note that this is a
log"Te improvement over the result of [17], and in addition the regularizer satis es a desirable
Lipschitz property. We then proceed to smooth this regularizer by adding Gaussian noise
and showing the smoothness properties we want.

Theorem 38 (Existence of an ideal regularizer for mirror descent)There exists a2-
homogeneous continuous regularizép RY R which satis es

1. maxesx $o"x*SBO Rate™ X ; Le2e
2. fo is 1-strongly convex w.r.tY.Y . on X, whereY.Y . is the dual norm ofYY, .

3. fo satis es the following Lipschitz continuity condition:} Xi; X»:

$0AX1’ foAX2'SB O Rate™ X ; L'z‘Y)(l X2YX AYX1YX Y\KzYX e

Proof. Directly from the relation between optimal rate of online optimization and Equa-
tion equation C.1, which we state in Theorem 37, with Lemmas 57 and 56. ]

For the regularizerf, given by Theorem 38, we de ne the Gaussian smoothed function
f RO R:

foxe Ey nox 2.foYye: (C.8)

We start by showing that strong convexity property with respect to arbitrary norms is
inherited for fo to f.
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Lemma 58 (Strong convexity of the smoothed function) If fois  strongly convex w.r.t
YY ., thef is also strong convex w.r.tYY ..

Proof. From  strong convexity off , for 0B B1 we have

~1 .

Yx Y
> 1 X2

fOA X1 "1 X, B f OAX]_‘ "1 ‘foAX2°

Now consider the gaussian random variable N~0; 2l and write f"x;¢ E f"x; o,
f"x,» Ef"X, . Then

fAXl "1 *Xo® EfoAxl "1 *Xo L
Efo’\ AX]_ i A]_ OAXZ oo
~1 .
2
Wl X2Y|2_c:

B Efg’x; * "1 sEfg'x, o Y XYoo

A

2

f OAX]_. "1 'fQAXZ‘
O

Lemma 59 (Strong convexity Hessian lower bound)If f is twice continuously di erentiable
and strongly convex with respect to’Y ., then for its hessian at arbitrary pointx and
arbitrary direction v we have

VO “xev CWY, : (C.9)

Proof. From Taylor series aroundx; at points x, and x; "1  eXy:

A

- - g 1 al A N
f™xoe f7Xqe "Of "X10;X2 Xq€ §X2 X10 O "X X2 X1* OYX» leZ-;

fAX]_ "1 °Xo®

foXye "Of "X10:"1 X, Xqe€ %‘1 %, X1o O X1 X X1 OYXy X Ye!
Therefore

f"Xoe "1 ef"xge T X, "1 eXye %Al Xy X0 O XXy Xge O YXy  XiYoe:
Therefore, strong convexity is equivalent to equation C.9 for all directions. ]

Lemma 60 (Norm and norm squared Gaussian integral)Given a two-homogeneous function
fo satisfying 1 andmax,sx $o"x*SBC?2, then for f de ned in equation C.8

2
$*x-s.|3c—2 2d C2WY;;
r
Ey nx 2.0 y*2 BBC* <YxY, 44 4

r4
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Proof. Note that from the property (1) in Theorem 38 and the 2-homogeneity df,, we have
for all y >RdY, g ye BCZWYf(. Now using triangle inequality and Lemma 61, we can write

$"X*SBE, n-x 21. $07Y*S
BEC? WY,
BEC?YW xY, C2¥%Y
BECZ%ZW xY C2¥Y
C2
- 2d CZWY;Z(:
Furthermore
E,fo"y*? BE,C* WY, BSC'E®KY, YW xYiZ
B8C*<YxY; %EW xY'e

B8C*<YxY, %d b :

]

Lemma 61 (Norm comparison) The Y.Y, can be upper bounded by the Euclidean nomY
as

1y >R %WYBWYX B%WY:

Proof. Note that for any y >Rd, for YWY + we havey~ >X. Therefore, from the de nition
of Y.Y, :

WY, inf- A0 Y >Xe BWY

Furthermore, for @2, then ZLZAR, which meansy X (sinceX is contained in a ball of
radius R). Therefore, YyY, C%Y. O

Lemma 62 (Gaussian smoothing) For arbitrary unit direction v, given the smooth regularizer
de ned in equation C.8 we have

»

Bf “xe VSBl Ef o ye?

»

4 =
D?f v:v TB— Efyye?

»

- 5 =
D3 "xs viw;u B—= Efys2

.2

Proof. Consider the functionfy"yee - ; it is continuous in both y; x due to contlnwty of fq
by Lemma 57, and its partial derivative W|th respect tox in direction v is f"ys" £*; ve which
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is again continuous wrtx and y. Therefore, from the Leibnitz rule, for arbitrary direction v,
Df "xe v exists and is equal to

Df "Xe v Ey‘y—zx;ve‘oAy-:
Therefore, from Cauchy Schwarz

» »

1 » 1
®f "xe vSB= Ey xv& Efgys? = Efg'yeZ

For the second derivative

. Y X,y X
D2f"xe v;w  Ey«< y—z;vey—2

;wefo"ye iz‘v;we‘ oy
which gives
» » »

- 1 = =
D "xe viwTB<— E n-ou1. * S5* Efg’ys?2 — Efylye2

where is normal gaussian with variance one. Similarly for the third derivative

X Y X Y X R 1 . Yy X n
D3f "xe v:w: U EyCEy 5 ;vey > ;wey ;5 uef’ye = Q v;wey S Uefoye'
u,v,w
Therefore,
1 e 1> »
D3f "xe v;w;u B« % 677 — E 2 Efgy-2
1’\0 » »

_ _ 5 _
—~ 15 1. Efg’y-2B— Efg y2
O

Corollary 10 (Final smoothed derivatives) For the smoothed barrier de ned in Equa-
tion equation C.8 andx >X, we have

2
$°x+SBC? d 1o
r

C23/4 1
®f "xe vSB— 8«1 4r_4d 4e
23/4
D?f v;v TB% 8«1 4i4d 4
Yo
5C2 1

D3f "xe v:w: U B—- 8«1 4-d “:
r

Proof. Directly by combining Lemmas 60 and 62. m
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Theorem 39 (Existence of a smooth regularizer)Given that there exists &-homogeneous
regularizerfo, RY R thatis -strongly convex w.r.t¥YY . and that max.x $o"x*SB C?,
then there also exists a smooth regularizérwhich is -strongly convex w.r.tY.y . and

$°x*S O"C?:

d1~4
®f "xe vS O°C? r .:
d1~2
r2 E

D v:ivT O°C?

ds—4

D3 "xe v:w;uT O°C? et

Proof. It is enough to set 7 in Corollary 10. O
We can now prove Theorem 3.

Proof of Theorem 3. The proof follows from combining Theorems 39 and 38 with Fact 1.[]

C.4 Calculating the Regularizer

In this section, building upon the properties that we showed for feasible points of the

program 2.13, we show how to compute a suitable regularizgt °* on X. To do so, we build

a separation oracle folP, . We start by de ning the notions of separation oracle, as well as

membership and linear optimization oracle. Before de ning these oracle, we need to state

the de nition of set neighborhoods.

De nition 26  (Membership Oracle) For convex setD >RY, a membership oracle receives

a vectory >RY and real number A0 and with probability 1 assertsy >B"D; e, or it

assertsy 1B°D; . We denote the computational cost of a query to our membership oracle

by MEM x~ .

De nition 27  (Set neighborhoods) For a subsetD b RY, let B"D;  be the set of points

that are within distance of D, and B"D; < be the set of points that where a ball of radius
around them is completely included i.

De nition 28  (Separation Oracle) For a convex setl b RY, a separation oracle receives

a vectory >RY and real number AO and either assertsy >B”L; ¢, or it returns a unit

vector c>RY such thatcyBcx  for all x>B"L; . We denote the computation time of

separation oracle bySEP " .

De nition 29  (Linear Optimization Oracle). For a convex setl ~ RY, a linear optimization

oracle receives a unit vectoc >RY and real number j;, and returns a pointy >C such that

1 x>C cyBcx in. We denote the computational cost of calling the linear optimization

oracle byLinO |~ i, e.

Separation, membership, and linear optimization oracles are known to be equivalent and can
be used to implement convex optimization over convex sets [328]. Next, we state a simpli ed
version of Theorem 42 in [329] (or Theorem 15 in [330]) on how to build a linear optimization
oracle from a separation oracle for a convex set, which we use in the proof of Theorem 41.
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Theorem 40 (Theorem 15 in [329] or Theorem 42 in [330]Let K be a convex set satisfying
B,"0;re " K * B, 0;1e and let 1. For 0B @1, with probability 1 , we can compute
x >B"K; e such that

cxBmincx Y,
x>K

with an expected running time oD %SEP K «log" ™« n3log° " %-ZZ where  %g-Z o

We now state how we solve the optimization problem in Theorem equation 2.13 based on a
separation oracle that we build for its feasibility set?, in Section C.6.

Theorem 41 (Computing the Regularizer - abstract) In the context of Lemma 5 Then, given
arbitrary accuracy parameterO @ ; @1, there is a cutting-plane method that approximately
solves the program in khasha: x the program equation parts equation 2.13 and obtains an
almost feasible instancé °, in the sense that

1. maxesx §'*"xeSBC2 ,de;  ; khasha: x this
2. g'™"xeis ~4 strongly convex with respect t'Y, .,
and runs in time (assumingN Cd)
o N ¢ @7 ¢, YIYsR* * " RV L w e

—L noO | — = :
: L Lr . "RZOUNY%G? @ B2 ..

Proof. The program equation 2.13 is a linear optimization problem over the convex set
P, , for which we can exploit the separation oracle that we constructed in Lemma 63. In
particular, the result directly follows from a simpli ed version of Theorem 42 in [330] (or
Theorem 15 in [329]), a classical result on how to build a linear optimization oracle from the
separation oracle for a convex set. For convenience of the reader, we have restated this result
in Theorem 40. According to this theorem, for any0 @ ; @1, with probability 1 ; we can
compute an instancd ° such that its corresponding barrierg!' °* satis es

1. maxex §' " xeSBmaxx B “"x*T 1, wherel * is the optimal solution to the LP.
2. 1°is 4 close to a feasible instanck™"* in Euclidean distance.

Now applying Lemma 5 we conclude the rst argument, namelynax,sx §' °*"x*SB C2
2dey 1. Now we need to show thaty'°* roughly remalns " e strongly convex w.r.t

Y.Y .. For this, note that given x >X, if Y&; xYC S— and\rx XYB , then from

Lemma 4 and the feasibility ofl " we haverxl Ang 'C do wherery, is the variable of
the valid instancel '. But picking 1 B —3- we get thatgg<, "o xe Ang' “*~xe. Therefore, again
the maximum at x is achieved by one of the functlong,(j e wherex; is not farther than

[o]

~

= 1-3
S%- of x. But then similar to Equation equation C.46 in Lemma 64, for alf > and
arbitrary direction v:

Vg, "xev Cs WY, :
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On the other hand,Y © | TYB ; implies[©?g, ~“xs © 2g¢ X[ _ B 1. Therefore, using
1 B z= we conclude

Vg, xev C WY ;

which is the desired property. Finally, using the third argument in Lemma 5, we have the
following runtime based on Theorem 40:

1 ~e 1
O«<N SEPp, " elogc—e N3|c)gOl < e

for
b 1] Al’ ) “ Al.
< S ;L3 1L
"N "N 1:Cy* Nd"G c* "N%,® & 32z
Note that from Lemma 63, for this choice of we have
- O"de , y “le «
'N%o° & GZoR* T, L “
SEPp, "+ O, o G GLe —LinO | — r,2 . - . =
L Lr . ” » R N %o C% %Z' . o
O W °d?Z;
which completes the proof. O

Next, we appropriately instantiate the constants of the convex program equation 2.13 based on
Theorem 39 and Lemma 5 in Theorem 1 below. We nd the running time of our cutting-plane
method to solve this program based on Theorem 41.
Theorem 42 (Restatement of Theorem 1) AssumingR Al;r @1 for simplicity, given that
the best achievable rate for online linear optimization with action and constraint setX ;L
is O"Rate"X;Le Te, there exists an algorithm that runs in time
0" d?. “de
R @ino ., @drR. “

<

r

and calculates a regularizeg °* given by the representatioin ;v;re as described in Sec-
tion equation 2.8, which satis es

1. sUp.x §' " B2Rate" X ; L2

2. g'° is 1-strongly convex w.r.tYY, ..

Proof. Let C <Rate"X;Le. From Theorem 39 there exists 2-homogeneous barrier which is
& O°C2%27% Lipschitz, &, O°C2%7« Gradient Lipschitz, L  O"C2%+ Hessian Lipschitz,
and 1-strongly convex w.r.t Y.Y .. Therefore, to enjoy the properties of Lemma 5, assuming

that we guarantee,

&, C?
; t; T. (C.10)

S Bmin” 2
L
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then we get that ¢y; ¢;; Cy are of the same order as;; &; C2, respectively (this follows from
the de nition of c¢y;c,; Cy which involves the termL 2). Now following the condition of
Lemma 5, we consider a cover of accuracysuch that

6 3-8 7
1 r° r d gi r

Bmin~ﬁ’06d2’d1~4;cr1~2; ' RECegLLE

where we setL 5C2dr3—;4 for small enough constant 5. For simplicity if either R or C were
smaller than one, we upper bound them by one, so we can assur)€ C1 without loss of
generality. Similarly if r @1, we can taker 1, so without loss of generality we assume 1.
Then, the above bound simpli es to

r6

B R6CSq2"

(C.11)

Furthermore we consider the discretization seX to be points each entry is of the fornk for
an integerk. Then, to guarantee equation C.10 we should have

$B——: (C.12)

On the other hand, rounding every poinix toits closest multiple of in each coordinate implies
that the cover has accuracy as small as d . Hence, to satisfy condition equation G.122
we set

6
ar®,

< —_;
R6Céd? d
6
< 4—r
R6C6d2’
for small enough constant 4. Then, it is easy to check that condition equation C.12 is

automatically satis ed. Furthermore, with this choice of we see that ,de; B%z for small
enough constant 4 ( , is de ned in Lemma 41); hence, from the guarantee of Lemma 41

| 0un 3
maxf'“"xsTBC? ,deg B=C? g
X>X 2

where recall ; is the accuracy parameter for our solver in Lemma 41. Setting
C2
1 ?;
we conclude

max ' *"xsTB2C?:

X>X

Note that the attained constant two behind C? does not matter since the paramete€ of
the smoothed barrier in Theorem 39 can be o by a universal constant frofRate™ X ;L.
Now since the regularizef™is 1 strongly convex, Lemma 41 also guarantees that the
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“I Og~

regularizer that we nd, g Xe, is %1 strongly-convex with respect toY.Y .. Finally from the
runtime guarantee of Lemma 41, nding such regularizer has runtime

NR ©d ro
. EINO | Ee——- o
LSNR

O«

where we used the factthaC3 ¢ ¢ O"C*R*d?» andd BN, and that we can upper bound
C by R (Note that we dropped thed in the term Nrid sinceN is already exponentially large in
d). Furthermore, the cover that we considered has size at most XT oL v4 %‘%Ff) .
Therefore, the overall runtime is

dr O “de

. r
. @EINO | Ee—- “
r YL EOR

<

C.5 Online Linear Optimization

Here we show how to run FTRL with regularizerg' ° that is based on the instancd © which

we computed in Section C.4 for a general instance of the online linear optimization problem as
we de ned in Section 2.3.1; as we mentioned, our approach results in the optimal information
theoretic rate up to universal constants.

Theorem 43 (Optimal online optimization). Consider the problem of online linear opti-
mization with action and loss setSX;Le as described in Section 2.3.1. Given access to the
regularizerg'° for the instancel © of the program 2.13 that we can compute as described in
Theorem 1 and a membership oracle fof, there is a cutting-plane algorithm to run FTRL
with regularizer g' °, with running time

~

0% IN°* "dRT*"MEM "~ + 1¢Z;
(0]
which guarantees regre©"Rate"X;Le Te.

Proof. We run FTRL with the regularizer g' °*; namely, to calculate each sted Bt BT, we
solve the following convex optimization using separation oracle fof:

Xy argminG; xe (C.13)
x>X
t1

G X* <'X;Q g€ ¢ “"xs; (C.14)
s 1

up to accuracyO” g7+, namely forx; being the output of the algorithm we have

r ~ . ~ ~ T
RZT.\fiJXth X )[Q)E Gt x*vV O ﬁ

G % G X BO" Rate™ X ;Le2e: (C.15)
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Note that we used the property that for the regularizery' ° that we calculate in Theorem 41
we havesup,.y ' **B2Rate” X ;L+2. Then, from Theorem 1 in [329], there is a cutting-plane
method whose number of queries to a membership oracle ¥ris

O%In° ¥ "dRT+Z

in addition to O %2 In° ¥ “dRT+Z arithmetic operations.

But since x; is the global minimizer ofG; we have©G; x;» 0, and further from ~4 strong
convexity of Gy w.r.t. YY .:

r
GtAX't' GtAXt’ CZ Wt X‘tYEc CZ YXt X‘tY’z,

which combined with equation F.61 implies
Y. %YB Rateo—xT_;L':

Then, from the mirror descent guarantee we have the following regret bound for the sequence
Xt

T (0]

EGErila}(xQ ‘xuge ‘xf;ge' O'Rate"X;Le Te: (C.16)
XX
On the other hand, using the fact thatYg,YBR and that L b BR"Oe,
T
E@® Xi;ge Xi;0e
t1
T
E ¥ xYY4Y
t1 o
BRate"X;Ls T: (C.17)

Combining equation C.16 and equation C.17 completes the proof for the regret guarante€l

C.6 Separation Oracle

Here we show a separation oracle for the feasible polytoPe of program 2.13.
Lemma 63 (Linear optimization oracle forL  Separation Oracle) The polytopeP, for
| “r;v; e denedin equation 2.13 has a separation oracle with computational cost

. 20,R3 7 . BR2F P ORI P
SEPy™ O(T. %inO | %0"1, re~"8R “¢Z d°Z OSKTd;
whereLinO |~ "1, re~"8R 2ee s the cost of a linear optimization oracle fol. with param-

eter "1, re~"8R 2,
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Proof. We can readily check if conditions (1) and (2) hold for the instanck , and if not, that
condition de nes the direction ¢ for which "I ;ceCI; cefor all F'>P,. To check condition (3)
we can do singular value decomposition i@"d3s Condition (4) is a bit trickier since it might
be hard to directly maximizev— v over L. Therefore, we work with the discretization set
Sy of the unit d-dimensional sphere; in particular, for every unit directionr >Sy, we consider
condition (5) with a margin ,, namely

vV Xiv~‘10Y2LC C ™1 e (C.18)

This margin allows us to easily obtain a feasible solution iR, which satisesv— 4, vC

for all v >L, using condition in equation C.18 which is only for the discretization points;
moreover, we check equation C.18 with our linear optimization oracle which has errgp in
calculating WY, .; namely, suppose equation C.18 holds for al>Sy given that we substitute
WY, . in equation C.18 with the output of LinO | ” jj, ». Then, we are guaranteed that for
every v >Sd:

¥ ¥ LINO | " jjne ve’C "1 me: (C.19)

Now from the fact that Y . Cr and LinO |~ ji,* ¥ CYY . i, picking i, B>, we get
that

Vo1 22 WY P C T e (C.20)
which using the fact that we picked i, B ~4 implies
Voo VWY P CTL 207 "1 e C L 2e (C.21)

Now for arbitrary direction v >S9 on the unit sphere, we bound the value of the quadratic
form the closest point in the discretization set: namely foy >SY where Y VvYB~

v xiv~‘10YEC v xiv~‘16°YECT

T V=YY v oYY T T Y ¥ YT (C.22)
but for the rst term, using Y 4, YBC;:
7 Vv ¥ (¥BTv v VT Tv we ¥l B2c, W wYBZ2c,~

and WY . Cr. Hence, from~@1
T V=YY v Xi\+~‘ﬂYECT8202r—~2: (C.23)
For the second term, using the fact thar BYeY . ; WY . BR and ¥ VvY.BRY VY.
Y. WY,
WAL WY
Y VYWY WY e
Y WY

Yo vY . Y VY.
C C

WY WY WY WY,

2’€2R_
r3 -

L' Xi\f~‘ﬂYﬁc v xiw\&YECTBCZ

Bc

B (C.24)
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Combining Equations equation G.48 and equation C.24 (frofR~ C1) and plugging into equa-
tion C.22
Vv ‘ﬂYffc v v~‘16¢YECTB 4f§R,

which combined with equation C.21 and triangle inequality

4’€2R .

VTV T C L e =3

Using ~B rc =, we get

VT V=YY P C T e

Recall that v was arbitrary in S9. Therefore, in the case when all inequalities in equation C.19
are satis ed, we showed that indeed satis es condition (4) in equation 2.13. Finally if any
of the inequalities equation C.20 are violated, i.e. ¥~ 4, ¥~"LinO |~ jn* velC "1 e,
then similar to equation C.20 we get

Vo1 i 22WY o°B "1 e B¥  wLINO " e ¥e’B "1 e
which implies (from ;, B ~4)
VWY oPB 1 20%"1 eB 1 2,
Therefore, we nd that the unit direction ww—which satis es
W eB WY 2 o WY
B WY. 2 ,R%

while for a valid | >P,, we should havevv— , eC WYfC for all unit directions v. Hence, we
constructed a separation oracle witl2 ., R?, which usesB?Tqueries to the linear optimization

oracle, and its overal computational cost i© SBUTLINO |~ i ¢ d2e T dee. Finally to

have a -separation oracle, we need to guarante&® ,R?>B , , B3, ==, ~B ’C ==, hence
we pick
mSoR?
"1, re "1, re
in < — >
4 8R
r3
2C2R3'

Hence, the overall computational cost is
0" 1—9%in0 | %01, r+~"8R 27 ?Z OSKT 2

2C2R3 d

Oc¢—="5—* %ainO | %01, re~"8R 22 d*Z OSKT P
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C.7 Proofs for Sections 2.5 and 2.8

C.7.1 Proof of Lemma 1

For the lower bound, we use the inequalityo?f "x;» mO©?f "xg¢ L Yx; XoYl:

1 t
foxe f7Xge "Of "Xg*;X Xo€ S S "X Xo* ©f "Xy SX Xg* X Xgedsdt
o o

1 t ~
Cf Xg* "©f "Xp*;X Xo€ S S "X Xo* %0f Xg* SLYK XM Z'X Xgedsdt
0 0
« g 1. A L
f"Xo* “Of "Xg*;X Xo€ 5 Xo* ©%f "X X Xg* EYX Xo ¥
L
fyo Xo E\rﬁ( x0Y3:

For upper bound, we use the inequalityo?f “x ¢ | ©%f "xg*¢ L Yk; XoVYI:

1 t
f xe Bf "Xg*¢ "©f "Xp*;X Xo€ S S "X Xo*©* "Xo* SLYX XYM X Xgedsdt
o “o

« g n 1. . A L
f"Xg* “Of "Xg*;X Xg€ 5 Xo* ©%f "X X Xg* EYX Xo Y

fyo Xo %W XOW :

C.7.2 Proof of Lemma 4

We denoteg;: ““xs in short by gy, “x+, and without loss of generality letx; Xo andx; x.
First, note that we can translate the convex program conditions on the norm o, to

Yy, YBCy;
O [—
for ¢, dg. From the program constraint khasha: is this correct? we have

~ 150
O, Xo* %\rxl Xo¥ Bry,: (C.25)

On the other hand, fromYx, XxYB and the norm bounds on gradient and Hessian

B, Xo* O, XeSBW"Xo XeT TXg Xo x, Xo X 2X3°T %'M(l x0Y3 Y& 1 XY'T

0

(C.26)
BciYxo XY CYxg XY 2Y¥o X1Y YKo XYe (C.27)
%\xo XY%&K: Xo¥ Y1 XY Y1 XoY X1 XYZ; (C.28)
BciYxo XY CGYxg XY 2¥o X1Y YKo XYe (C.29)
%wo XYY, Xo¥ 2¥o XYZ; (C.30)
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where in the last line we used
Y XY Yxi XY Wi XoY X1 XYB2Yk: XY 2¥x; xY (C.31)
B4YK, Xo¥ 2Yko XY (C.32)

Note that picking C3, from the triangle inequality, Y« leC3%§iZl~3, and the condition
that —* B1,

1-3
YKo X YCYK; XY YK XoYC2¢ El- (C.33)
Now based on equation C.33, for the rst term in equation C.30, we can write
L
Yo XYBer Bz XoY; (C.34)
. . L
Similarly, also because BW’ for the second term we have
L
26, Yo XY %o X1YB Yo X1Y; (C.35)
and because B2,
2C &g XY2 Bi”(o XlY?': (C36)
»
Finally for the last term, because B &5,
ﬂwo XY X1 XoY BLWO XY (C.37)
3 48
and
4L L
— Yo X¥B—Yo X;¥: .
g o XV BzgWo X (C.38)
Therefore, de ning
XO;XAYXO X1Ye< Wo XY G Wo XYAZYXO X1Y Wo XYe
L .
3 Mo XYM XY 2Y¥o XxYZ;
we showed in equation C.30 that for arbitraryx,
B Xo* Ok, X*SB xox YXo X1Y¢ (C.39)

L= 13 1
and for x; such that Yx x;YC 38#- , or X1 XoYC 2°m§iZ1 3, Combining equa-
tion C.34, equation J.16, equation G.119, equation C.37, equation C.38 with equation C.30:

vox Yo X1YeB i—; Yo XiY: (C.40)
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L= 13
Therefore, for¥k  x;YC4S— e
. - 7L
B, Xo* O, X'SB4—8W0 XY

which combined with Equation equation C.25

R L
Ox, X %Wl XoY Bry,: (C.41)

On the other hand, note that

- . 1. " C
B X Mo BV, X XooT 5% Xo* ™ xo X Xo®* BGp EZ 2B2¢; ;

where in the last line we used Bg—;. But now picking the constant large enough we can
guarantee that

L
—Yxo X:Y C3c;:
96 0 1 1

Combining equation C.42 with equation C.41, we conclude the rst argument
Ox, X* € Bgy, xe:

On the other hand, note that ,x X;* is increasing in¥xy XoY. Therefore, combining equa-
%= 13
tion C.39 and equation C.40, for any; such that ¥x; xYB S%-

(0] (0]

do, " sLv _ dg,
B, Xo* Ok, X*SB yxox YXo X1Y*B y;xn E&E—' *B— E—— (C.42)
L 48 L .
o
2 do: (C.43)

C.7.3 Proof of Lemma 5

Note that the Hessian ofYx xoY?’ is strong convexity off means forv with WY 1 we
have v—©2f "xgev C . But from Assumption equation 1 we getWwYBR. Therefore,

VO, Xov VIR "Xor LOYX XoYX  Xgee ZV
VU “Xoe LOYX XoYX XgeeZV

V@ "xg* LYK XY "X Xo* X Xo* TtV

YK XoY
C 2RLYx XoY

CE:
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C.7.4 Proof of Theorem 5

Here we prove Theorem 5. Before diving into the proof, we need to state and prove Lemma 64
so that we can obtain an ~2 strong convexity property for the approximate regularizer in
Theorem 5. In particular, Lemma 64 combines Lemmas 4 and 5 and concludes that the
feasibility of I for the program implies strong convexity ofg with respect to Y.Y ..

Lemma 64 (Program feasibility  strong convexity). Supposel  “r;v; < is a feasible
solution to LP equation 2.13 with respect to an-cover“x;*N, in X for the Euclidean norm,
ie. | x>X;8x;s.t. X Xx;YB , where satises

3
[o]

B——2%—:

51R6L2%¢c, d

Then, for any point x >X, g is second order continuously right and left di erentiable with
D?g'xe v;v ;D% g xe v;v CE WY ;

where D2!g"xe v;v and D2'g"xe v;v denote the left and right second order directional
derivative off at x in direction v.

Proof. For x >X let | "xe argmax., 0k X* be the set of indices for whiclgy, “xe achieves
its maximum at x. First, note that for the one-dimensional functionh™te g'*"x tve, the
subgradient ofh zero is exactly

min Dgy,"Xe v ;maxDgy, "Xe v ;

i>"xe i> "xe
due to the convexity ofgy,'s. Infact, h®0e min;y-x. Dgy,"x* v andh® 0« maXxs~x. Dgx,“X* V .
Now let

™ argmaxDgy,“Xe Vv
i>"xe
I argminDgy, "X* Vv :

i> “xe

Then the second left and right directional derivatives at pointx are given by

| Xe

Mo

L° 1-3
Furthermore, note that from Lemma 4, for everyx; such that Yx; xYC4S—"®e | we have

~ - T 1-3
G “X* @y, "xe, thereforei 1. Hence, we should hav@x  x,.ZB4S—3%."  for all 1 >1.
But using the upper bound given on we get

0o

aCO 1"3
X xo. ZBAE_29: g :
X L 2R2L
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Hence, From Lemma 5, we have thagy,"x« is 5 strongly convex atx, for all >
V%G, "XeV C5 WY, : (C.46)
Finally combining this with equation C.45 we conclude

D?'g"xe v;v ;D% g xe V;V CE WY, :

Next, we state the proof of Theorem 5.

Proof of Theorem 5. Consider the solution” %o, v; ~Zwhere! i > N

~Xi ©2f Axi.;
%, Of "Xje;
By, f7Xje:

First note that from Lemma 1 we getf,, " xe %\rx Xo¥ Bf “xe, which implies g;ir"xj .

BL ¥ XY Bry, for the above choice fof™. Moreover,ry, Bf “xqe BC2 BCo, and from &
Llpschltz and e, gradient Lipschitz conditions onf , we get; i; Y&, YBe&r, | i; 7« | &l, and
the YY . strong convexity off shows thatl™ satis es the conditonv— ,,vC; | v>C | i.
Hence,I" is feasible for the LP. In particular, note that we do not need the additional 3
terms in the de nition of ¢y; ¢,; Cy to show the feasibility of I” for the LP; these extra terms
are only required for the third argument of Lemma 5 to show that not only™ is feasible,
but a ball around it is also feasible. We will prove that shortly. Next, from Lemma 4, we
see that the maX|mummax.>N gx “xe at point X >X is never achieved by fax;'s from x,

farther than Yx; xYC S— , since the value ofg,, "X« is smaller thang,,“x« for the
element of the coverx; that is close tox. On the other hand agaln from Lemma 4 fok;
such that Yx; xYB and anyx; such that Yx; xYB S—_ , We have
o
G "X G xsUB , do;
and from LP feasibility

N _
Ox, Xi® Bry;:

Therefore,
(o]

max gy X'LBiTﬁX$iS , dg

i>N o

max$ " x;eS - aco

i>N o

BC2 2 aC'o
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o
Therefore, the optimal solution!| * should satisfy max;s y lgx' "~ xeUB C2 » dg which

proves the rst argument equation 1. Finally, combining Lemmas 64 and 65 we get the2
shows strong convexity ofy' * with respect to Y.Y, . for argument equation 2.

Next we show the third argument; note thatf satis es a slightly stronger inequality compared
to the rst condition of the LP equation 2.13, namely

foxie “Of "xi*; % Xie %‘xj Xie O "X X Xie %Wj X; Y (C.47)
L L L A
TR XY 56 % XY Bf "xje; (C.48)

or, since we constructed instanc€ from f

“Fen 15 L -
gxz~ Xj® %Wj iY3 9—6Y5(j XiYQ) Bf Xje: (C.49)
Butif Y ©2f"xi*YBzBiz Y XY, then

1 A - A 1 - -

éTXj Xi‘_©2f Xi® Xj Xj*® Xji  Xj® X Xi‘TBézxj' Xi® Xj Xi.7F Z©2f Xj® ZF
1 -

BEYXJ' XiYZZ@)Zf Xje® 4

L
82—88WJ XiYg:

. A 2
Given YOf "X VYB 555 B 5ss YX; x; Y, we get

. N L
SOf "xij*;X;  Xie Vv;X; X eBYSf "X VYY; xiYB@Yxi ija:

Finally under $°xj» rSB 555 ° B o5 ¥; x; Y. Hence, if we assum@ ZB 55 2, then

combining the above Equations we get

“len “Fen | on R L
lgx! Xj® gX:~ Xj'U Lgx! X fxi Xj.LBQ_GWj XiYBZ
But plugging this into equation C.49
“lea,, 180

O X E\rﬁ(j XY Bf “xje; (C.50)
Finally note that 4 I*ZBZL88 3 also implies} i > N :

8, B3, S B, BC? L3
Yo YBY. Y. W, w YBe L 3
Wl Z o TZl Ty Y% L G2
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Therefore, I" is still feasible for the program equation 2.13 with our choice of parameters
Co; C; Co here. Hence, we conclude

“T"e Ya “Te-
BLaggs M bP DB 10Co2 Nd%2 c2Z :

Finally note that for arbitrary | >P, which satis es the conditions in LP equation 2.13, we
have

YYBr2 Q%8 WY Y, Y
B°N 1:Cy®> NdcZ Ndc3;

which implies

P, bB % e
1 bB 10Co? Nd%? c2Z

C.7.5 Proof of Theorem 25

Consider the random distribution in Theorem 1.2 of [28]. Then from property (3), there
exists a unit directionv with WY, B 1-. Then we claim that WY, . B ;&—. This is because
WY supgy ViweC vigre ﬁf Hence, WY, Cd' . Hence, forv ¥— we have

WY, c
YeY . 1and ¥YB i

C.8 Strong convexity

Here we show that a lower bound on the second derivative implies strong convexity with
respect to arbitrary norms.

Lemma 65 (Lower bound on second derivative strong convexity). Suppose for convex
function g X R which is second order continuously di erentiable except in a nite number
of points in which it is only left or right second order di erentiable. Suppose the second left
or right derivatives in arbitrary direction v, which we denote bYp2'g"xe v;v ;D2'g X v;V
respectively, are at least WYEC. Then, g is strongly convex with respect t&Y, namely for
any x;y >X and any subgradient, of f at point x:

f7ye Cf "xe "Of "xe;y xe YW XYECZ

Proof. Without loss of generality assumef§ xY . 1 and de ne the one variable function
h“te 01 R: h"te g'x t'y xe,andlet0OBt; Bt, B Bty B1 are the non-
di erentiable points of h"te on 0;1 , which we know are nite from our assumption. But
from di erentiability of h between these points, we can write (de néy O;ty 1 1)

ti 1

k
fye g1l Qs g®tedt; (C.51)
i1t
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where for the integral in t;;t; 1 by h®t;e and h®t; ;» we mean the right derivativeh®t;e
and left derivative h®'t; ;», respectively. Now we show that for alt > 0;1

h®te;h®te Ch®0e t: (C.52)
We show this inductively fort >"t;;t; ;¢ fori 0;:::;k. Particularly, the induction argument

for stepi is that for t >"t;;t; 1», h®te Ct h®"0e, and h®'t; 1¢;h®"t; 1« Ch® 0 t; ; .
The base trivial sinceh® 0« Ch®"0e. For the step of induction fromi 1to i, we know

g®tieCt;: (C.53)
Now for anyt >"t;;t; ;*» we can write
h®te St_thoe‘%odsc “totie; (C.54)
and particularly for t; 1:
Wt o s h®BedsC ;e (C.55)

On the other hand, from the convexity ofg,

hdg\ti 1° Bhoe’\h 1°. (C56)
Combining equation C.54 equation C.55 equation C.56 with equation C.53 completes the
setp of induction.

Finally combining equation C.52 with equation C.51 and noting the fact that for any
subgradientv at point x, 'v;y X; Beh® Oe,
1

fye Ch® 0« g tdt Ch® 0 >
0

which completes the proof. O
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Appendix D

Projection-Free Online Convex
Optimization via E cient Newton
Iterations

D.1 Self-concordance properties

Throughout, for a twice-di erentiable function f intK R, we let "Xx;fe YOf "XeYg 2f 4.

denote theNewton decrementof f at x >int K.
Lemma 66. Letf int K R be a self-concordant function with constantl; C1. Further,
let x >int K and x; >argmin, . f “xe. Then, I) whenever “x;f « @L-M¢, we have

YK Xi Yozr-x, e YYX Xt Yozrxe B "X fo~"1 Mg "X f oe;

and Il) for any M CM;y, the Newton stepx x © 2f"x«©f “xe satises x >int K and
"X feBM “x;fe2~"1 M “x;f ee2:

Lemma 67. Letf int K R be a self-concordant function with constan¥l; and x >int K.

Then, for any w such thatr  Yv XYg2¢-y. @L-M;, we have

"1 Mire?©?%f "we | ©*f "xej "1 Mqre 2©%f "xe:

The following result from [62, Theorem 5.1.5] will be useful to show that the iterates of

algorithms are always in the feasible set.
Lemma 68. Letf int K R be a self-concordant function with constaril; C1 and x >int K.

Then, i "w>RY Yw xY, @L-M - bint K. Furthermore, for all w>E,, we have

Yw  xY

Yv XY, B :
"1 MY xY

Finally, we will also make use of the following result due to [54]:
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Lemma 69. Letf int K R be a self-concordant function with constan¥l; AO. Then, for
any x;w >int K such thatr  Yx wWYg2s~. @L-M;, we have

1

YOf “xs © f weY2 5. . Bz
f [ ]

Y X%Zf‘x-:

D.2 Technical Lemmas

Our analysis relies on the crucial fact that the Newton decrement can be su ciently decreased
by taking a Newton step using only approximate gradients and Hessians. We state this fact
next; the proof is in YD.4.1.

Lemma 70 (Decrease in the Newton decrement)Let be a self-concordant function over
int K with constantM A0, and lety >RY be such that "y; « B1~"40M <. Further, let

H >R? 9 and &, >RY be such that

~ R " 1 )
Y8, © “yYo:-y.B @W’ (D.1)
"1 e©? Tye|l HI "1 +©? “ye; (D.2)

for @1-5. Then,fory y H '© “yeandy y H 1éy, we have
Y +BOM Ty, 2 25 Ty e
Ty ; eB201 " "1 2071 eMe Ty e

Next, we show that as long as the Newton decrement is small enough at the current iterate
w; 1, the intermediate Newton iterates "w{"e remain close to the landmark pointu; ;; this
will be important for the proof of Theorem 6. The proof is in YD.4.2.

Lemma 71 (Invariance under Newton iterations) Let be a self-concordant function

over int K with constantM A O. Let b AO, Myewton “log ..Ml e, B1-100(M ¢, " @
1~"2000M -, 0:001 and B 1~"100M br. Further, let “w; w"; us; o; Hee be as in
Algorithm 1 with input ™ ;"; ;m Newtor®. Suppose that at round 1 of Algorithm 1, we have
- 1
Wt 1, t 1° B and YUt 1 Wi 1Y©2 “Up 1e Bm (D3)
For t A1, if the sub-gradientg; ; at roundt 1 satises Yo 1Yo 2 ~w, ,- Bb then
. 5™t , 1
W{n, t® B« 1—6' WE', t® 500 BW (D4)
Furthermore, we have for allm > Myewton :
%@2 “whe | ©2 “wlel 202 “wiMe; (D.5)
1
“Ntm Ut 1YHt 1 Bm, (D6)
1 15 M1t ,
YW Wi Yoz B oo ‘16 240, (D.7)
" 1 15 ™1 Do
th Ut ;|_Y|-|t 1 Ywv: 1 U 1YHt 1L,BZ Yg[ ]_Y@Z "W pe <— 500 2; (D8)

40M 16
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wherew! >argmin,.« "we is the optimum solution of .

We note that we have not made an attempt to optimize over the constants in Lemma 71.
Lemma 72. Let be a"M ; e-self-concordant barrier forK, and letw' >argmin, “we.
Further, suppose that the losses satisfy:

1 1 1
su twl Zew — wfe T“weBO@®R—': D.9
w>intK;It3>T ! T T T ( )

Then, for any w >K, there existsw >K, 1 (whereK. is as in equation 3.4) such that
T o

T _
Q A\tAWt' \tAW’° BQ A\tAWt‘ \tAW' OA Te: (DlO)
t1 t 1

Proof. Fix w>K and denew w' % ZZw>K,r. Then, by equation D.9, we have,
forallt> T,

‘tAWt' ‘IAW‘ B\tAWt‘ \tAW' OAT l~2°: (Dll)

Summing this overt 1;:::;T leads to the desired result. O

D.3 Proofs of the Main Results

Next, we present the proof of Theorem 6.

D.3.1 Proof of Theorem 6

Proof. The proof consists of three parts: I) First, we show thaBARON&eps the Newton
decrements “w;; ¢;t C1; small this is the main invariant of BARONS) Then, we bound
the regret of BARONSing this invariant and the results of Lemma 71; Ill) Finally, we bound
the runtime of BARONS

Bounding the Newton decrements. We will show that the Newton decrements satisfy

“ws; s* B min > ;1000 ; (D.12)

1
100(M
for all s C1. We will show equation D.12 by induction ovett C1.

Base case. The base case follows by the facts that, >argmin,.« “we, 1 and that
the Newton decrement is zero at the minimizer.

Induction step. Suppose that equation D.12 holds witls t 1 for somet C1. We wiill
show that it holds for s t. First, note that by the update rule of landmark (see Lines 12
and 17 of Alg. 1), we have that

1

Yy 1 Ue 1Y, Bm;
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whereH; ; Qhess™y, j¢. Thus, by the choice of in the theorem's statement, we have

1
Yu 1 w 1Y©2 “Up 1 Bm (D13)
This, combined with the fact that equation D.12 holds withs t 1 (the induction hypothesis)
implies that the conditions of Lemma 71 are satis ed. This in turn implies

N 15 MnNewton 50 15 ™Mnewton “be
~ . ° a ~ 1 p/MNewtons . B T ~al. ° 1 B— Ve 1 B .

Wi, ¢t W; y ot <16 WeS ¢ 500 M (16 500 ,
where”as follows by the fact thatw; w""e"*" (by de nition; see Algorithm 1) and “b» follows
by the choice ofmpewton iN the theorem's statement. This shows that equation D.12 holds for
s t and concludes the induction.

Bounding the regret. To bound the regret of BARON®e make use of the FTRL iterates
“w'e, which are given byw] >argmin,« "we: By Lemma 71, we have that for alit > T ,

Yve w Yo - Ve Wi, - B« 15, e 240' O™ D.14
t t 102 “w/e t t 102 “w{. 40M 16 ) (D.14)
where the last inequality follows by the choice ainyewton  “10g"1~""M eee in the theorem's

statement. Using this and Hélder's inequality, we now bound the sum of linearized losses of
the algorithm in terms of the sum of linearized losses with respect fa]e:

T T T
Q 'w;aeBQ 'Wige Q Y wWiYer ~wi. Y0iYee e 1 (D.15)
t1 t1 t 1

Now, by equation D.5 in Lemma 71 (which holds due to equation D.13 and equation D.12
with s t 1 as we showed in the prequel), we ha\,@2 “we | ©2 “wy'e, which implies
that Yo Yo 2 ~wj. B2Y3Yo 2 ~w,.: Combining this with equation D.14 and equation D.15, we
get that

t1

T T T
Q 'W;3eBQ W i;ge O™ Q YuYo 2 ~w.: (D.16)
t1 t1

Now x w>K. Subtracting P{ ;"w; gefrom both sides of equation D.16 implies the following
bound the regret of BARONS

T T T
BAROMSve BQ "W e Q 'wige O™ Q YoYo 2 “w,-;
t1 t1 t1
1 . T . T
B> “we Q Y . e 070 Q VB Yo 2 ~wes
t1 t1

where the last inequality follows by the regret bound of FTRL (see e.g. [55]).
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Bounding the run-time. Note that BARONS$pdates the landmark points on the rounds
whereYu; w;Yy, A1~"41IM «. Now, by equation D.8 in Lemma 71 (which holds due to
equation D.13 and equation D.12 wittrs t 1 as we showed in the prequel), we have

U weYa, Yoo we 1Y, U UN wi™eenyy o Yoe w1 Yo, U

M Newton
B2 Yg 1Yo 2 -w, 1 ﬁ‘% 500 2

B2 Yo 1Yoz g, O

where the last inequality follows by the choice omyewton in the theorem's statement. Hence,
the quantity Yu; w;Yy, increases each time by at mo2 Yo 1Yo 2 ~y, ,» O""e. Therefore,
the number of times that the landmarku; changes is bounded by

T ~ ~n
2 YO Yo 2 ~we Q7 Mee
o@ELL t ‘
1~"41IM

.
O T" M Q YoYo: . :
t1

Thus, the overall computational cost of recalculating the Hessians and their inverses at the
landmark iterates is bounded by

;
Cess @ T" M Q YaYo: ~we':
t1

where the multiplicative cost C'*ss re ects the fact that the instance of BARON® the
theorem's statement need4d accurate approximations of the Hessians and their inverses
(in the sense of De nition 9) at the landmark iterates. MoreoverBARONSeds to compute
an "-approximate gradient of at every pointw" for all t > T and m > Myewton . Thus,
the cost of computing the gradients i€ T log-2—. Finally, the matrix-vector product
H,© {"we in BARON®stsO"d?s work, and so overall the computational cost is

;
OEDTrd 2 Tlog% aess @ T" M Q YaYo2 ~w."
t 1

D.3.2 Proof of Theorem 7

Proof. Note that without having any e ect on the algorithm, we can add an arbitrary
constant to the barrier . Thus, without loss of generality, we assume “w'e 0, which
implies “we CO, for all w>K. We de ne the restricted comparator class

K “w>K “weB “w'e logce:

By [62, Corollary 5.3.3] and the fact that isan"M ; e-self-concordant barrier forK, we
have that

Kb K; (D.17)
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and so it su ces to bound the regret against comparators ine. Fix w>&. Under the
assumptions of the theorem, the preconditions of Theorem 6 are satis ed and so we have,

T A R 1 . T T
Q T Wie TTwee B— e Q Ygt\f@ 2 e "Q YO Yo 2 wies
t1 t1 t 1
1 logc  b?T "Tb; (sincew>K and YgYs 2 -u,. Bb)
o

» -
2b Tlogc b T;

where in the last step we used the choices ofand " in equation 3.5. Combining this with
equation D.17 implies the desired regret bound. The bound on the computational complexity
follows immediately from Theorem 6, the fact thatyg; Yo = -w,. Bb, and the choices of and
" in equation 3.5. O

D.3.3 Proof of Theorem 8

Proof. Similar to the proof of Theorem 7, and without loss of generality, we assume that
is zero at its minimum, i.e. “w'e 0. We de ne the restricted comparator class

K “w>K “weB “w'e logTe: (D.18)

By [62, Corollary 5.3.3] and the fact that is an"M ; e-self-concordant barrier forK, we
have that

Kit bk (D.19)

On the other hand, by Lemma 72 we have that

T T o _
SUp Q7 Wi {wee B sup Q7 wie we O T

waint K ¢ 1 waint K¢ 1
Combining this with equation D.19 implies that it su ces to bound the regret against
comparators inf. Fix w>&. Note that since is equal to plus a quadratic, is also a
self-concordant function with constantM M [62]. Thus, under the assumptions of the

theorem the preconditions of Theorem 6 are satis ed and so we have,
T A o 1 . T T
Q t Wie t Wee R= \Wfe Q \gt% 2 e " Q YgtY© 2 AWt': (DZO)
t1 t1 t1

Now, by the choice of , we have that
o} o

Yoo 2 ~w. BRYGY~  BRG~

Moreover, from the condition that K b B*Re, equation D.18 and the fact that “w's 0, we
have for allw >&:

“we B logT —:
W og2
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Plugging this into equation D.20 and using thatw >K, we get

R2G?_ ,TRG.

T
Q t Wt. t \Afee
t1

1

1
logT —
ogT -

» o

2RG TlogT gRG T;

where in the last step we used the choices ofand " in equation 3.8. Combining this with
equation D.19 implies the desired regret bound. The bound on the computational complexity
follows from the computational complexity in Theorem 6 and the fact a gradient Oracle

092"« [resp. Hessian Oracl@©®'* «]for "+ ~e Y ¥ can be implemented with
one call to0%?" « [resp.O"ess™ «] plus d arithmetic operations. O

D.4 Proofs of the Technical Lemmas

D.4.1 Proof of Lemma 70

Proof. Throughout, we let h is the Newton step based on the exact gradie@® “ys:
h H© "y
Recall that ¥ andy from the lemma'’s statement satisfy
¥ y h and y y H

Bounding the Newton decrement at y . First, we bound the Newton decrement at- .
By de nition, the square of the Newton decrementatr y his

;e © 7y he®©2 "y he©® "y he:
Now for the vectorz de ned below, we de ne the functionF as
z<©2 "y he©® "y he and F'ye © “yez: (D.21)
The partial derivative of F in direction h is given by

DF"ysh  h©? “yez;
© Ty H 1©? “yez;
© "y.—H 1~2H 1~2©2 "y.H 1~2H 1~22.
© “ysH H 1202 "yeH 12 |eH2z © “yez: (D.22)
Now, by equation D.2, we have

YH 2@ “yeH 12 1YB—:
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Thus, the rst term on the right-hand side of equation D.22 can be bounded as
© "y.—H 1~2"H 1~2©2 Ay'H 12 | eH 1~2Z
B—1 YO “yeH 2YHTZzY
1—\@ “yeYy 1Y2Yy;
S
1 ez
S
1 ez

B

YO Ay°Y© 2 Ay.YZY@Z “yes

Y YoYor -yl

Plugging this into equation D.22 and using the de nitionz in equation D.21, we obtain
- - 1.
DF°yeh F y-TBAl—.2 Yi ¢ YZYe2 -y.: (D.23)
Now, lety"se y shandF Xy“se F“y"see. With this, we have
"F Xye®se “F Xye®0e h™©? "y'see ©2 "y Qeeez: (D.24)

On the other hand, by Lemma 73 and our assumption on’y; e, we have

1

Wose yYer -y SYYer -y B%\@ YYor Bz Ty; v (D:25)
1

: D.26

@—BOM (D.26)

Thus, by Lemma 66, we have

1
T M WS yYor -y.e?

1 M W"S. yYé2 Ay..2©2 "y.| ©2 "y"s..| ©2 "yo:

This, together with equation J.28 also implies that
"1 3M Wse yYer y.c©% Tye| © “y'see | "1 3M Wse  yYer -y.c©* Tye:
After rearranging, this becomes
3M Y s Yoz .©% “ye| © “y'see ©2 “yel 3M Yy'se Yoz ~,.©7 “ye:
Combining this with equation D.25 and the fact thatc B% gives
AM  Ty; e©? “ye| ©® "y'see ©2 “yel| AM Ty; ©? ye: (D.27)

Finally, by Lemma 74 and equation F.78, we obtain the following bound on the right-hand
side of equation J.20:

“F Xys®se “F Xye®0rB6M Ty eYhYo: -.Y2¥er -y
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Integrating this over s gives
© "y hez “F Xy 1e
“F Xy 0+ "F Xys®0e Sol%oF Xye®se "F Xys®0eZds
BO "y z DF7ysz 6M 7y; eYhYe2 . YZYe2 -y.;
BO "yez DF’ye z fl Y o2 Yoz s (D.28)

where the last inequality follows by equation D.25. Now, note that from equation F.78 (with
s 1) and the assumption that “w; ¢ B1~"40M e, we have

©? "y | §©2 "y he:

This implies

Yz Yo “ye B%)YZY(@Z y he 130 Ay h; e:

Plugging this into equation G.1 and using equation D.23, we get

20M . 5 -

71 . 0
1. 20M . )

B—A1 = Y Y2Yer -, 77 = ¥ o2
10 "1 . 20M ., .

P o VYt e

© "y hezBT® "y z DF yehT

Now, from the de nition of z, we have
© "y hez "y h; %
Thus, since @14, we nally get
"y h; «BOM Ty; 2 25 Ty; e

This proves the rst part of the claim, i.e. equation J.20.

Bounding the Newton decrement at y . We now bound the Newton decrement at
y y H 18, intermsof thatofy y h. Note that

¥ y HTO "y @
On the other hand, from equation D.45 and equation J.28, we have

© "y ol "1 3M YhY©? "yl ;1@2 “ye | ;1 eH; (D.29)
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which implies that

H 2 "y -HYB;‘l .

@2 Ay_ .1~2

Therefore,
W’ y %2 "y. .
"© Ayo @yo—H 1©2 Ay— H 1A© Ayo @yo,
-~ o . A A
A© Ay— ° ©y0_© 1-2 Ay— .&@2 Ay- 01 2H 1©2 Ay— 01 20 © 1-2 Ay— 0A© Ayo @yo;
B—"1 02"© "yo éyo_@) 2 "y— ¢ © "yo éyo,
i IR - AP
Combining this with equation D.29 and our assumption oréy from equation D.1 implies
7,\ ~ A ~ L
Y Y Yoo oy BE 1 YO “ys &,Yo: . B51 o (D.30)
Thus, by Lemma 66, we have

1

S~ % o" o2 e©2 "y e 2 "\t oe 2 "y oe ¢ 2 "\ e
§1 51 M 116" "y 1 € "y ©% Ty BB s 1O Y
Since" @1~"40M e, we get

201 +"©@% "y el © "y ©2 "y | 201 "C2 "y e (D.31)

Now, by Lemma 69 instantiated withx y andw vy , we have

? - = = = = = = W Y'Y©2 Ty e
. oo 2 . . e« B .
©yr© YOt ¥ O YO VUBTUY v e

B101 " (D.32)

where in the last inequality we used equation D.30 and the fact thatB1~"40M .

Using the triangle inequality, we can bound the Newton decrement at as
»

Y eB TO e © ye©2yeQ O o © yoee
"E Ty Y0y
52» "© e © "y ©2 YOO yo © "y ee
»© "y e®© 2 "y «© "y e; (by equation D.31 and" B1~"40M )
B20'1 " "1 201 e"e Ty

where the last inequality follows by equation D.31 and equation D.32. This completes the
proof. O
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D.4.2 Proof of Lemma 71

Proof. By de nition of "we in Algorithm 1, we havew} w; ; and w;  w""ewe, We
show properties equation D.4, equation D.6, equation D.7, and D.8 using induction over

Base case. We start with the base caseym 1. Note that from the assumption in
equation D.3 and de nition of w, we have

YV U 1Yer ~y, ,. B1~AOM e (D.33)

Now, by de nition of the Oracle O"ess and the fact that H, ; OPess”u, ;» (see Algorithm 1)
with 0:001, we have

"1 0:0012©% “u; 1ol Hy 11 71 0:001©% “uy go: (D.34)

Combining this with equation D.33 implies property equation D.6 for the base case. Further-
more, sincew! w; ; (by de nition), equation D.8 follows trivially for the base case.

Now, using that " we t 1 We g7 ,W;we have

2 ~ . 2
Wi 1, t®

"© Wit gt 1 © % W 1O ¢ W g0 gy g
B20 { 1"W; 1 © % "W 1°© { Wy ;¢ 2 %G 17© 2 "W 1°G 1

2 W1 11°? 22017 ©7% "W goG g (D.35)
B2 2 2 2 B1~"2500M 2e; (D.36)

~\l-
Wt1 t.

where the last inequality follows by equation D.3 and the fact thatfg: 1Yo 2 -y, ,. B b.
This shows property equation D.4 for the base case. Thus, by Lemma 66, we have, for
w] >argmin,. " We,

1
YW W Yoz e YW WYz e BOTWE =T MW e Bm: (D.37)
Now, combining equation D.34 with the fact that¥u; 1 WiYez ~y, o YU 1 W 1Ye2 -y, .. B
1~"40M -« (see equation D.3) and Lemma 67, we obtain
31 2 . 32 2
(3—2' H,; 1| ©2 th.l (ﬂ. H; q; (D38)
Plugging equation D.38 into equation D.37, we get
Yol wYy, , B1~"40M e (D.39)
Now, by the triangle inequality
Yoo 1 WY, BYUE: WiV, YW wiY
B1~"20 ye; (D.40)
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where in the last inequality we used equation D.3 and equation D.39. Combining equation D.40
with equation D.34 and Lemma 66, we get

"450©2 "W/ | Hy 1| "54e©% “we: (D.41)

Combining Equations equation D.41 and equation D.38 implies property equation D.5 for
the base of Induction. Furthermore, note that from Lemma 66:

50 . 1
thl W?Y@Z ‘WtT. B4_9 Wél', t® Bm,

which shows property equation D.7 for the base case.

Induction step. Now, assume that properties equation D.4, equation D.6, equation D.7,
and equation D.8 hold form C1. We will show that these properties holds fom 1. From
the hypothesis of induction, we have

1
“Ntm Ut 1YHt 1 BW,
which combined with equation D.34 and Lemma 66 implies
0:8402 "wMe | Hy 11 1:202 “wiMe: (D.42)

Thus, by Lemma 70 (instantiated withc 1-5) and the fact that “w{"; (* B1~"40M < (by
the induction hypothesis), we get that forw™ ¥  w" H,1© "wme:

"Wl e BOM Tw; e2 2:5¢ "W e BT7-8e Twi; e
Again, by Lemma 70 withc 1-5, we have
“wh il e B20°1 o "1 201 oote TwM Lo
B25' <i—2~ "W e B1I~50M (D.43)

By the induction hypothesis, we also have that “w["; e B%]fgfn ! “wi; (¢ 500. Com-
bining this with equation D.43, we get

“wi L t-B<1—6- “wi; e 500" (D.44)

This shows that equation D.4 holds withm replaced bym 1.

Next, we show that equation D.6 holds withm replaced bym 1. Combining equation D.43
with Lemma 66 implies

YW Y W Yoz~ B OTW Y oe~"L MW Y e B1SAOM o
This, together with equation D.41 gives

Yv 1wy, , B1~"32M (D.45)
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Combining equation D.40 with equation D.45 gives:

1 .
i’
which proves that equation D.6 holds withm replaced bym 1.

1
“Ntm Ut lYHt 1 B

Next, we show that equation D.7 holds withm replaced bym 1. By equation D.44 and
Lemma 66, we have

m
Y 1wl Yee Awg.Bi—g<i—2~ “wioe 240,
m
49& <% 240'3%; (D.46)

where in the last inequality we used equation D.36 and the bound dnin the lemma's
statement. This shows that equation D.7 holds wittm replaced bym 1.

Next, we show that equation D.8 holds withm replaced bym 1. By plugging equation D.41

into equation D.46, we get
1 15" N
YT TRBETY 300" (D.47)

On the other hand, by equation D.35, we have
»

1
Yw" o ow'y, B

»
~wle ~ [ ~ ~ - ~
Wi, *B O { 1"W 127©0? "wy gee 1O ¢ "W g0 200 1702 "Wy g0 10 g

Wi 1, t1° YO 1Yo 2 ~wy qe-

Plugging this into equation D.37 and using equation D.36, we get

Yo! i Yoo “wle B4_9 Wi t1* Yo 1Yoz rw oo
50.
B4—9 \gt 1Y© 2 "y g0 (D48)

where the last inequality follows by equation D.3. Combining equation D.48 with equation D.42
(instantiated with m 1),

Yw! w'y, B2 Yo 1Yo 2 cwy ge (D.49)
Now, by equation D.47, equation D.49, and the triangle inequality, we have

1 15" ,
Wth W{n 1Y|_|t 1 B2 \gt 1Yo 2 “wp 1o m(l_G. 500" 2:
Via another triangle inequality, we get
1 15"
U, 1wy 1YHt y YW1 WYy, B2 YO 1Yo 2wy ge m<ﬂ3’
500" 2:
This shows that equation D.8 holds withm replaced bym 1. Finally, combining equation D.41
with equation D.42 implies
1

§©2 “whe | ©2 “wiel 202 “wiMe;
which completes the proof. ]
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D.5 Helper Lemmas

Lemma 73 (Bounding norm of the Newton step) Let y >K and H >RdY 9 be such that
"1 c© "yel HI "1 c©? "ye. Then,forh H © “ye, we have

1
YhY@Z “ye Bl_C© Ay'Y© 2~y

Proof. We can write

YhY@Z “ye l"l o Ay'Y©2 “ye
© "yeH 1©2 "yeH 1O “ye

S7

~ ~ ~ 2 ~
© "ye®2 “ys 1F802 "ye'PH 102 “ye'*e @2 "ye Y@ “ye:  (D.50)

For the middle matrix © “ys'?H 1©2 "y’ we have that

1 |1 ©2 “yo'?H 102 "ye

12 1
1 c 1 c

since”l ¢c©? “yel HI "1 cc©? “ye by assumption. Plugging this back into equation D.50,
we get

1 -
YhY@Z “ye Bﬁ:\(@ y‘Y©2 ~ye 1.

]

Lemma 74 (Cauchy-Schwarz) If B | Al B are symmetric matrices andB is PSD, then

X Ay BYXY: WYs:
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Appendix E

Online Learning with Temporal
Feedback Graphs

E.1 Transitive feedback graphs

In this appendix, we turn our attention to the case of transitive feedback graphS. Recall
that these are acyclic feedback graphS where ifu >S; and v >S;, then v >S; (that is, if
you can see loss, at round t, you can also see all losses you could see at round

E.1.1 An e cient algorithm

We will begin by showing that we can e ciently implement Algorithm 2 for any transitive
feedback graphS. In particular, it su ces to show that we can e ciently nd an optimal
basisB and associated primal solution * in time polynomial in T.

Note that for a transitive feedback graphS, any directed patht; t, tw in S forms

an order. This allows us to construct an e cient separation oracle (and hence e ciently
solve) the upper bound dual program equation 4.7.

Lemma 75. If Sis a transitive feedback graph, then we can nd an optimal solution* to

the upper bound dual program (to within additive error) in time poly”T;1~+. Moreover,

there exists an e ciently computable subgrapl$®of S and two sets of roundsrc’ S® and

dest S® such thatC *e is equal to the set of all directed paths contained withBfethat start

at a node insrc’'S® and end at a node indest S%.

Proof. We will rst provide an e cient separation oracle which, given a CO, will either
describe which of the order constraints > N violates, or report that is a valid dual
solution. With such an oracle, we can use the ellipsoid method to solve the convex program
to within  additive error in time poly"T;1~ .

Since every directed path inS corresponds to some ordeC,, it su ces to be able to nd
the directed path P in S which maximizesP ., 2 (if this maximum is larger than 1, we
have a violating constraint given by the ordeP corresponds to). But this is equivalent to
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computing the longest weighted path in a directed acyclic graph (where vertéxhas weight
2), which can be solved e ciently in O"T?2e time via dynamic programming.

Now, note that C~ *e consists of all directed paths® whereP» 2 1. We can use the
same dynamic program to show thaC~ *e simply contains all paths in a subgraphS®of S
that start in a source setsr¢' S® and end in a target setdest S®. For each nodet > T , let
V; be the maximum value ofP ., 2 over any directed pathP ending att. We can use the
following procedure to constructS®

Start by adding the set of verticest whereV; 1to S®

For every roundt in S®that hasn't been processed, nd all ancestors >S; with the
property that V; Vs 2. For each such ancestos, add the edges t to S®(i.e., add
s to S¥, and processs if it has not already been processed.

Finally, let sr¢"S® equal the set of roundgs >S®whereV, 2, and let dest S® equal
the set of roundst in S®whereV,; 1 (equivalently, these are the sources and sinks of
the DAG S9.

To see why this procedure works, note that any pathP  “ty;t,;:::;txe from src’S® to
dest S® along edges o8*will satisfy Pp 2 PX,"Vi Vi 1* Vi 1. Moreover, any edge
this algorithm does not select cannot possibly be included in a path @~ *e (the sum of
2 over a path fromt; to t; containing this edge must be strictly less thay, V; B1). It
follows that C™ *e simply contains all source-destination paths 8% m

We can now use the dual solution (and the characterization & *e) provided by Lemma
75 to nd an e cient, sparse solution to the primal.

Theorem 44. If S is a transitive feedback graph, then we can nd an optimal solution* to
the upper bound program (to within additive error) supported on a basiB of size BBT in
time poly"T;1~-.

Proof. By Lemma 75, we can e ciently construct a dual solution * and corresponding set
C *e. Our approach will be to use this to nd a sparse solution to the linear program
equation 4.10 in the proof of Lemma 9 in the, random variables (recall that such a solution
characterizes an optimal primal solution via §, . { for eachc>C *s, t >C,).

The linear program in equation 4.10 ha& *eSrandom variables, and therefore it would be
ine cient to solve directly. Instead, we will show that we can use the structure ofC" *e (as
the set of all source-destination paths in the subgrap89 to rewrite it as a ow problem.
Indeed, consider the following linear program in the variablefs, (for each edgee  “s;te in
the edge setE"S® of SY:
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Minimize Q fsi (E.1)

t>dest"S%
“site>E"S®
Subject to Q fst 1~ forallt>T
sS§;te>S®
Q fsi Q fise forall t>S%® “src’S% 8 dest S%e
SS§;te>S® sSts®>Se

fet CO for all "s;te >SE"S%:

The linear program equation E.1 is a polynomial-sized LP, so we can solve it e ciently. At
the same time, it is equivalent to the linear program equation 4.10 in the following sense: rst,
given any solution  to equation 4.10, if we letfe Pgc ¢ €qual the sum of . over all paths
C. that contain e, then f satis es equation E.1 (with the same objective value). Conversely,
given any ow f, solving equation E.1, we can decompose it into a positive combination of
source-destination paths. If we let . be the weight of the pathC; in this decomposition, we
can likewise check that . satis es equation 4.10 (also with the same objective value).

There are well-known e cient procedures for ow-decomposition (see e.g. [331]), which take
a ow fe and return a positive combination of at mostO"E " S®Sepaths. By doing this,
we can obtain an optimal solution . to equation 4.10 supported on a basis of size at most
O"Te. We can then shrink this to an optimal basisB of size at mostT by removing all
other variables from the LP equation 4.10 and using any method for nding a basic feasible
solution to the resulting program (e.g. optimizing a random linear functional over the face
containing the optimum). ]

Theorem 44 implies that given any transitive feedback grapB, we can e ciently construct
the algorighm of Corollary 3 that runs in time O"KT e« per iteration and incurs regret at most
O"UB"Se logKe.

E.1.2 An asymptotically tight lower bound

Finally, we prove a lower bound of "UB"See on the regret of any algorithm when the
feedback graphS is transitive. This combined with our upper bound in Corollary 3 settles
the optimal learning rate for the case of transitive graphs.

Theorem 45 (Tight lower bound for transitive S). For any transitive graph S, every
S-learning algorithm A must incur worst-case regreReg A CUB" Se~50.

Proof. To show this lower bound, we use the fact that the value of the upper bound program
UB"Se is equal to its dual equation 4.7. Then, for every instance ¢[ , of equation 4.7, we
show "P{, (* as a lower bound for the value of the regret. To show this lower bound, we
take a similar strategy as in the proof of Theorem 11; the adversary ips a cod >~ 1; 1
and then consider loss vectors " Xy; %- whereX; is a -biased Bernoulli variable, where
the bias is to one ifB 1 and to zero ifB 1. Here again the adversary attempts to use
shared randomness between's to block the chances of the player to learB. At the same
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time, the adversary has to be careful not to reveal any information about thg given the loss
vectors '§'s, s >S; which it can observe at timet. Here, the adversary exploits the transitive
nature of S to cook up these random variables and considers a linearly shifted Brownian
motion with rate

L Bt By

The adversary de nes eaclX; as a positivity indicator variable of a chunk of the procesk.
Namely, for timesp; Cq,

Xi T'Lp Lg CO

Speci cally, for each timet > T , the adversary de nes

g max pse;
s>S¢
2

Pk Gt
With this de nition, rst we show by induction that p, B 1 for all t. We strengthen the
hypothesis of induction and concurrently show the argument that for any, there is an
ordered cliguep in S ending att and with P, 2 p. The hypothesis of induction is trivial
sinceqg Oandp; 2. Now for arbitrary t BT, let s>S; be the index with maximum ps in
S;.. From the hypothesis of induction we know there is an ordered cliqueending at s with
Pssp 2= Ps- Now from de nition we havep, ps 2. Therefore,p; P 2 Wherep®is
the ordered clique ofp concatenated witht. This shows the step of induction. Finally, note
that from the argument that we showed, that there is an ordered cliqup ending att with
Psp 3 P, We concludep, P, 2B1because of the constraint in the dual of the upper
bound program.

The second observation is that with this de nition, X; becomes independent of ¢ for s>S;.
This follows from the independence of disjoint increments of Brownian motion. Next, we show
that with small enough choice of constant , the adversary cannot distinguish betweeB 1
cases with constant probability. For this, similar to the proof of Theorem 11 it is enough to
bound the total variation distance betweenQ 1" 8¢5, Lp, Lge** and Q 1"8gs, "Ly, Lge°,
where here we use the notatio® "X+ and Q "X to refer to the distribution of the random
variable (or more generally random processy givenB 1 and B 1, respectively. But
again from the data processing inequality, we have

TV "8es'Lp. Lg*;Q "8ss Lp, Lgoee (E.2)
Yy

B DSQ "8es,"Lp, Lg eSO "8ss Ly, Lo (E.3)
Yy

B DXQ %0 1783 % 0 17; (E.4)

where in the last Equation,Q "L 0 1e refers to the distribution corresponding to the whole
sample path of the processt in the interval 0;1 and we used the fact that for all timess,
0Bg; Bps B1.
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Next, we use the following Lemma, proved in Appendix E.3.3, to upper bound the RHS in
Equation equation E.4. This Lemma provides a formula for the KL divergence of two shifted
Brownian motions.

Lemma 76 (KL divergence between shifted Brownian motions)For linearly shifted Brownian
motionsL; t By, the KL divergence between the measures corresponding-toand B; in
the interval 0;1 is equal to

D% 0 1738 0 12 22

Applying Lemma 76, we get
DX % 0 17S3% 0 172 B2 2
Plugging this into Equation equation E.4:
TV Y8ss, Ly, Lg*;Q Y"8es " Lp, Lo B2:
Therefore, similar to the proof of Theorem 13,
E & x{SC 12 - Tt:

by picking 1-4. Moreover, from Lemma 78 we have C=—. Therefore,

T ~ [ ]
RegA«C Q -°— Pg . US>
t14 2 16 2 16 2

O

We brie y remark on the connection between Theorem 45 and the independent set program
of Section 4.4.2. Although we have presented Theorem 45 in a completely self-contained way,
we can view the construction in the proof of this theorem as constructing a feasible point to
the independent set program.

Indeed, in the proof of the above theorem, we associate to each round T an interval
p; ¢ contained within the unit interval. The intersection of all these intervals induces a
partition of the unit interval into sub-intervals, each of which is labeled with a subset of
rounds of T . In addition, by our construction of these intervals, two intervals ps; g and
pi; ¢ can intersect only ifs and t are not adjacent inS. Therefore, each sub-interval is
actually labeled with someindependent sett belonging tol "Se. Taking the weight w, to be
the square root of the length of this interval, the analysis in the above proof implies that,
form a feasible solution to the independent set program with value equal ®, { UB"Se.
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E.2 The lower bound LB™Se is not tight

In this appendix, we show that the gap between the value of the upper bound progrddB™Se
and the lower bound programLB™Se can grow without bound.

Theorem 46. For any T, there exists a temporal feedback gragh on T rounds where
UB"Se~LB"Se C "Tl%e,

Proof. Consider the feedback grapts formed by batched learning setting where the time
horizan T ds divided into T batches of T rounds each (so0,S; only contains rounds
s@t~ T T).

o

Since each order ir6 contains at most T rounds, one feasible solution for the upper bound
dual programistoset ; T ™ forallt> T , which impliesUB"Se CT3%.

On the other hand, note that in the lower bound program, we have thaP,.s. ZB1. Since

S; contains at mostT elements, this implies thatP .. B T. But on the other hand, St

ean see all the rounds except the rounds in the very last batch (of which there are at most
T). So Pis, t B T, and thereforeLB"S BP, ;B2 T.

It follows that UB"Se~LB"Se CT14~2  "T14e as desired. O

E.3 Lemmas from probability and information theory

In this appendix, we establish some standard results from probability and information theory
that we make use of in our proofs of our lower bounds.

E.3.1 Bound of KL-divergence for Bernoulli random variables
Lemma 77. Fixa suchthatOB B1l4. If Q Bernl2 =+, Q Bernl2 -, then
D"Q OQ «B12 2,

Proof. Computing the KL divergence explicitly, we have that:

D°Q OQ - <% Iog <% Iog

27log’1 2- l0og"1l 2 e
B2 "6 122%

NIH
=N

Here we have used the fact thabbog"l xe log"l xe¢ B3x for x> 0;1-2 . O
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E.3.2 Fom Gaussian to biased Bernoulli

Lemma 78. Given a Gaussian variableY N c;1e with ¢ A0, and Bernoulli variable
X 1°Z CO0e, we have

PPX 1:Cl2 c2 :

Proof. Note that

1 c 1 - 2
P°ZCO = 0 _g 202

2 So 2
1 c 1 2

c= 0~ g€ ~2
2 So 2

cl ol 2o
2 2
1 c

C- —:
2 2

This completes the proof. m

E.3.3 KL divergence in Gaussian processes

Lemma 79 (KL divergence between two Gaussians)
D"N" 1;1‘33A o; Jee - 1 2‘2“‘2:

Proof. We can write

o R e’y 1022
D"N" 1;1.98" ,;1ee Ey- 1:1e In eA—‘

En- ;1.7 Y 2'2"2 Ty 1'2“'2'
R e
O

Lemma 80 (Restatement of Lemma 76) For a linearly shifted Brownian motionsL; t B;g,
the KL divergence between the measures correspondingd-toand B, in the interval 0;1 is
equal to

D% 0 17838 0 12 22

Proof. From the Girsanov theorem applied to the exponential martingale of the procesB .,
we have

dQ¥B 0 17

_ R)ldBt %R)l 2dt.
dQ%. 0 17 ’

which implies

o . o o 1 1
D% 0 12338 0 120 Ego1S g dB; %s 2dte
0 0
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E.4 Omitted proofs

E.4.1 Proof of Theorem 10

Proof. We will show that the upper bound dual program arises from Lagrangifying the
original upper bound program (and thus this equality follows as a consequence of strong
duality).

We will begin by weakening the upper bound program equation 4.3 by replacing the strict
equality P}, ¢: 1 with the weak inequality P}, .; C1. Note that this does not change
the optimal value of the LP (as if this inequality is strict for a speci ct, one can always
improve the objective by decreasing one of the non-zerg; while not altering any of the
other constraints). By Lagrangifying these constraints, we have that

Ya T N %
UB"Se minmax 2 @& N\ (E.5)
@ @ gy t>QCC ot th t 91 o é

Now, note that in this convex program the objective is convex, all the constraints are a ne,
and the program is always feasible (for every roundthere is at least one order containing it,
namely the singleton order'te). Therefore we can apply the theorem of strong duality (see
Chapter 28 of [332]), and interchange the order of minimum and maximum in equation E.5.

Ya

T N A
UB"Se maxmin 2 @& A (E.6)
o0 (I)%l t(>ch ot tht 91 C'té
We can in turn rewrite equation E.6 in the following form:
T N L] % ué
UB"Se max “ min 2 : : (E.7)
D @ t @ ?1” t?Cc o tggcC ! t'_@

Note that the terms in the internal sum pertaining to C. only depend on the variables ;.
We can therefore interchange the order of this sum and min in equation E.7 and obtain:

T N 3 3/4 u%
UB"Se max ¢ Qmn. Q %2 Q ctt A (E.8)
D @ c1 @ o, ot A
(where , represents the€ Svariables of the form ;).
Let us now consider each of these inner optimization problems of the form
v Ya

; 2
min, Q & Q et
¢ t>C¢ t>Cc °
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Note that if we restrict the domain of . to the subdomain whereP.c, 3, R? this
expression is minimized when each.; is proportional to ;. Speci cally, it is minimized
when

t .
c;t — R)

2
P t@Cc toe

at which point the expression has value equal to

, ¥

We therefore have two cases depending on our choice of

N

If Pisc, ZA1, then the value of this inner minimization problem is? (we can setR
arbitrarily large).

Otherwise, the value of this inner minimization problem i€, attained whenR 0.

It follows that any feasible (that causes the outer-maximization problem to have nite
value) must satisfyP.c, ZB1for eachc> N . If is feasible, then the value of the inner
expression is justP; ; . But note that this is precisely a description of the upper bound
dual program equation 4.7. The result follows. ]

E.4.2 Proof of Lemma 8

Proof. As in the proof of Theorem 10, we write the Lagrangi ed objective:

N Ya T N T N Va “
~ 2 2
L5« Q Q & Q t& Q «f Q t Q, Q &t Q ¢ ct,
cl t>Cc t1 cl t1l cl t>C¢ t>C¢

From the properties of strong duality, we know that any optimal primal solution * must
satisfy L™ *; *e BL" ; *e for any other CO (not necessarily feasible). Assume to the
contrary that the inequality equation 4.8 holds but we have that £, AO for somet. Then by
Cauchy-Schwartz, we have that

Y Y S7
Q IC:tB Q t2 Q g;t@ Q g;t:

t>Cc t>Cc t>Cc t>Cc

It follows that if we construct *®by taking * and setting & Ofor allt> T, then
L™ *#; *e AL™ ® *e contradicting our assumption. Similarly, if, the equality equation 4.9

holds but £, is not proportional to ¢, then if we set & | %@, t%,’eCZJPt@,Cc Ze,

we again ndthat L™ *; *¢ AL™ ® *e contradicting our assumption. O
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E.4.3 Proof of Theorem 11

Proof. Let ; be an optimal solution to the lower bound program equation 4.11. Set 1~10,
and consider the distribution over loss vectors induced by the process described above
(where the adversary rst select8 uniformly from = 1;1e, selects eaclX; independently from
Berr1l2 B e, and sets’; ~X;;1-2¢). We will show that when faced with a loss vector
sampled from this process, ang-learning algorithm A must incur “LB"See expected regret
(from which it follows that there exists a speci c loss vector on which it incurs this much
regret).

To prove this, note that whenA is deciding the actionx; to take at time t, it can see the
variables X for s >S; we will denote this set of random variables as<s,. If B 1,
these r.v.s are distributed according to a distributionQg , and if B 1, these r.v.s are
distribut~ion according to a di erent distribution Qg . We will upper bound the KL divergence
D"Qg, OQg,*; this in turn will allow us to apply Pinsker's inequality to upper bound the
probability A can successfully distinguish between the casBs 1andB 1, from which
we can lower bound the regret incurred by.

SinceQg, is a product distribution over & Sindependent Bernoulli r.v.s (and likewise for
Qs,)» by the chain rule for KL divergence we have that

DAQSt OQSt. Q DAQS OQS.;
S>S¢
where Q. is simply the Bernoulli distribution Bern1~2  ¢» and Q, is the oppositely biased
Bernoulli distribution Berrn 12 s*. We can compute that for these distributionsD"Q, O
Qs+ B12 2 Z (see Lemma 77 in the Appendix), so it follows thaD” Qg CN)QSQ BPgss 12 23,
which in turn is at most 0:12 (since  0:1 and s satisfy equation 4.11).

By Pinsker's inequality, the total variation distance betweerQg and Qg is therefore at most

Ya )

"12:D"Qg, OQg + B 0:06BO0:3:

Now, consider the probabilityx, > 0;1 that A plays the rst action at round t. Let x; 0
if B landx{ 1ifB 1. Then the expected regretA incurs in this round against
this adversary is"X; 12¢"x; xfe. In expectation, this is at least (E &; x/S. But
(applying Le Cam's method),E &; x{S "12Ex;SB 1 "12E1 x; SB 1
"12e T12°EXi B 1 ExiB 1. Sincex; depends solely orX's, (which are drawn
from Qg whenB 1 and from Qg whenB 1), this second term is at most the total
variation distance in magnitude, and thusE &, x{SCO0:5 0:5 0:3CO0:3.

It follows that the expected regretA incurs this round is at least0:3 { C {~100 Over
all rounds, the expected regretA incurs is therefore at leastP, (~100 LB Se~100 as
desired. O
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E.4.4 Proof of Theorem 13

Proof. The basic idea is similar to the proof of Theorem 11; the adversary again begins
by sampling uniformly a random bitB >~ 1; 1e. For each independent set >| "Se, the
adversary samples a Gaussian random variab¥e N~ Bw ?; w 2e (for some xed AO to

be decided later). Then, for each time, she de nes the Gaussian random variablg; as the
sum of Gaussian random variable¥, of the independent setd that include t (letting 1" Se
denoting this sub-collection of independent sets):

Zy Q Y :
1> {"Se
Note that the mean and variance o, is equal to the sum of the means and variances of the
Y, r.v.s, which are B P, ,-s. W? and P, -s. W7, respectively. Finally, the adversary de nes
the loss at timet as™; “Xy; %-, whereX; 1°Z; COe is a Bernoulli random variable with

some bias ;.
Yo 00
By Lemma 78 (proved in Appendix E.3), we can bound, CeL P\ -s. W2 from our mean

7
/ variance calculations for;.

Let Q, and Q, be the distribution of X; givenB  1andB 1, respectively. For a subset
of imesS b T, let Qg and Qg be the product of distributions Q, and Q, for all t >S,
respectively. The rst component of the proof, similar to the proof of Theorem 11, is to
bound the KL divergenceD” Qg (N)Qst-. But by the data processing inequality, we can relate
it to the distribution of the Y;:

D'Qs OQs*BDEA Q*¥I+0 A Q¥ie
St 91 xg St91xg
whereQ "1+« and Q "1« refer to the distribution of Y, given B 1land B 1, respectively.
Now from the independence of the,

DEA QYleO A QNI Q D'QY¥I+0Q Ylee:
St91 xg St91xg St 91 xg
But de ning P, and P, to be the distributions of Zs givenB 1 and B 1, the data
processing inequality implies

D"Q "1+ 0Q "les BD"P "1« OP "les 4 2w?
where the last equality follows from the formula for the KL divergence between two Gaussians,
as we state in Appendix E.3. Hence,

DEA QY¥I+O A QYIe B42 Q w
St91xg St91xg St 91 xg

Therefore, due to Pinsker's inequality, the total variation distance betwee@s,g;xq Q I ¢
and @s,01xg Q "1+ is at most
Yo
TVéA QlAl‘OA Q1A|oo B2 Q WIZBZ
St 91 xg St91xg S191xg
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where the last equality follows from feasibility ofw for ILB*Se. Then the regret incured by
A is "X, %-A Xy Xje with expectation &; x{S But by Le Cam's method, sincex; is only
a function of Y, ,

EX X{S "12ExB 1 "12E1 xxB 1
"12e C12CE X B 1 Ex(B 1

C12¢ "122TVS A QYI1«eO A Qe C1-2¢
St 91 xg St91xg

Therefore, picking 14, we getE &; xS C1~4, which implies the expected regret at
roundt is at leastE &; x{SC ;~4. Summing overt and using Lemma 78, we get

» »
T

2 T PD.. w2
RegA-C 1t BsongWi Pri Bsone Wi o g, 5
4 2 16 2
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Appendix F

Sampling Polytopes with Riemannian
HMC: Faster Mixing via The Lewis
Weights Barrier

259



Structure of the appendices. The appendices are organized as follows:

A

In Appendix F.1 we discuss the basic tools and notation that we use throughout the
paper.

In Appendix F.2, we prove that the hybrid barrier is third-order "= -self-concordant.
This section relies on higher-order derivative estimates. We give an overview of these in
Section F.2.2 and defer their proofs to Section F.6.

In Appendix F.3, we prove one-step coupling and bound the mixing time by combining
the Hamiltonian smoothness bounds for our hybrid barrier, the isoperimetry of the
stationary distribution with respect to the chosen metric, and the stability of the
Hamiltonian curves.

In Appendix F.4, we develop our abstract framework on relating the third-order. -
self-concordance to control the smoothness of the Hamiltonian elds on the manifold.

In Appendix F.5, we prove the stability of the smoothness properties of the Hamiltonian
curves as we start varying the initial location and velocity of the curve.

In Appendix F.6, we prove the higher-order derivative bounds for Lewis weights and
related objects that we need for Section F.2.

In Appendix G.7.4, we prove an isoperimetric inequality on the Riemannian manifold
M equipped with metric g, the Hessian of our hybrid barrier.

F.1 Preliminaries

F.1.1 Notation

We denote the target probability distribution inside the polytope by “¢ e . Recall that
for the LP polytope description Ax Cbh, we de ne the rescalingA by the slack variables,
namely

A, diaghax Dbe 1Z|nlA:
For a vector v in the tangent space ofx, we also work with the reparameterization of/
de ned as
Sux <AxV;
Sy <diagsy.y: (F.1)

which is the speed thatv approaches the facets of the polytope normalized by the slacks.
In our derivations we treat hadamard product of matrices with higher priority than matrix
multiplications, namely AB b C meansA™B b Ce. We refer to the p-Lewis weights vector of
Ay by wy and its diagonal matrix version byW , <diagwy.

De ne the log barrier by

Xe< Qlogax he:
i1
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We de ne the metric g, as the Hessian of thev~m-rescaled log barrierg,”xe < -©? -"xe. It
is easy to check thatg,-norm of v is given by the , norm of s, :

WY, VXV VATANV Y5, Y

For a given point x inside polytope P, we de ne the symmetrized polytopeP 92x P
around x as the following: we re ectP around x and intersect it with the P namely

P 92x P, asillustrated in Figure F.1. The approximation of the symmetrized body by the
ellipsoids corresponding to the Hessian of the barrier function plays a key role in bounding
the isoperimetry constant, as we describe in Section G.7.4.

Throughout the proof, we use the notation3 to indicate an inequality that is true up
to logarithmic factors. We useD for Euclidean derivative and© and D; for covariant
di erentiation with respect to the metric structure on the manifold. Moreover, we usé to
show Lowner inequalities up to universal constants. We us€Y with various subindices to

refer to di erent vector norms, and[ ;[ and Y:Yto refer to the in nity to in nity operator

a

norm and the usual operator norm of a matrix, respectively. Throughout the paper, by high
probability we mean with probability 1 1~poly”me.

F.1.2 John Ellipsoid and Lewis Weights

Proving good isoperimetry for a speci ¢ barrier can be reduced to how well the ellipsoids
corresponding to the Hessian of the barrier at each point inside the polytope approximate
the symmetrized polytope aroundk. A natural way to approximate a symmetric polytope
is via its John Ellipsoid, i.e. the ellipsoid of maximum volume contained in the polytope.
Parametrizing the John ellipsoid asA;W A, for a positive diagonal matrixW, i.e., a weighted
sum of the outer product of the rows oA, the weights are characterized by the following
optimization problem:

max log det AJWA (F.2)
w

Co

sst: IT'w n:

whereW diagw is the diagonal matrix corresponding to the vectow. The John ellipsoid
approximates thg symmetrized polytope in the sense that (1) it is inside the ellipsoid and (2)
scaling it up by n will make it contains the symmetrized polytope.

On the other hand, in order to prove smoothness of the HMC curves, we need to pick a
barrier whose Hessian does not change too fast as a functiorxofUnfortunately the John
ellipsoid is not stable. In particular, the weightsW which maximize equation F.2 are not
even continuous with respect tok. An alternative is to use thep-Lewis weights to de ne the
ellipsoid, obtained as the solution to a relaxation of the program in equation F.2:

Wy <argmax,.gn ~ logdet AAW? #PA,e "1 2-pelw; (F.3)

whereW diagw. Moreover, the optimal value of the program in equation F.3 is denoted by
the Lewis weight barrier atx as de ned next.
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De nition 30  (Lewis weight barrier). The Lewis weight barrier can be de ned as the solution
of the following optimization problem:

o' Xe <max logdef A;W?! 2PAe "1 2pel7W; (F.4)

W>RR,

Letg; ©2? , be the metric de ned by the Hessian of the Lewis weight barrier which constitute
the rst part of our hybrid barrier . Hence, the metric with respect to our hybrid barrier
can be written asg ¢ Q1 Q.

0. < ©logdet A;W 5 “PAe;
n
o < EAX_AX:
g< o0 G1 @ (F.5)
Although | is de ned as the volume of the ellipsoid when the eacka;" is reweighted
by 1 2~p power of the p-Lewis weights, it is not clear if the Hessian of this barrier can

be estimated explicitly by Lewis weights. It turns out that this is the case, the ellipsoid
corresponding tog; is roughly the same as the one de ned bW A, (Lemma 31 in [2]).

Figure F.1: The unit ball of the local normY.Y,.. is the symmetrized polytope aroundk >P.

Lemma 81 (Restatement of Lemma 31 in [2]) For the Lewis weight barrier , we can bound
the local norm of its Hessian as

m m
Q W, "X S,y *2 BV X*VB 1 prQ W X Sy 02 (F.6)
i1 i1
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Equivalently
AW AL g xe | 71 pe AW A (F.7)

Moreover, we have the following formula fog,;”xe,
Lemma 82 (Equation (5.5) in [2]). The Lewis weight metric

o"xs ©2logdetSATW x “PA,e can be written in the following form

GXe ACW, 2 oA, 21 2p°A; Gy b (A (F.8)
where we de ne
 <Wy P
Gy <Wy, "1 29 : (F.9)

In the above Lemma, «, Gy, Iy, and Ry, are all functions of the location variablex. A
useful fact about , and G, is that they can be estimated byW . It is easy to see that
| W, and %WX | Gx | Wy (see Lemma 154 for a proof). This enables us to estimajg xe
by the simpler form A;W 4 A,. On the other hand, it is clear from Equation equation F.8
that in order to estimate the rst derivative of g, in direrction v, we need to study the
derivative DW 4" ve. In Lemma 83 we illustrate the form of the Jacobian of the Lewis weights
as a function ofx, by taking its directional derivative in direction v based on fundamental
matrices , Gy, for any point x inside the polytope. Before that, we start by de ning the
projection matrix P, with respect to A, when reweighted byW yer
De nition 31  (Projection matrix) . we de ne the projection matrixP, implicitly depending
on X, as

Py <P"WiZ A <W 2 PACA W ZPA e TA WP

whereW , is the p-Lewis weights calculated at. Moreover, we denote the Hadamard square
Pb2 of the projection matrix byPXZ':

AP;(Z.'ij <Apxb2°ij APX°§:
Next, we state a formula for the derivative of the Lewis weights.

Lemma 83 (Derivative of the Lewis weights) For arbitrary direction v >M, the directional
derivative DW ,"ve can be calculated as

DW, ve  2diag yG,'W ,Sqv:
Due to the importance and repetition of the vector ,G,'W s, in our calculations later on,
we give it a separate notation
Fev <Gy tW xSy ;
Ryv <diagry.: (F.10)
Then, the derivative of W, can be written as
DW " ve 2diag xryy:

Furthermore, whenv is clear from the context, we denot®©W ,"ve in short by W &, .
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Figure F.2: The Lewis weight barrier withp log ne, with p @4, and our hybrid barrier
which is regularized with the log barrier.

F.1.3 Markov Chains

For a Markov chain with state spaceM , stationary distribution Q and next step distribution
p,” * for any u >M , the conductance of the Markov chain is de ned as

. RPM  SedQue
o< inf ——= — :

sbM MIN"Q"Se; Q"M See
The conductance of an ergodic Markov chain allows us to bound its mixing time, i.e., the
rate of convergence to its stationary distribution, e.g., via the following theorem of Lovasz
and Simonovits. However, we will need a more re ned notion gfconductance here, to be
able to ignore small subsets of small measure in bounding the conductance.
De nition 32  (s-conductance) Consider a Markov chain with a state spadel , a transition
distribution T, and stationary distribution . For any s> 0;1~2e, the s-conductanceof the
Markov chain is de ned by

< inf R Tx S “xedx
in — = :
"Sex'si1 se MIN™ "Se  §; "SCe Qe

S

A lower bound on thes-conductance of a Markov chain leads to an upper bound on its mixing
rate.

Lemma 84. [110] Let ; be the distribution of the points obtained after steps of a lazy
reversible Markov chain with the stationary distribution . For 0 @s B 12 and H
SUPS oA "ASA M ; "AeBse, it follows that

drv” t; *BHs —«1
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